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Hong Qian

Department of Applied Mathematics

Dynamical systems theory has played a central role in applied mathematics for nearly a century. Besides
providing a geometric understanding for difference and differential equations, it is also the main frame-
work for modeling complex systems including those in biology. Complex systems consist of heterogeneous
building blocks that are themselves complex objects. Stochastic dynamical models are thus used to rep-
resent, statistically, biochemical species in a cell, cells in a tissue, and organisms in an ecosystem. This
common stochastic formalism is the foundation for unifying mathematical models in biology at vastly dif-
ferent levels, from cellular biology to terrestrial ecology. We introduce thermodynamic theories from the
common stochastic formalism with the following key results: time symmetries dictate dynamic principles
and limit theorems in the data infinitum reveal the driving forces conjugated to observables. Our thermody-
namic theory is to Markov dissipative dynamics what mechanics is to Hamiltonian dynamical systems. It
arises solely from time symmetries and limit theorems in data infinitum and can thus be applied to a wide
spectrum of stochastic models in biology and for general complex systems as well. Models in mathematical

biology can be integrated in a single universal thermodynamic theory of life.
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Preface

Mathematical models are used in science to describe patterns we observed from the world around us and to
deduct theoretical predictions'. In order to summarize patterns mathematically from the observed data, one
can start with a library of candidate models based on assumptions and prior understanding of the systems of
interest. Scores can then be assigned to each candidate model to identify a model that best fits the data. This
is the basic procedure of data-driven modeling and is often an important first step to analyze and summarize
the observed data. A classic example is Kepler’s seminal work on planetary motion. Nowadays, modern
computers and new theoretical developments lead to novel data-driven modeling methods such as those in
machine learning (Brunton and Kutz, 2019). These models inferred from data can be improved when more
data is acquired or when the library of candidate models is updated based on new understanding of the
system of interest. While data-driven models summarize patterns quantitatively in a rather systematic way,
we argue that having them for given systems of interest is not yet a “complete” scientific theory. They are
often kinematic models with few mechanistic interpretations or “mechanisms” identified. From this aspect,
data-driven modeling is the crucial first step, but not the full story.

The identification of underlying mechanisms is arguably what “understanding” a system means. Mecha-
nistic models allow scientists to unite models from seemly unrelated systems with universal interpretations,
and further guide engineers to apply the theory to more complicated systems as well as produce novel de-
signs in technological applications. A mechanistic modeling does not have to start from the mathematical
patterns identified from data-driven methods. One can start a mechanistic modeling with assumptions and
proposed mechanisms based on one’s understanding of the system. Mechanistic modeling often leads to

idealized toy models that allow one to gain new understandings, which can be made more realistic later

! These two usages of mathematical models are fundamentally different. The former summarizes the data, while the latter applies
the summarized mathematical rules to unobserved data in the future. The legitimacy of the latter is an assumption that future data
is generated in the same way as the data observed, a symmetry of common underlying principles.
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by incorporating more details into the model. Yet, mechanistic modeling is often inspired by data-driven
models, e.g. Newton’s Principia was influenced by Kepler’s work (Tung, 2007). Data-driven models can
inspire mechanistic modeling, and mechanistic models can motive specific libraries of candidate models to
be considered in data-driving modeling. The two approaches are really complementary to each other rather
than exclusive.

In this thesis, we are interested in general complex systems whose building blocks are themselves highly
complicated. They are systems we encounter in our daily life: biological systems, traffic data, finance data,
etc. Following reductionlism (Anderson, 1972; Chibbaro ef al., 2014), theoretical studies for such complex
systems would begin with their microscopic building blocks and then trying to study macroscopic proper-
ties of the systems they constitute: cutting a system into small pieces and then integrate them back, which
is the spirit of calculus. However, even if we have a complete understanding of their building blocks, it
can be hard to study the emergent phenomena in the macroscopic system due to the nonlinear mutual in-
teractions and heterogeneity of these building blocks. This was, perhaps, the main reason why traditional
studies in biology focused on organizing facts and proposing qualitative theories, which are very different
from mathematically precise theories such as those in physics. (Hopfield, 1994). With modern theoretical
development and numerical computation methods, fields of mathematical biology and biophysics emerge,
and more quantitative models for diverse phenomena in different scales are now available (Kaneko, 2006;
Murray, 2003, 2007; Kot, 2001). Taking a bird-view of these diverse models instead of a frog-view for spe-
cific phenomena (Dyson, 2010), my thesis aims to provide a unifying mechanistic modeling formalism for
complex systems and providing universal kinetic mechanisms. Given that classical or quantum mechanical
origins of these kinematic models are very removed, our kinetic principles must be de-mechanised, i.e. not
relying on classical or quantum mechanics. It turns out that symmetry and limit theorems are the keys to
achieve such principles for complex systems, as we shall show in this thesis.

Reductionlism guides scientists to study more and more elemental units, from atoms to particles. With
the advance of modern theories and technologies, we can now observe microscopic objects in the subatomic
levels. In a sense, it is not clear whether the elementary particles in the current theories in physics are
the most fundamental building blocks of the universe or not. Is it possible that the Standard Model in
physics is just another individual-level theory that we can use to study its corresponding population-level
systems, as any middle layers in P. W. Anderson’s hierarchy of science? In other words, is it possible that the

various particles in the Standard Model are themselves macroscopic, consisting of even smaller and “more
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fundamental” unknown elements? This type of thought was put forwarded by Nobelist R. B. Laughlin
(2006), and I personally learned this idea from my mentor, Prof. Hong Qian. Recent theoretical results in
probability theory actually show that classical-mechanics-like structure (Freidlin and Wentzell, 2012; Ge
and Qian, 2012a; Qian, 2021) or even quantum-mechanics-like structure (Commons et al., 2021) can be
found in the deterministic limit and the data infinitus limit of general stochastic models. This suggests that
the theoretical results in the current thesis might shed light on how and why kinetic principles, such as those

in physics, can be developed to explain the world around us.

iv Y.-J. Yang
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Chapter 1

Introduction

1.1 Stochastic Models of Complex Systems

Fundamental Importance of Statistical Physics Many systems in our daily life are consist of a large
number of microscopic building units, e.g. molecules of a gas, cells in a cellular network, and organisms
in an ecosystems. Scientific theories in different fields can be arranged in a microscopic-macroscopic order
based on the scales at which they apply: theory in a field A is macroscopic to field B, which can itself be
macroscopic w.r.t. another field C I (Anderson, 1972; Chibbaro et al., 2014). An important, perhaps the most
fundamental (Laughlin, 2006; Qian, 2021), task is thus to have a theory connecting a microscopic theory
to a macroscopic one, relatively speaking. As macroscopic systems have a large number of microscopic
units, keeping track of the microscopic details for a macroscopic system is not practical, especially for
high-dimensional nonlinear systems where chaotic dynamics may occur (Oono, 2013; Strogatz, 2018). A
probabilistic theory is employed as a statistical understanding of phenomena that emerge in the macroscopic
systems. Such probabilistic approach is pioneered by Boltzmann and Gibbs in the physics of many-body
systems and is known as statistical physics (Landau and Lifshitz, 1980). As the microscopic dynamics in
textbook statistical physics is described by classical or quantum mechanics , the standard statistical physics

is also endowed with the name statistical mechanics (Huang, 1991).

How to apply statistical physics to complex systems remote to mechanics? While statistical mechnaics

has provided successful theoretical understanding of many-body mechanical systems, it is not clear how

! Fields of A, B, and C are listed in Anderson’s paper. For example, an organism is macroscopic to single cells, whereas single
cell is macroscopic to the chemical reactions in a cell.



1.1. STOCHASTIC MODELS OF COMPLEX SYSTEMS

Time Evolution

———-

probability flux

probability probability flux

state s
pace state space

Figure 1.1: In a stochastic formalism, time evolution is described statistically by the re-distribution of prob-
ability of state. Dynamics are represented statistically by probability flux in the state space.

such theory can be applied or extended to systems on the higher levels in Anderson’s hierarchy. These
mesoscopic systems are with microscopic units that are themselves complicated and often described by
mathematical models rather remote to mechanics (Kaneko, 2006; Murray, 2007). This poses a clear chal-
lenge for formulating a statistical physics and thermodynamics for these complex systems. Specifically, it
is unclear how thermodynamic concepts such as energy and entropy could be defined in a complex system

without classical or quantum mechanics.

Common probabilistic formalism is the key. The building blocks of complex systems, let alone their in-
trinsic complexity, are often embedded in a even more complicated environment. Two hemoglobin molecules
have their individualism (de Gennes, 1997). Stochastic mathematical models are therefore used to represent
these microscopic building blocks such as biochemical species in a cell, cells in a cellular network or organ-
isms in an ecosystem (Prigogine, 1997; Bialek, 2012; Qian et al., 2016a). Phenomena that emerge through
the nonlinear interaction between these complex building blocks are thus investigated in a probabilistic man-
ner (Nicolis and Prigogine, 1977; Haken, 1978). Novel phenomena in these stochastic systems are found
(Bak, 1996; Zhang et al., 2012). In the stochastic representation of reality in complex systems, all types of
events and their dynamics, including physical transport and biochemical reactions, are uniformly described

by the probability flux in the phase space (Qian, 2018). See Fig. 1.1 for an illustration. The common proba-

3 Y.-J. Yang



1.1. STOCHASTIC MODELS OF COMPLEX SYSTEMS

Kinematics Kinetics
classical mechanics ODE forces and energy
electromagnetism PDE E&M fields & potentials

linear algebra &

uantum mechanics . ener
q Hilbert space 24
stochastic dynamics & thermodynamic
complex systems . S o
their deterministic limits principles

Table 1.1: Kinematics versus Kinetics in physics and in our theory of complex systems. Kinematics of com-
plex systems are described by stochastic dynamics and their deterministic limits. We seek kinetic principles
of the stochastic kinematics. The principles we found have thermodynamic interpretations.

bilistic formulation for complex systems can provide a unified understanding of various models in biology at
widely different levels, from cells to terrestrial ecology, shedding lights on what life is (Schrédinger/Penrose,
2012). Yet, the common stochastic framework of probabilistic flux is a kinematic description. To have a
statistical physics of complex systems with unifying understanding for complex systems, we need kinetics

as many theories in physics. See, e.g., Table 1.1.

Scope of the this thesis: universal principles In this thesis, instead of investigating methods to formulate
stochastic models for complex systems (Lasota and Mackey, 1994; Zwanzig, 2001), we focus on formulating
unifying kinetic principles for generic given stochastic models. The principle we formulate has the same
formalism as standard thermodynamics and thus have thermodynamic interpretations. In particular, we will
1. identify the thermodynamic notion of entropic forces for generic probabilistic models as the driving
forces for different statistical properties of a system (Part I1I) and
2. formulate universal dynamic principles for generic stochastic dynamics from investigating the emer-
gence and the breakdown of symmetries related to time, e.g. time-translational symmetry and time-
reversal symmetries (Part II).
Our formulation of these thermodynamic principles rely solely on the limit theorems and the symmetries
of the stochastic model (Anderson, 1972). The theory is independent from the microscopic details and can
thus be applied to any level of Anderson’s hierarchy. Probability theory can truly be a new logic of science
(Schrodinger, 1944; Prigogine, 1997; Jaynes, 2003; Laughlin, 2006). Limit theorems and time symmetries

dictate the governing principles (Yang, 1996).

4 Y.-J. Yang



1.2. STATISTICAL THERMODYNAMICS AND DATA INFINITUM

1.2 Statistical Thermodynamics and Data Infinitum

In the modern probability theory pioneered by Kolmogorov, a probabilistic model consists of a space of
atomic events (), a space of all possible events F, and a probability measure that describes the probability
of events (see Chap. 2.1 for a review). The former two specify a class of systems of interest, and different
probability measures lead to different statistical properties for the systems in the class (Qian et al., 2019;
Yang and Qian, 2020). In our statistical thermodynamics formulated in Part III, we consider systems with
the same (€2, F) but different statistical properties as systems in different “shermodynamic states”.

When we have a system in hand, a fundamental task is thus to identify which thermodynamic state it
is in, i.e. seeking its underlying probability measure. Such information is revealed by measuring a set of
observables of interest G (w) : € — R™. With a reference probability measure chosen as the ground state
with a prior probabilistic model P, the measurement of the observables will indicate whether the system
is in the ground state or an excited state described by a posterior probability Q. The information of the
measuring G is represented as a change of probability measure (CPM) (Qian et al., 2019; Yang and Qian,
2020) as we will introduce in Sec. 2.3. For independent identically distributed (i.i.d.) and Markov-correlated
data, the CPM was carried out by the Gibbs conditioning principle in mathematics (van Campenhout and
Cover, 1981; Csiszar et al., 1987; Dembo and Zeitouni, 2009; Chetrite and Touchette, 2013, 2015a) and the
Maximum Entropy Principle (MEP) in standard statistical physics (Jaynes, 1957; Touchette, 2009; Chetrite
and Touchette, 2015b).

The information from the measuring the observables is only considered to be conclusive in the idealized
infinitely large data, data infinitum. In fact, the MEP described above is formulated in the data infinitus
limit, by using the large deviation theory (LDT) that describes the singular convergence of probabilities in
the limit (Touchette, 2009; Dembo and Zeitouni, 2009; Qian and Cheng, 2020). We review this in Secs.
8.2 and 8.3. Importantly, this data infinitus limit, 7" — oo, can be considered as a generalization to the
classical thermodynamic limit (Lu and Qian, 2022; Commons et al., 2021; Yang and Qian, 2022). A statis-
tical thermodynamics then emerges purely from the limit theorem (Giértner, 1977; Ellis, 1984) in the LDT
of data infinitum. Thermodynamic notions of entropy, free energy, and entropic forces conjugated to the
thermodynamic observables are defined by the LDT (Lu and Qian, 2022; Commons ef al., 2021; Yang and
Qian, 2022). As envisioned by Szilard (1929); Mandelbrot (1964); Hill (2013), a thermodynamic theory

can be formulated phenomenologically. Furthermore, our statistical thermodynamic emerge purely from

5 Y.-J. Yang



1.2. STATISTICAL THERMODYNAMICS AND DATA INFINITUM

the data infinitum and does not require mechanics or mechanics-like concept to start. Our theory is thus
de-mechanized and can be generally applied to any layer in Anderson’s hierarchy of scientific theories .

The MEP is motivated from the (asymptotic) equivalence between the Baysesian conditional probability
and the conditional average empirical frequency (van Campenhout and Cover, 1981; Csiszar et al., 1987,
Dembo and Zeitouni, 2009). It is not the only CPM method that leads to a posterior probabilistic model
“consistent” with the measurement of the observable g. Chetrite and Touchette (2013, 2015a) showed that
the posterior of the MEP is asymptotically equivalent to the Boltzmann-Gibbs exponentially-tilted posterior.
In Sec. 8.1, we demonstrate that our statistical thermodynamics is universal for all posterior probabilis-
tic models consistent with the measurement. Moreover, we conceptually connects the Boltzmann-Gibbs
exponentially-tilted posterior discussed by Chetrite and Touchette (2013, 2015a) to the Maximum Caliber
Principle (MCP) (Jaynes, 1980; Pressé et al., 2013b). Instead of the axiomatic approach (Shore and John-
son, 1980; Uffink, 1995; Pressé et al., 2013a; Tsallis, 2015; Pressé et al., 2015; Jizba and Korbel, 2019),
we provide a novel derivation to the MCP with the “i.i.d. multiverse” concept in Sec. 9.1.1, akin to the
many-world interpretation in quantum physics. We further demonstrate that the MCP can be considered as
the mesoscopic origin the aforementioned statistical thermodynamics in data infinitum in Sec. 9.1.2.

The asymptotic equivalence between the MEP and the MCP is then revisited, and their conceptual
differences are clarified in Sec. 9.2. In our statistical thermodynamics, the ground state is with zero entropic
forces and has a probabilistic model equipped with a symmetry of interest. Nonzero entropic forces explain
symmetry breaking and parameterized the posterior probability models in the excited states. We discussed
two examples of such measurement-predicted symmetry breaking in Sec. 9.3, comparing the emergence
of time correlation and breakdown of time reversibility. The former provides a novel decomposition to
the entropy in Markov processes; the latter generalizes Onsager’s entropy production principle to systems
arbitrarily far from equilibrium.

The “canonical” Botlzmann-Gibbs posterior model of the MCP is equipped with more thermodynamic
structures. As the posterior of the MEP is asymptotically equivalent to the posterior of the MCP, the ad-
ditional asymptotic thermodynamic properties from the MCP are shared with the posterior of the MEP. In
Sec. 9.4, we use the LDT to derive the Asymptotic Thermodynamic Uncertainty Principle (ATUP) between
the statistical fluctuation of the observables g and their conjugated forces 3 (¢g) in finite data (Landau and
Lifshitz, 1980; Mandelbrot, 1989; Ruppeiner, 1995). The ATUP stems from the reciprocal curvature relation

between the entropy and the free energy, providing the reciprocal curvature relation a novel thermodynamic

6 Y.-J. Yang



1.3. STATIONARITY AND FLUCTUATION-DISSIPATION RELATION

interpretation. We further identify the mesoscopic origin of them (Schlogl, 1988; Uffink and van Lith,
1999). As a consequence of limit theorems in probability theory, the phenomenological thermodynamics is

universal without the need of mechanics.

1.3 Stationarity and Fluctuation-Dissipation Relation

Given a probabilistic model of complex stochastic dynamics, dynamic principles are formulated in Part
II. Each step, small or large, of a complex motion can be represented by a “stochastic noise part” and a
“deterministic drift part” (Doob, 1990), cf. a chance and a necessity (Monod, 1972). Their interplay gives
rise to the fluctuation-dissipation relation (FDR) in the steady state, a central result in statistical physics
(Landau and Lifshitz, 1980; Huang, 1991). From a dynamical systems point of view, a dissipative drift
represents a contraction in the state space (many-to-1 in discrete state space) while a stochastic motion
implies divergent moves (1-to-many with probabilities). When these two “opposing” tendencies strike a
balance and yield a time-translational symmetry in the probability distribution of system’s state X;, the
system reaches its steady state and FDR appears.

There are at least two quantitative manifestations of the above physical picture: On the one hand, the
classic FDR in linear response theory, following Onsager’s regression hypothesis, is a set of relations be-
tween a system’s relaxation-after-perturbation near an equilibrium and auto-correlation of spontaneous equi-
librium fluctuations (Callen and Welton, 1951; Green, 1954; Kubo, 1966; Evans et al., 2005). Extensions
of this result to nonequilibrium systems can be found in recent works (Prost et al., 2009; Seifert and Speck,
2010; Altaner et al., 2016). On the other hand, the Einstein relation and the Green-Kubo formula (GKF) are
between components with different statistical characteristics, dissipative drift vs. fluctuating “noise”, within
a stationary process without an external perturbation (Zwanzig, 1965; Elson, 1985). To illustrate, using
Langevin’s equation for the velocity of a Brownian particle that follows m(dV/dt) = —nV ++/2kgTné(t),
£(t) being a standard white noise, stationary E[AV (t)AV (t + 7)] = (kT /m)e~""/™ where AV (t) :=
V(t) — E[V(t)]. Then,

kT &
D="E2 — [ EAV@#)AV(t+ 7)]dr, (1.1)
n 0
Einstein relation Green-KuI),o formula

in which V() is a stationary process, and D is the long-time limit of the mean square displacement of

X (t), the integration of V(t): E [(X(t) — X(0))?] ~ 2Dt. Here, we shall refer relations between noise

7 Y.-J. Yang



1.3. STATIONARITY AND FLUCTUATION-DISSIPATION RELATION
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Figure 1.2: The fluctuation of a Brownian particle (characterizing by diffusion) is related to the dissipative
friction it experiences (characterized by the friction coefficient). This is the classic fluctuation-dissipation
relation in physics.

and drift as generalized Einstein relation (GER) and relations involving time correlation function as the
GKEF. Extensions of them to the nonequilibrium realm have also been explored: for an n-dimensional linear
irreversible Ornstein-Uhlenbeck process, GER takes the form of the Lyapunov matrix equation, connecting

to the theory of linear stability and control (Keizer, 1987; Qian, 2001a),
2D = EB' + BE, (1.2)

where =, B, and D are matrices of the stationary covariance between states, the linear relaxation, and the
diffusion. A nonlinear GKF for nonequilibrium steady state in continuous time Markov processes was also

established by Jiang er al. (2004); Chen et al. (2006):
E[D(Xy)] = / E[b(X:)b(X¢4r)|dT, (1.3)
0

where stationary X; follows a nonlinear stochastic differential equation with drift b(X;) and diffusion
D(Xy).

In Chap. 7, we show that “noise” and “drift” with distinct statistical characteristics can be used as
defining properties for a decomposition of general stationary processes, without additional supposition of
Markovian, reversibility, linearity, efc. In terms of this decomposition, a GER can be formulated. The novel
formalism clearly illustrates, actually it defines, the GER as the consequence of stationarity of a process in
which the stochasticity is balanced by dissipation. In the past, the stationary Fokker-Planck equation for a

Markov process poses a mathematical relation among three: (i) the stationary distribution, (ii) the dissipative

8 Y.-J. Yang



1.4. IRREVERSIBILITY AND ENERGETICS

drift, and (iii) the stochastic noise strength. In most applications, one solves (i) based on (ii) and (iii) (Hill,
1989; Jiang et al., 2004). Alternatively, given (i) and (iii), (i1) admits a general decomposition in terms of the
other two (Ao, 2004; Wang et al., 2008; Yang and Cheng, 2021) illustrated in Chap. 6. All these previous
results are now encompassed in the GER and the GKF in Sec. 7.2, broadly generalizing Eq. (1.2) and Eq.
(1.3), respectively.

A key mathematical insight contributing to our result is a general decomposition of stochastic processes
discovered by Doob (1990), summarized in Sec. 7.1: a stochastic step can always be written as the sum of a
“drift part” that captures the average increment and a “noise part” that captures the stochasticity. The latter
parts from all steps constitute a martingale (Grimmett and Stirzaker, 2001; Shreve, 2010; Durrett, 2019),
which is a process that has no (conditional) gain or loss on average: a fair game. In the field of stochastic
thermodynamics, the theory of martingale has played an important role in studying stopping time statistics
and the thermodynamics associated with it (Neri ef al., 2017; Chun and Noh, 2019; Manzano et al., 2021).
We show in Sec. 7.1 that the martingale increment is uncorrelated to the past, which leads to a clear-cut of
two uncorrelated contributions to the fluctuations of the overall stochastic dynamics. For Markov processes
with time reversal symmetry, our GER further leads to a new characterization of equilibrium steady state: by
considering a process and its adjoint process shown in Sec. 7.3, we show that the covariance matrix between
the state and drift is symmetric if the process is reversible. Various forms of the GKF, as corollaries, can
be derived for the adjoint drift. In Sec. 7.4, we also identify the 1-to-many and many-to-1 features in the
dynamics, representing uncertainties in the future and in the past respectively, with the fluctuations of drift
and adjoint drift under Doob decompositions of a process and its adjoint. Time-translational symmetry
dictates a generic principle for the balance of the dissipative drift and the fluctuating noise at the steady

state.

1.4 Irreversibility and Energetics

Classical thermodynamics describes the energetics of systems in equilibrium or near equilibrium, from me-
chanical cycles in heat engines to chemical reactions (Onsager, 1931; Landau and Lifshitz, 1980; Callen,
1985; Huang, 1991). With a modern probabilistic approach, such energetics from thermodynamics are ex-
tended to systems arbitrarily far from equilibrium in the past decades, known as stochastic thermodynamics.

See (Seifert, 2012; Yang and Qian, 2020) for recent reviews. The key for such extension is to focus on the
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1.4. IRREVERSIBILITY AND ENERGETICS

breakdown of time reversal symmetry in a general stochastic process (Chetrite et al., 2021; Yang and Qian,
2020). In fact, as we shall show in this thesis, the energetics can be formulated for generic Markov processes
with the consideration of time symmetries alone, without requiring an underlying mechanical theory. The
local equilibrium assumption required in (Groot and Mazur, 2011) does not enter the stochastic theory per
se until its application is required for constitutive models of real world processes. Such de-mechanized ener-
getics is particularly important for understanding what life is (Schrodinger/Penrose, 2012) as living systems
are often described by mathematical models far from mechanics and by definition far from the equilib-
rium of death. The theory of stochastic thermodynamics has provided a unifying energetic framework for
understanding many complex systems recently, e.g., biological functions (Qian, 2007), chemical reactions
(Qian and Ge, 2021), and computational functions (Wolpert, 2019) such as prediction (Still et al., 2012),
learning (Goldt and Seifert, 2017), and memory (Landauer, 1961; Still, 2020). The energetics of stochastic

thermodynamics provides “common themes for diverse phenomena” (Jarzynski, 2015).

1.4.1 Irreversibility and Fluctuation Relations

As we will review in Chap. 3, there are three types of irreversibility in a general Markov process with a
steady state. These different types of irreversibility are understood as different entropy productions (EPs) in
physics (Seifert, 2012). Their statistical properties can be described by comparing their probability distri-
bution functions before and after time reversals, called fluctuation relations (FRs) (Jarzynski, 1997; Crooks,
1999; Maes, 2004; Seifert, 2012). For examples, in (Crooks, 1999), Crooks’ fluctuation theorem for the
total entropy production was introduced for systems with detailed balance and the conditions for it to hold
was illustrated; in (Ge and Jiang, 2007), the dissipation function from Evans and Searles (2002) was rigor-
ously shown to generally admit the transient fluctuation theorem (TFT); in (Esposito and Van den Broeck,
2010), a detailed fluctuation theorem related to the involutive property of the change in probability (iDFT)
was introduced for total entropy production and non-adiabatic entropy production; in (Seifert, 2012), the
generalized Crooks’ fluctuation theorem for non-detail balanced systems (rDFT) and TFT for different EPs
were discussed thoroughly for diffusion processes, and iDFT was also discussed briefly; in (Garcia-Garcia
et al., 2012), tDFT was thoroughly discussed for the three entropy productions but not for the dissipation
function.

The diverseness of FRs calls for a unifying formalism to derive all FRs mentioned above in a single

formalism, organize their domain of validity comprehensively, and open ways to reveal more properties of
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1.4. IRREVERSIBILITY AND ENERGETICS

EPs. It is suggested in (Jiang et al., 2004; Ge and Jiang, 2007; Ge, 2009; Wojtkowski, 2009; Shargel, 2010;
Chetrite and Gupta, 2011) that measure-theoretic probability theory pioneered by Kolmogorov will do the
trick. One key is the understanding that EPs in physics are the fluctuating relative entropy for trajectories
between the original process and the reversed process, with different EPs given by different reversals or
composite of reversals (Crooks, 1998, 1999; Esposito and Van den Broeck, 2010; Seifert, 2012). In the
measure-theoretic formalism, EP is thus mathematically expressed as the negative logarithm of the Radon-
Nikodym Derivative (RND), which is a re-weighting factor in taking expectation to change a probability
measure from the original one to the other as we will introduce in Sec. 2.3. It is this mathematical under-
pinning that enables us to arrive an organization of FRs and further derive/recover other properties with a
deeper understanding of EPs in Chap. 4, e.g. their martingale properties (Chetrite and Gupta, 2011; Neri
et al., 2017; Chetrite et al., 2019).

Our work serves as a comprehensive overview on how to understand EPs and their statistical properties,
primarily FRs, from measure-theoretic probability theory and our change-of-probability-measure (CPM)
operator theory. We discuss different time reversals in Sec. 4.1, their associated EPs in physics and chemistry
in Sec. 4.2, and derive various FRs from our general and concise approach in Sec. 4.3. By adopting this
CPM operator formalism, we can neatly derive many known results in the literature with more rigor and
generality, achieve new understanding on EPs and FRs, and reveal more properties of EPs as shown in Sec.

4.4.

1.4.2 Fundamental Roles of Cycles in Nonequilibrium Systems

Nonequilibrium thermodynamics (NET) pioneered by Onsager (1931) is concerned with a diverse array of
macroscopic physical and chemical processes: mass transport, heat conduction, chemical reactions, etc. A
unified treatment in continuous systems was developed in the 1960s (Groot and Mazur, 2011). In recent
years, introducing a NET of mesoscopic stochastic dynamics in its phase space has provided a more fun-
damental formulation in which the different physical and chemical fluxes are all represented by a single
probability flux (Qian, 2018). Active transports and reactions in non-equilibrium systems are represented
by the nonzero net probability fluxes in the steady state, with broken time-reversal symmetry in these non-
equilibrium steady states (NESS) (Jiang et al., 2004).

A steady state in a Markov process requires recurrence of states in time (Grimmett and Stirzaker, 2001),

i.e. completing cyclic paths in the state space. In fact, it was shown for Markov chains that kinetic cycles
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1.4. IRREVERSIBILITY AND ENERGETICS

in the state space are the fundamental units for dynamics in the steady state (Schnakenberg, 1976; Hill,
1982; Jiang et al., 2004; Kalpazidou, 2006; Qian et al., 2016b). The system is required to complete a
cycle to reveal the breakdown of detailed balance (Hill and Chen, 1975; Yang and Qian, 2021a). This is an
important concept that resolved the Maxwell demon “paradox” (Landauer, 1961; Bennett, 2003; Yang and
Qian, 2021a) as we shall revisit in Sec. 5.1.

The steady-state probability flux on a transition in Markov chains can be decomposed into the sum of
cycle fluxes over cycles that contains the transition (Hill, 1989; Jiang et al., 2004). Irreversibility in a NESS,
known as the housekeeping heat, has a cyclic expression (Qian et al., 2016b; Yang and Qian, 2021a), which
shows the origin of the Onsager’s reciprocality and symmetry between two transitions in near-equilibrium
systems (Hill, 1982; Qian et al., 2016b). In Sec. 5.2, we demonstrate that Onsager’s reciprocality is a
manifestation of the cyclic dynamics in NESS and can thus be generalized to NESS arbitrarily far from
equilibrium (Yang and Qian, 2021a). The near-equilibrium condition is only needed for Onsager’s symme-
try.

For diffusion in a two-dimensional Euclidean space R?, with three-dimensional case implied, the roles of
kinetic cycles in stochastic dynamics were also studied (Qian, 1998). However, its generalization to diffusion
in higher dimensional space R"™, n > 3, is highly non-trivial. One of the difficulties is that vector calculus
is no longer sufficient for high dimension since vorticity can not be represented by a vector through the
right-hand rule: there are more than one dimensions in the “thumb” direction. The key to the generalization
to R™ is to represent an infinitesimal cyclic path by the linear combination of infinitesimal squares described
by two vectors (Yang and Qian, 2021a). Quantities defined on an infinitesimal cycle are then described by
the mathematical objects called bivectors represented by skew-symmetric matrices. See Appendix A for an
introduction of the mathematics. Each bivectorial cycle couples two dimensions represented by vectors and
gives rise to Onsager’s notion of reciprocality in diffusion. In Sec. 5.3, we formulate both cycle affinity
and cycle flux as bivectors in R™ and conclude that cycles are the fundamental elements not just for discrete
Markov processes at NESS but also for continuous Markov processes (Yang and Qian, 2021a). The broken

time reversal symmetry in NESS is in terms of cycles.

1.4.3 Energy Landscape and Cycle Potential of Markov Dynamics

The potential functions underlying a complex dynamics are fundamental notions in physics e.g. the Hamil-

tonian in classical mechanics and the scalar and vector potentials in electrodynamics. A similar concept of
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1.4. IRREVERSIBILITY AND ENERGETICS

energy landscape has also been central in understanding the underlying mechanisms of complex biologi-
cal systems in different levels: from biochemicals (Onuchic et al., 1997; Dill and MacCallum, 2012), cells
(Goldberg et al., 2007), organisms (Agozzino et al., 2020), to populations (Nolting and Abbott, 2015). The
identification and formulation of these potential functions, however, are challenging for nonequilibrium sys-
tems that are remote to mechanics’. For the notion of an energy landscape, there are at least three existing
mathematical theories to be unified:
1. Freidlin and Wentzell’s quasi-potential theory for deterministic dynamical systems as the zero-noise
limit of Markov stochastic dynamics (Freidlin and Wentzell, 2012; Nolting and Abbott, 2015; Zhou
and Li, 2016),

2. Graham’s and Ao’s decomposition for stochastic Markov dynamics and deterministic dynamical sys-
tems (Graham, 1977a; Ao, 2004; Yin and Ao, 2006; Ding et al., 2020), and

3. the potential-flux theory of stochastic Markov dynamics from stochastic thermodynamics (Wang et al.,

2008; Fang et al., 2019).
Although it was understood intuitively that the “nonequilibrium part” in these theory is related to cycles,
there is no clear notion of a potential in terms of cycles constituting the nonequilibrium part in continu-
ous processes. We integrate these three lines of work and introduce the cycle potentials complementary
to the scalar energy landscape, thus formulating a complete thermodynamic potentials theory for Markov
stochastic dynamics and its deterministic limit in Chap. 6 (Qian et al., 2020; Yang and Cheng, 2021).

For equilibrium systems, complex dynamics can be described by a scalar potential function (Yang and
Cheng, 2021), known as the energy landscape, as we shall revisit in Sec. 3.1. The energy landscape connects
to the stationary distribution of state by the Boltzmann’s law. This is the key insight that initiates our work:
the time-translation symmetry at the steady state can provide the defining features (potential functions) of
dynamics even outside of the steady state. This idea is not foreign to theorists. In mathematics, one can
often gain a deeper understanding of an equation when it is expressed in terms of its solutions. While
this approach might not sound relevant in engineering, where the goal is to find the solution(s), it has
been extremely fruitful in theoretical science. A case in point is to re-write the polynomial equation =™ +
an_17" 1+ a1x + ap = 0 into (x — z0)(xz — x1) - (¥ — ) = 0. In a sense, one could say the set

of n roots collectively defines the algebraic equation. Indeed, providing the setting for the existence and

2 For example, it is widely believed that there’s no systematic way to find the Lyapunov functions for a nonlinear dynamical system
(Strogatz, 2018).
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stochastic thermodynamics our energetics
continuous Siot = —AF + Oy Siot = —AF 4+ Oy
Markov dynamics = equi. + non-equi. 3| dynamics = equi. + non-equi.
processes completing / \
I (landscape) potential (landscape) (cycle)
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noise mesoscopic origin; . .
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deterministic
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Figure 1.3: Summary of our unifying potentials theory in this chapter. Notations will be introduce in details
later throughout the chapter. Step 1 is in (Qian et al., 2020); step 2 is in (Yang and Qian, 2021a); step 3 is in
(Yang and Cheng, 2021). Color blue encodes the equilibrium part of the dynamics, and color red represents
the non-equilibrium part. Detailed introduction of the various mathematical notions will be provided in later
chapters.

uniqueness of such a re-writing has become one of the most significant chapters of mathematics (Berlinski,
2008).

For nonequilibrium dynamics, an energy landscape ® can still be introduced as the negative logarithm
of 7 even though the dynamics can not be fully described by any landscape (Kubo et al., 1973; Nicolis and
Lefever, 1977; Graham and Schenzle, 1983; Seifert, 2012; Thompson and Qian, 2016; Yang and Cheng,
2021). This was the key to the force-flux decomposition in stochastic thermodynamics (Wang et al., 2008),
and this decomposition corresponds to the two disjoint types of irreversibility in stochastic dynamics review
in Sec. 3.2 (Seifert, 2012; Yang and Qian, 2020; Ge, 2009; Esposito and Van den Broeck, 2010). By taking
the vanishing noise limit, we show in Sec. 6.3 that this decomposition is actually the thermodynamic foun-
dation of Freidlin-Wentzell’s theory (Qian et al., 2020; Yang and Cheng, 2021). However, the underlying
potential function for the nonequilibrium “flux” component needs to be identified. As this nonequilibrium
“flux” component corresponds to the irreversibility at the NESS, our work in Chap. 5 implies that cycles are
the fundamental units for such a term. Applying our bivectorial formalism in Sec. 5.3, the cycle potential
for the forces and fluxes in nonequilibrium stochastic dynamics is identified in Sec. 6.1. The resulting force
decomposition provides thermodynamic meanings to Graham’s and Ao’s dynamic decomposition (Graham,
1977a; Ao, 2004; Yin and Ao, 2006; Ding et al., 2020), and our probability flux decomposition leads to
novel decomposition for the mean rate of thermodynamic quantities as shown in Sec. 6.1. The emergence
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Statistical Thermodynamics
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Figure 1.4: Limit theorems in the data infinitum dictate statistical thermodynamics. Thermodynamic con-
cepts such as entropy, free energy, and conjugated variables as entropic forces are introduced in the data
infinitus limit. The statistical variations of the observables and of their conjugated forces satisfy an asymp-
totic thermodynamic uncertainty principle.

of time-translational symmetry dictate the underlying potential functions of complex dynamics, and time
irreversibility dissects the potential functions into disjoint sources. See Fig. 1.3 for a summary of how our

work unite three theory of potentials for continuous processes.

1.5 Summary

Dynamical systems theory has played a central role in applied mathematics for nearly a century (Strogatz,
2018). Besides providing a geometric understanding for difference and differential equations, it is also the
main framework for modeling complex systems such as those in biology (Kot, 2001; Kaneko, 2006; Murray,
2007; Izhikevich, 2010; Gerstner et al., 2014). My thesis proposes a candidate for a unifying theory, both for
biological systems and more generally for complex systems. The keys are the unifying stochastic formalism
for modeling complex systems (Nicolis and Prigogine, 1977; Haken, 1978) and the focus of symmetries and
limit theorems in probability theory (Anderson, 1972; Yang, 1996; Qian et al., 2016a).

Theories in this thesis are summarized schematically in Fig. 1.4 and Fig. 1.5. Our thermodynamic
theory is to Markov dissipative dynamics what classical mechanics is to Hamiltonian dynamical systems.

The fluctuation-dissipation relations and energetics we develop in Part II arise solely from time symmetries
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Fluctuation-Dissipation Relations

Characterization of time-translational symmetry in general dynamics

Doob's fluctuation-dissipation decomposition
Generalized Einsten's relation
Generalized Green-Kubo formula

Energetics (Stochastic Thermodynamics)

Time-translational symmetry introduces thermodynamic potentials.

Time irreversibilities decompose Markov dissipative dynamics.

irreversible relaxation to a steady state affinity and flux

_ / decomposition with
Stot _/Qhk + Sna > thermodynamic

potentials
cyclic irreversibility in steady-state fluxes
(bivectorial in continuous processes)

Figure 1.5: Time symmetries dictate dynamic principles. Breakdown of time-reversal symmetry leads to
fundamental decomposition of Markov dynamics. Formation of time-translational symmetry is character-
ized by the fluctuation-dissipation relations.

and can thus be applied to a wide spectrum of stochastic or deterministic models in biology; the statistical
thermodynamics we formulate in Part III is purely from limit theorems in data infinitum thereby revealing
generic thermodynamic structures between observables and their conjugated forces. Hence, our thermo-
dynamic theory is a theory not only for biological systems but for generic stochastic models for complex

systems.
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Chapter 2

Mathematical Elements of Stochastic

Processes

This chapter introduces preliminary mathematics of probability theory and stochastic process for our ther-
modynamic theory. Standard mathematical textbooks for Sec. 2.1 and Sec. 2.2 are (Feller, 1991a,b; Grim-
mett and Stirzaker, 2001; Durrett, 2019; Shreve, 2010). I also benefited a great deal from Professor Matt
Lorig’s lecture note (Lorig, 2019) when I took Amath 561 & 562, at the University of Washington. For
readers with a physics background, (Kampen, 2007; Gardiner, 2009) can also be useful. Sec. 2.3 introduces
the notion of change of probability (measure), a key mathematical concept throughout the thesis (Qian et al.,

2019; Yang and Qian, 2020, 2022).

