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The f -vector of a simplicial complex is a fundamental invariant that counts the number of

faces in each dimension. A natural question in the theory of simplicial complexes is to un-

derstand the relationship between the f -vector of the simplicial complex and the properties

of the topological, algebraic and combinatorial structures associated to the simplicial com-

plex. This dissertation studies this question for two different classes of simplicial complexes:

simplicial polytopes and matroid independence complexes.

For the class of simplicial polytopes we study what are the possible f -vectors of polytopes

that are good approximations of a convex body with smooth enough boundary. In particular,

in Chapter 2, we settle a longstanding conjecture of Kalai asserting that good approximations

of smooth convex body K are far from extremal in the sense of the lower bound theorem in

a precise way. We make the result quantitative in the case the convex body is of type C2.

Little is known about f -vectors of matroid independence complexes. A full characteriza-

tion is believed to be out of reach and several conjectures about properties of such vectors are

wide open. A famous one is a conjecture of Stanley that predicts certain behavior based on

the properties of the Stanley-Reisner ring of the matroid independence complex. The main

goal of the second part of this document is to study this conjecture. In Chapter 3, we prove

that the conjecture holds for rank 4 matroids by means of a new combinatorial method. In

Chapter 4 we study the external activity complex of a matroid which is topologically simpler



than the independence complex of the matroid and contains the information of f -vector.

Chapter 5 introduces the notion of a quasi-matroidal class of ordered simplicial complexes,

the notion is used to provide extensions of various properties of matroids, including a refine-

ment of Stanley’s conjecture that is proved to hold in a variety of cases, including Schubert

matroids.
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Chapter 1

INTRODUCTION

Simplicial complexes are ubiquitous in mathematics. A simplicial complex can be viewed

combinatorially as a family of subsets of a given set, geometrically as a collection of simplices

glued together, topologically as a triangulation of a given topoogical space and algebraically

as a squarefree monomial ideal of a polynomial ring. These different points of view provide

a rich dictionary between combinatorics, geometry, topology, and commutative algebra that

can be used in a variety of ways to solve problems of many different flavors.

In this dissertation we study the f -vectors of (some classes of) simplicial complexes: a

fundamental invariant that is straightforward to define and that reveals fascinating con-

nections in the dictionary mentioned above. The faces of an abstract (or combinatorial)

simplicial complex are the members of the family of subsets of a given set. The dimension

of a face is its cardinality minus one and the f -vector is a vector whose i-th entry is the

number of faces of dimension i.

For a fixed class F of simplicial complexes, one may ask for a numerical characterization

of the possible f -vectors of complexes in F . This has been done successfully for various

classes of simplicial complexes. When F is the class of all simplicial complexes, a numerical

characterization is provided by the Kruskal-Katona theorem [62, 53]. On a more algebraic

side, when the class F consists of simplicial complexes whose Stanley-Reisner rings over a

field F are Cohen-Macaulay, the answer is provided by Stanley in [89]. On the geometric side

of the story, if F denotes the class of simplicial polytopes, then the classification is given

by the celebrated g-theorem, conjectured by McMullen [70] and spectacularly resolved by

Stanley [90] (necessity) and Billera and Lee [14] (sufficiency). Many other classes of simplicial

complexes have a complete numerical classification.
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On the other hand of the story, various classes of complexes are still widely mysterious.

For instance, the famous g-conjecture states that if F consists of complexes homeomorphic

to spheres, then the family of possible f -vectors is the same as the family of f -vectors of

simplicial polytopes. If F is the class of pure simplicial complexes, i.e. complexes in which

all the maximal faces under inclusion have the same dimension, then there is not even a

conjectural answer to the question.

The first part of this dissertation (Chapter 2) deals with the f -vector theory of simplicial

polytopes, that is, simplicial complexes that are the boundary complexes of the convex hull of

points in general position in Rd. As explained above, the family of all f -vectors of simplicial

polytopes is completely classified. However, little is known about the relationship between

the metric properties of a polytope and its f -vector. The goal of Chapter 2 is to address

this question from the point of view of approximation theory. We study polytopes that

approximate convex bodies whose boundary is sufficiently smooth, settle an old conjecture

of Kalai [51] about such approximations, and provide quantitative bounds for nice enough

bodies. Our results show that there is an intimate relationship between the face numbers

of a polytope and the metric structure of some of its realizations. This part is based on an

article [3] written with Karim Adiprasito and Eran Nevo.

The second part of this dissertation (Chapters 3-5) focuses on Deloera-Kemper-Klee that

the problem is completely out of reach with current methods. On the other hand, it is known

that there are many restrictings to being the f -vector of a matroid, and it is reasonable to

try to understand those restrictions and come up with more.

One of the main conjectures in this field is due to Stanley [89, Section 7]. It posits

that the f -vectors of matroid independence complexes satisfy more restrictions than those

implied by the classification of Cohen Macaulay complexes provided by Stanley. It is phrased

in terms of the h-vector (a transformation of the h-vector that contains the same information

as the f -vector) and order monomial ideals (families of monomials closed under divisibility).

It predicts that, for an arbitrary matroid M there is a multicomplex OpMq such that all

maximal monomials ofOpMq w.r.t divisibility have the same degree and that contains exactly
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hipMq monomials of degree i. See the Introductions of chapters 3 and 5 for more detailed

discussions of the conjecture as well as its current status.

Chapter 3 introduces a technique coming from a well-known shelling order of a matroid

independence complex that allows us to refine Stanley’s conjecture into a purely combinato-

rial conjecture. One advantage of this approach is that in order to prove the new conjecture

in rank d it is enough to prove it for matroid with at most 2d elements. An algorithm is

presented that resolves this new conjecture and hence Stanley’s conjecture for rank-3 and

rank-4 matroids. This provides new solid evidence in favor of Stanley’s conjecture and the

first proof for rank-4 matroids. Pure O-sequences of degree 3 are completely classified [26],

while such a characterization for degree 4 is believed to be out of reach with current methods.

This makes the rank-4 result significantly stronger than the rank-3 result. This Chapter is

based on the article [54] written with Steven Klee.

Chapter 4 discusses the External Activity Complex of a matroid. This complex arised

naturally in the work of Ardila and Boocher [7] where they studied studying initial ideals of

the coordinate ring of the embedding of a linear space in a product of projective lines. We

prove that the external activity complex is shellable and find various shelling orders that are

related to shelling orders of the matroid independence complex. Furthermore, it is shown

that the restriction sets of the shellings can be expressed in terms of internal activities. This

yields a new way to interpret the h-vector of the independence complex of the matroid. The

external activity complex turns out to be a cone over a contractible space which makes it

easier to study, at least from a topological point of view. This chapter is based on joint work

with Federico Ardila and Federico Castillo.

Chapter 5 discusses the notion of a quasi-matroidal class of ordered simplicial complexes.

A family of pure ordered simplicial complexes is said to be quasi-matroidal if it is closed

under a few standard operations on simplicial complexes, contains pure shifted complexes

and has the property that if a fixed simplicial complex is on the family for every ordering

of the groundset, then it is the independence complex of a matroid. We then present many

examples of quasi-matroidal classes and highlight various similarities between the classes
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of shifted simplicial complexes and matroid independence complexes that were known, yet

seemed quite mysterious. Quasi-matroidal classes provide a scenario to test statements

about matroid independence complexes: translate the statement into the language of shifted

complexes by finding an appropriate quasi-matroidal class where the statement in question

can be extended. Solutions to the problem for shifted complexes are often easier and can

hint a strategy for a general solution. Quasi-matroidal classes also provide tools to study

matroid independence complexes by induction on the number of bases, a technique out

of reach in matroid theory but desirable from a topological perspective. As examples of

the latter ideas, we provide a generalization of the Tutte polynomial and nbc complexes

in an appropriate quasi-matroidal class. Both generalizations satisfy many of the classical

properties. Furthermore, we posit an extension of the main conjecture discussed in Chapter

3, and prove that it works for pure shifted complexes.

Each chapter is independent of the others: they can be read separately. The notation

is consistent with the bigger picture that each chapter fits in. The first three chapters are

accepted papers and the last one will be submitted promptly.
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Chapter 2

A GEOMETRIC LOWER BOUND THEOREM

2.1 Introduction

The combinatorial structure of polytopes was studied since antiquity and has been one of the

major topics in algebraic and geometric combinatorics in the last few decades. The simplest

combinatorial invariant of a d-polytope P is the f -vector pf´1, f0, . . . , fd´1q, where fi is the

number of i-dimensional faces of P . Understanding face numbers of polytopes is one of the

oldest branches of mathematics.

The celebrated g-theorem, conjectured by McMullen [69], gives a complete characteriza-

tion of the f -vectors of simplicial polytopes, namely polytopes all whose proper faces are

simplices. It is conveniently phrased is terms of the g-vector, obtained by a linear transforma-

tion of the f -vector. Billera and Lee [14] proved sufficiency of the numerical conditions and

Stanley [90] proved their necessity by relating the g-numbers to the primitive Betti numbers

of the associated projective toric varieties. Some extremal cases in terms of the g-numbers

are well understood; for instance polytopes with gk “ 0 are exactly the pk´ 1q-stacked poly-

topes, as stated in the Generalized Lower Bound Conjecture (GLBC) of McMullen-Walkup

[72] and recently proved by Murai-Nevo [76]. However, away from the extremal primitive

Betti vectors, the simplicial polytopes become much harder to understand.

An equally foundational subject in polytope theory is approximation theory. Polytopes

are dense in the space of convex bodies with respect to several different metrics, and the

question what is the minimal number of faces of a certain dimension that are needed to

produce an approximation of a certain quality has been substantially studied; see Schneider

[85], Gruber [41, 42], and finally Böröczky [19, 20], producing asymptotically tight answer

for the individual face numbers for C2-convex bodies.
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In 1994 Kalai [51] posed a visionary conjecture that relates the entire f -vector of a

simplicial polytope P to its metric structure. Roughly speaking, Kalai conjectures that if

K is a convex body whose boundary is of type C1 and P is a simplicial polytope that is

close to K in the Hausdorff distance, then the f -vector of P must be far away from extremal

f -vectors in the sense of the g-theorem. Kalai states his conjecture using the g-vector and

shadow functions Bk (see [101, Section 8.5]):

Conjecture 2.1.1 (Kalai [51]). Let K be a C1-convex body in Rd and let tPnu8n“1 be a

sequence of simplicial polytopes that converges to K in the Hausdorff metric. Then

(i) for every 1 ď k ď
X

d
2

\

,

lim
nÑ8

gkpPnq “ 8,

(ii) and for every 1 ď k ď
X

d
2

\

´ 1,

lim
nÑ8

`

gk ´ B
k`1gk`1

˘

“ 8.

The aim of this paper is to resolve part (i) of Conjecture 2.1.1 and provide a quantitative

lower bound on the g-numbers in the case when the boundary of K is of type C2. This

provides the first bridge between the approximation theory by convex polytopes and the

Stanley-Reisner theory of convex polytopes. From the geometric point of view, it connects

the geometry of the toric variety of the approximating polytope with the geometry of the

underlying polytope. More specifically, this result shows that there is an intimate relation

between the metric structure of some embeddings of a polytope and the primitive Betti

numbers in the cohomology ring of the associated toric variety. On the other hand, our

quantitative results generalize the theorems of Böröczky in the case when the approximating

polytopes are simplicial.

Although in this paper we focus mainly on the Hausdorff metric, most of the results hold

for other metrics, such as Schneider’s metric, the Banach–Mazur distance, the symmetric

difference distance, etc. as we rely on Böröczky’s method [19] for the final approximation.
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In [4] Adiprasito, Nevo and Samper provided a notion of higher chordality of simplicial

complexes and showed that it generalizes the classical notion of chordal graphs. In [1] the

Adiprasito introduced toric chordality, a powerful algebraic tool to study chordality in the

stress-space of the simplicial complex as studied by Lee [64]. He related this algebraic notion

of chordality to the higher chordality notions of [4] and derived, among many other results,

a quantitative version of the GLBC in terms of the topological Betti numbers of induced

subcomplexes. In this paper, we use this result to prove Kalai’s lower bound conjecture in

full generality (alternatively, for self-containedness, we use a weaker statement proved in the

last section).

This paper is organized as follows: in Section 2.2 we provide the needed preliminaries, in

Section 2.3 we give a simple proof of Conjecture 2.1.1(i) for the unit 4-ball, using framework

rigidity arguments. These arguments are vastly generalized in Section 2.4 to prove Conjec-

ture 2.1.1(i) in full generality, for C1-convex bodies. In Section 2.5 we generalize Böröczky’s

results by giving asymptotically tight lower bounds on the g-numbers when approximat-

ing a C2-convex body, in terms of its Hausdorff distance from the approximating simplicial

polytope. We also observe that Conjecture 2.1.1(ii) holds for approximations by random

polytopes.

2.2 Preliminaries

2.2.1 Convex bodies

A convex body K in Rd is a convex compact subset of Rd with non-empty interior. The

main example of a convex body is the closed unit ball B1p0q in Rd with the standard metric.

In general, every convex body is a convex embedding of B1p0q in Rd. The boundary of a

convex body K is denoted by BK, and Sd´1 :“ BB1p0q denotes the standard unit sphere.

Endow Rd with the standard inner product denoted by x , y. For an element u P Sd´1 Ď

Rd and a convex body K, let cpu,Kq “ maxtvPKuxu, vy. Also, let H`pu,Kq “ ts P

Rd, xu, sy ď cpu,Kqu be a supporting halfspace of K in direction u. It is well known that
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K “
Ş

uPSd´1 H`pu,Kq. The boundary of H`pu,Kq is denoted by Hpu,Kq. For a point

x P BK there is at least one point u P Sd´1 such that x P Hpu,Kq. If this point u is unique

we say that x is non-singular. Denote the unique such direction by upxq, whenever x is a

non singular point. For every non singular point x there exist neighborhoods Ux Ď BK and

Vx Ď Hpupxq, Kq of x, where Vx is convex, and a non-negative convex function fx : Vx Ñ R,

such that, for every v in Vx, the point ϕxpvq “ v ´ fxpvqupxq is an element of Ux and the

map ϕx is a homeomorphism from Vx to Ux.

Endowing B1p0q with its standard differential structure, we say that a convex body K is

of type Ck if it is the image of a Ck-embedding of B1p0q in Rd. Equivalently, the boundary

BK is a Ck-hypersurface in Rd. If k ě 1, and K is a Ck-convex body, then every point

x P BK is non-singular.

2.2.2 Polytopes and simplicial complexes

A polytope P is the convex hull of finitely many points in some Euclidean space; equivalently

it is a bounded intersection of finitely many closed half-spaces. Polytopes are a very special

class of convex bodies. A face of a polytope P is the intersection of a supporting hyperplane

of P with P . The dimension of a face is the dimension of its affine span. Assume that P is

d-dimensional. The f -vector of P is the vector fP :“ pf´1, f0, f1, . . . , fd´1q where fi is the

number of i-dimensional faces of P (f´1 “ 1 for the empty face). A simplex is the convex

hull of a set of affinely independent points, thus a k-dimensional simplex has k ` 1 vertices.

A polytope P is simplicial if all proper faces of P are simplices. We denote the set of proper

faces of P by BP and call it the boundary of P .

A (geometric) simplicial complex ∆ is a finite family of simplices such that (i) if F is in

∆ and G is a face of F , then G is also in ∆, and (ii) for any two elements F and G of ∆,

F X G is a face of both F and G. Note that a polytope P is simplicial if and only if the

boundary of P is a simplicial complex. The elements of a simplicial complex are also called

faces and the dimension of a simplicial complex is the maximal dimension of a face. As in

the case of polytopes we may define the f -vector of ∆, f∆ :“ pf´1, f0, . . . , fd´1q, to be the
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vector such that fi is the number of faces of dimension i, called i-faces. Thus, for ∆ “ BP ,

f∆ “ fP .

The set of faces of ∆ of dimension at most i is a subcomplex called the i-th skeleton of ∆

and denoted by ∆piq. The set of 0-faces is denoted by V p∆q and is called the set of vertices

of ∆; the 1-faces are called edges. When all faces of ∆ that are maximal under inclusion

have the same dimension d we say ∆ is pure and refer to its d-faces as facets and to its

pd´ 1q-faces as ridges.

The link of a face F of ∆, denoted by link∆pF q, or linkpF q for short, is the set of all

faces G of ∆, such that F X G “ H and G is contained in a face that contains F . It is

straightforward (see [101, Proposition 2.4, page 55]) that for every face F of a simplicial

polytope P the link of F in BP is combinatorially isomorphic to the boundary of some

simplicial polytope. The link of a vertex is sometimes called a vertex figure. For a subset

W of the vertex set of ∆, let ∆W denote the induced subcomplex of ∆ on W , namely the

complex whose faces are the subsets of W which are faces of ∆.

For a simplicial complex ∆, let H̃kp∆q be the reduced k-th (simplicial or singular) ho-

mology group over Q and let β̃kp∆q :“ dimQ H̃kp∆q be the k-th topological Betti number.

We say that a cycle (either simplicial or singular) is not trivial if its homology class does not

vanish. Simplicial cycles can be viewed as singular cycles.

