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Rapid advances in sensor and information technology have resulted in both spatially and

temporally data-rich environment, which creates a intensive need for us to develop novel

statistical methods and computationally efficient algorithm to extract intelligent knowledge

and informative patterns from these complicated system. For example, smart manufactur-

ing, or it is also called advanced manufacturing technology take the benefit of information,

technology and human intelligence to bring about a rapid revolution in the development

and application of manufacturing. Another example is that, in health care field, such as

Alzheimer’s disease, the researchers have acquired a large number of biomarkers from vari-

ous modalities including genotyping, neuroimaging and clinical assessment. These changes

and development always produces a complicated high dimensional networked systems.

However, the statistical and computational challenges for addressing these complicated

systems lay in their complex structures, such as high dimensionality, hierarchy, multi modal-

ity, heterogeneity and data uncertainty. On the other hand, a bunch of recent development in

statistic, optimization and machine learning, such as graphical model, dimension reduction

and feature screening technology provide more insights and angles to address the problems

coming from these complex high dimensional networked system.



I depict the development of novel statistical model and computationally efficient algo-

rithm to analysis the high dimensional networked system, and show how these proposed

models are applied to real world applications, such as manufacturing system and Alzheimer’s

Disease.
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Chapter 1

INTRODUCTION

1.1 Motivation

Rapid advances in sensor and information technology have resulted in both spatially and

temporally data-rich environment, which creates a intensive need for us to develop novel

statistical methods and computationally efficient algorithm to extract intelligent knowledge

and informative patterns from these complicated system. For example, smart manufactur-

ing, or it is also called advanced manufacturing technology take the benefit of information,

technology and human intelligence to bring about a rapid revolution in the development

and application of manufacturing. Another example is that, in health care field, such as

Alzheimer’s disease, the researchers have acquired a large number of biomarkers from vari-

ous modalities including genotyping, neuroimaging and clinical assessment. These changes

and development always produces a complicated high dimensional networked systems.

To model the networked multivariate system, such as the sensor network in manufactur-

ing system and brain connectivity in healthcare system, the graphical model like Bayesian

network and Markov random field is one common and beneficial approach. After represent-

ing in graphical model, it is convenient to analyze its properties based on their statistical

distributions and graph theory.

On the other hand, there are a bunch of issues emerging to tackle with in particular

domains after representation of graphical model. For example, in fault detection and diag-

nosis problem, since the fault of predecessors could propagate to their successors, it is of

interest to investigate the propagation mechanism. And it is necessary to develop more effi-

cient algorithm to solve the graphical model problem theoretically, because most real world

application requires real time results.
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1.2 Research objectives

The objectives of my research would include:

• Develop novel statistical models for fault detection and fault diagnosis in large scale

complex problem, including high-dimensional data, hierarchically-structured data, multi-

modality data and uncertainty data, by drawing on recent theoretical developments in

statistics, machine learning and quality control.

• Develop computationally efficient safe screening techniques to dramatically speed up

the diagnostic monitoring procedure in large scale systems.

• Apply the developed novel statistical models for knowledge discovery and decision

making from real-world dataset, including manufacturing and healthcare system.

1.3 Organizations

This thesis is presented in a multiple manuscript format. Each of the chapters, 2 to 5, is

written as in individual research paper, with references listed in the end of the thesis. And

chapter 6 would discuss the ongoing work and future work. The relationships among these

chapters are depicted in Figure 1.1.

Chapter 2 presents a novel high-dimensional statistical model, called LASSO-BN, which

is useful to do the fault detection and diagnosis simultaneously in large scale networked

system that could be represented as BN. We did theoretical analysis to reveal the difference

between the proposed LASSO-BN method with the state-of-art, VS-MSPC. And it has been

evaluated by extensive numerical studies with benchmark methods.

Chapter 3 develops a computationally efficient algorithm to solve the sensor fault di-

agnosis problem, which is when hundreds or thousands of sensors are monitoring a high-

dimensional process that generate abnormality signals that are actually interconnected, how

could we perform fault diagnosis that is statistically accurate and computationally feasible?

With applications on simulated and real-world processes, the proposed method is thoroughly
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Figure 1.1: Relationships among the chapters in this thesis

evaluated which shows promising performance in terms of effectiveness, accuracy, and effi-

ciency.

Chapter 4 takes a systematical perspective (mixed type Bayesian network) to study pat-

terns of disease progression. We take into consideration of multimodal biomarkers such as

APOE genotypes, SNP variants, demographics, FDG-PET, amyloid PET, MRI, and neu-

ropsychological assessment. We conduct this study using ADNI baseline dataset, and find

that the learned BN model provides findings that are in consistent with the AD literature.

Chapter 5 proposes a first of its kind method that can systematically elicit expert knowl-

edge, optimally matched to observational data that has been collected, to identify the influen-

tial relationships between variables. Such a Bayesian learning framework will further lead to

a systematical optimization formulation to automate the expert elicitation process. We con-

duct extensive numerical experiments on simulated data and real-world data to demonstrate

the utility of our method and show its superior performance than baseline approaches.
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Chapter 2

DIAGNOSTIC MONITORING OF MULTIVARIATE PROCESS
VIA A LASSO-BN FORMULATION

Quality control of multivariate processes has been extensively studied in the past decades,

however, fundamental challenges still remain due to the complexity of these multivariate pro-

cesses and the decision-making challenges that require not only sensitive fault detection but

also identification of the truly out-of-control variables. In many existing developments for

multivariate process monitoring, the fault detection and the diagnosis are usually considered

as two separate tasks. Recent developments have revealed insights that selective monitoring

of the potentially out-of-control variables, identified by a variable selection procedure that is

combined with the process monitoring method, could lead to promising performances of pro-

cess monitoring. Following this line, we further propose the theme of diagnostic monitoring,

that takes one step further than the selective monitoring idea and directs the monitoring

effort on the potentially out-of-control variables, while the identification of the truly out-

of-control variables can be achieved by integrating the process monitoring formulation with

process cascade knowledge represented by a Bayesian Network. Computationally efficient

algorithms are also developed for solving the optimization formulation with interesting con-

nection to the LASSO problem being identified. Both theoretical analysis and extensive

experiments on simulated dataset and real-world applications are conducted that show the

superior performance of the proposed method.

2.1 Introduction

Recent rapid advances in sensor and information technologies have provided unprecedented

opportunities for monitoring manufacturing systems that have many important process vari-
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ables. Statistical monitoring of these multivariate processes has shown to be challenging, due

to the complexity of these multivariate systems and the high anticipation of the decision-

making capabilities. It is anticipated that the process monitoring methods can not only

provide timely fault detection, but also identify the truly out-of-control variables that are re-

sponsible for the fault signal. In many existing research developments for multivariate process

monitoring, the fault detection and the truly out-of-control diagnosis are usually considered

as two separate tasks. For instance, the Hotellings chart, the Multivariate EWMA and Multi-

variate CUSUM charts were developed for fault detection but not much for diagnosis. Since

these methods only provide overall evaluation of the process condition, ad-hoc diagnosis

methods have been developed to identify the truly out-of-control variables that result in the

out-of-control signals. Examples of these diagnosis methods include [36] that used Principal

Component Analysis (PCA), the regression-based methods proposed in [62, 63, 64], and the

MYT-decomposition method proposed in [110, 111].

Considering the fault detection and diagnosis as two separate tasks may not be the

optimal solution for multivariate process monitoring. As pointed out in [160], it is very

rare to see all the process variables experience shifts simultaneously in many real-world

applications. As a result, by monitoring all the process variables to detect process changes

could be very challenging, since the process change signal due to a small number of variables

is rather weak when many in-control variables are included and treated equally. Therefore,

to simultaneously conduct diagnosis and fault detection, some recent works such as [160,

171, 18], have proposed interesting frameworks that integrate variable selection and process

monitoring simultaneously. For example, the basic idea of the VS-MSPC method proposed

in [160] is, rather than monitoring all the variables, it is better to identify the potentially out-

of-control variables by forward variable selection methods and then monitor these selected

variables via a Shewhart-type chart. Similarly, [171] proposed to use the EWMA statistic

to accumulate recent observations and then use the Least Absolute Shrinkage and Selection

Operator (LASSO) for variable selection. Numerical studies in these recent developments

have demonstrated that this simultaneously monitoring and diagnosis method performs well
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in a number of applications.

The objective of our research is to extend [160, 171, 18]s developments to the multivariate

processes where the cascade relationships between the process variables can be characterized

via Bayesian Networks (BN). It has been found that the cascade relationships between the

process variables hold great value for accurate determination of the truly out-of-control

variables. Although the existing diagnostic methods such as the MTY approach can be used

for identifying the variables that significantly contribute to an out-of-control signal, these

identified variables may not truly be the out-of-control variables. This is because that the

changes on the truly out-of-control variables will propagate to their downstream variables,

misleading the diagnosis methods to include both the truly out-of-control variables and their

downstream variables as identified out-of-control variables. For example, Figure 2.1 shows a

hot forming process where the cascade relationships between the five process variables (X1,

blank holding force; X2, temperature; X3, tension in workpiece; X4, material flow stress; X5,

final dimension of workpiece) can be represented as a Bayesian Network (BN). If is out-of-

control, its effect will propagate to and further impact , resulting in out-of-control signals on

all these variables. Thus, without incorporating the cascade relationships between process

variables into the diagnostic procedure, it is very difficult to separate the truly out-of-control

variables with their downstream variables that also exhibit out-of-control signals. Both our

numerical experiments and theoretical analysis in later sections of this paper also confirmed

that the methods proposed in [160, 171] could not identify the truly out-of-control variables

due to the foregoing reasons.

Thus, in this paper, we propose a method called LASSO-BN for statistical monitoring of

the multivariate processes that can be represented as BNs. We show that the LASSO-BN

method can be formulated as a constrained likelihood estimation problem, which is later

shown to be computationally equivalent to the LASSO formulation. We further provide

theoretical comparison of the LASSO-BN with existing methods such as variable selection

based multivariate statistical process control (MSPC) methods developed in [160, 171], which

reveals theoretical reason why the LASSO-BN could outperform them.
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Figure 2.1: 2-D illustration of the hot forming process, and the corresponding BN structure

While we limit our current scope on the BNs, it is worthy of mentioning that the BN model

is very capable and flexible that can model a wide range of problems. Comparing with other

BN-based diagnosis methods such as [94, 165], LASSO-BN method integrates monitoring and

diagnosis into a systematic formulation, and inherits the nice variable selection properties of

sparse learning. Also, LASSO-BN is able to utilize the parameters of the BN for statistical

inference, while in the other methods such as the causation-based T 2 method, only the

qualitative cascade information was used. The article is structured in the following manner.

Section 2.2 briefly reviews the basic concepts of Bayesian network, the existing multivariate

monitoring methods, the generalized likelihood ratio test (GLRT), and the variable selection

based MSPC methods such as the VS-MSPC that builds on GLRT. We then develop our

LASSO-BN approach in Section 2.3, and investigate its application on both simulated dataset

in Section 2.4 and a real-world dataset such as the Tennessee Eastman Chemical process in

Section 2.5. A theoretical study is conducted in Section 2.6 to further reveal why the proposed

method is superior to existing methods. Conclusions are drawn in Section 2.7.

2.2 Review of the BN, the GLRT control chart, and the VS-MSPC

In this paper, we concern the multivariate processes that can be characterized as a mul-

tivariate Gaussian distribution. Denote the p process variables as X = {X1, . . . , Xp}, and

P (X1, . . . , Xp) = N (µ,Σ) where µ is the mean vector and Σ is the covariance matrix. With-
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out loss of generality, we assume that µ = 0 when the process is in-control. In this section,

we will briefly review the BN method that is useful for modeling the Gaussian multivariate

process, and the GLRT control chart that is useful for monitoring the process.

2.2.1 The Gaussian BN

The BN has been found to be an effective tool for modeling complex manufacturing sys-

tems by a number of researchers, e.g., [94, 99, 100]. As modeling the joint distribution

P (X1, . . . , Xp) is the first step to establish the baseline of the process to be monitored, in

what follows, we will show how the BN can be helpful to specify P (X1, . . . , Xp). In particular,

BN provides an intuitive yet powerful framework for encapsulating the complex relationships

between the variables by the use of a directed acyclic graph (DAG) structure. The DAG

consists of directed arcs between the variables. If there is a directed arc from Xi to Xj, i.e.,

Xi → Xj, then Xi is called a parent of Xj. Let paj denote the set of variables that are all

parents of Xj. A variable is independent of its non-descendants given its parents. Thus, the

joint distribution P (X1, . . . , Xp) can actually be decomposed into a product of p conditional

probability distributions:

P (X1, . . . , Xp) =

p∏
i=1

P (Xi|pai) (2.1)

where the conditional probability distributions {P (Xi|pai, i = 1, 2, . . . , p} are also called

parameters of the BN. In other words, this decomposition property of BN implies that, to

learn the multivariate joint probability distribution, we only need to estimate p conditional

probability distributions which are usually with smaller dimensionality, making it much easier

and applicable to handle multivariate manufacturing systems in real-world applications.

For multivariate Gaussian distributions, the conditional distribution P (Xi|pai) in Equa-

tion 2.1 can be equivalently written as a linear regression model between any variable with

its parent variables, as
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Xi =
∑
j∈pai

ωijXj + εi (2.2)

where ωij is the regression coefficient, εi ∼ N(bi, σ
2
i ) represents the local variation of

variable Xi with mean level as bi and variance as σ2
i . Based on Equation 2.2, the conditional

distribution P (Xi|pai) an be written as:

P (Xi|pai) = N(
∑
j∈pai

ωijXj + bi, σ
2
i ) (2.3)

For independent nodes whose parent variable set is null, i.e., pai = null, the density

function is a univariate Gaussian distribution, N(bi, σ
2
i ). Thus, based on Equation 2.1,

the logarithm of the joint distribution is the logarithm of the product of these conditional

distributions over all nodes in the DAG, leading to the following expression:

lnP (X1, . . . , Xp) =

p∑
i=1

lnP (Xi|pai) = −
p∑
i=1

(Xi −
∑

j∈pai
ωijXj − bi)2

2σ2
i

+ const (2.4)

On the other hand, as we know that P (X1, . . . , Xp) = N(µ,Σ), it is of interest to convert

the information encoded in Equation 2.4 to the mean vector µ and covariance matrix Σ.

This conversion is particularly useful for process monitoring purpose as many existing process

control charts take µ and Σ as input information. A recursive procedure can be used. Based

on the BN structure, it is always possible to rearrange the variables in a cascade order so

earlier variables wont be children of later variables in this order. For instance, for the BN

in Figure 2.1, the variables can be ordered as X1, X2, X3, X4, X5 or X1, X2, X4, X3, X5, while

either order is a cascade order. Without loss of generality, assume that X1, . . . , Xp is such a

cascade order. With this order, the recursive procedure to derive the unconditional mean of

each variable Xi is shown in below:

• Starts withX1. From Equation 2.3, it is known that µ1 = b1.
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• Then, by following the order of the cascade, we can derive the mean of Xi as

µi =
∑
j∈pai

ωijµj + bi (2.5)

Similarly, we can obtain the covariance matrix for P (X1, . . . , Xp) in the form of a recursion

relation, i.e., for each cov(Xi, Xj), we have

cov(Xi, Xj) =
∑
k∈paj

ωjkcov(Xi, Xj) + Iijσ
2
j (2.6)

where I is the identity matrix.

2.2.2 The GLRT control chart

For monitoring multivariate Gaussian processes, the GLRT method has been a benchmark

method. It encompasses a number of existing process monitoring methods including the

Hotellings T 2 chart. Details of the GLRT control chart were provided in [80, 160]. Specif-

ically, let xt be the process measurement at time point t, i.e., xt ∼ N(µ,Σ). Process

monitoring is to examine the following statistical hypothesis:

H0 : µ ∈ Ω0 versus H1 : µ ∈ Ω1, (2.7)

where Ω0 = {µ : µ = 0} represents the parameter space when the process is in control;

Ω1 = {µ : µ 6= 0} is the parameter space when the process is out of control. To detect the

potential mean shift, the GLRT statistics is defined as

λ(xt) =
maxµ∈Ω0 L(xt,µ)

maxµ∈Ω1 L(xt,µ)
(2.8)

where L(xt,µ) is the likelihood of xt. The null hypothesis is rejected if λ(xt) < c1, where c1 >

0 is a constant that corresponds to a desired type-I error. With the details of the theoretical

derivation omitted, it has been shown in [160] that the rejection region is equivalent to

Λ(xt) = min
µ∈Ω1

{−xTt Σ−1xt + (xt − µ)ΣT (xt − µ)} ≤ log c1 (2.9)
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We reject the null hypothesis if

Λ(xt) = xTt Σ−1xt − min
µ∈Ω1

{(xt − µ)Σ−1(xt − µ)} ≥ C (2.10)

where C = − log c1. The value of C can be obtained by the simulation procedure proposed

in [160]. As we have shown in previous section, with the knowledge of the BN, the joint

distribution P (X1, . . . , Xp) = N(µ,Σ) can be readily derived by the recursive procedure.

The distributions parameters µ and Σ can be used as input of the GLRT method described

here, for detecting possible process changes on the mean levels.

2.2.3 The control charts with variable selection capability

As mentioned before, it has been demonstrated that considering the fault detection and the

diagnosis as two separate tasks may not be the optimal solution for multivariate process

monitoring, particularly when there is only a small portion of the variables that are out-

of-control. An intuitive explanation is that the majority of the in-control variables form a

strong background noise that buries the out-of-control signal. Thus, both the VS-MSPC and

LASSO-based Control Chart have been proposed in [160, 170] to simultaneously identify the

out-of-control signal and perform diagnosis. Both methods follow a similar idea, which is to

apply variable selection in conjunction with the GLRT statistics for process monitoring, i.e.,

VS-MSPC uses a stepwise variable selection method while the LASSO-based Control Chart

uses LASSO. Specifically, the VS-MSPC employs the following formulation:

Λ(xt) = xTt Σ−1xt − S2 ≥ C (2.11)

where S2 = minµ{(xt − µ)TΣ−1(xt − µ) + λM}, and M =
∑

j I(|µj| 6= 0), and λ is a

parameter to control the penalty term. Both methods have shown superior performances on

the process monitoring and diagnosis accuracy than the Hotellings T 2 chart. However, neither

method is developed and examined in applications where the multivariate processes can be

represented as BNs. Apparently, neither method can incorporate the cascade relationships

between the variables encoded in a BN, which are critical information for understanding
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and predicting how process changes propagate and accumulate from upstream variables to

downstream variables.

2.3 LASSO-BN Formulation for the Diagnostic Monitoring Control Chart

2.3.1 The diagnostic monitoring concept

It is important to point out that the information encoded in {bi = 0, i = 1, 2, . . . , p} is

essential for determining the truly out-of-control variables since only the variables that have

bi 6= 0 are the truly out-of-control variables. Figure 2.2 gives an illustration of this fault

propagation in the hot forming process. While X1 is out-of-control, the variables X3 and

X5 will also show out-of-control signals. Without knowledge of the cascade between these

variables, it is difficult to identify the truly out-of-control variable. On the other hand, the

predictive relationships between the variables (i.e., as characterized by Equation 2.5) could

be very valuable information for enhancing the diagnosis.

Figure 2.2: Illustration of the process fault propagation in the hot forming process: the fault

in the variable X1 will propagate to its descent variables, X3 and X5.

However, none of the existing methods (such as those developed in [160, 171]) can ef-
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fectively incorporate the cascade relationship between the variables to recover the nonzero

members in bi = 0, i = 1, 2, . . . , p. Instead, they aim to recover the nonzero members in µ,

making them sub-optimal on the identification of the truly out-of-control variables. Although

they can identify out-of-control variables out of a large number of variables, it is reasonable

to suspect that both methods may not be able to identify the truly out-of-control variables.

In other words, for the identified variables that exhibit out-of-control mean shifts, both meth-

ods cannot further identify which variables truly have mean shifts, and which variables dont

have mean shifts but are just influenced by upstream variables with mean shifts. Thus, one

major advantage of our proposed LASSO-BN chart is its capability in searching for the truly

out-of-control variables by incorporating the cascade relationships between the variables as

shown in Equation 2.2. Note that, a key feature of the proposed diagnostic monitoring con-

cept is that we integrate diagnosis and monitoring. We are motivated by the consideration

that if we allocate the monitoring resource on selected variables that are highly possible to

be out-of-control, we could filter out many in-control variables and increase the statistical

power for change detection. Indeed, later our numerical studies will show that this integrated

framework will lead to better monitoring and diagnosis, and the advantage is particularly

significant for high-dimensional applications.

