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Abstract

An Exploration of Theoretical Spectra

Lauren N. Koulias

Chair of the Supervisory Committee:
Xiaosong Li

Department of Chemistry

This thesis presents an exploration of theoretical spectra, both in their creation and

interpretation, with a focus on coupled cluster methods and an emphasis on the importance

of relativistic effects. Throughout this work the X2C Hamiltonian is utilized to produce

the reference wavefunction, including both scalar relativistic effects and spin-orbit coupling

variationally in the presented schemes.

First, a relativistic equation-of-motion coupled-cluster with single and double excitations

(X2C-EOM-CCSD) formalism is presented including a discussion of the massively paral-

lelized implementation available in the ChronusQuatum software package. In order to eval-

uate the accuracy of X2C-EOM-CCSD, we compare calculated, experimental, and TDDFT

results, looking at zero-field splitting values. In addition to calculating the excitation ener-

gies for this low energy region, the oscillator strength of each excitation is calculated. This

enables the simulation of absorption spectra, the observation of which excited states are pop-

ulated, and the comparison of other general spectral features in the low energy UV-Visible

region in order to benchmark the accuracy.

Additionally, a relativistic time-dependent equation-of-motion coupled-cluster with sin-

gle and double excitations (TD-EOM-CCSD) formalism is presented. Unlike other explicitly

time-dependent quantum chemical methods, the present approach considers the time cor-

relation function of the dipole operator, as opposed to the expectation value of the time-



dependent dipole moment. The accuracy of X2C-TD-EOM-CCSD is evaluated by comparing

zero-field splitting in atomic absorption spectra of open-shell systems (Na, K, Mg+, and Ca+)

with values obtained from experiment. In closed-shell species (Na+, K+, Mg2+, and Ca2+),

singlet triplet mixing is observed in the X2C-TD-EOM-CC calculations, which results from

the use of the X2C reference. The effects of the X2C reference are evaluated by comparing

spectra derived from X2C-TD-EOM-CC calculations to those from TD-EOM-CC calcula-

tions using a complex generalized Hartree-Fock (C-GHF) reference.

The interpretation of spectra is an arduous task that can be simplified with the use of

spectral analysis tools. The Python library, fasma, is presented as a tool to help simplify

this problem. By breaking down spectra into angular momentum character or molecular

orbital contributions, along with giving information about the excitation order of each tran-

sition, various regions of the spectra can be interpreted and features of interest can be quickly

identified. While keeping ease of use in mind, this library also allows extensive customiza-

tion of analysis by the user through the quantity of information from electronic structure

calculations that is made into easily accessible Python objects.
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Chapter 1

RELATIVISTIC EQUATION OF MOTION COUPLED
CLUSTER

This chapter has been adapted from work done by Lauren N. Koulias in collaboration

with Tianyuan Zhang, Lixin Lu, Edward F. Valeev, A. Eugene DePrince III, and Xiaosong

Li. It is currently in the pre-submission stage of publication.

1.1 Introduction

Excited state methods that are based off the coupled-cluster (CC) theory[18, 111, 34, 110]

can provide accurate descriptions of spectroscopic features, such as excitation frequencies and

oscillator strengths, and are rigorously size extensive when truncated at any excitation order.

These methods include the linear response CC (LR–CC)[73, 19, 52, 51, 53], the equation-

of-motion CC (EOM–CC)[75, 29, 110], and the symmetry adapted cluster configuration

interaction (SAC-CI)[76] formalisms. While these methods in the non-relativistic regime are

widely used and highly accurate for describing valence electron excitations of light elements,

the inclusion of relativistic effects into calculations is important when dealing with core level

spectroscopy, valence electron excitations of heavy elements, and spin-forbidden processes.

Relativistic effects, including scalar and spin-orbit effects, are known to cause orbital

contraction, increase in binding energy, mix spin states, modify hybridization in the valence

shell, spectral splitting, and inter-system crossing.[92, 93, 70, 119] The X2C approach is a

popular variational approach to incorporate relativistic effects. It has been shown to be an

accurate approach to describe the spin-orbit splittings of both valence and core electrons[124,

35, 27, 28, 89, 48]. Within the CC framework, perturbative treatments of spin-orbit couplings

have been used for LR- and EOM-CC calculations.[15, 30, 50, 16, 12, 127, 117, 122] Recently,
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relativistic EOM-CC methods in which spin-orbit couplings are included variationally at the

molecular orbital level have been introduced and show excellent accuracy in the description

of excitation energies and fine-structure splitting.[5, 107, 3, 63, 82, 55]

In this work, we report an implementation of a Kramers-unrestricted form of EOM-

CC with single and double excitations (EOM-CCSD) within the relativistic two-component

framework. In addition to excitation energies, expressions for computing oscillator strengths

are also presented in this paper. Both scalar and spin-orbit relativistic effects are included

variationally at the reference level. Benchmark tests focus on simulated atomic and molecular

absorption spectra in the UV/Vis regime and excited state fine-structure splitting, as well

as applications to lifetime prediction and the calculation of spectroscopic constants.

1.2 Theory

1.2.1 Kramers-Unrestricted Two-Component Reference Wave Function

We have formulated our relativistic EOM-CC approach for the Kramers-unrestricted case,

which, for open-shell systems, can lead to the breaking of time-reversal symmetry[60]. The

spinor molecular orbitals from a relativistic two-component reference are used in the rel-

ativistic EOM-CCSD method. Here, a brief summary of this relativistic two-component

approach is presented. For a more thorough review, please refer to Refs. 26, 96, 65.

All two-component methods start from the same place: the four-component Dirac equa-

tion. The large and small components of this equation are decoupled via a unitary transfor-

mation U , yielding a block diagonalized four-component Hamiltonian:

U † Ĥ U =

H+ 02

02 H−

 (1.1)

where H+ are the electronic solutions and H− are the negative energy solutions, which can be

disregarded. As a result only H+, which is the two-component Hamiltonian corresponding

to the electronic solutions, needs be computed.
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When looking at the wave function, this unitary transformation, U , effectively “folds” the

small component into the large component, eliminating the need for the small component to

be evaluated:

U

ψL

ψS

 =

ψ̃L

0

 (1.2)

Here, the X2C transformation [57, 66, 85, 44, 67, 64, 102, 62, 86, 27, 35, 54, 28, 89, 68]

is used for U . The decoupling scheme in this approach is obtained by solving the one-

body Dirac-Hartree-Fock equation, where the bare Coulomb operator is used for the two-

electron term. Neglecting to transform the two-electron Coulomb repulsion operator is the

leading cause of error in the X2C transformation. This error is compensated for using the

Boettger factor[9], an empirical correction which scales the one-electron spin orbit terms to

approximately account for the two-electron spin-orbit interactions.

Due to this one-electron X2C framework, the transformation (or “picture change” as it

is commonly referred to) is independent of the two-electron operator. Since the transfor-

mation from four- to two-component depends only on the basis set used in the one-electron

Hamiltonian, the picture change error needs not be considered in post-SCF methods. This

simplification is the main advantage of using an effective one-electron X2C approach in this

context[45].

1.2.2 Two-Component Equation-of-Motion Coupled-Cluster

Throughout this Section, the labels i,j,k,l,m,n refer to molecular orbitals (MOs) that are

occupied in the reference configuration, while a,b,c,d,e,f refer to MOs that are unoccupied.

Due to the structure of the relativistic components of the Hamiltonian, the EOM-CC equa-

tions must be formulated with complex arithmetic and spin-broken amplitudes. As compared

to non-relativistic EOM-CC calculations, these properties increase the storage requirements

and the number of floating point operations, but the formal scaling properties of EOM-CC
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remain unchanged.

The ground-state CC with single and double excitations (CCSD) wave function is given by

|Ψ̃⟩ = eT̂ |Φ̃0⟩, where |Φ̃0⟩ is the X2C-transformed reference wave function, and T̂ represents

the cluster operator, which, at the CCSD level of theory, takes the form

T̂ =
∑
ia

tai â
†
aâi +

1

4

∑
ijab

tabij â
†
aâ

†
bâj âi. (1.3)

Here, the symbols â† and â represent creation and annihilation operators, respectively. At

the EOM-CCSD level of theory, excited states are expanded linearly in terms of excitations

out of the CCSD ground-state wave function

R̂I |Ψ̃⟩ =

(
r0 +

∑
ia

rai â
†
aâi +

1

4

∑
ijab

rabij â
†
aâ

†
bâj âi

)
eT̂ |Φ̃0⟩ (1.4)

The expansion coefficients r0, r
a
i , and r

ab
ij , are obtained by solving the right-hand eigenvalue

problem

H̄NR̂I |Φ̃0⟩ = ωIR̂I |Φ̃0⟩ (1.5)

where H̄N = e−T̂ ĤeT̂ −ECC is the normal-ordered similarity-transformed Hamiltonian, ECC

is the ground-state energy, and ωI is the difference between the energy of I th excited state

and ECC. The non-hermiticity of H̄N implies the existence of left-hand excited-state wave

functions, the knowledge of which is necessary for the evaluation of excited-state properties

(i.e., oscillator strengths). The left-hand excited-state wave functions are expanded in the

same manner as the right-hand wave functions, yielding:

⟨Φ̃0|L̂Ie
−T̂ = ⟨Φ̃0|

(
l0 +

∑
ia

liaâ
†
i âa +

1

4

∑
ijab

lijabâ
†
i â

†
j âbâa

)
e−T̂ (1.6)

with L̂I satisfying:

⟨Φ̃0|L̂IH̄N = ⟨Φ̃0|L̂IωI . (1.7)
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Note that right- and left-hand ground state wave functions can be recovered from Eqs. 2.6 and

1.6 with the choices R̂0 = 1 and L̂0 = 1+ Λ̂, where Λ̂ is the usual ground-state de-excitation

operator, defined at the CCSD level of theory as:

Λ̂ =
∑
ia

λiaâ
†
i âa +

1

4

∑
ijab

λijabâ
†
i â

†
j âbâa (1.8)

The t- and λ-amplitudes in Eqs. 2.4 and 2.5 are determined by using a conventional CCSD

algorithm,[18, 111, 34] augmented to account for complex arithmetic and spin-broken ampli-

tudes. For low-energy excited-states, the right- and left-hand excited-state wave functions

are determined via a modified Davidson algorithm[21, 40, 13, 123], which can handle com-

plex arithmetic. For the higher energy excited states relevant to core-level excitations, these

wave functions are be determined using the Generalized Preconditioned Locally Harmonic

Residual (GPLHR) approach.[120, 112] The full set of equations used for this EOM-CCSD

implementation can be found in the appendix in Ch. A.

1.2.3 Properties: Oscillator Strength

In order to obtain the oscillator strength of each excitation for X2C-EOM-CCSD, we first

need to obtain the r- and l-amplitudes (r0, r
a
i , r

ab
ij , l0, l

i
a, and l

ij
ab for EOM-CCSD) from the

left and right eigenvectors of the Hamiltonian. These r- and l-amplitudes are then used to

create transition density matrices, which are then used to calculate properties as described

in Ref. 110. Since H̄ is non-Hermitian, we must build both transition density matrices, ρpq

and ρpq, in order to calculate the oscillator strength for the transition from state I to state

J . The reduced n-particle transition density matrix is defined as:

ρIJ,pq...rs = ⟨ϕ0|L̂Ie
−Tp†q†...rseT R̂J |ϕ0⟩ (1.9)
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where I and J are the ground and excited state described by this particular transition density

matrix. More specifically, ρIJ,pq is as follows:

ρIJ,pq =

 ρij ρia

ρai ρab

 (1.10)

where each sub-block is represented by:

ρij = r0(t
e
i l

j
e −

1

2
tfeiml

jm
fe )− rei l

j
e (1.11)

− 1

2
rfeiml

jm
fe − tfi r

e
ml

jm
fe

ρab = r0(t
b
ml

m
a +

1

2
tebmnl

ea
mn) + rbml

m
a (1.12)

+
1

2
rebmnl

mn
ea + tbnr

e
ml

mn
ea

ρia = r0l
i
a + limae r

e
m (1.13)

ρai = r0(t
ae
iml

m
e − tei t

a
ml

m
e − 1

2
tefin t

a
ml

mn
ef (1.14)

− 1

2
tafmnt

e
i l

mn
ef ) + l0r

a
i + raeiml

m
e

− tamr
e
i l

m
e − teir

a
ml

m
e

− 1

2
tafmnr

e
i l

mn
ef − 1

2
tefinr

a
ml

mn
ef

− 1

2
rafmnt

e
i l

mn
ef − 1

2
refin t

a
ml

mn
ef

− tei t
a
mr

f
nl

ef
mn − taeimr

f
nl

mn
ef

The dipole strength is then defined as:

D = ⟨Ψ̃I |µ|ΨJ⟩⟨Ψ̃J |µ|ΨI⟩ (1.15)
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and is more directly calculated as:

D =
∑
ξ

Tr(ρIJµξ)Tr(ρJIµξ) (1.16)

where µξ is the matrix representation of a Cartesian component of the dipole operator (ξ ∈

x, y, z). From there, the oscillator strength is calculated as:

fL =
2

3
ωD (1.17)

where ω is the excitation energy from state I to state J . It should be noted that there is

no guarantee that the oscillator strength will be non-negative or real-valued. It has been

seen that negative or complex-valued oscillator strength values emerge when the Hamiltonian

produces complex energies [128]. Additionally, negative energies have been seen when using

geometries that are far from equilibrium with a Kramer’s restricted reference wavefunction;

however, these particular cases it was fixed by using a lower energy, spin-broken reference

wavefunction.

