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University of Washington

Abstract

Disequilibrium Fine-Mapping of a Rare Allele via Coalescent Models

of Gene Ancestry
by Jinko Graham

Chairperson of Supervisory Committee
Professor Elizabeth A. Thompson
Departments of Statistics and Biostatistics

Genetic linkage studies based on pedigree data have limited resolution, due to the rel-
atively small number of segregations. Disequilibrium mapping, which uses population
associations to infer the location of a disease mutation. provides one possible strategy
for narrowing the candidate region. We develop a coalescent model for the ancestry
of a random sample of disease alleles, and use it to investigate population association
as a tool for fine-mapping a rare disease. Recombination events may be placed on the
ancestral coalescent, and define the recombinant classes. the sets of sampled disease al-
leles descending from the meiosis at which a given recombination occurred. All disease
haplotypes within a recombinant class are identical by descent at the marker. This
identity by descent underlies linkage disequilibrium. the allelic association that is due
to genetic linkage. We first investigate factors influencing marker identity by descent
in sampled disease haplotypes, and the power to detect allelic associations. We then
combine Monte Carlo generation of recombinant classes with an analytic method for
computation of the probability of observed disease haplotypes conditional on latent
recombinant classes, to obtain a linkage likelihood for fine-scale mapping. This like-



lihood can take into account known features of population history, such as changing
patterns of population growth. Single-marker disequilibrium mapping is compared
with interval disequilibrium mapping, and an extension to multipoint mapping is dis-
cussed. The method and its properties are illustrated with simulated data examples,
constructed to be typical of fine-scale mapping of rare diseases in the Finnish and
Japanese populations. Possible departures from assumptions in applications to real

diseases are discussed, along with their effect on estimated recombination fractions.
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Chapter 1

INTRODUCTION

1.1 Motivation

This research investigates the use of allelic associations as a tool for fine-mapping a
rare disease. Unlike standard linkage studies. which use data from families. affected
relatives, or even haplotypes within inbred affected individuals. association studies
use population genetic data. The basic premise is that the associated marker allele
may either be the disease variant itself, or in close proximity. When the marker locus
and disease locus are close together, the chromosomal segment or haplotype they
define tends to be passed intact from parent to offspring. without fragmentation by
recombination events. The closer the two loci are. the less fragmentation is expected
over many such transmissions or segregations. All linkage studies use cosegregation of
trait and marker loci to infer disease location. However, the relatively small number
of segregations within families limits the mapping resolution of traditional linkage
studies (Boehnke 1994). Further localization is therefore required to reduce the cost
of subsequent cloning and sequencing efforts. Disequilibrium mapping methods aim to
narrow the candidate regions. Allelic associations between the disease and markers
in the candidate region are assumed to be a consequence of genetic linkage. Such
association or linkage disequilibrium is expected when a fair proportion of marker
alleles on disease haplotypes descend from the same ancestral marker allele, or are
identical by descent.

One drawback of disequilibrium mapping is that association as a consequence of



identity by descent cannot be differentiated from association due to hidden population
stratification or admixture. Focussing on markers known to be linked to the disease.
and studying associations in apparently homogeneous populations reduces but may
not completely eliminate the problem. Family-based association methods. such as the
transmission-distortion test (Spielman et al. 1993) and related procedures (Schaid and
Scmmer 1993, Self et al. 1991), may be used for linkage detection. and are robust to
associations due to admixture. In essence, these methods study the segregations of
disease haplotypes from parents to affected offspring, and test for distortion of marker
transmission from the Mendelian expectation under no linkage. To detect linkage.
the methods require that most parental disease alleles descend from the same disease
mutation, and that the corresponding disease haplotypes carry the same ancestral
marker allele. This shared identity by descent at disease and marker loci is reflected

by allelic association in the population.

In the remainder of this chapter. we discuss how study of the underlying process
of marker and disease co-identity by descent can lead to insights into disequilibrium-
based methods of linkage mapping and linkage detection. Coalescent models of gene
ancestry (Kingman 1982a), or of lines of descent, provide one possible starting point.
Such models are the foundation of the research in this dissertation. We also review
current disequilibrium-mapping methods. and describe fine-scale mapping examples
to be used throughout. In chapter 2. we extend standard coalescent theory for the
ancestry of a population random sample to a random sample of disease alleles. In
chapter 3, this ancestral coalescent is used to investigate the patterns of marker iden-
tity by descent in a random sample of disease haplotypes. Chapter 4 superposes the
assignment of marker allelic types onto these patterns of identity by descent, and in-
vestigates the resulting population associations. In chapter 3, we develop a method for
obtaining fine-scale linkage likelihoods, based on the underlying identity by descent at
a single marker and on data from sampled disease haplotypes, assuming knowledge of

the population marker allele frequencies. This single-marker approach is extended to




interval mapping in chapter 6: extensions to multipoint mapping are also discussed.
Possible departures from assumptions in applications to real diseases are discussed iz

chapter 7. along with their effect on estimated recombination fractions.

1.2 Association as a consequence of identity by descent

Allelic associations arise when certain combinations of alleles at different loci occur
together more frequently on a haplotype than would be expected under random asso-
ciation. This can occur for a number of reasons. including population stratification,
recent admixture of populations. natural selection acting on certain alleles and there-
fore on accompanying haplotypes, recent population bottlenecks. genetic drift, new
mutations on rare haplotypic backgrounds. arising either spontaneously or thrcugh
migration. or a combination of these forces (Wijsman 1997. Weeks and Lathrop 1995).

After a single disease mutation is introduced into a population. the initial linkage
disequilibrium or population association with marker alleles on the background haplo-
tvpe decays over generations. as recombination events break up the haplotype. Every
segregation or meiosis provides an opportunity for recombination between the marker
and the mutation. At each segregation or meiosis. the probability of recombination
is given by the recombination fraction. and so the rate of decay of disequilibrium
will be slower for closer markers. The amount of decay depends on the number of
segregations in the ancestry of the disease alleles (Thompson 1978, Arnason et al.
1977). The more segregations that relate the disease alleles. the more fragmentation
of the ancestral disease haplotype, and the finer the scale of mapping (Thompson
1997). For example, because there are far more segregations relating affected mem-
bers of a genetic isolate than there are relating a nuclear family, the scale of mapping
is greatly decreased in studies of the genetic isolate. In essence, disequilibrium map-
ping uses historical recombination events to infer disease location (Edwards 1981).

Markers closer to the disease are expected to retain their ancestral allele over more



segregations than farther markers, or have fewer historical recombinations. Thus, if
all markers in a candidate region are equally informative (i.e.. have the same number
and frequency of alleles), the marker closest to the disease mutation is expected to
have the strongest allelic association.

Implicit in this reasoning is the notion of a single ancestral disease mutation. and
a corresponding ancestry relating the disease alleles at present. Segregations on the
ancestry are analogous to segregations on a pedigree. In both instances. the disease
is localized by considering recombination events occurring during these segregations.
and the patterns of marker identity by descent that occur as a result. The concept of
gene identity by descent unifies all methods of linkage analysis, as noted by Thompson
(1997). In disequilibrium mapping, the identity by descent among a random sample
of disease alleles is described by their ancestry. An ancestral perspective is therefore
natural. The ancestry is, in turn. influenced by demographic history. Analyses in-
corporating historical and other cultural information would therefore be expected to
make the most efficient use of data, as previously noted (Jorde 1995. Thompson et al.
1992, Cavalli-Sforza et al. 1994).

Even with rare diseases. there may be several disease pathways in the population,
including different mutations or predisposing loci. Thus. the concept of disease speci-
ficity, the extent to which affected persons share the same disease mutation (Thomp-
son 1997, Bishop and Williamson 1990). is important. Regardless of the study design,
diseases with low specificity will be more difficult to map and detect. Disease speci-
ficity may be increased by using data from genetic isolates. such as Finland. Finland
is an ideal population for disequilibrium fine-mapping of those diseases present in the
population because the disease specificity tends to be high due to isolation and a
relatively small number of founders. On the other hand. as with any genetic isolate,
many diseases will be absent from the population. However, for those diseases that
are present, the date of population founding and subsequent rate of population growth

would seem to imply a sufficient number of ancestral segregations for fine localization
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(e.g., Mitchison et al. 1995. Aaltonen et al. 1994. Kestila et al. 1994, Sulisalo et al.
1994, Lehesjoki et al. 1993). By contrast. younger populations with high specificity,
such as the community discussed in Houwen et al. (1994). permit disequilibrium
mapping at coarser scales. In these very voung populations. linkage detection may
also be possible. Houwen et al. (1994) discuss linkage detection methods based on
genome screens of a few affected individuals for shared segments representing pos-
sible regions identical by descent. ~Van der Meulen and te Meerman (1997) have
simulated haplotypes under a genetic drift model to investigate properties of these

screening methods.

1.3 Disequilibrium mapping methods

Since the initial success of disequilibrium mapping of cystic fibrosis (Cox et al. 1989),
and Huntington's disease (Snell et al. 1989. Theilmann et al. 1989), disequilibrium
mapping has attracted much attention from practitioners. and a number of authors
have formulated inference approaches to the problem.

Histbacka et al. (1992) calculated a moment-based estimator of location for dias-
trophic dysplasia. a rare recessive disease in Finns. They derived approximate bounds
on the accuracy of the estimate by appealing to theory developed for a Luria-Delbrick
model of bacterial reproduction, in which individuals reproduce by doubling at syn-
chronized intervals. A single copy of the disease allele was assumed at population
founding, ¢; generations before present. Under this assumption. the probability that
a disease lineage has no recombination events between the disease and marker locus is
(1 — r), where r is the recombination fraction. This probability is also the expected
proportion of nonrecombinant disease haplotypes. Equating this probability to the
proportion of nonrecombinants in the disease sample yields a moment estimate of r.
As noted by Kaplan et al. (1995), this location estimate is based on a single obser-

vation, since the proportion of nonrecombinants in the disease sample is the outcome



of one disease history only. The authors take the most frequent allele in the disease
sample to be the marker allele on the ancestral disease haplotype. They also assume
that the frequency of this allele is the proportion of nonrecombinant haplotypes in
the sample. However. even when the most frequent marker allele is ancestral, the
largest allelic class may contain recombinants, particularly when the ancestral allele
is common. Later papers (Lehesjoki et al. 1993) extend the method to account for
such recombinants, but it is still necessary to assume that the most frequent marker
allele is ancestral. Another drawback is that the estimator does not use the informa-
tion available in the demographic model about relationships among sampled disease
alleles. This relatedness affects the variance of the estimated recombination fraction,
and is reflected in the higher moments of the number of nonrecombinants. and hence
in the higher moments of marker allele counts in the disease sample. In general, for a
disease of fixed age in the population. the more related the disease sample, the more
variable the number of nonrecombinants, and hence the more variable the estimated
recombination fraction. Finally, the Luria-Delbriick bounds on the accuracy of the

estimate are not statistically justified.

To overcome these difficulties, Kaplan et al. (1995) took a likelihood-based ap-
proach to the problem. modelling the evolution of the disease population as a Poisson
branching process. Like Hastbacka et al. (1992). they assumed that the most fre-
quent marker allele in the disease sample was ancestral when realizing the disease
genealogy. The present disease copy number was taken into account by conditioning
on a plausible range of values. A likelihood for recombination rates was evaluated
by Monte Carlo methods, summing over realizations of the branching process consis-
tent with this range. In this method, the branching process is used to model disease
genealogy and the resulting marker allele frequencies within the disease population.
These marker allele frequencies are random, and arise as a consequence of disease
evolution; they are determined by the rate of recombination, the number of meioses

(segregations) relating the current disease population, and the population marker al-
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lele frequencies. Given the marker allele frequencies in the disease population, the
marker allele counts in sampled disease haplotypes are multinomial. Xiong and Guo
(1997) worked with the same multinomial likelihood formulation. re-expressed as a
second order Taylor series about the expected frequencies in the disease population.
They too assumed that the most frequent marker allele in the sample was ances-
tral. Their approximate likelihood requires knowledge of the mean and variance of
the allele frequencies under an evolutionary model. A Wright-Fisher model of allele
reproduction (Crow and Kimura 1970) was used to calculate these moments, thus
avoiding Monte Carlo evaluation. However. unlike Kaplan et al.. Xiong and Guo did
not calculate moments conditional on present disease copy number. Both Xiong and
Guo and Kaplan et al. formulate likelihoods in terms of marker allele frequencies in
the disease population, rather than marker identity by descent in the disease sample.
Thus. both methods can be classified as identity by state methods. since marker allele
frequencies reflect marker identity by state.

Rannala and Slatkin (1998) adopted a similar approach which is also based on
marker identity by state. However. they modelled the ancestry of a disease sample.
rather than the ancestry of the entire disease population. These authors did not
assume that the most frequent marker allele in the disease sample was ancestral. They
used the ancestry of sampled disease alleles to obtain Monte Carlo realizations of past
marker allele frequencies in ancestors. Their model of the ancestry looked backwards
in time from the present rather than forwards from founding. This retrospective view
allowed conditioning on present disease copy number. and so rejection sampling was
unnecessary.

All of these approaches are maximum likelihood methods, although Xiong and
Guo (1997) use an approximate rather than an exact likelihood formulation. All build
likelihoods based on allele frequencies, whether in the disease population (Kaplan
et al. 1995. Xiong and Guo 1997), or in ancestors of a disease sample (Rannala and
Slatkin 1998). As such, they are based on marker identity by state. By contrast, the



method proposed in this dissertation bases the likelihood explicitly on marker identity
by descent. Identity by descent unifies all linkage analysis, and such a perspective
highlights how disequilibrium mapping is a natural population-level counterpart to
traditional linkage methods for family data.

1.4 Fine-Scale mapping examples

Throughout the dissertation, we illustrate ideas using simulated data constructed
to be tvpical of fine-scale mapping of rare diseases in isolated populations. Three
diseases in three different populations provide the motivation. The first disease is
infantile-onset spinacerebellar ataxia (I0SCA) in the Finnish population (Nikali et al.
1995). The second disease is Werner’s syndrome in Japanese. which has recently been
mapped and positionally cloned (Yu et al. 1996). The third disease is benign recurrent
intrahepatic cholestasis (BRIC) in an isolated Netherlands fishing community. The
simulated data for the BRIC-like disease is used to illustrate the coarser scale of
mapping in very young populations.  Houwen et al. (1994) used disequilibrium
linkage detection methods based on haplotype sharing in a remote Netherlands fishing

community to localize the BRIC gene to chromosome 18.

1.4.1 A Finnish variant

Infantile-onset spinocerebellar ataxia (IOSCA) is a rare. progressive. autosomal-recessive
neurological disorder which has been reported in only 20 Finnish patients (Nikali et al.
1995). Mutations for several rare recessive diseases such as IOSCA are enriched in
the Finnish population, suggesting the presence of disease-predisposing mutations in
single members of a small number of founding individuals. This founder effect al-
lowed Nikali et al. (1995) to apply disequilibrium fine-mapping to IOSCA, after
localizing the disease mutation to a 4 cM genomic region with pedigree data. (1 cM

is approximately equivalent to a recombination fraction of 0.01.)




The Finnish population is currently of size 5 X 10% people, or 107 haplotypes
(Hastbacka et al. 1992). The ancestors of this population are thought to have im-
migrated to the southwest of the country some 80 generation before present (gbp) or
2000 vears ago. We have assumed 1000 founding individuals. or 2000 haplotypes. in
our simulations. Due to geographical and linguistic barriers. the population subse-
quently remained genetically isolated. with relatively little immigration (Nevanlinna

1972).

1.4.2 A Japanese variant

We introduce an example typical of fine-scale mapping of a disease allele in the
Japanese population: this example is motivated by the recent mapping and positional
cloning of the Werner’s syndrome gene in Japanese (Yu et al. 1996), previously local-
ized by pedigree studies to a 7.3 cM genomic region (Nakura et al. 1993). Werner's
svndrome is a rare autosomal recessive disease characterized by premature onset of
a number of age-related traits. Although it is now known that there are at least
eight distinct mutations at the Werner’s syndrome locus in present-day Japanese, we
consider a single nonrecurrent mutation such as WRN4 in our simulations. WRN4 is
the most frequent of the eight and represents about 51% of the mutants (Matsumoto
et al. 1997). In the Japanese. the estimated allele frequency of all Werner syndrome
mutations combined is between 0.002 and 0.004 (Goddard et al. 1996). The higher
estimated frequency of 0.004 and a current Japanese population size of at least 120
million people or 240,000,000 alleles at a locus (JIN 1998. ISEI 1998) gives a WRN4
copy number of about 500,000.

The Japanese population has a well documented recent history, and data on pop-
ulation sizes are available. (Koyama 1978, ISEI 1998). The Japanese archipelago
assumed its present shape around 400 gbp (10000 ybp). Soon afterwards, the era
known as the Jomon period began, continuing for about 306 generations until the

introduction of the Yayoi wet rice culture from the Eurasian continent around 94 gbp
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(2350 ybp). The hunting and gathering people of the Jomon period lived in station-
ary communities and attained a high level of culture. particularly in the deciduous
forests of eastern Japan. The coniferous-forested area of western Japan. by contrast.
was thinly populated. Detailed archaeological analysis of Jomon settlements has led
Koyama (1978) to conclude that the population of Jomon Japan reached up to 262.500
individuals at its height about 180 gbp. This population subsequently declined. as a
result of climatic cooling to about 161.000 persons by the time of the Yayoi immigra-
tion (Koyama 1978). About 94 gbp, small numbers of rice-growing Yayoi immigrants
began arriving in the southwestern island of Kyushu from the Eurasian continent.
The warmer and wetter climate in this less populated western region was well suited
to rice farming, and the technologically advanced Yavoi culture soon spread east and
north. There is much debate about the extent to which the two populations mixed
(e.g.. Rose 1996, Hanihara 1991). A replacement theory hypothesizes that the Yayoi
newcomers displaced the Jomon people to the extreme north and south of Japan and
that there was little admixture, whereas a transformation theory hypothesizes that
the modern Japanese evolved gradually from the Jomon. with the newcomers having
little genetic impact. Finally. hybridization theories hypothesize that the newcomers
mixed (to varying degrees) with the indigenous people. Under the replacement hy-
pothesis, a reasonable first approximation is that the modern Japanese were founded
about 94 gbp by a small number, say 1000. of Yayoi immigrants. Under the transfor-
mation hypothesis, however, the genetic foundations of the modern Japanese would
have been laid much earlier. about 400 gbp, by a small number. say 1000, of Jomon

or pre-Jomon individuals.

Whatever the origins of the modern Japanese, much later in their history, about 16
gbp, an era known as the Tokugawa or Edo period began and continued for roughly
11 generations until the Meiji reform in 1867. The Tokugawa shoguns controlled
the nation through a strict feudal system. As a result. population size remained

roughly constant (Benedict 1989) at about 30 million persons (ISEI 1998), in spite of
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eleven generations of peace. Throughout most of this period. the Tokugawa shogunate
pursued a policy of almost total seclusion from the outside world. Following the Metji
reform, however. the feudal system was abolished and Japan underwent a period of
rapid transformation and population growth which continues today (Benedict 1989,
ISET 1998).

1.4.3 A community variant

Houwen et al. (1994) detected linkage between chromosome 18 and benign recurrent
intrahepatic cholestasis (BRIC), a rare autosomal recessive disease. by searching for
shared genomic segments among three affected individuals from an isolated Nether-
lands fishing community. Until recently, this community was an endogamous popula-
tion, experiencing dramatic growth during the 19th and early 20th centuries. It was
not until after this growth period that exogamous marriages became more common.
Thus. most individuals descend from a common ancestral pool dating back to the
17th century. In spite of this shared ancestry. no single ancestor could be identified
as the possible source of the six disease alleles in the study.

In our simulations, we assume a 17th century founding population of approxi-
mately 250 individuals or 500 alleles at a locus. with a single copy of the disease
mutation. The present population size is assumed to be approximately 10000 persons
or 20000 alleles at a locus, and the present disease copy number is 200. Under random
mating, the present number of disease alleles implies that there are about 0-3 affected

individuals, in accordance with the number observed in the community.




Chapter 2

THE DISEASE COALESCENT

When a disease mutation arises. it does so on 2 background haplotype. and is in
complete association with the marker alleles of this haplotype. Subsequent recom-
bination events occurring throughout the history of the mutation result in decay of
this association. The rate of decay is determined by the recombination fraction, and
the amount by the number of meioses (opportunities for recombination) on the an-
cestry of the current sample of disease alleles (Arnason et al. 1977. Thompson 1978).
In the absence of “spurious” association due to population stratification or natural
selection. association between the disease mutation and alleles of linked markers is
a consequence of shared identity by descent (Thompson and Neel 1997), which may
be traced through the ancestry of the sample at the disease locus. On this ancestry,
recombination events between the disease locus and linked markers occur at the level
of individual meioses (segregations). The ancestry itself is a realization of a random
process. This ancestral process is the population-genetic process of disease allele re-
production viewed retrospectively. Kingman (1982a) developed a related model for
the ancestry of a random sample of alleles from a random-mating population. In
this chapter, we extend this coalescent theory to a random sample of disease alleles,
descended from the same ancestral mutation. This disease coalescent conditions on
past disease copy numbers. and is not restricted to a rare disease. However, disease
copy numbers are realized under a rare disease assumption.