2.1 Probabilistic Model and Stochastic Processes

2.1.1 Probability Space and Random Variables

Modern probability theory pioneered by Kolmogorov (2018) starts with formulating a triple: a sample space
, the o-algebra F, and a probability (measure) P, known as the probability space (2, F,P). An outcome
w is a particular result of a random trial. A sample space €2 is the collection of all possible outcomes. We

can think of () as the state space of our system of interest'. These outcomes in the state space () are the

! Here, the sample space as a “state space” is a concept of a “total state” of the system, not to be confused by the state space of a
process. For stochastic processes, a “total state” is a path. This will become clear when we introduce stochastic process in Sec.
2.1.2.
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atomic event of interest. In general, an event of interest A is a subset of the sample space that we ask the
probability of. For example, for a common dice with six faces, the state space is {1,2,3,4,5,6} and an
event can be the even number set {2, 4, 6}.

The collection of all event of interests of €2 is called a a—algebraz, denoted as /. When we are interested
in an event, the complement of it, A°, i.e. when A does not happen, is also under our interest. Moreover, if
we are already interested in a bunch of events A;, AS, ..., then the countable union of them, i.e. the event
when at least one of it happen, is also interesting to us. Note that with complement and countable union, the
countable intersections are automatically included in F. As a result, a o-algebra of (2 as a collection of all
events of interest must have the following three properties in its very definition:

1. containing the empty set () where nothing happen,

2. being closed under countable union, and

3. being closed under complement.
One main reason to introduce o-algebra F along with the sample space €2 is the following. Since we are
interested in knowing the probability of every events of interest, which is given by a probability measure P,
we need the collection of all events of interest F to actually define a P mathematically.

A probability measure P provides the probability of an event of interest A € F by assigning the event

{w :w € A} areal value between 0 and 1,
P{w:weA}:/dP(w) @1
A

where integration is understood in the Lebesgue sense.

A physical observable is a real-valued function that we can measure in practice. It is defined on €2 and
is called random variable in the theory of probability. In fact, a random variable X (w) is a special kind of
function from 2 to a real-valued set of possible values X (state space, e.g. R). For X = R, since we are
interested in the statistical properties of X (w), we would like to use the probability measure P defined on
the F of Q) to get the probability of an event such as { X (w) € (a,b); a,b € R} or for X (w) in any countable
union/complements of open intervals. The collection of any set that can be formed from open intervals in
R, complement of them, and/or countable union of them is called the Borel sets of R, denoted as B(R).

The requirement of being able to use a probability measure P to get that statistical properties of X (w) is

2 It is called o-algebra because it considers countable union instead of union of a finite number of sets. If the latter case, the set is
called an algebra instead of a o-algebra.
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the requirement of measurability in measure theory. To be able to compute P{X (w) € B}, we need that
VB € B(R), {X(w) € B}isasetof w thatis in 7. Hence, a random variable is not just a function of 2 but
a measurable function X (w) : Q — R defined on (2, F) so that { X (w) € B} € F,VB € B(R).

The expectation of a random variable is
E[X (w)] = / X (w)dP (w) . (2.2)
Q

Since an event A € F is a subset of (2, the probability of an event A can also be represented as an expectation

of the indicator function of an event A, [ 4(w), i.e.

P{w:we A} =E[l4(w)] = /Q]IA (w)dP (w) = / dP (w). (2.3)

A
I4(w) gives 1 if w € A and 0 otherwise. We will find this expectation expression of P {w : w € A} conve-
nient in many of our later calculations. In the following content, we may suppress the w in the equations
for notation simplicity. We may denote the expectation of X (w) as [E [X] and the probability of event A as

P {A}.

2.1.2 Stochastic Process

A stochastic process is a collection of random variables as state variables X; labeled by time ¢, discrete or
continuous. The state space X in a stochastic process is the collection of all possible values of the state
variables X; and is often assumed to be independent of time ¢. The sample space {2 would be in general a
collection of all the paths. For a process with duration 7', we have Q = X071, For notation simplicity, let us
denote X.7 as the random path from time O to time 7’ (inclusive on both ends). A possible realization would
be xo.7 € 2. Here, we consider a stochastic process to be represented by the random “vector” Xg.7. General
physical observables of interest are path observables G (xo.7) : € — R™. The measurable space (2, F),
state variables Xg.7, and path observables of interest G (x.7) together specify the system of interest. A
probability space (2, F,P) where PP is the path probability measure specify the statistical properties of the
system. Strictly speaking, a stochastic process can be defined without a probability measure (Nutz, 2012).
However, here, we are interested in the statistical properties of observables of the process. We consider
processes with different statistical properties as different processes or systems in different thermodynamic
states as introduced later in Chap. 8.

We are generally interested in how states at different time are related. For a stochastic process, we
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2.2. TIME EVOLUTION OF MARKOV PROCESSES

would expect the state at time ¢ to be “generated” by the states in the past under certain governing rules
that can be applied to generate the full future. Consider a discrete time process, we would consider the
joint probability distribution P { X.; } and also the conditional probability P { X;| X(.;—1} that tells what the
probability distribution of X, is given a specific past X.;—1 = x¢.4—1. The marginal probability distribution
of X; would be given by summing over all possible past trajectories zg.t—1,

Pi(z) =P{X;=a}= Y  P{X;=2|Xou1 =041} P{Xou1 =001} 2.4)

20:t—1€Q%—1

If a process is independent to the whole past once conditioned on the previous time step, then the process is

said to be a Markov process. In precise mathematical terms, for a Markov process Xg.7, we have
P{X; =2|Xo41 =201} = P{Xs = 2| Xy 1 = 24 1} . (2.5)

It means the state of the system a step before X;_; summarizes the whole past X¢.;— for predicting X;.

Depending on whether the state space X" and time ¢ are discrete or continuous, there are four common
types of Markov processes:

1. Discrete-time Markov chain (DTMC): discrete X" and discrete ¢

2. Continuous-time Markov chain (CTMC): discrete X and continuous ¢

3. Continuous Markov process (diffusion): continuous X" and ¢ (continuous path)

4. Lévy process: a combination of CTMC and diffusion
We will focus on the first three types in this thesis. Intuitively, CTMC could be understood by the continuous
time limit of DTMC and diffusion could be understood by the continuous space limit of CTMC. However,
the limiting behaviors of them can be mathematically non-trivial, especially with properties associating with
another limit such as the zero-noise limit or the infinite-time limit. Discussions on each cases are thus

necessary.

2.2 Time Evolution of Markov Processes

We shall now discuss how to describe the time evolution of states X; in various Markov processes.
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Figure 2.1: Illustration of inward probability flux (blue) and outward probability flux (red) for a state y in
the state space.

2.2.1 Time Evolution of Markov Chains

Let us begin with the simplest case: the discrete-time Markov chain (DTMC). In DTMC, a random trajectory
of length 7' is simply Xo.r = XoXj -+ Xp. The probability distribution of Xy, denoted as P; (y) =
P {X; = y}, evolves according to the state a step before X; ; and the transition matrix My;_; (y|z) =
P{X; = y|X;—1 = x} at each time,

Z P ( Mt\t 1 (ylz). (2.6)
reX

Since 3,y Myj;—1 (y|x) = 1, we can also rewrite Eq. (2.6) as

Py)-Pa(y)= > Poa(@)My_i(yls)— > Pa(y)My_i(nly). @7

reEX;xHY neX;n#y

total inward flux total outward flux

The evolution of P, can thus be understood as the continuity equation of probability: the gain in the prob-
ability at position y is equal to the difference between the total inward flux and the total outward flux. The
joint probability of a transition pair P;_1 (v,y) == P{X; 1 = 2, Xy = y} = B_1 (z) My, (y|z) is thus
understood as the probability flux in DTMC. See Fig. 2.1 for an illustration.

The probability of a path (.7 is determined by the initial distribution Py (£) and the sequence of transi-
tion matrices My, (y|z) fort = {1,2,---,T},

T

P{Xo.x = zo.r} = Po (wo) [ [ Mye—1 (welae—r) - (2.3)
i=1

We call the combinations of Py and My, for t = {1,2,---,T} the driving protocol that drives the
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DTMC (Yang and Qian, 2020). If the transition matrices are time-independent, then the results above can
be greatly simplified. This type of Markov processes is said to be time-homogeneous (or autonomous in the
language of dynamical systems). A stochastic process is said to reach its steady state (assumed it exists) if
the probability distribution of state X; no longer changes in time, denoted as 7(z). For time-homogeneous
DTMC, Egq. (2.6) tells us that 7 () satisfies

7 (x) = Z 7w (y) M (z|y),Vx € X; (2.9)

yeX

The case for continuous-time Markov chain (CTMC) is quite similar to DTMC. A random trajectory
is now consist of both jumped state and jumped time. The system stays in state xg from ¢ty = 0 to ¢;
and jumped to x; at ¢1,- - -, and finally stays at xx since tx < T'. Intuitively, it can be understood as the

continuous time limit of a DTMC with an asymptotic form of transition matrix,

Mypare (Y|x) = 0uy + Qu (y|z) dt (2.10)

where 0, ,, is the Kronecker delta function and the transition rate matrix Q; (y|z) tells us the probability to
go from state x to y in the time interval d¢. Since -, -y My a4 (y|x) = 1, the diagonal part of Q (ylz) is

negative and satisfies

Qi(zlz)=— Y Qiyla). (2.11)

yeEX yF#x
The term 1 — @Q; (z|x) dt¢ is the probability to stay at state = from time ¢ to time d¢. In between two
consequent jumps, say between time ¢;_1 and ¢;, the process has an exponential waiting time with escape

rate given by — ft Q¢ (x|z) dt at state z. The local conservation of probability of CTMC can be derived

by Eq. (2.7),
d
SR = Y [P Qi (al§) — P (2) Qi (€la)] (2.120)
cexite
=2 Pi(§) Qi (=le) (2.12b)
fex

where P; (€) Q¢ (z]§) — P, (z) Q¢ (§]z) gives the notion of net probability flux in CTMC between state

and state £ at time ¢. The path probability of CTMC is

K .. .
P {Xo.r = zor}t = Py (20) H e.jtj]_l Qt(xj—l\xj—l)dtQtj ($j|55j71) e‘]tK Qt($K|$K)dt. (2.13)
j=1
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2.2. TIME EVOLUTION OF MARKOV PROCESSES

For a time-homogeneous CTMC, the equation for the stationary distribution 7 (z) is

0= > [rWQEly —7@) Q)= 7@ Qly) vz ex. (2.14)

yeX,x#y yeX
2.2.2 Time Evolution of Continuous Markov Processes

A continuous time-homogeneous Markov process® on R” has two quite different representations (Hong
et al., 2020). One is based on stochastic continuous trajectories X; with its probability measure. The
trajectories satisfy a stochastic differential equation (SDE)

dX, = [b(X;) + V- D(X,)] dt + T(X,)dW,. (2.15)

drift noise

At each time step from X; to X, 4¢, the state evolves with two parts. The “deterministic” part is called the
drift of the diffusion and D := I'T'" /2 is the diffusion matrix. (V - D) = o, 9;Dy; with 9; denotes
partial derivative with respect to x;. The stochastic part is defined from the n-D Brownian motion Wy. The
stochastic increment dW, is an n-D vector of Gaussian-distributed random variable. Components of dW,
are independent to each other, independent to X, and are all Gaussian-distributed with mean 0 and variance
dt.

The other representation is based on the probability density function of state X; at time ¢, denoted as
p(x,t), defined by

P{X; € (x,x+dx)}

p(x,t) = d]ir_r)lo g . (2.16)

Its time evolution is governed by local conservation of probability, also known as the Fokker-Planck equation
(FPE),
atp(xa t) =-V- [b(X)p(X, t) - D(X>Vp(xv t)] : (217)

Correspondence between the two representations can be established by Ito’s calculus*. With Eq. (2.17) as

the continuity equation of the probability density p, the (net) probability flux in diffusion is given by the

3 If the process is time inhomogeneous, our result in this thesis can still be valid as long as the time-dependent b and D still gives
a unique invariant measure at each moment.

* A trajectory X satisfying the SDE has a unique representation of the transitional probability density satisfying the FPE. This was
developed by the semigroup approaches (Feller, 1954). However, if we start from the FPE alone and attempt to derive a unique
SDE representation from it, we would need the uniqueness of its semigroup solution. The uniqueness requires quite restrictive
conditions on the drift and diffusion matrix. See Chap. 3 of (Jiang et al., 2004) for how to relax the conditions, obtain the minimal
semigroup solution, and construct the corresponding continuous path X.
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2.3. CHANGE OF PROBABILITY MEASURE

vector field

J(x,t) = b(x)p(x,t) — D(x)Vp(x,t) (2.18)

described by the vector field b and the diffusion matrix D. The condition for a diffusion process to reach
a steady state p (x,t) — m (x), according to Eq. (2.17), is a divergence-free requirement for the stationary

probability current J* (x) := b (x) 7 (x) — DV (%),
V- [b(x)7(x) — DVr (x)] = 0. (2.19)

With continuous space-time path, the probability of a single path in diffusion is with zero probabil-
ity (measure). A concept of path probability “density” instead is required. However, path probability
density and the path integral formalism are very subtle mathematical notions in continuous Markov pro-
cesses. The probability “density” of paths near a smooth infinitesimal tube can be described by the Onsager-
Machlup function (Onsager and Machlup, 1953). For example, it is shown in (Zeitouni, 1989) that for

dX; = b(X;)dt + dWy,, the the probability density near a smooth tube ¢ (¢) has the form of

i PUXe =@ @ < e} _ —4[f (|60-bo@)|)dt+ [ v-b(e(n)ar]
e—0 IP’{||WtH < 6}

(2.20)

where [|9|| = max,c(o 1) [1(t)| where |-| is the Euclidean norm in R™. See (Zeitouni, 1989) and also
(Graham, 1977b; Durr and Bach, 1978; Freidlin and Wentzell, 2012) for detailed discussions. It is unclear if
such density notion can be rigorously defined by the typical non-smooth path in diffusion. In this thesis, we
will not delve into this subtle and intriguing issue. We introduced the concept of path probability in order
to compare processes with different statistical properties. For us, the issue of path probability “density” in
diffusion can be circumvented by using the Girsanov theorem (Durr and Bach, 1978; Jiang et al., 2004),

which we will introduce in the next section.

2.3 Change of Probability Measure

We specify a system of interest by specifying the pair (£2, F) and the associated physical observables of
interest X (w) : Q — X where X are the set collecting all possible real values X can take. After we have a
probability measure P, we have a probability space (2, F,P) that introduces (pushes forward) a probability
distribution or density function for X, denoted as P (x) or p () where z € X. When we observe “two

systems” with two different probability distribution functions P (x) and @ (z) (defined on the same state
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2.3. CHANGE OF PROBABILITY MEASURE

space X'), we can represent such difference in statistical properties either by imagining it was because we
have two different observables X and Y, or because we have one observable X but have two probability
measures P and Q that lead to different statistical properties of X (Qian ef al., 2019). This is akin to the dual
Heisenberg’s and Schrédinger’s pictures of quantum physics. In this dissertation, we will be primarily using
the latter. We consider a change in the statistical properties of a random variable X (w), i.e. the difference in
its distribution Px and P%, is due to the change of probability measure P — P”. We introduce general ideas
and provide some preliminary examples in this section. More physical applications of this can be found in

Chap. 4. And a statistical thermodynamic interpretation will be formulated in Chap. 8.

2.3.1 Radon-Nikodym Derivative

To start, we consider the collection of all possible probability measures on a given measurable space (2, F)
forms an affine space of probability measures P (Hong et al., 2020). With the statistical properties of
stochastic systems specified by the probability measures P € P, the difference between the statistical prop-
erties of two systems is characterized by a change of probability measure (CPM) P — P¥ € P, which
induces changes in the statistical properties of observables Y (w). Such change in statistical properties can
be mathematically represented by a random variable called the Radon-Nikodym Derivative (RND), denoted
as %(w) (Qian et al., 2019; Lorig, 2019; Hong et al., 2020). Intuitively, RND serves as a re-weighting
factor in taking expectation. For an arbitrary random variable Y (w) defined on the measurable space (€2, F),
it’s expectation under P”, denoted as E”[Y (w)], can be expressed by the reweighting factor and the previous

expectation E[-],

(w)] : (2.21)

To have finite and non-negative %(w), weneed P (A) = 0= P (A) =0 forall A € F such that %(w)
is finite. If so, we say that P is absolutely continuous w.r.t. P”, denoted as P > P”. If the two measure are
absolutely continuous to each other, we say they are equivalent in the theory of probability, often written as
P ~ P¥. Essentially, two equivalent measures have non-zero and finite RND, i.e. 0 < %(w) <(C <
with some C.

The concepts of CPM and RND are key concepts throughout this thesis: the theory of fluctuating entropy
and entropy production in physics (Qian, 2001b; Seifert, 2005; Qian et al., 2019; Yang and Qian, 2020)

presented in Part IT and the statistical thermodynamics of data infinitum presented in Part I1I. To have better
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grasp of it, we show how to find the RND for several examples below.
The probability of an event A € F in the new probability measure is given by the expectation represen-
tation shown in Eq. (2.3),

dP”
dP

P{w:we A} =E"[[4(w)] =E { (w)]IA(w)} . (2.22)

For € that can be 1-1 labeled by = € Z, we have the RND reduced to the ratio of probability mass functions

dP¥ . PY[X ()]
P = Pixw) 2.23)
since
P {z:xe A} = ZHA(x)];(%)p(x) =K [HA(x)];((;’))} . (2.24)

TEZ

For (2 that can be 1-1 labeled by € R such as diffusion processes, we have the RND reduced to the ratio

of probability density functions
dP> Y1X (w)]

P
O e (2.25)

Vi _ 2@ P @)
P/{z:xc A} /R]IA( )p($) p(z)d E[]IA( )p(aj) ] (2.26)

In either cases, the RND is obtained from the ratio, which is defined on the codomain of a random variable,

with random variables plugged back in (Qian ef al., 2019; Yang and Qian, 2020).

2.3.2 Change of Probability Measure for Markov Processes

With the above concepts, we can derive the RND for Markov chains by using the path probability we derived
for DTMC and CTMC in Eq. (2.8) and Eq. (2.13). CPM for Markov chains are carried out by the following

RNDs. For DTMC, we have from P to ]13’, we have

dP () = Py (wo0) HtT:1 Mt|t71 (w¢|ze-1) 2.27)

Py (z0) TT, Myjp—1 (we|ze—1)

where w = x¢.p for DTMC and

~ t; ~ T s - T o~ .
dINP( ) Py (al:o)]_[jl.(:1 -1 Qe(@iml Jfl)dtQtj (gcjyg;j_l)eftK Qi(wx|rk)dt .
@)= |
dP t ol P—

Py (20) TTj% gy Qe ales DY, (wjlwj ) el Gtz
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where a trajectory w in CTMC specifies the jump time ¢; - - - tx and the states xg - - - x . They will serve
importance roles in our later discussions of the stochastic thermodynamics of Markov processes.

For continuous Markov processes, we consider the CPM that changes the drift of the process. Consider
a continuous Markov process X, described by the FPE 0;p = —V - [bp — DVp] under the probability

measure P and by the SDE
dX; = [b(X;) + V- D (Xy)]dt + T (X;) dW, (2.29)

where W, is a Wiener process under P. Girsanov theorem (Jiang et al., 2004) tells us that if we define a
probability measure P by the following RND,

2 T T
% [x0.7] = exp {/0 I !(x)b(x) - dW; — i /0 b (x¢) - D! (%) b (x) dt} (2.30)

(0,7]

for paths xp.7 € X"} the process X; under the new measure P have probability density p (x, t) satisfying

0yp = —V - [DVp] and thus have the same statistical properties as a Y, under P described by
dY; =V -D(Y,)dt+ T (Y,) dW,. (2.31)

This is another example of the equivalence between change-of-probability measure and change of random
variable (Qian et al., 2019; Yang and Qian, 2020).
Later, we will consider the difference between S—E [x0.7] and S—E [x7.0]. It will then be useful for later
purposes that we rewrite Eq. (2.30) into one part that is symmetric under such trajectory reversal and
the other that is anti-symmetric. By using the SDE of X, in Eq. (2.29), we plug in dW; = I'"! (Xy) -

[dX; — (b + V - D) dt] and get

dP 1T 1T 1 (7 o
In — [xo.7] = —= D 'b-dx+ = Db (V-D)dt+ - b - D™ 'bdt (2.32a)
dP 2 Jo 2 Jo 4 /o
1 (7 1 (7 1 (7
= —/ D 'bodx, + = / V - bdt + / b - D !bdt. (2.32b)
2 Jo 2 Jo 4 Jo
where f (x;) o dx; denotes Stratonovich midpoint integration
1
f (Xt) o dXt = f <Xt + 2dxt> : dXt == f (Xt) . dXt + D- (Vf) dt (233)

where we have used the SDE in Eq. (2.29) for the last equality. If x; is Lipschitz continuous, i.e. dx; =
O (dt), then f (x¢) o dx; = f (x¢) - dx;. Note that the first term in Eq. (2.32b) is anti-symmetric un-

der trajectory reversal xg.7 — X7.9 and the rest two terms are both symmetric under trajectory reversal.
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Specifically, when the value of the (log) RND is
dP 1 (7 1T 1 (7
In — [x7.0] = / le(xt)det—i—/ V-bdt+/ b-D 'bdt (2.34)
dP 2 Jo 2 Jo 4 /o

when evaluated at the reversed trajectory.
We note here that there are at least two types of (informal) path integral formulations that are consistent
with the Girsanov theorem in Eq. (2.32b) . For a diffusion described by the SDE in Eq. (2.29), the two path

functionals are as followed:
Pl [Xop] = N (D) e~ i o 5[dXe=BX0)d]] D (X0)[X, ~b(X1)dt] (2.35)

where we have denoted b := b + V - D and
Pa/ﬁd. [XO:T] — N(D) e{—% OT é[dxt—b(it)dt]-Dfl(Xt)[dxt—b(Xt)dt]—é OTVb(Xt)dt} (236)

where X; = X, + %dXt. Then, one can show that

dP Ptl)to [XO:T] Pévﬁd' [XO:T] ’ .

i.e. both path integrals are consistent with the Girsanov theorem. Notice the similarity between Eq. (2.36)
and the Onsager-Machlup function in Eq. (2.20) (Chernyak et al., 2006). However, the former can take
non-smooth paths from diffusion but the latter only takes smooth tube as input. We leave the discussion and

comparison of the two aforementioned path functionals to future research.

2.4 Summary

This chapter briefly summarizes the mathematical notions and concepts for a probabilistic model of stochas-
tic processes. The standard notion of the triple (€2, F, P) is introduced together with the notion of random
variables as observables/measurable functions in Sec. 2.1. In Sec. 2.2, we introduce three types of Markov
processes and the time-evolution equations understood as conservation of probability. The importance con-
cept of probability flux is introduced. The notion of a steady state of a process is also introduced: a process
reaches its steady state when the distribution of state no longer changes in time, i.e. the emergence of a time-
translational symmetry. The resulting notion of stationary distribution will become essential in throughout
Part II of the present thesis. Finally, the notion of Radon-Nikodym derivative (RND) that characterizes

change of probability measure is introduced in Sec. 2.3. As our theory aims to characterize and compare
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different statistical properties of a system, the notion of RND is utmost important and will later be related

to the generalized notion of entropy and information.
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Time symmetries dictate dynamic principles
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Chapter 3

Irreversibility of Stochastic Dynamics

In this chapter, we provide an in-depth look of stochastic dynamics and introduce energetic concepts from the
different types of irreversibility in stochastic dynamics. Definition and properties of equilibrium dynamics
are introduced in Sec. 3.1. We then discuss different type of time irreversibility in Sec. 3.2. For an arbitrary

nonequilibrium dynamics, its adjoint process and underlying equilibrium process are identified in Sec. 3.3.

3.1 Detailed Balance and Landscape

We will start with a time-homogeneous discrete-time Markov chain (DTMC) as a paradigm to illustrate
the concepts. Consider a pair of possible system states x and y. If the transition matrix M (y|z) =
P{X;+1 = y|X; = x} is bigger than M (z|y), then there’s a tendency for the system go from state x to
state y. This is a tendency, or rather a time irreversibility, defined on each transition. A natural extension of

such tendency to the path level is to compare the conditional probability for a forward path xg.1

T
P{X1.r = z1.0|Xo = 20} = [ [ M (wi]ai1) 3.1)
t=1
to the one for a backward path =79,
T
P{X1.7 =27 1.0/ X0 = 27} = HM (p—1|zt) - (3.2)
t=1

31



3.1. DETAILED BALANCE AND LANDSCAPE

energy landscape (Boltzmann) distribution
®(x) = — In[r(z)] m(z) = e~ @)

state space

®(z) — 0(y) ? Q=1In M(z[y)
equilibrium dynamics

Figure 3.1: Affinity in equilibrium systems is gradient-descending with an energy landscape ®. In equilib-
rium systems, the landscape is directly related to the invariant distribution via Boltzmann’s law.

Since conditional matrices multiply when expanding in time, the natural quantification of the this conditional

time irreversibility is by

T

P{Xy.r = 21.7| X0 = 20} ﬂft|$t 1)

O (zo.1) =1n In Q(x (3.3)
(zor) P{X1.1 = x7_1.0| X0 = 27} Z M (x4 |z¢) ; t-11)

which is additive when connecting time intervals. We shall call this time-additive tendency/time irreversibil-
ity as the affinity, a term originated from chemistry (Hill, 1977; Nicolis and Prigogine, 1977; Qian et al.,
2016b). In overdamped mechanical systems, the affinity corresponds to the entropy production in the envi-
ronment, which is the heat dissipated by the system divided by the system’s temperature (Maes and Netoc¢ny,
2003; Sekimoto, 2010; Seifert, 2012). Our theory here is actually not limited to overdamped mechanical
systems. We understand the affinity as a conditional time irreversibility, and our theory only relies on time
symmetries of stochastic dynamics.

Inspired by the Clausius theorem in thermodynamics (Landau and Lifshitz, 1980; Huang, 1991), we
consider whether the nonzero affinity on a pair x and y is solely due to the two states having different
“potential energy” ® (x) and ® (y) or not. That is, we would like to have Q (x,y) = & (x) — @ (y): if
® (z) > ®(y), then there’s a tendency to go from x to y, Q (x,y) > 0. See Fig. 3.1 for an illustration.

However, such “gradient-descending” stochastic dynamics would mean that the affinity of any (closed) cycle
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to be zero: for any cyclic path zgz122 - - - £, 20,

M (z1|xo) -+ M (zp|zn—1) M (z0|20)

0=1In
M (zp|z0) - -+ M (21]202) M (20|21)

(3.4a)

= [® (20) — P (21)] + - + [® (Tn_1) — B (z0)] + [® () — P (w0)] - (3.4b)

This is in fact the Kolmogorov’s cycle condition (Kolmogorov, 1936), also known as the Wegscheider con-

dition in chemical kinetics (Wegscheider, 1901; Lewis, 1925) for the concept of detailed balance:
m(x)M(y|x) = 7 (y) M (z|y), Yo,y € X (3.5)

where 7 () is the stationary distribution (assumed it exists and is unique) of the DTMC. Recall that the

invariant distribution 7 satisfies Eq. (2.9) which can be rewritten as

0= Z 7 (x) M (y|z) — Z m(y) M (z|y),Vz € X. (3.6)
yEX y#T YEX yF#T
total outward flux total inward flux

Since 7 (z) M (y|z) is the probability of a transition from x to y, this equation can be understood as a
balance between the total outward probability flux from @, > ., ™ (¥) M (y|x), and the total inward
probability flux, >° v ., 7 (y) M (z|y) . Detailed balance condition is saying that the balance is not just
on the total level but on every transition. That is, every probability flux on each pair is balanced out, there-
fore with “detailed” balance. In physics, such steady state with no probability flux is also called equilibrium
(Landau and Lifshitz, 1980; Huang, 1991). A system with detailed balance steady state is called an equilib-
rium system.

Eq. (3.5) further implies that, the “potential energy” ® is actually given by the stochastic entropy

(Shannon, 1948; Khinchin, 1957) of the stationary distribution,

M(ylx) (y)
In =In = &(z) = —Inn(x) (3.7)
M (zly) m(x)
up to irrelevant baseline of the entropy. This is the Boltzmann’s law 7 (z) = e~®() For equilibrium

systems, the affinity Q is fully described by a scalar function of potential energy as a landscape.
In general, a system will not admit detailed balance. The affinity is no longer solely described by a

scalar potential function ®. Instead, we have, for a general path z.7, a decomposition of the affinity,

7 (2z0) [Ty M (2¢|zi—1)
Q (zo.r) = [P (w0) — @ (zp)] + m(2r) [Ty M (21|t

Onk

(3.8)

Qex=—AP
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Following stochastic thermodynamics in physics (Seifert, 2012; Yang and Qian, 2020), the first term that
is solely from the landscape is called the excess heat (dissipation) Qex, and the second term that reflects
the breakdown of detailed balance is called the housekeeping heat (dissipation) Q. We note that since
7 (z0) HZ;I M (x¢|x¢—1) is the probability of the path xo.r when the system is at the steady state, the

housekeeping heat can be understood as time irreversibility at the steady state

P* {Xo.r = zo.7}
P* {Xo.r = z1:0}

Ok [To.7] = In (3.9)

where probability at the steady state is denoted by P*. Since Q) > 0 implies that the forward path prob-
ability is greater than the backward path probability, P* { Xo.r = zo.r} > P* {Xo.r = 21,0}, the quantity
Onk is thus understood as the energy that is required to break time reversal symmetry of the probability flux
at the nonequilibrium steady state (NESS), thus “housekeeping heat”.

The probability difference between a forward path and a backward path is crucial for a DTMC to be
able perform certain functions in the long term. For example, in many applications in biology and chemistry
(Qian, 2007; Qian et al., 2016b), when the system does work and/or causes certain effect in the forward path
Zo.T, e.g. march a step for molecular motor, the backward path 7.9 will undo the effort. In these cases with
Ok = 0 for all paths, the system has equal probability to undo any effort. In the long term, no effort can be
done on average. It is thus important for a stochastic process to have the non-zero steady state probability
flux in NESS to do work in the longer term.

Although Oy as a path observable is in terms of the path probability function at NESS and interpreted
as an irreversibility at NESS, it does not mean it is only defined at NESS. From its origin in Eq. (3.8), it
gives the extra source in the affinity Q that is not described by the landscape ®, no matter the system is
in NESS or not. In fact, for nonequilibrium systems, there’s always at least one pair of states x and y that
has a tendency to go against the landscape @, i.e. Q (x,y) > 0, Qpx (x,y) > 0, and ¢ (z) < P (y). Itis
the housekeeping heat Oy that acts as the energy source, e.g. battery, to drive the system to go against the

landscape .
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3.2 Irreversibility in Stochastic Dynamics

3.2.1 Time-homogeneous Markov Chains

In the last section, we introduced the housekeeping heat Qy; which reflects the time-reversal symmetry
breaking in terms of the probability flux at the steady state. Specifically, for nonequilibrium systems, the
probability flux is nonzero when the system reaches the steady state and the affinity Q for these systems can
not be solely described by a scalar landscape ® := — In 7. For general systems of DTMC that has a steady
state described by 7, there’s yet another obvious breakdown of time-reversal symmetry: the relaxation to
steady state. For a system started at a non-stationary distribution Py(z) # m (z), the distribution evolves
according to the local conservation of probability:

Pra(y) = Y Pu(x)M(y|z). (3.10)
zeX

The system eventually will reach a steady state P — 7 in the long term. The deviation from the steady state

can be quantified by the stochastic relative entropy (Kullback and Leibler, 1951),

Py(x)
F =1 = -5 3.11
t(x) n 7T($) ($) t(x) ( )
where ® is the energy and Sy () = — Inp,(x) is the entropy. For systems with detailed balance, the sum

of this fluctuating relative entropy F} and the standard notion of free energy defined in classical equilibrium
thermodynamics was called nonequilibrium free energy in (Parrondo et al., 2015). Therefore, the relative
entropy F} got a name non-steady-state addition (to free energy) in (Riechers and Crutchfield, 2017). It was
also called exergy in (Altaner, 2017) and in our previous work (Yang and Qian, 2020). Here, as Qian (2001c)
has showed that this relative entropy itself could be understood physically as a “free energy” as well, we
will follow Qian (2001c) and call F; the free energy in this thesis'.

It can be shown that its expectation approach to zero monotonically
E[0F] :==E[Fis1 (Xeg1) — Fi(Xe)] <0 (3.12)

with equality holds if and only if the system is at steady state P.y; = P; = m. The monotonicity of the decay

gives “an arrow of time” for the transient dynamics and is termed as “the second law of thermodynamics”

! Later, in Part III, there’s another notion of “free energy” in the statistical thermodynamics formulated there. These two notions are
not the same. Historically, this is because both of these two notions are extensions of the free energy in standard thermodynamics.
Let’s slightly abuse this term and just keep in mind that the entropy and free energy in stochastic thermodynamics here and in
statistical thermodynamics in Part III are different (but related) concepts.
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for Markov processes by some (Cover and Thomas, 2006). Interpreting F} as a free energy, this means
that Markov processes always have non-negative average free energy dissipation. However, we note that
this irreversibility shows up in both equilibrium and non-equilibrium systems. It is a property of a non-
stationary process and is also about the break-down of time translational symmetry in P;. This “second law”
is not the full story as it doesn’t include the housekeeping heat Oy, which actually is more relevant in the
long term.

We now see that a nonequilibrium system has two types of time irreversibility: one is the monotonic
relaxation to the steady state quantified by the free energy dissipation —AF (xg.7) := Fo(zo) — Fr (z7) and
the other is the nonzero stationary probability flux quantified by the housekeeping heat Qy;.. Beautifully, the
sum of the two irreversibility actually composed a notion of total irreversibility as shown in the expression

in Eq. (3.13b),

Siot (z0:7) = —AF (x0.7) + Qnk (%o:7) (3.13a)
—In Py (o) Hthl M (x¢|zi-1)

= (3.13b)
Pr (1) [Ti—y M (2e-122)
= AS (zo.7) + Q (wo:1) (3.13¢)
where AS (zo.7) = St (x7) — So (z0) = [~ lnpr (xr)] — [~ Inpo (zo)]. Due to the last expression,

this notion of total irreversibility is also understood as the total entropy production in physics (Ge, 2009;
Esposito and Van den Broeck, 2010; Seifert, 2012). It is the sum of the entropy change in the system AS
and the dissipated heat Q understood as the entropy change of the environment. It can be shown that all S;,
—AF, and Qy) have non-negative expected values (see Chap. 4). This mathematically shows that —AF;
and Q) represents two disjoint sources of irreversibility of the total S;.t, as we have seen conceptually in
our discussion above. Here we note a recent study showing rigorously how the housekeeping heat Qy in a
compact, driven process can be mapped to the free energy dissipation of a lifted, detailed-balanced process
(Wang and Qian, 2020). It is possible that all Qy) could be understood as —AF' of some sort, ¢f. conversion

between electric field and magnetic field under different coordinates.

3.2.2 Time-inhomogeneous Markov Chains

For time-inhomogeneous processes, the transition matrix changes with time

Mi(ylz) = P(X; = y|Xi—1 = x). (3.14)
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Following the same concept as above, the affinity of a path is the sum of the affinity at each time step. We

will have, for time-inhomogeneous processes the path affinity as

Mt ﬂct\iﬁt 1)
In 3.15
(zoT) Z ACAL (3.15)

From the physics concept of total entropy production S, we have

po (z0) [T,—q My (ze|ze—1)

Siot (zo:1) = AS (zo.1) + Q (z0:7) = In : (3.16)
’ pr (or) [izy Me (21 |)
The landscape ® := — In 7, is now time-dependent because M; is time-dependent. The change in the
potential energy landscape of the path x(.7 then has two parts
A(I) (l‘o;T) = (I)T(QTT) — q)(](l‘o)
T T
= Z (D¢ (z4-1) — 1 (w¢-1)] + Z (D¢ (1) — Py (24-1)]- (3.17)
t=1 t=1
M‘/T)X 7QCX

The former term Wy is the change in the energy landscape ®; due to the change in dynamical rules (the
transition matrices), which is often called the excess work done on the system. The latter is the same
notion of excess heat (dissipation) Q. that is the energy change due to the transition of state. Note that the
decomposition of affinity Q = Qe + OQni can be done on each step although M; is now time-dependent.

The path housekeeping heat is simply the sum of housekeeping heat at each step,

s l“t 1) My (z¢|zi—1)
In . 3.18
Ohnk (zo:7) Z 0 (20) My (21 ]w0) (3.18)

The decomposition of St into two types of irreversibility sources are then

Stot = Wex — AF) + Onx (3.19)

where AF = F(xy,t)— F(x0,0) = In % —In po((io)) The term (Wex — AF) is called the non-adiabatic
entropy production and denoted as Sy, in stochastic thermodynamics (Esposito and Van den Broeck, 2010).
As Qpnx = 0 when the system is equilibrium, we will have Sy = Sy, if all the M; admit detailed balance

vt.
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3.2. IRREVERSIBILITY IN STOCHASTIC DYNAMICS

3.2.3 Continuous Markov Processes (Diffusion)

The energetics we introduced above for DTMC can be extended to CTMC following the same concepts
rather straightforwardly (Ge and Qian, 2010). Here, we instead focus on continuous-time continuous-space
Markov processes (diffusion). The notion of affinity in diffusion can be derived in various ways (Lebowitz
and Spohn, 1999; Yang and Qian, 2020), here we present the most conceptually straightforward one. Recall
that detailed balance condition is zero probability flux at the steady state. For time-homogeneous diffusion,

according to Eq. (2.19), this becomes

Jx)=bx)m(x) -D(x)Vr(x) =0 (3.20)

which tells us that
D 'b(x) = —V® (x) (3.21)
where ® (x) := —Inw (x) is again the potential energy landscape. This tells us that in a diffusion, the

affinity of one infinitesimal step dx is
dQ (x) =D 'b(x) odx = —V® (x) o dx (3.22)

where o denotes Stratonovich midpoint integration defined in Eq. (2.33). Note the important distinction

between d and d. Infinitesimal change of a function A(Xy, ) is
dA (Xt, t) = A(Xtert,t + dt) — A(Xt, t) = 8tA (Xt, t) dt+ VA (Xt, t) o dXt (323)

But there is no such a function for a general time-additive work-like quantity dB. The latter represents
work against a non-conservative force, or a “source” term. Any calligraphic letter in the present work is a
work-like quantity in this thesis.

