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Abstract
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Applied Mathematics

The most common primary brain tumor in adults, glioma claims thousands of lives each year.
Despite efforts to improve survival rates, the standard of care has remain unchanged for more
than a decade. Recent research has started to uncover the role of stromal involvement in the
growth of gliomas. Consisting of the supportive cells in the tissue, these stromal cells had long
been overlooked in finding strategies for treating cancers. One particular component of this
stromal support of gliomas is plateletderived growth factor (PDGF). PDGF is secreted by a
number of cells in the brain, and has a number of cellular targets, including oligodendroglial
progenitor cells. In animal models, upregulated PDGF signaling leads to the formation of
tumors similar to human gliomas through the recruitment of oligodendroglial progenitor cells
by PDGF. Central to my work is the mathematical examination of the effects of paracrine
PDGF signaling on normal brain tissue and in brain tumor formation using PDE models.
Model simulations show that PDGF can drive a number of outcomes in response to brain
injury, and that increased PDGF signaling can speed up tumor growth and can alter the
steepness of the tumor density gradient extending into adjacent normal brain tissue. Greater
understanding of the contributions of PDGF in the development and growth of tumors may

lead to much needed new strategies for combating glioma.
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Gliosis due to injection of control virus. A. Slice of rat brain injected

with control virus (i.e., not expressing PDGF), stained with hemotoxylin and

eosin (H&E). Arrow points to location of gliotic scar. a’ and a” show location

of injection in overall rat brain. B. Higher maginification of the scar histology.
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Response Curves: Simple Pharmacodynamics form. Here we see the

dose response curves that correspond to the Pharmacodynamic (PD) formu-

lation of downstream response to PDGF. Legend indicates the varied ECs

parameter value corresponding to a given curve. Circles correspond to data

from [81]. Notice that these do not quite fit the shape suggested by the data.|
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Response Curves: Incorporating k,, and £C5,. Panels show the modified

response, where we have scaled by £, to better match the shape traced by the

data points. Because this response includes k,,, we have a panel with varied

FEC5 (A) as well as a panel with varied k,, (B). Legends indicate values of the

varied parameter value corresponding to a given curve. Circles in both panels

correspond to data from [81]. Panel A shows varied ECsq for fixed k,, = 30

ng/mL, while panel B shows varied k,, for fixed FC5y = 3 ng/mL. Notice that

the curve corresponding to ECsy = 1072 ~ 3.1 ng/mL (panel A) and that

corresponding to k,, = 10%? ~ 31.62 ng/mL (panel B) best fit the data points.| 14
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Control and Experimental PDGF concentrations in relation to dose

response curve. Here we have plotted the value computed in section [2.2.2]

as corresponding to the PDGF' concentration due to wounding ([2.20]), as well

as that for the experiment with 100 ng/mL exogenous PDGF added, on the

dose response curve. It is easy to see that the response level of the experiment

is four-fold higher than that of the control, as found in [10]. . . . . . . . ..
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[2.5 Phase portrait. Solid black lines represent uniform steady states. T'he thick

black line represent stable steady states; the thinner black lines, unstable.

Dashed blue lines represent values of p for which the model is undefined. The

gray shaded regions indicate values of  and p that are outside the physiologic

domain and includes the values that cause the model to be undefined. The

solid blue line indicates the carrying capacity, /A, which affects the direction

field toward the stable steady state. Blue arrows represent the direction field.

The line p = 0 for » > 0 is the steady state of most interest for physiologically

relevant outcomes, since we have p > 0, and ro < r < K, with o >0.| . . . .

25

2.6 Phase Diagram, p > 0. These two plots show the phase plane for large

| p (high levels of PDGF). On the left: for initial positive PDGF, at low to

moderate levels, r reaches some larger steady state value, but cannot reach

the carrying capacity before the PDGEF is depleted (p = 0). On the right: for

sufficiently large p, the model attracts to » = K (reaches carrying capacity),

and then to p = 0 (PDGF becomes depleted).] . . . . .. ... ... ... ..
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[2.7 Phase Diagram, —35 < p < 10. These two phase planes are zoomed in to

small p, positive and negative, enabling us to better see what happens near

the nullcline at p = 0, and lines of ill-definition at —ﬁ—’;, —k,n. On the left,

r = 0 1s centered, so can see what happens for » < 0; can see that »r = 0

is stable for ;1’% < p < 0, and unstable otherwise. On the right, » > 0,

including r = K; notice that, given r > 0, if p goes slightly negative, 1t will

attract back to p = 0, such that p = 0 attracts from both sides, so long as

p > _11]? Since p < 0 is nonphysiologic, this is an important result.| . . . . .
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[2.8 Glial progenitor cells, » vs. brain radius. Solving the model system

numerically and looking at the glial progenitor cell density profile, we find

good agreement between the simulation result and the experimental result.

The simulated glial scar is less than 0.1 cm, or 1 mm (compare with Figure[2.1]

where the scar appears to be about 0.5 mm. The densest region consists of

~ 11% more progenitor cells than the baseline|. . . . . . .. ... ... ...
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2.9 Glial progenitor cells, » vs. time. The progenitor cell density increases

and reaches a maximum by about 5 days post injury at multiple distances

from the wound site. This increased density persists for the remaining time
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2.10 PDGF, p vs. radius. 5 days after the injury, we see that the highest level

of PDGF in the domain is still near the site of the injury, but has spread
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2.11 PDGEF, p vs. time. At the wound site, the PDGF' concentration decreases

rapidly in the first day, and continues to decrease over time, approaching zero.

Less 1s consumed when the concentration is lower, causing the decreased rate

of PDGEF' depletion. Further from the wound site, at 0.05 cm, or().5 mm, we

see the PDGFE increase due to diffusion moving the initially released PDGE

to that location, and then a similar decrease subsequent to that, as it 1s taken

up by local glial progenitors.| . . . . . . ... ... o000
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Control and Experimental PDGF concentrations in relation to model

dose response curve. Here we have plotted the value computed in sec-

tion|3.2.3|as corresponding to the PDGF concentration due to wounding ((3.10)),

as well as that for the experiment with 100 ng/mL exogenous PDGF added,

on the model dose response curve. It is easy to see that the response level of

the experiment is four-fold higher than that of the control, as found in [10]. .
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Time elapsed until lesion expansion slows to less than one cell diam-

eter in five days or lethal size reached and corresponding lesion sizes

at those times. Simulations were run across a range ot maximum PDGFE

source (Spq) and decay rate (\) parameters until the outward expansion of

the 50% cell density region slows to less than one cell diameter in five days

(that is, 10 um/ 5 days = 4 x 10~° cm/day), or lethal size is reached (defined

as 0.5 cm = 5 mm radius). The length of time until either criterion has been

reached for each simulation is given in (A), and the radii of simulated lesions’

regions of 50% cell density at these times is shown in (B). Higher values corre-

spond with lighter shades, as indicated by the color axes. Values in (A) that

are greater than 40 days indicate chronic lesions, and values in (B) that are

greater than 1 mm indicate large lesions.| . . . . . . . .. ... ... ... ..

46

B3

Growth regimes from combined heatmaps. A. Overlaying the heatmaps

of Figure [3.2] create a picture of three growth regimes in our simulations, de-

pending on the PDGF growth parameters: (1) limited growth, short duration;

(2) limited growth, long duration; and (3) extensive growth, long duration.

The numbered squares correspond to the simulations plotted in panels B-D.

B. Curves show the growth of the edge of the 50% cell density region of sim-

ulated lesions versus time for three simulations indicated in (A). Black dots

show when and what size the simulation was when its growth rate was less

than 4 x 10™° cm/day, or in the case of (3), fatal size was reached. C. Cell

density at the center of the lesion (near the inciting event location) versus

time, for simulations from the three difterent growth regimes as indicated in

(A). D. Cell denisty at the end of simulation time (250 days) vs radius of the

rat brain, our spatial domain, for three simulations as indicated in (A).| . . .

vi

52



3.4 PDGEF concentration versus time for multiple simulations. 'These

curves show the PDGF levels as they change over time at both the center

that PDGF decreases nitially as OPCS are recrulted to the 81te and consume

PDGF, then 1t increases, as the uptick in recruited OPCs expands the lesion

size and creates inflammatory feedback, increasing the secretion of PDGF.

Eventually a a tipping point is reached where the consumption of PDGFE by

recruited OPCs exceeds the secretion of PDGF, and the PDGFE concentration

decreases monotonically thenceforth. A. PDGFE concentration vs. time from

a simulation corresponding with the dark regions of both heatmaps in Fig-

ure |3.2/A and B (labeled on Figure [3.3D as 1). B. PDGF concentration vs.

time from a simulation corresponding with the middle of both heatmaps—

midtones in Figure [3.2A and dark in panel B (labeled on Figure [3.3D as 2).

C. PDGF concentration vs. time from a simulation corresponding with the

light regions of both heatmaps in Figure |3.2A and B (labeled on Figure |3.3D

as 3). | ..o

A1

PIR Model. A. Model Schematic. The flow chart shows the main compo-

nents of our model: ¢, the population of glial progenitor cells that are infected

with PDGFE-expressing retrovirus, r, the glial progenitors that are recruited

and do not have the retroviral infection, and p, the free PDGEF in the extra-

cellular space (ECS). An injection of the retrovirus initiates the ¢ population.

| These cells secrete p at rate 7, into the ECS, and p is, in turn, taken up

and consumed by the ¢ and r populations at rates ¢. and ¢,, respectively.

Uptake of p by ¢ and r results in increased cellular proliferation (p. and p,)

and dispersal (D. and D,) in a dose-dependent manner. In addition to the

paracrine stimulation trom p, the intected ¢ cells experience autocrine PDGF

stimulation in concentration Pyuioerine. B. Model Equations. The equations

for the infected (c) and uninfected recruitable (r) progenitor cells account for

the movement and growth of the respective cell populations. Their rates of

diffusion and proliferation, [ and p, depend on the local concentration of

PDGF (p) and population density (Eqn. 1 and 2). Eqn. 3 accounts for the

secretion of PDGF (p) into the extracellular environment at rate 7., and loss

of p due to consumption by c and r cells at rates ¢. and g,., respectively, scaled

by the percentage of PDGF receptors that are activated (9), and, for infected

progenitors only, the percentage of receptors that are not already in use for

autocrine signaling, but rather are available for binding free PDGF, v. The

final equation for the remaining brain cells (n) (which includes neurons and

other white matter cells) reflects their proportionate decrease in local density

via cell death, as those of ¢ and r increase and fill the available space (Eqn. 4). 79
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4.2 Tracking the migration of PDGF expressing and recruited progeni-

tors by time-lapse microscopy. 300 pum thick slice cultures were generated

at 10 days post co-injection with PDGF expressing retrovirus and control

retrovirus and 2 color time-lapse microscopy was pertormed for 7 hours to

monitor the migration of PDGE expressing cells and recruited progenitors.

The migratory paths of individual cells was tracked using METAMORPH 1m-

age analysis system. A. A schematic representation of the coronal brain slice

showing the tumor location and the distribution of PDGF' expressing cells

(green dots) and recruited progenitor cells (red dots). The box represents

the region of the slice that was filmed by time-lapse microscopy (T=tumor,

CX=cortex, WM=white matter, CC=corpus callosum, Str=striatum). B.

The green and red lines represent the migratory paths of PDGE expressing

cells (green lines) and recruited progenitors (red lines). C. Mean Squared

Distance traveled by the PDGF expressing cells (green lines) and recruited

progenitors (red lines). D. Windrose plot showing the tracks of cells from (B)

plotted with a common origin.| . . . . . . . .. ... ... L 80
4.3 Serial FLAIR MRIs showing growth of PDGF-IRES-GFP induced rat tu- |
mor with a linear radial expansion rate of approximately 62 pm/day (or 2.3 |
cm/yr), which is consistent with the velocities observed in humans (3).| 81
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4.4 Variations in net PDGEF secretion rate alter tumor growth pattern
[ and rate. A. Radial velocity given by the rate of radial tumor growth on
| simulated MRI. The dashed gray line (at approx. 85 pm/day) indicates the
| observed threshold of maximum radial velocity attained for model simulations.
A PDGF secretion rate of 0 ng/cell/day indicates that no recruitment can
happen; a rate of 10~° ng/cell/day was measured experimentally. Notably,
our data indicate that recruitment does not lead to infinitely increasing radial
growth, but rather, is consistent with human GBM dynamics. B. When the
simulated tumors reach a certain fixed size on MRI, the slope of the true
edge of the tumor varies with the rate of PDGE secretion. Increased secretion
results in a steeper edge, indicating a somewhat less infiltrative edge at higher
levels of paracrine PDGEF signaling. While this is subtle, the edge of the
tumor (that is, the region spanning the point from where the cell density
drops from its highest level to the point it reaches its lowest) spans a full
1.5 mm for the tumor with no paracrine PDGF signaling, while that of the
highest paracrine signaling spans only 0.75 mm, cutting this region in half.
C. Plot of the T2 MR-1mageable tumor radius vs. time shows that within
3 days of 1nitial appearance on T2 MRI, tumors reach and maintain linear
radial expansion, regardless of the degree of recruitment taking place in these
tumors. D. Looking at the same set of tumors as in (B) at a fixed time
(20 days) post infection, the tumors with higher net rates of PDGF secretion
[ grew much more within that time, extending the tumor radius further at all |
| densities above the baseline olig2+ glial progenitors in the brain.|. . . . . . . 82

4.5 Distributions of cell population densities vs. the radial distance |
| r ] 1 Tt Tovels of - - |
PDGF secretion. The first column (A and C) shows data for the PDGF-
IRES-GFP+ (infected) cells and the other column (B and D) shows data for
the uninfected olig2+ (recruited) cells. The top row shows the cell densities
at the time at which the tumor radius is 1.2 mm on T2 MRI (fixed size on
MRI), while the bottom row shows these at 20 days post infection (fixed time).
The legend in (B) applies to all plots and shows the rate of PDGF secretion
by the PDGF-IRESGFP+ infected cells, such that the increasing trend runs
from the low value at 0 ng/cell/day to the high value, 10-4 ng/cell /day. Note
that the plots for uninfected olig2+ cells (B and D) have constant population
| Tonsitics Tor 1 5 - PDGE This 51 o |
[ free PDGEF available to circulate in paracrine signaling loops, no recruitment |
| can take place, causing these recruitable cells to remain at their usual density |
| in healthy brain matter. (See text for further details regarding these results.)| 83
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6

Fluorescent micrograph compared with PIR simulation. The color

separated micrographs on the left side show the distribution and abundance

of PDGF expressing cells (green), olig2+ glial progenitors (red) and the total

DAPI+ nuclei (blue) within a 3 mm by 0.5 mm strip at the infiltrative edge

of PDGEF driven glioma. The corresponding images on the right side show the

distribution and abundance of cells in a corresponding region ot a simulated

tumor generated by the PIR model (again, PDGF expressing cells are green,

progenitors red, and all cell nuclei, blue). The graphs on the bottom show the

actual (left) and simulated (right) percent measurements of each cell popula-

tion within the 3 mm strip at the tumor’s edge. T'he insets show the entire

PDGF-driven tumor (left) and simulation (right) indicating the region of the

tumor and simulation from which the strips were taken (white boxes). . . . .

A7

Supplement Table S1. Model parameters and initial conditions.

Experimental and literature sources for D., and p., are described in the

main text; all others are discussed in the supplemental material| . . . . . . .

A3

Attained net proliferation rates due to dose response terms as com-

pared to parameterized maximums. Panels A and B: Attained prolif-

eration rate vs. (A) days post infection at the center of the tumor, and (B)

radial distance from tumor center at 10 days post infection. Black dashed lines

represent the parameter value for the maximum possible net proliteration rate

(i.e., p.r) that could occur under very high levels of PDGF stimulation. Blue

and magenta curves represent the highest actual proliferation rate attained

during the simulation by the infected and recruited cells, respectively. Note

that in A the blue curve is hidden entirely by the magenta curve as they are

nearly identical. Notice also in B that although the blue curve extends out to

the tull edge of the rat brain, this is not reflective of the number of infected

cells there (compare with panel D), but rather the rate of proliferation any

infected cell in that region undergoes.T'hat is, while there are very few pio-

neering infected cells and no measurable PDGFE molecules in the extracellular

space at .25 cm out from the center of the tumor, any infected cell there will

proliferate at the level shown, due to its own autocrine PDGE' stimulation.

Panels C and D: Tumor cell population densities and extracellular PDGF

concentration vs. (C) days post infection, and (D) the radial distance from

the center of the tumor. The green line represents the PDGF-IRES-GFP+

infected tumor cells, the red line represents recruited glial progenitor cells, the

blue line represents the remaining brain cells, and the black line represents

the concentration of PDGEFl . . . . . . . . ..