2.3.2 The formulation of the LASSO-BN method

The BN model provides important knowledge for linking the mean shifts of the truly out-of-

control variables with the mean shifts of the variables that exhibit out-of-control mean shift

signals. Particularly, assume that the manufacturing system is undergoing a process shift

that has a new mean level µ 6= 0. The LASSO-BN aims to recover the true mean shifts of

the variables {bi, i = 1, 2, . . . , p} that are underlying the exhibited mean shifts µ. According

to the BN model, it is known from Equation 2.5 that µi =
∑

j∈pai ωijµi + bi, i = 1, . . . , p. We

propose the following constrained optimization formulation:
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S2 = min
µ∈Ω1

{(xt − µ)TΣ−1(xt − µ)}

subject to µi =
∑
j∈pai

ωijµi + bi, i = 1, . . . , p
(2.12)

In the same spirit of VS-MSPC and LASSO-based Control Chart, we impose the assump-

tion that only a few variables are the truely out-of-control variables. Specifically, we impose

the L1 norm penalty on {bi, i = 1, 2, . . . , p} to identify the few nonzero elements. This leads

to the following formulation:

S2 = min
µ∈Ω1

{(xt − µ)TΣ−1(xt − µ) + λ

p∑
i=1

|bi|}

subject to µi =
∑
j∈pai

ωijµi + bi, i = 1, . . . , p

(2.13)

This formulation can be further rewritten as an optimization problem of unknown vari-

ables {bi, i = 1, 2, . . . , p} rather than {µi, i = 1, 2, . . . , p}. It is known that the relationship

between µ and b is linear, i.e.,

µ =


µ1

µ2

...

µp

 =


1 w21 . . . wp1

w12 1 . . . wp2
...

...
. . .

...

w1p w2p . . . 1




b1

b2

...

bp

 = Wb

The problem is how to identifyW which is determined by the path coefficients {ωij, i, j =

1, 2, . . . , p}, which is solved by the following Lemma 1.

Lemma 1: The matrix W equals to the inverse of I − Ω, where Ω is the path coefficients

matrix, i.e., ωij is the element in the row i and column j of Ω.

Proof: Since µ = Ωµ + b, and µ = Wb, we could derive that Wb = Ωµ + b. This

leads to (I − Ω)µ = b, and further, µ = (I − Ω)−1b = Wb. Therefore, it is shown that

W = (I −Ω)−1.
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With µ = Wb, the original constrained optimization problem can be rewritten as the

following unconstrained problem:

min
b∈Ω1

{(xt −Wb)TΣ−1(xt −Wb) + λ

p∑
i=1

|bi|} (2.14)

While Equation 2.14 resembles the LASSO formulation, it actually has a simpler structure

than a general LASSO problem and can be solved very efficiently. We can further reveal

that this optimization problem can be simplified by using the following Lemma 2.

Lemma 2: Σ−1 = W−TD−1W−1

Proof: The covariance matrix Σ is defined as Σ = cov(X). Specifically, cov(Xi, Xj) =

cov(Wi·b,Wj·b) =
∑

k wikwjkσ
2
k, where Wi· denotes for the ith row of matrix W . Thus,

Σ = WDW T where D is a diagonal matrix with dkk = 2
k. Equivalently, this leads to that

Σ−1 = W−TD−1W−1.

Lemma 2 actually implies that Σ−1 can be rewritten as the product of two matrices, i.e.,

Σ−1 = RTR where R = W−1
√
D
−1

. Plug in this expression into Equation 2.14 we will

have

min
b∈Ω1

{(Rxt −
√
D
−1
b)T (Rxt −

√
D
−1

) + λ

p∑
i=1

|bi|} (2.15)

Let zt =
√
DRxt and λ = tr(D) · λ, the above optimization problem can be written as:

S2 = min
b∈Ω1

((zt − b)T (zt − b)) + λ‖b‖1 (2.16)

The problem 2.16 is actually a saturated LASSO problem. The elements bi can be solved

independently and closed form solution can be derived as:

bi =


zti − λ ifzti − λ > 0

0 if|zti| < λ

zti + λ ifzti − λ < 0

(2.17)
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Figure 2.3: Flow chart of applying LASSO-BN to diagnostic monitoring

After we identify the potential out-of-control variables through the use of LASSO-BN,

then monitor these variables by a multivariate control chart such as Hotellings T 2 chart.

2.3.3 Summary of the diagnostic monitoring procedure using LASSO-BN

As a summary, Figure 2.3 illustrates the procedure of implementing the LASSO-BN Chart

for online SPC applications. It consists of the following major steps

Offline learning

The parameters of the LASSO-BN will be learned based on historical process data. Particu-

larly, as analogical to the estimation of the parameters of the multivariate normal distribution

for using Hotellings T 2 chart, the offline learning of LASSO-BN refers to the estimation of

the parameters {ωij, σ2
i , i, j = 1, 2, . . . , p} to establish the BN. Learning of a BN generally

has two steps: learning of the structure and learning of the parameters. Structure learn-

ing concerns how to recover the unknown BN structure when this structure is unknown.
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Extensive research efforts have been developed for BN structure learning, which could be

roughly divided into two categories, the constraint-based methods and the score-based meth-

ods. While structure learning has been investigated in the literature to a great extent, it

is still a very difficult problem and is only needed when there is lack of knowledge of the

cascade relationships between the variables. In this paper, we mainly concern the use of

BN for diagnostic monitoring and limit our scope to the manufacturing applications where

the cascade relationships between the variables could usually be obtained by the domain

knowledge, such as the hot forming process shown in Figure 2.1 and the Tennessee Eastman

Process that will be discussed in Section 2.5. Therefore, here, the main learning task of BN

is to estimate the parameters {ωij, σ2
i , i, j = 1, 2, . . . , p}. This estimation procedure consists

of applying linear regression estimation p times, each time concerns one regression model

as described in Equation 2.2. With the estimated parameters we could derive R and solve

Equation 2.16 by using Equation 2.17.

Online monitoring

To use the LASSO-BN for online monitoring, for instance, consider the process monitoring

with individual observation. For the new observation xt, we transform it to zt = Rxt, then

plug it in Equation 2.16 and identify the potential M out-of-control variables. Here, following

[160], M is a pre-specified parameter that reflects the prior belief of how many out-of-control

variables could potentially emerge. Note that, in general formulation of LASSO problems, it

has been difficult to directly derive the corresponding penalty parameter λ that can achieve

the given number of selected variables. However, in our case, we have found a very interesting

property of the formulation as we noted in Equation 2.16 and Equation 2.17, which admits

simple closed-form solution. Based on this connection, deriving the penalty parameter λ is

straightforward. A Hotellings T 2 chart is applied to monitor these identified M variables.

Out-of-control alarm will be triggered if the T 2 statistics is out of the control limit and

these M variables will be potential out-of-control variables responsible for the out-of-control

alarm. Then actions should be taken to adjust the process, remove the faults in the truly
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out-of-control variables, and bring the process back to normal state.

2.4 Simulation studies

In this section, we will conduct simulation studies to evaluate the effectiveness of the pro-

posed diagnostic monitoring method. We consider BNs that are small, medium, large, i.e.,

corresponding to p = 30, 50, 100, respectively. With a given p, the BN structure and the

associated parameters {ωij, i, j = 1, 2, . . . , p} are randomly generated by using existing BN

simulation tools such as R package pcalg. Without loss of generality, we always use σ2
i = 1

and bi = 0 for i = 1, 2, . . . , p. The generated BN establishes the baseline of the in-control

process, and data generated from this BN are in-control process observations. To simulate

out-of-control data, we randomly assign mean shifts to some variables by setting bi = σ

for these variables. Different choices of σ ∈ {0.3, 0.5, 0.7, 1, 1.5} are investigated to evaluate

how sensitive the proposed method could be to different magnitudes of the mean shifts. We

also investigate different number of out-of-control variables in our simulation. While more

out-of-control variables present relatively easier problem for both monitoring and diagnosis,

here we present our results when only 3 variables are truly out-of-control variables that have

mean shifts. For each combination of p and σ, we simulate 1000 process observations as the

training data to learn the BN parameters and another 1000 process observations as the out-

of-control data to test the Average Run Length (ARL) of the control charts. The in-control

ARL for all the charts used in the simulation is set to 200 and each ARL is obtained using

at least 10,000 replications. Since our primary motivation is to enhance the diagnosibility,

we also compare the proposed method with existing methods. Limited by the availability

of the codes in some recent works and the difficult to reproduce the computational proce-

dure and results, here, we focus our comparison with the VS-MSPC and Causation-based T 2

method on identifying the truly out-of-control variables in terms of sensitivity and specificity.

Specifically, note that, in ground truth, each process variable is either in-control (class I) or

out-of-control (class II), while the monitoring method could classify the process variables

as either in-control or out-of-control. Then, if a truly in-control variable is classified as an
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out-of-control variable, it is a false positive; if a truly out-of-control variable is classified as

an in-control variable, then it is a false negative. Therefore, this resembles a binary classifi-

cation problem and the ROC curve can be used to aggregate the diagnostic performance of

a range of choices of M. The Area under the Curve (AUC) can be reported as an overview

of the ROC curve: a more accurate diagnostic method, a larger AUC value is expected. The

AUC values of the simulation results are shown in Table 2.1. Note that in Table 2.1, we

further consider the sample size for the subgroup for online monitoring, e.g., ns = 2 means

that for each time point there are 2 observations that can be used for diagnosis. For the

Causation-based T 2 method, ns = 10.

It can be observed from Table 2.1 that the proposed LASSO-BN control chart is superior

on identifying the truly out-of-control variables, particularly when δ is small or/and p is

large. This is expected since the LASSO-BN control chart is capable of using the cascade

information for enhancing the diagnosibility, while on the contrary, the VS-MSPC control

chart can only identify the variables that exhibit mean shifts. The reason for the better

performance of the proposed LASSO-BN method than the causation-based T 2 method is

probably that the LASSO-BN method integrates monitoring and diagnosis into a systematic

formulation, and inherits the nice variable selection properties of sparse learning. Also, the

parameters of the BN are actually used for statistical inference in the LASSO-BN method,

while in the causation-based T 2 method, only the qualitative cascade information was used.

In addition, we found that with increasing magnitude of mean shift, i.e., larger δ, the diag-

nostic accuracy of all the three methods can be improved. Another general trend is that the

larger the sample size of the subgroup of observations for online monitoring (i.e., ns), the

better diagnosis performance for all methods.

Besides the comparison of the diagnostic accuracy, the comparison of the methods on

the ARL is also shown in Table 2.2. Because the exact number of truly out-of-control

variables is usually unknown in practice, we present results for a reasonable range of M ,

i.e., M ∈ {2, 3, 4, 5} for each of the simulated scenarios. Overall, it can be observed that

the LASSO-BN method outperforms VS-MSPC and T 2 chart in all kinds of situations with
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smaller ARL values when there is a process fault. Also, the performance of LASSO-BN

seems to be robust on the mis-specification of the parameter M , i.e., recall that the true

number of out-of-control variables is 3 in the simulation model. This robust property is also

observed for VS-MSPC, which is consistent with the results observed in [160].

Table 2.1: Comparison of LASSO-BN with VS-MSPC on the diagnostic accuracy of out-of-

control variables

LASSO-BN VS-MSPC Causation

ns ns Based

p δ 1 2 5 10 1 2 5 10 T 2

30

0.3 0.55 0.70 0.74 0.76 0.49 0.55 0.58 0.58 0.48

0.5 0.96 0.96 0.99 1.00 0.64 0.61 0.65 0.66 0.46

0.7 0.98 0.99 1.00 1.00 0.64 0.68 0.70 0.72 0.51

1 1.00 1.00 1.00 1.00 0.74 0.79 0.80 0.83 0.56

1.5 1.00 1.00 1.00 1.00 0.78 0.80 0.83 0.84 0.58

50

0.3 0.68 0.63 0.66 0.72 0.43 0.52 0.57 0.60 0.45

0.5 0.90 1.00 1.00 1.00 0.66 0.68 0.64 0.69 0.38

0.7 0.90 0.99 1.00 1.00 0.69 0.70 0.67 0.75 0.48

1 1.00 1.00 1.00 1.00 0.78 0.80 0.83 0.86 0.52

1.5 1.00 1.00 1.00 1.00 0.74 0.77 0.87 0.89 0.55

100

0.3 0.62 0.69 0.79 0.82 0.54 0.63 0.70 0.72 0.38

0.5 0.69 0.91 1.00 1.00 0.58 0.70 0.81 0.85 0.39

0.7 0.97 0.99 1.00 1.00 0.56 0.74 0.83 0.88 0.46

1 1.00 1.00 1.00 1.00 0.95 0.94 0.98 1.00 0.45

1.5 1.00 1.00 1.00 1.00 0.93 0.98 0.99 1.00 0.51



21

Table 2.2: Comparison of LASSO-BN with VS-MSPC and T 2 on the ARL

T 2 LASSO-BN VS-MSPC

p δ M M

2 3 4 5 2 3 4 5

30

0.0 200.0 200.0 200.0 200.0 200.0 200.0 200.0 200.0 200.0

0.3 184.8 192.4 186.2 182.7 181.1 188.8 186.2 184.3 184.2

0.5 145.3 155.2 143.2 142.8 142.9 152.2 153.2 148.9 148.2

0.7 100.8 110.1 103.2 99.5 92.8 128.5 105.8 102.9 99.8

1 86.8 90.9 94.3 85.5 71.4 118.7 99.0 92.4 90.5

1.5 32.3 31.7 31.5 28.2 25.9 47.7 43.4 40.9 39.9

50

0.0 200.0 200.0 200.0 200.0 200.0 200.0 200.0 200.0 200.0

0.3 188.2 193.2 190.8 185.5 184.6 194.2 192.8 189.9 190.9

0.5 172.8 180.0 175.4 172.2 175.2 178.8 179.2 171.2 172.3

0.7 123.4 123.1 121.5 118.0 116.4 125.5 122.8 119.9 119.0

1 101.9 117.6 115.1 92.0 84.9 120.5 119.0 103.1 90.1

1.5 45.2 43.9 40.8 39.1 38.2 74.1 64.5 57.5 43.1

100

0.0 200.0 200.0 200.0 200.0 200.0 200.0 200.0 200.0 200.0

0.3 190.2 191.9 188.9 187.0 186.5 192.0 190.1 189.4 188.0

0.5 180.2 182.5 175.6 176.2 173.4 181.3 180.0 178.8 178.2

0.7 145.3 150.1 148.2 140.8 139.9 161.1 168.5 155.2 150.3

1 128.2 133.3 144.9 114.9 126.6 153.8 156.1 145.2 142.3

1.5 59.5 62.1 65.8 55.2 55.2 79.9 75.0 76.6 64.9
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Figure 2.4: The BN of the TEP constructed by engineering knowledge of the process; the

name for each node represents a specific process variable defined in the original TEP problem

and can be found in [165]

2.5 Real-world example: the Tennessee Eastman Process (TEP)

The Tennessee Eastman Process (TEP) has been a benchmark process for evaluating process

monitoring and fault diagnosis methods ever since the Eastman Chemical Company created

this process simulator. The TEP is a chemical process that is composed of 12 input variables

(manipulated variables) and 41 output variables (measurement variables). A BN of the TEP

has been built in [165] that focused on 22 selected variables among the 41 measurement

variables. The BN structure was identified by prior process knowledge and process flow

sheet. As described in [165], the cascade of the 22 variables was known, so these 22 variables

were sorted in terms of process flow order from upstream to downstream units and then

placed into network hierarchy as nodes without any arcs. Then, the interactions among the

variables are analyzed based on the prior process knowledge and used to determine where to

place the arcs, leading to the completion of the BN structure as shown in Figure 2.4.

With knowledge of BN structure, in-control process data from TEP archive at University

of Washington http://depts.washington.edu/control/LARRY/TE/download.html can be

used to estimate the parameters of the BN. The same procedure used in the simulation studies

can be applied here to generate out-of-control data, and then, compare the performance of

http://depts.washington.edu/control/LARRY/TE/download.html
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LASSO-BN with VS-MSPC and the causation-based T 2 method using this data. Specifically,

we simulate mean shift in randomly chosen process variables, e.g., the number of out-of-

control variables are set as poc ∈ {1, 3, 5}, and investigate a range of magnitudes of the mean

shifts, e.g., δ ∈ {0.3, 0.5, 0.7, 1, 1.5}.

The performances of the LASSO-BN, the VS-MSPC, and the causation-based T 2 method

are shown in the Table 2.3. Overall the conclusion is consistent with the results in the

simulated dataset reported in Table 2.1, showing superior performance of LASSO-BN on all

cases considered.

2.6 Theoretical analysis of LASSO-BN and variable selection based control
charts

It has been demonstrated in Section 2.4 and 2.5 that the proposed LASSO-BN method

outperforms VS-MSPC and causation-based T 2 method across different situations. In this

section we aim to identify some theoretical insights of why the LASSO-BN method could

lead to better performance. Our result is partially intuitive, also surprising to a certain

degree, since it reveals that, as long as the underlying system can be represented as a BN,

the formulation of VS-MSPC is actually biased.

Specifically, our theoretical study uses a simple BN that has only two variables, as shown

in Figure 2.5. The path coefficient ω21 = a and the inherent variances of the two variables

are 1, e.g., σ2
1 = 1 and σ2

2 = 1. Then, given a mean shift vector b = (b1, b2)T , the mean

vector µ is µ = (µ1, µ2)T = Wb =

1 0

a 1

b1

b2

 = (b1, ab1 + b2)T .

Figure 2.5: A BN with only two variables

From Equation 2.17 we have known the closed form solutions for estimating bi. In what

follows we show how to theoretically evaluate the probability of proposed method to correctly
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Table 2.3: Comparison of LASSO-BN with VS-MSPC on the diagnostic accuracy of out-of-

control variables for the TEP case

LASSO-BN VS-MSPC Causation

ns ns Based

p δ 1 2 5 10 1 2 5 10 T 2

1

0.3 0.64 0.86 1.00 1.00 0.55 0.50 0.71 0.73 0.55

0.5 0.93 1.00 1.00 1.00 0.74 0.76 0.81 0.76 0.56

0.7 1.00 1.00 1.00 1.00 0.81 0.76 0.86 0.86 0.55

1 1.00 1.00 1.00 1.00 0.81 0.81 0.86 0.91 0.57

1.5 1.00 1.00 1.00 1.00 0.83 0.81 0.86 0.91 0.61

3

0.3 0.73 0.80 0.82 1.00 0.74 0.71 0.77 0.71 0.53

0.5 0.98 0.95 1.00 1.00 0.74 0.67 0.76 0.74 0.58

0.7 1.00 1.00 1.00 1.00 0.76 0.76 0.76 0.76 0.54

1 1.00 1.00 1.00 1.00 0.76 0.81 0.81 0.81 0.62

1.5 1.00 1.00 1.00 1.00 0.79 0.81 0.86 0.86 0.63

5

0.3 0.67 0.95 1.00 1.00 0.62 0.64 0.60 0.61 0.58

0.5 0.95 1.00 1.00 1.00 0.71 0.74 0.71 0.74 0.59

0.7 0.98 1.00 1.00 1.00 0.71 0.71 0.74 0.72 0.64

1 1.00 1.00 1.00 1.00 0.76 0.76 0.76 0.76 0.65

1.5 1.00 1.00 1.00 1.00 0.81 0.81 0.86 0.88 0.68
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identify the truly out-of-control variables. Specifically, recall that zt = Rxt. Since xt is a

multivariate normal distribution with mean µ and covariance matrix Σ, zt follows a multi-

variate normal distribution with mean Rµ = W−1D−1Wb = b and variance RΣR−T = I.

In other words, zt ∼ N (b, I). Examples of the distribution of zt under different situations

of b are shown in Figure 2.6.

Figure 2.6: The distribution of zt under different situations of b

From the Figure 2.6 we could observe that the distribution of zt faithfully captures the

underlying ground truth of b. E.g., consider the situation that the process is in-control,

b1 = b2 = 0. Recall that from Equation 2.17 we know that bi = 0 as long as |zti| < λ,

then, Figure 2.6 (a) implies that we could have a limited chance of making false alarms since

the rectangle region (corresponds to λ = 2) captures the majority of the probability mass,

leading to the solution b1 = b2 = 0 which is correct. Similarly, consider the situation that

the process is out-of-control and b1 = 0, b2 = 1 (Figure 2.6 (b)), then it is clear that the

rectangle region no longer captures the majority of the probability mass (particularly, for

zt2) and tends to give a solution that b2 is nonzero since the value of zt2 is very likely to be

outside of the rectangle region. Similar observation can be obtained by examining Figure 2.6

(c).

