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Abstract

Advances to Three-Particle Quantization Conditions:
Hadron Scattering Amplitudes from Lattice QCD

Tyler D. Blanton

Chair of the Supervisory Committee:
Professor Stephen R. Sharpe
Department of Physics

The strong nuclear force is responsible for the vast majority of particles in nature; hundreds of
hadrons with distinct masses and quantum numbers have been detected, and experimentalists
are constantly searching for new hadron resonances and analyzing resonance decays to test
the predictions of the Standard Model (e.g. by measuring the value of a C'P-violating phase).
While the formalism of quantum chromodynamics (QCD) appears to accurately describe
the strong interaction, using it to extract theoretical predictions of hadronic properties has
proven exceedingly difficult due to the nonperturbative nature of low-energy QCD. Lattice
QCD (LQCD) is the state-of-the-art approach for computing physical observables using
first-principles QCD, utilizing stochastic techniques to estimate the path-integral expressions
for correlation functions in a latticized Euclidean spacetime. With the computational and
algorithmic advances over the past few decades, LQCD can now be used to calculate many
observables (e.g. hadron masses) to percent-level precision. However, LQCD simulations
cannot directly calculate scattering amplitudes, due to both the necessary use of a finite
volume and the need to analytically continue from Euclidean to Minkowski space, and thus
a separate formalism is required. To bridge the gap between LQCD results and hadron

spectroscopy, one needs some form of quantization condition (QC): a mathematical relation



used to extract physical scattering amplitudes of light hadrons from finite-volume energy
spectra calculated with LQCD.

In this thesis, we present several theoretical and practical developments in the field of
three-particle QCs (QC3s). We derive three significant advances to the theoretical formalism
of QC3s within a generic relativistic effective field theory (RFT) framework. First, we
perform an alternative derivation of the original QC3 for three identical scalars by using time-
ordered perturbation theory (TOPT), which we find significantly simplifies the argument and
thus renders the TOPT approach more amenable to generalization. We then demonstrate this
point by using TOPT to derive a QC3 for the more complicated case of three nondegenerate
scalars. Lastly, we use results from the TOPT approach to demonstrate the equivalence
between the RFT QC3 for identical scalars and that of the finite-volume unitarity (FVU)
approach.

We also present three numerical applications of QQC3s to systems of three identical scalars.
We detail the first QC3 study to include levels in nontrivial irreducible representations (ir-
reps) of the cubic group and with nonzero d-wave two-particle interactions. Next, we perform
an exploratory investigation of bound states and resonances by solving two- and three-particle
QCs in various scenarios. Finally, we present the first ever extraction of 37" scattering in-

formation from LQCD data.
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GLOSSARY

CMF: Center-of-momentum frame.
FV: Finite volume.

FVU: Finite-volume unitarity — a relativistic approach to QC3s based on S-matrix uni-
tarity.

LQCD: Lattice quantum chromodynamics — the modern computational approach to first-
principles QCD.

NREFT: Nonrelativistic effective field theory — a nonrelativistic approach to QC3s.

QC: Quantization condition — a mathematical relation between hadron scattering am-
plitudes and finite-volume energy spectra from LQCD. Plural: QCs.

QC2: Two-particle quantization condition. Plural: QC2s.

QC3: Three-particle quantization condition. Plural: QC3s.

QCD: Quantum chromodynamics — the QFT of the strong nuclear force.
QED: Quantum electrodynamics — the QFT of the electromagnetic force.
QFT: Quantum field theory.

RFT: Relativistic effective field theory — a diagram-based relativistic approach to QC3s,
and the one that is chiefly used throughout this thesis.

TOPT: Time-ordered perturbation theory — an alternative to the standard perturbative
method of Feynman diagrams.
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Chapter 1

BACKGROUND
1.1 History of the Standard Model'

The Standard Model is the modern theory of particle physics, with its formalism encapsu-
lating three of the four known fundamental forces (gravity being the exception). With many
of its predictions agreeing with experimental results to incredible accuracy, the Standard
Model is one of the greatest theoretical achievements in all of science, and its current form
represents the culmination of several decades of research.

The first major building block of the Standard Model to be assembled was quantum
electrodynamics (QED), a quantum field theory (QFT) description of electromagnetism de-
veloped throughout the 1930s and 1940s. By that time, quantum mechanics and the particle
theory of light were already well established after surviving the intense scrutiny of experimen-
tal testing, but several questions about its mathematical formalism were still unanswered.
One such question was why all electrons are identical, as in quantum mechanics they are
treated as separate quantities that just happen to have the same quantum numbers. There
was also the issue of reconciling special relativity with quantum mechanics, as its governing
formula (the Schrédinger equation) treats space and time very differently.

QED was developed to answer these and other questions. Instead of electrons being
treated as different objects that just happen to be identical, in QED they are treated as
local excitations in a single quantum field permeating all of spacetime. Interactions between

such excitations are in turn mediated by excitations in another quantum field—the photon

'For more thorough accounts, see e.g. Refs. [2, 3].



field.

A useful feature of QED is the fact that at the low energy scales of our everyday world,
each interaction with the photon field carries a small coupling constant (an indicator of

interaction strength) of agy ~ making the perturbation theory approach of Feynman

1
137
diagrams an efficient method for calculating physical quantities from first principles. The
most impressive example of the analytical power of QED is its prediction for the magnetic
dipole moment of the electron, as rigorous experimental measurement has made it the most

accurately verified prediction in the history of physics [4].

The second piece of the puzzle to be added to the Standard Model was the weak nuclear
force—the mechanism responsible for the radioactive decay of atoms. Some of the basic
features of the weak interaction like neutrino production in beta decay had been known
about since 1930 [5], but it still took over a decade after the construction of QED before
Glashow came up with a partial framework for combining QED with the quantum theory of
the weak force in 1961. His theory featured three massless spin-1 bosons called W* and Z
as the weak-force mediators [6], but it was clear that this was not the complete story. Forces
with massless mediators should be able to act over long ranges, yet weak decays only occur
at the length scale of atomic nuclei. This led many physicists to hypothesize that the W+
and Z bosons were not only massive, but that they should be roughly 100 times heavier than
the proton and neutron. In the following years, the mass-generating Higgs mechanism was
formulated and eventually incorporated into the theory by Weinberg and Salam in 1967 [7, §],
marking the completion of the electroweak sector of the Standard Model. Since the newly
introduced weak interactions are also described by small coupling constants ay ~ 1076 at
low energies, the same perturbative techniques from QED could be applied to weak and
electroweak processes. This allowed theorists to make more precise predictions for the W=

and Z masses, well before they were detected experimentally in 1983 [9].

The final ingredient of the Standard Model to be developed was a QFT formulation



of the strong force holding atomic nuclei together. In the 1930s, Yukawa proposed that
nucleons were attracted to each other via the exchange of strong-force mediators called
mesons. This prediction was confirmed by experiment with the discovery of the pion in
19472 [10]. However, throughout the late 1940s and 1950s, dozens of other hadrons (strongly-
interacting particles) were discovered in proton and electron collisions, and many began
questioning whether all hadrons in this “particle zoo” were truly fundamental. In 1963,
Gell-Mann and Zweig independently proposed that hadrons are composed of smaller spin—%
particles called quarks [11, 12]. A couple of years later, it was noted that for quarks to
be antisymmetric under interchange, they must have an additional quantum number called
color charge [13]. When the dust finally settled, the formalism that had been developed
was QCD—a non-Abelian SU(3) gauge theory, with massless spin-1 bosons called gluons
mediating the strong interaction between quarks.

The most notable property of QCD is that the strength of its interactions varies inversely
with the energy scale being probed. This property is called asymptotic freedom, referring to
the fact that the theory becomes free in the extreme high-energy /short-distance or ultraviolet
(UV) limit. Conversely, in the low-energy/long-distance or infrared (IR) regime, the strong
interactions are... well, strong. An important consequence is that quarks and antiquarks
cannot appear in isolation, as the energy required to separate a quark from an antiquark
(e.g. in a meson) grows linearly with the distance between them, and eventually it becomes
energetically cheaper to create a new quark and antiquark from the vacuum and pair off the
particles into two colorless (singlet) mesons. This explanation of color confinement has been
confirmed by many lattice QCD calculations, and is the reason why individual quarks have

never been observed experimentally—only hadrons.

Moreover, in this IR regime, the strong coupling constant is ag ~ 1 and QCD is non-

2The pion was technically first observed along with the muon in 1937 during studies of cosmic rays, but it
took ten years for the physics community to properly understand the full picture and confidently identify
the pion as Yukawa’s meson.



perturbative, meaning the diagrammatic approach of the electroweak theory is not possible.
The nonperturbative nature of low-energy QCD makes it much harder to study analytically;

we discuss this in detail in the next section.

1.2 QCD formalism

Here we provide the complete mathematical formalism of QCD.? The results of this subsec-
tion are not used elsewhere in the thesis; we only include them for the sake of completeness

and to introduce general aspects of QFT in a concrete setting.

The Standard Model description of the strong nuclear force is completely characterized

by the QCD action
Sacolt, B A,) = [ d'e Locolé(@), Bla), A,()], (1)
where the integral is over all spacetime coordinates z = (¢,x) € R, and
Lqocp = L4+ Lym (1.2)

is the QCD Lagrangian density, with

Ly =1 p (V" Dyig — mydi) Vs (1.3)
containing all contributions from quarks and their interactions with gluons, and

1 a aur
Ly = — G, G (1.4)

the gluon-only Yang-Mills contribution. Here u,v € {0,1,2,3} are Lorentz indices, i, €
{red, green, blue} are color indices, f € {up,down, strange, charm, bottom, top} is a quark

flavor index,* a € {1,2,...,8} indexes the 8 generators of the gauge group SU(3), and we

3Throughout this thesis, we use natural units with A = ¢ = 1.

4Often only the lightest few flavors are necessary in practice, as any quark masses heavier than the energy
of a given system have suppressed contributions to the physics.



use the convention that repeated indices are summed.

Each quark field v; ¢(z) is a four-component Dirac spinor (Dirac indices suppressed) in
the fundamental 3 representation of SU(3) and describes a quark with mass m, while its
antiquark counterpart ), ;(z) = w; ()7 lives in the anti-fundamental 3 representation.
As for the remaining quantities: v is a 4x4 Dirac matrix satisfying the Clifford algebra

{7*,7"} = 2¢"", our Minkowski metric convention is g,, = diag(+,—, —, —),
Dyij = 0,0i5 — igs AL T (1.5)
is the gauge covariant derivative, and
G, = 0,AL — 9,A% + gs f* AL A (1.6)

is the gauge covariant gluon field strength tensor G,, = T°G".

s Where T is a generator of

the SU(3) gauge group, f is a structure constant of the group defined by
[T, T" = foere, (1.7)

AZ(m) is a gluon field, and gg is the strong coupling constant.
Using the path-integral formulation of QFT, we can write an expression for any correlation
function involving strongly interacting states in terms of the QCD action. For example, an

arbitrary two-point correlator® (O(z)|O;(0)) can be written

(O5(x)04(0)) = (0] T O4 ()0} (0) |0) (1.8)

_ I DUDIDA, Saolv A 0,(r)01(0)
[ DYDYDA, eiSacolv:.Aul

(1.9)

Here |0) is the (strongly interacting) vacuum state, T denotes time ordering, the integrations
are over all field configurations, and O (0) and @}(m) are operators creating some initial and

final strongly interacting states |0;(0)) = O} (0)[0) and |Os(z)) = (’A)}(x) |0), respectively.

We can always choose the initial spacetime coordinate to be at the origin since Minkowski spacetime
R'3 is invariant under global translations.



Note that the right-hand side of Eq. (1.9) only involves classical objects; O!(0), Of(x), and
the fields [¢, 4, A,] are all just vectors of numbers.”
In practice, it is often more convenient to work with Fourier transforms of such a corre-

lator:
O(t,P) = / &z P (0T O;(t, %)} (0, 0)]0) (1.10)

C(E,P) = / d*z P PX) (0T O ()01 (0)]0) . (1.11)

The latter form is what we will be primarily using in later sections, but for now we restrict
our attention to the original time-position space correlator (O(z)|O;(0)).

Eq. (1.9) may seem promising, but it has several issues that render it impractical as a
calculational method. For starters, it is still currently unknown whether such a path integral
is mathematically well-defined. Even if it is, one would have to carry out an uncountably
infinite number of integrals (one for each field at each point in spacetime), and it is not at
all clear how or if such a calculation could be done analytically.

It should be noted that these path-integral issues are not specific to QCD; they arise in
all QFTs, including the electroweak part of the Standard Model. However, if one is only
interested in the IR regime, electroweak correlators can be approximated using perturbation

theory (apy =~ ﬁ, aw ~ 107%), with the dominant terms in the perturbative expansion

being given by the simplest Feynman diagrams describing the process in question. Thus
one can calculate any electroweak correlator to a high degree” of precision by summing over

increasingly complicated Feynman diagrams.

2
QCD, on the other hand, is nonperturbative in the IR (ag = Z—fr ~ 1), meaning a

diagrammatic approach is out of the question in this regime. To calculate correlators of

5These numbers are complex for bosonic fields like 4,,, and Grassmann-valued for fermionic fields like 1
and 1.

"The perturbative expansion is known to be an asymptotic series though, so perturbation theory cannot
be applied to arbitrarily high orders.



strongly interacting matter, one must deal with the path integral directly.

1.3 Lattice QCD

Lattice QCD (LQCD) is the state-of-the-art method for computing correlators from first-
principles QCD. In LQCD, several alterations are made to the original problem in order to
render the path integral tractable. First, Minkowski time is Wick-rotated to Euclidean time

S,

. . > —_ E . . .
t — —i7, which sends x — zg and e*¥ecp — ¢7"qcp | with SgCD a real quantity. Performing

this rotation allows one to write

(O5(wr)|O(0)) = [ DUDIDA, Pl %, A,] O4(2)0}(0), (1.12)
where
P, 9, A,] = ;e‘sgw[”’w’f‘“] . 7= [DuDDA, SEslBAL - (113)

is a normalized probability distribution functional of the field configurations [, ¥, A,]. Ex-
pressing the correlator in this way will ultimately allow the use of Monte Carlo integration
techniques to estimate the value of the path integral as an average over stochastically gen-
erated field configurations, but first the number of degrees of freedom must be reduced to
something finite.

The next step in the construction of LQCD is to approximate the path integral as a
finite-dimensional integral by putting the (now Euclidean) spacetime on a lattice. In the
most common approach, spacetime is discretized uniformly with a lattice spacing a and is
restricted to have finite extent; space is replaced by a cubic box of side length L = N,a
for some integer N,, and Euclidean time is restricted to some integer number N, of values

8

between zero and T = N,a.° The boundary conditions of this latticized spacetime are

typically chosen to be periodic or antiperiodic depending on the symmetries of the physical

8Typical lattice parameters in simulations are a ~ 0.05-0.1 fm and N,, N, ~ 100.



system of interest. With this setup, the total number of points in the spacetime volume—
and equivalently the number of integrals for each field—is a finite number Ny = N2N,. In
practice though, Ny is far too large for direct integration to be viable, and one must resort
to Monte Carlo methods using an appropriate lattice analogs of Eqs. (1.12) and (1.13).

Although latticizing spacetime is certainly beneficial in rendering the path integral tractable,
it is not without its share of downsides. One issue is that LQCD requires one to define a dis-
cretized form of the (Euclidean) QCD action, and while there are several reasonable choices
one can make, it is impossible to define a discretized action with all of the same symmetries
as the continuum action.”

In any case, for given QCD inputs (quark masses my, coupling constant gg) and lattice
specifications (a, N,, N, discretized action), one can use Monte Carlo techniques to calculate
the corresponding lattice correlator. By repeating this computation with several different!”
lattice spacings a while holding the box size L. = N,a fixed, one can extrapolate a — 0 to

obtain the continuum finite-volume (FV) correlator for that particular L.
1.4 FV correlators and the FV spectrum

By taking the FV analog of Eq. (1.10) in Euclidean time and inserting a complete set of FV

states with appropriate quantum numbers, one can derive the useful result

oo
~ c
Cp(T,P) =Y " = Fealll (1.14)
where each cp, > 0 is a real constant involving matrix elements between the operators and
the vacuum, and Ep, > 0 is the n-th energy level in the FV spectrum (relative to the

vacuum) for a given momentum P, with n = 0 denoting the ground state. This expression

9The most famous example of this fact is the Nielson-Ninomaya theorem, which states that (under some
assumptions) it is impossible to define a discretized QCD action that gives an LQCD theory with chiral
symmetry and no fermion doublers [14].

10 Alternatively, one can just use a single lattice spacing if it is small enough that discretization errors are
within the accepted tolerance.
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shows that for large Fuclidean time T = N,a, the lowest energies in the FV spectrum
dominate, allowing them to be extracted through various methods [15-17].

From Eq. (1.14), one can Fourier transform to Euclidean energy and then Wick rotate

back to Minkowski energy to obtain

> iCPn > Z'CPn
CL(E,P) = —_— = : 1.15
W) L g, T A e (B Fe) (119

where FE is a Minkowski energy. This result plays a key role in the quantization conditions
we discuss throughout this thesis, as it shows that the FV two-point correlator Cp(E, P) has
simple poles at energies in the FV spectrum {Ep ,,}°° ), and that the residues of these poles
lie on the positive imaginary axis. Thus if one wishes to extract infinite-volume scattering
amplitudes from LQCD simulations, then it is enough to find an expression for C(F,P) in
terms of such amplitudes, as the analytic structure of the FV correlator can then be utilized
to make contact with the F'V spectrum, which can in turn be computed via LQCD. This is

the general strategy of all quantization conditions we discuss in Chapters 3-8 below.

1.5 Effective field theory

Quarks are certainly necessary for describing the internal structure of nucleons (protons/neutrons)
and other hadrons, but they are inconvenient building blocks for describing low-energy inter-
actions between hadrons, as they never appear in isolation due to color confinement. Thus it
makes more sense to use the hadrons themselves as the building blocks, while at even lower
energy (longer length) scales it may be more natural to use atoms or even molecules. This
concept of using different degrees of freedom depending on the energy/length scale of the
theory being probed is the core idea behind effective field theories (EFTS).

An EFT is an approximation of an underlying QFT, with the constituent fields of the
EFT chosen to correspond with the appropriate degrees of freedom at a specified energy

scale A. Instead of using the QCD Lagrangian to analyze hadron interactions with quark
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and gluon fields, one can define an EFT Lagrangian purely in terms of hadron fields.

To construct an interacting EFT, one must first identify the relevant degrees of freedom
(quantum fields) and symmetries of the theory. In order for the EFT to include all of the
physics of the underlying full theory, every field interaction term that is consistent with the
symmetries must appear in the EFT Lagrangian along with an associated low-energy constant
(LEC) describing the relative strength of the interaction as a function of A [18]. These LECs
are unknowns in the theory that can only be determined by fitting to experimental data or

deriving them from the underlying theory, e.g. via LQCD calculations.

EFTs will therefore generally have an infinite number of interaction terms and unknown
LECs.'! In such theories, one can write the EFT Lagrangian as an expansion in powers of
A~L, allowing perturbative diagrammatic techniques to be utilized for calculations.'? For
example, the two-point correlator C(E, P) in Eq. (1.11) can be expressed as an infinite sum
of all Feynman diagrams between the initial and final states |O;) and |Oy) with total 4-
momentum P* = (E,P). If one were to determine the LECs of the leading-order terms in
the EFT Lagrangian (e.g. by fitting to experiment), then one could approximate C'(E, P)
by summing the most significant diagrams. However, this approach becomes increasingly
challenging as one goes to higher orders in perturbation theory and more LECs need to be
determined. In this thesis, we are not interested in such pursuits, and it suffices to simply

write the correlator as a sum of all diagrams without any knowledge of the LECs.

ATl but a small handful of these LECs will be irrelevant /nonrenormalizable and vanish in the A — oo
limit, but for any finite A, each LEC describing an interaction that respects the symmetries of the theory
will generally be nonzero.

12The most notable example of this is chiral perturbation theory, a hadronic EFT in which the small masses
of the up and down (and sometimes strange) quarks relative to typical QCD energy scales (A ~ 300 MeV)
are treated as perturbations breaking the chiral symmetry of the massless theory.
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R (interaction
range)

Figure 1.1: Qualitative visualization of how the relative sizes of the box size L and interaction
range R = A~! determine the significance of FV effects. In this image, L/R = AL ~ 2.5,
which is a borderline case; the two particles can both fit in the box and have some room
to move around without interacting with each other, but they fill enough of the box that
interactions will be frequent.

1.6 Finite-volume EFT

The continuum limit a — 0 of LQCD correlators is relatively straightforward to take, but
the same is not true of the infinite-volume limit L — oo, especially when it comes to hadron
scattering. To relate finite-volume correlators and energy spectra to infinite-volume scat-
tering amplitudes, an entirely new formalism is necessary—the formalism of quantization
conditions and finite-volume EFT.

Restricting a field theory to a finite spatial volume leads to several effects of varying
importance. The relative size of these effects is based on the relationship between the box
size L and the natural length (inverse energy) scale or interaction range A~! of the theory.!3 If
AL < 1, then each particle fills most of the box and finite-volume effects dominate the physics.
Conversely, if AL > 1, then particles have plenty of space to move around and interact within
the box, and finite-volume effects are relatively small; see Fig. 1.1. These statements are,
however, purely qualitative; to understand how FV effects can be tracked more rigorously, let
us again consider the FV two-point correlation function C(F,P), assuming periodic spatial

boundary conditions.

BFor example, the energy scale of an EFT with a single field with mass m is generally A ~ m.
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Being in finite volume does not prevent us from expressing the correlator as an infinite
sum of Feynman diagrams, but it does alter how we interpret momenta and loops in the
diagrams. Just as a guitar string can only vibrate at certain discrete frequencies determined
by the length of the string, a de Broglie wave that is forced to satisfy the periodic boundary
conditions of the box can only describe particles with certain discrete spatial momenta:
p= %’Tn with n € Z3. All spatial momenta appearing in the diagrams (including the total
momentum P) must lie in this finite-volume set.

This change is most noticeable in loops—whenever one would normally integrate over
all spatial momenta (up to some UV cutoff), in finite volume we must instead perform a
discrete sum over all momenta in the FV set (again up to some UV cutoff). Thus in order to
track the effects of evaluating the correlator in finite volume, we must analyze sum-integral

differences of the form

uv uv
l;%:—/ (;:)3] f(E,P,L;p), (1.16)

where f is some generic function. This type of difference has a very nice property that follows
from the Poisson summation formula: if f is a smooth function of p within the domain of
integration, then the sum-integral difference is exponentially suppressed'* in the box size
L. 1If not, i.e. if f has one or more singularities within the integration domain, then the
difference will generally scale as some inverse power of L. Throughout this thesis, we assume
all exponentially suppressed FV effects to be negligible!® compared to the power-law terms,

which we track to all orders.

1 Technically, the summation formula just guarantees that the difference falls faster than any finite power
of L™!; any time we refer to “exponentially suppressed” FV effects, this is what we really mean.

15 A1l examples in the below chapters satisfy AL > 4, so that the sizes of the exponentially suppressed
terms are roughly e A < 2%.
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Chapter 2
HADRON SPECTROSCOPY FROM LQCD

As mentioned in Section 1.1, hundreds of hadrons have been detected experimentally,
each with a unique set of quantum numbers, and with masses ranging from 135 MeV (7°)
to over 5.8 GeV (3;7). With the countless number of different interactions between hadrons
and other particles in the Standard Model, hadron spectroscopy is the largest playground

we have for improving our understanding of particle physics.
2.1 Scattering basics

In order to properly discuss hadron spectroscopy, let us first recall some basic scattering
theory. Given an initial N;-particle state |i) = |p; ...py,), the probability of observing it in
the distant future' in a final N -particle state |f) = [p] ... P, is

Prob(i — f) = [ {fIS]) |, (2.1)
(fISli) = 6pi +i(2m) 6 (PT — P (fIT]i) , ST =1, (2.2)
where S is the (unitary) scattering matrix of the theory with nontrivial part T, and P! =

ij:il pj and Pf = 2&1 p,, are the total initial and final 4-momenta, respectively. The

nontrivial piece of this S-matrix element defines the scattering amplitude for the process:
My = (fITVi) - (2.3)

Amplitudes like M,_,; are complex, Lorentz-invariant functions of the external 4-momenta,

and are closely related to the two-point correlation functions C'(E,P) discussed in the pre-

1By this, we are assuming the states are asymptotic and taking them to be infinitely separated in time.
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Figure 2.1: Sample analytic structure of a scattering amplitude M,_, ;. Black crosses denote
poles, whereas blue circles denote branch points. The imaginary axis is shown at the first
threshold energy merely for convenience; it does not represent Re(E) = 0.

vious chapter; in particular, both can be expressed as a sum of Feynman diagrams between
the initial and final states, and their analytic structures have the same general features.?

In QFTs, a pole in a scattering amplitude (or more generally in the S-matrix) as a function
of the center-of-momentum-frame (CMF) energy E corresponds to a physical particle or
resonance. A pole on the real energy axis corresponds to a stable bound state with mass
M = E, while a pole with a nonzero imaginary part £ = M — iI'/2 corresponds to an
unstable resonance with mass M, decay width I > 0, and lifetime 1/T". Amplitudes also
have branch points on the real axis at threshold energies where new inelastic processes or

“channels” become energetically accessible; see Fig. 2.1.

2.2 Stable hadrons vs. resonances

Although most light hadrons can be described as standard quark-antiquark (¢g) mesons or
three-quark (gqq) baryons, many heavier states cannot be placed in either category. Some
resonances like the ag(980) and® f,(980) are hypothesized to have tetraquark (¢qgq) compo-
nents [19], while others like the P (4450) are conjectured to be pentaquark (ggqqq) states

2The difference is that a correlator includes additional interpolating fields coupling to the vacuum that
create/annihilate the initial/final states, with a (generally off-shell) scattering amplitude between them.

3The numbers in parentheses are the approximate resonance masses in MeV.
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[20]. Perhaps most intriguing are the numerous X, Y, and Z resonances involving charm
and bottom quarks that have been observed over the past couple decades, as they were not
expected and do not seem to obey the standard quark-model classification scheme [21]. Such
curiosities continue to serve as strong motivators for pushing forward the field of hadron
spectroscopy.

The zoo of strong-interaction states provides ample opportunities for testing Standard
Model predictions against experiment and potentially make new discoveries, but making
these predictions requires one to perform nonperturbative QCD calculations in order to
properly describe the hadronic physics. As we discussed in Sections 1.3-1.4, lattice QCD
can be used to evaluate FV correlation functions and (consequently) FV spectra of hadronic
systems. By using this method to obtain the F'V ground-state energy from an appropriate
FV correlator for multiple box sizes L and then extrapolating L — oo, it is possible to
extract masses of stable hadrons in QCD for a given set of inputs—namely, the quark masses
my and the strong coupling constant gs.*

This procedure has been successfully implemented for several cases, with the details of
the calculations evolving over time. Early calculations used isosymmetric LQCD in the
quenched approximation (no dynamical quarks) and were able to roughly approximate the
masses of many hadrons (e.g. pions and nucleons), but the errors were relatively large, and
the exact isospin symmetry made it impossible to distinguish particles within a multiplet; for
example, the neutron and proton were degenerate. As algorithmic efficiency and computing
power improved, non-isosymmetric LQCD with dynamical quarks soon became viable, and
calculations have become much more precise; in 2015, the first ab initio calculation of the

proton-neutron mass difference was performed [22]. For a more thorough review of light

hadron masses from LQCD, see Ref. [23].

4Note that this program can also be used in reverse; the LQCD inputs m ¢ and g, can be determined
(at a given energy scale) by forcing LQCD predictions to match well-known experimental masses of stable
hadrons such as the pion.
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While the above program is certainly useful, it is only applicable for hadrons that are
stable in QCD. The vast majority of QCD states are unstable resonances with very short
lifetimes (I'" ~ 100 MeV or 1/T' ~ 107! s), and their properties are significantly more difficult
to extract. The issue is that resonances are not asymptotic states; they merely manifest as
complex poles in scattering amplitudes of particles which are stable under the strong inter-
action, such as pions, kaons, and nucleons. Thus in order to study a resonance analytically,
one must extract a scattering amplitude involving states of stable hadrons that couple to
the resonance (e.g. decay channels). Some examples of resonances and their dominant decay
channels are the rho p(770) — 7w, the omega w(782) — mrm, and the Roper resonance

N(1440) — N7, Nx.

2.3 'Two-hadron scattering & the Liischer method

Liischer was the first to devise a strategy for determining scattering amplitudes from LQCD
data [24, 25]. The so-called “Liischer method” is to derive a nonperturbative relation between
the FV spectrum of an appropriate FV correlator to infinite-volume scattering amplitudes,
and then to constrain the amplitudes by inputting multiple energies in the FV spectrum
computed with LQCD. Mathematical relations between F'V spectra and infinite-volume scat-
tering amplitudes are now commonly referred to as quantization conditions (QCs).

The original derivation by Liischer was for a particular two-particle scattering case and
involved transforming the QFT problem into a quantum mechanics problem, but in the
following years several alternative derivations of and generalizations to two-particle QCs
(QC2s) were developed. Notable advances included extensions to moving frames, arbitrary
spins, multiple two-particle channels, and noncubic volumes. In addition to these numerous
theoretical advances, QC2s have also been successfully applied to LQCD data to study
several resonances, including the p(770) and o/fy(500) from 77 scattering and the D,

from DK scattering. For a detailed review of QC2s (as well as other methods) and their
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implementations with regards to resonances, see Ref. [26].

2.3.1 Summary of QC2 derivation in the RFT approach

In the paper generalizing the QC2 to moving frames (Ref. [27]), the authors introduced
a derivation strategy that has since become a staple of many modern three-particle QCs.
We summarize their approach here, with a few minor alterations made to better match the
three-particle derivations presented later.

The derivation of Ref. [27] is rooted in a generic relativistic effective field theory (RFT)
comprised of a single species of scalar field; for concreteness, let us call this field 7%. Their

starting point is the (Minkowski) two-point F'V correlator
CL(E,P) = / d'z ¢ E"=P%) (0| T (2)ot(0)]0) | (2.4)
L

where P* = (E,P) is the fixed total 4-momentum of the system and of(x) is an interpolating
operator creating a state that couples to the two-particle state of interest 777+, The end
goal is a quantitative relationship between the infinite-volume 2—2 scattering amplitude
Moy = M +,+ .+ and the FV spectrum of the theory, with all power-law FV effects
accounted for.

The first step is to expand C, as an infinite sum of Feynman diagrams and collect all
sections which are two-particle irreducible (2PI) into FV amputated 2—2 Bethe-Salpeter
kernels B, 1, generalized endcaps A} and Ay, and Cf) which contains all diagrams that are
completely 2PI. The result is a skeleton expansion for C7, consisting of only these 2PI quan-
tities and two-particle sections between them (see Figure 2.2). By analyzing the kinematics
of the various diagrams that contribute to By (or the other 2PI quantities), one can show
that if the CMF energy E* = v/E2 — P2 is below the next inelastic threshold, then all terms
which appear in By (and Céo), A, Ap) are smooth functions of the internal 4-momenta,

including all summands associated with discrete sums over spatial momenta in the FV set.
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= (Csx+

Figure 2.2: Skeleton expansion of the 2—2 FV correlator C. In the first line, we have
already replaced all FV 2PI quantities with their infinite-volume limits. The sum-integral
differences in the second line correspond to insertions of F', and effectively project adjacent
quantities on shell.

From Eq. (3.2), it follows that B, is equal to By = B up to exponentially suppressed
FV corrections, and thus the Bethe-Salpeter kernels (and the endcaps) can be treated as
infinite-volume quantities; we are free to replace By — Do, Cg)) —CO A, A=A,

Ap - A= As.

The next step is to project these (generally off-shell) infinite-volume kernels onto the
physical shell. This is accomplished by decomposing the kernels into partial waves or spher-
ical harmonics, rewriting discrete F'V sums over two-particle sections between adjacent 2PI
kernels as 3~ = [>> =PV []+ PV [ with some appropriate principal value (PV) prescription,®
and collecting all adjacent PV [ terms and Bs kernels into new Ko kernels (the other 2PI
quantities change in a similar way: 4’ — A, A — A, cO — C’m) Each K-matrix Ky is
effectively projected on shell by adjacent instances of the two-particle kinematic quantity F
associated with a single [> —PV [] contribution.® K, is related to the physical amplitude M,

via a simple algebraic relation involving the difference between the PV and ie prescriptions.

SUsing a PV prescription is actually not required in this case; Ref. [27] uses the standard ie prescription,
and this would give the physical My amplitudes directly instead of Iy kernels. However, a PV prescription
is required for the three-particle case, so we include it here to simplify the later discussion.

SRef. [27] calls the Bethe-Salpeter kernel K (we call it Bg). Our F is also defined with an extra
symmetry factor of 1/2, and it contains an extra phase space factor compared to theirs since we use
different integration prescriptions.
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The final expression for the F'V correlator is

~ -~ 1 ~

where each quantity in the second term on the right-hand side is an infinite-dimensional
matrix with angular momentum indices ¢, m. For a given P, if the energy E lies in the FV

spectrum { Ep ,, }°° , then C, necessarily has a pole; i.e., the following quantization condition

must hold:
det [F~Y(E, P, L) + Ka(E")| = 0. (2.6)

We stress that F'(E, P, L) contains all power-law F'V dependence, and that it is a well-defined
kinematic quantity that one can evaluate directly. Ko(E*), on the other hand, is an infinite-
volume amplitude that is on shell and Lorentz invariant (which is why it only depends on the
CMF energy E*), and is related to the physical amplitude by M5 (E*) = K3 ' (E*) + p(E*),
with p(E*) a simple phase space factor. Thus one can fit (a parameterization of) ICo( E*)
by attempting to match the energies E' which satisfy the two-particle quantization condition
Eq. (2.6) for a given FV momentum P (and box size L) to the energies in the FV spectrum
{EPyn}’?LO:O'

2.4 Three-hadron scattering

While one- and two-hadron states are certainly prevalent in the QCD spectrum, the vast ma-
jority of resonances couple to states with three or more hadrons, e.g. the omega w(782) — mrm
and the Roper resonance N(1440) — Nm, Nmm mentioned above.

Applying the Liischer method to three-particle scattering amounts to deriving and im-
plementing three-particle quantization conditions (QC3s), the natural analogs of QC2s. The
first QC3 was derived by Hansen and Sharpe in 2014 using the same type of RFT approach
discussed in the previous section [28, 29]. In 2017, two other QC3 strategies appeared: the
nonrelativistic EFT (NREFT) approach by Hammer et al. [30, 31], and the relativistic finite-
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volume unitarity (FVU) approach by Mai and Déring [32]. The NREFT method boasts the
simplest formalism, but its neglect of relativistic effects limits its physical applicability. The
FVU approach is rooted in the constraints that S-matrix unitarity places on FV scattering
amplitudes and is manifestly relativistic like the RFT method, but the latter has always
been more developed; e.g., to date the FVU method can still only accommodate s-wave
dimer interactions, whereas the RFT method has always allowed for all partial waves and is

the only approach to be further generalized, e.g. to include 2—3 processes.

While the RFT, FVU, and NREFT approaches are currently the only three known meth-
ods for deriving QC3s relating scattering amplitudes to F'V spectra, there is also a very
different method that does not connect to FV spectra at all. This “potential method” is
favored by the HALQCD collaboration—in it, one associates a nonrelativistic inter-hadron
potential with a quantity obtained from a correlation function of spatially separated hadron
operators, and then one solves the Schrodinger equation with that potential to obtain scat-
tering information [33].

In this thesis, our focus is on developments within the RFT approach to QC3s, and we

do not discuss the other methods for studying three-hadron scattering in any detail.

2.4.1 Querview of original QC3 derivation

The original QC3 derivation by Hansen and Sharpe in Ref. [28] (hereafter referred to as
“HS1”) uses the RFT framework and follows a strategy that is very similar to that of the

QC2 derivation in Section 2.3.1. The result is a similar-looking quantization condition:
det [Fy (B, P, L) + Kars(E")| =0, (2.7)

where F3(F,P, L) contains all FV dependence as well as contributions involving Ky, and
Kars(E*) is an on-shell, Lorentz-invariant, infinite-volume 3—3 amplitude. Determining

the physical 3—3 amplitude M3 from these K-matrices is not as simple as it was for the
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Figure 2.3: Feynman diagram of a switch state between two B, kernels. The propagators at
the bottom left and top right are the spectators, as they merely spectate the 2—2 interactions
within the B, kernels. The 4-momentum flowing through the center propagator is fixed by
the spectator momenta, and thus can be forced to go on shell and diverge.

two-particle case, but it is possible via nested integral equations [29].

There are several aspects of the HS1 derivation that are unique to the three-particle case.

9

Perhaps most notable is the new diagram topology called a “switch state,” which refers to
a three-particle section between By kernels with different particles “spectating” the 2—2
interactions (see Figure 2.3). Switch states introduce new divergence concerns and have
to be treated carefully; the “df” in K43 stands for divergence-free, as Kqr3 has singular
switch-state contributions explicitly removed. Another concern is that 2—2 kernels need to

be evaluated below threshold, requiring one to use K-matrices with a carefully defined PV

prescription and UV cutoff in order to avoid introducing cusps.

In addition to these issues that are inherent to 3—3 scattering, the HS1 derivation spends
significant effort dealing with the energy integrals associated with loops in Feynman dia-
grams, organizing the diagrams into several different categories and handling them one at a
time. HS1 also goes to great lengths to symmetrize Kg¢ 3, as most diagrams are asymmetric
under particle interchange. As a result, Kg¢ 3 is only defined constructively in HS1; it does
not have a closed-form expression.

In Chapter 3, we present an alternative derivation to that of HS1. The primary differ-
ence is that instead of dealing with Feynman diagrams and energy integrals, we work with

diagrams in time-ordered perturbation theory (TOPT) where all individual 4-momenta are
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on shell and no energy integrals are necessary. We are able to obtain simple closed-form
expressions for all major quantities by using building blocks which are asymmetric under
particle interchange (including an asymmetric K-matrix), and we show that our asymmetric

QC3 is equivalent to the symmetric QC3, Eq. (2.7).

2.4.2 QU3 developments within the RET approach

The original QC3 derivation of HS1 made several simplifying assumptions:

1. All particles were scalar (spinless).
2. All particles were identical.

3. The Lagrangian was assumed to have a G-parity-like global Zs symmetry (e.g. no 2—3

transitions were allowed).

4. Two-particle subchannels were assumed to not have any resonances or bound states.

With all of these restrictions, the practical scope of the original QC3 is rather limited; it can
only be applied to simple processes like 377 — 37" or 3K — 3K ™, and even then only for
energies up to the next inelastic threshold. In order to study more interesting phenomena
like the Roper resonance, one needs more general QC3s that have some of these assumptions
removed.

Lifting these restrictions of the RFT approach has therefore become one of the main goals
within the QC3 community, and significant progress has been made in the past few years.
Some of these developments include the incorporation of 2—3 transitions [34], resonant sub-
processes [35, 36], multiple isospin channels [37], and relations between FV matrix elements
and infinite-volume decay amplitudes [38].

Given the complicated nature of the derivation in the standard RF'T method, an alter-

native line of argument is desirable for simplifying the generalization to more complicated
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systems. This is the focus of the the theoretical work we present in Part II. In Chapter 3, we
perform an alternate derivation of the original QQC3 using time-ordered perturbation theory
(TOPT), which we find significantly simplifies the argument. We then demonstrate the util-
ity of this TOPT approach by using it to derive a QC3 for the more complicated case of three
nondegenerate scalars in Chapter 4. Lastly, in Chapter 5 we use the results of Chapter 3 to
demonstrate the equivalence between the RFT and FVU QC3s for identical scalars.

In addition to the many theoretical developments to QC3s over the past few years, there
have also been a number of numerical QC3 implementations. The first was performed in 2018
for three identical scalars in the RFT approach for the simple case of the so-called isotropic
approximation [39], and shortly after there were also implementations in the NREFT [40]
and FVU [41] approaches. All of these studies were purely investigative though; the first
fit to actual LQCD results for the 37" FV spectrum did not occur until the following year.
For a recent review on two- and three-hadron QCs including various implementations, see
Ref. [42].

In Part III, we present additional numerical applications of QC3s to systems of three
identical scalars. In Chapter 6, we detail the first QC3 study to include levels in nontrivial
irreducible representations (irreps) of the cubic group and with nonzero d-wave two-particle
interactions. In Chapter 7, we present an exploratory investigation of bound states and
resonances by solving two- and three-particle QCs. Lastly, we present the first ever extraction
of 37 scattering information from LQCD data in Chapter 8.

In Chapter 9, we summarize and briefly discuss ongoing and future work. We also include

six Appendices A-F, one for each of Chapters 3-8.
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Part 11
THEORETICAL FORMALISM

In the following three chapters, we present three major developments to the theoretical
formalism of three-particle quantization conditions. Each chapter and its corresponding
appendix is taken from a different research publication: Chapter 3 and Appendix A are from
Ref. [43]; Chapter 4 and Appendix B are from Ref. [44]; and Chapter 5 and Appendix C are
from Ref. [45].
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Chapter 3

ALTERNATIVE DERIVATION OF THE RELATIVISTIC
THREE-PARTICLE QUANTIZATION CONDITION!

3.1 Introduction

One of the present frontiers of lattice QCD (LQCD) is the study of systems containing three
or more particles. The aims include the determination of the three-nucleon interaction and
the study of resonances decaying to three or more particles. Advances have been made both
in the ability to calculate multiple finite-volume energy levels using numerical simulations,
and in the theoretical formalism needed to interpret the results. Examples of the successful
combination of these methods are in Refs. [1, 41, 46-54].

A key output of the theoretical formalism is a quantization condition, an equation whose
solutions give the finite-volume three-particle energy levels in terms of infinite-volume scatter-
ing quantities. The latter quantities are then related to infinite-volume scattering amplitudes
in a second step that involves solving integral equations. Our aim in this work is to provide
a simplified method for deriving the quantization condition in a generic relativistic effective
field theory (RFT). Our hope is that our new method will simplify the generalization of the
quantization condition to systems not heretofore studied, for example to three nondegenerate
particles and to more than three particles, as well as allow the unification of the different
approaches used to develop the three-particle formalism (to be described below).

The two-particle quantization condition has been known for decades and is now a standard

tool in LQCD [24, 25, 27, 56-63]. (See Ref. [26] for a review.) The three-particle formalism

!This chapter and Appendix A are taken directly from Ref. [43].

2For related applications in lattice simulations of ¢* theory see Ref. [55].
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has been developed more recently, using three main approaches:®

1. The RFT approach, which is the most general and also the most complicated. This
formalism was derived in Refs. [28, 29] for the case of identical scalar particles with
a Zs, G-parity-like, symmetry. We refer to these papers in the following as HS1 and
HS2, respectively. The formalism has been subsequently generalized to allow 2 <> 3
transitions [34], K matrix poles [35, 36], and nonidentical but degenerate particles [37].
The numerical implementation of the formalism has been studied in Refs. [36, 39,
76], and recently applied to extract the 37T interaction [51] using results for the 37+

spectrum from Ref. [1].

2. The nonrelativistic effective field theory (NREFT) approach of Refs. [30, 31, 40, 77].
Here the derivation is much simpler, but to date the formalism has been developed

only for two-particle interactions restricted to the s-wave.

3. The “finite-volume unitarity” (FVU) approach of Refs. [32, 41, 52, 53]. This is a
relativistic formalism that is based on general forms for the three-particle scattering
amplitude developed in Refs. [78, 79] that incorporate s-channel unitarity. As for the
NREFT approach, it has to date been developed only for s-wave two-particle interac-
tions. It has been applied to the 37" spectrum from LQCD in Refs. [52, 53].

Our aim, as already noted, is to simplify the RFT derivation given in HS1 and HS2. As
a side benefit, our result provides a further check on the original formalism, adding to the
checks provided in Refs. [68, 80-82].

The derivation of HS1 and HS2 uses TOPT to identify the loop integrals that lead

to power-law finite-volume effects, but the main analysis is based on a skeleton expansion

3See also the foundational work of Ref. [64], the threshold expansions of Refs. [65-69], and the alternative
approaches in Refs. [70-73]. For recent reviews, see Refs. [74, 75].



28

using Feynman diagrams. The strategy is, crudely speaking, to convert loop sums into
integrals plus a volume-dependent remainder at every opportunity. This leads to complicated
intermediate expressions involving kernels that are not symmetric under interchanges of
external momenta, and are given by implicit, constructive definitions. Considerable effort
is then required to rewrite the final quantization condition in terms of a symmetric three-
particle K matrix (called Kgr3). Our alternative approach uses TOPT throughout,* converts
fewer sums into integrals, and does not aim for full symmetrization in the initial quantization
condition. This allows for a simpler derivation that is completely explicit. A second step then
leads to the HS1 form of the quantization condition in terms of Kg4¢ 3. We stress that, despite
the differences, many technical steps in our approach are based closely on the developments

and technical results of HS1 and HS2.

We close the introduction with a summary of our approach, which also serves to de-
scribe the organization of the paper. The new derivation of the quantization condition is
presented in Sec. 4.4, and is broken into several steps. We begin in Sec. 3.2.1 with a recap
of the essentials of TOPT, and then, in Sec. 3.2.2, explain how the three-particle correlation
function can be written in terms of two- and three-particle irreducible TOPT amplitudes.
This is the analog in TOPT of the Feynman-diagram-based skeleton expansion used in HS1.
The advantage of the TOPT approach is that the result, given in Eq. (3.24), is a simple
geometric series that is straightforward to derive. The next step, described in Sec. 3.2.3, is
to rewrite the expression for the correlator in terms of on-shell quantities. This is achieved
by the results in Eqgs. (3.52) and (3.57), which introduce two finite-volume quantities G' and
F that are closely related to the G and F appearing in HS1. Using these results, the form for

the correlator can be reorganized into a geometric series involving on-shell, infinite-volume

4Aside from an initial use of Feynman diagrams to analyze self-energy diagrams, as described in Ap-
pendix A.1. We note that extension of the derivation of HS1 to theories without the Zy symmetry, given
in Ref. [34], makes more extensive use of TOPT, and we use several results concerning TOPT from that
work.
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kernels, Eq. (3.75). As described in Sec. 3.2.4, this immediately leads to our new form of the

quantization condition, Eq. (3.81). While simple in form, this has the disadvantage of in-

volving an asymmetric three-particle K matrix (/ES;Z; )). The next sections of this work show

how the quantization condition can be rewritten in terms of a symmetrized three-particle K
matrix using relatively simple algebraic steps, with the final result, presented in Eq. (3.115),
having exactly the same form as that of HS1. A spin-off from this analysis is that we obtain
an explicit expression for the symmetric three-particle K matrix of HS1, K43, in terms of

TOPT amplitudes connected by a sequence of integral operators.

Although these final symmetrization steps are straightforward, we take a somewhat in-
direct path to obtain them. This involves first, in Sec. 3.3, using the TOPT methodology to
determine an expression for an asymmetric finite-volume three-particle scattering amplitude,
Mvé?i“), in terms of I%g;:g), Eq. (3.86); second, in Sec. 3.4.1, comparing that to the result for
the similar amplitude Méﬁu) introduced in HS2; third, in Sec. 3.4.2, asymmetrizing the HS1
result so that it is written in terms of an asymmetric amplitude ICS;:;;), and using this to
show that the HS1 quantization condition can be recast in exactly the same form as our new
version; and, finally, in Sec. 3.4.3, reversing the algebraic steps to show that our quantization
condition can be rewritten in symmetric HS1 form. We close the paper with a summary and

outlook.

We include several appendices collecting technical results. Appendix A.1 concerns TOPT.
Appendix A.2 describes the relation of three- and two-particle finite-volume amplitudes,
and gives details on the pole prescription that we use. Appendix A.3 explains a set of
complicated though straightforward matrix manipulations that are needed in the main text.
Appendix A.4 derives the asymmetrization identities needed in the main text. Appendix A.5
derives the relation between /651;;‘ ) and Ms. Appendix A.6 gives details of the steps needed
to relate iéfff‘;j) and IC((ffL:g). We also include Appendix A.7 in which we briefly describe a

variant of our approach that leads to a slightly different form of the quantization condition,



30

and which may be advantageous when considering generalizations.

In a companion paper [45], we show that our new form of the quantization condition can
be written in terms of the R matrix of Refs. [78, 79]. The provides a generalization of the

FVU quantization condition to all two-particle partial waves.

3.2 Derivation of the new form of the quantization condition

We work in a generic relativistic effective field theory (RFT) of identical scalar particles with
physical mass m in 34+1-dimensional Minkowski spacetime. We assume the Lagrangian has a
G-parity-like Zs symmetry so that only even-legged vertices are allowed. This is exactly the
same setup as in HS1. Our aim is to derive an expression—the quantization condition—that
determines the energy levels when this theory is considered in a finite spatial box. Following
HS1, we choose a cubic volume of side length L, with periodic boundary conditions.

The tool we use is the finite-volume (FV) correlation function for fixed total four-

momentum P* = (E,P):
Co,p(E,P) = [ d'e ' “F=) (0To(x)a (0)[0) | (3.1)
L

where P = 2np with np € Z?, the integral is over 2° € R and x € [0, L)?, |0) is the true
vacuum state of the interacting theory, and o(x) is an interpolating field coupling to three-
particle states. Throughout this paper, we assume the kinematic constraint m < E* < 5m,
where E* = /E? — P? is the total energy in the overall center-of-mass (CM) frame. This
constraint ensures that only three-particle states may go entirely on shell, a restriction that
is crucial to our derivation (as well as that of HS1).

For fixed P, the correlator Cs (£, P) will have poles in E at the energies of the FV
states that have the quantum numbers of of, namely all states with odd particle number.
By deriving an expression for the pole positions, we will obtain the desired FV quantization

condition.
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The derivation in HS1 involves summing over all Feynman diagrams contributing to
Cs..(E,P). The expressions for each diagram differ from those in infinite volume only by the
replacement of spatial loop integrals with sums over discrete spatial momenta, k € %’TZ?’. One
of the key initial steps in the derivation is to note that some spatial-momentum sums have
negligible dependence on L and can therefore be replaced with (infinite-volume) integrals.
More precisely, if a summand/integrand f(k) is smooth over the integration domain, with the
derivatives scaling as appropriate powers of m, then, from the Poisson summation formula,

the sum-integral difference is exponentially suppressed in m.L:®

1UV

75 210 = / o éﬂ’;g (k) + O™, (3.2)

Here we have included an ultraviolet (UV) cutoff, the nature of which is unimportant as

the sum-integral difference is an infrared effect. We assume throughout that mL is large
enough that O(e~™%) terms can be safely neglected. An immediate consequence of this
assumption is that the difference between a FV quantity and its infinite-volume analog is
only non-negligible if the quantity contains a singularity in the spatial-momentum summand.

The next key step in HS1 is to utilize certain results from TOPT as a tool for identifying
which Feynman diagrams can possess singularities and which cannot, as this greatly restricts
the classes of Feynman diagrams that need to be considered to capture all significant FV
contributions. However, this is the full extent to which TOPT is applied in HS1; actual

time-ordered diagrams are never used.

3.2.1 TOPT basics

We begin the derivation proper by a brief recapitulation of the essential features of TOPT.
A good source for the derivation of these results is Ref. [83]; further discussion in a context

closely related to that considered here is given in Appendix B of Ref. [34]. The main subtlety

>Or, more precisely, falls faster than any power of mL.
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in applying TOPT concerns the use of renormalized propagators, and we discuss this technical

point in Appendix A.1.

In TOPT, one rewrites each Feynman diagram contributing to Cs 1, as a sum of all time
orderings of the vertices, with each ordering corresponding to a unique time-ordered diagram.
Each propagator in the diagram is associated with an on-shell four-momentum p* = (w,, p),
with positive energy w, = /p? + m?, and gives rise to a factor of 1/(2w,). Spatial momentum
is conserved at vertices, but energy is not. Each “cut” between consecutive vertices gives a
kinematic factor

i

K = , 3.3
e E,— > wpy+ie (33)
ponept
where P; is the set of spatial momenta passing through the cut at time ¢, and
+FE if t, >t >t
Ei=S—E if t,y>t>t, (3.4)
0 otherwise,

with t,+ and t, denoting the times at which o' and ¢ occur in the diagram, respectively.®
The factor of ie has no impact in finite volume, and can be set to zero in that case. When
evaluating vertices with derivatives (which are present with arbitrary order in the generic
RFT), the corresponding momenta are placed on shell. Symmetry factors are included as for
Feynman diagrams. Finally, all spatial momenta are summed/integrated with the standard

measure.
As discussed in Appendix A.1, by using an appropriate on-shell renormalization scheme
and restricting to our kinematic regime in which only three particles can go on shell simul-

taneously, all self-energy diagrams can be absorbed into changes in the vertices, and it is the

6The precise values of the times are irrelevant to the value of the diagram; they are being used here only
to label the ordering of vertices.
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(0) (1 )
C3,L C3,L C3,L

N 7

Figure 3.1: Examples of time orderings in diagrams contributing to Cs ;. Time flows from
right to left, with the black circle (blue square) representing o' (o). Relevant cuts are shown
by vertical (red) dashed lines, while irrelevant cuts are shown by solid (magenta) integral
signs. The factors associated with these cuts are described in the text. Vertical columns
divide contributions according to the number of relevant cuts. Horizontal rows contain the
time orderings of (a) the leading-order Feynman diagram and (b) a Feynman diagram with
a single four-point vertex.

physical mass that enters into the factors of w,,.

Given these rules, the only singularities in diagrams are due to the kinematic factors Kj;
by assumption, the vertices are polynomials in momenta and thus nonsingular. Furthermore,
within our range of E*, the only singularities occur if F; = +F and |P;| = 3, i.e., if the cut
at time ¢ contains three lines and comes after ¢+ and before t,. We shall refer to such cuts
as “relevant three-particle cuts” or simply “relevant cuts.”” The remaining cuts, which we
refer to as “irrelevant,” occur if either (i) Ey = +FE with |P| # 3, or (ii) E; € {—FE,0}. Since

|P;| is necessarily odd for all cuts through Cs 1, case (i) corresponds to having either a single

7A potential second type of relevant cut, arising from a single dressed propagator, is discussed in Ap-
pendix A.1, and shown to be absent.
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particle in the cut, leading to a singularity at E* = m, or at least five particles, for which
singularities occur for E* > 5m. Both of these possibilities lie outside our kinematic range.
For case (ii), there are no singularities because the denominator of K, is negative definite.
Examples of relevant and irrelevant cuts are shown for simple diagrams in Fig. 3.1.

Given this classification, irrelevant cuts yield a smooth K;, and we can use Eq. (3.2) to
take the infinite-volume limits of all spatial-momentum sums involving the cut, i.e. to replace
the sums with integrals. This was the key result from TOPT that HS1 used to identify which
Feynman diagrams contained singularities, but here we continue working with time-ordered
diagrams.

Later in this work (in Sec. 3.3) we will consider scattering amplitudes, i.e. amputated
correlation functions, both in finite and infinite volume. The corresponding Feynman dia-
grams can also be broken up into time-ordered components using TOPT. The rules are the
same as above, except that the operators creating incoming (destroying outgoing) particles
are always placed at the earliest (latest) time. In addition, there are no 1/(2w) factors for
the external propagators; the first cut occurs after the first vertex, and the last cut before
the final vertex. In general such an amplitude is off shell. The on-shell amplitude, whose
absolute square is related to the scattering cross section, is obtained by choosing the initial
and final spatial momenta such that the initial- and final-state energies both sum to E. In
this on-shell limit, the result for the amplitude is identical to that given by the expression

obtained using Feynman diagrams, and, in particular, is Lorentz invariant.

3.2.2  Ezpansion of Cs (E,P) in relevant cuts

Our strategy is to organize the (renormalized) time-ordered diagrams that contribute to

C5,.(E,P) by the number of relevant three-particle cuts they contain,

C3,L(E7 P) = Z Oig,nL)<E7 P) ) (35)

n=0
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where C’énL)(E ,P) is the sum of all diagrams containing exactly n relevant cuts. Examples of
this organization are shown in Fig. 3.1.

The n = 0 term Cé?z(E,P) denotes the sum of all diagrams with no such cuts. Since
all cuts in each diagram give smooth iK; contributions, we can use Eq. (3.2) to replace all

discrete momentum sums with integrals and take the infinite-volume limit:
C{A(E, P) = G320 (E,P) + O(e ™). (3.6)

From now on we will no longer track terms that are exponentially suppressed in mL.

For diagrams with at least one relevant cut, the expressions factorize into a form with a
right-hand “endcap,” followed by some (possibly zero) number of 3 — 3 segments, followed
by a left-hand endcap. These pieces are separated by relevant cuts. This factorization can be
seen in the examples in the C’élj% and Cégz columns of Fig. 3.1. A more extensive example for
03(2 is shown in Fig. 3.2, which shows that there are two types of nontrivial 3 — 3 segments:
one in which two particles interact with the third particle spectating, and the other in which
all three particles interact. We label these By and Bs respectively, while the left (right)
endcaps are denoted A (ﬁ).8 Before presenting the general expression for Cs r,, we first give

the definitions of these four segments.

Contributing segments

We begin with the left endcap A Tt s given by the sum of all time-ordered diagrams
that contain o, are three-particle irreducible in the s-channel (3PIs),” and begin with an

amputated three-particle cut. The amputation removes the factors of 1/(2w) from each line,

8The “hat” on these quantities is used to distinguish them from similar, but different, endcaps denoted A’
and A in HS1. Similarly, we label the intermediate segments with a calligraphic B, in order to distinguish
them from the Bethe-Salpeter kernels By and B3 used in HS1.

90ur definition of 3PIs includes, in principle, the possibility of a cut through a single propagator that is
carrying the full momentum P. However, as explained in Appendix A.1, in our kinematic regime all such
single propagators can be collapsed into vertices, so the issue does not arise.
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Figure 3.2: Example of a contribution to C?(:%. Notation is as in Fig. 3.1. The names for the
different types of segment are indicated by the underbraces.

as well as the energy denominator of the relevant cut. These factors will be added back
when we join the segments. For fixed £ and P, Al depends on the spatial momenta of two
of the particles in the relevant cut, usually denoted k and a. The momentum of the third,
usually denoted by, or simply b for short, is given by by, = P — k — a. We define A’ (k,a)
to include all distinct attachments of momentum labels to the external lines. This is exactly
what would result were we to define this as an amplitude with three single-particle creation

operators and included all Wick contractions. This implies that it is fully symmetric'®
A'(k,a) = A'(a,b) = A'(b,k) = A'(a,k) = A'(b,a) = A'(k,b). (3.7)

It turns out to be convenient to multiply the sum of all diagrams by a factor of 1/3, as
this will cancel a labeling degeneracy that we describe below. This factor can be intuitively
understood as placing this inherently symmetric object on the same footing as the inherently
asymmetric segment Boj to be defined below. Examples of diagrams contributing to this
endcap are shown in Fig. 3.3.

The right endcap A is defined as the sum of all amputated 3PIs TOPT diagrams con-

10A reader making a detailed comparison with HS1 will observe that the endcaps used initially in that

work are asymmetric, and considerable effort is needed at a later stage to symmetrize them. One of the
advantages of the TOPT approach is that we do not need to use asymmetric quantities at this stage, with
the exception of EQ’L.
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Figure 3.3: Examples of contributions to the left endcap A’ (k,a), with notation as in Fig. 3.1.
When evaluating these diagrams, the external lines (those that end at the relevant cut) are
amputated, with the factors of 1/(2w) dropped, and the energy denominator is also not
included. The factor of 3 on the left-hand side is discussed in the text. The vertices in
the diagram can represent interactions with or without derivatives, but in all cases are fully
symmetric. The number of relabelings of a diagram depends on its intrinsic symmetry under
interchange of the external particles. For the first two diagrams, which are symmetric under
external particle interchange, there is only one labeling. For the next diagram, which is
symmetric under interchange of the upper two particles, there are three labelings, as shown.
The final diagram, shown on the second and third lines, is completely asymmetric, and all
six relabelings must be included.

taining a o' and ending with an amputated three-particle cut, multiplied by 1/3. Diagram-
matically, it is simply the horizontal “reflection” of A Tt is fully symmetric.

The fully connected 3 — 3 segment iBs(k’,a’;k,a) (with fixed £ and P implicit) is
defined as the sum of all amputated, connected, 3PIs TOPT diagrams beginning and ending

at a relevant cut.!' All momentum assignments are included, and it is multiplied by 1/3

" The factor of 4 is included to match the standard definition of a scattering amplitude, and follows the
notation of HS1.
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for each cut, i.e. by 1/9 in total. It is fully symmetric separately for both initial and final

momenta,

Bs(k',a';k,a) = B3(a’, k’;k,a) = B3(k’,a’;a,b) = -- - . (3.8)

The final segment is iBs 1, in which only two of the particles are connected—the “inter-
acting pair”—while the third spectates. This segment is intrinsically asymmetric, and we

choose the spectator momentum to be k = k/,

iByr(E,P; K, a’;k,a) = 0p1,2w, LBy ( oy, Poy;as a) (3.9)
3.9
Eyy=FE—w;, Py =P -k,

where O, = 513;,71{ is the three-dimensional Kronecker delta. Here B is the sum over all
amputated TOPT diagrams describing connected 2 — 2 scattering that are 2PI in the s
channel, which we denote as 2PIs diagrams. Note that the four-momentum flowing through
By is (Eay, Pay), since the spectator four-momentum k* = (wg, k) is subtracted from the
total. We also include an L in the subscript to emphasize the presence of an explicit factor
of L?. Examples of diagrams contributing to By are shown in Fig. 3.4. It is symmetric under

separate interchange of the momenta within initial and final pairs, i.e.

By(Ez, Py;a’;a) = By(Ey, Pa;bsa) = By(Ey, Py;a’sb) = By( £y, Po;b's b)), (3.10)
3.10
b’:Pg—a', b:Pg—a.
It is defined without any overall factors (unlike Bj).

The factor of 2w;,L? in the numerator of Eq. (3.9) is needed because the cuts on both
sides of B, include a spectator propagator, so one must be canceled. This is explained in

greater detail below.

For the quantities A , A, Bs, and By, we can proceed as for Cé?,% and take the infinite-
volume limit, since they contain no relevant cuts in our kinematic region. The lack of such

cuts is by construction for the 3PIs quantities A, A, and Bs. For B,, the lack of relevant
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L

Figure 3.4: Examples of contributions to iBs(FEs, Ps;a’;a), with notation as in Figs. 3.1
and 3.3. (In this and following figures we do not keep track of factors of i.) The number
of relabelings of a diagram depends on its intrinsic symmetry under interchange of the
external particles. For the first two diagrams, which are symmetric under external particle
interchange, there is only one labeling. The next diagram is symmetric on the left, but not
on the right, and so there are two relabelings, as shown. The final diagram is asymmetric
under interchange of both initial and final particles, and thus there are four relabelings, as
shown.

three-particle cuts in By implies that By can have no on-shell two particle cuts, since its
CM energy Ej cannot exceed 4m. Because of the absence of relevant cuts, A, A, Bs, and
By are all real in our kinematic range. As discussed in Appendix A.1, we implicitly use a
diagram by diagram regularization and renormalization scheme, so that all quantities are

UV finite.

FEvaluating Cs ,(E,P)

With the 3PIs segments in hand, we can now proceed toward a general expression for the
correlator. To write this compactly, we introduce a matrix notation, in which the indices are

the two summed finite-volume momenta at each cut, {ka} = {k,a}. Thus A’ becomes a row
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vector, B; and Bs ;, become matrices, and A becomes a column vector:

A;c’a’ = A\/<kl7 a/) ) [63]k’a’;ka = B3(k/7 a/; k, a) ) (3 1)
1
A=Aka),  [Bas], =Byi(E,P;K,a'ka).
The sum of contributions containing exactly one relevant cut can then be written
@ Uv Uv R
Cs (B, P) =Y "> Auw3ilDrliaikadea (3.12)
k/,a’ k,a

— A'3iDpA, (3.13)

where in the second line we have left matrix indices implicit. The matrix associated with

the relevant cut is

1
[DF]k’a’;ka = E(sk’kéa’aDkaa (3.14)

1 1 1
Dy = — Doy 3.15
F 2w L3 2wy (B — wy, — wy — wy) 2w, L3 F ( )

The reason for the subscript F' will become clear below.

The various terms in Eq. (3.13) are chosen so that the correct TOPT expression for C’S(,lg
is obtained when sewing A and A together. In particular, Dy, plays three roles. First, it
puts back in the propagator factors that have been removed when amputating A’ and A.
Second, it contains the two factors of 1/L3 that are the standard measure associated with
the sums over the loop momenta k and a. Third, it includes the energy denominator from

the kinematic factor K;.

The numerical factors of 3 [multiplying Dr in Eq. (3.13)] and 1/2! (in the definition of
Dp), are needed to account for symmetry factors and labeling degeneracy. Recalling that
A’ and A each come with a factor of 1 /3 included by hand, the product of these factors is
Ng = (1/3) % (3/2!) x (1/3) = 1/31. If one is considering contributions to A’ and A that both
correspond to completely asymmetric underlying diagrams with 3! possible labelings (as in

the example shown in the last two lines of Fig. 3.3), then the (3!)? terms in the product



41

overcount the number of diagrams contributing to C’élz by a factor of 3!. This is canceled by
Ng. If instead the contributions to both A’ and A are completely symmetric (as in the first
two examples in Fig. 3.3), then there is only one diagram that appears in the product, but it
needs a symmetry factor of 1/3! that is provided Ng. Cases of intermediate symmetry work
similarly.

For reasons that will become clear shortly, it is useful to rewrite Eq. (3.13) as

Ci}) = A'i(Dp + Dg)A, (3.16)

[DG]k’a’;ka = §k’a6ka’Dka . (317)

The new matrix Dg differs from Dp in the manner in which the momenta are contracted,
and also because it lacks the factor of 1/2!. When adjacent to a symmetric quantity (on
either side) one can replace Dg with 2Dp, because the corresponding momentum indices
k and a can be freely interchanged, and because Dy, = D,;. Given this substitution, the
equivalence of Egs. (3.13) and (3.16) is immediate.

We now move on to the contributions with two relevant cuts. These can involve either a

Bs or a By between the endcaps. For the former, using exactly the same arguments as just

described, one finds that
CSY) 3 A'3iDpiBs 3iDpA = A'i(Dp + D¢)iBsi(Dp + Dg)A . (3.18)
For the latter, it turns out that the same form holds
Cs2) 3 A'3iDpiBy 13iDpA = A'i(Dp + Dg)iBa,1i(Dr + Da)A, (3.19)

where the second result follows from the first because both Dp’s are adjacent to a symmetric
endcap. To understand why Eq. (3.19) gives the correct contribution to C’gg, consider the
diagram shown in the final column of Fig. 3.1. The 2w L? in Ba 1, Eq. (3.9), cancels that in
one of the Dg’s, so that there is only one such factor in the overall diagram, as appropriate

for the spectator line. Using the first form in Eq. (3.19), the numerical factors combine to
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give Ni = (1/3) x (3/2!) x (3/2!) x (1/3) = 1/(2!)?, which is the correct symmetry factor
for the diagram as a whole. For completely asymmetric contributions to A , Bo1, and ﬁ, Ng
serves to cancel the labeling degeneracy. For cases with intermediate symmetry, Ng provides
a mix of the needed symmetry factors and cancellation of labeling degeneracies. The total

result with two relevant cuts can thus be written

C) = A'i(Dp + Dg)i(Ba, + Bs)i(Di + Da)A. (3.20)

Generalizing to more cuts is straightforward if only B3 segments appear, for they can be
connected together with factors of 3i D or, equivalently, i(Dr + D¢). A complication arises,
however, when one has adjacent factors of By 1, as occurs in the example shown in Fig. 3.2. In
such cases the manner in which indices are contracted matters due to the asymmetry of By 1.
In Fig. 3.2, the intermediate matrix must be a Dq, because the spectator line is switched.
If there is no such switch then the intermediate matrix must be a Dp. This distinction is
illustrated in Fig. 3.5. The relative factor of 2! between Dp and D¢ is also needed to obtain
the correct overall symmetry factor. One way to understand this is to note that there are
two ways to join a spectator to the interacting pair, compared to only a single way of joining
the spectators. The conclusion of this discussion is that factors of By must be joined by
i(Dp + D¢), with no freedom to change to any other form. This is why in the cases above

where there was such freedom, we rewrote the result in terms of the combination Dr + Dg.

We thus conclude that the result for n > 1 relevant cuts can be written

C§) = A'i(Dy + Do) [i(Bo + Bs)i(Dr + Do)| " A. (3.21)
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Ba 1 Dp B >

Figure 3.5: Example of the difference between D and Dg when connecting two B f, seg-
ments. Notation as in Fig. 3.1. In this simple example, the extra factor of 1/2! contained in
the definition of Dp is needed to give the symmetry factor associated with the closed loop
that crosses the central cut in the left-hand diagram. Momentum labels are discussed in the
text in Sec. 3.2.3.

The full correlator is then given by a geometric series

Cs.(E,P) = C§)(E,P) (3.22)
n=0
_ A0 o~ .7 : n-1 2
= C§)(E,P) + Y A'i(Dp + Dg) [i(Bor + Bs)i(Dr + Dg)] A (3.23)
n=1
N 1 ~
= CY(E,P) + A'i(Dp + Dg) A. (3.24)

1 —i(Bar, + B3)i(Dr + Dg)
We have obtained a closed-form expression for Cj ,(F,P) in which the building blocks are
infinite-volume “TOPT amplitudes”—ﬁ’ , Bs, By (contained in By 1), and A. Volume de-
pendence enters through the fact that momenta are summed over the set of FV values, and
through the explicit factors of L3 associated with the sums and contained in BQ,L. The
simplicity of the result and the straightforward manner of its derivation are two of the main

advantages of using the TOPT approach.

