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The strong nuclear force is responsible for the vast majority of particles in nature; hundreds of

hadrons with distinct masses and quantum numbers have been detected, and experimentalists

are constantly searching for new hadron resonances and analyzing resonance decays to test

the predictions of the Standard Model (e.g. by measuring the value of a CP -violating phase).

While the formalism of quantum chromodynamics (QCD) appears to accurately describe

the strong interaction, using it to extract theoretical predictions of hadronic properties has

proven exceedingly difficult due to the nonperturbative nature of low-energy QCD. Lattice

QCD (LQCD) is the state-of-the-art approach for computing physical observables using

first-principles QCD, utilizing stochastic techniques to estimate the path-integral expressions

for correlation functions in a latticized Euclidean spacetime. With the computational and

algorithmic advances over the past few decades, LQCD can now be used to calculate many

observables (e.g. hadron masses) to percent-level precision. However, LQCD simulations

cannot directly calculate scattering amplitudes, due to both the necessary use of a finite

volume and the need to analytically continue from Euclidean to Minkowski space, and thus

a separate formalism is required. To bridge the gap between LQCD results and hadron

spectroscopy, one needs some form of quantization condition (QC): a mathematical relation



used to extract physical scattering amplitudes of light hadrons from finite-volume energy

spectra calculated with LQCD.

In this thesis, we present several theoretical and practical developments in the field of

three-particle QCs (QC3s). We derive three significant advances to the theoretical formalism

of QC3s within a generic relativistic effective field theory (RFT) framework. First, we

perform an alternative derivation of the original QC3 for three identical scalars by using time-

ordered perturbation theory (TOPT), which we find significantly simplifies the argument and

thus renders the TOPT approach more amenable to generalization. We then demonstrate this

point by using TOPT to derive a QC3 for the more complicated case of three nondegenerate

scalars. Lastly, we use results from the TOPT approach to demonstrate the equivalence

between the RFT QC3 for identical scalars and that of the finite-volume unitarity (FVU)

approach.

We also present three numerical applications of QC3s to systems of three identical scalars.

We detail the first QC3 study to include levels in nontrivial irreducible representations (ir-

reps) of the cubic group and with nonzero d-wave two-particle interactions. Next, we perform

an exploratory investigation of bound states and resonances by solving two- and three-particle

QCs in various scenarios. Finally, we present the first ever extraction of 3π+ scattering in-

formation from LQCD data.
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GLOSSARY

CMF: Center-of-momentum frame.

FV: Finite volume.

FVU: Finite-volume unitarity — a relativistic approach to QC3s based on S-matrix uni-
tarity.

LQCD: Lattice quantum chromodynamics — the modern computational approach to first-
principles QCD.

NREFT: Nonrelativistic effective field theory — a nonrelativistic approach to QC3s.

QC: Quantization condition — a mathematical relation between hadron scattering am-
plitudes and finite-volume energy spectra from LQCD. Plural: QCs.

QC2: Two-particle quantization condition. Plural: QC2s.

QC3: Three-particle quantization condition. Plural: QC3s.

QCD: Quantum chromodynamics — the QFT of the strong nuclear force.

QED: Quantum electrodynamics — the QFT of the electromagnetic force.

QFT: Quantum field theory.

RFT: Relativistic effective field theory — a diagram-based relativistic approach to QC3s,
and the one that is chiefly used throughout this thesis.

TOPT: Time-ordered perturbation theory — an alternative to the standard perturbative
method of Feynman diagrams.
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Chapter 1

BACKGROUND

1.1 History of the Standard Model1

The Standard Model is the modern theory of particle physics, with its formalism encapsu-

lating three of the four known fundamental forces (gravity being the exception). With many

of its predictions agreeing with experimental results to incredible accuracy, the Standard

Model is one of the greatest theoretical achievements in all of science, and its current form

represents the culmination of several decades of research.

The first major building block of the Standard Model to be assembled was quantum

electrodynamics (QED), a quantum field theory (QFT) description of electromagnetism de-

veloped throughout the 1930s and 1940s. By that time, quantum mechanics and the particle

theory of light were already well established after surviving the intense scrutiny of experimen-

tal testing, but several questions about its mathematical formalism were still unanswered.

One such question was why all electrons are identical, as in quantum mechanics they are

treated as separate quantities that just happen to have the same quantum numbers. There

was also the issue of reconciling special relativity with quantum mechanics, as its governing

formula (the Schrödinger equation) treats space and time very differently.

QED was developed to answer these and other questions. Instead of electrons being

treated as different objects that just happen to be identical, in QED they are treated as

local excitations in a single quantum field permeating all of spacetime. Interactions between

such excitations are in turn mediated by excitations in another quantum field—the photon

1For more thorough accounts, see e.g. Refs. [2, 3].
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field.

A useful feature of QED is the fact that at the low energy scales of our everyday world,

each interaction with the photon field carries a small coupling constant (an indicator of

interaction strength) of αEM ≈ 1
137 , making the perturbation theory approach of Feynman

diagrams an efficient method for calculating physical quantities from first principles. The

most impressive example of the analytical power of QED is its prediction for the magnetic

dipole moment of the electron, as rigorous experimental measurement has made it the most

accurately verified prediction in the history of physics [4].

The second piece of the puzzle to be added to the Standard Model was the weak nuclear

force—the mechanism responsible for the radioactive decay of atoms. Some of the basic

features of the weak interaction like neutrino production in beta decay had been known

about since 1930 [5], but it still took over a decade after the construction of QED before

Glashow came up with a partial framework for combining QED with the quantum theory of

the weak force in 1961. His theory featured three massless spin-1 bosons called W± and Z

as the weak-force mediators [6], but it was clear that this was not the complete story. Forces

with massless mediators should be able to act over long ranges, yet weak decays only occur

at the length scale of atomic nuclei. This led many physicists to hypothesize that the W±

and Z bosons were not only massive, but that they should be roughly 100 times heavier than

the proton and neutron. In the following years, the mass-generating Higgs mechanism was

formulated and eventually incorporated into the theory by Weinberg and Salam in 1967 [7, 8],

marking the completion of the electroweak sector of the Standard Model. Since the newly

introduced weak interactions are also described by small coupling constants αW ∼ 10−6 at

low energies, the same perturbative techniques from QED could be applied to weak and

electroweak processes. This allowed theorists to make more precise predictions for the W±

and Z masses, well before they were detected experimentally in 1983 [9].

The final ingredient of the Standard Model to be developed was a QFT formulation
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of the strong force holding atomic nuclei together. In the 1930s, Yukawa proposed that

nucleons were attracted to each other via the exchange of strong-force mediators called

mesons. This prediction was confirmed by experiment with the discovery of the pion in

19472 [10]. However, throughout the late 1940s and 1950s, dozens of other hadrons (strongly-

interacting particles) were discovered in proton and electron collisions, and many began

questioning whether all hadrons in this “particle zoo” were truly fundamental. In 1963,

Gell-Mann and Zweig independently proposed that hadrons are composed of smaller spin-1
2

particles called quarks [11, 12]. A couple of years later, it was noted that for quarks to

be antisymmetric under interchange, they must have an additional quantum number called

color charge [13]. When the dust finally settled, the formalism that had been developed

was QCD—a non-Abelian SU(3) gauge theory, with massless spin-1 bosons called gluons

mediating the strong interaction between quarks.

The most notable property of QCD is that the strength of its interactions varies inversely

with the energy scale being probed. This property is called asymptotic freedom, referring to

the fact that the theory becomes free in the extreme high-energy/short-distance or ultraviolet

(UV) limit. Conversely, in the low-energy/long-distance or infrared (IR) regime, the strong

interactions are... well, strong. An important consequence is that quarks and antiquarks

cannot appear in isolation, as the energy required to separate a quark from an antiquark

(e.g. in a meson) grows linearly with the distance between them, and eventually it becomes

energetically cheaper to create a new quark and antiquark from the vacuum and pair off the

particles into two colorless (singlet) mesons. This explanation of color confinement has been

confirmed by many lattice QCD calculations, and is the reason why individual quarks have

never been observed experimentally—only hadrons.

Moreover, in this IR regime, the strong coupling constant is αS ∼ 1 and QCD is non-

2The pion was technically first observed along with the muon in 1937 during studies of cosmic rays, but it
took ten years for the physics community to properly understand the full picture and confidently identify
the pion as Yukawa’s meson.
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perturbative, meaning the diagrammatic approach of the electroweak theory is not possible.

The nonperturbative nature of low-energy QCD makes it much harder to study analytically;

we discuss this in detail in the next section.

1.2 QCD formalism

Here we provide the complete mathematical formalism of QCD.3 The results of this subsec-

tion are not used elsewhere in the thesis; we only include them for the sake of completeness

and to introduce general aspects of QFT in a concrete setting.

The Standard Model description of the strong nuclear force is completely characterized

by the QCD action

SQCD[ψ, ψ,Aµ] =
∫
d4x LQCD[ψ(x), ψ(x), Aµ(x)] , (1.1)

where the integral is over all spacetime coordinates x = (t,x) ∈ R1,3, and

LQCD = Lq + LYM (1.2)

is the QCD Lagrangian density, with

Lq = ψi,f (iγµDµ,ij −mfδij)ψj,f (1.3)

containing all contributions from quarks and their interactions with gluons, and

LYM = −1
4G

a
µνG

aµν (1.4)

the gluon-only Yang-Mills contribution. Here µ, ν ∈ {0, 1, 2, 3} are Lorentz indices, i, j ∈

{red, green, blue} are color indices, f ∈ {up, down, strange, charm, bottom, top} is a quark

flavor index,4 a ∈ {1, 2, . . . , 8} indexes the 8 generators of the gauge group SU(3), and we

3Throughout this thesis, we use natural units with ~ = c = 1.
4Often only the lightest few flavors are necessary in practice, as any quark masses heavier than the energy

of a given system have suppressed contributions to the physics.
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use the convention that repeated indices are summed.

Each quark field ψi,f (x) is a four-component Dirac spinor (Dirac indices suppressed) in

the fundamental 3 representation of SU(3) and describes a quark with mass mf , while its

antiquark counterpart ψi,f (x) = ψ†i,f (x)γ0 lives in the anti-fundamental 3 representation.

As for the remaining quantities: γµ is a 4×4 Dirac matrix satisfying the Clifford algebra

{γµ, γν} = 2gµν , our Minkowski metric convention is gµν = diag(+,−,−,−),

Dµ,ij = ∂µδij − igSAaµT aij (1.5)

is the gauge covariant derivative, and

Ga
µν = ∂µA

a
ν − ∂νAaµ + gSf

abcAbµA
c
ν (1.6)

is the gauge covariant gluon field strength tensor Gµν = T aGa
µν , where T a is a generator of

the SU(3) gauge group, fabc is a structure constant of the group defined by

[T a, T b] = fabcT c , (1.7)

Aaµ(x) is a gluon field, and gS is the strong coupling constant.

Using the path-integral formulation of QFT, we can write an expression for any correlation

function involving strongly interacting states in terms of the QCD action. For example, an

arbitrary two-point correlator5 〈Of (x)|Oi(0)〉 can be written

〈Of (x)|Oi(0)〉 = 〈0|T Ôf (x)Ô†i (0) |0〉 (1.8)

=
∫
DψDψDAµ eiSQCD[ψ,ψ,Aµ]Of (x)O†i (0)∫

DψDψDAµ eiSQCD[ψ,ψ,Aµ]
. (1.9)

Here |0〉 is the (strongly interacting) vacuum state, T denotes time ordering, the integrations

are over all field configurations, and Ô†i (0) and Ô†f (x) are operators creating some initial and

final strongly interacting states |Oi(0)〉 = Ô†i (0) |0〉 and |Of (x)〉 = Ô†f (x) |0〉, respectively.

5We can always choose the initial spacetime coordinate to be at the origin since Minkowski spacetime
R1,3 is invariant under global translations.
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Note that the right-hand side of Eq. (1.9) only involves classical objects; O†i (0), Of (x), and

the fields [ψ, ψ,Aµ] are all just vectors of numbers.6

In practice, it is often more convenient to work with Fourier transforms of such a corre-

lator:

C̃(t,P) ≡
∫
d3x e−iP·x 〈0|T Ôf (t,x)Ô†i (0,0)|0〉 , (1.10)

C(E,P) ≡
∫
d4x ei(Ex

0−P·x) 〈0|T Ôf (x)Ô†i (0)|0〉 . (1.11)

The latter form is what we will be primarily using in later sections, but for now we restrict

our attention to the original time-position space correlator 〈Of (x)|Oi(0)〉.

Eq. (1.9) may seem promising, but it has several issues that render it impractical as a

calculational method. For starters, it is still currently unknown whether such a path integral

is mathematically well-defined. Even if it is, one would have to carry out an uncountably

infinite number of integrals (one for each field at each point in spacetime), and it is not at

all clear how or if such a calculation could be done analytically.

It should be noted that these path-integral issues are not specific to QCD; they arise in

all QFTs, including the electroweak part of the Standard Model. However, if one is only

interested in the IR regime, electroweak correlators can be approximated using perturbation

theory (αEM ≈ 1
137 , αW ∼ 10−6), with the dominant terms in the perturbative expansion

being given by the simplest Feynman diagrams describing the process in question. Thus

one can calculate any electroweak correlator to a high degree7 of precision by summing over

increasingly complicated Feynman diagrams.

QCD, on the other hand, is nonperturbative in the IR (αS ≡ g2
S

4π ∼ 1), meaning a

diagrammatic approach is out of the question in this regime. To calculate correlators of

6These numbers are complex for bosonic fields like Aµ, and Grassmann-valued for fermionic fields like ψ
and ψ.

7The perturbative expansion is known to be an asymptotic series though, so perturbation theory cannot
be applied to arbitrarily high orders.
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strongly interacting matter, one must deal with the path integral directly.

1.3 Lattice QCD

Lattice QCD (LQCD) is the state-of-the-art method for computing correlators from first-

principles QCD. In LQCD, several alterations are made to the original problem in order to

render the path integral tractable. First, Minkowski time is Wick-rotated to Euclidean time

t→ −iτ , which sends x→ xE and eiSQCD → e−S
E
QCD , with SEQCD a real quantity. Performing

this rotation allows one to write

〈Of (xE)|Oi(0)〉 =
∫
DψDψDAµ P [ψ, ψ,Aµ]Of (xE)O†i (0) , (1.12)

where

P [ψ, ψ,Aµ] ≡ 1
Z
e−S

E
QCD[ψ,ψ,Aµ] , Z ≡

∫
DψDψDAµ e−S

E
QCD[ψ,ψ,Aµ] (1.13)

is a normalized probability distribution functional of the field configurations [ψ, ψ,Aµ]. Ex-

pressing the correlator in this way will ultimately allow the use of Monte Carlo integration

techniques to estimate the value of the path integral as an average over stochastically gen-

erated field configurations, but first the number of degrees of freedom must be reduced to

something finite.

The next step in the construction of LQCD is to approximate the path integral as a

finite-dimensional integral by putting the (now Euclidean) spacetime on a lattice. In the

most common approach, spacetime is discretized uniformly with a lattice spacing a and is

restricted to have finite extent; space is replaced by a cubic box of side length L = Nxa

for some integer Nx, and Euclidean time is restricted to some integer number Nτ of values

between zero and T = Nτa.8 The boundary conditions of this latticized spacetime are

typically chosen to be periodic or antiperiodic depending on the symmetries of the physical

8Typical lattice parameters in simulations are a ∼ 0.05–0.1 fm and Nx, Nτ ∼ 100.
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system of interest. With this setup, the total number of points in the spacetime volume—

and equivalently the number of integrals for each field—is a finite number NV = N3
xNτ . In

practice though, NV is far too large for direct integration to be viable, and one must resort

to Monte Carlo methods using an appropriate lattice analogs of Eqs. (1.12) and (1.13).

Although latticizing spacetime is certainly beneficial in rendering the path integral tractable,

it is not without its share of downsides. One issue is that LQCD requires one to define a dis-

cretized form of the (Euclidean) QCD action, and while there are several reasonable choices

one can make, it is impossible to define a discretized action with all of the same symmetries

as the continuum action.9

In any case, for given QCD inputs (quark masses mf , coupling constant gS) and lattice

specifications (a, Nx, Nτ , discretized action), one can use Monte Carlo techniques to calculate

the corresponding lattice correlator. By repeating this computation with several different10

lattice spacings a while holding the box size L = Nxa fixed, one can extrapolate a → 0 to

obtain the continuum finite-volume (FV) correlator for that particular L.

1.4 FV correlators and the FV spectrum

By taking the FV analog of Eq. (1.10) in Euclidean time and inserting a complete set of FV

states with appropriate quantum numbers, one can derive the useful result

C̃L(T,P) =
∞∑
n=0

cP,n

2EP,n
e−EP,n|T | , (1.14)

where each cP,n > 0 is a real constant involving matrix elements between the operators and

the vacuum, and EP,n > 0 is the n-th energy level in the FV spectrum (relative to the

vacuum) for a given momentum P, with n = 0 denoting the ground state. This expression

9The most famous example of this fact is the Nielson-Ninomaya theorem, which states that (under some
assumptions) it is impossible to define a discretized QCD action that gives an LQCD theory with chiral
symmetry and no fermion doublers [14].
10Alternatively, one can just use a single lattice spacing if it is small enough that discretization errors are
within the accepted tolerance.
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shows that for large Euclidean time T = Nτa, the lowest energies in the FV spectrum

dominate, allowing them to be extracted through various methods [15–17].

From Eq. (1.14), one can Fourier transform to Euclidean energy and then Wick rotate

back to Minkowski energy to obtain

CL(E,P) =
∞∑
n=0

icP,n

E2 − E2
P,n

=
∞∑
n=0

icP,n

(E + EP,n)(E − EP,n) , (1.15)

where E is a Minkowski energy. This result plays a key role in the quantization conditions

we discuss throughout this thesis, as it shows that the FV two-point correlator CL(E,P) has

simple poles at energies in the FV spectrum {EP,n}∞n=0, and that the residues of these poles

lie on the positive imaginary axis. Thus if one wishes to extract infinite-volume scattering

amplitudes from LQCD simulations, then it is enough to find an expression for CL(E,P) in

terms of such amplitudes, as the analytic structure of the FV correlator can then be utilized

to make contact with the FV spectrum, which can in turn be computed via LQCD. This is

the general strategy of all quantization conditions we discuss in Chapters 3–8 below.

1.5 Effective field theory

Quarks are certainly necessary for describing the internal structure of nucleons (protons/neutrons)

and other hadrons, but they are inconvenient building blocks for describing low-energy inter-

actions between hadrons, as they never appear in isolation due to color confinement. Thus it

makes more sense to use the hadrons themselves as the building blocks, while at even lower

energy (longer length) scales it may be more natural to use atoms or even molecules. This

concept of using different degrees of freedom depending on the energy/length scale of the

theory being probed is the core idea behind effective field theories (EFTs).

An EFT is an approximation of an underlying QFT, with the constituent fields of the

EFT chosen to correspond with the appropriate degrees of freedom at a specified energy

scale Λ. Instead of using the QCD Lagrangian to analyze hadron interactions with quark
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and gluon fields, one can define an EFT Lagrangian purely in terms of hadron fields.

To construct an interacting EFT, one must first identify the relevant degrees of freedom

(quantum fields) and symmetries of the theory. In order for the EFT to include all of the

physics of the underlying full theory, every field interaction term that is consistent with the

symmetries must appear in the EFT Lagrangian along with an associated low-energy constant

(LEC) describing the relative strength of the interaction as a function of Λ [18]. These LECs

are unknowns in the theory that can only be determined by fitting to experimental data or

deriving them from the underlying theory, e.g. via LQCD calculations.

EFTs will therefore generally have an infinite number of interaction terms and unknown

LECs.11 In such theories, one can write the EFT Lagrangian as an expansion in powers of

Λ−1, allowing perturbative diagrammatic techniques to be utilized for calculations.12 For

example, the two-point correlator C(E,P) in Eq. (1.11) can be expressed as an infinite sum

of all Feynman diagrams between the initial and final states |Oi〉 and |Of〉 with total 4-

momentum P µ = (E,P). If one were to determine the LECs of the leading-order terms in

the EFT Lagrangian (e.g. by fitting to experiment), then one could approximate C(E,P)

by summing the most significant diagrams. However, this approach becomes increasingly

challenging as one goes to higher orders in perturbation theory and more LECs need to be

determined. In this thesis, we are not interested in such pursuits, and it suffices to simply

write the correlator as a sum of all diagrams without any knowledge of the LECs.

11All but a small handful of these LECs will be irrelevant/nonrenormalizable and vanish in the Λ → ∞
limit, but for any finite Λ, each LEC describing an interaction that respects the symmetries of the theory
will generally be nonzero.
12The most notable example of this is chiral perturbation theory, a hadronic EFT in which the small masses
of the up and down (and sometimes strange) quarks relative to typical QCD energy scales (Λ ∼ 300 MeV)
are treated as perturbations breaking the chiral symmetry of the massless theory.
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Figure 1.1: Qualitative visualization of how the relative sizes of the box size L and interaction
range R = Λ−1 determine the significance of FV effects. In this image, L/R = ΛL ≈ 2.5,
which is a borderline case; the two particles can both fit in the box and have some room
to move around without interacting with each other, but they fill enough of the box that
interactions will be frequent.

1.6 Finite-volume EFT

The continuum limit a → 0 of LQCD correlators is relatively straightforward to take, but

the same is not true of the infinite-volume limit L→∞, especially when it comes to hadron

scattering. To relate finite-volume correlators and energy spectra to infinite-volume scat-

tering amplitudes, an entirely new formalism is necessary—the formalism of quantization

conditions and finite-volume EFT.

Restricting a field theory to a finite spatial volume leads to several effects of varying

importance. The relative size of these effects is based on the relationship between the box

size L and the natural length (inverse energy) scale or interaction range Λ−1 of the theory.13 If

ΛL . 1, then each particle fills most of the box and finite-volume effects dominate the physics.

Conversely, if ΛL� 1, then particles have plenty of space to move around and interact within

the box, and finite-volume effects are relatively small; see Fig. 1.1. These statements are,

however, purely qualitative; to understand how FV effects can be tracked more rigorously, let

us again consider the FV two-point correlation function CL(E,P), assuming periodic spatial

boundary conditions.

13For example, the energy scale of an EFT with a single field with mass m is generally Λ ∼ m.
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Being in finite volume does not prevent us from expressing the correlator as an infinite

sum of Feynman diagrams, but it does alter how we interpret momenta and loops in the

diagrams. Just as a guitar string can only vibrate at certain discrete frequencies determined

by the length of the string, a de Broglie wave that is forced to satisfy the periodic boundary

conditions of the box can only describe particles with certain discrete spatial momenta:

p = 2π
L

n with n ∈ Z3. All spatial momenta appearing in the diagrams (including the total

momentum P) must lie in this finite-volume set.

This change is most noticeable in loops—whenever one would normally integrate over

all spatial momenta (up to some UV cutoff), in finite volume we must instead perform a

discrete sum over all momenta in the FV set (again up to some UV cutoff). Thus in order to

track the effects of evaluating the correlator in finite volume, we must analyze sum-integral

differences of the form [
1
L3

UV∑
p
−
∫ UV dp

(2π)3

]
f(E,P, L; p) , (1.16)

where f is some generic function. This type of difference has a very nice property that follows

from the Poisson summation formula: if f is a smooth function of p within the domain of

integration, then the sum-integral difference is exponentially suppressed14 in the box size

L. If not, i.e. if f has one or more singularities within the integration domain, then the

difference will generally scale as some inverse power of L. Throughout this thesis, we assume

all exponentially suppressed FV effects to be negligible15 compared to the power-law terms,

which we track to all orders.

14Technically, the summation formula just guarantees that the difference falls faster than any finite power
of L−1; any time we refer to “exponentially suppressed” FV effects, this is what we really mean.
15All examples in the below chapters satisfy ΛL > 4, so that the sizes of the exponentially suppressed
terms are roughly e−ΛL < 2%.
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Chapter 2

HADRON SPECTROSCOPY FROM LQCD

As mentioned in Section 1.1, hundreds of hadrons have been detected experimentally,

each with a unique set of quantum numbers, and with masses ranging from 135 MeV (π0)

to over 5.8 GeV (Σ+
b ). With the countless number of different interactions between hadrons

and other particles in the Standard Model, hadron spectroscopy is the largest playground

we have for improving our understanding of particle physics.

2.1 Scattering basics

In order to properly discuss hadron spectroscopy, let us first recall some basic scattering

theory. Given an initial Ni-particle state |i〉 = |p1 . . . pNi〉, the probability of observing it in

the distant future1 in a final Nf -particle state |f〉 = |p′1 . . . p′Nf 〉 is

Prob(i→ f) = | 〈f |S|i〉 |2 , (2.1)

〈f |S|i〉 = δfi + i(2π)4δ4(P f − P i) 〈f |T |i〉 , S†S = 1 , (2.2)

where S is the (unitary) scattering matrix of the theory with nontrivial part T , and P i ≡∑Ni
j=1 pj and P f ≡ ∑Nf

n=1 p
′
n are the total initial and final 4-momenta, respectively. The

nontrivial piece of this S-matrix element defines the scattering amplitude for the process:

Mi→f ≡ 〈f |T |i〉 . (2.3)

Amplitudes likeMi→f are complex, Lorentz-invariant functions of the external 4-momenta,

and are closely related to the two-point correlation functions C(E,P) discussed in the pre-

1By this, we are assuming the states are asymptotic and taking them to be infinitely separated in time.
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Figure 2.1: Sample analytic structure of a scattering amplitudeMi→f . Black crosses denote
poles, whereas blue circles denote branch points. The imaginary axis is shown at the first
threshold energy merely for convenience; it does not represent Re(E) = 0.

vious chapter; in particular, both can be expressed as a sum of Feynman diagrams between

the initial and final states, and their analytic structures have the same general features.2

In QFTs, a pole in a scattering amplitude (or more generally in the S-matrix) as a function

of the center-of-momentum-frame (CMF) energy E corresponds to a physical particle or

resonance. A pole on the real energy axis corresponds to a stable bound state with mass

M = E, while a pole with a nonzero imaginary part E = M − iΓ/2 corresponds to an

unstable resonance with mass M , decay width Γ > 0, and lifetime 1/Γ. Amplitudes also

have branch points on the real axis at threshold energies where new inelastic processes or

“channels” become energetically accessible; see Fig. 2.1.

2.2 Stable hadrons vs. resonances

Although most light hadrons can be described as standard quark-antiquark (qq) mesons or

three-quark (qqq) baryons, many heavier states cannot be placed in either category. Some

resonances like the a0(980) and3 f0(980) are hypothesized to have tetraquark (qqqq) compo-

nents [19], while others like the P+
c (4450) are conjectured to be pentaquark (qqqqq) states

2The difference is that a correlator includes additional interpolating fields coupling to the vacuum that
create/annihilate the initial/final states, with a (generally off-shell) scattering amplitude between them.

3The numbers in parentheses are the approximate resonance masses in MeV.
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[20]. Perhaps most intriguing are the numerous X, Y , and Z resonances involving charm

and bottom quarks that have been observed over the past couple decades, as they were not

expected and do not seem to obey the standard quark-model classification scheme [21]. Such

curiosities continue to serve as strong motivators for pushing forward the field of hadron

spectroscopy.

The zoo of strong-interaction states provides ample opportunities for testing Standard

Model predictions against experiment and potentially make new discoveries, but making

these predictions requires one to perform nonperturbative QCD calculations in order to

properly describe the hadronic physics. As we discussed in Sections 1.3–1.4, lattice QCD

can be used to evaluate FV correlation functions and (consequently) FV spectra of hadronic

systems. By using this method to obtain the FV ground-state energy from an appropriate

FV correlator for multiple box sizes L and then extrapolating L → ∞, it is possible to

extract masses of stable hadrons in QCD for a given set of inputs—namely, the quark masses

mf and the strong coupling constant gs.4

This procedure has been successfully implemented for several cases, with the details of

the calculations evolving over time. Early calculations used isosymmetric LQCD in the

quenched approximation (no dynamical quarks) and were able to roughly approximate the

masses of many hadrons (e.g. pions and nucleons), but the errors were relatively large, and

the exact isospin symmetry made it impossible to distinguish particles within a multiplet; for

example, the neutron and proton were degenerate. As algorithmic efficiency and computing

power improved, non-isosymmetric LQCD with dynamical quarks soon became viable, and

calculations have become much more precise; in 2015, the first ab initio calculation of the

proton-neutron mass difference was performed [22]. For a more thorough review of light

hadron masses from LQCD, see Ref. [23].

4Note that this program can also be used in reverse; the LQCD inputs mf and gs can be determined
(at a given energy scale) by forcing LQCD predictions to match well-known experimental masses of stable
hadrons such as the pion.
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While the above program is certainly useful, it is only applicable for hadrons that are

stable in QCD. The vast majority of QCD states are unstable resonances with very short

lifetimes (Γ ∼ 100 MeV or 1/Γ ∼ 10−24 s), and their properties are significantly more difficult

to extract. The issue is that resonances are not asymptotic states; they merely manifest as

complex poles in scattering amplitudes of particles which are stable under the strong inter-

action, such as pions, kaons, and nucleons. Thus in order to study a resonance analytically,

one must extract a scattering amplitude involving states of stable hadrons that couple to

the resonance (e.g. decay channels). Some examples of resonances and their dominant decay

channels are the rho ρ(770) → ππ, the omega ω(782) → πππ, and the Roper resonance

N(1440)→ Nπ,Nππ.

2.3 Two-hadron scattering & the Lüscher method

Lüscher was the first to devise a strategy for determining scattering amplitudes from LQCD

data [24, 25]. The so-called “Lüscher method” is to derive a nonperturbative relation between

the FV spectrum of an appropriate FV correlator to infinite-volume scattering amplitudes,

and then to constrain the amplitudes by inputting multiple energies in the FV spectrum

computed with LQCD. Mathematical relations between FV spectra and infinite-volume scat-

tering amplitudes are now commonly referred to as quantization conditions (QCs).

The original derivation by Lüscher was for a particular two-particle scattering case and

involved transforming the QFT problem into a quantum mechanics problem, but in the

following years several alternative derivations of and generalizations to two-particle QCs

(QC2s) were developed. Notable advances included extensions to moving frames, arbitrary

spins, multiple two-particle channels, and noncubic volumes. In addition to these numerous

theoretical advances, QC2s have also been successfully applied to LQCD data to study

several resonances, including the ρ(770) and σ/f0(500) from ππ scattering and the D∗s0

from DK scattering. For a detailed review of QC2s (as well as other methods) and their
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implementations with regards to resonances, see Ref. [26].

2.3.1 Summary of QC2 derivation in the RFT approach

In the paper generalizing the QC2 to moving frames (Ref. [27]), the authors introduced

a derivation strategy that has since become a staple of many modern three-particle QCs.

We summarize their approach here, with a few minor alterations made to better match the

three-particle derivations presented later.

The derivation of Ref. [27] is rooted in a generic relativistic effective field theory (RFT)

comprised of a single species of scalar field; for concreteness, let us call this field π+. Their

starting point is the (Minkowski) two-point FV correlator

CL(E,P) =
∫
L
d4x ei(Ex

0−p·x) 〈0|Tσ(x)σ†(0)|0〉 , (2.4)

where P µ = (E,P) is the fixed total 4-momentum of the system and σ†(x) is an interpolating

operator creating a state that couples to the two-particle state of interest π+π+. The end

goal is a quantitative relationship between the infinite-volume 2→2 scattering amplitude

M2 ≡ Mπ+π+→π+π+ and the FV spectrum of the theory, with all power-law FV effects

accounted for.

The first step is to expand CL as an infinite sum of Feynman diagrams and collect all

sections which are two-particle irreducible (2PI) into FV amputated 2→2 Bethe-Salpeter

kernels B2,L, generalized endcaps A′L and AL, and C(0)
L which contains all diagrams that are

completely 2PI. The result is a skeleton expansion for CL, consisting of only these 2PI quan-

tities and two-particle sections between them (see Figure 2.2). By analyzing the kinematics

of the various diagrams that contribute to B2,L (or the other 2PI quantities), one can show

that if the CMF energy E∗ ≡
√
E2 −P2 is below the next inelastic threshold, then all terms

which appear in B2,L (and C
(0)
L , A′L, AL) are smooth functions of the internal 4-momenta,

including all summands associated with discrete sums over spatial momenta in the FV set.
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CL = C(0)
∞ + A′ ∑

A + A′ ∑
iB2

∑
A + · · ·

= C̃∞ + Ã′ ∑−
∫
PV Ã + Ã′ ∑−

∫
PV iK2

∑ −
∫
PV Ã + · · ·

Figure 2.2: Skeleton expansion of the 2→2 FV correlator CL. In the first line, we have
already replaced all FV 2PI quantities with their infinite-volume limits. The sum-integral
differences in the second line correspond to insertions of F , and effectively project adjacent
quantities on shell.

From Eq. (3.2), it follows that B2,L is equal to B2 ≡ B2,∞ up to exponentially suppressed

FV corrections, and thus the Bethe-Salpeter kernels (and the endcaps) can be treated as

infinite-volume quantities; we are free to replace B2,L → B2, C(0)
L → C(0)

∞ , A′L → A′ ≡ A′∞,

AL → A ≡ A∞.

The next step is to project these (generally off-shell) infinite-volume kernels onto the

physical shell. This is accomplished by decomposing the kernels into partial waves or spher-

ical harmonics, rewriting discrete FV sums over two-particle sections between adjacent 2PI

kernels as ∑ = [∑−PV
∫

] + PV
∫
with some appropriate principal value (PV) prescription,5

and collecting all adjacent PV
∫
terms and B2 kernels into new K2 kernels (the other 2PI

quantities change in a similar way: A′ → Ã′, A → Ã, C(0)
∞ → C̃∞). Each K-matrix K2 is

effectively projected on shell by adjacent instances of the two-particle kinematic quantity F

associated with a single [∑−PV
∫

] contribution.6 K2 is related to the physical amplitudeM2

via a simple algebraic relation involving the difference between the PV and iε prescriptions.

5Using a PV prescription is actually not required in this case; Ref. [27] uses the standard iε prescription,
and this would give the physicalM2 amplitudes directly instead of K2 kernels. However, a PV prescription
is required for the three-particle case, so we include it here to simplify the later discussion.

6Ref. [27] calls the Bethe-Salpeter kernel K (we call it B2). Our F is also defined with an extra
symmetry factor of 1/2, and it contains an extra phase space factor compared to theirs since we use
different integration prescriptions.
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The final expression for the FV correlator is

CL = C̃∞ + Ã′iF
1

1− iK2iF
Ã , (2.5)

where each quantity in the second term on the right-hand side is an infinite-dimensional

matrix with angular momentum indices `,m. For a given P, if the energy E lies in the FV

spectrum {EP,n}∞n=0, then CL necessarily has a pole; i.e., the following quantization condition

must hold:

det
[
F−1(E,P, L) +K2(E∗)

]
= 0 . (2.6)

We stress that F (E,P, L) contains all power-law FV dependence, and that it is a well-defined

kinematic quantity that one can evaluate directly. K2(E∗), on the other hand, is an infinite-

volume amplitude that is on shell and Lorentz invariant (which is why it only depends on the

CMF energy E∗), and is related to the physical amplitude byM−1
2 (E∗) = K−1

2 (E∗) + ρ̃(E∗),

with ρ̃(E∗) a simple phase space factor. Thus one can fit (a parameterization of) K2(E∗)

by attempting to match the energies E which satisfy the two-particle quantization condition

Eq. (2.6) for a given FV momentum P (and box size L) to the energies in the FV spectrum

{EP,n}∞n=0.

2.4 Three-hadron scattering

While one- and two-hadron states are certainly prevalent in the QCD spectrum, the vast ma-

jority of resonances couple to states with three or more hadrons, e.g. the omega ω(782)→ πππ

and the Roper resonance N(1440)→ Nπ,Nππ mentioned above.

Applying the Lüscher method to three-particle scattering amounts to deriving and im-

plementing three-particle quantization conditions (QC3s), the natural analogs of QC2s. The

first QC3 was derived by Hansen and Sharpe in 2014 using the same type of RFT approach

discussed in the previous section [28, 29]. In 2017, two other QC3 strategies appeared: the

nonrelativistic EFT (NREFT) approach by Hammer et al. [30, 31], and the relativistic finite-
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volume unitarity (FVU) approach by Mai and Döring [32]. The NREFT method boasts the

simplest formalism, but its neglect of relativistic effects limits its physical applicability. The

FVU approach is rooted in the constraints that S-matrix unitarity places on FV scattering

amplitudes and is manifestly relativistic like the RFT method, but the latter has always

been more developed; e.g., to date the FVU method can still only accommodate s-wave

dimer interactions, whereas the RFT method has always allowed for all partial waves and is

the only approach to be further generalized, e.g. to include 2→3 processes.

While the RFT, FVU, and NREFT approaches are currently the only three known meth-

ods for deriving QC3s relating scattering amplitudes to FV spectra, there is also a very

different method that does not connect to FV spectra at all. This “potential method” is

favored by the HALQCD collaboration—in it, one associates a nonrelativistic inter-hadron

potential with a quantity obtained from a correlation function of spatially separated hadron

operators, and then one solves the Schrödinger equation with that potential to obtain scat-

tering information [33].

In this thesis, our focus is on developments within the RFT approach to QC3s, and we

do not discuss the other methods for studying three-hadron scattering in any detail.

2.4.1 Overview of original QC3 derivation

The original QC3 derivation by Hansen and Sharpe in Ref. [28] (hereafter referred to as

“HS1”) uses the RFT framework and follows a strategy that is very similar to that of the

QC2 derivation in Section 2.3.1. The result is a similar-looking quantization condition:

det
[
F−1

3 (E,P, L) +Kdf,3(E∗)
]

= 0 , (2.7)

where F3(E,P, L) contains all FV dependence as well as contributions involving K2, and

Kdf,3(E∗) is an on-shell, Lorentz-invariant, infinite-volume 3→3 amplitude. Determining

the physical 3→3 amplitude M3 from these K-matrices is not as simple as it was for the
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iB2

iB2

Figure 2.3: Feynman diagram of a switch state between two B2 kernels. The propagators at
the bottom left and top right are the spectators, as they merely spectate the 2→2 interactions
within the B2 kernels. The 4-momentum flowing through the center propagator is fixed by
the spectator momenta, and thus can be forced to go on shell and diverge.

two-particle case, but it is possible via nested integral equations [29].

There are several aspects of the HS1 derivation that are unique to the three-particle case.

Perhaps most notable is the new diagram topology called a “switch state,” which refers to

a three-particle section between B2 kernels with different particles “spectating” the 2→2

interactions (see Figure 2.3). Switch states introduce new divergence concerns and have

to be treated carefully; the “df” in Kdf,3 stands for divergence-free, as Kdf,3 has singular

switch-state contributions explicitly removed. Another concern is that 2→2 kernels need to

be evaluated below threshold, requiring one to use K-matrices with a carefully defined PV

prescription and UV cutoff in order to avoid introducing cusps.

In addition to these issues that are inherent to 3→3 scattering, the HS1 derivation spends

significant effort dealing with the energy integrals associated with loops in Feynman dia-

grams, organizing the diagrams into several different categories and handling them one at a

time. HS1 also goes to great lengths to symmetrize Kdf,3, as most diagrams are asymmetric

under particle interchange. As a result, Kdf,3 is only defined constructively in HS1; it does

not have a closed-form expression.

In Chapter 3, we present an alternative derivation to that of HS1. The primary differ-

ence is that instead of dealing with Feynman diagrams and energy integrals, we work with

diagrams in time-ordered perturbation theory (TOPT) where all individual 4-momenta are
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on shell and no energy integrals are necessary. We are able to obtain simple closed-form

expressions for all major quantities by using building blocks which are asymmetric under

particle interchange (including an asymmetric K-matrix), and we show that our asymmetric

QC3 is equivalent to the symmetric QC3, Eq. (2.7).

2.4.2 QC3 developments within the RFT approach

The original QC3 derivation of HS1 made several simplifying assumptions:

1. All particles were scalar (spinless).

2. All particles were identical.

3. The Lagrangian was assumed to have a G-parity-like global Z2 symmetry (e.g. no 2→3

transitions were allowed).

4. Two-particle subchannels were assumed to not have any resonances or bound states.

With all of these restrictions, the practical scope of the original QC3 is rather limited; it can

only be applied to simple processes like 3π+ → 3π+ or 3K+ → 3K+, and even then only for

energies up to the next inelastic threshold. In order to study more interesting phenomena

like the Roper resonance, one needs more general QC3s that have some of these assumptions

removed.

Lifting these restrictions of the RFT approach has therefore become one of the main goals

within the QC3 community, and significant progress has been made in the past few years.

Some of these developments include the incorporation of 2→3 transitions [34], resonant sub-

processes [35, 36], multiple isospin channels [37], and relations between FV matrix elements

and infinite-volume decay amplitudes [38].

Given the complicated nature of the derivation in the standard RFT method, an alter-

native line of argument is desirable for simplifying the generalization to more complicated
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systems. This is the focus of the the theoretical work we present in Part II. In Chapter 3, we

perform an alternate derivation of the original QC3 using time-ordered perturbation theory

(TOPT), which we find significantly simplifies the argument. We then demonstrate the util-

ity of this TOPT approach by using it to derive a QC3 for the more complicated case of three

nondegenerate scalars in Chapter 4. Lastly, in Chapter 5 we use the results of Chapter 3 to

demonstrate the equivalence between the RFT and FVU QC3s for identical scalars.

In addition to the many theoretical developments to QC3s over the past few years, there

have also been a number of numerical QC3 implementations. The first was performed in 2018

for three identical scalars in the RFT approach for the simple case of the so-called isotropic

approximation [39], and shortly after there were also implementations in the NREFT [40]

and FVU [41] approaches. All of these studies were purely investigative though; the first

fit to actual LQCD results for the 3π+ FV spectrum did not occur until the following year.

For a recent review on two- and three-hadron QCs including various implementations, see

Ref. [42].

In Part III, we present additional numerical applications of QC3s to systems of three

identical scalars. In Chapter 6, we detail the first QC3 study to include levels in nontrivial

irreducible representations (irreps) of the cubic group and with nonzero d-wave two-particle

interactions. In Chapter 7, we present an exploratory investigation of bound states and

resonances by solving two- and three-particle QCs. Lastly, we present the first ever extraction

of 3π+ scattering information from LQCD data in Chapter 8.

In Chapter 9, we summarize and briefly discuss ongoing and future work. We also include

six Appendices A–F, one for each of Chapters 3–8.
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Part II

THEORETICAL FORMALISM

In the following three chapters, we present three major developments to the theoretical

formalism of three-particle quantization conditions. Each chapter and its corresponding

appendix is taken from a different research publication: Chapter 3 and Appendix A are from

Ref. [43]; Chapter 4 and Appendix B are from Ref. [44]; and Chapter 5 and Appendix C are

from Ref. [45].
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Chapter 3

ALTERNATIVE DERIVATION OF THE RELATIVISTIC
THREE-PARTICLE QUANTIZATION CONDITION1

3.1 Introduction

One of the present frontiers of lattice QCD (LQCD) is the study of systems containing three

or more particles. The aims include the determination of the three-nucleon interaction and

the study of resonances decaying to three or more particles. Advances have been made both

in the ability to calculate multiple finite-volume energy levels using numerical simulations,

and in the theoretical formalism needed to interpret the results. Examples of the successful

combination of these methods are in Refs. [1, 41, 46–54].2

A key output of the theoretical formalism is a quantization condition, an equation whose

solutions give the finite-volume three-particle energy levels in terms of infinite-volume scatter-

ing quantities. The latter quantities are then related to infinite-volume scattering amplitudes

in a second step that involves solving integral equations. Our aim in this work is to provide

a simplified method for deriving the quantization condition in a generic relativistic effective

field theory (RFT). Our hope is that our new method will simplify the generalization of the

quantization condition to systems not heretofore studied, for example to three nondegenerate

particles and to more than three particles, as well as allow the unification of the different

approaches used to develop the three-particle formalism (to be described below).

The two-particle quantization condition has been known for decades and is now a standard

tool in LQCD [24, 25, 27, 56–63]. (See Ref. [26] for a review.) The three-particle formalism

1This chapter and Appendix A are taken directly from Ref. [43].
2For related applications in lattice simulations of φ4 theory see Ref. [55].
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has been developed more recently, using three main approaches:3

1. The RFT approach, which is the most general and also the most complicated. This

formalism was derived in Refs. [28, 29] for the case of identical scalar particles with

a Z2, G-parity-like, symmetry. We refer to these papers in the following as HS1 and

HS2, respectively. The formalism has been subsequently generalized to allow 2 ↔ 3

transitions [34], K matrix poles [35, 36], and nonidentical but degenerate particles [37].

The numerical implementation of the formalism has been studied in Refs. [36, 39,

76], and recently applied to extract the 3π+ interaction [51] using results for the 3π+

spectrum from Ref. [1].

2. The nonrelativistic effective field theory (NREFT) approach of Refs. [30, 31, 40, 77].

Here the derivation is much simpler, but to date the formalism has been developed

only for two-particle interactions restricted to the s-wave.

3. The “finite-volume unitarity” (FVU) approach of Refs. [32, 41, 52, 53]. This is a

relativistic formalism that is based on general forms for the three-particle scattering

amplitude developed in Refs. [78, 79] that incorporate s-channel unitarity. As for the

NREFT approach, it has to date been developed only for s-wave two-particle interac-

tions. It has been applied to the 3π+ spectrum from LQCD in Refs. [52, 53].

Our aim, as already noted, is to simplify the RFT derivation given in HS1 and HS2. As

a side benefit, our result provides a further check on the original formalism, adding to the

checks provided in Refs. [68, 80–82].

The derivation of HS1 and HS2 uses TOPT to identify the loop integrals that lead

to power-law finite-volume effects, but the main analysis is based on a skeleton expansion

3See also the foundational work of Ref. [64], the threshold expansions of Refs. [65–69], and the alternative
approaches in Refs. [70–73]. For recent reviews, see Refs. [74, 75].



28

using Feynman diagrams. The strategy is, crudely speaking, to convert loop sums into

integrals plus a volume-dependent remainder at every opportunity. This leads to complicated

intermediate expressions involving kernels that are not symmetric under interchanges of

external momenta, and are given by implicit, constructive definitions. Considerable effort

is then required to rewrite the final quantization condition in terms of a symmetric three-

particle K matrix (called Kdf,3). Our alternative approach uses TOPT throughout,4 converts

fewer sums into integrals, and does not aim for full symmetrization in the initial quantization

condition. This allows for a simpler derivation that is completely explicit. A second step then

leads to the HS1 form of the quantization condition in terms of Kdf,3. We stress that, despite

the differences, many technical steps in our approach are based closely on the developments

and technical results of HS1 and HS2.

We close the introduction with a summary of our approach, which also serves to de-

scribe the organization of the paper. The new derivation of the quantization condition is

presented in Sec. 4.4, and is broken into several steps. We begin in Sec. 3.2.1 with a recap

of the essentials of TOPT, and then, in Sec. 3.2.2, explain how the three-particle correlation

function can be written in terms of two- and three-particle irreducible TOPT amplitudes.

This is the analog in TOPT of the Feynman-diagram-based skeleton expansion used in HS1.

The advantage of the TOPT approach is that the result, given in Eq. (3.24), is a simple

geometric series that is straightforward to derive. The next step, described in Sec. 3.2.3, is

to rewrite the expression for the correlator in terms of on-shell quantities. This is achieved

by the results in Eqs. (3.52) and (3.57), which introduce two finite-volume quantities G̃ and

F̃ that are closely related to the G and F appearing in HS1. Using these results, the form for

the correlator can be reorganized into a geometric series involving on-shell, infinite-volume

4Aside from an initial use of Feynman diagrams to analyze self-energy diagrams, as described in Ap-
pendix A.1. We note that extension of the derivation of HS1 to theories without the Z2 symmetry, given
in Ref. [34], makes more extensive use of TOPT, and we use several results concerning TOPT from that
work.
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kernels, Eq. (3.75). As described in Sec. 3.2.4, this immediately leads to our new form of the

quantization condition, Eq. (3.81). While simple in form, this has the disadvantage of in-

volving an asymmetric three-particle K matrix (K̃(u,u)
df,3 ). The next sections of this work show

how the quantization condition can be rewritten in terms of a symmetrized three-particle K

matrix using relatively simple algebraic steps, with the final result, presented in Eq. (3.115),

having exactly the same form as that of HS1. A spin-off from this analysis is that we obtain

an explicit expression for the symmetric three-particle K matrix of HS1, Kdf,3, in terms of

TOPT amplitudes connected by a sequence of integral operators.

Although these final symmetrization steps are straightforward, we take a somewhat in-

direct path to obtain them. This involves first, in Sec. 3.3, using the TOPT methodology to

determine an expression for an asymmetric finite-volume three-particle scattering amplitude,

M̃(u,u)
3,L , in terms of K̃(u,u)

df,3 , Eq. (3.86); second, in Sec. 3.4.1, comparing that to the result for

the similar amplitudeM(u,u)
3,L introduced in HS2; third, in Sec. 3.4.2, asymmetrizing the HS1

result so that it is written in terms of an asymmetric amplitude K(u,u)
df,3 , and using this to

show that the HS1 quantization condition can be recast in exactly the same form as our new

version; and, finally, in Sec. 3.4.3, reversing the algebraic steps to show that our quantization

condition can be rewritten in symmetric HS1 form. We close the paper with a summary and

outlook.

We include several appendices collecting technical results. Appendix A.1 concerns TOPT.

Appendix A.2 describes the relation of three- and two-particle finite-volume amplitudes,

and gives details on the pole prescription that we use. Appendix A.3 explains a set of

complicated though straightforward matrix manipulations that are needed in the main text.

Appendix A.4 derives the asymmetrization identities needed in the main text. Appendix A.5

derives the relation between K̃(u,u)
df,3 andM3. Appendix A.6 gives details of the steps needed

to relate K̃(u,u)
df,3 and K(u,u)

df,3 . We also include Appendix A.7 in which we briefly describe a

variant of our approach that leads to a slightly different form of the quantization condition,
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and which may be advantageous when considering generalizations.

In a companion paper [45], we show that our new form of the quantization condition can

be written in terms of the R matrix of Refs. [78, 79]. The provides a generalization of the

FVU quantization condition to all two-particle partial waves.

3.2 Derivation of the new form of the quantization condition

We work in a generic relativistic effective field theory (RFT) of identical scalar particles with

physical mass m in 3+1-dimensional Minkowski spacetime. We assume the Lagrangian has a

G-parity-like Z2 symmetry so that only even-legged vertices are allowed. This is exactly the

same setup as in HS1. Our aim is to derive an expression—the quantization condition—that

determines the energy levels when this theory is considered in a finite spatial box. Following

HS1, we choose a cubic volume of side length L, with periodic boundary conditions.

The tool we use is the finite-volume (FV) correlation function for fixed total four-

momentum P µ = (E,P):

C3,L(E,P) ≡
∫
L
d4x ei(Ex

0−P·x) 〈0|Tσ(x)σ†(0)|0〉 , (3.1)

where P = 2π
L

nP with nP ∈ Z3, the integral is over x0 ∈ R and x ∈ [0, L)3, |0〉 is the true

vacuum state of the interacting theory, and σ(x) is an interpolating field coupling to three-

particle states. Throughout this paper, we assume the kinematic constraint m < E∗ < 5m,

where E∗ =
√
E2 −P2 is the total energy in the overall center-of-mass (CM) frame. This

constraint ensures that only three-particle states may go entirely on shell, a restriction that

is crucial to our derivation (as well as that of HS1).

For fixed P, the correlator C3,L(E,P) will have poles in E at the energies of the FV

states that have the quantum numbers of σ†, namely all states with odd particle number.

By deriving an expression for the pole positions, we will obtain the desired FV quantization

condition.
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The derivation in HS1 involves summing over all Feynman diagrams contributing to

C3,L(E,P). The expressions for each diagram differ from those in infinite volume only by the

replacement of spatial loop integrals with sums over discrete spatial momenta, k ∈ 2π
L
Z3. One

of the key initial steps in the derivation is to note that some spatial-momentum sums have

negligible dependence on L and can therefore be replaced with (infinite-volume) integrals.

More precisely, if a summand/integrand f(k) is smooth over the integration domain, with the

derivatives scaling as appropriate powers of m, then, from the Poisson summation formula,

the sum-integral difference is exponentially suppressed in mL:5

1
L3

UV∑
k
f(k) =

∫ UV d3k

(2π)3f(k) +O(e−mL) . (3.2)

Here we have included an ultraviolet (UV) cutoff, the nature of which is unimportant as

the sum-integral difference is an infrared effect. We assume throughout that mL is large

enough that O(e−mL) terms can be safely neglected. An immediate consequence of this

assumption is that the difference between a FV quantity and its infinite-volume analog is

only non-negligible if the quantity contains a singularity in the spatial-momentum summand.

The next key step in HS1 is to utilize certain results from TOPT as a tool for identifying

which Feynman diagrams can possess singularities and which cannot, as this greatly restricts

the classes of Feynman diagrams that need to be considered to capture all significant FV

contributions. However, this is the full extent to which TOPT is applied in HS1; actual

time-ordered diagrams are never used.

3.2.1 TOPT basics

We begin the derivation proper by a brief recapitulation of the essential features of TOPT.

A good source for the derivation of these results is Ref. [83]; further discussion in a context

closely related to that considered here is given in Appendix B of Ref. [34]. The main subtlety

5Or, more precisely, falls faster than any power of mL.
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in applying TOPT concerns the use of renormalized propagators, and we discuss this technical

point in Appendix A.1.

In TOPT, one rewrites each Feynman diagram contributing to C3,L as a sum of all time

orderings of the vertices, with each ordering corresponding to a unique time-ordered diagram.

Each propagator in the diagram is associated with an on-shell four-momentum pµ = (ωp,p),

with positive energy ωp ≡
√

p2 +m2, and gives rise to a factor of 1/(2ωp). Spatial momentum

is conserved at vertices, but energy is not. Each “cut” between consecutive vertices gives a

kinematic factor

iKt ≡
i

Et −
∑

pon∈Pt
ωp + iε

, (3.3)

where Pt is the set of spatial momenta passing through the cut at time t, and

Et ≡



+E if tσ > t > tσ†

−E if tσ† > t > tσ

0 otherwise,

(3.4)

with tσ† and tσ denoting the times at which σ† and σ occur in the diagram, respectively.6

The factor of iε has no impact in finite volume, and can be set to zero in that case. When

evaluating vertices with derivatives (which are present with arbitrary order in the generic

RFT), the corresponding momenta are placed on shell. Symmetry factors are included as for

Feynman diagrams. Finally, all spatial momenta are summed/integrated with the standard

measure.

As discussed in Appendix A.1, by using an appropriate on-shell renormalization scheme

and restricting to our kinematic regime in which only three particles can go on shell simul-

taneously, all self-energy diagrams can be absorbed into changes in the vertices, and it is the

6The precise values of the times are irrelevant to the value of the diagram; they are being used here only
to label the ordering of vertices.
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C(1)
3,LC(0)

3,L C(2)
3,L

(a)

(b)

σ†σσσ†

t

Figure 3.1: Examples of time orderings in diagrams contributing to C3,L. Time flows from
right to left, with the black circle (blue square) representing σ† (σ). Relevant cuts are shown
by vertical (red) dashed lines, while irrelevant cuts are shown by solid (magenta) integral
signs. The factors associated with these cuts are described in the text. Vertical columns
divide contributions according to the number of relevant cuts. Horizontal rows contain the
time orderings of (a) the leading-order Feynman diagram and (b) a Feynman diagram with
a single four-point vertex.

physical mass that enters into the factors of ωp.

Given these rules, the only singularities in diagrams are due to the kinematic factors Kt;

by assumption, the vertices are polynomials in momenta and thus nonsingular. Furthermore,

within our range of E∗, the only singularities occur if Et = +E and |Pt| = 3, i.e., if the cut

at time t contains three lines and comes after tσ† and before tσ. We shall refer to such cuts

as “relevant three-particle cuts” or simply “relevant cuts.”7 The remaining cuts, which we

refer to as “irrelevant,” occur if either (i) Et = +E with |Pt| 6= 3, or (ii) Et ∈ {−E, 0}. Since

|Pt| is necessarily odd for all cuts through C3,L, case (i) corresponds to having either a single

7A potential second type of relevant cut, arising from a single dressed propagator, is discussed in Ap-
pendix A.1, and shown to be absent.
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particle in the cut, leading to a singularity at E∗ = m, or at least five particles, for which

singularities occur for E∗ ≥ 5m. Both of these possibilities lie outside our kinematic range.

For case (ii), there are no singularities because the denominator of Kt is negative definite.

Examples of relevant and irrelevant cuts are shown for simple diagrams in Fig. 3.1.

Given this classification, irrelevant cuts yield a smooth Kt, and we can use Eq. (3.2) to

take the infinite-volume limits of all spatial-momentum sums involving the cut, i.e. to replace

the sums with integrals. This was the key result from TOPT that HS1 used to identify which

Feynman diagrams contained singularities, but here we continue working with time-ordered

diagrams.

Later in this work (in Sec. 3.3) we will consider scattering amplitudes, i.e. amputated

correlation functions, both in finite and infinite volume. The corresponding Feynman dia-

grams can also be broken up into time-ordered components using TOPT. The rules are the

same as above, except that the operators creating incoming (destroying outgoing) particles

are always placed at the earliest (latest) time. In addition, there are no 1/(2ω) factors for

the external propagators; the first cut occurs after the first vertex, and the last cut before

the final vertex. In general such an amplitude is off shell. The on-shell amplitude, whose

absolute square is related to the scattering cross section, is obtained by choosing the initial

and final spatial momenta such that the initial- and final-state energies both sum to E. In

this on-shell limit, the result for the amplitude is identical to that given by the expression

obtained using Feynman diagrams, and, in particular, is Lorentz invariant.

3.2.2 Expansion of C3,L(E,P) in relevant cuts

Our strategy is to organize the (renormalized) time-ordered diagrams that contribute to

C3,L(E,P) by the number of relevant three-particle cuts they contain,

C3,L(E,P) =
∞∑
n=0

C
(n)
3,L(E,P) , (3.5)
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where C(n)
3,L(E,P) is the sum of all diagrams containing exactly n relevant cuts. Examples of

this organization are shown in Fig. 3.1.

The n = 0 term C
(0)
3,L(E,P) denotes the sum of all diagrams with no such cuts. Since

all cuts in each diagram give smooth iKt contributions, we can use Eq. (3.2) to replace all

discrete momentum sums with integrals and take the infinite-volume limit:

C
(0)
3,L(E,P) = C

(0)
3,∞(E,P) +O(e−mL) . (3.6)

From now on we will no longer track terms that are exponentially suppressed in mL.

For diagrams with at least one relevant cut, the expressions factorize into a form with a

right-hand “endcap,” followed by some (possibly zero) number of 3 → 3 segments, followed

by a left-hand endcap. These pieces are separated by relevant cuts. This factorization can be

seen in the examples in the C(1)
3,L and C(2)

3,L columns of Fig. 3.1. A more extensive example for

C
(4)
3,L is shown in Fig. 3.2, which shows that there are two types of nontrivial 3→ 3 segments:

one in which two particles interact with the third particle spectating, and the other in which

all three particles interact. We label these B2,L and B3 respectively, while the left (right)

endcaps are denoted Â′ (Â).8 Before presenting the general expression for C3,L, we first give

the definitions of these four segments.

Contributing segments

We begin with the left endcap Â′. It is given by the sum of all time-ordered diagrams

that contain σ, are three-particle irreducible in the s-channel (3PIs),9 and begin with an

amputated three-particle cut. The amputation removes the factors of 1/(2ω) from each line,

8The “hat” on these quantities is used to distinguish them from similar, but different, endcaps denoted A′
and A in HS1. Similarly, we label the intermediate segments with a calligraphic B, in order to distinguish
them from the Bethe-Salpeter kernels B2 and B3 used in HS1.

9Our definition of 3PIs includes, in principle, the possibility of a cut through a single propagator that is
carrying the full momentum P. However, as explained in Appendix A.1, in our kinematic regime all such
single propagators can be collapsed into vertices, so the issue does not arise.
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Figure 3.2: Example of a contribution to C(4)
3,L. Notation is as in Fig. 3.1. The names for the

different types of segment are indicated by the underbraces.

as well as the energy denominator of the relevant cut. These factors will be added back

when we join the segments. For fixed E and P, Â′ depends on the spatial momenta of two

of the particles in the relevant cut, usually denoted k and a. The momentum of the third,

usually denoted bka, or simply b for short, is given by bka = P− k− a. We define Â′(k, a)

to include all distinct attachments of momentum labels to the external lines. This is exactly

what would result were we to define this as an amplitude with three single-particle creation

operators and included all Wick contractions. This implies that it is fully symmetric10

Â′(k, a) = Â′(a,b) = Â′(b,k) = Â′(a,k) = Â′(b, a) = Â′(k,b) . (3.7)

It turns out to be convenient to multiply the sum of all diagrams by a factor of 1/3, as

this will cancel a labeling degeneracy that we describe below. This factor can be intuitively

understood as placing this inherently symmetric object on the same footing as the inherently

asymmetric segment B2,L to be defined below. Examples of diagrams contributing to this

endcap are shown in Fig. 3.3.

The right endcap Â is defined as the sum of all amputated 3PIs TOPT diagrams con-

10A reader making a detailed comparison with HS1 will observe that the endcaps used initially in that
work are asymmetric, and considerable effort is needed at a later stage to symmetrize them. One of the
advantages of the TOPT approach is that we do not need to use asymmetric quantities at this stage, with
the exception of B2,L.
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Figure 3.3: Examples of contributions to the left endcap Â′(k, a), with notation as in Fig. 3.1.
When evaluating these diagrams, the external lines (those that end at the relevant cut) are
amputated, with the factors of 1/(2ω) dropped, and the energy denominator is also not
included. The factor of 3 on the left-hand side is discussed in the text. The vertices in
the diagram can represent interactions with or without derivatives, but in all cases are fully
symmetric. The number of relabelings of a diagram depends on its intrinsic symmetry under
interchange of the external particles. For the first two diagrams, which are symmetric under
external particle interchange, there is only one labeling. For the next diagram, which is
symmetric under interchange of the upper two particles, there are three labelings, as shown.
The final diagram, shown on the second and third lines, is completely asymmetric, and all
six relabelings must be included.

taining a σ† and ending with an amputated three-particle cut, multiplied by 1/3. Diagram-

matically, it is simply the horizontal “reflection” of Â′. It is fully symmetric.

The fully connected 3 → 3 segment iB3(k′, a′; k, a) (with fixed E and P implicit) is

defined as the sum of all amputated, connected, 3PIs TOPT diagrams beginning and ending

at a relevant cut.11 All momentum assignments are included, and it is multiplied by 1/3

11The factor of i is included to match the standard definition of a scattering amplitude, and follows the
notation of HS1.
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for each cut, i.e. by 1/9 in total. It is fully symmetric separately for both initial and final

momenta,

B3(k′, a′; k, a) = B3(a′,k′; k, a) = B3(k′, a′; a,b) = · · · . (3.8)

The final segment is iB2,L, in which only two of the particles are connected—the “inter-

acting pair”—while the third spectates. This segment is intrinsically asymmetric, and we

choose the spectator momentum to be k = k′,

iB2,L(E,P; k′, a′; k, a) ≡ δk′k2ωkL3iB2(E2,k,P2,k; a′; a) ,

E2,k ≡ E − ωk , P2,k ≡ P− k ,
(3.9)

where δk′k = δ3
k′,k is the three-dimensional Kronecker delta. Here B2 is the sum over all

amputated TOPT diagrams describing connected 2 → 2 scattering that are 2PI in the s

channel, which we denote as 2PIs diagrams. Note that the four-momentum flowing through

B2 is (E2,k,P2,k), since the spectator four-momentum kµ = (ωk,k) is subtracted from the

total. We also include an L in the subscript to emphasize the presence of an explicit factor

of L3. Examples of diagrams contributing to B2 are shown in Fig. 3.4. It is symmetric under

separate interchange of the momenta within initial and final pairs, i.e.

B2(E2,P2; a′; a) = B2(E2,P2; b′; a) = B2(E2,P2; a′; b) = B2(E2,P2; b′; b) ,

b′ = P2 − a′ , b = P2 − a .
(3.10)

It is defined without any overall factors (unlike B3).

The factor of 2ωkL3 in the numerator of Eq. (3.9) is needed because the cuts on both

sides of B2 include a spectator propagator, so one must be canceled. This is explained in

greater detail below.

For the quantities Â′, Â, B3, and B2, we can proceed as for C(0)
3,L and take the infinite-

volume limit, since they contain no relevant cuts in our kinematic region. The lack of such

cuts is by construction for the 3PIs quantities Â′, Â, and B3. For B2, the lack of relevant
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Figure 3.4: Examples of contributions to iB2(E2,P2; a′; a), with notation as in Figs. 3.1
and 3.3. (In this and following figures we do not keep track of factors of i.) The number
of relabelings of a diagram depends on its intrinsic symmetry under interchange of the
external particles. For the first two diagrams, which are symmetric under external particle
interchange, there is only one labeling. The next diagram is symmetric on the left, but not
on the right, and so there are two relabelings, as shown. The final diagram is asymmetric
under interchange of both initial and final particles, and thus there are four relabelings, as
shown.

three-particle cuts in B2,L implies that B2 can have no on-shell two particle cuts, since its

CM energy E∗2 cannot exceed 4m. Because of the absence of relevant cuts, Â′, Â, B3, and

B2 are all real in our kinematic range. As discussed in Appendix A.1, we implicitly use a

diagram by diagram regularization and renormalization scheme, so that all quantities are

UV finite.

Evaluating C3,L(E,P)

With the 3PIs segments in hand, we can now proceed toward a general expression for the

correlator. To write this compactly, we introduce a matrix notation, in which the indices are

the two summed finite-volume momenta at each cut, {ka} ≡ {k, a}. Thus Â′ becomes a row
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vector, B3 and B2,L become matrices, and Â becomes a column vector:

Â′k′a′ ≡ Â′(k′, a′) , [B3]k′a′;ka ≡ B3(k′, a′; k, a) ,

Âka ≡ Â(k, a) ,
[
B2,L

]
k′a′;ka

≡ B2,L(E,P; k′, a′; k, a) .
(3.11)

The sum of contributions containing exactly one relevant cut can then be written

C
(1)
3,L(E,P) =

UV∑
k′,a′

UV∑
k,a

Â′k′a′3i[DF ]k′a′;kaÂka , (3.12)

= Â′ 3iDF Â , (3.13)

where in the second line we have left matrix indices implicit. The matrix associated with

the relevant cut is

[DF ]k′a′;ka ≡
1
2!δk

′kδa′aDka , (3.14)

Dka ≡
1

2ωkL3
1

2ωb(E − ωk − ωa − ωb)
1

2ωaL3 = Dak . (3.15)

The reason for the subscript F will become clear below.

The various terms in Eq. (3.13) are chosen so that the correct TOPT expression for C(1)
3,L

is obtained when sewing Â′ and Â together. In particular, Dka plays three roles. First, it

puts back in the propagator factors that have been removed when amputating Â′ and Â.

Second, it contains the two factors of 1/L3 that are the standard measure associated with

the sums over the loop momenta k and a. Third, it includes the energy denominator from

the kinematic factor Kt.

The numerical factors of 3 [multiplying DF in Eq. (3.13)] and 1/2! (in the definition of

DF ), are needed to account for symmetry factors and labeling degeneracy. Recalling that

Â′ and Â each come with a factor of 1/3 included by hand, the product of these factors is

NS = (1/3)×(3/2!)×(1/3) = 1/3!. If one is considering contributions to Â′ and Â that both

correspond to completely asymmetric underlying diagrams with 3! possible labelings (as in

the example shown in the last two lines of Fig. 3.3), then the (3!)2 terms in the product
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overcount the number of diagrams contributing to C(1)
3,L by a factor of 3!. This is canceled by

NS. If instead the contributions to both Â′ and Â are completely symmetric (as in the first

two examples in Fig. 3.3), then there is only one diagram that appears in the product, but it

needs a symmetry factor of 1/3! that is provided NS. Cases of intermediate symmetry work

similarly.

For reasons that will become clear shortly, it is useful to rewrite Eq. (3.13) as

C
(1)
3,L = Â′ i(DF +DG)Â , (3.16)

[DG]k′a′;ka ≡ δk′aδka′Dka . (3.17)

The new matrix DG differs from DF in the manner in which the momenta are contracted,

and also because it lacks the factor of 1/2!. When adjacent to a symmetric quantity (on

either side) one can replace DG with 2DF , because the corresponding momentum indices

k and a can be freely interchanged, and because Dka = Dak. Given this substitution, the

equivalence of Eqs. (3.13) and (3.16) is immediate.

We now move on to the contributions with two relevant cuts. These can involve either a

B3 or a B2 between the endcaps. For the former, using exactly the same arguments as just

described, one finds that

C
(2)
3,L 3 Â′ 3iDF iB3 3iDF Â = Â′ i(DF +DG)iB3i(DF +DG)Â . (3.18)

For the latter, it turns out that the same form holds

C
(2)
3,L 3 Â′ 3iDF iB2,L3iDF Â = Â′ i(DF +DG)iB2,Li(DF +DG)Â , (3.19)

where the second result follows from the first because both DF ’s are adjacent to a symmetric

endcap. To understand why Eq. (3.19) gives the correct contribution to C(2)
3,L, consider the

diagram shown in the final column of Fig. 3.1. The 2ωkL3 in B2,L, Eq. (3.9), cancels that in

one of the DF ’s, so that there is only one such factor in the overall diagram, as appropriate

for the spectator line. Using the first form in Eq. (3.19), the numerical factors combine to
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give N ′S = (1/3) × (3/2!) × (3/2!) × (1/3) = 1/(2!)2, which is the correct symmetry factor

for the diagram as a whole. For completely asymmetric contributions to Â′, B2,L, and Â, N ′S
serves to cancel the labeling degeneracy. For cases with intermediate symmetry, N ′S provides

a mix of the needed symmetry factors and cancellation of labeling degeneracies. The total

result with two relevant cuts can thus be written

C
(2)
3,L = Â′ i(DF +DG)i(B2,L + B3)i(DF +DG)Â . (3.20)

Generalizing to more cuts is straightforward if only B3 segments appear, for they can be

connected together with factors of 3iDF or, equivalently, i(DF +DG). A complication arises,

however, when one has adjacent factors of B2,L, as occurs in the example shown in Fig. 3.2. In

such cases the manner in which indices are contracted matters due to the asymmetry of B2,L.

In Fig. 3.2, the intermediate matrix must be a DG, because the spectator line is switched.

If there is no such switch then the intermediate matrix must be a DF . This distinction is

illustrated in Fig. 3.5. The relative factor of 2! between DF and DG is also needed to obtain

the correct overall symmetry factor. One way to understand this is to note that there are

two ways to join a spectator to the interacting pair, compared to only a single way of joining

the spectators. The conclusion of this discussion is that factors of B2,L must be joined by

i(DF + DG), with no freedom to change to any other form. This is why in the cases above

where there was such freedom, we rewrote the result in terms of the combination DF +DG.

We thus conclude that the result for n ≥ 1 relevant cuts can be written

C
(n)
3,L = Â′ i(DF +DG)

[
i(B2,L + B3)i(DF +DG)

]n−1
Â . (3.21)
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b

Figure 3.5: Example of the difference between DF and DG when connecting two B2,L seg-
ments. Notation as in Fig. 3.1. In this simple example, the extra factor of 1/2! contained in
the definition of DF is needed to give the symmetry factor associated with the closed loop
that crosses the central cut in the left-hand diagram. Momentum labels are discussed in the
text in Sec. 3.2.3.

The full correlator is then given by a geometric series

C3,L(E,P) =
∞∑
n=0

C
(n)
3,L(E,P) (3.22)

= C
(0)
3,L(E,P) +

∞∑
n=1

Â′ i(DF +DG)
[
i(B2,L + B3)i(DF +DG)

]n−1
Â (3.23)

= C
(0)
3,∞(E,P) + Â′ i(DF +DG) 1

1− i(B2,L + B3)i(DF +DG)
Â . (3.24)

We have obtained a closed-form expression for C3,L(E,P) in which the building blocks are

infinite-volume “TOPT amplitudes”—Â′, B3, B2 (contained in B2,L), and Â. Volume de-

pendence enters through the fact that momenta are summed over the set of FV values, and

through the explicit factors of L3 associated with the sums and contained in B2,L. The

simplicity of the result and the straightforward manner of its derivation are two of the main

advantages of using the TOPT approach.

3.2.3 On-shell projection

At this stage our expression for C3,L is built from infinite-volume quantities, but these are, in

general, off shell. To obtain a useful quantization condition we need to rewrite C3,L in terms

of fully on-shell quantities, which in turn can be related to physical amplitudes. By fully
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on-shell, we mean that the incoming and outgoing four-momenta are both individually on

shell and sum to the total four-momentum P µ = (E,P). Within TOPT the first condition

is automatically satisfied, as is the conservation of spatial momenta, so the issue to address

is that, in general, the three particles at a relevant cut do not satisfy ωk + ωa + ωb = E. We

stress that for the TOPT amplitudes B3 and B2,L, one must separately consider on-shellness

for the incoming and outgoing momenta—these amplitudes can, for example, be on shell on

one side but off shell on the other.

The method we use in this subsection is to expand the amplitudes about their on-shell

points. For fixed E and P, these expansions are made in the spatial momenta of the external

particles. This necessarily involves consideration of external momenta that do not lie in the

discrete set allowed for finite volumes. Although such external momenta do not enter into

the expression for C3,L, Eq. (3.24), the TOPT amplitudes are well defined for all external

momenta. This is because all internal loops have been converted to infinite-volume integrals,

so changes in external momenta can be propagated through the diagrams into small changes

in loop momenta. Since the integrands are nonsingular by construction, the dependence

on external momenta is smooth. This result was used in HS1 and HS2 in the context of

Feynman amplitudes.

We separately analyze cuts involving DG and DF , which we refer to as “G cuts” and “F

cuts,” respectively, and then apply the results to C3,L(E,P).

G cuts

To evaluate Eq. (3.24), we must repeatedly consider quantities of the form12

[X ′DGX]ka;pr = [X ′]ka;k′a′ [DG]k′a′;p′r′ [X]p′r′;pr ,

X ′ ∈ {Â′,B2,L,B3} , X ∈ {Â,B2,L,B3} .
(3.25)

12If X ′ = Â′ or X = Â then the corresponding outer momentum labels are absent.
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Our aim is to rewrite these in terms of a part in which the right-hand momenta of X ′ (with

indices k′a′) and the left-hand momenta of X (with indices p′r′) are both on shell, plus a

residue that does not have a pole in E. In the following we refer to the momenta that we

will set on shell as the “inside” momenta, while those that are left off shell (here ka and pr)

as the “outside” momenta.

We consider in detail the case where X ′ = X = B2,L, from which the results for other

choices can easily be deduced. Writing this out, we have
[
B2,LDG B2,L

]
ka;pr

=
[
B2,L

]
ka;k′a′

[DG]k′a′;p′r′

[
B2,L

]
p′r′;pr

(3.26)

= B2(E2,k,P2,k; a; p) 1
2ωbkp(E − ωk − ωp − ωbkp)

× B2(E2,p,P2,p; k; r) ,
(3.27)

where in the first line repeated indices are summed. The choice of momentum labels is

illustrated in the right-hand diagram of Fig. 3.5.

Our aim in the following is to expand the two factors of B2 about the points at which

their internal momenta are on shell. Consider first the left-hand B2. Its internal (right-hand)

momenta are p and bpk = P− k− p ≡ b. We wish to adjust p (which also changes b since

P is fixed) until ωp + ωb = E2,k. The way we do so is adapted from the approach used in

Sec. IVB of HS1. We first change variables to those in the center-of-mass frame (CMF) of

the scattered pair. Since the four-momentum of the pair is (ωp + ωb,P2,k), the boost to this

frame has parameters

βk = |P2,k|
ωp + ωb

, γk = ωp + ωb
2ω∗p

, 4ω∗2p = (ωp + ωb)2 −P2
2,k , (3.28)

such that (ωp,p) is boosted to (ω∗p,p∗k), with

p∗k‖ = γk(p‖ − βkωp) , p ∗k⊥ = p⊥ , (3.29)

where parallel and perpendicular components are relative to P2,k. Similarly, (ωb,b) is boosted
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to (ω∗p,−p∗k). Here the subscripts “k” are a reminder that the boost depends on k. This

boost differs from that used in HS1, because here all particles are on shell while energy

is not conserved, whereas in HS1 the particle with momentum b is off shell and energy is

conserved. The boost used here has the advantage that it is well defined for all choices of k,

since |βk| < 1. We refer to it below as the “Wu boost.”13 We also stress that p∗k completely

fixes p since it determines E∗2,k = 2ω∗p, from which, for given P2,k, one obtains ωp + ωb and

thus the inverse boost. Thus we can change variables14 in B2 from p to p∗k = p∗kp̂∗k:

B2(E2,k,P2,k; a; p) ≡ B∗2(E2,k,P2,k; a; p∗k) , (3.30)

where the asterisk on B∗2 simply indicates the same function expressed in terms of the new

variables.

The next step is to decompose the angular dependence of B∗2 into spherical harmonics,

B∗2(E2,k,P2,k; a; p∗k) ≡ B∗2(E2,k,P2,k; a; p∗k)`m
√

4πY`m(p̂∗k) , (3.31)

where there is an implicit summation on angular-momentum indices, and the factor of
√

4π

follows the conventions of HS1. We use real spherical harmonics throughout to avoid an

overabundance of asterisks. Since we expect B2 to be nonsingular in our kinematic regime, the

coefficients B∗2(E2,k,P2,k; a; p∗k)`m should be smooth functions of p∗k. Indeed, if we can Taylor-

expand B∗2(E2,k,P2,k; a; p∗k) about p∗k = 0, it follows that, in order to avoid singularities at

p∗k = 0 from the spherical harmonics or the absolute value, we can pull out a factor of p∗`k
from B∗2,

B∗2(E2,k,P2,k; a; p∗k)`m ≡ B∗∗2 (E2,k,P2,k; a; p∗2k )`mp∗`k , (3.32)

13We learned of this boost from J.-J. Wu, who used it in the context of the Hamiltonian effective field
theory description of finite-volume effects [84].
14The fact that B2 is not Lorentz invariant presents no obstruction to this change of variables.
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where B∗∗2 is a smooth function of p∗2k . Thus we can rewrite the expansion as

B2(E2,k,P2,k; a; p) = B∗∗2 (E2,k,P2,k; a; p∗2k )`mY`m(p∗k) , Y`m(p∗k) ≡
√

4πY`m(p̂∗k)p∗`k . (3.33)

The Y`m are simply the harmonic polynomials, rescaled by
√

4π.

The final step is to set the amplitude on shell (on its right-hand side) by adjusting p∗2k .

If we set15

p∗2k = q∗22,k ≡ E∗22,k/4−m2 , where E∗22,k = E2
2,k −P2

2,k , (3.34)

then we achieve the desired result:

p∗2k = q∗22,k ⇒ 4ω∗2p = E∗22,k ⇒ (ωp + ωb)2 −P2
2,k = E2

2,k −P2
2,k

⇒ E2,k = ωp + ωb ⇒ E = ωk + ωp + ωb .
(3.35)

We note that as |k| increases, q∗22,k becomes negative, so that enforcing the on-shell con-

dition of Eq. (3.34) requires an extrapolation of B2 below the two-particle threshold. In

other words, even though k is such that, for the given values of E and P, the other two

particles cannot go on shell, we still must include a contribution from the TOPT amplitudes

extrapolated below threshold. This feature is common to all three-particle quantization con-

ditions [64]. However, we do not expect the three-particle levels to be sensitive to amplitudes

far below threshold. To avoid this region, we introduce a function H(k) that cuts off the

sum over k (and depends implicitly on E and P). At this stage, the details of this function

do not matter, aside from four properties: (i) it must equal unity for all values of k for which

an on-shell three-particle state is kinematically allowed, (ii) it must remain unity for a finite

distance of O(m) below threshold, (iii) it must be smooth in k, and (iv) it must vanish for

large |k|. The first property ensures that the pole terms that can lead to power-law FV

dependence are fully incorporated into the analysis. The second ensures that exponentially

suppressed volume terms are suppressed by exp(−δL) with δ = O(m). The third property

15The definitions of q∗2,k and E∗2,k are the same as in HS1, and the on-shellness conditions also match.
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is needed to avoid introducing unwanted power-law dependence, as we will see shortly. The

final property truncates the sum over k, which is essential to turn the quantization condition

into a practical tool. Functions with these properties can be constructed easily from the

example given in HS1. We stress that the quantization condition that we derive is valid for

any cutoff function satisfying these properties, up to exponentially suppressed corrections.

In other words, we do not lose control of power-law volume dependence when we add the

cutoff function by hand.

We now write B2 in terms of an on-shell part and a residue

B2(E2,k,P2,k; a; p) = B∗∗2 (E2,k,P2,k; a; q∗22,k)`mY`m(p∗k)H(k) + δB2(E2,k,P2,k; a; p) , (3.36)

where the residue is

δB2(E2,k,P2,k; a; p) =
[
B∗∗2 (E2,k,P2,k; a; p∗2k )`m − B∗∗2 (E2,k,P2,k; a; q∗22,k)`m

]
Y`m(p∗k)H(k)

+ B2(E2,k,P2,k; a; p)[1−H(k)] . (3.37)

The key point here is that δB2 cancels the pole in the energy denominator in Eq. (3.27). For

the first term, the smoothness of B∗∗2;`m implies that

B∗∗2 (E2,k,P2,k; a; p∗2k )`m − B∗∗2 (E2,k,P2,k; a; q∗22,k)`m

∝ p∗2k − q∗22,k = −1
4(E − ωk + ωp + ωb)(E − ωk − ωp − ωb) ,

(3.38)

which explicitly cancels the pole. For the second term in δB2, the factor of 1−H(k) vanishes

for all choices of k for which on-shell kinematics are possible, and in a finite neighborhood

thereof, so that the pole is avoided. Thus the total summand involving δB2 is finite and

smooth, allowing loop sums involving momenta crossing the cut to be converted to integrals,

as discussed further below.

Our final step for the left-hand amplitude is to rewrite it in terms of B∗2;`m, i.e. the angular
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components of the on-shell amplitude. Then Eq. (3.36) becomes

B2(E2,k,P2,k; a; p) = B∗2(E2,k,P2,k; a; q∗2,k)`m
Y`m(p∗k)
q∗`2,k

H(k) + δB2(E2,k,P2,k; a; p) . (3.39)

The construction makes clear that the apparent pole at q∗2,k = 0 is canceled by the behavior

of B∗2;`m near threshold.

We now make an analogous decomposition of the right-hand B2. The steps are the same

with the roles of k and p interchanged. We thus find

B2(E2,p,P2,p; k; r) = H(p)
Y`m(k∗p)
q∗`2,p

B∗2(E2,p,P2,p; q∗2,p; r)`m +O(E − ωk − ωp − ωb) . (3.40)

Here we have set the left-hand momenta on shell.

We also find it convenient to rewrite the pole in the relativistic form used in Refs. [34,

36, 76]

1
2ωb(E − ωk − ωp − ωb)

= 1
b2 −m2 [1 +O(E − ωk − ωp − ωb)] , (3.41)

where b here is the four-vector

b = (E − ωk − ωp,P− k− p) = (ωb,b) + (E − ωk − ωp − ωb,0) . (3.42)

This step is not essential, and we could proceed with the derivation with the form of the

pole used in HS1.

Inserting the results from Eqs. (3.39), (3.40), and (3.41) into Eq. (3.27), we find the pole

part

B∗2(E2,k,P2,k; a; q∗2,k)`mGb
k`m;p`′m′B∗2(E2,p,P2,p; q∗2,p; r)`′m′ , (3.43)

where the “switch matrix” Gb is16

Gb
k`m;p`′m′ = Y`m(p∗k)

q∗`2,k

H(k)H(p)
b2 −m2

Y`′m′(k∗p)
q∗`

′
2,p

. (3.44)

16This is the same as the object Gb appearing in HS1, except that we use the relativistic form of the pole
and the Wu boost.
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Equation (3.43) has achieved our goal of pulling out a term in which the inner indices are

set on shell. Whenever the index set {k`m} appears instead of, say, {ka}, this indicates that

an on-shell projection has been carried out following the procedure explained above.

To package the final result in a way that generalizes to other choices of X ′ and X in

Eq. (3.25), we reintroduce the factors of 2ωL3 that cancel if X ′ = X = B2,L but do not

cancel in general:17

[
B2,L

]
ka;k′`m

= 2ωkL3δkk′B∗2(E2,k,P2,k; a; q∗2,k)`m (3.45)[
B2,L

]
p′`′m′;pr

= 2ωpL3δp′pB∗2(E2,p,P2,p; q∗2,p; r)`′m′ (3.46)

G̃k`m;p`′m′ = 1
2ωkL3G

b
k`m;p`′m′

1
2ωpL3 . (3.47)

Using these matrices we have
[
B2,LDGB2,L

]
ka;pr

=
[
B2,L

(
G̃+ δG̃

)
B2,L

]
ka;pr

. (3.48)

where the G̃ term contains the pole, while δG̃ is simply the sum of all nonsingular contri-

butions. We will not need an explicit form for δG̃. Equation (3.48) gives the result in a

convenient, but highly compact, notation. It should always be kept in mind that any object

adjacent to a factor of G̃ is projected on shell. The δG̃ contribution, however, does not

include an on-shell projection. The result (3.48) is shown diagrammatically in the upper

panel of Fig. 3.6, where the δG̃ term is seen to sew together the two B2’s into an enlarged,

infinite-volume amplitude.

The analysis proceeds similarly if we replace one or both of the B2,L’s with one of the

17Here G̃ is related to the matrix G of HS1 by G̃k`m;p`′m′ = (2ωkL3)−1Gk`m;p`′m′ , except that we use
the relativistic form of the pole and the Wu boost. In fact, at this stage we could change to using the
boost of HS1 (and, if desired, the nonrelativistic form of the pole) in G̃. This only leads to a change in
δG̃. For completeness, we note that our G̃ differs from the similar quantity of the same name used in
Refs. [36, 39, 76]: our version contains an extra factor of 1/L3.
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+

<latexit sha1_base64="nPF5bTufkjs0WtKzibFS6tGbtV4=">AAAB6HicbVDLSgNBEOyNUWN8RXP0MhgEQQi7Iqi3gBcPHhIwD9gsYXbSm4yZfTAzK4QQf8CLB0W8+jdevfk1OnkcNLGgoajqprvLTwRX2ra/rMxKdnVtPbeR39za3tkt7O03VJxKhnUWi1i2fKpQ8AjrmmuBrUQiDX2BTX9wNfGb9ygVj6NbPUzQC2kv4gFnVBupdtIplOyyPQVZJs6clCrFD/c723yodgqf7W7M0hAjzQRVynXsRHsjKjVnAsf5dqowoWxAe+gaGtEQlTeaHjomR0bpkiCWpiJNpurviRENlRqGvukMqe6rRW8i/ue5qQ4uvBGPklRjxGaLglQQHZPJ16TLJTIthoZQJrm5lbA+lZRpk03ehOAsvrxMGqdl56x8WTNp3MAMOTiAQzgGB86hAtdQhTowQHiEZ3ix7qwn69V6m7VmrPlMEf7Aev8B6oWQEA==</latexit>

p

r1

<latexit sha1_base64="vVfQJ9mfKwsOqtN56rlJuxUKj3s=">AAAB7XicbZDLSgMxFIYzXmu9VV0KEiyCqzIjgrqy4MaFixbsBdpSMmmmjc0kQ3JGGIYu3btxoYhbX8HX0J3PoA9hello6w+Bj/8/h5xz/EhwA6776czNLywuLWdWsqtr6xubua3tqlGxpqxClVC67hPDBJesAhwEq0eakdAXrOb3L4Z57ZZpw5W8hiRirZB0JQ84JWCtapPLAJJ2Lu8W3JHwLHgTyJ+/f93tvZW/S+3cR7OjaBwyCVQQYxqeG0ErJRo4FWyQbcaGRYT2SZc1LEoSMtNKR9MO8IF1OjhQ2j4JeOT+7khJaEwS+rYyJNAz09nQ/C9rxBCctlIuoxiYpOOPglhgUHi4Ou5wzSiIxAKhmttZMe0RTSjYA2XtEbzplWehelTwjgtnZTdfvEJjZdAu2keHyEMnqIguUQlVEEU36B49oidHOQ/Os/MyLp1zJj076I+c1x/vX5Ph</latexit>

1

<latexit sha1_base64="vVfQJ9mfKwsOqtN56rlJuxUKj3s=">AAAB7XicbZDLSgMxFIYzXmu9VV0KEiyCqzIjgrqy4MaFixbsBdpSMmmmjc0kQ3JGGIYu3btxoYhbX8HX0J3PoA9hello6w+Bj/8/h5xz/EhwA6776czNLywuLWdWsqtr6xubua3tqlGxpqxClVC67hPDBJesAhwEq0eakdAXrOb3L4Z57ZZpw5W8hiRirZB0JQ84JWCtapPLAJJ2Lu8W3JHwLHgTyJ+/f93tvZW/S+3cR7OjaBwyCVQQYxqeG0ErJRo4FWyQbcaGRYT2SZc1LEoSMtNKR9MO8IF1OjhQ2j4JeOT+7khJaEwS+rYyJNAz09nQ/C9rxBCctlIuoxiYpOOPglhgUHi4Ou5wzSiIxAKhmttZMe0RTSjYA2XtEbzplWehelTwjgtnZTdfvEJjZdAu2keHyEMnqIguUQlVEEU36B49oidHOQ/Os/MyLp1zJj076I+c1x/vX5Ph</latexit>

� eG

<latexit sha1_base64="tz8N+yEvDI1DgmP1aen5ThsfzRk=">AAAB+3icbVDJSgNBEO2JW4xbjEdBGoPgKcyIoJ4MeNCDhwTMAkkIPT2VpEnPQneNGkKO/oYXD4p4FfwNvfkN+hF2loMmPih4vFdFVT03kkKjbX9aibn5hcWl5HJqZXVtfSO9mSnrMFYcSjyUoaq6TIMUAZRQoIRqpID5roSK2z0b+pVrUFqEwRX2Imj4rB2IluAMjdRMZ+oeSGT1G+EBCukBPW+ms3bOHoHOEmdCsqfvX3c7b8XvQjP9UfdCHvsQIJdM65pjR9joM4WCSxik6rGGiPEua0PN0ID5oBv90e0DumcUj7ZCZSpAOlJ/T/SZr3XPd02nz7Cjp72h+J9Xi7F13OiLIIoRAj5e1IolxZAOg6CeUMBR9gxhXAlzK+UdphhHE1fKhOBMvzxLygc55zB3UrSz+UsyRpJsk12yTxxyRPLkghRIiXByS+7JI3myBtaD9Wy9jFsT1mRmi/yB9foD+XqY6A==</latexit>

eG

<latexit sha1_base64="QWstfBERjCwK+d+Dek7qOLHDMDE=">AAAB83icbVC7SgNBFJ2NrxhfUUtBBoNgFXZFUCsDFlpYJGAekCxhdvZuMmR2dpmZVcKS0l+wsVDE1t7f0M5v0I9w8ig08cCFwzn3cu89XsyZ0rb9aWXm5hcWl7LLuZXVtfWN/OZWTUWJpFClEY9kwyMKOBNQ1UxzaMQSSOhxqHu986FfvwGpWCSudT8GNyQdwQJGiTZSq3XLfNCM+4Av2vmCXbRHwLPEmZDC2fvX3e5b5bvczn+0/IgmIQhNOVGq6dixdlMiNaMcBrlWoiAmtEc60DRUkBCUm45uHuB9o/g4iKQpofFI/T2RklCpfuiZzpDorpr2huJ/XjPRwYmbMhEnGgQdLwoSjnWEhwFgn0mgmvcNIVQycyumXSIJ1SamnAnBmX55ltQOi85R8bRiF0pXaIws2kF76AA56BiV0CUqoyqiKEb36BE9WYn1YD1bL+PWjDWZ2UZ/YL3+AN3slhU=</latexit>

a′ 

k′ 

p

rk

=

<latexit sha1_base64="TAT3UspMlCWcgQdPtB8UfdxJRzs=">AAAB6HicbZC7SgNBFIbPxluMt6ilIINBsAq7IqiFGLBJmYC5QLKE2clJMmb2wsysEJaUVjYWitj6FHkKCzufwZdwcik08YeBj/8/hznneJHgStv2l5VaWl5ZXUuvZzY2t7Z3srt7VRXGkmGFhSKUdY8qFDzAiuZaYD2SSH1PYM3r34zz2j1KxcPgVg8idH3aDXiHM6qNVb5qZXN23p6ILIIzg9z1x6j8/XA4KrWyn812yGIfA80EVarh2JF2Eyo1ZwKHmWasMKKsT7vYMBhQH5WbTAYdkmPjtEknlOYFmkzc3x0J9ZUa+J6p9KnuqflsbP6XNWLduXATHkSxxoBNP+rEguiQjLcmbS6RaTEwQJnkZlbCelRSps1tMuYIzvzKi1A9zTtn+cuynSsUYao0HMARnIAD51CAIpSgAgwQHuEZXqw768l6td6mpSlr1rMPf2S9/wBvc5Er</latexit>

a′ 

k′ 

p

r

a′ 

k′ 

p

r
+

<latexit sha1_base64="nPF5bTufkjs0WtKzibFS6tGbtV4=">AAAB6HicbVDLSgNBEOyNUWN8RXP0MhgEQQi7Iqi3gBcPHhIwD9gsYXbSm4yZfTAzK4QQf8CLB0W8+jdevfk1OnkcNLGgoajqprvLTwRX2ra/rMxKdnVtPbeR39za3tkt7O03VJxKhnUWi1i2fKpQ8AjrmmuBrUQiDX2BTX9wNfGb9ygVj6NbPUzQC2kv4gFnVBupdtIplOyyPQVZJs6clCrFD/c723yodgqf7W7M0hAjzQRVynXsRHsjKjVnAsf5dqowoWxAe+gaGtEQlTeaHjomR0bpkiCWpiJNpurviRENlRqGvukMqe6rRW8i/ue5qQ4uvBGPklRjxGaLglQQHZPJ16TLJTIthoZQJrm5lbA+lZRpk03ehOAsvrxMGqdl56x8WTNp3MAMOTiAQzgGB86hAtdQhTowQHiEZ3ix7qwn69V6m7VmrPlMEf7Aev8B6oWQEA==</latexit>

1

<latexit sha1_base64="vVfQJ9mfKwsOqtN56rlJuxUKj3s=">AAAB7XicbZDLSgMxFIYzXmu9VV0KEiyCqzIjgrqy4MaFixbsBdpSMmmmjc0kQ3JGGIYu3btxoYhbX8HX0J3PoA9hello6w+Bj/8/h5xz/EhwA6776czNLywuLWdWsqtr6xubua3tqlGxpqxClVC67hPDBJesAhwEq0eakdAXrOb3L4Z57ZZpw5W8hiRirZB0JQ84JWCtapPLAJJ2Lu8W3JHwLHgTyJ+/f93tvZW/S+3cR7OjaBwyCVQQYxqeG0ErJRo4FWyQbcaGRYT2SZc1LEoSMtNKR9MO8IF1OjhQ2j4JeOT+7khJaEwS+rYyJNAz09nQ/C9rxBCctlIuoxiYpOOPglhgUHi4Ou5wzSiIxAKhmttZMe0RTSjYA2XtEbzplWehelTwjgtnZTdfvEJjZdAu2keHyEMnqIguUQlVEEU36B49oidHOQ/Os/MyLp1zJj076I+c1x/vX5Ph</latexit>

eG

<latexit sha1_base64="QWstfBERjCwK+d+Dek7qOLHDMDE=">AAAB83icbVC7SgNBFJ2NrxhfUUtBBoNgFXZFUCsDFlpYJGAekCxhdvZuMmR2dpmZVcKS0l+wsVDE1t7f0M5v0I9w8ig08cCFwzn3cu89XsyZ0rb9aWXm5hcWl7LLuZXVtfWN/OZWTUWJpFClEY9kwyMKOBNQ1UxzaMQSSOhxqHu986FfvwGpWCSudT8GNyQdwQJGiTZSq3XLfNCM+4Av2vmCXbRHwLPEmZDC2fvX3e5b5bvczn+0/IgmIQhNOVGq6dixdlMiNaMcBrlWoiAmtEc60DRUkBCUm45uHuB9o/g4iKQpofFI/T2RklCpfuiZzpDorpr2huJ/XjPRwYmbMhEnGgQdLwoSjnWEhwFgn0mgmvcNIVQycyumXSIJ1SamnAnBmX55ltQOi85R8bRiF0pXaIws2kF76AA56BiV0CUqoyqiKEb36BE9WYn1YD1bL+PWjDWZ2UZ/YL3+AN3slhU=</latexit>

� eG

<latexit sha1_base64="tz8N+yEvDI1DgmP1aen5ThsfzRk=">AAAB+3icbVDJSgNBEO2JW4xbjEdBGoPgKcyIoJ4MeNCDhwTMAkkIPT2VpEnPQneNGkKO/oYXD4p4FfwNvfkN+hF2loMmPih4vFdFVT03kkKjbX9aibn5hcWl5HJqZXVtfSO9mSnrMFYcSjyUoaq6TIMUAZRQoIRqpID5roSK2z0b+pVrUFqEwRX2Imj4rB2IluAMjdRMZ+oeSGT1G+EBCukBPW+ms3bOHoHOEmdCsqfvX3c7b8XvQjP9UfdCHvsQIJdM65pjR9joM4WCSxik6rGGiPEua0PN0ID5oBv90e0DumcUj7ZCZSpAOlJ/T/SZr3XPd02nz7Cjp72h+J9Xi7F13OiLIIoRAj5e1IolxZAOg6CeUMBR9gxhXAlzK+UdphhHE1fKhOBMvzxLygc55zB3UrSz+UsyRpJsk12yTxxyRPLkghRIiXByS+7JI3myBtaD9Wy9jFsT1mRmi/yB9foD+XqY6A==</latexit>

bA0

<latexit sha1_base64="Cufov0eUuW5Bj+gIHzyPeRsww6M=">AAAB83icbVC7SgNBFL3rM66vqKUgg0G0CrsiqJURGwuLBMwDskuYnZ1Nhsw+mJlVwpLSX7CxUMTW3t/Qzm/Qj3DyKDTxwIXDOfdy7z1ewplUlvVpzMzOzS8s5pbM5ZXVtfX8xmZNxqkgtEpiHouGhyXlLKJVxRSnjURQHHqc1r3uxcCv31AhWRxdq15C3RC3IxYwgpWWHNO5ZT7tYIXO91v5glW0hkDTxB6Twtn7193OW+W73Mp/OH5M0pBGinAsZdO2EuVmWChGOO2bTippgkkXt2lT0wiHVLrZ8OY+2tOKj4JY6IoUGqq/JzIcStkLPd0ZYtWRk95A/M9rpio4cTMWJamiERktClKOVIwGASCfCUoU72mCiWD6VkQ6WGCidEymDsGefHma1A6L9lHxtGIVSlcwQg62YRcOwIZjKMEllKEKBBK4h0d4MlLjwXg2XkatM8Z4Zgv+wHj9Add8lWs=</latexit>

bA0

<latexit sha1_base64="Cufov0eUuW5Bj+gIHzyPeRsww6M=">AAAB83icbVC7SgNBFL3rM66vqKUgg0G0CrsiqJURGwuLBMwDskuYnZ1Nhsw+mJlVwpLSX7CxUMTW3t/Qzm/Qj3DyKDTxwIXDOfdy7z1ewplUlvVpzMzOzS8s5pbM5ZXVtfX8xmZNxqkgtEpiHouGhyXlLKJVxRSnjURQHHqc1r3uxcCv31AhWRxdq15C3RC3IxYwgpWWHNO5ZT7tYIXO91v5glW0hkDTxB6Twtn7193OW+W73Mp/OH5M0pBGinAsZdO2EuVmWChGOO2bTippgkkXt2lT0wiHVLrZ8OY+2tOKj4JY6IoUGqq/JzIcStkLPd0ZYtWRk95A/M9rpio4cTMWJamiERktClKOVIwGASCfCUoU72mCiWD6VkQ6WGCidEymDsGefHma1A6L9lHxtGIVSlcwQg62YRcOwIZjKMEllKEKBBK4h0d4MlLjwXg2XkatM8Z4Zgv+wHj9Add8lWs=</latexit>

bA0

<latexit sha1_base64="Cufov0eUuW5Bj+gIHzyPeRsww6M=">AAAB83icbVC7SgNBFL3rM66vqKUgg0G0CrsiqJURGwuLBMwDskuYnZ1Nhsw+mJlVwpLSX7CxUMTW3t/Qzm/Qj3DyKDTxwIXDOfdy7z1ewplUlvVpzMzOzS8s5pbM5ZXVtfX8xmZNxqkgtEpiHouGhyXlLKJVxRSnjURQHHqc1r3uxcCv31AhWRxdq15C3RC3IxYwgpWWHNO5ZT7tYIXO91v5glW0hkDTxB6Twtn7193OW+W73Mp/OH5M0pBGinAsZdO2EuVmWChGOO2bTippgkkXt2lT0wiHVLrZ8OY+2tOKj4JY6IoUGqq/JzIcStkLPd0ZYtWRk95A/M9rpio4cTMWJamiERktClKOVIwGASCfCUoU72mCiWD6VkQ6WGCidEymDsGefHma1A6L9lHxtGIVSlcwQg62YRcOwIZjKMEllKEKBBK4h0d4MlLjwXg2XkatM8Z4Zgv+wHj9Add8lWs=</latexit>

B3

<latexit sha1_base64="scIbnI/wC1qj5GblyPmkvkREbFU=">AAAB+3icbVDLSsNAFJ3UV62vWJeCjBbBVUlUUHdFNy5cVLAPaEKYTCft0MkkzEzEEPIrblwo4tafcOnOX/ArnLRdaOuBgcM593LPHD9mVCrL+jJKC4tLyyvl1cra+sbmlrldbcsoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH10VfueeCEkjfqfSmLghGnAaUIyUljyzWsmcEKkhRgxe5l52kkPPrFl1aww4T+wpqTX2nb108PHd9MxPpx/hJCRcYYak7NlWrNwMCUUxI3nFSSSJER6hAelpylFIpJuNs+fwUCt9GERCP67gWP29kaFQyjT09WSRU856hfif10tUcO5mlMeJIhxPDgUJgyqCRRGwTwXBiqWaICyozgrxEAmEla6rokuwZ788T9rHdfu0fnGr27gBE5TBLjgAR8AGZ6ABrkETtAAGD+ARPIMXIzeejFfjbTJaMqY7O+APjPcfctWXJA==</latexit>

B3

<latexit sha1_base64="scIbnI/wC1qj5GblyPmkvkREbFU=">AAAB+3icbVDLSsNAFJ3UV62vWJeCjBbBVUlUUHdFNy5cVLAPaEKYTCft0MkkzEzEEPIrblwo4tafcOnOX/ArnLRdaOuBgcM593LPHD9mVCrL+jJKC4tLyyvl1cra+sbmlrldbcsoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH10VfueeCEkjfqfSmLghGnAaUIyUljyzWsmcEKkhRgxe5l52kkPPrFl1aww4T+wpqTX2nb108PHd9MxPpx/hJCRcYYak7NlWrNwMCUUxI3nFSSSJER6hAelpylFIpJuNs+fwUCt9GERCP67gWP29kaFQyjT09WSRU856hfif10tUcO5mlMeJIhxPDgUJgyqCRRGwTwXBiqWaICyozgrxEAmEla6rokuwZ788T9rHdfu0fnGr27gBE5TBLjgAR8AGZ6ABrkETtAAGD+ARPIMXIzeejFfjbTJaMqY7O+APjPcfctWXJA==</latexit>

B3

<latexit sha1_base64="scIbnI/wC1qj5GblyPmkvkREbFU=">AAAB+3icbVDLSsNAFJ3UV62vWJeCjBbBVUlUUHdFNy5cVLAPaEKYTCft0MkkzEzEEPIrblwo4tafcOnOX/ArnLRdaOuBgcM593LPHD9mVCrL+jJKC4tLyyvl1cra+sbmlrldbcsoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH10VfueeCEkjfqfSmLghGnAaUIyUljyzWsmcEKkhRgxe5l52kkPPrFl1aww4T+wpqTX2nb108PHd9MxPpx/hJCRcYYak7NlWrNwMCUUxI3nFSSSJER6hAelpylFIpJuNs+fwUCt9GERCP67gWP29kaFQyjT09WSRU856hfif10tUcO5mlMeJIhxPDgUJgyqCRRGwTwXBiqWaICyozgrxEAmEla6rokuwZ788T9rHdfu0fnGr27gBE5TBLjgAR8AGZ6ABrkETtAAGD+ARPIMXIzeejFfjbTJaMqY7O+APjPcfctWXJA==</latexit>

B3

<latexit sha1_base64="scIbnI/wC1qj5GblyPmkvkREbFU=">AAAB+3icbVDLSsNAFJ3UV62vWJeCjBbBVUlUUHdFNy5cVLAPaEKYTCft0MkkzEzEEPIrblwo4tafcOnOX/ArnLRdaOuBgcM593LPHD9mVCrL+jJKC4tLyyvl1cra+sbmlrldbcsoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH10VfueeCEkjfqfSmLghGnAaUIyUljyzWsmcEKkhRgxe5l52kkPPrFl1aww4T+wpqTX2nb108PHd9MxPpx/hJCRcYYak7NlWrNwMCUUxI3nFSSSJER6hAelpylFIpJuNs+fwUCt9GERCP67gWP29kaFQyjT09WSRU856hfif10tUcO5mlMeJIhxPDgUJgyqCRRGwTwXBiqWaICyozgrxEAmEla6rokuwZ788T9rHdfu0fnGr27gBE5TBLjgAR8AGZ6ABrkETtAAGD+ARPIMXIzeejFfjbTJaMqY7O+APjPcfctWXJA==</latexit>

B3

<latexit sha1_base64="scIbnI/wC1qj5GblyPmkvkREbFU=">AAAB+3icbVDLSsNAFJ3UV62vWJeCjBbBVUlUUHdFNy5cVLAPaEKYTCft0MkkzEzEEPIrblwo4tafcOnOX/ArnLRdaOuBgcM593LPHD9mVCrL+jJKC4tLyyvl1cra+sbmlrldbcsoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH10VfueeCEkjfqfSmLghGnAaUIyUljyzWsmcEKkhRgxe5l52kkPPrFl1aww4T+wpqTX2nb108PHd9MxPpx/hJCRcYYak7NlWrNwMCUUxI3nFSSSJER6hAelpylFIpJuNs+fwUCt9GERCP67gWP29kaFQyjT09WSRU856hfif10tUcO5mlMeJIhxPDgUJgyqCRRGwTwXBiqWaICyozgrxEAmEla6rokuwZ788T9rHdfu0fnGr27gBE5TBLjgAR8AGZ6ABrkETtAAGD+ARPIMXIzeejFfjbTJaMqY7O+APjPcfctWXJA==</latexit>

B3

<latexit sha1_base64="scIbnI/wC1qj5GblyPmkvkREbFU=">AAAB+3icbVDLSsNAFJ3UV62vWJeCjBbBVUlUUHdFNy5cVLAPaEKYTCft0MkkzEzEEPIrblwo4tafcOnOX/ArnLRdaOuBgcM593LPHD9mVCrL+jJKC4tLyyvl1cra+sbmlrldbcsoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH10VfueeCEkjfqfSmLghGnAaUIyUljyzWsmcEKkhRgxe5l52kkPPrFl1aww4T+wpqTX2nb108PHd9MxPpx/hJCRcYYak7NlWrNwMCUUxI3nFSSSJER6hAelpylFIpJuNs+fwUCt9GERCP67gWP29kaFQyjT09WSRU856hfif10tUcO5mlMeJIhxPDgUJgyqCRRGwTwXBiqWaICyozgrxEAmEla6rokuwZ788T9rHdfu0fnGr27gBE5TBLjgAR8AGZ6ABrkETtAAGD+ARPIMXIzeejFfjbTJaMqY7O+APjPcfctWXJA==</latexit>

B2

<latexit sha1_base64="5kdwonvbOEPKbEFVGW9HoVZPnc0=">AAAB+3icbVDLSsNAFL2pr1pfsS5FGCyCq5IUQd0V3XRZwT6gDWEynbRDJw9mJmIN+RU3LhRx6w/4Ce5c+StO2i609cDA4Zx7uWeOF3MmlWV9GYWV1bX1jeJmaWt7Z3fP3C+3ZZQIQlsk4pHoelhSzkLaUkxx2o0FxYHHaccbX+d+544KyaLwVk1i6gR4GDKfEay05JrlUtoPsBoRzNFV5qa1DLlmxapaU6BlYs9JpX708UAk/2665md/EJEkoKEiHEvZs61YOSkWihFOs1I/kTTGZIyHtKdpiAMqnXSaPUMnWhkgPxL6hQpN1d8bKQ6knASensxzykUvF//zeonyL5yUhXGiaEhmh/yEIxWhvAg0YIISxSeaYCKYzorICAtMlK6rpEuwF7+8TNq1qn1WvbzRbTRghiIcwjGcgg3nUIcGNKEFBO7hEZ7hxciMJ+PVeJuNFoz5zgH8gfH+A9bQl2o=</latexit>

B2

<latexit sha1_base64="5kdwonvbOEPKbEFVGW9HoVZPnc0=">AAAB+3icbVDLSsNAFL2pr1pfsS5FGCyCq5IUQd0V3XRZwT6gDWEynbRDJw9mJmIN+RU3LhRx6w/4Ce5c+StO2i609cDA4Zx7uWeOF3MmlWV9GYWV1bX1jeJmaWt7Z3fP3C+3ZZQIQlsk4pHoelhSzkLaUkxx2o0FxYHHaccbX+d+544KyaLwVk1i6gR4GDKfEay05JrlUtoPsBoRzNFV5qa1DLlmxapaU6BlYs9JpX708UAk/2665md/EJEkoKEiHEvZs61YOSkWihFOs1I/kTTGZIyHtKdpiAMqnXSaPUMnWhkgPxL6hQpN1d8bKQ6knASensxzykUvF//zeonyL5yUhXGiaEhmh/yEIxWhvAg0YIISxSeaYCKYzorICAtMlK6rpEuwF7+8TNq1qn1WvbzRbTRghiIcwjGcgg3nUIcGNKEFBO7hEZ7hxciMJ+PVeJuNFoz5zgH8gfH+A9bQl2o=</latexit>

B2

<latexit sha1_base64="5kdwonvbOEPKbEFVGW9HoVZPnc0=">AAAB+3icbVDLSsNAFL2pr1pfsS5FGCyCq5IUQd0V3XRZwT6gDWEynbRDJw9mJmIN+RU3LhRx6w/4Ce5c+StO2i609cDA4Zx7uWeOF3MmlWV9GYWV1bX1jeJmaWt7Z3fP3C+3ZZQIQlsk4pHoelhSzkLaUkxx2o0FxYHHaccbX+d+544KyaLwVk1i6gR4GDKfEay05JrlUtoPsBoRzNFV5qa1DLlmxapaU6BlYs9JpX708UAk/2665md/EJEkoKEiHEvZs61YOSkWihFOs1I/kTTGZIyHtKdpiAMqnXSaPUMnWhkgPxL6hQpN1d8bKQ6knASensxzykUvF//zeonyL5yUhXGiaEhmh/yEIxWhvAg0YIISxSeaYCKYzorICAtMlK6rpEuwF7+8TNq1qn1WvbzRbTRghiIcwjGcgg3nUIcGNKEFBO7hEZ7hxciMJ+PVeJuNFoz5zgH8gfH+A9bQl2o=</latexit>

B2

<latexit sha1_base64="5kdwonvbOEPKbEFVGW9HoVZPnc0=">AAAB+3icbVDLSsNAFL2pr1pfsS5FGCyCq5IUQd0V3XRZwT6gDWEynbRDJw9mJmIN+RU3LhRx6w/4Ce5c+StO2i609cDA4Zx7uWeOF3MmlWV9GYWV1bX1jeJmaWt7Z3fP3C+3ZZQIQlsk4pHoelhSzkLaUkxx2o0FxYHHaccbX+d+544KyaLwVk1i6gR4GDKfEay05JrlUtoPsBoRzNFV5qa1DLlmxapaU6BlYs9JpX708UAk/2665md/EJEkoKEiHEvZs61YOSkWihFOs1I/kTTGZIyHtKdpiAMqnXSaPUMnWhkgPxL6hQpN1d8bKQ6knASensxzykUvF//zeonyL5yUhXGiaEhmh/yEIxWhvAg0YIISxSeaYCKYzorICAtMlK6rpEuwF7+8TNq1qn1WvbzRbTRghiIcwjGcgg3nUIcGNKEFBO7hEZ7hxciMJ+PVeJuNFoz5zgH8gfH+A9bQl2o=</latexit>

B2

<latexit sha1_base64="5kdwonvbOEPKbEFVGW9HoVZPnc0=">AAAB+3icbVDLSsNAFL2pr1pfsS5FGCyCq5IUQd0V3XRZwT6gDWEynbRDJw9mJmIN+RU3LhRx6w/4Ce5c+StO2i609cDA4Zx7uWeOF3MmlWV9GYWV1bX1jeJmaWt7Z3fP3C+3ZZQIQlsk4pHoelhSzkLaUkxx2o0FxYHHaccbX+d+544KyaLwVk1i6gR4GDKfEay05JrlUtoPsBoRzNFV5qa1DLlmxapaU6BlYs9JpX708UAk/2665md/EJEkoKEiHEvZs61YOSkWihFOs1I/kTTGZIyHtKdpiAMqnXSaPUMnWhkgPxL6hQpN1d8bKQ6knASensxzykUvF//zeonyL5yUhXGiaEhmh/yEIxWhvAg0YIISxSeaYCKYzorICAtMlK6rpEuwF7+8TNq1qn1WvbzRbTRghiIcwjGcgg3nUIcGNKEFBO7hEZ7hxciMJ+PVeJuNFoz5zgH8gfH+A9bQl2o=</latexit>

B2

<latexit sha1_base64="5kdwonvbOEPKbEFVGW9HoVZPnc0=">AAAB+3icbVDLSsNAFL2pr1pfsS5FGCyCq5IUQd0V3XRZwT6gDWEynbRDJw9mJmIN+RU3LhRx6w/4Ce5c+StO2i609cDA4Zx7uWeOF3MmlWV9GYWV1bX1jeJmaWt7Z3fP3C+3ZZQIQlsk4pHoelhSzkLaUkxx2o0FxYHHaccbX+d+544KyaLwVk1i6gR4GDKfEay05JrlUtoPsBoRzNFV5qa1DLlmxapaU6BlYs9JpX708UAk/2665md/EJEkoKEiHEvZs61YOSkWihFOs1I/kTTGZIyHtKdpiAMqnXSaPUMnWhkgPxL6hQpN1d8bKQ6knASensxzykUvF//zeonyL5yUhXGiaEhmh/yEIxWhvAg0YIISxSeaYCKYzorICAtMlK6rpEuwF7+8TNq1qn1WvbzRbTRghiIcwjGcgg3nUIcGNKEFBO7hEZ7hxciMJ+PVeJuNFoz5zgH8gfH+A9bQl2o=</latexit>

B2

<latexit sha1_base64="5kdwonvbOEPKbEFVGW9HoVZPnc0=">AAAB+3icbVDLSsNAFL2pr1pfsS5FGCyCq5IUQd0V3XRZwT6gDWEynbRDJw9mJmIN+RU3LhRx6w/4Ce5c+StO2i609cDA4Zx7uWeOF3MmlWV9GYWV1bX1jeJmaWt7Z3fP3C+3ZZQIQlsk4pHoelhSzkLaUkxx2o0FxYHHaccbX+d+544KyaLwVk1i6gR4GDKfEay05JrlUtoPsBoRzNFV5qa1DLlmxapaU6BlYs9JpX708UAk/2665md/EJEkoKEiHEvZs61YOSkWihFOs1I/kTTGZIyHtKdpiAMqnXSaPUMnWhkgPxL6hQpN1d8bKQ6knASensxzykUvF//zeonyL5yUhXGiaEhmh/yEIxWhvAg0YIISxSeaYCKYzorICAtMlK6rpEuwF7+8TNq1qn1WvbzRbTRghiIcwjGcgg3nUIcGNKEFBO7hEZ7hxciMJ+PVeJuNFoz5zgH8gfH+A9bQl2o=</latexit>

B2

<latexit sha1_base64="5kdwonvbOEPKbEFVGW9HoVZPnc0=">AAAB+3icbVDLSsNAFL2pr1pfsS5FGCyCq5IUQd0V3XRZwT6gDWEynbRDJw9mJmIN+RU3LhRx6w/4Ce5c+StO2i609cDA4Zx7uWeOF3MmlWV9GYWV1bX1jeJmaWt7Z3fP3C+3ZZQIQlsk4pHoelhSzkLaUkxx2o0FxYHHaccbX+d+544KyaLwVk1i6gR4GDKfEay05JrlUtoPsBoRzNFV5qa1DLlmxapaU6BlYs9JpX708UAk/2665md/EJEkoKEiHEvZs61YOSkWihFOs1I/kTTGZIyHtKdpiAMqnXSaPUMnWhkgPxL6hQpN1d8bKQ6knASensxzykUvF//zeonyL5yUhXGiaEhmh/yEIxWhvAg0YIISxSeaYCKYzorICAtMlK6rpEuwF7+8TNq1qn1WvbzRbTRghiIcwjGcgg3nUIcGNKEFBO7hEZ7hxciMJ+PVeJuNFoz5zgH8gfH+A9bQl2o=</latexit>

B2

<latexit sha1_base64="5kdwonvbOEPKbEFVGW9HoVZPnc0=">AAAB+3icbVDLSsNAFL2pr1pfsS5FGCyCq5IUQd0V3XRZwT6gDWEynbRDJw9mJmIN+RU3LhRx6w/4Ce5c+StO2i609cDA4Zx7uWeOF3MmlWV9GYWV1bX1jeJmaWt7Z3fP3C+3ZZQIQlsk4pHoelhSzkLaUkxx2o0FxYHHaccbX+d+544KyaLwVk1i6gR4GDKfEay05JrlUtoPsBoRzNFV5qa1DLlmxapaU6BlYs9JpX708UAk/2665md/EJEkoKEiHEvZs61YOSkWihFOs1I/kTTGZIyHtKdpiAMqnXSaPUMnWhkgPxL6hQpN1d8bKQ6knASensxzykUvF//zeonyL5yUhXGiaEhmh/yEIxWhvAg0YIISxSeaYCKYzorICAtMlK6rpEuwF7+8TNq1qn1WvbzRbTRghiIcwjGcgg3nUIcGNKEFBO7hEZ7hxciMJ+PVeJuNFoz5zgH8gfH+A9bQl2o=</latexit>

bA0DG B3 =

<latexit sha1_base64="EtR8BR7D62fakgAlB0ccxnTissM=">AAACDXicbVDLSsNAFJ3UV42vqksRBqvoQkqigroQ6gPssoJ9QFPCZDpph04mYWai1NAfcOOvuHGhiAs37t258lecPhbaeuDC4Zx7ufceL2JUKsv6MlITk1PTM+lZc25+YXEps7xSlmEsMCnhkIWi6iFJGOWkpKhipBoJggKPkYrXPu/5lRsiJA35tepEpB6gJqc+xUhpyc1sOre0QVpIwdNteOFeOrtm4gRItTBi8KzrJvtdeOJmslbO6gOOE3tIsvn19zss2XfRzXw6jRDHAeEKMyRlzbYiVU+QUBQz0jWdWJII4TZqkpqmHAVE1pP+N124pZUG9EOhiyvYV39PJCiQshN4urN3qBz1euJ/Xi1W/lE9oTyKFeF4sMiPGVQh7EUDG1QQrFhHE4QF1bdC3EICYaUDNHUI9ujL46S8l7MPcsdXOo0CGCAN1sAG2AE2OAR5UABFUAIY3INH8AxejAfjyXg13gatKWM4swr+wPj4AY7Xnbg=</latexit>

B3DG B2,L =

<latexit sha1_base64="iYmWjyouJgqmmmKTkNRT0FPsFQc="></latexit>

B2,LDG B2,L =

<latexit sha1_base64="59qjiVz1JQaw4WCtWY1z7P6Y+S8=">AAACKHicfVDLSgMxFM3UVx1fVZdugkUQLGWmKNaFWHzQLlxUsLbQGYZMmrahmQdJRihDP8eNv+JGRJFu/QHBLzDTdqGteCBwOOdccu9xQ0aFNIyhlpqbX1hcSi/rK6tr6xuZza07EUQckxoOWMAbLhKEUZ/UJJWMNEJOkOcyUnd7F4lfvydc0MC/lf2Q2B7q+LRNMZJKcjJnVqDsZDq2PCS7GDF4PnDiQu56AC+dspXT/0ucOpmskTdGgLPEnJBs6eCrfFX8PKo6mRerFeDII77EDAnRNI1Q2jHikmJGBroVCRIi3EMd0lTURx4Rdjw6dAD3lNKC7YCr50s4Un9OxMgTou+5KpmsKqa9RPzLa0ayXbRj6oeRJD4ef9SOGJQBTFqDLcoJlqyvCMKcql0h7iKOsFTd6qoEc/rkWXJXyJuH+ZMb1UYFjJEGO2AX7AMTHIMSqIAqqAEMHsATeAVv2qP2rL1rw3E0pU1mtsEvaB/fMsmpDw==</latexit>

Figure 3.6: Diagrammatic illustration of on-shell projection for G cuts, specifically of the
results Eq. (3.48) [upper panel], Eq. (3.49) [middle panel], and Eq. (3.52) with X ′ = Â′

and X = B3 [lower panel]. The relevant cut corresponding to DG is shown by the dashed
(red) vertical line, while the insertion of the matrix G̃ is shown by the solid (red) vertical
line. Rounded ends of kernels are off shell, while straightened ends are on shell. The angled
double solid line connecting amplitudes indicates that the pole in the energy denominator
has been canceled. A loop containing “∞” is integrated, while other loops are summed.

other TOPT amplitudes. As an example, consider
[
B3DGB2,L

]
k′a′;pr

= [B3]k′a′;ka [DG]ka;p′r′

[
B2,L

]
p′r′;pr

, (3.49)

which is illustrated in the middle panel of Fig. 3.6. For notational convenience we have

interchanged the dummy indices {ka} and {k′a′} compared to earlier. The differences from

the analysis above are (i) that k 6= k′, so that the on-shell projection for B3 involves a boost

determined by the inner momentum (here k); (ii) the 1/(2ωkL3) factor in DG is not canceled;

(iii) k is summed in the final result—with 1/(2ωkL3) providing the correct measure factor;
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and (iv) in the finite δG̃ term, the sum over k can be converted to an integral, since the pole

has been canceled, and this attaches a B2 to the B3 to create an enlarged infinite-volume

amplitude. This step relies also on the smoothness of H(k). This last point implies that we

should view δG̃ as an operator that acts differently depending on the adjacent kernels, and

in particular implies integration over all internal loops that cross the original cut.