1.3 Results and Discussion

The Kramers-unrestricted relativistic X2C-EOM-CCSD procedure is implemented in the

Chronus Quantum software package [126]. In the current implementation, the construc-

tion of sigma vectors is powered by the Tiled-Array [11] library. The Davidson procedure,

generalized for complex arithmetic, is used for iterative diagonalization of the EOM-CC

Hamiltonian, in order to get the low energy roots.

1.3.1 Atomic Absorption Spectra

In this section we analyze various atomic spectra for fine-structure splittings and associated

oscillator strengths caused by the spin-orbit coupling which is included variationally in the

X2C reference. For atoms with the 2S 1
2
configuration, the ground state is doubly degenerate
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Table 1.1: X2C-EOM-CCSD computed energy (ω, eV) and oscillator strength values (f) for
the first 7 states of the sodium atom using the Sapporro-DZ-2012-All basis set[91, 31, 105, 80].

State ω f

1 0.000001 0.0000
2 2.086658 0.0104
3 2.086939 0.0214
4 2.088674 0.0000
5 2.089065 0.0118
6 2.089347 0.0229
7 2.089579 0.0333

with MJ = ±1
2
. As expected, the solution of X2C-EOM-CC recovers the degenerate ground

state with zero oscillator strength. The first group of excited states arises from the 2S 1
2
→

2P 1
2
and 2S 1

2
→ 2P 3

2
transitions, shown in Fig. 1.1 for the sodium atom. As a result of the

selection rule, ∆MJ = 0,±1, transitions from the MJ = 1
2
ground state to the MJ = ±1

2

microstates of the 2P 1
2
manifold are all allowed, as shown in Tab. 1.1. However, the excitation

from MJ = 1
2
ground state to the MJ = −3

2
microstate of the 2P 3

2
manifold is forbidden.

These characteristic excitations and associated oscillator strengths are correctly predicted by

X2C-EOM-CC. In addition, although the calculations are done in the Kramers-unrestricted

framework, time-reversal symmetries and degeneracies of excited states are mostly recovered

in the EOM-CC approach, e.g., 2 for the 2P 1
2
manifold and 4 for the 2P 3

2
manifold.[47] The

resulting spectrum is plotted in Fig. 1.1.

Table 1.2 and Fig. 1.2 compare the X2C-EOM-CCSD results with those obtained using

linear response X2C-TDHF and X2C-TDDFT methods. Due to the limited ability to recover

the broken Kramers’ symmetry in the reference, both the X2C-TDDFT and X2C-TDHF

results show no discernible degeneracy pattern instead of the expected 2-4 splitting that

both experiment and the X2C-EOM-CCSD calculation have. As noted in the discussion

of Tab. 1.1, one of the four states comprising 2P3/2 does not have oscillator strength and,

therefore, does not appear in Fig. 1.1

Table 1.3 and 1.4 show the absolute positions of the peak positions and splitting values
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from the X2C-EOM-CCSD calculations compared to the experimental values for open shell

atoms (Li, Na, K, Rb) and their isoelectronic cations (Be+, Mg+, Ca+, Sr+). Alkali metal

atoms and alkaline earth metal cations all exhibit the same 2S 1
2
→ 2P 1

2
and 2S 1

2
→ 2P 3

2

transitions as shown in the sodium atom in Fig. 1.1. Here, we can see that the computed

peak positions are in excellent agreement with experiments, showing only 0.0701 eV in mean

absolute error and 0.0753 eV in standard deviation, along with a splitting mean average

error of 3.6 meV, in Table 1.3.

In Table 1.4, we again see excellent agreement with experiment, where the mean average

error for peak position is at 0.1405 eV and the mean average error for the peak splitting

is 4.3 meV. Additionally, when comparing Table 1.3 and 1.4 we can see that the Sapporro

basis set does much better than the ANO-RCC basis set, even though both are double zeta

and optimized for relativistic calculations. The mean absolute error (MAE) for the Sapporro

peak positions is 0.07 eV and the MAE for the peak splitting is 3.6 meV.

2.082 2.084 2.086 2.088 2.090 2.092 2.094
Energy (in eV)

0.0

0.2

0.4

0.6

0.8

1.0

In
te
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Figure 1.1: Absorption spectra of the sodium atom computed at the X2C-EOM-
CCSD/Sapporro-DZ-2012-All level of theory. Numerical values are presented in Tab. 1.1.
The Lorenztian broadening was used such that the full-width half-max was set to 0.014 eV.
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Table 1.2: X2C-EOM-CCSD computed energy ω (eV) and oscillator strength (f) for the first
7 states of the sodium atom compared to X2C-TDHF and X2C-TDDFT, where Sapporro-
DZ-2012-All[91, 31, 105] is used for the basis set and the functional used for TDDFT is
X2C-BHandH.

X2C-EOM-CCSD X2C-TDDFT X2C-TDHF

State ω f ω f ω f

1 0.000001 0.0000 0.0000 0.0000 0.0000 0.0000
2 2.086658 0.0104 2.0689 0.0003 1.9564 0.3246
3 2.086939 0.0214 2.0696 0.0003 1.9571 0.3247
4 2.088674 0.0000 2.0703 0.0003 1.9579 0.3253
5 2.089065 0.0118 2.2055 0.3170 1.9833 0.0005
6 2.089347 0.0229 2.2061 0.3171 1.9840 0.0004
7 2.089579 0.0333 2.2068 0.3172 1.9847 0.0000

Figure 1.2: Absorption spectra of the sodium atom computed using X2C-EOM-CCSD, X2C-
TDHF, and X2C-TDDFT. All spectra are computed using Sapporro-DZ-2012-All and the
DFT function used is BHandH. Numerical values are presented in Tab. 1.2. The Lorenztian
broadening was used such that the full-width half-max was set to 0.014 eV.
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Basis set convergence was another factor considered in this benchmark. Tables 1.5 and

1.6 show calculations for the 3D3 →3 D2 and 3D2 →3 D1 transitions for copper, silver, and

gold cation along with the 3P3 →3 P2 and 3P2 →3 P1 for zinc, cadmium, mercury, and their

corresponding isoelectronic group 13 cations. All calculations in these tables are done with

ANO-RCC using DZ, DZP, TZP, and QZP[91, 31, 105, 121, 97, 98]. Overall, improvement is

observed when increasing the basis set size for both peak position and fine structure splitting,

though there are several exceptions.

When looking at table 1.5, we can see that the double zeta basis set often has this best

results. This phenomena where the double zeta basis will do better than a slightly larger

basis is known and is often explained as getting the right answer for the wrong reasons. As

more basis functions are added to the calculation, giving it more flexibility, more accurate

results will be achieved. We can see that in all cases the position is predicted better by the

QZ basis than then TZ basis, which is consistent with this explanation. Looking at the mean

average error for this table, QZ gives the best splitting values with a MAE for splitting of

Table 1.3: X2C-EOM-CCSD computed excitation energies in eV for the 2S 1
2
→ 2P 1

2
and

2S 1
2
→ 2P 3

2
transitions in open-shell atoms and their isoelectronic cations, compared with

experimental values.[56] These values are calculated using the Sapporo-DZP-2012-ALL[91,
31, 105, 80] basis set.

2S 1
2
→ 2P 1

2

2S 1
2
→ 2P 3

2

Atom Experiment Calculation Experiment Calculation

Li 1.8478 1.9181 1.8478 1.9182
Na 2.1022 2.0868 2.1044 2.0892
K 1.6099 1.6074 1.6171 1.6153
Rb 1.5595 1.5115 1.5890 1.5354

Be+ 3.9587 4.2005 3.9595 4.2014
Mg+ 4.4224 4.4709 4.4338 4.4821
Ca+ 3.1233 3.1429 3.1510 3.1702
Sr+ 2.9403 2.8384 3.0397 2.9162
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Table 1.4: X2C-EOM-CCSD computed excitation energies in eV for the 2S 1
2
→ 2P 1

2
and

2S 1
2
→ 2P 3

2
transitions in open-shell atoms and their isoelectronic cations, compared with

experimental values.[56] Mean absolute errors (MAE) in peak position are reported. These
values are calculated using the ANO-RCC-VDZ basis set[91, 31, 105, 121, 98].

2S 1
2
→ 2P 1

2

2S 1
2
→ 2P 3

2

2P 1
2
→ 2P 3

2
(meV)

Atom Experiment Calculation Experiment Calculation Experiment Calculation

Li 1.8478 1.8436 1.8478 1.8437 0.0 0.1
Na 2.1022 1.9893 2.1044 1.9917 2.2 2.4
K 1.6099 1.4469 1.6171 1.4536 7.2 6.7
Rb 1.5595 1.3552 1.5890 1.3779 29.5 22.7

Be+ 3.9587 4.0706 3.9595 4.0715 0.8 0.9
Mg+ 4.4224 4.3130 4.4338 4.3231 11.4 10.1
Ca+ 3.1233 2.9420 3.1510 2.9655 27.7 23.5
Sr+ 2.9403 2.7200 3.0397 2.7982 99.4 78.2

Position Splitting
MAE 0.1405 MAE 4.3

0.0222 eV. However, looking at the individual data points for splitting errors in the table,

DZ does best for predicting the splitting of Cu+, TZ does best for Ag+, and QZ does best

for Au+, suggesting that basis set convergence has not been achieved yet.

In table 1.6, the mean average error for QZ is the lowest at 0.0931 eV for position and

0.0416 for splitting. However, QZ is not consistently the best for each individual element.

For Zn the TZ basis set provides the values closest to experiment and DZ provides the best

values for Tl+ for both splitting and position, while for In+ QZ gives the lowest error for

splitting, but DZP gives the lowest error for position. Again, this suggests that basis set

convergence has not yet been reached, however the differences are on the order of meV.
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Table 1.5: X2C-EOM-CCSD computed excitation energies in eV for the 3D3 →3 D2 and
3D2 →3 D1 transitions in closed-shell transition metal cations, compared with experimental
values.[56] Mean absolute errors (MAE) in peak position are reported. These values are
calculated using the ANO-RCC DZ, DZP, TZP, and QZP basis sets[91, 31, 105, 121, 97, 98].

3D3
3D2

3D1
3D3 →3 D2

3D2 →3 D1 Position Splitting
MAE MAE

Cu+

DZ 2.4954 2.6215 2.7739 0.1261 0.1524 0.2121 0.0109
DZP 2.3508 2.4766 2.6311 0.1258 0.1544 0.3561 0.0118
TZP 2.3278 2.4505 2.6078 0.1227 0.1572 0.3803 0.0117
QZP 2.4046 2.5288 2.6853 0.1242 0.1565 0.3027 0.0120
EXP 2.7188 2.8327 2.9754 0.1139 0.1427
Ag+

DZ 4.9660 5.1838 5.5468 0.2178 0.3630 0.1217 0.0154
DZP 4.7573 4.9735 5.3484 0.2162 0.3749 0.0841 0.0119
TZP 4.5593 4.7652 5.1405 0.2059 0.3753 0.2888 0.0070
QZP 4.5697 4.7813 5.1672 0.2116 0.3858 0.2711 0.0151
EXP 4.8562 5.0518 5.4234 0.1956 0.3716
Au+

DZ 1.9153 2.3085 3.5300 0.3932 1.2215 0.0865 0.0523
DZP 1.7721 2.1652 3.3970 0.3931 1.2318 0.0534 0.0470
TZP 1.6748 2.0492 3.2509 0.3744 1.2018 0.1732 0.0527
QZP 1.7379 2.1117 3.3393 0.3738 1.2276 0.1018 0.0395
EXP 1.8647 2.1872 3.4425 0.3225 1.2554

Since these atoms and cations are all closed shell, a comparison to X2C-TDDFT is a useful

benchmark. In Table 1.7, X2C-TDDFT results using the B3LYP and BP86 functionals are

compared to X2C-HF, X2C-EOM-CCSD and experimental values, all using the ANO-RCC-

QZP basis set[91, 31, 105]. The DFT functionals were chosen such that a GGA, a hybrid

functional, and pure HF are all represented. Overall, the peak position accuracy varies

greatly depending on the functional used and the atom being investigated. The largest

error for EOM-CC is for the copper cation at 0.3142 eV for the 3D3 peak with most errors

being closer to 0.1 eV. Overall, the X2C-EOM-CCSD results have a more consistent and

systematic error than X2C-TDDFT, with the absolute error getting larger for heavier atoms
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Table 1.6: X2C-EOM-CCSD computed excitation energies in eV for the 3P3 →3 P2 and
3P2 →3 P1 transitions in closed-shell transition metal cations, compared with experimental
values.[56] Mean absolute errors (MAE) in peak position are reported. These values are
calculated using the ANO RCC DZ, DZP, TZP, and QZP basis sets[91, 31, 105, 121, 97, 98].

