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We consider problems in the intersection of algebraic geometry and computer vision. In
particular, we study algebraic varieties associated with the camera resectioning problem.
We characterize these resectioning varieties’ multigraded vanishing ideals using Gröb-
ner basis techniques. As an application, we derive and re-interpret celebrated results in
geometric computer vision related to camera-point duality. We also clarify some rela-
tionships between the classical problems of optimal resectioning and triangulation, state
a conjectural formula for the Euclidean distance degree of the resectioning variety, and
discuss how this conjecture relates to the recently-resolved multiview conjecture. Addi-
tionally, we work toward a compactification of the moduli of camera pairs that allows for
a continuous geometric interpolation between concentric and non-concentric pairs. Fur-
thermore, we give a new construction of the space of essential matrices from first prin-
ciples. This construction enables us to re-prove the fundamental results of Demazure
and to re-prove the recent description of the essential variety due to Kileel–Fløystad–
Ottaviani. We also describe a new five-point solver for generic data based upon generic
Gröbner bases for symmetric bilinear forms. Finally, we perform some intersection-
theoretic calculations to provide basic geometric invariants of the classical multiview
variety as well as the universal imaging variety.
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Chapter 1

INTRODUCTION

1.1 History and motivation

Computer vision finds its origin in photogrammetry, dating back to the late 1800s. Pho-
togrammetry’s original goal was to recover data from photographs in order to model
coastlines and other geographic areas that were otherwise inaccessible by standard car-
tographic methods. To this day, computer vision algorithms use techniques from pho-
togrammetry to model three-dimensional objects such as coastlines, architecture, and
historical articafts (see Figure 1.1).

Figure 1.1: The “Cellini bell” (left) and a 3-D reconstruction (right).
Images © Factum Foundation.

Two classical questions arising in multi-view geometry are those of triangulation and
resectioning.

Question 1.1.1 (Triangulation). Given a three-dimensional object or scene and multiple
images of it, can we determine the (relative) positions of the cameras in the world?

Question 1.1.2 (Resectioning). Given multiple images as well as (relative) camera loca-
tions, can we reconstruct the scene or object being photographed?
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Questions in computer vision have long-since been modeled by projective geometry,
which led to the development of multi-view geometry. One can even argue that projective
geometry was invented with the purpose of solving problems in computer vision, since
projective spaces were created to model linear perspective.

P

c

q

qc ∩ P

Figure 1.2: A pinhole camera.

A classical projective pinhole camera is modeled by
choosing a camera center c ∈ P3 and an image plane
P ⊂ P3. The image of another point in the world,
say q ∈ R3, is the point of intersection, qc ∩ P (see
Figure 1.2). As we will see in section 1.2, this model
can be mathematically formalized as a linear pro-
jection A : P3 99K P2. Every A is undefined at ex-
actly one point which we call the camera center. We
call points in P3 world points and points in im(A)

image points.

In this framework, answering the questions of tri-
angulation and resectioning boils down to charac-
terizing the point correspondences of a collection of cameras or world points. For example,
locating a world point q given two cameras A1, A2 is equivalent to locating its image
points A1(q), A2(q) and intersecting the lines A1(q)c and A2(q)c (see Figure 1.3).

c1 c2

q

A1(q)
A2(q)

Figure 1.3: A point correspondence, (A1(q), A2(q)) ∈ P2 × P2 between two pinhole cameras, A1

and A2.
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1.2 Basics of algebraic vision

1.2.1 Definitions

We now introduce the basic definitions used to model multi-view geometry questions
algebro-geometrically.

Note 1.2.1. One can define pinhole cameras and multiview configurations relatively over
any given scheme S, which is necessary for defining the functor Cam◦

n : Sch/S → Set in
[LV20]. We omit the details of relativization here, and, for intuition, we work over R or
C throughout unless otherwise noted.

Definition 1.2.2 (Projective pinhole cameras). A (projective) pinhole camera is a linear pro-
jection

A : P3 99K P2

given by a full-rank 3× 4 matrix in P(M3×4) (or, equivalently, three linearly independent
sections of OP3(1)). The center of A is the unique point c ∈ P3 at which A is undefined.

We say a camera is finite if c does not lie on the plane at infinity x3 = 0.

Definition 1.2.3 (Multiview configurations). A multiview configuration (or camera configu-
ration) of length n is a tuple

A = (A1, . . . , An) : P3 99K (P2)n.

We often denote the center of Ai as ci for each i.

Note 1.2.4. In two views, we call the line ℓ = c1c2 the epipolar line. The epipoles e1, e2 are
the images of each center in the other camera’s image plane; i.e. the intersections of ℓ
with the image plane.

Definition 1.2.5 (Pinhole camera isomorphisms). An isomorphism between multiview
configurations A and A′ of length n is an automorphism α ∈ PGL4 such that Ai = A′

i ◦ α

for all 1 ≤ i ≤ n. That is, α fits into a commutative diagram

P3

(P2)n

P3

α ∼

A

A
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Definition 1.2.6 (Multiview varieties). The multiview variety, or joint image, of a camera
configuration of length n is MVn(A) := im(A) ⊂ (P2)n (where X denotes the Zariski
closure of X in its ambient space). A point in MVn(A) is called a point correspondence.

Notation 1.2.7. For consistency with [Aga+23], we often denote MVn(A) as Γm,1
Ā,p.

To conclude this section, we rephrase Questions 1.1.1 and 1.1.1 in this new language.

Question 1.2.8 (Triangulation rephrased). Given a (known) multiview configuration Ā =

(A1, . . . , Am) and their corresponding image points p = (p11, . . . , pmn) of a(n unknown)
tuple of world points q = (q1, . . . , qn), can we determine the world point positions?

Question 1.2.9 (Resectioning rephrased). Given a (known) tuple of world points q̄ =

(q1, . . . , qn) in the world and their corresponding image points p = (p11, . . . , pmn) under
a(n unknown) multiview configuration A = (A1, . . . , Am), can we determine the relative
positions of the cameras?

q ∈ P3

c1 (fixed)

p1

c2 (fixed)

p2

Figure 1.4: A triangulation problem (# cameras
= 2, # world points = 1).

c ∈ P3

q1 (fixed)

p1

q2 (fixed)

p2

Figure 1.5: A resectioning problem (# cameras
= 1, # world points = 2).

1.2.2 Relevant results

In this section we include various results from [LV20], which give one the hope that other
results in vision can be proven with similar functorial methods.

Definition 1.2.10 (The moduli space of camera configurations, [LV20]). The functor of
length-n camera configurations, denoted Cam◦

n, has value over a scheme S the set of iso-
morphism classes of general relative multiview configurations of length n.

Remark 1.2.11. See [LV20, Def. 2.25, Def. 2.27] for the technical definition of a general
relative multiview configuration of length n. For our purposes, the reader can imagine it to
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be a multiview configuration of length n, as defined above, whose centers are pairwise
distinct.

Proposition 1.2.12 ([LV20]). Two multiview configurations A and A′ are isomorphic if and
only if their multiview varieties are equal as subschemes of (P2)n.

The following is the main theorem of [LV20], which expands on the main theorem of
[AST13].

Theorem 1.2.13 ([LV20]). There are smooth irreducible varieties Cam◦
n and CalCam◦

n parametriz-
ing general n-view camera configurations and n-view calibrated camera configurations, respec-
tively.

1. The variety Cam◦
n has dimension 11n − 15. For all n > 1, sending a configuration to its

joint image defines a locally closed embedding

Cam◦
n ↪→ Hilb(P2)n .

If n > 2 then this morphsim is an open immersion, so that Cam◦
n is identified with an open

subscheme of the smooth locus of Hilb(P2)n .

2. The variety CalCam◦
n has dimension 6n − 7. For all n > 1, there is a natural locally closed

embedding
CalCam◦

n ↪→ HilbC1×···×Cn⊂(P2)n .

(where the latter is a diagram Hilbert scheme). If n > 2 then this morphism is an open
immersion.

3. The natural decalibration morphism νn : CalCam◦
n → Camn is finite, proper, and unrami-

fied. The morphism ν2 is an étale cover of its image with general fiber of order 2. For n > 2
the morphism νn is generally injective but not injective.

1.3 Organization

I have found my time studying algebraic vision to be hugely edifying to my mathemat-
ical maturity and abilities. In particular, the framework of studying problems specific
to computer vision gave me the confidence to learn more about topics in algebraic ge-
ometry that were previously intimidating. For instance, the mathematics discussed in
this thesis ranges from standard Gröbner basis methods and ideal-theoretic results to
discussion of moduli spaces and quotient stacks. One way to view this document is as a



6

tasting platter of the algebraic geometry one can employ to explore, conceptualize, and
prove theorems related to problems in computer vision.

The main chapters are organized by topic, as follows: Chapter 2 is a (very slightly edited)
version of recent joint work with Erin Connelly and Timothy Duff in [CDL23]. Chapter 3
details the insights I have gained in a long-term effort to provide a geometrically intuitive
compactification of the moduli space Cam◦

2 . In Chapter 4, I review and restructure the
results and techniques regarding the essential variety. This chapter is based in large part
on work of Benjamin Antieau, Max Lieblich, Bianca Viray, and Lucas Van Meter, which
can be found in the thesis of Van Meter [Van19]. Chapter 5 provides some results regard-
ing the intersection theory of various mathematical objects arising in classical algebraic
vision questions.
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Chapter 2

CAMERA RESECTIONING AND CARLSSON-WEINSHALL
DUALITY

The work in this chapter is joint with Timothy Duff and Erin Connelly, and is almost
entirely identical to the contents of [CDL23].

2.1 Introduction

The dramatis personae of the classical pinhole camera model are a full-rank 3 × 4 matrix
A representing a camera, a 4 × 1 matrix q representing a world point, and a 3 × 1 matrix
p representing its projection into an image. Image formation may be understood via the
projective-linear map

A : P3 99K P2

q 7→ Aq,
(2.1)

and we write Aq ∼ p if these two vectors represent the same point in P2. The center of
the camera A is the unique point where the map (2.1) is undefined.

The pinhole camera, despite its simplicity, remains a good model of physical cameras.
This explains its importance in modern computer vision applications such as structure-
from-motion (SfM) and Simultaneous Localization and Mapping (SLAM). On the other
hand, classical problems associated with 3D reconstruction have been studied long be-
fore the advent of computers, and the role played by algebraic methods in their solution
has long been apparent. For instance, Hesse in 1863 formulated the problem of con-
structing two homographic configurations of 7 lines in space, each prescribed to pass
through a configuration of 7 points in a plane [Hes63]. Hesse’s reduction of this prob-
lem to computing the roots of a cubic equation may be understood as an early instance of
the so-called 7 point algorithm. Similarly, Grunert’s 1841 “3D Pothenot problem" [Gru41]
is known nowadays as the perspective 3-point (P3P) problem, and his general strategy
reducing the problem to a quartic equation remains in use today.
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In recent years, the name algebraic vision [KK22] has been coined to describe a body
of interdisciplinary research in which notions from algebra and vision flow freely. To
date, algebraic vision has largely focused on problems which we refer to as the full
reconstruction problem and triangulation.

In the full reconstruction problem, we are given a collection of image points p̃11, . . . , p̃mn,
and our task is to recover a set of cameras A1, . . . , Am and world points q1, . . . , qn that is
consistent with these observations. Hesse’s solution treats the “minimal" case (m, n) =
(2, 7). Today, there are many works which solve analogous minimal problems which can
be used effectively in SfM pipelines (see eg. [Lar+18; Duf+19b; Duf+20; KBP08; LAO17].)

In triangulation, we are given not only image points, but also the cameras that produced
them, Ā1, . . . , Ām. We need only recover one or more unknown world points. Already for
m = 2, an exact solution to this problem will typically not exist, due to the fact that the
lines in P3 projecting to generic image points under Ā1, Ā2 will be skew. Nevertheless,
algebraic methods have led to a wealth of knowledge about the triangulation problem.
For example, the multiview ideal associated to Ā1, . . . , Ām gives rise to a complete set of
algebraic constraints on any m-tuple of image points they produce. There is a consider-
able literature related to multiview ideals [APT21; AST13; FM95; HÅ97]. Theorem 2.2.3
collects some important previous results.

Often regarded as being “dual" to triangulation is the problem of camera resectioning.
Here, we assume n image points are given along with the configuration of world points
q̄ = (q̄1, . . . , q̄n) ∈ (P2)n from which they were produced by a single unknown camera A.
Grunert’s 1841 paper gives a minimal solution for (m, n) = (1, 3) under the assumption
that A is Euclidean. Without this assumption, A is a general 3 × 4 matrix, and we need
n ≥ 6.

2.1.1 Results and organization

In this chapter, we aim to bring the general resectioning problem up-to-speed with the
latest developments in algebraic vision. In Section 2.2, after recalling some previous
results about multiview varieties, we state our first main result, Theorem 2.2.6. This
characterizes a complete set of algebraic constraints for the resectioning problem, under
the genericity assumption that no four of the given world points are coplanar. These
constraints are given by k-linear polynomials for 6 ≤ k ≤ 12 which generate the resec-
tioning ideal I(Γm,n

q̄,p ) (Definition 2.2.1). Our work is a natural continuation of recent work
by Agarwal et al. [Aga+23], and we resolve three of its open questions. For instance, The-
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orem 2.2.6 resolves [Aga+23, §8.1, Q4] for generic q̄ by determining a universal Gröbner
basis for I(Γm,n

q̄,p ).

We note that resectioning ideals have several pleasant properties from the point of view
of commutative algebra: namely, for generic q̄ ∈

(
P3)n,

1. For fixed m and n, resectioning ideals are homogeneous with respect to a natural
Zmn-grading, and have the same Zmn-graded Hilbert function as long as no four
points are coplanar. Proposition 2.2.7 implies that this Hilbert function may be ob-
tained by specializing a combinatorial formula of Li [Li18, Theorem 1.1], based on
the inclusion-exclusion rule. Our ideal-theoretic result also considerably strength-
ens Li’s set-theoretic description, and reduces the degrees of the equations that are
needed.

2. The multidegrees of resectioning ideals are always equal to 1. A geometric expla-
nation of this phenomenon follows along the lines explained in [Bre+23, §4]. See
also [CCM23, Theorem 4.2] for an explanation using multigraded Rees algebras.

3. For any monomial order <, the initial ideal in<(I(Γm,n
q̄,p )) and the multigraded

generic initial ideal gin<(I(Γm,n
q̄,p )), although not equal as in the case of multi-

view ideals [AST13], are both radical. In particular, I(Γm,n
q̄,p ) belongs to the class of

Cartwright-Sturmfels ideals, recently surveyed by Conca, De Negri, and Gorla [CDG22].

Our first basic insight is that the projection of a point q ∈ P3 under a pinhole camera
A : P3 99K P2 may be viewed as the projection of a point vec(A) ∈ P11 under what we
call a “hypercamera" Q : P11 99K P2. This is reminiscent, and in fact a generalization, of
a well-studied principle in computer vision known as Carlsson-Weinshall duality [CW98].
This is the subject of Section 2.3. Our Theorem 2.3.5 develops a reduced analogue of
the “atlas" of algebraic varieties proposed in [Aga+23]. This addresses [Aga+23, §8.2,
Q2]. The reduced joint image and its dual, recently studied by Trager, Ponce, and Hebert,
are two members of this atlas. Carlsson-Weinshall duality amounts to a simple linear
isomorphism between these two varieties. In Example 2.2.8 and Section 2.3.2, we explain
how our perspective unifies previous approaches to resectioning constraints in the com-
puter vision literature [CW98; THP19; Qua95; Sch+00], which can all be obtained from
the ideal I(Γm,n

q̄,p ) by specialization.

Theorem 2.3.6 in Section 2.3.2 shows that reduced resectioning varieties for generic point
configurations are scheme-theoretically cut out by bilinear forms. This stands in stark
contrast to the high degree polynomials in Theorem 2.2.6, whose proof we complete
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Figure 2.1: Two reduced cameras viewing three 3D points (left) are Carlsson-Weinshall dual to
three reduced cameras viewing two 3D points (right). See Section 2.3.1 for details.

in Section 2.4. Finally, in Section 2.5, we address [Aga+23, §8.1, Q6] by investigating
the Euclidean distance degree of the resectioning variety in affine pixel coordinates. This
is a number that quantifies the algebraic complexity of a natural Euclidean distance
optimization formulation of the camera resectioning problem. Our main contribution,
based on evidence supplied by computational experiments, is Conjecture 2.5.1, giving
a formula for this quantity as a cubic polynomial in n. The statement is analogous to,
and inspired by, the multiview conjecture, recently resolved by Maxim, Rodriguez, and
Wang [MRW20]. We conclude with a short discussion in Section 2.6.

2.1.2 Notation and conventions

Our notation largely follows that established in [Aga+23]. Our basic algebro-geometric
objects are affine and projective varieties over the field of complex numbers C. The sym-
bol Pn denotes complex n-dimensional projective space, which we may also identify with
the projectivization P(V) of any (n + 1)-dimensional complex vector space V. As in the
introduction, known quantities will usually be designated with a bar •̄. This bar is also
used to denote the Zariski closure of a set: its usage will be clear from the context. If
we wish to emphasize that given quantities in certain scenarios may be “noisy" due to
deviations from the pinhole model or erroneous measurements, we instead use •̃.