4.9 Supplemental Figure S2. Attained net diffusion rates due to dose

[ response terms as compared to parameterized maximum rates. A.
| The attained diffusion rate vs. days post infection at the center of the tumor.
| The black dashed line here again represents the maximal diffusion rate that
would be possible, while the blue and red curves (the latter of which is directly
behind the former, due to the fact that they are nearly identical) represent
the highest diffusion rates actually attained by the recruited and infected
cells, respectively, at this location and these times in the simulated tumor,
due to the shape of the dose response term. B. Attained diffusion rate vs.
the radial distance from the tumors center at 10 days post infection. Here
the black dashed line represents the maximum diffusion rate possible (the
value of our parameters D.,), while the blue and magenta curves represent
the highest diffusion rates that were actually reached by the recruited and
infected cells, respectively, at the specified locations atter the tumor has grown |
for 10 days in silico. C. Tumor cell population densities and extracellular |
PDGF concentration vs. days post infection. Here the green line represents |
|

|

|

the PDGF-IRES-GFP—+ infected tumor cells, the red line represents recruited
glial progenitor cells, the blue line represents the remaining brain cells, and the
black line represents the concentration of PDGF. D. Tumor cell population
| oo ] T PDGE - ] ol ; |

| the center of the tumor. The colored lines represent the same entities as in (C).| 87

[4.10 Supplemental Figure S3. Percent progenitors proliferating in re-
sponse to PDGF concentration levels for varied km values. This
image shows a simulated version of the experiment done in |81, as discussed
in the supplemental text on km and EC50 parameterization. 'T'he colored
curves represent dose response curves for the given EC5H0 at different levels of
km, with blue being the lowest km, purple being the highest, and the black
arrow indicating the order of increasing km. The magenta points indicate the
data points on the curve in [81|. Higher km results in a steeper slope, and the
variation of slope is particularly noticeable at higher PDGF' concentrations.
Since the data point for the lowest PDGF concentration (1 ng/mL) is clos-
est to the low value ot km and the highest data point is closest to the cyan
curve (representing 40 ng/mL), we took the green curve (30 ng/mL), which
passes through the mid value data point along with the cyan, as the closest
approximation to the datain [81][ . . . .. ... ..o 88
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5.1

Cells Tracked in EGFR—-driven Experimental Tumors. A. Wind rose

plots of cell tracks from experimental tumors treated with indicated agents or

from the control condition. These show qualitatively that blebbistatin results

in the greatest descrease ot movement overall. B. Mean squared displacement

versus time and resulting diffusion coeflfcients for the tour groups indicated

in (A). The legend shows the diffusion coefficients for each treatment, D, as

well as the number of cells tracked in that treatment, n. The colors of the

lines and the D, n values match the colors of cell tracks in the windroses,

with pink, purple, blue, and green indicating Control, EGF, EGF+Iressa and

EGFE4-Blebbistatin, respectively. 'The D values provide quantitative measures

of cellular movement within the treatment groups.|. . . . . . . . . . ... ..

99

5.2

Cells Tracked in PDGF—- and EGFR—-driven Experimental Gliomato-

sis Cerebri. A. Wind rose plots of cell tracks from experimental gliomatosis

in the indicated treatment groups. These show that a number of treatment

groups resulted in reduced overall cellular movement. B. Mean squared dis-

placement versus time and resulting diffusion coeficients for the treatment

groups indicated in (A). The legend shows the diffusion coeflicients for each

treatment, D, as well as the number of cells tracked in that treatment, n. The

colors of the lines and the D, n values match the colors of cell tracks in the

windroses, with red, green, blue, pink, black, cyan, and orange correspond-

ing to Control, EGF, EGF+PDGFEF, EGF+PDGFEF+Iressa, EGEF+Blebbistatin,

EGF+Iressa, and EGF+PDGFE4Blebbistatin, respectively. The conditions

Y27632 and EGF+Y27632 have MSD curves that are hidden by the other

curves at the bottom of the plot, and for other reasons our collaborators chose

to exclude these from further analysis. The D values show quantitatively the

degree to which agents have reduced the movement of the cells as compared

to the cells of the other treatment groups.| . . . . . . .. .. ... ... ...

.3

Characterization of Individual Cell Movement. These four plots show

MSD versus time interval lengths for four individual cells. The blue circles

are actual data, with larger circles indicating greater weights. The black line

1s the fit from the weighted nonlinear regression, which corresponds with the

individual speed and persistence measures. These two parameters were then

used to obtain the cell-specific diffusion rate. Note that all four cells are from

the control EGFR—-driven tumors; these examples were selected to help show

the range of movement patterns exhibited by individual cells within a single

condition. . . . . ..
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6.1

Histograms of Parameter Sample Values. In this example, 500 samples

were drawn for each parameter. The shape of each histogram shows approx-

imately what the probability distribution of the parameter’s possible values

looks like. Note that the bins of the histogram are of equal width, not equal

area, so these do not show the intervals of equal area that we use for drawing

samples. However, the histograms do show the occurence of more samples

being drawn near the most likely value, since the intervals of equal area in

that region would have smaller width.|. . . . ... ... ... ... ... ...

108

6.2

Diffusion rate data approximated by a triangular distribution. This

distribution of diffusion rates from individually tracked cells (see Chapter |5]

section [5.4.3} these are the cells of the gliomatosis control condition) data

represents the many possible values can arise from cellular migration, which

appears to be tairly well approximated by a triangular distribution. The peak

of the triangle corresponds to the diffusion rate shared by the most cells, while

the right corner corresponds with values shared by only one or two cells.|

109

6.3

Possible ratios of recruited to total tumor cells vs. time with spec-

ified parameter distributions. LHS simulation results were used to cal-

culate ratios of recruited, r, to total tumor cells, ¢ + r for each simulation

over time. Looking at each time point, we calculated the mean and standard

deviation. Plotting these against time, we see the spread of model outcome

ratios generated by the Latin hypercube parameter samples. |. . . . . . . ..

6.4

Partial rank correlation coefficients of LHS parameters with re-

cruited ratio vs. time. Partial rank correlation coefficients (PRCC) were

computed between the sampled parameters and the ratio of recruited cells to

total tumor cells, r/(c+r) at each time point of the simulations, as described

in Section [6.2.2] Plotting these PRCC values across time allows us to see how

the sensitivity of the model with respect to the parameters changes over the

course of the simulation) . . . . . . . ...

6.5

Significance of parameter correlation with recruited ratio vs. time.

Student’s t-test statistic was computed with the PRCC for each time point

of the simulations, using equation [6.10 These are plotted over time (solid

lines), along with lines indicating the thresholds of various confidence intervals

(dash dot lines) for our N = 200 samples, thereby showing which correlations

are significant and when that correlation might become significant or become

msignificant.|. . . . . ... L L L L
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71

Rodent brain slices. No tumors formed in rodents injected with control

retrovirus, which lacked the PDGF-expressing region (A), yet tumors formed

in 100% of rodents injected with PDGF-expressing retrovirus (B). The ob-

served tumor shape in (B) suggests differential rates of tumor cell migration,

with strong preference for migration along the myelinated axons across the

corpus callosum. Figure reproduced from [9].| . . . . . . .. ...
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Schematic representation of the model. Transduced cells (¢, shown in

green) produce PDGF (p, shown in blue) at rate n.; PDGF (p) is consumed

by both transduced (¢) and recruitable (r, shown in red) glial progenitor cells

at rates ¢. and ¢,, respectively. PDGF' stimulates proliferation and diffusion

of infected glial progenitor cells at rates p. and D., respectively, and of un-

infected progenitors at rates p, and D,. Note that PDGF molecules can also

diffuse. Equations relating these are given i Section [7.2] and Table |7.1] lists

the parameters and the valuesused.|. . . . . . . ... ... ... ... ...,
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[7.3

Comparison of simulated tumor and H&E of experimental PDGF-

driven tumor. (A) Tissue slice from an experimental PDGF-driven tumor

stained with hematoxylin and eosin (H&E), (reproduced from [9]). (B) sim-

ulated tumor using our 2D PIR model implemented on a rodent brain atlas,

with parameter R,, = 10. Color bar is on a log scale and shows the total

density of recruitable and transduced cells. Gray outlined region in the mid-

dle shows the corpus callosum. The purple region shows the area where the

tumor resides, while the pink 1s primarily reflective of the baseline density of

recruttable cells) . . . . . . . .
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Tumors of varying degrees of recruitment simulated for same length

of time (30 days). A. Simulated tumors at 30 days of growth, with different

values for parameter 7. to simulate varied recruitment (from left to right:

n. = 0,107°,107°, and 10~*, respectively). Lines labeled x and y show the

locations of samples used in the plots for panels B-E, corresponding to the x

and y labels below the columns. These start at the center where the simulation

was initialized, then x extends out in only gray matter, while y extends through

the corpus callosum (white matter), as indicated by the vertical lines in C and

E. B. Cell densities vs. space, sampled in an exclusively gray matter region.

C. Cell densities vs. space, sampled in a region that passes through white

matter (vertical lines). D. Fraction of tumor that is made up of recruited

progenitor cells vs. space. K. Fraction of tumor that is made up of recruited

cells vs. space, passing through white matter (vertical lines).| . . . . . . . ..

Xiv
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[(.5 Tumors of varying degrees of recruitment simulated until same size

on T1 MRI (0.2 cm). Simulated tumors with an averaged radius of 0.2 cm

at the density threshold detectable by T'1 MRI, having different values of n. to

indicate varying degrees of recruitment (from left to right: n. = 0,107° 107,

and 10~%, respectively). The MRI visible region is outlined in yellow. Lines

labeled x and y show the locations of samples used in the plots tor panels

B-E, corresponding to the x and y labels below the columns. These start at

the center where the simulation was initialized and then x extends out in only

gray matter, while y extends through the corpus callosum (white matter),

as indicated by the vertical lines in C and E. B. Cell densities vs. space,

sampled in gray matter region. C. Cell densities vs. space, sampled through

white matter (vertical lines). D. Fraction of tumor that is made up of recruited

progenitor cells vs. space, staying in only gray matter. E. Fraction of tumor

that 1s made up of recruited progenitor cells vs. space, passing through white

matter (vertical lines).| . . . . . . ... o

[7.6

Fraction of tumor cells in white matter regions at indicated T1

detectable sizes for varied ratios, 17,,,, of differential cellular diffusion

rates and varied PDGF secretion rates, 7.. Each subplot relates to

| it . [ ] ] TT MR 2 ] ] [ |

increasing parameter values. Going down the columns of each subplot, R?,,, =

5, 10, 50, and 100, and from left to right along the rows . = 0, 10°°, 107>, and

10~*. The four tumor simulations shown correspond with the combinations

of the high and low extreme values of these two parameters and have 0.2 cm

average radius at the T'l1 MRI detectable threshold. The color map indicates

the fraction of tumor that is in white matter structures as opposed to gray

matter. | . . . . . e e e e e

[7.7

Growth time required to reach indicated T'1 detectable sizes for

varied ratios, f7,,, of differential cellular diffusion rates and varied

PDGTF secretion rates, 7.. Each subplot relates to a different size of tumor

as detected on T'l1 MRI. Arrows show direction of increasing parameter values.

Going down the columns of each subplot, R,, = 5, 10, 50, and 100, and

from left to right along the rows . = 0, 107°, 107>, and 10~*. The four

tumor simulations shown correspond with the combinations of the high and

low extreme values of these two parameters and have 0.2 cm average radius at

the T1 MRI detectable threshold. The color map indicates the time (in days)

required to reach the indicated size as detectable on T1 MRIL| . . . . . . ..
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[A.1 Steady state PDGF concentration vs Recruited cell percentage. The |

steady state ot platelet-derived growth factor concentration depends on the |

percentage of recruited cells in the tumor at steady state, as shown in ((A.44]).

The astrisk represents the PDGF level for a tumor that is comprised of 80%

recruited cells at steady state.| . . . . . .. .. ... 000 167
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GLOSSARY

ANGIOGENESIS: the formation of new blood vessels from pre-existing ones; this commonly
occurs in tumors in response to increased cellular density and increased demand for
oxygen and nutrients.

ASTROCYTE: a type of glial cell named for its star shape; closely associated with neural
synapses.

AXON: along projection of a neuron that conducts electrical impulses away from a neuron.

CORPUS CALLOSUM: bundle of nerve fibers in the brain that connects both brain hemi-
spheres; the largest white matter structure in the brain.

CORTEX: the outer layer of the brain, consisting of gray matter.

CYTOKINES: broad category of small proteins that are important in cell signaling, espe-
cially in immune function; produced by immune cells and stromal cells.

DENDRITE: branched projections from neurons that receive electrochemical input from
other neurons and transmit these signals to the body of the neuron.

GLIA: non-neuronal cells in the nervous system which provide structure and support
for neurons, including the maintenance of homeostasis and assitance in formation of
synaptic connections between neurons; name derives from the greek for glue as its role
was initially thought to be simply holding the brain together.

GLIOMA: a brain tumor consisting of cells that are glial in origin. This is the most
common type of brain tumor in adult humans.

GRAY MATTER: tissue in the brain and nervous system consisting largely of neuronal cell
bodies, myelinated and unmyelinated axons, glial cells, synapses, and capillaries; looks

gray in contrast to adjacent white matter.

MESENCHYME: a type of tissue arising in embryological development consisting of loosely
associated cells surrounded by a large extracellular matrix; mesenchymal cells are able

xXviil



to develop into tissues of the lymphatic and circulatory system as well as connective
tissues. In adults, mesenchymal stem cells exist in the stroma of various organs and
do not differentiate into blood cells, but do give rise to many types of stromal cells and
are broadly important in tissue repair.

MULTI-SCALE: spanning multiple temporal and/or spatial scales. Examples in this work
include pm vs. cm, and minutes vs. days, where the former units describe the appro-
priate scale of cells and the latter the scale of tumors.

MYELIN: a fatty white substance that grows out of glial cells (oligodendroglia in the
brain and spine, Schwann cells in the peripheral nerves) to surround axons and form
nerve fibers; acts as an electrical insulator and improves speed of electrical impulse
propagation along the axon.

NEURON: an electrically excitable cell consisting of a cell body, dendrites, and an axon;
processes and transmits information through electrical and chemical signals, forming
networks when connected with other neurons.

OLIGODENDROCYTE: a type of glial cell found only in the central nervous system; pro-
vides insulation to neuronal axons by forming myelin sheaths with its projections.

OLIGODENDROGLIAL PROGENITOR CELL (OPC): a type of cell that is found in the brain;
these cells express PDGFRa and can differentiate into oligodendrocytes and type 2
astrocytes, two types of “white matter” brain cells.

PARACRINE: a type of chemical signaling in which a cell signals to other nearby cells
which express receptors for the emitted signal.

PARENCHYMA: the portion of tissue in an organ which carry out that organ’s specialized
funtions; often defined in contrast with stroma.

PLATELET-DERIVED GROWTH FACTOR (PDGF): a protein that is produced by many dif-
ferent cells of mesenchymal origin and that stimulates growth of cells that express
platelet-derived growth factor receptors.

PLATELET-DERIVED GROWTH FACTOR RECEPTOR (PDGFR): a protein belonging in the
family of receptor tyrosine kinases. There are two types, called PDGFRa and PDGFRS.

PROLIFERATION-INVASION (PI) MODEL: the brain tumor model which describes the pro-
liferation of brain tumor cells and their invasion into the adjacent normal brain. This
model has been used to analyze the growth of human gliomas (see [41}96,97]).
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PROLIFERATION-INVASION-RECRUITMENT (PIR) MODEL: the brain tumor model described
in this dissertation, which captures the growth of tumors similar to that in the PI model,
but also incorporates the recruitment effects of PDGF on the cells that contribute to
the tumors.

PRONEURAL GLIOMA: a genetically defined subtype of glioma based on patterns found in
the Cancer Genome Atlas (TCGA); these tumors contain alterations in gene expression
of PDGFRA (the gene encoding for the PDGFRa protein) among other aberrations.

RECRUITMENT: the term used herein to describe the process of oligodendroglial progen-
itor cells behaving as tumor in response to binding paracrine PDGF ligand.

STROMA: the structural portion of tissue in an organ consisting of connective tissue and
blood vessels; often defined in contrast with parenchyma.

WHITE MATTER: tissue in the brain central nervous system consisting primarily of myeli-
nated axons; the white color of the tissue is due to the lipids in the myelin.
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Chapter 1
INTRODUCTION.