To give an explicit expression we need to define the version of B3 after on-shell projection

on the right,

[B3]k′a′;k`m ≡ B
∗
3(k′, a′; k, a∗k = q∗2,k)`m

Y`m(a∗k)
q∗`2,k

, (3.50)

using which we have
[
B3DGB2,L

]
k′a′;pr

=
[
B3(G̃+ δG̃)B2,L

]
k′a′;pr

, (3.51)

i.e. a result of exactly the same form as when X ′ = X = B2,L.

The other cases follow analogously, and we do not discuss them in detail. Dropping

external indices, the general result is simply

X ′DGX = X ′(G̃+ δG̃)X . (3.52)

The only new feature that enters if both X ′ and X are symmetric kernels is that both factors

of 1/(2ωL3) are uncanceled, so both internal momenta end up summed (for the G̃ term) or

integrated (for the δG̃ term). This is illustrated for X ′ = Â′ and X = B3 in the lower panel

of Fig. 3.6.

F cuts

Next, we wish to derive an analogous result for X ′DFX. One option is to split up the

on- and off-shell contributions exactly as for DG; we refer to this as the “Σ̃F approach,” as

the analog to G̃ that arises is a sum over spatial momenta. Although the Σ̃F approach is

perfectly valid and well defined, we relegate its details to Appendix A.7, as there is a more
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a′ 

k

r′ 

=

<latexit sha1_base64="TAT3UspMlCWcgQdPtB8UfdxJRzs=">AAAB6HicbZC7SgNBFIbPxluMt6ilIINBsAq7IqiFGLBJmYC5QLKE2clJMmb2wsysEJaUVjYWitj6FHkKCzufwZdwcik08YeBj/8/hznneJHgStv2l5VaWl5ZXUuvZzY2t7Z3srt7VRXGkmGFhSKUdY8qFDzAiuZaYD2SSH1PYM3r34zz2j1KxcPgVg8idH3aDXiHM6qNVb5qZXN23p6ILIIzg9z1x6j8/XA4KrWyn812yGIfA80EVarh2JF2Eyo1ZwKHmWasMKKsT7vYMBhQH5WbTAYdkmPjtEknlOYFmkzc3x0J9ZUa+J6p9KnuqflsbP6XNWLduXATHkSxxoBNP+rEguiQjLcmbS6RaTEwQJnkZlbCelRSps1tMuYIzvzKi1A9zTtn+cuynSsUYao0HMARnIAD51CAIpSgAgwQHuEZXqw768l6td6mpSlr1rMPf2S9/wBvc5Er</latexit>

a′ 

k

r′ a′ 

k

r′ 

+

<latexit sha1_base64="nPF5bTufkjs0WtKzibFS6tGbtV4=">AAAB6HicbVDLSgNBEOyNUWN8RXP0MhgEQQi7Iqi3gBcPHhIwD9gsYXbSm4yZfTAzK4QQf8CLB0W8+jdevfk1OnkcNLGgoajqprvLTwRX2ra/rMxKdnVtPbeR39za3tkt7O03VJxKhnUWi1i2fKpQ8AjrmmuBrUQiDX2BTX9wNfGb9ygVj6NbPUzQC2kv4gFnVBupdtIplOyyPQVZJs6clCrFD/c723yodgqf7W7M0hAjzQRVynXsRHsjKjVnAsf5dqowoWxAe+gaGtEQlTeaHjomR0bpkiCWpiJNpurviRENlRqGvukMqe6rRW8i/ue5qQ4uvBGPklRjxGaLglQQHZPJ16TLJTIthoZQJrm5lbA+lZRpk03ehOAsvrxMGqdl56x8WTNp3MAMOTiAQzgGB86hAtdQhTowQHiEZ3ix7qwn69V6m7VmrPlMEf7Aev8B6oWQEA==</latexit>

a

k p′ 

r′ 

p′ 

r′ 

=

<latexit sha1_base64="TAT3UspMlCWcgQdPtB8UfdxJRzs=">AAAB6HicbZC7SgNBFIbPxluMt6ilIINBsAq7IqiFGLBJmYC5QLKE2clJMmb2wsysEJaUVjYWitj6FHkKCzufwZdwcik08YeBj/8/hznneJHgStv2l5VaWl5ZXUuvZzY2t7Z3srt7VRXGkmGFhSKUdY8qFDzAiuZaYD2SSH1PYM3r34zz2j1KxcPgVg8idH3aDXiHM6qNVb5qZXN23p6ILIIzg9z1x6j8/XA4KrWyn812yGIfA80EVarh2JF2Eyo1ZwKHmWasMKKsT7vYMBhQH5WbTAYdkmPjtEknlOYFmkzc3x0J9ZUa+J6p9KnuqflsbP6XNWLduXATHkSxxoBNP+rEguiQjLcmbS6RaTEwQJnkZlbCelRSps1tMuYIzvzKi1A9zTtn+cuynSsUYao0HMARnIAD51CAIpSgAgwQHuEZXqw768l6td6mpSlr1rMPf2S9/wBvc5Er</latexit>

+

<latexit sha1_base64="nPF5bTufkjs0WtKzibFS6tGbtV4=">AAAB6HicbVDLSgNBEOyNUWN8RXP0MhgEQQi7Iqi3gBcPHhIwD9gsYXbSm4yZfTAzK4QQf8CLB0W8+jdevfk1OnkcNLGgoajqprvLTwRX2ra/rMxKdnVtPbeR39za3tkt7O03VJxKhnUWi1i2fKpQ8AjrmmuBrUQiDX2BTX9wNfGb9ygVj6NbPUzQC2kv4gFnVBupdtIplOyyPQVZJs6clCrFD/c723yodgqf7W7M0hAjzQRVynXsRHsjKjVnAsf5dqowoWxAe+gaGtEQlTeaHjomR0bpkiCWpiJNpurviRENlRqGvukMqe6rRW8i/ue5qQ4uvBGPklRjxGaLglQQHZPJ16TLJTIthoZQJrm5lbA+lZRpk03ehOAsvrxMGqdl56x8WTNp3MAMOTiAQzgGB86hAtdQhTowQHiEZ3ix7qwn69V6m7VmrPlMEf7Aev8B6oWQEA==</latexit>

p′ 

r′ 

1

<latexit sha1_base64="vVfQJ9mfKwsOqtN56rlJuxUKj3s=">AAAB7XicbZDLSgMxFIYzXmu9VV0KEiyCqzIjgrqy4MaFixbsBdpSMmmmjc0kQ3JGGIYu3btxoYhbX8HX0J3PoA9hello6w+Bj/8/h5xz/EhwA6776czNLywuLWdWsqtr6xubua3tqlGxpqxClVC67hPDBJesAhwEq0eakdAXrOb3L4Z57ZZpw5W8hiRirZB0JQ84JWCtapPLAJJ2Lu8W3JHwLHgTyJ+/f93tvZW/S+3cR7OjaBwyCVQQYxqeG0ErJRo4FWyQbcaGRYT2SZc1LEoSMtNKR9MO8IF1OjhQ2j4JeOT+7khJaEwS+rYyJNAz09nQ/C9rxBCctlIuoxiYpOOPglhgUHi4Ou5wzSiIxAKhmttZMe0RTSjYA2XtEbzplWehelTwjgtnZTdfvEJjZdAu2keHyEMnqIguUQlVEEU36B49oidHOQ/Os/MyLp1zJj076I+c1x/vX5Ph</latexit>

1

<latexit sha1_base64="vVfQJ9mfKwsOqtN56rlJuxUKj3s=">AAAB7XicbZDLSgMxFIYzXmu9VV0KEiyCqzIjgrqy4MaFixbsBdpSMmmmjc0kQ3JGGIYu3btxoYhbX8HX0J3PoA9hello6w+Bj/8/h5xz/EhwA6776czNLywuLWdWsqtr6xubua3tqlGxpqxClVC67hPDBJesAhwEq0eakdAXrOb3L4Z57ZZpw5W8hiRirZB0JQ84JWCtapPLAJJ2Lu8W3JHwLHgTyJ+/f93tvZW/S+3cR7OjaBwyCVQQYxqeG0ErJRo4FWyQbcaGRYT2SZc1LEoSMtNKR9MO8IF1OjhQ2j4JeOT+7khJaEwS+rYyJNAz09nQ/C9rxBCctlIuoxiYpOOPglhgUHi4Ou5wzSiIxAKhmttZMe0RTSjYA2XtEbzplWehelTwjgtnZTdfvEJjZdAu2keHyEMnqIguUQlVEEU36B49oidHOQ/Os/MyLp1zJj076I+c1x/vX5Ph</latexit>

a′ 

k′ 

r′ 

p′ 

=

<latexit sha1_base64="TAT3UspMlCWcgQdPtB8UfdxJRzs=">AAAB6HicbZC7SgNBFIbPxluMt6ilIINBsAq7IqiFGLBJmYC5QLKE2clJMmb2wsysEJaUVjYWitj6FHkKCzufwZdwcik08YeBj/8/hznneJHgStv2l5VaWl5ZXUuvZzY2t7Z3srt7VRXGkmGFhSKUdY8qFDzAiuZaYD2SSH1PYM3r34zz2j1KxcPgVg8idH3aDXiHM6qNVb5qZXN23p6ILIIzg9z1x6j8/XA4KrWyn812yGIfA80EVarh2JF2Eyo1ZwKHmWasMKKsT7vYMBhQH5WbTAYdkmPjtEknlOYFmkzc3x0J9ZUa+J6p9KnuqflsbP6XNWLduXATHkSxxoBNP+rEguiQjLcmbS6RaTEwQJnkZlbCelRSps1tMuYIzvzKi1A9zTtn+cuynSsUYao0HMARnIAD51CAIpSgAgwQHuEZXqw768l6td6mpSlr1rMPf2S9/wBvc5Er</latexit>

a′ 

k′ 

r′ 

p′ 

a′ 

k′ p′ 

r′ 

+

<latexit sha1_base64="nPF5bTufkjs0WtKzibFS6tGbtV4=">AAAB6HicbVDLSgNBEOyNUWN8RXP0MhgEQQi7Iqi3gBcPHhIwD9gsYXbSm4yZfTAzK4QQf8CLB0W8+jdevfk1OnkcNLGgoajqprvLTwRX2ra/rMxKdnVtPbeR39za3tkt7O03VJxKhnUWi1i2fKpQ8AjrmmuBrUQiDX2BTX9wNfGb9ygVj6NbPUzQC2kv4gFnVBupdtIplOyyPQVZJs6clCrFD/c723yodgqf7W7M0hAjzQRVynXsRHsjKjVnAsf5dqowoWxAe+gaGtEQlTeaHjomR0bpkiCWpiJNpurviRENlRqGvukMqe6rRW8i/ue5qQ4uvBGPklRjxGaLglQQHZPJ16TLJTIthoZQJrm5lbA+lZRpk03ehOAsvrxMGqdl56x8WTNp3MAMOTiAQzgGB86hAtdQhTowQHiEZ3ix7qwn69V6m7VmrPlMEf7Aev8B6oWQEA==</latexit>

1

<latexit sha1_base64="vVfQJ9mfKwsOqtN56rlJuxUKj3s=">AAAB7XicbZDLSgMxFIYzXmu9VV0KEiyCqzIjgrqy4MaFixbsBdpSMmmmjc0kQ3JGGIYu3btxoYhbX8HX0J3PoA9hello6w+Bj/8/h5xz/EhwA6776czNLywuLWdWsqtr6xubua3tqlGxpqxClVC67hPDBJesAhwEq0eakdAXrOb3L4Z57ZZpw5W8hiRirZB0JQ84JWCtapPLAJJ2Lu8W3JHwLHgTyJ+/f93tvZW/S+3cR7OjaBwyCVQQYxqeG0ErJRo4FWyQbcaGRYT2SZc1LEoSMtNKR9MO8IF1OjhQ2j4JeOT+7khJaEwS+rYyJNAz09nQ/C9rxBCctlIuoxiYpOOPglhgUHi4Ou5wzSiIxAKhmttZMe0RTSjYA2XtEbzplWehelTwjgtnZTdfvEJjZdAu2keHyEMnqIguUQlVEEU36B49oidHOQ/Os/MyLp1zJj076I+c1x/vX5Ph</latexit>

a
1

<latexit sha1_base64="vVfQJ9mfKwsOqtN56rlJuxUKj3s=">AAAB7XicbZDLSgMxFIYzXmu9VV0KEiyCqzIjgrqy4MaFixbsBdpSMmmmjc0kQ3JGGIYu3btxoYhbX8HX0J3PoA9hello6w+Bj/8/h5xz/EhwA6776czNLywuLWdWsqtr6xubua3tqlGxpqxClVC67hPDBJesAhwEq0eakdAXrOb3L4Z57ZZpw5W8hiRirZB0JQ84JWCtapPLAJJ2Lu8W3JHwLHgTyJ+/f93tvZW/S+3cR7OjaBwyCVQQYxqeG0ErJRo4FWyQbcaGRYT2SZc1LEoSMtNKR9MO8IF1OjhQ2j4JeOT+7khJaEwS+rYyJNAz09nQ/C9rxBCctlIuoxiYpOOPglhgUHi4Ou5wzSiIxAKhmttZMe0RTSjYA2XtEbzplWehelTwjgtnZTdfvEJjZdAu2keHyEMnqIguUQlVEEU36B49oidHOQ/Os/MyLp1zJj076I+c1x/vX5Ph</latexit>

eF

<latexit sha1_base64="lSsEAah+VZPNOiHxH8d0Ovfcz58=">AAAB83icbVDLSgNBEJyNrxhfUY+CDAbBU9gVQT0ZEMSDhwTMA5IlzM72JkNmZ5eZWSUsOfoLXjwo4tW7v6E3v0E/wsnjoIkFDUVVN91dXsyZ0rb9aWXm5hcWl7LLuZXVtfWN/OZWTUWJpFClEY9kwyMKOBNQ1UxzaMQSSOhxqHu986FfvwGpWCSudT8GNyQdwQJGiTZSq3XLfNCM+4Av2vmCXbRHwLPEmZDC2fvX3e5b5bvczn+0/IgmIQhNOVGq6dixdlMiNaMcBrlWoiAmtEc60DRUkBCUm45uHuB9o/g4iKQpofFI/T2RklCpfuiZzpDorpr2huJ/XjPRwYmbMhEnGgQdLwoSjnWEhwFgn0mgmvcNIVQycyumXSIJ1SamnAnBmX55ltQOi85R8bRiF0pXaIws2kF76AA56BiV0CUqoyqiKEb36BE9WYn1YD1bL+PWjDWZ2UZ/YL3+ANxolhQ=</latexit>

eF

<latexit sha1_base64="lSsEAah+VZPNOiHxH8d0Ovfcz58=">AAAB83icbVDLSgNBEJyNrxhfUY+CDAbBU9gVQT0ZEMSDhwTMA5IlzM72JkNmZ5eZWSUsOfoLXjwo4tW7v6E3v0E/wsnjoIkFDUVVN91dXsyZ0rb9aWXm5hcWl7LLuZXVtfWN/OZWTUWJpFClEY9kwyMKOBNQ1UxzaMQSSOhxqHu986FfvwGpWCSudT8GNyQdwQJGiTZSq3XLfNCM+4Av2vmCXbRHwLPEmZDC2fvX3e5b5bvczn+0/IgmIQhNOVGq6dixdlMiNaMcBrlWoiAmtEc60DRUkBCUm45uHuB9o/g4iKQpofFI/T2RklCpfuiZzpDorpr2huJ/XjPRwYmbMhEnGgQdLwoSjnWEhwFgn0mgmvcNIVQycyumXSIJ1SamnAnBmX55ltQOi85R8bRiF0pXaIws2kF76AA56BiV0CUqoyqiKEb36BE9WYn1YD1bL+PWjDWZ2UZ/YL3+ANxolhQ=</latexit>

eF

<latexit sha1_base64="lSsEAah+VZPNOiHxH8d0Ovfcz58=">AAAB83icbVDLSgNBEJyNrxhfUY+CDAbBU9gVQT0ZEMSDhwTMA5IlzM72JkNmZ5eZWSUsOfoLXjwo4tW7v6E3v0E/wsnjoIkFDUVVN91dXsyZ0rb9aWXm5hcWl7LLuZXVtfWN/OZWTUWJpFClEY9kwyMKOBNQ1UxzaMQSSOhxqHu986FfvwGpWCSudT8GNyQdwQJGiTZSq3XLfNCM+4Av2vmCXbRHwLPEmZDC2fvX3e5b5bvczn+0/IgmIQhNOVGq6dixdlMiNaMcBrlWoiAmtEc60DRUkBCUm45uHuB9o/g4iKQpofFI/T2RklCpfuiZzpDorpr2huJ/XjPRwYmbMhEnGgQdLwoSjnWEhwFgn0mgmvcNIVQycyumXSIJ1SamnAnBmX55ltQOi85R8bRiF0pXaIws2kF76AA56BiV0CUqoyqiKEb36BE9WYn1YD1bL+PWjDWZ2UZ/YL3+ANxolhQ=</latexit>

a

a

a

a

k

eIF

<latexit sha1_base64="ie61hgKU3fnOK20Gw6i6/XnJTZ8=">AAAB/3icbVDJSgNBEO2JW4zbqOBFhMYgeAozIqi3gCDxFsEskAxDT09N0qRnobtHiWMO/ooXD4p49eonePPkr9hZDpr4oODxXhVV9byEM6ks68vIzc0vLC7llwsrq2vrG+bmVl3GqaBQozGPRdMjEjiLoKaY4tBMBJDQ49DweudDv3EDQrI4ulb9BJyQdCIWMEqUllxzp33LfFCM+4CzNiUcXw7cC+yaRatkjYBniT0hxfLexx2V/Lvqmp9tP6ZpCJGinEjZsq1EORkRilEOg0I7lZAQ2iMdaGkakRCkk43uH+ADrfg4iIWuSOGR+nsiI6GU/dDTnSFRXTntDcX/vFaqglMnY1GSKojoeFGQcqxiPAwD+0wAVbyvCaGC6Vsx7RJBqNKRFXQI9vTLs6R+VLKPS2dXOo0KGiOPdtE+OkQ2OkFlVEFVVEMU3aNH9IxejAfjyXg13satOWMys43+wHj/AQ7YmTg=</latexit>

eIF

<latexit sha1_base64="ie61hgKU3fnOK20Gw6i6/XnJTZ8=">AAAB/3icbVDJSgNBEO2JW4zbqOBFhMYgeAozIqi3gCDxFsEskAxDT09N0qRnobtHiWMO/ooXD4p49eonePPkr9hZDpr4oODxXhVV9byEM6ks68vIzc0vLC7llwsrq2vrG+bmVl3GqaBQozGPRdMjEjiLoKaY4tBMBJDQ49DweudDv3EDQrI4ulb9BJyQdCIWMEqUllxzp33LfFCM+4CzNiUcXw7cC+yaRatkjYBniT0hxfLexx2V/Lvqmp9tP6ZpCJGinEjZsq1EORkRilEOg0I7lZAQ2iMdaGkakRCkk43uH+ADrfg4iIWuSOGR+nsiI6GU/dDTnSFRXTntDcX/vFaqglMnY1GSKojoeFGQcqxiPAwD+0wAVbyvCaGC6Vsx7RJBqNKRFXQI9vTLs6R+VLKPS2dXOo0KGiOPdtE+OkQ2OkFlVEFVVEMU3aNH9IxejAfjyXg13satOWMys43+wHj/AQ7YmTg=</latexit>

eIF

<latexit sha1_base64="ie61hgKU3fnOK20Gw6i6/XnJTZ8=">AAAB/3icbVDJSgNBEO2JW4zbqOBFhMYgeAozIqi3gCDxFsEskAxDT09N0qRnobtHiWMO/ooXD4p49eonePPkr9hZDpr4oODxXhVV9byEM6ks68vIzc0vLC7llwsrq2vrG+bmVl3GqaBQozGPRdMjEjiLoKaY4tBMBJDQ49DweudDv3EDQrI4ulb9BJyQdCIWMEqUllxzp33LfFCM+4CzNiUcXw7cC+yaRatkjYBniT0hxfLexx2V/Lvqmp9tP6ZpCJGinEjZsq1EORkRilEOg0I7lZAQ2iMdaGkakRCkk43uH+ADrfg4iIWuSOGR+nsiI6GU/dDTnSFRXTntDcX/vFaqglMnY1GSKojoeFGQcqxiPAwD+0wAVbyvCaGC6Vsx7RJBqNKRFXQI9vTLs6R+VLKPS2dXOo0KGiOPdtE+OkQ2OkFlVEFVVEMU3aNH9IxejAfjyXg13satOWMys43+wHj/AQ7YmTg=</latexit>

B2,LDF B2,L =

<latexit sha1_base64="lbjlFxBlOylKMPfwcIMmmney4LU=">AAACKHicfVDLSgMxFM3UVx1fVZdugkUQLGWmKNaFWHx24aKCtYVOGTJp2oZmHiQZoQzzOW78FTciinTrDwh+gZm2C23FA4HDOeeSe48TMCqkYQy01Mzs3PxCelFfWl5ZXcusb9wJP+SYVLHPfF53kCCMeqQqqWSkHnCCXIeRmtM7S/zaPeGC+t6t7Aek6aKOR9sUI6kkO3Ni+cpOpiPLRbKLEYOnsR0VctcxPLcvrZz+X+LYzmSNvDEEnCbmmGRLe19XF8XPg4qdebFaPg5d4knMkBAN0whkM0JcUsxIrFuhIAHCPdQhDUU95BLRjIaHxnBHKS3Y9rl6noRD9edEhFwh+q6jksmqYtJLxL+8RijbxWZEvSCUxMOjj9ohg9KHSWuwRTnBkvUVQZhTtSvEXcQRlqpbXZVgTp48Te4KeXM/f3Sj2iiDEdJgC2yDXWCCQ1ACZVABVYDBA3gCr+BNe9SetXdtMIqmtPHMJvgF7eMbMSWpDg==</latexit>

B3DF B2,L =

<latexit sha1_base64="5cuKbXLEzu0LvO06SbQCZWL8Fys="></latexit>

bA0DF B3 =

<latexit sha1_base64="08imXqHQqhZZSgj+QnAPr3ukBhY=">AAACDXicbVDLSsNAFJ3UV42vqksRBqvoQkqigroQ6gPpsoJ9QFPCZDpph04mYWai1NAfcOOvuHGhiAs37t258lecPhbaeuDC4Zx7ufceL2JUKsv6MlITk1PTM+lZc25+YXEps7xSlmEsMCnhkIWi6iFJGOWkpKhipBoJggKPkYrXPu/5lRsiJA35tepEpB6gJqc+xUhpyc1sOre0QVpIwdNteOFeOrtm4gRItTBi8KzrJvtdeOJmslbO6gOOE3tIsvn19zss2XfRzXw6jRDHAeEKMyRlzbYiVU+QUBQz0jWdWJII4TZqkpqmHAVE1pP+N124pZUG9EOhiyvYV39PJCiQshN4urN3qBz1euJ/Xi1W/lE9oTyKFeF4sMiPGVQh7EUDG1QQrFhHE4QF1bdC3EICYaUDNHUI9ujL46S8l7MPcsdXOo0CGCAN1sAG2AE2OAR5UABFUAIY3INH8AxejAfjyXg13gatKWM4swr+wPj4AY0+nbc=</latexit>

B2

<latexit sha1_base64="5kdwonvbOEPKbEFVGW9HoVZPnc0=">AAAB+3icbVDLSsNAFL2pr1pfsS5FGCyCq5IUQd0V3XRZwT6gDWEynbRDJw9mJmIN+RU3LhRx6w/4Ce5c+StO2i609cDA4Zx7uWeOF3MmlWV9GYWV1bX1jeJmaWt7Z3fP3C+3ZZQIQlsk4pHoelhSzkLaUkxx2o0FxYHHaccbX+d+544KyaLwVk1i6gR4GDKfEay05JrlUtoPsBoRzNFV5qa1DLlmxapaU6BlYs9JpX708UAk/2665md/EJEkoKEiHEvZs61YOSkWihFOs1I/kTTGZIyHtKdpiAMqnXSaPUMnWhkgPxL6hQpN1d8bKQ6knASensxzykUvF//zeonyL5yUhXGiaEhmh/yEIxWhvAg0YIISxSeaYCKYzorICAtMlK6rpEuwF7+8TNq1qn1WvbzRbTRghiIcwjGcgg3nUIcGNKEFBO7hEZ7hxciMJ+PVeJuNFoz5zgH8gfH+A9bQl2o=</latexit>

B2

<latexit sha1_base64="5kdwonvbOEPKbEFVGW9HoVZPnc0=">AAAB+3icbVDLSsNAFL2pr1pfsS5FGCyCq5IUQd0V3XRZwT6gDWEynbRDJw9mJmIN+RU3LhRx6w/4Ce5c+StO2i609cDA4Zx7uWeOF3MmlWV9GYWV1bX1jeJmaWt7Z3fP3C+3ZZQIQlsk4pHoelhSzkLaUkxx2o0FxYHHaccbX+d+544KyaLwVk1i6gR4GDKfEay05JrlUtoPsBoRzNFV5qa1DLlmxapaU6BlYs9JpX708UAk/2665md/EJEkoKEiHEvZs61YOSkWihFOs1I/kTTGZIyHtKdpiAMqnXSaPUMnWhkgPxL6hQpN1d8bKQ6knASensxzykUvF//zeonyL5yUhXGiaEhmh/yEIxWhvAg0YIISxSeaYCKYzorICAtMlK6rpEuwF7+8TNq1qn1WvbzRbTRghiIcwjGcgg3nUIcGNKEFBO7hEZ7hxciMJ+PVeJuNFoz5zgH8gfH+A9bQl2o=</latexit>

B2

<latexit sha1_base64="5kdwonvbOEPKbEFVGW9HoVZPnc0=">AAAB+3icbVDLSsNAFL2pr1pfsS5FGCyCq5IUQd0V3XRZwT6gDWEynbRDJw9mJmIN+RU3LhRx6w/4Ce5c+StO2i609cDA4Zx7uWeOF3MmlWV9GYWV1bX1jeJmaWt7Z3fP3C+3ZZQIQlsk4pHoelhSzkLaUkxx2o0FxYHHaccbX+d+544KyaLwVk1i6gR4GDKfEay05JrlUtoPsBoRzNFV5qa1DLlmxapaU6BlYs9JpX708UAk/2665md/EJEkoKEiHEvZs61YOSkWihFOs1I/kTTGZIyHtKdpiAMqnXSaPUMnWhkgPxL6hQpN1d8bKQ6knASensxzykUvF//zeonyL5yUhXGiaEhmh/yEIxWhvAg0YIISxSeaYCKYzorICAtMlK6rpEuwF7+8TNq1qn1WvbzRbTRghiIcwjGcgg3nUIcGNKEFBO7hEZ7hxciMJ+PVeJuNFoz5zgH8gfH+A9bQl2o=</latexit>

B2

<latexit sha1_base64="5kdwonvbOEPKbEFVGW9HoVZPnc0=">AAAB+3icbVDLSsNAFL2pr1pfsS5FGCyCq5IUQd0V3XRZwT6gDWEynbRDJw9mJmIN+RU3LhRx6w/4Ce5c+StO2i609cDA4Zx7uWeOF3MmlWV9GYWV1bX1jeJmaWt7Z3fP3C+3ZZQIQlsk4pHoelhSzkLaUkxx2o0FxYHHaccbX+d+544KyaLwVk1i6gR4GDKfEay05JrlUtoPsBoRzNFV5qa1DLlmxapaU6BlYs9JpX708UAk/2665md/EJEkoKEiHEvZs61YOSkWihFOs1I/kTTGZIyHtKdpiAMqnXSaPUMnWhkgPxL6hQpN1d8bKQ6knASensxzykUvF//zeonyL5yUhXGiaEhmh/yEIxWhvAg0YIISxSeaYCKYzorICAtMlK6rpEuwF7+8TNq1qn1WvbzRbTRghiIcwjGcgg3nUIcGNKEFBO7hEZ7hxciMJ+PVeJuNFoz5zgH8gfH+A9bQl2o=</latexit>

B2

<latexit sha1_base64="5kdwonvbOEPKbEFVGW9HoVZPnc0=">AAAB+3icbVDLSsNAFL2pr1pfsS5FGCyCq5IUQd0V3XRZwT6gDWEynbRDJw9mJmIN+RU3LhRx6w/4Ce5c+StO2i609cDA4Zx7uWeOF3MmlWV9GYWV1bX1jeJmaWt7Z3fP3C+3ZZQIQlsk4pHoelhSzkLaUkxx2o0FxYHHaccbX+d+544KyaLwVk1i6gR4GDKfEay05JrlUtoPsBoRzNFV5qa1DLlmxapaU6BlYs9JpX708UAk/2665md/EJEkoKEiHEvZs61YOSkWihFOs1I/kTTGZIyHtKdpiAMqnXSaPUMnWhkgPxL6hQpN1d8bKQ6knASensxzykUvF//zeonyL5yUhXGiaEhmh/yEIxWhvAg0YIISxSeaYCKYzorICAtMlK6rpEuwF7+8TNq1qn1WvbzRbTRghiIcwjGcgg3nUIcGNKEFBO7hEZ7hxciMJ+PVeJuNFoz5zgH8gfH+A9bQl2o=</latexit>

B2

<latexit sha1_base64="5kdwonvbOEPKbEFVGW9HoVZPnc0=">AAAB+3icbVDLSsNAFL2pr1pfsS5FGCyCq5IUQd0V3XRZwT6gDWEynbRDJw9mJmIN+RU3LhRx6w/4Ce5c+StO2i609cDA4Zx7uWeOF3MmlWV9GYWV1bX1jeJmaWt7Z3fP3C+3ZZQIQlsk4pHoelhSzkLaUkxx2o0FxYHHaccbX+d+544KyaLwVk1i6gR4GDKfEay05JrlUtoPsBoRzNFV5qa1DLlmxapaU6BlYs9JpX708UAk/2665md/EJEkoKEiHEvZs61YOSkWihFOs1I/kTTGZIyHtKdpiAMqnXSaPUMnWhkgPxL6hQpN1d8bKQ6knASensxzykUvF//zeonyL5yUhXGiaEhmh/yEIxWhvAg0YIISxSeaYCKYzorICAtMlK6rpEuwF7+8TNq1qn1WvbzRbTRghiIcwjGcgg3nUIcGNKEFBO7hEZ7hxciMJ+PVeJuNFoz5zgH8gfH+A9bQl2o=</latexit>

B2

<latexit sha1_base64="5kdwonvbOEPKbEFVGW9HoVZPnc0=">AAAB+3icbVDLSsNAFL2pr1pfsS5FGCyCq5IUQd0V3XRZwT6gDWEynbRDJw9mJmIN+RU3LhRx6w/4Ce5c+StO2i609cDA4Zx7uWeOF3MmlWV9GYWV1bX1jeJmaWt7Z3fP3C+3ZZQIQlsk4pHoelhSzkLaUkxx2o0FxYHHaccbX+d+544KyaLwVk1i6gR4GDKfEay05JrlUtoPsBoRzNFV5qa1DLlmxapaU6BlYs9JpX708UAk/2665md/EJEkoKEiHEvZs61YOSkWihFOs1I/kTTGZIyHtKdpiAMqnXSaPUMnWhkgPxL6hQpN1d8bKQ6knASensxzykUvF//zeonyL5yUhXGiaEhmh/yEIxWhvAg0YIISxSeaYCKYzorICAtMlK6rpEuwF7+8TNq1qn1WvbzRbTRghiIcwjGcgg3nUIcGNKEFBO7hEZ7hxciMJ+PVeJuNFoz5zgH8gfH+A9bQl2o=</latexit>

B2

<latexit sha1_base64="5kdwonvbOEPKbEFVGW9HoVZPnc0=">AAAB+3icbVDLSsNAFL2pr1pfsS5FGCyCq5IUQd0V3XRZwT6gDWEynbRDJw9mJmIN+RU3LhRx6w/4Ce5c+StO2i609cDA4Zx7uWeOF3MmlWV9GYWV1bX1jeJmaWt7Z3fP3C+3ZZQIQlsk4pHoelhSzkLaUkxx2o0FxYHHaccbX+d+544KyaLwVk1i6gR4GDKfEay05JrlUtoPsBoRzNFV5qa1DLlmxapaU6BlYs9JpX708UAk/2665md/EJEkoKEiHEvZs61YOSkWihFOs1I/kTTGZIyHtKdpiAMqnXSaPUMnWhkgPxL6hQpN1d8bKQ6knASensxzykUvF//zeonyL5yUhXGiaEhmh/yEIxWhvAg0YIISxSeaYCKYzorICAtMlK6rpEuwF7+8TNq1qn1WvbzRbTRghiIcwjGcgg3nUIcGNKEFBO7hEZ7hxciMJ+PVeJuNFoz5zgH8gfH+A9bQl2o=</latexit>

B2

<latexit sha1_base64="5kdwonvbOEPKbEFVGW9HoVZPnc0=">AAAB+3icbVDLSsNAFL2pr1pfsS5FGCyCq5IUQd0V3XRZwT6gDWEynbRDJw9mJmIN+RU3LhRx6w/4Ce5c+StO2i609cDA4Zx7uWeOF3MmlWV9GYWV1bX1jeJmaWt7Z3fP3C+3ZZQIQlsk4pHoelhSzkLaUkxx2o0FxYHHaccbX+d+544KyaLwVk1i6gR4GDKfEay05JrlUtoPsBoRzNFV5qa1DLlmxapaU6BlYs9JpX708UAk/2665md/EJEkoKEiHEvZs61YOSkWihFOs1I/kTTGZIyHtKdpiAMqnXSaPUMnWhkgPxL6hQpN1d8bKQ6knASensxzykUvF//zeonyL5yUhXGiaEhmh/yEIxWhvAg0YIISxSeaYCKYzorICAtMlK6rpEuwF7+8TNq1qn1WvbzRbTRghiIcwjGcgg3nUIcGNKEFBO7hEZ7hxciMJ+PVeJuNFoz5zgH8gfH+A9bQl2o=</latexit>

B3

<latexit sha1_base64="scIbnI/wC1qj5GblyPmkvkREbFU=">AAAB+3icbVDLSsNAFJ3UV62vWJeCjBbBVUlUUHdFNy5cVLAPaEKYTCft0MkkzEzEEPIrblwo4tafcOnOX/ArnLRdaOuBgcM593LPHD9mVCrL+jJKC4tLyyvl1cra+sbmlrldbcsoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH10VfueeCEkjfqfSmLghGnAaUIyUljyzWsmcEKkhRgxe5l52kkPPrFl1aww4T+wpqTX2nb108PHd9MxPpx/hJCRcYYak7NlWrNwMCUUxI3nFSSSJER6hAelpylFIpJuNs+fwUCt9GERCP67gWP29kaFQyjT09WSRU856hfif10tUcO5mlMeJIhxPDgUJgyqCRRGwTwXBiqWaICyozgrxEAmEla6rokuwZ788T9rHdfu0fnGr27gBE5TBLjgAR8AGZ6ABrkETtAAGD+ARPIMXIzeejFfjbTJaMqY7O+APjPcfctWXJA==</latexit>

B3

<latexit sha1_base64="scIbnI/wC1qj5GblyPmkvkREbFU=">AAAB+3icbVDLSsNAFJ3UV62vWJeCjBbBVUlUUHdFNy5cVLAPaEKYTCft0MkkzEzEEPIrblwo4tafcOnOX/ArnLRdaOuBgcM593LPHD9mVCrL+jJKC4tLyyvl1cra+sbmlrldbcsoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH10VfueeCEkjfqfSmLghGnAaUIyUljyzWsmcEKkhRgxe5l52kkPPrFl1aww4T+wpqTX2nb108PHd9MxPpx/hJCRcYYak7NlWrNwMCUUxI3nFSSSJER6hAelpylFIpJuNs+fwUCt9GERCP67gWP29kaFQyjT09WSRU856hfif10tUcO5mlMeJIhxPDgUJgyqCRRGwTwXBiqWaICyozgrxEAmEla6rokuwZ788T9rHdfu0fnGr27gBE5TBLjgAR8AGZ6ABrkETtAAGD+ARPIMXIzeejFfjbTJaMqY7O+APjPcfctWXJA==</latexit>
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Figure 3.7: Diagrammatic illustrations of on-shell projection for F cuts. Notation as in
Fig. 3.6 except that the insertion of the matrix F̃ is shown by the solid (purple) vertical line.
The integral over the momentum a (the upper loop) requires a pole prescription, for which
we use a generalized PV prescription. Momentum labels are matched to the discussion in
the text.

standard method—following essentially the same approach as in HS1—that we now discuss.

We shall refer to the standard method as the “F̃ approach,” for reasons that will soon be

apparent.

The results we obtain are illustrated in Fig. 3.7. As the figures show, an essential differ-

ence between the G and F cuts is that, for the latter, at least one of the momenta crossing

the cut is part of an internal loop. This feature is exemplified by the explicit expression for

X ′ = X = B2,L,[
B2,LDF B2,L

]
ka′;pr′

= δkp2ωkL3∑
a

[
1

2ωaL3B2(E2,k,P2,k; a′; a)

× 1
2ωbka(E−ωk−ωa−ωbka)

B2(E2,k,P2,k; a; r′)
]
,

(3.53)
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which is shown diagrammatically in the upper panel in Fig. 3.7. The a loop is always present,

and, in the F̃ approach, is treated first. The method is that introduced in Ref. [27] and

extended in HS1: one replaces the sum in Eq. (3.53) using the identity∑ = [∑−PV
∫

]+PV
∫
.

Here PV indicates that we are using a generalized principal-value (PV) pole prescription, in

the class introduced in Ref. [36]. The sum-integral difference projects the inner momenta of

the adjacent amplitudes on shell, as shown by the identity derived in Appendix A of HS1.18

Using this identity, we find, in our example,
[
B2,LDF B2,L

]
ka′;pr′

=
[
B2,L

]
ka′;k′`m

F̃k′`m;p′`′m′

[
B2,L

]
p′`′m′;pr′

+
[
B2,LĨFB2,L

]
ka′;pr′

, (3.54)

where the partially on-shell amplitudes are defined in Eqs. (3.45) and (3.46), F̃ is a matrix

acting in the on-shell index space19

F̃k`m;p`′m′ ≡ δkpH(k)
[

1
L3

UV∑
a
−PV

∫ UV

a

]
Y`m(a∗k)
q∗`2,k

L3Dka

2!
Y`′m′(a∗k)
q∗`

′
2,k

, (3.55)

with
∫

a ≡
∫
d3a/(2π)3, and the action of the integral operator ĨF is

[
B2,LĨFB2,L

]
ka′;pr′

≡
∑

k′,p′,r

{
H(k) PV

∫ UV

a
+[1−H(k)]

∫ UV

a

}[B2,L
]
ka′;k′a

× L3Dk′aδk′p′δar
2!

[
B2,L

]
p′r;pr′

 .
(3.56)

The integral operator ties together the two factors of B2, as shown in the figure. Note that

the overall factor of L3 cancels that in the 1/(2ωaL3) contained in Dka.

One subtle feature of Eqs. (C.9) and (3.56) is the appearance of factors of H(k). As for

the G cuts, these are introduced so as to cut off the sum over k. The identity (3.54) is valid

18Strictly speaking, the argument given in HS1 must be slightly modified to use the boost introduced
above, but the essence is unchanged.

19Here F̃ is related to the matrix F of HS1 by F̃k`m;p`′m′ = (2ωkL3)−1Fk`m;p`′m′ . The fact that we
use a different boost in the on-shell projection only changes the sum-integral difference by exponentially
suppressed terms. This is true also if the pole in Dka is changed to the relativistic form used for G̃, and for
changes in the UV regulator. Our F̃ differs from the quantity of the same name used in Refs. [36, 39, 76]
by having an additional factor of 1/L3.
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for any choice of H(k) satisfying the properties enumerated earlier. In particular, the second

integral on the right-hand side of Eq. (3.56) originates as a sum over a, but can be converted

to an integral because the overall 1−H(k) cancels the pole in Dka.20

The results for other choices of X ′ and X take the same form, and are illustrated in the

middle and lower panels of Fig. 3.7. The only new feature occurs when both X ′ and X are

symmetric amplitudes. In this case the sum over k is not resolved by Kronecker deltas, and

remains as an internal loop. Here we can use the result that the PV integral over a leads to

a smooth function of k, despite the pole in the integrand. This is shown for the standard

PV prescription in Appendix B of HS1, and holds also for the generalizations of Ref. [36].

Because of this result, and the smoothness of the TOPT amplitudes, the sum over k in the

ĨF term can be replaced by an integral, as exemplified by the last term in the lower panel in

the figure. Thus, as for δG̃, the integral operator ĨF acts in a manner that depends on the

adjacent amplitudes.

In summary, the general result (with matrix indices implicit) is

X ′DF X = X ′
(
F̃ + ĨF

)
X , (3.57)

where any amplitude adjacent to F̃ is placed on shell with indices {k`m}.

20Note also that, despite appearances, theH(k) dependence of the two integrals in Eq. (3.56) do not cancel,
because they are defined with different pole prescriptions: PV for the first integral, while no prescription
is needed for the second (since the pole is avoided). This is equivalent to using the iε prescription for the
second integral.
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Application to C3,L(E,P)

We can use the results Eqs. (3.52) and (3.57) to rewrite our expression for the three-particle

correlator, Eq. (3.24), so as to isolate on-shell contributions,

C3,L − C(0)
3,∞ = Â′ i(F̃ + G̃+ ĨF + δG̃) 1

1− i(B2,L + B3)i(F̃ + G̃+ ĨF + δG̃ )
Â (3.58)

= δC3,∞ + Ã′(u)i(F̃ + G̃ ) 1
1− iK̃(u,u)

df,23,Li(F̃ + G̃ )
Ã(u) , (3.59)

where

iK̃(u,u)
df,23,L ≡

1
1− i(B2,L + B3)i(ĨF + δG̃ )

i(B2,L + B3) , (3.60)

Ã′(u) ≡ Â′
1

1− i(ĨF + δG̃)i(B2,L + B3)
, (3.61)

Ã(u) ≡ 1
1− i(B2,L + B3)i(ĨF + δG̃)

Â , (3.62)

δC3,∞ ≡ Â′ i(ĨF + δG̃) 1
1− i(B2,L + B3)i(ĨF + δG̃)

Â . (3.63)

Since Ã′(u), K̃(u,u)
df,23,L, and Ã(u) all appear adjacent to F̃ + G̃, they are all projected into the

on-shell {k`m} index space. We will refer them as “on-shell kernels.”

Various aspects of these results deserve further explanation. The first is our use of tildes.

We have added these in order to distinguish the kernels from quantities in HS1 that have

similar names, but different definitions.

The second new feature is the appearance of superscripts (u) and (u, u). This notation,

borrowed from HS1, indicates asymmetric quantities.21 The asymmetry here arises from the

presence of the asymmetric amplitude B2,L. When we expand out the geometric series in

Eqs. (3.60)-(3.62), the external amplitude can either be a B2,L or a symmetric amplitude.

21An important caveat, however, is that the precise nature of the asymmetry here differs from that in
HS1. We discuss this further below.
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For example, we can rewrite Eq. (3.62) as

Ã(u) = Â+ i(B2,L + B3)i(ĨF + δG̃) 1
1− i(B2,L + B3)i(ĨF + δG̃)

Â . (3.64)

The presence of the B2,L in the second term on the right-hand side implies that this is

an asymmetric quantity, since k is always associated with the spectator momentum when

connecting to B2,L.

The third new aspect is the subscript “df, 23” on K̃(u,u)
df,23,L, as well as the use of the name

K. To explain these features, we expand the geometric series in Eq. (3.60), leading to the

contributions shown diagrammatically in Fig. 3.8. These are exactly the set of diagrams that

give rise, in TOPT, to the 2 → 2 amplitude (with a spectator) combined with the 3 → 3

amplitude, except that we have replaced the relevant cuts with integral operators. This is

similar to what one does when defining a K matrix, namely removing the imaginary parts

that arise from unitary cuts. In particular, since all the integrals that appear either use a

PV prescription or avoid the pole, K̃(u,u)
df,23,L is real. Because of this similarity, we refer to it as

a K matrix, and, indeed, the connection to standard K matrices can, in part, be made more

precise, as we show below. We use the subscript “23” to indicate that it contains amplitudes

for both two- and three-particle scattering. Finally, “df” stands for “divergence free,” which

is to say that, by construction, it contains no singularities due to three-particle cuts. This

use of “df” is taken over from HS1.

The final issue concerns the volume dependence of the kernels. We find that Ã′(u), Ã(u),

and δC3,∞ are infinite-volume quantities, and that K̃(u,u)
df,23,L can be simply related to infinite-

volume quantities, both results holding up to exponentially suppressed corrections. These

results, derived in the next subsection, will allow us to make all L dependence explicit.
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1

<latexit sha1_base64="vVfQJ9mfKwsOqtN56rlJuxUKj3s=">AAAB7XicbZDLSgMxFIYzXmu9VV0KEiyCqzIjgrqy4MaFixbsBdpSMmmmjc0kQ3JGGIYu3btxoYhbX8HX0J3PoA9hello6w+Bj/8/h5xz/EhwA6776czNLywuLWdWsqtr6xubua3tqlGxpqxClVC67hPDBJesAhwEq0eakdAXrOb3L4Z57ZZpw5W8hiRirZB0JQ84JWCtapPLAJJ2Lu8W3JHwLHgTyJ+/f93tvZW/S+3cR7OjaBwyCVQQYxqeG0ErJRo4FWyQbcaGRYT2SZc1LEoSMtNKR9MO8IF1OjhQ2j4JeOT+7khJaEwS+rYyJNAz09nQ/C9rxBCctlIuoxiYpOOPglhgUHi4Ou5wzSiIxAKhmttZMe0RTSjYA2XtEbzplWehelTwjgtnZTdfvEJjZdAu2keHyEMnqIguUQlVEEU36B49oidHOQ/Os/MyLp1zJj076I+c1x/vX5Ph</latexit>

1

<latexit sha1_base64="vVfQJ9mfKwsOqtN56rlJuxUKj3s=">AAAB7XicbZDLSgMxFIYzXmu9VV0KEiyCqzIjgrqy4MaFixbsBdpSMmmmjc0kQ3JGGIYu3btxoYhbX8HX0J3PoA9hello6w+Bj/8/h5xz/EhwA6776czNLywuLWdWsqtr6xubua3tqlGxpqxClVC67hPDBJesAhwEq0eakdAXrOb3L4Z57ZZpw5W8hiRirZB0JQ84JWCtapPLAJJ2Lu8W3JHwLHgTyJ+/f93tvZW/S+3cR7OjaBwyCVQQYxqeG0ErJRo4FWyQbcaGRYT2SZc1LEoSMtNKR9MO8IF1OjhQ2j4JeOT+7khJaEwS+rYyJNAz09nQ/C9rxBCctlIuoxiYpOOPglhgUHi4Ou5wzSiIxAKhmttZMe0RTSjYA2XtEbzplWehelTwjgtnZTdfvEJjZdAu2keHyEMnqIguUQlVEEU36B49oidHOQ/Os/MyLp1zJj076I+c1x/vX5Ph</latexit>

� eG

<latexit sha1_base64="tz8N+yEvDI1DgmP1aen5ThsfzRk=">AAAB+3icbVDJSgNBEO2JW4xbjEdBGoPgKcyIoJ4MeNCDhwTMAkkIPT2VpEnPQneNGkKO/oYXD4p4FfwNvfkN+hF2loMmPih4vFdFVT03kkKjbX9aibn5hcWl5HJqZXVtfSO9mSnrMFYcSjyUoaq6TIMUAZRQoIRqpID5roSK2z0b+pVrUFqEwRX2Imj4rB2IluAMjdRMZ+oeSGT1G+EBCukBPW+ms3bOHoHOEmdCsqfvX3c7b8XvQjP9UfdCHvsQIJdM65pjR9joM4WCSxik6rGGiPEua0PN0ID5oBv90e0DumcUj7ZCZSpAOlJ/T/SZr3XPd02nz7Cjp72h+J9Xi7F13OiLIIoRAj5e1IolxZAOg6CeUMBR9gxhXAlzK+UdphhHE1fKhOBMvzxLygc55zB3UrSz+UsyRpJsk12yTxxyRPLkghRIiXByS+7JI3myBtaD9Wy9jFsT1mRmi/yB9foD+XqY6A==</latexit>

+

<latexit sha1_base64="nPF5bTufkjs0WtKzibFS6tGbtV4=">AAAB6HicbVDLSgNBEOyNUWN8RXP0MhgEQQi7Iqi3gBcPHhIwD9gsYXbSm4yZfTAzK4QQf8CLB0W8+jdevfk1OnkcNLGgoajqprvLTwRX2ra/rMxKdnVtPbeR39za3tkt7O03VJxKhnUWi1i2fKpQ8AjrmmuBrUQiDX2BTX9wNfGb9ygVj6NbPUzQC2kv4gFnVBupdtIplOyyPQVZJs6clCrFD/c723yodgqf7W7M0hAjzQRVynXsRHsjKjVnAsf5dqowoWxAe+gaGtEQlTeaHjomR0bpkiCWpiJNpurviRENlRqGvukMqe6rRW8i/ue5qQ4uvBGPklRjxGaLglQQHZPJ16TLJTIthoZQJrm5lbA+lZRpk03ehOAsvrxMGqdl56x8WTNp3MAMOTiAQzgGB86hAtdQhTowQHiEZ3ix7qwn69V6m7VmrPlMEf7Aev8B6oWQEA==</latexit>

+

<latexit sha1_base64="nPF5bTufkjs0WtKzibFS6tGbtV4=">AAAB6HicbVDLSgNBEOyNUWN8RXP0MhgEQQi7Iqi3gBcPHhIwD9gsYXbSm4yZfTAzK4QQf8CLB0W8+jdevfk1OnkcNLGgoajqprvLTwRX2ra/rMxKdnVtPbeR39za3tkt7O03VJxKhnUWi1i2fKpQ8AjrmmuBrUQiDX2BTX9wNfGb9ygVj6NbPUzQC2kv4gFnVBupdtIplOyyPQVZJs6clCrFD/c723yodgqf7W7M0hAjzQRVynXsRHsjKjVnAsf5dqowoWxAe+gaGtEQlTeaHjomR0bpkiCWpiJNpurviRENlRqGvukMqe6rRW8i/ue5qQ4uvBGPklRjxGaLglQQHZPJ16TLJTIthoZQJrm5lbA+lZRpk03ehOAsvrxMGqdl56x8WTNp3MAMOTiAQzgGB86hAtdQhTowQHiEZ3ix7qwn69V6m7VmrPlMEf7Aev8B6oWQEA==</latexit>

+

<latexit sha1_base64="nPF5bTufkjs0WtKzibFS6tGbtV4=">AAAB6HicbVDLSgNBEOyNUWN8RXP0MhgEQQi7Iqi3gBcPHhIwD9gsYXbSm4yZfTAzK4QQf8CLB0W8+jdevfk1OnkcNLGgoajqprvLTwRX2ra/rMxKdnVtPbeR39za3tkt7O03VJxKhnUWi1i2fKpQ8AjrmmuBrUQiDX2BTX9wNfGb9ygVj6NbPUzQC2kv4gFnVBupdtIplOyyPQVZJs6clCrFD/c723yodgqf7W7M0hAjzQRVynXsRHsjKjVnAsf5dqowoWxAe+gaGtEQlTeaHjomR0bpkiCWpiJNpurviRENlRqGvukMqe6rRW8i/ue5qQ4uvBGPklRjxGaLglQQHZPJ16TLJTIthoZQJrm5lbA+lZRpk03ehOAsvrxMGqdl56x8WTNp3MAMOTiAQzgGB86hAtdQhTowQHiEZ3ix7qwn69V6m7VmrPlMEf7Aev8B6oWQEA==</latexit>

+

<latexit sha1_base64="nPF5bTufkjs0WtKzibFS6tGbtV4=">AAAB6HicbVDLSgNBEOyNUWN8RXP0MhgEQQi7Iqi3gBcPHhIwD9gsYXbSm4yZfTAzK4QQf8CLB0W8+jdevfk1OnkcNLGgoajqprvLTwRX2ra/rMxKdnVtPbeR39za3tkt7O03VJxKhnUWi1i2fKpQ8AjrmmuBrUQiDX2BTX9wNfGb9ygVj6NbPUzQC2kv4gFnVBupdtIplOyyPQVZJs6clCrFD/c723yodgqf7W7M0hAjzQRVynXsRHsjKjVnAsf5dqowoWxAe+gaGtEQlTeaHjomR0bpkiCWpiJNpurviRENlRqGvukMqe6rRW8i/ue5qQ4uvBGPklRjxGaLglQQHZPJ16TLJTIthoZQJrm5lbA+lZRpk03ehOAsvrxMGqdl56x8WTNp3MAMOTiAQzgGB86hAtdQhTowQHiEZ3ix7qwn69V6m7VmrPlMEf7Aev8B6oWQEA==</latexit>

1

<latexit sha1_base64="vVfQJ9mfKwsOqtN56rlJuxUKj3s=">AAAB7XicbZDLSgMxFIYzXmu9VV0KEiyCqzIjgrqy4MaFixbsBdpSMmmmjc0kQ3JGGIYu3btxoYhbX8HX0J3PoA9hello6w+Bj/8/h5xz/EhwA6776czNLywuLWdWsqtr6xubua3tqlGxpqxClVC67hPDBJesAhwEq0eakdAXrOb3L4Z57ZZpw5W8hiRirZB0JQ84JWCtapPLAJJ2Lu8W3JHwLHgTyJ+/f93tvZW/S+3cR7OjaBwyCVQQYxqeG0ErJRo4FWyQbcaGRYT2SZc1LEoSMtNKR9MO8IF1OjhQ2j4JeOT+7khJaEwS+rYyJNAz09nQ/C9rxBCctlIuoxiYpOOPglhgUHi4Ou5wzSiIxAKhmttZMe0RTSjYA2XtEbzplWehelTwjgtnZTdfvEJjZdAu2keHyEMnqIguUQlVEEU36B49oidHOQ/Os/MyLp1zJj076I+c1x/vX5Ph</latexit>

1

<latexit sha1_base64="vVfQJ9mfKwsOqtN56rlJuxUKj3s=">AAAB7XicbZDLSgMxFIYzXmu9VV0KEiyCqzIjgrqy4MaFixbsBdpSMmmmjc0kQ3JGGIYu3btxoYhbX8HX0J3PoA9hello6w+Bj/8/h5xz/EhwA6776czNLywuLWdWsqtr6xubua3tqlGxpqxClVC67hPDBJesAhwEq0eakdAXrOb3L4Z57ZZpw5W8hiRirZB0JQ84JWCtapPLAJJ2Lu8W3JHwLHgTyJ+/f93tvZW/S+3cR7OjaBwyCVQQYxqeG0ErJRo4FWyQbcaGRYT2SZc1LEoSMtNKR9MO8IF1OjhQ2j4JeOT+7khJaEwS+rYyJNAz09nQ/C9rxBCctlIuoxiYpOOPglhgUHi4Ou5wzSiIxAKhmttZMe0RTSjYA2XtEbzplWehelTwjgtnZTdfvEJjZdAu2keHyEMnqIguUQlVEEU36B49oidHOQ/Os/MyLp1zJj076I+c1x/vX5Ph</latexit>

+

<latexit sha1_base64="nPF5bTufkjs0WtKzibFS6tGbtV4=">AAAB6HicbVDLSgNBEOyNUWN8RXP0MhgEQQi7Iqi3gBcPHhIwD9gsYXbSm4yZfTAzK4QQf8CLB0W8+jdevfk1OnkcNLGgoajqprvLTwRX2ra/rMxKdnVtPbeR39za3tkt7O03VJxKhnUWi1i2fKpQ8AjrmmuBrUQiDX2BTX9wNfGb9ygVj6NbPUzQC2kv4gFnVBupdtIplOyyPQVZJs6clCrFD/c723yodgqf7W7M0hAjzQRVynXsRHsjKjVnAsf5dqowoWxAe+gaGtEQlTeaHjomR0bpkiCWpiJNpurviRENlRqGvukMqe6rRW8i/ue5qQ4uvBGPklRjxGaLglQQHZPJ16TLJTIthoZQJrm5lbA+lZRpk03ehOAsvrxMGqdl56x8WTNp3MAMOTiAQzgGB86hAtdQhTowQHiEZ3ix7qwn69V6m7VmrPlMEf7Aev8B6oWQEA==</latexit>

1

<latexit sha1_base64="vVfQJ9mfKwsOqtN56rlJuxUKj3s=">AAAB7XicbZDLSgMxFIYzXmu9VV0KEiyCqzIjgrqy4MaFixbsBdpSMmmmjc0kQ3JGGIYu3btxoYhbX8HX0J3PoA9hello6w+Bj/8/h5xz/EhwA6776czNLywuLWdWsqtr6xubua3tqlGxpqxClVC67hPDBJesAhwEq0eakdAXrOb3L4Z57ZZpw5W8hiRirZB0JQ84JWCtapPLAJJ2Lu8W3JHwLHgTyJ+/f93tvZW/S+3cR7OjaBwyCVQQYxqeG0ErJRo4FWyQbcaGRYT2SZc1LEoSMtNKR9MO8IF1OjhQ2j4JeOT+7khJaEwS+rYyJNAz09nQ/C9rxBCctlIuoxiYpOOPglhgUHi4Ou5wzSiIxAKhmttZMe0RTSjYA2XtEbzplWehelTwjgtnZTdfvEJjZdAu2keHyEMnqIguUQlVEEU36B49oidHOQ/Os/MyLp1zJj076I+c1x/vX5Ph</latexit>

1

<latexit sha1_base64="vVfQJ9mfKwsOqtN56rlJuxUKj3s=">AAAB7XicbZDLSgMxFIYzXmu9VV0KEiyCqzIjgrqy4MaFixbsBdpSMmmmjc0kQ3JGGIYu3btxoYhbX8HX0J3PoA9hello6w+Bj/8/h5xz/EhwA6776czNLywuLWdWsqtr6xubua3tqlGxpqxClVC67hPDBJesAhwEq0eakdAXrOb3L4Z57ZZpw5W8hiRirZB0JQ84JWCtapPLAJJ2Lu8W3JHwLHgTyJ+/f93tvZW/S+3cR7OjaBwyCVQQYxqeG0ErJRo4FWyQbcaGRYT2SZc1LEoSMtNKR9MO8IF1OjhQ2j4JeOT+7khJaEwS+rYyJNAz09nQ/C9rxBCctlIuoxiYpOOPglhgUHi4Ou5wzSiIxAKhmttZMe0RTSjYA2XtEbzplWehelTwjgtnZTdfvEJjZdAu2keHyEMnqIguUQlVEEU36B49oidHOQ/Os/MyLp1zJj076I+c1x/vX5Ph</latexit>

+ . . .

<latexit sha1_base64="SpN4M4OK5Fbmu5jFA2CoIFy4H+w=">AAAB7nicbVC7SgNBFL3rM8bXqgiCzWAQBCHsiqB2AZuUEcwDkiXMTmaTIbMPZu4KYclH2FgooqW1pZ9h54fYO3kUmnhg4HDOPcy9x0+k0Og4X9bC4tLyympuLb++sbm1be/s1nScKsarLJaxavhUcykiXkWBkjcSxWnoS173+9cjv37HlRZxdIuDhHsh7UYiEIyikeqnpNWJUbftglN0xiDzxJ2SQsn+/ng/2H+ttO1Pk2NpyCNkkmrddJ0EvYwqFEzyYb6Vap5Q1qdd3jQ0oiHXXjZed0iOjdIhQazMi5CM1d+JjIZaD0LfTIYUe3rWG4n/ec0Ug0svE1GSIo/Y5KMglQRjMrqddITiDOXAEMqUMLsS1qOKMjQN5U0J7uzJ86R2VnTPi1c3po0yTJCDQziCE3DhAkpQhgpUgUEf7uERnqzEerCerZfJ6II1zezBH1hvP2Zakq0=</latexit>

eKdf,23,L =

<latexit sha1_base64="cqFMgPcPgeKdK5l7m0TAirKMRcE="></latexit>

k

`m

<latexit sha1_base64="rlPFD3XWuwlTgH1384zWbt7Gxfs=">AAAB7nicbZDLSgMxFIYzXut4q7p0EyyCqzIjgroQi25cVrAXaIeSSc+0oZlMSDJCGfoQblwo4sKNb+Lejfg2ZtoutPWHwMf/n0POOaHkTBvP+3YWFpeWV1YLa+76xubWdnFnt66TVFGo0YQnqhkSDZwJqBlmODSlAhKHHBrh4DrPG/egNEvEnRlKCGLSEyxilBhrNdrAOY7dTrHklb2x8Dz4UyhdfrgX8u3LrXaKn+1uQtMYhKGcaN3yPWmCjCjDKIeR2041SEIHpActi4LEoINsPO4IH1qni6NE2ScMHru/OzISaz2MQ1sZE9PXs1lu/pe1UhOdBRkTMjUg6OSjKOXYJDjfHXeZAmr40AKhitlZMe0TRaixF8qP4M+uPA/147J/Uj6/9UqVKzRRAe2jA3SEfHSKKugGVVENUTRAD+gJPTvSeXRenNdJ6YIz7dlDf+S8/wDJ9JI5</latexit>

k

`m

<latexit sha1_base64="rlPFD3XWuwlTgH1384zWbt7Gxfs=">AAAB7nicbZDLSgMxFIYzXut4q7p0EyyCqzIjgroQi25cVrAXaIeSSc+0oZlMSDJCGfoQblwo4sKNb+Lejfg2ZtoutPWHwMf/n0POOaHkTBvP+3YWFpeWV1YLa+76xubWdnFnt66TVFGo0YQnqhkSDZwJqBlmODSlAhKHHBrh4DrPG/egNEvEnRlKCGLSEyxilBhrNdrAOY7dTrHklb2x8Dz4UyhdfrgX8u3LrXaKn+1uQtMYhKGcaN3yPWmCjCjDKIeR2041SEIHpActi4LEoINsPO4IH1qni6NE2ScMHru/OzISaz2MQ1sZE9PXs1lu/pe1UhOdBRkTMjUg6OSjKOXYJDjfHXeZAmr40AKhitlZMe0TRaixF8qP4M+uPA/147J/Uj6/9UqVKzRRAe2jA3SEfHSKKugGVVENUTRAD+gJPTvSeXRenNdJ6YIz7dlDf+S8/wDJ9JI5</latexit>

k

`m

<latexit sha1_base64="rlPFD3XWuwlTgH1384zWbt7Gxfs=">AAAB7nicbZDLSgMxFIYzXut4q7p0EyyCqzIjgroQi25cVrAXaIeSSc+0oZlMSDJCGfoQblwo4sKNb+Lejfg2ZtoutPWHwMf/n0POOaHkTBvP+3YWFpeWV1YLa+76xubWdnFnt66TVFGo0YQnqhkSDZwJqBlmODSlAhKHHBrh4DrPG/egNEvEnRlKCGLSEyxilBhrNdrAOY7dTrHklb2x8Dz4UyhdfrgX8u3LrXaKn+1uQtMYhKGcaN3yPWmCjCjDKIeR2041SEIHpActi4LEoINsPO4IH1qni6NE2ScMHru/OzISaz2MQ1sZE9PXs1lu/pe1UhOdBRkTMjUg6OSjKOXYJDjfHXeZAmr40AKhitlZMe0TRaixF8qP4M+uPA/147J/Uj6/9UqVKzRRAe2jA3SEfHSKKugGVVENUTRAD+gJPTvSeXRenNdJ6YIz7dlDf+S8/wDJ9JI5</latexit>

k

`m

<latexit sha1_base64="rlPFD3XWuwlTgH1384zWbt7Gxfs=">AAAB7nicbZDLSgMxFIYzXut4q7p0EyyCqzIjgroQi25cVrAXaIeSSc+0oZlMSDJCGfoQblwo4sKNb+Lejfg2ZtoutPWHwMf/n0POOaHkTBvP+3YWFpeWV1YLa+76xubWdnFnt66TVFGo0YQnqhkSDZwJqBlmODSlAhKHHBrh4DrPG/egNEvEnRlKCGLSEyxilBhrNdrAOY7dTrHklb2x8Dz4UyhdfrgX8u3LrXaKn+1uQtMYhKGcaN3yPWmCjCjDKIeR2041SEIHpActi4LEoINsPO4IH1qni6NE2ScMHru/OzISaz2MQ1sZE9PXs1lu/pe1UhOdBRkTMjUg6OSjKOXYJDjfHXeZAmr40AKhitlZMe0TRaixF8qP4M+uPA/147J/Uj6/9UqVKzRRAe2jA3SEfHSKKugGVVENUTRAD+gJPTvSeXRenNdJ6YIz7dlDf+S8/wDJ9JI5</latexit>

k

`m

<latexit sha1_base64="rlPFD3XWuwlTgH1384zWbt7Gxfs=">AAAB7nicbZDLSgMxFIYzXut4q7p0EyyCqzIjgroQi25cVrAXaIeSSc+0oZlMSDJCGfoQblwo4sKNb+Lejfg2ZtoutPWHwMf/n0POOaHkTBvP+3YWFpeWV1YLa+76xubWdnFnt66TVFGo0YQnqhkSDZwJqBlmODSlAhKHHBrh4DrPG/egNEvEnRlKCGLSEyxilBhrNdrAOY7dTrHklb2x8Dz4UyhdfrgX8u3LrXaKn+1uQtMYhKGcaN3yPWmCjCjDKIeR2041SEIHpActi4LEoINsPO4IH1qni6NE2ScMHru/OzISaz2MQ1sZE9PXs1lu/pe1UhOdBRkTMjUg6OSjKOXYJDjfHXeZAmr40AKhitlZMe0TRaixF8qP4M+uPA/147J/Uj6/9UqVKzRRAe2jA3SEfHSKKugGVVENUTRAD+gJPTvSeXRenNdJ6YIz7dlDf+S8/wDJ9JI5</latexit>

k

`m

<latexit sha1_base64="rlPFD3XWuwlTgH1384zWbt7Gxfs=">AAAB7nicbZDLSgMxFIYzXut4q7p0EyyCqzIjgroQi25cVrAXaIeSSc+0oZlMSDJCGfoQblwo4sKNb+Lejfg2ZtoutPWHwMf/n0POOaHkTBvP+3YWFpeWV1YLa+76xubWdnFnt66TVFGo0YQnqhkSDZwJqBlmODSlAhKHHBrh4DrPG/egNEvEnRlKCGLSEyxilBhrNdrAOY7dTrHklb2x8Dz4UyhdfrgX8u3LrXaKn+1uQtMYhKGcaN3yPWmCjCjDKIeR2041SEIHpActi4LEoINsPO4IH1qni6NE2ScMHru/OzISaz2MQ1sZE9PXs1lu/pe1UhOdBRkTMjUg6OSjKOXYJDjfHXeZAmr40AKhitlZMe0TRaixF8qP4M+uPA/147J/Uj6/9UqVKzRRAe2jA3SEfHSKKugGVVENUTRAD+gJPTvSeXRenNdJ6YIz7dlDf+S8/wDJ9JI5</latexit>

k

`m

<latexit sha1_base64="rlPFD3XWuwlTgH1384zWbt7Gxfs=">AAAB7nicbZDLSgMxFIYzXut4q7p0EyyCqzIjgroQi25cVrAXaIeSSc+0oZlMSDJCGfoQblwo4sKNb+Lejfg2ZtoutPWHwMf/n0POOaHkTBvP+3YWFpeWV1YLa+76xubWdnFnt66TVFGo0YQnqhkSDZwJqBlmODSlAhKHHBrh4DrPG/egNEvEnRlKCGLSEyxilBhrNdrAOY7dTrHklb2x8Dz4UyhdfrgX8u3LrXaKn+1uQtMYhKGcaN3yPWmCjCjDKIeR2041SEIHpActi4LEoINsPO4IH1qni6NE2ScMHru/OzISaz2MQ1sZE9PXs1lu/pe1UhOdBRkTMjUg6OSjKOXYJDjfHXeZAmr40AKhitlZMe0TRaixF8qP4M+uPA/147J/Uj6/9UqVKzRRAe2jA3SEfHSKKugGVVENUTRAD+gJPTvSeXRenNdJ6YIz7dlDf+S8/wDJ9JI5</latexit>

k

`m

<latexit sha1_base64="rlPFD3XWuwlTgH1384zWbt7Gxfs=">AAAB7nicbZDLSgMxFIYzXut4q7p0EyyCqzIjgroQi25cVrAXaIeSSc+0oZlMSDJCGfoQblwo4sKNb+Lejfg2ZtoutPWHwMf/n0POOaHkTBvP+3YWFpeWV1YLa+76xubWdnFnt66TVFGo0YQnqhkSDZwJqBlmODSlAhKHHBrh4DrPG/egNEvEnRlKCGLSEyxilBhrNdrAOY7dTrHklb2x8Dz4UyhdfrgX8u3LrXaKn+1uQtMYhKGcaN3yPWmCjCjDKIeR2041SEIHpActi4LEoINsPO4IH1qni6NE2ScMHru/OzISaz2MQ1sZE9PXs1lu/pe1UhOdBRkTMjUg6OSjKOXYJDjfHXeZAmr40AKhitlZMe0TRaixF8qP4M+uPA/147J/Uj6/9UqVKzRRAe2jA3SEfHSKKugGVVENUTRAD+gJPTvSeXRenNdJ6YIz7dlDf+S8/wDJ9JI5</latexit>

p

`0m0

<latexit sha1_base64="YBC7LTCh6Eu+89ICHipSO5hRxaE=">AAAB8HicbZDLSsNAFIYn9VbjrerSzWCRuiqJCOpCLLpxWcFepA1lMj1ph84kYWYilNCncONCEXHni7h3I76Nk7YLbf1h4OP/z2HOOX7MmdKO823lFhaXllfyq/ba+sbmVmF7p66iRFKo0YhHsukTBZyFUNNMc2jGEojwOTT8wVWWN+5BKhaFt3oYgydIL2QBo0Qb664NnJewKNmdQtEpO2PheXCnULz4sM/jty+72il8trsRTQSEmnKiVMt1Yu2lRGpGOYzsdqIgJnRAetAyGBIBykvHA4/wgXG6OIikeaHGY/d3R0qEUkPhm0pBdF/NZpn5X9ZKdHDqpSyMEw0hnXwUJBzrCGfb4y6TQDUfGiBUMjMrpn0iCdXmRtkR3NmV56F+VHaPy2c3TrFyiSbKoz20jw6Ri05QBV2jKqohigR6QE/o2ZLWo/VivU5Kc9a0Zxf9kfX+A46fkps=</latexit>

p

`0m0

<latexit sha1_base64="YBC7LTCh6Eu+89ICHipSO5hRxaE=">AAAB8HicbZDLSsNAFIYn9VbjrerSzWCRuiqJCOpCLLpxWcFepA1lMj1ph84kYWYilNCncONCEXHni7h3I76Nk7YLbf1h4OP/z2HOOX7MmdKO823lFhaXllfyq/ba+sbmVmF7p66iRFKo0YhHsukTBZyFUNNMc2jGEojwOTT8wVWWN+5BKhaFt3oYgydIL2QBo0Qb664NnJewKNmdQtEpO2PheXCnULz4sM/jty+72il8trsRTQSEmnKiVMt1Yu2lRGpGOYzsdqIgJnRAetAyGBIBykvHA4/wgXG6OIikeaHGY/d3R0qEUkPhm0pBdF/NZpn5X9ZKdHDqpSyMEw0hnXwUJBzrCGfb4y6TQDUfGiBUMjMrpn0iCdXmRtkR3NmV56F+VHaPy2c3TrFyiSbKoz20jw6Ri05QBV2jKqohigR6QE/o2ZLWo/VivU5Kc9a0Zxf9kfX+A46fkps=</latexit>

p

`0m0

<latexit sha1_base64="YBC7LTCh6Eu+89ICHipSO5hRxaE=">AAAB8HicbZDLSsNAFIYn9VbjrerSzWCRuiqJCOpCLLpxWcFepA1lMj1ph84kYWYilNCncONCEXHni7h3I76Nk7YLbf1h4OP/z2HOOX7MmdKO823lFhaXllfyq/ba+sbmVmF7p66iRFKo0YhHsukTBZyFUNNMc2jGEojwOTT8wVWWN+5BKhaFt3oYgydIL2QBo0Qb664NnJewKNmdQtEpO2PheXCnULz4sM/jty+72il8trsRTQSEmnKiVMt1Yu2lRGpGOYzsdqIgJnRAetAyGBIBykvHA4/wgXG6OIikeaHGY/d3R0qEUkPhm0pBdF/NZpn5X9ZKdHDqpSyMEw0hnXwUJBzrCGfb4y6TQDUfGiBUMjMrpn0iCdXmRtkR3NmV56F+VHaPy2c3TrFyiSbKoz20jw6Ri05QBV2jKqohigR6QE/o2ZLWo/VivU5Kc9a0Zxf9kfX+A46fkps=</latexit>

p

`0m0

<latexit sha1_base64="YBC7LTCh6Eu+89ICHipSO5hRxaE=">AAAB8HicbZDLSsNAFIYn9VbjrerSzWCRuiqJCOpCLLpxWcFepA1lMj1ph84kYWYilNCncONCEXHni7h3I76Nk7YLbf1h4OP/z2HOOX7MmdKO823lFhaXllfyq/ba+sbmVmF7p66iRFKo0YhHsukTBZyFUNNMc2jGEojwOTT8wVWWN+5BKhaFt3oYgydIL2QBo0Qb664NnJewKNmdQtEpO2PheXCnULz4sM/jty+72il8trsRTQSEmnKiVMt1Yu2lRGpGOYzsdqIgJnRAetAyGBIBykvHA4/wgXG6OIikeaHGY/d3R0qEUkPhm0pBdF/NZpn5X9ZKdHDqpSyMEw0hnXwUJBzrCGfb4y6TQDUfGiBUMjMrpn0iCdXmRtkR3NmV56F+VHaPy2c3TrFyiSbKoz20jw6Ri05QBV2jKqohigR6QE/o2ZLWo/VivU5Kc9a0Zxf9kfX+A46fkps=</latexit>

p

`0m0

<latexit sha1_base64="YBC7LTCh6Eu+89ICHipSO5hRxaE=">AAAB8HicbZDLSsNAFIYn9VbjrerSzWCRuiqJCOpCLLpxWcFepA1lMj1ph84kYWYilNCncONCEXHni7h3I76Nk7YLbf1h4OP/z2HOOX7MmdKO823lFhaXllfyq/ba+sbmVmF7p66iRFKo0YhHsukTBZyFUNNMc2jGEojwOTT8wVWWN+5BKhaFt3oYgydIL2QBo0Qb664NnJewKNmdQtEpO2PheXCnULz4sM/jty+72il8trsRTQSEmnKiVMt1Yu2lRGpGOYzsdqIgJnRAetAyGBIBykvHA4/wgXG6OIikeaHGY/d3R0qEUkPhm0pBdF/NZpn5X9ZKdHDqpSyMEw0hnXwUJBzrCGfb4y6TQDUfGiBUMjMrpn0iCdXmRtkR3NmV56F+VHaPy2c3TrFyiSbKoz20jw6Ri05QBV2jKqohigR6QE/o2ZLWo/VivU5Kc9a0Zxf9kfX+A46fkps=</latexit>

p

`0m0

<latexit sha1_base64="YBC7LTCh6Eu+89ICHipSO5hRxaE=">AAAB8HicbZDLSsNAFIYn9VbjrerSzWCRuiqJCOpCLLpxWcFepA1lMj1ph84kYWYilNCncONCEXHni7h3I76Nk7YLbf1h4OP/z2HOOX7MmdKO823lFhaXllfyq/ba+sbmVmF7p66iRFKo0YhHsukTBZyFUNNMc2jGEojwOTT8wVWWN+5BKhaFt3oYgydIL2QBo0Qb664NnJewKNmdQtEpO2PheXCnULz4sM/jty+72il8trsRTQSEmnKiVMt1Yu2lRGpGOYzsdqIgJnRAetAyGBIBykvHA4/wgXG6OIikeaHGY/d3R0qEUkPhm0pBdF/NZpn5X9ZKdHDqpSyMEw0hnXwUJBzrCGfb4y6TQDUfGiBUMjMrpn0iCdXmRtkR3NmV56F+VHaPy2c3TrFyiSbKoz20jw6Ri05QBV2jKqohigR6QE/o2ZLWo/VivU5Kc9a0Zxf9kfX+A46fkps=</latexit>

p

`0m0

<latexit sha1_base64="YBC7LTCh6Eu+89ICHipSO5hRxaE=">AAAB8HicbZDLSsNAFIYn9VbjrerSzWCRuiqJCOpCLLpxWcFepA1lMj1ph84kYWYilNCncONCEXHni7h3I76Nk7YLbf1h4OP/z2HOOX7MmdKO823lFhaXllfyq/ba+sbmVmF7p66iRFKo0YhHsukTBZyFUNNMc2jGEojwOTT8wVWWN+5BKhaFt3oYgydIL2QBo0Qb664NnJewKNmdQtEpO2PheXCnULz4sM/jty+72il8trsRTQSEmnKiVMt1Yu2lRGpGOYzsdqIgJnRAetAyGBIBykvHA4/wgXG6OIikeaHGY/d3R0qEUkPhm0pBdF/NZpn5X9ZKdHDqpSyMEw0hnXwUJBzrCGfb4y6TQDUfGiBUMjMrpn0iCdXmRtkR3NmV56F+VHaPy2c3TrFyiSbKoz20jw6Ri05QBV2jKqohigR6QE/o2ZLWo/VivU5Kc9a0Zxf9kfX+A46fkps=</latexit>

p

`0m0

<latexit sha1_base64="YBC7LTCh6Eu+89ICHipSO5hRxaE=">AAAB8HicbZDLSsNAFIYn9VbjrerSzWCRuiqJCOpCLLpxWcFepA1lMj1ph84kYWYilNCncONCEXHni7h3I76Nk7YLbf1h4OP/z2HOOX7MmdKO823lFhaXllfyq/ba+sbmVmF7p66iRFKo0YhHsukTBZyFUNNMc2jGEojwOTT8wVWWN+5BKhaFt3oYgydIL2QBo0Qb664NnJewKNmdQtEpO2PheXCnULz4sM/jty+72il8trsRTQSEmnKiVMt1Yu2lRGpGOYzsdqIgJnRAetAyGBIBykvHA4/wgXG6OIikeaHGY/d3R0qEUkPhm0pBdF/NZpn5X9ZKdHDqpSyMEw0hnXwUJBzrCGfb4y6TQDUfGiBUMjMrpn0iCdXmRtkR3NmV56F+VHaPy2c3TrFyiSbKoz20jw6Ri05QBV2jKqohigR6QE/o2ZLWo/VivU5Kc9a0Zxf9kfX+A46fkps=</latexit>

eIF

<latexit sha1_base64="ie61hgKU3fnOK20Gw6i6/XnJTZ8=">AAAB/3icbVDJSgNBEO2JW4zbqOBFhMYgeAozIqi3gCDxFsEskAxDT09N0qRnobtHiWMO/ooXD4p49eonePPkr9hZDpr4oODxXhVV9byEM6ks68vIzc0vLC7llwsrq2vrG+bmVl3GqaBQozGPRdMjEjiLoKaY4tBMBJDQ49DweudDv3EDQrI4ulb9BJyQdCIWMEqUllxzp33LfFCM+4CzNiUcXw7cC+yaRatkjYBniT0hxfLexx2V/Lvqmp9tP6ZpCJGinEjZsq1EORkRilEOg0I7lZAQ2iMdaGkakRCkk43uH+ADrfg4iIWuSOGR+nsiI6GU/dDTnSFRXTntDcX/vFaqglMnY1GSKojoeFGQcqxiPAwD+0wAVbyvCaGC6Vsx7RJBqNKRFXQI9vTLs6R+VLKPS2dXOo0KGiOPdtE+OkQ2OkFlVEFVVEMU3aNH9IxejAfjyXg13satOWMys43+wHj/AQ7YmTg=</latexit>

eIF

<latexit sha1_base64="ie61hgKU3fnOK20Gw6i6/XnJTZ8=">AAAB/3icbVDJSgNBEO2JW4zbqOBFhMYgeAozIqi3gCDxFsEskAxDT09N0qRnobtHiWMO/ooXD4p49eonePPkr9hZDpr4oODxXhVV9byEM6ks68vIzc0vLC7llwsrq2vrG+bmVl3GqaBQozGPRdMjEjiLoKaY4tBMBJDQ49DweudDv3EDQrI4ulb9BJyQdCIWMEqUllxzp33LfFCM+4CzNiUcXw7cC+yaRatkjYBniT0hxfLexx2V/Lvqmp9tP6ZpCJGinEjZsq1EORkRilEOg0I7lZAQ2iMdaGkakRCkk43uH+ADrfg4iIWuSOGR+nsiI6GU/dDTnSFRXTntDcX/vFaqglMnY1GSKojoeFGQcqxiPAwD+0wAVbyvCaGC6Vsx7RJBqNKRFXQI9vTLs6R+VLKPS2dXOo0KGiOPdtE+OkQ2OkFlVEFVVEMU3aNH9IxejAfjyXg13satOWMys43+wHj/AQ7YmTg=</latexit>

eIF

<latexit sha1_base64="ie61hgKU3fnOK20Gw6i6/XnJTZ8=">AAAB/3icbVDJSgNBEO2JW4zbqOBFhMYgeAozIqi3gCDxFsEskAxDT09N0qRnobtHiWMO/ooXD4p49eonePPkr9hZDpr4oODxXhVV9byEM6ks68vIzc0vLC7llwsrq2vrG+bmVl3GqaBQozGPRdMjEjiLoKaY4tBMBJDQ49DweudDv3EDQrI4ulb9BJyQdCIWMEqUllxzp33LfFCM+4CzNiUcXw7cC+yaRatkjYBniT0hxfLexx2V/Lvqmp9tP6ZpCJGinEjZsq1EORkRilEOg0I7lZAQ2iMdaGkakRCkk43uH+ADrfg4iIWuSOGR+nsiI6GU/dDTnSFRXTntDcX/vFaqglMnY1GSKojoeFGQcqxiPAwD+0wAVbyvCaGC6Vsx7RJBqNKRFXQI9vTLs6R+VLKPS2dXOo0KGiOPdtE+OkQ2OkFlVEFVVEMU3aNH9IxejAfjyXg13satOWMys43+wHj/AQ7YmTg=</latexit>

� eG

<latexit sha1_base64="tz8N+yEvDI1DgmP1aen5ThsfzRk=">AAAB+3icbVDJSgNBEO2JW4xbjEdBGoPgKcyIoJ4MeNCDhwTMAkkIPT2VpEnPQneNGkKO/oYXD4p4FfwNvfkN+hF2loMmPih4vFdFVT03kkKjbX9aibn5hcWl5HJqZXVtfSO9mSnrMFYcSjyUoaq6TIMUAZRQoIRqpID5roSK2z0b+pVrUFqEwRX2Imj4rB2IluAMjdRMZ+oeSGT1G+EBCukBPW+ms3bOHoHOEmdCsqfvX3c7b8XvQjP9UfdCHvsQIJdM65pjR9joM4WCSxik6rGGiPEua0PN0ID5oBv90e0DumcUj7ZCZSpAOlJ/T/SZr3XPd02nz7Cjp72h+J9Xi7F13OiLIIoRAj5e1IolxZAOg6CeUMBR9gxhXAlzK+UdphhHE1fKhOBMvzxLygc55zB3UrSz+UsyRpJsk12yTxxyRPLkghRIiXByS+7JI3myBtaD9Wy9jFsT1mRmi/yB9foD+XqY6A==</latexit>

B2

<latexit sha1_base64="5kdwonvbOEPKbEFVGW9HoVZPnc0=">AAAB+3icbVDLSsNAFL2pr1pfsS5FGCyCq5IUQd0V3XRZwT6gDWEynbRDJw9mJmIN+RU3LhRx6w/4Ce5c+StO2i609cDA4Zx7uWeOF3MmlWV9GYWV1bX1jeJmaWt7Z3fP3C+3ZZQIQlsk4pHoelhSzkLaUkxx2o0FxYHHaccbX+d+544KyaLwVk1i6gR4GDKfEay05JrlUtoPsBoRzNFV5qa1DLlmxapaU6BlYs9JpX708UAk/2665md/EJEkoKEiHEvZs61YOSkWihFOs1I/kTTGZIyHtKdpiAMqnXSaPUMnWhkgPxL6hQpN1d8bKQ6knASensxzykUvF//zeonyL5yUhXGiaEhmh/yEIxWhvAg0YIISxSeaYCKYzorICAtMlK6rpEuwF7+8TNq1qn1WvbzRbTRghiIcwjGcgg3nUIcGNKEFBO7hEZ7hxciMJ+PVeJuNFoz5zgH8gfH+A9bQl2o=</latexit>

B3

<latexit sha1_base64="scIbnI/wC1qj5GblyPmkvkREbFU=">AAAB+3icbVDLSsNAFJ3UV62vWJeCjBbBVUlUUHdFNy5cVLAPaEKYTCft0MkkzEzEEPIrblwo4tafcOnOX/ArnLRdaOuBgcM593LPHD9mVCrL+jJKC4tLyyvl1cra+sbmlrldbcsoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH10VfueeCEkjfqfSmLghGnAaUIyUljyzWsmcEKkhRgxe5l52kkPPrFl1aww4T+wpqTX2nb108PHd9MxPpx/hJCRcYYak7NlWrNwMCUUxI3nFSSSJER6hAelpylFIpJuNs+fwUCt9GERCP67gWP29kaFQyjT09WSRU856hfif10tUcO5mlMeJIhxPDgUJgyqCRRGwTwXBiqWaICyozgrxEAmEla6rokuwZ788T9rHdfu0fnGr27gBE5TBLjgAR8AGZ6ABrkETtAAGD+ARPIMXIzeejFfjbTJaMqY7O+APjPcfctWXJA==</latexit>

B3

<latexit sha1_base64="scIbnI/wC1qj5GblyPmkvkREbFU=">AAAB+3icbVDLSsNAFJ3UV62vWJeCjBbBVUlUUHdFNy5cVLAPaEKYTCft0MkkzEzEEPIrblwo4tafcOnOX/ArnLRdaOuBgcM593LPHD9mVCrL+jJKC4tLyyvl1cra+sbmlrldbcsoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH10VfueeCEkjfqfSmLghGnAaUIyUljyzWsmcEKkhRgxe5l52kkPPrFl1aww4T+wpqTX2nb108PHd9MxPpx/hJCRcYYak7NlWrNwMCUUxI3nFSSSJER6hAelpylFIpJuNs+fwUCt9GERCP67gWP29kaFQyjT09WSRU856hfif10tUcO5mlMeJIhxPDgUJgyqCRRGwTwXBiqWaICyozgrxEAmEla6rokuwZ788T9rHdfu0fnGr27gBE5TBLjgAR8AGZ6ABrkETtAAGD+ARPIMXIzeejFfjbTJaMqY7O+APjPcfctWXJA==</latexit>

B3

<latexit sha1_base64="scIbnI/wC1qj5GblyPmkvkREbFU=">AAAB+3icbVDLSsNAFJ3UV62vWJeCjBbBVUlUUHdFNy5cVLAPaEKYTCft0MkkzEzEEPIrblwo4tafcOnOX/ArnLRdaOuBgcM593LPHD9mVCrL+jJKC4tLyyvl1cra+sbmlrldbcsoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH10VfueeCEkjfqfSmLghGnAaUIyUljyzWsmcEKkhRgxe5l52kkPPrFl1aww4T+wpqTX2nb108PHd9MxPpx/hJCRcYYak7NlWrNwMCUUxI3nFSSSJER6hAelpylFIpJuNs+fwUCt9GERCP67gWP29kaFQyjT09WSRU856hfif10tUcO5mlMeJIhxPDgUJgyqCRRGwTwXBiqWaICyozgrxEAmEla6rokuwZ788T9rHdfu0fnGr27gBE5TBLjgAR8AGZ6ABrkETtAAGD+ARPIMXIzeejFfjbTJaMqY7O+APjPcfctWXJA==</latexit>

B3

<latexit sha1_base64="scIbnI/wC1qj5GblyPmkvkREbFU=">AAAB+3icbVDLSsNAFJ3UV62vWJeCjBbBVUlUUHdFNy5cVLAPaEKYTCft0MkkzEzEEPIrblwo4tafcOnOX/ArnLRdaOuBgcM593LPHD9mVCrL+jJKC4tLyyvl1cra+sbmlrldbcsoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH10VfueeCEkjfqfSmLghGnAaUIyUljyzWsmcEKkhRgxe5l52kkPPrFl1aww4T+wpqTX2nb108PHd9MxPpx/hJCRcYYak7NlWrNwMCUUxI3nFSSSJER6hAelpylFIpJuNs+fwUCt9GERCP67gWP29kaFQyjT09WSRU856hfif10tUcO5mlMeJIhxPDgUJgyqCRRGwTwXBiqWaICyozgrxEAmEla6rokuwZ788T9rHdfu0fnGr27gBE5TBLjgAR8AGZ6ABrkETtAAGD+ARPIMXIzeejFfjbTJaMqY7O+APjPcfctWXJA==</latexit>

B3

<latexit sha1_base64="scIbnI/wC1qj5GblyPmkvkREbFU=">AAAB+3icbVDLSsNAFJ3UV62vWJeCjBbBVUlUUHdFNy5cVLAPaEKYTCft0MkkzEzEEPIrblwo4tafcOnOX/ArnLRdaOuBgcM593LPHD9mVCrL+jJKC4tLyyvl1cra+sbmlrldbcsoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH10VfueeCEkjfqfSmLghGnAaUIyUljyzWsmcEKkhRgxe5l52kkPPrFl1aww4T+wpqTX2nb108PHd9MxPpx/hJCRcYYak7NlWrNwMCUUxI3nFSSSJER6hAelpylFIpJuNs+fwUCt9GERCP67gWP29kaFQyjT09WSRU856hfif10tUcO5mlMeJIhxPDgUJgyqCRRGwTwXBiqWaICyozgrxEAmEla6rokuwZ788T9rHdfu0fnGr27gBE5TBLjgAR8AGZ6ABrkETtAAGD+ARPIMXIzeejFfjbTJaMqY7O+APjPcfctWXJA==</latexit>

B3

<latexit sha1_base64="scIbnI/wC1qj5GblyPmkvkREbFU=">AAAB+3icbVDLSsNAFJ3UV62vWJeCjBbBVUlUUHdFNy5cVLAPaEKYTCft0MkkzEzEEPIrblwo4tafcOnOX/ArnLRdaOuBgcM593LPHD9mVCrL+jJKC4tLyyvl1cra+sbmlrldbcsoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH10VfueeCEkjfqfSmLghGnAaUIyUljyzWsmcEKkhRgxe5l52kkPPrFl1aww4T+wpqTX2nb108PHd9MxPpx/hJCRcYYak7NlWrNwMCUUxI3nFSSSJER6hAelpylFIpJuNs+fwUCt9GERCP67gWP29kaFQyjT09WSRU856hfif10tUcO5mlMeJIhxPDgUJgyqCRRGwTwXBiqWaICyozgrxEAmEla6rokuwZ788T9rHdfu0fnGr27gBE5TBLjgAR8AGZ6ABrkETtAAGD+ARPIMXIzeejFfjbTJaMqY7O+APjPcfctWXJA==</latexit>

B3

<latexit sha1_base64="scIbnI/wC1qj5GblyPmkvkREbFU=">AAAB+3icbVDLSsNAFJ3UV62vWJeCjBbBVUlUUHdFNy5cVLAPaEKYTCft0MkkzEzEEPIrblwo4tafcOnOX/ArnLRdaOuBgcM593LPHD9mVCrL+jJKC4tLyyvl1cra+sbmlrldbcsoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH10VfueeCEkjfqfSmLghGnAaUIyUljyzWsmcEKkhRgxe5l52kkPPrFl1aww4T+wpqTX2nb108PHd9MxPpx/hJCRcYYak7NlWrNwMCUUxI3nFSSSJER6hAelpylFIpJuNs+fwUCt9GERCP67gWP29kaFQyjT09WSRU856hfif10tUcO5mlMeJIhxPDgUJgyqCRRGwTwXBiqWaICyozgrxEAmEla6rokuwZ788T9rHdfu0fnGr27gBE5TBLjgAR8AGZ6ABrkETtAAGD+ARPIMXIzeejFfjbTJaMqY7O+APjPcfctWXJA==</latexit>

B2

<latexit sha1_base64="5kdwonvbOEPKbEFVGW9HoVZPnc0=">AAAB+3icbVDLSsNAFL2pr1pfsS5FGCyCq5IUQd0V3XRZwT6gDWEynbRDJw9mJmIN+RU3LhRx6w/4Ce5c+StO2i609cDA4Zx7uWeOF3MmlWV9GYWV1bX1jeJmaWt7Z3fP3C+3ZZQIQlsk4pHoelhSzkLaUkxx2o0FxYHHaccbX+d+544KyaLwVk1i6gR4GDKfEay05JrlUtoPsBoRzNFV5qa1DLlmxapaU6BlYs9JpX708UAk/2665md/EJEkoKEiHEvZs61YOSkWihFOs1I/kTTGZIyHtKdpiAMqnXSaPUMnWhkgPxL6hQpN1d8bKQ6knASensxzykUvF//zeonyL5yUhXGiaEhmh/yEIxWhvAg0YIISxSeaYCKYzorICAtMlK6rpEuwF7+8TNq1qn1WvbzRbTRghiIcwjGcgg3nUIcGNKEFBO7hEZ7hxciMJ+PVeJuNFoz5zgH8gfH+A9bQl2o=</latexit>

B2

<latexit sha1_base64="5kdwonvbOEPKbEFVGW9HoVZPnc0=">AAAB+3icbVDLSsNAFL2pr1pfsS5FGCyCq5IUQd0V3XRZwT6gDWEynbRDJw9mJmIN+RU3LhRx6w/4Ce5c+StO2i609cDA4Zx7uWeOF3MmlWV9GYWV1bX1jeJmaWt7Z3fP3C+3ZZQIQlsk4pHoelhSzkLaUkxx2o0FxYHHaccbX+d+544KyaLwVk1i6gR4GDKfEay05JrlUtoPsBoRzNFV5qa1DLlmxapaU6BlYs9JpX708UAk/2665md/EJEkoKEiHEvZs61YOSkWihFOs1I/kTTGZIyHtKdpiAMqnXSaPUMnWhkgPxL6hQpN1d8bKQ6knASensxzykUvF//zeonyL5yUhXGiaEhmh/yEIxWhvAg0YIISxSeaYCKYzorICAtMlK6rpEuwF7+8TNq1qn1WvbzRbTRghiIcwjGcgg3nUIcGNKEFBO7hEZ7hxciMJ+PVeJuNFoz5zgH8gfH+A9bQl2o=</latexit>

B2

<latexit sha1_base64="5kdwonvbOEPKbEFVGW9HoVZPnc0=">AAAB+3icbVDLSsNAFL2pr1pfsS5FGCyCq5IUQd0V3XRZwT6gDWEynbRDJw9mJmIN+RU3LhRx6w/4Ce5c+StO2i609cDA4Zx7uWeOF3MmlWV9GYWV1bX1jeJmaWt7Z3fP3C+3ZZQIQlsk4pHoelhSzkLaUkxx2o0FxYHHaccbX+d+544KyaLwVk1i6gR4GDKfEay05JrlUtoPsBoRzNFV5qa1DLlmxapaU6BlYs9JpX708UAk/2665md/EJEkoKEiHEvZs61YOSkWihFOs1I/kTTGZIyHtKdpiAMqnXSaPUMnWhkgPxL6hQpN1d8bKQ6knASensxzykUvF//zeonyL5yUhXGiaEhmh/yEIxWhvAg0YIISxSeaYCKYzorICAtMlK6rpEuwF7+8TNq1qn1WvbzRbTRghiIcwjGcgg3nUIcGNKEFBO7hEZ7hxciMJ+PVeJuNFoz5zgH8gfH+A9bQl2o=</latexit>

B2

<latexit sha1_base64="5kdwonvbOEPKbEFVGW9HoVZPnc0=">AAAB+3icbVDLSsNAFL2pr1pfsS5FGCyCq5IUQd0V3XRZwT6gDWEynbRDJw9mJmIN+RU3LhRx6w/4Ce5c+StO2i609cDA4Zx7uWeOF3MmlWV9GYWV1bX1jeJmaWt7Z3fP3C+3ZZQIQlsk4pHoelhSzkLaUkxx2o0FxYHHaccbX+d+544KyaLwVk1i6gR4GDKfEay05JrlUtoPsBoRzNFV5qa1DLlmxapaU6BlYs9JpX708UAk/2665md/EJEkoKEiHEvZs61YOSkWihFOs1I/kTTGZIyHtKdpiAMqnXSaPUMnWhkgPxL6hQpN1d8bKQ6knASensxzykUvF//zeonyL5yUhXGiaEhmh/yEIxWhvAg0YIISxSeaYCKYzorICAtMlK6rpEuwF7+8TNq1qn1WvbzRbTRghiIcwjGcgg3nUIcGNKEFBO7hEZ7hxciMJ+PVeJuNFoz5zgH8gfH+A9bQl2o=</latexit>

B2

<latexit sha1_base64="5kdwonvbOEPKbEFVGW9HoVZPnc0=">AAAB+3icbVDLSsNAFL2pr1pfsS5FGCyCq5IUQd0V3XRZwT6gDWEynbRDJw9mJmIN+RU3LhRx6w/4Ce5c+StO2i609cDA4Zx7uWeOF3MmlWV9GYWV1bX1jeJmaWt7Z3fP3C+3ZZQIQlsk4pHoelhSzkLaUkxx2o0FxYHHaccbX+d+544KyaLwVk1i6gR4GDKfEay05JrlUtoPsBoRzNFV5qa1DLlmxapaU6BlYs9JpX708UAk/2665md/EJEkoKEiHEvZs61YOSkWihFOs1I/kTTGZIyHtKdpiAMqnXSaPUMnWhkgPxL6hQpN1d8bKQ6knASensxzykUvF//zeonyL5yUhXGiaEhmh/yEIxWhvAg0YIISxSeaYCKYzorICAtMlK6rpEuwF7+8TNq1qn1WvbzRbTRghiIcwjGcgg3nUIcGNKEFBO7hEZ7hxciMJ+PVeJuNFoz5zgH8gfH+A9bQl2o=</latexit>

B2

<latexit sha1_base64="5kdwonvbOEPKbEFVGW9HoVZPnc0=">AAAB+3icbVDLSsNAFL2pr1pfsS5FGCyCq5IUQd0V3XRZwT6gDWEynbRDJw9mJmIN+RU3LhRx6w/4Ce5c+StO2i609cDA4Zx7uWeOF3MmlWV9GYWV1bX1jeJmaWt7Z3fP3C+3ZZQIQlsk4pHoelhSzkLaUkxx2o0FxYHHaccbX+d+544KyaLwVk1i6gR4GDKfEay05JrlUtoPsBoRzNFV5qa1DLlmxapaU6BlYs9JpX708UAk/2665md/EJEkoKEiHEvZs61YOSkWihFOs1I/kTTGZIyHtKdpiAMqnXSaPUMnWhkgPxL6hQpN1d8bKQ6knASensxzykUvF//zeonyL5yUhXGiaEhmh/yEIxWhvAg0YIISxSeaYCKYzorICAtMlK6rpEuwF7+8TNq1qn1WvbzRbTRghiIcwjGcgg3nUIcGNKEFBO7hEZ7hxciMJ+PVeJuNFoz5zgH8gfH+A9bQl2o=</latexit>

Figure 3.8: Diagrams contributing to [K̃(u,u)
df,23,L]k`m;p`′m′ . Notation as in Figs. 3.6 and 3.7.

Factors of i are implicit.