11

2.2 Resectioning vs triangulation

Let us recall a “universal" version of the imaging map (2.1). This is the map which sends
m cameras A1, . . . , Am ∈ P

(
HomC(C4, C3)

) ∼= P11 and n points q1, . . . , qn ∈ P3 to mn
points in P2. The graph of this rational map is an incidence correspondence, dubbed the
image formation correspondence in [Aga+23],

Γm,n
A,q,p = {(A, q, p) ∈ (P11)m × (P3)n × (P2)mn | Aiqj ∼ pij ∀i ∈ [m], j ∈ [n]}. (2.2)

Given a generic camera arrangement Ā = (Ā1, . . . , Ām) ∈
(
P11)m , one may also consider

the associated multiview variety. In the notation of [Aga+23], this may be defined as

Γm,n
Ā,p = {p ∈ (P2)mn | (Ā, q, p) ∈ Γm,n

A,q,p for some q ∈
(

P3
)n

}. (2.3)

Multiview varieties and their vanishing ideals are well-understood objects. Our present
study of camera resectioning is based on the following definition, which parallels (2.3)
in that the role of cameras and 3D points are switched.

Definition 2.2.1 (Resectioning variety/ideal). The m-camera resectioning variety associ-
ated to a given point arrangement q̄ ∈

(
P3)n is the multiprojective variety

Γm,n
q̄,p =

{
p ∈

(
P2
)mn

| (A, q̄, p) ∈ Γm,n
A,q,p for some A ∈

(
P11
)m}

. (2.4)

The vanishing ideal I(Γm,n
q̄,p ) is the resectioning ideal of q̄.

Remark 2.2.2. It turns out that Γm,n
q̄,p = (P2)mn if and only if n < 6, assuming q̄ ∈

(
P3)n is

sufficiently generic. Thus we assume n ≥ 6 throughout this section.

To better explain the analogy between resectioning and triangulation, we collect several
previous results about the multiview ideals I(Γm,n

Ā,p) in Theorem 2.2.3 below. Our first
main result, Theorem 2.2.6, involves certain multilinear focal polynomials which belong
to the resectioning ideal I(Γm,n

q̄,p ). These are structurally very similar to the classically-
known focal polynomials belonging to I(Γm,n

Ā,p). We briefly recall a derivation of these

constraints. Suppose we are given a camera arrangement Ā ∈
(
P11)n. Consider a generic

point
(Ā, q, p) = (Ā1, . . . , Ām, q1, . . . , qn, p11, . . . , pmn) ∈ Γm,n

A,q,p.

Fixing representatives for this point in homogeneous coordinates, there exist nonzero
scalars λ11, . . . , λmn ∈ C which satisfy the equations

Āiqj = λij pij, 1 ≤ i ≤ m, 1 ≤ j ≤ n. (2.5)
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From these conditions, one may obtain certain multilinear polynomials in Āi, pij alone,
known in various sources as k-focals or k-multilinearities. Specifically, for each j =

1, . . . , n and any subset σ = {σ1, . . . , σk} ⊂ [m] of size ≥ 2, the matrix
Āσ1 pσ1 · · · 0

...
...

. . .
...

Āσk 0 · · · pσk

 (2.6)

must be rank-deficient. The maximal (4 + k)× (4 + k) minors of these matrices are the
k-focals associated with the camera arrangement Ā.

In Theorem 2.2.3, we collect several previous results which make the relationship be-
tween Γm,n

Ā,q,p and the k-focals more precise. These results impose progressively stronger
genericity assumptions on the camera arrangement Ā.

Theorem 2.2.3. Let Ā = (Ā1, . . . , Ām), for m ≥ 2, be a fixed camera arrangement.

1. [AST13, Theorem 2.1] If all maximal 4 × 4 minors of the matrix
[

ĀT
1 · · · ĀT

m

]
are

nonzero, then the k-focals for k ∈ {2, 3, 4} form a universal Gröbner basis for I(Γm,n
Ā,p).

2. [APT21, Theorem 3.7] If Ā is such that the camera centers are distinct, then the k-focals
for k ∈ {2, 3} generate the vanishing ideal I(Γm,n

q̄,p ).

3. [APT21, Theorem 5.6] If Ā is such that the camera centers are distinct and do not lie in a
common plane, then the 2-focals determine Γm,n

q̄,p as a subscheme of
(
P2)mn.

Turning now to camera resectioning, suppose we are instead given q̄ ∈
(
P3)n. Similar

to (2.5), we wish to obtain conditions involving only q̄j and pij from

Aiq̄j = λij pij, 1 ≤ i ≤ m, 1 ≤ j ≤ n. (2.7)

To obtain these conditions, we may apply a well-known identity involving the matrix
Kronecker product, denoted ⊗, and the vectorization operator vec(•), which stacks the
columns of a matrix vertically.

Proposition 2.2.4 (See eg. [HJ94, p252, Exercise 22]). For any M ∈ Cq×r, N ∈ Cr×s,

vec (MN) = (Is×s ⊗ M) vec (N) , (2.8)

where Is×s ∈ Cs×s is the identity matrix.
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We apply this identity with M = q̄⊤j and N = A⊤
i . For the 3 × 12 matrix I3×3 ⊗ q̄⊤j , we

introduce the notation

Q̄j := I3×3 ⊗ q̄⊤j =

q̄⊤j 0 0
0 q̄⊤j 0
0 0 q̄⊤j

 . (2.9)

Combining (2.7) and Proposition 2.2.4, we deduce that

Q̄j vec
(

A⊤
i

)
= λij pij, 1 ≤ i ≤ m, 1 ≤ j ≤ n.

Equivalently, for each i = 1, . . . , m we have


Q̄1 pi1 · · · 0
...

. . .
...

Q̄n 0 · · · pin




vec(A⊤
i )

−λi1
...

−λin

 =


0
...
0

 .

Thus, if p ∈ Γm,n
q̄,p , then we have the rank constraints

rank


Q̄1 pi1 · · · 0
...

...
. . .

...
Q̄n 0 · · · pin

 < 12 + n. (2.10)

We observe that this rank constraint is equivalent to the vanishing of all maximal (12 +
n)× (12+ n) minors. These minors are homogeneous polynomials in the entries of each
Q̄i and pij; indeed, for any nonzero scalars c1, . . . , cn, c′1, . . . , c′n,

rank


c1Q̄1 c′1pi1 · · · 0

...
...

. . .
...

cnQ̄n 0 · · · c′n pin

 = rank


Q̄1 c−1

1 pi1 · · · 0
...

...
. . .

...
Q̄n 0 · · · c−1

n pin



= rank


Q̄1 pi1 · · · 0
...

...
. . .

...
Q̄n 0 · · · pin

 . (2.11)

One may of course consider such rank constraints not only for 3 × 12 matrices of the
form (2.9), but for any given arrangement of surjective linear maps,

B̄j : P11 99K P2, j = 1, . . . , n,
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represented by generic 3 × 12 matrices. To prevent confusion with cameras Ai, we refer
to each B̄j as a hypercamera. We denote a general arrangement of hypercameras by B̄ =

(B̄1, . . . , B̄n) ∈
(
P35)n. However, we instead write Q̄ to denote the special hypercamera

arrangement associated to a point arrangement q̄ ∈
(
P3)n by the rule (2.9).

Let us also note that rank constraints analogous to (2.10) hold for any subset of at least
6 world points and their corresponding images. This motivates the following definition,
as well as the statement of our first result.

Definition 2.2.5 (k-focal, focal ideal). Fix a hypercamera arrangement B̄ = (B̄1, . . . , B̄n) ∈(
P35)n. For any set {σ1, . . . , σk} ⊂ [n] of size k ≥ 6 and an index i ∈ [m], a k-focal

polynomial is any maximal (12 + k)× (12 + k) minor of the 3k × (12 + k) matrix
B̄σ1 piσ1 · · · 0

...
...

. . .
...

B̄σk 0 · · · piσk

 . (2.12)

From context, it will be clear whether “focals" refers to the polynomials in Definition 2.2.5
or their triangulation counterparts. The ideal in C[p] generated by all k-focals, 6 ≤ k ≤ m,
is the m-camera focal ideal Im(B̄). For a given point arrangement q̄, we define its focal
ideal Im(q̄) to be the focal ideal Im(Q̄) for the associated hypercamera arrangement Q̄.

Theorem 2.2.6. Let m, n ≥ 1 be integers. For any point arrangement q̄ ∈ (P3)n such that no
four points are coplanar, we have

I(Γm,n
q̄,p ) = Im(q̄),

and the set of all k-focals for 6 ≤ k ≤ 12 forms a universal Gröbner basis for this ideal.

Theorem 2.2.6 is the resectioning analogue of Theorem 2.2.3 part (1). Directly adapting
the proof of this result is not straightforward. This is because Q̄ is a very special hy-
percamera arrangement. Nevertheless, the noncoplanarity hypothesis in Theorem 2.2.6
ensures that Q̄ is generic enough for Gröbner basis arguments to be applied.

In the setting of triangulation, we note that the range of interesting focals 2 ≤ k ≤ 4
is much smaller than in Theorem 2.2.6, and in this setting the k-focals correspond to
well-understood objects in multiview geometry—namely, fundamental matrices, trifocal
tensors, and quadrifocal tensors [HZ04, cf. Ch. 17]. It would seem that the k-focals
for resectioning are less well-understood. Nevertheless, in Example 2.2.8, Section 2.3.2,
we observe that they do specialize to “dual" multiview constraints appearing in the
literature.
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As a warm-up, we establish a set-theoretic variant of Theorem 2.2.6. By analogy with (2.3),
let us define for any hypercamera arrangement B̄ ∈

(
P35)n the variety Γn,m

B̄,p to be the

closed image of the associated imaging map
(
P11)m

99K
(
P2)mn . In other words, Γn,m

B̄,p is
a hypercamera version of the multiview variety. When B̄ = Q̄, we have the following
result.

Proposition 2.2.7. Fix q̄ = (q̄1, . . . , q̄n) ∈ (P3)n with no four q̄i coplanar. Then

Γn,m
Q̄,p = Γm,n

q̄,p = V(Im(q̄)).

Proof. It is relatively straightforward to prove the inclusions

Γn,m
Q̄,p ⊂ Γm,n

q̄,p ⊂ V(Im(q̄)),

so we focus on the harder inclusion V(Im(q̄)) ⊂ Γn,m
Q̄,p. This is also where we need the

noncoplanarity assumption. Consider any point

p ∈ V(Im(q̄)).

We will construct a sequence of points (p(k)) ∈ Γn,m
Q̄,p converging to p. To simplify notation

in what follows, we consider the case m = 1. When m > 1, the same construction applies
component-wise. We write pi in place of p1i, so that the kernel of the matrix

Q̄1 p1 · · · 0
...

. . .
...

Q̄n 0 · · · pn


contains a point v = [v1 : · · · : v12+n] ∈ P11+n. Let us fix homogeneous coordinates for
p1, . . . , pn, q̄1, . . . , q̄n, v. We define

A =


v1 · · · v4
...

. . .
...

v9 · · · v12

 , λj = −v12+j.

Let us first observe that the matrix A is nonzero, for otherwise we would have

λj pj = Aq̄j = Q̄j vec(A⊤) = 0 ⇒ λj = 0

for all j, contradicting the fact that v ̸= 0. Next, observe that at most three of the λj can
be zero: otherwise, four of the points q̄j would lie in some plane containing the kernel
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of A, contradicting our hypothesis that q̄ is noncoplanar. It follows that we can find a
nonzero 3 × 4 matrix A′ with A′q̄j = pj for each j with λj = 0. Fix such a matrix A′. We
now construct the desired sequence (p(k))k≥1. Set

A(k) = A + (1/k)A′,

p(k)j = A(k)q̄j, j = 1, . . . , n.

To show convergence, note that when λj = 0 we have

p(k)j = (1/k)A′q̄j ∼ A′q̄j = pj.

For λj ̸= 0 we attain pj in the limit as k → ∞, since

p(k)j = Aq̄j + (1/k)A′q̄j → Aq̄j ∼ pj.

In summary, we have found for any point p ∈ V(Im(q̄)) a sequence of points (p(k)) ∈
Γn,m

Q̄,p converging to p. Since Γn,m
Q̄,p is closed in the Euclidean topology, we deduce the

needed inclusion: V(Im(q̄)) ⊂ Γn,m
Q̄,p.

We conclude this section with the simplest interesting example of a resectioning variety.

Example 2.2.8. For m = 1 camera and a generic point arrangement q̄ = (q̄1, . . . , q̄6) ∈(
P3)n , the resectioning variety Γ1,6

q̄,p is a hypersurface in
(
P2)6 . Applying a suitable per-

mutation to the rows of the 6-focal matrix, this hypersurface has an 18× 18 determinantal
representation,

det



q̄T
1 p1[1]
...

. . .
q̄T

6 p6[1]
q̄T

1 p1[2]
...

. . .
q̄T

6 p6[2]
q̄T

1 p1[3]
...

. . .
q̄T

6 p6[3]



= 0. (2.13)

Out of the 36 = 729 possible terms of a sextilinear form on
(
P2)6, the special struc-

ture of the 6-focal determinant dictates that only (6
2)(

4
2) = 90 can be nonzero. On the
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other hand, Lemma 2.4.3 below shows that applying a general linear change of coor-
dinates to (2.13) has the effect that all 729 possible terms become nonzero. This high-
lights an important distinction between resectioning and multiview ideals—the initial
ideal for generic data q̄ is not the same as the Z6-graded Borel-fixed generic initial ideal
(cf. [AST13, §3].) Letting < denote the lexicographic order with p6[3] < p6[2] < p6[1] <
p5[3] < · · · < p1[1], we have

in<(I(Γ1,6
q̄,p) = ⟨p1[1]p2[1]p3[2]p4[2]p5[3]p6[3]⟩,

gin<(I(Γ1,6
q̄,p) = ⟨p1[1]p2[1]p3[1]p4[1]p5[1]p6[1]⟩.

(2.14)

Interestingly, (2.13) also has several smaller determinantal representations. Many of
these may be obtained from (2.13) using Schur complements. For example, we have
the 12 × 12 determinantal representation

(p1[3] · · · p6[3])
−1 det



p1[3]q̄T
1 −p1[1]q̄T

1
...

...
p6[3]q̄T

6 −p6[1]q̄T
6

p1[3]q̄T
1 −p1[2]q̄T

1
...

...
p6[3]q̄T

6 −p6[2]q̄T
6


= 0. (2.15)

The 6-focal determinant also has a 6 × 6 determinantal representation, which specializes
to (2.26) below after fixing q̄1, . . . , q̄4, p1, . . . , p4. This is the classical form of the con-
straint appearing in works such as [Qua95; CW98]. Finally, we note that Schaffilitzky et
al. [Sch+00] derive a 3 × 3 determinantal constraint relating 3D points and their 2D pro-
jections that is linear in a distinguished image point p6. Theorem 2.2.6 implies that their
determinant is a multiple of the 6-focal determinant. Notably, Schaffilitzky et al. use
their constraint to solve the minimal problem of reconstructing 6 points from 3 views.
Earlier works, eg. [CW98], had already observed that this problem is equivalent to the
classical 7 point problem in 2 views. This equivalence follows from the principle of
Carlsson-Weinshall duality, which we revisit in the next section.

2.3 Carlsson-Weinshall duality revisited

Recall the image formation variety Γm,n
A,q,p from (2.2). Previous work of Agarwal et

al. [Aga+23] explains how the problems of reconstruction, triangulation, and resectioning
may all be understood in terms of slicing and projection operations on this variety. The
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relationships between the varieties produced by these operations are summarized in
a diagram designated as an atlas for the pinhole camera. One striking feature of the
atlas’s appearance is the apparently symmetric roles of cameras in P11 and world points
in P3. A simple explanation for this phenomenon is as follows: for a given camera
center c ∈ P3, world point q ∈ P3, and image plane L ∈ Gr(P2, P3), we obtain the same
projected point on L whether we project c through q or project q through c. If we want
to express this symmetry in terms of camera matrices instead of camera centers, one
approach is to introduce coordinates on the image plane. Indeed, there are an additional
dim PGL3 = 8 = 11 − 3 degrees of freedom in choosing projective coordinates on L.
A particular choice of coordinates leads directly to the framework of Carlsson-Weinshall
(CW) duality from the multiview geometry literature.

In this section, we point out that several world-to-image point constraints which were
previously discovered using CW duality arise naturally as specializations of our focal
constraints. We also show in Theorem 2.3.5 that Carlsson-Weinshall duality gives rise to
a rational quotient of the image formation correspondence, and develop a reduced version
of the atlas that better explains the symmetry between cameras and world points—
see Figure 2.3.

A direct application of the focal constraints described in Section 2.2 arises naturally in the
setting of Carlsson-Weinshall (CW) duality. In the eponymous authors’ celebrated work,
CW duality is described as the notion that “problems of [resectioning] and [triangulation]
from image data are... dual in the sense that they can be solved with the same algorithm depending
on the number of [world] points and cameras” [CW98].

In this section, we develop CW duality in the context of a reduced atlas, analogous to that
of [Aga+23], which makes the symmetry between cameras and 3D points evident. The-
orems 2.3.5 and 2.3.6 explain how nodes in this atlas arise as rational quotients of their
non-reduced counterparts. The latter result also includes an analogue of Theorem 2.2.6:
the reduced resectioning variety is cut out scheme-theoretically by bilinear forms for a
sufficiently generic point configuration.