The remainder of this chapter is organized as follows. In section 2.1, we review
* Kingman's coalescent in a population of constant size, reproducing according to a

continuous-time Moran model (Moran 1962). Section 2.2 describes a standard exten-
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sion to populations growing deterministically at constant exponential rate (Kingman
1982b, Slatkin and Hudson 1991). In section 2.3. we develop the coalescent for a
random sample of descendants of a disease mutation. conditional on past disease
copy numbers. Just as coalescent rates for a population random sample depend on
past copy numbers in the population, coalescent rates for a disease sample depend
on past disease copy numbers. Section 2.4 describes in detail the stochastic process
underlying disease copy numbers. For a rare disease. present as a single copy in the
population a known time ago. copy numbers follow very closely a birth-and-death
process. Section 2.5 investigates basic properties of this birth-and-death process, in-
cluding its conditional probability generating function given the current disease copy
number. Given a single copy of a rare disease mutation a known time ago. and the
current disease allele count, the mean, variance. and higher moments of past numbers
of disease copies may thus be computed. These moments allow approximation. to
arbitrary precision. of lthe conditional distribution of past copy numbers by a distri-
bution matched on an appropriate number of moments. Past disease copy numbers
can then be realized via this approximating distribution. It is these copy numbers
which determine coalescent rates for the disease sample. Putting these steps together,
‘0 section 2.6. we describe a way to realize coalescent times for a random sample of
disease alleles. We then compare the distributions of these times under stochastic and
determistic growth of past disease copy numbers. Next. in section 2.7, we derive an
alternate version of the disease coalescent by viewing the disease ancestry as a sub-
tree of the ancestry of the total population. We arrive at this version by conditioning
on past numbers of ancestors of the disease and the total population, rather than
on past disease copy numbers. Finally, in section 2.8, we examine the assumption
of a single disease copy at population founding. given current disease copy number
and population demographic information. This is accomplished by studying the age
distribution of a selectively-neutral mutation, using subtree coalescent methods pro-

posed by Griffiths and Tavaré (1998). Two diseases are considered: infantile-onset
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spinacerebellar ataxia in Finns and Werner’s syndrome in Japanese.

2.1 A Moran model

Consider first the history of a random sample of neutral alleles taken from the pop-
ulation. Random mating implies random mixing of alleles in diploid individuals.
Thus, under random mating, lineages may be traced back through alleles rather than
through individuals, without loss of generality. Stochastic descriptions of the under-
lving ancestry are based on retrospective analysis (Felsenstein 1971) of population-
genetic models of allele reproduction (Crow and Kimura 1970), extended to account
for populations of changing size. In this research. we model allele reproduction in
continuous-time. where time is measured in “generations”. which we take to be 25
vears in simulations. Alleles reproduce when a single lineage splits according to
a continuous-time Moran model (Moran 1962). When this reproductive process is
viewed retrospectively. the topology of the ancestry of a random sample of R alleles
from the current population must therefore be a binary tree. with A" tips and A" — 1
vertices corresponding to times when ancestral lines coalesce (reviewed in Felsenstein
1996, Griffiths and Tavaré 1994, Hudson 1990). The ancestral coalescent thus de-
scribes both the randomness in ancestral relationships and the randomness in times

at which coalescent events occur.

2.1.1 Moran reproduction

Moran (1962) introduced a model of allele reproduction for populations of constant
size in which, at each successive time point, one copy is randomly chosen from the
population to give birth, and one is randomly chosen to die. In our Moran model, the
reproducing copy is also eligible to die. By definition, birth and death events occur at
the same (Moran event) rate, and random sampling of copies for birth and for death

events is the same. Measure age in terms of Moran events. Then, given that a Moran
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event occurs, the age of the copy which is randomly selected to give birth at this time
has the same distribution as the age of the population. To get the age distribution
of a population of size N. we argue as follows. The age of a randomly selected copy
is the length of time from the present back to when the copy was born. This waiting
time is the number of Moran events, looking backwards in time. until the birth,
and hence is geometric with mean .V. Looking back in time. each extant copy has
equal probability 1/V of being the copy that was born at the preceding Moran event.
The same reasoning, applied forwards in time with death events. implies that the
lifetime distribution of individual copies is geometric with mean .N. An interesting
consequence of this model is that the lifetime of a random parent is stochastically
larger than the lifetime of a random copy. (Copies are randomly sampled to become
parents, and so the more general implication is that the lifetime of a randomly sampled
copy is stochastically larger than the lifetime of a random copy.) As noted above, the
age distribution of a reproducing copy is geometric with mean V. After reproduction.

the independent additional lifetime of this parent is also geometric with mean N.

To gain insight into the rates at which lineages coalesce. or come together in a
common ancestor. we may compare inbreeding in this Moran population to inbreeding
in a standard Wright-Fisher population (Crow and Kimura 1970), in which copies from
the offspring generation are obtained by sampling with replacement from the parent
generation. Regardless of the reproductive model. in a closed population of finite
size, the level of inbreeding relative to the base population at time 0 increases with
time. Let h, be the chance that, at ¢ time units after population founding, a random
pair of copies descends from two distinct founders. Then h, decreases by the ratio
ety /he per time unit. If this ratio is the same per generation in two populations,
their “inbreeding effective sizes” (Crow and Kimura 1970) or rates of inbreeding per
generation are said to be the same. Inbreeding effective size N, is traditionally taken

to be the size of the equivalent Wright-Fisher population, in terms of the rate of
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inbreeding. For the Moran population,

N
heyy = (1 —1/N) (—2)7,——1 he +1/N hy = by (1 — 2/N?).
(3)

To obtain k¢4, in the Moran population. we first condition on the event that a different
allele is selected to die than to give birth at the last Moran event: this happens with
probability (1 — 1/N). Given that different alleles are selected to die and give birth,
one of the (Z) pairs in the current population must be duplicated. and this duplicated
pair cannot be the sampled pair since then the sampled pair would be identical by
descent. Given that the sampled pair has 2 distinct parents. the chance that these
parents are themselves not identical by descent is A.. On the other hand. if the same
copy is chosen to die and give birth at the last Moran event. the sampled pair must
have two distinct parents and these must not be identical by descent. vielding the
second term.

In order to compare per-generation inbreeding rates. we need to choose the num-
ber of Moran events that will represent a generation. One natural candidate is the
expected age of a random parent when it gives birth. In a Moran population, this
expected age is N Moran events. Equating N Moran events to a generation leads to

a one-generation inbreeding ratio of
(1 —2/NONV = e Nz (1 -2/N),

which is the same as the ratio for a Wright-Fisher population of half the size, provided
N is large. Thus, provided V is large, the inbreeding effective size of such a Moran
population is approximately N, = N/2.

The effective population size tells us that when generations are scaled as N Moran
events the rate of inbreeding is faster than in a Wright-Fisher population of the same
size N. This is a consequence of the larger variance in the number of progeny for
an allelic copy in the Moran model. In a Wright-Fisher model, the progeny number
is binomial with N trials and probability 1/N, and so has variance 1 — 1/N. By




contrast, allelic copies in the Moran model have extra-binomial variance in progeny
number which is twice that of copies in the Wright-Fisher model. To see this. note that
the lifetime of an allelic copy. measured in Moran events. has a geometric distribution
with mean N and variance is V(.V —1). Given this lifetime L. the progeny number is
binomial with L trials and probability 1/N. since copies may give birth before dying.
The conditional mean and variance of the progeny given L are thus respectively L/N
and L(N —1)/N?. As a result. the unconditional variance in progeny is 2(1 —1/N).
Note that in most natural populations. extra-binomial variance in progeny is observed,
owing to a few copies with relatively large numbers of offspring (Crow and Kimura
1970).

In the above development. generations are scaled as .V Moran events. This scal-
ing leads to a faster per-generation rate of inbreeding in the Moran population than
in a Wright-Fisher population of the same size. The majority of recently-developed
methods for fine-scale mapping are based on the Wright-Fisher model or approxima-
tions thereof. In order to eliminate any differences between our method and these
others due to different rates of inbreeding in different reproductive models, we have
chosen to scale generations as .N/2 Moran events. This alternate scaling leads to a

one-generation inbreeding ratio of
(1—2/N)¥? = e N = (1-1/N).

the same as for a Wright-Fisher population of the same size V. Under the N/2 scaling,
the expected age of a copy at the time of birth is N Moran events or 2 generations. The
rate of meioses per copy per generation is therefore one-half. However, throughout
this dissertation. we have set meioses to occur at rate one per generation per copy in
order to match the rate in a Wright-Fisher population of the same size.

In order to obtain a more convenient continuous-time analog to the discrete-time
Moran model. we allow Moran events to occur randomly with rate IV, /2 per gener-

ation. We wish to characterize the ancestry of a random sample of A" allele copies
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=2

Figure 2.1: Example coalescent and notation for coalescent times. The tips of the tree represent the
K = 6 sampled individuals at present.

from this population. To do so requires a retrospective view of the reproductive pro-
cess. Ancestral lineages come together or coalesce in common ancestors. Coalescent
events among k = 2... A’ random lineages are random. and involve only a pair of
lineages. since the instantaneous probability of more than one coalescence is negli-
gible in this continuous-time model. Coalescences occur with rate k(k — 1)/N? per
Moran unit (Felsenstein 1971). or equivalently with rate k(k—1)/(2N) per generation
under the current scaling of a generation as N/2 Moran events. The resulting times
Ti, k = 2...K. in generations, during which a sample of size i from the current
population has k ancestors are then independent and exponentially distributed with
rate k(k — 1)/(2N) (Kingman 1982a). This rate is proportional to the number of
lineage pairs. and coincides with the coalescent for a Wright-Fisher population of the
same size (Kingman 1982a). Figure 2.1 illustrates the coalescent and notation for
K = 6 sampled alleles.
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2.2 Deterministic population growth

We next consider the coalescent for a random sample of copies drawn from a popu-
lation growing deterministically at exponential rate (Kingman 1982b). Models which
accommodate growth are realistic given the recent expansion of most extant human
populations since the advent of agriculture (Thompson and Neel 1997, Thompson
and Neel 1996. Cavalli-Sforza et al. 1994). Coalescent times in a growing population
may be obtained by generating under a constant-sized population. and then rescaling
to account for size fluctuations. as described by Griffiths and Tavaré (1994). or by
arguing directly, as described below, or in Slatkin and Hudson (1991).

For example. suppose that /i’ copies have been randomly selected from the present
population, which has been growing exponentially at constant rate m = e* per gen-
eration. We seek the distribution of the time to the most recent coalescent event Tk,
or, more generally, the time during which there are A~ lineages in the ancestry of the
sample. We have that the number of copies in the population at time t generations
before present (gbp) is Np(t) = Np(0)/m!. Let Q(t) = P{Tx > t}. We stress here
that time is being measured backwards from the present. which has been set to t = 0.

Over a small time interval (.t + k],

Q(t+h) = Q(t)P{TK>t+h|TK > t}

= Q)1 —~P{Tx € (t.t+h]| Tx > ¢}]

B K(K -1)
= Q(t) [1 - S h]

and

dQ _ QU+ -QW) _ o, KUK~ )

dt  h—o h 2Np(t)
Dividing through by @(t) and integrating over (0.s) gives

K(K—1) o _dt
g @)l =~ [

KK -1) [+,
2Np(0) /om
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That is,
_ K(K-11

or

ARk -1)1
Q(s) = exp{——‘z(—A;P—(O)—);(m’ _ 1)} . 2.1)

Figure 2.2 plots the distribution 1 — @ of Tk for growth rates m € [1.2] when
Np(0) = 10000 and A = 10. An upper bound for Ty is provided by log, Np(0)/A.

the number of generations required for a single copy to grow exponentially to Np(0).
Even for growth rates as small as m = 1.04. the distributions are markedly different
from the distribution of a constant-sized population. with lineages tending to coalesce

much faster. as indicated by the leftwards shift relative to the curve for m = 1.
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Figure 2.2: Distributions P(Tx < t) =
= 10 randomly sampled alleles

deterministic rates 1 < m < 2 of population growth. There are K
from a population of present size Np(0) = 10000.
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Moments for coalescence times provide further insight into the effect of population
growth on the ancestry. These involve the exponential integral (Press et al. 1992),
and must be evaluated numerically or through simulation. As expected. the mean
and variance of the time to the most recent common ancestor TMRCA= YAT: of
the sample decreases with increasing growth rates: Figure 2.3 displays results from
our simulations for Np(0) = 10000. A" = 10. Means and variances of the individual
coalescence times T}, i = K ...2. also decrease (results not shown). Figure 2.4 shows
that the coefficient of variation (sd/mean) for TMRCA is ~ 1 for growth rates near
m = 1, but drops quickly and levels off as m increases. Complete coalescence is
forced by t = log.(Np(0))/loge(m) gbp. when only a single allelic copy remains. As
the exponential growth rate m increases away from 1. this time limit becomes more
constraining. Thus. the mean TMRCA decreases. and its variability decreases even

faster.
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Figure 2.3: (A) Expected value, and (B) standard deviation of the time TMRCA to the most recent
common ancestor of the sample, as a function of the rate m of population growth. Vertical axis is
in the log,o scale. There are K = 10 randomly sampled alleles from a population of present size
Np(0) = 10000. Results are based on 1000 coalescent replicates.

The skape of the ancestral tree is also affected by increasing m. In particular, the

time T during which there are 2 sample ancestors decreases as proportion of TMRCA.
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Figure 2.4: Coefficient of variation (sd /mean) of the time TMRCA to most recent common ancestor of
the sample, as a function of the rate m of population growth. There are A = 10 randomly sampled
copies from a population of present size Np(0) = 10000. Results are based on 1000 coalescent
replicates.

In constant-size populations. ET is about half ETMRCA. but this proportion is
reduced as growth rate increases, leading to more ~star-shaped” trees. Figure 2.5 plots
expected branch lengths. ET;, ¢ = 2... Iv'. relative to ETMRCA for different growth
rates. Most variation with growth occurs in Tx and T>. nearest the tips and root of
the ancestral tree. respectively. Although ancestral trees in growing populations are
more star-shaped, they are still a long way from a complete “star”, in which there is
no overlap among lines of descent. It is thus useful to account for dependence among
copies due to common ancestry, even in growing populations.

One final difference between constant-sized and growing populations is the depen-
dence structure among coalescent times. Let Sj41 = 25«‘;_1 T; be the time (in gbp)
when the ancestral process drops from j -+ 1 to j ancestors. or, alternatively, the time
it takes for the K sampled lineages to coalesce to 1 < j < A’ lineages. Then, given
Si41 = t. the time Tk during which there are & ancestral lineages, depends on the
population size Np(0)/m* at ¢, and hence on ¢, except when m = 1. The conditional

distribution of Tk given Sx41 =tfor2 <k < Aisin fact obtained from equation (2.1)
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percent ETMRCA
30

Figure 2.5: Expected coalescent times E T; as a percentage of the expected time ETMRCA:Z;{ ET;
to the most recent common ancestor of the sample under different population growth rates m. There
are A’ = 10 randomly sampled alleles from a population of present size Np(0) = 10000.
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by substituting NVp(t) for Np(0) and & for A"

E(k-1)1
P{Tk > S | Sk+1 = t} = exp {_EL]\'—A-tT)K(m’ - 1)} . (2.2)

Coalescent times in a growing population, unlike those in a constant-size population,
are therefore dependent. with each T depending on more recent Tier:Thp2s--- IR
through the sum Sk4;. As a consequence. each T} is equally negatively correlated
with Tky1. ... Tr- The strength of this negative correlation increases with the rate of
growth. as constraints imposed by past population size become more restrictive. As

the size of the population decreases, so does the variability in coalescent times.

Historically, the coalescent has been used to model the ancestry of a random
sample of alleles from the population. For disequilibrium mapping. however. inter-
est focuses on the ancestry of a sample from a disease subpopulation, the current
descendants of the disease mutation. As a naive first approximation, we may as-
sume that this subpopulation grows deterministically at the appropriate exponential
rate. For example. in the Finns, a population founded about t; = 80 gbp, the ap-
propriate m under exponential growth of the IOSCA disease mutation would imply
10000 = Np(0) = Np(ty) x m's, where Np(t) denotes the disease copy number at
t gbp. If the disease mutation is further assumed to be present on a single allele
at founding so that Np(ty) = 1, we have m =~ 1.12. However. even when the total
population has grown exponentially, this approximation should be applied with cau-
tion. First. as shown by Thompson and Neel (1997), given survival, initial growth of
the disease variant is expected to be faster than exponential. Second, disease growth
is not smooth, especially in initial stages. due to its stochastic nature. In the next
section, we avoid these problems by developing a version of the coalescent specifically

for a random sample from a disease subpopulation.
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2.3 Coalescent rates

In this section. we develop the coalescent for a random sample from the descendants
of a disease mutation. These present descendants define the disease variant subpop-
wlation, which is embedded within the total population. We therefore extend the
standard coalescent theory from a population to a disease random sample. The over-
all historical pattern of population growth is assumed known. including the number of
copies at population founding. We model the total population by a continuous-time
Moran process (Moran 1962) with additional birth events. (For a different approach,
see Slatkin and Rannala (1997). which uses a birth-and-death process as a model
of population reproduction.) Population growth is modelled by increasing the birth
rate rather than reducing the death rate. This choice is based on the supposition
that family sizes increased with the advent of agriculture. and the accompanying
lifestvle changes from nomadic hunter-gatherers to agriculturalists. Additional births
are parameterized by A(t), the instantaneous rate of population increase at t gbp.
Populations of shrinking size may be similarly accommodated by introducing addi-
tional death events. although these are not discussed here. The rate of additional
births (or deaths) does not have to be constant over time. Increasing the rate of addi-
tional births decreases parental age and hence the expected length of time per meiosis
within the population. As the overall birth rate increases. so does the proportion of
young in the population, resulting in decreased parental age. Birth (but not death)
rates therefore determine the age distribution. By constrast. deterministic population
growth maintains a constant age distribution, regardless of the growth rate. Concep-
tually, a copy introduced by deterministic growth has an age which is drawn from
the age distribution of the overall population. Hence, the expected length of time
per meiosis is unchanged. Kingman (1982b) made the simplifying assumption of
deterministic growth when deriving the rates of coalescence for a population random

sample.
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We first investigate properties of the Moran + birth reproductive model, without
assuming deterministic growth. The coalescence rate for a population random sample
and the inbreeding effective size are derived. Following this. we develop the coales-
cence rates for a disease sample. conditional on the size of the disease subpopulation.

To obtain the coalescence rate for a population random sample of size i” we con-
dition on the population size Np(t) at t gbp, 0 < ¢t < ty. and then take expectations.

Conditional on Vp(t), the instantaneous rate of coalescence due to Moran events is

N1 (2 ~et)

Np(t) (sz(t)) 2

The first factor is the chance that a different allele is chosen to die than to give birth.
and the second is the chance that the pair of lineages for this reproducing allele and its
offspring is among the lineages of the sample. Together. they comprise the probability
that a Moran event at t leads to a coalescence. The third factor is the Moran event
rate at t gbp. After simplifying, this vields an instantaneous conditional rate of

k(k —1)
2Np(2)

per generation. On the other hand, the conditional coalescence rate due to pure birth

events is

k
FF%:W X .\!’p(t)/\(t)

The first term is the chance that the lineages represented by the reproducing allele
and its offspring are among those of the sample. Given that an allele reproduces at ¢
gbp, the number of copies in the population immediately following is Np(t)+1. The
second term describes the instantaneous rate of pure birth events. After simplifying,

this yields a conditional coalescence rate of

k(k - 1)

Np(t)+1 x Alt)

attributable to pure births. Adding these rates yields the overall conditional rate

of coalescence. The rates can be added because pure birth and Moran events occur
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independently given Np(t). Taking expectations. the unconditional coalescence rate

is therefore

1
2Np(t) | Np(t)+1

k(k = 1)E (N:(t)) [% + A(t)]

1 1
~ bk =Dy [§+A(t)]. (2.3)

pe(t) = k(k—l)E[

{

provided Np(t). 0 < t < ty. is reasonably large. In equation (2.3), we use the ap-
proximation E1/Np(t) = 1/E Np(t). This approximation is appropriate for growing
populations, founded by a reasonable number of copies. For example. in a growing
population founded by at least 100 copies, it is highly improbable that Np(t) will drop
below 10 over the population history. For :Vp(t) > 10. 1/Np(t) has little curvature,
and so E1/Np(t) = 1/ENp(t). For the Moran-+birth process with instantaneous

pure birth rate A(¢). 0 <t < ty.
ENp(t) = Np(ty) x exp( [ Ms) ds)
(Kendall 1948). Thus. when growth is constant and A(t) = A,
E Np(t) = Np(ty)exp (X x (7 = 1)) .

For instance, at t; = SO gbp. we have taken the number of founding copies in Finns
to be Np(t;) = 2000; the current copy number is 10°. Assuming the population
grows at constant exponential rate, A = log.(107/2000)/80 = 0.11. Hence, E Np(t) =
2000 x exp (0.11 x (80 —t)).

