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Graphical models specify conditional independence relations between variables. These in-
clude undirected graphical models and directed graphical models, the latter of which also
capture causal relationships. This dissertation considers challenges but also opportunities
brought about by non-Gaussianity in undirected and directed graphical models.

A common challenge in estimating parameters of probability density functions is the
intractability of the normalizing constant, which hinders the use of maximum likelihood esti-
mation, especially for non-Gaussian graphical models or when the density is supported on a
subspace of R™. This dissertation presents a generalized form of score matching for distribu-
tions supported on general domains. The proposed approach generalizes the original forms
proposed in [Hyvarinen| (2005) for R™ and Hyvarinen, (2007) for R7’, while avoiding direct
calculation of the normalizing constant, and yielding closed-form estimates for exponential
families of continuous distributions. We generalize the regularized score matching method
of Lin et al.| (2016]), and apply it to a general class of pairwise interaction graphical models,
establishing strong theoretical guarantees.

Motivated by modern RNA sequencing technologies that provide gene expression mea-

surements from single cells, this dissertation also addresses the challenge of causal discovery



from zero-inflated expression patterns in single cell data. In particular, we propose directed
graphical models based on Hurdle conditional distributions to explore cause-effect relation-
ships among the genes. We show that, under a natural and weak assumption, the exact
directed acyclic graph for our model can be identified. We propose methods for graph recov-
ery and show simulated experiments that validate the identifiability and graph estimation

methods in practice.
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GLOSSARY

AUC: The area under the ROC curve.

BIC: The Bayesian information criterion.

DAGS: Directed acyclic graphs; directed graphs with no directed cycles.
EBIC: The extended Bayesian information criterion.

FDR: The false discovery rate.

FPR: The false positive rate.

GGMS: Gaussian graphical models.

HURDLE CONDITIONALS: See Definition [I0l

HURDLE POLYNOMIALS: See Definition [12|

ROC CURVE: Receiver operating characteristic curve.

TPR: The true positive rate.
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Chapter 1
INTRODUCTION AND BACKGROUND



Graphical models specify conditional independence relations among variables. Non-
Gaussian models provide the flexibility to express more complicated interactions among
the variables, especially for distributions that are naturally supported on some proper sub-
set of the m-dimensional real space R™, or those that are not absolutely continuous with
respect to the Lebesgue measure. This comes with both opportunities and significant chal-
lenges. A challenge for undirected graphical models is the fact that non-Gaussian models
as well as Gaussian models that are restricted to a proper subset of R™ generally have in-
tractable normalizing constants, making maximum likelihood estimation computationally
difficult. For directed graphical models, which capture causal relationships among the vari-
ables, non-Gaussian modeling is again more involved, but here it also offers an opportunity
for causal discovery. Indeed, for many Gaussian settings, they may only be identifiable up
to an equivalence class and thus preventing causal discovery. In this dissertation, we address

these opportunities and challenges in detail.
1.1 Score Matching

Probability density functions, especially those for multivariate graphical models, are often
defined only up to a normalizing constant. In high-dimensional settings, calculating the
normalizing constant is often computationally intensive and intractable except in some spe-
cial cases such as Gaussian densities (Gaussian graphical models) on the m-dimensional real
space R™. The situation becomes worse when the distributions are defined only on a proper
subset of R™. For example, even the Gaussian densities on R’ have intractable normalizing
constants except for special cases e.g. with diagonal covariance matrices. This inability to
calculate normalizing constants makes density estimation challenging and maximum likeli-
hood estimation becomes less ideal.

Fortunately, [Hyvarinen| (2005) introduced the method of score matching that comes to
our rescue. Given a continuous distribution F, supported on R™ with Lebesgue density
Do, let P be a family of distributions with twice continuously differentiable densities. The

score matching estimator of py using P as a model is the minimizer of the expected /5



distance between the gradients of the true log density logpy on R™ and a proposed log
density logp from P, namely [o,. po(2)||Vazlogp(x) — Vg log po()||5 d. The loss depends
on py, but integration by parts can be used to rewrite it in a form that can be approximated
by averaging over the sample without knowing py. A key feature of score matching is that
normalizing constants cancel in gradients of log-densities, allowing for simple treatment of
models with intractable normalizing constants. For exponential families, the loss is quadratic
in the canonical parameter, making optimization straightforward.

If the considered distributions are supported on a proper subset of R™, then the integra-
tion by parts arguments underlying the score matching estimator may fail due to discontinu-
ities at the boundary of the support. For data supported on the non-negative orthant D =
R7, Hyvérinen| (2007) addresses this problem by modifying the loss to [g,. po()||V log p(z)®
x — Vlogpo(x) ©® z||% dz, where ® denotes entrywise multiplication. In this loss, boundary
effects are dampened by multiplying gradients element-wise with the identity functions x;.

In Chapter [2, we propose generalized score matching methods for densities supported
on D = R based on element-wise multiplication with slowly growing/bounded functions
h'/2(x) in place of . We show that this modification drastically improves estimation accu-
racy, both theoretically and empirically. This work is published in [Yu et al.| (2018, [2019b).

In Chapter [3, we further extend the generalized score matching methods to densities sup-
ported on more general domains D C R™ that may be either bounded or unbounded. This
includes densities supported on simplex domains, for which density estimation has been dif-
ficult due to their sum-to-one constraint, with important applications such as compositional
microbiome data. Our generalization completes the framework for estimation of continuous
distributions supported on various types of domains with intractable normalizing constants.

Liu and Kanamori| (2019)), on the other hand, extended our results in Chapter [2| to
bounded open subspaces D of R™ that have piecewise smooth boundaries by minimiz-
ing sup,cg [ po()g(®)||Valogp(x) — Vi logpo(x)|3de, where G = {glg(x) = 0Va €
JD and g is 1-Lipschitz continuous}, 9D being the boundary of D. The sup g in the loss
is obtained at go(x) = mingesp || — «'||, the distance of & to D. In Chapter [3| we extend



their slightly different approach to unbounded subsets of R™, but we empirically show that
their approach and its extension seem inferior to our generalized score matching estimators

in many settings.
1.2 Undirected Graphical Models

Graphical models specify conditional independence relations among variables in a random
vector Y indexed by the nodes V of a graph G = (V,€) with edge set £ (Maathuis et al.,
2019). Models based on undirected graphs may be used to explore conditional independence
between any two variables Yy, and Yy given all others (Y )w.u,v, as represented by the
absence of an edge between V and U in &.

Among undirected graphical models, largely due to their tractability, Gaussian graphical
models (GGMs) have gained great popularity. The conditional independence graph of a
multivariate normal vector X ~ N (u, X)) is determined by the inverse covariance matriz
K = X!, also termed concentration or precision matriz. Specifically, X; and X; are con-
ditionally independent given all other variables if and only if the (i, 7)-th and the (j,7)-th
entries of K are both zero. This simple relation underlies a rich literature including Drton
and Perlman| (2004), Meinshausen and Biithlmann (2006), |Yuan and Lin| (2007) and [Friedman
et al.| (2008), among others.

More recent work has provided tractable procedures also for non-Gaussian undirected
graphical models. This includes Gaussian copula models (Liu et al., 2009; [Dobra and
Lenkoski, 2011; Liu et al. 2012)), Ising models (Ravikumar et al.| 2010)), other exponen-
tial family models (Chen et al.| 2015; Yang et al., [2015)), as well as semi- or non-parametric
estimation techniques (Fellinghauer et al.| 2013; [Voorman et al., 2014). In this dissertation,
we apply our generalized score matching method to a class of pairwise interaction power
models, introduced in Section[I.4] that generalizes Gaussian and non-negative Gaussian ran-
dom variables, recently considered by Lin et al.| (2016)) and |Yu et al.| (2016)), as well as square
root graphical models proposed by Inouye et al.| (2016|) when the sufficient statistic function

is a pure power.



1.3 Directed Graphical Models and Causal Discovery

Models based on directed acyclic graphs (DAGs), for which £ is comprised of directed edges,
capture conditional independence structure that naturally arises from cause-effect relation-
ships between the variables. In biology and genetics, graphical models have been applied to
infer the structure of gene regulatory networks based on measurements of gene expression
(Maathuis et al., 2019, Sections 20-21). Traditional technologies produce expression levels
aggregated over hundreds or thousands of individual cells, and these bulk measurements are
frequently modeled using the assumption of Gaussianity. In directed GGMs the exact struc-
ture of the underlying DAG cannot be identified from purely observational data, and the
target of inference becomes an equivalence class of DAGs. For instance, one cannot differen-
tiate between V' — U and U — V when the variables are assumed bivariate normal. In the
Gaussian case, directed graphical models posit linear functional relationships between the
variables coupled with additive Gaussian noise. A more recent line of work emphasizes that
directed graphical models that alter this assumption to nonlinear functional relationships
and additive noise (Peters et al., [2014), or linear relations and non-Gaussian noise (Shimizu
et al.l 2006; [Wang and Drton, |2020)), or linear relations with homoscedastic Gaussian noise
(Peters and Biithlmann, 2013; |Chen et al., 2019) are amenable to causal discovery in the

sense that different DAGs are no longer equivalent.

More recent technology obtains sequencing measurements of mRNA present in single
cells. This new technology, as well as the larger sample sizes it provides, promise to give
more information than bulk measurements, but at the same time bring in a unique new chal-
lenge. At the single cell level, genes appear as “on” with positive single cell gene expression
levels, or as “off” with the recorded measurements zero or negligible (McDavid et al., 2019).
A novel undirected graphical model that deals with this zero-inflation was introduced by
McDavid et al.| (2019). Since more information can be inferred from single-cell sequencing
data, one would hope that the data can also be analyzed using more informative directed

graphical models, and that we can infer which variables (genes) are the causes of change



in other variables (expression levels of other genes). In Chapter , we formulate directed
graphical models for zero-inflated data, and prove that under a weak assumption one can
recover the exact DAG from the joint distribution. We use simulation studies to support our

identifiability theory and justify the use of two methods for estimating the DAG in practice.
1.4 Score Matching Applied to Pairwise Interaction Graphical Models

In this section we introduce the pairwise interaction power models, also called a-b models,
that we examine in Chapters |2/ and [3] In particular, we assume the models have (Lebesgue)
probability density functions proportional to

1 1
exp {—%m“K:fva + EnTa:b} (1.1)

supported on some general domain D C R™. Here a > 0 and b > 0 are known constants,
and K € R™"™ and n € R™ are unknown parameters of interest. For a = 0 we define
z* " Kz/a = (logz) K(logx) and for b = 0 we define n'x?/b = " (logx). This class of
models is motivated by the form of important univariate distributions, including gamma and
truncated normal distributions.

This model class provides a framework for pairwise interaction that is concrete yet rich
enough to capture key differences in how densities may behave; in particular, if D is a
product set of the form D; x --- x D,, with one-dimensional sets Dy, ..., D,,, X; and X;
are conditionally independent given all others if and only if x;; = x;; = 0 in the interaction
matrix K, just as for Gaussian graphical models. We will develop estimators of (1, K) and the
associated conditional independence graph using the proposed generalized score matching.

A special case of are (truncated) Gaussian graphical models, with a = b = 1. Let
p € R™ and let K be a positive definite matrix. Then a random vector X € D follows a
(truncated) normal distribution for mean parameter g and inverse covariance parameter K,

in symbols X ~ TNp(u, K), if it has density proportional to

exp { 5@~ 1) Kl — )} (12)



on domain D C R™. We refer to ¥ = K~! as the covariance parameter of the distribution,
and note that the n parameter in is K. Another special case of is the exponential
square root graphical models in [Inouye et al.| (2016)), where a = b =1/2 and D = R}".

Lin et al.| (2016 proposed estimating the truncated GGMs supported on D = R using
the score matching loss from Hyvéarinen| (2007)) plus an ¢; loss on the off-diagonal elements
of K. We propose a similar regularized loss using our generalized score matching loss for
estimating the a-b models above. The loss in|Lin et al. (2016) may be unbounded from below,
and thus infinitely many minimizers exist; in Chapter [2] we fix this problem by introducing
diagonal multipliers, effectively imposing an elastic net-type penalty (Zou and Hastiel 2005)
on K. In addition, Lin et al. (2016) requires a sample size n = Q ((logm)®) for GGMs on R,
while for our generalized score matching estimator the sample complexity can be reduced to
n = Q(logm) for any domain D that is a finite disjoint union of convex sets. In Chapter ,

we present similar theoretical guarantees for general a-b models on a general domain D.
1.5 Notation

Constant scalars, vectors, and functions are written in lower-case (e.g., a, @), random scalars
and vectors in upper-case (e.g., X, X). Regular font is used for scalars (e.g. a, X), and
boldface for vectors (e.g. @, X). Graph nodes are written in unbolded upper-case (e.g. U,
V), and domains, sets of nodes, vectors of functions in calligraphic font (e.g. D, V, H).
Matrices are in upright bold, with constant matrices in upper-case (K, M) and random
matrices holding observations in lower-case (x, y).

Subscripts refer to entries in vectors and columns in matrices. When used as a sub-
script of a vector, a set of nodes/indices selects the corresponding entries from the vector,
e.g. Yy = (Yv)vey. Superscripts refer to rows in matrices. So X is the j-th component
of a random vector X. For a data matrix x € R™™,  each row comprising one observa-
tion of m variables/features, X J(»i) is the j-th feature for the i-th observation. For a matrix
K = [kij]i; € R, diag(K) = (K11, .. .,Kqq) denotes its diagonal, and for a vector v € RY,

diag(v) is the ¢ x ¢ diagonal matrix with diagonal entries vy,...,v,. Stacking the columns



of K gives its vectorization vec(K) = (K11, -, Kql, K125 - -« 5 g2y -« s Kiry -« s Kgr) | -

For a > 1, the /,-norm of a vector v € R? is denoted

q 1/a
ol = (zw) |
j=1

with [[v||e = max |vj]. A matrix K = [k;;];; € R?*" has Frobenius norm
J: ""7q

.
with shorthand notation ||K||, = ||K]||,,; for instance, ||K|| = max PRHE
1= i—=1

a,a’

- ""7q j:
For a function f : R™ — R, we define 0;f(x) as the partial derivative with respect to

xj, and 0;; f(x) = 0;0;f(x). For vector-valued f : R™ — R™, & — (fi(x),..., fm(x)), we
let f/(x) = (01f1(x),...,0mfm(x))" be the vector of partial derivatives. Likewise f”(x) is
used for second partial derivatives. For a € R, let f*(x) = (f&(z),..., f%(x))'. For two
compatible functions f and g, f o g denotes their function composition. For a, b € R™,
a®b=(aby,... amby,)".

Finally, the symbol 1 4(-) denotes the indicator function of a set A, while 1,, € R" is the
vector of all 1’s. When it is clear from the context, [Ey denotes the expectation under a true

distribution Fj.



Chapter 2

GENERALIZED SCORE MATCHING FOR NON-NEGATIVE
DATA
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2.1 Structure of Chapter

In this chapter we discuss our generalized score matching estimator for continuous distribu-
tions supported on R'?, with applications of reqularized general score matching to the pairwise
interaction power models (see (1.1))). The chapter is organized as follows. Section intro-
duces score matching and our proposed generalized score matching for distributions on R’
In Section [2.3, we apply generalized score matching to exponential families, with univariate
truncated normal distributions as an example. Regularized generalized score matching for
graphical models and the notion of diagonal multipliers are formulated in Section The
estimators for pairwise interaction power models are shown in Section [2.5 while theoretical
consistency results are presented in Section [2.6, where we treat the probabilistically most
tractable case of truncated GGMs. Simulation results and applications to RNAseq data are
given in Section 2.7} Proofs for theorems in Sections [2.2H2.6] are presented in Appendices
and Additional experimental results are presented in Appendix [A.3] The work in this
chapter is published in |Yu et al|(2018) and [Yu et al.| (2019b).

2.2 Score Matching

In this section, we review the original score matching and develop our generalized score
matching estimators.
2.2.1 Original Score Matching

Let X be a random vector taking values in R™ with distribution P and density py. Let P be
a family of distributions of interest with twice continuously differentiable densities supported

on R™. Suppose Py € P. The score matching loss for P € P, with density p, is given by

IP) = [ @)V iogpla) — log ()] de 2.1

The gradients in (2.1)) can be thought of as gradients with respect to a hypothetical location

parameter, evaluated at the origin (Hyvarinen, 2005). The loss J(P) is minimized if and only
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if P = Py, which forms the basis for estimation of F,. Importantly, since the loss depends

on p only through its log-gradient, it suffices to know p up to a normalizing constant. Under

mild conditions, (2.1) can be rewritten as

“ 9 log p(x))?
P = [ @)y lajj log p(a) + (2B 4 (2.2
m =1
plus a constant independent of p. The integral in (2.2]) can be approximated by a sample
average; this alleviates the need for knowing the true density py, and provides a way to

estimate pg.

2.2.2  Generalized Score Matching for Non-Negative Data

When the true density pg is supported on a proper subset of R™, the integration by parts
underlying the equivalence of (2.1) and (2.2)) may fail due to discontinuity at the boundary.
For distributions supported on the non-negative orthant, R’, Hyvérinen (2007) addressed
this issue by instead minimizing the non-negative score matching loss

Ji(P) = / po(z)||Viogp(x) ® © — Viogpo(x) © |5 dz. (2.3)

R

This loss can be motivated via gradients with respect to a hypothetical scale parameter
(Hyvéarinen, 2007). Under mild conditions, J, (P) can again be rewritten in terms of an
expectation of a function independent of py, thus allowing one to form a sample loss.

In this work, we consider generalizing the non-negative score matching loss as follows.

Definition 1. Let P, be the family of distributions of interest, and assume every P € Py has
a twice continuously differentiable density supported on RT*. Suppose the m-variate random
vector X has true distribution Py € Py, and let py be its twice continuously differentiable
density. Let hy,..., hy : Ry — Ry be a.s. positive functions that are absolutely continuous
in every bounded sub-interval of Ry, and set h(z) = (hi(x1),..., hy(zm))". For P € Py

with density p, the generalized h-score matching loss is

Jh(P):/R

1
() [V log p() © h(z)' = Viogpo() © h(@) (3 e, (2.4)

m
+
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where hY2(z) = (B (21), ..., bl (zm)) T
Proposition 1. The distribution Py is the unique minimizer of Jp(P) for P € Py.

Proof. First, observe that J,(P) > 0 and J,(P) = 0. For uniqueness, suppose Jp(P;) = 0 for
some P, € P,. Let py and p; be the respective densities. By assumption py(x) > 0 a.s. and

hy/?

J(x) > 0as. forall j =1,...,m. Therefore, we must have Vlogpi(x) = Vlogpo(x) a.s.,

or equivalently, p;(x) = const x py(x) almost surely in R?. Since p; and py are continuous

densities supported on R, it follows that p,(x) = po(x) for all x € R O

Choosing all h;(z) = 2% recovers the loss from . In our generalization, we will focus
on using functions h; that are increasing but are bounded or grow rather slowly. This will
alleviate the need to estimate higher moments, leading to better practical performance and
improved theoretical guarantees.

We will consider the following assumptions:

(A1) po(x)h;(x;)0;log p(x)

(A2) Ep[|[VIogp(X) © h/2(X)|3 < +o00, Epl(Vlogp(X) © h(X))' 1 < +oo, Vp € Py,

z;{gfo —0, Ve, eR" VpeP,

T +OO . . 144 7
m;<0+ = limg; 200 f() — limg,\p f(x), “Vp € Py

is a shorthand for “for all p being the density of some P € P,”, and the prime symbol

where 0;logp(x) = m%g—;(y)‘ , f(z)
J y=x

denotes component-wise differentiation. While the second half of (A2) was not made explicit
in Hyvérinen| (2005} 2007), (A1)-(A2) were both required for integration by parts and Fubini-
Tonelli to apply.

Once the forms of py and p are given, sufficient conditions for h for Assumptions (Al)-
(A2) to hold are easy to find. In particular, (A1) and (A2) are easily satisfied and verified
for exponential families.

Integration by parts yields the following theorem which shows that Jp from is an
expectation (under P) of a function that does not depend on py, similar to . The proof

is given in Appendix
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Theorem 2. Under (A1) and (A2), the loss from equals

Jn(P) = / 5y [ 0, (10g p(x)) + hy(z;)0; (log p(a))

J=1

1
+shy(e) (0, (logple)))? | de - (25)
plus a constant independent of p.

Given a data matrix x € R™™ with rows X we define the sample version of (2.5) as

ZZ {h' 0;(log p(X ™))

7,1]1

#,(X%) 0,008pX ) + 3 (0,008 X )| b 26

Subsequently, for a distribution P with density p, we let Jn(p) = Jp(P). Similarly, when
a distribution Py with density pg is associated to a parameter vector 6, we write J,(0) =
Jn(pe) = Jn(Py). We apply similar conventions to the sample version Jp,(P). We note that
this type of loss is also treated in slightly different settings in [Parry| (2016]) and |Almeida and
Gidas| (1993)).

Remark 1. In the one-dimensional case, using the notation in |Parry et al.| (2012), J,(P) and
jh(P) correspond to d( Py, P) and S(x, P), respectively, and can be generated by ¢(x, p, p1) =
—nh(x)p?/(2p) (c.f. Equations (39), (51), (53) and Section 10.1 therein). Thus Theorem
follows from this correspondence. While (A1) is equivalent to the condition implied by the
boundary divergence d, = 0 in that paper, (A2), which we assume for invoking Fubini-Tonelli
due to multi-dimensionality, is not present. On the other hand, while Parry| (2016|) treats
the multivariate case, it does not cover the connection between our J; and jh. Since ¢ is
concave but not strictly concave in (p, p;), the results in |Parry| (2016]) only imply that P, is

a minimizer, a weaker conclusion than Proposition [I}
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2.3 Exponential Families

In this section, we study the case where P, = {pg : 0 € O} is an exponential family
comprising continuous distributions with support R'?'. More specifically, we consider densities

that are indexed by the canonical parameter @ € R" and have the form
logpe(x) = 0" t(x) —(0) + b(z), =€ RT, (2.7)

where t(x) € R’, comprises the sufficient statistics, ¢/(8) is a normalizing constant depending
on @ only, and b(x) is the base measure, with ¢ and b a.s. differentiable with respect to each

component. Define t%(x) = (9;t1(x), ..., d;t.(x))" and bj(z) = 9;b(x).

Theorem 3. Under Assumptions (A1)-(A2) from Section [2.2.9, the empirical generalized
h-score matching loss can be rewritten as a quadratic function in @ € R":

. 1
Jn(pe) = EOTF(X)O —g(x)"0 + const, where (2.8)
I~ i i i
I'(x) = EZZhj(XJ(.))t;(XU)t;(XU)T and (2.9)
i=1 j=1
1 UL i i i 7 i i
g(x) =~ » [hj(x; NBL(X Y (X DY 4+ hy (X)X D)+ (X)X (2.10)
i=1 j=1

are sample averages of functions of the data matrix x only.
Define T'y = E,, T'(x), go = E,,g(x), and ¥y = E,,[(T(x)8y — 9(x))(T'(x)8y — g(x)) ]
Theorem 4. Suppose that

(C1) T is a.s. invertible, and

(C2) Ty, Tyt go and X exist and are entry-wise finite.

Then the minimizer of is a.s. unique with closed-form solution @ = T'(x)"g(x). More-
over,

A

0 —.s 0y and \/ﬁ(é —0y) —a N, (0,1"51201"61) as n — oo.
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Theorems [8land [4] are proved in Appendix[A.1.2] Theorem [3|clarifies the quadratic nature
of the loss, and Theorem [4] provides a basis for asymptotically valid tests and confidence
intervals for the parameter 6. Note that Condition (C1) holds if and only if h;(X;) > 0
a.s. and [t)(XW),... /(X ™)] € R™" has rank r a.s. for some j = 1,...,m.

The conclusion in Theorem |4 indicates that, similar to the estimator in [Hyvarinen (2007))
with hj(x) = 2%, the closed-form solution for our generalized 6 allows one to consistently
estimate the canonical parameter in an exponential family distribution without needing to
calculate the often complicated normalizing constant (@) or resort to numerical methods.
Computational details are explicated in Section [2.5.3]

Below we illustrate the estimator @ in the case of univariate truncated normal distribu-

tions. We assume (A1)-(A2) and (C1)-(C2) throughout.

Example 3.1. Univariate (m = r = 1) truncated normal distributions for mean parameter

i and variance parameter o have density

Puo2 () mexp{—%}, reR,. (2.11)
If 02 is known but p unknown, then writing the density in canonical form as in yields
T a?
po(x) o< exp {0t(z) + b(x)}, 0= 3 t(x) =z, blx)= YT
Given an i.i.d. sample X1,..., Xy, ~ p,, -2, the generalized h-score matching estimator of p

18

i WX X — oW (X)
S S EYIES
If im0+ h(z) = 0, imy oo B (@) (2 — f10)Ppy.02(2) = 0 and the expectations are finite (for
exzample, when h(z) = o(exp(Ma?)) for M < 1% ), then
Eolo?h?(X) + o*h'*(X)]
E§[h(X)] )

il — o) —a N (o,

We recall that the Cramér-Rao lower bound (i.e. the lower bound on the variance of any

unbiased estimator) for estimating u is

0.4

var(X — pg)
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Example 3.2. Consider the univariate truncated normal distributions from in the
setting where the mean parameter pi is known but the variance parameter o® > 0 is unknown.

In canonical form as in , we write
1
po(e) o< exp {01(a) +b(x)} . 0= . () = —(x— /2 bx) =0,

Given an i.1.d. sample Xy,..., X, ~ P2, the generalized h-score matching estimator of o
18

Z?:I h(X3)(X; — H)2
> oicn h(X5) 4+ 1(X) (X — p)

If, in addition to the assumptions in Example }m h(x)(x — p1)°pyoz() = 0, then
z /oo ’

Oh

(6 - ) s (0, B COCE 7] 4 A0~ ),

E3[h(X)(X — p)?]
Moreover, the Cramér-Rao lower bound for estimating o2 is
408
var(X — p)?
Remark 2. In Example[3.2] if g = 0, then h(z) = 1 also satisfies (A1)-(A2) and (C1)-(C2)

and one recovers the sample variance % >, X2, which obtains the Cramér-Rao lower bound.

In these examples, there is a benefit in using a bounded function A, which can be explained
as follows. When p > o, there is effectively no truncation to the Gaussian distribution, and
our method adapts to using low moments in , since a bounded and increasing h(x)
becomes almost constant as it reaches its asymptote for z large. Hence, we effectively revert
to the original score matching (recall Section . In the other cases, the truncation effect
is significant and our estimator uses higher moments accordingly.

Figure plots the asymptotic variance of fi;, from Example with ¢ = 1 known.
Efficiency as measured by the Cramér-Rao lower bound divided by the asymptotic variance
is also shown. We see that two truncated versions of log(1 + ) have asymptotic variance
close to the Cramér-Rao bound. This asymptotic variance is also reflective of the variance

for smaller finite samples.
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Figure 2.1: Log of asymptotic variance and efficiency with respect to the Cramér-Rao bound

for 15, (% = 1 known).
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Figure 2.2: Log of asymptotic variance and efficiency with respect to the Cramér-Rao bound

for 62 (u = 0.5 known).
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Figure is the analog of Figure for 67 from Example with g = 0.5 known. While
the specifics are a bit different the benefits of using bounded or slowly growing h are again
clear. We note that when o is small, the effect of truncation to the positive part of the real
line is small.

In both plots we order/color the curves based on their overall efficiency, so they have

different colors in one from the other, although the same functions are presented. For all

functions presented here (A1)—(A2) and (C1)—(C2) are satisfied.

2.4 Regularized Generalized Score Matching

In high-dimensional settings, when the number r of parameters to estimate may be larger
than the sample size n, it is hard, if not impossible, to estimate the parameters consistently
without turning to some form of regularization. More specifically, for exponential families,
condition (C1) in Section fails when » > n. A popular approach is then the use of ¢,
regularization to exploit possible sparsity.

Let the data matrix x € R™*™ comprise n i.i.d. samples from distribution F,. Assume
Py has density py belonging to an exponential family P, = {pg : 0 € O}, where ® C R".
Adding an /¢, penalty to 7 we obtain the regularized generalized score matching loss

1
§9TF(X)0 —g(x)"0+ )61 (2.12)

as in |Lin et al.| (2016]). The loss in (2.12]) involves a quadratic smooth part as in the familiar
lasso loss for linear regression. However, although the matrix I' is positive semidefinite, the
regularized loss in is not guaranteed to be bounded unless the tuning parameter A is
sufficiently large—a problem that does not occur in lasso. We note that here, and throughout,
we suppress the dependence on the data x for I'(x), g(x) and derived quantities.

For a more detailed explanation, note that by , I' = H'H for some H € R"™*",
In the high-dimensional case, the rank of I, or equivalently that of H, is at most nm < r.

Hence, T is not invertible and g does not necessarily lie in the column span of I'. Let Ker(T")
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be the kernel of T'. Then there may exist v € Ker(T') with g"v # 0. In this case, if

0<A< sup g vl/|lv,
veKer(T)

there exists v € Ker(I') with " Tv = 0 and —g'v+ A||v||; < 0. Evaluating at 8(a) = a-v
for scalar a > 0, the loss becomes a (—g"v + A||v||1), which is negative and linear in a, and
thus unbounded below. In this case no minimizer of exists for small values of A. This
issue also exists for the estimators from |Zhang and Zou (2014) and |Liu and Luo (2015),
which correspond to score matching for GGMs. We note that in the context of estimating
the interaction matrix in pairwise models, 7 = m?; thus, the condition nm < r reduces to
n <m,or n <m+ 1 when both K and 7 in below are estimated.

To circumvent the unboundedness problem, we add small values v, > 0 to the diagonal
entries of I', which become I'py+,, ¢ = 1,...,r. This is in the spirit of work such as Ledoit
and Wolf| (2004) and corresponds to an elastic net-type penalty (Zou and Hastie, [2005) with
weighted 5 penalty >, , 7,07. After this modification, I' is positive definite, our regularized
loss is strongly convex in 6, and a unique minimizer exists for all A > 0. For the special case
of truncated GGMs, we will show that a result on consistent estimation holds if we choose
e = 0oI'¢ for a suitably small constant dy > 0, for which we propose a particular choice to

avoid tuning. This choice of 7, depends on the data through I'y,.

Definition 2. For v € R \{0}, let 'y = T" + diag(~y). The regularized generalized h-score

matching estimator with tuning parameter A\ > 0 and amplifier v is the estimator

. A 1
0 € argmin Jy ) (0) = argmin =0T (x)0 — g(x) "0 + A||0. (2.13)
) oco 2

In the case where v = (0 — 1)diag(T") for some § > 1, we also call § the multiplier. We

note that @ from (2.13) is a piecewise linear function of A (Lin et al., 2016)).
2.5 Score Matching for Graphical Models for Non-negative Data

In this section we apply our generalized score matching estimator to a general class of graph-

ical models for non-negative data.
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2.5.1 A General Framework of Pairwise Interaction Models

We consider the class of pairwise interaction power models with density introduced in ({1.1)).

We recall the form of the density:
1 aT a wa -1,
Pnx(x) o exp 55" Kz +n 3 Igp (), (2.14)

where a and b are known constants, and the interaction matrix K and the vector n are
parameters. When b = 0, we use the convention that % = log x and apply the logarithm
element-wise. Our focus will be on the interaction matrix K that determines the conditional
independence graph through its support S(K) = {(4,7) : ki;; # 0}. However, unless n is
known or assumed to be zero, we also need to estimate m as a nuisance parameter. In the
case where we assume 717 = 0 is known (i.e. the linear part (x” — 1,,)/b is not present), we
call the distribution (and the corresponding estimator) a centered distribution (estimator),
in contrast to the general case termed non-centered when we assume 1 # 0 or unknown.

We first give a set of sufficient conditions for the density to be valid, i.e., the right-hand
side of ([2.14]) to be integrable. The proof is given in Appendix [A.1.3]

Theorem 5. Define conditions

(CC1) K is strictly co-positive, i.e., v Kv > 0 for all v € R7\{0};
(CC2) 2a >b>0;

(CC3) a>0,b=0, andn; >—1forj=1,....m (n>—1,).

In the non-centered case, if (CC1) and one of (CC2) and (CC3) holds, then the function on
the right-hand side of is integrable over R'?'. In the centered case, (CC1) and a > 0

are sufficient.

We emphasize that (CC1) is a weaker condition than positive definiteness. Criteria for

strict co-positivity are discussed in [Véliaho| (1986).
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2.5.2  Implementation for Different Models

In this section we give some implementation details for the regularized generalized h-score
matching estimator defined in (2.13) applied to the pairwise interaction models from ([2.14)).
We let ¥ = (K7, n)T € Rm+)xm  The unregularized loss is then

Jn(P) = %vec(\I!)TI‘(:B)vec(\Il) — g(x) " vec(W).

The general form of the matrix I' and the vector g in the loss were given in equations

(2.8)(2.10). Here I' € RmHmx(m+l)m ig hlock-diagonal, with the j-th ROmF1Dxm+1) pblock

'y, oy
rix=| 7 (2.15)
/ T
I112,3‘ F22,j
; 2a—2 Na Na 7 7 a+b—2 Na
B 1 n h/] (XJ@) XJ(Z) X(z) X(z) T —h] Xj( )> X() + ()
n i—1 _h] <XJ(74)) XJ(Z) + X() T hj (X]( )) ()

1
= ﬁyTy, y = [— ( hi(X;)® X‘H> Ox* Vhi(X;) o Xj‘.’*l} e R™™H1 (2.16)

where the ® product between a vector and a matrix means an elementwise multiplication of

the vector with each column of the matrix, and h;(X;) = [hj(xm), o hj()d"))q € R™.

J J

vec
Furthermore, g = (1) € Rm+)m where g, and g, correspond to each entry of K and

g2
n, respectively. The j-th column of g; € R™*™, written as g; ;(x), is

BN @) @ ! @) v®972Y y (1)@ @)\ y()2e2
-y (h;. (X)X (= ny (X)X ) X0 4 any (X)) X0 e,
=1

where e;,, is the m-vector with 1 at the j-th position and 0 elsewhere, and the j-th entry

of go € R™ is
1 - i i b—1 i i b—2
925 = > =l (X)X — (o= my (X7) X0
=1

These formulae also hold for b = 0 since I' and g only depend on the gradient of the

log density, and w = 2*~1 also holds for b = 0. In the centered case where we know
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no = 0, we only estimate K € R™*™ and T' € R™ *™" is still block-diagonal, with the j-th
block being the T'y;; submatrix in (2.15), while g is just vec(g;). Since b only appears in
the n part of the density, the formulae only depend on a in the centered case.

We emphasize that it is indeed necessary to introduce amplifiers v > 0 or a multiplier
0 > 1 in addition to the ¢; penalty. It is clear from that rank(I';) < min{n,m + 1}
(or min{n, m} if centered). Thus, I' is non-invertible when n < m (or n < m if centered)
and g need not lie in its column span.

We claim that including amplifiers/multipliers for the submatrices I'y; ; only is sufficient
for unique existence of a solution for all penalty parameters A > 0. To see this, consider

any nonzero vector v € R™!. Partition it as v = (v, 12) with v; € R™. Let T';,, be our

amplified version of the matrix I'; from (2.19)), so

I‘ll,j + diag(/YD s 77771) ]-_‘127]‘

f
Ty, DY,

As T'; itself is positive semidefinite, we find that if at least one of the first m entries of v is

nonzero then

v'Tjv > v'Ty V+Z”k'7k > Z’/k'Yk > 0.
k=1

If only the last entry of v is nonzero then
VIl = vyl > 0

almost surely; recall that Tpyj = + >0 <X 2 ) X; 26=2 We conclude that T';., (and thus
the entire amplified T") is a.s. positive definite, which ensures unique existence of the loss
minimizer.

Given the formulae for I' and g, one adds the ¢; penalty on ¥ to get the regularized
loss . Our methodology readily accommodates two different choices of the penalty
parameter A for K and n. This is also theoretically supported for truncated GGMs, since if
the ratio of the respective values A and A\, is fixed, the proof of the theorems in Section

can be easily modified by replacing i by (A,,/Ak)n. To avoid picking two tuning parameters,
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one may also choose to remove the penalty on n altogether by profiling out 1 and solve for

n=_5 <92 - I‘Evec(f()), with K the minimizer of the profiled loss

A 1
Jh,)\,’y,proﬁlc(K) = §VGC(K)TI‘—Y’11‘2V€C(K) — (91 — F12F52192)TV€C(K) + )\HKHl, (217)

where the Schur complement I'y 112 = 'y 11 —I‘12F2_21I‘1T2 is a.s. positive definite such that the
profiled estimator exists a.s. for all A > 0. This profiled approach corresponds to choosing
An/Ak = 0. A detailed theoretical analysis of the profiled estimator is beyond the scope
of this chapter, however. We note that in the other extreme, with \,/Ax = +o0, the

non-centered estimator reduces to the estimator from the centered case.

Example 5.3. The truncated normal model comprises the density

1
Puk(x) o exp {—5(:1: — ) 'K(z — /J,)} 10,00y (). (2.18)
This corresponds to witha =b=1, and n = Kp. The j-th (m+ 1) x (m + 1) block
of T'(x) is
Tdiag(h;(X; —x"h;(X;
1 (x d g(h;(X;))x —x"h;(X;) (2.19)
Lh(X)Tx hy(XG)TL,

Partitioning the vector g(x) into m subvectors g;(x) € R™ where the entries of g;(x)

correspond to column W;, the k-th entry of g;(x) is

,
Ly (x) X k< m, k],
gik(x) = %Z?:l h;- (qu¢)> X}gi) +hy (X](i)) if k=, (2.20)
1 n (2) : _
(5 vy (X) if k=m+1.

Example 5.4. The exponential square-root graphical model in |Inouye et al.| (2016) has

.
P x(T) o exp (—\/5 Kvx + QUT\/E> L19,00)m (),

which corresponds to with a = b= 1/2. We refer to this as the exponential model. In
this case, the j-th RO+ plock of T is

1 J J X —T
r =ty ) (—vET" 1)
n i=1 Xj 1
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m+1)xm

and g = vec(gy), where the j-th column of gy € R 18

() () (o ()
gj\X) = — =75 —
= 2x ¥ -1 2x

€jm+1-
Example 5.5. Ifa=1/2 and b =0, then becomes

prx(@) o exp (—vE KVE +n" log() ) 10, (). (221)

If K is diagonal in this case, then X ~ ppx has independent entries with X; following the
gamma distribution with rate kj; and shape n; + 1, which gives an intuition for condition
(CC3)n; > —1 in Theorem[5. We can thus view as a multivariate gamma distribution
with patrwise interactions among the covariates, and call this the gamma model. For this

model, the j-th block of T is

n_hj ( .”) _x D xa) T
1 J 7 X X i ]
=120 (VTR ()

i=1 1

>

—
~
=
[\

and the part of g corresponding to K; is

1
g15(x) = = 3/2
N 2X(-Z) /

while the part for n; is

. (x! (X!
925(X) = - PR

We note that the I'y;; sub-matrix of I'; and the g, ; sub-vector of g; for the gamma
model are the same as those for the exponential model, since a = 1/2 in both cases and the

parts involving K in the densities are the same.

2.5.8  Computational Details

In the most general exponential family setting, as in Eq. (2.8)—(2.10) in Theorem [3] the time
complexity for forming T' € R™" and g € R" is O (nm(fy(m) + r* + r(fu(m) + fir(m)))).
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Here fi(m) is the average time complexity for calculating d;b(x) over j = 1,...,m, and
similarly fy(m) for 0;t,(x) and fy(m) for 0;;t,(x) over j =1,...,mand £ =1...,7. In
many applications, however, these three functions would be constant in m, thus giving an
O(nmr?) computational complexity, with the dominating term coming from the operations

for t}tg in T since T is of dimension r X 7.

For pairwise interaction power models, r = m? and the formula above becomes O(nm?).
However, since I is block-diagonal with only m? nonzero entries and by the special form of
t(x) = 222", the true complexity is in fact O(nm?).

While the introduction of the ¢; penalty inevitably precludes the estimator from having a
closed-form solution and introduces non-differentiability, state-of-art numerical optimization
algorithms, such as coordinate-descent (Friedman et al. 2007)), can be applied for fast esti-
mation. To speed up estimation, one can usually use warm starts using the solution from the
previous \’s, as well as lasso-type strong screening rules (Tibshirani et al.; 2012) to eliminate

components of @ that are known a priori to have zero estimates.

In our implementation for pairwise interaction models of Section m (available in the
genscore R package), we optimize our loss functions with respect to a symmetric matrix K;
in the non-centered case the vector 1 is also included. We use a coordinate-descent method
analogous to Algorithm 2 in |Lin et al.| (2016), where in each step we update each element of
K and 7 based on the other entries from the previous steps, while maintaining symmetry.
In our simulations in Section we always scale the data matrix by column ¢ norms before
proceeding to estimation. Note that estimation of K without symmetry can be parallelized

as the loss can be decomposed into a sum over the columns.

2.5.4  Choice of the Function h

In this subsection we discuss the requirements on the function h as well as some reasonable

choices of h.
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Requirements on h

In Section we presented two assumptions (A1) and (A2) under which the generalized
score-matching loss is valid, i.e., the integration by parts is justified and Theorem [2| holds.
In this section, we present some sufficient (and nearly necessary) requirements on h such

that (A1) and (A2) are satisfied.

Definition 3. Suppose h : RT — R™ with h(z) = (hi(21), ..., hn(zm))". We write that

h € Hayp (for simplicity we omit the dependency on m) if for all j =1,...,m:

i) hj is absolutely continuous in every bounded sub-interval of Ry, and thus has derivative

b a.s.;
i) hj(x) >0 as. on Ry;
i1) h; and R’ are both bounded by some piecewise powers of x a.s. on Ry ;

max{l —a,1 —b} ifb>0,

w) lim hj(z)/z§ =0, where ¢ =
2\ 0+ .

L =10, ifb=0.

Theorem 6. Assume every P in the family of distribution P, satisfies (CC1)-(CC3) and
thus has finite normalizing constants. If b € Hayp, then (A1) and (A2) are satisfied.

In centered models, where n = 0, we can assume b = 2a and iv) in the definition of
Ha2q has ¢ = 1 — a. For truncated GGMs, a = b = 1, so in Definition |3| is simply
lim, N o+ hj(x;) = 0.