For equilibrium systems, the affinity of a path is the sum of all the steps
T T T
Q (xo.1) = / dQ = / (=V®)odxy = / D 'b (x;) odx; = ® (x¢) — D (x7) . (3.24)
0 0 0
For nonequilibrium systems, the affinity is still given by (Lebowitz and Spohn, 1999; Yang and Qian, 2020)

T T
Q(XO;T):/ dQ:/ D 'b (x;) o dx;. (3.25)
0 0

38 Y.-J. Yang



3.2. IRREVERSIBILITY IN STOCHASTIC DYNAMICS

Since the steady-state probability flux is nozero J* # 0 for nonequilibrium systems, we have

T T J*
Q (x0.7) =/ (=V®)odx, +/ <D1W> odx; . (3.26)
0 0

Qex Qhk

This tells us the notion of Qe and Oy on a diffusion path. Note that since J* is stationary probability flux
and 7 is stationary probability, we can introduce a notion of “stationary probability velocity” as

v = J— (3.27)

T
The housekeeping heat of a diffusion path is then Q) = fOT D) odx, = fo (D~!v*) o dx; which
is clearly zero if J* = 0.

Denoting the stochastic entropy in diffusion as S (x) = — Inp (x,t) . The total entropy production of a

diffusion path is then

Siot = AS +Q (3.28a)
[ / 0y Sdt + / VSo dxf} / D 'b (x;) o dx; (3.28b)

/ Ay Sdt + / D !v (x,t) o dxy (3.28¢)

— _AF + O (3.28d)

where the free energy F'is ® — S and the (non-stationary) probability velocity is defined as

J(x,t
v (xp, 1) = 200 (3.29)
p(x,t)
with the (non-stationary) probability flux
J(x,t) =b((x)p(x,t) —D(x)Vp(x,t). (3.30)
The irreversibility decomposition of Siot = —AF 4+ Oy is directly related to the affinity decomposition

Q = —Ad 4 Oy and thus the vector field decomposition (Wang et al., 2008) as well. From the affinity

decomposition Q@ = Qe + Opk, We have
b=-DV® + v (3.31)
Moreover, this leads to a less-known probability flux decomposition (Yang and Cheng, 2021)
J = —pDVF +pv*. (3.32)
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This gives a decomposition of the FPE of diffusion (Qian, 2013, 2014b, 2015; Yang and Cheng, 2021):
Op=-V-(pv') = V- [p(-DVF)]. (3.33)

The former on the right-hand-side of Eq. (3.33) corresponds to the Liouville equation

Op =—V - (pv") (3.34)
of a measure-preserving deterministic dynamical system x'(tf) = v*(x) with ¢~® as an invariant mea-
@

sure. The latter corresponds to a detailed-balanced diffusion process with the same invariant density e~
described by
Op=—-V-[p(—DVF)]. (3.35)

That is, every diffusion process can be regarded as a deterministic dynamical system coupled with the
“randomly-damping”, detailed-balanced environment (Qian, 2014b, 2015). We note that e~® is the invari-
ant measure before and after the coupling between Eq. (3.34) and Eq. (3.35). This is considered as a
generalization of the zeroth law of thermodynamics by Qian (2014b). From a potential theory perspective,

for equilibrium systems, both b and J are gradient-descending-like, with landscape ¢ and F'.

3.3 Adjoint Process and Underlying Equilibrium

3.3.1 Continuous Markov Processes

From the decomposition of b and J above in Egs. (3.31) and (3.32), it is clear that (b, D) = (-DV®, D)
defines an equilibrium process underlying the nonequilibrium process defined by (b, D) = (-DV® + v*, D).
The underlying equilibrium process shares the same stationary probability 7 and potential energy landscape
®. The RND between the two processes can be found by using the Girsanov theorem shown in Eq. (2.32b),
by comparing both of them with the process (b, D) = (0, D). Denoting [P}, as the measure that gives the

process X; a FPE 0;p = —V - [bp — DVp|, we compute

dP_pve4v: AP _pveiv- dPo

) (3.36)
dP_pve dPg dP_pve
For simplicity, let’s denote a = —DV® and b = —DV® + v*. Recall that in Eq.(2.32b), we had
P 1 (7 I 1 (7
dPo (x0.7) = exp —/ Db (x;) o dx; + / V - bdt + / b-D 'bdt . (3.37)
d]P)b 2 0 2 0 4 0
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3.3. ADJOINT PROCESS AND UNDERLYING EQUILIBRIUM

This then leads to

dP 1
— P (xg1) = exp / D~ 1b(xt)0dxt—/ V- bdt—/ b-D 'bdt (3.38a)
dIP)() 4 0
dPo (x:7) = ex —/ D la(x;) odx +/ v adt+1/Ta D 'adt (3.38b)
aP, 0:7) = €XP 2 /s t t 2y 4 ), . .
then
dPy 1T .
ln— D b—a odxt—f V —a)dt—z (b—a)-D " (b+a)dt. (3.39)
0

Now, usinga = —DV® and b = —DV® + v*, the above equation simplifies into

P
In (;Pb = / D 'v*odx; — / V.- vidt — / v - D71 (—2DV® + v*) dt (3.40a)

1 (7
= / D 'v*odx; + 2/ (V¥ -V® -V -v*)dt — 4/ v .D vt (3.40b)
0 0
Since V-J*=0= V- -v*=v*. VO, we finally arrive

dP_ DV@+v* ( 1 1T
In ———— D viodx; — = v - D7 vidL. (3.41)
dP_pve 0

We note that the logarithm of the RND has an anti-symmetric part given by the housekeeping heat Qy
and a symmetric part % [V D~ !v*dt. Baiesi and Maes (2018); Maes (2020) called this symmetric part
the excess of frenesy and has been advocating the physics of this “symmetric part” as the complementary
side of usual stochastic thermodynamics (Seifert, 2012; Yang and Qian, 2020). Informally, this means if we
understood dP_pyev+ (Xo.7) as the path probability of a path x.7 in the nonequilibrium process dPpeq,
then we have

dPneq (XO:T) — d]peq (XO:T) e%Qhk*i fv*.D—lv*dt (342)

where ]P)neq = deDV¢>+v* and Peq = P,qu>.
From Eq. (3.41), it is clear that the housekeeping heat Qp) can be expressed as a logarithm RND

between two probability measures
dP_pve v

Onk =1In )
b dP_pve_v+

(3.43)

The two processes (the process under the measure P_pyev+ and under the measure P_pye_+) have
reversed net stationary probability flux J* and velocity v* to each other: they form an adjoint pair. Therefore,

the process that has a reversed stationary probability flux to a process is often called the adjoint process or the
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3.3. ADJOINT PROCESS AND UNDERLYING EQUILIBRIUM

dual process (Seifert, 2012; Yang and Qian, 2020; Yang and Cheng, 2021). If we denote P := P_pvy ey, its
adjoint process is represented by the probability measure denoted as PT := P_pye_y+. The housekeeping
heat is thus simply denoted as

dP

Qhk = ln W (344)

as a logarithm of path RND, a generalized notion of relative entropy (Kullback and Leibler, 1951; Yang and
Qian, 2020). We will actually see in the Sec. 4.2 that the other two types of irreversibility Sy, and —AF (or

more generally Sy, = Wex — AF for time-inhomogeneous processes) are also general path relative entropy.

3.3.2 Discrete-time Markov Chain

Note that the underlying equilibrium process P, identified above for diffusion processes for both [P and Pt
is given by the algebraic average of probability flux J = —pDVF + pv* and JT = —pDVF — pv*,

J 4 J7
Jeq = —; = —pDVF. (3.45)

Following the same concept, we can identify the corresponding underlying equilibrium for Markov chains.

We first recall the (net) stationary probability flux for DTMC is given by
J* (z,y) = 7 () M (y|z) — 7 (y) M (zy) - (3.46)

The adjoint process will be given by replacing the transition matrix M with its adjoint

M (y|z) = MM (z]y) . (3.47)

7 (x)
One can easily show that (JT)* (z,y) == 7 (x) MT (y|z) — 7 (y) MT (z|y) = —J* (z,%) . Then, we can

show that the underlying equilibrium process is specified by the probability flux

J* (@) + (J) (2,y)
2

Ty (@,y) = (3.48)

and thus by the transition matrix

M Mt
Mg (y]) = 2D M) (3.49)
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One can easily check that 7 () is still the stationary distribution of the detailed balanced M.q. With the
notion of “stationary probability velocity” defined in DTMC as well

J* (x,y)

@ M (ylz) — M (y|z), (3.50)

v (z,y) =
we have the DTMC’s version of the decomposition J = —pDV F + pv* as

p (e, 8) M (yf) = p (2, 1) Meg (912) + 50 (2,0) 0" (2,). (351

Moreover, since we have an alternative expression

thk(fE:y)/Q

3.52
cosh (O (2,9) /2) (:2)

M (y|:13) = Meq (y‘l’)

where Oy (z,y) = In % is the housekeeping heat in one step, we have the DTMC’s equivalence of
Eq. (3.41) as
dP, R T M (2|2 1 d _
i Poea _ gy, Fo () iy Mefrms) 14 0 3 Incosh [Qhk (a1 1’““)] (3.53)
dPeq Py (20) [Tj=y Meq (we|e—1) 2 =1 2

The latter term in Eq. (3.53) corresponds to % [v*- D~!'v*dt in diffusion, symmetric under trajectory
reversal and under the adjoint process reversal of v*. We will leave the discussion of its physical meanings

to future studies, as discussed in Sec. 10.2.

3.4 Summary and Discussion

In this chapter, we motivate the introduction of thermodynamic notions from considering the time-additive
irreversibility of conditional probabilities, known as affinity Q. In equilibrium systems, the affinity is fully
described by an energy landscape @ that satisfies the Boltzmann law. In nonequilibrium systems, the house-
keeping heat Oy is introduced as the energy needed to sustain the nonzero probability flux in nonequilib-
rium systems. Together with the irreversible relaxation quantified by the free energy dissipation —AF3, the
concept of total irreversibility Sy, is introduced as the sum of the two disjoint sources of irreversibilities,
Onk and —AF;. This irreversibility decomposition leads to thermodynamic meaningful decomposition of
the stochastic dynamics. See Fig. 3.2 for a summary. The concept of energy landscape ¢ and the house-
keeping heat Oy further lead to the adjoint process and the underlying equilibrium process of a general
nonequilibrium process, for both Markov chains and diffusion. In our introduction, all of the above no-

tions are introduced naturally by considering time reversal symmetries in a stochastic dynamics. The local
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Time total relaxation toward irreversible flux
Irreversibility irreversibility the steady state at the steady state
Physicists' total free energy housekeeping

Terminology entropy production dissipation heat
Stot = —AF + Qhk
. Markov und.e?lyi.ng non-equilibrium
Dynamics dissipative ethbflum driving force
dynamics dynamics
; . energy landscape
Mathematical affinity ; Q ; = & non-equilibrium force
Representation probability flux

(I>:—ln7r\ /

properties from the steady state '
(time-translational symmetry)

Figure 3.2: Summary of dynamic decomposition indicated by the irreversibility decomposition.

equilibrium assumption (Groot and Mazur, 2011) are not required in the formalism of the general theory.
It is only needed when one aims to fit these energetic concepts to a stochastic model of a realistic physical
process.

The energetics presented in this chapter is extended below in three ways (Yang and Qian, 2020; Qian

et al., 2020; Yang and Qian, 2021a; Yang and Cheng, 2021):

* In Chap. 4, the notions of Siot, Qni, and —AF; (or Sy, in time-inhomogeneous processes) as different
types of irreversibility are formulated clearly as the logarithm of RND between the process and their
corresponding time reversals. Statistical properties of them, e.g. the celebrated fluctuation relations,
are then organized.

* In Chap. 5, we show that nonequilibrium dynamics at NESS are in terms of cyclic trajectories. We
revisit, clarify, and extend this concept for Markov chains and develop this concept for general diffu-
sion in R™. This is an important step for a complete thermodynamic potentials theory of stochastic
dynamics as the scalar energy landscape is insufficient to describe nonequilibrium dynamics.

* In Chap. 6, we apply our results in Chap. 5 and introduce the cycle potential that completes the
thermodynamic potential theory of Markov stochastic dynamics. With a vanishing noise limit, the

theory is then applied to Markov deterministic dynamics and various landscape theories are unified in
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our thermodynamic theory.
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Chapter 4

Fluctuation Relations of Irreversibility

We have shown in Chap. 3 that the housekeeping heat Oy as a quantification of irreversibility in the
stationary probability flux can be written as the logarithm of RND between path probability of the original
process P and its adjoint process PT. We show in this chapter that the other two types of irreversibility are
actually also such generalized notion of path relative entropy. We first introduce three types of time reversals
in a stochastic dynamics in Sec. 4.1. All three types of irreversibility are then represented as a path relative
entropy with corresponding time reversals in Sec. 4.2. The fact that all of them are path relative entropy lead
to special statistical properties of them known as the fluctuation relations (FRs) (Jarzynski, 1997; Crooks,
1999; Maes, 2004; Seifert, 2012) organized in Sec. 4.3. Properties of irreversibility are then summarized
in Sec. 4.4. In this chapter, we use the term entropy production (EP) interchangeably with irreversibility

introduced in the last chapter.

4.1 Different Types of Reversal

We first introduce three types of reversal in stochastic dynamics. Again, we use DTMC to illustrate the
concepts. Extension to CTMC can be done rather straightforwardly, and see, e.g. (Seifert, 2012; Yang and
Qian, 2020), for the extension to diffusion.

4.1.1 Adjoint Process

We actually have introduced one type of CPM reversal operator: the adjoint . For a time-homogeneous

DTMC described by M (y|x), the disjoint process is described by M (y|x) such that the stationary proba-
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bility flux is reversed. For a time-inhomogeneous process, we can generalized the disjoint CPM operator to

replacing all M with M, at each time. For a time-inhomogenous DTMC with path probability

t
Po.t(xo:t) = Po(zo H My (xn|zn-1) 4.1)
n=1

the adjoint process is then

M} (zp|Tn_1) . 4.2)

-

Pl (z0:) = Po(xo)

n=1

This gives the housekeeping heat Oy as In % in Sec. 3.2.2.

0:t
4.1.2 Trajectory Reversal

The trajectory reversal of a Markov Chain for n = 0,1,--- ;¢ is conventionally defined by a change of
random variable

XM w) = X (W) 4.3)

where we use superscript T to represent time reversal. This definition of X;I can be treated as the random

variable induced by a map on the trajectory space, r : 2 — £,
X5 (w) = Xn(r(w)), (4.4)

where the map r reverses the order of a trajectory w, r(xg.t) = x.0. Given a specific trajectory w = .,
the state variable X,,(w) is understood as the observed state of the system at time n. We can then clearly see

the equivalence between these two definitions,
XE(-TO:t) = thn(l'O:t) = Tt—n = Xn(xt:O)- (45)

By the equivalence between change of random variable and change of probability measure (Qian et al.,
2019) as we reviewed in Sec. 2.3, instead of regarding trajectory reversal as a change of random variable,
we can also characterize the trajectory reversal as a change of probability measure with a CPM operator T.

The CPM operator T is realized by the map r : 2 — (2 on the trajectory space. The joint probability after
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trajectory reversal is thus given by

P (zo:) = PT{Xo(w) = 20, , Xp(w) = 24} (4.6a)

= P{Xo(w) = Tty -Xt(w) = .r()} = PO:t(-%'t:O)- (46b)

We see that the joint probability of finding zg.; in the trajectory reversed process is the same as the joint
probability of finding the order-reversed trajectory x4 in the original process. The assumption that the
order-reversed trajectory has a nonzero probability in the original process is the microscopic reversible
assumption required in (Crooks, 1999).

The equivalence between the change of random variable perspective and the change of probability mea-
sure perspective can be seen by the following. The joint probability of the process Xg.; under the new
measure P is POT:t(xo;t). The new measure can be realized by the trajectory reversal as shown in Eqgs. 4.6

or by the change of random variable by

P(Et(xozt) = IP’T{XO(W) =z, , X¢(w) = 24} (4.7a)
= P{Xg (w) = z0,-- , X' (w) = 2} (4.7b)
=P{X;(w) = z0, -+, Xo(w) = x4} = Pro (x04) - 4.7¢)

It is easy to see that the two are equivalent Py.;(z1.0) = Pro (zo.t). Conceptually, they are very different. In
the change of probability measure perspective, the meaning of X is preserved as the state of the s-step after
the starting point. The probability distribution of X under PT is the same as the probability distribution of
XTI = X;_5 under P.

From the results above, it can be mathematically shown that the trajectory reversed Markov chain is
still Markovian but will be time-inhomogeneous even if the original process is time homogeneous. The
Markovian of the trajectory-reversed Markov chain can be shown below. To show Markovian in the reversed

process, we would like to show that

PsT+1\0:s (zs41]20:5) = Pt {Xs11 = 2511/ Xo0:s = 205} (4.8a)

:]P)T {Xs+1 :x8+1|X5 :‘/BS}:P;[—‘}-HS (x5+1\azs). (48b)
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The left-hand-side can be computed by first computing the joint distribution

P(;l;—‘s (xO:s) - PT {XOZS = 370:8} - Z PT {XO:t = x():t} (49&)
Ts+1:Tt

= Y Puol(zor) = Y Pot(wwo) (4.9b)
XTs4+1:Tt Ts+1:Tt

- Pt—s:t (-rs:O) (490)

Denoting Ps (§) = 250:5571 Py.s (€o:s), then we get

P(;l:s (20:s) = Pr—sit (T5:0) = Pr—s (25) P si1jt—s (zs—1]2s) - Py (zolx1) - (4.10)
Therefore,

Pioi (2os41)

P10 (@or1|mos) = OP—?T (4.11a)
0:s s
~ Ps1 (et1) Progjp—s—1 (@s]@sg1) - Byye—1 (2olz1) (“.11b)
Prs (ws) Pr_gy1jo—s (Ts—1|zs) - Pyje—q (xol1) '
P T

tPstiExz—)i_l)Pt—shf—s—l (l‘5|1‘5+1) = Ptfsfl,tfs (l'sfla $s+1) (4.11¢)
= Pl (zspalzs) - 4.11d)

The reversed process is Markov but time inhomogeneous in general. Note that this reversal is defined
only for a given finite-length ¢, treating the path as a random vector. It tells us that started with the terminal
distribution at time ¢, P; (£), what is the sequence of the (time-inhomogeneous) transition matrix that restore
the same marginal distribution in the reversed order. This time-inhomogeneous driving protocol requires a
redefinition for a different length ¢. Strictly speaking, it is not a process that can evolve for arbitrarily long.

This “reversed” process stopped once it restored the initial distribution Py at the end of it.

4.1.3 Protocol Reversal

The joint probability of a Markov Chain is determined by the driving protocol, Py and M, n=1,2,--- |t
Thus, we can consider the process where we used the terminal distribution P; as our new initial distribution
and reverse the temporal order of the transition matrices. We shall call this reversal the protocol reversal of

the process and denote the corresponding CPM operator as R. The new joint distribution is then given by

t
P[)P:{t(xoit) = Pt(xO) H Mt+1—n(wn’xn—1)~ 4.12)

n=1
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Compare to the trajectory reversal T which is a “time reversal” at the trajectory level, protocol reversal R
is rather a “time reversal” at the population level. On the contrary to the trajectory reversal T ruining time-
homogeneity but recovers the initial distribution, the protocol reversal R preserves the time homogeneity if
we started with time homogeneous process. However, the marginal distribution at the end of the reversal is
usually not the original initial distribution (Yang and Qian, 2020).

The “time reversal” that was considered by most of the previous studies on fluctuation relations (Seifert,
2005; Chernyak et al., 2006; Esposito and Van den Broeck, 2010) is in fact the composition of the two
reversals we have just introduced: R and T, denoted as PRT. The joint distribution is given by

t
}T (z0:t) = Poy(r0) = Pi(ar) H M1 (Tt—n|Tt—n+1) (4.13)

n=1

[FPoi

This computation in Equation (4.13) actually gives us a convenient result when working on composite CPMs
with time reversal as the last operation, P — P*T. The joint probability for such composite operators is given

by evaluating at the order-reversed trajectory,
P (w0:) = Pily(weo). 4.14)

Note that the two operators R and T do not generally commute, P&T # POT:tRl.

4.1.4 Involutive Properties of the Reversals

Considering reversals of a process, it is natural to ask whether we can recover the original process by
applying the reversal twice or not, i.e. in mathematical terms, whether the operator is involutive or not. As
we have shown above, the involutive properties of the CPM operator for an EP are the keys for the EP to
have FRs.

It is rather straightforward to show that both T and { are involutive. The time reversal T is involutive

since the map r : 2 — (2 is involutive. We can verify this by computing

TT T
Po;t (x():t) = Po;t(wt:O) = PO:t(xO:t)- (415)
' From definition, Po¢ (z0:t) = [FPow] R (z0:¢) is P (o) [T)—, Pt’S—l—n\t—n (zn|Zn—1). From the fact that T changes the random
variable, we get the RHS equals to Py(20) [1%,_; Pu—1n(n|zn—1) and becomes f;‘:g‘:; f iz(*;(i’;i P (z0.¢) by Bayes’
rule.
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4.2. IRREVERSIBILITY AS PATH RELATIVE ENTROPY

The dual reversal T is involutive by computing

t
Pl (o) = P (wo) T] Mt (@nlzn1)- (4.16)

n=1
From the joint probability in Equation (4.2), we get Pl = Py and one can show M,ILT = M, by Tr;fZ = Tp.
Finally, the protocol reversal R is not involutive in general. To see this, we start by
t
Poitt(x0:) =P (wo) [ [ Mty (nlzn—)- (4.17)
n=1

We thus need to compute P and M,E;lfn from the joint probability given in Equation (4.12). It is straight-

forward to check that the latter is given simply by
My (5l8) = Ma(j10). (4.18)

However, the terminal distribution of the protocol reversed process is generally not the initial distribution of
the original process, P # Py (Rao and Esposito, 2018). This can be seen by a time homogeneous Markov

Chain where P! is given by P; further evolved by ¢ more steps, which gives us Py; not Py. Thus, we have

PR
Pg:{tR(xO:t) = Ptg((ﬂf(?)) PO:t(xO:t)‘ (419)

From this, it is also clear that if PtR = P, then the protocol reversal R becomes involutive®.

4.2 Irreversibility as Path Relative Entropy

With different reversals and their corresponding CPM operators introduced, we are now ready to consider
four different EPs historically defined in physics and chemistry and their fluctuation relations. Specifically,
we will introduce a new notion of “irreversibility” called dissipation function St and also show that the

three types of irreversibility (Siot, Sna, and Qny) introduced in last chapter are all path relative entropy.

% An example for an involutive R is to start at Py = 71 and to fix the driving protocol at M for enough time steps so that the
protocol reversed process have enough time to relax back to 71 by the end of the reversed process.
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4.2. IRREVERSIBILITY AS PATH RELATIVE ENTROPY

4.2.1 Dissipation Function St

The EP that corresponds to the trajectory reversal T is historically called the dissipation function by Evans
and Searles (2002), a term goes back to Onsager,

&P Poa(Xoa())

St(w) :==In W(w) =In Por (Xeo (@)

(4.20)
We note that the dissipation function does not satisfy additive properties when connecting two time intervals,
i.e. for 0 < s < t, we have

ST($0:t) ?é ST(xo:s) + ST(xs:t) (421)

The dissipation function requires a re-definition every-time we march forward in time. The dissipation
function defined here is not really a property of “a stochastic process” but rather a property of “a length-¢

random vector”, cf. Markov processes vs. Markov random fields.

4.2.2 Total Entropy Production S;

The total entropy production Siot we introduced is actually given by composing protocol reversal R and
then the trajectory reversal T,

dP dP Po(wo) M (z1|o) - - - My (4]me-1)
Siot (z0:t) = In —==(x0+) = In —=(x9+) = In
tot (0:¢) apr (70:1) apc (7o) Py(z) My (z¢1|z0) - - My (zo|z1)

4.22)

. . . T
where we have denoted the composition of R and T as a composite operator C, i.e. PC = [}P’R} . We
note that the total entropy production satisfies additive property when connecting two time intervals, i.e., for
0<s<t,

Stot ($O:t) = Stot (ZL‘O:S) + Stot (l's:t)- (423)

This can actually be shown by a more informative expression for Siot. By noticing that T is involutive,
PTT = P, we have

dpTT dPTT (w)

n——-w)=In—z+—+= dP7 (r (w)) dp”
dPRET dPET (w)

Stot(w) =1 =1In PR (@) =1In PR (r(w)). (4.24)

In DTMC, this becomes

Pi(x) Py (mealme) - Popp(wolm1) G, Pooijs(s1lzs)

— In .
Py(x)Pye—1 (we-1|we) - - Pryo(@oler) 4= Pys—1(s-1lzs)

Stot(T0:¢) = In (4.25)
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4.2. IRREVERSIBILITY AS PATH RELATIVE ENTROPY

This shows us why the total entropy production S;.¢ is additive in connecting time intervals. When ¢ is

extended to ¢ + 1, the total entropy production is simply given by

Pyey1(@e|zisr)

. (4.26)
Pt+1|t(33t!$t+1)

Stot (T0:44+1) = Stot (€0:4) + In

We note that the transition matrices P;_q|, for s = 1,2, ..., ¢ are the ones that recover the initial distribution
Py at the end of the reversed process. The reversal 1" can thus be understood as the “ideal” time reversal that
“does not loss any information”. On the other hand, using the transition matrices Py,_; with s = 1,2,...,¢
comes from the protocol reversal R, which is the “macroscopic reversal” which is more feasible since it
corresponds to a direct reverse of the “driving force”. Hence, this expression in Eq. (4.24) states that the
total entropy production quantifies the difference between the ideal time reversal 1" and the more-feasible

protocol reversal R.

4.2.3 Non-adiabatic Entropy Production S,

The difference between the free energy dissipation —AF' and the excess work done on the system W,y is

the non-adiabatic EP, S,,, defined in (Esposito and Van den Broeck, 2010),

dP
Sna(w) = Wex(w) — AF(w) = Qex(w) + AS(w) =In W(w)' 4.27)

The equivalence between the last equations can be seen by a direct computation of Pg}jT (z0.¢). Since T is

the last CPM operator in the composition, we can directly get P&TT by evaluating P&T at the order-revered

trajectory. We thus first compute P(i:r (zo:¢) via

t t
Pi(o) [T [ME) (@alza—1) = PR (x0) [] Mf\ 1 p(@alns) 4.28)
n=1 n=1
and get that
t
Po " (o) = Pt (@) [T My (@enlaian). (4.29)
n=1

The equivalence can then be established.

By the definition Wex(w) — AF(w), one can see that the non-adiabatic EP is also additive when con-
necting time interval,

Sna($0:t) = Sna($0:s) + Sna(xs:t) (430)
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which is obvious from its relation to W,y and AF. Similar to S;.t, the non-adiabatic entropy production
turns out to be comparing two reversals at the reversed trajectory: the ideal one P” and the reversed-order

adjoint process PR where the irreversibility of flux is imposed:

dPT (r (w)) dPT
Sna =1 =1 . 4.31
In DTMC, this becomes
Pi(x) Py_q) (w—1]2e) - - Pop (wol ¢ e 11s(Ts—1|Ts
Sua(0s) = In 2 (24) Py (2e-1]21) olz1) Z 1|—1\) 432)

Pt(xt)PtTu_l (:L‘t*1|xt) 1|0(IL‘0|1'1 s=1 5‘5 1(3’371‘1'5)
Note that S, reduces to the dissipative work Wy defined in (Jarzynski, 1997; Crooks, 1998) for systems

with detailed balance.

4.3 Relative Entropy and Fluctuation Relations

As shown above, all types of irreversibility (EPs) discussed above are fluctuating relative entropy corre-
sponding to a CPM operator v, as the negative natural logarithm of the RND,

dP
ap @)

Sy(w) =1In (4.33)

which is also a random variable (Qian, 2001b; Seifert, 2005; Ge et al., 2006; Ge and Qian, 2007; Qian
et al.,2019). We now show general statistical properties of a fluctuating relative entropy. The advantages of
working with S, instead of the RND can be seen the time additivity of the types of irreversibility as shown

in Eq. (4.23) and Eq. (4.30). We note that .S, is always finite given our assumption that the probability

measure space P collects Ps that are absolute continuous to each other, i.e. 0 < d]P,,, (W) < 0.

The fluctuating relative entropy S, (w) reflects the difference between the measure [P and the reference
probability measure P. If the stochastic process is symmetric under the operator v, i.e. P¥ = P, then
S, (w) = 0,Vw € Q. With different v, we find have various different EPs discussed above. It is therefore

desirable to find the general statistical properties of a given EP given it’s definition in Equation (4.33).

4.3.1 General Statistical Properties

Directly from the definition of EP in Equation (4.33), the following three key statistical properties of .S,, can

be derived rather straightforwardly.
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1. Non-negative expectation: By Jensen’s inequality, the expectation of S, w.r.t IP is non-negative,
E[S,] > 0, and equality only holds when P = P” due to the strict convexity of negative logarithm.
This result for EPs in physical processes extends the classical second law of thermodynamics (Ge,
2009).

2. Integral Fluctuation Theorem (IFT) or called Jarzynski’s equality (Jarzynski, 1997):

dpPv
-Su] _ v _
E [e ]_E[dp]_ﬂi[l}_l. (4.34)
3. General fluctuation relation (GFR):
P{S,(w) € ds} = *P"{S, (w) € ds} (4.35)

where ds is a shorthand for the infinitesimal interval (s, s + ds). This GFR states for the EP,
S,=In %, that quantifies the difference between P and P, its probability densities under P and PV
are up to an exponential factor.

GFR can be derived by considering the probability density of S,, under the new measure P”, characterizing

the statistical properties of S, in the v process:

dpPv
Pv {Sy(w) S ds} =K I:d]P) (w) H{Sy(w)eds}] (4.36a)
_E [e‘sl’(“)ﬂ{ Sy(w)eds}] (4.36b)
=e °P{S,(w) € ds}. (4.36¢)

We will see below that most fluctuation relations discussed in the literature come directly from this GFR.
We remark that the three properties above holds for any fluctuating relative entropy defined as the negative
logarithm of a RND.

4.3.2 Detailed Fluctuation Theorems

The detailed fluctuation theorems that were considered in the literature (Crooks, 1999; Chernyak et al.,

2006; Esposito and Van den Broeck, 2010; Seifert, 2012) have the form of
P{S,(w) € ds} = eP” {Sy(w) € —ds} 4.37)

where S, can be various different random variables under different considerations. The DFT comes directly

from GFR in Equation (4.36c¢) if there is an odd parity between the original random variable S, and the new
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random variable S’,, under consideration,
S(w) = -8, (w). (4.38)

Two choices of S, were discussed in the past, which we will briefly summarize below.
Recall that S, serves as a random variable that quantifies the effect of the CPM operator v acting on
(Q, F,P). When considering a different process (2, 7, P"), the EP that does the same for the 7 process as

S, does for the original process should be given by replacing P with P77,

(w) (4.39)

where P = [P"]" is operating 7 on P first and then applying v on P". The two S, s considered in the past
(Esposito and Van den Broeck, 2010; Seifert, 2012) correspond to two different 7s.

A mathematically natural consideration for 7 is to take 7 as v, which will lead to Esposito and Van den
Broeck’s detailed fluctuation theorem in. In this setting, the odd parity requirement in Equation (4.38)

becomes an involutive requirement of the operator v,

dP¥ dP”
tap = =g

Sy =1 & P =P. (4.40)

Denoting S, as S,, the detailed fluctuation theorem from the involutive property (iDFT) (Esposito and

Van den Broeck, 2010) then reads
P{S,(w) € ds} = e°P” {S,,(w) € —ds} . (4.41)

In a physical process, the driving protocol of the system is determined by macroscopic thermodynamics
parameters, and thermodynamics quantities such as heat and work are dependent upon the driving protocol.
Therefore, in most of the physics literature, the S, considered was given by first taking 1 as the macro-
scopic, protocol reversal R, as we will defined explicitly in Equation (4.12), and then evaluating S, at the
order reversed trajectory r(w) where 7 is a map from €2 to €2 that reverses the trajectory w € 2. By denot-
ing S,(w) = S}, (w) and using S, (r(w)) for S(w), we get the generalized Crooks’ fluctuation theorem

(Crooks, 1999, 2000; Chernyak et al., 2006; Seifert, 2012; Garcia-Garcia et al., 2012),
P{S,(w) € ds} = eP" {S,(r(w)) € —ds}. (4.42)

To fix the terminology, we would refer this detailed fluctuation theorem as the rDFT. The odd parity re-

quirement S, (7(w)) = —8,(w) turns out to be an involutive requirement on the operator R for the CPM

56 Y.-J. Yang



4.3. RELATIVE ENTROPY AND FLUCTUATION RELATIONS

operators we are interested in, as shown in Equation (4.48) and (4.51).

To check the validity of iDFT and rDFT, we should check the necessary and sufficient condition: for S,
and —8,, to have the same probability density of under P¥. The odd parity condition in Equation (4.38) is a
stricter condition on S, and S,° and only a sufficient condition. To prove a DFT to be valid, we can show
this sufficient condition to be true, but to prove a DFT to be invalid, we would need to show a necessary
condition of it to be false. For simplicity, we will only check the the sufficient condition in Equation (4.38)
for a DFT here. If an EP does not admit this odd-parity condition, we will leave its DFT inconclusive and

leave it for future consideration.

4.3.3 Transient Fluctuation Theorem

Only very special operator v defined on the probability measure space P can be represented as a result of a
map p from € to 2. In those special cases, the map p maps an event of interest A € F to another, u(A) € F,
which is obtained by replacing all the ws in A by the p(w)s, e.g. if A = wj Uws, then p(A) =p(wr)Up(ws).
The new measure is then given by

P {A} = P{u(A)}. (4.43)

If an operator v is involutive, i.e. P¥¥ = P, then we already know that S, admits iDFT. If the operator v is

further realized by an involutive map p : £ — 2 on the trajectory space as Eq. (4.43), i.e. u(p(w)) = w,

we would have S, (u(w)) = In 35 (w) = S,(w) =1In 42 (w) = =S, (w). Then, by Equation (4.43), we
have PV {S, (w) € ds} = P{S,(u(w)) € ds}. With our GFR, we obtain the so-called transient fluctuation
theorem (TFT) (Evans and Searles, 1994; Searles and Evans, 1999; Evans and Searles, 2002; Jiang et al.,

2004; Ge and Jiang, 2007; Seifert, 2012),
P{S,(w) € ds} = ’P{S,(w) € —ds}. (4.44)

TFT is particularly important since it provides explicitly the asymmetry between having a positive and
negative EP in the same process. The probability (density) of finding a positive EP is exponentially higher
than the probability of finding a negative one.

The validity of TFT is easy to check since involutive property P*¥ = P is a necessary condition for TFT.

If P* # P then E[ln 4] > 0 = E[S,] > E[-SY,] by Jensen’s inequality. We then know S, and —SY,,

3 Note that saying two random variables to be the same X (w) = Y (w) usually means that they return the same value for every
w € . This is a stronger statement than saying two random variables X (w) and Y (w) to have the same probability distribution.
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FR \ definition \ relative entropy \ sufficient conditions

GFR | wig et srady = ¢

viSy €(s,s+ds

Sy(w) =In 5 (w) generally valid

IFT Ele %] =1

P{S, ( )E(s,5+ds)} - ~
rDFT P {8, [r(w)]e(—s—ds,—s)} = e’ Sy(w) =In gggu (w) Sulr(w)] = =Su(w)
iDFT P"?‘{;U( ;%(S:Jgisi)} =e' | S(w) =5 (w) | vinvolutive on P

P{S, (w)E(s,s+ds)} _ s 1. dP v realized by an
TET P{S, (w)E(—s—ds,—5)} _ © Sv(w) = In g (w) involutive map on §2

Table 4.1: The five fluctuation relations (FRs) of the relative entropy S,,, with the CPM operator v discussed
here. IFT is the integral fluctuation theorem Jarzynski (1997); GFR is the general FR in Equation (4.35);
TFT is the transient fluctuation theorem in (Kurchan, 1998; Evans and Searles, 2002; Ge and Qian, 2007;
Seifert, 2012), iDFT is the detailed fluctuation theorem in (Esposito and Van den Broeck, 2010), and rDFT
is the generalization of Crooks’ fluctuation theorem (Seifert, 2005, 2012; Crooks, 1999; Chernyak et al.,
2006; Garcia-Garcia et al., 2012) . R and r are time reversals of processes to be introduced in the next
chapter. We have shown in the text that TFT implies iDFT. This summarizes the hierarchical structure of
the validity of the five FRs. . Table adapted from (Yang and Qian, 2020).

have different probability densities w.r.t. P = TFT is false. Here, we see that TFT is a sufficient condition
for S, to have iDFT but not necessary. This is because not all involutive operator v : P — P can be realized

by an involutive map p : Q — Q.

4.3.4 Summary

Treating a physical operation on stochastic processes as a CPM operator v on probability space P, we
have characterized the change in the statistical properties of a physical operation via the negative natural
logarithm of the RND, which one defines it as the EP &,,. In fact, a hierarchy of the validity for FRs in
general stochastic processes is revealed from our work as summarized in Table 4.1 :
1. Non-negative expectation, IFT (Jarzynski, 1997; Seifert, 2012), and GFR are generally true from the
definition of S,,.
2. With S, (w) = —S, (w), we have DFTs. In the literature, S, (w) was chosen to be S, (w) = 8%, (w)

to get iDFT (Esposito and Van den Broeck, 2010) if the CPM operator v is involutive, or

* Here is an explicit example for an involutive operator v : P — P not realized by an involutive map x : Q@ — €. Consider
two binary random variables X; and X that can take values O or 1. Suppose the joint probabilities for four possible realizations
are P12(0,0) = p, P12(0,1) = q, P12(1,0) = r, P, 2(1 1) = s where p + ¢ + r + s = 1. The joint probabilities in the
new measure P” is given by Py'5(0,0) = /(1 —r —s) —p?, P/5(0,1) = (1—r—s) — /(1 —r—3s) —p? Pr2(1,0) =
r,P{5(1,1) = s. One can show that P*” = P. And clearly the involutive operator v can not be realized by an involutive map
w82 — Q.
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S, (r(w)) =S8 (r(w)) to get IDFT (Crooks, 1999, 2000; Seifert, 2012) if the protocol reversal
operator R is involutive (for the v we considered).
3. Further with the CPM operator v as an involutive map on the trajectory space, from {2 — €2, we have

TFT (Evans and Searles, 2002; Ge and Jiang, 2007; Seifert, 2012).
The results above are true no matter the stochastic process has discrete or continuous state space &, is with
discrete or continuous time, is time homogeneous or not, or has any specific initial distribution such as the
invariant distribution. The Markovian assumption is not even imposed except the definition of the protocol
reversal R. Our derivation only relies on assuming all P € P to be absolute continuous to each other, the
notation of CPM operator, the definition of EP, and conditions for more restricted FRs such as DFTs and

TFT.