3P0
3P1

3P2
3P0 →3 P1

3P1 →3 P2 Position Splitting
MAE MAE

Zn
DZ 3.6408 3.6610 3.7018 0.0202 0.0407 0.3700 0.0054
DZP 3.8074 3.8286 3.8716 0.0213 0.0429 0.2020 0.0038
TZP 3.9071 3.9306 3.9785 0.0235 0.0479 0.0991 0.0002
QZP 3.9008 3.9240 3.9711 0.0232 0.0472 0.1059 0.0007
EXP 4.0061 4.0297 4.0779 0.0236 0.0482
Cd
DZ 3.3127 3.3685 3.4835 0.0557 0.1151 0.4386 0.0207
DZP 3.6276 3.6860 3.8079 0.0584 0.1219 0.1197 0.0160
TZP 3.6825 3.7456 3.8803 0.0630 0.1348 0.0574 0.0072
QZP 3.6849 3.7483 3.8835 0.0634 0.1352 0.0546 0.0069
EXP 3.7337 3.8009 3.9460 0.0672 0.1451
Hg
DZ 4.2845 4.4575 4.8304 0.1730 0.3729 0.4807 0.1237
DZP 4.7621 4.9342 5.3228 0.1721 0.3886 0.0934 0.1163
TZP 4.7961 4.9733 5.4034 0.1772 0.4301 0.0909 0.0930
QZP 4.7858 4.9721 5.4197 0.1863 0.4458 0.0822 0.0806
EXP 4.6674 4.8865 5.4606 0.2191 0.5741

Ga+

DZ 5.6840 5.7397 5.8538 0.0557 0.1142 0.1892 0.0011
DZP 5.6106 5.6648 5.7760 0.0541 0.1112 0.2646 0.0030
TZP 5.7440 5.7959 5.9037 0.0519 0.1078 0.1339 0.0058
QZP 5.7852 5.8403 5.9554 0.0551 0.1151 0.0881 0.0006
EXP 5.8728 5.9282 6.0442 0.0554 0.1160
In+

DZ 4.9919 5.1219 5.4012 0.1300 0.2793 0.2611 0.0156
DZP 5.2605 5.3863 5.6638 0.1257 0.2775 0.0163 0.0186
TZP 5.2577 5.3744 5.6358 0.1167 0.2614 0.0209 0.0312
QZP 5.2005 5.3270 5.6137 0.1265 0.2866 0.0524 0.0137
EXP 5.2416 5.3748 5.6821 0.1332 0.3073
Tl+

DZ 6.1373 6.5038 7.4238 0.3665 0.9200 0.0811 0.1194
DZP 6.5535 6.8805 7.7780 0.3270 0.8974 0.3105 0.1488
TZP 6.4933 6.7924 7.6267 0.2991 0.8343 0.2283 0.1943
QZP 6.4111 6.7279 7.6383 0.3168 0.9104 0.1755 0.1474
EXP 6.1312 6.4960 7.6532 0.3648 1.1572
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for the peak splitting. EOMCC has a total mean average error of 0.22 eV for peak position

and 0.02 eV for splitting, while B3LYP has an error of 6.01 eV for peak position and 0.24

eV for splitting. X2C-TDDFT performs especially poorly for the gold cation using both the

B3LYP and BP86 functional, with the peak positions being around 17 eV away from the

experimental value.

Table 1.7: X2C-TDDFT computed atomic absorption spectra (in eV) for the 3D3 →3 D2 and
3D2 →3 D1 transitions in closed-shell transition metal cations, compared with experimental
values.[56] ANO-RCC-QZP is used for all calculations. Mean absolution errors (MAE) in
peak position and splitting are reported.

3D3
3D2

3D1
3D3 →3 D2

3D2 →3 D1 Position Splitting
MAE MAE

Cu+

B3LYP 1.8182 1.9543 2.1051 0.1361 0.1508 0.8831 0.0151
BP86 1.3266 1.4658 1.6108 0.1392 0.1450 1.3746 0.0138
HF 3.8674 4.0389 4.2266 0.1714 0.1877 1.5462 0.6094
EOMCC 2.4046 2.5288 2.6853 0.1242 0.1565 0.3027 0.0120
EXP 2.7188 2.8327 2.9754 0.1139 0.1427
Ag+

B3LYP 4.0449 4.2725 4.6325 0.2277 0.3600 0.7938 0.0219
BP86 3.7778 4.0075 4.3598 0.2296 0.3523 1.0621 0.0267
HF 5.3657 5.6356 6.0237 0.2699 0.3881 0.5645 0.0454
EOMCC 4.5697 4.7813 5.1672 0.2116 0.3858 0.2711 0.0151
EXP 4.8562 5.0518 5.4234 0.1956 0.3716
Au+

B3LYP 18.7831 18.8610 18.9617 0.0779 0.1007 16.3705 0.6996
BP86 18.2577 18.3361 18.4344 0.0784 0.0983 15.8446 0.7006
HF 2.0614 2.5833 3.8027 0.5219 1.2193 0.57799 0.7423
EOMCC 1.7379 2.1117 3.3393 0.3738 1.2276 0.1018 0.0118
EXP 1.8647 2.1872 3.4425 0.3225 1.2554

When comparing the X2C-EOM-CCSD method to X2C-TDHF, we see that the HF cal-

culations are systematically worse, due to their lack of correlation energy, as expected. The

position error in the HF calculations are often overestimated for the d-block elements. Addi-

tionally, the splitting errors are consistently overestimated, which are often more than twice
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as large as the error from the EOM-CC calculation, with the largest splitting error being

0.74 eV for the gold cation.

1.3.2 Dissociation and Spectroscopic Constants of Copper Dimer

In this section, the performance of X2C-EOM-CCSD in generating multistate potential en-

ergy curves is analyzed. The calculations for the Copper dimer in this section were done

using the ANO-RCC-VDZP basis set[91, 31, 105, 121, 97, 98]. The resolution of the curve

is 0.5 Å at bond lengths smaller than 2.0 Å and larger than 3.0 Å, and gets progressively

smaller as the minimum is approached, going to 0.01 Å between 2.0 Å and 3.0 Å, and then

0.005 Å between 2.17 Å and 2.4 Å. The vibrational constants and the average bond distances

were calculated using the 5 closest data points to the minimum.

Figure 1.3: The dissociation curve for the first three states of the Copper dimer, B 1Σ+, A
1Πu, and X 1Σ+.
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Figure 1.3 shows the potential energy surface for the dissociation of the Copper dimer.

By analyzing the data from the first few excited states of the copper dimer dissociation

energy, we can see that around 4 Å, the first excited state, A 1Πu, and the ground state swap

energy ordering.

By fitting each curve with a Morse oscillator[74] of the form:

V (x) = De[1− e−ax]2 (1.18)

where De is the dissociation energy, x is the bond length and a can be used to find the force

constant, ke:

a =

√
ke
2De

. (1.19)

The force constant is also equivalent to the second derivative of the Morse oscillator with

respect to x. Additionally the minimum of the Morse oscillator is the equilibrium bond

length, Re, and is related to the vibrational constant, ωe, through the following equation:

ωe =
1

2π

√
ke
m

(1.20)

where m is the reduced mass.

Table 1.8 shows these calculated spectroscopic constants for the first three states seen in

Fig. 1.3 . For the ground state, X2C-CCSD preforms significantly better than X2C-HF, as

expected. Overall, the Re, De, and ωe are in good agreement with experiment, having errors

of 0.0945 eV, 0.3102 eV, and 33.91 cm−1 respectively. The values for Te for the excited states

are both underestimated by around 0.7 eV.

Upon closer examination of the vibrational frequencies, the error for the A 1Πu state is

much larger than either of the 1Σ+ states. Therefore, the vibrational frequencies were recal-

culated using the Colbert-Miller discrete variable representation (DVR)[17]. This resulted

in similar results for the 1Σ+ states at 257.74 cm−1 for X and 251.59 cm−1 for B. However,

the A 1Πu state was more interesting. Though the first root from DVR was similar to the



18

initial calculated frequency at 96.22 cm−1, the second root was suspiciously close to the ex-

perimental value at 186.2 cm−1. Combined with the nonzero oscillator strength of this state

near the ground state equilibrium bond length of 2.22 Å, it is possible that the experimental

value for this state is for an overtone transition. This brings the mean average error for the

vibrational frequency down to only 7.18 cm−1.

Table 1.8: Spectroscopic constants for the dissociation of copper dimer. Experimental data
taken from refs. [20, 100, 99, 4, 87, 94, 88, 22, 103, 1, 108, 46]

Te (eV) Re (Å) De (eV) ωe (cm
−1)

X 1Σ+

X2C-CCSD 0.0000 2.23 1.9121 260.32
X2C-HF 0.0000 2.41 - 198.25
Expt. 0.0000 2.22 2.0832 264.55

A 1Πu

X2C-EOMCCSD 1.7626 2.58 1.9121 102.98
Expt. 2.5334 2.56 - 191.90

B 1Σ+

X2C-EOMCCSD 1.9823 2.24 4.6411 251.13
Expt. 2.6977 2.33 - 242.55

MAE
X2C-EOM-CCSD 0.7431 0.04 0.3102 33.91
X2C-HF - 0.19 0.9986 66.30

1.3.3 Phosphorescence

Phosphorescence is a radiative transition between electronic states of different spin multiplic-

ities, most often between the first excited state triplet and the ground state singlet. While

excitations between the ground state and excited states singlets are spin allowed the transi-

tions between triplet and singlet states are spin forbidden. These excitations occur due to

and spin-orbit couplings.

Phosphorescent materials, especially ones that exhibit phosphorescence at room tem-

perature, are of great interest in a variety of fields including bioimaging and light emitting
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technologies[14]. Since phosphorescence is quite sensitive to temperature, molecular aggrega-

tion, and the presence of oxygen most studies are performed in cryogenic air-proof matrices

held at under 77 K[6]. This setup limits the molecular collisions due to vibrational relax-

ation, which is the primary cause of low quantum yields. However, the applications that

are of the most interest necessitate ambient temperatures. Previously, room temperature

phosphorescent materials included metal sulfides, oxides, and other inorganic compounds

that are expensive and toxic, making them poorly suited for applications involving living

tissue. Currently, researchers are focused on metal free organic dyes due to these materials

being relatively cheap, biocompatible, easy to synthesize, and retain relatively high stability.

Therefore, the ability to accurately predict phosphorescent properties is important for

the future development of new materials. Though many phosphorescent measurements have

been reported and accumulated over the years, detailed descriptions of phosphorescent mech-

anisms are lacking, and theoretical explorations are not common[6]. Calculating phospho-

rescent lifetimes requires the use of excited state electronic structure calculations. Since

phosphorescence is a spin forbidden triplet to singlet emission, the calculation must also

include spin-orbit coupling.

In this section we calculate the phosphorescent lifetimes of various conjugated molecules

as a way to benchmark X2C-EOM-CCSD. All calculations in this section were done using

the ANO-RCC-VDZP [121, 97, 98, 91, 31, 105] basis set and all triplet geometries were

optimized using DFT with the B3LYP functional [7, 59] and the cc-pVQZ [91, 31, 105, 25]

basis set. These geometries can be found in the appendix.