Remark 2.3.1. Recent work by Trager, Hebert, and Ponce [THP19] demonstrates that the
exact coordinates of the camera centers and world points are not essential features of
CW duality, contrary to the original setup. For simplicity, we state the main results of
this section with respect to the conventional projective frame defined in (2.20).
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2.3.1 Geometric formulation

For m cameras and n world points, we define the reduced image formation correspondence
to be the variety

Pm,n
a,q,p = {(a, q, p) ∈ (P3)m × (P3)n × (P2)mn | A(ai) · qj ∼ pij ∀i ∈ [m], j ∈ [n]}, (2.16)

where for ai = [ai1 : ai2 : ai3 : ai4] ∈ P3 we define

A(ai) =

ai1 0 0 ai4

0 ai2 0 ai4

0 0 ai3 ai4

 . (2.17)

When A(ai) is of full rank, we call it the reduced camera matrix associated to the point ai.
The center of a reduced camera matrix A(ai) is C(ai), where C is the quadratic Cremona
involution

C : P3 99K P3

[a1 : a2 : a3 : a4] 7→ [1/a1 : 1/a2 : 1/a3 : −1/a4]. (2.18)

Note that C(ai) is defined exactly when at most one aij is zero, or equivalently, when
A(ai) is a full-rank camera matrix with a well-defined center.

The key observation of Carlsson-Weinshall duality is expressed by the symmetric roles
of a 3D point qj and a reduced camera A(ai) in image formation:

A(ai)qj = A(qj)ai ∀i = 1, . . . , m, j = 1, . . . , n. (2.19)

The special form of the reduced camera matrix arises from fixing a projective basis in
each image and a partial projective basis in the world. We adopt the notation of [HZ04,
Ch. 16]:

E1 = [1 : 0 : 0 : 0], e1 = [1 : 0 : 0],

E2 = [0 : 1 : 0 : 0], e2 = [0 : 1 : 0],

E3 = [0 : 0 : 1 : 0], e3 = [0 : 0 : 1],

E4 = [0 : 0 : 0 : 1], e4 = [1 : 1 : 1],

E5 = [1 : 1 : 1 : 1]. (2.20)

Each set of four points E1, . . . E4 ∈ P3, e1, . . . , e4 ∈ P3 is said to span a reference tetrahedron
in P3. The geometry relating these points and the Cremona transformation C can be
appreciated in Figure 2.2.
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q

c

Figure 2.2: Four fixed points E1, . . . , E4 ∈ P3 determine a reference tetrahedron. They project
through the camera center c ∈ P3 to the four points e1, . . . e4 ∈ P2. The Cremona transformation C
maps the line through c and q to the unique twisted cubic passing through C(q), C(c), E1, . . . , E4.

Given a camera of the form A = A(a), a ∈ P3, we have that A(a)Ei = ei for i = 1, . . . , 4.
The converse is true as well; that is, a camera matrix takes the reduced form (2.17) if
and only if it sends Ei to ei for each i = 1, . . . , 4. As we will soon demonstrate, there
is a rational group action by an algebraic group Gm on Γm,n+4

A,q,p for which each Gm-orbit,
where defined, contains a unique element of Pm,n

a,q,p. That is, Pm,n
a,q,p can be thought of as a

kind of quotient of the general image formation correspondence. Theorem 2.3.5 makes
this precise using the notion of a rational quotient. In this reduced setting, the roles of
camera centers and world points are manifestly symmetric: a point (a, q, p) ∈ Pm,n

a,q,p is
also a point in Pn,m

a,q,p after swapping the a and q factors. By this observation, we then get
the isomorphism Pm,n

a,q,p ≃ Pn,m
a,q,p.

Just as a point in Γm,n
A,q,p can be thought of as a configuration of cameras and points, a

point in Pm,n
a,q,p can be thought of as such a configuration up to certain coordinate changes.

More precisely, points in Pm,n
a,q,p correspond to orbits in Γm,n

A,q,p under the action of a group
Gm consisting of coordinate changes in the world and each of the m images. Up to this
group action, we may assume the image planes L1, . . . , Lm ∈ Gr(P2, P3) are all equal,
ie. L1 = . . . = Lm. This explains the center image in Figure 2.1.

We now transition into a formal treatment of the notions described above. Define Gm =

(PGL3)
m × Stab PGL4 (E5), an algebraic group of dimension 8m + 12 which acts rationally
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on Γm,n
A,q,p as follows:

Gm × Γm,n
A,q,p 99K Γm,n

A,q,p

(T1, . . . , Tm, S) · (A1, . . . , Am, q1, . . . qn, p11, . . . , pmn) (2.21)

= (T1A1S−1, . . . , Tm AmS−1, Sq1, . . . , Sqn, T1p11, . . . , Tm pmn).

To formalize the intuition that Pm,n
a,q,p is a quotient of Γm,n

A,q,p by Gm, we recall the definition
of a rational quotient as follows.

Definition 2.3.2 (rational quotient). (cf. [Dol03, §6.2].) Let X and Y be irreducible alge-
braic varieties and G an algebraic group acting rationally on X. We say Y is a rational
quotient of X by G, and write X/G ≃Bir Y, if Y is a model for the field of G-invariant
rational functions on X: that is, if there exists an isomorphism C(Y) ∼= C(X)G.

A classical result due to Rosenlicht states that rational quotients always exist over any al-
gebraically closed field (cf. [Dol03, Theorem 6.2].) The following simple lemma provides
sufficient conditions for recognizing a particular class of rational quotients in which the
action yields a birational equivalence of X with G × Y.

Lemma 2.3.3. Let G be an algebraic group acting rationally on an irreducible variety X. For an
irreducible subvariety Y ⊂ X, we have X/G ≃Bir Y if there exists a rational map

µG : X 99K G

x 7→ µG(x)

such that

1. for all x in some dense open subset U ⊂ X such that U ∩Y ̸= ∅, we have that µG(x) = id
if and only if x ∈ Y, and

2. µG(g · x) = µG(x) g−1 for all (g, x) in dense open subset of G × X.

Moreover, these assumptions imply that

X 99K G × Y

x 7→ (µG(x), µG(x) · x)

is a birational equivalence, with a rational inverse given by

G × Y 99K X

(g, y) 7→ g−1 · y.
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Remark 2.3.4. The assumptions of Lemma 2.3.3 imply the map X 99K G × Y is well-
defined:

µG(µG(x) · x) = µG(x)µG(x)−1 = id ⇒ µG(x) · x ∈ Y.

Proof. A function f ∈ C(Y) pulls back to a function h ∈ C(X) defined by h(x) =

f (µG(x) · x) on X. Our assumptions imply h is G-invariant, since

h(g · x) = f (µG(g · x) · (g · x)) = f
(
(µG(x)g−1) · (g · x)

)
= h(x).

Let us write φ∗ : C(Y) → C(X)G. Since Y ⊂ X, we also have the induced map ι∗ :
C(X)G → C(Y). We show that φ∗ and ι∗ are mutual inverses. Taking any function
f ∈ C(Y) and y ∈ Y in its domain of definition, we calculate

ι∗φ∗ f (y) = f (µG(y) · y) = f (y).

Similarly, for any fixed f ∈ C(X)G, the values f (x) and f (µG(x) · x) are defined for a
dense open subset of x ∈ X, for which we compute

φ∗ι∗ f (x) = f (µG(x) · x) = f (x).

This proves X/G ≃Bir Y. The birational equivalence of G×Y and X follows similarly.

Theorem 2.3.5 (CW duality). For any m, n ≥ 0, we have a birational equivalence of varieties

Γm,n+4
A,q,p

∼=Bir Pm,n
a,q,p × Gm,

which yields the following commutative diagram (in which each arrow labeled ∼ is a birational
or biregular isomorphism).

Γm,n+4
A,q,p × (PGL3)

n Γn,m+4
A,q,p × (PGL3)

m

(Pm,n
a,q,p × Gm)× (PGL3)

n (Pn,m
a,q,p × Gn)× (PGL3)

m

Pm,n
a,q,p Pn,m

a,q,p

∼

∼ ∼

∼

∼

This diagram has the following additional properties:
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1. If νm,n denotes any of the horizontal maps, we have νn,m ◦ νm,n = id wherever both maps
are defined.

2. The vertical maps express the reduced image formation variety as a rational quotient of the
image formation correspondence,

Γm,n+4
A,q,p /Gm ≃Bir Pm,n

a,q,p. (2.22)

3. The duality between the problems of exact resectioning and triangulation may be expressed
in terms of this commutative diagram and certain projections: eg., for the bottom row, if
π′

a, π′
q denote the projections from Pa,q,p that forget the a and q factors, then the diagram

below commutes.

(P3)n × (P2)mn

Pm,n
a,q,p Pn,m

a,q,p

(P3)m × (P2)mn

∼

π′
q

π′
a

π′
a

π′
q

Proof. We begin by constructing the maps that yield the rational quotient (2.22). This
part follows by applying Lemma 2.3.3 with X = Γm,n+4

A,q,p , Y = Pm,n
a,q,p, and G = Gm. To

obtain the inclusion Pm,n
a,q,p ⊂ Γm,n+4

A,q,p we define

ι : Pm,n
a,q,p → Γm,n+4

A,q,p

(a1, . . . , am, q1, . . . , qn, p11, . . . , pmn) 7→
(A(a1), . . . , A(am), E1, E2, E3, E4, q1, . . . , qn, e1, e2, e3, e4, p11, . . . , pmn).

To construct the map µGm : Γm,n+4
A,q,p 99K Gm, consider first the map

S : (P3)4 99K StabPGL4(E5)

(q1, . . . , q4) 7→
( [

q1 q2 q3 q4

]
· diag

(
[5234]q, [1534]q, [1254]q, [1235]q

) )−1

,

where each [5234]q, . . . , [1235]q is the determinant of a matrix obtained by replacing
q1, . . . , q4 with E5 in the 4× 4 matrix whose columns are q1, . . . , q4. We verify that S(q1, . . . , q4)

is well-defined and contained in StabPGL4(E5) using linear algebra. To ease notation, we
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write Q =
[

q1 q2 q3 q4

]
and D = diag

(
[5234]q, [1534]q, [1254]q, [1235]q

)
. Rescal-

ing any of the q1, . . . , q4 then rescales the matrix product QD. Using Cramer’s rule, we
calculate that

S(q1, . . . , q4)E5 = D−1 · Q−1E5

= D−1[[5234]q : [1534]q : [1254]q : [1235]q]

= E5.

An analogous calculation verifies that for any S0 ∈ PGL4 we have

S(S0q1, . . . , S0q4) =
(

S0Q · (det(S0))
3 D
)−1

= S(q1, . . . , q4) S−1
0 . (2.23)

Note additionally, that if S0 ∈ StabPGL4(E5), then so also must S(S0q1, . . . , S0q4) ∈
StabPGL4(E5). Similar to our definition of S above, we may define a map

T : (P2)4 99K PGL3

(p1, . . . , p4) 7→
( [

p1 p2 p3

]
· diag

(
[423]p, [143]p, [124]p

) )−1

,

but we replace p1, . . . , p3 by p4 (rather than e4) when forming the expressions [423]p, . . . , [124]p.
Once again, for T0 ∈ PGL3 we have

T(T0p1, . . . , T0p4) = T(p1, . . . , p4) T−1
0 . (2.24)

Finally, we define

µGm : Γm,n+4
A,q,p 99K Gn

(A1, . . . , Am, q1, . . . , qn+4, p11, . . . , pmn) 7→
(T(p11, . . . , p14), . . . , T(p11, . . . , pm4), S(q)).

We check that the two assumptions of Lemma 2.3.3 are satisfied. The map µGm fixes Pm,n
a,q,p

pointwise since T(e1, e2, e3, e4) and S(E1, E2, E3, E4) both act as the identity. Similarly, for
sufficiently generic g ∈ Gm and x ∈ Γm,n+4

A,q,p the assumption that µGm(g · x) = µGm(x) g−1

follows from (2.23) and (2.24).

Thus, we may conclude from Lemma 2.3.3 that we have the rational quotient (2.22),
giving property 2 in the statement of the theorem. Moreover, the lemma implies that
Γm,n+4

A,q,p is birationally equivalent to Pm,n
a,q,p × Gm, which allows us to define the vertical
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maps in the main diagram. To complete the diagram, it suffices to define the bottom-
most map, which is

νm,n : Pm,n
a,q,p → Pn,m

a,q,p

(a1, . . . , am, q1, . . . , qn, p11, . . . pmn) 7→ (q1, . . . , qn, a1, . . . , am, p11, . . . pnm).

Now, to show that νm,n is an isomorphism, we use the symmetric equations (2.19). The
remaining parts of the theorem now follow easily.

Pm,n
ā,q,p Pm,n

a,q,p̄ Pm,n
a,q̄,p

Pm,n
ā,p Pm,n

a,p̄ Pm,n
a,q,p Pm,n

q,p̄ Pm,n
q̄,p

Pm,n
a,p Pm,n

q,p

Pm,n
p

Figure 2.3: An atlas for the reduced pinhole camera, cf. [Aga+23, Figure 1].

The reduced image formation correspondence Pm,n
a,q,p sits at the center of the reduced atlas

depicted in Figure 2.3. Following [Aga+23], we may define the remaining entities in
this figure using slices and projections of the reduced image formation correspondence.
For instance, the varieties Pm,n

a,p and Pm,n
q,p are defined, respectively, as the image under

the coordinate projections π′
q : Pm,n

a,q,p →
(
P3)m ×

(
P2)mn, π′

a :
(
P3)n ×

(
P2)mn appear-

ing in Theorem 2.3.5. Slicing the variety Pm,n
q,p with the coordinate planes defined by

q = q̄, we obtain the reduced resectioning variety Pm,n
q̄,p . Up to Zariski closure, this is the

dual reduced joint image introduced in [THP19]. Theorem 2.3.5 above and Theorem 2.3.6
below illustrate the correspondence between these varieties and their non-reduced coun-
terparts in [Aga+23], and provide an explanation for the vertical symmetry present in
both atlases.
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2.3.2 Algebraic consequences

Readers familiar with multiview geometry will no doubt wonder how the focal con-
straints of Theorem 2.2.6 relate to various “dual multiview constraints", derived by
Carlsson, Weinshall, and others. All of these previously-studied constraints may be in-
terpreted as polynomials vanishing on Pm,n

q̄,p . Specializing the 6-focal constraints to Pm,n
a,q,p,

we obtain

det



E⊤
1 ⊗ I e1

E⊤
2 ⊗ I e2

E⊤
3 ⊗ I e3

E⊤
4 ⊗ I e4

Q̄j1 pij1
Q̄j2 pij2


= 0, ∀i = 1, . . . , m, 1 ≤ j1 < j2 ≤ n. (2.25)

Permuting the rows, (2.25) implies that

det


I12×12

E1 E4

E2 E4

E3 E4

q̄∨j1
q̄∨j2

pij1
pij2


= 0,

and taking the Schur complement, we find

det

[ 03×4 pij1
03×4 pij2

]
−
[

q̄∨j1
q̄∨j2

]  E1 E4

E2 E4

E3 E4


 =

det

[
A(q̄j1) pij1
A(q̄j2) pij2

]
= 0. (2.26)

Equation (2.26) is a bilinear form in pij1 and pij2 , which may be represented by Carlsson
and Weinshall’s 3 × 3 dual fundamental matrix (cf. [CW98, eq. 18]),

0 q̄j1
[2]q̄j2 [1]det

[
q̄j1

[4] q̄j1
[3]

q̄j2 [4] q̄j2 [3]

]
q̄j1

[3]q̄j2 [1]det

[
q̄j1

[2] q̄j1
[4]

q̄j2 [2] q̄j2 [4]

]

q̄j1
[1]q̄j2 [2]det

[
q̄j1

[3] q̄j1
[4]

q̄j2 [3] q̄j2 [4]

]
0 q̄j1

[3]q̄j2 [2]det

[
q̄j1

[4] q̄j1
[1]

q̄j2 [4] q̄j2 [1]

]

q̄j1
[1]q̄j2 [3]det

[
q̄j1

[4] q̄j1
[2]

q̄j2 [4] q̄j2 [2]

]
q̄j1

[2]q̄j2 [3]det

[
q̄j1

[1] q̄j1
[4]

q̄j2 [1] q̄j2 [4]

]
0

 . (2.27)
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This construction yields a total of m(n
2) bilinear equations vanishing on the reduced joint

image Pm,n
q̄,p . A similar application of this Schur complement trick to suitably-chosen 7-

and 8-focals leads to the dual trifocal and quadrifocal tensors (cf. [CW98, §6.3–6.4], [THP19,
§3, 4]).