In the case of b = 0, 1 is an unknown parameter, and (CC3) requires each of its component
to be greater than —1. If one has prior information on m or restricts the parameter space
for n, the requirement reduces to h;(x;) = o(x;_m’j) as x; \, 07. Otherwise, it suffices to

require h;(x;) = o(x5). Note that this is only a condition for z; N\, 07, and the globally

quadratic behavior of h;(x;) = mjz from the original score matching is not needed on the

entire R, leaving opportunities for improvements.
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Reasonable Choices of h

Assume a common univariate h for all components in h. Inspired by Theorem [6], we consider
h that behaves like a power of x both as 7 +o00 and as x \, 0". Since the requirements
on the two tails are separate, we can choose h to be a piecewise defined function that joins
two powers with possibly different degrees. In other words, h(z) = min(z?*, cz??) for some
powers p; > po > 0 and constant ¢ > 0. Only one constant ¢ is required since generalized
score matching is invariant to scaling of h. In determining the exact power of p; we have the

following considerations:
a) In the centered case:

(i) (A1) and (A2): Theorem [f] requires that p; > 1 — a.

(ii)) “Controlled I'" and g for x*’: We propose avoiding poles at the origin for the
entries of I' and g. The formula for I'y; in shows that to this end mgc“_l
needs to have a non-negative degree. This requires p; > 2 — 2a. The formula for
g1 similarly shows that A/(z)z® !, h(z)x*? and h(z)z**? all need to have a

non-negative degree for small z. This requires p; > 2 — a.

b) In the non-centered case, in addition to (i) and (ii),

(iii) (A1) and (A2): Theorem|[f]requires p; > max{l—a,1—b} for b > 0, or 1—min; ng;
for b = 0.

(iv) “Controlled T' and g for *”: From the definition of I'y; and g, and by the same
reasoning as above, \/h(x)z?1, W' (z)2*~! and h(x)z"2 need to be non-negative

powers of x, thus requiring p; > max{2 —b,2 — 2b} =2 —b.

The choice of py, is only relevant for large data points. Our main consideration is then
merely how well I" and g concentrate on their true population values (Theorem . From

this perspective, our intuition is that ps should be chosen small so that the tails of the
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distributions of the entries of I' and g are well-behaved. Thus, we can choose p; = 0, in

which case h(x) = min(z?', ¢) is a truncated power.

2.5.5 Tuning Parameter Selection

By treating the unpenalized loss (i.e., A = 0, v = 0) as a negative log-likelihood, we may use
the extended Bayesian Information Criterion (eBIC) to choose the tuning parameter (Chen
and Chen|, |2008; Foygel and Drton, 2010). Consider the centered case as an example. Let
SA={(i,§) : ks # 0,1 < j}, where K* be the estimate associated with tuning parameter \.
The eBIC is then

p(p—1)/2

eBIC(\) = — nvec(K) "T'(x)vec(K) + 2ng(x) "vec(K) + |S*| log n + 2 log o
|57

where K can be either the original estimate associated with A, or a refitted solution obtained
by restricting the support to SA.

We use the eBIC instead of the ordinary BIC (Bayesian Information Criterion) since the
BIC tends to choose an overly complex model when the model space is large, as encountered
in the high-dimensional setting. The extension in eBIC comes from the last term in the above
display which can be motivated by a prior distribution under which the number of edges in
the conditional independence graph is uniformly distributed; see also [Zak-Szatkowska and

Bogdan| (2011)) and Barber and Drton| (2015).
2.6 Theory for Graphical Models

In our regularized generalized score matching framework, we introduced the amplifiers and
the multipliers to address the inexistence problem. We also proposed using a general func-
tion h in place of % as a means to improve estimation accuracy. This section provides a
theoretical analysis of these two aspects.

In Section [2.6.1) we present the theory for our regularized generalized score matching

estimators for general pairwise interaction models before going into the details for the special
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cases of (truncated) GGMs. Next, we show that a specific choice of amplifiers/multipliers
yields consistent estimation without the need for tuning. This point is important even in
the case of Gaussian models on all of R™. Therefore, in Section we digress from non-
negative data and consider the original score matching of [Hyvarinen (2005) for centered
Gaussian distributions. Finally, in Section , we derive probabilistic results for U based
on Theorem , justifying the benefits of using a general bounded h over x? in the non-negative
setting. As the most important models from the class of pairwise interaction power models
over R, we only treat truncated GGMs since they have the most tractable concentration
bounds; this case also provides a comparison to Corollary 2 in Lin et al.| (2016), which uses

x?.

2.6.1 Theory for Pairwise Interaction Models

The graphical models we treat are parametrized by the interaction matrix K and the coeffi-
cients g on (x® — 1,,)/b. It is convenient to accommodate this setting with a matrix-valued

parameter ¥ € R™*"2 (in place of @) and specify our regularized h-score matching loss as

Jhr~(®) = argmin 1vec(\l[l)TI‘.y(X)Vec(\Il) — g(x) 'vec(®) + |||, (2.22)

TERM X2

In the non-centered case we thus take ¥ = [K,n]" € R™™+)*m n the centered case,
W is simply the m x m interaction matrix K. Following related prior work such as |Lin et al.
(2016)), for ease of proof we allow the matrix K to be nonsymmetric, which allows us to
decouple optimization over the different columns of K or ¥, while in our implementations

we ensure that K is symmetric.

Definition 4. Let T'y = EqI'(x) and gy = Eog(x) be the population versions of I'(x) and
g(x) under the distribution given by a true parameter matriz Wy. The support of a matriz
W s S(V) = {(i,7) : ¢¥i; # 0}, and we let So = S(¥y). For a matriz ¥y, we define dg, to
be the mazimum number of non-zero entries in any column, and cg, = ||Wolll,, - Writing

Lo.ap for the A x B submatriz of Iy, we define

Cry = |H(F075050)_1H‘oo,oo' (2‘23)
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Finally, Ty satisfies the irrepresentability condition with incoherence parameter o € (0, 1]
and edge set Sy if
<(1-a). (2.24)

i
00,00 —

1T 0,650 (To,5050)

Our analysis of the regularized generalized h-score matching estimator builds on the

following theorem taken from |Lin et al.| (2016, Theorem 1).

Theorem 7. Suppose I'y has Ty g,5, invertible and satisfies the irrepresentability condition

with incoherence parameter o € (0,1]. Assume that

IT5(x) = Tolloo < €1, 19(x) = gollo < €2, (2.25)

with d\poel S &/(6CI‘O). [f
3(2— )
«

> max{cg, €1, €2},

then the following holds:

(a) The regularized generalized h-score matching estimator Y minimaizing 1S unique,

with support S = S(lil) C Sy, and satisfies

~ cr
U — Yyl < .
e

(b) If

Ccry, )\
)

i W | >
1§§211cngm| 0.3k 2 -«

then S = Sy and sign(W;,) = sign(Po %) for all (j,k) € So.

This result is deterministic, and the improvement of our generalized estimator over the
one in Lin et al| (2016) is in its probabilistic guarantees, as shown for truncated GGMs in
Theorems [10] and |11} in Section [2.6.3] Before going into these examples, we state a general

corollary.

Corollary 8. Under the assumptions of Theorem@ the matriz MINIMIZINg satisfies
;joam/\sd < ;foam/d%m,

~ C X
I~ ®oll; < 5= Amin(v/|S0], dw,)-

1o — o[

IA
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2.6.2 Reuvisiting Gaussian Score Matching

In this section we consider estimating the inverse covariance matrix K of a centered Gaussian
distribution N(0, K), which has density proportional to ((1.2]) on all of R™. As shown, e.g.,

in Example 1 of Lin et al.| (2016), the ¢;-regularized score matching loss then takes the form
1
§tr(KKXXT) — tr(K) + M| K|, (2.26)

which can be written as (2.12)) with 8 = vec(K), T' = diag(xx",...,xx") and g = vec(L,,).
Thus, in general, the kernel of I' need not be orthogonal to g, and for A small the loss can be
unbounded from below as discussed above. Hence, an amplifier/multiplier on the diagonals

of I is needed. We have the following theorem on the estimator using the amplification.

Theorem 9. Suppose the data matriz x holds n i.i.d. copies of X ~ N(0,Ky). Adopt the
amplifying in Section and redefine the loss in as

1
S(KKG) — tr(K) + MK, Gip = (o) (L + (6 = Dlggony) - (2.27)
-1 R
where 1 < § < 2 — <1 +80\/logm/n> . Let K be the resulting estimator. Let c* =

12800 (max; Eoyjj)Q and ¢; = 4ep, /o If for some T > 2, the reqularization parameter and

the sample size satisfy

A > 2k, (2 — a)y/c*(Tlogm +log4) /n/a,

n > max(c*cjdy, , 2)(Tlogm + log4),

then || K — Kolloo < XX with probability 1 — m2™.

2—«

In Corollary 1 of Lin et al.| (2016) the same results were shown with ¢* = 3200 (max; X ;;)°

when a unique minimizer exists, but the existence was not guaranteed.

2.6.3 Generalized Score Matching for Truncated GGMs

Next, we provide theory for the regularized generalized h-score matching estimator U in the

special case of truncated GGMs. Again, assume a common h for all components in h.



32

Theorem 10. Suppose the data matriz x holds n i.i.d. copies of X ~ TN(0,Ky), where
the mean parameter is known to be zero. Assume that h € Hi; and that 0 < h < M,
0<h <M as. for constants M, M’, and choose v = (6 — 1)diag(T") with

-1
l1<d<C(n,m)=2—- <1 + 4e max{6logm/n, \/610gm/n}> :

Suppose that the I'y 5,5, block of Ty is invertible and T'y satisfies the irrepresentability con-
dition (2.24) with o € (0,1] and true edge set Sy. Define cx = 2max; (2 (Koh)j; +

\/éEoXj). If for T > 3 the sample size and the regqularization parameter satisfy

M2 2 4 d2 M 2 d
n>Q0 (7’ logmmax{ To XKy 00X IRy }) : (2.28)

b
o? «Q

1 1
(Meg,cx + M'cex + M) (\/T (;gm + 7 C;f;m>] : (2.29)

T

then the following statements hold with probability 1 — m3~":

A>0

(a) The regularized generalized h-score matching estimator K that minimizes 18

unique, has its support included in the true support, S = S(K) C Sy, and satisfies

K - Kolloe < 5720,
2—«
A~ CF
IK = Koll p < 5=-AV/[S0l,
N C .
1K~ Ko, < 5= Amin(y/[So]. dc, ).

where cp, is defined in (2.29).

(b) Moreover, if
Ccry, A

min |k jr| >
j,k:(j,k)eso| i#] 2 —

then S = Sy and sign(f;) = sign(ko ) for all (j,k) € Sp.

The theorem is proved in Appendix [A.1.4] where details on the dependencies on con-

stants are provided. A key ingredient of the proof is a tail bound on |I'y — I'¢|/~, which
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features products of the X]@’s. In Lin et al.| (2016), the products are up to fourth order.
Using bounded h, our products automatically calibrates to a quadratic polynomial when
the observed values are large, and resort to higher moments only when they are small. This
leads to improved bounds and convergence rates, underscored in the new requirement on the
sample size n, which should be compared to n > O(dg, (logm™)?) in Lin et al| (2016).

For the non-centered case, by definition, cw, = [ |00 < ko + [1M0lloc, dwy < di, +

1. The proof given for Theorem goes through again here, and we have the following

consistency results.

Theorem 11. Suppose the data matriz holds n i.i.d. copies of X ~ TN(po,Ko). Assume
that h € Hy 1 and that 0 < h < M, 0 < h' < M’ a.s. for constants M, M'. Let « be a vector
of amplifiers that are non-zero only for the diagonal entries of the matrices I'yy ;, amplifying

those by (§ — 1)diag(T'11 ;) with

-1
l<di<C(nm)=2— <1 + 4e max{6logm/n, \/610gm/n}> :

Suppose further that Ty 5,5, s tnvertible and satisfies the irrepresentability condition
with a € (0,1]. Define cx = 2max; (2 (Kal)jj+\/EE0Xj>. Suppose for T > 3 the

sample size and the reqularization parameter satisfy

MQCQ C4 d2 M 2 d
n>Q0 (7’ logmmax{ Lo %o X %o ‘Lo, To"x 00 }) : (2.30)

o2 «Q

1 1
A> 0 [(Mc%c?x + M'ex + M) (,/T Ongm 4+ C;lgm)] , (2.31)

where cr, w, 1S cr, as in but with notation Wy to differentiate it from the centered

case. Then the following statements hold with probability 1 — m>~7:

(a) The regularized generalized h-score matching estimator U that minimizes 18
unique, has its support included in the true support, S = S(\il) C Sy, and satisfies

IK - Kol < S50, 7 =m0l < S0,
-« 2 -«
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2 Cry,w . Cry,w
1K~ Kol < 522 0/1S0], 72 = moll » < 522 AV/]S0l

~ C . ~ & .
1K = Koll, < 522 Amin (VIS0l.da, )+ 19 = moll, < S22 Amin (v/[S0], d, )

(b) Moreover, if

CI‘O

. cr .
min  |ko x| > =——A and min  |no | >
J:k:(5,k)E€So 2—« J:(m+1,5)€So 2 —

A,
«

then S = Sy and sign(i;i) = sign(ko i) for all (j, k) € Sy and sign(f;) = sign(no;) for

Remark 3. The quantity cx in Theorem [11] depends on EyX;, which in turn depends on

the structure of both py and Ky. If pg ; is large compared to (Ko)j_jl, then cx seems to scale
with pg, which negatively impacts the guarantees stated in Theorem However, as in the
one-dimensional case for estimation of 19 (Example , our estimator should automatically
adapt to the large mean parameter. This suggests that it might be possible to improve our

analysis involving cx.
2.7 Numerical Experiments

In this section, we compare the performance of our estimator with different choices of h to the
existing approaches for pairwise interaction power models. In our simulation experiments,
we consider m = 100 variables and n = 80 and n = 1000 samples, corresponding to high-
and low-dimensional settings. We also tried intermediate sample sizes between these two
extremes, but found no interesting result worth reporting. For n = 80, amplification is
necessary. Except in Section , the amplifier is set based on Theoremto d=C(n,m) =
1.8647 for truncated GGMs. The same amplifier is also used for settings with other a and
b. For n = 1000, we consider 6 = 1, i.e., no amplification, and § = C(n, m) = 1.6438 (again,
based on Theorem . Throughout, we assume a common univariate h for all components

in h.
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2.7.1 Structure of K

The underlying interaction matrices are selected as follows: Proceeding as in Section 4.2 of
Lin et al. (2016)), the graph is chosen to have 10 disconnected subgraphs, each containing
m/10 nodes. Thus, Kj is block-diagonal. In each block, each lower-triangular element is set
to 0 with probability 1 — 7 for some 7 € (0, 1), and is otherwise drawn from Uniform[0.5, 1].
The upper triangular elements are determined by symmetry. The diagonal elements of K
are chosen as a common positive value such that the minimum eigenvalue of Kj is 0.1.

We generate 5 different true precision matrices Ky, and run 10 trials with each of these
precision matrices. For n = 1000, we choose m = 0.8, which is in accordance with [Lin et al.
(2016). For n = 80, we set 7 = 0.2. This way n/(dk, logm) is roughly constant; recall
Theorems [10] and [l for truncated GGMs.

In Appendix [A.3] we report results on Erdds-Rényi graphs, which lead to similar conclu-

sions.

2.7.2 Truncated GGMs

Given our focus on truncated GGMs and their relevance in graphical modeling applications,

we start with experiments for these models.

Choice of h

Our estimator requires choosing a function h : R* — R’'. For simplicity, we will always
specify h(x) = (h(z1),...,h(z,,)) for a single non-decreasing univariate function h : R, —
R, i.e. all coordinates share the same h function.

As previously explained, h € H,; is a sufficient condition for assumptions (A1)-(A2), as
well as (C1)-(C2) in the case of unregularized estimators. Only in the proofs of our theoretical
guarantees in Section for truncated GGMs, did we require h to be bounded and to have
bounded derivatives. As motivated by the discussion in Section [2.5.4] we consider truncated

and untruncated powers, min(z, c¢) and z (since 2 —a = 2 — b = 1); we evaluate this choice



36

1.

by contrasting them with powers 2% and z2. We also explore functions like log(1 + x) that

seem natural and are linear near 0. In particular, we make a further comparison to functions
linear near 0 with a finite asymptote as x * +o00 but differentiable everywhere: MCP- (Fan
and Li, 2001) and SCAD-like (Zhang}, 2010) functions defined below. The results we report

are based on selections of best performing choices of h.

AT if 0 <z <A, ,
)\93—92”7/ if 0 <ax <A

SCAD(z;\,y) = 22—z ¢\ 4 <« 4\, MCP(z;),7) =
YA if £ >\

X(+1) if >\,

We do not observe any clear relationship between features such as convexity, differentia-
bility or the slope of h at 0, and performance of the estimator. Nonetheless, for many choices
of rather simple functions h, our estimator provides a significant improvement over existing
methods. In particular, most h functions that behave linearly for small z, namely log(1 + x)
and z and their truncations, and additionally MCP and SCAD, always perform better than
2% and x2. This agrees with our discussion in Section where 2 —a = 1 is a reasonable
choice of the power for small x; also see Section However, we conclude that there is

no real gain from making the function smoother by using MCP or SCAD.

Truncated Centered GGMs:  For data from a truncated centered Gaussian distribution,
we compare our generalized score matching estimator with various choices of h, to SpaCE
JAM (SJ, Voorman et al., [2014]), which estimates graphs using additive models for condi-
tional means, a pseudo-likelihood method SPACE (Peng et al. [2009)) in the reformulation of
Khare et al.| (2015), graphical lasso (GLASSO, [Yuan and Lin, 2007} Friedman et al. 2008),
the neighborhood selection estimator (NS) of Meinshausen and Biithlmann| (2006), and non-
paranormal SKEPTIC (Liu et al.,2012)) with Kendall’s 7. Recall that the choice of h(z) = 2

corresponds to the estimator from Lin et al. (2016)).



Centered, n = 80, multiplier 1.8647

min(log(1 + z), ¢) min(z, c)
¢ | Mean sd ¢ | Mean sd
oo | 0.694 0.033 oo | 0.702 0.031
2 1 0.694 0.033 3 10.702 0.031
1 | 0.692 0.033 2 1 0.698 0.033
0.5 | 0.664 0.038 1 | 0.686 0.030
MCP(1,¢) SCAD(1,¢)

¢ | Mean sd ¢ | Mean sd
10 | 0.701 0.032 10 | 0.702 0.031
5 | 0.700 0.032 5 | 0.701 0.032
1 |0.672 0.036 2 | 0.696 0.033

215: (0.683, 0.030)

x2: (0.630, 0.029)

GLASSO (0.600,0.032)

SPACE: (0.587, 0.031)

NS: (0.587,0.031)

SJ: (0.540,0.036)

Centered, n = 1000, multiplier 1

Centered, n = 1000, multiplier 1.6438

min(log(1 + ), ¢) min(z, ¢) min(log(1 + ), ¢) min(z, ¢)
¢ | Mean sd ¢ | Mean | sd ¢ | Mean sd ¢ | Mean | sd
2 |0.826 0.015 2 | 0.820 | 0.014 || oo | 0.857 0.011 3 1 0.855 | 0.011
oo | 0.826 0.015 310820 | 0.015 || 2 | 0.857 0.011 oo | 0.855 | 0.011
1 ]0.824 0.014 oo | 0.819 | 0.015 || 1 | 0.855 0.011 2 | 0.854 | 0.011
0.5 | 0.804 0.015 1 ]0.817 | 0.014 || 0.5 | 0.833 0.012 1 |0.847 | 0.011

MCP(1,¢) SCAD(1,¢) MCP(1,¢) SCAD(1,¢)

¢ | Mean sd ¢ | Mean | sd ¢ | Mean sd ¢ | Mean | sd
5 | 0.824 0.015 2 | 0.823 | 0.014 5 | 0.857 0.011 5 | 0.856 | 0.011
10 | 0.822 0.015 5 | 0.822 | 0.015 || 10 | 0.856 0.011 10 | 0.855 | 0.011
1 |0.810 0.015 10 | 0.821 | 0.015 || 1 | 0.840 0.012 2 | 0.855 | 0.011

215: (0.782,0.014) 22: (0.732,0.015) x15: (0.812,0.011) 2% (0.736,0.011)
SPACE: (0.780,0.015) | NS: (0.779,0.015) || SPACE: (0.780,0.015) | NS: (0.779,0.015)
GLASSO (0.764,0.014) | SJ: (0.703,0.015) || GLASSO (0.764,0.014) | SJ: (0.703,0.015)
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Table 2.1: Mean and standard deviation of areas under the ROC curves (AUC) using different

estimators in the centered setting, with n = 80 and multiplier 1.8647, or n = 1000 and

multiplier 1 and 1.6438. Methods include our estimator with different choices of h, GLASSO,
SPACE, neighborhood selection (NS), and Space JAM (SJ).

The ROC (receiver operating characteristic) curves for different estimators are shown in
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Figure [2.3| on Page [39] Each plotted curve corresponds to the average of 50 ROC curves,
where the averaging is based on the vertical averaging from Algorithm 3 in [Fawcett| (2006),
and is mean AUC-preserving. The z and y axes of each ROC curve represent the false

positive and true positive rates at varying levels of penalty parameter A, defined as

|Soff\50,off| and TPR = |Soff N SO,off| 7
m(m - 1) - |SO,off| |SO,off|

where Soor = {(i,7) 11 # j A ko # 0}, and Sog = {(i,7) : 7 # j A fei; # 0.

To reduce clutter, we only report the results for the top performing competing methods.

FPR =

In particular, results for nonparanormal SKEPTIC are omitted, as the method always per-
forms the worst in our experiments. The corresponding means and standard deviations of
AUCs (areas under the curves) over 50 curves are given in Table 2.1

Looking at the mean AUCs, with the standard deviations in mind, all choices of h con-

sidered here perform better than h(x) = 2? from Hyvirinen| (2007) and Lin et al.| (2016) and
the competing methods. The results for n = 1000 in Table also show that the multiplier
does help improve the AUCs, a matter to be discussed in Section [2.7.2]
Truncated Non-Centered GGMs: We generate data from a truncated non-centered Gaus-
sian distribution with both parameters g and K unknown. In each trial, we form the true
K as in Section [2.7.1] and generate each component of pg independently from the normal
distribution with mean 0 and standard deviation 0.5.

We compare the performance of our profiled estimator based on , with different A
functions, but with no penalty on n = Kpu, to SPACE, SpaCE JAM (SJ), GLASSO, and
neighborhood selection (NS). As before, we consider 50 trials. Representative ROC curves
are plotted in Figure [2.4] and the corresponding AUCs are summarized in Table 2.2

Even without tuning the extra penalty parameter on n = Ku, our profiled estimator
beats the competing methods by a large margin when n = 80. With multipliers 1 and
n = 1000, our estimators still do better than Space JAM and GLASSO, and have performance

comparable to other competing methods. It might appear that the performance of our
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Figure 2.3: Average ROC curves of our centered estimator with various choices of h, com-
pared to SPACE and GLASSO, for the truncated centered GGM case; m = 100 variables and
n = 80 or 1000 samples are considered. Squares indicate average true positive rate (TPR)
and false positive rate (FPR) of models picked by eBIC with refitting for the estimator in

the same color.

h
° == mcp(1,10) ° ©
3 = 8 8
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False Positives False Positives False Positives
(a) n = 80, mult = 1.8647 (b) n = 1000, mult =1 (¢) m = 1000, mult = 1.6438

Figure 2.4: Average ROC curves of our non-centered profiled estimator with various choices
of h, compared to SPACE and GLASSO, for the truncated non-centered GGM case; m = 100

variables and n = 80 or 1000 samples are considered.
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Non-centered profiled, n = 80, multiplier 1.8647

min(log(1 + ), ¢) min(z, ¢)

¢ | Mean sd ¢ | Mean sd
oo | 0.632 0.032 oo | 0.634 0.032
2 10632 0.032 3 |0.634 0.032
2
1

1 | 0.631 0.032 0.632 0.032
0.5 | 0.619 0.033 0.628 0.032
MCP(1,¢) SCAD(1,¢)
¢ | Mean sd ¢ | Mean sd

10 | 0634 | 0032 |5 |0634| 0032
500634 | 0032 [10]0634] 0.032
10622 0032 | 2]0634] 0032

215: (0.623,0.031) 22 (0.607,0.030)

GLASSO: (0.614,0.029) |  NS: (0.604,0.028)
SPACE: (0.602,0.029) SJ: (0.561,0.036)

Non-centered profiled, n = 1000, multiplier 1 || Non-centered profiled, n = 1000, multiplier 1.6438

min(log(1 + ), ¢) min(z, ¢) min(log(1 + z), ¢) min(z, ¢)

¢ | Mean sd ¢ | Mean sd ¢ | Mean sd ¢ | Mean sd

oo | 0.783 0.020 2 1 0.779 | 0.020 || oo | 0.764 0.018 oo | 0.766 0.019

2 | 0.783 0.020 oo | 0.779 | 0.020 2 1 0.764 0.018 3 | 0.765 0.019

1 10.782 0.020 31 0.779 | 0.020 1 | 0.762 0.018 2 10.764 0.018

0.5 | 0.767 0.021 0.5 ] 0.758 | 0.020 || 0.5 | 0.738 0.018 1 |0.753 0.018
MCP(1,¢) SCAD(1,¢c) MCP(1,¢) SCAD(1,¢)

¢ | Mean sd ¢ | Mean sd ¢ | Mean sd ¢ | Mean sd

5 | 0.782 0.020 2 | 0.780 | 0.020 10 | 0.766 0.019 10 | 0.766 0.019
10 | 0.780 0.020 5 1 0.780 | 0.020 5 | 0.766 0.019 5 | 0.766 0.019
1 10771 0.021 10 | 0.779 | 0.020 1] 0.745 0.018 2 10.763 0.018

x15: (0.751,0.019) x2: (0.713,0.018) x15: (0.748,0.018) x?: (0.718,0.017)
SPACE: (0.786,0.020) | NS: (0.785,0.02) SPACE: (0.786,0.020) NS: (0.785,0.020)
GLASSO (0.770,0.019) | SJ: (0.720,0.019) || GLASSO (0.770,0.019) SJ: (0.720,0.019)

Table 2.2: Mean and standard deviation of AUC using different profiled estimators in the
non-centered setting, with n = 80 and multiplier 1.8647, or n = 1000 and multipliers 1
and 1.6438. Methods include our estimator with different choices of h, GLASSO, SPACE;,
neighborhood selection (NS), and Space JAM (SJ).
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estimators deteriorate with a multiplier larger than 1; however, as we will see, there can
be significant improvement in AUCs if we tune an additional parameter for the multiplier.
As in the centered case, the leading h functions in each category perform similarly, and the

exact choice is not crucial. Subsequently, we will simply use h(x) = min(z, 3).

Choice of multiplier

Truncated Centered GGMs:  In Figure 2.5, the ROC curves for GLASSO, SPACE, and
our estimator with h(x) = min(z, 3), but with different levels of amplification, via different
choices of multipliers 9, are compared for the centered case of Section [2.7.2]

While Theorem [10| guarantees consistency only for 6 < C(n,m), we observe that there
can be a gain from going beyond the upper-bound multiplier C(n,m), which is 1.8647 for
n = 80 and 1.6438 for n = 1000 (when n = 1000, C'(n, m) turns out to be the best-performing
multiplier). However, the effect deteriorates fast as the multiplier grows larger. The figure
suggests that while some additional gains are possible by tuning over the choice of multiplier,

the upper-bound multiplier is a good default.

multiplier multiplier
—3.7294 —~1.6438
= ~2.71 = —2.0053
—5 — 2.4464
g 1.8647 2 1.231
L. —75 <. —3.2876
3 e o1
o £ K
® <« — GLASSO °© - "
2 ° SPACE S ° SPACE
L —1.01 = — GLASSO
s #BIC models B =BIC models
BOverall BIC @Overall BIC
© T T T T © T T T T T
00 02 04 06 08 1.0 00 02 04 06 08 10
False Positives False Positives
(a) n =80 (b) n = 1000

Figure 2.5: Performance of min(z, 3) for truncated centered GGMs using different multipliers,

compared to GLASSO and SPACE, in the centered setting, n = 80 or 1000.
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Truncated Non-Centered GGMs : In Figure [2.6, we consider the non-centered case of
Section [2.7.2 and use the non-profiled estimator; that is, the non-centered estimator with
¢y penalty on both K and n = Ku. The ROC curves are compared to competing methods
GLASSO and SPACE. For the choice of amplification in our estimator, we consider the
upper-bound multiplier C'(n,m) from Theorem 11| as the default. We refer to this as high

L referred

amplification. We also consider lower amplification, with § = 2—(1+24elogm/n)~
to as medium. For n = 1000, we also consider a low multiplier 1, which corresponds to no
amplification. We compare these possible defaults to a finer grid of multipliers of which we
show some representatives in the plots.

We see that among our defaults, the upper-bound choice C'(n, m) performs best. Some
additional gains are possible by tuning the multiplier over a grid of values containing this
choice. Moreover, we see that it can be beneficial to tune over both Ax and Ak /\,.

We remark that while for each run, the best model picked by BIC falls on the ROC curve,
a few squares are off the curve in Figure (c). This is because these squares correspond
to the average of the true and false positive rates of the chosen BIC models over 50 runs,

potentially due to multimodality of the distribution of the models. Nonetheless, in all cases,

the average of the models picked by BIC tuned over both Ak and Ak /A, looks reasonable.

2.7.8  Other a/b Models

We now turn to the non-Gaussian (a # 1 or b # 1) setting. Based on the observations in
Section , we focus on functions of type min(z?, ¢) for some power p > 0 and truncation
point ¢ > 0. For simplicity, for the non-centered models we use the profiled estimator (2.17)
(i.e., Ay, = 0) and use the multiplier C(n,m) in Theorem [10] for truncated GGMs as a
guidance. We note that tuning over the A, parameter and the multiplier can potentially give
a significant improvement as seen in Section [2.7.2]

These simulations suggest that among the class of functions of the form min(z?, ¢), 22~

or min(z?~%, ¢) with a moderately large ¢ can be used as the default choice of h(x). This

agrees with our findings in Section [2.7.2l We note that bounded h functions were only
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Figure 2.6: Performance of the non-centered estimator with h(x) = min(z,3). Each curve
corresponds to a different choice of Ak/\,. Squares indicate models picked by eBIC with
refit. The square with black outline has the highest eBIC among all models (combinations
of Ak, A,). Multipliers correspond to medium or high for n = 80, and low, medium or high

for n = 1000, respectively.
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used in the proof for truncated GGMs, and picking a moderately large truncation point can

correspond to having an untruncated power.

Ezxponential Setting

For the exponential models, a = b = 1/2. Since a = b, for both centered and non-centered
settings, based on the principle in Section , choosing h(z) = min(z*?, ¢) satisfies (A1)
and (A2) and also ensures that entries in I and g are bounded (for small z), while choosing
h(x) = min(y/x, c) only guarantees (A1) and (A2).

In Figure 2.7, we present the AUCs for the ROC curves of edge recovery with different
choices of h(x) = min(2P°V,¢). As before, we set n = 80 or 1000 and m = 100, but
we use an 1), with each component uniformly equal to —0.5, 0 or 0.5; for g = 0, we
assume this information is known and use the centered estimator. The results suggest that
pow = 3/2 = 2 — a is the best choice of power. For this optimal choice, the performance
improves with larger ¢, so 2% gives the best results. For sub-optimal powers, including

truncation gives better results.

Gamma Setting

The centered gamma models reduce to the centered exponential models. Thus, in this section,
we only consider the non-centered settings, with a = 1/2, b = 0. From Section [2.5.4} we have

the following choices:

e min(z?, ¢) both satisfies (A1)-(A2) and ensures T' and g are bounded;

o min(x™ax{3/21=min;m.i} ) ensures (A1)-(A2) and bounds I'y; and g;; by default with-

2

out prior information on 1)y this is min(z?, ¢);

e min(2%/2, ¢) satisfies both conditions on the interaction part only (%), but does not

guarantee (Al)-(A2);
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e min(x'/?, c) satisfies the sufficient conditions for (A1)-(A2) on the interaction only.

The results are shown in Figure 2.8, where we consider n = 80, 1000, and n = 40.511¢,.
They suggest that pow = 2—a = 1.5 works consistently well, although slightly outperformed
by 1 and 1.25 in one case. As in the exponential case, with the optimal power it is beneficial
to choose a large truncation point, or work with an untruncated power x'°. We conclude
that the performance is likely only dependent on the (2 — a) power requirement for the
x* Kz part or 2 — min; 7 ;; simulations in the next section rule out the possibility of the

latter.
Other Choices of a and b

In this section, we consider other choices of a and b. Specifically, a = 3/2 and b = 1/2 or 0.
These combinations are chosen to confirm, in a more extreme setting, that the performance
is mainly determined by requirements on the power based on a, which correspond to choosing
a power of 1 — a or 2 — a, but not those on b (or on 7 when b = 0) that correspond to 1 — b
and 2 — b. The relationship between these two settings is analogous to that between the
exponential and gamma models (same a, b nonzero/zero).

The results are shown in Figures and and indeed confirm that z?7¢ = 209
consistently gives the optimal results, even though 1"z’ is in favor of 227% = 2% for b = 0.5,

2 or at least '™ "0 when b = 0. There are two possible

and i log(x) is in favor of z
explanations for the optimality of 2—a over max{2—a,2—0b} or max{2—a, 1 —min; ny}: (1)
The AUC metric is measured only on our interest, edge recovery for the interaction matrix,

which only depends on x%; (2) using the profiled estimator weakens the effect of b.
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Figure 2.7: AUCs for edge recovery using generalized score matching for the exponential

models. Each curve represents a different choice of power p in h(z) = min(a?, ¢), and the x

axis marks the truncation point c. Colors are sorted by p.
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Figure 2.8: AUCs for edge recovery using generalized score matching for the gamma models.
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Figure 2.9: AUCs for edge recovery using generalized score matching for a = 3/2, b = 1/2.
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Figure 2.10: AUCs for edge recovery using generalized score matching for a = 3/2, b = 0.



20

2.7.4 RNAseq Data

In this section we apply our regularized generalized h-score matching estimator for truncated
non-centered GGMs to RNAseq data also studied in |Lin et al.| (2016]), since the same model is
considered therein. The data consists of n = 487 prostate adenocarcinoma samples from The
Cancer Genome Atlas (TCGA) data set. Following Lin et al. (2016)), we focus on m = 333
genes that belong to the known cancer pathways in the Kyoto Encyclopedia of Genes and
Genomes (KEGG) and that have no more than 10% missing values. Missing values are set
to 0. We choose h(x) = min(z,3) and use the upper-bound multiplier (high), as discussed
in Section [2.7.2] For simplicity, we use the profiled estimator, and choose the regularization
parameter A so that the estimated graph has exactly m = 333 edges, all these choices being
as in |Lin et al.| (2016).

We compare our graph to the one in [Lin et al.| (2016]), which corresponds to h(z) = z*
with no multiplier. Shown in Figure 2.11] are the estimated graphs, with their intersection
in the middle. To improve visualization, isolated nodes are removed and the layouts are
optimized for each plot. Red-colored points are the “hub nodes”, namely nodes with degree
at least 10. In Figure[2.12] we plot the same graphs in a fixed layout optimized for the graph

corresponding to h = min(z, 3), and include the isolated nodes.

Out of 333 edges, the two estimated graphs share 117 edges in common. Assuming
that edges are placed at random between nodes and the two graphs are independent, the

distribution of the number R of common edges follow a hypergeometric distribution, so
() (")
P(R=r)= (m(mél)/2)

essentially zero. The large number of shared edges between the two methods can be explained

. For m = 333 the probability of at least 117 common edges is

by the fact that they both minimize the same underlying score-matching loss.

The graph using h(z) = min(z,3) has much more isolated nodes (204) than the other
(108), and has a slightly smaller max degree (16 versus 19). Table provides another way

of comparing between the two graphs by listing the genes with the highest node degrees.
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(a) min(x, 3) (b) Common edges (c) Lin et al.
Figure 2.11: Graphs estimated by regularized generalized score matching estimator with
h(z) = min(z, 3) with upper-bound multiplier (left) and h(x) = z* with no multiplier (Lin
et al., |2016, right), and their intersection graph (middle). Isolated nodes with no edges are

removed, and the layout is optimized for each plot. In (a) and (c), red points indicate nodes

with degree at least 10 (“hub nodes”).

min(z, 3) with multiplier 1.63 | Lin et al.
LAMBS3 (16) CCNE2 (19)
PIK3CG (16) PIK3CG (16)
MMP?2 (15) BRCA2 (13)
GLI2 (13) BIRC5 (12)
LAMA4 (13) LAMBS3 (10)
PDGFRB (13) PIK3CD (10)
PIK3CD (13) SKP2 (10)
RASSF5 (13) HRAS (9)
BIRC5 (12) STAT5B (9)
FLT3 (12) GSTP1(8)
GSTP1 (12) PDGFRB (8)
LAMA2 (12)
RAC2 (12)

Table 2.3: List of genes with the highest node degrees in each estimated graph.
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ot
(a) min(z, 3) (b) Common edges (c) Lin et al.

Figure 2.12: Graphs estimated by regularized generalized score matching estimator with
h(z) = min(z, 3) with upper-bound multiplier (left) and h(x) = 2* with no multiplier (Lin,
, , right), and their intersection graph (middle). Isolated nodes are included and the
layout is fixed across plots and optimized for graph (a). In (b) the red nodes are hub nodes
shared by both graphs, the green ones are hub nodes in graph (a) only, and the magenta

ones are hub nodes in graph (c) only.



93

In Table we list the top ten genes in terms of node degree for both estimated graphs.
Due to ties, 13 genes are listed for hA(x) = min(x,3) and 11 for [Lin et al. (2016). As noted
in [Lin et al.| (2016]), genes with high node-degrees are known to be important in biological
networks (Carter et all 2004; Jeong et al., 2001} Han et al., 2004). Among these top genes,
six are common in both graphs, and are discussed in |Lin et al. (2016). We next elaborate

on the evidence supporting the first four of the newly discovered genes.

e MMP2 (Matrix metalloproteinase 2): According to [Trudel et al. (2003)), increased
MMP-2 expression is an independent predictor of decreased prostate cancer disease-
free survival. Morgia et al. (2005) state that activity of MMP-2 can be useful in

diagnosis, therapy, and assessment of malignant progression in prostate cancer.

e GLI2 (GLI family zinc finger 2): GLI2 is a primary mediator of the hedgehog signaling
pathway, which has been reported in prostate cancer, and plays a critical role in the
malignant phenotype of prostate cancer cells (Thiyagarajan et al., 2007). Its increased
level of expression is also related to Al prostate cancer, and may be a therapeutic

target in castrate-resistant prostate cancer (Narita et al., [2008]).

e LAMA4 (Laminin subunit alpha 4): LAMA4 is consistently upregulated in benign

prostatic hyperplasia when compared to normal prostate tissues (Luo et al. 2002).

e RASSF5 (RAS association domain family member 5): The combination of RASSF5
along with four other DNA methylation markers can effectively differentiate between
benign prostate biopsy cores from non-cancer patients and cancer cores, and can be

used to identify patients at risk without repeat biopsies (Brikun et al., [2014).

We note that the two methods indeed use different estimators (different i functions and
multipliers), and it is thus not surprising to see that some of the top genes by one method

are not among those for the other. In particular, CCNE2, BRCA2, SKP2 and STAT5B,

while previously reported as newly discovered in |Lin et al. (2016), are dropped by our new
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analysis. Testing and inference (potentially using bootstrapping) is an important problem

but is beyond the scope of this chapter.
2.8 Discussion

In this chapter, we proposed a generalization of the score matching estimator of Hyvarinen
(2007)), based on scaling the log-gradients to be matched with a suitably chosen function
h. The generalization retains the advantages of Hyvéarinen’s method: Estimates can be
computed without knowledge of normalizing constants, and for canonical parameters of ex-
ponential families, the estimation loss is a quadratic function.

For high-dimensional exponential family graphical models, following Lin et al.| (2016), we
add an /¢; penalty to regularize the generalized score matching loss. One practical issue that
is overlooked in |Lin et al|(2016) is the fact that the score matching loss can be unbounded
from below for a small tuning parameter, when the dimension m exceeds the sample size n.
We fix this issue by amplifying the diagonal entries in the quadratic matrix in the definition
of the generalized score matching loss by a factor/multiplier, and we give an upper bound
on that multiplier that guarantees consistency.

As examples we consider pairwise interaction power models on the non-negative orthant
R?. Specifically, the considered models are exponential families in which the log density is
the sum of pairwise interactions between entries of powers x* plus linearly weighted effects
x®, or log(x) when b = 0. Our main interest is in the matrix of interaction parameters
whose support determines the distributions’ conditional independence graph. The considered
framework covers truncated normal distributions (¢ = b = 1), exponential square root
graphical models (a = b = 1/2) from Inouye et al. (2016), as well as a class of multivariate
gamma distributions (a = 1/2, b = 0).

In the case of multivariate truncated normal distributions, where the conditional inde-
pendence graph is given by the underlying Gaussian inverse covariance matrix, the sample
size required for the consistency of our method using bounded h is Q(d?logm), where d is

the degree of the graph. This matches the rates for Gaussian graphical models in Ravikumar
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et al.| (2011]) and Lin et al. (2016)). In contrast, the sample complexity for truncated Gaussian
models given in |Lin et al.| (2016) is Q(d?log®m).

For the considered class of pairwise interaction models, we recommend using the function
h with coordinates h;(z) = min (172*“, c) for some moderately large ¢, or simply h;(z) = 2*7°.
While this choice is effective, it would be an interesting problem for future work to develop

a method that adaptively chooses an optimized function h from data.



Chapter 3

GENERALIZED SCORE MATCHING FOR GENERAL
DOMAIN

o6
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3.1 Introduction

In this chapter, we aim to further extend the generalized score matching loss to complicated

and possibly unbounded domains D not limited to R™ and R'?, and apply the method to

+
estimation of graphical models supported on D. In particular, we allow D to be any compo-
nentwise countable domain defined in Definition [5] which requires that the induced domain
of one component z; fixing all other _; is a union of at most countably many intervals
in R; this should cover most but pathological cases in practice. We propose composing
the h function in the loss defined in Chapter [2f (Yu et al., |2019b) with a distance function
Y = (Y1,...,%m) : D = R}, with 1;(x) the distance of z; to its induced boundary while

fixing the other components x_;, truncated from above by some user-selected constant Cj.