For a simplex Γ in Rd of dimension ă d, and v a point not in the affine span of Γ, let

v ˚ Γ “ convpv,Γq. The simplex v ˚ Γ is called the cone over Γ with apex v.

A point set in Rd is generic, or in general position, if any d ` 1 of its points are affinely

independent. An affine subspace is generic w.r.t. a collection of geometric simplices if it

contains no vertex, and its parallels contain no edge, of these simplices.

2.2.3 f-vectors of simplicial polytopes

The f -polynomial of a d-dimensional simplicial polytope P is the generating function of

the f -vector, given by the polynomial fP pxq “
řd
j“0 fj´1x

j. Sometimes it is convenient

to consider the h-polynomial, hP pxq :“ p1 ´ xqdfP
`

x
1´x

˘

. The h-vector ph0, h1, . . . , hdq of
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P is the vector of coefficients of the h-polynomial, that is, hP pxq “
řd
i“0 hix

i. Knowing

the h-vector is equivalent to knowing the f -vector. The Dehn-Sommerville relations (see

[56, Theorem 3.2 and Prop. 3.3]) assert that hi “ hd´i for a simplicial d-polytope P and

0 ď i ď d. It follows that the first half of the entries of the f -vector of P determine the

entire f -vector of P .

The celebrated classification by [14] and [90] of the f -vectors of simplicial d-polytopes

is known as the g-theorem and is usually stated in terms of the g-vector pg0, g1, . . . , gt d
2 uq,

where g0 :“ h0 “ 1 and gi “ hi ´ hi´1 for 1 ď i ď td2 u. To prove Conjecture 2.1.1(i) we only

require the lower bound part of this theorem that states the nonnegativity of the gi.

Theorem 2.2.1. (g-theorem) An integer vector pg0, g1, . . . , gt d
2 uq is the g-vector of a simplicial

d-polytope if and only if it is the Hilbert function of some graded commutative algebra finitely

generated in degree 1. In particular, g0 “ 1 and gk ě 0 for 1 ď k ď td2 u.

A numerical characterization of the Hilbert functions as in the g-theorem is due to

Macaulay, using his shadow functions Bkp¨q, cf. [101, Section 8.5]. We will use them only in

the last Remark 2.5.7 and in Conjecture 2.1.1(ii).

The following recent result of Adiprasito [1] generalizes the lower bound theorem, and

will be crucial in our proof of Conjecture 2.1.1(i).

Theorem 2.2.2 (The quantitative lower bound theorem). Let P be a simplicial d-polytope

with boundary complex ∆, k ď d
2 , and let W be any subset of the vertices, then:

β̃d´k´1p∆W q ď gkp∆q. (2.1)

The proof uses a subtle approach via combinatorial Morse theory. We will therefore, for

purposes of self-containedness, provide also a slightly weaker alternative lemma to the same

effect based on the McMullen proof of the hard Lefschetz theorem, see Lemma 2.4.6.
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2.2.4 Framework rigidity

Let G “ pV,Eq be a graph and let ϕ : V Ñ Rd be any map. We say that ϕ is rigid if there

exists ε ą 0 such that if ϕ1 : V Ñ Rd is such that |ϕpvq ´ ϕ1pvq| ă ε for any v P V and

|ϕpvq ´ ϕpwq| “ |ϕ1pvq ´ ϕ1pwq| for every tw, vu P E, then |ϕpvq ´ ϕpwq| “ |ϕ1pvq ´ ϕ1pwq|

for every tw, vu P
`

V
2

˘

. We say that ϕ is flexible if it is not rigid.

The set of all maps V Ñ Rd forms a d ¨ |V |-dimensional vector space over R which can

be endowed with the Lebesgue measure. A graph G is generically d-rigid if almost every

map ϕ : V Ñ Rd is rigid and generically d-flexible if almost every such map is flexible. It is

known that every graph is either generically d-rigid or generically d-flexible.

Fix a vertex set V and consider the family RpV, dq Ď 2p
V
2q of all the minimal under

inclusion edge sets E such that G “ pV,Eq is a generically d-rigid graph. The collection

RpV, dq is the set of bases of a matroid. In particular, the cardinality of any element of

RpV, dq is an invariant denoted by ρpV, dq.

Let G “ pV,Eq be graph and let ϕ : V Ñ Rd be a map. A stress, w.r.t. pG,ϕq, is a map

ω : E Ñ R such that for every vertex v:

ÿ

u: tu,vuPE
ωptu, vuqpϕpuq ´ ϕpvqq “ 0. (2.2)

The family of stresses of pG,ϕq is a vector space; if ϕ is generic and G is generically d-rigid

then this stress space has dimension |E| ´ ρpV, dq.

Kalai [50] observed that for d ě 3 the graph of a simplicial d-polytope P is generically d-

rigid, and used it to prove that the dimension of the stress space of this graph equals g2pBP q.

This provides an alternative proof of the lower bound theorem of Barnette [13], where the

minimizers are those P with g2pBP q “ 0. Kalai also showed that, for d ě 4, g2pBP q “ 0 if

and only if P is stacked, namely it can be obtained from the d-simplex by repeatedly stacking

a d-simplex over a facet of the polytope already constructed. Further, for d ě 5 this happens

if and only if every vertex link is stacked.
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2.2.5 The Hausdorff metric

For a point x P Rd and A Ă Rd define dpx,Aq :“ infaPA |x ´ a| to be the distance from x to

A in the usual Euclidean metric.

Let A,B be two bounded subsets of Rd. Define the Hausdorff distance between A and B

by:

δHpA,Bq :“ max
"

sup
aPA

dpa,Bq, sup
bPB

dpb, Aq

*

.

It is easy to verify that δH defines a metric on the space of compact subsets of Rd, and thus

restricts to a metric on the space of convex bodies in Rd.

2.2.6 Approximation theory

Every convex body K can be approximated by polytopes in the Hausdorff metric. A natural

question is what is the minimal number of vertices that achieves an approximation of distance

ε. Assume that K is of type C1. Let npεq be the minimal number of vertices of a polytope

P with δHpP,Kq ă ε. It is clear that npεq goes to infinity as ε goes to 0.

If K is C2 then the asymptotic behavior of npεq is well understood. Böröczky [19,

Theorem A(9)] computed the asymptotic growth of npεq explicitly, as follows:

Theorem 2.2.3. If K is a C2-convex body then:

lim
εÑ0

npεqεpd´1q{2
“ 4 1´d

2
Θd´1

Vd´1

ż

BK

?
κdpBKq, (2.3)

where Vd is the volume of the unit d-ball, Θd is the covering density of Rd by unit d-balls,

and κ is the Gauss curvature.

For our purposes, the important property of equation (2.3) is that the right-hand side is

strictly bigger than 0 and bounded. In particular npεq behaves roughly like ε´ d´1
2 for small

enough ε.
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2.3 Warm up: rigidity and Kalai’s conjecture for the unit 4-ball

This section is devoted to proving Kalai’s conjecture for simplicial 4-dimensional polytopes

approximating the unit 4-ball, using rigidity theory. We then vastly generalize the ideas

demonstrated here to prove the general case in the next section.

As mentioned in Subsection 2.2.6, Conjecture 2.1.1(i) holds for k “ 1 (for any d), so

the first open case of this conjecture is k “ 2, d “ 4, and the most basic C1-convex body

to consider is the unit 4-ball. For the rest of the section, the support of a stress ω of an

embedded graph G is the set of vertices that belong to an edge e of G such that wpeq ­“ 0.

Lemma 2.3.1. Let P be a generically embedded simplicial 4-polytope and let v be a vertex

of P . Assume that linkpvq is not stacked. Then there is a non-zero stress w supported in

N2pvq :“ tu P V pP q : dpu, vq ď 2 in the graph metricu.

Proof. We follow ideas of Kalai [50]. Recall that a simplicial 3-polytope is stacked if and

only if its 1-skeleton is chordal, cf. [50, Theorem 8.5], namely, all its induced cycles have

length 3. As linkpvq is not stacked, there exists an induced cycle C “ v1, . . . vm of linkpvq

with m ě 4. There are two cases to consider:

i. C is not induced in BP . Then for some 1 ď i ă j ď m there is an edge e “ tvi, vju

in BP that is not in linkpvq. By the Cone Lemma in rigidity, cf. [98, Theorem 5], as

the graph (1-skeleton) of linkpvq is generically 3-rigid, the graph G of v ˚ linkpvq is

generically 4-rigid. Thus, GY teu supports a nonzero stress w. The vertex support of

w is contained in the vertices of GY teu Ď N1pvq, thus also in N2pvq.

ii. C is induced in BP . Consider the complex ∆ “
Ťm
i“3 vi˚linkpviq. By the Gluing Lemma

in rigidity, cf. [10, Theorem 2], the graph G “ ∆p1q is generically 4-rigid (as all the

cones are, and vi ˚ linkpviqX vi`1 ˚ linkpvi`1q contains a tetrahedron so this intersection

has at least 4 vertices). The edge e “ tv1, v2u is not an edge of ∆, but both v1, v2 are

vertices of ∆. Thus the given embedding of G Y teu has a nonzero stress. This stress

is supported in N2pvq as desired.
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Theorem 2.3.2. Kalai’s Conjecture 2.1.1(i) holds for the unit 4-ball.

Proof. Assume by contradiction that g2pPnq ď g ´ 1 for all n, for some positive integer g.

Let B denote the unit 4-ball.

Then there exist ε1 ą 0 and g oriented hyperplanes H1, . . . , Hg that intersect the interior

of B such that the corresponding negative sides intersected with B are far from each other:

0 R H´
i for 1 ď i ď g and for any 1 ď i ă j ď g, ε1 ă mintdpx, yq : x P H´

i XB, y P H
´
j XBu.

Let δ “ min1ďiďgp1´ dp0, Hiqq.

If a simplicial polytope P well-approximates B, then all its edges must be short. Specif-

ically, there exists δ
2 ą ε2 ą 0 such that if δHpP,Bq ă ε2 then all edges of P have length

ă mint δ2 ,
ε1
4 u. (A quantitative estimate will be given in Section 2.5, when we compute effec-

tive lower bounds on the g-numbers for C2-convex bodies.)

By rescaling and slightly moving the vertices, w.l.o.g. we may assume the approximating

polytopes Pn are generically embedded and contained in B. Now, for P Ď B as above, if in

each cap H´
i XB there is a vertex vi of BP whose link is not stacked, then by Lemma 2.3.1

there is a stress wi supported in N2pviq. By the choice of ε2, for all 1 ď i ă j ď g,

N2pviqXN2pvjq “ H, and thus the g stresses wi are linearly independent, yielding g2pP q ě g,

a contradiction. It follows that there is 1 ď i ď g for which all vertices v of P in H´
i X B

have stacked links. Denote H “ Hi.

Note that for each such vertex v, v ˚ linkpvq has a unique stacked triangulation Σv (i.e.,

one without new vertices or edges). The family Σ “ YvPV pP qXH´Σv is a geometric simplicial

complex: indeed if u and v are vertices and Γ is a simplex in Σv that contains u and v, then

the graph of Γ is contained in u ˚ linkpuq and by the uniqueness of the stacked triangulation

Γ P Σu as well. In the next Lemma 2.3.3 we will show that the geometric realization

|Σ| contains H X P and thus has a point x in the interior of some 4-simplex σ P Σ with

dpx, BBq ě δ.

As all edges of σ have length ă δ
2 , all vertices of σ are of distance ă δ

2 from x, and thus of
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|Σ|
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Hu

Figure 2.1: δHpP,Bq ě dpy, uq ě dpx, BBq ´ dpx, uq ě ε2.

distance ą δ´ δ
2 “

δ
2 from BB by the triangle inequality. For a vertex u P σ and a supporting

hyperplane Hu of P at u, the point y in BB XH´
u on the line orthogonal to Hu through u is

of distance ą δ
2 ą ε2 from P , a contradiction.

Lemma 2.3.3. Let P be a simplicial d-polytope and let H be a generic oriented hyperplane

that passes through the interior of P . For each vertex v of P in H´, let Σ1v be a triangulation

of linkpvq and let Σv be the collection of simplices formed by coning the simplices of Σ1v with

v. Let Σ Ă P be the family of all simplices of Σv for all v P H´ and assume that it is a

geometric simplicial complex. Then, for every point x P P XH there is a simplex Γ P Σ that

contains x.

Proof. Let |Σ| be the set of points that belong to some simplex of Σ, so |Σ| Ď P . We need to

show that PXH Ď |Σ|XH. Since H is generic it contains none of the nonempty faces of P nor

of Σ. Let x P P XH be generic, i.e. in general position, with respect to the vertices of P XH,

and let ` be a generic line in H through x. We claim that |Σ| X ` “ P X `. To establish

this, note that ` X P is a closed line segment and admits a continuous parametrization

γ : r0, 1s Ñ `X P .

Assume that there is x P P X ` that is not in |Σ|. Notice that γp0q lies in the relative

interior of a facet of BP , so this facet contains a vertex y P H´, by genericity of H. This
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facet is contained in a d-simplex of Σy, thus γpr0, zqq is contained in |Σ| for some positive

real z. Let s “ inftt P r0, 1s | γptq R |Σ|u. Notice that s ě z ą 0. As s ą 0, by compactness

of |Σ| we conclude γpsq P |Σ|. By genericity of `, γpsq is in the relative interior of a d- or a

pd´ 1q-simplex of Σ.

The former case is clearly not possible: γpsq would be in the interior of |Σ| and therefore

in the interior of |Σ| X `, a contradiction. In the latter case we will show that γpsq is in the

interior of |Σ| unless it is in BP . The reason for this is the following: let Γ be a pd´1q-simplex

of Σ that contains γpsq. The ridge Γ is contained in exactly two facets F1, F2 of the ball Σ

unless it is on the boundary of P ; indeed, the boundary ridges of Σ not on BP do not contain

the vertex y P H´ introduced in the preceding paragraph. If γpsq is not in BP we obtain

that γpsq is in the interior of F1 Y F2, thus also in the interior of |Σ|. If γpsq P BP , then

s “ 0 or s “ 1. The case s “ 0 was discarded before. The case s “ 1 says P X l “ |Σ| X l.

It follows that `X P Ď `X |Σ|, so in particular x P |Σ| XH. The set of generic points of

P XH is dense in P XH and is contained in the closed set |Σ| XH. The desired inclusion

follows.

2.4 A proof of Kalai’s conjecture for C1-convex bodies

Here we prove the first main result of the paper, that part (i) of Kalai’s conjecture is true.

The following lemma is due to Zalgaller [100], see also Schneider’s book [86, Section 2.3,

Theorem in Note 1, case s “ 1].

Lemma 2.4.1. Let K be a convex body in Rd and let π denote an orthogonal projection onto

a k-dimensional subspace H, chosen uniformly at random from the pd, kq-Grassmannian.

Then, with probability 1, all the affine subspaces that are orthogonal to H and support K do

not contain a segment of BK. Thus, π restricts to a homeomorphism from K X π´1pBπpKqq

to BπpKq.

In particular, the preimage of BπpKq under π is, with probability 1, homeomorphic to a

pk ´ 1q-sphere; we denote this preimage by γπ. Let γπ ` ε :“ γπ ` εB1p0q (Minkowski sum),
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π1

γπ1

H2

H1
π2

γπ2

Figure 2.2: Projections π1 and π2 to subspaces H1 Ě H2 with the respective γπ1 – S1 and
γπ2 – S0.

where B1p0q is the ball of radius 1 in Rd. Notice that in the Hausdorff metric

lim
εÑ0

K X π´1
pπpγπ ` εqq “ γπ. (2.4)

Notice that if ε is small enough, then there is a point u P πpKqzπpγπ ` εq. Let r̂ :

πpγπ ` εq Ñ BπpKq be the map that sends a point x to the unique element r̂pxq of BπpKq in

the infinite ray from u to x. The map r̂ is a strong deformation retract if ε is small enough.

Now define r : γπ`εÑ γπ by letting rpxq be the unique point in γπ that projects to r̂pπpxqq.

Then r is a strong deformation retract whenever r̂ is, that is, for every small enough ε.

Lemma 2.4.2. Let ε ą 0 be small enough so that the ε-neighborhood γπ ` ε deformation

retracts to γπ. Then, every simplicial polytope P Ď K sufficiently close to K in the Haus-

dorff metric, has a subcomplex ∆ Ď BP X pγπ ` εq whose embedding into γπ ` ε induces an

isomorphism in homology.

Proof. Let ∆ :“ P X π´1pBpπpP qqq. Then ∆ is a subcomplex of P and πp∆q “ BpπpP qq. By

equation (2.4) there exists ε1 ą 0 such that π´1pπpγπ ` ε
1qq Ď γπ ` ε. If P is close enough to

K then BπpP q Ď πpγπ ` ε
1q, thus equation (2.4) implies ∆ is contained in γπ ` ε. Note that

π|∆ is a homotopy equivalence from |∆| to πpγπ ` εq.

Let g : πpγπq Ñ γπ be the inverse of π restricted to γπ, namely gpxq is the point π´1pxqXK.