3.2.83  On-shell projection

At this stage our expression for Cs 1, is built from infinite-volume quantities, but these are, in
general, off shell. To obtain a useful quantization condition we need to rewrite C' 1, in terms

of fully on-shell quantities, which in turn can be related to physical amplitudes. By fully
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on-shell, we mean that the incoming and outgoing four-momenta are both individually on
shell and sum to the total four-momentum P* = (E,P). Within TOPT the first condition
is automatically satisfied, as is the conservation of spatial momenta, so the issue to address
is that, in general, the three particles at a relevant cut do not satisfy wy + w, +w, = E. We
stress that for the TOPT amplitudes B; and Ba 1, one must separately consider on-shellness
for the incoming and outgoing momenta—these amplitudes can, for example, be on shell on
one side but off shell on the other.

The method we use in this subsection is to expand the amplitudes about their on-shell
points. For fixed E and P, these expansions are made in the spatial momenta of the external
particles. This necessarily involves consideration of external momenta that do not lie in the
discrete set allowed for finite volumes. Although such external momenta do not enter into
the expression for Cs 1, Eq. (3.24), the TOPT amplitudes are well defined for all external
momenta. This is because all internal loops have been converted to infinite-volume integrals,
so changes in external momenta can be propagated through the diagrams into small changes
in loop momenta. Since the integrands are nonsingular by construction, the dependence
on external momenta is smooth. This result was used in HS1 and HS2 in the context of
Feynman amplitudes.

We separately analyze cuts involving D and Dp, which we refer to as “G cuts” and “F

cuts,” respectively, and then apply the results to Cs (£, P).

G cuts

To evaluate Eq. (3.24), we must repeatedly consider quantities of the form!?

[X,DGX}k‘a;pr - [X,]ka;k’a’ [DG]k’a’;p’T’ I:X:Iplrl;pr )

o o (3.25)
X' e {A/,BQ’L,Bg}, X e {A, BQ,L,Bg}.

121f X' = A or X = A then the corresponding outer momentum labels are absent.
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Our aim is to rewrite these in terms of a part in which the right-hand momenta of X’ (with
indices k'a’) and the left-hand momenta of X (with indices p'r’) are both on shell, plus a
residue that does not have a pole in E. In the following we refer to the momenta that we
will set on shell as the “inside” momenta, while those that are left off shell (here ka and pr)

as the “outside” momenta.

We consider in detail the case where X' = X = BQ, 1, from which the results for other

choices can easily be deduced. Writing this out, we have

Bz,LDG BQ,L}ka;pT = [BQ,L}ka;k,a, [DG]k’a’;p’r’ [BZ,LL,T@W

1
2wy, (B — wy — wp — W) (3.27)

X 82(E2,p7 P2,p; k; I‘) )

(3.26)

= Ba(Esy, Poy;a; p)

where in the first line repeated indices are summed. The choice of momentum labels is

illustrated in the right-hand diagram of Fig. 3.5.

Our aim in the following is to expand the two factors of By about the points at which
their internal momenta are on shell. Consider first the left-hand Bs. Its internal (right-hand)
momenta are p and by, = P —k —p = b. We wish to adjust p (which also changes b since
P is fixed) until w, +w, = Esj. The way we do so is adapted from the approach used in
Sec. IVB of HS1. We first change variables to those in the center-of-mass frame (CMF) of
the scattered pair. Since the four-momentum of the pair is (w, + ws, Pay), the boost to this

frame has parameters

[P x| Wp + Wy 9 5 )
= ot =0 A= - P 3.28
i wp + wp g 2wy wp” = (wp +wi) 2,k (3.28)
such that (w,, p) is boosted to (wy, p.), with
Py = k(P — Brwp) . PiL =P, (3.29)

where parallel and perpendicular components are relative to Py . Similarly, (wp, b) is boosted
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to (wy, —py). Here the subscripts “k” are a reminder that the boost depends on k. This
boost differs from that used in HS1, because here all particles are on shell while energy
is not conserved, whereas in HS1 the particle with momentum b is off shell and energy is
conserved. The boost used here has the advantage that it is well defined for all choices of k,
since |Bi] < 1. We refer to it below as the “Wu boost.”'® We also stress that pj completely
fixes p since it determines F3; = 2wy, from which, for given Py, one obtains w, + wy and

thus the inverse boost. Thus we can change variables'* in B, from p to p; = p;p;:
Ba(Eak, Paoy;a;p) = By (Ea, Payiaipy) (3.30)

where the asterisk on B} simply indicates the same function expressed in terms of the new

variables.

The next step is to decompose the angular dependence of B} into spherical harmonics,
B3 (Eak, Pakia;py) = By(Eok, o a; pp)om VATYem (Py) | (3.31)

where there is an implicit summation on angular-momentum indices, and the factor of v/4m
follows the conventions of HS1. We use real spherical harmonics throughout to avoid an
overabundance of asterisks. Since we expect Bs to be nonsingular in our kinematic regime, the
coeflicients B} (Es i, Pa k: a; pi.)em should be smooth functions of pj. Indeed, if we can Taylor-
expand Bj(Ea2, Poy;a;pj) about p; = 0, it follows that, in order to avoid singularities at
p; = 0 from the spherical harmonics or the absolute value, we can pull out a factor of p;’

*
from B;,

Bi(Es g, Payia; ph)em = By (Bog, Pok; a3 05 ) empy (3.32)

13We learned of this boost from J.-J. Wu, who used it in the context of the Hamiltonian effective field
theory description of finite-volume effects [84].

14The fact that B, is not Lorentz invariant presents no obstruction to this change of variables.
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where B}* is a smooth function of pj?. Thus we can rewrite the expansion as

By(Es ., Pogia;p) = By (Bog, Por; a; pi)emVem(PL),  Yem(Ph) = VATY 0 (B5)pr . (3.33)

The Y, are simply the harmonic polynomials, rescaled by /4.
The final step is to set the amplitude on shell (on its right-hand side) by adjusting p}.

If we set!'®

P = g% = B3 /4 —m?, where E33 = Ej, — P35, (3.34)

then we achieve the desired result:

P =g = dwl =B = (wptwy)’ =Py, = By — Py
(3.35)
= Byp=wtw = E=wp+w,+ws.

We note that as |k| increases, q;‘?k becomes negative, so that enforcing the on-shell con-
dition of Eq. (3.34) requires an extrapolation of By below the two-particle threshold. In
other words, even though k is such that, for the given values of E and P, the other two
particles cannot go on shell, we still must include a contribution from the TOPT amplitudes
extrapolated below threshold. This feature is common to all three-particle quantization con-
ditions [64]. However, we do not expect the three-particle levels to be sensitive to amplitudes
far below threshold. To avoid this region, we introduce a function H(k) that cuts off the
sum over k (and depends implicitly on E and P). At this stage, the details of this function
do not matter, aside from four properties: (i) it must equal unity for all values of k for which
an on-shell three-particle state is kinematically allowed, (ii) it must remain unity for a finite
distance of O(m) below threshold, (iii) it must be smooth in k, and (iv) it must vanish for
large |k|. The first property ensures that the pole terms that can lead to power-law FV
dependence are fully incorporated into the analysis. The second ensures that exponentially

suppressed volume terms are suppressed by exp(—d0L) with § = O(m). The third property

15The definitions of g ) and EJ ;. are the same as in HS1, and the on-shellness conditions also match.
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is needed to avoid introducing unwanted power-law dependence, as we will see shortly. The
final property truncates the sum over k, which is essential to turn the quantization condition
into a practical tool. Functions with these properties can be constructed easily from the
example given in HS1. We stress that the quantization condition that we derive is valid for
any cutoff function satisfying these properties, up to exponentially suppressed corrections.
In other words, we do not lose control of power-law volume dependence when we add the

cutoff function by hand.

We now write B, in terms of an on-shell part and a residue
BZ(EQ,ka P2,k§ a; P) = BS*(EM, Pz,k§ a; q;?k)émyem(PZ)H(k) + 5BQ(E2,k7 P2,k; a; p) ) (3‘36)

where the residue is

0Ba(Ea g, Pog;a;p) = [B;*(EZM P a; pi)em — By (Fok, Py a; q;i)em} Vem () H (k)

+ By(Ea e, Pog;a;p)[1 — H(k)]. (3.37)

The key point here is that dB, cancels the pole in the energy denominator in Eq. (3.27). For
the first term, the smoothness of B3, implies that
By (Ea e, Pogs; a3 pf2 ) om — By (B, Pog a5 ¢35 em

(3.38)

o pi2 = 5% = — (B — -+ ) (B =k — w0y — ),

which explicitly cancels the pole. For the second term in dB,, the factor of 1 — H (k) vanishes

for all choices of k for which on-shell kinematics are possible, and in a finite neighborhood

thereof, so that the pole is avoided. Thus the total summand involving 6B, is finite and

smooth, allowing loop sums involving momenta crossing the cut to be converted to integrals,

as discussed further below.

Our final step for the left-hand amplitude is to rewrite it in terms of B3, i.e. the angular
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components of the on-shell amplitude. Then Eq. (3.36) becomes

* * ym r
By(Es, Pog;a;p) = By (Eok, Poy; a; q2,k)em€q*(})k)H(k) + 0By (Es i, Pogiasp).  (3.39)
2,k
The construction makes clear that the apparent pole at g3, = 0 is canceled by the behavior
of B3.;,, near threshold.
We now make an analogous decomposition of the right-hand B,. The steps are the same

with the roles of k and p interchanged. We thus find

*{
q2,p

By(Esp, Poyi ki) = H(p) B5(E2p, Pay; @ p; r)em + O(E —wp —wp, —wp) . (3.40)

Here we have set the left-hand momenta on shell.
We also find it convenient to rewrite the pole in the relativistic form used in Refs. [34,

36, 70]

1 1
= 1+0O(F —w, —w, — 3.41
2wp(E — wy — wp — wp) b2—m2[ +0( Wi = wp = w)] (3.41)
where b here is the four-vector
b=(E—wy—wy,P—k—p)=(wp,b)+ (E —wp —wp —wp,0). (3.42)

This step is not essential, and we could proceed with the derivation with the form of the
pole used in HS1.
Inserting the results from Eqs. (3.39), (3.40), and (3.41) into Eq. (3.27), we find the pole

part

where the “switch matrix” G? is!'6

_ Yen(pi) HK)H(p) Ve (k;)

b
Gkﬁm;pf/m’ - w0/

3.44
qgfk b? —m? 42,p ( )

16This is the same as the object G appearing in HS1, except that we use the relativistic form of the pole
and the Wu boost.
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Equation (3.43) has achieved our goal of pulling out a term in which the inner indices are
set on shell. Whenever the index set {kfm} appears instead of, say, {ka}, this indicates that

an on-shell projection has been carried out following the procedure explained above.

To package the final result in a way that generalizes to other choices of X’ and X in
Eq. (3.25), we reintroduce the factors of 2wL? that cancel if X’ = X = By but do not

cancel in general:'”

[BZL] I 2w L2610 B3 (Bo i, Po ks @3 G5 1) em (3.45)
B . = 200 L300, BB, Payi 63, ) (3.46)
~ 1 1
Gkﬁm;p@’m/ = b (347)

- 5 . !/ I 5 .
Qo L3 kbmiptm 2w, L3

Using these matrices we have

BQ,LDGEZL} = {EQ,L (é + (5@) BQ’L} (348)

ka;pr kapr
where the G term contains the pole, while 6G is simply the sum of all nonsingular contri-
butions. We will not need an explicit form for 6G. Equation (3.48) gives the result in a
convenient, but highly compact, notation. It should always be kept in mind that any object
adjacent to a factor of G is projected on shell. The 6G contribution, however, does not
include an on-shell projection. The result (3.48) is shown diagrammatically in the upper

panel of Fig. 3.6, where the 6G term is seen to sew together the two By’s into an enlarged,

infinite-volume amplitude.

The analysis proceeds similarly if we replace one or both of the By ;’s with one of the

1"Here G is related to the matrix G of HS1 by ék[m;p[/m/ = (2ka3)_1Gum;pg/m/, except that we use

the relativistic form of the pole and the Wu boost. In fact, at this stage we could change to using the
boost of HS1 (and, if desired, the nonrelativistic form of the pole) in G. This only leads to a change in
§G. For completeness, we note that our G differs from the similar quantity of the same name used in
Refs. [36, 39, 76]: our version contains an extra factor of 1/L>.
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Figure 3.6: Diagrammatic illustration of on-shell projection for G cuts, specifically of the
results Eq. (3.48) [upper panel], Eq. (3.49) [middle panel], and Eq. (3.52) with X' = A’
and X = Bs [lower panel]. The relevant cut corresponding to D¢ is shown by the dashed
(red) vertical line, while the insertion of the matrix G is shown by the solid (red) vertical
line. Rounded ends of kernels are off shell, while straightened ends are on shell. The angled
double solid line connecting amplitudes indicates that the pole in the energy denominator
has been canceled. A loop containing “oco” is integrated, while other loops are summed.

other TOPT amplitudes. As an example, consider

{Bi%DGBQ,L} - [63]k’a’;k:a [‘DG]ka;p’r’ [BZL} ) (3.49)

k'alspr p'rlipr
which is illustrated in the middle panel of Fig. 3.6. For notational convenience we have
interchanged the dummy indices {ka} and {k’a’} compared to earlier. The differences from
the analysis above are (i) that k # k', so that the on-shell projection for B; involves a boost

determined by the inner momentum (here k); (ii) the 1/(2wy,L?) factor in D¢ is not canceled;

(iii) k is summed in the final result—with 1/(2wy,L?) providing the correct measure factor;
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and (iv) in the finite 6G term, the sum over k can be converted to an integral, since the pole
has been canceled, and this attaches a By to the Bs to create an enlarged infinite-volume
amplitude. This step relies also on the smoothness of H (k). This last point implies that we
should view 6G as an operator that acts differently depending on the adjacent kernels, and
in particular implies integration over all internal loops that cross the original cut.

To give an explicit expression we need to define the version of Bj after on-shell projection

on the right,

* * * ym a*
[83]k’a’;k€m = B?) (k/7 a/; k’ ap = q27k)€m# 5 (350)
2,k
using which we have
[BsDaBa 1] . [Bs(G+ 5G)827L]k,a,;pr : (3.51)

i.e. a result of exactly the same form as when X' = X = BQ’L.
The other cases follow analogously, and we do not discuss them in detail. Dropping

external indices, the general result is simply
X'DeX = X'(G+6G)X . (3.52)

The only new feature that enters if both X’ and X are symmetric kernels is that both factors
of 1/(2wL?) are uncanceled, so both internal momenta end up summed (for the G term) or
integrated (for the G term). This is illustrated for X’ = A’ and X = B in the lower panel
of Fig. 3.6.

F cuts

Next, we wish to derive an analogous result for X’DrX. One option is to split up the
on- and off-shell contributions exactly as for D¢; we refer to this as the “Sp approach,” as
the analog to G that arises is a sum over spatial momenta. Although the S approach is

perfectly valid and well defined, we relegate its details to Appendix A.7, as there is a more
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Figure 3.7: Diagrammatic illustrations of on-shell projection for F cuts. Notation as in
Fig. 3.6 except that the insertion of the matrix F is shown by the solid (purple) vertical line.
The integral over the momentum a (the upper loop) requires a pole prescription, for which
we use a generalized PV prescription. Momentum labels are matched to the discussion in
the text.

standard method—following essentially the same approach as in HS1—that we now discuss.
We shall refer to the standard method as the “F approach,” for reasons that will soon be
apparent.

The results we obtain are illustrated in Fig. 3.7. As the figures show, an essential differ-
ence between the G and F cuts is that, for the latter, at least one of the momenta crossing
the cut is part of an internal loop. This feature is exemplified by the explicit expression for
X' =X =By,

_ _ 1
[82,LDF Ba.1, haript Orp2wi Ly m82(E2,k7 P,;a’a)

X (3.53)

2wy, (E—wi,—w,—wy,, )

BQ(Ean Pz,k; a, 1',) )
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which is shown diagrammatically in the upper panel in Fig. 3.7. The a loop is always present,
and, in the F approach, is treated first. The method is that introduced in Ref. [27] and
extended in HS1: one replaces the sum in Eq. (3.53) using the identity > = [>> =PV [|+PV/.
Here PV indicates that we are using a generalized principal-value (PV) pole prescription, in
the class introduced in Ref. [36]. The sum-integral difference projects the inner momenta of
the adjacent amplitudes on shell, as shown by the identity derived in Appendix A of HS1.18

Using this identity, we find, in our example,

ByLDr BQ,L]WW = |Bays (3.54)

F/ Y I:B :|
, ]ka’;k’fm k' lm;p’l'm 2,L

B, 2By
p'e'm! pr! + |: 2,L+EFRP2,L ka’;pr’ ’

where the partially on-shell amplitudes are defined in Eqs. (3.45) and (3.46), F' is a matrix

acting in the on-shell index space!”

= 1 X Viem( ak ) L? Dy Yormv (ay)
Fkﬁm;pé’m’ = 5kp [Lg Z PV/ 1 q2 A 9 q;é]; y (355)

with [, = [ d3a/(27)?, and the action of the integral operator Zp is

Kopt ; (3.56)
L Dk’a5k’p’ 6@7‘ k%]
x {82’L} pripr’ |

2!
The integral operator ties together the two factors of By, as shown in the figure. Note that
the overall factor of L? cancels that in the 1/(2w,L?) contained in Dy,.

One subtle feature of Eqgs. (C.9) and (3.56) is the appearance of factors of H (k). As for
the G cuts, these are introduced so as to cut off the sum over k. The identity (3.54) is valid

18Gtrictly speaking, the argument given in HS1 must be slightly modified to use the boost introduced
above, but the essence is unchanged.

19Here F is related to the matrix F of HS1 by ﬁkgm;pglm/ = (2wp L) "' Frpmiperms. The fact that we
use a different boost in the on-shell projection only changes the sum-integral difference by exponentially
suppressed terms. This is true also if the pole in Dy, is changed to the relativistic form used for G, and for
changes in the UV regulator. Our F' differs from the quantity of the same name used in Refs. [36, 39, 76]
by having an additional factor of 1/L3.
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for any choice of H (k) satisfying the properties enumerated earlier. In particular, the second
integral on the right-hand side of Eq. (3.56) originates as a sum over a, but can be converted

to an integral because the overall 1 — H (k) cancels the pole in Dj,.%°

The results for other choices of X’ and X take the same form, and are illustrated in the
middle and lower panels of Fig. 3.7. The only new feature occurs when both X’ and X are
symmetric amplitudes. In this case the sum over k is not resolved by Kronecker deltas, and
remains as an internal loop. Here we can use the result that the PV integral over a leads to
a smooth function of k, despite the pole in the integrand. This is shown for the standard
PV prescription in Appendix B of HS1, and holds also for the generalizations of Ref. [36].
Because of this result, and the smoothness of the TOPT amplitudes, the sum over k in the
Zr term can be replaced by an integral, as exemplified by the last term in the lower panel in
the figure. Thus, as for §G, the integral operator Zp acts in a manner that depends on the

adjacent amplitudes.

In summary, the general result (with matrix indices implicit) is
X'Dp X =X'(F+1p) X, (3.57)

where any amplitude adjacent to F is placed on shell with indices {k¢m}.

20Note also that, despite appearances, the H (k) dependence of the two integrals in Eq. (3.56) do not cancel,
because they are defined with different pole prescriptions: PV for the first integral, while no prescription
is needed for the second (since the pole is avoided). This is equivalent to using the ie prescription for the
second integral.
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Application to Cs 1(E,P)

We can use the results Eqgs. (3.52) and (3.57) to rewrite our expression for the three-particle

correlator, Eq. (3.24), so as to isolate on-shell contributions,

-~ o _ 1 N
Cop— O = Ai(F+G+Zr+0G _ A (38
T i P By + Bayi(F 4 Gt Tr 1 00 (3.58)
- IO 1 -
= 6030 + AWi(F + Q) =AY, (3.59)
1 —ilq¢s L i(F + G)
where
~ 1 __
ey = _ — i(Byp +Bs), 3.60
L = By + By)i(Tr + 5G)Z< 2+ Ba) (3.60)
AW = A 1 — , (3.61)
1— Z(IF + 6G)Z(BQ’L + Bg)
AW = L — A, (3.62)
1 — Z(BZL + B3)Z(IF + 5G)
~ ~ ~ 1 ~
6Cs00 = A i(Tp + 6G) A. (3.63)

1 —i(Bay + B3)i(Zp + 6G)
Since A'®), /63’;;@,2 ., and A® all appear adjacent to F + G, they are all projected into the

on-shell {k¢m} index space. We will refer them as “on-shell kernels.”

Various aspects of these results deserve further explanation. The first is our use of tildes.
We have added these in order to distinguish the kernels from quantities in HS1 that have

similar names, but different definitions.

The second new feature is the appearance of superscripts (u) and (u,u). This notation,
borrowed from HS1, indicates asymmetric quantities.?! The asymmetry here arises from the
presence of the asymmetric amplitude By ;. When we expand out the geometric series in

Egs. (3.60)-(3.62), the external amplitude can either be a By or a symmetric amplitude.

2L An important caveat, however, is that the precise nature of the asymmetry here differs from that in
HS1. We discuss this further below.
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For example, we can rewrite Eq. (3.62) as

- 1

AW = A 4By + Bs)i(Zp + 6G _ _ _A 3.64
i(Bar 3)i(Zp )1—i(BQ7L—|—Bg)i(IF—|—5G) (3.64)

The presence of the Bs; in the second term on the right-hand side implies that this is
an asymmetric quantity, since k is always associated with the spectator momentum when

connecting to By 1.

The third new aspect is the subscript “df, 23” on l%gﬁ;g 1, as well as the use of the name
K. To explain these features, we expand the geometric series in Eq. (3.60), leading to the
contributions shown diagrammatically in Fig. 3.8. These are exactly the set of diagrams that
give rise, in TOPT, to the 2 — 2 amplitude (with a spectator) combined with the 3 — 3
amplitude, except that we have replaced the relevant cuts with integral operators. This is
similar to what one does when defining a K matrix, namely removing the imaginary parts
that arise from unitary cuts. In particular, since all the integrals that appear either use a
PV prescription or avoid the pole, l%gé;g ; is real. Because of this similarity, we refer to it as
a K matrix, and, indeed, the connection to standard K matrices can, in part, be made more
precise, as we show below. We use the subscript “23” to indicate that it contains amplitudes
for both two- and three-particle scattering. Finally, “df” stands for “divergence free,” which
is to say that, by construction, it contains no singularities due to three-particle cuts. This

use of “df” is taken over from HS1.

The final issue concerns the volume dependence of the kernels. We find that A, A
and 0C « are infinite-volume quantities, and that szﬁgg ; can be simply related to infinite-
volume quantities, both results holding up to exponentially suppressed corrections. These

results, derived in the next subsection, will allow us to make all L dependence explicit.
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Figure 3.8: Diagrams contributing to [I@é?:gg,@]kgm;pym/. Notation as in Figs. 3.6 and 3.7.
Factors of ¢ are implicit.

Volume (in)dependence of kernels

The most complicated of the kernels is l%g;;g ., and we address this first. As is clear from
Fig. 3.8, the 2 — 2 part of 163;;; ; is given by the geometric series

_ _ 1 _ _ ~
o =By ——=——— =By +iBypilpiBor+ -+ . (3.65)
1-— ZIFZBZL

The off-shell version of this quantity, i.e. with indices {ka, pr}, will be a key building block
in the final expression. The factors of 2wy L3 cancel in pairs, leaving a single overall factor

of this type, allowing us to write

[Fot] = 2608 e 360

[K2]ka;pr = OkpKo(Fak, Pagsasr), (3.67)
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where [y (E2, Po; a;r) is the infinite-volume 2 — 2 quantity obtained by sewing together any
number of By kernels with the two-particle version of Zp. As the name suggests, it is related

to a two-particle K matrix. Indeed, we show in Appendix A.2 that the on-shell restriction is

given by
[KQ,L} kfm;pé’m/ = 2Ck)kL3 []CZ]kfm;pZ’m’ 9 (368)
[IC2]kZm;p€’m’ = 5kp5€f'5mm'lcg) (qg,k) ) (369)

where ICgZ) is the th partial-wave amplitude in the two-particle CMF, with g5 , the magnitude
of the momentum of each particle. ngz) has a known relation to the corresponding partial
wave of the scattering amplitude, /\/lg), given in Eq. (A.5). Ky becomes the standard K
matrix if we use the standard PV scheme and set H (k) =1 for all k.

Returning to 1651;;3) ., we now reorder the terms in the geometric series (3.60) by first
summing subsets of diagrams involving sequences of EZL’S and fp’s into KQ’L’S. This is
illustrated in the first panel of Fig. 3.9. We next sum sequences of the resulting Ko 1’s
connected by factors of 6G, leading to the 3 — 3 quantity

1

1D =K i0GIKy ——————,
r S Gk,

(3.70)

as shown in the lower panel of Fig. 3.9. Factors of 2wL? cancel except for an inverse such
factor for every internal loop, which would be absorbed if we could convert each loop sum into
an integral. This requires, however, that the summand is smooth. Here we face a new issue:
while the (double-line) connectors between adjacent Ko’s are nonsingular, Ky itself can have
singularities as a function of the loop momentum. For example, in the second contribution
to 25:(,&“) shown in the figure, the four-momentum (Es ., P ,) passing through the lower
ICo clearly depends on the loop momentum a’. We know that the on-shell Iy has poles for
real momenta whenever there is a nearby narrow resonance, and, following the arguments of

Ref. [35], we expect this to extend to the off-shell K matrix that enters here. There can also
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Figure 3.9: Diagrams contributing to Ko ; and D:(,),“i"). Notation as in Figs. 3.6 and 3.7.

Factors of ¢ are implicit.

be subthreshold poles in Ko, given our particular definition [39]. Thus there is, in general,

a barrier to converting the sum into an integral, and, for this reason, the derivation of HS1

works only assuming the absence of singularities in o. However, it has subsequently been

understood that by generalizing the definition of the PV prescription, one can define a class

of two-particle K matrices, and that by adjusting the parameters of the prescription, one

can find definitions that are nonsingular for any given physical scattering amplitude [36].

We assume henceforth that such a prescription has been used, and thus that ﬁé%“) is an

infinite-volume quantity.

To combine these ingredients we use algebraic manipulations that recur frequently in this
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work, and which we derive in Appendix A.3. These lead to
i, = iKap + K5, (3.71)

ik = iDy + (14D iZrc)

1— (’LIFG +1LpciDy3'y Zng) B3
~(u,u = - ~(u,u 1 1
iD§3’L) = 1Ky + zDngJ =Ko —=—=— (3.74)

P0Gk,

In /€§;§;j ), there is an additional loop sum associated with each factor of Zpg adjacent to a
25%?, with the summand including a factor of Cy. Using our generalized PV prescription,
all such sums can be converted to integrals, and this absorbs all remaining factors of 2wL3.
Thus IE&?; ) is an infinite-volume quantity.

Using similar expansions for A’ A® and §Cs o, we find that the factors of L? in Bo 1,
Zr, and 8G either cancel or can be used to convert sums into integrals, again assuming a

PV prescription such that Iy is smooth. Thus these three kernels are also infinite-volume

quantities.

Summary

We close this subsection by taking stock of what has been achieved. We started from the
closed-form expression for the three-particle correlator, Eq. (3.24), which is composed of
infinite-volume amplitudes, but has the disadvantage that these amplitudes are off shell.
After some technical effort, which involved generalizing results from HS1 so that they applied
to TOPT amplitudes, we obtained two simple equations, (3.52) and (3.57), that allow the
correlator to be expressed in terms of on-shell kernels, as shown explicitly in Eq. (3.59). In

a final step, we determined the volume (in)dependence of these kernels. These steps lead to
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the following result for the correlation function,

1

Car(E,P)=Cy0(E,P) + AWi(F + G _ S—
1B P) = Cocol B, F) ( )1—2'(2wL31C2+lC§¥;§L))z'(F+G)

AW (3.75)

where contributions with no L dependence are collected into??
6’300 = C?E?o)o -+ 503700 s (376)
and we have introduced the diagonal matrix

[20}[;3} = (Skpégg/ 5mm/ 2ka3 . (377)

kem;pl'm/
All L dependence is now explicit, entering through the quantities F, G, and 2wL?.
Our result can be compared to Eq. (250) of HS1, rewritten to match our notation:

1
C C A F — A, 3.78
ot > - iKar 31 L5 (3.78)

_l1 1 -
Fy=F|-— a— (3.79)
3 1/(2wLPKy) + F + G

This shows the trade-off that we have made: by using an asymmetric form of the three-
particle K matrix, our final expression is simpler, containing only the combination F+G
and no factors of 1/3. Another gain is that we have explicit expressions for all quantities in
terms of the underlying TOPT amplitudes, in contrast to HS1, where the definitions of the

kernels are constructive and not explicit.

3.2.4 New form of the quantization condition

To make contact with the FV energy spectrum of the theory, we exploit the fact that
Cs..(E,P) has a simple pole whenever E lies in the FV spectrum. Since 63700,/1’("),11(“)

are all smooth infinite-volume quantities, any singularity in C5; must arise from the quan-

22Qur notation (with the subscript oo) is slightly misleading because 53700 is not the complete infinite-
volume limit of C5 1, since the other term on the right-hand side of Eq. (3.75), which contains all the
volume dependence, has a nonvanishing infinite-volume limit.
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tity lying between A and A® in Eq. (3.75). This quantity is a matrix in the {kfm}
index space, and must have a diverging eigenvalue for Cs 1, to have a pole. Equivalently, the

determinant of its inverse should vanish,
det [F + G] " det [1 — i (2wL?Ky + KS3) ) i(F + @) = 0. (3.80)

The energies where det[F 4+ G]~' = 0 are the free three-particle energies where E = wj, 4w, +

Wy, for some choice of FV momenta k,a € %’TZE" For general Ky and 163?; ), we expect that
the product of the two determinants will not vanish at these energies, because the second
determinant will diverge.?® Physically this corresponds to the fact that a general interaction
will shift all FV energies from their free values. We therefore conclude that for a given P,

an energy F can only be in the finite-volume spectrum of the interacting theory if
det [1+ (wL*Ky + K{i5)) (F +G)| = 0. (3.81)

This is our alternate form of the three-particle quantization condition.

This result has a superficially similar form to that from HS1, which follows from Eq. (3.78),
det [1 + ’CdﬁgFg] =0 s (382)

but many of the details are different. For example, in Eq. (3.81), the infinite-volume K
matrices appear together and separate from the FV quantities £ and G, whereas Fy in
Eq. (3.82) is a relatively complicated function of /Cy, F, and G. We return to the relation

between the two approaches in Sec. 3.4.
3.3 TOPT expression for Ms

In order to understand the relation between quantization conditions, we need to first extend

the developments of the previous section from the correlator Cs ;, to the finite-volume 3 — 3

23 As is well known from numerical investigations, if one truncates the partial-wave expansions of Ky and

IE((;;;L ), then there will be solutions to the quantization condition at free energies [36, 39, 76].
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Figure 3.10: Diagrams contributing to Méﬁu) in TOPT. Notation as in Fig. 3.1. The asym-
metric feature of this amplitude is that the momenta k and p are always assigned to a
spectator line, if one is present.

amplitude M3 . This extension also allows us to determine the infinite-volume relation
between our asymmetric K matrix /%5”;? and the full 3 — 3 amplitude Mj3. This latter
relation is somewhat off the main line of development of this paper, so we relegate it to
Appendix A.5.

Mg 1, is defined as the amputated, connected, 3 — 3 finite-volume amplitude. It is in
general off shell, and thus a matrix in {ka} space. It is simpler to begin by considering an
asymmetric version of the amplitude, /ngiu), defined so that, if there is an external factor of
Bs.1, the spectator propagator is always labeled with one of the external momenta (typically
called k or p). This definition is illustrated in Fig. 3.10.2* As we have seen several times

above, results are simplified if we combine the asymmetric three-particle amplitude with

the corresponding two-particle quantity, here My . (This is defined in Eq. (A.1), and is

24We include a tilde on Mvguiu) since it is different from the similar quantity Mguiu) defined in HS2, with
the latter having an asymmetry based on the Feynman skeleton expansion. We stress, however, that the
symmetrized version Mg 1, is the same as in HS2 (when evaluated on shell).
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simply M, ;, packaged with an inverse spectator propagator.) The TOPT result for this
combination is a geometric series,

1
1 —i(Bay + B3)i(Dr + Dg)

i (M + M) = i(Ba.p + Bs) . (3.83)

To obtain the full M3 we symmetrize by summing over the different attachments of the
external momenta
Ms Ll = > > [ M ] Lo P={kaabbk}, P'={Kd d¥,VK}. (384)
zeP x'eP’
Only three terms are needed on both sides (rather than the 3! one might have expected)
because B, is symmetric under a <+ b interchange. No overall factor of 1/9 is needed because

this factor is built into Bs—see the discussion above Eq. (3.8).
The remaining steps are essentially a repeat of those we used for C5;. We find that
Eq. (3.59) is replaced by®®
1

P Moy + M) =ik, L .
(o 5457) = R0 o

Using the algebraic result (A.22), as well as the decomposition of IEE;;;‘; ., Eq. (3.71), and
the result for My 1, Eq. (A.3), we can extract the expression for /\7?}4“):

IMS =DM MG, (3.86)
where
’LDEM’U) = ZMQ L’Lélﬂg L% , (387)
’ "1 —iGiMyy
MG = 1+ D5 i(F + O] iT ™ [1+i(F + G)iDg | | (3.88)

25Strictly speaking, this way of writing the result only holds if all quantities are on shell, so that all
matrices are square. Indeed, we have only considered above the on-shell form of /%glf;g - However, its
definition, given in Egs. (3.71) and (3.72), can be extended off shell. The same is true for the result here,
if one expands out the geometric series and evaluates it term by term, and also for Eq. (3.86). These
extensions are convenient, but not essential for the following discussion.
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with
T = ik — 1(u T (3.89)
Ti-i+ z’(F + GYiDY Y] i(F + Gkl
ZD§3 L) = ZMQ L+ /LD( ZMQ [ = — . (390)

"1 —-1GiMa
Here D(L“’u) is the same as the quantity of the same name appearing in HS2, since the

asymmetry arises from the external My 1, which is the same in both approaches.?® These

results can also be expressed in terms of Ko ;, instead of My 1,

iMdlfL:g,L = ! IC((;; g) ! = ! =~ =
1— ZICQ LZ(F + G) 1-— (F + G)WZ,C(H 3 Z(F + G)ZICZL
w2 1
(3.91)
Zpést) = iKap - (3.92)

1— ZICQ LZ(F + G)

These forms are used in our companion paper [45].

The results (3.86)-(3.90) make all volume dependence of /ﬁgf) explicit: it enters through
F, G, and Mo .. We also note that this result holds both for the off-shell amplitude and its

on-shell limit.

We end this subsection with a side remark. As was pointed out in HS2, the quantization
condition can be obtained from the off-shell /\/l(u ) instead of Cs 1, since the former is an
(amputated) three-particle correlator. This is made particularly clear by the fact that, by
comparing Eqs. (3.24) and (3.83), we can explicitly relate the two quantities:

-~

Cs1, — C4% = A'i(Dp + D) A+ Ai(Dp + De)i (Map + MS5")i(Dp + De)A. (3.93)

26This equality holds only on shell, which is all that we require in the following subsection.



67

3.4 Relation to quantization condition of HS1

In this section we show that our new quantization condition, Eq. (3.81), can be rewritten in
the HS1 form of Eq. (3.82), and that the two approaches therefore lead to equivalent results.
We refer to this transformation as the “symmetrization” of the quantization condition, since
the HS1 form is written in terms of a symmetric three-particle K matrix. As a side benefit,
we obtain the algebraic relation between our asymmetric amplitude l%é}‘;f ) and the symmetric

quantity of HS1, Kg¢ 3.

3.4.1 Recap of result for ./\/lgfi“) from HS2

The connection to the HS1 QC is provided by studying the result for M:(ﬂu), the asymmetric
finite-volume three-particle amplitude introduced in HS2. This is defined as for our ./Wz(,fiu),
except that its asymmetry is based on the skeleton expansion in terms of 2PIs and 3PIs
Bethe-Salpeter (B-S) kernels built from Feynman diagrams. Specifically, if the external legs
connect to a 2PIs B-S kernel, then the spectator propagator associated with that kernel
is connected to the spectator momentum of Mgff‘). This is the analog of our definition
of Mv:(ﬂu) (see Fig. 3.10) except that we use an expansion in terms of TOPT amplitudes,
and for us By plays the role of the 2PIs B-S kernel. Since B contains only a subset of the
time orderings that contribute to the 2PIs B-S kernel, more contributions are symmetrized
in /ﬁgf) than in Méf‘iu). We stress, however, that, after complete symmetrization, both
objects lead to the same amplitude, M3 . This is an example of the fact that there are
many different ways to define asymmetric amplitudes, all of which symmetrize to the same

quantity.

The result for ./\/lé’“i“) is given in Eq. (67) of HS2. Converting the expressions to our
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notation, we have

=D () () e RE) oo
where
(£87) = (10) +iDYiF(1 1), (3.95)
. Zlc(u,u) Z.IC(u,s-‘ré')
(Z’Cdf’3): mggj,u) Z.Kc(is?g;sﬁ) (3.96)
(iFs) = 1 iFs(11) = 1 [1/3 +iFDy )ik (1 1), (3.97)
(RY) = (1) + 1 iFiDyyy) . (3.98)

Here D{"* and Dé@f;?, defined in Eqgs. (5.11) and (3.90), respectively, are the same as in our
result for /\7%}4”), Eq. (3.86). We note that the expression for F3 given on the right-hand side
of Eq. (3.97) is an alternative way of writing the earlier form, Eq. (6.28).

The quantities in round braces in Eqgs. (3.94)-(3.98) live in a two-dimensional space: (C(Lu))
being a row vector, (ikqs3) and (iF3) being matrices, and (R(L“)) being a column vector. The
1 in the denominator of Eq. (3.94 indicates the identity matrix in this space. The indices
in this space are (u) and (s + §), as exemplified by the expression for (ifCqr3) in Eq. (3.96).
These indices were introduced in HS1 to denote the different ways in which the spectator-
momentum label is attached to diagrams. The precise definition is given in Appendix A.4.1.

As an example of this matrix notation, the symmetrized ICqs 3 (which is differentiated from

the matrix version by the absence of surrounding parentheses) is given by
1 u,u . u,s+38 . s+35,u . 5+35,543
iKar3 = (1 1) (i’Cdf,3) ' = i’Céff3) + @ICSH:S—i_ e Z’Céfjg e Z’Céfg e (3.99)

This is the quantity that appears in the quantization condition of HS1, Eq. (3.78).
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A noteworthy feature of the result (3.94) is that ./\/l;(;fi") is not given in terms only of the
symmetrized Kq¢ 3. This is because of the (1 0) term in (,C(Lu)), and the corresponding term
in (R(Lu)), which project onto asymmetric components of (KCqr3). If one symmetrizes, and
considers M3 1, then it is possible to write the result in terms of the symmetric K43, as

shown by Eq. (68) of HS2.

The dependence of /\/lgfiu) brings up a potential conflict. On the one hand, we expect
that we can obtain the HS1 quantization condition from Mgfi“), since any three-particle
correlation function should have poles at the spectral energies. We know that the resulting
quantization condition, Eq. (3.78), contains the symmetric ICq¢ 3. On the other hand, /\/lgfiu)

depends also on asymmetric components of Kg 3, as just noted. The resolution is that the

central portion of the second term on the right-hand side of Eq. (3.94) can be rewritten as

, 1 . . 1 . .
(Zde,g) . (ZF3> (Z‘Kdﬁg) = (Z’Cdﬂg) + (Z’Cdﬁg) . (ZFS) (@']Cdfﬁ) (ZFg) (Z’Cdﬁg) (3100)

! ! F. K
) T iFiKas 2 (11) (iKara).

(3.101)

= <i’Cdf,3) + (i/Cdf,3>

This shows that the geometric series leading to the poles does contain the symmetric Kqs 3.

One final technical point needs to be mentioned. In HS1 and HS2, the versions of F and
G differ from those used here in three ways: (i) they use a different boost to the interacting
pair CMF (which only changes G); (ii) F uses the original PV prescription rather than the
generalized one used here; and (iii) G is defined with the nonrelativistic energy denominator.
However, the derivations of HS1 and HS2 go through essentially unchanged if one uses our
versions of F and G, and, in particular, the expressions given in Eqs. (3.94)-(3.98) remain

valid.
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3.4.2  Asymmetrizing M;(f[:u)

The expressions for /i/lvgfiu) and /\/lgf), given in Egs. (3.86) and (3.94), have a similar struc-
ture, but differ in many details. In this subsection we bring the almost symmetric result for

Mgfi“) into an asymmetric form similar to that of /\71§“L“)

In Appendix A.4 we derive the following three “asymmetrization” identities (valid up to

exponentially suppressed corrections, and for both the Wu boost and the boost of HS1)

XWF11) = XOF+G— Te)(10) (3.102)
1) - 1Y - - <«
FXW = (F4+G—-TgX™, (3.103)
1 0
1\ F 1y -
§(1 1) = (F+G+®g)(10). (3.104)
1 0

where X is a generic asymmetric amplitude, e.g. My, or Dgg:z), and there is an implicit
matrix of amplitudes such as (Kg4¢3) on the right of Eq. (3.102), on the left of Eq. (3.103),
and on both sides of Eq. (3.104). The integral operators ?G, %G, and ®¢ are defined in
the appendix. The first two are similar to i-p, but their action is directional, as indicated
by the arrows. The effect of all three operators is to sew together the adjacent amplitudes
leading to new infinite-volume quantities.

Using the three identities, we can rewrite the expression for Mgf‘iu), Eq. (3.94), solely in

terms of IC((;ng ).

iMGs), = MY — D (3.105)
UU) -/ T ~ . u,u -/ T ~ = . u,u
= [1 + D i(F + G - ?G)] i1 +i(F+ G - Te)iDg7 ], (3.106)

1
1—[i(F + G+ ®6) +i(F +C — Ta)iDyi(F+ G — o) ikiy
(3.107)

T = iy
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In Appendix A.6, we show that this result can be reorganized into

iMGs), = [L+ D Yi(F + G| ik
1

(3.108)
X _ e N (uvu) an N ,(u7u) |: i| !
1 [1 +i(F + G)ZD%’L} i(F+ G)iky s

1+i(F + G)iDSyy

where the primed version of the HS1 asymmetric amplitude is

i = (1 - iKoi T o) iy ! - (1- iTGiks) . (3.100)

1— [@ ®a "‘Z'(fGiKﬂ?G} iKa¢'s

We observe that the form of Eq. (3.108) is identical to that of the result for ./\7;(;,1“), Eq. (3.88),
with ICél(g éu) playing the role of /651;;?

An interesting implication of this result is that the HS1 quantization condition can be

rewritten in the form derived here, Eq. (3.81), but with /Eé?;f ) replaced by lCé(flf .
det [1 4 (2wL3K, + Ki5”) (F + G)] = 0. (3.110)

To show this, we use the result, noted above, that the quantization condition can be derived
from the poles in Mgff’“). To obtain an expression for Méﬁ“), we start from Eq. (3.108), and
reverse the steps leading from Eq. (3.85) to Eq. (3.88), obtaining

1
1—i(F + G)i(2wL3s + Ki3Y)

i (Mo + M) = i(2wL?Ky + K45Y) (3.111)

the denominator of which leads immediately to the quantization condition Eq. (3.110).

We now have two quantization conditions of exactly the same form, Eqs. (3.81) and
(3.110), but containing different asymmetric three-particle K matrices, l%é?g) and ICQ(E )
respectively. This does not, however, imply that these two K matrices are the same. One
way of seeing this is to note that asymmetrization is not unique: there are many ways to
divide a symmetric amplitude into asymmetric components. This is because, for a given

asymmetric diagram (in either the Feynman or TOPT approach), one can choose to assign

it directly to the asymmetric amplitude, or to first symmetrize and then assign. When using
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the identities (3.102)-(3.104), the left-hand sides involve only the symmetric part of Kas s,
while the right-hand sides involve only the (u) parts. Since the latter are ambiguous, the
identity must be satisfied for all possible choices of asymmetric amplitude. In other words,
the operators appearing on the right-hand sides, e.g. F + G — ?G, must have (an infinite
number of) zero modes. These observations do not impact the derivation just given, in
which we choose a particular asymmetrization. However, they imply that we could have
made another choice, in which case the resulting lCé(;f éu) would have been different while the

form of the resulting quantization condition, Eq. (3.110), would have been unchanged.

3.4.83  Symmetric form of the new quantization condilion

Having understood how asymmetrization turns the HS1 quantization condition into our new
form, we now follow the inverse path and bring our quantization condition into HS1 form.
What we need to do is to rewrite our result for Mfﬁ:g?,:, Eq. (3.88), in the form given
in Eq. (3.106), for then we can use the asymmetrization identities in reverse and obtain the
HS2 form, Eq. (3.94). In order to follow these steps we must first invert Eq. (3.109). We can

do so by discretizing momentum space so that all relations are matrix equations. Then we

obtain
K =zt — L R (3.112)
| 1+ [i g +i T 6iKai T o] iZww)
iZmw) = ?’;ﬁzilﬁg}‘;;)ﬁ%. (3.113)
The next step is to obtain the other components of this new version of the K matrix, namely
I%gf ;’5’“), etc. This is done using relations from HS1, which are recalled in Appendix A.4.

Then the steps above lead to the analog of Eq. (3.94),

. (uu W\ [ 1 w
ZM((if,S,)L = <£(L )) (Z fif,3) 1— (ng) (i/@if’g) (R(L )) ’ (3.114)

with (£, (Fy), and (R™) unchanged from above. Finally, we can use the arguments at



73

the end of Sec. 3.4.1 to determine the quantization condition from /\7155;;;2, obtaining

det |1+ Kl sF3) (3.115)
where the symmetrized K matrix is
iy = Kty sromeers), (3.116)

Thus we find that the symmetrized version of our new quantization condition is of exactly

the same form as that of HS1.

We now argue that the symmetrized K matrix obtained here and that of HS1 are the

same, i.e.?”

Kl = Kats - (3.117)

To do so, we use the result from HS2 that, by symmetrizing the infinite-volume limit of
Eq. (3.94), the full M3 can be written in terms of integral equations containing K¢ 3 alone—
the asymmetric form IC((ffL;f ) is not needed, unlike for ./\/lg;g) Similarly, by symmetrizing the
infinite-volume limit of Eq. (3.114), M3 is given by ezactly the same expression in terms
of Iaiﬂg. Now we assume that this relation is invertible and one-to-one. If so, the two
symmetrized K matrices must be equal. Another way of stating this claim is that we are
effectively assuming that there are no redundant parts of the symmetrized K matrices, which
we view as plausible given the explicit construction presented here. This is in contrast to
the asymmetrized K matrices, which we know are ambiguous.

The equality of Iamg and Kg4¢ 3 is also consistent with the quantization condition having
the same form in both cases. However, this is not a sufficient argument to demonstrate
equality of the K matrices, since the asymmetric form of the quantization conditions also

agree, and yet we know that the asymmetric K matrices differ.

2TWe stress that this result will hold only if the same choice of boost in G and cutoff function H (k) is
used in both cases.
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The result (D.77) connects the Feynman-diagram-based method of HS1/HS2 and the
TOPT approach followed here. It also provides an explicit expression for K43 that goes
beyond the constructive definition given in HS1.

We close by emphasizing two points. First, we stress that the steps leading to the result
(3.114) for Mvg}‘f;)L do not depend on the derivations of HS1 and HS2. While we have made
use of results from these works as motivation for the logical progression of our approach, in
the end the steps needed are simply algebraic. Second, although the symmetric K matrices
are the same, this does not mean that Mgfiu) and Méﬁu) are the same, because they depend
also on ICgfjg) and I%g;;f ), respectively, and these differ. This is an important consistency

check, as we know that Mgfiu) and //\/Vlgfiu) are in fact different.

3.5 Conclusions

In this paper we provide a more direct and explicit path to the relativistic, model-independent,
three-particle quantization condition of HS1 [28]. Although it is reassuring to check the result
of the complicated and lengthy derivation of HS1, this is not our fundamental motivation. In-
stead, we expect that our method will simplify the generalization to nondegenerate particles,
and hope to present results for this shortly. This is a complementary generalization to that
achieved recently in Ref. [37], which considers degenerate, but potentially distinguishable,
spinless particles. We expect it to be profitable to combine the two approaches.

As part of our derivation, we have shown that the three-particle quantization condition
can be written in a simpler form in terms of asymmetric amplitudes [see Egs. (3.81) and
(3.110)]. We do not necessarily propose this as a practical alternative to the HS1 form,
because the asymmetric amplitudes will require, at any order in the threshold expansion of
Refs. [39, 76], a larger number of parameters for a general description than the symmetric

form appearing in the HS1 quantization condition.?® The parametrizations must therefore be

28This can be seen explicitly in chiral perturbation theory from the leading-order result for IC((;fL’g ),
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redundant, a result that is presumably related to the ambiguity in defining an asymmetric
amplitude. However, we do expect that the new, asymmetric form of the quantization
condition has theoretical implications. Indeed, in a companion paper we show that it allows
one to derive a form of the quantization condition in terms of the R matrix of Refs. [78, 79]
and thus obtain a generalization of the result of the FVU approach to all partial waves [45].

A more distant goal of our approach is to allow the generalization to more than three
particles. In this regard we note that the complications associated with the possibility of
on-shell intermediate states in three-particle scattering, which led in HS1 to the introduction
of the divergence-free three-particle K matrix, 4¢3, are dealt with very simply and auto-
matically in the TOPT approach used here. This gives us some hope that the additional
complications that arise with more than three particles will be manageable. In this regard,
the alternative approach for dealing with F cuts that is sketched in Appendix A.7 may be
helpful as it does not require a choice of PV prescription.

An issue that we have commented on only peripherally in the text is whether the various
three-particle K matrices that we have considered are Lorentz invariant. This is not relevant
to the derivation, but is important for practical applications, since invariance restricts the
number of terms that contribute. We summarize the status here. First, we stress that all
the quantization conditions presented here—both the original HS1 form and our asymmetric
form, and for both choices of boost—hold for all kinematically allowed choices of P* = (E, P).
In particular they hold for choices of P* for which the three particles are relativistic, which is
why we call the quantization conditions relativistic. This is, however, a separate issue from
the relativistic invariance of the K matrices. Here the status is that, if we define G using
the boost of HS1 and the relativistic form of the pole (which is possible for both the HS1
K matrices and the new TOPT versions introduced here), then the original symmetric Kg¢ 3

and the asymmetric version IC;(fzf 1) are both Lorentz invariant.?’ These appear, respectively,

29The latter result follows because lC:i(fu_ éu) is related to the Lorentz invariant quantity Méu’u) by integral
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in the original HS1 quantization condition, Eq. (3.82), and the asymmetric form found
here, Eq. (3.110). On the other hand, the asymmetric K matrix /651?;) appearing in the
TOPT version of the asymmetric quantization condition, Eq. (3.81), is not invariant (see

Appendix A.5). However, the symmetrized quantity Iaif’g’ is invariant, since it equals Kat 3.

equations of the same form as given in Appendix A.5, which are boost invariant.
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Chapter 4

RELATIVISTIC THREE-PARTICLE QUANTIZATION
CONDITION FOR NONDEGENERATE SCALARS!

4.1 Introduction

The theoretical formalism needed to study three-particle interactions using lattice QCD
(LQCD) has advanced considerably in recent years [28-32, 34-37, 41, 43, 45, 64, 77]. In
addition, the formalism has been shown to be a practical tool in simple systems [39-41, 76],
and applied to LQCD results for the 37+ [1, 52, 53, 85, 86] and 3K~ systems [87], as well as
to the ¢* theory [55, 88]. For recent reviews, see Refs. [74, 75].2

The relativistic formalism has so far only been developed for degenerate scalars.®> Within
the generic relativistic effective field theory (RFT) approach, which we adopt here, the initial
development was for identical scalars with a G-parity-like Zy symmetry [28, 29], with the ex-
tension to theories without the Zy symmetry presented in Ref. [34], and that to nonidentical
but degenerate scalars (e.g. three pions with all allowed total isospins) given in Ref. [37]. An
additional generalization to allow the inclusion of poles in the two-particle K matrices was
given in Refs. [35, 36]. Alternative approaches have been developed using either nonrelativis-
tic effective field theory (NREFT) [30, 31], or the application to finite volume of a unitary
representation of the three-particle scattering amplitude [32, 41]. Both approaches have so

far only considered identical scalars, and also only s-wave two-particle interactions. Recently,

IThis chapter and Appendix B are taken directly from Ref. [44].
2For alternative approaches, see Refs. [70-73, 89, 90].

3The only nondegenerate three-particle formalism of which we are aware is the very recent Ref. [91], in
which the DDK system is studied using the nonrelativistic effective field theory approach of Refs. [30, 31],
and assuming only s-wave two-particle interactions.
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the RFT and finite-volume unitarity approaches have been shown to be equivalent [45].

In this work we generalize the RF'T approach to nondegenerate scalar particles. We derive
three forms of the three-particle quantization condition, Eqgs. (4.36), (7.33), and (6.1), each
with associated integral equations relating the intermediate K matrices to the three-particle

scattering amplitude, Ms.

The first form is derived using the simplified method, based on time-ordered perturbation
theory (TOPT), that we introduced recently in Ref. [43], a reference henceforth referred to as
BS1. The quantization condition involves the nondegenerate generalization of the asymmet-
ric three-particle K matrix used in BS1, and for this reason we refer to it as “asymmetric.”
This generalization is a three-dimensional flavor matrix of K matrices, denoted I/C\df’g. A
significant disadvantage of this approach is that the K matrices are not Lorentz invariant

(although the formalism is valid for relativistic kinematics).

The second form of the quantization condition resolves this shortcoming, as it involves
a flavor matrix of Lorentz-invariant K matrices. Its derivation follows the original RFT
works [28, 29] in using Feynman diagrams, but, compared to those works, rearranges the
order in which the diagrams are analyzed, and the manner in which finite- and infinite-
volume quantities are related. The guiding principle is to mirror, at every step, the form of
the TOPT analysis, so that the algebraic simplifications in the latter approach carry over.
For this reason the resulting quantization condition is also asymmetric. This leads to the
major disadvantage of the resulting formalism (shared with the TOPT form), namely that
it depends on nine intermediate three-particle K matrices, collected in the matrix denoted
I@éw, which are distinguished by the choice of spectator flavors for incoming and outgoing

particles.

This disadvantage is resolved by the final form of the quantization condition. By algebraic
manipulations that generalize the (anti)symmetrization procedure introduced in BS1, we

are able to take the second form of the quantization condition and reexpress it in terms
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of a single, symmetrized Lorentz-invariant three-particle K matrix, ’Edﬁg. The resulting
“symmetric” quantization condition, given in Eq. (6.1), provides the natural generalization
of that derived in Ref. [28] for identical particles, and indeed the two have very similar
forms. We expect that this final form will be the most useful in practice. Given a technical
assumption, it is also possible to obtain this final form by applying the same symmetrization
procedure to the TOPT form of the quantization condition. In this way one can avoid the

intermediate step involving Feynman diagrams.

We stress that no truncation of the two-particle angular momenta is needed in any of the
derivations. The only approximation made is to drop terms that are exponentially suppressed

in the box size L.

Our main focus in this work is the presentation of a theoretical framework that will be
straightforward to generalize to all three-particle systems of interest, e.g. those involving
multiple three-particle channels, and “2 + 1”7 systems involving two identical particles plus a
third that is different (e.g. Nowm). The applications of the specific results we present here to
QCD are relatively limited. They require each particle to carry a different combination of
flavors in such a way that there is only one allowed three-particle state, e.g. the D} D7~ and
D DD systems. We do not discuss here the practical implementation of the new formal-
ism, which we expect to involve a straightforward generalization of previous implementations

of the RFT approach [1, 36, 39, 76, 86].

The derivation we present here is lengthy, and the logic and necessity of the various
steps may be difficult to follow. Thus we provide, in a brief first section, a road map to the
derivation, which also serves to present the organization of the paper. We only note here

that conclusions and directions for future work are presented in Sec. 8.6.
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4.2 Summary of the steps of the derivation

Here we provide a summary of the approach that we follow in this work, which also serves

to provide a “recipe” for future generalizations.

1. Choose the desired three-particle state of interest, e.g. 37, DI D%~ Ktrta0 ....
Consider a finite-volume correlator Cs ,(E,P) with operators coupling to this state,
restricting the overall 4-momentum P* = (E, P) so that only said state is kinematically

allowed to go on shell. This is discussed in Sec. 4.3.

2. Working in a generic relativistic effective field theory describing the interactions of the
particles under consideration, express C's ;, as an infinite sum of diagrams in TOPT.
Organize them by number of “relevant” cuts—sections consisting of the three-particle
state of interest—while taking the infinite-volume limit of all sections involving “ir-
relevant” cuts. The result is a simple geometric series for the correlator involving
off-shell generalized infinite-volume kernels. Project the kernels on shell to rewrite Cs 1,
in terms of on-shell two and three-particle K-matrices, here Ky and I/C\df,:;, and known

finite-volume kinematic quantities associated with the relevant cuts.

These steps are presented here in Sec. 4.4, with some details relegated to Appendix C.1,
and are mostly a straightforward generalization of the analysis of BS1 for identical

particles.

3. At this point one obtains a quantization condition relating the finite-volume energy
spectrum to the K matrices, here given in Eq. (4.36). It will, however, involve a K

matrix that is asymmetric under particle interchange and is not Lorentz invariant.

4. A shortcut is now available, based on an assumption explained in Sec. 4.8.6. This uses

symmetrization identities, introduced in Sec. 4.8, to rewrite the quantization condition
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in terms of a symmetric, three-particle K matrix (denoted here Iﬁédfvg). Here this form
of the quantization condition is given in Eq. (6.1). The K matrix obtained in this way

is also Lorentz invariant.

Two appendices fill in steps in the derivation of Sec. 4.8. Appendix B.3 derives the
symmetrization identities, while Appendix B.4 gives further details of the steps needed

to derive the quantization condition.

5. The K matrices can be related to the physical scattering amplitudes M, and M3 via
nested integral equations. How this is done is explained in detail for the asymmetric,
non-Lorentz-invariant K matrix I/C\df,g in Sec. 4.5. For the final form of the quantization

condition the integral equations are sketched briefly in Sec. 4.8.5.

Although the assumption mentioned in step 4 is plausible, it has not been demonstrated.
An alternative approach to obtain the final quantization condition without assumptions
replaces TOPT with a method using Feynman diagrams. While more complicated than
the TOPT approach, it is simpler and more explicit than the original method of Ref. [28].
This new method is presented in Sec. 4.6 and mirrors steps 2-5 of the TOPT recipe, with
details of the derivation given in the associated Appendix B.2. It involves an asymmetric
but Lorentz-invariant K matrix, here IQH,?,, and leads to an intermediate, asymmetric form of
the quantization condition, here Eq. (7.33). This is then converted into the symmetric form
using the same symmetrization identities as for the TOPT result, as explained in Sec. 4.8.
Both I%gf,g and its symmetrized version can be related to the physical amplitude M3 via

integral equations, as shown in Secs. 4.7 and 4.8.5, respectively.
4.3 Setup and overview

For the derivations presented below we work in the following theoretical setup. Our theory

has three real scalar fields, ¢;, © = 1,2,3, with the Lagrangian having the most general
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Lorentz-invariant form that is symmetric under ¢; — —¢; for each field separately. We
describe the fields as having different “flavors,” although the associated symmetry is Zo
rather than the usual U(1). We label the physical masses of the particles m;, and assume,
without loss of generality, the ordering m; < my < ms3. We determine the quantization

condition from the poles in the correlator
Cs,p(B,P) = [ dlw ' =P) (0] Toy ()0} (0)[0) (4.1)
L

where 0123 ~ ¢1¢203 is an operator that creates states having an odd number of each of the
flavors. We do not need to specify the spatial form of the operator, except to note that we
allow the three fields to be spatially separated in such a way that no rotational quantum
numbers are excluded. The theory lives in a cubic spatial box of length L, as indicated by
the subscript on the integral sign, and periodic boundary conditions are assumed. The total
four-momentum flowing through the correlator is (F,P), with P lying in the finite-volume
set, P € (2r/L)Z?. In the overall center of mass frame (CMF), the energy is E* = v/E2? — P2.

To ensure that the only intermediate states that can go completely on shell are those

consisting of exactly three particles (one of each flavor), we impose the following restriction:
0<E*<3m1+m2—|—m3. (42)

Here we are using the mass ordering assumed above, such that the lowest-energy on-shell five-
particle state involves the addition of two particles of flavor 1. Because of the Z3 symmetry,
there are no possible single-particle intermediate states, so the lower bound on E* is lower
than in the identical-particle case (where m < E* < 5m).

In the first derivation below, we follow the same strategy as in BS1. We begin by consid-
ering all Feynman diagrams contributing to Cs ;, and then, after an initial analysis dealing
with self-energy diagrams (discussed in Appendix A of BS1 and carrying over essentially
unchanged to the present analysis), convert to time-ordered diagrams. The rules for such

diagrams are summarized in Sec. ITA of BS1. We only note here that the factor associated
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with a propagator of flavor ¢ and momentum p; is 1/(2w,,), where w,, = \/p? + m?, with m;

the physical (not bare) mass.

Given the kinematic restriction (4.2), the only singular behavior in TOPT diagrams
arises from energy denominators for intermediate states (“cuts”) containing three particles,

and thus having the form 1/(F — w,, —w,, — w,,). We refer to these intermediate states

1
as “relevant cuts.” All other (“irrelevant”) cuts lead to sums over internal momenta (which
lie in the finite-volume set) with nonsingular summands, which can therefore be replaced
by integrals, up to exponentially suppressed corrections, which are typically of the form

~ exp(—m;L). We assume throughout this work that such corrections can be neglected.

In the second derivation below, we work entirely with Feynman diagrams. As in Ref. [28],
we do begin by using TOPT to justify that power-law volume effects come only from three-

particle intermediate states, but the actual analysis does not use TOPT.

We close this overview by discussing the generality of the results that we derive. The
consideration of a theory with a Z3 symmetry is convenient—reducing the number of dia-
grams that contribute to the skeleton expansion of the correlator Cs;—but not necessary.
Once the dust of the derivations has settled, it becomes clear that the only necessary crite-
rion is for there to be a range of E* in which the only allowed on-shell intermediate state
consists of one of each flavor of particle. Thus, for example, the derivation applies also
to the D*D"r~ system, since the quark compositions, (¢5)(cu)(du), constrain the flavor
such that there are no other intermediate states until one reaches the D°DYK° threshold.
Our formalism is valid in this case for 0 < E* < 2M(Dy) + M(Ky) = 4224MeV. In
practice, of course, aside from the possibility of bound states, the lower limit of interest
is B* &~ M(D*) + M(D°) + M(zx~) = 3973 MeV, so there is a small kinematic range of

applicability. Other similar examples are discussed in the conclusions.
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Figure 4.1: Example of a contribution to the correlator C5 in TOPT, illustrating the
segments that appear. The solid (red) vertical lines indicate relevant (three-particle) cuts,
which are associated with factors of D. Time runs from right to left. Cuts that cannot
go on shell are indicated by the (magenta) integral signs. The three flavors are denoted,
respectively, by (black) solid lines, (green) dotted lines, and (orange) dashed lines. We note
that all vertices, which arise from the generic EFT, contain an even number of each flavor of
particle. We also stress that vertices are allowed to lie outside of the time interval bracketed
by 123(t) and ol45(0), an example being the six-point vertex at the left of the diagram.

4.4 Derivation of quantization condition using TOPT

In this section we derive the three-particle quantization condition for nondegenerate scalars

using the TOPT-based approach of BS1.

An example of the TOPT diagrams contributing to s is shown in Fig. 4.1. As in
BS1, we can divide the diagrams into segments separated by relevant cuts. A simplification

compared to BS1 is that we do not need to keep track of symmetry or relabeling factors.
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The four types of segment that appear (all illustrated in the figure) are:*

left endcap: A'({p}),
right endcap: A({k}),

(4.3)
3PIs kernel: iBs({p};{k}),
2PIs kernels: zEéZ)L({p}, {k}) = 2wpiL3(5pikiiB§i) (pj, P kj, ki)
Here we are using the notation
{p} ={p1,p2.ps}, {k}={ki ko ks}, etc (4.4)

for sets of three spatial momenta. The subscript on each momentum indicates the flavor
of the particle, as do the superscripts on BS)L and Bgi). Where we use the triplet of flavor
labels, i, 7, and k, they are assumed to be in cyclic order. The quantities A’, A, Bs, and
By can all be evaluated in infinite volume, i.e. with momentum sums replaced by integrals.
Since, by construction, B3 has no three-particle cuts, it is three-particle irreducible in the
s channel (3PIs). Similarly, the two-to-two kernels Béi) are 2PIs. Finally, we note that all
kernels depend implicitly on the input energy E.

There are several changes in these kernels compared to those needed for identical particles
in BS1. First, there are three types of two-particle kernels, BS)L, corresponding to the three
choices of flavor ¢ of the spectator particle. Second, the kernel Bs is defined here without any
overall factor, whereas the quantity of the same name in BS1 (but which applies to identical
particles) is defined to include a factor of 1/9. Third, the endcaps A’ and A here have no
overall factor, while in BS1 the corresponding quantities (denoted A" and A) include a factor
of 1/3. Finally, we use a redundant labeling for the allowed discrete choices of momenta,
listing all three, as in Eq. (4.4), although they are constrained to sum to P. This is a

notational convenience, and avoids picking out arbitrarily one of the momenta. Although the

4We make one notational change compared to BS1, namely removing the hats on A’ and A. This allows
us to reintroduce hats below as a notation for the matrix forms of the various kernels.
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kernels are infinite-volume quantities, defined for all external momenta, within the correlator
the momenta are in the finite-volume set. Thus we treat the sets {p}, {k}, etc. as matrix
indices, with A" a row vector, ES)L and B3 matrices, and A a column vector. In the following,

these indices are implicitly summed, subject to the above-mentioned constraint.

The correlator can be written as a sum over terms containing different numbers of relevant
cuts. Between each cut one can have either the kernel Bs or one of the Eé’)L This leads

immediately to the geometric series

Cyp = C8) + ADY. [(iBS} +iBy) +iBy), +iBs)iD| A (4.5)
n=0
1
=Y+ A'iD - A. (4.6)

1 — (iBy), +iBy) +iBYy) +iBy)iD
Here C’é?g is the contribution with no relevant cuts, which can be converted into an infinite-

volume quantity up to exponentially-suppressed corrections. The matrix D is associated

with relevant cuts and is given by

1 1 1
D AkY) =1, k— 4.7
<{p}7 { }) Pl LS 8wp1wp2wp3 E— Wp, — Wpy — Wps 7 ( )
where
ﬂp,k = 5P1k16P2k25p3k3 : (48)

The third Kronecker delta is redundant and could be dropped—we include it to emphasize
the symmetry of the expression. The simplicity of the result in Eq. (4.5) shows the advantage
of the TOPT approach.

At this stage, the TOPT kernels are, in general, off shell, i.e. £ # w,, + wp, + w,, for
each intermediate cut. The next step is to include an on-shell projection. The procedure
for doing so in the degenerate case is described in detail in BS1, following the analysis of
Ref. [28]. The only changes needed here are kinematical, and are explained below. The

nature of the on-shell projection depends on the form of the kernels adjacent to factors of D.
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In particular, between two-particle kernels with the same spectator flavor, i.e. E?LDBS;)L, are
relevant cuts with a common spectator particle® (“F cuts”), while if the flavors differ, as in
BS}JDBQ?—J, the relevant cuts all have the spectator particle switch between the kernels (“G
cuts”). Between two- and three-particle kernels, or between a pair of three-particle kernels,
one can use either type of cut, or a linear combination thereof, and we use this freedom to
give a compact expression for subsequent results. In particular, we find it convenient to add
an additional layer of matrix indices, corresponding to the flavor of the spectator particle.

This allows us to rewrite Eq. (4.6) as

o~ 1 ~
Cyr—CV) = AiD—— A, 4.9
T 1 —iBiD (49)
where
!/
@zéum (4.10)
- A
A=21), (4.11)
= Bs
BEBQ7L+|1>§<1‘ , (4.12)
D=1)D(], (4.13)
with
By, = ding(By, By, Biy) . (4.14)
and the (unnormalized) vector (1| given by
1= 1,1, [H=q. (4.15)

We stress that all quantities still have implicit momentum indices as well as the explicit

flavor indices.

®Note that there are no diagrams in ES)L DE;)L where the spectator particle switches between the kernels,
as this would require two of the three particles in the relevant cut to have the same flavor 1.
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The extra flavor matrix structure allows us to implement different cuts depending on the

nature of the adjacent kernels. Specifically, on-shell projection is effected by rewriting D as

D=Fgs+06Fg, (4.16)
FO  Gup. p Ga3)

Fo=|pPGeY  F®  Gep |, (4.17)
GBYP, pP.GBY  FO)

1Y s §Gus)

0Fg=|sGe0 1P 5@ |, (4.18)
sGBY sGe)  [W)

where the objects in Fg project adjacent kernels on shell, while those in SFG are integral op-
erators that sew together adjacent kernels into new infinite-volume quantities. The notation
for these objects is the same as in BS1, except that here there are superscripts indicating
the flavors of the spectator particles. In particular,

. ) (p. uv uv 3 s
(7] . H9(p) ;;_PV/ (c;:)]g]{y Sp ?) (4.19)

= 0p,
pil'm/;kibm 2w L3

is a generalized Liischer zeta function, and

G _ b Yew(I§7) HOM)HO ) Yinl0i™) 1 20
pil'm/;kibm 2(,upi L3 q;ﬁ;z b2 — mk q2,k7- Qij L3 :
is a generalized switch factor,® with the four-vector b;; given by

bij = (B — Wp; — Wk s P—p;— kj) . (4.21)

SHere we are using the relativistic form of the energy denominator, which is an allowed choice, as
explained in BS1, and is needed when we construct the fully Lorentz-invariant form of three-particle K
matrix below. For F() we keep the nonrelativistic form of the denominator for notational brevity; the
change to the relativistic form only changes F(!) by exponentially suppressed contributions.
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The parity operators are a new feature here and are given by
[Pl ermriotm = Oputrmtitstm(—1)" (4.22)

The integral operators ff;" and 0G#) are then defined by the difference D— ﬁg, and explicit
forms are not needed. The discussion of their general properties in BS1 remains valid here,

and we do not repeat it.