The phosphorescent lifetimes of the states will be calculated using the Einstein coefficient,

A21, which is defined as :

A21 =
1

τ
=

64π4(∆E)3

3h4c3
|⟨Ψf |µfi|Ψi⟩|2 (1.21)

where τ is the lifetime, ∆E is the excitation energy from the triplet to singlet state, and

⟨Ψf |µif |Ψi⟩| is the transition dipole moment between the triplet and singlet state. Since the
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oscillator strength is defined as:

ffi =
2

3
∆E|⟨Ψf |µif |Ψi⟩|2. (1.22)

Therefore, when all variables are in atomic units, Eq. (1.21) can be manipulated into the

following form:
1

τ
=

2(∆E)2f

c3
(1.23)

so that the excitation energies and oscillator strength from the X2C-EOM-CCSD calculation

can be used to calculate the lifetimes.

Table 1.9: Phosphorescence lifetimes of various conjugated systems. Experimental data from
refs. [61, 72, 115, 114]

∆E (hartree) f τ (s) Experimental Lifetime (s)
ethylene 11

EOMCC 0.1643 1.04×10−10 11.11
TDDFT 0.1489 3.00×10−11 46.68

benzene 9.83±0.15
EOMCC 0.1193 2.09×10−10 10.47
TDDFT 0.1111 1.08×10−10 23.32

toluene 8.3±0.15
EOMCC 0.1156 1.49×10−10 15.62
TDDFT 0.1067 1.93×10−10 14.18

ethylbenzene 7.79±0.13
EOMCC 0.1150 1.44×10−10 16.31
TDDFT 0.1059 1.38×10−10 20.14

pyradine 0.8
EOMCC 0.0883 4.03×10−8 0.10
TDDFT 0.0731 3.17×10−8 0.18

pyrimidine 0.01
EOMCC 0.1226 5.01×10−8 0.04
TDDFT 0.1126 1.32×10−7 0.02

pyrazine 0.02
EOMCC 0.1314 1.96×10−7 0.01
TDDFT 0.1044 3.78×10−8 0.08
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Table 1.9 gives the calculated lifetimes for various phosphorescent molecules. Overall,

the calculated lifetimes are a fairly good representation of the experimental lifetimes, always

being on the same order of magnitude. It can be seen that the molecules with longer lifetimes,

particularly those on the order of seconds, tend to have much larger errors than those with

shorter lifetimes. This is likely due to the inversely proportional relationship between lifetime

and oscillator strength. When the oscillator strengths are on the order of 10−10 or smaller,

they are approaching what would be considered zero oscillator strength.

Overall EOMCC does a much better job of estimating phosphorescent lifetimes than

TDDFT does, though there are exceptions. For toluene TDDFT is 1.4 s closer to the

experimental value, for pyradine it is 0.085 s closer, and for pyrimidine it is 0.023 s closer.

However, on average EOMCC has much smaller percent errors, with a mean percentage error

of 91% verses 159% for TDDFT.

1.4 Conclusions

In this work, we introduced a framework for Kramer’s unrestricted X2C-EOM-CCSD. This

method was evaluated by looking at fine-structure splitting, spectroscopic constants, and

phosphorescent lifetimes. Specifically, the fine structure splitting was calculated for open-

shell alkali metals and their isoelectronic cations to measure the 2S 1
2
→ 2P 1

2
and 2S 1

2
→ 2P 3

2

splitting. Closed shell systems with 3P and 3D fine structure splitting were also evaluated.

Overall, the calculated fine structure splitting shows good agreement with experiment and

can often out-preform X2C-TDDFT. Additionally, it can maintain accuracy for open-shell

systems where X2C-TDDFT often fails.

The ability to calculate spectroscopic constants was evaluated in the Copper dimer sys-

tem. The equilibrium bond lengths, dissociation energies, and vibrational constants were

calculated by fitting the potential energy surface curves with a Morse potential. The calcu-

lated spectroscopic constants show excellent agreement with experiment.

The application of the X2C-EOM-CCSD method to the prediction of phosphorescent

lifetimes was also explored. The method has the capability to provide lifetime estimates on
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the same order as the experimental values.
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Chapter 2

TIME-DEPENDENT EQUATION OF MOTION COUPLED
CLUSTER

This chapter has been adapted from work done by Lauren N. Koulias in collaboration

with David B. Williams-Young, Daniel R. Nascimento, A. Eugene DePrince III, and Xiaosong

Li. The work has been published under the title ”Relativistic Real-Time Time-Dependent

Equation-of-Motion Coupled-Cluster” Journal of Chemical Theory and Computation 2019

15 (12), 6617-6624. Copyright © 2019 American Chemical Society [55].

2.1 Introduction

Relativistic effects, including both scalar effects and spin-orbit coupling, have profound im-

pacts on many photochemical processes. These effects are responsible for the manifestation

of orbital contraction, increased binding energies, and inter-system crossing in molecular

spectroscopies.[92, 93, 70] As such, a qualitatively correct theoretical description of the spec-

troscopy of heavy elements or of spin-forbidden processes requires the full consideration of

both scalar relativistic and spin-orbit coupling effects. Frequency-domain quantum-chemical

models built upon coupled-cluster (CC) theory[106], such as the linear response (LR)[73, 52]

or equation-of-motion (EOM)[75, 29, 110] approaches, are highly accurate and widely used

tools for modeling both valence- and core-electron absorption spectra.[39, 84] Relativistic

frequency-domain LR- and EOM-CC calculations provide highly accurate descriptions of

spin-orbit splittings, photoelectron spectra, and other excited-state properties by incorpo-

rating relativistic effects through both perturbative[15, 30, 50, 16, 12, 127, 117, 122] and

variational treatments of spin-orbit couplings.[5, 107, 3, 63, 82]

While frequency-domain LR- and EOM-CC approaches have proven to be powerful tools
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for the excited-state problem, the response of a molecular system to an external perturba-

tion can also be evaluated explicitly via the integration of the time-dependent Schrödinger

equation. Spectroscopic signals, such as the linear absorption spectrum, can be resolved

by transforming quantum mechanical observables in the time-domain to the frequency do-

main. Time-domain approaches are particularly advantageous when computing a broadband

spectrum of a molecular system,[78] resolving spectroscopic signatures of a region of high

density of states,[118] or simulating non-equilibrium dynamics driven by a strong electro-

magnetic perturbation.[36] Such explicitly time-dependent approaches have become com-

mon at the Hartree-Fock and density functional theory levels (see Ref. 36 and references

therein). On the other hand, the simulation of correlated electron dynamics, particularly at

theCC[104, 43, 58, 101, 83] and EOM-CC[109, 69] levels of theory, are much more rare.

Given a time-dependent Hamiltonian operator, a time-dependent CC theory can be

achieved by incorporating time-dependence into the CC excitation amplitudes[41, 42, 43, 83]

and the underlying molecular orbital basis.[41, 42, 104, 58, 101] The molecular orbitals and

CC amplitudes can then be evolved according to the time-dependent Schrödinger equa-

tion. However, because the CC wave function must satisfy a time-dependent bivariational

principle,[58] the complete specification of the system at arbitrary times can only be achieved

through the evolution of both the right-hand CC wave function, parameterized by the CC

excitation amplitudes, and a left-hand CC wave function, which is defined in terms of both

CC excitation and de-excitation amplitudes.[58, 83, 101] The CC de-excitation amplitudes

also depend on time, and their time-evolution is governed by the complex conjugate of the

time-dependent Schrödinger equation. Moreover, the nonlinear nature of the cluster operator

leads to complicated equations for the time-evolution of the system. This latter complexity

can potentially be avoided by holding the (de-)excitation amplitudes and orbitals fixed at

their ground-state values and considering time-evolution of the system only at the EOM-CC

level of theory.[109, 69] Indeed, Refs. 109 and 69, describe laser-driven electron dynamics

modeled according to this prescription.

In this work, we employ a fundamentally different approach to time-dependent CC theory
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based not on the laser-induced time-evolution of observables such as the dipole moment, but,

rather, on the time-evolution of a field-free dipole autocorrelation function.[77, 78] Unlike

other time-dependent CC and EOM-CC approaches, which require the time-evolution of

both left- and right-hand CC wave functions, the moment-based formalism requires the

explicit time-evolution of only a single quantity: either the left-hand or right-hand CC

dipole moment function. Specifically, we develop a two-component relativistic extension of

the time-dependent EOM-CC (TD-EOM-CC) approach outlined in Refs. 77 and 78 that

is suitable for computing zero-field splitting in linear absorption spectra. Scalar and spin-

orbit relativistic effects are included variationally through the exact-two-component (X2C)

transformation scheme,[57, 66, 85, 44, 67, 64, 102, 62, 86, 27, 35, 54, 28, 89, 68] which

requires the machinery underlying TD-EOM-CC to be generalized to handle two-component

(i.e., spin-broken) quantities. We then apply relativistic X2C-TD-EOM-CC with single and

double excitations (EOM-CCSD) to simulate atomic absorption spectra of open-shell (Na,

K, Mg+, and Ca+) and closed-shell (Na+, K+, Mg2+, and Ca2+) species and benchmark the

accuracy of the computed splittings against those obtained from experiment.

2.2 Relativistic Two-Component Reference Wavefunction

The relativistic TD-EOM-CCSD method developed in this work utilizes spinor molecular

orbitals from a relativistic two-component reference. In this Section, we present a brief

review of the relativistic two-component approach; for a more thorough review on relativistic

electronic structure theory, we refer readers to Refs. 26, 96, 65.

In two-component methods, the large and small components of the four-component Dirac

equation are decoupled by a unitary transformation U that block-diagonalizes the four-

component Hamiltonian:

U † Ĥ U =

H+ 02

02 H−

 (2.1)

Since only the electronic solutions are of interest, only the two-component Hamiltonian

corresponding to electronic solutions, H+, needs be computed.
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Effectively, the two-component transformation eliminates the need to evaluate the small

component by “folding” it into the large component:

U

ψL

ψS

 =

ψ̃L

0

 (2.2)

In this work, we use the X2C transformation approach[57, 66, 85, 44, 67, 64, 102, 62,

86, 27, 35, 54, 28, 89, 68] in which the decoupling scheme is obtained by solving the one-

body four-component Dirac-Hartree-Fock equation. The two-electron term is added as the

bare Coulomb operator. The leading error in this one-electron X2C approach arises from the

neglect of the transformation of the two-electron Coulomb repulsion operator. To compensate

for this error, an empirical correction, known as the Boettger factor, is used to scale the one-

electron spin-orbit terms in order to approximately account for the two-electron spin-orbit

terms[9]. This approach has been shown to be reasonably accurate in describing spin-orbit

splittings of both valence and core electrons.[124, 35, 27, 28, 89, 48]

In the one-electron X2C framework, the transformation (or “picture change”) is inde-

pendent of the two-electron operator. This simplification gives rise to a major advantage

of using an effective one-electron X2C approach in the context of post-SCF methods,[45]

which is that the two-component transformation U becomes invariant with respect to the

optimization of cluster amplitudes in the CC formalism. This nice property is due to the

fact that, in the one-electron X2C framework, the four- to two-component transformation

only depends on the choice of basis set through the one-electron Hamiltonian.

2.3 Equation of Motion

Throughout this Section, the labels i,j,k,l and a,b,c,d refer to molecular orbitals (MOs) that

are occupied and empty in the reference configuration, respectively. Note that the nature

of the relativistic Hamiltonian requires the CC equations to be formulated with complex

arithmetic and generalized (spin-broken) amplitudes. Hence, unless stated otherwise, the
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following discussion assumes all quantities are complex-valued and spin-broken.

The ground-state CC wave function is given by

|Ψ̃⟩ = eT̂ |Φ̃0⟩, (2.3)

where |Φ̃0⟩ is the X2C-transformed reference wave function, and T̂ represents the cluster

operator, defined at the CC with single and double excitations (CCSD) level as

T̂ =
∑
ia

tai â
†
aâi +

1

4

∑
ijab

tabij â
†
aâ

†
bâj âi. (2.4)

Here, the symbols â† and â represent creation and annihilation operators of second quanti-

zation, respectively. The CCSD de-excitation operator is similarly defined as

Λ̂ =
∑
ia

λiaâ
†
i âa +

1

4

∑
ijab

λijabâ
†
i â

†
j âbâa. (2.5)

The t- and λ-amplitudes in Eqs. 2.4 and 2.5 can be determined using a conventional CCSD

algorithm,[18, 111, 34] modified for complex arithmetic and spin-broken amplitudes.