4.4 Properties of Irreversibility

With these general results for fluctuation relations of relative entropy in hand, we are now ready examine
the fluctuation relations for St, Stot, Sna, and Q. The key would be to check the involutive properties
for the corresponding reversals. Before that, we first note that the three reversals T, R, and { are actually
related. By direct computation, one can show that the important decomposition we discussed in Sec. 3.2,
Stot = Sna + Gnk (Ge, 2009) is from the intriguing property

dP dP dP
dPRT ~ dPf dPRIT" (449

Since O = 0 when the system possesses detailed balance, Stot = Spa in detailed balance systems.

4.4.1 Fluctuation relations of Irreversibility

Since the CPM operator T is realized by an involutive map r : 2 — Q. We thus know St admits both
TFT and iDFT. The TFT of St has been discussed in (Seifert, 2012; Ge and Jiang, 2007; Evans and Sear-

les, 2002). However, St does not satisfy the odd-parity, sufficient condition for rDFT. We note that the

dissipation function St on the protocol reversed process R is given by St(w) = In gg% (w) which gives
_ dIP)RT dPRT _
St(r(w)) =In W(w} =1In dIPT(w) = —-Sr(w) # =Sr(w). (4.46)
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Unless pathologically St(r(w)) # —St(w) but PT {St(r(w)) € —ds} = PT{Sr(w) € —ds}, the dissi-
pation function St would not admit rDFT.
The composite operator C := RT for S is generally not involutive®. Thus, Sy, does not admit TFT

and the odd-parity, sufficient condition for iDFT. For rDFT, we note

. dph dpR
Stot (W) =1In d]P)T(w) =In W(W) (447)
and thus
B dPRT dPRT
Stot (T(CL))) =1In W(UJ) = 1m dIPﬁ(W) (448)

which becomes —S;ot(w) if R is involutive, i.e. PRR = P. Hence, if R is involutive, S;o; admits rDFT.
Recall that the requirement for R to be involutive is the terminal distribution of the protocol reversed process
to recover the initial distribution of the original process, i.e. PR = Py. This condition was discussed in
(Crooks, 1999; Seifert, 2005, 2012).

Similar to the total EP S;.t, the non-adiabatic EP &), admit neither the TFT nor the odd-parity, sufficient

condition for iDFT since the composite operator R { T is not involutive in general. For rDFT, we compute

- dPRT Py(Xi(w)) H My (X1 (@) Xn(w))

Snalre)) = gprwr () = b ) U 3l ) @)

(4.49)

n=1
where the denominator can be obtained by using Equation (4.19) for PR® and apply 1 on it. Now, since

Mn(anl |Xn) . 7Tn()(nfl)

Mi(Xo|X0o1)  mn(Xn) (4.50)
we get
Sl = JZE‘(@((Z)))) ~ Sna(®). @s1)

We see that the condition for the odd parity to hold, Sy (r(w)) = —Sua(w), is Py = PR, ie., R to be
involutive! Hence, similar to the total EP Sy, the non-adiabatic EP S, admits rDFT if the CPM operator

R is involutive. The rDFT of S,,;, is an extension to Crooks’ fluctuation theorem (Crooks, 1998, 1999, 2000).

> This can be easily seen by considering the case for only one time step. We have Pg’;(zo,71) = Pi(z1)Pijo(zo|z1) from
Equation (4.13). Thus, we have P§’{(zo,21) equal to P (wl)PSO(xo|m1). With P§’; given above, we get P = P; and
Pﬁo = P1 (:ro)Pl‘o(asl |]J0)/POC (1‘1) Therefore, P(Slc (:L‘()7 1‘1) = P1 (1‘1)P1 (Io)Pl‘g(Zl‘l |J}0)/POC (ml) which is not PO,l (Io, 1'1)
unless all Py, P, and POC are the invariant distribution of the transition matrix Pyo.
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4.4.2 Martingale Properties of Entropy Productions

With our measure-theoretic understanding of EPs, more statistical properties of EPs could be found by
revealing more on the mathematical properties of their corresponding RNDs and CPM operators. For ex-
ample, by recognizing the RND of Qyy, exp(—Qnk), is a martingale, a statistics of the infimum of Qy is
introduced in (Chetrite and Gupta, 2011; Neri et al., 2017; Chetrite et al., 2019). Here, we shall discuss the
martingale properties of the four EPs and the conditions for the exponential of the negative of them to be a
martingale.

In our discrete time Markov chain paradigm, a functional M (X.;) is a martingale if it satisfies
E[M(Xo:t)‘XO:s] = M(XOZS) (452)

Vs € {0,1,--- ,t}. It can be shown rather straightforwardly that since St is not additive in time, exp(—St)
would not generally be a martingale. Thus, in the following discussion, we will focus on Stot, Qnk, and Sya.
We note that all of Siot, Onk, and Sy, are additive in time. Therefore, for exp(—S,) to be a martingale

where v = RT, f,or R { T, we need

Ele=S(Xo0)| X ] = e Sv (Koo g5 (Xe) X ] (4.53a)

°

= e~ Ko e~ (Xa) x| = ¢=Sv(Xowe), (4.53b)

We thus want to have E[e~S»(Xs4)| X,] = 1,V¥s € {0,1,--- ,t} . By using the definition for » = RT, t, and

R 1T, one will find

Bl a(Xs)
E —Stot (Xs:t) XS — Zend\**8/ 4.54
E[S—Qhk(Xs:t”Xs} = 1, and (454b)
PR (Xy)
E *Sna(Xs:t) Xs — end S 454
[6 | } PS(XS) ( C)
where
t—s—1
Pel:rild(.l‘s): Z Pt(ZCt) H Mt_n(xt_n_ﬂ:vt_n) (455&)
Ts+41:t n=0
t—s—1
and Poti(zs) = Y Polwr) [] M (z—n-ilzin) (4.55b)
Tst1:t n=0

and are the terminal distributions of the processes R and R{ defined on the time interval s : ¢.
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This shows that exp(— Q) is always a martingale which implies that Qyy is a submartingale satisfying
E[Qhk(XO:t) ‘XOIS] Z Qhk(XO:s) (456)

by the convexity of negative logarithm. Since s is arbitrary in O : ¢, the RHS of Equation (4.54a) and (4.54c)
needs to be 1 for all x5 and s. This means that exp(—Siot) or exp(—Sya) are only martingale when the
reversal R or R recovers all the marginal distributions in a reversed order: P, — P,_; — -+ — Py in the
reversed process, which is not generally true. One exception is when the dynamics is time homogeneous

and also starts with the invariant distribution such that P,, = 7, ¥n € {0,1,--- ,t}.

4.5 Summary and Discussion

In this chapter, we characterize the difference between the statistical properties of the original stochastic
process and the one after reversal by a change of probability measure, an analog to Schrodinger’s picture
on Quantum Mechanics (Qian et al., 2019). A change in statistical properties from a physical operation is
represented by an operator v operating on a probability measure P in the probability measure space P. With
our mathematically more general and concise CPM formalism, we have presented a comprehensive study of
the properties of irreversibilites (EPs) including FRs. Sufficient conditions for the FRs of the four EPs are
summarized in Table 4.2. Importantly, a hierarchy of the generality for FRs in general stochastic processes
can be revealed from our work: both IFT and GFR are generally true; rDFT and iDFT require odd parity
symmetry with different S, as stated in (Seifert, 2012); and TFT further requires the CPM operator to be
realized by an involutive map on the trajectory space 2. This hierarchical structure of the domain of validity
for FRs reveals relation between FRs such as TFT implies iDFT.

We further demonstrate how to obtain other properties of EPs from their logarithm RND definitions such
as their martingale properties and distinguish the difference between dissipation function St introduced by
Evans and Searles (2002) and the total entropy production S;.¢. The properties of the four EPs (irreversibil-
ity) in physics and chemistry including various FRs we have discussed above have been summarized in
Table 4.2. The “paradox” that the two EPs have the same entropy production rate but with non-negative
difference in expectation for finite time interval in time homogeneous processes is resolved by noting the
failure of time additivity for the dissipation function.

It is important to note that throughout this chapter (and this thesis), we have assumed the state variables
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= 0 when IIE;[F], (Z}F(i’{ TET iDFT rDFT ?ﬁd;tg: a m:r;i:gale
St EQ Yes Yes Yes NESS NESS NESS
Stot EQ Yes NESS | NESS | if Py = PF Yes NESS
Oux | TH+DB Yes NESS Yes Yes Yes Yes
Sna NESS Yes NESS | NESS | if Py = PF Yes NESS

Table 4.2: Properties of the four path relative entropy for Markov processes. [E[-] denotes the expectation and
the non-negative expectation of entropy production is the classical second law of thermodynamics. Fj is the
initial distribution of the original process. P/ is the terminal distribution of the protocol reversed process,
i.e. the distribution one gets by starting with initial distribution P, and then marching with reversed order
of transition proability matrices for ¢ steps. TH stands for time homogeneous; EQ stands for equilibrium
(steady state with detailed balance); and NESS means the nonequilibrium steady state. Note that in NESS,
we have St = Stot = Qi and Sy, = 0. Table adapted from (Yang and Qian, 2020).

X, to have even parity under the time reversal, i.e. they are position-like physical quantities. One extension
to our work is to consider variables that have odd parity under time reversal such as velocity (Spinney
and Ford, 2012; Ge, 2014; Li and Tu, 2019). Note that if one transform a system with memory (such as
underdamped systems) into a Markov dynamics, the extended state variable in the Markov dynamics will
have odd parity dimensions (Zeng and Wang, 2017).

The general theory we presented in Section 4.3 is in fact a general result for fluctuating relative entropy
and its statistical properties. It can also be applied to entropies defined in information theory (Cover and
Thomas, 2006). For example, suppose we have a finite state space X = (2, we can choose the reference
measure Py to be the uniform distribution, i.e. P” as the Lebesgue measure, to get an entropy corresponding
to the maximum entropy In ||2|| minuses the fluctuating Shannon entropy of the system, H (w) = In ||Q]| —
[— In Px (X (w))] where ||2|| represents the size of the sample space. Another example would be to have
) = X ® Y and consider the fluctuating mutual information between two random variables X and Y,

PIZ’; ((35731}(;52))) . Our theory immediately implies that both H (w) and I(w) have non-negative

expectation, and admit IFT and GFR.
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Chapter 5

Fundamental Roles of Cycle in

Nonequilibrium Dynamics

As introduced in Sec. 2.2, a stochastic process reaches its steady state when the total inward and outward
probability fluxes balance out at each state. The existence of a steady state requires the system to have
recurring states, i.e. forming cyclic paths (Durrett, 2019; Jiang et al., 2004). This strongly imply that cyclic
paths in the state space have fundamental roles in the dynamics at the steady state. Such fundamental
importance of cycles have been discussed widely in Markov chains (Schnakenberg, 1976; Hill, 1982; Jiang
et al., 2004; Kalpazidou, 2006; Qian et al., 2016b), as we shall review in Sec. 5.1 and add on in Sec.
5.2. Here we further this idea to continuous-space Markov processes (diffusion), from 2-D and 3-D (Qian,
1998) to dimensions higher than 3. Our work completes the cycle theory for nonequilibrium dynamics
(Yang and Qian, 2021a). The extension to diffusion in R" requires the mathematics of differential form as
we summarize in Appendix A. Our results are summarized in a bi-vector calculus formalism in Sec. 5.3,

generalizing vector calculus to bi-vector calculus with anti-symmetric matrices.

5.1 Cycle Completion and the Landauer-Bennett-Hill Principle

Time irreversibility in the standard thermodynamics, i.e. the second law of thermodynamics, was always

about cyclic (mechanical) processes (Landau and Lifshitz, 1980; Huang, 1991). Recall Clausius’s theorem:
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in any cyclic process throughout which the temperature is defined, we have

ygi@ <0 G.D

where d(Q is the infinitesimal amount of heat the system absorbed from the reservoir of temperature 7. For
two reservoirs if Ty > 71, then ‘SIC;Q—LL < _%’ which is Clausius’s statement of the 2nd law. Furthermore,
the equality holds when the cyclic process is reversible: ¢ % =0,ie [ % is path independent. This
means that the quantity % is an exact differential and can be expressed as the difference between a scalar
potential d.S given by the entropy.

Results above have been extended to general Markov processes by considering the affinity dQ as dis-
cussed in Sec. 3.1. The classic “reversibility” in standard thermodynamics becomes the irreversibility at
the steady state of Markov processes, i.e. the concept of detailed balance. By identifying dQ = dQ/T
for mechanical systems, the Calusius’s theorem is in fact a special case of the Kolmogorov’s cycle condi-
tion in mathematics (Kolmogorov, 1936) and the Wegscheider condition in chemical kinetics (Wegscheider,

1901; Lewis, 1925). The concept of detailed balance can be summarized by the following four equivalent

statements (Jiang et al., 2004):

Theorem 5.1. For a Markov chain with transition matrix M;|; and a unique invariant distribution T;, the
following statements are equivalent:

1. Detailed balance: for any transition i to j, steady-state probability fluxes are balanced

2. Affinity of any path igi1 - - - 1. can be expressed as the exact difference of a scalar potential P,
Q(ig---ix) = D (i) — P (ip) .

3. No cycle affinity: for all cycles igiy - - - 120,

Q(igiy - - - igio) == In MilliOMiQ‘il - ‘Mio‘i’“ =0
Mik\ioMikAlik T Mio\il

4. The average entropy production in the steady state (average housekeeping heat) is zero:

qnk = Zﬂ-iMj‘iln 0.

1]

While the first condition, 7; Mj; = m;M;);, defined on all transitions ¢ — j is often considered as the
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5.1. CYCLE COMPLETION AND THE LANDAUER-BENNETT-HILL PRINCIPLE

“definition” of detailed balance, we argue that the zero cycle affinity condition is conceptually more “funda-
mental”. We first notice that the “no-net-flux” condition 7; Mj;; = 7;M;); is not a property locally defined
to the transition alone: the stationary distribution 7; is a global property of the whole system. In contrast,
the “no-cycle-affinity” condition Q (o) is locally defined for a cycle o := igiy - - - ixig. Furthermore, let’s
consider the following thought experiment. Suppose we have a discrete-state Markov process and would

like to determine whether its stationary process is detailed balanced or not, i.e. in equilibrium or not. We

run the process with a trajectory igt; - - - i and measure the affinity of the path

M; (i Mig)iy -+ My, )
Q(igiy - --i) = In - Bkl ), (5.2)
Mi0|i1Mi1\i2 e 'Mik—ﬂik

The “no-cycle-affinity” condition states that the process admits a detailed balanced steady state if and only if
Q(o) = 0forall cycles o, e.g. igiy - - - ixio. Therefore, we shall examine Q everytime the process completes
a cycle, and if @ = 0, we continue to run the process for another cycle. We can draw the conclusion either
when we encounter a cycle with nonzero Q, signifying detailed balance broken, or we complete all cycles
and find that all cycles are reversible with zero dissipation.

In the thought experiment above, we see that it is essential to finish cycles to determine whether a system
admits detailed balance or not. We can’t gain useful information before the process completes a full cycle.
This is because for a trajectory one-step before the completion of a cycle, say g, 1, - - - ig, with all distinct

states, there’s always a possibility that the last step balances out the probability difference, i.e.
Q(ioty - - - ix) + Qirio) = 0, (5.3)

giving us a reversible cycle with no zero cycle affinity. We shall call this observation the Landauer-Bennett-
Hill (LBH) principle: in the theory of computation, R. Landauer (1961) applied the second law of thermo-
dynamics to point out the necessary accompanied heat dissipation of “erasing one bit”; C. H. Bennett (2003)
then used Landauer’s principle to argue that it is the last step of “erasing bits” in a cyclic Maxwell demon
that “saves” the second law. Independently in the theory of cycle kinetics driven by chemostatic chemical
potential, T. L. Hill introduced the concept of cycle completion (Hill and Chen, 1975) and argued that cycles
in mesoscopic nonequilibrium thermodynamics (NET) are more fundamental than transitions (Hill, 1977).
The notion of “erasing one bit” of Landauer’s and Bennett’s matches exactly the idea of “completing one

cycle”.
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© © 0)
® T ®= 0@ T>@+ T ®
® ©)

Figure 5.1: Edge flux from state 3 to state 1 (blue) at the steady state is decomposed into the sum of cycle
fluxes in (red) cycles that contain the edge 3 +— 1.

All the discussion above summarizes into one very important concept: the fundamental dynamic units
for nonequilibrium steady states (NESS) are cycles. Concepts and properties in NESS should be understood
in terms of cycles: including the stationary probability flux, the housekeeping heat, and Onsager’s recipro-
cality (Onsager, 1931). We shall review such understanding the its implications for Markov chains (Jiang

et al., 2004; Qian et al., 2016b; Yang and Qian, 2021a) in the next section.

5.2 Cycle Flux and Onsager Reciprocality

One of the most important cyclic understanding of steady state stochastic dynamics is the following. The
one-way edge stationary flux actually has an all-cycle decomposition (Qian and Qian, 1979, 1982; Qian and
Wang, 1999; Hill, 1989; Jiang et al., 2004),

= >, Jolo(i,]) (5.4)

o€all cycles

where the “cycle flux” J, is the occurrence rate of a cycle ¢ in an infinite-long ergodic trajectory and
Is(i,7) = 1 if edge ij is in cycle o and = 0 otherwise. See Fig. 5.1 for an illustration with a simple
example. This result can be intuitively seen by a simple frequentists’ understanding of m;p;; and J,. In
an infinitely-long ergodic trajectory, the value of 7;p;; is the asymptotic occurrence rate of the transition
1 — j. The system revisit state ¢ infinite times in an infinitely-long ergodic trajectory. Therefore, each of the
transition' 7 — j belongs to a cycle 47 - - -4. This means that the asymptotic occurrence rate of transitions
1 — j is equal to the sum of the occurrence rate of all cycles that contains the transition ¢ — j, therefore
Eq. (5.4).

With the cycle-flux decomposition of an edge flux, the average housekeeping heat in Theorem 5.1 has a

! For a finite path, there may be one possible exception at the end. But that is negligible in an infinitely-long trajectory.
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cycle representation:

G = > mipys o~ = 3, Z]I i) 2§ 7). (5.5)

i ﬂ-ﬂplb o 71-JpZ\J

Since m;p;|; and J,, have frequency interpretations as the occurrence rate of transition ¢ — j and cycle o in

an infinitely long chain, the average housekeeping heat is in fact
. Onk (zor
dhk = TlgTéo ;0 Zmpj\thk(lj) (5.6a)

. Z J,Q(o (5.6b)

As Q (o) is locally defined on o, this gives a vivid picture of how Qyy (z¢.7) accumulates in time in .~
every time the process finishes a cycle o, the irreversibility Oy adds up a cycle affinity Q (o). Equilibrium
systems with e, = 0 is because the occurrence rate of J, = J,~ so Q (o) cancels out with Q (¢7) in total.

The cycle flux J, actually has an analytic expression for Markov chains (Hill, 1989; Jiang et al., 2004).
From it, one can show that

Qo) =1In j—a (5.7)

o
where o_ is the cycle with reversed orientation of o. This means that Q(o) = 0if and only if J, = J,,_. This
is a very important property that relates cycle affinity (force) to cycle flux. Such property is not guaranteed
in the other type of cycle-flux decomposition in graph theory where cycles are defined as fundamental cycles
(Schnakenberg, 1976).

The net edge flux np = ¢ from state ¢ to state j has the following cycle expression:

Ty =mipj — mipg; = > (Jo = Jo_) Io(n). (5.8)

[

Let’s denote the housekeeping heat on the edge n = ¢j as

O (i) = In T2l (5.9)
hk (27) = In ———. .
Then, with
J,
(7) =2 Qe () I (o) = I 7= (5.10)
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we now have

5= (eg(a) N 1) Jo L) =S (ez,,, Qu () (') _ 1) Jy_L,(n). (5.11)

This couples the “force” on edges 7’ to the flux on edge 7. When the system is near equilibrium, all Qyy (')

are small. One then have

J, = Z ( ¥ Qoo (') _ 1) Ty 1, (n) (5.12a)

~ Z ZH )nk (') 1o (n") Jo_ (5.12b)

= Z [ZH )] Qni (1) - (5.12¢)

Symmetric Onsager matrix

This is the Onsager’s reciprocality and symmetry in Markov chains (Hill, 1982; Qian et al., 2016b). This
clearly shows that Onsager’s reciprocality and symmetry fundamentally originate from the cycle expression.

Now, from a more careful look at Eq. (5.11), we observe that the reciprocality between 1 and 1’ man-
ifests in that the mutual interaction between them are coupled only through cycles that contain both n and
7’ (Yang and Qian, 2021a): among all cycles, only those which contains 7 contribute to .J,;; among them,
only those which contains 1’ has the effect from 7/, i.e. a Qui(n) term in (- --); and only among these
shared cycles does Qi (n) affect back to J,y, as illustrated by Fig. 5.2. That is, Onsager’s reciprocality in
Markov chains are solely due to “cycle coupling” and holds for a system in its NESS arbitrarily far from
equilibrium. The symmetry of the reciprocality further requires the system to be near equilibrium in general

discrete-systems.

5.3 Bivectorial Cycle Affinity and Cycle Flux in Diffusion

Parallel to the cycle representation of discrete-state Markov processes which we have reviewed above, we
now present a cycle representation for the NET of continuous Markovian stochastic dynamics in its phase
space, the whole Euclidean R", and discuss how the LBH principle comes in. The n = 2 (and n = 3
implied) case, in which a vector potential arises, has been investigated by Qian (1998). However, the
generalization to n > 3 systems is nontrivial. One of the difficulties is that, for systems with n > 3,

vector calculus is no long sufficient since it is not possible to represent vorticity by a vector through the
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5.3. BIVECTORIAL CYCLE AFFINITY AND CYCLE FLUX IN DIFFUSION

Figure 5.2: Two edges 1 and 1)’ are coupled through all the cycles v they are both in. The cycle-coupling is
the origin of Onsager’s reciprocality. Arrows represent cycle edges, and line with dot at the end represents
the driving from force to flux. Dash lines indicate the smallest cycle coupling and solid lines indicate another
cycle coupling. This figure is from our work (Yang and Qian, 2021a).

right-hand rule: there are more than one dimensions in the “thumb” direction. It turns out that both the cycle
flux and cycle affinity in the continuous system are bivectors (see Appendix A), which can be represented

by their skew-symmetric n X n matrices components.

5.3.1 Cycle Changes of Thermodynamic Quantities

A work-like quantity in diffusion is defined on transitions and is integrated along a path according to the

infinitesimal equation
1
aw (Xt,t) = f (Xt,t) 9} dXt = f <Xt + 2dxt>t> e} dXt (513)

where o denotes Strotanovich midpoint integration. By stochastic calculus and the SDE given by Eq. (2.29),

it can also be rewritten as
aw (Xt, t) = f (Xt, t) . dXt + %dXt . Vf (Xt, t) dXt (5143)
={b(Xy)  f (X4, 1) + V- [D(X¢) f (Xe, )]}t + f (Xe, t) - T (Xy) AWy (5.14b)

For a smooth cyclic path I" : x(¢),0 < ¢t < 7 where x(0) = x(7) = £ in R", the cyclic “work” can
be rewritten by considering a surface > whose boundary is given by the path I" and using Stoke’s theorem

(Feng and Wang, 2011).
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Figure 5.3: Illustration of Stoke’s theorem in Eq. (5.15). The total “work™ done on a bigger cycle is the sum
of the “work” on the smaller constituting cycles.

= 55 fodx = §£ > fida (5.152)
=1

-z

In Eq. (5.15), neither V A f nor do are vectors in R"”; rather they are bivectors, planary objects that have

8 fj - ijl) dz; /\dxj = / VAf-do. (5.15b)
%

1<i<j<n

skew-symmetric matrix components with respect to the orthonormal basis {e; A ej,1 < i < j < n}
where e; is the unit vector in the sth direction of Cartesian coordinate and e; A e; is the signed area of the
parallelogram spanned by e; and e;. The VA f = 3, _.(0;f; — 0;fi)e; A\ e; denotes the “curl” of f,
representing the vorticity of f by a bivector with skew-symmetric matrix components. Here, we understand
dx; Adx; as the (4, j)th components of the infinitesimal plane do as a bivector. The dot product in Eq. (5.15)
between two bivectors are defined as the half of the Frobenius product between their matrix components.
See Appendix A for a more detailed introduction in the language of differential form.

The cyclic changes of the thermodynamic quantities are then given by,

AD(D) = —Quy(T) =0 (5.16a)
AS() = -AFT) = 5(&,7) — S5(£,0) (5.16b)

Q') = Onk(T / VA ( -do (5.16c)
Sior(I') = AS(T) + Q(T) (5.16d)

where £ is the starting and ending state of the trajectory I". If the path probability of a path I' in a Markov
process starts with the invariant probability as the initial distribution, AS (I') = 0 for all cycles I', over

which the total entropy production equals to the heat dissipation:
St (T) / VA( -do. 5.17)
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Figure 5.4: Transitions on an infinitesimal square dx; A dx; in a lattice. The eight transition rates qij[Or j
determine the cycle affinity. This explains the physical picture of cycle affinity as shown in Eq. (5.18). This
figure is adapted from (Yang and Qian, 2021a).

S and @ are state functions, but Q and S;;; are not. In fact, Eq. (5.17) shows that V A (D™!'b) - do is
the cyclic entropy production of an infinitesimal cycle do, and the total cyclic entropy production is the
integral of all the infinitesimal cycle that tiles the cycle I'. This implies that the bivector V A (Dflb) can be
interpreted as the cycle affinity in diffusion, and the Kolmogorov’s cycle condition in diffusion for detailed
balanced systems becomes a zero cycle affinity condition V A (D_lb) = 0. With Poincaré lemma applied
on the contractible R, this implies that D~'b is curl-free if and only if it is a gradient field, with a scalar
potential given by ®.

The physical picture of cycle affinity is clear in the discrete lattice picture as shown in Fig. 5.4. Focusing

on the infinitesimal square of dz; A dx; at x, the cycle affinity of the counterclockwise cycle is given by

0, (x) = In g (x — Fh)a; (x + %h)g; (x+ F)g; (x — %) (5.18)
K g7 (x — 2 (x + 920)g (x + g (x — 421) '

~ —1In q;r(x) n q+(x) T
[a (dle qj(x)> 9; (dle = (X)>]d idz;. (5.18b)

+
L e becomes ( b) from the theory of diffusion. We see that the particular order of
J

where az;
0; (D_ )j — 0; (D_ b)i is because the increment of q;“ / g; in the i-th direction flavors the counter-
clockwise rotation whereas the increment of q;r /q; in the j-th direction hinders it. Their net contribution

gives the force on the cycle, the cycle affinity.
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dzx

(2) (b)

Figure 5.5: (a) For each unit vector Z; at a lattice point, there are (n — 1) number of &; with which &; A Z;
forms a bivector, an oriented planar element. A;; is the cycle flux around the element. (b) Bivector potential
A;j and its derivative 0jA;; in a discrete lattice system. A;;(n) — A;j(n — 1) contributes to the edge flux
along &;. A similar A;;(m) — A;x(m — 1) also contributes to the same edge flux. This is the geometric
meaning of Eq. (5.19).

5.3.2 Cycle Representation of Kinematic Stationary Probability Flux

The divergence-free stationary flux J* can be expressed in terms of a bivector potential A(x) for diffusion
on R", V x A = J* according to Poicaré’s lemma (See Appendix A). Note that A is also not a vector in

R™ in general; rather it is a bivector whose components A;; satisfy
n
JEx) = (V x A); (%) =D 9;A5(x). (5.19)
j=1

It is straightforward to verify that V- (V x A) = 0. See Appendix for the derivation. Throughout this thesis,
we fix the x notation in V x A to denote the vector from a bivector potential A, (V x A); = Z?Zl 0;Aij,
and the A notation in V A u to map a vector u to a bivector: (V A u);; == Oju; — Oju;.

The physical meaning of Eq. (5.19) is as followed. For every infinitesimal change dx; in the x; direction
at the point x = (x1,--- ,x,) € R", there are (n — 1) orthogonal directions dz;, j # 4, and da; A dx;
corresponds to a bivector, an infinitesimal planar element in the 7j-th plane, as shown in Fig. 5.5a. Here, we
give the bivector potential A;;(x) a physical interpretation as the stationary cycle flux around the oriented
infinitesimal planar element dx; A dz; at x. The ith component of J*, J, is determined from all the
neighboring infinitesimal planes dx; A dxj, j # . 0;A;; contributes a net edge flux along z; due to the pair
of A;; at (zq,--- ,xj,--- ,xy), and at (z1,--- ,x; —dzj, -+, xy,) as shown in Fig. 5.5b.

An increasing A;; in the jth direction leads to a positive net flow 0;A;; in the x; direction. In a word,
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Eq. (5.19) gives a cycle representation of the steady state fluxes J;" along the edges in terms of the cycle
fluxes around the planar elements. An earlier discussion for 3-D cases can be found in Qian (1998). A(x)

is a potential of J*(x) in terms of vorticity componenets at x.

5.3.3 Landauer-Bennettt-Hill principle in diffusion

The average rate of V is then given by

E [dW]
dt

W = :/(b~f+V-(Df))pdV:/J'de:E[v'f]. (5.20)

where dV = [}, da; is the volume of an n-dimensional infinitesimal cube, J is the probability flux
identified in Eq. (2.18) and E [-] denotes expectation. In NESS, the J(x,¢) in Eq. (5.20) is replaced by the
divergence-free stationary flux J*(x). With our bivector potential, the mean rate of WV in Eq. (5.13) with

corresponding force f can be rewritten by integration by part,

W :/ J*. fav :/ (VxA) fdv (5.21a)

= A (VAfAV (5.21b)
Rn

where the scalar product in Eq. (5.21a) is between two vectors whereas the scalar product in Eq. (5.21b)
is between two bivectors, defined as the half Frobenius product of their antisymmetric matrix components
. Importantly, Eq. (5.21b) gives the mean rate of V¥ at NESS a new cyclic representation: it is the average
of vorticity V A f, weighted by the cycle flux A. This immediately implies that thermodynamic quantities
with a gradient force —VU would have zero mean rate in NESS since V A (—=VU) = 0. That includes
all the functions ®, S, and F, implying that the mean rates of Siot, @, and Qyi are all identical at NESS,
St*ot =" = Qi"lk This has been termed as a “gauge freedom” (Feng and Wang, 2011; Polettini, 2012).

Thus, the average total entropy production rate at NESS can be written as
St :/ A [v A (D_lb)}dV. (5.22)
R’!’L

The stationary cycle flux A is a purely kinematic concept that doesn’t have any thermodynamic content.
A closed loop I' in R"™ contains a surface > which can be tiled by an array of tiny oriented infinitesimal
planar elements at x, for all x € ¥. A(x) then decomposes J*(x), following Kirchhoff’s law, in terms of
the occurrence rate of these tiny oriented elements along the infinitely long, ergodic path X;. As a vorticity

description of the NESS, A is nonlocally determined.
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On the other hand, as hinted by Eq. (5.17) and further by Eq. (5.22), the cycle affinity (Qian et al.,
2016Db), as the Onsager’s thermodynamic force corresponding to the cycle flux, is locally determined through
VA (D_lb). D~ 'b should be identified as the vector potential of the cycle affinity. This is in sharp contrast
to the standard expression St*ot = [en J*- D~ !'v*dV where the thermodynamic force corresponding to the

edge flux J*is nonlocally defined by D~!v*. Note that the cycle affinity has components

[VA (D 'b)].. =9;(D"'b); — 9;(D 'b);, (5.23)

ij
representing how the rwo dimensions x; and x; are coupled.

This constitutes the LBH principle for diffusion processes: Entropy production in NESS is characterized
by the locally-defined cycle affinity as a bivector; entropy production of a bigger loop is the integral of the
cycle affinity of infinitesimal cycles as shown in Eq. (5.17); and the average entropy production rate is
the average cycle affinity, weighted by the cycle flux of infinitesimal cycles as shown in Eq. (5.22). The

fundamental unit of NESS is the non-detailed-balanced kinetic cycle (Hill, 1977), in terms of bivectors.

5.4 Summary and Discussion

Results in this chapter clearly point to the importance of cycle representation for mesoscopic nonequilibrium
thermodynamics (NET) in terms of cycle flux A and cycle affinity V A (D~'b). The former is a pure
kinematic concept and the latter contains all the fundamental information on NET. We show that the cycle
flux and cycle affinity are not simple vectors in R"; rather they are bivectors, which can be represented by
skew-symmetric matrices. The cycle flux is the bivector potential of the conventional NESS flux; and the
cycle affinity has a vector potential D~!(x)b(x) which is obtained locally.

Some of the mathematics in the present work is contained in the diffusion process on a manifold (Qian
and Wang, 1999) and the gauge field formulations of NET (Feng and Wang, 2011; Polettini, 2012). The
present work provides a clearer physics of NET in phase space as a formulation of Onsager’s general prin-
ciple for entropy production. We identify the bivector nature of the cycle representation in terms of a local
cycle affinity and a nonlocal kinematic cycle flux; and reveal a unified Landauer-Bennett-Hill thermody-
namic principle for stationary nonequilibrium systems.

We noted a parallel between quantum mechanical phase giving a reality to the “indeterminate” vector

potential in electromagnetism (Wu and Yang, 2006) and our stochastic formulation giving a vorticity inter-
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pretation to the bivector A in stochastic thermodynamics: Steady state flux J* turns out to be a derivative.
A diffusion process in R always has its NESS thermodynamic force D~!v* linearly related to transport

flux J*, (D_lv*)i =e? Z;L:1 D;jIJ j* . Many previous studies have explored this unique feature (Qian,

2001b; Reguera et al., 2005). In the bivectorial representation there is a further linear affinity-vorticity

relationship
VA (D7'b) (x) = OA(x). (5.24)

where O = V A (e?D ™'V x). We shall call the operator O the Onsager operator. It linearly relates the
cycle flux bivector to the cycle affinity bivector. As an example for the Onsager operator superimposing
different A from different processes, we note that (®, A, D) together specify a diffusion process on R™
with @ and A as the scalar and bivector potentials of b. Therefore, for a family of systems with fixed ® and
D, different bivector potential A gives us different processes. With O fixed in a family, a third process in
this family with As = A; + A will have cycle affinity OA3 = O (A1 + Ag) = OA; + OA,. With in
this family, (®, 0, D) is a reversible process; and (®, —A, D) is the adjoint process.

The bivectorial cycles in diffusion processes demonstrates vividly the reciprocality between two dimen-
sions. How treating a diffusion process as a discrete-state Markov process on infinitesimal lattice system
could reveal the fundamental origin of the general force-flux linearity and the symmetry in the Onsager’s
reciprocality for systems even far away from equilibrium remain to be ellucinated in future works. We note

that the mean NESS entropy production rate has a simple bilinear form:

St.= [ A-OAdV. (5.25)
]Rn

Incidentally, Onsager also considered tiny vortices “who wanted to play” as the fundamental objects in

hydrodynamic turbulent flow (Eyink and Sreenivasan, 2006).
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Chapter 6

Thermodynamic Potentials of Continuous

Markov Dynamics

In this chapter, the dynamic decomposition from irreversibility introduced in Chap. 3 is extended by the
novel cyclic understanding of nonequilibrium dynamics in Chap. 5. In Sec. 6.1, the bivectorial cyclic po-
tential introduced in Chap. 5 is introduced to derive a further cycle decomposition of dynamics in diffusion.
This further decomposition completes the thermodynamic potential theories of nonequilibrium stochastic
dynamics, in terms of scalar energy landscape for the underlying equilibrium dynamics and in term of cy-
cles for the nonequilibrium fluxes. Decomposition of mean rates of thermodynamics are discussed in Sec.
6.1 and their speed limits are discussed in Sec. 6.2. By taking the zero-noise limit, our thermodynamic
potential theory further units the two existing landscape theories of deterministic dynamics from Graham

(1977a); Ao (2004), and from Freidlin and Wentzell (2012) in Sec. 6.3.

6.1 Cycle Potential and Dynamic Decomposition

6.1.1 Bivectorial Decomposition with Cycle Velocity

The divergent-free stationary current J* can be furthered expressed as the n-D “curl” of a bivector A, an

anti-symmetric matrix that represents cycle flux as shown in Sec. 5.3,

JF=VxA 6.1)
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where (V x A); = >, 0;A;;. While solving an explicit form of A requires a non-trivial calculation on
solving Eq. (6.1), this expression actually allows us to reveal more structure of the system as shown below.

The stationary probability velocity v* can then be expressed as
v =ePV x A =V x (e?A) — AVe®. (6.2)
We then introduce the notion of cycle velocity
1 ]
T
which is also a bivector. The stationary velocity v* then has the decomposition
vi=—-QVd+V xQ (6.4)

where the former is perpendicular to V® and the latter is divergence-free. This type of rewriting was first
proposed mathematically by Graham (1977a) and recently by Ding et al. (2020). Our introduction here
provides probabilistic and thermodynamic interpretations of Eq. 6.4 (Yang and Cheng, 2021). The vector

field b now has a decomposition in terms of ®, Q, and D,
b=-DV®-QVd+V xQ, (6.5)

This decomposition has been extensively discussed by P. Ao el. al. in the past decades (Ao, 2004; Yin and
Ao, 2006; Shi et al., 2012). Here, we show its generality and reveal a novel probabilistic origin with a cycle

interpretation. We can further derive the following novel decomposition of the probability flux
J=pv=—pDVF —pQVF +V x (pQ). (6.6)

In a word, (@, Q) are the scalar and bivector potentials of the vector field b, and (F, pQ) are the scalar and

bivector potentials of the flux J.

6.1.2 Mean Rate Decomposition of Thermodynamic Quantities

The above probability flux decomposition in Eq. (6.6) leads to a new understanding on the mean rates of
various thermodynamic quantities. By stochastic calculus, recall that the average rate of work-like quantity
dW = f (X4, t) o dXy is given by Eq. (5.20):

E [dWV)
dt

W= :/J~fdx:E[v-f]. (6.7)
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where E [-] denotes expectation with respect to p(x, t). With v = v* — DV F', we further have

_ E[w]

jad dt

=E[(-DVF)- fl+E[v*- f]. (6.8)
The second term, by integration by part, can be rewritten as
ENV*-fl=E[Q-VASI+E[Q-fA(=VF)]. (6.9)

Both wedge terms are bivectors with components (u A w), . = w;w; — ujw; for 1 < i < j < n. The scalar

i

products in Eq. (6.9) between two bivectors are the half of the Frobenius products between matrices, A-B =

>icj AijBij = %Z” A;ijB;j. Since [u A w|| = /(uA W) (uAw) is the area of the parallelogram
of u and w in R", a (simple) bivector u A w can be understood as a generalized “signed” area of in R".
See Appendix A for a brief introduction. We note that the notion of curl in R3 is generalized to R™ by two
different operations: V x and VA as discussed in Sec. 5.3. The former maps a bivector to a divergence free
vector field as shown in Eq. (6.1), while the latter maps a vector field f to a bivector V A f representing the
vorticity of the vector field.