We now explain the notation in Egs. (C.9) and (C.10). We begin with the matrix indices
on both F® and GU9 | which are of similar form to those used in all previous RFT quantiza-
tion conditions. A key property of F¥ and GU9 is that they project adjacent kernels—here
the elements of B, A’, and A—on shell. This projection changes the matrix indices from {k}
to {kifm}, with the latter denoting an on-shell, three-particle state. The new feature for
nondegenerate particles is that there are three choices of indices, labeled by ¢« = 1 —3. Here ¢
is the flavor of the particle chosen as the “spectator,” and k; is shorthand for its momentum,
k;, which is drawn from the finite-volume set. The remaining two (“nonspectator”) particles,
whose flavors are denoted j and k, are then boosted to their center-of-mass frame (CMF), in
which the kernel is decomposed into spherical harmonics. Denoting a generic on-shell kernel
by X ({k})—this could, for example, be B3({p};{k}), with the {p} index left implicit, and
with {k} restricted so that the three particles are on shell for the given E and P—this

decomposition is
X({k}) = > X({K}) e VAo (k;*) (4.23)
Im

)

Here l;;f(ki) is the unit vector in the direction of k;f(ki , which itself is the spatial part of the

four-vector obtained by boosting (ws,, k;) into the CMF of the nonspectator pair. Details
of the boost are discussed in Appendix C.1; we stress that, for an on-shell quantity, the
two boosts discussed there are equivalent. In Eq. (4.23), we must specify which flavor from

Y

the pair is used to define the harmonic decomposition. This is because k;(ki) =
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implying that ng(f{;(ki)) = (—1)£ng(f<z(k”). Since both even and odd waves are present
for nondegenerate particles, the decompositions with respect to flavors 5 and k differ. Our
convention for the decomposition of kernels is that it is done relative to the direction of the

particle whose flavor follows cyclically after that of the spectator.

Returning to the definition of F®_ Eq. (C.9), we note that the spectator flavor is chosen
to be ¢ for both incoming (right-hand) and outgoing (left-hand) indices. We follow the
convention just described in choosing the flavor used for spherical harmonic decompositions,
namely that j follows cyclically after ¢. Note that, even though p; is a dummy variable,
this choice has content because it specifies which mass to use when calculating w,,. The

third momentum, needed to determine wy,, is then given by py = P — p; — p;. The boosted

(pi G

momentum p; 7 is defined in the same way as k;-‘ . Here the three particles are in general
off shell, so that the two boosts discussed in Appendix C.1 differ. However, as discussed
in BS1, the difference leads only to exponentially suppressed shifts in F®_ The harmonic

polynomials are defined by
Vim(a) = VYo (a)[al’, (4.24)

with the spherical harmonics chosen to be in the real basis. The quantity g5, is given by

Ao, m3, mi)

A5y, = = (4.25)
0i = (B —wp,)’ = (P —pi)?, (4.26)

where \(a,b, ¢) = a® +b? + ¢® — 2ab — 2ac — 2bc is the standard triangle function. 45, 1s the
magnitude of the spatial momenta of each of the interacting pair for fully on-shell kinematics,
i.e.if £ =3, w,,. This requires that the momenta of the pair not lie in the finite-volume set.
The superscript UV on the sum and integral in F® indicate an ultraviolet regularization,
the nature of which affects F® only at the level of exponentially suppressed terms. The

sum over p; runs over the finite-volume set, while the integral is defined by the generalized
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principal-value (PV) pole prescription introduced in Ref. [36].

Turning now to G, Eq. (C.10), here the incoming and outgoing spectator indices differ,
the former being j and the latter 7. In this case the harmonic decompositions are done using
a different convention from that used above, so as to conform, in the degenerate limit, with
the definitions used in previous RFT works. On the outgoing side, with spectator flavor ¢,
the decomposition is done relative to the direction of the particle of flavor j in the pair CMF,
as indicated by the argument of Yy, in Eq. (C.10) being kj(p ), Similarly, with the incoming
flavor j, the decomposition is done relative to the direction of the particle of flavor i. In
one of these two cases, the ordering is not cyclic, and thus there is a mismatch between the
convention used for G(%) and the adjacent kernels. The factors of Py, correct this mismatch,
as described in more detail shortly. To define the arguments of the harmonic polynomials in
G we must, at this stage, use the Wu boost, which is one of the two boosts discussed in

Appendix C.1.

Both F® and G contain the cutoff functions H®(p;). These are smooth functions
whose role is to cut off the sums over spectator momenta in the region where the three
particles lie far below threshold. They are generalizations to nondegenerate kinematics of the
cutoff function introduced for identical particles in Ref. [28], and their technical properties
are discussed in Appendix C.1. We stress two features of these functions. First, their
introduction (discussed in detail in BS1) is an intrinsic part of the derivation, and not an ad
hoc feature. Second, they introduce a scheme dependence into intermediate quantities that
appear in the quantization condition that is derived below, specifically into ICy and l%dfg,. This
scheme dependence cancels, however, in the spectrum that is predicted by the quantization
condition, and in the relation of these intermediate quantities to the three-particle scattering

amplitude, Ms.

There are two particularly notable features of these definitions in which they differ from

the forms used in BS1 and previous RFT works. The first is that £ does not contain the
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symmetry factor 1/2! that is present in the quantity F defined in BS1. This change arises

simply because we are considering nonidentical particles.

The second feature is the presence of the parity matrices Pp. As indicated by Eq. (4.22),
these matrices are diagonal in the {k;¢m} indices—with the flavor i determined by the posi-
tion in the flavor matrix—and simply give a minus sign for odd values of angular momentum.
As announced above, the factors P, are needed to account for mismatches in the momenta
used to decompose into spherical harmonics as part of the on-shell projection. We show how
this works by considering two examples. First, consider the following subsequence contained

in 03’ L
BY) DBy} DB ) DB, . (4.27)
Among the terms that arise after inserting the decomposition of Eq. (4.16) is

B, GOV P,B,) FUBL) PLGOYBY) (4.28)

)

The leftmost P, is needed because the leftmost Béli is projected on shell on its left-hand
side using ps to determine the harmonic decomposition (since this decomposition arises from
G (31)) | while the right-hand projection is done using p, for the harmonic decomposition (since
flavor 2 follows cyclically after flavor 1). The P, converts the left-hand decomposition into
that for flavor 2, so that both decompositions match. A mirrored explanation holds for the

right-hand factor of Py.

For the second example we begin with the subsequence

[BDB = B(Fg +0Fc)B)| (4.29)
ij

and pick out the Bz parts of both Bs and the Fg part of D. Since By is distributed equally

among all elements of f)’\’ there are, for a given choice ¢ and 7, nine contributions to this

quantity, one from each of the elements of F;. We focus on the contribution containing
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G2 This is given by

LBs] i GO o (= 1) [Bsl o (4.30)

iprd/m! M pil/m

where for the sake of clarity, we have shown only the “internal” indices of the Bss. What we
need to explain is why the factor of (—1)¢, which arises from the Py, on the right of G2 in
D\, is needed. To see this we note that, according to the definition of G12) given above, the
decomposition into spherical harmonics with indices ¢m is done relative to the momentum
of the flavor 1 particle (with the flavor 2 being the spectator). By contrast, the harmonic
decomposition of the right-hand Bs, which also has spectator flavor 2, is done relative to
the momentum of the particle of flavor 3 (using the cyclic convention). This mismatch is
corrected by the (—1)*. There is no such mismatch for the left-hand Bs, since with a flavor
1 spectator, the harmonics ¢'m’ are defined relative to the flavor 2 momentum both in the
Bs and in G2 All other factors of P;, in F’G can be understood in a similar fashion. This
example also affords an example of the difference between the TOPT approach of BS1 and
the original derivation of Ref. [28]. In the latter, the three-particle cut between two Bj
kernels is expressed entirely in terms of F', whereas in the TOPT approach there are both
F and G contributions. Both are legitimate expressions, but only the latter leads to simple

all-orders expressions for Cs ..

As a side note, we observe that the matrix Fy; is symmetric under the interchange of all

indices (i.e. flavor and {k€m}). This is because [GU)]™ = [GUI], i.e.

[é(ij)} -l

~(jz‘)}
pil'm/;k;ilm [ kjlm;pil'm/ ’

(4.31)

and because F® is symmetric in its indices. Since D is manifestly symmetric, this implies

that EFG is symmetric. By construction, B is also symimetric.

We now insert the decomposition of Eq. (4.16) into our result for the correlator, Eq. (4.9).
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After some rearrangement, this leads to

o0

1 ~
_Ap, (4.32)

Cs,L - C?(,O) = A%@ﬁ(; = .
’ 1 —iKqs 23,11 F 6

where the new endcaps are

—~ 1 —~
1 —iBidFg
A A— L (4.34)
F 1—idFqiB’
while”
K B ! (4.35)
1 = 10———— . .
o e  i0F B

Although these three definitions work both off and on shell, in Eq. (4.32) these quantities
always appear adjacent to factors of Fg, and are thus always projected on shell. In the

following we consider only the on-shell forms.

From the result for the correlator, Eq. (4.32), we can read off the quantization condition
det [1 + ﬁdﬂg&[lﬁg} =0. (436)

This has a similar form to that for identical particles obtained in BS1, a similarity that is
made clearer if one replaces Fg with the equivalent F + G. Here, however, the determinant
runs over both the on-shell indices and the additional 3 flavor dimensions. It is important to
keep in mind that, in this expression, different decompositions of the on-shell momenta are
being used for the different indices of the matrices ladf7237 1, and }A?G, If the index is i, then the
momentum of the corresponding flavor is the spectator.® We also note that, at this stage,

we can change the boost used in defining G to that used in Ref. 28] (referred to below as

"When evaluating the terms in the geometric series in Eq. (4.34) one must do the integrals associated
with the integral operators contained in d F'¢. Those in fl(ﬁ) involve a PV prescription, and must be done
first, leaving the integrals implicit in the 6G(*) for second. The latter do not require a pole prescription.

8This implies that, in general, the number of values of k; that lie below the cutoff depends on 1.
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the HS boost), since this change can be absorbed by a shift in the integral operators 6GUI),

In order to make the content of the quantization condition clearer, it is useful to unpack
/de . As the name suggests,’ this contains both two- and three-particle K matrices—real
functions of the kinematic variables that are devoid of unitary cuts. The subscript “df”
stands for “divergence-free,” and indicates the absence of singularities related to exchanging
a particle between two pairs. This name is inherited from the Feynman-diagram approach
of Refs. [28, 29]; within the TOPT framework the absence of such divergences follows from
their factorization into Fg. To pull out the part containing only two-particle K matrices, we

set By and the 6G) to zero, leaving

= (=) =2 =B =
’Cdﬁgg,L = dlag (’Cél’ K;él, Kéi) = ICQ’L N (437)
B3=6G (i) =0
where
) _ () 1
As shown in Appendix B of BS1, KS)L can be written
KO I b CENG) (439)
pil'm’skilm

where ICSBZ is the ¢th partial wave of the infinite-volume two-particle K matrix involving
scattering of flavors 7 and k. These K matrices depend on the details of the PV pole
prescription, as described explicitly in BS1. In general, all partial waves are nonzero, unlike
for identical particles, where only even waves are present.

The remainder of I/C\df’23’ 1, involves all three particles, either through alternating factors
of K?L and 0G) or through factors of Bs. We call it I/C\dfjg, and stress that all entries of

this flavor matrix are nonzero. An explicit expression can be given, but is not illuminating.

9In BS1, we added tildes to quantities that were composed of TOPT (rather than Feynman-diagram-
based) kernels, but here we drop the tildes to lighten the notation (given the presence of hats). Kernels
defined in terms of Feynman diagrams, to be discussed below, are denoted by primes.
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Thus we simply define it by
’/C\df,QB,L =Kaor + I/C\df,3 . (4.40)

An important property of ladﬁg is that, for all of its elements, one can take the L. — oo
limit, up to exponentially suppressed corrections. As explained in BS1, this holds only if
one chooses the PV scheme such that there are no poles in any of the IC;ZZ in the kinematic
region of interest. This is possible with the generalized PV prescription of Ref. [36].'° We

also note that Ky 3 is a symmetric matrix.

The elements of the matrix I/C\dﬁg have a similar status to the asymmetric quantity l%g;g )

entering the alternate form of the RFT quantization condition derived in BS1. It is for
this reason that we refer to ’/C\df’g as an asymmetric (or, perhaps better, “unsymmetrized”)
K matrix, and the quantization condition itself as asymmetric. The nine flavor elements
of ’/C\dﬁg are distinguished by the nature of the external two-particle interaction for both
initial and final states—the 75’th element has incoming spectator flavor j and outgoing
spectator flavor i.'! By contrast, the full three-particle scattering amplitude M3, discussed
in the next section, is obtained by summing over all choices of initial and final spectators.
This raises the question of whether the quantization condition can be written in terms of a
similarly summed K matrix. This would be the analog of rewriting the alternate form of the
quantization condition in terms of a symmetrized IACdf73, which is achieved in BS1, and leads

to the original form obtained in Ref. [28]. This is achieved below in Sec. 4.8.

10We note that the freedom to treat each value of ¢ differently in this prescription extends also to allowing
different prescriptions for each spectator flavor.

UNote that, because of the factor of Bs/9 in the matrix B [see Eq. (4.12)], the external TOPT kernel can
also be B3, which is symmetric.
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4.5 Relation of I/Cdf,g to Ms;

All three-particle formalisms require a second step, in which the three-particle K matrix that
enters the quantization condition is related by integral equations to the physical three-particle
scattering amplitude M3. This is necessary because the intermediate K matrix, despite
being an infinite-volume quantity, is not physical, since it depends on the cutoff function
and PV prescription. In this section we derive the form of the integral equations, using
the method of Ref. [29]. This begins by considering the finite-volume scattering amplitude,
M3 1, expressing it in terms of ’/Cdf,g, and taking an appropriate . — oo limit in order to
obtain an expression for Ms.

As for 1€df723,L, simpler expressions are obtained by using a combination of two- and

three-particle amplitudes, specifically
Moa r = MY L 2+ @
o3, = Mo+ My + My + Ms g, (4.41)
where ﬂg),; corresponds to the scattering of flavors j and k£ with ¢ spectating. It is given by

(4.42)

which is the nondegenerate generalization of Eq. (B3) from BSI.
The diagrams contributing to the off-shell M3 1, in TOPT are shown in Fig. 4.2 and lead

to
o w1 52 5B [ s 52 53 "
iMgl, = (B + BY) + B + Bo) Y [iDi(BY) + B + B+ By)| . (4.43)
n=0

This can be written compactly in matrix notation

Mgg,L = <1| Mggf,L |1> ) (444)
with
Vi ) R — (4.45)
23,L 1 —iDiB
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|
0 N

Figure 4.2: Contributions to the combined two- and three-particle finite-volume scattering
amplitude My, in TOPT. Notation as in Fig. 4.1. The absence of diagrams involving the

two-particle kernel BéZ) is for representational simplicity—such diagrams are contained in
the ellipsis.

The nine flavor elements of M\ 3.1, are the analogs of the asymmetric amplitude Mo, L—l—/\/l(u )
appearing in the degenerate case analyzed in BS1. As for Kdﬂg, they correspond to the
different choices of the initial and final spectator flavors. Summing over the different choices,

as in Eq. (4.44), gives M23 I

The next step is to consider the on-shell amplitude, and insert the decomposition Eq. (4.16).
After some rearrangement this leads to the simple result (using the notation that the ampli-
tude is on shell unless there is an explicit superscript “off”)

_ ~ 1
iMas 1, = iKas 23,1, —— ; (4.46)
1 —iFgikat 23,1
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with I€df7237 1 given in Eq. (4.35). The key point here is that the same two- and three-particle
K matrices enter as in the quantization condition. We stress again that different on-shell
projections are used for different flavor indices. This means that the elements of the matrix
cannot be combined as in Eq. (4.44), to give an on-shell Mss 1. Indeed, even if we multiply
by spherical harmonics to convert the ¢m indices back into momenta, the elements of /(/1\237 L
cannot be combined for finite L, since the on-shell projection moves some momenta out of
the finite-volume set. Such a combination is possible only in the infinite-volume limit, which,

however, is all that we require below.

We next unpack the result (4.46) in order to extract a result for the three-particle am-

plitude itself. First, we package the finite-volume two-particle amplitudes into matrix form
i . () 1502 56
My, = diag(Ms), MG, My)). (4.47)

Next, we separate ﬁg, given in Eq. (4.17), into its F and G parts:

Fo=F+@, (4.48)
with the diagonal terms contained in
F = diag(FY, F® FO)y (4.49)

and the off-diagonal terms contained in G. Then Eq. (4.42) becomes

= = 1
ZMZL = Z’CZ,LT . (450)
1 —iFiky,,
The matrix version of Mj 1, is given by
Msp = Moy — My, (4.51)

and is related schematically to the full scattering amplitude by Ms = (1 /Qs,L I1). As
noted above, this equation only makes sense in the infinite-volume limit, after multiplying

by appropriate spherical harmonics and summing over angular-momentum indices.
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With this setup, the algebraic steps needed to obtain an expression for /(/1\37 1, are identical

to those in BS1 (and given explicitly in Appendix C of that work). We find

iMsy, = iDp +iMasss (4.52)
~ — ~ 1
1Dy, = iMy 1GiMy ———=—, (4.53)
1 —iGiMs,,
A ~ ~ ~ 1 ~ o~
1M = |1+ 11Das3 1iF| i — — 14+ iFqgiD , 4.54
df,3,L 23,1 G] df,3 |~ [1 + iF Dy 1)i FsiRats [ e 23,4 ( )
~ — ~ — 1
Z-’DggyL - Z'MQ’L + ZDL — ’l'MQJJT . (455)
1 —iGiMy,

In the appropriate L — oo limit [29] these results become integral equations for Ms. We do
not give these explicitly, since their form is almost identical to those arising in the Feynman
diagram derivation, and we present the latter in full detail in Sec. 4.7 below.

It is worth understanding the source of the various terms contributing to Ms 1, in Egs. (4.52)-
(4.55). Dy is the contribution to three-particle scattering arising from repeated two-particle
interactions, connected by the switch factors in C:’, arising from the diagrams on the sec-
ond line of Fig. 4.2. The off-diagonal nature of G enforces the switching of spectators, and
the matrix structure ensures that all possible switches occur. Up to kinematical factors,
ﬂé”L goes over in the infinite-volume limit to the Lorentz-invariant two-particle scattering
amplitude involving flavors j and k, /\/lgi) (see Appendix E of BS1). It follows that, if the
relativistic form of G is used, the elements of D{"“") are Lorentz invariant.'2

The remaining part of ./(/l\&L is denoted ./\//l\dgg,L, where the subscript df indicates the
“divergence-free” nature of this object, since the poles corresponding to on-shell one-particle
exchange are contained in Dluu) ./\//l\df737 1, contains the contributions to three-particle scat-

tering that involve the three-particle K matrix, ’/C\df’g. In words, the external factors in

square braces correspond to repeated two-particle interactions with switches, prior to a gen-

12Gtrictly speaking, since all quantities in the quantization conditions carry indices {k, £,m}, one must first
multiply by the appropriate spherical harmonics in order to obtain a quantity whose Lorentz transformation
properties can be studied. See Refs. [28] and BS1 for more details.
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uine quasilocal three-particle interaction due to an element of I/(\:dﬂg, after which the middle
section of Eq. (4.54) corresponds to repeated two-particle interactions prior to another three-
particle interaction, etc. This is all a natural and simple generalization of the interpretation

of the corresponding expression for identical particles.

We see from the result (4.54) that the elements of ’/C\dﬁg are not Lorentz invariant. This
is because, when L — oo, the set of integral equations that this matrix equation goes over
to connects it to M\df’g, whose elements are not Lorentz invariant because they are defined
in TOPT. As noted in the introduction, the lack of Lorentz invariance of /€de3 is expected
in the TOPT approach. This leads to complications when implementing the formalism in

practice, and in the next section we explain how this problem can be resolved.

We close this section by emphasizing that we can use the expression (4.46) for ./\//1\23, L
as an alternative vehicle for deriving the quantization condition. This possibility was first
noted in Ref. [29] in the context of identical particles. The point is that Mays 1, is a type of
finite-volume correlator, so its poles determine the spectrum. Indeed, from the form of the
denominator in Eq. (4.46) we immediately obtain the quantization condition obtained in the
previous section, Eq. (4.36). One might be concerned that, since Mss ;, contains ﬁ; L, there
will also be poles at the positions where the latter quantity diverges. This occurs at energies
of a free spectator combined with a two-particle finite-volume state, and these energies are
not in the three-particle spectrum. It turns out, however, that these spurious poles cancel

in Mys 1, as can be seen by writing it as
Moz, = Dasp + Mg, (4.56)

and noting, from Eq. (4.55), that D,s; remains finite when My, diverges. We stress that
the quantization condition arising from the poles in M\dﬁg’ 1 is indeed Eq. (4.36). This can

be most easily seen by rewriting Eq. (4.54) using

o~ ~ = —1
1+ iFgiDasy = (14 FoKar) (4.57)
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from which it follows that

1

iMarsr = |1+ D ifFe|iKas———=—
1+ Feaf 23,1

(4.58)

4.6 Quantization condition with Lorentz-invariant K3

In this section we derive the following alternate form for the quantization condition for

nondegenerate scalars,

det |1+ Ky o5 . Fa| =0, (4.59)
where
’aif,23,L =Ko + ’Cfif,?) . (4.60)

Here %2, 1 the same as above [see Eq. (4.37)], but now /€gf73 is a (matrix of) Lorentz-invariant
three-particle K matrices that differs from ]/C\dﬁg. In this way, we obtain a fully Lorentz-
invariant formalism: one that not only is valid for relativistic kinematics, but in which the
elements of Iﬁgm are Lorentz scalars. This is important for practical implementations, which
typically use multiple values of P, and thus require the relationship between Iaim in different
Lorentz frames.

A striking feature of this result is that the quantization condition (7.33) has exactly the
same form as that derived above using TOPT, Eq. (4.36), differing only in the K matrix
that enters. This redundancy is of the same nature as that found in the identical-particle
case in BS1, where two identical forms of the quantization condition were established, both
involving asymmetric K matrices, one of which is Lorentz invariant while the other is not.
This was understood as being due to the intrinsic ambiguity in the definition of an asymmetric
object, since the only constraint is that by combining terms one ends up with the correct
symmetrized quantity. An analogous understanding applies here: it is only by summing over

the different choices of flavors of the external spectators for, say, the elements of M\g, 1, that
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one obtains the physical amplitude, and thus there is some freedom in the definition of the
individual elements. The same holds for the K matrices. Examples of this ambiguity will be

seen in the subsequent discussion.

In BS1, we obtained the form of the quantization condition containing the Lorentz-
invariant asymmetric K matrix by starting from the result derived using Feynman diagrams
in Ref. [28]. Here there is no such result, so we must begin de novo. Our strategy is
to reorganize the original Feynman-diagram-based approach of Ref. [28] into a form that
mirrors the TOPT result at every step, so that, after setting up the calculation, we can
simply carry over the algebra of the TOPT approach described above. In addition, we derive
the quantization condition using the Feynman diagram version of the finite-volume amplitude
/(/1\23, 1, rather than the correlator Cs . As shown in the previous section, this leads to the

same quantization condition, but avoids the need to deal with endcaps.

The starting point is the finite-volume three-particle amplitude with external spectators
having flavors ¢ and j. We refer to such amplitudes as “asymmetric,” as it is only after
summing the nine combinations of {7, j} that we obtain the full amplitude. In the previous
section we considered the asymmetric amplitude [M\g Llij, with its asymmetry defined using
TOPT diagrams. Here we define the asymmetry using Feynman diagrams, leading to a
different asymmetric amplitude [ﬂgog],]({p}, {k}), where {p} = {p1,p2, 03}, etc. are sets of
three four-momenta, and we are using the notation that a prime denotes quantities defined
using Feynman diagrams. The external three-momenta are drawn from the finite-volume set,

but at this stage the external energies are arbitrary, so that the four-momenta are in general

off shell. Momentum conservation implies that the four-momenta satisfy 3>, p; = P = 3, k;.

As explained in Ref. [28], when using Feynman diagrams, the amplitudes are given by a
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Figure 4.3: Contributions to [ Ag?fhg in the Feynman-diagram skeleton expansion. BY” and
Bj are Bethe-Salpeter kernels, and solid lines represent fully dressed propagators. Unlike in
earlier figures, all propagators are shown by solid lines, with the flavors now distinguished
only by colors and explicit labels. External propagators are amputated.

skeleton expansion in terms of the Bethe-Salpeter kernels'®

B (p;, pr: by ki) and Bs({p}; {k}) . (4.61)

These are, respectively, the 2PIs and 3PIs two- and three-particle kernels, with the former
having flavor i as the spectator, and with flavor labels {i, 7, k} ordered cyclically. In the
skeleton expansion the kernels can be evaluated in infinite volume. In contrast to the TOPT
kernels given in Eq. (4.3), Bgi) and Bs depend on four-momenta that are, in general, off
shell. They are connected by fully dressed, relativistic propagators, normalized to unity at
the single-particle pole, whose spatial momenta must be summed over the finite-volume set,
while the energy is integrated as usual. External propagators are amputated. For a given

quantity, the set of skeleton diagrams that contributes is exactly the same as in the expansion

13 At the risk of confusion, we use the same letter for these kernels as for the corresponding TOPT objects,
but without the calligraphic font.
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Feynman TOPT

Figure 4.4: Example of how a Feynman diagram, which is assigned to one term in the
corresponding skeleton expansion, breaks up into several (in this case two) TOPT diagrams,
which are in turn assigned to several (here two) terms in the TOPT skeleton expansion. As
discussed in the text, this implies that the asymmetric TOPT amplitudes [/(/1\5 L)i; are not
Lorentz invariant. Notation is as in Figs. 4.1, 4.2 and 4.3, except that all propagators are
shown by solid lines.

in TOPT kernels (see, e.g., Fig. 4.2), except that there is no time ordering. As a concrete
example, we show diagrams that contribute to [/\7@,05]13 in Fig. 4.3. This amplitude is defined
so that, if there is a two-particle Bethe-Salpeter kernel on the left (right) end, it must be a
BV (Bég)). In addition, for each end with a Bj kernel the contribution is multiplied by 1/3.

The latter factors ensure that, when the flavor indices are summed, the contribution to the

total amplitude has the correct weight.

To make clear that the elements of M\g ;, differ from those of the TOPT version, /(/1\3, L,
we consider in Fig. 4.4 the simplest contribution to the first diagram in Fig. 4.3. In TOPT,
it breaks into two diagrams, one of which contributes to [M\g )13, and the other of which is
split equally between all elements of Ms j, (since it contributes to Bs). Thus only 1/9th of
the diagram is included in [/\73 £)13. This also shows that the latter quantity is not Lorentz
invariant, since it is only by adding the two TOPT diagrams with equal weight that one

regains an invariant quantity. On the other hand, each of the elements of Mgogf is Lorentz
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invariant, simply because it is composed of Feynman diagrams.

We now begin the analysis of the elements of Mgog Our approach quickly diverges from

that in Refs. [28, 29], so that we cannot make a step-by-step comparison, but will rather
emphasize global similarities and differences. We present an overview of the derivation in

the main text, and describe the details in Appendix B.2.

In both approaches, the first step when analyzing a given diagram is to do the energy
integrals for all independent momenta, i.e. those not constrained by four-momentum conser-
vation. The difference from Refs. [28, 29] is that here we do such integrals for all diagrams
before proceeding to the second step, rather than analyzing subsets of diagrams completely
and then combining. As explained in Appendix B.2, the results of the energy integrals are
diagrams in which two of the three particles in all cuts are on shell, i.e. with momenta
p" = (wp,;, Pi), while the momentum of the third particle remains, in general, off shell. The
momentum configuration is then specified in the same way as in the TOPT analysis, namely
with the (redundant) set of three finite-volume momenta {k}. In order to present the result
in a compact form, we need to introduce operators that specify which pair of momenta in
the kernels are placed on shell. We call these 6(1) and B(i), where the flavor label ¢ indicates
that the particles of the other two flavors are set on shell, and the arrow indicates whether

the operator acts on the kernels immediately to the left or right, respectively. With this
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notation, we find

ME = Mg, — ﬁé"f 7 (4.62)
Mt - Cip— L 5. 4.63
Mas.r 1—¢D"B (4.63)
8 diag (8(3) 8(1) Jg® ) (4.64)
<5 = diag (O(3 oW O ) (4.65)
[Bloi = $Bo+ 0B + 6., [ B, + 585 | (1.66)

D'G) prB3) pr2)
D =1, | D® pO© p| (4.67)
D/(2) D/(l) D/(2)

L 4 )2 o0 (4.68)

6,2
4wp].wpkL p; —m;

T

We observe that, with this result, we have succeeded in obtaining an expression for the finite-
volume amplitude that is similar to the initial matrix form obtained with TOPT, Eq. (4.45).

There are many features of this rather elaborate result that require explanation. We first
discuss the effect of the on-shell projectors that are contained in the D' and also appear as
external factors in M\’ngfL. When we expand out the geometric series in Eqgs. (4.63), the kernels

in B are always projected on both sides, and thus we need only define the projected kernels.

For Bs and 0 B3 all combinations of projectors can occur, and their action is exemplified by
%
(OB, ({p); {k}) = Balpr, p3, v k™ 5 ) (4.69)

For the two-particle kernels, the possible projections are restricted.'* To explain this, we

— e —_ R —
focus on Bélz Due to the forms of 8, O, and D', the projection operators acting on Bél)L

MTn order that all appearances of Béi) have projectors on both sides, we have, in Eq. (4.63), placed

projectors on both ends of the expression. Strictly speaking this means that /\//\lgf’ff has external momenta
that are only partly off shell, differing from the original definition given above where all momenta can be
off shell. Since we only consider the former quantity in the following, we have kept the same notation.
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— —
are either 8(3) or 8(2) on the left, and either O® or O on the right. Thus the spectator,
with flavor 1, is always on shell, whereas the second on-shell flavor is either 2 or 3. The

definitions that we need are thus

OB, 0D ({p}: (k) = St 200, L Bolp", poi K™ ) (4.70)
OB 0| ((p}: (k) = Spute 20, L Bap3" pai i k3 (4.71)
B0 ([0 (K} = Gouka 200 LBl 157 K8, ), (472
OB 0| ({p}: {k}) = Sy 20, L* Balpa, b3 ko, K. (4.73)

The generalization to other elements of EQZ)L and ES)L is straightforward. We stress that it
is only because of the presence of the projection operators that we obtain a quantity that

depends on three-momenta alone.

Next we give the definition of ﬁ;ogf This is a diagonal matrix obtained by keeping the
disconnected terms in /ﬂ’g&, i.e. those obtained by keeping only the EEZ)L + 573512 parts of
B and the diagonal part of D'. Thus one particle spectates for the entire diagram. The
projection rules embedded in the definitions imply that this particle is on shell, and that, if
it has flavor 4, then the second on-shell particle (which is one of the interacting pair) has the
flavor that follows i cyclically. The sum of all the diagrams contributing to [ﬁ’;ﬁf]u is simply
a rearrangement of the complete set of Feynman diagrams that describe the interactions of
particles with flavors j and k. Additionally, the factors of 2w,, L cancel in pairs, leaving a
single overall such factor. Thus we find that ﬁ’;{f has the same form as ﬁz L, Eq. (4.47),
except that one each of the incoming and outgoing scattered particles are off shell. The
reason that ﬁ’;{f is added to MgL is the same as in the TOPT analysis: it leads to a

quantity, M\'ngfL, that has a simple expression, here Eq. (4.63).

One difference between the structure of the results here and those obtained in TOPT

is the presence of the shifts B3 and 0B in the kernels. As shown in Appendix B.2, these
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arise from off-shell contributions to the energy integrals. They are associated with particular
clements of B, and are not distributed equally like By [see Eq. (4.66)]. This structure is
needed to ensure that /\73@5 is unchanged, and thus, in particular, remains Lorentz invariant.
We do not have explicit, all-orders expressions for B3 and § By, but this does not hinder the

derivation.

Finally we discuss the form of D', Eq. (4.67). This is the analog in the present derivation
of the matrix D defined in Eq. (4.13). The difference here is that the elements of the matrix
differ, due to the presence of on-shell projectors and the Feynman propagator for the off-shell
particle. The flavor structure of D' reflects that which appears in the second stage of the
TOPT derivation, namely the decomposition of D given in Egs. (4.16)—(4.18). It turns out
that this decomposition must be introduced at the first stage in the Feynman approach. The
final difference is the presence here of the wavefunction renormalization factor Z; multiplying
the pole. As noted above, this equals unity on shell, Z;(m?) = 1. In the TOPT analysis,
the corresponding factor is absorbed into the kernels in a preparatory stage, as explained in

Appendix A of BS1.1?

We now turn to the second step in the analysis of the Feynman skeleton expansion. In this
step, we project the three-particle state fully on shell using the {k;¢m} variables described
above. Since we have set up the intermediate states with two on-shell particles, the on-shell
projection involves adjusting momenta so that the third is placed on shell. This is very
similar to the procedure in the TOPT analysis, where we have to adjust momenta so that
the three already-on-shell particles have total energy E. Indeed, as explained in BS1, the on-
shell projection in the TOPT case can be done by a small variation of the method of Ref. [28]

used in the Feynman-diagram analysis. In particular, near the pole in D) [Eq. (4.68)], we

5The same approach could be used here, but is not necessary, as we can account for the presence of Z;
in the next step in the analysis.
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have

? s
p; —m; L, 2y, (B — wp, — wpy, — wpy) + O [(E — Wp T Wpy T wps)ﬂ , (4.74)

so that the kinematic factor in D' has the same residue at the pole as that in D [Eq. (8.8)].

This allows us to mirror the decomposition of D, Egs. (4.16)—(4.18), and write
D' = Fg+6F, (4.75)

with Fg exactly as in Eq. (4.17) above (with a technical restriction described below). The
residue matrix 5/}7’0 differs from that in the TOPT analysis due to both the presence of the
Z; in Eq. (4.68) and the fact that the off-shellness of the kernels is different. The former
factor can be dealt with by writing it as 1+ [Z;(p?) — 1], with the second term canceling the
pole (since Z; is an analytic function near p? — m?) and thus only contributing to a shift in
the residue matrix ng The difference in this matrix is not important, however, as it does
not impact the subsequent algebraic manipulations.

The technical restriction on Fg is that, in order for the final quantization condition to
contain a Lorentz-invariant three-particle K matrix, we must, in the expression for C:‘(ij),
boost to the pair CMF using the original boost of Ref. [28] rather than that introduced in
BS1. This point is explained in detail in Appendix C.1.

To fully justify Eq. (4.75), we need to explain how the on-shell projection operators
contained in D'®, Eq. (4.68), lead to the factors of Py in Fg, Eq. (4.17). First we note that,
when the kernels Béi) and Bjs are set fully on shell, we must choose a convention for the
variables {k;¢m} that are used. We follow the convention of the TOPT analysis: if the flavor
index is 7, then the spectator has flavor ¢ and the spherical harmonics are defined relative
to the direction of the momentum of the particle of flavor j (in the pair CMF), where j
follows cyclically after i. We note that projectors in D' are set up so that the spectator
is always on shell. For example, the first row of D' has projectors 6(3) and 6(2), both of

which set flavor 1 on shell, while the third row contains D® and 6(1), both of which set
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flavor 3 on shell. What does not always match, however, is the flavor of the particle that
determines the spherical harmonic decomposition. We discuss this by considering the first
row of D' and focusing on the left-hand harmonic indices. Considering the first row again,
the first element, D'®) | will be replaced after projection with F® in which the harmonics
are determined relative to flavor 2, which matches the convention of the element [B],1 on the
left (with 2 an arbitrary flavor). The same is true for the second element, also D' which
will be replaced with G2, for which the harmonics of the left index are also determined
relative to flavor 2. However, the third element, D'®| is replaced by G for which the
harmonics are determined by the particle of flavor 3, which does not match that used for
[E]xl Indeed, the associated projector, 6(2), sets flavor 3 on shell first so as to match the
projection enforced by G, The end result is that the projection applied to [B]m conflicts
with the convention defined above. In order to bring them into agreement, a factor of (—1)*

is needed, and this is provided by the P, multiplying G® on the left in the [Fg]y5. A similar

analysis explains all other appearances of Py, in Fe.

Given the decomposition of Eq. (4.75), the remaining steps are algebraically identical to
those of the previous section. In particular, if we set the elements of M\’Qg ; fully on shell
using the same convention as just described for the kernels, then we obtain

1

1 )
1 - ZFGZ}Cde&L

iM/23,L = @'laif,%,/: (4.76)

with
1

ey o 3
Ko =185 "5
- G

(4.77)

where we are implicitly setting the external coordinates of B on shell. These are identical
in form to Eqgs. (4.46) and (4.35), respectively. From Eq. (4.76) we immediately obtain the
claimed form of the quantization condition, Eq. (7.33). In this way we have achieved our

goal of recasting the analysis of the Feynman-diagram-based skeleton expansion in a form
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that mirrors that of the TOPT approach.

4.7 Relation of Iamg to M

In this section we derive the relationship of I&fmg to the physical infinite-volume amplitude,
Ms. Unlike for the TOPT case discussed above, we do so here in complete detail. The
utility of this result is twofold: first, it will be needed in any application of the formalism
derived in this paper that aims to predict M3 from the finite-volume spectrum; second, it
allows us to demonstrate that, expressed in the appropriate basis, the elements of l@lm are
Lorentz invariant.

The method we use follows that first introduced in Ref. [29], and extended to the TOPT-
based analysis in Appendix E of BS1. Since we have reformulated the Feynman-diagram-
based approach to mirror that using TOPT, many of the results from BS1 can be taken over
almost unchanged. The main change is the need to take care of the additional flavor indices.

As in the TOPT analysis, we first pull out the divergence-free finite-volume amplitude

using
/qlzs,L = ﬁZB,L + M\:if,S,L . (4.78)

This has the same form as Eq. (4.46), and includes the same quantity 13237 —the difference
is the presence of primes on the other two objects. No primes are needed on 15237 1, because,
as can be seen from its definition in Eq. (4.55), it depends only on the on-shell two-particle
scattering amplitude, and this is the same whether calculated using TOPT or Feynman
diagrams.

Starting from the result for M\’23 ;, given in Eq. (4.76), we then use the same algebraic
steps used above to obtain Eq. (4.54). These are given explicitly in BS1, and lead to

1
1—[1+ iﬁciﬁQ:’),L]iﬁGi’eéf,?,

iMlgg, = |1+ iDas riF] ik [1+iFgiDysyr) . (4.79)
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We now take the L — oo limit of Mélf,i%, 1, using the ie prescription of Ref. [29]. This means
that sums over spectator momenta with the singular summands contained in F go over to
integrals with the poles shifted by the usual ie prescription. Specifically, since all sums come
with associated factors of (2wL?)™!, the integrals that result come with Lorentz-invariant

measure

I oo dr
2 2wy L3 /Zwk(27r)3 :/k ' (4.80)

k

The sums over flavor and angular momentum indices remain.

Taking the limit in this way, the elements of M\Qﬂ& ; go over to functions of momenta,

H Misa. ,-j]

Here we have made all matrix indices explicit, including the spectator-flavor indices ¢ and 7,

L—oo '
;[ iif,3Lj (Pi, Kj) ormsom - (4.81)

pil'm/;k;lm

and used a nested structure because the choice of spectator momenta depends on the flavor
indices. An analogous limit holds for the elements of 2523, 1, which go over to elements of
Dys. For the elements of the K matrix Iam?,, which are already infinite-volume quantities,
one simply replaces discrete momenta with their continuous counterparts, leading to a form

like the right-hand side of Eq. (4.81). We also need the limit

%)

where /\/l;z)z is the ¢th partial wave two-particle scattering amplitude for flavors j and k, and

H—OO> |:M2:| 3 (pz, kj)@’m/;ﬁm = 5ng(pz — kl)dg/g(sm/m./\/lgi)g(q;kl) 5 (482)

pil'm/;kjlm v
0(p — k) = 2w, (27)°6*(p — k) . (4.83)

To obtain smooth limits of the elements of ﬁg, we need to introduce the diagonal matrix 2w

with elements

HQ/L\U] z’j] = (5ij(5pikj 5g/g5m/m2wkj s (4‘84)

pil'm/;kjbm



114

in terms of which
wLPFe2wl? 122 Fe = F> 4 G (4.85)

The nonvanishing elements of the diagonal matrix F™ are

F] (Do ki)t = 3(Pi = Ki) eGPy o(a5.1,) (4.86)

with ﬁg{,j a modified phase-space factor, defined by the nondegenerate generalization of

Eq. (B6) of BS1. The nonvanishing elements of the off-diagonal matrix G are

6% (bl omean = 2057 HOBOH ) i (01
gj oI /emnEm a5, by, — mj, + i€ QQ,kj .

(4.87)
with ¢ 7&] and bij =P - p‘;n — k})n.

With this notation in hand, we can now take the L — oo limit of Eq. (4.79). We write
the results in a compact notation in which all indices, namely {jk;¢m}, are implicit, and in
which internal indices are implicitly either summed (for {j¢m}) or integrated (for {k;}), the

latter with measure (4.80). First we note that the limit of 2523’ 1 satisfies
Doy = My — MyG=Das, (4.88)

which is a set of coupled integral equations. The core geometric series in the center of the
expression (4.79) becomes an integral equation for a new matrix quantity that we denote T ,

and which has the same implicit dependencies as /T/l\ﬁifﬁ and legm,

T' = Kis — Kigs |1 = F&Dos| iFET (4.89)
Combining these ingredients we have

Mips = (1= DosF ) T'(1 - F&Das) , (4.90)

in which integral operators are applied to both sides of T". Here 1 is the identity operator

in the full matrix space.
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To reconstruct the full asymmetric scattering amplitude, we must add back in the part

that contains the divergences,

M = i My = M3+ D, (4.91)
25 = I}l_{l(’)lo ’ﬁL = ﬁ23 - ﬁg, (492)

where Dy, is defined in Eq. (4.53). To combine the elements of /\75 into the full scattering
amplitude M3, we need first to convert all elements of this matrix to the same kinematic
variables, namely those of Eq. (4.4). This is done by multiplying by the appropriate spherical

harmonics and summing over angular momentum indices:

M) ({p}i{k}) = P> VaATY e (057 {[M3]

(P, ki)z'm/;zm} \/Eng(lA{;(ki)) :
(4.93)
Here j (j) is the flavor that follows i (¢') in cyclic order. We have changed variables on the
left-hand side to those in the original frame, and abused notation by using the same name
for the resulting matrix as that on the right-hand side. The two quantities are distinguished
by their argument. We obtain the full scattering amplitude by summing the elements of the

resulting matrix

Ms({p}; {k}) = (1| M;({p}; {k})[1) . (4.94)

We note that no prime is needed for Mj since one obtains the same result whether de-
composing into TOPT or Feynman diagrams. We recall that this result holds for the fully

on-shell amplitude.

We now return to the issue of the Lorentz invariance of I@gm. The arguments we give are
an elaboration of those first described in Ref. [34]. By construction, all elements of the flavor
matrix /\7; are Lorentz invariant, since they are defined as sums of Feynman diagrams. This
holds only when the amplitude is combined with spherical harmonics, as in Eq. (4.93). What

we need, however, are the transformation properties of amplitudes expressed in the {k;/m}
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basis, since this is what enters relations such as Eq. (4.90). The amplitudes in this basis are
not invariant under rotations, since they depend on an arbitrary choice of quantization axis
(conventionally the z axis). Instead, they transform under rotations by multiplication by

appropriate Wigner D matrices, due to the standard result
Yim(RA) = 3" DY (R) Yo (7). (4.95)

This rather trivial dependence also leads to a dependence on boosts, as follows. Consider a
momentum configuration {k} and choose k; to be the spectator momentum. To define the
coordinates {ki¢m} we must boost to the 23 pair CMF and then decompose into harmonics.
Now imagine that we first do an overall boost of the initial configuration, leading to momenta
{k’}. This time the spectator momentum is kj. When we boost to the CMF of the 23 pair,
we end up in the same frame as before, except for an overall rotation. This is simply because
a product of two boosts can be written as a single boost combined with a rotation. This
implies that the elements of M} in the {k;¢m} basis will transform with Wigner matrices
that depend on the choice of flavor index and on the spectator momentum. In the following,
we refer to these transformation properties in as “standard.” Any flavor matrix in the {kfm}
basis that has standard transformation properties will yield a Lorentz-invariant amplitude

when combined with harmonics as in Eq. (4.90).

We now argue that the standard transformation properties of /\73 are reproduced by
Egs. (4.90) and (4.91) if the elements of ’Eélf,i% themselves transform in the standard way.
First we note that the elements of ﬁg have standard transformation properties since the
underlying amplitude M, and the quantity 6(p — k) are both Lorentz invariant. Next
we argue that the elements of 523, given by Eq. (4.88), transform in the standard way.
Iteratively expanding this equation yields an alternating series of factors of ﬁg and G*™.

2 ’k;"(pz)

R

From Eq. (4.87), we see that all quantities in G are Lorentz invariant (@5 b

etc. and the cutoff functions) except for the directions of k;(p ) and p; (k3.

Y

These vectors
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will, in general, be rotated if an overall boost is first applied, due to the above-discussed
properties of successive boosts. This rotation of the vectors leads to a multiplication of the
corresponding ¢m indices by appropriate Wigner D matrices. However, these D matrices
cancel those arising from the standard transformation of the adjacent elements of ﬁg. The
key point here is that the same rotation appears for contracted indices, since the same boost
to the pair CMF is used. Due to this cancellation, only the external Wigner D matrices
survive—those associated with the external indices of the factors of ﬁg on the ends of the

chain. Thus Do indeed has standard transformation properties.

The remainder of the argument follows in a similar way. The only additional result that
we need is the transformation property of the F™ part of F°. From Eq. (4.86), we see
that the elements of F™ are, in fact, invariant under rotations and boosts. This implies
that Wigner D matrices arising from amplitudes on the two sides of each element of Fee
cancel. Together with the result for G discussed above, this implies that any sequence
of amplitudes with standard transformation properties alternating with factors of ﬁg’ will
itself have standard transformation properties. Thus, using Eq. (4.89), if I@if’g has standard
transformations, it follows that 77 does as well, and, using Eq. (4.90), the same holds for
.//\/\lgfjg. Finally, using Eqgs. (4.91) and (4.92), and the standard transformation properties of
Dys and ﬁQ, we find that ./\//l\f3 transforms in the standard way, which is the desired result.

To complete the discussion we need to show that, if Iﬁgf’g does not transform in the
standard way, then neither does M\g This seems highly plausible, since the above-described
cancellation of Wigner D matrices would no longer occur. Another way of making this
argument is to invert the relationship between /\73 and I@gm, i.e. to determine the latter
from the former. This can be done, for example, by first inverting Eq. (4.79) in finite
volume, and then taking the L — oo limit. This leads to an expression involving inverses
of integral operators. By expanding out the inverses in geometric series, the relationship

one obtains always involves sums of products of the amplitudes M\gﬂ?) and Dag alternating
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with factors of ﬁgf’ , and these preserve standard transformation properties. Thus we claim
that I%émg does transform in the standard way, and therefore that, when it is combined with

harmonics as in Eq. (4.93), its elements will be Lorentz invariant.

4.8 Symmetric form of the quantization condition

In this section we describe the derivation of our third and final form of the quantization
condition, Eq. (6.1). This is written in terms of a single Lorentz-invariant three-particle K
matrix, ’zdﬂg, which has no flavor indices, and which we thus call symmetric. To obtain the
new form we follow steps analogous to those used in BS1 to connect the asymmetric and
symmetric forms of the quantization condition for identical particles, with suitable general-
izations for nondegenerate particles. In addition, we provide the integral equations relating

Mg to I%dﬂg, Eq. (4.122).

4.8.1 Symmetrization operators

IEdfg, is obtained by symmetrizing a modified version of I@gm. We have already encountered
symmetrization when constructing Ms in Eq. (4.94), but here we give more details, and
introduce some helpful notation. In particular, we define the symmetrization operators ?

%
and S, which play a central role in the final step of the derivation.

The symmetrization operators act on vectors in flavor space, e.g. the row vector X; =
[I%&fﬁ]ij with ¢ fixed. In our notation, the index j plays two roles. First, it labels the ele-
ment of the vector, and in general the three elements are different. Second, it determines
the coordinates that are used to describe the on-shell amplitude, with the jth element us-
ing coordinates {k;¢m}. Symmetrization acts on the underlying elements, but not on the
coordinates, and so these two roles of the index must be decoupled. Here we use X;({k})

to describe the underlying element, which depends on the on-shell momenta {k}, and make
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coordinates explicit,

X = (Xa({k ki oms Xo({k}) kot Xz({k})kgem) - (4.96)

We recall that the relation between an underlying infinite-volume on-shell quantity X ({k})
and its expression in terms of coordinates {k;¢m} is given by Eq. (4.23). An example of this

notation is the expression for the underlying quantity X,({k}) in terms of the coordinates

{klﬁm},
Xo({k}) = 3 Xo({k} )k m VAT Vi (K5 )) . (4.97)
m

The left-acting symmetrization operator is defined by

XS = (Xs({k D kyoms Xe({k}) koems Xs({k})ksem) 5 (4.98)
Xs({k}) = X1({k}) + Xa({k}) + X3({k}). (4.99)

The key point is that the same underlying element appears in all positions, but is expressed
in terms of different coordinates. The right-acting operator g is defined analogously for
column vectors. We stress that this definition relies on the fact that the underlying elements
are infinite-volume functions, defined for all {k}, rather than finite-volume objects defined

only for momenta in the finite-volume set.

4.8.2  Symmetrization identities

In BS1, three “asymmetrization” identities [Eqs. (102)-(104) of that work]| were derived and
used to convert the symmetric, identical-particle quantization condition of Ref. [28] into an
asymmetric form. Here we use a generalization of these identities to move in the other
direction, from the asymmetric to the symmetric form. Thus we refer to them in this work
as symmetrization identities.

These identities apply when factors of ﬁg lie between two matrix amplitudes, e.g. 1523, L

and I@fim. To simplify the presentation, and without loss of generality, we consider the case
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where F’G lies between a row vector X and a column vector Z. The identities are then

XFPoZ = XFSZ+XToZ, (4.100)
—XSFPZ+XTezZ, (4.101)
— IXSFSZ+XTreZ. (4.102)

As usual, these hold up to exponentially suppressed corrections. The key aspect of these
results is that the G contribution to Fy = F + G on the left-hand side can be replaced by
one or more symmetrization operators on the right-hand sides, aside from integral operators
?G, (/f\g, and ng, which sew together the two vectors into an extended infinite-volume
quantity.

The derivation of these identities is sketched in Appendix B.3. We also provide there the

definitions of the integral operators.

4.8.3  Applying the symmetrization identities

We wish to apply the identities to the result obtained above for /\7@“73, ., Eq. (4.79). The
nontrivial aspect of the resulting manipulations is dealing with the integral operators on the
right-hand sides of the identities, namely ?G, %G, and fpg. The steps that we follow mirror
the approach taken in BS1 [see Egs. (105)-(107) and (112)-(113) of that work], although in
that work we were using the identities to asymmetrize a symmetric form, while here we are
working in the opposite direction.

We begin by introducing an intermediate “decorated” K matrix given by

- ~ 1
iKgs =12 — = — =7 - (4.103)
14 [—Z'IFG + iz(;i/CQ,L@?G} iZ
where
~ 1 . 1
i7 = iRy (4.104)

=~ ~ = )
1-— i,CQ’Li?G 1-— ’iIGiICQ,L
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We stress that, although these equations are written in terms of finite-volume matrices, they
are equivalent to infinite-volume integral equations, up to exponentially suppressed correc-
tions. This is because the decorations themselves involve integral operators, and because we
have chosen a generalized PV prescription such that the two-particle K matrix Ko has no
poles.

We now rewrite /(/l\gm in terms of legm. Using the steps sketched in Appendix B.4, we

find

_— ~ ~ == ~ ~ = ~
iMhgs = [1 + Doy 1i(F — ?G)} iT: [1 +i(Fs — IG)mgg,L} , (4.105)
where
T el 1

PP P Vs P
1-— |:Z(FG — IFg) + ’L(FG — IG)ZD23’LZ(FG — ?G)] Z’Cgﬂ:,)
Using the symmetrization identities (4.100)-(4.102), these can be rewritten as
_ ~ ~ ~ .
iMpsr =1+ z‘D23,LiF§] iT, |1+ SiFiDyy)| | (4.107)

where
1

iT, = iKY 4 — = .
) <_ =~ % 3 AN n s
1— [; SiF? + S iFiD23,LiF§] iKde s

(4.108)

Expanding out the geometric series we see that, except at the ends, l€gf73 is sandwiched

between two symmetrization operators, and thus fully symmetrized.

4.8.4  Quantization condition

We recall from above that the quantization condition can be obtained from the poles in
Agm .- Looking at Eq. (4.107), we see that poles can only arise from the factors of F,
ﬁgg,L, or T;. The former only has poles at free energies, which cannot be present in the

interacting spectrum, and must cancel in the full expression. Poles arising from 7523, 1, do
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not depend on ’Edﬁg, and thus also must either be absent or cancel, since all finite-volume
energies must have some dependence on the three-particle interaction. Thus the only source

that remains is 77. To determine its poles, we rewrite Eq. (4.108) as

1
i, = ledf 5+ zICdf 3S —degledf 5. (4.109)
1-— ZFgl’Cdf 3
where
Fy=1F — FDy, F, (4.110)
and
= P
Kats = SKiyS . (4.111)

Since poles can only arise from the second term in Eq. (4.109), we obtain our third and final

form for the quantization condition,
det (1 + FsKars) = 0. (4.112)
We refer to this as the symmetric form of the quantization condition.

Comparing to the quantization condition for identical particles derived in Ref. [28], we
see that the nondegenerate result has the same form, but with an additional layer of matrix
indices. This is what one might have naively expected, but, as we have shown, it is nontrivial
to obtain this generalization. A key property of the matrix /Edf,g is that it contains the same
underlying K matriz in each element, due to the presence of symmetrization operators on
both sides of lai’f’?) in Eq. (4.111). The underlying K matrix is

Kara({p}; {k}) = D_[Ke ] ({p}; (k1) (4.113)

1,J
where, on the right-hand side, each element of ﬁgw has been converted from the {kfm}
basis to the momentum basis, using the appropriate generalization of Eq. (4.23), and then

summed. The difference between the elements of the matrix IACdf,g arises only because Iedf,;),
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is expressed in different coordinates,
Kara) | = Rars((0: (KD (4114)

We stress that the complicated nature of the relation between Iadf73 (which appears in our
final quantization condition) and the elements of l@lm [which appear in the previous form,
Eq. (7.33)] is not a practical concern, because we are simply replacing one set of unknown
quantities with another. In fact, as already stressed above, the final form of the condition,
Eq. (6.1) has the great advantage of requiring the parametrization of only a single K matrix,
rather than nine.

The form of Fy, Eq. (4.110), is also the same as that in Ref. [28], although here the matrix
structure has more content. In particular, the entries of the diagonal flavor matrix F are
different, as they correspond to a different choice of spectator flavor. Similarly, the factors
of G contained in 15237 1, have a nontrivial matrix structure. Since this matrix version of PA},
is a quantity not previously considered, we note that it can be written as

1

3 -1
IC2,L + FG
~ 1 2 1
=F |-+ |, (4.116)
31+ (14 Ko 1G) 1Ko L F

which are generalizations of forms that have been used for identical particles.

485 Relatz’ng Edﬁg to Mg

The final ingredient in the symmetrized form of the formalism for nondegenerate particles is
to relate ladﬁg to M3. The approach we take has already described in detail in Sec. 4.7, so
here we provide only a summary.

We begin by noting that M;m ;, cannot be written in terms of lzdf73 alone, because the “1”

terms in square brackets in Eq. (4.107) do not involve symmetrization operators. However,
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since M3 is itself symmetrized [as in Eq. (4.94)], it can be written in terms of a symmetrized
version of /\7&37 , which itself can be written solely in terms of Kgrs. To explain this it is

useful to introduce a matrix version of M3, whose elements are

{M\j} = Md(pm kj)é’m’;ﬁm . (4117)

4]
In other words, all elements are given by the same underlying quantity, but expressed in

different coordinates. Equations (4.91)-(4.94) can then be rewritten as
—~ I o
My = lim (S My, S) + 8DS (4.118)
—00 =

where D is defined in Eq. (4.92), and the infinite-volume limit is taken using the ie pole
prescription. Here we are using the fact that the symmetrization operators work equally well

on infinite-volume quantities. Using the properties

VD
58 =35, S§-35, (4.119)
we obtain
— — ~ ~1 = 1 ~ o~ —
S My, S = S [+ Dy siF| Kags——=— [ + iFiDass1] S, (4.120)
1 — iFyikars

which indeed depends only on the symmetrized Ifédfyg.

These results can be written as integral equations using results from Sec. 4.7. The
equation for Do = limy_, o 15237 1 is unchanged, Eq. (4.88); from this and the result for ﬁQ,
Eq. (4.82), we obtain D = Dy; — ﬁQ. The central geometric series in Eq. (4.120) is solved

by the integral equation

~

T = Kars — Kars [§ — FDas| F*T, (4.121)

which is the symmetric version of the equation for 77, Eq. (4.89) Despite its matrix form, this
is an integral equation for a single function 7 ({p}; {k}) which is packaged into the matrix

T in the same manner as in Eq. (4.117). We next apply integral operators to T, combine
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with D, and symmetrize to obtain the final result
_ o~ = o~ )
My=38 { 3 = DaosF™| T |§ — F*Dys] + D} S . (4.122)

Again, the matrix form is somewhat deceptive, as one needs only to calculate a single element

of M3, since all elements contain the same function expressed in different coordinates.

4.8.6  Symmetrizing the TOPT quantization condition

The steps we have taken to obtain the symmetrized quantization condition starting from the
result for /\7&73@ Eq. (4.79), can also be applied to the TOPT result for M\df’gyL, Eq. (4.54).
Since these two equations have the same form, differing only by the version of I/C\df’3 that
enters, the final results of the symmetrization process will also have the same form. In
particular, we obtain a TOPT-based quantization condition having the form of Eq. (6.1),
and an equation for M\g having the same form as Eq. (4.122), except in both cases we are
starting from K 3 rather than I@im.

We now argue, however, that these new forms of the final results are actually exactly the
same.'® In other words, although we start with different versions of I/C\df’g in the two cases,
one Lorentz invariant and the other not, we claim that, after the manipulations involved in
symmetrization, the final resulting symmetrized quantity l%dm is the same. Our argument
for this is the same as that we used for identical particles in BS1. The key point is that, after
symmetrization, one ends with an equation for the same quantity, M\g, in both cases. This
is because symmetrization corresponds to summing all diagrams that contribute, and this
results in the full scattering amplitude irrespective of whether one uses TOPT or Feynman
diagrams. If we assume that the relation between Mj and I%df’g given by Egs. (4.121) and
(4.122) is invertible, then it must be that the symmetrized K matrix is the same for both

TOPT and Feynman approaches. In more physical terms, the assumption is that any changes

16This only holds if the HS boost is used in the TOPT approach.
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to the K matrix (which is simply a short-distance three-particle interaction) will lead to a
change in the full scattering amplitude.

If we accept this argument, then we can obtain the symmetrized form of the quantiza-
tion condition and the relation between Izdf73 and M3 without using the Feynman-diagram

approach as an intermediate step.

4.9 Summary and Outlook

In this paper we have generalized the relativistic three-particle quantization condition, and
the relation of the intermediate three-particle K matrix to Mj, to the case of nondegenerate
particles. We have derived three versions of the quantization condition: two asymmetric
forms—Eqs. (4.36) and (7.33)—each involving a flavor matrix composed of nine three-particle
K matrices, and a symmetric form—Eq. (6.1)—involving only a single K matrix. The latter
two versions of the quantization condition involve Lorentz-invariant K matrices. These three
quantization conditions are the generalizations of those for identical particles obtained in
BS1 (the first two) and Ref. [28] (the final form).

The main new feature that arises for nondegenerate particles is the need to introduce
an additional flavor index on the matrices, at least at intermediate steps. This corresponds
to the different choices for the flavor of the external spectator particles. Even though the
symmetric form of the quantization condition involves a K matrix, Iadf;,, that has been
symmetrized with respect to these indices, the quantization condition must still be written
in terms of flavor matrices because of the different kinematical factors arising from the
different choices of spectator flavor. Aside from this extra layer of indices, the form of the
quantization conditions is essentially unchanged from those for identical particles.

The path that we have taken to derive the final, symmetric, form of the quantization
condition has been rather lengthy and indirect. We first use TOPT, where the derivation is

relatively straightforward, but involves an asymmetric and Lorentz-noninvariant K matrix.



127

Then we revert to a Feynman-diagram expansion of the amplitudes, and develop a new
all-orders approach that yields expressions that mirror those from TOPT, and leads to a
quantization condition that involves a K matrix that is Lorentz invariant, although still
asymmetric. Finally, we use symmetrization identities to obtain a quantization condition
involving a K matrix that is both Lorentz invariant and symmetric. A natural question is
whether there is a shorter path to the final result, especially since, as already noted, it has a
very similar form to that derived in Ref. [28] for identical particles. For example, could one
not simply generalize every step in the derivation of Ref. [28]7 We think that this is almost
certainly possible, but have not followed that path as the derivation of Ref. [28] is itself very
lengthy and does not lead to explicit expressions for the K matrices and other quantities.
The approach followed here is explicit at every stage, so that, for example, we have given a
chain of expressions relating I%dﬁg back to the Feynman or TOPT Bethe-Salpeter amplitudes.
Now that we have done the groundwork, we expect that the present approach can be simply

generalized to other cases of interest.

Furthermore, as discussed in Sec. 4.8.6, if the relation between M3 and lzdf,g is invert-
ible, then we can derive the final form of the quantization condition without the need for
the intermediate step involving Feynman diagrams. Instead, we need only symmetrize the
expressions that result from the TOPT approach. Although we have not demonstrated the
necessary invertibility, we think that this is a physically reasonable assumption. Thus, al-
though here we have provided the longer path to the final result, in which no assumptions

are needed, we think that the shorter, two-step path can be used for future generalizations.

The theory that we consider in our derivations, which has a Zs symmetry for each of the
real scalar fields, is somewhat artificial, and has no direct application in QCD. It is clear
from the derivations, however, that all that matters for the validity of the final results is
that the kinematic constraints are such that the only on-shell intermediate state consists

of one particle of each flavor. One example, already discussed in Sec. 4.3, is the DF D7~
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system, which is chosen such that each of the three particles has a different total flavor. Here
the U(1) flavor symmetries are playing a similar role to the Zy symmetries in our standard
theory. Another example is the D DD system, and similar examples can be constructed

containing B mesons.

Since there are few direct applications, and also because this paper is quite lengthy, we
have reserved discussion of issues related to practical implementation, as well as various cross
checks, for a follow-up article. For example, a threshold expansion of Iédfg) needs to be de-
veloped, along the lines of Ref. [76]. Also of interest is the degenerate limit of our formalism,
which can be related to the recently developed generalization of the symmetric quantization
condition of Ref. [28] to three pions of arbitrary isospin in isosymmetric QCD [37]. The I =0
case can be described by both formalisms, because this only has contributions from 7 +#%~
intermediate states, with no mixing with the 37° state. Another issue we aim to address

is the relation between the degenerate limit of our formalism and the results for identical

particles obtained in Ref. [28] and BSI.

We also intend, in this follow-up work, to present the generalization of the formalism that
will allow application to systems of greater phenomenological interest. A simple extension
is to “2+1” systems like K77, with two identical particles and a third that is different.
Cases with multiple three-particle channels are also of interest, for example 7t7~ 7% < 37°
with m, # mg, and the D D7~ < D°D°K? system mentioned above. Another “2+1”
system of great interest is N7m, given its relevance to the Roper resonance, but in this case
one needs also to include the N7 channel, requiring a combination of the methods introduced
here and those of Refs. [34, 36]. We also note that the quantization condition for the DDK

system has recently been determined in the s-wave approximation using NREFT [91].

As already observed, we expect that the symmetric form of the quantization condition,
Eq. (6.1), will be most useful for practical applications, since it requires parametrizing only

a single three-particle K matrix. Nevertheless, the asymmetric, Lorentz-invariant form,
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Eq. (7.33), may be useful in order to determine the relation to the finite-volume unitar-
ity (FVU) approach to deriving the quantization condition [32, 41]. In the case of identical
particles, we have recently shown that the asymmetric RF'T quantization condition, when
written in terms of the R matrix introduced in Refs. [78, 79] (an alternate version of the
three-particle K matrix), is equivalent to the FVU quantization condition [45]. We expect
that this equivalence can be extended to the nondegenerate case, where the R matrix is

extended to a flavor matrix.
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Chapter 5

EQUIVALENCE OF RELATIVISTIC THREE-PARTICLE
QUANTIZATION CONDITIONS!

5.1 Introduction

The study of resonant three-particle systems using lattice QCD (LQCD) is becoming feasible,
due to advances in the underlying theoretical formalism [28-32, 34-37, 41, 43, 64, 77] and
its practical application [39-41, 76], as well as in algorithmic and computational methods
necessary to extract three-particle spectra (see, for example, the recent results presented in
Refs. [1, 53, 54]).2 The present frontier is the application to the 37 system [51-53]. For
recent reviews, see Refs. [74, 75].

One of the key steps in the formalism is the derivation of three-particle quantization
conditions, equations whose solutions give the finite-volume spectrum of three-particle states
as functions of infinite-volume two- and three-particle K matrices. These K matrices can
then be related to two- and three-particle scattering amplitudes by solving integral equations.
Three different approaches have been followed to obtain the quantization conditions.

The first is based on an all-orders diagrammatic analysis in a generic relativistic field
theory, and is usually denoted the RFT approach. It was initially developed for identical
scalar particles with a G-parity-like Zy symmetry [28, 29], and subsequently extended to
allow 2 — 3 processes [34], the inclusion of poles in the two-particle K matrix [35, 36],
and nonidentical but degenerate scalars [37]. In all cases, the formalism allows arbitrary

interactions in two-particle subsystems (which we henceforth refer to as “dimers”). In a

!This chapter and Appendix C are taken directly from Ref. [45].
2For related applications to lattice ¢* theories see Ref. [55]. For alternative approaches see Refs. [70-73].
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companion paper [43], henceforth referred to as BS1, we have presented an alternative,
simpler, derivation of the RFT quantization condition in the presence of the Z, symmetry,
including an alternative form of the quantization condition itself. This new form, which
depends on an unsymmetrized three-particle K matrix, will play a crucial role in the present

work.

The second approach uses nonrelativistic effective field theory (NREFT), allowing a much
simplified derivation of the quantization condition [30, 31]. The formalism has so far only

been developed for identical scalars with s-wave dimers and no 2 — 3 transitions.

The third approach, developed in Refs. [32, 41], is based on a unitary parametrization of
the three-particle scattering amplitude, M3, in terms of a K-matrix-like real quantity called
the R matrix (and denoted R™% below) [78, 79]. Following Ref. [74], we call this method
the “finite-volume unitarity” (FVU) approach. It leads to a quantization condition that
incorporates relativistic effects, and has so far only been developed for scalars with s-wave

dimers and no 2 — 3 transitions.

A natural question is whether there are relations between the approaches, particularly
between the two relativistic approaches (RFT and FVU). In addition, as stressed in Ref. [74],
it is not clear in the FVU approach whether all sources of power-law volume dependence have

been accounted for. Thus an alternative derivation of the FVU result would be welcome.

The relationship between approaches was first addressed in Ref. [31], where it was shown
that the nonrelativistic limit of the RFT quantization condition of Ref. [28], restricted to
s-wave dimers, reproduced the NREFT result, aside from certain technical differences. The
agreement also required that the quantities describing three-particle interactions in the two
approaches were restricted to their simplest, momentum-independent form. This agreement
was reproduced in Ref. [74] using a simplified method. In addition, Ref. [74] showed that,
when restricted to s-wave dimers, and assuming a constant three-particle interaction, the

RFT quantization condition could be manipulated into a form that agreed with that from
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the FVU approach (again aside from certain technical differences).

Our aim here is to extend these results to general two- and three-particle interactions. In
particular, we are able to derive the FVU form of the quantization condition starting from
the RF'T result, and thus to generalize the FVU approach to dimers in all partial waves. The
key inputs here are, first, the new form of the RFT quantization condition that we obtained
in BS1, and, second, a generalization we derive here of the relation between the K matrix
of the RFT approach and the R matrix obtained in Ref. [92]. Our final result, given in

Eq. (5.45), is a form of the quantization condition given explicitly in terms of R®*%).

This article is organized as follows. In the following section we summarize the relativistic
quantization conditions obtained previously, in both the RFT approach (Sec. 5.2.1) and
the FVU approach (Sec. 5.2.2). Additionally, in Sec. 5.2.1 we rewrite the new form of the
quantization condition from BS1 in an alternate form. In Sec. 5.3 we derive the infinite-
volume relationship between asymmetric forms of the three-particle K matrix and the R
matrix, R%. Using these, in Sec. 5.4 we rewrite the RFT quantization condition (in its
asymmetric form) in terms of R(“*) thus obtaining the general form of the FVU quantization
condition. In a concluding section, Sec. 5.5, we briefly compare the advantages of the different
forms of the quantization condition for practical applications. Appendix C.1 summarizes
notation and definitions, while Appendix C.2 discusses subtleties concerning infinite-volume

limits.

5.2 Recap of prior forms of the relativistic quantization condition

5.2.1 Results in the RFT approach

The RFT quantization condition of Ref. [28] is given by

det [1 + ICdf,3F3] =0, (51)
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where 4¢3 and F3 are matrices in the space of on-shell three-particle states, with F3 con-

taining the two-particle K matrix as well as known kinematical factors,
-t 1 = —~ _ -
F3:F[3—EF], H=1/Koy +F+Q, (5.2)

while 4¢3 is a three-particle K matrix. The notation here is that of BS1, which differs
somewhat from that of Ref. [28]. We summarize the relevant definitions in Appendix C.1,
and only note here that ICy 1, contains the two-particle K matrix, while F and G are known
kinematic functions. All three quantities depend on the box size L, with the dependence of
K,z being of a simple kinematic nature [see Eq. (C.2)] while F' and G contain the nontrivial
volume dependence. A key property of Kg¢ 3 is that it is symmetric under particle exchange,
separately for both the initial and final three-particle states. Thus it has the same symmetry

properties as the three-particle scattering amplitude M.