18

Let ι denote the inclusion of ∆ in γπ ` ε, then r ˝ ι “ g ˝ r̂ ˝ π|∆. The induced maps in

homology of r, g, r̂, π|∆ are clearly isomorphisms, so ι is an isomorphism too.

Until now, we have not yet used the C1 property of K in any way. Now we use the fact

that all points of BK are non-singular. (In fact, this property is equivalent to being C1.)

Consider any non-singular convex body K, let pεiq denote a sequence of real positive num-

bers tending to 0, and let pPiq denote a sequence of simplicial polytopes so that δHpK,Piq ă εi

for all i.

Lemma 2.4.3. With K, pεiq and pPiq as above, for every ε ą 0,

maxtdiam σ : σ is a face of Pi, V pσq Ă γπ ` εi, |σ| Ć γπ ` εu
iÑ8
ÝÝÝÑ 0.

Proof. Assume by contradiction that there are δ ą 0, a subsequence pPjq and faces σj P Pj
such that V pσjq Ă γπ ` εj, |σj| Ć γπ ` ε, and diampσjq ě δ.

There are two vertices in σj whose distance is ě δ and by the triangle inequality every

point in σj is at least δ
2 apart from one of them. Taking a point of σj not in γπ ` ε we

obtain a line segment ej Ă σj of length at least δ
2 ą 0 connecting two points vj, v1j such that

ej Ć γπ ` ε and vj is a vertex of σj.

By compactness, passing to a subsequence we can assume that there is convergence

ej
jÑ8
ÝÝÝÑ e “ rv, v1s with v ‰ v1 , and vj

jÑ8
ÝÝÝÑ v, so v P γπ.

Since Pj
jÑ8
ÝÝÝÑ K then e Ă BK. We claim that in fact e must be contained in γπ. Notice

that for any point x in γπ, the hyperplane Tx tangent to BK at x projects to the tangent

space to BpπpKqq at πpxq. As Tv is the unique tangent plane at v, since K is nonsingular,

e Ă Tv (and e Ă Tv1) and therefore e Ă γπ by Lemma 2.4.1.

We conclude that for any fixed ε ą 0, a large enough j satisfies |ej| Ď e ` ε Ď γπ ` ε, a

contradiction to the choice of ej.

Combining Lemmas 2.4.2 and 2.4.3 gives:
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Corollary 2.4.4. For any non-singular convex body K and every ε small enough, there is

ε1 ą 0 small enough such that for every simplicial polytope P that is ε1-close to K in the

Hausdorff metric, the subcomplex Γ Ď BP induced by the vertices of P in γπ` ε
1 is contained

in γπ ` ε, and this inclusion induces a surjection in homology.

Proof. For small enough ε ą 0, γπ ` ε retracts to γπ. By Lemma 2.4.3, there exists ε1 ă ε
2

such that, if P is ε1-close to K, for the complex Γ on the vertices of P in γπ ` ε1, all edges of

Γ that are not contained in γπ` ε1 are of length ă ε
2 , so for a subcomplex ∆ Ă BP Xpγπ` ε

1q

as in Lemma 2.4.2 there are embeddings |∆| ãÑ |Γ| ãÑ γπ ` ε. Consider the induced maps in

homology: as the composition is a surjection in homology by Lemma 2.4.2, so is the second

map.

We are now ready to prove Kalai’s conjecture:

Theorem 2.4.5. Let K be a d-dimensional C1-convex body in Rd and let g, k ą 0 be integers

with k ď d
2 . There exists ε ą 0 such that if P is a simplicial polytope with δHpP,Kq ď ε,

then gkpP q ą g.

Proof. Let x be an extremal point of K. Then, by Lemma 2.4.1, there are

Ź a projection π of Rd onto a pd´ kq-dimensional subspace, and

Ź a ray l emanating from x, l XK “ txu, such that the projection πl onto the orthogonal

space to l contains the range of π, and

Ź points x ‰ yi P l converging to x, and projective transformations pi, each mapping yi to

infinity along l,

such that

Ź each composition πi “ π ˝ pi restricts to a homeomorphism from γπi
:“ π´1

i pBπipKqq XK

to BπipKq; so each γπi
is a pd´ k ´ 1q-cycle, and

Ź each πl ˝ pi restricts to a homeomorphism from γpi
“ pπl ˝ piq

´1pBπl ˝ pipKqq X K to

Bpπl ˝ piqpKq; so each γpi
is a pd´ 2q-cycle containing γπi

.

Note that x R γπi
:“ γi for all i, but γi Ñ txu in the Hausdorff measure. By passing to

a subsequence of pyiq, we may assume that γi X γj “ H for all i ‰ j: indeed, x R γi and for
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Figure 2.3: Suitable values of yi give disjoint γπi
.

every ε ą 0 we have that γj is contained in the open ball Bpx, εq for sufficiently large j, so

given yij we just need to pick yij`1 so that γij`1 Ď Bpx, dpx, γijqq.

Consider now the pd´k´1q-cycles γ1, . . . γg`1. For ε ą 0 small enough, the neighborhoods

γi`ε are pairwise disjoint and, for each i, γi`ε deformation retracts to γi. By Corollary 2.4.4,

there is some 0 ă ε1 ă ε such that the embedding of the induced complex Γi on the vertices

of P in γi ` ε
1, into γi ` ε, induces a surjection in homology.

It remains to show that for ε small enough and for every i ‰ j, there is no edge in BP

between a vertex of Γi and a vertex of Γj. Once this is shown we get that the complex

Γ “ Y1ďiďg`1Γi is an induced subcomplex of BP , with β̃d´k´1pΓq “
řg`1
j“1 β̃d´k´1pΓiq ě g` 1,

thus Theorem 2.2.2 finishes the proof.

Assume by contradiction there are approximating polytopes pPnq with vipnq P Γipnq Ď Pn,

vjpnq P Γjpnq Ď Pn, and vipnqvjpnq an edge of Pn. Then there exist a subsequence pPanq of

pPnq, a point vi P γi with vipanq Ñ vi and a point vj P γj with vjpanq Ñ vj. The segment

rvi, vjs is contained in BK. As K is C1, that is nonsingular, rvi, vjs is contained in the

unique hyperplane H through vj that supports K. Thus, by the choice of πj, also vi P γj,

contradicting that γj and γi are disjoint.

Let us remark that since the homology cycles γi are represented by spheres, we can
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substitute, for self-containedness, the use of Theorem 2.2.2 in the proof of Theorem 2.4.5 by

the following simple lemma.

Let ∆ be a simplicial complex with a map ϕ of its vertex set V to Rd, and let

rϕ : V ÝÑ Rd ˆ t1u Ă Rd`1

the homogenization of ϕ. An (affine) k-stress is a map ω from the pk´ 1q-dimensional faces

of ∆ to R such that, for every pk ´ 2q-face τ of ∆, the Minkowski balancing condition is

satisfied, i.e.
ÿ

σ: σ pk´1q-face, τĂσ
ωpσqprϕpσzτqq “ 0 mod spanprϕpτqq,

namely, the sum on the left-hand side lies in the linear span of rϕpτq. We refer to Lee [64]

for a comprehensive introduction to the subject of affine stresses.

As such, a stress on a graph is the same as a 2-stress (we will henceforth leave out the

quantifier ”affine“). Moreover, it turns out that k-stresses are special pk ´ 1q-cycles in the

simplicial chain complex of ∆ with real coefficients, see Ishida [48] and Tay–Whiteley [94]

for the associated homology theories and more background on the notions. We turn back to

the problem at hand.

Lemma 2.4.6. Let γ denote a simplicial pk ´ 1q-sphere on vertex set W . Assume γ is

realized as a subcomplex of the boundary ∆ of a simplicial d-polytope P , where k ď d
2 .

Assume furthermore that the fundamental class of γ defines a nontrivial homology class in

H̃k´1p∆W q. Then the simplicial neighborhood

Γ :“ tσ P ∆ : Dτ P ∆, σ Ă τ, τ X γ ‰ Hu

of γ in ∆ supports a k-stress homologous to the fundamental class of γ in Γ.

We refer the reader to the last section for a proof of the lemma. To finish the alternative

proof of Theorem 2.4.5, it suffices to recall the central corollary from the hard Lefschetz

theorem for projective toric varieties together with the fact that stresses supported on disjoint

vertex sets are linearly independent:
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Theorem 2.4.7. [71, Theorems 6.1 & 7.3 and p.431] For any simplicial d-polytope P , and

k ď d
2 ,

gkpP q “ dimtspace of k-stresses supported in P u.

2.5 Refined bounds for C2-convex bodies

In the case that K is of type C2 the asymptotic growth of gk can be bounded below. We

start by computing these bounds for approximations of the unit ball and then use tricks of

Böröczky to pass to the case of general C2-convex body. The idea is to use the quantitative

lower bound Theorem 2.2.2 (or Lemma 2.4.6) again and to provide such bounds by finding

many cycles in BK that are disjoint and far from each other.

Let B1p0q be the unit ball in Rd. The following lemma is known:

Lemma 2.5.1. For every sufficiently small ε there is a subset A of the boundary of B1p0q

with |A| “ Ωpε1´dq and distance dpx, yq ě ε for every pair of points x, y P A.

Proof. Pick an orthogonal basis of Rd´1 ˆ t0u with vectors of length ε. Consider the inter-

section of the lattice generated by this basis and B1p0q and lift it to the boundary of B1p0q

to obtain the set A. That A works.

ε

Figure 2.4: The set A for S2 projected to R2.

We are now in a position to provide quantitative lower bounds for the g-numbers when

approximating the unit ball.
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Theorem 2.5.2. Let k ď d
2 . If δHpP,B1p0qq is small enough then

gkpP q “ Ω
´

δHpP,B1p0qq
1´d

2

¯

. (2.5)

Proof. The idea is to intersect P with pd ´ kq-dimensional affine subspaces, where each

subspace is close to a different point of a set A from the previous lemma. Then the induced

complex on vertices of P that are close enough to these intersections will have β̃d´k´1 ě |A|

(with contribution of at least one pd´ k ´ 1q-cycle per intersection). Here are the details.

Let ε ą 0 be sufficiently small so by Lemma 2.5.1 there is a set A of points of the

boundary of B1p0q with cardinality Ω
´

ε
1´d

2

¯

such that the dpx, yq ą 35ε 1
2 for every x, y P A.

For each x P A let Hx be the affine hyperplane ‘below x’ such that dpx, yq “ 11ε 1
2 for

every y P BB1p0qXHx, and let Lx be any pd´ kq-dimensional subspace contained in Hx that

passes through the center upxq of the ball Hx XB1p0q.

Let P be a simplicial polytope with δHpP,B1p0qq ă ε and boundary complex ∆ “

BP . By rescaling P (multiplying by p1 ` εq´1) we obtain a polytope contained in B1p0q,

combinatorially equivalent to P and whose distance to B1p0q is smaller than 2ε, so it is

enough to assume that P Ď B1p0q. If ε is small enough, then the length of an edge e P BP

is bounded above by 4ε 1
2 . To see this, apply the Pythagorean theorem to the triangle in the

plane spanned by e and the origin, whose vertices are the origin, the intersection point of

the line spanned by e and the line orthogonal to it through the origin, and the appropriate

end point of e.

For each x P A let Wx be the set of all vertices of P contained in a face that intersects

Lx. Then for any vertex v P Wx, dpv, Lxq ď 4ε 1
2 , as it is bounded by the length of the longest

edge of a face containing v that intersects Lx.

Let ∆W be the complex induced by the vertices in W :“
Ť

xPAWx. For points x ‰ y in A,

and vertices v P Wx, u P Wy, the triangle inequality yields |v´u| ě ε
1
2 p35´11´4´11´4q “

5ε 1
2 . As the longest edge in P has length ď 4ε 1

2 , we conclude that ∆W is the disjoint union

of the subcomplexes ∆Wx , for all x P A.

We claim that, for ε ą 0 small enough, βd´k´1p∆Wxq ě 1. The argument is similar to,
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Figure 2.5: Any Wx and Wy are disjoint and far from each other.

and simpler than, the one we used in the proof of Theorem 2.4.5: let Sx :“ Lx X BB1p0q.

Then clearly for small enough ε ą 0 there exists ε1 ą 0 such that Sx ` ε1 contains the strip

BB1p0qXpLx`4ε 1
2 q and is homotopy equivalent to Sx. Then the composition of the following

maps induces an isomorphism in homology:

BP X Lx ãÑ ∆Wx ãÑ Sx ` ε
1,

where both ends are nontrivial singular pd´ k ´ 1q-cycles. Thus β̃d´k´1p∆Wxq ě 1.

It then follows from Theorem 2.2.2 that

gkpP q ě βd´k´1p∆W q “
ÿ

xPA

βd´k´1p∆Wxq ě |A| “ Ω
´

ε
1´d

2

¯

. (2.6)

In fact, instead of using Theorem 2.2.2, it suffices to use Lemma 2.4.6, as taking a pk´1q-

sphere in each of the Sx’s gives |A| pairwise disjoint pk´1q-spheres and thus they correspond

to linearly independent k-stresses.
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Corollary 2.5.3. Let E be an ellipsoid and let k ď d
2 . If δHpP,Eq is small enough then

gkpP q “ Ω
´

δHpP,Eq
1´d

2

¯

. (2.7)

Proof. There is an affine transformation that maps E to B1p0q. Affine transformations map

any polytope to a combinatorially equivalent polytope and the distances are preserved up to

a constant, so the result follows from Theorem 2.5.2.

Theorem 2.5.4. Let K be a C2-convex body and let k ď d
2 . If δHpP,Kq is small enough

then

gkpP q “ Ω
´

δHpP,Kq
1´d

2

¯

. (2.8)

Proof. Let x be a point in BK of positive curvature and let E be the tangent conic to BK

at x given by the Hessian of BK at x. Then there is a neighborhood of x in BK that lies

between p1 ` εqE ´ εx and p1 ´ εqE ` εx. This follows from the fact that K and E have

the same tangent space at x and the same Hessian, thus the error in approximation is of the

third order (see Schneider [86, Chapter 2.5]. The projections to the tangent plane at x gives

a homeomorphism between neighborhoods of x in BK and BE that allows to transfer cycles

in BE of Lemma 2.5.3 to cycles in BK. Approximating those cycles give the desired lower

bound as in Theorem 2.5.2 since the number of cycles in ellipsoids can be estimated locally

up to a constant.

Remark 2.5.5. Using arguments of Böröczky [20], one can refine Theorem 2.5.4 to show

that, for some constant C independent of K, k and d, we have

gkpP q ě C ¨

ˆ
ż

BK

κpxq
1

d`1

˙´
d`1
d´1

¨
`

d ¨ δHpP,Kq
˘

1´d
2

where κpxq is the determinant of the second fundamental form.

Remark 2.5.6 (Tightness). Notice that, by Böröczky’s [20, Theorem B], in an optimal ε-

approximation of the unit d-ball B1p0q by a polytope P , the number fk of k-faces is bounded

above by Cε 1´d
2 , where C is a constant depending only on B1p0q. Since gk ď fk´1, the lower
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bound is tight up to a constant. Again, this result holds for other distance notions as well,

and extends to approximations of convex bodies with C2
` boundary, i.e convex bodies whose

Gaussian curvature is positive at every boundary point.

Remark 2.5.7 (Upper bounds: Conjecture 2.1.1(ii) holds for random polytopes.). Bárány

[12, Theorem 6, Corollary 2] showed that if Pn is a polytope obtained from sampling n points

uniformly at random in a C2-convex body K then EpδHpPn, Kqq “ Θp
` logn

n

˘

2
d`1 q. (Bárány

assumed positive Gaussian curvature, but Böröczky’s results show this assumption is not

needed.) Furthermore, for any 0 ď k ď d´ 1 he showed that EpfkpPnqq “ Θpn
d´1
d`1 q.

Combining this with Theorem 2.5.4 we conclude that part (ii) of Kalai’s conjecture holds

for random simplicial polytopes. Indeed, for 1
m`1 ď δHpP,Kq ă 1

m
small enough, gkpP q is

of order m d´1
2 `op1q for all 1 ď k ď d

2 , thus BkpgkpP qq “ Opm
pd´1qpk´1q

2k
`op1qq “ opgk´1pP qq, and

(ii) follows from (i).

2.6 From induced homology cycles to affine stresses

The purpose of this section is to prove Lemma 2.4.6. Let us first observe a simpler and at

first insufficient lemma that gets us almost to the goal.

Lemma 2.6.1. Let γ denote a simplicial pk ´ 1q-sphere contained in the boundary of a

simplicial d-polytope P , where k ď d
2 . Assume that γ is an induced subcomplex in ∆ “

BP . Then the simplicial neighborhood Γ of γ in ∆ supports a k-stress homologous to the

fundamental class of γ as a cycle in Γ.

Proof. The simplicial neighborhoods of vertices v in ∆ are denoted by st∆v, and their inte-

riors are denoted by st˝∆v.

The proof of Lemma 2.6.1 is now the same as for induced cycles in the graph of P by

Kalai [50] that we used in Lemma 2.3.1: Consider the family

pUv :“ st˝∆vqv vertex of γ.
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This is a good cover of the open set Yv in γUv. The generalized Mayer–Vietoris principle

given by the Čech complex of this cover gives a double complex whose spectral sequences

compute homology groups of the nerve N of pUvq. Instead of applying this to compute the

usual homology groups, however, we can also apply this to Ishida’s chain complex [48] for

stress groups, which is worked out in detail by Tay–Whiteley [94, Sections 10 & 12].