The decomposition in Eq. (6.9) shows the fundamental roles of cycles in nonequilibrium thermodynam-
ics with nonzero v*. Both terms in Eq. (6.9) are cyclic averages of bivectors, both averaged over the “cycle
flux” pQ;; in each infinitesimal plane dz; A dxj. This is an extension to results in Chap. 5 where cycle
flux A = 7wQ was first introduced in NESS (Yang and Qian, 2021a). We note that as the system approaches
NESS as t — oo, the term E [Q - V A f] persists whereas E [Q - f A (—=VF)] — 0 since F' — 0.

The two terms in Eq. (6.9) have the following physical interpretations. With V A f being the n-D
“curl” of vectors, its cyclic average E [Q - V A f] is the mean circulation of the force f. Hence, if a force
is a gradient vector field f = —VU, then V A (=VU) = 0. This implies E [Q - V A f] would be zero
in the mean rate of state observables: S, ®, and F'. On the other hand, the wedge product f A (—=VF)
is the generalized “signed” area spanned by the two vectors f and —VF. E[Q - f A (—VF)] is thus a
“torque-like” quantity representing the mean area between the force f and —V F' averaged over all its planar
components. It would be zero when f is parallel to —V F".

Eq. (6.9) shows us that the average orthogonality between V F and v*,
E[(-VF)-v']=0 (6.10)

previously shown in Qian et al. (2020) and Yang and Qian (2021a) is due to both V F' being a gradient field
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and parallel to —V F'. The mean rate of free energy then has the expression
F=E[-(VF)-DVF] <0. (6.11)

It is a purely “gradient-descending” term with no cyclic contribution, reflecting the detailed-balanced dy-
namics of Eq. (3.35) hidden behind. The housekeeping heat dissipation rate, on the other hand, has the

following new expression
Q= E[Q-VA(D 'b)] -E[Q- (D 'v*) AVF] (6.12)

where the first term is the average cycle affinity. Eq. (6.12) is purely cyclic, reflecting the measure-
preserving deterministic dynamics of Eq. (3.34) hidden behind, as discussed in Sec. 3.2.3.

The mean rates of entropy and mesoscopic potential now have the following new expressions:

S= 4+E[VS-DVS]—r+w (6.13a)
~——
>0

d= —E[VO -DV®|+r+4w (6.13b)
~—_—————
>0

where w = E[Q - (V® A VS)] denotes a wedge product term and » = E [V.S - DV®] denotes a scalar
product term. Besides the source/sink terms, the two rates have two common contributions: a “curl” w
measuring the perpendicularity between V& and VS and an inner product r. As the system approaches
NESS, S — @ and the wedge product term w — 0. Both E[V.S - DV .S] and r converge to E [V® - DV ],

canceling each other out.

6.2 Speed limit of Thermodynamic Rates

In a time-inhomogeneous diffusion, the infinitesimal changes of thermodynamics quantities are the three

scalar functions

d® = 9,8dt + VP 0 dX,, (6.14a)
N N——
Wex _QSX
dS = 9,5dt + VS o dXy, (6.14b)
dF = 9,Fdt + VF o dX,, (6.14c)
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and the various heat dissipation and entropy production

A% = D Iv* 0 dX,, (6.15a)

dQ =D 'bodX; = dQuk + dQex, (6.15b)
dSior = dS + dQ = §,Sdt + D™ 'v o dX,, (6.15¢)
ASya = Wex — dF = §,5dt — VF o dX,. (6.15d)

The excess work Wey is the “work” absorbed to change the landscape ® whereas the excess heat Qg is the
“heat” dissipated by the system from the landscape. Here, we discuss briefly how the total irreversibility
Siot imposes speed limit to the mean production of scalar and work-like quantities.

6.2.1 Entropic Bound on the Fano Factor of Infinitesimal Changes

Since E [0;S] = 0, the mean rate of the main thermodynamics quantities defined in Egs. (6.14) are given by

Siot = E [v- D_IV], O =E [v- D_lv*] , (6.16a)
Sha =E[v:(=VF)], Qx =E[v-(V®)], (6.16b)
S=E[v-(VS)], Q=E[v-D 'b]. (6.16¢)

With Eq. (6.10), the mean rates of housekeeping heat and non-adiabatic entropy production can thus be
rewritten as

Qe =E [v*-D™'v*] and S, = E[VF - DVF] (6.17)

which shows that they are both positive.
By defining the inner product (u, w) := E [u- D~ 'w], Eq. (6.7) then becomes E [dW] = (v, D f) dt.

By applying Cauchy-Schwarz inequality, we then have
[(v.Df)|* < (v,v) (Df,Df). (6.18)

Eq. (6.18) can be applied to the mean rate of Oy, Sna, Qex, S and Q by choosing the corresponding
thermodynamic force: f = D~!v* (~VF),V®, VS, and D~!'b. While the inequality for the two entropy
production Qyy and S, leads to known relations E [dQyy| < E [dSiot] and E [dSya] < E [dSiot]. The other
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leads to speed limit on the production of Qey, S, and O:

|(v,DV®) > < (v,v) (DV®, DVP) = (Qex)2 < SiotE [VO - DV (6.19a)
(v.DVS)P < (v.v) (DVS.DVS) = () < 8E[VS -DVS] (6.19b)
(VB < (v.v) {b.b) = (Q)” < 8B [b-D '] (6.19¢)

Some of these results were reported by Dechant and Sasa (2018b). We derived these results independently.

If we consider the variance of the infinitesimal change d)V, we get

VW] = E [(dW)Q] — (E[aW])? (6.202)
—E [(dW)Q] —(E[b- f+ V- (Df)|dt)? (6.20b)
= 2E[f - Df]dt + O(dt?). (6.20¢)

Applying this to Oy, S and Q, we get a nicer form of the above inequalities in terms of the Fano factor for

instantaneous changes

V [dQex] 2 V[dS] 2 V[dQ] 2
d .
E[1Qu]? ~ E[@8w] ES] ~ EldSe] "™ E[aQ? = E[d8,]

6.21)

This is the instantaneous version of the recently-obtained thermodynamic uncertainty relation for work-like

quantities (Barato and Seifert, 2015)

V Wor] L2
(EWor])? ~ E[Stot)

(6.22)

See (Horowitz and Gingrich, 2020) and the references within for an overview. Extension of Eq. (6.21) to
the finite time interval result in Eq. (6.22) is nontrivial since time steps are correlated. Doob’s h-transform
may be needed as shown by Pigolotti ef al. (2017) where a similar calculation was carried out. We note that
Dechant and Sasa (2018a) formally proved Eq. (6.22) in time-inhomogeneous diffusion by bounding the

generating function in a path integral formalism.

6.2.2 Fisher Information of Time and Thermodynamic Speed Limit

Consider an arbitrary scalar observable f(Xy, t) of the diffusion process X; satisfying the SDE in Eq. (2.29):

dX; = [b(X;) + V- D (X,)]dt + ' (X;) dW,, (6.23)
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the rate of its average value is given by

d
&E[f(Xt, t)] = / p(x,t) 0 f (x,t)dx + / f(x,t) 0 (x,t)dx (6.24a)
X X
=E[0f] —E[f0:S5] (6.24b)
where S := — Inp is the Gibbs-Shannon (stochastic) entropy. Now, since E [9,S] = 0, the second term of

Eq. (6.24a) can be further rewritten as a covariance,

E [£9,5] = /X (f —E[f]) (8,5 — E[9,9]) pdx = CoV (£,8,5). (6.25)

This leads to a continuous-time Price equation (Price, 1970) in terms of the Gibbs-Shannon entropy,

Bl = E[0.f] + CoV (J,-0.5). (6.26)

Specifically, if f = 9,5, it leads to a relation between second time (partial) derivative of S and the variance
of at S,
I(t) =E[0}S] =V [9,5] > 0. (6.27)

This positive quantity is the Fisher information with respect to the time parameter ¢. It plays significant role
in population dynamics (Fisher, 2000; Price, 1970; Lessard, 1997; Qian, 2014a) and, as we shall see below,
in stochastic thermodynamics as well (Crooks, 2007; Ito, 2018; Nicholson et al., 2018; Ito and Dechant,
2020; Nicholson et al., 2020).

By Cauchy-Schwarz inequality and the Price equation, we get

VIf- VS| = VI 10 2 [CoV (R = { SR -E| S|} 62

This is in fact an extended form of Cramér-Rao inequality in statistics. Now, by stochastic calculus, we get

df (Xp,t) = (O f + Af)dt + Vf - TdW, (6.29)

where A [h] == b - Vh + V - DVh is the generator in Komolgorov backward equation (Grimmett and

Stirzaker, 2001; Durrett, 2019). With this, one get

E[d
B ko + [ pasax=Eian)+ [ (4) fx (6:300)
d
= [ ponax+ [ @) sax= LBl X0 (6.300)
X X
where A* [h] = —V - [bh — DVAh], the adjoint of A, is the generator in Komolgorov forward equation
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(Grimmett and Stirzaker, 2001; Durrett, 2019). Therefore, the term in {- - - } on the right-hand-side of Eq.

(6.28) can be rewritten as

Eldf — o fdt] E[VfodX] _E
dt dt N

[Af]. (6.31)

In stochastic thermodynamics, three scalar functions are of prominent importance. If we set f to be the
energy landscape ® (X, t), then Eq. (6.28), together with the rewriting in Eq. (6.31), leads to an inequality
of mean rate of the excess heat Q. = V® o dX; (Ito and Dechant, 2020; Nicholson et al., 2020),

2
<E[(Z%X]) <V[®]I(t). (6.32)

Now with E [0,S] = 0, we get that E [dS] = E [V.S o dX]. Therefore, Eq. (6.28) also leads to an inequality

of the mean entropy rate with f = .S (Nicholson et al., 2020),

2
(Eﬁs ]> <VI[S]I(t). (6.33)

Lastly, we note that dSp, = 0;®dt — dF = 0;Sdt — VF o dX;. Therefore, E [dSp,] = E[-VF o dXy].

Then using Eq. (6.28) gives us an inequality of the non-adiabatic entropy production rate

(E [ifna]

)2 < VIF|I(2). (6.34)

Eq. (6.18) actually leads to a relation between I(t¢) and the total entropy production (Ito and Dechant,

2020). We note that treating 0;.S as a function of X; and ¢, we have the infinitesimal change of it as,
d (0:S) = 928dt + V (9;:5) o dX;. (6.35)

Since, again, %E[f(Xt, t)] = %, we have that

E[d(0:S)] = dE[0,S] = 0 = E [97S] dt + E [V (8,5) o dX] (6.36)

Therefore, we have an alternative expression for I(t) as

I(t) =E [9?75] = _ElV (@i) odXi] _ g [AD;S]. (6.37)

Therefore, using f = —V (9;5) and applying Eq. (6.18), we arrive
(1)) < SiE [V (0:5) - DV (8:9)]. (6.38)

Therefore, zero mean total entropy production implies zero Fisher information. The converse is also true
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when the system admits detailed balance since / = 0 when the system reaches its steady state.

6.3 Mesoscopic Potential and Macroscopic Potential

6.3.1 Mesoscopic Potential and Maxwell-Boltzmann Equilibrium

We have referred the scalar ® := —In7 in Eq. (6.5) as the scalar potential or the energy landscape for
Markov processes. This identification actually is central in stochastic thermodynamic (Thompson and Qian,
2016; Huang et al., 2017). The potential goes by many names as reviewed by Thompson and Qian (2016).
In this section, we shall refer it as the mesoscopic potential to later distinguish it with the macroscopic,
emergent potential in the thermodynamic zero-noise limit. In systems with detailed balance, the mesoscopic
potential @ is the scalar potential for the affinity Q defined from irreversibility as shown in Eq. (3.7) and Eq.
(3.3), and it is also the Lyapunov function for deterministic dynamics x’(¢) = b (x) underlying a diffusion
process with detailed balance (Yang and Cheng, 2021). Physically, it can also be understood as the potential
of mean force (Kirkwood, 1935; Thompson and Qian, 2016).

For general nonequilibrium time-homogeneous systems, the stationary distribution is still in the form of
the Boltzmann distribution 7 = e~® based on our definition of ®. However, the Lyapunov property for the

underlying deterministic dynamics is no longer true in general (Yang and Cheng, 2021):

%@ (x) =V (x)-b((x)= —V<I><-0DV<I> +Vo-v*. (6.39)
The condition for the Lyapunov property is 7
Vo - v <Vd -DVD (6.40)
which can be rewritten as
V-v¥<V® -DVP (6.41)

according to the stationary FPE equation V - J* = 0 = V . (7v*) & V& . v* = V . v*. A sufficient

condition for the Lyapunov property is thus
V-vi=v"- V=0 (6.42)

which states that the stationary velocity v* is divergence-free and at the same time perpendicular to the

gradient of the potential. v* is like a superconducting current in this case (Qian, 2015).
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Nonequilibrium system satisfying Eq. (6.42) is said to admit Maxwell-Boltzmann (M-B) equilibrium by
Qian (2015). In such systems, ® is a Lyapunov function of x’(¢) = b(x), and the vector field b can be
decomposed into a generalized gradient term —DV® and a divergent-free term v*, akin to the Helmholtz
decomposition in R®. Furthermore, with M-B equilibrium, the deterministic dynamics x'(t) = v*(x)
corresponding to the Liouville equation in Eq. (3.34) has a divergent-free vector field V - v* = 0 and a
conserved quantity ®(x). It is a generalization of Hamiltonian systems with energy ® (Qian, 2014b, 2015).
We note that according to our cycle velocity decomposition of v* in Eq. (6.4), the condition for M-B

equilibrium becomes the perpendicularity between the divergence-free part and the gradient of ©,
(VxQ)-V®=0 (6.43)

since —QV ® is perpendicular to .

6.3.2 Random Perturbations and the Emergent Macroscopic Potential

Although the Lyapunov property of the mesoscopic potential ® for x’ = b(x) cannot be guaranteed in
nonequilibrium mesoscopic systems, its emergent, macroscopic potential in the thermodynamic zero-noise
limit is guaranteed to have Lyapunov property locally (Qian ef al., 2020). To see this, we shall introduce a
parameter € to characterize the thermodynamic zero-noise limit of diffusion with e — 0. In general, both
the drift force b, and the diffusion matrix D, may depend on the parameter, resulting both the mesoscopic
potential ®. and cycle velocity Q. to be e-dependent as well. Here, we are interested in the case where
b, — by and D, — D = 0 such that the diffusion converges to a deterministic dynamics x'(¢t) = bg(x),
i.e. for small ¢, the diffusion is a random perturbation to the deterministic dynamics.

To begin, let us consider the (thermodynamic) limiting process where the drift is e-independent, b, and
the diffusion matrix is proportional to €, D, = €D (Qian et al., 2020). The diffusion is then governed by the
FPE

Op (x,t) = =V - [b(x) p(x,t) — €D (x) Vp (x,1)] (6.44)

or equivalently by the SDE
dX; = [b (X;) + eV - D (Xy)] dt + T (X;) dW; (6.45)

where eD = I'T'T /2. By imposing an WKB ansatz on the invariant density 7., we can get an asymptotic
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series of the mesoscopic potential @, (Qian ef al., 2020),

o (x) = ) _ Inw(x) —alne+ O(e). (6.46)

€

Equations for ¢ and w can then be obtained by plugging this back to the stationary FPE V - J* =0 :

0=—v-Vop (6.47a)

V. (wy) = -V -DVw (6.47b)

where y(x) = b(x) + D(x)V¢ (x). We thus have an orthogonal decomposition of the drift vector field
(Freidlin and Wentzell, 2012)

b(x) = —D (x) Vp (x) + v(x). (6.48)

More importantly, since « is perpendicular to V¢ according to Eq. (6.47a), ¢ is the Lyapunov function of
the macroscopic deterministic dynamics x’(¢) = b(x) in the thermodynamic limit.

Furthermore, it is further shown by Qian er al. (2020) that the above decomposition can be directly
linked to the irreversibility decomposition. Denoting e, gnk, and fq as the mean rate of the total entropy
production, housekeeping heat, and free energy dissipation. It is shown by Qian er al. (2020) that ee, —
b-D7'b] .. eque = [v-D 7'y, _, and efs — [V -DVe],_; where X is a solution of x/(t) =

=X

b(x). This further leads to a Pythogorean-like relation,
DV + [I7]* = [Ib]? (6.49)

where the norm is given by ||u||?> = (u,u) with inner product (u,v) = u- D~ !v. Eq. (6.48) thus gives

the dissipation of the macroscopic potential ¢ of the dynamical system x’(¢) = b (x) a physical meaningful

decomposition
d _ _
o) =b(x) Ve(x) =709 D ()70 -b() Db <0 650
non—conser\rvative pump total energy dissipation

In the random perturbation considered here, we have e-independent b and an e-dependent eD. With our

cycle velocity decomposition of b in Eq. (6.5), at finite €, we have

b= —eDV®, — Q.VP, +V x Q. 6.51)
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where the left-hand-side is e-independent. With the WKB ansatz of ®. in Eq. (6.46), we get
b=-DVy+¢[-DV (Inw)] — %Vgo - Q.V(lhw)+V x Q.. (6.52)
€
Now, since by taking € — 0, the right-hand-side should be O(1), this would mean

Qc = eQ + Q2 + O(%). (6.53)

Then, by matching Eq. (6.52) order-by-order, we get

b=-DVy—-QVep (6.54a)
0=-DV (lnw) — Q2Vy — QV (Inw) + V x Q. (6.54b)

This further shows that
v=-QVp (6.55)

where Q is the leading order of Q..
Our work shows that any deterministic dissipative dynamics x’(¢) = b (x), as the deterministic limit of

stochastic dynamics with a steady state, can have he form
xX'(t) =b(x) = - [D (x) + Q (x)] Vo (x). (6.56)

Note that this does not preclude the deterministic dynamics to have attractors with nonzero velocity, e.g.
limit cycle or strange attractor. Our derivation shows that while Vo = 0 on the attractor, Q actually
diverges on the attractor such that —QV¢ = x/(¢) = O(1). This is shown by taking ¢ — 0 of Eq. (6.45)
to arrive at v = —QVy with Q < oo and Vi > 0 in a deleted neighborhood of the attractor, and then
using the continuity of v = b + DV near the attractor to draw the conclusion. See Zhu et al. (2006) for a
concrete example. Here we provide a proof with the method of random perturbation based on the bivectorial
formalism we introduced. We also note that the macroscopic potential ¢(x) is in general only locally
smooth. For nonequilibrium dynamics, ¢ can be non-smooth on the separatrix of basins of attractions (Ge
and Qian, 2012b). However, the dynamics on the separatrix is usually the least relevant for the deterministic

dynamics.

6.3.3 Random Perturbation in Ao et al.
Yin and Ao (2006) considered the deterministic dynamical system x’(¢) = b (x) to be the zero-mass limit of
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a second-order Klein-Kramers equation. That is, they started from the Klein-Kramers equations with linear
friction, gradient force, and small white noise, and took the zero-mass limit (first) and arrived a random
perturbation with a specific scaling &, = ¢/¢, D, = €D, and Q. = €Q with € representing the noise
strength. The underlying deterministic equation of this kind of “mechanics-based” random perturbation
takes the form

x'(t) = —DV$ — QVé. (6.57)

We note that compared to ¢, which is only locally smooth in general, the macroscopic potential ¢ here is
globally smooth as given in the Klein-Kramers equation and is also the Lyapunov function of the determin-
istic dynamics in Eq. (6.57). However, the random perturbation here needs an underlying Klein-Kramers
equation. Whether all dynamical systems x’(¢#) = b(x) can be represented as the zero-mass limit of a
Klein-Kramers equations or not remains to be elucidated (Zhu et al., 2006; Ao et al., 2007; Shi et al., 2012).

A natural question that follows is how to compare the two aforementioned random perturbations if they
have the same deterministic dynamics. With the the drift decomposition with cycle velocity shown in Eq.
(6.5), we see that the two random perturbations differ at the e-dependence of the drift b.. Specifically,
they correspond to different next-order term by in b, = bg + €b;. The b; = 0 in (Qian et al., 2020) and
b; = V x Q in (Yin and Ao, 2006). For general by, the equations for ¢ and w in the asymptotic series of

d, satisfies

0=—v-Vop (6.58a)

V:(wy) =—-V¢- - [DVw — by]. (6.58b)

We see that the (Hamilton-Jacobi) equation of ¢ in Eq. (6.58a) is independent to b; but the equations
for the next-order term w differs. This means that the decomposition we had for by = — (D + Q) Vg is
general for any be. To see this, simply replace the b in Eq. (6.52) with b, = by + e¢b;. Furthermore, the two
macroscopic potentials from the two aforementioned random perturbations both satisfies Eq. (6.58a) and the
difference in ®. lies in the w term (Yang and Cheng, 2021). In fact, the unique orthogonal decomposition
theorem from Freidlin and Wentzell (2012) further guarantee the two macroscopic potentials to have the
same shape in the domain where ¢ is continuously differentiable and with nonzero gradient.

Lastly, we note that the macroscopic potential ¢ from (Yin and Ao, 2006) is a Lyapunov function for

x/'(t) = bp(x) = —DV¢ — QV¢ but is generally not for x'(t) = b.(x) = —DV¢ — QV¢p + eV x Q

&9 Y.-J. Yang



6.4. SUMMARY AND DISCUSSION

unless

€(VxQ) Vp<V¢-DVe. (6.59)

The domain for Eq. (6.59) to hold can be enlarged with smaller €, and will be the whole space if the random
perturbation has a Maxwell-Boltzmann equilibrium such that (V x Q) - V¢ = 0. In fact, any systems with
constant cycle velocity Q admits Maxwell-Boltzmann equilibrium, e.g. the Ornstein-Uhlenbeck process as

shown by Kwon et al. (2005).

6.4 Summary and Discussion

In this chapter, we extend the decomposition of continuous Markov process associated with the total en-
tropy production decomposition (Wang et al., 2008) by introducing the bivectorial cycle velocity (Yang and
Cheng, 2021). Hidden structures in the mean rate of thermodynamic quantities are revealed. Further in the
small noise thermodynamic limit, the emergent dynamical system is shown to admit a generalized gradient
form. Differences among three random perturbations are further discussed with the bivectorial formalism.
We unite landscape theories from Graham (1977a) and Ao (2004), and from Freidlin and Wentzell (2012)
with our thermodynamic theory (Yang and Cheng, 2021). See Fig. 6.1 for a summary of the result in this
chapter. This theory can be applied to many biological systems. See Sec. 10.1 for a discussion on the
possible future applications and extensions inspired by several possible applications.

Our thermodynamic potential theory requires

1. one identifies the stochastic origin of a deterministic Markov dynamic model and

2. the Markov stochastic dynamics has a steady state.
The scalar potential ® and bivectorial cycle potential Q are both identified from properties at the steady
state. Systems with a steady state is characterized by the fluctuation-dissipation relations we will discuss
in the next Chap. 7. In short, the time-translation symmetry at the steady state dictates the drift to be
dissipative in order to balance the fluctuating noise. Our thermodynamic potential theory is for Markov
dissipative systems.

The introduction of cycle velocity organizes the two notions of equilibrium in thermodynamics:

1. Equilibrium in classical thermodynamics is detailed balanced with zero stationary velocity v* = 0

and zero housekeeping heat dissipation Qp, = 0. The cycle velocity satisfies V x Q = QV® in

equilibrium.
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dynamics equilibrium driving force
irreversibility S —AF Ok
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Figure 6.1: Summary of the dynamic decomposition for continuous Markov processes and their deter-
ministic limit presented in this chapter. Irreversibility decomposition allows one to decompose a Markov
dissipative dynamics into its underlying equilibrium and the nonequilibrium driving forces. The underlying
landscape and cycle potential describing the two parts respectively are both revealed from the steady state
of system, i.e. when the system has time translational symmetry.

2. The notation of M-B equilibrium introduced by Qian (2014b, 2015) is an extension of the notion of
equilibrium, from v* = 0 to v* L V®. The orthoganality v* 1 V& is equivalent to (V x Q) LV®
in the bivectorial formalism since V& - QV® = 0.
Therefore, all systems with constant cycle velocity Q are in M-B equilibrium, e.g. the Ornstein-Uhlenbeck
process (Kwon et al., 2005). For systems with M-B equilibrium, the potential ® is the Lyapunov function
of X/'(t) = b(x).

The thermodynamic potential theory presented in this chapter is for Markov processes with continuous
space and time (diffusion). A similar theory can actually be formulated for the discrete-space Markov chains
as well, with the same energy landscape & = — In 7 and the cycle flux J, in Markov chains discussed in
Sec. 5.2. The decomposition and implications are more complicated due to the arbitrary topology a Markov

chain can have. See Sec. 10.2 for a discussion for this future direction.
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Chapter 7

Stationarity and Fluctuation-Dissipation

Relations

The energetics we present from Chap. 3 to 6 for both Markov stochastic dynamics and their determinis-
tic limits are revealed from both time-reversal symmetry and time-translational symmetry. With concepts
from the steady state, i.e. energy landscape and cycles, we have a fundamental decomposition of Markov
dynamics based on the irreversibility decomposition. In this chapter, we show that the time-translational
symmetry alone can decree a standard result in statistical physics, i.e. the fluctuation-dissipation relation
(FDR) (Zwanzig, 1965; Elson, 1985; Keizer, 1987; Qian, 2001a; Jiang et al., 2004; Chen et al., 2006). In
Sec. 7.1, we introduce the key mathematical result of Doob’s drift-noise decomposition in our discussion
of FDR. Generalized FDRs are then presented in Sec. 7.2. By discussing the FDR in the adjoint process,
we arrive a novel characterization of equilibrium system in Sec. 7.3. The drift-noise decomposition in the

adjoint process is further connected to a more generalized reversed decomposition in Sec. 7.4.

7.1 Doob Decomposition

Here we consider a general discrete time n-dimensional (n-D) stochastic process, not necessarily Marko-
vian, X; € R", ¢t € N. Continuous time processes can be discussed by considering the infinitesimal d¢ and
taking the continuous time limit'. As before, we use X.; to denote the entire stochastic trajectory from time

0 to time t. The change of the value of the state of the system from time ¢ to ¢+ 1 has a natural decomposition

! Doob-Meyer decomposition theorem should be considered for continuous time processes (Meyer, 1962, 1963)
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past
trajectory X 0:t

drift 0A;
E[ X165t Xo:]

noise §)\/,

state space

Xt—{—5t

time

A -
Vgl

Figure 7.1: Illustration for Doob decomposition. The change in one step is decomposed into the conditional
expected change, drift, and the deviation from it, the noise.

by the conditional expectation:

0Xy =Xy — Xy = 0A; (Xo:t) + 0My (Xo:41) (7.1)

where
5A ¢ (Xo:) = E[Xy11|Xo:] — Xi (7.2a)
My (Xo41) = Xpg1 — E[X11] X4 (7.2b)

See Fig. 7.1 for an illustration. The first term A, in the decomposition is the conditional average change
of X4, a function of entire, non-Markovian X.;, that captures the average dynamics of X;, E [0X|X.] =
0A,;. Hence, the increment § A, is referred as the drift of X;. The second term §IM; captures the 1-to-many

randomness in the change of X4, it has a zero (conditional) mean:
E [6M;|Xo.:] = 0 and E [6M,] = 0. (7.3)

The existence of this decomposition of a general process in Eq. (7.1) into the sum of two processes is known
as the Doob decomposition theorem (Doob, 1990; Grimmett and Stirzaker, 2001).

The decomposed process M; = Z};—:lo 0M, satisfies
E [M|Xo:s] = Mg, forall0 < s <t (7.4)

due to the zero conditional gain in every increment. In the theory of probability, such a process is called a
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martingale (Grimmett and Stirzaker, 2001; Shreve, 2010). Typical examples of martingales are an unbiased
random walk in discrete time and a Brownian motion in the continuous time.

The zero (conditional) mean properties of the martingale increment in Eq. (7.3) implies that §M; is an
increment uncorrelated to the past (but not necessarily independent): for an arbitrary path scalar variable of
Xo:ts f (Xo:t,t), the covariance between f and any component of My, say the ith one denoted as (5Mt(i),

18 zero:

CoV [ F (Xou, 1) ,5M§i>] —0. (1.5)

This leads to the following two important results. To present them in a more concise way, we will use [u, w]
to denote the covariance matrix between two vector random variables u and w in this chapter. Specifically,
the 7, j component of [u, w] is CoV [u;, w;] .

First, the martingale increments at different times are uncorrelated [6M;, {M,] = 0. This leads to the

fact that a martingale has an ever-increasing, additive fluctuation,

t—1

My, My =) [6My, 6My] . (7.6)
k=0

The scalar version of this, the variance of M; satisfies V [M;] = Z}Z—:lo V [0 M) as a discrete-time analogue
of Itd isometry (Shreve, 2010) and is, in a sense, more general than Itd isometry since the martingale in
It6 isometry is the Brownian motion which has independent increments whereas Eq. (7.6) doesn’t require
independency in the increments.

Second, the uncertainty of increment §X; actually has two uncorrelated sources identified by the Doob

decomposition in Eq. (7.1),
[0X4,0Xy] = [0As, 0A] + [6My, 0M,] . (7.7)

The two sources of the uncertainty in § X; are rather disjoint conceptually. Since d A; is a function of the past
path Xy, the fluctuation of § A, is really about the uncertainty of the past. On the contrary, the uncertainty
of M, is about the fluctuation in the conditional mapping from X; to X4 ;. If the conditional mapping
is deterministic, then 6M; = 0 but [0A, dA;] could still be nonzero if there is uncertainty in the initial
condition and/or the past state.

The two results shown above are valid for general processes. Assumptions such as Markovian, stationar-

ity, or detailed balance (as we will introduce later) are not needed. In fact, the Doob decomposition can also
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be applied to an arbitrary path variable U, (Xo.;). The decomposition then becomes ol = d Ay, + 6 My,
where § Ay, = E [Up11]Xo:t] — Uy and My, = U1 — E [Up1]|Xo:¢] . The results presented above still
hold.

7.2 Generalized Fluctuation-Dissipation Relations

7.2.1 Generalized Einstein Relation

If the process X; reaches a steady state, the probability distribution of state no longer changes in time. For
those stationary Xy, all its cumulants will be fixed in time. The average state of X; would be constant in
time, meaning that the average drift of the observable would be zero at the steady state E, [§A;] = 0 where

E. [-] means expectation for the stationary process. For the evolution of the covariance matrix, we have

0 [Xe, Xe] = [Xig1, Xig1] — [Xe, Xi]

= [6A:, Xo] + [6A:, X" + [6X4, 0X4] (7.8)

where T denotes the transpose of a matrix. This shows that the covariance of states always have a source
given by the fluctuation of transitions. Stationarity of X; is achieved by the balance between the drift and

the fluctuation such that ¢ [X;, X;] = 0,
[0A:, X, + [6A:, X ] = — [6Xy, 6X,], (7.9)

where [u, w], denotes covariance matrix of u and w when the process is stationary. This shows that the
symmetric part of [0A¢, X;], is negative-definite. In physics, the drift JA; in a stable process is considered
as the dissipation of the dynamics. Eq. (7.9) is thus a generally-valid Einstein relation (GER) implied by
stationarity. In a scalar process, Eq. (7.9) reduces to 2CoV, (64, X;) = —V, [0X;] which shows that the
drift 6 Ay, on average, has an opposite sign of the value of X; as a “dissipation” to X;. In fact, the result
can be extended to arbitrary observable of the process, Uy (X¢), e.g. the energy of the system. The Doob
decomposition of its dynamics becomes 0U; = 0Ay, + My, where 0Ay, = E[Up41|Xo+] — U and
IMy, = Usy1 — E[Us4+1|X0.). The GER then becomes 2CoV, (0 Ay,,Us) = —V, [0U;] which clearly
portraits a relation between fluctuation V, [0U,;] and the energy dissipation 0 Ay,. See Fig. 7.2 for an
illustration for the GER.

In Ornstein-Uhlenbeck (OU) processes described by the stochastic differential equation dX; = —BX;dt+
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XO:t

probability

distribution dissipative

drift §A,
Xitst

Figure 7.2: Fluctuation-dissipation relations emerge as the balance between dissipative drift and disper-
sive noise necessary for a time-translational symmetry in the probability distribution of state in stationary
processes.

I'dW, where W, is the n-D Brownian motion, we have 6A; = —BX,dt and [dX;, dX;], = 2Dd¢ where
D=1IT" /2 is the diffusion matrix. Eq. (7.9) then reduces to the Einstein relation for linear systems given
by the Lyapunov matrix equation in Eq. (1.2) (Qian, 2001a). The GER in Eq. (7.9) is valid for any stationary
processes. Conditions such as Markovian or detailed balance are not needed. It is a necessary condition for
the stationarity of fluctuation and covariance. We note that the stationarity of X; actually requires all of its
cumulants to be fixed in time. Thus, any martingale, supermartingale, or submartingale will not satisfy the
GER since a martingale has an ever-increasing variance and both supermartingale and submartingale have a

monotonic drift.

7.2.2 Generalized Green-Kubo Formula

Eqgs. (7.8) and (7.9) further allow us to derive a general Green-Kubo formula (GKF) for a stationary pro-

cesses (Kubo, 1966; Jiang et al., 2004; Chen et al., 2006). We note that for ¢ > 0, we have

[6A:, 6A0] = [Xis1,5A0] — [Xe, dA0] - (7.10)
Therefore,
Z [6A4, 6Ag] = [Xoo, 6Aq] — [Xo, 0A0] . (7.11)
k=0
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Assuming that X, has a finite correlation time, the first term is zero. Then, by applying Eq. (7.9) to the above
equation, we get a general GKF that relates auto-correlation of the dissipative drift §A; to the fluctuation of

0M; at steady state,

[6X:,6%,], = Y {[[5Ak, SAo], + [6Ay, 5A0]]I} (7.12)
k=0
which becomes
[OM;, 6My], = > [6Ag,0Aq], (7.13)
k=—00

by using Eq. (7.7) and stationarity. Eq. (7.13) shows that the GKF is really a relation between the drift
0 A; and the martingale increment §IM;. The results for continuous time processes derived in the past (Jiang
et al., 2004; Chen et al., 2006) lost this important insight since in the continuous time processes considered

have §A; = O(dt) and 6M; = O(+/dt), which makes the covariance of the drift higher order.

7.3 Adjoint Processes and Adjoint Drift

The Doob decomposition shown in Eq. (7.1) is with respect to the forward probability measure P. In Markov
processes with steady states, we can consider the Doob decomposition given by the adjoint probability

measure P! (i.e., the decomposition in the adjoint process) where the transition probability is given by

™
P X, =y|X, =x} = ﬂ[@{xt+l =x|X; =y} (7.14)

7 (x)
where 7 is the invariant distribution. The adjont Doob decomposition is then

§X; = 6A] + oM (7.15)

with 5AI = BT [X441|X¢] — X; and 5M:[ = X;41 — Ef [X;11]X;] . The covariance between X; and §A;

and the covariance between X; and ¢ AI are only subject to a transpose at steady state,

T
[X,,0A,], = th,aAIﬂ (7.16)
*
This gives us a neater expression of the GER in Eq. (7.9),
[[Xt, SA, + 5A1ﬂ = [6X,,6X,], . (7.17)
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This allows one to show that for reversible (detailed balanced) systems where the forward and the adjoint

processes are the same, we have 0A; = 6AI and thus
1
[X:, 0A], = —5 [0X¢, 60X, (7.18)

which shows that the covariance matrix [X;, JA;], is symmetric and negative-definite. This gives yet
another characterization of detailed balance and is the generalization of BE being symmetric for reversible
OU processes (Qian, 2001a). We note that the GKF also have two sibling expressions in terms of the adjoint

drift for continuous time Markov chain (Chen et al., 2006). One can derive

[6X,, 6%,], = i HéAk, 5Ag}] + HéAk, 5A(T)ﬂ: (7.19a)
k=0
- ki;o [[6AL, 5A$ﬂ o+ ﬂaAL, 5Ag}ﬂ: (7.19b)

by a similar approach 2.

In a continuous process described by stochastic differential equations,
dX; = (b+ V- -D)dt +T'dWy, (7.20)

where D = I'T'T /2 is the diffusion matrix and W/ is the Brownian motion, we have 6A; = (b + V - D) dt
and 6M; = I'dW;. The vector field decomposition b = —DV® — QV® + V x Q discussed in (Yang and
Cheng, 2021) provides an alternative proof for the GER in continuous processes. By using integration by
part, Q = —QT and D = DT, the covariance [X;,A;], = [X;, b + V - D], dt can be further rewritten

as
[X:,0A], =E, [Q—D]dt. (7.21)

This shows that [X;, dA], + [X, 5At]]I = E, [Q — D]dt + E, [-Q — D] dt = —2E, [D] d¢, which is
exactly the continuous-time version of Eq. (7.12). With Q understood as the cycle velocity in continuous
processes (Yang and Qian, 2021a; Yang and Cheng, 2021), Eq. (7.21) actually presents an interesting

relation between average cycle velocity E, [Q], average diffusion matrix E, [D], and covariance between

% The derivation is by formulating the drift of an arbitrary function of the process f (X;) as an operator A operating on f:
Af (Xy) = E[f(Xit1)|Xo:t] — f(X¢). The adjoint drift is At f (Xy) = E [f(X¢41)|Xe] — f(X¢). A generalization to
Eq. (7.10)is [Af (X¢), 9 (Xo)] = [f (Xe41), 9 (Xo)] — [f (X¢) , g (Xo)] - One can then prove Eq. (7.12) by using f = X"
and g = §A(()j>, prove Eq. (7.19a) by using f = Xtm and g = 5A5’(j> for Markov processes, and prove Eq. (7.19b) by using
f=6A09 and g = X7 for Markov processes and E.. [f (X¢) Ag (X)] = E. [g (X:) AT f (X¢)]. All three relations rely on
the asymptotic independence between X, and X.
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system state and its conditional drift velocity [[Xt, %ﬂ .- We note that Q = 0 corresponds to detailed
balanced systems. This again implies the covariance [X;, 0A.], is a symmetric and negative-definite matrix

in detailed balanced systems.

7.4 Reversed Decomposition

The Doob decomposition decomposes the dynamics dX; into a drift part 6 A; and a martingale part § M.
One of our key results is that the uncertainty of the dynamics has a resulting uncorrelated decomposition
into the fluctuation of the past and the fluctuation of the 1-to-many mapping marching toward the future as
shown in Eq. (7.7). Here, we show another decomposition that relates the fluctuation of the dynamics to the
many-to-1 uncertainty in the dynamics.