Inbreeding effective size provides an established means to compare rates of inbreed-
ing among reproductive models. For completeness of exposition, we give formulae for
effective sizes of the Moran + birth population. These formulae are derived from
probabilities of identity by descent, following arguments in Crow and Kimura (1970)

and Felsenstein (1995). Let h, be the chance that, at s generations after founding,
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or ty — s gbp, a random pair of alleles descends from two distinct founders. The
one-generation inbreeding ratio from ty to ty —11is hy /ho = h,, and so the inbreeding
effective size at t; — L is Ne(t; —1) =1/(1 —hy). In general. we define the inbreeding

effective size at i gbp. i = 1....,ty — 1. to be
Ne(ty—1)=1/(1 = hi/hi=1).

This is the size of a Wright-Fisher population with approximately the same rate of
inbreeding as the Moran + birth population over the one-generation interval from
t; —i—1toty — i gbhp. Arguments similar to those in section (2.2) give
he=P (T;>5) =exp (— /t" pa(t) dt) :
- f-s
where p,(t) is given by equation (2.3), and the subscripted probability indicates that

the coalescent process.starts at t; — s gbp. Thus.

h; ty—i+l
—— =exp (—/ ! p2(t) dt) .
hi_l t!—i

and the one-generation effective size at / gbp simplifies to
. l!—i+l
Nty —i) =1/ |1 - exp —/ pa(t) dt )|
t,—i
For example. the inbreeding effective size for Finns over the one-generation interval
immediately after founding is

80

N.(T9) =1/ [1 — exp (— o p2(t) dt)] =~ 1739.

somewhat smaller than the founding copy number of 2000.

Finally, we develop the rate of coalescence for a random sample of disease alleles.
Let Np(t) be the size of the disease variant subpopulation at ¢ gbp, 0 < t < ty, and
suppose that the present copy number Np(0) is known. Let k(t) be the number of
ancestors at ¢ gbp of k(0) = K random disease alleles sampled at present. Even if

K = Np(0), k(t) < Np(t) since some disease lineages at ¢ gbp may go extinct by the
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present. At ¢ gbp. the instantaneous rate of Moran events is Vp(t)/2 per generation,
and the pure birth rate is Np(t)A(t). In the disease subpopulation, the pure birth
rate at t gbp is Np(t)A(¢). Lineages split via Moran or pure births. and coalescences
occur when a splitting lineage and its offspring are among the lineages of the disease
sample. Given k(t). Np(t). and Np(t), Moran coalescences occur with instantaneous

rate
Npt) =1 Np(t) () Np(t)

X T
Np(t)  Np(t) " (Vemy 2

The first three factors comprise the probability that a Moran event at ¢ leads to a

(2.4)

coalescence. The first of these is the chance that a different allele is chosen to die than
to give birth, the second the chance that the one giving birth is from the disease sub-
population. and the third the chance that the lineage pair for this reproducing allele
and its offspring is among the sample lineages. The fourth factor is the instantaneous

Moran event rate at ¢ gbp. After simplifying. this vields an instantaneous rate of

k)(k(t) —1)  Ne(t) =1 k() (k(t) = 1)
2Np(t) Np(t)—1  2(Np(t)—1)

(2.5)

per generation, provided Np(t) is of reasonable size. Coalescences due to additional
births occur with instantaneous rate
k(t)
(%)
(No(¢)+1)
2

The first term is the chance that the lineages represented by the reproducing allele

x Np(t)A(t). (2.6)

and its offspring are among those of the sample. The second term is the instantaneous
rate of additional births in the disease population. After simplifying, this yields an
instantaneous coalescence rate of

k(t)(k(t) — 1)

Vo) £1 )

attributable to additional birth events. The total coalescence rate is therefore

Alt) 1

No +1 T 20 =1) 27

k(2)(k(t) — 1) [
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per generation, provided Np(t) is not too small. This rate is awkward because it
involves both A(t) and Np(t). A standard simplifying device is to assume that the
total population grows deterministically by a factor of m(1) = [t exp(Mty — s)) ds
over the one-generation interval from i to i —1 gbp. : = 0....;. Then coalescences
due to additional births do not occur randomly, and so equation (2.6) does not apply.
Under deterministic growth. additonal (non-diseased) copies may be viewed to enter
the population from outside at the appropriate rate. Thus, coalescences are due to
Moran events. so that only the coalescent rate in equation (2.5) applies. The second

factor
Np(t) -1

Np(t) -1
in the left-hand side of equation (2.5) speeds up the rate of coalescence relative to a

random sample from the total population. and may be viewed as an ascertainment
correction to account for sampling of the disease rather than the total population.
Also, since Np(t) is typically large. (Np(t) — 1)/Np(t) =~ 1. Thus. except when
Np(t) is very small, the rate is close to the rate %k(t)(k(t) — 1)/Np(t) that would
be obtained if the disease subpopulation reproduced under a ..ontinuous-time Moran
model, independently of the total population. Early in the disease history, when
Np(t) is small, coalescences occur at a faster rate. Comparing equations (2.5) and
(2.7), we see that the same rates obtain when A(t) = 0. as expected. When A(t) > 0,
the rate of coalescence under random growth of the total population is faster than
under deterministic growth. This is not surprising given the additional source of
coalescence events.

The ancestral coalescent may be realized conditional on past sizes Np(t). We use
the coalescent rate in equation (2.5) rather than the rate in equation (2.7) to simplify
calculations. Past sizes Np(t) are realized via a birth-and-death approximation which
assumes a single copy of the disease mutation a known time ago. In the next section,
we develop the distribution of these past sizes Np(t), in order to generate realizations

for coalescence rates.
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2.4 Disease copy numbers

This section describes the stochastic process underlying past sizes Np(t) of the disease
population. Given past sizes Np(t), the coalescent may be realized using the rate in
equation (2.5). We consider evolution forwards in time from the point t; gbp at
which a single mutant allele is assumed. The jump times for Np(t) are generated
successively, from ¢t = t; to t = 0. conditional on current size up to that point. For
example, labelling jump timest;,: = 1.2....in the order theyv occur forwards in time,
and starting at ¢ty with Np(ts) = 1.t is realized. Then. given t, and Np(t;) > 0. 2
is realized, etc. At each t;, the disease population size either increases or decreases
by one. This process conditions on Np(ty) = 1. but not on present size Np(0), or
disease survival to present. As before. time is expressed in generations before present
(gbp). Moran and additional birth events impacting Np(t) are treated separately;
combining them yields the overall process.

We consider first the instantaneous rate of Moran events impacting Np(t). Given
a Moran event at time t, and Np(t) and Np(t). the chance that the disease population

changes size is
o 2D(t) (1 - ——‘VD“)) : 2.8
o) \\ T N 28

with size being equally probable to increase or decrease by one. The instantaneous

rate of such Moran events is thus

_ _ No(t)
ru(t) = Np(t) x (1 .\'p(t)> (2.9)

per generation. Calculation of ras(t) is simplified by replacing Np(t) with its expected

value. eliminating the need for explicit modelling of the total population. (An ade-
quate approximation to the size of the total population is its expected value, provided
the population size at disease founding is not too small.)

The instantaneous rate of birth events impacting the size of the disease population
is

ra(t) = Mt)Np(t).
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These rates specify the distribution of times at which the disease population
changes size. Let T; denote the random time of the i** (Moran or pure birth) event
impacting disease population size, and define To = t;. Then given T: = t; and Np(¢;),

the time T;4, for the next event is
t.‘ —_ m.in(l i+1 B{+l),

where M;,; and B;;, are. respectively, the next Moran and pure birth events impact-
ing size. In the interim. for ¢t € (Tis1.ti), size is constant at Np(¢;). Given t; and
Np(t;), realization of Bi;, using rg(t:) is thus straightforward. Generating My, is
more complicated. because Np(t) and hence ra(t) in equation (2.9) changes over this
interval.

We generate M;,, by transforming an exponential variate M+ with rate rp(t;).
The transformation rescales to account for the changing rates ras(t) in (Tiy1,ti); see

Appendix A. This yields

t
‘/‘/I- ___/ ll(ﬂds_
ti-Miq r;W(ti)

Since Np(s) = Np(t;)exp(A(ti — s)) for s < ti.

Nott) [ Vot
M = / 1— —— 25 ds
T"\,[(t,') ti—Mip [ .’Vp(t'-)el\(ti—s) S

which evaluates to

. Np(t:) { Np(t;)1 —AM; }
M= My — (1 - e
TA{(t,') i ‘/VP(ti) ’\( © )

implying

Np(t;) _ Np(ti)
A A

[Np(t:) — No(ti)] M~ + exp(=AMip) + Mip Np(ti).  (2.10)

Solving for M, vields the next Moran event time impacting the size of the disease
population.
Equation (2.10) may be solved numerically by taking M~ as the initial guess. This

is a good guess provided the rate of change in Np(t) at ¢ = ¢; is not too fast. In fact,
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M1 can be no larger than M~. From equation (2.9). we know that ras(t) increases
with Np(t) for t € (Ti41,t:). Thus for more recent t < . when Np(t) has either
increased or staved the same. ry(t) is greater than or equal to the rate ras(t;) for M".
Therefore. M* is an upper bound. In addition. Np(t) = Np(t:) for t € (Ti41.t:). so an
exponential with faster rate Np(t) = Np(t:) > ris(t) provides a lower bound. When
A = 0. the total population is of constant size and the appropriate rate of Moran
events given t; and Np(t;) is r(¢;). In this case. the solution M;,, should be equal to
the initial guess M~. as verified by the limit as A — 0 in equation (2.10). Conversely,
when A — oo, explosive growth of the total population cancels the usual Moran
dependence among copies induced by the limit on population size. Moran dependence
among disease copies is also removed when Np(t) << Np(t). greatly simplifving the
equations leading to (2.10). Thus. the solution M;,, has an exponential distribution
with rate Np(¢;) uncorrected for this dependence (see below).

Disease population sizes may be realized prospectively. conditional on a single
mutant allele at ¢;. as described. This is computationally intensive because of the
potentially large number of events between ¢, and the present. More importantly, the
scheme does not permit conditioning on the current number of copies of the disease
allele. Np(0). except by rejection sampling of realizations. The next section describes
a birth-and-death process that approximates disease reproduction. and also allows
past sizes to be generated retrospectively. conditional on Np(0). A retrospective
scheme saves computational time when realizing .Vp(t) conditional on Np(0) and

Np(ty) = 1.

2.5 A birth-and-death approximation

Provided the disease is rare, Np(t) may be approximated by a birth-and-death process
with instantaneous death rate u* = 1/2 and birth rate A*(¢) = A(t)+ 1/2. This can be

seen by comparing the Moran event rate ry(t) in equation (2.9) to the total event rate
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Np(t) in a birth-and-death model with birth and death rates of 1/2 per generation.
The only difference is the correction factor 1 — Np(t)/Np(t) , which is due to Moran
dependence among disease alleles imposed by the constraints of total population size.
This dependence reduces the rate of events compared to a birth-and-death model. in
which alleles reproduce independently. However. for a rare disease. Np(t) << Np(t)
throughout history, and disease alleles reproduce essentially independently. The birth-
and-death process also approximates disease evolution in the Moran + birth model.
With a rare disease. Moran events virtually never involve disease alleles both dying
and reproducing. Jump times for changes in disease size are thus essentially the same
as birth or death event times in the disease population.

We first review basic attributes of the birth-and-death approximation, such as
the distribution of the number of progeny and the number of descendants, and the
probability generating function. These basic attributes are used to develop formulae
for the conditional moments of the past size Np(t;) of the disease population at ¢, gbp,
given the size at more recent ¢,. Following this, we discuss realization of conditional

past sizes throughout history. given the present size Np(0).

2.5.1 Basic attributes

Let X, be the number of births experienced by a copy of a rare disease allele over a

time interval of length ¢t generations. Then X, is Poisson with mean

/0‘ [\(s) +1/2] ds

(Cox and Miller 1977). The progeny number for a rare disease allele is X, where life-
time L is exponential with mean 2. Thus, progeny distribution is given by EP(XL =
i | L), where i is the number of progeny observed. When the population grows at
constant rate e* per generation, the progeny distribution for a rare disease allele is

an exponential mixture of Poissons, and is therefore geometric. In this case,

P(Xp=1i)=(1-p) xp,



where p = 1/((1 + A)) is the probability that an event is a death. For example. if
we assume that the Finnish population grew at constant exponential rate from 2000
allelic copies at founding 80 generations ago to the present number 107. we obtain
A(t) = A = 0.11. Thus the progeny number for a rare disease allele has a mean of
about 1.2. and a variance of about 2.7. When population growth varies. no general
statement can be made about the progeny distribution.

Consider a copy of a rare disease allele at time ¢; gbp. and define to = ty. Then

the number Yi(s) of descendants s generations later at t; — s gbp has a zero-modifed

geometric distribution (Kendall 1948), with

P(Yi(s)=0) = &ls) (2.11)

P(Yi(s)=n) = [1—&(SN[L —m(s)m(s)"™" n21, (2.12)
where

ey = 1-SRLL)),

pts) = [ ()= N0 .
Wils) = exp(—p.-(s))[1+/"' explpi(t) p(¢) de| and.,

ti—s
1

Wi(s)

ni(s) = 1-

Since Yo(s) = Np(t; — s), this also gives the unconditional distribution of disease
population size at t; — s gbp.
Under constant population growth (i.e., A*(t) = A" = A +1 /2), the descendant

distribution reduces to
P(Yi(s) =0) = u"B(s), P(Y¥i(s)=n)=[1-XB(s)][l - B(s)] [A"B(s)"

(Feller 1968), where
1 —_— e(’\'_“.)-’

B(s) =

ue - Arelr*—u®)s’
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The unconditional expected value of disease copy number at t;—s gbp is exp(A(¢;—s))-
A disease mutation introduced into the Finnish population at founding 80 genera-
tions ago has probability P (¥5(80) = 0) = P (Np(0) = 0) = 0.82 of extinction by
the present. This is in excellent agreement with simulations under the Moran and
pure birth model. Simulations were run as described in section 2.5. Of the 10000
replicates, only 1793 (18%) survived to the present. The conditional distribution of
current allelic copy number given survival to the present is plotted in Figure 2.6,
along with the approximating geometric distribution from the birth-and-death pro-
cess. The geometric approximation is actually slightly heavier-tailed because there
are no constraints on the number of descendants imposed by the size of the total pop-
ulation, but the difference is imperceptible. The simulations show that conditional
on present survival, the chance of achieving a current copy number b exceeding the
approximately 10 extant IOSCA alleles in Finns is 0.87: unconditionally, the chance
is only 0.16. Given survival to present, the chance that current copy number is within
a plausible range (say, 8000 to 10000) of the extant IOSCA copies is about 0.10.
Without conditioning on survival, the chance is only 0.02.

A key characterization of the birth-and-death approximation is the marginal prob-
ability generating function (pgf). For the process starting at to = t; gbp and running

s generations to t; — s gbp. this is

dolz.s) = o(s) + [1 — &ls) — mo(s)] x (2.13)
1 — no(s)r

(Kendall 1948). In general, the marginal pgf for the process starting at ¢; gbp and

running s generations to ¢; — s gbp is

gilz.s) = Ei(s) +[1 = &(s) — 'I.‘(S)]I. (2.14)
1 —ni(s)z

When growth is constant, go(z, s) simplifies to

pr(l —z) = (u7 = Amz)emuTe
A1 —z) — (u= — Amz)e~(A"-w%)s

= [£Az(s) + As(s)] / [zAa(s) + As(s)]
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Figure 2.6: Histogram of the present copy number of an IOSCA-like mutation in Finns, given one
allelic copy at founding ¢t; = 80 gbp. and survival of the mutation to the present. Dotted line is the
corresponding density under a birth-and-death process approximation.

(Cox and Miller 1977). where A,(s) = exp(—(A" — p™)s). Aa(s) = A"Ay(s) — o7,
As(s) = p — pAi(s), Au(s) = AmAy(s) — A" and As(s) = A7 — " Au(s).

2.5.2 Conditional moments

We use the birth-and-death approximation to derive the moment generating function
and hence the moments for past numbers of a rare disease allele at ty, conditional
on the number Np(t;) at more recent ¢, and on Np(ty) = 1. The derivation follows
Thompson et al. (1992), but is for a birth-and-death process in continuous-time rather

than for a branching process in discrete-time.

The joint pgf for Np(¢1) and Np(tz), t > t2, 1s

g(z,w, t, 1) = E (Vo)Vol2)) = 58" 2"* P (Np(ti) = r, Np(t2) = j)-

ro
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This may be written
g(z.w, ti.t2) = go (q1(w, d)z. 1) (2.13)

in terms of the time difference § = t, — t,, and the marginal pgf’s go and g: in equa-
tions (2.13) and (2.14), respectively. For a general random variable X. E [Thg (X —i)
is the n** factorial moment. We obtain the nth factorial moment for Np(t,) given
Np(tz) = j by dividing the coefficient C; of w’ in the series expansion of

n

5an g(z.w.ty. t2)

=1
by P (Np(t;) = j), or P (Y2(4) = j) in equation (2.12). For example, under constant

growth, we get

E [Np(t1) | Np(t2) = 5. Npl(ty) = 1] = a(ti.t2) x J + caty. t2),
where

ci(ty,t2) = {-45(t/ - t2) [‘42(5) (-'1§(5) — A44(0) Ay (ty - fz)) + .43(5)-44(5)-45(5)] -
43(6)43(6) alty - t2)} x {41(8) 4s(0) dslty = 1)V = 12}
Gatity) = [42(6)44(8)43(ts ~ 12) - A0(6)As(@ A3ty - )] / [ OO - w7

The coefficient c;(-.t;) increases monotonically from 0 at #; = t5. to 1 at t, = tp; the
coefficient c;(-, t2) is quadratic with a maximumat t, =t /2 and with boundary values
ety t2) = 1 and co(tz,t2) = 0. Although not reported. even more complicated ex-
pressions may be derived for higher moments, or for moments under changing growth.
When growth rates change over time. these moments indicate that for Np(t,) moder-
ately large (e.g., > 500), and t, and t; close (e.g., § = 1 generation apart), local rates
apply, and event rates elsewhere in history have little influence.

Figures 2.7, 2.8, and 2.9 plot expected past sizes of a disease population given
a present disease allele count of Np(0) = b in the Finns. assuming a single mutant
copy at founding t; = 80 gbp and constant growth of the total population. Results
are given for b = 10000 (IOSCA), 5000, and 500, respectively, and are in the logio
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scale. In all three plots, initial expected growth of the disease population is faster
than exponential, since surviving djsease mutations are those which have, on average
and by chance, high initial growth. For a disease with low present copy number
such as b = 500. slower-than-exponential growth is expected to follow the initial
burst. Conditional on survival. the expected copy number of a rare Finnish allele.
present as a single copy at founding, is 27778. Following arguments analogous to
Maynard Smith (1971), this is just the unconditional expected number exp(Aty) =
5000 of descendants of a single copy after ¢; generations. divided by the probability
1-P(Np(0) = 0) = 1—0.82 of non-extinction. from equation (2.11). The conditional
standard deviation given survival is 28468. and of the same magnitude. Thus. there
is insufficient evidence to reject the hypothesis that a disease allele with current copy
number 10000 was present as a single copy at t; = 80 gbp. The distribution of the age

of a selectively-neutral allele given its current copy number is explored in section (2.8).

log10 copy number
2
1

0
G

t (gbp)

Figure 2.7: Logio expected copy numbers Np(t) in Finns (solid line). given Np(0) = band Np(ts) =
1: b=10000 (IOSCA). The diagonal dotted line is the log,q unconditional expected copy number.

Figure 2.10 illustrates the derivative of the curve in Figure 2.7, up to a multiplica-
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Figure 2.8: Logio expected copy numbers Np(t) in Finns (solid line) given NVp(0) = band Np(ts) =
1; b=5000. The diagonal dotted line is the log;o unconditional expected copy number.
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Figure 2.9: Log,o expected copy numbers Np(t) in Finns (solid line} given Np(0) = band Np(ty) =
1; b=500. The diagonal dotted line is the log; unconditional expected copy number.
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tive constant log,(10) = 2.3. The curve is the derivative. with respect to time. of the
natural logarithm of conditional copy number given Np(0) = 10000. and NVp(ty) = 1.
This derivative is analogous to A* = A+0.3 = log.(107/2000) + 0.5 = 0.61. the instan-
taneous overall rate of growth in the approximating birth-and-death process. This
“conditional growth rate” starts near the unconditional instantaneous rate of total
events A" + p~ = 0.61 + 0.5 = 1.11 at 30 gbp. but drops quickly to a level below the
unconditional rate around 70 gbp. and then climbs slowly to match the unconditional
rate by 40 gbp. The sag in the conditional rate 70-40 gbp indicates slower-than-
exponential growth after the initial burst due to the present IOSCA copy number
being less than the roughly 25000 copies expected given survival to the present. Note
that a generalized pure birth process with instantaneous rate equal to the conditional
growth rate would be guaranteed to survive to the present. Such a process would have
the same first moment as the conditional process. but it is unclear whether higher
moments would be comparable. In fact. we shall see later that higher moments are

not comparable.

rate
04 O 0.8 1.0

0.2

80 60 20 0
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Figure 2.10: Derivative of the natural logarithm of the conditional expected copy number in Finns
given Np(0) = 10000 and Np(ts)=1. Solid line is this instantaneous conditional growth rate. Dotted
line, unconditional instantaneous growth rate; dashed line. unconditional instantaneous total-event
rate.
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Figure 2.11 plots conditional variances V{Np(t) | Np(0) = b.Np(ts) = 1} for
b = 10000, 5000, and 500. Conditional variance is relatively small at first due to small
copy number, but increases over time with the number of copies. before decreasing to
zero at present, as required by the conditioning. In general. conditional variability is
small compared to the mean (e.g. the maximum s.d. for IOSCA is about 160 when
expected copy number is about 3600), and increases with the present copy number b

because there are more allelic copies in the system.