For a sufficiently generic point configuration q̄ ∈
(
P3)n , it turns out that the reduced

2-focals (2.26) determine Pm,n
q̄,p as a subscheme of

(
P2)mn . Theorem 2.3.6 states precise

genericity conditions such that this occurs. Thus, while equations needed to cut out
Γm,n

A,q,p in a strong sense have very high degree, only bilinear equations are needed to cut
out its quotient Pm,n

a,q,p in a weaker sense. The essential insight is, via Carlsson-Weinshall
duality, that Pm,n

q̄,p is simply the direct product of “ordinary" multiview varieties,

Pm,n
q̄,p = Γn,m

A(q̄),p
∼= Γn,1

A(q̄),p × · · · × Γn,1
A(q̄),p where A(q̄) = (A(q̄1), . . . , A(q̄n)) . (2.28)

A previous result, namely part (3) of Theorem 2.2.3, states that the multiview variety of a
sufficiently generic camera arrangement is cut out by the bilinear forms in its vanishing
ideal. The Cremona transformation C allows us to translate these genericity conditions
on the cameras A(q̄) into conditions on the point arrangement q̄ ∈

(
P2) . A 4-nodal

cubic surface in P3 containing the points E1, . . . E4 is given by an equation of the form

a1x2x3x4 + a2x1x3x4 + a3x1x2x4 + a4x1x2x3 = 0, [a1 : a2 : a3 : a4] ∈ P3. (2.29)

If all ai are nonzero, then such a surface is projectively equivalent to Cayley’s nodal cubic
surface, for which a1 = a2 = a3 = a4 = 1 and the points E1, . . . , E4 comprise the singular
locus. We also allow degenerate cases where one or more ai = 0 in (2.29), in which
case the surface degenerates to the union of a plane and a quadric, or the union of three
planes.

Theorem 2.3.6. Fix n distinct points q̄1, . . . , q̄n ∈ P3 \ {E1, E2, E3, E4}, n ≥ 2, such that no
four q̄j lie on a common 4-nodal cubic surface through E1, . . . E4. Write

q̄ = (q̄1, . . . , q̄n, E1, . . . , E4),

and q̄′ for the sub-arrangement of q̄ obtained by deleting the E1, . . . , E4. We have a birational
equivalence of varieties

Γm,n+4
q̄,p ≃Bir Pm,n

q̄′,p × (PGL3)
m,

which realizes the reduced resectioning variety Pm,n
q̄′,p as a rational quotient of Γm,n

q̄,p by (PGL3)
m.

Additionally, Pm,n
q̄′,p is cut out scheme-theoretically by the m(n

2) bilinear equations (2.26).
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Proof. The statements involving rational quotients follow similarly as in Theorem 2.3.5.
Under the isomorphism (2.28), the bilinear constraints in the theorem statement are the
usual 2-focals vanishing on the multiview variety. We recall from part (3) of Theo-
rem 2.2.3 that the 2-focals cut out the multiview variety scheme-theoretically whenever
the camera centers are distinct and do not lie on a common plane. Now, since q̄i is not in
the span of any three Ej, the center of the camera A(q̄i) is given by the Cremona trans-
formation C(q̄i). Since C maps any plane in P3 to a 4-nodal cubic surface, and vice-versa,
we are done.

From the practitioner’s point of view, the genericity assumptions of Theorem 2.3.6, as
well as the implicit assumption that we can fix four fiducial 3D points and their images
to the standard positions (2.20), may be quite reasonable. This is supported by the ex-
periments of [THP19, §5], suggesting some potential uses of Carlsson-Weinshall duality
in SfM settings.

2.4 Proof of Theorem 2.2.6

Our proof of Theorem 2.2.6 follows the general strategy used in the proof of [Aga+23,
Theorem 3.2], but requires some nontrivial modifications.

Remark 2.4.1. Unlike triangulation, resectioning is an interesting problem even for m = 1
camera. In fact, most of the work needed to prove Theorem 2.2.6 involves the special
case m = 1. As in the proof of Proposition 2.2.7, we fix m = 1 and write pi in place of
p1i. We also write I (•) in place of I1 (•) , and Γq̄,p instead of Γ1,n

q̄,p. Finally, let us recall the
variety Γn,m

Q̄,p ⊂
(
P2)mn introduced in Proposition 2.2.7. In place of Γn,1

Q̄,p, we simply write
ΓQ̄,p.

2.4.1 Proof outline and preliminary facts

To begin, we describe our proof strategy at a high level. The main steps of our proof
can be understood via the diagram in Figure 2.4, with each of the steps (1)–(4) explained
below.

(1) Coordinate change to obtain a generic hypercamera arrangement from the struc-
tured one. For q̄1, . . . , q̄n ∈ P3 with no four coplanar, we establish in Lemmas 2.4.3
and 2.4.4 that there exist 3 × 3 invertible matrices H1, . . . , Hn such that the trans-
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structured generic

focal ideals I(Q̄) I(B̄)

vanishing ideals I(Γq̄,p) I(ΓB̄,p)

(1)
H·

(4) (3)

(2)

H−1·

Figure 2.4: Schematic outline of the proof of Theorem 2.2.6.

formed hypercamera arrangement

B̄ := (H1Q̄1, . . . , HnQ̄n)

is minor-generic in the sense of Definition 2.4.2. Applying the coordinate change
H = (H1, . . . , Hn) to (P2)n reduces the study of I(q̄) for the structured arrangement
Q̄ to that of I(B̄) for the generic B̄.

(2) If we apply the inverse of the coordinate change H−1 = (H−1
1 , . . . , H−1

n ) from step
(1) to (P2)n, we can specialize from I(ΓB̄,p) to I(Γq̄,p):

B̄j(A) = pj ⇐⇒ H−1
j B̄j(A) = H−1

j pj ⇐⇒ Q̄j(A) = H−1
j pj.

(3) Show equality of focal and vanishing ideals in the generic case. By the previous
two steps, it is sufficient to show Ifoc(B̄) = I(ΓB̄,p). We establish this using Gröbner
bases, as described in Section 2.4.2.

(4) Show equality of focal and vanishing ideals in the structured case. Combine
steps (1)–(3).

For the first step in the proof outline, we need the following definition.

Definition 2.4.2 (minor-generic hypercamera arrangement). We say the hypercamera ar-
rangement B̄ = (B̄1, . . . , B̄n) ∈

(
P35)n is minor-generic if all 12 × 12 minors of the 12 × 3n

matrix
(

B̄⊤
1 | · · · | B̄⊤

n
)

are nonzero.

This is a direct analogue of the genericity condition in Theorem 2.2.3, part (1). We also
need the following result. Let F be a field, and consider s matrices A1, . . . , As ∈ FM×N.
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We say A1, . . . , As are rowspan-uniform if, for any subset S ⊂ [s] of size at least M/N, we
have

∑
i∈S

rowspan(Ai) = FN. (2.30)

Lemma 2.4.3. If A1, . . . , As ∈ FM×N are rowspan-uniform, then there exists a dense Zariski-
open set of matrices (H1, . . . , Hs) ∈ GL(FM)s such that the maximal n × n minors of the the
sM × N matrix 

H1A1
...

Hs As

 (2.31)

are all nonzero.

We leave the proof of this result to [CDL23, Appendix A]. This result is a direct gen-
eralization of [APT21, Lemma 3.6], in the setting of triangulation. In our setting of
resectioning, we take (M, N) = (3, 12), and deduce that we can transform the arrange-
ment Q̄ for suitably generic q̄ to a minor-generic arrangement B̄ using the following
result.

Lemma 2.4.4. Suppose that q̄ ∈ (P3)n is a point arrangement such that no four points are
coplanar. Then Q̄ is rowspan-uniform.

Proof. For any subset S ⊂ [n] of size at least 4, we must show

∑
j∈S

rowspan(Q̄j) = C12.

Noting the compatible direct-sum decompositions

C12 ≃ C4 ⊕ C4 ⊕ C4,

rowspan(Q̄j) ≃ rowspan(q̄⊤j )⊕ rowspan(q̄⊤j )⊕ rowspan(q̄⊤j ),

it suffices to observe that any set of four elements from the set {q̄j}j∈S span P3, from our
assumption that such a set is noncoplanar.

Lemma 2.4.4 gives us a geometric interpretation of when Q̄ is minor-generic. Alge-
braically, this condition is precisely what we need to obtain the Gröbner basis of Theo-
rem 2.2.6 via a standard specialization argument. This is the focus of the next subsection.
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2.4.2 Gröbner basis tools

To realize I(q̄) as the specialization of an ideal that is independent of q̄, we could replace
the arrangement Q̄ with B = (B1, . . . , Bn), where

Bi =

[ Bi[1,1] Bi[1,2] Bi[1,3] Bi[1,4] Bi[1,5] Bi[1,6] Bi[1,7] Bi[1,8] Bi[1,9] Bi[1,10] Bi[1,11] Bi[1,12]
Bi[2,1] Bi[2,2] Bi[2,3] Bi[2,4] Bi[2,5] Bi[2,6] Bi[2,7] Bi[2,8] Bi[2,9] Bi[2,10] Bi[2,11] Bi[2,12]
Bi[3,1] Bi[3,2] Bi[3,3] Bi[3,4] Bi[3,5] Bi[3,6] Bi[3,7] Bi[3,8] Bi[3,9] Bi[3,10] Bi[3,11] Bi[3,12]

]
, (2.32)

thereby introducing 36n new indeterminates. Alternatively, we could replace Q̄ with the
symbolic arrangement B⋆ = (B⋆

1 , . . . , B⋆
n), where

B⋆
i =

[
B⋆

i [1,1] B⋆
i [1,2] B⋆

i [1,3] B⋆
i [1,4] 0 0 0 0 0 0 0 0

0 0 0 0 B⋆
i [2,1] B⋆

i [2,2] B⋆
i [2,3] B⋆

i [2,4] 0 0 0 0
0 0 0 0 0 0 0 0 Bi[3,1]⋆ B⋆

i [3,2] B⋆
i [3,3] B⋆

i [3,4]

]
, (2.33)

for a total of 12n new indeterminates. For either B or B⋆ and for each k with 6 ≤ k ≤ m,
we are interested in the determinants of the matrices

(B | p)[r]σ =


Bσ1 [r1, :] pσ1 [r1] 0 . . . 0

Bσ2 [r2, :] 0 pσ2 [r2]
. . . 0

...
...

. . . . . .
...

Bσk [rk, :] 0 . . . 0 pσk [rk]

 , (2.34)

(B⋆ | p)[r]σ =


B⋆

σ1
[r1, :] pσ1 [r1] 0 . . . 0

B⋆
σ2
[r2, :] 0 pσ2 [r2]

. . . 0
...

...
. . . . . .

...
B⋆

σk
[rk, :] 0 . . . 0 pσk [rk]

 , (2.35)

where r = (r1, . . . , rn) ⊂ [3]n, with

r1, . . . , rk ̸= ∅,

#r1 + · · ·+ #rk = 12+k,

σ = {σ1, . . . , σk} ⊂ [n].

Upon specializing B → Q̄, or B⋆ → Q̄, the respective determinants of (2.34) or (2.35)
specialize to the same k-focal.

Proposition 2.4.5. Equip either ring C[B, p] or C[B⋆, p] with the Z2n-grading defined on
generators by deg(Bi[j, k]) = deg(B⋆

i [j, k]) = ei and deg(pi[j]) = en+i. The polynomial
det(B | p)[r]σ is homogeneous of multidegree

k

∑
i=1

(#ri − 1)eσi + en+σi . (2.36)
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The same is true for det(B⋆ | p)[r]σ, provided it is nonzero. When k > 12, we have rj = {l} for
some j ∈ [k], l ∈ [3], and hence

det(B | p)[r]σ = pσj [l] · det(B | p)[r1, . . . , r̂j, . . . , rk]σ\{j}, (2.37)

det(B⋆ | p)[r]σ = pσj [l] · det(B⋆ | p)[r1, . . . , r̂j, . . . , rk]σ\{j}.

Proof. The argument is nearly identical to [Aga+23, Proposition 3.3]. The multidegree
formula (2.36) follows from a calculation analagous to that already given in (2.11). Since

12 =
k

∑
i=1

(#ri − 1), it follows that at most 12 of the sets ri can contain more than one

element. If some rj is a singleton, the factorization (2.37) follows by Laplace expansion.

We now define four auxiliary ideals.

Definition 2.4.6 (Q-focal ideals). The ideals I6..12(B), Im(B) ⊂ C[B, p] are those which are
generated by all determinants of (2.34) for all k, respectively, in the ranges 6 ≤ k ≤ 12,
and k = m. Similarly, I6..12(B⋆), Im(B⋆) ⊂ C[B⋆, p] are generated by all determinants
of (2.35).

Each of the four auxiliary ideals in Definition 2.4.6 is useful for different reasons. For
example, Im(B) and Im(B⋆) are the ideals of maximal minors of a sparse generic matrix
whose nonzero entries are distinct indeterminates. Thus, Im(B) and Im(B⋆) belong to the
class of sparse determinantal ideals, whose structure has been analyzed in several previous
works [GM82; Boo12]. Most relevant to our work is the result of [Boo12] which directly
implies that the m-focals form a universal Gröbner basis for either of these ideals.

For the other two ideals I6..12(B), I6..12(B⋆), we do not know whether or not the focals
form universal Gröbner bases. However, Proposition 2.4.7 shows that they do form Gröb-
ner bases for a class of product orders that allows us to make the necessary specialization
argument.

We recall that a product order on C[B, p] with B < p is a monomial order defined by
comparing monomials first with some fixed monomial order in p, then breaking any ties
with some other monomial order in B.

Proposition 2.4.7.

1. The set G = {det(B | p)[r]σ | 6 ≤ #σ ≤ 12} forms a Gröbner basis for the ideal I6..12(B)
for any product order with B < p.
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2. The set G⋆ = {det(B⋆ | p)[r]σ | 6 ≤ #σ ≤ 12} forms a Gröbner basis for the ideal
I6..12(B⋆) for any product order with B⋆ < p.

We provide a proof in [CDL23, Appendix A]. A specialization argument applied to the
two parts of Proposition 2.4.7 gives, respectively, the two parts of Lemma 2.4.8 below.

Lemma 2.4.8. For any monomial order on C[p], the following hold:

1. Let B̄ be a specialization of B such that the B̄ is minor generic. Then the specialized 6 − 12
focals form a Gröbner basis for the ideal they generate.

2. Let Q̄ be a specialization of B⋆ derived from a point arrangement q̄ ∈
(
P3) with no four

points coplanar. Then the specialized 6 − 12 focals form a Gröbner basis.

Proof. For part (1), let < be any product order with B < p. Then

in<

 ∑
pα1<...<pαk

gαi(B)p
αi

 = in<(gαk(B))pαk . (2.38)

Standard specialization results for Gröbner bases with respect to product orders [CLO15,
Theorem 2, §4.7] imply that the B̄ specialized 6 − 12 focals form a Gröbner basis if each
coefficient gαk(B̄) is nonzero. Each of these coefficients is a 12 × 12 minor of (B̄⊤

1 | · · · |
B̄⊤

n ). By minor-genericity, none of these coefficients vanish.

Similarly, for part (2), consider any product order < with B∗ < p. In this case, the
nonzero coefficients gαk(B

⋆) are always products of three 4 × 4 determinants,

3

∏
i=1

det


B∗

ji,1
[i, 1] B∗

ji,1
[i, 2] B∗

ji,1
[i, 3] B∗

ji,1
[i, 4]

B∗
ji,2
[i, 1] B∗

ji,2
[i, 2] B∗

ji,2
[i, 3] B∗

ji,2
[i, 4]

B∗
ji,3
[i, 1] B∗

ji,3
[i, 2] B∗

ji,3
[i, 3] B∗

ji,3
[i, 4]

B∗
ji,4
[i, 1] B∗

ji,4
[i, 2] B∗

ji,4
[i, 3] B∗

ji,4
[i, 4]

 . (2.39)

Our noncoplanarity assumption implies that the B⋆ → Q̄ specialization of (2.39) is
nonzero.

Finally, we have the following result on the vanishing ideal of ΓB̄,p when B̄ is a minor-
generic hypercamera arrangement. See [CDL23, Appendix A] for the proof.

Proposition 2.4.9. For a minor-generic hypercamera arrangement B̄, we have that

I(ΓB̄,p) = I(B̄).
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2.4.3 Completing the proof

Using the results of the previous sections, we may complete the proof of Theorem 2.2.6,
following the overall structure presented in Figure 2.4.

We first prove the statement for m = 1 camera. Let q̄ ∈
(
P3)m be a point arrange-

ment with no four points coplanar. Lemma 2.4.4 then implies that the hypercamera
arrangement Q̄ is rowspan-uniform, and thus Lemma 2.4.3 implies there exist coordi-
nate changes in the images, H = (H1, . . . , Hm) ∈ (PGL3)

m, such that the arrangement
B̄ = (H1Q̄1, . . . , HmQ̄m) is minor-generic. Noting

Q̄1 p1
...

. . .
Q̄n pn

 =


H−1

1
. . .

H−1
n




B̄1 H1p1
...

. . .
B̄n Hn pn

 , (2.40)

we define the isomorphism of multigraded rings

LH : C[p] → C[p]

pi → Hi pi,

and observe that
I(q̄) = LH(I(B̄)).

To see this, take any focal f ∈ I(q̄). Just as in the proof of Lemma 2.4.3, corresponding
minor of the focal matrix on the left of Equation (2.40) may written as a C-linear combi-
nation of focals for the arrangement B̄. Hence the inclusion I(q̄) ⊂ LH(I(B̄)) holds, and
the reverse follows similarly. Thus, we have

I(q̄) = LH(I(B̄))

= LH(I(ΓB̄,p)) (Proposition 2.4.9)

= I(ΓQ̄,p)

= I(Γq̄,p). (Proposition 2.2.7)

Thus the focals generate I(Γq̄,p). Moreover, Lemma 2.4.8 part (2) implies that they form
a universal Gröbner basis, which completes the proof when m = 1.