With this, we get straightforwardly a natural surjection
#

i-stresses of
ď

v vertex of γ
st∆v

+

Ý� rHi´1pN q (2.9)

where i is the smallest integer ď d
2 so that rHi´1pN q is nontrivial. But N is just the simplicial

sphere γ itself, because γ is induced in ∆. The claim follows.

We now are left with the delicate task of extending this to a proof of Lemma 2.4.6.

Proof of Lemma 2.4.6. Consider ∆ “ BP and ∆1 the result of a barycentric subdivision

of all faces intersecting γ, see Figure 2.6. Then the corresponding subdivision γ1 of γ in ∆1 is

an induced subcomplex of ∆1, and of the induced subdivision of Γ, denoted Γ1. We consider

also the open simplicial complex

qΓ :“ tσ P Γ : σ X γ ‰ Hu

and its induced subdivision in Γ1, denoted by qΓ1.

The barycentric subdivision is algebraically realized by iterative blowups of the toric variety,

or, combinatorially, by stellar subdivisions of ∆, performed at faces intersecting γ in order

of decreasing dimension. Following McMullen [71], this preserves the validity of the hard

Lefschetz theorem. Hence we can apply Lemma 2.6.1 to conclude that the fundamental class

of γ1 is naturally homologous to a stress rγ in its simplicial neighborhood rΓ Ă Γ1.

Now, we have to be careful since a stellar subdivision in the blowup sequence may intro-

duce stresses on its own. To control this, consider a simplicial d-polytope X and its stellar

subdivision X 1 at a face σ. Following McMullen again, the stresses of X 1 are decomposed



28

Figure 2.6: Barycentric subdivision of a simplicial complex ∆ at faces intersecting a cycle γ.
In the resulting complex ∆1, the cycle γ1 subdividing γ is an induced subcomplex. The dotted
black edge is not subdivided in the process, as it is not incident to γ.

into pullbacks of stresses of X, and Gysin pullbacks of stresses in the face figure Xσ of σ in

X, the latter of which are the “new” stresses to be controlled, see also [11, Thm.1.2(3)], [38,

Section 6], and [2, Theorem 6.18] for a detailed presentation of the Gysin maps involved.

It is straightforward to see that the latter stresses are naturally supported in the simplicial

neighborhood of the link link∆σ of σ.

We conclude that all newly created k-stresses in the transition from ∆ to ∆1, where k ě 2,

seen as pk´ 1q-cycles, are supported in Γ1. Moreover, they are zero-homologous as simplicial

cycles in qΓ1.

But the stress rγ generates a nontrivial homology class in qΓ1, so it is linearly independent

of the newly created stresses. Hence, we may blow down again, which maps rγ to a nontrivial

stress supported in the simplicial neighborhood of γ, as desired.
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Chapter 3

LEXICOGRAPHIC SHELLABILITY, MATROIDS AND PURE
ORDER IDEALS

3.1 Introduction

This chapter studies the h-vector theory of matroid independence complexes. These com-

plexes were originally motivated by trying to abstract the notion of linear independence from

linear algebra. They have appeared in areas as diverse as graph theory, algebraic geometry,

commutative algebra, and optimization.

The h-vector also appears naturally in these contexts. Understanding h-vectors has driven

a lot of research in the past few decades. One particular question is to understand which

positive integer sequences appear as the h-vectors of matroids. Some conditions are known:

i the h-vector of any matroid is an O-sequence [89](this is because the Stanley-Reisner

ring of a matroid is Cohen Macaulay),

ii the h-vector of a matroid satisfies the Brown-Colbourn inequalities [21], and

iii hi ď hd´i for i ď d
2 [25].

However, there are many of integer vectors that satisfy these conditions but are not h-vectors

of matroids. The problem of completely characterizing h-vectors of matroids is exceedingly

hard, however Stanley [89] proposed a conjecture that narrows down the search. Recall

that an integer sequence a :“ pa0, a1, . . . , arq is a a pure O-sequence if there exists a pure

multicomplex O of degree r that has exactly ai monomials of degree i for 0 ď i ď r.

Conjecture 3.1.1. (Stanley, 1977) The h-vector of an arbitrary matroid is a pure O-

sequence.
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The conjecture remains open despite a tremendous amount of effort that has been put

forth in trying to find a proof. Merino obtained the first positive result: he proved the conjec-

ture for cographic matroids using the critical group of the associated graph [73]. Schweig [87]

verified the conjecture for lattice path matroids. Oh [78] generalized this result to the case

of cotransversal matroids by studying integer points of generalized permutohedra associated

to bipartite graphs. Merino et al. [74] proved the conjecture for paving matroids by noting

that all but the last entry of the h-vector is determined by the dimension and the number of

vertices of the matroid. Hà, Stokes, and Zanello [43] established the conjecture for matroids

of rank three by studying properties of the level Artinian algebras. De Loera, Kemper, and

Klee [30] proved the conjecture combinatorially for matroids of rank 3 and corank 2 by study-

ing the lattice of flats. They also computationally verified the conjecture for all matroids

with at most 9 elements using a database that contains all such matroids. Constantinescu,

Kahle and Varbaro [27] proved the conjecture for proper skeleta of matroids and rank d

matroids with hd ď 5 using again commutative algebra and level Artinian algebras. Their

results show that a brute force approach to computationally disproving the conjecture is

unfeasible with the current computational power. In other words, given a matroid h-vector

that is a candidate as a counterexample to Stanley’s conjecture, it is impossible to test all

pure multicomplexes with the correct number of variables and maximal monomials against

that h-vector in a reasonable amount of time.

Pure O-sequences have also been widely studied on their own. A lot of research on pure

O-sequences has been driven by attempts to prove Stanley’s conjecture. Notably, Hibi [44]

gave a set of inequalities satisfied by pure O-sequences and proposed a weaker version of

Stanley’s conjecture. The weaker conjecture was later resolved by Chari [25] for a larger

class of PS-ear decomposable simplicial complexes. Much more can be said about pure

O-sequences. A good reference is [18].

However, there seems to be a lot of skepticism about the validity of Stanley’s conjecture.

The classes of matroids for which the conjecture is known to hold are either too restricted

or too special. Cographic and cotransversal matroids account for a very small fraction of all
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matroids. Paving matroids have too much structure and rank 3/corank 2 matroids do not

seem to capture the full set of features and pathologies encountered in matroid theory. For

instance, the simplification of a rank 3 matroid is paving, so the behavior of rank 3 matroids

is similar to that of paving matroids.

In this paper we formulate an alternative version of Conjecture 5.1.2 and prove that our

conjecture holds for matroids of rank three and four. As matroids of rank four exhibit a less

predictable behavior than those of rank three, we believe that our result provides non-trivial

evidence for the validity of Stanley’s conjecture as well as a new approach to proving the

conjecture for all matroids. We use techniques from lexicographic shellability to get a simple

decomposition of the h-vector that naturally gives rise to an inductive procedure to construct

a pure multicomplex. In particular, instead of using the usual Tutte polynomial approach,

we decompose the h-vector according to the independent sets disjoint from a fixed basis. We

then propose a new approach in Conjecture 3.3.10 and show that it is sufficient to prove this

new conjecture for a finite number of matroids of each rank.

Afterwards we study matroids of rank three and four. We describe algorithms that con-

struct a multicomplex recursively and show that the output satisfies the conditions of our

conjecture, provided both algorithms produce pure O-sequences for the finitely many cases

that have to be considered in our conjecture. All the matroids necessary for the computations

have at most 8 elements and have been classified up to isomorphism in [67], [66] and [68]. We

then implemented the algorithms to computationally verify our conjecture for matroids of

rank three and four in Sage [95]. We provide several examples of the output of the algorithms.

3.2 Preliminaries

A matroid ∆ is a pair pE, Iq where E is a finite set and I Ď 2E satisfies the following axioms.

1. H P I

2. If I P I and I 1 Ď I then I 1 P I. (Alternatively, I is a simplicial complex.)
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3. (Extension axiom) If I, I 1 P I and |I| ă |I 1| then there is v P I 1 such that IYtvu P I.

The set E is called the vertex set of ∆ and the elements of I are called the independent sets

of ∆. For A Ď E define the rank of A, denoted by rkpAq, to be the size of the maximum

integer k such that there is I Ď A with I P I and |I| “ k. Abusing notation we write

rkp∆q :“ rkpEq. Two matroids ∆ “ pE, Iq, ∆1 “ pE 1, I 1q are isomorphic if there is a

bijective map f : E Ñ E 1 that induces a bijection from I to I 1.

A basis of a matroid is an independent set that is maximal under inclusion. We denote

by B the set of bases of a matroid. It follows from the extension axiom that all the bases of

a matroid have the same cardinality. A subset B of 2E is the collection of bases of a matroid

if and only if the following conditions hold (see Chapter 1 from [80]):

1. B ­“ H.

2. (Exchange axiom) For B,B1 P B and x P B ´ B1 there is y in B1 ´ B such that

pB ´ txuq Y tyu P B.

Notice that the independent sets of the matroid can be recovered easily from the set of bases:

a subset A of 2E is independent if and only if it is contained in some B P B. A loop of ∆ is

an element e of E such that teu R I. A coloop of ∆ is an element e P E that is contained in

every basis. We say that a matroid is a cone if it has a coloop.

It is sometimes useful to consider restrictions of matroids. For A Ď E define ∆|A :“

pA, I|Aq, where I|A is the set of independent sets of I contained in A. It is easy to see that

∆|A is a matroid. Denote the set of bases of ∆|A by B|A. For a detailed introduction to the

theory of matroids see [80].

A shelling of a matroid ∆ is an ordering of the bases of ∆, B1, . . . , Bk in such a way that

for each 1 ď j ă i ď k there exists 1 ď ` ă i and x P B` such that BiXBj Ď BiXB` “ B`´x.

Björner [17] showed that every matroid admits a particularly nice shelling. Let ∆ be a

matroid and order the vertices of ∆ arbitrarily. Then the lexicographic ordering of the

bases of ∆ with respect to this vertex order is a shelling order for ∆. This shelling in fact



33

characterizes matroids inside the wider class of shellable simplicial complexes. Any shelling

of this form is called a lexicographic shelling.

It is a well-know fact that if B1, B2, . . . , Bk is a shelling, then for every Bi there is a

subset RpBiq of Bi that is minimal with respect to not being contained in any Bj with j ă i;

that is, RpBiq is a set such that A Ď Bi is not contained in Bj for any j ă i if and only if

RpBiq Ď A. These sets are called the restriction sets of the shelling and have a very rich

combinatorial structure. When there is a possibility for ambiguity, we will write RpB,∆q to

indicate that we are considering the restriction set of B as a basis in the matroid ∆.

As evidence of this combinatorial structure, define the h-polynomial of a matroid by

hp∆, xq :“
k
ÿ

i“1
x|RpBiq|.

This polynomial has degree at most d :“ rkp∆q. Let hi be the coefficient of xi in hp∆, xq. The

vector hp∆q :“ ph0, h1, . . . , hdq is called the h-vector of ∆ and is a very important invariant

of the matroid. Consider the polynomial

fp∆, xq “
d
ÿ

j“0
fjx

j :“ p1` xqh
ˆ

∆, x

1` x

˙

.

The coefficient fj of xj is equal to the number of independent sets of rank j in ∆ (see

[17]). In particular, this implies that the h-polynomial is independent of the shelling order.

One major problem in the theory of matroids is to understand the possible values that the

h-vector can take. For more details about shellability and matroids see [17].

An order ideal or multicomplex O is a finite non empty collection of monomials in a

finite set of variables such that if m P O and m1|m then m1 P O. A monomial order O is

called pure if all its maximal monomials have the same degree. For an order ideal O let

Fi “ FipOq denote the number of monomials of degree i. Assume that d is the maximum

degree of a monomial in O. The vector F pOq :“ pF0, F1, . . . , Fdq is called the F -vector of

O. An O-sequence is an integer sequence a “ pa0, a1, . . . , adq such that there exists an order

ideal O with F pOq “ a. An O-sequence is pure if it comes from a pure order ideal.
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Stanley [89] showed that the h-vector of any matroid (and more generally any Cohen-

Macaulay simplicial complex) is an O-sequence and posited Conjecture 5.1.2. For a detailed

explanation of the relationship between matroids, simplicial complexes, and commutative

algebra see [91].

3.3 Restriction sets of lexicographic shellings

For a positive integer n let rns denote the set of integers t1, 2, . . . nu. Let ∆ “ prns, Iq be a

matroid that has rds as a basis. There is no loss of generality in assuming that rds is a basis

in ∆ since we can reorder the ground set of ∆ without changing its combinatorial structure.

The lexicographic order on the bases of ∆ gives a shelling. From now on we assume that

∆ is endowed with this shelling. It is clear that rds is the first basis of this shelling. For

bases B,B1 of ∆ we write B ă B1 if B is smaller than B1 in the lexicographic order (lex

order, for short) induced by the natural order of rns. Our goal now is to understand the set

tRpBq | B P Bp∆qu.

Lemma 3.3.1. Let I be an independent set of ∆ such that I X rds “ H. Then there exists

a basis B of ∆ with the property that RpBq “ I.

Proof. Let B be the lexicographically smallest basis of ∆ that contains I. We claim that

RpBq “ I. First note that RpBq Ď I because B is the first basis of the shelling order

that contains I. On the other hand, if v is an element of I ´ RpBq, then we can apply the

extension axiom to B ´ tvu and rds to obtain another basis B1. Then RpBq Ď B1 and B1 is

smaller than B in the lex order, which is a contradiction.

Lemma 3.3.2. Let B be a basis of ∆ and let I “ B ´ rds. Then I Ď RpBq.

Proof. Assume to the contrary that there is an element v P I´RpBq. Then use the extension

axiom with B´tvu and rds to find a basis B1 ă B that containsRpBq. This is a contradiction.

Now we introduce two matroids that can be associated to a given independent set I P ∆

with I X rds “ H.
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Definition 3.3.3. Let I be an independent set of ∆ such that I X rds “ H. Let ΓI be the

matroid whose independent sets are subsets G of rds such that GY I is an independent of ∆.

Let BI be the set of bases of ΓI . To simplify notation we write Bx :“ Btxu. Furthermore, let

∆I :“ ∆|rdsYI .

We note that ΓI and ∆I are indeed matroids since ΓI “ link∆pIq|rds, and links and

restrictions of matroid independence complexes are also matroid independence complexes.

Theorem 3.3.4. Let I be an independent set of ∆ and let

UI :“ tRpB,∆q ´ I : B P B, B ´ rds “ Iu.

Let BI “ tG1, . . . G`u be the set of bases of ΓI ordered lexicographically with respect to the

natural order on rds, and let

VI “ tRpGi,ΓIq | 1 ď i ď `u.

Then UI “ VI .

Proof. Note that UI and VI are finite sets of the same cardinality. Therefore, it is sufficient

to prove that VI Ď UI . As in the statement of the theorem, we let tG1, . . . , G`u denote the

set of facets of ΓI , ordered lexicographically.

Pick any index 1 ď j ď `. Note that Gj Y I is a basis of ∆. We need to show that

RpGj,ΓIq P UI . We claim that RpGj Y I,∆q “ RpGj,ΓIq Y I. This proves that RpGj,ΓIq P

UI since it will show that RpGj,ΓIq “ RpGj Y I,∆q ´ I.

It only remains to prove that RpGj Y I,∆q “ RpGj,ΓIq Y I. First, we will show RpGj Y

I,∆q Ď RpGj,ΓIq Y I. To do this, we will show that Gj Y I is the lexicographically smallest

facet of ∆ that contains RpGj,ΓIq Y I. Suppose to the contrary that RpGj,ΓIq Y I Ď F for

some basis F in ∆ that precedes GjYI lexicographically. Since I Ď F , we know F ´rds Ě I.

It is sufficient to consider the case that F ´ rds “ I. Indeed, if F ´ rds properly contains

I, then we can use the basis exchange axiom to replace all elements of F ´ prds Y Iq with
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elements of rds. This will give a new basis F 1 that precedes F (and hence also Gj Y I)

lexicographically with the property that F 1 ´ rds “ I and RpGj,ΓIq Y I Ď F 1.

Given a basis F that precedes GjYI lexicographically and such that F´rds “ I, consider

Gs “ F ´ I. Then Gs precedes Gj lexicographically. Since RpGj,ΓIqY I Ď F , we also know

that RpGj,ΓIq Ď F ´ I “ Gs. But this means RpGj,ΓIq is contained in a facet of ΓI that

precedes Gj lexicographically. This contradicts the definition of the restriction set of a facet

in a shelling order and therefore RpGj Y I,∆q Ď RpGj,ΓIq Y I.

Finally, we will show that RpGj Y I,∆q Ě RpGj,ΓIq Y I. We already know that I Ď

RpGj Y I,∆q, thus we only need to consider elements of g P RpGj,ΓIq. If g P RpGj,ΓIq,

then there exists i ă j such that Gj´tgu Ď Gi. But this implies that pGj´tguqYI Ď GiYI,

and since Gi ă Gj we also have that Gi Y I ă Gj Y I. Thus g P RpGj Y I,∆q, as desired.