1.1 Background and Motivation

Of all the myriad lethal diseases in the world anyone could get, glioma is arguably among
the worst. Glioma is the most common type of primary brain cancer, composed primarily
of the white matter cells of the brain, known as glia. These tumors are diffusely invasive,
making them especially difficult to treat and prone to recurrence. Glioblastoma is the most
aggressive form of the disease. It is uniformly fatal, and most patients with this disease die

14-16 months after diagnosis |61].

1.1.1 PDGF as a central biological driver

Normal glial cells can be of several different types—my work is mainly focused on the role
of undifferentiated oligodendroglial progenitor cells (cells can that give rise to a few differ-
ent types of glia). These cells express receptors for Platelet-derived growth factor (PDGF).
PDGF was first described as a molecule produced by platelets that stimulates mitosis of
arterial smooth muscle cells [52,[85]. In the decades since its discovery, it has been shown
that various types of PDGF are secreted by many other cells, including smooth muscle cells,
monocytes, macrophages, endothelial cells, epithelial cells, and glial cells [29,/43]. The two
receptors of PDGF, known as PDGFRa and PDGFR/, are expressed by an even greater
number of cells, including mesenchymal and stromal cells such as hepatic stellate cells, mesan-
gial cells, osteoblasts, fibroblasts, and oligodendroglial progenitor cells [4},5,/42,43,86]. These
cells are driven to proliferate, migrate, and sometimes differentiate in response to PDGF
signal [29}36},43].

PDGF signaling is critical for development, with genetic knockout mutations in experi-



mental mouse models leading to defects in cardiac and skeletal formation, as well as deficits
in brain myelination, which results in lethality during embryogenesis [14,45]. In adults,
PDGF signaling is involved in many types of maintenance functions. The role of PDGF in
dermal wound healing has been particularly well described [43]. PDGF has an angiogenic ef-
fect, particularly in the heart, and it also affects vasoconstriction and blood pressure |13}31].
Further, PDGF produced in capillaries and arteries can recruit pericytes and smooth mus-
cle cells, contributing to injury repair and the maintenance of vessel integrity [38,64]. In
this capacity, it contributes to the regulation of the blood brain barrier [8]. But it does
more than that in the CNS: PDGF also stimulates axonal remyelination through the prolif-
eration, migration, and differentiation of oligodendroglial progenitor cells [1,82]. Recently,
PDGF and other growth factors have shown some promise as therapies to be given to pa-
tients undergoing orthopedic surgeries and oral surgeries involving dental implants and bone
grafts to enhance repair and healing [5],15,56], paving the path for other therapeutic uses of
recombinant PDGF.

PDGF acts through both paracrine and autocrine signaling pathways. Autocrine sig-
naling means that the cell type producing the PDGF is itself stimulated by PDGF, while
paracrine signaling means that other cells near to the PDGF-secreting cell are stimulated by
the PDGF. This latter type of signaling is a central concern of my work, as it forms the basis
of tumor cell interactions with adjacent tissue stromal cells. In other diseases, PDGF has
been shown to lead to tissue pathologies through its effect on these stromal cells, particularly
fibrosis, and such stromal changes have been shown to play an important role in the growth
of cancers [28,40,/58]. For example, and it is involved hepatic fibrosis and steatosis, leading
to the development of hepatocellular carcinoma (liver cancer) [22,42}|115].

Some experiments have shown that PDGF can drive the formation of brain tumors
that are very similar in character to human glioma, as well-—most notably capturing their
invasiveness—through its effect on oligodendroglial progenitor cells [9,/10,35]. The set of
experiments in [9] showed that a small number of cells that were genetically altered to

produce PDGF, and the PDGF that those cells released caused the normally present oligo-



dendroglial progenitors to grow and divide. Essentially, they behaved as cancer cells and
were “recruited” to the tumor through paracrine PDGF signaling. Thus, these experimental
tumors that look so similar to human tumors, possessing the diffuse invasiveness that other
experimental glioma models failed to capture, consisted mostly of normally—occurring glial
progenitors, with only a small proportion of aberrant cells. Furthermore, the Cancer Genome
Atlas (TCGA) shows that gene mutations related to oligodendroglial progenitors, PDGF,
and PDGF receptors are linked to the proneural subtype of human glioma [111], meaning
that they could be playing an important role in a significant subset of human cases.

One question arising from these experimental animal models was whether this afore
described recruitment process could realistically occur to such a dramatic extent in the
human disease. More broadly, I wanted to explore the relationship between oligodendroglial
progenitor cells and paracrine PDGF signaling to better understand the possible contribution
of paracrine—mediated recruitment in glioma growth dynamics, and possibly even the origin
of some gliomas. Since it is difficult to study the early origins of these tumors in humans,
mathematical modeling has proved to be a useful tool for synthesizing the information that
is known and testing hypotheses about how PDGF molecules affect brain tissue and brain

tumors.

1.1.2  History of Mathematical Modeling of Brain Tumors.

Mathematical modeling of tumors has a long history, with roots extending back into the
1950’s. At that time, there was an increase in interest and new methodologies to understand
cell division and the controls of cellular division in tumor cells [9394]. This included the
emergence of H3-thymidine labeling in autoradiographic cellular proliferation assays [3,32,37,
53,[54L70-74,104]. Specific techniques allowed more precise quantification of division rates,
and in 1965 the first mathematical model of intestinal crypt cell growth was published [20,21].
These early tumor models were further refined in the 70’s by G. Steel, who wrote a thorough
review of this early time of tumor modeling in [91].

Fastforward to the mid-1990s: University of Washington Neuropathologists Dr. Ellsworth



Alvord, IT and Dr. Cheng-Mei Shaw started adapting Steel’s model using data from brain
tumors [2,26]. Dr. Alvord enlisted the assistance of Applied Mathematics Professor James
Murray, and together they built a novel mathematical model of glioblastoma multiforme, a
particular type of glioma with an especially poor prognosis. This model consists of a reaction
diffusion partial differential equation (PDE), which models the diffuse distribution of tumor

cells emmanating from a dense core “source” characteristic of these tumors:
¢ =V - (DVe) + pe,

where ¢ is the number of tumor cells, D is the diffusion coefficient, and p is the rate of
cell division. The initial condition ¢(z,t = 0) = f(x) describes the spatial distribution of
initiating tumor cells, usually taken to be a point source.

Continuing this work into the 2000’s, Professor Kristin Swanson refined the model [96},97]

to make it more spatially accurate, and improve the model’s clinical applicability:
=V (ﬁ(f)Vc) + pc,

where D(Z) is a vector of diffusion coefficients that differ the in gray versus white matter of
the brain. Thus,
ﬁ(f) _ D, if x € gray matter region of the brain;
D,, if x € white matter region of the brain.
This is then implemented on a 3-dimensional brain atlas that describes where the white and
gray matter of the brain are spatially, to the resolution of one cubic millimeter voxels [41].
My own work is focused on extending these glioma models to include tumor—stromal
interactions mediated by paracrine PDGF signaling. Because we have interacting species
that operate on different spatial and temporal scales, namely cells and molecules, a large
component of extending these models was finding a way to bridge these scales, giving us a

multi-scale model.



1.2 Overview.

In this dissertation, I begin by modeling the wounding process in the brain (Chapter this
introduction is Chapter . Since PDGF plays a role in wound healing and contributes to
the formation of gliotic scars, I have here modeled the interplay between glial progenitor
cells and PDGF released following a needle wound. This was largely based on the controls
from the experiments done in [9,]10]. Although this model was actually created after the full
tumor model in Chapter [ T have presented it here first as a simpler introduction to the
modeling approach taken for bridging scales. First, we walk through the model design. I
then analyze the linear stability of the model at the uniform steady states, both to spatially
homogeneous and spatially heterogeneous perturbations (Section . My analysis shows
that the model is stable in the physiologic domain, and therefore I would not expect to see
any patterning for physiologically relevant simulations. Finally, I present model simulation
results. My model shows the formation of a stable durable gliotic scar in response to the

PDGF released during the wound incident.

We expand upon this wound model in Chapter [3| by adding a source term. This chapter
consists of a paper submitted to the Journal of Theoretical Biology in 2016. Adding the
PDGF source allows us to investigate the effects of varied PDGF secretion behavior follow-
ing an injury. After discussing the formation of the model itself, we examine the results
from a set of simulations spanning the range of PDGF secretion parameters. These simula-
tions show that different dynamics of PDGF secretion can lead to the mild recruitment of
oligodendroglial progenitors seen in small healed wounds as observed in Chapter [, through
longer lasting periods of recruitment such as with scars, to large areas of recruitment that
persist for long periods of time, similar to neoplasia. We discuss the implications of this,
including the connection with case reports of tumors that developed in regions of patients’

brains in locations where years prior there had been traumatic brain injury.

Chapter 4| consists of a paper published in the Journal of the Royal Society Interface
in 2012 [67). This paper presents a model of the experimental PDGF-driven tumors in [9]



simulated in one dimension with spherical symmetry (that is, we look at what happens along
the radius of a model tumor). We call this model the proliferation-invasion-recruitment (PIR)
model. Since the paper was written for a more general audience, I walk through the more
basic model assumptions, present the model, and then turn directly to presenting simulation
results. Going through the simulation results, we see that the model corresponds well with
the experiment, and suggests that dramatic levels of recruitment are compatible with the
growth dynamics seen in human glioma cases. Furthermore, the level of recruitment could
at least in part explain some of the variation in observed human growth dynamics (i.e.,
recruitment leads to more nodular lesions). Finally, I discuss some of the experimental
methods relevant to model creation and go through the finer details of model development,
which were originally given in the supplemental material to the paper.

Important to model creation was data analysis and parameterization, which gets full
treatment in Chapter [f] Through strong collaborations with researchers in the departments
of Neurosurgery and Neuropathology at Columbia University, I had unique access to vast
amounts of cell tracking data to examine and quantitatively characterize cell behavior in
experimental tumors. This gave us the opportunity to use data to parameterize the prolifer-
ation and invasion rates of tumor cells. Some of this parameterization was given in the paper
of Chapter [4] and its supplement, but I expand on the discussion of this analysis, placing
it in a larger context. Here I also discuss the utility of individual cell tracking analysis for
examining the efficacy of potential anti-invasive therapies, as I did for the analysis in [49].

In Chapter [A] T find the steady states of the PIR model. Only one of these turns out
to be physically possible. However, this steady state is physiologically unattainable since it
occurs when the entire brain has become tumor—Ilethality occurs well before that.

Sensitivity analysis of the PIR model is presented in Chapter [6] This was done using the
technique of Latin hypercube sampling (LHS) with Monte Carlo simulations and partial rank
correlation coefficients (PRCC). In this chapter, we walk through the steps of the technique
and discuss its application for our particular analysis. Finally, we look at the results of the

sensitivity analysis and discuss the implications.



I extend the PIR model to two dimensions in Chapter[7] executing simulations on a mouse
brain atlas with different diffusion rates in gray versus white matter regions (improving the
original model which was not able to handle this geometric consideration). The material in
this chapter was submitted as a paper to the Bulletin of Mathematical Biology in 2016 to
be included in a special issue on Mathematical Oncology. Simulations focus primarily on
comparing the effects of varied rates of PDGF secretion (and thus rates of recruitment) and
varied gray—white differential diffusion rate on tumor growth. Those with higher recruit-
ment grow faster, and tumors with recruitment are more nodular than those that have no
recruitment. This result is similar to the one found for the 1D PIR model. Simulations with
increased difference between the rate of diffusion in gray matter versus the rate in white
matter show a greater proportion of tumor contained in the white matter. This is consistent
with findings in human glioma that some tumors show a greater proclivity for white mat-

7

ter and are thus noted as “white matter disease.” The 2D model simulations also present
more compelling visual comparisons to the experiment, appealing to the biological audience.

Overall, we see that recruitment remains important to understanding glioma growth.
1.3 Goal.

Ultimately, the goal of my work in this dissertation is to connect the experimental with the
human. Through mathematical tools, I have aimed to better flesh out the implications of
paracrine PDGF signaling in interactions between glioma and brain stroma for the human
disease. Hopefully this will help guide future understanding of the larger picture of glioma

growth and lead to new therapeutic opportunities.



Chapter 2

MODEL OF NEEDLE WOUNDING EFFECT IN BRAIN
TISSUE IN EXPERIMENTAL RAT MODEL

2.1 Background

Experiments have shown that a genetic alteration in one cell population can cause other
cell populations to behave as cancer ﬂg],, but those experiments involve injecting brain
tissue, thus causing injury. It is also known that injury to brain tissue can cause a release
of growth factors that cause cells to divide (proliferate) and migrate (diffuse), apart from
any substances that are injected locally. Because the needle insertion injury incurred during
injection stimulates production of the same growth factor as that which is upregulated by
the experimental virus, studying a control injection gives a basis on which to build the more

complex model.

Figure 2.1: Gliosis due to injection of control virus. A. Slice of rat brain injected with
control virus (i.e., not expressing PDGF), stained with hemotoxylin and eosin (H&E). Arrow
points to location of gliotic scar. a’ and a” show location of injection in overall rat brain. B.

Higher maginification of the scar histology. Images reprinted from [9).



To differentiate between (a) the effect of transducing cells (i.e., cells are infected with a
retrovirus that causes a change in their genes) to induce a glioma-like tumor in an animal
model and (b) the effect of inserting the needle, an experiment was done with a control virus
(i.e., one that does not cause a genetic change) [9]. This virus lacks the part that codes
for upregulating the growth factor, and this “empty” virus produces no tumor. Instead, it
produces a localized region that is denser than the surrounding tissue, called a gliotic scar,
in a process known as gliosis (see Figure .

When cells are injured by the needle and the pressure from injection, they naturally
release growth factors to help aid in repairing the demage to the tissue, not unlike the process
that occurs when the skin is cut, then scabs over and heals. Those growth factors cause cells
to divide rapidly and migrate in to replace the damaged stromal cells and reconnect blood
vessels, thus restoring the tissue overall, but leaving the gliotic scar.

We can model this process of gliosis with two equations: one describes the growth factor
dynamics initiated by the injury, and the other describes the cells that respond to the growth

factor to repair the damage to the brain tissue.

2.2 Model Equations

The first equation for the wound describes the cells that respond to the release of growth
factors by the injury. The cells divide and migrate, through diffusion and chemotaxis, in a
spatially and temporally dependent manner, so we have a reaction-diffusion-advection partial

differential equation:

rate of
change of L
glial diffusion of glial PDGF dependent hﬁf}flt net
progenitor progenitor cells, exponential net prﬁ iferation
density depends on local proliferation at %' ei? §pa§e
A~ = PDGF concentration low cell density 1S limite
or O — N — r
5 =V (D(np)Vr)+ pr(p)r (1 — g) (2.1)

TV
net proliferation of
glial progenitor cells

The second equation describes the behavior of growth factor released by injured cells to
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incite repair of the tissue. Growth factor is consumed by the progenitor cells, r, and diffuses
into the surrounding tissue. We do not incorporate any PDGF decay because consumption
occurs on a much faster time scale, such that no PDGF remains to decay. For this equation

we have the following reaction-diffusion partial differential equation:

rate of
change of rate of percent
extracellular PDGF of cell
PDGF consumption receptors
concentration diffusion by glial bound
/-5\ of PDGF progenitors to PDGF
D [ P
5% =V (DVp)= "o B (2.2)

TV
consumption of PDGF
by glial progenitors

2.2.1 Model Formulation

In formulating our model, we started with the formalism of reaction-diffusion partial differ-
ential equations to capture the movement (diffusion terms) and birth/death (reaction terms)
of cells and PDGF. We could use a reaction-diffusion-advection system to account for any
advective or chemotactic movement, but data suggests that diffusion is a good approxima-
tion for the movement of the cells we are interested in (see [30,092] and chapter [5)), as well
as for that of the PDGF molecules. Thus, for our purposes, it was not worth the added
computational cost of including an advection term.

Reaction. For the cells, r, we have an experimentally observed cell division rate, p,
giving a birth term of the form p,r. There is no death or loss of r cells. Moving to the equation
for PDGF, p, we have no birth term, only a death term. In the wounding experiment, our
only PDGF source is the initial release of PDGF, pg; since we assume no PDGF is produced
beyond the time of injury, ¢, (see section for details on initial conditions), we do not
have a birth term in the PDGF equation. We do have a death term in our equation for
PDGEF, p, however, as the PDGF molecules are taken up by the r cells. The most basic form
of this death rate is —¢.(p)r, where ¢,(p) is the rate of consumption, which is dependent
upon p. This dependency is discussed in the section below about Michaelis-Menten terms.