While Figure 2.6 illustrates that the proposed LASSO-BN method has the capability of
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identifying the truly out-of-control variable, similar figures can be generated to show why

the other methods such as VS-MSPC will not be as efficient as the proposed method to

capture the underlying mean shifted variables. For the sake of space limit, here, instead

of presenting the figures, we could further quantify the probability of detecting the correct

mean shifted variables for different situations for both methods. For instance, consider a case

that λ = 1 and the path coefficient a = 0.5. Then the probabilities of identifying the correct

mean shifted variables for different situations by the proposed method and the VS-MSPC

are shown in Table 2.4.

Table 2.4: Probability of identifying truly out-of-control variables for the BN in Figure 2.5

LASSO-BN VS-MSPC

b1 = 1 b2 = 0 0.3413 0.0747

b1 = −1 b2 = 0 0.3413 0.0747

b1 = 0 b2 = 1 0.3413 0.3123

b1 = 0 b2 = −1 0.3413 0.3123

Apparently, it shows that the proposed method has a significant gain in the diagnosis

performance than the VS-MSPC. Although our analysis is done on a simple BN with only

two nodes, the general insight can be applied to more complex BN structures, evidenced by

the numeric results reported in Sections 2.4 and 2.5, which actually imply that the utilization

of the cascade structure of the process variables plays an essential role for diagnosis. The

reason for the disadvantage of VS-MSPC and other variable selection based MSPC method

could be that they have biased design for the penalty function. For example, consider that

the LASSO-based control chart that has the following optimization formulation:

S2 = min
µ

{
(xt − µ)TΣ−1(xt − µ) + λ

p∑
i=1

|µi|
}

If the underlying process is represented as a BN structure, then, following the same line
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as in Section 2.3, it can be rewritten as

S2 = min
b∈Ω1

{1

2
(zt − b)T (zt − b) + λ‖Wb‖1

}
= min
b∈Ω1

{1

2
(zt1 − b1)2 +

1

2
(zt2 − b2)2 + λ|b1|+ λ|ab1 + b2|

}
Apparently, |ab1 + b2| is a biased penalty term which is not as straightforward as |b2| that

is used in LASSO-BN. This will lead to a biased solution region as well, i.e., the closed-form

solution is shown in below:

b1 = 0

b2 = zt2 − λ
zt1 ∈ (λ− aλ, λ+ aλ); zt2 > λ

b1 = 0

b2 = zt2 + λ

zt1 ∈ (−λ− aλ,−λ+ aλ); zt2 < −λ

b1 = zt1 − λ− aλ

b2 = 0

zt1 ∈ (λ+ aλ,+∞); zt2 = λ

b1 = zt1 − λ− aλ

b2 = 0

zt1 ∈ (−∞,−λ− aλ); zt2 = −λ

Since zt ∼ N (b, I), from the solutions shown above, it can be derived what is the

probability of identifying the truly out-of-control variables for different situations. E.g.,

suppose that b1 6= 0 and b2 = 0, then, to recover this true solution, it is desired that

zt1 ∈ (λ + aλ,+∞); zt2 = λ or zt1 ∈ (−∞,−λ − aλ); zt2 = −λ. However, it seems that the

probability of zt1 ∈ (λ+aλ,+∞) or zt1 ∈ (−∞,−λ−aλ) depends on the values of a, and the

probability could become even smaller when a is larger. Not like this, the LASSO-BN can

achieve universal good performance on the fault diagnosis as shown in Figure 2.6, due to its

incorporation of the cascade relationships between the variables that can be translated into
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unbiased penalty term in its optimization formulation as shown in 2.14 and 2.16. While the

theoretical analysis is conducted on a small BN, it reveals some essential differences between

the proposed LASSO-BN method with the existing methods such as VS-MSPC.

2.7 Conclusion

The contributions of this paper can be summarized as follows:

• To the best of our knowledge, we made the first effort to develop a diagnostic moni-

toring method that conducts fault detection and diagnosis simultaneously for complex

multivariate processes represented as BNs. Computationally efficient algorithm is de-

veloped, with interesting connection with the LASSO formulation also being identified.

• Theoretical analysis is performed to reveal the difference between the proposed LASSO-

BN method with methods such as VS-MSPC. The implication of the theoretical analy-

sis is major considering that the VS-MSPC is shown to be biased regarding the design

of the penalty function.

• The proposed LASSO-BN method is evaluated by extensive numerical studies in com-

parison with existing benchmark methods such as the VS-MSPC method. It shows that

with the incorporation of the BN, the LASSO-BN method can significantly improve

the diagnosis performance on identifying truly out-of-control variables.

While we limit our current scope on the BNs, it is worthy of mentioning that the BN

model is very capable and flexible that can model a wide range of problems. There are a

number of limitations of the proposed method that need to be investigated in future research.

For example, in many manufacturing applications, the processes may have feedback loops

that cannot be sufficiently represented as a BN. Rather, a more flexible network model

such as those models with cyclic interactions as described in [36] can be used and further

incorporated in the diagnostic monitoring formulation. It is also of interest to investigate

how to conduct diagnostic monitoring when the cascade relationships between the process
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variables are unknown or only partially known, then, structural learning of the BN structure

will need to be integrated with the domain knowledge and the diagnostic monitoring method.

Right now, the proposed method can only be applied to manufacturing processes where

the cascade structure can be obtained from domain knowledge. Another future work is to

theoretically investigate the effect of sample size for estimation of BN parameters, e.g., an

interesting question to ask is how robust the proposed LASSO-BN formulation could be

against small sample sizes. Also, it is of interest to develop a data-driven approach for

determining the parameter M for applications where there is a lack of prior knowledge of the

number of potential out-of-control variables. In addition, since high-dimensional processes

are becoming more and more ubiquitous in many areas, how to extend the LASSO-BN

formulation and scale it up for high-dimensional processes will be a very important research

problem. Last but not least, it is worthy of mentioning that the identification of the truly

out-of-control variables is not equivalent with the concept root-cause diagnosis, while the

later one is more complicated and challenging, i.e., a hidden variable may exist in the system

that lead to shifts in multiple variables, but this hidden root-cause variable could not be

identified via our approach. While the root-cause diagnosis usually requires more efforts

that are probably outside of the scope of statistical inference and decision-makings, our

method could still provide valuable clues for locating the root-cause variables by narrowing

down the search area or identifying the out-of-control variables that are the nearest variables

of the hidden root-cause variables.
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Chapter 3

FAULT DIAGNOSIS FOR LARGE-SCALE NETWORKED
SYSTEMS VIA BOOLEAN COMPRESSIVE SENSING AND

SAFE SCREENING

There are a few strong assumptions including Gaussian distribution and the known struc-

ture of the manufacturing system that could bring limits to real world diagnostic monitoring

in Chapter 2. For example, in a large scale system with unknown structure, not all the signals

from sensors could be realized as a continuous distribution, is there any feasible approach

to tackle with it? More specifically, modern manufacturing highlights abundance of sensors

for real-time monitoring. One challenge is fault diagnosis since in such an interconnected

environment, the observed abnormalities are also interconnected. To tackle this challenge,

we propose an integrated framework that unifies multivariate process monitoring, boolean

compressive sensing, and convex optimization.

3.1 Introduction

In this paper, we investigate such a problem: when hundreds or thousands of sensors are

monitoring a high-dimensional process that generate abnormality signals that are actually

interconnected, how could we perform fault diagnosis that is statistically accurate and com-

putationally feasible? It is common that thousands of control charts are operating simul-

taneously in nowadays’ manufacturing processes. E.g., in a semiconductor manufacturing

process, thousands of critical process variables should be monitored [88]. With the emerging

framework such as smart manufacturing [28, 25] or advanced manufacturing that highlights

unprecedented connectivity of manufacturing infrastructure and abundance of sensors for

real-time monitoring of many system entities, such a large-scale process monitoring oper-
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ation will be further expanded. While how to effectively monitor the variations of system

entities and synthesize decentralized information into global knowledge for many system-level

decision-makings have been challenging issues, we focus on one particular challenge which is

fault diagnosis in an interconnected high-dimensional environment.

Besides the dimensionality issue, we recognize that the statistical distribution of variables

could be complicated. It results in a fundamental difficult for conventional statistical process

control methods since they rely on statistical distributions to characterize the baseline of the

process. Also, in an interconnected environment, the interconnection is a challenge since the

observed abnormalities are interconnected as well. But it is also a blessing in statistical sense,

as it reflects inherent low-dimensionality underlying the high-dimensional signal which could

be exploited to tackle the curse of dimensionality. In the literature, there has been awareness

that the structure of a networked multivariate process could help process monitoring and

fault diagnosis, e.g., the benefit of using cascade relation among variables (a certain kind

of interconnection between variables) to help multivariate process monitoring is studied in

[94]. However, existing works in this line cannot handle large-scale networked system and

they often assume detailed knowledge of cascade relationship among variables and accurate

statistical characterization of underlying process.

To tackle these challenges, we propose an integrated framework that unifies multivari-

ate process monitoring, boolean compressive sensing, and convex optimization. The main

purpose of this paper is to develop a proof-of-the-concept framework using the boolean for-

mulation. The advantage of the boolean formulation is that it imposes less assumptions on

the process models, e.g., it doesn’t assume any kind of multivariate distribution to char-

acterize the baseline of the process. Thus, it can be applied to a range of multivariate

processes. Also, within this formulation, we could identify interesting connection with com-

pressive sensing and convex optimization, which provides opportunities for methodological

development for high-dimensional applications. Compressive sensing or sparse sampling [4]

is a signal processing technique for efficiently acquiring and reconstructing a signal, by find-

ing solutions to underdetermined linear systems where there are more unknown variables
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Figure 3.1: An illustration of the sensor network

than equations. Compressive sensing theory has been used to optimize sensor allocation and

system monitoring recently, such as [6]. On the other hand, compressive sensing and sparse

signal recovery result in challenging computational formulations which could be NP-hard

[120]. To tackle computational problem, we are inspired by the recent discovery that for

some optimization problems, it is plausible to conduct problem-specific “screening” analysis

via exploitation of its duality and optimality condition to safely remove certain variables that

will be “inactive” in the optimal solution before actually solving the problem, i.e., in fault

diagnosis context, “inactive” means the variable is not a fault. Such removal of variables is

known as screening in the sparse signal representation literature [39]. Thus, in this paper,

our contribution is to formulate the fault diagnosis in an interconnected high-dimensional

environment as a boolean compressive sensing problem, and further utilize the duality the-

ory to develop the screening framework that will greatly reduce the computational load of

real-time fault diagnosis operations.

The article is structured in the following manner. We will introduce our formulation of

the problem in Section 3.2. We then develop our fault diagnosis approach in Section 3.3, and

investigate its application on both simulated data sets in Section 3.4 and a real-world man-

ufacturing process in Section 3.5. We will present conclusions and future research directions

in Section 3.6.
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3.2 Problem Description

In this paper, we concern an interconnected process that includes p variables. Since our

primary interest is fault diagnosis, we denote the faulty status of these variables as x =

[x1, x2, . . . , xp]
T , where xi = 0 means the variable is normal, otherwise xi = 1. To monitor

these variables, rather than assuming that each variable is monitored by a sensor, we consider

a more generalized framework that sensors could be placed in the process anywhere so that

a sensor could monitor multiple variables. This generalized framework has been common in

many real-world applications and used in some studies as well [72, 168]. Note that this sce-

nario includes the former scenario as a special case. Thus we denote the sensor measurements

as Z = [z1, z2, . . . , zq]
T and fault detection status of the q sensors as y = [y1, y2, . . . , yq]

T ,

where yi = 0 means the sensor shows normal, otherwise yi = 1. Note that, based on each

sensor, we assume that an appropriate control chart (or in a more general sense, a data-

driven anomaly detector) is built based on the sensor measurement that will return result

as y = [y1, y2, . . . , yq]
T with yi ∈ {0, 1}. Further, the relationship between sensor status

with underlying faulty status of variables can be obtained from the physical layout of sensor

network, characterized in boolean formulation as:

y = (A ∨ x)⊗ ξ (3.1)

where A is a design matrix that reflects the information regarding which sensor measures

which variables, ⊗ is boolean XOR operation, and ξ is boolean vector of errors, i.e., to

account for sensor errors in fault detection. The objective of fault diagnosis is to recover

x from y based on the design matrix A. For example, given a multivariate process with 5

variables and 4 sensors in Figure 3.1, the boolean formulation is
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
y1

y2

y3

y4

 =


1 0 1 0 0

0 0 1 0 0

0 1 0 0 1

0 0 0 1 1

 ∨



x1

x2

x3

x4

x5


⊗


ξ1

ξ2

ξ3

ξ4



While this is a toy example to illustrate the problem formulation, it is usually an un-

derdetermined system since the number of sensors is not necessary to be larger than the

number of process variables. Also, with the disruption of sensor errors as characterized by

ξ, the formulation presents a challenging problem due to its combinatorial nature, which

will be further exacerbated in high-dimensional applications. In Section 3.3, we will develop

computational method to solve this problem.

3.3 Methodology

3.3.1 The Optimization Formulation

The essential idea of compressive sensing to mitigate underdetermined system could be bor-

rowed here for solving Equation 3.1. This leads to the following formulation:

min ‖x‖0 subject to y = (A ∨ x)⊗ ξ,

The basic idea is to pursue sparse solution (i.e., as the use of the l0 norm in the objective

function) that could sufficiently represent the signal (i.e., as the solution has to fit the

constraint). As this formulation presents a l0 problem that is computationally challenging,

we learn from the existing literature of sparse learning [39, 132] that advocates the use of

convex relaxation to approximate the original l0 problem. Following [39], this leads to the

relaxed formulation 3.2. The complete derivation could be found in the Appendix.
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P(x, ξ) = min

p∑
i=1

xi + λ

q∑
j=1

ξj

subject to ATx + ξT ≥ 1

AFx = ξF

0 ≤ xi ≤ 1, i = 1, . . . , p

0 ≤ ξi ≤ 1, i ∈ T

0 ≤ ξi, i ∈ F

(3.2)

where T = {i|yi = 1} is the set of out of control sensor signals, F = {i|yi = 0} is the set

of in control sensor signals, and AT and AF are the corresponding subsets of rows of A. Let

ai stand for the ith row of A and let aj stand for the jth column of A for i, j ∈ {1, . . . , p}.

Furthermore, let ajT and ajF consist of the components of aj that correspond to the index sets

T and F, respectively.

3.3.2 Safe Screening for Fault Diagnosis

The formulation in equation 3.2 produces a large Linear Programming (LP) problem for

high-dimensional applications. As process fault diagnosis is inherently real-time online oper-

ation, solving high-dimensional LP problems in real-time is computationally demanding and

probably unfeasible, undermining its potential applicability in real-world problems. Thus,

we develop safe screening approaches by exploiting the convexity of the LP formulation. Our

aim is to provide computationally inexpensive pre-computation which allows us to eliminate

as many columns in matrix A as possible that will not affect the optimal solution.

Safe screening rules derivation

We assume that strong duality holds such that primal and dual optimal points are attained.

The dual problem D(µ) of the primal formulation 3.2 could be written as:
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D(µ) = max
t∑
i=1

µi

subject to µAT ≤
1

λ
1p + 1TAF

0 ≤ µi ≤ 1, i = 1, . . . , t

(3.3)

where µ is the dual vector and t is equal to size of T. The complete derivation of the

dual formulation could be found in the Appendix.

To derive a screening method, let’s first assume that a lower bound γ on the optimal

value of the dual problem is given, i.e., γ ≤ D(µ). In what follows, we will show how such a

knowledge can greatly help us to perform safe screening. First, since γ is a lower bound on

the dual objective function, we can safely add the corresponding lower bound constraint in

the dual problem:

max
t∑
i=1

µi

subject to µAT ≤
1

λ
1p + 1TAF

0 ≤ µi ≤ 1, i = 1, . . . , t

t∑
i=1

µi ≥ γ

(3.4)

where the first constraint could be written in column vector format as

µ[a1
T, . . . , a

p
T]− 1T [a1

F, . . . , a
p
F] ≤ 1

λ
1p (3.5)

which turns out to be µajT−1TajF ≤ 1
λ
, j = 1, . . . , p. Due to the optimality conditions for

the problem 3.3, the constraint that satisfies µajT − 1TajF <
1
λ

at optimum means that the

corresponding primal variable, i.e., xj, is inactive, which means xj = 0. This insight suggests

a great opportunity for safe screening: if we could efficiently estimate the upper bound of
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the constraint µajT − 1TajF and find it is smaller than 1
λ
, we could safely remove xj from the

primal formulation. This suggests to solve the following simple LP problem:

T (γ, xj) := max
µ

t∑
i=1

µia
j
T −

f∑
i=1

ajF

subject to
t∑
i=1

µi ≥ γ

0 ≤ µi ≤ 1, i = 1, . . . , t

(3.6)

where f is equal to size of F. If it turns out that 1
λ
> T (γ, xj) (also named as a screening

test here), we could safely eliminate the jth variable. Thus, if we could obtain closer lower

bound γ to approximate D(λ) (e.g., larger γ), T (γ, xj) could only be smaller or stay the

same. If the jth variable is indeed inactive, the ability to estimate a smaller T (γ, xj) will

increase the likelihood of passing the screening test 1
λ
> T (γ, xj). Thus, we could conclude

that the closer the lower bound γ to approximate D(λ), the more powerful screening test to

identify more inactive variables.

Lower bound obtained by dual scaling

In order to get a tight lower bound γ to enhance the screening power, one way is to find a dual

feasible point µ for D(µ), and then, set γ =
∑t

i=1 µi, since the duality gap is always greater

than or equal to 0 according to the weak duality for primal minimization linear program.

To get a dual feasible point µ, we can use a simple greedy heuristic where every nonzero

component of µ0 is 1. In other words, µ0 corresponds to a subset s of the row indices

{1, . . . , t} of AT such that
∑

i∈s(AT)i ≤ 1TAF; after all, µ0AT ≤ 1TAF with µ0 as a binary

vector implies that µ0 is feasible for equation 3.3. We initialize s to ∅, and then, simply go

through the rows of AT in some fixed order (increasing from 1 to t), and for a row k, if∑
i∈s

(AT)i + (AT)k ≤ 1TAF

then we set s to be s ∪ {k}.
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3.4 Simulation Studies

In this section, we conduct experiments to evaluate performance of the proposed method

using a range of multivariate processes whose structural information are publicly available.

These processes could be downloaded from the Bayesian Network Repository, http://www.

bnlearn.com/bnrepository: Earthquake (p = 5), Pigs (p = 441), and MUNIN (p = 1041).

We further randomly create two larger processes (DAG1 (p = 4164) and DAG2 (p = 11451))

by combining multiple MUNIN networks. These networked processes have been widely used

in the literature for performance evaluation since they provide a high quality representation of

the diverse processes that we may encounter in real-world applications. We further randomly

assign root faults to some process variables to create the binary vector x. To account for

monitoring uncertainties, we also simulate sensor errors in the binary vector ξ with different

noise level (i.e., which refers to the percentage of sensors showing error results). With a

randomly generated sensor layout matrix A (when the number of sensors is given), the

outcome y could also be generated according to Equation 3.1. We conducted experiments

across different combinations of the number of sensors, number of root faults, and sensor

noise levels, on all the five processes. Due to page limit, in what follows we present some

representative results.

3.4.1 Evaluation of Diagnosis Accuracy

We first investigate the performance of the fault diagnosis method. Table 3.1 shows the

results on the five processes under different settings. Note that, in ground truth, each

process variable is either in-control (class I) or out-of-control (class II), while the diagnosis

method could classify the process variables as either in-control or out-of-control. Then, if a

truly in-control variable is classified as an out-of-control variable, it is a false positive; if a

truly out-of-control variable is classified as an in-control variable, then it is a false negative.

Therefore, this resembles a binary classification problem and the ROC curve can be used

to aggregate the diagnostic performance of a range of choices of λ. The Area Under the

http://www.bnlearn.com/bnrepository
http://www.bnlearn.com/bnrepository
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Curve (AUC) can be reported as an overview of the ROC curve: a more accurate diagnostic

method, a larger AUC value is expected. The AUC values of the simulation results (when

noise level is 0.02) are shown in Table 3.1, implying that the proposed method could lead to

accurate fault diagnosis. Also, it shows that even with a relatively small number of sensors

such as 20% of the process variables, a reasonable diagnosis accuracy could be achieved. The

more sensors, the better diagnosis accuracy.