Volume (in)dependence of kernels

The most complicated of the kernels is K̃(u,u)
df,23,L, and we address this first. As is clear from

Fig. 3.8, the 2→ 2 part of K̃(u,u)
df,23,L is given by the geometric series

iK2,L ≡ iB2,L
1

1− iĨF iB2,L
= iB2,L + iB2,L iĨF iB2,L + · · · . (3.65)

The off-shell version of this quantity, i.e. with indices {ka, pr}, will be a key building block

in the final expression. The factors of 2ωkL3 cancel in pairs, leaving a single overall factor

of this type, allowing us to write
[
K2,L

]
ka;pr

= 2ωkL3 [K2]ka;pr , (3.66)

[K2]ka;pr ≡ δkpK2(E2,k,P2,k; a; r) , (3.67)
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where K2(E2,P2; a; r) is the infinite-volume 2→ 2 quantity obtained by sewing together any

number of B2 kernels with the two-particle version of ĨF . As the name suggests, it is related

to a two-particle K matrix. Indeed, we show in Appendix A.2 that the on-shell restriction is

given by
[
K2,L

]
k`m;p`′m′

= 2ωkL3 [K2]k`m;p`′m′ , (3.68)

[K2]k`m;p`′m′ = δkpδ``′δmm′K(`)
2 (q∗2,k) , (3.69)

where K(`)
2 is the `th partial-wave amplitude in the two-particle CMF, with q∗2,k the magnitude

of the momentum of each particle. K(`)
2 has a known relation to the corresponding partial

wave of the scattering amplitude, M(`)
2 , given in Eq. (A.5). K2 becomes the standard K

matrix if we use the standard PV scheme and set H(k) = 1 for all k.

Returning to K̃(u,u)
df,23,L, we now reorder the terms in the geometric series (3.60) by first

summing subsets of diagrams involving sequences of B2,L’s and ĨF ’s into K2,L’s. This is

illustrated in the first panel of Fig. 3.9. We next sum sequences of the resulting K2,L’s

connected by factors of δG̃, leading to the 3→ 3 quantity

iD̃(u,u)
3,L ≡ iK2,LiδG̃iK2,L

1
1− iδG̃iK2,L

, (3.70)

as shown in the lower panel of Fig. 3.9. Factors of 2ωL3 cancel except for an inverse such

factor for every internal loop, which would be absorbed if we could convert each loop sum into

an integral. This requires, however, that the summand is smooth. Here we face a new issue:

while the (double-line) connectors between adjacent K2’s are nonsingular, K2 itself can have

singularities as a function of the loop momentum. For example, in the second contribution

to D̃(u,u)
3,L shown in the figure, the four-momentum (E2,a′ ,P2,a′) passing through the lower

K2 clearly depends on the loop momentum a′. We know that the on-shell K2 has poles for

real momenta whenever there is a nearby narrow resonance, and, following the arguments of

Ref. [35], we expect this to extend to the off-shell K matrix that enters here. There can also
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+

<latexit sha1_base64="nPF5bTufkjs0WtKzibFS6tGbtV4=">AAAB6HicbVDLSgNBEOyNUWN8RXP0MhgEQQi7Iqi3gBcPHhIwD9gsYXbSm4yZfTAzK4QQf8CLB0W8+jdevfk1OnkcNLGgoajqprvLTwRX2ra/rMxKdnVtPbeR39za3tkt7O03VJxKhnUWi1i2fKpQ8AjrmmuBrUQiDX2BTX9wNfGb9ygVj6NbPUzQC2kv4gFnVBupdtIplOyyPQVZJs6clCrFD/c723yodgqf7W7M0hAjzQRVynXsRHsjKjVnAsf5dqowoWxAe+gaGtEQlTeaHjomR0bpkiCWpiJNpurviRENlRqGvukMqe6rRW8i/ue5qQ4uvBGPklRjxGaLglQQHZPJ16TLJTIthoZQJrm5lbA+lZRpk03ehOAsvrxMGqdl56x8WTNp3MAMOTiAQzgGB86hAtdQhTowQHiEZ3ix7qwn69V6m7VmrPlMEf7Aev8B6oWQEA==</latexit>

1

<latexit sha1_base64="vVfQJ9mfKwsOqtN56rlJuxUKj3s=">AAAB7XicbZDLSgMxFIYzXmu9VV0KEiyCqzIjgrqy4MaFixbsBdpSMmmmjc0kQ3JGGIYu3btxoYhbX8HX0J3PoA9hello6w+Bj/8/h5xz/EhwA6776czNLywuLWdWsqtr6xubua3tqlGxpqxClVC67hPDBJesAhwEq0eakdAXrOb3L4Z57ZZpw5W8hiRirZB0JQ84JWCtapPLAJJ2Lu8W3JHwLHgTyJ+/f93tvZW/S+3cR7OjaBwyCVQQYxqeG0ErJRo4FWyQbcaGRYT2SZc1LEoSMtNKR9MO8IF1OjhQ2j4JeOT+7khJaEwS+rYyJNAz09nQ/C9rxBCctlIuoxiYpOOPglhgUHi4Ou5wzSiIxAKhmttZMe0RTSjYA2XtEbzplWehelTwjgtnZTdfvEJjZdAu2keHyEMnqIguUQlVEEU36B49oidHOQ/Os/MyLp1zJj076I+c1x/vX5Ph</latexit>

� eG

<latexit sha1_base64="tz8N+yEvDI1DgmP1aen5ThsfzRk=">AAAB+3icbVDJSgNBEO2JW4xbjEdBGoPgKcyIoJ4MeNCDhwTMAkkIPT2VpEnPQneNGkKO/oYXD4p4FfwNvfkN+hF2loMmPih4vFdFVT03kkKjbX9aibn5hcWl5HJqZXVtfSO9mSnrMFYcSjyUoaq6TIMUAZRQoIRqpID5roSK2z0b+pVrUFqEwRX2Imj4rB2IluAMjdRMZ+oeSGT1G+EBCukBPW+ms3bOHoHOEmdCsqfvX3c7b8XvQjP9UfdCHvsQIJdM65pjR9joM4WCSxik6rGGiPEua0PN0ID5oBv90e0DumcUj7ZCZSpAOlJ/T/SZr3XPd02nz7Cjp72h+J9Xi7F13OiLIIoRAj5e1IolxZAOg6CeUMBR9gxhXAlzK+UdphhHE1fKhOBMvzxLygc55zB3UrSz+UsyRpJsk12yTxxyRPLkghRIiXByS+7JI3myBtaD9Wy9jFsT1mRmi/yB9foD+XqY6A==</latexit>

+

<latexit sha1_base64="nPF5bTufkjs0WtKzibFS6tGbtV4=">AAAB6HicbVDLSgNBEOyNUWN8RXP0MhgEQQi7Iqi3gBcPHhIwD9gsYXbSm4yZfTAzK4QQf8CLB0W8+jdevfk1OnkcNLGgoajqprvLTwRX2ra/rMxKdnVtPbeR39za3tkt7O03VJxKhnUWi1i2fKpQ8AjrmmuBrUQiDX2BTX9wNfGb9ygVj6NbPUzQC2kv4gFnVBupdtIplOyyPQVZJs6clCrFD/c723yodgqf7W7M0hAjzQRVynXsRHsjKjVnAsf5dqowoWxAe+gaGtEQlTeaHjomR0bpkiCWpiJNpurviRENlRqGvukMqe6rRW8i/ue5qQ4uvBGPklRjxGaLglQQHZPJ16TLJTIthoZQJrm5lbA+lZRpk03ehOAsvrxMGqdl56x8WTNp3MAMOTiAQzgGB86hAtdQhTowQHiEZ3ix7qwn69V6m7VmrPlMEf7Aev8B6oWQEA==</latexit>

+ . . .

<latexit sha1_base64="SpN4M4OK5Fbmu5jFA2CoIFy4H+w=">AAAB7nicbVC7SgNBFL3rM8bXqgiCzWAQBCHsiqB2AZuUEcwDkiXMTmaTIbMPZu4KYclH2FgooqW1pZ9h54fYO3kUmnhg4HDOPcy9x0+k0Og4X9bC4tLyympuLb++sbm1be/s1nScKsarLJaxavhUcykiXkWBkjcSxWnoS173+9cjv37HlRZxdIuDhHsh7UYiEIyikeqnpNWJUbftglN0xiDzxJ2SQsn+/ng/2H+ttO1Pk2NpyCNkkmrddJ0EvYwqFEzyYb6Vap5Q1qdd3jQ0oiHXXjZed0iOjdIhQazMi5CM1d+JjIZaD0LfTIYUe3rWG4n/ec0Ug0svE1GSIo/Y5KMglQRjMrqddITiDOXAEMqUMLsS1qOKMjQN5U0J7uzJ86R2VnTPi1c3po0yTJCDQziCE3DhAkpQhgpUgUEf7uERnqzEerCerZfJ6II1zezBH1hvP2Zakq0=</latexit>

p

k p

a K2

<latexit sha1_base64="nz6Rq5BHvKSnrp7VANft4l7GDXM=">AAAB8nicbVDLSgNBEOyNrxhfUY8iDAbBU9gNgnoLeAl4iWAesFnC7GQ2GTI7s8zMCnHJZ3jxoIhXv8JP8ObJX3HyOGhiQUNR1U13V5hwpo3rfjm5ldW19Y38ZmFre2d3r7h/0NQyVYQ2iORStUOsKWeCNgwznLYTRXEcctoKh9cTv3VPlWZS3JlRQoMY9wWLGMHGSn7WIZhnN+Nxt9ItltyyOwVaJt6clKrHHw9E8+96t/jZ6UmSxlQYwrHWvucmJsiwMoxwOi50Uk0TTIa4T31LBY6pDrLpyWN0apUeiqSyJQyaqr8nMhxrPYpD2xljM9CL3kT8z/NTE10GGRNJaqggs0VRypGRaPI/6jFFieEjSzBRzN6KyAArTIxNqWBD8BZfXibNStk7L1/d2jRqMEMejuAEzsCDC6hCDerQAAISHuEZXhzjPDmvztusNefMZw7hD5z3H1Q9lQg=</latexit>

r
=

<latexit sha1_base64="TAT3UspMlCWcgQdPtB8UfdxJRzs=">AAAB6HicbZC7SgNBFIbPxluMt6ilIINBsAq7IqiFGLBJmYC5QLKE2clJMmb2wsysEJaUVjYWitj6FHkKCzufwZdwcik08YeBj/8/hznneJHgStv2l5VaWl5ZXUuvZzY2t7Z3srt7VRXGkmGFhSKUdY8qFDzAiuZaYD2SSH1PYM3r34zz2j1KxcPgVg8idH3aDXiHM6qNVb5qZXN23p6ILIIzg9z1x6j8/XA4KrWyn812yGIfA80EVarh2JF2Eyo1ZwKHmWasMKKsT7vYMBhQH5WbTAYdkmPjtEknlOYFmkzc3x0J9ZUa+J6p9KnuqflsbP6XNWLduXATHkSxxoBNP+rEguiQjLcmbS6RaTEwQJnkZlbCelRSps1tMuYIzvzKi1A9zTtn+cuynSsUYao0HMARnIAD51CAIpSgAgwQHuEZXqw768l6td6mpSlr1rMPf2S9/wBvc5Er</latexit>

K2,L ⌘

<latexit sha1_base64="SL/3L3ae1uZVhFqNdeTUsBpveME=">AAACCXicbVDLSsNAFJ34rPUVdelmsAiCUpKiWHcFEQu6qGAf0IQwmU7aoZOHM5NCCdm68VfcuFDErX/gzq8Q/AInbRfaemDgcM493LnHjRgV0jA+tbn5hcWl5dxKfnVtfWNT39puiDDmmNRxyELecpEgjAakLqlkpBVxgnyXkabbP8/85oBwQcPgVg4jYvuoG1CPYiSV5OjQCpWdpRMLI5ZcpamTlI6uU2iRu5gO8o5eMIrGCHCWmBNSqBx+X16Uv05qjv5hdUIc+ySQmCEh2qYRSTtBXFLMSJq3YkEihPuoS9qKBsgnwk5Gl6RwXykd6IVcvUDCkfo7kSBfiKHvqkkfyZ6Y9jLxP68dS69sJzSIYkkCPF7kxQzKEGa1wA7lBEs2VARhTtVfIe4hjrBU5WUlmNMnz5JGqWgeF89uVBtVMEYO7II9cABMcAoqoApqoA4wuAeP4Bm8aA/ak/aqvY1H57RJZgf8gfb+A91MnXY=</latexit>

k p

a r

p

r

k

a
+ . . .

<latexit sha1_base64="SpN4M4OK5Fbmu5jFA2CoIFy4H+w=">AAAB7nicbVC7SgNBFL3rM8bXqgiCzWAQBCHsiqB2AZuUEcwDkiXMTmaTIbMPZu4KYclH2FgooqW1pZ9h54fYO3kUmnhg4HDOPcy9x0+k0Og4X9bC4tLyympuLb++sbm1be/s1nScKsarLJaxavhUcykiXkWBkjcSxWnoS173+9cjv37HlRZxdIuDhHsh7UYiEIyikeqnpNWJUbftglN0xiDzxJ2SQsn+/ng/2H+ttO1Pk2NpyCNkkmrddJ0EvYwqFEzyYb6Vap5Q1qdd3jQ0oiHXXjZed0iOjdIhQazMi5CM1d+JjIZaD0LfTIYUe3rWG4n/ec0Ug0svE1GSIo/Y5KMglQRjMrqddITiDOXAEMqUMLsS1qOKMjQN5U0J7uzJ86R2VnTPi1c3po0yTJCDQziCE3DhAkpQhgpUgUEf7uERnqzEerCerZfJ6II1zezBH1hvP2Zakq0=</latexit>

k

a

r

K2

<latexit sha1_base64="nz6Rq5BHvKSnrp7VANft4l7GDXM=">AAAB8nicbVDLSgNBEOyNrxhfUY8iDAbBU9gNgnoLeAl4iWAesFnC7GQ2GTI7s8zMCnHJZ3jxoIhXv8JP8ObJX3HyOGhiQUNR1U13V5hwpo3rfjm5ldW19Y38ZmFre2d3r7h/0NQyVYQ2iORStUOsKWeCNgwznLYTRXEcctoKh9cTv3VPlWZS3JlRQoMY9wWLGMHGSn7WIZhnN+Nxt9ItltyyOwVaJt6clKrHHw9E8+96t/jZ6UmSxlQYwrHWvucmJsiwMoxwOi50Uk0TTIa4T31LBY6pDrLpyWN0apUeiqSyJQyaqr8nMhxrPYpD2xljM9CL3kT8z/NTE10GGRNJaqggs0VRypGRaPI/6jFFieEjSzBRzN6KyAArTIxNqWBD8BZfXibNStk7L1/d2jRqMEMejuAEzsCDC6hCDerQAAISHuEZXhzjPDmvztusNefMZw7hD5z3H1Q9lQg=</latexit>

K2

<latexit sha1_base64="nz6Rq5BHvKSnrp7VANft4l7GDXM=">AAAB8nicbVDLSgNBEOyNrxhfUY8iDAbBU9gNgnoLeAl4iWAesFnC7GQ2GTI7s8zMCnHJZ3jxoIhXv8JP8ObJX3HyOGhiQUNR1U13V5hwpo3rfjm5ldW19Y38ZmFre2d3r7h/0NQyVYQ2iORStUOsKWeCNgwznLYTRXEcctoKh9cTv3VPlWZS3JlRQoMY9wWLGMHGSn7WIZhnN+Nxt9ItltyyOwVaJt6clKrHHw9E8+96t/jZ6UmSxlQYwrHWvucmJsiwMoxwOi50Uk0TTIa4T31LBY6pDrLpyWN0apUeiqSyJQyaqr8nMhxrPYpD2xljM9CL3kT8z/NTE10GGRNJaqggs0VRypGRaPI/6jFFieEjSzBRzN6KyAArTIxNqWBD8BZfXibNStk7L1/d2jRqMEMejuAEzsCDC6hCDerQAAISHuEZXhzjPDmvztusNefMZw7hD5z3H1Q9lQg=</latexit>

K2

<latexit sha1_base64="nz6Rq5BHvKSnrp7VANft4l7GDXM=">AAAB8nicbVDLSgNBEOyNrxhfUY8iDAbBU9gNgnoLeAl4iWAesFnC7GQ2GTI7s8zMCnHJZ3jxoIhXv8JP8ObJX3HyOGhiQUNR1U13V5hwpo3rfjm5ldW19Y38ZmFre2d3r7h/0NQyVYQ2iORStUOsKWeCNgwznLYTRXEcctoKh9cTv3VPlWZS3JlRQoMY9wWLGMHGSn7WIZhnN+Nxt9ItltyyOwVaJt6clKrHHw9E8+96t/jZ6UmSxlQYwrHWvucmJsiwMoxwOi50Uk0TTIa4T31LBY6pDrLpyWN0apUeiqSyJQyaqr8nMhxrPYpD2xljM9CL3kT8z/NTE10GGRNJaqggs0VRypGRaPI/6jFFieEjSzBRzN6KyAArTIxNqWBD8BZfXibNStk7L1/d2jRqMEMejuAEzsCDC6hCDerQAAISHuEZXhzjPDmvztusNefMZw7hD5z3H1Q9lQg=</latexit>

k

a K2

<latexit sha1_base64="nz6Rq5BHvKSnrp7VANft4l7GDXM=">AAAB8nicbVDLSgNBEOyNrxhfUY8iDAbBU9gNgnoLeAl4iWAesFnC7GQ2GTI7s8zMCnHJZ3jxoIhXv8JP8ObJX3HyOGhiQUNR1U13V5hwpo3rfjm5ldW19Y38ZmFre2d3r7h/0NQyVYQ2iORStUOsKWeCNgwznLYTRXEcctoKh9cTv3VPlWZS3JlRQoMY9wWLGMHGSn7WIZhnN+Nxt9ItltyyOwVaJt6clKrHHw9E8+96t/jZ6UmSxlQYwrHWvucmJsiwMoxwOi50Uk0TTIa4T31LBY6pDrLpyWN0apUeiqSyJQyaqr8nMhxrPYpD2xljM9CL3kT8z/NTE10GGRNJaqggs0VRypGRaPI/6jFFieEjSzBRzN6KyAArTIxNqWBD8BZfXibNStk7L1/d2jRqMEMejuAEzsCDC6hCDerQAAISHuEZXhzjPDmvztusNefMZw7hD5z3H1Q9lQg=</latexit>
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Figure 3.9: Diagrams contributing to K2,L and D(u,u)
3,L . Notation as in Figs. 3.6 and 3.7.

Factors of i are implicit.

be subthreshold poles in K2, given our particular definition [39]. Thus there is, in general,

a barrier to converting the sum into an integral, and, for this reason, the derivation of HS1

works only assuming the absence of singularities in K2. However, it has subsequently been

understood that by generalizing the definition of the PV prescription, one can define a class

of two-particle K matrices, and that by adjusting the parameters of the prescription, one

can find definitions that are nonsingular for any given physical scattering amplitude [36].

We assume henceforth that such a prescription has been used, and thus that D̃(u,u)
3,L is an

infinite-volume quantity.

To combine these ingredients we use algebraic manipulations that recur frequently in this
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work, and which we derive in Appendix A.3. These lead to

iK̃(u,u)
df,23,L = iK2,L + iK̃(u,u)

df,3 , (3.71)

iK̃(u,u)
df,3 ≡ iD̃(u,u)

3,L +
(
1 + iD̃(u,u)

23,L iĨFG
)

× iB3
1

1−
(
iĨFG + iĨFGiD̃(u,u)

23,L iĨFG
)
iB3

(
1 + iĨFGiD̃(u,u)

23,L

)
,

(3.72)

ĨFG ≡ ĨF + δG̃ , (3.73)

iD̃(u,u)
23,L ≡ iK2,L + iD̃(u,u)

3,L = iK2,L
1

1− iδG̃iK2,L
. (3.74)

In K̃(u,u)
df,3 , there is an additional loop sum associated with each factor of ĨFG adjacent to a

D̃(u,u)
23,L , with the summand including a factor of K2. Using our generalized PV prescription,

all such sums can be converted to integrals, and this absorbs all remaining factors of 2ωL3.

Thus K̃(u,u)
df,3 is an infinite-volume quantity.

Using similar expansions for Ã′(u), Ã(u), and δC3,∞, we find that the factors of L3 in B2,L,

ĨF , and δG̃ either cancel or can be used to convert sums into integrals, again assuming a

PV prescription such that K2 is smooth. Thus these three kernels are also infinite-volume

quantities.

Summary

We close this subsection by taking stock of what has been achieved. We started from the

closed-form expression for the three-particle correlator, Eq. (3.24), which is composed of

infinite-volume amplitudes, but has the disadvantage that these amplitudes are off shell.

After some technical effort, which involved generalizing results from HS1 so that they applied

to TOPT amplitudes, we obtained two simple equations, (3.52) and (3.57), that allow the

correlator to be expressed in terms of on-shell kernels, as shown explicitly in Eq. (3.59). In

a final step, we determined the volume (in)dependence of these kernels. These steps lead to
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the following result for the correlation function,

C3,L(E,P) = C̃3,∞(E,P) + Ã′(u)i(F̃ + G̃) 1
1− i

(
2ωL3K2 + K̃(u,u)

df,3

)
i(F̃ + G̃)

Ã(u) , (3.75)

where contributions with no L dependence are collected into22

C̃3,∞ ≡ C
(0)
3,∞ + δC3,∞ , (3.76)

and we have introduced the diagonal matrix
[
2ωL3

]
k`m;p`′m′

= δkpδ``′δmm′ 2ωkL3 . (3.77)

All L dependence is now explicit, entering through the quantities F̃ , G̃, and 2ωL3.

Our result can be compared to Eq. (250) of HS1, rewritten to match our notation:

C3,L = C3,∞ + A′iF3
1

1− iKdf,3iF3
A , (3.78)

F3 = F̃

[
1
3 −

1
1/(2ωL3K2) + F̃ + G̃

F̃

]
. (3.79)

This shows the trade-off that we have made: by using an asymmetric form of the three-

particle K matrix, our final expression is simpler, containing only the combination F̃ + G̃

and no factors of 1/3. Another gain is that we have explicit expressions for all quantities in

terms of the underlying TOPT amplitudes, in contrast to HS1, where the definitions of the

kernels are constructive and not explicit.

3.2.4 New form of the quantization condition

To make contact with the FV energy spectrum of the theory, we exploit the fact that

C3,L(E,P) has a simple pole whenever E lies in the FV spectrum. Since C̃3,∞, Ã
′(u), Ã(u)

are all smooth infinite-volume quantities, any singularity in C3,L must arise from the quan-

22Our notation (with the subscript ∞) is slightly misleading because C̃3,∞ is not the complete infinite-
volume limit of C3,L, since the other term on the right-hand side of Eq. (3.75), which contains all the
volume dependence, has a nonvanishing infinite-volume limit.
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tity lying between Ã′(u) and Ã(u) in Eq. (3.75). This quantity is a matrix in the {k`m}

index space, and must have a diverging eigenvalue for C3,L to have a pole. Equivalently, the

determinant of its inverse should vanish,

det
[
F̃ + G̃

]−1
det

[
1− i

(
2ωL3K2 + K̃(u,u)

df,3

)
i(F̃ + G̃)

]
= 0 . (3.80)

The energies where det[F̃ +G̃]−1 = 0 are the free three-particle energies where E = ωk+ωa+

ωbka for some choice of FV momenta k, a ∈ 2π
L
Z3. For general K2 and K̃(u,u)

df,3 , we expect that

the product of the two determinants will not vanish at these energies, because the second

determinant will diverge.23 Physically this corresponds to the fact that a general interaction

will shift all FV energies from their free values. We therefore conclude that for a given P,

an energy E can only be in the finite-volume spectrum of the interacting theory if

det
[
1 +

(
2ωL3K2 + K̃(u,u)

df,3

)
(F̃ + G̃)

]
= 0 . (3.81)

This is our alternate form of the three-particle quantization condition.

This result has a superficially similar form to that from HS1, which follows from Eq. (3.78),

det [1 +Kdf,3F3] = 0 , (3.82)

but many of the details are different. For example, in Eq. (3.81), the infinite-volume K

matrices appear together and separate from the FV quantities F̃ and G̃, whereas F3 in

Eq. (3.82) is a relatively complicated function of K2, F̃ , and G̃. We return to the relation

between the two approaches in Sec. 3.4.

3.3 TOPT expression for M3,L

In order to understand the relation between quantization conditions, we need to first extend

the developments of the previous section from the correlator C3,L to the finite-volume 3→ 3

23As is well known from numerical investigations, if one truncates the partial-wave expansions of K2 and
K̃(u,u)

df,3 , then there will be solutions to the quantization condition at free energies [36, 39, 76].
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<latexit sha1_base64="nPF5bTufkjs0WtKzibFS6tGbtV4=">AAAB6HicbVDLSgNBEOyNUWN8RXP0MhgEQQi7Iqi3gBcPHhIwD9gsYXbSm4yZfTAzK4QQf8CLB0W8+jdevfk1OnkcNLGgoajqprvLTwRX2ra/rMxKdnVtPbeR39za3tkt7O03VJxKhnUWi1i2fKpQ8AjrmmuBrUQiDX2BTX9wNfGb9ygVj6NbPUzQC2kv4gFnVBupdtIplOyyPQVZJs6clCrFD/c723yodgqf7W7M0hAjzQRVynXsRHsjKjVnAsf5dqowoWxAe+gaGtEQlTeaHjomR0bpkiCWpiJNpurviRENlRqGvukMqe6rRW8i/ue5qQ4uvBGPklRjxGaLglQQHZPJ16TLJTIthoZQJrm5lbA+lZRpk03ehOAsvrxMGqdl56x8WTNp3MAMOTiAQzgGB86hAtdQhTowQHiEZ3ix7qwn69V6m7VmrPlMEf7Aev8B6oWQEA==</latexit>

a

k p

r
+

<latexit sha1_base64="nPF5bTufkjs0WtKzibFS6tGbtV4=">AAAB6HicbVDLSgNBEOyNUWN8RXP0MhgEQQi7Iqi3gBcPHhIwD9gsYXbSm4yZfTAzK4QQf8CLB0W8+jdevfk1OnkcNLGgoajqprvLTwRX2ra/rMxKdnVtPbeR39za3tkt7O03VJxKhnUWi1i2fKpQ8AjrmmuBrUQiDX2BTX9wNfGb9ygVj6NbPUzQC2kv4gFnVBupdtIplOyyPQVZJs6clCrFD/c723yodgqf7W7M0hAjzQRVynXsRHsjKjVnAsf5dqowoWxAe+gaGtEQlTeaHjomR0bpkiCWpiJNpurviRENlRqGvukMqe6rRW8i/ue5qQ4uvBGPklRjxGaLglQQHZPJ16TLJTIthoZQJrm5lbA+lZRpk03ehOAsvrxMGqdl56x8WTNp3MAMOTiAQzgGB86hAtdQhTowQHiEZ3ix7qwn69V6m7VmrPlMEf7Aev8B6oWQEA==</latexit>

a

k p

r
+

<latexit sha1_base64="nPF5bTufkjs0WtKzibFS6tGbtV4=">AAAB6HicbVDLSgNBEOyNUWN8RXP0MhgEQQi7Iqi3gBcPHhIwD9gsYXbSm4yZfTAzK4QQf8CLB0W8+jdevfk1OnkcNLGgoajqprvLTwRX2ra/rMxKdnVtPbeR39za3tkt7O03VJxKhnUWi1i2fKpQ8AjrmmuBrUQiDX2BTX9wNfGb9ygVj6NbPUzQC2kv4gFnVBupdtIplOyyPQVZJs6clCrFD/c723yodgqf7W7M0hAjzQRVynXsRHsjKjVnAsf5dqowoWxAe+gaGtEQlTeaHjomR0bpkiCWpiJNpurviRENlRqGvukMqe6rRW8i/ue5qQ4uvBGPklRjxGaLglQQHZPJ16TLJTIthoZQJrm5lbA+lZRpk03ehOAsvrxMGqdl56x8WTNp3MAMOTiAQzgGB86hAtdQhTowQHiEZ3ix7qwn69V6m7VmrPlMEf7Aev8B6oWQEA==</latexit>

h
fM(u,u)

3,L

i
ka;pr

=

<latexit sha1_base64="2mYmqJKTKb/AjiZ41jPkg2HEOJQ="></latexit>

B2

<latexit sha1_base64="5kdwonvbOEPKbEFVGW9HoVZPnc0=">AAAB+3icbVDLSsNAFL2pr1pfsS5FGCyCq5IUQd0V3XRZwT6gDWEynbRDJw9mJmIN+RU3LhRx6w/4Ce5c+StO2i609cDA4Zx7uWeOF3MmlWV9GYWV1bX1jeJmaWt7Z3fP3C+3ZZQIQlsk4pHoelhSzkLaUkxx2o0FxYHHaccbX+d+544KyaLwVk1i6gR4GDKfEay05JrlUtoPsBoRzNFV5qa1DLlmxapaU6BlYs9JpX708UAk/2665md/EJEkoKEiHEvZs61YOSkWihFOs1I/kTTGZIyHtKdpiAMqnXSaPUMnWhkgPxL6hQpN1d8bKQ6knASensxzykUvF//zeonyL5yUhXGiaEhmh/yEIxWhvAg0YIISxSeaYCKYzorICAtMlK6rpEuwF7+8TNq1qn1WvbzRbTRghiIcwjGcgg3nUIcGNKEFBO7hEZ7hxciMJ+PVeJuNFoz5zgH8gfH+A9bQl2o=</latexit>

B3

<latexit sha1_base64="scIbnI/wC1qj5GblyPmkvkREbFU=">AAAB+3icbVDLSsNAFJ3UV62vWJeCjBbBVUlUUHdFNy5cVLAPaEKYTCft0MkkzEzEEPIrblwo4tafcOnOX/ArnLRdaOuBgcM593LPHD9mVCrL+jJKC4tLyyvl1cra+sbmlrldbcsoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH10VfueeCEkjfqfSmLghGnAaUIyUljyzWsmcEKkhRgxe5l52kkPPrFl1aww4T+wpqTX2nb108PHd9MxPpx/hJCRcYYak7NlWrNwMCUUxI3nFSSSJER6hAelpylFIpJuNs+fwUCt9GERCP67gWP29kaFQyjT09WSRU856hfif10tUcO5mlMeJIhxPDgUJgyqCRRGwTwXBiqWaICyozgrxEAmEla6rokuwZ788T9rHdfu0fnGr27gBE5TBLjgAR8AGZ6ABrkETtAAGD+ARPIMXIzeejFfjbTJaMqY7O+APjPcfctWXJA==</latexit>

B3

<latexit sha1_base64="scIbnI/wC1qj5GblyPmkvkREbFU=">AAAB+3icbVDLSsNAFJ3UV62vWJeCjBbBVUlUUHdFNy5cVLAPaEKYTCft0MkkzEzEEPIrblwo4tafcOnOX/ArnLRdaOuBgcM593LPHD9mVCrL+jJKC4tLyyvl1cra+sbmlrldbcsoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH10VfueeCEkjfqfSmLghGnAaUIyUljyzWsmcEKkhRgxe5l52kkPPrFl1aww4T+wpqTX2nb108PHd9MxPpx/hJCRcYYak7NlWrNwMCUUxI3nFSSSJER6hAelpylFIpJuNs+fwUCt9GERCP67gWP29kaFQyjT09WSRU856hfif10tUcO5mlMeJIhxPDgUJgyqCRRGwTwXBiqWaICyozgrxEAmEla6rokuwZ788T9rHdfu0fnGr27gBE5TBLjgAR8AGZ6ABrkETtAAGD+ARPIMXIzeejFfjbTJaMqY7O+APjPcfctWXJA==</latexit>

B3

<latexit sha1_base64="scIbnI/wC1qj5GblyPmkvkREbFU=">AAAB+3icbVDLSsNAFJ3UV62vWJeCjBbBVUlUUHdFNy5cVLAPaEKYTCft0MkkzEzEEPIrblwo4tafcOnOX/ArnLRdaOuBgcM593LPHD9mVCrL+jJKC4tLyyvl1cra+sbmlrldbcsoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH10VfueeCEkjfqfSmLghGnAaUIyUljyzWsmcEKkhRgxe5l52kkPPrFl1aww4T+wpqTX2nb108PHd9MxPpx/hJCRcYYak7NlWrNwMCUUxI3nFSSSJER6hAelpylFIpJuNs+fwUCt9GERCP67gWP29kaFQyjT09WSRU856hfif10tUcO5mlMeJIhxPDgUJgyqCRRGwTwXBiqWaICyozgrxEAmEla6rokuwZ788T9rHdfu0fnGr27gBE5TBLjgAR8AGZ6ABrkETtAAGD+ARPIMXIzeejFfjbTJaMqY7O+APjPcfctWXJA==</latexit>

B3

<latexit sha1_base64="scIbnI/wC1qj5GblyPmkvkREbFU=">AAAB+3icbVDLSsNAFJ3UV62vWJeCjBbBVUlUUHdFNy5cVLAPaEKYTCft0MkkzEzEEPIrblwo4tafcOnOX/ArnLRdaOuBgcM593LPHD9mVCrL+jJKC4tLyyvl1cra+sbmlrldbcsoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH10VfueeCEkjfqfSmLghGnAaUIyUljyzWsmcEKkhRgxe5l52kkPPrFl1aww4T+wpqTX2nb108PHd9MxPpx/hJCRcYYak7NlWrNwMCUUxI3nFSSSJER6hAelpylFIpJuNs+fwUCt9GERCP67gWP29kaFQyjT09WSRU856hfif10tUcO5mlMeJIhxPDgUJgyqCRRGwTwXBiqWaICyozgrxEAmEla6rokuwZ788T9rHdfu0fnGr27gBE5TBLjgAR8AGZ6ABrkETtAAGD+ARPIMXIzeejFfjbTJaMqY7O+APjPcfctWXJA==</latexit>

B3

<latexit sha1_base64="scIbnI/wC1qj5GblyPmkvkREbFU=">AAAB+3icbVDLSsNAFJ3UV62vWJeCjBbBVUlUUHdFNy5cVLAPaEKYTCft0MkkzEzEEPIrblwo4tafcOnOX/ArnLRdaOuBgcM593LPHD9mVCrL+jJKC4tLyyvl1cra+sbmlrldbcsoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH10VfueeCEkjfqfSmLghGnAaUIyUljyzWsmcEKkhRgxe5l52kkPPrFl1aww4T+wpqTX2nb108PHd9MxPpx/hJCRcYYak7NlWrNwMCUUxI3nFSSSJER6hAelpylFIpJuNs+fwUCt9GERCP67gWP29kaFQyjT09WSRU856hfif10tUcO5mlMeJIhxPDgUJgyqCRRGwTwXBiqWaICyozgrxEAmEla6rokuwZ788T9rHdfu0fnGr27gBE5TBLjgAR8AGZ6ABrkETtAAGD+ARPIMXIzeejFfjbTJaMqY7O+APjPcfctWXJA==</latexit>

B3

<latexit sha1_base64="scIbnI/wC1qj5GblyPmkvkREbFU=">AAAB+3icbVDLSsNAFJ3UV62vWJeCjBbBVUlUUHdFNy5cVLAPaEKYTCft0MkkzEzEEPIrblwo4tafcOnOX/ArnLRdaOuBgcM593LPHD9mVCrL+jJKC4tLyyvl1cra+sbmlrldbcsoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH10VfueeCEkjfqfSmLghGnAaUIyUljyzWsmcEKkhRgxe5l52kkPPrFl1aww4T+wpqTX2nb108PHd9MxPpx/hJCRcYYak7NlWrNwMCUUxI3nFSSSJER6hAelpylFIpJuNs+fwUCt9GERCP67gWP29kaFQyjT09WSRU856hfif10tUcO5mlMeJIhxPDgUJgyqCRRGwTwXBiqWaICyozgrxEAmEla6rokuwZ788T9rHdfu0fnGr27gBE5TBLjgAR8AGZ6ABrkETtAAGD+ARPIMXIzeejFfjbTJaMqY7O+APjPcfctWXJA==</latexit>

B3

<latexit sha1_base64="scIbnI/wC1qj5GblyPmkvkREbFU=">AAAB+3icbVDLSsNAFJ3UV62vWJeCjBbBVUlUUHdFNy5cVLAPaEKYTCft0MkkzEzEEPIrblwo4tafcOnOX/ArnLRdaOuBgcM593LPHD9mVCrL+jJKC4tLyyvl1cra+sbmlrldbcsoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH10VfueeCEkjfqfSmLghGnAaUIyUljyzWsmcEKkhRgxe5l52kkPPrFl1aww4T+wpqTX2nb108PHd9MxPpx/hJCRcYYak7NlWrNwMCUUxI3nFSSSJER6hAelpylFIpJuNs+fwUCt9GERCP67gWP29kaFQyjT09WSRU856hfif10tUcO5mlMeJIhxPDgUJgyqCRRGwTwXBiqWaICyozgrxEAmEla6rokuwZ788T9rHdfu0fnGr27gBE5TBLjgAR8AGZ6ABrkETtAAGD+ARPIMXIzeejFfjbTJaMqY7O+APjPcfctWXJA==</latexit>

B2

<latexit sha1_base64="5kdwonvbOEPKbEFVGW9HoVZPnc0=">AAAB+3icbVDLSsNAFL2pr1pfsS5FGCyCq5IUQd0V3XRZwT6gDWEynbRDJw9mJmIN+RU3LhRx6w/4Ce5c+StO2i609cDA4Zx7uWeOF3MmlWV9GYWV1bX1jeJmaWt7Z3fP3C+3ZZQIQlsk4pHoelhSzkLaUkxx2o0FxYHHaccbX+d+544KyaLwVk1i6gR4GDKfEay05JrlUtoPsBoRzNFV5qa1DLlmxapaU6BlYs9JpX708UAk/2665md/EJEkoKEiHEvZs61YOSkWihFOs1I/kTTGZIyHtKdpiAMqnXSaPUMnWhkgPxL6hQpN1d8bKQ6knASensxzykUvF//zeonyL5yUhXGiaEhmh/yEIxWhvAg0YIISxSeaYCKYzorICAtMlK6rpEuwF7+8TNq1qn1WvbzRbTRghiIcwjGcgg3nUIcGNKEFBO7hEZ7hxciMJ+PVeJuNFoz5zgH8gfH+A9bQl2o=</latexit>

B2

<latexit sha1_base64="5kdwonvbOEPKbEFVGW9HoVZPnc0=">AAAB+3icbVDLSsNAFL2pr1pfsS5FGCyCq5IUQd0V3XRZwT6gDWEynbRDJw9mJmIN+RU3LhRx6w/4Ce5c+StO2i609cDA4Zx7uWeOF3MmlWV9GYWV1bX1jeJmaWt7Z3fP3C+3ZZQIQlsk4pHoelhSzkLaUkxx2o0FxYHHaccbX+d+544KyaLwVk1i6gR4GDKfEay05JrlUtoPsBoRzNFV5qa1DLlmxapaU6BlYs9JpX708UAk/2665md/EJEkoKEiHEvZs61YOSkWihFOs1I/kTTGZIyHtKdpiAMqnXSaPUMnWhkgPxL6hQpN1d8bKQ6knASensxzykUvF//zeonyL5yUhXGiaEhmh/yEIxWhvAg0YIISxSeaYCKYzorICAtMlK6rpEuwF7+8TNq1qn1WvbzRbTRghiIcwjGcgg3nUIcGNKEFBO7hEZ7hxciMJ+PVeJuNFoz5zgH8gfH+A9bQl2o=</latexit>

B2

<latexit sha1_base64="5kdwonvbOEPKbEFVGW9HoVZPnc0=">AAAB+3icbVDLSsNAFL2pr1pfsS5FGCyCq5IUQd0V3XRZwT6gDWEynbRDJw9mJmIN+RU3LhRx6w/4Ce5c+StO2i609cDA4Zx7uWeOF3MmlWV9GYWV1bX1jeJmaWt7Z3fP3C+3ZZQIQlsk4pHoelhSzkLaUkxx2o0FxYHHaccbX+d+544KyaLwVk1i6gR4GDKfEay05JrlUtoPsBoRzNFV5qa1DLlmxapaU6BlYs9JpX708UAk/2665md/EJEkoKEiHEvZs61YOSkWihFOs1I/kTTGZIyHtKdpiAMqnXSaPUMnWhkgPxL6hQpN1d8bKQ6knASensxzykUvF//zeonyL5yUhXGiaEhmh/yEIxWhvAg0YIISxSeaYCKYzorICAtMlK6rpEuwF7+8TNq1qn1WvbzRbTRghiIcwjGcgg3nUIcGNKEFBO7hEZ7hxciMJ+PVeJuNFoz5zgH8gfH+A9bQl2o=</latexit>

B2

<latexit sha1_base64="5kdwonvbOEPKbEFVGW9HoVZPnc0=">AAAB+3icbVDLSsNAFL2pr1pfsS5FGCyCq5IUQd0V3XRZwT6gDWEynbRDJw9mJmIN+RU3LhRx6w/4Ce5c+StO2i609cDA4Zx7uWeOF3MmlWV9GYWV1bX1jeJmaWt7Z3fP3C+3ZZQIQlsk4pHoelhSzkLaUkxx2o0FxYHHaccbX+d+544KyaLwVk1i6gR4GDKfEay05JrlUtoPsBoRzNFV5qa1DLlmxapaU6BlYs9JpX708UAk/2665md/EJEkoKEiHEvZs61YOSkWihFOs1I/kTTGZIyHtKdpiAMqnXSaPUMnWhkgPxL6hQpN1d8bKQ6knASensxzykUvF//zeonyL5yUhXGiaEhmh/yEIxWhvAg0YIISxSeaYCKYzorICAtMlK6rpEuwF7+8TNq1qn1WvbzRbTRghiIcwjGcgg3nUIcGNKEFBO7hEZ7hxciMJ+PVeJuNFoz5zgH8gfH+A9bQl2o=</latexit>

B2

<latexit sha1_base64="5kdwonvbOEPKbEFVGW9HoVZPnc0=">AAAB+3icbVDLSsNAFL2pr1pfsS5FGCyCq5IUQd0V3XRZwT6gDWEynbRDJw9mJmIN+RU3LhRx6w/4Ce5c+StO2i609cDA4Zx7uWeOF3MmlWV9GYWV1bX1jeJmaWt7Z3fP3C+3ZZQIQlsk4pHoelhSzkLaUkxx2o0FxYHHaccbX+d+544KyaLwVk1i6gR4GDKfEay05JrlUtoPsBoRzNFV5qa1DLlmxapaU6BlYs9JpX708UAk/2665md/EJEkoKEiHEvZs61YOSkWihFOs1I/kTTGZIyHtKdpiAMqnXSaPUMnWhkgPxL6hQpN1d8bKQ6knASensxzykUvF//zeonyL5yUhXGiaEhmh/yEIxWhvAg0YIISxSeaYCKYzorICAtMlK6rpEuwF7+8TNq1qn1WvbzRbTRghiIcwjGcgg3nUIcGNKEFBO7hEZ7hxciMJ+PVeJuNFoz5zgH8gfH+A9bQl2o=</latexit>

B2

<latexit sha1_base64="5kdwonvbOEPKbEFVGW9HoVZPnc0=">AAAB+3icbVDLSsNAFL2pr1pfsS5FGCyCq5IUQd0V3XRZwT6gDWEynbRDJw9mJmIN+RU3LhRx6w/4Ce5c+StO2i609cDA4Zx7uWeOF3MmlWV9GYWV1bX1jeJmaWt7Z3fP3C+3ZZQIQlsk4pHoelhSzkLaUkxx2o0FxYHHaccbX+d+544KyaLwVk1i6gR4GDKfEay05JrlUtoPsBoRzNFV5qa1DLlmxapaU6BlYs9JpX708UAk/2665md/EJEkoKEiHEvZs61YOSkWihFOs1I/kTTGZIyHtKdpiAMqnXSaPUMnWhkgPxL6hQpN1d8bKQ6knASensxzykUvF//zeonyL5yUhXGiaEhmh/yEIxWhvAg0YIISxSeaYCKYzorICAtMlK6rpEuwF7+8TNq1qn1WvbzRbTRghiIcwjGcgg3nUIcGNKEFBO7hEZ7hxciMJ+PVeJuNFoz5zgH8gfH+A9bQl2o=</latexit>

B2

<latexit sha1_base64="5kdwonvbOEPKbEFVGW9HoVZPnc0=">AAAB+3icbVDLSsNAFL2pr1pfsS5FGCyCq5IUQd0V3XRZwT6gDWEynbRDJw9mJmIN+RU3LhRx6w/4Ce5c+StO2i609cDA4Zx7uWeOF3MmlWV9GYWV1bX1jeJmaWt7Z3fP3C+3ZZQIQlsk4pHoelhSzkLaUkxx2o0FxYHHaccbX+d+544KyaLwVk1i6gR4GDKfEay05JrlUtoPsBoRzNFV5qa1DLlmxapaU6BlYs9JpX708UAk/2665md/EJEkoKEiHEvZs61YOSkWihFOs1I/kTTGZIyHtKdpiAMqnXSaPUMnWhkgPxL6hQpN1d8bKQ6knASensxzykUvF//zeonyL5yUhXGiaEhmh/yEIxWhvAg0YIISxSeaYCKYzorICAtMlK6rpEuwF7+8TNq1qn1WvbzRbTRghiIcwjGcgg3nUIcGNKEFBO7hEZ7hxciMJ+PVeJuNFoz5zgH8gfH+A9bQl2o=</latexit>

B2

<latexit sha1_base64="5kdwonvbOEPKbEFVGW9HoVZPnc0=">AAAB+3icbVDLSsNAFL2pr1pfsS5FGCyCq5IUQd0V3XRZwT6gDWEynbRDJw9mJmIN+RU3LhRx6w/4Ce5c+StO2i609cDA4Zx7uWeOF3MmlWV9GYWV1bX1jeJmaWt7Z3fP3C+3ZZQIQlsk4pHoelhSzkLaUkxx2o0FxYHHaccbX+d+544KyaLwVk1i6gR4GDKfEay05JrlUtoPsBoRzNFV5qa1DLlmxapaU6BlYs9JpX708UAk/2665md/EJEkoKEiHEvZs61YOSkWihFOs1I/kTTGZIyHtKdpiAMqnXSaPUMnWhkgPxL6hQpN1d8bKQ6knASensxzykUvF//zeonyL5yUhXGiaEhmh/yEIxWhvAg0YIISxSeaYCKYzorICAtMlK6rpEuwF7+8TNq1qn1WvbzRbTRghiIcwjGcgg3nUIcGNKEFBO7hEZ7hxciMJ+PVeJuNFoz5zgH8gfH+A9bQl2o=</latexit>

B2

<latexit sha1_base64="5kdwonvbOEPKbEFVGW9HoVZPnc0=">AAAB+3icbVDLSsNAFL2pr1pfsS5FGCyCq5IUQd0V3XRZwT6gDWEynbRDJw9mJmIN+RU3LhRx6w/4Ce5c+StO2i609cDA4Zx7uWeOF3MmlWV9GYWV1bX1jeJmaWt7Z3fP3C+3ZZQIQlsk4pHoelhSzkLaUkxx2o0FxYHHaccbX+d+544KyaLwVk1i6gR4GDKfEay05JrlUtoPsBoRzNFV5qa1DLlmxapaU6BlYs9JpX708UAk/2665md/EJEkoKEiHEvZs61YOSkWihFOs1I/kTTGZIyHtKdpiAMqnXSaPUMnWhkgPxL6hQpN1d8bKQ6knASensxzykUvF//zeonyL5yUhXGiaEhmh/yEIxWhvAg0YIISxSeaYCKYzorICAtMlK6rpEuwF7+8TNq1qn1WvbzRbTRghiIcwjGcgg3nUIcGNKEFBO7hEZ7hxciMJ+PVeJuNFoz5zgH8gfH+A9bQl2o=</latexit>

B2

<latexit sha1_base64="5kdwonvbOEPKbEFVGW9HoVZPnc0=">AAAB+3icbVDLSsNAFL2pr1pfsS5FGCyCq5IUQd0V3XRZwT6gDWEynbRDJw9mJmIN+RU3LhRx6w/4Ce5c+StO2i609cDA4Zx7uWeOF3MmlWV9GYWV1bX1jeJmaWt7Z3fP3C+3ZZQIQlsk4pHoelhSzkLaUkxx2o0FxYHHaccbX+d+544KyaLwVk1i6gR4GDKfEay05JrlUtoPsBoRzNFV5qa1DLlmxapaU6BlYs9JpX708UAk/2665md/EJEkoKEiHEvZs61YOSkWihFOs1I/kTTGZIyHtKdpiAMqnXSaPUMnWhkgPxL6hQpN1d8bKQ6knASensxzykUvF//zeonyL5yUhXGiaEhmh/yEIxWhvAg0YIISxSeaYCKYzorICAtMlK6rpEuwF7+8TNq1qn1WvbzRbTRghiIcwjGcgg3nUIcGNKEFBO7hEZ7hxciMJ+PVeJuNFoz5zgH8gfH+A9bQl2o=</latexit>

B2
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Figure 3.10: Diagrams contributing toM(u,u)
3,L in TOPT. Notation as in Fig. 3.1. The asym-

metric feature of this amplitude is that the momenta k and p are always assigned to a
spectator line, if one is present.

amplitude M3,L. This extension also allows us to determine the infinite-volume relation

between our asymmetric K matrix K̃(u,u)
df,3 and the full 3 → 3 amplitude M3. This latter

relation is somewhat off the main line of development of this paper, so we relegate it to

Appendix A.5.

M3,L is defined as the amputated, connected, 3 → 3 finite-volume amplitude. It is in

general off shell, and thus a matrix in {ka} space. It is simpler to begin by considering an

asymmetric version of the amplitude, M̃(u,u)
3,L , defined so that, if there is an external factor of

B2,L, the spectator propagator is always labeled with one of the external momenta (typically

called k or p). This definition is illustrated in Fig. 3.10.24 As we have seen several times

above, results are simplified if we combine the asymmetric three-particle amplitude with

the corresponding two-particle quantity, here M2,L. (This is defined in Eq. (A.1), and is

24We include a tilde on M̃(u,u)
3,L since it is different from the similar quantityM(u,u)

3,L defined in HS2, with
the latter having an asymmetry based on the Feynman skeleton expansion. We stress, however, that the
symmetrized versionM3,L is the same as in HS2 (when evaluated on shell).
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simply M2,L packaged with an inverse spectator propagator.) The TOPT result for this

combination is a geometric series,

i
(
M2,L + M̃(u,u)

3,L

)
= 1

1− i(B2,L + B3)i(DF +DG)
i(B2,L + B3) . (3.83)

To obtain the full M3,L we symmetrize by summing over the different attachments of the

external momenta

[M3,L]ka;k′a′ =
∑
x∈P

∑
x′∈P ′

[
M̃(u,u)

3,L

]
x;x′

, P = {ka, ab, bk} , P ′ = {k′a′, a′b′, b′k′} . (3.84)

Only three terms are needed on both sides (rather than the 3! one might have expected)

because B2 is symmetric under a↔ b interchange. No overall factor of 1/9 is needed because

this factor is built into B3—see the discussion above Eq. (3.8).

The remaining steps are essentially a repeat of those we used for C3,L. We find that

Eq. (3.59) is replaced by25

i
(
M2,L + M̃(u,u)

3,L

)
= iK̃(u,u)

df,23,L
1

1− i(F̃ + G̃) iK̃(u,u)
df,23,L

, (3.85)

Using the algebraic result (A.22), as well as the decomposition of K̃(u,u)
df,23,L, Eq. (3.71), and

the result forM2,L, Eq. (A.3), we can extract the expression for M̃(u,u)
3,L :

iM̃(u,u)
3,L = iD(u,u)

L + iM̃(u,u)
df,3,L (3.86)

where

iD(u,u)
L ≡ iM2,LiG̃iM2,L

1
1− iG̃iM2,L

, (3.87)

iM̃(u,u)
df,3,L ≡

[
1 + iD(u,u)

23,L i(F̃ + G̃)
]
iT̃ (u,u)
L

[
1 + i(F̃ + G̃)iD(u,u)

23,L

]
, (3.88)

25Strictly speaking, this way of writing the result only holds if all quantities are on shell, so that all
matrices are square. Indeed, we have only considered above the on-shell form of K̃(u,u)

df,23,L. However, its
definition, given in Eqs. (3.71) and (3.72), can be extended off shell. The same is true for the result here,
if one expands out the geometric series and evaluates it term by term, and also for Eq. (3.86). These
extensions are convenient, but not essential for the following discussion.
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with

iT̃ (u,u)
L ≡ iK̃(u,u)

df,3
1

1−
[
1 + i(F̃ + G̃)iD(u,u)

23,L

]
i(F̃ + G̃)iK̃(u,u)

df,3
, (3.89)

iD(u,u)
23,L ≡ iM2,L + iD(u,u)

L = iM2,L
1

1− iG̃iM2,L
. (3.90)

Here D(u,u)
L is the same as the quantity of the same name appearing in HS2, since the

asymmetry arises from the external M2,L, which is the same in both approaches.26 These

results can also be expressed in terms of K2,L instead ofM2,L,

iM̃(u,u)
df,3,L = 1

1− iK2,Li(F̃ + G̃)
iK̃(u,u)

df,3
1

1− i(F̃ + G̃) 1
1−iK2,Li(F̃+G̃)

iK̃(u,u)
df,3

1
1− i(F̃ + G̃)iK2,L

,

(3.91)

iD(u,u)
23,L = 1

1− iK2,Li(F̃ + G̃)
iK2,L . (3.92)

These forms are used in our companion paper [45].

The results (3.86)-(3.90) make all volume dependence of M̃(u,u)
3,L explicit: it enters through

F̃ , G̃, andM2,L. We also note that this result holds both for the off-shell amplitude and its

on-shell limit.

We end this subsection with a side remark. As was pointed out in HS2, the quantization

condition can be obtained from the off-shell M̃(u,u)
3,L instead of C3,L, since the former is an

(amputated) three-particle correlator. This is made particularly clear by the fact that, by

comparing Eqs. (3.24) and (3.83), we can explicitly relate the two quantities:

C3,L − C(0)
3,∞ = Â′i(DF +DG)Â+ Â′i(DF +DG)i

(
M2,L + M̃(u,u)

3,L

)
i(DF +DG)Â . (3.93)

26This equality holds only on shell, which is all that we require in the following subsection.
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3.4 Relation to quantization condition of HS1

In this section we show that our new quantization condition, Eq. (3.81), can be rewritten in

the HS1 form of Eq. (3.82), and that the two approaches therefore lead to equivalent results.

We refer to this transformation as the “symmetrization” of the quantization condition, since

the HS1 form is written in terms of a symmetric three-particle K matrix. As a side benefit,

we obtain the algebraic relation between our asymmetric amplitude K̃(u,u)
df,3 and the symmetric

quantity of HS1, Kdf,3.

3.4.1 Recap of result forM(u,u)
3,L from HS2

The connection to the HS1 QC is provided by studying the result forM(u,u)
3,L , the asymmetric

finite-volume three-particle amplitude introduced in HS2. This is defined as for our M̃(u,u)
3,L ,

except that its asymmetry is based on the skeleton expansion in terms of 2PIs and 3PIs

Bethe-Salpeter (B-S) kernels built from Feynman diagrams. Specifically, if the external legs

connect to a 2PIs B-S kernel, then the spectator propagator associated with that kernel

is connected to the spectator momentum of M(u,u)
3,L . This is the analog of our definition

of M̃(u,u)
3,L (see Fig. 3.10) except that we use an expansion in terms of TOPT amplitudes,

and for us B2 plays the role of the 2PIs B-S kernel. Since B2 contains only a subset of the

time orderings that contribute to the 2PIs B-S kernel, more contributions are symmetrized

in M̃(u,u)
3,L than in M(u,u)

3,L . We stress, however, that, after complete symmetrization, both

objects lead to the same amplitude, M3,L. This is an example of the fact that there are

many different ways to define asymmetric amplitudes, all of which symmetrize to the same

quantity.

The result for M(u,u)
3,L is given in Eq. (67) of HS2. Converting the expressions to our



68

notation, we have

iM(u,u)
3,L = iD(u,u)

L +
(
L(u)
L

)(
iKdf,3

) 1
1−

(
iF3

)(
iKdf,3

)(R(u)
L

)
, (3.94)

where
(
L(u)
L

)
=
(
1 0
)

+ iD(u,u)
23,L iF̃

(
1 1
)
, (3.95)

(
iKdf,3

)
=

 iK(u,u)
df,3 iK(u,s+s̃)

df,3

iK(s+s̃,u)
df,3 iK(s+s̃,s+s̃)

df,3

 , (3.96)

(
iF3

)
=

1

1

 iF3
(
1 1
)

=

1

1

 [1/3 + iF̃D(u,u)
23,L ]iF̃

(
1 1
)
, (3.97)

(
R(u)
L

)
=

1

0

+

1

1

 iF̃ iD(u,u)
23,L . (3.98)

Here D(u,u)
L and D(u,u)

23,L , defined in Eqs. (5.11) and (3.90), respectively, are the same as in our

result for M̃(u,u)
3,L , Eq. (3.86). We note that the expression for F3 given on the right-hand side

of Eq. (3.97) is an alternative way of writing the earlier form, Eq. (6.28).

The quantities in round braces in Eqs. (3.94)-(3.98) live in a two-dimensional space: (L(u)
L )

being a row vector, (iKdf,3) and (iF3) being matrices, and (R(u)
L ) being a column vector. The

1 in the denominator of Eq. (3.94 indicates the identity matrix in this space. The indices

in this space are (u) and (s+ s̃), as exemplified by the expression for (iKdf,3) in Eq. (3.96).

These indices were introduced in HS1 to denote the different ways in which the spectator-

momentum label is attached to diagrams. The precise definition is given in Appendix A.4.1.

As an example of this matrix notation, the symmetrized Kdf,3 (which is differentiated from

the matrix version by the absence of surrounding parentheses) is given by

iKdf,3 ≡
(

1 1
) (

iKdf,3
)1

1

 = iK(u,u)
df,3 + iK(u,s+s̃)

df,3 + iK(s+s̃,u)
df,3 + iK(s+s̃,s+s̃)

df,3 . (3.99)

This is the quantity that appears in the quantization condition of HS1, Eq. (3.78).
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A noteworthy feature of the result (3.94) is thatM(u,u)
3,L is not given in terms only of the

symmetrized Kdf,3. This is because of the (1 0) term in (L(u)
L ), and the corresponding term

in (R(u)
L ), which project onto asymmetric components of (Kdf,3). If one symmetrizes, and

considers M3,L, then it is possible to write the result in terms of the symmetric Kdf,3, as

shown by Eq. (68) of HS2.

The dependence of M(u,u)
3,L brings up a potential conflict. On the one hand, we expect

that we can obtain the HS1 quantization condition from M(u,u)
3,L , since any three-particle

correlation function should have poles at the spectral energies. We know that the resulting

quantization condition, Eq. (3.78), contains the symmetric Kdf,3. On the other hand,M(u,u)
3,L

depends also on asymmetric components of Kdf,3, as just noted. The resolution is that the

central portion of the second term on the right-hand side of Eq. (3.94) can be rewritten as
(
iKdf,3

) 1
1−

(
iF3

)(
iKdf,3

) =
(
iKdf,3

)
+
(
iKdf,3

) 1
1−

(
iF3

)(
iKdf,3

)(iF3
)(
iKdf,3

)
(3.100)

=
(
iKdf,3

)
+
(
iKdf,3

)1

1

 1
1− iF3iKdf,3

iF3

(
1 1
) (

iKdf,3
)
.

(3.101)

This shows that the geometric series leading to the poles does contain the symmetric Kdf,3.

One final technical point needs to be mentioned. In HS1 and HS2, the versions of F̃ and

G̃ differ from those used here in three ways: (i) they use a different boost to the interacting

pair CMF (which only changes G̃); (ii) F̃ uses the original PV prescription rather than the

generalized one used here; and (iii) G̃ is defined with the nonrelativistic energy denominator.

However, the derivations of HS1 and HS2 go through essentially unchanged if one uses our

versions of F̃ and G̃, and, in particular, the expressions given in Eqs. (3.94)-(3.98) remain

valid.



70

3.4.2 AsymmetrizingM(u,u)
3,L

The expressions for M̃(u,u)
3,L andM(u,u)

3,L , given in Eqs. (3.86) and (3.94), have a similar struc-

ture, but differ in many details. In this subsection we bring the almost symmetric result for

M(u,u)
3,L into an asymmetric form similar to that of M̃(u,u)

3,L .

In Appendix A.4 we derive the following three “asymmetrization” identities (valid up to

exponentially suppressed corrections, and for both the Wu boost and the boost of HS1)

X(u)F̃ (1 1) = X(u)(F̃ + G̃−
−→
I G) (1 0) (3.102)1

1

 F̃X(u) =

1

0

 (F̃ + G̃−
←−
I G)X(u) , (3.103)

1

1

 F̃

3 (1 1) =

1

0

 (F̃ + G̃+⊗G) (1 0) . (3.104)

where X(u) is a generic asymmetric amplitude, e.g. M2,L or D(u,u)
23,L , and there is an implicit

matrix of amplitudes such as (Kdf,3) on the right of Eq. (3.102), on the left of Eq. (3.103),

and on both sides of Eq. (3.104). The integral operators −→I G,
←−
I G, and ⊗G are defined in

the appendix. The first two are similar to ĨF , but their action is directional, as indicated

by the arrows. The effect of all three operators is to sew together the adjacent amplitudes

leading to new infinite-volume quantities.

Using the three identities, we can rewrite the expression forM(u,u)
3,L , Eq. (3.94), solely in

terms of K(u,u)
df,3 :

iM(u,u)
df,3,L ≡ iM(u,u)

3,L − iD
(u,u)
L (3.105)

=
[
1 + iD(u,u)

23,L i(F̃ + G̃−
−→
I G)

]
iT (u,u)
L

[
1 + i(F̃ + G̃−

←−
I G)iD(u,u)

23,L

]
, (3.106)

iT (u,u)
L = iK(u,u)

df,3
1

1−
[
i(F̃ + G̃+⊗G) + i(F̃ + G̃−

←−
I G)iD(u,u)

23,L i(F̃ + G̃−
−→
I G)

]
iK(u,u)

df,3

.

(3.107)
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In Appendix A.6, we show that this result can be reorganized into

iM(u,u)
df,3,L =

[
1 + iD(u,u)

23,L i(F̃ + G̃)
]
iK′(u,u)

df,3

× 1
1−

[
1 + i(F̃ + G̃)iD(u,u)

23,L

]
i(F̃ + G̃)iK′(u,u)

df,3

[
1 + i(F̃ + G̃)iD(u,u)

23,L

]
,

(3.108)

where the primed version of the HS1 asymmetric amplitude is

iK′(u,u)
df,3 ≡

(
1− iK2i

−→
I G

)
iK(u,u)

df,3
1

1−
[
i⊗G +i←−I GiK2i

−→
I G

]
iK(u,u)

df,3

(
1− i←−I GiK2

)
. (3.109)

We observe that the form of Eq. (3.108) is identical to that of the result for M̃(u,u)
3,L , Eq. (3.88),

with K′(u,u)
df,3 playing the role of K̃(u,u)

df,3 .

An interesting implication of this result is that the HS1 quantization condition can be

rewritten in the form derived here, Eq. (3.81), but with K̃(u,u)
df,3 replaced by K′(u,u)

df,3 :

det
[
1 +

(
2ωL3K2 +K′(u,u)

df,3

)
(F̃ + G̃)

]
= 0 . (3.110)

To show this, we use the result, noted above, that the quantization condition can be derived

from the poles inM(u,u)
3,L . To obtain an expression forM(u,u)

3,L , we start from Eq. (3.108), and

reverse the steps leading from Eq. (3.85) to Eq. (3.88), obtaining

i
(
M2,L +M(u,u)

3,L

)
= i(2ωL3K2 +K′(u,u)

df,3 ) 1
1− i(F̃ + G̃) i(2ωL3K2 +K′(u,u)

df,3 )
, (3.111)

the denominator of which leads immediately to the quantization condition Eq. (3.110).

We now have two quantization conditions of exactly the same form, Eqs. (3.81) and

(3.110), but containing different asymmetric three-particle K matrices, K̃(u,u)
df,3 and K′(u,u)

df,3

respectively. This does not, however, imply that these two K matrices are the same. One

way of seeing this is to note that asymmetrization is not unique: there are many ways to

divide a symmetric amplitude into asymmetric components. This is because, for a given

asymmetric diagram (in either the Feynman or TOPT approach), one can choose to assign

it directly to the asymmetric amplitude, or to first symmetrize and then assign. When using



72

the identities (3.102)-(3.104), the left-hand sides involve only the symmetric part of Kdf,3,

while the right-hand sides involve only the (u) parts. Since the latter are ambiguous, the

identity must be satisfied for all possible choices of asymmetric amplitude. In other words,

the operators appearing on the right-hand sides, e.g. F̃ + G̃ −
−→
I G, must have (an infinite

number of) zero modes. These observations do not impact the derivation just given, in

which we choose a particular asymmetrization. However, they imply that we could have

made another choice, in which case the resulting K′(u,u)
df,3 would have been different while the

form of the resulting quantization condition, Eq. (3.110), would have been unchanged.

3.4.3 Symmetric form of the new quantization condition

Having understood how asymmetrization turns the HS1 quantization condition into our new

form, we now follow the inverse path and bring our quantization condition into HS1 form.

What we need to do is to rewrite our result for M̃(u,u)
df,3,L, Eq. (3.88), in the form given

in Eq. (3.106), for then we can use the asymmetrization identities in reverse and obtain the

HS2 form, Eq. (3.94). In order to follow these steps we must first invert Eq. (3.109). We can

do so by discretizing momentum space so that all relations are matrix equations. Then we

obtain

iK̃′(u,u)
df,3 = iZ̃(u,u) 1

1 +
[
i⊗G +i←−I GiK2i

−→
I G

]
iZ̃(u,u)

, (3.112)

iZ̃(u,u) ≡ 1
1− iK2i

−→
I G

iK̃(u,u)
df,3

1
1− i←−I GK2

. (3.113)

The next step is to obtain the other components of this new version of the K matrix, namely

K̃′(s+s̃,u)
df,3 , etc. This is done using relations from HS1, which are recalled in Appendix A.4.

Then the steps above lead to the analog of Eq. (3.94),

iM̃(u,u)
df,3,L =

(
L(u)
L

)(
iK̃′df,3

) 1
1−

(
iF3

)(
iK̃′df,3

)(R(u)
L

)
, (3.114)

with (L(u)
L ), (F3), and (R(u)

L ) unchanged from above. Finally, we can use the arguments at
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the end of Sec. 3.4.1 to determine the quantization condition from M̃(u,u)
df,3,L, obtaining

det
[
1 + K̃′df,3F3

]
, (3.115)

where the symmetrized K matrix is

K̃′df,3 = K̃′(u+s+s̃,u+s+s̃)
df,3 . (3.116)

Thus we find that the symmetrized version of our new quantization condition is of exactly

the same form as that of HS1.

We now argue that the symmetrized K matrix obtained here and that of HS1 are the

same, i.e.27

K̃′df,3 = Kdf,3 . (3.117)

To do so, we use the result from HS2 that, by symmetrizing the infinite-volume limit of

Eq. (3.94), the fullM3 can be written in terms of integral equations containing Kdf,3 alone—

the asymmetric form K(u,u)
df,3 is not needed, unlike forM(u,u)

df,3 . Similarly, by symmetrizing the

infinite-volume limit of Eq. (3.114), M3 is given by exactly the same expression in terms

of K̃′df,3. Now we assume that this relation is invertible and one-to-one. If so, the two

symmetrized K matrices must be equal. Another way of stating this claim is that we are

effectively assuming that there are no redundant parts of the symmetrized K matrices, which

we view as plausible given the explicit construction presented here. This is in contrast to

the asymmetrized K matrices, which we know are ambiguous.

The equality of K̃′df,3 and Kdf,3 is also consistent with the quantization condition having

the same form in both cases. However, this is not a sufficient argument to demonstrate

equality of the K matrices, since the asymmetric form of the quantization conditions also

agree, and yet we know that the asymmetric K matrices differ.

27We stress that this result will hold only if the same choice of boost in G̃ and cutoff function H(k) is
used in both cases.
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The result (D.77) connects the Feynman-diagram-based method of HS1/HS2 and the

TOPT approach followed here. It also provides an explicit expression for Kdf,3 that goes

beyond the constructive definition given in HS1.

We close by emphasizing two points. First, we stress that the steps leading to the result

(3.114) for M̃(u,u)
df,3,L do not depend on the derivations of HS1 and HS2. While we have made

use of results from these works as motivation for the logical progression of our approach, in

the end the steps needed are simply algebraic. Second, although the symmetric K matrices

are the same, this does not mean thatM(u,u)
3,L and M̃(u,u)

3,L are the same, because they depend

also on K(u,u)
df,3 and K̃(u,u)

df,3 , respectively, and these differ. This is an important consistency

check, as we know thatM(u,u)
3,L and M̃(u,u)

3,L are in fact different.

3.5 Conclusions

In this paper we provide a more direct and explicit path to the relativistic, model-independent,

three-particle quantization condition of HS1 [28]. Although it is reassuring to check the result

of the complicated and lengthy derivation of HS1, this is not our fundamental motivation. In-

stead, we expect that our method will simplify the generalization to nondegenerate particles,

and hope to present results for this shortly. This is a complementary generalization to that

achieved recently in Ref. [37], which considers degenerate, but potentially distinguishable,

spinless particles. We expect it to be profitable to combine the two approaches.

As part of our derivation, we have shown that the three-particle quantization condition

can be written in a simpler form in terms of asymmetric amplitudes [see Eqs. (3.81) and

(3.110)]. We do not necessarily propose this as a practical alternative to the HS1 form,

because the asymmetric amplitudes will require, at any order in the threshold expansion of

Refs. [39, 76], a larger number of parameters for a general description than the symmetric

form appearing in the HS1 quantization condition.28 The parametrizations must therefore be

28This can be seen explicitly in chiral perturbation theory from the leading-order result for K(u,u)
df,3 .
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redundant, a result that is presumably related to the ambiguity in defining an asymmetric

amplitude. However, we do expect that the new, asymmetric form of the quantization

condition has theoretical implications. Indeed, in a companion paper we show that it allows

one to derive a form of the quantization condition in terms of the R matrix of Refs. [78, 79]

and thus obtain a generalization of the result of the FVU approach to all partial waves [45].

A more distant goal of our approach is to allow the generalization to more than three

particles. In this regard we note that the complications associated with the possibility of

on-shell intermediate states in three-particle scattering, which led in HS1 to the introduction

of the divergence-free three-particle K matrix, Kdf,3, are dealt with very simply and auto-

matically in the TOPT approach used here. This gives us some hope that the additional

complications that arise with more than three particles will be manageable. In this regard,

the alternative approach for dealing with F cuts that is sketched in Appendix A.7 may be

helpful as it does not require a choice of PV prescription.

An issue that we have commented on only peripherally in the text is whether the various

three-particle K matrices that we have considered are Lorentz invariant. This is not relevant

to the derivation, but is important for practical applications, since invariance restricts the

number of terms that contribute. We summarize the status here. First, we stress that all

the quantization conditions presented here—both the original HS1 form and our asymmetric

form, and for both choices of boost—hold for all kinematically allowed choices of P µ = (E,P).

In particular they hold for choices of P µ for which the three particles are relativistic, which is

why we call the quantization conditions relativistic. This is, however, a separate issue from

the relativistic invariance of the K matrices. Here the status is that, if we define G̃ using

the boost of HS1 and the relativistic form of the pole (which is possible for both the HS1

K matrices and the new TOPT versions introduced here), then the original symmetric Kdf,3

and the asymmetric version K′(u,u)
df,3 are both Lorentz invariant.29 These appear, respectively,

29The latter result follows because K′(u,u)
df,3 is related to the Lorentz invariant quantityM(u,u)

3 by integral
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in the original HS1 quantization condition, Eq. (3.82), and the asymmetric form found

here, Eq. (3.110). On the other hand, the asymmetric K matrix K̃(u,u)
df,3 appearing in the

TOPT version of the asymmetric quantization condition, Eq. (3.81), is not invariant (see

Appendix A.5). However, the symmetrized quantity K̃′df,3 is invariant, since it equals Kdf,3.

equations of the same form as given in Appendix A.5, which are boost invariant.
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Chapter 4

RELATIVISTIC THREE-PARTICLE QUANTIZATION
CONDITION FOR NONDEGENERATE SCALARS1

4.1 Introduction

The theoretical formalism needed to study three-particle interactions using lattice QCD

(LQCD) has advanced considerably in recent years [28–32, 34–37, 41, 43, 45, 64, 77]. In

addition, the formalism has been shown to be a practical tool in simple systems [39–41, 76],

and applied to LQCD results for the 3π+ [1, 52, 53, 85, 86] and 3K− systems [87], as well as

to the φ4 theory [55, 88]. For recent reviews, see Refs. [74, 75].2

The relativistic formalism has so far only been developed for degenerate scalars.3 Within

the generic relativistic effective field theory (RFT) approach, which we adopt here, the initial

development was for identical scalars with a G-parity-like Z2 symmetry [28, 29], with the ex-

tension to theories without the Z2 symmetry presented in Ref. [34], and that to nonidentical

but degenerate scalars (e.g. three pions with all allowed total isospins) given in Ref. [37]. An

additional generalization to allow the inclusion of poles in the two-particle K matrices was

given in Refs. [35, 36]. Alternative approaches have been developed using either nonrelativis-

tic effective field theory (NREFT) [30, 31], or the application to finite volume of a unitary

representation of the three-particle scattering amplitude [32, 41]. Both approaches have so

far only considered identical scalars, and also only s-wave two-particle interactions. Recently,

1This chapter and Appendix B are taken directly from Ref. [44].
2For alternative approaches, see Refs. [70–73, 89, 90].
3The only nondegenerate three-particle formalism of which we are aware is the very recent Ref. [91], in

which the DDK system is studied using the nonrelativistic effective field theory approach of Refs. [30, 31],
and assuming only s-wave two-particle interactions.
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the RFT and finite-volume unitarity approaches have been shown to be equivalent [45].

In this work we generalize the RFT approach to nondegenerate scalar particles. We derive

three forms of the three-particle quantization condition, Eqs. (4.36), (7.33), and (6.1), each

with associated integral equations relating the intermediate K matrices to the three-particle

scattering amplitude,M3.

The first form is derived using the simplified method, based on time-ordered perturbation

theory (TOPT), that we introduced recently in Ref. [43], a reference henceforth referred to as

BS1. The quantization condition involves the nondegenerate generalization of the asymmet-

ric three-particle K matrix used in BS1, and for this reason we refer to it as “asymmetric.”

This generalization is a three-dimensional flavor matrix of K matrices, denoted K̂df,3. A

significant disadvantage of this approach is that the K matrices are not Lorentz invariant

(although the formalism is valid for relativistic kinematics).

The second form of the quantization condition resolves this shortcoming, as it involves

a flavor matrix of Lorentz-invariant K matrices. Its derivation follows the original RFT

works [28, 29] in using Feynman diagrams, but, compared to those works, rearranges the

order in which the diagrams are analyzed, and the manner in which finite- and infinite-

volume quantities are related. The guiding principle is to mirror, at every step, the form of

the TOPT analysis, so that the algebraic simplifications in the latter approach carry over.

For this reason the resulting quantization condition is also asymmetric. This leads to the

major disadvantage of the resulting formalism (shared with the TOPT form), namely that

it depends on nine intermediate three-particle K matrices, collected in the matrix denoted

K̂′df,3, which are distinguished by the choice of spectator flavors for incoming and outgoing

particles.

This disadvantage is resolved by the final form of the quantization condition. By algebraic

manipulations that generalize the (anti)symmetrization procedure introduced in BS1, we

are able to take the second form of the quantization condition and reexpress it in terms
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of a single, symmetrized Lorentz-invariant three-particle K matrix, K̃df,3. The resulting

“symmetric” quantization condition, given in Eq. (6.1), provides the natural generalization

of that derived in Ref. [28] for identical particles, and indeed the two have very similar

forms. We expect that this final form will be the most useful in practice. Given a technical

assumption, it is also possible to obtain this final form by applying the same symmetrization

procedure to the TOPT form of the quantization condition. In this way one can avoid the

intermediate step involving Feynman diagrams.

We stress that no truncation of the two-particle angular momenta is needed in any of the

derivations. The only approximation made is to drop terms that are exponentially suppressed

in the box size L.

Our main focus in this work is the presentation of a theoretical framework that will be

straightforward to generalize to all three-particle systems of interest, e.g. those involving

multiple three-particle channels, and “2 + 1” systems involving two identical particles plus a

third that is different (e.g. Nππ). The applications of the specific results we present here to

QCD are relatively limited. They require each particle to carry a different combination of

flavors in such a way that there is only one allowed three-particle state, e.g. the D+
s D

0π− and

D+
s D

0D+ systems. We do not discuss here the practical implementation of the new formal-

ism, which we expect to involve a straightforward generalization of previous implementations

of the RFT approach [1, 36, 39, 76, 86].

The derivation we present here is lengthy, and the logic and necessity of the various

steps may be difficult to follow. Thus we provide, in a brief first section, a road map to the

derivation, which also serves to present the organization of the paper. We only note here

that conclusions and directions for future work are presented in Sec. 8.6.
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4.2 Summary of the steps of the derivation

Here we provide a summary of the approach that we follow in this work, which also serves

to provide a “recipe” for future generalizations.

1. Choose the desired three-particle state of interest, e.g. 3π+, D+
s D

0π−, K+π+π0, . . . .

Consider a finite-volume correlator C3,L(E,P) with operators coupling to this state,

restricting the overall 4-momentum P µ = (E,P) so that only said state is kinematically

allowed to go on shell. This is discussed in Sec. 4.3.

2. Working in a generic relativistic effective field theory describing the interactions of the

particles under consideration, express C3,L as an infinite sum of diagrams in TOPT.

Organize them by number of “relevant” cuts—sections consisting of the three-particle

state of interest—while taking the infinite-volume limit of all sections involving “ir-

relevant” cuts. The result is a simple geometric series for the correlator involving

off-shell generalized infinite-volume kernels. Project the kernels on shell to rewrite C3,L

in terms of on-shell two and three-particle K-matrices, here K2 and K̂df,3, and known

finite-volume kinematic quantities associated with the relevant cuts.

These steps are presented here in Sec. 4.4, with some details relegated to Appendix C.1,

and are mostly a straightforward generalization of the analysis of BS1 for identical

particles.

3. At this point one obtains a quantization condition relating the finite-volume energy

spectrum to the K matrices, here given in Eq. (4.36). It will, however, involve a K

matrix that is asymmetric under particle interchange and is not Lorentz invariant.

4. A shortcut is now available, based on an assumption explained in Sec. 4.8.6. This uses

symmetrization identities, introduced in Sec. 4.8, to rewrite the quantization condition
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in terms of a symmetric, three-particle K matrix (denoted here K̃df,3). Here this form

of the quantization condition is given in Eq. (6.1). The K matrix obtained in this way

is also Lorentz invariant.

Two appendices fill in steps in the derivation of Sec. 4.8. Appendix B.3 derives the

symmetrization identities, while Appendix B.4 gives further details of the steps needed

to derive the quantization condition.

5. The K matrices can be related to the physical scattering amplitudesM2 andM3 via

nested integral equations. How this is done is explained in detail for the asymmetric,

non-Lorentz-invariant K matrix K̂df,3 in Sec. 4.5. For the final form of the quantization

condition the integral equations are sketched briefly in Sec. 4.8.5.

Although the assumption mentioned in step 4 is plausible, it has not been demonstrated.

An alternative approach to obtain the final quantization condition without assumptions

replaces TOPT with a method using Feynman diagrams. While more complicated than

the TOPT approach, it is simpler and more explicit than the original method of Ref. [28].

This new method is presented in Sec. 4.6 and mirrors steps 2-5 of the TOPT recipe, with

details of the derivation given in the associated Appendix B.2. It involves an asymmetric

but Lorentz-invariant K matrix, here K̂′df,3, and leads to an intermediate, asymmetric form of

the quantization condition, here Eq. (7.33). This is then converted into the symmetric form

using the same symmetrization identities as for the TOPT result, as explained in Sec. 4.8.

Both K̂′df,3 and its symmetrized version can be related to the physical amplitude M3 via

integral equations, as shown in Secs. 4.7 and 4.8.5, respectively.

4.3 Setup and overview

For the derivations presented below we work in the following theoretical setup. Our theory

has three real scalar fields, φi, i = 1, 2, 3, with the Lagrangian having the most general
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Lorentz-invariant form that is symmetric under φi → −φi for each field separately. We

describe the fields as having different “flavors,” although the associated symmetry is Z2

rather than the usual U(1). We label the physical masses of the particles mi, and assume,

without loss of generality, the ordering m1 ≤ m2 ≤ m3. We determine the quantization

condition from the poles in the correlator

C3,L(E,P) ≡
∫
L
d4x ei(Ex

0−P·x)〈0|Tσ123(x)σ†123(0)|0〉 , (4.1)

where σ†123 ∼ φ1φ2φ3 is an operator that creates states having an odd number of each of the

flavors. We do not need to specify the spatial form of the operator, except to note that we

allow the three fields to be spatially separated in such a way that no rotational quantum

numbers are excluded. The theory lives in a cubic spatial box of length L, as indicated by

the subscript on the integral sign, and periodic boundary conditions are assumed. The total

four-momentum flowing through the correlator is (E,P), with P lying in the finite-volume

set, P ∈ (2π/L)Z3. In the overall center of mass frame (CMF), the energy is E∗ =
√
E2 −P2.

To ensure that the only intermediate states that can go completely on shell are those

consisting of exactly three particles (one of each flavor), we impose the following restriction:

0 < E∗ < 3m1 +m2 +m3 . (4.2)

Here we are using the mass ordering assumed above, such that the lowest-energy on-shell five-

particle state involves the addition of two particles of flavor 1. Because of the Z3
2 symmetry,

there are no possible single-particle intermediate states, so the lower bound on E∗ is lower

than in the identical-particle case (where m < E∗ < 5m).

In the first derivation below, we follow the same strategy as in BS1. We begin by consid-

ering all Feynman diagrams contributing to C3,L and then, after an initial analysis dealing

with self-energy diagrams (discussed in Appendix A of BS1 and carrying over essentially

unchanged to the present analysis), convert to time-ordered diagrams. The rules for such

diagrams are summarized in Sec. IIA of BS1. We only note here that the factor associated
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with a propagator of flavor i and momentum pi is 1/(2ωpi), where ωpi =
√

p2
i +m2

i , with mi

the physical (not bare) mass.

Given the kinematic restriction (4.2), the only singular behavior in TOPT diagrams

arises from energy denominators for intermediate states (“cuts”) containing three particles,

and thus having the form 1/(E − ωp1 − ωp2 − ωp3). We refer to these intermediate states

as “relevant cuts.” All other (“irrelevant”) cuts lead to sums over internal momenta (which

lie in the finite-volume set) with nonsingular summands, which can therefore be replaced

by integrals, up to exponentially suppressed corrections, which are typically of the form

∼ exp(−miL). We assume throughout this work that such corrections can be neglected.

In the second derivation below, we work entirely with Feynman diagrams. As in Ref. [28],

we do begin by using TOPT to justify that power-law volume effects come only from three-

particle intermediate states, but the actual analysis does not use TOPT.

We close this overview by discussing the generality of the results that we derive. The

consideration of a theory with a Z3
2 symmetry is convenient—reducing the number of dia-

grams that contribute to the skeleton expansion of the correlator C3,L—but not necessary.

Once the dust of the derivations has settled, it becomes clear that the only necessary crite-

rion is for there to be a range of E∗ in which the only allowed on-shell intermediate state

consists of one of each flavor of particle. Thus, for example, the derivation applies also

to the DsD0π− system, since the quark compositions, (cs̄)(cū)(dū), constrain the flavor

such that there are no other intermediate states until one reaches the D0D0K0 threshold.

Our formalism is valid in this case for 0 < E∗ < 2M(D0) + M(K0) = 4224 MeV. In

practice, of course, aside from the possibility of bound states, the lower limit of interest

is E∗ ≈ M(Ds) + M(D0) + M(π−) = 3973 MeV, so there is a small kinematic range of

applicability. Other similar examples are discussed in the conclusions.
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Figure 4.1: Example of a contribution to the correlator C3,L in TOPT, illustrating the
segments that appear. The solid (red) vertical lines indicate relevant (three-particle) cuts,
which are associated with factors of D. Time runs from right to left. Cuts that cannot
go on shell are indicated by the (magenta) integral signs. The three flavors are denoted,
respectively, by (black) solid lines, (green) dotted lines, and (orange) dashed lines. We note
that all vertices, which arise from the generic EFT, contain an even number of each flavor of
particle. We also stress that vertices are allowed to lie outside of the time interval bracketed
by σ123(t) and σ†123(0), an example being the six-point vertex at the left of the diagram.

4.4 Derivation of quantization condition using TOPT

In this section we derive the three-particle quantization condition for nondegenerate scalars

using the TOPT-based approach of BS1.

An example of the TOPT diagrams contributing to C3,L is shown in Fig. 4.1. As in

BS1, we can divide the diagrams into segments separated by relevant cuts. A simplification

compared to BS1 is that we do not need to keep track of symmetry or relabeling factors.
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The four types of segment that appear (all illustrated in the figure) are:4

left endcap: A′({p}) ,

right endcap: A({k}) ,

3PIs kernel: iB3({p}; {k}) ,

2PIs kernels: iB(i)
2,L({p}; {k}) = 2ωpiL3δpikiiB

(i)
2 (pj,pk; kj,kk) .

(4.3)

Here we are using the notation

{p} ≡ {p1,p2,p3} , {k} ≡ {k1,k2,k3} , etc. (4.4)

for sets of three spatial momenta. The subscript on each momentum indicates the flavor

of the particle, as do the superscripts on B(i)
2,L and B(i)

2 . Where we use the triplet of flavor

labels, i, j, and k, they are assumed to be in cyclic order. The quantities A′, A, B3, and

B2 can all be evaluated in infinite volume, i.e. with momentum sums replaced by integrals.

Since, by construction, B3 has no three-particle cuts, it is three-particle irreducible in the

s channel (3PIs). Similarly, the two-to-two kernels B(i)
2 are 2PIs. Finally, we note that all

kernels depend implicitly on the input energy E.

There are several changes in these kernels compared to those needed for identical particles

in BS1. First, there are three types of two-particle kernels, B(i)
2,L, corresponding to the three

choices of flavor i of the spectator particle. Second, the kernel B3 is defined here without any

overall factor, whereas the quantity of the same name in BS1 (but which applies to identical

particles) is defined to include a factor of 1/9. Third, the endcaps A′ and A here have no

overall factor, while in BS1 the corresponding quantities (denoted Â′ and Â) include a factor

of 1/3. Finally, we use a redundant labeling for the allowed discrete choices of momenta,

listing all three, as in Eq. (4.4), although they are constrained to sum to P. This is a

notational convenience, and avoids picking out arbitrarily one of the momenta. Although the

4We make one notational change compared to BS1, namely removing the hats on A′ and A. This allows
us to reintroduce hats below as a notation for the matrix forms of the various kernels.
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kernels are infinite-volume quantities, defined for all external momenta, within the correlator

the momenta are in the finite-volume set. Thus we treat the sets {p}, {k}, etc. as matrix

indices, with A′ a row vector, B(i)
2,L and B3 matrices, and A a column vector. In the following,

these indices are implicitly summed, subject to the above-mentioned constraint.

The correlator can be written as a sum over terms containing different numbers of relevant

cuts. Between each cut one can have either the kernel B3 or one of the B(i)
2,L. This leads

immediately to the geometric series

C3,L = C
(0)
3,L + A′iD

∞∑
n=0

[
(iB(1)

2,L + iB(2)
2,L + iB(3)

2,L + iB3)iD
]n
A (4.5)

= C
(0)
3,∞ + A′iD

1
1− (iB(1)

2,L + iB(2)
2,L + iB(3)

2,L + iB3)iD
A . (4.6)

Here C(0)
3,L is the contribution with no relevant cuts, which can be converted into an infinite-

volume quantity up to exponentially-suppressed corrections. The matrix D is associated

with relevant cuts and is given by

D({p}; {k}) = 1p,k
1
L6

1
8ωp1ωp2ωp3

1
E − ωp1 − ωp2 − ωp3

, (4.7)

where

1p,k ≡ δp1k1δp2k2δp3k3 . (4.8)

The third Kronecker delta is redundant and could be dropped—we include it to emphasize

the symmetry of the expression. The simplicity of the result in Eq. (4.5) shows the advantage

of the TOPT approach.

At this stage, the TOPT kernels are, in general, off shell, i.e. E 6= ωp1 + ωp2 + ωp3 for

each intermediate cut. The next step is to include an on-shell projection. The procedure

for doing so in the degenerate case is described in detail in BS1, following the analysis of

Ref. [28]. The only changes needed here are kinematical, and are explained below. The

nature of the on-shell projection depends on the form of the kernels adjacent to factors of D.
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In particular, between two-particle kernels with the same spectator flavor, i.e. B(i)
2,LDB

(i)
2,L, are

relevant cuts with a common spectator particle5 (“F cuts”), while if the flavors differ, as in

B(1)
2,LDB

(2)
2,L, the relevant cuts all have the spectator particle switch between the kernels (“G

cuts”). Between two- and three-particle kernels, or between a pair of three-particle kernels,

one can use either type of cut, or a linear combination thereof, and we use this freedom to

give a compact expression for subsequent results. In particular, we find it convenient to add

an additional layer of matrix indices, corresponding to the flavor of the spectator particle.

This allows us to rewrite Eq. (4.6) as

C3,L − C(0)
3,∞ = Â′iD̂

1
1− iB̂iD̂

Â , (4.9)

where

Â′ ≡ A′

3 〈1| , (4.10)

Â ≡ A

3 |1〉 , (4.11)

B̂ ≡ B̂2,L + |1〉 B3

9 〈1| , (4.12)

D̂ ≡ |1〉D 〈1| , (4.13)

with

B̂2,L ≡ diag(B(1)
2,L, B

(2)
2,L, B

(3)
2,L) , (4.14)

and the (unnormalized) vector 〈1| given by

〈1| ≡ (1, 1, 1) , |1〉 ≡ 〈1|T . (4.15)

We stress that all quantities still have implicit momentum indices as well as the explicit

flavor indices.

5Note that there are no diagrams in B(i)
2,LDB

(i)
2,L where the spectator particle switches between the kernels,

as this would require two of the three particles in the relevant cut to have the same flavor i.
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The extra flavor matrix structure allows us to implement different cuts depending on the

nature of the adjacent kernels. Specifically, on-shell projection is effected by rewriting D̂ as

D̂ = F̂G + δ̂FG , (4.16)

F̂G =


F̃ (1) G̃(12)PL PLG̃

(13)

PLG̃
(21) F̃ (2) G̃(23)PL

G̃(31)PL PLG̃
(32) F̃ (3)

 , (4.17)

δ̂FG =


Ĩ

(1)
F δG̃(12) δG̃(13)

δG̃(21) Ĩ
(2)
F δG̃(23)

δG̃(31) δG̃(32) Ĩ
(3)
F

 , (4.18)

where the objects in F̂G project adjacent kernels on shell, while those in δ̂FG are integral op-

erators that sew together adjacent kernels into new infinite-volume quantities. The notation

for these objects is the same as in BS1, except that here there are superscripts indicating

the flavors of the spectator particles. In particular,

[
F̃ (i)

]
pi`′m′;ki`m

= δpiki
H(i)(pi)
2ωpiL3

 1
L3

UV∑
pj
− PV

∫ UV d3pj
(2π)3

Y`′m′(p∗(pi)j )
q∗`

′
2,pi

(4.19)

× 1
4ωpjωpk(E − ωp1 − ωp2 − ωp3)

Y`m(p∗(pi)j )
q∗`2,pi


is a generalized Lüscher zeta function, and

[
G̃(ij)

]
pi`′m′;kj`m

= 1
2ωpiL3

Y`′m′(k∗(pi)j )
q∗`

′
2,pi

H(i)(pi)H(j)(kj)
b2
ij −m2

k

Y`m(p∗(kj)i )
q∗`2,kj

1
2ωkjL3 (4.20)

is a generalized switch factor,6 with the four-vector bij given by

bij = (E − ωpi − ωkj ,P− pi − kj) . (4.21)

6Here we are using the relativistic form of the energy denominator, which is an allowed choice, as
explained in BS1, and is needed when we construct the fully Lorentz-invariant form of three-particle K
matrix below. For F̃ (i) we keep the nonrelativistic form of the denominator for notational brevity; the
change to the relativistic form only changes F̃ (i) by exponentially suppressed contributions.
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The parity operators are a new feature here and are given by

[PL]pi`′m′;ki`m = δpi`′m′;ki`m(−1)` . (4.22)

The integral operators Ĩ(i)
F and δG̃(ij) are then defined by the difference D̂− F̂G, and explicit

forms are not needed. The discussion of their general properties in BS1 remains valid here,

and we do not repeat it.

We now explain the notation in Eqs. (C.9) and (C.10). We begin with the matrix indices

on both F̃ (i) and G̃(ij), which are of similar form to those used in all previous RFT quantiza-

tion conditions. A key property of F̃ (i) and G̃(ij) is that they project adjacent kernels—here

the elements of B̂, Â′, and Â—on shell. This projection changes the matrix indices from {k}

to {ki`m}, with the latter denoting an on-shell, three-particle state. The new feature for

nondegenerate particles is that there are three choices of indices, labeled by i = 1−3. Here i

is the flavor of the particle chosen as the “spectator,” and ki is shorthand for its momentum,

ki, which is drawn from the finite-volume set. The remaining two (“nonspectator”) particles,

whose flavors are denoted j and k, are then boosted to their center-of-mass frame (CMF), in

which the kernel is decomposed into spherical harmonics. Denoting a generic on-shell kernel

by X({k})—this could, for example, be B3({p}; {k}), with the {p} index left implicit, and

with {k} restricted so that the three particles are on shell for the given E and P—this

decomposition is

X({k}) =
∑
`m

X({k})ki`m
√

4πY`m(k̂∗(ki)j ) . (4.23)

Here k̂∗(ki)j is the unit vector in the direction of k∗(ki)j , which itself is the spatial part of the

four-vector obtained by boosting (ωkj ,kj) into the CMF of the nonspectator pair. Details

of the boost are discussed in Appendix C.1; we stress that, for an on-shell quantity, the

two boosts discussed there are equivalent. In Eq. (4.23), we must specify which flavor from

the pair is used to define the harmonic decomposition. This is because k∗(ki)j = −k∗(ki)k ,
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implying that Y`m(k̂∗(ki)j ) = (−1)`Y`m(k̂∗(ki)k ). Since both even and odd waves are present

for nondegenerate particles, the decompositions with respect to flavors j and k differ. Our

convention for the decomposition of kernels is that it is done relative to the direction of the

particle whose flavor follows cyclically after that of the spectator.

Returning to the definition of F̃ (i), Eq. (C.9), we note that the spectator flavor is chosen

to be i for both incoming (right-hand) and outgoing (left-hand) indices. We follow the

convention just described in choosing the flavor used for spherical harmonic decompositions,

namely that j follows cyclically after i. Note that, even though pj is a dummy variable,

this choice has content because it specifies which mass to use when calculating ωpj . The

third momentum, needed to determine ωpk , is then given by pk = P−pi−pj. The boosted

momentum p∗(pi)j is defined in the same way as k∗(ki)j . Here the three particles are in general

off shell, so that the two boosts discussed in Appendix C.1 differ. However, as discussed

in BS1, the difference leads only to exponentially suppressed shifts in F̃ (i). The harmonic

polynomials are defined by

Y`m(a) =
√

4πY`m(â)|a|` , (4.24)

with the spherical harmonics chosen to be in the real basis. The quantity q∗2,pi is given by

4q∗22,pi =
λ(σi,m2

j ,m
2
k)

σi
, (4.25)

σi = (E − ωpi)2 − (P− pi)2 , (4.26)

where λ(a, b, c) = a2 + b2 + c2− 2ab− 2ac− 2bc is the standard triangle function. q∗2,pi is the

magnitude of the spatial momenta of each of the interacting pair for fully on-shell kinematics,

i.e. if E = ∑
i ωpi . This requires that the momenta of the pair not lie in the finite-volume set.

The superscript UV on the sum and integral in F̃ (i) indicate an ultraviolet regularization,

the nature of which affects F̃ (i) only at the level of exponentially suppressed terms. The

sum over pj runs over the finite-volume set, while the integral is defined by the generalized
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principal-value (PV) pole prescription introduced in Ref. [36].

Turning now to G̃(ij), Eq. (C.10), here the incoming and outgoing spectator indices differ,

the former being j and the latter i. In this case the harmonic decompositions are done using

a different convention from that used above, so as to conform, in the degenerate limit, with

the definitions used in previous RFT works. On the outgoing side, with spectator flavor i,

the decomposition is done relative to the direction of the particle of flavor j in the pair CMF,

as indicated by the argument of Y`′m′ in Eq. (C.10) being k∗(pi)j . Similarly, with the incoming

flavor j, the decomposition is done relative to the direction of the particle of flavor i. In

one of these two cases, the ordering is not cyclic, and thus there is a mismatch between the

convention used for G̃(ij) and the adjacent kernels. The factors of PL correct this mismatch,

as described in more detail shortly. To define the arguments of the harmonic polynomials in

G̃(ij), we must, at this stage, use the Wu boost, which is one of the two boosts discussed in

Appendix C.1.

Both F̃ (i) and G̃(ij) contain the cutoff functions H(i)(pi). These are smooth functions

whose role is to cut off the sums over spectator momenta in the region where the three

particles lie far below threshold. They are generalizations to nondegenerate kinematics of the

cutoff function introduced for identical particles in Ref. [28], and their technical properties

are discussed in Appendix C.1. We stress two features of these functions. First, their

introduction (discussed in detail in BS1) is an intrinsic part of the derivation, and not an ad

hoc feature. Second, they introduce a scheme dependence into intermediate quantities that

appear in the quantization condition that is derived below, specifically intoK2 and K̂df,3. This

scheme dependence cancels, however, in the spectrum that is predicted by the quantization

condition, and in the relation of these intermediate quantities to the three-particle scattering

amplitude,M3.

There are two particularly notable features of these definitions in which they differ from

the forms used in BS1 and previous RFT works. The first is that F̃ (i) does not contain the
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symmetry factor 1/2! that is present in the quantity F̃ defined in BS1. This change arises

simply because we are considering nonidentical particles.

The second feature is the presence of the parity matrices PL. As indicated by Eq. (4.22),

these matrices are diagonal in the {ki`m} indices—with the flavor i determined by the posi-

tion in the flavor matrix—and simply give a minus sign for odd values of angular momentum.

As announced above, the factors PL are needed to account for mismatches in the momenta

used to decompose into spherical harmonics as part of the on-shell projection. We show how

this works by considering two examples. First, consider the following subsequence contained

in C3,L,

B(3)
2,LDB

(1)
2,LDB

(1)
2,LDB

(3)
2,L . (4.27)

Among the terms that arise after inserting the decomposition of Eq. (4.16) is

B(3)
2,LG̃

(31)PLB
(1)
2,LF̃

(1)B(1)
2,LPLG̃

(13)B(3)
2,L . (4.28)

The leftmost PL is needed because the leftmost B(1)
2,L is projected on shell on its left-hand

side using p3 to determine the harmonic decomposition (since this decomposition arises from

G̃(31)), while the right-hand projection is done using p2 for the harmonic decomposition (since

flavor 2 follows cyclically after flavor 1). The PL converts the left-hand decomposition into

that for flavor 2, so that both decompositions match. A mirrored explanation holds for the

right-hand factor of PL.

For the second example we begin with the subsequence
[
B̂D̂B̂ = B̂(F̂G + δ̂FG)B̂

]
ij
, (4.29)

and pick out the B3 parts of both B̂s and the F̂G part of D̂. Since B3 is distributed equally

among all elements of B̂, there are, for a given choice i and j, nine contributions to this

quantity, one from each of the elements of F̂G. We focus on the contribution containing
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G̃(12). This is given by

1
9 [B3];p1`′m′ G̃

(12)
p1`′m′;k2`m

(−1)` 1
9 [B3]k2`m; , (4.30)

where for the sake of clarity, we have shown only the “internal” indices of the B3s. What we

need to explain is why the factor of (−1)`, which arises from the PL on the right of G̃(12) in

D̂, is needed. To see this we note that, according to the definition of G̃(12) given above, the

decomposition into spherical harmonics with indices `m is done relative to the momentum

of the flavor 1 particle (with the flavor 2 being the spectator). By contrast, the harmonic

decomposition of the right-hand B3, which also has spectator flavor 2, is done relative to

the momentum of the particle of flavor 3 (using the cyclic convention). This mismatch is

corrected by the (−1)`. There is no such mismatch for the left-hand B3, since with a flavor

1 spectator, the harmonics `′m′ are defined relative to the flavor 2 momentum both in the

B3 and in G̃(12). All other factors of PL in F̂G can be understood in a similar fashion. This

example also affords an example of the difference between the TOPT approach of BS1 and

the original derivation of Ref. [28]. In the latter, the three-particle cut between two B3

kernels is expressed entirely in terms of F̃ , whereas in the TOPT approach there are both

F̃ and G̃ contributions. Both are legitimate expressions, but only the latter leads to simple

all-orders expressions for C3,L.

As a side note, we observe that the matrix F̂G is symmetric under the interchange of all

indices (i.e. flavor and {k`m}). This is because [G̃(ij)]Tr = [G̃(ji)], i.e.
[
G̃(ij)

]
pi`′m′;kj`m

=
[
G̃(ji)

]
kj`m;pi`′m′

, (4.31)

and because F̃ (i) is symmetric in its indices. Since D̂ is manifestly symmetric, this implies

that δ̂FG is symmetric. By construction, B̂ is also symmetric.

We now insert the decomposition of Eq. (4.16) into our result for the correlator, Eq. (4.9).
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After some rearrangement, this leads to

C3,L − C(0)
3,∞ = Â′F iF̂G

1
1− iK̂df,23,LiF̂G

ÂF , (4.32)

where the new endcaps are

ÂF = 1
1− iB̂ iδ̂FG

Â , (4.33)

Â′F = Â′
1

1− iδ̂FG iB̂
, (4.34)

while7

iK̂df,23,L = iB̂ 1
1− iδ̂FG iB̂

. (4.35)

Although these three definitions work both off and on shell, in Eq. (4.32) these quantities

always appear adjacent to factors of F̂G, and are thus always projected on shell. In the

following we consider only the on-shell forms.

From the result for the correlator, Eq. (4.32), we can read off the quantization condition

det
[
1 + K̂df,23,LF̂G

]
= 0 . (4.36)

This has a similar form to that for identical particles obtained in BS1, a similarity that is

made clearer if one replaces F̂G with the equivalent F̂ + Ĝ. Here, however, the determinant

runs over both the on-shell indices and the additional 3 flavor dimensions. It is important to

keep in mind that, in this expression, different decompositions of the on-shell momenta are

being used for the different indices of the matrices K̂df,23,L and F̂G. If the index is i, then the

momentum of the corresponding flavor is the spectator.8 We also note that, at this stage,

we can change the boost used in defining G̃(ij) to that used in Ref. [28] (referred to below as

7When evaluating the terms in the geometric series in Eq. (4.34) one must do the integrals associated
with the integral operators contained in δ̂FG. Those in Ĩ(i)

F involve a PV prescription, and must be done
first, leaving the integrals implicit in the δG̃(ij) for second. The latter do not require a pole prescription.

8This implies that, in general, the number of values of ki that lie below the cutoff depends on i.
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the HS boost), since this change can be absorbed by a shift in the integral operators δG̃(ij).

In order to make the content of the quantization condition clearer, it is useful to unpack

K̂df,23,L. As the name suggests,9 this contains both two- and three-particle K matrices—real

functions of the kinematic variables that are devoid of unitary cuts. The subscript “df”

stands for “divergence-free,” and indicates the absence of singularities related to exchanging

a particle between two pairs. This name is inherited from the Feynman-diagram approach

of Refs. [28, 29]; within the TOPT framework the absence of such divergences follows from

their factorization into F̂G. To pull out the part containing only two-particle K matrices, we

set B3 and the δG(ij) to zero, leaving

K̂df,23,L

∣∣∣∣∣
B3=δG(ij)=0

= diag
(
K(1)

2,L, K
(2)
2,L, K

(3)
2,L

)
≡ K̂2,L , (4.37)

where

iK(i)
2,L = iB(i)

2,L
1

1− iĨ(i)
F iB(i)

2,L

. (4.38)

As shown in Appendix B of BS1, K(i)
2,L can be written[

K(i)
2,L

]
pi`′m′;ki`m

= 2ωkiL3δpikiδ`′`δm′mK(i)
2,`(q∗2,ki) , (4.39)

where K(i)
2,` is the `th partial wave of the infinite-volume two-particle K matrix involving

scattering of flavors j and k. These K matrices depend on the details of the PV pole

prescription, as described explicitly in BS1. In general, all partial waves are nonzero, unlike

for identical particles, where only even waves are present.

The remainder of K̂df,23,L involves all three particles, either through alternating factors

of K(i)
2,L and δG(ij), or through factors of B3. We call it K̂df,3, and stress that all entries of

this flavor matrix are nonzero. An explicit expression can be given, but is not illuminating.

9In BS1, we added tildes to quantities that were composed of TOPT (rather than Feynman-diagram-
based) kernels, but here we drop the tildes to lighten the notation (given the presence of hats). Kernels
defined in terms of Feynman diagrams, to be discussed below, are denoted by primes.
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Thus we simply define it by

K̂df,23,L = K̂2,L + K̂df,3 . (4.40)

An important property of K̂df,3 is that, for all of its elements, one can take the L → ∞

limit, up to exponentially suppressed corrections. As explained in BS1, this holds only if

one chooses the PV scheme such that there are no poles in any of the K(i)
2,` in the kinematic

region of interest. This is possible with the generalized PV prescription of Ref. [36].10 We

also note that K̂df,3 is a symmetric matrix.

The elements of the matrix K̂df,3 have a similar status to the asymmetric quantity K̃(u,u)
df,3

entering the alternate form of the RFT quantization condition derived in BS1. It is for

this reason that we refer to K̂df,3 as an asymmetric (or, perhaps better, “unsymmetrized”)

K matrix, and the quantization condition itself as asymmetric. The nine flavor elements

of K̂df,3 are distinguished by the nature of the external two-particle interaction for both

initial and final states—the ij’th element has incoming spectator flavor j and outgoing

spectator flavor i.11 By contrast, the full three-particle scattering amplitudeM3, discussed

in the next section, is obtained by summing over all choices of initial and final spectators.

This raises the question of whether the quantization condition can be written in terms of a

similarly summed K matrix. This would be the analog of rewriting the alternate form of the

quantization condition in terms of a symmetrized K̃df,3, which is achieved in BS1, and leads

to the original form obtained in Ref. [28]. This is achieved below in Sec. 4.8.

10We note that the freedom to treat each value of ` differently in this prescription extends also to allowing
different prescriptions for each spectator flavor.
11Note that, because of the factor of B3/9 in the matrix B̂ [see Eq. (4.12)], the external TOPT kernel can
also be B3, which is symmetric.
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4.5 Relation of K̂df,3 to M3

All three-particle formalisms require a second step, in which the three-particle K matrix that

enters the quantization condition is related by integral equations to the physical three-particle

scattering amplitude M3. This is necessary because the intermediate K matrix, despite

being an infinite-volume quantity, is not physical, since it depends on the cutoff function

and PV prescription. In this section we derive the form of the integral equations, using

the method of Ref. [29]. This begins by considering the finite-volume scattering amplitude,

M3,L, expressing it in terms of K̂df,3, and taking an appropriate L → ∞ limit in order to

obtain an expression forM3.

As for K̂df,23,L, simpler expressions are obtained by using a combination of two- and

three-particle amplitudes, specifically

M23,L =M(1)
2,L +M(2)

2,L +M(3)
2,L +M3,L , (4.41)

whereM(i)
2,L corresponds to the scattering of flavors j and k with i spectating. It is given by

iM(i)
2,L = iK(i)

2,L
1

1− iF̃ (i)iK(i)
2,L

, (4.42)

which is the nondegenerate generalization of Eq. (B3) from BS1.

The diagrams contributing to the off-shellM23,L in TOPT are shown in Fig. 4.2 and lead

to

iMoff
23,L = i(B(1)

2,L + B(2)
2,L + B(3)

2,L + B3)
∞∑
n=0

[
iDi(B(1)

2,L + B(2)
2,L + B(3)

2,L + B3)
]n
. (4.43)

This can be written compactly in matrix notation

Moff
23,L = 〈1| M̂off

23,L |1〉 , (4.44)

with

iM̂off
23,L = iB̂ 1

1− iD̂iB̂
. (4.45)
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+

<latexit sha1_base64="nPF5bTufkjs0WtKzibFS6tGbtV4=">AAAB6HicbVDLSgNBEOyNUWN8RXP0MhgEQQi7Iqi3gBcPHhIwD9gsYXbSm4yZfTAzK4QQf8CLB0W8+jdevfk1OnkcNLGgoajqprvLTwRX2ra/rMxKdnVtPbeR39za3tkt7O03VJxKhnUWi1i2fKpQ8AjrmmuBrUQiDX2BTX9wNfGb9ygVj6NbPUzQC2kv4gFnVBupdtIplOyyPQVZJs6clCrFD/c723yodgqf7W7M0hAjzQRVynXsRHsjKjVnAsf5dqowoWxAe+gaGtEQlTeaHjomR0bpkiCWpiJNpurviRENlRqGvukMqe6rRW8i/ue5qQ4uvBGPklRjxGaLglQQHZPJ16TLJTIthoZQJrm5lbA+lZRpk03ehOAsvrxMGqdl56x8WTNp3MAMOTiAQzgGB86hAtdQhTowQHiEZ3ix7qwn69V6m7VmrPlMEf7Aev8B6oWQEA==</latexit>

+ . . .