In BS1 we show that the quantization condition of Eq. (5.1) is equivalent to a form
written in terms of the asymmetric K matrix IC((ffL:g). Here the right (left) superscript “u”
indicates that one of the three incoming (outgoing) momenta is being singled out as being
the “spectator” in cases where the initial interaction involves only two particles. The precise
definition of Ké?:g) is given constructively in Ref. [28], but is not important here. In fact, to
write the asymmetrized quantization condition in a simple form, one must use a new version
of the asymmetric K matrix, denoted lCé(;f ’3u), which is obtained from Ké?:g) by solving an

integral equation containing /Cy and given explicitly in BS1. Then the new form of the RFT

quantization condition is

det [1+ (Kop + Kii5”) (F+G)] =0, (5.3)

We stress that no information is lost in the transition from ICEI?,’;) to lCii(qu 1) since we do not

have an explicit form for either. In practical applications of the quantization condition, both
must be parametrized. They are both related to M3 by (different) integral equations, and

both are Lorentz invariant if the relativistic form of G is used.
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It turns out to be useful to rewrite the asymmetrized quantization condition as follows:?

det [H — X"] =0, o
_ __ uyu)] 1
X (wu) /CQ,IL — Ko + ’C:i(f,f” )} >
——1 u,u)7=—1 1
= ICZ,LICil(f,?, ),CQ»L (5.6)

Nu,u)7=—1 °
We return below to the issue of whether X% is an infinite-volume object, i.e. whether the
matrix products in its definition can be replaced by integrals.

BS1 also presents an alternative ab initio derivation of the asymmetric form of the quan-

tization condition,
T cww o] —
det [1 4 (Ko + Kii3)) (F +G)] = 0. (5.7)

This differs from Eq. (5.3) only in the three-particle K matrix that enters: here it is l%f;;;;j),
while lC;l(;f ’3") appears in Eq. (5.3). These two asymmetric K matrices are similar, but differ
in their detailed definitions. Eg?g‘) is defined using an asymmetry based on diagrams in time-
ordered perturbation theory, while that for IC:i(flf é“) is based on Feynman perturbation theory,
together with additional complications.® As discussed in BS1, the fact that the same form
of the quantization condition can hold with different asymmetric K matrices is a reflection
of an intrinsic ambiguity in the definition of asymmetric quantities. We return to this point
below. Finally, we note that Eq. (5.7) can also be manipulated into the form of Eq. (5.4),
with X (% now given by Eq. (5.6) with IC:i(fo 1) replaced by IAC(S?;L)

3 To obtain this form, we are assuming that det[Ks 1 + IC:i(fu é“)] # 0, which we expect to be true in

general.

4 Another technical difference is that the BS1 derivation defines G using a different boost to the dimer
center-of-mass frame than that used in Ref. [28]. However, the derivation of Eq. (5.3) goes through using
either boost. The equations in the remainder of the paper also hold using either boost—although one
must use the same choice throughout.

®One implication of this difference is that l%g;g ) is not Lorentz invariant (irrespective of the choice of

@), because it is defined in a frame-dependent way in terms of the diagrams of time-ordered perturbation
theory.
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5.2.2 The FVU quantization condition

The FVU form of the quantization condition has been written explicitly so far only when
the particles in the dimer interact in the s wave. The original forms given in Refs. [32, 41]
are quite complicated, but it is shown in Ref. [74] that the FVU quantization condition can

be rewritten as
det [H, — (2wL*) ' C" (2wL?) '] =0, (5.8)

where w is the on-shell single-particle energy (defined in Appendix C.1), H, is the s-wave
restriction of H (i.e. with ¢ and m set to zero on both sides), and C»* (k, p) is a smooth,
real function of the spectator momenta. Using the definition of R(“% given in Refs. [41, 92]
together with results from Ref. [74], one can show that C(**) = R(**) with R{“* the s-wave
restriction of R(“* . We have added the (u,u)" superscript (which is absent in the original
FVU works and in Ref. [74]) in order to emphasize that this is an intrinsically asymmetric

object, since it parametrizes the smooth part of the dimer-particle contact interaction.

In writing the result (5.8) in terms of F and G, we are implicitly assuming that we are
using the smooth cutoff function that is built into the approach of Ref. [28]. The introduction
of this cutoff function is essential in that work (and in the alternative approach of BS1) in
order to argue that all power-law volume dependence is accounted for. By contrast, in the
FVU approach, a hard cutoff is introduced by hand. There is, however, no technical reason
not to use the smooth cutoff in the FVU approach, and we assume henceforth that this has

been done.

Aside from this technical issue, Egs. (5.4) and (5.8) are clearly very similar, and suggest

v In the following sections we

a relation between the s-wave restriction of X% and R
will make this concrete, using a variant of the relationship between ICS;Z; ) and the matrix R

introduced in Ref. [92].
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5.3 The R™“" matrix and its relation to lei(fif ) and Iﬁé?g)

One of the results of the RF'T approach is an integral equation relating Ky 3 to the physical
three-particle scattering amplitude Mj [29]. This provides a representation of M3 in terms
of a real function that is devoid of s-channel unitary cuts (up to the five-particle threshold)
and of on-shell singularities. An important check on this result was the demonstration, in
Ref. [93], that it provided a representation of M3 that satisfied the constraints of s-channel
unitarity.® A similar, but different, parametrization of Mj, in terms of a real K-matrix-like
asymmetric’ amplitude R(™", had previously been suggested in the context of amplitude
analyses of experimental results for resonances that decay to three particles [78, 79]. This
parametrization was developed in order to satisfy s-channel unitarity. In Ref. [92], it was
shown that these two parametrizations are equivalent, and the relationship between g 3

and R was derived.

Here we need to extend the analysis of Ref. [92] to relate the asymmetric RF'T amplitudes
ICZI(S éu) and l%c(f;g) to the FVU amplitude R(“*). This brings to light two technical issues that
were overlooked in Ref. [92], although it turns out that they do not impact the final conclusion

of that work. We will describe these in the course of our discussion.

The desired relationships are determined by equating expressions for asymmetric forms
of the three-particle scattering amplitude. We use two such amplitudes: Mé“’“) defined in
Ref. [29] in the context of a Feynman diagram analysis, and Méuu) defined in BS1 in an
analysis using time-ordered perturbation theory (TOPT). We present the results for these
quantities in turn, and then compare them to the corresponding expressions in terms of

R,

6This demonstration remains valid when G is defined with the boost used in BSI.

"As with ééu’u), we have added the superscript (u,u), which is not present in the original works, to
emphasize the asymmetry of R(“%).
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5.83.1 FExpression for M;(J,u’u)

./\/léu’“) is defined in Ref. [29] using a skeleton expansion in terms of Bethe-Salpeter kernels.
The external particles can be directly connected to either two- or three-particle kernels.
The asymmetry arises because two-particle kernels are connected to the external momenta
such that the spectator momentum is always associated with the noninteracting propagator.
The connection to the three-particle kernel does not lead to asymmetry, since this kernel is
symmetric.

In Ref. [29], an expression for M is obtained that depends on both ICgf‘:g) and Ky 3.
In particular, it does not depend solely on the symmetric form K43 alone. This brings up
the first technical issue alluded to above. In the analysis of Ref. [92], a different expression
for M{"™ is used that is given wholly in terms of Kqc5 [see Eqs. (20) and (21) of [92], in
which Méu’u) is called A]. This is, in fact, not the correct expression for Méu’u), but rather
describes a related (and implicitly defined) quantity, in which a certain subclass of diagrams
has has been symmetrized. This change does not impact the final results of Ref. [92] because
both the correct and incorrect expressions for Mg“’u) symmetrize to the same quantity, M3,
and this is all that is required for the derivation.

Here we use the correct expression for M(u’u) . To determine this, we start from the
finite-volume version of the amplitude, ./\/l(““ (also defined in Ref. [29]), which goes over
to ./\/lg " in the appropriate L — oo limit. It was shown in BS1 how to asymmetrize the
result for M(u’u) given in Ref. [29] so as to write it solely in terms of IC(f; g). After further

manipulation this is rewritten in BS1 in terms of lCd(fu 3u ,

MG, = My — D (5.9)
1 IC/(u,u) 1 1

B 1+K27L(ﬁ+é) ars 1+(ﬁ+é)mlc(i(f3)l+(F+G)K2L

(5.10)

Here we have switched to using the divergence-free form of the three-particle amplitude,

whose difference from the original form is given by the multiple two-particle scattering con-
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tribution

1

D(u’u) - _m ém s —
L 2,L 2,L1 n GMZL

(5.11)

where My , is defined in Eq. (C.12).
Taking the infinite-volume limit of Eq. (5.10) using the ie prescription described in
Ref. [29], we obtain

1
M(u’u) _ EIC/(U,U) S ET’ (512)
df,3 df,3 1 —I— (ﬁPV _I_ GOO>£’Cd(;‘féu)
1
o | 5.13
1+ Ky (ppv + G*>) -
. | (5.14)

1 + (ﬁpv + GOO)KQ .
This is written in a highly compact notation, adapted from that of Ref. [92], which we now
explain. All quantities depend implicitly on initial and final on-shell variables, each in the

{k, ¢, m} space. For example, ICQ(S éu) is given explicitly by

R 6 Dl = Jim (K557, 519

with Mﬁfﬁg‘) defined similarly. The explicit forms for the other quantities are
K2<k7 p)ém;f/m’ = I}l—r};o []CQ,L} P ——— = (S(k — p)5gg/<5mm/ ’Cé )(qM) s (516)
v (K. P)amerme = 3 = D)Suwdum P (633 (5:17)

(e'e} ym X H k H yf'm/(k*)
G (k, p)ém;ﬂ/m’ == ¢ fgpk) B ( ) 2<p) 7 L N (518)
Gy by —mP+ie g5,
where

0(k — p) = 2w (2m)?6*(k — p), (5.19)

and ICée), ﬁ{PQ/, and the kinematic variables are defined in Appendix C.1. The products
appearing in Eqgs. (5.12)-(5.14) should be viewed as matrix products in the on-shell index

space. Angular momentum indices are summed as usual, while the spectator momenta
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(which are now continuous variables) are integrated with the Lorentz-invariant measure®

[. = [ d&®r/(2w,[27]?). Thus
[XZ] (k> p)ém;ﬁ’m’ = Z X(k7 r)ﬂm;ﬁ”m”Z(rv p)f”m”;f’m’ ) (520)
m!t VT
where X, 7 € {Kg,ﬁpv,Goo,/ngéu)}. Finally, the inverses in Eqgs. (5.12)-(5.14), which are
well defined as matrix inverses for finite L, become integral equations in the infinite-volume

limit. Thus, for example, £ satisfies
L=1-Ky(ppv+G>)L. (5.21)

Further details on how the infinite-volume limit of M é?:gﬂ),: leads to Eq. (5.12) are provided
in Appendix C.2. In addition, we describe there how the inverses of Ko, IC;(ftf ) and related

quantities are defined, since these are needed below.

5.3.2  Fxpression for /Wéuu)

An alternative version of the asymmetric scattering amplitude is introduced in BS1 and
denoted Méu") Its asymmetry is defined in terms of two- and three-particle irreducible
TOPT amplitudes, which differ from the corresponding Bethe-Salpeter kernels. Thus it
differs from /\/l;(gu’u), although both symmetrize to the physical scattering amplitude M3.

The expression for M{“" (given in Appendix E of BS1) is identical to that for M{™,
Eq. (5.12), except with K:i(;f :’3”) replaced by /655;;)

_ ~ 1
MUY — LK) —— LT (5.22)
’ Y1+ (Pey + G) LYY

Here Iﬁff;;j) is the asymmetric K matrix appearing in Eq. (5.7), the new form of the RFT

quantization condition obtained in BS1.

8This differs from the notation of BS1, where the 1/(2w,) factor is not included in the definition of |..
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5.3.3 Result for asymmetric amplitudes in terms of R

We now recall the expression for the asymmetric scattering amplitude in terms of the R

matrix [78, 79]. For reasons that will become clear shortly, we give the amplitude a different

name from those discussed earlier, calling it lezf”(;’u). We use the form given in Eqgs. (15)-(19)

of Ref. [92], which, converted into our notation, becomes’

1 ~

MR _ F ) Z 5.23
df,3 1 _ ER(U’U) ( )
~ 1 1 —
£=M - M, 5.24
THGM, 1+ MG (5:24)
where
MZ(ka p)fm;ﬁ’m’ = g<k - p)éﬁ’(smm’ MéZ) (q>2k7k) ) (525)

with Mg) being the (th partial wave of the two-particle scattering amplitude. Using the

result
My =K o (5.26)
T vy '
which follows from Eq. (C.6), we find
~ 1 — = 1
L Ke=K (5.27)

T + Ka(ppy + G®) 1 + (ppy + G=)Ky

Before comparing to the earlier expressions (5.12) and (5.22), we discuss the second
technical issue alluded to above. This issue is whether M?{é“’") should be equated to ./\/l((fﬁg)
or to /\71((;;5) All three amplitudes symmetrize to the same quantity, Mg 3, but this does

not guarantee equivalence before symmetrization. Furthermore, as we have already noted,

the analysis of Ref. [92] uses a different, partially symmetrized version of /\/lffﬁg) (which also

9In the original works that introduce this form [78, 79], a different choice of G° was used than that we
use here, Eq. (C.10). In particular, the cutoff function H (k) was replaced with a hard cutoff, and barrier
factors were not included. However, as noted in Ref. [92], the derivation of s-channel unitarity—which is
the essential property of this form—goes through for all choices of G*° that have the same residues of the
on-shell poles, which is the case for the choices used here.



141

symmetrizes to Mgr3). In Ref. [92], it is implicitly assumed that this last version of the

asymmetric amplitude is equal to /\/l?f’éu’u)

. However, since the R-matrix parametrization is
not obtained using Feynman or TOPT diagrams, but rather is a form constructed solely to
satisfy s-channel unitarity, we see no fundamental way of connecting it to any of the diagram-
(u,u)

based definitions. We also see no sense in which either M;’3” or Mfflﬁ;f) (or the partially

symmetrized version of the former) is better suited to an R-matrix parametrization.

We propose that the resolution to this conundrum is that R™% is intrinsically ambigu-
ous, and that, with suitable choices of this quantity, we can equate Mﬁguu) to either ./\/lgﬁg)
or /\7&??) (or to the partially symmetrized version of the former, as done in Ref. [92]). To
say it differently, we propose that the parametrization of Mj in terms of R®* involves a
redundancy, such that a family of choices of R(“® leads to the same physical scattering
amplitude. We stress that we are not suggesting that any ambiguity arises in the relation
between R(“* and /\/lzlzf’é“’u)—for a given choice of the latter quantity (including its sub-
threshold continuation), we expect that R(*™ is uniquely determined. The ambiguity arises
in the definition of Mfff;g“’“) itself.’® The relations derived below demonstrate a posteriori

the validity of our proposal, because they show that the expressions given above for both

Mé’;}f) and /\75;;;1 can be rewritten exactly in the R-matrix form.

5.3.4  Combining results

Returning to the main line of argument, we note that the external integral operators in the

two expressions, Egs. (5.12) and (5.23), are related by

L=LK,=K,L". (5.28)

10 A potentially confusing point is that, in Ref. [92], the amplitude Mdeguu) is called Ap/p, with no explicit

indication that it is an asymmetric quantity. We stress that Ap/p is asymmetric, and is related to M3 by
the symmetrization procedure of Eq. (7) of Ref. [92].



Thus, Eq. (5.23) can be rewritten as'!

1
1 - ;CKQ R(u,u)

1
— L LT
K, [Ruw-1K, — K, 'L

leaf,,gu,u) =L KQ R(u,u) KQ £T

Comparing this to a slightly rewritten version of Eq. (5.12)

MG = — cr
’ [/Cg;féu)} + (ppv + G=)L

we observe that these expressions match if and only if

/(u,u -1 1 u,u —l=— 1 ~ o]
{’Cd(f,é)} :’C21[R(’)] ]C21_<,C21+/0PV+G )/3

-1

, [RUW]TR, K

|

where the second step follows from Eq. (5.13). This can be rewritten as

1

H(u,u) _ 1 (u, )3
Kars” = LR,

or, equivalently, as an integral equation

/Cé(flféu) = KQR(U7U)K2 + KQR(U’U)/Cé(géu) .
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(5.29)

(5.30)

(5.31)

(5.32)

(5.33)

(5.34)

(5.35)

The inverse relation can also be given, as discussed below. Reversing the algebraic steps, we

conclude that, if IC;(Ef éu) and R(®% are related in this manner, then /\/l((ﬁg) can be written in

the R-matrix form of Eq. (5.23).

We can follow exactly the same steps if we equate the result for Mf;;;j) , Eq. (5.22), to

Mff’yg”’“). Thus, with a different choice of R(“% we have

Rty = RaRO R o

(5.36)

The relations (5.34) and (5.36) are simpler than that between (a third choice of) R

"' The inverses appearing in this section and the next are defined in Appendix C.2.
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and K43 obtained in Ref. [92]. This is perhaps to be expected as both are asymmetric
quantities. We note that the new relations are consistent with the fact that both the R and
K matrices are purely real. The appearance of factors of ICy “wrapping” R(“% is a result
of the choice in the R-matrix approach of pulling out the dimer scattering amplitude as an

explicit external factor—see Fig. 2(a) of Ref. [92].

A technical point concerns the integrals over intermediate momenta that are implicit
in Egs. (5.34) and (5.36). Expanding the geometric series, there are terms of the form
L REWE,REW - which lead to an integral over the spectator-momentum associated
with ICgé). If there are narrow resonances in a given channel, then ICéz) can have poles on
the real axis, and one must specify how to do the integrals. These can be dealt with either
by using a pole prescription or by generalizing the principal value (PV) prescription used to
define K5, which can move the poles out of the relevant kinematic range [36]. We prefer
the latter approach, as this generalized PV prescription is needed to derive the quantization

condition of Eq. (5.4) in the case where K has poles.

In fact, although ICée) and Kél(;f éu) both depend on the choice of PV prescription, it turns
out that all choices of R(“% are prescription independent. The key fact here is that the
combination K; }-J + F is, by construction, independent of the prescription. This in turn
implies that L is also prescription independent, since it can be written

N 1
L= lim —— (5.37)

5o Ky +F+ G
Finally, using Eq. (5.23) and the fact that Mﬁ’,g“’“) is prescription independent (which follows
from the prescription independence of M3z and D®™), we see that R™% must also be
independent of the PV prescription. In this sense, R(*“* is a “more physical” quantity than
lCé(qu ) or l%g?g) We note, however, that R(“* does depend on the cutoff function, since

that dependence enters through G*° and is not canceled.



144

5.4 Expressing the quantization condition in terms of R("“%

We are now ready to combine the results obtained above to rewrite the quantization condition
in terms of R™® . For definiteness, we first consider the choice of R®% that is related to
ICé(qu 5,,") by Eq. (5.34), and thus consider the form of the quantization condition containing

the latter quantity, Eq. (5.4). We discuss the other choices of R(“*) subsequently.

We start from Eq. (5.33), from which follows

[REW] ™ =Ky + K [/c;f;jg,,“)] %, (5.38)

This can be rewritten as
R =1, — [Ka+ K] (5.39)
S (5.40)

1+ K451,

(u,u)

The key observation is that the quantity X appearing in the quantization condition,

Eq. (5.6), satisfies

lim (2wL?) X (2w L3) = RUY (5.41)

L—oo

where the factors of (2wL?) arise from Eq. (C.19). Tt follows that, if the finite-volume

corrections to this result are exponentially suppressed, i.e. if

[(2wL?) X ) (2w L?)] = [RO)] oy T O™ (5.42)

kem;pl'm/

then the quantization condition (5.4) can be rewritten as
det [H — (2wL*)"RU (2w 7| = 0. (5.43)
Here R®% is the matrix form of the infinite-volume amplitude, obtained in the usual way

[R(%u)} = R(U7u) (k, p)ﬂm;é’m’ ; {k, p} € (27T/L)Z3 9 (544)

kfm;pl'm/
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i.e. by restricting the momenta to the finite-volume set.

To discuss the validity of Eq. (5.42), we consider the definition of X®% Eq. (5.6).
Expanding out the geometric series, we find terms of the form ... ICii(fu é")f; ILIC/d(;f W As
shown in Eq. (C.20) this goes over to . .. ICg(flf WK, 1/Cé(flf ... in the infinite-volume limit, with
the intermediate momentum sums over spectator momenta converted to integrals. However,
if IC;K) has zeros within the kinematic range of interest (which ranges up to the four pion
threshold for two-particle scattering), then the difference between sum and integral over the
resulting poles in K5 ' will lead to power-law corrections to Eq. (5.42), which would invalidate
the quantization condition (5.43). Zeros in K (along the real (5% axis) occur when the phase
shift passes through nm with n € Z and have no particular physical significance. Excluding

such cases would be a major restriction on the applicability of Eq. (5.43).

In fact, we do not think that such cases need to be excluded. The point is that we expect
R®Y to be finite in the vicinity of positions where lCég) (and thus /\/lg)) has zeros. This is
because, as noted above, R(“% is defined in the expression for Mg 3 with factors of Mé@
pulled out on both sides [as can be seen from Eq. (5.23)]. Thus the effects of a vanishing
Mé“ are already included. Assuming so, then Eq. (5.34) shows that IC&% ’3u) vanishes at
such positions—specifically, IC:i(fzf é“)(k, P)emerm = 0 if Ko(kK)em = 0 or Ko(p)ersy = 0. This
implies that the divergences in K, ! occurring in the expression for X % are canceled by the
behavior of IC;(S éu). Thus we conclude that Eq. (5.43) is a legitimate form of the quantization

condition.

We can repeat the arguments just given using the quantization condition written in terms
of l&gf”g), Eq. (5.7), and the relation between 16((1?;) and a different choice for R(“% given
in Eq. (5.36). The result is that the quantization condition can be written in exactly the
form of Eq. (5.43), except with the new choice of R(“®. One disadvantage of this choice of
R®Y is that it is not Lorentz invariant. This follows because it is defined in terms of the

TOPT asymmetric amplitude Mé“’“), which depends on the choice of frame used to define
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the time axis. By contrast, the form of R(“% obtained by equating Mff’,g”’“) to Mgﬁg) is

Lorentz invariant, as long as the relativistic form of G is used.

5.5 Summary and outlook

The main result of this work is the demonstration that the three-particle quantization condi-
tion for scalar particles with a Z, symmetry obtained in the RFT approach in Ref. [28] (and
extended in BS1) can be rewritten in terms of the R matrix of Refs. [78, 79] in the simple

form
det [y + F + G — (wL*) 'R (2wL?) 7! = 0. (5.45)

This provides the generalization of the s-wave FVU result of Refs. [32, 41], Eq. (5.8), to all
angular momenta of the dimer, and shows the equivalence of the RFT and FVU approaches
in general.!> We stress that the derivation of Eq. (5.45) requires the use of a smooth cutoff
function (as opposed to a hard cutoff) as well as the presence of the “barrier factors” in
the definition of G [see discussion below Eq. (C.10)]. We note that, while the two-particle
interaction enters with a factor of 1/L? (contained in Ko ), the three-particle interaction
term comes with a 1/L°. This is as expected based on the overlap amplitudes of particles
with wavefunctions distributed throughout the volume, and is consistent with the results of
the threshold expansion [65, 66, 68]. We expect that by taking the nonrelativistic limit of
this form of the quantization condition, one will obtain the generalization of the NREFT
quantization condition of Refs. [30, 31] to all dimer angular momenta.

We have also found that the R matrix is not unique, but rather that Eq. (5.45) holds for
two different choices of R“®) which are in turn related to the two different asymmetric forms

of the three-particle K matrix that we have discussed, namely IC:i(flf ) and I%gﬁ;f) We have

12 As noted earlier, Eq. (5.8) is obtained from the original result for the FVU quantization condition, given
in Refs. [32, 41], only after some algebraic manipulations [74]. Presumably, our generalized result could
be rewritten in a form similar to that of the original works, but we have not attempted this.
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argued that the lack of uniqueness of R(“% is an example of the general result that asym-
metric forms of amplitudes are intrinsically ambiguous, since the process of symmetrization
is not invertible. This is most obviously seen in the fact that one can consider two different
asymmetric forms of the three-particle scattering amplitude, ./\/léu’u) and Mgu’“), whose defi-
nitions differ by whether the asymmetry is defined with respect to a Feynman-diagram-based
skeleton expansion [29] or an expansion in terms of time-ordered perturbation theory (see
BS1).

Looking forward, an important question is how the new, asymmetric form of the quan-
tization condition, Eq. (5.45), compares in practice with the original, symmetric form of
Eq. (5.1). The advantages of the new form include its simplicity and the fact that R(®
is independent of the choice of PV prescription. It is also closely connected to phenomeno-
logical analyses of scattering amplitudes, through which intuition and experience concerning
appropriate parametrizations of R®® have been developed. The disadvantage of the new
form is that R(“® is an asymmetric amplitude, whose general description requires additional
parameters in comparison to the symmetric K matrix g3 that enters Eq. (5.1). This is
clear, for example, in the threshold expansion worked out in Ref. [76], where a significant

reduction in parameters occurs because of the symmetry of K 3.'3

130ne can also see this in the result for ICélf"g ) one obtains in leading-order chiral perturbation theory, by
extending the calculations described in Ref. [51].
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Part 111
PRACTICAL IMPLEMENTATION

In the following three chapters, we present three different numerical implementations
of quantization conditions for three identical scalars. Each chapter and its corresponding
appendix is taken from a different research publication: Chapter 6 and Appendix D are from
Ref. [76]; Chapter 7 and Appendix E are from Ref. [36]; and Chapter 8 and Appendix F are
from Ref. [51].
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Chapter 6

IMPLEMENTING THE THREE-PARTICLE QUANTIZATION
CONDITION INCLUDING HIGHER PARTIAL WAVES!

6.1 Introduction

There has been considerable recent progress developing the formalism necessary to extract
the properties of resonances coupling to three-particle channels from simulations of lattice
QCD, with three different approaches being followed [28-32; 34, 35]. For a recent review,
see Ref. [74]. The outputs of this work are quantization conditions, which relate the finite-
volume spectrum with given quantum numbers to the infinite-volume two- and three-particle
interactions. This development is timely since simulations now have extensive results for
the finite-volume spectrum above the three-particle threshold; see, e.g., Refs. [55, 94, 95]
and the recent review in Ref. [26]. Turning the formalism into a practical tool remains,
however, a significant challenge. To date, this has been done only for the simplest case, in
which all particles are spinless and identical, the total momentum vanishes, the two-particle
interaction is purely s-wave, and three particles interact only via a momentum-independent
contact interaction [31, 32, 39-41].2 This is the analog in the three-particle system of the
initial implementations of the two-particle quantization condition of Liischer [24, 25], which
assumed only s-wave interactions and vanishing total momentum.

In the two-particle case, such an approximation makes sense for levels close to the two-

particle threshold, since higher partial waves are suppressed by powers of the relative mo-

!This chapter and Appendix D are taken directly from Ref. [76].

2There is also an induced three-particle interaction due to the exchange of a virtual particle between a
pair of two-particle interactions. This is included in all approaches.
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mentum. In the meson sector it begins to fail for energies around 1 GeV. Indeed, recent
applications of the two-particle quantization condition use multiple partial waves (see, e.g.,
Refs. [96, 97]). Similar considerations apply for three particles, and we expect that for many

resonances of interest one will need to include higher partial waves.

The aim of this paper is to take the first step in this direction by including the first higher
partial wave that enters in the case of identical, spinless particles, namely the d wave.® In
the language of Refs. [30-32], we include dimers (two-particle channels) with both ¢ = 0 and
¢ = 2. At the same time, for consistency, we make a corresponding extension of the three-
particle interaction beyond its local (pure s-wave) form. We will explain how to implement
the formalism in this generalized setting, and show examples for which the higher-order

terms have a significant impact on the finite-volume spectrum.

Three-particle quantization conditions have been developed with three different approaches.
These use, respectively, generic relativistic effective field theory analyzed diagrammatically
to all orders in perturbation theory (the RFT approach) [28, 34, 35], non-relativistic effec-
tive field theory (NREFT) [30, 31], and unitarity constraints on the two- and three-particle
S-matrix elements applied to finite-volume amplitudes (the finite-volume unitarity or FVU
approach) [32]. To date, only in the RFT approach has the formalism been worked out
explicitly with no limitations on the two-particle partial waves, whereas in the other two ap-
proaches the quantization condition has been written down only for s-wave dimers.* There-
fore we adopt the RF'T approach in this work. Specifically, we use the formalism of Ref. [28],
which applies to identical, spinless particles, with a G-parity-like Zy symmetry that forbids
2 <> 3 transitions. Another important feature of this approach is that it can be made rela-
tivistic [34], which turns out to simplify the expansion about threshold. Although we use the

RFT approach, we expect that many of the technical considerations and general conclusions

3The p wave is absent due to Bose symmetry.

41t is expected, however, that there is no barrier to extending to higher waves.
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will apply to all three approaches to the quantization condition.

The formalism of Ref. [28] is restricted to two-particle interactions that do not lead
to poles in Iy, the two-particle K matrix. If there are such poles, then one should use
the generalized, and more complicated, formalism derived in Ref. [35]. For simplicity, we

consider here only examples in which there are no K-matrix poles.

Since our main goal is to show how the formalism works when including higher waves, our
numerical examples are mainly chosen for illustrative purposes and do not represent physical
systems. However, there is one case in nature for which our simplified setting applies, namely
the 371 system. Thus, in one of our examples, we set the two-particle scattering parameters
to those measured experimentally for two charged pions, and illustrate the dependence of the
resulting three-pion spectrum on the three-particle scattering parameters. This is similar to

the study made in Ref. [41] using the FVU approach, except here we include d-wave dimers.

All three-particle quantization conditions involve an intermediate three-particle scattering
quantity that is not physical, but that can be related, in a second step, to the infinite-volume
scattering amplitude by solving integral equations. In the RFT formalism this quantity is
called Ky 3, and the second step is explained in Ref. [29]. We do not discuss the implemen-
tation of this second step in the present work. Clearly, it will be important to do so in the
future, but the methods required are quite different from those needed for the quantization

condition.

This paper develops the ideas already sketched in Sec. 4 of Ref. [98]. It is organized as
follows. In the next section we recall the quantization condition of Ref. [28], and explain how
one can consistently expand Ky 3 about the three-particle threshold, with d-wave interactions
entering at quadratic order. In Sec. 6.3 we describe the implementation of the quantization
condition including d-wave interactions, focusing on how to make use of the factorization into
different irreducible representations (irreps) of the cubic group. Subsequently, in Sec. 6.4 we

show results illustrating the effect of d-wave interactions on the three-particle spectrum,
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including in Sec. 6.4.3 the case of the 37" system with realistic interactions, which is a
target for a potential lattice QCD study. In addition, in Sec. 6.4.4, we address the issue of
characterizing unphysical solutions to the quantization condition. We summarize and close
the discussion in Sec. 8.6.

We also include seven appendices describing technical details. Appendix D.1 is a collec-
tion of relevant definitions, whereas Appendices D.2 and D.3 provide further details concern-
ing the topics of Sec. 6.3. Appendix D.4 describes the calculation of the leading contribution
of d-wave scattering to the threshold expansion. Finally, the remaining appendices relate
to the free solutions discussed in Sec. 6.4.4: Appendix D.5 motivates the presence of these
solutions in excited states, Appendix D.6 explains why they are absent in the isotropic ap-
proximation of Refs. [28, 39], and Appendix D.7 explains in an example why removing the

free solutions requires higher orders in the threshold expansion of Kgs 3.

6.2 Threshold expansion of the three-particle quantization condition

As noted above, we consider a theory of identical, scalar particles, with interactions con-
strained only by the imposition of a Zy global symmetry that prevents odd-legged vertices.
In such a theory, the spectrum of odd-particle-number states in a cubic box of length L, with

periodic boundary conditions, is determined by solutions to the quantization condition [28§]
det | F5(E, L)™' + Kass(E)| = 0. (6.1)

This holds up to finite-volume corrections that are exponentially suppressed, i.e., which fall
as exp(—mL) up to powers of L, where m is the mass of the particle. In Eq. (6.1), Fj3
and Kq; 3 are matrices with index space {k, ¢, m}, where k € (27/L)Z? is the finite-volume
momentum assigned to one of the particles (the “spectator”), while ¢ and m specify the

angular momentum of the other two (the “dimer”).° This matrix space will be truncated, as

>Context determines which meaning of m is intended.
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explained in Sec. 6.3 below, so that the quantization condition (6.1) becomes tractable. The
matrix Fjy is a complicated object given in Eq. (6.28) below; all we need to know for now is
that it depends on the two-particle K matrix, 5. Thus the infinite-volume quantities that
enter into the quantization condition are Ky and the three-particle quasilocal interaction
Kag 3.8

The quantization condition (6.1) is valid only when the CM (center of momentum) energy
lies in the range m < E* < 5m, within which the only odd-particle-number states that
can go on shell involve three particles (rather than one, five, seven, etc.). Here E* =
VE? — P2, with (E,P) the total four-momentum of the state. As in the previous numerical
studies [30, 32, 39, 40|, we further restrict our considerations to the overall rest frame, with
P =0, implying F* = E henceforth. We also recall that Eq. (6.1) assumes that there are no
poles in ICy in the kinematic regime of interest. We discuss the constraints that this places

on the two-particle scattering parameters in Sec. 6.3.

The aim of this section is to develop a systematic expansion of K4¢3 about the three-
particle threshold at £ = 3m. To that end, we make use of the fact that, unlike the matrix
F3, Kat,3 is an infinite-volume quantity, and so is defined for arbitrary choices of the three
incoming and three outgoing on-shell momenta in the scattering process, and not just for
finite-volume momenta. It is also important that it can be chosen to be relativistically
invariant, if an appropriate choice of the kinematic function G entering Fj is made [34] [see
Eq. (D.3)].

In the remainder of this section, we first recall the threshold expansion of s and its rela-
tion to the partial wave decomposition, and then describe the generalization of the threshold
expansion to g3, extending an analysis given in Ref. [39]. Finally, we show how the terms

in this expansion are decomposed into the matrix form needed for Eq. (6.1).

6The subscript “df” stands for “divergence-free”, indicating that a long distance one-particle exchange
contribution that can diverge has been removed. For further details, see Ref. [28].
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6.2.1 Warm up: expanding Ko about threshold

To illustrate the method that we employ for Kg4¢ 3, we first consider the simpler, and well-
understood, case of the two-particle K matrix, K. Since K is relativistically invariant, it
depends only on the standard Mandelstam variables s, to and uy = 4m? — sy — ty. It is

convenient to use dimensionless variables that vanish at threshold,

X s—4Am® g .t %" _ %"
2 4m?2 m2’ 7 4Am? 2m2( ) 4m? 2 s(1+¢),  (62)

where ¢; is the magnitude of the momentum of each particle in the CM frame, and ¢y is the
cosine of the scattering angle. For physical scattering, Ag, —t, and —1s are all non-negative,

and satisfy
AQ == —t~2 - ’ljg 5 (63)

implying that —¢, and —, are both bounded by A,.

Since Iy is known to be analytic near threshold, we can expand it in powers of Ag, to
and Uy. The previous considerations imply that, for generic kinematics (i.e., 8 # 0 or ), all
three quantities are of the same order. Bose symmetry implies that the expression must be

symmetric under £ <+ Us. Thus, through quadratic order we have
Ky =+ @18y + &A3 + & (3 + 3) + O(AY), (6.4)

where the ¢; are constants (which are real since /s is real), and we have used the constraint
(6.3) to reduce the number of independent terms. We now decompose this result into partial

waves, using

Ky = i(% + DL (AL) Pi(cosb) . (6.5)
=0
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All odd partial waves vanish by Bose symmetry, while Eq. (6.4) leads to

KL = + @ lg + (6 + 263) A2 + O(AY) (6.6)

K& = L&AZ + O(A3). (6.7)

The first equation gives the first three terms in the effective range expansion for Ky, while
from the second equation we recover the well-known result that ICéQ) o ¢3* near threshold.

By extending this analysis, one can show that IC%K) only enters when we include terms of

O(AY) in the threshold expansion [39].

The threshold expansion has a finite radius of convergence. In particular, we know that
K has a left-hand cut at Ay = —1, so that the radius of convergence cannot be greater
than |Ay| = 1. In practice, we truncate the expansion at the order shown in Eqgs. (6.6) and
(6.7) (and set K =0 for ¢ > 3), use a cutoff function such that Ay > —1, and restrict
E < 5m implying that A, < 3. We are thus assuming that the deviations from the truncated

threshold expansion are small over this kinematic range.

6.2.2 Invariants for three-particle scattering

To extend the analysis to the three-particle amplitude Kg4¢ 3, we begin by listing the gener-

alized Mandelstam variables,

/

s=FE*, si;=(pi+pj)° = sji, si; = (p; +p;»)2 =55, tij = (pi —p;-)2, (6.8)

where p; (p;), i = 1 — 3, are the incoming (outgoing) momenta. As in the two-particle case,

it is convenient to use dimensionless quantities that vanish at threshold,

2 2 A 2
5 —9m Sjk — 4m A Si —4ms - tij

A s Al =
9m?2

L
9m?2 : om2 7 YT 9m2’
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where in the definitions of A; and Al (7,7, k) form a cylic permutation of (1,2,3). These

sixteen quantities are constrained by the following eight independent relations,

3 3
YA =Y A=A (6.10)
i=1 i=1

3 3
j=1 j=1

Thus only eight are independent: the overall CM energy (parametrized here by A) and seven
“angular” degrees of freedom.” This counting is as expected: six on-shell momenta with total
incoming and outgoing 4-momentum fixed have 3 -6 — 4 -2 = 10 degrees of freedom, which
is reduced to 7 by overall rotation invariance.

For physical scattering, it is straightforward to show that A;,; AL, —%vij are all non-negative,

and the constraint equations then lead to the inequality
0<A,AL—t; <AL (6.12)

Thus all the variables {A; A;, Al tNU} can be treated as being of the same order in an expan-

sion about threshold.

6.2.3 Ezpanding K a3 about threshold

By construction, Kqr3 is a smooth function for some region around threshold.® Thus it
can be expanded in a Taylor series in the variables {A; A Al tNij}, which are all treated as
being of O(A). Since Kg¢ 3 is real, the coefficients in this expansion must also be real. The

expansion must also respect the symmetries of Ky 3, which is invariant under [34]:°

"We call these variables angular since they span a compact space.

8More precisely, what is shown in Ref. [28] is that K4f3 has no kinematic singularities at threshold, a
result that is checked by the explicit perturbative calculations of Refs. [81, 82]. There can be dynamical
singularities due to a three-particle resonance, but, generically, this will lie away from threshold.

9The first two symmetries hold because we are considering identical bosons. They would not hold in the
more general case of nonidentical particles, allowing additional terms to be present in Kgt 3.
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e Interchange of any two incoming particles: p; <> p; = A; <+ A, and tir <> t~]k
e Interchange of any two outgoing particles: p} < p}; = A} <> A’ and thi ¢t

e Time reversal: p; <> p, (Vi) = A; < Al and t;; <> t;; (Vij)

It is then a tedious but straightforward exercise to write down the allowed terms at each

order in A, and simplify them using the constraints (6.10)—(6.11). Through quadratic order

we find
m*ars = K™ + K A + KD AL + 0(A%), (6.13)
K0 = Kty + Kirs A+ Kars A2 (6.14)
3
AR =37(A2 4 AR - A%, (6.15)
=1
3 ~
AR =312 - A?, (6.16)
2,7=1

where K5, lCifg . lefg 5 IC((ff:?) and ICéQf:f) are real, dimensionless constants. We thus see
that there is a single term both at leading (zeroth) order and at first order, while there
are three independent terms at quadratic order. The particular linear combinations of the
quadratic terms that appear in Eqgs. (6.15) and (6.16) (and in particular the subtraction of
A? in Af) and Ag)) are chosen based on our numerical experiments described below in order
to ensure that their contributions to the finite-volume spectrum are distinct.

As noted in Ref. [39], the leading order contribution to K4 3 in Eq. (6.13) is independent
of momenta p; and p}. This shows that the isotropic approximation to K43, defined as
independence of the seven angular variables, arises naturally in the same way as the s-wave
approximation to Ko. What we add here is the result that K4 3 remains isotropic at O(A),
having only an overall linear dependence on s. Furthermore, at quadratic order, we find only
two terms that depend on angular variables (A(j) and Ag)), compared to the seven angular

variables that are needed to fully characterize three-particle scattering. Thus, if it is a good
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approximation to truncate the threshold expansion at O(A?), the number of parameters
needed to describe K43 is smaller than one might naively have expected.

For most of our numerical investigations, we have restricted ourselves to quadratic order
in the expansion of K4 3. It is interesting, however, to push the classification to higher order
for at least three reasons. First, in order to know how rapidly the number of parameters
grows; second, to see which dimer partial waves enter; and, third, to investigate the issue of
solutions to the quantization condition with energies given by those of three noninteracting
particles (see Sec. 6.4.4). Thus we have classified all terms of cubic order. We find eight
independent terms: three that are just A times each of the terms of quadratic order, plus

five new angular terms,

A=Y (ATt aR), AP =YR (617)
i 1,
A® _ ZAZ%;]'A;W Ag) _ Zf; (Ai + A;) (6.18)
,J 2¥)
A(Eg) = Z %10(1)%'20(2){30(3)’ (619)
o€S3

where o € S3 is a permutation of the indices (1,2,3). Thus the number of terms is growing

fairly rapidly with order.'®

6.2.4/ Decomposing K a3

In order to use Kq¢ 3 in the quantization condition, we need to decompose it into the variables
used in its matrix form. This is the analog of the partial wave decomposition of Iy, described
in Sec. 6.2.1 above.

The steps in this decomposition were presented in Ref. [28] and we recall them here. The

10We do not think that there is any significance to the fact that the number of terms depending on angular

variables through cubic order, i.e. 2+ 5 = 7, equals the number of independent angles in three-particle
scattering. The dependence on these angles can be arbitrarily complicated, so there is not a one-to-one
correspondence between variables and functions.
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total four-momentum P* is fixed, in our case to (E£,0). One each of the initial and final
particles is designated as the spectator, with three-momenta denoted k and p, respectively.
Since Kg4¢ 3 is symmetric separately under initial and final particle interchange, it does not
matter which particles are chosen as the spectators, and we take k = p3 and p = p3'.
The remaining two particles form the (initial and final) dimers. The total momenta of both
dimers are fixed, e.g. to P — p3 in the initial state. For each dimer, we can boost to its CM
frame, and the only remaining degree of freedom is the direction of one of the particles in
the dimer in this frame. We take this particle to be p; in the initial state, and denote its
direction in the dimer CM frame by a*. Similarly, the direction of p} in the final-state-dimer

CM frame is called a™*. Using these variables we can write!'!

/Cdf,s = ’Cdf,S(p> &/*; k, &*) . (6-20)

The next step is to set each spectator momentum to one of the allowed finite-volume
values, e.g. k = n(2r/L), with n a vector of integers. The final step is then to decompose

the dependence on a* and @™ into spherical harmonics
Kaes(p, a";k,a") = Y, (8") KatspermspemYem (@) (6.21)

where there is an implicit sum over all angular-momentum indices. This defines the entries
in the matrix form of ,Cdf73.12 In practice, we use the real version of spherical harmonics, so

the complex conjugation in Eq. (6.21) has no impact.

The simplest example of this decomposition is for the isotropic terms in K43, namely

K¢ in Eq. (6.14). Recalling that E, and thus A, is fixed, K*° is simply a constant. This

1 As above, the 2-(3+2) = 10 momentum components are reduced to seven independent angular variables
by rotation invariance.

12Note that we follow Ref. [28] and drop the vector symbol on the momenta in the matrix indices, in
order not to overly clutter the notation.



160

implies that the matrix form of K*° vanishes unless ¢ = ¢ = 0, and is independent of p, k:
,C(iisfo,?’;pf’m’;kfm = ]Cisoéf’Oém’O(SéO(;mO . (622)

The approximation Kq¢ 3 = K is studied in Ref. [39].

We next work out the decomposition of A(AQ), Eq. (6.15), which is conveniently written as
AR = [AF+ AP — A%+ AT+ A + [A2 + A2 (6.23)

The first term depends on k2 and p 2, but not on a* or a”. This can be seen from
Im*Agz = (P — p3)® — 4m* = E® — 2Ew;, — 3m?, (6.24)

with wy = vk? + m?2, and the corresponding result for Aj;. Thus the first term in Eq. (6.23)
leads to a purely s-wave (¢ = ¢ = 0) contribution to g3, although now with nontrivial
dependence on k and p, so this differs from an isotropic contribution.

The second term in Eq. (6.23) can be rewritten using

Vo
E3%

9m?
2

[A2 + Aﬂ (py - p3 —2m*)? + (p_ - p3)® = (Bwy, — 3m?)? (a*-k)*, (6.25)

where p1 = p; & p9, and E'2 2 = (P — p3)?. To obtain the second form one must explicitly
boost to the dimer CM frame, in which p_ equals 2a*, with a** = 9m?A3/4. The first term
on the right-hand side of Eq. (6.25) is independent of a@*, and thus again contributes only
an s-wave component. The second term, however, depends quadratically on a*, and thus,
13

through the addition theorem for spherical harmonics,

~

(a-k)? 15 Z (a)Yom(k), (6.26)

leads to both s- and d-wave contributions. In other words, both Kat 3.p00.c00 and Kat 3.p00:k2m
are nonvanishing. These contributions are straightforward to work out from the above equa-

tions, and we do not display them explicitly.

13 Again, in practice, we use real spherical harmonics, so the complex conjugation is not needed.
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The final term in Eq. (6.23) differs from the second term only by changing unprimed
quantities to their primed correspondents. Thus one finds contributions both to gt 3.p00.00
and Kar3.p2m k00 Overall, we conclude that the angular dependence in Af) leads to both
s- and d-wave dimer interactions, although there are no terms with both £ = 2 and ¢ = 2.
The latter result arises from the fact that there are no terms in A(j) that depend on both

incoming and outgoing momenta.

Finally, we consider Ag), given in Eq. (6.16). This is more complicated to decompose
because #;; contains both incoming and outgoing momenta, but this same property leads to
contributions with ¢ = ¢/ = 2. We provide only a sketch of the decomposition, as the details
are tedious, lengthy, and straightforward to automate. Expanding Ag), one finds terms that
are similar to those dealt with in Af), which lead to additional contributions to Kg¢ 3.p00.100,

KCat 3:p00 k2m, and Kt 3.p2m’:k00, and a term proportional to
/ \2 * % IEPWES
(p_ . p_) — a’i ajSijvrsar CLS s (627)

where p/, = p| £ p), 4, j, 7, and s are now spatial vector indices, and S is a tensor that
depends on k and p and is symmetric separately under i <+ 7 and r <+ s. By decomposing
S into the spherical tensor basis one finds contributions to the ¢ = ¢/ = 2 part of K43,

KCat 3:p2m’:k2m, as well as to the other three components.

In summary, because the terms of O(A?) in K43 are at most quadratic in a* and/or
a’™, they give rise to dimer interactions that are either s- or d-wave. This is the analog of

the result derived in Sec. 6.2.1 that, at the same order, only ICgO) and IC§2) are present.

The generalization to higher order is straightforward. Terms of O(A3), can, in principle
be cubic in a* and/or a’*, but Bose symmetry forbids odd powers. Thus O(A?) terms lead
only to s- and d-wave contributions to K43, as we have checked explicitly. In order to obtain
contributions with ¢ = 4 or ¢ = 4 one must work at O(A*) in the threshold expansion. The

pattern continues similarly at higher order.
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6.3 Implementing the quantization condition

In this section we describe how we numerically implement the quantization condition, Eq. (6.1),

when working to quadratic order in the threshold expansion. The expression for Fy is!?

1 [F - -
Fy=— |— —FH'F 2
3 I3 [3 ‘| ) (6 8)
H= F+@ 6.29
i, TEHE (6.29)

where all quantities are matrices with indices {k, ¢, m}. K5 is a diagonal matrix

1 ] 1
= Opk00Omim——7r » 6.30
[QW’C2 plmtikom 2wkl€g,)f (6:30)
where the only nonzero elements are the s- and d-wave terms
1 1 1 a5 -
= e =+ P, 5 i1 — H(k 6.31
0 T {0 ROl - B0l
1 1 1 1
~ g g - AL (6:32
IC%Q,l 167TE2,1< ‘J2,4k:{ aj 2k

Here E35 = (P — k)? is the invariant mass of the dimer, while ¢; = \/W is the
momentum of each particle composing the dimer in its CM frame.'® The expression (6.31)
is the standard form for the effective range expansion through quadratic order, with ay the
s-wave scattering length, ry the effective range, and F, the shape parameter. Expanding
the overall factor of Ej, about threshold, and for now ignoring the 1 — H(k) term, one
recovers the form given in Eq. (6.6). Similarly, aside from the 1 — H term, the expression for

ICé?,l, Eq. (6.32), is equivalent to the earlier result, Eq. (6.7). Here the leading order term is

WThis is the form given in Appendix C of Ref. [28], with F = F/(2w) and G = G/(2w). The matrix H
should not be confused with the cutoff function H(k), which is always shown with an argument.

5These quantities were denoted sy and ¢, respectively, in Sec. 6.2.1, but here we need to make explicit
that they depend on k. The notation here is the same as in Ref. [28].
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parametrized in terms of the d-wave scattering length a,.'¢

The 1 — H terms in the expressions (6.31) and (6.32) arise from the need to introduce a
smooth cutoff function H (k) that vanishes for 33 < 0. We refer the reader to Refs. [28, 68]
for further explanation of both the need for this cutoff and the manner in which it enters
these expressions. It is sufficient to note here that the 1 — H term turns on smoothly only
well below the dimer threshold at Ej; = 2m. The explicit form of H (k) that we use is given
in Appendix D.1.

As noted above, the quantization condition holds only if there are no poles in Ky in
the kinematic regime under study. The kinematic range of g3, is given by —m? < qé‘?k <
3m? (corresponding to 0 < E33 < 16m?). The parameters in Eqs. (6.31) and (6.32) are
thus constrained so that neither right-hand side vanishes for this range of q§2,€ In our
numerical investigations, we always use values of the scattering parameters that satisfy these

constraints. For as the constraint is that mas < 1, with arbitrarily negative values allowed.

The other two quantities appearing in F3 are the finite-volume kinematic functions F
and G. The former is essentially a two-particle quantity, and thus is diagonal in spectator

momenta, though not in the angular-momentum indices:!”

Fpl’m’;kém = 5pkH(k)ﬁZ’m’;€m(k) : (633)

G is a kinematic function that arises from one-particle exchange between dimers, and is thus
a quantity that involves all three particles. In particular, it is not diagonal in any of the
indices. We give the explicit forms of F and G in Appendix D.1, and provide some details

of their numerical evaluation of F in Appendix D.2.

An important property is that épg/m/;kgm is proportional to H(p)H (k), and is thus trun-

16This expansion is often written with a different definition of az, in which a3 is replaced by az. We prefer
the present form since then ao has dimensions of length.

1"We are abusing notation here, but the two versions of F will always be distinguishable by the presence
or absence of the argument k.
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cated to the finite number of values of spectator momenta for which H(k) # 0. We call
this number Nypeet(F, L). The same truncation applies to F, due to the factor of H (k) in
Eq. (C.9). Both matrices are, however, infinite-dimensional in angular-momentum space.
This is to be contrasted to g and Kg4¢ 3, which are (by approximation) truncated in angular
momenta but not in spectator-momentum space. In angular momentum space the dimension
is 1 +5 = 6 when keeping both s and d waves.

Nevertheless, it turns out that these two truncations are sufficient to reduce the quanti-
zation condition, Eq. (6.1), to a determinant of a 6 Ngpect-dimensional matrix. To show this,

we first write the quantization condition as
det [Fy ] det [1 + F3Kars] = 0. (6.34)

It appears from this rewriting that there will be solutions to the quantization condition when
det[F3] — oo, i.e., when Fj has a diverging eigenvalue. However, in that case, the second
determinant will, for a general Kg¢ 3, also diverge, leading to a finite product. Thus we expect
that the only solutions of the quantization condition (6.1) for general ICys 3 will be those that

also satisfy
det[l + F3Kq43] = 0. (6.35)

This also makes sense intuitively, since we expect all finite-volume energies to depend upon
the three-particle interaction. The advantage of the form (6.35) is that it has been shown
in Ref. [28] that it effectively truncates all matrices that appear (i.e., I, G, Ky and Kat3)
to Ngpect €ntries in spectator-momentum space and to s and d waves in angular-momentum
space. By “effectively” we mean that elements of the matrices that lie outside the truncated
space do not contribute to the determinant.

In the following, we also consider at times the further truncation to only s-wave dimer
interactions. This is effected by setting to zero all entries in the matrices having ¢ = 2, so

that their dimension becomes Ngpect-
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We have now explained how all the matrices contained in the quantization condition
Eq. (6.1) are constructed, for given values of F and L. We combine these matrices to form
F5 '+ Kqt 3, and calculate its eigenvalues. For a given choice of L, the finite-volume spectrum
is then given by those values of E for which an eigenvalue vanishes.

The practical calculation of this spectrum is facilitated by decomposing into irreducible
representations (irreps) of the symmetry group of finite-volume scattering. For a cubic box
with P = 0, this is the cubic group, Oy. For the case of pure s-wave dimers, this decompo-
sition has been worked out for the NREFT and FVU quantization conditions in Ref. [40].
It has also been used implicitly in the numerical study of the isotropic approximation to the
RFT quantization condition in Ref. [39], since the isotropic approximation automatically
involves a projection onto the trivial (A]) irrep.!® The new result that we now present is the

generalization of the decomposition to the case in which one has both s- and d-wave dimers.

6.3.1 Projecting onto cubic group irreps

We begin by recalling some useful properties of the cubic group, Op. It has dimension
[Op] = 48, and ten irreps. Its character table can be found, e.g. in Ref. [99]. The labels for,
and dimensions of, the irreps can be seen in Table 6.1 below. Each finite-volume momentum,
k = (27/L)ny, lies in a “shell” (also known as an orbit) composed of all momenta related to
k by cubic group transformations. We refer to this shell as o. There are seven types of shell,
differing by the symmetry properties of the individual elements. We label these by the form
of ng: (000), (00a), (aa0), (aaa), (ab0), (aab) and (abc), where a, b and ¢ are all different,
nonzero components. They have dimensions N, = 1, 6, 12, 8, 24, 24 and 48, respectively.
For example, n, = Z lies in the (001) shell of type (00a), and n; = Z + 22 lies in the (120)
shell of type (ab0). Each element in a shell is invariant under rotations in a subgroup of Oy,

called its little group, Lg. The little groups for all elements in a shell are isomorphic, with

18For a more detailed discussion of the isotropic approximation, see Appendix D.6.
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dimension [Lg] = [Op]/N,.
The four matrices that enter the quantization condition Eq. (6.1), namely 2w/Co, Kat 3,
F and G, are all invariant under a set of orthogonal transformations U(R), where R € O},.

Specifically, if M is one of these matrices, then

M =U(R)YMU(R)", URUR)T =1, (6.36)
U(R) = S(R) @ D(R)T, (6.37)
U (R)permptm = Sy Sy’ (R)30¢ Dl (R). (6.38)

Here the Wigner D-matrix is defined in Eq. (D.7), while S(R) permutes the spectator mo-

menta within shells:

(on) 1, Rp=k
S(R)pk = boy0,Spr”" (R) = Oppk = (6.39)

0, otherwise.
For 2wiCy and K43 this result follows because they are invariant under rotations, while for
F and G it follows from the fact that they are form-invariant under cubic-group rotations if
the quantization axis that defines the spherical harmonics is rotated along with the spectator

momenta.

The matrices {U(R)”} peo, furnish a representation of Oy,:
U(R:R1)" =U(Ry)"U(R))", VRi,Ry €Oy, and U(1s)" = L, . (6.40)

One may decompose this reducible representation into irreps I of the cubic group using
projection matrices (see, e.g., Ref. [100])
d
Pr=—10 3 u(RUR)T, (6.41)
[On] ReO),

where d; is the dimension of I and x;(R) its character.'” An important simplifying property

9Normally one would write x7(R)* in Eq. (6.41), but since Oy, only involves real orthogonal transforma-
tions, all characters are real and the conjugation is trivial.
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of U(R), which carries over to Py, is that it is block-diagonal. For the spectator-momentum

indices, this follows because

T D(R)> Rk = p
U(R)py = S(R)rp @ D(R) = 04,y D(R) = (6.42)
0, otherwise ,

which implies that each U(R) is block diagonal in shells, o. We label the resulting “shell
blocks” of Pr as P;,. These shell blocks inherit from D(R) the property of being block
diagonal in £, and we label the corresponding sub-blocks as P ., with £ = 0 or 2. The

result is that we can write P in the form
P[ = diag(P[,O“ P[’OQ, .. ) s P[,o = diag(PLO(o), PLO(Q)) . (643)

This simplified structure allows for more efficient computation of the P; matrices, as ex-

plained in Appendix D.3.1.

Using these projectors, we can decompose the quantization condition into separate condi-
tions for each irrep. From Eq. (6.36) we know that [Py, M] = 0, for each of the four matrices
M, from which it follows that

[P, Fyt + Kars) =0 (VI). (6.44)

Using >°; Pr = 1, and the orthogonality of the projectors onto different irreps, one can then

show that the determinant factorizes into that for each irrep
det[F5 ' + Kars] = Hggg[ﬂ(ﬂfl + Kar3) Prl (6.45)
I b}

where the subscript indicates that the determinant is taken only over the subspace onto

which P; projects. Thus the quantization condition for irrep I becomes
det [Pr(Fy ' + Kae3)Pr] =0, (6.46)

If desired, one can also apply the projectors to all the matrices contained in F3, Eq. (6.28),
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Table 6.1: Dimension of irrep projection sub-blocks for each shell-type and angular momen-
tum, (d(Pr o)), d(Pre2))). Each row corresponds to an irrep of the cubic group Oy, whose
dimension is also listed for completeness.

shell types
irrep | dim | (000) (00a) (aa0) (aaa) (ab0)  (aab)  (abc)
Al 1 Lo (L) (L2 (L1 (L3 (L3) (15
AF |1 (0,00 (0,1) (0,1) (0,00 (1,3) (0,2) (1,5)
E* | 2 (0,2 (24 (2.6) (0,4 (4,12) (2,10) (4,20)
Ty 3 1(0,0) (0,3) (0,90 (0,6) (3,21) (3,21) (9,45)
Ty 3 1(0,3) (0,6) (3,12) (3,9) (3,21) (6,24) (9,45)
AT |1 (0,00 (0,0) (0,1) (0,0) (0,2) (0,2) (1,5)
Ay | 1 (0,00 (0,1) (0,1) (1,1) (0,2) (1,3) (1,5
E- | 2 (0,00 (0.2) (0,4) (0,4) (0,8 (2,10) (4,20)
T | 3 (0,00 (3,6) (3,12) (3,9) (6,24) (6,24) (9,45)
Ty 3 1(0,0) (0,6) (3,12) (0,6) (6,24) (3,21) (9,45)

so that the entire evaluation of the quantization condition involves matrices of reduced

dimensionality.

The number of eigenvalues in a given irrep is given by the dimension of the projected
subspaces, d(Py). This is obtained by summing the dimensions of the sub-blocks,
d(Pr) =Y > d(Prow), (6.47)
0 (=0,
where the sum over o runs over all shells that are “active”, i.e., that lie below the cutoff. We
explain how the d(Py ) are calculated in Appendix D.3.2, and list the results in Table 6.1.
From this we learn, for example, that the k = 0 shell contains one A{ irrep for ¢ = 0, and
one each of the E* and T, irreps for £ = 2. Note that shells can contain multiple versions
of a given irrep, e.g., the (00a) shell-type with ¢ = 2 contains two versions each of the E*,
Ty, Ty and Ty irreps.
At this stage it is useful to give an example of how shells become active as E and L are

increased. With our cutoff, described in Appendix D.1, the maximum value of |ng|, 7k max,
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Figure 6.1: Number of active momentum shells for fixed mL as a function of E.

is determined by the vanishing of E;?k

Eyi=0 = Njmax = QI;T <E22_EmQ> . (6.48)
This can be easily converted into the number of active shells, an example being shown in
Fig. 6.1. The first fifteen shells are (000), (001), (110), (111), (002), (120), (112), (220),
(221), (003), (130), (113), (222), (230) and (123), at which point examples of all seven types

have appeared.

Although each P is block diagonal in o and ¢, F; ' + K43 is generally not. Thus even
though each eigenvector of F; ' + Kyt 3 lies in a single irrep, it will generally be a nontrivial
linear combination of vectors lying in the subspaces projected onto by Py ). However, we
can still use Table 6.1 to determine how many eigenvalues will be present in a given irrep for

a given choice of F and L. For example, suppose we have both s- and d-wave interactions
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turned on and we are in the E, L regime where only the first two momentum shells, (000)
and (001), are active, so that Nypee; = 1 + 6 = 7. Then the table tells us that Fy ' + Kt 3

has 3 eigenvalues in A since

d(PAj) = d(PA;r,OOO(o)) + d(PAj',OOO(Q)) + d(PA{r,om(o)) + d(PAy,om(z))

=14+0+1+1=3. (6.49)

Looking at the other irreps, we see that in this regime there is 1 eigenvalue in A7, 8 in E™,
3in 777, 9in TyF, 0in A7, 1in Ay, 2in E—, 9in T, and 6 in T giving the correct total
of 6 Ngpeet = 42 eigenvalues. We stress that eigenvalues lying in a given irrep always come in
degenerate multiplets corresponding to the dimension of the irrep. Thus, for example, the
eight eigenvalues in the E* irrep in the two-shell regime consist of four two-fold-degenerate

pairs.

A point that may lead to confusion when we present results in the following section is that
the number of eigenvalues of F3_1 + Kat,3 bears no direct relation to the number of solutions
to the quantization condition. For there to be a solution, an eigenvalue must vanish, and this
occurs only for a subset of the eigenvalues in the energy range of interest. This point can be
seen explicitly if the interactions Ky and Kg4r 3 are weak, for then we expect the number of
states to be the same as for noninteracting particles. We quote in Table 6.2 the irreps that
appear in the first few three-particle levels for noninteracting particles. These states have

energies

E™(ny, ny) Z \/m2 + (27/L)’n nz = —n; — Ny, (6.50)

where n; are integer vectors. As an example of the difference between the dimensions of
Fyt + Kt 3 and the number of solutions, we consider mL = 5 and the A irrep, and focus on
the energy range E//m = 3 — 5. From Fig. 6.1 we see that the number of active momentum

shells begins at 2 for E = 3m, increases to 3 at some point, and then reaches 4 below £ = 5m.
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Table 6.2: Irreps appearing in the lowest energy levels of three identical noninteracting
particles. The first column gives the level number (for values of mL ~ 5), starting at zero.
The states are labeled by the squares of the three vectors n; that determine the momenta of
the particles—see Eq. (6.50)—and these are given in the second column. The third column
gives the degeneracy, and the final column the irreps that appear.

level | (n?,n%,n3) | degen. irreps
0 (0,0,0) 1 AT
1 (1,1,0) 3 Af + BT
2 (2,2,0) 6 AT+ ET + Ty
3 (2,1,1) 12 | AT+ E T+ T +T0 + Ty
4 (3,3,0) 4 AT + Ty

From Table 6.1 we deduce that the corresponding number of eigenvectors in the A irrep
are 3, 6 and 8. By contrast, the free levels in this irrep occur at £ = 3m, F = 4.21m,
E = 5.08m, .... For weak interactions, we expect solutions to the quantization condition
only near these three values, and thus we find that, in all cases, the number of eigenvalues

of Fy !+ Kq 3 significantly exceeds the number of solutions at, or below, the given energy.

We close this section by noting that the components of Kys3, given in Eq. (6.13), can

iso

themselves be decomposed into different irreps. While it is clear that Kjifs, Eq. (6.14), lies
purely in the Af irrep, we also find that the same is true for the ICéZf:?) term. The IC((igfng)
term, however, has components that lie in the A, E*, T," and T} irreps. For components

lying in the remaining irreps one must go to cubic or higher order in the threshold expansion.

6.4 Results

The goal of this section is to illustrate the impact of including d-wave interactions in the
quantization condition. In particular, we aim to determine which energy levels and which
irreps are particularly sensitive to such interactions. We begin, however, with a case where

the impact of d-wave interactions is small, namely the ground state energy with a weak
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two-particle interaction. This allows us to test of our implementation of the quantization
condition in a regime where we can make an analytic prediction. We then consider the
impact of a strong d-wave interaction, m|as| ~ 1, comparing its effect on the ground and
excited states, and for different irreps. Next we study the sensitivity of the finite-volume
spectrum of the physical 377" state, with Iy taken from experiment, to the various terms in
Kats- And, finally, we discuss the different types of unphysical solutions to the quantization

condition that appear.

6.4.1 Threshold expansion including as

In this section we consider the energy of the lightest two- and three-particle states in the case
of weak two-particle interactions, and with the three-particle interaction g3 set to zero.
The energy of these states (called Eéo) and Eéo), respectively) lie close to their noninteracting

values, and we define the differences as
AE,=EY —nxm. (6.51)

These can be expanded in powers of 1/L (up to logarithms), the results being called the
threshold expansions. These expansions have been worked out in a relativistic theory to

O(L~%) in Refs. [24, 68, 81]:%
4dra ao ao \’ ap\®  2mr (a0)>  mag
AFE; = 021 0 Qo olao =
27 I3 { +C1<7TL>+02<7TL> +CS<7TL> + 75 28 +O(L™"), (6.52)

127TCLO 2 6471'2(@0)263 37TCLO 67TT0(CL0)2
AFE; =
Y { dl( L) e ( L> * mL3 * m2L3 * L3

Qo mL M3 ihe
" (7TL> <d3 +ewlog 27r)} Jsmaps 70U

(6.53)

20The terms up to O(L~5) agree with those obtained previously using nonrelativistic QM [65, 66].
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Here ¢y, C3, and the ¢; and d;, are numerical constant available in the aforementioned ref-
erences, and Ms,, is a subtracted three-particle threshold scattering amplitude, whose

definition will be discussed in Appendix D.4.

What we observe from these results is that they depend, through O(L°), only on the
s-wave scattering length, ag, with the effective range r( first entering at O(L%). There is no
explicit dependence on the d-wave scattering amplitude at this order. We can understand
this pattern qualitatively as follows.?! The typical relative momentum, ¢, satisfies AE ~
q?/m, and thus, since AE ~ ag/L?, we learn that ¢* ~ ao/L3. Using the effective range
expansion, Eq. (6.31), we then expect that the relative contribution from the 7y term will
be roagq* ~ roal/L?, and this is indeed what is seen in Eqs. (6.52) and (6.53). By the same
argument, we expect the ¢* terms proportional to both Py and aj to appear first at relative
order O(L79), and thus contribute to AE,, at O(L™?). If this were the case, it would be very

challenging to see the dependence of the threshold energies on as.

However, it turns out that there is an additional contribution of O(L7%) to AFEs that
depends on as, and indeed on all higher partial waves, hidden in Mgjy,,. In Appendix D.4
we calculate the leading dependence on ay in a perturbative expansion in the scattering

amplitudes, finding
m? M e D dune(mao)? (maz)” [1+ Oag) + O(a3)] ,  dupe = —14110. (6.54)

The appearance of a3, rather than a,, follows from our parametrization of the d-wave K

matrix, Eq. (6.32). In order to isolate the as dependence of AEj5, we consider the difference
SEY(L,ag,as) = AEs(L, ag,as) — AE3(L, ag,as = 0) . (6.55)

Substituting Eq. (6.54) into the expression for AFE3, Eq. (6.53), we obtain the theoretical

21See also Appendix C in Ref. [101].



174

10-7 4 analytical

[ ] numerical
10—8 J

sE! 107

10710 J

2 x 10711

10711 J

10712 J

r 107t

10713 T T T T T T T T T
D 10 20 30 40

mL

Figure 6.2: Comparison of the analytical prediction (which is absolutely normalized) with
the results from a numerical solution of the quantization condition. The parameters are
mag = 0.1, mag = 0.25, and 79 = Py = Kgr3 = 0. The lack of linearity for smaller values of
mL is related to the opening up of new momentum shells.

prediction

6B _ dine (mag)® (mas)”
m 48 (mL)s

1+ 0(ag) + O(a3)| + O (L77) . (6.56)

We have checked that the results from numerically solving the quantization condition are
consistent with Eq. (6.56). In particular, we have verified that the leading dependence on
ag, ay and 1/L is as predicted. An example of the comparison, showing the L dependence, is
given in Fig. 6.2. Agreement at the 10% level holds over many orders of magnitude. Based
on our tests, we find that the major source of this small discrepancy arises from terms of

higher order in ay.

This comparison provides a strong cross-check of our numerical implementation. However,
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for weakly interacting system, such as mesons in QCD, one cannot achieve, using lattice
calculations, results for the spectrum with the precision shown in the figure, nor can one
work at such large values of mL. We now turn to situations in which as has a numerically

more significant effect.

6.4.2 FEffects of as on the three-particle spectrum

We begin by studying the strongly interacting regime, where mlas| ~ 1. This regime,
although hardly conceivable in particle physics, represents an interesting academic problem
that is relevant in the physics of cold atoms [102, 103].

In Fig. 6.3, we show the three particle spectrum for £ < 4m in two irreps, A7 and E7,
as a function of negative mas. Here we have fixed the volume to mL = 8.1, and chosen a
weakly attractive s-wave interaction, mag = —0.1, with other scattering parameters set to
zero. We choose negative values for may in order to avoid the possibility of a pole in ICéQ),
Eq. (6.32), for which our formalism breaks down. Note that negative as corresponds, at least
for small magnitudes, to an attractive interaction, as seen from the result for d B, Eq. (6.56).
Since we use a small value of m|ag|, the energy levels at the right-hand edges of both plots
(where as = 0) lie close to the energies of three noninteracting particles (which are E/m = 3,
3.53, 3.97, 4.02, ... for mL = 8.1). As m|ay| increases, the energies are almost flat, until at
a value mlas| ~ 1, the levels shift rapidly downwards. This shift begins at smaller values
of mlas| for excited states. As the magnitude of ay increases, the excited states approach
lower-lying states until an avoided level crossing occurs. We also observe that states in the
E™ irrep are more sensitive to d-wave interactions, which seems to be a general feature, as
will be seen in the following section.