3.4.2 Effectiveness of the Screening Method

We then evaluate the computational savings of the safe screening method developed in Sec-

tion 3, which will remove many fault-free variables before solving the LP problem. Table 3.2

gives the results. The exact number and the ratio of variables screened by the proposed

safe screening method are shown in the last two columns. It shows that our safe screening

method is very effective to remove many fault-free variables without even solving the LP

problem.

Table 3.1: Diagnosis Accuracy (AUC) of Our Method

Process
Root

Faults
Number of Sensors

0.2p 0.5p 0.75p p

Earthquake 1 0.38 0.92 1.00 1.00

Pigs 10 0.61 0.85 0.94 1.00

MUNIN 20 0.60 0.78 0.92 0.98

DAG1 20 0.61 0.81 0.90 1.00

DAG2 20 0.56 0.81 0.91 1.00
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Table 3.2: Variable Screening Results (amount)

Process
Root

Faults

Variables

Screened

Fraction

Screened

Earthquake 1 3 0.60

Pigs 10 415 0.94

MUNIN 20 998 0.96

DAG1 20 4013 0.96

DAG2 20 11258 0.98

Table 3.3: Real World Application Results

Root

Faults

Variables

Screened
AUC Time (seconds)

LP Screening + LP

1 830 0.72 1.281 0.342

5 832 0.94 1.292 0.318

10 827 0.91 1.542 0.412

20 817 0.86 2.146 0.420
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3.4.3 Evaluation of Running Time

We further report the computational time of the fault diagnosis method using the LP formu-

lation as well as the two step formulation that applies screening first then solves a reduced

LP problem. Our results show that the screening method is computationally efficient, which

can greatly reduce the computational demand for our fault diagnosis framework. All exper-

iments were ran in the R programming environment on an OS X system with 1.6GHz Intel

Core i5, and 4GB 1600 MHz DDR3. The LP problem is solved by the R package “lpSolve”.

Our results are reported in Table 3.4 (when noise level is 0.02, number of sensor is 0.5p).

Here we only focus on large processes (i.e., MUNIN, DAG1 and DAG2) due to page limit.

The second column shows computational time for solving the full LP problem without any

screening. The last column shows computational time for screening + solving the reduced

LP problem. We can see that our screening approach dramatically reduces the total time

for large processes.

Table 3.4: Performance Comparison (seconds) (when noise level is 0.02 and number of sensor

is 0.5p)

Process Solve LP Safe Screening

Lower

Bound

Screening

Test

Reduced

LP
Total Time

Earthquake 0.010 0.005 0.125 0.005 0.135

Pigs 0.398 0.005 0.341 0.005 0.351

MUNIN 2.961 0.025 0.490 0.004 0.519

DAG1 90.734 0.535 3.331 0.009 3.875

DAG2 38.521(minutes)14.182 78.314 0.013 92.509
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3.5 A Real World Application

We further study our method’s performance on a real-world manufacturing process (the

company’s name is not disclosed here for confidentiality reason) that consists of 837 process

variables and 409 sensors. The sensor layout matrix A has been given. The same procedure

as in Section 4 for randomly generating root faults on the process is used here. Similarly,

the diagnosis accuracy, effectiveness of the screening method, and computational time, are

evaluated on this real-world process example while the results are reported in Table 3.3

(when sensor noise level is 0.02), which is consistent with results on the simulated processes.

3.6 Conclusion

We develop a boolean formulation of fault diagnosis method for high-dimensional networked

systems which is robust and imposes no assumption on the statistical distribution of the

process variables. While the cost is that the boolean formulation will result in a large LP

problem, we further exploit the structure of the problem and conduct “screening” analysis via

exploitation of its duality and optimality condition to safely remove certain variables that will

be “inactive” in the optimal solution before actually solving the problem. With applications

on simulated and real-world processes, the proposed method is thoroughly evaluated which

shows promising performance in terms of effectiveness, accuracy, and efficiency.

As we mentioned, the main purpose of this paper is to develop a proof-of-the-concept

framework using the boolean formulation. There are many future directions that could

be exploited. One direction is to further equip the boolean formulation with probabilistic

characterization of the underlying process and the relationship between the process variables

with sensors. As we only aggregate uncertainty and errors using ξ in our current formulation

without any characterization, this direction will further enhance the power of our fault

diagnosis approach. We will also investigate how this approach could be useful for guiding

sensor allocation for optimal fault diagnosis.
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Chapter 4

HETEROGENEOUS MULTIMODAL BIOMARKERS
ANALYSIS FOR ALZHEIMER’S DISEASE VIA BAYESIAN

NETWORK

The Bayesian network not only could be used to formulate the cascade relation for diag-

nostic monitoring, but also could be applied to reflect the influences among different biomark-

ers in health care field, such as diagnosis of Alzheimer’s disease. By 2050 it is estimated that

the number of worldwide Alzheimer disease (AD) patients will quadruple from the current

number of 36 million, and currently no proven disease-modifying treatments are available.

Currently the underlying disease mechanisms remain under investigation, and recent studies

suggest that the disease involves multiple etiological pathways. To better understand the

disease and develop intervention, prevention, and treatment strategies, a number of ongoing

studies including the Alzheimers Disease Neuroimaging Initiative (ADNI) enroll a large num-

ber of study participants and acquire a large number of biomarkers from various modalities

including genotyping, fluid biomarkers, neuroimaging, neuropsychometric test, and clinical

assessments. However, a systematic approach that can integrate all the data collected is

lacking. The overarching goal of our study is to use machine learning techniques to under-

stand the relationships between different biomarkers and to establish a system-level model

that can better describe the interactions among biomarkers and provide superior diagnostic

and prognostic information. In this pilot study, we use probabilistic Bayesian network (BN)

to analyze multimodal data from ADNI, including demographics, MRI, PET, genotypes and

neuropsychometric measurements and demonstrate our approach to have superior prediction

accuracy.
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4.1 Introduction

Alzheimer’s disease (AD) is a highly prevalent neurodegenrative disease, and is widely rec-

ognized as a major, escalating epidemic and a world-wide challenge to global health care

systems. Considerable research efforts have been devoted to establish a disease model of

AD that could lead to greater understanding of the events that occur in AD. One major

development is the discovery of the Aβ hypothesis that assumes AD begins with abnormal

processing of transmembrane Aβ precursor protein. Such a malfunction of the metabolism

will trigger a series of pathological events, resulting in the toxic beta-amyloid plaque in

human brain which is characteristics of AD.

This disease model has been articulated in Jack et al [76] who presented a hypothetical

model for biomarker dynamics in AD pathogenesis. The model begins with the abnormal

deposition of Aβ fibrils, as evidenced by a corresponding drop in the levels of soluble Aβ42

in cerebrospinal fluid (CSF) and increased retention of the positron emission tomography

(PET) radioactive tracer [11C]-labeled Pittsburgh compound B (11C-PiB) in the cortex.

This will result in subsequent neuronal damage that can be captured by increased levels of

CSF tau protein and synaptic dysfunction follows that can be evidenced by decreased [18F]-

fluorodeoxyglucose (FDG) uptake measured by PET. As neuronal degeneration progresses,

atrophy in certain areas typical of AD such as hippocampus regions becomes detectable

by magnetic resonance imaging (MRI). So far, Jack’s model has been widely studied, con-

firmed, refined, and enriched. While many details in the disease model are still unknown,

investigators from academia and the pharmaceutical industry have been actively developing

biomarkers to gain better and more accurate knowledge of the mechanisms of AD pathology

to facilitate a range of clinical tasks such as early diagnosis, treatment effect evaluation,

treatment planning, better clinical trial design and drug developments.

While most of the existing efforts mentioned above focus on single modality of biomarker

analysis, recently, there have been a few studies that proposed to study many biomarkers of

heterogeneous nature jointly. For instance, Ye et al [163] integrated multiple complementary
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data and initiated the work to use the multiple kernel learning method for multimodal inte-

gration for AD research. Shen et al did a sequence of work on multimodal classification [167]

and regression [166] based on multimodality data, and achieved better prediction accuracy

than those model with single biomarker. However, most of these works focus on prediction.

Less effort has been devoted to study the interactions of these multimodal biomakers for

better understanding of the disease as a whole.

Thus, in our study, we take a systematical perspective to study patterns of disease pro-

gression. We take into consideration of multimodal biomarkers such as APOE types, SNP

variants, demographics, FDG-PET, AV45-PET, MRI, and neuropsychological assessment.

We adopt a powerful machine learning model, the Bayesian Network (BN), as the major tool

for studying the influential relationships among the variables. A main premise of using BN

model for multimodal biomarker integration is that it could provide more details regarding

the potential mechanism of the disease progression, than those black-box prediction models

[163, 167, 166]. Specifically, while the existing black-box prediction models throw in all the

multimodal biomarkers as predictors parallel in the prediction equation regardless of their

heterogeneous clinical nature, their clinical roles are not revealed since each biomarker is

assigned with a quantitative weight in the prediction equation that only determines whether

or not the biomarker is important. Moreover, this weight is not an absolute presentation of

evidence, as it is essentially a multivariate concept that depends on the existence of other

biomarkers in the equation. This results in the risk of excluding important biomarkers which

hold significant clinical value but not significant statistical prediction value due to redun-

dancy with other biomarkers. Also, from these black-box prediction models, there is no

indication of how the biomarkers influence each other, whether or not some biomarkers me-

diate the effects from other biomarkers to disease outcomes. Presumably, the relationships

between the multimodal biomarkers could be very complex, and our study is motivated by

the lack of capacity of existing multimodal biomarker integration methods to discover and

model these relationships. On the other hand, although not a causal model, BN models have

been found very effective in a range of applications to study the “layers” of influence among
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variables. It could lead to very useful knowledge regarding the “chain reaction” of a sequence

of events captured by the biomarkers’ measurements. BN is a powerful data-driven model

that seeks the best mechanism model that is consistent with a set of measurements from a

cohort of patients. Thus, it translates naturally into a semantic description of the disease

similar to a clinician’s intuitive description of its progression.

The reminder of the paper is structured as follows: In Section 4.2, we will provide de-

scription of the dataset that will be used in this study and the BN, particularly, the mixed

type probabilistic Bayesian network due to the heterogeneous nature of the biomarkers; In

Section 4.3, we will present the learning results and validation efforts; We then conclude our

study in Section 4.4.

4.2 Methods

4.2.1 Data

The data used in this paper were obtained from ADNI database www.loni.ucla.edu/ADNI.

The primary goal of ADNI has been to test whether the serial MRI, PET, other biological

markers, and clinical and neuro-psychological assessment can be combined to measure the

progression of MCI and early AD. Determination of sensitive and specific markers of very

early AD progression is intended to aid researchers and clinicians to develop new treatments

and monitor their effectiveness, as well as lessen the time and cost of clinical trials.

ADNI is the result of efforts of many co-investigators from a broad range of academic

institutions and private corporations, and subjects have been recruited from over 50 sites

across the U.S. and Canada. The initial goal of ADNI was to recruit 800 adults, aged 55 to

90, to participate in the research approximately 200 cognitively normal older individuals to

be followed for 3 years, 400 people with MCI to be followed for 3 years, and 200 people with

early AD to be followed for 2 years.

www.loni.ucla.edu/ADNI
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Table 4.1: Subject Information at Baseline

AD(n=114; 47M/67F) MCI(n=283; 128M/155F) HC(n=120; 52M/68F)

Mean SD Range Mean SD Range Mean SD Range

Age 74.6 8.1 56.5-

89.6

73.9 6.7 58.5-

90.6

73.4 7.3 55.0-

89.6

Edu 16.0 2.6 8.0-

20.0

16.4 2.7 9.0-

20.0

16.8 2.6 9.0-

20.0

MMSE 23.8 1.6 20.0-

26.0

27.0 2.1 24.0-

30.0

28.8 1.9 24.0-

30.0

ADAS 15.5 7.8 4.0-

51.0

14.6 9.5 0.0-

51.0

10.8 8.8 3.0-

31.0

4.2.2 Subjects

The ADNI general eligibility criteria are described at www.adni-info.org. Briefly, subjects

are between 55 and 90 years of age, having a study partner able to provide an independent

evaluation of functioning. Specific psychoactive medications will be excluded. General inclu-

sion/exclusion criteria are as follows: 1) healthy subjects: MMSE scores between 24 and 30,

a Clinical Dementia Rating (CDR) of 0, non depressed, non MCI, and non demented; 2) MCI

subjects: MMSE scores between 24 and 30, a memory complaint, having objective memory

loss measured by education adjusted scores on Wechsler Memory Scale Logical Memory II, a

CDR of 0.5, absence of significant levels of impairment in other cognitive domains, essentially

preserved activities of daily living, and an absence of dementia; and 3) Mild AD: MMSE

scores between 20 and 26, CDR of 0.5 or 1.0, and meets the National Institute of Neuro-

logical and Communicative Disorders and Stroke and the Alzheimer’s Disease and Related

Disorders Association (NINCDS/ADRDA) criteria for probable AD.

www.adni-info.org
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Our study includes the baseline measurements of 517 ADNI subjects. The cohort con-

tains 114 AD patients, 283 MCI patients, and 120 healthy controls. Table 4.1 lists the

demographics of these subjects.

4.2.3 Biomarkers

The description about biomarkers to be analyzed is listed in Table 4.2. These biomarkers are

heterogeneous in terms of both clinical nature and statistical characteristics. While this list is

still limited, it provides a good presentation of the genetic, demographic, neuroimaging, and

clinical aspects of the disease. Among these markers, some are categorical biomarkers, such

as sex (male or female) and SNPs (carrier or non carrier), while some are numeric biomarkers

such as some clinical measurements. Note that, we also include some SNPs variants which are

the top genetic risk factors for AD reported at http://www.alzgene.org/TopResults.asp.

4.2.4 Probabilistic Bayesian Network

A BN is a graphical model that characterizes the influential relationships among variables

X = {Xv; v ∈ V }. Let D = (V,E) be a Directed Acyclic Graph (DAG), where V is a finite

set of nodes and E is a finite set of directed edges between the nodes. The DAG defines

the structure of the BN. Each node v ∈ V in the graph corresponds to a random variable

Xv, i.e., in our study, a biomarker is a variable. In the DAG, the relationship between each

variable Xv with its parents variables denoted as pa(v) can be characterized as a conditional

probability distribution, p(xv|xpa(v)). Then, the joint probability distribution of a BN could

be deduced as

p(x) =
∏
v∈V

p(xv|xpa(v)) (4.1)

For this reason, the set of conditional probability distributions for all variables in the network,

denoted as P , is called the parameter of the BN. A Bayesian network for a set of random

variables X is then the pair (D,P).

http://www.alzgene.org/TopResults.asp
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Table 4.2: Description of Heterogeneous Multimodal Biomarkers

Biomarker Description

Age Age

Sex Gender

Edu Years of education

FDG Average FDG-PET

AV45 Average AV45 SUVR

HippoNV the normalized hippocampus volume

APOE4 Apolipoprotein E4 polymorphism

rs3818361 CR1 gene rs3818361 polymorphism

rs744373 BIN1 gene rs744373 polymorphism

rs11136000 Clusterin CLU gene rs11136000 polymorphism

rs610932 MS4A6A gene rs610932 polymorphism

rs3851179 PICALM gene rs3851179 polymorphism

rs3764650 ABCA7 gene rs3764650 polymorphism

rs3865444 CD33 gene rs3865444 polymorphism

MMSE Mini-Mental State Examination

ADAS-cog Alzheimer’s Disease Assessment Scale
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4.2.5 Mixed Type Bayesian Network

In this paper, we adopt the mixed type Bayesian network model that handles both discrete

and continuous variables, which is developed in [92]. For mixed type BNs, the set of nodes V

can be further specified as V = ∆∪T, where ∆ and T are the sets of discrete and continuous

nodes, respectively. The set of variables X can then be denoted as X = {Xv; v ∈ V } =

(I, Y ) = {(Iδ, Yτ ); δ ∈ ∆, τ ∈ T}, where I and Y are the sets of discrete and continuous

variables, respectively. For a discrete variable δ, we let Iσ denote the set of levels.

It has been a challenge to model the mixed type Bayesian network. As mentioned earlier,

a BN consists of the structure D and the parameter P . The central challenge for modeling

mixed type Bayesian network is the development of appropriate models for characterizing

P . In our study, we follow the seminar works in [92] that models the joint probability

distribution by factorizing it into a discrete part and a mixed part, so

p(x) = p(i, y) =
∏
δ∈∆

p(iδ|ipa(δ)) ·
∏
τ∈T

p(yτ |ipa(τ), ypa(τ)) (4.2)

where the first part of products of conditional probabilities is for discrete nodes, and the

second part is for continuous nodes.

For discrete nodes, conditional probabilities are parameterized as

θiσ |ipa(σ) = p(iσ|ipa(σ), θσ|ipa(σ)), (4.3)

where θσ|ipa(σ) = (θiσ |ipa(σ))iσ∈Iσ . The parameters are subject to the constraints that
∑

iσ∈Iσ θiσ |ipa(σ) =

1 and 0 ≤ θiσ |ipa(σ) ≤ 1.

For continuous nodes, the local probability distributions are Gaussian linear regressions

on the continuous parents with parameters depending on the configuration of the discrete

parents, as shown in below:

θτ |ipa(τ) = (bτ |ipa(τ) , wτ |ipa(τ) , σ
2
τ |ipa(τ)), (4.4)
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so that

Yτ |ipa(τ), ypa(τ), θτ |ipa(τ)

'N (bτ |ipa(τ) + ypa(τ)wτ |ipa(τ) , σ
2
τ |ipa(τ)).

Figure 4.1: Learn Mixed Type Bayesian Network using Heterogeneous Multimodality Data

at Baseline.

4.2.6 Learning of Mixed Type BN from Data

With the BN model specified for mixed type variables, the next task is to identify a structure

learning algorithm that can find the optimal DAG structure. This is called the structure

learning problem in the BN literature. The basic formulation of this problem, according to

the score-based method, starts with a dataset T and a scoring function φ. Then, the task

is to find a Bayesian network B ∈ Bn that maximizes the values φ(B, T ). The standard
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methodology is to use search algorithms, such as heuristic search, greedy hill-climbing, ge-

netic algorithms, tabu search and more, conducted over eligible search space Bn to search the

DAG structure that maximizes the score. In this study, we use the score function developed

in [142] for mixed type BN, which can be readily implemented in the R package “bnlearn”

[142]. After having identified the optimal DAG structure, parameter estimation could be

conducted via maximum likelihood estimation according to (4.2).

4.3 Results

We then apply the mixted type BN on the heterogeneous biomarkers of the ADNI cohort we

have collected. Missing values in the dataset are imputed by the median value of correspond-

ing biomarkers. In order to identify a stable DAG structure, first, we use Bootstrap method

to generates 100 new training sets by sampling the original data set with replacement, then,

learn the optimal DAG structure on each bootstrapped dataset. We then derive the final

DAG structure by keeping those arcs which appear at least in half of these DAG structures

learned from bootstrapped datasets. This strategy has been suggested in previous works

for BN applications [43] that has been found effective to robustify the learning result. Note

that, here, we also utilize the prior knowledge in the learning of the DAG structure, i.e., the

genetic factors could be parents of other factors not the other way around, while the disease

outcome variables such as ADAS-cog and MMSE score could only be in the bottom of the

BN model. This prior knowledge is used in the BN learning and greatly reduces the search

space of the eligible DAG structures.

The final BN model is shown in Figure 4.1. We use green to represent categorical variables

while using blue to represent numerical variables. The probability tables of categorical

variables, and the parameters of the conditional Gaussian distribution w, b for continuous

variables, are shown along the DAG structure as well. For example, node HippoNV in

Figure 4.1 has five parents: sex is binary when other four are numerical. The relationship

between the HippoNV with other continuous variables such as AGE, EDU, AV45 and FDG is

characterized as a regression model, while parameters of this regression model vary according
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to the categorical variable SEX.

Overall, this network structure is consistent with existing knowledge in AD literature. As

expected [139, 20, 115, 35, 164], the APOE e4 was associated with higher amyloid burden

(as measured by AV45 PET imaging) and lower cerebral glucose metabolism (as measured

by FDG PET). A direct impact of e4 with MMSE score was also identified in our results in

agreement with previous reports [9, 32], although its underlying mechanism warrants further

investigation. An association of the SNP rs11136000 with amyloid burden was also identified,

in agreement with the potential role of clusterin (CLU, the gene that SNP rs11136000 is

associated with) in Aβ clearance [84, 140]. Based on this study, it is also identified that

there were direct relationships between amyloid burden and cognitive performance which

may reflect the direct neurotoxic effect of Aβ and its derivatives or indirect impact through

pathways that were not represented in the biomarkers we included in this study [69, 70,

60]. The direct interaction between cerebral glucose metabolism and cognitive function as

identified in this study was also in agreement with prior knowledge [96, 101, 116, 119].