15000 20000 25000

conditional variance
10000

5000

0

80

Figure 2.11: Conditional variance of past numbers Np(t) in Finns given Np(0) = band Np(ty) =1,
for b = 10000 (IOSCA), 5000. and 500.

Figure 2.12 illustrates skewness coefficients for [OSCA in Finns at one generation
intervals. setting Np(t) = E{Np(t) | Np(0) = 10000. Np(ts) = 1} when obtaining
conditional moments for Np(t + 1) given Np(t) via equation (2.15). The skewness
of a gamma distribution with matching first two moments is also shown, but not
that of an approximating normal distribution, for which the value is always 0. The
conditional distribution is expected to be positively skewed early in history when copy
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number is low, since the disease mutation must survive to the present. For more recent
times. individual contributions from the large number of independently reproducing
disease copies average. leading to a more symmetric distribution. Positive skewness
thus decreases with disease population size or with generations since founding, but
in general more closely matches that of the gamma than the normal approximating

distribution.
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Figure 2.12: Skewness of Np(t+1) in Finns given Np(t) = E (.Vp(t) | Np(0) = 10000, Np(t;) = 1).
o: skewness under the conditioned birth-and-death process: A: skewness of a gamma distribution
with matching mean and variance. Skewness of a normal distribution with matching mean and
variance is zero. and thus not shown.

2.5.8 Realization of Np(t)

Past sizes of the disease population conditional on the present number could be re-
alized by simulating forwards in time from founding and rejecting realizations not
reaching Np(0). Almost all realizations would then be rejected. Alternatively, real-
izations within a reasonable range of Np(0) could be used. This would still be inef-
ficient. For example, when modelling the growth of IOSCA in Finland, and taking
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realizations within 20% of Np(0) = 10000, about 98% of realizations are discarded.
Suppose another birth-and-death process {Np(t), 0 <t <t} could be found with
conditional distribution {Np(t) [ Np(0) = b,ND(t,) =1: 0 <t < t;} matching
{Np(t) | Np(0) = b, Np(t;) =1; 0<t< t;}. If this process discarded fewer realiza-
tions when conditioning via rejection sampling, efficiency could be improved. Close
matching of the conditional and unconditional total event and growth rates would be
required. The first two moments of a process specify the instantaneous birth and death
rates; thus, E{Nn(t)} would have to be close to E{Np(t) | Np(0) = b, Np(ty) = 1}
and V{Np(t)} would have to be close to V{Np(t) | Np(0) = b. ¥Np(ts) = 1}. Equat-
ing expectations and variances thus gives an indication of implied instantaneous total
event and growth rates in the hypothetical process. Figure 2.13 plots these implied
rates for IOSCA in Finns. The total event rate at present in the hypothetical process
would have to be negative. Furthermore, total event rates at other times would be
up to three times higher than A* + p* = 1.12. the rate for the actual unconditional
process. Any efficient process would be expected to have initial death rate (at 80
gbp) near 0. since copies must survive to present. Comparison of instantaneous total
event and growth rates shows that although hypothetical death rates start at 0, they
rise rapidly and very soon become greater than the death rate u= = 1/2 for the ac-
tual unconditional process. It is thus doubtful that a more efficient birth-and-death

process exists, so it is not pursued further.

Alternatively, past sizes given Np(0) could be realized backwards in time at one
generation intervals, providing sufficient resolution for the coalescent rates of equa-
tion (2.5). For example, in the Finns, one could look in at timesof t = 1,---,79,80
gbp, and realize backwards successively from {Np(t +1) | Np(t), Np(ts) = 1}. Thus,
given Np(0) and Np(ts) = 1, Np(l) may be realized. Similarly, given Np(1) and
Np(ts) = 1, Np(2) may be realized. Continuing this process back in time from 0 to
t; gives a sample path for {Np(t) | Np(0), Np(ty) = 1} at one-generation resolution.
The joint pgf in equation (2.15) allows the conditional distribution of past size at t+1
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Figure 2.13: Instantaneous event rates for past numbers .Vp(t) in Finns. Conditional rates are the
derivative of the natural logarithm of conditional expected copy number given Np(0) = 10000 and
Np(ty) = 1. Solid line. conditional total event rate: dotted line. conditional growth rate: short
dashed line. unconditional total event rate: long dashed line. unconditional growth rate.
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Figure 2.14: Realizations of past disease copy numbers in the Finnish example. Vertical axis, log1o
scale. Past sizes are conditional on present size Np(0) = 10000. and founding size Np(ty) = 1.
(A) Five sample paths over all t; = 80 generations since founding; (B) the paths in the first thirty
generations only, 30-50 gbp.
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gbp given the size at ¢ gbp to be approximated to arbitrary precision by a distribu-
tion matched on an appropriate number of moments. Figure 2.14 shows five sample
paths for an IOSCA-like allele. Copy numbers are generated from a normal-gamma
mixture having the same first three moments as the actual distribution. The first
two moments of the normal and gamma components of the mixture have been chosen
to match those of the actual distribution; the mixing proportion has been chosen to
obtain the right third moment. Numbers are plotted in the log;o scale, and cannot
go below 1 because the disease allele survives to the present. However. some sample
paths hit the single-copy boundary several times. The most recent of these provides
a tighter upper bound on TMRCA than ¢;. If the mutation is in fact vounger than
t s, more such hits would be expected in order to compensate for present copy number
being lower than expected given survival to the present. assuming a single mutant
copy at t;. Hence. when present copy number is more consistent with a younger
mutation than ¢, stochastic modelling of .Vp(t) adjusts for this.

Figure 2.15 shows realized past sizes of a WRN4-like allele in the Japanese. In
both populations. but especially in the Japanese. variability over realizations in more
recent generations is dominated by temporal changes in the numbers themselves,
giving the appearance of deterministic growth (2.15A). However. Figure 2.15B shows
that there is indeed variability in more recent generations.

Hereafter, stochastic growth of the disease population will be incorporated into
coalescent rates for the disease sample by conditioning on realizations of {Np(t) |
Np(0) = b, Np(ts) = I; t =1.2,....t; — 1.t} at one-generation intervals. One-step
realizations of past disease copy numbers will be generated successively backwards in
time. from 0 to ¢;, using an approximating normal-gamma mixture, with first three
moments matching those of the actual distribution under a birth-and-death model
of disease population size. A birth-and-death model of disease population size is
appropriate for a rare disease allele. In the next section. we discuss how coalescent

times are generated given past disease copy numbers. We also compare coalescent
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94 54 16 94 74 54

Figure 2.15: Realizations of past disease copy numbers in the Japanese example. Vertical axis,
logyo scale; horizontal axis, generations before present (gbp). Past sizes are conditional on present
size Np(0) = 500000, and founding size Np(ty) = 1. (A) Five sample paths over all t; = 94
generations since founding; (B) the paths during the Edo period, 5-16 gbp; (C) the paths in the first
40 generations after founding, 94-54 gbp
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times under stochastic and deterministic growth of Np(t).

2.6 Realization of coalescent times

To realize the coalescent for a random sample of disease alleles. we use the instanta-
neous rates in equation (2.5) and insert realized past copy numbers Np(t), conditional
on present size Np(0). and on Np(ts) = 1. Since past copyv numbers are given in one
generation steps only. they are interpolated between generations. For moderately
large sizes of the disease population (i.e.. Np(t) > 30). intragenerational growth is
assumed to be exponential, and Np(t) —1 = Np(t). For smaller sizes early in disease
history, where super-exponential growth occurs, numbers are linearly interpolated.

Rescaling methods outlined in Appendix A are used. Coalescent times ¢ are first
generated under constant rate r(0) (between coalescent events) and then rescaled
to account for size fluctations in the disease population. From equation (2.5), the
appropriate rate r(s) in equation (A.1l) is

E(s)(k(s) = 1) _ K(s)(k(s) = 1)
2Np(s) = 1) | 2Np(s)

for Np(s) > 30, with Np(s) growing exponentially. and

k(s)(k(s) —1)
2(Np(s) = 1)

for Np(s) < 30, with Np(s) growing linearly. To get the actual coalescent time, we

solve for t in Equation (A.1). The integral is written as a sum over one-generation
intervals. running from backwards in time from 0 to t; gbp. Each summand is eval-
uated, until the running sum at the interval (i,i + 1) exceeds t*. Thus. t € (1 —1,1)
gbp. We then solve for t exactly. Specifically. since we have already computed the

integral

=1 r(0)
b

. =ir0) , _ ¢ r(0)
t —/(; r(s) ds—/i‘-lr—(s—)ds

we can solve
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for t.

— Deterministic (ETMRCA = 64.3)
—- Stochastic (ETMRCA =34.3)

% ETMRCA
20 30 40

10

<- root K -> tips

Figure 2.16: Expected coalescence times ET} as a percentage of ETMRCA= Z;‘ ET; for an IOSCA-
like mutation in Finns: Deterministic (solid line) versus stochastic (dotted line) growth of the disease
population. ETMRCA under deterministic growth, 64.3 gbp: under stochastic growth, 34.3 gbp.

Figure 2.16 compares the expected ancestral tree shapes of two samples of 10
copies of an IOSCA-like allele in Finns: one sample taken from a disease population
growing deterministically by a factor of m = 1.12 per generation. and the other taken
from a disease population growing stochastically within the total population. Recall
that the deterministic growth factor of m = 1.12 = Np(0)!/*s has been calculated
to match current IOSCA copy number, assuming one IOSCA mutant at founding
t; = 80 gbp (see section 2.2). Hereafter, such growth will be described as deterministic
growth of the disease population. On the other hand, random growth of the disease
population conditional on Np(0) and Np(ty) = 1 will be described as stochastic
growth of the disease population. This type of growth is modelled in section 2.5.3.
Figure 2.16 displays E Ti/ YA E T;, the proportion of expected time to complete
coalescence (ETMRCA) taken by E Ty, expressed as a percentage. Expected values

are based on 10000 coalescent replicates. The ancestral tree under stochastic growth
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of the disease is slightly more star-like than the tree under deterministic growth.
with coalescences near the tips taking proportionally more of the time to complete
coalescence. and those at the roots taking proportionally less time. A more striking
difference is the much shorter ancestral tree for the stochastically-growing disease
population, with ETMRCA=34.3 generations compared to 64.3 generations under
deterministic growth. The reasons for this are as follows. Consider a population
with a size bottleneck at some point in the past. The bottleneck results in more
inbreeding than would be expected under a smooth but comparable overall rate of
population growth. Under stochastic growth, disease copy number fluctuates about
its expected value. This stochastic fluctuation is. in effect, a series of population
bottlenecks. Deterministic exponential growth smooths over these bottlenecks. The
result is less inbreeding, and hence increased coalescent times under deterministic
growth. Figure 2.17 illustrates. on the absolute scale. the longer but similarly-shaped

tree.
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Figure 2.17: Expected coalescence times ET} for an I0SCA-like mutation in Finns: Deterministic
(solid line with circles) versus stochastic (dotted line with triangles) growth of the disease variant.



2.7 Another version of the coalescent

Another way to approach the disease coalescent is by viewing the ancestry of the
disease population as a subtree of the ancestry of the total population. The coales-
cent of the disease sample is thus embedded within this subtree. Let n(t) and b(%)
denote respectively the number of ancestors of the total population and the disease
subpopulation at ¢ gbp: n(0) = Np(0) and b(0) = Np(0). Given n(t), the coalescence
rate for the entire population at ¢ gbp is

n(t)(n(t) — 1)
2Np(t)

The coalescence rate of a subtree of size b(t) > 2 is just the product

(n(t) —1)b(¢)

N (2.16)

of the rate for the entire population and the probability b(t)/n(t) that a coalescing
lineage is on the subtree. Conceptually, coalescence events within the entire popula-
tion are allocated to the part of the population identified with the disease subtree.
Our interest is in the disease subtree and the coalescence rate for a random sample
of size k(0) = K from the b(0) disease alleles at present. Suppose for the moment
that no assumption is made regarding a single disease mutant at known time ¢y gbp.

Then the chance that a coalescing pair of disease lineages at t gbp is in the sample

("'(2”) / (b(;)). (2.17)

Hence, the appropriate coalescence rate for the sample given Np(t), b(t), and n(?) is

(n(t) — 1)b(t) k(t)\ /(b(t)\ _ k()(k(t)—1) mn(f) -1
AINPE) ( 2 )/( 2 ) = ToNp() B -1 (2.18)

ancestry of k(t) lineages is

The second factor [n(t) — 1]/[b(t) — 1] on the right-hand side of the equation may
be viewed as an ascertainment correction to Kingman's coalescent rate for a random

sample of alleles from the total population. This ascertainment correction accounts



for the fact that the k(¢) sample lineages lie on a disease subtree with b(t) lineages, so
that coalescence should be faster than in a random sample from the total population.

In order to assume a single disease mutant at t; gbp. we must condition on com-
plete coalescence of the subtree by ts. One way to achieve this would be to first
generate conditional coalescence times {T; | ¥, T; < t;}. ¢ = b(0)....2. for the sub-
tree given {n(t) : t > 0} and {Np(t) : t > 0}, and then ask whether the coalescent
event at each T involved a lineage pair from the sample. Given a coalescence on the
subtree at ¢t = Zf:,- T; gbp, the chance that it involves a sample lineage is ("(2‘)) / (;),
from equation (2.17). Conditional coalescent times {T; | ,T; <t 7} could be gener-
ated by rejection sampling of the unconditional T}, : = b(0)...2.

Although this approach is valid, it is difficult to implement because it requires
the numbers of ancestors n(t) for ¢ > 0, and also the conditional coalescent times
for the subtree {T; | £, T, < ts}, ¢ = b(0)...2. Realizing the ancestral numbers
n(t) and b(¢) is difficult because of their large value at present. To generate the
corresponding coalescents. time is, in effect. transformed so that the same coalescent
rate applies between coalescences (although not across them). In the ancestry of a
large number of copies. the majority of coalescences take place very quickly, especially
in the transformed scale. Recent branches on the ancestral tree are so short in the

transformed scale that problems with computational underflow and machine precision

occur when simulating them.

2.8 Age of mutations

In this section, coalescent methods described by Griffiths and Tavaré (1998) are used
to examine the age distribution of two rare recessive disease mutations, IOSCA and
Werner's syndrome, that are assumed to be selectively neutral. In the absence of a
selective advantage for disease heterozygotes, selective neutrality is reasonable for rare

recessive diseases, since most disease alleles reside in heterozygotes. Heterozygote ad-



vantage has been been proposed as a possible explanation for the large copy number
observed in some reressive diseases such as cystic fibrosis and phenylketonuria (e.g.
Quinton 1994, Scriver 1994). However. Thompson and Neel (1997) point out that
these arguments do not condition on disease survival to the present. These authors
show that such conditioning is sufficient to explain the relatively high copy numbers
for many recessive diseases, and that positive selection is therefore unnecessary. In-
ferences of the age of a selectively-neutral mutation can thus provide insight into
the existence of a single disease allele at population founding. a useful simplifying
assumption in disequilibrium mapping.

Following Griffiths and Tavaré (1998), in a population currently of size n copies in
which there are b copies of the disease mutation. let Jo denote the number of ancestors
of the total population when the disease mutation arose. Consider the coalescent for
the total population. and let T be the time during which there were J of its ancestors.
Then Griffiths and Tavaré (1998) show that the distribution of Jo given b and n is

JPn.;(D)ET;

P{Jo=3}= .
Vo =7} = mmer LT

2<j<n—b+1, (2.19)

where p,,(b) denotes the probability of b current descendants of a random allele
chosen from among j ancestors. The intuition behind this equation is that. given
survival of the disease variant. the probability that the mutation occurred when there
were j lineages on the ancestry of the total population is proportional to the length
j x ET; of that part of the ancestral tree. Conditioning on coalescent times for the
total population and taking expected values yields that the probability of the mutation
occuring when there were j ancestral lineages is proportional to j X ET;. The restricted
sum in the denominator arises because at one extreme. when all nonmutant lineages
coalesce by the time at which the mutation arose. there are j = 2 ancestors; at the
other extreme, when no lineages coalesce. there are j = n — b + 1 ancestors. To get
Pn.j(b), consider the number of ways to assign n unlabelled descendants to j labelled

ancestors. Every ancestor must have a descendant. Hence. the problem is one of
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placing j — 1 partitions corresponding to the j labelled ancestors in n — 1 spaces
between the n unlabelled descendants. There are (;‘_’_:) ways of doing this (Feller
1968, page 38). Fixing b descendants of the disease mutation at present leaves n — b
nonmutant descendants to assign to j — 1 nonmutant ancestors. The quantity Pn.j ()

is therefore given by

n—b-1
Pn'j(b) = ((,J,:zl)) .

J=-1

To obtain information about the age of the mutation from these equations, we
introduce n(t), the number of ancestors of the n current alleles in the total population
at time ¢ generations before present. The maximum number of ancestors at time ¢
is the total population size Np(t) at that time. When Jo, the number of ancestors
at the time the mutation arose, is greater than n(t), the disease mutation must be
younger than t. However, when the mutation is younger than ¢. Jo must be greater
than or equal to n(t). In other words. the probability that the mutation is younger
than ¢ is at least P{Jo > n(¢)}, and at most P{Jo > n(t)}. Solving these equations
for t yields bounds for the ath quantiles t, of the age distribution. These bounds are
typically quite narrow, provided n(t,) is not too small. For example. solving P{Jo >
n(t)} = 0.5 and P{Jy > n(t)} = 0.5 gives a lower and upper bound. respectively, on
the median age of the mutation. These probabilities can be expanded and evaluated

empirically. One possible expansion is

Np(t) Np(t)

P{Jo>n(t)} = 3 P{Jo>iln(t)=i}P{n(t) =i} = Y P{Jo>i}P{n(t) =i}.

=1 i=1

The events {n(t) = i} and {Jo > i} are independent because the number of ancestors
at time ¢ offers no information about the relative lengthé of coalescent times and
hence about the number of ancestors Jo when the mutation arose.

The following two examples apply these formulae to IOSCA in Finns and Werner'’s

syndrome in Japanese, respectively.




2.8.1 IOSCA in Finns

Expected coalescence times for equation (2.19) were evaluated through simulations
of 1000 coalescent replicates. The size of the Finnish population was assumed to be
constant at Np(t;) = 2000 copies prior to founding at t; = 80 gbp. For more accuracy

at small numbers Jj of lineages. the following relation was used:
ET; = E(T, | Six1 2 t5) P (Sjmn 2 t5) + E(T, | Sia < t5) P(Sjrn <ty).

where n = Np(0) is the total number of Finns at present. S; = =, Ti, and
E(T; | Sj+1 = tg) = 2Np(ts)/(5(7 — 1)). The probability that IOSCA is younger
than the t; = SO generations is at least 0.86. and the median age of the mutation
is at most 68 generations. A younger median age than founding is consistent with
the disease being unobserved outside Finland. These calculations show that a single
selectively neutral mutation at founding would in fact be expected to lead to a copy
number greater than the 10000 currently observed for IOSCA. There is thus no need
to invoke selection in order to explain the observed current copy number. Figure 2.18
shows the empirical distribution of the number of ancestors n(t s) at founding obtained

by evaluating
P(n(tf) =J) = P(Sj+1 <ty) — P(5; < ty)
in the simulations. At a single locus. all 107 current Finnish copies are estimated to

descend from between 400-450 founding alleles. roughly 20-23% of the assumed 2000

originals.

2.8.2 Werner's syndrome in Japanese

The same methods adapted to a larger population were used to estimate the median
age of WRN4, the most common mutation for Werner's syndrome in the Japanese.
As described in section 1.4.2, we have assumed a present WRN4 copy number of

500, 000, and a total Japanese copy number of approximately 240 x 106.
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Figure 2.18: Empirical distribution of the number n(80) of ancestral founding copies in Finns. The
empirical distribution is based on 1000 ancestral replicates.

Simulations under the replacement hypothesis (section 1.4.2) show that the chance
that WRN4 is younger than founding is at least 0.50. Thus. the median age is at most
the assumed ¢; = 94 generations. Not suprisingly. under a birth-and-death process
model of WRN4 reproduction. the assumed current number of WRN{ alleles is about
the same as the expected number given survival to the present. The age of WRN4
under a transformation hypothesis (section 1.4.2) was also investigated. Under this
hypothesis, the modern Japanese were founded by a small number. say 1000, of Jomon
individuals arriving roughly 400 generations ago. Allele copy numbers at 94 gbp are
thus different under the transformation and replacement hypotheses. Simulations
under the transformation hypothesis show that the chance that WRN4 is younger
than 400 generations is small, and give a median age of about 411 generations.