Another interesting observation from Fig. 6.3 is the presence of a deep subthreshold state
for m|ag| > 1. This resembles the Efimov effect, which describes a three-particle bound

state arising from an attractive two-particle interaction m|ag| > 1 [104]. The Efimov bound
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Figure 6.3: Energy levels as a function of masy in the region £ < 4m with mL = 8.1 and
mag = —0.1, 1o = Py = Kqr3 = 0 in the A7 irrep (left) and the E irrep (right).

state has been reproduced numerically with only s-wave interactions present, both in the
NREFT approach [31, 40] and in the isotropic approximation of the RFT formalism [39].
Moreover, there is some theoretical work regarding the existence of this generalized Efimov
scenario in the presence of d-wave interactions [103], although there is no result concerning
the asymptotic volume dependence, unlike in the s-wave case [105]. We have been able to
solve the quantization condition numerically up to mL = 37.5 and the bound state energy
barely changes, which strongly suggests that it is indeed an infinite volume bound state.
Results for may = —1.3 are shown in Fig. 6.4. The volume dependence of the energy is
dominated by effects of the UV cut-off, which manifest themselves as small oscillations when
a new shells become active. These are similar to oscillations observed in several quantities
in Ref. [39].

We close by commenting on the impact of using a relativistic formalism, as opposed
to a NR approach, on the results of this section. We expect that the qualitative features

of the results will be unchanged, but that the quantitative energy levels will be changed
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Figure 6.4: Energy of the subthreshold state in the A] irrep as a function of mL. The
parameters are mag = —0.1, may = —1.3 and ry = By = Kgr3 = 0. Note the highly
compressed vertical scale.

once they differ significantly from 3m. Thus, for example, we expect that the energy of the

subthreshold state will be only slightly changed, since it lies at the border of the NR regime.

6.4.3 Application: spectrum of 37" on the lattice

The simplest application in QCD for the three-particle quantization condition is the 37+
system, not only from the theoretical point of view—mno resonant subchannels—but also
from the technical side—no quark-disconnected diagrams and a good signal /noise ratio. Here
we use our formalism to predict the 37+ spectrum, using values for the two-body scattering
parameters determined from experiment, and a range of choices for the parameters in Kqp 3.2
Our focus will be on how to differentiate effects arising from the different components of g 3,
listed in Eq. (6.13).

An important point in the following is that that there is no natural size for the parameters

22We ignore QED effects, which are numerically small, and, in any case, cannot be incorporated into the
present formalism.
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in Kars: the magnitudes of the dimensionless coefficients KCips, IC;SB . IC;SE . IC(S%?), and
ICEIQf:3B) are not constrained. Strictly speaking, we know this only for ICff&, because, in the
nonrelativistic limit, it is related to the three-particle contact interaction in NREFT (a
relation given explicitly in Ref. [74]), and it is well known that the latter interaction varies
in a log-periodic manner from —oo to oo as the cutoff varies [106]. But we see no reason why

this should not also apply to the other coefficients. In particular, we note that the physical
three-particle scattering amplitude, M3, does not diverge when Cys 3 does [29, 39].

We take the parameters describing isospin-2 77 scattering from Ref. [107]:
myrag = 0.0422, m.ro = 56.21, Py=—3.08-10"%, myay = —0.1867. (6.57)

In a lattice simulation, these parameters would be extracted from the two-pion spectrum,
using the two-particle quantization condition. Indeed, there is considerable recent work on
the 277 system using lattice methods, in some cases incorporating d-wave interactions [95,
108-112]. We emphasize that one must determine these parameters with high precision in

order to disentangle the two- and three-body effects in the three-particle spectrum.

For the relatively weak two-particle interactions of Eq. (6.57), the energy levels lie close
to the noninteracting energies of Eq. (6.50). For the regime of box sizes available in current
lattice simulations, 4 < m,L < 6, there are at most three such levels below the five-particle
threshold, £ = 5m, (above which the quantization condition breaks down). For these levels,
the solutions lie in three irreps: I' = Af, E*, Ty (see Table 6.2). We denote the difference

between the actual energy and its noninteracting value as

AE! = E — Efree (6.58)
where n = 0,1, ... labels the levels following the numbering scheme of Table 6.2. It is known
that, asymptotically, [77]

AEY o 24 O(L7Y). (6.59)

ml3
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We stress, however, that the asymptotic result is not numerically accurate for the range of

mL that we consider.

Let us start from the ground state, which lies in the A irrep. Here our expectations
are guided by the threshold expansion, Eq. (6.53). In addition to explicit dependence on aq
and rg, and the implicit dependence on as; worked out in Sec. 6.4.1, the energy depends on
Kat,s through the Mg g,/ L® term. Following the arguments given in Sec. 6.4.1, we expect
that only IC(ifffg will enter at this order, with dependence on lCidsf(j ’31 suppressed by 1/L3 and
that on lCiisE 5 lCéQf”?) and lCEff”f) by 1/L°. This is borne out by our numerical results, shown
in Fig. E.2. The left panel compares results with several choices of parameters: (i) those
of Eq. (6.57) plus K4¢3 = 0 (labeled “s- and d-wave”—black, dotted line); (ii) the same as
(i) but with KjP; = 300 and all other parameters in K43 vanishing (magenta); (iii) the
same as (ii) but with ICESE 3 also turned on, taking the three values 135 (blue), 270 (cyan)
and 810 (grey); and (iv) the isotropic approximation, i.e., with only s-wave interactions, and
ap the only nonzero scattering parameter (orange). We see that adding d-wave two-particle
interactions has a similar impact to adding KCifs = 300, but that adding ICSE 3 with a similar

magnitude has almost no impact.

The right panel shows the dependence on ICéSf‘fg, with other parameters fixed at the values
in Eq. (6.57). The range we consider is K3 = [—~1000, +1000]. In order to have sensitivity
to KCif in this range, a determination of AEy/m with an error of ~ 0.01 is needed. Such
an error can be achieved with present methods. Thus, as noted in Ref. [39], if one has a
sufficiently accurate knowledge of the two-particle scattering parameters, one can use the

ground state energy to determine the leading three-particle parameter lef&. Indeed, this

approach has been carried out successfully in Refs. [47, 55].

In Fig. 6.6, we investigate the sensitivity of the energy of the first excited state to the
various two-particle scattering parameters, comparing the two irreps that are present. The

magnitude of the energy shifts are comparable to those for the ground state, but the de-
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Figure 6.5: Energy shift for the ground state in the A7 irrep, for which Ef* = 3m. The
two-particle scattering parameters are those in Eq. (6.57), aside from the orange curve in
the left panel, where only aq is nonzero. The three particle scattering parameters are as
indicated in the legend, and explained further in the text. We use the convention that
a parameter value not given explicitly is set to the value given earlier. For example, the
blue line in the left panel has the parameters set to Kff& = 300 and IC(iisf(j 5,)1 = 135, while

is0,2 2,A 2,B
Ktz = ,Cfif,?)) = IC((if,3) = 0.

pendence on the scattering parameters differs markedly. This can be understood because
the relative momenta between the particles is nonvanishing for the excited state. Denoting
generically the relative momenta by ¢, this satisfies ¢/m ~ 27 /(mL) ~ O(1). Because of this
we expect that the higher-order terms in the effective range expansion, i.e. 7o and Py, should
play a much more significant role. This is borne out by the results in the figure, particularly
for the A7 irrep. We observe that the effect of these additional terms is opposite in the
two irreps, which is consistent with the prediction of the threshold expansion generalized to
excited states [77]. We also see that adding d-wave dimers has almost no impact on the A}
irrep (indeed, the effect is smaller than for the ground state) while the impact is comparable
to that of rq and P, for the E* irrep. Qualitatively, this is as expected, since the averaging

over orientations in the A irrep suppresses the overlap with d-wave dimers.
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Figure 6.6: Energy shift of the first excited state in the Af irrep (left) and E7 irrep (right).
In the range of mL shown, E*/m = 4.7 — 3.9. The quantization condition is solved with
only two-particle scattering parameters being nonzero, while 4¢3 = 0. When a parameter
is nonzero, its value is given by Eq. (6.57). The solid orange and red curves include only
s-wave dimers, the former having only ag turned on (“only ay”), with the latter having all
three s-wave parameters in Ky nonzero (“ag, 79, Py”). The dotted black line shows the impact
of adding d-wave dimers, with ay nonzero (“s- and d-wave”).

In Fig. 6.7 we illustrate the dependence of the same two excited states on the five param-
eters in Kq¢ 3, Eq. (6.13). Because g/m ~ O(1) we expect that, unlike for the ground state,
the energy should be sensitive to all five parameters, and not just to IC(ifffg. This is borne out
for the A irrep, where there is strong sensitivity to all three isotropic parameters, and a
somewhat weaker dependence on IC&%?) and ICé2f:3B). As noted above, only IC((ff:f) affects the

E™ irrep, and Fig. 6.7 illustrates this dependence.

The energy shift for the second excited states are shown in Fig. 6.8. We show results only
for those volumes for which the states lie below the five-particle threshold, which requires
mL 2 5.2. The A} energy-shift depends on all parameters in K43, while the E* and T3
irreps depend only on IC((ff:f). The results show a similar dependence on parameters as for

the first excited states. We also find that the E* and T, irreps show the greatest sensitivity
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Figure 6.7: Energy shift of the first excited state in the Af irrep (left) and ET irrep (right)
with various choices of the parameters in Kg4¢ 3. The two-particle scattering parameters are
given by Eq. (6.57) for all curves. The choices of ICys 3 parameters is explained by the legend,
with the convention that a parameter value not given explicitly is set to the value given
earlier. For example, the black line has the parameters set to iff‘fg, = 100, ICiffo 3 =90, and

Kies = 40, while K55 = K& = 0.

to ay of all the states considered.
To sum up, a possible program for determining the coefficients in 4¢3 up to quadratic

order in the threshold expansion is as follows:

1. Determine aq, r9, Fy, and ay from the two-body sector using standard two-particle

methods.

2. Extract KfPs from the threshold state.

3. Use states in the E* and T} irreps to calculate Kézfjf).

4. Use the excited states in the A irrep to obtain the rest of the parameters. The most
difficult parameter to determine would be Kézfﬁ), because its contribution to the energy

is smaller.
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Figure 6.8: Energy shift of the second excited states in the A7 irrep (top left), the ET irrep
(top right) and T3 irrep (bottom). The meaning of the legend is as in previous figures.

Further information could be obtained using moving frames, as has been done very suc-

cessfully in the two-particle case. The formalism of Ref. [28] is still valid, but the detailed

implementation along the lines of this paper has yet to be worked out.

We close by commenting on the importance of using a relativistic formalism for the results

that we have presented in this section. We note that the excited states whose energies we

consider lie in the relativistic regime. For example, at mL = 5.5, the relativistic noninteract-
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ing energy of the second excited state is B = 4.80m, to be compared to the nonrelativistic
energy 3m + 2m(2n/(mL))* = 5.61m. Nevertheless, it may be that the energy splittings
AEY are much less sensitive to relativistic effects, and it would be interesting to implement
the NREFT approach including d waves in order to study this. We do expect, however, that
the parametrization of the three-particle interaction will require additional terms once the

constraints of relativistic invariance are removed.

6.4.4 Unphysical solutions

In this section we describe solutions to the quantization condition that are, for various
reasons, unphysical. These fall roughly into two classes (although there is some overlap):
solutions that occur at the energies of three noninteracting particles (which we refer to as
“free solutions”, occurring at “free energies”), and solutions that correspond to poles in
the finite-volume correlator that have the wrong sign of the residue. The latter were first
observed in Ref. [39] within the isotropic approximation. In the following, we begin with a
general discussion of the properties of physical solutions, and then discuss the two classes of

unphysical solutions in turn.

General properties of physical solutions

We recall here the properties that physical solutions to the quantization condition, Eq. (6.1),
must obey. This extends the analysis presented in Ref. [39] for the isotropic approximation.

The key quantity is the two-point correlation function in Euclidean time,
Ci(r) = (0]0(r)0'(0)]0), (6.60)

where the operator O has the correct quantum numbers to create three particles (and here
also has P = 0). We stress that its hermitian conjugate is used to destroy the states.

Inserting a complete set of finite-volume states with appropriate quantum numbers, we find
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the standard result

Z —Ej|7|), (6.61)

J

where E; > 0 are the energies relative to the vacuum, and the ¢; are real and positive.
Fourier transforming to Euclidean energy and Wick rotating yields

7 1C4

:;CjEQ—EJZ :;(EJrEj)(E—EJ)’

CL(E) (6.62)

where F is the Minkowski energy that appears in the quantization condition. Thus C(E)
is composed of single poles whose residues, for £ > 0, are given by ¢ times real, positive
coefficients.

Next we recall from the analysis of Ref. [28] that the correlator can also be written as

CL(E):AT%A Z\AT oi(E)2

6.63
+ Kat s ( )

N(E)
where A is a column vector, and to obtain the second form we have decomposed Fj ' + Kat 3
in terms of its eigenvalues \;(E) and eigenvectors v;(E).?® Since F; ' + Kqars is real and

symmetric, the eigenvalues are real.

It follows from comparing Eqgs. (6.62) and (6.63) that

(a) A\;(E) cannot have double zeros. This is because, in the vicinity of a double zero at £,
C1(E) would have a double pole, Cf(E) < 1/(E — E;)?. The same prohibition applies

to higher-order zeros.

(b) Eigenvalues of F; ' + Kg; 3 that pass through zero (and thus lead to solutions to the
quantization condition) must do so from below as E increases. To understand this,
note that, if \;(E) has a single zero at E' = Ej, then

)

CuB) = 14" (B 5y 5 5

+ non-pole. (6.64)

23For the sake of brevity, we do not show explicitly that the quantities also depend on L.
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Comparing to Eq. (6.62) we learn that

d);(E)
dE

N(Ej) = > 0. (6.65)

E=E;
This is the generalization of a condition found in Ref. [39] for the isotropic approxima-

tion (where there is only a single relevant eigenvalue).

Any solutions to the quantization condition that do not satisfy both of these conditions we
refer to as unphysical.

We are aware of only three possible sources for unphysical solutions. First, they can arise
from the truncation of the quantization condition to a finite-number of partial waves. Second,
they could be the result of an unphysical parametrization of Ky and K4 3; for example,
the truncation of the threshold expansion for K4¢3 could be unphysical. And, finally, the
exponentially-suppressed terms that we have dropped could be large in some regions of
parameter space, particularly for small mZL. We now present examples of unphysical solutions

that we have found in our numerical investigation.

Solutions with the wrong residue

In this section we give examples of unphysical solutions to the quantization condition that
do not satisfy Eq. (6.65), i.e. which lead to single poles whose residues have the wrong sign.
These were observed in the isotropic approximation in Ref. [39], where it was found that they
occurred only when ]ICin‘f",3| was very large. Here we investigate how this result generalizes in
the presence of d-wave dimers.

We first investigate whether unphysical solutions can be induced by adding d-wave in-
teractions alone, with K43 = 0. We do not find such solutions for large negative values
of mao—the results obtained in Sec. 6.4.2 all correspond to zero crossings in the correct

direction. However, as may approaches unity (which, as we saw in Sec. 6.3, is the upper

bound allowed for the formalism), we do find examples of unphysical solutions. Since we
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have seen in Secs. 6.4.2 and 6.4.3 that the impact of d-wave interactions is greater for irreps
other than A, we focus on the ET irrep, and work in the vicinity of the energy of the first
noninteracting excited state, F¢. In Fig. 6.9, we plot the smallest eigenvalue in magnitude
of Fy ' + Ktz = F; ' in the E* irrep as a function of energy, for two different values of mL
and a range of positive values of may approaching unity. The only other nonvanishing scat-
tering parameter is mag = —0.1. Consider first the left panel, with mL = 8.1. When ay = 0,
there is a solution at E ~ Ef*® = 3.53m, as shown by the lowest level in Fig. 6.3(b). As ay is
increased, the energy shifts upwards, as expected since positive as corresponds to a repulsive
interaction. When may = 0.9, the level is at £y ~ 3.6m, and moves to yet higher energies as
mag increases. These solutions are physical, as shown in the bottom-left inset. For may = 0.9
and 0.91, however, there is also a single unphysical solution near £ = 3.85m, which displays
the additional unphysical behavior of having a decreasing energy with increasingly repulsive
as. Furthermore, for may = 0.92, there is a triplet of solutions—two unphysical and one
physical. Since they are clearly related, we consider all three to be unphysical. For even

larger mas, there are no solutions in the energy range shown.

The right panel, Fig. 6.9(b), displays a similar pattern, with an additional twist. Here
mL = 10, so that B = 3.36m. The energy of the physical solution lies above this, and
increases with increasing mas. There is also an unphysical solution at higher energy, whose
energy decreases with increasing may. The new feature is the presence of a double zero at
Efree As discussed above, this is manifestly unphysical since it leads to a double pole in
Cp(FE). Tt is also unexpected, as its energy lies at that of noninteracting particles. We discuss

such solutions in detail in the following section.

Another example of unphysical solutions in shown in Fig. 6.10, this time induced by a
large, negative value of Kézfjf). Recall that, out of the parameters in Kqs3, the ET irrep is
only sensitive to Ké?zf). Again, there are physical solutions that have the expected behavior

of increasing energy with increasingly negative ICézf’,f) (which corresponds to a repulsive in-
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Figure 6.9: Smallest eigenvalue in magnitude of F; ' in the E* irrep as a function of the
energy for two different values of mL. The parameters are mag = —0.1 and r¢ = Fy =
K3 = 0. Physical and unphysical solutions as well as a double pole at the free energy (to
be discussed in Sec. 6.4.4) are indicated.

teraction), but there are also unphysical solutions at higher energy with opposite dependence

on IC((ff’,f). Eventually, for large enough |IC((ff:f)| both solutions disappear.

We do not yet understand the source of these unphysical solutions, i.e. which of the three
possible sources mentioned at the end of the previous section are most important. This is
a topic for future study. Our attitude is that, if a physical solution is well separated from
an unphysical one, and its behavior as interactions are made more attractive or repulsive
is reasonable, then we accept the physical solution and reject the unphysical one. The
examples we have shown occur when the interactions are strong and repulsive, in which limit
the two solutions come close together, and at some point become unreliable. For attractive
interactions, the two solutions are far apart, often with the unphysical one lying outside
the range in which the quantization condition is valid. In this regime, which includes that

discussed in Sec. 6.4.2, we trust the physical solutions.
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Figure 6.10: Eigenvalue of Fj ! + Kat 3 with smallest magnitude in the E7 irrep as a function

of the energy. The parameters are mL = 8.1, mag = mag = 0.1, ro = Fy = 0, and Kgr3 =0

for all terms except ICEIQf:?)B).

We conclude by stressing that, in the case of three pions in QCD, the interactions are

relatively weak, and we do not expect unphysical solutions to be relevant.

Solutions at free particle energies

This section concerns “free solutions”: solutions to the quantization condition that, even in
the presence of interactions, lie at one of the energies given in Eq. (6.50). We expect that,
in general, there will be no such solutions. Exceptions can occur only if the symmetry of the
finite-volume three-particle state is such that the chosen interactions do not couple to it. An
example in the two-particle sector is that, if P = 0, a finite-volume state lying in the E*
irrep would not be shifted from its noninteracting value if only s- and p-wave interactions
were included, since the lowest wave contributing to £ has £ = 2. One question we address
here is where such examples occur in the three-particle sector.

We were prompted to study this issue by finding examples of free solutions in our numer-

ical study. One example has already been seen above, in Fig. 6.9(b), and further examples
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Figure 6.11: Examples of solutions to the quantization condition for g3 = 0 occurring at
the free energy E'™® (shown in all plots as the vertical dashed line). Plots show eigenvalues
of F3_1 as a function of E/m, with mag = 0.1, 1o = Py = 0 and mL = 5. Solutions to the
quantization occur when an eigenvalue crosses zero. (a) A7 irrep with only ¢ = 0 channels;
(b) ET irrep, with only ¢ = 0 channels; (c) T} irrep, with both ¢ = 0 and 2, and may = 0.1;
(d) E* irrep, with both ¢ = 0 and 2, and may = 0.1. For the E* /Ty irreps, all eigenvalues are
doubly /triply degenerate. In (d), both apparent crossings are in fact avoided, as illustrated
by the inset.
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Level l Irreps with zeros Zeros removed by
: - 2.4 2,8 2.8 2.8
E{ “ 0 AT% 175 E+(1) (]Cc(if,3) or lCc(if,3)); ’Céf,s)Q ’Cfif,:S)
Efree 0 & 2 Al T E* > quartic for each
By 0 ALT Ty (K or Kas)s Kass (Kaes®®) or Kars®)
Eiee 0&2 Al BN T 17 Ty > quartic for each

Table 6.3: Irreps in which free zeros appear for the first two excited levels when K43 = 0.
The “(1)” in the first row denotes that the Ef*, ¢ = ( free zeros in the E* irrep are single
roots with unphysical residue; all other free zeros in the table are (unphysical) double roots.
Also noted are the lowest-order terms in the threshold expansion of Iyt 3 that remove the
free zeros. The notation “> quartic” indicates that a term of at least quartic order is needed.
Note that cubic-order terms are needed to remove the Ei*® ¢ = 0 free zeros in the T} irrep,

as neither of the quadratic terms IC((ff:?) and IC&Qf’,gB) has nonzero eigenvalues in this irrep.

are shown in Fig. 6.11. The first two plots show solutions with only s-wave channels in-
cluded. In Fig. 6.11(a), which shows results for the A} irrep, we see a double zero at the first
excited free energy, B as well as a solution shifted to slightly higher energies. The latter
is expected, since the repulsive interactions should raise the energy of the free state. In the
E7 irrep, by contrast, there is a single zero at B!, with the unphysical sign for the residue,
as well as an interacting solution at higher energy. The other two plots show examples of free
zeros when s- and d-wave channels are included. Both the 77 irrep, shown in Fig. 6.11(c),
and the E* irrep, shown in Fig. 6.11(d), have a double-zero at Eir°.

We find similar results for higher excited free energy levels, in which case they appear in
an increasing number of irreps. We list these irreps for the first two excited free energies in
Table 6.3. There are, however, no free solutions for the lowest free energy EI = 3m.

In all the examples we have found, the free solutions are also unphysical—they are either

double zeros or single zeros with the wrong residue. We do not know if this is a general

24Gtrictly speaking, this is only true when one uses the improved form of the quantization condition given
in Eq. (D.13), and described in Appendix D.1, which removes spurious solutions to Eq. (6.1).
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result. Also, although the examples shown above are for 4¢3 = 0, free solutions also occur
when some components of Kgr3 are turned on. Indeed, one of the questions we address in
the following is which components of Ky 3 are required to either remove the free solutions or
move them away from E™. Our first task, however, is to understand in more detail when
and why free solutions occur. All such solutions originate from the fact that F and G have
single poles at all the free energies. These can lead to poles in F3 and thus zeros in Fy *. We
analyze in detail only the lowest two free energies, i.e. those with level number n = 0 and 1

in the notation of Table 6.2, and then draw some general conclusions.

For E ~ Efr* = 3m, the only elements of F' and G that have poles at Ef have vanishing
spectator momenta and ¢ = 0,%° specifically

1
16m3L3(E — 3m)

Fooo;ooo ~ 56000;000 ~ po = (6.66)

Here we are using the symbol ~ to indicate “up to nonpole parts”. All other elements of
these matrices, and of Ko, either vanish or are of O(1). From Table 6.1 it now follows that
poles in F and G only appear in the Af irrep, and the issue is whether these lead to a pole

in Fg.

To address this we consider the simplest case in which the volume is chosen such that only
the lowest two momentum shells are active, which is the case for mL ~ 5. From Table 6.1

we then see that in the A] irrep the matrices are three dimensional, with indices
([shell 1,¢ = 0], [shell 2,¢ = 0], [shell 2,¢=2]) . (6.67)

We will use a 1 + 2 block notation for the matrices, since this conveys all the necessary

Z5Pole contributions with £ = 2 and/or #' = 2 vanish because, at the pole, a* = a’* = 0.
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information. Close to Ef*® the matrices have the form?°

s [mrom) o e 20+ O(1) O(1) | 668
0 o(1) o) 0Q)

where O(1) elements are constrained only by the fact that F and G are symmetric. Ky is a

diagonal matrix with O(1) elements. From this it follows that

3po+0O(1) O(1) 5 +O/p3) O(1/po)

H=F+G+ (2wky) ™" = -~ Hl=
ol o) O(1/po) o(1)
(6.69)
and thus in turn that
Py~ (P3O0 OW) Fy=0(1). (6.70)

o) o)

We thus find that free poles at E* cancel in F3. This argument generalizes to any number
of active shells, since there are no additional poles, and the only change is that the second
block in the above analysis is enlarged. The result agrees with our numerical finding that

there are no free poles at Efree.

Next we consider poles at the second free energy, Ei"°. For mL ~ 4 — 6 there are then
three active shells, so the matrices to consider become larger, e.g. six-dimensional in the
AT irrep, and the analysis correspondingly more complicated. We work out the case of the
Af irrep in Appendix D.5, both with ¢ = 0 channels only and with ¢ = 0 and 2 channels
included. In both cases we find that Fj ' has a double zero at £ = Ef*. This lies in a

one-dimensional subspace of the full matrix space, and what differs between the two cases is

26There are also potential poles in the £ = 2 components arising from the vanishing of 45 and g5, in

G and ﬁ, Egs. (D.3) and (D.9). However, as discussed at the end of Appendix D.1, the quantization
condition can be formulated such that these purely kinematical poles are canceled, and it is legitimate to
ignore them.
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this subspace. For ¢ = 0 only, the matrix indices are
([shell 1,¢ = 0], [shell 2,¢ = 0], [shell 3, =0],...) . (6.71)

with the dimension depending on the choice of L. The double zero of F; ! lies, in this case,

in the space spanned by
(@] = /1 (V6,-1,0,...) . (6.72)
For ¢ = 0 and 2, the matrix indices are
([shell 1,¢ = 0], [shell 2,¢ = 0], [shell 2,¢ = 2], [shell 3,¢=0], ...), (6.73)

and the space of the double zero of F; ! is spanned by
(1] = /% (V6.-1,-V5,0,...) . (6.74)

The factors in Eqgs. (6.72) and (6.74) result from the form of the spherical harmonics and
the size of the first two shells. They are thus kinematical.

These analytic results confirm what we find numerically. For example, the double zero at
E'ee shown in Fig. 6.11(a) exactly matches that expected from the analysis of Appendix D.5,

and we have checked numerically that it lies in the predicted subspace.

We now discuss how the single zeros at free energies arise. There is a particularly simple
case in which we can easily understand these analytically: the E* irrep when we keep only
s-wave channels and choose mL such that only the first two shells are active. We must also
choose mL such that B < 5m (so that the formalism applies); one example is mL = 3.8,
for which Ef® = 4.86m. In fact, as shown in Table 6.1, the first shell has no E* component
for ¢ = 0, so this simple case actually involves only the second shell, for which the ET irrep
appears once. Although the ET irrep is two-dimensional, within this space all matrices are

proportional to the identity. Thus the matrices are effectively one-dimensional.

The second shell consists of six elements, which we label by the direction of the spectator
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momentum k in the following order
k € og1 = (2n/L){-2,—0,—%,%,79,2}. (6.75)
In this basis, the E eigenvectors can be chosen as
%(1, 0,—1,-1,0,1) and \/g(—l, 2,-1,-1,2,-1). (6.76)
It is then simple to calculate the pole terms to be
F=1[p,+0(1)] and G=1[p, +0O(1)], (6.77)

where

1
~ SmwiL3(E — Efee)

D1 (6.78)

It immediately follows that
1 ﬁ ~ 1~ P1
F3=— |- —-FH'F|=-—21[1+0(1 . 6.79
= s | = -1+ o) (6.79
Thus Fy indeed has a single pole at £ = E*¢ and F; ' a single (doubly degenerate) zero.
Increasing L so that there are more active shells does not change the pole structure or the

presence of the single zero. We also see that the zero in F; ' has a negative coefficient,

implying that it decreases through zero, consistent with the behavior seen in Fig. 6.11(b).

Thus we have understood in a few simple cases why the free zeros listed in Table 6.3
appear. It is interesting to contrast this to the results of Ref. [39], where the quantization
condition was studied numerically in the isotropic approximation. In that work no free zeros
in F;! were found. At first this may seem puzzling, because the isotropic approximation
is a subset of our analysis when we restrict to £ = 0 channels. The resolution is that the
additional isotropic projection that is used is orthogonal to the subspace in which the zeros
live. This is demonstrated in Appendix D.6, along with a derivation of the precise relation

between the isotropic approximation and the analysis carried out here.
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The final stage of our analysis is to study whether the inclusion of components of Kyt 3
removes the free zeros. Here by “remove” we mean that there is no longer a solution to the
quantization condition at a free energy. This can be accomplished either by removing the
solution altogether (which is possible for a double zero, which only touches the axis) or by
moving it away from the free energy (the likely solution for a single zero). We expect that
it Kqs 3 were not truncated then there would be no free zeros, since there would be some
overlap between the state and the three-particle interaction. This is indeed consistent with
what we find. What turns out to be surprising, however, is which components of K43 that

are needed to remove the free zeros.

We first consider the ¢ = 0, A case. To remove the double zero, it must be that the

projection of K43 into the space of zeros is nonvanishing:
[Kara(EF)]|zy) #0, (6.80)

where |2) is defined in Eq. (6.72). Here the square brackets indicate the matrix that results
when Kyt 3 is decomposed into the k¢m basis and projected into an irrep. Note that this

equation need only hold for £ = Ef ie. at the energy of the free zero.

The isotropic parts of K¢ 3, Eq. (6.14), do not solve the problem. These terms have the

matrix form
=) o< 1) (Lie (6.81)
where
(1| = (1,V6,V12,...) . (6.82)
Since this vector is orthogonal to |z]), it follows that, for all energies,
[K=]l) =0, (6.83)

so that Eq. (6.80) is not satisfied. The form of |1x) follows from the fact that K¢ is
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independent of the spectator momentum, so that the A projection simply gives factors of
the square root of the multiplicity of the shells. We thus expect that the inclusion of any
dependence on the spectator momentum will lead to a [Kg¢ 3] satisfying Eq. (6.80). This is

what we find in practice with both of the quadratic terms, i.e. those with coefficients ICEIZf:}?)

and IC(SQf’,?,B) [see Egs. (6.15) and (6.16)].

This result is an example of a general pattern: the part of Kyr 3 that “removes” the free
zeros comes from terms that involve higher values of ¢ than those being included in Fj*'.
Here, we need quadratic terms, which have both ¢ = 0 and 2 components, in order to remove
the free zeros from the ¢ = 0 part of F; '. To be clear, the £ = 2 components of the quadratic
terms play no role; it is simply that by going to higher order one obtains a more complicated
form of the ¢ = 0 parts, and this is sufficient to remove the unwanted free zeros. Further
examples of this are shown in the last column of Table 6.3, where we list, for all irreps that

enter in a given free momentum shell, the terms in Ky 3 that remove the free zero.

The second example we consider is the combined ¢ = 0 and 2 part of F; ' in the A irrep.

In this case, we need
[KCat 3 (EF*)]|a1) # 0 (6.84)

[with |z1) given in Eq. (6.74)] in order to remove the free zeros. We find numerically that this
equation is not satisfied by any of the quadratic or cubic terms contributing to Kg 3, but that
quartic terms do satisfy it.?” This exemplifies the general pattern discussed above: quadratic
and cubic terms contain only ¢ = 0 and 2, while quartic terms include also ¢ = 4 parts. We
were initially surprised by this result, because Kyt 3 is an infinite-volume quantity, while |z;)
arises from finite-volume considerations. However, we show analytically in Appendix D.7 that
orthogonality follows solely from the rotation invariance and particle-interchange symmetry

of Kar 3, together with the fact that quadratic and cubic terms contain only ¢/ = 0 and 2

2TIn this case it is crucial to set the energy to E1°; for other energies Eq. (6.84) is satisfied.
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parts. Thus it is an example of the phenomenon described at the beginning of this section,
in which symmetries make the finite-volume state transparent to certain interactions. It is
also clear from the arguments in Appendix D.7 that all that is required for Eq. (6.84) to be
satisfied is to use contributions to Kg¢ 3 that involve ¢ > 4, i.e. terms of quartic or higher

order in the threshold expansion.

Finally, we consider the case of the single zero in the EV irrep for ¢ = 0 channels only,
shown in Fig 6.11(b). Here we aim to shift the zero away from the free energy. This is
accomplished by including a contribution from Kq4¢ 3 that lives in the E™ irrep. As noted in
the final paragraph of Sec. 6.3, the lowest-order term in the threshold expansion for which
this is the case is the IC((E:?) term. Thus, once again, we have to use a term in g4 3 that

contains higher values of ¢ (here ¢ = 2) than are included in F3.

These theoretical arguments are supported by our numerical results. We show two ex-
amples in Fig. 6.12. These correspond to the two cases shown in Figs. 6.11(a) and 6.11(b),
except that we have turned on lC((ff:?) and IC((ffigB), respectively. We expect the double-zero in
the former case (Af irrep) to removed by the addition of any quadratic term in K43, and
the figure shows that ICéQf:?) does the job. In Fig. 6.12(b), corresponding to the E* irrep, we
need to use the IC((fff) term, since ICSQf:’;) does not contain an E* component. Since this is a
single zero, it is not removed, but is rather shifted to a non-free energy. Note, however, that
it remains unphysical because it decreases through zero. In fact, for higher values of ICEIQf’f),

the zeros coalesce and then disappear.

We close this section with two general comments on the nature of the resolution that we
have presented to the problem of unwanted free solutions. The first concerns the result that
we need higher-order terms in the threshold expansion of K43 in order to remove the free
zeros of a given order in Fy . On its face, this invalidates the threshold expansion, for we are
evaluating distinct terms in the quantization condition at different orders. We do not think

this is the case, however, because we know that, above threshold, all terms in the expansion
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Figure 6.12: Effect of turning on /Cy 3 on the free solutions shown in Fig. 6.11(a) and 6.11(b),
with all other parameters unchanged. Eigenvalues are now those of Fy '+ Kgr3. (a) AT irrep

with ICézf:?) = 8000; (b) ET irrep with IC((ff:?)B) = 8000.

of Kqr 3 are present at some level, and it only takes an infinitesimal value for the coefficient
of the requisite higher-order term to remove the unwanted solution. Thus we conclude that
we can proceed, in practice, by truncating the expansion of all quantities at the same order

in the threshold expansion, and simply ignore the free solutions.

The second comment concerns the fact that our resolution fails if the coefficient of the
required parts of 4¢3 vanish. In fact, this would require the simultaneous vanishing of an
infinite number of terms in the threshold expansion, since higher-order terms in the correct
irrep can remove the free solutions. Thus it would require an enormous fine-tuning, which
seems highly implausible, especially because there is no enhancement of the symmetry of

Kat3 at the tuned point.
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6.5 Conclusions

The work presented in this paper is the first step towards the systematic inclusion of higher
partial waves in the three-particle quantization condition. We have used the generic relativis-
tic field theory (RFT) approach, formulated so that the three-particle scattering quantity,
K3, is Lorentz invariant. This invariance proves very important in simplifying the threshold
expansion of g 3. Indeed, we find that, at quadratic order and for identical particles, only
five parameters control the contribution from the three-particle sector, of which only two
describe dependence on angular degrees of freedom. This provides a simple starting point
for studying the impact of Kqr3. Working at quadratic order implies keeping both s- and
d-wave two-particle channels (dimers). We have numerically implemented the quantization
condition at this order, and obtained several new results that we now highlight.

The first of these is to determine the projection onto irreps of the cubic group including
higher partial waves. This has previously been done only for the case of s-wave dimers [40].
The generalization is nontrivial, since both the spectator momentum and the parameters
of the dimer transform. While we have worked this out explicitly only for coupled s- and
d-wave dimers, the formalism holds for dimers with any angular momentum.

Second, we have understood how the two-particle scattering amplitudes in higher partial
waves enter in the 1/L expansion of the energy of the three-particle ground state. We find
that all even partial waves enter at O(1/L%), and have calculated analytically the dependence
on the d-wave amplitude in the weak-coupling limit and for Ky 3 = 0. Although this con-
tribution itself is likely too small to be seen in present simulations of three-particle systems,
we have used it as a nontrivial check of our implementation.

Third, we have shown that d-wave interactions, if they are moderately strong, can have a
sizable effect on the finite-volume three-particle spectrum. For example, we have presented
evidence for a generalized Efimov-like three-particle bound state induced by a strongly at-

tractive d-wave two-particle interaction.
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Fourth, we have shown how the five parameters describing Kg4¢ 3 lead to distinguishable
effects on the spectrum of the 37 system, suggesting that they can be separately determined
in a dedicated lattice study. Indeed, this is the system within QCD to which our truncated

formalism is most applicable.

Finally, we have characterized solutions to the quantization condition that are unphysical.
These presumably arise because of the truncation to a small number of partial waves, and
the fact that we have dropped terms that are exponentially suppressed in mL. One class
of solutions generally appears when either the two- or the three-particle interactions are
strong and repulsive. Our approach is to use parameters such that there are no unphysical
solutions near to the physical solutions of interest. The second class of solutions are those
that occur at the energies of three noninteracting particles. We have presented numerical
evidence and analytical arguments that these are removed if sufficiently high-order terms
in Kgr 3 are included. We expect that other approaches to the three-particle quantization

condition will face similar issues, for which our observations may be relevant.

There remain many directions for future study. In order to make our implementation
more useful, it is important to generalize it to moving frames. The underlying formalism
of Ref. [28] applies in all finite-volume frames, but the projectors onto irreps will need to
be generalized to account for the reduced symmetry. Another important generalization is
to include subchannel resonances, i.e., dynamical poles in /Cy. For this one must implement
the formalism of Ref. [35], and go beyond the threshold expansion. Finally, we recall that
Kat s is an intermediate quantity, related to the physical three-particle scattering amplitude,
M3, by integral equations. Since it is only by looking for complex poles in M3 that one
can study three-particle resonances, it is crucial to develop methods to solve the necessary

integral equations.

To conclude, we would like to restate that, as it is a relativistic approach, our implemen-

tation can simultaneously be useful to both the lattice QCD community and the field of cold
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atom physics.
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Chapter 7

NUMERICAL EXPLORATION OF THREE RELATIVISTIC
PARTICLES IN A FINITE VOLUME INCLUDING
TWO-PARTICLE RESONANCES AND BOUND STATES!

7.1 Introduction

Lattice quantum chromodynamics (LQCD), in which QCD correlators are estimated numer-
ically via Monte Carlo importance sampling of the path integral, has proven to be a powerful
tool for determining low-energy properties of hadrons. Currently, one of the major frontiers of
numerical LQCD is the calculation of few-hadron observables. In particular, there has been
substantial recent progress in the determination of scattering amplitudes, including cases for
which multiple channels are open and couple to underlying resonances [96, 97, 112-125].2
These studies rely on formalism that maps quantities obtained via LQCD, namely finite-
volume observables, to infinite-volume amplitudes [24, 25, 27, 56, 57, 60, 61, 63, 126, 127].
Presently, one of the primary limitations on the study of resonances and light nuclei is the
absence of a complete formalism that can provide such a mapping for energies above three-
particle production thresholds. In fact, finite-volume spectra are already being obtained
above three-particle thresholds using a large basis of interpolators including those built from
three single-hadron operators, each projected to definite momentum [1, 120, 128].> With-
out a three-particle formalism, the information contained in these spectra is inaccessible.

¢

This was recently emphasized in a USQCD whitepaper: “...the development of a rigorous

!This chapter and Appendix E are taken directly from Ref. [36].
2See Ref. [26] for a recent review.

3Similar work has also been done in the ¢* theory [55].
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three-body (and higher) formalism is vital to have confidence in the calculations of high-lying
resonances” [129].

While a complete formalism is not yet in place, there has been considerable progress in this
direction, following three approaches. The first is based on a generic relativistic effective field
theory (the relativistic field theory or RET approach) [28, 29, 34, 35, 39, 76], the second uses
non-relativistic effective field theory (the NREFT method) [30, 31, 40], and the third applies
unitary constraints in finite volumes (the FVU or finite-volume unitarity approach) [32, 41].4
For a recent review, including a discussion of the relation between the different formalisms,
see Ref. [74]. At present, the only formalism that is both fully relativistic and incorporates
partial-wave mixing (both due to the physical three-body dynamics and the reduction of
rotational symmetry in a finite volume) is the RF'T approach. In this work we focus on this
approach and extend its range of applicability.

In the original derivation, given in Ref. [28], it was necessary to assume that a quantity
closely related to the two-particle K matrix had no singularities in the kinematic region of
interest. This implies that the formalism cannot be used if the two-particle subchannels con-
tain resonances that are narrow enough to induce such singularities, or bound states, which
generically give poles in the K-matrix-like quantity. The formalism also breaks down if the
K matrix contains poles above threshold that do not correspond to a physical phenomenon,
as occurs, for example, when the corresponding phase shift passes through 7 /2 from above.
These restrictions are a major practical shortcoming of the original RFT approach. They are
also surprising, as the problematic poles do not, in general, correspond to physical quanti-
ties. All such technical restrictions were lifted by a recent extension of the formalism given in
Ref. [35], but at the cost of including an unphysical channel at intermediate stages for each
bound state or resonance, making the approach cumbersome in practical implementations.

In prior studies, we have explored the numerical implementation of the original formal-

41t is worth emphasizing that efforts to constrain infinite-volume three-particle amplitudes from finite-
volume LQCD results has partially motivated several infinite-volume studies [78, 79, 92, 93, 130].
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ism of Ref. [28] in simple limits. First, in Ref. [39] we considered the low-energy, isotropic
approximation, in which scattering in two-particle subchannels is dominated by the s-wave,
and the three-particle scattering quantity, Kqr 3, is independent of the spectator momen-
tum. Second, in Ref. [76], we considered the case in which d-wave scattering, the dominant
subleading partial wave for identical particle systems at low energies, was no longer negligi-
ble, with corresponding nonisotropic contributions added to Kg4¢3. The latter investigation
demonstrated that higher partial wave systems can indeed be implemented numerically using
the RFT approach. However, because of the above-mentioned restrictions, in both studies
we were only able to consider dynamics where two-particle subsystems did not have bound
states or resonances. Three-particle bound states, for which no issues arise, are considered

in Refs. [39, 76, 80].

In this work we describe and implement an alternative modification of the formalism
of Ref. [28] that removes the restriction on K matrix poles. This new approach does not
require the introduction of unphysical channels, and is thus much simpler than that given
in Ref. [35]. Indeed, the numerical implementation of the new approach requires only slight
modifications compared to that for the original formalism, so the methods of Refs. [39, 76]
can be used with minimal change. We stress that, by allowing for a general two-particle
K matrix, our improvement of the original formalism brings it to the same status in this
regard as the NREFT and FVU approaches [31, 32, 40, 41], since the latter do not require
restrictions on the two-particle K matrix. We also note that, since the RFT formalism is
valid for arbitrary partial waves, and has been implemented for combined s- and d-waves,
we are able to consider three-particle systems not previously addressed in the literature.
Finally we comment that this new method is also of relevance for 2 — 3 scattering, already
considered in the context of the RFT formalism in Ref. [34]. Further work is required to

relate the present ideas to the coupled-channel formalism of Ref. [34].

The main purpose of the present note is to show examples of the results that are obtained
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using the modified formalism. In a companion paper [131] we will describe in detail why
the modified formalism is valid, as well as the relation to the more complicated approach of
Ref. [35].

The finite- to infinite-volume relation consists of two steps. The first uses a three-particle
quantization condition to relate the finite-volume spectrum, FE, (L), to an intermediate,
scheme-dependent, infinite-volume three-particle scattering quantity, K43, while the second
requires solving infinite-volume integral equations to relate 4¢3 to the physical scattering
amplitude, Mj3. In Ref. [39], we implemented both steps, although the latter only below
and at the three-particle threshold. Here, in the interests of brevity and clarity, we mainly
consider the first step, E,(L) <> Kq4¢ 3, and only indirectly explore some consequences of the
second: g3 <> M.

As in all work to date, we restrict ourselves to the case of identical scalar particles. Thus,
strictly speaking, the formalism applies in QCD only to three identical pions (e.g. 7 717 ™).
We further restrict ourselves to theories with a G-parity-like Zs symmetry that conserves
particle-number modulo two (as is the case for three pions in the isospin-symmetric limit).
This forbids 2 — 3 transitions, which, in the energy range we consider, leads effectively to
particle-number conservation. Furthermore, since many features of the finite-volume spec-
trum are determined by kinematics, we expect that the examples we show will shed light
on the three-nucleon system. To illustrate this, in Sec. 7.4.3 we choose parameters to mimic
the nnp or npp three-nucleon systems, with a two-particle bound state (called a dimer state)
having the same binding energy as the deuteron, and the three-particle bound state (referred
to as a trimer state) having the same binding energy as the triton or helium-3. This en-
ables us to study a toy version of nucleon-deuteron scattering and reproduce the well known

Phillips line of nuclear effective field theory [132, 133].

5The presence of a Zy symmetry was assumed in the original derivation [28, 29], and has also been
assumed in all numerical investigations so far. The formalism for a theory without a Z, symmetry has
been developed [34], but has not yet been numerically implemented.
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This example brings out an important general point. The three-particle quantization
condition was developed in order to map finite-volume energies into infinite-volume scattering
observables. It turns out, however, that the formalism also predicts the properties of two- and
three-particle resonances and bound states, given a description of the microscopic physics
as encoded in the two-particle K matrix and Kg4¢ 3. This aspect is independent of the finite-
volume and emerges because the integral equations relating 4¢3 to My exactly solve the
unitarity constraints on the scattering amplitude [93]. This alternative application of the
formalism was already used in Ref. [39], where we extracted the vertex function of a trimer
and found good agreement with the Efimov wave-function. Similarly, in Ref. [76], we used
the approach to give evidence for a trimer that is bound primarily by attractive d-wave

interactions.

The remainder of this paper is organized as follows. We begin, in Sec. 7.2, by providing
a brief recap of the essential components of the formalism of Ref. [28]. This is followed in
Sec. 7.3 by a description of the modified formalism that allows for the study of three-body
states with either resonant or bound subsystems. In Sec. 7.4 we illustrate the power of
this formalism by applying it to various examples: First, in Sec. 7.4.1 we determine the
finite-volume spectrum for systems with dimers; then, in Sec. 7.4.2, we evaluate the finite-
volume spectrum below the three-particle threshold at large volumes, in order to determine
the particle-dimer scattering amplitude for a range of two-body scattering lengths; third, in
Sec. 7.4.3, we tune Kjjf and the two-body parameters to determine the neutron-deuterium
scattering amplitude in a toy model without spin or isospin; next in Sec. 7.4.4 we present
the three-particle spectrum in the case of a two-particle resonance; and, finally, in Sec. 7.4.5,
we consider the implication of including d-wave dimers. We present concluding remarks in
Sec. 9. We also include two appendices. In Appendix E.1 we explore the role that the
scheme-dependence of Kg4¢3 plays in determining the finite-volume energy spectrum. In

Appendix E.2 we explain how the predictions for the particle-dimer scattering length are
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obtained in the NREFT framework.

7.2 Recap of the quantization condition and its approximations

In the presence of a Zy symmetry, the finite-volume spectrum is determined by the solutions,

E = E,(L) with n=0,1,2,..., to the quantization condition [28]°
det [F3(E, L)™' + Kars(E)| = 0. (7.1)

Here L is the linear extent of the finite cubic spatial volume, effected by applying periodic
boundary conditions to the fields defining the theory. Although the formalism holds for
arbitrary total three-momentum, P, we consider here only the case in which P = 0, so that
the total energy E is also the center-of-mass energy for the three particles. The quantization
condition is valid for E < 5m, i.e. for energies below the five-particle production threshold.

The second term appearing in the determinant, 4¢3, is the aforementioned, scheme-
dependent, infinite-volume scattering quantity. It is a smooth, real function of the kinematic
variables describing three-to-three scattering and can be understood as the short-distance
piece of the three-body interaction.” The first term in the determinant, F3, depends on the
physical two-particle scattering amplitude, My (or equivalently, through a straightforward
algebraic relation, on the two-particle K matrix, KCy) and on known geometric functions that
depend on the box shape and size.

In Eq. (8.1), both Fj and K43 are written as infinite-dimensional matrices acting on the
space of three, on-shell particles in finite volume. Each object carries two copies of the index

set k, ¢, m, where k = 2mn/L is a finite-volume momentum, given in terms of a 3-vector

6The quantization condition holds up to exponentially-suppressed corrections, scaling as e~™%, which
are assumed negligible, and ignored, throughout this work.

"The label “df” denotes “divergence-free”, and indicates that kinematical divergences, present in the
three-particle amplitude Mg, are removed in the definition of K4¢ 3. For more details, see Refs. [28, 29].
We note that, just as for the two-body K matrix, q¢ 3 can have poles induced by the dynamics, although
we do not consider this possibility here.
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of integers, n, while ¢ and m are angular-momentum indices. The set-up is that k is the
momentum of one of the three on-shell particles, referred to as the spectator, while £ and m
describe the angular momentum of the other two in their center-of-mass (c.m.) frame. Fj
is intrinsically a finite-volume quantity, and thus comes always in matrix form. By contrast,
Kat 3 is an infinite-volume quantity depending on continuous momentum coordinates and the
matrix version is defined by sampling the function at a discrete set of kinematics, dictated

by the volume.®

As we describe below, the spectator-momentum index, k, is cut off by a function H (k)
that serves as an ultraviolet regulator. Thus the matrices in Eq. (8.1) are infinite only
due to their angular-momentum indices. One can expand the two- and three-particle K
matrices Ky and K43 about threshold, as explained in Refs. [39, 76]. This leads to a
systematic truncation scheme in which ¢ < /., in all quantities entering the quantization
condition, including the kinematic functions [28]. Since both spectator momentum and
angular-momentum index sums are truncated, the problem reduces to one involving finite
matrices, suitable for numerical implementation. In this work we will present results for both

limax = 0 (s-wave only) and £, = 2 (s- and d-wave mixing).’?

7.2.1 The s-wave-only approzimation: {pa = 0

The general expression for Fj is given in Ref. [28]. Here we recall the form only for the
simplest case, .x = 0, which is the choice we use in most of the numerical explorations
described below. In this limit, the index space reduces from k,/,m, to the discretized

momentum, k. Denoting the s-wave-only version of F3 by Fy, we recall that the latter is

8Explicit examples of how to carry out this restriction are given in Ref. [76].

90dd ¢ give vanishing contibutions due to the exchange symmetry of the identical scalar particles.
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given by
Fs 1 -
DPFR=——-F"—a e [F° (7.2)
3 1/Ks + Fs + Gs

where F* and G* are geometric matrices in the space of the spectator momentum,
~ oy H(k) | 1 d*a Hy(a,b
2 2w | L34 (27)3 | 2w 2wy (E — wi, — wy — wp)
H(k)H(p)
L32wj 2w, (0> — m?)

(7.3)

[és]kp (7.4)

The sum in Eq. (F.2) runs over all finite-volume momenta, i.e. over all a = (27/L)n, where
n, is a 3-vector of integers. As we set P = 0, the third particle carries momentum b = —a—k.
On-shell energies are denoted w, for example wy, = v/m? + k2, with m the particle mass. The
explicit form of the cutoff function H(k) is given in Refs. [28, 34, 39] and is not repeated
here, except to note that we always take @ = —1 for the parameter in the cutoff function.
[See Eq. (A3) of Ref. [34]]

The sum-integral difference in Eq. (F.2) is regulated in the ultraviolet by the function
H,, for which there is considerable freedom. In this work we use the “KSS” form [27],
Hy(a,b) = exp[—axss(a*? — ¢*?)], explained in detail in Appendix B of Ref. [39].

We note that while F** is the same as in Ref. [39], G* differs—here we use its relativistic
form, since this leads to a Lorentz invariant K4¢ 3. This invariance plays a role when expand-
ing this function about three-particle threshold. Unlike for G*, it is not necessary that the
denominator in F* be relativistically invariant. This is because replacing 2wy, ( E —wy —w, —wy)
with (0> — m?) leads only to an exponentially suppressed change to Fs.

The final ingredient needed for F?f is the two-particle s-wave K matrix, or, equivalently,

the s-wave phase shift d,. This appears in the diagonal matrix

[1/K3)kp = 0 (1/K5(K) ), (7.5)
]CS k = ) ,
) = i) + | — ()]

(7.6)
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where

*2

E
Eff = (B~ w)® ~ K and gi = —% —m’ (7.7)

are the total squared energy and particle momentum in the c.m. frame of the nonspectator
pair, and d, the s-wave phase shift. Were it not for the second term in the denominator of
Eq. (F.5), K5 would simply equal Ky/(2wy,), where

167 E%
Ki(k) = 2k ,
> (k) qg,k;COt(ss(qg,k;)

(7.8)

is one standard choice for the definition of the K matrix. Indeed, the equivalence does hold
above threshold (i.e. for F3, > 2m), where H (k) = 1. The second term is essential, however,

for the derivation of Ref. [28], and implies that K§ is scheme-dependent below threshold.

In what follows, we make use of two parametrizations of the phase shift. The first is a
low-energy expansion, commonly referred to as the effective range expansion (ERE), which

for the s-wave can be written as

@5 cOt 05(qa 1) = T + 57“0%,213 + O(q274k) ; (7.9)

where ag and rg are the scattering length and the effective range, respectively. In numerical
explorations considered below, we will only consider examples with rg = 0. Our second choice
is the Breit-Wigner form, commonly used when a narrow resonance couples to a two-body

system. For an s-wave resonance, this can be written

Es, T(ES
tan 5Bw(q;7k) _ 2.k ( Z,k)

2,2
_ng*

with — I'(E3,) = —— =5 @
2.k 67T E272k 2.k

(7.10)

my — E5%
where mp is the resonance mass and g its coupling to the two-particle channel. We describe
below one example of the finite-volume three-particle spectrum in the presence of such a res-

onant two-body interaction. We note that the Breit-Wigner form is similar to the truncated
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effective range expansion,

2 *2 *2
mp — B35 6m Eg
* 2 2
2,k gs mpg

5 5 cOt Opw (a3 ) = B3 A+ Bq;?k] ) (7.11)

with A and B constants. However, in order for there to be a narrow resonance, the A and B
terms must cancel, so that one is, in general, outside the range of convergence of the effective

range expansion.

We close this subsection by noting that, within the s-wave approximation, 4¢3 becomes
a function solely of the total energy and the spectator momenta, Kass = Kars(E,p, k).
This, along with the above-described approximations, leads to a set-up that is analogous
to that used to date in the NREFT and FVU approaches [30-32, 40, 41]. However, a
careful analysis of the definition of 4¢3, which depends implicitly on Ky, reveals that it is
not consistent with particle-interchange symmetry to restrict 4¢3 to s-waves in the ¢, m
indices, while allowing dependence on the spectator momenta, k and p. Instead one must
apply a consistent truncation across the two- and three-particle sectors. In the case that
Ko is restricted to the s-wave, this implies that K43 must be evaluated in the isotropic

approximation, to which we now turn.

7.2.2  The isotropic approximation

A systematic method for understanding the implications of particle-interchange and Lorentz
symmetry for ICq¢ 5 is the threshold expansion [39, 76]. This is a low-energy expansion about
the three-particle threshold, and is the analog of the the effective-range expansion described
above for Ky [see Eq. (7.9)]. At leading order in this expansion, corresponding to keeping
only the —1/ag term in (7.9), K4¢3 is a constant, which we denote K5p5. Here, the superscript
“iso” stands for isotropic. Generally we take this to mean that the function is independent

of (i.e. constant with respect to) all coordinates besides the total three-particle energy. At

the next order in the threshold expansion, corresponding to the qi“?k term in Eq. (7.9), Kas3
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becomes a linear function of E? while remaining isotropic. When expressed in terms of the
k, /, m indices, this implies that it is pure s-wave, and independent of the initial and final

spectator momenta.

An isotropic Kg¢ 3, together with the choice ¢,,,x = 0—a combination that we call, follow-
ing Refs. [28, 39], the isotropic approximation—was shown in Ref. [28] to reduce the gt 3-

dependent part of the quantization condition (8.1) to a one-dimensional algebraic equation,
Fy°(BE, L)™' + Kifs(E) = 0. (7.12)

Here Fi* is the isotropic projection of Fj,
R = (1F; ). (7.13)

where F¥ is given in Eq. (F.1), and the vector |1) has a unit entry for each value of the
spectator momentum lying below the cutoff. To reach Eq. (F.8), in addition to the isotropic
approximation, one must project onto the trivial finite-volume irrep, denoted Aj.'° In
previous work we indicated that (F.8) describes all finite-volume energies that are shifted by
interactions. In fact this is not the case; levels that are independent of K4 3, but shifted by

ICo, appear in other irreps.

The procedure for solving the quantization condition in the isotropic approximation is
simple in principle: given L, Ky and Kjfs, the left-hand side of (F.8) becomes a known
function of F and the solutions can be numerically determined with a suitable root-finding
algorithm. Details of our numerical implementation are given in Ref. [39] and are unchanged

here.

As noted above, if one consistently uses the threshold expansion, then the isotropic
approximation requires truncating the effective range expansion (7.9) at second order, and

iso

allowing only a linear dependence of K, on E?. For simplicity, however, in our numerical

10The Af is only the trivial irrep for three scalar particles, while for pseudoscalars it is the A; .
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studies we mostly keep only the leading-order terms in the threshold expansion, so that
interactions are described in terms of two constants, a and ICicffo,g. We also consider the
case of a constant K5P; and a Breit-Wigner form for the phase shift, Eq. (7.10). Though not
consistent with the threshold expansion power counting, we view this as a reasonable starting

point for studying the impact of two-particle resonances on the three-particle spectrum.

7.2.8  Including d-wave interactions: lmax = 2

We also include in our numerical examples a study with /,,,, = 2, so that d-wave two-particle
interactions are included, as well as three additional terms in Kg4r 3, two of which are not
isotropic. A complete description of the set up has been given in Ref. [76], and we do not
repeat it here. We note only that the d-wave contribution to Ky has the form
- 2nwr By,
Ki(k) = . = : (7.14)
—1/(a3 g33) + g3kl [1 — H (k)]

which should be compared to the s-wave form of Eq. (F.5). Here we are keeping only the

leading non-trivial term in the d-wave effective range expansion, which is parametrized by
the scattering length as. In this truncation, energies in non-trivial irreps are also shifted
from their noninteracting values. Nonetheless in this work we restrict attention to the Af

for simplicity. See Ref. [76] for interacting solutions in the two-dimensional E* irrep.

7.3 Generalizing the quantization condition

In order for the derivation of the quantization condition, Eq. (8.1), to be valid, it is necessary
that all angular-momentum components of the modified K matrix, 1656), have no singularities
for all c.m. frame two-particle energies, Ej ., in the range 0 < E3; < 4m. As we recall below,
this implies that the quantization condition cannot be used for cases in which there are two-
particle bound states or resonances, and is a significant restriction on the applicability of

the formalism. It turns out, however, that there is a simple way to generalize the formalism
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such that, for each value of ¢, the inverse of IE%E) is shifted by an arbitrary real function
of ¢5%. This leads to a second version of the modified K matrix in which the problematic
singularities have been removed, and this freedom is sufficient to extend the applicability
of the formalism to include two-particle bound states and resonances. In this section we
explain this generalization and describe its implementation, leaving a detailed derivation to
a separate paper [131]. We give three examples of how the approach may be applied. First,
in Sec. 7.3.1, we consider s-wave bound states; then, in Sec. 7.3.2, we discuss bound states

in the d-wave; and finally, in Sec. 7.3.3, we turn to the case of two-particle resonances.

The modification of the formalism is effected by changing the principal value (PV) pre-
scription used in multiple places in the derivation of Ref. [28]. We recall that the original
derivation consists of evaluating a finite-volume two-point correlation function, projected to
kinematics for which three-particle states may go on shell. The correlator is expressed in
terms of a skeleton expansion in which all three-particle cuts are explicitly displayed, and
only the sums over momenta in these types of cuts give power-like L-dependence. One then
replaces sums with sum-integral differences plus integrals, which, after extensive analysis,
leads to a relation between finite-volume energies, determined by the poles in the correlator,
and infinite-volume scattering quantities. The first line of Fig. 7.1 shows the replacement for

the simplest diagram contributing to the correlation function.

For those integrals that are singular due to three-particle intermediate states, such as
the upper integral in the figure, a pole prescription is required. The PV prescription is used
so that the result is a smooth function of the lower (spectator) momentum, k. This allows
the second step shown in the figure to be made, in which the lower sum is replaced by an
integral (for which a pole prescription is not needed). Thus the PV prescription appears in
the sum-integral difference, F, as shown by the example of the s-wave restriction, F*, given
in Eq. (F.2). It also appears in the definition of IESZ) and in fCqr 3. We note that it was found

in Ref. [28] that the integrals requiring a PV prescription are all single-loop integrals over a
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spatial momentum with the integrand having a pole of the form shown in Eq. (F.2).

In Ref. [131] (to appear) we show that the derivation of the quantization condition holds
for a large family of pole prescriptions, which we denote collectively by PV’. We first describe
these for (,,,x = 0, so that only s-wave quantities enter. If the integrand is nonsingular, then
no prescription is needed, and the PV’ and PV results are the same. If the integrand has a
pole, then the modification is

PV’/ (d3a H(a)H (b)

27)3 8wawp(E — wi — w, — wb)

PV/ H(a)H (b) _ Ipv(ad)
(27)3 8wawp(E — wi — wy — wp) 327

(7.15)

Here I3y is any smooth function of ¢33, while the negative sign and the 327 are for later
convenience. The modified prescription is illustrated in the final line of Fig. 7.1. This
provides a complete description of the prescription for the purposes of the derivation of the

quantization condition.!! The effect of the change in prescription for F* and I@; is

s s H(k) I3 (q*2)
[F Yy = [F iy + 05 et (7.16)
Ss\— sy — H (k) Igv((li&k)
s\—1 s\—1 s
(R, = (D7, =ty 255 2 (7.17)

The shift in F* follows directly from Eq. (7.15), while that in K3 can be derived by enforcing
the prescription-independence of the physical quantity Ms. There is no change in G*, since
it does not contain an integral.

The final quantity affected by changing the PV prescription is Kq¢ 3. The change to Kqas3
can be determined in principle by studying the infinite-volume integral equations relating

Kat 3 to Ms. We will describe these changes in Ref. [131], and only note here three important

HTf the integrand is multiplied by a function of k and a having only an s-wave component in the c.m. frame

of the non-spectator pair (as must be the case when setting fpax = 0), then the I, term is multiplied
by the on-shell value of this function, obtained in the manner described in Ref. [28]. This result holds
because the difference between the on-shell and off-shell values of this function cancels the pole, leading
to a nonsingular integral that does not require a pole prescription.
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Figure 7.1: Illustration of the previous and modified PV prescriptions used in the analysis
of the three-particle correlation function, for the simplest diagram. Loops containing the
symbol “oco” are integrated, while those containing a “V” have the spatial components of the
momentum summed. All integrals use the PV prescription. In the first line the upper sum
is replaced by an integral plus a sum-integral difference. The latter can be replaced by an
F' cut, as shown in the second line, while the lower loop sum can be replaced by an integral
in the first term on this line. In the third line we subtract and add the I3y, cut. The final
line shows that this new cut can be absorbed into the modified F', leaving a modified PV
prescription for the upper loop integral.

results: (7) if K4t 3 vanishes, then it remains zero after the change in prescription; (i) the
changes in K43 are, in general, energy dependent; (74) an isotropic Kgr g is changed, in
general, into a nonisotropic one, containing partial waves beyond s-wave.

We stress that the quantization condition containing the new versions of F, K, and

Kat3, must lead to the same relation between the physical scattering amplitudes and the
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finite-volume spectrum, for all L, up to exponentially-suppressed effects. All we are doing
is reshuffling contributions in the all-orders diagrammatic analysis of the same finite-volume
correlator. Nevertheless, once we make an approximation, the spectrum need no longer be
independent of I3y, and the result (7ii) above shows that, indeed, the spectrum cannot be
left strictly invariant if we maintain an isotropic g4 while varying Ipy,. In other words,
we cannot exactly compensate at all values of L for the shifts in £ and K, by an (energy-
dependent) shift in Cifs. Indeed, we can use the residual I3y dependence as an estimate
of the error due to truncating the quantization condition. This is analogous to the use of
scheme-dependence as an estimate of truncation errors in quantities calculated in perturba-
tion theory. We also note that there is no a priori theoretical reason to favor any particular

3 S
choice of Ipy;.

We investigate the size of the Iy, dependence in an example presented in Appendix E.1,
finding it to be numerically small. We also note in the appendix that we can use the threshold
expansion to estimate the size of any residual I3y, dependence. In particular, when we enforce
the isotropic approximation, residual I3, dependence will be suppressed by O(A?), where
A = (E** — 9m?)/(9m?), since nonisotropic terms in K43 enter only at this order in the
threshold expansion [76].

The only exception to the above discussion occurs when Kjps vanishes. The result (7)
implies that no change to Kffﬁ?) is then needed to maintain the same physical scattering
amplitude and spectrum as Iy is varied. Indeed, this is seen both in the integral equa-
tions relating gt 3 to Ms, to be discussed in Ref. [131], and in the quantization condition,
Eq. (F.8), relating Kq¢ 3 to E,(L). In both cases, when K53 = 0 all I$y dependence drops
out. To see this in detail in the quantization condition note that when K% = 0, a solution

requires that F3* diverges. Looking at the form of F3, Eq. (F.1), we see that it only diverges

either if F* diverges or if the denominator of the second term,

Heg = 1/K5 + F* + G, (7.18)
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has a zero eigenvalue. The former possibility leads to poles at free three-particle energies,
which are known from the analysis of Ref. [76] to be absent in the isotropic approximation,
cancelling between the two terms defining F§. Thus the only solutions come from zero
eigenvalues of Hpg. However, as can be seen from Eqs. (7.16) and (7.17), the shifts in F*
and 1/ I%; exactly cancel, so that Hp¢ is independent of I3y,.

The latter result means, in practice, that we do not need to introduce Ipy, when de-
termining solutions with ICiff‘jS = 0, and can use exactly the same numerical method as in
Ref. [39]. For nonvanishing K35 however, we do need to choose a nonvanishing Igy, such
that the quantization condition is valid for the chosen value of the two-body scattering pa-
rameters. In practice, we have found it sufficient to consider only the case of a constant 3.
Introducing I3y into the numerical analysis is very straightforward, and the methodology of
Ref. [39] can be carried over essentially without change.

Before turning to our three specific examples, we close the general discussion with the
extension of our new PV’ prescription to higher angular momenta. This is straightforward
and the essential feature is that, for each (allowed) choice of ¢, one has the freedom to
introduce a different real, smooth function, Ig\),(q;?k). The changes to F and Ky, which are

now matrices with the full set of indices, are

L %
. . H(k) I(43%)

F Lo/ - F TSR 5 5 / 6 ’ 1
[ ]kﬁ m/;pfm — [ ]ké m/;pfm + kpYee9m’'m QUJk 3977 ) (7 9)
(0) 1 %2
o)\~ co\— H (k) Iy (65%)
1 1 )
[(ICZ) }kE’Tn’;pfm {(IC2) :|kf/m’;pfm N 6kp5€/€5m,m Qg 3o (720)

where ¢ and ¢’ are even. As before, if we set KCgr3 = 0, as we do in some of the numer-
ical examples below, then we can in practice ignore the Il(f\), shift, since it cancels in the

quantization condition.

Further details, as well as a discussion of the relationship between the introduction of

IF(,IZ\), and the formalism presented in Refs. [34, 35], where the K matrix poles were taken into

account explicitly, will be given in Ref. [131].
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7.3.1 Using I3y to accommodate an s-wave bound state

Here we show that, if we set Iy to an appropriate constant, then the quantization condition
in the s-wave, isotropic approximation is valid for three-particle systems in which there is
a two-particle scalar bound state. Specifically, we consider the case in which we keep only
the leading term in the ERE, i.e. the scattering length in Eq. (7.9). This is also one of the

examples that we investigate numerically below.

The quantization condition is valid as long as l%; has no pole in the kinematic range of
interest. To study this, we consider the denominator of /Eg, which, from Eq. (F.5), together
with the modification given in Eq. (7.17), is'?

dpv(q®) = 32#}%’?;’“, (7.21)
= —1/(mao) + [1 — H(¢*)]lal/m — Ipy H(q*)\/1 + ¢*/m? . (7.22)

There is a pole whenever this quantity vanishes. We plot dpy(¢?) for I, = 0 and —1 in
Fig. 7.2. The cutoff function vanishes when ¢*/m? < —1 so the lower limit in all the plots is
set to this value. The upper limit depends on E/m: for E/m = 3 it is ¢*/m? = 0, while for
E/m =5 (the maximum value for which our quantization condition holds) it is ¢*/m? = 3.
In the left-hand figure, where I3, = 0, the curves are flat for ¢>/m? > 0, and so we do not

show the entire range.

12Previously we have written H as a function of the spectator momentum, k. The explicit form that we
use, given in Ref. [39], is in fact a function of q;?k (itself a function of k) and it is more convenient here to
make this explicit, at the cost of some abuse of notation.
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Figure 7.2: Plots of the denominator of K3, dpy(q?), vs. ¢2/m? for a range of choices of am
with Iy = 0 (left) and I, = —1 (right). There is a pole in K§ whenever dpy(¢?) vanishes.

See text for further discussion.

From the left panel we see that, for I3y, = 0, dpy(¢?) has a zero-crossing when mag > 1,
a result that is simple to verify analytically. We stress that the pole that appears lies far
below threshold. For example, as may — 17 the pole position approaches ¢?/m? = —1.
The pole is not related to a physical quantity, as is made clear by the fact that its position
depends on the cutoff function H (k). Nevertheless, it presents a barrier to the derivation of
the quantization condition.