The identified relationship between years of education and the cognitive performance be a

cognitive reserve effect as reported by a number of studies [148, 146, 147]. In summary, using

probabilistic Bayesian network, we identified inter-biomarker relationships that are in good

agreement with existing knowledge about AD.

4.3.1 Evaluation of the Prediction Accuracy with BN

Besides comparing our results with AD literature, we further pursue numerical validation.

Specifically, as “MMSE” and “ADAS-cog” are two important clinical outcomes, it is of inter-

est to see if the learned BN owns significant prediction capability of the two outcomes. Thus,

in this section, we compare the prediction capability of BN with three common regression

techniques (implemented in R environment), such as linear regression (lm()), decision tree

(rpart()), and random forest (randomForest()). The target metric we would like to measure

and compare is mean square error (MSE), which serves as the goodness of fit in regression

problem. We use 10-fold cross validation to obtain unbiased estimates of MSE. To set up
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cross validation procedure, we randomly divide the original dataset into training set (70%

observations) and testing set (30% observations) in each round.

Table 4.3: 10 fold cross validation MSE result

Mean (SD)

MMSE ADAS-cog

Bayesian network 2.810 (0.441) 35.380 (3.244)

Linear regression 3.125 (0.439) 38.748 (4.364)

Decision tree 3.758 (0.552) 42.195 (4.306)

Random forest 2.914 (0.330) 35.218 (4.932)

Table 4.3 lists the mean and standard deviation of MSE of two regression models. In

terms of the average of the MSE, the BN achieves a better accuracy than the linear regression

and decision tree in both MMSE and ADAS-cog prediction, while its performance is close

to the random forest which has been known to be a very powerful prediction model despite

its black-box nature. Similar observation could also be made in terms of the variance of the

MSE.

4.3.2 Validation of the Identified BN via the Covariance Patterns

We also innovate here to analyze the covariance patterns to help validate the learned BN

model. The covariance patterns essentially characterize the undirected associations among

variables. Thus, a BN model that aims to explain the influential relationships between

the variables is expected to be able to explain the associations that are observed in data.

Specifically, to derive the associations among variables, we use Pearson correlation for con-

tinuous variables, polychoric correlation for categorical variables, and polyserial correlation

for a categorical variable and a continuous variable. The heterogeneous correlation matrix

is computed using R package “polycor”. Figure 4.2 shows the associations we have observed
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from the biomarkers. Each row/column represents one biomarker. The color intensity shows

the strength of an association. Note here we only present the magnitude of the associations

to focus the purpose on validation with the BN model. Overall, the association patterns

revealed in Figure 4.2 is quite consistent with our learned BN model. For instance, from

Figure 4.2 it is clear that the ADAS-cog is strongly associated with the variables FDG, AV45,

HippoNV, and APOE4. While this is consistent with the BN as shown in Figure 4.1, we

also notice that in Figure 4.2 we could not detect that the association between APOE4 with

ADAS-cog could be mediated by the variable FDG. Thus, by learning the BN model, we

could identify more layers in the relationships between the variables and could shed light to

useful discoveries of the underlying mechanism of the disease progression.

Figure 4.2: Visualization for Heterogeneous Correlation Matrix
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4.3.3 Validation of the Identified BN via RuleFit

In order to validate the structure of the learned BN, another approach we propose to use is the

RuleFit [43] method. RuleFit is a powerful method to discover complex interactions among

variables. Again, it is a predictive model, so it lacks the capability of the BN to provide

possible explainations of the relationships among the variables. But in the same spirit as the

use of the association patterns to validate the BN model, we hope to see consistence between

the BN structure with the interaction patterns the Rulefit could identify.

Thus, we apply the Rulefit on our data to identify the interactions among the biomarkers

that can predict the two outcomes, MMSE and ADAS-cog. Table 4.4 lists the five rules we

have identified. Column 1 gives the scaled importance for each rule. Column 2 (support)

refers to the fraction of the samples in the dataset to which the rule applies. Apparently,

it seems that there is great consistence between the two methods, while the BN model can

provide more details of the underlying relationships among the variables.

4.4 Conclusion

In this paper, we propose to use the mixed type Bayesian network to model the interactions

among heterogeneous multimodal biomarkers. We conduct this study using ADNI baseline

dataset, and find that the learned BN model provides findings that are consistent with the

AD literature. We further validate the learned BN structure via the prediction accuracy of

clinical outcomes, capability to explain association patterns among variables, and comparison

with powerful feature selection method. In future work, we would like to investigate the use

of dynamic BN models to incorporate the temporal data that is available in ADNI dataset.

Critical changes of the biomarkers that may indicate disease progression may be discovered

and how these significant clinical events could be synthesized to be a systematical disease

model is a very interesting and exciting research direction.
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Table 4.4: RuleFit: 10 Most Important Rules

Impo. Supp. Rule

y: MMSE

100 0.78 61.85<AGE<86.85 & HippoNV>0.38

91.3 0.81 AGE<85.75 & FDG>5.78

74.6 0.15 FDG<5.85 & AV45>1.11

68.2 0.06 EDU<19.5 & HippoNV<0.38 & APOE4=1

46.9 0.75 5.76<FDG<7.25

y: ADAS-cog

100 0.73 FDG>5.75 & HippoNV>0.39

62.5 0.65 FDG>4.9 & 1.02<AV45<1.51

41.2 0.72 EDU<19.5 & HippoNV<0.55

41 0.44 FDG>6.34 & rs3764650=0

35.9 0.17 1.23<AV45<1.63 & rs744373=0
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Chapter 5

OPTIMAL EXPERT KNOWLEDGE ELICITATION FOR
BAYESIAN NETWORK STRUCTURE IDENTIFICATION

Bayesian network (BN) has been a popular tool for gaining mechanistic understanding

of variables by revealing how the variables influence each other. It has been found very

effective in a few studies in quality control and process monitoring. However, for complex

problems where the structure of a BN is unknown, a common approach is to learn the

BN structure from observational data. A fundamental bottleneck of this approach is that

observational data can only be used to discover part of the influential relationships among

variables. To overcome this problem, we propose to combine observational data and expert

knowledge. To the best of our knowledge, our approach is the first of its kind that formulates

an experimental design framework to automate the expert elicitation process and collect the

most informative expert knowledge, optimally matched to the observational data, to learn

the BN structure.

5.1 Introduction

Bayesian network (BN) is a graphical model for representing influential relationships among

variables. It has a directed acyclic graph (DAG) structure, which is a directed graph with

no cycles and thus can encode topological orderings. Such topological orderings could be

used to model the influential relationships among variables. It is also interpreted as a causal

model in some applications where some strong assumptions can be imposed to establish

the equivalence between the statistical dependency among variables as causality [126]. No

matter whether or not the causality can be derived, BN models have been a popular tool

for gaining mechanistic understanding of variables by revealing how the variables influence
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Figure 5.1: A BN derived from a manufacturing hot-forming process (upper) and a BN

derived from a computer system security monitoring diagram (lower).

each other. Its popularity has been evidenced by its wide applications in many fields such as

genetics in [47, 48, 172], ecology in [130], social sciences in [54, 65], biomedical informatics

in [122], brain sciences in [73, 74], manufacturing in [59], and quality control and monitoring

in [94, 158, 99, 100, 96].

Figure 5.1 provides an illustration of two real world applications where BNs are derived

from data and then used to facilitate decision makings. The upper example shows the in-

fluential relationships among system variables in the hot forming process, where the final

dimension of workpieces could be influenced by a variety of direct and indirect causes. The

lower example shows a computer system security monitoring diagram, which serves as a di-

agnosis map to identify root causes of system failure. For both cases, representing influential

relationships using BNs not only facilitates the fault diagnosis procedure, but also simplifies

the statistical modeling of a joint distribution of system variables.
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However, learning the DAG structure of variables appears to be a very challenging task.

As a BN essentially embodies a joint distribution, statistical estimation approaches have been

developed to learn the DAG structure based on observational data, which are commonly

assumed to be randomly sampled from the underlying joint distribution. This approach

has been extensively studied in [67, 48, 118, 23, 21, 20]. However, it has been found that

the theoretical bottleneck of these methods is that observational data can be used to only

discover part of the influential relationships, encoded in the so-called ”essential graph” (or

”equivalent class”). The essential graph of a BN is a mixed graph that includes both directed

arcs and undirected arcs. A deeper reason of this limitation is that, merely from observational

data, we could only identify statistical dependency relations between variables. Thus, the

DAG structures that imply the same set of dependency relations between variables are not

distinguished by observational data alone. For instance, the DAGs (b) and (c) in Fig. 5.2

cannot be distinguished by observational data alone, since all of them encode the same

independence relations. Thus, to augment the observational data and identify all influential

relationships among the variables, a common philosophy is to pursue experimental design

strategies for intervention data collection. For instance, considering the two variables in Fig.

5.2, x3 and x4. If intervention can be imposed on x3 and it turns out that the distribution

over x4 does not change, while intervention on x4 does change the distribution over x3,

then it implies that the edge connecting x3 and x4 should be x4 → x3. Motivated by this

observation, a line of research works have been spurred to develop optimal experimental

design methods to maximize the likelihood of learning the DAG structure with minimized

number of interventions. Exemplary works include [137, 38, 37].

In our study, we pursue another line of philosophy to augment the observational data for

DAG learning, which is the expert knowledge elicitation. We focus on a particular type of

elicitation operation that acquires pairwise comparison between variables, i.e., ask an expert

if a variable is likely to be upstream of another variable. This is the most common form of

expert knowledge regarding the influential relationships between variables. While pairwise

comparison owns the advantages such as ease to implement, on the other hand, the number
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of potential pairwise comparison grows exponentially with the number of variables. Thus,

we aim to develop a computational framework that can generate an optimal set of operations

for expert knowledge elicitation regarding the ordering of the variables. Note that, expert

knowledge elicitation has been studied in the BN literature, mostly for parameter learning

rather than structure learning. There is a few works such as [40, 91] that studied the use of

expert knowledge elicitation for structure learning, however, these are heuristic procedures

that are not scalable, neither automatically optimized. Also, due to their qualitative nature,

how they can be optimally integrated with learning algorithms based on observational data

is also lacking.

Comparing with the approaches that use interventions to perturb the system in order

to learn the influential relationships [137, 38, 37], our approach is more cost-effective and

can be applied to some applications where intervention is physically hard to conduct. The

following application provides such an example that is common in real-world applications,

but is outside of the scope of existing methods. For instance, the Key Performance Indicator

(KPI) has been a very important concept in business analytics and performance management,

drawing increasingly attentions from many corporations to measure and monitor many KPIs

of their interest on daily basis if not hourly or minutely. It has been pointed out in the

literature such as [143, 112, 15] that the key to analyze the KPIs, and to further convert

them into valuable business decision-makings, is to study the influential relationships between

the KPIs. In other words, it is important to understand which KPIs drive which KPIs, so

management or investment strategies can be better informed and implemented. However,

although an abundance of KPI measurements can be obtained, whether or not we could

learn this ”mechanistic understanding” of the KPIs from observational data is up to debate,

and how to learn it is still an open question. On the other hand, expert knowledge has

been found very useful to identify the influential relationships among the KPIs in [141].

Apparently, knowledge-based practice has the difficulty of being scaled up. Also, it lacks

the flexibility to incorporate the objective information encoded in the observational data.

Thus, there is a need to develop a computational framework that can learn the influential
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relationships among the KPIs by using both the observational data and expert knowledge

automatically and cost-effectively elicited to augment the observational data.

Our general approach is to first develop a Bayesian learning framework that can com-

bine the two types of data. This is plausible, since given a specific DAG structure, the

likelihood of the observational data can be analytically derived based on the corresponding

joint distribution the DAG encodes ([50, 26, 67, 45, 23]). On the other hand, we further de-

velop another probabilistic framework to model the expert pairwise comparison data. Then,

within a Bayesian learning framework, both sources of data can be combined to obtain the

probability distribution of the possible BN models. Based on this probability distribution,

uncertainty of the ordering of the variables can be evaluated which will provide critical evi-

dence for us to better collect new data via expert knowledge elicitation, that can maximally

reduce the uncertainty of our estimation of the ordering of the variables.

The rest of the paper is organized as follows: We will introduce the basic concepts and

background of BN, and some BN structure learning algorithms from observational data in

Section 5.2. Then, we will present our proposed method in Section 5.4. We will conduct

extensive numerical experiments in Section 5.4 to show that the proposed approach outper-

forms baseline approaches across a number of benchmark BN models and different levels of

expert knowledge accuracy. We further implement the proposed method on two real-world

applications, one in healthcare and another one in business analytics in Section 5.5. Finally

we conclude our work and discuss future directions in Section 5.6.

5.2 Background and related works

A Bayesian network (BN) over a set of random variables x = {x1, ..., xp} is a set (G, θG) that

represents a distribution over the joint space of x via chain rule: P (x1, ..., xp) =
∏

i P (xi|Ui),

where Ui is the parent set of xi according to the DAG structure of the BN, and θG is the

corresponding parameter. The DAG structure that encodes the parent-child relation of the

variables is commonly denoted as G = {V,E}, where V denotes for the p nodes (each node

is a variable) and E is the edge set. Learning the BN structure from observational data
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Figure 5.2: Illustration of Markov Equivalence. (a) is a V-structure with V-shape showing

common effect of x1 and x2 on x3. (b) and (c) are Markov equivalent. (d) is the skeleton of

(a)-(c).

refers to the challenge to find the optimal DAG structure G that maximizes a certain score

which evaluates the goodness-of-fit of the DAG structure to the observed data. For instance,

a Bayesian Score was developed in [26] for discrete BNs while another score was developed

in [67] for Gaussian BNs. It is commonly assumed that the observational data are randomly

sampled from the joint distribution of the variables specified by the BN model, so most of

the score functions are developed based on this probabilistic framework ([26, 67]). There are

some other information-theoretic score functions developed as well in [30, 133], but still the

fact that a BN is a structured representation of a complex joint distribution of the variables

lays the foundation of these score functions. With a score function, a search procedure is

commonly used to search through the eligible DAG structures to identify the optimal DAG.

There is another line of BN learning algorithms, named as constrained-based algorithms

([104, 30]), which use hypothesis testing methods to identify the dependency structure of the

variables. We omit the details of these algorithms here since our method is mostly related

to the score-based algorithms.
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5.2.1 Observational Equivalence

Despite the success of the BN structure learning algorithms in many applications, it has

been found that the theoretical bottleneck of these methods is that observational data can be

used to only discover part of the directional relationships, encoded in the so-called ”essential

graph” (or ”equivalent class”). As a matter of fact, the validity of learning the DAG structure

of a BN from observational data is established on two assumptions, namely that the BN

and its encoded joint distribution obey the faithfulness assumption and causal sufficiency.

The faithful assumption is to ensure that the independence relationships in both the graph

structure and the underlying joint distribution are equivalent. Causal sufficiency means that

there are no latent variables. While these assumptions establish the theoretical foundation

for learning the DAG structure from observational data, it has also been found that, only

the essential graph can be discovered with observational data alone. A brief elaboration of

the essential graph involves the concepts skeleton and v-structures. As illustrated in Figure

5.2(d), the skeleton of G is the undirected graph on V where every arc in E has been rendered

as undirected. A v-structure describes the structure that two variables both have effects on

a third variable, e.g., both x1 and x2 have directed arcs to node x3. In the illustration,

Figure 2(a) shows a simple v-structure. It is known that two DAGs, if having the same

skeleton and the same sets of v-structures, will be indistinguishable by observational data

alone([157]). These DAGs that are indistinguishable by observational data are also said to

belong to the same Markov equivalence class. Based on this result, the concept, “essential

graph”, was developed. The essential graph is a mixed graph, where an edge is oriented if

and only if it has the same orientation in every DAGs in the equivalence class. The essential

graph essentially encodes the maximum set of directed arcs that we could learn from the

observational data under the faithfulness assumption and causal sufficiency.
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5.2.2 Intervention Data and Expert Elicitation

Motivated by the limitation of learning the structure from data, taking experiments to collect

intervention data has been held as a promising means for learning the full DAG structure.

The common setting for intervention data collection assumed in the literature is, as illustrated

in Section 5.1, to intervene on some variables and observe the influence on other variables.

A few studies have been developed to optimize the intervention strategies, i.e., such as

to minimize the number of interventions. It has also been studied regarding how many

experiments are required to discover G. This line of research was initiated in a series of

works by Eberhardt, Glymour, and Scheines [137, 38, 37], while most of them focused on

single-variable interventions, i.e., each time, an intervention is imposed on one variable only.

Eberhardt considered multi-variable interventions to be far more complicated to analyze [38].

[153] proposed another methodology that is not based on intervention, rather, it is more

like a query operation to selectively sample from the BN. Obviously, our proposed expert

elicitation method is fundamentally different from this line of works. We have pointed out

in Section 5.1 that there are a few works such as [40, 91, 17] that studied the use of expert

knowledge elicitation for structure learning, however, these are heuristic procedures that are

not scalable for large-scale applications. Also, due to their qualitative nature, the interface

with the learning algorithms based on observational data is also lacking, and there is lack of

systematic optimization formulation to automate the expert elicitation process.

5.2.3 Existing Works of BN in Quality Control

The literature of BN applications on engineering problems is vast. Here, we illustrate the

relevance of BN for engineering problems using quality control applications. Over the last

decade, the BN has become a popular representation for encoding uncertain knowledge

and has been used to improve a number of quality control and system monitoring tasks,

particularly for improving the root-cause diagnosis and sensor allocation if the underlying

process model can be represented by a BN [95, 158, 99, 100, 94]. As illustrated in Figure.
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1, if x1 is out-of-control, its effect will propagate to x3 and further impact x5, resulting in

out-of-control signals on all these variables. Modeling the cascade relationships between the

five control variables during the manufacturing hot-forming process would expedite the root-

cause diagnosis procedure to identify x1 as the root of this chain reaction. More examples of

how BN can be useful for quality control and monitoring can be found in [95, 158, 99, 100, 94].

However, for the aforementioned applications, a crucial assumption underlying these

works is the availability of an accurate BN model to represent the process, which is actually

very hard to obtain in many applications.

5.3 Methodology

Our proposed optimal expert elicitation framework, as illustrated in Figure 5.3, can be

decomposed into the learning and sensing modules. In the learning module, we develop

a Bayesian framework to combine both observational data and expert comparison data to

obtain a posterior distribution over ordering of the variables. In the sensing module, the

optimization model will identify the most informative new comparisons data that should

be collected from the expert, which can maximally reduce the posterior uncertainty of the

ordering of the variables.

In this paper, we use lower-case letters, e.g., x, to represent scalars, bold-face lower-case

letters, e.g., v, to represent vectors, and bold-face upper-case letters, e.g., W , to represent

matrices.

5.3.1 A Bayesian learning framework for combining observational data and expert elicita-

tion data

Denote observational data and expert comparison data as Dobs and Dex respectively. Dobs

consists of n random samples of variables x = {x1, . . . , xp}, which are i.i.d observations from

the joint distribution of variables represented by the underlying BN. Dex consists of two

parts. First, note that, for a networked system with p variables, there are N =
(
p
2

)
possible

pairwise comparisons. For each comparison, e.g., considering the kth comparison involving
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Figure 5.3: Flowchart of the Bayesian learning and sensing framework for optimal expert

elicitation.

variables xi and xj, the expert may be asked whether or not xi is upstream of xj (i.e., denoted

as xi > xj). The expert’s response will be denoted as yk, i.e., a positive yk indicates that the

expert knowledge more tends to support that variable xi is upstream of variable xj, while

a negative yk indicates the opposite. Note that the larger the yk, stronger the knowledge.

Thus, the expert data Dex consists of the set of pairwise comparisons that have been queried

(denoted as a set S) and the corresponding expert response data (denoted as a vector y).

Particularly, considering the sequential nature of our proposed method in data collection, we

use subscript to distinguish data collected in different stages. For instance, following this line,

we denote the initial observational data set as Dobs
0 , and denote the initial expert comparison

data as Dex
0 = (S0,y0). Then, the proposed Bayesian learning and sensing framework will

learn the posterior distribution of the ordering of variables, building on which, an optimal

expert knowledge elicitation plan could be derived to further collect new expert comparison

data which will be denoted as Dex
1 = (S1,y1). This new data will help update the posterior

distribution of ordering of variables, and data collection process will continue if needed. We

will provide more detailed discussion of this sequential process and the stopping criteria.