—js
We then use (h o)) in place of h and show that the generalized score matching loss can
again be approximated by an empirical loss, which is quadratic in the canonical parameters

for exponential family distributions.

Since the density corresponding to the minimizer of the expected (true) loss is equal to
the true density a.e. € D, the method above only makes sense for D with positive Lebesgue
measure in R™. As an important example of domains with zero Lebesgue measure in R™, we
also present results for the m-simplex domain {a: € R’H =01z = 1} by profiling out
T, =1-1 x_,. Notably, we revisit the A™~! models for simplex domains introduced in
Aitchison| (1985]), which corresponds to a = b = 0 with K1,, = K'1,, = 0,, in the pairwise
interaction power models introduced in Section [[.4. We show that estimation for models on
the simplex can be done with little additional effort compared to general a-b models on D

with positive Lebesgue measure.

In Chapter [2| we proved theoretical consistency results for high-dimensional settings re-
quiring sample size n = 2(logm) for Gaussian graphical models (GGMs) restricted to R
In this chapter we show that this sample complexity also holds for GGMs restricted to any
domain D that is a finite disjoint union of convex sets, as well as general a-b models on

bounded subsets of R with positive measure for a > 0 and on simplex domains for a > 0.
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On unbounded domains for ¢ > 0 and on simplex domains for a = 0 (notably, the A™!
models) we require the sample size n to be 2(logm) times an unknown constant that may
weakly depend on m.

The structure of the chapter is as follows. In Section we provide an introduction to
score matching and in Section [3.3| we detail our new methodology and theory necessary for
the method to be usable in practice. In Section |3.4] we revisit the pairwise interaction power
a-b models and the regularized generalized score matching estimator for exponential families,
while in Sections and we focus on application of our method to graphical models on
domains with positive Lebesgue measure and simplex domains, respectively. Theoretical
results and numerical experiments are demonstrated in Sections [3.7] and respectively.
We apply our method to a DNA methylation dataset in Section [3.9 Longer proofs are
included in Appendix [B] An implementation that incorporates various types of domain D is

available in the genscore R package.
3.2 Preliminaries

Suppose X € R™ is a random vector with distribution function F, supported on domain
D C R™ and a twice continuously differentiable probability density function py with respect
to the Lebesgue measure restricted to D. Let P(D) be a family of distributions of interest
with twice continuously differentiable densities on D. The goal is to estimate py by picking the
distribution P from P(D) with density p that minimizes some empirical loss that measures

the distance between p and py.

3.2.1 Original Score Matching on R™ (Hyvarinen, 2005)

The original score matching loss proposed by [Hyvarinen| (2005)) for D = R™ is given by

Jan(P) = ¢ / (@) Vg () — Vlogpo(@)]} da. (3.1)

in which the gradients can be thought of as gradients with respect to a hypothetical location

parameter and evaluated at the origin (Hyvarinen, 2005)). The log densities enable estimation



29

without calculating the normalizing constants of p and py. Under mild conditions, using

integration by parts the loss can be rewritten as

m

Jen(P)= [ @)Y [0 logpl@) + 5 0 log(@)] da

j=1
plus a constant independent of p. One can thus use a sample average to approximate the

loss without knowing the true density py.

8.2.2  Score Matching on R (Hyvarinen, |2007; Yu et al., |2018, |2019b)

Consider D = RT. Let h: R? = R7, @+ (hi(21), ..., him(zm)) ", where hy, ... hy Ry —
R, are almost surely positive functions that are absolutely continuous in every bounded

sub-interval of R,. The generalized h-score matching loss proposed in Chapter [2[ (Yu et al.,
2018, 2019b) is

Jng(P) = = / po() |V log p(x) © bV () — Viogpo(x) @ bV ()| dz. (3.2)

2 Jgm

+
The score matching loss for R’} originally proposed by Hyvarinen (2007) is a special case
of (3.2) with h(x) = x?. In Chapter [2| (Yu et al. 2018, [2019b) we proved that by choos-
ing hy,...,h, that grow slowly and preferably bounded the estimation efficiency can be

significantly improved. Under assumptions that for all P € P(R7') with density p,

Gl 0, Ve € RTTNV;

(A0.1) po(zj;2_;)h;(z;)0;logp(xj;x_;) 280+

(A0.2) E,, ||VIogp(X)® h1/2(X)Hj <400, Ky |[(Viegp(X)© h(X))||, < +oo,

where f(x) ijCSrfo = limg, 200 f(2) — lim, ~ o+ f(x), the loss 1} can be rewritten as
T (P)= [ ol@) 3 [ (a)0 108 p(e) + hy(a,)05 108 p(a)
T j=1

- %hj(wj)[aj(logp(w))F] dz (3.3)

plus a constant independent of p. One can thus use the minimizer of the empirical loss ((3.3)

as an estimator of py.
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3.2.8 Truncated Score Matching on Bounded Open Subsets of R™ (Liu and Kanamori,
2019)

Liu and Kanamori (2019) approach the problem of density estimation on a bounded open
subset D C R™ with a piecewise smooth boundary 0D by minimizing the following “maxi-
mally weighted score matching” loss

Ino(P)=sup s [ g@im(a) |V 1ogp(a) - log po(a) 3 da. (3.4)

9€G R
with G = {g|g(x) = 0,Vx € 0D and g is L-Lipschitz continuous} for some constant L > 0.
They prove that the maximum is obtained with go(x) = Linfycop || — @'||2, i.e. the lo
distance of & to the boundary of D, and with integration by parts similar to the previous

methods, (3.4) can be estimated using the empirical loss which can be calculated with a

closed form.

3.3 Generalized Score Matching for General Domains

3.8.1 Assumption on the Domain

For any index j = 1,...,m, write C;p(x_;) = {y € R : (y;2_;) € D} as a set-valued
function of values &_; of the other components. This is the j-th coordinate of the intersection
between D and the line {(y;x_;) : y € R}. Also write S_jp = {x_; : C;p(x_;) # T} C
R™=! a projection of D onto R™~!. For notational simplicity we may drop the dependency

of C; and S_; on D.

Definition 5. We call a domain D C R™ componentwise countable if for any index 7 =

1,...,m and any ©¢_; € S_;p, we can write

Kj(z—j)

Cip (z—;) [ay;(x—;), by j(x—;)], (3.5)

where 1 < K; < 400, —00 < ag,; < by; < 400 for all 1 < k < Kj, and further if the

boundary set

Kj(x—j)
oD = {:1: €eD:Jj=1,...,m,z; € kL:JI {ak,j(iﬂ—j)u bk,j(w—j)}\{ioo}} (3.6)
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1s a Lebesque-null set in R™; here each bounded interval in can be open/closed/half-open

half-closed and must be non-overlapping.

That is, for any j and any x_; such that there exists some z; with (z;;x_;) € D,
the intersection between D and the line {(y;;x_;) : y € R}, when projected to the j-th
dimension, is a union of at most countably many disjoint (bounded or unbounded) intervals
in R, and its “boundary points” must form a Lebesgue-null set. Note that K;(x_;) cannot

be 0 since C;p(x_;) # @ by definition of S_; p.

3.3.2  Generalized Score Matching Loss for General Domains

We first define the notion of the truncated componentwise distance.

Definition 6. Fiz positive constants C' >~ 0,,. Given a non-empty componentwise countable
domain D C R™ as in Definition[5 and a vector € D, define the truncated componentwise

distance of x to the boundary of D as

vcp(T) = (poypi(T), .-, 0, pm(®)) € RY, (3.7)
(
C; if ay; = —oo and by, ; = 400,
min(C}, by ; — x;), if ar; = —00 and x; < by ; < 400,
vc;pj(T) = (3.8)

min(Cj,a:j — Qg,j, bk,j — x]-) Zf — o0 < Qar,j < T < bk,j < 400,

Kmin(Cj,xj — agj) if —oo<ag; <x; and by ; = +oo,
where k 1s such that ay; < x; < by ; as in .

We thus propose the generalized (h,C,D)-score matching loss for a general domain D

similar to (3.2) with h applied to ¢ p(x) instead of to x:

Definition 7. Suppose the true distribution Py has a twice continuously differentiable den-
sity po supported on D C R™, a non-empty componentwise countable domain (Definition

@). Given positive constants C = 0, and h : RT — R, y — (hi(y1), .. hin(Ym)) with
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hi,...,hym : Ry — Ry, the generalized (h,C,D)-score matching loss in P € P(D) with
density p is defined as

1

Jen(P)=1 /D () |V loap(@) © (h o o) ()

2
—Vlogpo(x) ® (ko pcp)? (az)H2 dz. (3.9)

3.3.83  Comparison to Previous Work

The intuition of is applying the loss from to (h o pcp) in place of h. Thus,
the generalized score matching loss in Chapter [2| becomes a special case with D = R’
and C' = +00™, since ¢ oomrr(x) = . In Chapter [2| we suggested using an h with each
component a bounded function, which is now incorporated into the definition of ¢ with
finite truncation points C. When h(z) = 1,,, (h o pcp)*?(x) = 1,, and it corresponds
to the original score-matching for R™ in Hyvarinen| (2005)). If h(xz) = x?, C = +00™ and
D =R7, (hoycp)/?(x) = 2? corresponds to the estimator in Hyvirinen (2007) and [Lin
et al.| (2016).

The ¢ p function transforms an € D into the component-wise distance vector taking
values in R?, and the rest remains the same as in Chapter 2| It is thus a natural extension to
the work and requires little extra work to be done as ¢ ¢ p usually has closed-form solution
and can be computationally trivial.

We note that for a bounded D, our approach is different than using a uniform go(x)
the ¢, distance of @ to the boundary of D as in [Liu and Kanamori (2019), in that we
decompose the distance for each component and apply an extra h function. In Figure |3.1
we illustrate the two components of our ¢ function on the 2-d unit disk z? + 23 < 1,
considered below in Example compared to the go function in |Liu and Kanamori (2019).
While go(z) = 1 — /27 + 23, choosing C = 15, we have ¢;(z) = /1 — 22 — |z;| and
@a(x) = \/1 — a3 — |xy|. Similarly, in Figure we plot these functions for the 2-d unit
disk restricted to R% considered in Example , where ¢1(x) = min {xl, M — xl},

Yo(x) = min {9:2, V1—12?— ajg}, go(x) = min {331,51:2, 1— /2?2 —I—.r%}
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(a) go (b) ©1,,01 & ©1,,D,2 (€) Y1,,01 (d) ¢1,,D,2

Figure 3.1: Comparison of gg, ¢1,p1 and p1,ps on D = {x € R? : ||z|]2 < 1}.

(a) g0 (b) ¥1,,01 & @1, D2 (€) Y1501 (d) ¢1,,D,2

Figure 3.2: Comparison of gy, ¢1,p,1 and @1, po on D = {x € R : ||z|, < 1}.
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3.3.4  Form of the Truncated Componentwise Distance

Example 3.6 (R™ and RY'). porn(x) = C and pcry(z) = (min(Ch, 21), ..., min(Cpy, )
by definition.

Example 3.7 (Unit hypercube). Consider the unit hypercube D as the convex hull of 2™
points {x& € R™ : |z1| = --- = |x,| = 1/2}. The domain of x; is [—1/2,1/2] independent of
the other components and so p¢; pj(x) = min{C};,1/2—|x;|}. Since the hypercube is bounded

by nature, it is natural to drop the truncation by C; and simply use pp(x) = 1,,/2 — |z|.

Example 3.8 (L9 balls). Consider the L£9 ball with radius v > 0 and q¢ > 1 defined by
D={xecR":|x|, <r}. Given a point x € D and for j = 1,...,m, the domain for
x; while fiving w_; is simply [—(r? — 1T|@_;|1)", (r1 — 17 |@_;|9)"4], and so pc, pj(z) =

min {Cy, (r? — 17 |@_;|1)"7 — ||},

Example 3.9 (£ balls restricted to R7"). Consider the intersection between R and the L1
ball with radius v > 0 and g > 1 defined by D = {x € R} : ||z|, < r}. Given a point x € D
and for j = 1,...,m, the domain for x; while fiving x_; is simply [0, (r!— 1" |x_;|9)/9], and

s0 pc, pj(x) =min {C;, z;, (r! — 1T |@_;|9) 7 — 2;}.

Example 3.10 (Complement of L7 balls). Consider the complement of the L% ball with
radius r > 0 and ¢ > 1 defined by D = {x € R™ : ||z||, > r}. Given an x € D and j, the
domain for x; while fiving x_; is R if 1] _j|x_;|7 > 19, or (—oo, —(r? — 1] _|z_;|9)"/7) U
((r1 =1, |@_;|9)"49, +00) otherwise. So

Cj if 1, glz—|* > 19,
po;p(x) =

min {C}, [z;| — (r7 — 1) _ |@_;|)"9}  otherwise.
Example 3.11 (Complement of £ balls restricted to R”). Consider the intersection between
R and the complement of the L7 ball with radius r >0 and ¢ > 1: D = {x € R} : ||z, >

r}. Given an & € D and j, the domain for x; while fizing x_; is Ry if 1] _|x_;|9 > 77, or
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((rt—1,,_|@_;|9)"9, +00) otherwise. So

min{Cj, z;} if 1, ylz—j|* > 19,
pe,pj(T) =

min {Cj,z; — (r1 — 1], _,|z_;|1)"1} otherwise.
Example 3.12 (Complicated domains defined by inequality constraints). A domain D may
be determined by a series of intersections/unions of regions determined by inequality con-
straints, e.g. D = {x € R™ : (fi(x) < a1 A fo(x) < 2) V f3(x) > c3}. In this case, for
ezample, to calculate pop one plug in x_; as given and solve numerically fi(xj;x_;) = ¢
for i =1,2,3, and obtain the boundary points for x; using simple algorithms for interval
unions/intersections. This is implemented in the package genscore for some types of poly-

nomial f; and arbitrary intersections/unions.

Example 3.13 (Standard Simplices). Consider D = {x € RT} x>~ 0,1, x =1}, the stan-
dard simplex. Since this has zero Lebesque measure in R™, we drop the last coordinate
and consider instead D_,, = {zl:_m € R’ffl‘ x_, =0, lelaz_m < 1} as a set in R™1. For
Jj=1,...,m—1, the domain of x; given x_;__,, for x_,, € D_,, is thus (O, 1-— 1;_233_]-7_7,1),
and so pc;p_,, j(®) =min {Cj,z;,1 -1} _@_,,} = min{C},z;,2,}. In practice since the
standard simplex is naturally bounded by the unit cube, it s natural to drop the truncation

by C; and simply use ¢p_,, j(®) =min{z;,1 — 1] _@_,} = min{z;, ,,}.

3.8.5  The Empirical Generalized Score Matching Loss

From this section, we drop the dependence of ¢ on C' and D in notation for simplicity.

Lemma 12. Suppose C = 0, po(x) > 0 for almost every x € D and hy(y), ..., hn(y) >0
for ally > 0. Then Jhcp(P) =0 if and only if po = p for a.e. ¢ € D.

Proof of Lemma[12 By the assumption on D and definition of ¢, ¢ (x) > 0 for almost every
x € D, and thus (ho ¢)(x) = 0 for a.e. © € D. So we have J, ¢ p(P) = 0 if and only if
Viogpo(x) = Viog p(x) for a.e. € D, i.e. logpo(x) = logp(x) + ¢ for a.e. & € D for some
constant ¢g, or po(x) = ¢; - p(x) for a.e. & € D for some non-zero constant ¢; = exp(co).

Since pg and p both integrate to 1 over D, we have ¢; = 1 and py = p for a.e. & € D. O
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Lemma 13. Similar to (A0.1) and (A0.2) in Section [3.2.9, assume the following assump-
tions hold for all p € P(D),

(A.1) po(zj;x_j)h;(p;(x))0;log p(z;; x_;)
x_; €S forall j;

xj (i)~
xj<az((i$))+ =0 forallk =1,...,K;(x_;) and

(A.2) [ pol@) |V logp() © (ho @) 2(@)|[2 d < +oc,
Joro(@) [[[Viegp(x) © (R o @) (@)]']], dz < +oo.

Also assume that

(A.8)Vj =1,....m and a.e. x_; € S_;, h; is absolutely continuous in any bounded sub-

interval of Cj(x_;).

(This implies the same for (hj o ¢;) and also that 0;(hj o ;) exists a.e.) Then
1 m
Jncp(P) = 52/130 (hj o pj)(x) - [8jlogp(sc)]2da:

+Z/ po(T [(h; o pj)(x) - 0jlogp(x)]dx (3.10)
plus a constant depending on py only and independent of p.

The proof of the lemma is in Appendix. The lemma enables us to estimate the population
loss using the empirical loss

m n

Jen(P) = 5 303 2 (hyow) (@) [0 logp (20)] 4, [(h; 0 ¢,) () - 3 logp ()]

j=1 i=1

(3.11)
As the canonical choices of h are power functions in x, we give the following sufficient

conditions for the assumptions in the lemma.

Proposition 14. Suppose for all j =1,...,m, h;(z;) = x?j for some a; > 0. Suppose in
addition that for all j and x_; € S_; and all p € P we have
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(1) po(zj;2_;)05logp(xj;x_;) = o(1/(x; — ck;)*) as x; 7 ¢k = by # +00 or as xj N\

Chj = apj 7 —0oo for all k, and

(2) po(xzj;x_;)0;logp(z;;_;) = 0 as x; /400 if Cj(x_;) is unbounded from above, and

as x; \y —00 if Cj(x_;) is unbounded from below.

Then (A.1) and (A.3) are satisfied.

Proof of Proposition[1] (A.3) is satisfied by the property of h;. (A.1) is trivial since by
construction (h;jog;)(x) becomes |x; —cy ;| as x; = cx; € Ufil{akyj, by,; } and also (hjop,)

is bounded by C“ as z; /" +00 or z; \, —o0, if applicable. ]

According to Lemma [12] the method only makes sense if the domain D has a positive
Lebesgue measure in R™. However, for some Lebesgue null sets one may apply appropriate
transforms under which D becomes a set with positive Lebesgue measure in lower dimen-
sions with dimensionality reduction. One important example is the (m — 1)-dimensional
standard simplex {:I: € RT} =01 z= 1}, a null set since it is a subset of the (m — 1)-
dimensional hyperplane {1z = 1}. Simply dropping one of the coordinate, e.g. ,,, and
substituting x,,, = 1—1] @, in py and p we can thus apply the method to {w_m € ]R:[“l‘
x ., >=01 x . < 1}, a set with positive measure in R™~!. We further discuss this

example in Section [3.6]

3.3.6  Extension of go in|Liu and Kanamori (2019)

We extend the method in|Liu and Kanamori (2019) introduced in Section from bounded
domains to any componentwise countable domain D defined in Definition |5 by defining the

loss of the same form as ([3.4)):

1
Ineo(P)=sws [ gl@m(a) [V 1ogp(a) - Viog (o)} da,
ge R7

but with G = {g|g(x) = 0,Vx € 9D, g is L-Lipschitz continuous and g < C'} instead, for

the same Lipschitz constant L > 0 but with an extra truncation constant C' > 0. Here the
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boundary set 9D is as defined in (3.6). Following the same proof as for their Proposition 1
and dropping the Lipschitz constant L by replacing C' with C'/L (or equivalently choosing

L =1 without loss of generality), it is easy to see that the maximum is obtained at
go(x) Emin{C’, inf ||w—:1:’||2}, (3.12)
x'€0D

the /5 distance of & to dD truncated above by C', which naturally extends the method in
Liu and Kanamori (2019) to unbounded domains. In the special case where 0D = &, we
must have D = R™, and becomes constant C' by the convention inf & = 400, which
coincides with the original score matching in Hyvarinen, (2005).

Assuming assumptions (A.1) and (A.2) in Lemma |13 hold when replacing (h o ¢)(x) by
go(x)1,, and h;(¢;(x)) by go(x), the same conclusion there applies, i.e.

Jgo.0n(P) = —Z/po z)go(z) [0; log p(x dﬂ?—f'Z/po (z)0; log p(x)] dx

plus a constant depending on py only and independent of p, the same empirical loss as (13)
in |Liu and Kanamori (2019) with an additional truncation from above applied to go. The

proof is in the same spirit as that for Lemma (13| and is thus omitted.
3.4 Exponential Families and a-b Models

3.4.1 Fxponential Families

Consider the case where P(D) = {pg : 0 € ® C R"} for some r = 1,2,... is an exponential

family with continuous distributions supported on D with densities of the form
log pe(z) = 0" t(z) — ¥(0) + b(xz), =€ D, (3.13)

where 8 € R" is the unknown canonical parameter of interest, t(x) € R” are the sufficient
statistics, 1(0) is the normalizing constant, and b(x) is the base measure. The empirical loss

jh,c’p {D can then be written as a quadratic function in the canonical parameter:

A 1
Jhcp(pe) = §0T1—‘(x)0 —g(x)"0 + const, with (3.14)
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% 3 (0 05) (XD) (X D) (98 (X@)) " and (3.15)
i=1 j=1

~ISTS [y 0 0p) (X9) 036 (X9 0,t (X )

n i=1 j=1
+(hj o) (X)) 05t (XD) + 0;(hy 0 0) (XD) 08 (XD)], (3.16)

where 0;t(x) = (9t1(x), ..., 0;t,(x))" € R". Note that (3.15) and (3.16] are sample averages
of functions in the data matrix x only. These forms are an exact analog of those in Theorem

Bl One thus have the following consistency result similar to [

Theorem 15. Suppose the true density is py = pg, and that

(C1) T is almost surely invertible, and

(C2) To = B, L(x). Ty, go = Epg(x), and B = By, | (T(x)60) — g(x)) (T(x)8 — Q(X))T]

exist and are component-wise finite.
Then the minimizer of is a.s. unique with closed form solution 6 = T'(x)~'g(x) with

0 —,. 0, and \/ﬁ(é —0y) —a N, (0, I‘alﬁoI‘al) as n — oo.

3.4.2  Pairwise Interaction Power a-b Models

As an important example of graphical models from exponential family distributions, in this

chapter we focus on the class of the pairwise interaction power models introduced in ((1.1)):

1 1
Pn k() o exp (—2—:13“TK£13”‘ + gnTmb) 1p(x) (3.17)
a

for which we treat £ = logx and 1/0 = 1, on a domain D C R™ with a positive measure.
Here a > 0 and b > 0 are known constants and the interaction matrix K € R"™*™ and the
linear vector n € R™ are unknown parameters of interest. As in Chapter 2| our focus will

be on the support of K, S(K) = {(7, ) : x;; # 0}, that defines the conditional independence
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graph of X ~ p, i, while simultanecously estimating the nuisance parameter 1 unless it is
known or assumed to be 0.

When a = b =1 is simply a truncated Gaussian model. When a = b = 1/2 we
obtain the exponential square-root graphical model in Inouye et al.| (2016). The gamma

model considered in Chapter [2| corresponds to a = 1/2 and b = 0. As we discuss in Section

A™=1 models in Aitchison| (1985)) are covered by a = b = 0 with a simplex domain D.

3.4.3 Regularized Score Matching

In high-dimensional settings where the number of parameters r to be estimated is larger than
the sample size n, one usually add some form of regularization for consistent estimation. For
exponential family distributions, as in Chapter 2, we add an ¢; penalty on 8 to the loss in
(3.14)), while multiplying the diagonals of the I" by a diagonal multiplier § > 1:

Definition 8. Let § > 1, and I's(x) be I'(x) with diagonal entries multiplied by 6. For expo-
nential family distributions in (3.13), the regularized generalized (h, C,D)-score matching

loss is defined as

. 1
Jncoas(Pe) = 5(;Wr(;(x)@ —g(x)"0 + )\||0]];. (3.18)

The multiplier 6 > 1, together with the /; penalty, resembles an elastic net penalty and
prevents the loss in from being unbounded from below for smaller A, in which case
there can be infinitely many minimizers. For a more detailed discussion on this, refer to
Section . The minimization of can be efficiently done using coordinate-descent

with warm starts, along with other computational details discussed in Section [2.5.3]

3.5 a-b Models on Domains with Positive Measure

Throughout this section, we assume that D has positive Lebesgue measure in R™.
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3.5.1 Finite Normalizing Constant and Validity of Score Matching

The following theorem gives detailed sufficient conditions for the a-b density p, x (3.17)) to

be a proper density on D C R™ with positive Lebesgue measure.

Theorem 16 (Sufficient conditions for finite normalizing constant). Denote the closure of
the range of x; in the domain D as p;(D) = {z; : @ € D}. If any of the following conditions
holds, the density in s a proper density, i.e. the right-hand of is integrable over
D:

(CC1) a>0,b>0, D bounded;
(CC2) a>0,b>0, v Kv® > 0 Vv € D\{0}, and either 2a > b or n'v® <0 Vv € D;
(CC3) a>0,b=0,n; >—1 forall j s.t. 0 € p;(D), and one of the following:

(i) D bounded;
(ii) D is unbounded and v* Kv® > 0 Yv € D\{0};

i) D is unbounded, v Kv® > 0 Vv € D and n; < —1 for all j s.t. p;(D) is unbounded
1j Pj
(= p;j(D) = (0,+00) is not allowed for any j);

(CC4) a=0, D is bounded and 0 & p;(D) for all j;
(CC5) a=0,b=0, log(x) ' Klog(x) >0 Vx € D;

(CC6) a = 0, b > 0, log(x) Klog(x) > 0 Ve € D and n; < 0 for all j s.t. pj(D) is

unbounded;

(CC7) a =0, b > 0, log(x) Klog(x) > 0 Ve € D and n; < 0 for all j s.t. p;j(D) is

unbounded.

In the centered case where n = 0 is known, any condition in terms of b and n can be ignored.
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To simplify our discussion, the following corollary gives a simpler set of sufficient condi-

tions for integrability of the density.
Corollary 17 (Sufficient conditions for finite normalizing constant; simplified). Suppose
(CCO0*) K is positive definite

and one of the following conditions holds, then the right-hand side of 15 1ntegrable over
D.

(CC1*) 2a>b>0o0ra=b=0;
(CC2%) a>0,b=0,n> —1,;

(CC3%) a=0,b>0,n; <0 for any j such that x; is unbounded in D.
In the non-centered case where n =0, (CCO*) is sufficient.

For simplicity, we use the set of conditions (CC0*) through (CC3*) throughout the rest of
the chapter. The following theorem gives sufficient conditions on h such that conditions

(A.1)-(A.3) in Lemma (13| for score matching are satisfied.

Theorem 18 (Sufficient conditions that satisfy assumptions for score matching). Suppose

(CCO*) and one of (CC1*) through (CC3*) holds, and h(x) = (z*,...,x%m), where
(1) ifa>0 and b >0, a; > max{0,1 —a,1— b},
(2) ifa>0andb=0, o; >1—np;;
(3) ifa=0, aj > 0.

Then conditions (A.1), (A.2) and (A.3) in Lemma |13 are satisfied and the equivalent form
of the generalized score matching loss holds, and the empirical loss 15 valid. In

the centered case with n = 0, it suffices to have a > 0 and o;j > max{0,1 —a} ora =0 and

ozjz().



73

3.5.2 FEstimation

Let ¥ = [K' n} € RO™FDxm Ip this section, we give the form of T' € Rm+mx(m+1m apd
g € RU™D™ in the unpenalized loss vec(¥) Tvec(¥) — g vec(¥) following (3.15) -
T is block-diagonal, with the j-th Rm+Dx(m+1h) plock

Ik Y&
L';(x)

’YKJLJ' ,y'n ’j

Zn: hogoj X )X(’)

| —(hop) (XD) X1

2a—2

aT -)a+b72

XOUXO" —(hyop;) (XD) XV

X (hj o @;) (XO) Xg()

X @
2b—2 )

and g = vec <[gIT( gn} ) € Rm+Um  where gg € R™™ and g,, € R™ correspond to K and
7, respectively. The j-th column of gk is

- Z ( (hy o ;) (XY X" 4 (a = 1)(hy 0 ;) (X D) Xj(““”) X

(-)20,—2

a(h; o @;) (X@'))Xj’ €jm, (3.19)

where e;,, € R™ has 1 at the j-th composition and 0 elsewhere, and the j-th entry of g is

N b—1

el Z h o Q03 X(Z’)) XJ(Z) (')b_Q'

—(b—1)(hj 0 ;) (XD) X

J

(3.20)

(If @ = 0, set the coefficients (¢ — 1) <~ —1 and @ <+ 1 in (3.19)); for b= 0let (b—1) + —1
in the second term of (3.20)).)

As in Chapter We only apply the diagonal multiplier ¢ to the diagonals of I'g ; € R™*™,
not v, ; € R. Note that each block of I and g correspond to each column of W, i.e. (kK ;,7;) €
R™ . In the penalized generalized score-matching loss , the penalty A for K and n
can be different, Ax and ), respectively, as long as the ratio A, /Ak is fixed. For K we

follow the convention that we penalize its off-diagonal entries only. That is,

1
Svee(W) Ts(x)vec(®) — g(x) " vee(®) + A Kol + Ay 1] (3.21)
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In the case where we do not penalize n, i.e. A, = 0, as in Chapter 2| we can simply profile out

n, solve for n =T 1 (Qn - I‘Emvec(K)>, plug this back in and rewrite the loss in K only.

Let I'sx € R™**m* he the block-diagonal matrix with blocks I'k ; and diagonal multiplier 9,

and let T, € R™*™ and T,, € R™™ be the (block-)diagonal matrices with blocks Yk

and vy j, respectively. Further denote I's, as the Schur complement of I's x of [Il:iK FE’]"},
5N

ie I'skx — I‘KW,I‘T_’lI‘IT{m, which is guaranteed to be positive definite for 6 > 1. Then the

profiled loss is

A 1
Jhcprsx(PK) = §vec(K)TI‘5,*vec(K) — (gK — I‘IQ,?I‘;,lg,?)T vee(K) + Ak || K] (3.22)

3.5.83  Univariate Fxamples

In this section we present univariate Gaussian models on general domains as an example
of our generalized score matching estimator. In particular, we estimate one of yy and o2
: ) 0 0

assuming the other is known, given that the true density is

IRY
puo’ag(x) X exp {—@2—60)} , xeD
0

with po € R, 02 > 0 and D C R piecewise decomposable, i.e. a union of at most countably
many intervals and with Lebesgue positive measure.

If we do not impose ¢; or {5 penalty and assume the true o3 is known, given i.i.d. samples

XM XM Ppuo,02- similar to Example in Section , we have the estimator for py

. 2ia(hopc) (X(i)) X —o2(hopc) (X(i))
p 7 : _
> iz (hope) (X0)
By Theorem it suffices to choose h(x) = z* with @ > 0. Similar to Section 7 we have

Eo [08(h o pc)2(X) + ag(h o o)™ (X)] )

(3.23)

E§ [(h o pc)(X)]

if the expectations exist. On the other hand, similar to Example[3.2]in Section [2.3] assuming

V(o= o) =4 N (0,

the true pq is known, the estimator for o2 is,

2 Sia(hope) (X9) - (XO — o)’
~ X i(howe) (XO) + (hope) (XO) - (X — pp)
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with limiting distribution

Vi (6 = 0) s N (0 Eo [208(h 0 ¢)?(X) - (X = i) + oi(h o o) *(X) - (X = )] ) _

E§ [(h o we)(X) - (X — po)?]
(3.24)

In Figure [3.3| we show an example of standard normal A(0, 1) restricted to three univari-
ate domains, namely Dy = (—o0, —3/2] U [3/2,4+00), D3 = [—1,—3/4] U [3/4,1], and their
union D; = (—o0, —3/2]U[—1, -3/4]U[3/4,1]U[3/2, +00). Note that D; is the union of D,
and D3, where D, comprises two unbounded intervals, and D3 consists of two bounded inter-
vals. The endpoints are chosen so that the probability of the variable lying in each interval is
roughly the same (P (N(0,1) € (—o0, —3/2]) =~ 0.0668, P (N (0,1) € [—1,—3/4]) =~ 0.0680).
To pick the truncation point C' in the definition of the truncated distance p¢c p, we choose
am € (0,1], and let C be the m quantile of ¢ p(X) with X ~ N(0,1) on D, that is, the
C such P (¢100p(X) < C) = 7. Here, ¢ 10op, (X) = |X| —3/2if | X| > 3/2, or min(|X]| —
3/4,1 —|X]) otherwise, @400, (X) = |X| —3/2, and ¢ p,(X) = min(| X| —3/4,1 — | X]).

The first subfigure in each row of Figure [3.3| shows the density on each domain, along
with the corresponding ¢ . (X) in red, whose y axis is on the right. The second in each row
shows the log of the asymptotic variance for the corresponding /i, as on the right-hand side of
, and the third shows that for 62 as in . Each curve represents a different power «
in h(x) = 2%, and the x axis represents the quantiles 7 associated with the truncation point
C, as mentioned above. Finally, the red dotted curve shows the truncation point C' versus
7 for each domain. The “bumps” in the variance for 2°° are due to numerical instability in
integration.

As we show in Section 3.7 for the purpose of edge recovery for graphical models, we
recommend using h(x) = (7, ..., 2%) with a > 1 for D that is a finite disjoint union of
convex subsets of R™. Although minimizing the asymptotic variance in the univariate case
is a different task, o = 1 also seems to be consistently the best performing choice.

For D, and Ds, all variance curves are U-shaped, while for D; = Dy U D3 each curve

is visually piecewise connected by two parabolae, and the turning point corresponds to
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Figure 3.3: Univariate Gaussian example.
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Co =max ¢ o ps(r) = (1—3/4)/2 = 0.125. To the right of this Cy, the truncation is applied
to the two unbounded intervals (i.e. D) only. The first segment of most var(j) curves for
D;, as well as most curves for Dy suggest there may still be benefit from truncating the
distances o within the bounded intervals, although the var (62) curves for D; as well as both
curves for %7 on D, suggest otherwise. On the other hand, the curves for D; and D, imply
that a truncation constant larger than Cj is favorable; by referring to the ticks on the right-
hand side, note that the curves for D, reach their minimum at C' > 0.5. This suggests the
choice of a separate truncation point C' for each connected component of D, especially for
unbounded versus bounded ones. Although a further generalization of our proposed method,
this becomes infeasible for m > 1 and involves tuning multiple parameters, which we do not

further examine in this paper.

3.6 a-b Models on Standard Simplices

In this section we consider a-b models on the most important example of D with zero Lebesgue
measure in R™, the (m — 1)-dimensional standard simplex D = {w € Riﬂ =01 z= 1}.
As in Example [3.13] in the density we profile out the last component of x using z,, =

1—1) @,

1 ‘
Pk (T—m) o exp _Q_chimTK—my—mw(im - gmimT"*—mm (1-1 2 0n)
| o 1 .
o timan (L= 1] @)™ 4 502l + % (1-1] z_.)"| (3.25)
a

on D_,, = {w_m € R’f‘l} T =01 |z, < 1} C RT‘l, where for simplifying the no-
tation of this density we again define that 1/0 =1 and z°,, = log(z_,,).

Sufficient conditions on a and b for the density to be proper as discussed in Theorem
and Corollary [17] also hold in the simplex cases. Additional sufficient conditions for the case
where a = b = 0 are extensively studied in Section [3.6.2. The following theorem states that
the sufficient conditions on h; for a general D C R™ are also sufficient for D_,, C R™ 1 and

the equivalent definition (3.10|) of the generalized score matching loss and its empirical loss

(3.11)) are again valid.
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Theorem 19. Suppose the conditions in Theorem [1§ hold, then (A.1), (A.2) and (A.3) in
Lemma are also satisfied for a-b models on D_,, in .

By the nature of the simplex domain, sparsity pattern of K does not directly relate to
the conditional independence between two components, as any two components are perfectly
correlated when all others are fixed, due to the sum-to-one condition. However, one may
still be interested in the pattern as a measure of how two components interact, as well as
estimation of K and n with minimized error for the sole purpose of recovering the density
itself. As a prerequisite, the following theorem gives the conditions for the identifiability of
K and n from a given a-b density on the simplex. In short, the parameters are identifiable if
2a = b > 0 does not hold and a # 1, and in these cases the goal of recovering the underlying

true parameters Ky and 7 is well-defined.

Theorem 20. Suppose there exist Ky, Ko, n1, o such that
1 1 1 1
exp (—%w“TKla:a + gan:cb> = exp <—%w“TK2wa + gn;wb)
for all x € D, where by ° we mean log(x) and 1/0 = 1. Then Ky = Ky and ny = 12, or
else one of the following must hold: (1) a=b=1, (2)a=1,b=2, (3) a=1 and m = g,
(4) 2a =0 >0 and K; — Ky = 21 — 21),.

3.6.1 FEstimation for General a and b

In the equations in this section, for ¢ = 0 (and similarly for b = 0) we substitute the
coefficients “a” with “1” and “(a — 1)” with “—1”, and let z* = log z.

By substituting x,, = 1 — 1} _;x_,, and working on D_,, instead, d;logp(x_,,) now
depends on both (& j,7;) and (K, 7). Thus, unlike in Section (k,j,m;) and (K m, Nm)

are no longer isolated in the score-matching loss. In particular,

O;logp(x_p,) = — (n;m“) x?_l + (l-cj;n:ca) it 4 njm?_l — Nt (3.26)
0j;logp(x_p,) = —(a —1) (m;w“) 297? —(a—1) (K ) 2% — akjas " = Wy

(3.27)
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+ (b= D)nyah % + (b — Dl + 2akjmzd ol !

i m

and the unpenalized loss becomes

1
? (vec(K), m) " T (vee(K), ) — g (vec(K), ), where
r r
r= TK Kmn e Rm(m-l—l)Xm(m-l—l)’ 'k € IRm2><m27 FK,T/ c Rm2><m’ F’l‘] c IRme7
]'_‘K,'r] FTI
(3.28)
g = (vec(gk), gy) € R g c R™™ g € R™. (3.29)

The components 'k € Rm2xm2, 'y, € R+ and I';, € R™™ are no longer block-
diagonal with m blocks as for general D C R™ in Section [3.4.2] Instead, each of them can be
partitioned into m x m blocks with m “block-columns” and m “block-rows”, and each matrix
not only has m blocks on the diagonal, but also have the entire right-most “block-column”
and bottom-most “block-row” filled, representing the interaction between the (K ;,7;) and

(K.msMm)- In particular,

'k 0 e 0 'k, (1,m)
0 Ik 0 K,(2,m)
Tx = : : : : € R™*™ each block € R™™,

0 0 IF'km-1 Tk @m-1m)

Ti ) Treom) Pikn-tm) Tk |

[ YK, n,1 0 0 YK .n,(1,m) -
0 YK n,2 0 VK n,(2,m)

Ik, = : € R™*™ each € R™,

0 0 ce YK, n,m—1 YK n,(m—1,m)

| YK n,(m1) VYKm(m2) ~° YKmn(mm-1) YK.n,m




30

Yo 0 .. 0 Vor (L)
0 Yoz 0 Vo (2m)
T, = . ; : € R™ ™ each block € R,
0 0 T Tnm—1 Tn,(m—1,m)
|V, (1m)  m2m) T Ty (m—1,m) Tnm
where for j =1,...,m — 1,

I'k; Yxmj

F] = -
Yk Tng
n )2 ()0
1 | X X N T b
= (how) (XD) |77 | x0T x00 _x©° 1] :
L —x® J J
i= J
I%lE FKmL 7K@m
’YIT<,7,,m Tn.m
n m-—1 @)a—l ()2
1 X X Na—1 a yb—1
=- (hr, 0 1) (X1) S | xR x@T _x© ] ;
e —xW
Tk, (m)  YKm.Gm)
Lm) =
YK n,(mj)  Tn(im)
na—1 ~a
_ 1y (i) XJ@ X 0 - iyaT (i)b~1
= J
In addition,
1< ; pHa—1 ; ya—2 Ha
gK,j = — [@(hjotpj) (X())X() +(a_1)(hjo‘zpj)<X())X() }X()
i=1
+a(hy o 0) (XD) X[ "ejm — alhy 0 p;) (XD) XX ey
n m-—1
1 i i a—1 i i a—2 )@
. =0k 0 1) (XO) XP 4 (0 = 1) (g 0 1) (X9) X" X
i=1 k=1
+ a(hy o ) (X( )) X,(n) €mm — a(hy o ¢r) (X( )) X,g) an) €k.m)

b—1 b—2

— (b= 1)(h 00y (XD) X"
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n m-—1
1

Gn =~ D D Dilhico o) (XO) XD = (b= )(hio ) (X0) X7

i=1 k=1

Instead of m diagonal blocks for a general D C R™ of positive measure, in the simplex case
each matrix has (3m — 2) = O(m) blocks, so the computational complexity is the same as
the general case.

We note that the profiled estimator in for A, = 0 is not practical in this case:
The profiled quadratic matrix I's, = I'sx — I‘KmI‘,_] IFIT{’W is no longer block-diagonal; in
fact, all of its m x m blocks can be nonzero due to the new structure of I's k, I'x ,, and T',,.
The inversion of I';, also increases the computational burden and introduces more numerical
error. Instead of profiling out  and solve for K only, it is thus recommended to directly

perform coordinate-descent on both K and n without any penalty on 7.

3.6.2 log-log Models on Standard Simplices

In this section we consider the special case of a = 0 and b = 0, namely models with density
proportional to exp (— logx "' Klogx/2+n' log :1:) supported on the m-dimensional stan-
dard simplex. Central to these models, consider the A™~! class of distributions formulated in
(2.7) of |Aitchison| (1985) with parameters 8 = (5;),=1,..m and (Vjk)1<jzk<m, where vjz = Vi;,

and density proportional to

1
exp | =5 > oz —logzy)* + (8~ 1,,) logz | Lp().

exp | — g (log xj)2 E vik | + g vk log xjlog xy + (B — lm)T log x
=1 ke{l,..m\ )} |k
JR=1,...,m

and thus belong to our a-b model

1
exp (—5 logz Klogax +n' log a:)
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with n = B8 — 1,, as well as kj; = QZie{l,...,m}\{j} vji and Kg; = K = =27, for j # k =
1,...,m. The A™! model thus translates to the a-b model with a = b = 0 and K1,, = 0,,
and K=K,

In Theorem we show that under simple conditions the density is again proper and
the equivalent definition (3.10) of the generalized score matching loss is still valid. For
estimation, we again consider D_,, = {x_,, € RT‘l‘ T =01 @, <1} CRY ' and

profile out the last coordinate z,, in the density.