This concludes the proof of our claim that RpGj Y I,∆q “ RpGj,ΓIq Y I and hence the

proof of the theorem.

Corollary 3.3.5. Keeping the same notation as in Theorem 3.3.4 we have:

hp∆, xq “
ÿ

IP∆|rns´rds

x|I|hpΓI , xq. (3.1)

We illustrate Theorem 3.3.4 in the following example.

Example 3.3.6. Consider the Fano matroid with its ground set labeled as in the following

illustration.
1

23

45

6

7

The independent sets of the Fano matroid correspond to sets of at most three points that

do not lie on a line or the circle.
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Let I “ t6u. In this case, ΓI has facets tt1, 2u, t1, 3uu. Under the lexicographic shelling

on ΓI , the corresponding restriction sets are VI “ tH, t3uu. Similarly, the facets of ∆I that

contain 6 are tt1, 2, 6u, t1, 3, 6uu. To form the set UI , we must compute the restriction set for

each of these facets relative to the entire shelling order on ∆. The facets of the Fano matroid

that precede t1, 3, 6u lexicographically are tt1, 2, 3u, t1, 2, 5u, t1, 2, 6u, t1, 3, 4u, t1, 3, 6uu. Since

t1, 2, 6u is the lexicographically smallest facet containing I “ t6u, we have Rpt1, 2, 6uq “ t6u.

Since t1, 3u Ď t1, 3, 5u, t1, 6u Ď t1, 2, 6u, and t1, 3, 6u is the lexicographically smallest face

containing t3, 6u we have Rpt1, 3, 6uq “ t3, 6u. Since UI is obtained by removing I “ t6u

from each of these restriction sets, it follows also that UI “ tH, t3uu.

The following lemma is proved in [91, Theorem III.3.4], but we include a proof for the

sake of completeness.

Lemma 3.3.7. Let ∆ be a rank d matroid. Then hdp∆q “ 0 if and only if ∆ is a cone.

Proof. First suppose that hdp∆q “ 0. Let B1, B2, . . . , Bk be a shelling order and consider

RpBkq. Since hd “ 0, there is j P Bk ´RpBkq. It follows that RpBkq Ď pBk ´ jq. Thus the

only basis of ∆ that contains Bk ´ tju is Bk.

We claim that every basis of ∆ contains j, and hence j is a cone point. Indeed, suppose

B is a basis of ∆ that does not contain j. Then the basis exchange axiom tells us there is an

element x P B´Bk such that B1 :“ pBk´tjuqYtxu is a basis of ∆. However Bk´tju Ď B1,

meaning B1 “ Bk. This means x P Bk as well, which is a contradiction. Therefore, there is

no such basis B, and hence j belongs to every basis of ∆.

Conversely, suppose ∆ is a cone and let u belong to every basis. Then u is not contained

in the restriction set of any basis, so no restriction set has size d. Therefore hd “ 0.

Lemma 3.3.8. Let ∆ be a rank d matroid with hdp∆q ­“ 0. If I is an independent set disjoint

from rds such that hd´|I|pΓIq “ 0, then there exists z P rns ´ prds Y Iq such that I Y tzu P ∆.

Proof. We know that ∆ is not a cone because hdp∆q ‰ 0. On the other hand, since

hd´|I|pΓIq “ 0 we see that |I| ă d and ΓI is a cone. Hence there is u P rds that belongs to

every basis of ΓI .
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Since ∆ is not a cone and rds is a basis of ∆, there is z P rns ´ rds such that B :“

prds ´ tuuq Y tzu is a basis of ∆. Now we can use the independent set extension axiom to

extend I to a basis of ∆ by using elements from B. Call this new basis B1. It follows that

z P B1: if z R B1, then B1 would be constructed by adding only elements of rds ´ tuu to I.

But there is no basis of ΓI that does not contain u. Therefore, z P B1 and hence IYtzu Ď B1

is independent in ∆.

We are now in a position to state our new approach to Stanley’s conjecture.

Definition 3.3.9. A based matroid is a pair p∆, B,ăq where ∆ is a matroid, B is a basis

of ∆ and ă is a total order of Ep∆q´B. For an independent set I, such that IXB “ H, let

ΓI be the matroid whose elements are subsets U of B with U Y I P ∆. Two based matroids

p∆, B,ăq, p∆1, B1,ă1q are isomorphic if there is a matroid isomorphism f : ∆ Ñ ∆1 such

that fpBq “ B1 and f is order-preserving on Ep∆q ´B.

Conjecture 3.3.10. Let d ą 1 be a fixed integer and let Ad be the family of based matroids

of rank d. There exists a map F from Ad to the family of pure order ideals such that the

following conditions hold for every based matroid p∆, B,ăq.

1. The variables of Fp∆, B,ăq are txi | i P Ep∆q ´Bu.

2. Every monomial in Fp∆, B,ăq is supported on a set of the form txi | i P Iu for some

independent set I of ∆ with I XB “ H.

3. For each independent set I that is disjoint from B, there are exactly hjpΓIq monomials

in Fp∆, B,ăq with degree |I| ` j and support txi | i P Iu.

4. For each independent set I that is disjoint from B, the restriction of Fp∆, B,ăq to the

variables txi | i P Iu is Fp∆|BYI , B,ăq.
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5. If p∆1, B1,ă1q is a based matroid and f : p∆, B,ăq Ñ p∆, B,ă1q is an isomorphism,

then Fp∆, B,ăq is naturally isomorphic to Fp∆1, B1,ă1q by relabeling the index of each

variable in Fp∆, B,ăq with its image under f .

Notice that Conjecture 3.3.10 together with Corollary 3.3.5 implies Stanley’s conjecture

(Conjecture 5.1.2). To see this, note that for an arbitrary matroid ∆ we can pick a basis B

and any order ă on Ep∆q ´B and apply the conjecture to the based matroid p∆, B,ăq.

Next, we make three remarks in defense of this conjecture as a reasonable approach to

proving Stanley’s conjecture.

First, for any independent set I with I X rds “ H, notice that rkpΓIq “ d ´ |I| and

|EpΓIq| ď d. By the Upper Bound Theorem [88], hjpΓIq is bounded by the number of

monomials of degree j in |EpΓIq| ´ rkpΓIq ď |I| variables. This shows that condition 3 in

the above conjecture cannot fail on account of hjpΓIq exceeding the number of monomials of

degree |I| ` j supported on xI .

Second, even if ∆ is not a cone, one should expect that ΓI will be a cone for many of

the independent sets I P ∆. Therefore, if the conjecture is true, one should not expect that

each of the monomials supported on xI will all divide into a monomial of degree d that is

also supported on xI . However, Lemma 3.3.8 indicates that in this case, we can expect each

of the maximal monomials supported on xI to divide into a monomial of higher degree that

is supported on xI
1 for some I 1 Ą I.

Finally, the order condition may seem strange at first. However, in the case of rank 3

and 4 matroids, it is used largely as a “tie-breaker” in the algorithms we define to construct

pure O-sequences. Specifically, we need rules that allow us to distinguish independent sets

I, I 1 with ΓI “ ΓI 1 . Based on evidence of the cases d “ 3, 4, we believe the order may only

be needed to distinguish independent sets txu, tyu with hpΓtxuq “ hpΓtyuq. Every possible

ordering of the ground set of ∆ has to be considered in order for condition 4 to hold, as

in such restrictions we can get isomorphic matroids with same initial bases but a different

underlying order.
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We now prove a theorem that will be crucial for treating the cases of rank three and rank

four matroids.

Theorem 3.3.11. Let Ud be the subset of Ad consisting of matroids with at most 2d vertices.

Assume that there is a map G from Ud to the family of pure order ideals such that Gp∆, B,ăq

satisfies the conditions on Fp∆, B,ăq of Conjecture 3.3.10 for all ∆ P Ud. Then there exists

a function F that satisfies the conditions of Conjecture 3.3.10 and such that F |Ud
“ G.

Proof. Let p∆, B,ăq be a matroid of Ad. For each independent set I with B X I “ H, the

based matroid p∆|BYI , B,ăq is in Ud, so Gp∆|BYI , B,ăq is well-defined. Consider the set of

monomials:

Fp∆, B,ăq :“
ď

IP∆,
IXB“H

Gp∆|BYI , B,ăq.

We claim that F is the desired map. By definition of F , the variables of Fp∆, B,ăq are

txi | i P Ep∆q ´ Bu so condition 1 of Conjecture 3.3.10 is satisfied. As every monomial

comes from some Gp∆|BYI , B,ăq, its support is a subset of txi | i P Iu and hence condition

2 of Conjecture 3.3.10 holds. Notice that if I 1 Ă I then Gp∆|BYI 1 , B,ăq Ď Gp∆|BYI , B,ăq

since the restriction of Gp∆|BYI , B,ăq to the variables txi | i P I 1u is Gp∆|BYI 1 , B,ăq by

assumption. From this we obtain that the monomials in Fp∆, B,ăq whose support is txi | i P

Iu form the set of such monomials in Gp∆|IYB, B,ăq. Since ΓIp∆q “ ΓIp∆|IYBq, we conclude

that there are hjpΓIq monomials of degree |I| ` d in Fp∆, B,ăq whose support is txi | i P Iu,

and so condition 3 of Conjecture 3.3.10 is satisfied. Conditions 4 and 5 of Conjecture 3.3.10

are immediate from the definition. Therefore Fp∆q satisfies conditions 1 to 5 of Conjecture

3.3.10.

We now show that Fp∆, B,ăq is a pure order ideal. Let m be a monomial in

Fp∆, B,ăq. There is an independent set I such thatm P Gp∆|BYI , B,ăq. Since Gp∆|BYI , B,ă

q is a multicomplex, all the divisors of m are in Fp∆, B,ăq, and so Fp∆, B,ăq is a mul-

ticomplex. Let k “ maxti |hip∆q ą 0u. We claim that there is I 1 such that I Ă I 1 and

hkp∆|BYI 1q ą 0. Removing coloops (all are contained in B), we can assume that hdp∆q ą 0.
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Then by Lemma 3.3.8 there is I 1 that contains I such that hd´|I 1|pΓI 1q ą 0. Corollary 3.3.5

implies that hdp∆|BYI 1q ě hd´|I 1|pΓI 1q ą 0 as desired. Now m is an element of a pure multi-

complex Gp∆|BYI 1 , B,ăq Ą Gp∆BYI , B,ăq of degree k, so it divides a monomial of degree k

supported in a subset of I 1. It follows that Fp∆, B,ăq is pure, as claimed.

Notice that Ud contains only finitely many isomorphism classes of based matroids. There-

fore, to verify our conjecture for matroids of a fixed rank we only have to construct the desired

order ideal for finitely many matroids. In the following sections we construct algorithms that

receive as their input matroids of rank 3 and 4 respectively, and output the desired order

ideal. This can be used to explicitly construct G for d “ 3, 4, which in turn implies Conjecture

3.3.10.

3.4 Stanley’s conjecture for rank 3 matroids

We begin by verifying Conjecture 3.3.10 for rank three matroids. For this, we develop an

algorithm that constructs a pure order ideal for every matroid whose vertex set is ordered.

We verify with a computer’s aid that the algorithm produces a suitable Fp∆, B,ăq for all

based matroids of rank 3 with at most 6 vertices and conclude from Theorem 3.3.11 that the

conjecture holds for d “ 3.

First we will give an overview to show how our algorithm will work. Let ∆ be a matroid

of rank d on ground set rns such that rds is a basis of ∆. Our goal is to construct a pure

multicomplex O with the property that for each independent set I Ď rns ´ rds, O contains

hjpΓIq monomials of degree |I| ` j supported on xI . When |I| “ 1, it is easy to verify that

hjpΓIq is equal to either zero or one for all j and that |BI | counts the number of indices j

for which hjpΓIq “ 1. Thus if I “ txu, we add txt | 1 ď t ď |Bx|u to O.

Next, we proceed to independent sets of the form I “ tx, yu. In rank 3, the h-vector of

ΓI can only be p1, 0q, p1, 1q, or p1, 2q because ΓI can consist of either one, two, or all three of

the vertices among t1, 2, 3u. In each case, h0pΓIq “ 1, so we add xy to O. When h1pΓIq “ 1,

we have to make a choice of whether to add x2y or xy2 to O. This choice depends on Bx
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and By. Specifically, if |Bx| ă |By|, then we choose to add xy2 to O. For example, if |Bx| “ 1

and |By| “ 2, then x2 R O so it does not make sense to add x2y to O; but y2 P O, and hence

all divisors of xy2 also belong to O. Moreover, xy2 serves as a maximal monomial that is

divisible by both x and y2. Lemma 3.4.1 below will confirm that if h1pΓIq “ 1, then either

|Bx| ě 2 or |By| ě 2 so that it will be possible to add either x2y or xy2 to O while still

preserving the structure of O as a multicomplex.

As a further remark, one could wonder what would happen if I “ tx, yu, hpΓIq “ p1, 1q,

and |Bx| “ |By| “ 2. This would indeed be problematic as we would have x2 and y2 in O,

but neither x3 nor y3 in O. Since hpΓIq “ p1, 1q, we would only be allowed to add x2y or

xy2 to O, but not both. Thus only one of the monomials x2 or y2 would divide a maximal

monomial supported on xy, but we might not be able to guarantee that the other would ever

divide into a maximal monomial. The following lemma will forbid such pathologies. When

hpΓIq “ p1, 1q, if |Bx| “ 2, then |By| “ 3. This means that x2 belongs to O, x3 does not

belong to O, and y3 belongs to O. Thus it is natural to add x2y to O to maintain purity

throughout the construction.

The following lemma shows that when I “ tx, yu as above, the relationship between

hpΓIq, Bx, and By is not arbitrary. The lemma can be proved directly through repeatedly

applying the exchange axiom to small matroids of rank 3, but we have also verified it directly

in Sage using the databases of small matroids from [66].

Lemma 3.4.1. Let ∆ be a matroid of rank 3 on the ground set rns for which r3s is a basis.

Let I “ tx, yu Ď rns ´ r3s be an independent set. Then

1. If hpΓIq “ p1, 0q, then there exists z P rns ´ ptx, yu Y r3sq such that tx, y, zu P ∆.

2. If hpΓIq “ p1, 1q, then one of the following holds:

(a) |Bx| “ 1 and |By| ě 2,

(b) |By| “ 1 and |Bx| ě 2,

(c) |Bx| “ 2 and |By| “ 3,
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(d) |Bx| “ 3 and |By| ě 2.

3. If hpΓIq “ p1, 2q, then |Bx| ě 2 and |By| ě 2.

In light of these motivating examples, we present the algorithm for constructing a natural

pure O-sequence that can be associated to any rank 3 matroid.

Algorithm 3.4.2. Constructing a pure degree 3 order ideal.

INPUT : A rank 3 matroid ∆ whose vertex set is ordered

OUTPUT :A pure order ideal O whose F -vector is hp∆q.

OUTLINE:

STEP 0: Reorder the vertices of the matroid as follows. Pick the lexicographically smallest

basis of ∆ and relabel its elements as t1, 2, 3u. For the remaining vertices declare x ă y if

|Bx| ă |By| or Bx ălex By and preserve the relative order of the vertices for which |Bx| is

fixed.

STEP 1: Construct the family of independent sets I with IXt1, 2, 3u “ H and partition them

into four collections A0, A1, A2, A3, where Ai contains all the elements of size i. Initialize

a list of monomials O to the empty list.

STEP 2 Add the monomial 1 to O. It corresponds to the empty set, the only element of A0.

STEP 3 For each I “ txu P A1, add all the monomial xt to O, where 1 ď t ď |Bx|.

STEP 4 For I “ tx, yu P A2 with x ă y we split into cases according to the values of hpΓIq,

|Bx|, and |By|:

1. If hpΓIq “ p1, 0q, then add the monomial xy to O.

2. If hpΓIq “ p1, 1q we again split into cases:

i. If |Bx| “ 1 then add the monomial xy2 to O. (x2 is not on the list, so we cannot

add anything that is divisible by x2).

ii. Else add the monomial x2y to O.
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3. If hpΓIq “ p1, 2q, then add the monomials xy, xy2, and x2y to O.

STEP 5: For each I “ tx, y, zu P A3 add the monomial xyz to O.

For a rank 3 based matroid p∆, B,ăq let Fp∆, B,ăq be the output of the algorithm

when we relabel the vertices of ∆ to have B as the smallest lexicographic basis and keep the

relative order on Ep∆q ´ B. By construction of the algorithm, conditions 1 through 5 from

Conjecture 3.3.10 are satisfied. So if the output is a pure order ideal for each element of U3,

then the proof of Conjecture 3.3.10 in the case of d “ 3 follows by Theorem 3.3.11.

We have computationally verified that the output of this code produces a pure order ideal

for each element of U3. A summary of our code is included in Section 3.6, and all of our code

is available at [55]. Thus we have computationally verified that Stanley’s Conjecture holds

for matroids of rank three.

Theorem 3.4.3. Conjecture 3.3.10 holds for d “ 3.