Diffusion. In the case of the r cells, we have an experimentally observed net migration

rate, D,. (Throughout, the overline on D’s and p’s indicates the attained or observed rate as
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opposed to a mazimal rate, since, as we discuss in the following paragraphs, these parameters
are dependent on variables.) The diffusion term in our PDE thus takes the form V- (ETVT).
The diffusion term for the PDGF, p, is similar: V - (D,Vp).

The model as described thus far, has the form:

% =V (ETVT) +p,r
Op
5t =V (DpVp) = a:(p)r.

However, this is not sufficient to describe the basic dynamics of the experiment. For example,
we have not included the dependency on PDGF, p, in our equation for the r cells. Therefore
we require a few refinements.

Logistic Growth. The brain is a finite domain with a no flux boundary, i.e. the skull.
Because cells take up space and there is limited space in the brain, it has a carrying capacity,
which we represent with parameter K in units of cells/mL. This carrying capacity not only
affects the birth rate of new cells - meaning that fewer new cells can be made in a dense
location, it also affects the ability of cells to move (not unlike traffic flow responding to
the density of cars on the road.) We account for this density restriction upon the cells
via a multiplicative logistic growth factor of the form (1 — %) that we incorporate into the
diffusion and proliferation terms of the r cells. Thus, at higher values of r, this factor gets
closer to 0, scaling down these rates, whereas at low values of r, the value of this factor is
closer to 1, imposing little constraint on the rates of migration and proliferation.

Michaelis-Menten Kinetics. An additional refinement to our equations involves in-
corporating the dependence of terms upon p. First and foremost, the rate of consumption
of PDGF by cells depends on the local concentration of PDGF, as little may be taken up
when little PDGF is locally present. Furthermore, through uptake of the PDGF signal, the
cells will increase their rates of migration and proliferation. To capture these dependencies,
we rely on the Michaelis-Menten formalism of enzyme kinetics.

Briefly, this formalism states that the observed rate of a reaction (in this case free PDGF
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molecules binding to cell surface receptors and being taken up) is equal to the max reaction
rate multiplied by the ratio of substrate concentration to substrate concentration plus a
constant. This constant is the substrate concentration at which the half maximal reaction

rate is attained, called k,,.

That is,
Rateobserved _ Rate™**[substrate] (2.3)
k.., + [substrate]
Specifically, for our consumption rate ¢,(p), we have
observed max p
(p) = — gnar L 9.4
4 (p) =4 L — (2.4)
and thus our equation for dp/0t becomes:
dp p
— =V -(D,Vp) — q.——r, 2.5
T (D,Vp) — ¢ . (2.5)

where we take parameter ¢, to be the maximum possible consumption rate per cell. E|
Incorporating the dependence of proliferation and migration rates is somewhat similar,
but relies on another parameter, the EC5y. This constant is the concentration of a substrate,
in our case p, at which the half maximal effect is observed for some “downstream” action of
the substrate, such as cellular proliferation and migration.
Replacing the Michaelis-Menten k,,, with ECjp results in the Pharmacodynamic (PD)

term:
[substrate]
EC5y + [substrate]”

Effect®ed = Effect™ (2.6)

This form corresponds with the curves in Figure 2.2l Notice that the curve for ECs5y =
10'/2 most closely approximates the data (shown by the circles), but the shapes of these
curves don’t quite match the shape given by the data.

However, when we change the response, scaling all of those terms by k,,, as with the rate

!Compare this consumption term with equation (6.42) in |75], ds/dt = —Qs/(km + s), which describes
uptake of a substrate. The primary difference is that our rate g, is “per cell” and thus multiplied by the
local number of cells.
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Dose Response Curves for Various Ecso values

_ECM =01
—Ecw =0.31623|7
EC,, =1
——EC,_ =3.1623

—_EC_ =10
= 31.6228
=100 ||

Response, % of max,
PIEC,, +p)

(2]
g & & &

—EC

]
10% 107 10° 10’ 10? 10° 10*
PDGF ng/mL

Figure 2.2: Response Curves: Simple Pharmacodynamics form. Here we see the dose
response curves that correspond to the Pharmacodynamic (PD) formulation of downstream
response to PDGF. Legend indicates the varied EC5g parameter value corresponding to a
given curve. Circles correspond to data from . Notice that these do not quite fit the

shape suggested by the data.

terms above, we have:

[substrate]

observed __ max km+[substrate]
Effect = Effect ECy ., b (2.7)

km+ECso

km+[substrate]

which results in the curves shown in both panels of Figure[2.3] As you can see in those plots,
we get curves whose shape better approximates that given by experimental data . These

curves also suggest the best parameter value choices for k,, and ECj:

k., = 30 ng/mL and ECy5 = 102 = v/10 ng/mL. (2.8)
Letting
EC5
= and v = B(ECs) = —————, 2.9
B(p) km + v = B(ECx) ko + ECs (2.9)
to make things less messy in appearance, we have response
[substrate]
Effect®™ved = Effect™ B t[substrate] = Effectm3LXM (2.10)
ECsg [substrate] v+ 6(29) : ’

km+ECso km+[substrate]
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A Dose Response Curves for Various EC, values, with k_ = 30 ng/mL B pose Response Curves for Various k | values, with EC, =3 ng/mL
1 T 1 T T T

T

[E:] o

[E:]

0T

06

05k

—EC, =01
——EC,, = 031623 04
EC =1
——EC, =3.1623
——EC, =10 ¥ ozp

EC,, = 31.6228
——EC,, = 100
I

=01
——k_=0.31623| |

K =1
—k_=31823 | |

—k

Response, % of max
a{p)iy + 4(pl)

0.3

102 107! 10° 10! 10? 10° 10* 102 107! 10°? 107 10?2 10° 10t
PDGF ngimL PDGF ngimL

Figure 2.3: Response Curves: Incorporating k,, and EC5,. Panels show the modified
response, where we have scaled by k,, to better match the shape traced by the data points.
Because this response includes k,,, we have a panel with varied EC5, (A) as well as a panel
with varied k,, (B). Legends indicate values of the varied parameter value corresponding to
a given curve. Circles in both panels correspond to data from . Panel A shows varied
ECsq for fixed k,,, = 30 ng/mL, while panel B shows varied k,, for fixed EC5y = 3 ng/mL.
Notice that the curve corresponding to ECs, = 102 =~ 3.1 ng/mL (panel A) and that
corresponding to k,, = 10%? ~ 31.62 ng/mL (panel B) best fit the data points.

Thus our cellular diffusion rate in response to PDGF now takes the form:

- B(p) r
D.(r,p)=D,——— (1 - —, 2.11
(%) v+ B(p) < K ) #11)
and the proliferation rate:
_ Bp) r
L =pr——— (1 ——= ). 2.12
=i (T R) 212
Finally we arrive at the model equations presented at the beginning of the section:
or B(p) r ) B(p) r
—=V- | D,———(1—=|)Vr )| +p———— (1 ——= 2.13
ot ( 7+6(p)< K> ' p7+@(p)( K>r (213)
dp p
Y _VvV.-(D — ¢p——T. 2.14
5 =V (DpVDp) i (2.14)

with initial conditions rg and pg, as discussed in the following section.
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2.2.2  Initial and Boundary Conditions

For this model, we have an inciting event that sets everything in motion: the injury. Since
the injury occurs over a very short period of time, we start the simulations immediately
post-injury, avoiding the complexity of simulating the event itself. Thus, we start with a
non-zero initial condition for p, i.e., the amount of PDGF released upon injury.

Initial PDGF Concentration, p,. While we do not have an exact, measured value
for pg, we do have data from looking at proliferation rates in brain tissue, with and without
added PDGF [10]. Briefly, this experiment compares cellular proliferation of cells in rat brain
tissue in tissue with added exogenous PDGF (experimental condition), and without (control
condition). The harvested tissue (without any added exogenous PDGF) has some level of
PDGF due to the injury involved in removing it from the animal, so through comparing these,
we can estimate the PDGF released by injury. Specifically, it was observed that adding 100
ng/mL of PDGF to the experimental condition caused an approximately four-fold increase
in proliferation rate as compared to the control condition.

Thus, they both start with some baseline amount, which we’ll designate with variable
s. Then the experimental case is given additional PDGF, so that the control has s ng/mlL
PDGF, and the experimental condition has s + 100 ng/mL PDGF. Response is measured in
proliferation, a downstream effect of PDGF, so we can use our downstream effect response

term in our model equations, where response to PDGF is

_ Bp)
R@%_7+5@V

In our model, we use parameter values k,, = 30 ng/mL and ECsy = /10 ng/mL (see

equation (2.8) and preceding paragraph).

Using this response term in combination with the experimental result, we have the rela-

where 3(p) = — P and v =

- 2.15
p— (2.15)

tionship
R(p+ 100) = 4R(p) (2.16)

which means “response in the experimental case is equal to four times the response in the

control case.”
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Expanding this relationship using the definition of R(p), we have:

R(p + 100) = 4R(p) (2.17)

B(p + 100) _ 4 B(p) (2.18)

v+ B(p+100) v+ B(p)

which we then solve for p (detailed algebra can be found in the following chapter, in sec-
tion .
This gives us

p = 0.8415, ~103.45 (2.19)

Since the latter of these does not make sense as a physical quantity, we adopt the first as
our approximate value for py:

po = 0.8145 ng/mL. (2.20)

The control and experimental conditions from the experiment are plotted against the
model dose response curve in Figure [2.4]

Initial Glial Progenitor Cell Density, ry. Glial progenitors, r, have a baseline level
of about 7y = 2.21 x 10° cells/mL. This was determined by counting glial progenitors labeled
by an injection of immunofluorescent labeling proteins. 250 cells were found in a spherical

volume of radius 300 ym = 0.03 cm, which gives us 22— cells/cm? or cells/mL (personal
(

(4)7-0.033
communication from Peter Canoll, June 2008). Evah;zm)ting this, we get approximately 2.21 x
10% cells/mL. In the human brain, glial progenitors have a maximum relative abundance of
about 3-4% [79,87,88], and if we let 3% of our estimate for the normal cellularity of the brain
represent glial progenitors, we also arrive at approximately 2 x 105. While our experiment
takes place in rat brains, and not those of humans, this data confirms that our cell count
based estimate provides a reasonable order of magnitude from which to start.

Boundary. Although the effect of this wounding event occurs locally and does not show
an effect in a distant region of the brain, we take the whole brain as our domain, and the skull

as the boundary. This best matches the actual biological setting. For simplicity, we simulate

the model in one dimension, assuming spherical symmetry. The rat brain is approximately
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_PDGF Dose Response
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Figure 2.4: Control and Experimental PDGF concentrations in relation to dose
response curve. Here we have plotted the value computed in section [2.2.2| as corresponding
to the PDGF concentration due to wounding , as well as that for the experiment with
100 ng/mL exogenous PDGF added, on the dose response curve. It is easy to see that the

response level of the experiment is four-fold higher than that of the control, as found in [10].

1 ¢m in diameter, so we have a no-flux boundary at x = 1, and the initiating event takes

place in the center, at x = 0.

2.3 Analysis of the wounding model

In a reaction-diffusion model with two or more species on a finite domain, it is possible for
the system to exhibit diffusion-driven instability [76]. Since we have the minimum number of
species necessary, we should investigate whether there might be a parameter space for which
we could see patterning occur in our model. To do this, we will do a linear stability analysis

of the uniform steady state.
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2.3.1 Uniform Steady State

To solve for the uniform steady states, we set the temporal and spatial derivatives in the
equations (2.1)) and (2.2]) equal to 0 and solve for the variables, r and p.
Starting with (2.1), and using r*,p* to denote the steady state values of our variables,

o=, B (T
e =0= 0 (1 K) (221)

The roots of this equation, given p* # 0 are r* = 0, K. For p* = 0, r* can be anything.

we have:

Looking at our other model equation (2.2)) for other steady state solutions, we follow the

same procedure and look at:
pe=0=—qr"B(p") (2.22)

which is true for either p* = 0 or * = 0. If p* = 0, then r* can be anything. If r* = 0, then
p* can be anything. Thus, we have infinitely many steady states along the two lines, and
write these steady states as (r*,p*) = (r,0) and (0, p).

We also have the r* = K from the first equation, but in the second, if we have r* = K,
then we require p* = 0. Thus, this is not a separate equilibrium solution.

Further, it is important to note that for certain negative values of p (note that these
would be nonphysiologic, and are thus not in the model domain for simulations), we could
be dividing by a zero and have an undefined solution. These values are at p = —k,, and
p = —7kn/(1+7), as can be seen by setting the denominators of 3(p) and of the downstream
response term equal to zero, and solving for p.

Briefly,

B(p) = ——, (2.23)

so when

km+p=0 = p=—k, (2.24)

we have a zero denominator and equations (2.21)) and (2.22)) are undefined.
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Similarly, our response term is

B(p)
: 2.25
v+ B(p) (2:25)
so when
+ =~ - 2.26
v+ Bp) =7 o (2.26)
p
— 2.97
—— ¥ (2.27)
—p=—7kn+p) =—vkn —p (2.28)
= p+w=p(1+7)=—7vkn (2.29)
P=T (2.30)

then we have a zero in the denominator and (2.21)) is undefined. Again note that p < 0 does
not make sense physiologically, and we do not encounter any negative values of p during
model simulations.

Thus we have nullclines at the following three lines:
r*=0, ™=K, p*=0, (2.31)

and lines of ill-definition at the following two lines:

__km7
= 1_'_7,

p p=—km. (2.32)

Using these lines will be useful in the following section when we look at the eigenvalues of
the linearized system.
Assuming we stay within the physiologic domain (i.e., r € [0, K] and p > 0), we see that

there are multiple uniform steady state solutions to the model:
Steady State 1: (r*,p*) = (0,p), Vp >0 (2.33)
Steady State 2: (r*,p*) = (r,0), Vr € [0, K] (2.34)
the latter of which includes the equilibrium point (r*,p*) = (K, 0). For very large initial py,

we see in the phase portrait that the solution is drawn toward r = K, and then to p = 0,

making this a particularly noteworthy point on the line of equilibrium points p = 0.
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2.3.2  Linear Stability - Spatially Homogeneous Perturbations

Using the steady states found in the previous section, we can now evaluate the linear stability
of the uniform steady state to spatially homogenous perturbations. To do this, we first

linearize the equations (2.1 and ([2.2]) about (r*, p*) using the vector

B(t) = M) _ o= (2.35)

p(t)|  |p(t) —p"
where 7(t) and p(t) are spatially homogeneous perturbations, and where [T(t)| is assumed to
be small.
Rearranging, we find (r,p) = (# — r*,p — p*) and then substitute this into the model
equations ([2.1)) and (2.2). Collecting terms of order O(|v(t)|), this gives us the linearized

model equations:

or

O R o)+ R ) (2.36a)
ap * ~ * %\ A
i P.(r*,px)7 + P,(r*,p")p (2.36b)

where R and P denote the reaction terms of the model equations:

_ B r
R = prmr <1 — E) , (2.37)

P = —qrf(p), (2.38)

and R, R,, P., P, are the partial derivatives of those, taken with respect to r or p, as indi-

cated:
b B (p*) 2
R = 0 (1250 (230
N S Vhm
Rp<7" ,D*) = pr (1 K) (km+p*)2(7+5(p*))2 (2.40)
P.(r*, px) = —q, 3 (p*) (2.41)

km

oL (2.42)

P,(r*,px) = —q,r"
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General solutions to (2.36]) have the Fourier spectrum form:
W o Wy exp{At}, (2.43)

where \ is an eigenvalue and w, an eigenvector of the stability matrix A, which is the
Jacobian matrix containing the partial derivatives of the reaction terms of equations ([2.1)

and ([2.2)), taken with respect to r and p, evaluated at the steady state, (r*, p*):

R, R,
A= (2.44)
P, P,
- (T*vp*)
[ B(p*) _ 2r* * _rr Ykm
= Praesem) ( K) prt (1 K) (km+p*)(v+B(p*))* (2.45)
| _QTﬁ (p*) _QT‘T* (km]i;)*f
and satisfies
\wy = Aw,. (2.46)
In order for nontrivial solutions to exist, A must satisfy:
R.— X R,
|A— | = =0. (2.47)
P. P,—
Expanding the determinant, we find
|A—=X|= (R, — A (P,— ) — R,P, (2.48)
=X - \(R,+P)+ (R.P,— R,P)=0 (2.49)
=\ = \tr(A) +|A| = 0. (2.50)

Setting this equal to zero and using the quadratic formula, we find the eigenvalues

AL Ao = % {(RT +PB,)+ \/(RT + B’ —4(R.P,— R,P,)| . (2.51)
_ % [ir(4) + \/{x(A))? — 4[4]] (2.52)

Now, when either Re(\;) > 0 or Re(A2) > 0, the uniform steady state (r*,p*) will be

linearly unstable, since the perturbation vy exp{At} grows exponentially with time, diverging
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from the steady state. On the otherhand, if both Re(A;) < 0 and Re(A;) < 0 the perturbation

will decay with time and return to the steady state.