As for the Finnish example, simulations assume a population of constant size
before founding. However, with the Japanese, the probability estimates themselves,
rather than the expected values in the formula (2.19), are Monte Carlo-based; 1i.e.,

observed branch lengths take the place of expected branch lengths and the resulting
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conditional probability is averaged over ancestral realizations. Monte Carlo estimates
of the probability were used because the large present copy number in Japanese leads
to computational underflow problems when calculating expected coalescence times.
The numerous tip branches on the coalescent are far too small, particularly in the
most recent 5 generations of rapid growth. The probability that the mutation is
younger than 5 generations is negligible since there are now 500.000 copies. Thus. in
the most recent 5 generations. a reversed Wright-Fisher model has been used to scale
down the copy number for each ancestral realization.

Hereafter. we assume the replacement hypothesis of Japanese origins, and fix a
single copy of the WRN4 allele in a founding Yayoi population of 2000 alleles in 350
B.C. (94 generations ago).



Chapter 3

RECOMBINATION ON THE COALESCENT

As noted in section 1.2, compared to a pedigree, there is a large number of meioses
on the ancestral coalescent. This greatly increases the chance of a recombination event
between the disease and marker, and allows for a much finer scale of mapping. In this
chapter. we discuss the process of recombination on the ancestral coalescent, and the
resulting marker identity by descent in the disease sample. This identity by descent

gives rise to disease associations at closely-linked markers.

3.1 Single marker recombinant classes

Consider a marker at a fixed small recombination fraction r from the disease muta-
tion. Once the coalescent of the disease sample is realized. using methods outlined
in section 2.6, recombination events between the disease and marker locus may be
placed on the ancestral tree. branch-by-branch. as follows. We take a branch of the
ancestry of length G generations to represent G meioses and therefore G opportunities
for recombination between the disease and marker. The probability of at least one re-
combination event on the branch is thus 1—(1—r)% ~ 1 —e~%". This overall approach
of realizing the coalescent of the sample of disease alleles and then placing recombina-
tion events on it is the same as that taken by Thompson and Neel (1997). Tree shape
dictates where recombination events are most likely to occur on the ancestry. Define
the tip branches of an ancestral tree to be the K most recent branches tracing back
in time from the i sampled allelic copies. Consider the conditional probability of a

recombination event on the tip branches, given that a recombination event occurs.
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0 Key:

0 = ancestral marker allele
1.2.3 = subsequent recombination events

0 2 2 1 3 0

Recombinant class identifiers on haplotypes

Figure 3.1: Definition of the recombinant classes of the sampled disease haplotypes, with reference to
a single linked marker. There are A’ = 6 disease haplotypes. with identifiers 0.2,2,1,3,0 respectively.
Thus there are four recombinant classes. two of size 1 and two of size 2.

This probability changes with the rate of growth of the disease population because
the shape of the ancestral tree changes. In rapidly-growing disease populations, more
of the total length of an ancestral tree is comprised of the tip branches. Thus. given
that a recombination event occurs, there is more chance that it is on the tip branches

in a rapidly-growing disease population than in a slowly-growing population.

At a marker locus. we define a recombinant class to be a subset of the current
sample of disease haplotypes descended from a given recombination event. As shown
in Figure 3.1, these single-marker recombinant classes partition the sample, all mem-
bers within a class being identical by descent at the marker locus, excluding marker
mutation. Thus all members of each recombinant class share a marker allele. The
marker allelic types of different recombinant classes are drawn independently accord-
ing to population marker allele frequencies. The marker allelic type of the ancestral

recombinant class has the same distribution as the other recombinant classses, since
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the disease mutation occurs randomly on a background haplotype. When generat-
ing single-marker recombinant classes, we need only consider the presence or absence
of recombination events on a given branch of the ancestral tree. For single-marker
mapping, multiple recombination events on the branch have the same effect on re-
combinant classes as a single recombination event. (However. multiple recombination
events on a branch, occuring in separate genomic segments defined by multiple mark-
ers, do affect multi-marker recombinant classes. However. the extension of the concept
of a recombinant class to multiple markers is deferred to section 6.2.) Of course. re-
combinant classes are latent variables: they cannot be observed. since no marker is
infinitely polymorphic.

At any given marker, the size and number of recombinant classes reflects the
underlying ancestral tree shape and length. For example. fast-growing disease popu-
lations with shorter ancestral trees should retain more ancestral marker alleles than
slower-growing populations. Although early recombination events will be rare on these
shorter ancestral trees, any that do occur will have less chance than those on longer
ancestral trees of being followed by recombination events closer to the tips. Thus,
nonancestral recombinant classes formed by early recombination events in rapidly-
growing variant populations will, when they occur, tend to be bigger than those in
disease populations of more stable size.

Figure 3.2 summarizes simulations at recombination fraction r = 0.01 for two
disease populations of current size Np(0) = 10000, growing deterministically at ex-
ponential rates m = 1.12 and m = 1.01. Simulations are based on 1000 realizations
of a coalescent for a sample of K = 20 disease alleles. Both the increased number of
ancestral marker alleles and the increased size of recombinant classes formed by early
fortuitous recombinations are evident for the faster growing population. In Figure 3.3,
disease growth is fixed at rate m = 1.12, approximating IOSCA in the Finns, as de-
scribed in section 1.4.1. The figure is based on 2000 coalescent realizations. For closer

markers, the number of ancestral alleles is increased and the number of recombinant
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Figure 3.2: Effect of deterministic growth of the disease population on recombinant classes. There
are i = 20 disease haplotypes sampled from a current disease population of size Np(0) = 10000.
The disease and marker loci are separated by a recombination fraction of r = 0.01. Light shaded
bars correspond to a disease growth rate of m = 1.12: dark shaded bars correspond to m = 1.01.
(A): Distribution of number of nonrecombinants. (B): Size of largest nonancestral recombinant class.
Results are based on 1000 coalescent realizations.
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classes is decreased compared to farther markers. Nonancestral recombinant classes
are also less numerous but, when they occur, they tend to be larger than those for
distant markers. This is due to recombinant classes formed by early recombination
events which are not followed by subsequent recombinations. However, in the limit,
as the recombination fraction r — 0. the probability of recombination and hence
nonancestral recombinant classes goes to zero. Simulations for Figure 3.3 use recom-

bination fractions r = 0.01 and 0.03, and are based on 2000 coalescent realizations.
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Figure 3.3: The effect of reduced recombination fraction on recombinant classes. There are K = 20
disease haplotypes sampled from a disease population of size Np(0) = 10000. The disease population
is assumed to grow deterministically at exponential rate m = 1.12. Recombination fractions of 0.01
(+) and 0.03 (o) are considered. (A): Joint distribution of number of nonrecombinants and recombi-
nant classes. (B): Size of largest nonancestral recombinant class versus number of nonrecombinants.

Large recombinant classes result from early recombination events which are not
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followed by recombinations closer to the tips of the ancestral tree. Ancestral trees
with longer root than tip branches would therefore be expected to yield large re-
combinant classes for marker loci lying within a certain range of the disease locus.
Markers within this range must be close enough to the disease mutation so that early
recombinations on long root branches are not followed by further recombinations.
However. the markers must not be so close to the disease that recombination is pre-
cluded. The longer the tree. the closer the marker needs to be in order to achieve
a large nonancestral recombinant class, since too high a recombination rate leads
to subsequent fragmentation of any early recombinant classes. Figure 3.4 confirms
that, at small recombination fractions, the probability of a large recombinant class
is increased for more stable compared to rapidly-growing disease populations. (Here
“large” is defined as bigger than 20% of the sample.) The figure also illustrates that
a single marker provides limited information for differentiating between multiple mu-
tations at the disease locus and multiple large recombinant classes; this point will
be discussed further in section 7.2.1. Even disease populations with relatively short
ancestral trees. such as IOSCA in Finns, have a nonneglible probability of a large

nonancestral recombinant class for some values of the recombination fraction.

3.2 Conserved ancestral region

By assumption, sampled disease alleles are identical by descent with respect to the
original disease mutation. As meioses accumulate on the ancestry that relates the
sample, recombination events fragment the ancestral haplotype, reducing the length
of the core genomic region shared identical by descent. The length of this conserved
ancestral region is thus another consequence of recombination on the coalescent. As-
suming no interference, recombination along the chromosome may be modelled as a
Poisson process with rate 1 per Morgan (Haldane 1919). Under this model, the length

in cM of the conserved region, given the number n of meloses on the coalescent, is a
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Figure 3.4: Probability of a large nonancestral recombinant class: N=10000. K=20. Solid lines are
deterministic growth at rates of 1.00 (o). 1.01 (A) and 1.1 (+). Dotted line (x) is stochastic variant
growth of [OSCA in Finns. Results are based on 2000 coalescent realizations.

gamma random variable with shape parameter 2 and rate n/100 (Boehnke 1994). This
calculation reflects the fact that the coalescent provides an implicit pedigree whose
total branch length gives the number of meioses separating sampled copies. Figure 3.5
summarizes the empirical distribution of the conserved length for a sample of A =10
disease alleles taken from a disease population of current size Np(0) = 10000. The
empirical distribution is based on 2000 coalescent replicates. The 5th and 95th per-
centiles, median, and mean length of the conserved region are plotted for IOSCA
growing stochastically in Finns, and for disease populations undergoing determinis-
tic exponential growth by a factor of m = 1.05, 1.12, and 1.5 per generation. The
deterministic growth rate m = 1.12 has been selected to match the current IOSCA
copy number, assuming the disease mutation was introduced into the population at
founding 80 gbp. Under deterministic growth at this rate, the mean length is about

0.40 cM. The mean number of meioses on the ancestry is about 474. Under stochastic
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growth, the mean length is increased to about 0.75 cM. and the expected number of
ancestral meioses is about 271. The number of meioses is reduced because stochastic
fuctuation reduces the coalescence times, as discussed in section 2.6. Increasing the
growth rate decreases the total number of meioses separating sampled copies. leading
to a length of conserved region of increased mean and variance. However. even un-
der rapid growth of the disease. such as m = 1.5. the expected number of ancestral
meioses is about 163, and the mean length is 1.2 cM. Given the large variance of this
shared length (the 5th and 95th percentiles of the distribution differ by a factor of
about 15), a wide range of outcomes is plausible for a given disease across replicate
populations. Hence, genome screening of disease haplotypes may prove useful for

some diseases in some populations, but not for others.

IOSCA/
Finns

m=1.50

m=1.12

m=1.05| ——

0.0 0.5 1.0 1.5 2.0 25 3.0
length (cM)

Figure 3.5: 5th and 95th percentiles (ends of horizontal lines), median () and mean (o) length of
conserved ancestral region based on 2000 replicates; A’ = 20, Np(0) = 10000. Solid lines are deter-
ministic growth at growth rates 1.5, 1.12 and 1.05. Dotted line is for stochastic growth corresponding

to IOSCA in Finns.

Houwen et al. (1994) successfully applied such a screening strategy to identify
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candidate genomic regions for benign recurrent intrahepatic cholestasis (BRIC) in an
remote Netherlands fishing community (see section 1.4.3). Suppose that two unrelated
affected individuals are observed. If the disease variant has grown exponentially at
constant rate. simulations show that the length of the conserved region shared by the
R = 4 disease haplotypes is expected to be about 5.9 cM. and that 90% of the time
this length will be somewhere in the range of 0.9-14.6 cM. If the disease variant has
grown stochastically, the expected length is increased to 7.1 cM. with a 90% chance of
falling in the interval 1.3-17.0 cM. Again. the approximate 15-fold difference between
the 5th and 95th percentiles indicates large variability in the outcomes across replicate
populations. Comparison of mean lengths in this example and the example of IOSCA
in Finns indicates that the impact of stochastic growth in disease copy number in
this rapidly-expanding community is less than the impact in the more slowly-growing
Finnish population. In the Finnish example. the mean length under deterministic
disease growth is 53% of the mean length under stochastic growth. In the example
for the Netherlands fishing community, the mean length under deterministic growth

is 83% of that under stochastic growth.

3.3 Sources of variability

This section investigates the variance contribution of the coalescent. The variance
of a random function W = W(A,R) of the ancestral process A and recombination

process R may be decomposed as
V(W)=E V(W | A)+VEW|A).

We interpret the component VE(W | A) as the variance due the ancestral coalescent.
Two random quantities W are considered: the effective number of recombination
events on the ancestral coalescent of the disease sample, and the length of the con-
served ancestral haplotype. The effective number of recombination events is defined to

be the number of branches of the ancestral coalescent with at least one recombination
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event in a specified chromosome segment. Thus if the number of disease haplotypes
sampled is K, an upper bound for this effective number is 2(A" — 1), the number of
branches on the tree. For this investigation, we make the simplifying assumption that
the disease population grows deterministically at constant exponential rate. This de-
terministic rate is calculated assuming one copy of the disease allele at founding, and
Np(0) copies at present. The rate therefore smooths over the expected patterns of
disease growth, given survival to the present. These growth patterns are investigated
in section 2.5.2. Typically, the deterministic rate is higher than the overall growth
rate of the total population. Conditional on survival of the disease mutation. there
is rapid initial growth in the expected number of disease copies. Once sufficient copy
number is achieved, however, the expected size of the disease subpopulation increases
at rates similar to the total population.

Hence. for a fixed sample of I” disease haplotypes. the relevant parameters are
the disease growth rates m. and the recombination fractions r. Qur interest is in
parameter values appropriate to fine-scale mapping in human populations: for r, this
implies values less than 0.05. For disease growth rates m. a conservative lower bound is
m = 1.01. reflecting the rapid initial growth expected for surviving disease mutations,
and the expansion of human populations after the development of agriculture. Indeed,
for populations founded relatively recently, such as the Finns and Japanese, we would
not expect rates to be much less than m = 1.03.

Figure 3.6 summarizes the percentage of the total variance due to the coalescent in
the effective number of recombinations. Results are for a sample of A~ = 50 haplotypes
drawn from a disease population of current size Np(0) = 10000, and are based on
1000 coalescent realizations. Figure 3.6(A) presents results for growth rates within
the range of interest, with the recombination fraction fixed at r = 0.02. Figure 3.6(B)
gives results for recombination fractions appropriate to fine-mapping, with the growth
rate fixed at m = 1.04. Most of the variability is attributable to the recombination

process. For example, when r = 0.02 the variance contribution of the coalescent is
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Figure 3.6: Variance contribution of the coalescent, as a percentage of total variance, for the effective
number of recombinations on the ancestral tree of A = 50 haplotypes, drawn from a disease popu-
lation of current size Np(0) = 10000. Variance contribution as a function of (A) the deterministic
rate m of disease growth for a fixed recombination fraction r = 0.02. and (B) the recombination
fraction r for fixed growth rate m = 1.04. Curves are based on 1000 coalescent realizations.

at most 32% at m = 1.01. and decreases rapidly as the growth rate increases. When
the growth rate is fixed at m = 1.04, and r varies. the variance contribution of the
coalescent is no more than 24% at r = 0.05.

The variance contribution of the coalescent is even smaller when considering the
conserved ancestral region in sampled disease haplotypes. The comparison involves
only the growth rate, and for all values within the relevant range. the variance contri-
bution is less than 1%. Taken together, these results suggest that the recombination
process rather than the coalescent process dominates the variability of the random
quantities that are of interest in disequilibrium fine-mapping with human populations.
As a consequence, disequilibrium analyses which ignore variation in coalescent times
may nevertheless lead to reasonable inferences about disease location, particularly
when mapping at scales of r < 0.02 in young expanding populations. In other words,
as long as expected coalescent times are about right. the exact model for these times

is relatively unimportant.




Chapter 4

RECOMBINANT CLASSES TO HAPLOTYPES

Barring natural selection and population stratification. marker identity by descent
underlies linkage diseq.uilibrium. We have shown that in a random sample of disease
haplotypes, identity by descent at a single marker is summarized by the recombinant
classes. However, it is marker allelic classes rather than recombinant classes that are
observed. In the absence of marker mutation on the coalescent. the allelic classes at
a given marker are the sets of sampled disease haplotypes bearing marker alleles of
the same type. Thus. because of their identity by descent. all marker alleles within
a recombinant class belong to the same allelic class. In addition, a single allelic
class may be comprised of several recombinant classes. To see this, consider the
recombination events that define two recombinant classes. Under random mating,
disease haplotypes recombine with random haplotypes from the population. If the
marker alleles on these randomly-selected haplotypes are the same. the marker allelic
type for both recombinant classes will be the same. The allelic type of a recombined
marker allele is random, and reflects population marker allele frequencies at the time
of the defining recombination. Throughout, we make the simplifying assumption
that these frequencies remain constant over disease history. This chapter reviews the
connection between single-marker recombinant classes and disease associations, and
then investigates the power and level of tests of association. Association detection
may be contrasted with estimation of disease location and accuracy of mapping, topics

which are pursued in chapter 5.




4.1 Single marker associations

The connection between recombinant classes and disease associations is best illus-
trated by the following simple example. Consider a diallelic marker which has equifre-
quent alleles in the population. As shown in Figure 3.1. suppose that in a sample of
K = 6 disease alleles there are two recombinant classes of size 2 and two of size 1.
To obtain the haplotypes. marker alleles are randomly and independently assigned to
each recombinant class. according to their population allele frequency. The ancestral
recombinant class is no different from the others because the mutation arises on a
random background haplotype. For example, in one possible assignment, both of the
larger recombinant classes could end up with the first marker allele. and the remain-
der could end up with the second. This would lead to a slight association. Qut of 6
sampled haplotypes, 2 +2 = 4 or 67% would carry the first marker allele, in contrast

to the 50% expected in the general population.

4.2 Power to detect association

To investigate the power to detect association. recombinant classes were generated
under varying recombination rates, for samples of varving size. drawn from disease
populations growing at varying rates. Marker allele tvpes were then assigned to these
recombinant classes, according to population frequencies. Marker polymorphism also
varied, but for simplicity all markers had equifrequent alleles. To detect association,
marker allele counts in a sample of A~ = 25 disease haplotypes were compared to
those in a control sample of 100 alleles via chi-squared tests with significance level
a = 0.05.

Figure 4.1 plots the power to detect an association as a function of marker polymor-
phism for different rates of disease growth. The results are based on 2000 coalescent
realizations from a disease population of current size Np(0) = 10000. The marker

is at recombination fraction r = 0.01 from the disease locus. Markers with up to
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Figure 4.1: Probability of detecting association at r = 0.01 as a function of marker polymorphism.
There are i” = 20 disease alleles and 100 control alleles. Disease alleles are sampled from a disease
population of current size Np(0) = 10000. Results are based on 2000 coalescent realizations. Solid
lines are deterministic disease growth at rates of m = 1.50 and m = 1.12: dotted line is stochastic
growth of IOSCA in Finns. Expected number of nonrecombinants: 16.8 for m = 1.50, 6.9 for
m = 1.11. 12.6 for stochastic growth. :

5 equifrequent alleles are considered. The sample size of A" = 25 ensures approxi-
mately valid chi-squared tests because the expected number of copies of each allelic
type is at least 5 under no association. However. general conclusions would not be
altered by using smaller sample sizes and exact permutation tests. Power curves are
shown for samples taken from disease populations growing deterministically at con-
stant exponential rates of m = 1.5 and 1.12, and stochastically like IOSCA in Finns
(see section 1.4.1). The deterministic exponential growth rate of m = 1.12 has been
selected to match current IOSCA copy number. assuming that the disease mutation
was introduced as a single copy at founding 80 gbp. Note that the size of the disease
sample (K = 25) is slightly high for IOSCA. The I0SCA allele frequency of about
1/1000 in the current Finnish population of 5 x 10° persons implies that between
0-10 nonconsanguineous homozygotes, or a sample of 0-20 disease alleles, would be

expected with 95% probability.



When the growth of disease copy number is deterministic, at constant exponential
rate m = 1.12, the number of nonrecombinants tends to be lower than when growth
is stochastic. Under deterministic growth at rate m = 1.12, the expected number of
nonrecombinants is 6.89, and under stochastic growth it is 12.61. There are fewer
recombination events under stochastic growth because the ancestral tree is shorter.
Stochastic growth of disease copy number reduces coalescence times. as discussed in
section 2.6. Expected total tree length is 589 generations under stochastic growth.
and 991 generations under m = 1.12. Similarly. the expected time to most recent
common ancestor is 35 generations under stochastic growth. and 64 generations under
m = 1.12. When disease copy number grows rapidly at the deterministic exponential
rate m = 1.5, the present disease copy number of Np(0) = 10000 implies a single
disease mutation at rougly 23 gbp. rather than 80 gbp. Ancestral trees tend to
be even shorter under m = 1.5 than under stochastic growth of IOSCA, with an
expected total length of 351 generations. and an expected TMRCA of 20 generations.
The expected number of nonrecombinants is correspondingly increased to 16.76.

Not suprisingly. the ability to detect an association is greatest when the number
of nonrecombinants is highest, at high rates of disease growth. The power curve for
stochastic growth of IOSCA is closer to the curve for m = 1.5 than to the curve
for m = 1.12, reflecting the the more similar expected total lengths of the ancestral
trees. Figure 4.1 also shows that power increases with marker polymorphism, particu-
larly when the disease grows more slowly, and the number of nonrecombinant disease
haplotypes is reduced.