<latexit sha1_base64="SpN4M4OK5Fbmu5jFA2CoIFy4H+w=">AAAB7nicbVC7SgNBFL3rM8bXqgiCzWAQBCHsiqB2AZuUEcwDkiXMTmaTIbMPZu4KYclH2FgooqW1pZ9h54fYO3kUmnhg4HDOPcy9x0+k0Og4X9bC4tLyympuLb++sbm1be/s1nScKsarLJaxavhUcykiXkWBkjcSxWnoS173+9cjv37HlRZxdIuDhHsh7UYiEIyikeqnpNWJUbftglN0xiDzxJ2SQsn+/ng/2H+ttO1Pk2NpyCNkkmrddJ0EvYwqFEzyYb6Vap5Q1qdd3jQ0oiHXXjZed0iOjdIhQazMi5CM1d+JjIZaD0LfTIYUe3rWG4n/ec0Ug0svE1GSIo/Y5KMglQRjMrqddITiDOXAEMqUMLsS1qOKMjQN5U0J7uzJ86R2VnTPi1c3po0yTJCDQziCE3DhAkpQhgpUgUEf7uERnqzEerCerZfJ6II1zezBH1hvP2Zakq0=</latexit>

+

<latexit sha1_base64="nPF5bTufkjs0WtKzibFS6tGbtV4=">AAAB6HicbVDLSgNBEOyNUWN8RXP0MhgEQQi7Iqi3gBcPHhIwD9gsYXbSm4yZfTAzK4QQf8CLB0W8+jdevfk1OnkcNLGgoajqprvLTwRX2ra/rMxKdnVtPbeR39za3tkt7O03VJxKhnUWi1i2fKpQ8AjrmmuBrUQiDX2BTX9wNfGb9ygVj6NbPUzQC2kv4gFnVBupdtIplOyyPQVZJs6clCrFD/c723yodgqf7W7M0hAjzQRVynXsRHsjKjVnAsf5dqowoWxAe+gaGtEQlTeaHjomR0bpkiCWpiJNpurviRENlRqGvukMqe6rRW8i/ue5qQ4uvBGPklRjxGaLglQQHZPJ16TLJTIthoZQJrm5lbA+lZRpk03ehOAsvrxMGqdl56x8WTNp3MAMOTiAQzgGB86hAtdQhTowQHiEZ3ix7qwn69V6m7VmrPlMEf7Aev8B6oWQEA==</latexit>

+

<latexit sha1_base64="nPF5bTufkjs0WtKzibFS6tGbtV4=">AAAB6HicbVDLSgNBEOyNUWN8RXP0MhgEQQi7Iqi3gBcPHhIwD9gsYXbSm4yZfTAzK4QQf8CLB0W8+jdevfk1OnkcNLGgoajqprvLTwRX2ra/rMxKdnVtPbeR39za3tkt7O03VJxKhnUWi1i2fKpQ8AjrmmuBrUQiDX2BTX9wNfGb9ygVj6NbPUzQC2kv4gFnVBupdtIplOyyPQVZJs6clCrFD/c723yodgqf7W7M0hAjzQRVynXsRHsjKjVnAsf5dqowoWxAe+gaGtEQlTeaHjomR0bpkiCWpiJNpurviRENlRqGvukMqe6rRW8i/ue5qQ4uvBGPklRjxGaLglQQHZPJ16TLJTIthoZQJrm5lbA+lZRpk03ehOAsvrxMGqdl56x8WTNp3MAMOTiAQzgGB86hAtdQhTowQHiEZ3ix7qwn69V6m7VmrPlMEf7Aev8B6oWQEA==</latexit>

+

<latexit sha1_base64="nPF5bTufkjs0WtKzibFS6tGbtV4=">AAAB6HicbVDLSgNBEOyNUWN8RXP0MhgEQQi7Iqi3gBcPHhIwD9gsYXbSm4yZfTAzK4QQf8CLB0W8+jdevfk1OnkcNLGgoajqprvLTwRX2ra/rMxKdnVtPbeR39za3tkt7O03VJxKhnUWi1i2fKpQ8AjrmmuBrUQiDX2BTX9wNfGb9ygVj6NbPUzQC2kv4gFnVBupdtIplOyyPQVZJs6clCrFD/c723yodgqf7W7M0hAjzQRVynXsRHsjKjVnAsf5dqowoWxAe+gaGtEQlTeaHjomR0bpkiCWpiJNpurviRENlRqGvukMqe6rRW8i/ue5qQ4uvBGPklRjxGaLglQQHZPJ16TLJTIthoZQJrm5lbA+lZRpk03ehOAsvrxMGqdl56x8WTNp3MAMOTiAQzgGB86hAtdQhTowQHiEZ3ix7qwn69V6m7VmrPlMEf7Aev8B6oWQEA==</latexit>

+

<latexit sha1_base64="nPF5bTufkjs0WtKzibFS6tGbtV4=">AAAB6HicbVDLSgNBEOyNUWN8RXP0MhgEQQi7Iqi3gBcPHhIwD9gsYXbSm4yZfTAzK4QQf8CLB0W8+jdevfk1OnkcNLGgoajqprvLTwRX2ra/rMxKdnVtPbeR39za3tkt7O03VJxKhnUWi1i2fKpQ8AjrmmuBrUQiDX2BTX9wNfGb9ygVj6NbPUzQC2kv4gFnVBupdtIplOyyPQVZJs6clCrFD/c723yodgqf7W7M0hAjzQRVynXsRHsjKjVnAsf5dqowoWxAe+gaGtEQlTeaHjomR0bpkiCWpiJNpurviRENlRqGvukMqe6rRW8i/ue5qQ4uvBGPklRjxGaLglQQHZPJ16TLJTIthoZQJrm5lbA+lZRpk03ehOAsvrxMGqdl56x8WTNp3MAMOTiAQzgGB86hAtdQhTowQHiEZ3ix7qwn69V6m7VmrPlMEf7Aev8B6oWQEA==</latexit>

+

<latexit sha1_base64="nPF5bTufkjs0WtKzibFS6tGbtV4=">AAAB6HicbVDLSgNBEOyNUWN8RXP0MhgEQQi7Iqi3gBcPHhIwD9gsYXbSm4yZfTAzK4QQf8CLB0W8+jdevfk1OnkcNLGgoajqprvLTwRX2ra/rMxKdnVtPbeR39za3tkt7O03VJxKhnUWi1i2fKpQ8AjrmmuBrUQiDX2BTX9wNfGb9ygVj6NbPUzQC2kv4gFnVBupdtIplOyyPQVZJs6clCrFD/c723yodgqf7W7M0hAjzQRVynXsRHsjKjVnAsf5dqowoWxAe+gaGtEQlTeaHjomR0bpkiCWpiJNpurviRENlRqGvukMqe6rRW8i/ue5qQ4uvBGPklRjxGaLglQQHZPJ16TLJTIthoZQJrm5lbA+lZRpk03ehOAsvrxMGqdl56x8WTNp3MAMOTiAQzgGB86hAtdQhTowQHiEZ3ix7qwn69V6m7VmrPlMEf7Aev8B6oWQEA==</latexit>

+

<latexit sha1_base64="nPF5bTufkjs0WtKzibFS6tGbtV4=">AAAB6HicbVDLSgNBEOyNUWN8RXP0MhgEQQi7Iqi3gBcPHhIwD9gsYXbSm4yZfTAzK4QQf8CLB0W8+jdevfk1OnkcNLGgoajqprvLTwRX2ra/rMxKdnVtPbeR39za3tkt7O03VJxKhnUWi1i2fKpQ8AjrmmuBrUQiDX2BTX9wNfGb9ygVj6NbPUzQC2kv4gFnVBupdtIplOyyPQVZJs6clCrFD/c723yodgqf7W7M0hAjzQRVynXsRHsjKjVnAsf5dqowoWxAe+gaGtEQlTeaHjomR0bpkiCWpiJNpurviRENlRqGvukMqe6rRW8i/ue5qQ4uvBGPklRjxGaLglQQHZPJ16TLJTIthoZQJrm5lbA+lZRpk03ehOAsvrxMGqdl56x8WTNp3MAMOTiAQzgGB86hAtdQhTowQHiEZ3ix7qwn69V6m7VmrPlMEf7Aev8B6oWQEA==</latexit>

+

<latexit sha1_base64="nPF5bTufkjs0WtKzibFS6tGbtV4=">AAAB6HicbVDLSgNBEOyNUWN8RXP0MhgEQQi7Iqi3gBcPHhIwD9gsYXbSm4yZfTAzK4QQf8CLB0W8+jdevfk1OnkcNLGgoajqprvLTwRX2ra/rMxKdnVtPbeR39za3tkt7O03VJxKhnUWi1i2fKpQ8AjrmmuBrUQiDX2BTX9wNfGb9ygVj6NbPUzQC2kv4gFnVBupdtIplOyyPQVZJs6clCrFD/c723yodgqf7W7M0hAjzQRVynXsRHsjKjVnAsf5dqowoWxAe+gaGtEQlTeaHjomR0bpkiCWpiJNpurviRENlRqGvukMqe6rRW8i/ue5qQ4uvBGPklRjxGaLglQQHZPJ16TLJTIthoZQJrm5lbA+lZRpk03ehOAsvrxMGqdl56x8WTNp3MAMOTiAQzgGB86hAtdQhTowQHiEZ3ix7qwn69V6m7VmrPlMEf7Aev8B6oWQEA==</latexit>

+

<latexit sha1_base64="nPF5bTufkjs0WtKzibFS6tGbtV4=">AAAB6HicbVDLSgNBEOyNUWN8RXP0MhgEQQi7Iqi3gBcPHhIwD9gsYXbSm4yZfTAzK4QQf8CLB0W8+jdevfk1OnkcNLGgoajqprvLTwRX2ra/rMxKdnVtPbeR39za3tkt7O03VJxKhnUWi1i2fKpQ8AjrmmuBrUQiDX2BTX9wNfGb9ygVj6NbPUzQC2kv4gFnVBupdtIplOyyPQVZJs6clCrFD/c723yodgqf7W7M0hAjzQRVynXsRHsjKjVnAsf5dqowoWxAe+gaGtEQlTeaHjomR0bpkiCWpiJNpurviRENlRqGvukMqe6rRW8i/ue5qQ4uvBGPklRjxGaLglQQHZPJ16TLJTIthoZQJrm5lbA+lZRpk03ehOAsvrxMGqdl56x8WTNp3MAMOTiAQzgGB86hAtdQhTowQHiEZ3ix7qwn69V6m7VmrPlMEf7Aev8B6oWQEA==</latexit>

B3

<latexit sha1_base64="scIbnI/wC1qj5GblyPmkvkREbFU=">AAAB+3icbVDLSsNAFJ3UV62vWJeCjBbBVUlUUHdFNy5cVLAPaEKYTCft0MkkzEzEEPIrblwo4tafcOnOX/ArnLRdaOuBgcM593LPHD9mVCrL+jJKC4tLyyvl1cra+sbmlrldbcsoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH10VfueeCEkjfqfSmLghGnAaUIyUljyzWsmcEKkhRgxe5l52kkPPrFl1aww4T+wpqTX2nb108PHd9MxPpx/hJCRcYYak7NlWrNwMCUUxI3nFSSSJER6hAelpylFIpJuNs+fwUCt9GERCP67gWP29kaFQyjT09WSRU856hfif10tUcO5mlMeJIhxPDgUJgyqCRRGwTwXBiqWaICyozgrxEAmEla6rokuwZ788T9rHdfu0fnGr27gBE5TBLjgAR8AGZ6ABrkETtAAGD+ARPIMXIzeejFfjbTJaMqY7O+APjPcfctWXJA==</latexit>

B3

<latexit sha1_base64="scIbnI/wC1qj5GblyPmkvkREbFU=">AAAB+3icbVDLSsNAFJ3UV62vWJeCjBbBVUlUUHdFNy5cVLAPaEKYTCft0MkkzEzEEPIrblwo4tafcOnOX/ArnLRdaOuBgcM593LPHD9mVCrL+jJKC4tLyyvl1cra+sbmlrldbcsoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH10VfueeCEkjfqfSmLghGnAaUIyUljyzWsmcEKkhRgxe5l52kkPPrFl1aww4T+wpqTX2nb108PHd9MxPpx/hJCRcYYak7NlWrNwMCUUxI3nFSSSJER6hAelpylFIpJuNs+fwUCt9GERCP67gWP29kaFQyjT09WSRU856hfif10tUcO5mlMeJIhxPDgUJgyqCRRGwTwXBiqWaICyozgrxEAmEla6rokuwZ788T9rHdfu0fnGr27gBE5TBLjgAR8AGZ6ABrkETtAAGD+ARPIMXIzeejFfjbTJaMqY7O+APjPcfctWXJA==</latexit>

B3

<latexit sha1_base64="scIbnI/wC1qj5GblyPmkvkREbFU=">AAAB+3icbVDLSsNAFJ3UV62vWJeCjBbBVUlUUHdFNy5cVLAPaEKYTCft0MkkzEzEEPIrblwo4tafcOnOX/ArnLRdaOuBgcM593LPHD9mVCrL+jJKC4tLyyvl1cra+sbmlrldbcsoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH10VfueeCEkjfqfSmLghGnAaUIyUljyzWsmcEKkhRgxe5l52kkPPrFl1aww4T+wpqTX2nb108PHd9MxPpx/hJCRcYYak7NlWrNwMCUUxI3nFSSSJER6hAelpylFIpJuNs+fwUCt9GERCP67gWP29kaFQyjT09WSRU856hfif10tUcO5mlMeJIhxPDgUJgyqCRRGwTwXBiqWaICyozgrxEAmEla6rokuwZ788T9rHdfu0fnGr27gBE5TBLjgAR8AGZ6ABrkETtAAGD+ARPIMXIzeejFfjbTJaMqY7O+APjPcfctWXJA==</latexit>

B3

<latexit sha1_base64="scIbnI/wC1qj5GblyPmkvkREbFU=">AAAB+3icbVDLSsNAFJ3UV62vWJeCjBbBVUlUUHdFNy5cVLAPaEKYTCft0MkkzEzEEPIrblwo4tafcOnOX/ArnLRdaOuBgcM593LPHD9mVCrL+jJKC4tLyyvl1cra+sbmlrldbcsoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH10VfueeCEkjfqfSmLghGnAaUIyUljyzWsmcEKkhRgxe5l52kkPPrFl1aww4T+wpqTX2nb108PHd9MxPpx/hJCRcYYak7NlWrNwMCUUxI3nFSSSJER6hAelpylFIpJuNs+fwUCt9GERCP67gWP29kaFQyjT09WSRU856hfif10tUcO5mlMeJIhxPDgUJgyqCRRGwTwXBiqWaICyozgrxEAmEla6rokuwZ788T9rHdfu0fnGr27gBE5TBLjgAR8AGZ6ABrkETtAAGD+ARPIMXIzeejFfjbTJaMqY7O+APjPcfctWXJA==</latexit>

B3

<latexit sha1_base64="scIbnI/wC1qj5GblyPmkvkREbFU=">AAAB+3icbVDLSsNAFJ3UV62vWJeCjBbBVUlUUHdFNy5cVLAPaEKYTCft0MkkzEzEEPIrblwo4tafcOnOX/ArnLRdaOuBgcM593LPHD9mVCrL+jJKC4tLyyvl1cra+sbmlrldbcsoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH10VfueeCEkjfqfSmLghGnAaUIyUljyzWsmcEKkhRgxe5l52kkPPrFl1aww4T+wpqTX2nb108PHd9MxPpx/hJCRcYYak7NlWrNwMCUUxI3nFSSSJER6hAelpylFIpJuNs+fwUCt9GERCP67gWP29kaFQyjT09WSRU856hfif10tUcO5mlMeJIhxPDgUJgyqCRRGwTwXBiqWaICyozgrxEAmEla6rokuwZ788T9rHdfu0fnGr27gBE5TBLjgAR8AGZ6ABrkETtAAGD+ARPIMXIzeejFfjbTJaMqY7O+APjPcfctWXJA==</latexit>

B3

<latexit sha1_base64="scIbnI/wC1qj5GblyPmkvkREbFU=">AAAB+3icbVDLSsNAFJ3UV62vWJeCjBbBVUlUUHdFNy5cVLAPaEKYTCft0MkkzEzEEPIrblwo4tafcOnOX/ArnLRdaOuBgcM593LPHD9mVCrL+jJKC4tLyyvl1cra+sbmlrldbcsoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH10VfueeCEkjfqfSmLghGnAaUIyUljyzWsmcEKkhRgxe5l52kkPPrFl1aww4T+wpqTX2nb108PHd9MxPpx/hJCRcYYak7NlWrNwMCUUxI3nFSSSJER6hAelpylFIpJuNs+fwUCt9GERCP67gWP29kaFQyjT09WSRU856hfif10tUcO5mlMeJIhxPDgUJgyqCRRGwTwXBiqWaICyozgrxEAmEla6rokuwZ788T9rHdfu0fnGr27gBE5TBLjgAR8AGZ6ABrkETtAAGD+ARPIMXIzeejFfjbTJaMqY7O+APjPcfctWXJA==</latexit>

B3

<latexit sha1_base64="scIbnI/wC1qj5GblyPmkvkREbFU=">AAAB+3icbVDLSsNAFJ3UV62vWJeCjBbBVUlUUHdFNy5cVLAPaEKYTCft0MkkzEzEEPIrblwo4tafcOnOX/ArnLRdaOuBgcM593LPHD9mVCrL+jJKC4tLyyvl1cra+sbmlrldbcsoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH10VfueeCEkjfqfSmLghGnAaUIyUljyzWsmcEKkhRgxe5l52kkPPrFl1aww4T+wpqTX2nb108PHd9MxPpx/hJCRcYYak7NlWrNwMCUUxI3nFSSSJER6hAelpylFIpJuNs+fwUCt9GERCP67gWP29kaFQyjT09WSRU856hfif10tUcO5mlMeJIhxPDgUJgyqCRRGwTwXBiqWaICyozgrxEAmEla6rokuwZ788T9rHdfu0fnGr27gBE5TBLjgAR8AGZ6ABrkETtAAGD+ARPIMXIzeejFfjbTJaMqY7O+APjPcfctWXJA==</latexit>

3

1
2 +

<latexit sha1_base64="nPF5bTufkjs0WtKzibFS6tGbtV4=">AAAB6HicbVDLSgNBEOyNUWN8RXP0MhgEQQi7Iqi3gBcPHhIwD9gsYXbSm4yZfTAzK4QQf8CLB0W8+jdevfk1OnkcNLGgoajqprvLTwRX2ra/rMxKdnVtPbeR39za3tkt7O03VJxKhnUWi1i2fKpQ8AjrmmuBrUQiDX2BTX9wNfGb9ygVj6NbPUzQC2kv4gFnVBupdtIplOyyPQVZJs6clCrFD/c723yodgqf7W7M0hAjzQRVynXsRHsjKjVnAsf5dqowoWxAe+gaGtEQlTeaHjomR0bpkiCWpiJNpurviRENlRqGvukMqe6rRW8i/ue5qQ4uvBGPklRjxGaLglQQHZPJ16TLJTIthoZQJrm5lbA+lZRpk03ehOAsvrxMGqdl56x8WTNp3MAMOTiAQzgGB86hAtdQhTowQHiEZ3ix7qwn69V6m7VmrPlMEf7Aev8B6oWQEA==</latexit>

ś ś
+

<latexit sha1_base64="nPF5bTufkjs0WtKzibFS6tGbtV4=">AAAB6HicbVDLSgNBEOyNUWN8RXP0MhgEQQi7Iqi3gBcPHhIwD9gsYXbSm4yZfTAzK4QQf8CLB0W8+jdevfk1OnkcNLGgoajqprvLTwRX2ra/rMxKdnVtPbeR39za3tkt7O03VJxKhnUWi1i2fKpQ8AjrmmuBrUQiDX2BTX9wNfGb9ygVj6NbPUzQC2kv4gFnVBupdtIplOyyPQVZJs6clCrFD/c723yodgqf7W7M0hAjzQRVynXsRHsjKjVnAsf5dqowoWxAe+gaGtEQlTeaHjomR0bpkiCWpiJNpurviRENlRqGvukMqe6rRW8i/ue5qQ4uvBGPklRjxGaLglQQHZPJ16TLJTIthoZQJrm5lbA+lZRpk03ehOAsvrxMGqdl56x8WTNp3MAMOTiAQzgGB86hAtdQhTowQHiEZ3ix7qwn69V6m7VmrPlMEf7Aev8B6oWQEA==</latexit>

+

<latexit sha1_base64="nPF5bTufkjs0WtKzibFS6tGbtV4=">AAAB6HicbVDLSgNBEOyNUWN8RXP0MhgEQQi7Iqi3gBcPHhIwD9gsYXbSm4yZfTAzK4QQf8CLB0W8+jdevfk1OnkcNLGgoajqprvLTwRX2ra/rMxKdnVtPbeR39za3tkt7O03VJxKhnUWi1i2fKpQ8AjrmmuBrUQiDX2BTX9wNfGb9ygVj6NbPUzQC2kv4gFnVBupdtIplOyyPQVZJs6clCrFD/c723yodgqf7W7M0hAjzQRVynXsRHsjKjVnAsf5dqowoWxAe+gaGtEQlTeaHjomR0bpkiCWpiJNpurviRENlRqGvukMqe6rRW8i/ue5qQ4uvBGPklRjxGaLglQQHZPJ16TLJTIthoZQJrm5lbA+lZRpk03ehOAsvrxMGqdl56x8WTNp3MAMOTiAQzgGB86hAtdQhTowQHiEZ3ix7qwn69V6m7VmrPlMEf7Aev8B6oWQEA==</latexit>

+

<latexit sha1_base64="nPF5bTufkjs0WtKzibFS6tGbtV4=">AAAB6HicbVDLSgNBEOyNUWN8RXP0MhgEQQi7Iqi3gBcPHhIwD9gsYXbSm4yZfTAzK4QQf8CLB0W8+jdevfk1OnkcNLGgoajqprvLTwRX2ra/rMxKdnVtPbeR39za3tkt7O03VJxKhnUWi1i2fKpQ8AjrmmuBrUQiDX2BTX9wNfGb9ygVj6NbPUzQC2kv4gFnVBupdtIplOyyPQVZJs6clCrFD/c723yodgqf7W7M0hAjzQRVynXsRHsjKjVnAsf5dqowoWxAe+gaGtEQlTeaHjomR0bpkiCWpiJNpurviRENlRqGvukMqe6rRW8i/ue5qQ4uvBGPklRjxGaLglQQHZPJ16TLJTIthoZQJrm5lbA+lZRpk03ehOAsvrxMGqdl56x8WTNp3MAMOTiAQzgGB86hAtdQhTowQHiEZ3ix7qwn69V6m7VmrPlMEf7Aev8B6oWQEA==</latexit>
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Figure 4.2: Contributions to the combined two- and three-particle finite-volume scattering
amplitudeM23,L in TOPT. Notation as in Fig. 4.1. The absence of diagrams involving the
two-particle kernel B(2)

2 is for representational simplicity—such diagrams are contained in
the ellipsis.

The nine flavor elements of M̂off
23,L are the analogs of the asymmetric amplitudeM2,L+M̃(u,u)

3,L

appearing in the degenerate case analyzed in BS1. As for K̂df,3, they correspond to the

different choices of the initial and final spectator flavors. Summing over the different choices,

as in Eq. (4.44), givesMoff
23,L.

The next step is to consider the on-shell amplitude, and insert the decomposition Eq. (4.16).

After some rearrangement this leads to the simple result (using the notation that the ampli-

tude is on shell unless there is an explicit superscript “off”)

iM̂23,L = iK̂df,23,L
1

1− iF̂GiK̂df,23,L
, (4.46)
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with K̂df,23,L given in Eq. (4.35). The key point here is that the same two- and three-particle

K matrices enter as in the quantization condition. We stress again that different on-shell

projections are used for different flavor indices. This means that the elements of the matrix

cannot be combined as in Eq. (4.44), to give an on-shellM23,L. Indeed, even if we multiply

by spherical harmonics to convert the `m indices back into momenta, the elements of M̂23,L

cannot be combined for finite L, since the on-shell projection moves some momenta out of

the finite-volume set. Such a combination is possible only in the infinite-volume limit, which,

however, is all that we require below.

We next unpack the result (4.46) in order to extract a result for the three-particle am-

plitude itself. First, we package the finite-volume two-particle amplitudes into matrix form

M̂2,L ≡ diag(M(1)
2,L,M

(2)
2,L,M

(3)
2,L) . (4.47)

Next, we separate F̂G, given in Eq. (4.17), into its F̃ and G̃ parts:

F̂G = F̂ + Ĝ , (4.48)

with the diagonal terms contained in

F̂ = diag(F̃ (1), F̃ (2), F̃ (3)) , (4.49)

and the off-diagonal terms contained in Ĝ. Then Eq. (4.42) becomes

iM̂2,L = iK̂2,L
1

1− iF̂ iK̂2,L
. (4.50)

The matrix version ofM3,L is given by

M̂3,L ≡ M̂23,L − M̂2,L , (4.51)

and is related schematically to the full scattering amplitude by M3,L = 〈1| M̂3,L |1〉. As

noted above, this equation only makes sense in the infinite-volume limit, after multiplying

by appropriate spherical harmonics and summing over angular-momentum indices.
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With this setup, the algebraic steps needed to obtain an expression for M̂3,L are identical

to those in BS1 (and given explicitly in Appendix C of that work). We find

iM̂3,L = iD̂L + iM̂df,3,L , (4.52)

iD̂L = iM̂2,LiĜiM̂2,L
1

1− iĜiM̂2,L
, (4.53)

iM̂df,3,L =
[
1 + iD̂23,LiF̂G

]
iK̂df,3

1
1− [1 + iF̂GiD̂23,L]iF̂GiK̂df,3

[
1 + iF̂GiD̂23,L

]
, (4.54)

iD̂23,L = iM̂2,L + iD̂L = iM̂2,L
1

1− iĜiM̂2,L
. (4.55)

In the appropriate L→∞ limit [29] these results become integral equations for M̂3. We do

not give these explicitly, since their form is almost identical to those arising in the Feynman

diagram derivation, and we present the latter in full detail in Sec. 4.7 below.

It is worth understanding the source of the various terms contributing to M̂3,L in Eqs. (4.52)-

(4.55). D̂L is the contribution to three-particle scattering arising from repeated two-particle

interactions, connected by the switch factors in Ĝ, arising from the diagrams on the sec-

ond line of Fig. 4.2. The off-diagonal nature of Ĝ enforces the switching of spectators, and

the matrix structure ensures that all possible switches occur. Up to kinematical factors,

M(i)
2,L goes over in the infinite-volume limit to the Lorentz-invariant two-particle scattering

amplitude involving flavors j and k, M(i)
2 (see Appendix E of BS1). It follows that, if the

relativistic form of G̃ is used, the elements of D̃(u,u)
L are Lorentz invariant.12

The remaining part of M̂3,L is denoted M̂df,3,L, where the subscript df indicates the

“divergence-free” nature of this object, since the poles corresponding to on-shell one-particle

exchange are contained in D̂(u,u). M̂df,3,L contains the contributions to three-particle scat-

tering that involve the three-particle K matrix, K̂df,3. In words, the external factors in

square braces correspond to repeated two-particle interactions with switches, prior to a gen-

12Strictly speaking, since all quantities in the quantization conditions carry indices {k, `,m}, one must first
multiply by the appropriate spherical harmonics in order to obtain a quantity whose Lorentz transformation
properties can be studied. See Refs. [28] and BS1 for more details.
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uine quasilocal three-particle interaction due to an element of K̂df,3, after which the middle

section of Eq. (4.54) corresponds to repeated two-particle interactions prior to another three-

particle interaction, etc. This is all a natural and simple generalization of the interpretation

of the corresponding expression for identical particles.

We see from the result (4.54) that the elements of K̂df,3 are not Lorentz invariant. This

is because, when L → ∞, the set of integral equations that this matrix equation goes over

to connects it to M̂df,3, whose elements are not Lorentz invariant because they are defined

in TOPT. As noted in the introduction, the lack of Lorentz invariance of K̂df,3 is expected

in the TOPT approach. This leads to complications when implementing the formalism in

practice, and in the next section we explain how this problem can be resolved.

We close this section by emphasizing that we can use the expression (4.46) for M̂23,L

as an alternative vehicle for deriving the quantization condition. This possibility was first

noted in Ref. [29] in the context of identical particles. The point is thatM23,L is a type of

finite-volume correlator, so its poles determine the spectrum. Indeed, from the form of the

denominator in Eq. (4.46) we immediately obtain the quantization condition obtained in the

previous section, Eq. (4.36). One might be concerned that, sinceM23,L contains M̂2,L, there

will also be poles at the positions where the latter quantity diverges. This occurs at energies

of a free spectator combined with a two-particle finite-volume state, and these energies are

not in the three-particle spectrum. It turns out, however, that these spurious poles cancel

inM23,L, as can be seen by writing it as

M̂23,L = D̂23,L + M̂df,3,L , (4.56)

and noting, from Eq. (4.55), that D̂23,L remains finite when M̂2,L diverges. We stress that

the quantization condition arising from the poles in M̂df,3,L is indeed Eq. (4.36). This can

be most easily seen by rewriting Eq. (4.54) using

1 + iF̂GiD̂23,L =
(
1 + F̂GK̂2,L

)−1
, (4.57)
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from which it follows that

iM̂df,3,L =
[
1 + iD̂23,LiF̂G

]
iK̂df,3

1
1 + F̂GK̂df,23,L

. (4.58)

4.6 Quantization condition with Lorentz-invariant Kdf,3

In this section we derive the following alternate form for the quantization condition for

nondegenerate scalars,

det
[
1 + K̂′df,23,LF̂G

]
= 0 , (4.59)

where

K̂′df,23,L = K̂2,L + K̂′df,3 . (4.60)

Here K̂2,L the same as above [see Eq. (4.37)], but now K̂′df,3 is a (matrix of) Lorentz-invariant

three-particle K matrices that differs from K̂df,3. In this way, we obtain a fully Lorentz-

invariant formalism: one that not only is valid for relativistic kinematics, but in which the

elements of K̂′df,3 are Lorentz scalars. This is important for practical implementations, which

typically use multiple values of P, and thus require the relationship between K̂′df,3 in different

Lorentz frames.

A striking feature of this result is that the quantization condition (7.33) has exactly the

same form as that derived above using TOPT, Eq. (4.36), differing only in the K matrix

that enters. This redundancy is of the same nature as that found in the identical-particle

case in BS1, where two identical forms of the quantization condition were established, both

involving asymmetric K matrices, one of which is Lorentz invariant while the other is not.

This was understood as being due to the intrinsic ambiguity in the definition of an asymmetric

object, since the only constraint is that by combining terms one ends up with the correct

symmetrized quantity. An analogous understanding applies here: it is only by summing over

the different choices of flavors of the external spectators for, say, the elements of M̂3,L that
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one obtains the physical amplitude, and thus there is some freedom in the definition of the

individual elements. The same holds for the K matrices. Examples of this ambiguity will be

seen in the subsequent discussion.

In BS1, we obtained the form of the quantization condition containing the Lorentz-

invariant asymmetric K matrix by starting from the result derived using Feynman diagrams

in Ref. [28]. Here there is no such result, so we must begin de novo. Our strategy is

to reorganize the original Feynman-diagram-based approach of Ref. [28] into a form that

mirrors the TOPT result at every step, so that, after setting up the calculation, we can

simply carry over the algebra of the TOPT approach described above. In addition, we derive

the quantization condition using the Feynman diagram version of the finite-volume amplitude

M̂23,L, rather than the correlator C3,L. As shown in the previous section, this leads to the

same quantization condition, but avoids the need to deal with endcaps.

The starting point is the finite-volume three-particle amplitude with external spectators

having flavors i and j. We refer to such amplitudes as “asymmetric,” as it is only after

summing the nine combinations of {i, j} that we obtain the full amplitude. In the previous

section we considered the asymmetric amplitude [M̂3,L]ij, with its asymmetry defined using

TOPT diagrams. Here we define the asymmetry using Feynman diagrams, leading to a

different asymmetric amplitude [M̂′ off
3,L ]ij({p}; {k}), where {p} ≡ {p1, p2, p3}, etc. are sets of

three four-momenta, and we are using the notation that a prime denotes quantities defined

using Feynman diagrams. The external three-momenta are drawn from the finite-volume set,

but at this stage the external energies are arbitrary, so that the four-momenta are in general

off shell. Momentum conservation implies that the four-momenta satisfy ∑i pi = P = ∑
j kj.

As explained in Ref. [28], when using Feynman diagrams, the amplitudes are given by a
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Figure 4.3: Contributions to [M̂′ off
3,L ]13 in the Feynman-diagram skeleton expansion. B(i)

2 and
B3 are Bethe-Salpeter kernels, and solid lines represent fully dressed propagators. Unlike in
earlier figures, all propagators are shown by solid lines, with the flavors now distinguished
only by colors and explicit labels. External propagators are amputated.

skeleton expansion in terms of the Bethe-Salpeter kernels13

B
(i)
2 (pj, pk; kj, kk) and B3({p}; {k}) . (4.61)

These are, respectively, the 2PIs and 3PIs two- and three-particle kernels, with the former

having flavor i as the spectator, and with flavor labels {i, j, k} ordered cyclically. In the

skeleton expansion the kernels can be evaluated in infinite volume. In contrast to the TOPT

kernels given in Eq. (4.3), B(i)
2 and B3 depend on four-momenta that are, in general, off

shell. They are connected by fully dressed, relativistic propagators, normalized to unity at

the single-particle pole, whose spatial momenta must be summed over the finite-volume set,

while the energy is integrated as usual. External propagators are amputated. For a given

quantity, the set of skeleton diagrams that contributes is exactly the same as in the expansion

13At the risk of confusion, we use the same letter for these kernels as for the corresponding TOPT objects,
but without the calligraphic font.
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∈

Figure 4.4: Example of how a Feynman diagram, which is assigned to one term in the
corresponding skeleton expansion, breaks up into several (in this case two) TOPT diagrams,
which are in turn assigned to several (here two) terms in the TOPT skeleton expansion. As
discussed in the text, this implies that the asymmetric TOPT amplitudes [M̂3,L]ij are not
Lorentz invariant. Notation is as in Figs. 4.1, 4.2 and 4.3, except that all propagators are
shown by solid lines.

in TOPT kernels (see, e.g., Fig. 4.2), except that there is no time ordering. As a concrete

example, we show diagrams that contribute to [M̂′ off
3,L ]13 in Fig. 4.3. This amplitude is defined

so that, if there is a two-particle Bethe-Salpeter kernel on the left (right) end, it must be a

B
(1)
2 (B(3)

2 ). In addition, for each end with a B3 kernel the contribution is multiplied by 1/3.

The latter factors ensure that, when the flavor indices are summed, the contribution to the

total amplitude has the correct weight.

To make clear that the elements of M̂′
3,L differ from those of the TOPT version, M̂3,L,

we consider in Fig. 4.4 the simplest contribution to the first diagram in Fig. 4.3. In TOPT,

it breaks into two diagrams, one of which contributes to [M̂3,L]13, and the other of which is

split equally between all elements of M̂3,L (since it contributes to B3). Thus only 1/9th of

the diagram is included in [M̂3,L]13. This also shows that the latter quantity is not Lorentz

invariant, since it is only by adding the two TOPT diagrams with equal weight that one

regains an invariant quantity. On the other hand, each of the elements of M̂′ off
3,L is Lorentz



106

invariant, simply because it is composed of Feynman diagrams.

We now begin the analysis of the elements of M̂′ off
3,L . Our approach quickly diverges from

that in Refs. [28, 29], so that we cannot make a step-by-step comparison, but will rather

emphasize global similarities and differences. We present an overview of the derivation in

the main text, and describe the details in Appendix B.2.

In both approaches, the first step when analyzing a given diagram is to do the energy

integrals for all independent momenta, i.e. those not constrained by four-momentum conser-

vation. The difference from Refs. [28, 29] is that here we do such integrals for all diagrams

before proceeding to the second step, rather than analyzing subsets of diagrams completely

and then combining. As explained in Appendix B.2, the results of the energy integrals are

diagrams in which two of the three particles in all cuts are on shell, i.e. with momenta

pon
i = (ωpi ,pi), while the momentum of the third particle remains, in general, off shell. The

momentum configuration is then specified in the same way as in the TOPT analysis, namely

with the (redundant) set of three finite-volume momenta {k}. In order to present the result

in a compact form, we need to introduce operators that specify which pair of momenta in

the kernels are placed on shell. We call these←−O (i) and −→O (i), where the flavor label i indicates

that the particles of the other two flavors are set on shell, and the arrow indicates whether

the operator acts on the kernels immediately to the left or right, respectively. With this
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notation, we find

M̂′ off
3,L = M̂′ off

23,L − M̂′ off
2,L , (4.62)

iM̂′ off
23,L = −̂→OiB̂ 1

1− iD̂′iB̂
←̂−
O , (4.63)

−̂→
O = diag

(−→
O (3),

−→
O (1),

−→
O (2)

)
, (4.64)

←̂−
O = diag

(←−
O (3),

←−
O (1),

←−
O (2)

)
, (4.65)

[B̂]i′i = 1
9B3 + δB

(i′i)
3 + δi′i

[
B

(i)
2,L + δB

(i)
2,L

]
, (4.66)

D̂′ = 1p,k


D′(3) D′(3) D′(2)

D′(3) D′(1) D′(1)

D′(2) D′(1) D′(2)

 , (4.67)

D′(i) =←−O (i) 1
4ωpjωpkL6

Zi(p2
i )

p2
i −m2

i

−→
O (i) . (4.68)

We observe that, with this result, we have succeeded in obtaining an expression for the finite-

volume amplitude that is similar to the initial matrix form obtained with TOPT, Eq. (4.45).

There are many features of this rather elaborate result that require explanation. We first

discuss the effect of the on-shell projectors that are contained in the D′(i) and also appear as

external factors in M̂′ off
23,L. When we expand out the geometric series in Eqs. (4.63), the kernels

in B̂ are always projected on both sides, and thus we need only define the projected kernels.

For B3 and δB3 all combinations of projectors can occur, and their action is exemplified by
[−→
O (1)B3

←−
O (3)

]
({p}; {k}) = B3(p1, p

on
2 , p

on
3 ; kon

1 , k
on
2 , k3) . (4.69)

For the two-particle kernels, the possible projections are restricted.14 To explain this, we

focus on B(1)
2,L. Due to the forms of −̂→O , ←̂−O , and D̂′, the projection operators acting on B(1)

2,L

14In order that all appearances of B(i)
2 have projectors on both sides, we have, in Eq. (4.63), placed

projectors on both ends of the expression. Strictly speaking this means that M̂′ off
3,L has external momenta

that are only partly off shell, differing from the original definition given above where all momenta can be
off shell. Since we only consider the former quantity in the following, we have kept the same notation.
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are either −→O (3) or −→O (2) on the left, and either←−O (3) or←−O (2) on the right. Thus the spectator,

with flavor 1, is always on shell, whereas the second on-shell flavor is either 2 or 3. The

definitions that we need are thus[−→
O (3)B

(1)
2,L
←−
O (3)

]
({p}; {k}) = δp1k12ωp1L

3B2(pon
2 , p3; kon

2 , k3) , (4.70)[−→
O (3)B

(1)
2,L
←−
O (2)

]
({p}; {k}) = δp1k12ωp1L

3B2(pon
2 , p3; k2, k

on
3 ) , (4.71)[−→

O (2)B
(1)
2,L
←−
O (3)

]
({p}; {k}) = δp1k12ωp1L

3B2(p2, p
on
3 ; kon

2 , k3) , (4.72)[−→
O (2)B

(1)
2,L
←−
O (2)

]
({p}; {k}) = δp1k12ωp1L

3B2(p2, p
on
3 ; k2, k

on
3 ) . (4.73)

The generalization to other elements of B(i)
2,L and δB(i)

2,L is straightforward. We stress that it

is only because of the presence of the projection operators that we obtain a quantity that

depends on three-momenta alone.

Next we give the definition of M̂′ off
2,L . This is a diagonal matrix obtained by keeping the

disconnected terms in M̂′ off
23,L, i.e. those obtained by keeping only the B(i)

2,L + δB
(i)
2,L parts of

B̂ and the diagonal part of D̂′. Thus one particle spectates for the entire diagram. The

projection rules embedded in the definitions imply that this particle is on shell, and that, if

it has flavor i, then the second on-shell particle (which is one of the interacting pair) has the

flavor that follows i cyclically. The sum of all the diagrams contributing to [M̂′ off
2,L ]ii is simply

a rearrangement of the complete set of Feynman diagrams that describe the interactions of

particles with flavors j and k. Additionally, the factors of 2ωpiL3 cancel in pairs, leaving a

single overall such factor. Thus we find that M̂′ off
2,L has the same form as M̂2,L, Eq. (4.47),

except that one each of the incoming and outgoing scattered particles are off shell. The

reason that M̂′ off
2,L is added to M̂′

3,L is the same as in the TOPT analysis: it leads to a

quantity, M̂′ off
23,L, that has a simple expression, here Eq. (4.63).

One difference between the structure of the results here and those obtained in TOPT

is the presence of the shifts δB3 and δB2 in the kernels. As shown in Appendix B.2, these



109

arise from off-shell contributions to the energy integrals. They are associated with particular

elements of B̂, and are not distributed equally like B3 [see Eq. (4.66)]. This structure is

needed to ensure that M̂′ off
3,L is unchanged, and thus, in particular, remains Lorentz invariant.

We do not have explicit, all-orders expressions for δB3 and δB2, but this does not hinder the

derivation.

Finally we discuss the form of D̂′, Eq. (4.67). This is the analog in the present derivation

of the matrix D̂ defined in Eq. (4.13). The difference here is that the elements of the matrix

differ, due to the presence of on-shell projectors and the Feynman propagator for the off-shell

particle. The flavor structure of D̂′ reflects that which appears in the second stage of the

TOPT derivation, namely the decomposition of D̂ given in Eqs. (4.16)–(4.18). It turns out

that this decomposition must be introduced at the first stage in the Feynman approach. The

final difference is the presence here of the wavefunction renormalization factor Zi multiplying

the pole. As noted above, this equals unity on shell, Zi(m2
i ) = 1. In the TOPT analysis,

the corresponding factor is absorbed into the kernels in a preparatory stage, as explained in

Appendix A of BS1.15

We now turn to the second step in the analysis of the Feynman skeleton expansion. In this

step, we project the three-particle state fully on shell using the {ki`m} variables described

above. Since we have set up the intermediate states with two on-shell particles, the on-shell

projection involves adjusting momenta so that the third is placed on shell. This is very

similar to the procedure in the TOPT analysis, where we have to adjust momenta so that

the three already-on-shell particles have total energy E. Indeed, as explained in BS1, the on-

shell projection in the TOPT case can be done by a small variation of the method of Ref. [28]

used in the Feynman-diagram analysis. In particular, near the pole in D′(i) [Eq. (4.68)], we

15The same approach could be used here, but is not necessary, as we can account for the presence of Zi
in the next step in the analysis.
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have

p2
i −m2

i

p0
i→ωpi−−−−→ 2ωpi(E − ωp1 − ωp2 − ωp3) +O

[
(E − ωp1 − ωp2 − ωp3)2

]
, (4.74)

so that the kinematic factor in D′(i) has the same residue at the pole as that in D [Eq. (8.8)].

This allows us to mirror the decomposition of D̂, Eqs. (4.16)–(4.18), and write

D̂′ = F̂G + δ̂F ′G , (4.75)

with F̂G exactly as in Eq. (4.17) above (with a technical restriction described below). The

residue matrix δ̂F ′G differs from that in the TOPT analysis due to both the presence of the

Zi in Eq. (4.68) and the fact that the off-shellness of the kernels is different. The former

factor can be dealt with by writing it as 1 + [Zi(p2
i )− 1], with the second term canceling the

pole (since Zi is an analytic function near p2
i −m2

i ) and thus only contributing to a shift in

the residue matrix δ̂F ′G. The difference in this matrix is not important, however, as it does

not impact the subsequent algebraic manipulations.

The technical restriction on F̂G is that, in order for the final quantization condition to

contain a Lorentz-invariant three-particle K matrix, we must, in the expression for G̃(ij),

boost to the pair CMF using the original boost of Ref. [28] rather than that introduced in

BS1. This point is explained in detail in Appendix C.1.

To fully justify Eq. (4.75), we need to explain how the on-shell projection operators

contained in D′(i), Eq. (4.68), lead to the factors of PL in F̂G, Eq. (4.17). First we note that,

when the kernels B(i)
2 and B3 are set fully on shell, we must choose a convention for the

variables {ki`m} that are used. We follow the convention of the TOPT analysis: if the flavor

index is i, then the spectator has flavor i and the spherical harmonics are defined relative

to the direction of the momentum of the particle of flavor j (in the pair CMF), where j

follows cyclically after i. We note that projectors in D̂′ are set up so that the spectator

is always on shell. For example, the first row of D̂′ has projectors ←−O (3) and ←−O (2), both of

which set flavor 1 on shell, while the third row contains ←−O (2) and ←−O (1), both of which set
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flavor 3 on shell. What does not always match, however, is the flavor of the particle that

determines the spherical harmonic decomposition. We discuss this by considering the first

row of D̂′ and focusing on the left-hand harmonic indices. Considering the first row again,

the first element, D′(3), will be replaced after projection with F̃ (1), in which the harmonics

are determined relative to flavor 2, which matches the convention of the element [B̂]x1 on the

left (with x an arbitrary flavor). The same is true for the second element, also D′(3), which

will be replaced with G̃(12), for which the harmonics of the left index are also determined

relative to flavor 2. However, the third element, D′(2), is replaced by G̃(13), for which the

harmonics are determined by the particle of flavor 3, which does not match that used for

[B̂]x1. Indeed, the associated projector, ←−O (2), sets flavor 3 on shell first so as to match the

projection enforced by G̃(13). The end result is that the projection applied to [B̂]x1 conflicts

with the convention defined above. In order to bring them into agreement, a factor of (−1)`

is needed, and this is provided by the PL multiplying G̃(13) on the left in the [F̂G]13. A similar

analysis explains all other appearances of PL in F̂G.

Given the decomposition of Eq. (4.75), the remaining steps are algebraically identical to

those of the previous section. In particular, if we set the elements of M̂′
23,L fully on shell

using the same convention as just described for the kernels, then we obtain

iM̂′
23,L = iK̂′df,23,L

1
1− iF̂GiK̂′df,23,L

, (4.76)

with

iK̂′df,23,L = iB̂
1

1− iδ̂F ′G iB̂
, (4.77)

where we are implicitly setting the external coordinates of B̂ on shell. These are identical

in form to Eqs. (4.46) and (4.35), respectively. From Eq. (4.76) we immediately obtain the

claimed form of the quantization condition, Eq. (7.33). In this way we have achieved our

goal of recasting the analysis of the Feynman-diagram-based skeleton expansion in a form
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that mirrors that of the TOPT approach.

4.7 Relation of K̂′df,3 to M3

In this section we derive the relationship of K̂′df,3 to the physical infinite-volume amplitude,

M3. Unlike for the TOPT case discussed above, we do so here in complete detail. The

utility of this result is twofold: first, it will be needed in any application of the formalism

derived in this paper that aims to predict M3 from the finite-volume spectrum; second, it

allows us to demonstrate that, expressed in the appropriate basis, the elements of K̂′df,3 are

Lorentz invariant.

The method we use follows that first introduced in Ref. [29], and extended to the TOPT-

based analysis in Appendix E of BS1. Since we have reformulated the Feynman-diagram-

based approach to mirror that using TOPT, many of the results from BS1 can be taken over

almost unchanged. The main change is the need to take care of the additional flavor indices.

As in the TOPT analysis, we first pull out the divergence-free finite-volume amplitude

using

M̂′
23,L = D̂23,L + M̂′

df,3,L . (4.78)

This has the same form as Eq. (4.46), and includes the same quantity D̂23,L—the difference

is the presence of primes on the other two objects. No primes are needed on D̂23,L because,

as can be seen from its definition in Eq. (4.55), it depends only on the on-shell two-particle

scattering amplitude, and this is the same whether calculated using TOPT or Feynman

diagrams.

Starting from the result for M̂′
23,L given in Eq. (4.76), we then use the same algebraic

steps used above to obtain Eq. (4.54). These are given explicitly in BS1, and lead to

iM̂′
df,3,L =

[
1 + iD̂23,LiF̂G

]
iK̂′df,3

1
1− [1 + iF̂GiD̂23,L]iF̂GiK̂′df,3

[
1 + iF̂GiD̂23,L

]
. (4.79)
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We now take the L→∞ limit of M̂′
df,3,L, using the iε prescription of Ref. [29]. This means

that sums over spectator momenta with the singular summands contained in F̂G go over to

integrals with the poles shifted by the usual iε prescription. Specifically, since all sums come

with associated factors of (2ωL3)−1, the integrals that result come with Lorentz-invariant

measure
∑

k

1
2ωkL3

L→∞−−−→
∫ d3k

2ωk(2π)3 ≡
∫

k
. (4.80)

The sums over flavor and angular momentum indices remain.

Taking the limit in this way, the elements of M̂′
df,3,L go over to functions of momenta,[[

M̂′
df,3,L

]
ij

]
pi`′m′;kj`m

L→∞−−−→
[
M̂′

df,3

]
ij

(pi,kj)`′m′;`m . (4.81)

Here we have made all matrix indices explicit, including the spectator-flavor indices i and j,

and used a nested structure because the choice of spectator momenta depends on the flavor

indices. An analogous limit holds for the elements of D̂23,L, which go over to elements of

D̂23. For the elements of the K matrix K̂′df,3, which are already infinite-volume quantities,

one simply replaces discrete momenta with their continuous counterparts, leading to a form

like the right-hand side of Eq. (4.81). We also need the limit[[
M̂2,L

]
ij

]
pi`′m′;kj`m

L→∞−−−→
[
M̂2

]
ij

(pi,kj)`′m′;`m ≡ δijδ(pi − ki)δ`′`δm′mM(i)
2,`(q∗2,ki) , (4.82)

whereM(i)
2,` is the `th partial wave two-particle scattering amplitude for flavors j and k, and

δ(p− k) ≡ 2ωk(2π)3δ3(p− k) . (4.83)

To obtain smooth limits of the elements of F̂G, we need to introduce the diagonal matrix 2̂ω

with elements [[
2̂ω
]
ij

]
pi`′m′;kj`m

= δijδpikjδ`′`δm′m2ωkj , (4.84)
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in terms of which

2̂ωL3F̂G2̂ωL3 L→∞−−−→ F̂∞G ≡ F̂∞ + Ĝ∞ . (4.85)

The nonvanishing elements of the diagonal matrix F̂∞ are
[
F̂∞

]
ii

(pi,ki)`′m′;`m = δ(pi − ki)δ`′`δm′mρ̃
(i)
PV,`(q∗2,ki) (4.86)

with ρ̃
(i)
PV,` a modified phase-space factor, defined by the nondegenerate generalization of

Eq. (B6) of BS1. The nonvanishing elements of the off-diagonal matrix Ĝ∞ are

[
Ĝ∞

]
ij

(pi,kj)`′m′;`m =
Y`′m′(k∗(pi)j )

q∗`
′

2,pi

H(i)(pi)H(j)(kj)
b2
ij −m2

k + iε

Y`m(p∗(kj)i )
q∗`2,kj

. (4.87)

with i 6= j and bij = P − pon
i − kon

j .

With this notation in hand, we can now take the L → ∞ limit of Eq. (4.79). We write

the results in a compact notation in which all indices, namely {jkj`m}, are implicit, and in

which internal indices are implicitly either summed (for {j`m}) or integrated (for {kj}), the

latter with measure (4.80). First we note that the limit of D̂23,L satisfies

D̂23 = M̂2 − M̂2Ĝ
∞D̂23 , (4.88)

which is a set of coupled integral equations. The core geometric series in the center of the

expression (4.79) becomes an integral equation for a new matrix quantity that we denote T̂ ′,

and which has the same implicit dependencies as M̂′
df,3 and K̂′df,3,

T̂ ′ = K̂′df,3 − K̂′df,3

[
1− F̂∞G D̂23

]
iF̂∞G T̂ ′ . (4.89)

Combining these ingredients we have

M̂′
df,3 =

(
1− D̂23F̂

∞
G

)
T̂ ′
(
1− F̂∞G D̂23

)
, (4.90)

in which integral operators are applied to both sides of T̂ ′. Here 1 is the identity operator

in the full matrix space.
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To reconstruct the full asymmetric scattering amplitude, we must add back in the part

that contains the divergences,

M̂′
3 = lim

L→∞
M̂′

3,L = M̂′
df,3 + D̂ , (4.91)

D̂ = lim
L→∞

D̂L = D̂23 − M̂2 , (4.92)

where D̂L is defined in Eq. (4.53). To combine the elements of M̂′
3 into the full scattering

amplitude M3, we need first to convert all elements of this matrix to the same kinematic

variables, namely those of Eq. (4.4). This is done by multiplying by the appropriate spherical

harmonics and summing over angular momentum indices:
[
M̂′

3

]
i′i

({p}; {k}) =
∑

`′,m′,`,m

√
4πY`′m′(p̂∗(pi′ )j′ )

{[
M̂′

3

]
i′i

(pi′ ,ki)`′m′;`m
}√

4πY`m(k̂∗(ki)j ) .

(4.93)

Here j (j′) is the flavor that follows i (i′) in cyclic order. We have changed variables on the

left-hand side to those in the original frame, and abused notation by using the same name

for the resulting matrix as that on the right-hand side. The two quantities are distinguished

by their argument. We obtain the full scattering amplitude by summing the elements of the

resulting matrix

M3({p}; {k}) = 〈1| M̂′
3({p}; {k}) |1〉 . (4.94)

We note that no prime is needed for M3 since one obtains the same result whether de-

composing into TOPT or Feynman diagrams. We recall that this result holds for the fully

on-shell amplitude.

We now return to the issue of the Lorentz invariance of K̂′df,3. The arguments we give are

an elaboration of those first described in Ref. [34]. By construction, all elements of the flavor

matrix M̂′
3 are Lorentz invariant, since they are defined as sums of Feynman diagrams. This

holds only when the amplitude is combined with spherical harmonics, as in Eq. (4.93). What

we need, however, are the transformation properties of amplitudes expressed in the {ki`m}
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basis, since this is what enters relations such as Eq. (4.90). The amplitudes in this basis are

not invariant under rotations, since they depend on an arbitrary choice of quantization axis

(conventionally the z axis). Instead, they transform under rotations by multiplication by

appropriate Wigner D matrices, due to the standard result

Y`m(Rn̂) =
∑
m′
D(`)
mm′(R)Y`m′(n̂) . (4.95)

This rather trivial dependence also leads to a dependence on boosts, as follows. Consider a

momentum configuration {k} and choose k1 to be the spectator momentum. To define the

coordinates {k1`m} we must boost to the 23 pair CMF and then decompose into harmonics.

Now imagine that we first do an overall boost of the initial configuration, leading to momenta

{k′}. This time the spectator momentum is k′1. When we boost to the CMF of the 23 pair,

we end up in the same frame as before, except for an overall rotation. This is simply because

a product of two boosts can be written as a single boost combined with a rotation. This

implies that the elements of M̂′
3 in the {ki`m} basis will transform with Wigner matrices

that depend on the choice of flavor index and on the spectator momentum. In the following,

we refer to these transformation properties in as “standard.” Any flavor matrix in the {k`m}

basis that has standard transformation properties will yield a Lorentz-invariant amplitude

when combined with harmonics as in Eq. (4.90).

We now argue that the standard transformation properties of M̂′
3 are reproduced by

Eqs. (4.90) and (4.91) if the elements of K̂′df,3 themselves transform in the standard way.

First we note that the elements of M̂2 have standard transformation properties since the

underlying amplitude M2 and the quantity δ(p − k) are both Lorentz invariant. Next

we argue that the elements of D̂23, given by Eq. (4.88), transform in the standard way.

Iteratively expanding this equation yields an alternating series of factors of M̂2 and Ĝ∞.

From Eq. (4.87), we see that all quantities in Ĝ∞ are Lorentz invariant (q∗2,pi , b
2
ij, |k

∗(pi)
j |,

etc. and the cutoff functions) except for the directions of k∗(pi)j and p∗(kj)i . These vectors
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will, in general, be rotated if an overall boost is first applied, due to the above-discussed

properties of successive boosts. This rotation of the vectors leads to a multiplication of the

corresponding `m indices by appropriate Wigner D matrices. However, these D matrices

cancel those arising from the standard transformation of the adjacent elements of M̂2. The

key point here is that the same rotation appears for contracted indices, since the same boost

to the pair CMF is used. Due to this cancellation, only the external Wigner D matrices

survive—those associated with the external indices of the factors of M̂2 on the ends of the

chain. Thus D̂23 indeed has standard transformation properties.

The remainder of the argument follows in a similar way. The only additional result that

we need is the transformation property of the F̂∞ part of F̂∞G . From Eq. (4.86), we see

that the elements of F̂∞ are, in fact, invariant under rotations and boosts. This implies

that Wigner D matrices arising from amplitudes on the two sides of each element of F̂∞

cancel. Together with the result for Ĝ∞ discussed above, this implies that any sequence

of amplitudes with standard transformation properties alternating with factors of F̂∞G will

itself have standard transformation properties. Thus, using Eq. (4.89), if K̂′df,3 has standard

transformations, it follows that T̂ ′ does as well, and, using Eq. (4.90), the same holds for

M̂′
df,3. Finally, using Eqs. (4.91) and (4.92), and the standard transformation properties of

D̂23 and M̂2, we find that M̂′
3 transforms in the standard way, which is the desired result.

To complete the discussion we need to show that, if K̂′df,3 does not transform in the

standard way, then neither does M̂′
3. This seems highly plausible, since the above-described

cancellation of Wigner D matrices would no longer occur. Another way of making this

argument is to invert the relationship between M̂′
3 and K̂′df,3, i.e. to determine the latter

from the former. This can be done, for example, by first inverting Eq. (4.79) in finite

volume, and then taking the L → ∞ limit. This leads to an expression involving inverses

of integral operators. By expanding out the inverses in geometric series, the relationship

one obtains always involves sums of products of the amplitudes M̂′
df,3 and D̂23 alternating
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with factors of F̂∞G , and these preserve standard transformation properties. Thus we claim

that K̂′df,3 does transform in the standard way, and therefore that, when it is combined with

harmonics as in Eq. (4.93), its elements will be Lorentz invariant.

4.8 Symmetric form of the quantization condition

In this section we describe the derivation of our third and final form of the quantization

condition, Eq. (6.1). This is written in terms of a single Lorentz-invariant three-particle K

matrix, K̃df,3, which has no flavor indices, and which we thus call symmetric. To obtain the

new form we follow steps analogous to those used in BS1 to connect the asymmetric and

symmetric forms of the quantization condition for identical particles, with suitable general-

izations for nondegenerate particles. In addition, we provide the integral equations relating

M3 to K̃df,3, Eq. (4.122).

4.8.1 Symmetrization operators

K̃df,3 is obtained by symmetrizing a modified version of K̂′df,3. We have already encountered

symmetrization when constructing M3 in Eq. (4.94), but here we give more details, and

introduce some helpful notation. In particular, we define the symmetrization operators −→S

and ←−S , which play a central role in the final step of the derivation.

The symmetrization operators act on vectors in flavor space, e.g. the row vector Xj =

[K̂′df,3]ij with i fixed. In our notation, the index j plays two roles. First, it labels the ele-

ment of the vector, and in general the three elements are different. Second, it determines

the coordinates that are used to describe the on-shell amplitude, with the jth element us-

ing coordinates {kj`m}. Symmetrization acts on the underlying elements, but not on the

coordinates, and so these two roles of the index must be decoupled. Here we use Xj({k})

to describe the underlying element, which depends on the on-shell momenta {k}, and make
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coordinates explicit,

X = (X1({k})k1`m, X2({k})k2`m, X3({k})k3`m) . (4.96)

We recall that the relation between an underlying infinite-volume on-shell quantity X({k})

and its expression in terms of coordinates {kj`m} is given by Eq. (4.23). An example of this

notation is the expression for the underlying quantity X2({k}) in terms of the coordinates

{k1`m},

X2({k}) =
∑
`m

X2({k})k1`m

√
4πY`m(k̂∗(k1)

2 ) . (4.97)

The left-acting symmetrization operator is defined by

X
←−
S ≡ (XΣ({k})k1`m, XΣ({k})k2`m, XΣ({k})k3`m) , (4.98)

XΣ({k}) = X1({k}) +X2({k}) +X3({k}) . (4.99)

The key point is that the same underlying element appears in all positions, but is expressed

in terms of different coordinates. The right-acting operator −→S is defined analogously for

column vectors. We stress that this definition relies on the fact that the underlying elements

are infinite-volume functions, defined for all {k}, rather than finite-volume objects defined

only for momenta in the finite-volume set.

4.8.2 Symmetrization identities

In BS1, three “asymmetrization” identities [Eqs. (102)-(104) of that work] were derived and

used to convert the symmetric, identical-particle quantization condition of Ref. [28] into an

asymmetric form. Here we use a generalization of these identities to move in the other

direction, from the asymmetric to the symmetric form. Thus we refer to them in this work

as symmetrization identities.

These identities apply when factors of F̂G lie between two matrix amplitudes, e.g. D̂23,L

and K̂′df,3. To simplify the presentation, and without loss of generality, we consider the case
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where F̂G lies between a row vector X and a column vector Z. The identities are then

XF̂GZ = XF̂
−→
S Z + X

−̂→
I GZ , (4.100)

= X
←−
S F̂Z + X

←̂−
I GZ , (4.101)

= 1
3X
←−
S F̂
−→
S Z + XÎFGZ . (4.102)

As usual, these hold up to exponentially suppressed corrections. The key aspect of these

results is that the Ĝ contribution to F̂G = F̂ + Ĝ on the left-hand side can be replaced by

one or more symmetrization operators on the right-hand sides, aside from integral operators
−̂→
I G,

←̂−
I G, and ÎFG, which sew together the two vectors into an extended infinite-volume

quantity.

The derivation of these identities is sketched in Appendix B.3. We also provide there the

definitions of the integral operators.

4.8.3 Applying the symmetrization identities

We wish to apply the identities to the result obtained above for M̂′
df,3,L, Eq. (4.79). The

nontrivial aspect of the resulting manipulations is dealing with the integral operators on the

right-hand sides of the identities, namely −̂→I G,
←̂−
I G, and ÎFG. The steps that we follow mirror

the approach taken in BS1 [see Eqs. (105)-(107) and (112)-(113) of that work], although in

that work we were using the identities to asymmetrize a symmetric form, while here we are

working in the opposite direction.

We begin by introducing an intermediate “decorated” K matrix given by

iK̂′′df,3 = iẐ
1

1 +
[
−iÎFG + i

←̂−
I GiK̂2,Li

−̂→
I G

]
iẐ

, (4.103)

where

iẐ ≡ 1

1− iK̂2,Li
−̂→
I G

iK̂′df,3
1

1− i←̂−I GiK̂2,L

. (4.104)
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We stress that, although these equations are written in terms of finite-volume matrices, they

are equivalent to infinite-volume integral equations, up to exponentially suppressed correc-

tions. This is because the decorations themselves involve integral operators, and because we

have chosen a generalized PV prescription such that the two-particle K matrix K2 has no

poles.

We now rewrite M̂′
df,3 in terms of K̂′′df,3. Using the steps sketched in Appendix B.4, we

find

iM̂′
df,3,L =

[
1 + iD̂23,Li(F̂G −

−̂→
I G)

]
iT̂L

[
1 + i(F̂G −

←̂−
I G)iD̂23,L

]
, (4.105)

where

iT̂L = iK̂′′df,3
1

1−
[
i(F̂G − ÎFG) + i(F̂G −

←̂−
I G)iD̂23,Li(F̂G −

−̂→
I G)

]
iK̂′′df,3

. (4.106)

Using the symmetrization identities (4.100)-(4.102), these can be rewritten as

iM̂′
df,3,L =

[
1 + iD̂23,LiF̂

−→
S
]
iT̂L

[
1 +←−S iF̂ iD̂23,L

]
, (4.107)

where

iT̂L = iK̂′′df,3
1

1−
[

1
3
←−
S iF̂
−→
S + ←̂−S iF̂ iD̂23,LiF̂

−̂→
S
]
iK̂′′df,3

. (4.108)

Expanding out the geometric series we see that, except at the ends, K̂′′df,3 is sandwiched

between two symmetrization operators, and thus fully symmetrized.

4.8.4 Quantization condition

We recall from above that the quantization condition can be obtained from the poles in

M̂′
df,3,L. Looking at Eq. (4.107), we see that poles can only arise from the factors of F̂ ,

D̂23,L, or T̂L. The former only has poles at free energies, which cannot be present in the

interacting spectrum, and must cancel in the full expression. Poles arising from D̂23,L do
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not depend on K̃df,3, and thus also must either be absent or cancel, since all finite-volume

energies must have some dependence on the three-particle interaction. Thus the only source

that remains is T̂L. To determine its poles, we rewrite Eq. (4.108) as

iT̂L = iK̂′′df,3 + iK̂′′df,3
←−
S 1

1− iF̂3i
̂̃Kdf,3

iF̂3
−→
S iK̂′′df,3 . (4.109)

where

F̂3 = 1
3 F̂ − F̂ D̂23,LF̂ , (4.110)

and

̂̃Kdf,3 = −→S K̂′′df,3
←−
S . (4.111)

Since poles can only arise from the second term in Eq. (4.109), we obtain our third and final

form for the quantization condition,

det
(
1 + F̂3

̂̃Kdf,3
)

= 0 . (4.112)

We refer to this as the symmetric form of the quantization condition.

Comparing to the quantization condition for identical particles derived in Ref. [28], we

see that the nondegenerate result has the same form, but with an additional layer of matrix

indices. This is what one might have naively expected, but, as we have shown, it is nontrivial

to obtain this generalization. A key property of the matrix ̂̃Kdf,3 is that it contains the same

underlying K matrix in each element, due to the presence of symmetrization operators on

both sides of K̂′′df,3 in Eq. (4.111). The underlying K matrix is

K̃df,3({p}; {k}) =
∑
i,j

[K̂′′df,3]ij({p}; {k}) , (4.113)

where, on the right-hand side, each element of K̂′′df,3 has been converted from the {k`m}

basis to the momentum basis, using the appropriate generalization of Eq. (4.23), and then

summed. The difference between the elements of the matrix ̂̃Kdf,3 arises only because K̃df,3



123

is expressed in different coordinates,[ ̂̃Kdf,3

]
ij

= K̃df,3({p}; {k})pi`′m′;kj`m , (4.114)

We stress that the complicated nature of the relation between K̃df,3 (which appears in our

final quantization condition) and the elements of K̂′df,3 [which appear in the previous form,

Eq. (7.33)] is not a practical concern, because we are simply replacing one set of unknown

quantities with another. In fact, as already stressed above, the final form of the condition,

Eq. (6.1) has the great advantage of requiring the parametrization of only a single K matrix,

rather than nine.

The form of F̂3, Eq. (4.110), is also the same as that in Ref. [28], although here the matrix

structure has more content. In particular, the entries of the diagonal flavor matrix F̂ are

different, as they correspond to a different choice of spectator flavor. Similarly, the factors

of Ĝ contained in D̂23,L have a nontrivial matrix structure. Since this matrix version of F̂3

is a quantity not previously considered, we note that it can be written as

F̂3 = 1
3 F̂ − F̂

1
K̂−1

2,L + F̂G
F̂ (4.115)

= F̂

−2
3 + 1

1 + (1 + K̂2,LĜ)−1K̂2,LF̂

 , (4.116)

which are generalizations of forms that have been used for identical particles.

4.8.5 Relating K̃df,3 toM3

The final ingredient in the symmetrized form of the formalism for nondegenerate particles is

to relate K̃df,3 toM3. The approach we take has already described in detail in Sec. 4.7, so

here we provide only a summary.

We begin by noting that M̂′
df,3,L cannot be written in terms of K̃df,3 alone, because the “1”

terms in square brackets in Eq. (4.107) do not involve symmetrization operators. However,
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sinceM3 is itself symmetrized [as in Eq. (4.94)], it can be written in terms of a symmetrized

version of M̂′
df,3,L which itself can be written solely in terms of K̃df,3. To explain this it is

useful to introduce a matrix version ofM3, whose elements are
[
M̂3

]
ij
≡M3(pi; kj)`′m′;`m . (4.117)

In other words, all elements are given by the same underlying quantity, but expressed in

different coordinates. Equations (4.91)-(4.94) can then be rewritten as

M̂3 = lim
L→∞

(−→
S M̂′

df,3,L
←−
S
)

+−→S D̂←−S , (4.118)

where D is defined in Eq. (4.92), and the infinite-volume limit is taken using the iε pole

prescription. Here we are using the fact that the symmetrization operators work equally well

on infinite-volume quantities. Using the properties

−→
S
−→
S = 3−→S , ←−

S
←−
S = 3←−S , (4.119)

we obtain

−→
S M̂′

df,3,L
←−
S = −→S

[
1
3 + iD̂23,LiF̂

] ̂̃Kdf,3
1

1− iF̂3i
̂̃Kdf,3

[
1
3 + iF̂ iD̂23,L

]←−
S , (4.120)

which indeed depends only on the symmetrized K̃df,3.

These results can be written as integral equations using results from Sec. 4.7. The

equation for D̂23 = limL→∞ D̂23,L is unchanged, Eq. (4.88); from this and the result for M̂2,

Eq. (4.82), we obtain D̂ = D̂23 − M̂2. The central geometric series in Eq. (4.120) is solved

by the integral equation

̂̃T = ̂̃Kdf,3 −
̂̃Kdf,3

[
1
3 − F̂

∞D̂23
]
F̂∞

̂̃T , (4.121)

which is the symmetric version of the equation for T̂ ′, Eq. (4.89) Despite its matrix form, this

is an integral equation for a single function T̃ ({p}; {k}) which is packaged into the matrix̂̃T in the same manner as in Eq. (4.117). We next apply integral operators to ̂̃T , combine
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with D̂, and symmetrize to obtain the final result

M̂3 = −→S
{[

1
3 − D̂23F̂

∞
] ̂̃T [1

3 − F̂
∞D̂23

]
+ D̂

}←−
S . (4.122)

Again, the matrix form is somewhat deceptive, as one needs only to calculate a single element

of M̂3, since all elements contain the same function expressed in different coordinates.

4.8.6 Symmetrizing the TOPT quantization condition

The steps we have taken to obtain the symmetrized quantization condition starting from the

result for M̂′
df,3,L, Eq. (4.79), can also be applied to the TOPT result for M̂df,3,L, Eq. (4.54).

Since these two equations have the same form, differing only by the version of K̂df,3 that

enters, the final results of the symmetrization process will also have the same form. In

particular, we obtain a TOPT-based quantization condition having the form of Eq. (6.1),

and an equation for M̂3 having the same form as Eq. (4.122), except in both cases we are

starting from K̂df,3 rather than K̂′df,3.

We now argue, however, that these new forms of the final results are actually exactly the

same.16 In other words, although we start with different versions of K̂df,3 in the two cases,

one Lorentz invariant and the other not, we claim that, after the manipulations involved in

symmetrization, the final resulting symmetrized quantity ̂̃Kdf,3 is the same. Our argument

for this is the same as that we used for identical particles in BS1. The key point is that, after

symmetrization, one ends with an equation for the same quantity, M̂3, in both cases. This

is because symmetrization corresponds to summing all diagrams that contribute, and this

results in the full scattering amplitude irrespective of whether one uses TOPT or Feynman

diagrams. If we assume that the relation betweenM3 and K̃df,3 given by Eqs. (4.121) and

(4.122) is invertible, then it must be that the symmetrized K matrix is the same for both

TOPT and Feynman approaches. In more physical terms, the assumption is that any changes

16This only holds if the HS boost is used in the TOPT approach.
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to the K matrix (which is simply a short-distance three-particle interaction) will lead to a

change in the full scattering amplitude.

If we accept this argument, then we can obtain the symmetrized form of the quantiza-

tion condition and the relation between K̃df,3 and M3 without using the Feynman-diagram

approach as an intermediate step.

4.9 Summary and Outlook

In this paper we have generalized the relativistic three-particle quantization condition, and

the relation of the intermediate three-particle K matrix toM3, to the case of nondegenerate

particles. We have derived three versions of the quantization condition: two asymmetric

forms—Eqs. (4.36) and (7.33)—each involving a flavor matrix composed of nine three-particle

K matrices, and a symmetric form—Eq. (6.1)—involving only a single K matrix. The latter

two versions of the quantization condition involve Lorentz-invariant K matrices. These three

quantization conditions are the generalizations of those for identical particles obtained in

BS1 (the first two) and Ref. [28] (the final form).

The main new feature that arises for nondegenerate particles is the need to introduce

an additional flavor index on the matrices, at least at intermediate steps. This corresponds

to the different choices for the flavor of the external spectator particles. Even though the

symmetric form of the quantization condition involves a K matrix, K̃df,3, that has been

symmetrized with respect to these indices, the quantization condition must still be written

in terms of flavor matrices because of the different kinematical factors arising from the

different choices of spectator flavor. Aside from this extra layer of indices, the form of the

quantization conditions is essentially unchanged from those for identical particles.

The path that we have taken to derive the final, symmetric, form of the quantization

condition has been rather lengthy and indirect. We first use TOPT, where the derivation is

relatively straightforward, but involves an asymmetric and Lorentz-noninvariant K matrix.
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Then we revert to a Feynman-diagram expansion of the amplitudes, and develop a new

all-orders approach that yields expressions that mirror those from TOPT, and leads to a

quantization condition that involves a K matrix that is Lorentz invariant, although still

asymmetric. Finally, we use symmetrization identities to obtain a quantization condition

involving a K matrix that is both Lorentz invariant and symmetric. A natural question is

whether there is a shorter path to the final result, especially since, as already noted, it has a

very similar form to that derived in Ref. [28] for identical particles. For example, could one

not simply generalize every step in the derivation of Ref. [28]? We think that this is almost

certainly possible, but have not followed that path as the derivation of Ref. [28] is itself very

lengthy and does not lead to explicit expressions for the K matrices and other quantities.

The approach followed here is explicit at every stage, so that, for example, we have given a

chain of expressions relating K̃df,3 back to the Feynman or TOPT Bethe-Salpeter amplitudes.

Now that we have done the groundwork, we expect that the present approach can be simply

generalized to other cases of interest.

Furthermore, as discussed in Sec. 4.8.6, if the relation between M3 and K̃df,3 is invert-

ible, then we can derive the final form of the quantization condition without the need for

the intermediate step involving Feynman diagrams. Instead, we need only symmetrize the

expressions that result from the TOPT approach. Although we have not demonstrated the

necessary invertibility, we think that this is a physically reasonable assumption. Thus, al-

though here we have provided the longer path to the final result, in which no assumptions

are needed, we think that the shorter, two-step path can be used for future generalizations.

The theory that we consider in our derivations, which has a Z2 symmetry for each of the

real scalar fields, is somewhat artificial, and has no direct application in QCD. It is clear

from the derivations, however, that all that matters for the validity of the final results is

that the kinematic constraints are such that the only on-shell intermediate state consists

of one particle of each flavor. One example, already discussed in Sec. 4.3, is the D+
s D

0π−
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system, which is chosen such that each of the three particles has a different total flavor. Here

the U(1) flavor symmetries are playing a similar role to the Z2 symmetries in our standard

theory. Another example is the D+
s D

0D+ system, and similar examples can be constructed

containing B mesons.

Since there are few direct applications, and also because this paper is quite lengthy, we

have reserved discussion of issues related to practical implementation, as well as various cross

checks, for a follow-up article. For example, a threshold expansion of K̃df,3 needs to be de-

veloped, along the lines of Ref. [76]. Also of interest is the degenerate limit of our formalism,

which can be related to the recently developed generalization of the symmetric quantization

condition of Ref. [28] to three pions of arbitrary isospin in isosymmetric QCD [37]. The I = 0

case can be described by both formalisms, because this only has contributions from π+π0π−

intermediate states, with no mixing with the 3π0 state. Another issue we aim to address

is the relation between the degenerate limit of our formalism and the results for identical

particles obtained in Ref. [28] and BS1.

We also intend, in this follow-up work, to present the generalization of the formalism that

will allow application to systems of greater phenomenological interest. A simple extension

is to “2+1” systems like K+π+π+, with two identical particles and a third that is different.

Cases with multiple three-particle channels are also of interest, for example π+π−π0 ↔ 3π0

with mu 6= md, and the D+
s D

0π− ↔ D0D0K0 system mentioned above. Another “2+1”

system of great interest is Nππ, given its relevance to the Roper resonance, but in this case

one needs also to include the Nπ channel, requiring a combination of the methods introduced

here and those of Refs. [34, 36]. We also note that the quantization condition for the DDK

system has recently been determined in the s-wave approximation using NREFT [91].

As already observed, we expect that the symmetric form of the quantization condition,

Eq. (6.1), will be most useful for practical applications, since it requires parametrizing only

a single three-particle K matrix. Nevertheless, the asymmetric, Lorentz-invariant form,
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Eq. (7.33), may be useful in order to determine the relation to the finite-volume unitar-

ity (FVU) approach to deriving the quantization condition [32, 41]. In the case of identical

particles, we have recently shown that the asymmetric RFT quantization condition, when

written in terms of the R matrix introduced in Refs. [78, 79] (an alternate version of the

three-particle K matrix), is equivalent to the FVU quantization condition [45]. We expect

that this equivalence can be extended to the nondegenerate case, where the R matrix is

extended to a flavor matrix.
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Chapter 5

EQUIVALENCE OF RELATIVISTIC THREE-PARTICLE
QUANTIZATION CONDITIONS1

5.1 Introduction

The study of resonant three-particle systems using lattice QCD (LQCD) is becoming feasible,

due to advances in the underlying theoretical formalism [28–32, 34–37, 41, 43, 64, 77] and

its practical application [39–41, 76], as well as in algorithmic and computational methods

necessary to extract three-particle spectra (see, for example, the recent results presented in

Refs. [1, 53, 54]).2 The present frontier is the application to the 3π+ system [51–53]. For

recent reviews, see Refs. [74, 75].

One of the key steps in the formalism is the derivation of three-particle quantization

conditions, equations whose solutions give the finite-volume spectrum of three-particle states

as functions of infinite-volume two- and three-particle K matrices. These K matrices can

then be related to two- and three-particle scattering amplitudes by solving integral equations.

Three different approaches have been followed to obtain the quantization conditions.

The first is based on an all-orders diagrammatic analysis in a generic relativistic field

theory, and is usually denoted the RFT approach. It was initially developed for identical

scalar particles with a G-parity-like Z2 symmetry [28, 29], and subsequently extended to

allow 2 → 3 processes [34], the inclusion of poles in the two-particle K matrix [35, 36],

and nonidentical but degenerate scalars [37]. In all cases, the formalism allows arbitrary

interactions in two-particle subsystems (which we henceforth refer to as “dimers”). In a

1This chapter and Appendix C are taken directly from Ref. [45].
2For related applications to lattice φ4 theories see Ref. [55]. For alternative approaches see Refs. [70–73].
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companion paper [43], henceforth referred to as BS1, we have presented an alternative,

simpler, derivation of the RFT quantization condition in the presence of the Z2 symmetry,

including an alternative form of the quantization condition itself. This new form, which

depends on an unsymmetrized three-particle K matrix, will play a crucial role in the present

work.

The second approach uses nonrelativistic effective field theory (NREFT), allowing a much

simplified derivation of the quantization condition [30, 31]. The formalism has so far only

been developed for identical scalars with s-wave dimers and no 2→ 3 transitions.

The third approach, developed in Refs. [32, 41], is based on a unitary parametrization of

the three-particle scattering amplitude,M3, in terms of a K-matrix-like real quantity called

the R matrix (and denoted R(u,u) below) [78, 79]. Following Ref. [74], we call this method

the “finite-volume unitarity” (FVU) approach. It leads to a quantization condition that

incorporates relativistic effects, and has so far only been developed for scalars with s-wave

dimers and no 2→ 3 transitions.

A natural question is whether there are relations between the approaches, particularly

between the two relativistic approaches (RFT and FVU). In addition, as stressed in Ref. [74],

it is not clear in the FVU approach whether all sources of power-law volume dependence have

been accounted for. Thus an alternative derivation of the FVU result would be welcome.

The relationship between approaches was first addressed in Ref. [31], where it was shown

that the nonrelativistic limit of the RFT quantization condition of Ref. [28], restricted to

s-wave dimers, reproduced the NREFT result, aside from certain technical differences. The

agreement also required that the quantities describing three-particle interactions in the two

approaches were restricted to their simplest, momentum-independent form. This agreement

was reproduced in Ref. [74] using a simplified method. In addition, Ref. [74] showed that,

when restricted to s-wave dimers, and assuming a constant three-particle interaction, the

RFT quantization condition could be manipulated into a form that agreed with that from
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the FVU approach (again aside from certain technical differences).

Our aim here is to extend these results to general two- and three-particle interactions. In

particular, we are able to derive the FVU form of the quantization condition starting from

the RFT result, and thus to generalize the FVU approach to dimers in all partial waves. The

key inputs here are, first, the new form of the RFT quantization condition that we obtained

in BS1, and, second, a generalization we derive here of the relation between the K matrix

of the RFT approach and the R matrix obtained in Ref. [92]. Our final result, given in

Eq. (5.45), is a form of the quantization condition given explicitly in terms of R(u,u).

This article is organized as follows. In the following section we summarize the relativistic

quantization conditions obtained previously, in both the RFT approach (Sec. 5.2.1) and

the FVU approach (Sec. 5.2.2). Additionally, in Sec. 5.2.1 we rewrite the new form of the

quantization condition from BS1 in an alternate form. In Sec. 5.3 we derive the infinite-

volume relationship between asymmetric forms of the three-particle K matrix and the R

matrix, R(u,u). Using these, in Sec. 5.4 we rewrite the RFT quantization condition (in its

asymmetric form) in terms ofR(u,u), thus obtaining the general form of the FVU quantization

condition. In a concluding section, Sec. 5.5, we briefly compare the advantages of the different

forms of the quantization condition for practical applications. Appendix C.1 summarizes

notation and definitions, while Appendix C.2 discusses subtleties concerning infinite-volume

limits.

5.2 Recap of prior forms of the relativistic quantization condition

5.2.1 Results in the RFT approach

The RFT quantization condition of Ref. [28] is given by

det [1 +Kdf,3F3] = 0 , (5.1)
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where Kdf,3 and F3 are matrices in the space of on-shell three-particle states, with F3 con-

taining the two-particle K matrix as well as known kinematical factors,

F3 = F̃
[1
3 −

1
H̃
F̃
]
, H̃ = 1/K2,L + F̃ + G̃ , (5.2)

while Kdf,3 is a three-particle K matrix. The notation here is that of BS1, which differs

somewhat from that of Ref. [28]. We summarize the relevant definitions in Appendix C.1,

and only note here that K2,L contains the two-particle K matrix, while F̃ and G̃ are known

kinematic functions. All three quantities depend on the box size L, with the dependence of

K2,L being of a simple kinematic nature [see Eq. (C.2)] while F̃ and G̃ contain the nontrivial

volume dependence. A key property of Kdf,3 is that it is symmetric under particle exchange,

separately for both the initial and final three-particle states. Thus it has the same symmetry

properties as the three-particle scattering amplitudeM3.

In BS1 we show that the quantization condition of Eq. (5.1) is equivalent to a form

written in terms of the asymmetric K matrix K(u,u)
df,3 . Here the right (left) superscript “u”

indicates that one of the three incoming (outgoing) momenta is being singled out as being

the “spectator” in cases where the initial interaction involves only two particles. The precise

definition of K(u,u)
df,3 is given constructively in Ref. [28], but is not important here. In fact, to

write the asymmetrized quantization condition in a simple form, one must use a new version

of the asymmetric K matrix, denoted K′(u,u)
df,3 , which is obtained from K(u,u)

df,3 by solving an

integral equation containing K2 and given explicitly in BS1. Then the new form of the RFT

quantization condition is

det
[
1 +

(
K2,L +K′(u,u)

df,3

)
(F̃ + G̃)

]
= 0 . (5.3)

We stress that no information is lost in the transition from K(u,u)
df,3 to K′(u,u)

df,3 , since we do not

have an explicit form for either. In practical applications of the quantization condition, both

must be parametrized. They are both related toM3 by (different) integral equations, and

both are Lorentz invariant if the relativistic form of G̃ is used.
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It turns out to be useful to rewrite the asymmetrized quantization condition as follows:3

det
[
H̃ −X(u,u)

]
= 0 , (5.4)

X(u,u) = K−1
2,L −

[
K2,L +K′(u,u)

df,3

]−1
(5.5)

= K−1
2,LK

′(u,u)
df,3 K

−1
2,L

1
1 +K′(u,u)

df,3 K
−1
2,L

. (5.6)

We return below to the issue of whether X(u,u) is an infinite-volume object, i.e. whether the

matrix products in its definition can be replaced by integrals.

BS1 also presents an alternative ab initio derivation of the asymmetric form of the quan-

tization condition,

det
[
1 +

(
K2,L + K̃(u,u)

df,3

)
(F̃ + G̃)

]
= 0 . (5.7)

This differs from Eq. (5.3) only in the three-particle K matrix that enters: here it is K̃(u,u)
df,3 ,

while K′(u,u)
df,3 appears in Eq. (5.3).4 These two asymmetric K matrices are similar, but differ

in their detailed definitions. K̃(u,u)
df,3 is defined using an asymmetry based on diagrams in time-

ordered perturbation theory, while that for K′(u,u)
df,3 is based on Feynman perturbation theory,

together with additional complications.5 As discussed in BS1, the fact that the same form

of the quantization condition can hold with different asymmetric K matrices is a reflection

of an intrinsic ambiguity in the definition of asymmetric quantities. We return to this point

below. Finally, we note that Eq. (5.7) can also be manipulated into the form of Eq. (5.4),

with X(u,u) now given by Eq. (5.6) with K′(u,u)
df,3 replaced by K̃(u,u)

df,3 .

3 To obtain this form, we are assuming that det[K2,L + K′(u,u)
df,3 ] 6= 0, which we expect to be true in

general.
4Another technical difference is that the BS1 derivation defines G̃ using a different boost to the dimer

center-of-mass frame than that used in Ref. [28]. However, the derivation of Eq. (5.3) goes through using
either boost. The equations in the remainder of the paper also hold using either boost—although one
must use the same choice throughout.

5One implication of this difference is that K̃(u,u)
df,3 is not Lorentz invariant (irrespective of the choice of

G̃), because it is defined in a frame-dependent way in terms of the diagrams of time-ordered perturbation
theory.
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5.2.2 The FVU quantization condition

The FVU form of the quantization condition has been written explicitly so far only when

the particles in the dimer interact in the s wave. The original forms given in Refs. [32, 41]

are quite complicated, but it is shown in Ref. [74] that the FVU quantization condition can

be rewritten as

det
[
H̃s − (2ωL3)−1C̃(u,u)

s (2ωL3)−1
]

= 0 , (5.8)

where ω is the on-shell single-particle energy (defined in Appendix C.1), H̃s is the s-wave

restriction of H̃ (i.e. with ` and m set to zero on both sides), and C̃(u,u)
s (k,p) is a smooth,

real function of the spectator momenta. Using the definition of R(u,u) given in Refs. [41, 92]

together with results from Ref. [74], one can show that C̃(u,u)
s = R(u,u)

s , with R(u,u)
s the s-wave

restriction of R̃(u,u). We have added the “(u, u)" superscript (which is absent in the original

FVU works and in Ref. [74]) in order to emphasize that this is an intrinsically asymmetric

object, since it parametrizes the smooth part of the dimer-particle contact interaction.

In writing the result (5.8) in terms of F̃ and G̃, we are implicitly assuming that we are

using the smooth cutoff function that is built into the approach of Ref. [28]. The introduction

of this cutoff function is essential in that work (and in the alternative approach of BS1) in

order to argue that all power-law volume dependence is accounted for. By contrast, in the

FVU approach, a hard cutoff is introduced by hand. There is, however, no technical reason

not to use the smooth cutoff in the FVU approach, and we assume henceforth that this has

been done.

Aside from this technical issue, Eqs. (5.4) and (5.8) are clearly very similar, and suggest

a relation between the s-wave restriction of X(u,u) and R(u,u)
s . In the following sections we

will make this concrete, using a variant of the relationship between K(u,u)
df,3 and the matrix R

introduced in Ref. [92].



136

5.3 The R(u,u) matrix and its relation to K′(u,u)
df,3 and K̃(u,u)

df,3

One of the results of the RFT approach is an integral equation relating Kdf,3 to the physical

three-particle scattering amplitudeM3 [29]. This provides a representation ofM3 in terms

of a real function that is devoid of s-channel unitary cuts (up to the five-particle threshold)

and of on-shell singularities. An important check on this result was the demonstration, in

Ref. [93], that it provided a representation ofM3 that satisfied the constraints of s-channel

unitarity.6 A similar, but different, parametrization ofM3, in terms of a real K-matrix-like

asymmetric7 amplitude R(u,u), had previously been suggested in the context of amplitude

analyses of experimental results for resonances that decay to three particles [78, 79]. This

parametrization was developed in order to satisfy s-channel unitarity. In Ref. [92], it was

shown that these two parametrizations are equivalent, and the relationship between Kdf,3

and R(u,u) was derived.

Here we need to extend the analysis of Ref. [92] to relate the asymmetric RFT amplitudes

K′(u,u)
df,3 and K̃(u,u)

df,3 to the FVU amplitude R(u,u). This brings to light two technical issues that

were overlooked in Ref. [92], although it turns out that they do not impact the final conclusion

of that work. We will describe these in the course of our discussion.

The desired relationships are determined by equating expressions for asymmetric forms

of the three-particle scattering amplitude. We use two such amplitudes: M(u,u)
3 defined in

Ref. [29] in the context of a Feynman diagram analysis, and M̃(u,u)
3 defined in BS1 in an

analysis using time-ordered perturbation theory (TOPT). We present the results for these

quantities in turn, and then compare them to the corresponding expressions in terms of

R(u,u).

6This demonstration remains valid when G̃ is defined with the boost used in BS1.
7As with C̃

(u,u)
s , we have added the superscript (u, u), which is not present in the original works, to

emphasize the asymmetry of R(u,u).
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5.3.1 Expression forM(u,u)
3

M(u,u)
3 is defined in Ref. [29] using a skeleton expansion in terms of Bethe-Salpeter kernels.

The external particles can be directly connected to either two- or three-particle kernels.

The asymmetry arises because two-particle kernels are connected to the external momenta

such that the spectator momentum is always associated with the noninteracting propagator.

The connection to the three-particle kernel does not lead to asymmetry, since this kernel is

symmetric.

In Ref. [29], an expression forM(u,u)
3 is obtained that depends on both K(u,u)

df,3 and Kdf,3.

In particular, it does not depend solely on the symmetric form Kdf,3 alone. This brings up

the first technical issue alluded to above. In the analysis of Ref. [92], a different expression

for M(u,u)
3 is used that is given wholly in terms of Kdf,3 [see Eqs. (20) and (21) of [92], in

whichM(u,u)
3 is called A]. This is, in fact, not the correct expression forM(u,u)

3 , but rather

describes a related (and implicitly defined) quantity, in which a certain subclass of diagrams

has has been symmetrized. This change does not impact the final results of Ref. [92] because

both the correct and incorrect expressions forM(u,u)
3 symmetrize to the same quantity,M3,

and this is all that is required for the derivation.

Here we use the correct expression for M(u,u)
3 . To determine this, we start from the

finite-volume version of the amplitude, M(u,u)
3,L (also defined in Ref. [29]), which goes over

to M(u,u)
3 in the appropriate L → ∞ limit. It was shown in BS1 how to asymmetrize the

result for M(u,u)
3,L given in Ref. [29] so as to write it solely in terms of K(u,u)

df,3 . After further

manipulation this is rewritten in BS1 in terms of K′(u,u)
df,3 ,

M(u,u)
df,3,L =M(u,u)

3,L −D
(u,u)
L (5.9)

= 1
1 +K2,L(F̃ + G̃)

K′(u,u)
df,3

1
1 + (F̃ + G̃) 1

1+K2,L(F̃+G̃)
K′(u,u)

df,3

1
1 + (F̃ + G̃)K2,L

. (5.10)

Here we have switched to using the divergence-free form of the three-particle amplitude,

whose difference from the original form is given by the multiple two-particle scattering con-
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tribution

D(u,u)
L = −M2,LG̃M2,L

1
1 + G̃M2,L

, (5.11)

whereM2,L is defined in Eq. (C.12).

Taking the infinite-volume limit of Eq. (5.10) using the iε prescription described in

Ref. [29], we obtain

M(u,u)
df,3 = LK′(u,u)

df,3
1

1 + (ρ̃PV +G∞)LK′(u,u)
df,3

LT , (5.12)

L = 1
1 +K2(ρ̃PV +G∞)

, (5.13)

LT = 1
1 + (ρ̃PV +G∞)K2

. (5.14)

This is written in a highly compact notation, adapted from that of Ref. [92], which we now

explain. All quantities depend implicitly on initial and final on-shell variables, each in the

{k, `,m} space. For example, K′(u,u)
df,3 is given explicitly by

K′(u,u)
df,3 (k,p)`m;`′m′ = lim

L→∞

[
K′(u,u)

df,3

]
k`m;p`′m′

, (5.15)

withM(u,u)
df,3 defined similarly. The explicit forms for the other quantities are

K2(k,p)`m;`′m′ = lim
L→∞

[
K2,L

]
k`m;p`′m′

= δ(k− p)δ``′δmm′ K(`)
2 (q∗2,k) , (5.16)

ρ̃PV(k,p)`m;`′m′ = δ(k− p)δ``′δmm′ ρ̃
(`)
PV(q∗22,k) , (5.17)

G∞(k,p)`m;`′m′ = Y`m(p∗k)
q∗`2,k

H(k)H(p)
b2
pk −m2 + iε

Y`′m′(k∗p)
q∗`

′
2,p

, (5.18)

where

δ(k− p) = 2ωk(2π)3δ3(k− p) , (5.19)

and K(`)
2 , ρ̃(`)

PV, and the kinematic variables are defined in Appendix C.1. The products

appearing in Eqs. (5.12)-(5.14) should be viewed as matrix products in the on-shell index

space. Angular momentum indices are summed as usual, while the spectator momenta
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(which are now continuous variables) are integrated with the Lorentz-invariant measure8∫
r ≡

∫
d3r/(2ωr[2π]3). Thus

[XZ] (k,p)`m;`′m′ ≡
∑
`′′m′′

∫
r
X(k, r)`m;`′′m′′Z(r,p)`′′m′′;`′m′ , (5.20)

where X,Z ∈ {K2, ρ̃PV, G
∞,K′(u,u)

df,3 }. Finally, the inverses in Eqs. (5.12)-(5.14), which are

well defined as matrix inverses for finite L, become integral equations in the infinite-volume

limit. Thus, for example, L satisfies

L = 1−K2(ρ̃PV +G∞)L . (5.21)

Further details on how the infinite-volume limit ofM(u,u)
df,3,L leads to Eq. (5.12) are provided

in Appendix C.2. In addition, we describe there how the inverses of K2, K′(u,u)
df,3 , and related

quantities are defined, since these are needed below.

5.3.2 Expression for M̃(u,u)
3

An alternative version of the asymmetric scattering amplitude is introduced in BS1 and

denoted M̃(u,u)
3 . Its asymmetry is defined in terms of two- and three-particle irreducible

TOPT amplitudes, which differ from the corresponding Bethe-Salpeter kernels. Thus it

differs fromM(u,u)
3 , although both symmetrize to the physical scattering amplitudeM3.

The expression for M̃(u,u)
3 (given in Appendix E of BS1) is identical to that forM(u,u)

3 ,

Eq. (5.12), except with K′(u,u)
df,3 replaced by K̃(u,u)

df,3 :

M̃(u,u)
df,3 = L K̃(u,u)

df,3
1

1 + (ρ̃PV +G∞)L K̃(u,u)
df,3
LT . (5.22)

Here K̃(u,u)
df,3 is the asymmetric K matrix appearing in Eq. (5.7), the new form of the RFT

quantization condition obtained in BS1.

8This differs from the notation of BS1, where the 1/(2ωr) factor is not included in the definition of
∫

r.
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5.3.3 Result for asymmetric amplitudes in terms of R(u,u)

We now recall the expression for the asymmetric scattering amplitude in terms of the R

matrix [78, 79]. For reasons that will become clear shortly, we give the amplitude a different

name from those discussed earlier, calling itMR,(u,u)
df,3 . We use the form given in Eqs. (15)-(19)

of Ref. [92], which, converted into our notation, becomes9

MR,(u,u)
df,3 = L̃R(u,u) 1

1− L̃R(u,u)
L̃ , (5.23)

L̃ =M2
1

1 +G∞M2
= 1

1 +M2G∞
M2 , (5.24)

where

M2(k,p)`m;`′m′ = δ(k− p)δ``′δmm′ M(`)
2 (q∗2,k) , (5.25)

with M(`)
2 being the `th partial wave of the two-particle scattering amplitude. Using the

result

M2 = K2
1

1 + ρ̃PVK2
, (5.26)

which follows from Eq. (C.6), we find

L̃ = 1
1 +K2(ρ̃PV +G∞)

K2 = K2
1

1 + (ρ̃PV +G∞)K2
. (5.27)

Before comparing to the earlier expressions (5.12) and (5.22), we discuss the second

technical issue alluded to above. This issue is whetherMR,(u,u)
df,3 should be equated toM(u,u)

df,3

or to M̃(u,u)
df,3 . All three amplitudes symmetrize to the same quantity, Mdf,3, but this does

not guarantee equivalence before symmetrization. Furthermore, as we have already noted,

the analysis of Ref. [92] uses a different, partially symmetrized version ofM(u,u)
df,3 (which also

9In the original works that introduce this form [78, 79], a different choice of G∞ was used than that we
use here, Eq. (C.10). In particular, the cutoff function H(k) was replaced with a hard cutoff, and barrier
factors were not included. However, as noted in Ref. [92], the derivation of s-channel unitarity—which is
the essential property of this form—goes through for all choices of G∞ that have the same residues of the
on-shell poles, which is the case for the choices used here.



141

symmetrizes to Mdf,3). In Ref. [92], it is implicitly assumed that this last version of the

asymmetric amplitude is equal toMR,(u,u)
df,3 . However, since the R-matrix parametrization is

not obtained using Feynman or TOPT diagrams, but rather is a form constructed solely to

satisfy s-channel unitarity, we see no fundamental way of connecting it to any of the diagram-

based definitions. We also see no sense in which either M(u,u)
df,3 or M̃(u,u)

df,3 (or the partially

symmetrized version of the former) is better suited to an R-matrix parametrization.

We propose that the resolution to this conundrum is that R(u,u) is intrinsically ambigu-

ous, and that, with suitable choices of this quantity, we can equateMR,(u,u)
df,3 to eitherM(u,u)

df,3

or M̃(u,u)
df,3 (or to the partially symmetrized version of the former, as done in Ref. [92]). To

say it differently, we propose that the parametrization of M3 in terms of R(u,u) involves a

redundancy, such that a family of choices of R(u,u) leads to the same physical scattering

amplitude. We stress that we are not suggesting that any ambiguity arises in the relation

between R(u,u) and MR,(u,u)
df,3 —for a given choice of the latter quantity (including its sub-

threshold continuation), we expect that R(u,u) is uniquely determined. The ambiguity arises

in the definition of MR,(u,u)
df,3 itself.10 The relations derived below demonstrate a posteriori

the validity of our proposal, because they show that the expressions given above for both

M(u,u)
df,3 and M̃(u,u)

df,3 can be rewritten exactly in the R-matrix form.

5.3.4 Combining results

Returning to the main line of argument, we note that the external integral operators in the

two expressions, Eqs. (5.12) and (5.23), are related by

L̃ = LK2 = K2 LT . (5.28)

10A potentially confusing point is that, in Ref. [92], the amplitudeMR,(u,u)
df,3 is called Ap′p, with no explicit

indication that it is an asymmetric quantity. We stress that Ap′p is asymmetric, and is related toM3 by
the symmetrization procedure of Eq. (7) of Ref. [92].
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Thus, Eq. (5.23) can be rewritten as11

MR,(u,u)
df,3 = LK2R(u,u) 1

1− LK2R(u,u)K2 LT (5.29)

= L 1
K−1

2 [R(u,u)]−1K−1
2 −K

−1
2 L
LT . (5.30)

Comparing this to a slightly rewritten version of Eq. (5.12)

M(u,u)
df,3 = L 1[

K′(u,u)
df,3

]−1
+ (ρ̃PV +G∞)L

LT , (5.31)

we observe that these expressions match if and only if[
K′(u,u)

df,3

]−1
= K−1

2

[
R(u,u)

]−1
K−1

2 −
(
K−1

2 + ρ̃PV +G∞
)
L (5.32)

= K−1
2

[
R(u,u)

]−1
K−1

2 −K
−1
2 , (5.33)

where the second step follows from Eq. (5.13). This can be rewritten as

K′(u,u)
df,3 = K2R(u,u)K2

1
1−R(u,u)K2

, (5.34)

or, equivalently, as an integral equation

K′(u,u)
df,3 = K2R(u,u)K2 +K2R(u,u)K′(u,u)

df,3 . (5.35)

The inverse relation can also be given, as discussed below. Reversing the algebraic steps, we

conclude that, if K′(u,u)
df,3 and R(u,u) are related in this manner, thenM(u,u)

df,3 can be written in

the R-matrix form of Eq. (5.23).

We can follow exactly the same steps if we equate the result for M̃(u,u)
df,3 , Eq. (5.22), to

MR,(u,u)
df,3 . Thus, with a different choice of R(u,u), we have

K̃(u,u)
df,3 = K2R(u,u)K2

1
1−R(u,u)K2

. (5.36)

The relations (5.34) and (5.36) are simpler than that between (a third choice of) R(u,u)

11The inverses appearing in this section and the next are defined in Appendix C.2.
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and Kdf,3 obtained in Ref. [92]. This is perhaps to be expected as both are asymmetric

quantities. We note that the new relations are consistent with the fact that both the R and

K matrices are purely real. The appearance of factors of K2 “wrapping” R(u,u) is a result

of the choice in the R-matrix approach of pulling out the dimer scattering amplitude as an

explicit external factor—see Fig. 2(a) of Ref. [92].

A technical point concerns the integrals over intermediate momenta that are implicit

in Eqs. (5.34) and (5.36). Expanding the geometric series, there are terms of the form

. . .R(u,u)K2R(u,u) . . . , which lead to an integral over the spectator-momentum associated

with K(`)
2 . If there are narrow resonances in a given channel, then K(`)

2 can have poles on

the real axis, and one must specify how to do the integrals. These can be dealt with either

by using a pole prescription or by generalizing the principal value (PV) prescription used to

define K(`)
2 , which can move the poles out of the relevant kinematic range [36]. We prefer

the latter approach, as this generalized PV prescription is needed to derive the quantization

condition of Eq. (5.4) in the case where K(`)
2 has poles.

In fact, although K(`)
2 and K′(u,u)

df,3 both depend on the choice of PV prescription, it turns

out that all choices of R(u,u) are prescription independent. The key fact here is that the

combination K−1
2,L + F̃ is, by construction, independent of the prescription. This in turn

implies that L̃ is also prescription independent, since it can be written

L̃ = lim
L→∞

1
K−1

2,L + F̃ + G̃
. (5.37)

Finally, using Eq. (5.23) and the fact thatMR,(u,u)
df,3 is prescription independent (which follows

from the prescription independence of M3 and D(u,u)), we see that R(u,u) must also be

independent of the PV prescription. In this sense, R(u,u) is a “more physical” quantity than

K′(u,u)
df,3 or K̃(u,u)

df,3 . We note, however, that R(u,u) does depend on the cutoff function, since

that dependence enters through G∞ and is not canceled.
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5.4 Expressing the quantization condition in terms of R(u,u)

We are now ready to combine the results obtained above to rewrite the quantization condition

in terms of R(u,u). For definiteness, we first consider the choice of R(u,u) that is related to

K′(u,u)
df,3 by Eq. (5.34), and thus consider the form of the quantization condition containing

the latter quantity, Eq. (5.4). We discuss the other choices of R(u,u) subsequently.

We start from Eq. (5.33), from which follows
[
R(u,u)

]−1
= K2 +K2

[
K′(u,u)

df,3

]−1
K2 . (5.38)

This can be rewritten as

R(u,u) = K−1
2 −

[
K2 +K′(u,u)

df,3

]−1
(5.39)

= K−1
2 K

′(u,u)
df,3 K

−1
2

1
1 +K′(u,u)

df,3 K
−1
2
. (5.40)

The key observation is that the quantity X(u,u) appearing in the quantization condition,

Eq. (5.6), satisfies

lim
L→∞

(2ωL3)X(u,u)(2ωL3) = R(u,u) , (5.41)

where the factors of (2ωL3) arise from Eq. (C.19). It follows that, if the finite-volume

corrections to this result are exponentially suppressed, i.e. if
[
(2ωL3)X(u,u)(2ωL3)

]
k`m;p`′m′

=
[
R(u,u)

]
k`m;p`′m′

+O(e−mL) , (5.42)

then the quantization condition (5.4) can be rewritten as

det
[
H̃ − (2ωL3)−1R(u,u)(2ωL3)−1

]
= 0 . (5.43)

Here R(u,u) is the matrix form of the infinite-volume amplitude, obtained in the usual way
[
R(u,u)

]
k`m;p`′m′

≡ R(u,u)(k,p)`m;`′m′ , {k,p} ∈ (2π/L)Z3 , (5.44)



145

i.e. by restricting the momenta to the finite-volume set.

To discuss the validity of Eq. (5.42), we consider the definition of X(u,u), Eq. (5.6).

Expanding out the geometric series, we find terms of the form . . .K′(u,u)
df,3 K

−1
2,LK

′(u,u)
df,3 . . . . As

shown in Eq. (C.20) this goes over to . . .K′(u,u)
df,3 K

−1
2 K

′(u,u)
df,3 . . . in the infinite-volume limit, with

the intermediate momentum sums over spectator momenta converted to integrals. However,

if K(`)
2 has zeros within the kinematic range of interest (which ranges up to the four pion

threshold for two-particle scattering), then the difference between sum and integral over the

resulting poles in K−1
2 will lead to power-law corrections to Eq. (5.42), which would invalidate

the quantization condition (5.43). Zeros in K(`)
2 (along the real q∗22,k axis) occur when the phase

shift passes through nπ with n ∈ Z and have no particular physical significance. Excluding

such cases would be a major restriction on the applicability of Eq. (5.43).

In fact, we do not think that such cases need to be excluded. The point is that we expect

R(u,u) to be finite in the vicinity of positions where K(`)
2 (and thusM(`)

2 ) has zeros. This is

because, as noted above, R(u,u) is defined in the expression for Mdf,3 with factors of M(`)
2

pulled out on both sides [as can be seen from Eq. (5.23)]. Thus the effects of a vanishing

M(`)
2 are already included. Assuming so, then Eq. (5.34) shows that K′(u,u)

df,3 vanishes at

such positions—specifically, K′(u,u)
df,3 (k,p)`m;`′m′ = 0 if K2(k)`m = 0 or K2(p)`′m′ = 0. This

implies that the divergences in K−1
2 occurring in the expression for X(u,u) are canceled by the

behavior of K′(u,u)
df,3 . Thus we conclude that Eq. (5.43) is a legitimate form of the quantization

condition.

We can repeat the arguments just given using the quantization condition written in terms

of K̃(u,u)
df,3 , Eq. (5.7), and the relation between K̃(u,u)

df,3 and a different choice for R(u,u) given

in Eq. (5.36). The result is that the quantization condition can be written in exactly the

form of Eq. (5.43), except with the new choice of R(u,u). One disadvantage of this choice of

R(u,u) is that it is not Lorentz invariant. This follows because it is defined in terms of the

TOPT asymmetric amplitude M̃(u,u)
3 , which depends on the choice of frame used to define



146

the time axis. By contrast, the form of R(u,u) obtained by equating MR,(u,u)
df,3 to M(u,u)

df,3 is

Lorentz invariant, as long as the relativistic form of G̃ is used.

5.5 Summary and outlook

The main result of this work is the demonstration that the three-particle quantization condi-

tion for scalar particles with a Z2 symmetry obtained in the RFT approach in Ref. [28] (and

extended in BS1) can be rewritten in terms of the R matrix of Refs. [78, 79] in the simple

form

det
[
K−1

2,L + F̃ + G̃− (2ωL3)−1R(u,u)(2ωL3)−1
]

= 0 . (5.45)

This provides the generalization of the s-wave FVU result of Refs. [32, 41], Eq. (5.8), to all

angular momenta of the dimer, and shows the equivalence of the RFT and FVU approaches

in general.12 We stress that the derivation of Eq. (5.45) requires the use of a smooth cutoff

function (as opposed to a hard cutoff) as well as the presence of the “barrier factors” in

the definition of G̃ [see discussion below Eq. (C.10)]. We note that, while the two-particle

interaction enters with a factor of 1/L3 (contained in K2,L), the three-particle interaction

term comes with a 1/L6. This is as expected based on the overlap amplitudes of particles

with wavefunctions distributed throughout the volume, and is consistent with the results of

the threshold expansion [65, 66, 68]. We expect that by taking the nonrelativistic limit of

this form of the quantization condition, one will obtain the generalization of the NREFT

quantization condition of Refs. [30, 31] to all dimer angular momenta.

We have also found that the R matrix is not unique, but rather that Eq. (5.45) holds for

two different choices ofR(u,u), which are in turn related to the two different asymmetric forms

of the three-particle K matrix that we have discussed, namely K′(u,u)
df,3 and K̃(u,u)

df,3 . We have

12As noted earlier, Eq. (5.8) is obtained from the original result for the FVU quantization condition, given
in Refs. [32, 41], only after some algebraic manipulations [74]. Presumably, our generalized result could
be rewritten in a form similar to that of the original works, but we have not attempted this.
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argued that the lack of uniqueness of R(u,u) is an example of the general result that asym-

metric forms of amplitudes are intrinsically ambiguous, since the process of symmetrization

is not invertible. This is most obviously seen in the fact that one can consider two different

asymmetric forms of the three-particle scattering amplitude,M(u,u)
3 and M̃(u,u)

3 , whose defi-

nitions differ by whether the asymmetry is defined with respect to a Feynman-diagram-based

skeleton expansion [29] or an expansion in terms of time-ordered perturbation theory (see

BS1).

Looking forward, an important question is how the new, asymmetric form of the quan-

tization condition, Eq. (5.45), compares in practice with the original, symmetric form of

Eq. (5.1). The advantages of the new form include its simplicity and the fact that R(u,u)

is independent of the choice of PV prescription. It is also closely connected to phenomeno-

logical analyses of scattering amplitudes, through which intuition and experience concerning

appropriate parametrizations of R(u,u) have been developed. The disadvantage of the new

form is that R(u,u) is an asymmetric amplitude, whose general description requires additional

parameters in comparison to the symmetric K matrix Kdf,3 that enters Eq. (5.1). This is

clear, for example, in the threshold expansion worked out in Ref. [76], where a significant

reduction in parameters occurs because of the symmetry of Kdf,3.13

13One can also see this in the result for K(u,u)
df,3 one obtains in leading-order chiral perturbation theory, by

extending the calculations described in Ref. [51].
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Part III

PRACTICAL IMPLEMENTATION

In the following three chapters, we present three different numerical implementations

of quantization conditions for three identical scalars. Each chapter and its corresponding

appendix is taken from a different research publication: Chapter 6 and Appendix D are from

Ref. [76]; Chapter 7 and Appendix E are from Ref. [36]; and Chapter 8 and Appendix F are

from Ref. [51].
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Chapter 6

IMPLEMENTING THE THREE-PARTICLE QUANTIZATION
CONDITION INCLUDING HIGHER PARTIAL WAVES1

6.1 Introduction

There has been considerable recent progress developing the formalism necessary to extract

the properties of resonances coupling to three-particle channels from simulations of lattice

QCD, with three different approaches being followed [28–32, 34, 35]. For a recent review,

see Ref. [74]. The outputs of this work are quantization conditions, which relate the finite-

volume spectrum with given quantum numbers to the infinite-volume two- and three-particle

interactions. This development is timely since simulations now have extensive results for

the finite-volume spectrum above the three-particle threshold; see, e.g., Refs. [55, 94, 95]

and the recent review in Ref. [26]. Turning the formalism into a practical tool remains,

however, a significant challenge. To date, this has been done only for the simplest case, in

which all particles are spinless and identical, the total momentum vanishes, the two-particle

interaction is purely s-wave, and three particles interact only via a momentum-independent

contact interaction [31, 32, 39–41].2 This is the analog in the three-particle system of the

initial implementations of the two-particle quantization condition of Lüscher [24, 25], which

assumed only s-wave interactions and vanishing total momentum.

In the two-particle case, such an approximation makes sense for levels close to the two-

particle threshold, since higher partial waves are suppressed by powers of the relative mo-

1This chapter and Appendix D are taken directly from Ref. [76].
2There is also an induced three-particle interaction due to the exchange of a virtual particle between a

pair of two-particle interactions. This is included in all approaches.
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mentum. In the meson sector it begins to fail for energies around 1 GeV. Indeed, recent

applications of the two-particle quantization condition use multiple partial waves (see, e.g.,

Refs. [96, 97]). Similar considerations apply for three particles, and we expect that for many

resonances of interest one will need to include higher partial waves.