The algorithm does more than giving us a tool to check that the hypotheses of Theorem

3.3.11 indeed hold for d “ 3, it explicitly constructs a valid map F . Furthermore, if the

vertices of the matroid are ordered it gives the pure order ideal even if the number of vertices

is larger than 6. To illustrate the results of the algorithm we now present an example.

Example 3.4.4. Once again, we consider the Fano matroid of Example 3.3.6. Under the nat-

ural ordering of the vertex set t1, 2, 3, 4, 5, 6, 7u, the Fano matroid has the following restricted

h-vectors, which contribute the shown monomials to the corresponding monomial family. It

can be easily verified that the resulting family of monomials forms a pure multicomplex.
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I hpΓIq Monomials

H p1, 0, 0, 0q 1

t4u p1, 1, 0q x4, x
2
4

t5u p1, 1, 0q x5, x
2
5

t6u p1, 1, 0q x6, x
2
6

t7u p1, 1, 1q x7, x
2
7, x

3
7

t4, 5u p1, 2q x4x5, x4x
2
5, x

2
4x5

t4, 6u p1, 2q x4x6, x4x
2
6, x

2
4x6

t4, 7u p1, 1q x4x7, x
2
4x7

t5, 6u p1, 2q x5x6, x5x
2
6, x

2
5x6

t5, 7u p1, 1q x5x7, x
2
5x7

t6, 7u p1, 1q x6x7, x
2
6x7

t4, 5, 7u p1q x4x5x7

t4, 6, 7u p1q x4x6x7

t5, 6, 7u p1q x5x6x7

3.5 Stanley’s conjecture for rank 4 matroids

We now proceed to prove Conjecture 3.3.10 for d “ 4. As for the rank 3 case, we give an

algorithm that explicitly constructs a pure order ideal for every matroid of rank 4 whose

vertex set is ordered. We verify that the output of the algorithm satisfies the conditions of

Theorem 3.3.11 for all based matroids in U4, therefore proving Conjecture 3.3.10 for rank 4

matroids and also, as a result, Stanley’s Conjecture 5.1.2. We first study some properties of

rank four matroids.

3.5.1 Structural properties of rank 4 matroids

In order to motivate and explain why the algorithm in the next section is built as it is, we

will now present a collection of structural results about the restricted h-vectors of matroid
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complexes. These lemmas admit theoretical proofs, but since it is enough to check them for

matroids of rank 4 with seven elements, we are able to computationally verify the results in

just a few seconds using Sage [55]. There are 374 such matroids to check.

Throughout this section, ∆ is a rank 4 matroid such that t1, 2, 3, 4u is a basis of ∆.

All the lemmas are local, that is, all are concerned with an independent set I disjoint from

t1, 2, 3, 4u and the properties of the studied structure only depend on the matroid ∆I that

results from restricting the ground set of ∆ to t1, 2, 3, 4uY I. Further, the independent set I

is not a basis, hence it suffices to check the properties for matroids with at most 7 elements.

The code to do the verification is in the document verifyLemmas.sage of [55].

As in the rank 3 case, if I Ď rns´r4s is an independent set, the structure of hpΓIq depends

heavily on the structure of thpΓI 1q | I 1 Ď Iu. The following lemmas illustrate the structural

relationships that will be essential to our algorithm.

Lemma 3.5.1. Assume that I “ tx, yu.

1. If hpΓIq “ p1, 1, 0q and |Bx| “ 1, then |By| ě 2:

2. If hpΓIq “ p1, 1, 1q then one of the following is true:

(a) mint|Bx|, |By|u “ 1 and maxt|Bx|, |By|u ě 3 , or

(b) mint|Bx|, |By|u ě 3.

3. If hpΓIq “ p1, 2, 0q then mint|Bx|, |By|u ě 2.

4. If hpΓIq “ p1, 2, 1q then |Bx| P t2, 4u and |By| P t2, 4u.

5. If hpΓIq “ p1, 2, 2q then mint|Bx|, |By|u ě 2 and maxt|Bx|, |By|u ě 3.

6. If hpΓIq “ p1, 2, 3q then mint|Bx|, |By|u ě 3.

Lemma 3.5.2. Assume that I “ tx, y, zu.



47

1. If hpΓIq “ p1, 1q, then maxt|Bx|, |By|, |Bz|u ě 2.

2. If hpΓIq “ p1, 2q, then at most one of |Bx|, |By|, |Bz| is equal to one.

3. If hpΓIq “ p1, 3q, then mint|Bx|, |By|, |Bz|u ě 2.

These lemmas serve as the motivation for the design of Algorithm 3.5.3. We believe

that the main reason that the algorithm produces a pure O-sequence is hidden behind these

inequalities. It seems to us that the key to proving Stanley’s conjecture in higher rank is to

understand how these structural inequalities generalize in higher dimensions.

3.5.2 The algorithm

We now present the algorithm that will give the main result of the paper. The heuristic

motivation for this algorithm is that we choose the lexicographically smallest possible set

of monomials at each step subject to the requirements set forth by Conjecture 3.3.10. The

lemmas from the previous section are the key motivation behind all of the necessary subcases.

To simplify notation we write Γx,y,z :“ Γtx,y,zu, Γx,y :“ Γtx,yu, Γx :“ Γtxu and Bx for the set

of bases of Γx.

Algorithm 3.5.3. Constructing a pure rank 4 multicomplex

INPUT : A rank 4 matroid ∆ whose vertex set is ordered

OUTPUT :A pure multicomplex O whose F -vector is hp∆q.

STEP 0: Reorder the vertices of the matroid as follows. Pick the lexicographic smallest

basis of ∆ and relabel its elements as t1, 2, 3, 4u. For the remaining vertices declare x ă y

if |Bx| ă |By| and keep the original relative order of the vertices with |Bx| fixed. Relabel this

ordered set as rns ´ t1, 2, 3, 4u preserving the new order.

STEP 1: Construct the family of independent sets I with I X t1, 2, 3, 4u “ H and separate

them into five groups A0, A1, A2, A3, A4, where Ai contains all the elements of size i. Ini-

tialize the list of monomials O to the empty list.

STEP 2: Add the monomial 1 to the list. It corresponds to the empty set, the only element
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of A0.

STEP 3: For each I “ txu P A1 add the monomial xt, for 1 ď t ď |Bx|, to O.

STEP 4: For each I “ tx, yu P A2 with x ă y, we split in cases according to the h-vectors

of Γx,y,Γx,Γy using the following rules:

1. If hpΓx,yq “ p1, 0, 0q, then add the monomial xy to O.

2. Else if hpΓx,yq “ p1, 1, 0q, then there are two subcases to consider:

i. If |Bx| “ 1 add the monomials xy and xy2 to O.

ii. Else add the monomials xy and x2y to O.

3. Else if hpΓx,yq “ p1, 1, 1q, then there are two subcases to consider:

i. If |Bx| “ 1 add the monomials xy, xy2 and xy3 to O;

ii. Else add the monomials xy, x2y and x3y to O.

4. Else if hpΓx,yq “ p1, 2, 0q, add the monomials xy, x2y and xy2 to O.

5. Else if hpΓx,yq “ p1, 2, 1q, add the monomials xy, x2y, xy2, x2y2 to O.

6. Else if hpΓx,yq “ p1, 2, 2q then there are two subcases to consider:

i. If |Bx| ă 3 add the monomials xy, x2y, xy2, x2y2 and xy3 to O.

ii. Else add the monomials xy x2y, xy2, x3y and xy3 to O.

7. Else, add the monomials xy, x2y, xy2, x3y, x2y2 and xy3 to O.

STEP 5: For each I “ tx, y, zu P A3 with x ă y ă z, we split in cases according to the

values of hpΓx,y,zq, hpΓx,yq, hpΓx,zq and hpΓy,zq, hpΓxq, hpΓyq, hpΓzq.

1. If hpΓx,y,zq “ p1, 0q, then add the monomial xyz to O.
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2. Else if hpΓx,y,zq “ p1, 1q there are several subcases:

i. If hpΓx,yq “ p1, 0, 0q add the monomials xyz and xyz2 to O.

ii. Else if hpΓx,zq “ p1, 0, 0q, then add the monomials xyz and xy2z to O.

iii. Else if hpΓy,zq “ p1, 0, 0q, then add the monomials xyz and x2yz to O.

iv. Else if hpΓx,yq “ p1, 1, 0q or hpΓx,yq “ p1, 1, 1q we split in two cases:

a. if |Bx| “ 1 add the monomials xyz and xy2z to O;

b. else add the monomials xyz and x2yz to O.

v. Else if hpΓx,zq “ p1, 1, 0q, then

a. if |Bx| “ 1 add the monomials xyz and xyz2 to O;

b. else add monomials xyz and x2yz.

vi. Else if hpΓy,zq “ p1, 1, 0q or hpΓy,zq “ p1, 1, 1q, then

a. if |By| “ 1 add the monomials xyz and xyz2;

b. else add monomials xyz and xy2z.

vii. Else add the monomials xyz and x2yz.

3. Else if hpΓx,y,zq “ p1, 2q, we again have several cases:

i. If |Bx| “ 1 add xyz, xy2z and xyz2 to O.

ii. Else if |By| “ 1 add xyz, x2yz and xyz2 to O.

iii. Else if |Bz| “ 1 add xyz, x2yz and xy2z to O.

iv. Else if hpΓx,yq “ p1, 1, 0q or hpΓx,yq “ p1, 1, 1q, then

a. if |Bx| ą |By| add the monomials xyz, xy2z and xyz2 to O;

b. else add xyz, x2yz and xyz2 to O.

v. Else if hpΓx,zq “ p1, 1, 0q or hpΓx,zq “ p1, 1, 1q, then

a. if |Bx| ą |Bz| add the monomials xyz, xy2z and xyz2 to O;
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b. else add xyz, x2yz and xy2z to O.

vi. Else if hpΓy,zq “ p1, 1, 0q or hpΓy,zq “ p1, 1, 1q, then

a. if |By| ą |Bz| add the monomials xyz, x2yz and xyz2 to O;

b. else add xyz, x2yz, xy2z to O

vii. Else if hpΓx,yq “ p1, 2, 0q, add the monomials xyz, x2yz and xy2z to O.

viii. Else if hpΓx,zq “ p1, 2, 0q, add the monomials xyz, x2yz and xyz2 to O.

ix. Else if hpΓy,zq “ p1, 2, 0q, add the monomials xyz, xy2z and xyz2 to O.

x. Else add the monomials xyz, x2yz and xy2z to O.

4. Else if hpΓx,y,zq “ p1, 3q, then add the monomials xyz, x2yz, xy2z and xyz2 to O.

STEP 6: For each I “ tw, x, y, zu P A4 add the monomial wxyz to O.

For a based matroid p∆, B,ăq, let Fp∆, B,ăq be the monomial family output by Al-

gorithm 3.5.3 when we input ∆. We want to show that Fp∆, B,ăq is indeed a pure mul-

ticomplex. It is sufficient to show that claim holds as p∆, Bq ranges over the elements of

U4. To do this we implemented the algorithm in Sage and verified computationally that it

produces pure O-sequences for each element of U4 (up to ordered isomorphism). Matroids

with 8 elements are classified in [67], [66] and [68]. We use the classification to produce all

isomorphism classes of based matroids and get the desired multicomplex for small matroids.

3.5.3 Matroids with 8 elements

We begin by establishing a lemma that is essential in reducing the number of computations

that are required to prove Algorithm 3.5.3 works in general.

Lemma 3.5.4. Let ∆ and ∆1 be rank 4 matroids whose ground set is rks for 5 ď k ď 8.

Assume the following assertions hold:
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1. t1, 2, 3, 4u is a basis of both ∆ and ∆1.

2. For all A Ď rks ´ t1, 2, 3, 4u, A is independent in ∆ if and only if A is independent in

∆1.

3. For I Ď rks ´ t1, 2, 3, 4u independent in ∆, hpΓIp∆qq “ hpΓIp∆1qq.

Then Fp∆, t1, 2, 3, 4u,ăq “ Fp∆1, t1, 2, 3, 4u,ăq.

Proof. Since |Bxp∆q| “
ř3
i“0 hipΓtxup∆qq all the cases considered in every step of the algo-

rithm only depend on hpΓIp∆qq as I ranges among the independent sets of ∆ that do not

intersect t1, 2, 3, 4u. This proves the claim.

Lemma 3.5.4 together with the fact that every based matroid p∆, B,ăq P U4 is isomorphic

to a based matroid p∆1, t1, 2, 3, 4u,ăq where Ep∆1q “ t1, 2, 3, 4, 5, 6, 7, 8u and ă is the natural

order imply that it is enough to follow the following procedure. We outline this computational

procedure further in Section 3.6.

• Start with an empty list of matroids-to-check that saves the families of h-vectors of

the form phpΓIq | I X t1, 2, 3, 4u “ Hq. For each such family of h-vectors we will store

exactly one matroid with those restricted h-vectors.

• For each based matroid p∆, t1, 2, 3, 4uq with vertex set t1, 2, 3, 4, 5, 6, 7, 8u determine if

there is a matroid p∆1, t1, 2, 3, 4uq whose family of h-vectors thpΓ1Iq, | I X t1, 2, 3, 4u “

Hu “ thpΓIq, | I X t1, 2, 3, 4uu. (Here, Γ1I :“ link∆1pIq|t1,2,3,4u.) If no such matroid

exists, then add ∆ and its list of restricted h-vectors to the list of matroids-to-check.

• Run Algorithm 3.5.3 on every matroid in the list of matroids-to-check.

• Verify that the output of the algorithm for every complex to check is indeed a pure

order ideal.
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The result of the test is positive. The total number of matroids in the list of matroids to

verify is 9085. Below is and example of the outputs of the algorithm.

Example 3.5.5. Let ∆ be the dual matroid of the Fano matroid from Example 3.4.4, that

is, the matroid whose bases are the complements of the bases of the Fano matroid with the

labels as in the previous example. The restricted h-vectors and corresponding monomials in

this case are shown in the following table. Once again, we can easily check that the resulting

family of monomials is a pure multicomplex.

I hpΓIq Monomials

t5u p1, 1, 1, 0q x5, x
2
5, x

3
5

t6u p1, 1, 1, 0q x6, x
2
6, x

3
6

t7u p1, 1, 1, 0q x7, x
2
7, x

3
7

t5, 6u p1, 2, 2q x5x6, x
2
5x6, x5x

2
6, x

3
5x6, x5x

3
6

t5, 7u p1, 2, 2q x5x7, x
2
5x7, x5x

2
7, x

3
5x7, x5x

3
7

t6, 7u p1, 2, 2q x6x7, x
2
6x7, x6x

2
7, x

3
6x7, x6x

3
7

t5, 6, 7u p1, 2q x5x6x7, x
2
5x6x7, x5x

2
6x7

3.6 Summary of code

This section contains a summary of the computational approach undertaken to verify Con-

jecture 3.3.10 in ranks three and four. The code and data are available online at [55].

In order to computationally verify our results, we used the database of matroids in [67].

This gave us a representative of each isomorphism class of matroids of rank three (respectively

four) on at most six (respectively eight) elements. The files matroidsnXrY.sage contain the

bases of each isomorphism class of matroids of rank Y on X elements. Initially, the bases are

stored as 0{1 lists that encode the Y -element subsets of rXs under the reverse lexicographic

order. The code in the file constructMatroids.sage converts each 0{1 list into a list of

facets/bases of a simplicial complex.

For each such isomorphism class, any potential reordering of the ground set would give a
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different based matroid with a different initial basis under the lexicographic shelling order.

For each based matroid, we computed the set of restricted h-vectors thpΓIq | I Ď rnszrdsu.

This analysis is also done in the file constructMatroids.sage. For each unique set of

restricted h-vectors, we stored the corresponding ordered matroid and list of restricted h-

vectors for further analysis. The restricted h-vectors and corresponding matroids are stored

in two separate lists in the files hvecsnXrY.sage. From the original list of 1331 isomorphism

classes of matroids of rank four on at most eight elements, we constructed a list of 9085

based matroids to be examined.

Now that we have saved a permanent record of all possible sets of restricted h-vectors

thpΓIq | I Ď rnszrdsu for all matroids of rank three (or four) on at most six (or eight) elements,

we are able to computationally verify Lemmas 3.4.1, 3.5.1, and 3.5.2 and implement our Algo-

rithms 3.4.2 and 3.5.3. The Lemmas are verified using the code in verifyLemmas.sage. The

files constructMonomialsRank3.sage and constructMonomialsRank4.sage contain imple-

mentations of the algorithms. Finally, we wrote code in the file verifyPureOSequence.sage

to test whether a given list of monomials is a pure multicomplex. We ran these tests in the file

verifyAlgorithm.sage, and the output verified that the family of monomials constructed

by our algorithm was indeed a pure order ideal in each case. Finally we verified that the F -

vector of the output of the algorithm coincides with the h-vector of the input. The h-vector

of the input is computed using the standard SimplicialComplex class of Sage.
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Chapter 4

THE TOPOLOGY OF THE EXTERNAL ACTIVITY
COMPLEX OF A MATROID

4.1 Introduction

Wider context of this work. Matroid theory is a combinatorial theory of independence

which has its roots in linear algebra and graph theory, but which turns out to have deep

connections with many fields. There are natural notions of independence in linear algebra,

graph theory, matching theory, the theory of field extensions, and the theory of routings,

among others. Matroids capture the combinatorial essence that those notions share.