Finally, if m > 1, it suffices to observe that Γm,n
q̄,p is the direct product of varieties Γq̄,p, and

hence the vanishing ideals sum. Moreover, two k-focals corresponding to different factors
have disjoint support in C[p], so their S-polynomials reduce to zero for any term order,
and we may conclude that the focals form a universal Gröbner basis for any number of
cameras.
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2.5 Optimal single-camera resectioning

The results of Section 2.3 express a duality principle for the exact versions of the camera
resectioning and triangulation problems. A consequence of this duality is that, in a cer-
tain sense, resectioning and triangulation are equivalent problems. However, we should
be mindful that this equivalence holds in an idealized setting which assumes that the
pinhole camera is exact and there is no measurement noise. In practice, neither of these
assumptions hold.

In this section, we fix a generic point arrangement q̄ and consider Γ1,n
q̄,p ⊂ (P2)n inter-

sected with the affine chart where pi[3] ̸= 0 for all 1 ≤ i ≤ n. We denote this affine
variety by Xq̄,n. In other words, for a point arrangement q̄ ∈

(
P3)n such that no four

points are coplanar, the affine variety Xq̄,n is, by Proposition 2.2.7, equal to the closed
image of the rational map

ψq̄,n : P11 99K C2n

A 7→
(

A[1, :]q̄1

A[3, :]q̄1
,

A[2, :]q̄1

A[3, :]q̄1
, . . . ,

A[1, :]q̄n

A[3, :]q̄n
,

A[2, :]q̄n

A[3, :]q̄n

)
. (2.41)

In the resectioning problem, we are given world points q̄ = (q̄1, . . . , q̄n) ∈ (P3)n and
pixel values of n corresponding image points, (ũi, ṽi) for i = 1, . . . , n. We denote the
vector of image measurement data by d̃uv = (ũ1, . . . , ṽn) ∈ C2n. In practice, d̃uv and q̄
are both defined over the real numbers. Our task is to recover a camera A such that

ψq̄,n(A) = d̃uv. (2.42)

In an idealized setting, the pinhole model is exact and there is no measurement noise.
Hence, we can recover A by computing the kernel of the n-focal matrix, and we expect
a unique solution as soon as n ≥ 6. This is the basis of the so-called “5.5-point" minimal
solver.

In practice, the pinhole model is not exact and there is measurement noise. Thus, for n ≥
6, we should expect d̃uv /∈ Xq̄,n, meaning that no solution to (2.42) can exist. However,
we can still consider the following optimization problem:

Ld̃uv
(u1, v1, . . . , un, vn) =

n

∑
i=1

(ui − ũi)
2 + (vi − ṽi)

2 s.t. (u1, . . . , vn) ∈ Xq̄,n. (2.43)

This is essentially the formulation of the optimal resectioning problem that is used in
Hartley and Zisserman’s classic text [HZ04][§7.2]. The only minor difference, implicit
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in their formulation, is that our feasible set Xq̄,n differs from theirs by a set of measure
zero picked up through Zariski closures. Similar formulations, which make the camera
matrix explicit, appear in other sources, eg. in work of Cifuentes [Cif21, Example 6.5]
who studied sums-of-squares relaxations of this problem. Hartley and Zisserman refer
to the squared Euclidean loss function Ld̃uv

as the geometric error, and suggest using local
methods like Levenberg-Marquardt to optimize it. Here, we address the complexity of
computing the global minimum of (2.43).

We recall the notion of the Euclidean distance degree of an affine variety, [Dra+16, §2]. For
Xq̄,n, we denote this quantity by ED(Xq̄,n). Given a generic data point d̃uv, this is the
number of critical points of the squared Euclidean loss Ld̃uv

restricted to the smooth locus
of Xq̄,n.

Conjecture 2.5.1. For all n ≥ 6 and generic q̄ ∈ (P3)n, we have

ED(Xq̄,n) = (80/3)n3 − 368n2 + (5068/3)n − 2580. (2.44)

We return to Example 2.2.8, to verify the simplest case of this conjecture.

Example 2.5.2. Consider the resectioning hypersurface H(u1, . . . , v6) = 0, ie. (2.13) in the
chart

p1[3] = p2[3] = p3[3] = p4[3] = p5[3] = p6[3] = 1. (2.45)

The affine variety Xq̄,6 ⊂ C12 is in fact the cone over a projective variety in P11. This
can be seen from the determinantal representation of H in (2.15). It follows that Xq̄,n is
singular. More precisely, the singular locus of Xq̄,n has dimension 9.

Working over the finite field F = Z32003, we may verify Conjecture 2.5.1 with symbolic
computation using the computer algebra system Macaulay2 [GS]. To do so, we draw a
F-valued point configuration q̄ ∈

(
P3)6 and data vector d̃uv ∈ F12 uniformly at random.

The critical points of (2.43) correspond to points (u1, . . . , v6) ∈ Xq̄,6 such that

rank

[
u1 − ũ1 · · · v6 − ṽ6

∂H
∂u1

· · · ∂H
∂v6

]
≤ 1. (2.46)

To remove the singular points on Xq̄,6 which cause rank-deficiency in (2.46), it is suffi-
cient take the ideal generated by the 2 × 2 minors of this matrix and H(u1, . . . , v6) and
compute its ideal quotient with respect to the ideal ⟨ ∂H

∂u1
, ∂H

∂v1
⟩. The result of this operation

is a zero-dimensional ideal of degree 68. Moreover, we may compute that the vanishing
locus of this ideal consists of 68 distinct, nonsingular points on Xq̄,6. The number 68
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may be seen as quantifying the intrinsic algebraic difficulty of solving the constrained
optimization problem (2.43). This is further reinforced by heuristically computing the
Galois/monodromy group of this problem, as in [Duf+22], which reveals the full sym-
metric group S68.

Our conjectural formula (2.44) is reminiscent of recent results characterizing the Eu-
clidean distance degree of the affine multiview variety XĀ,m. This can be defined by taking
analagous affine charts on the multiview variety Γm,1

Ā,p. Using a topological formula for
the ED-degree of a smooth variety, Maxim, Rodriguez, and Wang [MRW20] proved

ED(XĀ,m) = (9/2)m3 − (21/2)m2 + 8m − 4. (2.47)

We compare this formula with ours in Table 2.1. We confirmed the entries of this ta-
ble using numerical monodromy heuristics [Duf+19a], using both the implementations
provided in Macaulay2 [GS] and Julia [BT18]. For these computations, it is advanta-
geous to use the rational parametrization (2.41) instead of the implicit focal constraints
in Theorem 2.2.6.

A surprising aspect of Conjecture 2.5.1 is that ED(Xq̄,n) is a polynomial of degree 3 in
n. On the other hand, if we were to apply the methods of [MRW20] to computing the
affine ED-degree of the variety Γn,1

B̄,q associated to a generic hypercamera arrangement

B̄ ∈
(
P11), this would give instead a polynomial of degree 11. This highlights some spe-

cial properties of the hypercamera arrangement Q̄, and provides contrast with the results
of previous sections. One explanation for this contrast is the fact that the projective coor-
dinate changes used in Theorems 2.3.5 and 2.3.6 do not preserve the Euclidean distance.
For similar reasons, the affine ED degree of the reduced resectioning variety, which is
the same as ED(XĀ,m), appears to be unrelated to that of the general resectioning variety.

We close this section by noting one immediate obstacle to proving Conjecture 2.5.1. As
already seen in Example 2.5.2, the variety Xq̄,n for generic data q̄ is not smooth for any
n ≥ 6. This contrasts with the case of XĀ,m, which is smooth for a sufficiently generic
arrangement of m ≥ 3 cameras Ā. Thus, to prove (2.47) with similar techniques, the basic
Euler characteristic formulas valid in the smooth case would need to be replaced by their
singular counterparts involving Euler obstruction functions, eg. [MRW21, Theorem 1.3].

2.6 Conclusion

In summary, our work takes several first steps in studying the resectioning problem
for general projective cameras from the algebro-geometric perspective, with a focus on
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m / n ED(XĀ,m) ED(Xq̄,n)

2 6 —
3 47 —
4 148 —
5 336 —
6 638 68
7 1081 360
8 1692 1036
9 2498 2256

10 3526 4180
11 4803 6968
12 6356 10780
13 8212 15776
14 10398 22116
15 12941 29960

Table 2.1: Euclidean distance degrees for optimal triangulation from m generic cameras (middle
column) and optimal resectioning from n 3D points (right.)

Gröbner bases, Carlsson-Weinshall duality, and Euclidean distance optimization. Our
discoveries provide many parallels with the already well-studied multiview ideals asso-
ciated with the triangulation problem. Still, many open questions remain.

In this paper, we considered resectioning in the setting of general projective cameras.
Returning to the classical P3P problem [Gru41], it would be worthwhile to carry out a
parallel study in the setting of Euclidean cameras, as proposed in [Aga+23, §8.3, Q1]. In
view of Theorem 2.2.3 parts (2)–(3), it is natural to ask: are all k-focals for 6 ≤ k ≤ 12
are needed to generate Im(q̄) under the noncoplanarity assumption of Theorem 2.2.6?
What can we say about Im(q̄) if this noncoplanarity assumption is relaxed? Using the
reduced atlas developed Section 2.3 to answer more of the open questions in [Aga+23,
§8] is yet another interesting avenue to pursue. Our focus on resectioning for linear
maps P3 99K P2 was motivated by computer vision. However, it would make just as
much sense to study resectioning varieties in the context of general projections PN 99K
PM, [Li18], or even matrix multiplication maps as in [Aga+23, §8.3, Q3]. Finally, we
offer Conjecture 2.5.1 as a challenge in Euclidean distance degree computation.
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Chapter 3

TOWARDS A COMPACTIFICATION OF THE MODULI OF
CAMERA PAIRS

In this chapter we consider possible compactifications of Cam2, the moduli space of
camera pairs.

Definition 3.0.1 (The moduli of camera pairs). The functor of camera pairs, denoted
Cam2, has value over a scheme S the set of isomorphism classes of (not necessarily
general) relative multiview configurations of length 2.

The moduli space Cam2 contains a well-studied open locus, denoted Cam◦
2 (denoted by

Cam2 in [LV20]), which comprises of pairs A whose centers are distinct.

Viewed as the quotient stack [(U ×U)/ PGL4] (where U is the rank-3 locus inside M3×4),
Cam2 is not even Deligne-Mumford. Indeed, the automorphism group of any concentric
pair is five-dimensional. In this chapter we work towards a modular representation of
camera pairs containing Cam◦

2 whose boundary points correspond to concentric cameras,
but whose geometry is “nicer” (i.e., more reduced) than that of Cam2 with its current
definition.

3.1 The fundamental variety

It is well-known (e.g., [HZ03]) that a nonconcentric pair of cameras A = (A1, A2) is
entirely determined by a corresponding 3 × 3 matrix called the fundamental matrix of A
which is derived from the data given by A1 and A2. In turn, the space of fundamental
matrices corresponds to the rank-2 locus of P(M3×3), denoted F◦. Taking the Zariski
closure of F◦ in P(M3×3), we get the fundamental variety F which is actually the locus
(det M = 0) ⊂ P(M3×3). However, the boundary points of F (that is, points in F \ F◦)
do not coincide with concentric camera pairs in Cam2 \Cam◦

2 . It is of interest, then, to
find a geometrically intuitive presentation of Cam2 by a scheme or perhaps even a (nice)
stack, whose boundary points are also in correspondence with the boundary points of
Cam2.
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3.1.1 Preliminaries

Recall that a length-n camera configuration A is modeled by an n-tuple of 3× 4 matrices
Ai = [Ri | ti], which form an n-linear rational map A : P3 99K (P2)n (where each
Ai = πi ◦ A is a linear projection).

Lemma 3.1.1. A pair of cameras ([R1 | t1], [R2 | t2]) ∈ Cam2 can be represented by a pair of
the form ([I | 0], [R | t]).

Proof. If R1 is not invertible, multiply [R1 | t1] by the elementary matrix that swaps the
dependent column of R1 with t1 (this is always possible because [R1 | t1] is full-rank).

Thus we can assume that R−1
1 is invertible. Multiply both cameras by

[
R−1

1 −R−1
1 t1

0 1

]
∈

PGL4 to get [I | 0] in the first factor, [R | t] in the second.

Proposition 3.1.2 ([HZ03]). Let A = (A1, A2) be a pair of pinhole cameras with distinct
centers. Then there exists a unique (up to isomorphism class of camera pairs) rank-2 matrix F
such that F satisfies

p⊺2 F p1 = 0 ⇐⇒ A1(q) = p1, A2(q) = p2 for some q ∈ P3. (3.1)

Proof. Omitted.

Definition 3.1.3 (Fundamental matrix). Let A = ([I | 0], [R | t]) be a camera pair in
Cam2 with distinct centers (i.e., t ̸= 0). The rank-2 matrix F from Proposition 3.1.2
corresponding to A is called the fundamental matrix of A.

Corollary 3.1.4. The fundamental matrix of a non-concentric camera pair ([I | 0], [R | t]) is of
the form [t]×R, where

[t]× :=

 0 −t3 t2

t3 0 −t1

−t2 t1 0

 . (3.2)

Proof. One can check directly that [t]×R fulfills the equation p⊺2([t]×R)p1 = 0 if and only
if [I | 0]q = p1, [R | t]q = p2.
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Definition 3.1.5 (Fundamental variety). The fundamental variety F is the Zariski closure
of the image F◦ of the fundamental matrix map

φ : Cam2 99K P(M3×3)

([I | 0], [R | t]) 7−→ [t]×R.
(3.3)

Proposition 3.1.6. The fundamental matrix map φ of eq. (3.3) is regular exactly on Cam◦
2 , and

moreover φ induces an isomorphism
Cam◦

2
∼−→ F◦. (3.4)

That is, a pair of non-concentric cameras is defined by its fundamental matrix, and conversely a
fundamental matrix allows us to recover the (isomorphism class of the) pair of cameras.

Proof. Omitted. See, e.g., [HD00; LV20].

3.2 Attempts at compactification

One can represent Cam2 as the quotient stack [(U × U)/ PGL4], where U ⊂ P(M3×4) is
the rank-3 locus. However, the unstable points of this quotient—points in U × U with
nontrivial PGL4 stabilizers—are exactly the matrix pairs with coincident kernels.

Lemma 3.1.1 tells us that a point ([R1 | t1], [R2 | t2]) in this quotient can always be
represented by the pair ([I | 0], [R | t]), so it suffices to look at the quotient space [U/G],
where G < PGL4 is the subgroup fixing [I | 0]. To begin the compactification process,
it is natural to look for a resolution of the rational map φ obtained from assigning to a
camera pair its fundamental matrix.

3.2.1 Blow-ups, vector bundles, and tangent spaces

In the quotient stack representation [U/G] of Cam2, we see that Cam◦
2 corresponds to

[U◦/G] where
U◦ = {[R | t] ∈ U : t ̸= 0}. (3.5)

It is easily computed that the points [R | t] ∈ U with non-trivial G-stabilizers are exactly
those with t = 0. The stabilizer of such points is G itself.

Note 3.2.1. The map φ : [R | t] 7→ [t]×R reflects the fact that there is no notion of a
fundamental matrix for concentric cameras. We see that φ depends on t being nonzero:
If t = 0, then [t]×R = 0 as well, which is not defined in P8 (and thus not in F). So then the
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only information we have for concentric cameras Cam2 is the homography R : P2 → P2

which transforms the first image plane into the second. Since concentric cameras come
up in the real world it would be useful to recover more information about the point
correspondences in this case.

Example 3.2.2. One real-world example of a concentric camera situation is the construc-
tion of a panoramic photograph. These are often pieced together from multiple images
taken from the same camera rotated around an axis (e.g. a tripod).

Figure 3.1: A panorama of the interior of St. Peter’s Basilica, made in Google Photos from
several consecutive photographs.

A seemingly natural way to resolve this indeterminacy along Z = V(t) would be to look
at the blow up of Cam2 at Z. Blowing up will give a generic extension φ̃ : C̃am2 → F,
where C̃am2 = BlZ Cam2 ⊂ Cam2 ×P2.

Note 3.2.3. The indeterminacy locus of φ and the non-separated locus of Cam2 coincide
here. One hope is to resolve φ in a way that also shrinks the non-separated locus. A
guaranteed benefit of blowing up here is the resolution of φ, but we will see that the
non-separated locus of Cam2 does not get any smaller when we pass to C̃am2.

We will compute explicitly the blow-up C̃am2 and resolution φ̃ which give the diagram

C̃am2

Cam2 F ⊂ P8.

π
φ̃

φ

(3.6)
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The blow-up C̃am2 is given by the equations

T1t2 = T2t1, T1t3 = T3t1, T2t3 = T3t2. (3.7)

We can directly compute the fiber of a point [R | t] ∈ Cam2 away from Z, assuming
t1 = 1. Any point lying above [R | t] will be of the form ([R | t], (T1 : T2 : T3)), but 3.7
requires that, when T1 ̸= 0,

(T1 : T2 : T3) = (T1 : T1t2 : T1t3) = (1 : t2 : t3) = t. (3.8)

This can be checked for t2 = 1 and t3 = 1 as well. Patching everything together we see
that C̃am2 is isomorphic to Cam2 away from Z.