In what follows, we introduce the details of how we could combine both the observational
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data and expert comparison data to derive the posterior distribution of the ordering of

variables. Instead of deriving the posterior distribution of the DAG structure of the BN,

here we focus on the learning of the ordering of variables because this is the essential task

for BN structure learning, and it has been found that learning the ordering can significantly

reduce the computational complexity since the search space for ordering of variables is much

smaller than the search space for DAGs [48, 151].

Developing the probabilistic formulation for expert data

It is reasonable to consider that the expert knowledge is always with uncertainty, and dif-

ferent experts may have different accuracy levels. Thus, a probabilistic model is needed to

characterize not only the correspondence between the underlying ordering of variables with

the expert comparison data, but also the expert’s accuracy level. To develop this model, first,

we invent a numerical vector to be a surrogate of the ordering of variables. This numerical

vector, denoted as φ ∈ Rp, encodes the same ordering information between variables, since

an upstream variable will have larger value in φ than its downstream variables. Then, we

could establish a probabilistic relationship between φ and the observed Dex, i.e., for the kth

comparison that involves variables xi and xj, we could assume that yk ∼ N(φi− φj, σ2/wk).

This essentially assumes that if the variable xi is upstream (or downstream) of the variable

xj, we will expect to see positive (or negative) values of yk. This is consistent with the

nature of the expert comparison data we are adopting in this study. Note that, σ2 encodes

the overall accuracy level of the expert knowledge, as more knowledgeable expert will tend

to have smaller σ2. Also, wk encodes uncertainty in this particular comparison, acting as

the local accuracy level of the expert knowledge. In practice, experts could also provide

their confidence level, i.e., wk, along with yk. Alternatively, when this information is lacking,

we could simply assume wk = 1 for all the comparison data. Following this line, we could

further illustrate how we could represent the expert comparison data in a more compact

matrix form. First, we invent a Boolean matrix, denoted as B, where Bk,j is defined as:
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Bk,j =


1 if j = head(k)

−1 if j = tail(k)

0 otherwise

(5.1)

Here, j = tail(k) if the kth pairwise comparison is asked in the form as “xi > xj”;

otherwise, j = head(k) if “xj > xi”. Then, it can be shown that

y ∼ N(Bφ, σ2W−1) (5.2)

where W is the diagonal matrix of w. Thus, for the initial expert comparison data, we could

derive that y0 ∼ N(B0φ, σ
2W−1

0 ) where B0 is defined on the set S0.

Characterization of the prior distribution of φ based on observational data

In what follows, we propose our method to derive the prior distribution of φ by exploiting

the information encoded in Dobs. It is an analytically intractable task, so we propose a

computational procedure that is inspired by existing literature of BN structural learning.

Some authors such as [47] suggested to use data perturbation methods such as Bootstrap in

[47] to repeatedly bootstrap Dobs
0 and apply an appropriate BN structure learning method on

the perturbed dataset to learn the optimal DAG structure or the ordering of variables. It has

been found in [47] that such a bootstrap procedure is especially robust. Thus, we propose

the computational procedure that is depicted in Algorithm S2 as a sampling procedure of

the orderings of variables based on Dobs:

After we draw the samples of ordering of variables {φ̂i0, i = 1, 2, . . . ,m} from observational

data, the next step is to translate this knowledge and create the prior distribution of φ.

Assuming that the prior distribution takes the form as φ ∼ N(µ0,Λ
−1
0 ). Then, the {φ̂i0}

could be treated as random samples from the prior distribution and can be readily used to

estimate the unknown parameters µ0 and Λ−1
0 by maximum likelihood estimation.
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The Bayesian learning framework

As a summary, based on the initial expert data Dex
0 , it has been known that we could derive

that y0 ∼ N(B0φ, σ
2W−1

0 ) based on (5.2). And the prior distribution can be obtained from

observational data as φ ∼ N(µ0,Λ
−1
0 ). Here, for the ease of derivation, in what follows we

rewrite the prior as φ ∼ N(µ0, σ
2Λ−1

0 ), which is numerically equivalent if we change the

scale of Λ0). Then, we could derive the posterior distribution of φ with posterior mean µ1

and posterior variance Λ−1
1 , by learning from the Bayesian linear model literature such as

[52]. While what we will derive in the following is largely borrowed from the literature, we

present critical details in the derivation for completeness of our development. Specifically,

the posterior distribution of φ can be derived as:

p(φ, σ2 | y0,B0) (5.3)

∝ p(y0 | B0,φ, σ
2)p(φ | σ2)p(σ2)

∝ (σ2)−n/2 exp

(
− 1

2σ2
(y0 −B0φ)TW0(y0 −B0φ)

)
× (σ2)−k/2 exp

(
− 1

2σ2
(φ− µ0)TΛ0(φ− µ0)

)
× (σ2)−(a0+1) exp

(
− b0

σ2

)
Note that, here, we follow the Bayesian linear model literature ([52]) and use the inverse-

Gamma distribution as the prior distribution for σ2, where a0 and b0 are two parameters that

can be specified by prior knowledge. We follow the suggestions made in ([52]) to specify a0

and b0 based on the non-informative prior principle, since it could provide robust performance

for many applications. Also, our main interest is on the learning of the ordering of variables.

The exponential parts in equation (5.3) could be combined as

(y0 −B0φ)TW0(y0 −B0φ) + (φ− µ0)TΛ0(φ− µ0)

= (φ− µ1)T
(
BT

0 W0B0 + Λ0

)
(φ− µ1) + y0

Ty0

− µT1 (BT
0 W0B0 + Λ0)µ1 + µT0 Λ0µ0 (5.4)
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where µ1 = (BT
0 W0B0 + Λ0)−1(BT

0 W0y0 + Λ0µ0). Then, we could see that, the joint

posterior distribution of φ and σ2 is actually a product of a normal distribution and an

inverse-gamma distribution,

p(φ, σ2 | y0,B0)

∝ (σ2)−k/2 exp (z1)× (σ2)
−n−2a0+2

2 exp (z2)

∝ p(φ | σ2,y0,B0)p(σ2 | y0,B0)

where z1 = − 1
2σ2 (φ−µ1)T (BT

0 W0B0+Λ0)(φ−µ1), and z2 = −2B0+y0
Ty0−µT1 (BT0 W0B0+Λ0)µ1+µT0 Λ0µ0

2σ2 .

Essentially this suggests that the posterior distribution of φ and σ2 are N(µ1, σ
2Λ−1

1 ) and

Inv-Gamma, respectively. In summary, by combining the initial observational data Dobs
0 and

Dex
0 , we could derive the posterior mean of φ as µ1 = (BT

0 W0B0 +Λ0)−1(BT
0 W0y0 +Λ0µ0),

and the posterior variance as Λ−1
1 = (BT

0 W0B0 + Λ0)−1.

5.3.2 A semidefinite programming (SDP) formulation for optimal expert comparison elici-

tation

In this section, we will develop an automated process for expert knowledge elicitation with

a systematic optimization formulation. The central question to ask is, given the available

data Dobs
0 and Dex

0 , what is the optimal set of new expert comparison data we should further

collect? As we have been able to derive the posterior distribution of φ based on Dobs
0 and

Dex
0 . To see how this could be formulated, it is worthy of analyzing the structure of the

posterior variance of φ, the Λ−1
1 = (BT

0 W0B0 + Λ0)−1. Obviously, it can be derived that,

given new expert comparison data Dex
1 = (S1,y1), the posterior variance will be Λ−1

2 =

(BT
1 W1B1 + BT

0 W0B0 + Λ0)−1, where B1 is defined on the set S1. In order to more

clearly identify the relationship between the candidate expert comparisons with Λ−1
2 , we

denote a matrix B∗ that is defined on the set S∗. Obviously, S∗ includes all the candidate

comparisons that have not been included in S0. Then, we could further rewrite BT
1 W1B1

as BT
1 W1B1 =

∑|B∗|
k=1 vka

T
kak, where ak is the k-th row of B∗ and v is a Boolean vector

∈ {0, 1}|B∗|, while vk = 1 if the kth comparison is included in S1. With this, we have
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almost formulated the optimization problem for new expert data elicitation, i.e., the goal is

to identify the optimal solution of the decision variables v that can maximize the decrease

of the posterior variance (
∑|B∗|

k=1 vka
T
kak +BT

0 W0B0 + Λ0)−1, under the constraint that only

a certain number of new expert comparisons, i.e., denoted as ξ ∈ [0, |B∗|], can be elicited.

This resembles many of the optimal design problems that have been discussed in the con-

text of linear models. While many existing optimal design methods assume general structure

for the design matrix and thus are limited by optimization options, we recognize that in our

problem there is a special structure that can be exploited, which will lead to more powerful

optimization formulations such as the Semi-definite Programming (SDP) formulation. On

the other hand, while a few optimality criterion have been developed in optimal design, here,

we propose to study the E-optimal design criteria first due to its robust nature and the sub-

sequent computational benefit on optimization. Particularly, the E-optimal design criteria

proposes to identify the subset of “design points” (in our case, the candidate comparisons)

that can maximize the smallest nonzero eigenvalue of the information matrix, i.e., the infor-

mation matrix is the inverse of the variance matrix, which is (
∑|B∗|

k=1 vka
T
kak+BT

0 W0B0+Λ0)

in our case. This leads to the following optimization framework:

max
x

λ1(BT
0 W0B0 + Λ0 +

|B∗|∑
l=1

vla
T
l al)

subject to 1Tv ≤ ξ

v ∈ {0, 1}|B∗|

where λ1(A) denotes the smallest nonzero eigenvalue of matrix A. Since this problem is

difficult to solve exactly, we propose to replace the Boolean constraint v ∈ {0, 1}|B∗| by a

relaxation, i.e., v ∈ [0, 1]|B
∗|. Also the constraint 1Tv ≤ ξ is binding in Formula 5.5 as

ξ ≤ |B∗|, since v ≤ 1, the optimal value given by ξ > |B∗| is the same as that of ξ = |B∗|.

Therefore we have the following relaxation form:
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max
x

λ1(BT
0 W0B0 + Λ0 +

|B∗|∑
l=1

vla
T
l al) (5.5)

subject to 1Tv = ξ

0 ≤ v ≤ 1

Obviously, the optimal value from this relaxation form is an upper bound on the optimal

value of the original form. Such a relaxation is a convex optimization problem since the

constraints are linear functions of v, and we only need to show that the objective function

is a concave function of v, which is shown in Lemma 1.

Lemma 1 The optimization in (5.5) is a convex optimization problem.

We could further show that the convex relaxation above leads to a semidefinite pro-

gramming (SDP) problem. To see that, note that the objective in optimization in (5.5)

can be equivalently stated as maximizing a new variable s where it is required that s ≤

λ1(BT
0 W0B0 + Λ0 +

∑|B∗|
l=1 vla

T
l al). This could be further restated as BT

0 W0B0 + Λ0 +∑|B∗|
l=1 vla

T
l al − sI should be positive semi-definite. This leads to the following SDP formu-

lation:

max s

subject to sI � (BT
0 W0B0 + Λ0 +

∑|B∗|
l=1 vla

T
l al) (5.6)

1Tv = ξ

0 ≤ v ≤ 1

This SDP can be solved using any standard SDP solver. In our experiments, we use the

package “cvx” ([57]) to solve our problem which is shown to be fairly effective.

We could further show a useful property of the proposed formulation that indicates there

is diminishing marginal effectiveness of the number of expert comparisons ξ on the objective
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function. This property is shown in Figure S1 that is according to our empirical study of

the proposed SDP formulation.

From this Figure S1, it is clear that, due to the concave shape of the objective function

on ξ, the objective function has a much greater increase at the beginning than later on.

This indicates that the first few expert comparisons could lead to a much greater marginal

effect in reduction of posterior variance. And since this effect will gradually diminish, it

indicates that probably only a few expert comparisons are needed for accurate learning of

ordering of variables. While this is an empirical observation, to show that, denote f(v) =

−λ1(L(v)) which has been known to be a convex function of v by Lemma 1. Denote ω(ξ) =

inf{f(v)|1Tv ≤ ξ,0 ≤ v ≤ 1}, which can also be shown to be convex in Lemma 2 (by

learning the proof from page 216 in [102]).

Lemma 2 The function ω(ξ) is convex.

On the other hand, it is easy to show that −ω(ξ) is monotonically increasing with the

value of ξ, and is bounded on the domain of ξ. Since it is not likely that −ω(ξ) is linear due

to its complicated functional form, only a function that takes the shape as shown in Figure

S1 with diminishing marginal effectiveness can satisfy all these properties simultaneously.

5.3.3 Extension to Applications without Observational Data

Note that our proposed method can be easily extended to applications where observational

data is not available. One approach is to assume non-informative prior distribution for φ,

i.e., by assuming that Λ−1
0 = σ2

0I where σ2
0 is a very large number and I is the identify

matrix. Then, we could still apply our method to these applications based on the Bayesian

learning framework and the optimal expert elicitation formulation. That said, there is still a

particular problem that we need to address. Note that the posterior variance of the ordering

of variables is (
∑|B∗|

k=1 vka
T
kak + BT

0 W0B0 + σ−2
0 I)−1. It can actually be shown in Lemma

3 that, the smallest eigenvalue of the corresponding information matrix, (
∑|B∗|

k=1 vka
T
kak +

BT
0 W0B0 + σ−2

0 I), is σ−2
0 .
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Lemma 3 The smallest eigenvalue of the matrix, (
∑|B∗|

k=1 vka
T
kak + BT

0 W0B0 + σ−2
0 I), is

σ−2
0 , and the corresponding eigenvector is 1.

As the Lemma 3 indicates, we could not maximize the smallest eigenvalue of the informa-

tion matrix. Thus, we propose to maximize the second smallest eigenvalue of (
∑|B∗|

k=1 vka
T
kak+

BT
0 W0B0 + σ−2

0 I). Particularly, this will result in the following SDP formulation for the

expert knowledge elicitation process

max s

s.t. s(I − 11T/n) � (BT
0 W0B0 +

|B∗|∑
l=1

vla
T
l al + σ−2

0 I)

1Tv = ξ

0 ≤ v ≤ 1

5.3.4 A validation procedure for the utility of the expert data

Theoretically, the expert comparison data is useful to help the learning of influential rela-

tionships between variables. However, in practice, it is reasonable to have the concern that

whether or not the expert comparison data could be trusted, since expert data is subjective

and varies among experts. It is worthy of highlighting that our proposed method actually

takes into consideration of this concern. We use a probabilistic framework to characterize

the relationship between the expert data with the underlying ordering of variables, and the

parameters, σ2 and W , actually evaluate how accurate the expert data could be. For ex-

treme cases where the expert is providing random guess information, our Bayesian learning

framework will be able to estimate a large value of σ2, and therefore, automatically assign

more weight on the observational data for the final learning result of the BN. Besides the

use of the parameters σ2 and W to evaluate the utility of expert data, here, we also propose

another approach, as a pseudo hypothesis testing procedure as a validation procedure. The

basic rationale is that, if the expert data could be trusted, then it should be significantly
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different from the random guess. Thus, our pseudo hypothesis testing procedure consists

of three steps: 1) In the first step, a certain number of DAG structures will be randomly

generated, and each of the DAG structures will be used to obtain a likelihood value on the

observational data; 2) In the second step, we will sample the same number of DAG struc-

tures from the distribution of the ordering of the variables, that is learned solely from expert

data (this can be done in our proposed Bayesian framework as a special case where no ob-

servational data is used), and again, each of these DAG structures will be used to obtain

a likelihood value on the observational data; 3) Then, in the final step, we could compare

the two distributions of the likelihood values and see if they are significantly different, i.e.,

by the use of a t-test. It is expected to see that there is significant difference between the

expert knowledge with random guess which could justify the use of expert knowledge. We

will demonstrate the use of this validation procedure in our numerical studies.

5.4 Experiments on simulated data

5.4.1 Methodology

In this section, we conduct experiments to evaluate the performance of the proposed method

using a range of benchmark BN models. Specifically, we select 6 benchmark networks from

the Bayesian Network Repository (BNR). These BNs have been widely used in the BN

literature for performance evaluation since it provides a high quality representation of the

diverse BN structures that we may encounter in real-world applications. As shown in Table

S3, this cohort of BNs has the network sizes ranging from small to moderately large.

We compare our proposed method with the random sampling method that elicits expert

knowledge on a random basis. To implement the random sampling method, we could follow

the framework as shown in Figure 5.3 and just replace the use of the SDP method with the

random sampling method.

In each simulation study, first, we select a BN network from Table S3, then, randomly gen-

erate parameters by following conventions that have been defined in the BN structure learning
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literature such as [138, 66, 22]. As a BN model is essentially a joint distribution of the vari-

ables, we simulate observation data with a sample size 1000, which is our Dobs
0 . We then apply

a benchmark BN learning method on Dobs
0 to learn the orderings of variables, i.e., we use the

L1MB method, proposed in [138], that can be implemented in the Matlab DAGLearn Toolbox

(http://www.cs.ubc.ca/~murphyk/Software/DAGlearn/index.html). Expert knowledge

will be generated by the probabilistic model as mentioned in Section 3.1. Different accuracy

levels of expert knowledge (i.e., as encoded in the parameter σ2) will be used in our study.

We use two metrics for performance evaluation and comparison. The first metric is the

correlation between the learned ordering of variables with the true ordering to evaluate the

learning accuracy of both methods. The second metric is to compare the variance reduction

of both methods. Specifically, we define the variance reduction ratio as follows:

Variance Reduction Ratio =
V ar(RS)i − V ar(SDP )i
V ar(RS)i−1 − V ar(RS)i

where (·)i refers to results from the i-th iteration during the sequential learning process,

and var(SDP ) and var(RS) indicate the posterior variance of φ obtained by the proposed

method and random selection method, respectively. The variance reduction ratio essentially

evaluates how much extra variance reduction the SDP method could provide on top of the

random selection method. This metric facilitates the performance comparison since it is scale-

invariant, and the value could be interpreted across different settings of other parameters.

As a comparison, variance itself varies from case to case, which is hence not a good metric

for performance evaluation and comparison.

5.4.2 Evaluation of Estimation Accuracy of the Ordering of Variables

In this section, we investigate the learning accuracy of our proposed Bayesian learning and

sensing framework. The experimental results are presented in Figure 5.4, while all the 6

BN networks are investigated. A sequential procedure for expert knowledge elicitation is

used, that has 10 iterations in total, while in each iteration, 4 comparison tasks are queried.

Also, the accuracy level of the expert knowledge is set to be σ2 = 2. Note that, experimental

http://www.cs.ubc.ca/~murphyk/Software/DAGlearn/index.html
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Figure 5.4: Evaluation of the proposed Bayesian learning and sensing framework, with either

the SDP (red) method or the random selection method (blue), for estimating the ordering of

the variables. Each figure corresponds to a network, which are asia, child, insurance, mildew,

alarm, barley, from left to right and top to down.
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results for other settings of these parameters lead to similar conclusion, so we only present the

results as shown in Figure 5.4. Since for each simulated scenario, we repeat the experiments

100 times, so boxplot is used to present the overall results. The results clearly show that:

1) the proposed framework, either being integrated with the SDP method or the random

selection method, could lead to effective learning of the underlying ordering of the variables.

This indicates that the proposed Bayesian learning and sensing framework is effective in

general. 2) The SDP method is better than the random selection method as it can lead to

quicker detection of the underlying ordering of the variables. Also, the performance of the

SDP method is more robust as it often generates results with tighter error bounds across the

6 BN networks.

5.4.3 Evaluation of Variance Reduction Performance

In this section, we further evaluate the efficiency of the proposed Bayesian learning and

sensing framework in generating the candidate expert comparison tasks via the SDP for-

mulation. Using the same setting of the parameters (such as σ2 = 2 and the number of

expert comparison tasks queried in each iteration is set to be 4), the experimental results

are shown in Figure S6. Similar conclusions can be drawn as: 1) the proposed framework,

either being integrated with the SDP method or the random selection method, could lead

to effective reduction of the estimation variance. 2) The SDP method is better than the

random selection method as it can lead to quicker reduction in the estimation variance of

the orderings. For small network, we could observe that the estimation variance of the or-

dering by the proposed method quickly converges to very low (∼ 0 ), while the estimation

variance of the ordering by the random selection method still stays at a significant nonzero

level. For networks with larger sizes, such as the four networks in the middle (i.e. the

”child”,”insurance”,”mildew” and ”alarm”), the estimation variance of the ordering by the

proposed method usually approaches zero after 6 ∼ 10 iterations, while the random selection

method needs more iterations.
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Dataset Scenario under σ2 = 1
Variance Reduction Ratio ±s.d.