Power was also evaluated empirically for a diallelic marker with equifrequent al-
leles, but this time as a function of recombination fraction. All other parameters
remained the same, except that a disease sample of more realistic size K = 10 for
IOSCA was drawn. A chi-square test of association was used. The expected number
of copies of each allelic type under no association is 3. and so the asymptotic chi-

square distribution is reasonable. Empirical probabilities of detecting association are
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Figure 4.2: Probability of detecting association as a function of recombination fraction for a diallelic
marker with equifrequent alleles. There are A’ = 10 disease alleles and 100 control alleles. Haplotypes
are sampled from a disease population of current size Np(0) = 10000. Results are based on 2000
coalescent realizations. Solid lines, deterministic disease growth: dotted line, stochastic growth of
an IOSCA-like mutation in Finns.




summarized in Figure 4.2. Results are based on 2000 coalescent replicates. Power
increases as the recombination fraction decreases, regardless of disease growth, but
drops off faster for lower growth rates. Under stochastic growth of IOSCA. association
may be detected at least half the time with diallelic markers up to about r = 0.015
from the disease locus. This upper detection limit is close to the r = 0.01 limit previ-
ously proposed (Kaplan et al. 1995. Boehnke 1994). When K = 10. the power curve
under stochastic disease growth is roughly midway between the curves under deter-
ministic growth at rates m = 1.5 and 1.12. When A" = 10. the expected total tree
length under stochastic growth is about 271 generations. roughly halfway between

163 and 474 generations, the expected lengths under m = 1.5 and 1.12. respectively.
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Figure 4.3: Probability of detecting association as a function of disease sample size K, for a WRN4-
like mutation in Japanese. A diallelic marker with equifrequent alleles is used. There are 100 control
alleles. Results are based on 1000 coalescent realizations. Curve for r = 0.005. solid line (o); r = 0.01,
dotted line (A); r = 0.015, short-dashed line (+); and r = 0.02. long-dashed line (x).

The power as a function of K, the number of sampled disease alleles, is also of

interest. Figure 4.3 displays empirical curves for different recombination fractions.
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The data are simulated to resemble a sample of WRN4 copies from the Japanese,
under the replacement hypothesis described in section 1.4.2. WRN14 is assumed to
have grown stochastically from a single allele at founding 94 gbp. A diallelic marker
with equifrequent alleles, and a control group of 100 alleles are used. Results are based
on 1000 coalescent realizations. Probabilities range from 0.2 — 1.0. and so the Monte
Carlo standard error is expected to be as high as 0.016. The plot shows that within
» = 0.005 of the disease mutation there is reasonable power (i.e.. 2 80%) to detect
association with as few as K = 25 disease copies. When sample size is increased
to K = 30, association may be reliably detected up to r = 0.01 from the mutation.
However. even with diallelic markers as far away as r = 0.02. reasonable power can

still be achieved provided about A" = 150 or more disease alleles are sampled.

4.3 False-positive rates

When analysing contingency tables in association studies. investigators often reduce
the number of allelic categories, and the sparseness of the table. by pooling all alleles
but the one or two that are most frequent in the disease sample. The idea is that the
most frequent alleles in the disease sample represent the ancestral alleles for one or
two major mutations. Applying a chi-squared test to such a collapsed contingency
table would be expected to inflate type I errors (Goddard et al. 1996, Terwilliger
1995). As pointed out by J. Felsenstein (personal communication), comparing this
chi-squared statistic to a reference distribution with r + ¢ — 3 = 7 — 1 degrees of
freedom, where r is the number of alleles and ¢ = 2, yields a conservative test. The
test is conservative because grouping rows and columuns of the contingency table to
maximize the chi-square statistic leads to a chi-square distribution with degrees of
freedom r + ¢ — 3 (Williams 1952).

Figure 4.4 illustrates the effects of selective grouping under no association. Chi-

squared tests are used to compare 100 disease haplotypes to 200 control haplotypes.
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Results are based on 15000 and 300000 realizations. for tests which pool all alleles
but the one and two most frequent in the disease sample. respectively. Type I error
can be inflated up to five times the nominal rate when the two most frequent alleles
in the disease sample are retained in the contingency table, and up to three times
the nominal rate when only the most frequent allele is retained. These results are
reflected by the chi-squared distribution of the conservative test statistic, which has

increasing degrees of freedom in the number of marker alleles.
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Figure 4.4: Type 1 error incurred from selective grouping on all but the one (2x2 table. solid line)
or two (3x2 table, dashed line) most frequent alleles in the disease sample. There are 100 sampled
disease haplotypes and 200 control haplotypes. Yates continuity correction is used for the 2 x 2 table.
Results are based on 15000 and 300000 realizations for the 2 x 2 and 3 x 2 tables, respectively.




Chapter 5

SINGLE-MARKER MAPPING

This chapter develops a linkage likelihood for disease location based on marker
identity by descent. as summarized by recombinant classes. Our approach thus differs
from previous likelihood approaches, all of which are formulated in terms of marker
identity by state. Most of these likelihood methods. including ours. involve simulation
of disease haplotype histories or ancestries. Kaplan et al. (1995) provided the first
linkage likelihood. They use forwards simulation of disease history, with rejection
sampling of histories which do not lead to current disease allele counts within a
specified range. Rannala and Slatkin (1998) simulate ancestries of disease alleles,
conditional on the current disease allele count and the sampling of a specified number
of disease haplotypes. To bypass simulation of disease histories and the resulting
marker allele frequencies, Xiongand Guo (1997) developed an approximate likelihood.
The approximation uses the first and second moments of these allele frequencies,
calculated under a Wright-Fisher population genetic model. However, moments are

not conditional on current disease allele count.

5.1 Notation

Suppose A~ disease-bearing haplotypes are sampled from a population whose growth is
described by known demographic parameters A = (t7, {A(f): 0 <t <t 7}), where time
t; and population growth rates A(t) are as defined previously. The recombinant class
information on sampled haplotypes can be summarized as X, a vector of recombinant

class counts indexed by the size of the recombinant class (Figure 3.1). The element




78

X; of X is the number of recombinant classes of size i. 1 <i < A. The labelling of
the recombinant classes themselves is irrelevant.

Consider an m-allele marker at recombination frequency r from the disease lo-
cus. The population allele frequencies at the marker locus. q = (91.42, - - - gm). are
assumed to have remained constant over time. Let Y be the vector of marker allele
counts for the sample; Y; is the number of sampled disease copies carrying marker

allele 7, 7 =1....,m.

5.2 Single-marker likelihood

The probability for the data Y. or likelihood for the recombination frequency r, can
be written
L(r) = Pqra(Y)= qu(Y | X)Pa(X) (5.1)
where P o(Y | X) is the conditional probability of the data Y given X, the marker
identity-by-descent information, and P, A(X) is the probability of X. Equation (5.1)
uses the patterns of marker identity by descent to partition the likelihood. As noted
by Thompson (1997), partitioning on gene identity by descent forms the basis of
inference in genetic linkage analysis, whether the data arise from pedigree, sib-pair,
or, in our case, population-genetic studies.
The identity-by-descent information X is a function of the coalescent ancestry, A,

and the recombination events. R, on its branches:

L(r) = Pqra(Y) = Y Po(Y|X(A.R))P.(RIA)Pa(A).  (5:2)
(A.R)

As discussed in chapter 2, the ancestry is, in turn, a function of the disease popu-
lation size Np = {Np(t),0 < t < ty} over disease history. Thus, we may rewrite

equation 5.2 more fully as:

L(r) = Pgra(Y)

= Y P4(Y|X(A(Np),R))P.(R|A(Np))P(A | Np)P s(Np).
(A,ND.R)
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Figure 5.1: Notation for configuration C = {cij} of recombinant classes. Note that y; = Zﬁ.—x i Cij.

Equation (5.1) suggests Monte Carlo evaluation of the likelihood for r given ob-
served allelic classes Y = y by sampling recombinant classes x from P, a(X) and
averaging P 4(y | x). over the realized values x of X. Realizations of X are obtained
by Monte Carlo simulation. as outlined in the previous section. (By contrast. an
alternate disequilibrium-mapping method being developed by J. Felsenstein and col-
leagues (personal communication) uses an approach based on Markov Chain Monte
Carlo sampling of labeled ancestries.)

To evaluate the likelihood, we require
Pa(y | x) =Y _P(C|x), (5-3)
C

where C = {c;;} denotes a configuration of recombinant classes consistent with x and
y such that ¢;; recombinant classes of size 7 are assigned to allele j. Figure 5.1 shows
the notation. The row totals for C are given by x. since r; = 3 Cij- The column
totals are given by n, where n; is the the number of recombinant classes assigned to
marker allele j. The number y; of sampled disease haplotypes carrying marker allele
th

Jisy; = K i cj, the inner product of the recombinant class sizes and the j
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column of the matrix C. The setup for determining possible configurations C is thus
analogous to that for determining possible tables in Fisher’s exact test (Fisher 1970),
except that conditioning is on the row totals x and column inner products y, rather
than on the row totals x and column totals n.

th

The probability P(C | x) is obtained as follows. Given x. the i~ row of C is

multinomial with parameters z; and q, and thus has probability

H I=l1 cij! J=1
The product of these independent multinomial distributions over the rows (recombi-
nant class sizes) therefore gives

PIC %) = (T, =) X( i g’)

K m !
i=1 Llj=1 Ci5-

so that equation (5.3) becomes

K nj
Pq(y ‘ X) = ZP(C | X) = (H I,’!) X Z Tj—ﬂl—"‘. (5.4)
C =1

™m
j=1 G-

To evaluate P (y | x), we enumerate all tables or configurations C of recombinant
classes consistent with x and y. A variant of the network algorithm of Mehta and
Patel (1983), in which a path through a network represents a consistent table, is used.
Details are given in Section 5.3 below.

Statistical uncertainty is measured by variance of estimators or curvature of the
observed or expected likelihood surface. However. here we have no explicit form for
the likelihood. Instead, a bootstrap approach may be applied. but this is also non-
trivial, since we have a single realization of the coalescent process of disease ancestry,
and hence of the underlying recombinant classes. Thus. adopting a nonparametric
bantstrap approach, and sampling with replacement from the current disease sample
amounts to bootstrapping one observation, and does not reflect the variation in recom-

binant classes across replicate populations. The recombination process contributes
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to the variation in recombinant classes. and so inferences about the recombination
fraction must account for the variation. We therefore adopt a parametric bootstrap
approach. and generate realizations of Y under the MLE. reestimating r for each such
realization. Support intervals for r are defined by dropping down from the maximum
of the original likelihood surface. The interval capturing the appropriate percentage
of the (parametric) bootstrapped MLE’s is selected as the confidence interval.

We illustrate the approach with the Japanese example for a sample of A" = 50 dis-
ease haplotypes. Two markers, M2 and M3, separated by a recombination frequency
0.01 flank the disease, which is located at recombination frequency 0.006 from M2
and 0.01 — 0.006 = 0.004 from M3. (For fine-scale mapping such as this. recombina-
tion frequencies are effectively additive.) Each marker has four equifrequent alleles.
Estimated single-marker likelihood surfaces. calculated over a grid of recombination
fractions spaced at one-tenth of a percent (0.001), are based on 10.000 Monte Carlo
replicates. With one user on a Pentium 133 MHz. the single-marker map for 20 re-
combination frequencies ranging from 0.001-0.020 takes about 15 minutes. Bootstrap
confidence intervals are based on 200 bootstrap samples.

The simulated data are y; = (2,2,44,2) for the marker M2. and y2 = (46,2,1,1)
for M3. Lod scores (log,q likelihood-ratios) for M2 are shown in Figure 5.2. The MLE

is # = 0.005. with associated 95% confidence interval 0.0016-0.0110. The confidence
| interval corresponds to about a one lod-unit support interval. just over what would be
computed assuming a chi-squared approximation to the distribution of minus twice
the log, likelihood-ratio. The likelihood surface for the marker M3 (results not shown)
has more curvature about its MLE of # = 0.003 than the likelihood surface for M2.
Increased curvature is expected at lower recombination fractions because ancestral
recombinant classes.tend to be larger, and sampled marker alleles more dependent.
(Likelihood curves based on positively-correlated data have curvature that increases
with dependence.) For marker M3, the 95% bootstrap confidence interval is 0.0004-
0.0110, and corresponds to a lod-score difference of about 2. The confidence interval
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Figure 5.2: Single-marker lod-score (logio likelihood-ratio) curve and parametric-bootstrap confi-
dence interval for r. There are A = 50 disease haplotypes, and lod scores are estimated from 10000
Monte Carlo realizations.

for M3 thus represents a larger drop in lod than the confidence interval for M2,
as would be expected with increased dependence under the smaller recombination
fraction. As the recombination fraction gets smaller. confidence intervals based on
the chi-squared approximation are expected to become increasingly too narrow. The
chi-squared approximation assumes independence among marker alleles, but positive

correlation increases as the recombination frequency decreases.

5.3 Evaluating P ,(y | x)

This section gives details on the network algorithm used to evaluate Po(Y =y | X =
x) in Section 5.2. Mehta and Patel (1983) develop a network algorithm to compute
p-values for Fisher’s exact test on contingency tables. Their application requires

enumeration of all tables consistent with given marginal totals; these consistent tables
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are efficiently represented as paths through the network. Our application is similar,
but conditioning is on row totals z; and column inner products (weighted column
sums) y; = vK ici;, rather than on row totals z; and column totals n; (Figure 5.1).
A further difference is that, in our application. it may be impossible to assign the
sampled recombinant classes (x) to alleles in a manner compatible with the observed
allelic classes y. For example, the size of the largest recombinant class could be larger
than the size of the largest allelic class, in which case P o(y | x) =0.

The number of paths through a network can be much larger than the number of
nodes. For instance, one network for a diallelic marker had 11.774.790 paths but only
524 nodes. A network is thus an efficient representation of the often large number
of tables consistent with marginal quantities. The nodes represent updated column
margins; specifically. these are the recombinant classes remaining to be assigned to
an allelic type. The edges represent the columns of cells in the table, the counts
ci; of recombinant classes of size i assigned to allelic type j. A convenient feature
of the network representation is that tables are easily extracted by traversing paths.
As a path is traversed. the probability of the table is determined by multiplying
predetermined edge weights (see equation (5.4)).

Consider a simple example for a three-allele marker with allelic classes of size
yp =9,y = 7, and y3 = 6, and corresponding allele frequencies q = (q1,92,93)-
Suppose that there are z; = 2 recombinant classes of size 1. r, = 1 recombinant class
of size 2, and 3 = 6 recombinant classes of size 3. Thus x = (2.1,6) and y = (9,7,6).
The three possible tables associated with x and y are shown in Figure 5.3.

To obtain the possible tables, recombinant classes are assigned to small allelic
classes before large allelic classes. Within any allelic class. the largest recombinant
classes are assigned first. Assuming allelic classes in the table are listed in decreasing
order of size from largest to smallest, we start at the bottom right corner of a table
and works upwards and leftwards to build the network. Figure 5.4 gives the network

for the example.
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Marker allele
1 2 3
Recombinant : =1 c11 C12 ci3 Ty =2
class size 1 1 =2 C21 C22 C23 I, =1
1 =3 C31 C32 C33 I3 = 6

y1=9 y2=7 y3=6

1 2 3 1 2 3 1 2 3
1{0 1 1(2 110 2 02 111 1 02
210 0 171 201 01 211 0 041
313 2 1|6 3(3 1 216 312 2 216

9 7 6 9 7 6 9 7 6

Figure 5.3: The general configuration table, and the three possible configurations for the example
with x = (2.1.6) and y = (9.7.6). The network is shown in Figure 5.4.

Terminal Node Root Node

Figure 5.4: The network diagram for the example with x = (2, 1, 6) and y = (9,7,6). The corre-
sponding configurations are shown in Figure 5.3
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5.8.1 Steps of the algorithm

Let x* be the current row margin and y~ the current column margin. We build the

network from the right (or root) starting with x* = x and y* =Y. Place x” in the

network as the initial or root node. In the example. we start with x* = (2.1,6) as

the root node and y* = (9,7.6). Suppose the largest recombinant class is of size [

and the marker has m alleles. In the example. ] =3 and m = 3.

Starting with : = [ and j = m:

Ut

Compute a feasible range for ¢;;. For instance. in the example, the feasible
range for cs3 is {1,2}. Details on computing the feasible range are given in

section 3.3.2.

. Select a possibility from within this range for c;;. For illustration, suppose

c33 = 1 is selected.

Update x™ and y™: X! — X] — ¢ij, ¥; = ¥; — 1 X ¢;;. For instance, after cz3 =1
is selected. x* changes from (2.1.6) to (2.1.3) and y" changes from (9.7.6) to
(9,7.3).

Move up the column: i — ¢ — 1. Repeat steps 1.2.3 for the new (z,7). For

instance, after selecting cs3, we move up the third column to select ca3.

When the top of a column of the table has been reached (1 = 1), place x* in
the network as a node and connect it to the previous node that gave rise to it.
If x* is already in the network, do not add it again. just make the connection
to the previous node. In the example, the choice ¢33 = 1, gives rise to unique
possibilities c3 = ¢13 = 1, with an associated network node x* = (1,0,5) after

completion of the column ¢ = 3. (Figure 5.4).
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6. Go to the next column of the table: i — I and j — j — 1. For instance, after
the top of the column is reached and ¢;3 has been selected. we move left in the

table to the bottom of the second column and select ca;.

=1

Repeat steps 1.2,3.4,5 for the new column.

8. When the table is completed (i = j = 1; x™ = (0.0.0)). or the selected path
terminates prematurely, return to the last cell in the table at which unexplored

values in the feasible range exist. and repeat steps from step 2.

In the example, the choice ca3 = | determines a single feasible path and configuration.
Returning to i = j = 3, the alternate choice, ca3 = 2 also gives rise to unique
possibilities c;3 = ¢;3 = 0 and the third-column. associated node x* = (2,1,4)
There are then two possible choices for ¢z, each providing a feasible configuration
(Figure 3.4).

Once a network has been constructed, the difference in elements of nodes flank-
ing each edge defines the appropriate column of a table. The three paths in Figure
5.4 from the root to terminal node correspond to the three possible tables, whose
columns can be read off the edges. The third column has two possible assignments,
(1,1,1) and (0,0,2). If the third column is (1,1,1), the second column is (1,0,2). If
the third column is (0,0.2), the second column is either (2.1.1) or (1,1.2). If the
second column is (1,0,2) or (2,1,1), the first column is (0.0.3). If the second column
is (1,0.2), the first column is (1,1,2). The probability of a table, up to the multi-
plicative constant [, z:! = [TL, zi!, is determined by the product of edge weights
along the path, where the weight for an edge corresponding to the j** column is
¢’ /T it = ¢/ 1L, cij! (equation (5.4)) Summing these probabilities over all

paths results in P o(y | x) (equation (5.3)).
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5.3.2 A feastble range for c;;

The number c;; of recombinant classes of size i assigned to the 7** marker allele has

four restrictions:

1. The number of disease copies i X ¢;; defined by the cell can be no more than the

size y; of the appropriate allelic class: i.e.. i X ¢;; < yj.

9. The number of recombinant classes ¢;; of a given size 7 assigned to a marker
allele j can be no more than the number of recombinant classes z; of that size;

le..cj; < z;.

3. The number of disease copies i X =} — i X ¢;; remaining for the rest of the row
i to the left of the cell ¢;; (that is. for columns 1...; —1 of row i) can be

no more than the pooled size Y- yr of the corresponding allelic classes; i.e.,

. - . -1
ix e —ixc STis Ui

4. The number of disease copies y; — i X ¢i; remaining for the rest of the column j
above the cell ¢;; (that is, for rows 1...:1—1 of column j) can be no more than
the number of copies Yj=} [ x z] defined by the corresponding recombinant class

sizes: l.e.. y; — 1 X ¢ij < izt x zj.

The first two restrictions imply the upper bound of the feasible range for c;; given
above,
while the second two imply the lower bound.
1 -1 1 i-1
e zmax |2} — =y 2ly; - I x =il -
L= L I=1

Thus, in the example, the feasible range for caz is {1,2} since

cs3 < min (26) —9




S8

and

c332max(6—§x (9+7),% x[6—-(1x2+2x 1)]) =max(§,§> = %

Provided x and y are compatible, at least one path in the network will terminate.

Assigning values within the feasible range to cells in order of largest to smallest
recombinant class and smallest to largest allelic class limits, but does not eliminate.
nonterminating paths in the network. A small example, with x = (2,1.2) and y =
(4,4,2) is shown in Figure 5.5. It is necessary that c33 = 0. but then the feasible
range for c,3 is {0,1}. The choice c;3 = 1 leads to a path reaching the terminal
node and a feasible configuration. but c;3 = 0 leads to an empty feasible range at
i = j = 2 (Figure 5.5). In contrast, all paths of a network in the Mehta and Patel

(1983) method reach the terminal node because the application requires singletons

rather than recombinant classes to be assigned to cells.

5.4 Monte Carlo properties

For the method presented in this dissertation. where coalescents of the disease sample,
and thence recombinant classes, are realized independently, the Monte Carlo error
is readily assessed. and is primarily a function of Monte Carlo sample size. Note,
however, that the effective Monte Carlo sample size for a likelihood L(r) varies with
the value of r.