We can decompose §X; by conditioning on the state one step in the future,

§X, = R, + 6N, (7.22)

where
6Rt = Xt+1 —E [Xt|Xt+1] (7233)
ON; = E [X¢|Xep1] — Xo. (7.23b)

This is also an uncorrelated decomposition, [6R, dN;] = 0, which leads us to another fluctuation decom-
position,

[[(SXt, 5Xt]] = [[(SRt, (SRt]] + [[(SNt, (SNt]] . (7.24)

0R; can be thought of as the backward drift and N, is a quantification of the many-to-1 uncertainty in
the dynamics. Therefore, Eq. (7.24) and Eq. (7.7) together link the many-to-1 uncertainty and 1-to-many

uncertainty with forward and backward drift,

[[(SXt, (SXt]] = [[5At, (SAt]] + [[5Mt7 (SMt]] (7.25a)
For Markov processes, the backward drift becomes the adjoint drift at steady state, 0R; = —5AI. In

fact, the decomposition in Eq. (7.22) is actually from the Doob decomposition of the reversed process

Z; = X_;. The past and the future is conditionally independent if conditioned on the present in Markov
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processes,

me\xtﬂz<>o (XO:t|Xt+1:oo) = Pxo:tp(tJr1 (XO:t\XHl) . (7.26)

This means that the conditional expectation E [X;| X, 1] in Eq. (7.22) is the same as conditioning the whole

future, E [X|X¢+1:00] - The decomposed process is thus

t—1 t—1
Ny =) 0N, =) (B [Xy[Xip1in0] — Xt), (7.27)
k=0 k=0

a reversed martingale, or called backward martingale in mathematics (Grimmett and Stirzaker, 2001), for

Markov processes.

7.5 Summary and Discussion

In this chapter, we summarize and extend the Einstein relation and the Green-Kubo formula to non-equilibrium,
non-linear and non-Markovian systems in a covariance formalism. Two underlying mechanisms contribut-
ing to a stochastic change of a system’s state were identified: a “deterministic” drift summarizing the past
and a noise representing the stochasticity of one-step toward the future. Stationarity of the process re-
quires a dissipative drift to balance out the fluctuation generated by noise, which is the origin of our general
fluctuation-dissipation relations. Reversibility and Markovian are not needed but can impose a further sym-
metry in the covariance between the state and the drift. General relations between the fluctuation and the
drift of sweeping dynamics remains to be investigated. Generally speaking, a symmetry is needed to dictate

a fluctuation-drift relation.

The GER discussed above is for general stationary processes. It, however, excludes any martingale,
submartingale, and supermartingale. Here, we present that a specific type of submartingale in continuous
processes actually have a fluctuation-drift relation. We consider a process £ whose exponentiation e £t be-
comes a martingale. Stochastic calculus tells us that the drift x; and the fluctuation level o; in the stochastic

differential equation of &, d&; = udt + o, dW4, is related by
2ty = th, (7.28)

This shows that the process & is a submartingale and has a fluctuation-drift relation induced by the require-
ment of being a martingale after exponentiation. A famous example for & in stochastic thermodynamics is

the housekeeping heat Qy, (Pigolotti et al., 2017; Chetrite et al., 2019). Another example can be found in
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probability theory (Lorig, 2019). A Radon-Nikodym derivative process Z; is defined as Z; := E[Z|X¢.]
where Z is a (path) random variable satisfying E [Z] = 1 and Z > 0. The random variable Z can be used
to define a RND of the process Z = S—E. The corresponding general path entropy S; := — In Z; (Yang and

Qian, 2020) is an example of & since Z; = e~

is a martingale. The relation in Eq. (7.28) was in fact
implicitly in Girsanov’s theorem in Eq. (2.30).
If the process &; is also work-like, i.e. d&; can be expressed as fodX; where o denotes Stratonovich mid-

point integration, it satisfies a Cauchy-Schwarz inequality given the inner product (u, w) := E [u- D~ 'w]?,

dgt 2 dStot V[dgt]
(=[&]) == 5 029

which is an instantaneous version of the recently-celebrated thermodynamic uncertainty relation (Barato

and Seifert, 2015; Horowitz and Gingrich, 2020). Then, by Eq. (7.28) and time integration, one gets
E [&] < E [Siot) - (7.30)

The total entropy production is the upper bound of any work-like & process. The force f should satisfy
f-Df =b-f+ V. (Df) for a work-like process to be a martingale after exponentiation. Examples
for such a process &; include the housekeeping heat Qyy and the heat dissipation Q if the vector field b is

divergence-free.

3 The proof of this follows quite directly from Dechant and Sasa (2018b); Ito and Dechant (2020). The novel additional step is a
recognition that V[d&;] = E[f - D f]dt, as introduced in Sec. 6.2.
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Chapter 8

Statistical Thermodynamics and Maximum

Entropy Principle

In this chapter, we first formulate the statistical thermodynamics emerged in the data infinitus limit and show
its universality in Sec. 8.1. We then revisit the probabilistic model from the standard Maximum Entropy
Principe for i.i.d. prior and singleton observable in Sec. 8.2. Extensions of the Maximum Entropy Principle

to Markov processes are summarized in Sec. 8.3.

8.1 Data Infinitum didtates Statistical Thermodynamics

8.1.1 Data Infinitus Limit as a Generalized Thermodynamic Limit

We consider a general (sampling) process with state space X that runs discretely or continuously from time
0 to arbitrarily large 7. We denote the path space as Q := X %71 The length-T path is random and denoted
as Xo.7. A realization of the random path is denoted as a lower case xg.7 € {2. Here, we consider the data
infinitus limit, or rather the long-term limit, 7' — oo as a generalized thermodynamic limit (Lu and Qian,
2022).

A set of extensive path observables G (zg.1) : X 0.7 R™ is considered to be thermodynamic observ-
ables if its intensive form g (xo.7) := G (xo.7) /T satisfies a LLN in the data infinitus limit 7" — oo (long
term limit of a process):

G (zo.1)

m —— 2 5 (8.1)

li )= li
5,9 (ror) = i =
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When g is the empirical mean value of observables, this is known as ergodicity when empirical mean value
is equal to the expected value w.r.t. the invariant probability. More precisely, we require the distribution of
the intensive observable g to converge singularly to a delta function with an asymptotic form characterized

by an WKB ansatz in the limit 7" — oo (Bender and Orszag, 1999),

Pirue {9 (z07) € dy} = ¢ %5 (1)+0(nT) (8.2)

true

where ¢

is called the large deviation rate function (LDRF) of g under the (unknown) true underlying
probability measure Py,o. Here, Pyye {g (zo.7) € dv} is a short-hand for the probability of g to be in an
infinitesimal interval [y, v 4+ d~y). In the data infinitus limit 7" — oo, the observed event {g (zo.1) € d¥} =
{G (zo.7) /T € d7} would be typical with all other events {g (zo.7) ¢ dy} exponentially rare under the
path probability Py, of the system. In mathematics, this is expressed as an (exponential) asymptotic equiv-

alence’,

IP)‘crue {g (930:T) € dﬁ/} = 1a (83)

saying that the LDRF under Py should be zero at g = 7, ¢3¢ () = 0.

When the system has different underlying path probability measure Py, ., the values 7 of the intensive
thermodynamic observables g vary. We consider these different statistical properties of system as the system
in different thermodynamic states. The different thermodynamic states can be parameterized by 7. Thus,
the values of 74 can be treated as the thermodynamic parameters. When we have a system in hand, we don’t
know which thermodynamic state the system is in. We resort to measuring the thermodynamic observables

(the extensive G or the intensive g) to get 7 and infer Pyye.

8.1.2 Fundamental Roles of the Entropic Forces

In standard thermodynamics, a system is considered to driven by entropic forces to change from one ther-
modynamic state to the other, i.e. having different values of . To identify the entropic forces conjugated
to the thermodynamic observables, we need a notion of entropy. We show below that such notion can be
generally define from the LDT in the data infinitus limit.

Among all the possible thermodynamic states, the ground state is the state where the entropic forces are

zero. Such state serves as a reference probability measure PP is often “assigned” based on certain symmetries

fs(x') —
9@ = 0-

' fo (x) < ge (x) means lim._,o log
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of interest in physics. The symmetry comes from, for examples, exchangeability between particles, transla-
tional symmetry, efc. This way, the entropic forces represent the “cause” of symmetry breaking (Anderson,
1972). With respect to the reference probability measure PP, the observed event {g € d7} is not necessarily
typical under P. If the event is typical P, then we consider that P is “consistent” with the measurement
{g € d¥} and the system is in the ground state. However, if the observed event is non-typical under P,
the non-typicality translates to having a nonzero LDRF ¢, (¥) # 0 in the WKB form of the probability
distribution of g

P{g € dy} = e o0 Fo(D), (8.4)

The measurement {g € d7} then inform us to update from the reference measure P as a prior to a posterior

probability measure (Q such that the observed event is typical under it, i.e.
Q{g € dy} = e TPs(N+o(T) (8.5)

and Qg4 (7) = 0. This change of probability measure (CPM) is mathematically represented by another
observable called the Radon-Nikodym derivative (RND) (Qian et al., 2019; Yang and Qian, 2020), which
can be intuitively thought of as the path probability ratio in our discussion here.

Now, it is essential that we realize any RND that change the probability measure can be decomposed into
the part tilting the probability of the level set {g € dv} and the part reweighing the conditional probability

for finding a path x(.7 in the level set:

dQ (z07) = Q{9 (zor)} Q{zo:rlg (zor)}
dP T P {g (wor) } P {zorlg (wor)}

The former part changes the statistics of g in the CPM whereas the latter does not. Then, with the WKB

(8.6)

form of Eq. (8.4) and Eq. (8.5), we have

Q{zo.r|g (wo.1)}

. 8.7
P{zorl9 (z01)} (8.7)

In S2 (@0.r) =T [ (7) ~ 8y ()] + o(T) +In

As o4 # @g4, this clearly shows that the desired RND in Eq. (8.6) must be an exponential tilting to change
the typicality of the thermodynamic observables g. The fundamental reason of representing the information
of data, i.e. the CPM, as the logarithmic RND is due to the singular convergence of probability in data
infinitus limit, i.e. by LDT (Bender and Orszag, 1999; Touchette, 2009; Dembo and Zeitouni, 2009).

As the RND should be indicated by the measured value 4, we suppose that the RND is parameterized
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by a set of parameters 6 (7) and denote the essential ingredients in Eq. (8.7) as

So(y) = g (7) — &g (7) and (8.8a)

Q {xo. xo.T) €d
coy) = In {zo.r|g (xo.7) € dv}

_ _ 8.8b
P {l’o;T|g ($0:T) € d’y} ( :

By the LDT, the typicality conditions Q {g € dy} < 1 are that g, () =0, V@, (7) = 0,and VV @, (7) =

0, which translate to the following three conditions in terms of ¢, from the prior and sy(5) from the tilting:

so() V] = ¢g (7) (8.92)
Vs 7] = Vg (7) » and (8.9b)
VVsos) (%) 2 VV@, [] (8.9¢)

As we expect Py () and ¢4 (7) to be analytic near the observed value 7, we can Taylor expand sg(5) (7)
around 7 to get

so3) (V) = g (3) + B+ 67 + 67 - Ady + O (67°) (8.10a)

=g () —B-7+B:7+0 (57 (8.10b)

where J7 := 7 — 7 and both /3 and A are parameters in the set 6 (7). The typicality condition in Eq. (8.9b)

immediately tells us that the parameter (3 is determined by

B=Vpe(7) €R™. (8.11)
With the LDREF of g,
1
g (v) =~ lim —InP{gedv}, (8.12)

understood as the entropy in our thermodynamic theory, the parameters (3 are the “entropic forces” that tilts
the average of ¢ in the posterior Q. This means that “any” CPM must have the entropic forces 5 in its set
of parameters 6 (7) such that the measured event {g € d7} is typical under the posterior. If the LDRF ¢ is

convex (as we shall generally assume in this thesis), then Eq. (8.11) can be inverted by
7 = Vihy (B) (8.13)
where 1), is the scaled cumulant generating function (sCGF) (Touchette, 2009; Lu and Qian, 2022):

Yy () = lim % InE {eTﬁ'g} . (8.14)

T—o00
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free energy

)

entropy

©(v)

ground state
excited state

>
entropic
force

~y

observable
ground state excited state

Figure 8.1: A simple Gaussian example for the Legendre convex pair of entropy ¢ () and free energy
¥ (). Legendre transform is a point-slope transformation. For a dual pair (v, 3), colored green and red,
point/slope in one space is the slope/point in the dual space.

Then, 5 would be the only set of parameters in the posterior, i.e. all parameters 6 (7) can be parameterized
by the entropic forces 3. This explains the fundamental roles of the entropic forces (3 as the thermodynamic

parameters that parameterized the thermodynamic state.

8.1.3 Thermodynamic Relations

The sCGF 1), is understood as the free energy in our thermodynamic theory. From its definition in Eq.

(8.14), it can always be expressed as the Legendre-Fenchel transform (LFT) of the entropy ¢,

Vg (B) =sup B -7 — g (7)]- (8.15)

~
When 1), exists and is differentiable (we will assume this throughout this thesis), the Gétner-Ellis theorem
tells us that the entropy , can also be expressed as the LFT of the free energy 1), and is thus strictly convex

(Girtner, 1977, Ellis, 1984; Touchette, 2009),

wg(7) = Sl;p (B =g (B)]- (8.16)

Convex duality between ¢, and v, then emerges and the LFT can be reduces to the more familiar Legendre

transform

g (V) + g (B) =8B~ 8.17)

with dual coordinates (3 or . See Fig. 8.1 for a pictorial illustration of the convex pair. In particular, y can
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be parameterized by 3 by
Vibg (B) = - (8.18)

and /3 can be parameterized by ~ by

8=V, (7). (8.19)

The Girtner-Ellis theorem indicates a dual structure, leading to an emergent thermodynamics solely from the
LDT in the data infinitus limit (Lu and Qian, 2022; Commons et al., 2021; Yang and Qian, 2022). Notions of
“entropy” ¢4 and “free energy” v, are defined from the LDT of the data infinitus limit. With v = V1), (3)
and 3 = Vyy (), thermodynamic differential relations between the “entropy” ¢, and “free energy” v, in

LDT can be written down

dpg = B -dy (8.20a)

depy = 7 - dB. (8.20b)

We will show later in Sec. 9.1 that this thermodynamic structure has “a mesoscopic origin” from the Maxi-
mum Caliber Principle (Pressé et al., 2013b).

We note here that although we have concluded that a thermodynamic state (the posterior Q) is param-
eterized by entropic force  with a thermodynamic structure, the specific functional form of Qg is not yet
specified. We need a probabilistic model for Qg based on the prior P, the functional form of the observables

g, and the measured values 4 of the observables. In particular, in the general expression

4o,
dP Xo.T

) — oL lea(N—B4+8-9(x0:7)+0(87?)|+o(T) Q {zo:7lg (ZEOZT)}’ (8.21)
P{zo.r|g (zo.1)}

all the terms O (572), o(T), and In % are parameterized by [ but their specific forms needs to

be determined. In the following sections and in the next chapter, we introduce the posterior probabilistic

models from the Maximum Entropy Principle the Maximum Caliber Principle, motivated by the Bayesian

conditional probability and by Boltzmann-Gibbs exponential tilting, respectively.
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8.2 Maximum Entropy Principle of L.I.D. Sampling

8.2.1 Gibbs Conditioning Principle

Let’s start with the simplest case. We assumean i.i.d. prior P{X .7 = z1.7} = ]_[;‘lep (x¢). Here, for
notation simplicity, we relabel underlying path as x;.7 with length 7" instead of x.r with length 7" + 1.

Let’s define the empirical frequency of all the possible states x in the state space X':

(z1.7) Tzé ) (8.22)

where J, (x¢) is a Kronecker delta function which is 1 when z; = x and is 0 otherwise. We assume that we
measure a general singleton-type path observable g that is the empirical mean of an observable § (x) as a
functional of the empirical frequency v:

T
(z1:7) Z = v (@1:1) G- (8.23)
=1

TeX

With an observation on the event {g € d~y}, a natural posterior would be to compute the Bayesian conditional

probability under the prior
P{stflg(Xl:T) edw},fors:{l,Q,--- T (8.24)

Note that since X are i.i.d. and the observable g (x1.7) is symmetric to any permutation of X;.7, we see
that the conditional probabilities for different s are in fact identical. Then, for any function h : X — R, we

have

E {hxs

This means that

b-e{p3n
Ts:l

gedfy} :E{Zyxhxgedfy}. (8.25)

TEX

P{X, =¢lg(X1r) € dv} =E [we|g (X1.0) € ] (8.26)

forany s = {1,2,--- ,T} and any data size T'. The conditional probability is identical but not independent

due to the constraint (Dembo and Zeitouni, 2009).

8.2.2 Maximum Entropy Principle for i.i.d. sampling

In the data infinitus limit 7" — oo, the conditional average empirical frequency on the right-hand side of Eq.

(8.26) can be computed. By Sanov’s theorem (Sanov, 1958), the distribution of the empirical frequency also
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has the WKB form P {v € df} = e~ T%»(/)+o(T) with its LDRF

= fa ln A (8.27)

TeEX

in the relative entropy form (Kullback and Leibler, 1951). Further with P {g € dy} = e~ T¥s(+o(T) e

get that
Pilvedf}s
P{ve df’g edy} = Pl dy) S tete () (8.284)
efT[sou(f)*sag(w)Ho(T)(;Zm i () (8.28b)

In the limit 7' — oo, this conditional probability concentrates at the ¢ such that ¢, (q) = ¢4 (7),
which is also the conditional average ¢ = E [u‘g (X11) € dfy} in the limit. By the contraction principle in
LDT (Dembo and Zeitouni, 2009; Touchette, 2009), the LDRF of g can be derived from the LDRF of the

empirical frequency v since g is a functional of v:

() = — inf o, (f). 8.29
o (q) = wg (7) pinf ¥ (f) (8.29)

Therefore, to compute ¢, we find the empirical frequency that minimize the LDRF of the empirical fre-
quency w.r.t. the prior p:

q—argmf{ folnp -[Z fxgx—v] — [Z fx—ll} (8.30)

rzeX TeEX reX

This is the Gibbs conditioning principle and the Maximum Entropy Principle for i.i.d. sampling (van Camp-
enhout and Cover, 1981; Dembo and Zeitouni, 2009; Cheng et al., 2021). The asymptotic equivalency
between the MEP posterior ¢(x) and the conditional probability P {X s = x|% Zthl Ja; € dv} is known
as the equivalence between microcanonical ensemble and canonical ensemble in physics. One can show that
withan i.i.d. prior with singleton-type observable g defined as Eq. (8.23), the path posterior is also i.i.d. in
the data infinitus limit (Dembo and Zeitouni, 2009):

Jim P{Xy = w1ng € d} = t];[qut,vn eN. (8.31)

Since the LDRF of observable g can be obtained from the LDRF of the empirical frequency v, the LDT of
the empirical mean of path observables g is often called level-1 and the LDT of empirical frequency v is

called level-2 (Barato and Chetrite, 2015). The posterior from MEP in Eq. (8.30) has the Boltzmann-Gibbs
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form,
e

— s 8.32
Z(ﬁ)p (8.32)

dx =

where Z (5) = E [eﬁ g } is known as the partition function in physics or the generating function in mathe-
matics. If the observable g, is the indicator function itself, d, (x;), which has the dimension of the state

space X, the posterior would have the form of

Uy

o = — P (8.33)

E [e®
where the thermodynamic conjugated forces u of empirical frequency become a generalized notion of energy

(Commons et al., 2021).

8.3 Maximum Entropy Principle in Markov Processes

The Gibbs Conditioning Principle can be generalized to the case where we assumed Markov processes as a

prior and measure transition-type observables (Csiszar et al., 1987; Chetrite and Touchette, 2015a).

8.3.1 Discrete-time Markov Chain

We start with a time-homogeneous DTMC prior specified by the transition matrix My, and the initial

distribution p,. as a prior. The prior path probability of path zq.7 is then given by

]P){:L’o;T} = pwole|xQ cee MxT‘xT—l' (8.34)

The empirical pair frequency measurement is given by
1T
vij (zor) = = Z bij (Tr—121) - (8.35)

T
t=1

When T' — o0, the probability of having a specific empirical frequency has an WKB asymptotic form

P{v € df} = e~ T¥l/1+o(T) and the LDRF is given by (Dembo and Zeitouni, 2009)

fij
L1l = il . (8.36)
#ol7) i,jzejé\?fj B (Zkex fzk) Mj\i

The LDT for empirical pair in a Markov process is often referred to the LDT level 2.5 (Barato and Chetrite,

2015).
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We consider a generic transition-type observables:

T
G (0r) = Y Guy ym0 €R™ (8.37)
t=1

and its intensive form as the empirical mean of g:

G (ZL‘o;T)

T = Z Vzy (-TO:T)gx,y (8.38)

z,yeX

g (zo.T) =

We are interested in the posterior of the transition matrix M, and we seek the conditional joint probability

of Xs(T) and XS(T)+1:

Pr(z,y) = P{X, =2, Xop1 = y|g (wor) € dv } (8.39)

where both s (T) — oo and T' — s(T') — oo as T' — oo (Csiszdr et al., 1987). As the system reaches its
steady state as s(7') — oo, it is intuitively clear from the time-translational symmetry that the conditional

probability Pr (z,y) satisfies

lim Pr (.Z‘S(T),xs(T)+1) = :Flgr;OE [v]g € dv] (8.40)

T—00
as proven rigorously by Csiszar et al. (1987). Csiszar et al. further proved that the posterior from con-
ditioning is a time-homogeneous Markov process in the data infinitus limit. Specifically, if we denote
ij =limr oo E[vlg € dv], ¢i = Y- e v ij» and g;j; = gij /i, then, for any n,

n
g€ d’Y} = Qo qum,l- (8.41)
t=1

Similar to the i.i.d. case, the limiting form of the conditional expectation of empirical frequency, i.e.
gij> can be computed by the contraction principle (Touchette, 2009) by the LDT of empirical frequencies in

DTMC (Dembo and Zeitouni, 2009). Since we have
— »—Tleu(f)— +o(T
P{v e df|g € dy} = ¢ Tlev(=ps(]+ol )52_’]_6)( Figs (1) (8.42)
the contraction principle in the LDT tells us that
g = lim E[v|g(zor) € dv] (8.43a)
T—o0
Zarginf{tpu 1 =B\ D figdig = | =D o> fis—fi) = [ D fiy—1 } (8.43b)
! 4,7 ¢ J 1,3
The limiting form ¢ is the empirical frequency ¢ that maximizes the probability e~7%+[/1+o(T) under the
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typicality constraint El jex fij9i,; = 7, stationarity constraint
S fi=> fi (8.44)
jex jeX
and the normalization constraint Zl jex fij = 1. It is important to notice that the MEP calculation in
Markov processes is using the “entropy” given by the LDRF of empirical pair frequencies ¢, [f] in Eq.
(8.36), which is not the Kullback-Leibler relative entropy between the prior pair probability and the posterior
pair probability. As we will elaborate in Eq. (8.76), ¢, [f] is in fact a combination of (at least) two relative
entropies when one assumesan i.i.d. prior.
Taking the derivative of {- - - } in Eq. (8.43a) w.r.t. f gives us
Jij
D kex fik) M)

which leads to the posterior transition matrix in the following form:

B-gi;=1n ( +0j— 0 — L1, (8.45)

. B-9i,j =0
i _ g0 (8.46)
> ke fik e He 7
All Lagrange multipliers depend on ~y. By summing over j on both sides, one gets
e te % = Z Mj|z~eﬁ'gi’fe_(’j, (8.47)
JjeEX
which implies that e™# is an eigenvalue A of the tilted matrix
Nty o= My 849

and e~ 7 is the corresponding right eigenvector r;. Thus, o; and p depend on ~y through 3. The posterior

transition matrix then takes the form of

— i A

The stationary marginal distribution of the posterior Markov chain with transition matrix M. jli 18 Liri, where
l; is the left eigenvector. The posterior stationary pair frequency in the nonequilibrium steady state (NESS)

is then

Mij
A (B)

Mmeﬁ-gi,j

i (B) =1 (B) i (B). (8.50)

The eigenvalue and eigenvectors here are actually the Perron-Frobenius eigenvalue Ay .« of the tiled

matrix M (Dembo and Zeitouni, 2009; Chetrite and Touchette, 2013, 2015a). An intuitive way to see this
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is by plugging the ¢ from different eigenvalues in Eq. (8.50) back into Eq. (8.43a). One would get that for
a fixed /3, we are finding the ¢;; from different eigenvalues that minimizes 5 - v — In A (3) , implying that
we should choose the largest eigenvalue Apax. A more rigorous way is by the following. Notice that the
result of the MEP calculation in Eq. (8.43a) is by the contraction principle the LDRF of the path observable
g = G/T. We can easily see that the LDRF of g can be rewritten as

B()-gi, POV Gisry

¢g(7) = =) gjn - (8.51a)
’L ]EX max (3
= > @B () Gij — I Amax [B(7)] (8.51b)
i,jEX
=B() -y —InAmax [B(7)] - (8.51c)

We now compare this with the process of computing ¢, by the Girtner-Ellis theorem, as we will review in

Sec. 9.1. The LDRF of g can be obtained by

wg () = s%p (B — g (B)] (8.52)
where
¥ (8) = lim %mE [eﬁ'G] (8.53)

is the scaled cumulant generating function (SCGF) of ¢, i.e. the leading order of the “free energy” ¥ (3) :=

InE [e7¢] = Tty + o (T). Since G = S| G2y_y.ze- We can see that

[ ] meo Hth\xt e o t—1 Bz, 1.z (8.54a)
Zo:T
—p- (Meﬁ'@> 1 = 71 dmaxto(T) (8.54b)
where 1 = (1,1,---,1)" is a column vector with all components equal to 1. It then follows that Yy (B) =

In Apax (8).

8.3.2 Continuous Time Markov Chain

In a continuous time Markov chain (CTMC), a path is described by (xo, to; z1,t1;- -+ ; K, tx) Where the

system jumps from xj_1 to x at time ¢, settg = 0 and tx < tx 1 = T'. The most informative observables
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would be the combination of singleton frequency and transition frequency:

1T 1 & o
= T/o d; (¢)dt, and fi; = T ;51' (Tr—1) 05 (wx) 7 # J. (8.55)
The LDREF of these observables is
fij/ fi
=> fyh i/ =" fi+ Y fipg (8.56)
i#j Pili i#j i#j

where p;); is the reference Markov transition rate matrix (Maes and Netocny, 2008). Here and below, Z# j
is a simplified summation notation for summing all transitions ¢ € X to j € X (¢ # j). The path observable

of interest is

T K
G (zo.r) = / hxtdt+Z§xk_l,m. (8.57)
0

k=1

The MEP is again subject to typicality, normalization and stationarity conditions:

fi.r}f.{%[f] =B D fihi+ > figig — | - [Z fi— 1] =Y oilfij - fji)} (8.58)

icX i£] icX i£]

Taking functional derivatives gives us

= Z L] -+ Z Pjli — (8.59)

J(F#)

and

fz]
fzp]|z

B-gij=1In +o0j— 04,1 # j. (8.60)

Here and below | () is a simplified notion of summing all ;7 € X except i.

e

Eq. (8.60) gives us f;); = pj|ieﬁ'f7ivj e:

Z . Plugging this to Eq. (8.59), we then have

Z pj“eﬁ'givje_aj + B hie % — Z prpi€ 7t = —pe 7. (8.61)
J(#9) k(#1)
If we define a tilted matrix
~ pj|i€6'§”’j, AF]
Gij = ; (8.62)

B hi— Zk(#) Prli 0=
then e~ 7" is the right-eigenvector of ¢, r;, with — is the corresponding eigenvalue, A. Similar to DTMC,

one can show that /;r; where [; being the left eigenvector would be the invariant distribution of the posterior
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Markov chain described by ¢;;. The posterior transition matrix is

pjji€” 9 :Zég; LF ]
4 = (8.63)

= D k(i) Prli + B - hi = Amax (B) i =]
with posterior stationary singleton distribution p; = [;; and posterior stationary pair distribution ¢;; =
liqﬂieﬁ Gi.j r;j. Similar to DTMC, the requirement of A, being the largest eigenvalue (Chetrite and Touchette,
2013, 2015a) could be intuitively seen by plugging in the posterior ¢; = I;7; and ¢;; = liqj‘ieﬁ'givi rj into

Eq. (8.58).

8.3.3 Diffusion

In continuous time Markov processes (diffusion) in R™ described by Fokker-Planck equation
Op (z,t) ==V -[b(x)p(x,t) — D (z) Vp (z,t)], (8.64)
path observables we consider are

T T
G (zo.r) = /0 h(z)dt —{—/0 g (x¢) o day. (8.65)

Generally when the observable is a vector G € R™, h € R™ is a vector and g e R™” is a matrix.
The level-2.5 LDT of diffusion process is formulated with empirical singleton frequency p and empirical

current J:

1 (T 17
p(ac):T/O 5(:Ut—a:)dtandJ(x):T/O 0 (zy — ) o dwy (8.66)

with constraints on normalization [, p(x)da = 1 and stationarity V - J = 0 (Maes et al., 2008; Barato and

Chetrite, 2015; Chetrite and Touchette, 2013, 2015a). Note that

9 (o) = G (wor) = /X ple)h(z)dz + /X J(z) - §(z)da (8.67)

is a functional to the empirical singleton frequency p and empirical current J. Eq. 8.67 validates the
definition of p and J in Eq. (8.66). See Sec. B.3.3 for a more detained discussion of J as the notion of the
empirical current.

The LDRF of them is often known in the form of

ol = /X (J=J,)- (D)~ (J = J,) da (8.68)
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where J, := pb — DV p. Note that J, is in general not divergence-free, a less known but more natural form

of ¢ is actually

1

Plo.T) =5 [ (Bos =) D7 by =) pda (5.69)

where b, ; == —DV (—1Inp) + J/p is vector field decomposition from stationary distribution and flux
(Wang et al., 2008), note that J is divergence free so b, ; can be further rewritten in terms of its bivector
potential (Yang and Qian, 2021b; Yang and Cheng, 2021). The alternative form of Eq. (8.69) shows that
the tilting due to frequencies measurement is about updating the vector field b, i.e. as before, the average
behavior.

The MEP for the observable G is then

arginf{go[p,J]—B- [/ pﬁdx+/ Qde—y} —/k:V-Jdm—,u [/pdx—l]}. (8.70)
2 X x

Denoting u = b, ; — b, functional derivatives w.r.t. p and J lead us to

N 1 1 1
g.h:_Zu.Dflu—iv-u—ib-D’lu—u (8.71)

and

1
B-g= §D_1u — Vk. (8.72)

Similar to DTMC and CTMC, plugging the latter into the former gives us the eigenvalue problem reported

by Chetrite and Touchette (2015a) with linear operator
Log=b-(V+B-9)+(V+B-§) -D(V+B-§+p h (8.73)

The equation then shows that £ = Inr where 7 is the right eigenfunction of £z with A = —pu as the
corresponding eigenvalue: L3 [r] = Ar. The posterior probability current is then J = pb, ; — DVp. One
can also show from V - J = 0 that the stationary singleton distribution is p(z) = I(x)r(x) where I(z) is the

left eigenfunction of L corresponding to A, satisfying L7 [[] = Al where
Ly=—(V=F:9) b+ (V=59 D(V-B-9)+0h (8.74)

is the linear operator conjugate to £z w.r.t. the Lebesgue measure. Plugging in the posterior p = [r and

J = pb, s + DVp back to Eq. (8.70) would show that A should be the largest eigenvalue. The posterior
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diffusion process is described by the posterior drift
by =b+2DVInr+2D(B-9) (8.75)

with information of singleton observable h hidden in the right eigenvector 7.

8.4 Summary and Discussion

In this chapter, we emphasize an importance concept that the data infinitus limit can be regarded as a gener-
alization to the thermodynamic limit in physics (Lu and Qian, 2022; Commons et al., 2021; Yang and Qian,
2022). In Sec. 8.1, we formulate the statistical thermodynamics purely from the Gértner-Ellis theorem in
the LDT of data infinitus limit. We demonstrate the universality of our statistical thermodynamics from a
general discussion and show that all probabilistic models that is consistent with the measurement are param-
eterized by variables conjugated to the observables, understood as entropic forces. The theory is formulated
purely phenomenologically and does not require mechanics-like concepts to begin. Our de-mechanised sta-
tistical thermodynamics can be applied to general stochastic models. The convex duality in the LDT has a
thermodynamic interpretation.

As a standard example of probabilistic models that are consistent with the measurement, we revisit the
Gibbs conditioning principle and the MEP for singleton observables under i.i.d. prior in Sec. 8.2. The
extension to transition-type observables under time-homogeneous Markov process is revisited in Sec. 8.3.
It is important to keep in mind that the resulting posterior of a MEP calculation is actually an empirical
frequency that minimizes the the LDRF for empirical frequency. The posterior is actually the average
conditional empirical frequency and also the empirical frequency that is asymptotically the most probable
under the prior probability. See Fig. 8.2 for a pictorial summary. It is worth noticing that the entropy
(the LDRF) for empirical frequencies in time-homogeneous Markov chains is NOT in the Kullback-Leibler
relative entropy form. Derivations of the LDRF of empirical frequencies can be found in Appendix B.

The entropy for empirical frequencies is actually a combination of at least two types of relative entropy.

This can be seen by the following consideration. When a pair frequency is measured in a discrete-time

Markov chain, the LDRF is given by LDT 2.5, ¢, (f) = Zl jex JijIn f;vjjj/ ‘{ . When we assume the prior
process to be i.id., i.e. M;; = pj, the time correlation in the posterior will be solely indicated by the

.. .. . T .
measurement. If we measure the empirical joint frequencies v;; = % 1—1 0ij (z¢_1¢), the posterior
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empirical frequency probability o
. densit;
=/# of £ — Y In xO:T/T functign !
of f
P{X:, Xt 11lg € dv} ~ Efvgylg € dv}
~ arginf{y, (f)}
typicality constraint f \
— A ~ large deviation
I %fm,y 9o,y € 47 / rate function of v/
stationarity constraint (negative entropy in physics)
Zx fx,y :Zx fy,x l/ f

Figure 8.2: Pictorial summary for the Maximum Entropy Principle. Red area represents the frequencies that
satisfy the constraints (normalization constraint not listed). Due to the exponential singular convergence of
empirical frequency, only the empirical frequency with smallest ,, matters, thus Maximum Entropy.

probabilistic model will be a time-homogeneous Markov chain described by the measured values of the

empirical frequencies v;;, say v;; = f;;. The LDRF of this observed f;; under the prior probability P is then

> fijln Ju Y fiyln % +Zfilnﬁ' (876)

ijEX fipj ijEX fifi i€X pi

The entropy for a DTMC is actually the mutual information between the two consequent states and the
relative entropy between the empirical distribution and the prior. These two terms should be understood as
follows: there are two parts in the model assumption: 1. i.i.d. and 2 the form of the probability distribution.
The first term reports the deviation from i.i.d., and the second term gives deviation from the probability
distribution. The significance of this result is that these two different kinds of deviations from the model can
be quantified by a single 4AIJquantityaAl, the entropy (mutual information) of dependence and the entropy
of deviation of the distribution are simply added together. We consider this relation a fundamental reason
why mutual information is a natural measure of dependence. This result connects the LDT 2.5 for DTMC
(Dembo and Zeitouni, 2009) to Sanov’s theorem (Sanov, 1958) and information theory (Cover and Thomas,

2006).
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Chapter 9

Maximum Caliber Principle and the origin

of Statistical Thermodynamics

In this chapter, we first derive the Maximum Caliber Principle with a novel “i.i.d. multiverse” approach
in Sec. 9.1. The conceptual differences and asymptotic equivalency between the Maximum Entropy and
Maximum Caliber are discussed in Sec. 9.2. In our theory of statistical thermodynamics, the prior is chosen
as the reference point of the entropic forces w.r.t. symmetries of interest. Measurement of the observables
then infer non-zero entropic forces representing the breakdown of symmetries. We provide two examples of
such measurement-inferred symmetry breaking in Sec. 9.3, comparing the breakdown of time independency
and time reversibility. In Sec. 9.4, we introduce the Asymptotic Thermodynamic Uncertainty Principle
for the statistical variations of the observables and of their conjugated entropic forces, and identify its the

mescoscopic origin.

9.1 Canonical Posterior and Maximum Caliber Principle

9.1.1 Formulation of the Maximum Caliber Principle

We now formulate the Maximum Caliber Principle (MCP) with a rather novel derivation different from
the axiomatic approach (Shore and Johnson, 1980; Uffink, 1995; Pressé et al., 2013a,b; Jizba and Korbel,
2019; Pressé et al., 2015; Tsallis, 2015). We recall that the intensive form g of the extensive thermodynamic

observable G (x.7) is assumed to satisfy the LLN. The ideal data infinitum will give us a definite value of
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the observable g. Since the measured value is deterministic, any i.i.d. copy of the system will give us the
same value of g, although generally with different microscopic path xg.7. Hence, if we have many i.i.d.
copy of the system (either mentally or physically) and each of them has infinitely long trajectory, then the
empirical mean of the path measurements will be exactly the same as the one measured value we had. We
can thus use the only one value we had to compute the posterior path measure from these i.i.d. copies by
“the MEP for i.i.d. (path) sampling”, which is historically called the Maximum Caliber Principle (Jaynes,
1980; Pressé et al., 2013b).

More precisely and more generally, suppose we have n i.i.d. systems, n € N, with each of the system

providing us length-7" measurement of an extensive path observable G with value Fgf), G (zo.1) € ng,f)

where ¢ € {1,2,--- ,n}. We can then compute the empirical mean of G for these n i.i.d. systems,
L)
Tpi==Y Ty 9.1
T n < T ( )

We assume an arbitrary prior path measure [P that can give us path probability from xg to x, i.e. P {Xo., = zo.1.}
or in short as P {x¢.1}, where L > T and L can be arbitrarily large. We now imagine N — n numbers of
“imaginative i.i.d. copies of the system”, with certain (unknown) Fgf) values fori € {n+1,--- , N}. With
the total empirical average of the N copies denoted as
_ I _ g LN o0
I‘T:NZFT :NFTJFN'Z Ty, 9.2)
i=1 i=n—+1

the MEP of i.i.d. sampling can give us a posterior by taking the infinite copy limit N — oo.

Denoting the “empirical frequency of length-L path” as f (z¢.r), we would compute

f (o)
P ($0;L>

Qg (xo.1,) =arg irf1f{ Z f (zo.r)In

Z0:L

B Z [ (xo.r) G (2o.1) — FT] } 9.3)

To.T
where f are normalized path measures. Note that since the constraint is only up to time 7', we can decompose
the optimization of f into the part f (zo.r) and the part for f (z741.1|xo.7). It can be straightforwardly
shown that the optimization for f (z741.1|zo.7) for every given xg.p guarantees that the posterior stays as
the prior fort > T', i.e. f(xry1.0|x0r) = P (2741.1|70.7) - Only the first length-T" of the path probability
gets updated.

Now, we don’t know the values of Fgf) ,m <1 < N,inour mental i.i.d. copy. We can only “approximate”

I'r by I'7. Yet, we know that when 7' — oo, each and every Fg) /T — ~. This means that with infinitely

long trajectory 7' >> 1, we can instead compute Eq. (9.3) with I'r replaced by its approximation I'z. This
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one idealized data infinitum
g
VIV
Z0:00
infinite mental i.i.d. copy
g
W -y
\/\/\/\/ 9y
“ee 7

M Ly

Figure 9.1: Pictorial summary of the Maximum Caliber Principle as the Maximum Entropy of the imagina-
tive i.i.d. mental copy (multiverse) of samples.