The fiber π−1([R | 0]) of a point in Z, however, allows for all T ∈ P2. This means that a
point in π−1([R | 0]) is [R | 0] along with some T ∈ P2. The tangent vector T is describing
infinitesimal motion of the second camera. We can think of T as the direction from which
the second camera “came” to become concentric with the first. Allowing tangent vectors
on the boundary points of Cam2 thus gives us more information about the relationship
between the two cameras.

We can compute a resolution of φ on the affine patches of P2
T. If T2 = 1, then we have

t1 = T1t2 and t3 = T3t2 (3.9)

so, generically in P8,

[t]× =

 0 −T3t2 t2

T3t2 0 −T1t2

−t2 T1t2 0

 = t2 ·

 0 −T3 1
T3 0 −T1

1 T1 0

 = t2 · [T]× = [T]×. (3.10)

This can be checked on the patches Ti = 1 for i = 2, 3 as well, so the resolution of φ is

φ̃ : C̃am2 → F (3.11)

([R | t], T) 7→ [T]×R

As demonstrated, the resolution φ̃ gives rise to a “fundamental matrix” for concentric
cameras: A point ([R | 0], T) in the exceptional fiber E = π−1(Z) now has image [T]×R ∈
F◦. Clearly this is no longer an isomorphism of spaces, but now we have a map that gives
us a fundamental matrix even for the boundary points of Cam2.
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Unfortunately this is about as good as it gets. The issue we started with is that the
non-separated part of Cam2 includes all concentric cameras. However, the action of G
on BlZ U does not take T into account at all:

([R | t], T) · M = ([R | t] · M, T) (3.12)

since otherwise the identity matrix would not fix ([R | 0], T), nor would it be an extension
of the action of G on U. So the points in BlZ U with non-trivial stabilizer are still those
with t = 0, and the stabilizer is still the entirety of G. Thus the non-separated locus has
not shrunk; in fact, now it is the entire exceptional divisor.

3.2.2 Reformulating Cam2

In the 3 × 4 matrix case, we are able to ignore the physical image planes completely.
However, bringing them into the picture may provide insight into an appropriate com-
pactification of the moduli of nonconcentric camera pairs.

Consider the reformulation of a camera pair (or more generally, a length-n camera con-
figuration), where the restriction σ to the i-th P2 factor is a section σi of the camera
Ai.

P3 P2 × P2 P3 × P3A σ (3.13)

These are considered up to automorphism α ∈ PGL4 such that the following diagram
commutes for i = 1, 2:

P3 P2

P3

Ai

α ∼

σi

σ′
i

A′
i

(3.14)

Requiring the additional data of the σi assigns image planes P1 × P2 = im(σ) ⊂ P3 × P3.

In linear algebra terms, we can view σi as the right psuedo-inverse of Ai. Also, with
this definition of isomorphism classes, the 4 × 4 composition σ ◦ A is unique up to con-
jugation by PGL4. Let A = (A1, A2) = ([I | 0], [R | t]) be a camera pair, with sections
σ = (σ1, σ2) = ([I | u]⊺, [S | v]⊺). For simplicity, we assume that R, S are invertible. Then
the 4 × 4 camera-plane pairs are

σ1A1 =

(
I 0

u⊺ 0

)
, σ2A2 =

(
S⊺R S⊺t

(S−1v)⊺S⊺R (S−1v)⊺S⊺t

)
. (3.15)
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Without loss of generality, we can assume that u = 0 because σ1A1 is diagonalizable
with characteristic polynomial χ(σ1A1) = λ(1 − λ)3. This gives us a presentation of the
pair (A, σ) by

A = ([I | 0], [R | t]), σ = ([I | 0]⊺, [S | v]⊺). (3.16)

Letting q = (q0 : q1 : q2 : q3), the image planes are then given by

P1 : q⊺

(
0
−1

)
= 0, P2 : q⊺

(
S−1v
−1

)
= 0. (3.17)

Using this formulation of a pinhole camera pair, one can then apply point-plane duality
to get the “dual” pair

(Σ, a) = (([I | 0], [S | v]), ([I | 0]⊺, [R | t]⊺)).

Note that, so long as v ̸= 0, even if t = 0 we can still identify (Σ, a) with the fundamental
matrix of Σ, which is [v]×S. In the t = 0 case we get S = R−1, identifying this new
fundamental matrix with an “inverse” or “dual” fundamental matrix. The necessary
computations to work out the exact underlying structure here is beyond the scope of
this document, but this setup provides a way to view camera pairs both algebraically (as
maps P3 99K P2) and geometrically (as a tuple of point-plane pairs). From here, it may
be possible to obtain a compactification of Cam◦

2 that provides continuity between the
non-concentric and concentric camera parameter spaces.
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Chapter 4

THE ESSENTIAL VARIETY REVISITED

This chapter can be seen as a rewrite of the work of Lucas Van Meter, Max Lieblich,
Bianca Viray, and Benjamin Antieau on the essential variety, which can be found in the
dissertation of Van Meter [Van19].

4.1 Camera calibration and the essential variety

In the problem of triangulation, we note that scene reconstruction from a multiview con-
figuration is only unique up to projective automorphism. To obtain geometrically accurate

Figure 4.1: Projective ambiguity of 3D reconstructions, c/o [HZ03, Fig. 1.4]

reconstructions from multiview configurations, it is necessary to introduce additional
data which ensures that the Euclidean structure of the world is preserved under the
camera transformation. This data comes in the form of a calibrating conic and its image,
which tell us whether a given camera preserve orthogonality in the world.

Definition 4.1.1 (Image of the absolute conic). Let D = V(x2
0 + x2

1 + x2
2) ⊂ P2 be the

canonical conic curve at infinity in P2. We call D the image of the absolute conic (IAC).

Definition 4.1.2 (Relative calibration datum [LV20]). A relative calibration datum with re-
spect to D for a pinhole camera A is a degree 2 plane curve C ⊂ P3 such that the restriction
A|C : C 99K P2 factors through the inclusion D ↪→ P2. If C is smooth, the calibration
datum is called smooth or non-degenerate; otherwise it is called degenerate.
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Remark 4.1.3. The plane curve C in Definition 4.1.2 is called “relative” because we have
specified a “calibrated plane” (P2, D), whereas in [LV20] a (non-relative) calibration da-
tum allows the additional parameter of choosing a different smooth conic D′ ⊂ P2 for
which A|C : C ∼−→ D′ is an isomorphism.

Definition 4.1.4 (Calibrated camera, calibrating curve). A calibrated camera is a pair (A, C)
where A is a pinhole camera and C is a relative calibration datum for A with respect to
D. We call C the calibrating curve or absolute conic of A.

Definition 4.1.5 (Simultaneously calibrated multiview configuration). A (simultaneously)
calibrated multiview configuration is a pair (A, C) where A is a multiview configuration
and C is a calibrating curve for each Ai.

Remark 4.1.6. In order for a multiview configuration to be simultaneously calibrated with
a non-degenerate calibrating curve, the intersection of the cones Ci := A−1

i (D) must
contain a conic curve, a fact that comes in handy in Section 4.2.1.

Definition 4.1.7 (Isomorphism of calibrated multiview configurations). Two simultane-
ously calibrated multiview configurations (A, C), (A′, C′) of common length n are iso-
morphic if there exists an isomorphism α : A ∼−→ A′ of multiview configurations such that
α(C) = C′.

Definition 4.1.8 (Essential matrix). If a pair of cameras (A1, A2) is simultaneously cali-
brated, then their fundamental matrix is called an essential matrix.

Definition 4.1.9 (The essential variety/essential divisors). The essential variety E is the
Zariski closure of the subvariety of the fundamental variety F containing all essential
matrices. We say that members J ∈ E are called essential divisors.

Remark 4.1.10. The condition of preserving the absolute conic is an algebraic way of
saying that A must preserve the Euclidean structure of the world up to scaling. Although
projective space has no innate Euclidean structure, we can let the affine patches A3 ≃
Dx3 and A2 ≃ Dx2 represent the “real” (visible) world and image plane, respectively.
In practice, these affine patches are endowed with Euclidean structure. Thus in the
following paragraphs we do not concern ourselves with the fact that “angles” are ill-
defined in P3 and P2.
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4.1.1 Intuition behind the absolute conic

Given a pinhole camera A, why does the preservation of the absolute conic ensure that
the image of A preserves the Euclidean structure of the world? In this section we provide
intuition for this idea by setting the absolute conic to be C := V(x2

0 + x2
1 + x2

2)∩ π∞ ⊂ P3,
where π∞ = V(x3) is the standard plane at infinity.

Note that every line ℓ ⊂ P3 not lying on π∞ has one intersection point d = ℓ∩ π∞ which
we can think of as its “direction.” In a Euclidean sense, the intersection is exactly the
direction vector of the line (assuming that the “true” Euclidean world is Dx3 ⊂ P3 as
mentioned before).

Definition 4.1.11 (Polar lines, conjugate points). For a point q ∈ π∞, we can define the
polar line of q with respect to C as the line through the two points on C whose tangent
lines contain q. Two points d1, d2 ∈ π∞ are conjugate with respect to C if they lie on each
other’s polar lines (see Figure 4.2).

d1

Ld1

d2

C

π∞

Figure 4.2: The two directions d1 and d2 are conjugate with respect to C.

Setting C = V(x2
0 + x2

1 + x2
2) ∩ π∞, we compute that the polar line Ld1 of C with respect

to the point d1 = (y0 : y1 : y2 : 0) is

Ld1 = V(2x0y0 + 2x1y1 + 2x2y2) = V(x0y0 + x1y1 + x2y2). (4.1)

Thus d2 ∈ Ld1 if and only if d⊺2 d1 = 0. Note that this condition corresponds exactly to
d1 and d2 being orthogonal in Euclidean space. So two lines ℓ1, ℓ2 ⊂ P3 are orthogonal
within the standard Euclidean structure if and only if their directions are conjugate with
respect to the absolute conic. The same condition for orthogonality holds in P2 as well;
that is, if A maps C to D isomorphically, then the orthogonality of lines is preserved.
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Remark 4.1.12. Let A = (A1, A2) be a simultaneously calibrated pair of cameras, with
arbitrary calibrating curve C. Then we can choose a representation of A such that C
is the plane conic V(x2

0 + x2
1 + x2

2) ∩ π∞ ⊂ P3. In this case, A can be written as A =

([I | 0], [R | t]), where R ∈ SO3(C) and t ∈ P2. Descending to R and applying the
“de-calibration” map we get the classical twisted pair cover

SO3(R)× P2(R) → E(R). (4.2)

4.2 A modular compactification of the classical double cover

We summarize and rephrase the main results of [Van19, Chapter 5]. The main theorem
can be expressed as follows.

Theorem 4.2.1 ([Van19]). The classical twisted pair cover

SO3(R)× P2(R) → E(R) (4.3)

admits a unique extension to a finite étale cover π : Ẽ → E by a projective scheme. Moreover, the
scheme π−1(Esm) ⊂ Ẽ is naturally the moduli space of calibrated pairs of cameras. Furthermore,

(i) The covering map π can be realized as a restriction to hyperplanes of the de-ordering map
P3 × P3 → Sym2 P3.

P3 × P3 Sym2 P3

Ẽ E

SO3(R)× P2(R) E(R)

π

π|Ẽ

⊂ ⊂

(4.4)

In particular, E is naturally a hyperplane section of Sym2 P3.

(ii) The classical degree 10 embedding E ↪→ P8 is canonical, and arises from the ample generator
for Pic(E), which is isomorphic to Z. Moreover, the ideal of E in P8 via this embedding is
defined by exactly 10 cubic forms, which are the classical Demazure equations.

We prove part (i) in Section 4.2.2, which builds off the contents of Section 4.2.1. It is
worth noting that part (ii) is a re-statement of the results of [FKO18]. Unlike their work,
however, the method of proof used in [Van19] does not rely on the existence of the
Demazure equations but rather re-derives them. This observation, as well as the proof
of part (ii) is discussed in detail in Section 4.2.3.
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4.2.1 A reducibility criterion for simultaneous calibration

We describe a reducibility criterion for simultaneous calibration. The key result is the
following theorem.

Theorem 4.2.2 (A reducibility criterion for simultaneous calibration, [Van19]). Let A :
P3 99K P2 × P2 be a non-concentric pair of cameras. Let J = im A ⊂ P2 × P2 denote the joint
image, or (1, 1)-divisor of P2 × P2, that is cut out by the fundamental matrix F of A.

Then A is a calibrated configuration if and only if the restriction J ∩ (D × D) of J to the calibrat-
ing conics in the image planes is reducible as a (2, 2)-divisor of P1 × P1 ≃ D × D in one of the
following ways:

(i) J ∩ (D × D) = E + F ∈ |OP1×P1(2, 2)| where E, F ∈ |OP1×P1(1, 1)| are both smooth, or

(ii) J ∩ (D × D) = E + F ∈ |OP1×P1(2, 2)| where E ∈ |OP1×P1(1, 1)| is smooth and contains
the singular point of J, and F is the union of a (1, 0) curve and a (0, 1) curve that both pass
through the singular point.

The background work for the theorem begins with the following observation.

Proposition 4.2.3 (Reducibility criterion for simultaneous calibration, [Van19]). Let A be
the multiview configuration A = (A1, . . . , An). Let Hi = A−1

i (D) be the cone of Ai over
D for each i. Then Ai is calibrated for all i if and only if there is a smooth conic curve C ⊂
H1 ∩ · · · ∩ Hn.

Proof. It is clear that if such a conic C exists then each Ai is calibrated with calibrating
conic C, and hence A is. On the other hand, suppose A1, . . . , An is calibrated for each i
with calibrating curve C. But then C ⊂ Hi for each i, so it must lie within the intersection
H1 ∩ · · · ∩ Hn.

The key ingredient for the proof of Theorem 4.2.2 is the following classification of cone
intersections.

Proposition 4.2.4 (E.g., [Van19]). Two cones contained in P3 with distinct cone points intersect
in:

(i) a smooth quartic,

(ii) the union of two smooth conics, or

(iii) the union of a smooth conic and a doubled line.
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Proof. Omitted.

Figure 4.3: Two cones intersecting in a smooth quartic, two smooth conics, and a smooth conic
and doubled line, respectively.

From this classification we immediately get the following corollary of Proposition 4.2.3.

Corollary 4.2.5 ([Van19]). Two cameras A1, A2 : P3 99K P2 with distinct centers are simulta-
neously calibrated if and only if the intersection curve H1 ∩ H2 ⊂ P3 is reducible.

Proof. By Proposition 4.2.3 H1 ∩ H2 must contain a conic curve, which, by Proposi-
tion 4.2.4, is possible exactly when H1 ∩ H2 is reducible.

Remark 4.2.6. Let A = (A1, A2) be a nonconcentric pair of cameras with joint image
J ⊂ P2 × P2. By Corollary 4.2.5, J is an essential divisor if and only if the intersection of
cones A−1

1 (D) ∩ A−1
2 (D) = H1 ∩ H2 is reducible.

Since a pair of cameras is uniquely determined by its joint image, which is a divisor of
P2 × P2, it is natural to seek a geometric or divisor-theoretic condition on J to detect the
“reducedness” of the intersection of the cones over D.

To build intuition, consider the case when H1 ∩ H2 is the union of two smooth conics.
Here H1 ∩ H2 contains neither of the camera centers, so J ∩ (D × D) = A(H1 ∩ H2) does
not contain the singular point of J. Then the divisor J is rationally equivalent to the
union (ℓ1 × P2) ∪ (P2 × ℓ2) for lines ℓ1, ℓ2 ⊂ P2 intersecting D transversely. It follows
that the intersection J ∩ (D × D) is rationally equivalent to

({p1, p2} × D) ∪ (D × {q1, q2}). (4.5)
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Moreover, since D is a smooth conic isomorphic to P1, J ∩ (D × D) has class (2, 2) in
Pic(D × D) ≃ Z × Z. This is true in general for any joint image J and in fact the
intersection correspondence J 7→ J ∩ (D × D) gives a bijection of linear systems.

Lemma 4.2.7 ([Van19]). The map

|OP2×P2(1, 1)| → |OP1×P1(2, 2)|
J 7→ J ∩ (D × D)

is an isomorphism of linear systems.

Proof. Omitted.

By Lemma 4.2.7, a camera pair A = (A1, A2) is determined exactly by A(H1 ∩ H2) =

J ∩ (D × D). We know that A is injective apart from the camera centers, and its “calibrat-
edness” relies entirely on the reducibility of H1 ∩ H2, so the same reducibility criterion
can be applied to A(H1 ∩ H2).

We now prove Theorem 4.2.2, which follows neatly from the above results.

Proof of Theorem 4.2.2. We show that one of these two criteria is fulfilled if and only if
the conditions of Corollary 4.2.5 are. Notice that both criteria can only be fulfilled if the
intersection curve H1 ∩ H2 is reducible; otherwise J ∩ (D × D) will not be reducible.

If the intersection curve H1 ∩ H2 is reducible, it contains a smooth conic not containing
either camera center, say C1. Then A(C1) ⊂ J ∩ (D × D) is a smooth curve E.