Linear stability, meaning Re(\;2) < 0, is guaranteed if and only if

tr(A) =R, + P, <0and |A| =R,P,— R,P, > 0.

If we evaluate A at (r*,p*) = (0, p*), then we have

Thus, this gives

and

A:

tr(A) = p,

B(p*)

Prys)

_qrﬁ(p*)

det(A) = |A]

which gives the eigenvalues, using ([2.52]),

1
AL, A = 5 (pr

1
:§pr
1
T2

B(p*)

B(p*)

v+ B(p*)
B(p*)

v+ 6(p*) =0
) B(p”)
Y+ Bpr)

0
0

B(p*)
v+ 6(p*)

=0,

B(p*

_Bw)
"y + B(p¥)

B(p*)

)i\/(mm

)

(2.53)

(2.54)

(2.55)

(2.56)

(2.57)

(2.58)
(2.59)

(2.60)

We can look at various regions of p, between (and at) the nullcline (2.31)) and lines of

ill-definition (2.32)) p = 0, —vk,,/(1 4+ ), —k,, to see what values the nonzero eigenvalue, A\

takes in those regimes:

p* >0

pr=0
_km *
—'Llﬂ <p* <0
o * —Ykm
k,, <p* < T

p*<_km

e

DT @

V

I
o O o o o

VoA A

B®*)
) y+B(p*)

B®*)

> y+B(p*)
B(p*)

> v +B(p*)
B(p*)

> v+B(p*)
B(p*)

? y+B(p*)

I

A1 >0
A =0
A <0
A >0
A1 >0

(2.61)
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Of course, when either p* = _ﬂf;” or p* = —k,,, then \; is undefined (see (12.24] - and -

and surrounding text).

Thus, looking at the nonzero eigenvalue A\, we see that the line r* = 0 is stable only for
%k;" < p* < 0 (which corresponds with the phase diagram drawn with pplane, Figure ,
left panel.)

If we evaluate A at the other uniform steady state, (r*,p*) = (r*,0), then

0 Pt (- )

A= o , (2.62)
0 —
and therefore we have
tr(A) = _]Z” (2.63)
and
|A| = 0. (2.64)
Again using (2.52)), these give eigenvalues
A Ay = = q’“r (2.65)
1 —Yr —Yr
= ‘1 q (2.66)
1, —q
=32 IZ "0 (2.67)
A, Ay = _g” 0. (2.68)

Looking at different regimes of r we see the values taken on by the nonzero eigenvalue
AL
<0 = AN>0
=0 = M\ =0 (2.69)
>0 = M\ <0

Thus, we have stability along the line p* = 0 only for »* > 0.
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It is worth noting that each of these lines of equilibria have zero as an eigenvalue; zero-
valued eigenvalues occur only when there is more than one equilibrium solution, and we have
infinitely many points that satisfy the condition along the lines p* = 0 and r* = 0.

According to and , we have linear stability to spatially homogeneous pertur-
bations for the steady state (2.34), where p* = 0. Since our initial condition rq is positive
and is an increasing function, we are never near the equilibrium solution at r = 0
in simulations, and have that r is strictly positive; therefore, stabilty at this steady state
indicates that we have stability for the physiologically relevant model domain.

To illustrate these results, we have drawn a schematized phase diagram (Figure and
zoomed in on regions of the phase portrait with the software PPLANE (Figures and .

2.3.8 Linear Stability - Spatially Heterogeneous Perturbations

Now that we have examined the stability of the model to spatially homogeneous pertur-
bations, we now turn to the question of whether the uniform steady state that is stable to
homogeneous perturbations (namely the equilibria (r* > 0, p* = 0) ) could be driven unstable
by diffusion.

To do this, we again linearize the system , about steady state (r*,p*), but

this time consider the spatially heterogenous perturbations

r(x,t r(z,t) —r*
w(x,t) = (1) = (1) : (2.70)
Now our linearized model equations are, assuming a simplified constant diffusion coefficient

for r,
ow(z,t) = Aw + DV*w, (2.71)
where A is the stability matrix given in equation ([2.44)) or in expanded form, (2.45)).

and D is a matrix containing constant diffusion coefficients of the model

D, 0
D= . (2.72)
0 D,
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Figure 2.5: Phase portrait. Solid black lines represent uniform steady states. The thick
black line represent stable steady states; the thinner black lines, unstable. Dashed blue lines
represent values of p for which the model is undefined. The gray shaded regions indicate
values of r and p that are outside the physiologic domain and includes the values that cause
the model to be undefined. The solid blue line indicates the carrying capacity, K, which
affects the direction field toward the stable steady state. Blue arrows represent the direction
field. The line p = 0 for r > 0 is the steady state of most interest for physiologically relevant

outcomes, since we have p > 0, and rog < r < K, with ry > 0.

Note that the constant D, here is taken to be the maximum possible diffusion rate in the

full model equation ([2.13)).
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Figure 2.6: Phase Diagram, p > 0. These two plots show the phase plane for large p (high
levels of PDGF). On the left: for initial positive PDGF, at low to moderate levels, r reaches
some larger steady state value, but cannot reach the carrying capacity before the PDGF is
depleted (p = 0). On the right: for sufficiently large p, the model attracts to r = K (reaches
carrying capacity), and then to p = 0 (PDGF becomes depleted).

Now, general solutions of the linearized system (2.71]) can be written in the Fourier form

W(r,t) = cpexp (A(k)t) Wi(x), (2.73)

k

where the ¢, are constants that can be found from initial conditions using Fourier analysis,
the eigenvalues A(k) are the linear growth rates of perturbations, and the W} are time

independent eigenfunctions of the model equations.

Now for nontrivial solutions to ([2.71)) to exist, we must have eigenvalues that satisfy

|A(k)] — A+ DE*| =0 (2.74)
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Figure 2.7: Phase Diagram, —35 < p < 10. These two phase planes are zoomed in to
small p, positive and negative, enabling us to better see what happens near the nullcline at

p = 0, and lines of ill-definition at —ﬁ—j, —k,,. On the left, » = 0 is centered, so can see what

_'Ykm

T <P < 0, and unstable otherwise.

happens for » < 0; can see that » = 0 is stable for
On the right, » > 0, including » = K; notice that, given r > 0, if p goes slightly negative,

it will attract back to p = 0, such that p = 0 attracts from both sides, so long as p > =2m

1+~
Since p < 0 is nonphysiologic, this is an important result.
Working with the simple version of A ([2.44)) for convenience:
) A0 R, R, D, 0] ,
|Mk)I — A+ Dk*| = - - k (2.75)
0 A P, P, 0 D,
(\~R.+DJK R
= ? (2.76)
—P, A — B, + D,k?
(2.77)
= (A= R, + D,k*) (A — P, + D,k*) — R, P, (2.78)

=X+ (D, + D,)k* — (R, + B,)) + D.D,k* — (R,D, + P,D,)k* + R, P, — R,P. (2.79)
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=X+ A ((Dy + Dp)k* — tr(A)) + D, Dyk* — (R, D, + P,D,)k* + det(A) (2.80)

Since we only had stability for the uniform steady state (2.34) at p* =0, r* > 0, we will
look at A evaluated there (2.62)) and its trace (2.63) and determinate (2.64]) to evaluate the

coeflicients. The coeflicients then become:

for A*: 1 (2.81)
for ' : (D, + D,)k? + qk—T (2.82)
for A° : D, D,k* + qlz—rD,kQ (2.83)

Letting the coefficient for A = a, that for A\! = b, and that for A\’ = ¢, we can use these

coefficients in the quadratic formula

—b+ Vb —4
A1 = ac) (2.84)
2a
which, since in our case a = 1, becomes
1
)\172 = 5 <—b + v b2 — 4C> . (285)
First, we look at the argument of the square root, inserting our coeffients b and ¢ and
expanding:
7\ 2 r*
((DT + Dp)k* + qk—> —4 (DTDpk‘* + q];’—Drkz) (2.86)
* * 2 *
— (D, + D, k* + 2qk”" (D, + D,) k? + (qk—r) — AD, Dk — 4(1;—7“&/{;2 (2.87)
* * 2 *
qrr qrr qrT
— (D2 +2D,D, + D2) k* + 25— (D + D) K2+ [E] — 4D, Dyk* — 4 i D,k
(2.88)

Now, collecting by powers of k:

¢’

= (D} +2D,Dy + Dy = 4D, Dy) k* + =

w2
(2D, + 2D, — 4D,) k* + (%) (2.89)
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* %\ 2
— (D> =2D,D, + D?) k* + q];r (2D, — 2D,) k* + (qk—r> (2.90)
N 2
— (D, — D,)* K k " (D, — D) i + (qk—r) (2.91)
N 2
_ <(DT D)k — q];r ) (2.92)

Finally, we put this argument of the square root back into (2.85))

;*) + \/((D D,) k2 — q};:y (2.93)

_ % (_ ((D + D)k + > ((Dr D)k q}f;)) (2.94)
=0, % (—2 ((D + Dy)k* + )> (2.95)

¢
2.
- (2:96)

1
)\172 - 5 - <(Dr + Dp)kz

=0, —(D,+D,)k*—

Since all our parameter values are positive, and we are looking at the steady state for
which r* > 0, then for £ € R, we have one negative real-valued eigenvalue and one zero-valued

eigenvalue. In this case, we do not have diffusion-driven instability.

2.4 Simulation Results

We solved the model numerically using the pdepe function in MATLAB, on a spherically
symmetric domain, using the initial conditions given in [2.2.2, Our time steps were half days,

and our spatial steps were 1/375 = 0.0027 cm, which is equivalent to 27 pm.

There is an 11% increase in cell density directly at the wounding site relative to the
baseline level of glial progenitors, as can be seen in Figure [2.8, which is reached by about 5
days after the injury (see Figure . The increased density near the wound site persists for
the remainder of the simulation, which was 50 days; this is consistent with our understanding

of gliotic scar formation in the control experiment [9].
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Figure 2.8: Glial progenitor cells, r vs. brain radius. Solving the model system
numerically and looking at the glial progenitor cell density profile, we find good agreement
between the simulation result and the experimental result. The simulated glial scar is less
than 0.1 cm, or 1 mm (compare with Figure , where the scar appears to be about 0.5

mm. The densest region consists of ~ 11% more progenitor cells than the baseline.

The PDGF level correspondingly shows a rapid drop-off over the first 5 days (Figure,
although at 5 days our model does not show that it is entirely depleted (Figure . The
highest PDGF concentration at 5 days post wounding is ~ 1.7x 1072 ng/mL. Comparing with
the dose response curve of the model in Figure [2.4] it is likely that this low concentration
of PDGF, while nonzero, is insufficient to recruit further progenitor cell growth through
increased cell division and migration. Since we have a large number of progenitor cells, we

expect that this level will continue to decrease as those cells consume, but do not respond

to, the PDGF.



31

o5 «10° Clellular densit?f vs. time, mulltiple Iocatiorlms
g
K 245
a “ r |
L
)
> 24f
‘0
c -
[ ——at wound site
T35¢) ——0.025 cm out |
°© ~——0.050 cm out
Q
E
L 23} .
c
&
S 225 1
s
= 22 1 1 1 1

0 5 10 15 20 25

time (days post wounding)

Figure 2.9: Glial progenitor cells, r vs. time. The progenitor cell density increases and
reaches a maximum by about 5 days post injury at multiple distances from the wound site.

This increased density persists for the remaining time of the simulation.

2.5 Conclusions

Our results show that it is possible to capture some of the biological effects of a single release
of PDGF on the local tissue, and our very minimal model can describe limited local gliosis.
Additionally, if we were stable to spatially homogeneous perturbations but not heterogeneous
ones, we would anticipate that pattern formation could occur in the gliotic scar. However,
we are unable to meet the conditions for this in any realistic (physiologic) parameter space.

This is an uninteresting mathematical result, but is consistent with biological observations.

The relatively quick cessation of cellular recruitment means that the injury response we
have modeled will not lead to any tissue pathology such as scarring. While this is a good
thing biologically, this also reflects a limitation to our model. Many injury healing processes

do in fact lead to pathological outcomes, and we explore this in the succeeding chapter
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Spatial profile of PDGF, multiple times post wounding
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Figure 2.10: PDGF, p vs. radius. 5 days after the injury, we see that the highest level
of PDGF in the domain is still near the site of the injury, but has spread outward and is a

very small concentration ~ 1.7 x 1072 ng/mL.

(Chapter 3]). Further, this model also provides a basis for understanding a somewhat more

complex model of PDGF—driven tumor growth in Chapter [4
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PDGF level vs. time, multiple locations
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Figure 2.11: PDGF, p vs. time. At the wound site, the PDGF concentration decreases
rapidly in the first day, and continues to decrease over time, approaching zero. Less is
consumed when the concentration is lower, causing the decreased rate of PDGF depletion.
Further from the wound site, at 0.05 cm, or0.5 mm, we see the PDGF increase due to
diffusion moving the initially released PDGF to that location, and then a similar decrease

subsequent to that, as it is taken up by local glial progenitors.
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Chapter 3

VARYING PARACRINE PDGF SIGNALING DYNAMICS IN
BRAIN TISSUE

This chapter consists of a paper submitted to the Journal of Theoretical Biology in
September 2016.
Massey, S. C., Canoll, P., Swanson, K.R. Varying paracrine PDGF signaling dynamics

in brain tissue. Journal of Theoretical Biology, in review, 2016.

Abstract

Paracrine PDGF signaling is involved in many processes in the body, both normal and
pathological, including embryonic development, angiogenesis, and wound healing as well as
liver fibrosis, atherosclerosis, and cancers. We explored this seemingly dual role of PDGF
mathematically by modeling the release of PDGF in brain tissue and then varying the dy-
namics of this release. Resulting simulations show that by varying the dynamics of a PDGF
source, our model predicts three possible outcomes: (1) localized, short duration of growth,
(2) localized, chronic growth, and (3) widespread chronic growth. These results suggest that
extended duration of paracrine PDGF signal during normal processes could potentially lead

to pathologic conditions.

3.1 Introduction

Platelet-derived growth factor (PDGF) ligands and receptors are expressed by many cell
types and are implicated in many processes in the human body—both beneficial and harm-
ful. The cells that can produce PDGF are widespread and include vascular endothelial cells,

smooth muscle cells, macrophages, and astrocytes [29,43,/52,85]. Cells that express the
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receptors for these cells include a number of mesenchymal stem cells and stromal cells such
as fibroblasts and oligodendroglial progenitor cells [4,5,42,43,86]. Because they are fre-
quently found near each other, these two groups of cells, those producing PDGF and those
that express the PDGF receptor, can thus communicate with each other in paracrine signal-
ing loops, wherein one cell communicates to another nearby cell. This PDGF signal causes
the receptive cells to divide, move, and sometimes differentiate [29}36,/43]. Through these
paracrine loops, PDGF plays a pivotal role in development [14,45], contributes to angio-
genesis and maintenance repair of blood vessels 38,64, and in the central nervous system
stimulates axonal remyelination through the proliferation, migration, and differentiation of
oligodendroglial progenitor cells [1,82]. In addition to these beneficial roles, paracrine PDGF
signaling is associated with many harmful pathologic conditions. For example, it is involved
in the formation of scar tissue, being active in the processes of gliosis [102], liver fibrosis and
steatosis [22], atherosclerosis [19,86], renal diseases [1§], and even Alzheimer’s disease [66].
Overexpression of PDGF or PDGF receptors has been found in many cancers, as well, in-
cluding glioblastoma [44,60}/65,109}/113], prostate carcinoma |108|, chronic myelomonocytic
leukemia [6], colorectal cancer [59}77], and hepatocellular carcinoma [22,/115]. With many
studies uncovering stromal involvement in a wide number of cancers [28,|40, 58], it is clear
that paracrine signaling has broad importantance for cancer. PDGF is one contributor which
we have sought to understand better in the context of cancer, but studying its normal role
more fully can arguably give us an even greater picture of how paracrine PDGF signaling

contributes to pathologies such as cancer.