If the hypothesized location of the disease gene is much closer to a marker than
the true location, many of the recombinant class realizations simulated at the hypoth-
esized location will be inconsistent with the data y due to an ancestral recombinant
class that is larger than the largest allelic class. Thus, for example, if 10,000 realiza-
tions of x are used at each location at which a likelihood is to be estimated, sample
sizes close to 10,000 will be realized only for locations in the neighborhood of the true
recombination fraction or locations with recombination frequencies that are larger

than the truth (Figure 5.6). Figure 5.6 shows the number of compatible realized
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(A) c3=1:
Marker allele
1 2 3
Recombinant i=1l|c1=1 c2=1 c3=0|z,=2
class size 1 i=21cn=0 cp=0 cpn=1|z2=1
i=3les1=1 c32=1 c3=0]|z3=2
n=4 y=4 y3=2
(B) c23=0:
Marker allele
1 2 3
Recombinant i=1|¢cy3=—- ci2=—- c3=2}z;,=2
class size ¢ i=2]cqu=— cn=0 cu3=0jz2=1
i=3|cp=— cp=1 c3=0]z3=2

n=4 Y=+ y3=2

Figure 5.5: Configuration tables showing a case where there is (A) one non-terminating path (c23 = 1)
and (B) one terminating path (cz3 = 0). The dataarey = (4.4.2), and the recombinant class vector
is x = (2,1.2). 0, empty feasible range; —, undefined feasible range.
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Figure 5.6: Proportion of realized x compatible with observed y = (2,2.44.2), as a function of
hypothesized r. There are A = 50 disease haplotypes, the true r-value is 0.006. and the marker has
four equifrequent alleles. The curve is based on 10.000 realizations of x at each value of r.

(x,y) pairs as a function of the hypothesized r in one such Monte Carlo simulation
for the Japanese example. The data y = (2,2.44,2) are those considered previously
(Figure 5.2). For values of r that are substantially smaller than the true value, only
a small fraction of the 10.000 Monte Carlo realizations results in x-values compatible

with data y.

However, Monte Carlo error in estimated likelihoods is of most concern in the
neighborhood of the maximum, where there are few incompatibilities, not for the
smallest values of  where the likelihood is small. Figure 5.7 shows the Monte Carlo
standard error of the estimated likelihood as a percentage of the estimated likelihood
value for the above example. The estimated log,, likelihood is also shown. Therelative
Monte Carlo error is minimized in the neighborhood of the MLE at 7# = 0.005. In
absolute terms, the error in the likelihood at the maximum is about 3 x 1075, The

maximum estimated likelihood at # = 0.005 differs by 3 x 10~* from the likelihood
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Figure 5.7: Relative Monte Carlo error as a percentage of the estimated likelihood (above), and, for
comparison, the estimated log;, likelihood (below).
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at the adjacent r = 0.004 on the search grid. and by 6 x 10~ from the estimated
likelihood at r = 0.006. The Monte Carlo error in the estimated maximum likelihood
is therefore an order of magnitude smaller than the differences between estimated
likelihood values in the neighborhood of the maximum. These results indicate that
10,000 Monte Carlo replicates are sufficient to locate the MLE to the resolution 0.001
used in the grid search.

Another aspect of the precision and efficiency of Monte Carlo is the choice of the
Monte Carlo paradigm. We have chosen to realize recombinant classes x and compute
analytically P (y | x). Alternatively, allelic classes Y at present or in the past can be
realized and scored when they are consistent with observed data (Rannala and Slatkin
1998). Generally, the more that can be computed analytically, the smaller the Monte
Carlo error. To illustrate. we compare Monte Carlo sampling of recombinant classes to
scoring of present allelic classes. The standard error of an estimator of a Monte Carlo
likelihood based on scoring is £ = /P(1 — P)/S. where P is the likelihood value. and
S is the Monte Carlo sample size. Given the desired accuracy, E. this may be solved
for the required number of allelic class replicates. S. When the observed data are
y = (2,2.44,2), approximately 3 million allelic class replicates are required to achieve
the same degree of accuracy in the neighborhood of the MLE as 10.000 recombinant
class replicates. Standard errors and estimated likelihoods from Monte Carlo sampling
of recombinant classes are used in this calculation. When both Monte Carlo sampling
schemes are calibrated to have the same degree of accuracy, the run based on scoring
takes about 150 times longer. The scoring method used for this comparison generates
allelic classes y by randomly assigning the underlying recombinant classes to alleles.
As marker polymorphism increases, Monte Carlo sampling of recombinant classes
approaches rejection sampling of allelic classes. In the limit, the allelic classes are the
recombinant classes.

Replicates in our Monte Carlo approach correspond to a given coalescent ancestry,

A, that is recycled over recombination frequencies, r, in the search grid. Recycling
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is possible because the recombination process does not enter into the generation of
ancestral coalescents (equation (5.2)). Recycling smooths the likelihood curve since
recombinant class realizations at different r share the same ancestry. In addition,
computational time is saved by recycling, and it may be possible to economize further
by eliminating the generation of tree topologies. F. where A = ( F,t). Sampling
coalescent times, t, and averaging conditional probabilities of observed allelic classes
Y given only these times would be a Monte Carlo paradigm that would require fewer
replicates than one sampling either recombinant classes X or allelic classes Y. The

form
Lr) = P(Y) = /tP(Ylt)P(t)dt

may be contrasted both with our equation (5.2) and with the final equation on P.463
of Rannala and Slatkin (1998). Since each pair of extant ancestral lineages has the
same probability of coalescing, the topology of the ancestral tree has a parameter-
free distribution. The results of Harding (1971) on the probability distributions of
unlabeled tree topologies F could provide a basis for analytic evaluation of the condi-
tional probability of observed allelic classes given coalescent times. In principle, these
probabilities of unlabeled tree topologies would be used to reweight the probability of
allelic classes given a tree (topology and coalescent times) in a sum over all possible

topologies:
P(Y|t) = Y P(Y|A=(Ft)P(F)
F

However, exact calculation of P (Y | t) currently seems impractical, as there are many
unlabeled topologies, F over which to sum, even with a disease sample of moderate
size. Moreover, evaluation of allelic class probabilities for any given ancestry A is

computer-intensive, since

i

P(Y | A =(F,t)) Y P(Y,R|F,t)

R
Y P(Y|X(R,F,t))P(R|F,t).
R




Chapter 6

MAPPING WITH MULTIPLE MARKERS

Typically, map positions of marker loci within the candidate genomic region are
assumed to be known. These established maps allow the hypothesized trait gene
location to be varied throughout intervals defined by the markers. The resulting
likelihoods can then be plotted as a function of disease location. Use of multiple
markers is desirable in pedigree analyses because of increased power to detect linkage,
and improved accuracy of the location estimate (Ott 1992). When a single marker
is uninformative, additional markers may provide information about recombination.
In addition. markers flanking the disease provide information about recombination
events on either side of the disease locus, allowing localization within the interval.
Not suprisingly. these considerations apply equally to disequilibrium mapping. This
chapter describes interval disequilibrium mapping, which uses allelic information on
two markers assumed to flank the disease. Extensions to multipoint disequilibrium

mapping are also discussed.

6.1 Interval mapping

Suppose the disease locus lies in an interval of known length s x 100 cM defined by
two markers. Recombination events on either side of the disease locus occur inde-

pendently on the underlying coalescent ancestry, A. Genetic interference (Haldane

on both sides of the disease in a single meiosis is negligible. Let r and r* denote the

recombination frequencies between the disease and first and second flanking markers
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Figure 6.1: Map of four equispaced markers M1-M4. and disease. for the example of interval mapping

respectively. Under the scale typical of disequilibrium fine-mapping, recombination
fractions may be considered additive, so that r+r” = s. (Nonadditive recombination
fractions can also be accommodated, if desired.) Further. assuming absence of allelic
associations between the markers in the total population at the time of the most re-
cent common ancestor of the sample, allelic types at the two markers are independent.

- The consequence is that equation (5.2) becomes

Lir. " =s5-1) = Pgrea(Y.Y") (6.1)
= (ZPq(Y | X(A.R))P (R | A)) x
A \R

(ZPq<Y' | X"(A.R"))P (R | A)) Pa(A)
2.

where Y and Y* are the data at the two markers. X and X" the underlying recombi-
nant classes, and R and R" the two sets of recombinant events. Thus, simulation and
computation may be done as for the single-marker case. We have assumed absence
of associations between markers at the time of the most recent common ancestor of
the sample. J. Felsenstein and colleagues are developing a disequilibrium-mapping
method that does not require this assumption. Their method reconstructs ancestries
for the alleles at linked markers (personal communication).

We illustrate interval mapping with the Japanese example. We assume four equi-
spaced markers M1-M4, at recombination frequencies s = 0.01 apart, defining three
intervals (Figure 6.1). The disease is located in the second interval, at recombination
frequency r = 0.006 from M2 and r* = s — 7 = 0.004 from M3. Each of the four
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markers has four equifrequent alleles. As before, estimated likelihoods are based on
10,000 Monte Carlo replicates, and bootstrap distributions on 200 bootstrap samples.
For the K = 50 sampled disease haplotypes, the simulated (marginal) data for M1
through M4 are. respectively, y1 = (2,6,3,39), y2 = (2.2,44.2), ys = (46,2,1.1),
and y4 = (7.4.33.6). Under the assumption of no association between markers at the
time of the most recent common ancestor of the sample. the ancestral alleles defin-
ing the background haplotype at this time are independent. Thereafter, recombined-
marker alleles are independent since recombinations occur independently on either
side of the disease locus. As a result, current marker allele status is independent. and

only the marginal allelic counts for each marker are required for interval mapping.

The procedure correctly identifies the disease interval. The maximum lod score is
at least 5 units above the maxima in adjacent intervals: the correct interval is 100,000
times more likely. The disease location is correctly estimated at 7 = 0.000 from the
disease. (Of course, in this case, the exact location lies on the search-grid. and hap-
pened to be correctly determined. In general. the accuracy of the estimate is limited
not only by the amount of data, but also by the resolution of the grid.) The location
estimate has associated 95% parametric-bootstrap confidence interval -0.0034-.0020.
computed as described in section 5.2. The confidence interval is narrower than those
obtained from separate consideration of flanking markers in single-marker mapping,
indicating the greater power of interval mapping. The greater power is also reflected
in the curvature of the likelihood surfaces at the MLE. Figure 6.2 shows the lod score
surface relative to its maximum. For comparison, the single-marker log-likelihood
with most curvature at its MLE - the log-likelihood for M3 - is also plotted relative
to its maximum. The greater power of interval mapping compared to the single-
marker lod score is not surprising given that interval mapping uses information at
two markers which flank the disease. Lod scores are not plotted at the markers; at
each marker, the log-likelihood for 0% recombination is —oo since more than one

allelic class is observed.
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Figure 6.2: Information in interval versus single-marker mapping. Using the marker map of Fig-
ure 6.1, the interval-mapping lod-score curve is shown relative to its maximum (solid line). For
comparison, the single-marker lod-score curve for marker M3 is also shown, relative to its maximum
(dashed line). There are K = 50 disease haplotypes, and lod scores are estimated from 10000 Monte
Carlo realizations.
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Marker allele frequencies influence the power to detect allelic associations (Olson
and Wijsman 1994, Lewontin 1988), and hence the power of disequilibrium-mapping
methods. Goddard et al. (1996) discuss the limitations of disequilibrium measures
when the disease locus lies in a genomic region of relatively uninformative markers.
We investigate the performance of interval-mapping under these circumstances. For
instance, will a disease interval defined by low-heterozygosity markers be correctly
identified? Figure 6.3 illustrates a simple situation for the Japanese example, in
which diallelic markers (U",U), both with population allele frequencies of 0.9. flank the
disease locus (D), and separate it from an informative marker (I) with 4 equifrequent
alleles in the population. Markers are spaced at recombination fraction 0.01. Adjacent
markers define two contiguous intervals, U-U and U-I. There is also one larger interval
U'-1, with defining markers separated by recombination fraction 0.02. The disease
is located in the center of U-U. at r = 0.005 from both markers. Interval lod-
curves are indicated by solid lines, and single-marker curves by symmetric dashed
lines about the appropriate marker. Ounly single-marker lod-curves for markers U
and I are plotted. Considered alone. the interval-mapping lod-curves for U'-U and
U-I incorrectly suggest that the disease is located in U-I1. The low heterozygosity of
the uninformative markers drastically reduces power to detect linkage to the disease
interval U'-U. Power is improved by including the informative marker. The maximum
interval-mapping lod-score for U'-I is at least 5 units higher than the maximum for
U’-U. The single-marker data for I also indicate that the disease lies outside U-I.
The maximum single-marker lod-score for I is higher than the maximum interval-
mapping lod-score for U-I. This example illustrates how naive application of interval
mapping may be misleading when only intervals defined by adjacent markers are used,
and some intervals are defined by low-heterozygosity markers. These same cautions

would apply to interval-mapping with pedigree data.
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Figure 6.3: Interval (solid lines) and single-marker (short-dashed lines) lod-score curves when the
disease locus is flanked by relatively uninformative markers U and U’, and there is an informative
marker I nearby. Population allele frequencies are ¢ = (0.9,0.1) for markers U and U’, and ¢ =
(0.25, 0.25,0.25, 0.25) for marker L. Single-marker lod scores are shown for markers U and 1. The
Japanese example is used, with a sample of A’ = 50 disease haplotypes. Lod scores are estimated
from 10000 Monte Carlo realizations.
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6.2 Extensions to multipoint mapping

When flanking markers are not highly polyvmorphic. additional information on histor-
ical recombination events between the disease and flanking markers may be gained
by considering jointly several markers on each side of the disease locus. Considering
markers jointly incorporates the haplotype information available across markers. In
interval mapping, the more polymorphic a flanking marker. the more nearly its al-
lelic classes determine the corresponding single-marker recombinant classes. x. In the
limit, x is observed, and interval mapping is fully efficient. As for interval mapping,
recombination events in disjoint segments of the chromosome occur independently on
the ancespra.l coalescent A (equation (6.2)). However. given the ancestry, the sets
of single-marker recombinant classes are now dependent. Recombination events be-
tween the disease and a flanking marker are a subset of those between the disease and
a farther marker. and thus the recombinant classes for the farther marker partition

those for a closer marker.

Multipoint mapping thus requires extension of the concept of a recombinant class.
The defining principle is analogous: disease haplotypes in the same multi-marker
recombinant class share a common ancestor at all the markers. As before. recombinant
classes are obtained by placing recombination events on the realized ancestral tree,
for each disjoint chromosome segment defined by the putative disease locus and the

markers.

For simplicity, we consider the case of two markers .\, and M, separated by a
known recombination fraction s and located to one side of the disease (Figure 6.4).
However, the approach extends to any number of markers. Let M, be the marker
that is closest to the disease. Suppose that the disease and M, are separated by
the unknown recombination fraction r. Since M, is farther from the disease than
M, recombinant classes for M; partition those for M;. The marker M, can thus

provide information about r when the underlying M, recombinant classes are poorly
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(0,0) D M, M,
————o—
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(1.3)

(0.1)  (0.1) (2,%) (1.3)

Recombinant class identifiers on haplotypes

Figure 6.4: Definition of multipoint recombinant classes: the case of two markers M, and M, on one
side of the disease locus D. Recombination events both between the disease and M, are indicated
by e. as before. and those between M and M, by o. There are A" = 4 sampled disease haplotypes.
with haplotype identifiers (0.1), (0.1). (2.*) and (1.3). respectively.

defined. When the M, recombinant classes are well defined. such as when M, is highly
polymorphic. M, provides little or no information about r. In the extreme case that
M, is infinitely polymorphic, each recombinant class is of a different allelic type. The
recombinant class sizes for M, are then observed. and no extra information about r

is gained from the M, recombinant classes.

To obtain a realization z of the joint recombinant class information Z for M, and
M,, recombination events between both the disease and M;, and between M; and
M, are placed on the ancestral tree, as shown in Figure 6.4. Each type of event is
indexed in the order in which it occurs as the ancestral tree is traversed forwards
in time from the root to the tips. The most recent common ancestral haplotype of
the A sampled copies is denoted by the haplotype vector (0.0). The first element of

the vector corresponds to M, and the second element to M,. Subsequent haplotypes,
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formed by recombination events on the ancestral tree. are recorded in haplotype
vectors and coded in the order of the recombination events defining them. When a
recombination event occurs between the disease and M;. a new (M;. M;) haplotype
joins the disease allele. To indicate this. the M, element of the haplotype vector is
coded with the wild-card symbol *. The resulting joint recombinant class information
Z; for each sampled copy i is given at the tips of the ancestral tree. In the example
of Figure 6.4, there are two joint recombinant classes, (2. ) and (1,3) each of size 1,
and one (0,1) of size 2.

Assignment of marker alleles to the resulting recombinant classes takes into ac-
count haplotype frequencies. In particular, the recombinant class (2.%) is assigned
alleles based on (M), M;)-haplotype frequencies. As for a single marker, we make the
simplifying assumption that current marker allele and haplotype frequencies in the
general population have obtained throughout the history of the disease allele. On the
other hand. since recombination events between M; and M, imply independent allele
status at each marker locus. allelic assignment for classes (0.1) and (1.3) is based on
the marginal allele frequencies at each marker. '

The two-marker likelihood for r,

P(Y=y)=) P(y|2z)P(2).

z
is analogous to the single-marker likelihood, where y is now the observed table of
haplotype counts Y, with P (y | z) evaluated analytically. Efficient computational
algorithms for calculation of P (y | z) require future investigation. Note that the
proposed method of multipoint mapping differs in some details from the method
being developed by J. Felsenstein and colleagues, which reconstructs haplotypes by

Markov Chain Monte Carlo sampling of marker ancestries (personal communication).



Chapter 7

ASSUMPTIONS AND DIAGNOSTICS

We have investigated population association as a tool for fine-mapping a rare
disease, and developed a linkage likelihood for the problem. Our results are based on
the ancestral coalescent of a random sample of rare disease alleles. This rare disease
is assumed to arise from a single mutation, present as one copy at a known time in
the past, which we have taken to be the time of population founding. The overall
rate of population growth is assumed known throughout disease history. Selective
neutrality of disease alleles is also assumed, as is random mating. Other assumptions
are constant population frequencies of marker alleles and no marker mutation on
the ancestral coalescent. In the case of interval mapping. it is also assumed that
the recombination frequency between markers is correctly specified. This chapter
discusses possible departures from these assumptions in real populations, and the
effect of these departures on estimated recombination fractions. Diagnostics are also

proposed.

7.1 Rare disease

Our model is for a rare disease, arising from a single mutation. Under this assump-
tion, disease alleles reproduce essentially independently of the rest of the population,
and of each other. This allows disease growth to be approximated by a birth-and-
death process when realizing disease population sizes for coalescent rates. Such an
approximation permits conditioning on the present disease copy number, without re-

sorting to rejection sampling. For common diseases, however, the birth-and-death
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approximation breaks down. Thus past sizes of the disease population can no longer
be conveniently realized conditional on present size. However. if rejection sampling
of unconditional past disease sizes (see equation 2.10) were practical. the rare disease

assumption could be removed.

7.2 Disease homogeneity

Within the population. the disease is assumed to arise from a single mutation. There
are three main departures from this assumption in real populations: allelic hetero-

geneity, locus heterogeneity. and phenocopies or sporadic cases.

7.2.1 Allelic heterogeneity

Allelic heterogeneity arises when there are multiple disease-causing mutations at the
disease locus. as a result of recurrent disease mutations. Allelic heterogeneity can
occur even in relatively homogeneous populations, such as the Japanese. If a sin-
gle disease mutation is incorrectly assumed. sampled disease alleles will be less re-
lated than expected. biasing estimated recombination fractions upwards. Multiple
mutations on differing background haplotypes in the disease sample will look like
multiple recombinant classes. For example, two major mutations on different hap-
lotypic backgrounds would appear to be an ancestral recombinant class, along with
a second large recombinant class. Assuming a single disease mutation, the probabil-
ity of a large nonancestral recombinant class depends on the rate of disease growth
and the recombination fraction, as shown in Figure 3.4. When disease copy number
increases slowly, large nonancestral recombinant classes have reasonably high proba-
bility, within a range of recombination fractions close to zero. However, rapid rather
than slow growth in copy number is typical of diseases in recently-founded human
populations, as discussed in section 2.5.2. Under rapid disease growth, the chance

of a large nonancestral recombinant class is reduced, and there is increased power to




distinguish multiple mutations from large nonancestral recombinant classes.

One way to explore the assumption of a single disease mutation is to calculate
likelihoods under this assumption for a plausible range of recombination fractions.
Uniformly small likelihood values would suggest departures from the single mutation
hypothesis. An ideal marker for this test would be highly polymorphic yet stable
(i.e.. low mutation rate), so that multiple mutations would arise on distinct back-
ground marker haplotypes. Power could be further increased by interval mapping.
Then additional mutations on different background haplotypes would appear to be
double recombinants. with recombinations events in both the subintervals defined
by the disease and marker loci. Double-recombinant haplotypes would suggest large
nonancestral recombinant classes at both flanking markers. a very improbable event

reflected in uniformly low values of the interval-mapping likelihood.