The restriction to may < 1 implies that the formalism cannot accommodate a two-particle
bound state when using I3, = 0. To understand this, recall that a bound state occurs when
M, has a pole for ¢ < 0, i.e. when g cot d,(q) + |g| = 0. In our approximation, this becomes
q* = —1/ad. Since our cutoff function leads to the restriction ¢ > —m?, the bound state is

present only for mag > 1.

The right panel, Fig. 7.2(b), shows that, using the PV’ prescription with I, = —1, the
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quantization condition is now valid for may < 0.5 and mag 2 1.6. This shift in the range of
validity continues as Iy, is lowered further. For I, = —2 the range becomes may, < 0.25
and mag 2 1.15. This raises the question of whether, for any choice of may > 1, there is
a value, or range of values, of Ipy, for which the quantization condition is valid. We find
numerically that the answer is affirmative—for a given choice of may > 1, as long as Iy is
sufficiently negative, the quantization condition holds. The minimum value of I3y, that is
needed grows rapidly as mag approaches unity. Nevertheless, the key point is that we can
use the quantization condition to study all values of the scattering length by choosing I3y,

to lie in an appropriate range that depends on the value of may.

7.3.2  Using I, (q?) to accommodate a d-wave bound state

We now turn to the case that a pole appears in the £ = 2 component of our K-matrix-like
quantity. In this case, the denominator of K¢, Eq. (7.14), is modified by Eq. (7.20) to

32mwi B3
K5

= —1/(a3q*m) + [1 = H(g*)lal/m — Igy(a*)H(q*)\/1 + ¢*/m?. (7.24)

This differs from djy(¢%), Eq. (7.22), only by the presence of the 1/¢* factor in the first

(7.23)

term on the right-hand side. The quantization condition is valid as long as d(¢*) does not
vanish for ¢? in the allowed kinematical range, —1 < ¢*/m? < 3. It is straightforward to
show that, for I, = 0, such a zero crossing only occurs when the d-wave scattering length

satisfies may > 1. This is also the condition for a d-wave bound state to be present:
1 1
4 lgl=0 = =—, 7.25
p lqi ol =2 (7.25)

which, since |¢| < m, implies that one must have may > 1. Thus previous numerical
investigation of the quantization condition including d-waves was restricted to values of the

scattering length such that there were no d-wave dimers.
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This restriction can be lifted using the PV’ prescription. A simple choice is to set
I&,(¢?) = ¢/q*, with ¢ a constant. Then, by multiplying d&,,(¢?) by ¢*, the analysis be-
comes very similar to that for djy(¢?), and one finds that, for any value of masy, there is
a range of values of ¢ for which d%,(¢?) has no zero crossing. We use this freedom in the

numerical investigations described in Sec. 7.4.5.

7.3.3  Using I3y, to accommodate an s-wave resonance

Our final example of using the PV’ prescription is for an s-wave resonance with the phase
shift given in Eq. (7.10). Here we find it more convenient to show plots of 1/K5 vs. |k|,
and these are shown in Fig. 7.3 for the choice of resonance parameters used in our numer-
ical investigations below. Figure 7.3(a) shows the result with the original PV prescription,
showing the zero associated with the resonance, and its dependence on E. The right panel,
Fig. 7.3(b), shows that by choosing the constant value I, = —100, the zero can be removed

for the kinematic range of interest.
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Figure 7.3: 1/K3 vs. |k|/m, with k the spectator momentum for the Breit-Wigner form of the
phase shift given in Eq. (7.10), with the resonance parameters set to ¢ = 1 and mp = 2.7m.
Thus the resonance only leads to a zero crossing for £ > 3.7m. Results are shown for (a)

Ity = 0 and (b) I3, = —100.

7.4 Numerical results

In this section we present numerical results from the quantization condition using the PV’
prescription, which allows us to consider choices for Ky that were inaccessible to our pre-
vious numerical explorations [39, 76]. Our approach is to assume forms for Ky and Kg¢ 3
and determine the resulting finite-volume spectrum. In a practical application, using LQCD
finite-volume energies, one will ultimately identify a broad set of Ko and Kg4s3 parametriza-
tions and fit these to the numerically-determined spectrum, ideally for various values of L
and various total spatial momenta. This idea, proposed in Ref. [134] and now standard in
the analysis of two particle channels, allows one to identify the subset of parametrizations
that can describe the physical system under consideration. In addition, the spread in the

functional forms Ky and KCyr 3 that give a good description provides a systematic uncertainty,
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indicating how well the input finite-volume information can constrain these infinite-volume
objects. Here, instead, we aim to illustrate the types of behavior that can be expected in
the spectrum for different fixed choices of the two- and three-particle interactions.

We begin in Sec. 7.4.1 by working in the isotropic approximation, presenting a global
view of the spectrum for values of the s-wave scattering length, may > 1, such that there are
two-particle bound states (called dimers). We consider a range of choices of ag, including
those in which the dimer is deeply bound, requiring a relativistic formalism such as ours, as
well as those for which the bound state is shallow, allowing comparison with results from the
NREFT three-particle formalism [40]. A feature of most of these spectra is the appearance
of one or more three-particle bound states (called trimers).

Next, in Sec. 7.4.2, we focus on the region of the spectrum below the three-particle
threshold, where finite-volume states are dominantly composed of a dimer together with a
particle. Here, by going to large volumes, we are able to use our formalism as a tool for
determining the properties of dimer-particle scattering in infinite-volume. This leads us, in
Sec. 7.4.3, to adjust the parameters ap and g3 so that we can model the three-nucleon
system with deuteron and triton bound states, albeit without including spin. This is the
only example in which we consider nonvanishing g 3.

Still working in the isotropic approximation, in Sec. 7.4.4 we determine the form of the
three-particle spectrum in the presence of a narrow s-wave resonance. To our knowledge,
this is the first example of such a study. Finally, in Sec. 7.4.5, we turn on d-wave interactions,

leading to the possibility of both s- and d-wave dimers, as well as trimers.

7.4.1 Spectrum with mag > 1

In this subsection we work in the isotropic approximation, described in Sec. 7.2.2, and keep

only the leading term in the effective range expansion, so that

QCOt 50 = —]_/CLO . (726)
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As explained above, the key change introduced by working with may > 1 is the presence of

a two-particle bound state. The infinite-volume mass of this dimer is given exactly by

My =2my/1 —1/(may)?, (7.27)

which varies in the range 0 < M, < 2m as mag changes from 1 to infinity. At the lower
end of this range, the dimer is very deeply bound and thus the internal degrees of free-
dom are relativistic. As mag increases, the binding energy decreases and the bound state
dynamics becomes increasingly nonrelativistic (NR). We expect the crossover point to be
around |¢?|/m?* = 1/(mag)? =~ 0.1, which occurs when may & 3.2, My ~ 1.9m. In the NR,
regime, the dimer wavefunction falls exponentially with a distance scale given by ag. Thus
to avoid large finite-volume effects in the dimer mass we need to use volumes such that
ap/L = (map)/(mL) > 1; in practice we require ag/L 2 5. We stress that this constraint
is only relevant if we wish to suppress the dimer’s volume-dependence and that the quan-
tization condition itself is valid for all choices of ag/L provided that mL is large enough to

—mL

safely ignore the the neglected e scaling.

For some range of parameters we also expect there to be one or more three-particle bound
states. In particular, we know that when |mag| > 1 so that we are close to the unitary limit,
Efimov trimers will form. In fact, we find trimers as soon as mag exceeds ~ 1.4. All

iso

calculations in this subsection are for KCjf; = 0 so that the value of I3y is irrelevant, as

explained above.

We first determine the spectra for 1 < mag < 2 for moderate values of mL, aiming for
an overview of the phenomena that can occur. Four examples are shown in Fig. F.3. To
interpret the resulting spectra (shown by the colored lines in the plot) it is useful to compare
to two types of noninteracting energies. First, there are the energies of three noninteracting
particles of mass m, which we refer to as 1 + 1 4+ 1 levels. These are the same for all four

plots. The lowest such level, at E/m = 3, is independent of L, while higher levels have
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L-dependence and asymptote to E/m = 3 as L — o0o. The 1+ 1+ 1 levels are shown as
solid grey lines. The second class of noninteracting energies, shown by dashed grey lines, are

dimer + particle states, whose energies are given by

En = /M2 + (27/L)n2 + \/m? + (2/L)*n?, (7.28)

with n an integer vector. We refer to these as 2 4 1 states for brevity. The lowest such state
has ¥ = My + m, and all the others asymptote to this energy as L. — oco. We note that,
when we project onto the A irrep of the cubic group then each noninteracting level, both
the 14141 and 2-+1 types, has one corresponding solution in the quantization condition. We
also stress that the dimer is a relativistic bound state for all four values of maq shown in the

figure.

The interpretation of the spectrum is simplest for may = 1.3. The lowest two levels cor-
respond to 2+ 1 states with energies shifted down slightly by the dimer-particle interactions.
By contrast, the third level changes its nature for mL ~ 8: above this it is a (shifted) 2 + 1
state, while below it is a (shifted) 1 + 1 + 1 state. This shifted state also appears in the
second orange-colored level for 8 < m/L < 10, and in the third blue level for 10 < mL. A

similar pattern occurs for higher levels.

Although the spectrum looks superficially similar for the other (larger) values of may,
there is, in fact, a qualitative difference. This is because, for mag 2 1.4, a trimer appears.
The lowest (blue) level asymptotes to an energy below My + m. This is not apparent from
Fig. F.3, but can be seen for may = 2 by the spectrum at larger L shown in Fig. 7.5. Thus
the interpretation of the levels for may = 1.6, 1.8 and 2.0 is as follows: the lowest (blue) level
is a trimer or 3 state; the next level (orange) is the lowest 2 + 1 state with energy raised by
residual interactions. The third level begins at small m/L as a shifted 1 + 1 4+ 1 state, but,
for a value of mL that depends on mayg, it changes its dominant nature to an excited 2 + 1

state.
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Figure 7.4: The spectrum for four values of mag and Ki§f; = 0 as a function of mL. All
four values lead to relativistic two-particle bound states. Solid grey lines show the energies
of three noninteracting particles (14141 states), while dashed grey lines give the energies of
noninteracting dimer + particle states (2+1 states). The interacting energy levels are shown
in alternating colors to emphasize the avoided level crossings. Although it is not apparent
from these plots, by going to larger values of mL we find that the lowest state for may = 1.6,
1.8, and 2.0 is a trimer, while that for may = 1.3 asymptotes to the dimer + particle energy
as mL — oco. See the text for further discussion.

Having summarized the content of Fig. F.3, it is instructive to consider Fig. 7.5 in more
detail. Here we restrict attention to a small energy range around the dimer + particle
threshold. There are nevertheless several levels, since we work at large mL. All except the
trimer asymptote to Ey+ m as L — oo, and in the regime shown, where they lie well below

the 1 + 1 4 1 threshold, all can be considered as dominantly 2 + 1 levels, with a repulsive
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Figure 7.5: Low-lying spectrum for mag = 2 and IijSf‘jg = 0 for larger mL. This is the
continuation to larger volumes of the spectrum shown in the bottom right-hand panel of
Fig. F.3. Note the highly compressed vertical scale. The horizontal line for the lowest level
gives the L — oo asymptote for the trimer energy, using a fit described in the text.

interaction pushing the energies up from their noninteracting values. In the next subsection
we will do a quantitative analysis of these energy shifts, which encode information about the
dimer-particle phase shift. For now we focus on the volume-dependence of the trimer energy,

Ei(L). We fit for mL > 25 to the following form:

E (L) Ey [ ——yv
= — — ———-e F 7.29
m m (7nL)3/26 ’ (7.29)

where k?/m? = 3 — Ey/m with Ey = E;(c0), and |C| a fit parameter. The fit determines the
asymptote to be Ey ~ 2.6931m. Equation (7.29) is the result for the asymptotic volume-

dependence derived in Ref. [105] for a nonrelativistic bound state in the unitary (large |mag|)
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limit. While it does not obviously apply here (since may = 2 is not in the unitary regime),
we find that it gives a very good description of our results. However, as for the higher

levels, a more rigorous approach is available for analyzing F;(c0), as we discuss in the next

subsection.
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Figure 7.6: Spectrum as a function of the box size for mag = 16 and Kjif; = 0, with

AE = E — 3m the nonrelativistic energy. In order to facilitate comparison with Ref. [40],
the quantities plotted are made dimensionless using appropriate factors of ag, and thus differ

from those in Figs. F.3 and 7.5.

We conclude our overview by studying the spectrum for mag = 16. For this value of the
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scattering length the dimer mass lies well in the NR regime,

Ma 9061 mo— 1
m (mag)?

(7.30)
so that our results can be compared to those obtained from the NREFT quantization con-
dition, as studied in Ref. [40]. We thus display the spectrum in Fig. 7.6 using the variables
adopted in Ref. [40]. This should be compared to Figs. 3 and 6 of that work, from which the
strong similarities are evident. In particular, there are two trimers in both cases, dubbed the
deep and shallow bound states in Ref. [40]. In that work, these two trimers have energies
AEma3 = (E — 3m)ma? = —10 and —1.016, respectively. We are not aiming to reproduce

these numbers precisely, which would require tuning 4¢3 to nonzero values, but rather to

obtain semiquantitative agreement.

To obtain the trimer energies from our results, we fit the lowest two spectral levels to
their asymptotic forms. For the deep (lowest) level we use Eq. (7.29), obtaining AE;ma? =
—9.3218 (corresponding in relativistic units to £/m = 2.9636). For the shallow trimer, we
treat the state as a bound state of the particle plus dimer, an interpretation that is justified
in the following subsection. Thus, following Ref. [40], we can use Liischer’s two-particle

quantization condition to predict its asymptotic volume-dependence [135]:

E(L) _Ey |D| o oo

with the reduced mass given by 1/u = 1/m + 1/My ~ 3/(2m). This fit yields AEma =

—1.0301 (corresponding to E = 2.99598m). This lies below the particle-dimer threshold,
given by

1
AE;=3m — (m+ M) =2m — My~ —, (7.32)
mag
which corresponds to AEma3 = —1 (or, strictly speaking, AEmaZ = —1.001 if one includes
relativistic effects). The asymptotic energies are shown by the solid grey horizontal lines in

Fig. 7.6, and the presence of the shallow dimer is indicated by the small offset between the
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horizontal dashed and solid grey lines near AEmag = —1.

A final noteworthy point of similarity between the results in Fig. 7.6 and those in Ref. [40]
concerns the third level (in orange) for L/ay 2 5 (so that AE < 0). This 2 + 1 state lies
close to the first excited noninteracting particle-dimer energy, and far from the lowest such
energy at AEma2 = —1. Thus it appears that the latter state is missing in the spectrum.
This point was observed in Ref. [40], where it was argued that the missing state transmutes

in finite volume into the shallow dimer. We give further evidence for this interpretation in

the following section.

7.4.2  Dimer-particle scattering

As seen in the previous subsection, states that lie below the three-particle threshold at
E = 3m can be interpreted as dimer + particle states, abbreviated as 2 + 1 states. In this
section, we focus on this energy regime and extend our calculations to very large mL, so
as to learn about infinite-volume dimer-particle scattering. In particular, we choose L >
ag, so as to avoid large finite-volume effects in the dimer, which we know from the two-
particle quantization condition fall as exp(—xL) = exp(—L/ag). Then, to the extent that
the finite-volume states can be described as purely dimer+particle states, we can use the
nondegenerate, nonidentical form of the two-particle quantization condition, truncated to
the s-wave, to determine the dimer-particle scattering phase shift. In effect, we are using
the three-particle quantization condition as a tool both to solve the relativistic two-particle
bound state equation and to determine the structure of the resulting dimer by probing it
with a third particle. We carry out this calculation in detail for three choices of the two-
particle scattering length, may = 2, 6, and 16, again using the isotropic approximation
with K5y = 0. This study extends the idea presented in Ref. [77] in the nonrelativistic
limit, where the scattering length of the particle+dimer system was related to the three-

body scattering amplitude. The two-particle quantization condition for non-identical scalar
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particles, truncated to the s-wave, is [24, 136]

Lk

1 A |
J

where UV indicates a suitable UV regulator, and £ is defined through
E=vVm?+k>+ /M7 +k?, (7.34)

with M, the dimer mass and E the energy of the finite-volume state. Using Eq. (7.33) we
obtain the usual one-to-one relation between the spectral levels and the phase shift. It is
important to note that this equation holds for all levels in the spectrum that lie in the 2+ 1

regime, and not only for the lowest state.

Once we have determined do(k), we use two forms to parametrize it. The first is the

standard effective range expansion (ERE),

11
k cot 8o(k) = -+ ier + Prik* + O(k®) (7.35)
0

where by is the dimer-particle scattering length. The radius of convergence is typically
determined by the branch-point of the ¢-channel cut, or else a nearby pole in & cot dy(k),
corresponding to a nearby zero in the K matrix. In the case of the latter it is helpful to
use an alternative parametrization, taken from infinite-volume studies of nucleon-deuteron
scattering [137, 138],

— i+ 5rk? + Pkt

1k

K2

k cot 8 (k) = +O(K). (7.36)

We expect that the inclusion of the pole will increase the range over which this form provides

a good description of the phase shift.

In many cases we encounter bound states of the dimer-particle system, which occur when-

ever kcot dg(k) = —|k|. For these, it is important to keep in mind the following consistency
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check that holds for physical bound states [139],

de [l{; cot dg (k) — (—\/—_/€2)] <0. (7.37)

In words this says that k cot dg(k) must cross the —|k| line from below as k? becomes more
negative, equivalently that the slope of —|k| should exceed that of k cot do(k) at the crossing.
This guarantees that the residue of the corresponding pole in the physical scattering ampli-
tude, My, has the proper sign, as dictated by inserting the bound state part of the identity,
I=|Ep)(Eg|+---, into its definition. One corollary is that, if there are two bound states,

k cot 8o(k) must diverge between them [139]. We will see cases of this.
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Figure 7.7: kcot do(k) for particle-dimer scattering as a function of the relative center-of-
mass momentum k, as determined from the three-particle finite-volume spectrum in the 241
regime using Eq. (7.33). We set ICffg?) = ( throughout, and consider three different choices of
mag. Different colors represent data points coming from different states in the spectrum, and
there is considerable overlap of points for k2 > 0. The solid vertical line near the right-hand
edge of each plot shows the value of (k/m)? corresponding to the three-particle threshold,
i.e. E = 3m. The curved solid line for negative k% shows —|k| = —v/—k2. A bound state is
present whenever k cot do(k) passes through this line. The fits and other aspects of the plots

are described in the text.
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We begin with the case of may = 2, with a relativistic dimer lying well below the three
particle threshold, as discussed in Sec. 7.4.1. The results for kcotdg(k) obtained using
Eq. (7.33), are shown in Fig. 7.7(a). The color coding matches that of the levels in Fig. 7.5:
the cyan points lying at k% < 0 come from the trimer state, while the other points come from
the levels lying above the 2+ 1 threshold at E/m = 1++/3. We use volumes mL = 4 — 50 for
the lowest state, and mL = 20 — 70 for the rest, so that all the states lie below E = 3m and
satisfy L/ag > 1. We observe several important features: (7) The results for k cot dy(k) from
different levels overlap, and are consistent.'® (i) The results from the trimer and the 2 + 1
states can be well described by a quartic order ERE curve, shown in the figure by the dashed
line. We also show a linear fit (i.e. including by and ) to the orange points to give an idea of
the rate of convergence of the ERE. (7ii) The bound state that occurs where the ERE crosses
—|k| line is the trimer seen in Fig. F.3 above. The crossing occurs in the physical direction
required by Eq. (7.37). (iv) The inclusion of higher order terms in the ERE is essential
to describe our results. Thus, although the underlying two-particle interaction is described
exactly by the leading order term in its ERE (by construction), the resulting dimer-particle
ERE shows more structure. It is the result of solving the field-theoretic problem of particle
scattering from a relativistic bound state. In particular, the value of the dimer-particle
scattering length mby =~ 6 is not close to that for the underlying particles, may = 2. (v)
Finally, we note that, were we to truncate the ERE as shown by the solid line, then there
would be a second bound-state crossing at (k/m)? ~ —0.4, but the direction of crossing the
—|k/m| curve would be unphysical. This is avoided by the results themselves and shows

again the necessity of higher terms in the ERE.

We deduce from this first example that the energy levels for E < 3m are well described

by a dimer + particle effective theory, and that the trimer at this value of may should be

13We do not expect perfect consistency, since there are exponentially suppressed corrections to the quan-
tization condition that are not included. Indeed, if we zoom in on the plots, we find that the overlap is
not perfect.
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understood as a dimer-particle bound state. A somewhat similar, nearly-physical situation
is mo or mp scattering for quark masses at which the o or p is stable. The latter case has
been as studied in Ref. [97]. The current quantization condition cannot, however, directly
address either of these cases, due to the restriction to identical particles.

The second example we study is that with mag = 6. The results for this case are shown
in Fig. 7.7(b). The corresponding dimer lies much closer to threshold, My; = 1.97m, as
can be seen from the smaller range of (k/m)? available below the three-particle threshold.
Nevertheless, by going to large volumes, with mL = 60 — 170, we are able to determine
k cot 8(k) from seven levels and fill out the curve for k% > 0. If we use smaller values of L,
then the results begin to depart from the universal curve, due to large finite-volume effects
on the dimer itself.'*

The result for k cot dg(k) is significantly changed from that with mag = 2. For one thing,
the dimer-particle scattering length has changed sign to mby ~ —3.6, corresponding to a
moderate attraction and no bound state (trimer) near threshold. For another, there is a pole
that limits the range of applicability of the standard ERE to a tiny region around threshold.
The presence of such a pole indicates only that the phase shift is passing through 0 mod ;
it is similar to that seen in physical nucleon-deuteron scattering, as discussed in Sec. 7.4.3
below. We find that using the modified ERE of Eq. (7.36), we obtain an excellent description
of the results around and above threshold. This is shown in the figure by the orange curve,
which is a fit only to the orange points (the third energy-level in the spectrum), so as to
emphasize the consistency with the results from the other levels. The exception to this
consistency are the results from the trimer, shown again in cyan. Although difficult to see
from the figure, these points do pass through the —|k/m| line in the physical direction. In

order to avoid an unphysical crossing, these points can be connected to the orange curve

4These can be partially removed by using the quantization condition with k& determined using the volume-
dependent dimer mass, M;(L), but we have not pursued this approach as we are able to work directly for
values of L for which My(L) — My is extremely small.
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only if there is an intervening pole. Thus, while the trimer will appear as a pole in the
dimer-particle scattering amplitude, the behavior of the phase shift is not given by a simple

function, unlike in the previous case.

The last example studied in detail is that for may = 16, with results shown in Fig. 7.7(c).
The dimer is now very shallow, M; = 1.996, so the energy regime described by dimer +
particle states is much reduced. Because of this, and the need to have L > agy, we have
results for only one level above threshold (which itself requires mL > 80). As we saw in
Sec. 7.4.1, there are now two trimers, one shallow (the green points) and the other deeper
(those in cyan). A quadratic fit to the orange points, shown by the solid line, correctly
determines the bound state energy, with mby ~ 100. But, as for may = 6, the ERE has a
small radius of convergence and cannot describe all the results. Our interpretation is that
the form of k cot dy(k) is qualitatively similar to that for mag = 6, but with the pole moved
to the right so that by changes sign.!® Again the deeply bound trimer cannot be viewed as

a simple dimer-particle bound state.

To conclude this subsection, we show in Fig. 7.8 the dependence of the particle-dimer
scattering length, by, on the underlying two-particle scattering length, ag. This allows us to
understand the results for mag = 2, 6, and 16 in a broader context. For may < 1.4 (the
left-most two points in the plot) there is only a moderate attraction between particle and
dimer (corresponding to by < 0) and no trimer. As mag increases, by has a pole and changes
sign. For mby > 1, we expect there to be a shallow trimer that can be interpreted as a 2+ 1

bound state, and the results for mag = 2 show an example of this. As mag increases further,

15Comparing Figs. 7.7(b) and 7.7(c) allows us to understand in more detail the issue of the missing level

discussed at the end of the previous subsection. The quantization condition (7.33) is satisfied whenever
k cot dp (k) equals the (appropriately rescaled) Liischer zeta function. Far below threshold, the right-hand
side of the quantization condition asymptotes to the line —|k|, while it approaches +oco as k* — 0. Thus,
at fixed mL, as one lowers the k cot dg(k) curve (moving, say, from the shape seen in Fig. 7.7(b) to that of
Fig. 7.7(c)) the lowest solution to the quantization condition will vary continuously from a 2 + 1 scattering
state (with by < 0) to a shallow bound state (with by > 0). No additional finite-volume state appears as
by crosses zero.
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mby decreases, and the trimer becomes increasingly bound, as exemplified by the results at
mag = 6. Continuing further, there is another pole in mby, above which a second shallow

bound state appears, as we have seen at mag = 16.

For large mag, the dimer is nonrelativistic, and thus we expect that NREFT can be
used to study the 2 4+ 1 system analytically. We describe in Appendix E.2 how this can be
done in the isotropic low-energy approximation, with only one free parameter corresponding
to the three-particle contact interaction, or, equivalently, the cutoff A. The solid curve in
Fig. 7.8 shows the result after tuning the cutoff so that the curve matches the results from
the quantization condition at large mag. It describes our results well down to may ~ 2,
where we expect relativistic effects to become important. This comparison provides another

crosscheck of our formalism, while also showing where relativistic effects are important.

The properties of the trimers are well studied and understood in NREFT. In particu-
lar, as we approach unitarity (may — 00) a sequence of Efimov bound states will appear.
Thus we known that the curve in Fig. 7.8 will have an infinite sequence of poles, separated
asymptotically by a factor of ~ 22 in mag [104, 133]. Turning this around, we can interpret
the appearance of the second trimer seen at mag = 16 as the second state in the Efimov
sequence. We note however that the separation of the first and second trimer in mag is
smaller than the NREFT prediction due to relativistic effects—with the ratio given by ~ 9,
rather than ~ 22.
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Figure 7.8: Ratio of particle-dimer scattering length, by, to the fundamental scattering length,
ag, as a function of may. Orange points give the results obtained from the analysis described
in this subsection applied to the output of the three-particle quantization condition (QC3).
The solid (blue) line is the result from (infinite-volume) NREFT, discussed in more detail
in Appendix E.2. The rapid variation of points on the left-side of the plot correspond to a

narrow pole in the relation between by, and ag that only arises in the relativistic theory.

7.4.8  Tuning toward a physical system: a model of neutron-deuterium scattering

So far we have only considered the effects of two-particle interactions on the finite-volume
spectrum. In this section we go beyond this restriction by studying how non-vanishing values
of ICfff‘j:g affect the finite-volume spectrum in the isotropic approximation, and in particular
how these impact the particle-dimer phase shift. To explore this, we consider a toy model
that mimics three-nucleon interactions. Specifically, we assume isospin symmetry, so that
proton-neutron and neutron-neutron interactions are identical, and ignore spin-dependent

interactions. In this way, we arrive at a system for which the current form of the three-body
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quantization condition is applicable. We then tune the parameters ay and ICiff(:?, to match the
physical system as closely as possible. Since this requires nonvanishing Kicf‘ﬁg, we must use
the modificed PV’ pole prescription with nonzero I3,. Following the discussion of Sec. 7.3.1,
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Figure 7.9: Correlation between the triton (trimer) binding energy and the particle-dimer
(nucleon-deuteron) scattering length. This is usually referred to as the Phillips line. The
value of I€§‘§3 = M} Kips used for each point can be determined from the color gradient at
right. For further discussion see the text.

We choose the value of the scattering length to reproduce the physical deuterium to

nucleon mass ratio,

M,
—4 ~1.99763 = Myao = 20.56, (7.38)
My

where we set m = My, with My the average of the proton and neutron masses. As we can see
from Fig. 7.8, with K%f5 = 0 this value of ag leads to two trimers. To obtain a single trimer
with mass close to that of the triton, M, it turns out that we need large, negative values

of IC(ifff?,. Figure 7.9 shows the resulting tritium binding energy, AE;, = 3My — M, using a
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continuous color gradient to identify the value of ICiff’fg. For each choice of this parameter,
we also determine the particle-dimer scattering length using the methods of the previous
subsection. This allows us to plot AE; vs. by (in dimensionless units), as shown in the
figure. These two quantities have been observed to be highly correlated in different potential
models, following an approximate linear behavior known as the Phillips line [132].1¢ We also

include an experimental point, obtained with the physical values of M; and the neutron-

deuteron scattering in the doublet (spin 1/2) channel, the latter taken from Ref. [141]:

M,
—1 ~ 29922 Myby ~ 3.1. (7.39)
My

We observe that, even though our toy model cannot reproduce both experimental values si-
multaneously, the nearly linear dependence is qualitatively similar to the Phillips line shown
in Ref. [140]. It suggests that a sizeable three-particle interaction term is needed to under-
stand the triton.

We now study the phase shift of our toy nucleon-deuteron system in more detail. We
choose to fix the tritium mass to its physical value, which will not reproduce the experimental
scattering length, as already discussed. With M]%,ICQS&; = —33500 we find M; = 2.99227My
which is close enough for the purposes of this work. In Fig. 7.10 we show the resulting
nucleon-deuteron phase shift, obtained using the method of the previous subsection. It is
instructive to compare this plot to those shown in Fig. 7.7, which are obtained with ICfff‘fg =0.
Qualitatively, the present results are most similar to those at mag = 6, Fig. 7.7(b), despite
the present value of mag = 20.56 lying closer to mag = 16. This can be understood as

iso

follows: as one increases ag while keeping iy = 0, the pole moves to higher energies and
iso

a second bound state emerges. Turning on a negative (and thus repulsive) kg3, the pole is

moved to lower values of k? and the shallow bound state smoothly turns into a scattering

16See Fig. 13 of Ref. [140] and surrounding discussion. The fact that potential models lead to results

in the Phillips plot that lie in an almost one-dimensional subspace was subsequently understood as being
due to the fact that only one three-particle parameter is necessary at leading order in NREFT [133]. The
same explanation holds within our toy model, with its single three-particle parameter.
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Figure 7.10: s-wave phase shift as a function of the center-of-mass frame momentum for the
simplified toy model describing nucleon-deuteron scattering. Parameters are Myag = 20.56
and M} iP5 = —33500. Notation as in Fig. 7.7. The fit is discussed in the text.

state. We thus see that the differences from the mao = 16 results of Fig. 7.7(c) are mainly
due to the three-particle interaction.

Fitting the orange points in Fig. 7.10 to the modified ERE of Eq. (7.36), we find that it
provides an excellent description, including the green points from the level close to threshold.
It is interesting to compare this to experimental results for N — D scattering. There is indeed
evidence of a pole k cot dy (k) close to threshold in both n— D and p— D scattering, although in
the former it lies below threshold, while in the latter its position is not settled [137, 138, 142].
In fact, in our model the position of the pole can be inferred from Fig. 7.9: the point for
which mby = 0 is when the pole in kcot dy(k) is at threshold. We speculate that we could
further tune our model by adding an energy dependence to lCiff‘ji; in such a way that the pole

shifts to lower energies, while keeping M; constant. However, this is beyond the scope of our

already simplified example.
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In summary, a simplified model with two parameters is able to reproduce qualitative
features of the nucleon-deuterium phase shift, such as the presence of only one bound state
and a pole in kcotdy(k). Furthermore, it suggests that a repulsive three-body force is
necessary to explain the dynamics of the system. It is thus a good example of how one
could use the quantization condition to solve the infinite-volume dynamics of a realistic
three-particle system. Of course, in the present instance the dynamics is nonrelativistic,
and NREFT calculations are much more advanced and realistic than our toy model. The
advantage of our approach, however, is that it works also in the relativistic domain.

We conclude this section with a comment. Current lattice simulations with physical
quark masses have volumes satisfying MyL < 30. For such volumes the finite-L effects
on the deuteron are significant and thus, to study nucleon-deuteron scattering using such
lattices, one cannot employ the effective two-body description used above. Instead, one will
require the full form of the three-body quantization condition to analyze lattice results even

in the region £ < 3My.

7.4.4  Three-particle spectrum with resonances

The previous subsections focused on cases in which the two-particle channel had bound
states. However, as explained in Section 7.3.3, the modified PV’ prescription also allows the
study of systems in which two-particle subchannels are resonant. In this subsection we give
an example of the three-particle spectrum in such a situation.

Specifically, we use the parametrization of Ky given in Eq. (7.10), with ¢ = 1 and mg =
2.7m, and, for simplicity of implementation, set K4¢3 = 0. The resulting spectrum is shown
in Fig. 7.11. The first thing to notice is that there are additional states compared to those
expected for three almost free particles. These extra states can be interpreted as resonance
+ particle states. As in previous examples, there are avoided level crossings that occur when

two states interchange their interpretation—a clear case occurring for the second and third
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Figure 7.11: Three-particle spectrum (solid blue lines) in the isotropic approximation in the
presence of a two-particle resonance with g = 1, mrp = 2.7m and K43 = 0. Noninteracting
three-particle states (red dashed lines) and noninteracting particle + resonance states (orange
dashed lines) are shown for comparison.

levels around mL = 7. Thus we find that, for a narrow resonance, a simple interpretation of
the low-lying levels is possible. As in the two-particle case, however, for a broad resonance
we expect that a simple interpretation of levels will not be possible, and the only way to
interpret the spectrum is simply to use the full quantization condition and fit the parameters

contained in Ky and Ky 3.

7.4.5 Including d-wave dimers

In our final numerical example we move beyond the isotropic approximation and include both
s- and d-wave two-particle channels. This setup has been studied previously in Ref. [76], but
only for parameters such that there are no dimers and no subchannel resonances. Our aim

is to investigate the spectrum in a situation that is more akin to those that arise in nature,
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Figure 7.12: Finite-volume spectra (solid blue lines) of the three-particle systems in the A}
irrep with both s- and d-wave two-particle interactions. Noninteracting three-particle levels,
as well as those involving particle + dimer, are also shown. (In the upper right panel, the
cyan dashed line at F = 3m has been shifted slightly downward to make it visible.) See text
for further discussion.

i.e. with multiple two-particle channels in which there are bound states. As explained in

Sec. 7.3.2, the PV’ prescription allows us to study such systems using the quantization

condition of Ref. [28], by introducing a different I}(f\), for each partial wave. Including ]1(32\), in
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the implementation of Ref. [76] is straightforward. In fact, we will consider here only the

choice Kqs3 = 0, for which we can use the original implementation without change.

We consider only the simplest nontrivial extension of the examples in previous sections,
in which both s- and d-wave scattering are described by the lowest terms in their respective
threshold expansions, Egs. (7.9) and (7.14). Since we also set Kgr3 = 0, there are only two
parameters: the scattering lengths ag and a,. We focus on values of the latter such that

mag > 1, implying that there is an infinite-volume tensor bound state at

M{™2 = 2my/1 — 1/(may)?. (7.40)

For the sake of brevity, we consider only three-particle states lying in the Af irrep, although
we stress that our implementation allows one to study all available irreps, as shown in
Ref. [76]. It is important to keep in mind in the following that, due to the possibility of
switching the spectator particle, the contributions of s- and d-wave subchannels are coupled,

even in infinite volume.!”

The first case we analyze is may = 0.1 and may, = 3.0, leading to the spectrum shown
in Fig. 7.12(a). For these parameters there is a d-wave dimer with M4=? ~ 1.886m but no
s-wave dimer. Although such a situation may be unphysical (since in NRQM a potential with
a d-wave bound state would also have at least one s-wave bound state), it is a simple starting
point for studying the finite-volume spectrum. The spectrum shows a deeply bound trimer,
similar to that observed in Ref. [76] for may ~ —2. In addition, there are several states that
can be interpreted as particle + d-wave dimer scattering states, and which behave similarly
to those in the pure s-wave case discussed earlier. We see also several strikingly-narrow
avoided level crossings for £ ~ 3m (whose nature as avoided crossings can only be seen on

a magnified version of the plot). This narrowness is due to the very weak s-wave scattering

1"For example, if the total angular momentum is J = 0 (which is the dominant contribution in the AT
irrep in the case of P = 0), this can be produced both by an s-wave dimer with orbital angular-momentum
¢ = 0 relative to the spectator, or by a d-wave dimer with ¢ = 2.
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length, so that, away from the crossings, the level at ' ~ 3m is nearly a noninteracting state
of three particles at rest. We observe that the trimer energy has small oscillations, which are
similar to those seen in Ref. [76], and are likely indicative of unphysical effects arising from
the truncation of the quantization condition or the enhancement of exponentially-suppressed

effects. These deserve further investigation, but this is beyond the scope of this paper.

A more physical situation is when there are both s- and d-wave dimers, with the former
being more deeply bound. With this in mind, we explore the effect of increasing mag while
holding masy fixed, plotting the spectrum for may = 2 and mas = 3 in Fig. 7.12(b), and for
mag = 2.3 and mas = 3 in Fig. 7.12(c). We take these two different choices of ag in order to
help clarify the interpretation of the spectrum. In Fig. 7.12(c) we clearly see two trimers. We
interpret the lower one as s-wave dominated (and thus similar to the trimers seen in earlier
subsections) since it becomes more deeply bound for may = 2. As for the upper trimer in
Fig. 7.12(c), we conjecture that it is primarily caused by the d-wave attraction. This is based
on the observation that it smoothly transforms into the d-wave trimer of Fig. 7.12(a) as may

is decreased.

To make these characterizations rigorous it would be instructive to study the pole posi-
tions of these two trimers in the scattering amplitudes of the (scalar dimer + particle) <>
(tensor dimer + particle) coupled-channel system. In particular the set of two channels leads
to the appearance of four Riemann sheets, conveniently labeled by the sign of the imaginary
part of momentum carried by each element of the back-to-back particle-dimer pair. For
example the second sheet is defined by Imkys 4+ < 0 and Imkys, 4, > 0 and poles on the
lower half of this sheet are close to physical scattering energies and are often interpreted as
bound states (or molecules) built from the constituents of the heavy channel—in this case a
M5=2+m molecule. The interpretation follows from noting that, if the lighter channel were
turned off, the pole would move to the real axis of the physical sheet and thus become a

physical bound state pole. This behavior was observed for the fy-like state in the scalar-
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isoscalar LQCD calculation presented in Ref. [143]. Performing a coupled channel analysis
here to extract the upper trimer pole position goes beyond the scope of this work, but would
be an interesting future application of these results.

The higher levels in Fig. 7.12 appear to be predominantly particle 4+ s-wave dimer states,
but there are some clear avoided crossings which we interpret as levels changing their nature
to particle + d-wave dimer states. The situation becomes even more complicated for £ > 3m,
where three-particle components become relevant.

We conclude by noting that, while the examples considered here are not directly relevant

to hadronic physics, they may be of relevance to the physics of cold atoms.

7.5 Conclusions

In this work we have presented an extension of the formalism of Ref. [28] that allows the study
of three-body systems in the presence of two-body resonances or bound states. This removes
a major shortcoming of the original formalism, which had previously only been resolved by
a more complicated approach requiring the introduction of a fictitious two-body channel for
each resonance [35]. In addition, our extension may provide an alternative for the 2 — 3
scattering formalism derived in Ref. [34]. We provide here only an intuitive explanation of
the new extension; a derivation will be presented in Ref. [131], along with a discussion of the
relation to the work of Refs. [34, 35]. We stress that, with this extension, the formalism for s-
wave dimers with general two-particle interactions is now of similar complexity to implement
as that obtained from the other approaches (NREFT and FVU), while being the only one
worked out explicitly for higher partial waves.

The extended formalism can be implemented numerically with only minor changes to the
methods developed for the original formalism in Refs. [39, 76]. This has allowed us to present
several examples of the influence of two-particle bound states and resonances on the finite-

volume three-particle spectrum, including a case in which both s- and d-wave interactions
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are included.

We have also presented several examples where the three-particle quantization condition
can be used to study infinite-volume physics, despite being originally formulated with finite-
volume applications in mind. The simplest example is the determination of the presence and
binding energies of trimers. We reproduce the expected Efimov-like trimers as the unitary
limit of two-particle scattering is approached, and can extend the results into the relativistic
domain. We also find a complex pattern of trimers induced by a combination of s- and
d-wave two-particle attraction. What is most novel here, however, is that the quantization
condition can be used to determine the dimer-particle scattering amplitude for essentially all
energies below the breakup threshold, reproducing expectations in the nonrelativistic regime
and obtaining new results for relativistically-bound dimers. As an application, we study
a toy model of the nucleon-deuteron-triton system, without spin or isospin, which we find

requires the use of a nonvanishing value for the three-particle quasilocal interaction g 3.

With the extension presented here, we now have a relativistic formalism that is straight-
forward to implement and can be used for any system of identical scalar particles, with any
(finite) number of two-particle partial waves. In QCD, however, the only such system is three
pions with I = 3, for which all subchannels, having I = 2, are neither resonant nor have
bound states. The next step in the development of a generally applicable formalism is to
include nonidentical but degenerate scalars, which would allow the application to a general
three-pion system in the isosymmetric limit, and thus to the w, ay, as and other mesonic

resonances. This generalization is now one of our main priorities going forward.

One topic not directly addressed here is the use of the integral equations connecting Kq¢ 3
to M3. We note, however, that the methods introduced in Ref. [39] to solve these equations
below or at threshold for the case without subchannel resonances or dimers should apply as
well in the presence of such resonances and dimers. They would allow us, for example, to

study the wavefunction of the triton in our toy model. We save such calculations until we
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can address a more physical example, rather than toy models.

Finally, an important issue that we have not addressed here is the presence of unphysical
solutions to the quantization condition for certain choices of parameters, as observed in
Refs. [39, 76]. We are presently investigating whether these are removed by increasing the
cutoff used to truncate the sum over the spectator momentum. Resolving this is another
major priority in order to provide a fully general tool for studying all possible three-particle

systems.
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Chapter 8
I =3 PION SCATTERING AMPLITUDE FROM LQCD!

8.1 Introduction

Lattice QCD (LQCD) provides a powerful (if indirect) tool for ab initio calculations of strong-
interaction scattering amplitudes. The formalism for determining two-particle amplitudes
is well understood [24, 25, 27, 56, 57, 60-63, 101, 126, 127], and there has been enormous
progress in its implementation in recent years [58, 96, 97, 112125, 144-146] (see Ref. [26]
for a review). The present frontier is the determination of three-particle scattering ampli-
tudes and related decay amplitudes. LQCD calculations promise access to three-particle
scattering processes that are difficult or impossible to access experimentally. Examples of
important applications are understanding properties of resonances with significant three-
particle branching ratios (including the Roper resonance [147], and many of the X, Y and
Z resonances [148]), determining the three-nucleon interaction (important for large nuclei
and neutron star properties), predicting weak decays to three particles (e.g. K — 3m), and
calculating the 37 contribution to the hadronic-vacuum polarization that enters into the
prediction of muonic g — 2 [149].

Three-particle amplitudes are determined using LQCD by calculating the energies of
two- and three-particle states in a finite volume [64, 150]. The challenges to carrying this
out are twofold. On the one hand, the calculation of spectral levels becomes more chal-
lenging as the number of particles increases. On the other, one must develop a theoretical

formalism relating the spectrum to scattering amplitudes. Significant progress has recently

!This chapter and Appendix F are taken directly from Ref. [51].



253

been achieved in both directions, with energies well above the three-particle threshold being
successfully measured, and a formalism for three identical (pseudo)scalar particles available.
The formalism has been developed and implemented following three approaches: generic
relativistic effective field theory (RFT) [28, 29, 34-36, 39, 76], nonrelativistic effective field
theory (NREFT) [30, 31, 40, 77|, and (relativistic) finite volume unitarity (FVU) [32, 41]
(see also Refs. [71, 72] and Ref. [74] for a review). To date, only the RFT formalism has
been explicitly worked out including higher partial waves. The application to LQCD results
has so far been restricted to the energy of the three-particle ground state, either using the

threshold expansion [47, 55, 66], or, more recently, the FVU approach for 37+ [41].

Recently, precise results were presented for the spectrum of 27" and 37" states in O(a)-
improved isosymmetric QCD with pions having close to physical mass, M =~ 200 MeV [1].
These were obtained in a cubic box of length L with M L ~ 4.2, for several values of the total
momentum P = (27/L)d with d € Z?, and for several irreducible representations (irreps)
of the corresponding symmetry groups. Isospin symmetry ensures that G parity is exactly
conserved and thus that the 27" and 37" sectors are decoupled. In total, sixteen 27" levels
and eleven 37 levels were obtained below the respective inelastic thresholds at Ej = 4M
and E* = 5M, Here Ej and E* = /E? — P2 are the corresponding center-of-mass energies,
with E the total three-particle energy.

The purpose of this Letter is to perform a global analysis of the spectra of Ref. [1] using
the RFT formalism and determine the underlying 37" interaction. This breaks new ground
for an analysis of the three-particle spectrum in several ways: we use multiple excited states,
in both trivial and nontrivial irreps, including results from moving frames. This analysis
therefore serves as a testing ground for the utility of the three-particle formalism in an almost
physical example. An additional appealing feature is that the size of the 37" interaction can
be calculated using chiral perturbation theory (xPT ). We present the leading order (LO)

prediction here.
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After this paper was made public, an independent study of the results of Ref. [1], using
the FVU approach, appeared [52].

8.2 Formalism and Implementation

All approaches to determining three-particle scattering amplitudes using LQCD proceed in
two steps, which we outline here. In the first step, one uses a quantization condition (QC),
which predicts the finite-volume spectrum in terms of an intermediate infinite-volume three-
particle scattering quantity. In the RFT approach, the QC for identical, spinless particles
with a G-parity-like Z; symmetry takes the form (up to corrections of O(1%) that are
exponentially-suppressed in ML) [28]

det [F3(E, P, L)~ + Kars(E")] = 0. (8.1)

Here F3 and Kg4p 3 are matrices in a space describing three on-shell particles in finite volume.
They have indices of angular momentum of the interacting pair, ¢, m, and finite-volume mo-
mentum of the spectator particle, k. F3 depends on the two-particle scattering amplitude and
on known geometric functions, while Kg4¢ 3 is the three-particle scattering quantity referred
to above. It is quasilocal, real, and free of singularities related to three-particle thresholds,
thus playing a similar role to the two-particle K matrix Iy in two-particle scattering. It is,
however, unphysical, as it depends on an ultraviolet (UV) cutoff. Given prior knowledge of
ICo, and a parametrization of Ky 3, the energies of finite-volume states are determined by
the vanishing of the determinant in Eq. (8.1). The parameters in K43 are then adjusted
to fit to the numerically-determined spectrum. Examples on how to numerically solve Eq.
(8.1) have been presented in Refs. [36, 39, 76].

The second step requires solving infinite-volume integral equations in order to relate Kqs 3
to the three-particle scattering amplitude Mj. In fact, as explained below, it is a divergence-

free version of the latter, denoted Mygs 3, that is most useful. The equations relating g¢ 5 to
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M ¢ 3 were derived in Ref. [29], and solved in Ref. [39].

The parametrizations we use for Ky and K43 are based on an expansion about two- and
three-particle thresholds. For Iy this leads to the standard effective range expansion (ERE),
recalled below. At linear order in this expansion only s-wave interactions are nonvanishing,
with d-wave interactions first entering at quadratic order (p-wave interactions are forbidden
by Bose symmetry). For Ky 3, the expansion is in powers of A = (E*? —9M?)/(9M?), and
was developed in Refs. [39, 76] based on the Lorentz and particle-interchange invariance of

Kats. Through linear order in A, Kg4¢ 3 is given by
Kats = Ky = Ky + Kty A, (8.2)

where IC(iisﬁ y and ICfffO, 3 are constants. There is no dependence on the momenta of the three
particles at this order; this corresponds to a contact interaction, and leads to the designation

“isotropic”. Momentum dependence first enters at O(A?).

In our main analysis we keep only the s-wave two-particle interaction and the isotropic
terms in Eq. (8.2). With these approximations, the QC of Eq. (8.1) reduces to a finite
matrix equation that can be solved by straightforward numerical methods. Previous imple-
mentations have considered only the three-particle rest frame, P = 0 [36, 39, 76] (see also
Ref. [40, 41]). Here we have extended the implementation to moving frames, so that we
can use all the results obtained by Ref. [1]. The details of the implementation, including

projections onto irreps of the appropriate little groups, are described in Appendix F'.1.
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8.3 xPT prediction for K43 and Mg 3

Mgr s and Kgr 3 have not previously been calculated in xPT , so here we present the leading

order (LO) result. The LO Lagrangian in the isosymmetric two-flavor theory is [18, 151]

F? M?F?
L= ptr (.00"U") + o (U+UT),
71'0 \/§7T+ (83)
\/§7r_ —70 .

Here F'is the decay constant in the chiral limit, normalized such that F,, = 92.4 MeV. We note

with U = /F | ¢ =

that at this order, F' = F}.. Expanding in powers of the pion fields, £ = Lo+ Lyr+Lgr+- - -,

we need only the 47 and 67 vertices.

From L4, we obtain the standard LO result for the 27 scattering amplitude [152],

2M? — E32

M2 = F2 Y

(8.4)

which displays the well-known Adler zero below threshold at Fj3*> = 2M? [153]. Given the
ERE parametrization of the s-wave phase shift,
1 re 3 4
qcotéo(q):—a——i—?%—Prq +- (8.5)
0

where ¢* = F3%/4— M?, one can infer from Eq. (8.4) the LO results for the scattering length

and effective range:

2

Mag = —
0= 16rE2

and MZ%*rag = 3. (8.6)

The 37" amplitude M3 is given at LO by the diagrams of Fig. 8.1. As is well known,

M3 diverges for certain external momenta, as the propagator in Fig. 8.1(a) can go on shell.
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This motivated the introduction of a divergence-free amplitude in Ref. [28]:

Mdf,3 =Ms-D, (8-7)

D= S{ - M2(512)1)2_1WM2<3112)} +0 (M§> ) (8.8)

where s19 = (p1 + p2)?, sy = (k1 + k2)?, b = p1 + p2 — k3, and S indicates symmetrization
over momentum assignments. D is defined to have the same divergences as M3, so that their

difference is finite. At LO in xPT | only the LO term in D contributes and we find
WE
M*Mygsz = ﬁ(18 +27A) = (167 Mag)*(18 + 27A) (8.9)
a result that is real and isotropic. As a side result, we have also calculated the related
threshold amplitude that enters into the 1/L expansion of the three-particle energy [68],
finding Mz, = 27M?/F*.
The last step is to relate Mgss to Kge3. As discussed in Appendix F.2, we find these

quantities to be equal at LO
Kats = Mars [1+ O(M?/F?)] (8.10)

so that Kg¢ 3 is also given by Eq. (8.9). This implies that Ky 3 is scheme-independent at LO
in yPT . In Appendix F.2 we also quantify the expected size of the corrections, finding them
to range between 10 — 50%, with the larger error applying to the term linear in A.

8.4 Fitting the two-particle spectrum

Determining the two-particle phase shift is an essential step, as it enters into the three-
particle QC. In particular, we need a parametrization valid below threshold, as the two-
particle momentum in the three-particle QC takes values in the range ¢*/M? € [—1,3]. We
extract information on the s-wave phase shift using a form of the two-particle QC that holds
in all frames for those irreps that couple to J = 0. Details are given in Appendix F.3. We use

the bootstrap samples provided in Ref. [1] to determine statistical errors, so that correlations
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ky pP3
3471:
k2 P2
/471’
k3 P1
kl P3
L,
k2 P2
k3 P1

Figure 8.1: LO contributions to the three-particle scattering amplitude M3. Momentum
assignments must be symmetrized.

are accounted for properly.

We use a parametrization of the phase shift (adapted from that of Ref. [107]; see also
Ref. [154]) that includes the Adler zero predicted by xyPT , as well as the kinematical factor
Ej:

q E5M ¢ q'

Mcotéo(q) = m <Bo+Blw+BQW+---> . (8.11)
We either set 22 = M?, the LO value, or leave it as a free parameter. By and B; are
related in a simple way to ag and r [see Eqgs. (F.37) and (F.38) in Appendix F.3]. Previous
lattice studies have used the ERE, Eq. (8.5) (see, e.g. Refs. [95, 108, 109]), but this has the

disadvantage, due to the Adler zero, of having a radius of convergence of |¢?| = |M? —22 /2| ~
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0.0 0.5 1.0 15 2.0 25 3.0

(q/M)?*

Figure 8.2: Values of gcot dy obtained from the two-particle spectrum of Ref. [1] using the
two-particle QC, together with various fits.

Fit By By By 25 | M? x?/dof May M?rag
I -11.2(7) 2103) 1 (fixed) 12.13/(11-2) 0.089(6) 2.63(3)
5 -104(9) -3.7(1.0) 05(3) 1 (fixed) 9.75/(11-3)  0.096(8) 2.3(3)
3 IL7(L8) 20(4) 094(22) 12.06/(11-3) 0.091(9)  2.4(9)

Table 8.1: Fits of the two-particle spectrum to the Adler-zero form of ¢ cot &y, Eq. (8.11).

M?/2. In particular, the ERE gives results for —1 < ¢?/M? < 0 that are substantially
different from the Adler-zero form. This is related to the fact that in (8.11), By and Bs
are both of next-to-leading order (NLO) in xPT , in contrast to the ERE form where r
and P are both nonzero at LO, as can be seen from the explicit YPT expressions given in
Ref. [108]. The formal radius of convergence of our expression (8.11) is |¢?| = M?, due to the
left-hand cut, but following common practice we ignore this and use it up to ¢?/M? = 3. In
Appendix F.3 we show that fitting with the restriction |¢?|/M? < 1 has only a small impact
on the resulting parameters We also have checked that fits using the ERE form provide a

worse description of the data.

The results of several fits are listed in Table 8.1 and shown in Fig. 8.2. All fits give
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reasonable values of x?/d.o.f., and yield values for M?raq close to the predicted LO value of
3. Using the value of F' obtained from the same lattice configurations in Ref. [155, 156], the
LO chiral prediction from Eq. (8.6) is May = 0.0938(12), and this is also in good agreement
with the results of the fits. Overall, we conclude that the spectrum from Ref. [1] confirms
the expectations from xPT . We choose the minimal fit 1 as our standard choice since By
is poorly determined (fit 2) and the Adler-zero position is consistent with the LO result if
allowed to float (fit 3). We have performed a similar fit to the five energy levels from Ref. [1]
which are sensitive only to the d-wave amplitude. Details are in Appendix F.3. Despite very
small shifts from the free energies, we find a 30 signal for the d-wave scattering length,
(Mas)® = 0.0006(2), where ay is defined in Eq. (F.40) of Appendix F.3. The smallness of
this result is qualitatively consistent with the fact that this is a NLO effect in xPT | and

justifies our neglect of d-waves in the three-particle analysis.

8.5 Fitting the three-particle spectrum

iso

We now use the three-particle spectrum to determine KjP;. Eight levels are sensitive to

Bo_while three are in irreps only sensitive to two-particle interactions. Since all levels

are correlated, a global fit to two- and three-particle spectra is needed to properly estimate

errors. Further details on the fits described in this section can be found in Appendix F.3.

Before presenting the global fits, however, we use an approach (“method 17) that allows

iso

a separate determination of ICff; for each of the eight levels sensitive to this parameter.

Within each bootstrap sample, we fit the two-particle levels to the fit 1 Adler-zero form

described above, and then adjust KCgf3 so that the three-particle QC reproduces the energy

iso

of the level under consideration. The results are shown in Fig. 8.3. The values of Kjf; are all
positive, and a constant fit yields M*KCip; = 560(270) with x*/d.o.f. = 8.5/7. The LO xPT
result (given by M?K5Ps = 3604 540A, taking Mayg from fit 1) is reasonably consistent with

iso

the linear fit, as shown. This indicates that a significant result for KgP; of the expected size
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Figure 8.3: Results for M 2/@?33 from individual three-particle levels, using method 1, together
with constant and linear fits, and the LO prediction of xyPT .

Fit B, B, 2/M? MKy MPKS x?/dof May  M?raq

4 -11.1(7) -2.3(3) 1 (fixed) 270(160) —  27.06/(22-3) 0.090(6) 2.59(8)

5 -11.1(7) -2.4(3) 1 (fixed) 550(330) -280(290) 26.04/(22-4) 0.090(5) 2.57(8)

Table 8.2: Global fits to the two- and three-particle spectrum using the two- and three-
particle QCs.

may be obtainable.

This fit does not include three-particle energy levels in irreps sensitive only to dg. These,
however, can be used as a consistency check. As shown in Appendix F.3, we find good
agreement between the data and the energies predicted by the QC.

To establish the true significance of the results for KjP; we perform global fits to the
eleven two-particle and eleven three-particle levels that depend on g and/or ICffffg. We do so
both for constant and linear KCif5. The results are collected in Table 8.2. Fit 4 finds a value
for ICiff‘fg that has around 1.8¢ statistical significance, and also gives values for By and B;

that are consistent with those from fits 1-3 above and with the LO xPT predictions. The
p-value of the fit is p = 0.103.
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Figure 8.4: One, two, and three-sigma confidence intervals for M 2ICdf73 for the two different
global fits (4 and 5).

In fit 5, we try a linear ansatz for KCj3, and find that the current dataset of Ref. [1] is
insufficient for a separate extraction of both constant and linear terms. We note, however,

that, even in this fit, the scenario K§f's = 0 is excluded at ~ 20. We also provide a comparison

between the data and the predicted spectrum from this fit in Fig. F.3 of Appendix F.3.

In Fig. 8.4 we present a summary of the errors resulting from the global fits. We also
include the value from LO xPT , along with an estimate of the NLO corrections obtained
in Appendix F.2, and quoted in Eq. (F.35). As can be seen, the constant term agrees well
with the prediction, whereas the larger disagreement for the linear term is only of marginal

significance given the large uncertainty in the yPT prediction.

One concern with our global fits is that we are using the forms for Ky and K3 beyond
their radii of convergence. For ICES& we do not know the radius of convergence, but a
reasonable estimate is that one should use levels only with |A| < 1. To check the importance
of this issue, we have repeated the global fits imposing ¢*/M? < 1 and A < 1, so that the fit
includes only five 27" and five 37" levels. We find fit parameters that are consistent with

those in Table 8.2, but with much larger errors. For example, the result from the equivalent
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of fit 4 gives M2IC5py = 610(350).

We close by commenting on sources of systematic errors. The results of Ref. [1] are
subject to discretization errors, but these are of O(a?), and likely small compared to the
statistical errors from [1]. The quantization condition itself neglects exponentially-suppressed
corrections, but these are numerically small (e=™% ~ 1%) compared to our final statistical
error. Errors from truncation of the threshold expansion for Ky and Kg4¢ 3 are also present,

but harder to estimate.

8.6 Conclusions

We have presented statistical evidence for a nonzero 37" contact interaction, obtained by
analyzing the spectrum of three pion states in isosymmetric QCD with M =~ 200 MeV
obtained in Ref. [1]. This illustrates the utility of the three-particle quantization condition.
It also emphasizes the need for a relativistic formalism, since most of the spectral levels used
here are in the relativistic regime. It gives an example where lattice methods can provide
results for scattering quantities that are not directly accessible to experiment.

We expect that forthcoming generalizations to the formalism (to incorporate nondegen-
erate particles with spin, etc.), combined with advances in the methods of lattice QCD (to
allow the accurate determination of the spectrum in an increasing array of systems), will
allow generalization of the present results to resonant three-particle systems in the next few

years.
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Chapter 9
CONCLUSIONS
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In this thesis, we have presented several theoretical and practical advances to three-
particle quantization conditions. We have provided an alternative derivation of the QC3
for identical scalars (e.g. #"wtx™ or KTKTK™") that utilizes time-ordered perturbation
theory to simplify the diagrammatic expansion of the finite-volume correlator, organizing
the infinite sum of diagrams into a simple closed-form expression. We have shown that the
resulting QC3 is equivalent to that of the original RFT derivation (Refs. [28, 29]), as well
as that of the FVU approach (Refs. [32, 41]), proving the equivalence of the two different
relativistic formalisms. We have also used the TOPT strategy to derive a QC3 for three
nondegenerate scalars (e.g. DF D7~ or DFD°DT), establishing the generalizing power of

the new method.

In addition to these theoretical advances, we have presented results from multiple prac-
tical implementations of the QC3 for identical scalars. We have detailed the first imple-
mentation that included d-wave dimer interactions and energy levels in all irreps, as well as
a numerical exploration of two-particle bound states and resonances. We have also shown
results from the first ever extraction of the 37" scattering amplitude from LQCD data,
serving as a proof-of-principle that LQCD and QC3 formalism are now at a stage where a

first-principles analysis of three-hadron scattering is feasible and worth pursuing.

Since starting work on this thesis, we have put out preprints for two additional projects.
In Ref. [157], we use the TOPT strategy to derive a QC3 in the case of two identical scalars
plus a third nondegenerate scalar, which is applicable to systems such as 7#t7#T K" and
K*tK*n". In Ref. [158], we present results from implementing QCs to fit 3K and 37+
scattering amplitudes to F'V spectra computed with LQCD, using many more levels than we

did in Chapter 8.

In the future, we hope to continue generalizing the QC3 formalism and to increase the
scope of QC3 implementations. Two short-term goals are to generalize the QC3 to allow for

particles with nonzero spin (e.g. nucleons) and for multiple three-particle channels. The latter
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would immediately allow several new scattering processes to be studied (e.g. 77~ 70 <+ 379,
DIDr~ «» D'DYK?), while combining the former with methods from Refs. [34, 36] would
allow a first-principles study of the Roper resonance N(1440) — N7, N7. A more ambitious
goal is to derive a quantization condition for 4—4 scattering; this was a major motivation for
trying to simplify the complicated QC3 derivation of Ref. [28], as with the TOPT formalism
developed in Chapter 3, deriving a four-particle QC seems much less daunting.

We also anticipate that many of these generalized quantization conditions will be im-
plemented in the near future, both for numerical exploration and for fitting FV spectra
of new systems, as the computational abilities of LQCD continue to improve. The next
generalization to be implemented will likely be the QC3 for 241 systems that we recently
derived in Ref. [157], as we expect the next available lattice data to be for 777 K™ and
KT K*xt. However, it is only a matter of time before other generalizations such as the QC3
for three-pion states of different isospins (Ref. [37]) and the QC3 for nondegenerate scalars
(Chapter 4) become necessary to implement; the field of extracting three-particle scattering

amplitudes from LQCD is still in its infancy, and we only expect it to grow.
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Appendix A
APPENDIX TO CHAPTER 3

A.1 Technical comments on time-ordered perturbation theory

In this appendix we address two technical issues concerning the application of TOPT de-
scribed in the main text. These are, first, the use of the physical, renormalized mass in
energy denominators—and more generally, our apparent neglect of self-energy diagrams—
and, second, the presence of an additional class of diagrams with relevant (three-particle)
cuts. Both issues have been partially addressed previously in Ref. [34], and our discussion
here leans heavily on the analysis in that work.

We begin with the first issue, which we first restate in more detail. In the discussion in the
main text, the kinematic factor associated with each cut involves the physical mass m rather
than the bare mass. In particular, the factors of wy that appear in both energy denominators
and propagator factors are given by wy, = v/m?2 + k2. This appears to ignore the fact that the
full propagator in any RF'T has a more complicated analytic form than a simple pole, due to
the usual iteration of self-energy diagrams. In fact, we are not ignoring self-energy diagrams,
but instead dealing with them first in the context of a Feynman diagram decomposition, and
then converting to TOPT to give the rules described in Sec. 3.2.1.

To explain our approach, we begin by writing the quantity under consideration, i.e. Cs ,
or ./(/lvgfi“), in terms of the Feynman diagrams that follow from the Lagrangian of our generic
relativistic effective field theory. Following HS1, we organize these diagrams into a skeleton
expansion in terms of Bethe-Salpeter kernels and appropriately defined dressed propagators.
The only subtlety here is that for diagrams in which all of the momentum is carried by a

single propagator, the self-energy diagrams that dress this propagator must be 3PIs, instead
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of the usual 1PIs. This allows all possible contributions with three-particle intermediate
states to be made explicit. This is explained in the text surrounding Eq. (49) of HS1, and
the distinction between 1PIs and 3PIs self-energies is illustrated (in the context of a theory

without the Zy symmetry) in Fig. 4 of Ref. [34].

At this stage HS1 use TOPT in a qualitative way to explain why all the self-energy di-
agrams in both types of dressed propagators (1PIs- and 3PIs-dressed) can be evaluated in
infinite volume [see footnote 18 of HS1]. We now follow Ref. [34] and use a diagram-by-
diagram regularization, in which each Feynman diagram is accompanied by counterterms
chosen such that it satisfies the renormalization conditions given in Eq. (14) of Ref. [34].
In words, these conditions ensure that all self-energy diagrams, and their first derivatives
with respect to p?, vanish on shell (when evaluated in infinite volume). Each self-energy

2 —m?)? close to the on-shell point, where we are using the re-

diagram thus behaves as (p
sult that Feynman diagrams yield Lorentz-invariant expressions. It then follows that, in the
usual geometric series that builds up the fully dressed propagator, only the leading term—a
single, undressed propagator—has a pole, and this is of unit residue and at the position of
the physical mass. All other contributions to the dressed propagator are either momentum-
independent constants or vanish as powers of p?> — m?. For example, a sequence with an
undressed propagator followed by a self-energy and another undressed propagator has the
leading behavior (p? — m?)~!(p* — m?)?(p?> —m?)™!, i.e. a constant. Such contributions cor-
respond in position space to delta functions or derivatives thereof, and thus can be collapsed
to pointlike interactions. (Examples of this collapse, albeit in a slightly different context, are
given in Appendix B.2 of Ref. [34].) Any tadpole loops that result (propagators beginning
or ending at the same vertex) can also be collapsed, since, as discussed in Appendix B.1 of
Ref. [34], they have nonsingular summands that cannot enter into a cut. The end result of

these manipulations is that we are left to evaluate the subset of diagrams in which there

are no self-energy contributions or tadpole loops, except for self-energy diagrams involving
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Figure A.1: Examples of TOPT diagrams for ./{/lvgfi“) in which all the momentum flows
through a single propagator. Notation as in Fig. 3.1. The two panels show different time
orderings of the same Feynman diagram, and involve self-energy insertions containing three
propagators. The time-ordering shown in (a) has two genuine three-particle cuts, lying
between which is a contribution to Bs. Time-ordering (b) has a fake three-particle cut that
cancels when all time orderings are included. If the propagators carrying all the momentum
are collapsed to point-like vertices, which is valid for p? > m? as discussed in the text, then
diagrams of type (a) remain, while those with the Z-type time ordering shown in (b) are
removed, since such a time ordering is no longer possible.

three-particle cuts if they are on a single propagator that carries all the momentum. [An
example of such a diagram is Fig. A.1(a), viewed as a Feynman diagram.] When evaluating
this reduced class of diagrams we must use modified vertices, due to the collapse of propa-
gators and tadpole loops, but the key point is that all propagators that remain have their
free form in terms of the physical mass.

At this stage we can break each Feynman diagram into its constituent time orderings,
following the method explained, for example, in Ref. [83]. This leads to the rules described
in Sec. 3.2.1, with all factors of w containing the physical mass. The only subtlety is the
need to break up counterterms for vertex diagrams into Lorentz noncovariant parts so that
each TOPT diagram is finite. This does not present problems, as discussed in Appendix B.5
of Ref. [34]. Thus we have resolved the first issue.

We now turn to the second issue, which concerns a class of diagrams that leads to “fake”
three-particle cuts. By fake, we mean that they will be canceled when all time orderings

are added. Diagrams in this class all have the momentum carried by a single propagator,
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and involve the self-energy diagrams that allow three-particle cuts. These are the self-energy
diagrams that were not part of collapsed dressed propagators in the analysis above. In TOPT,
such diagrams can have genuine three-particle cuts, as shown for example in Fig. A.1(a), as
well “Z-type” configurations that have fake cuts, as in Fig. A.1(b). We know the latter cuts
must cancel, because if we sum over all time orderings, we will end up with a result having
singularities (higher-order poles) only at p? = m?.

The simplest way of dealing with this issue is to restrict £* to lie far above m, so that
we do not approach the single-particle pole. For example, we could consider E* > Ej = 2m,
so that p* > E? = 4m? and p?> — m? > 3m?. In that case, the single propagator can be
Taylor-expanded about p* = E}?, and thus collapsed to a series of momentum-dependent
vertices. This completely removes the Z-type time-orderings, while retaining those that lead

to genuine relevant cuts.

A.2 Relating K, to K,

In this appendix we derive Egs. (3.65)-(C.3) in the main text, i.e. we show that the two-
particle matrix contained in Ky 7, is indeed (a variant of) the K matrix. A secondary purpose

is to explain the definition of the generalized PV pole prescription.

Our approach is to consider the two-particle finite-volume amplitude My 1, which is given
by the sum of all amputated 2 — 2 diagrams. Since our notation is set up for three-particle

correlators, we package M 1, in an analogous manner to that used for Ba 1 [Eq. (3.11)],

[MQVL] . = 5kp2WkL3M2,L(E2,k7 PQJC; a; I') s EgﬂzC = E — Wk, 1:)27,1€ = P — k . (Al)

kaip
This amplitude is off shell in general. It is given in TOPT by

1

Mo =By ———=—,
1-— ZDFZBZL

(A.2)

which, using the on-shell projection result Eq. (3.57), as well as the definition of Ko p,
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Eq. (3.65), can be rewritten as

1

B R FiK,,

(A.3)

If we project external indices on shell, so that all matrices are square, we can invert this

result to obtain

—3 701 -1 0N -1 i

(M27L> - (,C27L) + F, (A4)
where the “on" labels indicate that both amplitudes must be completely on shell for the

equation to hold.