The aim of this paper is to take the first step in this direction by including the first higher

partial wave that enters in the case of identical, spinless particles, namely the d wave.3 In

the language of Refs. [30–32], we include dimers (two-particle channels) with both ` = 0 and

` = 2. At the same time, for consistency, we make a corresponding extension of the three-

particle interaction beyond its local (pure s-wave) form. We will explain how to implement

the formalism in this generalized setting, and show examples for which the higher-order

terms have a significant impact on the finite-volume spectrum.

Three-particle quantization conditions have been developed with three different approaches.

These use, respectively, generic relativistic effective field theory analyzed diagrammatically

to all orders in perturbation theory (the RFT approach) [28, 34, 35], non-relativistic effec-

tive field theory (NREFT) [30, 31], and unitarity constraints on the two- and three-particle

S-matrix elements applied to finite-volume amplitudes (the finite-volume unitarity or FVU

approach) [32]. To date, only in the RFT approach has the formalism been worked out

explicitly with no limitations on the two-particle partial waves, whereas in the other two ap-

proaches the quantization condition has been written down only for s-wave dimers.4 There-

fore we adopt the RFT approach in this work. Specifically, we use the formalism of Ref. [28],

which applies to identical, spinless particles, with a G-parity-like Z2 symmetry that forbids

2 ↔ 3 transitions. Another important feature of this approach is that it can be made rela-

tivistic [34], which turns out to simplify the expansion about threshold. Although we use the

RFT approach, we expect that many of the technical considerations and general conclusions

3The p wave is absent due to Bose symmetry.
4It is expected, however, that there is no barrier to extending to higher waves.
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will apply to all three approaches to the quantization condition.

The formalism of Ref. [28] is restricted to two-particle interactions that do not lead

to poles in K2, the two-particle K matrix. If there are such poles, then one should use

the generalized, and more complicated, formalism derived in Ref. [35]. For simplicity, we

consider here only examples in which there are no K-matrix poles.

Since our main goal is to show how the formalism works when including higher waves, our

numerical examples are mainly chosen for illustrative purposes and do not represent physical

systems. However, there is one case in nature for which our simplified setting applies, namely

the 3π+ system. Thus, in one of our examples, we set the two-particle scattering parameters

to those measured experimentally for two charged pions, and illustrate the dependence of the

resulting three-pion spectrum on the three-particle scattering parameters. This is similar to

the study made in Ref. [41] using the FVU approach, except here we include d-wave dimers.

All three-particle quantization conditions involve an intermediate three-particle scattering

quantity that is not physical, but that can be related, in a second step, to the infinite-volume

scattering amplitude by solving integral equations. In the RFT formalism this quantity is

called Kdf,3, and the second step is explained in Ref. [29]. We do not discuss the implemen-

tation of this second step in the present work. Clearly, it will be important to do so in the

future, but the methods required are quite different from those needed for the quantization

condition.

This paper develops the ideas already sketched in Sec. 4 of Ref. [98]. It is organized as

follows. In the next section we recall the quantization condition of Ref. [28], and explain how

one can consistently expand Kdf,3 about the three-particle threshold, with d-wave interactions

entering at quadratic order. In Sec. 6.3 we describe the implementation of the quantization

condition including d-wave interactions, focusing on how to make use of the factorization into

different irreducible representations (irreps) of the cubic group. Subsequently, in Sec. 6.4 we

show results illustrating the effect of d-wave interactions on the three-particle spectrum,
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including in Sec. 6.4.3 the case of the 3π+ system with realistic interactions, which is a

target for a potential lattice QCD study. In addition, in Sec. 6.4.4, we address the issue of

characterizing unphysical solutions to the quantization condition. We summarize and close

the discussion in Sec. 8.6.

We also include seven appendices describing technical details. Appendix D.1 is a collec-

tion of relevant definitions, whereas Appendices D.2 and D.3 provide further details concern-

ing the topics of Sec. 6.3. Appendix D.4 describes the calculation of the leading contribution

of d-wave scattering to the threshold expansion. Finally, the remaining appendices relate

to the free solutions discussed in Sec. 6.4.4: Appendix D.5 motivates the presence of these

solutions in excited states, Appendix D.6 explains why they are absent in the isotropic ap-

proximation of Refs. [28, 39], and Appendix D.7 explains in an example why removing the

free solutions requires higher orders in the threshold expansion of Kdf,3.

6.2 Threshold expansion of the three-particle quantization condition

As noted above, we consider a theory of identical, scalar particles, with interactions con-

strained only by the imposition of a Z2 global symmetry that prevents odd-legged vertices.

In such a theory, the spectrum of odd-particle-number states in a cubic box of length L, with

periodic boundary conditions, is determined by solutions to the quantization condition [28]

det
[
F3(E,L)−1 +Kdf,3(E)

]
= 0 . (6.1)

This holds up to finite-volume corrections that are exponentially suppressed, i.e., which fall

as exp(−mL) up to powers of L, where m is the mass of the particle. In Eq. (6.1), F3

and Kdf,3 are matrices with index space {k, `,m}, where k ∈ (2π/L)Z3 is the finite-volume

momentum assigned to one of the particles (the “spectator”), while ` and m specify the

angular momentum of the other two (the “dimer”).5 This matrix space will be truncated, as

5Context determines which meaning of m is intended.
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explained in Sec. 6.3 below, so that the quantization condition (6.1) becomes tractable. The

matrix F3 is a complicated object given in Eq. (6.28) below; all we need to know for now is

that it depends on the two-particle K matrix, K2. Thus the infinite-volume quantities that

enter into the quantization condition are K2 and the three-particle quasilocal interaction

Kdf,3.6

The quantization condition (6.1) is valid only when the CM (center of momentum) energy

lies in the range m < E∗ < 5m, within which the only odd-particle-number states that

can go on shell involve three particles (rather than one, five, seven, etc.). Here E∗ =
√
E2 −P 2, with (E,P) the total four-momentum of the state. As in the previous numerical

studies [30, 32, 39, 40], we further restrict our considerations to the overall rest frame, with

P = 0, implying E∗ = E henceforth. We also recall that Eq. (6.1) assumes that there are no

poles in K2 in the kinematic regime of interest. We discuss the constraints that this places

on the two-particle scattering parameters in Sec. 6.3.

The aim of this section is to develop a systematic expansion of Kdf,3 about the three-

particle threshold at E = 3m. To that end, we make use of the fact that, unlike the matrix

F3, Kdf,3 is an infinite-volume quantity, and so is defined for arbitrary choices of the three

incoming and three outgoing on-shell momenta in the scattering process, and not just for

finite-volume momenta. It is also important that it can be chosen to be relativistically

invariant, if an appropriate choice of the kinematic function G̃ entering F3 is made [34] [see

Eq. (D.3)].

In the remainder of this section, we first recall the threshold expansion of K2 and its rela-

tion to the partial wave decomposition, and then describe the generalization of the threshold

expansion to Kdf,3, extending an analysis given in Ref. [39]. Finally, we show how the terms

in this expansion are decomposed into the matrix form needed for Eq. (6.1).

6The subscript “df” stands for “divergence-free”, indicating that a long distance one-particle exchange
contribution that can diverge has been removed. For further details, see Ref. [28].
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6.2.1 Warm up: expanding K2 about threshold

To illustrate the method that we employ for Kdf,3, we first consider the simpler, and well-

understood, case of the two-particle K matrix, K2. Since K2 is relativistically invariant, it

depends only on the standard Mandelstam variables s2, t2 and u2 = 4m2 − s2 − t2. It is

convenient to use dimensionless variables that vanish at threshold,

∆̃2 = s2 − 4m2

4m2 = q∗22
m2 , t̃2 = t2

4m2 = − q∗22
2m2 (1−cθ) , ũ2 = u2

4m2 = − q∗22
2m2 (1+cθ) , (6.2)

where q∗2 is the magnitude of the momentum of each particle in the CM frame, and cθ is the

cosine of the scattering angle. For physical scattering, ∆̃2, −t̃2 and −ũ2 are all non-negative,

and satisfy

∆̃2 = −t̃2 − ũ2 , (6.3)

implying that −t̃2 and −ũ2 are both bounded by ∆̃2.

Since K2 is known to be analytic near threshold, we can expand it in powers of ∆̃2, t̃2
and ũ2. The previous considerations imply that, for generic kinematics (i.e., θ 6= 0 or π), all

three quantities are of the same order. Bose symmetry implies that the expression must be

symmetric under t̃2 ↔ ũ2. Thus, through quadratic order we have

K2 = c̃0 + c̃1∆̃2 + c̃2∆̃2
2 + c̃3

(
t̃ 2
2 + ũ 2

2

)
+O(∆̃3

2) , (6.4)

where the c̃i are constants (which are real since K2 is real), and we have used the constraint

(6.3) to reduce the number of independent terms. We now decompose this result into partial

waves, using

K2 =
∞∑
`=0

(2`+ 1)K(`)
2 (∆̃2)P`(cos θ) . (6.5)
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All odd partial waves vanish by Bose symmetry, while Eq. (6.4) leads to

K(0)
2 = c̃0 + c̃1∆̃2 + (c̃2 + 2

3 c̃3)∆̃2
2 +O(∆̃3

2) , (6.6)

K(2)
2 = 1

15 c̃3∆̃2
2 +O(∆̃3

2) . (6.7)

The first equation gives the first three terms in the effective range expansion for K2, while

from the second equation we recover the well-known result that K(2)
2 ∝ q∗42 near threshold.

By extending this analysis, one can show that K(`)
2 only enters when we include terms of

O(∆̃`
2) in the threshold expansion [39].

The threshold expansion has a finite radius of convergence. In particular, we know that

K2 has a left-hand cut at ∆̃2 = −1, so that the radius of convergence cannot be greater

than |∆̃2| = 1. In practice, we truncate the expansion at the order shown in Eqs. (6.6) and

(6.7) (and set K(`)
2 = 0 for ` ≥ 3), use a cutoff function such that ∆̃2 > −1, and restrict

E < 5m implying that ∆̃2 < 3. We are thus assuming that the deviations from the truncated

threshold expansion are small over this kinematic range.

6.2.2 Invariants for three-particle scattering

To extend the analysis to the three-particle amplitude Kdf,3, we begin by listing the gener-

alized Mandelstam variables,

s ≡ E2 , sij ≡ (pi + pj)2 = sji, s′ij ≡ (p′i + p′j)2 = s′ji , tij ≡ (pi − p′j)2 , (6.8)

where pi (p′i), i = 1− 3, are the incoming (outgoing) momenta. As in the two-particle case,

it is convenient to use dimensionless quantities that vanish at threshold,

∆ ≡ s− 9m2

9m2 , ∆i ≡
sjk − 4m2

9m2 , ∆′i ≡
s′jk − 4m2

9m2 , t̃ij ≡
tij

9m2 , (6.9)
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where in the definitions of ∆i and ∆′i, (i, j, k) form a cylic permutation of (1, 2, 3). These

sixteen quantities are constrained by the following eight independent relations,
3∑
i=1

∆i =
3∑
i=1

∆′i = ∆ (6.10)

3∑
j=1

t̃ij = ∆i −∆,
3∑
j=1

t̃ji = ∆′i −∆. [i = 1, 2, 3] . (6.11)

Thus only eight are independent: the overall CM energy (parametrized here by ∆) and seven

“angular” degrees of freedom.7 This counting is as expected: six on-shell momenta with total

incoming and outgoing 4-momentum fixed have 3 · 6− 4 · 2 = 10 degrees of freedom, which

is reduced to 7 by overall rotation invariance.

For physical scattering, it is straightforward to show that ∆i, ∆′i, −t̃ij are all non-negative,

and the constraint equations then lead to the inequality

0 ≤ ∆i,∆′i,−t̃ij ≤ ∆ . (6.12)

Thus all the variables {∆,∆i,∆′i, t̃ij} can be treated as being of the same order in an expan-

sion about threshold.

6.2.3 Expanding Kdf,3 about threshold

By construction, Kdf,3 is a smooth function for some region around threshold.8 Thus it

can be expanded in a Taylor series in the variables {∆,∆i,∆′i, t̃ij}, which are all treated as

being of O(∆). Since Kdf,3 is real, the coefficients in this expansion must also be real. The

expansion must also respect the symmetries of Kdf,3, which is invariant under [34]:9

7We call these variables angular since they span a compact space.
8More precisely, what is shown in Ref. [28] is that Kdf,3 has no kinematic singularities at threshold, a

result that is checked by the explicit perturbative calculations of Refs. [81, 82]. There can be dynamical
singularities due to a three-particle resonance, but, generically, this will lie away from threshold.

9The first two symmetries hold because we are considering identical bosons. They would not hold in the
more general case of nonidentical particles, allowing additional terms to be present in Kdf,3.
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• Interchange of any two incoming particles: pi ↔ pj ⇒ ∆i ↔ ∆j and t̃ik ↔ t̃jk

• Interchange of any two outgoing particles: p′i ↔ p′j ⇒ ∆′i ↔ ∆′j and t̃ki ↔ t̃kj

• Time reversal: pi ↔ p′i (∀i) ⇒ ∆i ↔ ∆′i and t̃ij ↔ t̃ji (∀ij)

It is then a tedious but straightforward exercise to write down the allowed terms at each

order in ∆, and simplify them using the constraints (6.10)–(6.11). Through quadratic order

we find

m2Kdf,3 = Kiso +K(2,A)
df,3 ∆(2)

A +K(2,B)
df,3 ∆(2)

B +O(∆3) , (6.13)

Kiso = Kiso
df,3 +Kiso,1

df,3 ∆ +Kiso,2
df,3 ∆2 (6.14)

∆(2)
A =

3∑
i=1

(∆2
i + ∆′ 2i )−∆2, (6.15)

∆(2)
B =

3∑
i,j=1

t̃ 2
ij −∆2 , (6.16)

where Kiso
df,3, K

iso,1
df,3 , K

iso,2
df,3 , K

(2,A)
df,3 and K(2,B)

df,3 are real, dimensionless constants. We thus see

that there is a single term both at leading (zeroth) order and at first order, while there

are three independent terms at quadratic order. The particular linear combinations of the

quadratic terms that appear in Eqs. (6.15) and (6.16) (and in particular the subtraction of

∆2 in ∆(2)
A and ∆(2)

B ) are chosen based on our numerical experiments described below in order

to ensure that their contributions to the finite-volume spectrum are distinct.

As noted in Ref. [39], the leading order contribution to Kdf,3 in Eq. (6.13) is independent

of momenta pi and p′j. This shows that the isotropic approximation to Kdf,3, defined as

independence of the seven angular variables, arises naturally in the same way as the s-wave

approximation to K2. What we add here is the result that Kdf,3 remains isotropic at O(∆),

having only an overall linear dependence on s. Furthermore, at quadratic order, we find only

two terms that depend on angular variables (∆(2)
A and ∆(2)

B ), compared to the seven angular

variables that are needed to fully characterize three-particle scattering. Thus, if it is a good
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approximation to truncate the threshold expansion at O(∆2), the number of parameters

needed to describe Kdf,3 is smaller than one might naively have expected.

For most of our numerical investigations, we have restricted ourselves to quadratic order

in the expansion of Kdf,3. It is interesting, however, to push the classification to higher order

for at least three reasons. First, in order to know how rapidly the number of parameters

grows; second, to see which dimer partial waves enter; and, third, to investigate the issue of

solutions to the quantization condition with energies given by those of three noninteracting

particles (see Sec. 6.4.4). Thus we have classified all terms of cubic order. We find eight

independent terms: three that are just ∆ times each of the terms of quadratic order, plus

five new angular terms,

∆(3)
A =

∑
i

(
∆3
i + ∆′ 3i

)
, ∆(3)

B =
∑
i,j

t̃ 3
ij (6.17)

∆(3)
C =

∑
i,j

∆it̃ij∆′j, ∆(3)
D =

∑
i,j

t̃ 2
ij

(
∆i + ∆′j

)
(6.18)

∆(3)
E =

∑
σ∈S3

t̃1σ(1)t̃2σ(2)t̃3σ(3), (6.19)

where σ ∈ S3 is a permutation of the indices (1, 2, 3). Thus the number of terms is growing

fairly rapidly with order.10

6.2.4 Decomposing Kdf,3

In order to use Kdf,3 in the quantization condition, we need to decompose it into the variables

used in its matrix form. This is the analog of the partial wave decomposition of K2, described

in Sec. 6.2.1 above.

The steps in this decomposition were presented in Ref. [28] and we recall them here. The

10We do not think that there is any significance to the fact that the number of terms depending on angular
variables through cubic order, i.e. 2 + 5 = 7, equals the number of independent angles in three-particle
scattering. The dependence on these angles can be arbitrarily complicated, so there is not a one-to-one
correspondence between variables and functions.
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total four-momentum P µ is fixed, in our case to (E,0). One each of the initial and final

particles is designated as the spectator, with three-momenta denoted k and p, respectively.

Since Kdf,3 is symmetric separately under initial and final particle interchange, it does not

matter which particles are chosen as the spectators, and we take k = p3 and p = p3
′.

The remaining two particles form the (initial and final) dimers. The total momenta of both

dimers are fixed, e.g. to P − p3 in the initial state. For each dimer, we can boost to its CM

frame, and the only remaining degree of freedom is the direction of one of the particles in

the dimer in this frame. We take this particle to be p1 in the initial state, and denote its

direction in the dimer CM frame by â∗. Similarly, the direction of p′1 in the final-state-dimer

CM frame is called â′∗. Using these variables we can write11

Kdf,3 = Kdf,3(p, â′∗; k, â∗) . (6.20)

The next step is to set each spectator momentum to one of the allowed finite-volume

values, e.g. k = n(2π/L), with n a vector of integers. The final step is then to decompose

the dependence on â∗ and â′∗ into spherical harmonics

Kdf,3(p, â′∗; k, â∗) = 4πY ∗`′m′(â′∗)Kdf,3;p`′m′;k`mY`m(â∗) , (6.21)

where there is an implicit sum over all angular-momentum indices. This defines the entries

in the matrix form of Kdf,3.12 In practice, we use the real version of spherical harmonics, so

the complex conjugation in Eq. (6.21) has no impact.

The simplest example of this decomposition is for the isotropic terms in Kdf,3, namely

Kiso in Eq. (6.14). Recalling that E, and thus ∆, is fixed, Kiso is simply a constant. This

11As above, the 2 ·(3+2) = 10 momentum components are reduced to seven independent angular variables
by rotation invariance.
12Note that we follow Ref. [28] and drop the vector symbol on the momenta in the matrix indices, in
order not to overly clutter the notation.
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implies that the matrix form of Kiso vanishes unless `′ = ` = 0, and is independent of p,k:

Kiso
df,3;p`′m′;k`m = Kisoδ`′0δm′0δ`0δm0 . (6.22)

The approximation Kdf,3 = Kiso is studied in Ref. [39].

We next work out the decomposition of ∆(2)
A , Eq. (6.15), which is conveniently written as

∆(2)
A =

[
∆2

3 + ∆′ 23 −∆2
]

+
[
∆2

1 + ∆2
2

]
+
[
∆′ 21 + ∆′ 22

]
. (6.23)

The first term depends on k 2 and p 2, but not on â∗ or â′∗. This can be seen from

9m2∆3 = (P − p3)2 − 4m2 = E2 − 2Eωk − 3m2 , (6.24)

with ωk =
√

k2 +m2, and the corresponding result for ∆′3. Thus the first term in Eq. (6.23)

leads to a purely s-wave (`′ = ` = 0) contribution to Kdf,3, although now with nontrivial

dependence on k and p, so this differs from an isotropic contribution.

The second term in Eq. (6.23) can be rewritten using

9m2

2
[
∆2

1 + ∆2
2

]
= (p+ · p3 − 2m2)2 + (p− · p3)2 = (Eωk − 3m2)2 + 4E2

E∗22,k
(a ∗ · k)2 , (6.25)

where p± = p1 ± p2, and E∗22,k = (P − p3)2. To obtain the second form one must explicitly

boost to the dimer CM frame, in which p− equals 2a ∗, with a∗2 = 9m2∆3/4. The first term

on the right-hand side of Eq. (6.25) is independent of â∗, and thus again contributes only

an s-wave component. The second term, however, depends quadratically on â∗, and thus,

through the addition theorem for spherical harmonics,13

(â · k̂)2 = 1
3 + 8π

15
∑
m

Y ∗2m(â)Y2m(k̂) , (6.26)

leads to both s- and d-wave contributions. In other words, both Kdf,3;p00;k00 and Kdf,3;p00;k2m

are nonvanishing. These contributions are straightforward to work out from the above equa-

tions, and we do not display them explicitly.

13Again, in practice, we use real spherical harmonics, so the complex conjugation is not needed.



161

The final term in Eq. (6.23) differs from the second term only by changing unprimed

quantities to their primed correspondents. Thus one finds contributions both to Kdf,3;p00;k00

and Kdf,3;p2m′;k00. Overall, we conclude that the angular dependence in ∆(2)
A leads to both

s- and d-wave dimer interactions, although there are no terms with both ` = 2 and `′ = 2.

The latter result arises from the fact that there are no terms in ∆(2)
A that depend on both

incoming and outgoing momenta.

Finally, we consider ∆(2)
B , given in Eq. (6.16). This is more complicated to decompose

because t̃ij contains both incoming and outgoing momenta, but this same property leads to

contributions with ` = `′ = 2. We provide only a sketch of the decomposition, as the details

are tedious, lengthy, and straightforward to automate. Expanding ∆(2)
B , one finds terms that

are similar to those dealt with in ∆(2)
A , which lead to additional contributions to Kdf,3;p00;k00,

Kdf,3;p00,k2m, and Kdf,3;p2m′;k00, and a term proportional to

(p− · p′−)2 = a∗i a
∗
jSij,rsa

′∗
r a
′∗
s , (6.27)

where p′± = p′1 ± p′2, i, j, r, and s are now spatial vector indices, and S is a tensor that

depends on k and p and is symmetric separately under i ↔ j and r ↔ s. By decomposing

S into the spherical tensor basis one finds contributions to the ` = `′ = 2 part of Kdf,3,

Kdf,3;p2m′;k2m, as well as to the other three components.

In summary, because the terms of O(∆2) in Kdf,3 are at most quadratic in a ∗ and/or

a ′∗, they give rise to dimer interactions that are either s- or d-wave. This is the analog of

the result derived in Sec. 6.2.1 that, at the same order, only K(0)
2 and K(2)

2 are present.

The generalization to higher order is straightforward. Terms of O(∆3), can, in principle

be cubic in a ∗ and/or a ′∗, but Bose symmetry forbids odd powers. Thus O(∆3) terms lead

only to s- and d-wave contributions to Kdf,3, as we have checked explicitly. In order to obtain

contributions with ` = 4 or `′ = 4 one must work at O(∆4) in the threshold expansion. The

pattern continues similarly at higher order.
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6.3 Implementing the quantization condition

In this section we describe how we numerically implement the quantization condition, Eq. (6.1),

when working to quadratic order in the threshold expansion. The expression for F3 is14

F3 = 1
L3

[
F̃

3 − F̃H
−1F̃

]
, (6.28)

H = 1
2ωK2

+ F̃ + G̃, (6.29)

where all quantities are matrices with indices {k, `,m}. K2 is a diagonal matrix[ 1
2ωK2

]
p`′m′;k`m

= δpkδ`′`δm′m
1

2ωkK(`)
2;k
, (6.30)

where the only nonzero elements are the s- and d-wave terms

1
K(0)

2;k
= 1

16πE∗2,k

{
− 1
a0

+ r0
q∗22,k

2 + P0(r0)3q∗42,k + |q∗2,k|[1−H(k)]
}
, (6.31)

1
K(2)

2;k
= 1

16πE∗2,k
1
q∗42,k

{
− 1
a5

2
+ |q∗52,k|[1−H(k)]

}
. (6.32)

Here E∗22,k = (P − k)2 is the invariant mass of the dimer, while q∗k =
√
E∗22,k/4−m2 is the

momentum of each particle composing the dimer in its CM frame.15 The expression (6.31)

is the standard form for the effective range expansion through quadratic order, with a0 the

s-wave scattering length, r0 the effective range, and P0 the shape parameter. Expanding

the overall factor of E∗2,k about threshold, and for now ignoring the 1 − H(k) term, one

recovers the form given in Eq. (6.6). Similarly, aside from the 1−H term, the expression for

K(2)
2;k, Eq. (6.32), is equivalent to the earlier result, Eq. (6.7). Here the leading order term is

14This is the form given in Appendix C of Ref. [28], with F̃ = F/(2ω) and G̃ = G/(2ω). The matrix H
should not be confused with the cutoff function H(k), which is always shown with an argument.
15These quantities were denoted s2 and q∗2 , respectively, in Sec. 6.2.1, but here we need to make explicit
that they depend on k. The notation here is the same as in Ref. [28].
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parametrized in terms of the d-wave scattering length a2.16

The 1−H terms in the expressions (6.31) and (6.32) arise from the need to introduce a

smooth cutoff function H(k) that vanishes for E∗22,k ≤ 0. We refer the reader to Refs. [28, 68]

for further explanation of both the need for this cutoff and the manner in which it enters

these expressions. It is sufficient to note here that the 1 −H term turns on smoothly only

well below the dimer threshold at E∗2,k = 2m. The explicit form of H(k) that we use is given

in Appendix D.1.

As noted above, the quantization condition holds only if there are no poles in K2 in

the kinematic regime under study. The kinematic range of q∗2,k is given by −m2 < q∗22,k <

3m2 (corresponding to 0 < E∗22,k < 16m2). The parameters in Eqs. (6.31) and (6.32) are

thus constrained so that neither right-hand side vanishes for this range of q∗22,k. In our

numerical investigations, we always use values of the scattering parameters that satisfy these

constraints. For a2 the constraint is that ma2 < 1, with arbitrarily negative values allowed.

The other two quantities appearing in F3 are the finite-volume kinematic functions F̃

and G̃. The former is essentially a two-particle quantity, and thus is diagonal in spectator

momenta, though not in the angular-momentum indices:17

F̃p`′m′;k`m ≡ δpkH(k)F̃`′m′;`m(k) . (6.33)

G̃ is a kinematic function that arises from one-particle exchange between dimers, and is thus

a quantity that involves all three particles. In particular, it is not diagonal in any of the

indices. We give the explicit forms of F̃ and G̃ in Appendix D.1, and provide some details

of their numerical evaluation of F̃ in Appendix D.2.

An important property is that G̃p`′m′;k`m is proportional to H(p)H(k), and is thus trun-

16This expansion is often written with a different definition of a2, in which a5
2 is replaced by a2. We prefer

the present form since then a2 has dimensions of length.
17We are abusing notation here, but the two versions of F̃ will always be distinguishable by the presence
or absence of the argument k.
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cated to the finite number of values of spectator momenta for which H(k) 6= 0. We call

this number Nspect(E,L). The same truncation applies to F̃ , due to the factor of H(k) in

Eq. (C.9). Both matrices are, however, infinite-dimensional in angular-momentum space.

This is to be contrasted to K2 and Kdf,3, which are (by approximation) truncated in angular

momenta but not in spectator-momentum space. In angular momentum space the dimension

is 1 + 5 = 6 when keeping both s and d waves.

Nevertheless, it turns out that these two truncations are sufficient to reduce the quanti-

zation condition, Eq. (6.1), to a determinant of a 6Nspect-dimensional matrix. To show this,

we first write the quantization condition as

det
[
F−1

3

]
det [1 + F3Kdf,3] = 0 . (6.34)

It appears from this rewriting that there will be solutions to the quantization condition when

det[F3] → ∞, i.e., when F3 has a diverging eigenvalue. However, in that case, the second

determinant will, for a general Kdf,3, also diverge, leading to a finite product. Thus we expect

that the only solutions of the quantization condition (6.1) for general Kdf,3 will be those that

also satisfy

det[1 + F3Kdf,3] = 0 . (6.35)

This also makes sense intuitively, since we expect all finite-volume energies to depend upon

the three-particle interaction. The advantage of the form (6.35) is that it has been shown

in Ref. [28] that it effectively truncates all matrices that appear (i.e., F̃ , G̃, K2 and Kdf,3)

to Nspect entries in spectator-momentum space and to s and d waves in angular-momentum

space. By “effectively” we mean that elements of the matrices that lie outside the truncated

space do not contribute to the determinant.

In the following, we also consider at times the further truncation to only s-wave dimer

interactions. This is effected by setting to zero all entries in the matrices having ` = 2, so

that their dimension becomes Nspect.
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We have now explained how all the matrices contained in the quantization condition

Eq. (6.1) are constructed, for given values of E and L. We combine these matrices to form

F−1
3 +Kdf,3, and calculate its eigenvalues. For a given choice of L, the finite-volume spectrum

is then given by those values of E for which an eigenvalue vanishes.

The practical calculation of this spectrum is facilitated by decomposing into irreducible

representations (irreps) of the symmetry group of finite-volume scattering. For a cubic box

with P = 0, this is the cubic group, Oh. For the case of pure s-wave dimers, this decompo-

sition has been worked out for the NREFT and FVU quantization conditions in Ref. [40].

It has also been used implicitly in the numerical study of the isotropic approximation to the

RFT quantization condition in Ref. [39], since the isotropic approximation automatically

involves a projection onto the trivial (A+
1 ) irrep.18 The new result that we now present is the

generalization of the decomposition to the case in which one has both s- and d-wave dimers.

6.3.1 Projecting onto cubic group irreps

We begin by recalling some useful properties of the cubic group, Oh. It has dimension

[Oh] = 48, and ten irreps. Its character table can be found, e.g. in Ref. [99]. The labels for,

and dimensions of, the irreps can be seen in Table 6.1 below. Each finite-volume momentum,

k = (2π/L)nk, lies in a “shell” (also known as an orbit) composed of all momenta related to

k by cubic group transformations. We refer to this shell as ok. There are seven types of shell,

differing by the symmetry properties of the individual elements. We label these by the form

of nk: (000), (00a), (aa0), (aaa), (ab0), (aab) and (abc), where a, b and c are all different,

nonzero components. They have dimensions No = 1, 6, 12, 8, 24, 24 and 48, respectively.

For example, nk = x̂ lies in the (001) shell of type (00a), and nk = x̂ + 2ẑ lies in the (120)

shell of type (ab0). Each element in a shell is invariant under rotations in a subgroup of Oh,

called its little group, Lk. The little groups for all elements in a shell are isomorphic, with

18For a more detailed discussion of the isotropic approximation, see Appendix D.6.
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dimension [Lk] = [Oh]/No.

The four matrices that enter the quantization condition Eq. (6.1), namely 2ωK2, Kdf,3,

F̃ and G̃, are all invariant under a set of orthogonal transformations U(R), where R ∈ Oh.

Specifically, if M is one of these matrices, then

M = U(R)MU(R)T , U(R)U(R)T = 1 , (6.36)

U(R) = S(R)⊗D(R)T , (6.37)

U(R)p`′m′;k`m = δopokS
(op)
pk (R)δ`′`D(`)

mm′(R). (6.38)

Here the Wigner D-matrix is defined in Eq. (D.7), while S(R) permutes the spectator mo-

menta within shells:

S(R)pk = δopokS
(op)
pk (R) = δpRk ≡


1, Rp = k

0, otherwise .
(6.39)

For 2ωK2 and Kdf,3 this result follows because they are invariant under rotations, while for

F̃ and G̃ it follows from the fact that they are form-invariant under cubic-group rotations if

the quantization axis that defines the spherical harmonics is rotated along with the spectator

momenta.

The matrices {U(R)T}R∈Oh furnish a representation of Oh:

U(R2R1)T = U(R2)TU(R1)T , ∀R1, R2 ∈ Oh , and U(13)T = 1k`m . (6.40)

One may decompose this reducible representation into irreps I of the cubic group using

projection matrices (see, e.g., Ref. [100])

PI = dI
[Oh]

∑
R∈Oh

χI(R)U(R)T , (6.41)

where dI is the dimension of I and χI(R) its character.19 An important simplifying property

19Normally one would write χI(R)∗ in Eq. (6.41), but since Oh only involves real orthogonal transforma-
tions, all characters are real and the conjugation is trivial.
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of U(R), which carries over to PI , is that it is block-diagonal. For the spectator-momentum

indices, this follows because

U(R)Tpk = S(R)kp ⊗D(R) = δkR pD(R) =


D(R), Rk = p

0, otherwise ,
(6.42)

which implies that each U(R) is block diagonal in shells, o. We label the resulting “shell

blocks” of PI as PI,o. These shell blocks inherit from D(R) the property of being block

diagonal in `, and we label the corresponding sub-blocks as PI,o(`), with ` = 0 or 2. The

result is that we can write PI in the form

PI = diag(PI,o1 , PI,o2 , . . .) , PI,o = diag(PI,o(0), PI,o(2)) . (6.43)

This simplified structure allows for more efficient computation of the PI matrices, as ex-

plained in Appendix D.3.1.

Using these projectors, we can decompose the quantization condition into separate condi-

tions for each irrep. From Eq. (6.36) we know that [PI ,M ] = 0, for each of the four matrices

M , from which it follows that

[PI , F−1
3 +Kdf,3] = 0 (∀I) . (6.44)

Using ∑I PI = 1, and the orthogonality of the projectors onto different irreps, one can then

show that the determinant factorizes into that for each irrep

det[F−1
3 +Kdf,3] =

∏
I

det
sub,I

[PI(F−1
3 +Kdf,3)PI ] , (6.45)

where the subscript indicates that the determinant is taken only over the subspace onto

which PI projects. Thus the quantization condition for irrep I becomes

det
sub,I

[PI(F−1
3 +Kdf,3)PI ] = 0 , (6.46)

If desired, one can also apply the projectors to all the matrices contained in F3, Eq. (6.28),
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Table 6.1: Dimension of irrep projection sub-blocks for each shell-type and angular momen-
tum, (d(PI,o(0)), d(PI,o(2))). Each row corresponds to an irrep of the cubic group Oh, whose
dimension is also listed for completeness.

shell types
irrep dim (000) (00a) (aa0) (aaa) (ab0) (aab) (abc)
A+

1 1 (1, 0) (1, 1) (1, 2) (1, 1) (1, 3) (1, 3) (1, 5)
A+

2 1 (0, 0) (0, 1) (0, 1) (0, 0) (1, 3) (0, 2) (1, 5)
E+ 2 (0, 2) (2, 4) (2, 6) (0, 4) (4, 12) (2, 10) (4, 20)
T+

1 3 (0, 0) (0, 3) (0, 9) (0, 6) (3, 21) (3, 21) (9, 45)
T+

2 3 (0, 3) (0, 6) (3, 12) (3, 9) (3, 21) (6, 24) (9, 45)
A−1 1 (0, 0) (0, 0) (0, 1) (0, 0) (0, 2) (0, 2) (1, 5)
A−2 1 (0, 0) (0, 1) (0, 1) (1, 1) (0, 2) (1, 3) (1, 5)
E− 2 (0, 0) (0, 2) (0, 4) (0, 4) (0, 8) (2, 10) (4, 20)
T−1 3 (0, 0) (3, 6) (3, 12) (3, 9) (6, 24) (6, 24) (9, 45)
T−2 3 (0, 0) (0, 6) (3, 12) (0, 6) (6, 24) (3, 21) (9, 45)

so that the entire evaluation of the quantization condition involves matrices of reduced

dimensionality.

The number of eigenvalues in a given irrep is given by the dimension of the projected

subspaces, d(PI). This is obtained by summing the dimensions of the sub-blocks,

d(PI) =
∑
o

∑
`=0,2

d(PI,o(`)) , (6.47)

where the sum over o runs over all shells that are “active”, i.e., that lie below the cutoff. We

explain how the d(PI,o(`)) are calculated in Appendix D.3.2, and list the results in Table 6.1.

From this we learn, for example, that the k = 0 shell contains one A+
1 irrep for ` = 0, and

one each of the E+ and T+
2 irreps for ` = 2. Note that shells can contain multiple versions

of a given irrep, e.g., the (00a) shell-type with ` = 2 contains two versions each of the E+,

T+
2 , T−1 and T−2 irreps.

At this stage it is useful to give an example of how shells become active as E and L are

increased. With our cutoff, described in Appendix D.1, the maximum value of |nk|, nk,max,
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Figure 6.1: Number of active momentum shells for fixed mL as a function of E.

is determined by the vanishing of E∗22,k:

E∗22,k = 0 ⇒ nk,max = L

2π

(
E2 −m2

2E

)
. (6.48)

This can be easily converted into the number of active shells, an example being shown in

Fig. 6.1. The first fifteen shells are (000), (001), (110), (111), (002), (120), (112), (220),

(221), (003), (130), (113), (222), (230) and (123), at which point examples of all seven types

have appeared.

Although each PI is block diagonal in o and `, F−1
3 + Kdf,3 is generally not. Thus even

though each eigenvector of F−1
3 +Kdf,3 lies in a single irrep, it will generally be a nontrivial

linear combination of vectors lying in the subspaces projected onto by PI,o(`). However, we

can still use Table 6.1 to determine how many eigenvalues will be present in a given irrep for

a given choice of E and L. For example, suppose we have both s- and d-wave interactions
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turned on and we are in the E,L regime where only the first two momentum shells, (000)

and (001), are active, so that Nspect = 1 + 6 = 7. Then the table tells us that F−1
3 + Kdf,3

has 3 eigenvalues in A+
1 since

d(PA+
1

) = d(PA+
1 ,000(0)) + d(PA+

1 ,000(2)) + d(PA+
1 ,001(0)) + d(PA+

1 ,001(2))

= 1 + 0 + 1 + 1 = 3 . (6.49)

Looking at the other irreps, we see that in this regime there is 1 eigenvalue in A+
2 , 8 in E+,

3 in T+
1 , 9 in T+

2 , 0 in A−1 , 1 in A−2 , 2 in E−, 9 in T−1 , and 6 in T−2 giving the correct total

of 6Nspect = 42 eigenvalues. We stress that eigenvalues lying in a given irrep always come in

degenerate multiplets corresponding to the dimension of the irrep. Thus, for example, the

eight eigenvalues in the E+ irrep in the two-shell regime consist of four two-fold-degenerate

pairs.

A point that may lead to confusion when we present results in the following section is that

the number of eigenvalues of F−1
3 +Kdf,3 bears no direct relation to the number of solutions

to the quantization condition. For there to be a solution, an eigenvalue must vanish, and this

occurs only for a subset of the eigenvalues in the energy range of interest. This point can be

seen explicitly if the interactions K2 and Kdf,3 are weak, for then we expect the number of

states to be the same as for noninteracting particles. We quote in Table 6.2 the irreps that

appear in the first few three-particle levels for noninteracting particles. These states have

energies

Efree(n1,n2) =
3∑
i=1

√
m2 + (2π/L)2n2

i , n3 = −n1 − n2 , (6.50)

where ni are integer vectors. As an example of the difference between the dimensions of

F−1
3 +Kdf,3 and the number of solutions, we consider mL = 5 and the A+

1 irrep, and focus on

the energy range E/m = 3− 5. From Fig. 6.1 we see that the number of active momentum

shells begins at 2 for E = 3m, increases to 3 at some point, and then reaches 4 below E = 5m.
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Table 6.2: Irreps appearing in the lowest energy levels of three identical noninteracting
particles. The first column gives the level number (for values of mL ∼ 5), starting at zero.
The states are labeled by the squares of the three vectors ni that determine the momenta of
the particles—see Eq. (6.50)—and these are given in the second column. The third column
gives the degeneracy, and the final column the irreps that appear.

level (n2
1,n2

2,n3
3) degen. irreps

0 (0, 0, 0) 1 A+
1

1 (1, 1, 0) 3 A+
1 + E+

2 (2, 2, 0) 6 A+
1 + E+ + T+

2
3 (2, 1, 1) 12 A+

1 + E+ + T+
2 + T−1 + T−2

4 (3, 3, 0) 4 A+
1 + T+

2

From Table 6.1 we deduce that the corresponding number of eigenvectors in the A+
1 irrep

are 3, 6 and 8. By contrast, the free levels in this irrep occur at E = 3m, E = 4.21m,

E = 5.08m, . . . . For weak interactions, we expect solutions to the quantization condition

only near these three values, and thus we find that, in all cases, the number of eigenvalues

of F−1
3 +Kdf,3 significantly exceeds the number of solutions at, or below, the given energy.

We close this section by noting that the components of Kdf,3, given in Eq. (6.13), can

themselves be decomposed into different irreps. While it is clear that Kiso
df,3, Eq. (6.14), lies

purely in the A+
1 irrep, we also find that the same is true for the K(2,A)

df,3 term. The K(2,B)
df,3

term, however, has components that lie in the A+
1 , E+, T+

2 and T−1 irreps. For components

lying in the remaining irreps one must go to cubic or higher order in the threshold expansion.

6.4 Results

The goal of this section is to illustrate the impact of including d-wave interactions in the

quantization condition. In particular, we aim to determine which energy levels and which

irreps are particularly sensitive to such interactions. We begin, however, with a case where

the impact of d-wave interactions is small, namely the ground state energy with a weak
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two-particle interaction. This allows us to test of our implementation of the quantization

condition in a regime where we can make an analytic prediction. We then consider the

impact of a strong d-wave interaction, m|a2| ∼ 1, comparing its effect on the ground and

excited states, and for different irreps. Next we study the sensitivity of the finite-volume

spectrum of the physical 3π+ state, with K2 taken from experiment, to the various terms in

Kdf,3. And, finally, we discuss the different types of unphysical solutions to the quantization

condition that appear.

6.4.1 Threshold expansion including a2

In this section we consider the energy of the lightest two- and three-particle states in the case

of weak two-particle interactions, and with the three-particle interaction Kdf,3 set to zero.

The energy of these states (called E(0)
2 and E(0)

3 , respectively) lie close to their noninteracting

values, and we define the differences as

∆En = E(0)
n − n×m. (6.51)

These can be expanded in powers of 1/L (up to logarithms), the results being called the

threshold expansions. These expansions have been worked out in a relativistic theory to

O(L−6) in Refs. [24, 68, 81]:20

∆E2 = 4πa0

mL3

{
1 + c1

(
a0

πL

)
+ c2

(
a0

πL

)2

+ c3

(
a0

πL

)3

+ 2πr0(a0)2

L3 − πa0

m2L3

}
+O(L−7) , (6.52)

∆E3 =12πa0

mL3

{
1 + d1

(
a0

πL

)
+ d2

(
a0

πL

)2
+ 64π2(a0)2C3

mL3 + 3πa0

m2L3 + 6πr0(a0)2

L3

+
(
a0

πL

)3 (
d3 + cL log mL2π

)}
− M3,thr

48m3L6 +O(L−7) .
(6.53)

20The terms up to O(L−5) agree with those obtained previously using nonrelativistic QM [65, 66].
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Here cL, C3, and the ci and di, are numerical constant available in the aforementioned ref-

erences, and M3,thr is a subtracted three-particle threshold scattering amplitude, whose

definition will be discussed in Appendix D.4.

What we observe from these results is that they depend, through O(L−5), only on the

s-wave scattering length, a0, with the effective range r0 first entering at O(L−6). There is no

explicit dependence on the d-wave scattering amplitude at this order. We can understand

this pattern qualitatively as follows.21 The typical relative momentum, q, satisfies ∆E ∼

q2/m, and thus, since ∆E ∼ a0/L
3, we learn that q2 ∼ a0/L

3. Using the effective range

expansion, Eq. (6.31), we then expect that the relative contribution from the r0 term will

be r0a0q
2 ∼ r0a

2
0/L

3, and this is indeed what is seen in Eqs. (6.52) and (6.53). By the same

argument, we expect the q4 terms proportional to both P0 and a5
2 to appear first at relative

order O(L−6), and thus contribute to ∆En at O(L−9). If this were the case, it would be very

challenging to see the dependence of the threshold energies on a2.

However, it turns out that there is an additional contribution of O(L−6) to ∆E3 that

depends on a2, and indeed on all higher partial waves, hidden inM3,thr. In Appendix D.4

we calculate the leading dependence on a2 in a perturbative expansion in the scattering

amplitudes, finding

m2M3,thr ⊃ dthr(ma0)2(ma2)5
[
1 +O(a0) +O(a5

2)
]
, dthr = −14110 . (6.54)

The appearance of a5
2, rather than a2, follows from our parametrization of the d-wave K

matrix, Eq. (6.32). In order to isolate the a2 dependence of ∆E3, we consider the difference

δEd(L, a0, a2) = ∆E3(L, a0, a2)−∆E3(L, a0, a2 = 0) . (6.55)

Substituting Eq. (6.54) into the expression for ∆E3, Eq. (6.53), we obtain the theoretical

21See also Appendix C in Ref. [101].
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Figure 6.2: Comparison of the analytical prediction (which is absolutely normalized) with
the results from a numerical solution of the quantization condition. The parameters are
ma0 = 0.1, ma2 = 0.25, and r0 = P0 = Kdf,3 = 0. The lack of linearity for smaller values of
mL is related to the opening up of new momentum shells.

prediction

δEd

m
= −dthr

48
(ma0)2 (ma2)5

(mL)6

[
1 +O(a0) +O(a5

2)
]

+O
(
L−7

)
. (6.56)

We have checked that the results from numerically solving the quantization condition are

consistent with Eq. (6.56). In particular, we have verified that the leading dependence on

a0, a2 and 1/L is as predicted. An example of the comparison, showing the L dependence, is

given in Fig. 6.2. Agreement at the 10% level holds over many orders of magnitude. Based

on our tests, we find that the major source of this small discrepancy arises from terms of

higher order in a0.

This comparison provides a strong cross-check of our numerical implementation. However,



175

for weakly interacting system, such as mesons in QCD, one cannot achieve, using lattice

calculations, results for the spectrum with the precision shown in the figure, nor can one

work at such large values of mL. We now turn to situations in which a2 has a numerically

more significant effect.

6.4.2 Effects of a2 on the three-particle spectrum

We begin by studying the strongly interacting regime, where m|a2| ∼ 1. This regime,

although hardly conceivable in particle physics, represents an interesting academic problem

that is relevant in the physics of cold atoms [102, 103].

In Fig. 6.3, we show the three particle spectrum for E < 4m in two irreps, A+
1 and E+,

as a function of negative ma2. Here we have fixed the volume to mL = 8.1, and chosen a

weakly attractive s-wave interaction, ma0 = −0.1, with other scattering parameters set to

zero. We choose negative values for ma2 in order to avoid the possibility of a pole in K(2)
2 ,

Eq. (6.32), for which our formalism breaks down. Note that negative a2 corresponds, at least

for small magnitudes, to an attractive interaction, as seen from the result for δEd, Eq. (6.56).

Since we use a small value of m|a0|, the energy levels at the right-hand edges of both plots

(where a2 = 0) lie close to the energies of three noninteracting particles (which are E/m = 3,

3.53, 3.97, 4.02, . . . for mL = 8.1). As m|a2| increases, the energies are almost flat, until at

a value m|a2| ∼ 1, the levels shift rapidly downwards. This shift begins at smaller values

of m|a2| for excited states. As the magnitude of a2 increases, the excited states approach

lower-lying states until an avoided level crossing occurs. We also observe that states in the

E+ irrep are more sensitive to d-wave interactions, which seems to be a general feature, as

will be seen in the following section.

Another interesting observation from Fig. 6.3 is the presence of a deep subthreshold state

for m|a2| > 1. This resembles the Efimov effect, which describes a three-particle bound

state arising from an attractive two-particle interaction m|a0| � 1 [104]. The Efimov bound
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Figure 6.3: Energy levels as a function of ma2 in the region E < 4m with mL = 8.1 and
ma0 = −0.1, r0 = P0 = Kdf,3 = 0 in the A+

1 irrep (left) and the E+ irrep (right).

state has been reproduced numerically with only s-wave interactions present, both in the

NREFT approach [31, 40] and in the isotropic approximation of the RFT formalism [39].

Moreover, there is some theoretical work regarding the existence of this generalized Efimov

scenario in the presence of d-wave interactions [103], although there is no result concerning

the asymptotic volume dependence, unlike in the s-wave case [105]. We have been able to

solve the quantization condition numerically up to mL = 37.5 and the bound state energy

barely changes, which strongly suggests that it is indeed an infinite volume bound state.

Results for ma2 = −1.3 are shown in Fig. 6.4. The volume dependence of the energy is

dominated by effects of the UV cut-off, which manifest themselves as small oscillations when

a new shells become active. These are similar to oscillations observed in several quantities

in Ref. [39].

We close by commenting on the impact of using a relativistic formalism, as opposed

to a NR approach, on the results of this section. We expect that the qualitative features

of the results will be unchanged, but that the quantitative energy levels will be changed
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compressed vertical scale.

once they differ significantly from 3m. Thus, for example, we expect that the energy of the

subthreshold state will be only slightly changed, since it lies at the border of the NR regime.

6.4.3 Application: spectrum of 3π+ on the lattice

The simplest application in QCD for the three-particle quantization condition is the 3π+

system, not only from the theoretical point of view—no resonant subchannels—but also

from the technical side—no quark-disconnected diagrams and a good signal/noise ratio. Here

we use our formalism to predict the 3π+ spectrum, using values for the two-body scattering

parameters determined from experiment, and a range of choices for the parameters in Kdf,3.22

Our focus will be on how to differentiate effects arising from the different components of Kdf,3,

listed in Eq. (6.13).

An important point in the following is that that there is no natural size for the parameters

22We ignore QED effects, which are numerically small, and, in any case, cannot be incorporated into the
present formalism.
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in Kdf,3: the magnitudes of the dimensionless coefficients Kiso
df,3, K

iso,1
df,3 , K

iso,2
df,3 , K

(2,A)
df,3 , and

K(2,B)
df,3 are not constrained. Strictly speaking, we know this only for Kiso

df,3, because, in the

nonrelativistic limit, it is related to the three-particle contact interaction in NREFT (a

relation given explicitly in Ref. [74]), and it is well known that the latter interaction varies

in a log-periodic manner from −∞ to∞ as the cutoff varies [106]. But we see no reason why

this should not also apply to the other coefficients. In particular, we note that the physical

three-particle scattering amplitude,M3, does not diverge when Kdf,3 does [29, 39].

We take the parameters describing isospin-2 ππ scattering from Ref. [107]:

mπa0 = 0.0422, mπr0 = 56.21, P0 = −3.08 · 10−4, mπa2 = −0.1867 . (6.57)

In a lattice simulation, these parameters would be extracted from the two-pion spectrum,

using the two-particle quantization condition. Indeed, there is considerable recent work on

the 2π+ system using lattice methods, in some cases incorporating d-wave interactions [95,

108–112]. We emphasize that one must determine these parameters with high precision in

order to disentangle the two- and three-body effects in the three-particle spectrum.

For the relatively weak two-particle interactions of Eq. (6.57), the energy levels lie close

to the noninteracting energies of Eq. (6.50). For the regime of box sizes available in current

lattice simulations, 4 . mπL . 6, there are at most three such levels below the five-particle

threshold, E = 5mπ (above which the quantization condition breaks down). For these levels,

the solutions lie in three irreps: Γ = A+
1 , E

+, T+
2 (see Table 6.2). We denote the difference

between the actual energy and its noninteracting value as

∆EΓ
n = EΓ

n − Efree
n (6.58)

where n = 0, 1, . . . labels the levels following the numbering scheme of Table 6.2. It is known

that, asymptotically, [77]

∆EΓ
n ∝

a0

mL3 +O(L−4) . (6.59)
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We stress, however, that the asymptotic result is not numerically accurate for the range of

mL that we consider.

Let us start from the ground state, which lies in the A+
1 irrep. Here our expectations

are guided by the threshold expansion, Eq. (6.53). In addition to explicit dependence on a0

and r0, and the implicit dependence on a2 worked out in Sec. 6.4.1, the energy depends on

Kdf,3 through the M3,thr/L
6 term. Following the arguments given in Sec. 6.4.1, we expect

that only Kiso
df,3 will enter at this order, with dependence on Kiso,1

df,3 suppressed by 1/L3 and

that on Kiso,2
df,3 , K

(2,A)
df,3 and K(2,B)

df,3 by 1/L6. This is borne out by our numerical results, shown

in Fig. E.2. The left panel compares results with several choices of parameters: (i) those

of Eq. (6.57) plus Kdf,3 = 0 (labeled “s- and d-wave”—black, dotted line); (ii) the same as

(i) but with Kiso
df,3 = 300 and all other parameters in Kdf,3 vanishing (magenta); (iii) the

same as (ii) but with Kiso,1
df,3 also turned on, taking the three values 135 (blue), 270 (cyan)

and 810 (grey); and (iv) the isotropic approximation, i.e., with only s-wave interactions, and

a0 the only nonzero scattering parameter (orange). We see that adding d-wave two-particle

interactions has a similar impact to adding Kiso
df,3 = 300, but that adding Kiso,1

df,3 with a similar

magnitude has almost no impact.

The right panel shows the dependence on Kiso
df,3, with other parameters fixed at the values

in Eq. (6.57). The range we consider is Kiso
df,3 = [−1000,+1000]. In order to have sensitivity

to Kiso
df,3 in this range, a determination of ∆E0/m with an error of ≈ 0.01 is needed. Such

an error can be achieved with present methods. Thus, as noted in Ref. [39], if one has a

sufficiently accurate knowledge of the two-particle scattering parameters, one can use the

ground state energy to determine the leading three-particle parameter Kiso
df,3. Indeed, this

approach has been carried out successfully in Refs. [47, 55].

In Fig. 6.6, we investigate the sensitivity of the energy of the first excited state to the

various two-particle scattering parameters, comparing the two irreps that are present. The

magnitude of the energy shifts are comparable to those for the ground state, but the de-
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Figure 6.5: Energy shift for the ground state in the A+
1 irrep, for which Efree

0 = 3m. The
two-particle scattering parameters are those in Eq. (6.57), aside from the orange curve in
the left panel, where only a0 is nonzero. The three particle scattering parameters are as
indicated in the legend, and explained further in the text. We use the convention that
a parameter value not given explicitly is set to the value given earlier. For example, the
blue line in the left panel has the parameters set to Kiso

df,3 = 300 and Kiso,1
df,3 = 135, while

Kiso,2
df,3 = K(2,A)

df,3 = K(2,B)
df,3 = 0.

pendence on the scattering parameters differs markedly. This can be understood because

the relative momenta between the particles is nonvanishing for the excited state. Denoting

generically the relative momenta by q, this satisfies q/m ≈ 2π/(mL) ∼ O(1). Because of this

we expect that the higher-order terms in the effective range expansion, i.e. r0 and P0, should

play a much more significant role. This is borne out by the results in the figure, particularly

for the A+
1 irrep. We observe that the effect of these additional terms is opposite in the

two irreps, which is consistent with the prediction of the threshold expansion generalized to

excited states [77]. We also see that adding d-wave dimers has almost no impact on the A+
1

irrep (indeed, the effect is smaller than for the ground state) while the impact is comparable

to that of r0 and P0 for the E+ irrep. Qualitatively, this is as expected, since the averaging

over orientations in the A+
1 irrep suppresses the overlap with d-wave dimers.
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Figure 6.6: Energy shift of the first excited state in the A+
1 irrep (left) and E+ irrep (right).

In the range of mL shown, Efree
1 /m = 4.7 − 3.9. The quantization condition is solved with

only two-particle scattering parameters being nonzero, while Kdf,3 = 0. When a parameter
is nonzero, its value is given by Eq. (6.57). The solid orange and red curves include only
s-wave dimers, the former having only a0 turned on (“only a0”), with the latter having all
three s-wave parameters in K2 nonzero (“a0, r0, P0”). The dotted black line shows the impact
of adding d-wave dimers, with a2 nonzero (“s- and d-wave”).

In Fig. 6.7 we illustrate the dependence of the same two excited states on the five param-

eters in Kdf,3, Eq. (6.13). Because q/m ∼ O(1) we expect that, unlike for the ground state,

the energy should be sensitive to all five parameters, and not just to Kiso
df,3. This is borne out

for the A+
1 irrep, where there is strong sensitivity to all three isotropic parameters, and a

somewhat weaker dependence on K(2,A)
df,3 and K(2,B)

df,3 . As noted above, only K(2,B)
df,3 affects the

E+ irrep, and Fig. 6.7 illustrates this dependence.

The energy shift for the second excited states are shown in Fig. 6.8. We show results only

for those volumes for which the states lie below the five-particle threshold, which requires

mL & 5.2. The A+
1 energy-shift depends on all parameters in Kdf,3, while the E+ and T+

2

irreps depend only on K(2,B)
df,3 . The results show a similar dependence on parameters as for

the first excited states. We also find that the E+ and T+
2 irreps show the greatest sensitivity



182

4.0 4.5 5.0 5.5 6.0 6.5 7.0

mL

0.010

0.012

0.014

0.016

0.018

0.020

0.022

0.024

∆E
A+

1
1

m

s- and d-wave

Kiso
df,3 = 100

Kiso
df,3,Kiso,1

df,3 = 90

Kiso
df,3,Kiso,1

df,3 ,K
iso,2
df,3 = 40

Kiso
df,3,Kiso,1

df,3 ,K
(2,A)
df,3 = 40

Kiso
df,3,Kiso,1

df,3 ,K
(2,B)
df,3 = 40

6

0.0122

0.0128

4.0 4.5 5.0 5.5 6.0 6.5 7.0

mL

0.006

0.008

0.010

0.012

0.014

0.016

0.018

0.020

∆EE+
1

m

K(2,B)
df,3 = 40

K(2,B)
df,3 = 80

K(2,B)
df,3 = 400

s- and d-wave

5

0.0134

0.0139

4.1

0.0195

0.0205

Figure 6.7: Energy shift of the first excited state in the A+
1 irrep (left) and E+ irrep (right)

with various choices of the parameters in Kdf,3. The two-particle scattering parameters are
given by Eq. (6.57) for all curves. The choices of Kdf,3 parameters is explained by the legend,
with the convention that a parameter value not given explicitly is set to the value given
earlier. For example, the black line has the parameters set to Kiso

df,3 = 100, Kiso,1
df,3 = 90, and

Kiso,2
df,3 = 40, while K(2,A)

df,3 = K(2,B)
df,3 = 0.

to a2 of all the states considered.

To sum up, a possible program for determining the coefficients in Kdf,3 up to quadratic

order in the threshold expansion is as follows:

1. Determine a0, r0, P0, and a2 from the two-body sector using standard two-particle

methods.

2. Extract Kiso
df,3 from the threshold state.

3. Use states in the E+ and T+
2 irreps to calculate K(2,B)

df,3 .

4. Use the excited states in the A+
1 irrep to obtain the rest of the parameters. The most

difficult parameter to determine would be K(2,A)
df,3 , because its contribution to the energy

is smaller.
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Figure 6.8: Energy shift of the second excited states in the A+
1 irrep (top left), the E+ irrep

(top right) and T+
2 irrep (bottom). The meaning of the legend is as in previous figures.

Further information could be obtained using moving frames, as has been done very suc-

cessfully in the two-particle case. The formalism of Ref. [28] is still valid, but the detailed

implementation along the lines of this paper has yet to be worked out.

We close by commenting on the importance of using a relativistic formalism for the results

that we have presented in this section. We note that the excited states whose energies we

consider lie in the relativistic regime. For example, at mL = 5.5, the relativistic noninteract-
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ing energy of the second excited state is Efree
2 = 4.80m, to be compared to the nonrelativistic

energy 3m + 2m(2π/(mL))2 = 5.61m. Nevertheless, it may be that the energy splittings

∆EΓ
n are much less sensitive to relativistic effects, and it would be interesting to implement

the NREFT approach including d waves in order to study this. We do expect, however, that

the parametrization of the three-particle interaction will require additional terms once the

constraints of relativistic invariance are removed.

6.4.4 Unphysical solutions

In this section we describe solutions to the quantization condition that are, for various

reasons, unphysical. These fall roughly into two classes (although there is some overlap):

solutions that occur at the energies of three noninteracting particles (which we refer to as

“free solutions”, occurring at “free energies”), and solutions that correspond to poles in

the finite-volume correlator that have the wrong sign of the residue. The latter were first

observed in Ref. [39] within the isotropic approximation. In the following, we begin with a

general discussion of the properties of physical solutions, and then discuss the two classes of

unphysical solutions in turn.

General properties of physical solutions

We recall here the properties that physical solutions to the quantization condition, Eq. (6.1),

must obey. This extends the analysis presented in Ref. [39] for the isotropic approximation.

The key quantity is the two-point correlation function in Euclidean time,

C̃L(τ) = 〈0|O(τ)O†(0)|0〉 , (6.60)

where the operator O† has the correct quantum numbers to create three particles (and here

also has P = 0). We stress that its hermitian conjugate is used to destroy the states.

Inserting a complete set of finite-volume states with appropriate quantum numbers, we find
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the standard result

C̃L(τ) =
∑
j

cj
2Ej

exp(−Ej|τ |) , (6.61)

where Ej > 0 are the energies relative to the vacuum, and the cj are real and positive.

Fourier transforming to Euclidean energy and Wick rotating yields

CL(E) =
∑
j

cj
i

E2 − E2
j

=
∑
j

icj
(E + Ej)(E − Ej)

, (6.62)

where E is the Minkowski energy that appears in the quantization condition. Thus CL(E)

is composed of single poles whose residues, for E > 0, are given by i times real, positive

coefficients.

Next we recall from the analysis of Ref. [28] that the correlator can also be written as

CL(E) = A†
i

F−1
3 +Kdf,3

A =
∑
j

|A† · vj(E)|2 i

λj(E) , (6.63)

where A is a column vector, and to obtain the second form we have decomposed F−1
3 +Kdf,3

in terms of its eigenvalues λj(E) and eigenvectors vj(E).23 Since F−1
3 + Kdf,3 is real and

symmetric, the eigenvalues are real.

It follows from comparing Eqs. (6.62) and (6.63) that

(a) λj(E) cannot have double zeros. This is because, in the vicinity of a double zero at Ej,

CL(E) would have a double pole, CL(E) ∝ 1/(E−Ej)2. The same prohibition applies

to higher-order zeros.

(b) Eigenvalues of F−1
3 + Kdf,3 that pass through zero (and thus lead to solutions to the

quantization condition) must do so from below as E increases. To understand this,

note that, if λj(E) has a single zero at E = Ej, then

CL(E) = |A† · vj(Ej)|2
i

λ′j(Ej)(E − Ej)
+ non-pole . (6.64)

23For the sake of brevity, we do not show explicitly that the quantities also depend on L.
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Comparing to Eq. (6.62) we learn that

λ′j(Ej) ≡
dλj(E)
dE

∣∣∣∣∣
E=Ej

> 0 . (6.65)

This is the generalization of a condition found in Ref. [39] for the isotropic approxima-

tion (where there is only a single relevant eigenvalue).

Any solutions to the quantization condition that do not satisfy both of these conditions we

refer to as unphysical.

We are aware of only three possible sources for unphysical solutions. First, they can arise

from the truncation of the quantization condition to a finite-number of partial waves. Second,

they could be the result of an unphysical parametrization of K2 and Kdf,3; for example,

the truncation of the threshold expansion for Kdf,3 could be unphysical. And, finally, the

exponentially-suppressed terms that we have dropped could be large in some regions of

parameter space, particularly for smallmL. We now present examples of unphysical solutions

that we have found in our numerical investigation.

Solutions with the wrong residue

In this section we give examples of unphysical solutions to the quantization condition that

do not satisfy Eq. (6.65), i.e. which lead to single poles whose residues have the wrong sign.

These were observed in the isotropic approximation in Ref. [39], where it was found that they

occurred only when |Kiso
df,3| was very large. Here we investigate how this result generalizes in

the presence of d-wave dimers.

We first investigate whether unphysical solutions can be induced by adding d-wave in-

teractions alone, with Kdf,3 = 0. We do not find such solutions for large negative values

of ma2—the results obtained in Sec. 6.4.2 all correspond to zero crossings in the correct

direction. However, as ma2 approaches unity (which, as we saw in Sec. 6.3, is the upper

bound allowed for the formalism), we do find examples of unphysical solutions. Since we
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have seen in Secs. 6.4.2 and 6.4.3 that the impact of d-wave interactions is greater for irreps

other than A+
1 , we focus on the E+ irrep, and work in the vicinity of the energy of the first

noninteracting excited state, Efree
1 . In Fig. 6.9, we plot the smallest eigenvalue in magnitude

of F−1
3 +Kdf,3 = F−1

3 in the E+ irrep as a function of energy, for two different values of mL

and a range of positive values of ma2 approaching unity. The only other nonvanishing scat-

tering parameter is ma0 = −0.1. Consider first the left panel, with mL = 8.1. When a2 = 0,

there is a solution at E ≈ Efree
1 = 3.53m, as shown by the lowest level in Fig. 6.3(b). As a2 is

increased, the energy shifts upwards, as expected since positive a2 corresponds to a repulsive

interaction. When ma2 = 0.9, the level is at E1 ≈ 3.6m, and moves to yet higher energies as

ma2 increases. These solutions are physical, as shown in the bottom-left inset. Forma2 = 0.9

and 0.91, however, there is also a single unphysical solution near E = 3.85m, which displays

the additional unphysical behavior of having a decreasing energy with increasingly repulsive

a2. Furthermore, for ma2 = 0.92, there is a triplet of solutions—two unphysical and one

physical. Since they are clearly related, we consider all three to be unphysical. For even

larger ma2, there are no solutions in the energy range shown.

The right panel, Fig. 6.9(b), displays a similar pattern, with an additional twist. Here

mL = 10, so that Efree
1 = 3.36m. The energy of the physical solution lies above this, and

increases with increasing ma2. There is also an unphysical solution at higher energy, whose

energy decreases with increasing ma2. The new feature is the presence of a double zero at

Efree
1 . As discussed above, this is manifestly unphysical since it leads to a double pole in

CL(E). It is also unexpected, as its energy lies at that of noninteracting particles. We discuss

such solutions in detail in the following section.

Another example of unphysical solutions in shown in Fig. 6.10, this time induced by a

large, negative value of K(2,B)
df,3 . Recall that, out of the parameters in Kdf,3, the E+ irrep is

only sensitive to K(2,B)
df,3 . Again, there are physical solutions that have the expected behavior

of increasing energy with increasingly negative K(2,B)
df,3 (which corresponds to a repulsive in-
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Figure 6.9: Smallest eigenvalue in magnitude of F−1
3 in the E+ irrep as a function of the

energy for two different values of mL. The parameters are ma0 = −0.1 and r0 = P0 =
Kdf,3 = 0. Physical and unphysical solutions as well as a double pole at the free energy (to
be discussed in Sec. 6.4.4) are indicated.

teraction), but there are also unphysical solutions at higher energy with opposite dependence

on K(2,B)
df,3 . Eventually, for large enough |K(2,B)

df,3 | both solutions disappear.

We do not yet understand the source of these unphysical solutions, i.e. which of the three

possible sources mentioned at the end of the previous section are most important. This is

a topic for future study. Our attitude is that, if a physical solution is well separated from

an unphysical one, and its behavior as interactions are made more attractive or repulsive

is reasonable, then we accept the physical solution and reject the unphysical one. The

examples we have shown occur when the interactions are strong and repulsive, in which limit

the two solutions come close together, and at some point become unreliable. For attractive

interactions, the two solutions are far apart, often with the unphysical one lying outside

the range in which the quantization condition is valid. In this regime, which includes that

discussed in Sec. 6.4.2, we trust the physical solutions.
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Figure 6.10: Eigenvalue of F−1
3 +Kdf,3 with smallest magnitude in the E+ irrep as a function

of the energy. The parameters are mL = 8.1, ma0 = ma2 = 0.1, r0 = P0 = 0, and Kdf,3 = 0
for all terms except K(2,B)

df,3 .

We conclude by stressing that, in the case of three pions in QCD, the interactions are

relatively weak, and we do not expect unphysical solutions to be relevant.

Solutions at free particle energies

This section concerns “free solutions”: solutions to the quantization condition that, even in

the presence of interactions, lie at one of the energies given in Eq. (6.50). We expect that,

in general, there will be no such solutions. Exceptions can occur only if the symmetry of the

finite-volume three-particle state is such that the chosen interactions do not couple to it. An

example in the two-particle sector is that, if P = 0, a finite-volume state lying in the E+

irrep would not be shifted from its noninteracting value if only s- and p-wave interactions

were included, since the lowest wave contributing to E+ has ` = 2. One question we address

here is where such examples occur in the three-particle sector.

We were prompted to study this issue by finding examples of free solutions in our numer-

ical study. One example has already been seen above, in Fig. 6.9(b), and further examples
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Figure 6.11: Examples of solutions to the quantization condition for Kdf,3 = 0 occurring at
the free energy Efree

1 (shown in all plots as the vertical dashed line). Plots show eigenvalues
of F−1

3 as a function of E/m, with ma0 = 0.1, r0 = P0 = 0 and mL = 5. Solutions to the
quantization occur when an eigenvalue crosses zero. (a) A+

1 irrep with only ` = 0 channels;
(b) E+ irrep, with only ` = 0 channels; (c) T−1 irrep, with both ` = 0 and 2, and ma2 = 0.1;
(d) E+ irrep, with both ` = 0 and 2, andma2 = 0.1. For the E+/T−1 irreps, all eigenvalues are
doubly/triply degenerate. In (d), both apparent crossings are in fact avoided, as illustrated
by the inset.
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Level ` Irreps with zeros Zeros removed by
Efree

1 0 A+
1 ; T−1 ; E+(1) (K(2,A)

df,3 or K(2,B)
df,3 ); K(2,B)

df,3 ; K(2,B)
df,3

Efree
1 0 & 2 A+

1 ; T−1 ; E+ ≥ quartic for each
Efree

2 0 A+
1 ; T−1 ; T−2 (K(2,A)

df,3 or K(2,B)
df,3 ); K(2,B)

df,3 ; (Kdf,3
(3,B) or Kdf,3

(3,E))
Efree

2 0 & 2 A+
1 ; E+; T+

2 ; T−1 ; T−2 ≥ quartic for each

Table 6.3: Irreps in which free zeros appear for the first two excited levels when Kdf,3 = 0.
The “(1)” in the first row denotes that the Efree

1 , ` = 0 free zeros in the E+ irrep are single
roots with unphysical residue; all other free zeros in the table are (unphysical) double roots.
Also noted are the lowest-order terms in the threshold expansion of Kdf,3 that remove the
free zeros. The notation “≥ quartic” indicates that a term of at least quartic order is needed.
Note that cubic-order terms are needed to remove the Efree

2 , ` = 0 free zeros in the T−2 irrep,
as neither of the quadratic terms K(2,A)

df,3 and K(2,B)
df,3 has nonzero eigenvalues in this irrep.

are shown in Fig. 6.11. The first two plots show solutions with only s-wave channels in-

cluded. In Fig. 6.11(a), which shows results for the A+
1 irrep, we see a double zero at the first

excited free energy, Efree
1 , as well as a solution shifted to slightly higher energies. The latter

is expected, since the repulsive interactions should raise the energy of the free state. In the

E+ irrep, by contrast, there is a single zero at Efree
1 , with the unphysical sign for the residue,

as well as an interacting solution at higher energy. The other two plots show examples of free

zeros when s- and d-wave channels are included. Both the T−1 irrep, shown in Fig. 6.11(c),

and the E+ irrep, shown in Fig. 6.11(d), have a double-zero at Efree
1 .

We find similar results for higher excited free energy levels, in which case they appear in

an increasing number of irreps. We list these irreps for the first two excited free energies in

Table 6.3. There are, however, no free solutions for the lowest free energy Efree
0 = 3m.24

In all the examples we have found, the free solutions are also unphysical—they are either

double zeros or single zeros with the wrong residue. We do not know if this is a general

24Strictly speaking, this is only true when one uses the improved form of the quantization condition given
in Eq. (D.13), and described in Appendix D.1, which removes spurious solutions to Eq. (6.1).
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result. Also, although the examples shown above are for Kdf,3 = 0, free solutions also occur

when some components of Kdf,3 are turned on. Indeed, one of the questions we address in

the following is which components of Kdf,3 are required to either remove the free solutions or

move them away from Efree
n . Our first task, however, is to understand in more detail when

and why free solutions occur. All such solutions originate from the fact that F̃ and G̃ have

single poles at all the free energies. These can lead to poles in F3 and thus zeros in F−1
3 . We

analyze in detail only the lowest two free energies, i.e. those with level number n = 0 and 1

in the notation of Table 6.2, and then draw some general conclusions.

For E ≈ Efree
0 = 3m, the only elements of F̃ and G̃ that have poles at Efree

0 have vanishing

spectator momenta and ` = 0,25 specifically

F̃000;000 ∼
1
2G̃000;000 ∼ p0 ≡

1
16m3L3(E − 3m) . (6.66)

Here we are using the symbol ∼ to indicate “up to nonpole parts”. All other elements of

these matrices, and of K2, either vanish or are of O(1). From Table 6.1 it now follows that

poles in F̃ and G̃ only appear in the A+
1 irrep, and the issue is whether these lead to a pole

in F3.

To address this we consider the simplest case in which the volume is chosen such that only

the lowest two momentum shells are active, which is the case for mL ≈ 5. From Table 6.1

we then see that in the A+
1 irrep the matrices are three dimensional, with indices

([shell 1, ` = 0], [shell 2, ` = 0], [shell 2, ` = 2]) . (6.67)

We will use a 1 + 2 block notation for the matrices, since this conveys all the necessary

25Pole contributions with ` = 2 and/or `′ = 2 vanish because, at the pole, a∗ = a ′∗ = 0.
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information. Close to Efree
0 the matrices have the form26

F̃ =

p0 +O(1) 0

0 O(1)

 , G̃ =

2p0 +O(1) O(1)

O(1) O(1)

 , (6.68)

where O(1) elements are constrained only by the fact that F̃ and G̃ are symmetric. K2 is a

diagonal matrix with O(1) elements. From this it follows that

H = F̃ + G̃+ (2ωK2)−1 =

3p0 +O(1) O(1)

O(1) O(1)

 ⇒ H−1 =

 1
3p0

+O(1/p2
0) O(1/p0)

O(1/p0) O(1)


(6.69)

and thus in turn that

F̃H−1F̃ =

p0/3 +O(1) O(1)

O(1) O(1)

 ⇒ F3 = O(1) . (6.70)

We thus find that free poles at Efree
0 cancel in F3. This argument generalizes to any number

of active shells, since there are no additional poles, and the only change is that the second

block in the above analysis is enlarged. The result agrees with our numerical finding that

there are no free poles at Efree
0 .

Next we consider poles at the second free energy, Efree
1 . For mL ≈ 4 − 6 there are then

three active shells, so the matrices to consider become larger, e.g. six-dimensional in the

A+
1 irrep, and the analysis correspondingly more complicated. We work out the case of the

A+
1 irrep in Appendix D.5, both with ` = 0 channels only and with ` = 0 and 2 channels

included. In both cases we find that F−1
3 has a double zero at E = Efree

1 . This lies in a

one-dimensional subspace of the full matrix space, and what differs between the two cases is

26There are also potential poles in the ` = 2 components arising from the vanishing of q∗2,k and q∗2,p in
G̃ and F̃ , Eqs. (D.3) and (D.9). However, as discussed at the end of Appendix D.1, the quantization
condition can be formulated such that these purely kinematical poles are canceled, and it is legitimate to
ignore them.
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this subspace. For ` = 0 only, the matrix indices are

([shell 1, ` = 0], [shell 2, ` = 0], [shell 3, ` = 0], . . . ) . (6.71)

with the dimension depending on the choice of L. The double zero of F−1
3 lies, in this case,

in the space spanned by

〈x′1| =
√

1
7

(√
6,−1, 0, . . .

)
. (6.72)

For ` = 0 and 2, the matrix indices are

([shell 1, ` = 0], [shell 2, ` = 0], [shell 2, ` = 2], [shell 3, ` = 0], . . . ) , (6.73)

and the space of the double zero of F−1
3 is spanned by

〈x1| =
√

1
12

(√
6,−1,−

√
5, 0, . . .

)
. (6.74)

The factors in Eqs. (6.72) and (6.74) result from the form of the spherical harmonics and

the size of the first two shells. They are thus kinematical.

These analytic results confirm what we find numerically. For example, the double zero at

Efree
1 shown in Fig. 6.11(a) exactly matches that expected from the analysis of Appendix D.5,

and we have checked numerically that it lies in the predicted subspace.

We now discuss how the single zeros at free energies arise. There is a particularly simple

case in which we can easily understand these analytically: the E+ irrep when we keep only

s-wave channels and choose mL such that only the first two shells are active. We must also

choose mL such that Efree
1 < 5m (so that the formalism applies); one example is mL = 3.8,

for which Efree
1 = 4.86m. In fact, as shown in Table 6.1, the first shell has no E+ component

for ` = 0, so this simple case actually involves only the second shell, for which the E+ irrep

appears once. Although the E+ irrep is two-dimensional, within this space all matrices are

proportional to the identity. Thus the matrices are effectively one-dimensional.

The second shell consists of six elements, which we label by the direction of the spectator
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momentum k in the following order

k ∈ o001 = (2π/L){−ẑ,−ŷ,−x̂, x̂, ŷ, ẑ} . (6.75)

In this basis, the E+ eigenvectors can be chosen as

1
2(1, 0,−1,−1, 0, 1) and

√
1
12(−1, 2,−1,−1, 2,−1) . (6.76)

It is then simple to calculate the pole terms to be

F̃ = 1 [p1 +O(1)] and G̃ = 1 [p1 +O(1)] , (6.77)

where

p1 ≡
1

8mω2
1L

3(E − Efree
1 ) . (6.78)

It immediately follows that

F3 = 1
L3

[
F̃

3 − F̃H
−1F̃

]
= − p1

6L3 1 [1 +O(1/p1)] . (6.79)

Thus F3 indeed has a single pole at E = Efree
1 , and F−1

3 a single (doubly degenerate) zero.

Increasing L so that there are more active shells does not change the pole structure or the

presence of the single zero. We also see that the zero in F−1
3 has a negative coefficient,

implying that it decreases through zero, consistent with the behavior seen in Fig. 6.11(b).

Thus we have understood in a few simple cases why the free zeros listed in Table 6.3

appear. It is interesting to contrast this to the results of Ref. [39], where the quantization

condition was studied numerically in the isotropic approximation. In that work no free zeros

in F−1
3 were found. At first this may seem puzzling, because the isotropic approximation

is a subset of our analysis when we restrict to ` = 0 channels. The resolution is that the

additional isotropic projection that is used is orthogonal to the subspace in which the zeros

live. This is demonstrated in Appendix D.6, along with a derivation of the precise relation

between the isotropic approximation and the analysis carried out here.
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The final stage of our analysis is to study whether the inclusion of components of Kdf,3

removes the free zeros. Here by “remove” we mean that there is no longer a solution to the

quantization condition at a free energy. This can be accomplished either by removing the

solution altogether (which is possible for a double zero, which only touches the axis) or by

moving it away from the free energy (the likely solution for a single zero). We expect that

if Kdf,3 were not truncated then there would be no free zeros, since there would be some

overlap between the state and the three-particle interaction. This is indeed consistent with

what we find. What turns out to be surprising, however, is which components of Kdf,3 that

are needed to remove the free zeros.

We first consider the ` = 0, A+
1 case. To remove the double zero, it must be that the

projection of Kdf,3 into the space of zeros is nonvanishing:

[Kdf,3(Efree
1 )]|x′1〉 6= 0 , (6.80)

where |x′1〉 is defined in Eq. (6.72). Here the square brackets indicate the matrix that results

when Kdf,3 is decomposed into the k`m basis and projected into an irrep. Note that this

equation need only hold for E = Efree
1 , i.e. at the energy of the free zero.

The isotropic parts of Kdf,3, Eq. (6.14), do not solve the problem. These terms have the

matrix form

[Kiso] ∝ |1K〉〈1K | , (6.81)

where

〈1K | =
(
1,
√

6,
√

12, . . .
)
. (6.82)

Since this vector is orthogonal to |x′1〉, it follows that, for all energies,

[Kiso]|x′1〉 = 0 , (6.83)

so that Eq. (6.80) is not satisfied. The form of |1K〉 follows from the fact that Kiso is
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independent of the spectator momentum, so that the A+
1 projection simply gives factors of

the square root of the multiplicity of the shells. We thus expect that the inclusion of any

dependence on the spectator momentum will lead to a [Kdf,3] satisfying Eq. (6.80). This is

what we find in practice with both of the quadratic terms, i.e. those with coefficients K(2,A)
df,3

and K(2,B)
df,3 [see Eqs. (6.15) and (6.16)].

This result is an example of a general pattern: the part of Kdf,3 that “removes” the free

zeros comes from terms that involve higher values of ` than those being included in F−1
3 .

Here, we need quadratic terms, which have both ` = 0 and 2 components, in order to remove

the free zeros from the ` = 0 part of F−1
3 . To be clear, the ` = 2 components of the quadratic

terms play no role; it is simply that by going to higher order one obtains a more complicated

form of the ` = 0 parts, and this is sufficient to remove the unwanted free zeros. Further

examples of this are shown in the last column of Table 6.3, where we list, for all irreps that

enter in a given free momentum shell, the terms in Kdf,3 that remove the free zero.

The second example we consider is the combined ` = 0 and 2 part of F−1
3 in the A+

1 irrep.

In this case, we need

[Kdf,3(Efree
1 )]|x1〉 6= 0 (6.84)

[with |x1〉 given in Eq. (6.74)] in order to remove the free zeros. We find numerically that this

equation is not satisfied by any of the quadratic or cubic terms contributing to Kdf,3, but that

quartic terms do satisfy it.27 This exemplifies the general pattern discussed above: quadratic

and cubic terms contain only ` = 0 and 2, while quartic terms include also ` = 4 parts. We

were initially surprised by this result, because Kdf,3 is an infinite-volume quantity, while |x1〉

arises from finite-volume considerations. However, we show analytically in Appendix D.7 that

orthogonality follows solely from the rotation invariance and particle-interchange symmetry

of Kdf,3, together with the fact that quadratic and cubic terms contain only ` = 0 and 2

27In this case it is crucial to set the energy to Efree
1 ; for other energies Eq. (6.84) is satisfied.
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parts. Thus it is an example of the phenomenon described at the beginning of this section,

in which symmetries make the finite-volume state transparent to certain interactions. It is

also clear from the arguments in Appendix D.7 that all that is required for Eq. (6.84) to be

satisfied is to use contributions to Kdf,3 that involve ` ≥ 4, i.e. terms of quartic or higher

order in the threshold expansion.

Finally, we consider the case of the single zero in the E+ irrep for ` = 0 channels only,

shown in Fig 6.11(b). Here we aim to shift the zero away from the free energy. This is

accomplished by including a contribution from Kdf,3 that lives in the E+ irrep. As noted in

the final paragraph of Sec. 6.3, the lowest-order term in the threshold expansion for which

this is the case is the K(2,B)
df,3 term. Thus, once again, we have to use a term in Kdf,3 that

contains higher values of ` (here ` = 2) than are included in F3.

These theoretical arguments are supported by our numerical results. We show two ex-

amples in Fig. 6.12. These correspond to the two cases shown in Figs. 6.11(a) and 6.11(b),

except that we have turned on K(2,A)
df,3 and K(2,B)

df,3 , respectively. We expect the double-zero in

the former case (A+
1 irrep) to removed by the addition of any quadratic term in Kdf,3, and

the figure shows that K(2,A)
df,3 does the job. In Fig. 6.12(b), corresponding to the E+ irrep, we

need to use the K(2,B)
df,3 term, since K(2,A)

df,3 does not contain an E+ component. Since this is a

single zero, it is not removed, but is rather shifted to a non-free energy. Note, however, that

it remains unphysical because it decreases through zero. In fact, for higher values of K(2,B)
df,3 ,

the zeros coalesce and then disappear.

We close this section with two general comments on the nature of the resolution that we

have presented to the problem of unwanted free solutions. The first concerns the result that

we need higher-order terms in the threshold expansion of Kdf,3 in order to remove the free

zeros of a given order in F−1
3 . On its face, this invalidates the threshold expansion, for we are

evaluating distinct terms in the quantization condition at different orders. We do not think

this is the case, however, because we know that, above threshold, all terms in the expansion
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(a) E+ irrep, s wave
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(b) T−1 irrep, s wave

Figure 6.12: Effect of turning on Kdf,3 on the free solutions shown in Fig. 6.11(a) and 6.11(b),
with all other parameters unchanged. Eigenvalues are now those of F−1

3 +Kdf,3. (a) A+
1 irrep

with K(2,A)
df,3 = 8000; (b) E+ irrep with K(2,B)

df,3 = 8000.

of Kdf,3 are present at some level, and it only takes an infinitesimal value for the coefficient

of the requisite higher-order term to remove the unwanted solution. Thus we conclude that

we can proceed, in practice, by truncating the expansion of all quantities at the same order

in the threshold expansion, and simply ignore the free solutions.

The second comment concerns the fact that our resolution fails if the coefficient of the

required parts of Kdf,3 vanish. In fact, this would require the simultaneous vanishing of an

infinite number of terms in the threshold expansion, since higher-order terms in the correct

irrep can remove the free solutions. Thus it would require an enormous fine-tuning, which

seems highly implausible, especially because there is no enhancement of the symmetry of

Kdf,3 at the tuned point.
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6.5 Conclusions

The work presented in this paper is the first step towards the systematic inclusion of higher

partial waves in the three-particle quantization condition. We have used the generic relativis-

tic field theory (RFT) approach, formulated so that the three-particle scattering quantity,

Kdf,3, is Lorentz invariant. This invariance proves very important in simplifying the threshold

expansion of Kdf,3. Indeed, we find that, at quadratic order and for identical particles, only

five parameters control the contribution from the three-particle sector, of which only two

describe dependence on angular degrees of freedom. This provides a simple starting point

for studying the impact of Kdf,3. Working at quadratic order implies keeping both s- and

d-wave two-particle channels (dimers). We have numerically implemented the quantization

condition at this order, and obtained several new results that we now highlight.

The first of these is to determine the projection onto irreps of the cubic group including

higher partial waves. This has previously been done only for the case of s-wave dimers [40].

The generalization is nontrivial, since both the spectator momentum and the parameters

of the dimer transform. While we have worked this out explicitly only for coupled s- and

d-wave dimers, the formalism holds for dimers with any angular momentum.

Second, we have understood how the two-particle scattering amplitudes in higher partial

waves enter in the 1/L expansion of the energy of the three-particle ground state. We find

that all even partial waves enter at O(1/L6), and have calculated analytically the dependence

on the d-wave amplitude in the weak-coupling limit and for Kdf,3 = 0. Although this con-

tribution itself is likely too small to be seen in present simulations of three-particle systems,

we have used it as a nontrivial check of our implementation.

Third, we have shown that d-wave interactions, if they are moderately strong, can have a

sizable effect on the finite-volume three-particle spectrum. For example, we have presented

evidence for a generalized Efimov-like three-particle bound state induced by a strongly at-

tractive d-wave two-particle interaction.
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Fourth, we have shown how the five parameters describing Kdf,3 lead to distinguishable

effects on the spectrum of the 3π+ system, suggesting that they can be separately determined

in a dedicated lattice study. Indeed, this is the system within QCD to which our truncated

formalism is most applicable.

Finally, we have characterized solutions to the quantization condition that are unphysical.

These presumably arise because of the truncation to a small number of partial waves, and

the fact that we have dropped terms that are exponentially suppressed in mL. One class

of solutions generally appears when either the two- or the three-particle interactions are

strong and repulsive. Our approach is to use parameters such that there are no unphysical

solutions near to the physical solutions of interest. The second class of solutions are those

that occur at the energies of three noninteracting particles. We have presented numerical

evidence and analytical arguments that these are removed if sufficiently high-order terms

in Kdf,3 are included. We expect that other approaches to the three-particle quantization

condition will face similar issues, for which our observations may be relevant.

There remain many directions for future study. In order to make our implementation

more useful, it is important to generalize it to moving frames. The underlying formalism

of Ref. [28] applies in all finite-volume frames, but the projectors onto irreps will need to

be generalized to account for the reduced symmetry. Another important generalization is

to include subchannel resonances, i.e., dynamical poles in K2. For this one must implement

the formalism of Ref. [35], and go beyond the threshold expansion. Finally, we recall that

Kdf,3 is an intermediate quantity, related to the physical three-particle scattering amplitude,

M3, by integral equations. Since it is only by looking for complex poles in M3 that one

can study three-particle resonances, it is crucial to develop methods to solve the necessary

integral equations.

To conclude, we would like to restate that, as it is a relativistic approach, our implemen-

tation can simultaneously be useful to both the lattice QCD community and the field of cold
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atom physics.
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Chapter 7

NUMERICAL EXPLORATION OF THREE RELATIVISTIC
PARTICLES IN A FINITE VOLUME INCLUDING

TWO-PARTICLE RESONANCES AND BOUND STATES1

7.1 Introduction

Lattice quantum chromodynamics (LQCD), in which QCD correlators are estimated numer-

ically via Monte Carlo importance sampling of the path integral, has proven to be a powerful

tool for determining low-energy properties of hadrons. Currently, one of the major frontiers of

numerical LQCD is the calculation of few-hadron observables. In particular, there has been

substantial recent progress in the determination of scattering amplitudes, including cases for

which multiple channels are open and couple to underlying resonances [96, 97, 112–125].2

These studies rely on formalism that maps quantities obtained via LQCD, namely finite-

volume observables, to infinite-volume amplitudes [24, 25, 27, 56, 57, 60, 61, 63, 126, 127].

Presently, one of the primary limitations on the study of resonances and light nuclei is the

absence of a complete formalism that can provide such a mapping for energies above three-

particle production thresholds. In fact, finite-volume spectra are already being obtained

above three-particle thresholds using a large basis of interpolators including those built from

three single-hadron operators, each projected to definite momentum [1, 120, 128].3 With-

out a three-particle formalism, the information contained in these spectra is inaccessible.

This was recently emphasized in a USQCD whitepaper: “...the development of a rigorous

1This chapter and Appendix E are taken directly from Ref. [36].
2See Ref. [26] for a recent review.
3Similar work has also been done in the ϕ4 theory [55].
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three-body (and higher) formalism is vital to have confidence in the calculations of high-lying

resonances” [129].

While a complete formalism is not yet in place, there has been considerable progress in this

direction, following three approaches. The first is based on a generic relativistic effective field

theory (the relativistic field theory or RFT approach) [28, 29, 34, 35, 39, 76], the second uses

non-relativistic effective field theory (the NREFT method) [30, 31, 40], and the third applies

unitary constraints in finite volumes (the FVU or finite-volume unitarity approach) [32, 41].4

For a recent review, including a discussion of the relation between the different formalisms,

see Ref. [74]. At present, the only formalism that is both fully relativistic and incorporates

partial-wave mixing (both due to the physical three-body dynamics and the reduction of

rotational symmetry in a finite volume) is the RFT approach. In this work we focus on this

approach and extend its range of applicability.

In the original derivation, given in Ref. [28], it was necessary to assume that a quantity

closely related to the two-particle K matrix had no singularities in the kinematic region of

interest. This implies that the formalism cannot be used if the two-particle subchannels con-

tain resonances that are narrow enough to induce such singularities, or bound states, which

generically give poles in the K-matrix-like quantity. The formalism also breaks down if the

K matrix contains poles above threshold that do not correspond to a physical phenomenon,

as occurs, for example, when the corresponding phase shift passes through π/2 from above.

These restrictions are a major practical shortcoming of the original RFT approach. They are

also surprising, as the problematic poles do not, in general, correspond to physical quanti-

ties. All such technical restrictions were lifted by a recent extension of the formalism given in

Ref. [35], but at the cost of including an unphysical channel at intermediate stages for each

bound state or resonance, making the approach cumbersome in practical implementations.

In prior studies, we have explored the numerical implementation of the original formal-

4It is worth emphasizing that efforts to constrain infinite-volume three-particle amplitudes from finite-
volume LQCD results has partially motivated several infinite-volume studies [78, 79, 92, 93, 130].
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ism of Ref. [28] in simple limits. First, in Ref. [39] we considered the low-energy, isotropic

approximation, in which scattering in two-particle subchannels is dominated by the s-wave,

and the three-particle scattering quantity, Kdf,3, is independent of the spectator momen-

tum. Second, in Ref. [76], we considered the case in which d-wave scattering, the dominant

subleading partial wave for identical particle systems at low energies, was no longer negligi-

ble, with corresponding nonisotropic contributions added to Kdf,3. The latter investigation

demonstrated that higher partial wave systems can indeed be implemented numerically using

the RFT approach. However, because of the above-mentioned restrictions, in both studies

we were only able to consider dynamics where two-particle subsystems did not have bound

states or resonances. Three-particle bound states, for which no issues arise, are considered

in Refs. [39, 76, 80].

In this work we describe and implement an alternative modification of the formalism

of Ref. [28] that removes the restriction on K matrix poles. This new approach does not

require the introduction of unphysical channels, and is thus much simpler than that given

in Ref. [35]. Indeed, the numerical implementation of the new approach requires only slight

modifications compared to that for the original formalism, so the methods of Refs. [39, 76]

can be used with minimal change. We stress that, by allowing for a general two-particle

K matrix, our improvement of the original formalism brings it to the same status in this

regard as the NREFT and FVU approaches [31, 32, 40, 41], since the latter do not require

restrictions on the two-particle K matrix. We also note that, since the RFT formalism is

valid for arbitrary partial waves, and has been implemented for combined s- and d-waves,

we are able to consider three-particle systems not previously addressed in the literature.

Finally we comment that this new method is also of relevance for 2→ 3 scattering, already

considered in the context of the RFT formalism in Ref. [34]. Further work is required to

relate the present ideas to the coupled-channel formalism of Ref. [34].

The main purpose of the present note is to show examples of the results that are obtained
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using the modified formalism. In a companion paper [131] we will describe in detail why

the modified formalism is valid, as well as the relation to the more complicated approach of

Ref. [35].

The finite- to infinite-volume relation consists of two steps. The first uses a three-particle

quantization condition to relate the finite-volume spectrum, En(L), to an intermediate,

scheme-dependent, infinite-volume three-particle scattering quantity, Kdf,3, while the second

requires solving infinite-volume integral equations to relate Kdf,3 to the physical scattering

amplitude, M3. In Ref. [39], we implemented both steps, although the latter only below

and at the three-particle threshold. Here, in the interests of brevity and clarity, we mainly

consider the first step, En(L)↔ Kdf,3, and only indirectly explore some consequences of the

second: Kdf,3 ↔M3.

As in all work to date, we restrict ourselves to the case of identical scalar particles. Thus,

strictly speaking, the formalism applies in QCD only to three identical pions (e.g. π+π+π+).

We further restrict ourselves to theories with a G-parity-like Z2 symmetry that conserves

particle-number modulo two (as is the case for three pions in the isospin-symmetric limit).5

This forbids 2 → 3 transitions, which, in the energy range we consider, leads effectively to

particle-number conservation. Furthermore, since many features of the finite-volume spec-

trum are determined by kinematics, we expect that the examples we show will shed light

on the three-nucleon system. To illustrate this, in Sec. 7.4.3 we choose parameters to mimic

the nnp or npp three-nucleon systems, with a two-particle bound state (called a dimer state)

having the same binding energy as the deuteron, and the three-particle bound state (referred

to as a trimer state) having the same binding energy as the triton or helium-3. This en-

ables us to study a toy version of nucleon-deuteron scattering and reproduce the well known

Phillips line of nuclear effective field theory [132, 133].

5The presence of a Z2 symmetry was assumed in the original derivation [28, 29], and has also been
assumed in all numerical investigations so far. The formalism for a theory without a Z2 symmetry has
been developed [34], but has not yet been numerically implemented.
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This example brings out an important general point. The three-particle quantization

condition was developed in order to map finite-volume energies into infinite-volume scattering

observables. It turns out, however, that the formalism also predicts the properties of two- and

three-particle resonances and bound states, given a description of the microscopic physics

as encoded in the two-particle K matrix and Kdf,3. This aspect is independent of the finite-

volume and emerges because the integral equations relating Kdf,3 to M3 exactly solve the

unitarity constraints on the scattering amplitude [93]. This alternative application of the

formalism was already used in Ref. [39], where we extracted the vertex function of a trimer

and found good agreement with the Efimov wave-function. Similarly, in Ref. [76], we used

the approach to give evidence for a trimer that is bound primarily by attractive d-wave

interactions.

The remainder of this paper is organized as follows. We begin, in Sec. 7.2, by providing

a brief recap of the essential components of the formalism of Ref. [28]. This is followed in

Sec. 7.3 by a description of the modified formalism that allows for the study of three-body

states with either resonant or bound subsystems. In Sec. 7.4 we illustrate the power of

this formalism by applying it to various examples: First, in Sec. 7.4.1 we determine the

finite-volume spectrum for systems with dimers; then, in Sec. 7.4.2, we evaluate the finite-

volume spectrum below the three-particle threshold at large volumes, in order to determine

the particle-dimer scattering amplitude for a range of two-body scattering lengths; third, in

Sec. 7.4.3, we tune Kiso
df,3 and the two-body parameters to determine the neutron-deuterium

scattering amplitude in a toy model without spin or isospin; next in Sec. 7.4.4 we present

the three-particle spectrum in the case of a two-particle resonance; and, finally, in Sec. 7.4.5,

we consider the implication of including d-wave dimers. We present concluding remarks in

Sec. 9. We also include two appendices. In Appendix E.1 we explore the role that the

scheme-dependence of Kdf,3 plays in determining the finite-volume energy spectrum. In

Appendix E.2 we explain how the predictions for the particle-dimer scattering length are
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obtained in the NREFT framework.

7.2 Recap of the quantization condition and its approximations

In the presence of a Z2 symmetry, the finite-volume spectrum is determined by the solutions,

E = En(L) with n = 0, 1, 2, . . ., to the quantization condition [28]6

det
[
F3(E,L)−1 +Kdf,3(E)

]
= 0 . (7.1)

Here L is the linear extent of the finite cubic spatial volume, effected by applying periodic

boundary conditions to the fields defining the theory. Although the formalism holds for

arbitrary total three-momentum, P, we consider here only the case in which P = 0, so that

the total energy E is also the center-of-mass energy for the three particles. The quantization

condition is valid for E < 5m, i.e. for energies below the five-particle production threshold.

The second term appearing in the determinant, Kdf,3, is the aforementioned, scheme-

dependent, infinite-volume scattering quantity. It is a smooth, real function of the kinematic

variables describing three-to-three scattering and can be understood as the short-distance

piece of the three-body interaction.7 The first term in the determinant, F3, depends on the

physical two-particle scattering amplitude, M2 (or equivalently, through a straightforward

algebraic relation, on the two-particle K matrix, K2) and on known geometric functions that

depend on the box shape and size.

In Eq. (8.1), both F3 and Kdf,3 are written as infinite-dimensional matrices acting on the

space of three, on-shell particles in finite volume. Each object carries two copies of the index

set k, `,m, where k = 2πn/L is a finite-volume momentum, given in terms of a 3-vector

6The quantization condition holds up to exponentially-suppressed corrections, scaling as e−mL, which
are assumed negligible, and ignored, throughout this work.

7The label “df” denotes “divergence-free”, and indicates that kinematical divergences, present in the
three-particle amplitude M3, are removed in the definition of Kdf,3. For more details, see Refs. [28, 29].
We note that, just as for the two-body K matrix, Kdf,3 can have poles induced by the dynamics, although
we do not consider this possibility here.
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of integers, n, while ` and m are angular-momentum indices. The set-up is that k is the

momentum of one of the three on-shell particles, referred to as the spectator, while ` and m

describe the angular momentum of the other two in their center-of-mass (c.m.) frame. F3

is intrinsically a finite-volume quantity, and thus comes always in matrix form. By contrast,

Kdf,3 is an infinite-volume quantity depending on continuous momentum coordinates and the

matrix version is defined by sampling the function at a discrete set of kinematics, dictated

by the volume.8

As we describe below, the spectator-momentum index, k, is cut off by a function H(k)

that serves as an ultraviolet regulator. Thus the matrices in Eq. (8.1) are infinite only

due to their angular-momentum indices. One can expand the two- and three-particle K

matrices K2 and Kdf,3 about threshold, as explained in Refs. [39, 76]. This leads to a

systematic truncation scheme in which ` ≤ `max in all quantities entering the quantization

condition, including the kinematic functions [28]. Since both spectator momentum and

angular-momentum index sums are truncated, the problem reduces to one involving finite

matrices, suitable for numerical implementation. In this work we will present results for both

`max = 0 (s-wave only) and `max = 2 (s- and d-wave mixing).9

7.2.1 The s-wave-only approximation: `max = 0

The general expression for F3 is given in Ref. [28]. Here we recall the form only for the

simplest case, `max = 0, which is the choice we use in most of the numerical explorations

described below. In this limit, the index space reduces from k, `,m, to the discretized

momentum, k. Denoting the s-wave-only version of F3 by F s
3 , we recall that the latter is

8Explicit examples of how to carry out this restriction are given in Ref. [76].
9Odd ` give vanishing contibutions due to the exchange symmetry of the identical scalar particles.
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given by

L3F s
3 ≡

F̃ s

3 − F̃
s 1
1/K̃s2 + F̃ s + G̃s

F̃ s , (7.2)

where F̃ s and G̃s are geometric matrices in the space of the spectator momentum,

[F̃ s]kp ≡
δkp
2
H(k)
2ωk

[
1
L3

∑
a
−PV

∫ d3a

(2π)3

]
H2(a,b)

2ωa2ωb(E − ωk − ωa − ωb)
, (7.3)

[G̃s]kp ≡
H(k)H(p )

L32ωk2ωp(b2 −m2) . (7.4)

The sum in Eq. (F.2) runs over all finite-volume momenta, i.e. over all a = (2π/L)na where

na is a 3-vector of integers. As we set P = 0, the third particle carries momentum b ≡ −a−k.

On-shell energies are denoted ω, for example ωk ≡
√
m2 + k2, with m the particle mass. The

explicit form of the cutoff function H(k) is given in Refs. [28, 34, 39] and is not repeated

here, except to note that we always take α = −1 for the parameter in the cutoff function.

[See Eq. (A3) of Ref. [34].]

The sum-integral difference in Eq. (F.2) is regulated in the ultraviolet by the function

H2, for which there is considerable freedom. In this work we use the “KSS” form [27],

H2(a,b) = exp[−αKSS(a∗2 − q∗2)], explained in detail in Appendix B of Ref. [39].

We note that while F̃ s is the same as in Ref. [39], G̃s differs—here we use its relativistic

form, since this leads to a Lorentz invariant Kdf,3. This invariance plays a role when expand-

ing this function about three-particle threshold. Unlike for G̃s, it is not necessary that the

denominator in F̃ s be relativistically invariant. This is because replacing 2ωb(E−ωk−ωa−ωb)

with (b2 −m2) leads only to an exponentially suppressed change to F̃ s.

The final ingredient needed for F̃ s
3 is the two-particle s-wave K matrix, or, equivalently,

the s-wave phase shift δs. This appears in the diagonal matrix

[1/K̃s2]kp ≡ δkp
(
1/K̃s2(k)

)
, (7.5)

K̃s2(k) ≡
32πωkE∗2,k

q∗2,k cot δs(q∗2,k) + |q∗2,k|[1−H(k)] , (7.6)
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where

E∗22,k = (E − ωk)2 − k2 and q∗22,k =
E∗22,k

4 −m2 (7.7)

are the total squared energy and particle momentum in the c.m. frame of the nonspectator

pair, and δs the s-wave phase shift. Were it not for the second term in the denominator of

Eq. (F.5), K̃s2 would simply equal K2/(2ωk), where

Ks2(k) ≡
16πE∗2,k

q∗2,k cot δs(q∗2,k)
, (7.8)

is one standard choice for the definition of the K matrix. Indeed, the equivalence does hold

above threshold (i.e. for E∗2,k > 2m), where H(k) = 1. The second term is essential, however,

for the derivation of Ref. [28], and implies that K̃s2 is scheme-dependent below threshold.

In what follows, we make use of two parametrizations of the phase shift. The first is a

low-energy expansion, commonly referred to as the effective range expansion (ERE), which

for the s-wave can be written as

q∗2,k cot δs(q∗2,k) = − 1
a0

+ 1
2r0q

∗2
2,k +O(q∗42,k) , (7.9)

where a0 and r0 are the scattering length and the effective range, respectively. In numerical

explorations considered below, we will only consider examples with r0 = 0. Our second choice

is the Breit-Wigner form, commonly used when a narrow resonance couples to a two-body

system. For an s-wave resonance, this can be written

tan δBW(q∗2,k) =
E∗2,k Γ(E∗2,k)
m2
R − E∗22,k

with Γ(E∗2,k) = g2

6π
m2
R

E∗22,k
q∗2,k , (7.10)

where mR is the resonance mass and g its coupling to the two-particle channel. We describe

below one example of the finite-volume three-particle spectrum in the presence of such a res-

onant two-body interaction. We note that the Breit-Wigner form is similar to the truncated
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effective range expansion,

q∗2,k cot δBW(q∗2,k) =
m2
R − E∗22,k

E∗2,k

6π
g2
E∗22,k

m2
R

= E∗2,k[A+Bq∗22,k] , (7.11)

with A and B constants. However, in order for there to be a narrow resonance, the A and B

terms must cancel, so that one is, in general, outside the range of convergence of the effective

range expansion.

We close this subsection by noting that, within the s-wave approximation, Kdf,3 becomes

a function solely of the total energy and the spectator momenta, Kdf,3 = Kdf,3(E,p,k).

This, along with the above-described approximations, leads to a set-up that is analogous

to that used to date in the NREFT and FVU approaches [30–32, 40, 41]. However, a

careful analysis of the definition of Kdf,3, which depends implicitly on K2, reveals that it is

not consistent with particle-interchange symmetry to restrict Kdf,3 to s-waves in the `,m

indices, while allowing dependence on the spectator momenta, k and p. Instead one must

apply a consistent truncation across the two- and three-particle sectors. In the case that

K2 is restricted to the s-wave, this implies that Kdf,3 must be evaluated in the isotropic

approximation, to which we now turn.

7.2.2 The isotropic approximation

A systematic method for understanding the implications of particle-interchange and Lorentz

symmetry for Kdf,3 is the threshold expansion [39, 76]. This is a low-energy expansion about

the three-particle threshold, and is the analog of the the effective-range expansion described

above for K2 [see Eq. (7.9)]. At leading order in this expansion, corresponding to keeping

only the −1/a0 term in (7.9), Kdf,3 is a constant, which we denote Kiso
df,3. Here, the superscript

“iso” stands for isotropic. Generally we take this to mean that the function is independent

of (i.e. constant with respect to) all coordinates besides the total three-particle energy. At

the next order in the threshold expansion, corresponding to the q∗22,k term in Eq. (7.9), Kdf,3
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becomes a linear function of E2 while remaining isotropic. When expressed in terms of the

k, `,m indices, this implies that it is pure s-wave, and independent of the initial and final

spectator momenta.

An isotropic Kdf,3, together with the choice `max = 0—a combination that we call, follow-

ing Refs. [28, 39], the isotropic approximation—was shown in Ref. [28] to reduce the Kdf,3-

dependent part of the quantization condition (8.1) to a one-dimensional algebraic equation,

F iso
3 (E,L)−1 +Kiso

df,3(E) = 0 . (7.12)

Here F iso
3 is the isotropic projection of F s

3 ,

F iso
3 = 〈1|F s

3 |1〉 , (7.13)

where F s
3 is given in Eq. (F.1), and the vector |1〉 has a unit entry for each value of the

spectator momentum lying below the cutoff. To reach Eq. (F.8), in addition to the isotropic

approximation, one must project onto the trivial finite-volume irrep, denoted A+
1 .10 In

previous work we indicated that (F.8) describes all finite-volume energies that are shifted by

interactions. In fact this is not the case; levels that are independent of Kdf,3, but shifted by

K2, appear in other irreps.

The procedure for solving the quantization condition in the isotropic approximation is

simple in principle: given L, K2 and Kiso
df,3, the left-hand side of (F.8) becomes a known

function of E and the solutions can be numerically determined with a suitable root-finding

algorithm. Details of our numerical implementation are given in Ref. [39] and are unchanged

here.

As noted above, if one consistently uses the threshold expansion, then the isotropic

approximation requires truncating the effective range expansion (7.9) at second order, and

allowing only a linear dependence of Kiso
df,3 on E2. For simplicity, however, in our numerical

10The A+
1 is only the trivial irrep for three scalar particles, while for pseudoscalars it is the A−1 .
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studies we mostly keep only the leading-order terms in the threshold expansion, so that

interactions are described in terms of two constants, a and Kiso
df,3. We also consider the

case of a constant Kiso
df,3 and a Breit-Wigner form for the phase shift, Eq. (7.10). Though not

consistent with the threshold expansion power counting, we view this as a reasonable starting

point for studying the impact of two-particle resonances on the three-particle spectrum.

7.2.3 Including d-wave interactions: `max = 2

We also include in our numerical examples a study with `max = 2, so that d-wave two-particle

interactions are included, as well as three additional terms in Kdf,3, two of which are not

isotropic. A complete description of the set up has been given in Ref. [76], and we do not

repeat it here. We note only that the d-wave contribution to K̃2 has the form

K̃d2(k) =
32πωkE∗2,k

−1/(a5
2 q
∗4
2,k) + |q∗2,k|[1−H(k)] , (7.14)

which should be compared to the s-wave form of Eq. (F.5). Here we are keeping only the

leading non-trivial term in the d-wave effective range expansion, which is parametrized by

the scattering length a2. In this truncation, energies in non-trivial irreps are also shifted

from their noninteracting values. Nonetheless in this work we restrict attention to the A+
1

for simplicity. See Ref. [76] for interacting solutions in the two-dimensional E+ irrep.

7.3 Generalizing the quantization condition

In order for the derivation of the quantization condition, Eq. (8.1), to be valid, it is necessary

that all angular-momentum components of the modified K matrix, K̃(`)
2 , have no singularities

for all c.m. frame two-particle energies, E∗2,k, in the range 0 < E∗2,k < 4m. As we recall below,

this implies that the quantization condition cannot be used for cases in which there are two-

particle bound states or resonances, and is a significant restriction on the applicability of

the formalism. It turns out, however, that there is a simple way to generalize the formalism
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such that, for each value of `, the inverse of K̃(`)
2 is shifted by an arbitrary real function

of q∗22,k. This leads to a second version of the modified K matrix in which the problematic

singularities have been removed, and this freedom is sufficient to extend the applicability

of the formalism to include two-particle bound states and resonances. In this section we

explain this generalization and describe its implementation, leaving a detailed derivation to

a separate paper [131]. We give three examples of how the approach may be applied. First,

in Sec. 7.3.1, we consider s-wave bound states; then, in Sec. 7.3.2, we discuss bound states

in the d-wave; and finally, in Sec. 7.3.3, we turn to the case of two-particle resonances.

The modification of the formalism is effected by changing the principal value (PV) pre-

scription used in multiple places in the derivation of Ref. [28]. We recall that the original

derivation consists of evaluating a finite-volume two-point correlation function, projected to

kinematics for which three-particle states may go on shell. The correlator is expressed in

terms of a skeleton expansion in which all three-particle cuts are explicitly displayed, and

only the sums over momenta in these types of cuts give power-like L-dependence. One then

replaces sums with sum-integral differences plus integrals, which, after extensive analysis,

leads to a relation between finite-volume energies, determined by the poles in the correlator,

and infinite-volume scattering quantities. The first line of Fig. 7.1 shows the replacement for

the simplest diagram contributing to the correlation function.

For those integrals that are singular due to three-particle intermediate states, such as

the upper integral in the figure, a pole prescription is required. The PV prescription is used

so that the result is a smooth function of the lower (spectator) momentum, k. This allows

the second step shown in the figure to be made, in which the lower sum is replaced by an

integral (for which a pole prescription is not needed). Thus the PV prescription appears in

the sum-integral difference, F , as shown by the example of the s-wave restriction, F̃ s, given

in Eq. (F.2). It also appears in the definition of K̃(`)
2 and in Kdf,3. We note that it was found

in Ref. [28] that the integrals requiring a PV prescription are all single-loop integrals over a
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spatial momentum with the integrand having a pole of the form shown in Eq. (F.2).