Theorem 21. Suppose K is symmetric, and one of the following holds:
(1) K is positive definite, or

(2) K1,, = 0,,, K_j._ is positive definite for some k=1,...,m, and 1) m+m >0, or

(3) K1,, = 0,,, K is positive semi-definite, and n = —1,,.

Then the density has a finite normalizing constant. Note that (2) implies that K is positive
semi-definite and (3) implies that K_j, _y, is positive semi-definite for all k (but not necessarily
positive definite).

For all j = 1,...,m — 1, assume h;(z) = x% with a; > 0 and for (3) also assume

a; > max{l —1n9;,1 —nom}, then (A.1)-(A.3) in Lemma |13 are satisfied.

Inference

As discussed in the beginning of Section [3.6] conditional dependence between two components
cannot be inferred from K due to the nature of the simplex domain. However, one can still
be interested in recovering the sparsity of K to see how different components interact, and
recovering K and m to estimate the density itself. For this purpose, we have the following
corollary of Theorem , i.e. K and n are exactly identifiable from the density (assuming
K1,, = 0,, or not):
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Corollary 22. Suppose there exist Ky, Ky, 11, n2 such that

1 1
exp (—5 log(a:)TKl log(x) + an log(a:)) = exp <—§ log(w)TKz log(x) + n; log(a:))
for all x € D, the standard simplex. Then K; = Ky and n; = ns.

Now define the additive log-ratio transformation y_,, = alt(x) = logx_,,,—(log x,) 1,1 =
(log(z1/m), - ., 10g(m_1/m)) . The A"~ model, corresponding to (2) and (3) in Theorem
, is proposed in |Aitchison| (1985) as a generalization of both the additive logistic normal
model with a normal density in y_,, with inverse covariance K_,, _,,, and mean K:}n’_mn,m,
corresponding to (2) with 1,/ 7 = —m, and the Dirichlet distribution with parameters n+1,,,
corresponding to (3) with K = 0. This generalization requires only one additional parameter
than the additive logistic normal model, namely 1, 1 is no longer assumed to be —m. This
brings in more flexibility to the two basic models over the simplex.

By nature of the simplex domains, any X; and Xj are perfectly conditionally corre-
lated given all other X_; ;. On the other hand, under the additive logistic normal model,
Y, = log(X,/X,,) and Y}, = log(Xy/X,,) are conditionally independent given all other
log(X¢/Xm), € # j,k,m if and only if kj, = ki; = 0; conversely, as we make clear in the
proof of Theorem , this is true only for the additive logistic normal model (1)1 = —m).
We note that the statement in this paragraph still holds when we replace the ratios with
respect to X,, by those w.r.t. any X,.

Assuming the more general A™ ! model, we can thus perform the following two-step test
of conditional independence between X;/X, and X}, /X, for triplet (j,k,¢) with j, k, ¢ all
different. First test if 1} 1 + m is significantly different from 0 by comparing the BIC/eBIC
for fitted A™~! and additive logistic normal models with regularization discussed in Section
[3.4.3} if we reject the null, then we cannot establish conditional independence for any such
triplets. Otherwise, we claim that for all ¢ # j, k, X;/X, and X/X, are conditionally
independent given all other X;/X, (i # j,k,¢) if and only if kj; = kg; = 0 in either fitted

model. While the additive logistic normal model can be fitted as a Gaussian to the additive
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log-ratio transformed data, the A™~! model on the simplex can also be easily fitted with the

help of generalized score matching, as discussed below.

Estimation for A™=1 Models

In Section we formulate the elements for estimating K and n under the log-log model
(a = b =0) assuming (1) K is positive definite only. But for the A™~! models (Aitchison,
1985)) which assume the additional constraint K1,, = 0,, and K = KT as in (2) and (3)
of Theorem [2I], we need the following modification. We marginalize out the diagonals of K

with r;; = —k!..1,,_; and estimate all off-diagonal elements. Under the assumption, for

7‘77‘7
any matrices A with m rows and B with m columns, we can write
TA _ T } T, T L T _ T j
KA =LA e =615 (A —Teaa)) =k, (C/A),

T
Bk, =B _jk_j;j+bir;=(B_;—bl, )k j;= <BC] ) K—jjs

where C7 € R("=D*™ hag its j-th column all equal to —1, and (1,1),...,(j —1,5—1), (4,7 +
1),...,(m—1,m)-th positions equal to 1, and 0 everywhere else. Let C € R(m=Dmxm? b the

block-diagonal matrix with blocks C!, ..., C™. The unpenalized generalized score-matching

loss %vec ([KT 'r)] )T I'vec ([KT n}) — g'vec ([KT n]) thus becomes

T T

1 Koﬂ‘ CFKCT CFK,n Koﬂ‘ CVGC(gK) Koff
—vec vec — vec

2 ,nT FI'I;’ncT T, nT In nT

Denote the new components as T € R™*™* and gc R™. For any m?-dimensional nonzero
v = (Vk1,- .-, VK,m, Upy) € R™ with vk; € R™ ! and v, € R™, form V € R™™ whose
j-th column has ©_;; = vk, and 0;; = 1 — 1, vk (analogous to the inverse operation
of K — vec(Kog)), and let @ = (vec(V),v,). Then by definition v Tw = &' T'd. Since
U # Opy(m41) if and only if v # 0,2, I is positive (semi-)definite if and only if T' is positive
(semi-)definite.

Since I is merely a linear transformation of T', we may apply diagonal multipliers directly

to I for simplicity, and the concentration properties of the original I (high probability bounds
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for deviation of I" from its expectation) will be inherited, subject to different constants. The

penalized generalized score-matching loss for the A™~! models is thus defined as

jh,C,D,)\,(S(pB)
T
1 Koff =~ Koff - KOH
= 5 vec . s(x)vec N — g(x) "vec . + Ak [ Kot |11 + Anlml]1,
n n n
(3.31)
« _ |(CrxCT); CTxy . | Cvec(gk)
5§ = ; g = )
g ,CT r, n

where (+)s denotes the operation of multiplying the diagonals of a matrix by § > 1.
3.7 Theoretical Properties

In this section we present theoretical guarantees for our generalized method applied to the
pairwise interaction power a-b models. In particular, similar to Section [2.6] with high prob-
ability we bound the deviation of our estimates K and 7 from their true values Ky and nj.

We first restate Definition [ as below.

Definition 9. Let Ty = EqI'(x) and gy = Eog(x) be the population versions of T'(x) and
g(x) under the distribution given by a true parameter matrizc Oy = [Ko,m0] " € R4 o
U, = K, € R™ in the centered case if we assume mg = 0. The support of a matriz ¥ is
S(¥) ={(4,7) : ¥ij # 0}, and we let Sy = S(¥y). For a matriz ¥y, we define dg, to be the
mazimum number of non-zero entries in any column, and cy, = |||, - Writing Lo ap

for the A x B submatriz of Ty, we define

ery = 1To.5050) " Ml g - (3.32)

Finally, Ty satisfies the irrepresentability condition with incoherence parameter w € (0, 1]
and edge set Sy if
<(1—-w). (3.33)

i
00,00 —

IT0,5¢50 (To,5050)
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3.7.1  Truncated Gaussian Graphical Models on A Finite Disjoint Union of Convex Sets

with Positive Measure

Truncated Gaussian graphical models are covered by our a-b models described in Section
with a = b = 1. When the domain D is a finite disjoint union of convex sets with a
positive Lebesgue measure, we have the following theorem similar to Theorem [L0]in Chapter
22l which bounds the errors as long as one uses finite truncation points C' for ¢¢p and each

component in h(x) is a power function with a positive exponent.

Theorem 23. Let D C R™ be a componentwise decomposable set (Def@ with positive
Lebesgue measure, and assume it is a finite disjoint union of convex sets A = {Dl, e ,Dw},
i.e. D =Dy U---UDaj. Suppose the data matriz holds n i.i.d. copies of X following a
truncated Gaussian distribution on D with inverse covariance parameter Ko € R™™ and

mean parameter pg, namely with density
1 -+ T
Pro. Ko (T) o< exp _533 Kox+nyx | Ip(x)

with Ko positive definite and ng = Kopo. Let ¥y = [Ko, nO]T.

Assume that (A.1)-(A.3) in Lemma |15 hold, and in addition that h and the truncation
points C in the truncated componentwise distance pcp satisfy 0 < (hj o ¢, p;) (€) < M
and 0 < 0 (hj o <pcj7p7j) (x) < M’ almost surely for all j = 1,...,m for some constants
0 < M,M'" < 4oc0. Note that h(x) = (27*,...,2%m) with o, ..., q, > 1 satisfies all these

assumptions, according to Theorem [18,

Let the diagonal multiplier § introduced in Section [3.4.3 satisfy

l1<d<C(n,m)=2- (1 +4emax{(610gm+210g|A|)/n, \/(610gm+210g|A|)/n}>

and suppose further that T'ys,s, is invertible and satisfies the irrepresentability condition

2.24)) with w € (0,1]. Define cx = 2maxpea max; '2\/ (Koh)jj + VeEoX;1p (X)|. Sup-
pose for T > 3 the sample size and the reqularization parameter satisfy
M2 2 4 d2 M 2 d
n>Q0 ((7’ logm + log |A|) max{ CFOZX Po ToCx T }) , (3.34)
w w
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1 log |A 1 log |A
>\>O (MC‘IJOC?X_'_M/CX_'_M) (\/T Ogm+ Og| |+7— Ogm+ Ogl |>] ) (335)

n n

Then the following statements hold with probability 1 — m3~":

(a) The regularized generalized h-score matching estimator U that minimizes 18

unique, has its support included in the true support, S = S(\if) C So, and satisfies

. - ) o
K — Kofloo < 5—-A, 17— mollse < 57N
. c ) .
IK —Koll < 52150, I = moll < == A/1S0],
2 —w 2w
A c X
K = Koll, < 5 Amin (v/[So]. dw, )
B Cr .
|||Tl - 770”'2 S 5 _Ow/\mln <\/ |So|7 dlI’()) .
(b) Moreover, if
; Cry . Cry
ikl > A d | > —\,
j,k’:g}gleso ‘ﬁo’jk| —w an j:(mglll,?)eso |7707J| 5w

then S = Sy and sign(f;;) = sign(ko i) for all (j, k) € Sy and sign(7;) = sign(no;) for
(m + 1,]) S S().

In the centered setting, the same bounds hold by removing the dependencies on ) and myg.

The detailed proof of the theorem is omitted, since it is analogous to that for Theorem
of Chapter [2] with two modifications: (i) using the triangle inequality, split the concentration
bounds (A.6) (A.10) (A.11) in the Appendix for Chapter 2| into one for each D; ..., Dja

and use a union bound; (ii) in the proof of Lemma .1, replace D = R’ by any convex
D' =Dy,...,Da| and replace X; by X 1p/(X), as the proof there only uses the convexity

of the domain.

3.7.2  Bounded Domains in R with Positive Measure

In this section we present results for general a-b models on bounded domains with positive

measure.
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Theorem 24. (1) Suppose a > 0 and b > 0. Let D be a bounded subset of R} with
positive Lebesque measure with D C [uy,v1] X <+ X [, V] for finite nonnegative con-
stants uy, V1, . . ., U, Um, and suppose that the true parameters Ko and mg satisfy the condi-
tions in Corollary (17 (so that the density is proper). Assume h(x) = (z7*,...,z%™) with
ai, ..., 0y > max{l,2—a,2—0b}, and suppose pcp has truncation points C = (C4,...,Cy,)
with 0 < C; < 400 for j =1,...,m. Define

(

min {Cj, (v; — u;)/2}* (uj +v;)P /27, p; < 0,v; —u; < 20,

C(Cj, ug,v5, a5, p5) =  min {C}, (v; —u;)/2}% (u; + C;)Ps, pj < 0,v; —u; > 2C;,
\min {C, (vj —uy) 2} WY p;j =0,
r = j7kr:nlé’x.>immax {C(Cj, u;, vj, 0, 20 — 2)vi®, (Cj,uj,v5, 0,20 — 2)} ,
Sg = j7kr:nlzi>im max {osz(C'j, uj,vj,a; —1,a— 1)y

+ |CL - 1|C(Cj7uj7vj7ajua - 2)”;; + aC(Cjauj>Uj7aj72a - 2)7
OéjC(Cj,Uj,Uj,Oéj —1,0— 1) + |b_ 1‘C<ijujvvj>aj>b - 2)}

Suppose that Ty s,s, s invertible and satisfies the irrepresentability condition with
w € (0,1]. Suppose for T > 0 the sample size, the reqularization parameter and the diagonal

multiplier 6 from Section [3.4.3 satisfy

n > 72¢3, dg, st (T logm + log 2) /w?, (3.36)
3(2—w)

A > — max {c%gr\/Q(T logm + log4)/n, g/ (T logm + log 4)/(271)} : (3.37)

1 <6 < Choundgea(n,m, 7) = 1+ /(rlogm + log4)/(2n). (3.38)

Then the statements (a) and (b) in Theorem |25 hold with probability at least 1 —m™7.
(2) Fora=0 and b >0, ifu; >0 for all k =1,...,m, the above holds with
p = max max{((C}, u;, vj, oz, —2) max{|log ug|, | log vg|}?, ¢(Cj, uj,v5, o, 20 — 2)},
Jk=1,..., m

Sg = _max max{a;((C}, u;,v;, a; — 1, —1) max{|log uy|, | log vy| }
Jk=1,..., m
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+ la = 1¢(C5, uj, v5, a;, —2) max{| log ux|, | log ve[},

a;C(Cj, uj,v5, a5 = 1,6 = 1) 4+ [b = 1|¢(C, uy, v5, 05, b — 2) }.

We note that the requirement on «; > 1 is only for bounding the two 0;(h; o ¢;) terms

in g(x) and might not be necessary in practice as we see in the simulation studies.

3.7.5  Unbounded Domains in R with Positive Measure

For unbounded domains D in the non-negative orthant, we also have consistency results,
albeit introducing an additional unknown constant factor that may depend on m to the
sample complexity. For simplicity we only show the results for a > 0 and those for a = 0
should be similar. The following lemma enables us to bound each row of the data matrix x

by a finite cube with high probability and then apply the same proof as for Theorem [24]

Lemma 25. Suppose D has positive measure and the true parameters Ko and ng satisfy the
conditions in Corollary . Then for all 7 =1,...,m, XJZ" 18 sub-exponential if a > 0 and

log X; is sub-exponential if a = 0.

We have the following corollary of Theorem [24] The results involve an unknown constant,

namely the sub-exponential norm || - ||, of X?* and we have roughly and asymptotically

Vi Y
n = 2 (logm) max; O (HX f“ . We suspect the sub-exponential norm to

le
scale like Q ((logm)®) for some ¢ small, and the exact dependency on m is left for further

> (oj+max{4a,2b}—2)/a

research.

Corollary 26. Suppose a > 0 and D is a subset of R with positive measure and suppose
that the true parameters Ko and mg satisfy the conditions in Corollary . Let p;(D) =
{z;:x €D} and pj = {j = 1,...,m : supp;(D) < +oo}, and suppose p;(D) C [u;,vj]
for j € pp. Then Theorem holds with log 4 replaced by log6 in f, and u; =
max {EOX]?‘I — €3, O}l/(2a) and vj = (EOX]?“ + 637j)1/(2a) for j & p3, where

\/log?) +logn + 7logm + log (m — |p}|),

€3; = max {2\/56 HX;an1
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de| X2, (log:3 -+ logn + 7 logm +log (m — op))

13, = sup (Bol X, 1) g > Eg X3,
q=z

H¢1

3.7.4 Models on the Standard Simplices

For models with a > 0 on the simplex, since each coordinate is in [0, 1], we have the following

corollary of Theorem

Corollary 27. Suppose a > 0 and b > 0, and let D = {:1: € RT| x>0, 1"z = 1} be the
simplex domain in R, Suppose that the true parameters Ko and mo satisfy the conditions

in Corollary . Then for the minimizer of using the T' and g formulated in Section

1| + 2a, |b — 11}.

In the proof of Corollary [27| we show that we can give tighter constant bounds ¢r and ¢,
for entries in I' and g, respectively, which may be a lot smaller but have rather complicated
forms.

For models with @ = 0 on simplex domains, including the A™~! models discussed in
Section we first use the following lemma to bound log X; with high probability, just as

in Lemma 23

Lemma 28. Suppose D is the standard simplezx, and the true parameters Ko and 1y satisfy
the conditions in Corollary[17 for a >0 or b > 0, or in Theorem[21] for a = b= 0. Then for

all j=1,...,m, XJZ" is sub-exponential for a > 0, and log X, is sub-exponential for a = 0.
We then have the following corollary of Theorem [24]

Corollary 29. Suppose D is the simplex domain in R} and a = 0. Suppose b =0 and the
conditions for Ko and ny in Theorem hold, or b > 0 and the condition in Corollary
hold. Let h(x) = («1*,...,2%™) with ay,...,an > 2. Then Theorem |24 holds with log 4

rYm

replaced by log6 in f, and

r = max {17 C%og,Ko,no} )
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Gg = max { (.max a; + 1) Clog,Komo + 2, Max a; + |b — 1|} , where

Jj=1,..m J

Clog, Komo = mjax Eqlog X;

+ max {2\/56 max | 1og X |l4, v/log 3 + logn + (7 + 1) logm,
7j=1,...m

de
=

nax || log X ||, (log 3 4+ logn + (7 + 1) logm)} ,

[Hog Xl = sup (Eo| log X;[*)"" /q > —Bylog X;.
q=

The results are written in terms of the max of the sub-exponential norms of log X1, ...,

2
log X,,, an unknown constant, and we have roughly n = Q (logm) O (maxj ||llog Xj||w1> .
We expect the sub-exponential norm to scale like Q ((logm)©) for some ¢ small, and the

exact dependency on m is left for further research.
3.8 Numerical Experiments

In this section we present results from numerical experiments using our method formulated

in Section [3.3.2] and [3.3.5] as well as our extension to Liu and Kanamori (2019) presented in

Section [3.3.6] The plots we report are in a similar fashion to those in Section [2.7]

3.8.1 FEstimation — Choice of h and C

Recall that multiplication of V logp(x) with an (h o ¢cp)Y/?(x) is key to our method, in
which the j-th component of e p(x) = (Y, p1(X), ..., ¢c,.p.m(x)) is the distance of z; to
the boundary of its domain holding «_; fixed, with this distance truncated from above by
some constant C; > 0.

We use a uniform h for all components (h(x) = (h(xy),...,h(z,))) and compare the
performance of our method using various h(x) of the form x¢ for some power ¢ > 0 along
with various truncation points C. In particular, we choose ¢ = i/4 for i = 0,1,...,8.
Instead of prespecifying constants C, given 0 < 7 < 1 we choose each C; to be the m sample

quantiles of ¢, p; applied to each row of the data matrix x, namely the 7 quantile of
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{0roopi(®D), .. ioopj(x™)}, assuming there are n samples in the data; infinite ¢ o.p ;
values are ignored. If all untruncated distances for the j-th component in the sample are
infinite, i.e. ¢ o0 p (V) = = pi0p (™) = 400, we set p; = 1. This dynamic way of
choosing the truncation points allows us to automatically adapt to the scale of data, and is
more informative than fixing the constant to a grid from 0.5 to 3 as done in Section 2.7 In
our experiments, we choose m = 0.2,0.4, 0.6, 0.8, 1, where 7 = 1 means no truncation for all
finite ¢; values.

We remind that with power ¢ =0, (ho pcp)(x) =1 and it corresponds to the original
score-matching for R™ of Hyvarinen, (2005), while with ¢ = 2, C = +00™ and D = R,

2 corresponds to the estimator of Hyvérinen| (2007) and [Lin et al.| (2016).

(howco)(z) ==
The case where D = R" corresponds to Section

Finally, we also include results for our extension to the method proposed in |Liu and
Kanamori| (2019) using go(x) as opposed to (h o ¢ p)t/%(x), taking the ¢, distance to the
boundary 0D upper truncated by a constant C; see Section [3.3.6l The constant C' in this
case is also determined using quantiles of the untruncated ¢y distances of the given data

sample to dD. For C' = +oo (m = 1) there is no truncation and the estimator corresponds

to |Liu and Kanamori| (2019).

3.8.2  Numerical Experiments for Domains with Positive Measure

In this section we present results for general a-b models restricted to domains with positive

Lebesgue measure.

Experiment Setup

Throughout our experiments we choose dimension m = 100 and sample sizes n = 80 and
1000. For simplicity and given the length of this dissertation, we only present results for the
centered case (assuming n = 0) where the b power does not come into play in the distribution,
i.e. the density is proportional to exp {—maTKma/(Za)} for a > 0 or exp (—log x ' Klog a:/2)

for a = 0. Supported by the exhaustive experiments of the same kind carried out in Section
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2.7] we expect that the results for non-centered settings are similar, meaning that the best
choice of A mainly depends on a but not b.

We consider six settings for a: (1) a = 0 (log), (2) a = 1/2 (exponential square root;
Inouye et al.| (2016)), (3) a = 1 (Gaussian), (4) a = 3/2 as well as some extreme cases (5)

a =2 and (6) a = 3. For all settings, we consider the following subsets of R"" as our domain

D:
i) non-negative £, ball {x € R} : |||l < ¢1}, which we call f,-nn (“non-negative”),
ii) complement of ¢, ball in R": {& € R : ||x||; > ¢1}, which we call (S-nn, and
iii) [c1, +00)™, which we call unif-nn,

for some ¢; > 0. For the Gaussian (a = 1) case consider in addition the following subsets of

R™:
iv) the entire ¢y ball { € R™ : ||x||2 < ¢}, which we call /s,
v) the complement of ¢, ball in R™: {z € R™ : |||, > ¢}, which we call £, and
vi) ((—o0,c1] U [er, +00))™, which we call unif.

The constant ¢; in each setting above is determined in the following way. We first generate
n samples from the corresponding untruncated distribution on R for i)-iii) or R™ for iv)-
vi), then determine the ¢; so that exactly half of the samples would fall inside the truncated
boundary. We believe that the ¢; chosen adaptively in this way would be more meaningful
and the truncation would not be too aggressive, similar to data one might see in practice.

The underlying true interaction matrices Kg are selected as in [Lin et al. (2016]) and
Section . Each graph has 10 disconnected subgraphs, each containing m/10 = 10 nodes,
making K, block-diagonal. In each block, each lower-triangular element is set to 0 with

probability 1 — p for some p € (0, 1), and is otherwise drawn from Uniform[0.5, 1]. The upper
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triangular elements are determined by symmetry. The diagonal elements of Kq are chosen
as a common positive value such that the minimum eigenvalue of Ky is 0.1. We generate 5
different true precision matrices Ky, and run 10 trials using each of them. We choose p = 0.8
for n = 1000 and p = 0.2 for n = 80. This way n/(di, logm) is roughly constant, coinciding
with our theory in Section [3.7]

Results

We use the area under the ROC curve (AUC) as the measure of performance of edge recovery
of Ky. Specifically, writing the estimate of K as K, the ROC curve plots the true positive
rate (TPR) against the false positive rate (FPR), with

|Soff\50,off| and TPR = |Sof‘f N SO,0H| 7
m(m — 1) — |Soof | S0 0|

where Soor = {(i,7) : i # j A koiy; # 0}, and Seg = {(3,7) 1 i # j ARy # 0} We
plot the AUC averaged over 50 trials for each setting against 7 = 0.2,0.4,0.6,0.8, 1, whose

FPR =

sample quantiles are used as the truncation points C of ¢ p (c.f. Section , while each
curve represents h(z) = 1 (Hyvarinen, 2005), go(x) from Section or h(z) = x¢ with
c=1/4,1/2,...,2. The y-ticks on the right-hand side are the original AUC values, whereas
those on the left are the AUCs divided by the AUC for h(x) = 1, measuring the relative
performance of each method compared to the original score matching in Hyvarinen (2005).
(Note that h(x) = 1 is invariant to the truncation points and is thus constant in each plot.)

From the plots we conclude that in most settings our method using h(z) = z¢ with a ¢
close to max{2—a, 0} works the best, as we observed in Section and in most settings the
truncated gy function does not work well (Liu and Kanamori| (2019) corresponds to 7 = 1).
The only notable exception is the domains iv)—vi) above, namely Gaussian models on subsets
of R™ not restricted to R, shown in Figure . In particular, the original score matching
in Hyvéarinen| (2005) designed for densities in the entire R™ seems to work the best in these
settings, suggesting that estimation of GGMs for domains with such truncations might not

be challenging enough for one to switch to the more complex generalized methods. The
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reason behind this is left for future research. On the other hand, by reading the y ticks on
the left side of the plots in Figure one should however note that for the iv) £, and v) &

domains, the difference in the performance of all estimators is insignificant.
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Figure 3.4: AUCs averaged over 50 trials for edge recovery using generalized score matching

for the log models (a = 0). Each curve represents using either our extension to go(x)

proposed in |Liu and Kanamori (2019) or a different choice of power function h(z) = z¢, and

the x axis marks the 7 values whose columnwise sample quantiles are used as the truncation

points C for the truncated componentwise distances. The colors are sorted by the power c.
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Figure 3.5: AUCs averaged over 50 trials for edge recovery using generalized score matching

for the exponential square-root models (a = 1/2).
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Figure 3.6: AUCs averaged over 50 trials for edge recovery using generalized score matching

for the Gaussian models (¢ = 1) on domains being subsets of R".
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Figure 3.7: AUCs averaged over 50 trials for edge recovery using generalized score matching

for the Gaussian models (¢ = 1) on domains being subsets of R™ (not restricted to R7").
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Figure 3.8: AUCs averaged over 50 trials for edge recovery using generalized score matching

for the a = 3/2 models.
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Figure 3.9: AUCs averaged over 50 trials for edge recovery using generalized score matching

for the a = 2 models.
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Figure 3.10: AUCs averaged over 50 trials for edge recovery using generalized score matching

for the a = 3 models.
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3.8.8 Numerical Experiments for A™1 Models on the Simplex
Ezperiment Setup

As the most important example of models on the simplex D = {a: € R’H =01z = 1},
in this section, we consider A™ ! models discussed in Section , i.e. when a = b =0 and
K1,, =0,, with K = K'. As in Section we consider dimension m = 100, sample sizes
n = 80 and n = 1000, and assume 1, = 0 is known for simplicity; the density is proportional
to exp (—log x"Klog x/2).

For the true interaction matrix Ky we use band matrices with bandwidths s = 7 for
n = 1000 and s = 2 for n = 80, where the bandwidth is defined as max{|i — j| : Ko, ; > 0}.
We set kg, ; to 1—|i—j|/(s+1) for 1 <|i—j| < s, and set the diagonals so that Ko1,, = 0,,.
Each n is thus associated with only one graph, for which we run 50 trials. Note that the
bandwidth is chosen so that n/(dk, logm) is roughly constant, where d is the maximum
node degree, as this quantity is suggested to be linked to the probability of successful edge

recovery, according to our consistency theory in Section [3.7]

Results

As discussed in Section|3.6.2] although conditional dependence between two components does
not correspond to the zero/nonzero pattern of the entries in K, one may still be interested in
successful recovery of such pattern as well as minimization of the estimation error of K and
n. This is backed up by Corollary 22] according to which K and n are exactly identifiable
from the distribution.

As in Section [3.8.2] in Figure we plot the AUC averaged over 50 trials against the
7™ =0.2,0.4,0.6,0.8,1 whose columnwise sample quantiles are used as the truncation points
C of pcp (c.f. Section , and each curve represents h(x) = 1 (Hyvarinen, 2005)), go(x)
from Section [3.3.6} or h(z) = 2¢ with ¢ = 1/4,1/2,...,2. In addition, in Figure we plot
the estimation error in spectral and Frobenius norms, namely ||K — Ko|, and || K — Ko,

against m. The y-ticks on the right-hand side are the errors, and those on the left are the
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errors divided by the error for h(z) = 1, measuring the relative performance of each method
compared to Hyvarinen| (2005). Opposite to the earlier plots, curves closer to the bottom of
each plot indicate better performance.

Based on the plots, for both edge recovery and error measured by the Frobenius norm,
h(x) = x? is among the best performers, supporting our previous conclusion of the choice
of h(z) = 2™>{2=0% for general a-b models. When the error is measured in the spectral
norm, h(x) = x? has the largest error for n = 80 but shows better improvements over other

estimators as n is increased.
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Figure 3.11: AUCs averaged over 50 trials for edge recovery for the A™ ! models on the

simplex.

3.9 DNA Methylation Data

In this section, we apply our generalized score matching to a DNA methylation dataset. The
dataset contains methylation levels of CpG islands for 500 patients associated with head
and neck cancer from the Cancer Genome Atlas (TCGA), where CpG islands are regions of
DNA where a guanine nucleotide very frequently follows a cytosine nucleotide along its 5’

— 3’ direction. Methylation levels are associated with epigenetic regulation of genes (Du
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Figure 3.12: Averaged error in spectral and F' norms over 50 trials normalized by the corre-
sponding norms of the true Ky; sparsity chosen by cross validation for the A™~! models on

the simplex.
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et al., 2010). According to |Du et al. (2010), to measure the methylation level, one can
use the Beta-values, a value in [0, 1] as the ratio of the methylated probe intensity and the
sum of methylated and unmethylated probe intensities, or the M-values, which is defined as
log,(Beta/1 — Beta) taking values in R, the logit of the Beta-values with base 2. We are
interested in applying our method and the a-b model framework to a subset of the data using
Beta-values and M-values to estimate the network/undirected graph of the CpG sites or the
corresponding genes.

Since the dataset contains 500 samples and 93715 sites, we choose a subset of sites
corresponding to genes known to belong to the pathway for Thyroid cancer according to the
Kyoto Encyclopedia of Genes and Genomes (KEGG). With the a-b model assumption, we
remove the sites that are clearly bimodal; specifically, for each site, we apply Mclust to its
non-outlier Beta-value observations and test if it is a Gaussian mixture having more than
one component. This results in 500 samples and 478 sites, corresponding to 36 genes.

To estimate the graph using the M-values, we assume a Gaussian model on R™, i.e. a-b
model with a = b = 1, and use the profiled estimator in , and choose the upper-bound
diagonal multiplier 2 — <1 + SOW) - as suggested in Chapter [2.6.2, Note that the

(h o ) is unnecessary in this setting and we simply use the original score matching with

(how)(x) = 1,,. For Beta-values, we assume a log-log model (a = b = 0) on [0, 1]™, and use

the profiled estimator with the upper-bound diagonal multiplier 1+ /(7 log m + log4)/(2n)
as in (3.38)) with the choice of 7 = 3. We use h(x) = z? as suggested by our theory, and
choose the truncation points in ¢ to be the 40th sample percentile, as suggested by the
simulation results in Figure As an illustration, the A\ parameter that defines the ¢;
penalty on K is chosen so that the number of edges is equal to 478, the number of sites,
following Section and |Lin et al.| (2016)).

The estimated graphs are presented in Figure [3.13] where graphs (a) and (d) are the
estimated graphs for Beta values, graphs (¢) and (f) are those for M values, and (b) and
(e) are the common edges, i.e. intersection graphs. In particular, graphs (a) (b) (c) exclude

isolated nodes that have no edges and the layout is optimized for each graph, while for (d)
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(e) (f) the layout is optimized for the Beta graph. Figure shows graphs in Figure [3.13]
aggregated by the genes associated with the sites. In (a), (c¢), (d), (f), red points indicate
nodes with degree at least 10 (i.e. genes connected to at least 10 other genes in the case of
Figure . Sites with highest node degrees are listed in Table , where those shared by
the two graphs are highlighted in bold.

Beta values M values
CDH1—4 (28) RXRB—24 (25)
TCF7L1—18 (22) | MAPK3—8 (22)
RXRA—19 (21) PAX8—6 (21)
RXRA—22 (21) CCND1—19 (20)
RET—22 (21) RXRA—10 (20)

RXRB—82 (21) | RXRA—19 (20)
NTRK1 40 (21) RXRB—18 (20)
LEF1—2 (20) PAX8—9 (20)

TCF7L1—13 (20) TCF7—3 (18)
CDKNIA—10 (20) | TCF7L1—9 (18)
CDKNIA—6 (19) | TCF7L1—18 (18)
MAPK3—8 (17) | TCF7L2—63 (18)
PAX8—28 (17) TPM3—12 (18)
PAX8—29 (17) | PAX8—29 (17)

Table 3.1: List of sites with the highest node degrees in each estimated graph.

To quantify the similarity between the two graphs, we calculate their Hamming distance,
namely the sum of absolute differences in their adjacency matrices divided by 2. The Ham-
ming distance is 568, which is a lot smaller than 936, the minimal Hamming distance between
the graph for Beta values and 10000 randomly generated graphs with the same number of

edges, and 940, that value using the graph for M values. Furthermore, the discrete one-
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Figure 3.13: Graphs for CpG sites estimated by regularized generalized score matching
estimator using Beta values (a, d) and M values (c, f), and their intersection graph (b, e).
In (a), (b) and (c), isolated nodes with no edges are removed, and the layout is optimized
for each plot. In (d), (e) and (f), isolated nodes are included and the layout is optimized for
the graph for Beta values. In (a), (¢), (d), (f), red points indicate nodes with degree at least
10 (“hub nodes”).
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MAR2K1

(a) Beta values (b) Common edges (¢) M values

(d) Beta values (e) Common edges (f) M values

Figure 3.14: Graphs in Figure aggregated by the genes associated with the CpG sites,
with Beta values (a, d) and M values (c, f), and their intersection graph (b, e). In (a), (b)
and (c), isolated nodes and self loops (edges between sites for the same gene) are removed,
and the layout is optimized for each plot. In (d), (e) and (f), isolated nodes and self loops
are included and the layout is optimized for the graph for Beta values. In (a), (c), (d), (f),
red points indicate genes connected to at least 10 other genes. Thickness of edges scales
with square root of the total number of edges for sites between each pair of genes (or edges

between sites within the same group in the case of self loops).
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sample two-sided Kolmogorov-Smirnov test on the sample distribution of node degrees of
one graph, while treating that of the other graph as the null distribution, gives p-values
0.1208 and 0.1397, respectively. In Figure [3.15| we compare the distribution of node degrees
for the site graphs estimated using Beta and M values, with interlaced histogram on the
left and Q-Q plot on the right. All these results suggest that the two estimated graphs are

sufficiently similar to each other.
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Figure 3.15: Interlaced histogram (left) and Q-Q plot (right) showing the node degree dis-
tributions for both site graphs.
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3.10 Discussion

The generalized score matching loss proposed in Chapter 2| (Yu et al) [2019b) estimates
densities supported on R’ using a generalized score matching loss, whose definition involves
componentwise multiplication of Vlogp(x) with an h(x) function, generalizing the choice
of h(x) = z? in Hyvarinen| (2007). As in Hyvérinen (2007), the estimator has a closed-form
solution in the low-dimensional settings without any regularization and avoids calculating

the often computationally intensive normalizing constant.

In this chapter, we extend our work from distributions on R to those on componentwise
countable domains as defined in Definition [5 informally these are the domains for which,
fixing all other components @_;, the induced domain of one component z; is a union of at
most countably many intervals in R. We accomplish this by composing the h with a distance
function oo = (Vo155 @Cnm) : D — R, with ¢, j(x) being the distance of z; to its
induced boundary holding x_; fixed, truncated from above by some prespecified C;. We
show that the loss can again be approximated by an empirical loss when we substitute h
in Chapter [2| with (h o ¢¢), which is quadratic in the canonical parameter for exponential
families, thus having closed-form solutions in low-dimensional settings. For domains with
zero Lebesgue measure, we take the m-simplex domain as a canonical example and defined

the loss by profiling out the last component.

As in Chapter [2| we focus on a-b pairwise interaction models with density proportional
to exp { —z* ' Kz?/(2a) +n'z"/b}, where for a = 0 we let *"Kz*/(2a) = logz 'K log /2
and for b =0, n'x’/b = " logz. We formulate our estimators for a-b models on domains
with positive Lebesgue measures as well as on simplex domains, for the latter of which we

extensively discuss the A™~! models (Aitchison, [1985) as the most important example.

We extend the consistency theory for edge recovery in Chapter [2| to Gaussian graphical
models on domains that are finite disjoint unions of convex sets, as well as general a-b models
on simplex domains with a > 0 and on bounded domains with positive Lebesgue measure,

requiring the sample size to be n = Q(logm). For unbounded domains with ¢ > 0 and



112

the simplex domains with a = 0, we require an additional multiplicative factor that may
weakly depend on m. Finally, through simulation studies we confirm that the choice of
h(x) = (z5,...,2¢,) with ¢ = max{2 — a,0} performs the best in most settings in terms of
edge recovery, similar to the conclusion in Chapter [2]

In the simulations we adaptively select the truncation points C' of ¢ using the sample
quantiles of the untruncated distances. Developing a method to choose the best truncation
points remain further research. For the theory part, it is also interesting to investigate into

the real sample complexity in terms of dimension m for unbounded domains with a > 0 or

simplex domains with a = 0.
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Chapter 4

DIRECTED GRAPHICAL MODELS AND CAUSAL
DISCOVERY FOR ZERO-INFLATED DATA
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4.1 Introduction

Graphical models specify conditional independence relations among variables in a random
vector Y indexed by the nodes V of a graph G = (V, ) with edge set £ (Maathuis et al.|
2019). Models based on undirected graphs may be used to explore conditional independence
between any two variables Yy and Yy given all others (Y )w.u v, as represented by the
absence of an edge between V and U in €. Models based on directed acyclic graphs (DAGs),
for which &£ is comprised of directed edges, capture conditional independence structure that

naturally arises from cause-effect relationships between the variables.

In biology and genetics, graphical models have been applied to infer the structure of gene
regulatory networks based on measurements of gene expression (Maathuis et al., 2019, Sec-
tions 20-21). Traditional technologies produce expression levels aggregated over hundreds or
thousands of individual cells, and these bulk measurements are frequently modeled using the
assumption of Gaussianity. In directed GGMs the exact structure of the underlying DAG
cannot be identified from purely observational data, and the target of inference becomes
an equivalence class of DAGs. For instance, one cannot differentiate between V' — U and
U — V when the variables are assumed bivariate normal. In the Gaussian case, directed
graphical models posit linear functional relationships between the variables coupled with ad-
ditive Gaussian noise. A more recent line of work emphasizes that directed graphical models
that alter this assumption to nonlinear functional relationships and additive noise (Peters
et al., 2014)), or linear relations and non-Gaussian noise (Shimizu et al. 2006; |Wang and
Drton, 2020), or linear relations with homoscedastic Gaussian noise (Peters and Bithlmann),
2013}, |Chen et al.| 2019) are amenable to causal discovery in the sense that different DAGs

are no longer equivalent.

More recent technology obtains sequencing measurements of mRNA present in single
cells. This new technology, as well as the larger sample sizes it provides, promise to give more
information than bulk measurements, but at the same time bring in a unique new challenge.

At the single cell level, genes appear as “on” with positive single cell gene expression levels,
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or as “off” with the recorded measurements zero or negligible (McDavid et al., 2019).

Figure shows pairwise scatter plots of four genes from a T helper single-cell dataset
with 1951 measurements from eight healthy donors, which we analyze in Section [4.6] It is a
superset of the single-cell T-follicular helper data considered in McDavid et al.| (2019)), which
is similarly plotted in their Figure 1. The lower panels show the pairwise scatter plots along
with a fitted linear regression curve, and the diagonal panels show the univariate smoothed
kernel density estimates for each gene. As we can see, each gene has a large number of zero
values and a linear regression model is not sufficient for modeling the pairwise relationships.

A novel undirected graphical model that deals with this zero-inflation was introduced by
McDavid et al.|(2019). Their approach considers Hurdle density models, where for a random
vector of dimension m, the joint probability density function has the form

1
f(y; A, B,K)  exp (]l;A]ly + ]lgBy — §yTKy) , y € R™, (4.1)

with 1, being the elementwise indicators of nonzero entries in y € R™. The dominating
measure for this density is the m-fold product of the sum of the Lebesgue measure and
a point mass at zero. However, since more information can be inferred from single-cell
sequencing data, one would hope that the data can also be analyzed using more informative
directed graphical models, and that we can infer which variables (genes) are the causes of
change in other variables (expression levels of other genes). In this chapter, we formulate such
directed graphical models for zero-inflated data, and prove that under a weak assumption
one can recover the exact DAG from the joint distribution. In contrast to the setting of
McDavid et al.| (2019), the distributions in our models are not merely zero-inflated Gaussian
as we allow variables that are “on” to be non-linear polynomial functions of other variables
and stochastic noise.

In DAG models, the joint distribution can be factorized into the product of conditional
distributions of each variable given parent variables. For simplicity we call these conditional
distributions the node conditionals. In our DAG model for zero-inflated data, we form the

node conditionals by taking the conditional distribution of one variable given the others
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Figure 4.1: Pairwise scatter plots and kernel densities on four genes from the T helper cell

data analyzed in Section [4.6]
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in the joint model from (4.1). We refer to the resulting graphical model as the model in
(e, B, k)-parametrization, or in canonical parametrization. Here, the a and  parameters in
the conditional distribution are derived from the matrix parameters A and B in . The
« and [ are polynomials in the parent variables and their 0/1 indicators being zero/nonzero.
An alternative second type of model is obtained by directly specifying each node conditional
as a mixture of a point mass at zero and a Gaussian distribution, with the log odds of being
nonzero (log(p/(1—p))) and the mean in the Gaussian part being polynomials in the parent
variables and their indicators. The Gaussian variance is taken constant in the parents. We
call this second formulation the model in (p, i, 0%)- or moment parametrization, since the
parameters directly correspond to the (conditional) moments. The detailed specification of
both model types is developed in Section [4.2]

In Section 4.3, we show that under our models, the distributions that can be represented
by two different DAGs must be distributions of two-Gaussian type (Definition . We
then prove that such distributions do not exist for dimension m = 2 and m = 3; we also
conjecture they do not exist for m > 3. Moreover, we are able to prove that under a
natural and practical assumption, we have full identifiability in the sense of being able to
identify the exact DAG underlying the model. This assumption specifies that for each node,
a + ($%/(2k) or equivalently log(p/(1 — p)) has a separate univariate term for each parent
(e.g. y1 + Y2 + y1y2 + y? instead of y; + y1y2 + y3, which does not have a separate term for
y2). Note that this assumption is natural in the context of linear regression.