MEP for i.i.d. pathVL

TB-g9(zo.T)
QB {5130:T} = WP{QSO:T}
data infinitus limit l T — OO0

Q%’/ICP {T0:00 }

approximated calculation leads to the Boltzmann-Gibbs exponential path measure as a posterior becomes
exact in the limit 7" — oo:

eB-G(zo.) P 4

Qﬁ (xo.L) = W (o) 9.4)

where 3 is determined by I'7. Note that in our derivation, the legitimacy of using the MCP is based on the

LLN of the thermodynamic observable (G in the data infinitus limit 7' — oco. Applying the MCP to finite T’

is an approximation. The following Fig. 9.1 summarizes pictorially the Maximum Caliber Principle.

9.1.2 Properties of the Maximum Caliber Principle

The MCP formulated above has several nice properties as we summarize them here.

9.1.2.1 Minimum Approach and Sufficient Statistics

From our discussion, the MCP is the minimum, necessary exponential tilting on the path probability to give
a posterior such that the measurement is typical under it, ¢f. (Jaynes, 1957; Kullback and Leibler, 1951): the

CPM in the MCP is given by a simple linear form,

=BG (B) =T[5~ (8) +o(T). 9.5)

Compared this to the general tilting in CPM previously shown in Eq. (8.21), all the nonlinear terms O (572)

Qs{zo.r|G(zo:7)}

and also In P{zo.7|G(zo.T)]

= 0 are set to zero in the MCP. The latter, in fact, implies that the RND from
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the MCP is a function of path only through the observable G. The condition

QB {xQ;T‘G = F} = ]P) {xo;T|G = F} s (96)

means that the conditional probability of an observed event {G = I'} is the same for the whole family,
independent to the parameters 5. When we measure the observable GG, we only have information about the
level set of G. We do not have any information inside a level set of G, so the posterior distribution inside
is kept the same as the prior. In a sense, the fact that Qg {x.7|G (xo.7) € dI'} is independent to 3 means
that the measurement of G have captured a “full information” of 3. In statistics, such an observable G is
said to be a sufficient statistic of the parameters 3. The fact that the RND is a functional of GG implies that
G is a sufficient statistic of 3 is known as the Fisher-Neyman factorization theorem. The Pitman-Koopman-
Darmois theorem in statistics tells us that only the exponential family has a finite-dimensional sufficient
statistics when sample size increases, among the families whose range is independent to the parameters

(Darmois, 1935; Pitman, 1936; Koopman, 1936).

9.1.2.2 Mesoscopic Origin of the Emergent Thermodynamic Structure

For each path prior P and a given set of path observables of interest G (z¢.7), the MCP gives an exponential
family of potential posterior parameterized by (5 as the “excited thermodynamic states” with the prior P
as the “ground state” where 8 = 0. For a given measurement of G = I, the § in the posterior can be
determined. In the calculation of Eq. (9.3), the parameter 3 as a Lagrange multiplier is determined such
that the mean value under the posterior Q3 is the measured value I'. The mean value of G' under Qg can be

obtained by the cumulant generating function (CGF) of G under P:
Uy (8) = lnE [65’0} 9.7)

(assume it exists and is differentiable), which can be understood as the free energy in statistical physics. The
desired (3 then satisfies

I =Es[G] = VU7 (B) 9.8)

where Eg [-] represents taking expectation under Q3. As W is strictly convex, Eq. (9.8) can be inverted to
give a uniquely determined parameter

B () = Vor (T) (9.9)
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by &7 (I') = 5 (T) - T' — U7 [B (I")] as the Legendre transform of W7. We also notice that

dQgsr)
dP

&7 (T) =In ) (9.10)

characterizes the change of measure from [P to the posterior Qg and is thus a generalized notion of entropy
(Qian et al., 2019; Yang and Qian, 2020). That is, 3 is the “entropic force”. A pair of “thermodynamic-like”

equations for the 1 and the ¥ can be written down:

d®s () = B(T) - dT’ (9.11a)

AWy (8) =T (8) - dB. (9.11b)

Relations above can be done in an “intensive” way. If we define v :=T"/T,

¢r(y) = 0(T7)/T, (9.12)

and Yp(B8) == WUy (B)/T, then the “intensive” parameter has the form of §; = 8@8?(;) = a%TvEV). In the
data infinitus limit 7" — oo, we have ¢ — ¢4 and Y7 — 1)4. Eqgs. (9.11) becomes the two fundamental
statistical thermodynamic equations shown in Eqgs. (8.20). These Eqgs. (9.11) from the MCP can be treated

as the “mesoscopic” origin of the emergent thermodynamic structure in the data infinitum (Lu and Qian,

2022).

9.1.2.3 Maximum-Likelihood Estimator and the Girtner-Ellis Theorem

The uniquely determined (3 (I') is actually the § that maximizes the likelihood of observing the event

Qs {G (zo.7) € dI'} among the exponential family. We have

8T
sup Qs {G € dT'} = sup —— P {G € dT'} (9.13a)
8 s Z(B)

= Sl (Alp {7 € dT} . (9.13b)

Therefore, the predicted 5 from Eq. (9.9) is also the maximum-likehood estimator in statistics. We also see

that the entropy ®7 here is actually maximized as the Legendre-Fenchel transform of the CGF U,

QT(F)ZS%pM%I“—WT(Bﬂ- (9.14)

Eq. (9.14) clearly gives rise to the Gartner-Ellis Theorem in Eq. (8.16). The Girtner-Ellis Theorem in

the LDT reflects the existence of the canonical exponentially-tiltied posterior indicated by the MCP. The
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shapes of “entropy” ¢, (v) and “free energy” 1, () actually implies the asymptotic statistics of g and 3 (g)
in the canonical exponential family Q3. We now demonstrate an Asymptotic Thermodynamic Uncertainty

Principle between the statistical variance of g and 3 (g) from the curvature relations of in the Sec. 9.4 below.

9.2 Comparison between Max Entropy and Max Caliber

Both the MEP and the MCP introduced above are formulated in the ideal data infinitus limit. They lead
to asymptotic equivalent posteriors and the same asymptotic statistics for the observable (Chetrite and
Touchette, 2013, 2015a). However, the MEP and the MCP are conceptually very different, and their differ-
ences can only be seen when observing transition-type observable or with a Markov prior. Here, we should
use the DTMC case as the paradigm to discuss their asymptotic equivalence and conceptual differences here.

In the MEP formulated above, we started with either an i.i.d. prior or a time-homogeneous Markov
prior. Then, through Gibbs conditioning principle (van Campenhout and Cover, 1981; Dembo and Zeitouni,
2009) and its Markov extension (Csiszar et al., 1987; Chetrite and Touchette, 2013, 2015a), conditional
probabilities are then connected to the conditional average empirical frequencies, specifically in Eq. (8.26)
and Eq. (8.40). The LDP then allows one to use the contraction principle in LDT (Touchette, 2009; Qian and
Cheng, 2020) to compute the conditional average empirical frequencies by a maximum/minimum entropy
computation, with entropy given by the LDRF of empirical frequencies in LDT level 2 (Sanov, 1958) and
level 2.5 (Maes and Neto¢ny, 2008; Maes et al., 2008; Barato and Chetrite, 2015). The posterior of the MEP
is a time-homogeneous Markov chain with transition matrix given by M jj; defined in Eq. (8.49). Note that
the MEP is about the dynamics, i.e. the transition matrix. The Markov extension of the Gibbs conditioning
principle does not tell us the posterior initial distribution (Csiszar et al., 1987). As the information of
initial distribution of a Markov process decays in the limit 7" — oo, we consider the inference of the initial
distribution as an issue separate from the dynamics inference.

On the other hand, the MCP is formulated by assuming that the single measurement of the observable

9 (Z0:00) = limp 00 G(QZ}J:T) = ~ from the ideal infinite-long trajectory xg.oo is one sampling of an imag-

ined i.i.d. “multiverse”. Since g (x¢.~) is deterministic in the data infinitus limit, the one measurement is
enough to infer the imaginative “empirical mean of the i.i.d. multiverse” where we can use a traditional
MEP for i.i.d. “sampling”. The formulation is to compute the posterior for a given 7" and then taken the

data infinitus limit. The canonical posterior length-L path probability we get from a length-7" measurement
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g (zo.1) == G (zo.7) /T = ~r is given by Eq. (9.4). While it is known in Ge et al. that a transition-type
path observable G (xo.7) = Zthl Jz,_1,z, 1eads to a Markov process (Ge et al., 2012), it is less known that
this canonical posterior is actually time-inhomogeneous for 0 < ¢t < T when 7' < oo and only becomes
time-homogeneous in the data infinitus limit 7" — oo, where it converges to a time-homogeneous Markov
process with the same transition matrix as the MEP posterior (Chetrite and Touchette, 2015a). We shall
briefly review this below by using DTMC as a paradigm.

With a time-homogeneous DTMC prior characterized by initial distribution p,, and transition matrix

My, (i1.d. as a special case when M, = py), the MCP posterior is
p
Qs {zoL} =2 HMxt L H welze_t (9.15)
t=T+1

where M is the tilted matrix defined in Eq. (8.48) and
T ~
Zr=3 pe [ Mo =p- (Meﬁ'g) 1= AT, 9.16)
z.7€X0.T] t=1
where Apax is the largest eigenvalue of M. We first show that Eq. (9.15) gives a time-inhomogeneous
Markovian structure for 0 < ¢t < T'. We compute the posterior conditional probability from time ¢t — 1 to ¢:

Vg, (T — 1) ~
M, 9.17
Vg (T —t+1) 770" ©-17

MTt = @/5 {Xt = xt\Xt_l = xt—l} =

Tt|Ti—1

where v(n) = M™1 is the vector one gets by multiplying the one vector 1 with the tilted matrix M for
s times. Notation v;(s) represents the j-th component of the vector v. In general, the ratio v,, (T —
t)/vs, (T —t + 1) depends on both ¢ and 7. The initial distribution from the MCP posterior is given

by

=Qs(Xo=2) =ps : 9.18)

The Markov structure of the joint distribution in Eq. (9.15) is thus by the following expression:

T

Qs {zo.r}y =az, [ [ M0, H welzoo1- ©.19)

s=1 t=T+1
When the data infinitus limit is taken, the “transition matrix” converge to the posterior transition matrix from

MEP,

hmM‘ ik

S5—00

My e” 9y = My, (9.20)

AmaxTz

where r is the right eigenvector of \,,x. Therefore, the posterior path probability from MCP is asymptotic
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equivalent to the one from MEP (Chetrite and Touchette, 2013, 2015a). The initial distribution converges to

. T PzTx
o = lim ¢7 = P2’z 9.21)
R LSO Y wex Pl

The posterior of MCP in the idealized data infinitus limit is then

pIEOTJ?O
Qs{ro.0} = | | M (9.22)
B{ ° } erxpﬁ“zt 1 2tlee—

If we follow the standard “thermodynamic” concept of applying the limiting result back to the finite case
as a leading order approximation (Anderson, 1972), we would use the measured value vy from g (zo.7) ,

T > 1to get 8 (1), Amax and r. Then, use Eq. (9.22) as the posterior of MCP, instead of using Eq. (9.19).

9.3 Measurement-predicted Symmetry Breaking

We now provide two examples of the symmetry-breaking indicated by the measurement.

9.3.1 Pair Frequency Measurement and Time Correlation

With the i.i.d. prior P{zo..c} = [[;=p (@) but transition-type observable g defined in Eq. (8.38). The
MEP will give us a posterior transition matrix M. jji defined in Eq. (8.49). Moreover, because of the i.i.d.

prior, the Bayesian conditional pair probability is the same for any s = {1,--- ,T'}:
P{Xs1 =2,Xs=ylg € dyr} =E[vyy|g € dvyr] (9.23)

where v is the empirical pair frequency defined in Eq. (8.35). This means that the posterior initial distri-
bution is given by the posterior stationary distribution [, of the transition matrix M. The posterior path
probability from the MEP is then

oo
QI {000} = logTay | | Masjar_ (9.24)
t=1

On the other hand, the posterior path probability from the MCP, according to Eq. (9.22), is given by

px() rl'()
QA L2, — (9.25)
g { 00} Z:}cEX pxrm H atlee-1-

We see that the two posteriors have different posterior initial distributions but are asymptotically equivalent.
Both posteriors have a data-induced Markovian structure with the same transition matrix M. Note that if

g (xo.7) is actually a singleton observable % Ethl g (1), then the posterior probabilistic model will be i.i.d.
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process as considered in Sec. 8.2. Time independence symmetry is broken by the transition-type observable.

9.3.2 Non-Gradient Observable and Irreversibility

For a possibly non-equilibrium Markov process, the natural reference would be a prior with detailed balance
(Evans, 2004, 2005). We show here that when a detailed balanced prior is used, we can predict nonequi-
librium posterior only when the path observable g is non-symmetric under path reversal. The entropy pro-
duction at the nonequilibrium steady state (NESS) in the posterior is then shown to be in Onsager’s form
(Onsager, 1931; Landau and Lifshitz, 1980).

For DTMC, the path observable we measure is

g(zor) ng L € dy. (9.26)

LB Gy
The posterior pair distribution at NESS was given by ¢;; = li%ﬁ- With detailed balance Mj;, the

entropy production at NESS (a.k.a. housekeeping heat, see (Yang and Qian, 2020) for a review) would be

791]

4; M;e
ghk = Z qij ln J Z qij In ————— Mo -eBO) G5 Z qW/B g’Lj g] z]- (9.27)
1,jE€EX 1,jJEX il 1,JEX

We see that only the anti-symmetric part of the matrix g; ; contribute to the entropy production. Furthermore,
due to the stationarity constraint of g;; in Eq. (8.44), the enetropy production is zero if the pair observable
is gradient-like g; ; = u; — u; (Monthus, 2011; Chetrite and Touchette, 2015a). These tells us that only the

measurement from non-symmetric, non-gradient transition observable g; ; can lead us to a non-equilibrium

posterior DTMC.
For diffusion, we measure the observable vector g(xg.p) = T fo (z¢)dt + T fo (z¢) o day =
7. For later convenience, let us denote v = =+ fo (x¢) o day. The posterior process is described by

by =b+2D(B-g)+ 2DV Inr according to Eq. (8.75). If 5 = 0, i.e. the measurement is not on the
transitions, the posterior is only driven by a generalized gradient force, which lead to equilibrium posterior.
The posterior can only be irreversible when ~; # 0. Furthermore, suppose we have detailed balanced prior

b, the posterior entropy production at NESS is

Ghk = /X J- (D_lbp“]) dz = 25/){ J-gde =28(y) v (9.28)

where J = pb,, ; — DV p with p(x) = I(x)r(x). Since J is divergence-free, ik can only be non-zero when

g is non-gradient (Chetrite and Touchette, 2013, 2015a), i.e. with nonzero curl (Yang and Cheng, 2021).
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Note that the entropy production in posterior Markov processes in both Eq. (9.27) and Eq. (9.28) can be

summarized by the following expression in 7' — o0:

anx = B(Y) - [9(xor) — g(@T120)] 9:29)

where x7.q is the reversed trajectory of xq.7 and + is the measured value of g(xz¢.7). This is in fact a gen-
eralization to Onsager’s theory (Onsager, 1931; Landau and Lifshitz, 1980). For arbitrarily nonequilibrium
systems, the entropy production is the product of the irreversible part of the path observables g and the
thermodynamic conjugated forces /3 of the whole observables g. The posterior Markov process can only be
nonequilibrium if the path observable breaks path reversal symmetry g(xo.7) # g(z7.0) in the data infini-
tus limit. The result here gives us a notion of the “underlying” equilibrium process for a non-equilibrium
process. We start with an equilibrium prior and the data from measuring the observables g reveal the ir-
reversibility of the process to us. The conjugated variables 3(vy) drive the system from equilibrium to a
non-equilibrium posterior process. Generic properties of the conjugated force 3 (7) is further shown in the

following section.

9.4 Thermodynamic Forces and their Statistical Variation

The thermodynamic conjugated forces 3 = V, parameterize posteriors and are functions of the measured
values of the observable g, previously denoted as . The definite level of the conjugated forces are revealed
when the data is infinite. When the data are large but finite, the values of g fluctuate leading to a fluctuating
predicted conjugated force 5 (g). The statistical variations of g and 3 (g) satisfy an uncertainty principle
derived by Landau and Lifshitz (1980) from a linear theory of 5. We shall call it the Asymptotic Thermody-
namic Uncertainty Principle (ATUP) here to better distinguish it from the recently-celebrated “thermody-
namic uncertainty relation” in stochastic thermodynamics (Barato and Seifert, 2015; Gingrich et al., 2016;
Horowitz and Gingrich, 2020). The ATUP lead to debates on whether the temperature of a system (or more
generally thermodynamic conjugated variables) actually fluctuates or not. These debates were settled by
Mandelbrot (1989) who explained that the aforementioned ATUP was about the “estimation” of tempera-
ture one predicted from observation on our isolated system. The estimation, as a function of energy, gives a
prediction about the temperature of the reservoir the system once contacted with. Their values fluctuate due

to the energy fluctuation in our system when we disconnected our system from the reservoir.
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Here, we present the LDT derivation of the ATUP and identify its mesoscopic origin. By doing so, we
connect three results associated with the fluctuation of observables and thermodynamic conjugated forces:
1. the LDT formulation of the ATUP of Landau and Lifshitz for finite but large 7" and its relation to the
reciprocal curvatures of LDRF ¢ and the sCGF 1;
2. the susceptibility of the statistics of observables due to variation of thermodynamic conjugated forces;
3. Schlogl’s uncertainty relation (Schlogl, 1988; Uffink and van Lith, 1999) as the mesoscopic version
of the ATUP.

The LDRF of the conjugated forces we derived also allows us to access higher order cumulants of them.

9.4.1 Asymptotic Thermodynamic Uncertainty Principle (ATUP) and Reciprocal Curva-
tures of Entropy and Free Energy

Suppose that we have known that our system of interest is under Q,, with thermodynamic conjugated force
a. Here, since the posteriors from MEP and from MCP are asymptotically equivalent, we will work with the
Botlzmann-Gibbs posterior from MCP in this section. For a finite but large 7" measurement of g, the values
of g fluctuates according to the probability e~ 7%s:a(M+OnT) where ©g;a is the LDRF of g under Q,. The

LDRF ¢g.,, is related to the LDRF of g under the reference measure P by the exponential tilting of MCP:

Pg;a (v) = Sog(’Y) —la-y = ¢g(a)} . (9.30)

The sCGF of g under Q, is

Vgia (M) =Yg (n+ ). 9.31)

When a = 0, we have Qp = P. The mean and covariance of g under Q,, in the leading order, would be given
by the derivatives of its SCGFs 1., (1) with 7 = 0 plugged in, e.g. E, [g] ~ V), (o) and TCoV,, [g] ~
VVig (a) .

Based on the measured value of g, we would predict the thermodynamic conjugated force by'

B(g) = Vg (9) (9.32)

which is also a random variable because g fluctuates. For large 7', the most-likely value of [ is the correct

one o = Vg (7a) Where 7, := E, [g]. The fluctuation of 5(g) under large but finite 7" can be approximated

! The thermodynamic conjugated force is defined with zero point chosen to be the reference measure P with certain symmetries. It
should be always defined by the gradient of the LDRF of g under P, even if our system in-hand is at macrostate Q.
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by the LDRF of 3 (¢) under Q,, again obtained by the contraction principle:

Ppia(n) = ) inf_ Pgia (M) = Pgia (Vibg (1)) = pgia (Vibgia (9)) . (9.33)
y:B(y)=n

For simplicity, we have denoted § = 1 — « as the deviation of the predicted thermodynamic conjugated
force.
By the convex duality between the LDRF . () and the SCGF 4., (f3), one has the reciprocality

between the curvature (Hessian) of the two functions,

L= [VV¢5a (0] [V (8) lomg, o] = [VV00a ) |y pini] (V%00 (B ©34)

where I is the identify matrix. This allows one to compute the leading-order fluctuation of the thermody-

namic forces 3 from its LDRF, we compute
TCoVq [B] ~ VV5:0 (0) = [VV@ga (Viipa(0)] " (9.35)
To continue, we need the derivatives of the LDRF of 5 under Q,. We compute
Vg (n) =06 VVgq (6) (9.36)

and

VV@g.a (1) = VVYga (0) +6 - VV Vg4 (6). (9.37)

Note that based on Eq. (9.35), n := V3.4(0) takes the value such that 0 = Vg., (1) . With invertible

VVy.q, this means § = 0 and thus 7 = «.. Hence, (g) has a covariance
TCoVq [B] ~ [VVga (0)] 7! = VV@ga (1a) = [VVy ()] 7! = V@, (Vig (@) (9.38)

This shows that the reciprocality of the two dual functions in Eq. (9.34) reflects the an asymptotic reciprocal

relation between g and 5 under the measure Q,, as T' — oo,
[TCoV, [8 ()] [TCoV, (g)] ~ L. 9.39)

The statistically-predicted conjugated force 5 = V¢ (g) has a small fluctuation if the observable g has big
fluctuation, and both are O (1/T"). This is the asymptotic “thermodynamic uncertainty principle” between
an observable and its conjugated force derived by Landau and Lifshitz (1980) and discussed by Mandelbrot

(1989). We provide the unifying LDT derivation here and connect it to the known reciprocal curvature of

131 Y.-J. Yang



9.4. THERMODYNAMIC FORCES AND THEIR STATISTICAL VARIATION

g and 14 in LDT.

9.4.2 Susceptibility and Fisher Information

Different measured values of g := G/T lead to different predicted conjugated forces /3, which leads to a
different posterior path distribution Q3. We shall see how susceptible the statistics of observables are under

variation of 5. Here, we use the posterior from MCP, which is an exponential family

oB-Glzor)
Z(B)

where Z (8) = E [¢#¢] is the “partition function” and In Z (f3) is the CGF of G.

dQg (o) = dP (zo.7) (9.40)

The Cramér-Rao inequality in statistics, which is an application of Cauchy-Schwarz inequality, gives
upper bound for susceptibility of observables. Consider a general vector observable that does not depend on
B, say H (xo.7). The susceptibility of its mean value is then related to the covariance between its value and
the value of G

9PB;

There are at least three interesting implications of Eq. (9.41). First, Each components of susceptibility

has an upper bound given by the variance:
C} < Vg [H] V3G (9.42)

This is from the direct use of Cauchy-Schwarz inequality (Cramér-Rao inequality) for scalar.
Second, when H = G, the above inequality becomes an equality, implying that the susceptibility matrix

is symmetric for G:
O [Gi]
= CoV G4, Gy =

OEs |G,
aﬁﬁ[i]]' (9.43)
This gives rises to all the Maxwell’s relations in our statistical thermodynamics. When ¢ = j, Eq. (9.43)
further indicates that the value of Eg [G;] would increase with increasing /3; with slope given by the fluctu-
ation level V3 [G;] > 0, giving a nice intuition of 3; as the driving force of G; and why the prediction of /3
can be unique.

Third, applying the generalized Cauchy-Schwarz inequality (Cramér-Rao inequality) for vectors (Tri-

pathi, 1999), we further gets a “lower bound” for the covariance matrix of H, (Ep);; = CoVpg [H;, H;],
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given by the susceptibility matrix:

En = CI;'CT (9.44)

where the covariance of G is denoted as (Iﬁ)ij = CoV3 [G;, G;] since it is also the Fisher information of 3
and for exponential family Qg 2. Eq. (9.44) can be derived by diagonalizing Zj and 1g, which can always
be done by orthonormal matrices since covariance matrices are symmetric. Below, we show that Eq. (9.44)

leads to the mesoscopic origin of the AUR in Eq. (9.39).

9.4.3 Mesoscopic Origin of the ATUP

Consider the stochastic entropy of the observable g = G/T, Sg.5(y) = —Inggp () where gg.5 () is
the probability density of the observable g under Qg (Qian, 2001b; Seifert, 2005). Here g4.5 (7) dy =

eT By

7 P () d is related to the probability density p () of the observable g under P. By choosing H;(g) =

05¢;8

s (or simply H; = 0;S,.3) and assuming vanishing boundary conditions of g,.3, one can show that,
tly=g

CoVg [9:0;Sy.5] = dij- (9.45)

This states that the ith component of the observable g is uncorrelated (but not necessarily independent) to
the jth component of the entropic conjugated force V.S, 3.
Eq. (9.42) becomes
Vi [9i] V5 [0;5g:5] > 0i (9.46)

which is a “thermodynamic uncertainty relation” first obtained by Schlogl (Schlogl, 1988; Uffink and van

Lith, 1999). Eq. (9.44) then gives the mesoscopic origin of ATUP,
CoVp [g] CoVg [ViSy8] = 1. (9.47)

This mesoscopic ATUP actually holds for any boundary-vanishing probability density ¢, of random variable
g: it needs not be exponentially distributed. To see its connection to the ATUP in Eq. (9.39), we note that
CoV [VS,5] ~ T?CoVg [Vpgs] = T*CoVg [Vipy]. The inequality becomes asymptotically an equality
in the limit 7" — oo since the leading order of fluctuation is captured by a Gaussian-distributed g (Landau

and Lifshitz, 1980).

2 Denoting Qp (zo.r) = ?C @)= Z(B) P (4:4.1-) as the path measure, we consider the stochastic entropy S := —In Q. The
Fisher information is given by (Zs),; == Eg (08,08, 5] = CoVp [(05,5),(08,5)] = CoVp [Gi, G;] where the last equality
comes from (9, S) = Gi.
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9.5 Summary and Discussion

Summary In this chapter, we formulate the MCP in a novel and mathematically precise way and show that
the MCP is the origin of the emergent thermodynamic structure in Sec. 9.1. We then revisit the asymptotic
equivalency and clarify the conceptual differences between the posteriors of the MEP and of the MCP for
DTMC in Sec. 9.2. With the ground state chosen with respect to symmetries of interest, we discuss two
examples of measurement-predicted symmetry breaking in Sec. 9.3, comparing the emergence of time
correlation and the breakdown of time reversal symmetry. For posteriors under nonzero entropic forces, the
system is considered to be in its thermodynamic excited state. When data is finite, the statistical variations
of the observables and the entropic forces their values predicted satisfy an Asymptotic Thermodynamic
Uncertainty Principle (ATUP), which stems from the reciprocal curvature relation between the entropy and
the free energy. We derive the ATUP from a LDT formalism in Sec. 9.4 and further identify the mesoscopic

origin of the ATUP and the repicrocality.

Compared to the LDT literatures Many mathematical results in Part III have been discussed in the past
in the literature on LDT (Ellis, 2005; Touchette, 2009; Dembo and Zeitouni, 2009; Smith, 2011; Chetrite
and Touchette, 2013, 2015a,b). However, there are at least three key conceptual differences between our
work and those in the past: we emphasize the posterior probability, the thermodynamic conjugated forces
that parameterized them, and the emergent statistical thermodynamics. The LDT, as suggested by its name,
is about the asymptotic probability of a “rare event” deviated from the mean. However, whether an event is
rare or not is actually w.r.t a probability measure. Under a reference measure as a prior P, chosen according
to certain symmetries, the observed event in the data infinitus limit could be exponentially rare under P. The
mathematics of LDT often carry on the statistical analysis and treat the system as a large deviation from
the mean. It is, however, more natural for physicists and applied mathematicians to treat the probability
measure as an intrinsic property of the system and consider the “rareness” of the event as an indication
that the reference measure is subjected to an update. Hence, we emphasize the posterior probabilities and
understand the system as in its “excited state” driven by the notion of thermodynamic conjugated forces .

This is conceptually very different from treating the system as a large deviation.

Comparison to Bayesian’s School and Frequentist’s School As a LDT-formulated MEP and MCP, our

theory dictates a change of probability measure from the reference measure P as a prior to the posterior
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Qg tilted by the thermodynamic conjugated forces 3 based on the measurement. Like MEP and MCP, it
is a combined approach of the frequentist inference, Bayesian inference, and limit theorems. For example,
in the case of measuring the empirical frequencies of states in an i.i.d. sampling, the posterior would be
determined exactly as the frequencies one measured in the data infinitus limit, as in the frequentists’ school.
However, like the Bayesian’s school, our theory emphasizes the posterior Qg and, more importantly, the

associated thermodynamic forces 3.

Higher-order statistics of the predicted entropic force From the large deviation rate function (LDRF)
of the predicted (3 (g) under the posterior Q,, in Egs. (9.33), we can actually compute the leading order
approximation for other cumulants of 3 (g). For example, for a scalar observable g, the skewness of g and

B (g) can be found. As the third derivative of sSCGF is related to the third derivative of the LDRF by

" (y) = =" (x ()" (v), (9.48)

we can compute the third derivative of the sCGF of 3 (g) under Qq, denoted as 1, by the third derivative

of its LDRF under Q, ¢g.o. A straightforward calculation will tell us that the leading-order skewness of

B (g) is related to the leading-order skewness of g by

20" (0)
B (0) = —— 5= 9.49
wﬁ,a( ) ‘/g/;a (0) ( )

We leave the comprehensive discussion of 3’s asymptotic statistics to future studies.

Non-convexity and Phase Transitions Throughout our discussion, we have assumed that the free energy,
i.e. the scaled cumulant generating function, of the observables exists and is differentiable. Such condition,
according to Girtner-Ellis theorem implies that the entropy is strictly convex. The situation where entropy
is non-convex corresponds to non-differentiability in the free energy (Touchette, 2009). This corresponds to
the situation of phase transition and criticality in thermodynamics. In these cases, the free energy is still the

Legengre-Fenchel transform of the entropy

Y (B) = Sup {B-v—9()} (9.50)
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but the Legengre-Fenchel transform of the free energy will lead to the convex envelop of the entropy, denoted

*

as p*:
" (7) = S%p B-v—v(B)}. 9.51)

An important next step for our statistical thermodynamics is to re-formulate the theory of phase transitions
in the framework of large deviation theory and classify different types of criticality, in analogue to Landau’s

theory of phase transitions (Landau and Lifshitz, 1980; Huang, 1991).

Synthesis with the Energetics As a general discussion of statistical inference, the statistical thermody-
namics presented here could also shed lights on inference mechanisms in biological systems, e.g. active
prediction in the brain (Dayan et al., 1995; Sajid et al., 2021) and concentration inference of cells (Lang
et al., 2014). An interesting future direction would be to study the role of the thermodynamic conjugated
entropic forces (8 in such biological inference machinery and to potentially connect the statistical thermo-
dynamics in the present work with the stochastic thermodynamics of the underlying biochemical signaling

networks (Lang et al., 2014).

Thermodynamic Understanding of Large Deviation Theoretic Results The statistical thermodynamic
theory we presented in Part III provides the large deviation theory of data infinitus limit a thermodynamic
interpretation. We expect similar thermodynamic aspects can be revealed and integrated in future studies for
the large deviation theory of the zero-noise limit of continuous Markov processes (Freidlin and Wentzell,
2012; Ge and Qian, 2012a; Hong and Qian, 2021) and even the large deviation spectral theory of random

matrices (Breuer et al., 2016).
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Chapter 10

Discussion and Future Directions

The thermodynamic principles we synthesize in this thesis consists of the generalization to three key re-
sults in the standard thermodynamics and statistical physics (Landau and Lifshitz, 1980; Huang, 1991): the
Sfluctuation-dissipation relations (Yang and Qian, 2021b), the stochastic thermodynamics that reveals the
energetics of processes (Yang and Qian, 2020; Qian et al., 2020; Yang and Qian, 2021a; Yang and Cheng,
2021), and the statistical thermodynamics that constitutes relations between observables and their conju-
gated driving forces (Commons et al., 2021; Yang and Qian, 2022). All these thermodynamic principles are
integrated in a single generic principle: symmetries and limit theorems dictate principles (Anderson, 1972;
Yang, 1996). In this chapter, we discuss several future directions to enrich, extend, and complete the current
theory. In Sec. 10.1, potential application to neuroscience is discussed and several directions of extension
are introduced to apply the current theory to evolutionary dynamics, quantum dynamics, and spatiotemporal
dynamics. In Sec. 10.2, we discuss future directions to understand nonequilibrium systems such as living
systems by our theory of cycles. In Sec. 10.3, we introduce three geometrical aspects of our thermodynamic
principles that are worth further investigation. Finally, in Sec. 10.4, we discuss how the Maximum Entropy

and the Maximum Caliber principles can be applied to finite data.

10.1 Applications and Extensions

As stochastic thermodynamics and statistical thermodynamics are the two main directions statistical physics
are extended to apply to complex systems, there are extensive applications of them in the literature. See

(Seifert, 2019; Qian and Ge, 2021) and (Pressé et al., 2013b; Ghosh et al., 2020) for recent reviews. Here, we
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discuss potential applications to neuroscience, evolutionary dynamics, quantum systems, and spatiotemporal

patterns.

Neuroscience In the search of principles of neural computation, theorists have proposed that neural sys-
tems may operate nearly optimally with respect to the physical limits drawn by theories such as information
theory (Bialek et al., 2007; Friston, 2010; Denéve et al., 2017; Chalk et al., 2018). With the energetic
theory we formulated in Part II, we can go beyond information theoretic bounds and consider the irre-
versibility/energy consumption of neural computation such as prediction and learning. A potential future
direction is then to find relations between irreversibility and the functional performance of neural computa-
tion, study how a neural network could approach the thermodynamic limits, and connect them to existing
theories (Kinouchi and Copelli, 2006; Beggs and Timme, 2012; Tkacik et al., 2015; Denéve and Machens,
2016; Denéve et al., 2017; Muinoz, 2018). One could start with simple models such as the minimum an-
ticipatory dynamics equipped with short-term memory of periodic stimulus reported by Yang et al. (2015).
The ternary trade-off of irreversibility, adaptation speed, and prediction accuracy in such adaptive excitable
system would be interesting, and our thermodynamic potential theory in Chap. 6 would provide insights
of how optimal performance could be achieved. Typical examples for how concepts of cyclic feedback and
landscape could help understanding neural systems can be found in (Hopfield, 1982; Lan et al., 2012; Yan
etal.,2013).

Evolution When our dynamic principles in Part II is applied to evolutionary biology (Chalub and Ro-
drigues, 2011; Qian, 2014a), the evolutionary dynamics is formulated as open-ended, continuous progress-
ing processes without a “steady state”. This is in sharp contrast to dynamics with a steady state, to which
the current theory applies. Actually, such kind of dynamics that sweeps to infinity is mathematically com-
plementary according to Foguel alternative theorem (Lasota and Mackey, 1994), i.e. long term behavior is
either recurring to form unique steady state or sweeping to infinity. The extension of our dynamic principles
to sweeping dynamics would “complete” our theory as a thermodynamic theory of dynamics in complex
systems. Primitive work shows that similar energetic descriptions can be obtained for sweeping dynamics
if one consider stationary non-normalized measure instead of stationary probability measure. Yet, the sta-
tionary measure is non-unique and related to “the boundary condition at infinity”. How to determine the

conditions for specific application and how it could provide a possible notion of fitness landscape, and/or
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fitness flux (Mustonen and Léssig, 2010), remain to be investigated.

Quantum Probability Our thermodynamic principles study the entropic causes of stochastic dynamics
under the formulation of classical probability theory. As quantum probability is fundamentally different
from the classical one (Nagasawa, 2000; Milz and Modi, 2021; Landi and Paternostro, 2021). How to
extend the principles formulated in the present thesis to the quantum realm is a non-trivial and essential
issue (Esposito et al., 2009). If such advancement is established, the extended theory would give us a
rigorous thermodynamics of information processing in quantum systems and provide insights to the design
of quantum computers. Such quantum thermodynamics might have biological significance as well (Lambert

etal., 2013).

Random Field Spatiotemporal patterns are a significant chapter in understanding biological systems (Mur-
ray, 2003). The extension of our thermodynamic principles to spatiotemporal fields could be formally done
by considering a lattice model (Rodriguez et al., 2021). However, as many of results in our thermodynamic
principles require properties at the long term limit or even the vanishing noise limit, the exchangeability of
the two limits makes the application to spatiotemporal problem mathematically non-trivial. How to extend
our dynamic principles to stochastic partial differential equation as a field theory (Calzetta and Hu, 2008;
Hairer, 2009; Kamenev, 2011) is thus an important theoretical issue remained to be answered. Such theory,
should it be successfully extended, could provide the energetics of spatiotemporal patterns in dissipative
systems such as Turing patterns in reaction-diffusion systems and trade-off results such as the energy-speed

trade-off of traveling wave and energy-regularity trade-off for spatial patterns.

10.2 Cycles in Nonequilibrium Systems

Cycle Decomposition in Markov Chains In Chap. 6, we decomposed the probability flux J (z,t) in
diffusion into an “equilibrium” part in terms of its scalar potential /' and a “nonequilibrium” part in terms
of cycles

J(z,t) = —p(z,t)D(z) VF (z,t)—p(x,t) Q(z) VF (x,t) + V x [p(z,t) Q ()] (10.1)

equilibrium nonequilibrium
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A similar equilibrium-nonequilibrium decomposition was established in Eq. (3.51) for Markov chains:

P (2,8) M () = p (21) Meg (yl2) + 5 (2, 0) 0" (2,3) (102

nonequilibrium

equilibrium

where My = (M + M T) /2 specifies the underlying equilibrium process of the Markov chain, e.g. mean
rate decompositions. With the cycle flux decomposition introduced in Eq. (5.4), the “nonequilibrium” part,

3p (2, t) v* (z,y) , can also be expressed in terms of cycles:

p(x,t)M(y|x) :p(a:,t) Meq (y|:v) + (1'>t) v (xay) (10.3a)

LIS
®
N

= p(z,t) Meq (y|z) + J* (z,y) (10.3b)

N —= N~ N
=
~—~
8
S~—

= p(2,1) Meq (y|2) + = Jo-) Io(,y). (10.3¢)

S
=IE
N

g
3

An interesting future direction would be to work out the implications of this further decomposition for
Markov chains. We note that Baiesi and Maes (2018); Maes (2020) have been emphasizing importance
of the time-symmetric dynamics, which is essentially the underlying equilibrium process in our discussion

here.

Cycles and Properties in Nonequilibrium Steady States Our discussion in Chap. 5 clearly portraits
the fundamental importance of kinetic cycles for nonequilibrium steady states (NESS). With our theory
of cycles, deeper understanding can be established and origins can be identified for properties obtained in
NESS, e.g. the Onsager’s reciprocality and symmetry we discussed in Sec. 5.2. There are at least three
important properties for systems at NESS that are worth further investigation:

1. the generalized fluctuation-dissipation relations in Chap. 7 (Yang and Qian, 2021b),

2. large deviations and fluctuation relations for cycle currents (Jiang et al., 2022), and

3. the recently-celebrated thermodynamic uncertainty relations (Barato and Seifert, 2015; Horowitz and

Gingrich, 2020; Polettini et al., 2021).