In Ref. [131] (to appear) we show that the derivation of the quantization condition holds

for a large family of pole prescriptions, which we denote collectively by PV′. We first describe

these for `max = 0, so that only s-wave quantities enter. If the integrand is nonsingular, then

no prescription is needed, and the PV′ and PV results are the same. If the integrand has a

pole, then the modification is

PV′
∫ d3a

(2π)3
H(a)H(b)

8ωaωb(E − ωk − ωa − ωb)
=

PV
∫ d3a

(2π)3
H(a)H(b)

8ωaωb(E − ωk − ωa − ωb)
−

IsPV(q∗22,k)
32π . (7.15)

Here IsPV is any smooth function of q∗22,k, while the negative sign and the 32π are for later

convenience. The modified prescription is illustrated in the final line of Fig. 7.1. This

provides a complete description of the prescription for the purposes of the derivation of the

quantization condition.11 The effect of the change in prescription for F̃ s and K̃s2 is

[F̃ s]kp → [F̃ s]kp + δkp
H(k)
2ωk

IsPV(q∗22,k)
32π , (7.16)

[
(K̃s2)−1

]
kp
→

[
(K̃s2)−1

]
kp
− δkp

H(k)
2ωk

IsPV(q∗22,k)
32π . (7.17)

The shift in F̃ s follows directly from Eq. (7.15), while that in K̃s2 can be derived by enforcing

the prescription-independence of the physical quantityM2. There is no change in G̃s, since

it does not contain an integral.

The final quantity affected by changing the PV prescription is Kdf,3. The change to Kdf,3

can be determined in principle by studying the infinite-volume integral equations relating

Kdf,3 toM3. We will describe these changes in Ref. [131], and only note here three important

11If the integrand is multiplied by a function of k and a having only an s-wave component in the c.m. frame
of the non-spectator pair (as must be the case when setting `max = 0), then the IsPV term is multiplied
by the on-shell value of this function, obtained in the manner described in Ref. [28]. This result holds
because the difference between the on-shell and off-shell values of this function cancels the pole, leading
to a nonsingular integral that does not require a pole prescription.



217

V

V
~k

<latexit sha1_base64="Y/iOJIRJuEKjN1FsEPwUQxebKN0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbtkswm7m0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDahGwSW2DDcCu6lCGgcCO0F0P/c7E1SaJ/LJTFP0YzqSPOSMGit1+hNkeTQbVGtu3V2ArBOvIDUo0BxUv/rDhGUxSsME1brnuanxc6oMZwJnlX6mMaUsoiPsWSppjNrPF+fOyIVVhiRMlC1pyEL9PZHTWOtpHNjOmJqxXvXm4n9eLzPhrZ9zmWYGJVsuCjNBTELmv5MhV8iMmFpCmeL2VsLGVFFmbEIVG4K3+vI6aV/VPbfuPV7XGndFHGU4g3O4BA9uoAEP0IQWMIjgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AZ4ij70=</latexit><latexit sha1_base64="Y/iOJIRJuEKjN1FsEPwUQxebKN0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbtkswm7m0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDahGwSW2DDcCu6lCGgcCO0F0P/c7E1SaJ/LJTFP0YzqSPOSMGit1+hNkeTQbVGtu3V2ArBOvIDUo0BxUv/rDhGUxSsME1brnuanxc6oMZwJnlX6mMaUsoiPsWSppjNrPF+fOyIVVhiRMlC1pyEL9PZHTWOtpHNjOmJqxXvXm4n9eLzPhrZ9zmWYGJVsuCjNBTELmv5MhV8iMmFpCmeL2VsLGVFFmbEIVG4K3+vI6aV/VPbfuPV7XGndFHGU4g3O4BA9uoAEP0IQWMIjgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AZ4ij70=</latexit><latexit sha1_base64="Y/iOJIRJuEKjN1FsEPwUQxebKN0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbtkswm7m0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDahGwSW2DDcCu6lCGgcCO0F0P/c7E1SaJ/LJTFP0YzqSPOSMGit1+hNkeTQbVGtu3V2ArBOvIDUo0BxUv/rDhGUxSsME1brnuanxc6oMZwJnlX6mMaUsoiPsWSppjNrPF+fOyIVVhiRMlC1pyEL9PZHTWOtpHNjOmJqxXvXm4n9eLzPhrZ9zmWYGJVsuCjNBTELmv5MhV8iMmFpCmeL2VsLGVFFmbEIVG4K3+vI6aV/VPbfuPV7XGndFHGU4g3O4BA9uoAEP0IQWMIjgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AZ4ij70=</latexit><latexit sha1_base64="Y/iOJIRJuEKjN1FsEPwUQxebKN0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbtkswm7m0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDahGwSW2DDcCu6lCGgcCO0F0P/c7E1SaJ/LJTFP0YzqSPOSMGit1+hNkeTQbVGtu3V2ArBOvIDUo0BxUv/rDhGUxSsME1brnuanxc6oMZwJnlX6mMaUsoiPsWSppjNrPF+fOyIVVhiRMlC1pyEL9PZHTWOtpHNjOmJqxXvXm4n9eLzPhrZ9zmWYGJVsuCjNBTELmv5MhV8iMmFpCmeL2VsLGVFFmbEIVG4K3+vI6aV/VPbfuPV7XGndFHGU4g3O4BA9uoAEP0IQWMIjgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AZ4ij70=</latexit>

V
~k

<latexit sha1_base64="Y/iOJIRJuEKjN1FsEPwUQxebKN0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbtkswm7m0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDahGwSW2DDcCu6lCGgcCO0F0P/c7E1SaJ/LJTFP0YzqSPOSMGit1+hNkeTQbVGtu3V2ArBOvIDUo0BxUv/rDhGUxSsME1brnuanxc6oMZwJnlX6mMaUsoiPsWSppjNrPF+fOyIVVhiRMlC1pyEL9PZHTWOtpHNjOmJqxXvXm4n9eLzPhrZ9zmWYGJVsuCjNBTELmv5MhV8iMmFpCmeL2VsLGVFFmbEIVG4K3+vI6aV/VPbfuPV7XGndFHGU4g3O4BA9uoAEP0IQWMIjgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AZ4ij70=</latexit><latexit sha1_base64="Y/iOJIRJuEKjN1FsEPwUQxebKN0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbtkswm7m0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDahGwSW2DDcCu6lCGgcCO0F0P/c7E1SaJ/LJTFP0YzqSPOSMGit1+hNkeTQbVGtu3V2ArBOvIDUo0BxUv/rDhGUxSsME1brnuanxc6oMZwJnlX6mMaUsoiPsWSppjNrPF+fOyIVVhiRMlC1pyEL9PZHTWOtpHNjOmJqxXvXm4n9eLzPhrZ9zmWYGJVsuCjNBTELmv5MhV8iMmFpCmeL2VsLGVFFmbEIVG4K3+vI6aV/VPbfuPV7XGndFHGU4g3O4BA9uoAEP0IQWMIjgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AZ4ij70=</latexit><latexit sha1_base64="Y/iOJIRJuEKjN1FsEPwUQxebKN0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbtkswm7m0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDahGwSW2DDcCu6lCGgcCO0F0P/c7E1SaJ/LJTFP0YzqSPOSMGit1+hNkeTQbVGtu3V2ArBOvIDUo0BxUv/rDhGUxSsME1brnuanxc6oMZwJnlX6mMaUsoiPsWSppjNrPF+fOyIVVhiRMlC1pyEL9PZHTWOtpHNjOmJqxXvXm4n9eLzPhrZ9zmWYGJVsuCjNBTELmv5MhV8iMmFpCmeL2VsLGVFFmbEIVG4K3+vI6aV/VPbfuPV7XGndFHGU4g3O4BA9uoAEP0IQWMIjgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AZ4ij70=</latexit><latexit sha1_base64="Y/iOJIRJuEKjN1FsEPwUQxebKN0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbtkswm7m0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDahGwSW2DDcCu6lCGgcCO0F0P/c7E1SaJ/LJTFP0YzqSPOSMGit1+hNkeTQbVGtu3V2ArBOvIDUo0BxUv/rDhGUxSsME1brnuanxc6oMZwJnlX6mMaUsoiPsWSppjNrPF+fOyIVVhiRMlC1pyEL9PZHTWOtpHNjOmJqxXvXm4n9eLzPhrZ9zmWYGJVsuCjNBTELmv5MhV8iMmFpCmeL2VsLGVFFmbEIVG4K3+vI6aV/VPbfuPV7XGndFHGU4g3O4BA9uoAEP0IQWMIjgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AZ4ij70=</latexit>

1
<latexit sha1_base64="SewSXpMSbbFZwBdSTgiis61GRk4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt2swm7EyGE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeLaiFg9YJZwP6IjJULBKFqp3RcqxGxQrbl1dw6ySryC1KBAc1D96g9jlkZcIZPUmJ7nJujnVKNgkk8r/dTwhLIJHfGepYpG3Pj5/NopObPKkISxtqWQzNXfEzmNjMmiwHZGFMdm2ZuJ/3m9FMNrPxcqSZErtlgUppJgTGavk6HQnKHMLKFMC3srYWOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNiZ0X5935WLSWnGLmGP7A+fwBwi+PPA==</latexit><latexit sha1_base64="SewSXpMSbbFZwBdSTgiis61GRk4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt2swm7EyGE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeLaiFg9YJZwP6IjJULBKFqp3RcqxGxQrbl1dw6ySryC1KBAc1D96g9jlkZcIZPUmJ7nJujnVKNgkk8r/dTwhLIJHfGepYpG3Pj5/NopObPKkISxtqWQzNXfEzmNjMmiwHZGFMdm2ZuJ/3m9FMNrPxcqSZErtlgUppJgTGavk6HQnKHMLKFMC3srYWOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNiZ0X5935WLSWnGLmGP7A+fwBwi+PPA==</latexit><latexit sha1_base64="SewSXpMSbbFZwBdSTgiis61GRk4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt2swm7EyGE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeLaiFg9YJZwP6IjJULBKFqp3RcqxGxQrbl1dw6ySryC1KBAc1D96g9jlkZcIZPUmJ7nJujnVKNgkk8r/dTwhLIJHfGepYpG3Pj5/NopObPKkISxtqWQzNXfEzmNjMmiwHZGFMdm2ZuJ/3m9FMNrPxcqSZErtlgUppJgTGavk6HQnKHMLKFMC3srYWOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNiZ0X5935WLSWnGLmGP7A+fwBwi+PPA==</latexit><latexit sha1_base64="SewSXpMSbbFZwBdSTgiis61GRk4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt2swm7EyGE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeLaiFg9YJZwP6IjJULBKFqp3RcqxGxQrbl1dw6ySryC1KBAc1D96g9jlkZcIZPUmJ7nJujnVKNgkk8r/dTwhLIJHfGepYpG3Pj5/NopObPKkISxtqWQzNXfEzmNjMmiwHZGFMdm2ZuJ/3m9FMNrPxcqSZErtlgUppJgTGavk6HQnKHMLKFMC3srYWOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNiZ0X5935WLSWnGLmGP7A+fwBwi+PPA==</latexit>

V
~k

<latexit sha1_base64="Y/iOJIRJuEKjN1FsEPwUQxebKN0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbtkswm7m0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDahGwSW2DDcCu6lCGgcCO0F0P/c7E1SaJ/LJTFP0YzqSPOSMGit1+hNkeTQbVGtu3V2ArBOvIDUo0BxUv/rDhGUxSsME1brnuanxc6oMZwJnlX6mMaUsoiPsWSppjNrPF+fOyIVVhiRMlC1pyEL9PZHTWOtpHNjOmJqxXvXm4n9eLzPhrZ9zmWYGJVsuCjNBTELmv5MhV8iMmFpCmeL2VsLGVFFmbEIVG4K3+vI6aV/VPbfuPV7XGndFHGU4g3O4BA9uoAEP0IQWMIjgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AZ4ij70=</latexit><latexit sha1_base64="Y/iOJIRJuEKjN1FsEPwUQxebKN0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbtkswm7m0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDahGwSW2DDcCu6lCGgcCO0F0P/c7E1SaJ/LJTFP0YzqSPOSMGit1+hNkeTQbVGtu3V2ArBOvIDUo0BxUv/rDhGUxSsME1brnuanxc6oMZwJnlX6mMaUsoiPsWSppjNrPF+fOyIVVhiRMlC1pyEL9PZHTWOtpHNjOmJqxXvXm4n9eLzPhrZ9zmWYGJVsuCjNBTELmv5MhV8iMmFpCmeL2VsLGVFFmbEIVG4K3+vI6aV/VPbfuPV7XGndFHGU4g3O4BA9uoAEP0IQWMIjgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AZ4ij70=</latexit><latexit sha1_base64="Y/iOJIRJuEKjN1FsEPwUQxebKN0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbtkswm7m0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDahGwSW2DDcCu6lCGgcCO0F0P/c7E1SaJ/LJTFP0YzqSPOSMGit1+hNkeTQbVGtu3V2ArBOvIDUo0BxUv/rDhGUxSsME1brnuanxc6oMZwJnlX6mMaUsoiPsWSppjNrPF+fOyIVVhiRMlC1pyEL9PZHTWOtpHNjOmJqxXvXm4n9eLzPhrZ9zmWYGJVsuCjNBTELmv5MhV8iMmFpCmeL2VsLGVFFmbEIVG4K3+vI6aV/VPbfuPV7XGndFHGU4g3O4BA9uoAEP0IQWMIjgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AZ4ij70=</latexit><latexit sha1_base64="Y/iOJIRJuEKjN1FsEPwUQxebKN0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbtkswm7m0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDahGwSW2DDcCu6lCGgcCO0F0P/c7E1SaJ/LJTFP0YzqSPOSMGit1+hNkeTQbVGtu3V2ArBOvIDUo0BxUv/rDhGUxSsME1brnuanxc6oMZwJnlX6mMaUsoiPsWSppjNrPF+fOyIVVhiRMlC1pyEL9PZHTWOtpHNjOmJqxXvXm4n9eLzPhrZ9zmWYGJVsuCjNBTELmv5MhV8iMmFpCmeL2VsLGVFFmbEIVG4K3+vI6aV/VPbfuPV7XGndFHGU4g3O4BA9uoAEP0IQWMIjgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AZ4ij70=</latexit>



<latexit sha1_base64="yiAiinLYQCtZYbV8dS50TQqvIuw=">AAAB7XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cK9gPSUDbbTbp2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZelHGmjed9O5W19Y3Nrep2bWd3b//APTzqaJkrQttEcql6EdaUM0HbhhlOe5miOI047Ubj25nffaJKMykezCSjYYoTwWJGsLFSpx+xJAkGbt1reHOgVeKXpA4lWgP3qz+UJE+pMIRjrQPfy0xYYGUY4XRa6+eaZpiMcUIDSwVOqQ6L+bVTdGaVIYqlsiUMmqu/Jwqcaj1JI9uZYjPSy95M/M8LchNfhwUTWW6oIItFcc6RkWj2OhoyRYnhE0swUczeisgIK0yMDahmQ/CXX14lnYuG7zX8+8t686aMowoncArn4MMVNOEOWtAGAo/wDK/w5kjnxXl3PhatFaecOYY/cD5/AHAhjwY=</latexit><latexit sha1_base64="yiAiinLYQCtZYbV8dS50TQqvIuw=">AAAB7XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cK9gPSUDbbTbp2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZelHGmjed9O5W19Y3Nrep2bWd3b//APTzqaJkrQttEcql6EdaUM0HbhhlOe5miOI047Ubj25nffaJKMykezCSjYYoTwWJGsLFSpx+xJAkGbt1reHOgVeKXpA4lWgP3qz+UJE+pMIRjrQPfy0xYYGUY4XRa6+eaZpiMcUIDSwVOqQ6L+bVTdGaVIYqlsiUMmqu/Jwqcaj1JI9uZYjPSy95M/M8LchNfhwUTWW6oIItFcc6RkWj2OhoyRYnhE0swUczeisgIK0yMDahmQ/CXX14lnYuG7zX8+8t686aMowoncArn4MMVNOEOWtAGAo/wDK/w5kjnxXl3PhatFaecOYY/cD5/AHAhjwY=</latexit><latexit sha1_base64="yiAiinLYQCtZYbV8dS50TQqvIuw=">AAAB7XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cK9gPSUDbbTbp2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZelHGmjed9O5W19Y3Nrep2bWd3b//APTzqaJkrQttEcql6EdaUM0HbhhlOe5miOI047Ubj25nffaJKMykezCSjYYoTwWJGsLFSpx+xJAkGbt1reHOgVeKXpA4lWgP3qz+UJE+pMIRjrQPfy0xYYGUY4XRa6+eaZpiMcUIDSwVOqQ6L+bVTdGaVIYqlsiUMmqu/Jwqcaj1JI9uZYjPSy95M/M8LchNfhwUTWW6oIItFcc6RkWj2OhoyRYnhE0swUczeisgIK0yMDahmQ/CXX14lnYuG7zX8+8t686aMowoncArn4MMVNOEOWtAGAo/wDK/w5kjnxXl3PhatFaecOYY/cD5/AHAhjwY=</latexit><latexit sha1_base64="yiAiinLYQCtZYbV8dS50TQqvIuw=">AAAB7XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cK9gPSUDbbTbp2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZelHGmjed9O5W19Y3Nrep2bWd3b//APTzqaJkrQttEcql6EdaUM0HbhhlOe5miOI047Ubj25nffaJKMykezCSjYYoTwWJGsLFSpx+xJAkGbt1reHOgVeKXpA4lWgP3qz+UJE+pMIRjrQPfy0xYYGUY4XRa6+eaZpiMcUIDSwVOqQ6L+bVTdGaVIYqlsiUMmqu/Jwqcaj1JI9uZYjPSy95M/M8LchNfhwUTWW6oIItFcc6RkWj2OhoyRYnhE0swUczeisgIK0yMDahmQ/CXX14lnYuG7zX8+8t686aMowoncArn4MMVNOEOWtAGAo/wDK/w5kjnxXl3PhatFaecOYY/cD5/AHAhjwY=</latexit>

V
~k

<latexit sha1_base64="Y/iOJIRJuEKjN1FsEPwUQxebKN0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbtkswm7m0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDahGwSW2DDcCu6lCGgcCO0F0P/c7E1SaJ/LJTFP0YzqSPOSMGit1+hNkeTQbVGtu3V2ArBOvIDUo0BxUv/rDhGUxSsME1brnuanxc6oMZwJnlX6mMaUsoiPsWSppjNrPF+fOyIVVhiRMlC1pyEL9PZHTWOtpHNjOmJqxXvXm4n9eLzPhrZ9zmWYGJVsuCjNBTELmv5MhV8iMmFpCmeL2VsLGVFFmbEIVG4K3+vI6aV/VPbfuPV7XGndFHGU4g3O4BA9uoAEP0IQWMIjgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AZ4ij70=</latexit><latexit sha1_base64="Y/iOJIRJuEKjN1FsEPwUQxebKN0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbtkswm7m0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDahGwSW2DDcCu6lCGgcCO0F0P/c7E1SaJ/LJTFP0YzqSPOSMGit1+hNkeTQbVGtu3V2ArBOvIDUo0BxUv/rDhGUxSsME1brnuanxc6oMZwJnlX6mMaUsoiPsWSppjNrPF+fOyIVVhiRMlC1pyEL9PZHTWOtpHNjOmJqxXvXm4n9eLzPhrZ9zmWYGJVsuCjNBTELmv5MhV8iMmFpCmeL2VsLGVFFmbEIVG4K3+vI6aV/VPbfuPV7XGndFHGU4g3O4BA9uoAEP0IQWMIjgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AZ4ij70=</latexit><latexit sha1_base64="Y/iOJIRJuEKjN1FsEPwUQxebKN0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbtkswm7m0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDahGwSW2DDcCu6lCGgcCO0F0P/c7E1SaJ/LJTFP0YzqSPOSMGit1+hNkeTQbVGtu3V2ArBOvIDUo0BxUv/rDhGUxSsME1brnuanxc6oMZwJnlX6mMaUsoiPsWSppjNrPF+fOyIVVhiRMlC1pyEL9PZHTWOtpHNjOmJqxXvXm4n9eLzPhrZ9zmWYGJVsuCjNBTELmv5MhV8iMmFpCmeL2VsLGVFFmbEIVG4K3+vI6aV/VPbfuPV7XGndFHGU4g3O4BA9uoAEP0IQWMIjgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AZ4ij70=</latexit><latexit sha1_base64="Y/iOJIRJuEKjN1FsEPwUQxebKN0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbtkswm7m0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDahGwSW2DDcCu6lCGgcCO0F0P/c7E1SaJ/LJTFP0YzqSPOSMGit1+hNkeTQbVGtu3V2ArBOvIDUo0BxUv/rDhGUxSsME1brnuanxc6oMZwJnlX6mMaUsoiPsWSppjNrPF+fOyIVVhiRMlC1pyEL9PZHTWOtpHNjOmJqxXvXm4n9eLzPhrZ9zmWYGJVsuCjNBTELmv5MhV8iMmFpCmeL2VsLGVFFmbEIVG4K3+vI6aV/VPbfuPV7XGndFHGU4g3O4BA9uoAEP0IQWMIjgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AZ4ij70=</latexit>

1
<latexit sha1_base64="SewSXpMSbbFZwBdSTgiis61GRk4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt2swm7EyGE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeLaiFg9YJZwP6IjJULBKFqp3RcqxGxQrbl1dw6ySryC1KBAc1D96g9jlkZcIZPUmJ7nJujnVKNgkk8r/dTwhLIJHfGepYpG3Pj5/NopObPKkISxtqWQzNXfEzmNjMmiwHZGFMdm2ZuJ/3m9FMNrPxcqSZErtlgUppJgTGavk6HQnKHMLKFMC3srYWOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNiZ0X5935WLSWnGLmGP7A+fwBwi+PPA==</latexit><latexit sha1_base64="SewSXpMSbbFZwBdSTgiis61GRk4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt2swm7EyGE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeLaiFg9YJZwP6IjJULBKFqp3RcqxGxQrbl1dw6ySryC1KBAc1D96g9jlkZcIZPUmJ7nJujnVKNgkk8r/dTwhLIJHfGepYpG3Pj5/NopObPKkISxtqWQzNXfEzmNjMmiwHZGFMdm2ZuJ/3m9FMNrPxcqSZErtlgUppJgTGavk6HQnKHMLKFMC3srYWOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNiZ0X5935WLSWnGLmGP7A+fwBwi+PPA==</latexit><latexit sha1_base64="SewSXpMSbbFZwBdSTgiis61GRk4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt2swm7EyGE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeLaiFg9YJZwP6IjJULBKFqp3RcqxGxQrbl1dw6ySryC1KBAc1D96g9jlkZcIZPUmJ7nJujnVKNgkk8r/dTwhLIJHfGepYpG3Pj5/NopObPKkISxtqWQzNXfEzmNjMmiwHZGFMdm2ZuJ/3m9FMNrPxcqSZErtlgUppJgTGavk6HQnKHMLKFMC3srYWOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNiZ0X5935WLSWnGLmGP7A+fwBwi+PPA==</latexit><latexit sha1_base64="SewSXpMSbbFZwBdSTgiis61GRk4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt2swm7EyGE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeLaiFg9YJZwP6IjJULBKFqp3RcqxGxQrbl1dw6ySryC1KBAc1D96g9jlkZcIZPUmJ7nJujnVKNgkk8r/dTwhLIJHfGepYpG3Pj5/NopObPKkISxtqWQzNXfEzmNjMmiwHZGFMdm2ZuJ/3m9FMNrPxcqSZErtlgUppJgTGavk6HQnKHMLKFMC3srYWOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNiZ0X5935WLSWnGLmGP7A+fwBwi+PPA==</latexit>



<latexit sha1_base64="yiAiinLYQCtZYbV8dS50TQqvIuw=">AAAB7XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cK9gPSUDbbTbp2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZelHGmjed9O5W19Y3Nrep2bWd3b//APTzqaJkrQttEcql6EdaUM0HbhhlOe5miOI047Ubj25nffaJKMykezCSjYYoTwWJGsLFSpx+xJAkGbt1reHOgVeKXpA4lWgP3qz+UJE+pMIRjrQPfy0xYYGUY4XRa6+eaZpiMcUIDSwVOqQ6L+bVTdGaVIYqlsiUMmqu/Jwqcaj1JI9uZYjPSy95M/M8LchNfhwUTWW6oIItFcc6RkWj2OhoyRYnhE0swUczeisgIK0yMDahmQ/CXX14lnYuG7zX8+8t686aMowoncArn4MMVNOEOWtAGAo/wDK/w5kjnxXl3PhatFaecOYY/cD5/AHAhjwY=</latexit> <latexit sha1_base64="yiAiinLYQCtZYbV8dS50TQqvIuw=">AAAB7XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cK9gPSUDbbTbp2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZelHGmjed9O5W19Y3Nrep2bWd3b//APTzqaJkrQttEcql6EdaUM0HbhhlOe5miOI047Ubj25nffaJKMykezCSjYYoTwWJGsLFSpx+xJAkGbt1reHOgVeKXpA4lWgP3qz+UJE+pMIRjrQPfy0xYYGUY4XRa6+eaZpiMcUIDSwVOqQ6L+bVTdGaVIYqlsiUMmqu/Jwqcaj1JI9uZYjPSy95M/M8LchNfhwUTWW6oIItFcc6RkWj2OhoyRYnhE0swUczeisgIK0yMDahmQ/CXX14lnYuG7zX8+8t686aMowoncArn4MMVNOEOWtAGAo/wDK/w5kjnxXl3PhatFaecOYY/cD5/AHAhjwY=</latexit> <latexit sha1_base64="yiAiinLYQCtZYbV8dS50TQqvIuw=">AAAB7XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cK9gPSUDbbTbp2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZelHGmjed9O5W19Y3Nrep2bWd3b//APTzqaJkrQttEcql6EdaUM0HbhhlOe5miOI047Ubj25nffaJKMykezCSjYYoTwWJGsLFSpx+xJAkGbt1reHOgVeKXpA4lWgP3qz+UJE+pMIRjrQPfy0xYYGUY4XRa6+eaZpiMcUIDSwVOqQ6L+bVTdGaVIYqlsiUMmqu/Jwqcaj1JI9uZYjPSy95M/M8LchNfhwUTWW6oIItFcc6RkWj2OhoyRYnhE0swUczeisgIK0yMDahmQ/CXX14lnYuG7zX8+8t686aMowoncArn4MMVNOEOWtAGAo/wDK/w5kjnxXl3PhatFaecOYY/cD5/AHAhjwY=</latexit> <latexit sha1_base64="yiAiinLYQCtZYbV8dS50TQqvIuw=">AAAB7XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cK9gPSUDbbTbp2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZelHGmjed9O5W19Y3Nrep2bWd3b//APTzqaJkrQttEcql6EdaUM0HbhhlOe5miOI047Ubj25nffaJKMykezCSjYYoTwWJGsLFSpx+xJAkGbt1reHOgVeKXpA4lWgP3qz+UJE+pMIRjrQPfy0xYYGUY4XRa6+eaZpiMcUIDSwVOqQ6L+bVTdGaVIYqlsiUMmqu/Jwqcaj1JI9uZYjPSy95M/M8LchNfhwUTWW6oIItFcc6RkWj2OhoyRYnhE0swUczeisgIK0yMDahmQ/CXX14lnYuG7zX8+8t686aMowoncArn4MMVNOEOWtAGAo/wDK/w5kjnxXl3PhatFaecOYY/cD5/AHAhjwY=</latexit>

= �<latexit sha1_base64="+uZfP8wbVItquFB0wCTrW6fkLq8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS46JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LquVWvcVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHdI2MsQ==</latexit><latexit sha1_base64="+uZfP8wbVItquFB0wCTrW6fkLq8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS46JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LquVWvcVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHdI2MsQ==</latexit><latexit sha1_base64="+uZfP8wbVItquFB0wCTrW6fkLq8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS46JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LquVWvcVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHdI2MsQ==</latexit><latexit sha1_base64="+uZfP8wbVItquFB0wCTrW6fkLq8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS46JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LquVWvcVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHdI2MsQ==</latexit>

V
+

~k
<latexit sha1_base64="Y/iOJIRJuEKjN1FsEPwUQxebKN0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbtkswm7m0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDahGwSW2DDcCu6lCGgcCO0F0P/c7E1SaJ/LJTFP0YzqSPOSMGit1+hNkeTQbVGtu3V2ArBOvIDUo0BxUv/rDhGUxSsME1brnuanxc6oMZwJnlX6mMaUsoiPsWSppjNrPF+fOyIVVhiRMlC1pyEL9PZHTWOtpHNjOmJqxXvXm4n9eLzPhrZ9zmWYGJVsuCjNBTELmv5MhV8iMmFpCmeL2VsLGVFFmbEIVG4K3+vI6aV/VPbfuPV7XGndFHGU4g3O4BA9uoAEP0IQWMIjgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AZ4ij70=</latexit><latexit sha1_base64="Y/iOJIRJuEKjN1FsEPwUQxebKN0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbtkswm7m0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDahGwSW2DDcCu6lCGgcCO0F0P/c7E1SaJ/LJTFP0YzqSPOSMGit1+hNkeTQbVGtu3V2ArBOvIDUo0BxUv/rDhGUxSsME1brnuanxc6oMZwJnlX6mMaUsoiPsWSppjNrPF+fOyIVVhiRMlC1pyEL9PZHTWOtpHNjOmJqxXvXm4n9eLzPhrZ9zmWYGJVsuCjNBTELmv5MhV8iMmFpCmeL2VsLGVFFmbEIVG4K3+vI6aV/VPbfuPV7XGndFHGU4g3O4BA9uoAEP0IQWMIjgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AZ4ij70=</latexit><latexit sha1_base64="Y/iOJIRJuEKjN1FsEPwUQxebKN0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbtkswm7m0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDahGwSW2DDcCu6lCGgcCO0F0P/c7E1SaJ/LJTFP0YzqSPOSMGit1+hNkeTQbVGtu3V2ArBOvIDUo0BxUv/rDhGUxSsME1brnuanxc6oMZwJnlX6mMaUsoiPsWSppjNrPF+fOyIVVhiRMlC1pyEL9PZHTWOtpHNjOmJqxXvXm4n9eLzPhrZ9zmWYGJVsuCjNBTELmv5MhV8iMmFpCmeL2VsLGVFFmbEIVG4K3+vI6aV/VPbfuPV7XGndFHGU4g3O4BA9uoAEP0IQWMIjgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AZ4ij70=</latexit><latexit sha1_base64="Y/iOJIRJuEKjN1FsEPwUQxebKN0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbtkswm7m0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDahGwSW2DDcCu6lCGgcCO0F0P/c7E1SaJ/LJTFP0YzqSPOSMGit1+hNkeTQbVGtu3V2ArBOvIDUo0BxUv/rDhGUxSsME1brnuanxc6oMZwJnlX6mMaUsoiPsWSppjNrPF+fOyIVVhiRMlC1pyEL9PZHTWOtpHNjOmJqxXvXm4n9eLzPhrZ9zmWYGJVsuCjNBTELmv5MhV8iMmFpCmeL2VsLGVFFmbEIVG4K3+vI6aV/VPbfuPV7XGndFHGU4g3O4BA9uoAEP0IQWMIjgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AZ4ij70=</latexit>

1
<latexit sha1_base64="SewSXpMSbbFZwBdSTgiis61GRk4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt2swm7EyGE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeLaiFg9YJZwP6IjJULBKFqp3RcqxGxQrbl1dw6ySryC1KBAc1D96g9jlkZcIZPUmJ7nJujnVKNgkk8r/dTwhLIJHfGepYpG3Pj5/NopObPKkISxtqWQzNXfEzmNjMmiwHZGFMdm2ZuJ/3m9FMNrPxcqSZErtlgUppJgTGavk6HQnKHMLKFMC3srYWOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNiZ0X5935WLSWnGLmGP7A+fwBwi+PPA==</latexit><latexit sha1_base64="SewSXpMSbbFZwBdSTgiis61GRk4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt2swm7EyGE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeLaiFg9YJZwP6IjJULBKFqp3RcqxGxQrbl1dw6ySryC1KBAc1D96g9jlkZcIZPUmJ7nJujnVKNgkk8r/dTwhLIJHfGepYpG3Pj5/NopObPKkISxtqWQzNXfEzmNjMmiwHZGFMdm2ZuJ/3m9FMNrPxcqSZErtlgUppJgTGavk6HQnKHMLKFMC3srYWOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNiZ0X5935WLSWnGLmGP7A+fwBwi+PPA==</latexit><latexit sha1_base64="SewSXpMSbbFZwBdSTgiis61GRk4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt2swm7EyGE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeLaiFg9YJZwP6IjJULBKFqp3RcqxGxQrbl1dw6ySryC1KBAc1D96g9jlkZcIZPUmJ7nJujnVKNgkk8r/dTwhLIJHfGepYpG3Pj5/NopObPKkISxtqWQzNXfEzmNjMmiwHZGFMdm2ZuJ/3m9FMNrPxcqSZErtlgUppJgTGavk6HQnKHMLKFMC3srYWOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNiZ0X5935WLSWnGLmGP7A+fwBwi+PPA==</latexit><latexit sha1_base64="SewSXpMSbbFZwBdSTgiis61GRk4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt2swm7EyGE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeLaiFg9YJZwP6IjJULBKFqp3RcqxGxQrbl1dw6ySryC1KBAc1D96g9jlkZcIZPUmJ7nJujnVKNgkk8r/dTwhLIJHfGepYpG3Pj5/NopObPKkISxtqWQzNXfEzmNjMmiwHZGFMdm2ZuJ/3m9FMNrPxcqSZErtlgUppJgTGavk6HQnKHMLKFMC3srYWOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNiZ0X5935WLSWnGLmGP7A+fwBwi+PPA==</latexit>

= +

iIPV
<latexit sha1_base64="zltbF862K938Y+o2F0JZlffV7Ug=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF71FMA/YLGF2MpsMmccy0yuEJZ/hxYMiXv0ab/6Nk2QPmljQUFR1090Vp4Jb8P1vr7S2vrG5Vd6u7Ozu7R9UD4/aVmeGshbVQptuTCwTXLEWcBCsmxpGZCxYJx7fzvzOEzOWa/UIk5RFkgwVTzgl4KSQ3/fznpG42Z72qzW/7s+BV0lQkBoq0OxXv3oDTTPJFFBBrA0DP4UoJwY4FWxa6WWWpYSOyZCFjioimY3y+clTfOaUAU60caUAz9XfEzmR1k5k7DolgZFd9mbif16YQXId5VylGTBFF4uSTGDQePY/HnDDKIiJI4Qa7m7FdEQMoeBSqrgQguWXV0n7oh749eDhsta4KeIooxN0is5RgK5QA92hJmohijR6Rq/ozQPvxXv3PhatJa+YOUZ/4H3+ANWYkPI=</latexit><latexit sha1_base64="zltbF862K938Y+o2F0JZlffV7Ug=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF71FMA/YLGF2MpsMmccy0yuEJZ/hxYMiXv0ab/6Nk2QPmljQUFR1090Vp4Jb8P1vr7S2vrG5Vd6u7Ozu7R9UD4/aVmeGshbVQptuTCwTXLEWcBCsmxpGZCxYJx7fzvzOEzOWa/UIk5RFkgwVTzgl4KSQ3/fznpG42Z72qzW/7s+BV0lQkBoq0OxXv3oDTTPJFFBBrA0DP4UoJwY4FWxa6WWWpYSOyZCFjioimY3y+clTfOaUAU60caUAz9XfEzmR1k5k7DolgZFd9mbif16YQXId5VylGTBFF4uSTGDQePY/HnDDKIiJI4Qa7m7FdEQMoeBSqrgQguWXV0n7oh749eDhsta4KeIooxN0is5RgK5QA92hJmohijR6Rq/ozQPvxXv3PhatJa+YOUZ/4H3+ANWYkPI=</latexit><latexit sha1_base64="zltbF862K938Y+o2F0JZlffV7Ug=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF71FMA/YLGF2MpsMmccy0yuEJZ/hxYMiXv0ab/6Nk2QPmljQUFR1090Vp4Jb8P1vr7S2vrG5Vd6u7Ozu7R9UD4/aVmeGshbVQptuTCwTXLEWcBCsmxpGZCxYJx7fzvzOEzOWa/UIk5RFkgwVTzgl4KSQ3/fznpG42Z72qzW/7s+BV0lQkBoq0OxXv3oDTTPJFFBBrA0DP4UoJwY4FWxa6WWWpYSOyZCFjioimY3y+clTfOaUAU60caUAz9XfEzmR1k5k7DolgZFd9mbif16YQXId5VylGTBFF4uSTGDQePY/HnDDKIiJI4Qa7m7FdEQMoeBSqrgQguWXV0n7oh749eDhsta4KeIooxN0is5RgK5QA92hJmohijR6Rq/ozQPvxXv3PhatJa+YOUZ/4H3+ANWYkPI=</latexit><latexit sha1_base64="zltbF862K938Y+o2F0JZlffV7Ug=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF71FMA/YLGF2MpsMmccy0yuEJZ/hxYMiXv0ab/6Nk2QPmljQUFR1090Vp4Jb8P1vr7S2vrG5Vd6u7Ozu7R9UD4/aVmeGshbVQptuTCwTXLEWcBCsmxpGZCxYJx7fzvzOEzOWa/UIk5RFkgwVTzgl4KSQ3/fznpG42Z72qzW/7s+BV0lQkBoq0OxXv3oDTTPJFFBBrA0DP4UoJwY4FWxa6WWWpYSOyZCFjioimY3y+clTfOaUAU60caUAz9XfEzmR1k5k7DolgZFd9mbif16YQXId5VylGTBFF4uSTGDQePY/HnDDKIiJI4Qa7m7FdEQMoeBSqrgQguWXV0n7oh749eDhsta4KeIooxN0is5RgK5QA92hJmohijR6Rq/ozQPvxXv3PhatJa+YOUZ/4H3+ANWYkPI=</latexit>

~k
<latexit sha1_base64="Y/iOJIRJuEKjN1FsEPwUQxebKN0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbtkswm7m0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDahGwSW2DDcCu6lCGgcCO0F0P/c7E1SaJ/LJTFP0YzqSPOSMGit1+hNkeTQbVGtu3V2ArBOvIDUo0BxUv/rDhGUxSsME1brnuanxc6oMZwJnlX6mMaUsoiPsWSppjNrPF+fOyIVVhiRMlC1pyEL9PZHTWOtpHNjOmJqxXvXm4n9eLzPhrZ9zmWYGJVsuCjNBTELmv5MhV8iMmFpCmeL2VsLGVFFmbEIVG4K3+vI6aV/VPbfuPV7XGndFHGU4g3O4BA9uoAEP0IQWMIjgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AZ4ij70=</latexit><latexit sha1_base64="Y/iOJIRJuEKjN1FsEPwUQxebKN0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbtkswm7m0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDahGwSW2DDcCu6lCGgcCO0F0P/c7E1SaJ/LJTFP0YzqSPOSMGit1+hNkeTQbVGtu3V2ArBOvIDUo0BxUv/rDhGUxSsME1brnuanxc6oMZwJnlX6mMaUsoiPsWSppjNrPF+fOyIVVhiRMlC1pyEL9PZHTWOtpHNjOmJqxXvXm4n9eLzPhrZ9zmWYGJVsuCjNBTELmv5MhV8iMmFpCmeL2VsLGVFFmbEIVG4K3+vI6aV/VPbfuPV7XGndFHGU4g3O4BA9uoAEP0IQWMIjgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AZ4ij70=</latexit><latexit sha1_base64="Y/iOJIRJuEKjN1FsEPwUQxebKN0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbtkswm7m0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDahGwSW2DDcCu6lCGgcCO0F0P/c7E1SaJ/LJTFP0YzqSPOSMGit1+hNkeTQbVGtu3V2ArBOvIDUo0BxUv/rDhGUxSsME1brnuanxc6oMZwJnlX6mMaUsoiPsWSppjNrPF+fOyIVVhiRMlC1pyEL9PZHTWOtpHNjOmJqxXvXm4n9eLzPhrZ9zmWYGJVsuCjNBTELmv5MhV8iMmFpCmeL2VsLGVFFmbEIVG4K3+vI6aV/VPbfuPV7XGndFHGU4g3O4BA9uoAEP0IQWMIjgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AZ4ij70=</latexit><latexit sha1_base64="Y/iOJIRJuEKjN1FsEPwUQxebKN0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbtkswm7m0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDahGwSW2DDcCu6lCGgcCO0F0P/c7E1SaJ/LJTFP0YzqSPOSMGit1+hNkeTQbVGtu3V2ArBOvIDUo0BxUv/rDhGUxSsME1brnuanxc6oMZwJnlX6mMaUsoiPsWSppjNrPF+fOyIVVhiRMlC1pyEL9PZHTWOtpHNjOmJqxXvXm4n9eLzPhrZ9zmWYGJVsuCjNBTELmv5MhV8iMmFpCmeL2VsLGVFFmbEIVG4K3+vI6aV/VPbfuPV7XGndFHGU4g3O4BA9uoAEP0IQWMIjgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AZ4ij70=</latexit>

1
<latexit sha1_base64="SewSXpMSbbFZwBdSTgiis61GRk4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt2swm7EyGE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeLaiFg9YJZwP6IjJULBKFqp3RcqxGxQrbl1dw6ySryC1KBAc1D96g9jlkZcIZPUmJ7nJujnVKNgkk8r/dTwhLIJHfGepYpG3Pj5/NopObPKkISxtqWQzNXfEzmNjMmiwHZGFMdm2ZuJ/3m9FMNrPxcqSZErtlgUppJgTGavk6HQnKHMLKFMC3srYWOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNiZ0X5935WLSWnGLmGP7A+fwBwi+PPA==</latexit><latexit sha1_base64="SewSXpMSbbFZwBdSTgiis61GRk4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt2swm7EyGE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeLaiFg9YJZwP6IjJULBKFqp3RcqxGxQrbl1dw6ySryC1KBAc1D96g9jlkZcIZPUmJ7nJujnVKNgkk8r/dTwhLIJHfGepYpG3Pj5/NopObPKkISxtqWQzNXfEzmNjMmiwHZGFMdm2ZuJ/3m9FMNrPxcqSZErtlgUppJgTGavk6HQnKHMLKFMC3srYWOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNiZ0X5935WLSWnGLmGP7A+fwBwi+PPA==</latexit><latexit sha1_base64="SewSXpMSbbFZwBdSTgiis61GRk4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt2swm7EyGE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeLaiFg9YJZwP6IjJULBKFqp3RcqxGxQrbl1dw6ySryC1KBAc1D96g9jlkZcIZPUmJ7nJujnVKNgkk8r/dTwhLIJHfGepYpG3Pj5/NopObPKkISxtqWQzNXfEzmNjMmiwHZGFMdm2ZuJ/3m9FMNrPxcqSZErtlgUppJgTGavk6HQnKHMLKFMC3srYWOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNiZ0X5935WLSWnGLmGP7A+fwBwi+PPA==</latexit><latexit sha1_base64="SewSXpMSbbFZwBdSTgiis61GRk4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt2swm7EyGE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeLaiFg9YJZwP6IjJULBKFqp3RcqxGxQrbl1dw6ySryC1KBAc1D96g9jlkZcIZPUmJ7nJujnVKNgkk8r/dTwhLIJHfGepYpG3Pj5/NopObPKkISxtqWQzNXfEzmNjMmiwHZGFMdm2ZuJ/3m9FMNrPxcqSZErtlgUppJgTGavk6HQnKHMLKFMC3srYWOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNiZ0X5935WLSWnGLmGP7A+fwBwi+PPA==</latexit>



<latexit sha1_base64="yiAiinLYQCtZYbV8dS50TQqvIuw=">AAAB7XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cK9gPSUDbbTbp2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZelHGmjed9O5W19Y3Nrep2bWd3b//APTzqaJkrQttEcql6EdaUM0HbhhlOe5miOI047Ubj25nffaJKMykezCSjYYoTwWJGsLFSpx+xJAkGbt1reHOgVeKXpA4lWgP3qz+UJE+pMIRjrQPfy0xYYGUY4XRa6+eaZpiMcUIDSwVOqQ6L+bVTdGaVIYqlsiUMmqu/Jwqcaj1JI9uZYjPSy95M/M8LchNfhwUTWW6oIItFcc6RkWj2OhoyRYnhE0swUczeisgIK0yMDahmQ/CXX14lnYuG7zX8+8t686aMowoncArn4MMVNOEOWtAGAo/wDK/w5kjnxXl3PhatFaecOYY/cD5/AHAhjwY=</latexit><latexit sha1_base64="yiAiinLYQCtZYbV8dS50TQqvIuw=">AAAB7XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cK9gPSUDbbTbp2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZelHGmjed9O5W19Y3Nrep2bWd3b//APTzqaJkrQttEcql6EdaUM0HbhhlOe5miOI047Ubj25nffaJKMykezCSjYYoTwWJGsLFSpx+xJAkGbt1reHOgVeKXpA4lWgP3qz+UJE+pMIRjrQPfy0xYYGUY4XRa6+eaZpiMcUIDSwVOqQ6L+bVTdGaVIYqlsiUMmqu/Jwqcaj1JI9uZYjPSy95M/M8LchNfhwUTWW6oIItFcc6RkWj2OhoyRYnhE0swUczeisgIK0yMDahmQ/CXX14lnYuG7zX8+8t686aMowoncArn4MMVNOEOWtAGAo/wDK/w5kjnxXl3PhatFaecOYY/cD5/AHAhjwY=</latexit><latexit sha1_base64="yiAiinLYQCtZYbV8dS50TQqvIuw=">AAAB7XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cK9gPSUDbbTbp2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZelHGmjed9O5W19Y3Nrep2bWd3b//APTzqaJkrQttEcql6EdaUM0HbhhlOe5miOI047Ubj25nffaJKMykezCSjYYoTwWJGsLFSpx+xJAkGbt1reHOgVeKXpA4lWgP3qz+UJE+pMIRjrQPfy0xYYGUY4XRa6+eaZpiMcUIDSwVOqQ6L+bVTdGaVIYqlsiUMmqu/Jwqcaj1JI9uZYjPSy95M/M8LchNfhwUTWW6oIItFcc6RkWj2OhoyRYnhE0swUczeisgIK0yMDahmQ/CXX14lnYuG7zX8+8t686aMowoncArn4MMVNOEOWtAGAo/wDK/w5kjnxXl3PhatFaecOYY/cD5/AHAhjwY=</latexit><latexit sha1_base64="yiAiinLYQCtZYbV8dS50TQqvIuw=">AAAB7XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cK9gPSUDbbTbp2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZelHGmjed9O5W19Y3Nrep2bWd3b//APTzqaJkrQttEcql6EdaUM0HbhhlOe5miOI047Ubj25nffaJKMykezCSjYYoTwWJGsLFSpx+xJAkGbt1reHOgVeKXpA4lWgP3qz+UJE+pMIRjrQPfy0xYYGUY4XRa6+eaZpiMcUIDSwVOqQ6L+bVTdGaVIYqlsiUMmqu/Jwqcaj1JI9uZYjPSy95M/M8LchNfhwUTWW6oIItFcc6RkWj2OhoyRYnhE0swUczeisgIK0yMDahmQ/CXX14lnYuG7zX8+8t686aMowoncArn4MMVNOEOWtAGAo/wDK/w5kjnxXl3PhatFaecOYY/cD5/AHAhjwY=</latexit>

=
V

~k
<latexit sha1_base64="Y/iOJIRJuEKjN1FsEPwUQxebKN0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbtkswm7m0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDahGwSW2DDcCu6lCGgcCO0F0P/c7E1SaJ/LJTFP0YzqSPOSMGit1+hNkeTQbVGtu3V2ArBOvIDUo0BxUv/rDhGUxSsME1brnuanxc6oMZwJnlX6mMaUsoiPsWSppjNrPF+fOyIVVhiRMlC1pyEL9PZHTWOtpHNjOmJqxXvXm4n9eLzPhrZ9zmWYGJVsuCjNBTELmv5MhV8iMmFpCmeL2VsLGVFFmbEIVG4K3+vI6aV/VPbfuPV7XGndFHGU4g3O4BA9uoAEP0IQWMIjgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AZ4ij70=</latexit><latexit sha1_base64="Y/iOJIRJuEKjN1FsEPwUQxebKN0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbtkswm7m0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDahGwSW2DDcCu6lCGgcCO0F0P/c7E1SaJ/LJTFP0YzqSPOSMGit1+hNkeTQbVGtu3V2ArBOvIDUo0BxUv/rDhGUxSsME1brnuanxc6oMZwJnlX6mMaUsoiPsWSppjNrPF+fOyIVVhiRMlC1pyEL9PZHTWOtpHNjOmJqxXvXm4n9eLzPhrZ9zmWYGJVsuCjNBTELmv5MhV8iMmFpCmeL2VsLGVFFmbEIVG4K3+vI6aV/VPbfuPV7XGndFHGU4g3O4BA9uoAEP0IQWMIjgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AZ4ij70=</latexit><latexit sha1_base64="Y/iOJIRJuEKjN1FsEPwUQxebKN0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbtkswm7m0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDahGwSW2DDcCu6lCGgcCO0F0P/c7E1SaJ/LJTFP0YzqSPOSMGit1+hNkeTQbVGtu3V2ArBOvIDUo0BxUv/rDhGUxSsME1brnuanxc6oMZwJnlX6mMaUsoiPsWSppjNrPF+fOyIVVhiRMlC1pyEL9PZHTWOtpHNjOmJqxXvXm4n9eLzPhrZ9zmWYGJVsuCjNBTELmv5MhV8iMmFpCmeL2VsLGVFFmbEIVG4K3+vI6aV/VPbfuPV7XGndFHGU4g3O4BA9uoAEP0IQWMIjgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AZ4ij70=</latexit><latexit sha1_base64="Y/iOJIRJuEKjN1FsEPwUQxebKN0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbtkswm7m0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDahGwSW2DDcCu6lCGgcCO0F0P/c7E1SaJ/LJTFP0YzqSPOSMGit1+hNkeTQbVGtu3V2ArBOvIDUo0BxUv/rDhGUxSsME1brnuanxc6oMZwJnlX6mMaUsoiPsWSppjNrPF+fOyIVVhiRMlC1pyEL9PZHTWOtpHNjOmJqxXvXm4n9eLzPhrZ9zmWYGJVsuCjNBTELmv5MhV8iMmFpCmeL2VsLGVFFmbEIVG4K3+vI6aV/VPbfuPV7XGndFHGU4g3O4BA9uoAEP0IQWMIjgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AZ4ij70=</latexit>

�<latexit sha1_base64="+uZfP8wbVItquFB0wCTrW6fkLq8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS46JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LquVWvcVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHdI2MsQ==</latexit><latexit sha1_base64="+uZfP8wbVItquFB0wCTrW6fkLq8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS46JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LquVWvcVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHdI2MsQ==</latexit><latexit sha1_base64="+uZfP8wbVItquFB0wCTrW6fkLq8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS46JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LquVWvcVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHdI2MsQ==</latexit><latexit sha1_base64="+uZfP8wbVItquFB0wCTrW6fkLq8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURQY9FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju5nffkKleSwfzCRBP6JDyUPOqLFS46JfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ67LquVWvcVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHdI2MsQ==</latexit>

V
+

~k
<latexit sha1_base64="Y/iOJIRJuEKjN1FsEPwUQxebKN0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbtkswm7m0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDahGwSW2DDcCu6lCGgcCO0F0P/c7E1SaJ/LJTFP0YzqSPOSMGit1+hNkeTQbVGtu3V2ArBOvIDUo0BxUv/rDhGUxSsME1brnuanxc6oMZwJnlX6mMaUsoiPsWSppjNrPF+fOyIVVhiRMlC1pyEL9PZHTWOtpHNjOmJqxXvXm4n9eLzPhrZ9zmWYGJVsuCjNBTELmv5MhV8iMmFpCmeL2VsLGVFFmbEIVG4K3+vI6aV/VPbfuPV7XGndFHGU4g3O4BA9uoAEP0IQWMIjgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AZ4ij70=</latexit><latexit sha1_base64="Y/iOJIRJuEKjN1FsEPwUQxebKN0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbtkswm7m0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDahGwSW2DDcCu6lCGgcCO0F0P/c7E1SaJ/LJTFP0YzqSPOSMGit1+hNkeTQbVGtu3V2ArBOvIDUo0BxUv/rDhGUxSsME1brnuanxc6oMZwJnlX6mMaUsoiPsWSppjNrPF+fOyIVVhiRMlC1pyEL9PZHTWOtpHNjOmJqxXvXm4n9eLzPhrZ9zmWYGJVsuCjNBTELmv5MhV8iMmFpCmeL2VsLGVFFmbEIVG4K3+vI6aV/VPbfuPV7XGndFHGU4g3O4BA9uoAEP0IQWMIjgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AZ4ij70=</latexit><latexit sha1_base64="Y/iOJIRJuEKjN1FsEPwUQxebKN0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbtkswm7m0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDahGwSW2DDcCu6lCGgcCO0F0P/c7E1SaJ/LJTFP0YzqSPOSMGit1+hNkeTQbVGtu3V2ArBOvIDUo0BxUv/rDhGUxSsME1brnuanxc6oMZwJnlX6mMaUsoiPsWSppjNrPF+fOyIVVhiRMlC1pyEL9PZHTWOtpHNjOmJqxXvXm4n9eLzPhrZ9zmWYGJVsuCjNBTELmv5MhV8iMmFpCmeL2VsLGVFFmbEIVG4K3+vI6aV/VPbfuPV7XGndFHGU4g3O4BA9uoAEP0IQWMIjgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AZ4ij70=</latexit><latexit sha1_base64="Y/iOJIRJuEKjN1FsEPwUQxebKN0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbtkswm7m0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDahGwSW2DDcCu6lCGgcCO0F0P/c7E1SaJ/LJTFP0YzqSPOSMGit1+hNkeTQbVGtu3V2ArBOvIDUo0BxUv/rDhGUxSsME1brnuanxc6oMZwJnlX6mMaUsoiPsWSppjNrPF+fOyIVVhiRMlC1pyEL9PZHTWOtpHNjOmJqxXvXm4n9eLzPhrZ9zmWYGJVsuCjNBTELmv5MhV8iMmFpCmeL2VsLGVFFmbEIVG4K3+vI6aV/VPbfuPV7XGndFHGU4g3O4BA9uoAEP0IQWMIjgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AZ4ij70=</latexit>
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1
<latexit sha1_base64="SewSXpMSbbFZwBdSTgiis61GRk4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt2swm7EyGE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeLaiFg9YJZwP6IjJULBKFqp3RcqxGxQrbl1dw6ySryC1KBAc1D96g9jlkZcIZPUmJ7nJujnVKNgkk8r/dTwhLIJHfGepYpG3Pj5/NopObPKkISxtqWQzNXfEzmNjMmiwHZGFMdm2ZuJ/3m9FMNrPxcqSZErtlgUppJgTGavk6HQnKHMLKFMC3srYWOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNiZ0X5935WLSWnGLmGP7A+fwBwi+PPA==</latexit><latexit sha1_base64="SewSXpMSbbFZwBdSTgiis61GRk4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt2swm7EyGE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeLaiFg9YJZwP6IjJULBKFqp3RcqxGxQrbl1dw6ySryC1KBAc1D96g9jlkZcIZPUmJ7nJujnVKNgkk8r/dTwhLIJHfGepYpG3Pj5/NopObPKkISxtqWQzNXfEzmNjMmiwHZGFMdm2ZuJ/3m9FMNrPxcqSZErtlgUppJgTGavk6HQnKHMLKFMC3srYWOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNiZ0X5935WLSWnGLmGP7A+fwBwi+PPA==</latexit><latexit sha1_base64="SewSXpMSbbFZwBdSTgiis61GRk4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt2swm7EyGE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeLaiFg9YJZwP6IjJULBKFqp3RcqxGxQrbl1dw6ySryC1KBAc1D96g9jlkZcIZPUmJ7nJujnVKNgkk8r/dTwhLIJHfGepYpG3Pj5/NopObPKkISxtqWQzNXfEzmNjMmiwHZGFMdm2ZuJ/3m9FMNrPxcqSZErtlgUppJgTGavk6HQnKHMLKFMC3srYWOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNiZ0X5935WLSWnGLmGP7A+fwBwi+PPA==</latexit><latexit sha1_base64="SewSXpMSbbFZwBdSTgiis61GRk4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt2swm7EyGE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeLaiFg9YJZwP6IjJULBKFqp3RcqxGxQrbl1dw6ySryC1KBAc1D96g9jlkZcIZPUmJ7nJujnVKNgkk8r/dTwhLIJHfGepYpG3Pj5/NopObPKkISxtqWQzNXfEzmNjMmiwHZGFMdm2ZuJ/3m9FMNrPxcqSZErtlgUppJgTGavk6HQnKHMLKFMC3srYWOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNiZ0X5935WLSWnGLmGP7A+fwBwi+PPA==</latexit>
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+

V
~k

<latexit sha1_base64="Y/iOJIRJuEKjN1FsEPwUQxebKN0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbtkswm7m0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDahGwSW2DDcCu6lCGgcCO0F0P/c7E1SaJ/LJTFP0YzqSPOSMGit1+hNkeTQbVGtu3V2ArBOvIDUo0BxUv/rDhGUxSsME1brnuanxc6oMZwJnlX6mMaUsoiPsWSppjNrPF+fOyIVVhiRMlC1pyEL9PZHTWOtpHNjOmJqxXvXm4n9eLzPhrZ9zmWYGJVsuCjNBTELmv5MhV8iMmFpCmeL2VsLGVFFmbEIVG4K3+vI6aV/VPbfuPV7XGndFHGU4g3O4BA9uoAEP0IQWMIjgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AZ4ij70=</latexit><latexit sha1_base64="Y/iOJIRJuEKjN1FsEPwUQxebKN0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbtkswm7m0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDahGwSW2DDcCu6lCGgcCO0F0P/c7E1SaJ/LJTFP0YzqSPOSMGit1+hNkeTQbVGtu3V2ArBOvIDUo0BxUv/rDhGUxSsME1brnuanxc6oMZwJnlX6mMaUsoiPsWSppjNrPF+fOyIVVhiRMlC1pyEL9PZHTWOtpHNjOmJqxXvXm4n9eLzPhrZ9zmWYGJVsuCjNBTELmv5MhV8iMmFpCmeL2VsLGVFFmbEIVG4K3+vI6aV/VPbfuPV7XGndFHGU4g3O4BA9uoAEP0IQWMIjgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AZ4ij70=</latexit><latexit sha1_base64="Y/iOJIRJuEKjN1FsEPwUQxebKN0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbtkswm7m0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDahGwSW2DDcCu6lCGgcCO0F0P/c7E1SaJ/LJTFP0YzqSPOSMGit1+hNkeTQbVGtu3V2ArBOvIDUo0BxUv/rDhGUxSsME1brnuanxc6oMZwJnlX6mMaUsoiPsWSppjNrPF+fOyIVVhiRMlC1pyEL9PZHTWOtpHNjOmJqxXvXm4n9eLzPhrZ9zmWYGJVsuCjNBTELmv5MhV8iMmFpCmeL2VsLGVFFmbEIVG4K3+vI6aV/VPbfuPV7XGndFHGU4g3O4BA9uoAEP0IQWMIjgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AZ4ij70=</latexit><latexit sha1_base64="Y/iOJIRJuEKjN1FsEPwUQxebKN0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbtkswm7m0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDahGwSW2DDcCu6lCGgcCO0F0P/c7E1SaJ/LJTFP0YzqSPOSMGit1+hNkeTQbVGtu3V2ArBOvIDUo0BxUv/rDhGUxSsME1brnuanxc6oMZwJnlX6mMaUsoiPsWSppjNrPF+fOyIVVhiRMlC1pyEL9PZHTWOtpHNjOmJqxXvXm4n9eLzPhrZ9zmWYGJVsuCjNBTELmv5MhV8iMmFpCmeL2VsLGVFFmbEIVG4K3+vI6aV/VPbfuPV7XGndFHGU4g3O4BA9uoAEP0IQWMIjgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AZ4ij70=</latexit>

+

iIPV
<latexit sha1_base64="zltbF862K938Y+o2F0JZlffV7Ug=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF71FMA/YLGF2MpsMmccy0yuEJZ/hxYMiXv0ab/6Nk2QPmljQUFR1090Vp4Jb8P1vr7S2vrG5Vd6u7Ozu7R9UD4/aVmeGshbVQptuTCwTXLEWcBCsmxpGZCxYJx7fzvzOEzOWa/UIk5RFkgwVTzgl4KSQ3/fznpG42Z72qzW/7s+BV0lQkBoq0OxXv3oDTTPJFFBBrA0DP4UoJwY4FWxa6WWWpYSOyZCFjioimY3y+clTfOaUAU60caUAz9XfEzmR1k5k7DolgZFd9mbif16YQXId5VylGTBFF4uSTGDQePY/HnDDKIiJI4Qa7m7FdEQMoeBSqrgQguWXV0n7oh749eDhsta4KeIooxN0is5RgK5QA92hJmohijR6Rq/ozQPvxXv3PhatJa+YOUZ/4H3+ANWYkPI=</latexit><latexit sha1_base64="zltbF862K938Y+o2F0JZlffV7Ug=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF71FMA/YLGF2MpsMmccy0yuEJZ/hxYMiXv0ab/6Nk2QPmljQUFR1090Vp4Jb8P1vr7S2vrG5Vd6u7Ozu7R9UD4/aVmeGshbVQptuTCwTXLEWcBCsmxpGZCxYJx7fzvzOEzOWa/UIk5RFkgwVTzgl4KSQ3/fznpG42Z72qzW/7s+BV0lQkBoq0OxXv3oDTTPJFFBBrA0DP4UoJwY4FWxa6WWWpYSOyZCFjioimY3y+clTfOaUAU60caUAz9XfEzmR1k5k7DolgZFd9mbif16YQXId5VylGTBFF4uSTGDQePY/HnDDKIiJI4Qa7m7FdEQMoeBSqrgQguWXV0n7oh749eDhsta4KeIooxN0is5RgK5QA92hJmohijR6Rq/ozQPvxXv3PhatJa+YOUZ/4H3+ANWYkPI=</latexit><latexit sha1_base64="zltbF862K938Y+o2F0JZlffV7Ug=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF71FMA/YLGF2MpsMmccy0yuEJZ/hxYMiXv0ab/6Nk2QPmljQUFR1090Vp4Jb8P1vr7S2vrG5Vd6u7Ozu7R9UD4/aVmeGshbVQptuTCwTXLEWcBCsmxpGZCxYJx7fzvzOEzOWa/UIk5RFkgwVTzgl4KSQ3/fznpG42Z72qzW/7s+BV0lQkBoq0OxXv3oDTTPJFFBBrA0DP4UoJwY4FWxa6WWWpYSOyZCFjioimY3y+clTfOaUAU60caUAz9XfEzmR1k5k7DolgZFd9mbif16YQXId5VylGTBFF4uSTGDQePY/HnDDKIiJI4Qa7m7FdEQMoeBSqrgQguWXV0n7oh749eDhsta4KeIooxN0is5RgK5QA92hJmohijR6Rq/ozQPvxXv3PhatJa+YOUZ/4H3+ANWYkPI=</latexit><latexit sha1_base64="zltbF862K938Y+o2F0JZlffV7Ug=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF71FMA/YLGF2MpsMmccy0yuEJZ/hxYMiXv0ab/6Nk2QPmljQUFR1090Vp4Jb8P1vr7S2vrG5Vd6u7Ozu7R9UD4/aVmeGshbVQptuTCwTXLEWcBCsmxpGZCxYJx7fzvzOEzOWa/UIk5RFkgwVTzgl4KSQ3/fznpG42Z72qzW/7s+BV0lQkBoq0OxXv3oDTTPJFFBBrA0DP4UoJwY4FWxa6WWWpYSOyZCFjioimY3y+clTfOaUAU60caUAz9XfEzmR1k5k7DolgZFd9mbif16YQXId5VylGTBFF4uSTGDQePY/HnDDKIiJI4Qa7m7FdEQMoeBSqrgQguWXV0n7oh749eDhsta4KeIooxN0is5RgK5QA92hJmohijR6Rq/ozQPvxXv3PhatJa+YOUZ/4H3+ANWYkPI=</latexit>

iIPV
<latexit sha1_base64="zltbF862K938Y+o2F0JZlffV7Ug=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF71FMA/YLGF2MpsMmccy0yuEJZ/hxYMiXv0ab/6Nk2QPmljQUFR1090Vp4Jb8P1vr7S2vrG5Vd6u7Ozu7R9UD4/aVmeGshbVQptuTCwTXLEWcBCsmxpGZCxYJx7fzvzOEzOWa/UIk5RFkgwVTzgl4KSQ3/fznpG42Z72qzW/7s+BV0lQkBoq0OxXv3oDTTPJFFBBrA0DP4UoJwY4FWxa6WWWpYSOyZCFjioimY3y+clTfOaUAU60caUAz9XfEzmR1k5k7DolgZFd9mbif16YQXId5VylGTBFF4uSTGDQePY/HnDDKIiJI4Qa7m7FdEQMoeBSqrgQguWXV0n7oh749eDhsta4KeIooxN0is5RgK5QA92hJmohijR6Rq/ozQPvxXv3PhatJa+YOUZ/4H3+ANWYkPI=</latexit><latexit sha1_base64="zltbF862K938Y+o2F0JZlffV7Ug=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF71FMA/YLGF2MpsMmccy0yuEJZ/hxYMiXv0ab/6Nk2QPmljQUFR1090Vp4Jb8P1vr7S2vrG5Vd6u7Ozu7R9UD4/aVmeGshbVQptuTCwTXLEWcBCsmxpGZCxYJx7fzvzOEzOWa/UIk5RFkgwVTzgl4KSQ3/fznpG42Z72qzW/7s+BV0lQkBoq0OxXv3oDTTPJFFBBrA0DP4UoJwY4FWxa6WWWpYSOyZCFjioimY3y+clTfOaUAU60caUAz9XfEzmR1k5k7DolgZFd9mbif16YQXId5VylGTBFF4uSTGDQePY/HnDDKIiJI4Qa7m7FdEQMoeBSqrgQguWXV0n7oh749eDhsta4KeIooxN0is5RgK5QA92hJmohijR6Rq/ozQPvxXv3PhatJa+YOUZ/4H3+ANWYkPI=</latexit><latexit sha1_base64="zltbF862K938Y+o2F0JZlffV7Ug=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF71FMA/YLGF2MpsMmccy0yuEJZ/hxYMiXv0ab/6Nk2QPmljQUFR1090Vp4Jb8P1vr7S2vrG5Vd6u7Ozu7R9UD4/aVmeGshbVQptuTCwTXLEWcBCsmxpGZCxYJx7fzvzOEzOWa/UIk5RFkgwVTzgl4KSQ3/fznpG42Z72qzW/7s+BV0lQkBoq0OxXv3oDTTPJFFBBrA0DP4UoJwY4FWxa6WWWpYSOyZCFjioimY3y+clTfOaUAU60caUAz9XfEzmR1k5k7DolgZFd9mbif16YQXId5VylGTBFF4uSTGDQePY/HnDDKIiJI4Qa7m7FdEQMoeBSqrgQguWXV0n7oh749eDhsta4KeIooxN0is5RgK5QA92hJmohijR6Rq/ozQPvxXv3PhatJa+YOUZ/4H3+ANWYkPI=</latexit><latexit sha1_base64="zltbF862K938Y+o2F0JZlffV7Ug=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF71FMA/YLGF2MpsMmccy0yuEJZ/hxYMiXv0ab/6Nk2QPmljQUFR1090Vp4Jb8P1vr7S2vrG5Vd6u7Ozu7R9UD4/aVmeGshbVQptuTCwTXLEWcBCsmxpGZCxYJx7fzvzOEzOWa/UIk5RFkgwVTzgl4KSQ3/fznpG42Z72qzW/7s+BV0lQkBoq0OxXv3oDTTPJFFBBrA0DP4UoJwY4FWxa6WWWpYSOyZCFjioimY3y+clTfOaUAU60caUAz9XfEzmR1k5k7DolgZFd9mbif16YQXId5VylGTBFF4uSTGDQePY/HnDDKIiJI4Qa7m7FdEQMoeBSqrgQguWXV0n7oh749eDhsta4KeIooxN0is5RgK5QA92hJmohijR6Rq/ozQPvxXv3PhatJa+YOUZ/4H3+ANWYkPI=</latexit>

iF 0
<latexit sha1_base64="GEaPCwY3gd+5FRr8df0Bq1EBwo8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GNREI8V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4WV1bX1jeJmaWt7Z3evvH/Q1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3nlBpHstHM07Qj+hA8pAzaqz0wG9Pe+WKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3x5mTTPq55b9e4vKrXrPI4iHMExnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMWwtOPnMIf+B8/gC/oo1u</latexit><latexit sha1_base64="GEaPCwY3gd+5FRr8df0Bq1EBwo8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GNREI8V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4WV1bX1jeJmaWt7Z3evvH/Q1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3nlBpHstHM07Qj+hA8pAzaqz0wG9Pe+WKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3x5mTTPq55b9e4vKrXrPI4iHMExnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMWwtOPnMIf+B8/gC/oo1u</latexit><latexit sha1_base64="GEaPCwY3gd+5FRr8df0Bq1EBwo8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GNREI8V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4WV1bX1jeJmaWt7Z3evvH/Q1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3nlBpHstHM07Qj+hA8pAzaqz0wG9Pe+WKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3x5mTTPq55b9e4vKrXrPI4iHMExnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMWwtOPnMIf+B8/gC/oo1u</latexit><latexit sha1_base64="GEaPCwY3gd+5FRr8df0Bq1EBwo8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GNREI8V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4WV1bX1jeJmaWt7Z3evvH/Q1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3nlBpHstHM07Qj+hA8pAzaqz0wG9Pe+WKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3x5mTTPq55b9e4vKrXrPI4iHMExnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMWwtOPnMIf+B8/gC/oo1u</latexit>

~k
<latexit sha1_base64="Y/iOJIRJuEKjN1FsEPwUQxebKN0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbtkswm7m0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDahGwSW2DDcCu6lCGgcCO0F0P/c7E1SaJ/LJTFP0YzqSPOSMGit1+hNkeTQbVGtu3V2ArBOvIDUo0BxUv/rDhGUxSsME1brnuanxc6oMZwJnlX6mMaUsoiPsWSppjNrPF+fOyIVVhiRMlC1pyEL9PZHTWOtpHNjOmJqxXvXm4n9eLzPhrZ9zmWYGJVsuCjNBTELmv5MhV8iMmFpCmeL2VsLGVFFmbEIVG4K3+vI6aV/VPbfuPV7XGndFHGU4g3O4BA9uoAEP0IQWMIjgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AZ4ij70=</latexit><latexit sha1_base64="Y/iOJIRJuEKjN1FsEPwUQxebKN0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbtkswm7m0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDahGwSW2DDcCu6lCGgcCO0F0P/c7E1SaJ/LJTFP0YzqSPOSMGit1+hNkeTQbVGtu3V2ArBOvIDUo0BxUv/rDhGUxSsME1brnuanxc6oMZwJnlX6mMaUsoiPsWSppjNrPF+fOyIVVhiRMlC1pyEL9PZHTWOtpHNjOmJqxXvXm4n9eLzPhrZ9zmWYGJVsuCjNBTELmv5MhV8iMmFpCmeL2VsLGVFFmbEIVG4K3+vI6aV/VPbfuPV7XGndFHGU4g3O4BA9uoAEP0IQWMIjgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AZ4ij70=</latexit><latexit sha1_base64="Y/iOJIRJuEKjN1FsEPwUQxebKN0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbtkswm7m0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDahGwSW2DDcCu6lCGgcCO0F0P/c7E1SaJ/LJTFP0YzqSPOSMGit1+hNkeTQbVGtu3V2ArBOvIDUo0BxUv/rDhGUxSsME1brnuanxc6oMZwJnlX6mMaUsoiPsWSppjNrPF+fOyIVVhiRMlC1pyEL9PZHTWOtpHNjOmJqxXvXm4n9eLzPhrZ9zmWYGJVsuCjNBTELmv5MhV8iMmFpCmeL2VsLGVFFmbEIVG4K3+vI6aV/VPbfuPV7XGndFHGU4g3O4BA9uoAEP0IQWMIjgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AZ4ij70=</latexit><latexit sha1_base64="Y/iOJIRJuEKjN1FsEPwUQxebKN0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbtkswm7m0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDahGwSW2DDcCu6lCGgcCO0F0P/c7E1SaJ/LJTFP0YzqSPOSMGit1+hNkeTQbVGtu3V2ArBOvIDUo0BxUv/rDhGUxSsME1brnuanxc6oMZwJnlX6mMaUsoiPsWSppjNrPF+fOyIVVhiRMlC1pyEL9PZHTWOtpHNjOmJqxXvXm4n9eLzPhrZ9zmWYGJVsuCjNBTELmv5MhV8iMmFpCmeL2VsLGVFFmbEIVG4K3+vI6aV/VPbfuPV7XGndFHGU4g3O4BA9uoAEP0IQWMIjgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AZ4ij70=</latexit>

iF
<latexit sha1_base64="PAL9g4gJ/H2YzDdLcwHTgsAn550=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiIB6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++4lrI2L1iJOE+xEdKhEKRtFKD+K2X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGV34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1UPbfq3V9W6td5HEU4gVM4Bw9qUIc7aEATGITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AV7xjT0=</latexit><latexit sha1_base64="PAL9g4gJ/H2YzDdLcwHTgsAn550=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiIB6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++4lrI2L1iJOE+xEdKhEKRtFKD+K2X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGV34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1UPbfq3V9W6td5HEU4gVM4Bw9qUIc7aEATGITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AV7xjT0=</latexit><latexit sha1_base64="PAL9g4gJ/H2YzDdLcwHTgsAn550=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiIB6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++4lrI2L1iJOE+xEdKhEKRtFKD+K2X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGV34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1UPbfq3V9W6td5HEU4gVM4Bw9qUIc7aEATGITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AV7xjT0=</latexit><latexit sha1_base64="PAL9g4gJ/H2YzDdLcwHTgsAn550=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiIB6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++4lrI2L1iJOE+xEdKhEKRtFKD+K2X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGV34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1UPbfq3V9W6td5HEU4gVM4Bw9qUIc7aEATGITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AV7xjT0=</latexit>

~k
<latexit sha1_base64="Y/iOJIRJuEKjN1FsEPwUQxebKN0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbtkswm7m0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDahGwSW2DDcCu6lCGgcCO0F0P/c7E1SaJ/LJTFP0YzqSPOSMGit1+hNkeTQbVGtu3V2ArBOvIDUo0BxUv/rDhGUxSsME1brnuanxc6oMZwJnlX6mMaUsoiPsWSppjNrPF+fOyIVVhiRMlC1pyEL9PZHTWOtpHNjOmJqxXvXm4n9eLzPhrZ9zmWYGJVsuCjNBTELmv5MhV8iMmFpCmeL2VsLGVFFmbEIVG4K3+vI6aV/VPbfuPV7XGndFHGU4g3O4BA9uoAEP0IQWMIjgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AZ4ij70=</latexit><latexit sha1_base64="Y/iOJIRJuEKjN1FsEPwUQxebKN0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbtkswm7m0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDahGwSW2DDcCu6lCGgcCO0F0P/c7E1SaJ/LJTFP0YzqSPOSMGit1+hNkeTQbVGtu3V2ArBOvIDUo0BxUv/rDhGUxSsME1brnuanxc6oMZwJnlX6mMaUsoiPsWSppjNrPF+fOyIVVhiRMlC1pyEL9PZHTWOtpHNjOmJqxXvXm4n9eLzPhrZ9zmWYGJVsuCjNBTELmv5MhV8iMmFpCmeL2VsLGVFFmbEIVG4K3+vI6aV/VPbfuPV7XGndFHGU4g3O4BA9uoAEP0IQWMIjgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AZ4ij70=</latexit><latexit sha1_base64="Y/iOJIRJuEKjN1FsEPwUQxebKN0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbtkswm7m0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDahGwSW2DDcCu6lCGgcCO0F0P/c7E1SaJ/LJTFP0YzqSPOSMGit1+hNkeTQbVGtu3V2ArBOvIDUo0BxUv/rDhGUxSsME1brnuanxc6oMZwJnlX6mMaUsoiPsWSppjNrPF+fOyIVVhiRMlC1pyEL9PZHTWOtpHNjOmJqxXvXm4n9eLzPhrZ9zmWYGJVsuCjNBTELmv5MhV8iMmFpCmeL2VsLGVFFmbEIVG4K3+vI6aV/VPbfuPV7XGndFHGU4g3O4BA9uoAEP0IQWMIjgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AZ4ij70=</latexit><latexit sha1_base64="Y/iOJIRJuEKjN1FsEPwUQxebKN0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbtkswm7m0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAqujet+O6WNza3tnfJuZW//4PCoenzS1kmmGLZYIhLVDahGwSW2DDcCu6lCGgcCO0F0P/c7E1SaJ/LJTFP0YzqSPOSMGit1+hNkeTQbVGtu3V2ArBOvIDUo0BxUv/rDhGUxSsME1brnuanxc6oMZwJnlX6mMaUsoiPsWSppjNrPF+fOyIVVhiRMlC1pyEL9PZHTWOtpHNjOmJqxXvXm4n9eLzPhrZ9zmWYGJVsuCjNBTELmv5MhV8iMmFpCmeL2VsLGVFFmbEIVG4K3+vI6aV/VPbfuPV7XGndFHGU4g3O4BA9uoAEP0IQWMIjgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AZ4ij70=</latexit>

iF
<latexit sha1_base64="PAL9g4gJ/H2YzDdLcwHTgsAn550=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiIB6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++4lrI2L1iJOE+xEdKhEKRtFKD+K2X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGV34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1UPbfq3V9W6td5HEU4gVM4Bw9qUIc7aEATGITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AV7xjT0=</latexit><latexit sha1_base64="PAL9g4gJ/H2YzDdLcwHTgsAn550=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiIB6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++4lrI2L1iJOE+xEdKhEKRtFKD+K2X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGV34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1UPbfq3V9W6td5HEU4gVM4Bw9qUIc7aEATGITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AV7xjT0=</latexit><latexit sha1_base64="PAL9g4gJ/H2YzDdLcwHTgsAn550=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiIB6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++4lrI2L1iJOE+xEdKhEKRtFKD+K2X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGV34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1UPbfq3V9W6td5HEU4gVM4Bw9qUIc7aEATGITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AV7xjT0=</latexit><latexit sha1_base64="PAL9g4gJ/H2YzDdLcwHTgsAn550=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiIB6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++4lrI2L1iJOE+xEdKhEKRtFKD+K2X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimGV34mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1UPbfq3V9W6td5HEU4gVM4Bw9qUIc7aEATGITwDK/w5oydF+fd+Vi0Fpx85hj+wPn8AV7xjT0=</latexit> 

<latexit sha1_base64="yiAiinLYQCtZYbV8dS50TQqvIuw=">AAAB7XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cK9gPSUDbbTbp2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZelHGmjed9O5W19Y3Nrep2bWd3b//APTzqaJkrQttEcql6EdaUM0HbhhlOe5miOI047Ubj25nffaJKMykezCSjYYoTwWJGsLFSpx+xJAkGbt1reHOgVeKXpA4lWgP3qz+UJE+pMIRjrQPfy0xYYGUY4XRa6+eaZpiMcUIDSwVOqQ6L+bVTdGaVIYqlsiUMmqu/Jwqcaj1JI9uZYjPSy95M/M8LchNfhwUTWW6oIItFcc6RkWj2OhoyRYnhE0swUczeisgIK0yMDahmQ/CXX14lnYuG7zX8+8t686aMowoncArn4MMVNOEOWtAGAo/wDK/w5kjnxXl3PhatFaecOYY/cD5/AHAhjwY=</latexit> <latexit sha1_base64="yiAiinLYQCtZYbV8dS50TQqvIuw=">AAAB7XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cK9gPSUDbbTbp2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZelHGmjed9O5W19Y3Nrep2bWd3b//APTzqaJkrQttEcql6EdaUM0HbhhlOe5miOI047Ubj25nffaJKMykezCSjYYoTwWJGsLFSpx+xJAkGbt1reHOgVeKXpA4lWgP3qz+UJE+pMIRjrQPfy0xYYGUY4XRa6+eaZpiMcUIDSwVOqQ6L+bVTdGaVIYqlsiUMmqu/Jwqcaj1JI9uZYjPSy95M/M8LchNfhwUTWW6oIItFcc6RkWj2OhoyRYnhE0swUczeisgIK0yMDahmQ/CXX14lnYuG7zX8+8t686aMowoncArn4MMVNOEOWtAGAo/wDK/w5kjnxXl3PhatFaecOYY/cD5/AHAhjwY=</latexit> <latexit sha1_base64="yiAiinLYQCtZYbV8dS50TQqvIuw=">AAAB7XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cK9gPSUDbbTbp2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZelHGmjed9O5W19Y3Nrep2bWd3b//APTzqaJkrQttEcql6EdaUM0HbhhlOe5miOI047Ubj25nffaJKMykezCSjYYoTwWJGsLFSpx+xJAkGbt1reHOgVeKXpA4lWgP3qz+UJE+pMIRjrQPfy0xYYGUY4XRa6+eaZpiMcUIDSwVOqQ6L+bVTdGaVIYqlsiUMmqu/Jwqcaj1JI9uZYjPSy95M/M8LchNfhwUTWW6oIItFcc6RkWj2OhoyRYnhE0swUczeisgIK0yMDahmQ/CXX14lnYuG7zX8+8t686aMowoncArn4MMVNOEOWtAGAo/wDK/w5kjnxXl3PhatFaecOYY/cD5/AHAhjwY=</latexit> <latexit sha1_base64="yiAiinLYQCtZYbV8dS50TQqvIuw=">AAAB7XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cK9gPSUDbbTbp2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZelHGmjed9O5W19Y3Nrep2bWd3b//APTzqaJkrQttEcql6EdaUM0HbhhlOe5miOI047Ubj25nffaJKMykezCSjYYoTwWJGsLFSpx+xJAkGbt1reHOgVeKXpA4lWgP3qz+UJE+pMIRjrQPfy0xYYGUY4XRa6+eaZpiMcUIDSwVOqQ6L+bVTdGaVIYqlsiUMmqu/Jwqcaj1JI9uZYjPSy95M/M8LchNfhwUTWW6oIItFcc6RkWj2OhoyRYnhE0swUczeisgIK0yMDahmQ/CXX14lnYuG7zX8+8t686aMowoncArn4MMVNOEOWtAGAo/wDK/w5kjnxXl3PhatFaecOYY/cD5/AHAhjwY=</latexit>

1
<latexit sha1_base64="SewSXpMSbbFZwBdSTgiis61GRk4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt2swm7EyGE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeLaiFg9YJZwP6IjJULBKFqp3RcqxGxQrbl1dw6ySryC1KBAc1D96g9jlkZcIZPUmJ7nJujnVKNgkk8r/dTwhLIJHfGepYpG3Pj5/NopObPKkISxtqWQzNXfEzmNjMmiwHZGFMdm2ZuJ/3m9FMNrPxcqSZErtlgUppJgTGavk6HQnKHMLKFMC3srYWOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNiZ0X5935WLSWnGLmGP7A+fwBwi+PPA==</latexit><latexit sha1_base64="SewSXpMSbbFZwBdSTgiis61GRk4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt2swm7EyGE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeLaiFg9YJZwP6IjJULBKFqp3RcqxGxQrbl1dw6ySryC1KBAc1D96g9jlkZcIZPUmJ7nJujnVKNgkk8r/dTwhLIJHfGepYpG3Pj5/NopObPKkISxtqWQzNXfEzmNjMmiwHZGFMdm2ZuJ/3m9FMNrPxcqSZErtlgUppJgTGavk6HQnKHMLKFMC3srYWOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNiZ0X5935WLSWnGLmGP7A+fwBwi+PPA==</latexit><latexit sha1_base64="SewSXpMSbbFZwBdSTgiis61GRk4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt2swm7EyGE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeLaiFg9YJZwP6IjJULBKFqp3RcqxGxQrbl1dw6ySryC1KBAc1D96g9jlkZcIZPUmJ7nJujnVKNgkk8r/dTwhLIJHfGepYpG3Pj5/NopObPKkISxtqWQzNXfEzmNjMmiwHZGFMdm2ZuJ/3m9FMNrPxcqSZErtlgUppJgTGavk6HQnKHMLKFMC3srYWOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNiZ0X5935WLSWnGLmGP7A+fwBwi+PPA==</latexit><latexit sha1_base64="SewSXpMSbbFZwBdSTgiis61GRk4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt2swm7EyGE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeLaiFg9YJZwP6IjJULBKFqp3RcqxGxQrbl1dw6ySryC1KBAc1D96g9jlkZcIZPUmJ7nJujnVKNgkk8r/dTwhLIJHfGepYpG3Pj5/NopObPKkISxtqWQzNXfEzmNjMmiwHZGFMdm2ZuJ/3m9FMNrPxcqSZErtlgUppJgTGavk6HQnKHMLKFMC3srYWOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNiZ0X5935WLSWnGLmGP7A+fwBwi+PPA==</latexit>

1
<latexit sha1_base64="SewSXpMSbbFZwBdSTgiis61GRk4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt2swm7EyGE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeLaiFg9YJZwP6IjJULBKFqp3RcqxGxQrbl1dw6ySryC1KBAc1D96g9jlkZcIZPUmJ7nJujnVKNgkk8r/dTwhLIJHfGepYpG3Pj5/NopObPKkISxtqWQzNXfEzmNjMmiwHZGFMdm2ZuJ/3m9FMNrPxcqSZErtlgUppJgTGavk6HQnKHMLKFMC3srYWOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNiZ0X5935WLSWnGLmGP7A+fwBwi+PPA==</latexit><latexit sha1_base64="SewSXpMSbbFZwBdSTgiis61GRk4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt2swm7EyGE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeLaiFg9YJZwP6IjJULBKFqp3RcqxGxQrbl1dw6ySryC1KBAc1D96g9jlkZcIZPUmJ7nJujnVKNgkk8r/dTwhLIJHfGepYpG3Pj5/NopObPKkISxtqWQzNXfEzmNjMmiwHZGFMdm2ZuJ/3m9FMNrPxcqSZErtlgUppJgTGavk6HQnKHMLKFMC3srYWOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNiZ0X5935WLSWnGLmGP7A+fwBwi+PPA==</latexit><latexit sha1_base64="SewSXpMSbbFZwBdSTgiis61GRk4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt2swm7EyGE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeLaiFg9YJZwP6IjJULBKFqp3RcqxGxQrbl1dw6ySryC1KBAc1D96g9jlkZcIZPUmJ7nJujnVKNgkk8r/dTwhLIJHfGepYpG3Pj5/NopObPKkISxtqWQzNXfEzmNjMmiwHZGFMdm2ZuJ/3m9FMNrPxcqSZErtlgUppJgTGavk6HQnKHMLKFMC3srYWOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNiZ0X5935WLSWnGLmGP7A+fwBwi+PPA==</latexit><latexit sha1_base64="SewSXpMSbbFZwBdSTgiis61GRk4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt2swm7EyGE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeLaiFg9YJZwP6IjJULBKFqp3RcqxGxQrbl1dw6ySryC1KBAc1D96g9jlkZcIZPUmJ7nJujnVKNgkk8r/dTwhLIJHfGepYpG3Pj5/NopObPKkISxtqWQzNXfEzmNjMmiwHZGFMdm2ZuJ/3m9FMNrPxcqSZErtlgUppJgTGavk6HQnKHMLKFMC3srYWOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNiZ0X5935WLSWnGLmGP7A+fwBwi+PPA==</latexit>

V

V

Figure 7.1: Illustration of the previous and modified PV prescriptions used in the analysis
of the three-particle correlation function, for the simplest diagram. Loops containing the
symbol “∞” are integrated, while those containing a “V ” have the spatial components of the
momentum summed. All integrals use the PV prescription. In the first line the upper sum
is replaced by an integral plus a sum-integral difference. The latter can be replaced by an
F cut, as shown in the second line, while the lower loop sum can be replaced by an integral
in the first term on this line. In the third line we subtract and add the IsPV cut. The final
line shows that this new cut can be absorbed into the modified F , leaving a modified PV
prescription for the upper loop integral.

results: (i) if Kdf,3 vanishes, then it remains zero after the change in prescription; (ii) the

changes in Kdf,3 are, in general, energy dependent; (iii) an isotropic Kdf,3 is changed, in

general, into a nonisotropic one, containing partial waves beyond s-wave.

We stress that the quantization condition containing the new versions of F̃ , K̃2 and

Kdf,3, must lead to the same relation between the physical scattering amplitudes and the
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finite-volume spectrum, for all L, up to exponentially-suppressed effects. All we are doing

is reshuffling contributions in the all-orders diagrammatic analysis of the same finite-volume

correlator. Nevertheless, once we make an approximation, the spectrum need no longer be

independent of IsPV, and the result (iii) above shows that, indeed, the spectrum cannot be

left strictly invariant if we maintain an isotropic Kdf,3 while varying IsPV. In other words,

we cannot exactly compensate at all values of L for the shifts in F̃ s and K̃2 by an (energy-

dependent) shift in Kiso
df,3. Indeed, we can use the residual IsPV dependence as an estimate

of the error due to truncating the quantization condition. This is analogous to the use of

scheme-dependence as an estimate of truncation errors in quantities calculated in perturba-

tion theory. We also note that there is no a priori theoretical reason to favor any particular

choice of IsPV.

We investigate the size of the IsPV dependence in an example presented in Appendix E.1,

finding it to be numerically small. We also note in the appendix that we can use the threshold

expansion to estimate the size of any residual IsPV dependence. In particular, when we enforce

the isotropic approximation, residual IsPV dependence will be suppressed by O(∆2), where

∆ = (E∗2 − 9m2)/(9m2), since nonisotropic terms in Kdf,3 enter only at this order in the

threshold expansion [76].

The only exception to the above discussion occurs when Kiso
df,3 vanishes. The result (i)

implies that no change to Kiso
df,3 is then needed to maintain the same physical scattering

amplitude and spectrum as IsPV is varied. Indeed, this is seen both in the integral equa-

tions relating Kdf,3 toM3, to be discussed in Ref. [131], and in the quantization condition,

Eq. (F.8), relating Kdf,3 to En(L). In both cases, when Kiso
df,3 = 0 all IsPV dependence drops

out. To see this in detail in the quantization condition note that when Kiso
df,3 = 0, a solution

requires that F iso
3 diverges. Looking at the form of F s

3 , Eq. (F.1), we see that it only diverges

either if F̃ s diverges or if the denominator of the second term,

HFG = 1/K̃s2 + F̃ s + G̃s , (7.18)
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has a zero eigenvalue. The former possibility leads to poles at free three-particle energies,

which are known from the analysis of Ref. [76] to be absent in the isotropic approximation,

cancelling between the two terms defining F s
3 . Thus the only solutions come from zero

eigenvalues of HFG. However, as can be seen from Eqs. (7.16) and (7.17), the shifts in F̃ s

and 1/K̃s2 exactly cancel, so that HFG is independent of IsPV.

The latter result means, in practice, that we do not need to introduce IsPV when de-

termining solutions with Kiso
df,3 = 0, and can use exactly the same numerical method as in

Ref. [39]. For nonvanishing Kiso
df,3 however, we do need to choose a nonvanishing IsPV such

that the quantization condition is valid for the chosen value of the two-body scattering pa-

rameters. In practice, we have found it sufficient to consider only the case of a constant IsPV.

Introducing IsPV into the numerical analysis is very straightforward, and the methodology of

Ref. [39] can be carried over essentially without change.

Before turning to our three specific examples, we close the general discussion with the

extension of our new PV′ prescription to higher angular momenta. This is straightforward

and the essential feature is that, for each (allowed) choice of `, one has the freedom to

introduce a different real, smooth function, I(`)
PV(q∗22,k). The changes to F̃ and K̃2, which are

now matrices with the full set of indices, are

[F̃ ]k`′m′;p`m → [F̃ ]k`′m′;p`m + δkpδ`′`δm′m
H(k)
2ωk

I
(`)
PV(q∗22,k)

32π , (7.19)

[
(K̃2)−1

]
k`′m′;p`m

→
[
(K̃2)−1

]
k`′m′;p`m

− δkpδ`′`δm′m
H(k)
2ωk

I
(`)
PV(q∗22,k)

32π , (7.20)

where ` and `′ are even. As before, if we set Kdf,3 = 0, as we do in some of the numer-

ical examples below, then we can in practice ignore the I(`)
PV shift, since it cancels in the

quantization condition.

Further details, as well as a discussion of the relationship between the introduction of

I
(`)
PV and the formalism presented in Refs. [34, 35], where the K matrix poles were taken into

account explicitly, will be given in Ref. [131].
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7.3.1 Using IsPV to accommodate an s-wave bound state

Here we show that, if we set IsPV to an appropriate constant, then the quantization condition

in the s-wave, isotropic approximation is valid for three-particle systems in which there is

a two-particle scalar bound state. Specifically, we consider the case in which we keep only

the leading term in the ERE, i.e. the scattering length in Eq. (7.9). This is also one of the

examples that we investigate numerically below.

The quantization condition is valid as long as K̃s2 has no pole in the kinematic range of

interest. To study this, we consider the denominator of K̃s2, which, from Eq. (F.5), together

with the modification given in Eq. (7.17), is12

dPV(q2) ≡
32πωkE∗2,k
K̃s2

, (7.21)

= −1/(ma0) + [1−H(q2)]|q|/m− IsPVH(q2)
√

1 + q2/m2 . (7.22)

There is a pole whenever this quantity vanishes. We plot dPV(q2) for IsPV = 0 and −1 in

Fig. 7.2. The cutoff function vanishes when q2/m2 < −1 so the lower limit in all the plots is

set to this value. The upper limit depends on E/m: for E/m = 3 it is q2/m2 = 0, while for

E/m = 5 (the maximum value for which our quantization condition holds) it is q2/m2 = 3.

In the left-hand figure, where IsPV = 0, the curves are flat for q2/m2 > 0, and so we do not

show the entire range.

12Previously we have written H as a function of the spectator momentum, k. The explicit form that we
use, given in Ref. [39], is in fact a function of q∗22,k (itself a function of k) and it is more convenient here to
make this explicit, at the cost of some abuse of notation.
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Figure 7.2: Plots of the denominator of K̃s2, dPV(q2), vs. q2/m2 for a range of choices of am

with IsPV = 0 (left) and IsPV = −1 (right). There is a pole in K̃s2 whenever dPV(q2) vanishes.

See text for further discussion.

From the left panel we see that, for IsPV = 0, dPV(q2) has a zero-crossing when ma0 > 1,

a result that is simple to verify analytically. We stress that the pole that appears lies far

below threshold. For example, as ma0 → 1+ the pole position approaches q2/m2 = −1.

The pole is not related to a physical quantity, as is made clear by the fact that its position

depends on the cutoff function H(k). Nevertheless, it presents a barrier to the derivation of

the quantization condition.

The restriction toma0 ≤ 1 implies that the formalism cannot accommodate a two-particle

bound state when using IsPV = 0. To understand this, recall that a bound state occurs when

M2 has a pole for q2 < 0, i.e. when q cot δs(q) + |q| = 0. In our approximation, this becomes

q2 = −1/a2
0. Since our cutoff function leads to the restriction q2 > −m2, the bound state is

present only for ma0 > 1.

The right panel, Fig. 7.2(b), shows that, using the PV′ prescription with IsPV = −1, the
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quantization condition is now valid for ma0 < 0.5 and ma0 & 1.6. This shift in the range of

validity continues as IsPV is lowered further. For IsPV = −2 the range becomes ma0 < 0.25

and ma0 & 1.15. This raises the question of whether, for any choice of ma0 > 1, there is

a value, or range of values, of IsPV for which the quantization condition is valid. We find

numerically that the answer is affirmative—for a given choice of ma0 > 1, as long as IsPV is

sufficiently negative, the quantization condition holds. The minimum value of IsPV that is

needed grows rapidly as ma0 approaches unity. Nevertheless, the key point is that we can

use the quantization condition to study all values of the scattering length by choosing IsPV

to lie in an appropriate range that depends on the value of ma0.

7.3.2 Using IdPV(q2) to accommodate a d-wave bound state

We now turn to the case that a pole appears in the ` = 2 component of our K-matrix-like

quantity. In this case, the denominator of K̃d2, Eq. (7.14), is modified by Eq. (7.20) to

ddPV(q2) ≡
32πωkE∗2,k
K̃d2

, (7.23)

= −1/(a5
2q

4m) + [1−H(q2)]|q|/m− IdPV(q2)H(q2)
√

1 + q2/m2 . (7.24)

This differs from dsPV(q2), Eq. (7.22), only by the presence of the 1/q4 factor in the first

term on the right-hand side. The quantization condition is valid as long as ddPV(q2) does not

vanish for q2 in the allowed kinematical range, −1 < q2/m2 < 3. It is straightforward to

show that, for IdPV = 0, such a zero crossing only occurs when the d-wave scattering length

satisfies ma2 > 1. This is also the condition for a d-wave bound state to be present:

− 1
a5

2q
4 + |q| = 0 ⇒ |q| = 1

a2
, (7.25)

which, since |q| < m, implies that one must have ma2 > 1. Thus previous numerical

investigation of the quantization condition including d-waves was restricted to values of the

scattering length such that there were no d-wave dimers.
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This restriction can be lifted using the PV′ prescription. A simple choice is to set

IdPV(q2) = c/q4, with c a constant. Then, by multiplying ddPV(q2) by q4, the analysis be-

comes very similar to that for dsPV(q2), and one finds that, for any value of ma2, there is

a range of values of c for which ddPV(q2) has no zero crossing. We use this freedom in the

numerical investigations described in Sec. 7.4.5.

7.3.3 Using IsPV to accommodate an s-wave resonance

Our final example of using the PV′ prescription is for an s-wave resonance with the phase

shift given in Eq. (7.10). Here we find it more convenient to show plots of 1/K̃s2 vs. |k|,

and these are shown in Fig. 7.3 for the choice of resonance parameters used in our numer-

ical investigations below. Figure 7.3(a) shows the result with the original PV prescription,

showing the zero associated with the resonance, and its dependence on E. The right panel,

Fig. 7.3(b), shows that by choosing the constant value IsPV = −100, the zero can be removed

for the kinematic range of interest.
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Figure 7.3: 1/K̃s2 vs. |k|/m, with k the spectator momentum for the Breit-Wigner form of the

phase shift given in Eq. (7.10), with the resonance parameters set to g = 1 and mR = 2.7m.

Thus the resonance only leads to a zero crossing for E > 3.7m. Results are shown for (a)

IsPV = 0 and (b) IsPV = −100.

7.4 Numerical results

In this section we present numerical results from the quantization condition using the PV′

prescription, which allows us to consider choices for K2 that were inaccessible to our pre-

vious numerical explorations [39, 76]. Our approach is to assume forms for K2 and Kdf,3

and determine the resulting finite-volume spectrum. In a practical application, using LQCD

finite-volume energies, one will ultimately identify a broad set of K2 and Kdf,3 parametriza-

tions and fit these to the numerically-determined spectrum, ideally for various values of L

and various total spatial momenta. This idea, proposed in Ref. [134] and now standard in

the analysis of two particle channels, allows one to identify the subset of parametrizations

that can describe the physical system under consideration. In addition, the spread in the

functional forms K2 and Kdf,3 that give a good description provides a systematic uncertainty,
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indicating how well the input finite-volume information can constrain these infinite-volume

objects. Here, instead, we aim to illustrate the types of behavior that can be expected in

the spectrum for different fixed choices of the two- and three-particle interactions.

We begin in Sec. 7.4.1 by working in the isotropic approximation, presenting a global

view of the spectrum for values of the s-wave scattering length, ma0 > 1, such that there are

two-particle bound states (called dimers). We consider a range of choices of a0, including

those in which the dimer is deeply bound, requiring a relativistic formalism such as ours, as

well as those for which the bound state is shallow, allowing comparison with results from the

NREFT three-particle formalism [40]. A feature of most of these spectra is the appearance

of one or more three-particle bound states (called trimers).

Next, in Sec. 7.4.2, we focus on the region of the spectrum below the three-particle

threshold, where finite-volume states are dominantly composed of a dimer together with a

particle. Here, by going to large volumes, we are able to use our formalism as a tool for

determining the properties of dimer-particle scattering in infinite-volume. This leads us, in

Sec. 7.4.3, to adjust the parameters a0 and Kdf,3 so that we can model the three-nucleon

system with deuteron and triton bound states, albeit without including spin. This is the

only example in which we consider nonvanishing Kdf,3.

Still working in the isotropic approximation, in Sec. 7.4.4 we determine the form of the

three-particle spectrum in the presence of a narrow s-wave resonance. To our knowledge,

this is the first example of such a study. Finally, in Sec. 7.4.5, we turn on d-wave interactions,

leading to the possibility of both s- and d-wave dimers, as well as trimers.

7.4.1 Spectrum with ma0 > 1

In this subsection we work in the isotropic approximation, described in Sec. 7.2.2, and keep

only the leading term in the effective range expansion, so that

q cot δ0 = −1/a0 . (7.26)
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As explained above, the key change introduced by working with ma0 > 1 is the presence of

a two-particle bound state. The infinite-volume mass of this dimer is given exactly by

Md = 2m
√

1− 1/(ma0)2 , (7.27)

which varies in the range 0 < Md < 2m as ma0 changes from 1 to infinity. At the lower

end of this range, the dimer is very deeply bound and thus the internal degrees of free-

dom are relativistic. As ma0 increases, the binding energy decreases and the bound state

dynamics becomes increasingly nonrelativistic (NR). We expect the crossover point to be

around |q2|/m2 = 1/(ma0)2 ≈ 0.1, which occurs when ma0 ≈ 3.2, Md ≈ 1.9m. In the NR

regime, the dimer wavefunction falls exponentially with a distance scale given by a0. Thus

to avoid large finite-volume effects in the dimer mass we need to use volumes such that

a0/L = (ma0)/(mL) � 1; in practice we require a0/L & 5. We stress that this constraint

is only relevant if we wish to suppress the dimer’s volume-dependence and that the quan-

tization condition itself is valid for all choices of a0/L provided that mL is large enough to

safely ignore the the neglected e−mL scaling.

For some range of parameters we also expect there to be one or more three-particle bound

states. In particular, we know that when |ma0| � 1 so that we are close to the unitary limit,

Efimov trimers will form. In fact, we find trimers as soon as ma0 exceeds ≈ 1.4. All

calculations in this subsection are for Kiso
df,3 = 0 so that the value of IsPV is irrelevant, as

explained above.

We first determine the spectra for 1 < ma0 ≤ 2 for moderate values of mL, aiming for

an overview of the phenomena that can occur. Four examples are shown in Fig. F.3. To

interpret the resulting spectra (shown by the colored lines in the plot) it is useful to compare

to two types of noninteracting energies. First, there are the energies of three noninteracting

particles of mass m, which we refer to as 1 + 1 + 1 levels. These are the same for all four

plots. The lowest such level, at E/m = 3, is independent of L, while higher levels have



227

L-dependence and asymptote to E/m = 3 as L → ∞. The 1 + 1 + 1 levels are shown as

solid grey lines. The second class of noninteracting energies, shown by dashed grey lines, are

dimer + particle states, whose energies are given by

En =
√
M2

d + (2π/L)2n2 +
√
m2 + (2π/L)2n2 , (7.28)

with n an integer vector. We refer to these as 2 + 1 states for brevity. The lowest such state

has E = Md + m, and all the others asymptote to this energy as L → ∞. We note that,

when we project onto the A+
1 irrep of the cubic group then each noninteracting level, both

the 1+1+1 and 2+1 types, has one corresponding solution in the quantization condition. We

also stress that the dimer is a relativistic bound state for all four values of ma0 shown in the

figure.

The interpretation of the spectrum is simplest for ma0 = 1.3. The lowest two levels cor-

respond to 2+1 states with energies shifted down slightly by the dimer-particle interactions.

By contrast, the third level changes its nature for mL ∼ 8: above this it is a (shifted) 2 + 1

state, while below it is a (shifted) 1 + 1 + 1 state. This shifted state also appears in the

second orange-colored level for 8 . mL . 10, and in the third blue level for 10 . mL. A

similar pattern occurs for higher levels.

Although the spectrum looks superficially similar for the other (larger) values of ma0,

there is, in fact, a qualitative difference. This is because, for ma0 & 1.4, a trimer appears.

The lowest (blue) level asymptotes to an energy below Md + m. This is not apparent from

Fig. F.3, but can be seen for ma0 = 2 by the spectrum at larger L shown in Fig. 7.5. Thus

the interpretation of the levels for ma0 = 1.6, 1.8 and 2.0 is as follows: the lowest (blue) level

is a trimer or 3 state; the next level (orange) is the lowest 2 + 1 state with energy raised by

residual interactions. The third level begins at small mL as a shifted 1 + 1 + 1 state, but,

for a value of mL that depends on ma0, it changes its dominant nature to an excited 2 + 1

state.
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Figure 7.4: The spectrum for four values of ma0 and Kiso
df,3 = 0 as a function of mL. All

four values lead to relativistic two-particle bound states. Solid grey lines show the energies
of three noninteracting particles (1+1+1 states), while dashed grey lines give the energies of
noninteracting dimer + particle states (2+1 states). The interacting energy levels are shown
in alternating colors to emphasize the avoided level crossings. Although it is not apparent
from these plots, by going to larger values of mL we find that the lowest state for ma0 = 1.6,
1.8, and 2.0 is a trimer, while that for ma0 = 1.3 asymptotes to the dimer + particle energy
as mL→∞. See the text for further discussion.

Having summarized the content of Fig. F.3, it is instructive to consider Fig. 7.5 in more

detail. Here we restrict attention to a small energy range around the dimer + particle

threshold. There are nevertheless several levels, since we work at large mL. All except the

trimer asymptote to Ed +m as L→∞, and in the regime shown, where they lie well below

the 1 + 1 + 1 threshold, all can be considered as dominantly 2 + 1 levels, with a repulsive
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Figure 7.5: Low-lying spectrum for ma0 = 2 and Kiso
df,3 = 0 for larger mL. This is the

continuation to larger volumes of the spectrum shown in the bottom right-hand panel of
Fig. F.3. Note the highly compressed vertical scale. The horizontal line for the lowest level
gives the L→∞ asymptote for the trimer energy, using a fit described in the text.

interaction pushing the energies up from their noninteracting values. In the next subsection

we will do a quantitative analysis of these energy shifts, which encode information about the

dimer-particle phase shift. For now we focus on the volume-dependence of the trimer energy,

Et(L). We fit for mL > 25 to the following form:

Et(L)
m

= E0

m
− |C|

(mL)3/2 e
−2κL/

√
3 , (7.29)

where κ2/m2 = 3−E0/m with E0 = Et(∞), and |C| a fit parameter. The fit determines the

asymptote to be E0 ≈ 2.6931m. Equation (7.29) is the result for the asymptotic volume-

dependence derived in Ref. [105] for a nonrelativistic bound state in the unitary (large |ma0|)
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limit. While it does not obviously apply here (since ma0 = 2 is not in the unitary regime),

we find that it gives a very good description of our results. However, as for the higher

levels, a more rigorous approach is available for analyzing Et(∞), as we discuss in the next

subsection.

2 3 4 5 6 7 8

L/a0

−10.0

−7.5

−5.0

−2.5

0.0

2.5

5.0

7.5

∆Ema2
0

particle-dimer states

three-particle states

L→∞ from fit

spectrum

Figure 7.6: Spectrum as a function of the box size for ma0 = 16 and Kiso
df,3 = 0, with

∆E = E − 3m the nonrelativistic energy. In order to facilitate comparison with Ref. [40],

the quantities plotted are made dimensionless using appropriate factors of a0, and thus differ

from those in Figs. F.3 and 7.5.

We conclude our overview by studying the spectrum for ma0 = 16. For this value of the
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scattering length the dimer mass lies well in the NR regime,

Md

m
= 1.9961 ≈ 2− 1

(ma0)2 , (7.30)

so that our results can be compared to those obtained from the NREFT quantization con-

dition, as studied in Ref. [40]. We thus display the spectrum in Fig. 7.6 using the variables

adopted in Ref. [40]. This should be compared to Figs. 3 and 6 of that work, from which the

strong similarities are evident. In particular, there are two trimers in both cases, dubbed the

deep and shallow bound states in Ref. [40]. In that work, these two trimers have energies

∆Ema2
0 = (E − 3m)ma2

0 = −10 and −1.016, respectively. We are not aiming to reproduce

these numbers precisely, which would require tuning Kdf,3 to nonzero values, but rather to

obtain semiquantitative agreement.

To obtain the trimer energies from our results, we fit the lowest two spectral levels to

their asymptotic forms. For the deep (lowest) level we use Eq. (7.29), obtaining ∆Etma2
0 =

−9.3218 (corresponding in relativistic units to E/m = 2.9636). For the shallow trimer, we

treat the state as a bound state of the particle plus dimer, an interpretation that is justified

in the following subsection. Thus, following Ref. [40], we can use Lüscher’s two-particle

quantization condition to predict its asymptotic volume-dependence [135]:

Et(L)
m

= E0

m
− |D|
mL

e−κ
′L , κ′ =

√
2µ(3m− E) , (7.31)

with the reduced mass given by 1/µ = 1/m + 1/Md ≈ 3/(2m). This fit yields ∆Ema2
0 =

−1.0301 (corresponding to E = 2.99598m). This lies below the particle-dimer threshold,

given by

∆Ed ≡ 3m− (m+Md) = 2m−Md ≈
1

ma2
0
, (7.32)

which corresponds to ∆Ema2
0 = −1 (or, strictly speaking, ∆Ema2

0 = −1.001 if one includes

relativistic effects). The asymptotic energies are shown by the solid grey horizontal lines in

Fig. 7.6, and the presence of the shallow dimer is indicated by the small offset between the
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horizontal dashed and solid grey lines near ∆Ema2
0 = −1.

A final noteworthy point of similarity between the results in Fig. 7.6 and those in Ref. [40]

concerns the third level (in orange) for L/a0 & 5 (so that ∆E < 0). This 2 + 1 state lies

close to the first excited noninteracting particle-dimer energy, and far from the lowest such

energy at ∆Ema2
0 = −1. Thus it appears that the latter state is missing in the spectrum.

This point was observed in Ref. [40], where it was argued that the missing state transmutes

in finite volume into the shallow dimer. We give further evidence for this interpretation in

the following section.

7.4.2 Dimer-particle scattering

As seen in the previous subsection, states that lie below the three-particle threshold at

E = 3m can be interpreted as dimer + particle states, abbreviated as 2 + 1 states. In this

section, we focus on this energy regime and extend our calculations to very large mL, so

as to learn about infinite-volume dimer-particle scattering. In particular, we choose L �

a0, so as to avoid large finite-volume effects in the dimer, which we know from the two-

particle quantization condition fall as exp(−κL) = exp(−L/a0). Then, to the extent that

the finite-volume states can be described as purely dimer+particle states, we can use the

nondegenerate, nonidentical form of the two-particle quantization condition, truncated to

the s-wave, to determine the dimer-particle scattering phase shift. In effect, we are using

the three-particle quantization condition as a tool both to solve the relativistic two-particle

bound state equation and to determine the structure of the resulting dimer by probing it

with a third particle. We carry out this calculation in detail for three choices of the two-

particle scattering length, ma0 = 2, 6, and 16, again using the isotropic approximation

with Kiso
df,3 = 0. This study extends the idea presented in Ref. [77] in the nonrelativistic

limit, where the scattering length of the particle+dimer system was related to the three-

body scattering amplitude. The two-particle quantization condition for non-identical scalar
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particles, truncated to the s-wave, is [24, 136]

k cot δ0(k) = 1
πL
Z
(
Lk

2π

)
, Z(η) =

UV∑
j

1
|j|2 − η2 , (7.33)

where UV indicates a suitable UV regulator, and k is defined through

E =
√
m2 + k2 +

√
M2

d + k2 , (7.34)

with Md the dimer mass and E the energy of the finite-volume state. Using Eq. (7.33) we

obtain the usual one-to-one relation between the spectral levels and the phase shift. It is

important to note that this equation holds for all levels in the spectrum that lie in the 2 + 1

regime, and not only for the lowest state.