Previously, we have explored some of the effects of paracrine PDGF in the brain by
creating a mathematical model of PDGF—driven brain tumors, wherein paracrine PDGF
drives the recruitment of oligodendroglial progenitor cells (OPCs) to form large, fast-growing
tumors [67]. This mathematical model was based on the experimental results of Assanah, et.
al. [9], where retrovirally transduced cells secreted PDGF-BB, stimulating the proliferation
and migration of oligodendroglial progenitor cells (OPCs), thereby recruiting them to the

tumors, which closely resembled human glioblastoma. This is consistent with findings that
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OPCs express PDGFRa [81,]110]. We modeled the transduced cell population dynamics, as
well as that of the responding OPCs and unbound PDGF, and observed that levels of PDGF
signal could affect the growth of the tumor, both in terms of size and the steepness of the
density profile of invading cells [67,68]. This led us to question the role of PDGF signaling in
a broader context. Since PDGF signaling is involved in the stroma of tumors as well as other
diseased and normal tissue, we wanted to explore the threshold between these. Specifically,
what defines the boundary between a healed wound versus a fibrotic scar or even neoplasia?
When does a good thing become bad?

To help answer these questions, we set out to mathematically investigate the dynamics of
PDGF secretion and responding cells using a minimal modeling approach that focuses only
on the interplay between PDGF and a general target cell population, restricting ourselves
to the brain. Our present model is an adaptation of our previous tumor model, wherein the
source of PDGF' is more nonspecific—we know that a number of cell types release PDGF
in response to some stimulus, such as an injury event, but it is variable how much or for
how long the cells do so. In reality, this is further complicated by the involvement of other
signals, such as proinflammatory cytokines, which can modify PDGF release [48]. However,
for the purpose of our present model, we let the PDGF source simply decay over time and set
a maximum possible PDGF release amount. By varying these two parameters, we observe
a wide array of possible outcomes in terms of the recruitment of cells, from small localized
responses that stop growing in a matter of days, to extensive responses that continue growing

for weeks.
3.2 DMethods

To model the general process of PDGF signaling in the brain, we started with two equations
from our prior PDGF-driven tumor model [67]—those describing the dynamics of PDGF and
of recruited untransduced OPCs—and generalized them with a few modifications. Arguably
the most critical change is that in this model we have a nonspecific localized PDGF source

in the equation for PDGF concentration, with a secrection rate that decays over time. The
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decay of this secretion activity is indicated by a rate parameter, A\, and through another
parameter, S,,., we set the maximum value that the PDGF source may secrete. Another

notable change is that we do not model any autocrine signaling, only paracrine signaling.

3.2.1 Model Equations

Our model is composed of two coupled PDEs. The first of our model reaction—diffusion
equations describes the change in PDGF concentration, represented by variable p, as
a function of both the diffusion and consumption of PDGF. The second describes
the change in cell density, represented by variable r, over time and space as a function of

PDGF—-dependent migration and proliferation.

rate of
change of % of coll
extracellular o of ce
PDGF o r%g%s&ﬁ&%g receptors seilr)e%}(jn location of
concentration diffusion by PDCGFR+ bound C elevated cells
,-5\ of PDGF Y el to PDGF dynamics
1% ‘ \ = ’ ‘ A [T —To
ar = : - r mazx .
5 V- (DpVp) q B(p) T+ Space e (3.1)
t N - 7
consumption of PDGF ~ ~~ -
by PDGFR+ cells PDGF source
rate of L
change of diffusion of
PDGFR+ PDGFR+ cells,
cell density depends on local net proliferation
,.5\ PDGF cogfentration of PDGFR+ cells
5% - V- (D, (r,p)Vr)+ pr(r,p)r (3.2)

The first term in the right—hand side of equation describes the diffusion of PDGF at
rate D,. The second term describes the loss of PDGF due to consumption by the PDGF-
responsive cells at rate ¢,. This loss is also modified by a scaling term, §(p) which defined
in equation and described in the text that follows the equation. Finally, the third term
describes the secretion of PDGF at rate Sy, exp{—At}, where S,,,, is the max secretion
rate. This secretion rate decays over time at rate A\, and we start with a nonzero initial
condition for p, since we do not model the inciting event (see section . This whole term
is scaled by the ratio of recruited cells to the carrying capacity. In this way, we indirectly
capture the effects of other PDGF-secreting cells recruited to the site (by other signaling

molecules) which may result in further release of PDGF. Mathematically, this also useful in
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moving the source spatially away from its initial point source (see Section for details
about the initial conditions).

In equation (3.2), D,(r,p) and p,(r,p) are the diffusion and proliferation rates of the
PDGF-responsive cells, respectively, which depend on the local concentration of PDGF, p,

and the density of PDGF-responsive cells,r, as follows:

max possible _downstream effect density

diffusion of PDGF cg\ncentration limited
rate s ~ A
b"(rvp) = D, ﬁ(p) (1 — L) (33)
B(ECs0) + 5(p) K
mas possible o PR oncentration  fer)
p'f‘ T7p = pT — .
B(ECs0) + 5(p) K
where
p ECs
= , PECs) = -——F~— 3.5
Ale) K + D BEC) = —Few, (3:5)

The parameters D, and p, are the maximum values that can be attained by the diffusion rate
and proliferation rate, respectively, when the density is low and the PDGF concentration
is high. The scaling terms that implement the dependence on p and r are valued between
zero and one, and act to reduce the rates of diffusion and proliferation when there is little
PDGF present to stimulate these effects and /or limited space due to high cell density. In the
latter, we use use a logistic growth term, 1 — r/K, where K is the carrying capacity. The
PDGF-dependent scaling term is derived in part from Michaelis—-Menten binding kinetics,
which gives us S(p) (3.5)). S(p) is a direct application of Michaelis—Menten kinetics, where
parameter k,, is the concentration of PDGF at which half maximal receptor binding occurs.
We also wanted to capture the downstream effect of this bound PDGF on cellular prolifer-
ation and movement (downstream in terms of biochemical pathways). This is traditionally
done with a pharmacodynamic model and an EC5, parameter— that is, the half maximal
effective concentration—in place of k,,. To incorporate both the binding of PDGF and the

downstream effect of bound PDGF on behavior together in one term, we devised a term that
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utilized both parameters and fit the dose response data from [81]. (See Figure which
shows the curve generated by our downstream PDGF response term in relation to this data,

as well as other data that we used for finding our initial condition, which is described in

Section [3.2.3])

3.2.2 Parameters

Most parameters are kept the same as those from the PDGF—-driven tumor model (detailed
derivation of these may be found in [67] and the associated supplement). Many of these
parameters are OPC—specific; however, since we lack experimental data on the other cell
types and are grouping OPCs together with other PDGF-responsive cells, we take these
values as an approximation for the features of the combined pool of PDGF-responsive cells
in our model. Additionally, we have two new parameters—those describing the dynamics of
the PDGF source term, A and S,,,,. There are many interacting components that may affect
the secretion of PDGF, which we have not attempted to capture. Rather than describing the
process exactly, we sought a simple term with as few parameters as possible that still allow
us to capture the varied outcomes corresponding to different PDGF secretion dynamics.
Because we have not connected these with distinct biological processes and because we
wanted to examine the possibilities of a variety of PDGF signal dynamics, we first varied
the two parameters over three orders of magnitude. This then allowed us to hone in on a
parameter regime that yielded the most physiological results, which we explore in section |3.3|

Parameter values are given in Table [3.1]

3.2.8 Initial and Boundary Conditions

For this model, we assume some arbitrary inciting event, such as an injury, sets everything
in motion, causing an initial release of PDGF. We start our simulations shortly after PDGF
has started to be released, thus avoiding the complexity of simulating the event itself, and

use a nonzero initial condition for the PDGF.
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Table 3.1: Model Parameters and their Values. Most of these parameters are derived

in [67] and its supplemental material, as indicated. (*) Indicated parameters were varied

across a range of values to explore their effect on simulation outcomes, as discussed in the

results (Section [3.3).

Symbol  Definition Value Units  Source
D, max diffusion rate of recruited cells 5.8 x 107° % [67]
D,  diffusion rate of PDGF 5x 107 g (67,105

. . . In(2)
Or max proliferation rate of recruited cells &5 le [67]
qr max rate of PDGF uptake by recruited cells ~ 107>1° "gd/ cell [67]
ay

K cellular carrying capacity 2.3 x 108 s 167]

o, [PDGF] at which half max binding occurs 30 -4 67,81
ECs5y  [PDGF] achieving half max dose response 101/2 =4 [67]
O2a  baseline population of OPCs in gray matter 2.2 x 10° o [67]
Smaz ~ Mmaximum PDGF secretion 10 to 100 % *

A decay of PDGF secretion 0.01 to 0.1 le *

Initial PDGF' concentration, p

To estimate the value for py, we utilize data on the proliferation rates of cells in brain tissue,

with and without added PDGF [10]. Briefly, this experiment compares cellular proliferation

of cells in rat brain tissue in acute slice culture with added exogenous PDGF (experimental

condition), and without (control condition). The harvested tissue (without any added ex-

ogenous PDGF) has some level of PDGF due to the injury involved in removing it from the

animal. Thus, by comparing the control and experimental conditions, we can estimate the

PDGF released by the response to the injury. Specifically, it was observed that adding 100

ng/mL of PDGF to the experimental condition caused an approximately four-fold increase

in proliferation rate of OPCs as compared to the control condition.
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Interpreting this mathematically, they both start with some baseline amount, which we’ll
designate with variable py. Then the experimental case is given additional PDGF, so that the
control has py ng/mL PDGF, and the experimental condition has py + 100 ng/mL PDGF.
Response is measured in proliferation, a downstream effect of PDGF, so we can use our

downstream effect response ratio from equations (3.3) and (3.4), which we write here as

B(p)
B(ECs) + B(p)

where 3(p) and S(ECjp) are given in equation ({3.5)), and we use the parameter values k,,, = 30
ng/mL and ECsy = v/10 ng/mL (as given in Table .

Using this response term in conjunction with the experimental result, we have the rela-

R(p) =

(3.6)

tionship
R(po + 100) = 4R (py) (3.7)

which means “the response observed in the experimental case is equal to four times the

response observed in the control case.” Expanding this relationship using the definition of

R(p) in (3.6]), we have:

B(ECs0) + B(po + 100) B(ECs0) + B(po) .

Through algebraic manipulations (see for details), we arrive at a quadratic polynomial

in pg with the following roots:

po =~ 0.8415, —103.45 (3.9)

Since the latter of these is non physiologic, we adopt the first root as our approximate value
for po:
po = 0.8415 ng/mL (3.10)

This computed value for the PDGF concentration in the control condition, and correspond-
ingly the experimental condition, from the experiment in [10] are plotted against the model

dose response curve R(p) in Figure [3.1]
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Figure 3.1: Control and Experimental PDGF concentrations in relation to model
dose response curve. Here we have plotted the value computed in section [3.2.3| as cor-
responding to the PDGF concentration due to wounding , as well as that for the
experiment with 100 ng/mL exogenous PDGF added, on the model dose response curve. It
is easy to see that the response level of the experiment is four-fold higher than that of the

control, as found in |10].

Initial PDGF-responsive cell density, r

Given that we are pooling a number of different cell populations together for our PDGF-
responsive cells, it is a bit difficult to determine the total number of all the cells that are
normally present, particularly those in blood vessel walls. However, OPCs have a widespread
presence throughout the normal adult brain. In adult humans, glial progenitors have been es-
timated to have a relative abundance of about 3-4% [79,[87,88], or 5-8% of all glial cells [57].
If we assume that 3% of estimated normal cellularity of the brain—which is about 80 million
cells/mL averaged across all regions in humans [16]—represent glial progenitors, we arrive at

approximately 2 x 10°%. In rat brain tissue, approximately 250 immunofluorescently labeled
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OPCs were counted in a spherical volume of radius 300 ym = 0.03 cm (personal commu-

nication from Peter Canoll, June 2008). This gives us ( 20__ cells/cm3. Evaluating this,

ToY-.00%3

4)m-0.033
and noting that 1 cm3= 1 mL, we get approximately 2.21 x 10° cells/mL. While this is a bit
higher than the other estimate, it is in the same general order of magnitude, and is probably
closer to the total number of PDGF-responsive cells which go beyond just the OPCs. Thus,

we take 2.21 x 10° cells/mL as a reasonable estimate for the average baseline density of

PDGF-responsive cells throughout the brain.

Boundary

We take the whole brain as our domain, and the skull as the boundary, as this best matches
the actual biological setting. For simplicity, we simulate the model in one dimension, assum-
ing spherical symmetry. Generalizing the volume of the rat brain to a sphere, we find that

it is approximately 1 cm in radius. Thus, our domain is
x € 0,1], (3.11)

where we assume that the injury takes place in the center, at x = 0.

Further, we assume that the boundary representing the skull at z = 1 allows neither

PDGF nor OPCs to leave the brain, giving us a no-flux boundary condition:
\Y -n =0, (3.12)
where n denotes the normal vector on the boundary.

3.2.4  Numerical solution.

We solved the model numerically using the pdepe function in MATLAB®) (MATLAB Release
2015a, The MathWorks, Inc., Natick, Massachusetts, United States), in one dimension on a

spherically symmetric domain, using the boundary conditions and initial conditions given in
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section [3.2.3] The pdepe funtion uses ode15s for time integration, enabling it to handle any
stiffness from the diffusion terms by adjusting the time step appropriately. In our simulations,
we specified solutions to be recorded at time intervals of half days up to ty = 250 days, and
our spatial steps were 1/375 = 0.0027 cm, which is equivalent to 27 pm—slightly more
than the diameter of an oligodendroglial progenitor cell. Our codes may be found here:

https://github.com/scmassey/varied_paracrine_PDGF_dynamics.

3.2.5 Thresholding to look at growth.

In order to measure changes in the growth of lesions comprised of recruited PDGF-responsive
cells, we defined a threshold for each simulation to help us identify the “leading edge” of
the lesion in a way that would accommodate the wide variation in maximum cell densities
attained by the lesions across our simulations. To do this, for each simulation, we first found
the maximum cell density at any of the spatial locations of our domain at a later time point

(after the cells have had some time to build up):
max, = max(r(t = 45 days, )). (3.13)

Then, we set our threshold to be 50% of the difference between this maximum and the

baseline number of cells above the baseline number of the cells:
threshold = 0.5(maz, — o) + 0. (3.14)

Using this threshold we found the outer most location (recalling that our z domain is a
radius) where this value was attained or exceeded at all time points for each simulation, and

used this information to make growth comparisons.
3.3 Simulation Results

Model simulations were run across a range of parameter values for the PDGF source term.
We varied Sp,qz, the maximum level of PDGF secretion, from 10 to 100 ng/mL/day in
increments of 10, and varied A, the decay rate of PDGF secretion activity, from 0.01 to 0.1
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1in increments of 0.01. The output of these 100 simulations are compared in terms of

days™
the growth dynamics of the lesions created by cells responding to the PDGF signal, which
were most easily visualized in heatmaps. We also looked at the individual simulations from

different regions of the heatmaps to better resolve the indicated differences in these dynamics.

3.3.1 Smaller PDGF secretion activity decay rate, A, and larger mazximum PDGF secretion

level, Spaz, parameters in PDGF source term cause extensive and chronic growth.

For each simulation, we used the technique described in section to determine the outer
edge of the lesion at each time point. Comparing these locations, we found the duration
of growth until it was very slow—Iless than one cell diameter per five days—or when it
reached a fatal size, defined as 0.5 cm radius, and display these for all simulations in a
heatmap (Figure ) The lesion radii corresponding to these times are shown in another
heatmap (Figure ) From the heatmap in Figure , we observe that for smaller decay
rates, A, in combination with larger maximum value for the source concentration, S,,q., the
resulting higher and persistent PDGF signal causes stimulation of cells for upwards of 40
days. Similar trends are seen in the size of lesions as well in Figure [3.2]B, with the larger
lesions corresponding to smaller values of the decay rate of secretion activity, A\, and larger
values of the maximum PDGF secretion level, S,,... It is notable between these two heatmaps
that the transition from short growth times to long growth times is more gradual, while that

from small radii to large radii is more sharp (compare Figure and B).

3.3.2 PDGEF secretion actiwity decay rate, X, has a more pronounced effect than the maxi-

mum PDGEF secretion level, Sy,qz.