The next step is to take the infinite-volume limit in such a way that the left-hand side
goes over to the (inverse of the) on-shell infinite-volume scattering amplitude. To obtain
this limit, we first remove extraneous common factors (introduced by carrying along the
spectator) by multiplying Eq. (A.4) by the matrix 2wL? [defined in Eq. (C.4)] and dropping
the dy, that is common to all three terms. We then take the L — oo limit holding E5; and
P, fixed, which ensures that in the CMF of the scattering pair, the momentum of each
particle in the pair is held fixed at g3 ;. Following the prescription used in HS2, we make this
limit well defined by reintroducing the factors of ie into the energy denominators contained

in the factors of Dp in Eq. (A.2), and only then turning sums into integrals. The result is
£) « -1 £)( x -1 ~(¢ *
6&’5mm’ [Mé )(q2,k):| = 6%’6mm’ [’Cg )(q2,k)} + 6€€’5mm’p§3\)j<q2,2k) , (A5)

where MY is the fth partial wave of Mo,

~(0 * ~ % 1 l *
AR = H) [7laih) + 555100053 (A.0)

with the phase space factor given by

1 —ilgs, ] @% >0
167 By,

;5(9321@) . "
‘QZ,I@’ 4k <0
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and Il(f\), is an arbitrary real, smooth function. Here we have assumed that H (k) is, in fact,
a function of qg?k, as is the case in all numerical work to date [36, 39, 51, 76]. The second
term on the right-hand side of Eq. (A.5) is obtained using Eqs. (22)-(26) of HS1 (where the
standard PV prescription is defined in the context of F'), together with Eq. (3.5) of Ref. [36]
(where the generalized PV prescription is defined), which together lead to

26k L Frtmiptrmt = Ok | Fitysorms (K) + Optr Oy i (43%)] (A.8)
where
[ (k) = H(k) i % _ /UV 1 yém(alt;) 1 yf’m’(al:)
S TR a 2w, q;@ 2wp(E — wi, — Wy — wy + i€) q%

(A.9)

is the quantity defined in Eq. (24) of HS1. Note that F** — 0 in the “ie” L — oo limit.

A.3 Algebraic matrix manipulations

In the main text, we encounter several times [see for example, Egs. (3.60) and (3.85)] matrix

expressions of the form

1
m2+m3:(C2+C3)1_(f+g)(02+03)7 (A.10)
1
=1 Gra)FTa) (co+ c3), (A.11)
m22621—1f02 = myl=c'—-f, (A.12)

from which we wish to determine an expression for mg. For the sake of clarity and complete-
ness, we collect here the algebraic steps that lead to the form used in the main text. We
stress that these and similar steps have been repeatedly used in previous RFT papers, i.e. in

HS1, HS2, and Refs. [34-37].
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As a first step, we define do3 as ms + mg evaluated when c3 — 0:

1
dos = Ccg————. A.13
23 27 F+9)e ( )
This can be rewritten as
=C = f—g=my'—g = dog=my =my+dz, dz=magms ! .
1 —gme 1 —gmo
(A.14)

In words, ms is obtained by summing all the ¢, terms joining by factors of f, and dag is then

obtained by putting in factors of ¢ in all possible ways.

Our aim is to pull out the ¢3 dependence of m3 from Eq. (A.10). The steps are

1
mo +mg —dag = (1 + 03051)62_1 I TT——— — dos (A.15)
=(1+ 03051)d531 — (f1+ Neacst das (A.16)
= (14 csc3h) — d23(f1_|_ 9)03051d23 — dys (A.17)
1 1
B 6362_1 1 — das(f + 9)03051d23 T/ 9)0302_1 1 —dys(f + 9)C3C§1d23
(A.18)
1
=1+ dos(f + g)lcscy’ R dos (A.19)
e It 420
This can be further simplified using
cytdoy = 1_(;% =14 (f+g)dos. (A.21)
A useful way of rewriting the final result is
my = ds + [1+ das(f + g)]es ; L+ (F o], (A22)

L= [+ (f + g)das](f + g)cs
which is used to obtain, for example, Eqgs. (3.72) and (3.86).
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Clearly this derivation relies on the existence of the various inverse matrices that appear,

and thus, in particular, it assumes that the matrices are square.

A.4 Asymmetrization identities

In this appendix we derive the identities needed in Sec. 3.4.2 to asymmetrize the HS2 am-
plitude /\/lgfiu) . These results are extensions of the symmetrization identities derived in HS1

[see Egs. (163) and (198) of that work and surrounding discussions].

A.4.1 General asymmetric kernels

Here we review the notation developed in HS1 to describe general asymmetric kernels,
e.g. ICg'f:;f), as well as collecting some of their key properties. To lighten the notation we
denote a generic asymmetric kernel as Z®, where we only make explicit the symmetry sta-
tus of one “side” of the kernel. The meaning of the superscripts (u) and (u,u) have been
explained in the main text, with the key point being that, in the {k¢m} index space describ-
ing three on-shell particles, the momentum label k is always associated with the spectator.

We only consider amplitudes that are fully on shell, denoting the four-momenta of the
three particles as k (spectator), p, and b = P — k — p (the interacting pair). The discussion
in Sec. 3.2.3 explains the procedure for on-shell projection that defines Z,SZ,L (where again

we show only one set of indices). Using Eq. (3.31), the full momentum dependence of Z®

is given by
ZW (k,Br) = Zyyn VAT () (A.23)

where pj, is obtained by the boost of Egs. (B.15) and (B.16) (which is equivalent to the boost
of HS1 since the particles are on shell). Since the kernel is on shell, it depends only on the
direction of p; and not its magnitude (for given k). Because we are considering identical

particles, Z(" is invariant under p <> b interchange. Since this interchange is effected in our
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u)

variables by changing the sign of p}, Z( satisfies

ZW(k,pt) = ZM(k,bl) = ZM(k, —p;) < ZW =0if £is odd. (A.24)

We next define asymmetric kernels with superscript (s). Here the momentum £ is assigned

to one of the interacting pair, while p is assigned to the spectator:
ZO)(k, B)) = Zh N AT Y (B}) = 2 (p,K5) . (A.25)

We stress that there is a one-to-one relation between {k,p;} and {p,E;}, i.e. one set of

variables uniquely determines the other.

In the third option, both k and p are assigned to the interacting pair. Since this config-

uration is obtained from the Z(*) assignment by interchanging p and b, we have
29k, B}) = Zygrn VAT o (B7) = 29k ~B}) = Zig = (-1)'Z5, . (A20)

In addition, using the one-to-one relation between {k,pi} and {b,p;}, and the symmetry

of Z() under p < b, we have

Z9(k,p;) = Z™ (b, p}) . (A.27)

We will also need the result from HS1 that F vanishes if # + ¢ is odd:
(_1)£,ﬁk/5'm/§kﬁm(_1)g = ﬁ’k’é’m’;kém . <A28)

This holds for all boosts that agree on shell, and thus for the Wu boost we use in this work.
Together with the results in Eqgs. (A.24) and (A.26), this implies the following useful set of

equalities,

XWpz6) = xWpze)  xOpzw = xEOpz0  xEOpze) = xOpz6  xOpz6) = x6 P76
(A.29)

where X is another kernel.
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The symmetric on-shell amplitude is obtained by adding all three attachments
7 =zt = 70 4 7 4 76 (A.30)

where we are using the convention that adding superscripts corresponds to adding the un-
derlying amplitudes. Equation (A.30) is the on-shell version of the off-shell symmetrization

definition given in Eq. (3.84).

A.4.2 Deriving Egs. (3.102) and (5.103)

The first two asymmetrization identities of Sec. 3.4.2 have essentially been derived in Eq. (163)-

(165) of HS1. Here we need a slightly more explicit form, so we repeat the essential steps.

We begin with Eq. (3.102). For concreteness, we act the identity on the vector of ampli-
tudes (Z W, z (S+§)). Then the identity to be demonstrated can be rewritten as

% ~ ~ ~ ~
K = XW[FZ6) 4 FZ0) _ Gz0)] = —_XWT o7 (A.31)

%
where A is simply a shorthand for the left-hand side of this equation, with the arrow point-
ing in the direction of the amplitudes that are being asymmetrized. Using results from

Eq. (A.29), this can be written as
— ~ ~ ~ ~ ~
A =XW02FZ® - GzW) = XW©28p2¢) — 21,2 - GzW), (A.32)

where the second form is obtained by splitting F, Eq. (C.9), into its sum and integral part,
F = iF — I~F. The explicit form for iF is given in Eq. (A.82). Note that the integral fp
differs from the integral operator Zp of Eq. (3.56), the latter being denoted by a calligraphic
symbol. We regulate the UV by inserting a factor of H(p), and choose the relativistic form
of the pole term, both choices that only change F by exponentially suppressed terms. Then,
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using the definition of G, Eq. (C.10), we find

X 25,20 - GZz™) = Z

L g D

2wy, ktm quk b2 — m?2
x Z( > VaATY o (P )1«3/—2( > VAT o (K2 Z50,0 8 . (A.33)
'm/ q2 k o'm/ Q2,p

The key observation is now that the expression in curly braces vanishes when b = m?
i.e. when all three particles are on shell. For then p; = ¢5, and k; = ¢3,, so the sums
over /' and m’ can be done, leading to Z©)(k,p}) — Z™(p, E;;), which vanishes because of
Eq. (A.25). Because of this cancellation, the sum over p can be replaced by an integral.
This integral requires no pole prescription, but if we wish to separate the two terms in curly
braces, then we must choose a prescription, and we use the generalized PV prescription.
Then the first term in curly braces gives 21, which cancels the —2I5 term in Eq. (A.32).

What remains is

- 1 1
— (u)
A=- ; 2ka3 PV/p 20 kﬁmGkZm splm! “pl'm! (A34)

where G? is defined in Eq. (3.44). What happens to the sum over k depends on the form
of X, If X — MZ, 1, which contains a Kronecker delta, k is set equal to the external
spectator momentum. If X® is a three-particle amplitude such as D(L"’u), then k is an
internal index and the sum over it can be converted to an integral, since the PV integration
over p leads to a smooth function. In either case, X and Z® are sewed together by an
integral operator. We define ?G to be this integral operator, leading to the right-hand side

of the identity Eq. (A.31). It is similar to the operator Zr, and thus we use a similar name.

%
To summarize, in the difference A, the terms cancel exactly on shell, allowing the sums
to be replaced by (PV-regulated) integrals. Once this is done, F vanishes, since it is a sum-
integral difference. Thus one simply ends up with an integral over the —G contribution. We

note that the argument holds for both choices of boost to the CMF of the scattered pair
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considered in the main text, i.e. the Wu boost and the boost used in HS1. One needs only
to use the same boost in G and ?G.

The argument for the second identity, Eq. (3.103), is essentially the horizontal reflection of
that for Eq. (3.102), and we do not repeat the steps. The only change is that the directionality

e
is reversed, leading to the integral operator Z g, which asymmetrizes to the left.

A.4.3 Derivation of Eq. (3.104)

To derive Eq. (3.104), we make it concrete by applying (X®, X©+5)) on the left and
(ZW Z(+9) on the right. Since X and Z are stand-ins for K4t 3, they are three-particle
amplitudes for which the spectator momentum labels are summed, and not constrained by
a Kronecker delta. We denote the difference between the left-hand side of Eq. (3.104) and
the F' 4+ G term on the right-hand side by <Z> Our aim is to show that this is an integral

operator. We begin by breaking it into four parts

3N = x(wtstd) fylutsts) _ 3y @)(fF 4 Gy z® (A.35)
= Xl + <Z>2 + Z)g + Zl, (A.36)
where
Ny = X@Fz6+9) _ xwGzm (A.37)
Wy = X6 Fz _ xwGzw (A.38)
Ny= XOFZ6 1 XOF 70 _ox @z (A.39)
No=XOFZ) 4 XOFZ0 _ x@Gz. (A.40)

The first two parts can be evaluated using the identities Eq. (3.102) and (3.103), leading to
< e —
Ni=-XOT 70 and Ny=—XOT 20 (A.41)

For the remaining two parts a new analysis is needed.



297

=
For A, using the third result in Eq. (A.29), we obtain
— ~ -
ANy =2XOFZ76) _oxWEZzW (A.42)

Separating the F’s into sum and integral parts, we have

Avd Avd Avd

A3E A32— A3[, (A43)
< ~ ~
A gy =2XO¥ 20 —oxWy 70 (A.44)
e ~ ~

Ng =2XO1p2® —oxWr,z0) (A.45)

The integral part can be converted into a double integral because of the smoothness of the

first PV-regulated integral,

7 s s u u
A 31 = /kpv/p {Xlggm’FZb’m’;fm(ka p)Zngn - Xlgf’)m’FZb’m’;fm(k7 p)Zlgh)n} ) <A46)

where (again regulating the p integral in the UV with H(p), but here keeping the original
form of the pole)

'm/! i H(k)H - *
Féb’m’;fm(kap) = Ve *g/pk) ( ) (p) Ve (pk)

A.47
Gl 202w, 20,(E — wi — wp — @) 434 (A.47)

The sum part <Z>3E has the same form as (A.46) except that both integrals are replaced
by sums. Naively we might expect the two terms to cancel, since the difference between (s)
and (u) quantities is just a k <> p relabeling. To investigate this we interchange the dummy
variables k and p for the second term in the sum, resulting in'

<7 1 s s u u
A 3L — E Z {Xlggm’Fﬁlam’;Km(k? p>ZI§ZZn - X;EZ’)m’FZb’m’;Em(pa k)Z;rSZT)n} : (A48)
k,p

1An alternative approach, used, for example, in the analysis around Eq. (196) of HS1, is to use the

sum-integral identity in reverse to write the original expression for A3 in terms of off-shell amplitudes,
which are more easily manipulated. We do not follow this approach, however, since it requires accounting
for the difference between off-shell amplitudes calculated using Feynman diagrams and TOPT. Instead,
we work entirely with on-shell amplitudes.
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The summand has a pole at each of the free three-particle energies, with residue

1

S [XO (%, p}) 2% (k, By) — X (p. k) 2 (p. k)] | (A.49)
p

on shell

which vanishes due to Eq. (A.25). Thus the sum can be converted into an integral. We

choose to do the p integral first using the generalized PV prescription, leading to
H S S u u
A gy = /k PV / { X8 Fborston (06, P) Ziins = XS iors Flr i (0, K) 2550, (A.50)

As far as we can see, this difference does not vanish. What we have achieved, however,
Aved
is to convert the sum part of A3 into an integral. Subtracting from this the result from

Eq. (A.46), the terms involving (s) quantities cancel, leading to

> . . ) )
Ky = [ PV [ {00 o B) 200, = X Fhrran @020} (ASY)
= XLz, (A.52)

We have not found a useful way to simplify this further, but this result is sufficient for
our purposes. The key point is that it involves an integral operator that acts on the (u)

components of the amplitudes.

<
Finally, we consider A 4, Eq. (A.40), which can be analyzed using a combination of the
methods used above. We only give an outline of the calculation. First, using Eq. (A.29), we

see that the first two terms are the same, so that
< N ~ o~ ~ N~
N, =XO2pz6) - xWGzW = xCoy,z6) - xWGzW — xOo1,2)  (A.53)

The first two terms involve double sums over k and p. For the G term we replace the sum
over k with that over b, which is simply a change of variables, and then rename k as b and

vice versa. Then the residue of the pole in E is

1

o XMz kB — XU b ZY b)) (Asd)
p

on shell
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The identities Eqs. (A.24) and (A.27) imply that this vanishes. Thus, once again, we can
replace the sums by (PV-regulated) integrals. This sends Spo— r, canceling the existing I
term (which, as above, can be converted to a double integral) and leaving only the integral

over the G term.

In this way we find

bl' m;pbm = plm

v
(0 / PV / Z8 Gb, 7 = x0T 7w (A.55)
k P

We use a bidirectional arrow since the order of integrals here is irrelevant (as long as the
first one is done using the PV prescription). This can be shown by starting from the form
involving X®FZ®).

Pulling together the results for the four components, given in Eqs. (A.41), (A.52), and
(A.55), we have

N = —;X(“) (?G + <fG - <?F + ?G) AR (A.56)
=XW @, z2W (A.57)

where in the second line we have introduced a compact notation. All that matters for the
argument in the main text is that this is a known integral joining operator acting on the

asymmetric (u) kernels. As before, this result holds independent of the choice of boost.

A.5 Relating /Effgg‘) to M

The aim in this appendix is to take an appropriate infinite-volume limit of Eq. (3.86) and
obtain integral equations relating Mj to fc’ﬁfg};’ All quantities in this subsection will be on
shell, so that our M3, My, and D(L“7u) are strictly the same as those in HS2. Since our
result for /{/lvgfi“) is similar to that for the corresponding quantity Méﬁu) in HS2 [see Eq. (68)

of that work], we can take over much of the analysis essentially without change.



300

The infinite-volume limit that is required has been described in Appendix A.2. It sends
[M3,L]k£m;pé/m/ — M3<k7 p)fm;f’m’ s (A58)

where now k and p are continuous variables. Analogous limits hold for Mé%“), D" and
7, " As noted earlier, Eé}‘;f) is already an infinite-volume quantity, so the only change is

to replace discrete with continuous momenta. For the other quantities, we have

Lli_f)lolo[MzL]kem;pe'm' = d(k — p)Ma(K) e (A.59)
0(k — p) = 2w (2m)*0°(k — p) (A.60)
MQ(k)Km;Z’m’ - 5€€’5mm’Mgé) (q;,k) ) <A61)

where MY is the £th partial wave of M,, while from Eq. (A.8) we read off that

lim QWkLSF’kgm;pglm/Q(,dpLg = S(k - p)ﬁpv(k)gm;g/m/ s (A62)

L—oo
ppv (K) tmsermr = e 5mm’ﬁg\)/(q§,2k) ; (A.63)

where ﬁ{lf\),, given in Eq. (C.7), is a smooth function, and, finally,

. ~ Vem(Pr) H(K)H(p) Vew (k)
1 2 LgG m: /m/2 L3 = GOO Plon! l{7 — 7 L .
Ll—I>1;>lo Wk klm;pl Wp Im;l'm ( p) q;fk b2 — m2 + e q;ﬁ;

(A.64)

The latter function, taken from HS2, is simply G°, Eq. (3.44), but with the ie added back,

and the discrete momentum indices converted to continuous arguments.

When the L — oo limit is taken in this way, it is straightforward to see that the factors
of (2wL3)~! coming with F and G convert all momentum sums into integrals with Lorentz-

invariant measure

1 L—o00 / A3k / 1
= ) A.65
; 2wy, L3 2w (2m)3 k 2wy, ( )

Matrix equations involving geometric series then become integral equations. In particular,
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Eq. (5.11) becomes

1 _
iD™") (k, p) = iM;(k) / —iG(k,s) [3(s — p)iMa(p) + D (s,p)] . (A.66)
where angular-momentum indices are implicit. This is identical to Eq. (85) of HS2. The core

geometric series in Eq. (3.86) becomes an integral equation for 7w,

1

r,s,t 2w, 2Ws 2wy

x [3(r = 8)iMs(r) + DM (x,5)] [8(s — t)ippy(s) +iG=(s, t)] iT " (t,p) . (A.67)

This differs from the corresponding equation in HS2 [Eq. (91) of that work] due to the
asymmetry of our /63?;5), and the presence here of factors of F' + G in place of F. Finally,
the factors on either side of ,7“-L(u,u) in Eq. (3.86) become integral operators. That on the left
becomes

1

2w,

L (k,s) = §(k—s)+ / [5(k = 1)iMa(k) + D™ (k, 1) [3(r = s)ippy (r) +iG=(r,s)] |
' (A.68)
while that on the right, ﬁ(“’“), is given by the horizontal reflection. These also differ from
their analogs in HS2 (£®% and R(“*)) by the presence here of contributions resulting from

F + G in place of F.

Putting these pieces together, we obtain the final expression for Mg“’“),

z/(/lvéuu) (k,p) = iD(“’“)(k, p) + 7i£~(“’“)(k, r)i’f‘(“’“)(r, s)iﬁ(“’“)(s, p). (A.69)

r,s 2Wp2Ws

This is then symmetrized to obtain Mj3(k,p). The symmetrization of on-shell quantities
is given by the on-shell limit of Eq. (3.84), and has been discussed extensively in HS2 [see
discussion around Egs. (35)-(37) of that work].

One property of this result is that, despite the apparently Lorentz invariant form of

the relations derived in this appendix, l%gﬁg) is not Lorentz invariant. Here by lEfff‘};) we

refer to the form obtained after multiplying IACSE? (K, P)ermrem by spherical harmonics and
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summing over angular momentum indices, i.e. the quantity that depends only on the external
momenta. It cannot be Lorentz invariant because Mg““> is not invariant, as its asymmetry

is defined in terms of TOPT kernels, and these are frame dependent.

In summary, the relation between our asymmetric kernel IEE{;;‘) and M3 is of a similar
form to that between gt 3 and M3 obtained in HS2. The main point is that such a relation
exists, so that our new quantization condition has the same logical status as that of HS1.
We expect that solving the integral equations numerically (usually done by going back to

the matrix form) will be of similar difficulty.

A.6 Deriving Eqgs. (3.108) and (3.109)

In this appendix we provide some details of the derivation of Egs. (3.108) and (3.109). We
make extensive use of the following identities:
1 _

Dy = —— ik A.70
LT Ki(F G (A.70)

1 .~ ~ _
= 14+ ———=——=iKqi(F + G) | iKs, AT
l L= (P4 Gy @) ik (A.71)
I U IO 1 1 I
(F+G)[1+iDi(F+ Q)] =i(F+ G - = ——___i(F+@),
i )1+ D )| = )1—2'162@(F+G) 1—¢(F+G)z'lCQZ( )
(A.72)

where Dgg? is defined in Eq. (3.90).

We start from Egs. (3.106) and (3.107). Using the identities (A.71) and (A.70) in turn,

we find
1 _ ~ -~ .
D (G T )i ) = [1 b Ki(F+C ] Koo (—i T )il (AT3
23,L( G) df,3 1_ iICQi(F+G) 2 ( ) 2( G) df,3 ( )
= [L+iDEYA(F + G)] iKa(~i T 0)ik" (A.74)

so that the factor on the left-hand end of Eq. (3.106) can be written (when acting to the
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right on ICé(flf )
[1+iDGi(F+ G - ?G)] = [L+DEYi(F +G) (1- z@z?g) . (A.75)

The factor on the right-hand end of Eq. (3.106) gives the horizontal reflection of this expres-
sion.

To simplify 7", Eq. (3.107), we first use (A.71) to obtain

_i(F+Q)iKsiTa,  (A.T6)

iT DT ¢ = iT oKai L g + T e
- 2

and then expand out the term that lies between factors of ngfL;f ) using (A.72)

-~ o~ ).~ =~
i(F+G+®c)+i(F+G— Ta)yiDEi(F+G—T¢) (A.77)
_ 1
— i ®q+i(F+ G _
R N iae)
~ ~ 1 __
PO iKyiTe
1— iKsi(F + Q)
! o (A.78)

T ik (F+G)

1 o
. (F+0)iKaiT
CiF Gy, @K T

—
1 —i(F + G)ily
+ i%gfgi?g + Z'%Gzz ]

=1 Q9 —H%ngi?g
+ (1= T 6is) [1+i(F + C)iD% Y] i(F + G) (1 - iKaiZ ) .
(A.79)

Inserting Eq. (A.75), its reflection, and Eq. (A.79) into Egs. (3.106) and (3.107) and
reorganizing leads to Eqgs. (3.108) and (3.109).

A7 g approach

In Sec. 3.2.3, we chose to deal with off-shell F cuts using the “F approach," which is essentially
the standard strategy used in HS1 and subsequent RFT works. In this appendix we sketch

an alternative method, which we refer to as the S approach.
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The X5 and F approaches share the same goal, namely to rewrite quantities of the form

[X/DFX]p"r’;pr - [X/]p’r’;k’a’[DF]k’a’;ka[X]ka;pr7 X/ S {2/732,13783}7 X € {A\7g2,L783}
(A.80)
in terms of a part in which the “middle” indices are projected on-shell and a remainder.

In the S approach, we use exactly the same strategy that we used to deal with G cuts in

Sec. 3.2.3. The end result is an F-cut analog of Eq. (3.52):

X'DpX = X' (Sp+0F) X (A.81)
Here
S Ok < Ve (af) 1 1 1 YVen(a))
by = H(k ; A.82
{ F } KOmlkem 2l (k) za: G 2wRL3 b, —m? 2w, [P g3h (A.82)

is the analog of (.2 while §F plays the analogous role to 6G. In particular, F accounts
for all nonsingular off-shell contributions (with its exact definition depending on the choice
of X’ and X), and we can therefore treat it as an infinite-volume quantity by replacing all

internal sums in X’6FX with integrals.

Two important differences between the F and S approaches are now clear. The first
concerns the UV cutoff: Sy depends on the cutoff, while ' does not (up to exponentially-
suppressed terms). We stress, however, that S is well defined for all choices of cutoff

function, due to our use of the Wu boost.

The second difference is that the integrals in §F do not require a pole prescription, since
the integrand is smooth. This is in contrast to the integral in F (denoted Zp above), which

requires a PV prescription. This difference is the main advantage of the S approach.

2Following the G-cut procedure exactly actually gives two factors of H (k) in S (one from each endcap),
but this is overkill since the spectator is shared by both endcaps. Using H (k) instead of [H(k)]? in ¥p
(and consequently the 0 F' term) is simply a matter of preference.
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A.7.1 Quantization condition

Inserting Eqs. (A.81) and (3.52) into Eq. (3.24), we find

S L 1 .
Csp — Ci = A'i(Sp + G+ 0F +6G) ——— A (A83)
1—i(Bap+ Bs)i(Sp+ G+ 6F + 5G)
1
=607 + AP Wi(Y, + G APP (A.84)
e ( ) 1-— zK§fF23”L“ z’(EF + G)
where all quantities in the last term are evaluated on shell, with
1 _
ST — - ——i(Bayy + B A.85
BT —i(Bos + Bs)i(6F + 6G) (B + ) (4.85)
-~ 1
AEeW) = 4 (A.86)
1—i(0F +6G)i(Ba., + Bs)
AZP ) = - L ] (A.87)
1—i(Byy + Bs)i(dF + 6G)
~ ~ 1 ~
0C3%, = Ai(0F + 6G) _ A, (A.88)
1~ i(Byr, + Bs)i(0F + 0G)
We note that ngfF 23uLu can be split up as
Katzoi” =50+ Kafs ™ (A.89)
where
— 1
Kot = ——— By, = 2wl A.90
LS TR, ek T T (4.90)
Yp — F
L }Wm,;wm = G, [ K5 (k)]elm,%m . (A.91)

Here K5* and ICffF S’(u’“) are the respective ¥ p-approach analogs of the K matrices Ky and

IC((;E; in the F approach, with their definitions only differing by using 6 F in place of Zp.

From Eq. (A.84), we obtain the quantization condition in the S approach:

det [1+ (wL*K5" + Ki5™") (Sr + G)] = 0. (A.92)
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For this to be useful, we need to relate the infinite-volume quantities 3" and IC?{ é(u’") t

scattering amplitudes, and we do so in the next two subsections.

A.7.2  Relating K3 to M

From Appendix A.2 and the equations above, we have

- — 1
Mo =18y ——————— A.93
R (4.93)
— 1
- ZKEFT ; A94
2h ek (494
which gives a simple inverse relation between the on-shell F'V amplitudes:
3 70N -1 el on -1 it
(MQ,L> = <’C22§ ) +XF, (A.95)

where again the “on" labels indicate that the amplitudes must be completely on shell for
the equation to hold. To obtain the corresponding infinite-volume relation between M, and
ngF , we follow the same steps as we did in Appendix A.2: eliminate the common spectator
term by multiplying by 2wL? and dropping the dy, take the L — oo limit holding Esj and
P, (and therefore ¢;,) fixed by reintroducing the ie term in Dp, and convert all sums to

integrals. The result is

1 -1 )
Suedmm [MP(g5,)] ' = { K5 ()] } ], . (A96)
O'm/ fm ’
where
. H(k) uv 1 yg/m/(a;‘;) 1 yZm(aZ)
Iif(k = / , . _ A

A new feature that arises here is that I is not diagonal in ¢ and m. This is because,
when using the Wu boost, the transformation to the pair CMF does not lead to an integrand
that, aside from the harmonic polynomials, is a rotational scalar. It follows from Eq. (A.96)

that IC2E F must also have off-diagonal terms. This is not a problem in principle, but is a
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cumbersome feature of this approach.

A.7.3 Relating ICdEfF3 “") to My

We provide only a sketch of the derivation of this relation, since the analysis follows closely
that given in Appendix A.5. We start from Eq. (3.83) and substitute Eqs. (A.81) and (3.52)

to obtain

N awi A (u,u) -2, (u,u) 1
1 MQ,L + M =K . A .98
( 3,L ) df23L Z(E ;) ZK?fFQSMLu ( )

Following the steps in the main text, we can extract from this a result for /\7&“) identical
to Eqgs. (3.86)-(3.90) except for the substitutions IC((;;; s Kgfpg “") and F — Sp. We then

take the infinite-volume limit as in Appendix A.5 and obtain the same set of equations with

KSy) — Ko and ppy(k) — I6(k).
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Appendix B

APPENDIX TO CHAPTER 4

B.1 Technical details

In this appendix we collect some technical details relevant for the discussion of the main

text.

First we discuss the smooth cutoff functions H® (p;) that enter into G . Aside from one
feature, these are straightforward generalizations of the cutoff introduced in Ref. [28] and
used in all subsequent RF'T works. These functions smoothly cut off the sums or integrals
over the spectator momentum p; once the flavor j + k pair lies far below its threshold. To
implement this, we use the quantity o; = (P — p;)?, which equals (m; + my)? at the pair
threshold, and decreases as one drops below this threshold. For identical particles, o; is the
same as the quantity E37 used in the definition of the cutoff function in Ref. [28]. If we use
the same boost as in that work, which is discussed below, then we are restricted to the range
o; > 0, since the boost becomes singular when ¢; = 0. Another constraint, described in BS1,
is that the cutoff function should equal unity for some range below the pair threshold. This
ensures that all terms which are dropped in the derivation are exponentially suppressed.

Finally, we also need the function to be Lorentz invariant. One choice that satisfies these
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requirements is

HY(p)=J(z), z=(+en) T (B.1)
0, 2z <0

J(2) =1 exp(~Lexp[-£]), 0<z<1 (B.2)
1, 1<z,

Here choosing ez > 0 ensures that the cutoff function reaches unity below threshold, at the
point where o; = (m; +my)?/(1+ €ey). We expect that, in practice, a value ey ~ 0.1 should
be sufficiently large. We stress that the choice of cutoff functions is not unique, and the
choice above is simply an example, albeit one that is close to those that have been used in

previous numerical implementations [36, 39, 51, 76].

We next give some details concerning the two boosts that have been mentioned in the
main text. These enter into both the on-shell projections of kernels and amplitudes, and in
the definitions of F® and G#). To explain the boosts, we use the example of the quantity
p;(p ) that enters in F®, Eq. (C.9). The setup is that the four-momenta p; = (w,,, p;)
and p; = (wp,,p;) are on shell. The former is the spectator momentum, and the latter is
the pair momentum relative to which the decomposition into spherical harmonics is defined
(after boosting to the pair CMF). We note that, in situations where we use the boosts, these
two particles are always on shell, either because (in the TOPT approach) all intermediate
particles are on shell, or (in the Feynman-diagram approach) we have set them on shell
in preparation for full on-shell projection, as discussed in Appendix B.2. For the boost of
Ref. [28], referred to subsequently as the “HS boost", we obtain p;(p ) by boosting p; using

boost velocity

Bus = —; (B.3)
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The transformation is

p; — 9} = MBus)p; = (w0, p;") (B.4)

where A is the corresponding Lorentz transformation matrix. By construction, this trans-

forms the pair four-momentum P — p; to its CMF,

A(Bus)(P —pi) = (0i,0), 01 =(P—p)*. (B.5)
For the Wu boost, the setup is the same, but the boost velocity is changed to
P—p;
u= T B.6
P Wy, + Wy, (B-6)

where p, = P —p; —p, is the momentum of the third particle. Thus the result for p;(p V) is in
general different. The exception is if all three particles are on shell and total four-momentum
is conserved, for then £ —w,, = w,, +w, , and the boost velocities are the same. Because of
this, it does not matter which boost we use when defining on-shell projected quantities such

as the elements of Iadfjg, /\73, ete.

When using TOPT, as in Secs 4.4 and 4.5, one should initially use the Wu boost, as
explained in BS1. This is because the boost is designed to apply for three on-shell particles.
However, once one has obtained results in terms of on-shell projected quantities, e.g. Cs 1,
in Eq. (4.32), one can change to the HS boost in the definitions of the elements of Fg. For
F@ the change is exponentially suppressed, while for G the change is nonsingular (since
the boosts agree at the pole) and can be absorbed into a shift in 6GU9) In this way, one
finds that the same form for (s holds, but with redefined quantities ’/C\dﬁg, ﬁp, and fl’F
The only caveat is that the cutoff functions H® must be chosen such that the HS boost is
well defined, which requires o; > 0, as discussed above. By contrast, for the Wu boost there
is no such constraint on ¢;. The conclusion, already noted in BS1 for identical particles, is
that the TOPT forms of the quantization condition and the relation of M3 to I/C\df,g are valid

with both boosts, although ’/Cdf’g will, of course, depend on the choice.
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The situation is reversed in the Feynman-diagram approach. In the initial derivation,
the third particle is off shell, and so the natural choice is the HS boost. Once we obtain the
result for, say, /\7;,, 1, however, we could switch to using the Wu boost. We could also raise
the cutoff in the functions H® to allow o; < 0, since that only changes the elements of Fg
away from the pole. However, there is a clear reason not to use the Wu boost, which is that
only with the HS boost can one obtain a Lorentz-invariant l@ém, i.e. one that is Lorentz
invariant when combined with spherical harmonics as in Eq. (4.93). We close this section by

explaining this result.

The context for the discussion is the infinite-volume relation between M3 and lﬁgm
derived in Sec. 4.7. As described in that section, the only nontrivial part of the demonstration
of Lorentz invariance concerns the transformation properties of [CA?OO]M, Eq. (4.87). If we
Lorentz transform the momentum arguments p; = (wp,,Pi) and k; = (wg,,k;), then the

arguments of the spherical harmonics, k;(p ) and p; (ks ), should only be rotated.

To show that this is the case with the HS boost, we focus on k;(p ") This is defined by

k= A(Bus)k; = (wi™), k") . (B.7)

J

Now we apply an arbitrary global transformation A to all momenta, so that
pj_>p;:A0piu kj%k;:Aokj, P—>P/:AOP, etc., (B8)

and then boost to the pair CMF, which now requires the boost velocity

P’ —p!
E’—wp;'

Bus = —
Thus we find a new value of k;(p i), given by the spatial part of

K = MBs)k; = A(Brs) Mok (B.10)
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To proceed, we note that, by definition, the boosts satisfy the following relations:

A(Bus)(P = pi) = (v/o1,0) = A(Byg) (P = pi) = A(Bag) Ao (P — pi) , (B.11)

from which follows the standard result that

A(Bys) Ao = A(rot)A(Bus) , (B.12)

where A(rot) implements a rotation. The precise form of the rotation can, of course, be

determined, but is not needed here. Inserting this into Eq. (B.10) we find
k7 = A(rot)A(Bus)k; = A(rot)k; (B.13)

which yields the claimed result that k;(p ) and k;*(p ) are related by a rotation. A completely

analogous argument holds for p; 2

Now we show why this argument fails for the Wu boost. The definitions of k7 and £ take
the same form as above, except that Bus in Eq. (B.7) and Byg in Eq. (B.10), are replaced,
respectively, by

P —p;
wp + Wy

/ /
_P-p
(,db/ —I— Wk’, ’
J

Bwu = B = (B.14)

where b = P — p; — k; and b’ = P’ — p} — k. These boosts are defined by the properties

A(Bw)(kj +b) = (/(wy + wi,)? — [P = pi[2,0) (B.15)
A(Biy) ( + ) = ((/(wy + w2 = [P = plJ2,0) , (B.16)

where b = (wp,b) and ¥ = (wy,b’). This brings up the obstruction to continuing the

argument as for the HS boost, namely that
b # Agb. (B.17)

The quantities that do transform in this manner are bog = P —p; — k;j and b, = P’ — p; — kj,

but, in general, b # b,g and b’ # b;. A related obstruction to the argument is that the
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right-hand sides of Egs. (B.15) and (B.16) are not, in general, equal. Because of these issues,
the analog of Eq. (B.12) for Wu boosts is not valid, and k;(p ) and k;*(p ) are not, in general,
related by a rotation. Thus the arguments of Sec. 4.7 concerning Lorentz invariance do not

hold.

B.2 Details of derivation using Feynman diagrams

In this appendix we explain how Eqs. (4.63)-(4.68) are obtained from the initial skeleton
expansion by doing the energy integrals over independent momenta.

As discussed in Ref. [28], when doing an integral over the energy component of a four-
momentum associated with a propagator, we can close the contour in the complex plane
so as to pick up the contribution from the particle pole, and exclude the antiparticle pole
contribution. The integral will also contain contributions from other poles (e.g. corresponding
to a three-particle cut across the dressed propagator, or the antiparticle pole contributions
from another propagator), but these can never lead to an on-shell cut of the entire diagram.
Thus we can separate the contributions from each such integral into that from the particle
pole, which we refer to as the “on-shell" contribution, and the remainder, denoted “off-shell."
If any of the contributions from the three propagators in a given cut (of which only two
are integrated, due to overall momentum conservation) are off shell, then we know that the
cut is nonsingular, and momentum sums can be replaced by integrals. The contributions
from off-shell propagators can then be absorbed into shifts in the Bethe-Salpeter kernels,
leading to a reshuffled skeleton expansion in which all independent momenta are now on
shell. Important features of this reshuffling are that it maintains Lorentz invariance of the
kernels, and that it does not mix up the elements of /\7;05

To explain this in more detail, as well as to highlight some technical features, we work
through three examples. We begin with one involving only Bj kernels, shown in Fig. B.1. A

detailed explanation of the steps is given in the caption, and we comment here on how the
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procedure is generalized to all such diagrams. The first step is to integrate over the energies
of all internal spectator momenta. In the example shown, there is one such momentum (the
upper, orange line). In general there are multiple spectator momenta, in different loops. We
find that the order of integration of their energies does not matter, since all lead to the same
final decomposition in terms of shifted kernels. The result of these first integrals are on-
and off-shell terms, one of each in the example. For the off-shell terms, all spatial momenta
associated with the spectator can now be integrated, including any involving the interacting

)s can also

pair. Thus, in the example, the lower (black) propagator between the middle B§3
be fully integrated when the off-shell part of the upper (orange, spectator) propagator is
taken. This results in an infinite-volume quantity that can be absorbed by a shift in the (11)

element of Bj, as shown by the first term of the second and third lines of the figure.

In the second step, the energies of all remaining independent momenta are integrated.
These lie in what we call F-type cuts, i.e. those which, in the TOPT analysis described in the
previous section, would lead to factors of F. Here we must choose which of the interacting
pair to integrate, and, as in the TOPT analysis, we pick that whose flavor follows cyclically
from the flavor of the spectator. In our example the spectator has flavor 3, so we integrate
the energy of the flavor 1 propagator in the lower pair. The integrations over all F-type
cuts in such diagrams can be done independently, with each leading to on- and an off-shell
contributions, as shown in the second line in the figure. We then absorb any sequences
of interacting pairs connected by off-shell propagators into shifts in the corresponding B,
kernels, since the loops within them can be fully integrated. The final result is a set of
diagrams containing (possibly shifted) kernels in which all propagators with independent

momenta are on shell, and with only one propagator per cut whose momentum can be off

shell.

At this stage we can already understand most of the factors present in Eqs. (4.63)-(4.68),

in particular those involving Bgi) and 6B§i). Each cut is associated with two on-shell and
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one off-shell propagator, and with two loop sums, leading to the kinematical factors in D',
Eq. (4.68). The on-shell projectors that enter the diagonal elements of D' correspond to
F-type cuts and are determined by the cyclical flavor rule. For example, if the spectator has
flavor 3, as in Fig. B.1, then the on-shell flavors are 3 and 1, requiring on-shell projectors 6(2)
and 8(2). Thus the 33 element of D’ is D'®. The off-diagonal elements of D’ correspond
to G-type cuts in which the spectator is switched, in which case the two on-shell flavors are
simply those of the spectators on either side. Thus, for example, the 12 element of D' is
D'®)_ which places flavors 1 and 2 on shell. The geometric series in Eq. (4.63) then produces
all possible orderings of F-type and G-type cuts.

Another feature to be explained is the presence of factors of 2wL? in the projected B, )L,

Eqgs. (4.70)-(4.73). These are needed because, in general, a spectator propagator spans
multiple F-type cuts, but should only appear once in the final expression. Each F-type cut
comes with a factor of 1/(2wL?)—contained in the corresponding D' —and all but one are
canceled by the factors of 2wL3 in the numerators of the EéZ)Ls This structure, which follows

exactly the pattern of the TOPT result, yields the correct propagator factors, and factors of

L3, for each diagram.

We next consider diagrams involving only Bs kernels, the simplest nontrivial example of
which is analyzed in Fig. B.2. Since we are considering a contribution to one of the nine
elements of the matrix, [ 5°F |31, there is an overall factor of 1/9, which we partition equally
between the two external B3 kernels in the initial expression. We now have to choose for
which two of the propagators we do the energy integrals. The choice needed to match the
form of Egs. (4.63)-(4.68) is to pick equal weights for all three pairs, which leads to the last
three terms in the equation in the figure. This matches the result obtained by expanding
out Egs. (4.63)-(4.68) and evaluating the term corresponding to that in the figure,

Bs

(02 ) B (1120 ) = 1) 2 1,k(300) 43D 4 309) 20 ) (B
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where 1P is defined in Eq. (4.8). All contributions containing an off-shell propagator, which
are not shown explicitly in the figure, are included in the shift to the three-particle kernel.

The extension of this analysis to multiple adjacent Bs kernels is straightforward.

Our final example, shown in Fig. B.3, is of a case with both B; and Bs kernels. The factors
of 1/3 contained in the Bj kernels in the original expression appear for the same reason as in
the previous example. The ordering of energy integrals is as in the first example: spectators
first (here the top, flavor 3, orange line), and then those lying between Bs and B, kernels.
For the latter we again have a choice, and we pick two-thirds of the contribution to have the
lower, flavor 1, black line to be integrated, with the remaining one-third having the middle,
flavor 2, green line integrated. Subsuming cuts with off-shell propagators into shifts in the
kernels leads to the result shown in the figure. The resulting factors match those that arise
from the desired equations; for example,

(% ) DBl D (11 D) = 1) (DO 2D OB 1y (D0 +2D) 2
(B.19)

agrees with the factors in the final two lines in the figure.

Diagrams with multiple By kernels, including switches, between Bss are analyzed by
a combination of the above-described methods. First all spectator energies are integrated,
then those in the F-type cuts (choosing which flavor to integrate as in the first example), and
finally those between Bss and adjacent Bss (with flavor choices as in our third example). This
results in a unique decomposition into diagrams in which all independent internal propagators
on shell. To obtain a simple final expression, we add in the disconnected contributions with
a single spectator line (of, say, flavor i) and one or more Bg)s, which build up the quantity
ﬁ’;{f discussed in the main text. The combination is then given by Eq. (4.63).

A final technical issue is whether the same total shifts to the kernels, i.e. 5B§ij ) and 673(;),
appear in all resulting diagrams. To demonstrate this we note that every diagram that

results from the energy integrations is of the same form as one of the unintegrated diagrams,

(1]
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except with some propagators on shell and some kernels replaced by their shifts. No new
topologies arise. Now we consider one topology, and insert every possible choice for the shift
in each of the kernels. Each of the diagrams that results can be uniquely traced back to an
allowed original unintegrated diagram. Thus every energy-integrated diagram that should

appear does appear.

B.3 Derivation of symmetrization identities

In this appendix we derive the identities (4.100)-(4.102). We lean heavily on the derivation
of the analogous identities for identical particles given in Appendix D of BS1, although we

have made some improvements to the argument.

The first identity replaces the G elements of Fi; with factors of F g plus integral operators.

We demonstrate this result by considering a representative example,

X ({1PDprem GO i (= 1) Za({k D iatm — X1({P ) paerm Nt m Zo (LK st
= X, ({p )t | Z 12 Zo({k )iom » (B.20)
p18/m/;kalm

where there is an implicit sum over repeated indices (including over ¢ which appears thrice in

one term). Here we are using the notation of Sec. 4.8.1, and stress in particular the difference
between Zs({k})r,em and Zs({k})g,em- Both involve the same underlying infinite-volume on-
shell quantity Z,, but the former is expressed in the coordinates in which the spectator has
flavor 2 (with momentum k), and the spherical harmonics are defined relative to the flavor
3 particle, while the latter quantity is expressed in coordinates in which the flavor 1 particle
is the spectator (with momentum k;), and the harmonics are defined relative to the particle
of flavor 2. The precise definition of the decompositions into spherical harmonics is given in
Eq. (4.23).

Using the definitions of G#) and F® Eqs. (C.10) and (C.9), the left-hand side of
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Eq. (B.20) can be written as

HOY(p1) Vo (k3P HO (ky) 1
Z ZXI({p})Plelm, prng 0!

p1d'm’ ko 42,p b%Q - mg 2wk2 L?
*(k2) k*(Pl) -
X {Z [3%(](51)<_1)422({k}>k2€m - szQ({k})pMm }+integral term from F(l) :
m 2,k 2,p1

(B.21)

Here we have made several emendations to F): used H® (ko) as the UV regulator, converted
to the relativistic form of the denominator, labeled the dummy variable in the sum as ko,
and used the Kronecker delta to set k; = p;. We have also made the sums explicit. The
key observation is that, if p; and k, are chosen such that b5 = P — p{® — kS" is on shell,
i.e. b?, = m3, then the term in curly braces vanishes. This is because both contributions to
this term become equal to Z({p1, ks, ks}), where ks = P —p; —ky. This in turn is because,

at the on-shell point, we have
*(k * * *
i =g, and ™ = g5, (B.22)

so that the ratios involving harmonic polynomials reduce to spherical harmonics, e.g.

k*(Pl) .
yémq(*ez N VIR (V) (B.23)
2,p1

The sums over ¢ and m can then be done. The only remaining subtlety is in the first term

* is needed to convert the spherical harmonics from being

in curly braces, where the (—1)
defined with respect to flavor 1 to being defined relative to flavor 3, so as to match the

convention used in Zs({k})x,em-

Since the term in curly braces vanishes on shell, it cancels the pole at bi; = m?, so that
the sum over k, can be replaced by an integral, up to exponentially suppressed contributions.
If we introduce a PV pole prescription, then this integral can be split into two terms, one

for each of the terms in curly braces. The second of these simply cancels the integral term
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from F, leaving an integral over the first term in curly braces, i.e. the term that originated
from G12). For this remaining term the sum over p; can also be converted into an integral,
due to the PV pole prescription used for the integral over ky. Thus the left-hand side of
Eq. (B.20) becomes

Vo (k (p1) HDY(k)VH® (K Vi p*(kQ)
/p ZPV/ ZXI {p} plg/ , V4 qie/Q ) 15%21)_ ( 2) P4 <*£1 )
1 Z/ /

2,p1

(—1)" Zo({k}) kytm
(B.24)

43 k,

which defines the integral operator on the right-hand side of Eq. (B.20). Here we are using
the Lorentz-invariant measure for the momentum integrals, defined in Eq. (4.80).

We now introduce a compact notation for the result Eq. (B.20),

X[zl Zels — (XL [FlulZe)s = [Xih[Z 6lalZels (B.25)
By essentially the same argument, we can extend this result to all nonvanishing elements of
G, obtaining

o~
~ ~

(Xili|Gli[Z5]5 — [ Xali[FlulZ5)i = [Xi]i[?G]ij[Zj]j; i # j (no sum). (B.26)

This fills out the off-diagonal matrix of integral operators ?G, and completes the derivation
of the first symmetrization identity.
Using the same arguments, but with the roles of X and Z interchanged, we obtain

T

(XiilGli1Z5); — [Xili[F5(25); = (Xl LGl Z];, i #  (no sum), (B.27)

where in the new integral operator the order of integrals is interchanged compared to that in
Eq. (B.24). This result leads immediately to the second symmetrization identity, Eq. (4.101).
We now turn to the third identity, Eq. (4.102). In our new notation this is equivalent to
_32 LilFeli1Z]; — Y 1X0 + Xo + Xali[FlilZy + Za + Zs)i = 33 [ XililZralij|Z5]; -
i i\j
(B.28)

To demonstrate this (and define the integral operator pr) we break the left-hand side into
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four parts
A=A+ Ay + As+ Ay, (B.29)
Ay = % ([XLlE)5125]; — [XiLilFLual ) (B.30)
Ay = % (XLl FelslZ); — (X3 [F52));) (B.31)
Az = % (G E)512505 — [XG1(FL1Z:) (B.32)
Ay = % (PGllFe)sZ); — XaelFluelZ3]k ) (B.33)

where in the final equation k is the third flavor index, i.e. k # ¢ and k # j. The first two
parts can be evaluated using Eqs. (B.26) and (B.27), respectively. For the remaining two,

we need additional work.

Az involves the difference between choosing two different spectator flavors for an F cut.
To evaluate this difference we focus on the case where i = 1 and j = 2, and also replace X
and Z; with X and Z, respectively, since the flavor of these quantities plays no role in the

argument. Thus we consider
ALY = [X1a[Fl22[Z]2 — [X11 [Flu[2): (B.34)

Considering first the sum parts of the F®s, we have

1 Vo (K552 Vi (K52
Agle) =— > H (ko) szf’m’%H(l)(kl)l)m{i%zkﬂm
L kzélm/ kgem 27k’2 q27k2

1 Ve (5™ Vo (5™
-7 S HY(k) Y Xklg,m,%f[(?)(kz)Dm%zklgm, (B.35)

ki l'm’ katm 2,k1 2,k1
where we have chosen the nonrelativistic form for the denominator (which is the same for

both terms), i.e.

1

D3 =
8wk1wk2wk3(E — Wk T Wey — Wk3>

, (B.36)
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and regulated the UV in the k3 sum in the first term with HO (kl) where k1 = P — ky — k3,
and in the k, sum in the second term with H®(k,). If we now change the summation

variable in the second term from k; to ks, we obtain

Vo (K5") Vi (5™
AR = = 75 > HUY kl)H@)(kz)Dm{ > [me/ QL ) U ) Zrim
koks e'm/tm 2,k2 42k,
Ve (k5*) Vo (5
_Xklf’m’ ‘ E@’Z ) £ (*f )Zk;lfm s (B37)
(‘ZQJ(J Qijl

where the order of summations is immaterial. Again the term in curly braces vanishes on
shell, although here this requires summing over both sets of spherical harmonic indices. Thus
we can replace the double momentum sum by a double integral. Combining this with the

integral parts from the F@s in A(12) the result can be brought into the form
=[] [PV 5 s P OO 3t
ks Jks  Jkol o7 @k, 20, (B — Wy — Why — Why) gy

(B.38)

By a similar argument, one can show that A§23) is given by the same expression. This shows
that the integral operator can be written such that it only depends on the flavor 2. Thus we

use the following notation for the final result
APV = AP = [Xa[Zr)alZ)s, (B.39)

where Zr is a diagonal matrix of integral operators.

Finally we consider A, where we only sketch the argument. The sum part of F®) cancels
with the summand of [}AWG]Z-]- at the on-shell point, so that, for this combination, the sums
can be replaced by integrals. The pole prescription can be chosen so that the integral over
the F® summand cancels the integral part of this quantity, leaving an integral over the G
term. The end result is that

Ay = ;[Xi]i[jc;]ij [Z515 5 (B.40)
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where the integral operator is given, for example, by

> Vo 05")  HOKDHP (k) Veulk§™)
X111l Z :/Pv/ Xt : Y i
[(X11[Zcli2[Z5]2 VI M%m ky G G (B =y —wn — o)) i (1) Ziye
(B.41)
We define the diagonal elements of Z¢ to vanish.
Combining these results we obtain
e = L R
A=X (?G + T+ 2Zp + IG) 7 = X3Tr0 7. (B.42)

which completes the demonstration of Eq. (B.28).

B.4 Derivation of Eqs. (4.105) and (4.106)

In this appendix we show that the two forms of /\%73, 1, Egs. (4.79) and (4.105), are equiv-

alent. We find it easiest to start from the latter relation and work back to the former.

We will need the following results for 7523, L

~ 1 =
iDog, = ——=——1Ky 1, (B.43)
1 — iKspiFs
— (14 iDys 1iFg)iKa (B.44)
= iKo.p, + iKor (1 + iFgiDay 1 )iFiKay, (B.45)

which follow from Eqs. (4.55) and (4.50).

We first note that, using Eq. (B.44),

o~

1+ Dy i(Fg — ?G)] = |1 +iDas 1iF5] L, (B.46)

(B.A7)

Y

Lo = [1 —iKaniT e
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and, similarly,

o~

~ = . .
[1 +i(Fg — T 6)iDuy)| = Re [1 +iFoiDuy] | (B.48)
Ro=|1- i?aiku] . (B.49)

Given these results, Eq. (4.105) can be rewritten
Aéf,&L = {1 + iﬁQS,LiﬁG} LT Re {1 + iﬁGﬂS%,L} . (B.50)

Comparing to Eq. (4.79), this implies that what we need to show is that
1

LatTufio = Kas T3 iFaiDas )i Failys s (550
To proceed, we rewrite the definition of 7A'L, Eq. (4.106), as
iT) 7 = (iRl s — i(Fo — Zre) — i(Fe — Ta)iDussi(Fo — L) (B.52)
— [iK o] + iZpe — iT iKosi T — Ro(l 4 iFgiDys 1 )iFule, (B.53)
= [iZ]™ — Rg(1 + iFiDys 1 )iFaLe, (B.54)

where to obtain the second line we have used Eqs. (B.44) and (B.45), and to obtain the third
line we have used Eq. (4.103). Thus

o o~ ~ o~ 1 ~

LeiTiRe = LaiZ ——— - R B.55
e e Ro(1 + iFgiDas 1 )iFaLaiZ (B:55)

1

1 — (14 iFgiDys)iFgLaiZRe’

= LaiZRe (B.56)

which gives the desired result (B.51) since we can rewrite Eq. (4.104) as LgZRg = l%’dﬂg.
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Figure B.1: An example of the first step in the analysis for a contribution to [/\7{305]11

containing only By kernels. Colors and labels indicate flavors as in earlier figures. Solid lines
indicate fully dressed propagators, prior to integration over energy, except for the external
lines, where a solid propagator indicates only that it is has an off-shell momentum. Dashed
lines indicate on-shell propagators, which come with a factor of 1/(2w) when internal (due
to the energy integration picking up the particle pole), or are amputated when external.
Double solid line propagators indicate that only the off-shell contributions from the energy
integral are kept, as described in the text. These cannot lead to a three-particle on-shell
cut. In the first step, the energy of the flavor 3 (upper, orange) spectator propagator is
integrated, leading to the off- and on-shell terms as shown. The former can be absorbed
into a shift in the appropriate element of the three-particle Bethe-Salpeter kernel, as shown
by the first term on the second line, and is not manipulated further. In the second step,
the flavor 1 (lower, black) propagator is integrated over its energy, again leading to on- and
off-shell contributions for both diagrams. In the final step, the two Bég) kernels connected
by an off-shell (double-line) propagator (which can now be integrated) are absorbed into a
shift in that kernel. This leads to the three diagrams shown on the bottom line, in which
all independent internal propagators are on shell. The remaining propagators (which in this
case are the middle, green, flavor 2 lines) have four-momenta that are determined by the
momenta flowing through the other lines and in general are off shell.



325

? :: - ::” :::: " ::*3 ::

Figure B.2: Example of the first step in the analysis for a diagram that contributes to

[Agj{f}gl and contains two Bs kernels. Notation as in Fig. B.1. Only the final result is
shown. See text for further discussion.

EOI3=0n M:s
-+ (D)

(e
SOIGAORE 9 @

Figure B.3: Example of the first step in the analysis for a diagram that contributes to
(M, °f21 and contains both By and B, kernels. Notation as in Fig. B.1. Only the final result
is shown. See text for further discussion.
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Appendix C
APPENDIX TO CHAPTER 5

C.1 Summary of notation and definitions

We collect here the definitions of quantities used in the main text, and explain the notation
that is used. These results are drawn from Refs. [28, 29] and [43], and we use the notation of
the latter work (referred to as BS1 in the main text). We present a bare-bones description
here—see these references for further details.

Configurations of three on-shell particles are described by denoting one of the particles
as the spectator and the other two as the interacting pair, or “dimer” for short. These
designations are intrinsically asymmetric, and this is used when defining the asymmetric
kernels such as R(™" and K:i(gf é"), where any initial two-particle interaction is always chosen
to involve the dimer, although subsequently all three particles interact. For symmetric
quantities such as gt 3, the choice of which momentum is denoted the spectator is irrelevant.

In more detail, for a given total 4-momentum P* = (E, P), the momentum dependence of
quantities is specified by giving the momentum of the spectator, call it k, and then boosting
to the center-of-mass frame (CMF) of the dimer and decomposing the momentum dependence
of one particle in the dimer into spherical harmonics. Thus the variables are {k,¢,m}. A
similar set of variables is used for both initial and final momenta, so that, for example, the
on-shell scattering amplitude can be written Mjs(k, p)sn.my. In infinite volume, k and p
are continuous variables.

In the quantization conditions, the spectator momenta are constrained by the boundary

2

conditions, here chosen to be periodic in the box size L. Then k = <fn, with n € 72. Thus

all of the variables become discrete, and we denote the full set by {k¢fm}, with k a shorthand
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for the discrete choices of k. All quantities in the quantization condition are then matrices
in which each of the indices runs over the set {kfm}. For quantities that are initially defined

in infinite volume, the restriction to the finite-volume matrix versions is exemplified by

kém;pl'm/ —

e w 2
Rigmaptrm = ROV, D) {k,p}y € TZ° (C.1)

Two-particle quantities that enter the quantization condition naturally come with asso-
ciated factors of 2w, L3, where wy, = vk? +m?2, with m the particle mass. These quantities
are overlined, to distinguish them from the infinite-volume two-particle amplitude that they

contain, and given a subscript “L” to emphasize their volume dependence. For example,

s _ 3
{ICQ’L} kem;pl'm/ - |:(2WL >K:2] kém;pl'm/ ’ (02)
[lcz]kém;pf’m’ = 5kp6€f’5mm’lcég)(q;,k) ) (C3)
[2&][/3} P — = 5kp5%’5mm’ 2ka3 s (04)

where IC%Z) is the /th partial wave of the infinite-volume two-particle K matrix, which depends

on the dimer CMF relative momentum,

Gr=Esk/A—m?, B =(E—w) —(P-k)? (C.5)

Following Refs. [28, 36], we define Ky using a generalized principal value (PV) pole prescrip-

tion, such that its relation to the physical two-particle scattering amplitude M is

-1 -1 .
K (@] = [MP (@] - A(@d), (C.6)

where

0 ( ~ L o, .
PG = HK) [aa53) + 355180653 (1)
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with the phase space factor given by

1 —ilgs,l g% >0

plgs3) = 167 Ez
L g

P(@ap (C.8)

|q;,k| q;,zk <0

I}(f\), is an arbitrary real, smooth function, which is used to move poles in Ky out of the

kinematic range of interest. H (k) is a smooth cutoff function, which cuts off the sum over k

for |k| ~ m. Examples are given in Refs. [28, 34].

The kinematic functions F and G are

N Hk) [1 X Wda | Vom(aj) 1 Vi (A1)
Fitmaperm: = Oy 5 | 10 _PV/ )9
kem;pe kp 2wy, L3 [Li‘ za: (2m)3 qifk 212w, (b2, — m?) qz’zk (C.9)
G L Vim(p}) H(K)H(p) Ve (k3) 1 -
m;pl'm ka[ﬁ qikék b;%k —m?2 q;g 2WpL3

Here b}, = P* — k" — a* is a four vector, with k* = (wy, k) and a" = (w4, a), and by, is
defined analogously. The sum over a in F runs over the finite-volume set. Momenta with an
asterisk, e.g. a; and pj, are boosted from the original frame (with total momentum P) into
the CMF of the dimer. There is some flexibility in the choice of boost, with two examples
being given in Refs. [28] and BS1. The former leads to a relativistically covariant G, in the
sense that the vectors pj and k are unchanged (up to global rotations) when the initial
frame is given an arbitrary boost. We refer to this form of G as the “relativistic form” in

the main text. The harmonic polynomials are defined by
YVim(a) = VAT (@)al’, (C.11)

with the spherical harmonics chosen to be in the real basis. The factors of |pj|*/g35 in G
are called “barrier factors” in the main text, and are needed to assure the smoothness of G
when |p;| — 0. The superscript UV on the sum and integral in F indicate an ultraviolet
regularization, the nature of which affects F only at the level of exponentially suppressed

terms. Finally, the integral in F is defined by the generalized pole prescription mentioned
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above [36].

With these definitions, the finite-volume two-particle scattering amplitude (defined in
Ref. [29]) is given by

[ﬂg@} - = [KQVL}_l + F, (C‘12)

which in the appropriate L — oo limit goes over to Eq. (C.6).

C.2 Infinite-volume limits

In this appendix we provide further details of the infinite-volume limit needed to obtain
Eq. (5.12) from Eq. (5.10), and discuss the properties of the inverses that appear in Secs. 5.3.4
and 5.4.

To obtain Eq. (5.12) we need to show that

: 5 Ao 1 1 37 L 3
= Xoo(ﬁPV + GOO)ZOO , (0.14)

with X, 7, € {ICQ(; {gu), KCo.1} being finite-volume matrices, and X, Z their corresponding
infinite volume limits, given in Egs. (5.15) and (5.16). The factors of 1/(2wL?) convert the
sums over intermediate momenta into the Lorentz-invariant integrals that are implicit in the

infinite-volume form, Eq. (C.14). The remainder of the result can be obtained using

Lhm kaL?’ﬁ’kgm;pg/mIprL:)’ = ﬁpv(k, p)gm;glm/ (015)

—00

Llim 2ka3ékgm;pg/m/2pr3 = Goo(k7 p)ém;é’m/ . (016)
—00

The first line follows from the results in Appendix B of BS1, while the second follows from
the definitions of G, Eq. (C.10), and G, Eq. (F.23).

We now turn to the definition of inverses of infinite-volume quantities, beginning with
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Ky ' Given our integration measure, this should satisfy

Z k I' sl m //]CQ(I' p)e/ "pm! = (S(k p)éeglémm y (Cl?)

ot YT
from which it follows that
. - R
Ky (K, D)ty = 3(K = P)owGmmr [K5(@35)] - (C.18)
A drawback of our notation is that, although the infinite-volume limit of Ky, given in

Eq. (5.16), looks natural, the same is not true of the inverse

lim (20L%) [Kau]  (wI?) =K. (C.19)

L—oo

The extra factors of (2wL?3) are, however, needed so that the limit of matrix products is as
expected. For example, we have

. u,u)7=—1 u,Uu
lim [’Cgf,:’, )ICQ,LICil(f,S )}

L—oo

w,u)77—1 u,U
= K4 K K5 ] (ks D) omser (C.20)

kém;pl'm/’
with the matrix multiplications converted to Lorentz-invariant integrals by the induced fac-
tors of (2wL3)~!. The only places where these extra factors are not absorbed are on the ends
of expressions, such as in Eq. (5.41).

The inverses of ICdf” 3" and R% appearing in Sec. 5.4 are defined as in Eq. (C.17), e.g.
Z /[R(u,u)]—l(k’ r)ém;ﬁ”m”R(UM) (I‘, p)f’m”;(’m’ = S(k - p)aﬂé’émm’ ) (021)
o VT
The relation of these inverses to the inverses of their finite-volume versions display similar
peculiarities to that seen in Eq. (C.19), but these relations are not needed in the arguments

of the main text.
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Appendix D

APPENDIX TO CHAPTER 6

D.1 Definitions

Here we collect definitions of quantities appearing in F3, Eq. (6.28), that are not given in

the main text.

We begin with the cutoff function:

H1) = J(2). e 0.1
0, 2 <0
J(2) = { exp (—%exp [—i]), 0<z<l1 (D.2)
1, 1<z
with ay € [—1,3) a constant. We choose ay = —1, corresponding to the highest cutoff, in
all our numerical investigations.
For G we use the relativistic form suggested in Ref. [34],
G om = = — H(p)H (k) 47 Yo (k) Vem(P7) 1 (D.3)

L3 2w, b —m? 4" 435 2wy,
where b = P — p — k is the momentum of the exchanged particle, p* is the result of boosting
p to the CM frame of the dimer for which % is the spectator momentum, and wice versa.
Explicitly, we have

k|

= (187" D.4
E—O.)k7 Yk ( Bk) ) ( )

p* = (% — 1) bk +wnbk+p, B=
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with k* given by p <> k. Finally, Vp,, (k) are harmonic polynomials,

Vo (k) = K Yo (k). (D.5)
where Yj,, are the real spherical harmonics. The elements of G are clearly straightforward
to evaluate numerically.

For completeness, we quote the real d-wave harmonic polynomials
Van Vs o(k) = V15kiks,
Var Y, 1 (k) = V15kaks,
Viar Y (k) = V5(2k35 — ki — k3)/2, (D.6)
(k)
(k)

VAT Yo (k) = V15k k3 ,
VAT Yoo (k) = V15(ki — k3) /2.

The associated Wigner D-matrices are

Dzlm/’£m<R) = /dQ'f‘Yl’m’(Rf>}/€m(f) — (nglpf,ﬁ?m(R) ; (D?)

where R is a rotation matrix. They are orthogonal matrices, and implement rotations of the

spherical harmonics:
Yo (R Z Dl (R) Yo (7). (D.8)

Finally, F (k) is a sum-integral difference that is proportional to the zeta functions that
appear in the two-particle quantization condition [24, 25]. It requires ultraviolet (UV) reg-
ularization, and can be written in various forms that are equivalent up to exponentially-

suppressed corrections. The form that follows from that presented in Ref. [28] is

F(k)elm/;gmz [LSZ PV/ 1 H( ) ( )47Tyz' /( *)yém( *)7 (D.9)

(g5 k VO 16wpwawy(E — wi — wq — wy)

where b = P — k — a here, and a* is the result of boosting a to the dimer rest frame, with k

the spectator. Here the UV regularization is provided by the product of H functions, and the
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integral over the pole is defined by the principle value prescription (leading to a real result).
Instead, we use a different form that is simpler to evaluate numerically. Following the steps
similar to those used in Ref. [27], we change variables and introduce a new regularization,

finding that, up to exponentially-suppressed corrections, F can be rewritten as

F(k) - ! [Z—PV / d3na] ) Am Y (1) Vo (1) . (D.10)

omise
3212 Lug (B —wy,) x2 —r? xt+e

nNg

where a = n,(27/L), * = ¢35, L/(27), and

r(ng,n,) = n, + ny ln“ el (1 - 1) + 1] , (D.11)

ng 2

with k = ng(27/L). The UV regularization is now provided by the exponential in the
integrand, and is parametrized by a > 0. What is shown in Ref. [27] is that the o dependence
is exponentially suppressed in L, and that, in practice, one should choose a value that is small
enough that the dependence on « lies below the accuracy required. We find that a =~ 0.5 is

usually small enough.

An important technical point is that, as seen from Eq. (C.9), in the full matrix form

Eyprmrem, F(k) is always multiplied by H(k), from which it follows that 7 is always finite

and real whenever Fjp, ke is nonvanishing.

We close this appendix by commenting on the factors of ¢* (which we use generically for
@) OT ¢3,) in the denominators of G and F. These lead to poles for particular kinematic
configurations, which in turn can lead to solutions to the quantization condition. These
solutions appear to be similar to free solutions discussed in Sec. 6.4.4, but are in fact spurious.
To understand this we need an argument given in Appendix A of Ref. [28], which shows that
the factors of ¢* in the denominators are always canceled by corresponding factors in the
numerators of Ky, Kq4¢3, and the end cap factors A" and A in the finite-volume correlation
function CL(F) [see Eq. (6.63)]. The presence of the necessary factors of ¢* in Ky can be

seen from Eq. (6.32), while those in ICys 3 arise from the quadratic dependence on a* and
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a”™ described in Sec. 6.3.1. Indeed, one can derive a version of the quantization condition in

which all such factors are absent. To do so, we define the matrix

Qpé’m’;kém = pk(;é’f(sm’mq;fk . (D]'Q)

Then, from the arguments of Ref. [28] we know that we can write the end caps as A = QA
and AT = A'Q, with A and A' nonsingular. Thus an alternative, improved form of the

quantization condition is

det[(QF30Q) ' + Q'K 3Q7 ' = 0. (D.13)

Now we observe that, by simple algebraic manipulations, we can rewrite this form of the
quantization condition in terms of QFQ, QGQ, Q~'KoQ " and Q' Kge3Q ", in all of which
the factors of ¢* cancel. Since the difference between the two quantization conditions is a
factor of det(Q?), it follows that the solutions to the new form, Eq. (D.13), are the same as
those to Eq. (6.1), except that spurious solutions to the latter, arising from the factors of
q*, are removed. In conclusion, we can use the original form of the quantization condition,

Eq. (6.1), as long as we ignore the spurious solutions.

D.2 Numerical evaluation of F

In this appendix we describe some technical details concerning the evaluation of F(k).

D.2.1  Fvaluating the integrals

An advantage of the form Eq. (D.10) is that the integrals can be evaluated analytically.

Dropping overall factors, the integral that is needed is

a(:c2 —r2)

p e
15 vom = PV / @0 AT (1) Ve (1) (D.14)
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Changing variables to r, we find

a(z?—r?)

e

L 7PV/ r s ATV (0) Vi (¥) = SO (D.15)
F p e,

The remaining integral can be evaluated analytically for all £. The explicit result for ¢ = 0
was worked out in Ref. [39], and we have extended this to the ¢ = 2 case. For convenience,

we quote both results
F B 771 o2 | X 5
Iy =4y { ,/—OZQB +—2 Erfi (\/ozx )} (D.17)

3+ 202”4+ 4o’z e b
IF = 4my [—1/07; + (m8+ DT gor® 4 %Erﬁ (\/osz)] : (D.18)

D.2.2  Clutting off the sum

The sum in Eq. (D.10) is convergent, but in practice we must introduce a cutoff in order to
evaluate it numerically. We use a spherical cutoff, |n,| < npy.x, and in this section explain

how we choose 1yax-

The basic idea is to split the sum S as
S - S< + S> , (Dlg)

where S. is the contribution from below the cutoff, and S. the remainder. Assuming that
the pole in the summand lies well below the cutoff, then S5 can be well-approximated by a
remainder integral, R~. We evaluate this integral, and then choose ny., such that R- lies

below our desired accuracy. The resulting n,,., depends on E, L and the orbit of k.