At the EOM-CCSD level of theory, the nth electronic state is defined by single and double

excitations out of the ground state:

R̂n|Ψ̃⟩ = (r0 +
∑
ia

rai â
†
aâi +

1

4

∑
ijab

rabij â
†
aâ

†
bâj âi)e

T̂ |Φ̃0⟩. (2.6)

Here, the expansion coefficients r0, r
a
i , and rabij , comprise right-hand eigenfunctions of the

normal-ordered similarity-transformed Hamiltonian,

H̄N = e−T̂ ĤeT̂ − ECC (2.7)

that satisfy

H̄NR̂n|Φ̃0⟩ = ωnR̂n|Φ̃0⟩, (2.8)
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where ECC represents the ground-state energy, and ωn represents the difference between the

energy of nth excited state and that of the ground state. Because the similarity-transformed

Hamiltonian is non-Hermitian, a set of left-hand eigenfunctions satisfying

⟨Φ̃0|L̂nH̄N = ⟨Φ̃0|L̂nωn, (2.9)

similarly defines the left-hand excited-state wave functions:

⟨Φ̃0|e−T̂ L̂n = ⟨Φ̃0|e−T̂ (l0 +
∑
ia

liaâ
†
i âa +

1

4

∑
ijab

lijabâ
†
i â

†
j âbâa). (2.10)

The right- and left-hand wave functions for the ground state are recovered by specifying

R̂0 = 1 and L̂0 = 1 + Λ̂, respectively.

2.4 Time-Dependent Theory

Linear absorption spectra can be generated from a time-domain simulation in which one

propagates the right- and left-hand CC wave functions in the presence of an oscillating

electric field (for resonant or near-resonant spectra) or a delta pulse (for broadband spectra).

The time-dependent dipole moment then carries information regarding the excited states

that are accessed via the external perturbation. In the present formalism, however, a time-

dependent external electric field is not added to the Hamiltonian directly. Rather, the

absorption lineshape is extracted from the Fourier transform of the dipole autocorrelation

function.

The working equations of the present approach can be obtained in the following manner,[77,

38, 71] beginning with the Fermi’s Golden Rule expression for the ξ-component of the

isotropic linear absorption lineshape:

Iξ(ω) =
∑
IF

ρI |⟨ΨI |µ̂ξ|ΨF ⟩|2δ(EF − EI − ω). (2.11)
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Here, ω is the frequency of the incident light, the sums run over all initial and final states,

ΨI and ΨF , respectively, ρI represents the Boltzmann factor for the initial state, ΨI , and

µ̂ξ is the component of the dipole operator that is parallel to the ξ axis (ξ ∈ x, y, z). Since,

at zero Kelvin, the Boltzmann factor is zero for all excited states, we consider only the sum

over final states:

Iξ(ω) =
∑
F

|⟨Ψ0|µ̂ξ|ΨF ⟩|2δ(ωF − ω). (2.12)

Substituting in the ground and excited states from EOM-CC and replacing the Dirac δ with

its Fourier integral, δ(ω′) =
∞∫

−∞
dt eiw

′t, we obtain:

Iξ(ω) =

∞∫
−∞

dt e−iwt
∑
F

⟨Φ0|L̂0µ̄ξR̂F |Φ0⟩⟨Φ0|L̂F e
iωF tµ̄ξR̂0|Φ0⟩ (2.13)

where µ̄ξ represents the ξ
th component of the similarity-transformed dipole operator

µ̄ξ = e−T̂ µ̂ξe
T̂ (2.14)

Since ⟨Φ0|L̂F is an eigenfunction of H̄N, we can replace eiωF t with eiH̄Nt, and then use the

closure relation,
∑
P

R̂P |Φ0⟩⟨Φ0|L̂p = 1̂, to achieve:

Iξ(ω) =

∞∫
−∞

dt e−iwt⟨Φ0|L̂0µ̄ξe
iH̄N tµ̄ξR̂0|Φ0⟩. (2.15)

Right and left dipole functions can be defined such that

Iξ(ω) =

∞∫
−∞

dt e−iwt⟨M̃ξ(t)|Mξ(0)⟩. (2.16)

or

Iξ(ω) =

∞∫
−∞

dt e−iwt⟨M̃ξ(0)|Mξ(−t)⟩. (2.17)
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At time t = 0, these functions are defined as

⟨M̃ξ(0)| = ⟨Φ0|(1 + Λ̂)µ̄ξ (2.18)

and

|Mξ(0)⟩ = µ̄ξ|Φ0⟩. (2.19)

It is important to note that Eqs. 2.16 and 2.17 yield equivalent lineshapes, so an absorption

spectrum can be obtained by propagating either the left or the right dipole function.[77]

This result contrasts with standard EOM-CC theory, in which both left and right eigenvalue

problems must be solved in order to determine oscillator strengths. The full set of equations

used for this implementation can be found in the Appendix in Ch. A.

2.5 Results and Discussion

The real-time propagation of the relativistic X2C-TD-EOM-CCSD is implemented in the

Chronus Quantum software package [125]. In the current implementation, the evaluation

of the matrix-vector products (i.e., the construction of sigma vectors) is powered by the

Tiled-Array [11] library. All computations employed the 6-31G basis set[32, 37, 95], unless

otherwise noted. It has been shown that the time-evolution of the left- and right-dipole

functions gives rise to nearly identical spectroscopic observables.[77] Therefore, we choose to

obtain the time-signals by propagating the right dipole function only (Eq. (2.16)), which is

done using a fourth order Runge-Kutta (RK4) numerical integrator. For these calculations a

step size of either 0.01 or 0.001 a.u. time is used and propagated for around 10 femtoseconds

or until the spectrum is converged. The Padé transform of the dipole autocorrelation function

was used to resolve the linear absorption spectra.[78, 10, 35, 48] Prior to the transformation

into the frequency domain, the signal was damped using the function e−
1
2
Γt, where t is time

and Γ is the FWHM. For these calculations, a damping constant of 0.00002 a.u. was used.
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2.5.1 Sodium D-lines: Relativistic vs. Non-Relativistic

The lowest excitation of a sodium atom corresponds to the 2S → 2P electronic transition.

Due to spin-orbit coupling, the six-fold degenerate 2P term splits into 2P 1
2
and 2P 3

2
levels,

giving rise to a bright doublet known as the sodium D-lines (2S 1
2
→ 2P 1

2
and 2S 1

2
→ 2P 3

2
).

Splitting between sodium D-lines is experimentally measured to be 2.1 meV,[56] which can

only be captured with an accurate relativistic electronic structure method.

The time-evolution of the dipole autocorrelation function of a sodium atom is show

in Fig. 2.1(A). This series is obtained by propagating the dipole autocorrelation function

forward in time, resulting in the complex-valued oscillating dipole function. This dipole

function can be transformed from the time domain into the frequency domain, resulting in

the absorption spectra seen in Fig. 2.1(B).

Atomic absorption spectra computed using relativistic and non-relativistic TD-EOM-

CCSD are compared in Fig. 2.1(B). In the two-component TD-EOM-CCSD formalism de-

veloped here, relativistic corrections, such as the scalar relativity and spin-orbit coupling,

come from the variational reference wave function. The non-relativistic TD-EOM-CCSD

uses a two-component reference wave function without any relativistic correction or trans-

formation, also known as complex generalized Hartree-Fock (C-GHF). When using C-GHF

as the reference wave function, the resulting spectrum has a single peak for the 2S → 2P

transition. In contrast, when a relativistic X2C reference is used, the splitting between the

P 1
2
and P 3

2
states is clearly seen with an estimated splitting of ∼2.0 meV. While the peak

positions appear slightly red-shifted (by ∼0.1 eV) compared to experimental values,[56] the

error in the zero-field splitting is only ∼0.1 meV.

The relativistic X2C-TD-EOM-CCSD also correctly predicts the relative oscillator strength

between the 2S 1
2
→ 2P 1

2
and 2S 1

2
→ 2P 3

2
transitions. The 2P 1

2
and 2P 3

2
states are two- and

four-fold degenerate, respectively. As a result, 2S 1
2
→2 P 3

2
peak is almost twice as intense as

the 2S 1
2
→ 2P 3

2
transition. In contrast, since all six 2S → 2P transitions are degenerate in

the non-relativistic limit, the height of the peak with the C-GHF reference is the sum of the
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Figure 2.1: (A) The time propagation of both the real and imaginary parts of the dipole
autocorrelation function. (B) Absorption spectra from TD-EOM-CCSD of a sodium atom
using both the non-relativistic GHF reference and the relativistic X2C reference wave func-
tions. Absorption spectra were obtained through Padé transformation of the dipole time
signal into the frequency domain.
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heights of the two peaks from the simulations with the X2C reference.

2.5.2 Zero-field Splitting of S → P Photoabsorption Spectra

To further analyze the quality of relativistic X2C-TD-EOM-CCSD, S → P excitations in

a series of alkali metal atoms and alkline earth metal cations are computed. In Tab. 2.1,

the excited state zero-field splitting of the calculated atomic spectra are compared to experi-

ments. For open shell atoms (Na, K, Mg+, Ca+) with a single valence electron, the computed

peaks correspond to 2S 1
2
→ 2P 1

2
and 2S 1

2
→ 2P 3

2
.

Table 2.1: Zero-field splitting of atomic absorption spectra (in eV) for the 2S 1
2
→ 2P 1

2
and

2S 1
2
→ 2P 3

2
transitions of open-shell alkali metal atoms and alkali earth cations, computed at

the X2C-TD-EOM-CCSD/6-31G level of theory and compared with experimental values.[56]

2S 1
2
→ 2P 1

2

2S 1
2
→ 2P 3

2

2P 1
2
→ 2P 3

2
(meV)

Atom Experiment Calculation Experiment Calculation Experiment Calculation

Na 2.1022 1.9970 2.1044 1.9989 2.2 1.9
K 1.6099 1.4469 1.4286 1.4334 7.2 4.8

Mg+ 4.4224 4.2831 4.4338 4.2926 11.4 9.5
Ca+ 3.1233 3.1035 3.1510 3.1252 27.7 21.8

Position Splitting
MAE 0.0869 MAE 5.0

Table 2.1 shows that the computed 2S 1
2
→ 2P 1

2
and 2S 1

2
→ 2P 3

2
peaks are slightly red-

shifted by less than 0.2 eV for neutral atoms compared to experiments. This is likely due to

the small size of the basis set used in these calculations. The error in peak position decreases

for atomic cations. The extra nuclear charge in cationic species gives rise to a higher degree

of contraction of the electron wave function. As a result, a smaller basis set is better able to

describe electronic transitions in atomic cations than in corresponding neutral atoms.

The computed zero-field splittings of the absorption peaks are in excellent agreement with

experiments, with the largest error of 5.9 meV for the Ca+ test case. As expected, the zero-
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field splitting within the alkali group of atoms and the alkline earth metal cations increases

with increasing principal quantum number of the valence electron. Orbital contraction in

atomic cations leads to a larger spin-orbit coupling. As a result, among isoelectronic atoms

(e.g., Na and Mg+), cations have a larger zero-field splitting than isoelectronic neutral atoms.

2.5.3 Photoabsorption of Spin-Forbidden Transitions

For closed shell systems, such as Na+, K+, Mg2+ and Ca2+, the lowest energy excitation in

non-relativistic calculations, such as those using the C-GHF reference, is the spin-allowed

1S → 1P transition. In the relativistic X2C-TD-EOM-CC calculations, an additional lower

energy peak appears in this spectral region (Fig. 2.2). The 1S0 → 3P1 transition becomes

dipole-allowed due to the spin-orbit coupling, but has a smaller intensity than the spin-

allowed 1S0 → 1P1 transition.

Figure 2.2: Absorption spectra from TD-EOM-CCSD/Sapporo-DZP-2012-ALL of a Na+

using both the non-relativistic C-GHF reference and the relativistic X2C reference wave
functions.

Table 2.2 compares computed results using different basis sets with experiments. All

computed peaks using a smaller 6-31G basis are blue-shifted by 1∼2 eV compared to the

experiments. For isoelectronic closed-shell ions (e.g., K+ and Ca2+), 2+ cations have a larger
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Table 2.2: X2C-TD-EOM-CCSD computed atomic absorption spectra (in eV) for the
1S0 → 3P1 and 1S0 → 1P1 transitions in closed-shell noble gas-like cations, compared with
experimental values.[56] Mean absolution errors (MAE) in peak position are reported.