Once we have determined δ0(k), we use two forms to parametrize it. The first is the

standard effective range expansion (ERE),

k cot δ0(k) = − 1
b0

+ 1
2rk

2 + Pr3k4 +O(k6) , (7.35)

where b0 is the dimer-particle scattering length. The radius of convergence is typically

determined by the branch-point of the t-channel cut, or else a nearby pole in k cot δ0(k),

corresponding to a nearby zero in the K matrix. In the case of the latter it is helpful to

use an alternative parametrization, taken from infinite-volume studies of nucleon-deuteron

scattering [137, 138],

k cot δ0(k) =
− 1
b0

+ 1
2rk

2 + Pr3k4

1− k2

κ2

+O(k6) . (7.36)

We expect that the inclusion of the pole will increase the range over which this form provides

a good description of the phase shift.

In many cases we encounter bound states of the dimer-particle system, which occur when-

ever k cot δ0(k) = −|k|. For these, it is important to keep in mind the following consistency
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check that holds for physical bound states [139],

d

dk2

[
k cot δ0(k)−

(
−
√
−k2

)]
< 0 . (7.37)

In words this says that k cot δ0(k) must cross the −|k| line from below as k2 becomes more

negative, equivalently that the slope of −|k| should exceed that of k cot δ0(k) at the crossing.

This guarantees that the residue of the corresponding pole in the physical scattering ampli-

tude,M2, has the proper sign, as dictated by inserting the bound state part of the identity,

I = |EB〉〈EB|+ · · · , into its definition. One corollary is that, if there are two bound states,

k cot δ0(k) must diverge between them [139]. We will see cases of this.
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Figure 7.7: k cot δ0(k) for particle-dimer scattering as a function of the relative center-of-

mass momentum k, as determined from the three-particle finite-volume spectrum in the 2+1

regime using Eq. (7.33). We set Kiso
df,3 = 0 throughout, and consider three different choices of

ma0. Different colors represent data points coming from different states in the spectrum, and

there is considerable overlap of points for k2 > 0. The solid vertical line near the right-hand

edge of each plot shows the value of (k/m)2 corresponding to the three-particle threshold,

i.e. E = 3m. The curved solid line for negative k2 shows −|k| = −
√
−k2. A bound state is

present whenever k cot δ0(k) passes through this line. The fits and other aspects of the plots

are described in the text.
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We begin with the case of ma0 = 2, with a relativistic dimer lying well below the three

particle threshold, as discussed in Sec. 7.4.1. The results for k cot δ0(k) obtained using

Eq. (7.33), are shown in Fig. 7.7(a). The color coding matches that of the levels in Fig. 7.5:

the cyan points lying at k2 < 0 come from the trimer state, while the other points come from

the levels lying above the 2+1 threshold at E/m = 1+
√

3. We use volumes mL = 4−50 for

the lowest state, and mL = 20− 70 for the rest, so that all the states lie below E = 3m and

satisfy L/a0 � 1. We observe several important features: (i) The results for k cot δ0(k) from

different levels overlap, and are consistent.13 (ii) The results from the trimer and the 2 + 1

states can be well described by a quartic order ERE curve, shown in the figure by the dashed

line. We also show a linear fit (i.e. including b0 and r) to the orange points to give an idea of

the rate of convergence of the ERE. (iii) The bound state that occurs where the ERE crosses

−|k| line is the trimer seen in Fig. F.3 above. The crossing occurs in the physical direction

required by Eq. (7.37). (iv) The inclusion of higher order terms in the ERE is essential

to describe our results. Thus, although the underlying two-particle interaction is described

exactly by the leading order term in its ERE (by construction), the resulting dimer-particle

ERE shows more structure. It is the result of solving the field-theoretic problem of particle

scattering from a relativistic bound state. In particular, the value of the dimer-particle

scattering length mb0 ≈ 6 is not close to that for the underlying particles, ma0 = 2. (v)

Finally, we note that, were we to truncate the ERE as shown by the solid line, then there

would be a second bound-state crossing at (k/m)2 ≈ −0.4, but the direction of crossing the

−|k/m| curve would be unphysical. This is avoided by the results themselves and shows

again the necessity of higher terms in the ERE.

We deduce from this first example that the energy levels for E < 3m are well described

by a dimer + particle effective theory, and that the trimer at this value of ma0 should be

13We do not expect perfect consistency, since there are exponentially suppressed corrections to the quan-
tization condition that are not included. Indeed, if we zoom in on the plots, we find that the overlap is
not perfect.
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understood as a dimer-particle bound state. A somewhat similar, nearly-physical situation

is πσ or πρ scattering for quark masses at which the σ or ρ is stable. The latter case has

been as studied in Ref. [97]. The current quantization condition cannot, however, directly

address either of these cases, due to the restriction to identical particles.

The second example we study is that with ma0 = 6. The results for this case are shown

in Fig. 7.7(b). The corresponding dimer lies much closer to threshold, Md = 1.97m, as

can be seen from the smaller range of (k/m)2 available below the three-particle threshold.

Nevertheless, by going to large volumes, with mL = 60 − 170, we are able to determine

k cot δ0(k) from seven levels and fill out the curve for k2 > 0. If we use smaller values of L,

then the results begin to depart from the universal curve, due to large finite-volume effects

on the dimer itself.14

The result for k cot δ0(k) is significantly changed from that with ma0 = 2. For one thing,

the dimer-particle scattering length has changed sign to mb0 ≈ −3.6, corresponding to a

moderate attraction and no bound state (trimer) near threshold. For another, there is a pole

that limits the range of applicability of the standard ERE to a tiny region around threshold.

The presence of such a pole indicates only that the phase shift is passing through 0 mod π;

it is similar to that seen in physical nucleon-deuteron scattering, as discussed in Sec. 7.4.3

below. We find that using the modified ERE of Eq. (7.36), we obtain an excellent description

of the results around and above threshold. This is shown in the figure by the orange curve,

which is a fit only to the orange points (the third energy-level in the spectrum), so as to

emphasize the consistency with the results from the other levels. The exception to this

consistency are the results from the trimer, shown again in cyan. Although difficult to see

from the figure, these points do pass through the −|k/m| line in the physical direction. In

order to avoid an unphysical crossing, these points can be connected to the orange curve

14These can be partially removed by using the quantization condition with k determined using the volume-
dependent dimer mass, Md(L), but we have not pursued this approach as we are able to work directly for
values of L for which Md(L)−Md is extremely small.
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only if there is an intervening pole. Thus, while the trimer will appear as a pole in the

dimer-particle scattering amplitude, the behavior of the phase shift is not given by a simple

function, unlike in the previous case.

The last example studied in detail is that for ma0 = 16, with results shown in Fig. 7.7(c).

The dimer is now very shallow, Md = 1.996, so the energy regime described by dimer +

particle states is much reduced. Because of this, and the need to have L � a0, we have

results for only one level above threshold (which itself requires mL > 80). As we saw in

Sec. 7.4.1, there are now two trimers, one shallow (the green points) and the other deeper

(those in cyan). A quadratic fit to the orange points, shown by the solid line, correctly

determines the bound state energy, with mb0 ≈ 100. But, as for ma0 = 6, the ERE has a

small radius of convergence and cannot describe all the results. Our interpretation is that

the form of k cot δ0(k) is qualitatively similar to that for ma0 = 6, but with the pole moved

to the right so that b0 changes sign.15 Again the deeply bound trimer cannot be viewed as

a simple dimer-particle bound state.

To conclude this subsection, we show in Fig. 7.8 the dependence of the particle-dimer

scattering length, b0, on the underlying two-particle scattering length, a0. This allows us to

understand the results for ma0 = 2, 6, and 16 in a broader context. For ma0 < 1.4 (the

left-most two points in the plot) there is only a moderate attraction between particle and

dimer (corresponding to b0 < 0) and no trimer. As ma0 increases, b0 has a pole and changes

sign. For mb0 � 1, we expect there to be a shallow trimer that can be interpreted as a 2 + 1

bound state, and the results for ma0 = 2 show an example of this. As ma0 increases further,

15Comparing Figs. 7.7(b) and 7.7(c) allows us to understand in more detail the issue of the missing level
discussed at the end of the previous subsection. The quantization condition (7.33) is satisfied whenever
k cot δ0(k) equals the (appropriately rescaled) Lüscher zeta function. Far below threshold, the right-hand
side of the quantization condition asymptotes to the line −|k|, while it approaches +∞ as k2 → 0. Thus,
at fixed mL, as one lowers the k cot δ0(k) curve (moving, say, from the shape seen in Fig. 7.7(b) to that of
Fig. 7.7(c)) the lowest solution to the quantization condition will vary continuously from a 2+1 scattering
state (with b0 < 0) to a shallow bound state (with b0 > 0). No additional finite-volume state appears as
b0 crosses zero.
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mb0 decreases, and the trimer becomes increasingly bound, as exemplified by the results at

ma0 = 6. Continuing further, there is another pole in mb0, above which a second shallow

bound state appears, as we have seen at ma0 = 16.

For large ma0, the dimer is nonrelativistic, and thus we expect that NREFT can be

used to study the 2 + 1 system analytically. We describe in Appendix E.2 how this can be

done in the isotropic low-energy approximation, with only one free parameter corresponding

to the three-particle contact interaction, or, equivalently, the cutoff Λ. The solid curve in

Fig. 7.8 shows the result after tuning the cutoff so that the curve matches the results from

the quantization condition at large ma0. It describes our results well down to ma0 ≈ 2,

where we expect relativistic effects to become important. This comparison provides another

crosscheck of our formalism, while also showing where relativistic effects are important.

The properties of the trimers are well studied and understood in NREFT. In particu-

lar, as we approach unitarity (ma0 → ∞) a sequence of Efimov bound states will appear.

Thus we known that the curve in Fig. 7.8 will have an infinite sequence of poles, separated

asymptotically by a factor of ≈ 22 in ma0 [104, 133]. Turning this around, we can interpret

the appearance of the second trimer seen at ma0 = 16 as the second state in the Efimov

sequence. We note however that the separation of the first and second trimer in ma0 is

smaller than the NREFT prediction due to relativistic effects—with the ratio given by ≈ 9,

rather than ≈ 22.
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Figure 7.8: Ratio of particle-dimer scattering length, b0, to the fundamental scattering length,

a0, as a function of ma0. Orange points give the results obtained from the analysis described

in this subsection applied to the output of the three-particle quantization condition (QC3).

The solid (blue) line is the result from (infinite-volume) NREFT, discussed in more detail

in Appendix E.2. The rapid variation of points on the left-side of the plot correspond to a

narrow pole in the relation between b0 and a0 that only arises in the relativistic theory.

7.4.3 Tuning toward a physical system: a model of neutron-deuterium scattering

So far we have only considered the effects of two-particle interactions on the finite-volume

spectrum. In this section we go beyond this restriction by studying how non-vanishing values

of Kiso
df,3 affect the finite-volume spectrum in the isotropic approximation, and in particular

how these impact the particle-dimer phase shift. To explore this, we consider a toy model

that mimics three-nucleon interactions. Specifically, we assume isospin symmetry, so that

proton-neutron and neutron-neutron interactions are identical, and ignore spin-dependent

interactions. In this way, we arrive at a system for which the current form of the three-body
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quantization condition is applicable. We then tune the parameters a0 and Kiso
df,3 to match the

physical system as closely as possible. Since this requires nonvanishing Kiso
df,3, we must use

the modificed PV′ pole prescription with nonzero IsPV. Following the discussion of Sec. 7.3.1,

we set IsPV = −1.
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Figure 7.9: Correlation between the triton (trimer) binding energy and the particle-dimer
(nucleon-deuteron) scattering length. This is usually referred to as the Phillips line. The
value of K̃iso

df,3 = M2
NKiso

df,3 used for each point can be determined from the color gradient at
right. For further discussion see the text.

We choose the value of the scattering length to reproduce the physical deuterium to

nucleon mass ratio,

Md

MN

' 1.99763 ⇒ MNa0 = 20.56, (7.38)

where we setm = MN , withMN the average of the proton and neutron masses. As we can see

from Fig. 7.8, with Kiso
df,3 = 0 this value of a0 leads to two trimers. To obtain a single trimer

with mass close to that of the triton, Mt, it turns out that we need large, negative values

of Kiso
df,3. Figure 7.9 shows the resulting tritium binding energy, ∆Et = 3MN −Mt, using a
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continuous color gradient to identify the value of Kiso
df,3. For each choice of this parameter,

we also determine the particle-dimer scattering length using the methods of the previous

subsection. This allows us to plot ∆Et vs. b0 (in dimensionless units), as shown in the

figure. These two quantities have been observed to be highly correlated in different potential

models, following an approximate linear behavior known as the Phillips line [132].16 We also

include an experimental point, obtained with the physical values of Mt and the neutron-

deuteron scattering in the doublet (spin 1/2) channel, the latter taken from Ref. [141]:

Mt

MN

' 2.9922 , MNb0 ' 3.1. (7.39)

We observe that, even though our toy model cannot reproduce both experimental values si-

multaneously, the nearly linear dependence is qualitatively similar to the Phillips line shown

in Ref. [140]. It suggests that a sizeable three-particle interaction term is needed to under-

stand the triton.

We now study the phase shift of our toy nucleon-deuteron system in more detail. We

choose to fix the tritium mass to its physical value, which will not reproduce the experimental

scattering length, as already discussed. With M2
NKiso

df,3 = −33500 we find Mt = 2.99227MN

which is close enough for the purposes of this work. In Fig. 7.10 we show the resulting

nucleon-deuteron phase shift, obtained using the method of the previous subsection. It is

instructive to compare this plot to those shown in Fig. 7.7, which are obtained with Kiso
df,3 = 0.

Qualitatively, the present results are most similar to those at ma0 = 6, Fig. 7.7(b), despite

the present value of ma0 = 20.56 lying closer to ma0 = 16. This can be understood as

follows: as one increases a0 while keeping Kiso
df,3 = 0, the pole moves to higher energies and

a second bound state emerges. Turning on a negative (and thus repulsive) Kiso
df,3, the pole is

moved to lower values of k2 and the shallow bound state smoothly turns into a scattering

16See Fig. 13 of Ref. [140] and surrounding discussion. The fact that potential models lead to results
in the Phillips plot that lie in an almost one-dimensional subspace was subsequently understood as being
due to the fact that only one three-particle parameter is necessary at leading order in NREFT [133]. The
same explanation holds within our toy model, with its single three-particle parameter.
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Figure 7.10: s-wave phase shift as a function of the center-of-mass frame momentum for the
simplified toy model describing nucleon-deuteron scattering. Parameters are MNa0 = 20.56
and M2

NKiso
df,3 = −33500. Notation as in Fig. 7.7. The fit is discussed in the text.

state. We thus see that the differences from the ma0 = 16 results of Fig. 7.7(c) are mainly

due to the three-particle interaction.

Fitting the orange points in Fig. 7.10 to the modified ERE of Eq. (7.36), we find that it

provides an excellent description, including the green points from the level close to threshold.

It is interesting to compare this to experimental results for N−D scattering. There is indeed

evidence of a pole k cot δ0(k) close to threshold in both n−D and p−D scattering, although in

the former it lies below threshold, while in the latter its position is not settled [137, 138, 142].

In fact, in our model the position of the pole can be inferred from Fig. 7.9: the point for

which mb0 = 0 is when the pole in k cot δ0(k) is at threshold. We speculate that we could

further tune our model by adding an energy dependence to Kiso
df,3 in such a way that the pole

shifts to lower energies, while keeping Mt constant. However, this is beyond the scope of our

already simplified example.



244

In summary, a simplified model with two parameters is able to reproduce qualitative

features of the nucleon-deuterium phase shift, such as the presence of only one bound state

and a pole in k cot δ0(k). Furthermore, it suggests that a repulsive three-body force is

necessary to explain the dynamics of the system. It is thus a good example of how one

could use the quantization condition to solve the infinite-volume dynamics of a realistic

three-particle system. Of course, in the present instance the dynamics is nonrelativistic,

and NREFT calculations are much more advanced and realistic than our toy model. The

advantage of our approach, however, is that it works also in the relativistic domain.

We conclude this section with a comment. Current lattice simulations with physical

quark masses have volumes satisfying MNL . 30. For such volumes the finite-L effects

on the deuteron are significant and thus, to study nucleon-deuteron scattering using such

lattices, one cannot employ the effective two-body description used above. Instead, one will

require the full form of the three-body quantization condition to analyze lattice results even

in the region E < 3MN .

7.4.4 Three-particle spectrum with resonances

The previous subsections focused on cases in which the two-particle channel had bound

states. However, as explained in Section 7.3.3, the modified PV′ prescription also allows the

study of systems in which two-particle subchannels are resonant. In this subsection we give

an example of the three-particle spectrum in such a situation.

Specifically, we use the parametrization of K2 given in Eq. (7.10), with g = 1 and mR =

2.7m, and, for simplicity of implementation, set Kdf,3 = 0. The resulting spectrum is shown

in Fig. 7.11. The first thing to notice is that there are additional states compared to those

expected for three almost free particles. These extra states can be interpreted as resonance

+ particle states. As in previous examples, there are avoided level crossings that occur when

two states interchange their interpretation—a clear case occurring for the second and third
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Figure 7.11: Three-particle spectrum (solid blue lines) in the isotropic approximation in the
presence of a two-particle resonance with g = 1, mR = 2.7m and Kdf,3 = 0. Noninteracting
three-particle states (red dashed lines) and noninteracting particle + resonance states (orange
dashed lines) are shown for comparison.

levels around mL = 7. Thus we find that, for a narrow resonance, a simple interpretation of

the low-lying levels is possible. As in the two-particle case, however, for a broad resonance

we expect that a simple interpretation of levels will not be possible, and the only way to

interpret the spectrum is simply to use the full quantization condition and fit the parameters

contained in K2 and Kdf,3.

7.4.5 Including d-wave dimers

In our final numerical example we move beyond the isotropic approximation and include both

s- and d-wave two-particle channels. This setup has been studied previously in Ref. [76], but

only for parameters such that there are no dimers and no subchannel resonances. Our aim

is to investigate the spectrum in a situation that is more akin to those that arise in nature,
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Figure 7.12: Finite-volume spectra (solid blue lines) of the three-particle systems in the A+
1

irrep with both s- and d-wave two-particle interactions. Noninteracting three-particle levels,
as well as those involving particle + dimer, are also shown. (In the upper right panel, the
cyan dashed line at E = 3m has been shifted slightly downward to make it visible.) See text
for further discussion.

i.e. with multiple two-particle channels in which there are bound states. As explained in

Sec. 7.3.2, the PV′ prescription allows us to study such systems using the quantization

condition of Ref. [28], by introducing a different I(`)
PV for each partial wave. Including I(`)

PV in
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the implementation of Ref. [76] is straightforward. In fact, we will consider here only the

choice Kdf,3 = 0, for which we can use the original implementation without change.

We consider only the simplest nontrivial extension of the examples in previous sections,

in which both s- and d-wave scattering are described by the lowest terms in their respective

threshold expansions, Eqs. (7.9) and (7.14). Since we also set Kdf,3 = 0, there are only two

parameters: the scattering lengths a0 and a2. We focus on values of the latter such that

ma2 > 1, implying that there is an infinite-volume tensor bound state at

M `=2
d = 2m

√
1− 1/(ma2)2 . (7.40)

For the sake of brevity, we consider only three-particle states lying in the A+
1 irrep, although

we stress that our implementation allows one to study all available irreps, as shown in

Ref. [76]. It is important to keep in mind in the following that, due to the possibility of

switching the spectator particle, the contributions of s- and d-wave subchannels are coupled,

even in infinite volume.17

The first case we analyze is ma0 = 0.1 and ma2 = 3.0, leading to the spectrum shown

in Fig. 7.12(a). For these parameters there is a d-wave dimer with M `=2
d ≈ 1.886m but no

s-wave dimer. Although such a situation may be unphysical (since in NRQM a potential with

a d-wave bound state would also have at least one s-wave bound state), it is a simple starting

point for studying the finite-volume spectrum. The spectrum shows a deeply bound trimer,

similar to that observed in Ref. [76] for ma2 ≈ −2. In addition, there are several states that

can be interpreted as particle + d-wave dimer scattering states, and which behave similarly

to those in the pure s-wave case discussed earlier. We see also several strikingly-narrow

avoided level crossings for E ≈ 3m (whose nature as avoided crossings can only be seen on

a magnified version of the plot). This narrowness is due to the very weak s-wave scattering

17For example, if the total angular momentum is J = 0 (which is the dominant contribution in the A+
1

irrep in the case of P = 0), this can be produced both by an s-wave dimer with orbital angular-momentum
¯̀= 0 relative to the spectator, or by a d-wave dimer with ¯̀= 2.
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length, so that, away from the crossings, the level at E ≈ 3m is nearly a noninteracting state

of three particles at rest. We observe that the trimer energy has small oscillations, which are

similar to those seen in Ref. [76], and are likely indicative of unphysical effects arising from

the truncation of the quantization condition or the enhancement of exponentially-suppressed

effects. These deserve further investigation, but this is beyond the scope of this paper.

A more physical situation is when there are both s- and d-wave dimers, with the former

being more deeply bound. With this in mind, we explore the effect of increasing ma0 while

holding ma2 fixed, plotting the spectrum for ma0 = 2 and ma2 = 3 in Fig. 7.12(b), and for

ma0 = 2.3 and ma2 = 3 in Fig. 7.12(c). We take these two different choices of a0 in order to

help clarify the interpretation of the spectrum. In Fig. 7.12(c) we clearly see two trimers. We

interpret the lower one as s-wave dominated (and thus similar to the trimers seen in earlier

subsections) since it becomes more deeply bound for ma0 = 2. As for the upper trimer in

Fig. 7.12(c), we conjecture that it is primarily caused by the d-wave attraction. This is based

on the observation that it smoothly transforms into the d-wave trimer of Fig. 7.12(a) as ma0

is decreased.

To make these characterizations rigorous it would be instructive to study the pole posi-

tions of these two trimers in the scattering amplitudes of the (scalar dimer + particle) ↔

(tensor dimer + particle) coupled-channel system. In particular the set of two channels leads

to the appearance of four Riemann sheets, conveniently labeled by the sign of the imaginary

part of momentum carried by each element of the back-to-back particle-dimer pair. For

example the second sheet is defined by ImkM0+m < 0 and ImkM2+m > 0 and poles on the

lower half of this sheet are close to physical scattering energies and are often interpreted as

bound states (or molecules) built from the constituents of the heavy channel—in this case a

M `=2
d +m molecule. The interpretation follows from noting that, if the lighter channel were

turned off, the pole would move to the real axis of the physical sheet and thus become a

physical bound state pole. This behavior was observed for the f0-like state in the scalar-
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isoscalar LQCD calculation presented in Ref. [143]. Performing a coupled channel analysis

here to extract the upper trimer pole position goes beyond the scope of this work, but would

be an interesting future application of these results.

The higher levels in Fig. 7.12 appear to be predominantly particle + s-wave dimer states,

but there are some clear avoided crossings which we interpret as levels changing their nature

to particle + d-wave dimer states. The situation becomes even more complicated for E > 3m,

where three-particle components become relevant.

We conclude by noting that, while the examples considered here are not directly relevant

to hadronic physics, they may be of relevance to the physics of cold atoms.

7.5 Conclusions

In this work we have presented an extension of the formalism of Ref. [28] that allows the study

of three-body systems in the presence of two-body resonances or bound states. This removes

a major shortcoming of the original formalism, which had previously only been resolved by

a more complicated approach requiring the introduction of a fictitious two-body channel for

each resonance [35]. In addition, our extension may provide an alternative for the 2 → 3

scattering formalism derived in Ref. [34]. We provide here only an intuitive explanation of

the new extension; a derivation will be presented in Ref. [131], along with a discussion of the

relation to the work of Refs. [34, 35]. We stress that, with this extension, the formalism for s-

wave dimers with general two-particle interactions is now of similar complexity to implement

as that obtained from the other approaches (NREFT and FVU), while being the only one

worked out explicitly for higher partial waves.

The extended formalism can be implemented numerically with only minor changes to the

methods developed for the original formalism in Refs. [39, 76]. This has allowed us to present

several examples of the influence of two-particle bound states and resonances on the finite-

volume three-particle spectrum, including a case in which both s- and d-wave interactions
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are included.

We have also presented several examples where the three-particle quantization condition

can be used to study infinite-volume physics, despite being originally formulated with finite-

volume applications in mind. The simplest example is the determination of the presence and

binding energies of trimers. We reproduce the expected Efimov-like trimers as the unitary

limit of two-particle scattering is approached, and can extend the results into the relativistic

domain. We also find a complex pattern of trimers induced by a combination of s- and

d-wave two-particle attraction. What is most novel here, however, is that the quantization

condition can be used to determine the dimer-particle scattering amplitude for essentially all

energies below the breakup threshold, reproducing expectations in the nonrelativistic regime

and obtaining new results for relativistically-bound dimers. As an application, we study

a toy model of the nucleon-deuteron-triton system, without spin or isospin, which we find

requires the use of a nonvanishing value for the three-particle quasilocal interaction Kdf,3.

With the extension presented here, we now have a relativistic formalism that is straight-

forward to implement and can be used for any system of identical scalar particles, with any

(finite) number of two-particle partial waves. In QCD, however, the only such system is three

pions with I = 3, for which all subchannels, having I = 2, are neither resonant nor have

bound states. The next step in the development of a generally applicable formalism is to

include nonidentical but degenerate scalars, which would allow the application to a general

three-pion system in the isosymmetric limit, and thus to the ω, a1, a2 and other mesonic

resonances. This generalization is now one of our main priorities going forward.

One topic not directly addressed here is the use of the integral equations connecting Kdf,3

toM3. We note, however, that the methods introduced in Ref. [39] to solve these equations

below or at threshold for the case without subchannel resonances or dimers should apply as

well in the presence of such resonances and dimers. They would allow us, for example, to

study the wavefunction of the triton in our toy model. We save such calculations until we
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can address a more physical example, rather than toy models.

Finally, an important issue that we have not addressed here is the presence of unphysical

solutions to the quantization condition for certain choices of parameters, as observed in

Refs. [39, 76]. We are presently investigating whether these are removed by increasing the

cutoff used to truncate the sum over the spectator momentum. Resolving this is another

major priority in order to provide a fully general tool for studying all possible three-particle

systems.
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Chapter 8

I = 3 PION SCATTERING AMPLITUDE FROM LQCD1

8.1 Introduction

Lattice QCD (LQCD) provides a powerful (if indirect) tool for ab initio calculations of strong-

interaction scattering amplitudes. The formalism for determining two-particle amplitudes

is well understood [24, 25, 27, 56, 57, 60–63, 101, 126, 127], and there has been enormous

progress in its implementation in recent years [58, 96, 97, 112–125, 144–146] (see Ref. [26]

for a review). The present frontier is the determination of three-particle scattering ampli-

tudes and related decay amplitudes. LQCD calculations promise access to three-particle

scattering processes that are difficult or impossible to access experimentally. Examples of

important applications are understanding properties of resonances with significant three-

particle branching ratios (including the Roper resonance [147], and many of the X, Y and

Z resonances [148]), determining the three-nucleon interaction (important for large nuclei

and neutron star properties), predicting weak decays to three particles (e.g. K → 3π), and

calculating the 3π contribution to the hadronic-vacuum polarization that enters into the

prediction of muonic g − 2 [149].

Three-particle amplitudes are determined using LQCD by calculating the energies of

two- and three-particle states in a finite volume [64, 150]. The challenges to carrying this

out are twofold. On the one hand, the calculation of spectral levels becomes more chal-

lenging as the number of particles increases. On the other, one must develop a theoretical

formalism relating the spectrum to scattering amplitudes. Significant progress has recently

1This chapter and Appendix F are taken directly from Ref. [51].
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been achieved in both directions, with energies well above the three-particle threshold being

successfully measured, and a formalism for three identical (pseudo)scalar particles available.

The formalism has been developed and implemented following three approaches: generic

relativistic effective field theory (RFT) [28, 29, 34–36, 39, 76], nonrelativistic effective field

theory (NREFT) [30, 31, 40, 77], and (relativistic) finite volume unitarity (FVU) [32, 41]

(see also Refs. [71, 72] and Ref. [74] for a review). To date, only the RFT formalism has

been explicitly worked out including higher partial waves. The application to LQCD results

has so far been restricted to the energy of the three-particle ground state, either using the

threshold expansion [47, 55, 66], or, more recently, the FVU approach for 3π+ [41].

Recently, precise results were presented for the spectrum of 2π+ and 3π+ states in O(a)-

improved isosymmetric QCD with pions having close to physical mass, M ≈ 200 MeV [1].

These were obtained in a cubic box of length L withML ≈ 4.2, for several values of the total

momentum P = (2π/L)d with d ∈ Z3, and for several irreducible representations (irreps)

of the corresponding symmetry groups. Isospin symmetry ensures that G parity is exactly

conserved and thus that the 2π+ and 3π+ sectors are decoupled. In total, sixteen 2π+ levels

and eleven 3π+ levels were obtained below the respective inelastic thresholds at E∗2 = 4M

and E∗ = 5M , Here E∗2 and E∗ =
√
E2 −P2 are the corresponding center-of-mass energies,

with E the total three-particle energy.

The purpose of this Letter is to perform a global analysis of the spectra of Ref. [1] using

the RFT formalism and determine the underlying 3π+ interaction. This breaks new ground

for an analysis of the three-particle spectrum in several ways: we use multiple excited states,

in both trivial and nontrivial irreps, including results from moving frames. This analysis

therefore serves as a testing ground for the utility of the three-particle formalism in an almost

physical example. An additional appealing feature is that the size of the 3π+ interaction can

be calculated using chiral perturbation theory (χPT ). We present the leading order (LO)

prediction here.
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After this paper was made public, an independent study of the results of Ref. [1], using

the FVU approach, appeared [52].

8.2 Formalism and Implementation

All approaches to determining three-particle scattering amplitudes using LQCD proceed in

two steps, which we outline here. In the first step, one uses a quantization condition (QC),

which predicts the finite-volume spectrum in terms of an intermediate infinite-volume three-

particle scattering quantity. In the RFT approach, the QC for identical, spinless particles

with a G-parity-like Z2 symmetry takes the form (up to corrections of O(1%) that are

exponentially-suppressed in ML) [28]

det
[
F3(E,P, L)−1 +Kdf,3(E∗)

]
= 0 . (8.1)

Here F3 and Kdf,3 are matrices in a space describing three on-shell particles in finite volume.

They have indices of angular momentum of the interacting pair, `,m, and finite-volume mo-

mentum of the spectator particle, k. F3 depends on the two-particle scattering amplitude and

on known geometric functions, while Kdf,3 is the three-particle scattering quantity referred

to above. It is quasilocal, real, and free of singularities related to three-particle thresholds,

thus playing a similar role to the two-particle K matrix K2 in two-particle scattering. It is,

however, unphysical, as it depends on an ultraviolet (UV) cutoff. Given prior knowledge of

K2, and a parametrization of Kdf,3, the energies of finite-volume states are determined by

the vanishing of the determinant in Eq. (8.1). The parameters in Kdf,3 are then adjusted

to fit to the numerically-determined spectrum. Examples on how to numerically solve Eq.

(8.1) have been presented in Refs. [36, 39, 76].

The second step requires solving infinite-volume integral equations in order to relate Kdf,3

to the three-particle scattering amplitudeM3. In fact, as explained below, it is a divergence-

free version of the latter, denotedMdf,3, that is most useful. The equations relating Kdf,3 to
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Mdf,3 were derived in Ref. [29], and solved in Ref. [39].

The parametrizations we use for K2 and Kdf,3 are based on an expansion about two- and

three-particle thresholds. For K2 this leads to the standard effective range expansion (ERE),

recalled below. At linear order in this expansion only s-wave interactions are nonvanishing,

with d-wave interactions first entering at quadratic order (p-wave interactions are forbidden

by Bose symmetry). For Kdf,3, the expansion is in powers of ∆ = (E∗2 − 9M2)/(9M2), and

was developed in Refs. [39, 76] based on the Lorentz and particle-interchange invariance of

Kdf,3. Through linear order in ∆, Kdf,3 is given by

Kdf,3 = Kiso
df,3 = Kiso,0

df,3 +Kiso,1
df,3 ∆ , (8.2)

where Kiso,0
df,3 and Kiso,1

df,3 are constants. There is no dependence on the momenta of the three

particles at this order; this corresponds to a contact interaction, and leads to the designation

“isotropic”. Momentum dependence first enters at O(∆2).

In our main analysis we keep only the s-wave two-particle interaction and the isotropic

terms in Eq. (8.2). With these approximations, the QC of Eq. (8.1) reduces to a finite

matrix equation that can be solved by straightforward numerical methods. Previous imple-

mentations have considered only the three-particle rest frame, P = 0 [36, 39, 76] (see also

Ref. [40, 41]). Here we have extended the implementation to moving frames, so that we

can use all the results obtained by Ref. [1]. The details of the implementation, including

projections onto irreps of the appropriate little groups, are described in Appendix F.1.
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8.3 χPT prediction for Kdf,3 and Mdf,3

Mdf,3 and Kdf,3 have not previously been calculated in χPT , so here we present the leading

order (LO) result. The LO Lagrangian in the isosymmetric two-flavor theory is [18, 151]

Lχ = F 2

4 tr
(
∂µU∂

µU †
)

+ M2F 2

4 tr
(
U + U †

)
,

with U = eiφ/F , φ =

 π0 √
2π+

√
2π− −π0

 .
(8.3)

Here F is the decay constant in the chiral limit, normalized such that Fπ = 92.4 MeV. We note

that at this order, F = Fπ. Expanding in powers of the pion fields, L = L2π+L4π+L6π+· · · ,

we need only the 4π and 6π vertices.

From L4π we obtain the standard LO result for the 2π+ scattering amplitude [152],

M2 = 2M2 − E∗22
F 2 , (8.4)

which displays the well-known Adler zero below threshold at E∗22 = 2M2 [153]. Given the

ERE parametrization of the s-wave phase shift,

q cot δ0(q) = − 1
a0

+ rq2

2 + Pr3q4 + · · · , (8.5)

where q2 = E∗22 /4−M2, one can infer from Eq. (8.4) the LO results for the scattering length

and effective range:

Ma0 = M2

16πF 2 and M2ra0 = 3 . (8.6)

The 3π+ amplitude M3 is given at LO by the diagrams of Fig. 8.1. As is well known,

M3 diverges for certain external momenta, as the propagator in Fig. 8.1(a) can go on shell.
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This motivated the introduction of a divergence-free amplitude in Ref. [28]:

Mdf,3 ≡M3 −D , (8.7)

D = S
{
−M2(s12) 1

b2 −M2M2(s′12)
}

+O
(
M3

2

)
, (8.8)

where s12 = (p1 + p2)2, s′12 = (k1 + k2)2, b = p1 + p2 − k3, and S indicates symmetrization

over momentum assignments. D is defined to have the same divergences asM3, so that their

difference is finite. At LO in χPT , only the LO term in D contributes and we find

M2Mdf,3 = M4

F 4 (18 + 27∆) = (16πMa0)2(18 + 27∆) , (8.9)

a result that is real and isotropic. As a side result, we have also calculated the related

threshold amplitude that enters into the 1/L expansion of the three-particle energy [68],

findingM3,th = 27M2/F 4.

The last step is to relate Mdf,3 to Kdf,3. As discussed in Appendix F.2, we find these

quantities to be equal at LO

Kdf,3 =Mdf,3
[
1 +O(M2/F 2)

]
, (8.10)

so that Kdf,3 is also given by Eq. (8.9). This implies that Kdf,3 is scheme-independent at LO

in χPT . In Appendix F.2 we also quantify the expected size of the corrections, finding them

to range between 10− 50%, with the larger error applying to the term linear in ∆.

8.4 Fitting the two-particle spectrum

Determining the two-particle phase shift is an essential step, as it enters into the three-

particle QC. In particular, we need a parametrization valid below threshold, as the two-

particle momentum in the three-particle QC takes values in the range q2/M2 ∈ [−1, 3]. We

extract information on the s-wave phase shift using a form of the two-particle QC that holds

in all frames for those irreps that couple to J = 0. Details are given in Appendix F.3. We use

the bootstrap samples provided in Ref. [1] to determine statistical errors, so that correlations



258

ℒ6π

ℒ4π

ℒ4π

k1

k1

k2

k3

k2

p1

k3

p2

p3

p2

p1

p3

Figure 8.1: LO contributions to the three-particle scattering amplitude M3. Momentum
assignments must be symmetrized.

are accounted for properly.

We use a parametrization of the phase shift (adapted from that of Ref. [107]; see also

Ref. [154]) that includes the Adler zero predicted by χPT , as well as the kinematical factor

E∗2 :

q

M
cot δ0(q) = E∗2M

E∗22 −2z2
2

(
B0+B1

q2

M2 +B2
q4

M4 +· · ·
)
. (8.11)

We either set z2
2 = M2, the LO value, or leave it as a free parameter. B0 and B1 are

related in a simple way to a0 and r [see Eqs. (F.37) and (F.38) in Appendix F.3]. Previous

lattice studies have used the ERE, Eq. (8.5) (see, e.g. Refs. [95, 108, 109]), but this has the

disadvantage, due to the Adler zero, of having a radius of convergence of |q2| = |M2−z2
2/2| ≈
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Figure 8.2: Values of q cot δ0 obtained from the two-particle spectrum of Ref. [1] using the
two-particle QC, together with various fits.

Fit B0 B1 B2 z2
2/M

2 χ2/dof Ma0 M2ra0

1 -11.2(7) -2.1(3) — 1 (fixed) 12.13/(11-2) 0.089(6) 2.63(8)
2 -10.4(9) -3.7(1.0) 0.5(3) 1 (fixed) 9.75/(11-3) 0.096(8) 2.3(3)
3 -11.7(1.8) -2.0(4) — 0.94(22) 12.06/(11-3) 0.091(9) 2.4(9)

Table 8.1: Fits of the two-particle spectrum to the Adler-zero form of q cot δ0, Eq. (8.11).

M2/2. In particular, the ERE gives results for −1 < q2/M2 < 0 that are substantially

different from the Adler-zero form. This is related to the fact that in (8.11), B1 and B2

are both of next-to-leading order (NLO) in χPT , in contrast to the ERE form where r

and P are both nonzero at LO, as can be seen from the explicit χPT expressions given in

Ref. [108]. The formal radius of convergence of our expression (8.11) is |q2| = M2, due to the

left-hand cut, but following common practice we ignore this and use it up to q2/M2 = 3. In

Appendix F.3 we show that fitting with the restriction |q2|/M2 < 1 has only a small impact

on the resulting parameters We also have checked that fits using the ERE form provide a

worse description of the data.

The results of several fits are listed in Table 8.1 and shown in Fig. 8.2. All fits give
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reasonable values of χ2/d.o.f., and yield values for M2ra0 close to the predicted LO value of

3. Using the value of F obtained from the same lattice configurations in Ref. [155, 156], the

LO chiral prediction from Eq. (8.6) is Ma0 = 0.0938(12), and this is also in good agreement

with the results of the fits. Overall, we conclude that the spectrum from Ref. [1] confirms

the expectations from χPT . We choose the minimal fit 1 as our standard choice since B2

is poorly determined (fit 2) and the Adler-zero position is consistent with the LO result if

allowed to float (fit 3). We have performed a similar fit to the five energy levels from Ref. [1]

which are sensitive only to the d-wave amplitude. Details are in Appendix F.3. Despite very

small shifts from the free energies, we find a 3σ signal for the d-wave scattering length,

(Ma2)5 = 0.0006(2), where a2 is defined in Eq. (F.40) of Appendix F.3. The smallness of

this result is qualitatively consistent with the fact that this is a NLO effect in χPT , and

justifies our neglect of d-waves in the three-particle analysis.

8.5 Fitting the three-particle spectrum

We now use the three-particle spectrum to determine Kiso
df,3. Eight levels are sensitive to

Kiso
df,3, while three are in irreps only sensitive to two-particle interactions. Since all levels

are correlated, a global fit to two- and three-particle spectra is needed to properly estimate

errors. Further details on the fits described in this section can be found in Appendix F.3.

Before presenting the global fits, however, we use an approach (“method 1”) that allows

a separate determination of Kiso
df,3 for each of the eight levels sensitive to this parameter.

Within each bootstrap sample, we fit the two-particle levels to the fit 1 Adler-zero form

described above, and then adjust Kiso
df,3 so that the three-particle QC reproduces the energy

of the level under consideration. The results are shown in Fig. 8.3. The values of Kiso
df,3 are all

positive, and a constant fit yields M2Kiso
df,3 = 560(270) with χ2/d.o.f. = 8.5/7. The LO χPT

result (given by M2Kiso
df,3 = 360 + 540∆, taking Ma0 from fit 1) is reasonably consistent with

the linear fit, as shown. This indicates that a significant result for Kiso
df,3 of the expected size
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Figure 8.3: Results forM2Kiso
df,3 from individual three-particle levels, using method 1, together

with constant and linear fits, and the LO prediction of χPT .

Fit B0 B1 z2
2/M

2 M2Kiso,0
df,3 M2Kiso,1

df,3 χ2/dof Ma0 M2ra0

4 -11.1(7) -2.3(3) 1 (fixed) 270(160) — 27.06/(22-3) 0.090(6) 2.59(8)
5 -11.1(7) -2.4(3) 1 (fixed) 550(330) -280(290) 26.04/(22-4) 0.090(5) 2.57(8)

Table 8.2: Global fits to the two- and three-particle spectrum using the two- and three-
particle QCs.

may be obtainable.

This fit does not include three-particle energy levels in irreps sensitive only to δ0. These,

however, can be used as a consistency check. As shown in Appendix F.3, we find good

agreement between the data and the energies predicted by the QC.

To establish the true significance of the results for Kiso
df,3 we perform global fits to the

eleven two-particle and eleven three-particle levels that depend on δ0 and/or Kiso
df,3. We do so

both for constant and linear Kiso
df,3. The results are collected in Table 8.2. Fit 4 finds a value

for Kiso
df,3 that has around 1.8σ statistical significance, and also gives values for B0 and B1

that are consistent with those from fits 1-3 above and with the LO χPT predictions. The

p-value of the fit is p = 0.103.
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Figure 8.4: One, two, and three-sigma confidence intervals for M2Kiso
df,3 for the two different

global fits (4 and 5).

In fit 5, we try a linear ansatz for Kiso
df,3, and find that the current dataset of Ref. [1] is

insufficient for a separate extraction of both constant and linear terms. We note, however,

that, even in this fit, the scenarioKiso
df,3 = 0 is excluded at∼ 2σ. We also provide a comparison

between the data and the predicted spectrum from this fit in Fig. F.3 of Appendix F.3.

In Fig. 8.4 we present a summary of the errors resulting from the global fits. We also

include the value from LO χPT , along with an estimate of the NLO corrections obtained

in Appendix F.2, and quoted in Eq. (F.35). As can be seen, the constant term agrees well

with the prediction, whereas the larger disagreement for the linear term is only of marginal

significance given the large uncertainty in the χPT prediction.

One concern with our global fits is that we are using the forms for K2 and Kiso
df,3 beyond

their radii of convergence. For Kiso
df,3 we do not know the radius of convergence, but a

reasonable estimate is that one should use levels only with |∆| < 1. To check the importance

of this issue, we have repeated the global fits imposing q2/M2 < 1 and ∆ < 1, so that the fit

includes only five 2π+ and five 3π+ levels. We find fit parameters that are consistent with

those in Table 8.2, but with much larger errors. For example, the result from the equivalent
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of fit 4 gives M2Kiso,0
df,3 = 610(350).

We close by commenting on sources of systematic errors. The results of Ref. [1] are

subject to discretization errors, but these are of O(a2), and likely small compared to the

statistical errors from [1]. The quantization condition itself neglects exponentially-suppressed

corrections, but these are numerically small (e−ML ∼ 1%) compared to our final statistical

error. Errors from truncation of the threshold expansion for K2 and Kdf,3 are also present,

but harder to estimate.

8.6 Conclusions

We have presented statistical evidence for a nonzero 3π+ contact interaction, obtained by

analyzing the spectrum of three pion states in isosymmetric QCD with M ≈ 200 MeV

obtained in Ref. [1]. This illustrates the utility of the three-particle quantization condition.

It also emphasizes the need for a relativistic formalism, since most of the spectral levels used

here are in the relativistic regime. It gives an example where lattice methods can provide

results for scattering quantities that are not directly accessible to experiment.

We expect that forthcoming generalizations to the formalism (to incorporate nondegen-

erate particles with spin, etc.), combined with advances in the methods of lattice QCD (to

allow the accurate determination of the spectrum in an increasing array of systems), will

allow generalization of the present results to resonant three-particle systems in the next few

years.
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In this thesis, we have presented several theoretical and practical advances to three-

particle quantization conditions. We have provided an alternative derivation of the QC3

for identical scalars (e.g. π+π+π+ or K+K+K+) that utilizes time-ordered perturbation

theory to simplify the diagrammatic expansion of the finite-volume correlator, organizing

the infinite sum of diagrams into a simple closed-form expression. We have shown that the

resulting QC3 is equivalent to that of the original RFT derivation (Refs. [28, 29]), as well

as that of the FVU approach (Refs. [32, 41]), proving the equivalence of the two different

relativistic formalisms. We have also used the TOPT strategy to derive a QC3 for three

nondegenerate scalars (e.g. D+
s D

0π− or D+
s D

0D+), establishing the generalizing power of

the new method.

In addition to these theoretical advances, we have presented results from multiple prac-

tical implementations of the QC3 for identical scalars. We have detailed the first imple-

mentation that included d-wave dimer interactions and energy levels in all irreps, as well as

a numerical exploration of two-particle bound states and resonances. We have also shown

results from the first ever extraction of the 3π+ scattering amplitude from LQCD data,

serving as a proof-of-principle that LQCD and QC3 formalism are now at a stage where a

first-principles analysis of three-hadron scattering is feasible and worth pursuing.

Since starting work on this thesis, we have put out preprints for two additional projects.

In Ref. [157], we use the TOPT strategy to derive a QC3 in the case of two identical scalars

plus a third nondegenerate scalar, which is applicable to systems such as π+π+K+ and

K+K+π+. In Ref. [158], we present results from implementing QCs to fit 3K+ and 3π+

scattering amplitudes to FV spectra computed with LQCD, using many more levels than we

did in Chapter 8.

In the future, we hope to continue generalizing the QC3 formalism and to increase the

scope of QC3 implementations. Two short-term goals are to generalize the QC3 to allow for

particles with nonzero spin (e.g. nucleons) and for multiple three-particle channels. The latter
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would immediately allow several new scattering processes to be studied (e.g. π+π−π0 ↔ 3π0,

D+
s D

0π− ↔ D0D0K0), while combining the former with methods from Refs. [34, 36] would

allow a first-principles study of the Roper resonanceN(1440)→ Nππ,Nπ. A more ambitious

goal is to derive a quantization condition for 4→4 scattering; this was a major motivation for

trying to simplify the complicated QC3 derivation of Ref. [28], as with the TOPT formalism

developed in Chapter 3, deriving a four-particle QC seems much less daunting.

We also anticipate that many of these generalized quantization conditions will be im-

plemented in the near future, both for numerical exploration and for fitting FV spectra

of new systems, as the computational abilities of LQCD continue to improve. The next

generalization to be implemented will likely be the QC3 for 2+1 systems that we recently

derived in Ref. [157], as we expect the next available lattice data to be for π+π+K+ and

K+K+π+. However, it is only a matter of time before other generalizations such as the QC3

for three-pion states of different isospins (Ref. [37]) and the QC3 for nondegenerate scalars

(Chapter 4) become necessary to implement; the field of extracting three-particle scattering

amplitudes from LQCD is still in its infancy, and we only expect it to grow.
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Appendix A

APPENDIX TO CHAPTER 3

A.1 Technical comments on time-ordered perturbation theory

In this appendix we address two technical issues concerning the application of TOPT de-

scribed in the main text. These are, first, the use of the physical, renormalized mass in

energy denominators—and more generally, our apparent neglect of self-energy diagrams—

and, second, the presence of an additional class of diagrams with relevant (three-particle)

cuts. Both issues have been partially addressed previously in Ref. [34], and our discussion

here leans heavily on the analysis in that work.

We begin with the first issue, which we first restate in more detail. In the discussion in the

main text, the kinematic factor associated with each cut involves the physical mass m rather

than the bare mass. In particular, the factors of ωk that appear in both energy denominators

and propagator factors are given by ωk =
√
m2 + k2. This appears to ignore the fact that the

full propagator in any RFT has a more complicated analytic form than a simple pole, due to

the usual iteration of self-energy diagrams. In fact, we are not ignoring self-energy diagrams,

but instead dealing with them first in the context of a Feynman diagram decomposition, and

then converting to TOPT to give the rules described in Sec. 3.2.1.

To explain our approach, we begin by writing the quantity under consideration, i.e. C3,L

or M̃(u,u)
3,L , in terms of the Feynman diagrams that follow from the Lagrangian of our generic

relativistic effective field theory. Following HS1, we organize these diagrams into a skeleton

expansion in terms of Bethe-Salpeter kernels and appropriately defined dressed propagators.

The only subtlety here is that for diagrams in which all of the momentum is carried by a

single propagator, the self-energy diagrams that dress this propagator must be 3PIs, instead
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of the usual 1PIs. This allows all possible contributions with three-particle intermediate

states to be made explicit. This is explained in the text surrounding Eq. (49) of HS1, and

the distinction between 1PIs and 3PIs self-energies is illustrated (in the context of a theory

without the Z2 symmetry) in Fig. 4 of Ref. [34].

At this stage HS1 use TOPT in a qualitative way to explain why all the self-energy di-

agrams in both types of dressed propagators (1PIs- and 3PIs-dressed) can be evaluated in

infinite volume [see footnote 18 of HS1]. We now follow Ref. [34] and use a diagram-by-

diagram regularization, in which each Feynman diagram is accompanied by counterterms

chosen such that it satisfies the renormalization conditions given in Eq. (14) of Ref. [34].

In words, these conditions ensure that all self-energy diagrams, and their first derivatives

with respect to p2, vanish on shell (when evaluated in infinite volume). Each self-energy

diagram thus behaves as (p2 −m2)2 close to the on-shell point, where we are using the re-

sult that Feynman diagrams yield Lorentz-invariant expressions. It then follows that, in the

usual geometric series that builds up the fully dressed propagator, only the leading term—a

single, undressed propagator—has a pole, and this is of unit residue and at the position of

the physical mass. All other contributions to the dressed propagator are either momentum-

independent constants or vanish as powers of p2 − m2. For example, a sequence with an

undressed propagator followed by a self-energy and another undressed propagator has the

leading behavior (p2 −m2)−1(p2 −m2)2(p2 −m2)−1, i.e. a constant. Such contributions cor-

respond in position space to delta functions or derivatives thereof, and thus can be collapsed

to pointlike interactions. (Examples of this collapse, albeit in a slightly different context, are

given in Appendix B.2 of Ref. [34].) Any tadpole loops that result (propagators beginning

or ending at the same vertex) can also be collapsed, since, as discussed in Appendix B.1 of

Ref. [34], they have nonsingular summands that cannot enter into a cut. The end result of

these manipulations is that we are left to evaluate the subset of diagrams in which there

are no self-energy contributions or tadpole loops, except for self-energy diagrams involving
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(a)

<latexit sha1_base64="kw8N2YmitGq7IOLT/Ua+MT5MutU=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBDiJeyKoN4CgnhMwDwwWcLs7GwyZGZ2mZkVwpJf8OJBEa/+kDd/wa9wNslBEwsaiqpuuruChDNtXPfLWVldW9/YLGwVt3d29/ZLB4ctHaeK0CaJeaw6AdaUM0mbhhlOO4miWASctoPRTe63H6nSLJb3ZpxQX+CBZBEj2ORSBZ8V+6WyW3WnQMvEm5NyzW183z60w3q/9NkLY5IKKg3hWOuu5ybGz7AyjHA6KfZSTRNMRnhAu5ZKLKj2s+mtE3RqlRBFsbIlDZqqvycyLLQei8B2CmyGetHLxf+8bmqiKz9jMkkNlWS2KEo5MjHKH0chU5QYPrYEE8XsrYgMscLE2HjyELzFl5dJ67zqXVSvGzaNOsxQgGM4gQp4cAk1uIM6NIHAEJ7gBV4d4Tw7b877rHXFmc8cwR84Hz/Vd5B6</latexit>

(b)

<latexit sha1_base64="IQRo8+8AQ3iP6cWGSfk+XchRRHs=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBDiJeyKoN4CgnhMwDwwWcLs7GwyZGZ2mZkVwpJf8OJBEa/+kDd/wa9wNslBEwsaiqpuuruChDNtXPfLWVldW9/YLGwVt3d29/ZLB4ctHaeK0CaJeaw6AdaUM0mbhhlOO4miWASctoPRTe63H6nSLJb3ZpxQX+CBZBEj2ORSJTgr9ktlt+pOgZaJNyflmtv4vn1oh/V+6bMXxiQVVBrCsdZdz02Mn2FlGOF0UuylmiaYjPCAdi2VWFDtZ9NbJ+jUKiGKYmVLGjRVf09kWGg9FoHtFNgM9aKXi/953dREV37GZJIaKslsUZRyZGKUP45CpigxfGwJJorZWxEZYoWJsfHkIXiLLy+T1nnVu6heN2wadZihAMdwAhXw4BJqcAd1aAKBITzBC7w6wnl23pz3WeuKM585gj9wPn4A1v2Qew==</latexit>

Figure A.1: Examples of TOPT diagrams for M̃(u,u)
3,L in which all the momentum flows

through a single propagator. Notation as in Fig. 3.1. The two panels show different time
orderings of the same Feynman diagram, and involve self-energy insertions containing three
propagators. The time-ordering shown in (a) has two genuine three-particle cuts, lying
between which is a contribution to B3. Time-ordering (b) has a fake three-particle cut that
cancels when all time orderings are included. If the propagators carrying all the momentum
are collapsed to point-like vertices, which is valid for p2 � m2 as discussed in the text, then
diagrams of type (a) remain, while those with the Z-type time ordering shown in (b) are
removed, since such a time ordering is no longer possible.

three-particle cuts if they are on a single propagator that carries all the momentum. [An

example of such a diagram is Fig. A.1(a), viewed as a Feynman diagram.] When evaluating

this reduced class of diagrams we must use modified vertices, due to the collapse of propa-

gators and tadpole loops, but the key point is that all propagators that remain have their

free form in terms of the physical mass.

At this stage we can break each Feynman diagram into its constituent time orderings,

following the method explained, for example, in Ref. [83]. This leads to the rules described

in Sec. 3.2.1, with all factors of ω containing the physical mass. The only subtlety is the

need to break up counterterms for vertex diagrams into Lorentz noncovariant parts so that

each TOPT diagram is finite. This does not present problems, as discussed in Appendix B.5

of Ref. [34]. Thus we have resolved the first issue.

We now turn to the second issue, which concerns a class of diagrams that leads to “fake”

three-particle cuts. By fake, we mean that they will be canceled when all time orderings

are added. Diagrams in this class all have the momentum carried by a single propagator,
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and involve the self-energy diagrams that allow three-particle cuts. These are the self-energy

diagrams that were not part of collapsed dressed propagators in the analysis above. In TOPT,

such diagrams can have genuine three-particle cuts, as shown for example in Fig. A.1(a), as

well “Z-type” configurations that have fake cuts, as in Fig. A.1(b). We know the latter cuts

must cancel, because if we sum over all time orderings, we will end up with a result having

singularities (higher-order poles) only at p2 = m2.

The simplest way of dealing with this issue is to restrict E∗ to lie far above m, so that

we do not approach the single-particle pole. For example, we could consider E∗ > E∗0 = 2m,

so that p2 > E∗20 = 4m2 and p2 − m2 > 3m2. In that case, the single propagator can be

Taylor-expanded about p2 = E∗20 , and thus collapsed to a series of momentum-dependent

vertices. This completely removes the Z-type time-orderings, while retaining those that lead

to genuine relevant cuts.

A.2 Relating K2,L to K2

In this appendix we derive Eqs. (3.65)-(C.3) in the main text, i.e. we show that the two-

particle matrix contained in K2,L is indeed (a variant of) the K matrix. A secondary purpose

is to explain the definition of the generalized PV pole prescription.

Our approach is to consider the two-particle finite-volume amplitudeM2,L, which is given

by the sum of all amputated 2→ 2 diagrams. Since our notation is set up for three-particle

correlators, we packageM2,L in an analogous manner to that used for B2,L [Eq. (3.11)],
[
M2,L

]
ka;pr
≡ δkp2ωkL3M2,L(E2,k,P2,k; a; r) , E2,k ≡ E − ωk , P2,k ≡ P− k . (A.1)

This amplitude is off shell in general. It is given in TOPT by

iM2,L = iB2,L
1

1− iDF iB2,L
, (A.2)

which, using the on-shell projection result Eq. (3.57), as well as the definition of K2,L,
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Eq. (3.65), can be rewritten as

iM2,L = iK2,L
1

1− iF̃ iK2,L
. (A.3)

If we project external indices on shell, so that all matrices are square, we can invert this

result to obtain
(
Mon

2,L

)−1
=
(
Kon

2,L

)−1
+ F̃ , (A.4)

where the “on" labels indicate that both amplitudes must be completely on shell for the

equation to hold.

The next step is to take the infinite-volume limit in such a way that the left-hand side

goes over to the (inverse of the) on-shell infinite-volume scattering amplitude. To obtain

this limit, we first remove extraneous common factors (introduced by carrying along the

spectator) by multiplying Eq. (A.4) by the matrix 2ωL3 [defined in Eq. (C.4)] and dropping

the δkp that is common to all three terms. We then take the L→∞ limit holding E2,k and

P2,k fixed, which ensures that in the CMF of the scattering pair, the momentum of each

particle in the pair is held fixed at q∗2,k. Following the prescription used in HS2, we make this

limit well defined by reintroducing the factors of iε into the energy denominators contained

in the factors of DF in Eq. (A.2), and only then turning sums into integrals. The result is

δ``′δmm′

[
M(`)

2 (q∗2,k)
]−1

= δ``′δmm′

[
K(`)

2 (q∗2,k)
]−1

+ δ``′δmm′ ρ̃
(`)
PV(q∗22,k) , (A.5)

whereM(`)
2 is the `th partial wave ofM2,

ρ̃
(`)
PV(q∗22,k) ≡ H(k)

[
ρ̃(q∗22,k) + 1

32π2 I
(`)
PV(q∗22,k)

]
, (A.6)

with the phase space factor given by

ρ̃(q∗22,k) ≡
1

16πE∗2,k

 −i|q
∗
2,k| q∗22,k > 0

|q∗2,k| q∗22,k ≤ 0
, (A.7)
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and I(`)
PV is an arbitrary real, smooth function. Here we have assumed that H(k) is, in fact,

a function of q∗22,k, as is the case in all numerical work to date [36, 39, 51, 76]. The second

term on the right-hand side of Eq. (A.5) is obtained using Eqs. (22)-(26) of HS1 (where the

standard PV prescription is defined in the context of F̃ ), together with Eq. (3.5) of Ref. [36]

(where the generalized PV prescription is defined), which together lead to

2ωkL3F̃k`m;p`′m′ = δkp
[
F iε
`m;`′m′(k) + δ``′δmm′ ρ̃

(`)
PV(q∗22,k)

]
, (A.8)

where

F iε
`m;`′m′(k) ≡ H(k)

2!

[
1
L3

UV∑
a
−
∫ UV

a

]
1

2ωa
Y`m(a∗k)
q∗`2,k

1
2ωb(E − ωk − ωa − ωb + iε)

Y`′m′(a∗k)
q∗`

′
2,k

(A.9)

is the quantity defined in Eq. (24) of HS1. Note that F iε → 0 in the “iε” L→∞ limit.

A.3 Algebraic matrix manipulations

In the main text, we encounter several times [see for example, Eqs. (3.60) and (3.85)] matrix

expressions of the form

m2 +m3 = (c2 + c3) 1
1− (f + g)(c2 + c3) , (A.10)

= 1
1− (c2 + c3)(f + g)(c2 + c3) , (A.11)

m2 = c2
1

1− fc2
⇒ m−1

2 = c−1
2 − f , (A.12)

from which we wish to determine an expression for m3. For the sake of clarity and complete-

ness, we collect here the algebraic steps that lead to the form used in the main text. We

stress that these and similar steps have been repeatedly used in previous RFT papers, i.e. in

HS1, HS2, and Refs. [34–37].
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As a first step, we define d23 as m2 +m3 evaluated when c3 → 0:

d23 ≡ c2
1

1− (f + g)c2
. (A.13)

This can be rewritten as

d−1
23 = c−1

2 − f − g = m−1
2 − g ⇒ d23 = m2

1
1− gm2

= m2 + d3 , d3 ≡ m2gm2
1

1− gm2
.

(A.14)

In words, m2 is obtained by summing all the c2 terms joining by factors of f , and d23 is then

obtained by putting in factors of g in all possible ways.

Our aim is to pull out the c3 dependence of m3 from Eq. (A.10). The steps are

m2 +m3 − d23 = (1 + c3c
−1
2 ) 1

c−1
2 − (f + g)(1 + c3c

−1
2 )
− d23 (A.15)

= (1 + c3c
−1
2 ) 1

d−1
23 − (f + g)c3c

−1
2
− d23 (A.16)

= (1 + c3c
−1
2 ) 1

1− d23(f + g)c3c
−1
2
d23 − d23 (A.17)

= c3c
−1
2

1
1− d23(f + g)c3c

−1
2
d23 + d23(f + g)c3c

−1
2

1
1− d23(f + g)c3c

−1
2
d23

(A.18)

= [1 + d23(f + g)]c3c
−1
2

1
1− d23(f + g)c3c

−1
2
d23 (A.19)

= 1
1− c2(f + g)c3

1
1− c−1

2 d23(f + g)c3
c−1

2 d23 . (A.20)

This can be further simplified using

c−1
2 d23 = 1

1− (f + g)c2
= 1 + (f + g)d23 . (A.21)

A useful way of rewriting the final result is

m3 = d3 + [1 + d23(f + g)]c3
1

1− [1 + (f + g)d23](f + g)c3
[1 + (f + g)d23] , (A.22)

which is used to obtain, for example, Eqs. (3.72) and (3.86).
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Clearly this derivation relies on the existence of the various inverse matrices that appear,

and thus, in particular, it assumes that the matrices are square.

A.4 Asymmetrization identities

In this appendix we derive the identities needed in Sec. 3.4.2 to asymmetrize the HS2 am-

plitudeM(u,u)
3,L . These results are extensions of the symmetrization identities derived in HS1

[see Eqs. (163) and (198) of that work and surrounding discussions].

A.4.1 General asymmetric kernels

Here we review the notation developed in HS1 to describe general asymmetric kernels,

e.g. K(u,u)
df,3 , as well as collecting some of their key properties. To lighten the notation we

denote a generic asymmetric kernel as Z(u), where we only make explicit the symmetry sta-

tus of one “side” of the kernel. The meaning of the superscripts (u) and (u, u) have been

explained in the main text, with the key point being that, in the {k`m} index space describ-

ing three on-shell particles, the momentum label k is always associated with the spectator.

We only consider amplitudes that are fully on shell, denoting the four-momenta of the

three particles as k (spectator), p, and b = P − k − p (the interacting pair). The discussion

in Sec. 3.2.3 explains the procedure for on-shell projection that defines Z(u)
k`m (where again

we show only one set of indices). Using Eq. (3.31), the full momentum dependence of Z(u)

is given by

Z(u)(k, p̂∗k) = Z
(u)
k`m

√
4πY`m(p̂∗k) , (A.23)

where p∗k is obtained by the boost of Eqs. (B.15) and (B.16) (which is equivalent to the boost

of HS1 since the particles are on shell). Since the kernel is on shell, it depends only on the

direction of p∗k and not its magnitude (for given k). Because we are considering identical

particles, Z(u) is invariant under p↔ b interchange. Since this interchange is effected in our
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variables by changing the sign of p̂∗k, Z(u) satisfies

Z(u)(k, p̂∗k) = Z(u)(k, b̂∗k) = Z(u)(k,−p̂∗k) ⇔ Z
(u)
k`m = 0 if ` is odd . (A.24)

We next define asymmetric kernels with superscript (s). Here the momentum k is assigned

to one of the interacting pair, while p is assigned to the spectator:

Z(s)(k, p̂∗k) = Z
(s)
k`′m′

√
4πY`′m′(p̂∗k) ≡ Z(u)(p, k̂∗p) . (A.25)

We stress that there is a one-to-one relation between {k, p̂∗k} and {p, k̂∗p}, i.e. one set of

variables uniquely determines the other.

In the third option, both k and p are assigned to the interacting pair. Since this config-

uration is obtained from the Z(s) assignment by interchanging p and b, we have

Z(s̃)(k, p̂∗k) = Z
(s̃)
k`′m′

√
4πY`′m′(p̂∗k) ≡ Z(s)(k,−p̂∗k) ⇒ Z

(s̃)
k`m = (−1)`Z(s)

k`m . (A.26)

In addition, using the one-to-one relation between {k, p̂∗k} and {b, p̂∗b}, and the symmetry

of Z(u) under p↔ b, we have

Z(s̃)(k, p̂∗k) = Z(u)(b, p̂∗b) . (A.27)

We will also need the result from HS1 that F̃ vanishes if `′ + ` is odd:

(−1)`′F̃k′`′m′;k`m(−1)` = F̃k′`′m′;k`m . (A.28)

This holds for all boosts that agree on shell, and thus for the Wu boost we use in this work.

Together with the results in Eqs. (A.24) and (A.26), this implies the following useful set of

equalities,

X(u)F̃Z(s̃) = X(u)F̃Z(s) , X(s̃)F̃Z(u) = X(s)F̃Z(u) , X(s)F̃Z(s) = X(s̃)F̃Z(s̃) , X(s̃)F̃Z(s) = X(s)F̃Z(s̃) ,

(A.29)

where X is another kernel.
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The symmetric on-shell amplitude is obtained by adding all three attachments

Z ≡ Z(u+s+s̃) = Z(u) + Z(s) + Z(s̃), (A.30)

where we are using the convention that adding superscripts corresponds to adding the un-

derlying amplitudes. Equation (A.30) is the on-shell version of the off-shell symmetrization

definition given in Eq. (3.84).

A.4.2 Deriving Eqs. (3.102) and (3.103)

The first two asymmetrization identities of Sec. 3.4.2 have essentially been derived in Eq. (163)-

(165) of HS1. Here we need a slightly more explicit form, so we repeat the essential steps.

We begin with Eq. (3.102). For concreteness, we act the identity on the vector of ampli-

tudes
(
Z(u), Z(s+s̃)

)
. Then the identity to be demonstrated can be rewritten as

−→∆ ≡ X(u)[F̃Z(s) + F̃Z(s̃) − G̃Z(u)] = −X(u)−→I GZ(u) , (A.31)

where −→∆ is simply a shorthand for the left-hand side of this equation, with the arrow point-

ing in the direction of the amplitudes that are being asymmetrized. Using results from

Eq. (A.29), this can be written as

−→∆ = X(u)(2F̃Z(s) − G̃Z(u)) = X(u)(2Σ̃FZ
(s) − 2ĨFZ(s) − G̃Z(u)) , (A.32)

where the second form is obtained by splitting F̃ , Eq. (C.9), into its sum and integral part,

F̃ = Σ̃F − ĨF . The explicit form for Σ̃F is given in Eq. (A.82). Note that the integral ĨF
differs from the integral operator ĨF of Eq. (3.56), the latter being denoted by a calligraphic

symbol. We regulate the UV by inserting a factor of H(p), and choose the relativistic form

of the pole term, both choices that only change F̃ by exponentially suppressed terms. Then,
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using the definition of G̃, Eq. (C.10), we find

X(u)
[
2Σ̃FZ

(s) − G̃Z(u)
]

=
∑

k

1
2ωkL3

∑
p

1
2ωpL3

∑
`m

X
(u)
k`m

Y`m(p ∗k )
q∗`2,k

H(k)H(p)
b2 −m2

×

∑
`′m′

(
p∗k
q∗2,k

)`′ √
4πY`′m′(p̂∗k)Z

(s)
k`′m′ −

∑
`′m′

(
k∗p
q∗2,p

)`′ √
4πY`′m′(k̂∗p)Z

(u)
p`′m′

 . (A.33)

The key observation is now that the expression in curly braces vanishes when b2 = m2,

i.e. when all three particles are on shell. For then p∗k = q∗2,k and k∗p = q∗2,p, so the sums

over `′ and m′ can be done, leading to Z(s)(k, p̂∗k) − Z(u)(p, k̂∗p), which vanishes because of

Eq. (A.25). Because of this cancellation, the sum over p can be replaced by an integral.

This integral requires no pole prescription, but if we wish to separate the two terms in curly

braces, then we must choose a prescription, and we use the generalized PV prescription.

Then the first term in curly braces gives 2ĨF , which cancels the −2ĨF term in Eq. (A.32).

What remains is

−→∆ = −
∑

k

1
2ωkL3 PV

∫
p

1
2ωp

X
(u)
k`mG

b
k`m;p`′m′Z

(u)
p`′m′ , (A.34)

where Gb is defined in Eq. (3.44). What happens to the sum over k depends on the form

of X(u). If X(u) = M2,L, which contains a Kronecker delta, k is set equal to the external

spectator momentum. If X(u) is a three-particle amplitude such as D(u,u)
L , then k is an

internal index and the sum over it can be converted to an integral, since the PV integration

over p leads to a smooth function. In either case, X(u) and Z(u) are sewed together by an

integral operator. We define −→I G to be this integral operator, leading to the right-hand side

of the identity Eq. (A.31). It is similar to the operator ĨF , and thus we use a similar name.

To summarize, in the difference −→∆, the terms cancel exactly on shell, allowing the sums

to be replaced by (PV-regulated) integrals. Once this is done, F̃ vanishes, since it is a sum-

integral difference. Thus one simply ends up with an integral over the −G̃ contribution. We

note that the argument holds for both choices of boost to the CMF of the scattered pair
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considered in the main text, i.e. the Wu boost and the boost used in HS1. One needs only

to use the same boost in G̃ and −→I G.

The argument for the second identity, Eq. (3.103), is essentially the horizontal reflection of

that for Eq. (3.102), and we do not repeat the steps. The only change is that the directionality

is reversed, leading to the integral operator ←−I G, which asymmetrizes to the left.

A.4.3 Derivation of Eq. (3.104)

To derive Eq. (3.104), we make it concrete by applying (X(u), X(s+s̃)) on the left and

(Z(u), Z(s+s̃)) on the right. Since X and Z are stand-ins for Kdf,3, they are three-particle

amplitudes for which the spectator momentum labels are summed, and not constrained by

a Kronecker delta. We denote the difference between the left-hand side of Eq. (3.104) and

the F̃ + G̃ term on the right-hand side by ←→∆ . Our aim is to show that this is an integral

operator. We begin by breaking it into four parts

3←→∆ ≡ X(u+s+s̃)F̃Z(u+s+s̃) − 3X(u)(F̃ + G̃)Z(u) (A.35)

=←→∆ 1 +←→∆ 2 +←→∆ 3 +←→∆ 4 , (A.36)

where

←→∆ 1 = X(u)F̃Z(s+s̃) −X(u)G̃Z(u) , (A.37)
←→∆ 2 = X(s+s̃)F̃Z(u) −X(u)G̃Z(u) , (A.38)
←→∆ 3 = X(s)F̃Z(s) +X(s̃)F̃Z(s̃) − 2X(u)F̃Z(u) , (A.39)
←→∆ 4 = X(s̃)F̃Z(s) +X(s)F̃Z(s̃) −X(u)G̃Z(u) . (A.40)

The first two parts can be evaluated using the identities Eq. (3.102) and (3.103), leading to

←→∆ 1 = −X(u)−→I GZ(u) and ←→∆ 2 = −X(u)←−I GZ(u) . (A.41)

For the remaining two parts a new analysis is needed.
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For ←→∆ 3, using the third result in Eq. (A.29), we obtain

←→∆ 3 = 2X(s)F̃Z(s) − 2X(u)F̃Z(u) . (A.42)

Separating the F̃ ’s into sum and integral parts, we have

←→∆ 3 ≡
←→∆ 3Σ −

←→∆ 3I , (A.43)
←→∆ 3Σ = 2X(s)Σ̃FZ

(s) − 2X(u)Σ̃FZ
(u) , (A.44)

←→∆ 3I = 2X(s)ĨFZ
(s) − 2X(u)ĨFZ

(u) . (A.45)

The integral part can be converted into a double integral because of the smoothness of the

first PV-regulated integral,

←→∆ 3I =
∫

k
PV

∫
p

{
X

(s)
k`′m′F b

`′m′;`m(k,p)Z(s)
k`m −X

(u)
k`′m′F b

`′m′;`m(k,p)Z(u)
k`m

}
, (A.46)

where (again regulating the p integral in the UV with H(p), but here keeping the original

form of the pole)

F b
`′m′;`m(k,p) = Y`

′m′(p∗k)
q∗`

′
2,k

H(k)H(p)
2ωk2ωp2ωb(E − ωk − ωp − ωb)

Y`m(p∗k)
q∗`2,k

. (A.47)

The sum part ←→∆ 3Σ has the same form as (A.46) except that both integrals are replaced

by sums. Naively we might expect the two terms to cancel, since the difference between (s)

and (u) quantities is just a k↔ p relabeling. To investigate this we interchange the dummy

variables k and p for the second term in the sum, resulting in1

←→∆ 3Σ = 1
L6

∑
k,p

{
X

(s)
k`′m′F b

`′m′;`m(k,p)Z(s)
k`m −X

(u)
p`′m′F b

`′m′;`m(p,k)Z(u)
p`m

}
. (A.48)

1An alternative approach, used, for example, in the analysis around Eq. (196) of HS1, is to use the
sum-integral identity in reverse to write the original expression for

←→
∆ 3 in terms of off-shell amplitudes,

which are more easily manipulated. We do not follow this approach, however, since it requires accounting
for the difference between off-shell amplitudes calculated using Feynman diagrams and TOPT. Instead,
we work entirely with on-shell amplitudes.
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The summand has a pole at each of the free three-particle energies, with residue

1
8ωkωpωb

[
X(s)(k, p̂∗k)Z(s)(k, p̂∗k)−X(u)(p, k̂∗p)Z(u)(p, k̂∗p)

] ∣∣∣∣∣∣
on shell

, (A.49)

which vanishes due to Eq. (A.25). Thus the sum can be converted into an integral. We

choose to do the p integral first using the generalized PV prescription, leading to

←→∆ 3Σ =
∫

k
PV

∫
p

{
X

(s)
k`′m′F b

`′m′;`m(k,p)Z(s)
k`m −X

(u)
p`′m′F b

`′m′;`m(p,k)Z(u)
p`m

}
. (A.50)

As far as we can see, this difference does not vanish. What we have achieved, however,

is to convert the sum part of ←→∆ 3 into an integral. Subtracting from this the result from

Eq. (A.46), the terms involving (s) quantities cancel, leading to

←→∆ 3 =
∫

k
PV

∫
p

{
X

(u)
k`′m′F b

`′m′;`m(k,p)Z(u)
k`m −X

(u)
p`′m′F b

`′m′;`m(p,k)Z(u)
p`m

}
(A.51)

≡ X(u)←→I FZ
(u) . (A.52)

We have not found a useful way to simplify this further, but this result is sufficient for

our purposes. The key point is that it involves an integral operator that acts on the (u)

components of the amplitudes.

Finally, we consider ←→∆ 4, Eq. (A.40), which can be analyzed using a combination of the

methods used above. We only give an outline of the calculation. First, using Eq. (A.29), we

see that the first two terms are the same, so that

←→∆ 4 = X(s̃)2F̃Z(s) −X(u)G̃Z(u) = X(s̃)2Σ̃FZ
(s) −X(u)G̃Z(u) −X(s̃)2ĨFZ(s) . (A.53)

The first two terms involve double sums over k and p. For the G̃ term we replace the sum

over k with that over b, which is simply a change of variables, and then rename k as b and

vice versa. Then the residue of the pole in E is

1
8ωkωpωb

[
X(s̃)(k, p̂∗k)Z(s)(k, p̂∗k)−X(u)(b, p̂∗b)Z(u)(p, b̂∗p)

] ∣∣∣∣∣∣
on shell

. (A.54)
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The identities Eqs. (A.24) and (A.27) imply that this vanishes. Thus, once again, we can

replace the sums by (PV-regulated) integrals. This sends Σ̃F → ĨF , canceling the existing ĨF
term (which, as above, can be converted to a double integral) and leaving only the integral

over the G̃ term.

In this way we find

←→∆ 4 = −X(u)
∫

k
PV

∫
p
Z

(u)
b`′m′Gb

b`′m;p`mZ
(u)
p`m ≡ X(u)←→I GZ

(u) . (A.55)

We use a bidirectional arrow since the order of integrals here is irrelevant (as long as the

first one is done using the PV prescription). This can be shown by starting from the form

involving X(s)F̃Z(s̃).

Pulling together the results for the four components, given in Eqs. (A.41), (A.52), and

(A.55), we have

←→∆ = −1
3X

(u)
(−→
I G +←−I G −

←→
I F +←→I G

)
Z(u) (A.56)

≡ X(u) ⊗G Z(u) , (A.57)

where in the second line we have introduced a compact notation. All that matters for the

argument in the main text is that this is a known integral joining operator acting on the

asymmetric (u) kernels. As before, this result holds independent of the choice of boost.

A.5 Relating K̃(u,u)
df,3 to M3

The aim in this appendix is to take an appropriate infinite-volume limit of Eq. (3.86) and

obtain integral equations relatingM3 to K̃(u,u)
df,3 . All quantities in this subsection will be on

shell, so that our M3,L, M2,L, and D(u,u)
L are strictly the same as those in HS2. Since our

result for M̃(u,u)
3,L is similar to that for the corresponding quantityM(u,u)

3,L in HS2 [see Eq. (68)

of that work], we can take over much of the analysis essentially without change.
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The infinite-volume limit that is required has been described in Appendix A.2. It sends

[M3,L]k`m;p`′m′ →M3(k,p)`m;`′m′ , (A.58)

where now k and p are continuous variables. Analogous limits hold for M̃(u,u)
3,L , D(u,u)

L , and

T̃ (u,u)
L . As noted earlier, K̃(u,u)

df,3 is already an infinite-volume quantity, so the only change is

to replace discrete with continuous momenta. For the other quantities, we have

lim
L→∞

[M2,L]k`m;p`′m′ = δ(k− p)M2(k)`m;`′m′ , (A.59)

δ(k− p) ≡ 2ωk(2π)3δ3(k− p) (A.60)

M2(k)`m;`′m′ = δ``′δmm′M(`)
2 (q∗2,k) , (A.61)

whereM(`)
2 is the `th partial wave ofM2, while from Eq. (A.8) we read off that

lim
L→∞

2ωkL3F̃k`m;p`′m′2ωpL3 = δ(k− p)ρ̃PV(k)`m;`′m′ , (A.62)

ρ̃PV(k)`m;`′m′ = δ``′δmm′ ρ̃
(`)
PV(q∗22,k) , (A.63)

where ρ̃(`)
PV, given in Eq. (C.7), is a smooth function, and, finally,

lim
L→∞

2ωkL3 G̃k`m;p`′m′2ωpL3 ≡ G∞`m;`′m′(k,p) = Y`m(p∗k)
q∗`2,k

H(k)H(p)
b2 −m2 + iε

Y`′m′(k∗p)
q∗`

′
2,p

. (A.64)

The latter function, taken from HS2, is simply Gb, Eq. (3.44), but with the iε added back,

and the discrete momentum indices converted to continuous arguments.

When the L→∞ limit is taken in this way, it is straightforward to see that the factors

of (2ωL3)−1 coming with F̃ and G̃ convert all momentum sums into integrals with Lorentz-

invariant measure
∑

k

1
2ωkL3

L→∞−−−→
∫ d3k

2ωk(2π)3 ≡
∫

k

1
2ωk

. (A.65)

Matrix equations involving geometric series then become integral equations. In particular,
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Eq. (5.11) becomes

iD(u,u)(k,p) = iM2(k)
∫
s

1
2ωs

iG∞(k, s)
[
δ(s− p)iM2(p) + iD(u,u)(s,p)

]
, (A.66)

where angular-momentum indices are implicit. This is identical to Eq. (85) of HS2. The core

geometric series in Eq. (3.86) becomes an integral equation for T̃ (u,u),

iT̃ (u,u)(k,p) = iK̃(u,u)
df,3 (k,p) +

∫
r,s,t

1
2ωr2ωs2ωt

[
δ(k− r)iρ̃PV(k) + iG∞(k, r)

]
×
[
δ(r− s)iM2(r) + iD(u,u)(r, s)

] [
δ(s− t)iρ̃PV(s) + iG∞(s, t)

]
iT̃ (u,u)(t,p) . (A.67)

This differs from the corresponding equation in HS2 [Eq. (91) of that work] due to the

asymmetry of our K̃(u,u)
df,3 , and the presence here of factors of F̃ + G̃ in place of F̃ . Finally,

the factors on either side of T̃ (u,u)
L in Eq. (3.86) become integral operators. That on the left

becomes

L̃(u,u)(k, s) = δ(k−s)+
∫

r

1
2ωr

[
δ(k− r)iM2(k) + iD(u,u)(k, r)

] [
δ(r− s)iρ̃PV(r) + iG∞(r, s)

]
,

(A.68)

while that on the right, R̃(u,u), is given by the horizontal reflection. These also differ from

their analogs in HS2 (L(u,u) and R(u,u)) by the presence here of contributions resulting from

F̃ + G̃ in place of F̃ .

Putting these pieces together, we obtain the final expression for M̃(u,u)
3 ,

iM̃(u,u)
3 (k,p) = iD(u,u)(k,p) +

∫
r,s

1
2ωr2ωs

iL̃(u,u)(k, r)iT̃ (u,u)(r, s)iR̃(u,u)(s,p) . (A.69)

This is then symmetrized to obtain M3(k,p). The symmetrization of on-shell quantities

is given by the on-shell limit of Eq. (3.84), and has been discussed extensively in HS2 [see

discussion around Eqs. (35)-(37) of that work].

One property of this result is that, despite the apparently Lorentz invariant form of

the relations derived in this appendix, K̃(u,u)
df,3 is not Lorentz invariant. Here by K̃(u,u)

df,3 we

refer to the form obtained after multiplying K̃(u,u)
df,3 (k,p)`′m′;`m by spherical harmonics and
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summing over angular momentum indices, i.e. the quantity that depends only on the external

momenta. It cannot be Lorentz invariant because M̃(u,u)
3 is not invariant, as its asymmetry

is defined in terms of TOPT kernels, and these are frame dependent.

In summary, the relation between our asymmetric kernel K̃(u,u)
df,3 and M3 is of a similar

form to that between Kdf,3 andM3 obtained in HS2. The main point is that such a relation

exists, so that our new quantization condition has the same logical status as that of HS1.

We expect that solving the integral equations numerically (usually done by going back to

the matrix form) will be of similar difficulty.

A.6 Deriving Eqs. (3.108) and (3.109)

In this appendix we provide some details of the derivation of Eqs. (3.108) and (3.109). We

make extensive use of the following identities:

iD(u,u)
23,L = 1

1− iK2i(F̃ + G̃)
iK2 (A.70)

=
[
1 + 1

1− iK2i(F̃ + G̃)
iK2i(F̃ + G̃)

]
iK2 , (A.71)

i(F̃ + G̃)
[
1 + iD(u,u)

23,L i(F̃ + G̃)
]

= i(F̃ + G̃) 1
1− iK2i(F̃ + G̃)

= 1
1− i(F̃ + G̃)iK2

i(F̃ + G̃) ,

(A.72)

where D(u,u)
23,L is defined in Eq. (3.90).

We start from Eqs. (3.106) and (3.107). Using the identities (A.71) and (A.70) in turn,

we find

iD(u,u)
23,L (−i−→I G)iK′(u,u)

df,3 =
[
1 + 1

1− iK2i(F̃ + G̃)
iK2i(F̃ + G̃)

]
iK2(−i−→I G)iK′(u,u)

df,3 (A.73)

=
[
1 + iD(u,u)

23,L i(F̃ + G̃)
]
iK2(−i−→I G)iK′(u,u)

df,3 , (A.74)

so that the factor on the left-hand end of Eq. (3.106) can be written (when acting to the
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right on K′(u,u)
df,3 )

[
1 + iD(u,u)

23,L i(F̃ + G̃−
−→
I G)

]
=
[
1 + iD(u,u)

23,L i(F̃ + G̃)
] (

1− iK2i
−→
I G

)
. (A.75)

The factor on the right-hand end of Eq. (3.106) gives the horizontal reflection of this expres-

sion.

To simplify T (u,u)
L , Eq. (3.107), we first use (A.71) to obtain

i
←−
I GiD(u,u)

23,L i
−→
I G = i

←−
I GK2i

−→
I G + i

←−
I GK2

1
1− i(F̃ + G̃)iK2

i(F̃ + G̃)iK2i
−→
I G , (A.76)

and then expand out the term that lies between factors of K(u,u)
df,3 using (A.72)

i(F̃ + G̃+⊗G) + i(F̃ + G̃−
←−
I G)iD(u,u)

23,L i(F̃ + G̃−
−→
I G) (A.77)

= i⊗G +i(F̃ + G̃) 1
1− iK2i(F̃ + G̃)

− i(F̃ + G̃) 1
1− iK2i(F̃ + G̃)

iK2i
−→
I G

− i
←−
I GiK2

1
1− i(F̃ + G̃)iK2

i(F̃ + G̃)

+ i
←−
I GK2i

−→
I G + i

←−
I GK2

1
1− i(F̃ + G̃)iK2

i(F̃ + G̃)iK2i
−→
I G

(A.78)

= i⊗2 +i←−I GK2i
−→
I G

+
(
1− i←−I GiK2

) [
1 + i(F̃ + G̃)iD(u,u)

23,L

]
i(F̃ + G̃)

(
1− iK2i

−→
I G

)
.

(A.79)

Inserting Eq. (A.75), its reflection, and Eq. (A.79) into Eqs. (3.106) and (3.107) and

reorganizing leads to Eqs. (3.108) and (3.109).

A.7 Σ̃F approach

In Sec. 3.2.3, we chose to deal with off-shell F cuts using the “F̃ approach," which is essentially

the standard strategy used in HS1 and subsequent RFT works. In this appendix we sketch

an alternative method, which we refer to as the Σ̃F approach.
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The Σ̃F and F̃ approaches share the same goal, namely to rewrite quantities of the form

[X ′DFX]p′r′;pr = [X ′]p′r′;k′a′ [DF ]k′a′;ka[X]ka;pr , X ′ ∈ {Â′,B2,L,B3} , X ∈ {Â,B2,L,B3}

(A.80)

in terms of a part in which the “middle” indices are projected on-shell and a remainder.

In the Σ̃F approach, we use exactly the same strategy that we used to deal with G cuts in

Sec. 3.2.3. The end result is an F-cut analog of Eq. (3.52):

X ′DFX = X ′
(
Σ̃F + δF̃

)
X . (A.81)

Here
[
Σ̃F

]
k′`′m′;k`m

≡ δk′k

2! H(k)
UV∑
a

Y`′m′(a∗k)
q∗`

′
2,k

1
2ωkL3

1
b2
ka −m2

1
2ωaL3

Y`m(a∗k)
q∗`2,k

(A.82)

is the analog of G̃,2 while δF̃ plays the analogous role to δG̃. In particular, δF̃ accounts

for all nonsingular off-shell contributions (with its exact definition depending on the choice

of X ′ and X), and we can therefore treat it as an infinite-volume quantity by replacing all

internal sums in X ′δF̃X with integrals.

Two important differences between the F̃ and Σ̃F approaches are now clear. The first

concerns the UV cutoff: Σ̃F depends on the cutoff, while F̃ does not (up to exponentially-

suppressed terms). We stress, however, that Σ̃F is well defined for all choices of cutoff

function, due to our use of the Wu boost.

The second difference is that the integrals in δF̃ do not require a pole prescription, since

the integrand is smooth. This is in contrast to the integral in F̃ (denoted ĨF above), which

requires a PV prescription. This difference is the main advantage of the Σ̃F approach.

2Following the G-cut procedure exactly actually gives two factors of H(k) in Σ̃F (one from each endcap),
but this is overkill since the spectator is shared by both endcaps. Using H(k) instead of [H(k)]2 in Σ̃F
(and consequently the δF̃ term) is simply a matter of preference.
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A.7.1 Quantization condition

Inserting Eqs. (A.81) and (3.52) into Eq. (3.24), we find

C3,L − C(0)
3,∞ = Â′ i

(
Σ̃F + G̃+ δF̃ + δG̃

) 1
1− i

(
B2,L + B3

)
i
(
Σ̃F + G̃+ δF̃ + δG̃

)Â (A.83)

= δCΣF
3,∞ + A′ΣF ,(u)i

(
Σ̃F + G̃

) 1
1− iKΣF ,(u,u)

df,23,L i
(
Σ̃F + G̃

)AΣF ,(u) , (A.84)

where all quantities in the last term are evaluated on shell, with

iKΣF ,(u,u)
df,23,L ≡

1
1− i

(
B2,L + B3

)
i
(
δF̃ + δG̃

)i(B2,L + B3
)

(A.85)

A′ΣF ,(u) ≡ Â′
1

1− i
(
δF̃ + δG̃

)
i
(
B2,L + B3

) (A.86)

AΣF ,(u) ≡ 1
1− i

(
B2,L + B3

)
i
(
δF̃ + δG̃

)Â (A.87)

δCΣF
3,∞ ≡ Â′i

(
δF̃ + δG̃

) 1
1− i(B2,L + B3)i

(
δF̃ + δG̃

)Â . (A.88)

We note that KΣF ,(u,u)
df,23,L can be split up as

KΣF ,(u,u)
df,23,L = KΣF

2,L +KΣF ,(u,u)
df,3 , (A.89)

where

iKΣF
2,L ≡

1
1− iB2,LiδF̃

iB2,L = 2ωL3iKΣF
2 , (A.90)

[
KΣF

2

]
k′`′m′;k`m

≡ δk′k

[
KΣF

2 (k)
]
`′m′;`m

. (A.91)

Here KΣF
2 and KΣF ,(u,u)

df,3 are the respective Σ̃F -approach analogs of the K matrices K2 and

K̃(u,u)
df,3 in the F̃ approach, with their definitions only differing by using δF̃ in place of ĨF .

From Eq. (A.84), we obtain the quantization condition in the Σ̃F approach:

det
[
1 +

(
2ωL3KΣF

2 +KΣF ,(u,u)
df,3

) (
Σ̃F + G̃

)]
= 0 . (A.92)
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For this to be useful, we need to relate the infinite-volume quantities KΣF
2 and KΣF ,(u,u)

df,3 to

scattering amplitudes, and we do so in the next two subsections.

A.7.2 Relating KΣF
2 toM2

From Appendix A.2 and the equations above, we have

iM2,L = iB2,L
1

1− iDF iB2,L
(A.93)

= iKΣF
2,L

1
1− iΣ̃F iKΣF

2,L
, (A.94)

which gives a simple inverse relation between the on-shell FV amplitudes:
(
Mon

2,L

)−1
=
(
KΣF ,on

2,L

)−1
+ Σ̃F , (A.95)

where again the “on" labels indicate that the amplitudes must be completely on shell for

the equation to hold. To obtain the corresponding infinite-volume relation betweenM2 and

KΣ̃F
2 , we follow the same steps as we did in Appendix A.2: eliminate the common spectator

term by multiplying by 2ωL3 and dropping the δk′k, take the L→∞ limit holding E2,k and

P2,k (and therefore q∗2,k) fixed by reintroducing the iε term in DF , and convert all sums to

integrals. The result is

δ`′`δm′m

[
M(`)

2 (q∗2,k)
]−1

=
{[
KΣF

2 (k)
]−1

}
`′m′;`m

+
[
I iεF (k)

]
`′m′;`m

, (A.96)

where
[
I iεF (k)

]
`′m′;`m

≡ H(k)
2!

∫ UV

a

1
2ωa
Y`′m′(a∗k)
q∗`

′
2,k

1
b2
ka −m2 + iε

Y`m(a∗k)
q∗`2,k

. (A.97)

A new feature that arises here is that I iεF is not diagonal in ` and m. This is because,

when using the Wu boost, the transformation to the pair CMF does not lead to an integrand

that, aside from the harmonic polynomials, is a rotational scalar. It follows from Eq. (A.96)

that KΣF
2 must also have off-diagonal terms. This is not a problem in principle, but is a
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cumbersome feature of this approach.

A.7.3 Relating KΣF ,(u,u)
df,3 toM3

We provide only a sketch of the derivation of this relation, since the analysis follows closely

that given in Appendix A.5. We start from Eq. (3.83) and substitute Eqs. (A.81) and (3.52)

to obtain

i
(
M2,L + M̃(u,u)

3,L

)
= iKΣF ,(u,u)

df,23,L
1

1− i(Σ̃F + G̃) iKΣF ,(u,u)
df,23,L

. (A.98)

Following the steps in the main text, we can extract from this a result for M̃(u,u)
3,L identical

to Eqs. (3.86)-(3.90) except for the substitutions K̃(u,u)
df,3 → K

ΣF ,(u,u)
df,3 and F̃ → Σ̃F . We then

take the infinite-volume limit as in Appendix A.5 and obtain the same set of equations with

K̃(u,u)
df,3 → K

ΣF ,(u,u)
df,3 and ρ̃PV(k)→ I iεF (k).
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Appendix B

APPENDIX TO CHAPTER 4

B.1 Technical details

In this appendix we collect some technical details relevant for the discussion of the main

text.

First we discuss the smooth cutoff functions H(i)(pi) that enter into G̃(ij). Aside from one

feature, these are straightforward generalizations of the cutoff introduced in Ref. [28] and

used in all subsequent RFT works. These functions smoothly cut off the sums or integrals

over the spectator momentum pi once the flavor j + k pair lies far below its threshold. To

implement this, we use the quantity σi = (P − pi)2, which equals (mj + mk)2 at the pair

threshold, and decreases as one drops below this threshold. For identical particles, σi is the

same as the quantity E∗22,k used in the definition of the cutoff function in Ref. [28]. If we use

the same boost as in that work, which is discussed below, then we are restricted to the range

σi > 0, since the boost becomes singular when σi = 0. Another constraint, described in BS1,

is that the cutoff function should equal unity for some range below the pair threshold. This

ensures that all terms which are dropped in the derivation are exponentially suppressed.

Finally, we also need the function to be Lorentz invariant. One choice that satisfies these
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requirements is

H(i)(pi) = J(zi) , zi = (1 + εH) σi
(mj +mk)2 , (B.1)

J(z) =


0, z ≤ 0

exp
(
−1
z

exp
[
− 1

1−z

])
, 0 < z < 1

1, 1 ≤ z .

(B.2)

Here choosing εH > 0 ensures that the cutoff function reaches unity below threshold, at the

point where σi = (mj +mk)2/(1 + εH). We expect that, in practice, a value εH ∼ 0.1 should

be sufficiently large. We stress that the choice of cutoff functions is not unique, and the

choice above is simply an example, albeit one that is close to those that have been used in

previous numerical implementations [36, 39, 51, 76].

We next give some details concerning the two boosts that have been mentioned in the

main text. These enter into both the on-shell projections of kernels and amplitudes, and in

the definitions of F̃ (i) and G̃(ij). To explain the boosts, we use the example of the quantity

p∗(pi)j that enters in F̃ (i), Eq. (C.9). The setup is that the four-momenta pi = (ωpi ,pi)

and pj = (ωpj ,pj) are on shell. The former is the spectator momentum, and the latter is

the pair momentum relative to which the decomposition into spherical harmonics is defined

(after boosting to the pair CMF). We note that, in situations where we use the boosts, these

two particles are always on shell, either because (in the TOPT approach) all intermediate

particles are on shell, or (in the Feynman-diagram approach) we have set them on shell

in preparation for full on-shell projection, as discussed in Appendix B.2. For the boost of

Ref. [28], referred to subsequently as the “HS boost", we obtain p∗(pi)j by boosting pj using

boost velocity

βHS = − P− pi
E − ωpi

. (B.3)
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The transformation is

pj −→ p∗j = Λ(βHS)pj ≡
(
ω∗(pi)pj

,p∗(pi)j

)
, (B.4)

where Λ is the corresponding Lorentz transformation matrix. By construction, this trans-

forms the pair four-momentum P − pi to its CMF,

Λ(βHS)(P − pi) = (√σi,0) , σi = (P − pi)2 . (B.5)

For the Wu boost, the setup is the same, but the boost velocity is changed to

βWu = − P− pi
ωpj + ωpk

, (B.6)

where pk = P−pi−pj is the momentum of the third particle. Thus the result for p∗(pi)j is in

general different. The exception is if all three particles are on shell and total four-momentum

is conserved, for then E−ωpi = ωpj +ωpk , and the boost velocities are the same. Because of

this, it does not matter which boost we use when defining on-shell projected quantities such

as the elements of K̂df,3, M̂3, etc.

When using TOPT, as in Secs 4.4 and 4.5, one should initially use the Wu boost, as

explained in BS1. This is because the boost is designed to apply for three on-shell particles.

However, once one has obtained results in terms of on-shell projected quantities, e.g. C3,L

in Eq. (4.32), one can change to the HS boost in the definitions of the elements of F̂G. For

F̃ (i) the change is exponentially suppressed, while for G̃(ij) the change is nonsingular (since

the boosts agree at the pole) and can be absorbed into a shift in δG̃(ij). In this way, one

finds that the same form for C3,L holds, but with redefined quantities K̂df,3, ÂF , and Â′F .

The only caveat is that the cutoff functions H(i) must be chosen such that the HS boost is

well defined, which requires σi > 0, as discussed above. By contrast, for the Wu boost there

is no such constraint on σi. The conclusion, already noted in BS1 for identical particles, is

that the TOPT forms of the quantization condition and the relation ofM3 to K̂df,3 are valid

with both boosts, although K̂df,3 will, of course, depend on the choice.
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The situation is reversed in the Feynman-diagram approach. In the initial derivation,

the third particle is off shell, and so the natural choice is the HS boost. Once we obtain the

result for, say, M̂′
3,L, however, we could switch to using the Wu boost. We could also raise

the cutoff in the functions H(i) to allow σi < 0, since that only changes the elements of F̂G
away from the pole. However, there is a clear reason not to use the Wu boost, which is that

only with the HS boost can one obtain a Lorentz-invariant K̂′df,3, i.e. one that is Lorentz

invariant when combined with spherical harmonics as in Eq. (4.93). We close this section by

explaining this result.

The context for the discussion is the infinite-volume relation between M3 and K̂′df,3

derived in Sec. 4.7. As described in that section, the only nontrivial part of the demonstration

of Lorentz invariance concerns the transformation properties of [Ĝ∞]ij, Eq. (4.87). If we

Lorentz transform the momentum arguments pi = (ωpi ,pi) and kj = (ωkj ,kj), then the

arguments of the spherical harmonics, k∗(pi)j and p∗(kj)i , should only be rotated.

To show that this is the case with the HS boost, we focus on k∗(pi)j . This is defined by

k∗j = Λ(βHS)kj ≡
(
ω
∗(pi)
kj

, k∗(pi)j

)
. (B.7)

Now we apply an arbitrary global transformation Λ0 to all momenta, so that

pj → p′i = Λ0pi , kj → k′j = Λ0kj , P → P ′ = Λ0P , etc. , (B.8)

and then boost to the pair CMF, which now requires the boost velocity

β′HS = − P′ − p′i
E ′ − ωp′

i

. (B.9)

Thus we find a new value of k∗(pi)j , given by the spatial part of

k′∗j = Λ(β′HS)k′j = Λ(β′HS)Λ0kj . (B.10)
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To proceed, we note that, by definition, the boosts satisfy the following relations:

Λ(βHS)(P − pi) = (√σ1,0) = Λ(β′HS)(P ′ − p′i) = Λ(β′HS)Λ0(P − pi) , (B.11)

from which follows the standard result that

Λ(β′HS)Λ0 = Λ(rot)Λ(βHS) , (B.12)

where Λ(rot) implements a rotation. The precise form of the rotation can, of course, be

determined, but is not needed here. Inserting this into Eq. (B.10) we find

k′∗j = Λ(rot)Λ(βHS)kj = Λ(rot)k′j , (B.13)

which yields the claimed result that k∗(pi)j and k′∗(pi)j are related by a rotation. A completely

analogous argument holds for p∗(kj)i .

Now we show why this argument fails for the Wu boost. The definitions of k∗j and k′∗j take

the same form as above, except that βHS in Eq. (B.7) and β′HS in Eq. (B.10), are replaced,

respectively, by

βWu = − P− pi
ωb + ωkj

, β′Wu = − P′ − p′i
ωb′ + ωk′

j

, (B.14)

where b = P− pi − kj and b′ = P′ − p′i − k′j. These boosts are defined by the properties

Λ(βWu)(kj + b) =
(√

(ωb + ωkj)2 − |P− pi|2,0
)
, (B.15)

Λ(β′Wu)(k′j + b′) =
(√

(ωb′ + ωk′
j
)2 − |P′ − p′i|2,0

)
, (B.16)

where b = (ωb,b) and b′ = (ωb′ ,b′). This brings up the obstruction to continuing the

argument as for the HS boost, namely that

b′ 6= Λ0b . (B.17)

The quantities that do transform in this manner are boff = P −pi−kj and b′off = P ′−p′i−k′j,

but, in general, b 6= boff and b′ 6= b′off . A related obstruction to the argument is that the
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right-hand sides of Eqs. (B.15) and (B.16) are not, in general, equal. Because of these issues,

the analog of Eq. (B.12) for Wu boosts is not valid, and k∗(pi)j and k′∗(pi)j are not, in general,

related by a rotation. Thus the arguments of Sec. 4.7 concerning Lorentz invariance do not

hold.

B.2 Details of derivation using Feynman diagrams

In this appendix we explain how Eqs. (4.63)-(4.68) are obtained from the initial skeleton

expansion by doing the energy integrals over independent momenta.

As discussed in Ref. [28], when doing an integral over the energy component of a four-

momentum associated with a propagator, we can close the contour in the complex plane

so as to pick up the contribution from the particle pole, and exclude the antiparticle pole

contribution. The integral will also contain contributions from other poles (e.g. corresponding

to a three-particle cut across the dressed propagator, or the antiparticle pole contributions

from another propagator), but these can never lead to an on-shell cut of the entire diagram.

Thus we can separate the contributions from each such integral into that from the particle

pole, which we refer to as the “on-shell" contribution, and the remainder, denoted “off-shell."

If any of the contributions from the three propagators in a given cut (of which only two

are integrated, due to overall momentum conservation) are off shell, then we know that the

cut is nonsingular, and momentum sums can be replaced by integrals. The contributions

from off-shell propagators can then be absorbed into shifts in the Bethe-Salpeter kernels,

leading to a reshuffled skeleton expansion in which all independent momenta are now on

shell. Important features of this reshuffling are that it maintains Lorentz invariance of the

kernels, and that it does not mix up the elements of M̂′ off
3,L .

To explain this in more detail, as well as to highlight some technical features, we work

through three examples. We begin with one involving only B2 kernels, shown in Fig. B.1. A

detailed explanation of the steps is given in the caption, and we comment here on how the
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procedure is generalized to all such diagrams. The first step is to integrate over the energies

of all internal spectator momenta. In the example shown, there is one such momentum (the

upper, orange line). In general there are multiple spectator momenta, in different loops. We

find that the order of integration of their energies does not matter, since all lead to the same

final decomposition in terms of shifted kernels. The result of these first integrals are on-

and off-shell terms, one of each in the example. For the off-shell terms, all spatial momenta

associated with the spectator can now be integrated, including any involving the interacting

pair. Thus, in the example, the lower (black) propagator between the middle B(3)
2 s can also

be fully integrated when the off-shell part of the upper (orange, spectator) propagator is

taken. This results in an infinite-volume quantity that can be absorbed by a shift in the (11)

element of B3, as shown by the first term of the second and third lines of the figure.

In the second step, the energies of all remaining independent momenta are integrated.

These lie in what we call F-type cuts, i.e. those which, in the TOPT analysis described in the

previous section, would lead to factors of F̃ . Here we must choose which of the interacting

pair to integrate, and, as in the TOPT analysis, we pick that whose flavor follows cyclically

from the flavor of the spectator. In our example the spectator has flavor 3, so we integrate

the energy of the flavor 1 propagator in the lower pair. The integrations over all F-type

cuts in such diagrams can be done independently, with each leading to on- and an off-shell

contributions, as shown in the second line in the figure. We then absorb any sequences

of interacting pairs connected by off-shell propagators into shifts in the corresponding B2

kernels, since the loops within them can be fully integrated. The final result is a set of

diagrams containing (possibly shifted) kernels in which all propagators with independent

momenta are on shell, and with only one propagator per cut whose momentum can be off

shell.

At this stage we can already understand most of the factors present in Eqs. (4.63)-(4.68),

in particular those involving B(i)
2 and δB

(i)
2 . Each cut is associated with two on-shell and
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one off-shell propagator, and with two loop sums, leading to the kinematical factors in D′(i),

Eq. (4.68). The on-shell projectors that enter the diagonal elements of D̂′ correspond to

F-type cuts and are determined by the cyclical flavor rule. For example, if the spectator has

flavor 3, as in Fig. B.1, then the on-shell flavors are 3 and 1, requiring on-shell projectors←−O (2)

and −→O (2). Thus the 33 element of D̂′ is D′(2). The off-diagonal elements of D̂′ correspond

to G-type cuts in which the spectator is switched, in which case the two on-shell flavors are

simply those of the spectators on either side. Thus, for example, the 12 element of D̂′ is

D′(3), which places flavors 1 and 2 on shell. The geometric series in Eq. (4.63) then produces

all possible orderings of F-type and G-type cuts.

Another feature to be explained is the presence of factors of 2ωL3 in the projected B(i)
2,L,

Eqs. (4.70)-(4.73). These are needed because, in general, a spectator propagator spans

multiple F-type cuts, but should only appear once in the final expression. Each F-type cut

comes with a factor of 1/(2ωL3)—contained in the corresponding D′(i)—and all but one are

canceled by the factors of 2ωL3 in the numerators of the B(i)
2,Ls. This structure, which follows

exactly the pattern of the TOPT result, yields the correct propagator factors, and factors of

L3, for each diagram.

We next consider diagrams involving only B3 kernels, the simplest nontrivial example of

which is analyzed in Fig. B.2. Since we are considering a contribution to one of the nine

elements of the matrix, [M̂′ off
3,L ]31, there is an overall factor of 1/9, which we partition equally

between the two external B3 kernels in the initial expression. We now have to choose for

which two of the propagators we do the energy integrals. The choice needed to match the

form of Eqs. (4.63)-(4.68) is to pick equal weights for all three pairs, which leads to the last

three terms in the equation in the figure. This matches the result obtained by expanding

out Eqs. (4.63)-(4.68) and evaluating the term corresponding to that in the figure,(
|1〉 B3

9 〈1|
)
D̂′
(
|1〉 B3

9 〈1|
)

= |1〉 B3

9 1p,k(3D′(1) + 3D′(2) + 3D′(3))B3

9 〈1| , (B.18)
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where 1p is defined in Eq. (4.8). All contributions containing an off-shell propagator, which

are not shown explicitly in the figure, are included in the shift to the three-particle kernel.

The extension of this analysis to multiple adjacent B3 kernels is straightforward.

Our final example, shown in Fig. B.3, is of a case with both B3 and B2 kernels. The factors

of 1/3 contained in the B3 kernels in the original expression appear for the same reason as in

the previous example. The ordering of energy integrals is as in the first example: spectators

first (here the top, flavor 3, orange line), and then those lying between B3 and B2 kernels.

For the latter we again have a choice, and we pick two-thirds of the contribution to have the

lower, flavor 1, black line to be integrated, with the remaining one-third having the middle,

flavor 2, green line integrated. Subsuming cuts with off-shell propagators into shifts in the

kernels leads to the result shown in the figure. The resulting factors match those that arise

from the desired equations; for example,(
|1〉 B3

9 〈1|
)
D̂′B̂

∣∣∣
B

(3)
2 part

D̂′
(
|1〉 B3

9 〈1|
)

= |1〉 B3

9 1p,k(D′(1)+2D′(2))B(3)
2,L1p,k(D′(1)+2D′(2))B3

9 〈1|

(B.19)

agrees with the factors in the final two lines in the figure.

Diagrams with multiple B2 kernels, including switches, between B3s are analyzed by

a combination of the above-described methods. First all spectator energies are integrated,

then those in the F-type cuts (choosing which flavor to integrate as in the first example), and

finally those between B3s and adjacent B2s (with flavor choices as in our third example). This

results in a unique decomposition into diagrams in which all independent internal propagators

on shell. To obtain a simple final expression, we add in the disconnected contributions with

a single spectator line (of, say, flavor i) and one or more B(i)
2 s, which build up the quantity

M̂′ off
2,L discussed in the main text. The combination is then given by Eq. (4.63).

A final technical issue is whether the same total shifts to the kernels, i.e. δB(ij)
3 and δB(i)

2 ,

appear in all resulting diagrams. To demonstrate this we note that every diagram that

results from the energy integrations is of the same form as one of the unintegrated diagrams,
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except with some propagators on shell and some kernels replaced by their shifts. No new

topologies arise. Now we consider one topology, and insert every possible choice for the shift

in each of the kernels. Each of the diagrams that results can be uniquely traced back to an

allowed original unintegrated diagram. Thus every energy-integrated diagram that should

appear does appear.

B.3 Derivation of symmetrization identities

In this appendix we derive the identities (4.100)-(4.102). We lean heavily on the derivation

of the analogous identities for identical particles given in Appendix D of BS1, although we

have made some improvements to the argument.

The first identity replaces the Ĝ elements of F̂G with factors of F̂−→S plus integral operators.

We demonstrate this result by considering a representative example,

X1({p})p1`′m′G̃
(12)
p1`′m′;k2`m

(−1)`Z2({k})k2`m −X1({p})p1`′m′F̃
(1)
p1`′m′;k1`m

Z2({k})k1`m

= X1({p})p1`′m′

[−̂→
I G,12

]
p1`′m′;k2`m

Z2({k})k2`m , (B.20)

where there is an implicit sum over repeated indices (including over ` which appears thrice in

one term). Here we are using the notation of Sec. 4.8.1, and stress in particular the difference

between Z2({k})k2`m and Z2({k})k1`m. Both involve the same underlying infinite-volume on-

shell quantity Z2, but the former is expressed in the coordinates in which the spectator has

flavor 2 (with momentum k2), and the spherical harmonics are defined relative to the flavor

3 particle, while the latter quantity is expressed in coordinates in which the flavor 1 particle

is the spectator (with momentum k1), and the harmonics are defined relative to the particle

of flavor 2. The precise definition of the decompositions into spherical harmonics is given in

Eq. (4.23).