Understanding them in terms of cycles should help revealing the origin of these properties and potentially

connect them into a single unifying result.

Cycles and Life In an equilibrium system, there is no net probability flux when the dissipative system

arrives its steady state in the long term, as we have reviewed in Sec. 3.1. Any efforts done on the forward
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path would be undone by the reverse path with equal probability. It is thus important for a stochastic
dissipative system, e.g. biological systems, to break detailed balance to have functions in the long term
(Nicolis and Prigogine, 1977). Fluxes and transports in NESSs are understood in Part II to be “sustained”
by the irreversibility Oy, thus named housekeeping heat. Hence, this active in-take of “energy”, from the
point of view from stochastic thermodynamics, is necessary for living systems, and arguably the “definition
of being alive”, ¢f. Schrodinger/Penrose (2012). Further with the understanding that kinetic cycles in the
state space are the fundamental units of NESS, it is natural to try to understand what life is in terms of cycles
(Qian et al., 2016b). Here, we notice a comment to various current theories of life in a recent review by

Cornish-Bowden and Cérdenas (2020):

“All of these [theories of life] incorporate the idea of circularity to some extent, but all of them

fail to take account of mechanisms of metabolic regulation,...”

Our theory in Chap. 5 emphasizes the importance of cycle and its connection to the energy Qy required
to sustain nonzero cycle flux. It could be the unifying mathematical theory that can integrate all theories of
life reviewed in (Cornish-Bowden and Cardenas, 2020) in a single theory, including the hypercyle theory by

Eigen and Schuster (2012) and the “free energy principle” by Friston (2013).

10.3 Geometrical Aspects of Thermodynamics

A geometric understanding of a theory often leads to deeper and more fundamental insights, e.g. Einstein’s
general relativity for gravity. There are at least three possible geometrical aspects of the thermodynamic

principles can be discussed in future works.

Information Geometry First, the statistical thermodynamics presented in Part III shows the importance
of the exponential family from a prior tilted by conjugated variables. It is the “canonical” posterior from
the Maximum Caliber Principle and is the origin of the thermodynamic structures. With the importance of
the exponential family identified and the thermodynamic meanings of the parameters identified as entropic
forces, it is natural and insightful to incorporate information geometry (Amari, 2016; Smith, 2019; Ohga
and Ito, 2021) to our statistical thermodynamics (Lu and Qian, 2022; Commons et al., 2021; Yang and Qian,

2022). One key for formulating such geometric theory would be the affine structure of probability measure
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space (Hong et al., 2020). A comprehensive discussion of such geometric understanding and how it could

be connected to or unified with previous theory (Ruppeiner, 1995) remain to be elucidated.

Nonequilibrium as an internal curvature The break-down of detailed balance could be considered as an
internal curvature (Feng and Wang, 2011; Polettini, 2012), akin to the gauge theory in physics. A precise
formulation needs the mathematics of fiber bundle, yet the required underlying structural group is not clearly
identified in the previous proposal (Feng and Wang, 2011). We expect clues could be found in the gauge
freedom of our bivector potential theory (Yang and Qian, 2021a; Yang and Cheng, 2021). Specifically, the
bivector potential A obtained for the divergence-free J*(x) = V x A(x) is not unique: it has a gauge
freedom with an arbitrary curl-free bivector. The situation has an analogue to that of discrete-state Markov
process (Qian and Qian, 1979, 1982), and the vector potential in classical electrodynamics. Interestingly,
for discrete-state Markov process, Qian and Qian (1979, 1982) have proven the existence and uniqueness of
a gauge with a probabilistic meaning: cycles are not just represented in terms of Kirchhoft decomposition
via linearly independent bases (Schnakenberg, 1976); rather the space of all possible cycles are considered,
on which the unique probabilistic gauge, as NESS cycle flux, is the occurrence rate of a given cycle along
the infinitely long, ergodic path (Qian and Qian, 1982). Whether such a unique probabilistic gauge also
exists for bivector potential A on R”, or a more extended space of loops (Jan, 2010), remains to be further

investigated.

Diffusion on Manifold In Sec. 6.2, we derived the mean rates of thermodynami quantities

St =E[v-D7'v], Qe =E [v* - D v, (10.4a)
Sna =E[VF-DVF],Q=E[v-D 'b], (10.4b)
S=E[VS-DVS]|—E[VS-DVO]+E[Q-(V®AVS)], (10.4¢)
d=-E[VP -DVP|+E[VS-DVP|+E[Q- (VP AVS)]. (10.4d)

All the bilinear terms above have the inner production of two gradient vectors are with D whereas inner
product of two “velocities” vectors such as v, v*, and b are with D~!. This strongly implies consider-
ing diffusion on a Riemann manifold with Digl = g;; as the Riemannian metric tensor and investigate
the stochastic thermodynamic structure on it. Such consideration potentially help formulating a rigorous

formalism for path integral in diffusion (Takahashi and Watanabe, 1981; Zeitouni, 1989; Capitaine, 2000;
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Zhou and Li, 2016). The theory of stochastic thermodynamics (Yang and Cheng, 2021; Jiang et al., 2004)

suggests writing the FPE in a symmetric form

0
9P _ V. (bp—DVp) (10.5)
ot
so that the vector field b is directly related to the heat dissipation of the system (Lebowitz and Spohn, 1999).
On a Riemann manifold with metric tensor g = D% (which is the 4,j th component of D), the generator

of the backward equation becomes (Jiang et al., 2004)
1 7
A= iA +b'0; (10.6)

where b = b + 9; DY + DI* I, T is the Christoffel symbols specifying the connection on the Riemann
manifold, and A is the Laplace-Beltrami operator, a generalization of Laplacian on a manifold. This implies
a special connection F; E= —DjkﬁlD“ = D“@lek where the original multiplicative-noise stochastic
process becomes an additive-noise process on the manifold. Note that the connection here is not the same
as the Levi-Civita connection F; = %Dim (01D + Ok Dy — O Dyy) - Implications of this remain to
be investigated. With such generalization developed, many results in stochastic thermodynamics would be
greatly simplified. A most notable one is the Pythagorean-like relation shown by Qian ef al. (2020) for mean

entropy production rates

IVI* = V)17 + [ = VE|? (10.7)

where [[ul|? = E [u’g;ju’] for cotravariant vectors like v and v* and ||w|* = E [w;g“w;] for covariant

vectors such as —V F' as indicated by Eqgs. (6.16) and (6.17).

10.4 Data Accumulation in Statistical Thermodynamics

Higher-order approximation for finite data in the Statistical Physicists’ Approach The probabilistic
models from the Maximum Entropy Principle (MEP) and the Maximum Caliber Principle (MCP) are both
defined and validated in the idealized data infinitus limit. When they are applied to finite data in practice,
direct applications of MEP and MCP are the leading-order approximations on the entropic forces 5. Tak-
ing transition-type observables g (zo.r) = 7 Zle Jz,_1 .2, as an example, data with finite length 7', i.e.
{g (zo.T) = 1}, gives us an approximation for the limiting, deterministic value limr_,~ g (xo.7). Apply-

ing the MEP and the MCP defined in the data infinitus limit back to this finite case means to compute the
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largest eigenvalue A and the corresponding right eigenvector r of the tilted matrix Mij = j|i65'§i’j
where M is the prior transition matrix. The posterior transition matrix from both the MEP and the MCP
would be given by
: ri (8) s
Mj; = —2 L Mj;eP 9, 10.8
Jle Amax (5) T (6) i ( )

The entropic force 3 is then approximated by 3 = Vg, (yr) where ¢, is the large-deviation rate function
of the observables g under prior (ground state) probabilistic model specified by the prior initial distribution
pi and the prior transition matrix M; ;. Although inferring the initial distribution is generally considered
as a separate issue from inferring the transition matrix, the MCP still gives a posterior initial distribution
by piri (B) / >_; pjr; (B) . This approximation of entropic forces is taken following the standard approach
of statistical physicists. If higher-order approximations is desirable, we can go beyond the large deviation
and considered the “sub-extensive” part in the WKB form of probability distributions (Hill, 2013; Bedeaux

et al., 2020; Lu and Qian, 2022). We leave such extension to future studies.

Extension to incorporate time information When more data is acquired, say we have g (zo.7) = 7 and
a newly measured gy 27, = a. Then, the most straightforward update of our probabilistic model is by

computing
Tyr +a

—_. 10.
T+1 (10.9)

Vr+1 =

This gives us an update on the predicted entropic forces (. It is also clear that no update is needed if yr = a.
However, this is “ignoring” the information that g, .., , is observed at the time step from 7" to 7'+ 1. This
“ignorance” is due to the assumption that the underlying system is time-homogeneous and we should not
treat the newly observed data any different from the previous data. In the MEP and the MCP described in
Part. III, the observable is an empirical mean of the pair observable g; ;. No time information is incorporated
in the two methods. If we desire to encode time information in our posterior probabilistic model, one would
need, e.g., i.i.d. copies of the process such that the transition of a given time can be sampled for multiple
times. The MCP we presented in 9.1 is perfect for such extended to incorporate time information since it

assumes i.i.d. copies of the process. We leave the development of such extension to future studies.

Bayesian Approach to Finite Data Recall that the MEP is motivated by Bayesian conditional probability.

It is connected to the MEP in the data infinitus limit by the Gibbs conditioning principle. For finite data, an
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alternative approach is to directly considered the Bayesian conditional probability as a posterior probabilistic
model (Hu and Qian, 2022). To establish principles from such approach, the prior probability needs to be
“chosen” in a principle way. Our statistical thermodynamics in Part. III, especially our discussion in Sec.
9.3, clearly indicates that the prior probability should be chosen with respect to the symmetry of interest, as
the ground state of the entropic forces. We leave the development of this approach and the investigation of

how it is potentially connected to the other approaches discussed above to future studies.
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Appendix A

Bivector Calculus

Here we summarize the mathematics used to derive the results in Chap. 5. In the main text, we used the
notion of multivariable calculus and the notion of wedge product without the introduction of differential
form for simplicity. However, the concept of differential form and the associated exterior calculus are
needed to derive the formula of generalized curl and cross product for dimensions higher than 3 (Arnold,
1997; Fortney, 2018). We shall introduce and use the differential form calculus here. Throughout the text,
we will use Cartesian coordinate to describe the entire Euclidean R™. We first introduce the concept of
differential form and how it gives a general notion of integration in Sec. A.1. Then, the concept of bivector
and 2-form are introduced in Sec. A.2. Vorticity of a vector, as the first notion of “curl”, is then introduced
in Sec. A.3. Then, the bivector potential of a divergence-free vector field is introduced with the second

notion of “curl” in Sec. A.4. Finally, geometric interpretations are given for simple bivectors in Sec. A.5.

A.1 Differential form and Integration
In vector calculus, the infinitesimal work done by a force f from time ¢ to ¢ 4 dt on a path y(t) is given by
SW = f(y(t)-6y(t) =>_ fi(y(t))dy;(t + ot) (A.D)
j=1

where dy(t) denotes the infinitesimal vector y(¢ + 6¢) — y(¢). Usually, to emphasize the infinitesimal
limit 6t — 0, we replace ¢ with d, leading to a notation f(y(t)) - dy(¢). However, in the mathematics of
differential form, the operater d is generalized and understood differently. In the main text, we used d as the

standard infinitesimal difference operator in calculus. Here, we shall use § as the infinitesimal operator and
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d as the exterior derivative of differential form, as we will introduce below.

We first introduce the concept of /-forms, which are linear functions that maps a vector to a real number.
Notice that the infinitesimal work in Eq. (A.1) actually takes the (tangent) vector dy(¢) at a point y(¢) and
return us a number. The infinitesimal work is thus generally a differential 1-form at a given point, say &,

associated with a force vector f = (f1, fa, -+, fn),

fi(§)dz;(u (A.2)
7j=1

It takes an infinitesimal vector u as an input and gives us the infinitesimal work generated when going from
€ to & + u. The basis of an 1-form is {dx;}, which are themselves 1-forms': dz; takes a vector u and gives

us its ¢th component,

Zujej =e€;- Z Uu;e; = U; (A3)
J J

where e; is the unit vector in the ith direction. To match up Eq. (A.1) with Eq. (A.2), simply take u := dy(t)
and & = y(¢). The relation dz;(CJ) = e; - O is what allows us to write the differential form in a vectorized

expression in the main text,

w) =D fi(&)dui | Y uje; (A.4a)
i j

=D fil€ei | Y _uje; | = F(&) u. (A.4b)
i j

A differential form is what we can integrate over a manifold. The integral of the work over a path

I'={y(s),0 < s <t}isthen

/szféjlfjdxj :/ ij 5))da; (6y(s)) (A.5)

where inputs of the differential form are suppressed concisely before the parameterization in the last step.
To carry out the computation, one would proceed with dz;(dy(s)) = dy;(s) = y’(s)ds, which makes
Eq. (A.5) a usual one dimensional integration w.r.t. s. This identification of differential form turns out to
be significant for the general integral of m-form on a general manifold and the generalization of Stoke’s

theorem.

" Here, just treat d; as a notation as the basis of an 1-form.
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A.2 Bivector and 2-form

Stokes theorem in R3 tells us that a line integral of a vector field on a closed loop is equal to the surface
integral of the vector field’s curl. The intuition behind is that the curl of the vector field gives the vorticity
of the vector field of an infinitesimal plane object. When integrating all the infinitesimal planes that tile
the surface, neighboring circulation cancels and all the vorticity of the infinitesimal plane combines to give
the vorticity on the big loop on the boundary. This intuition is still valid in R™. To see that, we shall first
introduce how the “planary object” is represented in general R™: it is given by the notion of a (simple)
bivector.

Two parameters are needed to parameterize a surface, and a surface can be cut into infinitesimal two
dimensional parallelograms with edges given by the two infinitesimal tangent vectors of a point. Moreover,
circulation of a vector field over an infinitesimal plane can have two orientations. Putting these together, we
use the notion u A v to represent an oriented parallelogram object spanned by two vectors u and v, thus
the name bivector. The orientation of the object is reflected by the anti-symmetry of the wedge product A,
u/Av = —vAu. The wedge product A is a linear operation satisfying (cju;+couz) Av = cjuj Av+coug Av
where c1, co € R. With these, we can get the component form of the bivector

uAv = Z (ujvj — ujvi)e; A e; (A.6)
1<i<j<n

with basis e; A e;. Importantly, one can show that the area of the parallelogram, denoted as ||u A v|| is given

by
[uAv|?= Z (uiv; — ujv;)?. (A7)
1<i<j<n
An inner product between two bivectors A = ZZ <j Ajjei Nejand B = ZZ <j B;je; A e;j is thus naturally
defined as
A -B= ) AyBj (A.8)
1<i<j<n

with (e; A ej) - (e Aey) = 605 fori < jand k < L.

We note that, in general, bivectors are objects that can be expressed as A = ) ._. A;;e; A e;. Not all

i<j
bivector can be expressed as the wedge product of two vectors. Such bivectors are called simple bivectors,
and only simple bivectors can have the geometrical meaning as a parallelogram spanned by two vectors:

a general bivector can be the sum of many simple bivectors, superposition of many parallelogram. We
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also note that due to the anti-symmetry of the wedge product, the component A;; of a bivector A can be
represented by an anti-symmetric matrix. Then, the inner product between two bivectors, as shown in Eq.
(A.8), is the half of the Frobenius product of their anti-symmetric components.

Now, similar to an 1-form taking a vector to a real number, a 2-form takes a bivector to a real number.The
basis of a 2-form is given by {dx; A dx;} for 1 <i < j < n. Specifically, for 1 <i < j <n,

dx; A da:j (Z Aper A el> e, A e] (Z Aper A el> = Aij. (A9)

k<l k<l

Again, the relation between dz; A dzj (A) = (e; A e;) - A is what allow us to rewrite a differential 2-form

in a vectorized form in the main text,

A) =) Bydz; Adx;(A) =) Bij(e;Aej)- A (A.10a)
i<j (2]
- Z BijAij =B-A. (A.10Db)
1<J

When integration the differential 2-form over a surface, the A as the input of the 2-form here would be the
infinitesimal bivector given by the two infinitesimal tangent vectors at a point, representing the infinitesimal

tangent parallelogram at the point.

A.3 Exterior Derivative and the curl of a vector field

The concept of curl in vector calculus is useful because of the Stokes theorem in R3. We shall thus use
the generalized version of the Stokes theorem, the Stoke-Cartan theorem, to motivate the notion of exterior
derivative and get the general definition of the curl of a vector field in R™.

The Stokes-Cartan theorem states that the integral of a differential form w over the boundary of some

oriented manifold 2 is equal to the integral of its exterior derivative dw over the whole of §2:

55 w:/dw. (A.11)
o0 Q

In a sense, the exterior derivative d is defined so that Eq. (A.11) holds for a general manifold. We shall thus
understand it with Stokes-Cartan theorem: the exterior derivative of a differential form w can be interpreted,
geometrically, as the integral over the boundary of an infinitesimal parallelepiped hf2,

1
dw = lim —— w (A.12)
n=0 [ Jana
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where ||h€2|| denotes the volume of h€2. With this, one sees that the twice exterior derivative of any differ-
ential form has to be zero, ddw = 0. This is by applying the Stokes-Cartan theorem twice for a form that is
itself the exterior derivative of another form ¢ = dw (such form is called exact). For an arbitrary compact

region 2, we have

/ddwz/d«p:/ 90:/ dw:/ w. (A.13)
Q Q o0N o0 900

Since 99Q) = ) and (2 is arbitrary, we have ddw = 0. A form with zero exterior derivative is said to be
closed. Therefore, every exact form is closed.
The exterior derivative of a k-form is a (k + 1)-form. The exterior derivative of a general form o A 3

obeys the product rule: Suppose « is a p-form, then
danp)=danB+ (-1 (andp). (A.14)

Applying this and ddw = 0, one can get the exterior derivative of the 1-form in Eq. (A.2),

7j=1 7j=1 1<i,5<n
_ <gfj - gfi> dz; A dz; (A.15b)
1<icj<n NOTE O
where dz; A dzj = —dx; A dz; is used. By Stokes-Cartan theorem, we the have
¢ ijd:(:j = / Z <8fl — 0f: ) dx; A dmj. (A.16)
o0 o Qi<igen 0T 0T

As introduced in Appendix A.2, we can rewrite Eq. (A.16) in the vectorized form,

515 f-dX:/V/\f~d0' (A.17)
o0 Q

where inner product between bivectors was introduced in Eq. (A.8). Hence, V A f as a bivector is the curl
of the vector field f.

Since ddw = 0, a gradient vector field is always curl-free, i.e. V A VU = 0 where U is a scalar
potential. For the converse, we apply Poicaré lemma, which states that every closed form is exact (locally)
on a contractible domain. Since we are concern with processes on the entire Euclidean manifold R", which

is contractible, we can conclude that curl-free vector field is globally a gradient field.
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A.4 Bivector potential of a divergence-free vector field

Using exterior derivatives and differential forms, the integral of a vector field F(x) over an (n — 1)-

dimensional closed surface X as flux is

%ZF,C )doy = / (ZFk dak> (A.18a)

/ 8Fk)d$] A doy, (A.18b)
Qp=1|j=1
/ Z (0;Fy) dzj A doy, (A.18¢)
Qk,j 1

_ / Z(ajpj)dv, (A.18d)
Q5D

where (2 is the n-volume contained by the closed (n — 1)-surface 3, and
doy = (—l)k_ldxl ANdxa A--- Ndxg_1 ANdzgeg A--- Aday, (A.19)
with dzj, missing. The (—1)¥~1 factor is to ensure dz; A doy, = 0,dV where
dV =daxi Adag A --- Adz, (A.20)

is the infinitesimal n dimensional volume element. The (n — 1)-form do; is the Hodge dual of the 1-form
dx;, often denoted as do; = xdx;.
Now if a vector field F(x) is divergence free, i.e. 3 7 (0;F;) = 0, then the (n — 1)-form has a zero

exterior derivative,
(Z Fi(x dak> =0. (A.21)

Poicaré lemma then guarantees that on a contractible domain,
Z Fr(x)dog = dw, (A.22)

where w is expected to be an (n — 2)-form with the general expression

w = Z uij (X)dm'j, (A.23)
1<i<j<n
in which
d77ij = (—1)i_1+j_2dl‘1 coedriy Adagpp A dl’jfl VAN d:UjJrl <o odxy, (A.24)
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with dz; and dz; missing. The (—1)""17=2 factor is to ensure (dz; A dz;) A dn;; = dV so that dn;; =

* (dz; A dxj). Then,

dw = Z Z (8kum) dzp A d’l?ij (A.25a)

1<i<j<n k=1

= > {(Bsui) dwi Admij + (Ojusg) day A dnig} (A.25b)
1<i<j<n

= Y () Quy)doi+ > (i) do; (A.25¢)
1<i<j<n 1<i<j<n
1<j<i<n 1<i<j<n
ZZ (9;A;;) do. (A.25¢)

In the last step we have introduced A;;(x) = u;;j(x) fori < j, A;;(x) = —A;i(x) fori > jand A;;(x) = 0.

It is easy to verify that

= " (9;445(x)) (A.26)
j=1
is a divergence free vector field:
V- -F(x) =) 0Fi(x) =) (00;4i(x)) = 0. (A.27)
i=1 ij=1

The vector potential A(x) of a divergence-free field is a bivector with anti-symmetric matrix components.
Since we consider diffusion on the whole R™, which is contractible. Eq. (A.22) and so Eq. (A.26) are thus
globally valid.

In R3, a divergence free vector field has a vector potential through the same curl differential operator
as the one we used to compute the vorticity of a vector field. For general R", this is no longer true. To
distinguish the two in general, we have used VA as the curl operator that maps a vector field to its vorticity
bivector, with A reminding us the result is a bivector. Here, we use V x to denote the differential operator

that links a divergence-free vector field to its bivector potential. Eq. (A.26) is then expressed as
F(x) =V x A(x). (A.28)

The close relation between them can be seen by integration by part: For a divergence-free vector field
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F =V x A, we have

/ (VxA)-udV = / g 0;AijudV (A.292)
n R~
,L’-]
= / E Aij (8Zu] - 8ju,) dV = A - (V A u) dv. (A.29b)
n T R™
1<J

A.5 Geometrical Meaning of Simple Bivectors

In 3-D, we have the notion of a signed area spanned by two vectors u and v as a vector by using the right-
hand rule, conventionally denoted as u x v. This notion of a signed area can be generalized to general
n-dimension with the notion of a wedge product A in geometrical algebra. The new object u A v is called a
simple bivector. In 3-D, a simple bivector can be represented by a vector. For dimension higher than three,
that is no longer possible. The fundamental reason is when assigning a “direction” for a bivector by using
the right-hand rule in dimension higher than 3, there is more than one dimension that is perpendicular to the
plane spanned by u A v. Even though we can not represent it as a vector, we can still think of it as a planar
object.

The linear combination of simple bivector is a bivector. In dimension smaller than three (including
three), all bivectors are simple. That is, all bivector can be represented by the wedge product of two vectors.
For dimension higher than 3, that is no longer true. There are bivectors that can not be represented by
a simple wedge product of two vectors. The geometric meaning we presented here is only for simple
bivectors.

The wedge product from it’s definition have several properties. For example, for two vectors in R", we
have uAv = —vAu; auAfv = afuAv where «, 5 € R are scalars; uAu = 0; and (u + av)Av = uAv.

Besides these rather straightforward one, we also have the nontrivial distributive property
(U+Vv)AW=uAw+vVvAwW. (A.30)

This very property leads to an anti-symmetric matrix representation of bivector and also a Pythogorean
theorem for perpendicular u, v, and w.
First, let us show that area actually satisfies Pythogorean theorem. Let us denote ||u A v|| as the area

indicated by the bivector u A v. Then, from basic geometry, we have
laAv]? = Jal?v]® = (u-v)*. (A31)
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Now, applying this to || (u + v) A w||? for perpendicular vectors: ulv, v 1w, and ulw, we get

| (u+v)Aw|?=|u+v|?*|w|? = [(u+V)- w]? (A.32a)

= ([l + 1) wll* = lu AWl + [[v A wlf. (A.32b)

This can be used to derive, e.g., the area of a triangle with three apexes (a,0,0), (0,5,0), and (0,0, ¢). By

applying the Pythagorean theorem twice, one gets that the triangular area is \/ (%b) 2 + (%)2 + (%)2
With the distributive property, the simple bivector u A v spanned by the two general vectors u and v in
R™ has an orthogonal decomposition into n (n — 1) /2 orthogonal unit signed area e; Ae; and corresponding

components (u;vj; — u;v;),

u/Av = (D00 uiep) A (2?21 vjej> = ZKJ. (wivj — ujv;) €; A ej. (A.33)

This shows that u A v can be represented by an anti-symmetric matrix with components (u;v; — u;v;) .

It can be shown that [u A v||2 = (u-u) (v-v) — (u-v)? = >icy (Ui — ujvi)z. This implies that
the inner product between two bivectors A and B, which can be represented by anti-symmetric matrices, is
just half of the Frobenius product of two matrices, A - B = ZK]- AijBij = % Z” A;;By;j. It is the sum of
all the n (n — 1) /2 multiplied components

The inner product can tell us whether two simple bivectors are “perpendicular” or not. Two per-
pendicular areas are only defined with a shared edge. Geometrically, we would expect ulv = 0 &

(uAWw) - (v Aw)=0. This can be seen by the computation below,

(uAw): (VAW)= Z (wiwj — ujw;) (viw; — vjw;) (A.34a)
1<J
1
= 5 Z (’U,Z"U)j - iji) (inj — vjwz-) (A.34b)
i,J

= - Z ulvzw + ujvij — (uw] — ujvl wle = (Z uzvl> Zw? (A.34¢)

7]
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Appendix B

Method of Tilting to obtain Large Deviation

Rate Functions

We introduce the method of tilting to derive Sanov’s theorem in level-2 LDT and the level-2.5 LDT of em-
pirical frequencies based on (Barato and Chetrite, 2015). The LDT level 2 and 2.5 of empirical frequencies
are essential in the Maximum Entropy Principle in Chap. 8. We start with the motivating calculation to
derive Sanov’s theorem in Sec. B.1. The general method is then introduced in Sec. B.2. Finally, the LDT
2.5 of discrete-time Markov chains, continuous-time Markov chains, and diffusion are presented as three
examples in Sec. B.3. The LDT level 2.5 for discrete-time Markov chains are well-known in mathematics
(Dembo and Zeitouni, 2009). For continuous-time processes, see (Maes and Neto¢ny, 2008; Maes et al.,

2008) for physicists’ approaches and (Bertini ef al., 2015b,a) for more mathematical discussions.

B.1 Sanov’s Theorem

For an i.i.d. sequence, Xi.;, = X1Xs---Xr. The probability of a specific trajectory xi.;, is given by
P(z1.p) = HiL:1 p (z;) . We would like to compute the probability for getting a particular sampled distribu-
tion ¢ (x). Note that obtaining a sampled distribution ¢ is typical under the measure @ (r1.1.) = HiLzl q(z;).

The RND between the two is given by

P (z1:1) = H P (x,) (B.1)

dQ i 4 (i)

The probability for obtaining the sampled distribution g, () = ¢(z) is given by summing over all the
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length L trajectory wy, that gives us ¢,

P(qw, =¢q) = /]IqWquP(wL) (B.2a)
. dP(wL)
_/]Iqu:q(ng(a)L)dQ(WL). (B2b)

Now, the trajectory wz, we summed over are those ¢,,, = ¢. This tells us that there are Lg(x) number of

times the system is at state z. Therefore, we have

P i Lq(z)
i g (R (0 &
Yillqop=q =1 9\ ey N4
where X is the state space. Also, in the large L limit, q,,, = ¢ is a typical event under the measure (),
/]Iqu:qu(woo) = 1. B.4)
Therefore,
dP(wr) p(z) Lq()
P(q,, =q) = ———% /Hw:deLx < . (B.5)
( L ) dQ (wL) doy = qui =9 ( ) g q(:l:)
Moreover, The LDREF is then
(q) = — lim lhﬂP’( = ):Z (m)ln@ (B.6)
e L—o0 L Qor =4 1 p(z) ’

B.2 Method of Tilting

Tilting is a fast way to get the LDRF (provided that we know how to tilt). There are two conditions
to make tilting work (Barato and Chetrite, 2015). Consider a set of sampling observables' g (wr) =
(g1(wr), g2(wr), ...gar(wr)). They are all random variables and a path can be the i.i.d. repetition or Markov
process. In either case, there is a path probability measure dP (wr). The goal is to find the LDRF of g (wr).
Two conditions for tilting to work:

1. There is a tilted measure P’ (wr) where g (wr) is a typical behavior

2. The RND 45 =< exp (—T'¢(g)) under P’ when T’ — oc.
In particular, the second condition is why we need to consider a joint empirical frequency in the LDT 2.5 of

Markov processes. Tilting shows a reason why the LDRF takes a RND form.

"It Cramers theorem, M = 1 and g1 is the sampled mean. In Sanov’s theorem, M = 1 (or could be considered as infinite in
continuous case) and ¢g; is the sampled distribution. At LDT 2.5, M = 2: g; samples state time (distribution) and g2 samples
number of transition.
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The intuitive derivation is as followed (Barato and Chetrite, 2015). The probability of the sampled

g (wr) taking a specific value -« (or some ball near it for a continuous case) is

dP )

IP’{g (wT) = "/} = /H{g(wT)'y}dP (wT) = /H{g(wT)’Y}dP/ (U.)T) dP (U.)T) (B.7a)
= / Lg(wr)=} exp (=T (g)) AP’ (wr) (B.7b)

=exp (=T (7)) /H{g(w:r):"/}dp/ (wr) < exp (=T (7)) (B.7¢)

where the last equality followed from {g (wr) = v} being typical. Below, let us apply tilting to understand
Cramer’s theorem, Sanov’s theorem, and LDT 2.5 for Markov processes. From a computational point of

view, we find the asymptotic value of # In % (wr) under the measure P’ in the large 7" limit, which will

give us o(g).

B.3 Level-2.5 LDT of Markov Processes

B.3.1 Discrete time Markov Chain
We follow a similar route for discrete time. The path probability is
P(a:g:T) = TF(l'o)M (xl\xo) oM (xT‘fL'T—l) . (B.S)

Then,

dP m(xo) M (z1|zg) - - - M (xp|er—1)  plxo) 71 M (2¢|7s-1)
& 7 e rfaw) M orler) 90 Wb (o)

Now, suppose we measure the number of transitions = > y, Vz,y € X and denote them as N,,. This

gives us the sampled pair probability N,.,/T" — Py, x,., (x,y). We note that

Ny 2y Nay
T = 1 — m(x) (B.10)
We compute
dP (w
P{ny( ) = nmy} /]I{Nzy —nzy}dP / {Nzy W)—na;y} d[P((w;d (w) (Bll)
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Now, for the w = xg.7 such that Ny, (w) = ngy,

T n
dP M _ M oy
I o) = p(zo) 11 (@eri1) _ plxo) [ (yiﬂ)] (B.12a)
dP Ny /T =1 Ny 1y /My N /T . nxy/nz
p(wo) M (ylz)
=exp |In + Ngy IN (B.12b)
nlo/T % v nzy/nz
Therefore, we have
1. dP n Ngy /T
Nyy = ngy) = lim —1 Y L B.13
# (Ney = niay) = Jim 7510 95 = Z T UM (ylo) (B.132)
Noy _ > _ply)
o p(z,y)1 (B.13b)
< T Z ()M (y|x)

where p(z,y) = ngy /T and p(x) = n, /7.
Now, note that
P{New = Naw & Nay = Ny (Y # )} =P Now = ng — Y Ny & Ny = iy (y # ) (B.14a)
y#T
N, Ng o Nay Ny
. =z B.14b
{ & = W) (B.14b)

T
Therefore, instead of measuring all possible transitions, one could also measure the exit transitions x — y

(y # z) together with the empirical distribution (number of times the system hits state ) The LDRF is just

¥ <N"B = p(z), ]\;fy = p(z,y) (z # y)>

T
—%p z,y)] )(x (y)x —i—Zp (, lnm (B.15a)
_ N P(x) = Xy () P(2,Y)
gﬁ;p x,y)1 y‘ﬂf —}—Z y(%;)p(x,y) In 5@) M (z[2) . (B.15b)

This is the LDT 2.5 result.

B.3.2 Continuous time Markov Chain

For a continuous time Markov chain, a length 7" trajectory wo~ (ignore subscript from now on) is defined
by all the transition times {¢1, ..., ¢, } and states {zg, z1, ..., x, } it has for t € [0,T]. Suppose the steady

state probability distribution is p(x) and the transition rate is given by k(x, y). Then, the path probability at
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NESS is given by
P(w) = plao) [ @0 dts | h(wo, 1) [T ETaty] k(e z) [eTEO ] B16)

where r(z) = >_, ., k(z,y). Now, suppose we have a different p(z) and k(x,y). Then, this gives a new
path probability

P(w) = ﬁ(mo)e*’:(m)tldtﬂ%(mo, xl)e*’:(xl)(trtl)dtg e /;:(a;n_l, wn)e*’:(z”)(T*tn). (B.17)

The RND between the two measures are given by

o = plzo) I1 Z(xi_l’xi)e‘ i=olr (@) =7 (@)} (b1 —t:) (B.18)

where k = p/ﬁ where t,,+1 = T and to := 0.
Now, for any given w, we can compute a sampled joint distribution of sampled distribution p,, and

transition rate K,:

K
1
Pw ( / i (x¢) dt, and Ky, (i7) T;él Tp—1)0j (zx), i # J. (B.19)

The produced p,, and k,, are themselves random, depending on w. To get the probability of having a specific

sampled distribution p and transition rate s, we sum all the path that leads to them

P{p, = p,ky =K} = /]Ipwpﬁw,idIP’(w). (B.20)

Now, the specific distribution actually gives us a RND by p = p and k = k. We can rewrite the desired

probability as

dP
P{pw = p7 Ry = /i} = /prpa"’iw“dﬂ])dppvﬁ<w)' (B21)
PR

InT — oo, {w: p, = p, kw = K} becomes typical events under the [P, ,, measure (this is tilting), that is
[ Ly =p e, =xdPp x(w) = 1. Therefore, P {p,, = p, K, = £} becomes a first order estimation of the RND.
Roughly speaking, one would have T'p(x)k(x,y) number of transition = — y and the time the process
stayed at x is given by T'p(z) (for the P, ; process). The former point is less straightforward. We know that
the total time in x is roughly T'p(x). And the average length for each stay is 1/7(z) (it is a Poisson process).

Therefore, there are T'p(z)r(x) number of exit from z. Among those, a fraction of ”(Zj’ﬁ/) goes to state y.

Therefore, in the infinite long T trajectory, T'p(z)r(x) ”ﬁfx?)’) = Tp(x)k (z,y) number of transition z — y.
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Therefore, the integral in Eq. (B.21) becomes

) @)
k(@io1,20) 50 (@) —ra(@))(tisn—t)
P{p,=p,~ w—m}—Tlggop ZHM et : (B.22)
The term
L )
T Z [7’ (1'1) — Tk (xz) 2+1 Z P - Tn(x)] (B23a)
=0

= (@) | Y k(w,y) =Y wlx,y) (B.23b)

y#FT y#

Also, there are T'p(z)k(z, y) number of pair z, y, which means

n(T) @nr(@y)\ "
$l 1a7~5z o k‘(l’,y) p
=1 xz 17$2 xl 17x6$i7y B (g |:I€(:E,y):| . (B24)
Therefore,
p(@)k(z,y)
TIEI;O — lnP =In H [ ] + Zp(x) Z k(x,y) — Z k(z,y) (B.25)
T y#£xT y#xT
The LDRF of the joint p, & is then
¢ (p,P) = > P (2,y) In Ploy) _p (@,y) + p(2)k(z,y). (B.26)
p(x)k(z, y)
r,ye X, x#y

Interestingly, ¢ (p, P) is the generalized KL divergence which is a Bregman divergence (Amari, 2016)
F (P, pk) = F(P) — F(pk) — (VF(pk), P — pk) (B.27)

generated by the negative entropy F'(p) = > p(z) log p(z), where z in the transition space.

B.3.3 Diffusion

For diffusion, the sampled density is simply
1 T
= / 0 (X¢ —1t)dt. (B.28)
T Jo

The notion of sampled current in diffusion is less trivial. The notion 1 fOT 0 (Xy —z) (dXy); would con-

verge to the average drift in the steady state, E* [b; + (V - D),], in diffusion. Instead, the sampled current at
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point x is formally given by
1
_ T/o Z 5 (X, — ) 8y 0 (AX)), / 5(X, — ) o (dXy), . (B.29)

Intuitively, focus on a ball near x, computing the average d X, that passed through it at time ¢ + d¢/2 per
unit time. How to show jr — J as T' — oo? Recall that for a work-like quantity defined on a transition

aw; = Z;LZI fij (X¢) o (dXt)j, its mean rate is

dw,
=[G

} = / >~ Jiw) fii(w)dy. (B.30)
x5

Now, if fij =4 (Xt — .%') 6ij7 then
n

E |5 (X; — )0 (dit)i} :/X; (W) fii (y )dy_/XZJj(y)ﬂy—x)éijdy:Ji(:r). (B.31)

J=1

So,

T
Bllir@ll = 7 [ B [506 )0 52 ar =g ®32)

Now, with a given pr and j7, we need to find the RND between a process with pr and jr as stationary
density and current and the original process with p and J. Note that a process with drift b and diffusion
matrix D has

J
Jp=bp—DVp=0>bb=-DVinp+ ; (B.33)

The diffusion with p7 and j7 is then with drift 5 = —DV Inppr + 2—7; and the same diffusion matrix.
Girsanov theorem, as reviewed in Sec. 2.3, can then be used to compute the RND between them. In Eq.

(2.32b), we had

dP, A 1/ [t ,
— = — | D 7bodX;—= [ V-bds—- [ b-D "bd B.34
P, exp[Q/O odX; 2/0 ] 4/0 s ( )
where a process X; has a FPE 0;p = —V - (bp — DVp) under P, and has a FPE O;p = —V - (DVp)
under Py. Note that the first time is anti-symmetric in terms of trajectory reversal. It is related to the action

functional. Maes et al. (2008) called the rest of the time-symmetric parts, traffic . Then, we had in Eq. 3.39

that

% = e% joT ~1(B—b)od X,— 210 (B—b)ds—7 /o B-D~ 1ﬁd8+ ]0 b-D~ 1bd8 (B35)
b
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Then, denoting 6 = 8 — b, we have

1 dPs 1 (T1_ I 1 T D
“mSf =" | D lodX,+— [ |-2V-6—28-D “b.- Db dt
T " ap, T/0 2 ° t+T/O V0T gf Dty

1

The LDREF is then

1 [p-0)- DB Ds

where 3 = —DV1Inp + % is the “sampled drift”. Note that the LDRF has a quadratic form.
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=3 [/j-[D_lé]dm—/pv-édm—;/p(ﬁ-D_lﬁ—b-D_lb)dx}.

(B.36a)

(B.36b)

(B.37a)

(B.37b)
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