1S0 → 3P 1
1S0 → 1P 1

3P 1 → 1P 1(meV)

Atom Experiment Calculation Experiment Calculation Experiment Calculation

6-31G
Na+ 32.9413 35.1108 33.3224 35.3054 0.3811 0.1946
K+ 52.9249 54.8683 53.5029 55.2221 0.5780 0.3538

Mg2+ 20.2382 21.2317 20.6381 21.4773 0.3999 0.2456
Ca2+ 30.2435 31.0904 30.7104 31.4645 0.4669 0.3741

Position Splitting
MAE 1.3012 MAE 0.1645

Sapporo-DZP-2012-ALL
Na+ 32.9413 32.9622 33.3224 33.2667 0.3811 0.3045
K+ 52.9249 53.0249 53.5029 53.5256 0.5780 0.5007

Mg2+ 20.2382 20.2357 20.6381 20.5704 0.3999 0.3347
Ca2+ 30.2435 30.2354 30.7104 30.6781 0.4669 0.4427

Position Splitting
MAE 0.2777 MAE 0.0608

zero-field splitting, in agreement with experiments. This is due to an increased spin-orbit

coupling arising from contraction of orbitals. Calculations using the 6-31G basis set signifi-

cantly overestimate the absorption peak positions by 1∼2 eV, with a larger error for smaller

cations. In contrast to systems in the previous section, electronic transitions in these closed-

shell atoms involve core electron excitations. The poor description of core electron wave

functions using the 6-31G basis set leads to an over-contracted core electron wave function

and significantly blue-shifted spectra. Increasing the size of the basis set and flexibility of

core orbitals with the relativistic Sapporo-DZP-2012-ALL basis [81], the accuracy of com-

puted spectra is drastically improved, with < 0.04 eV in mean absolute error in peak position
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and < 0.08 eV in peak splitting.

For comparison, relativistic time-dependent density functional theory (X2C-TDDFT)

calculations[28, 112] (Tab. 2.3) were run using the Sapporo-DZP-2012-ALL basis with the

B3LYP, BP86, and BHandH functionals. Looking at the absolute peak positions, the X2C-

TDDFT results are always red-shifted, with errors between ∼0.5 and 4.5 eV. For all results

analyzed here, X2C-TD-EOM-CCSD outperforms X2C-TDDFT.

2.6 Conclusion

Here, we have discussed an implementation of relativistic X2C-TD-EOM-CCSD. By using

X2C as our reference wave function, and expanding the machinery of TD-EOM-CCSD to

handle two-component calculations, we are able to observe relativistic effects in the calculated

absorption spectra. The approach was validated by considering the zero-field splitting in Na,

Mg+, K, and Ca+ and the appearance of spin-forbidden transitions in Ne, Na+, Mg2+, K+,

and Ca2+. By comparing these calculations to similar TD-EOM-CCSD calculations with a

nonrelativistic reference, we can clearly see the splitting of peaks occurring in the open-shell

species and the appearance of previously dark transitions in the open-shell species. Compared

to spectra obtained by X2C-TDDFT, X2C-TD-EOM-CCSD results are consistently in better

agreement with experiments.

The main advantage this method would have over a similar implementation of EOM-

CCSD is that it drastically cuts down the amount of storage needed to run a calculation.

While other time-dependent formalisms of EOM-CCSD would require propagation of both

the left and right wave functions, this formalism only requires the propagation of either the

left or right dipole function, effectively cutting the amount of computational power that

would be needed in half. This implementation of X2C-TD-EOM-CCSD sets the groundwork

for including electromagnetic fields, so that non-equilibrium dynamics can be simulated in

the future.
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Table 2.3: X2C-TDDFT computed atomic absorption spectra (in eV) for the 1S0 → 3P1

and 1S0 → 1P1 transitions in closed-shell noble gas-like cations, compared with experimen-
tal values.[56] Sapporo-DZP-2012-ALL is used for all calculations. Mean absolution errors
(MAE) in peak position are reported.

1S0 → 3P 1
1S0 → 1P 1

3P 1 → 1P 1(meV)

Atom Experiment Calculation Experiment Calculation Experiment Calculation

TD-X2C-B3LYP
Na+ 32.9413 30.1930 33.3224 30.5015 0.3811 0.3086
K+ 52.9249 49.4285 53.5029 49.9755 0.5780 0.5470

Mg2+ 20.2382 19.6621 20.6381 19.8995 0.3999 0.2375
Ca2+ 30.2435 28.7842 30.7104 29.2494 0.4669 0.4109

Position Splitting
MAE 2.1037 MAE 0.0855

TD-X2C-BP86
Na+ 32.9413 29.2987 33.3224 29.5308 0.3811 0.2321
K+ 52.9249 48.8303 53.5029 49.2456 0.5780 0.4153

Mg2+ 20.2382 18.8295 20.6381 19.1039 0.3999 0.2744
Ca2+ 30.2435 28.7896 30.7104 29.2005 0.4669 0.4109

Position Splitting
MAE 2.7116 MAE 0.1233

TD-X2C-BHandH
Na+ 32.9413 31.9982 33.3224 32.3611 0.3811 0.3629
K+ 52.9249 51.3506 53.5029 51.9756 0.5780 0.6250

Mg2+ 20.2382 19.8055 20.6381 20.1467 0.3999 0.3412
Ca2+ 30.2435 29.5461 30.7104 30.0574 0.4669 0.5113

Position Splitting
MAE 0.9101 MAE 0.1684
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Chapter 3

PROPERTIES ANALYSIS OF X-RAY SPECTROSCOPY

The work in this chapter was done in collaboration with Kevin Hoang, an undergraduate

computer science student at the University of Washington.

3.1 Introduction

The analysis and interpretation of experimental and theoretical spectra is an arduous task.

Assigning peaks requires an in depth understanding of the system or searching through many

excitations and their transition density matrices to find the major contributions to each peak

in the spectra. The aim of this chapter is to explain the process of this analysis and examine

the usefulness of spectral analysis tools, particularly in the realm of educational purposes.

The first section of this chapter will discuss the methods used to analyse spectra and

the analysis tools that have been implemented in the FASMA library. The later half of the

chapter will focus on the interpretation of x-ray spectra and how the FASMA toolbox allows

students to visualize the different x-ray edges and discover how various molecular orbitals

contribute to the spectra.

3.2 FASMA: A Spectral Analysis Library

FASMA (Fast Automated Spectra Modeling Analyzer) is a Python library that aims to

aid in the analysis of electronic structure calculations, particularly those dealing with the

generation of spectra. It is designed to be easily accessible, such that someone with basic

knowledge of jupyter notebooks will find it useful. The hope is to enable both experi-

mentalists with some data science skills and more skilled computational chemists alike, to

quickly analyze the results of calculations instead of spending time on tedious data analy-
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sis. The most up to date version of the library can be cloned from the Li Group github at

https://github.com/xsligroup/fasma.git.

3.2.1 Output Parser

In the FASMA package, an efficient method for parsing lengthy output files from electronic

structure packages has been developed. These files can often reach several gigabytes in

size with the end of the file being comprised of many dense matrices that are necessary for

further spectral evaluation. Currently the output parser works with two electronic structure

packages: Gaussian[33] and ChronusQuantum[125].

The implementation of the output parser is based on a trie [24, 23], also called a prefix

trie, which is a tree data structure used for locating specific keys within a set. When this data

structure is used to help parse our output files, it stores the locations of certain keywords,

allowing the data located with those keywords to be easily accessed and stored by our library.

Figure 3.1: An example of the structure of a Trie data structure.

In Fig. 3.1, an example of a trie is shown. We can see that the trie starts with an empty
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node and then stores strings one character at a time, allowing similar words to be compacted

together. By following the path from the initial node to the bottom of the tree we can find

all of the stored keywords, along with their locations. For example “ta” is located at index

2, while “Ch” is located at index 7 and “Chad” is located at index 75. The entire list of keys

stored in this example trie, following a depth first search ordering, includes: “ta”, “tens”,

“tent”, “I”, “Ch”, “Chad”, “Ca”, and “Can”.

Once the output file has been parsed, a Python object is created, allowing the user to

easily access all of the pertinent electronic structure results in a simple Python script and

quickly manipulate the results for analysis.

3.2.2 Molecular Orbital Analysis

The molecular orbital analyzer allows for a quick preliminary search of the orbitals of interest

to be completed. The most common use cases include selecting an active space or as a step

to determine which orbitals should be visualized. This analysis is done using the Mulliken

population analysis technique [90].

First we must project the molecular orbitals back onto the basis functions:

b = C∗SC (3.1)

where b is the basis function projection, C is the molecular orbital (MO) coefficient matrix,

and S is the overlap matrix.

In order to determine the electron density on each atom, we can preform the following

summation:

datom =
∑
i

biAi (3.2)

where datom is the electron density for a specific type of atom, bi is the basis function pro-

jection for orbital i, and Ai is a column vector of booleans, used to select for a specific atom
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or atoms.

Similarly, to obtain the breakdown of angular momentum on each atom in the molecular

orbital, we can preform the following summation:

dl =
∑
i

biLi (3.3)

where dl,atom is the electron density for a specific angular momentum value of the specified

atom type and Li is a column vector of booleans which selects a subset of the values selected

by Ai. This is used to select for the specified angular momentum value.

Table 3.1: Molecular orbital analysis of an ammonia molecule based on a Hartree Fock
calculation using the 6-31G basis set[32, 37, 95].

MO 1:
N: 0.9994 S: 0.9973 P: 0.0021
H: 0.0006 S: 0.0006 P: 0.0000

MO 3:
N: 0.7907 S: 0.7588 P: 0.0319
H: 0.2093 S: 0.2093 P: 0.0000

MO 5:
N: 0.5794 S: 0.0000 P: 0.5794
H: 0.4205 S: 0.4205 P: 0.0000

MO 7:
N: 0.5792 S: 0.0000 P: 0.5792
H: 0.4208 S: 0.4208 P: 0.0000

Running this analysis using FASMA creates a Python object and generates a text file

with a breakdown of each MO into the percentages of electron density on each type of atoms

and then each angular momentum. For example, an MO may have 99% of the electron
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density on an oxygen atom, but the electron density is split between s and p, which would

suggest an sp hybridized orbital, or an MO that is below the HOMO may be 99% on a Zinc

atom and have 99% d angular momentum, suggesting that it is a Zn 3d orbital.

Table 3.1 shows a partial example of character analysis of the ammonia molecular orbitals.

Since the orbitals are paired as predicted by Kramers symmetry, only every other MO is

shown in the table to avoid repetition. This table shows that MO 1 is the nitrogen 1s

orbital, MO 3 is the 1a1 bonding orbital comprised of the nitrogen and hydrogen s orbitals,

MO 5 and 7 are both the 1e bonding orbitals made up of the hydrogen s orbitals and the

nitrogen p orbitals.

3.2.3 Transition Analysis

When running excited state calculations, especially in regimes where excitations beyond

singles are allowed, the reduced one particle density matrix, defined as ρpq = ⟨p†q⟩, is a

useful tool for figuring out which orbitals the electrons and holes are located in. The diagonal

elements of ρpq tell us about the electron density in each MO. By taking the difference between

ρpq diagonals of the initial and final states, the difference in the electron density for each MO

can be seen. The ρpq difference vector will be referred to going forward as the δρ.

The analysis of electron transitions between molecular orbitals is done by first grouping

the molecular orbitals into types. Then for each type of MO the corresponding elements of

δρ are summed together to obtain the change in electron density for that type of MO. By

convention a negative value indicates where electron density is leaving from, which can be

referred to as a hole, while a positive value corresponds to where the electron is going to,

which can be referred to as the particle.

Projection onto the atomic orbital basis can also be a helpful tool to evaluate these

electronic transitions. This process can be accomplished for each atom through the following

summation:
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tatom =
∑
i

δρidatom,i (3.4)

where tatom is the electron density of the transition on a specific atom and datom is the result

of Eq. 3.2. Similarly, the breakdown of the angular momentum for each transition can be

obtained by:

tatom,l =
∑
i

δρidl,i (3.5)

where tatom,l is the electron density of the transition for a specific value of angular momentum

on a specific type of atom.

Table 3.2: Transition Analysis of an ammonia molecule based on a CASCI calculation with
an 8 electron in 10 orbital active space and the 6-31g basis set[32, 37, 95].

State 1 → 10 Energy: 17.976 Osc. Strength: 0.000
Total Particle Hole

1a1 -0.04136 0.00000 0.04136
1e -0.21579 0.00000 0.21579
2a1 -0.72967 0.00000 0.72967
3a1 0.76304 0.76304 0.00000
2e 0.22378 0.22378 0.00000

State 1 → 11 Energy: 17.976 Osc. Strength: 0.000
Total Particle Hole

1a1 -0.00268 0.00000 0.00268
1e -0.00479 0.00000 0.00479
2a1 -0.97423 0.00000 0.97423
3a1 0.00340 0.00340 0.00000
2e 0.97830 0.97830 0.00000

Similar to the MO analysis, the transition analysis creates a Python object and generates

a text file with information about each excited state transition along with storing all of the

information into a Python object. Depending on the type of analysis requested, there will
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be a breakdown of each transition into either the atomic orbitals or the molecular orbitals.