In Section [£.4] we introduce different methods for estimation of the DAG. Simulation
studies supporting the use of these methods are given in Section [4.5] and they are then
applied to the T-follicular helper cell dataset (Section .

The work in this chapter is presented in [Yu et al.| (2020)).

4.2 Directed Graphical Models for Zero-Inflated Data

In this section we motivate and formally define our models for zero-inflated data based on

directed acyclic graphs (DAGs).
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4.2.1 Hurdle Joint Distributions for Zero-Inflated Continuous Observations

McDavid et al.| (2019)) proposed a Hurdle joint distribution with density

1
f(y; A,B,K) o exp (n;A]ly +1,By — §yTKy) , y €R™, (4.2)

with respect to \™, where A is the sum of a point mass at 0 and the Lebesgue measure on
R, and A = (w;)ij, B = (8ij)i;, K = (kij)i; € R™*™ are matrices of interaction parameters
with K positive definite. The indicator vector 1, = (Lyy, 0}, - - - > Liyn20y) € {0, 1}™ captures
which components of y are non-zero.

Consider a random vector Y € R™ that follows the Hurdle joint distribution. Intuitively,
the density in is obtained by combining an Ising model for the indicator vector 1y
and a conditional normal distribution for Y given its nonzero pattern 1y . The Ising model
postulates a probability mass function proportional to exp (]l;A]ly). The conditional normal
distribution has density p (Y = y|ly = 1,;B,K) x exp (]l;By — %yTKy) with respect to
the Lebesgue measure restricted to the subspace of R™ compatible with 1,,.

The exponential specification in entails that conditional independence between two
variables is equivalent to the corresponding entries in all interaction matrices A, B, K being
0. In other words, a;; = aj; = Bij = Bji = kij = kji = 0 if and only if ¥; and Y are
conditionally independent given all other variables. Indeed, it is easy to see that the induced

conditional distribution of Y; given all other variables Y_; in Y, has density

p(Yi =yl Y = y_i) = fyi cui + aiT,_i]ly,i + Bg_iy_i, Bii + ,BIivi]ly,i - kz_i’y—z‘, ki), (4.3)
that is, the distribution is a Hurdle distribution in m = 1 dimension with parameters «, (3,
and k being linear functions in Y_; and 1y ; here f is the univariate version of (4.2).
4.2.2  Hurdle Conditionals

The observation in (4.3) above gives rise to the following definition. Recall that A is the sum

of a point mass at 0 and the Lebesgue measure on R.
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Definition 10 ((«, S, k)-Hurdle conditionals). Given a scalar random variable X and an
m-dimensional random vector Z , we say that the conditional distribution of X given Z is of
(e, B, k)-Hurdle type if it admits conditional densities with respect to X of the form
exp (a(z)1, + B(z)z — ka?/2)
V2r/kexp (a(z) + 5%(2)/(2k)) + 1

Here, a and (8 are functions of Z (and its indicator vector).

p(X =2|Z =2) = f),(X|Z) = (4.4)

Reparametrizing we give another intuitive formulation of Hurdle conditionals that clearly
exhibits their nature of a mixture between a point mass at 0 and a conditional Gaussian

distribution.

Definition 11 ((p, u, 0%)-Hurdle conditionals). Given a scalar random variable X and an
m-dimensional random vector Z, we say that the conditional distribution of X given Z is of
(p, , o%)-Hurdle type if it admits conditional densities with respect to \ of the form

(X =2|Z = 2) = [ ,(X]Z) = (1 - p(=))(1 - L)

Pyt,02

+p(2)1, exp GW) . (4.5)

1
vV 2mo?

Here, p and u are functions of Z (and its indicator vector).

It is easy to show that the two parametrizations (4.4) and (4.5 are connected through

p g1 k s o 1
1 —a+ —log (- = —_—
BT, T % 20g<27r T T TR

(4.6)

That is, the conditional log odds of being nonzero is linear in « and quadratic in 3, and the
conditional Gaussian mean is proportional to .

We note that while the (a, 3, k)-parametrization takes canonical parameters «(Z), 3(Z)
and k using a representation as exponential family, the moment parametrization directly
models the conditional mixing probability p(Z), and the mean p(Z) and variance o2 pa-
rameters of the conditional Gaussian distribution. We thus refer to (4.4) as the canonical

parametrization, and (4.5)) as the moment parametrization.
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4.2.8  Directed Graphical Models for Zero-Inflation Data

Consider an m-dimensional random vector Y whose components are indexed by the vertices
of a DAG G = (V,€) and whose distribution is dominated by a product measure on R™.
A graphical model based on G requires that the density of the joint distribution admits a

factorization as

F@) =TI # (wlyp)) . (4.7)

Vey

where each factor fy (yv|ypa(v)) is a conditional density for yy given its parent variables
Ypa(v)- The set of parents is defined to be pa(V) ={U :U =V € &£}.

In Section we observed that, for the Hurdle joint distributions from (4.2)), the
conditional distribution of one variable Y; given the others is an (o, 5, k)-Hurdle with k
constant, and a and [ linear functions of those variables (and their indicators) that are
conditionally dependent on Y;; see . Motivated by this fact, we specify directed graphical
models for zero-inflated data by assuming the conditional densities in the factorization in
to be (a, B, k)- or (p, u,0?)-Hurdle conditionals. We then assume the parameters in

these conditionals to be Hurdle polynomials in its parents, as defined now.

Definition 12 (Hurdle polynomials). Let Y = (Y )yey be an m-dimensional random vector
indexed by a set V, and suppose S C V. If S # @, define the space of Hurdle polynomials

m Ys as

T
H(Y,S)E CO_'_ZCj H ng’U H ]lyv, CQER,TGN, Cj#o,

j=1 Uel; Vey;

UjQS,ngS\Uj,dj7U€NVUGUj\V/j:1,...,T}, (48)

where N = {1,2,...}. This is the set of polynomials in values and indicators of nodes in S.

If § = @, define H(Y;S) = R. The degree of a hurdle polynomial as specified in (4.8)) is

We are now ready to formally define our models.
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Definition 13 (DAG models for zero-inflated data). Let G = (V, &) be a DAG with |[V| =m
nodes. A zero-inflated conditional Gaussian DAG model associated with G is a set of joint
distributions on R™ that admit a density (with respect to \™) that factors as in (4.7)) with

each conditional density fv (yv|ypa(v)) being a Hurdle conditional

(1) in the (a, B, k)-parametrization with parameters oy, By and ky, where ky is constant,

ay and By are Hurdle polynomials in Ypavy; or

(2) in the (p, u, 0%)-parametrization with parameters py, py and 0%, where o3 is constant,

log(pv /(1 = pv)) and py are Hurdle polynomials in Ypa(v)-

It is apparent from the relationship that if we allow the relevant parameters to
be Hurdle polynomials of any degree, the two parametrizations are equivalent, meaning
that given an underlying DAG, they share the same space of all possible joint distributions.
However for computational convenience it is useful to bound the degree. In later applications,

we will only consider degrees up to three.
4.3 Identifiability

4.3.1 Strong Identifiability

As we show next, the directed graphical models from Definition |13| are amenable to causal
discovery in the sense that the DAG underlying the model is uniquely identifiable from
a given joint distribution. More precisely, we prove identifiability under an explicit mild
assumption on the Hurdle conditionals determining the considered joint distribution.

Let m(ys) € H(Y;S) be a Hurdle polynomial for a subset S C V. For U € S, let
v (yv) = 7(yu, 0) be the restriction of 7(ys) obtained by setting all entries other than y
to zero. Then 7y (yy) € H(Y;{U}) is a univariate Hurdle polynomial.

Definition 14 (Strong Hurdle polynomials). Let m(ys) € H(Y;S). We call m(ys) a strong

Hurdle polynomial if all of its restrictions wy(yy) take at least three different values. In
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other words, for each U € S, the Hurdle polynomial w(ys) contains at least one term of the

form ¢y with ¢; #0 and d > 1.

Theorem 30 (DAG identifiability with strong Hurdle polynomials). Let f(y) be a joint
density with respect to N™ that factors according to a DAG G = (V,€), as in (4.7). Suppose
for each V€V, the conditional fy (yvlypa(v)) is of Hurdle type with parameters (ay, By, ky)

or (pv, pv,0%). If for each V, ay + 8%/ (2ky ), or equivalently log(py /(1 — pv)), is a strong
Hurdle polynomial, then f(y) does not factor with respect to any other DAG G' # G.

In the proof in Appendix [C] we show that the given restriction on the parameters of the
Hurdle conditionals is actually stronger than what we need for identifiability. However, the
assumption of strong Hurdle polynomials is very natural in that it specifies a weak form of
hierarchy among interactions by requiring that the conditional distributions are parametrized
to include at least one univariate power term in every parent variable and not just indicators

or interaction terms with other parents.

4.3.2  Weak Identifiability

Without assuming the Hurdle polynomials for the conditional distributions to be strong,
we can still offer a weaker identifiability result that shows that the distributions in the
intersection between the models obtained from two Markov equivalent DAGs with Hurdle
polynomial parameters always have to be of what we call two-Gaussian type. In our definition
of this concept, we write ¢(-; u, ) for the univariate normal density function with mean p

and inverse variance v.

Definition 15. Let Y = (Yv)vey be a random vector, and let W, U € V be the indices for
two of its components. Further, let P C V\{W, U} be a set of additional indices. Then the
joint distribution of Y is of two-Gaussian type w.r.t. (W, U, P) if the following holds for both
V =W andV = U: There exists a constant v}, polynomials 11} (yp), p (yp), vy (yp), and
functions ¢ (yp) and ¢y (yp) such that for almost every yp € RIP! ¢V (yp) >0, ¥ (yp) > 0,

either uY (yp) # u (yp) or vy # vy (yp), and the conditional density
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P(Yv=y|Yy #0,Yp=yp) = (yp)d (v; 111 (yp), 1) + 5 (yp)od (y; 13 (yp), s (yp))

1s @ mizture of exactly two distinct Gaussian distributions with means polynomial in yp, one
with an absolute constant inverse variance parameter and the other polynomaial in yp.

If P = @, then two-Gaussian type w.r.t. (W,U, @) requires that both P(Yi|Yw # 0) and
P(Yu|Yy # 0) are miztures of exactly two distinct univariate Gaussian distributions with

constant parameters, respectively.

We next recall the following observation that appears as Proposition 29(ii) in Peters et al.
(2014)); see Sections 1.8 and 15.3.2 of [Maathuis et al. (2019) for definitions of the Markov
property and faithfulness.

Proposition 31. Suppose the distribution of Y is Markov and faithful with respect to two
distinct Markov equivalent graphs G and G'. Then, there must exist nodes W and U such
that W — U in G and U — W in G', while P = pag(U)\{W} = pag (W)\{U}.

Remark 4. Proposition is at the heart of many proofs of DAG identifiability, which
combine it with suitable probabilistic conditioning to reduce the comparison of two DAG
models to bivariate problems involving the two graphs W — U and W < U. However, in our
setting, a key new challenge arises because the form of the Hurdle conditionals precludes us
from applying conditioning to form sets of bivariate distributions that are of the considered
Hurdle type. Indeed, conditioning on descendants of the considered variables (i.e., other
variables that in the graph can be reached along directed paths) generally gives conditional

distributions that are no longer of the Hurdle type used in the definition of our model class.

We claim that the intersection of sets of joint distributions represented by two distinct
Markov equivalent G and G’ must be a subset of 2-Gaussian type distributions with respect

to a triplet (W, U, P) obtained from Proposition [31]

Theorem 32 (General Identifiability). Let Y, G, G, W, U, P be as in Proposition . Let
Y have a \"-density that factors w.r.t. both graphs G and G'. For each H = G,G’, let the
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node conditionals in the factorization be Hurdle conditionals with the parameters (alt)yey

and (B)vey from , or equivalently (pi¥)vey and (ulf)vey from , that are Hurdle
polynomials of the form (4.8), where for (V, T, H) = (U, W, G) and (V, T, H) = (W, U, G')
it holds that

(i) B (yr,yp) (or uit(yr,yp)) depends on at least one of 1,, and yr, or

(ii) ot (yr,yp) (or pi(yr,yp)) depends on the value of yr (and maybe additionally on
Ly, ).

Then the distribution of Y must be of two-Gaussian type w.r.t. (W, U, P). In this case we

also say the distribution is of two-Gaussian type w.r.t. G and G'.

Note that the assumption of faithfulness in Proposition implies that we have (i) or
(ii) or a condition (iii) that states that aif(yr,yp) (or plf(yr,yp)) depends on 1,, only
and B (yr,yp) (or p¥(yr,yp)) is constant in yr. It is case (iii) that we rule out in our
assumption of Theorem

The result is proved in Appendix [C] It is easy to show that the result also holds if we
make modifications such as restricting the maximum degree of the polynomial or excluding
interactions between the discrete and continuous components.

In the two- and three-dimensional cases (i.e., m = 2, 3) we show in Appendixthat there
does not exist a joint distribution for Y that is of two-Gaussian type with respect to two
distinct Markov equivalent graphs. We thus have the following result on full identifiability

for graphs with two or three nodes.

Corollary 33 (Identifiability in two and three dimensions). If [V| < 3, i.e., in a bi-
nary/triary setting, there does not exist a joint distribution that is of two-Gaussian type
w.r.t. two distinct Markov equivalent DAGs G and G'. Thus, strong identifiability is guaran-
teed as in Theorem [30, meaning that the sets of Markov and faithful distributions associated

to G and G' must be disjoint.
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Theorem and Corollary state that the DAGs are perfectly identifiable from the
distributions if m = 2,3 or if we assume the Hurdle polynomials to be strong; Theorem
claims that without assuming strong Hurdle polynomials, the distributions for m > 3 from
which the graph is not identifiable must be a subset of the two-Gaussian type distributions.
We conjecture that in general, with m > 3, the set of two-Gaussian type distributions with
respect to any two graphs is an empty set.

In Section 4.5.1| we show scatter plots of simulated data that give some indication of how

Markov equivalent graphs may be differentiated under our models.

4.4 Estimation of DAGs from Zero-Inflated Data

Suppose now that we are given an i.i.d. sample y, ... y™ comprised of m-variate obser-
vations. The log-likelihood function ¢ of any DAG model can be decomposed into the sum
of conditional (or nodewise) log—likelihood functions ¢V for the V-th variable conditional on
its parent variables. Let yg,l), e ,yV be the n observations of the V-th variable. For the

canonical («a, f, k)-parametrization from (4.4)), the nodewise log-likelihood function is

n 42
EV (aV)/BV7kV ‘y(l)v s 7y(n)) = Z <aV ('!J( )( )) 1 (1) +ﬁV < pa V)) v k\/yg/) /2

1=

—log [w/2’/T/k'V exp {Ozv (yég(v ) ‘1’5\/ < Ypa( V)) /(2kv>} + 1]) ;

for the moment (p, p1, 0?)-parametrization from (4.5) it is

O (pvopvot fy®. ™) = 3 toa {1 —pv () |

zy‘(/l) 0
1 ; ) 2
b 5 g () — groenod) = (o — v ()} 12|

i ygj);éo

In the latter case, we see the sum of the log-likelihood functions from the logistic regression
model for py and the linear regression for py restricted to the observations with y‘(/i) # 0.

Here we recall that the parameters oy, By, pyv, v are themselves polynomials in 4,1y and
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their indicators, and we are using them as a shorthand notation on the left-hand sides where

we really mean £V as a function of the parameters (i.e., coefficients) in those polynomials.

4.4.1 Fitting Hurdle Conditionals

Estimation of the graphical models amounts to fitting the conditional distribution of one
node given a set of others. For the canonical («, 3, k)-parametrization, the log-likelihood
function is convex in ay, By and ky. Moreover, ay and [y are linear in the polynomial
coefficients. Therefore, the log-likelihood is convex in the coefficients to estimate and can
be maximized by standard methods; e.g., coordinate descent. Estimation for the moment
(p, p, o%)-parametrization (4.5)), on the other hand, can be easily solved by separately fit-
ting a logistic regression to py and a linear regression to uy. Recall again that the two
parametrizations, canonical and moment, are equivalent when assuming a full polynomial
model, i.e., when the degree and structure of the polynomials is unrestricted. However, when
restricting, for instance, the degree the two parametrizations yield different models.

The («, 5, k)-parametrization with linear Hurdle polynomials (i.e., degree 1) is interest-
ing as it naturally comes from conditional distributions of the joint distribution defined for
undirected graphical models in [McDavid et al| (2019). However, at least for higher de-
gree, the (p, p, 0%)-parametrization may be more intuitive and useful in practice as it leads
to a decomposition into a logistic regression and a linear regression. This decomposition
enables one to use optimized standard regression solvers for model fitting. The (p, i, 0%)-
parametrization also makes it easy to apply available routines to incorporate regularization
on the coefficients/parameters into our loss, which is helpful when the number of samples
is small compared to the number of parameters. Such higher dimensionality of the models
arises in particular when assuming a higher degree for the Hurdle polynomials. The regular-
ization is automatically applied in the implementation in our R package ZiDAG available on
GitHub.

For estimation of our models, we assume a highest degree of the Hurdle polynomials.

To select the degree from data we adopt the Bayesian information criterion (BIC). This
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functionality is incorporated in ZiDAG.

4.4.2  Graph Search

For estimation of the DAG underlying the graphical model, we mainly consider two state-of-
the-art methods: (A) exhaustive score-based search and (B) greedy search. Both methods
rely on a model score which we take to be the BIC defined as vlogn — 2¢, where v is the
total number of parameters in the model, n is the sample size, and £ is the log-likelihood as

introduced in the beginning of Section [4.4]

(A) Exhaustive search: Optimizing the BIC over the set of all DAGs is possible for mod-
erately small m using the dynamic programming algorithm of [Silander and Myllymaki
(2006)). This approach is justified by the asymptotic consistency of the BIC as well as
the identifiability of our model (recall Section . The experiments of [Silander and
Myllymaki (2006)) suggest that for Gaussian models the search is practical for m < 32.
Estimation of our models is computationally more challenging but exhaustive search

is feasible at least for m < 16.

(B) Greedy search: Instead of optimizing BIC over all DAGs, we may apply a greedy
search that iteratively improves BIC by moving to a neighboring DAG that provides the
largest improvement. The neighborhood is defined using edge additions, deletions, and
reversals; compare (Chickering| (2003)). While |Chickering| (2003) discusses consistency
of graph recovery in terms of equivalence classes, in our case the algorithm determines
individual graphs. For faster estimation in sparse settings, we consider restricting the

maximum node in-degree (i.e., the maximum number of parents).

Remark 5. We have also experimented with a version of the PC algorithm, which is not
easily applicable since it relies on a suitable conditional independence test between two vari-
ables given any potential parent set. Indeed, by the nature of our models if the potential

parent set is maisspecified, the conditional distributions may no longer be Hurdle. Another
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possible approach starts with greedily estimating the topological ordering of nodes by itera-
tively picking the node that maximizes the conditional likelihood given nodes already chosen,
followed by a variable selection problem using, for example, a Wald test or ¢y reqularization
techniques; this method relies on very subtle features of the distributions. Neither the PC
algorithm we designed nor the approach focusing on the topological ordering were competitive

M our experiments.

4.4.8  Stability Selection

In our application to single-cell gene expression data, we seek to also achieve some control of
the false discovery rate (FDR). To this end, we apply stability selection in graph estimation.
In particular, we take up the approach outlined in [Shah and Samworth| (2013). We randomly
choose B = 50 subsets of the data (each of size |n/2]), and obtain B other sets as their
complements of equal size, randomly throwing out one sample if n is odd. We then estimate
the graph using |n/2| subsamples indexed by each of these 2B sets of equal size, and obtain
2B estimated DAGs. Given the desired FDR, we compute a frequency threshold using
the formula from Shah and Samworth (2013, Eqn. (8)) with number of total parameters
m(m —1)/2. We then keep all edges that occur more often than the frequency threshold and
produce a graph as our final estimate. In our implementation in ZiDAG, if a graph estimated
this way is not acyclic, the user can choose to return it as is, or the function will increase
the threshold up to the point where the resulting graph is a DAG, even though the resulting

graph might be empty in extreme cases.

4.5 Numerical Experiments

In this section we present numerical experiments for exact DAG recovery using simulated
zero-inflated conditional Gaussian data. The main goal is to verify identifiability using

exhaustive search, and examine how accurately greedy search can recover the true graph.
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Chain, m =5 Complete, m =5 Lattice, m =9

Figure 4.2: Graph structures used in our experiments.

4.5.1  True Underlying DAGs and Distributions

We consider three DAG structures, i) chain graph with m = 5, ii) complete graph with
m = b, iii) lattice graph with m = 9, as illustrated in Figure . We keep m small for
tractability of repeated application of [Silander and Myllymaki| (2006) with quadratic Hurdle
polynomials. In practice, we suggest applying the directed graph models to the connected
components inferred from undirected graphs, estimated using the joint Hurdle distribution
as in [McDavid et al. (2019). This often results in considerably smaller sizes m. In
particular, sizes of m in this section are similar to the largest component in our data analysis

in Section (4.6l

For each structure, we consider true generating conditional distributions using the follow-
ing parametrizations: a) («, 3, k)-(canonical) parametrization with linear Hurdle polynomi-
als, b) (p, pt, 0%)-(moment) parametrization with linear Hurdle polynomials, and ¢) (p, i, o%)-
(moment) parametrization with quadratic Hurdle polynomials. We note that the distribu-
tions represented by c) is a superset of those by a) and b). By , distributions represented

by a) and b) are disjoint because log(p/(1 — p)) is a weighted sum of a and (2.
Recall the definition of Hurdle conditionals in (4.4) and (4.5) in Section 4.2.2] In our

experiments, whenever pa(V) = @, we generate yy ~ fy such that fo(z) = 2(1 —1,) +

14(2;0,1), where ¢ is the standard normal density. Otherwise, for parametrization a),
2
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we use Hurdle conditionals with parameters ky = 1, ay(Ypav)) = ZUepa(V) 1, + v
and Bv(Ypa(v)) = Dvepav) (Lyy — yu); similarly for parametrization b) we take o =1,

10g 25— (Ypa(v)) = Dveparvy (Lyw +90) and pv (Ypav)) = Ppepary (Lyy — yo); finally, for

parametrization c) we take 0% = 1 and

2

Y 1
log 3~ (¥pav)) = 3 <]1yU +yu + 1—%) + 15 ST (L, + )1y, +yv), and

% Uepa(V) U,Wipa(\/)
U£AW
2
Y 1

v (Ypa(v)) = Z (]lyy —yu — %) 1 Z (Lyy Ly, —yuly, —yvly, —yvy).

Uepa(V) U,Méi%a(m

We then normalize the coefficients in the above expressions (+1,41/10) such that ay, By,
logpy /(1 — py) and py have means 0 and 1, respectively, across the samples. This normal-
ization ensures that the marginal probability of being nonzero, the marginal mean, and the
marginal variance for each node are stabilized, in order to show that the DAGs are truly
recovered based on the conditional dependency structure instead of additional signals from
these marginal quantities. In fact, in the generated samples the marginal probability is about
0.5 and the marginal mean is about 0 for all nodes, and the marginal variance for the nonzero
part only is about the same for all except the source node.

In Figure 4.3 we present pairwise scatter plots of one instance of data generated with
the chain graph (upper row) and the complete graph (lower row), respectively, both with
(p, i, k)-linear parametrization. Since the true topological ordering is 1 —+ 2 — 3 — 4 — 5,
for clarity we exclude the source and sink nodes (1 and 5) and only include nodes 2, 3 and
4. Plots on the left are plotted in the order 2,3,4 and those on the right are reversed. In
the histograms on the diagonals we only plot the continuous part.

The scatter plots indicate a slight difference in the respective marginal distributions of
nodes 2 and 4 conditioned on node 3 being 0 (and vice versa). This difference intuitively
explains how the orientation 2 — 3 — 4 versus 4 — 3 — 2 can be identified. Note that
other than this difference, the marginal statistics for the three nodes are indistinguishable

and there is little noticeable difference between plots on the left and on the right.
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Figure 4.3: Pairwise scatter plots of zero-inflated data generated using chain graphs (upper
row) and complete graphs (lower row), both with topological ordering 1 — 2 — 3 — 4 — 5;
only nodes 2, 3 and 4 are plotted. Plots on the left are plotted in the order 2, 3,4, and 4, 3,2
on the right. Only the continuous part is plotted in the histograms on the diagonals. There
is little noticeable difference between the histograms and scatter plots when we reverse the

graph order, yet our model can still determine the correct topological ordering.
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4.5.2  Estimation

We use the two graph estimation methods described in Section [£.4.2] namely our self-
implemented greedy search (GDS) (Chickering, 2003) with BIC score, and exhaustive search
with dynamic programming (Silander and Myllymaki, |2006). Details on fitting the Hurdle
conditionals themselves were presented in Section [4.4.1]

In our simulation, we aim to assess the performance of the different estimation procedures
for correctly specific and misspecified parametrizations. To this end, for each combination
of true DAG and true data generating parametrization—(«, 3, k)-linear and (p, i, o%)-linear
and quadratic—we estimate the DAG using all three parametrizations for generating data.
For simplicity and given that the simulation results are presented over B = 100 iterations,

stability selection is not used in these experiments.

4.5.83  Results on Graph Recovery

Results are shown in Figures [4.4H{4.6 Each figure has one true underlying DAG from those
shown in Figure 4.2l In all figures, each row indicates one choice of true data generat-
ing parametrization—(a, 3, k)-linear, and (p, 1, 0?)-linear and quadratic—and each column
shows the results using each estimating parametrization. Thus, plots on the diagonal (with
bold titles) correspond to correct parametrizations, where the estimating parametrization
agrees with the truth. Off-diagonal plots, in contrast, correspond to cases where the model
parametrization is misspecified.

The solid lines with ‘X’ points show the success rates (exact recovery) out of 100 trials
versus n for greedy search (GDS), and the solid lines with ‘o’ points represent exhaustive
search (Silander). The gray dotted lines signify success rates measured by recovery of the
equivalence class.

Since exhaustive search compares all possible DAGs for m nodes, for n large enough
it provides an indicator of identifiability. Indeed, the results indicate that in all settings,

exhaustive search with correct parametrization almost always identifies the exact DAG for
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large n. In fact, since the (p, i, 0%)-quadratic parametrization covers the other two, in all
cases the graphs can be perfectly recovered using the quadratic estimating parametrization.
In contrast, when the underlying truth is quadratic, the graph may not be easily identified
from estimates that use the other two parametrizations. This is especially the case for
the lattice graph. Comparing the linear parametrizations themselves, (p, i, 0%) seems less
prone to model misspecification and has the advantage of faster estimation with the help of

standard softwares for logistic and linear regressions.

Overall, our simulation studies confirm the identifiability theory (Theorem . In partic-
ular, our experiments indicate that exhaustive search performs well. They also indicate that
GDS works reasonably well for sparse graphs but may require larger samples for recovering
the structure of complete, or very dense, graphs. While exhaustive search often succeeds
with high probability even with small samples, it may not be scalable for large m. In such
cases, the greedy and faster GDS method, which shows promising results, provides a viable
alternative. Utilizing the stability selection method of Section can further improve the
GDS results.
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Figure 4.4: Chain graph, m = 5.

Each row corresponds to a different generating parametriza-

tion, and each column a different estimating parametrization. Generating and estimating

parametrizations agree on the diagonal. Solid ‘x’: success rates of exact DAG recovery for

greedy search; solid ‘o’: success rates of exact DAG recovery for exhaustive search; gray

dotted lines: success rates for recovery of equivalence class.



estimated with a, B, k, linear

estimated with p, i, o2, linear

135

estimated with p, u, 02, quad

Q |
@ [ee]
28
5
©
o
n Y
8 o
8 4
(oY} o 8V}
Ao S S
= 2 | S ee—etex 2 W
d 1 T T T T T © 1 T T T T T T O 1 T T T T T T
500 1000 2000 5000 20000 500 1000 2000 5000 20000 500 1000 2000 5000 20000
n n n
estimated with a, B, k, linear estimated with p, p, 02, linear estimated with p, y, 0%, quad
2] © [o0—o—0—0-00—00—00 ° [o—o—0—000—00—00
) «© [o0] o0}
g1 S S
5
© © |y © |
% S S S
o
0| < | < |
% o o o
3
(oY} o (oY}
@° S S
o o
1 T T T T T T O 1 T T T T T T O 1 T T T T T T
500 1000 2000 5000 20000 500 1000 2000 5000 20000 500 1000 2000 5000 20000
n n n
estimated with a, 8, k, linear estimated with p, , o2, linear estimated with p, y, 02, quad
e © [o0—0—0—0-00—00—00 © [o—0—0—0-00—00—00
) 0 0 o0}
31 S S
5
© © ©
% = s, =N
g X
o < | < | < |
% o o o
8
[aV) [aV) [aV)
Ao S S
o | o | o |
© T T T T T © T T T T T © T T T T T
500 1000 2000 5000 20000 500 1000 2000 5000 20000 500 1000 2000 5000 20000
n n n
[—>— GDS ----X--- GDS Equivalent —6—— Silander ---©--- Silander Equivalent |

Figure 4.5: Complete graph, m = 5.
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Figure 4.6: Lattice graph, m = 9.
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4.6 T Helper Cell Data

In this section we present the results of applying our model to a T helper cell expression
dataset. Specifically, the dataset is considered in [McDavid et al. (2019) and contains both
single cell and 10-cell expression measurements for T helper cells for 80 genes in eight healthy
donors. We use all 1951 single cell measurements for these donors (a superset of the 465
measurements in [McDavid et al.| (2019)) to ensure we have a large enough sample size to
produce reliable estimates. In particular, McDavid et al.|(2019)) consider only the T-follicular
(CXCR5HTPD1T) cells that produce high levels of proteins CXCR5 and PD1, while we do not
make this restriction. Instead, we add the indicators of CXCR5%/~ and PD11/- as regressors
when fitting the conditional distributions. Following McDavid et al.| (2019)), we choose the

61 genes that have at least 5% zero and 5% nonzero values.

While the measurements are all nonnegative, the minimum, mean, and standard deviation
of the nonzero values in the dataset are 7.89, 18.53, and 1.91, respectively. We thus assume
zero-inflated conditional Gaussianity without considering the effect of truncation from below

at 0.

To estimate the DAG structure, we first use the procedure of McDavid et al. (2019) to
identify the connected components in an estimated undirected graph with the same sparsity
as the graph therein. We then estimate the directed edges in each connected component
using our method. This procedure is justified by the fact that theoretically the connected
components for the underlying true undirected and directed graphs coincide. Thus, we
generally recommend this strategy in practice, as the connected components can be much

more efficiently obtained from the undirected graph.

We use the (p, u, 0%)-parametrization as it is more flexible than the (a, 3, k), and extra
fixed covariates and controlling factors can be easily added, since fitting the conditionals only
involves linear and logistic regressions. As discussed in Section , the (p, u, o) is also more
robust than (a, 8, k). We use polynomials up to degree three and data-adaptively choose the
optimal degree by BIC.
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To estimate the DAG, we use the greedy search (GDS) algorithm, which showed promising
performance in the simulations of Section [£.5] We also use the stability selection procedure
of Section 4.4.3 with the goal of controlling the FDR at 10% for each connected component.
For smaller connected components, if controlling the FDR at 10% is not possible, we pick
the sparsest graph that maximally maintains the connectivity. Finally, we restrict the node
in-degrees to five, in order to both speed up estimation and to constrain the search space.
This constraint is motivated by the fact that in gene regulatory networks, each gene is only
expected to be regulated by a small number of other genes (Albert, 2005). In contrast, since
genetic networks often involve hub genes that regulate many others, we do not restrict the
out-degree.

The estimated undirected graph using the procedure of McDavid et al.| (2019)) is plotted in
the upper half of Figure [4.7] with edge width and saturation representing the edge strength.
In the lower half of the figure, we plot the estimated DAG using our method; the estimate
with stability selection and FDR control is shown on the left and the one without stability
selection is on the right. Examining the estimates, we find that CD3E is a hub node with
degree five in both estimated DAGs, while it has four neighbors in the estimated undirected
graph. On the other hand, in the estimate with stability selection, three genes in the largest
connected components, namely CD28, JAK1 and STATS5B, are isolated. This is reasonable
as they are each associated with only one weak edge in the undirected graph. Moreover, the
undirected and directed graph estimates have different thresholds for determining whether
an edge is present. For the other nodes, the estimated DAG structures are very similar to

the undirected graph estimate.
4.7 Discussion

Motivated by the recent advent of single-cell RNA-seq data, in this paper we develop new
methods for learning DAGs from zero-inflated data. Our procedures take advantage of two
key features of single-cell RNA-seq data, namely, the zero-inflated nature of the data, and

the large number of observations from individual samples.
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Figure 4.7: Upper: Graph estimated for T helper cell data using undirected zero-inflated

graphical models; similar to Figure 6 from McDavid et al| (2019). Lower: Directed graph

estimated for T helper cell data with (left) and without (right) stability selection and FDR

control.
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Our key contribution is establishing identifiability of DAGs from observational zero-
inflated data. Specifically, we prove that the exact DAG can be recovered from the joint
distribution under reasonable assumptions. We also show that in the most general case, the
distributions from which the DAGs are not identifiable only form a small subset, which we
prove to be empty in the bivariate and trivariate cases. While our proof uses a very general
result on DAGs from |Peters et al| (2014]) as its first step, our models do not fit into the
framework in that paper; we thus take a different approach that considers the zero-inflation

and polynomial structures directly.

Our approach is based on factorizing the joint distribution into zero-inflated conditional
Gaussian distributions with parameters polynomial in the parents and their indicators of hav-
ing nonzero values. We present models in terms of two parametrizations, one called (o, 5, k)
that is linked to the undirected graphs studied in McDavid et al. (2019)), and the other
called (p, i, 0?) that directly models the conditional moments. Both approaches have com-
putational appeal. In particular, the («, 3, k)-parametrization leads to convex loss functions
in the parameters to be estimated, while the (p, i, 0?)-parametrization offers the additional
benefit of allowing one to utilize standard software for logistic and linear regression. We
combine these models with two state-of-the-art estimation procedures, namely greedy DAG
search (GDS) and exhaustive search with dynamic programming. We also validate our iden-
tifiability theory using extensive numerical studies. These experiments indicate that the
exhaustive search algorithm is effective in correctly identifying DAGs with small number of
nodes. For moderate to large DAGs, the GDS algorithm offers a reasonable alternative, with

performance comparable to the exhaustive search when the sample size is large enough.

Our work opens the door to multiple future research directions and extensions. The
first is to prove our conjecture that the sets of distributions from which the DAG is not
identifiable are empty also for graphs with more than 3 nodes. The second direction of
future research is proving the consistency and investigating finite sample properties of the
proposed estimation procedures. Finally, an interesting extension of our model would be to

consider zero-inflated distributions under a truncation to the nonnegative orthant R?, which
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would be of interest for nonnegative omics data. The main challenge in this case would be
the normalizing constant as a function of the parents in the conditional distributions, since
it would not have a closed-form expression. While this may be resolved by generalizing the
score matching loss (Hyvarinen, 2005| [2007; Lyu, 2009; Yu et al., |2019b) to data of mixed
type, the additional difficulty would lie in proving identifiability and addressing estimation

from observational data.
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Chapter 5
DISCUSSION AND FUTURE WORK
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In this dissertation, we discuss both undirected and directed graphical models and their
estimation. In Chapter [2] we propose the generalized score matching estimator for esti-
mating continuous distributions supported on R with applications to pairwise interaction
power models; the estimator enjoys the advantages of avoiding calculations of normaliz-
ing constants as well as being quadratic in the canonical parameters of exponential fami-
lies, while significantly outperforming the original estimator proposed in Hyvérinen| (2007)).
The generalization is done by replacing the Vlog p(x) ® x term in Hyvarinen| (2007)) with
Vlog p(x) ® h'/?(z) for some general h : R — R™. In Chapter [3| we extend the estimator
to distributions supported on more general domains D, which should cover most applications
in practice, but only involves little extra work from calculating the truncated componentwise
distance ¢ of the data to the boundary of D, truncated above by prespecified constants
C. Finally, in Chapter [4], inspired by the recent technology of single-cell RNA-seq data, we
propose a class of directed graphical models for zero-inflated data, for which we establish
identifiability of directed acyclic graphs (DAGs) under reasonable assumptions, and present

graph estimation methods that prove to be successful in practice.

In Chapters [2 and [3] for high-dimensional exponential family graphical models, following
Lin et al. (2016]) we add an ¢; penalty, and in addition we introduce an f»-type penalty using
diagonal multipliers to overcome the issue in |Lin et al.|(2016]) that the regularized loss may be
unbounded if the ¢; penalty is small. We consider pairwise interaction power models, which
are exponential families in which the log density is the sum of pairwise interactions between
z® (logx when a = 0) plus linearly weighted effects x° (logx when b = 0). This covers a
wide range of models, such as truncated normal distributions with a = b = 1, exponential
square root models (Inouye et all 2016) with a = b = 1/2, a class of multivariate gamma
distributions @ = 1/2 and b = 0, as well as A™~! models (Aitchison, [1985) with a = b =0
and D being the m-dimensional simplex. We show that for Gaussian graphical models on
D = R, we can reduce the sample size required for consistency from (d? log® m) in |Lin
et al.| (2016]) to Q(d?logm), where d is the max degree of the graph. For general domains D,

we have similar theory requiring n = Q(d?logm) for Gaussian graphical models on domains
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that are finite disjoint unions of convex sets, as well as general a-b models on simplex domains
assuming a > 0 or on bounded subsets of R} with positive Lebesgue measure and a > 0.
For other domains D we require an additional multiplicative factor that may weakly depend
on m. Through simulation studies, we recommend the choice of h(x) = (z5,...,z¢ ) with
¢ = max{2 — a,0}, and adaptively choose the truncation points using sample quantiles.

In Chapter [4, we present our DAG models with two different parametrizations, which
take advantage of the zero-inflated nature of the data and the large number of observations
from individual samples. We prove that under reasonable assumptions, one can recover the
exact DAG from the joint distribution, and that in the most general case, the distributions
from which the exact DAGs are not identifiable only form a small subset, which is shown
to be empty in bivariate and trivariate cases and conjectured to be empty for m > 3. The
identifiability is supported by simulation studies using exhaustive search with BIC score. We
use simulated experiments to show that the greedy DAG search (GDS) also works well when
the sample size is large enough, a reasonable assumption for single-cell RNA-seq data.

Possible future extensions to our work in Chapters [2| and |3| could include developing a
method that adaptively chooses the h function along with the truncation points C for the
truncated distances ¢, as well as probing into the dependence of the additional multiplicative
constant factor on logm that appears in the consistency results for certain domains D. For
the DAG models in Chapter [l one may be interested in proving our conjecture above and
the consistency and finite sample properties of the proposed estimation procedures, as well

as extending our models to truncated zero-inflated distributions, possibly utilizing our work

in Chapters [2 and [3|
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A.1 Proofs
A.1.1  Proof of Theorem|3
The following integration by parts lemma is used in the proof of Theorem [2]

Lemma 34. Let f,g: R, — R be functions that are absolutely continuous in every bounded

sub-interval of R.. Then

i (@)o(e) ~ lim o) = [ @G e+ [ o)

x oo N0+
Proof. This is an analog of Lemma 4 from Hyvéarinen (2005) that can be proved by integrating
the partial derivatives, and follows from the fundamental theorem of calculus for absolutely
continuous functions and the product rule. In particular, we work on integrals in bounded
[0, ], where the product of two absolutely continuous functions in a bounded interval is again

absolutely continuous, and the result is then obtained by letting ¢ * +o0. O
Proof of Theorem[J. Recall the following assumptions from Section [2.2.2}

(A1) po(a)h;(z;)0;log p(a) [y =0, Va_; € RT™!, Vpe Py

(A2) By, | Viogp(X) o h'2(X)|3 < +o00, Epy[|(Vlogp(X) o h(X))l1 < +oo, Vp € Py

Without explicitly writing the domains Ry or R”* in all integrals, by (2.4 we have

o) =5 [ mi@) [V logp(e) o b (@)
—2(Vlog p(x) o hY?(x)) " (Vlog po(x) o hY?(x)) + ||V log po(x) o hl/Q(w)Hg] dex

J=1

J/

C
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where A will simply appear in the final display as is, C' is a constant as it only involves the
true pdf pg, and we wish to simplify B by integration by parts. We can split the integral
into these three parts since A and C' are assumed finite in the first part of (A2), and the
integrand in B is integrable since |2ab| < a? + b*>. Thus, by linearity and Fubini’s theorem,

we can write

Glogp( ) 0log po(x)
Z/p[) j 3:1:3 8a:j dz

_ _jzl / { / po(x)hj(xj)aloaggi(‘”)al‘)gi’;("’) dxj] dz_

By the fact that mogpo( ) — 1 8 ( ) this can be simplified to

Opo( Ologp()
Z/{/ 895] hj(z;) oz, dz;| d_;.