The residual curve J ∩ (D × D)− E is the image of the other degree 2 curve in H1 ∩ H2,
say C2. If C2 is another smooth conic, also not containing the camera centers, then
indeed A(C2) = J ∩ (D × D)− E is smooth. Otherwise, C2 is a doubled line containing
the epipolar line. In this case, E indeed must contain the singular point of J as C1 passes
through this line (see Figure 4.3 for visual intuition). Furthermore, one can compute
directly that A(C2) = D × A2(c1) ∪ A1(c2)× D, which is exactly the union of a (1, 0)-
and (0, 1)-curve containing the singular point (A1(c2), A2(c1)).

Corollary 4.2.8 ([Van19]). Suppose J ⊂ P2 × P2 is a fundamental divisor. If the singular point
(d1, d2) of J is contained in D × D, then J ∩ (D × D) contains {d1} × D + D × {d2}, which
has class (1, 1) in Pic(P1 × P1).
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Proof. If J ∩ (D × D) contains the singular point, then the intersection curve H1 ∩ H2

contains the epipolar line. This corresponds exactly to case (ii) in Theorem 4.2.2, in
whose proof we saw that J ∩ (D × D) contains the desired union of curves.

The reducibility criterion of Theorem 4.2.2 gives a new description of the essential variety
E in terms of divisors.

Corollary 4.2.9 ([Van19]). The essential variety E ⊂ |OP2×P2(1, 1)| is the closure of the locus
of divisors J such that

(a) J lies in the determinantal hypersurface F ⊂ |OP2×P2(1, 1)|;

(b) The image of J under the isomorphism

|OP2×P2(1, 1)| → |OP1×P1(2, 2)|
J 7→ J ∩ (D × D)

lies in the locus of divisors of the form E + F where E ∈ |OP1×P1(1, 1)| is smooth, and
F ∈ |OP1×P1(1, 1)| is either smooth or equal to {d1} × D + D × {d2}. In particular,
E = A(C) where C is the calibrating conic of A.

Proof. This follows directly from Theorem 4.2.2. Either F is the smooth residual curve,
or Corollary 4.2.8 ensures that F is {d1} × D + D × {d2}.

4.2.2 Double covering and compactification of the essential variety

As Theorem 4.2.2 makes clear, the essential variety lives inside the locus of |OP1×P1(2, 2)|
consisting of reducible divisors containing a smooth member of |OP1×P1(1, 1)|. In par-
ticular, the smooth member is the image of the calibrating conic. A brief analysis of this
locus produces a projective scheme Ẽ that is naturally a compactification of the moduli
space of calibrated camera pairs.

Suppose A = (A1, A2) is a calibrated pair of nonconcentric cameras with calibrating
conic C and joint image J. Either E or F is the image of the calibrating conic C under A.
In fact, when we restrict to R (where the doubled line case can never happen) the act of
swapping the roles of F and E is exactly the swap occurring in the classical twisted pair
covering SO3(R)× P2(R) → E(R). The goal of this section is to formalize this idea by
proving the following proposition.
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Proposition 4.2.10 (A compactified double cover of the essential variety, [Van19]). The
classical twisted pair cover SO3(R)× P2(R) → E(R) admits a unique extension to a generically
2-to-1 étale cover π : Ẽ → E, where the cover π can be seen as a restriction to hyperplanes of the
natural “unordering” map P3 × P3 → Sym2 P3.

P3 × P3 Sym2 P3

Ẽ E

SO3(R)× P2(R) E(R)

π

π|Ẽ

⊂ ⊂

(4.6)

Moreover, the scheme Ẽ
◦

:= π−1(Esm) ⊂ Ẽ is naturally the moduli space CalCam2 of calibrated
pairs of cameras.

As Theorem 4.2.2 makes clear, J is essential only if α(J) is reducible and contains a
smooth member of |OP1×P1(1, 1)|. Any such divisor in |OP1×P1(2, 2)| is in the image of
one of the following divisor addition maps:

α : |OP1×P1(1, 1)| × |OP1×P1(1, 1)| |OP1×P1(2, 2)|

β1 : |OP1×P1(1, 0)| × |OP1×P1(0, 1)| × |OP1×P1(1, 1)| |OP1×P1(2, 2)|

β2 : |OP1×P1(1, 1)| × |OP1×P1(1, 0)| × |OP1×P1(0, 1)| |OP1×P1(2, 2)|

(4.7)

Remark 4.2.11. Notice that, for each i, βi factors through α via addition of the (1, 0)- and
(0, 1)-divisors, denoted by γi. This divisor addition is given by the map γ : |OP1×P1(1, 0)|×
|OP1×P1(0, 1)| → |OP1×P1(1, 1)|, which is equivalent to the Segre embedding σ : P1 ×
P1 → P3. So γ1 = σ × id and γ2 = id×σ.

Projectivizing each line bundle, we obtain the following diagram

P1 × P1 × P3

P3 × P3 P8 F E

P3 × P1 × P1

γ1

α ⊃ ⊃
γ2

(4.8)

where, slightly abusing notation, α : P3 × P3 → P8 is the composition of the divisor
addition map as defined above and the isomorphism |OP1×P1(2, 2)| ∼−→ |OP2×P2(1, 1)|.
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Lemma 4.2.12 ([Van19]). The preimage Ẽ = α−1(E) is a smooth bilinear divisor of P3 × P3.
Moreover, Ẽ is invariant under the swapping action of Z/2Z, so α|Ẽ factors through the quotient
map π : P3 × P3 → Sym2 P3. In particular, E ≃ π(Ẽ) is expressed as a hyperplane section of
Sym2 P3.

Ẽ = α−1(E) E

P3 × P3 P8

Sym2 P3

⊂

α|Ẽ

⊂
α

π

(4.9)

Proof. Members of OP1×P1(1, 1) are bilinear forms on P1 × P1, so each divisor is rep-
resented by a 2 × 2 matrix. Moreover, we can see members of OP1×P1(0, 1) as column
vectors v and those of OP1×P1(1, 0) as row vectors u⊺. The sum of two such divisors
corresponds to the product vu⊺, which is rank-deficient and thus not smooth. Let

a =

(
a0 a1

a2 a3

)
, b =

(
b0 b1

b2 b3

)

be coordinates on the first and second P3 factors, respectively. Notice that, with this
formulation, we have im(γ1) = V(a0a3 − a1a2), and similarly im(γ2) = V(b0b3 − b1b2).

By construction, α sends

(a, b) 7→

 a0b0 a1b0 + a0b1 a1b1

a2b0 + a0b2 a0b3 − a1b2 − a2b1 + a3b0 a3b1 + a1b3

a2b2 a3b2 + a2b3 a3b3

 , (4.10)

which has determinant (a0a3 − a1a2)(b0b3 − b1b2)(a0b3 − a1b2 − a2b1 + a3b0).

Let F̃ = α−1(F) = α−1(det = 0). We see that F̃ decomposes as the sum of irreducible
divisors

F̃ = im(γ1) + im(γ2) + Ẽ

where Ẽ := V(a0b3 − a1b2 − a2b1 + a3b0).

The residual divisor Ẽ must be the closure of the locus of divisor pairs (E, F) where at
least one of E, F is smooth. That is, Ẽ = α−1(E). Moreover, the polynomial cutting out Ẽ
is symmetric in a, b, so Ẽ is indeed stable under the Z/2Z swapping action. Noting that
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π(Ẽ) = V(a0b3 − a1b2 − a2b1 + a3b0) ⊂ Sym2 P3 is a hyperplane and isomorphic to E, we
get the last statement.

We see that α|Ẽ : Ẽ → E gives a 2-to-1 cover of E. Moreover, removing the rank-one locus
from Ẽ results in a smooth scheme Ẽ

◦
that parametrizes all calibrated, nondegenerate,

non-concentric camera pairs. We formalize this notion below.

Lemma 4.2.13 ([Van19]). The scheme Ẽ
◦

represents the functor CalCam◦
2 of [LV20] whose T-

valued points are tuples (P, A1, A2, C) where P → T is a Zariski form of P3
T, Ai : P 99K P2

T
(i = 1, 2) are surjective linear projections with distinct kernels, and C ⊂ P is a T-flat family of
curves of degree 2 such that Ai is defined on C and the restriction Ai|C factors through the closed
immersion DT ⊂ P2

T.

Proof. By construction, there is a morphism α|Ẽ : Ẽ → F. Restricting to the rank-two
locus Ẽ

◦
:= α−1(Esm), we further get a morphism Ẽ

◦ → Cam◦
2 . Fix an S-scheme T and

consider the point f ∈ hẼ
◦(T), and let g = α ◦ f be the resulting T-point in Cam2.

T

Ẽ
◦

Cam2

f
g=α◦ f

α

A point (E, F) ∈ Ẽ
◦

represents a calibrated camera pair A with A−1(E) = C0 for some
smooth conic C0 ⊂ P3. Consequently, the image im( f ) gives a family of smooth conics

C0 = {C0 := A−1(E) : (E, F) ∈ im( f )}

Pulling back C0 to P gives us the additional data of a T-flat family C of degree-2 curves
that satisfies the desired conditions.

Conversely, a T-point gives a morphism g : T → Cam2 which, given the additional data
of C, factors through Ẽ

◦
.

Combining Lemmas 4.2.12 and 4.2.13 and seeing E as a subvariety of Sym2 P3 gives us
Proposition 4.2.10.

4.2.3 Connections to previous work

To wrap up the contents of Theorem 4.2.1, we consider the expression of E as a sub-
scheme of Sym2 P3. This section also compares Theorem 4.2.1 to the results of [FKO18],
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in which E is described as a hyperplane section of X≤2
4 , the scheme of symmetric 4 × 4

matrices of rank at most 2.

Also, to recover the Demazure equations, we construct a presentation of Sym2 P3 as a
subscheme of P9 to get E ≃ Sym2 P3 ∩ P8 (where P8 is a hyperplane in P9). By analyzing
Sym2 P3 ∩ P8 ⊂ P8, we see that E can be realized as a subscheme generated by 10 cubic
forms in P8.

For ease of reading (and writing), we omit most of the proofs in this section.

Proposition 4.2.14 ([Van19]). Let X≤2
4 denote the scheme of symmetric 4 × 4 matrices of rank

at most 2. This is the cone in the affine space of symmetric 4× 4 matrices whose ideal is generated
by the 3 × 3 minors. The map γ : (x, y) 7→ xy⊺ + yx⊺ defines an isomorphism

Sym2 P3 → P(X≤2
4 ) (4.11)

Proof. Omitted.

We saw in Lemma 4.2.12 that E is a hyperplane section of Sym2 P3. Therefore Propo-
sition 4.2.14 tells us that Proposition 4.2.10 is actually a reformulation of the aforemen-
tioned result of Fløystad, Kileel, and Ottaviani.

4.2.4 A presentation of Sym2 P3 in P9

Here we give the desired presentation of Sym2 P3 as a subscheme of P9. The results in
this section are proved in [Van19] by way of certain results in sheaf cohomology.

Proposition 4.2.15 ([Van19]). There is a canonical embedding Sym2 P3 ↪→ P9, unique up to
automorphism of P9, such that any hyperplane section has dimension 5 and degree 10.

Proof. Omitted.
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Lemma 4.2.16. The map s : Sym2 P3 → P9 given in homogeneous coordinates by


a0

a1

a2

a3

×


b0

b1

b2

b3

 7→



a0b0

a1b0 + a0b1

a1b1

a2b0 + a0b2

a0b3 + a3b0

a1b2 + a2b1

a3b1 + a1b3

a2b2

a3b2 + a2b3

a3b3



=:



x0

x1

x2

x3

x4

x5

x6

x7

x8

x9



(4.12)

is an embedding of schemes. Moreover, the ideal of im(s) ≃ Sym2 P3 is generated by 10 cubic
forms.

Proof. The well-definedness of s follows from the fact that each coordinate polynomial is
symmetric in a, b. Injectivity is verified directly.

Using Macaulay2, we find that the ideal of im(s) ⊂ P9 is generated by the 10 cubic
polynomials

x2
6x7 − x5x6x8 + x2x2

8 + x2
5x9 − 4x2x7x9

2x4x6x7 − x4x5x8 − x3x6x8 + x1x2
8 + 2x3x5x9 − 4x1x7x9

x2
4x7 − x3x4x8 + x0x2

8 + x2
3x9 − 4x0x7x9

x4x5x6 − x3x2
6 − 2x2x4x8 + x1x6x8 + 4x2x3x9 − 2x1x5x9

x4x2
5 − x3x5x6 − 4x2x4x7 + 2x1x6x7 + 2x2x3x8 − x1x5x8

x2
4x5 − x3x4x6 − x1x4x8 + 2x0x6x8 + 2x1x3x9 − 4x0x5x9

x3x4x5 − x2
3x6 − 2x1x4x7 + 4x0x6x7 + x1x3x8 − 2x0x5x8

x2x2
4 − x1x4x6 + x0x2

6 + x2
1x9 − 4x0x2x9

2x2x3x4 − x1x4x5 − x1x3x6 + 2x0x5x6 + x2
1x8 − 4x0x2x8

x2x2
3 − x1x3x5 + x0x2

5 + x2
1x7 − 4x0x2x7.

Since E is a hyperplane in Sym2 P3, we can now write E = Sym2 P3 ∩ P8 where P8 is a
hyperplane. This results in the following proposition.
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Proposition 4.2.17 ([Van19]). Let P8 ⊂ P9 be a hyperplane and Sym2 P3 ↪→ P9 an embedding.
Then the embedding E = Sym2 P3 ∩ P8 ⊂ P8 of the hyperplane section is the complete linear
system on OE(1), and the homogeneous ideal of E in P8 is generated by precisely 10 cubic forms.

Proof. Details omitted. We outline a sketch:

(i) Let E be the vanishing of a hyperplane section of Sym2 P3, and let B =
⊕

n≥0 Bi be
the graded ring for which E = Proj(B).

(ii) Letting Q = Sym∗ B1 be the symmetric algebra of B1, we see that E = Proj(B) ⊂
Proj(Q) ≃ P8.

(iii) Then, using a cohomology argument, we see that the ideal of Sym2 P3 ⊂ P9 de-
scends to the ideal J = ker Q → B, which is the ideal of E ⊂ P8.

(iv) Thus, by Lemma 4.2.16, the ideal of E is generated by 10 cubic forms in P8.

4.3 Where do we go from here?

Recall that the divisor addition morphism

α : |OP1×P1(1,1)| × |OP1×P1(1,1)| → |OP1×P1(2,2)| (4.13)

gives an equivalent morphism P3 × P3 → P8.

A point correspondence is a linear constraint on P8, so determining a calibrated cam-
era from five correspondences is equivalent to intersecting five hyperplanes with the
essential variety. However, we could pull back the point-correspondence hyperplanes to
bilinear forms on P3 × P3 and intersect them there, too. This would give us each member
of the possible twisted pairs. Intersecting five hyperplanes with the essential variety is
basically intersecting five linear equations with the ten cubics (the Demazure equations)
defining the essential variety in P9.In contrast, intersecting five bilinear forms with the
essential cover only requires intersecting with one additional bilinear form on P3 × P3.
A brief computational experiment run by my colleague Duff gives us the suspicion that
this could lend itself to a practical and efficient algorithm for reconstructing calibrated
cameras. However, my own limited computational background prevents me providing
an exact description of its efficiency and usefulness. It is a future research goal, though.
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Chapter 5

INTERSECTION THEORY IN ALGEBRAIC VISION

This chapter contains a discussion and various computations related to the intersec-
tion theory of various algebraic varieties arising in algebraic vision. Similar to work in
[HL18], these computations may be of use in the proof of Conjecture 2.5.1.

5.1 The story of this project

Like I mentioned in Section 1.3, studying problems in computer vision with an algebro-
geometric lens has given me the opportunity to learn about “scary” math topics with a
much narrower scope, which—for me—takes the scare away. Since taking Jake Levin-
son’s intersection theory class in Spring 2020, I was very intersted in becoming more
proficient with the tools used in this area, but I was intimidated by the broad scope.
A few years later, my collaborator and mentor Tim Duff showed me a paper by Harris
and Lowengrub [HL18] that uses intersection-theoretic techniques to compute an up-
per bound for the Euclidean distance (ED) degree of the multiview variety. Duff and I,
along with Erin Connelly, were working at the time on [CDL23] which includes at the
end a conjecture regarding the ED degree of the resectioning variety. I took this as an
opportunity to learn more about intersection theory with the end-goal of utilizing the
methods to prove Conjecture 2.5.1. My time spent on the contents of this chapter were
very rewarding and enlightening for me, although I do not yet know the larger narrative
in which these results might belong.

5.2 Towards the total Chern class of the classical multiview variety

Knowing the total Chern class of the (tangent bundle of the) classical multiview va-
riety may prove useful for verifying its ED degree, which then could help in proving
Conjecture 2.5.1. It should be noted, though, that the relationship between c(TΓ1,n

Ā,p
) and

ED(Γ1,n
Ā,p) is not so clear as in [HL18], since in their work Harris and Lowengrub rely on
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the fact that their formulation of the multiview variety is the projective closure of an affine
cone, which is not the case for the classical construction.

The goal of this section is to prove the following proposition.