For example, the first excitation of water, from state 1 to state 2, may show over 99% of

the electron density going from the 1b1 molecular orbital to the 4a1 molecular orbital, the

expected HOMO to LUMO excitation. From this analysis, each excited state can be broken

down and analyzed to discover interesting phenomena in the spectra, such as regions of

spectra that are dominated by ligand to metal charge transfer or the locations of shake-up

states.

Table 3.2 shows a partial example of a transition analysis for an ammonia molecule. The

first transition shown is dominated by the 2a1 to 3a1 transition, while the second transition

is dominated by the 2a1 to 2e transition.

3.2.4 Generating Spectra

FASMA also contains a class designed to allow both quick preliminary plotting and fully

customized plotting based on the users need. There are three types of pre-made plots to

choose from: absorption, character, and MO. Fig. 3.2 shows all three of the standard plotting

options. The top plot is the basic absorption spectrum including both stick and broadened

spectra, the middle plot is the MO breakdown, and the bottom is the character analysis or

atomic orbital breakdown. The middle plot shows that the first peak is characterized as a

HOMO to LUMO transition from 2a1 to 3a1 and 2e, which matches the character analysis

on the bottom of moving electron density from the nitrogen to the hydrogen. The second

peak shows a transition from 1e and slight 2a1 to 2e and 3a1, matching the characterization

of moving from nitrogen s to nitrogen p and hydrogen s, and so on.

3.3 Silicon K-edge X-Ray Spectrum of Silicon Oxycarbides

X-ray spectroscopy is useful for a variety of reasons. By probing molecules with specific

energies of x-ray light, we can gain insight into the bonding mechanisms, local molecular

geometry, and local electronic structure. In practice, x-ray absorption spectroscopy (XAS)

is used to study phenomena including charge transfer, oxidation states, solvation effects, and
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Figure 3.2: Various spectral breakdowns of ammonia.

spin crossover in metal complexes[129, 49]. Additionally, XAS is element specific, due to the

large energetic separation between elements absorption regions and can be used to gather

information about local molecular geometry and electronic structure.

The x-ray region of the spectra consists of excitations out of core orbitals. For the core

excitations out of the 1s orbitals, the K-edge, relativistic effects allow the core orbitals to

contract which leads to the orbital energies being lowered. This causes a uniform shift

in the K-edge region of the spectra, meaning that if relativistic effects are neglected then

the spectra is red-shifted, but the overall characteristics remain the same[79]. However, in

the L-edge region fine-structure splitting occurs with the excitations out of the 2p1/2 and

2p3/2 orbitals, which make up the L2,3-edge; therefore, this region is impossible to accurately
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describe without including relativistic effects into the calculations, specifically spin-orbit

coupling which enables the splitting of the j = 1/2 and j = 3/2 states.

Figure 3.3: The core excitations that correspond to the various x-ray edges.

By making use of electronic structure theory, we can make in depth analyses of exper-

imental spectra or predict what the spectra will be to determine if it will be interesting,

before wasting valuable time at a synchrotron facility. The most commonly used method

for generating excited state spectra is time-dependent density functional theory (TDDFT),

which is the excited state extension of density functional theory[79]. This method is valued

for its balance of speed and accuracy, making it suitable for most problems.

3.3.1 Silicon Oxycarbides Background Information

Silicon dioxide is an extremely important material in the semiconductor industry. The L-

edge and valance band structure of various silicon materials have been of continued interest

since the 1970s, arising with the beginning of the widespread computer manufacturing.

Modeling silicon dioxide theoretically was done through use of a solid-state analog to

simplify the system. Before the 1990s, much of the theoretical work surrounding silicon

dioxide made use of the SiO4−
4 ion for its solid state analog[116]. However, due to the high

negative charge and many dangling bonds, this ion does not make a particularly good analog.
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Tetramethoxysilane was found to make a much better analog due to its tetrahedral oxygen

structure surrounding the central silicon atom and the methyl groups on the oxygens which

help to simulate the environment of the oxygen being bonded to another silicon in bulk

silicon dioxide.

More recently silicon oxycarbides materials have been found to have a variety of other

uses. In the 1990s, polymer derived silicon oxycarbides emerged as potential anode materials[2,

113]. The mixed bonding, along with the presence of terminal hydroxyl groups, contributes

to the thermodynamic stability of silicon oxycarbide polymer-derived ceramics.

In this section, we will study several small silicon oxycarbide molecules by simulating their

x-ray absorption spectra, separating the spectra into the K- and L-edge, and characterizing

the peaks found in the spectra based on their major MO contributions in an effort to showcase

the educational potential of the FASMA library.

All TDDFT calculations throughout the rest of this chapter were done using Gaussian

(g16) with the B3LYP functional[7, 59] and the cc-pVDZ basis set[91, 31, 105, 25]. The

geometries used were optimized using the same functional with the cc-pVQZ basis set.

3.3.2 Locating the K- and L-edge for Si and C

Finding the various x-ray absorption edges on a theoretical spectra can be intimidating at

first. The experimental energies for the edges of the various elements are well know, but

these energies can be dramatically shifted in the theoretical spectra. For example, Fig. 3.4

shows the full spectra of Si(CH3)4, from a full diagonalization calculation. The grey boxes

in the figure highlight where the various x-ray edges appear.

As depicted in Fig. 3.3 the K-edge comes from the core excitation of the 1s orbital, while

the L-edges come from the 2s and 2p orbitals. Therefore, it is expected that the K-edge

will be highest in energy and the L-edge will be lowest in energy for the core excitations.

Additionally, as the element gets heavier, the excitation energy should get larger, as there

is a larger gap in energy between the atoms core orbitals and unoccupied orbitals. As such,

the highest energy region should be the Si K-edge, the lowest should be the Si L-edges, and
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Figure 3.4: The full spectra for Si(CH3)4 with insets of the Si K- and L-edges and the C
K-edge.

the middle should be the C K-edge. Experimentally, these edges are found around 1839 eV,

99 eV, and 284 eV respectively. In the theoretical spectra, the largest difference seen from

experiment is the Si K-edge, which is roughly 40 eV lower in energy than expected; however,

overall the energies for the three edges line up well with their experimental values.

Figure 3.5: The core orbitals of the Si(CH3)4 molecule.

Additionally, this ordering can be double checked by using the FASMA library. First, the
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core orbitals involved in these excitations need to be identified by MO number. Visualizing

the first several MOs should give results depicted in Fig. 3.5, where MO 1 is the Si 1s orbital,

MOs 2 through 5 are the C 1s orbitals, MO 6 is the Si 2s orbital, and MOs 7 through 9 are

the Si 2p orbitals. This information can be put into a Python dictionary and the FASMA

library can then be used to visualize the contributions from these orbitals in the spectrum.

Figure 3.6: The various x-ray edges based on core orbital excitations for Si(CH3)4 with insets
of the Si K- and L-edges and the C K-edge

Figure 3.6 shows the results of the MO breakdown from FASMA using these custom MO

labels. The MO breakdown in this figure agrees with the assignments of the x-ray edges

made previously and provides a visual way to double check. Note that in this figure the

L1-edge from the 2s orbital and L2,3-edge from the 2p orbitals overlap each other. Typically,

in heavier elements these edges would be completely separate and distinct, but silicon is a

special case in this regard as one of the lightest atoms to have 2s electrons in its core, and
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therefore have an L-edge x-ray spectrum. Additionally, when there is slight overlap between

regions, this would allow excitations coming from different orbitals to be untangled from

one another. In practice, this would be helpful for removing the extended x-ray absorption

spectroscopy (EXAFS) peaks from this spectrum in the Si L2,3-edge region, where they

overlap with the pre-edge features of the next edge.

3.4 Characterizing the Peaks of the Si K-Edge

Now that it is clear where the various x-ray edges are located in the spectrum, the MOs

involved in each bright transition can be found. This will be demonstrated by characterizing

the peaks in the in the Si K-edge spectrum. First, the amount of information needed can be

narrowed down by focusing in on the energy region for this edge, from around 1790 eV to

1870 eV.

Figure 3.7 shows the experimental and theoretical results for the silicon K-edge of silicon

oxycarbides in the Si(CH3)x(OCH3)4−x series, where x = {0, 1, 2, 3, 4}. Overall, the theoret-

ical spectra show good agreement with experiment, with all shoulders in the peak properly

represented.

3.4.1 Identifying the MOs in the K-Edge

The first step in identifying the MOs involved in each peak is the elimination of any MOs

that make no contribution to the spectra in this energy region. Based on the list of MOs

with nonzero contribution, a new custom dictionary can be constructed with groups of these

MOs. Initially, it is a good idea to group MOs that have degenerate energies together. For

example, MOs 48 through 53 all contribute to the spectra with MOs 48, 49, and 50 being

at 0.50672 eV while MOs 51, 52, and 53 are at 0.50670 eV. Therefore, MOs 48 through 50

should be grouped together, and then MOs 51 through 53 should be grouped together.

Interestingly, what falls out of this is that only the triply degenerate MOs contribute to

the spectra in this region. These transitions are bright due to selection rules, which state

that ∆l = ±1 and ∆j = ±1. Therefore, if the initial state is l = 0, then the final state must
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Figure 3.7: The experimental and theoretical Si K-edge of Si(CH3)x(OCH3)4−x, where x =
{0, 1, 2, 3, 4}. The theoretical spectra, shown in color, were calculated using TDDFT with
the B3LYP functional and the cc-pVDZ basis set. The experimental data, shown in black,
is from Ref. [116]. The spectra have all been shifted by 43 eV to align with experiment.

be l = 1.

With the new MO dictionary created, the spectra can now be visualized with this new

MO breakdown in the same manner as Fig. 3.6. In Fig. 3.8, it appears that each individual

peak is governed by one main group of MOs. Some of the broadened peaks overlap, and

when added all back together, the same spectra seen in Fig. 3.4 would be achieved.

3.4.2 Comparing to Experiment

When comparing theoretical and experimental x-ray absorption spectra, it is important to

understand the different regions within each edge and which parts are described well by dif-

ferent types of theory. There are three distinct regions: the pre-edge and rising edge, which

comprise x-ray absorption near edge spectroscopy (XANES), and the extended x-ray absorp-

tion fine structure (EXAFS). The XANES region can be used to determine oxidation states,

molecular orbitals, band structure and coordination environment, while the EXAFS region is

useful for measuring interatomic distances, near neighbour coordination numbers and lattice
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Figure 3.8: The numerical MO labels for each of the peaks in the spectral breakdown of
Si(CH3)4.

dynamics. XANES is well described using electronic structure theory like what has been

used in this exercise. However, EXAFS is a very different problem that cannot be solved via

electronic structure theory; instead a method such as multiple scattering calculations must

be preformed to describe this region [8].

This phenomena can be seen in Fig. 3.9, wherein the XANES region matches well with

experiment, while the EXAFS region does not. Therefore, when conducting further analysis

the EXAFS region will be excluded.
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Figure 3.9: The experimental and theoretical spectra for Si(CH3)4.

3.4.3 Visualizing and Labeling the MOs using Point Group Symmetry

By visualizing and labeling the MOs below 1805 eV, the experimental peak in the Si K-edge

spectrum for Si(CH3)4 can be assigned to transition from the Si 1s orbital into the 4 and

5t2 molecular orbitals. These orbitals and their corresponding peaks in the spectra are see

in Fig. 3.10. This figure shows that the 4t2 orbital is responsible for the main peak, while

the 5t2 contributes to the slight asymmetry seen in this peak. All of these orbitals move the

electron density away from the silicon atom and transfer it toward the carbons in the methyl

groups, with some smaller amount of electron density also being located on the hydrogens.

By repeating this process with the x = 2 and x = 4 molecules in the silicon oxycarbide

series, the various peaks and shoulders in the Si K-edge can be identified. The breakdown of

the Si(CH3)2(OCH3)2 spectra is shown in Fig. 3.11. This figure shows that the main peak is

dominated by excitations to MOs 35 and 38, which are b2 and pull the electron density away

from the silicon; MOs 37 and 39 are a1 and are higher in energy and retain electron density

on the central silicon atom, while MO 36 is b1 and is higher in energy. These higher energy

excitations contribute to the increased asymmetry of the experimental peak.
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Figure 3.10: The MOs involved in the Si K-edge Si(CH3)4 XANES spectrum.