7.2.2 Locus heterogeneity

Locus heterogeneity arises when there are multiple disease-causing loci. In some pop-
ulations. a specific mutation at just one of these loci may be the major cause of the
disease. In this situation, we would expect the disease sample to be “contaminated”
with a few random. non-disease-predisposing alleles at the major disease locus. The
sample of alleles at the disease locus would thus be less related than expected, bias-
ing estimated recombination fractions upwards. Marker allelic types on contaminating
haplotypes are drawn randomly from the total population. Suppose that the propor-
tion of contaminating alleles at the major disease locus is known. Then sampled
marker alleles are partitioned randomly, according to this proportion, with those on
the sporadic haplotypes representing singleton recombinant classes. Generalization
of the Monte Carlo procedure for sampling recombinant classes is then straightfor-
ward, and evaluation of the conditional probability of allelic classes given recombinant
classes is the same as before. If the amount of contamination is not known, it may

be possible to maximize the likelihood jointly on the recombination fraction and the
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contamination proportion. The properties and practicality of such an approach, in-
cluding the reduced information available about the recombination fraction, require

future investigation.

7.2.8 Phenocopies

We use phenocopies to refer to alleles. at the disease locus. of individuals who de-
velop the disease for nongenetic reasons. Conceptually. phenocopies represent the
same “contamination” of the disease sample described in section 7.2.2. The effect of
phenocopies on inference would thus be the same, as would the approaches to dealing

with them.

7.3 Single copy at founding

Even if the disease arises from a single mutation. the assumption of a single copy at
t;, the time of population founding, may not hold. For example. the disease mutation
may actually be younger than founding. Then the disease sample will tend to be more
related than expected. and the estimated recombination fraction will be biased down-
wards. However, simulations of {Np(t) | Np(0),t < t;}. the past disease population
sizes conditional on present size, indicate that the method described in this disser-
tation is robust to a younger than assumed disease. As discussed in section 2.5.3. if
Np(0) is more consistent with a younger mutation. Np(t) will tend to reach a single
copy sooner than t;. The other type of departure arises when more than one disease
copy is present at founding, as might be expected with an older mutation. In this
case, the disease sample will tend to be less related than expected, and the estimated
recombination fraction will be biased upwards. However. Rannala and Slatkin (1998)
suggest that disequilibrium likelihoods are robust to this departure. The distribution
of the age of the disease mutation provides a useful diagnostic for both departures

from the single-copy assumption. Current methods for selectively-neutral mutations



(Griffiths and Tavaré 1998), allow investigation of this age distribution. and are ap-

plied to the diseases and populations we study in section 2.8.

7.4 Population growth

The population growth rate A(t), 0 < ¢t < ty is intended to capture the effects of his-
torical events impacting population size. Throughout the dissertation, we have only
considered population growth, but population shrinkage can be similarly accommo-
dated. Historical events include technological advances and prosperity, war, famine,
emigration and immigration. Emigration and immigration are assumed to have min-
imal impact on population marker allele frequencies. This assumption is reasonable
when the base population is relatively large. In addition. immigrant copies are as-
sumed to be disease-free, so that all present disease copies descend from the ancestral
mutation at ty.

Realistically, it is possible that new disease variants are introduced into the pop-
ulation through immigration or admixture. However. as long as the majority of
the disease subpopulation descends from a single ancestral mutation, the methods
described in this dissertation. particularly interval mapping. are expected to yield
useful information about disease location. Provided markers are equally informative,
the strongest marker associations are still expected closest to the disease locus, even
when some disease alleles descend from secondary mutations introduced through ad-
mixture or immigration. Of course, allelic heterogeneity of the disease may preclude
the existence of population associations, in spite of known disease linkage to markers
within the candidate genomic region. Disequilibrium fine-mapping is then of no help.

We assume demographic parameters such as the time of population founding and
the subsequent rate of population growth can be reasonably inferred from historical
records. Expected coalescent times will then be about right, and inferences about

disease location should be reliable, as discussed in section 3.3. However, the effect
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of misspecifying population-growth parameters requires further investigation. It is
therefore advisable to estimate disease location under a plausible range of growth

parameters.

7.5 Selection

Our methods assume that the disease is selectively-neutral. For recessive diseases, se-
lective neutrality is reasonable provided most copies reside in heterozygotes. as would
be the case for a rare allele, and provided there is no heterozygote advantage such as
that observed for sickle-cell anemia (Stern 1960, Neel 1951). Heterozygote advantage
has in fact been proposed as a possible explanation for the large copy number observed
in some recessive diseases such as cystic fibrosis and phenylketonuria (e.g. Quinton
1994, Scriver 1994). However, Thompson and Neel (1997) have shown that selection
need not be invoked. Rapid expansion of human populations since the advent of
agriculture. combined with survival of neutral alleles to the present. is sufficient to
explain high copy number. These authors argue convincingly that selectively-neutral
models are appropriate for many recessive diseases. Selective neutrality for dominant
diseases of late-onset. such as Huntington's disease, is also reasonable.

One way to incorporate known selection on the disease is to generalize equa-
tions (2.4) and (2.8) by altering the probability that the allele giving birth is diseased
from Np(t)/Np(t) to s x Np(t)/Np(t). Then, for example. s > 1 implies that disease
alleles have a selective advantage over normal alleles in the Moran model, while s = 1
implies they are selectively neutral. Under this model, equation (2.8), the chance that

the disease population changes size given a Moran event at time t, becomes

Np(t) (1 No(t)) + Np(t) (1 _SND(t)> -

*Ne@) \ Ne(®)) T Ne(®) Np(?)
The first term represents the chance that a disease allele gives birth and a normal
allele dies, while the second represents the chance that a normal allele gives birth and
a disease allele dies. Multiplying by the Moran event rate Np(t)/2, and simplifying,
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gives the analog to equation (2.9), the unconditional rate of Moran events impacting

Np(t) [1 +s (1 —2"V,D(t)>] .
2 Np(2)

For a rare disease. Np(t)/Np(t) = 0, and so the rate is approximately

disease sizes,

&

M(l + s). (7.1)
2

Thus. when the overall population grows at rate A. the growth of a rare disease is
well-approximated by a birth-and-death process with combined rate (1 +s + A)/2
per copy per generation, provided s is not too far from 1. We have modelled disease
selection by altering instantaneous birth rather than death probabilities. Therefore,
the appropriate birth rate in the approximation is (s + A)/2. and the death rate 1/2.
The birth-and-death approximation with selection allows realizations of past disease
sizes, conditional on present size and a single disease allele at ;. After similarly
adjusting for selection in the coalescence rate of equation (2.4), we obtain the analog

to equation (2.3),
k(t) (k(t) — 1)
2(Np(t) —1)

Inserting realized disease sizes Np(t) conditional on Np(0) and Np(ts) =1 yields the

coalescence rate with selection.

As pointed out by J. Felsenstein (personal communication), the current size Np(0)
of the disease population contains information about the selection coefficient s. It
would therefore be possible to use Np(0) to infer s. although we do not pursue this

here.

7.6 Random mating

Throughout, we have assumed an idealized random-mating population. Coalescent
theory is based on this idealization, as is the random assignment of marker allelic

type to recombinant classes. In real populations. however, some degree of nonrandom
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mating is expected due to population structure, both past and present. For example,
geographic structure may explain why the most recent coalescence event in a sample
of K = 10 I0OSCA copies was apparently 5 gbp rather than the 15-25 gbp expected
under random mating (Nikali et al. 1995). It is well known that many large modern
populations result from amalgamations of smaller endogamous (regional) populations.
If such population substructure is known. estimates of population-genetic parameters
should account for it. (For example, the recently-released program MIGRATE (Beerli
1998) accounts for substructure when estimating migration rates.) Often. however.
there may be unknown population substructure. particularly in the past. To inves-
tigate the effect of past population structure on disequilibrium mapping. consider a
simplified situation in which a randomly mating population is the result of the past
merging of two subpopulations. Suppose that the disease variant originates in just
one of these populations. Then, at more recent times. coalescences will occur with
rates consistent with a random-mating population. However, at more distant times
in the past. prior to population merging, the rate of coalescence should be faster due
to the reduced size of the originating subpopulation. Early ancestors of the disease
sample (i.e.. before amalgamation) should thus be more related than expected un-
der random mating. Consequently, sampled disease alleles will also be more related.

biasing estimated recombination fractions downwards.

Consanguineous marriages are another source of nonrandom mating. Offspring
from these marriages have increased rates of rare recessive diseases. When parents
are closely related (e.g., first cousins), there is high probability that both disease
alleles of the affected offspring derive from the recent ancestor, rather than from
independent sources. Thus. affected offspring tend to carry one randomly drawn
disease allele and its copy. When parents are known to be closely related, one obvious
adjustment is to randomly select only one of the offspring’s disease alleles for analysis.
When parents are less related, or when consanguinity is uncertain, such a procedure

may be overly conservative. In this case, comparing the variation of marker alleles
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within and between offspring provides at least a qualitative check of consanguinity.
For instance, if all offspring carried consanguineous disease alleles. marker variation
between subjects would dominate variation within. On the other hand, roughly equal

sources of variation would be consistent with random mating.

With a recessive disease. it may also be possible to account for consanguinity by
joint estimation of the recombination fraction and the proportion of sampled indi-
viduals who carry consanguineous disease alleles. When only one disease haplotype
per individual is used, the estimated recombination fraction will not be biased by
consanguinity. As a first step, the recombination fraction could be fixed at this value,
and the likelihood maximized over the consanguinity proportion. For example, sup-
pose that 50 affected people or 100 disease haplotypes were sampled. Suppose further
that the hypothesized consanguinity proportion was 20%. or 10 sampled individu-
als. Then there would be (}‘1{)2) = (fg) possible assignments of consanguinity among
sampled individuals. For any given assignment. this would imply 80 random disease
alleles in the 40 individuals selected to be nonconsanguineous. and 10 random alleles
in the remaining 10 consanguineous individuals. Although a great many consan-
guinity assignments are possible, very few would be expected to be consistent with
observed marker data in individuals, reducing computations substantially. A given
consanguinity assignment is consistent with observed marker data when none of the
individuals assigned to be consanguineous are marker heterozygotes. Here, we make
the simplifying assumption that there are no recombination events in the meioses
separating a pair of consanguineous haplotypes. This is reasonable at the scale of
disequilibrium fine-mapping. (Any approach allowing recombinations in the meioses
separating a pair of consanguineous haplotypes would require specification of the fre-
quently unknown relationship between these haplotypes.) Carrying through with the
example, a given consanguinity assignment would imply marker allelic classes for the
90 random disease alleles under the assignment. The probability of these implied

allelic classes under the fixed recombination fraction could be evaluated as before, via
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Monte Carlo methods. Summing over consistent consanguinity assignments would
yield, up to a constant over consanguinity proportions and recombination fractions. a
likelihood value for a consanguinity proportion of 20%. with the recombination frac-
tion fixed. In this way. one could maximize over the consanguinity proportion. for a
fixed recombination fraction. Following this, one could maximize over the recombi-
nation fraction, with consanguinity proportion fixed. Iterating between estimation of
the consanguinity proportion and the recombination fraction would provide a joint

maximum likelihood estimate.

7.7 Population marker allele frequencies

We have assumed constant population frequencies of marker alleles throughout disease
history. This may be unrealistic for small populations. due to genetic drift. The effect
of nonconstant population frequencies on estimated recombination fractions depends
on the size and pattern of fluctuations in frequencies over time. as well as the shape
of the ancestral tree and the recombination fraction. For example. if population
marker allele frequencies are approximately constant over the period during which
most recombinant classes are defined (by recombination events). results would be
relatively unaffected, provided the specified allele frequencies are about right. Stable
population frequencies of marker alleles are expected when the nondiseased population

is large.

7.8 Marker mutation

Throughout, we have assumed that there is no marker mutation on the ancestral
coalescent. This may be unrealistic for markers with a high mutation rate, such as
dinuclectide repeat polymorphisms, when the disease is very old. Stable markers
with low mutation rate are therefore preferred. However, it may be possible to ex-

tend the methods of this thesis to handle marker mutation. Define a mutant class




113

to be a subset of sampled marker alleles descending from a particular mutation at
the marker, without subsequent recombination or mutation events. Mutant classes
partition recombinant classes. Alleles are assigned to recombinant classes as before,
and to mutant classes within recombinant classes according to a mutation model. For
example, a mutation event at a dinucleotide repeat marker results in a gain or loss of
repeat units to the originating dinucleotide sequence. changing the allele length. A
reasonable mutation model would assign higher probability to changes that involve a
single rather than several repeat units. Under such a model. the marker allelic type
after a mutation depends on the dinucleotide length of the allele before the mutation.
Sampling of mutant classes within recombinant classes is therefore analogous to mul-
tipoint sampling of recombinant classes for the outer marker. farther from the disease,
within recombinant classes for the inner marker. closer to the disease. described in
section 6.2. Once mutant classes are sampled. assignment of the mutated marker
allele given the originating allele is analogous to assignment of the outer marker allele

given the allele for the inner marker in multipoint mapping.

7.9 Marker maps

Map positions of marker loci within the candidate genomic region are assumed to
be known. While the relative ordering of markers on established maps is generally
regarded as reliable, the recombination frequencies between close markers are more
prone to error, due to insufficient numbers of meioses in the pedigrees used to estab-
lish the maps. Such map misspecification could impact the inferences of interval and
multi-point disequilibrium-mapping, since these likelihoods assume accurate recom-
bination frequencies between markers (see section 6.2). Figure 7.1 investigates the
effect of map misspecification in the interval-mapping example of section 6.1. The
data were simulated with markers separated by a recombination fraction of 0.01. The

disease locus was r = 0.006 from the marker at the left end of the interval, and
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Figure 7.1: Interval-mapping lod-score curves assuming markers are separated by recombination
fractions of 0.005, 0.01, or 0.015. Data were simulated with the markers separated by a recombination
fraction of 0.01.

r = 0.004 from the marker at the right end. Figure 7.1 compares interval-mapping
logyo likelihood-ratios or lod-scores under the assumption that the markers are sep-
arated by recombination fractions of 0.005, 0.01 (correct). or 0.015. The maximum
likelihood estimate of the relative disease location is approximately the same under all
three marker spacings. The relative location estimate within the interval is therefore
robust to map misspecification. As expected, the correctly-specified marker spacing
yields the highest lod-score curve, which is up to one unit higher than the other
curves. Hence, map misspecification can reduce the power to correctly identify the
genomic interval containing the disease. As an aside, once the disease gene has been
identified, interval-mapping data may be used to re-estimate the recombination fre-
quency between markers flanking the disease. The marker spacing that produces the
highest lod-score curve will be the maximum-likelihood estimate of the recombination

frequency separating the markers. Such estimates may be compared to established

marker maps.



Chapter 8

CONCLUSIONS AND FURTHER WORK

In this dissertation we investigate linkage disequilibrium as a tool for fine-mapping
a rare nonrecurrent disease mutation. We also present a linkage likelihood for estimat-
ing disease location. based on marker and disease coidentity by descent in a random
sample of disease haplotypes. The approach highlights how disequilibrium mapping is
a natural population-level counterpart to traditional linkage methods, which also rely
on gene identity by descent. A coalescent model is developed to describe the ancestry,
and hence identity by descent, of sampled disease alleles. This model accommodates
demographic parameters, including varying population growth rates such as those
for the Japanese. Generations on the ancestral coalescent of the disease sample cor-
respond to meioses at which recombination events between the disease and marker
loci may occur. These recombination events define the recombinant classes. which
describe marker identity by descent in the sample. Using our methods, large Monte
Carlo samples of recombinant classes for various hypothesized trait gene locations are
readily obtained. We combine these Monte Carlo samples with an analytic method
for computation of the probability of observed disease haplotypes, conditional on
latent recombinant classes, to obtain a likelihood for fine-scale mapping. The para-
metric bootstrap is used throughout to obtain confidence bounds on the resulting
likelihood estimates of disease location. This likelihood method extends easily from
single-marker to interval mapping. Interval mapping is shown to perform substan-
tially better than single-marker mapping in our simulated data example, correctly
identifying the interval containing the disease, and providing a more precise estimate

of disease location. Further extensions to multipoint mapping are also discussed.
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We conclude by reviewing the assumptions made in developing the approach, along
with the consequences of departures in real populations. Possible modifications and
diagnostics are also proposed.

Of the three recent papers developing likelihood methods of disequilibrium map-
ping, Xiong and Guo (1997) does not condition on the current disease allele count.
and Kaplan et al. (1995) realize this count and must reject realizations not within
some acceptable range. Both Xiong and Guo (1997) and Kaplan et al. (1995) assume
that the most frequent marker allele in the disease sample is ancestral. Neither we
nor Rannala and Slatkin (1998) make this assumption. The present method shares
with Rannala and Slatkin (1998) the approach of realizing the ancestry of a sample,
conditioning on current disease allele count. The present approach to realizing coa-
lescent ancestry is more an approximation than Rannala and Slatkin (1998), since
coalescence rates use disease population sizes realized at one generation steps, based
on conditional moments of disease copy number. However. these moments can be
computed for any assumed patterns of population growth. and thus the demographic
model can be more flexible. All these likelihood methods assume a single disease
lineage at some given point t; in time. However, the simulations in this disserta-
tion and those of Rannala and Slatkin (1998) suggest that disequilibrium likelihoods
are robust to assumptions regarding the age of the disease allele. In any case, the
probability distribution of the age of the disease mutation may be investigated (see
section 2.8), giving insight into the assumption.

Once coalescent ancestry is realized, the approach of this thesis differs significantly
from that of Rannala and Slatkin (1998). Their method, like that of Kaplan et al.
(1995) and Xiong and Guo (1997), is based on marker identity by state. They sample
the marker allelic classes existing immediately after the most recent coalescent event,
which is closer in spirit to sampling and scoring current allelic classes than is the
present approach of realizing underlying recombinant classes, and computing analyti-

cally the probability of observed data given the recombinant class configuration. It is
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the realization of recombinant classes which makes straightforward the use of multi-
allelic markers. Indeed, performance and feasibility of the present method does not
depend significantly on marker polymorphism. whereas Rannala and Slatkin (1998)
considered only diallelic markers.

Also, Rannala and Slatkin (1998) consider only likelihoods for a single marker.
Xiong and Guo (1997) accommodate multiple markers by treating the information
from each marker as independent, and ignoring haplotypic information in a compos-
ite likelihood approach. Such an approach departs from the maximum likelihood
paradigm. Kaplan et al. (1995) realize the marker haplotype frequencies in the total
disease population. and then corﬁpute probabilities of the observed sample of disease
haplotypes, given these frequencies. In principle. their approach permits likelihoods
to be based on multiple polymorphic markers. although Monte Carlo efficiency will
decrease rapidly as the possible diversity of haplotypes increases. The method in this
dissertation extends readily to interval mapping. and by extending the definition of
the latent recombinant classes will also permit multipoint mapping. However, the
statistical gains and computational costs of multipoint disequilibrium mapping are
uncertain. and remain to be investigated.

All these approaches. including the present approach. consider disequilibrium map-
ping for a rare allele. All except Xiong and Guo (1997) assume a nonrecurrent dis-
ease mutation. Common complex traits are caused by multiple loci and alleles, with
effects that are possibly modified by environmental factors. Collectively, disease-
predisposing alleles for a complex trait may be common in the population. Unless
disease specificity can be increased by studies in genetic isolates, these approaches
to disequilibrium fine-mapping are not feasible for complex. heterogeneous diseases.
However, disequilibrium methods of linkage detection, such as the TDT and other
family-based asscciation methods (e.g. Spielman et al. 1993, Schaid and Sommer
1993, Self et al. 1991), may prove useful. Unlike disequilibrium mapping methods,

these methods are robust to population substructure, and have been successfully ap-
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plied to complex diseases such as type 1 diabetes and aplastic anemia in heterogeneous
populations. Like disequilibrium mapping, family-based methods of linkage detection
rely on association due to the underlying coidentity by descent at disease and markers.
The more such association, the more power to detect linkage. Family-based meth-
ods such as the TDT require population association to detect linkage. In contrast.
disequilibrium fine-mapping requires linkage to a candidate genomic region. and uses

population associations to further localize the disease gene.
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Appendix A

TIME TRANSFORMATION

We describe how to transform waiting times in a time-dependent Poisson process
(Cox and Miller 1977) with rate r(t) to waiting times in a regular Poisson process
with constant rate r(0). For example, Kingman (1982b) used such a transformation
to model the effects of population size on the coalescent times. The essence of the
transformation is the observation that W, 4 W, x ry/r) for exponential waiting times
W,, W, with respective rates ry, 2.

Let ¢ and #* denote real and transformed time. respectively. The appropriate

rescaling is given by

- [0
t _/0 % (A.1)

To see this. first discretize real time into intervals, (0.%), (k.2h).... (th,(1 + 1)R)...

of length h. Let r; = r(i + 0.5k), and consider the resulting discretized process:

] tin scale t

0 (0.h) =1 1xt

1 (h,2h) T h+ L(t — h)

2 (2h.3h) 2 h+Zh+(t —2h)2

m (mh,(m + 1)h) fm B Bt o+ (- mh)

ro

The transformation from ¢ to t* given in equation (A.l) is obtained by taking limits
as h | 0.
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