Dropping overall factors, and changing the overall sign, the sum of interest from Eq. (D.10)
is

a(x?—r?)

S=HL)Y. S—F

_ 2
naT’ T

ALY i (F) Y (7). (D.20)
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Here we have included the cutoff function H (k) that enters in the expression for prm/;k(m,
Eq. (C.9). Although this is an overall factor, it will play an important role in the determi-

nation of nax.

The integral R- that results when replacing the sum over n, with an integral is more
easily evaluated by changing variables to r. The relation between n, and r, Eq. (D.11), can
be rewritten as

g

W = Na| = s 7L NaLs (D.21)

with || and L defined relative to k. The cutoff is chosen such that np.x > nyg, implying
that the n;/2 term in the expression for r is subleading. Dropping this term, we find that
a spherical cutoff on n, corresponds to an ellipsoidal cutoff on r. This makes the integral
difficult to evaluate, so we replace this with a spherical cutoff, |r| < A, choosing A = nyax /.-
We call the resulting integral R,. The resulting spherical region is a superset of the original
ellipsiodal region, so that we overestimate the remainder, Ry > R-, since the integrand is

positive.

To evaluate R, we make two further approximations. First, we drop the 22 term in the
denominator, which is subleading since r? > x? within the region of integration. Second, we
make the replacement 47Yp, (7)Ye, (7) — 1, which leads to an overestimate of the integral.

Then we find

Ry ~ Ry = v H(k)4r /AOO dr @ =)+t (D.22)
’ka(k)eO“QZW\/gErfc [VaA], U'=0=0

= Y weH (k)eo™ Z{20e™oA 4| [ZErfc [aA]}, O+ 0=2 (D.23)
WH (k)e™* Z{(3A + 2aA%)e=" + 8, [TErfe [aA]}, ¢ +(=4.

The overall factor of 74 is the Jacobian from changing the integration variable from n, to

r. We choose the A by specifying a tolerance € (we use € = 107%) and numerically solving
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Ry = e.! Given A, we then obtain the cutoff for the sum using nmax = V.

We can now explain why we include the factor of H (k) in S. As |k| approaches the value
where H (k) vanishes, 7, diverges. This leads to an increase in npyay, both from the factor of
Y in Ry, and because npgac/A = 7. However, this increase is more than compensated by

the very rapid drop in H (k) near the end point, so that ny.y is always finite.

D.2.3 Using cubic symmetries

Symmetries can be exploited to optimize the computation of F. It follows from Eq. (C.9)
that F(Rk) can be obtained from F(k) via an orthogonal transformation for any cubic-group

transformation R € Oy,
F(Rk) = D(R)F(k)D(R)" . (D.24)

Here D(R) is the Wigner D-matrix defined in Eq. (D.7). Thus once one has computed F(k)
for some finite-volume momentum k, one can use Eq. (D.24) to obtain F(k') for all k’ in the
same momentum shell. Furthermore, for each initial F(k) that one computes directly, any
symmetries of k can be used to simplify the construction of F (k). In particular, if R is in
the little group of k (so that Rk = k), then Eq. (D.24) says that F(k) is invariant under
the transformation. This often leads to linear relationships between several matrix elements
ﬁg/m/,gm(k), in which case one need only compute the linearly-independent elements in order

to construct the full matrix.

D.3 Further details of the projection onto cubic group irreps

We collect here some results that we have found useful in the computation of the projection

matrices and the determination of their properties.

In practice we use the ¢/ = ¢ = 0 result for R in all cases, which is a further approximation, but one
that we find makes a small numerical impact.
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D.3.1 Computing Py efficiently

The projector Pj is defined in Eq. (6.41). As explained in the main text, it is block diagonal
in momentum shells and in angular momentum, with blocks Py ,). Here we explain how to
simplify the computation of Pj ) by reducing the sum in Eq. (6.41), which runs over all
48 elements of Oy, to a sum over the elements of the little group of an element of the shell

under consideration.

Let k" and k” be two elements of the orbit. Then, from Egs. (6.41) and (6.42), we have
Pro] ., = [g;] R;)h X1(R)6w DY (R), (D.25)

where 0y pv is unity if Rk’ = k" and zero otherwise. Thus the sum is restricted to those
elements of O, that rotate k’ into k”. A convenient representation of these elements makes
use of an (arbitrarily chosen) canonical element of the orbit, denoted k. Let Ry, be an
element of the little group L of k. Then all the elements of Oy that rotate k' to k” can be
written as Ry Ry, Rk, where Ry is any choice of transformation from k' to k, and Ry,
is any choice of transformation from k to k”. Thus the number of elements contributing to

the sum in Eq. (D.25) is [Lg], the dimension of Lj. This allows us to rewrite the projector

as
d
[Plyo(f)} v L > X1( Rk RRy ) DO ( Ry R Ry ) (D.26)
Wk [On] ReL,
d 1
= IDORun) | = Y xr(RiRRiw) DO (R) | DO (Ry) (D.27)
No (L] RELy,

where N, = [Oy]/[Lx] is the number of elements in the orbit.

Once we have constructed the block projectors, we combine them into P; using Eq. (6.43).
In practice, we want to reduce our original matrices (M = F etc.) down to the part that lives
in the projected subspace, which has dimension d(P;). To do so, we evaluate the eigenvalues

and eigenvectors of P;. Since Pj is a projector, its eigenvalues \; are either zero or unity.
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We keep only the eigenvectors with unit eigenvalues, for these span the projection subspace.
We orthonormalize the eigenvectors, and label them {vi}fﬁf’ ). The reduced matrix is then
given by

Mpt=vl"-M-v;  (i,jel—d(P). (D.28)

D.3.2 Dimensions of irrep projection subspaces

As explained in the main text, in order to determine the number of eigenvalues of M that

fall into a given irrep we need to compute the dimensions of the sub-block projectors,
d(PI,o(Z)) =Tr PI,o(Z) . (D29)

Using the result for the projector, Eq. (D.27), we find

d(Prow) =Y Tr [PI,O(Z)}k,k, ; (D.30)
k’€o
i O]
=77 2 xi(B) Tr DO(R), (D.31)
(L] ReL,

where the trace is only over the angular momentum indices, m, and to obtain the second line
we have used the cyclicity of the trace, the fact that Ry = R;5, and the standard group-
theoretic result y(R'RR'~') = x(R). The resulting dimensions are collected in Table 6.1.

D.4 a, dependence of Msj

In Sec. 6.2, we show that to determine the as dependence of the three-particle threshold
energy, we need to calculate the corresponding dependence of Msp,,. The calculation is

described in this appendix.

We begin by recalling from Ref. [68] that M3 ¢y, is defined by doing the minimal subtrac-
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tions necessary to have a finite quantity at threshold,
M3 e = (lsi—r% [Mg((), a'’*;0,a")

A3k Bly Py
— Tos(0, 8" A*—/—Ek—/ D2 = (ki k)|
076(07 a ,O,Cl ) 5 (277')3 1( 1) 5 (27T)3 (27T)3 2( 1 2)

Here M3 is the three-particle scattering amplitude, expressed in terms of the same variables

(D.32)

used for Kgr s in Eq. (6.20). The infrared (IR) divergence of M3 at threshold is regularized
using the d-scheme of Ref. [68], and three subtractions are needed in order to obtain a finite
result. The explicit expressions for Iy, Z; and =5 are given in Sec. D of Ref. [68], but will
not be needed. All we need to know here is that the subtractions depend on ag, but not on
as. Thus dependence on ay can only enter through Msj itself.

To determine this dependence it is useful to recall the definition of the divergence-free

scattering amplitude from Ref. [29],
Maga(p, @7 k,a%) = Ms(p, @' ;k,a") = D(p, a'" ; k,a"). (D.33)

Here D is a quantity that depends only on the two-particle scattering amplitude My, whose
expression will be given below. It is chosen so as to subtract IR divergences from M3 not
only at threshold, but also above. Reordering Eq. (D.33) as M3 = Mgrs + D, we note
that, in general, both contributions to M3 depend on a,. However, we also know from
Ref. [29] that Mg¢ 3 vanishes when Cq¢ 3 = 0. So, in this limit, which is the case we consider
numerically, M3 = D. This allows us to calculate the ay dependence of M3. We know that
this dependence is finite at threshold because no as-dependent subtraction was needed in
Eq. (D.32).

Before calculating the as dependence of Maj, it is instructive to relate the two subtracted

versions of Maj,

M i = Map3(0, 07 ;0,a%) + IR finite terms. (D.34)

E=3m

Since, as already noted, Mg¢ 3 vanishes when 4¢3 = 0, we see that it is the IR finite terms
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that must contain the contribution to Msy,, from higher partial waves.

What we have learned so far is that, for K4¢3 = 0, the ay dependence of My, is given
by that of D evaluated at threshold. Here we are interested in determining the leading

dependence, which, as discussed in the main text, is proportional to a3. This is given by

5 thhr
?d(a3)

a2=

Mg,thr Da

(D.35)

Here Dy, is D(p,d"™;k,a*) evaluated at E = 3m and p = k = 0, so that there is no
dependence on a* and a™*. In fact, D itself diverges in this limit, but the derivative in

Eq. (D.35) does not.

To proceed, we need the explicit expression for D, given in Ref. [29]. It is obtained by

symmetrizing over initial and final momenta the quantity D% which is given by

DI (b, K) = —Ma(p)G (. KM )+ | 5 Ma(p)G (b, M (5)G (5 k) Mal) ..

(D.36)
Here [, = [ds/(2m)?, and the a* and a”* dependence has been decomposed into partial
waves, so that all quantities are implicitly matrices in angular momentum space. The
spectator-momentum dependence is, however, kept explicit. My(p) is the two-particle scat-

tering amplitude for the dimer when the spectator-momentum is p. As for K5 [see Eq. (6.30)],

it is diagonal in angular momentum
¢
Mo(D) et = St M5 (D.37)
It contains all (even) partial waves, including, in particular, the d-wave amplitude. Finally,

G is given by

H(p)H (k) 47V (K*) Ve (P )
b —m? QS,Z,; q;,gk

G;’Om’;fm(pv k) 5 (D38)

where the kinematic quantities are the same as those appearing in Eq. (D.3). Equation (D.38)

is the relativistically-invariant version of the definition given in Eq. (81) of Ref. [29].
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At threshold, only the s-wave part of D% is nonzero, and symmetrization simply leads
to an overall factor of 9:

D dD§5)(0,0)

d(a3)

a2=0 a2=0

(D.39)

Looking at Eq. (D.36), we see that the s-wave projection implies that the factors of My on
both ends are pure s-wave, so the first appearance of d-wave scattering occurs in the second
term. This gives the leading ao-dependent part of D(®):

2
Dli(0.0) > 1= [ 3

Sm=-2

1
5 M8 (0)G52(0,8) M (8)G35,00(s, 0)ME™ (0) . (D-A40)

At leading order in perturbation theory in ay and as, Mé‘) = Kée), with ICéZ) given by the
leading terms in Egs. (6.31) and (6.32). Inserting these results, we find that I, is IR and UV
convergent, so we do not need to actually take the derivative in Eq. (D.39). By numerical

evaluation we find

14109.6

M D9y = — X (mag)*(may)®[1 + O(ag) + O(a3)]. (D.41)

This gives the leading term in the result (6.54) quoted in the main text. The corrections in

(D.41) arise from the subleading terms in the expressions for lCéé).

We close with two further observations. First, a similar calculation with Még) in Iy
replaced by any (even) higher-order amplitude leads to a nonzero contribution to Msj gy,
Thus all higher partial waves contribute to AF3 at O(L™%). Second, higher-order terms in
D) will also contribute to M 4y, although suppressed by powers of a,. For example, the
first term not shown in Eq. (D.36), which has four factors of My, leads to contributions to
AF;5 proportional to aja3/L% and a2a3’/L5. These are of the same order as the corrections

in Eq. (D.41).
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D.5 Free solutions at the first excited energy

In this appendix we analyze free solutions to the quantization condition in the A7 irrep at
the energy of the first excited noninteracting state, B¢ = m + 2w; (with w; = y/m?2 + k?
and k;, = 27/L). Our aim is to understand when Fj ! has zeros at this energy, and to
determine their properties. We work with box lengths 4 < mL < 6 such that there are three

active shells, although the final result generalizes straightforwardly to any number of shells.

D.5.1 A irrep with s and d waves

We first consider the case in which both ¢ = 0 and ¢ = 2 channels are included. The matrices
that enter into the quantization condition are then six dimensional: the first three indices
as in Eq. (6.67), and the remaining three from the third shell (one with ¢ = 0, and two with
¢ = 2; see Table 6.1). The free poles enter only in the first two shells, and are proportional
to

3
8L3mw? (E — Efree)

p= (D.42)

It will be useful to introduce the vectors

(v1] = (1,0,0,0,0,0), (vg| = (f\[ooo) (D.43)

in terms of which the pole parts are given by [using Eqgs. (D.9) and (D.3)]
F = p(|or) (o] + 2[v2) {va]) + O(1) (D.44)
G = 2p (Jor) (vl + [vo) (1] + [v2)(va]) + O(1). (D.45)

As in the example discussed in Sec. 6.4.4, all we need to know about the O(1) contributions

are that they are real and symmetric. The relative factor of v/5 between the two terms in
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(15| arises from Yag(2) = v/5Y0(2). Combining the results for F and G we find

H = 5plwy)(w |+ O1),  Jw) = /L (Jor) +2lvs)) - (D.46)

Thus, while the pole parts of F and G are both of rank 2, that of H is of rank 1, due to a
partial cancelation.

In the following, we determine the pole structure of F3, aiming to find a basis in which
this structure is simple. We begin by changing to a more convenient basis, namely |w;)

combined with

[wa) = /2 2lor) — [02)) | (D.47)

and any choice of four other vectors filling out the orthonormal set. We use a 1+ 1+ 4 block

notation, in which

500 9/5 —2/5 0
H=plo 0 0[+0(1) and F=p|—-2/5 6/5 0|+0O(1). (D.48)
000 0 0 0

The inverse of H has the form

1/(5p) + O(1/p*)  awa/p+O(1/p*)  us/p+ O(1/p?)

H™' = | ap/p+O1/p?) am+Bu/p+O(1/p?)  axn+0(1/p) | (D.49)
ajs/p+O(1/p?) azs + O(1/p) aaz +0(1/p)

where the quantities g, g, Pag etc. are given in terms of the O(1) parts of H in a way
that is not pertinent. At this stage we can see that FH'F will contain a double pole
proportional to awgs that will have the form of an outer product, as well as a complicated

single-pole term. Performing the algebra we find

-1 3 0 a b —7

%"
PR=p=—>|3 -9 0|+p| b —9a—6b 3z |+0(1), (D.50)

0 0 O —zr 3z 0
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where a, b and z are given in terms of the «;; and Sas.

Thus we have learned that F3 contains a free double pole that can be written

Pl @l el =5 (13,0 = (]~ (wl) . (D51

The form of |z1) is determined entirely by the pole structure of F and H, although the
overall coefficient is determined by the O(1) parts. Qualitatively we can say that although
F contains two independent poles in this irrep, the H~! factor cancels one of them, leading

to a left-over double pole.

We conclude by discussing the impact of the single pole contribution to F3. First we note

that the coefficient of p can be written as

— (8a +6b)|a1) (2| - \/%NQ (lz2) (w2 + |2) (21]) (D.52)

where the new normalized basis vector is
(9] = Ny (9a + 3b,3a + b, —10z) . (D.53)

Thus in the basis consisting of |z1), |z2) and four other orthonormal vectors, F3 has the
141+ 4 block form
fp*+gp hp O
F; = hp 0 0f+0(1), (D.54)
0 0 0
where f, g and h are known constants. This matrix can be diagonalized using a final, fourth
basis. All we need to know here is that, close to the pole, when [p| > 1, the shift in the
eigenvalues due to the off-diagonal hp term is +(hp)?/(fp? 4+ gp) ~ O(1). Thus in the final

basis we have

Fy = diag [fp’ + gp + O(1),0(1), 0(1),0(1),0(1), 0(1)] , (D.55)
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and thus
Fy = diag [1/(fp%) + O(1/p*), 0(1), 0(1), 0(1), 0(1), 0(1)] . (D.56)

Note that the size of the change to this final basis is proportional to 1/p, and thus vanishes
at the zero of F; !, so that the double zero lies in the subspace spanned by |1).

In summary, we find that the single pole in Fj3 is hidden beneath the double pole, such
that in the inverse there is simply a double zero. As L is increased, there are more active
shells, but the only change to the result of this section is that the number of vanishing

components of |z;) increases [see Eq. (D.51)]. The nonvanishing components are unchanged.

D.5.2 AT irrep with only s waves

We have repeated the previous analysis for the case of only ¢ = 0 contributions and three
active shells.? The matrices are now three dimensional, with one entry per shell. We do not
present the details, except to note that we follow the same steps as in the previous subsection,
and find very similar conclusions aside from some changes in factors. In particular, F; ' still

has a double zero, but this now lives in the space spanned by the vector

(1] = (\/§ -4 O) : (D.57)

where entries are ordered as in Eq. (6.71).

D.6 Properties of the isotropic approximation

This appendix recalls the definition of the isotropic approximation, describes its relation to
the work of this paper, and explains why the free solutions discussed in Sec. 6.4.4 are absent
in this approximation.

The isotropic approximation was introduced in Ref. [28] and used in the numerical in-

2This builds upon, and corrects, the analysis given in Appendix C of Ref. [28].
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vestigation of Ref. [39]. It involves three components: (1) Only ¢ = 0 dimer channels are
included in F , é, Ko and Kar3; (2) The resulting K43 is taken to be independent of the
spectator momentum, although dependence on the total energy F is allowed; (3) F3 is pro-
jected onto the isotropic vector |1x), which has a unit entry for every available choice of
spectator momentum. Note that the third step automatically picks out solutions in the A
irrep.

The isotropic approximation is thus a subset of an approach we use several times in this
paper, namely restricting dimers to ¢ = 0, keeping only the isotropic part of Kg¢3 in the
expansion about threshold, and projecting onto the A irrep. We refer to this as the “low-
energy Af approximation”. The major difference is the absence of the third step—we do
not project onto |1x). A minor difference is that, for K43 to be purely isotropic, we must
work only at linear order in the threshold expansion. Thus we can have at most a linear
dependence of Kqr3 on E?, as opposed to the arbitrary dependence allowed in the isotropic

approximation.

To explain the relationship between the two approximations, we begin in the low-energy
Af approximation. All matrices, including F3, are labeled by an index denoting the shell
of the spectator momentum, as shown in Eq. (6.71). All matrices have the same finite

dimension given by the number of shells lying below our cutoff. Since Kg4¢ 3 is isotropic, the

quantization condition is®

det ([F5] ™" + [1)K™(1x]) = 0, (D.58)
where the square braces indicate the A, £ = 0 matrix, and
(1| = (1,V6,V12,...) (D.59)

in this basis. The entries here are the square roots of the sizes of the shells. We can rewrite

3Note that [F3]~' = [F5 '] because of the cubic symmetry of the components of Fj.
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the determinant in the quantization condition as

det ([F5] ") det (1+ [F3]|1x)K™ (1x]) = Lt (11;&5%]1@16 ” : (D.60)

where we have used det(1 + M) = exptr In(1 + M), expanded in M, used the cyclicity of
the trace, and resummed. The isotropic approximation consists of keeping only the solutions

arising from the numerator on the right-hand side of Eq. (D.60), i.e. those satisfying
FPo = (1g|[Bs)|1k) = —1/K™°. (D.61)

It follows from Eq. (D.60) that any solution in the isotropic approximation is also a solution
in the low-energy A] approximation, barring an accidental, and unexpected, juxtaposition
with a zero of det([F3]).* Thus, aside from this caveat, which appears to be irrelevant in
practice, all solutions to the low-energy A] approximation that require a nonzero K¢ are
also obtained in the isotropic approximation.

What are lost in the isotropic approximation are solutions to the quantization condition
(D.58) that arise when an eigenvector of Fy diverges (so that det([F3]) — oo) while Fis
remains finite. This requires that the corresponding eigenvector of Fj is orthogonal to |1x).
In our experience, this only happens for solutions that occur at free energies (which, we recall,
means one of the energies of three noninteracting particles in the given volume), although
we do not know of a fundamental reason why this should be so. Furthermore, it was found
numerically in Ref. [39] that there are no free solutions in the isotropic approximation. Taken
together, these observations suggest that the isotropic approximation picks out all the non-
free solutions to the quantization condition obtained in the low-energy A] approximation.

In the remainder of this appendix we explain analytically the result found numerically in
Ref. [39], namely that there are no free solutions in the isotropic approximation. As discussed

in Sec. 6.4.4, such solutions occur first at £ = Ef*¢ and there yield a double pole in det(F3)

4This holds also when K¢ — 0, for then a solution to Eq. (F.8) implies that [F3] has a diverging
eigenvalue, and thus that det([F; ']) — 0.
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lying in the space spanned by |z}), Eq. (6.72). This pole is, however, absent in the isotropic

approximation because (1x|z}) = 0, so the pole is removed from Fi.

Our aim is to generalize this argument to any excited free energy. We will do so for
P =0, and for an excited state in which the three momenta, labeled k, p and b = —k — a,
lie in different shells, e.g. k = k.(0,0,1), p = k.(1,1,0) and b = ky(—1,—1,—1), with
kr = 2w /L. We denote the degeneracies of these shells by Ny, Ny, and N3, respectively (6,
12 and 8 in our example). For each choice of k from shell 1, we define Ny, as the number
of choices of p from shell 2 that can lead to a free solution, and define N3 analogously. By
cubic symmetry Nis and N33 do not depend on the choice of k from shell 1. Clearly we have
N1 = N3, since each solution contains both a p and b. We define No3 = No; and N3; = N

analogously. The total degeneracy of free-particle solutions is then

Ngot = N1 N3 = NyNy3 = N3N3; . (D.62)

As above, we denote the ¢ = 0, AT parts of F and G by []5 ] and [é], which are indexed
by the shell number. The poles in these matrices occur only when both indices lie in one of
the three shells discussed above, and thus we can focus on this three-dimensional subspace.

The matrices in this subspace have the form

Ny 0 0 0 VNi2Na3  +/N12Ns;
[Fl=p| 0 Ny 0 |+0(1) and [G]=p|/NuNy 0 NosNar | +O(1).
0 0 Ny VN31 N1 /N3 Nos 0
(D.63)
where
L (D.64)

P= 8 L3wpwywp(E — wy, — wp — wyp)
The coefficients in [F] count the number of choices of a in Eq. (D.9) that lead to the pole.

For example, for the (1,1) element, there are Nis + Ni3 = 2Nj5 choices, which combines
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with the overall factor of 1/2 in F to give the quoted result Nyj». To understand the form of
[G] consider the (1,2) element of the pole part. This arises from each of the N, solutions,

multiplied by the normalization factors for the A} projections, 1/4/N;N,. Then we use

Nsol | N1N12NoNog
=1/ N2V D.65
—N1N2 NN, 124V23 ( )

to obtain the quoted result.

Combining, we find that the pole part of H lives in a one-dimensional subspace,

[H] = [F] + [G] + [1/(2wKy)] = [W)Ap(W4| + O(1), (D.66)

Nis [Nos [N
W1|—(\/ 12\/ 23\/ 31), A = Nyg+ Nog+Ns; . (D.67)

Here we are assuming that K, does not have a zero at E = E™°. It follows from Eq. (D.66)
that [H]™! has the form (see, e.g., Eq. (C14) of Ref. [28]):

1+ 0O(1/p)
Ap

[H]™h = W) (Wil +0(1/p) > (W) (Wil + [Wi)(Wh]) + > [W)O(1)(Wjl.

i#1 i1
(D.68)
Here |[W5) and |W3) are any choice for the other two members of an orthonormal basis of

which |W;) is a member. Note that only the coefficient of the first term is known; for all

other terms only the power of p is known.

We can now calculate the pole part of Fi*®, which requires projection with (1x|. Within

our subspace

(1g| — (\/ﬁl VN, \/E,) : (D.69)
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from which it follows that

<]-K|[F] =P >\Nsol<W1| + O<]-) ) (D?O)
(1x|[F]|1k) = 3pNeor + O(1) (D.71)
(1 |[F][H] ' [F)|1k) = pNer + O(1) (D.72)
and thus that
Fe= L ([? - [ﬁMHHﬁJ) 1) = O(1). (D.73)

As claimed, all poles have canceled from F3°.
It is straightforward to generalize this result to the case that two or more shells are the

same, and also to moving frames, i.e. P # 0, although we do not present the details here.

D.7 Failure of Eq. (6.84) for quadratic and cubic terms in the threshold ex-
pansion

As noted in the main text, we find numerically that the following results hold,
[Kars® (EF)]1) = [Kars® (E)]21) =0, (D.74)

where the superscript on Ky 3 indicates the order in the threshold expansion of Kg4¢3. The
vector |z;) is given in Eq. (6.74), and the square brackets indicate the A projection of Kgp 3
expressed in the kfm basis. Our aim here is to give an analytic explanation for these results.

We can rewrite Eq. (D.74), using the symmetry of KCyr 3 and the form of |z;), as

[KCar s i _\[/Cdfza 2z+def3 Jsi at E=Ey*, Vi. (D.75)

The ordering of the indices is given in Eq. (6.73). We recall that the /6 here arises because
the first shell has 6 elements, while the v/5 arises because Yoo(2) = V/5Yo. The superscript
on Kgr 3 indicates that the equation should hold for both the quadratic and cubic terms in

the threshold expansion.
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We wish to demonstrate Eq. (D.75) for any choice of . To do so we first change notation,
recalling from Sec. 6.2.4 that the k, ¢, m indices can be replaced by dependence on k,a*.
Here we are also replacing the spectator-momentum index k£ with k, both in order to be
more explicit, and because g3 is an infinite-volume quantity that is defined for all k. At
first, we make this change only for the initial-state indices, leading to the hybrid notation
Katsz(E;p, 0/, m';k,a*).° In terms of this new quantity, we claim that Eq. (D.75) holds for

any choice of the index ¢ if

Kar s (E5°10,0,0,k,8") + ¢ Kar s (EF;0, 2,0k, 0%) =

Kaes®P (B k1 2,0,0;k,0%) + VBKars*P (B kp2,2,0:k,a*), (D.76)

is valid for all k and a*, and for one choice of ¢. To understand this, first note that (D.76)
applies for an arbitrary initial state, and this subsumes all possible values of the finite-volume
index i. As for the final state, to obtain Eq. (D.75) we need to project onto the Af irrep.
Doing so, the second term on the left-hand side of Eq. (D.76) vanishes, as can be seen from
the absence of an ¢ = 2 entry in the Af row of the (000) shell column in Table 6.1. This is
why it is sufficient if Eq. (D.76) holds for one value of ¢. The Af projections of the remaining
three terms in Eq. (D.76) leads to the three terms in Eq. (D.75). The averaging over the first
shell leads to the factors of v/6 in the latter result. Note that to perform this averaging one
must also use the rotation invariance of Kgrs. It is also important that m’ = 0 in the last
term in Eq. (D.76), since this is the component that lives in the A7 irrep when the spectator

momentum lies in the 2 direction.

In the following, we demonstrate that Eq. (D.76) holds if ¢ = 4/5. There are three inputs
needed for this demonstration. The first is the observation that the same configuration of

final-state particles can contribute to both sides of Eq. (D.76). To explain this we need

5We are abusing notation by using the same name, K 3, for the function expressed in terms of different
variables, but the number of indices uniquely determines which choice of basis we are using.
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to write both initial and final states in the form used prior to their decomposition into
harmonics, so that we have K4 3(E; p,a™; k,a*). Then one can show, using permutation

symmetry alone, that
Kar3(ET;0, 2k, a%) = Kar3(EF k2, 2k, a*) . (D.77)

This result holds for any term in the threshold expansion of K4 3 (or, indeed, for the entire
quantity), and thus we do not include a superscript. To understand Eq. (D.77), note that
the three particles in the final state have momenta 0, k2 and —k 2. Calling O the spectator
momentum yields the left-hand side of Eq. (D.77), while calling k2 the spectator yields the
right-hand side. Since both choices describe the same momentum configuration, they must

be equivalent due to the permutation symmetry of Ky 3.

The second input is that de73(2’3) is either independent of, or quadratic in, a"”. This is
explained in Sec. 6.2.4, and is in one-to-one correspondence with the fact that only s- and

d-waves contribute.

The final key input concerns angular averaging of a quadratic form:

(RiniVig) |, + VB (Rii;Viy) | = Vi + 5 (Va3 — Viy — Vag) = Vig, (D.78)

=0 (=2.m=0 3
where Vj; is an arbitrary tensor. In other words, the combination appearing on the left-hand
side can be evaluated by setting 7 = 2. The same is trivially true for a quantity that is

independent of 7.

Combining the second and third key inputs, we deduce that

Kat 3 (B;p,0,0;k, @) + vVb5Kar3*¥ (E; p, 2,0:k, %) = Kar ¥ (B3 p,a™* =4k, %)
(D.79)
holds for any choice of £ and p. Applying this to both sides of Eq. (D.76), with E = Eire,
and p = 0 for the left-hand side and p = k12 for the right-hand side, we find that Eq. (D.76)
with ¢ = /5 is equivalent to the first key identity Eq. (D.77). This establishes the desired
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result.

This derivation will fail for terms of quartic and higher order in Kg4¢ 3, since the combi-
nation of ¢ = 0 and 2 parts that appears in Eq. (D.79) will no longer allow the replacement
of "™ with 2, implying that Eq. (D.77) cannot be used. For example, considering one of the

terms that arises in quartic terms, we find

@ -n)Y V@) +al. (D.80)

=0 0'=2,m'=0

We have checked this numerically by decomposing the simplest of the quartic terms and

finding that Eq. (D.74) does not hold.
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Appendix E

APPENDIX TO CHAPTER 7

E.1 Ipy-dependence of K4 3 and the spectrum

As explained in Sec. 7.3, when we modify the PV prescription according to Egs. (7.19) and
(7.20), the spectrum is formally unchanged for all volumes, provided we make a suitable
change to K4t 3.! In practice, however, this statement breaks down once we approximate the
quantization condition by truncating the sum over ¢. We also note that the required change
to Kar,3 is not known a priori, and must be determined numerically. It is the purpose of this
appendix to study, within the context of a concrete example, the size of the required changes

to K43 and of the residual volume-dependence in the spectrum.

In our example we follow the numerical investigations of Sec. 7.4.1 and use the isotropic
approximation with £,,,, = 0, so that the infinite-volume amplitudes are parameterized by
ap and KCiPs5. We set mag = 0.1 and consider two PV schemes: the original one with I$y, = 0
and the modified one with I3y, = —1. The derivation of the quantization condition is valid
for both choices (see Sec. 7.3.1). We choose a large volume (mL = 30) at which to match
the spectrum by tuning the values of lCide‘f?)(If,V; E), and then study the volume-dependence

of the difference between spectral lines at other volumes.

To show how this works we first consider the lowest energy level, Fy(L). In Fig. E.1, we

show the energy dependence of the dimensionless quantity m?/Fi just above threshold for

L As usual, this statement holds up to exponentially-suppressed corrections.
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- Ipy=0

- . O

3.000136 3.000138 3.000140 3.000142 3.000144
E/m

Figure E.1: Determining the Ip,-dependence of K4t 3 in the isotropic approximation using
the ground-state energy, Ey, for mag = 0.1 and mL = 30. Blue and red points show m?/Fi°
for, I3y = 0 and —1, respectively. The vertical purple dashed line shows our chosen tuning

iso

energy, while the horizontal dashed curves show the resulting values of —KCgp;.
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the two choices of Ipy,. The quantization condition in the isotropic approximation is

m2

M2, (I8 B) = —— , E.1

where we have made the scheme parameter explicit. As discussed in Sec. 7.3, we know that
the solution to the quantization condition is independent of I3y if K43 = 0. This is seen
in the figure by the fact that the two m?/Fi*® curves cross when they both vanish. We are
interested here, however, in cases where K43 # 0, and so choose an energy away from the
crossing (Fo = 3.00014m, shown by the vertical line in the plot) and determine the values of
ICfff(j?) so as to attain this energy. We find
2 giso s 4
m*Kies(Ify = —1; Ey) = 6.1365 - 10* .
We now determine the ground-state energies for other choices of L, keeping K§§3 fixed

at the values given in Eq. (E.2). We then evaluate the difference
SEo(L) = Ey(Iiy = 0: L) — Bo(Isy = —1; L), (E.3)

which is a measure of the residual I, dependence of the spectrum due to approximating
the quantization condition. The result is shown in Fig. E.2. It oscillates about zero with an

amplitude that decays rapidly with increasing L.

We can understand why the residual I3y, dependence is so small for the ground state by
using the threshold expansion developed in Ref. [76]. Close to threshold, the approximation
of Kat3 by an energy-dependent constant is valid up to corrections of O(A), where

E? — 9m?
—

A

(E4)

9m
Numerically, this is of O(0.1%) for the energies we are considering (choosing mL ~ 10).
Furthermore, what matters for d E is the difference between the contributions of the linear

terms for the two choices of Iy, and the end result is the tiny effect shown in Fig. E.2.
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10—2_

1073_

[0 Ey|
AE,

1074_

10—5_

1076_

Figure E.2: Ipy-dependence of the ground-state energy Fo(L), with § Fy defined in Eq. (E.3).
We plot the ratio to AFEy = Ey — 3m in order to give a sense of the relative size of the shift.
The vertical line at mL = 30 indicates the point at which matching is performed, so that
0 Fy vanishes.
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Figure E.3: As for Fig. E.1 but for the first excited state. The dashed magenta lines corre-
spond to the values of Fi(Ipy = 0;mL = 30) and Fi(Ipy = —1;mL = 30) obtained from
the constant approximations m*KCs(Ipy = 0) = 2.4828 - 10° and m*KiPs(Ilpy = —1) =
6.1365 - 10*. The discrepancy between the two magenta lines is due to our neglect of the

higher-order terms in the threshold expansion of Ky 3.
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We next extend our example to include the first excited state Ej(L). If we continue to

assume energy-independent values of ICfff‘fS, then the first excited levels at mL = 30 disagree

by
SEy(mL = 30) = Ey(I5y = 0;mL = 30) — By (I5y = —1;mL =30) ~ 10 °m,  (E.5)

as shown in Fig. E.3. Thus, even at the same value of L, the spectrum is dependent on [y,.
We interpret this as being due to our omission of the O(A) terms in the threshold expansion,
which are significantly larger for the first excited state than for the ground state. As shown

in Ref. [76], these still lead to an isotropic K4t 3, but now with linear energy dependence,
Kas(Ipy; E) ~ ]Ciisgéo([;v) + ]Ciffo,él([;V)A- (E.6)

If we set ICiff(j 3 = 0 then we expect 6E;(mL) ~ A. In fact, we can make a more detailed
estimate of 0F; using the threshold expansion for the excited state developed in Ref. [77].
The three-particle interaction enters the expression for F; first at O(L~9). If this is mistuned
by A ~ 1/L? then we expect that §E; oc L™8. This dependence is indeed what we find, as
shown in Fig. E.4,

If we include the linear term in K53, Eq. (E.G), then truncation errors are of O(A?),
so we expect this to perform considerably better. We set ICESE 2 (Iy) = 0, and then tune
Kifggo(fliv) and ICin’f(jgl(If,V) so as to set 0B (mL = 30) = 0. We find that this requires
ICSE’;(];V = —1) = 4.123 - 10*.? The resulting 0F; is shown by the lower (red) points in
Fig. E.4. Here we would expect the fall off to be as L™1°, since there are two extra powers of
momentum. We indeed find a fall off faster than L8, but with some oscillations that preclude
detailed fitting. The detailed behavior and source of this dependence deserves a dedicated

study that goes beyond the scope of this work. In such a future investigation we also intend

to disentangle two possible sources for the residual I3, dependence: (i) The isotropic nature

iso,0

2In practice we have left Kt 3 (I$y) unchanged and only tuned IC(iiSfo ’31. This means that §FEy is slightly
mistuned, but by an amount that is small on the scale of most of the values shown in Fig. E.2.
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of ICiff’fg is insufficient to keep the low-energy physics constant under variation of I3y; and
(ii) The quantization condition only holds up to neglected e~™L corrections and the exact

form of these (and their imprint on the finite-volume solutions) varies with I3 .

10— o only K5y »
e including K2y
¢ fit to L8
107° 5 °
°
0B ..
m 10773
10—7 4
1078 5 x
x
1079 x
20 30 40
mL

Figure E.4: |0Ey| as a function of mL when tuning with only a constant KCifs (filled blue
circles) or with the linear dependence on A given in Eq. (E.6) (filled red circles and crosses).
The solid (magenta) line shows a fit to the blue points assuming an L~5-dependence. The
vertical line indicates the value of mL at which the tuning is done. Thus the corresponding
red point vanishes at this value and is not shown. JF; is positive for the red circles and
negative for the red crosses.

As a first step towards understanding (7) we note that, in general, K43 includes also
non-isotropic terms that enter at O(A?) (see Ref. [76]). To summarize, in the main text we
explained that modifying I3y, changes an isotropic Kg4¢ 3 into a nonisotropic one, and in this

appendix we have shown that this must be understood as an effect of O(A?). Tt follows that
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the shift should be neglected if working at a leading or next-to-leading order:
ICdf,3<]183v) = ’Cils83(]1§v) — chf,3(I§V) = /Cff?,g(fffv) + O(A2)~ (E7)

More generally, it follows that effects of I3, may be absorbed in a redefinition of Ky 3
up to systematic errors at O(A*!), where k is the order at which we are truncating the
expansion. As stressed in the main text, the estimation of the truncation error by the residual
I3, dependence is analogous to using scheme-dependence as an estimate of the truncation

error in perturbation theory.
E.2 NREFT prediction for the particle-dimer scattering length

In this appendix we explain how we obtain the nonrelativistic effective field theory (NREFT)
prediction shown in Fig. 7.8.

At lowest order in NREFT, the dimer-particle scattering amplitude is determined by an
integral equation, and is given in terms of the two-particle scattering length, aq, and the three-
body coupling, Hyo(A). Here A is a hard cutoff introduced as an ultraviolet regularization.
The integral equation is given, for example, in Eq. (6) of Ref. [159]. We are interested
specifically in the dimer-particle scattering length, by, which is proportional to the scattering
amplitude. Thus we use the version of the integral equation given in Eq. (12) of Ref. [159],
which is written for a quantity a(k,p) that satisfies a(0,0) = —by. We further rewrite this

equation in terms of b(p) = —a(0, p), and make variables dimensionless using ay?, leading to

b 2 A b
W ey 2 [ dgrcoa) Y (E3)
Qo ™ Jo ag
4 3p? 1 P +agp+p?+1 2H,
Kpk)=-11 R [ I | E.9

with the desired scattering length given by by = b(0). Here we have used the fact that,

3In the following equations, ¢, m, and Hy actually denote qag, mag and Hoa? respectively
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at the particle-dimer threshold, and in the NR limit,

—mENREm(Bm—E):m<2m—2m\/1—1/m2> ~ 1. (E.10)

Given a choice of Hy and A, Eq. (E.8) can be solved by discretizing the momentum,

/dq—>AqZ, (E.11)
with Ag = A/Nsteps, and solving the resulting matrix equation,
2 _
by, = —ap(1 — ;Aq[()p}ch’O. (E.12)

The result for by converges sufficiently for Ngieps ~ 10%.

In order to complete the prediction we need to know the appropriate value of Hy(A) to
use. This issue was addressed in Ref. [74], where the relationship between the relativistic
quantization condition used here and the NREFT version of Ref. [31] was discussed. In
particular, Eq. (94) of Ref. [74] shows that Hy(A) vanishes if K55 = 0 (as is the case here)
for a choice of A that is of O(m) but is not precisely specified. This uncertainty in A is due
to the difference between the smooth cutoff needed in the relativistic quantization condition
and the hard cutoff used in the NREFT approach. The upshot is that, for one choice of
ag, we need to tune the value of A at which H, vanishes so that the NREFT result for b
matches that obtained from the relativistic quantization condition.* Restoring factors of ay,
we do this tuning for the largest value of may in Fig. 7.8, which is the most nonrelativistic
case, finding A = 0.75m. The results for by at all other values of mag are then predictions.

We expect the NREFT prediction to work well for may > 1, and this is what we find,
as shown in Fig. 7.8. Indeed, this agreement provides an important cross check of the
quantization condition itself and of our numerical implementation. The failure of the NREFT
prediction that we observe for mag < 1 is also expected, and shows the importance of

including relativistic effects.

4This is equivalent to fixing A = m and then tuning Hy.
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Appendix F

APPENDIX TO CHAPTER 8

F.1 Implementation of the QC in moving frames

Here we explain the essential features of the implementation of the RF'T form of the quanti-
zation condition, Eq. (8.1). This has previously been carried out in the rest frame (P = 0),
both keeping only s-wave two-particle interactions and an isotropic K¢ 3 [39], and including
d-wave two-particle interactions and the leading nonisotropic terms in Kg¢ 3 [76]. The gener-
alization required here is to extend the s-wave plus isotropic Kg4¢ 3 approximation to moving

frames.

F.1.1 s-wave approrimation

The matrices in Eq. (8.1) have indices k, ¢, m. Here k is shorthand for a finite-volume momen-
tum, k = (27/L)ng, which is labeled by an integer-valued vector ny. This is the momentum
of one of the three on-shell particles (denoted the spectator). The other indices ¢, m are the
angular momentum quantum numbers of the remaining pair (called the interacting pair) in
their center-of-mass frame. The UV cutoff described below automatically cuts off k, while
formally ¢ runs over all possible values. To obtain matrices of finite dimension we assume
that ICy is only nonzero in the s-wave and that Kg; 3 vanishes for £ > 0. It can then be shown
that all solutions to Eq. (8.1) that are sensitive to interactions are obtained by truncating
all matrices to have { = m = 0. In particular, Fs.ppp/ kem reduces to F:f;pk, where we include

the superscript as a reminder of restriction to s waves.
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The explicit form of Fy is [39)]

Fs - 1 ~
PFR=——F—a [, (F.1)
3 1/K5+ Fs + G
where F* and G* are geometric matrices
~ 5k H(k) 1 d3a Hg(a b)
o, = % ~ N _py / ! , F.2
"k 2 2w | L3 Za: (27)3 | 2wa 2wy (E — wy, — wa — wp) (F2)
A H(k)H(p)
G®lyy, = b = PHF — kH — p! F.3
&l L32wj, 2w, (b — m?)’ b (F:3)
and 165 is given in terms of the s-wave phase shift by
[1/K3)kp = 01 (1/K5(K)) , (F.4)
. 2nwi B,
KC5k) = — . = , (F.5)
? G5 1, cot 0s(q3%,) + lg5 1, /[1 — H (k)]
where
E*2
B33 = (E—w)?— (P -k)? and ¢} = i’“ —m?. (F.6)

Other quantities appearing in these definitions are the on-shell energies, exemplified by
wr = VK2 + m?2, the corresponding four-momenta, e.g. k* = (wk, k), and the total four-
momentum, P* = (E,P). Finally, the functions H (k) and Hs(a,b) are UV cutoffs. H (k)
is a smooth function, cutting off the sum over k when E;Qk drops below zero, and equaling
unity for values of k such that the interacting pair lies above threshold. We use the explicit
form given in Refs. [28, 34, 39, 76], setting the cutoff parameter to the value ay = —1.' For
the cutoff function H, in F* we use the “KSS form” given explicitly in Refs. (39, 76].

We observe that the only places where nonzero P enters above are into the definitions

of B3, ¢35, and 0. Thus the numerical construction of the elements of the matrices is just

!The lower limit E3% = 0 (corresponding to ¢33 /m? = —1) is not a fundamental limit, but is related
to the specific choice of boost used for below-threshold kinematics in Refs. [28, 34, 39, 76]. It is possible
to choose a different form of boost and allow E;Qk to become negative, and this option is currently under
investigation.
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as easy for moving frames as for rest frames. The only complication arises when we project
onto irreps, as discussed below.

Two-particle interactions enter through the K-matrix-like quantity IACé, which we approx-
imate by inserting the chosen parametrization of the phase shift, either Eq. (8.5) or (8.11),
into Eq. (F.5). We note that, above threshold, where H(k) = 1, 2wK3(k) is simply the
standard two-particle K matrix.

To complete the quantization condition, we need the form of Ky 3 in the s-wave approxi-
mation. At this stage, Kq¢ 3 still depends on the spectator momenta k and p. However, there
is the additional constraint that the matrix form of K43 is the restriction to finite-volume
momenta of an infinite-volume amplitude that is invariant both under Lorentz transforma-
tions and the exchange of both initial- and final-state particles. We intuitively expect that
such a symmetric amplitude that is purely s-wave for any two-particle pair cannot depend on
the spectator momentum. One way to see that this is indeed the case is to use the threshold
expansion developed in Ref. [76]. At any order in the expansion parameter A, one can show
that the only terms that are purely s-wave are those that are isotropic. Since nonisotropic
terms first occur at O(A?), we work only at linear order in A in order to enforce fp., = 0

within the context of the threshold expansion. Thus we use
Kats = Kits(A) = Kty + Ay - (F.7)

This implies that, in matrix form, 4¢3 has the same entry in every element, and is thus of
rank 1.

As a result of these approximations, the QC reduces to
det [F5 (B, P, L) + Kiy(A)] =0, (F.8)

where the dimension of the matrices is given by the number of finite-volume momenta for
which H (k) # 0 for the given choice of E, P, and L. The numerical problem is thus to find

the eigenvalues of the matrix in Eq. (F.8) and determine the energies at which they cross
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iso

zero for the given choice of the parameters in the s-wave phase shift and KCg¢'s. This problem

is greatly simplified in practice by block-diagonalizing the matrix, as we now explain.

F.1.2  Block-diagonalization of the quantization condition

The energy levels of the finite-volume system fall into irreps of the relevant finite-volume
symmetry groups for various values of the total three-particle momentum P. For P = 0,
the symmetry group is the 48-dimensional cubic group Oy (no double cover is needed since
we are dealing with mesons). The procedure for decomposing the QC in this case was first
presented in Ref. [76], but the generalization to arbitrary P is new to this work and deserves
explanation. Unlike in Ref. [76] where both fy,.x € {0,2} were considered, here we focus
only on the relevant case of £, = 0.

For general P, the finite-volume symmetry group is reduced to the little group LG(P) of

cubic group transformations R € O;, that leave P invariant:
LG(P) ={R € O,|RP = P}. (F.9)

We therefore seek to decompose the QC into irreps of LG(P) instead of Oy, but otherwise the

recipe used in Ref. [76] is unchanged. The list of relevant little groups is shown in Table F.1.

For fixed (E,P, L), each matrix M € {16;, K3, Fe, G*, F3} appearing in the QC is in-

variant under a common set of real unitary (i.e. orthogonal) transformations {U(R)}rerc(p):

UMRT*MU(R)=M VRcLG(P), (F.10)
(=)™, p= Rk
U(R), = (F.11)
0, otherwise.

Here II(R) is the parity of the transformation R, which is 41 if R is a pure rotation and —1

otherwise. This factor occurs because pions are pseudoscalars and leads to a simple relabeling
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d LG(P) | 2-pt. irreps | 3-pt. irreps
(07 Oa O) Oh Ai‘rga E;_ Al_u7 E;
(0,0,1) | Cy AT, Bf Ay, By*
(17170) CQU AT*> Bf_ A2_
(1,1,1) Cs, Af, Bt A5, B~
(0,0,2) | Cy, AT, Bf none

Table F.1: Little group LG(P) for each total momentum P = (27/L)d used in our fits, along
with all irreps containing energy levels with F5 < 4M or E* < 5M. We use the notation
of Ref. [1] for irreps. The asterisk indicates cases where the interacting energy lies slightly
above the inelastic threshold, although the free energy lies below.

of irreps compared to those of scalars. We note that the definition of U(R) in Eq. (F.11)
differs from that in Ref. [76] in three ways: it is sensitive to parity, it only includes ¢ = 0,

and it has momentum indices transposed for notational convenience.

The transformation matrices {U(R)} ger.c(p) furnish a (reducible) representation of LG(P):

U(Rle) = U(Rl)U(RQ) VRl, Ry € LG(P), (F12)
U(1g) = 1, (F.13)

This reducible representation can be decomposed into irreps I of the little group LG(P)
through the use of projection matrices Pr:

dr

"= o))

> xi(RU(R), (F.14)

RELG(P)
where [LG(P)] is the dimension of the little group, d; is the dimension of I, and x;(R) is
its character. Lastly, we collect the eigenvectors of P; with nonzero (unit) eigenvalues into

Pr gub to project QC matrices M onto the lower-dimensional irrep subspace:
MI,sub - (PI,sub)T MPI,sub~ (F15)

These projections partition the eigenvalues of M into the various irreps of LG(P), so that
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we can study solutions to the QC irrep by irrep.

The isotropic nature of ICiff% implies that it contributes only to the most symmetric irreps,
modulo the presence of parity. In particular, for d = 0 it contributes only to the Ay, irrep,
while for d? = {1,2,3} it contributes only to the Aj irrep of the respective little groups
(see Table F.1). For these irreps, one can use the arguments presented in Refs. [28] and
extended in Ref. [76] to reduce the QC to a one-dimensional algebraic relation, referred to
as the isotropic approximation to the QC. This is not necessary, however, as one can instead

simply project onto these irreps as described above. In practice we have used both methods

and checked that they agree.

For all other irreps that arise in the elastic portion of the three-particle spectrum, lefﬁ?,
does not contribute. This does not mean, however, that there is no shift of the energies
from their noninteracting values, as the two-particle interactions do indeed lead to energy
shifts. This point was not appreciated in previous work, where it was claimed that there
would be no energy shifts in such irreps [76]. The presence of a shift can be understood
intuitively in the case of the £ irrep for P = 0. Here the lowest total angular momentum
contained is J = 2. Thus the interacting pair can be in an s-wave, and thus affected by the
s-wave two-particle interaction, with the total J = 2 being obtained by having the spectator

in a d-wave relative to the pair. These irreps (of which there turn out to be three — see

Table F.6) provide an additional constraint on the two-particle amplitude.

The generalization of these considerations to include d-waves in moving frames is straight-

forward, but beyond the scope of this work.
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F.2 Non-leading effects in Ky 3

We now provide further justification for the results

M?Kagz = M*Maga(1+--) (F.16)
4
= (18 +27TA+ ) (F.17)

discussed in the main text [see Egs. (8.9) and (F.18)], and estimate the size of the NLO

corrections indicated by the ellipses.

F.2.1 Derivation of Eq. (F.16)

We first discuss the derivation of, and corrections to, Eq. (F.16). This result provides the
second step in the two-part relation between the three-particle spectrum and the physi-
cal three-particle scattering amplitude. The equations governing this step were derived in
Ref. [29]. In the case that only s-wave two-particle channels interact, and Cy¢ 3 is isotropic,
Mg 3 is also restricted to the s-wave, but is not, in general, isotropic. Specifically, it is given

by [29, 39]

B L(k)L(p)
Masz(p, k) =S {W} ; (F.18)

where S denotes symmetrization over momentum assignments. The other quantities in

Eq. (F.18) are

£(k) = 5~ 20 M)A~ [ DOk, 9)a(s). (F.19)
) = ) o) = (F.20)

where we have given only the subthreshold form of p. In the previous equations, all integrals

/Sz/(;ljf)g, (F.21)

are three-dimensional
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despite the fact that the integrands depend only on the magnitudes of the momenta.

Thus to determine £(k), we need D% the asymmetric form of D in Eq. (8.8) of the

main text, which is given by solving
DO (k, p) = —M3 (k)G (k, p)M / o MG (D s,p), (F2)

where we use the relativistic form of G [34]

- _ H{(k)H (p)
G (k’p)_(P—k—p)Q—mQjLie' (F.23)
Finally, F5° is given by
Fe = /k (k)L (K) . (F.24)

The above equations depend on the physical two-particle s-wave scattering amplitude,

5, which is related to K5 by

-~ +p(k) | (F.25)

with IC5 given by

11
Ks(k) — 167E3,

q;,k cot 5(Q;,k) . (F.26)
The phase shift is given in turn by the parametrization of Eq. 8.11.

We can now explain in detail why Mgss = Kar3 at LO in xPT | i.e. why Eq. (F.16) is
valid. The power-counting parameter is € ~ M?/F? ~ k*/F?, in terms of which M$ ~ ¢,
p~ 1, and G*® ~ 1/e, implying that that D" ~ e. It follows that £ = 1/3 + O(e), with
the determination of the O(e€) terms requiring the full solution to the integral equation for
D, In addition, we see that F§° ~ ¢*. Since we know from Eq. (8.9) that Mgsz ~ €2, it
then follows from Eq. (F.18) that also KCifs ~ €, as this is the only way to match powers of
e on the two sides. Thus the F¥° term in the denominator is actually of NNLO relative to

the dominant 1/K5¢5 ~ 1/€? contribution. In summary, at LO we can set £ — 1/3 and drop
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F3°. Symmetrization leads to a factor of 9 that cancels the (1/3)?, leading to Mgz = KCips.

To complete the discussion, we note that the restriction to the s-wave, isotropic approxi-
mation is also consistent with yPT . In particular, the d-wave amplitude and the nonisotropic
part of Kqr3 appear first at NLO, since both require an additional factor of k* relative to
the corresponding LO amplitudes. Thus, at LO, My = M3 and Kg¢3 = ICicf‘fO’?). Therfore the
result just derived, Mgss = ICff§3 at LO, is equivalent to Mg¢3 = Kqgr3. A further check on
this is provided by the fact that the LO result for My 3 calculated explicitly in the main

text is isotropic.

F.2.2  Higher order corrections in relation between Mass and Kt 3

We now turn to an estimate of higher-order corrections to Eq. (F.16). This is provided by
solving the equations above and determining the quantities 3£(k) — 1, which is of NLO, and
K5 Fs°, which is of NNLO. This is not a complete calculation of higher-order corrections,
since, as already noted, d-wave amplitudes and nonisotropic contributions to g 3 also appear
at NLO. A further approximation is that we solve the equations only below the three-particle
threshold, so that the pole prescription in G* is not needed. This is sufficient to determine
the order of magnitude of the corrections. Methods for solving the equations above threshold
have not yet been developed. For convenience, we set P = 0, although this makes no
difference to the final result, which is relativistically invariant. This choice implies that, in
this subsection and the next, £ and E* are equal, and we use the former for brevity.
Following Ref. [39], the equations are solved by discretizing the momenta as though the
system was in a periodic box of size L, leading to k = (27/L)n with n € Z*. One then has
to invert large matrix equations, which is straightforward. This also allows us to reuse much
of the setup needed for the QC itself, since the equations above are obtained by taking the
L — oo limit of various objects that appear in the QC. We stress, however, that here we are

using the finite-volume simply as a device for solving the integral equations and that L here



373

is not related to the volume in which actual lattice QCD simulations are done.

The function L£(k) is given by Eq. (A14) of Ref. [39]:

L(k) = Jim £(k:i L) = Jim {; s ll/(Zw./\/lls) — 5] } (F.27)

p

where the indices k and p are drawn from the finite-volume set, w, M$ and p are simply
diagonal matrices containing entries of the corresponding infinite-volume quantities evaluated
at finite-volume momenta, and the matrix G is

. 11 1

P

F3e is given by the discretized form of Eq. (F.24),

00 .1 _
Fye = Lh_r}go s gp(l{)ﬁ(k‘, L). (F.29)
We find that the convergence in L is quite rapid, with ML 2 30 enough to obtain the form

of the solution to sufficient accuracy.

In order to display results, we choose fit 1 from Table 8.1 for the phase shift that de-
termines M3. The results are little changed when using other fits. In Fig. F.1, we plot
the NLO quantity 3£(k) — 1 as a function of k*/M? for 2.9 < E/M < 3.0. This quantity
necessarily vanishes at the maximum value of k, set by the value in which the cutoff function
vanishes, H(k) = 0. We observe that the correction has a maximum at about 0.25 when
(k/M)?* ~ 0.75, but is much smaller for k near zero. Indeed, extrapolating to £ = 3M, we
find 3£(0) — 1 ~ —0.01 at threshold. The NNLO quantity K§3F5° is shown in Fig. F.2,
using M?KCPs = 550, the value obtained in the first global fit in Table 8.2. The small result,

at the percent level, is consistent with this being a higher-order effect.
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Figure F.1: Dependence of 3L(k) — 1 on (k/M)? for ML = 60 and different values of the
rest-frame energy, F//M. This quantity indicates the size of the NLO corrections in the
relationship between Kgr 3 and Mg 3.

F.2.3  FEstimating higher order corrections to K 3

Here we estimate the corrections in Eq. (F.17) that are indicated by the ellipses. First we
consider the value of K43 at threshold, where A = 0. Corrections arise both in the relation
between K43 and Mygss, and in the YPT result for Mgy 3 itself. The results just obtained
for 3£(0) — 1 and Kj§P3F5° at threshold imply few percent relative corrections in the Kars
to Mgss relation. Higher order corrections in the result for Mgss are expected to be of
generic relative size M?/(47F)? ~ Mag/m ~ 0.03. Assuming constants of ~ 3 multiplying
these generic corrections, we estimate them conservatively to be no larger than 10%. These

generic corrections thus dominate the error estimate at threshold.

Next we consider the corrections to the linear term in A in Eq. (F.17). We expect the
generic corrections to be of similar relative magnitude as at threshold, i.e. < 10%. The
corrections to the 4¢3 to Mg¢ 3 relation can, however, be larger. We focus on the dominant
contribution, that from L(k)L(p) in Eq. (F.18). The momentum dependence of L(k) near

threshold implies that a constant ICicfgg will lead to a A dependence in Mgy 3, and vice versa.
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Figure F.2: Kip3 F5° as a function of the energy, E/M. We set M?Kiip; = 550. This quantity
indicates the size of NNLO corrections in the relationship between 4¢3 and Mg 3.

iso

In particular, if we fix KCgf; to a constant, and calculate the derivative

1 dMass

€= iso ) (F?)O)
Kifs dA K2, A=0
then we have, for small A, and ignoring the generic YPT corrections,
2 M4 2
M*Kars = T [18+ (27— 180)A + O(A%)] . (F.31)

In words, the constant feeds down a correction to the linear term.

To estimate ¢, we use the results of Fig. F.1. These are calculated for F < 3M, corre-
sponding to A < 0. Recalling that Mg¢ 3 and Kg¢ 3 are on-shell amplitudes, we observe that to
obtain A < 0 we require k* < 0. For example, a configuration p} = (M, 0), p4 = (0,iM,0,0)
and p§ = (0,—iM,0,0) has all particles on shell, E? = M?, and thus A = —8/9. Taking
each of the particles in turn as the spectator, the values of k*/M? are 0, —1 and —1, re-
spectively (remembering that k% = k?). Averaging over the choices of spectator, we find
(k?/M?*) = —2/3 for A = —8/9. In principle, one should do an average over all allowed

momentum configurations, but our simple example gives a rough relation between A and k2,
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namely
dA
~4/3. F.32
0k 9) / (F.32)
k2=0
The final step is to use Fig. F.1 to estimate
d3L(k) 1
—_— SR F.33
d(k%/M?) 2 ( )
k2~0,E~3M

This is a crude estimate, given that the slope depends on E. Nevertheless, using these

results, and the fact that there are two factors of £ in Eq. (F.18), we arrive at the estimate

d3L(k)

d(k?/M?) .

¢R2 FAOLERM 075 . (F.34)
dA

d(k?/M?2)

k2=0
Inserting this into Eq. (F.31) we find that the term linear in A is reduced by about 50%
by this correction. We treat this as an asymmetric error, since the sign of the effect is

unambiguous. We do not shift the central value, as the error estimate is itself uncertain.

In summary the xPT prediction for 4¢3 becomes

N M4
M5y = o 18(1 £ 10%) = 360 + 36,
(F.35)
. M4
MKy = ﬁw(lfé%g) =540 *37;

where numerical values are obtained using May = 0.089 from fit 1.

F.3 Further details on fits

In this section we provide a more detailed explanation of our fitting procedures, and further

details of the results of the fits.
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F.3.1 General fitting procedure

We determine Ky and Kg4¢3 by fitting solutions to the two- and three-particle QCs to the
energy levels provided in Ref. [1], which were computed on the CLS D200 Ny = 2 + 1
ensemble, which has pion mass M ~ 200 MeV, lattice size 643 x 128 and inverse lattice
spacing 1/a ~ 3.1 GeV [155, 156]. These parameters imply that ML ~ 4.2, which is large

enough that we expect neglected exponentially-small corrections are at the percent level.

The three-particle QC, Eq. (8.1), has been discussed above. The two-particle QC for

states that couple to J = 0 can be written as

2
gcotdo(q) = WZOO(QQ’ d), (F.36)

where Zyo is the standard Liischer Zeta function, P = (27/L)d is the total two-particle
momentum, v is the boost factor to the center-of-mass frame, and ¢*> = F3%/4 — M?. As
discussed in the main text, we consider two parametrization schemes for dy: the standard
ERE of Eq. (8.5) and the Adler-zero form of Eq. (8.11). The parameters in the two schemes
can be related by expanding the Adler-zero form about threshold:

1 2M? — z% 29— M 1

Mag = — = - F.37

“WETR,T M By’ (F.37)
231 2M2 + 22 —M 231

M?*rag = — 2 277, 3. F.38

- Ry Ve By " (F-38)

Once we choose a parametrization scheme for ICy (and Kg¢ 3 for three-particle energies),

we fit the parameters by minimizing the following x? function [109]:

* *\ sol — * *\ sol
X° = Z (E’L — (E7) ) Cijl (Ej - (Ej) ) J (F.39)
Z?]

where {E}} are the center-of-mass energy levels of Ref. [1] with covariance matrix C, and
{(E?)*°'} are the solutions to the appropriate QC(s) for a particular set of parameters. To
estimate the statistical uncertainties of our fit parameters, we use the individual bootstrap

samples provided by Ref. [1] to perform multiple fits for each scheme. We note that the
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Fit By By By  Z2/M? x?%/dof May M?raq
6 -109(1.0) -25(23) 1 (fixed) 2.89/(52) 0.092(8) 2.5(4)
7 C1L0(L1) 2(5)  -1(6) 1 (fixed) 2.86/(5-3) 0.091(9)  2.7(9)
8 -11(8)  3(7)  1.0(8) 2.89/(53) 0.091(9) 2.6(1.9)

Table F.2: Fits of the two-particle spectrum to the Adler-zero form of g cot dy, Eq. (8.11),
considering only levels for which ¢*/M? < 1.

correlation matrix C' is taken to be the same for all bootstrap samples.

F.3.2  Results of additional fits to ICo

We have fit the Adler zero form (8.11) to the restricted data set of the five two-particle levels
that lie inside the formal radius of convergence of the expansion, |¢?|/M? < 1. The results
are given in Table F.2, which should be compared to Table 8.1. The main conclusion is that
the fits yield compatible parameters, providing a consistency check on the results obtained
in the main text. The errors here are larger, as expected, and, indeed, very large in fits 7
and 8, where there are insufficient data points to determine the three parameters.

We have also repeated the Adler-zero fits to all levels in the elastic region using the ERE
form, Eq. (8.5). Although this is not justified theoretically (since the radius of convergence is
|¢?|/M? < 1/2), it provides a comparison with a standard form that has been used in previous
lattice calculations of the I = 2 two-pion amplitude. The results are shown in Table F.3.
The quality of the fits is poor, and the results for M?ra, are in strong disagreement with
the LO xPT prediction of 3. This provides additional support to the theoretical arguments

favoring the use of the Adler-zero fit form.

F.3.3 Determining the d-wave scattering length

To study two-particle d-wave interactions, we analyze the energy levels of Ref. [1] that lie in

irreps that do not couple to s-wave interactions. For each such level, Table F.4 shows the
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Fit  Mag Mr P x?/dof M?raqy
0 0.114(6) 2.15(29) - 20.81/(11-2) 0.25(3)
10 0.106(8) 5.1(L3) -0.0030(14) 23.54/(11-3) 0.54(11)

Table F.3: Fits of the two-particle spectrum to the ERE form of ¢ cot 4y, Eq. (8.5). All levels
up to (and slightly beyond) the elastic threshold at ¢*/M? = 3 are used, as in fits 1-3 in
Table 8.1.

comparison of the determined energy to the corresponding free energy. All energy shifts are
small and positive, suggesting a very mildly repulsive d-wave interaction. To quantify this

interaction, we use the ERE:

qcot da(q) = q14 [(ai)g) + O(qz)] , (F.40)

We then extract the d-wave scattering length ay using the d-wave form of the two-particle

QC (see, e.g., Refs. [62, 101]), yielding
(Masy)® = 0.0006(2), x?/dof =3.3/(5—1) = 0.83. (F.41)

This result is nonzero with 3o significance. It is, however, numerically small, suggesting that

we can neglect it in our fits to the three-particle levels.

irrep | E5/M(free) | E5/M (interacting) [1] | difference
E;(0) | 3.621(13) 3.624(13) 0.003(3)
Br(1)| 3.885(14) 3.889(15) 0.004(4)
Br(2) | 4.086(17) 4.091(16) 0.005(2)
E-(3) | 3.246(10) 3.246(10) 0.000(2)
Br(4) | 3.621(13) 3.628(13) 0.006(2)

Table F.4: Comparison of free and interacting spectra (the latter from Ref. [1]) for two-
particle states in irreps that do not couple to ¢ = 0. The number in parentheses for each of
the irreps gives d? and thus specifies the frame.

To study this further, we examine the systematic error induced in the three-particle
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spectrum by neglecting the d-wave scattering length. For this we study the effect of as on
the three-particle energy levels in the rest frame, where we have previously implemented the
three-particle QC including both s- and d-wave effects [76]. Taking Ky from the first fit of
Table 8.1, and ay from Eq. (F.41), we find the results shown in Table F.5. We see that d-wave
effects are completely negligible in the A irrep, and less than a third of the statistical error
in the £~ irrep. We therefore expect that, for current precision, d-wave effects can safely be

ignored.

irrep ‘ E*/M [1] ‘ OE*(ag) /M
A7 (0) | 4780(17) | 0.0004(2)
E-(0) | 4.691(15) | 0.005(2)

Table F.5: Effect of d-wave interactions on the three-particle energy levels in the rest-frame.
Here E* is the center-of-mass energy of the level, while 0E*(az) = E*(a2) — E*(0) is the
shift in this energy upon inclusion of the nonzero as given in Eq. (F.41). We have fixed
M?Kis = 500, but the results are insensitive to this value. Other notation as in Table F.4.

F.5.4 Fitting ICifg?) using method 1

Here we provide more details regarding our fits to determine leff‘f3 using method 1, which
was described briefly in the main text.

Within each bootstrap sample, we (a) fit the simplest Adler-zero form for IC§ (fit 1—see
Table 8.1), to the eleven two-particle levels that are sensitive to s-wave interactions and lie
below (or slightly above) the inelastic threshold at E5 = 4M; and (b) determine the values of
Kff& that, when inserted in the QC, give the energies of each of the eight three-particle energy
levels which are sensitive to KjPs and lie below (or slightly above) the inelastic threshold at

E* = 5M. Averaging over bootstrap samples in the standard way, we obtain the average

values for each of the eight KCify values, as well as the correlation matrix between them.
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Using this correlation matrix, we then do a standard fit to the results for these eight levels,

either using a constant or a linear form in A.

Fitting to a constant yields
M?KSes =560(270),  x*/dof =8.5/(8—1) =121, (F.42)
while a linear parametrization gives
M?KEs = 140(430) + 570(500)A,  x?/dof =7.7/(8 —2) = 1.28. (F.43)

The constant fit points towards a 20 significance on Kjjfs. For the linear fit we note that the
errors highly correlated, and thus even though each parameter is compatible with zero, the
point where both vanish and Kg3(E) = 0 is also excluded by 20. These results are shown

in Fig. 8.3 of the main text.

Finally, as a consistency check, we use the QC to predict the energies for those irreps
that are not affected by ICfff(jg, with results shown in Table F.6. We find that the predicted
values lie very close to the measured values. This indicates that our restriction to s-waves,
and our parametrization of K3, are sufficient given present precision. We therefore include

these energy levels in our global fits.

irrep | E*/M [1] | prediction

E-(0) | 4.691(15) | 4.685(14)
B; (1) | 5.008(17) | 5.007(16)
E~(3) | 4.528(14) | 4.529(13)

Table F.6: Prediction for the three-particle energy levels in irreps that are insensitive to
K&Ps. Notation as in Table F.4.
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F.3.5 Correlation matrix for global fits

Here we collect the covariance matrices for the global fits in Table 8.2. We write these as
C = DRD, with D the diagonal matrix containing the standard errors in the parameters.
Our results are

1 —0.67 0.23

Fit 4: D = diag(0.7,0.3,160) , R=]1-067 1 024], (F.44)
023 0.24 1

1 —063 022 -0.10
063 1 —0.11 0.25

Fit 5: D = diag (0.7,0.3,330,290) , R = , (F.45)
022 —011 1  —0.89

—-0.10 0.25 -0.89 1

where the matrix indices are ordered as (By, By, M2Kiry ) and (Bo, B, M2Kgry , M2KCies ),
respectively. As can be seen, the correlation is large within the two- and three-particle sector,

and smaller between the two different sectors.

F.3.6 Two- and three-pion spectrum

To conclude, we provide a comparison of the data to the predicted two- and three-pion spectra
from the quantization conditions. For this, we use the best parameters from fit 5 described
in the main text (see Table 8.2). The results are displayed in Fig. F.3. We also include
the predictions from the QC above the inelastic thresholds— FE¢oy = 4M and Eoy = 5M
for the two- and three-particle QC, respectively. As can be seen, our predictions lie on top
of the data points within errorbars, even in the inelastic region. This is not surprising, as

inelastic channels open up slowly above kinematic thresholds.
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Figure F.3: Two- and three-pion spectra from Ref. [1] (blue) compared to the predictions
from the global fit 5 (orange). Hollow orange points above the inelastic thresholds have not
been included in the fit, but are shown for comparison. Dashed lines show the non-interacting
energy levels.
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