A matroid can be described in many equivalent ways, arising from the many contexts

where matroids are found: the bases, the circuits, the lattice of flats, and the matroid

polytope, among others. One important approach, which is the most relevant one to this

paper, has been to model a matroid in terms of a simplicial or polyhedral complex. In fact,

most of these topological models arise naturally in algebraic and geometric contexts, and

offer new tools to prove combinatorial theorems. A celebrated recent example is the proof

by Huh [45] and Huh and Katz [47] of Rota’s 1971 conjecture [84] that the coefficients of the

characteristic polynomial of a linear matroid are unimodal. A key ingredient of this proof is

the Bergman complex BpMq described below.

Let us describe a few constructions of this flavor, and provide a few references for the

interested reader. The notion of shellability is a very useful unifying tool in this approach,

as explained in [17].

‚ [81, 17] The independence complex or matroid complex INpMq is homotopy equivalent

to a wedge of TMp0, 1q “ |µpM˚q| spheres of dimension rpMq ´ 1 if M is coloopless. This

complex is shellable, and its shelling polynomial is TMpx, 1q. The shellability of INpMq
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naturally leads to the important notions of internal and external activity of M .

‚ [99, 83, 24] The broken circuit complex BCăpMq is, a cone over a space homotopy

equivalent to a wedge of |βpMq| spheres of dimension rpMq´2. It can be naturally embedded

into INpMq. It is shellable and its shelling polynomial is TMpx, 0q. The embedding is

a combinatorial witness of such a result. Its face numbers equal the coefficients of the

characteristic polynomial of M up to sign.

‚ [36, 89, 79] the (proper part of the) order complex of the lattice of flats ∆pLMztp0,p1uq

is homotopy equivalent to a wedge of TMp1, 0q “ |µpMq| spheres of dimension rpMq ´ 2. It

is shellable. This is a motivating example for the theory of Cohen Macaulay posets. It also

arises naturally in Orlik and Solomon’s presentation of the cohomology of the complement

of a complex hyperplane arrangement.

‚ [92, 9] The Bergman complex BpMq is the link of the origin in the tropical linear space

TroppMq. It is not always simplicial. Though not obvious from its definition, BpMq is a

coarsening of ∆pLMztp0,p1uq and hence shares its topological properties. These complexes are

fundamental objects in tropical geometry because TroppMq is the tropical analog of a linear

space.

The purpose of this paper is to describe a new member of this family.

‚ The external activity complex ActăpMq is, after removing cone points, either con-

tractible or a sphere of dimension n` r´1´|AEpMq| where AEpMq is the set of externally

absolute elements. It contains a copy of INpMq as a subcomplex. It is shellable, and its

shelling polynomial is TMpx, 1q. Its shellability is closely related to Las Vergnas’s active

orders on the bases of M .

Hence the external activity complex sheds new light on the shelling polynomial TMpx, 1q

of a matroid M . This is a subject of great attention thanks to Stanley’s 1977 h-vector

conjecture, one of the most intriguing open problems in matroid theory:

Conjecture 4.1.1. [89] For any matroid M , there exists a set X of monomials such that:

- if m and m1 are monomials such that m P X and m1|m, then m1 P X,
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- all the maximal monomials in X have the same degree,

- there are exactly hi monomials of degree i in X, where
ř

i hix
r´i “ T px, 1q.

This conjecture has been proved, using rather different methods, for several families: co-

graphic matroids, [73], lattice path matroids [87], cotransversal matroids [78], paving ma-

troids [?], and matroids up to rank 4 or corank 2 [30, 54]. The general case remains open.

Motivation for this work. The external activity complex ActăpMq of a matroid is a

simplicial complex associated to a matroid M and a linear order ă on its ground set. This

complex arose in work of the first author with Adam Boocher [7]. They started with a

linear subspace L of affine space An with a chosen system of coordinates. There is a natural

embedding An ãÑ pP1qn into a product of projective lines, and they considered the closure
rL of L in pP1qn. They proved that many geometric and algebraic invariants of the variety rL

are determined by the matroid of L.

As is common in combinatorial commutative algebra, a key ingredient of [7] was to

consider the initial ideals inărL under various term orders. These initial ideals are the Stanley-

Reisner ideals of the external activity complexes ActăpMq under the different linear orders

ă of the ground set. This led them to consider and describe the complexes ActăpMq.

The ideals inărL are shown to be Cohen-Macaulay in [7], and the authors asked the

stronger question: Are the external activity complexes ActăpMq shellable? The purpose of

this note is to answer this question affirmatively.

Our results. The facets of ActăpMq are indexed by the bases B of M , and [7] suggested

a possible connection between ActăpMq and LasVergnas’s internal order ăint on B. Supris-

ingly, we find that it is the external/internal order ăext{int on B, also defined in [63], which

plays a key role. Our main result is the following:

Theorem 4.1.2. Let M “ pE,Bq be a matroid, and let ă be a linear order on the ground

set E. Any linear extension of LasVergnas’s external/internal order ăext{int of B induces a

shelling of the external activity complex ActăpMq.
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As a corollary we obtain that these orders also shell the independence complex INpMq,

and in fact we show a stronger statement.

Theorem 4.1.3. Any linear extension of the internal order ăint gives a shelling order of

the independence complex INpMq.

These theorems are as strong as possible in the context of LasVergnas’s active orders.

We also obtain the following enumerative corollary.

Theorem 4.1.4. The h-vector of ActăpMq equals the h-vector of M .

It is easy to see that ActăpMq is a cone, and hence trivially contractible. It is more

interesting to study the reduced external activity complex Act‚ăpMq, obtained by removing

all the cone points of ActăpMq. Our main topological result is the following.

Theorem 4.1.5. Let M be a matroid and ă be a linear order on its ground set. The reduced

external activity complex Act‚ăpMq is contractible if M contains U1,3 as a minor, and a sphere

otherwise.

In Proposition 4.6.5 we will see there is an embedding of the independence complex

INpMq in Act‚ăpMq, and both complexes have the same h-vector. If M is coloopless its

independence complex is homotopy equivalent to a wedge of |µpM˚q| spheres, while the

external activity complex is contractible or a sphere. Thus Act‚ăpMq can be seen as a

topologically simpler model than INpMq for the matroid M .

The paper is organized as follows. In Section 4.2 we introduce the necessary definitions

and preliminaries. In Section 4.3 we carry out an example in detail, and show that the

hypotheses of Theorems 4.1.2 and 4.1.3 are best possible. In Section 4.4 we prove our main

Theorem 4.1.2 on the shellability of the external activity complex ActăpMq, and Theorem

4.1.3, which gives many new shellings of the independence complex INpMq. In Section 4.5

we show that ActăpMq and INpMq have the same h-vector. Finally, in Section 4.6, we

describe the topology of the reduced external activity complex in Theorem 4.1.5.
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4.2 Preliminaries

In this section we collect the background information on matroids and shellability that we

will need to prove our results.

4.2.1 Matroids

Basic definitions. A simplicial complex ∆ “ pE, Iq is a pair where E is a finite set and I

is a non empty family of subsets of E, such that if A P I and B Ă A, then B P A. Elements

of I are called faces of the complex. The maximal elements of I are called facets. A complex

is said to be pure if all facets have the same number of elements.

The following is one of many equivalent ways of defining a matroid:

Definition 4.2.1. A matroid M “ pE, Iq is a simplicial complex such that the restriction

of M to any subset of E is pure.

Since there are several simplicial complexes associated to M , we will denote this one

INpMq “ pE, Iq. It is often called the independence complex of M .

The two most important motivating examples of matroids are the following.

• (Linear Algebra) Let E be a set of vectors in a vector space, and let I consist of the

subsets of E which are linearly independent. Then pE, Iq is a linear matroid.

• (Graph Theory) Let E be the set of edges of an undirected graph G, and let I consist

of the sets of edges which contain no cycle. Then pE, Iq is a graphic matroid.

For any matroid M “ pE, Iq, it is customary to call the sets in I independent. The facets

of a matroid are called bases. The set of all bases is denoted B.

Example 4.2.2. The simplest example of a matroid is the uniform matroid Uk,n, whose

ground set is rns and whose independent sets are all the subsets of rns of cardinality at most

k. The uniform matroid U1,3 is going to play an important role later.
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The minimal non-faces of M , that is, the minimal dependent sets, are called circuits.

The circuits of a matroid have a special structure [80]:

Lemma 4.2.3 (Circuit Elimination Property). If γ1 and γ2 are circuits of a matroid and

c P γ1 X γ2, then there is a circuit γ3 that is contained in γ1 Y γ2 ´ c.

Duality. Matroids have a notion of duality which generalizes orthogonal complements in

linear algebra and dual graphs in graph theory.

Let M be a matroid with bases B. Then the set

B˚ “ tE ´B : B is a basis of Mu

is the collection of bases of a matroid M˚ “ pE,B˚q, called the dual matroid M˚. The

circuits of the dual matroid M˚ are called the cocircuits of M .

Deletion, contraction, and minors. We say that an element e P E is a loop of a matroid

M if it is contained in no basis; that is, if teu is a dependent set. Dually, e is a coloop if it

is contained in every basis of M .

The deletion Mze of a non-coloop e P E is the matroid on E ´ e whose bases are the

bases of M that do not contain e. We also call this the restriction of M to E ´ e. Dually,

the contraction M{e of a non-loop e P E is the matroid on E´e whose bases are the subsets

B of E ´ e such that B Y e is a basis of M .

It is easy to see that any sequence of deletions and contractions of different elements

commutes. We say that a matroid M 1 is a minor of a matroid M if M 1 is isomorphic to a

matroid obtained from M by performing a sequence of deletions and contractions.

Fundamental circuits and cocircuits. Given a basis B and an element e P E ´B there

is a unique circuit contained in B Y e, called the fundamental circuit of e with respect to B.

It is given by

CircpB, eq “ tx P E : B Y e´ x P Bu .
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Given a basis B and an element i P B there is a unique cocircuit disjoint with B ´ i,

called the fundamental cocircuit of i with respect to B. It is given by

CocircpB, iq “ tx P E : B Y x´ i P Bu .

Note that the cocircuit CocircpB, iq in M equals the circuit CircpE ´B, iq in the dual M˚.

Basis activities. Let ă be a linear order on the ground set E. For a basis B, define the

sets:

EApBq “ te P E ´B : min pCircpB, eqq “ eu

EP pBq “ te P E ´B : min pCircpB, eqq ‰ eu

The elements of EApBq and EP pBq are called externally active and externally passive with

respect to B, respectively. Note that EApBq ZEP pBq “ E ´B, where Z denotes a disjoint

union.

Dually, let

IApBq “ ti P B : min pCocircpB, iqq “ iu

IP pBq “ ti P B : min pCocircpB, iqq ‰ iu

The elements of IApBq and IP pBq are called internally active and internally passive with

respect to B, respectively. Note that IApBqZ IP pBq “ B. Also note that the internally ac-

tive/passive elements with respect to basis B in M are the externally active/passive elements

with respect to basis E ´B in M˚.

The following elegant result of Tutte [96] (for graphs) and Crapo [28] (for arbitrary

matroids) underlies many of the results of [7] and this paper.

Theorem 4.2.4. [28, Proposition 5.12] Let M be a matroid on the ground set E and let ă

be a linear order on E.

1. Every subset A of E can be uniquely written in the form A “ BYX´Y for some basis
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B, some subset X Ď EApBq, and some subset Y Ď IApBq. Equivalently, the intervals

rB ´ IApBq, B Y EApBqs form a partition of the poset 2E of subsets of E ordered by

inclusion.

2. Every independent set I of E can be uniquely written in the form I “ B ´ Y for some

basis B and some subset Y Ď IApBq. Equivalently, the intervals rB ´ IApBq, Bs form

a partition of the independence complex INpMq.

The Tutte polynomial of M is

TMpx, yq “
ÿ

B basis
x|IApBq|y|EApBq|.

It follows from the work of Crapo and Tutte [28, 96] that this polynomial does not depend on

the chosen order ă. The Tutte polynomial is the most important matroid invariant, because

it answers an innumerable amount of questions about the combinatorics, algebra, geometry,

and topology of matroids and related objects. For more information, see [23].

The external activity complex. Let M be a matroid on E. Let E “ te : e P Eu be a

second copy of E, and let rrEss “ E Z E. This set of size 2|E| will be the ground set of

the external activity complex of M . For each subset S Ď E we write S :“ ts | s P Su Ă E.

Therefore, each subset of rrEss can be written uniquely in the form S1 Y S2 for S1, S2 Ď E.

Our main object of study is the following.

Theorem 4.2.5. [7] Let M “ pE,Bq be a matroid and let ă be a linear order on E. M .

There is a simplicial complex called the external activity complex ActăpMq on ground set

rrEss such that

1. The facets are F pBq :“ B Y EP pBq YB Y EApBq for every basis B P B.

2. The minimal non-faces are Spγq “ c Y γ ´ c for every circuit γ, where c is the ă-

smallest element of γ.
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The complement of the facet F pBq in rrEss is GpBq “ EApBq Y EP pBq.

Las Vergnas’s three active orders. Given a matroid M “ pE,Bq and a total order ă on

the ground set of M , LasVergnas introduced the following three active orders. In each case,

he proved that there are several equivalent definitions.

Definition 4.2.6. The external order ăext on B is characterized by the following equivalent

properties for two bases A and B:

1. A ďext B,

2. A Ď B Y EApBq,

3. AY EApAq Ď B Y EApBq,

4. B is the lexicographically largest basis contained in AYB.

This poset is graded with rpBq “ |EApBq|. Adding a minimum element turns it into a lattice.

Definition 4.2.7. The internal order ăint on B is characterized by the following equivalent

properties for two bases A and B:

1. A ďint B,

2. A´ IApAq Ď B,

3. A´ IApAq Ď B ´ IApBq,

4. A is the lexicographically smallest basis containing AYB.

This poset is graded with rpBq “ r ´ |IApBq|. Adding a maximum element turns it into a

lattice.

The internal and external orders are consistent in the sense that A ďint B and B ďext A

imply A “ B. Therefore the following definition makes sense.

Definition 4.2.8. The external/internal order ăext{int is the weakest order which simul-

taneously extends the external and the internal order. It is characterized by the following

equivalent properties for two bases A and B:

1. A ďext{int B,

2. IP pAq X EP pBq “ H,
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This poset is a lattice. It is not necessarily graded.

Note that Theorem 4.2.6.4 and 4.2.7.4 imply the following.

Proposition 4.2.9. The lexicographic order ălex on B is a linear extension of the three

posets ăint,ăext, and ăext{int. In symbols, any of A ăint B, A ăext B or A ăext{int B implies

A ălex B.

4.2.2 Shellability and the h-vector

Shellability. Shellability is a combinatorial condition on a simplicial complex that allows

us to describe its topology easily. A simplicial complex is shellable if it can be built up by

introducing one facet at a time, so that whenever we introduce a new facet, its intersection

with the previous ones is pure of codimension 1. More precisely:

Definition 4.2.10. Let ∆ be a pure simplicial complex. A shelling order is an order of the

facets F1, . . . Fk such for every i ă j there exist k ă j and f P Fj such that Fi X Fj Ď

Fk X Fj “ Fj ´ f . If a shelling order exists, then we call ∆ shellable.

Given a shelling order and a facet Fj, there is a subset RpFjq such that for every A Ď Fj,

we have A * Fi for all i ă j if and only if RpFjq Ď A. Equivalently, when we add facet Fj to

the complex, the new faces that we introduce are precisely those in the interval rRpFjq, Fjs.

The set RpFjq is called the restriction set of Fj in the shelling.

The f-vector and h-vector. The f -vector of a pd´ 1q-dimensional simplicial complex ∆

is pf0, . . . , fdq where fi is the number of faces of ∆ of size i. The h-vector ph0, . . . , hdq is an

equivalent way of storing this information; it is defined by the relation

f0px´ 1qd ` f1px´ 1qd´1
` ¨ ¨ ¨ ` fdpx´ 1q0 “ h0x

d
` h1x

d´1
` ¨ ¨ ¨ ` hdx

0.

This polynomial is also known as the shelling polynomial h∆pxq, due to the following de-

scription of the h-vector for shellable complexes.
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Proposition 4.2.11. [17, Proposition 7.2.3] If F1, . . . , Fk is a shelling order for a pd ´ 1q-

dimensional simplicial complex ∆, then

hi :“ | tj : |RpFjq| “ iu| .

Note that it is not clear a priori that these numbers should be the same for any shelling

order.

Understanding the topology of a shellable simplicial complex is easy once we know the

last entry of the h-vector, thanks to the following result.

Theorem 4.2.12. [61, Theorem 12.2(2)] Any geometric realization of a pd´1q-dimensional

shellable simplicial complex ∆ is homotopy equivalent to a wedge of hd spheres of dimension

d´ 1. In particular, if hd “ 0, then every geometric realization of ∆ is contractible.