While both the decay rate and maximum level of PDGF source must work in concert to get
very large lesions to form, we see that decay rate is more influential on both the overall size
of the lesions of PDGF-responsive cells and the length of time for which that distribution
expands radially. This can be seen most clearly from the left-most columns of the heat

maps, which correspond to smaller decay rates, \. The lighter shades indicate greater time
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Figure 3.2: Time elapsed until lesion expansion slows to less than one cell diameter
in five days or lethal size reached and corresponding lesion sizes at those times.
Simulations were run across a range of maximum PDGF source (S,,q,) and decay rate (\)
parameters until the outward expansion of the 50% cell density region slows to less than
one cell diameter in five days (that is, 10 um/ 5 days = 4 x 107> cm/day), or lethal size is
reached (defined as 0.5 cm = 5 mm radius). The length of time until either criterion has
been reached for each simulation is given in (A), and the radii of simulated lesions’ regions
of 50% cell density at these times is shown in (B). Higher values correspond with lighter
shades, as indicated by the color axes. Values in (A) that are greater than 40 days indicate

chronic lesions, and values in (B) that are greater than 1 mm indicate large lesions.

duration in Figure and bigger radius in Figure [3.2B. These appear to cluster in the

three left-most columns for all but the smallest value of S,,42-

3.3.8  Paracrine PDGF signaling dynamics lead to three possible growth outcomes.

Combining our results together into one picture, we see three growth regimes caused by
the PDGF secretion (Figure |3.3]). Since experimental models of brain injury response have
shown reactive OPCs distributed within 0.3 to 2 mm of the site of injury, with rapid OPC

division continuing for seven to 14 days [39,84], we consider active growth continuing beyond
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40 days to be “chronic.” We also consider lesions larger than 1 mm in radius to be “large,”
since that is 10% of the brain radius. The lower right corners of the heat maps in Figure|3.2
and the overlaid heatmaps in Figure thus correspond to simulated lesions that are small
and acute. In the middle of these heatmaps, simulated lesions are small but chronic. And
the upper right corner/left—most columns correpond to simulated lesions that are both large
and chronic. To see examples of these, we focused on three simulations, one from each of
these regions, labeled 1-3 in Figure [3.3A to indicate the corresponding values of parameters
A and S,,... We plotted the location of the lesion “edge” (the 50% maximum cell density as
computed in section versus time for three different simulations (Figure ) These
curves are labeled 1-3 to correspond with simulations indicated in panel A. From these curves,
it is easy to see that the growth dynamics of simulations in the middle region (labeled 2) are
small—not much bigger than that from the lower right region—yet take longer before they
stop growing. The curve labeled 3 is much larger, highlighting the sharp transition from
small to large lesions indicated by the heat map in Figure [3.2]B.

To further illustrate the differences in growth between these three different growth types,
we plotted the density of PDGF-responsive cells vs time at the center of the lesion (Fig-
ure ) and vs the radius of our domain at the end of simulation time (t; = 250 days).
Thus we see that not only is the spatial extent of the lesions of PDGF-responsive cells larger
for the small A values, but also the density of these lesions is larger. The PDGF levels that

the specified parameter values for these three simulations are plotted in Figure |3.4l
3.4 Conclusions

Overall, our results suggest that variations in paracrine PDGF secretion can create very
dramatic effects in brain tissue. Modulating this paracrine PDGF signal in simulations, we
see three growth regimes, as detailed in results section [3.3.3] In the first, PDGF is released
in response to some signal, causing a short burst of growth for PDGF-receptive cells. This
growth is limited both in time and in spatial extent. The second involves a longer duration

of elevated PDGF signal, causing a corresponding increase in time duration of the PDGF—
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stimulation of cell growth. However, the spatial extent of this effect in terms of lesion growth
is still limited. Finally, in the third regime, there is sustained PDGF secretion at high levels,
causing both long time duration and large spatial extent of lesion growth. These various
cellular responses to paracrine PDGF that we observe for the different parameter values
suggest possible connections with physiological processes. For example, the first type of
PDGF signal and response, with small size and short duration, is similar to what we might
see in the healing of a small wound, such as a small brain stab injury or dermal cut. The
second, with limited size, but longer duration, is perhaps what we might see with an injury
healing process that leaves a scar (localized fibrosis or gliosis). The third regime with its
more extreme size and time duration might correspond to PDGF signaling in neoplastic

processes.

Notably, there are some findings that support these suggested connections. One study
looked at brain stab wounds in rodents and found that measurable PDGF-B was noted
around days 3 and 4 post injury and that the spatial distribution of the PDGF matched that
of the resulting glial scar [102]. Another recent study found that vascular insufficiency led to
chronic gliosis in an animal model of brain tissue transplantation [11]. It is quite likely that
the sustained levels of angiogenic factors released in response to the insufficiency, including
PDGF, caused the recruitment of more than just vascular endothelial and smooth muscle
cells, but also oligodendroglial progenitor cells and fibroblasts, which in turn gave rise to the
chronic gliosis. Finally, animal studies have shown that increased paracrine PDGF signaling
can lead to the formation of tumors that resemble glioblastoma [9,[35], and PDGF signaling

has been shown to play a role in human glioblastoma [44}/60,65,(109}/113].

Our model also suggests that the duration of elevated PDGF signal is generally more
impactful than the level of that signal. This suggests that looking upstream at the causes
of extended paracrine PDGF signaling maybe more impactful in combacting the potentially
ill effects of excessive PDGF signal. Currently, anti-PDGF therapy is aimed at the receptor
inhibition level, but these therapies have side effects and have to be given for extended lengths

of time. Future modeling work might be best aimed at incorporating the inflammatory
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cytokine signaling upstream that can cause secretion of PDGF and understanding how to
modulate those signals appropriately.

Since PDGF recruits oligodendroglial progenitors, fibroblasts, and vascular endothelial
cells in the brain, there could be implications for angiogenesis and fibrotic changes—i.e.,
not just the extent of response and its chronicity, but also the “badness” of the resulting
affected tissue. Further, it seems likely that similar results may be found for other tissues
as well as other growth factors. Recent studies have shown that stromal changes such as
fibrosis can drive tumor invasion [28], and there have even been case reports of patients
with traumatic brain injuries that years later become sites of glioblastoma, most recently
in [107]. These highlight the need to better understand normal stroma function in tissues,
and mathematical models further exploring this interplay between a variety of growth factors
and stromal cell types could be especially useful for the medical community moving forward.
Antiangiogenic therapies (which inhibit growth factor receptors) given to cancer patients
have sometimes caused severe side effects, including hypertension, skin lesions, intestinal
perforations, hemorrhaging, and even heart failure [25,33]. On the other hand PDGF and
other growth factors given to surgical patients to facilitate healing [5,15,116] could potentially
lead to scarring or worse. We are already manipulating PDGF and other growth factors in
human patients without fully understanding how to balance its effects—more research is
needed to ensure that future growth factor modulating therapies are optimized for patients

needs.
3.5 Appendix: Details of derivation of p,
Recall from Section that we have the following relationship:
R(po + 100) = 4R(po) (3.15)

which describes the increased activity of one condition of cells that has added exogenous
PDGF relative to others that lack this added PDGF. Given that they are still active, and

have been injured during tissue removal, we asume that there is a shared baseline amount
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of PDGF, po.
Expanding this relationship using the definition of R(p) in (3.6)), we have:

R(po + 100) = 4R(po) (3.16)

B(po + 100) _ 4 Bro) (3.17)

B(ECs0) + B(po + 100) B(ECs0) + B(po)

Since B(EC5) is a constant, for notational simplicity we set v = S(ECs50) throughout the

following algebra. This lets us write

Blro+100) _, B(po) (3.18)

v+ B(po +100) v+ B(po)

Then we can cross multiply the denominators and expand the [ terms:

B(po 4 100) (v + B(po)) = 46(po) (B(po + 100) + 100) (3.19)
po + 100 Do Do po + 100
— v+ =4 3.20
km + po + 100 (7 km+p0> km+p0< km+p0+100) (3:20)
po + 100 N P2 + 100pg Py P2+ 100pg
Vo + po + 100 (km + po 4 100) (ky, + po) T em + 10 (Km + po + 100) (kp + po)
(3.21)

Move all terms to one side for simplicity:

Do Po100 P + 100pg
4 — = 0. 3.22
7k;m + po Vkm + po + 100 (km + po + 100) (ky + po) (3.22)
Now, multiply both sides by k., + po and k., + po + 100:
4ypo (Km + po + 100) — 7 (po + 100) (kn, + po) + 3 (pg + 100py) = 0. (3.23)

Expanding and then collecting by powers of py:

4ypoky + 475 + 4007po — Yhmpo + i + 1007k, + 100ypo + 3p3 +300ps =0 (3.24)
(47 — v + 3) p2 + (dykm + 4007 — vk, — 100 4 300) pg — 1007k, =0 (3.25)

(37 + 3) p2 + (37km + 3007 + 300) po — 1007k, = 0.  (3.26)



Now we can use the quadratic formula to find the roots of this equation, letting

a=3y+3
b = 3vkn + 300y + 300

¢ = —1007k,,

for the formula

b= Vb? — 4ac

Po 2a

ol

(3.27)
(3.28)
(3.29)

Recalling that we use parameter values k,, = 30 ng/mL and EC5, = /10, such that v =

ECso — V10
km+ECso 30++10°

this computes to (in decimal approximation):

po ~ 0.8415, —103.45

(3.30)

The latter of these does not make sense as a physical quantity, so we adopt the first as our

approximate value for py:

po = 0.8415 ng/mL.

(3.31)
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Figure 3.3: Growth regimes from combined heatmaps. A. Overlaying the heatmaps
of Figure [3.2] create a picture of three growth regimes in our simulations, depending on
the PDGF growth parameters: (1) limited growth, short duration; (2) limited growth, long
duration; and (3) extensive growth, long duration. The numbered squares correspond to the
simulations plotted in panels B-D. B. Curves show the growth of the edge of the 50% cell
density region of simulated lesions versus time for three simulations indicated in (A). Black
dots show when and what size the simulation was when its growth rate was less than 4 x 10~°
cm/day, or in the case of (3), fatal size was reached. C. Cell density at the center of the
lesion (near the inciting event location) versus time, for simulations from the three different
growth regimes as indicated in (A). D. Cell denisty at the end of simulation time (250 days)

vs radius of the rat brain, our spatial domain, for three simulations as indicated in (A).
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Figure 3.4: PDGF concentration versus time for multiple simulations. These curves
show the PDGF levels as they change over time at both the center of the domain and at
0.1 cm radius for three different simulation. Notice that PDGF decreases initially as OPCs
are recruited to the site and consume PDGF, then it increases, as the uptick in recruited
OPCs expands the lesion size and creates inflammatory feedback, increasing the secretion of
PDGF. Eventually a a tipping point is reached where the consumption of PDGF by recruited
OPCs exceeds the secretion of PDGF, and the PDGF concentration decreases monotonically
thenceforth. A. PDGF concentration vs. time from a simulation corresponding with the
dark regions of both heatmaps in Figure and B (labeled on Figure as 1). B.
PDGF concentration vs. time from a simulation corresponding with the middle of both
heatmaps—midtones in Figure and dark in panel B (labeled on Figure as 2). C.
PDGF concentration vs. time from a simulation corresponding with the light regions of both

heatmaps in Figure and B (labeled on Figure as 3).
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Chapter 4

PROLIFERATION-INVASION-RECRUITMENT MODEL OF
EXPERIMENTAL BRAIN TUMOR

In the previous section, we discussed the development of a model of brain tissue wounding
in rodents. Wounds were the result of injections of a null retrovirus (expressing nothing).
Now, we turn to the case where we have a more interesting retrovirus, one that causes the
upregulation of PDGF.

This chapter consists of a paper published in the Journal of the Royal Society Interface
and the paper’s accompanying supplemental material.

Massey, S. C., Assanah, M. C., Lopez, K. A., Canoll, P, and Swanson, K. R. Glial
progenitor cell recruitment drives aggressive glioma growth: mathematical and experimental

modelling. Journal of The Royal Society Interface, 9(73):17571766, 2012.

Abstract.

Currently available glioma treatments remain unsuccessful at prolonging disease-free remis-
sion. Recent evidence suggests that tumour recruitment of glial progenitor cells by platelet-
derived growth factor (PDGF) may play a role in the development and progression of these
tumours. Building upon our recent experimental results and previous proliferationinvasion
(PI) reactiondiffusion model, in this study, we created a proliferationinvasionrecruitment
(PIR) model that includes a mechanism for progenitor cell recruitment, wherein paracrine
PDGF signalling stimulates migration and proliferation of progenitors derived from the local
brain environment. Parametrizing this mathematical model with data obtained from the
PDGF-driven rat glioma model, we explored the consequences of recruitment, using the PIR

model to compare the effects of high versus low PDGF secretion rates on tumour growth
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and invasion dynamics. The mathematical model predicts correlation between high levels of
recruitment and both increased radial velocity of expansion on magnetic resonance imaging
and less diffusely invasive edges. Thus, the PIR model predicts that PDGF levels correlate
with tumour aggres- siveness, and results are consistent with both human and experimental
data, demonstrating that the effects of progenitor cell recruitment provide a novel mecha-
nism to explain the variability in the rates of proliferation and dispersion observed in human

gliomas.
4.1 Introduction.

Gliomas are incurable primary brain tumors noted for their ability to invade neighboring
brain tissue, giving rise to diffusely infiltrative lesions that extend beyond the boundaries
of radiographically identifiable tumor. Relatively little work has focused on the leading
edge behavior of human tumors in vivo, primarily due to the lack of tools to explore these
areas of low density invasion through imaging or even histopathology. Given the dominant,
perhaps defining, role of these diffusely infiltrating cells in the malignant character of gliomas,
combined with emerging data from work in animal models of glioma [9}/10}35], we propose
that the interactions of these diffuse cells with the surrounding tissue is key to understanding
how gliomas initiate, form, progress and become fatal.

As with many other cancers, gliomas are rich in growth factors, setting up for autocrine
and paracrine signaling loops between tumor cells and the non-neoplastic cells in the local
environment [44,50,/109]. Tumor-induced angiogenesis is a particularly relevant example
in which an assortment of growth factors (including VEGF, PDGF, and others) stimulates
local vasculature, via paracrine signaling, to expand through vascular cell recruitment |7,
23.,1441146|,50,|109]. In addition to those directly related to angiogenesis, a variety of growth
factors has been found to be over-expressed in gliomas [50] with their level of over-expression
generally increasing with grade [109]. Specifically, Majumdar et al. found that expression
of PDGF in human gliomas increased with grade [65].

Animal studies have shown that injecting PDGF expressing retrovirus into the brains
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of neonatal or adult rodents will induce the formation of gliomas [9,(10,27,/113] and retro-
viruses that express higher levels of PDGF drive the formation of more rapidly growing
and higher-grade gliomas with robust vascular proliferation and necrosis [44}55,(90]. Our
PDGF-induced animal model exhibits tumor growth that is very consistent (allowing us to
collect the dynamic data needed to parameterize our model), and further, it recapitulates
the infiltration patterns and histologic features seen in human GBM, in contrast to most
xenograft models and C6 glioma cell line models [90]. Most remarkably, tumors induced by
high levels of PDGF are primarily composed of recruited uninfected glial progenitors that
have been stimulated to proliferate via paracrine PDGF signaling. More recently, Lopez et
al. have shown that, when implanted into adult nude rat brains, human primary glioma
cells, freshly isolated from glioblastoma specimens, can recruit and stimulate the massive
expansion of rodent-derived glial progenitors, providing proof that human glioma cells also
have the capacity to recruit progenitors via paracrine signaling [60]. However, the effect
that progenitor cell recruitment has on the overall dynamics of glioma growth is not known.
To address this question we have developed a novel mathematical model (the PIR model)
to explore the consequences of cellular recruitment, focusing on the role of PDGF paracrine
signal interacting with glial progenitors, since the recruitment effects of this particular factor

have been well-characterized [60].

Human gliomas show a range of growth patterns ranging from well-circumscribed, highly
vascularized tumors to diffusely infiltrating lesions with little or no vascular proliferation
[61], and little is known about the cellular mechanisms or growth dynamics that give rise to
these different histological patterns. Our prior mathematical modeling work focused on the
proliferative and migratory contributions of cancer cells to tumor growth, for which the key
components are net rates of cellular proliferation and invasion/migration. This Proliferation-
Invasion (PI) model has been applied to human glioma patients and has revealed that these
different patterns can be well explained by varying only these net rates of glioma cell motility
and proliferation [41]. Further, the PI model has been shown to be predictive of prognosis

[112], treatment outcome [95100], and disease distribution observed on autopsy [99], making
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the PI model a good base upon which to introduce greater levels of biological complexity,
such as glial progenitor recruitment.