Since C2v is a subgroup of Td, and the t2 irreducible representation of the Td point

group is comprised of the a1, b1, and b2 irreducible representation of the C2v point group.

Going from x = 0 to x = 2 in the Si(CH3)x(OCH3)4−x series, we can see that the different

irreducible representations split from one main t2 excitation into separate excitations to the

MOs corresponding to each irreducible representation.

Figure 3.11: The MOs involved in the Si K-edge Si(CH3)2(OCH3)2 XANES spectrum.
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Figure 3.12: The MOs involved in the Si K-edge Si(OCH3)4 XANES spectrum.

When all four of the carbons connected to the central silicon have been replaced by oxy-

gens, we again regain Td symmetry in the center of the molecule, but the methyl groups on

the outside of the molecule are distorted from this symmetry and more bright excitations ap-

pear in the spectra. The lowest energy peak has returned to being t2, with contributions also

coming from a2, then there main higher energy peak that has appeared in the experimental

spectrum is dominated by an excitation into the MOs corresponding to the t1 irreducible

representation.

3.5 Conclusion

In this chapter, we have presented a way to analyse spectra. We introduced FASMA library

and discussed how its functionalities can be used to learn about spectra, including an in depth

dive into analyzing x-ray spectra. A method to analyse molecular orbitals and electronic

excitations has been discussed in detail, as well as how these breakdowns can be visualized.

Identifying peaks in the silicon oxycarbide system was discussed, along with the discovery of

trends as more oxygens were added to the system. Overall, this material was discussed in a

manner in which an educational tutorial could be easily created.
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Appendix A

A.1 CCSD Equations

The Einstein summation convention is used throughout this section.

The one-body intermediates are defined as:

Fia = fia + tem⟨im||ae⟩ (A.1)

Fab = fab − fmbt
a
m + tfm⟨ma||fb⟩ −

1

2
τaemn⟨mn||be⟩ (A.2)

Fji = fji + teifje + tem⟨jm||ie⟩+ 1

2
τ efim⟨jm||ef⟩ (A.3)

where fpq are the elements of the fock matrix, tai and tijab are the T1 and T2 amplitudes, and

τ is defines as: τabij = tabij + tai t
b
j − tbit

a
j .
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The two-body EOM-CCSD intermediates are defined as:

Wklij = ⟨kl||ij⟩+ P (ij)tej⟨kl||ie⟩+
1

2
τ efij ⟨kl||ef⟩ (A.4)

Wabcd = ⟨ab||cd⟩ − P (ab)tbm⟨am||cd⟩+ 1

2
τabmn⟨mn||cd⟩ (A.5)

Waibc = ⟨ai||bc⟩ − tam⟨mi||bc⟩ (A.6)

Wijka = ⟨jk||ia⟩+ tei ⟨jk||feea⟩ (A.7)

Wajib = ⟨aj||ib⟩ − tei ⟨aj||eb⟩ − tam⟨mj||ib⟩ − (teaim + tei t
a
m)⟨mj||eb⟩ (A.8)

Wijab = ⟨ij||ab⟩ (A.9)

Wabci = ⟨ab||ci⟩ − P (ab)taekm⟨im||je⟩+ τ efjk ⟨ia||ef⟩+ taejkFie

+tamWimjk − P (ij)tej [⟨ia||ek⟩ − tafmk⟨im||ef⟩] (A.10)

Wiajk = ⟨ia||jk⟩+ P (ij)taekm⟨im||je⟩+ 1

2
τ efjk ⟨ia||ef⟩+ taejkFie

+tamWimjk − P (ij)tej [⟨ia||ek⟩ − tafmk⟨im||ef⟩] (A.11)

where P(pq) is the antisymmetry permutation operator defined as P (pq)f(p, q) = f(p, q)−

f(q, p).

The CCSD ground state energy is defined as:

ECCSD − E0 =
∑
ia

fiat
a
i +

1

4

∑
aibj

⟨ij||ab⟩tabij +
1

2

∑
aibj

⟨ij||ab⟩tai tbj (A.12)
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A.2 EOM-CCSD Equations

Full H̄:

H̄SS = H̄ai
ck = Wkaci − Fki + Fac (A.13)

H̄SD = H̄ai
cdkl = P (cd)P (kl)δikδacFld (A.14)

+ P (kl)δikWalcd − P (cd)δacWklid

H̄DS = H̄abij
ck = P (ij)δikWabcj − P (ab)δacWkbij (A.15)

− P (ij)Wmkict
ab
mj + P (ab)Wbkect

ae
ij

H̄DD = H̄abij
cdkl = P (ab)P (cd)P (kl)δacδikδjlFbd (A.16)

− P (ij)P (cd)P (kl)δacδbdδikFlj

+ P (kl)δikδjlWabcd + P (cd)δacδbdWklij

+ P (ab)P (ij)P (cd)P (kl)δacδikWlbdj

+ P (ij)P (kl)δik⟨cd||lm⟩tabmj

+ P (ab)P (cd)δac⟨de||kl⟩tebij

or the H̄r matrix-vector products

H̄rai =
∑
b

rbiFab −
∑
j

rajFij

+
∑
jb

rbjWjabi +
∑
jb

rabij Fjb

− 1

2

∑
jkb

rabjkWjkib +
1

2

∑
jbc

rbcijWajbc (A.17)
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H̄rabij = P (ab)
∑
k

rbkWkaij + P (ij)
∑
c

rciWacbj

+ P (ij)
∑
mne

renWmniet
ab
jm − P (ab)

∑
mfe

rfmWamef t
ab
ij

+ P (ij)
∑
m

rabjmFmi +
1

2
P (ij)

∑
mnef

refin ⟨mn||ef⟩tabjm

+ P (ab)
∑
e

raeij Fbe +
1

2
P (ab)rafmn⟨mn||ef⟩tbeij

+ P (ab)P (ij)
∑
me

raemjWmbei

+
1

2

∑
mn

rabmnWmnij +
1

2

∑
ef

refij Wabef (A.18)

where r is the guess vector, P(pq) is the antisymmetry permutation operator defined as

P (pq)f(p, q) = f(p, q) − f(q, p), and the one-body intermediates of the Hamiltonian are

defined as:

Fme = Fme (A.19)

Fae = Fae −
1

2

∑
m

tamFme (A.20)

Fmi = Fmi +
1

2

∑
e

teiFme (A.21)

where Fpq are the one body intermediates from CCSD.
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The two-body EOM-CCSD intermediates are:

Wmnij = Wmnij +
1

4

∑
ef

τ efij ⟨mn||ef⟩ (A.22)

Wabef = Wabef +
1

4

∑
mn

τabmn⟨mn||ef⟩ (A.23)

Wmbej = Wmbej −
1

2

∑
nf

τ fbjn⟨mn||ef⟩ (A.24)

Wmnie = ⟨mn||ie⟩+
∑
f

tfi ⟨mn||fe⟩ (A.25)

Wamef = ⟨am||ef⟩ −
∑
n

tan⟨nm||ef⟩ (A.26)

Wmbij = ⟨mb||ij⟩ −
∑
e

Fmet
be
ij −

∑
n

tbnWmnij +
1

2

∑
ef

⟨mb||ef⟩τ efij

+ P (ij)
∑
ne

⟨mn||ie⟩tbejn + P (ij)
∑
ejf

tei{⟨mb||ej⟩ − tbfnj⟨mn||ef⟩} (A.27)

Wabei = ⟨ab||ei⟩ −
∑
m

Fmet
ab
mi −

∑
f

tfi Wabef +
1

2

∑
mn

⟨mn||ei⟩τabmn

− P (ab)
∑
mf

⟨mb||ef⟩tafmi − P (ab)
∑
mnf

tam{⟨mb||ei⟩ − tbfni⟨mn||ef⟩} (A.28)

where Wpqrs are the two-body intermediates from CCSD and τ is defines as: τabij = tabij +

tai t
b
j − tbit

a
j .
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A.3 Triplet Geometries for Phosphorescent Molecules

Table A.1: The excited state triplet geometry for ethylene optimized using TDDFT with the
B3LYP functional and the cc-pVQZ basis set

Atom x y z
C 0.0000 0.0000 0.6695
C 0.0000 0.0000 -0.6695
H 0.0000 0.9289 1.2321
H 0.0000 -0.9289 1.2321
H 0.0000 0.9289 -1.2321
H 0.0000 -0.9289 -1.2321

Table A.2: The excited state triplet geometry for benzene optimized using TDDFT with the
B3LYP functional and the cc-pVQZ basis set

Atom x y z
C 0.757561 -1.204870 -0.000031
C 1.436935 -0.000801 0.000007
C 0.759124 1.203927 0.000026
C -0.757574 1.204874 -0.000031
C -1.436935 0.000795 0.000002
C -0.759111 -1.203923 0.000030
H 1.283433 -2.146921 -0.000120
H 2.519428 -0.001494 0.000003
H 1.286113 2.145357 0.000091
H -1.283435 2.146930 -0.000100
H -2.519428 0.001472 -0.000001
H -1.286111 -2.145348 0.000098
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Table A.3: The excited state triplet geometry for toluene optimized using TDDFT with the
B3LYP functional and the cc-pVQZ basis set

Atom x y z
C 1.919456 -0.010222 -0.000018
C 1.243809 -1.211603 -0.000050
C -0.141867 -1.251666 -0.000052
C -0.937829 0.045408 0.000019
C -0.238027 1.242977 0.000015
C 1.141784 1.283284 -0.000021
H 2.998301 0.023721 0.000017
H 1.803527 -2.138173 -0.000070
H -0.678940 -2.188420 -0.000111
H -0.795762 2.172054 0.000041
H 1.676590 2.219959 -0.000055
C -2.414548 -0.058746 0.000086
H -2.771873 -0.621595 -0.873080
H -2.771790 -0.621639 0.873256
H -2.896711 0.917492 0.000132
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Table A.4: The excited state triplet geometry for ethylbenzene optimized using TDDFT
with the B3LYP functional and the cc-pVQZ basis set

Atom x y z
C 0.814622 -1.209483 0.000046
C 1.435347 0.018228 0.000094
C 0.693735 1.192239 0.000039
C -0.828075 1.134513 -0.000127
C -1.431225 -0.111968 -0.000134
C -0.691403 -1.281068 -0.000035
H 1.385953 -2.125309 0.000060
H 2.516576 0.071103 0.000177
H 1.171903 2.160561 0.000115
H -2.511069 -0.178972 -0.000221
H -1.172646 -2.246520 -0.000011
C -1.527793 2.445116 -0.000247
H -1.167209 3.024824 0.863916
H -1.167104 3.024718 -0.864434
C -3.052343 2.420250 -0.000332
H -3.443755 1.911802 0.880945
H -3.449205 3.434768 -0.000429
H -3.443649 1.911668 -0.881578

Table A.5: The excited state triplet geometry for pyradine optimized using TDDFT with
the B3LYP functional and the cc-pVQZ basis set

Atom x y z
C 1.224176 0.638022 0.038137
C 0.000681 1.350888 -0.126779
C -1.223539 0.639053 0.038301
C -1.195660 -0.720287 0.115933
C 1.194978 -0.721322 0.115838
H 2.158574 1.163914 0.178892
H 0.001072 2.429392 -0.144435
H -2.157441 1.165893 0.178797
H -2.034260 -1.354750 0.360719
H 2.032774 -1.356483 0.361559
N -0.000648 -1.309443 -0.289158
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Table A.6: The excited state triplet geometry for pyrimidine optimized using TDDFT with
the B3LYP functional and the cc-pVQZ basis set

Atom x y z
C 0.664685 -1.188941 -0.000059
C 1.377613 -0.000090 0.000100
C 0.664803 1.188931 -0.000048
C -1.398490 0.000094 0.000271
H 1.113372 -2.168227 -0.000055
H 2.459080 -0.000152 0.000130
H 1.113581 2.168169 -0.000099
H -2.478736 0.000168 -0.000342
N -0.718422 1.124194 -0.000086
N -0.718572 -1.124184 -0.000088

Table A.7: The excited state triplet geometry for pyrazine optimized using TDDFT with
the B3LYP functional and the cc-pVQZ basis set

Atom x y z
C -1.158587 -0.693576 0.000042
C 1.158561 -0.693613 0.000002
C 1.158572 0.693598 -0.000061
C -1.158569 0.693589 0.000082
H -2.099516 -1.224541 -0.000132
H 2.099529 -1.224515 0.000249
H 2.099545 1.224490 0.000135
H -2.099495 1.224564 -0.000090
N 0.000013 1.370308 -0.000030
N -0.000001 -1.370305 -0.000049
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