Proposition 5.2.1. Let ϕ̃ : P̃3 ↪→ (P2)n be the closed immersion whose image is the multiview
variety Γ1,n

Ā,p. Then the pushforward of the total Chern class c(TP̃3) under ϕ̃ is

ϕ̃∗c(TP̃3) = ∑
∑ ai=2n−3

ai≤2

ya + 4 ∑
∑ ai=2n−2

ai≤2

ya + 6 ∑
∑ ai=2n−1

ai≤2

ya + (4 + 2n)
n

∏
i=1

yi − 2
n

∑
i=1

∏
j ̸=i

y2
j .

Notation 5.2.2. We often use the notation c(X) to denote the total Chern class of the
tangent bundle of X, that is, c(TX).

The immersion ϕ̃ is defined as follows.

Proposition 5.2.3 (E.g., [LV20]). Let ϕ : P3 99K (P2)n be a multiview configuration with pair-
wise distinct camera centers. Then ϕ admits a resolution ϕ̃ : P̃3 → (P2)n that is an isomorphism
onto its image. Moreover, im(ϕ̃) = im(ϕ).

Proposition 5.2.4. The Chow ring of the multivew variety P̃3 = Blci P3 is

A•(P̃3) = Z[x0, . . . , xn]/({xi · xj}i ̸=j, {x3
i − x3

0}n
i=1)

where x0 is the class of the strict transform of any hyperplane in P3, and, for i > 0, xi is the class
of the exceptional divisor Ei = π−1(ci).

Proof. This follows directly from the classification of the Chow rings of blow-ups of
projective space at finitely many distinct points [Por23, Thm. 3.6]. We note that, since
none of the ci are proximal (i.e., all of the points are disjoint in the ground scheme
P3), the change-of-basis matrices from the strict transforms to the total transforms (and
vice-versa) as defined in [Por23, Eq. 1] are just the identity.

One can also invoke [EH16, Cor. 9.6] and apply a change of variables to get the same
result.

Lemma 5.2.5. The Chow ring of (P2)n is

A•((P2)n) = A•(P2)⊗ · · · ⊗ A•(P2) =
Z[y1, . . . , yn]

(y3
1, . . . , y3

n)

where yi represents the class of the i-th hyperplane (i.e. [(P2)i−1 × ℓi × (P2)n−i]).
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Proof. This follows directly from the fact that the Chow ring of the product of projective
spaces is the tensor product of their Chow rings.

The following proposition comes into use when computing the total Chern class of P̃3.

Proposition 5.2.6 ([Ful84, Example 15.4.2]). Let Y be a smooth scheme and X ⊂ Y be a closed
smooth subscheme of codimension d. Consider the following blowup diagram.

X̃ Ỹ

X Y.

j

g f

i

(5.1)

Suppose that ck(NX/Y) = i∗ck for some ck ∈ Ak(Y), and that c(X) = i∗α for some α ∈ A•(Y).
Let η = c1(OỸ(X̃). Then,

c(Ỹ)− f ∗c(Y) = f ∗(α) · β (5.2)

where

β = (1 + η)
d

∑
i=0

(1 − η)i f ∗cd−i −
d

∑
i=0

f ∗cd−i. (5.3)

Proposition 5.2.7. The total Chern class of TP̃3 is

c(P̃3) = (1 + x0)
4 +

n

∑
i=1

(
(1 + xi)(1 − xi)

3 − 1)
)

(5.4)

= 1 + 4x0 + 6x2
0 + (4 + 2n)x3

0 − 2
n

∑
i=1

xi. (5.5)

Proof. The proof can essentially be extracted from the proof of [HL18, Prop. 3], being
careful to note where our notation differs. In particular, applying Proposition 5.2.6 to
Y = P3 and X being the i-th camera center (here we avoid the usual notation ci to
avoid confusion between the i-th camera center and the i-th Chern class), we see that the
contribution of blowing up each camera center is given by α = 1, c0 = 1, ck = 0 (k > 0).
The first Chern class of the exceptional divisor over the i-th camera center is xi, so we
get β = (1 + xi)(1 − xi)

3 − 1.

Moreover, f ∗c(Y) = (1 + x0)
4 in P̃3, so we have

c(P̃3)− (1 + x0)
4 =

n

∑
i=1

(
(1 + xi)(1 − xi)

3 − 1)
)

(5.6)
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as desired. Expanding eq. (5.6) with respect to the relations in Proposition 5.2.4, we get

c(P̃3) = (1 + x0)
4 +

n

∑
i=1

(
(1 + xi)(1 − xi)

3 − 1)
)

= (1 + x0)
4 +

n

∑
i=1

(2x3
i − 2xi)

= 1 + 4x0 + 6x2
0 + 4x3

0 + 2
n

∑
i=1

x3
0 − xi

= 1 + 4x0 + 6x2
0 + (4 + 2n)x3

0 − 2
n

∑
i=1

xi.

Proposition 5.2.8. The class of P̃3 as a subvariety of (P2)n is

[ϕ̃(P̃3)] = ∑
∑ ai=2n−3

ai≤2

ya.

Proof. We use the method of undetermined coefficients as described in [EH16, Sec. 2.1].
The dimension of ϕ̃(P̃3) is 3, so its class is

δ = [ϕ̃(P̃3)] = ∑
∑ ai=2n−3

ai≤2

caya

where a = (a1, . . . , an) and ya = ya1
1 · · · yan

n . We determine the coefficients ca by multiply-
ing both sides with classes of complementary codimension. Then we get ca = deg(δ · ya′)

where a′i = 2 − ai. There are only two possible types of yα′ , either y2
i yj or yiyjyk

(i ̸= j ̸= k). Notice that ϕ̃∗(y2
i yj) is the intersection of a line through ci and a plane

through cj, which is a point. Pushing forward, we have

y2
i yj · δ = ϕ̃∗ϕ̃∗(y2

i yj) = [pt] =
n

∏
k=1

yk

so ca = 1 for ya = ∏n
k=1 yk
y2

i yj
for all i ̸= j. Similarly, ϕ̃∗(yiyjyk) is the intersection of three

planes, which is again a point, so we get

yiyjyk · δ = ϕ̃∗ϕ̃∗(yiyjyk) = [pt] =
n

∏
k=1

yk.
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That is, the coefficients are all 1, so we have

δ = [ϕ̃(P̃3)] = ∑
∑ ai=2n−3

ai≤2

ya.

Finally, we compute the pushforward ϕ̃∗c(P̃3) as stated in Proposition 5.2.1.

Proof of Proposition 5.2.1. Recall that c(P̃3) = 1 + 4x0 + 6x2
0 + (4 + 2n)x3

0 − 2 ∑n
i=1 xi. So

to determine the pushforward, it suffices to compute the classes of x0, x2
0, x3

0, and xi for
i = 1, . . . , n.

We immediately see that ϕ̃∗(x3
0) = [pt] = ∏n

i=1 yi. Again implementing the method of
undetermined coefficients and the push-pull formula, we get (for all i, j not necessarily
distinct)

yiyj · ϕ̃∗(x0) = ϕ̃∗(ϕ̃
∗(yiyj) · x0) = [pt] =⇒ ϕ̃∗(x0) = ∑

∑ ai=2n−2
ai≤2

ya (5.7)

yi · ϕ̃∗(x2
0) = ϕ̃∗(ϕ̃

∗(yi) · x2
0) = [pt] =⇒ ϕ̃∗(x2

0) = ∑
∑ ai=2n−1

ai≤2

ya (5.8)

For xi, we have

yjyk · ϕ̃∗(xi) = ϕ̃∗(ϕ̃
∗(yjyk) · xi) =


ϕ̃∗(x2

0 · xi) = 0 i, j, k not all equal

ϕ̃∗((x2
0 − x2

i ) · xi︸ ︷︷ ︸
=−x3

i =x3
0

) = [pt] i = j = k (5.9)

so ϕ̃∗(xi) = ∏j ̸=i y2
j . Combining terms, we get

ϕ̃∗c(P̃3) = ∑
∑ ai=2n−3

ai≤2

ya + 4 ∑
∑ ai=2n−2

ai≤2

ya + 6 ∑
∑ ai=2n−1

ai≤2

ya + (4 + 2n)
n

∏
i=1

yi − 2
n

∑
i=1

∏
j ̸=i

y2
j .

We note that c(ϕ̃∗TP̃3) is not equal to A∗c(TP̃3), but it is certainly the case that they are
related. For instance, Grothendieck-Riemann-Roch states the following.
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Theorem 5.2.9 (Grothendieck-Riemann-Roch, e.g., [Ful84, Ch. 15]). Let j : X → Y be a
proper map of nonsingular varieties, and let E be a vector bundle on X. Then

ch(j∗E) td(TY) = j∗(ch(E) td(TX))

(where ch(E) is the Chern character of E , and td(E) is its Todd character).

Letting X = P̃3, Y = (P2)n, j = ϕ̃, E = TP̃3 , we get

ch(ϕ̃∗TP̃3) td(T(P2)n) = ϕ̃∗(ch(TP̃3) td(TP̃3)).

The computations of ch(TP̃3) and td(TP̃3) are beyond the scope of this thesis, but my
expectation is that they are not so complicated, or perhaps there is a nice formula for

their product. Additionally, we have td(T(P2)n) = ∏n
i=1

(
yi

1−e−yi

)3
. It follows that

ch(ϕ̃∗TP̃3) = ϕ̃∗(ch(TP̃3) td(TP̃3)) ·
n

∏
i=1

(
1 − e−yi

yi

)3

.

From here it would be straightforward to extract the total Chern class c(ϕ̃∗TP̃3), which is
the goal.

5.3 Some questions regarding the univariate multiview variety

Here we lay out some questions that, when answered, may shed light on some key
differences between the “univariate” and “multivariate” multiview varieties.

Definition 5.3.1 (The univariate multiview variety, [HL18]). Let Pi be a 3× 4 matrix, con-
sidering each row ℓij as the affine function sending q = (x, y, z) to ℓij · (x, y, z, 1). So we
can see each Pi as a rational map from C3 → C2 by Pi(v) = (ℓi1(q)/ℓi3(q), ℓi2(q)/ℓi3(q)).
The ℓij naturally extend to projective space, where ℓij(q) = ℓij · q.

The univariate multiview variety MV′
n is the Zariski closure of im(ϕ), where

ϕ : P3 99K P2n (5.10)

q 7−→ ((ℓ11 · ∏
i ̸=1

ℓi3)(q) :: (ℓ12 · ∏
i ̸=1

ℓi3)(q) :: · · · : (ℓn2 · ∏
i ̸=n

ℓi3)(q) :
n

∏
i=1

ℓi3(q)). (5.11)

Question 5.3.2. In the multivariate case, we know that the joint images for a length-2
multiview configuration are (1, 1)-divisors of P2 × P2. In the univariate case, what kind
of divisors are the joint images in P4?



66

Question 5.3.3. What does the essential variety look like in the univariate setting?

Question 5.3.4. The multivariate multiview variety corresponding to an n-camera ar-
rangement is nonsingular for n > 2, whereas the univariate multiview variety is singular
for all n. However, computing a fairly tight upper bound for the univariate multiview
variety is straightforward using the Chern-Mather class (see, e.g. [Mac74]). Does this
method translate to the resectioning case, which is both higher-dimensional and which
is singular even in the multivariate case?

Question 5.3.5. Two multivariate camera configurations are isomorphic if and only if
their multiview varieties are equal as subschemes of (P2)n. Is this still true in the uni-
variate case?

Below we answer Question 5.3.5, whose proofs follow exactly as in [LV20].

Lemma 5.3.6. Suppose A1, A2 : P3 99K P2n are camera configurations and α : P3 99K P3 is a
birational automorphism such that A2 = A1 ◦ α. If α and A1 ◦ α are both regular on an open
subset U ⊂ P3 whose complement has codimension at least 2 then α extends to a unique regular
automorphism α̃ : P3 → P3.

Proof. We can remove the indeterminacy locus of A1 from U if necessary, which is a
union of lines; so U will still have complement of codimension at least 2, and now
A1, α, A2 are all regular on U. By assumption, A∗

i O(1) = OU(1), so α∗O(1) = O(1).
Then since Γ(U,O(1)) = Γ(P3,O(1)), by the universal property of projective space the
morphism U → P3 must extend to a unique α̃ : P3 → P3; and since α was birational, this
must be an automorphism as desired.

Proposition 5.3.7. Two camera configurations A1 and A2 of length n are isomorphic if and only
if their associated multiview varieties in P2n are equal as closed subschemes.

Proof. It is straightforward from the definitions that two isomorphic camera configura-
tions have equal multiview varieties.

Conversely, since Ai is birational onto its image (i = 1, 2), we see that if im(A1) = im(A2)

then there is a birational automorphism α : P3 99K P3 such that A2 = A1 ◦ α. Moreover,
α, A1, A2 are all regular on the open subscheme U ⊂ P3 which is the complement of the
union of lines on which A1, A2 are not defined. The union of lines has codimension 2,
so we can apply Lemma 5.3.6 to get A1 ≃ A2 as camera configurations.
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Finally, we include a conjecture regarding the degree of the univariate multiview variety.

Conjecture 5.3.8. The degree of the univariate multiview variety is n(n−1)(n+4)
6 .

5.4 The Picard group of the universal imaging variety

The goal of this section is to prove the following:

Theorem 5.4.1. The Picard group Pic(Γm,n
A,q,p) of the universal imaging variety is isomorphic to

Pic(Γm,n
A,q,p) ≃ Zmn+1.

The generators are xij, y (1 ≤ i, j ≤ m, n), where xij is the class of the pullback of the generator of
Pic(P2) in the (i, j)-th factor, and y is the class of the image of the exceptional divisor of the blow-
up BlZ(P3) at the locus of indeterminacy of the universal imaging map Φ : (P11)m × (P3)n 99K
(P2)mn.

Recall that the universal imaging variety Γm,n
A,q,p is defined as the Zariski closure of the

graph of the universal imaging map

Φ : (P11)m × (P3)n 99K (P2)mn

(Ai, qj) 7−→ Aiqj.

Proposition 5.4.2. Let f : X 99K Y be a rational map of projective schemes over C whose base
locus Z can be decomposed as a union of smooth closed subschemes Z =

⋃n
i=1 Zi such that Zi, Zj

intersect transversely for all i ̸= j. Then

(i) f̃ : BlZ X → Y is a morphism, and

(ii) BlZ X ≃ Γ( f ).

Sketch of proof. By [Li09, Theorem 1.3], we have

BlZ X = BlZ̃in
· · ·BlZ̃i2

BlZi1
X

(for some appropriate ordering of the Zi) and this iterated blow-up is exactly the one
that makes f̃ regular. Furthermore, im( f̃ ) ⊂ X ×Y contains im( f |X\Z), and is a reduced
and irreducible subscheme of X × Y, so it must coincide with Γ( f )
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Corollary 5.4.3. Let Z denote the base locus of the universal imaging map Φ. Then

Γm,n
A,q,p ≃ BlZ

(
(P11)m × (P3)n

)
.

Proof. By Proposition 5.4.2, it remains to show that Z is a union of smooth closed sub-
schemes whose intersections are transverse.

Rewrite Z as Z =
⋃m,n

i,j=(1,1) Zij, where

Zij := {(A, q) ∈ (P11)m × (P3)n : Aiqj = 0}.

Clearly each Zij is smooth.

Let πj : Zij → P3 be the j-th projection, and notice that the fibers of πj are dimension
8, since Aq = 0 is cut out by three linear equations in A. Thus we can conclude that
dim Zij = 11(m − 1) + 3n + 8; that is, codim Zij = 3.

Consider the intersection Zab ∩Zcd. If a ̸= c and b ̸= d, the dimension of their intersection
is clearly 11(m − 2) + 3n + 16; that is, codimension 6, as expected. If b = d, then we have
Aaqb = Acqb = 0. This again is of the expected codimension, since Aa and Ac are
independent.

Finally, consider the case a = c. Generically, if a given Aaqb = Aaqd = 0, it must be that
qb = qd = ker A. This also gives us a codimension 6 locus.

Thus in all cases, codim Zij ∩ Zkℓ = 6 as desired.

Proof of Theorem 5.4.1. We have the blow-up diagram

E W = BlZ(X)

Z X := (P11)m × (P3)n

j

πE π

i

which induces the exact sequence of Chow groups

A0(E) A1(W) A1(X) 0.
j∗ π∗

Let e = j∗[E] denote the class of E in A1(W). By [EH16, Theorem 13.12], we know that
j∗(e) = j∗ j∗[E] = −ζ, where ζ = c1(OE(1)). Also, by [EH16, Theorem 9.6], we see that ζ
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generates (additively) a subgroup of

A(E) ≃
dim E⊕
i=0

ζ i · A(X) ≃
dim E⊕
i=0

ζ i · Z[x1, . . . , xm, y1, . . . , yn]

(x12
i , y4

j )
m,n
(i,j)=1

.

In particular, ζ is a non-torsion element of A(E).

If j∗ were not injective, there would be some n ∈ Z for which j∗(n[E]) = n · e = 0. But
then 0 = j∗(n · e) = −nζ, a contradiction as we just saw that ζ is non-torsion.

Therefore the sequence must be short exact, and moreover it must split as A1(X) = Zmn

is an injective Z-module. That is,

A1(W) ≃ A0(E)⊕ Zmn ≃ Z × Zmn = Zmn+1.

Moreover, by Corollary 5.4.3, we have Pic(Γm,n
A,q,p) ≃ A1(W), completing the proof.
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