@3th Iteration @6th Iteration @9th Iteration

Alarm

nQuery = 1 0.14 ± 0.10 0.15 ± 0.10 0.16 ± 0.11

nQuery = 2 0.13 ± 0.11 0.11 ± 0.19 0.08 ± 0.20

nQuery = 4 0.07 ± 0.08 0.08 ± 0.09 0.23 ± 0.32

Asia

nQuery = 1 0.29 ± 0.47 0.41 ± 0.63 1.92 ± 3.35

nQuery = 2 0.20 ± 0.19 0.23 ± 0.40 0.50 ± 1.70

nQuery = 4 0.11 ± 0.13 0.01 ± 0.02 -0.08 ± 0.09

Child

nQuery = 1 0.12 ± 0.09 0.16 ± 0.12 0.31 ± 0.53

nQuery = 2 0.11 ± 0.09 0.19 ± 0.19 0.51 ± 0.50

nQuery = 4 0.06 ± 0.07 0.21 ± 0.12 0.99 ± 2.06

Insurance

nQuery = 1 0.14 ± 0.09 0.15 ± 0.09 0.23 ± 0.18

nQuery = 2 0.13 ± 0.09 0.07 ± 0.09 0.21 ± 0.26

nQuery = 4 0.11 ± 0.07 0.19 ± 0.10 0.43 ± 0.38

Mildew

nQuery = 1 0.11 ± 0.11 0.16 ± 0.11 0.24 ± 0.23

nQuery = 2 0.10 ± 0.06 0.09 ± 0.10 0.10 ± 0.15

nQuery = 4 0.08 ± 0.07 0.08 ± 0.12 0.39 ± 0.29

Barley

nQuery = 1 0.09 ± 0.10 0.12 ± 0.09 0.18 ± 0.19

nQuery = 2 0.06 ± 0.06 0.03 ± 0.08 0.01 ± 0.11

nQuery = 4 0.05 ± 0.07 0.02 ± 0.07 0.11 ± 0.16

Table 5.1: Summary of experimental results when σ2 = 1.
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5.5 Experiments on real world applications

In what follows, we present our experimental results on two real-world applications, one is

to learn the influential relationships among some critical KPIs for better understanding of

human resource management in some manufacturing companies, and another one is to model

the cascade of hypermetabolism reduction events for better understanding and staging of the

Alzheimer’s Disease (AD).

5.5.1 Identification of Influential Relationships of Key Performance Indicators (KPI) for

Human Resource Management

There has been considerate interests in both academia and industry to develop methods

to analyze the KPIs measurements, in order to gain a mechanistic understanding of the

KPIs. It is because that a mechanistic understanding that can identify which KPIs drive

which KPIs will be of great value for facilitating decision-makings. Thus, to demonstrate

the utility of our method for KPI data analysis, we use a database that was collected from

31 KPIs of Human Resource Management from 197 manufacturing companies. Those KPIs

cover a range of critical quality dimensions of the human resource management practices,

which include the Employee Trait such as technical and problem solving skills, the reward

policy in the company, the salaried or hourly employee turnover rates, the supply lead time

and stability of demand, to name a few. There has been some prior knowledge regarding the

influential relationships among some of the KPIs as mentioned in [75, 7], but a systematical

study that can effectively combine both the observational data with expert knowledge has

not been done yet to the best of our knowledge. Thus, we implement our proposed Bayesian

learning and sensing framework on this dataset and interact with our expert (one of our

co-authors) who is knowledgeable on this dataset to obtain the inquired expert comparison

data. Note that, here, we limit our total number of expert comparison as 20 due to the

limited capacity of the expert knowledge.

We show our results in Figure 5.5. Particularly, in Figure 5.5, the three figures from top
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to bottom show the uncertainty of ordering of the KPIs when only observational data is used,

observation data and 10 expert comparisons are used, and observation data and 20 expert

comparisons are used, respectively. Apparently, it can be observed that, with observational

data alone, the uncertainty of ordering of the variables can only achieve limited accuracy

on the ordering. On the other hand, the proposed Bayesian learning and sensing framework

effectively elicit expert knowledge to reduce the estimation uncertainty, and with 20 expert

comparisons, we could achieve fairly accurate estimation of the ordering of the KPIs.

The driver KPIs that appear in the upstream positions in the learned ordering of the KPIs,

correspond to solid recruiting criteria such as technical skills and work attitudes, indexes of

internal resource and coordination, index of reward systems, and leadership index. It is

reasonable for these KPIs to be drivers of the identified downstream KPIs. For instance,

selection of employees who have sufficient technical skills, effective internal coordination, and

reward system that motivate employees, all could have influence on the downstream indexes

such as employee turnover rate. Among the downstream KPIs, what is worth noting is the

”multi-functional employee”. It is a qualification index of employees and can further lead

to stability of business. The rationale behind this KPI to measure stability of business is

based on the ”personal successors system” mentioned in [75], when employees increase their

qualification, they are able to occupy two positions, while at the same time, organization

has personal successors on all positions such that it can run in normal mode when some

employees suddenly quit the jobs. Knowing that this KPI could be driven by some upstream

KPIs, quality improvement strategies targeting this KPI could be defined by improving on the

corresponding upstream KPIs to remove the root-causes as a more proactive and preventative

strategy. It is also interesting to notice that, the KPIs that correspond to the “employee

trait” and “hiring process” act as mediators that deliver the influence from the driver KPIs to

downstream KPIs. This result seems also reasonable, as these KPIs relate to human capitals’

growing potential, which will have impact on the growth (into multi-functional employees)

as well as job turnover rate (due to either being overqualified or unqualified) ([7]).

In addition, the validation process of the utility of the expert data is also conducted. The
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result is reported in Figure S8. It clearly shows that the expert data is significantly differ-

ent from random guess, demonstrating its utility for helping the learning of the influential

relationships between the KPIs.

Figure 5.5: Uncertainty of ordering of the KPIs when only observational data is used (top),

observation data and 10 expert comparisons are used (middle), observation data and 20

expert comparisons are used (bottom), respectively. Note that, the rows correspond to the

KPIs while the numbers in the x-axis represent the ordering of the variables.

5.5.2 Identification of Cascade of Hypermetabolism Reduction Events for Alzheimer’s Dis-

ease (AD)

In this section, we will implement our method to identify the cascade of hypermetabolism

reduction events for Alzheimer’s disease. Knowing the cascade of hypermetabolism reduction

events will help us understand the progression stages of the disease, which is especially

beneficial for early detection of the disease. Although disease progression model of AD

has been developed in [77] that gives valuable hypothesis of the cascade of the abnormal

clinical events along the AD progression process, such a model is still quite coarse and

on the conceptual level, and is undergoing experimental validation. Thus, we propose to

conduct quantitative analysis, and particularly focus on the FDG-PET imaging data that

can measure the hypermetabolism reduction events, to enrich the disease progression model

of AD and provide better resolution of the clinical events that happen along the progression
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process.

Our FDG-PET imaging data includes a diverse set of subjects that are on different

progression stages. There are 49 AD subjects, 116 mild cognitive impairment (MCI) subjects,

and 67 normal aging (NC) subjects. We have identified 42 regions of interest (ROIs) that have

been found related to AD. We perform the following data preparation steps: the original PET

scan data set could be written as D ∈ R232×42, corresponding to FDG-PET measurements of

42 regions of the 232 subjects. In order to derive the hypermetabolism reduction events based

on FDG-PET data, we build a X̄ chart for each ROI to characterize the normal FDG-PET

level for each region. If the FDG-PET measurement of the subject in this ROI is normal, then

we label this region of this subject as 0; otherwise, we label it as 1. This is just like the Phase-

I analysis of control chart. Through this procedure, we could derive the “event dataset”,

denoted as E ∈ I232×42. We then implement our method on E ∈ I232×42 and combine it

with the “expert” based on an existing cascade model of hypermetabolism reduction events

of AD reported in the literature. e.g. [41]. The final results are shown in Figure S9, which

can be interpreted in the same way as Figure ??. Furthermore, the validation process of

the utility of the expert data is also conducted and the result reported in Figure S9 shows

that the expert data is significantly different from random guess, demonstrating its utility

for helping the learning of ordering of the hypermetabolism reduction events.

Again, from Figure S9 we could observe that the uncertainty of ordering is large, when

only observational data is used. With addition of expert knowledge, the uncertainty can be

effectively reduced. Figure S10 provides a visualization of the mean ordering of the variables

extracted from the posterior distribution. It clearly shows where the neurodegeneration

strikes first along the progression of AD. Based on the severity of the degeneration conditions

from early to late, we use different colors to highlight these events from yellow (NC stage)

through orange (MCI stage) to red (AD stage).

From Figure S10, we can see that the following regions may be involved in early stages

of the AD progression. Those regions include the frontal mid orbitalis cortex (node 4),

which is an important area involved in the cognitive processing of decision-making; the
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hippocampus cortex (node 20), located at the medial temporal lobe, is known to play key

roles in the consolidation of information from short-term memory to long-term memory and

spatial navigation; the middle temporal gyrus (node 16) serves in contemplating distance,

recognition of known faces, and accessing word meaning while reading; the anterior cingulate

cortex (ACC) (node 6) is involved in a wide range of cognitive functions such as rational

cognitive functions, reward anticipation, decision-making, empathy, impulse control, and

emotion; the inferior parietal lobule (node 8) is involved in the perception of emotions in

facial stimuli and interpretation of sensory information; the Precuneus (node 9) is involved in

episodic memory, visuospatial processing, reflections upon self, and aspects of consciousness.

Apparently, many of these regions are related to the memory function, which is one of the

early signs of AD. It is also exciting to see that the hippocampus region is involved in

the AD progression in early stage, which is consistent with existing knowledge of AD in

([162, 117]) since the hippocampus has been a hallmark of AD. The fact that the Occipital

Inferior region shows up at early stage is also interesting. It is known that the occipital

inferior region belongs to the sensorimotor network (SMN), which relates to primary visual

functions. A number of studies such as [1, 31, 131] have indicated that the functional

changes in the visual system might precede the onset of AD, i.e., by impaired functional

connectivity in visual systems. Our discovery raises an interesting hypothesis that decline

in visual functions may be an early noninvasive biomarker for the diagnosis of AD. Similar

findings were previously discovered in [161].

The regions involved in the intermediate progression stages reveal valuable insights re-

garding the neurological underpinning of the MCI stage. From Figure S10, we can see that

these regions include the frontal mid lobe (node 2), which contains most of the dopamine

sensitive neurons in the cerebral cortex. Since the dopamine system plays a critical role

in memory, planning, and motivation, the reduction in hypermetabolism in this area could

result in poorer performance and inefficient functioning during memory tasks. On the other

hand, the occipital inferior lobe (node 13) is a critical visual related cortex. Impairment of

this region can cause visual hallucinations or blindness. Its relatedness to MCI has been
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pointed out in recent studies ([78, 159]). Such finding also provides evidence for the ”sensory

deprivation hypotheses” in [97], which proposes that sensory (including visual) underload

may reduce opportunity for intellectual stimulating exchanges with the environment, and

eventually reduce the general level of cognitive ability. In addition, the fusiform gyrus (node

19) is related to processing of color information, face, body, and word recognition. As many

of these regions relate to the recognition ability, this is consistent with the scientific evidence

from neuropsychological studies of AD that found that word recognition tasks are sensitive

tests to identify the individuals who will develop AD soon. We also notice that, the regions

such as the prefrontal lobe (node 1, 3,5), the parietal lobe(node 7, 10 ), the occipital lobe

(node 11, 12), are involved in the late stages of AD progression. This is also consistent with

the literature that has found these regions are usually less affected by AD in early stages

([56]).

5.6 Conclusion

In this paper, we propose a first of its kind method that can systematically elicit expert

knowledge, optimally matched to observational data that has been collected, to identify the

influential relationships between variables. This work is motivated by the success of the BN

models in characterizing a wide range of complex systems, which use DAG structure to rep-

resent how variables influence each other. The BN models have also been found very useful

for a number of quality control and monitoring tasks, as evidenced by the existing works in

[95, 158, 99, 100, 94]. However, as the common approach for learning the DAG structure of a

BN is merely using the observational data, it has been found that the theoretical bottleneck

of this approach lies on the fact that only part of the influential relationships can be identi-

fied. On the other hand, in many applications, it is possible that knowledgeable expert could

provide crucial information regarding the influential relationships among the variables. How-

ever, there has been a lack of systematical method that can automate the expert knowledge

elicitation process, integrate it with existing learning methods from observational data, and

further optimize it. Thus, we develop a Bayesian learning and sensing framework that can
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combine both observational data and expert elicitation data in the form as a posterior distri-

bution of orderings of the variables. Such a Bayesian learning framework will further lead to

a systematical optimization formulation to automate the expert elicitation process. We con-

duct extensive numerical experiments on simulated data and real-world data to demonstrate

the utility of our method and show its superior performance than baseline approaches.

There are many future directions we could exploit. For example, one important direc-

tion is to extend this framework to other optimal design methods such as A−Optimal or

D−Optimal to fit needs from a broad range of application domains. New optimization mod-

els will be constructed accordingly. Also, note that the ordering of a DAG is not unique,

resulting ambiguity in the representation of the ordering information. Fortunately, any or-

dering of the variables could facilitate the learning of the BN structure. This motivates us

to pursue another direction which is to develop a better probabilistic model to characterize

the distribution of the ordering of the variables. In this study, we propose to use a surro-

gate vector of the ordering of variables, which is essentially a relaxation of the ordering as a

permutation set. As relaxation has been a common and effective tool for gaining numerical

performance and computational feasibility, there is always a possibility that more statistical

power could be gained if the relaxation could be tightened or not used at all. In addition,

we may extend our method to be able to interact with multiple experts that have different

accuracy levels of expert knowledge. Last but not least, it is worthy of pointing it out that

the Bayesian learning framework demonstrated in the Figure 5.3 is generic. Thus, we could

plug in any Bayesian network structure learning algorithm to learn the prior distribution

of the orderings from observational data. Also, instead of Bootstrap, we could sample or-

derings of variables using Markov Chain Monte Carlo (MCMC) such as in [153, 46, 48]. In

addition, there is an alternative approach to sample for DAGs rather than orderings of the

variables in Algorithm 1. The output will be a collection of DAG structures then, denoted as

{Ĝi
0}i=1,··· ,m, that provide a good sample-based representation of the posterior distribution of

the DAG structure. To integrate this DAG-sampling framework with the proposed Bayesian

learning framework, we need a procedure to derive the prior distribution of φ. Specifically,
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we recognize that there is a resemblance between the learned DAG Ĝi
0 with the pairwise

comparison data obtained from expert knowledge elicitation, i.e., a learned DAG Ĝi
0 could

be viewed as a collection of pairwise comparison data by defining that wk = count of directed

edges (i, j) that shows up in all samples Ĝi
0, and yk = 1

wk

∑
(i,j)∈Ĝ1

0
sgn(i→ j)·, where k cor-

responds to the directed edge (i, j). Here sgn(y) is used to indicate the direction of arcs.

Following this line, we could derive the prior distribution of φ. Last but not least, it is also

of interest to study how to choose hyperparameters in our model. Selecting hyperparameters

for prior distribution in Bayesian models has been a practical challenge. In our case, the two

parameters of the inverse-Gamma distribution, a0, b0, are selected by prior knowledge. One

thing we notice is that the results are not sensitive to our choices of these two parameters,

particularly when the sample size of the observational data is large and expert data is of

high quality. All these directions are worthy of exploiting to further enhance and enrich the

proposed methodology, that can combine observational data and expert knowledge for better

learning of the influential relationships between variables.
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Chapter 6

CONCLUSIONS AND FUTURE RESEARCH

This dissertation contributes to generic methodology development for analyzing some gen-

eral complex datasets from high dimensional networked system that are ubiquitous in manu-

facturing and healthcare. It also contributes to domain knowledge discovery for Alzheimers

disease research and quality control in manufacturing.

More specifically, table 6.1 lists the detailed problem settings and assumptions and the

original contributions for individual work in each chapter.

6.1 Future research

There are still a lot of potential works in order to improve the diagnostic monitoring in the

future.

6.1.1 Selective Sensing via Crowdsourcing

Problem Description

As the scope of machine learning applications has increased, the complexity of the prediction

tasks (classification, regression) that are commonly tackled has grown dramatically. On

one dimension, many classification problems involve hundreds or even thousands or even

thousands of possible classes. On another dimension, researchers have spent considerable

effort developing new features sets for particular applications. We want to take an active

and adaptive approach to combine multiple classifiers/features at testing time, according to

the defined value of classifiers and particular constraints.
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Table 6.1: a summary of contributions for each chapter

Chapter Background & Assumption Major contribution

Chap 2

continuous system

measurements; known

system structure

a diagnostic monitoring method that conducts fault

detection and diagnosis simultaneously; outstanding

performance in both fault detection and diagnosis.

Chap 3

mixed type system

measurements; unknown

system structure; known

sensor network structure

development of the safe screening framework that will

greatly reduce the computational load of real-time

fault diagnosis.

Chap 4
multimodal biomarkers;

unknown system hierarchy

application of the mixed type Bayesian network to

model the interactions among heterogeneous

multimodal biomarkers.

Chap 5

unknown system structure;

multivariate Gaussian

distribution

systematically elicit expert knowledge to identify the

influential relationships among variables
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Related Work

To solve a complex prediction problem, many researchers have resorted to ensemble methods,

in which mulitiple classifiers are combined to achieve an accurate prediction decision. For

example, the Viola-Jones classifier uses a cascade of classifiers, each of which focuses on

different spatial and appearance patterns. Boosting comducts a committee of weak classifiers,

each of which focuses on different input distributions. Multiclass classification problems

are very often reduced to a set of simpler decisions, including one-vs-one, one-vs-all, error-

correcting output codes, or tree based approaches. Intuitively, different classifiers provide

different expertise in making certain distinctions that can inform the classification task.

In real world, the online gathering of customer feedback is one form of crowdsourcing,

as soliciting and displaying reviews helps buyers and sellers alike in their decision-making.

The growth of services like Amazon’s Mechanical Turk and CrowedFlower indicates that

crowdsourcing can be used for increasingly diverse efforts in the large-scale gathering and

integration of human judgments.

algorithm

Value and cost of classifier

We adopt the value of classifier in [?] as the information metric in equation 6.8. The value

of classifier V (hi|mO) for a classifier hi given the observed classifier responses mO is the

combination of the expected reward of the state informed by hi and the computational cost

of hi. Formally,

I(·) =V (hi|mO)

=

∫
P (mi|mO)R(P (Y |mi,mO))dmi −

1

τ
C(hi|O)

=Emi∼P (m′i|mO)[R(P (Y |mi,mO))]︸ ︷︷ ︸
value: θ′i

− 1

τ
C(hi|O)︸ ︷︷ ︸
cost: σ′i

(6.1)
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where the first part, θ′i, is expected reward of p(Y |mi,mO), where the expectation is with

respect to the posterior of Mi given mO.

There are two ways to define the reward R : p → R, residual entropy and classification

loss.

Residual Entropy

From the information-theoretical point of view, we want to reduce the uncertainty of the

class variable Y by observing classifier responses. Therefore, a natural way to define the

reward is to consider the negative residual entropy, that is the lower the entropy the higher

the reward. Formally, given some posterior distribution p(Y |mO), we define

R(p(Y |mO)) = −H(Y |mO) =
∑
y

p(y|mO) log p(y|mO) (6.2)

Classification Loss

From the classification loss point of view, we want to minimize the expected loss when choos-

ing classifiers to evaluate. Therefore, given a loss function ∆(y, y′) specifying the penalty of

classifying an instance of class y to y′, we can define the reward as negative of the minimum

expected loss:

R(p(Y |mO)) = −min
y′

∑
y

p(y|mO)∆(y, y′) (6.3)

Item Response Theory

In Rasch model, let θ′i be the ability of classifier i, σ′i be the difficulty of classifier i, Yi ∈ {0, 1}

be a dichotomous variable that indicates the prediction is correct or incorrect, pi1 and pi0

be the probability that classifier i predicts correctly and incorrectly respectively. And let us

define the prediction success rate be Pi1/Pi0, thus in Rasch model, the odds could be defined

as:

oddsi =
pi1
pi0

=
θ′i
σ′i

(6.4)
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After taking logs of both side on equation 6.4, we get:

logiti = θi − σi (6.5)

where θi = log(θ′i) and σi = log(σ′i).