Using the definitions of G̃(ij) and F̃ (i), Eqs. (C.10) and (C.9), the left-hand side of
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Eq. (B.20) can be written as

∑
p1`′m′

∑
k2

X1({p})p1`′m′
H(1)(p1)
2ωp1L

3
Y`′m′(k∗(p1)

2 )
q∗`

′
2,p1

H(2)(k2)
b2

12 −m2
3

1
2ωk2L

3

×

∑
`m

Y`m(p∗(k2)
1 )

q∗`2,k2

(−1)`Z2({k})k2`m −
Y`m(k∗(p1)

2 )
q∗`2,p1

Z2({k})p1`m

+integral term from F̃ (1) .

(B.21)

Here we have made several emendations to F̃ (1): usedH(2)(k2) as the UV regulator, converted

to the relativistic form of the denominator, labeled the dummy variable in the sum as k2,

and used the Kronecker delta to set k1 = p1. We have also made the sums explicit. The

key observation is that, if p1 and k2 are chosen such that b12 = P − pon
1 − kon

2 is on shell,

i.e. b2
12 = m2

3, then the term in curly braces vanishes. This is because both contributions to

this term become equal to Z2({p1,k2,k3}), where k3 = P−p1−k2. This in turn is because,

at the on-shell point, we have

|p∗(k2)
1 | = q∗2,k2 and |k∗(p1)

2 | = q∗2,p1 , (B.22)

so that the ratios involving harmonic polynomials reduce to spherical harmonics, e.g.

Y`m(k∗(p1)
2 )

q∗`2,p1

−→
√

4πY`m(k̂∗(p1)
2 ) . (B.23)

The sums over ` and m can then be done. The only remaining subtlety is in the first term

in curly braces, where the (−1)` is needed to convert the spherical harmonics from being

defined with respect to flavor 1 to being defined relative to flavor 3, so as to match the

convention used in Z2({k})k2`m.

Since the term in curly braces vanishes on shell, it cancels the pole at b2
13 = m2, so that

the sum over k2 can be replaced by an integral, up to exponentially suppressed contributions.

If we introduce a PV pole prescription, then this integral can be split into two terms, one

for each of the terms in curly braces. The second of these simply cancels the integral term
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from F̃ (1), leaving an integral over the first term in curly braces, i.e. the term that originated

from G̃(12). For this remaining term the sum over p1 can also be converted into an integral,

due to the PV pole prescription used for the integral over k2. Thus the left-hand side of

Eq. (B.20) becomes
∫

p1

∑
`′m′

PV
∫

k2

∑
`m

X1({p})p1`′m′
Y`′m′(k∗(p1)

2 )
q∗`

′
2,p1

H(1)(k1)H(2)(k2)
b2

12 −m2
3

Y`m(p∗(k2)
1 )

q∗`2,k2

(−1)`Z2({k})k2`m ,

(B.24)

which defines the integral operator on the right-hand side of Eq. (B.20). Here we are using

the Lorentz-invariant measure for the momentum integrals, defined in Eq. (4.80).

We now introduce a compact notation for the result Eq. (B.20),

[X1]1[Ĝ]12[Z2]2 − [X1]1[F̂ ]11[Z2]1 = [X1]1[−̂→I G]12[Z2]2 . (B.25)

By essentially the same argument, we can extend this result to all nonvanishing elements of

Ĝ, obtaining

[Xi]i[Ĝ]ij[Zj]j − [Xi]i[F̂ ]ii[Zj]i = [Xi]i[
−̂→
I G]ij[Zj]j , i 6= j (no sum) . (B.26)

This fills out the off-diagonal matrix of integral operators −̂→I G, and completes the derivation

of the first symmetrization identity.

Using the same arguments, but with the roles of X and Z interchanged, we obtain

[Xi]i[Ĝ]ij[Zj]j − [Xi]j[F̂ ]jj[Zj]j = [Xi]i[
←̂−
I G]ij[Zj]j , i 6= j (no sum) , (B.27)

where in the new integral operator the order of integrals is interchanged compared to that in

Eq. (B.24). This result leads immediately to the second symmetrization identity, Eq. (4.101).

We now turn to the third identity, Eq. (4.102). In our new notation this is equivalent to

∆ ≡ 3
∑
i,j

[Xi]i[F̂G]ij[Zj]j −
∑
i

[X1 +X2 +X3]i[F̂ ]ii[Z1 + Z2 + Z3]i = 3
∑
i,j

[Xi]i[ÎFG]ij[Zj]j .

(B.28)

To demonstrate this (and define the integral operator ÎFG) we break the left-hand side into



320

four parts

∆ = ∆1 + ∆2 + ∆3 + ∆4 , (B.29)

∆1 =
∑
i 6=j

(
[Xi]i[F̂G]ij[Zj]j − [Xi]i[F̂ ]ii[Zj]i

)
, (B.30)

∆2 =
∑
i 6=j

(
[Xi]i[F̂G]ij[Zj]j − [Xi]j[F̂ ]jj[Zj]j

)
, (B.31)

∆3 =
∑
i 6=j

(
[Xj]j[F̂ ]jj[Zj]j − [Xj]i[F̂ ]ii[Zj]i

)
, (B.32)

∆4 =
∑
i 6=j

(
[Xi]i[F̂G]ij[Zj]j − [Xi]k[F̂ ]kk[Zj]k

)
, (B.33)

where in the final equation k is the third flavor index, i.e. k 6= i and k 6= j. The first two

parts can be evaluated using Eqs. (B.26) and (B.27), respectively. For the remaining two,

we need additional work.

∆3 involves the difference between choosing two different spectator flavors for an F cut.

To evaluate this difference we focus on the case where i = 1 and j = 2, and also replace Xj

and Zj with X and Z, respectively, since the flavor of these quantities plays no role in the

argument. Thus we consider

∆(21)
3 = [X]2[F̂ ]22[Z]2 − [X]1[F̂ ]11[Z]1 . (B.34)

Considering first the sum parts of the F̃ (i)s, we have

∆(21)
3Σ = 1

L6

∑
k2`′m′

H(2)(k2)
∑

k3`m

Xk2`′m′
Y`′m′(k∗(k2)

3 )
q∗`

′
2,k2

H(1)(k1)D123
Y`m(k∗(k2)

3 )
q∗`2,k2

Zk2`m

− 1
L6

∑
k1`′m′

H(1)(k1)
∑

k2`m

Xk1`′m′
Y`′m′(k∗(k1)

2 )
q∗`

′
2,k1

H(2)(k2)D123
Y`m(k∗(k1)

2 )
q∗`2,k1

Zk1`m , (B.35)

where we have chosen the nonrelativistic form for the denominator (which is the same for

both terms), i.e.

D123 ≡
1

8ωk1ωk2ωk3(E − ωk1 − ωk2 − ωk3) , (B.36)
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and regulated the UV in the k3 sum in the first term with H(1)(k1), where k1 = P−k2−k3,

and in the k2 sum in the second term with H(2)(k2). If we now change the summation

variable in the second term from k1 to k3, we obtain

∆(21)
3Σ = 1

L6

∑
k2k3

H(1)(k1)H(2)(k2)D123

{ ∑
`′m′`m

[
Xk2`′m′

Y`′m′(k∗(k2)
3 )

q∗`
′

2,k2

Y`m(k∗(k2)
3 )

q∗`2,k2

Zk2`m

−Xk1`′m′
Y`′m′(k∗(k1)

2 )
q∗`

′
2,k1

Y`m(k∗(k1)
2 )

q∗`2,k1

Zk1`m

]}
, (B.37)

where the order of summations is immaterial. Again the term in curly braces vanishes on

shell, although here this requires summing over both sets of spherical harmonic indices. Thus

we can replace the double momentum sum by a double integral. Combining this with the

integral parts from the F̃ (i)s in ∆(12)
3 the result can be brought into the form

∆(21)
3 =

[∫
k2

PV
∫

k3
−
∫

k3
PV
∫

k2

] ∑
`′m′`m

Xk2`′m′
Y`′m′(k∗(k2)

3 )
q∗`

′
2,k2

H(1)(k1)H(2)(k2)
2ωk1(E − ωk1 − ωk2 − ωk3)

Y`m(k∗(k2)
3 )

q∗`2,k2

Zk2`m .

(B.38)

By a similar argument, one can show that ∆(23)
3 is given by the same expression. This shows

that the integral operator can be written such that it only depends on the flavor 2. Thus we

use the following notation for the final result

∆(21)
3 = ∆(23)

3 ≡ [X]2[ÎF ]22[Z]2 , (B.39)

where ÎF is a diagonal matrix of integral operators.

Finally we consider ∆4, where we only sketch the argument. The sum part of F̃ (k) cancels

with the summand of [F̂G]ij at the on-shell point, so that, for this combination, the sums

can be replaced by integrals. The pole prescription can be chosen so that the integral over

the F̃ (k) summand cancels the integral part of this quantity, leaving an integral over the G̃

term. The end result is that

∆4 =
∑
i 6=j

[Xi]i[ÎG]ij[Zj]j , (B.40)
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where the integral operator is given, for example, by

[X1]1[ÎG]12[Z2]2 =
∫

k1
PV
∫

k2

∑
`′m′`m

Xk1`′m′
Y`′m′(k∗(k1)

2 )
q∗`

′
2,k1

H(1)(k1)H(2)(k2)
2ωk3(E − ωk1 − ωk2 − ωk3)

Y`m(k∗(k2)
1 )

q∗`2,k2

(−1)`Zk2`m .

(B.41)

We define the diagonal elements of ÎG to vanish.

Combining these results we obtain

∆ = X
(−̂→
I G + ←̂−I G + 2ÎF + ÎG

)
Z ≡ X3ÎFGZ , (B.42)

which completes the demonstration of Eq. (B.28).

B.4 Derivation of Eqs. (4.105) and (4.106)

In this appendix we show that the two forms of M̂′
df,3,L, Eqs. (4.79) and (4.105), are equiv-

alent. We find it easiest to start from the latter relation and work back to the former.

We will need the following results for D̂23,L,

iD̂23,L = 1
1− iK̂2,LiF̂G

iK̂2,L , (B.43)

= (1 + iD̂23,LiF̂G)iK̂2,L , (B.44)

= iK̂2,L + iK̂2,L(1 + iF̂GiD̂23,L)iF̂GiK̂2,L , (B.45)

which follow from Eqs. (4.55) and (4.50).

We first note that, using Eq. (B.44),[
1 + iD̂23,Li(F̂G −

−̂→
I G)

]
=
[
1 + iD̂23,LiF̂G

]
L̂G , (B.46)

L̂G ≡
[
1− iK̂2,Li

−̂→
I G

]
, (B.47)
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and, similarly, [
1 + i(F̂G −

←̂−
I G)iD̂23,L)

]
= R̂G

[
1 + iF̂GiD̂23,L

]
, (B.48)

R̂G ≡
[
1− i←̂−I GiK̂2,L

]
. (B.49)

Given these results, Eq. (4.105) can be rewritten

M̂′
df,3,L =

[
1 + iD̂23,LiF̂G

]
L̂GT̂LR̂G

[
1 + iF̂GiD̂23,L

]
. (B.50)

Comparing to Eq. (4.79), this implies that what we need to show is that

L̂GiT̂LR̂G = iK̂′df,3
1

1− [1 + iF̂GiD̂23,L]iF̂GiK̂′df,3
. (B.51)

To proceed, we rewrite the definition of T̂L, Eq. (4.106), as

[iT̂L]−1 = [iK̂′′df,3]−1 − i(F̂G − ÎFG)− i(F̂G −
←̂−
I G)iD̂23,Li(F̂G −

−̂→
I G) (B.52)

= [iK̂′′df,3]−1 + iÎFG − i
←̂−
I GiK̂2,Li

−̂→
I G − R̂G(1 + iF̂GiD̂23,L)iF̂GL̂G , (B.53)

= [iẐ]−1 − R̂G(1 + iF̂GiD̂23,L)iF̂GL̂G , (B.54)

where to obtain the second line we have used Eqs. (B.44) and (B.45), and to obtain the third

line we have used Eq. (4.103). Thus

L̂GiT̂LR̂G = L̂GiẐ
1

1− R̂G(1 + iF̂GiD̂23,L)iF̂GL̂GiẐ
R̂G (B.55)

= L̂GiẐR̂G
1

1− (1 + iF̂GiD̂23,L)iF̂GL̂GiẐR̂G

, (B.56)

which gives the desired result (B.51) since we can rewrite Eq. (4.104) as L̂GẐR̂G = K̂′df,3.
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Figure B.1: An example of the first step in the analysis for a contribution to [M̂′ off
3,L ]11

containing only B2 kernels. Colors and labels indicate flavors as in earlier figures. Solid lines
indicate fully dressed propagators, prior to integration over energy, except for the external
lines, where a solid propagator indicates only that it is has an off-shell momentum. Dashed
lines indicate on-shell propagators, which come with a factor of 1/(2ω) when internal (due
to the energy integration picking up the particle pole), or are amputated when external.
Double solid line propagators indicate that only the off-shell contributions from the energy
integral are kept, as described in the text. These cannot lead to a three-particle on-shell
cut. In the first step, the energy of the flavor 3 (upper, orange) spectator propagator is
integrated, leading to the off- and on-shell terms as shown. The former can be absorbed
into a shift in the appropriate element of the three-particle Bethe-Salpeter kernel, as shown
by the first term on the second line, and is not manipulated further. In the second step,
the flavor 1 (lower, black) propagator is integrated over its energy, again leading to on- and
off-shell contributions for both diagrams. In the final step, the two B(3)

2 kernels connected
by an off-shell (double-line) propagator (which can now be integrated) are absorbed into a
shift in that kernel. This leads to the three diagrams shown on the bottom line, in which
all independent internal propagators are on shell. The remaining propagators (which in this
case are the middle, green, flavor 2 lines) have four-momenta that are determined by the
momenta flowing through the other lines and in general are off shell.
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Figure B.2: Example of the first step in the analysis for a diagram that contributes to
[M̂′ off

3,L ]31 and contains two B3 kernels. Notation as in Fig. B.1. Only the final result is
shown. See text for further discussion.
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Figure B.3: Example of the first step in the analysis for a diagram that contributes to
[M̂′ off

3,L ]21 and contains both B3 and B2 kernels. Notation as in Fig. B.1. Only the final result
is shown. See text for further discussion.
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Appendix C

APPENDIX TO CHAPTER 5

C.1 Summary of notation and definitions

We collect here the definitions of quantities used in the main text, and explain the notation

that is used. These results are drawn from Refs. [28, 29] and [43], and we use the notation of

the latter work (referred to as BS1 in the main text). We present a bare-bones description

here—see these references for further details.

Configurations of three on-shell particles are described by denoting one of the particles

as the spectator and the other two as the interacting pair, or “dimer” for short. These

designations are intrinsically asymmetric, and this is used when defining the asymmetric

kernels such as R(u,u) and K′(u,u)
df,3 , where any initial two-particle interaction is always chosen

to involve the dimer, although subsequently all three particles interact. For symmetric

quantities such as Kdf,3, the choice of which momentum is denoted the spectator is irrelevant.

In more detail, for a given total 4-momentum P µ = (E,P), the momentum dependence of

quantities is specified by giving the momentum of the spectator, call it k, and then boosting

to the center-of-mass frame (CMF) of the dimer and decomposing the momentum dependence

of one particle in the dimer into spherical harmonics. Thus the variables are {k, `,m}. A

similar set of variables is used for both initial and final momenta, so that, for example, the

on-shell scattering amplitude can be written M3(k,p)`m;`′m′ . In infinite volume, k and p

are continuous variables.

In the quantization conditions, the spectator momenta are constrained by the boundary

conditions, here chosen to be periodic in the box size L. Then k = 2π
L

n, with n ∈ Z3. Thus

all of the variables become discrete, and we denote the full set by {k`m}, with k a shorthand
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for the discrete choices of k. All quantities in the quantization condition are then matrices

in which each of the indices runs over the set {k`m}. For quantities that are initially defined

in infinite volume, the restriction to the finite-volume matrix versions is exemplified by

R(u,u)
k`m;p`′m′ = R(u,u)(k,p)`m;`′m′ , {k,p} ∈ 2π

L
Z3 . (C.1)

Two-particle quantities that enter the quantization condition naturally come with asso-

ciated factors of 2ωkL3, where ωk =
√

k2 +m2, with m the particle mass. These quantities

are overlined, to distinguish them from the infinite-volume two-particle amplitude that they

contain, and given a subscript “L” to emphasize their volume dependence. For example,
[
K2,L

]
k`m;p`′m′

=
[
(2ωL3)K2

]
k`m;p`′m′

, (C.2)

[K2]k`m;p`′m′ = δkpδ``′δmm′K(`)
2 (q∗2,k) , (C.3)[

2ωL3
]
k`m;p`′m′

= δkpδ``′δmm′2ωkL3 , (C.4)

where K(`)
2 is the `th partial wave of the infinite-volume two-particle K matrix, which depends

on the dimer CMF relative momentum,

q∗2,k =
√
E∗22,k/4−m2 , E∗22,k = (E − ωk)2 − (P− k)2 . (C.5)

Following Refs. [28, 36], we define K2 using a generalized principal value (PV) pole prescrip-

tion, such that its relation to the physical two-particle scattering amplitudeM2 is
[
K(`)

2 (q∗2,k)
]−1

=
[
M(`)

2 (q∗2,k)
]−1
− ρ̃(`)

PV(q∗22,k) , (C.6)

where

ρ̃
(`)
PV(q∗22,k) = H(k)

[
ρ̃(q∗22,k) + 1

32π2 I
(`)
PV(q∗22,k)

]
, (C.7)
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with the phase space factor given by

ρ̃(q∗22,k) = 1
16πE∗2,k

 −i|q
∗
2,k| q∗22,k > 0

|q∗2,k| q∗22,k ≤ 0
. (C.8)

I
(`)
PV is an arbitrary real, smooth function, which is used to move poles in K2 out of the

kinematic range of interest. H(k) is a smooth cutoff function, which cuts off the sum over k

for |k| ∼ m. Examples are given in Refs. [28, 34].

The kinematic functions F̃ and G̃ are

F̃k`m;p`′m′ = δkp
H(k)
2ωkL3

[
1
L3

UV∑
a
−PV

∫ UVd3a

(2π)3

]
Y`m(a∗k)
q∗`2,k

1
2!2ωa(b2

ka −m2)
Y`′m′(a∗k)
q∗`

′
2,k

, (C.9)

G̃k`m;p`′m′ = 1
2ωkL3

Y`m(p∗k)
q∗`2,k

H(k)H(p)
b2
pk −m2

Y`′m′(k∗p)
q∗`

′
2,p

1
2ωpL3 . (C.10)

Here bµka ≡ P µ − kµ − aµ is a four vector, with kµ = (ωk,k) and aµ = (ωa, a), and bkp is

defined analogously. The sum over a in F̃ runs over the finite-volume set. Momenta with an

asterisk, e.g. a∗k and p∗k, are boosted from the original frame (with total momentum P) into

the CMF of the dimer. There is some flexibility in the choice of boost, with two examples

being given in Refs. [28] and BS1. The former leads to a relativistically covariant G̃, in the

sense that the vectors p∗k and k∗p are unchanged (up to global rotations) when the initial

frame is given an arbitrary boost. We refer to this form of G̃ as the “relativistic form” in

the main text. The harmonic polynomials are defined by

Y`m(a) =
√

4πY`m(â)|a|` , (C.11)

with the spherical harmonics chosen to be in the real basis. The factors of |p∗k|`/q∗`2,k in G̃

are called “barrier factors” in the main text, and are needed to assure the smoothness of G̃

when |p∗k| → 0. The superscript UV on the sum and integral in F̃ indicate an ultraviolet

regularization, the nature of which affects F̃ only at the level of exponentially suppressed

terms. Finally, the integral in F̃ is defined by the generalized pole prescription mentioned
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above [36].

With these definitions, the finite-volume two-particle scattering amplitude (defined in

Ref. [29]) is given by
[
M2,L

]−1
=
[
K2,L

]−1
+ F̃ , (C.12)

which in the appropriate L→∞ limit goes over to Eq. (C.6).

C.2 Infinite-volume limits

In this appendix we provide further details of the infinite-volume limit needed to obtain

Eq. (5.12) from Eq. (5.10), and discuss the properties of the inverses that appear in Secs. 5.3.4

and 5.4.

To obtain Eq. (5.12) we need to show that

lim
L→∞

XL(F̃ + G̃)ZL = lim
L→∞

XL
1

(2ωL3)(2ωL3)(F̃ + G̃)(2ωL3) 1
(2ωL3)ZL (C.13)

= X∞(ρ̃PV +G∞)Z∞ , (C.14)

with XL, ZL ∈ {K′(u,u)
df,3 ,K2,L} being finite-volume matrices, and X∞, Z∞ their corresponding

infinite volume limits, given in Eqs. (5.15) and (5.16). The factors of 1/(2ωL3) convert the

sums over intermediate momenta into the Lorentz-invariant integrals that are implicit in the

infinite-volume form, Eq. (C.14). The remainder of the result can be obtained using

lim
L→∞

2ωkL3F̃k`m;p`′m′2ωpL3 = ρ̃PV(k,p)`m;`′m′ (C.15)

lim
L→∞

2ωkL3G̃k`m;p`′m′2ωpL3 = G∞(k,p)`m;`′m′ . (C.16)

The first line follows from the results in Appendix B of BS1, while the second follows from

the definitions of G̃, Eq. (C.10), and G∞, Eq. (F.23).

We now turn to the definition of inverses of infinite-volume quantities, beginning with
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K−1
2 . Given our integration measure, this should satisfy

∑
`′′m′′

∫
r
K −1

2 (k, r)`m;`′′m′′K2(r,p)`′m′′;`′m′ = δ(k− p)δ``′δmm′ , (C.17)

from which it follows that

K−1
2 (k,p)`m;`′m′ ≡ δ(k− p)δ``′δmm′

[
K(`)

2 (q∗2,k)
]−1

. (C.18)

A drawback of our notation is that, although the infinite-volume limit of K2,L, given in

Eq. (5.16), looks natural, the same is not true of the inverse

lim
L→∞

(2ωL3)
[
K2,L

]−1
(2ωL3) = K−1

2 . (C.19)

The extra factors of (2ωL3) are, however, needed so that the limit of matrix products is as

expected. For example, we have

lim
L→∞

[
K′(u,u)

df,3 K
−1
2,LK

′(u,u)
df,3

]
k`m;p`′m′

=
[
K′(u,u)

df,3 K
−1
2 K

′(u,u)
df,3

]
(k,p)`m;`′m′ , (C.20)

with the matrix multiplications converted to Lorentz-invariant integrals by the induced fac-

tors of (2ωL3)−1. The only places where these extra factors are not absorbed are on the ends

of expressions, such as in Eq. (5.41).

The inverses of K′(u,u)
df,3 and R(u,u) appearing in Sec. 5.4 are defined as in Eq. (C.17), e.g.

∑
`′′m′′

∫
r
[R(u,u)]−1(k, r)`m;`′′m′′R(u,u)(r,p)`′m′′;`′m′ = δ(k− p)δ``′δmm′ , (C.21)

The relation of these inverses to the inverses of their finite-volume versions display similar

peculiarities to that seen in Eq. (C.19), but these relations are not needed in the arguments

of the main text.
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Appendix D

APPENDIX TO CHAPTER 6

D.1 Definitions

Here we collect definitions of quantities appearing in F3, Eq. (6.28), that are not given in

the main text.

We begin with the cutoff function:

H(k) = J(z) , z =
E∗22,k − (1 + αH)m2

(3− αH)m2 , (D.1)

J(z) =



0, z ≤ 0

exp
(
−1
z

exp
[
− 1

1−z

])
, 0 < z < 1

1, 1 ≤ z

(D.2)

with αH ∈ [−1, 3) a constant. We choose αH = −1, corresponding to the highest cutoff, in

all our numerical investigations.

For G̃ we use the relativistic form suggested in Ref. [34],

G̃p`′m′;k`m ≡
1
L3

1
2ωp

H(p)H(k)
b2 −m2

4πY`′m′(k∗)Y`m(p ∗)
q∗`

′
2,p q

∗`
2,k

1
2ωk

, (D.3)

where b = P − p− k is the momentum of the exchanged particle, p ∗ is the result of boosting

p to the CM frame of the dimer for which k is the spectator momentum, and vice versa.

Explicitly, we have

p ∗ = (γk − 1)(p̂ · k̂)k̂ + ωpγkβkk̂ + p, βk = |k |
E − ωk

, γk = (1− β2
k)−1/2 , (D.4)
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with k∗ given by p↔ k. Finally, Y`m(k) are harmonic polynomials,

Y`m(k) ≡ k`Y`m(k̂) , (D.5)

where Y`m are the real spherical harmonics. The elements of G̃ are clearly straightforward

to evaluate numerically.

For completeness, we quote the real d-wave harmonic polynomials
√

4πY2−2(k) =
√

15k1k2 ,
√

4πY2−1(k) =
√

15k2k3 ,
√

4πY20(k) =
√

5(2k2
3 − k2

1 − k2
2)/2 ,

√
4πY21(k) =

√
15k1k3 ,

√
4πY22(k) =

√
15(k2

1 − k2
2)/2 .

(D.6)

The associated Wigner D-matrices are

D`′m′,`m(R) =
∫
dΩr̂Y`′m′(Rr̂)Y`m(r̂) = δ``′D(`)

m′m(R) , (D.7)

where R is a rotation matrix. They are orthogonal matrices, and implement rotations of the

spherical harmonics:

Y`m(Rr̂) =
∑̀

m′=−`
D(`)
mm′(R)Y`m′(r̂) . (D.8)

Finally, F̃ (k) is a sum-integral difference that is proportional to the zeta functions that

appear in the two-particle quantization condition [24, 25]. It requires ultraviolet (UV) reg-

ularization, and can be written in various forms that are equivalent up to exponentially-

suppressed corrections. The form that follows from that presented in Ref. [28] is

F̃ (k)`′m′;`m =
[

1
L3

∑
a
−PV

∫ d3a

(2π)3

]
1

(q∗2,k)`
′+`

H(a)H(b)4πY`′m′(a ∗)Y`m(a ∗)
16ωkωaωb(E − ωk − ωa − ωb)

, (D.9)

where b = P − k − a here, and a∗ is the result of boosting a to the dimer rest frame, with k

the spectator. Here the UV regularization is provided by the product of H functions, and the
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integral over the pole is defined by the principle value prescription (leading to a real result).

Instead, we use a different form that is simpler to evaluate numerically. Following the steps

similar to those used in Ref. [27], we change variables and introduce a new regularization,

finding that, up to exponentially-suppressed corrections, F̃ can be rewritten as

F̃ (k)`′m′;`m = 1
32π2Lωk(E−ωk)

[∑
na
−PV

∫
d3na

]
eα(x2−r2)

x2 − r2
4πY`′m′(r)Y`m(r)

x`′+`
, (D.10)

where a = na(2π/L), x = q∗2,kL/(2π), and

r(nk,na) = na + nk
[

na · nk
n2
k

(
1
γk
− 1

)
+ 1

2γk

]
, (D.11)

with k = nk(2π/L). The UV regularization is now provided by the exponential in the

integrand, and is parametrized by α > 0. What is shown in Ref. [27] is that the α dependence

is exponentially suppressed in L, and that, in practice, one should choose a value that is small

enough that the dependence on α lies below the accuracy required. We find that α ≈ 0.5 is

usually small enough.

An important technical point is that, as seen from Eq. (C.9), in the full matrix form

F̃p`′m′;k`m, F̃ (k) is always multiplied by H(k), from which it follows that γk is always finite

and real whenever F̃p`′m′;k`m is nonvanishing.

We close this appendix by commenting on the factors of q∗ (which we use generically for

q∗2,k or q∗2,p) in the denominators of G̃ and F̃ . These lead to poles for particular kinematic

configurations, which in turn can lead to solutions to the quantization condition. These

solutions appear to be similar to free solutions discussed in Sec. 6.4.4, but are in fact spurious.

To understand this we need an argument given in Appendix A of Ref. [28], which shows that

the factors of q∗ in the denominators are always canceled by corresponding factors in the

numerators of K2, Kdf,3, and the end cap factors A† and A in the finite-volume correlation

function CL(E) [see Eq. (6.63)]. The presence of the necessary factors of q∗ in K2 can be

seen from Eq. (6.32), while those in Kdf,3 arise from the quadratic dependence on a ∗ and
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a′∗ described in Sec. 6.3.1. Indeed, one can derive a version of the quantization condition in

which all such factors are absent. To do so, we define the matrix

Qp`′m′;k`m = δpkδ`′`δm′mq
∗`
2,k . (D.12)

Then, from the arguments of Ref. [28] we know that we can write the end caps as A = QÃ

and A† = Ã†Q, with Ã and Ã† nonsingular. Thus an alternative, improved form of the

quantization condition is

det[(QF3Q)−1 +Q−1Kdf,3Q
−1] = 0 . (D.13)

Now we observe that, by simple algebraic manipulations, we can rewrite this form of the

quantization condition in terms of QF̃Q, QG̃Q, Q−1K2Q
−1 and Q−1Kdf,3Q

−1, in all of which

the factors of q∗ cancel. Since the difference between the two quantization conditions is a

factor of det(Q2), it follows that the solutions to the new form, Eq. (D.13), are the same as

those to Eq. (6.1), except that spurious solutions to the latter, arising from the factors of

q∗, are removed. In conclusion, we can use the original form of the quantization condition,

Eq. (6.1), as long as we ignore the spurious solutions.

D.2 Numerical evaluation of F̃

In this appendix we describe some technical details concerning the evaluation of F̃ (k).

D.2.1 Evaluating the integrals

An advantage of the form Eq. (D.10) is that the integrals can be evaluated analytically.

Dropping overall factors, the integral that is needed is

IF`′m′;`m = PV
∫
d3na

eα(x2−r2)

x2 − r2 4πY`′m′(r)Y`m(r) . (D.14)



335

Changing variables to r, we find

IF`′m′;`m = γPV
∫
d3r

eα(x2−r2)

x2 − r2 4πY`′m′(r)Y`m(r) = δ`′`δm′mI
F
` , (D.15)

IF` = 4πγPV
∫
r2dr

eα(x2−r2)

x2 − r2 r
2` . (D.16)

The remaining integral can be evaluated analytically for all `. The explicit result for ` = 0

was worked out in Ref. [39], and we have extended this to the ` = 2 case. For convenience,

we quote both results

IF0 = 4πγ
[
−
√
π

α

1
2e

αx2 + πx

2 Erfi
(√

αx2
)]

(D.17)

IF2 = 4πγ
[
−
√
π

α5
3 + 2αx2 + 4α2x4

8 eαx
2 + πx5

2 Erfi
(√

αx2
)]

. (D.18)

D.2.2 Cutting off the sum

The sum in Eq. (D.10) is convergent, but in practice we must introduce a cutoff in order to

evaluate it numerically. We use a spherical cutoff, |na| < nmax, and in this section explain

how we choose nmax.

The basic idea is to split the sum S as

S = S< + S> , (D.19)

where S< is the contribution from below the cutoff, and S> the remainder. Assuming that

the pole in the summand lies well below the cutoff, then S> can be well-approximated by a

remainder integral, R>. We evaluate this integral, and then choose nmax such that R> lies

below our desired accuracy. The resulting nmax depends on E, L and the orbit of k.

Dropping overall factors, and changing the overall sign, the sum of interest from Eq. (D.10)

is

S = H(k)
∑
na

eα(x2−r2)

r2 − x2 r
`′+`4πY`′m′(r̂)Y`m(r̂) . (D.20)
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Here we have included the cutoff function H(k) that enters in the expression for F̃p`′m′;k`m,

Eq. (C.9). Although this is an overall factor, it will play an important role in the determi-

nation of nmax.

The integral R> that results when replacing the sum over na with an integral is more

easily evaluated by changing variables to r. The relation between na and r, Eq. (D.11), can

be rewritten as

γkr‖ = na,‖ −
nk
2 , r⊥ = na,⊥ , (D.21)

with ‖ and ⊥ defined relative to k. The cutoff is chosen such that nmax � nk, implying

that the nk/2 term in the expression for r‖ is subleading. Dropping this term, we find that

a spherical cutoff on na corresponds to an ellipsoidal cutoff on r. This makes the integral

difficult to evaluate, so we replace this with a spherical cutoff, |r| < Λ, choosing Λ = nmax/γk.

We call the resulting integral RΛ. The resulting spherical region is a superset of the original

ellipsiodal region, so that we overestimate the remainder, RΛ > R>, since the integrand is

positive.

To evaluate RΛ we make two further approximations. First, we drop the x2 term in the

denominator, which is subleading since r2 � x2 within the region of integration. Second, we

make the replacement 4πY`′m′(r̂)Y`m(r̂)→ 1, which leads to an overestimate of the integral.

Then we find

RΛ ≈ Rλ ≡ γkH(k)4π
∫ ∞

Λ
dr eα(x2−r2)r`

′+` (D.22)

=



γkH(k)eαx22π
√

π
α
Erfc [

√
αΛ] , `′ = ` = 0

γkH(k)eαx2 π
α
{2Λe−αΛ2 +

√
π
α
Erfc [

√
αΛ]}, `′ + ` = 2

γkH(k)eαx2 π
α2{(3Λ + 2αΛ3)e−αΛ2 + 3

2

√
π
α
Erfc [

√
αΛ]}, `′ + ` = 4.

(D.23)

The overall factor of γk is the Jacobian from changing the integration variable from na to

r. We choose the Λ by specifying a tolerance ε (we use ε = 10−9) and numerically solving
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RΛ = ε.1 Given Λ, we then obtain the cutoff for the sum using nmax = γkΛ.

We can now explain why we include the factor of H(k) in S. As |k| approaches the value

where H(k) vanishes, γk diverges. This leads to an increase in nmax, both from the factor of

γk in RΛ, and because nmax/Λ = γk. However, this increase is more than compensated by

the very rapid drop in H(k) near the end point, so that nmax is always finite.

D.2.3 Using cubic symmetries

Symmetries can be exploited to optimize the computation of F̃ . It follows from Eq. (C.9)

that F̃ (Rk) can be obtained from F̃ (k) via an orthogonal transformation for any cubic-group

transformation R ∈ Oh,

F̃ (Rk) = D(R)F̃ (k)D(R)T . (D.24)

Here D(R) is the Wigner D-matrix defined in Eq. (D.7). Thus once one has computed F̃ (k)

for some finite-volume momentum k, one can use Eq. (D.24) to obtain F̃ (k′) for all k′ in the

same momentum shell. Furthermore, for each initial F̃ (k) that one computes directly, any

symmetries of k can be used to simplify the construction of F̃ (k). In particular, if R is in

the little group of k (so that Rk = k), then Eq. (D.24) says that F̃ (k) is invariant under

the transformation. This often leads to linear relationships between several matrix elements

F̃`′m′,`m(k), in which case one need only compute the linearly-independent elements in order

to construct the full matrix.

D.3 Further details of the projection onto cubic group irreps

We collect here some results that we have found useful in the computation of the projection

matrices and the determination of their properties.

1In practice we use the `′ = ` = 0 result for RΛ in all cases, which is a further approximation, but one
that we find makes a small numerical impact.
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D.3.1 Computing PI efficiently

The projector PI is defined in Eq. (6.41). As explained in the main text, it is block diagonal

in momentum shells and in angular momentum, with blocks PI,o(`). Here we explain how to

simplify the computation of PI,o(`) by reducing the sum in Eq. (6.41), which runs over all

48 elements of Oh, to a sum over the elements of the little group of an element of the shell

under consideration.

Let k′ and k′′ be two elements of the orbit. Then, from Eqs. (6.41) and (6.42), we have
[
PI,o(`)

]
k′′k′

= dI
[Oh]

∑
R∈Oh

χI(R)δk′
Rk

′′D(`)(R) , (D.25)

where δk′
Rk

′′ is unity if Rk′ = k′′ and zero otherwise. Thus the sum is restricted to those

elements of Oh that rotate k′ into k′′. A convenient representation of these elements makes

use of an (arbitrarily chosen) canonical element of the orbit, denoted k. Let RLk be an

element of the little group Lk of k. Then all the elements of Oh that rotate k′ to k′′ can be

written as Rk′′kRLkRkk′ , where Rkk′ is any choice of transformation from k′ to k, and Rk′′k

is any choice of transformation from k to k′′. Thus the number of elements contributing to

the sum in Eq. (D.25) is [Lk], the dimension of Lk. This allows us to rewrite the projector

as
[
PI,o(`)

]
k′′k′

= dI
[Oh]

∑
R∈Lk

χI(Rk′′kRRkk′)D(`)(Rk′′kRRkk′) (D.26)

= dI
No

D(`)(Rk′′k)
 1

[Lk]
∑
R∈Lk

χI(Rk′′kRRkk′)D(`)(R)
D(`)(Rkk′) , (D.27)

where No = [Oh]/[Lk] is the number of elements in the orbit.

Once we have constructed the block projectors, we combine them into PI using Eq. (6.43).

In practice, we want to reduce our original matrices (M = F̃ etc.) down to the part that lives

in the projected subspace, which has dimension d(PI). To do so, we evaluate the eigenvalues

and eigenvectors of PI . Since PI is a projector, its eigenvalues λi are either zero or unity.
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We keep only the eigenvectors with unit eigenvalues, for these span the projection subspace.

We orthonormalize the eigenvectors, and label them {vi}d(PI)
i=1 . The reduced matrix is then

given by

M red
ij = vTr

i ·M · vj (i, j ∈ 1− d(PI)) . (D.28)

D.3.2 Dimensions of irrep projection subspaces

As explained in the main text, in order to determine the number of eigenvalues of M that

fall into a given irrep we need to compute the dimensions of the sub-block projectors,

d(PI,o(`)) = Tr PI,o(`) . (D.29)

Using the result for the projector, Eq. (D.27), we find

d(PI,o(`)) =
∑
k′∈o

Tr
[
PI,o(`)

]
k′k′

, (D.30)

= dI
[Lk]

∑
R∈Lk

χI(R) Tr D(`)(R) , (D.31)

where the trace is only over the angular momentum indices, m, and to obtain the second line

we have used the cyclicity of the trace, the fact that Rk′k = R−1
kk′ , and the standard group-

theoretic result χ(R′RR′−1) = χ(R). The resulting dimensions are collected in Table 6.1.

D.4 a2 dependence of M3,thr

In Sec. 6.2, we show that to determine the a2 dependence of the three-particle threshold

energy, we need to calculate the corresponding dependence of M3,thr. The calculation is

described in this appendix.

We begin by recalling from Ref. [68] thatM3,thr is defined by doing the minimal subtrac-
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tions necessary to have a finite quantity at threshold,

M3,thr = lim
δ→0

[
M3(0, â′ ∗ ; 0, â∗)

− I0,δ(0, â′ ∗ ; 0, â∗)−
∫
δ

d3k1

(2π)3 Ξ1(k1)−
∫
δ

d3k1

(2π)3
d3k2

(2π)3 Ξ2(k1,k2)
]
.

(D.32)

HereM3 is the three-particle scattering amplitude, expressed in terms of the same variables

used for Kdf,3 in Eq. (6.20). The infrared (IR) divergence ofM3 at threshold is regularized

using the δ-scheme of Ref. [68], and three subtractions are needed in order to obtain a finite

result. The explicit expressions for I0, Ξ1 and Ξ2 are given in Sec. D of Ref. [68], but will

not be needed. All we need to know here is that the subtractions depend on a0, but not on

a2. Thus dependence on a2 can only enter throughM3 itself.

To determine this dependence it is useful to recall the definition of the divergence-free

scattering amplitude from Ref. [29],

Mdf,3(p, â′ ∗ ; k, â∗) =M3(p, â′ ∗ ; k, â∗)−D(p, â′ ∗ ; k, â∗) . (D.33)

Here D is a quantity that depends only on the two-particle scattering amplitudeM2, whose

expression will be given below. It is chosen so as to subtract IR divergences from M3 not

only at threshold, but also above. Reordering Eq. (D.33) as M3 = Mdf,3 + D, we note

that, in general, both contributions to M3 depend on a2. However, we also know from

Ref. [29] thatMdf,3 vanishes when Kdf,3 = 0. So, in this limit, which is the case we consider

numerically,M3 = D. This allows us to calculate the a2 dependence ofM3. We know that

this dependence is finite at threshold because no a2-dependent subtraction was needed in

Eq. (D.32).

Before calculating the a2 dependence ofM3, it is instructive to relate the two subtracted

versions ofM3,

M3,thr =Mdf,3(0, â′ ∗ ; 0, â∗)
∣∣∣∣
E=3m

+ IR finite terms . (D.34)

Since, as already noted,Mdf,3 vanishes when Kdf,3 = 0, we see that it is the IR finite terms
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that must contain the contribution toM3,thr from higher partial waves.

What we have learned so far is that, for Kdf,3 = 0, the a2 dependence ofM3,thr is given

by that of D evaluated at threshold. Here we are interested in determining the leading

dependence, which, as discussed in the main text, is proportional to a5
2. This is given by

M3,thr ⊃ a5
2
dDthr

d(a5
2)

∣∣∣∣∣∣
a2=0

. (D.35)

Here Dthr is D(p, â′∗; k, â∗) evaluated at E = 3m and p = k = 0, so that there is no

dependence on â∗ and â′∗. In fact, D itself diverges in this limit, but the derivative in

Eq. (D.35) does not.

To proceed, we need the explicit expression for D, given in Ref. [29]. It is obtained by

symmetrizing over initial and final momenta the quantity D(u,u), which is given by

D(u,u)(p,k) = −M2(p)G∞(p,k)M2(p)+
∫
s

1
2ωs
M2(p)G∞(p, s)M2(s)G∞(s,k)M2(k)+. . . .

(D.36)

Here
∫
s ≡

∫
d3s/(2π)3, and the â∗ and â′∗ dependence has been decomposed into partial

waves, so that all quantities are implicitly matrices in angular momentum space. The

spectator-momentum dependence is, however, kept explicit. M2(p) is the two-particle scat-

tering amplitude for the dimer when the spectator-momentum is p. As for K2 [see Eq. (6.30)],

it is diagonal in angular momentum

M2(p)`′m′;`m = δ`′`δm′mM(`)
2 . (D.37)

It contains all (even) partial waves, including, in particular, the d-wave amplitude. Finally,

G∞ is given by

G∞`′m′;`m(p,k) ≡ H(p)H(k)
b2 −m2

4πY`′m′(k∗)Y`m(p ∗)
q∗`

′
2,p q

∗`
2,k

, (D.38)

where the kinematic quantities are the same as those appearing in Eq. (D.3). Equation (D.38)

is the relativistically-invariant version of the definition given in Eq. (81) of Ref. [29].
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At threshold, only the s-wave part of D(u,u) is nonzero, and symmetrization simply leads

to an overall factor of 9:

dDthr

d(a5
2)

∣∣∣∣∣∣
a2=0

= 9
dD(u,u)

00;00(0,0)
d(a5

2)

∣∣∣∣∣∣
a2=0

. (D.39)

Looking at Eq. (D.36), we see that the s-wave projection implies that the factors ofM2 on

both ends are pure s-wave, so the first appearance of d-wave scattering occurs in the second

term. This gives the leading a2-dependent part of D(u,u):

D(u,u)
00;00(0,0) ⊃ Id =

∫
s

2∑
m=−2

1
2ωs
M(0)

2 (0)G∞00;2m(0, s )M(2)
2 (s )G∞2m;00(s,0)M(0)

2 (0) . (D.40)

At leading order in perturbation theory in a0 and a2, M(`)
2 = K(`)

2 , with K(`)
2 given by the

leading terms in Eqs. (6.31) and (6.32). Inserting these results, we find that Id is IR and UV

convergent, so we do not need to actually take the derivative in Eq. (D.39). By numerical

evaluation we find

M3,thr ⊃ 9Id = −14109.6
m2 × (ma0)2(ma2)5[1 +O(a0) +O(a5

2)] . (D.41)

This gives the leading term in the result (6.54) quoted in the main text. The corrections in

(D.41) arise from the subleading terms in the expressions for K(`)
2 .

We close with two further observations. First, a similar calculation with M(2)
2 in Id

replaced by any (even) higher-order amplitude leads to a nonzero contribution to M3,thr.

Thus all higher partial waves contribute to ∆E3 at O(L−6). Second, higher-order terms in

D(u,u) will also contribute toM3,thr, although suppressed by powers of a`. For example, the

first term not shown in Eq. (D.36), which has four factors ofM2, leads to contributions to

∆E3 proportional to a3
0a

5
2/L

6 and a2
0a

10
2 /L

6. These are of the same order as the corrections

in Eq. (D.41).
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D.5 Free solutions at the first excited energy

In this appendix we analyze free solutions to the quantization condition in the A+
1 irrep at

the energy of the first excited noninteracting state, Efree
1 = m + 2ω1 (with ω1 =

√
m2 + k2

L

and kL = 2π/L). Our aim is to understand when F−1
3 has zeros at this energy, and to

determine their properties. We work with box lengths 4 . mL . 6 such that there are three

active shells, although the final result generalizes straightforwardly to any number of shells.

D.5.1 A+
1 irrep with s and d waves

We first consider the case in which both ` = 0 and ` = 2 channels are included. The matrices

that enter into the quantization condition are then six dimensional: the first three indices

as in Eq. (6.67), and the remaining three from the third shell (one with ` = 0, and two with

` = 2; see Table 6.1). The free poles enter only in the first two shells, and are proportional

to

p = 3
8L3mω2

1 (E − Efree
1 ) . (D.42)

It will be useful to introduce the vectors

〈v1| = (1, 0, 0, 0, 0, 0) , 〈v2| =
0,

√
1
6 ,
√

5
6 , 0, 0, 0

 , (D.43)

in terms of which the pole parts are given by [using Eqs. (D.9) and (D.3)]

F̃ = p (|v1〉〈v1|+ 2|v2〉〈v2|) +O(1) , (D.44)

G̃ = 2p (|v1〉〈v2|+ |v2〉〈v1|+ |v2〉〈v2|) +O(1) . (D.45)

As in the example discussed in Sec. 6.4.4, all we need to know about the O(1) contributions

are that they are real and symmetric. The relative factor of
√

5 between the two terms in
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〈v2| arises from Y20(ẑ) =
√

5Y00(ẑ). Combining the results for F̃ and G̃ we find

H = 5p|w1〉〈w1|+O(1) , |w1〉 =
√

1
5 (|v1〉+ 2|v2〉) . (D.46)

Thus, while the pole parts of F̃ and G̃ are both of rank 2, that of H is of rank 1, due to a

partial cancelation.

In the following, we determine the pole structure of F3, aiming to find a basis in which

this structure is simple. We begin by changing to a more convenient basis, namely |w1〉

combined with

|w2〉 =
√

1
5 (2|v1〉 − |v2〉) , (D.47)

and any choice of four other vectors filling out the orthonormal set. We use a 1 + 1 + 4 block

notation, in which

H = p


5 0 0

0 0 0

0 0 0

+O(1) and F̃ = p


9/5 −2/5 0

−2/5 6/5 0

0 0 0

+O(1) . (D.48)

The inverse of H has the form

H−1 =


1/(5p) +O(1/p2) α12/p+O(1/p2) α13/p+O(1/p2)

α12/p+O(1/p2) α22 + β22/p+O(1/p2) α23 +O(1/p)

αTr
13/p+O(1/p2) αTr

23 +O(1/p) ↔
α33 +O(1/p)

 , (D.49)

where the quantities α12, α22, β22 etc. are given in terms of the O(1) parts of H in a way

that is not pertinent. At this stage we can see that F̃H−1F̃ will contain a double pole

proportional to α22 that will have the form of an outer product, as well as a complicated

single-pole term. Performing the algebra we find

L3F3 = p2 4α22

25


−1 3 0

3 −9 0

0 0 0

+ p


a b −z

b −9a− 6b 3z

−zTr 3zTr 0

+O(1) , (D.50)
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where a, b and z are given in terms of the αij and β22.

Thus we have learned that F3 contains a free double pole that can be written

− p2 8α22

5L3 |x1〉〈x1| , 〈x1| =
√

1
10 (−1, 3, 0) =

√
1
2 (〈v1| − 〈v2|) . (D.51)

The form of |x1〉 is determined entirely by the pole structure of F̃ and H, although the

overall coefficient is determined by the O(1) parts. Qualitatively we can say that although

F contains two independent poles in this irrep, the H−1 factor cancels one of them, leading

to a left-over double pole.

We conclude by discussing the impact of the single pole contribution to F3. First we note

that the coefficient of p can be written as

− (8a+ 6b)|x1〉〈x1| −
1√

10N2
(|x1〉〈x2|+ |x2〉〈x1|) (D.52)

where the new normalized basis vector is

〈x2| = N2 (9a+ 3b, 3a+ b,−10z) . (D.53)

Thus in the basis consisting of |x1〉, |x2〉 and four other orthonormal vectors, F3 has the

1 + 1 + 4 block form

F3 =


fp2 + gp hp 0

hp 0 0

0 0 0

+O(1) , (D.54)

where f , g and h are known constants. This matrix can be diagonalized using a final, fourth

basis. All we need to know here is that, close to the pole, when |p| � 1, the shift in the

eigenvalues due to the off-diagonal hp term is ±(hp)2/(fp2 + gp) ∼ O(1). Thus in the final

basis we have

F3 = diag
[
fp2 + gp+O(1),O(1),O(1),O(1),O(1),O(1)

]
, (D.55)
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and thus

F−1
3 = diag

[
1/(fp2) +O(1/p3),O(1),O(1),O(1),O(1),O(1)

]
. (D.56)

Note that the size of the change to this final basis is proportional to 1/p, and thus vanishes

at the zero of F−1
3 , so that the double zero lies in the subspace spanned by |x1〉.

In summary, we find that the single pole in F3 is hidden beneath the double pole, such

that in the inverse there is simply a double zero. As L is increased, there are more active

shells, but the only change to the result of this section is that the number of vanishing

components of |x1〉 increases [see Eq. (D.51)]. The nonvanishing components are unchanged.

D.5.2 A+
1 irrep with only s waves

We have repeated the previous analysis for the case of only ` = 0 contributions and three

active shells.2 The matrices are now three dimensional, with one entry per shell. We do not

present the details, except to note that we follow the same steps as in the previous subsection,

and find very similar conclusions aside from some changes in factors. In particular, F−1
3 still

has a double zero, but this now lives in the space spanned by the vector

〈x′1| =
(√

6
7 ,−

√
1
7 , 0

)
, (D.57)

where entries are ordered as in Eq. (6.71).

D.6 Properties of the isotropic approximation

This appendix recalls the definition of the isotropic approximation, describes its relation to

the work of this paper, and explains why the free solutions discussed in Sec. 6.4.4 are absent

in this approximation.

The isotropic approximation was introduced in Ref. [28] and used in the numerical in-

2This builds upon, and corrects, the analysis given in Appendix C of Ref. [28].
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vestigation of Ref. [39]. It involves three components: (1) Only ` = 0 dimer channels are

included in F̃ , G̃, K2 and Kdf,3; (2) The resulting Kdf,3 is taken to be independent of the

spectator momentum, although dependence on the total energy E is allowed; (3) F3 is pro-

jected onto the isotropic vector |1K〉, which has a unit entry for every available choice of

spectator momentum. Note that the third step automatically picks out solutions in the A+
1

irrep.

The isotropic approximation is thus a subset of an approach we use several times in this

paper, namely restricting dimers to ` = 0, keeping only the isotropic part of Kdf,3 in the

expansion about threshold, and projecting onto the A+
1 irrep. We refer to this as the “low-

energy A+
1 approximation”. The major difference is the absence of the third step—we do

not project onto |1K〉. A minor difference is that, for Kdf,3 to be purely isotropic, we must

work only at linear order in the threshold expansion. Thus we can have at most a linear

dependence of Kdf,3 on E2, as opposed to the arbitrary dependence allowed in the isotropic

approximation.

To explain the relationship between the two approximations, we begin in the low-energy

A+
1 approximation. All matrices, including F3, are labeled by an index denoting the shell

of the spectator momentum, as shown in Eq. (6.71). All matrices have the same finite

dimension given by the number of shells lying below our cutoff. Since Kdf,3 is isotropic, the

quantization condition is3

det
(
[F3]−1 + |1K〉Kiso〈1K |

)
= 0 , (D.58)

where the square braces indicate the A+
1 , ` = 0 matrix, and

〈1K | =
(
1,
√

6,
√

12, . . .
)

(D.59)

in this basis. The entries here are the square roots of the sizes of the shells. We can rewrite

3Note that [F3]−1 = [F−1
3 ] because of the cubic symmetry of the components of F3.
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the determinant in the quantization condition as

det
(
[F3]−1

)
det

(
1 + [F3]|1K〉Kiso〈1K |

)
= 1 + 〈1K |[F3]|1K〉Kiso

det[F3] , (D.60)

where we have used det(1 + M) = exp tr ln(1 + M), expanded in M , used the cyclicity of

the trace, and resummed. The isotropic approximation consists of keeping only the solutions

arising from the numerator on the right-hand side of Eq. (D.60), i.e. those satisfying

F iso
3 ≡ 〈1K |[F3]|1K〉 = −1/Kiso . (D.61)

It follows from Eq. (D.60) that any solution in the isotropic approximation is also a solution

in the low-energy A+
1 approximation, barring an accidental, and unexpected, juxtaposition

with a zero of det([F3]).4 Thus, aside from this caveat, which appears to be irrelevant in

practice, all solutions to the low-energy A+
1 approximation that require a nonzero Kiso are

also obtained in the isotropic approximation.

What are lost in the isotropic approximation are solutions to the quantization condition

(D.58) that arise when an eigenvector of F3 diverges (so that det([F3]) → ∞) while F iso
3

remains finite. This requires that the corresponding eigenvector of F3 is orthogonal to |1K〉.

In our experience, this only happens for solutions that occur at free energies (which, we recall,

means one of the energies of three noninteracting particles in the given volume), although

we do not know of a fundamental reason why this should be so. Furthermore, it was found

numerically in Ref. [39] that there are no free solutions in the isotropic approximation. Taken

together, these observations suggest that the isotropic approximation picks out all the non-

free solutions to the quantization condition obtained in the low-energy A+
1 approximation.

In the remainder of this appendix we explain analytically the result found numerically in

Ref. [39], namely that there are no free solutions in the isotropic approximation. As discussed

in Sec. 6.4.4, such solutions occur first at E = Efree
1 , and there yield a double pole in det(F3)

4This holds also when Kiso → 0, for then a solution to Eq. (F.8) implies that [F3] has a diverging
eigenvalue, and thus that det([F−1

3 ])→ 0.
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lying in the space spanned by |x′1〉, Eq. (6.72). This pole is, however, absent in the isotropic

approximation because 〈1K |x′1〉 = 0, so the pole is removed from F iso
3 .

Our aim is to generalize this argument to any excited free energy. We will do so for

P = 0, and for an excited state in which the three momenta, labeled k, p and b = −k− a,

lie in different shells, e.g. k = kL(0, 0, 1), p = kL(1, 1, 0) and b = kL(−1,−1,−1), with

kL = 2π/L. We denote the degeneracies of these shells by N1, N2, and N3, respectively (6,

12 and 8 in our example). For each choice of k from shell 1, we define N12 as the number

of choices of p from shell 2 that can lead to a free solution, and define N13 analogously. By

cubic symmetry N12 and N13 do not depend on the choice of k from shell 1. Clearly we have

N12 = N13, since each solution contains both a p and b. We define N23 = N21 and N31 = N32

analogously. The total degeneracy of free-particle solutions is then

Nsol = N1N12 = N2N23 = N3N31 . (D.62)

As above, we denote the ` = 0, A+
1 parts of F̃ and G̃ by [F̃ ] and [G̃], which are indexed

by the shell number. The poles in these matrices occur only when both indices lie in one of

the three shells discussed above, and thus we can focus on this three-dimensional subspace.

The matrices in this subspace have the form

[F̃ ] = p


N12 0 0

0 N23 0

0 0 N31

+O(1) and [G̃] = p


0

√
N12N23

√
N12N31

√
N23N12 0

√
N23N31

√
N31N12

√
N31N23 0

+O(1) ,

(D.63)

where

p = 1
8L3ωkωpωb(E − ωk − ωp − ωb)

. (D.64)

The coefficients in [F̃ ] count the number of choices of a in Eq. (D.9) that lead to the pole.

For example, for the (1, 1) element, there are N12 + N13 = 2N12 choices, which combines
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with the overall factor of 1/2 in F̃ to give the quoted result N12. To understand the form of

[G̃] consider the (1, 2) element of the pole part. This arises from each of the Nsol solutions,

multiplied by the normalization factors for the A+
1 projections, 1/

√
N1N2. Then we use

Nsol√
N1N2

=
√
N1N12N2N23

N1N2
=
√
N12N23 (D.65)

to obtain the quoted result.

Combining, we find that the pole part of H lives in a one-dimensional subspace,

[H] = [F̃ ] + [G̃] + [1/(2ωK2)] = |W1〉λp〈W1|+O(1) , (D.66)

〈W1| =
√N12

λ
,

√
N23

λ
,

√
N31

λ

 , λ = N12+N23+N31 . (D.67)

Here we are assuming that K2 does not have a zero at E = Efree
1 . It follows from Eq. (D.66)

that [H]−1 has the form (see, e.g., Eq. (C14) of Ref. [28]):

[H]−1 = |W1〉
1 +O(1/p)

λp
〈W1|+O(1/p)

∑
i 6=1

(|W1〉〈Wi|+ |Wi〉〈W1|) +
∑
i,j 6=1
|Wi〉O(1)〈Wj| .

(D.68)

Here |W2〉 and |W3〉 are any choice for the other two members of an orthonormal basis of

which |W1〉 is a member. Note that only the coefficient of the first term is known; for all

other terms only the power of p is known.

We can now calculate the pole part of F iso
3 , which requires projection with 〈1K |. Within

our subspace

〈1K | −→
(√

N1,
√
N2,

√
N3

)
, (D.69)
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from which it follows that

〈1K |[F̃ ] = p
√
λNsol〈W1|+O(1) , (D.70)

〈1K |[F̃ ]|1K〉 = 3pNsol +O(1) , (D.71)

〈1K |[F̃ ][H]−1[F̃ ]|1K〉 = pNsol +O(1) , (D.72)

and thus that

F iso
3 = 1

L3 〈1K |
(

[F̃ ]
3 − [F̃ ][H]−1[F̃ ]

)
|1K〉 = O(1) . (D.73)

As claimed, all poles have canceled from F iso
3 .

It is straightforward to generalize this result to the case that two or more shells are the

same, and also to moving frames, i.e. P 6= 0, although we do not present the details here.

D.7 Failure of Eq. (6.84) for quadratic and cubic terms in the threshold ex-
pansion

As noted in the main text, we find numerically that the following results hold,

[Kdf,3
(2)(Efree

1 )]|x1〉 = [Kdf,3
(3)(Efree

1 )]|x1〉 = 0 , (D.74)

where the superscript on Kdf,3 indicates the order in the threshold expansion of Kdf,3. The

vector |x1〉 is given in Eq. (6.74), and the square brackets indicate the A+
1 projection of Kdf,3

expressed in the k`m basis. Our aim here is to give an analytic explanation for these results.

We can rewrite Eq. (D.74), using the symmetry of Kdf,3 and the form of |x1〉, as

[Kdf,3
(2,3)]1i =

√
1
6 [Kdf,3

(2,3)]2i +
√

5
6 [Kdf,3

(2,3)]3i at E = Efree
1 , ∀i . (D.75)

The ordering of the indices is given in Eq. (6.73). We recall that the
√

6 here arises because

the first shell has 6 elements, while the
√

5 arises because Y20(ẑ) =
√

5Y00. The superscript

on Kdf,3 indicates that the equation should hold for both the quadratic and cubic terms in

the threshold expansion.
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We wish to demonstrate Eq. (D.75) for any choice of i. To do so we first change notation,

recalling from Sec. 6.2.4 that the k, `,m indices can be replaced by dependence on k, â∗.

Here we are also replacing the spectator-momentum index k with k, both in order to be

more explicit, and because Kdf,3 is an infinite-volume quantity that is defined for all k. At

first, we make this change only for the initial-state indices, leading to the hybrid notation

Kdf,3(E; p, `′,m′; k, â∗).5 In terms of this new quantity, we claim that Eq. (D.75) holds for

any choice of the index i if

Kdf,3
(2,3)(Efree

1 ; 0, 0, 0; k, â∗) + cKdf,3
(2,3)(Efree

1 ; 0, 2, 0; k, â∗) =

Kdf,3
(2,3)(Efree

1 ; kLẑ, 0, 0; k, â∗) +
√

5Kdf,3
(2,3)(Efree

1 ; kLẑ, 2, 0; k, â∗) , (D.76)

is valid for all k and â∗, and for one choice of c. To understand this, first note that (D.76)

applies for an arbitrary initial state, and this subsumes all possible values of the finite-volume

index i. As for the final state, to obtain Eq. (D.75) we need to project onto the A+
1 irrep.

Doing so, the second term on the left-hand side of Eq. (D.76) vanishes, as can be seen from

the absence of an ` = 2 entry in the A+
1 row of the (000) shell column in Table 6.1. This is

why it is sufficient if Eq. (D.76) holds for one value of c. The A+
1 projections of the remaining

three terms in Eq. (D.76) leads to the three terms in Eq. (D.75). The averaging over the first

shell leads to the factors of
√

6 in the latter result. Note that to perform this averaging one

must also use the rotation invariance of Kdf,3. It is also important that m′ = 0 in the last

term in Eq. (D.76), since this is the component that lives in the A+
1 irrep when the spectator

momentum lies in the ẑ direction.

In the following, we demonstrate that Eq. (D.76) holds if c =
√

5. There are three inputs

needed for this demonstration. The first is the observation that the same configuration of

final-state particles can contribute to both sides of Eq. (D.76). To explain this we need

5We are abusing notation by using the same name, Kdf,3, for the function expressed in terms of different
variables, but the number of indices uniquely determines which choice of basis we are using.
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to write both initial and final states in the form used prior to their decomposition into

harmonics, so that we have Kdf,3(E; p, â′∗; k, â∗). Then one can show, using permutation

symmetry alone, that

Kdf,3(Efree
1 ; 0, ẑ; k, â∗) = Kdf,3(Efree

1 ; kLẑ, ẑ; k, â∗) . (D.77)

This result holds for any term in the threshold expansion of Kdf,3 (or, indeed, for the entire

quantity), and thus we do not include a superscript. To understand Eq. (D.77), note that

the three particles in the final state have momenta 0, kLẑ and −kLẑ. Calling 0 the spectator

momentum yields the left-hand side of Eq. (D.77), while calling kLẑ the spectator yields the

right-hand side. Since both choices describe the same momentum configuration, they must

be equivalent due to the permutation symmetry of Kdf,3.

The second input is that Kdf,3
(2,3) is either independent of, or quadratic in, â′∗. This is

explained in Sec. 6.2.4, and is in one-to-one correspondence with the fact that only s- and

d-waves contribute.

The final key input concerns angular averaging of a quadratic form:

(n̂in̂jVij)
∣∣∣
`=0

+
√

5 (n̂in̂jVij)
∣∣∣
`=2,m=0

= 1
3Vii + 1

3 (2V33 − V11 − V22) = V33 , (D.78)

where Vij is an arbitrary tensor. In other words, the combination appearing on the left-hand

side can be evaluated by setting n̂ = ẑ. The same is trivially true for a quantity that is

independent of n̂.

Combining the second and third key inputs, we deduce that

Kdf,3
(2,3)(E; p, 0, 0; k, â∗) +

√
5Kdf,3

(2,3)(E; p, 2, 0; k, â∗) = Kdf,3
(2,3)(E; p, â′∗= ẑ; k, â∗)

(D.79)

holds for any choice of E and p. Applying this to both sides of Eq. (D.76), with E = Efree
1 ,

and p = 0 for the left-hand side and p = k1ẑ for the right-hand side, we find that Eq. (D.76)

with c =
√

5 is equivalent to the first key identity Eq. (D.77). This establishes the desired
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result.

This derivation will fail for terms of quartic and higher order in Kdf,3, since the combi-

nation of `′ = 0 and 2 parts that appears in Eq. (D.79) will no longer allow the replacement

of â′∗ with ẑ, implying that Eq. (D.77) cannot be used. For example, considering one of the

terms that arises in quartic terms, we find

(â′∗ · n̂)4
∣∣∣
`′=0

+
√

5(â′∗ · n̂)4
∣∣∣
`′=2,m′=0

6= n̂4
z . (D.80)

We have checked this numerically by decomposing the simplest of the quartic terms and

finding that Eq. (D.74) does not hold.
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Appendix E

APPENDIX TO CHAPTER 7

E.1 IPV -dependence of Kdf,3 and the spectrum

As explained in Sec. 7.3, when we modify the PV prescription according to Eqs. (7.19) and

(7.20), the spectrum is formally unchanged for all volumes, provided we make a suitable

change to Kdf,3.1 In practice, however, this statement breaks down once we approximate the

quantization condition by truncating the sum over `. We also note that the required change

to Kdf,3 is not known a priori, and must be determined numerically. It is the purpose of this

appendix to study, within the context of a concrete example, the size of the required changes

to Kdf,3 and of the residual volume-dependence in the spectrum.

In our example we follow the numerical investigations of Sec. 7.4.1 and use the isotropic

approximation with `max = 0, so that the infinite-volume amplitudes are parameterized by

a0 and Kiso
df,3. We set ma0 = 0.1 and consider two PV schemes: the original one with IsPV = 0

and the modified one with IsPV = −1. The derivation of the quantization condition is valid

for both choices (see Sec. 7.3.1). We choose a large volume (mL = 30) at which to match

the spectrum by tuning the values of Kiso
df,3(IsPV;E), and then study the volume-dependence

of the difference between spectral lines at other volumes.

To show how this works we first consider the lowest energy level, E0(L). In Fig. E.1, we

show the energy dependence of the dimensionless quantity m2/F iso
3 just above threshold for

1As usual, this statement holds up to exponentially-suppressed corrections.
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3.000136 3.000138 3.000140 3.000142 3.000144

E/m

−4

−2

0

2

4

m2

F iso
3
· 10−5

IsPV = 0

IsPV = −1

Figure E.1: Determining the IsPV-dependence of Kdf,3 in the isotropic approximation using
the ground-state energy, E0, for ma0 = 0.1 and mL = 30. Blue and red points show m2/F iso

3
for, IsPV = 0 and −1, respectively. The vertical purple dashed line shows our chosen tuning
energy, while the horizontal dashed curves show the resulting values of −Kiso

df,3.
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the two choices of IsPV. The quantization condition in the isotropic approximation is

m2Kiso
df,3(IsPV;E) = − m2

F iso
3 (IsPV;E,L) , (E.1)

where we have made the scheme parameter explicit. As discussed in Sec. 7.3, we know that

the solution to the quantization condition is independent of IsPV if Kdf,3 = 0. This is seen

in the figure by the fact that the two m2/F iso
3 curves cross when they both vanish. We are

interested here, however, in cases where Kdf,3 6= 0, and so choose an energy away from the

crossing (E0 = 3.00014m, shown by the vertical line in the plot) and determine the values of

Kiso
df,3 so as to attain this energy. We find

m2Kiso
df,3(IsPV = 0;E0) = 24.828 · 104 ,

m2Kiso
df,3(IsPV = −1;E0) = 6.1365 · 104 .

(E.2)

We now determine the ground-state energies for other choices of L, keeping Kiso
df,3 fixed

at the values given in Eq. (E.2). We then evaluate the difference

δE0(L) ≡ E0(IsPV = 0;L)− E0(IsPV = −1;L) , (E.3)

which is a measure of the residual IsPV dependence of the spectrum due to approximating

the quantization condition. The result is shown in Fig. E.2. It oscillates about zero with an

amplitude that decays rapidly with increasing L.

We can understand why the residual IsPV dependence is so small for the ground state by

using the threshold expansion developed in Ref. [76]. Close to threshold, the approximation

of Kdf,3 by an energy-dependent constant is valid up to corrections of O(∆), where

∆ ≡ E2 − 9m2

9m2 . (E.4)

Numerically, this is of O(0.1%) for the energies we are considering (choosing mL ≈ 10).

Furthermore, what matters for δE0 is the difference between the contributions of the linear

terms for the two choices of IsPV, and the end result is the tiny effect shown in Fig. E.2.
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10 20 30 40

mL

10−6

10−5

10−4

10−3

10−2

|δE0|
∆E0

δE0 > 0

δE0 < 0

fit ∝ L−6

Figure E.2: IPV-dependence of the ground-state energy E0(L), with δE0 defined in Eq. (E.3).
We plot the ratio to ∆E0 = E0 − 3m in order to give a sense of the relative size of the shift.
The vertical line at mL = 30 indicates the point at which matching is performed, so that
δE0 vanishes.
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m2
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3
· 10−5

IsPV = 0
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Figure E.3: As for Fig. E.1 but for the first excited state. The dashed magenta lines corre-
spond to the values of E1(IPV = 0;mL = 30) and E1(IPV = −1;mL = 30) obtained from
the constant approximations m2Kiso

df,3(IPV = 0) = 2.4828 · 105 and m2Kiso
df,3(IPV = −1) =

6.1365 · 104. The discrepancy between the two magenta lines is due to our neglect of the
higher-order terms in the threshold expansion of Kdf,3.
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We next extend our example to include the first excited state E1(L). If we continue to

assume energy-independent values of Kiso
df,3, then the first excited levels at mL = 30 disagree

by

δE1(mL = 30) ≡ E1(IsPV = 0;mL = 30)− E1(IsPV = −1;mL = 30) ≈ 10−6m, (E.5)

as shown in Fig. E.3. Thus, even at the same value of L, the spectrum is dependent on IsPV.

We interpret this as being due to our omission of the O(∆) terms in the threshold expansion,

which are significantly larger for the first excited state than for the ground state. As shown

in Ref. [76], these still lead to an isotropic Kdf,3, but now with linear energy dependence,

Kdf,3(IsPV;E) ≈ Kiso,0
df,3 (IsPV) +Kiso,1

df,3 (IsPV)∆ . (E.6)

If we set Kiso,1
df,3 = 0 then we expect δE1(mL) ∼ ∆. In fact, we can make a more detailed

estimate of δE1 using the threshold expansion for the excited state developed in Ref. [77].

The three-particle interaction enters the expression for E1 first at O(L−6). If this is mistuned

by ∆ ∼ 1/L2 then we expect that δE1 ∝ L−8. This dependence is indeed what we find, as

shown in Fig. E.4,

If we include the linear term in Kiso
df,3, Eq. (E.6), then truncation errors are of O(∆2),

so we expect this to perform considerably better. We set Kiso,1
df,3 (IsPV) = 0, and then tune

Kiso,0
df,3 (IsPV) and Kiso,1

df,3 (IsPV) so as to set δE1(mL = 30) = 0. We find that this requires

Kiso,1
df,3 (IsPV = −1) = 4.123 · 103.2 The resulting δE1 is shown by the lower (red) points in

Fig. E.4. Here we would expect the fall off to be as L−10, since there are two extra powers of

momentum. We indeed find a fall off faster than L−8, but with some oscillations that preclude

detailed fitting. The detailed behavior and source of this dependence deserves a dedicated

study that goes beyond the scope of this work. In such a future investigation we also intend

to disentangle two possible sources for the residual IsPV dependence: (i) The isotropic nature

2In practice we have left Kiso,0
df,3 (IsPV) unchanged and only tuned Kiso,1

df,3 . This means that δE0 is slightly
mistuned, but by an amount that is small on the scale of most of the values shown in Fig. E.2.
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of Kiso
df,3 is insufficient to keep the low-energy physics constant under variation of IsPV; and

(ii) The quantization condition only holds up to neglected e−mL corrections and the exact

form of these (and their imprint on the finite-volume solutions) varies with IsPV.

20 30 40

mL

10−9

10−8

10−7

10−6

10−5

10−4

|δE1|
m

only Kiso,0
df,3

including Kiso,1
df,3

fit to L−8

Figure E.4: |δE1| as a function of mL when tuning with only a constant Kiso
df,3 (filled blue

circles) or with the linear dependence on ∆ given in Eq. (E.6) (filled red circles and crosses).
The solid (magenta) line shows a fit to the blue points assuming an L−8-dependence. The
vertical line indicates the value of mL at which the tuning is done. Thus the corresponding
red point vanishes at this value and is not shown. δE1 is positive for the red circles and
negative for the red crosses.

As a first step towards understanding (i) we note that, in general, Kdf,3 includes also

non-isotropic terms that enter at O(∆2) (see Ref. [76]). To summarize, in the main text we

explained that modifying IsPV changes an isotropic Kdf,3 into a nonisotropic one, and in this

appendix we have shown that this must be understood as an effect of O(∆2). It follows that
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the shift should be neglected if working at a leading or next-to-leading order:

Kdf,3(IsPV) = Kiso
df,3(IsPV) −→ Kdf,3(I ′sPV) = Kiso

df,3(I ′sPV) +O(∆2). (E.7)

More generally, it follows that effects of IsPV may be absorbed in a redefinition of Kdf,3

up to systematic errors at O(∆k+1), where k is the order at which we are truncating the

expansion. As stressed in the main text, the estimation of the truncation error by the residual

IsPV dependence is analogous to using scheme-dependence as an estimate of the truncation

error in perturbation theory.

E.2 NREFT prediction for the particle-dimer scattering length

In this appendix we explain how we obtain the nonrelativistic effective field theory (NREFT)

prediction shown in Fig. 7.8.

At lowest order in NREFT, the dimer-particle scattering amplitude is determined by an

integral equation, and is given in terms of the two-particle scattering length, a0, and the three-

body coupling, H0(Λ). Here Λ is a hard cutoff introduced as an ultraviolet regularization.

The integral equation is given, for example, in Eq. (6) of Ref. [159]. We are interested

specifically in the dimer-particle scattering length, b0, which is proportional to the scattering

amplitude. Thus we use the version of the integral equation given in Eq. (12) of Ref. [159],

which is written for a quantity a(k, p) that satisfies a(0, 0) = −b0. We further rewrite this

equation in terms of b(p) = −a(0, p), and make variables dimensionless using a0
3, leading to

b(p)
a0

= −K(p, 0) + 2
π

∫ Λ

0
dqK(p, q)b(q)

a0
, (E.8)

K(p, k) = 4
3

1 +
√

3p2

4 + 1
[ 1

pq
log

(
q2 + qp+ p2 + 1
q2 − qp+ p2 + 1

)
+ 2H0

Λ2

]
, (E.9)

with the desired scattering length given by b0 = b(0). Here we have used the fact that,

3In the following equations, q, m, and H0 actually denote qa0, ma0 and H0a
2
0 respectively
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at the particle-dimer threshold, and in the NR limit,

−mENR ≡ m(3m− E) = m
(

2m− 2m
√

1− 1/m2
)
≈ 1 . (E.10)

Given a choice of H0 and Λ, Eq. (E.8) can be solved by discretizing the momentum,∫
dq → ∆q

∑
, (E.11)

with ∆q = Λ/Nsteps, and solving the resulting matrix equation,

bp = −a0(1− 2
π

∆qK)−1
p,kKk,0 . (E.12)

The result for b0 converges sufficiently for Nsteps ≈ 104.

In order to complete the prediction we need to know the appropriate value of H0(Λ) to

use. This issue was addressed in Ref. [74], where the relationship between the relativistic

quantization condition used here and the NREFT version of Ref. [31] was discussed. In

particular, Eq. (94) of Ref. [74] shows that H0(Λ) vanishes if Kiso
df,3 = 0 (as is the case here)

for a choice of Λ that is of O(m) but is not precisely specified. This uncertainty in Λ is due

to the difference between the smooth cutoff needed in the relativistic quantization condition

and the hard cutoff used in the NREFT approach. The upshot is that, for one choice of

a0, we need to tune the value of Λ at which H0 vanishes so that the NREFT result for b0

matches that obtained from the relativistic quantization condition.4 Restoring factors of a0,

we do this tuning for the largest value of ma0 in Fig. 7.8, which is the most nonrelativistic

case, finding Λ = 0.75m. The results for b0 at all other values of ma0 are then predictions.

We expect the NREFT prediction to work well for ma0 � 1, and this is what we find,

as shown in Fig. 7.8. Indeed, this agreement provides an important cross check of the

quantization condition itself and of our numerical implementation. The failure of the NREFT

prediction that we observe for ma0 . 1 is also expected, and shows the importance of

including relativistic effects.

4This is equivalent to fixing Λ = m and then tuning H0.
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Appendix F

APPENDIX TO CHAPTER 8

F.1 Implementation of the QC in moving frames

Here we explain the essential features of the implementation of the RFT form of the quanti-

zation condition, Eq. (8.1). This has previously been carried out in the rest frame (P = 0),

both keeping only s-wave two-particle interactions and an isotropic Kdf,3 [39], and including

d-wave two-particle interactions and the leading nonisotropic terms in Kdf,3 [76]. The gener-

alization required here is to extend the s-wave plus isotropic Kdf,3 approximation to moving

frames.

F.1.1 s-wave approximation

The matrices in Eq. (8.1) have indices k, `,m. Here k is shorthand for a finite-volume momen-

tum, k = (2π/L)nk, which is labeled by an integer-valued vector nk. This is the momentum

of one of the three on-shell particles (denoted the spectator). The other indices `,m are the

angular momentum quantum numbers of the remaining pair (called the interacting pair) in

their center-of-mass frame. The UV cutoff described below automatically cuts off k, while

formally ` runs over all possible values. To obtain matrices of finite dimension we assume

that K2 is only nonzero in the s-wave and that Kdf,3 vanishes for ` > 0. It can then be shown

that all solutions to Eq. (8.1) that are sensitive to interactions are obtained by truncating

all matrices to have ` = m = 0. In particular, F3;p`′m′,k`m reduces to F s
3;pk, where we include

the superscript as a reminder of restriction to s waves.
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The explicit form of F s
3 is [39]

L3F s
3 ≡

F̃ s

3 − F̃
s 1
1/K̃s2 + F̃ s + G̃s

F̃ s , (F.1)

where F̃ s and G̃s are geometric matrices

[F̃ s]kp ≡
δkp
2
H(k)
2ωk

[
1
L3

∑
a
−PV

∫ d3a

(2π)3

]
H2(a,b)

2ωa2ωb(E − ωk − ωa − ωb)
, (F.2)

[G̃s]kp ≡
H(k)H(p )

L32ωk2ωp(b2 −m2) , bµ = P µ − kµ − pµ (F.3)

and K̃s2 is given in terms of the s-wave phase shift by

[1/K̃s2]kp ≡ δkp
(
1/K̃s2(k)

)
, (F.4)

K̃s2(k) ≡
32πωkE∗2,k

q∗2,k cot δs(q∗22,k) + |q∗2,k|[1−H(k)] , (F.5)

where

E∗22,k = (E − ωk)2 − (P− k)2 and q∗22,k =
E∗22,k

4 −m2 . (F.6)

Other quantities appearing in these definitions are the on-shell energies, exemplified by

ωk ≡
√

k2 +m2, the corresponding four-momenta, e.g. kµ = (ωk,k), and the total four-

momentum, P µ = (E,P). Finally, the functions H(k) and H2(a,b) are UV cutoffs. H(k)

is a smooth function, cutting off the sum over k when E∗22,k drops below zero, and equaling

unity for values of k such that the interacting pair lies above threshold. We use the explicit

form given in Refs. [28, 34, 39, 76], setting the cutoff parameter to the value αH = −1.1 For

the cutoff function H2 in F̃ s we use the “KSS form” given explicitly in Refs. [39, 76].

We observe that the only places where nonzero P enters above are into the definitions

of E∗2,k, q∗2,k, and bµ. Thus the numerical construction of the elements of the matrices is just

1The lower limit E∗22,k = 0 (corresponding to q∗22,k/m
2 = −1) is not a fundamental limit, but is related

to the specific choice of boost used for below-threshold kinematics in Refs. [28, 34, 39, 76]. It is possible
to choose a different form of boost and allow E∗22,k to become negative, and this option is currently under
investigation.
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as easy for moving frames as for rest frames. The only complication arises when we project

onto irreps, as discussed below.

Two-particle interactions enter through the K-matrix-like quantity K̃s2, which we approx-

imate by inserting the chosen parametrization of the phase shift, either Eq. (8.5) or (8.11),

into Eq. (F.5). We note that, above threshold, where H(k) = 1, 2ωkK̃s2(k) is simply the

standard two-particle K matrix.

To complete the quantization condition, we need the form of Kdf,3 in the s-wave approxi-

mation. At this stage, Kdf,3 still depends on the spectator momenta k and p. However, there

is the additional constraint that the matrix form of Kdf,3 is the restriction to finite-volume

momenta of an infinite-volume amplitude that is invariant both under Lorentz transforma-

tions and the exchange of both initial- and final-state particles. We intuitively expect that

such a symmetric amplitude that is purely s-wave for any two-particle pair cannot depend on

the spectator momentum. One way to see that this is indeed the case is to use the threshold

expansion developed in Ref. [76]. At any order in the expansion parameter ∆, one can show

that the only terms that are purely s-wave are those that are isotropic. Since nonisotropic

terms first occur at O(∆2), we work only at linear order in ∆ in order to enforce `max = 0

within the context of the threshold expansion. Thus we use

Kdf,3 = Kiso
df,3(∆) = Kiso,0

df,3 + ∆Kiso,1
df,3 . (F.7)

This implies that, in matrix form, Kdf,3 has the same entry in every element, and is thus of

rank 1.

As a result of these approximations, the QC reduces to

det
[
F s

3 (E,P, L)−1 +Kiso
df,3(∆)

]
= 0 , (F.8)

where the dimension of the matrices is given by the number of finite-volume momenta for

which H(k) 6= 0 for the given choice of E, P, and L. The numerical problem is thus to find

the eigenvalues of the matrix in Eq. (F.8) and determine the energies at which they cross
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zero for the given choice of the parameters in the s-wave phase shift and Kiso
df,3. This problem

is greatly simplified in practice by block-diagonalizing the matrix, as we now explain.

F.1.2 Block-diagonalization of the quantization condition

The energy levels of the finite-volume system fall into irreps of the relevant finite-volume

symmetry groups for various values of the total three-particle momentum P. For P = 0,

the symmetry group is the 48-dimensional cubic group Oh (no double cover is needed since

we are dealing with mesons). The procedure for decomposing the QC in this case was first

presented in Ref. [76], but the generalization to arbitrary P is new to this work and deserves

explanation. Unlike in Ref. [76] where both `max ∈ {0, 2} were considered, here we focus

only on the relevant case of `max = 0.

For general P, the finite-volume symmetry group is reduced to the little group LG(P) of

cubic group transformations R ∈ Oh that leave P invariant:

LG(P) ≡ {R ∈ Oh|RP = P}. (F.9)

We therefore seek to decompose the QC into irreps of LG(P) instead of Oh, but otherwise the

recipe used in Ref. [76] is unchanged. The list of relevant little groups is shown in Table F.1.

For fixed (E,P, L), each matrix M ∈ {K̃s2,Kdf,3, F̃
s, G̃s, F s

3 } appearing in the QC is in-

variant under a common set of real unitary (i.e. orthogonal) transformations {U(R)}R∈LG(P):

U(R)TMU(R) = M ∀R ∈ LG(P) , (F.10)

U(R)pk =


(−1)Π(R), p = Rk

0, otherwise.
(F.11)

Here Π(R) is the parity of the transformation R, which is +1 if R is a pure rotation and −1

otherwise. This factor occurs because pions are pseudoscalars and leads to a simple relabeling
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d LG(P) 2-pt. irreps 3-pt. irreps
(0, 0, 0) Oh A+

1g, E+
g A−1u, E−u

(0, 0, 1) C4v A+
1 , B+

1 A−2 , B−∗2
(1, 1, 0) C2v A+∗

1 , B+
1 A−2

(1, 1, 1) C3v A+
1 , E+ A−2 , E−

(0, 0, 2) C4v A+
1 , B+

1 none

Table F.1: Little group LG(P) for each total momentum P = (2π/L)d used in our fits, along
with all irreps containing energy levels with E∗2 . 4M or E∗ . 5M . We use the notation
of Ref. [1] for irreps. The asterisk indicates cases where the interacting energy lies slightly
above the inelastic threshold, although the free energy lies below.

of irreps compared to those of scalars. We note that the definition of U(R) in Eq. (F.11)

differs from that in Ref. [76] in three ways: it is sensitive to parity, it only includes ` = 0,

and it has momentum indices transposed for notational convenience.

The transformation matrices {U(R)}R∈LG(P) furnish a (reducible) representation of LG(P):

U(R1R2) = U(R1)U(R2) ∀R1, R2 ∈ LG(P), (F.12)

U(13) = 1k. (F.13)

This reducible representation can be decomposed into irreps I of the little group LG(P)

through the use of projection matrices PI :

PI = dI
[LG(P)]

∑
R∈LG(P)

χI(R)U(R) , (F.14)

where [LG(P)] is the dimension of the little group, dI is the dimension of I, and χI(R) is

its character. Lastly, we collect the eigenvectors of PI with nonzero (unit) eigenvalues into

PI,sub to project QC matrices M onto the lower-dimensional irrep subspace:

MI,sub = (PI,sub)T MPI,sub. (F.15)

These projections partition the eigenvalues of M into the various irreps of LG(P), so that
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we can study solutions to the QC irrep by irrep.

The isotropic nature of Kiso
df,3 implies that it contributes only to the most symmetric irreps,

modulo the presence of parity. In particular, for d = 0 it contributes only to the A−1u irrep,

while for d2 = {1, 2, 3} it contributes only to the A−2 irrep of the respective little groups

(see Table F.1). For these irreps, one can use the arguments presented in Refs. [28] and

extended in Ref. [76] to reduce the QC to a one-dimensional algebraic relation, referred to

as the isotropic approximation to the QC. This is not necessary, however, as one can instead

simply project onto these irreps as described above. In practice we have used both methods

and checked that they agree.

For all other irreps that arise in the elastic portion of the three-particle spectrum, Kiso
df,3

does not contribute. This does not mean, however, that there is no shift of the energies

from their noninteracting values, as the two-particle interactions do indeed lead to energy

shifts. This point was not appreciated in previous work, where it was claimed that there

would be no energy shifts in such irreps [76]. The presence of a shift can be understood

intuitively in the case of the E−u irrep for P = 0. Here the lowest total angular momentum

contained is J = 2. Thus the interacting pair can be in an s-wave, and thus affected by the

s-wave two-particle interaction, with the total J = 2 being obtained by having the spectator

in a d-wave relative to the pair. These irreps (of which there turn out to be three — see

Table F.6) provide an additional constraint on the two-particle amplitude.

The generalization of these considerations to include d-waves in moving frames is straight-

forward, but beyond the scope of this work.
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F.2 Non-leading effects in Kdf,3

We now provide further justification for the results

M2Kdf,3 = M2Mdf,3(1 + · · · ) (F.16)

= M4

F 4 (18 + 27∆ + · · · ) (F.17)

discussed in the main text [see Eqs. (8.9) and (F.18)], and estimate the size of the NLO

corrections indicated by the ellipses.

F.2.1 Derivation of Eq. (F.16)

We first discuss the derivation of, and corrections to, Eq. (F.16). This result provides the

second step in the two-part relation between the three-particle spectrum and the physi-

cal three-particle scattering amplitude. The equations governing this step were derived in

Ref. [29]. In the case that only s-wave two-particle channels interact, and Kdf,3 is isotropic,

Mdf,3 is also restricted to the s-wave, but is not, in general, isotropic. Specifically, it is given

by [29, 39]

Mdf,3(p, k) = S
{
L(k)L(p)

1/Kiso
df,3 + F∞3

}
, (F.18)

where S denotes symmetrization over momentum assignments. The other quantities in

Eq. (F.18) are

L(k) = 1
3−2ω(k)Ms

2(k)ρ̃(k)−
∫

s
D(u,u)(k, s)ρ̃(s) , (F.19)

ρ̃(k) = H(k)
2ω(k)ρ(k) , ρ(k) =

|q∗2,k|
16πE∗2,k

, (F.20)

where we have given only the subthreshold form of ρ. In the previous equations, all integrals

are three-dimensional ∫
s

=
∫ d3s

(2π)3 , (F.21)
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despite the fact that the integrands depend only on the magnitudes of the momenta.

Thus to determine L(k), we need D(u,u), the asymmetric form of D in Eq. (8.8) of the

main text, which is given by solving

D(u,u)(k, p) = −Ms
2(k)G∞(k, p)Ms

2(p)−
∫

s

1
2ω(s)M

s
2(k)G∞(k, s)D(u,u)(s, p) , (F.22)

where we use the relativistic form of G∞ [34]

G∞(k, p) = H(k)H(p)
(P − k − p)2 −m2 + iε

. (F.23)

Finally, F∞3 is given by

F∞3 =
∫

k
ρ̃(k)L(k) . (F.24)

The above equations depend on the physical two-particle s-wave scattering amplitude,

Ms
2, which is related to Ks2 by

1
Ms

2(k) = 1
Ks2(k) + ρ(k) , (F.25)

with Ks2 given by

1
Ks2(k) = 1

16πE∗2,k
q∗2,k cot δ(q∗2,k) . (F.26)

The phase shift is given in turn by the parametrization of Eq. 8.11.

We can now explain in detail whyMdf,3 = Kdf,3 at LO in χPT , i.e. why Eq. (F.16) is

valid. The power-counting parameter is ε ∼ M2/F 2 ∼ k2/F 2, in terms of which Ms
2 ∼ ε,

ρ̃ ∼ 1, and G∞ ∼ 1/ε, implying that that D(u,u) ∼ ε. It follows that L = 1/3 + O(ε), with

the determination of the O(ε) terms requiring the full solution to the integral equation for

D(u,u). In addition, we see that F∞3 ∼ ε0. Since we know from Eq. (8.9) thatMdf,3 ∼ ε2, it

then follows from Eq. (F.18) that also Kiso
df,3 ∼ ε2, as this is the only way to match powers of

ε on the two sides. Thus the F∞3 term in the denominator is actually of NNLO relative to

the dominant 1/Kiso
df,3 ∼ 1/ε2 contribution. In summary, at LO we can set L → 1/3 and drop
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F∞3 . Symmetrization leads to a factor of 9 that cancels the (1/3)2, leading toMdf,3 = Kiso
df,3.

To complete the discussion, we note that the restriction to the s-wave, isotropic approxi-

mation is also consistent with χPT . In particular, the d-wave amplitude and the nonisotropic

part of Kdf,3 appear first at NLO, since both require an additional factor of k2 relative to

the corresponding LO amplitudes. Thus, at LO,M2 =Ms
2 and Kdf,3 = Kiso

df,3. Therfore the

result just derived,Mdf,3 = Kiso
df,3 at LO, is equivalent toMdf,3 = Kdf,3. A further check on

this is provided by the fact that the LO result for Mdf,3 calculated explicitly in the main

text is isotropic.

F.2.2 Higher order corrections in relation betweenMdf,3 and Kdf,3

We now turn to an estimate of higher-order corrections to Eq. (F.16). This is provided by

solving the equations above and determining the quantities 3L(k)− 1, which is of NLO, and

Kiso
df,3F

∞
3 , which is of NNLO. This is not a complete calculation of higher-order corrections,

since, as already noted, d-wave amplitudes and nonisotropic contributions toKdf,3 also appear

at NLO. A further approximation is that we solve the equations only below the three-particle

threshold, so that the pole prescription in G∞ is not needed. This is sufficient to determine

the order of magnitude of the corrections. Methods for solving the equations above threshold

have not yet been developed. For convenience, we set P = 0, although this makes no

difference to the final result, which is relativistically invariant. This choice implies that, in

this subsection and the next, E and E∗ are equal, and we use the former for brevity.

Following Ref. [39], the equations are solved by discretizing the momenta as though the

system was in a periodic box of size L, leading to k = (2π/L)n with n ∈ Z3. One then has

to invert large matrix equations, which is straightforward. This also allows us to reuse much

of the setup needed for the QC itself, since the equations above are obtained by taking the

L→∞ limit of various objects that appear in the QC. We stress, however, that here we are

using the finite-volume simply as a device for solving the integral equations and that L here
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is not related to the volume in which actual lattice QCD simulations are done.

The function L(k) is given by Eq. (A14) of Ref. [39]:

L(k) = lim
L→∞

L(k;L) = lim
L→∞

1
3 −

∑
p

[
1

1/(2ωMs
2) + G̃s

ρ̃

]
kp

 , (F.27)

where the indices k and p are drawn from the finite-volume set, ω, Ms
2 and ρ̃ are simply

diagonal matrices containing entries of the corresponding infinite-volume quantities evaluated

at finite-volume momenta, and the matrix G̃s is
[
G̃s
]
kp

= 1
L3

1
2ωk

G∞(k, p) 1
2ωp

. (F.28)

F∞3 is given by the discretized form of Eq. (F.24),

F∞3 = lim
L→∞

1
L3

∑
k
ρ̃(k)L(k, L) . (F.29)

We find that the convergence in L is quite rapid, with ML & 30 enough to obtain the form

of the solution to sufficient accuracy.

In order to display results, we choose fit 1 from Table 8.1 for the phase shift that de-

termines Ms
2. The results are little changed when using other fits. In Fig. F.1, we plot

the NLO quantity 3L(k) − 1 as a function of k2/M2 for 2.9 ≤ E/M < 3.0. This quantity

necessarily vanishes at the maximum value of k, set by the value in which the cutoff function

vanishes, H(k) = 0. We observe that the correction has a maximum at about 0.25 when

(k/M)2 ≈ 0.75, but is much smaller for k near zero. Indeed, extrapolating to E = 3M , we

find 3L(0) − 1 ≈ −0.01 at threshold. The NNLO quantity Kiso
df,3F

∞
3 is shown in Fig. F.2,

using M2Kiso
df,3 = 550, the value obtained in the first global fit in Table 8.2. The small result,

at the percent level, is consistent with this being a higher-order effect.
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Figure F.1: Dependence of 3L(k) − 1 on (k/M)2 for ML = 60 and different values of the
rest-frame energy, E/M . This quantity indicates the size of the NLO corrections in the
relationship between Kdf,3 andMdf,3.

F.2.3 Estimating higher order corrections to Kdf,3

Here we estimate the corrections in Eq. (F.17) that are indicated by the ellipses. First we

consider the value of Kdf,3 at threshold, where ∆ = 0. Corrections arise both in the relation

between Kdf,3 andMdf,3, and in the χPT result forMdf,3 itself. The results just obtained

for 3L(0) − 1 and Kiso
df,3F

∞
3 at threshold imply few percent relative corrections in the Kdf,3

to Mdf,3 relation. Higher order corrections in the result for Mdf,3 are expected to be of

generic relative size M2/(4πF )2 ≈ Ma0/π ≈ 0.03. Assuming constants of ∼ 3 multiplying

these generic corrections, we estimate them conservatively to be no larger than 10%. These

generic corrections thus dominate the error estimate at threshold.

Next we consider the corrections to the linear term in ∆ in Eq. (F.17). We expect the

generic corrections to be of similar relative magnitude as at threshold, i.e. . 10%. The

corrections to the Kdf,3 toMdf,3 relation can, however, be larger. We focus on the dominant

contribution, that from L(k)L(p) in Eq. (F.18). The momentum dependence of L(k) near

threshold implies that a constant Kiso
df,3 will lead to a ∆ dependence inMdf,3, and vice versa.
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Figure F.2: Kiso
df,3F

∞
3 as a function of the energy, E/M . We setM2Kiso

df,3 = 550. This quantity
indicates the size of NNLO corrections in the relationship between Kdf,3 andMdf,3.

In particular, if we fix Kiso
df,3 to a constant, and calculate the derivative

c = 1
Kiso

df,3

dMdf,3

d∆

∣∣∣∣∣∣
Kiso

df,3,∆=0

, (F.30)

then we have, for small ∆, and ignoring the generic χPT corrections,

M2Kdf,3 = M4

F 4

[
18 + (27− 18c)∆ +O(∆2)

]
. (F.31)

In words, the constant feeds down a correction to the linear term.

To estimate c, we use the results of Fig. F.1. These are calculated for E < 3M , corre-

sponding to ∆ < 0. Recalling thatMdf,3 andKdf,3 are on-shell amplitudes, we observe that to

obtain ∆ < 0 we require k2 < 0. For example, a configuration pµ1 = (M,0), pµ2 = (0, iM, 0, 0)

and pµ3 = (0,−iM, 0, 0) has all particles on shell, E2 = M2, and thus ∆ = −8/9. Taking

each of the particles in turn as the spectator, the values of k2/M2 are 0, −1 and −1, re-

spectively (remembering that k2 ≡ k2). Averaging over the choices of spectator, we find

〈k2/M2〉 = −2/3 for ∆ = −8/9. In principle, one should do an average over all allowed

momentum configurations, but our simple example gives a rough relation between ∆ and k2,
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namely

d∆
d(k2/M2)

∣∣∣∣∣∣
k2=0

≈ 4/3 . (F.32)

The final step is to use Fig. F.1 to estimate

d 3L(k)
d(k2/M2)

∣∣∣∣∣∣
k2≈0,E≈3M

≈ 1
2 . (F.33)

This is a crude estimate, given that the slope depends on E. Nevertheless, using these

results, and the fact that there are two factors of L in Eq. (F.18), we arrive at the estimate

c ≈ 2

d 3L(k)
d(k2/M2)

∣∣∣∣∣
k2≈0,E≈3M

d∆
d(k2/M2)

∣∣∣∣∣
k2=0

≈ 0.75 . (F.34)

Inserting this into Eq. (F.31) we find that the term linear in ∆ is reduced by about 50%

by this correction. We treat this as an asymmetric error, since the sign of the effect is

unambiguous. We do not shift the central value, as the error estimate is itself uncertain.

In summary the χPT prediction for Kdf,3 becomes

M2Kiso,0
df,3 = M4

F 4 18(1± 10%) = 360± 36 ,

M2Kiso,1
df,3 = M4

F 4 27(1+10%
−51%) = 540 +54

−275 ,

(F.35)

where numerical values are obtained using Ma0 = 0.089 from fit 1.

F.3 Further details on fits

In this section we provide a more detailed explanation of our fitting procedures, and further

details of the results of the fits.
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F.3.1 General fitting procedure

We determine K2 and Kdf,3 by fitting solutions to the two- and three-particle QCs to the

energy levels provided in Ref. [1], which were computed on the CLS D200 Nf = 2 + 1

ensemble, which has pion mass M ∼ 200 MeV, lattice size 643 × 128 and inverse lattice

spacing 1/a ≈ 3.1 GeV [155, 156]. These parameters imply that ML ≈ 4.2, which is large

enough that we expect neglected exponentially-small corrections are at the percent level.

The three-particle QC, Eq. (8.1), has been discussed above. The two-particle QC for

states that couple to J = 0 can be written as

q cot δ0(q) = 2
γL
√
π
Z00(q2,d), (F.36)

where Z00 is the standard Lüscher Zeta function, P = (2π/L)d is the total two-particle

momentum, γ is the boost factor to the center-of-mass frame, and q2 = E∗22 /4 −M2. As

discussed in the main text, we consider two parametrization schemes for δ0: the standard

ERE of Eq. (8.5) and the Adler-zero form of Eq. (8.11). The parameters in the two schemes

can be related by expanding the Adler-zero form about threshold:

Ma0 = − 1
B0

2M2 − z2
2

M2
z2→M−−−−→ − 1

B0
, (F.37)

M2ra0 = −2B1

B0
+ 2M2 + z2

2
2M2 − z2

2

z2→M−−−−→ −2B1

B0
+ 3 . (F.38)

Once we choose a parametrization scheme for K2 (and Kdf,3 for three-particle energies),

we fit the parameters by minimizing the following χ2 function [109]:

χ2 =
∑
i,j

(
E∗i − (E∗i )sol

)
C−1
ij

(
E∗j − (E∗j )sol

)
, (F.39)

where {E∗i } are the center-of-mass energy levels of Ref. [1] with covariance matrix C, and

{(E∗i )sol} are the solutions to the appropriate QC(s) for a particular set of parameters. To

estimate the statistical uncertainties of our fit parameters, we use the individual bootstrap

samples provided by Ref. [1] to perform multiple fits for each scheme. We note that the
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Fit B0 B1 B2 z2
2/M

2 χ2/dof Ma0 M2ra0

6 -10.9(1.0) -2.5(2.3) — 1 (fixed) 2.89/(5-2) 0.092(8) 2.5(4)
7 -11.0(1.1) -2(5) -1(6) 1 (fixed) 2.86/(5-3) 0.091(9) 2.7(9)
8 -11(8) -3(7) — 1.0(8) 2.89/(5-3) 0.091(9) 2.6(1.9)

Table F.2: Fits of the two-particle spectrum to the Adler-zero form of q cot δ0, Eq. (8.11),
considering only levels for which q2/M2 < 1.

correlation matrix C is taken to be the same for all bootstrap samples.

F.3.2 Results of additional fits to K2

We have fit the Adler zero form (8.11) to the restricted data set of the five two-particle levels

that lie inside the formal radius of convergence of the expansion, |q2|/M2 < 1. The results

are given in Table F.2, which should be compared to Table 8.1. The main conclusion is that

the fits yield compatible parameters, providing a consistency check on the results obtained

in the main text. The errors here are larger, as expected, and, indeed, very large in fits 7

and 8, where there are insufficient data points to determine the three parameters.

We have also repeated the Adler-zero fits to all levels in the elastic region using the ERE

form, Eq. (8.5). Although this is not justified theoretically (since the radius of convergence is

|q2|/M2 . 1/2), it provides a comparison with a standard form that has been used in previous

lattice calculations of the I = 2 two-pion amplitude. The results are shown in Table F.3.

The quality of the fits is poor, and the results for M2ra0 are in strong disagreement with

the LO χPT prediction of 3. This provides additional support to the theoretical arguments

favoring the use of the Adler-zero fit form.

F.3.3 Determining the d-wave scattering length

To study two-particle d-wave interactions, we analyze the energy levels of Ref. [1] that lie in

irreps that do not couple to s-wave interactions. For each such level, Table F.4 shows the
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Fit Ma0 Mr P χ2/dof M2ra0

9 0.114(6) 2.15(29) — 29.81/(11-2) 0.25(3)
10 0.106(8) 5.1(1.3) -0.0030(14) 23.54/(11-3) 0.54(11)

Table F.3: Fits of the two-particle spectrum to the ERE form of q cot δ0, Eq. (8.5). All levels
up to (and slightly beyond) the elastic threshold at q2/M2 = 3 are used, as in fits 1-3 in
Table 8.1.

comparison of the determined energy to the corresponding free energy. All energy shifts are

small and positive, suggesting a very mildly repulsive d-wave interaction. To quantify this

interaction, we use the ERE:

q cot δ2(q) = 1
q4

[
1

(a2)5 +O(q2)
]
. (F.40)

We then extract the d-wave scattering length a2 using the d-wave form of the two-particle

QC (see, e.g., Refs. [62, 101]), yielding

(Ma2)5 = 0.0006(2) , χ2/dof = 3.3/(5− 1) = 0.83 . (F.41)

This result is nonzero with 3σ significance. It is, however, numerically small, suggesting that

we can neglect it in our fits to the three-particle levels.

irrep E∗2/M(free) E∗2/M(interacting) [1] difference
E−2 (0) 3.621(13) 3.624(13) 0.003(3)
B−1 (1) 3.885(14) 3.889(15) 0.004(4)
B−1 (2) 4.086(17) 4.091(16) 0.005(2)
E−(3) 3.246(10) 3.246(10) 0.000(2)
B−1 (4) 3.621(13) 3.628(13) 0.006(2)

Table F.4: Comparison of free and interacting spectra (the latter from Ref. [1]) for two-
particle states in irreps that do not couple to ` = 0. The number in parentheses for each of
the irreps gives d2 and thus specifies the frame.

To study this further, we examine the systematic error induced in the three-particle
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spectrum by neglecting the d-wave scattering length. For this we study the effect of a2 on

the three-particle energy levels in the rest frame, where we have previously implemented the

three-particle QC including both s- and d-wave effects [76]. Taking K2 from the first fit of

Table 8.1, and a2 from Eq. (F.41), we find the results shown in Table F.5. We see that d-wave

effects are completely negligible in the A−1 irrep, and less than a third of the statistical error

in the E− irrep. We therefore expect that, for current precision, d-wave effects can safely be

ignored.

irrep E∗/M [1] δE∗(a2)/M
A−1 (0) 4.780(17) 0.0004(2)
E−(0) 4.691(15) 0.005(2)

Table F.5: Effect of d-wave interactions on the three-particle energy levels in the rest-frame.
Here E∗ is the center-of-mass energy of the level, while δE∗(a2) = E∗(a2) − E∗(0) is the
shift in this energy upon inclusion of the nonzero a2 given in Eq. (F.41). We have fixed
M2Kiso

df,3 = 500, but the results are insensitive to this value. Other notation as in Table F.4.

F.3.4 Fitting Kiso
df,3 using method 1

Here we provide more details regarding our fits to determine Kiso
df,3 using method 1, which

was described briefly in the main text.

Within each bootstrap sample, we (a) fit the simplest Adler-zero form for Ks2 (fit 1—see

Table 8.1), to the eleven two-particle levels that are sensitive to s-wave interactions and lie

below (or slightly above) the inelastic threshold at E∗2 = 4M ; and (b) determine the values of

Kiso
df,3 that, when inserted in the QC, give the energies of each of the eight three-particle energy

levels which are sensitive to Kiso
df,3 and lie below (or slightly above) the inelastic threshold at

E∗ = 5M . Averaging over bootstrap samples in the standard way, we obtain the average

values for each of the eight Kiso
df,3 values, as well as the correlation matrix between them.
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Using this correlation matrix, we then do a standard fit to the results for these eight levels,

either using a constant or a linear form in ∆.

Fitting to a constant yields

M2Kiso
df,3 = 560(270) , χ2/dof = 8.5/(8− 1) = 1.21 , (F.42)

while a linear parametrization gives

M2Kiso
df,3 = 140(430) + 570(500)∆ , χ2/dof = 7.7/(8− 2) = 1.28 . (F.43)

The constant fit points towards a 2σ significance on Kiso
df,3. For the linear fit we note that the

errors highly correlated, and thus even though each parameter is compatible with zero, the

point where both vanish and Kdf,3(E) = 0 is also excluded by 2σ. These results are shown

in Fig. 8.3 of the main text.

Finally, as a consistency check, we use the QC to predict the energies for those irreps

that are not affected by Kiso
df,3, with results shown in Table F.6. We find that the predicted

values lie very close to the measured values. This indicates that our restriction to s-waves,

and our parametrization of Ks2, are sufficient given present precision. We therefore include

these energy levels in our global fits.

irrep E∗/M [1] prediction
E−(0) 4.691(15) 4.685(14)
B−2 (1) 5.008(17) 5.007(16)
E−(3) 4.528(14) 4.529(13)

Table F.6: Prediction for the three-particle energy levels in irreps that are insensitive to
Kiso

df,3. Notation as in Table F.4.
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F.3.5 Correlation matrix for global fits

Here we collect the covariance matrices for the global fits in Table 8.2. We write these as

C = DRD, with D the diagonal matrix containing the standard errors in the parameters.

Our results are

Fit 4: D = diag (0.7, 0.3, 160) , R =


1 −0.67 0.23

−0.67 1 0.24

0.23 0.24 1

 , (F.44)

Fit 5: D = diag (0.7, 0.3, 330, 290) , R =



1 −0.63 0.22 −0.10

−0.63 1 −0.11 0.25

0.22 −0.11 1 −0.89

−0.10 0.25 −0.89 1


, (F.45)

where the matrix indices are ordered as (B0, B1,M
2Kiso,0

df,3 ) and (B0, B1,M
2Kiso,0

df,3 ,M
2Kiso,1

df,3 ),

respectively. As can be seen, the correlation is large within the two- and three-particle sector,

and smaller between the two different sectors.

F.3.6 Two- and three-pion spectrum

To conclude, we provide a comparison of the data to the predicted two- and three-pion spectra

from the quantization conditions. For this, we use the best parameters from fit 5 described

in the main text (see Table 8.2). The results are displayed in Fig. F.3. We also include

the predictions from the QC above the inelastic thresholds— ECM = 4M and ECM = 5M

for the two- and three-particle QC, respectively. As can be seen, our predictions lie on top

of the data points within errorbars, even in the inelastic region. This is not surprising, as

inelastic channels open up slowly above kinematic thresholds.
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(a) 2π+ spectrum.
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Figure F.3: Two- and three-pion spectra from Ref. [1] (blue) compared to the predictions
from the global fit 5 (orange). Hollow orange points above the inelastic thresholds have not
been included in the fit, but are shown for comparison. Dashed lines show the non-interacting
energy levels.



384

VITA

Tyler Blanton grew up in Rocky Mount, NC with his younger brother Jason and their

loving parents Lee and Laurel Blanton. He performed his undergraduate studies at the

University of North Carolina at Chapel Hill, graduating in 2016 with bachelor degrees in

physics and applied mathematics. He welcomes your questions at blanton1@uw.edu.


	List of Figures
	List of Tables
	Glossary
	Introduction
	Background
	History of the Standard Model
	QCD formalism
	Lattice QCD
	FV correlators and the FV spectrum
	Effective field theory
	Finite-volume EFT

	Hadron spectroscopy from LQCD
	Scattering basics
	Stable hadrons vs. resonances
	Two-hadron scattering & the Lüscher method
	Three-hadron scattering


	Theoretical Formalism
	Alternative derivation of the relativistic three-particle quantization condition
	Introduction
	Derivation of the new form of the quantization condition
	TOPT expression for M3,L
	Relation to quantization condition of HS1
	Conclusions

	Relativistic three-particle quantization condition for nondegenerate scalars
	Introduction
	Summary of the steps of the derivation
	Setup and overview
	Derivation of quantization condition using TOPT
	Relation of K"0362Kdf,3 to M3
	Quantization condition with Lorentz-invariant Kdf,3
	Relation of K"0362K'df,3 to M3
	Symmetric form of the quantization condition
	Summary and Outlook

	Equivalence of relativistic three-particle quantization conditions
	Introduction
	Recap of prior forms of the relativistic quantization condition
	The R(u,u) matrix and its relation to Kdf,3(u,u) and K"0365Kdf,3(u,u)
	Expressing the quantization condition in terms of R(u,u)
	Summary and outlook


	Practical Implementation
	Implementing the three-particle quantization condition including higher partial waves
	Introduction
	Threshold expansion of the three-particle quantization condition
	Implementing the quantization condition
	Results
	Conclusions

	Numerical exploration of three relativistic particles in a finite volume including two-particle resonances and bound states
	Introduction 
	Recap of the quantization condition and its approximations 
	Generalizing the quantization condition 
	Numerical results
	Conclusions

	I=3 pion scattering amplitude from LQCD
	Introduction
	Formalism and Implementation
	PT  prediction for Kdf,3 and Mdf,3
	Fitting the two-particle spectrum
	Fitting the three-particle spectrum
	Conclusions

	Conclusions
	Appendix to Chapter 3
	Technical comments on time-ordered perturbation theory
	Relating K2,L to K2
	Algebraic matrix manipulations
	Asymmetrization identities
	Relating K"0365Kdf,3(u,u) to M3
	Deriving Eqs. (3.108) and (3.109)
	"0365F approach

	Appendix to Chapter 4
	Technical details
	Details of derivation using Feynman diagrams
	Derivation of symmetrization identities
	Derivation of Eqs. (4.105) and (4.106) 

	Appendix to Chapter 5
	Summary of notation and definitions
	Infinite-volume limits

	Appendix to Chapter 6
	Definitions
	Numerical evaluation of F"0365F
	Further details of the projection onto cubic group irreps
	a2 dependence of M3,thr
	Free solutions at the first excited energy
	Properties of the isotropic approximation
	Failure of Eq. (6.84) for quadratic and cubic terms in the threshold expansion

	Appendix to Chapter 7
	IPV-dependence of Kdf,3 and the spectrum
	NREFT prediction for the particle-dimer scattering length

	Appendix to Chapter 8
	Implementation of the QC in moving frames
	Non-leading effects in Kdf,3
	Further details on fits