But, we assume pg and p are twice continuously differentiable, for every j = 1,...,m

and fixed z_; € R7""'. Hence, in every bounded sub-interval of R, po(x_;;z;) is an abso-
lutely continuous function of z;, 0;log p(x_;, ;) = 0;p(x_;, z;)/p(x_;, z;) is a continuously
differentiable (and hence absolutely continuous) function of z; by the quotient rule. Thus
h;(z;)0;log p(x_;;x;) is also absolutely continuous by the absolute continuity assumption
on h;. Then, by Lemma [34] where we take f = po(x_j; ;) and g = hj(x;)0; log p(x_;; ;)
as functions of z;, followed by assumption (A1),

Z/[ lim  [po(x_j;a)hj(a)0;logp(x_;,a) — po(x_;;b)h;(b)0; logp(x_;,b)]

a,/+00,b\ 0t

. /po(m)a<hj(%)§;j()gp(m)) d$]:| d$_j

_ g/ [/po(w)3(%(%)5;:%19(33)) dxj] dz_,

Justified by the second half of (A2), by Fubini-Tonelli and linearity again

J=1
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=3 [5) P @y az - Y [ o) TR @) da

Jj=1 j=1
Thus,
Jn(p)
=B+A+C
|, . Ologp(x) D*logp(x) 1 dlogp(z)\”
where C'is a constant that does not depend on p. O

A.1.2  Proof of Theorems and Examples in Section

Proof of Theorem[3. For exponential families and under the assumptions, the empirical loss

Jn(pe) in (2.6) becomes (up to an additive constant)

jﬁ(Po)
1 o — ] 921 X
Iy y [h’ X19) 9 ngeg) )+h](X](z))a nge(vi() )
n =1 j=1 an a(X] )
. 2
1 (2) 8 log Po (X(Z))
+5hi(X] )<TJ@
Iy i i i i i i
= 23 [ OO )+ (0T X)X )
1= 1=
1 .
X OTEXO) 4 (X
_ 1 {%OT lzzh] (XX DN E(XD)T] 0+
" i=1 j=1
]

[ Zhjxz WX DV X D) 4 by (X (X D) 4+ B(X)E (X D) 0 3 + const,
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which is quadratic in 0. Let

Iy i i i
_ E Zhj(X;))t;(X())t;(X())T, (A.l)
=1 j=1

1 n m ; ; i ; i
x) = == D07 (XXX D) + (X)X )+ 1 (X (X (A2)
=1 j=1

Then we can write Jp(pg) = 10'T'(x)0 — g(x) "6 + const. O

Proof of Theorem[4. By Theorem , jh(pg) = %BTFO — g'"0 + const. The minimizer of
Jn(pe) is thus available in the unique closed form @ = I'(x)~'g(x) as long as I is invertible
(C1). Since I" and g are sample averages, the weak law of large numbers yields that I' —,
E,I' =Ty and g —, E, g = go, where existence of 'y and gy is assumed in (C2). Since
Jn(pe) = E[Jn(pe)] = E[$6'T(x)0 — g(x) 0] = 167,60 — go0 and we know 6, minimizes
Jr(pe) by definition, by the first-order condition we must have I'yfy = go. Then by the

Lindeberg-Lévy central limit theorem,

Vn(g(x) — T'(x)6) =4 N (0, %),

where ¥y = E,,[(T(x)0y — g(x))(T'(x)0y — g(x)) '], as long as ¥ exists (C2). Thus, by
Slutsky’s theorem,

V(6 — 8) = Vn(T'(x) "' (g(x) — T(x)60)) —a N;(0,Ty'EL; "),

as long as I’y is invertible (C2).
For the second half of the theorem, (C2) E, I'(x) < oo and E,,g(x) < oo implies
E,,|T'(x)| < oo and E,, |g(x)| < 0o, so by strong law of large numbers (and a union bound

on at most k% null sets)
F(X) —as. FO; Q(X) —7as. gdo.

Then outside a null set,

A~

0 =T(x)"'g(x) —as. Ty g0 = 6.
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Proof for Example[3.1. We choose to estimate § = p/o?. Then by (2.9) and (2.10)),

By Theorem [4]

Vi(jin = po) =a N <0 o'Bo [~h(X) 7 + h’(X>]2>

E§[h(X)]

ol B[RO — ) + PO
N (0’ E3TH(X) )

By integration by parts, (suppressing the dependence of p,, on /i)
By (X (X) (X — o)
= [ Wb - polpta) ds
= [ hie)a =~ polple) dito)
= Ra)(e — polp(a)|y — [ hle) dbla) (o — (o)
- [wapwar - [naw@e - wped+ w2 d,

o2

where the last step follows from the assumptions {er h(z) = 0 and 1/1‘m h*(z)(z —
\0 x /400
110)Pyy () = 0. So

Eolh (X (X)(X — pg)] = P CNE ol /o = 1)) (A.3)

The asymptotic variance is thus

Eo [-h(X )(X o) + o' (X))
E§[h(X)]
Eo [1*(X)(X — mo)® = 20°h*(X) (X — po)*/0® — 1) /2 + o*h"*(X)]
E§[h(X)]
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 Eo[o?R2(X) + o'W (X))
B E3[A(X)]

The Cramér-Rao lower bound follows from taking the second derivative of log p,,, with respect

to - O

Proof for Ezample 3.3 We estimate § = 1/02. By (2.9) and (2.10)),

6 =T(z)"'g()

= - [Z h(Xi)t/(Xi)2] [Z hX Xi) + h(X)t"(X5) + R (X))t (X5)

= [Z h(Xi) (X — M)2] [Z h(Xi) + B (X)) (Xi — )| -
By Theoreml n(6 — ) =4 N(0,52), where

2 _ Eo [h)((X = p)?/of = 1) = (X)X = o]
- ERIL(X) (X — 7]

(EoW(X)(X — ) ot — ARAX)(X — o} + HE(X)

T ERh(X)(X — )

FHECO = 1) = WONCOCX = /o3 + 2OV (X = ).
By integration by parts, (suppressing the dependence of p,2 on o)
Eo[h(X)W (X)(X — )
— [ H@hte)e - npla) do
~ [ hia)a = nple) dnto)
= R@)a @)y = [ o) (o) - (o)
= [ ha @) - ey d =3 [ B - e do+ [ 1)

where the last step follows from the assumptions lim A(z) = 0 and lim h*(z)(z —

z\0t z /oo
11)’pyz(x) = 0. Combining this with (A.3] . we get

RO~ 0) 0108 . o T COCE P+ B0~ 77

(z —p)*

d
p p(z) du,
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and so by the delta method, for 63 = 021,

Vi(67 - ) = (0, 2ZERIECOE i Lt o3 (X ).

E§[h(X)(X — p)?]

The Cramér-Rao lower bound follows from taking the second derivative of log Pyz With respect
to op. [
A.1.3  Proof of Theorems in Section [2.5]

Proof of Theorem [3
Case b # 0: We use a strategy similar to that of |Inouye et al.| (2016). Let V; = {v : ||v]|; =

1,v € R7}. Then by Fubini-Tonelli the normalizing constant is,

-1, 1
/ exp (nTm 2 — Q—w“TKaza) dx
R a

x bt 1, 1
:/ / exp (nTZ’U— — —zQ“UaTK'va> dz dv
v Jo b 2a

x /V | /0 " exp (") /b — 2 T/ (20) ) dz do.

Here V; is compact and the inner integral, if finite, is continuous in v. It thus suffices to
show that the inner integral is finite at every single v € V.
Fixing v € Vi, write A = A(v) = v*"Kv?/(2a) and B = B(v) = (n'v")/b. We need to
show that
N(A, B,a,b) = /OO exp (—AzQa + sz) dz < 4o00.
0

Recall that (CC1) v'Kv > 0 for all v € R7\{0}, so 4 > 0.

(i) Suppose B < 0. Then N(A,B,a,b) < [“exp(—Az*)dz = A™*T(1 + 1/(2q)), a

finite constant since A > 0 and a > 0.

(ii) Suppose B > 0. We first want to bound exp(—Az%? + Bz’) < Nyexp(—Az2¢/2) by
some finite constant Ny > 0, so that N(A, B,a,b) < Ny [, exp(—Az**/2)dz, a finite

constant for a > 0. Thus, it remains to give conditions so that exp(—Az2*/2 + B2?)
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is bounded by some finite constant Ny, which by continuity only requires a finite limit
as 2 \(0 and as z  +o00. As 2 / +oo, B2® /' 400, while —A2%?/2 \, —oo. We thus
need b < 2a so that the sum of the two does not go to positive infinity. On the other
hand, as z \, 0, —A22%/2 70, so we need b > 0, otherwise z° / 4+o00. In conclusion,

we require that 2a > b > 0.

It thus suffices to require (CC1) and (CC2) 2a > b > 0 to eliminate restrictions on B, and

hence on 1. That is, 1 can take value in the entirety of R™.

Case b = 0: Again in (CC1) we assume v' Kv > 0 for all v € R7\{0}. Since V, = {v :
|v|ls = 1,v € R7”} is compact and v Kw is continuous in v and strictly positive on Vs, the
image of V, under v Kw is a compact subset of (0,00), i.e. Nx = inf’vE]RT\{O} v Kv/v'v =

infyey, v Kv > 0. We thus have

1
/ exp (nT log(x) — 2—azaTKaza> dx
R a

N,
§/ exp (nT log(x) — Q—Km”m“> de
RZL a

m [e's) N
= H/ exp (nj log(z;) — —Kxia) dz;
1 Jo 2a
m _mitl
:H r nj+ 1Y\ (Ng/2a)" =
P 2a 2a ’

where the integration follows by change of variable and requires a > 0. Assuming a > 0, the
last quantity is finite if and only if n > —1,,, by definition of the gamma function.

In conclusion, given conditions (CC1) infyerm {0} v 'Kv > 0, (CC2) 2a > b > 0, and
(CC3) a>0,b=0and n = —1,,, the unnormalized density has a finite normalizing
constant when (CC1) and (CC2) both hold, or (CC1) and (CC3) both hold.

The centered settings, where the term involving x’ is excluded, can be considered as a

special case of both (1) and (2) with n = 0, and thus (CC1) and a > 0 are sufficient. O
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Proof of Theorem [0 Recall assumptions (A1) and (A2):

D=0, Yz €RTTL Wpe Py

(A1) po(x)h;(x;)0;log p(x) |, o+

(A2) Ey, [Viogp(X) o h'A(X)[IF < +00, By |[(Viegp(X) o h(X))'[l < +o0, ¥p € Py

Let Ky and 71y be the true parameters so that py € P,, with P, corresponding to a
parameter space in which all parameters satisfy the conditions for a finite normalizing

constant. We now give sufficient conditions for h to satisfy (Al) and (A2).

Conditions for (A1): Fix j=1,...,m and &_; € R}?"'. We show that the conditions on h;
imply that the limits go to 0 as x; /* 400 and as x; \, 07, which is stronger than (Al); in
fact, from (A.4]) below, the limits cannot go to a nonzero finite constant assuming an h with

polynomial tail, since a > 0 and By = k¢ _j; > 0 for all j. Now,

T a a—1 2a—1 b—1
(_kx—j“’—j% — K& T )
All'q leZa
J J
+ + ]
a 2a b

b _
T 1

= hj(.%’j) exp F

) (AQx;—l + Bzxj?a-l + Coz71), (A.4)

where A; = —k&jﬁjw‘ij, Ay = —ij’fjw‘ij, By = —ko,j; < 0and By = —k;; < 0 by condition

(CC1). Finally Cy =194, Ca = ;.

(1) Let z; / +oo. If b > 0, since 2a > b > 0 and B; < 0, the exponential term in ({A.4))
decreases to 0 exponentially and its reciprocal dominates any polynomial functions.
Thus, the entire product goes to 0 if hj(x;) grows no faster than polynomially as
z; / +oo. If b = 0, the Cilogz; term is again dominated by Biz3%/(2a), and the

same conclusion holds.
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(2) Let z; \,O0.

(i) Let b > 0. Then the exponential term in (A.4]) goes to constant exp(—C4/b), and

we only need

;J{%*— hj(l’j)(AQl‘?_l + BQI‘?Q_I + CQ.T?_l) = 0. (A5)

e Ifa > 1andb > 1, the second term in is a polynomial with three terms
having powers > min{a — 1,b — 1}. The product goes to zero if and only if
hi(x;) = o(x?ax{l_a’l_b}) as x; \, 0. Note that this is satisfied by any h; that
has a finite right limit at 0.

elfa=1andb>1 ora>1andb =1, then the second term in (A.5) is
a polynomial of non-negative power plus a potentially nonzero constant. A
sufficient condition for is thus lim,;\ 0 h;(z;) = 0.

e [f a <1orb< 1, then the second part in ({A.5)) is a polynomial having terms

with negative degree > min{a — 1,b — 1}. To counteract this a sufficient

max{l—a,l—b})

condition is h;(7;) = o(x;

In conclusion, lim, o+ po(x)h;(z;)0;log p(x) = 0 if and only if

. max{l—a,1—b
Jim () [T < 0.

(ii)) Now assume b = 0. Then, (A.4) now becomes
hj(a;) exp (Azf/a + leia/(Qa) + C log z;) (AQx?_l + Bijza—1 + Co/zy).
With C log z; dominating, the exponential part scales as xfl. We thus require
lim () (Aga ™ + Boa2* T + Coa{ 1) = 0,

;N\ 0T

which by the previous discussion on (A.5)) holds if and only if

i, hy(;) ;™ =0

since l —a—Cy <1-—C;.
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In summary, (Al) is satisfied if h;(z;) grows at most polynomially as x; ,* +oo, and

]jmzj\0+ hj (xj)/x;nax{lia’lib} =0ifb >0, or limxj\(ﬁ hj(l’j)/.%'gl-_no’j =0ifb=0.

Conditions for (A2): For (A2), we consider powers of x as the h functions for simplicity;
conclusions for other functions that have the same tail behavior (big-O scaling) as x ~\, 0
and x " 400 follow similarly. Sufficiency results for piecewise power functions follow by
partitioning, and similarly for other functions A whose function values and derivatives can
be bounded by those of some piecewise power function (e.g. truncated powers), since (A2)
is on integrability of products involving positive powers of h and h'.

Let Ky and mg be the true parameters from the parameter space that satisfies the condi-
tions for finite normalizing constant. By part (2) of the proof of Theorem , the assumption
that Ko satisfies (CC1) implies that min,egm\ (o) v Kgv/v'v = Nk, > 0. Then we have

the following decomposition
1 aT T x’ — 1,,
PKo,mo (a:) = €xXp 54 x* Koz + Mo o

:c—l
<Hexp< K°x2“+770,] 5 )

Then for any other K and 7 in the parameter space, for the first part of (A2) it suffices

to show for any j = 1,...,m that D < oo, where
- N x —1
D= Hexp ( 2I;°$2“ + o~ 2 ) hj(z;)x
RT j=1
2
( KjjT; g2t Zfiﬂx“ o 1—1—77] ) dx

7]

Note that
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_ 4a 2 § 2a—2 2 2b 2 E : a 3a 2
/‘f,]] ] + /’iﬂlﬁ'jgx :Cex + 77] ] + 2 H]]l‘ijzx
i#]0F#] i#]

a a+b 2 2a+b 2
—2 E :“Jm] = 2Hj10; 75 :
]

Thus, plugging this back in the definition of D, we can split D into a sum of six terms D,

through Dg, each of which is a sum of terms of the form

/mﬁ

RY k=1

KO 2a xb _ 1 pow .
_H exp T+ Nok— 57— 5 x,  *dxy

k#j
o0 NK @ x —1 pow;
X /0 exp <_ 2a0 23+ 10— b ) hj(@;)z; ™ da;

times a constant involving K and n;, where pow, > 0 for each & # j. We have thus

b

b

J

M ow; oW oW 4
exp ( 2K° T3+ o p—— ) hy(a;) 2P b " dae

decomposed the integral into a product of univariate integrals. Note that

0 N b_1 oW
/ exp (—%x?“ + Mo, i 3 > 2P dag
0 a

is finite for all pow, > 0 regardless of whether b is nonzero, since we assumed K, and

to lie in the parameter space with a finite normalizing constant. Indeed, if b > 0 then the
terms in the exponential is a regular polynomial with positive degree and a negative leading
term; if b = 0 then integrability follows from 7 ; 4+ pow; > n9,; > —1. Thus, we only need to

consider the univariate integral that involve the z; terms, namely

OO NK a IE —1 pow
\/0 eXp ( 2@0 1,2 + UON b > h](.fj).fj ! dxja

where pow, takes value in {4a —2,2a—2,2b—2,3a—2,a+b—2,2a+b—2} C [2min{a, b} —
2,4a — 2]. We split the integral into two parts over [0, 1] and [1, 00|, respectively.

e If b > 0, on [0, 1] the exponential part is bounded above and below by positive con-

stants, and for (A1) we require hj(z) = o(x!™™Meb) as N 0%, so the integrand

min{a,b}—1 )

is o(z = o(x™ ') and is thus integrable on [0,1]. The integrand on [1,00) is

integrable as in (A1) we assume h to grow at most polynomially.
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e Ifb=0, pow; € [—2,4a — 2] and the integrand becomes
exp(—Nicya}"/(2a)) oy ()™ ™.

On [0,1], (A1) requires h;(z) = o(z' ™M M) so hj(xj)x;,)owﬁno’j = o(x™') and the

integrand is again integrable. Integrability on [1, 00) follows similarly to the case with

b> 0.

Now consider the second part of (A2). By definition E, ||(V logp(X) o h(X))'||1 equals
/ Z‘h' )0 log p(X) + hj(X;)07 log p(X)| da
<Z/ exp KOIQQ_I_T’O xg_l h,(ﬂf) k. 2a1 ZK’ xaa1+n b—1
J b I\"J .7] Ji ]

i#]
+h;(x;) (—/ijj(Qa — 1)%2@—2 — Z Kjila — 1):13,?m?_2 + (b— l)nja:?-_2>
i#£]

d.

By the triangle inequality and the fact that h; > 0 and A} > 0, similar to the proof for the

first part, for each j the integral can be bounded by a sum of six integrals, each of the form

b
-1 ow; POW;
const X / Hexp ( “+no k%b ) hj(x;)x} Zx;?o 7 de,

RY k=1

or with h; replaced by A}. Finiteness thus follows from the same type of discussion by noting
that hj(z) = o (z!7™™M®b) and b)(z) = o (¢~ min{eb}).
We conclude that if the true and the proposed parameters give densities with finite
normalizing constants, and if h satisfies assumption (A1), then (A2) is automatically satisfied.
In the centered case where we assume 7 = 0, we only need lim, ~ o+ hj(z;)/z;" = 0 as

it is a special case with b = 2a. O

A.1.4  Proof of Theorems in Section

Proof of Corollary[8 By Theorem |7, under assumptions in that theorem, the support of 7

C .
s—=\. Since ¥, has |Sy| nonzero

is a subset of the true support of @y, and || — Wyl|s <
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entries,

1/2
- . . c
¥ — Tol| = (Wi = To)* | < VISlIW — Tyl < 5= AV/[So].
2 -«
o, 170
Similarly, by the definition of matrix £,,-f~, norm,
A ~ m Is
19 = @ol, < 1@ = Wl = max 7@ — Cou| < 5=Adw,

""" k=1

The result follows by also noting that || ¥ — W, < U Wolll . O

y g 2 F

Proof of Theorem[9. The proof is based on Theorem [7| and a probabilistic bound on ||T', —
T'o||oo, Where in the case of centered Gaussian I' = diag(xx",...,xx'). Denote 3¢ = K;*.

In particular, given 7 > 2 we wish to show that for e = 80v/2¢ max; (2 j;), assuming

co = +/(Tlogm +log4)/n < 1/V/2,
> e) <m?T,

]P> <
By Lemma 1 of Ravikumar et al.| (2011), since X;/+/20 ;; is Gaussian with mean 0 and

n_l Z X](Z)Xlgz) + Vlj]l{j:k} — ]EX]Xk
=1

and so the results follow from Theorem [Tl

standard deviation 1,

P >t <de nt”
X —_
B P 3200 max; (2073‘.7')2

for ¢ € (0,40max;(Xo;;)). Denote the event as £x(t). Note that EX? < max; g ; =

Y XX - EX; X,
=1

¢/(80v/2¢p). Then letting t = ¢/2 and conditioning on the complement of &; ;(€/2), we have

1 - ()2 2 € 1 )
n X <EX 4+e/2<—-[1+ .
; J o / / _2< 40\/560

2
Thus, choosing v = (6 — 1) >, XJ@ /n for £ =1,...,m (I" has m identical blocks) with
l<o<1+4 (1 + 1/(40\/500))_1, by the triangle inequality and a union bound we have

P [ max
J.k

w7 Y XX+ Ly — EXGXG

=1

> e) < P(Er(e)2)) =m> 7.
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Since 7 > 2, it holds that 1 + (1+ 1/(40\/500))_1 = 2 — (1 + 40v/2¢y)~" is larger than
— (1 +80+/logm/n)~! = C(n,m), so it is safe to choose any § € (1,C(n,m)). Thus by
the requirement on €, the theorem statement holds when n > max(c*c?dk, 2)(7 logm +1log 4)

with ¢* = 12800 man(Eo?jj)Q. ]

Proof of Theorem[10. The proof of Theorem [7] from [Lin et al. (2016) does not rely on the
fact that the original I" is an unbiased estimator for the population I'y, but instead only
requires one to bound ||I' — I'y||. Thus, for I'y = T' + diag(), by Theorem [7| it suffices
to prove that for any 7 > 3, we can bound ||T'(x) + diag(vy(x)) — I'g||oc by some €; and
lg(x) — golls by some €5, uniformly with probability 1 — m?~". Recall from that the
7™ block of Ty € R™*™" has (k, {)-th entry

n” ZXzii)Xéi)hj (XJ(Z)> + Y5 Lip=y-
The entry in g € R™ (obtained by linearizing a m x m matrix) corresponding to (4, k) is

*1ZX ' (xP) My k}Zh( "),

!/

Denote M = max;sup,.qh;(z), M = max;sup,.oh;(r), and cx = 2max;(2y/%;; +

VeEoX;). Using results for sub-Gaussian random variables from Lemma 2 in Appendix

[A.2] we have for any ¢; > 0,
. nt2 nty
>t | <2exp | —min
2M2cA 2McX

P(
: _ _ 2(logm™ +log6)  /2(logm™ +1og6
Thus, choosing ¢; = 2Mc%cpm, where ¢, = max{ (Ogmn+ 0g6) (Ogmn+ o8 )}, for

> €1>

> 61/2) (A.6)

n S XXy (X) — BoXiXohy (X;)

Yej < €1/2, we have

P ( nt ZX ] < ]()> +'7kg]l{k =0 — EOXngh (Xj)

<P ( n! Z X <X(l ) — Eo X Xoh;(X;)
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ne> ney 1
<2 — mi ! < . A7
<esp (—min (e ) ) < o (AT

Denote the event inside the probability in (A.6) as & ;(e1/2). By definition,
2 _ 2 2
& = 4max (42kk 4 4ve/Sm Bo Xy + e(EoX) ) > demax (S, + (BoXy)?)

By Lemmas .2 and 1 from Appendix , var(X},) < Y, so ¢k > 4demax; EgX? >
4eEg X72h;(X;)/M. Thus, setting ¢ = 2M % y.m, on the complement of & j(€1/2) we have

_1ZX)h< )<]E0th(Xj)+€1/2§%<1+ 1 )

decnm

Then

n

1 1 )2 i
S () 2o ws
n,m i—1

on the complement of & ;(e1/2), again with ¢, ,, = max

n ) n

2(logm™+log 6) 2(logm™+log 6) }

Note that the multiplier on the left of (A.g]) is increasing in ¢, ,,, and that 2(log m™ +log 6) >
6 logm by the assumption that 7 > 3. Thus, if we let

- 1 (6)2 (i)
= 1+1/ <4emax{610gm/n, \/W}> ZX <X )

which is just a constant multiple of the (k, k)-th entry of I'; itself, with the constant explicitly

calculable and a function of p and n only, then for k =/

_ i 1
( 1 Z X ( ( )> -+ Yj — ]E()XnghJ (X]) 2 61) S P((c:k’g’j (61/2)) S 3T .
Since this also holds for k # ¢ without the v4; term, by a union bound over m? events,

261> <1 (a9

3ImT 3

- ZX Thy (X57) + s ey — BoXu Xohy(X;)

max
7,k

Now, on the other hand, Lemma .1 and Hoeffding’s inequality give for any 21,222 > 0

nt3,
P > 121 ] < 2exp —QM,Q’CQ )
X

that

S0 (X) - Bat )
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|

. o 1 T—1 1 _ 1 T—2 1 . .
Choosing €1 = ﬂM’cX\/M, €29 = M«/%;’Og(j and taking union bounds

over m?, and m events, respectively, we have

P (max
ik
P (max
J

Hence, by (A.9) (A.10) (A.11)), with probability at least 1 — m3™7, |[T'(x) — T'g||oo < €1 and

S (50 - B )
=1

> t2,2> < 2exp (—2nt3 ,/M?) .

-1 - (4) (i) 1
n ;Xk h; (Xj )—onkh;(xj) > 62,1> < (A.10)

n . 1
S (X} )) — Eohy(X;)| > 62,2> < (A.11)

— 3m73 '
=1

lg(x) — golloc < €2 = €21 + €2,2. Consider any 7 > 3, and let

6

Co = —Cry,
o

n > max {2M°cx 3di, (7 logm + log 6), 2M ¢ cadi, (T log m + log 6) }

3(2 —
A > MmaX{CK0€17€2}
3(2 — 1 T+ log6
EMIH&X{ZLMCKOC_ZX(Ogm + 0g )7
a n
2(logm™ 4 log 6 logm™1 +log 6 logm™2 + log 6
2McKoc§(\/ (logm™ + log ),\@M,CX\/ogm + log +M\/ogm + log }
n n 2n
Then dk,e1 < a/(6cr,) and the results follow from Theorem [7 O

Proof of Theorem[11]. Similar to the proof of Theorem by Theorem [7| it suffices to prove
that for any 7 > 3, we can bound ||T'y(x) — I'g|| by some €; and ||g(x) — gol/sc by some e,
uniformly with probability 1 — m? ™. Recall that T' € R(m*+m)x(m*+m) ig o rearrangement of
'™, which is in turn formed by I'y; € Rmzxmz, 'y e RmQXT”, I}, and Ty, € R™™ all of
which are block-diagonal with m blocks.

The j™ block of T'y; € R™*™ has (k, £)-th entry

n Y XX (X1,
i=1
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the k'™ entry in the j*" block of 'y is

—n S Xy (X,
=1
the ' diagonal entry of 'y is
Rty (X)),
i=1

On the other hand, g € R(™+™) is a rearrangement of g = [g] , gJ]"

, where the entry in

g1 € R™ (obtained by linearizing a m x m matrix) corresponding to (4, k), is

- O (x®Y 4 ()
X (XO) 40 g Dok (X))
i=1 =1

while the j-th component of go € R™ is

-1 (@)
Ttk (Xj > :
i=1
Recalling that the bounds in Lemma also hold when g # 0, we may then use bounds
similar to those in the proof of Theorem [10] and use union bounds to arrive at analogous

consistency results, modulus different constants. The amplifiers v can be incorporated anal-

ogously. O]
A.2 Auxiliary Lemmas and Definitions

In this appendix, to simplify notation, when it is clear from the context, the operator E is

defined as the expectation under the true distribution, unless otherwise noted.

Definition 16 (Sub-Gaussian and Sub-Exponential Variables).

The sub-Gaussian (r = 2) and sub-exponential (r = 1) norms of a random variable are
1|y, = sup g7 (E[X]) YT = sup g7 X |-
q=>1 q>1

If | X ||, < 00 we say X is sub-Gaussian; if ||.X ||y, < oo we call X sub-exponential. For a

zero-mean sub-Gaussian random variable X also define the sub-Gaussian parameter

7(X) = inf{7 > 0: Eexp(tX) < exp(7%t?/2), Vt € R}.
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The definition of sub-Gaussian norm here allows for a non-centered variable and differs

from the one in [Vershynin (2012), which uses ||X||,. Instead, it coincides with 6, in

gin and Kozachenko| (2000). The sub-Gaussian parameter is defined as in Buldygin and|

Kozachenko| (2000) and the sub-exponential norm as in |Vershynin| (2012).

Lemma 35 (Properties of Sub-Gaussian and Sub-Exponential Variables).

1)

2)

3)

4)

5)

6)

as long as the expectation and norms are finite.

(Buldygin and Kozachenko, 2000) 7(X) is a norm on the space of all zero-mean sub-

Gaussian variables; so 7(X +Y) < 7(X) + 7(Y). If X is zero-mean sub-Gaussian,
then var(X) < 7%(X), [|[ Xy, < 27(X)/Ve, T7(X) < Vel Xy If Xi,..., X, are

i.i.d. zero-mean sub-Gaussian, T (n"1 Y1 | X;) < n~V2r(X)).

If Xy and Xy are sub-Gaussian (not necessarily independent) with || X1|y, < Ki and
| Xy, < Ko, then X1X5 is sub-exponential with || X1 Xy, < K1Ks.

(Buldygin and Kozachenkd, |2000) If X is zero-mean sub-Gaussian and q > 0, then

E[X|7 < 2(q/e)"*r(X).

(Buldygin and Kozachenko, 2000) If Xi,...,X, are independent zero-mean, sub-

Gaussian variables, then for any € > 0,
&2
P(| X >¢€) <2 —_—
(1112 0 < 200 ().
YN

P > <2 ne’
exX —_——— ) .
i=1 ¢ - P 2 max; 7'2 (Xz)

(Vershynin|, |2012) If Xy,...,X, are independent zero-mean sub-exponential random

variables with K > max; || X;||y,, then for any e > 0,

. 62 E
P(IX1] =€) < 2exp (— min (m 4eK)> ’
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n

n! ZXi

=1

P > < 2e min ne’ ne
xp [ — _ )
=)= P 8e2 K2’ 4eK

7) (Boucheron et all |2013) If for X; i.i.d. there exists some B > 0 such that

E|X |\
sup< | |> < B/2

g2 \ ¢!
then for all e > 0,

2
]P’( 26) §2exp(—min(%,%)).

Proof. 1) For r = 1,2, by the triangle inequality, || X — EX

n

n' Y (X; - EX;)

=1

o < Xl + IEX ], =
1 X |y, + [EX| < || X |4, + E|X]| < 2||X||y,, where in the last step we used the definition of
| - ||y, with ¢ =1 for r = 1 and E|X| < (E|X|?)'/? with ¢ = 2 for r = 2. On the other hand,
1X [, < 11X — EX |y, + [EX [, = X — EXly, + [EX].

2) These follow from Theorems 1.2 and 1.3 and Lemmas 1.2 and 1.7 from Buldygin and
Kozachenko| (2000), and v/3.1e%16/1/2 ~ 1.6467 < 1.6487 =~ \/e.

3) By Holder’s inequality (or Cauchy-Schwarz),
1 X1 Xa]ly, = sup g (B| X1 X5|) /" = sup ¢~ (E|X{X{[)"/
g1 g1

_ 1
< supgq ! [(BIX, 1) 2(E| Xy 2)1/2]

q>1
< sup [¢"H(E|X1[*) 2] sup [¢ /2 (E|X2|*) "]
q>1 q>1

= [ Xl 1 Xl < KiK.

4-6) These are Lemma 1.4 and Theorem 1.5 in Buldygin and Kozachenko (2000)), and a
consequence of Corollary 5.17 in [Vershynin| (2012).

7) By Theorem 2.10 of Boucheron et al.| (2013)) wherein we let v = nB?/2 and ¢ = B/2, we

2
H”( 26) =20 (‘#)
€

have
n

n' Y (X; - EX;)

i=1
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for all € > 0. (Theorem 2.10 gives an one-sided bound; bound for the other side is obtained

by taking X; = —X;). The inequality follows by splitting into cases ¢ < B and ¢ > B. O

Lemma 36. Suppose X follows a truncated normal distribution on RT' with parameters p
and X =K'= 0. Let X .. X™ be i.i.d. copies of X, with j-th component of the i-th
copy being X;i). Then

1. For j = 1,...,p, 7(X; — EX;) < /Xj;. That is, the sub-Gaussian parameter of
any marginal distribution of X, after centering, is bounded by the square root of its

corresponding diagonal entry in the covariance parameter 3. Then, for any € > 0,

2
]P’( >e>§2exp(—27; )
JJ

In particular, if ho is a function bounded by My, then for any € > 0,

'

-1 (4)
n Y X[V - EX;
=1

n Y X Oh (X,g”) — EX;ho(X))
=1

ne
>e| <2ex — )
- ) B p( 8M3(2\/2J]+\/EEX])2)

- i i 2M
T (nl ;X]( 'ho (X,Q) - EthO(Xk)) < 77; (wzjj + ﬁEXj) :
n S X Oh, (X,S‘)) ~EX;ho(X)| < % (2\/% + \/EEXj) .
i=1 )

2. For j,k,0 € {1,...,p}, if ho is a function bounded by My, then

M,
1 Xiho(Xe) — EX; Xpho(X)||g, < 5o (A.12)

c
2¢ X7

where cx = 2max;(2y/2;; + VeEX;). In particular, for any € > 0,

p< >e>

<9 . n€2 ne
ex — min .
= e OMZch 2Mo

Y XX ho (X(7) — EX; Xiho(X0)
i=1
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Proof of Lemma[36. 1. Without loss of generality choose j = 1. By the definition of sub-

Gaussian parameters, we need to show that for all £ € R,
Eexp(tX;) < exp (1*X11/2 + tEXq),
which is equivalent to
t*%1,/2 +tEX, — logEexp(tX,) >0 VtcR. (A.13)

Since the left-hand side of (A.13)) equals 0 at t = 0, it suffices to show that its derivative,

dE exp(tX1)
dlogE exp(tX7) s+ EX — deoxpliXy)

12> EX; — —dat
n B dt Eexp(tX;)’

(A.14)

is non-negative on (0, co) and non-positive on (—oo,0). By properties of moment-generating
functions, %]E exp(tX;) evaluated at ¢ = 0 equals EX;, so 1} equals 0 at t = 0. It in
turn suffices to show the derivative of ({A.14)), namely

d?log E exp(tX})

N —
11 d¢2

(A.15)

is non-negative in ¢ € R.
Given any vector v € R?, define RY. — v = {u — v : w € R }. By Tallis| (1961)), denoting
the first column of ¥ as 3;, the moment-generating function of the marginal distribution of

Xl is

fRﬁ—(qutEl) exp (—iz X7 'z) de (

ex
» exp(—izxTS-1lz)dx p
R+ " 2

(A.15]) thus becomes

1
tﬂl + §t2211) .

1
- log/ exp (——mTE_1m> da.
dt2 Rg_*(u‘l’tzl) 2

Showing this is non-negative in t € R is equivalent to showing that the integral itself is

log-concave in ¢t. But

1 1
/ exp [ ——z'Z7 'z ) dz = / exp | —=z'S7 'z ) Ipr _,(z+1t%))de
RY —(u+tS1) 2 RP 2 "
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with exp (—iz' ¥ ') log-concave in x and Igr (2 + t%1) log-concave in (x,t) since
RE — p is a convex set. Since log-concavity is closed under multiplication and integration
over R?, the integral is indeed log-concave, and our proof of the bound on the sub-Gaussian

parameter of X; —EX is complete. The tail bound follows from [5)| of Lemma
Now by [1)| and [2)| of Lemma ,

[ X1y, <24/%55/e +EX;.

If hg is a function bounded by M, then by definition

060, < Mo (2¢/5/e 4B, )
By |1)[and [2)| of Lemma |35| again,

T(Xjho(Xk) — EXjho(Xk)) < Vel Xjho(Xk) — EXjho(Xk)lly,
< 2v/el| X;ho(Xk) [ 4.
< 2My(21/S,, + VEEX,).

The tail bound thus follows from the first inequality using |5)| of Lemma By [2)| of the
Lemma [35]

=1

Y X ho (X17) — EXho(X5)
=1

AM,
<—= (2\/2jj + \/EEXj) .

P2

2. By the proof of 1) of this lemma, || X4, < 24/%;;/e+ EX;, and by [3)| of Lemma ,

2
||Xij||w1 S (2 ij/G—FEX]’) (2\/Zkk/€+EXk> S mjax (2\/2jj/6+EXj) .

Since hg is a function bounded by M, by definition

2
"Xijh()(X@)le S M(] mjax (2\/ Ejj/e -+ EXJ> .



178

Then by |1)| of Lemma |35 again,

2
||X]th0(Xg) — EXijhQ(Xg)le S 2MO Hl]aX (2\ / Ejj/e + ]EX]> .
The tail bound then follows from @ of Lemma . O

Although not used for our consistency results, in the special case of hyg = 1, we also have
the following lemma. The notable difference between bounds below and from
Lemma .2 is in the constants and dependency on EX;: The constants in the denominator
in the right-hand side of is smaller and thus gives a tighter bound, but is
preferred when EX; is notably large compared to \/E_” , since the constant is only linear in
EX;

je

Lemma 37. Consider the setting in Lemma . Then for j,k € {1,...,p}, for any e > 0,

_ ) 2ne’ ne
( 1 > e) < 4exp <— min <C—12, a)) , (A.16)

where Cl =91 max; E]] + 72 max; EX] max; 4/ Z]]

ZX —EX,; X}

Proof of Lemma[37 We use a proof similar to Lemma 1 in Ravikumar et al| (2011) (note

that EX; may be nonzero in our case). Define

U =X+ X7 Up=X+ X, VP =x0 - xY

s V}kEX]—Xk

Since X Z)X D= (U ](,? — V](,z > by union bound we have

P < DY XPXY - EX; X > e>
=1

- )2
g]P(anUj(,? ~EUZ 226> +IP’(

=1
i) _ (0 G ~(
20 = U Uz, = A0 4 BY 1 oy, X,

Z2e>.

=x9 _EX.

J I

n 9

Y Vi —EVE
i=1

We next define

)
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D0 0 ) <) | <0 R OO
AV =X +X7, BY =2EX; +EX)(X,) + X)), Cn=-EX, +X,)%

J J
Then since 7 is a norm by [2){of Lemma |35, A, is sub-Gaussian with parameter < /3;;+
V Xk, and By, is sub-Gaussian with parameter < 2(EX; +EX}) ( X+ \/Zkk). Using
of Lemma [35| together with the inequality (a + b+ ¢)? < (3 max{a,b,c})? < 39(a? + b? + ?)
for all a,b,c¢ > 0 and ¢ > 0, we have for any ¢ > 2
1
(E1Z3ul")!/7 < (37 (EL AP + EIBul? + |Cl"))

< 3i+1/a ((E\Ajk|2q)1/q + (E\Bjk|Q)1/q + |Cjk|)
2
< g (e (/5 + )
+2Y1\/q/e2(EX; + EXp) (VS5 + v/ Zae) + var(X; + Xk)> '

Using var(X +Y) < 2(var(X) + var(Y')) and the fact that var(X;) = var(X; — EX;) <
(X; —EX;) < %j; (by[2) of Lemma [35 and 1) of Lemma [36, we then have

<E|ij|Q)”"
q!

< 31+1/d 23t1/4(g/e) max; X5 + 23419, /q/e max; EX; - max; 1/%;; + 4 max; ;5

(g})*/a

Since all three coefficients involving ¢ are decreasing in ¢ > 2, we have

E|Z...|4 1/q
sup ( o > < (48\/§/€ + 6\/6> max ¥j; + 241/6/¢ max EX; max \/3;;.
J J J

¢>2 q!

Thus by [7)| of Lemma , letting B = (91 max; Xj; + 72 max; EX; max; 4 /ij), we have for

all e > 0:
P (nl ZZJ(,C) > 26) < 2exp (— min (%, %)) .
i=1

A tail bound for the sample average of ka can be similarly derived, and the result follows. [J

A.3 Simulation Results for Erdos-Rényi Graphs

We revisit the simulations from Section but use Erdés-Rényi (ER) graphs in which each

possible edge is independently included with probability 7. Independent uniform draws from
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[0.5,1] are used to fill the non-zero off-diagonal entries of the symmetric matrix Ky. The
diagonal elements are set such that Ky has minimum eigenvalue 0.1. We choose m = 0.08
for n = 1000, and 7 = 0.02 for n = 80.

A.3.1 Truncated GGMs

In this section we present the results for truncated GGMs.

Choice of h

The results for truncated centered GGMs are reported in Table and Figure[A.T] Those for
truncated non-centered GGMs using the profiled estimator are in Table and Figure[A.2]

./ "

—X

min(x,3)
mcp(1,10)
min(x,2)
== log(1+x)
X2 (Lin)
GLASSO

/
| /
| / — SPACE « W
B g
o
; .