Based on equation 6.4 and equation 6.5, it could be able to deduce the probability of

successful prediction of classifier i:

pi1 =
exp(θi − σi)

1 + exp(θi − σi)
(6.6)

where this function is known as the one-parameter logistic function (1PL) in item response

theory. It has the nice mathematical property that its values remain between 0 and 1 for

any argument between −∞ and +∞, this makes it appropriate for predicting probabilities,

where are always numbers between 0 and 1.

Thus the item information function of the 1PL model is defined as:

Ii = pi1 · pi0 (6.7)

Figure 6.1: information curves with different difficulties
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Figure 6.1 (right figure) shows the item characteristic curves of four items whose diffi-

culties (-2,-1,1,2) are more or less evenly spread over the most important part of the ability

range. The four curves run parallel to each other and never cross.

Shadow Tests

The following model is for the assembly of the shadow test when the current ability estimate

is θ̂k and the (k + 1)st classifier needs to be selected [?]:

max
xi,i=1,...,m

m∑
i=1

Ii(θ̂k)xi

subject to
∑
i∈Vc

xi ≥ nc

m∑
i=1

xi = n

xi = 1, for all i ∈ Sk

xi ∈ {0, 1}

(6.8)

The objective function in equation 6.8 requires the model to select the shadow test with

optimal information at the current ability estimate, θ̂k. The explanations of constraints are

listed below:

1. For each category c, the total number of selected tests should be greater than a specified

number nc

2. For whole test, the total number of selected tests should be equal to a specified number

n

3. For those tests that have been already picked up, the decision variables are set to 1

4. Binary optimization problem
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Learning p(m′i|mO, y)

Given the subset of the training set {(xj, yj = y)}Nyj=1 corresponding to the instances from

class y, we denote mj
i = hi(x

j), then our goal is to learn p(m′i|mO, y) from {(mj, yj = y)}Nyj=1.

1. if O = ∅, then p(m′i|mO, y) reduces to the marginal distribution p(m′i|y) = N (µy, σ
2
y),

and based on maximum likelihood estimation, we have:

µy =
1

Ny

∑
j

mj
i

σ2
y =

1

Ny

∑
j

(mj
i − µy)2

2. if O 6= ∅, we assume that p(m′i|mO, y) is a linear Gaussian, i.e., µy = ωTymO:

ω̂y = (M̄T
OWM̄O + λI)−1M̄T

OWM̄i

σ̂y =
1∑Ny

j=1 wj

Ny∑
j=1

wj‖mj
i − ω̂y

Tmj
O‖

2

where wj = e−
‖mO−m

j
O‖

2

β

Learning p(m′i|mO)

p(m′i|mO) =
∑
y

p(m′i|mO, y)p(y|mO)

where p(y|mO) is the posterior over Y given some observation mO which is tracked over

iterations.

Learning p(Y |mi,mO)

p(Y |mi,mO) ∝ p(mi,mO|Y )p(Y ) = p(mi|mO, Y )p(mO|Y )p(Y )

where all terms are available by caching previous computations.
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Expected Results

We performed experiments on a collection of the UCI Wine-Quality data set: red wine (1599

samples) and white wine (4898 samples), each with 11 features. All tasks are multiclass

classification problems with considering quality as the output variable. 70% of the samples

are randomly chosen for training, and the remaining 30% for testing. To reduce statistical

variability, results are averaged over 5 repetitions.

From the baselines, we have one-vs-one with max win, one-vs-all, DAGSVM and a tree-

based method. These methods vary both in terms of what set of classifiers they use and how

those classifiers are evaluated and combined.

We compare different methods in terms of both the classification accuracy and the number

of evaluated classifiers. For our algorithm and the random selection baseline, we show the

accuracy over iterations as well.

6.1.2 Optimal Sensor Allocation

Problem Description

Recent advances in technology have led to a continuously increasing in the complexity of

systems. The failures within these systems can cause disruption to the operational func-

tionality. Fault location has therefore become a first objective in engineering applications.

Effective diagnostic approaches, which bring the system back at the lowest cost, can decrease

downtime and consequently, enhance the operational functionality. However, designing an

effective diagnosis system does not start after the system design, but it has to be done during

the system design. Indeed, the performance of a diagnostic system highly depends on the

number and location of sensors.

Sensors placement problem is to establish the objective function which can be calculated

easily based on some special criteria as well as constraint conditions of sensor resources, and

use some algorithms to optimize the objective function to get effective sensors distribution.

Of course, the objective function and constraints should be simple in the formulation and easy
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in calculating, researches about sensors placement focus on such issues: fault modeling or

prediction of cause-effect behavior of the system; Reasonable optimization criterion to meet

design specifications; The efficient algorithms used for solving the optimization problem.

Algorithm

Compressive sensing is a novel sensing approach, as opposed to the traditional sampling

method that follows the Shannon-Nyquist rate in signal processing. Under the compressive

sensing paradigm, the signal can be reconstructed from a smaller number of samples than

the Shannon-Nyquist rate.

Many observation selection objectives satisfy submodularity, an intuitive diminishing

returns property adding a sensor to a small deployment helps more than adding it to a large

deployment. Examples include mutual information for spatial prediction and placing sensors

for outbreak detection.
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Appendix A

APPENDIX FOR CHAPTER 3

A.1 Boolean Compressive Sensing

It has been known that the best relaxation for approximating the l0 norm is to relax it using

l1 norm. It results in the following optimization problem:

min ‖x‖1

subject to y = (A ∨ x)⊗ ξ

To relax the boolean constraints, we notice that if a vector x satisfies the constraint that

y = (A ∨ x) ⊗ ξ, then it also satisfies the linear inequalities: ATx + ξT ≥ 1 and AFx = ξF,

where T = {i|yi = 1} is the set of out of control sensor signals, F = {i|yi = 0} is the set of in

control sensor signals, and AT and AF are the corresponding subsets of rows of A. Putting

the relaxations together we have the following formulation:

min

p∑
i=1

xi

subject to ATx + ξT ≥ 1

AFx = ξF

0 ≤ xi ≤ 1, i = 1, . . . , p

0 ≤ ξi ≤ 1, i ∈ T

0 ≤ ξi, i ∈ F

On top of this formulation, as suggested in boolean compressive sensing [?], we can

further introduce a penalty term on ξ to encourage sparsity of x, leading to the LP primal

problem 3.2.
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A.2 Duality of Formulation 3.2

The second term in the primal formulation 3.2,
∑q

j=1 ξj, could be decomposed into test

positive part and test negative part, while the test negative part could be rewritten after

substitution of the constraints AFx = ξF. This leads to

p∑
i=1

xi + λ

q∑
j=1

ξj =

p∑
i=1

xi + λ
∑
j∈T

ξj + λ‖ξF‖1

=

p∑
i=1

xi + λ
∑
j∈T

ξj + λ‖AFx‖1

=

p∑
i=1

xi + λ
∑
j∈T

ξj

+ λ‖[a1
F, . . . , a

p
F] · [x1, . . . , xp]

T‖1

=

p∑
i=1

xi + λ
∑
j∈T

ξj + λ

p∑
i=1

‖aiF‖1xi

=

p∑
i=1

(
1 + λ‖aiF‖1

)
xi + λ

∑
j∈T

ξj

Furthermore, since the upper bounds of xi and ξi are redundant, we could rewrite the

primal formulation as

P(x, ξ) = min

p∑
i=1

(
1 + λ‖aiF‖1

)
xi + λ

∑
j∈T

ξj

such that ATx + ξT ≥ 1

0 ≤ xi, i = 1, . . . , p

0 ≤ ξi, i ∈ T
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By introducing dual variables µi, i = 1, . . . , t, we could derive the dual problem as

D(µ) = max
t∑
i=1

µi

such that µAT ≤ 1m + λ1TAF

0 ≤ µi ≤ λ, i = 1, . . . , t
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Appendix B

APPENDIX FOR CHAPTER 5

B.1 Proof of Lemma 1

To show the convexity of (5.5), one needs to show that the constraint defines a convex set and

the objective is a concave (convex) function if it is a maximization (minimization) problem.

The linear constraint in (5.5) defines a polyhedron which is convex apparently. Therefore,

we only need to prove the objective is a concave function, i.e., to prove that λ1(BT
0 W0B0 +

Λ0 +
∑|B∗|

l=1 vla
T
l al) is a concave function. Denote BT

0 W0B0 + Λ0 +
∑|B∗|

l=1 vla
T
l al as L(v).

If we could prove that −λ1(L) is a convex function of L, then it is known that −λ1(L(v)) is

convex, since L(v) is a linear transformation in terms of v which does not affect the convexity

(or concavity) of the objective function. Thus, to show that −λ1(L(v)) is convex, first, note

that we could write −λ1(L(v)) using the definition for the minimal eigenvalue of a positive

semi-definite matrix as

−λ1(L(v)) = − inf
‖z‖=1

zTL(v)z

= − inf
‖z‖=1

zTL(v)z

= sup
‖z‖=1

〈−zzT , L(v)〉.

To prove a function is convex, it is equivalent to show that its epigraph is a convex set.

The epigraph of −λ1(L(v)) is

epigraph(−λ1(L(v))) = epigraph( sup
‖z‖=1

〈−zzT , L(v)〉)

= ∩‖z‖=1 epigraph(〈−zzT , L(v)〉).
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Since 〈−zzT , L(v)〉 is a linear function, its epigraph is a half space above the hyperplane

defined by the linear function. So it is a convex set. As we know, the intersection of convex

sets is still a convex set. Therefore, we have that epigraph(−λ1(L(v))) is a convex set, which

proves the convexity of the function −λ1(L(v)). It completes the proof.

B.2 Proof of Lemma 2

To show the function ω(ξ) is convex. First, we could see that the domain Ω = {ξ|∃v,1Tv ≤

ξ,0 ≤ v ≤ 1} is a convex set. Then let ξ1, ξ2 ∈ Ω, then we could find two vectors v(1),v(2)

such that 1Tv(1) = ξ1,1
Tv(2) = ξ2 and 0 ≤ v(1) ≤ 1,0 ≤ v(2) ≤ 1. By the definition of

convexity of a function, for any α ∈ (0, 1), αξ1 + (1− α)ξ2 ∈ Ω, we need to show that

ω(αξ1 + (1− α)ξ2) ≤ αω(ξ1) + (1− α)ω(ξ2)

This can be shown by the following induction:

ω(αξ1 + (1− α)ξ2)

= inf{f(v)|1Tv = αξ1 + (1− α)ξ2,0 ≤ v ≤ 1}

≤ inf{f(v = αv(1) + (1− α)v(2))|1Tv = αξ1 + (1− α)ξ2}

≤ α inf{f(v(1))|1Tv(1) = ξ1,0 ≤ v(1) ≤ 1}

+ (1− α) inf{f(v(2))|1Tv(2) = ξ2,0 ≤ v(2) ≤ 1}

= αω(ξ1) + (1− α)ω(ξ2)

Therefore we proved the convexity of ω(ξ), and we used the convexity of f(v) in the last

inequality.

B.3 Proof of Lemma 3

It can be seen that
∑|B∗|

k=1 vka
T
kak +BT

0 W0B0 is a singular positive semi-definite symmetric

matrix. To see that, for any vector z, we could show that zT (
∑|B∗|

k=1 vka
T
kak +BT

0 W0B0)z =∑|B∗|
k=1 (vk+wk)(akz)2 ≥ 0, since ∀k, vk ≥ 0, wk ≥ 0. SinceB01 = 0, the vector 1 is in the null
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space of
∑|B∗|

k=1 vka
T
kak+BT

0 W0B0 and the corresponding eigenvalue is 0. On the other hand,

it is known that for the matrix σ−2
0 I, it has σ−2

0 as an eigenvalue and 1 as an eigenvector. Then

we could draw the bounds of the smallest eigenvalue of
∑|B∗|

k=1 vka
T
kak + BT

0 W0B0 + σ−2
0 I

as λ1(
∑|B∗|

k=1 vka
T
kak + BT

0 W0B0) + λ1(σ−2
0 I) ≤ λ1(

∑|B∗|
k=1 vka

T
kak + BT

0 W0B0 + σ−2
0 I) ≤

λ1(
∑|B∗|

k=1 vka
T
kak +BT

0 W0B0)+λp(σ
−2
0 I), which is based on the Theorem 8.1.5 in [55]. This

essentially imply that σ−2
0 ≤ λ1(

∑|B∗|
k=1 vka

T
kak +BT

0 W0B0 + σ−2
0 I) ≤ σ−2

0 . Therefore, the

smallest eigenvalue of the matrix
∑|B∗|

k=1 vka
T
kak + BT

0 W0B0 + σ−2
0 I is σ−2

0 with 1 as an

eigenvector.



120

B.4 Bootstrap the observational data

Algorithm 1 Bootstrap the observational data

procedure Bootstrap(m), where m is the number of bootstrapping times

i = 1

While i ≤ m do

Re-sample the n instances from data set Dobs
0 with replacement.

Apply an appropriate BN structural learning algorithm (i.e., the DAGlearn algorithm can

be used for continuous BNs while the K2 algorithm can be used for discrete BNs) on the

re-sampled dataset to learn φ̂i0

i = i+ 1

end while

return {φ̂i0, i = 1, 2, . . . ,m}

end procedure
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B.5 Facts of benchmark networks

Facts of Benchmark Networks from Bayesian Network Repository (BNR)

Data # Nodes # Arc Avg Degree

Asia 8 8 2.00

Child 20 25 1.25

Insurance 27 52 3.85

Mildew 35 46 2.63

Alarm 37 46 2.49

Barley 48 84 3.50
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B.6 Summary of experimental results when σ2 = 2

Dataset Scenario under σ2 = 2
Variance Reduction Ratio ±s.d.

@3th Iteration @6th Iteration @9th Iteration

Alarm

nQuery = 1 0.15 ± 0.10 0.15 ± 0.11 0.14 ± 0.12

nQuery = 2 0.09 ± 0.11 0.08 ± 0.10 0.03 ± 0.15

nQuery = 4 0.07 ± 0.06 0.04 ± 0.08 0.21 ± 0.24

Asia

nQuery = 1 0.18 ± 0.21 0.29 ± 0.26 1.26 ± 2.99

nQuery = 2 0.20 ± 0.14 0.25 ± 0.25 0.06 ± 0.04

nQuery = 4 0.16 ± 0.17 0.10 ± 0.27 -0.08 ± 0.12

Child

nQuery = 1 0.22 ± 0.30 0.25 ± 0.26 0.17 ± 0.23

nQuery = 2 0.14 ± 0.12 0.15 ± 0.14 0.38 ± 0.35

nQuery = 4 0.13 ± 0.13 0.22 ± 0.12 0.53 ± 0.68

Insurance

nQuery = 1 0.14 ± 0.12 0.19 ± 0.22 0.27 ± 0.31

nQuery = 2 0.14 ± 0.13 0.16 ±0.18 0.27 ± 0.31

nQuery = 4 0.08 ±0.08 0.13 ±0.12 0.41 ± 0.40

Mildew

nQuery = 1 0.12 ± 0.09 0.14 ± 0.08 0.22 ± 0.20

nQuery = 2 0.08± 0.07 0.12 ±0.11 0.19 ± 0.21

nQuery = 4 0.06 ± 0.05 0.07 ± 0.09 0.25 ± 0.22

Barley

nQuery = 1 0.12 ± 0.09 0.16 ±0.10 0.18 ± 0.12

nQuery = 2 0.06 ± 0.12 0.05 ± 0.09 -0.03 ± 0.15

nQuery = 4 0.02 ± 0.07 0.01 ± 0.14 0.02 ± 0.18
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B.7 Summary of experimental results when σ2 = 4

Dataset Scenario under σ2 = 4
Variance Reduction Ratio ±s.d.

@3th Iteration @6th Iteration @9th Iteration

Alarm

nQuery = 1 0.12 ± 0.10 0.21 ± 0.19 0.21 ± 0.12

nQuery = 2 0.12 ± 0.14 0.05 ± 0.09 0.03 ± 0.21

nQuery = 4 0.05 ± 0.08 0.10 ± 0.09 0.20 ± 0.27

Asia

nQuery = 1 0.16 ± 0.11 0.47 ± 0.54 1.14 ± 1.56

nQuery = 2 0.19 ± 0.14 0.16 ± 0.24 0.40 ± 1.20

nQuery = 4 0.15 ± 0.09 0.05 ± 0.16 -0.05 ±0.10

Child

nQuery = 1 0.14 ± 0.11 0.20 ± 0.15 0.23 ± 0.26

nQuery = 2 0.12 ± 0.07 0.24 ± 0.20 0.74 ± 1.10

nQuery = 4 0.10 ± 0.11 0.20 ± 0.18 0.28 ± 0.45

Insurance

nQuery = 1 0.16 ± 0.14 0.21 ± 0.23 0.21 ± 0.18

nQuery = 2 0.17 ± 0.16 0.12 ± 0.09 0.22 ± 0.19

nQuery = 4 0.07 ± 0.05 0.12 ± 0.14 0.52 ± 0.39

Mildew

nQuery = 1 0.13 ± 0.08 0.13 ± 0.10 0.15 ± 0.15

nQuery = 2 0.10 ± 0.10 0.11 ± 0.13 0.11 ± 0.21

nQuery = 4 0.10 ± 0.06 0.06 ± 0.09 0.21 ± 0.25

Barley

nQuery = 1 0.11 ± 0.09 0.14 ± 0.11 0.16 ± 0.11

nQuery = 2 0.09 ± 0.06 0.07 ± 0.11 0.05 ± 0.16

nQuery = 4 0.02 ± 0.07 0.01 ± 0.07 0.01 ± 0.19

B.8 Evaluation of the proposed Bayesian learning and sensing framework
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Figure B.1: Evaluation of the proposed Bayesian learning and sensing framework, with either

the SDP (red) method or the random selection method (blue), for reducing the variance of

estimation of the ordering. Each figure corresponds to a network, which are asia, child,

insurance, mildew, alarm, barley, from left to right and top to down.
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B.9 Ordering of human resource management key performance indicators

Ordering of Human Resource Management Key Performance Indicators (KPIs)

Index Meaning

Driver KPI

hr-hrcrn Compensation, Reward, and Incentive Systems

pm-hsmbn Management Breath of Experience

sp-hspcn Reward-Manufacturing Coordination

sp-hsrsn04 Hiring Criteria: work values and attitudes

sp-hsrsn10 Hiring Criteria: technical skills

pm-hsvcn Cooperation

Mediator KPI

sp-hsrsn02 Employee Trait: teamwork

sp-hsrsn03 Employee Trait: problem solving

sp-hsrsn07 Hiring Process: large candidate pool

sp-hsrsn08 Hiring Process: effective interview

Downstream KPI
sp-hsmfn Multi-functional Employees

hr-hrtrn02 Turnover rate of Hourly Employees

sp-psltn Supply Lead Time
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B.10 Validation in the KPI case study

Validation of the utility of the expert comparison data in the KPI case study. It clearly

shows that the expert comparison data is significantly different from random guess.
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B.11 Uncertainty of ordering of the hypermetabolism reduction

Figure B.2: Uncertainty of ordering of the hypermetabolism reduction events when only

observational data is used (top), observational data and 10 expert comparisons are used

(middle), and observational data and 20 expert comparisons are used (bottom), respectively.

Note that, the rows correspond to the hypermetabolism reduction events while the numbers

in the x-axis represent the ordering of the hypermetabolism reduction events.
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B.12 Validation in the AD case study

Figure B.3: Validation of the utility of the expert comparison data in the AD case study. It

clearly shows that the expert comparison data is significantly different from random guess.
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Appendix C

APPENDIX FOR CHAPTER 6



130

Table C.1: Nomenclature

Notation Definition

X ∈ Rn×p instance

Y ∈ Rn×1 label

H a set of trained classifier

hi ∈ H any real-valued classifier

O
the set of classifiers that have already been evaluated (empty at the be-

ginning)

m′i ∈ R the response/margin of the i-th classifier, hi(X)

m′O ∈ R|O|×1 the random vector of observed classifiers as [m′o1 , . . . ,m
′
o|O|

]T

mi the actual observed value of classifier i

mO ∈ R|O|×1 the vector of actual observed value

P (Y |mO) the posterior over Y

C(hi|O)
the computational cost of evaluating classifier hi conditioned on the set of

evaluated classifiers O

θ′i the ability of classifier i

δ′i the difficulty of classifier i

θi log(θ′i)

σi log(σ′i)

Yi ∈ {0, 1} a dichotomous variable that indicates the prediction is correct or incorrect

pi1, pi0
the probability that classifier i predicts correctly and incorrectly respec-

tively

m total amount of classifiers

n total amount of classifiers that is going to achieve

c the category of classifiers

nc total amount of classifiers that is going to achieve in category c

Ii(θ) the information of classifier i at the ability θ
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