Given the evidence in the animal models of Assanah, et al. and Shih, et al. [9,090], and
given that human glioma cells can recruit progenitors [60], it is likely that recruitment is
playing a role in human gliomas, though this role and its relevance to the human disease
is unclear. Extending the framework of the PI model to investigate the consequences of re-
cruitment enables us to bridge micro- and macroscopic spatial scales, and connect the effects
of the cellular level phenomenon with observations at the MRI imaging level (often the only
means available to follow glioma in clinic). Through the PI model, we have demonstrated
the existence of a range of net proliferation and diffusion rates in human gliomas [41], which
have been treated as intrinsic features of individual patients tumor cells. In this present
study, we set out to examine and characterize the extent to which adding paracrine-driven
recruitment to our established PI model would change the observed growth dynamics, and
whether this new Proliferation-Invasion-Recruitment (PIR) model could provide an expla-
nation for the differences in the observed range of net growth parameters (refer to Section
for PIR model information). Experimental estimations of the model parameters, includ-
ing observed proliferation and diffusion rates, and validation of the model predictions are

provided by the PDGF-driven rat glioma model described in Assanah et. al., 2006 [9).
4.2 Proliferation-Invasion-Recruitment (PIR) Model.

To explore the role of progenitor cell recruitment in the PDGF-driven glioma models (as we
have schematized in Figure ), we have pursued a bio-mathematical modeling strategy
that follows the same formalism and retains the key characteristics of our Proliferation-
Invasion (PI) model that have been so successfully applied to human and experimental data.
These key characteristics include an extensive diffuse invasion pattern and a linear radial
expansion pattern seen on imaging (over extended periods of time). We have extended this
bio-mathematical model to include interactions with the environment, focusing on the effects

of paracrine PDGF stimulation on the glial progenitor population that is widely distributed
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throughout the brain. The PIR model provides a tool to examine the effects of paracrine
PDGF signaling (Figure [4.1B) on both the composition and dynamics of glioma growth and
invasion.

In developing the model, we assume the following about the recruitment process: first,
PDGF-IRES- GFP infected progenitors (c) secrete PDGF (p). Then, PDGF can dif-
fuse a short distance into the local environment before binding to PDGF receptors (see
Supplement for details on parameterization of PDGF diffusion rate and other model param-
eters). PDGFR+ glial progenitor cells (including both infected and uninfected PDGFRa+
cells) bind and consume the available free PDGF, experiencing paracrine stimulation. The
PDGF acts as a motogen (D,., and D,) and mitogen (p. and p,) for the retrovirally-
transformed (c) and recruitable (r) glial progenitor cells, respectively, in a dose-dependent
fashion [7,/10,81,110]. In addition, the retrovirally-transformed, PDGF-secreting, glial pro-
genitors experience autocrine stimulation by PDGF at a base level (pautocrine) above and
beyond the free PDGF (p) available to them in the environment, up to receptor saturation.
For modeling purposes, pautocrine 18 & constant, to enable us to focus specifically on the effect
of paracrine signaling changes in PDGF (p). Recruited glial progenitors remain dependent
on paracrine PDGF stimulation, such that those which have migrated into regions of lower

PDGF concentration will show a corresponding decrease in migration (D,) and proliferation

(pr)-

4.3 Simulation Results

4.8.1  Time-lapse microscopy provides a direct measure of cell dispersion (D.,) and prolif-

eraiton (pe,).

Estimates of the dispersal parameters (D, and D,.) of PDGF-secreting and recruited progen-
itors were obtained from analysis of time-lapse microscopy of these progenitors migrating in

acute slice cultures. Focusing on the migration at the infiltrative edge of the tumor (where
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there is no necrosis), we plotted individual cell tracks to a common origin (Figure ),
and the mean squared distances (MSD) traveled by the two progenitor types (retrovirally-
transformed (c¢) and recruitable (r) progenitors) were calculated and plotted against time
(Figure [4.2[C). The slope of the MSD vs. time provides an estimate of the equivalent diffu-

sion coefficient D for each progenitor cell population [89).

Time-lapse microscopy was also effective for obtaining the proliferation rate parameter. This
analysis showed that approximately 2% of progenitors at the infiltrative margins of the tu-
mor underwent mitosis every hour (giving a cell cycle time of approximately 50 hours). In
vitro studies have shown that PDGF stimulated glial progenitors can proliferate with cell
cycle times as fast as 10-20 hours [114]. Since our observations were made at the invading
edge of the tumor for clearer visualization of individual cells and cellular proliferation rate is
dose-responsive to local PDGF levels [81}/110], we have assumed that the longer cycle time
is likely due to the decreased PDGF level in this region. The overall result of having such
a dose-response relationship is that we have effective proliferation rates that are slower at
lower PDGF concentrations and reach maximal proliferation rates only at saturating levels
of PDGF, provided there is sufficient space. Details regarding the modeling of PDGF respon-
siveness to simulate local proliferation and diffusion rates are in the Supplemental Material
(Figures S1 and S2), as are those on the parameterization of the proliferation dose-response

curve of PDGF (Figure S3).

4.3.2  Radial expansion rates observed on MRI and predicted by the PIR model are consistent

with human data.

Gliomas do not have a well-defined outer edge because they are governed by diffusive growth
processes [61]. Thus, to look at overall tumor expansion in the model in comparison with

that observed from imaging studies, we fix a cellular density to approximate the edge of the
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visible portion of the tumor on an MRI scan. We used ¢+ r +n = 0.16 K for approximating
T2, and 0.80K for approximating T1gd MRI modalities, as done previously in our simula-
tions of human GBM [61]. Radial velocity measured from human glioblastoma serial MRIs
varies from 2-7 cm/year for the majority of patients, with outliers ranging from immeasur-
ably /imperceptibly slow to very fast (10+ cm/year) among different patients, with those
patients that have more than two measurement time points maintaining an approximately
linear radial expansion [41,]101]. Given this data, we compared the human radial velocities
to those obtained from serial MRI of the rat brain and PIR model simulated velocity. Serial
MRI data was available for one rat; measurement indicated a linear radial velocity of 62
pm/day, which is equivalent to 2.3 cm/year, for this individual (Figure 4.3). PIR model
simulations yield linear radial velocities as well (Figure [£.4C), with those simulated tumors
which have no recruitment growing at a rate of about 40 pm/day after initial appearance
on MRI, and those with high levels of recruitment approaching an apparent max rate of 85
pm/day (Figure [1.4A). Converting to the cm/ year units used in comparing human glioma
velocities, these are = 1.464 cm/yr and 3.11 cm/yr, respectively. Although these velocities
are quite fast relative to the size of the rat brain, and thus likely account for their mortality
by about day 20, they are on the low end of the human velocity range [41,[101]. These
results suggest that differences in the degree to which glioma cells stimulate migration and
proliferation of non-neoplastic glia in the surrounding brain tissue can explain the differences

in glioma growth rates that have been observed in the human disease.

4.3.3  Paracrine PDGF-mediated recruitment creates a less diffusely infiltrating lesion.

Comparing the distribution of cell densities across the tumor radius at a fixed time (20 days
post infection, Figure ) demonstrated that tumor size is larger for tumors with more
recruitment (i.e., higher values of 7.), with the smallest tumor being the case of no paracrine
PDGEF signal, as expected. However, comparing the distribution of tumor cell densities

across the tumor radius for a fixed size on simulated T2 MRI (see Supplemental Material,
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for details on MRI simulation) revealed surprising effects on the overall growth pattern. As
PDGF secretion rate increases, the slope of the cell density vs tumor curves at the edge of the
tumor become markedly steeper, resulting in a more circumscribed, less diffusely infiltrative
growth pattern (Figure ,D). Thus, the model predicts that gliomas with more robust
paracrine stimulation of the non-neoplastic glia will develop a more rapidly growing, but less
invasive tumor. That is, it has a steeper invasive profile, a result that was not intuitively
obvious prior to the mathematical model, which formalizes the consequences of recruitment

and specific cell-cell interaction on overall tumor growth.

4.3.4  Paracrine PDGF signaling affects the distribution and growth patterns of infected cells

and recruited cells differently.

The difference in infiltration of tumor cells at the leading edge in response to variation in
PDGF secretion rate, among tumors of fized size on MRI, is most robust for the PDGF-
expressing cells (Figure ,B). According to the model simulations, higher rates of PDGF
secretion (and greater recruitment) result in a smaller margin of diffusing retrovirus-infected
progenitors. Specifically, adding recruitment to the PI model results in a steeper cell density
distribution (Figure[4.4A,D) that grows more slowly (Figure [4.4]A,C). The difference in total
tumor radius (including the infiltrating edge) between PI simulations having no PDGF secre-
tion (no recruitment) and the highest rate of secretion (highest recruitment) is 1 mm, or 10%
of the approximately 1 cm rat brain radius (Figure ) The distribution of uninfected glial
progenitors responds differently to changes in PDGF secretion rate. High levels of PDGF
secretion cause more recruitment, increasing the density of these recruited progenitors at the
center of the tumor, but do not alter the radius of this recruited population distribution,
which remains constant for a fixed observed tumor size on MRI (Figure ) Given that
external PDGF secretion is required for recruitment to take place in this model, there is no
change in uninfected glial progenitor density in tumors with no paracrine signaling compo-

nent.
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At a fized time post infection, higher levels of PDGF secretion cause a drop in infected cell
density just beyond the center (Figure ) that corresponds to an increase in uninfected
progenitors in the same region (Figure ) Thus, according to the model, recruitment
causes a region of tumor to fill-up (become more hypercellular) at a faster rate than it would
via proliferation of PDGF-IRES-GFP+ infected progenitors alone. For fixed time, both the
infected and recruited glial progenitor populations (Figures and D, respectively) have a
larger radius of infiltration, indicating that both cell types have increased proliferation and
migration rates due to increased PDGF secretion. This is expected, since both populations

are responsive to paracrine PDGF stimulation.

4.3.5 PIR model confirmation via simulation of fluorescent micrographs.

In Figure we used the PIR model to generate simulations and render them as discrete
realizations approximating fluorescence microscopy of tumor cross-sections (details are in
the Supplemental Material), which we then compared with actual fluorescence microscopy
images and data. Using our parameter estimates, we found good agreement between the
experimental cell density curve and the model simulation. We calculated the Pearson product
moment correlation coefficients between curves of similar cell type to be 0.988 for infected
cells, 0.998 for recruited cells, and 0.997 for the normal cells, all of which correspond to

p-values of less than 0.0001, with 14 degrees of freedom.
4.4 Discussion.

Our combined experimental and mathematical investigations revealed that the addition of
a PDGF-mediated recruitment mechanism to the PI model, with two populations of tumor
cells, results in simulated and observed growth dynamics that are consistent with obser-
vations of human gliomas. Both the radial expansion velocities and the linear pattern of
growth seen at the threshold of MRI-detectability in model simulations are similar to those

observed in human serial MRI studies [41,95,/101]. In combination, these two results provide
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additional support to our hypothesis that glial progenitor recruitment plays a role in the pro-
gression of human gliomas. Moreover, as with the PI model, the PIR mathematical model
makes predictions of tumor cell density and distribution that extend beyond the boundaries

detected by MRI.

As a result of recruitment, simulations of tumors varying only the PDGF secretion rate
(the mechanism for recruitment), show a wide range of growth patterns. Under conditions
with little or no PDGF secretion, simulated tumors exhibited significantly slower yet more
diffusely infiltrative growth, reminiscent of gliomatosis cerebri. In contrast, under condi-
tions with high levels of PDGF secretion tumors expanded more rapidly and had increased
hypercellularity toward the infiltrative edge (Figures ,D). Moreover, analysis of human
gliomas shows that PDGF levels correlate with tumor grade (higher grade tumors express
higher levels of PDGF) [44], and animal model studies using PDGF-expressing retrovirus
have also shown that higher levels of PDGF will drive faster growing tumors [90]. Thus,
while it is presently not well understood why some gliomas are aggressive and grow rapidly,
whereas others grow slowly and do not progress for many years, our results demonstrate
that differences in the levels of paracrine PDGF stimulation of recruited glial progenitors
provides a possible cause for the observed differences in growth dynamics among human

glioma patients [41].

In silico, high levels of PDGF secretion, in combination with recruited cell dependence on
PDGF, give a more circumscribed tumor with a cell density gradient that is steeper than
without recruitment (see Figures ,D and . Additionally, the PDGF-driven increase
in migration/invasion appears to contribute to increases in the rate of the radial expansion
of the overall tumor (see Figure [1.4A,B). Because both the extent and the rate of tumor
invasion are indicative of patient prognosis ( [41] and [80/101], respectively), we hypothesize
that more aggressive gliomas are more likely to involve significant recruitment, with greater

growth factor upregulation, leading to the steeper invasive profile, greater heterogeneity, and
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faster time course to death associated with higher grade gliomas and GBM.

Given the results of this study, we expect that blocking PDGF signaling would lead to slower
growth in gliomas expressing PDGF and PDGFR, both through slowing proliferation and
migration of tumor cells, as well as inhibiting progenitor cell recruitment. The PIR model
suggests that small-molecule targeted therapies which affect paracrine signaling pathways
(but not autocrine) would lead to more slowly growing tumors with a more diffuse overall
tumor growth pattern (though it would not stop tumor growth, only alter it, since autocrine
effects would allow for some proliferation of the infected progenitor cells). Furthermore, this
could extend to other paracrine signaling pathways in the glioma microenvironment. Al-
ready, clinical trials have shown that treating GBMs with the VEGF-inhibitor Avastin can
give rise to recurrence with a very diffusely invasive growth pattern [78]. Together, these
results suggest that inhibition of secreted growth factors, such as PDGF or VEGF, can have
significant effects on the patterns and dynamics of tumor growth, but will not be sufficient to
stop it. However, combining these with other types of therapy, such as inhibitors of glioma
cell migration, may have more profound effects on overall tumor growth and survival. Math-
ematical models, such as the PIR model, can provide a powerful tool to interpret and predict

the effects of such combination therapies.

In this context, it should be further noted that recent work by Fomchenko et al. has demon-
strated that recruited cells can acquire genetic alterations and become tumorigenic in their
own right [34]. In future studies, modeling, such as that presented here could be used to
better understand and predict how such complex interactions with the microenvironment
can affect the overall growth of the tumor. While the relevance of the PDGF-induced animal
model to the human disease is not entirely clear, the PIR model or similar tools that allow for
dynamic insight into the interaction of tumor cells with the environment may be critical to
developing effective treatment strategies for glioma patients. Future refinements we intend

to pursue that would help in this endeavor include adding hypoxia and angiogenesis, and
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developing a treatment model to fully understand the role of paracrine signaling inhibitors
on the tumor microenvironment. Coupled to this, we would like to explore the outcome of
fitting the PI model to MRI data from the rodent model of recruitment, to look for patterns
that may predict whether recruitment might be happening in a subset of human glioma

patients.

4.5 Methods.

To build the model, we extended the PI model [41] to include recruitment. Note that the
PIR model becomes the PI model when recruitment is taken away. Setting PDGF secre-
tion rate 7. to 0 results in a static population of uninfected progenitor cells (r), and the
equation for the infected cells, ¢, with proliferation and invasion terms, becomes the original
PI equation. The p remains at its O initial condition, reflecting that there is no paracrine
PDGF, and causing the population of uninfected progenitors, r, to remain at baseline. The
n equation simply continues to keep track of the non-progenitor cells (ie, those normally
present cells that we do not consider to be contributing to the tumor in the model), though
we have not done this in the original PI model. (Detailed model equations are provided in

the Supplemental Material.)

One of the most critical steps in bio-mathematical model development is the inclusion of
parameters for which values already exist or can be obtained, in order to ensure that the
model has immediate applicability. While the methods of model creation in terms of equa-
tions are included in Section .2 we present here our methods for obtaining some of the
model parameters experimentally, as this was also necessary to complete our model and
enabled us to make accurate simulations. (Supplemental Table S1 of parameters and their
values, and additional details on parameterization of the biomathematical model, can be

found in the Supplemental Material.)
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The experimental brain tumors were generated by infecting glial progenitors with PDGF ex-
pressing retrovirus and control retrovirus, as previous described [9,/10]. The two retroviruses
express different fluorescent reporters, allowing us to simultaneously monitor the behavior
of PDGF expressing glial progenitor cells (shown as green in Figure and recruited glial
progenitors (shown as red in Figure . The tumors that formed were composed of a mixed
population of red and green cells, and immunohistochemical analysis showed that both pop-
ulations express PDGFRa (data not shown). At 10 days post-injection (dpi) animals were
anesthetized with Ketamine-Xylazine, decapitated and 300 m thick coronal brain sections
were taken at the level of the injection site and maintained in serum-free medium for the
duration of the experiment. Time-lapse microscopy was performed on these acute brain
slices using Nikon TE2000 inverted fluorescent microscope equipped with a s