True Positives
True Positives
True Positives

®BIC models

00

False Positives "7 raserosives "7 Faise positives
(a) n = 80, mult = 1.8647 (b) n =1000, mult =1 (¢) n = 1000, mult = 1.6438
Figure A.1:  Average ROC curves of our centered estimator for m = 100 variables and
two sample sizes n under various choices of h, compared to SPACE and GLASSO, for the
truncated centered GGM case. Squares indicate average true positive rate (TPR) and false
positive rate (FPR) of models picked by eBIC with refitting for the estimator in the same

color.
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Centered, n = 80, multiplier 1.8647

min(log(1 + z), ¢) min(z, c)
¢ | Mean sd ¢ | Mean sd
oo | 0.632 0.036 oo | 0.638 0.035
2 10.632 0.036 3 | 0.638 0.035
1 10.630 0.035 2 1 0.635 0.035
0.5 0.613 0.033 1 ]0.623 0.033
MCP(1,¢) SCAD(1,¢)
¢ | Mean sd ¢ | Mean sd

10 | 0.637 | 0035 |10 0.638 | 0.035
5 [0636| 0036 |5 |0637| 0035
1]0617| 0033 | 2|0632| 0035
215 (0.627, 0.032) 2% (0.595,0.028)

GLASSO (0.553,0.029) | SPACE: (0.544, 0.026)

NS: (0.543,0.028) SJ: (0.519,0.028)
Centered, n = 1000, multiplier 1 H Centered, n = 1000, multiplier 1.6438
min(log(1 + z), ¢) min(z, c) min(log(1 + z),¢) min(z, c)
¢ | Mean sd ¢ | Mean sd ¢ | Mean sd ¢ | Mean sd
oo | 0.716 0.016 2 | 0.710 0.016 oo | 0.796 0.014 oo | 0.795 0.014
2 10.716 0.016 3 10.710 0.016 2 1 0.796 0.014 3 10.794 0.014
1 0.715 0.016 1 ]0.710 0.017 1 |0.794 0.014 2 | 0.792 0.014
0.5 | 0.694 0.017 oo | 0.709 0.016 0.5 | 0.772 0.015 1 ]0.784 0.015
MCP(1,¢) SCAD(1,¢) MCP(1,¢) SCAD(1,¢)
¢ | Mean sd ¢ | Mean sd ¢ | Mean sd ¢ | Mean sd
5 |0.714 0.016 2 | 0.713 0.016 5 | 0.796 0.014 5 | 0.795 0.014
10 | 0.711 0.016 5 | 0.711 0.016 10 | 0.796 0.014 10 | 0.795 0.014
1 10.707 0.017 10 | 0.710 0.016 1 |0.778 0.015 2 | 0.793 0.014

215: (0.678,0.016) 2% (0.64,0.017) 215: (0.757,0.015) 2% (0.693,0.016)

GLASSO: (0.675,0.016) | SPACE: (0.675,0.016) || GLASSO: (0.675,0.016) | SPACE: (0.675,0.016)
NS: (0.675,0.016) SJ: (0.624,0.017) NS: (0.675,0.016) SJ: (0.624,0.017)

Table A.1: Mean and standard deviation of areas under the ROC curves (AUC) using
different estimators in the centered setting, with n = 80 and multiplier 1.8647, or n = 1000

and multipliers 1 and 1.6438. Methods include our estimator with different choices of h,

GLASSO, SPACE, neighborhood selection (NS), and Space JAM (SJ).
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Non-centered profiled, n = 80, multiplier 1.8647

min(log(1 + ), ¢) min(z, ¢)

¢ | Mean sd ¢ | Mean sd

1 1 0.588 0.034 3 | 0.588 0.033

oo | 0.588 0.034 oo | 0.588 0.033

2 | 0.588 0.034 2 | 0.588 0.033

0.5 | 0.576 0.033 1 ] 0.583 0.033
MCP(1,¢) SCAD(1,¢)

¢ | Mean sd ¢ | Mean sd

5 | 0.588 0.033 5 | 0.588 0.033

10 | 0588 | 0.033 | 10| 0.588 | 0.033
10581 0033 | 20587 | 0033
25 (0.582,0.028) 22: (0.576,0.028)

GLASSO: (0.572,0.033) | SPACE: (0.562,0.031)
NS: (0.560,0.032) SJ: (0.535,0.027)

Non-centered profiled, n = 1000, multiplier 1 H Non-centered profiled, n = 1000, multiplier 1.6438

min(log(1 + ), ¢) min(z, c) min(log(1 + ), ¢) min(z, ¢)

¢ | Mean sd ¢ | Mean sd ¢ | Mean sd ¢ | Mean sd

2 | 0.692 0.022 1 | 0.687 0.022 2 | 0.705 0.021 oo | 0.705 0.022
oo | 0.692 0.022 0.686 0.022 oo | 0.705 0.021 3 10.705 0.021
1 1 2

00
0.691 0.022 3 10.685 0.022 0.703 0.021 0.702 0.022
0.5 | 0.684 0.02 2 | 0.685 0.022 0.5 | 0.683 0.019 1 ] 0.695 0.021
MCP(1,¢) SCAD(1,¢) MCP(1,¢) SCAD(1,¢)
¢ | Mean sd ¢ | Mean sd ¢ | Mean sd ¢ | Mean sd

5 | 0.689 0.022 2 ] 0.687 0.022 5 | 0.706 0.021 10 | 0.705 0.022
1 10.689 0.020 5 | 0.687 0.022 10 | 0.706 0.022 0.705 0.022
10 | 0.687 0.022 10 | 0.686 0.022 1 10.690 0.019 2 10.703 0.022

x5: (0.663,0.020) x?: (0.638,0.019) x5: (0.689,0.021) z?: (0.664,0.019)

t

GLASSO (0.700,0.022) | SPACE: (0.699,0.022) || GLASSO (0.700,0.022) | SPACE: (0.699,0.022)
NS: (0.699,0.022) SJ: (0.655,0.021) NS: (0.699,0.022) SJ: (0.655,0.021)

Table A.2: Mean and standard deviation of AUC using different profiled estimators in the
non-centered setting, with n = 80 and multiplier 1.8647, or n = 1000 and multipliers 1 and
1.6438. Methods as for Table [A.T]
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Figure A.2: Average for the truncated non-centered GGM case. n = 80 or 1000, m = 100.

Choice of multiplier

The results for truncated centered GGMs where each curve represents a different multiplier

are shown in Figure and those for truncated non-centered GGMs are in Figure [A.4]

where each curve corresponds to a different ratio Ak /Ay,.

True Positives

multiplier

— 3.7294
—5
—2.T71

1.8647
—75

10
—1.283
— GLASSO

SPACE
- 1.01

=BIC models

B0verall BIC

00 02 04 06

False Positives

True Positives

multiplier

—2.0053
— 24464
— 1.6438
— 3.2876
1.231

=BIC models

B0verall BIC

04

False Positives

06 08 1.0

(b) n = 1000

Figure A.3: Performance of min(z, 3) for truncated centered GGMs with different multipli-

ers, compared to GLASSO and SPACE;, in the centered setting, n = 80 or 1000.
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Figure A.4: Performance of the non-centered estimator with h(x) = min(z, 3). Each curve
corresponds to a different choice of Ak/\,. Squares indicate models picked by eBIC with
refit. The square with black outline has the highest eBIC among all models (combinations
of Ak, An). The multipliers correspond to medium or high for n = 80, and low, medium and

high for n = 1000, respectively.



A.3.2 Other a/b Models

Figure exhibits the results for the exponential models.

AUC

AUC

0.542
L
I
=
4

AUC

0.572 0.593 0.613
L L L
-

power

0.575
|

—0.25
0.5
0.75

125
—15

0.535

0.548 0.561
L L
-

o
=)

175

0.521
L

25

—3

0.508

T T
05 10 15 20 25 30
Truncation point

(a) n =80, n = —0.511q0, profiled est

o

. power

o

N - 0.25

<

34

(=] 0.5
0.75

o

34

3 1
1.25

1.75

2 | —_2
<
° 25
@ —3
g
S . . . . . :

05 10 15 20 25 30 50

Truncation point
(¢) n =80, n = 0, centered est

<
8 power
S

—0.25
0.5
0.75

1.25
—15
175
8| — —2
2
° 25
o —3
g
gl
S ——— :
05 10 15 20 25 30 50

Truncation point

(e) n =80, § = 0.511¢p, profiled est

AUC

(b) n = 1000, 7 = —0.511¢0, profiled est

AUC

AUC

N

g power

=

© - 0.25

<

3

=] 0.5
0.75

<

2

= 1
1.25

2

5 - 15

I

/\/ 1.75

2 —_2

3

° 25

~ —3

=

g

© T T T T T T 1

05 10 15 20 25 30 5.0

Truncation point

@
A power
S
) - 0.25
<
~ /¥
S 0.5
0.75
@
2
S 1
1.25
o
54 —15
5
1.75
& —_2
@ |
° 25
o —3
8
g
o T T T T T T 1
05 10 15 20 25 30 5.0
Truncation point
(d) n = 1000, n = 0, centered est
(=]
24 power
S
< - 0.25
o
=¥
S 05
0.75
o<
9 |
S 1
1.25
o
3 —15
o
/_\/ 1.75
@ —_2
8
° 25
2 —3
5
o T T T T T 1
05 10 15 20 25 30 5.0

Truncation point

(f) n =1000, n = 0.51;¢0, profiled est

185

Figure A.5: AUCs for edge recovery using generalized score matching for exponential models.



Figure displays the results for the gamma models.
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Figure A.6: AUCs for edge recovery using generalized score matching for the gamma models.
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Figures and demonstrate the results for a = 3/2 and b = 1/2 or b = 0, respectively.

AUC

AUC

AUC

0.549 0.564 0.580 0.595 0.610

0.534

(

0.560 0.576 0.591 0.607 0.623

i

0.544

0.631 0.644 0.658

0.617

0.604

0.590

T T T
05 10 15 20 25 30 5.0
Truncation point

a) n =80, n = —0.511¢, profiled est

- power

—0.25

0.5
0.75

1.25

-—15

1.75

25

—3

T T T
05 10 15 20 25 30 5.0
Truncation point

(¢) n =80, n = 0, centered est

- power

—0.25
0.5
0.75

1.25

-—15

1.75

25

—3

/m

T T
05 10 15 20 25 30 5.0
Truncation point

(e) n =80, n = 0.511¢p, profiled est

AUC

©
& power
IS

N - 0.25
S

e

° 0.5

0.668
‘
- o
2
(92

1.25
3
@ 1 —15
(=}

1.75
2
8 —2
B}

25
g —3
g
o r T T 1

T T T
05 10 15 20 25 30 5.0
Truncation point

(b) n = 1000, 7 = —0.511¢0, profiled est

AUC

AUC

©
2 power
S| =———
] —0.25
S
S
S 0.5
3 0.75
2 |
S 1
125
B
8 -—15
=
1.75
o
8 -2
S
25
2 —3
3
° T T T T T T 1
05 10 15 20 25 3.0 5.0
Truncation point
(d) n = 1000, n = 0, centered est
B
& power
c
0 —0.25
N
° 0.5
) 0.75
gl
S 1
125
)
2 —15
o
1.75
©o
8 | -_—2
o
25
5 E = -3
(=}

T T T
05 10 15 20 25 30 5.0
Truncation point

(f) n =1000, n = 0.51100, profiled est

Figure A.7: AUCs for edge recovery using generalized score matching for a = 3/2, b = 1/2.
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Before proving Lemma [13| we first prove the following lemma.

Lemma 38. Suppose hq, ..., h, are absolutely continuous in any bounded sub-interval of

Ri. Then for any j =1,....,m and any x_; € S_;p, (hj o ;) is absolutely continuous in

x; in any bounded sub-interval of C;p(x_;).

Proof of Lemma[38 In the proof we drop the dependency on @_; in notation. By assump-

tion, under Equation [3.5] any bounded sub-interval [a, b] of C;p(x_;) must be a sub-interval

of [ag ;, by ;] for some k (for simplicity we do not differentiate among [a,b], (a,b], [a,b) and

(a, b) here).

(1)

If aj; > —oo and by ; < +00, denote Cy = min{C}, (by; — ar;)/2} and rewrite
(h; © ;) ()
= hy (min(C5, 75 — a5, by — ;)
= hj(xj - ak,j)]leE[ak,j,ak,j-l-Co] + hj(Oj)]]'xje[ak,j‘f'COvbk,j_CO] + hj(bk,j - Ij)]lxje[bk,j—cmbk,j]‘
Then by absolute continuity of h; in [ay ;, bk ;] it is apparent that (h; o ¢;) is differen-
tiable in z; a.e. with derivative
0;(hj © ;) (®) = hj(w; = ar ) a;efar yan;+co] = POk = T5) Mooy, —Coub )
Then by the absolute continuity of h; again, for z; € [ay,;, by ;]
Tj
/ 9;(hj o ;) (ts; x—;) di;
ak,j
- hj ('rj - ak,j)]lxje[ak,j,ak,j—ﬁ—c’o} + h_] (Cj)]lsz[akﬁj—l-Co,bk’j—Co] + h]<bk,] - xj)]l.tjE[bk’j—Co,bk’j}
= (hj o @;) (),

which proves that (h; o p;)(x) is absolutely continuous in z; in [ag ;, bk ;|, and hence in

[CL, b] C [aw, ka].

If ar; > —oo and by; = +oo, on [a,b] (h; o p;)(x) = hj(min(C},z; — ai;)) is an
absolutely continuous function in a linear function of x; truncated above by C}, and is

thus trivially absolutely continuous in [a, b].
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(3) If ay; = —oo and by,; < 400, on [a,b] (h; o ¢;)(x) = hj(min(Cj,by; — x;)) is an
absolutely continuous function in a linear function of x; truncated above by Cj, and is

thus trivially absolutely continuous in [a, b].

(4) If ay; = —oo and by ; = 400, (hj o @;)(x) = h;(C;) is constant and hence trivially

absolutely continuous in [a, b].

Proof of Lemma[15 By simple manipulation

Iheo(®) =5 [ mi@)|[Vioss(e) © (o @) @) - Viogm() © (ko g)"” (@) do

I
DO | =
NE

/D po(@)(hy 0 7)) (8; log pol) — & log p())? dax

Jj=1

1
2

> [ @)t o 0)@) @5 logpl)) da

1

_ Z/ po(x)(hj o ;) (x)0; log po(x)0; log p(x) de + const. (B.1)
j=17P
By (B.1) it suffices to prove for all j = 1,...,m that

[ m(@)(h o ) @0 log (@) log (@) d = = [ po(@)d) (b o 03) )0 log p(a) da
i i (B.2)
Jopo(@) ||V Iogp(@) © (R0 @) 2(x)||;dz and [, po(@) [[Viogpo(@) © (ko @) (a)] da
are both finite by assumption, so by |2ab| < a? + b? the integrand in the left-hand side
of is integrable. Then by Fubini-Tonelli

/Dpo(a:)(hj o @;)(x)0; log po(x)0; log p(x) da

e /3 /c ( )Sh] o %)(m)@]po(m)aj logp(mde] dZB_j
—J G\ L—j ;}Ew)

-/ [ Aeso ()@ dasder
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Kj(z—j)

:/ / > M@y @ (@) | flag @) de;da
SR =1
Kj(m*j) bk,]( 7j)
-/ [ e dn, | dey (B.3)
S_]' k=1 ak,j(m—j)

where the interchangeability of integration and (potentially infinite) summation is justified by
Fubini-Tonelli again. Then using the decomposition of the domain in (3.5)) while omitting the
dependency of a, ; and by ; on x_; in notation, fora.e. x_; € S_jandany k =1,..., K;(x_;)

we have

br,j

bk,j
f() da, = / (hy © 0,) (@)0,p0()9; log pl) d,

Ak,j Ak,j

= lim (h; o p;)(x)po(x)0;log p(x) — lim (h; o @;)(@)po(x)0;log p(x)

wjfb;j »’Cj\a:j
bkj
- / po()3; [(h; 0 ;) ()D; log ple)] da,

_ / " o) [(hy 0 ;) (@), log pla)] da;,

ak,j
by integration by parts and by Assumption (A1) on the limits going to 0. The integration by
parts is justified by the fundamental theorem of calculus for absolutely continuous functions
(Lemma as well as the product rule (cf. proof of Lemma . Thus, by going backwards
using Fubini-Tonelli twice again, becomes

IR

_ / /c(xj) 0; [(h; o @;)(x)0;log p(x)] dx; da_;

Kj(x—;)

by, j(x_j)
/ po(); [(h; 0 9;)(@)0; log p(x)] dz; b da_;

k]( —5)

= [ @0, (10 23)(@)0; og (@) do
proving . O

Proof of Theorem[16. Note that the condition that v*"Kv® > 0 Vv € D\{0} implies that
v2 " Kv® > 0 Vv € Dy = {v/|v]l,: v € D\{0}} C {v € R™ : ||v]j, = 1} = S™ ! with S™~!
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compact, so

Nk = inf v* Kv*/v* v? = inf v* Kv?/v* v* > inf v Kv®/v* v? > 0.
’UED\{O} veDy pveSm—1

(1) Case a > 0 and b > 0 (CC1, CC2): Since p is bounded everywhere,
it is integrable over a bounded D (proving (CC1)). Otherwise, assume D is un-
bounded. If either a or b is non-integer, then D C R’ and a sufficient condition
is v*Kv® > 0 Vv € D\{0} and either n"v* <0 Vv € D or 2a > b > 0, corresponding to (i)
and (ii) in the Proof of Theorem |5| in Section , respectively. If @ and b are both inte-

gers, D may be any subset of R™ and the same sufficient condition can be implied following
the same proof in Section [A.1.3] with integration over (—oo, +00) instead of (0, +00). This
proves (CC2).

(2) Case a >0 and b= 0 (CC3): By definition D C R7". If D is bounded, —5-z* ' Kaz*
as a continuous function is bounded, and it thus suffices to bound [ exp (nT log(a:)) de =
oIl o) de < TT7, fpj(D) z} dxj < +oo if n; > —1 for all j such that 0 € p;(D), where
for the < step we used the fact that z; > 0. This proves (CC3) (i).

If D is unbounded and v* Kwv® > 0 for all v € D\{0}, using the fact that exp(---) > 0,

/Dpn,K(w) dCB—/DeXp(—w“TKw“/(Za)+’I7Tlog(a:)) dx

< H/ ( )exp (—Nka3"/(2a) + n;log(z;)) da;.
j=17ri(D

Note that the indefinite integral of the last display is

Lo ( N xza) —(1+m>/<2a)F {1—1—77]- Nmaa]

__I’ s
2a 2a 2a 2a

so the definite integral is finite if and only if n; > —1 for all j s.t. 0 € p;(D). This proves
(CC3) (ii).

If D is unbounded and v*TKv® > 0 for all v € D, [, ppx(z)de < [T, fpj(D) r) drj <
oo if n; > —1 for all j s.t. 0 € p;(D) and n; < —1 for all j s.t. p;(D) is unbounded. This
proves (CC3) (iii).
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(3) Case a = 0, D is bounded and 0 & p;(D) for all j (CC4): 1f D is bounded and
0 ¢ p;(D) for all j, then log(D) is bounded, and since the integrand is continuous and
bounded, the integral is finite without any further requirements.

(4) Case a =0 and b =0 (CC5): Assume log(x) Klog(x) > 0 for all x € D, then

/D pox (@) dz = /D exp (—%log(m)TKlog(a:) +qT log(a:)) dz

1
—/ exp (——wTKa: +(n+ lm)Ta:) dx
log(D) 2

< H/ exp (—Nka5 /2 + (n; + D)) da;
j=1 log(p; (D))

< H/ exp (—Nka3 /2 + (n; + D)a;) dzj < +00
j=17-00

since the integrand is proportional to a univariate Gaussian density.
(5) Case a =0 and b >0 (CC6, CC7): Assume log(z) Klog(z) > 0 for all z € D and
n; < 0 for all j s.t. p;(D) is unbounded (from above). Then

1
/pn,K(w) de :/ exp (—§1Og(33)TK10g(1’) + nTmb) dx
D D

1
:/ exp (——:UTK:I: +1)x+n' exp(bm)) dx
log(D) 2

< H/ exp (—Nka? /2 + ;4 n; exp(bz;)) dw;
j=1 log(pj(D))

< H/ ¢j exp (—NKx§/2 + ;) dz; < +oo,
j=17 =0
where ¢; =1if n; <0 or ¢; = exp (77]- (sup p; (D))b> > 400 otherwise. This proves (CC6).
Finally, if log(D) is unbounded and log(x) K log(x) > 0 for all z € D, the integral is
bounded by

11 / exp (z; + n; exp(bx;)) dz;
j=1 log(p;(D))

which is finite if and only if n; < 0 for all j s.t. p;(D) is unbounded (from above). This
proves (CCT).
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O

Proof of Theorem [18 Tt suffices to consider the case D = R for general a and b as well as
D = R™ for integer a > 0 and b > 0 (so that is well defined on R™): For (A.1), the
irregularities only occur at the boundary points, but with the composition (h; o ¢;)(x) with
x; approaching any finite boundary point behaves like h;(x;) with z; \, 0" in D = R, and
(hjop;)(x) with x; — oo behaves like h;j(x;) with x; — oo in D = R (or R™ if applicable).
For (A.2), obviously integrability over D follows from that over D = R7" or R™. (A.3) is
trivially satisfied by a power function h;.

As in the proof of Theorem , Nk = infyep 'U“TK’U“/'U“T'U“ > 0.

(1) The case for a > 0 and b > 0 and D = R} is covered in Chapter 2} The proof for the
case for a > 0 and b > 0 and D = R™ is analogous and omitted.

(2) Case a =0 and b= 0:

|po(x)0; log p(x)|
1
X exp (—5 log(x) "Kolog(z) + noT log(w)) {x;l (nj — K,;-l:_j 1og(a:_j)) — lijjl’j_l log xj’

< |(77j — RI_j log :I:_j) exp [—NKO(Iog xj)2/2 + (n; — 1) log xj}

—Kjj eXP [—NKO(log xj)2/2 + (n; — 1) log xj] log xj| X H exp (—NKO(log 1)%/2 + n; log xk)
k#m

x O [exp (—NKOyjz'/2 + (n; — 1)%” + O [eXP (—NKO?JJQ'/2 + (nj — 1)yj) yj}

which apparently vanishes as z; N\, 07 and z; /* +00 with y; = log(z;) since it is dominated
by a constant times a Gaussian density in y;. Thus, by Proposition , (A.1) is satisfied
with any «; > 0. Likewise, for (A.2),

/Rm po(x) HVlogp(a:) ® (ho c‘0)1/2@13)”;0@
s Z /Rm H exp [N, (log x6) /2 + M log ()] x

+ k=1

_ _ 2
hi(z;) [2; Y(n; - an_j log(x_;)) — Kjj; "og z;]” de,
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which can be decomposed into a sum of products of univariate integrals of the form
const - exp (=N, (log z;)?/2 + Alog(z;)) (log ;)" (hy(x;))¢

with B =0,1,2, C' = 0,1, and constants A. With h;(z;) = x?j for any a;; > 0 this is bounded

by some Gaussian density in logz;, and thus fRT po() |[|[Viogp(z) ® (ho ‘P)l/Q(w)”; de <

+00. Proof for fRT po() ||[V1ogp(z) ® (ko go)(a:)]'”l dx < +o0 is similar and is omitted.
(3) Case a =0 and b > 0: Recall p;(D) = {z; : € D}. Let p;(D) = sup p;(D). Since

we assume that 7; < 0 for any j such that p3(D) < +oo,

1 1
X exp (—5 log(x) "Kolog(z) + EnoTa:b> [njx?’l — x;lf@;fj log(x_;) — /ijjx;1 log :cj}

< exp (% log(x) "Kolog(z) + % Z UOj(pj'(D))b X

J:p} (D)<+o0

-1 -1

an’_j log(z_;) — Kjjv; " log x]}

1
X exp (—5 log(x) K, log(ac)) [—l‘j_llﬁ',;_j log(x_;) — kjja; " log ;]

is bounded by the corresponding quantity in the a = b = 0 case with n = 0,,, and (A.1) is
thus satisfied. Similarly, the two quantities for (A.2) are bounded by a constant times those

in the a = b = 0 case with n = 0,, and (A.2) is thus also satisfied. O

Proof of Theorem[1g. Fixj=1,....m—landx_; ,, €S jp_,,ie x_j , € R?? such
that 1;72:13,]-,,m < 1. In our discussion, for ease of notation, given z; and ®_; _,,,, we may
still write z,, =1 — 1) ,x_,,, a function in x; and T_; _p,, and for simplicity we may drop
its dependence on z; and ®_j_,,. Note that Cj(z_;_n,) = (0,1 =1} _,@_;_,).

(1) Case a > 0 and b > 0: For (A.1), we need po(x_,,)0;log p(x_p,)(hj o v;)(x_m) —
0as z; \ 0" and x; S 1 — 1) ,x ; .. As x; goes to any finite constant, by
Po(x—y,) converges to a non-zero constant when b > 0, or a finite constant times the limit of

) 2y ()" when b = 0. Note that
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81' logp(:c,m) == (K’fm,jwfm) x;kl + (F“Im,mwim) x?rtil(xJ‘) - x%(xj)ﬁjmxgil

(@) o+ 1525 = M (25)- - (B4)

i) If b > 0, by arguments above we only consider (h; o ¢;)(2_.,)0;logp(x_p,).

a) As z; \( 0, z,, S 1—1) sz ;i , > 0, so d;logp(x_,,) = O(gj?_l) +
O(m?_l) + O(1). Thus we need a; > max{0,1 — a,1 — b} so that (h; o
i) (@—m)0;log p(z ) — 0.

b) The case where x; /1 —1) ,x_; ., and z,, \ 0" is an analog of a) by noting

that ¢, is symmetric in z; about the midpoint of its domain (1 — 1, _,x_; _,.)/2.

i) If b = 0, we need )’ 2 () (h; 0 ;) (2—m)0; log p(@_y,) — 0. Note that this quantity
has the same form as in a) just with »; or 7,, added to the a and b (= 0) in the exponents,

we thus require a; > max{0,1—a—n;, 1 —a—ny,, 1 —n;, 1 —ny } = max{0, 1—n;, 1—n,,}.

In conclusion, (A.1) requires a; > max{0,1—a,1—0b} for b > 0 or o; > max {0,1 —7;}. For
(A.2), we only prove the first integrability condition, since the second integrability condition

is similar. For the first, we need to show that

/ Po(@—) (h; © 2) (@) (9 log pl@—1n))* da_, < +o0.
m7m>-0,1;;71m7m<1
Using the fact that 0 < ¢, <1 and 0 < zf <1, 0 < zj, < 1 with the triangle inequality

multiple times, we have

m—1 m—1
105 1og p(@ )| < Y |kisla§ ™ + D [imlaty " + [Kjml2 " + 2 | + gl + [ty
=1 i=1

< K25~ + I 25+ Inglag™ + [l

where [|K|||, = maxj_1__n > iy |Kij]. We again consider the following two cases.

i) If b > 0, po(x_,,) is bounded by an absolute constant, which we therefore ignore. We

first fix _; _,,, and denote y;(x_; _,,) =1— 1] ,x_; ,, = x; + 2. Then

/0 " (hy 0 0) @) (0 log p(—n))? da;
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Yj - o - - )
S/ (hj © @) (@—rm) (K25~ + K 25" () + [l + Il (25))” dry
0

Y;/2 9
S/O (hj o @) (@ —m) (K25 + Inla™ + crm(@jm))” da;

Yj _ 9
[ (0 05)@m) (KIS )+ Ity (05) + 1)) dy

Y;/2

y;/2 9
= / hi(z) (K28~ =+ |25 + cim (i)~ da
0

Y;/2 9
+ / By () (NI el 4 1y (@)
0

where in the last step we used change of variable z; < x,,(z;) = y; — ; for the second

term, and where

O<ay=  max (K25~ + Inilaf ™) = O (y5™) + O (y;71) +O(1) < +oo,

/2<x;<y;
where the O depends on K and . We thus have

/mmm, (hj 0 0)(@—m) (9 log p(@_1n))* dT_p,

171_1z_m<1

Yj(®—j,—m)
/w] —m>0, /0 (hj o @)(x_m)(9; 10gp(:1:_m))2 dzjdx_;

T_j,—m)>0

Yj(@—j,—m)/2
.

25 m)>0

IN

hy(;) (O (2271 + 0 (251) + O (4271) + O (121 + O(1)) day dz_; _,,

Y5 (T —j,—m)/2
/ hy(z;) (O (2971 + O (257 + O(1)) day dee_;

,] —m>0,
®_j —m)>0

Yj (x—j m)/2
* / e [T e @ 05 0 () 00

Yj(x—j,—m)>0
1
< / / 2 (0 (23 + O (a7 + O(l))2 dz;dx_;
1-x_j _m>0J0
(y;/2)""

_'_
T—j-m=0, —a; +1
Yj (mfj,f'm)>0

< /01 O <x§a_2+aj> +0 ( 2= 2+aj> + O (z}7) du;

(O @) +0 () +0W) de_y
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Y / o, O o)) A

pe{2a—1+ay,2b—14+0a;, a;+1} IL_Qm_j,_m<1

1
_/00($?1)+0($ Y +o0(2") day + Z o[ 1)/T(p+m—1)) < 400
p€{a,b,1}

for a; > max{0,1—a, 1—b}, where the second term of the last quantity follows from the

inverse normalizing constant of the Dirichlet distribution with parameters (1,,-2,p+1).

ii) If b= 0, po(x_,,) is now bounded by Co []'- i1 x?of where Cs is the inverse normalizing

constant of po(Z_y,) times Sup,, ¢ 17,—; exp (—x* Koz®/(2a)), a positive and finite
constant. Then by the same reasoning as in i), with y;(z_; _,,) =1—-1] ,x_; ,, and

noting that n > —1,,,

/ @)y 0 93) @) (0 0g pla-))* o
T_m>=0,1__x_m<l
Yj/2 )
< / / Cs ka () ( ) + (9( ) + O(1 )) dejde_;_,
T_j-—m=0,y;>0J0
yj/2
+ / / Cy szo’“hj(xj) (O@W™)+0(y; ")+ (9(1))2 dejdz_;_,,
@_j—m>=0,y;>0 J0 -

<Oy H/ Okdx/ 2 (0 (271 + 0(1)) day

k#j,m
(1y;/2)0 1+ _ >
+ 02/ y 1 . H (0 (y;') +0(1) dzj
w_j_m=0,y;>0 QT 1+ Kijan
1 1
<0 / O (x4 + O (x;)dz;
k7];7[m 770k+1 0 ( J ) J J
Z Ca /zj,mw, H O (y?) de_j_m

pe{0,2} vie0  kjm

< 4+ o0

since the integral in the second term is the inverse normalizing constant of the Dirichlet

P(p+1) [ Trsjm T'(mox+1)
" T(1,_2m0,—j—m+ptm—1

distribution with parameters (1o _j _m + Ly—2,p+1), i.e ) < 400.

This ends the proof for the first integrability condition for (A.1) for @ > 0. For the second
half, the integrand we consider is po(€_.,) |9; (9;1og p(x_1)(hj 0 ©)(x_1))|. The arguments
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are similar to those for the first condition, where we first bound 0;; log p(x) using sums of
products of powers of . Then for each fixed x_;_,, we split the domain of x; into two
halves and deal with the potential singularity at x; N\, 0%, where one can show that the
requirement on «; is just enough for the integrand to be o (x]_l) and thus the integral is
finite. The detailed proof is tedious and is omitted.

(2) Case a =0 and b > 0: First consider b = 0. We again write y; =1 — 1] _,x_; ..

FiXiIlg T_j_m € S—j,D,mg

Po(@—m) |0;1og p(x—m)| (B.5)

1
X exp —élog(w_m)TKO,_mﬁ_m log(x_,,) — IOg(CL'_m)TK',g’_m’m log x,,

1

_5/{0,m,m (log xm)Z + T’(I—m log(m—m) + nO,m log T | X

‘—mfm’j log(x_.,)/x; + nfmm log(_1m)/Tm — Kjm 10g T /2 ;

+Emm IOg xm/xm + nj/l‘j - 77171/1"m| :

(B.6)
N, M,
< H exp [—%(log k) + 1ok log xk} exp {—%(log z;)* + mojlog T;
k#j,m
1
_log(w—m)TK'O,—m,m 10g T — éﬁo,m,m (log xm)Q + 770,m log Tm | X

—K,ImJ- log(@_,)/z; + njm,m log(Z_p)/Tm — Kjm log T /2;

+Emm IOg Im/xm + Uj/xj - 77m/¢m| :
(B.7)

which is O (exp (O ((log z;)?) + O (log x;) + O (loglog x;))) as x; \, 0. Since the coefficient
on the leading term is negative the entire term goes to 0. By symmetry the quantity goes
to zero also when z; ;. Thus, (A.1) holds for any a; > 0.

Similarly, both po(z_.,)(hj o ¢;)(x_,)(9;logp(z_.n))? and po(@_p,)|0(0; log p(@—p)(h; 0
¢)(x_n))| are products of [[L, O(exp(—(logz;)?)) times a polynomial, and are
thus bounded and go to 0 at the boundaries of D_,,. Thus extending the
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integrands to 0 at the boundaries, they are continuous and bounded in the
compact D_,,, so integrals [, po(x_m)(h; © @;)(T_m)(0;logp(x_n))*dz_ and
f”D_m po(T_) |0 (0;1logp(x_p,)(hj 0 @)(x_p,))| dX_, are finite, thus proving (A.2).

For a = 0 and b > 0, n < 0, and the proof is similar and is omitted. In particular,
po(®_p,) is bounded by that with a = 0, b = 0, n = 0,,, and thus its product with any
polynomial is bounded and goes to 0 at the boundary of D_,,. O]

Proof of Theorem [20. For notational simplicity, denote IN{ = K; — Ky with columns
7;71 e IN@,m, and denote 7N7 = 1, — 1m2. Assume that either IN( # 0,5m O 77 # 0,,, otherwise
there is nothing to prove. By , writing v, = 1—-1) @, and z = (x_,,; 7,,,) and tak-
ing the gradient of the log of both sides of the equation with respect to z;, j =1,...,m —1,
we have

T
a—1" a—1"7 a __ ~ _b—1 ~ b—1
(:Cj A K’,m) L =102 = NypTpy, (B8)

forall x_,, € D_,, = {ac,m € RT*‘ x_,, -0, 1;71m,m < 1}. In the following when a = 0
by % we mean log(z), and by %! we mean 1/x and we do not treat this case differently as
the same expressions still hold.

(1) Suppose (x?_l;”;’j — xﬁ;lf;m> - =0y foralle_, €eD_,andz,, =1-1" x_,
—j—m

or ﬁ]

(i) Suppose a = 1, then (B.8) becomes (%jjj —Ejm) T + (%m’j —%mm) Ty =

ﬁjxg’-’l — 1,221 and we must have b= 2 or b= 1 or ﬁj =1, =0,ie g =n.

(ii) Suppose a # 1. The assumption implies that <E]> = (INQm> o =00
—j—m

7]’,7’”’7,

Then (B.8) becomes (x?_lmj,j — x?n_lﬁj,m> x4 + (.T;L_ll‘fmJ — x%‘lnm7m> e =

n;h = 7,,2b . Since z; > 0 and x,, > 0 are arbitrary (as 17, @_,, can vary)
as long as x; +x,, < 1, the cross terms must not exist, and so %j,m = %m,j =0. It
thus follows that K_; ; = K_,,, m, = 0,,—1 and hence K is diagonal, and the original

~T
equality becomes —3diag(K)" (£%)> +1n x® = 0, in which by 2 we mean log(z).

Thus we must have 2a = b # 0 and K; — Ky = 211 — 21,.
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7 m )

(2) Now fix x; and z,, such that (:z:‘?’lr:i,j — x“_lff;m> . # 0,,_2. Note that
1) sz i . =1—x; — x, is also fixed. Now the right—ﬁé;g side and the first vector
on the left-hand side of are both constant, while _; _,, is allowed to vary freely
as long as their sum is fixed. A necessary condition of is thus

-
a—171 a—1" a _ :
<xj K;— T n7m> ) al = const depending on z; and x,, only  (B.9)

for all &*; € Uy, 2, ={Y* Y = Opo, Ln oy =1, 0@ _p=1—2; — 2}

Suppose a # 1. Then U,,,, is not entirely on a hyperplane, and by assumption
(m?’lf-@,j - :L'gn_l;\:,’m> i is not a zero vector, so the equality cannot hold. We thus
have a = 1, so that Uy, ,,, lies on the hyperplane H,, ., = {y : 1) sy=1—x;—z,}.
Since Hy; o, = {cT_jm :c € R® € Uy, a,,}, must hold for all ©_;_,, in the
hyperplane H,, ..., and by the assumption that (/ZJ - chm) ' is nonzero it must
be a constant multiple of 1,,, and the right-hand side of 7i]sﬁhn;nce co(l—z; —x)

for some absolute constant ¢y # 0 assuming (rNﬁ] — H,m> - = ¢yl,,. Plugging this
—j—m

back in (B.8)) we get
~ ~ ~ ~ S T .|
Co(l —Z; — Qim) + (:‘ij}j - Kj,m) T + </§m,j - ﬁm,m) Lm = N%5 = Ny

and hence as in (1) (i) we have b=2or b= 1 or n; = ;.

Proof of Theorem[21. For any @_,, € D_,, write typ(_pn) = (T_p, 1 -1 @ ). We
first prove the finiteness of the normalizing constant. If K is positive definite, the inverse

normalizing constant is

1
[ ew (—5 108 L (@) TK 108 () + " log Lm(mm)) dz_,

< /(
< /(

-

<_)‘min (K) (log t4m ($—m))]2 + 15 (10g t4m (m—m))j>) daz_,

1

J
2

il ) dx_,, < +o0,

-

A in (K)

7j=1
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proving (1). Now assume K is no longer positive definite. If K1,, = 0,,, for any a € R™,

K . . k_ .-
T _ T —J:—J -1
a Ka = (a_;,q;) N (a-;, a;)
K. .. K
| =i Ji
| Ko —Kjjlna
- (a*]’7aj) T T (a,,j,aj)
1K 1 Kl
=(a_j—a;1,) K_;_i(a_; —a;l, 1)
— \&—y j+m —J3,—j \&—j Jjtm—1)>
which is zero if and only if a_; = a;1,,_1, i.e. @y = -+ = a,,, and is positive otherwise.

Thus, if K1,, = 0,,, the condition that K_;__; is positive definite for some j = 1,...,m
is equivalent to that K_; _; is positive definite for all j = 1,...,m, and implies that K is
positive semi-definite.

If K is positive semi-definite and n > —1,,,, the inverse normalizing constant is

1
/ exp (—5 log L+m(zc,m)TK log tom(x_m) + n' log L+m(a3m)) dz_,,

I P+ 1)
S / exp (TIT log L_l,-m(m—m)) dw—m - Fj(iTn ;’7_ m) < 400

since the last quantity is the inverse normalizing constant of the Dirichlet distribution with
parameters (n + 1,,), proving (3).

On the other hand, suppose K1,, = 0,, and K_;_; is positive definite for some/all
j=1,...,m. Again letting x_,, be the free variables and letting z,, =1 —1] = _,,, define
the additive log-ratio transformation applied to x: y_,, = alt(x) = logx_,, — (log x,,) 1,1,
a random vector supported on R™~!. Append an extra ¥, = 0 for ease of notation. The
transformation is thus bijective and the inverse transformation, the additive logistic trans-

formation & = exp(y)/1,) exp(y). Since

Oxy/dy; = —wpry,  Ow;/0y; = x5(1 — ;)
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for j £k, j,k=1,...,m—1, we have

IE1(1 - $1) —T1T2 T —T1Tm—1
ox_,, 129 xo(l—a9) --- —ToTm—_1 m .
= =]z, =exp(l, logx).
OY—m ]Hl ! (L og )
—T1Tm—1 —L2Tm—1 " l‘m—l(l - xm—l)

Then by 1] K = K1,, = 0,,, y_,,, has density proportional to

(T 1) [0T 1/ OY i

1
X exp (—5 (logx — (log Z) 1) " K (log — (1og 2, )1m)
+ (M +1,)" (logx — (log 2p)1,) + (log z,)1,) (0 + 1m)>

1
= exp (—ﬁyTKy +(n+ 1m)Ty + 1,1(77 +1,,)log a:m)

1
= exp (—gyImemym + (M + Let) 'Y — (LM +m) log (14+1,,_, exp(ym))) :

Note that the log z,, = —log (1 + 1) _; exp(y_n)) < 0, so for 1] n+m > 0 the last display is
always upper-bounded by a constant times a normal density with a positive definite inverse
covariance matrix K_,, _,,,, and thus the normalizing constant is finite, thus proving (2).
As for (A1), fix j = 1,...,m — 1 and any ¢ € {1,...,m — 1}\{j}, and write z =
logz — (logz4)1,,. Fix any _; _,, € R" % with ©_; _,, = 0, 1} _,x_; ,, < 1. Then if
(1) K is positive definite or (2) K¢1,, = 0,, and K _,_, is positive definite, by the proof
above, po(x_,,)x! is upper bounded by a finite constant depending on Ky and 7, for any
t € R and i = j,m, since it is a constant times the density with parameters Ky and ng + te;,

and since we did not impose any restriction on the 1 parameter. On the other hand, for (3)

Kol,, = 0,,, Ko ¢, is positive semi-definite and 1y >~ —1,,,
1 T T
po(T_pm) x exp —5 logx Kglogx +n, logx

1
= exp (—§ZIeKo,z,ezz + Mg _¢z—¢ + (1,,m0) log 96@)
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< exp (ng_z—¢ + (1,,m0) log =)

o< exp (70,725 + Mo,m%m) - (B.10)

On the other hand,

10, 1og p( )| minzy, 2}
= |-k logx/x; + K, 10g /Ty + 0;/2j — N/ Tra| min{z;,  }
— (8] og /] + |, log @ /] + /2| + /) min{a;, 2}

< (‘n; logw| + ‘Iﬂ‘,—:n logw| + |n;| + |7]m|) min{z;, z, }* .

Thus, as x; \, 07 or z,, \, 0T (ie. z; /1 —1] & ; ), by multiplying the two bounds
we have po(Z_,,) |0;logp(x_m)| (hj o @;)(x) \ 0T for any a; for (1) and (2) (by letting ¢ to

e.g. a; — 2 in the discussion above), or for (3) by a constant times
(!n? loga:| + ‘K‘In log:c| + |nj| + |77m|) min{:cj,xm}aj’lxgo’jx"mo’m N 0T

if Qj > max{l — 0,5, 1— 7707m}.
As for (A.2), the results follow by a similar discussion for the Gamma model (a-b model

with b = 0) on the standard simplex in Section [3.6] O

Proof of Theorem[2]]. Tt suffices to bound T' and g using their forms in Section and
apply Theorem 1 in Lin et al.|(2016). Thus, we first find the bounds of (h; o goj)(a:)xijwi"’x?‘
with hj(z) = 2%, o; >0, a; > —pj, p; € R, pp >0, p, > 0 and z; € [w;,v;] fori =1,...,m.

Suppose without loss of generality that j, k, ¢ are all different, as
max fj1(z;) max fjo(a;) max fis(z;) > max (f51(25) fi2(x;) fi(2;)) = 0

for any nonnegative functions f;1, fj2, fjs3-

As z; approaches its boundary, ¢;(x) N\, 0" and hence (h; 0 ;) (@)}’ N\ 0" if o > —p;.
The lower bound 0 for (h; o @;)(x)x}’ z} 2}’ is thus tight enough.

As for the upper bound, the only way for the quantity to be unbounded from above is
when z; N\, 07 and p; < 0, but as z; \, 07, (hj 0 p;)(x) = x?j so this cannot happen with
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the choice of a; > —p;. Noting that h; is monotonically increasing, we consider the following

cases:

(1) Suppose z; > (u; + v;)/2. Then (h; o @;)(x) < h;(min{Cj,v; —z,}) <
h;(min{C}, (v; — u;)/2}) < min{C’jaj, (vj — ;)% /2%, x?j < (uj +v;)P7 /2P if p; <0
or :L‘?j < v?j if p; > 0.

(2) Suppose z; < (u; +v;)/2. Then (h; o @;)(z)z) < hj(min{Cj,z; —u;})z =
min{C;”, (x; — u;)* }a%’. Now let f(z) = (min{Cj,z —u;})*2?. Then (log f(z)) =
a;/(xr — uj)lycu;+c; + pj/w. For @ > wu; + Cj this has the same sign as p;, oth-
erwise it is equal to ((a; + pj)x — w;p;)/(z(x — u;)) > 0 on (u;,v;) since x > uy,
a; > —p; and «; > 0. This implies that if p; > 0 or v; — u; < 2Cj, f is increasing
on (uj, (u; +v;)/2), and so (hy o @;)(x)zy < min{C}, (v; —uy)/2} (u; + v;)P /203
otherwise, f is increasing on (u;, u; + C;) and decreasing on (u; + Cj, (u; + v;)/2), so

(hj o @) (@)} < CF (uj 4 C;)Ps.

Thus, defining

(

min {Cj, (v; — uy)/2}% (u; +vj)P /277, p; < 0,05 — u; < 2G5,

C(Cyy uz, 05, 05,p5) = q min {Cy, (v — wy) 2} (uy + Ci), py < 0,05 — u; > 2C;,

| min {C, (vj —uy) )2} 0, p; >0,

we have 0 < (h; o ;) ()x} zitah < C(C,uy,v5, 05, p;)vptvy’. Now assume additionally that

o > max{1,1—p;}, then by Bj(z) = ayaf’ ", 0 < 9;(hop)(@)a} ol < a;¢(Cy, uy, 05, 05—
1, p;)vRk.
First assume a > 0. Then assuming oy, . . ., a,, > max{1,2—2a,2—2b,1—a,2—a,2—b} =

max{1,2 — a,2 — b}, using the form of I" and g in Section [3.5.2 for all j, k,¢ we have

.....

-----

2)v + ag(Cj, uj,v5, 5, 2a = 2), 0 C(C, ug,v5, a5 — 1,0 — 1) 4 [b = 1|¢(C, uj, v5, 05, b — 2) .
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Then by Hoeffding’s inequality,

P <rjngz< 1Yike — Eovjkel > 61/2) < 2exp (—ne%/(Zg%)) , (B.11)
P (mz}mﬁx |96 — Eogji| > 62) < 2exp (—2ne§/§g2) ) (B.12)
]7

Let ¢ = ¢r/2(logm™ +log4)/n and ey = g5/ (logm™ + log4)/(2n). With the choice of
6 <14 +/(logm™ +1log4)/(2n) and by the fact that 0 < max;eVire < o0 = €1/(26 — 2),

(B.11) and (B.12) imply that

P (T]ngf 0%,k — Eovjkel > 61) <P (r]nkazc 1Ykt — EoYjgel + (0 — 1) IJHI% Vit = 61)

<P (r]n% V) 6.0 — Eovjkel > 61/2> <m77/2, (B.13)
P (ma}u{x |96 — Eogjil > 62) <m77/2. (B.14)
]7

The results then follow by applying Theorem 1 in [Lin et al.| (2016).

In the case where a = 0, and u, > 0 for all k,

|(hj o) ()2 log () log(ze)| < C(Cj,uyz,v5, . p;) - max{| log(uy) log(ue)|, | log(ve) log(ve) |}
and everything else follows similarly as for a > 0. ]

Proof of Lemma[25. We show that X ]2"“ for a > 0 or log X for a = 0 is sub-exponential by
showing its moment-generating function is finite. Then the sub-exponentiality follows from
Theorem 2.13 of [Wainwright, (2019).

First consider the case where a = 0. In Corollary we only require K to be positive
definite without any restrictions on 1, and thus for any ¢ € R, Ej exp(tlog X;) is the inverse
normalizing constant for the model with parameters Ky and 1o + te;, where e; is the vector
with the j-th coordinate equal to 1 and the rest equal to 0, and is thus finite.

Next, consider a > 0. Corollary |17 requires Ky to be positive definite, and in addition
10 = —1,, if b = 0. Then, again writing £°/0 = log « for the b part,

1 1
po(x) exp (tx?“) X exp (—%m“TKoma + gngazb + tx?“)
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< exp (Z Amin (Ko) + 2at1;—;) za/(za)mo,kxz/b)),
1

a constant times the density for the model with parameters diag (Amin (Ko) 1, — 2ate;) and

no. Thus, Eqexp (tX7*) is finite for ¢ € (=00, Amin (Ko) /(2a)) 3 0. O

Proof of Corollary[26, Let the sub-exponential norm of X]?a be H X]?a”w1
sup,s1(Eo| X;|?0)1//g, then by Lemma [356)

2
]P’(XZQ—EXZ‘I > €3) <exp | —min i , €
) s, T,

Letting

cag = max {2v2e | X}, y/log3 + logn + rlogm +log (m — ).

4e HX]?‘IHw1 (log 3 4 logn + Tlogm + log (m — |pp])) },

then max {Eon‘l — €3, 0}1/(2a) < X]@ < (]EOXJZ‘I + 637]‘)1/(2(1) forall j € prandi=1,...,n
with probability at least 1 — 1/(3m7). The rest follows as in the proof of Theorem [24]
O

Proof of Corollary[27. It suffices to bound I' and g using their forms in Section and
apply Theorem 1 in |Lin et al.| (2016). We first bound (h; o @;)(x)z}’ zby with hj(z) = 2%,
a; > max{0, —p;, —Pm, —Pj — Pm}, Pj;Pm € R, and 0 < z; + z,,, < 1. By the definition of ¢
Tppm = min{C’j,xj,xm}ajx?jx{;Lm and

on simplices, ¢;(x) = min{C}, z;, z,, }, so (h; ogoj)(a:)x?

is tightly lower bounded by 0. Noting that min{z;,z,} < 1/2, we consider the following

cases.

(1) If C; < min{z;, z,,}, then C; < 1/2 and the quantity is C’ I p]xpm < CO‘] )= +pm)-

275~ (Ps)==(Pm)= where (y)_ = y if y < 0 and 0 otherwise.

(2) Otherwise suppose x; < z,, and x; < Cj, then the quantity is equal to x; J+p’:L‘p’“,

aj+p;+pm

which if p, <0 is upper bounded by x; < 27%7Pi™Pm < 1; if p,, > 0 it is upper
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bounded by ((a; +p;)/(cj +pj + ) (D / (0 + pj + pm) )P if (0 +ps) /(e +pj +
Pm) < 1/2 or by 27 ~Pi~Pm otherwise. Note that the statement for p,, > 0 covers the
one for p,, < 0. The conclusion for z,, < z; and z,, < C; follows by symmetry, and
note that at most one of (a;+p;)/(oj+p;+pm) < 1/2 and (oj+pm) /(o +pj+pm) < 1/2
can hold.

aj+p; Pm
_atp; | _ Pm i > s A
a;j+pi+pm ) (ajerjerm ’ lf pm - a] + p]’

: : a;+pm ) D
In conclusion, defining (a(cyj, pj, pm) = (acigff:;m> ! (Mﬁ) Tt D; >+ P,
2
)

@G —Pj—Pm otherwise,
we have (hj o ¢;)(x ):Cp]xpm < Cg(aj,pj,pm < 1. Similarly 9;(h; o ¢;)(x )x?jxﬁ;” < a;G(oj —
17pj7pm) < a if Qa; — 1 2 maX{O, —Pj; —Pm, —Pj _pm}

Then for all j,k, ¢, as long as o; > max{1,2 — a,2 — b}, we have 0 < ~;;, < 1, and

similarly 0 < g, < max,—y__, ; + max{|a — 1| 4+ 2a, |b — 1|}. The rest follows from the

same proof as Theorem
Note that wusing the form of T in Section [3.6.1] a tighter bound for
,,,,, mmax{(a(ey,2a — 2,0),G(ay,4a — 2,0), G(aj,2a — 2,2a), G(aj,2b —
2,0),C(ay,0,2a — 2),G(ay,2a,2a — 2), (e, 0,4a — 2), (&), 0,2b — 2), G(aj,a — 1,a —
1), (e, 2a — 1,2a — 1), (o, a — 1,3a — 1), (o, 3a — 1,a — 1), (o, — 1,0 — 1)}, and

the one for g;; can be similarly written in terms of (3(¢, -, ) and o;G(a; — 1, -, ). O

Vit 1S MAX; 1

Proof of Lemma[28. For a > 0 or b > 0, the proof of Lemma [25] works even for the simplex
domain. We thus only consider the case where a = b = 0. Similar to the proof there,

we prove by showing that the moment-generating function of log X is finite and invoking

Theorem 2.13 of Wainwright| (2019). According to Theorem [21] assume
(1) Ky is positive definite, or
(2) Kol,, =0, Ko is positive definite for some k = 1,...,m, and 1,/ n+m >0, or

(3) Kol,, =0, K is positive semi-definite, and n > —1,,.
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For any suitable ¢, Eqexp(tlog X;) is the inverse normalizing constant for the model with
parameters K, and ny + te;, and is thus finite for (1) with ¢ € R and (3) with ¢t € (-1 —
Mo,j, +00) 3 0. For (2), recall that in the proof of Theorem [21] we have shown that for any k& =
1,...,m, the density of log X _ — (log X%) 1,,_1 is bounded by a constant times a Gaussian
density, and thus Eo [X!/X}] = Eqexp (t(log X; — log X)) < +oo for any k =1,...,m and
t € R. So for any t < 0

Eo X < Eo [X!|X; > 1/m]P(X; > 1/m) + > Eo [X}| X; > 1/m| P (X > 1/m)
k#j

<m P (X; >1/m)+ Zm_tEo [ X/ XE| X = 1/m] P (X, > 1/m)
k#j

<mT Y m Ry [XI/X[] < +oo.
k#j

On the other hand, IEOX;- < 1 fort > 0. Thus, Egexp(tlog X;) < 400 for any t € R for
(2). Hence, for all of (1)-(3) we have Eqexp(tlog X;) < +oo for ¢ in a neighborhood around
0. [

Proof of Corollary[29. Let the sub-exponential norm of logX; be |[logX;lly, =
sup 1 (Eo|log X;]9)'/9/q, then by Lemma ),

62 €3
P(—log X; +Eplog X; > €3) < exp [ —min 3 : .
’ ! 8e2|| log X;|[3, " el log Xy,

Letting

€3 = max {2\/§emax | 1og X ||y, v/log 3 +logn + (1 + 1) logm,
j
de max || log Xy, (log3 +logn + (7 + 1) logm)},
J
then 0 < —logX](i) < maxy Eglog X;, + €3 for all j = 1,...,m and ¢ = 1,...,n with

probability at least 1—1/(3m7). The rest follows as in the proof of Theorem [24{and Corollary
27
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Appendix C
APPENDIX TO CHAPTER 4
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In this appendix we present proofs for the theorems and corollaries in Chapter [4]

We first prove the following lemma that states that if two sums of distinct (ignoring the
multiplicative constant) exponentials of polynomials in y € R™ agree almost everywhere in
R™, then they must have the same number of terms and there must be a 1-1 correspondence

between the terms.

Lemma 39. Let the number of variable be m > 1 and the degree be p > 1. Let D = {d €
2%, : 1 < ZTzl d; < p} be the set of nonnegative integer-valued m-vectors with ¢; norm
€ [1,p]. Given a vector a € RIPl indezed by d € D (i.e. aqg € R for all d € D), define
m — dj
" (y; a) = exp (Z adHyi’> :
deD  j=1

the exponential of the corresponding polynomial of degree < p in y € R™. Note that f™
does not have a constant term, and has degrees d € D and coefficients a.

Suppose we have N
> af"(ya Z b f ™ (y; bY) (C.1)
i=1
for almost every y = (y1, ..., Ym) € R™ with respect to the Lebesque measure, where N, > 0,
N, > 0, {@'}Ye, are N, distinct vectors in RIP!, {6} are N, distinct vectors in RIP!
(otherwise just combine the coefficients), and a}y, by € R\{0} for all i. In other words, both
sides of are a sum of distinct exponentials of polynomaials.

Then we must have N, = Ny and there is a permutation © of {1,...,N,} such that

a’ = b"" and ah = bg(i), i.e. there is a 1-1 correspondence between the summands on both

sides of .

Proof of Lemma[39. First note that both sides of are continuous functions, and so is
their difference, which is 0 almost everywhere by assumption. Thus, the inverse image of
the open set R\{0} under the difference is also open, and must be the empty set since it has
measure (. thus holds for all y € R™.

We prove by induction on m, and first show the result for m = 1. In this case, f(V(y;;a) =

exp(ai1yn + - -+ + a,y}), and a is just a p-vector.
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First suppose N, # 0 and N, # 0. Observe that as z * +oo, if ag # 0, the function

apexp(ax + - - - + a,xP) goes to

(i) ap#0ifay =---=a, =0, or
(i) 0 if g, .o(a) < 0 Where diaxzo(a) is the largest d € {1,...,p} such that aq # 0, or
(iii) +o00 if Odpyayro(@) = 0.

Rearrange the terms on the left of (C.1)) so that for each 1 < i < j < N, we have

(@’ —a?), ) > 0, and denote this total order as a’ > a’. Rearrange the right-hand

max7#0 (al —al

side similarly. By the assumption that {a’};¢, are distinct, a’ — a’ # 0, 50 dmaxzo(a’ — a?)

exists and this rearrangement is possible. Now dividing both sides of (C.1)) by f®(y;;a') =
y}) we have

exp(ajys + - +a,,

Na Ny
ag + Z agfV(y;a’ —a') = Z bof P (y1; 0" — al). (C.2)
=2 i=1

Since a} # 0, and by the unique maximality of a', as y; ,/* +o0o, all terms in the
summation on the left go to 0 (case (ii)). Thus, the right-hand side necessarily also goes to
aj # 0, landing us in case (i) for at least one (and only one because b’ are unique) term on
the right, i.e. b* —a' = 0. (A nonzero finite limit cannot come from a sum of terms that
go to +oo with positive and negative weights, since they must grow at different rates by
uniqueness of b* — a'.) Since summands on both sides are sorted, we must have b' = a'.

Then becomes af — by + SN ab fO (y;a’ — a') = SN b fD(y; b — al). If
ay # b}, by the same reasoning there exists another i € {2,..., N} such that b —a' = 0,
violating uniqueness of {b*}2t,. Thus, a} = b} and @' = b', and we have reduced the number

of summands on both sides of (C.2) by 1 to

Na

Ny
Z%f(l)(yl; a' — al) = Zbgf(l)(yl; bi — a,l),
=2

=2
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Continuing this process by each time dividing both sides by ) (y;; a’ —a’~"), we would
have matched min{N,, N,} pairs of coefficients between the a and the b groups. If N, # N,

assume N, > N, without loss of generality, then
Ny

Z al fO(y; @’ — a™*) = const.
i=Ny+1

Here the right-hand side is a constant that could be nonzero, because the argument

for a(l) = b(l) in our first elimination step does not apply here. Dividing both sides by
FD(yr; @™ot —a™), we have ap*™ +Z£Nb+2 at FO (yr; @l — a1y = fO(y;; aM — gNith),
By maximality of a™*! among a™*! ... a™e the left-hand side goes to aéVbH # 0 as

y1 /" +00, while since @’ > a1

, the right-hand side goes to 400, a contradiction. Thus,
N, = Ny, a}y = b} and @’ = b’ for i = 1,..., N,, proving the m = 1 case when N, # 0 and
Ny # 0.

Now consider the case where one of N, and N, is 0; assume without loss of generality
that N, = 0, then by division by f®(y;;a'), the right-hand side is constant 0, while the
left-hand side goes to aj # 0 unless N, =0, so N, = N, = 0.

Now suppose the result holds for some m — 1 > 1, and suppose either N, # 0 or N, # 0,
otherwise there is nothing to prove. We denote a; as the subvector of a corresponding to d
with d; > 1, i.e. {aa}aep,d,>1, and a_; as that of @ with d; = 0. Separating out the terms
involving y;,

p m m
f"(y;a’) = exp {Z ( > aéH?/?) y‘f} exp < > aZHy?)
d=1 \deD,di=d j=2 deD,d1=0  j=2

=" (y1;al,(y-1)) f" V(y-1;a’y),

where a!,(y_1) : R™! — RP is a vector-valued function in y_;, with d-th coordinate a
polynomial Y- ,p 4 _sagT[0, y;lj , and coefficients corresponding to a’. Note that there is

a one-to-one correspondence between such a function a), and vector aj. So we can rewrite

) as

Ng Ny
> ahfO i al, (y-) f D (yorraly) =M (s bl (y-)) D (y-i; b )
i=1 i=1
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for all y € R™. Then collecting terms with the same f) (same a} (a},) or b} (bi,)),

c ng g

ka. _ ko k‘b~ — k.bj
SOyt (y-)) Y a? Fr Iy al]) ) b f Y (g b) p =0, (C.3)
=1 Jj=1 Jj=1

where C' > 0, each cf (coefficients for ¢!,) is some ai or b%, and {c{}¢_, are distinct. Here, let
{ki1, - K ey ks kg b be a permutation of {1,..., No}, and {kb,, ... /{;1 TEERS
Koy, ,k%nbc} a permutation of {1,..., Ny}.

Since {c{}&, are distinct, {cf,}5 , are distinct finite polynomials in y_; € R™"!. For
each pair of such distinct polynomials, the lemma of (Okamoto| (1973)) implies that they only
agree at a Lebesgue-null subset of R"!, so all polynomials are distinct except on a null set.
Thus, for almost every fixed y_; € R™™!, the left-hand side of is a sum of C' > 0
distinct f(’s in y; multiplied by constant weights depending on y_;. But the right-hand
side is a sum of 0 terms, so by the result for m = 1 we necessarily have

ny

> ag f" Dy s;a Z b D (y 13 8) (C4)
j=1
for all ¢ = 1,...,C for almost every y_;. Fixing te{l,...,C}, for any 1 < j; < jo < nf,

2 implies a_ 7' # a e{"’? and similarly for b. Thus, each term

o o ke, kg,
a’in £ @™ and @, = a,'
on the left-hand side of (C.4) has its unique coefficients, and similarly for the right-hand
side. Since ((C.4]) holds for almost every y_;, by the result for m — 1 variables, we must have

. ke Kb . .
birtr) and a9 = b7 for some permutation 7 of {1,...,n2}, which

nd = nY and each a’g“ = b,
in turn implies @™ = b for all j =1,...,ny by construction of the groups { =1,...,C.
Since this holds for all £, N, = S5 n¢ = 375 nb = N, and we have thus again matched
each a’ with a b’ as well as the corresponding ay’s with by’s. This ends the proof for m, and

the entire proof. n

Proof of Theorem[30. Suppose G and G have the same node set V and are Markov equivalent,
otherwise the distributions represented by them are trivially not identical.

Now suppose p(Y') is Markov and faithful with respect to G and G’, and factorize
w.r.t. both graphs with strong Hurdle polynomial parameters. Then by Proposition |31}
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there exist V; and V5 such that Vi, — Vo in G, Vo — Vi in G’ and P = pag(Vo)\{Vi} =
pag (V1)\{V2}. Following the arguments in the proof of Proposition in [Peters et al.
(2014)), recursively marginalizing out nodes without children but having the same parents in
both graphs, we eventually obtain structures as follows, where A and B are some unknown

node sets and V5 does not have any children in Graph G.

Vi Vp Vi Vp
NN\ N\
Vi—=Va Vi< Va
) \:
Vs Vs
Graph G Graph G’

We consider the («, 3, k)-parametrization only, since the result for the (p, 4, 0%) naturally
follows from their relationship . For notational simplicity write V; and V5 as nodes 1
and 2. Suppose after marginalization above we are left with nodes V, C V which include 1,
2, V4, Vg and Vp illustrated above. Now let Yy = 0 for all U € V,\{2}, and let Y5 # 0.
Then the joint distribution p(Y2 = y2 # 0, yy, = 0) using G is proportional to

H eXp{aV ypag( )]lyv =+ ﬂv(ypag(V)>yV - kVy%//2}
vew, V 21/ kv exp{av (Ypag(v) + By (Ypag(v))?/ (2kv )} + 1

o< exp{B2(0)y> — kay3/2}

Y¥270,Yvg\ {2} =0

since 2 does not have any child in G. But using G’, the same joint distribution is proportional

to

H exp{ay,( ypag/(V))llyv + 5V(ypag/(V)>yV - kvyv/Q}
vew V 2m/ky exp{ay (Ypag, (v)) + By (Ypag (v))?/ (2ky) } + 1

o< exp{35(0)y2 — kjy3 /2} X

Y¥270,Yvg\ {2} =0
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1
{}H() /2K exp{af (42, 0) + (42, 0)2/ (2K} + 1

where in the case where pag (2) = @ replace a5(0) and 35(0) by constants o4 and 35, and
oy (y2,0) and ], (y2, 0) denote setting all parents other than 2 in the Hurdle polynomials oy,
and f;; to 0. Since the two joint distributions derived from both graphs must be proportional

to each other, we get for ys # 0

exp [12{35(0) — B2(0)} — (K — k2)y3/2]
x 11 {\/%/kb exp {ay; (y2,0) + By (12, 0)%/(2k) } +1{ . (C.5)

UePU{1},2€pag/ (U)

Note that 2 € pag (1) and thus the product on the right of has at least one term.
Thus, supposing that for at least one of U € P U {1} such that 2 € pag (U), ay;(Y2,0) +
B (Y, 0)?/(2k];) is nonconstant in Y5 # 0, then the right-hand side of can be expanded
into a sum of at least two exponentials of polynomials in y, (including the constant 1 as a
degenerated exponential polynomial), while the left-hand side is a single polynomial in ys.
This is a contradiction according to Lemma [39, and thus the assumption of having strong
Hurdle polynomials as the parameters in the Hurdle conditionals implies that p(Y’) cannot
be represented by both G and G’, which ends the proof.

O

Proof of Theorem[33. As in the proof of Theorem using Proposition [31] under the as-
sumptions there exist Vi and V5 such that P = pag(V2)\{Vi} = pag (V1)\{V2} with Vi — V;
in G and V5, — Vj in G’. Following the arguments in the proof of Proposition in Pe-
ters et al.| (2014])), recursively marginalizing out nodes without children but having the same

parents in both graphs, we again obtain structures as follows.

Vi Vp V4 Vp
NN\ NN\
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Vi—=V; ViV,

\J l

Vi Vi
Graph G Graph G’

To ease the notation assume we again write 1, = 1 and V5 = 2.Note that the distribution
of each node conditional on some other nodes is the sum of a point mass at 0 and a continuous
distribution over R, which follows by induction and the fact that the indefinite integral of a
continuous density is continuous and that the sum of continuous densities is continuous. We

focus on the continuous components, and wish to reach the conclusion using the factorization

P(y1. 52| Yp = yp) = P1|Yp = yp) P(y:2ly1, Y = yp)

= P(y|Yr = yp)P(1ly2, Yp = yp),

where the second terms in both decompositions are a regular Hurdle conditional w.r.t. G and

G, respectively, and we write the first terms as

P(|Yp = yp) oc exp{1,,61 + fi(y1)}

and
P(y2|Yp = yp) o< exp{lly,05 + fo(y1)}

in terms of the conditional densities w.r.t. \. Here f; and f} are continuous functions in R
with no additive constant term, and §; and ) are constants.

We prove the results in the («, 3, k)-parameterization only, since results for the (p, i, 0%)-
parameterization would follow from their relationship . In our model, we assumed the
a and [ parameters for each node to be polynomial in the parents and their indicators. We
also assumed that for each node, either the 3 function is nonconstant in any of the parents,
or a depends on the value of all of its parents.

Consider a generic /3 function associated with some generic parent set P = Py L{po} with

po & P1 # @ and suppose that § is nonconstant in any of P, and write S(yp) equivalently
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as 3(yp, yp,). Then Byp) has the form 51 (yp,) + Bo(yp,) Ly + 20, Bi(yp)yi, where

by construction S_; through f are (potentially constant or even zero) Hurdle polynomials
in yp,, but there must exist some j = 0,...,k such that 3; is nonzero. By the lemma of
Okamotol (1973), 8;(yp,) # 0 for (Lebesgue) almost every yp, € RIPil. Thus, 8(y,,, yp,) is

nonconstant in y,, for almost every yp, € RI”1. Formally, define

Vspor = {yp, € R 3 (y,,, yp,) nonconstant function in Ypo | -

Thus RPN\ Y, p, has zero Lebesgue measure assuming (3 is nonconstant in its any of P.

Hence, by a similar argument, under the assumptions of the theorem, letting

Veogpori = {Yp, € RI”: B (y,, yp,) nonconstant function in y,, or

@ (Ypy, Yp,) depends on the value of y,,},

RIP1IN\Y,, 5., 7, has zero Lebesgue measure.

Now we go back to G and G'. Suppose P # & and that the Hurdle density of node
2 conditional on {1} U P in G have o and 8 parameters as(y1,yp) and B2(y1,yp), and
let those for 1 conditional on {2} LIP in G’ be o/ (y2,yp) and 5}(y2, yp). We also denote
Vi = Vas po1,p N Vay g 2,7, Which by discussion above contains almost every yp C RIP!,

From now on we thus fix yp € ), and condition on Yp = yp, and omit the dependency
of the v and (8 functions on P, and write them as scalar functions instead notation-wise. By
discussion above, 8y becomes a nonconstant function in y; and ] becomes a nonconstant
function in y,. Note that for P = &, we do not fix or condition on any parent variables
and o}, ag, f1 and [y are automatically univariate functions, with 8] and 5, nonconstant by
assumption.

The joint density of P(y1,42|Ypr = yp) w.r.t. A thus has two characterizations (up to

normalizing constants)

exp{lly, 01 + fi(y1) + Ly, aa(y1) + y2Palyn) — yika/2}
V21 [ka exp{aa(yr) + Ba(y1)?/(2k2) } + 1
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o Py 0y + fo(y2) + 1y,00(y2) + 9151 (y2) — yiki/2} (C.6)
V2[R, explad (i) + {81 () 2/ (2K)] +1

where as(y;) has the form ¢, 1 + Cay0ly, + Cagiys + -+ + ca%kyf with coefficients being

polynomials in yp and their indicators (or constants if P = &), and similarly for 5y(yy),
o) (y2) and S} (y2). Note that if the values of 1,, and 1,, are given, these four functions are
just polynomials in y; and y,, respectively.

First condition on the event 1,, = 1,, = 1 that has a positive probability. Then (C.6)

becomes

exp{ fi(y1) + a2(y1) + y2B2(y1) — y3ka/2} 1
V2 [kyexplaz(yn) + Bo(yn)2/(2ka)} + 17"
o ePUf(1e) + (o) +yiBi(ye) —wiki/2} |
V2 [k exp{ad (yo) + (81 (12))2/ (2K} +1 7

for all (y1,y2) € (R\{0})%. (C.7) has the form

exp{fi(y1) + Pi(y1,42)} _ exp{ f5(y2) + P3(y1,92)}
exp{P(y1)} +1 exp{Py(y2)} +1 °

where P, and Pj are polynomials in y; and ys simultaneously, possibly with interactions

(C.7)

from the ys52(y1) and y15](y2) terms, and P, and P, are univariate polynomials in yi, ys,

respectively. By cross-multiplication,

exp{ fi(y1) + Pi(y1,y2) + Pa(y2)} + exp{fi(v1) + Pi(y1,92)}

= exp{fo(y2) + Ps(y1,y2) + Pa(y1)} + exp{fo(y2) + Ps(y1,92)}. (C.8)

Differentiating both sides of ((C.8) with respect to y,

[0

Em {fily) + P1<y17y2)}] exp {fi(y1) + Pr(y1,42) + Paly2)}
+exp{fi(y1) + P1(y1,2))}

-9 /

=\ {Ps(y1,92) + Pz(yl)}} exp {f5(y2) + Ps(y1,42) + Pa(y1)}

+ {a%Ps(yhyz)} exp{f3(y2) + Ps(y1,2)} - (C.9)
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Plugging ((C.8) into the left-hand side of (C.9)),

aiyl {fily) + Pi(ys, yz)}] [exp {f2(y2) + Ps(y1,92) + Pa(y1)}

+ exp {f5(y2) + Ps(y1,v2)}]
N 31% {Ps(y1,y2) + Pz(yl)}} exp {f5(42) + Ps(y1, v2) + Pa(y1) }

+ {%Pg(yl’ yQ)} exp { f5(y2) + Ps(y1,42) } ,

which simplifies to
0
E {fity1) + Pi(y1,y2) — Ps(y1,y2) — P2(y1)}}

x exp { fo(y2) + P3(y1,y2) + Pa(y1)}

+ aiyl {fi(yr) + Py, ya) — Pg(yl,yg)}]
x exp { f(y2) + Ps(y1,92)} = 0.

Since exp { f5(y2) + Ps(y1,y2)} # 0, this becomes

o (o) + P e) ~ P ) - P2<y1>}} exp {Pa(un))
T [% () + Pulyr o) — Palyno)}| = 0. (C.10)

Focusing on the components that involve y,, we see that

%l {P1(y1,92) — Ps(yr, yz)}} lexp {P2(y1)} + 1]

does not depend on y,. Since (exp(Pz(y1)) + 1) > 0, we have

82
0y, 0y

{Pr(y1,92) — Ps(y1,92)} = 0.

Recall that

Pi(y1,y2) — Ps(y1, y2) = ca(yn) + y282(41) — yaka/2 — o (y2) — 1By (y2) + yik; /2. (C.11)
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So0 = #{;W{Pl (y1,92) — Ps(y1,42)} = dﬁjy(fl) — dﬂ&y(i”) implies that By and (] are both linear

with the same coefficient on the linear term. Now that [y has the form fa(y1) = ¢, -1 +
gy 0ly, + cp,1y1, Write Bo._10 = gy -1 + Cgy0 = P2(0) + ¢, 0 as a shorthand notation for /3,
with indicator set to 1 while y; set to 0. Similarly define 3], o = ¢ _1-+cs 0 = B1(0) +cs 0.

Then for y;, y2 # 0 since cg, 1 = cg;,1, We necessarily have

Y202(y1) — y181 (y2) = ya(cpy, 1 + ay0 + Copatn) — yi(cpy,—1 + cgp0 + Cop1Y2)

= Yaf2;-10 — ylﬂi;_m,
and so by (C-11)

P1<y17 y2) - PS(%; yz)
= (o2(y1) — 918110 +¥ik1/2) — (a4 (y2) — y2Bei-10 + Y3k2/2)

= P 3(y1) — (function in y, only).
Plugging this into (C.10]), we get
d d
au {fi(y1) + Pis(y1) — Pa(y1) } | exp{Pa(y1)} + dur {/1(y1) + Prs(y1)}
equals 0, or equivalently

{diyl {/1(y1) + P1,3(yl)}} lexp{P2(y1)} + 1] = {diylpz(yl)} exp {F2(y1)} -

Then
=log [1 + exp{Pa(y1)}] — P13(y1) + const.
So for y1 # 0,

1+ exp{Pa(y1)}
exp{P13(y1)}
_ L+ /2m/kyexp{aa(yr) + Po(y1)*/(2k2) }

exp{aa(y1) — B1._10v1 + yiki/2}

exp(f1(y1))
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= exp{—aa(y1) + 3/151;71,0 — yiky/2}
+v/ 21 [ky exp{yi 31,1 o + Bo(y1)?/ (2ks) — iK' /2. (C.12)

Now condition on the event 1,, =1 and 1,, = 0. Then (C.6) becomes

exp{ fi(y1)}
V21 [k exp{aa(yr) + Ba(y1)?/(2k2) } + 1

which implies that for y; # 0,

1, x eXP{ylﬁi (0) — y%ki/Z}]lyn

exp {fi(y1)} o< exp{y131(0) — vk /2}
+ /27 /ky exp {ylﬁi(o) - yfki/Z + (Y1) + 52(91)2/(2k2)} . (C13)

Applying Lemma 39| to (C.12) and (C.13]), by matching the terms we have (conditional on
y1 # 0) either

—aa(y1) + y181._19 = y151(0) + const;  or (C.14)
—ao(y1) + y1581 10 = 1 B1(0) + aa(yr) + Ba(y1)?/(2ks) + const  and

181,10+ B2(y1)?/(2k2) = y181(0) 4 const. (C.15)

Conditional on y; # 0, in the first case (C.14), ax(y1) = yicg; o + const; in the second case
(C.15), as(y1) + B2(y1)?/(2k2) = const and Ba(y1)?/(2k2) = —y1cg; 0 + const, which implies
B2(y1) = const and az(y1) = const for y; # 0, and cg o = 0, which in turn implies (C.14).

Thus, in either case, aa(y1) = Cay0ly, +y1¢5;,0+const, i.e. ay is linear (or constant) in y; # 0

with coefficient on y; equal to cg . By (C.14)) for y; # 0,

exp{fi(y1)} o< exp{y15;(0) — y7k/2}
+ /271 ky exp{yi 1,10 + Bo(1)?/ (2k2) — yik1/2}, (C.16)
clearly a single univariate Gaussian or a mixture of two univariate Gaussian distributions

(since f3y is at most linear in y; ). Similarly, we must have o/} (y2) = y2/52,—1,0—y232(0)+const =

Y2€p,,0 + const for yo # 0, and for yo # 0
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eXp{fé(yg)} oc exp{y2/32(0) — y§k2/2}
+ V21 /K, exp{yafa-1.0 + B1(y2)°/ (2K) — y3k2/2}. (C.17)

Now suppose by contradiction that exp {fi(y1)} given y; # 0 has only one Gaussian
component, instead of being a sum of two Gaussian densities. Then by , B1(0) = B1._10
and fa(y1) is a constant given 1,,, i.e. Ba(y1) = ¢g,—1 + 3,0 = Po,—1,0 for y1 # 0. Plugging
this into the left-hand side of and integrating w.r.t. A(y1), the continuous part (ys # 0)

of the marginal distribution of y, given Yp = yp is

exp{ f1(0) + a2(0) + y232(0) — y2ky/2}
V2 explaa0) + 5a(0)2/(2ha)} + 1

9 exp{d + fi(y1) + az(y1)}
reslntoi st | Ry T

which is a mixture between N (82(0)/ka, 1/ks) and N (Ba,_1,0/ka, 1/k2), i.e. the variance in

exp{f5(y2)} o

dyh

both components are equal. Note that the integral in the second term is a Lebesgue integral.
This together with implies that (] (y2) cannot depend on the value of 3, given y, # 0,
ie. B1(y2) = cpr—1+ a0 = P11 Since we already know that 31(0) = 8]._, , by discussion
above, this implies that (3] is an absolute constant in y, and 1,,, and also that oy may depend
on y; only through 1,,, a contradiction to the assumption of the theorem.

Thus, and will both have to be mixtures of precisely two Gaussians, and
so by definition the joint distribution p(Y") of Y must be of 2-Gaussian type with respect to
G and G'. O

Proof of Corollary[33 When |V| = 2, in Proposition [31] we always have P = & and V; does
not have a parent in G, so P(Yy, = y|Yy, # 0) by definition is just a Gaussian, not a mixture
two Gaussians, and hence p(Y') cannot be of 2-Gaussian type with respect to any pairs of
distinct Markov equivalent graphs.

Now consider |V| = 3, and assume the two vertices with reversible edges in Proposition
are Vi and V5, and that V; — V5 in G and V; < V5 in G'. If neither V; or V5 has V3 as

its parent in both graphs, then we can marginalize V3 out and it reduces to the 2-d case.
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Suppose otherwise. Then we must have (1) V; — Vo <= V3 in G, or (2) Vo — Vi < V3 in G,
or (3) an additional edge between V; and V3 added to (1), or (4) an additional edge between
V, and V3 added to (2).

For (1) and (2) both graphs are the only graph in their Markov equivalence class; for (3)
the reversible edge becomes V;—Vj3 violating the assumption (and in fact one can marginalize
out the common child V3 and get back to the 2-d case), and similarly for (4). Thus, we have
again ruled out the possibility of any pair of distinct Markov equivalent graphs with respect

to which p(Y') can be of 2-Gaussian type. O

Remark 6. In the proof of Theorem we proved that whenever p(Y') factorizes with
respect to two distinct graphs G and G' (whenever identifiability does not hold), everything
up to in the proof must hold. Specifically, conditioning on almost every yp, oo and

Bo in G as well as oy and B} in G' can be at most linear in y; and yo, respectively, namely
Bi <y2) =Cgr -1+ Cﬁ{,o]lyz + g aYe, 62(y1) = CBy—1 T 05270]1?;1 + €By,1Y1,
o) (Y2) = Cay-1 F Carolly, + Carat2,  @(Y1) = Cay,—1 F Cazoly, + Caza¥i,
with coefficients depending on yp where
Call = €300 Casl = Cal00  Cap1 = CBy - (C.18)

It is noted that, although not used in deriving our conclusion involving 2-Gaussian type

distributions, we in addition also have the following results.
Co/l,fl = Cay,—1, Co/l,O = Cay,0; Ca'l,fl + Ca/l,O = Cayp,—1 + Car,0 = 0.

These might shed some light on how to show that distributions of 2-Gaussian type do not

exist for a general m > 4.

Proof of Remark|[6. By (C.6), (C.16), (C.17)), the joint distribution of Y; and Y3 conditional

on Yp has two characterizations (up to normalizing constants)

exp{ly, 01 +y181(0) — yik1/2 + 1y,00(y1) + y2Pa(y1) — y5ka/2}
V21 /Ky exp {az(y1) + Ba(y1)?/(2k2)} + 1
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Y 27 [k exp{1y,01 + y1 81,10 + B2(v1)?/(2k2) — Yk} /2 + Ty,ca(y1) + y2falyn) — yska/2}
V21 kg exp {az(y1) + Ba(y1)?/(2k2) } + 1
~ exp{1ly,05 + 252(0) — y3ka/2 + 1,0 (y2) + 1151 (y2) — yik}/2}
V2m /Ky exp {a) (y2) + B1(y2)?/(2k1)} + 1
L V2 /R expilly, 0 + yaBa-r0 + Bi(5)°/ (K1) — yaka/2 + 1, 04 (1) + 3151 () — wiki/2}
vem[kyexp{ay(v2) + B1(y2)?/(2k)} + 1

(C.19)

Divide both sides by exp(y13;(0) + y232(0) — y?k}/2 — y3ks/2) and expanding B3} (y2) and
B2(y1), this becomes
exp{Ly, &1 + Ly, as(y1) + y2¢s, 0Ly, + Y1201}
V2 /g exp{aa(y1) + Ba(y1)?/(2k2) } + 1
Y 21 [k exp{1l,,01 + yics 0 + B2(y1)?/ (2k2) + Ly, 00(y1) + y2cs, 01y, + Y192csa }
V2m [ kyexp {az(y1) + B2(y1)?/(2k2)} + 1

exp{1y,05 + 1,07 (y2) + Yicg oly, + yly2061,1}
V27 /kyexp{ai(y2) + Bi(y2)?/(2K1)} + 1
Y 2 [k exp{1y,0 + yacay0 + B1(y2)*/ (2k1) + 1y, 01 (y2) + yrcsp 01y, + Yiy2Caat
V2 /Ky exp{ai(y2) + B1(y2)?/(2k1)} + 1
Now expanding o/ (y2) and as(y:) and using the relationships in (C.18)), we divide both

sides by exp(yica,,1ly, + ¥2¢8,0Ly, + Y192¢8,,1) = exp(yi1¢p; 0Ly, + Y2ca 11y, + y1y2cs,1) and
get

exp{1,,01 + 1,,(Cag—1 + Cas0ly)}
V2m/ksexp {aa(y1) + Ba(y1)?/(2k2)} + 1
Y 27 [ky exp {1y, 01 + y1cp;0 + Ba(y1)?/ (2k2) + Ly (Can—1 + Canoly,) }
V27 kg exp {az(y1) + B2(y1)?/(2k2) } + 1

exp{1,,0, + 11y1(6a'1,—1 + cafl,o]lw)}
V2 /K exp {ad (ye) + B (92)7/ (2k1)} + 1
Cy V21 [k exp{1ly,05 + yacs, 0 + B1(y2)?/ (2k7) + 1, (Ca’l,—l + Ca’l,O]lyz)}
V21 [k exp {ef (y2) + B1(y2)?/(2k1)} + 1
for some Cjy. Setting 1, =1,, =0 becomes

(C.20)
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1+ /21 ks exp{cd, 1/ (2ks)} . L+ /27 /kyexp{c,, _,/(2k)}
V27 [k exp{Cay, 1 + 5, _1/(2k2)} + 1 V2m [k exp{ca;,—1 + c%iﬁ_l/(Qki)} +1
(C.21)

and with 1,, # 0, 1,, = 0 (C.20|) becomes

1+ /27 /ky exp{yice o + Ba(y1)?/ (2k2)}
V27 k2 exp{Cay,—1 + Can0 + Cagatn + Ba(y1)?/(2k2) } + 1
L+ 3R epl e, /(2K)}
V2m/kyexp{ca;,—1 + 0%17_1/(2]“/1)} +1

Since the right-hand side of (C.22)) is a constant, by matching the numerator and the denomi-

exp(d7)

= Coexp(cay,—1) (C.22)

nator of the left-hand side using Lemma 39 we must have either (i) yicg o+ B2(y1)?/(2k2) =

Can—1 T Can0 + Capatn + P2(y1)?/(2k2), or (ii) yicsro + Ba(y1)?/(2k2) = const for y; # 0.
But (ii) implies that cg,1 = cg o = 0, which by ¢g 1 = ¢s,; implies that 3] is an absolute
constant in y, € R, a violation to the assumption. Thus (i) holds, and by ¢g ¢ = ca,,1 this

implies that
Q2,10 = Cap,—1 T Cano = 0, and by symmetry o). ;= caj,—1 + Car o = 0. (C.23)

Thus the left-hand side of ((C.22)) is just exp(d;). Note that the right-hand side of (C.22) is

exp(cqr,—1) times the right-hand side of (C.21)). So by equating the left-hand side of (C.22)
with exp(cqs —1) times the left-hand side of (C.21]) we have

1+ +/27/kg exp {0%2,71/(2]{52)}

exp(d;) = exp (¢, _ C.24
p(&) P (¢ 1) V27 ks exp {cay -1 + 0%27_1/(2]@)} +1) ( )
and similarly
/ 1+ /21 /&, exp {c;1 - /(2k’1)}
exp(05) = exp (Cay—1) (C.25)

\/ 27 /Ky exp {cafl,_1 + Céi’_l/@ki)} + 1'

Now by (C.23), with 1,, = 1,, = 1, (C.20) simplifies to exp(d;) = Cp - exp(d5). Thus by
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[©21). €29 and (T2, one get
, ) 1++/27 ko exp{c%Qy_l/(Qk:g)}

exp(c
Cy = exp(dr) _ P(Cay 1 V2r/kz exp{cag,—14c2, _,/(2k2))+1} _ eXp(c’ah_l)OO
exp(d4) 1+\/Wexp{cg,kl/(2k;)} exp(Cay,~1)
eXp(Coc27—1) -
\/ 2 /K] eXp{call»*1+CZQ,—1/(2]€/1)}+1
and thus ¢, | = Ca,,—1. Combining with (C.23)), we get
Co/l,fl = Cas,—1; Ca/l,o = Cay,0, Call,fl + Ca’1,0 = Cas,—1 + Can,0 = 0. (026)

Note that this result holds as long as we assume identifiability does not hold.
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