An important property for matroids is their shellability:

Theorem 4.2.13. [17, Theorem 7.3.3] The lexicographic order ălex on the bases of a matroid

M gives a shelling order of the independence complex INpMq. Furthermore, the restriction

set of a basis B in this shelling order is given by IP pBq.

A straightforward consequence of the previous theorem is that the internal order poset

is equal to the poset of bases of M where the order is given by inclusion of restriction sets

of the lexicographic shelling order.

4.3 Example

Before proving our theorems, we illustrate them in an example. Consider the graphic matroid

given by the graph of Figure 4.1. Its bases are all the 3-subsets of r5s except t1, 2, 3u and

t1, 4, 5u. Under the standard order 1 ă 2 ă 3 ă 4 ă 5 on the ground set, Table 4.1 records

the basis activity of the various bases.

The resulting internal, external, and external/internal orders ăint,ăext,ăext{int are shown

in Figure 4.2. By Theorems 4.2.6, 4.2.7, and 4.2.8, these three orders are isomorphic to the
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1

2

34

5

Figure 4.1: A graphic matroid.

B EP pBq EApBq IP pBq IApBq
124 35 H H 124
125 45 H 5 12
134 25 H 3 14
135 24 H 35 1
234 5 1 23 4
235 4 1 235 H

245 3 1 45 2
345 H 12 345 H

Table 4.1: The bases B together with their sets of externally passive, externally active,
internally passive, and internally active elements.

three families of sets tB Y EApBq : B basisu, tB ´ IApBq : B basisu, and tB Y EApBq ´

IApBq : B basisu, partially ordered by containment.

124

134125

234
135245

235345

134 124 125 135

234 245 235

345

124

125 134

234

235

345

135245

Figure 4.2: The active orders ăint,ăext, and ăext{int, respectively.
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Table 4.1 lists the bases in lexicographic order ălex, and this is a shelling order for the

independence complex INpMq by Theorem 4.2.13. The restriction set for each basis B is

RpBq “ IP pBq. For example, when we add facet 134 in the third step of the shelling, this

means that the new faces that appear are the four sets in the interval rRp134q, 134s “ r3, 134s;

that is, faces 3, 13, 34, and 134.

Our goal is to shell the external activity complex ActăpMq whose facets, listed in Ta-

ble 4.2, are the sets F pBq “ B Y EP pBq Y B Y EApBq. Since 1, 3, 4, and 5 are in all

facets of ActăpMq, we remove them, and shell the resulting reduced external activity complex

Act‚ăpMq. Our main result, Theorem 4.1.2, states that any linear extension of the exter-

nal/internal order ăext{int gives a shelling order for this complex. For example, we may

again consider the lexicographic order, which is indeed a linear extension of ăext{int.

B F pBq F pBq‚ RpF pBqq
124 12345124 1224 H

125 12345125 1225 5
134 12345134 1234 3
135 12345135 1235 35
234 23451234 2234 23
235 23451235 2235 235
245 23451245 2245 45
345 34512345 2345 345

Table 4.2: The bases B of M , the corresponding facets F pBq and F pBq‚ of ActăpMq and
Act‚ăpMq, and their (shared) restriction set RpF pBqq in the shelling.

For each basis B, Table 4.2 lists the corresponding facet F pBq of ActăpMq, the corre-

sponding facet F pBq‚ of Act‚ăpMq, and the restriction set of the facet F pBq in the shelling.

This restriction set is RpF pBqq “ IP pBq. For example, when we add facet 1234 to the

complex Act‚ăpMq in the third step of the shelling, the new faces that appear are the eight

sets in the interval rRp1234q, 1234s “ r3, 1234s.

Notice that we can embed INpMq ÝÑ Act‚ăpMq by sending 1 Ñ 1, 2 Ñ 2, 3 Ñ 3, 4 Ñ
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4, 5 Ñ 5. The latter complex has the same h-vector and is contractible. Therefore, it is no

coincidence that the shellings of INpMq and ActăpMq are related. In fact, we will prove that

any shelling order for ActăpMq is a shelling order for INpMq. Theorem 4.1.2 then gives:

any linear extension of ăext{int is a shelling order for INpMq and ActăpMq. (4.1)

We conclude this section with two examples showing that the linear extensions of the

internal and external orders ăint and of ăext are not necessarily shelling orders for ActăpMq.

Example 4.3.1. Consider any linear extension of ăext starting with 124 and 135 in that

order, such as:

124, 135, 125, 134, 234, 235, 245, 345.

This is not a shelling order for INpMq because the second facet 135 intersects the first facet

124 in codimension 2. By Corollary 4.4.3 (or directly by inspection), this is not a shelling

order for ActăpMq either. Therefore:

a linear extension of ăext need not be a shelling order for INpMq or for ActăpMq. (4.2)

Example 4.3.2. Consider the following linear extension of ăint:

124, 125, 134, 135, 245, 345, 234, 235

which gives the following order on the facets:

1224, 1225, 1234, 1235, 2245, 2345, 2234, 2235,

This is a shelling of INpMq by Theorem 4.1.3. However, it is not a shelling of ActăpMq

and Act‚ăpMq. To see this, suppose we introduce the facets of Act‚ăpMq in the order above.

When we introduce the sixth facet 2345

we introduce two new minimal faces: 23 and 345; so this is not a shelling order for
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ActăpMq. Hence

a linear extension of ăint is a shelling order for INpMq, but not necessarily for ActăpMq.

(4.3)

In summary, combining (4.1), (4.2), and (4.3), we see that the hypotheses of Theorems

4.1.2 and 4.1.3 are as strong as possible in the context of LasVergnas’s active orders.

4.4 Shellability of the external activity complex

In this section we prove our main result, which states that the external activity complex is

shellable. We begin by proving two technical lemmas.

Lemma 4.4.1. Let M be a matroid on an ordered ground set, and let A,C be bases of M .

There exist c P EP pAqXC and a ă c such that C´ cYa is a basis if and only if A �ext{int C

in LasVergnas’s external/internal order.

Proof. Given c P C, we can find an element a ă c with C ´ c Y a P B if and only if

c P IP pCq. To find such an element c with the additional condition that c P EP pAq, we need

IP pCq X EP pAq ‰ H; this is equivalent to A �ext{int C in LasVergnas’s external/internal

order by Theorem 4.2.8.2.

A total order ă on the set B of bases of M induces an order on the set of facets tF pBq :

B P Bu of the external activity complex ActăpMq. We now characterize the shelling orders

on ActăpMq.

Lemma 4.4.2. Let B be the set of bases of a matroid M . A total order ă on the set B

induces a shelling of the external activity complex ActăpMq if and only if for any bases

A ă C there exists a basis B ă C such that

(a) B “ X Y b and C “ X Y c for some b ‰ c.

(b) c R A and c P EApBq if and only if c P EApAq.
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(c) For any d R B Y C “ X Y bY c we have d P EApBq if and only if d P EApCq

Proof. By definition, ă induces a shelling order if for every A ă C there exist B ă C and

c˘ P F pCq (where c˘ equals c or c for some c P E) such that

F pAq X F pCq Ă F pBq X F pCq “ F pCq ´ c˘.

Recalling that GpDq “ EApDq Y EP pDq is the complement of F pDq in rrEss for each basis

D, this is equivalent to

GpAq YGpCq Ą GpBq YGpCq “ GpCq Y c˘.

Define the support of S Ă rrEss to be supppSq “ ti P E : i P S or i P Su. Notice that we

have supppGpDqq “ E ´D for any basis D. Then

|E| ´ |B X C| “ |supppGpBq YGpCqq| “ |supppGpCq Y c˘q| “ |E| ´ r ` 1.

where r is the rank of the matroid. This implies (a).

If (c) was not satisfied for some d R BYC, we would find both d and d in GpBqYGpCq “

GpCq Y c, a contradiction. Finally, c˘ is in GpAq and GpBq, which implies (b).

The converse follows by a very similar argument.

Corollary 4.4.3. If a total order ă on B induces a shelling of the external activity complex

ActăpMq, then it also induces a shelling of the independence complex INpMq.

Proof. Let A ă C and assume that B ă C satisfy conditions (a), (b), and (c) of Lemma 4.4.2.

Since supppGpDqq “ E´D for every basis D, the containment GpAqYGpCq Ą GpBqYGpCq

gives E ´ pAX Cq Ą E ´ pB X Cq, which implies AX C Ă B X C “ X “ C ´ c. Hence the

total order ă induces a shelling order of INpMq.

Now we are ready to prove our main theorem.



70

Theorem 4.4.4. Let M “ pE,Bq be a matroid, and let ă be a linear order on the ground

set E. Any linear extension of LasVergnas’s external/internal order ăext{int of B induces a

shelling of the external activity complex ActăpMq.

Proof. We use the characterization of Lemma 4.4.2. Consider bases A ă C; we will find the

desired basis in two steps. We construct a basis B and, if necessary, a second basis B1, and

we will show that one of them satisfies the conditions (a),(b),(c) of Lemma 4.4.2.

Step 1. Since A �ext{int C, we first use Lemma 4.4.1 to find c P EP pAq XC and a minimal

element b ă c such that

B “ X Y b

is a basis, where X “ C ´ c. The minimality of b implies that b is minimum in CocircpB, bq,

so b P IApBq. Therefore BzIApBq Ď X Ď C. Theorem 4.2.7 then implies that B ăint C,

which in turn gives B ăext{int C, and hence B ă C.

Property (a) is clearly satisfied. By construction c R A and c P EP pAq. Since b ă c is in

CircpB, cq, we have c P EP pBq. Therefore (b) is also satisfied. Property (c) does not always

hold; let us analyze how it can fail, and adjust B accordingly if necessary.

Suppose (c) fails for an element d R B Y C; call such an element a tB,Cu external dis-

agreement. This means that d is minimum in one of the fundamental circuits β “ CircpB, dq

and γ “ CircpC, dq but not in the other one.

Since they have different minima, we have β ‰ γ; so using circuit elimination, we can

find a circuit α Ď β Y γ ´ d. This circuit must contain b and c, or else it would be contained

in basis B or C. This implies that

b, c P α, b, d P β, c, d P γ.

It follows that D “ XYd “ pBYdq´b is a basis. By the uniqueness of fundamental circuits,

we must have

α “ CircpB, cq “ CircpC, bq, β “ CircpB, dq “ CircpD, bq, γ “ CircpC, dq “ CircpD, cq.
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X

b

cd

αβ

γ

Figure 4.3: The bases B “ X Y b, C “ X Y c, and D “ X Y d and the fundamental circuits
β, γ, α.

Taking into account that b ă c, we consider three cases:

• 1. b ă c ă d: Since b P CircpB, dq “ β and c P CircpC, dq “ γ, d is minimum in neither

β nor γ, a contradiction.

• 2. d ă b ă c: The minimality of b implies that XYd “ D is not a basis, a contradiction.

• 3. b ă d ă c: Since d is not minimum in CircpB, dq “ β Q b, we have d P EP pBq; so d

is a tB,Cu external disagreement if and only if d P EApCq.

We conclude that, under the above hypotheses,

d is a tB,Cu external disagreement ðñ X Y d is a basis, b ă d ă c, and d P EApCq.

(4.4)

If there are no tB,Cu external disagreements, B is our desired basis. Otherwise, proceed as

follows.

Step 2. Define the basis

B1 “ X Y b1
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where b1 is the largest tB,Cu external disagreement. We have b ă b1 ă c and b1 P EApCq. It

follows that B1 Ă CYEApCq, so B1 ăext C by Theorem 4.2.6. This implies that B1 ăext{int C,

which in turn gives B1 ă C. Now we claim that B1 satisfies conditions (a),(b),(c) of Lemma

4.4.2.

Property (a) is clearly satisfied. By construction c R A and c P EP pAq. Since b1 ă c

is in CircpB1, cq, we have c P EP pB1q, so (b) holds. To show (c), assume contrariwise that

d1 R X Y b1 Y c is a tB1, Cu external disagreement; that is, it is minimum in one of the

fundamental circuits β1 “ CircpB1, d1q and γ1 “ CircpC, d1q but not in the other.

X

c

b’

d’

α′

β′

γ′

Figure 4.4: The bases B1 “ XYb1, C “ XYc, and D1 “ XYd1 and the fundamental circuits
β1, γ1, α1.

As in Step 1, D1 “ X Y d1 must be a basis, and we have circuits

α1 “ CircpB1, cq “ CircpC, b1q, β1 “ CircpB1, d1q “ CircpD1, b1q, γ1 “ CircpC, d1q “ CircpD1, cq.

with

b1, c P α1, b1, d1 P β1, c, d1 P γ1.

Once again, in view of b1 ă c, we consider three cases:

• Case 1 b1 ă c ă d1: Since b1 P CircpB, d1q “ β1 and c P CircpC, d1q “ γ, d1 is minimum

in neither β nor γ, a contradiction.
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• Case 2 d1 ă b1 ă c: If d1 P EApB1q then d1 “ min β1. Since b1 P EApCq, we have

b1 “ minα1. Because they have different minima, we have β1 ‰ α1, so we can use circuit

elimination to find a circuit γ2 Ď pα1Yβ1q´b1. Again, that circuit must contain c and d1

or else it would be contained in C or D1. Therefore, by the uniqueness of fundamental

circuits, γ2 “ γ1. Now, since γ1 Ď pα1 Y β1q ´ b1 and d1 P γ1, we have d1 “ min γ1 and

d1 P EApCq.

Similarly, if d1 P EApCq then d1 “ min γ1. Since b1 P EApCq, we have b1 “ minα1. As

above, we can conlcude that β1 Ď pα1 Y γ1q ´ c and d1 P β1, we have d1 “ min β1 and

d1 P EApB1q.

In either case, we get a contradiction.

• Case 3 b1 ă d1 ă c Since d1 is not minimum in β1 “ CircpB, d1q Q b1, if d1 is a tB1, Cu

external disagreement, it must be minimum in γ “ CircpC, d1q; that is, d1 P EApCq.

We have b ă b1 ă d1 ă c, and X Y d1 is a basis. Therefore, recalling (4.4), d1 is also a

tB,Cu external disagreement, contradicting the maximality of b1.

In conclusion, there are no tB1, Cu external disagreements, and property (c) holds. There-

fore the basis B1 has all required properties.

Corollary 4.4.5. Any linear extension of the external/internal order ăext{int gives a shelling

order for the independence complex INpMq.

Proof. This follows from Theorem 4.1.2 and Corollary 4.4.3.

In fact, we now prove a stronger result. We begin with a useful lemma.

Lemma 4.4.6. Let I be an independent set of M and let C be any basis that contains I. If

B is the lexicographically smallest basis that contains I then B ďint C.

Proof. By Theorem 4.2.7.4, we need to show that B is the lexicographically smallest basis

that contains B X C. To do so, assume there is a basis A Ě B X C with A ălex B Then

A Ě B X C Ě I, contradicting the minimality of B.
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Theorem 4.4.7. intshell Any linear extension of the internal order ăint gives a shelling

order of the independence complex INpMq.

Proof. Let ă be any linear extension of ăint, and let A ă C be bases, so A ­ąint C. We claim

that there exists B ăint C (and hence B ă C) such that A X C Ď B X C “ C ´ c for some

c in C. This will prove the desired result.

To show this, let D be the lexicographically smallest basis that contains A X C. Notice

that D ­“ C because A ­ąint C, using Theorem 4.2.7.4. Let d be smallest element in D ´ C

and let c be any element of C ´ D such that C 1 “ C ´ c Y d is a basis. Also notice that

D ăint C by Lemma 4.4.6; and since ălex is a linear extension of ăint, we have D ălex C.

This gives d “ minpD ´ Cq ă minpC ´Dq ď c, and therefore C 1 ălex C.

Put X “ C ´ c and let B be the lexicographically smallest basis that contains X. Since

C 1 contains X, B ďlex C 1 ălex C, so B ‰ C. Therefore B ăint C by Lemma 4.4.6. Also note

that, since c R D Ą AX C and c P C, we must have c R A. This gives AX C Ď C ´ c “ X,

and therefore AX C Ď B X C “ X. It follows that B satisfies the desired properties.

4.5 The h-vector

We now describe the restriction sets for the shellings of Theorem 4.1.2.

Proposition 4.5.1. Let ă be any linear extension of ăext{int, and regard it as a shelling

order for INpMq. Then the restriction set of each facet C (which is a basis of M) is IP pCq.

Proof. We need to show IP pCq is the minimum subset of C which is not a subset of a basis

B ă C.

To show that IP pCq indeed has this property, assume that if IP pCq Ď B. Then by

Theorem 4.2.7.2, we have C ďint B and hence C ď B, as desired.

To show minimality, let U ( IP pCq. By Theorem 4.2.4.2 we can find a basis A such that

A ´ IApAq Ď U Ď A. This gives A ´ IApAq Ď U ( C ´ IApCq, which in light of Theorem

4.2.7.3 gives A ăint C, and hence A ă C. Therefore U is a subset of A with A ă C, as

desired.
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Proposition 4.5.2. Let ă be any linear extension of ăext{int, and regard it as a shelling

order for ActăpMq. Then the restriction set of each facet F pCq (where C is a basis of M)

is IP pCq.

Proof. We need to show IP pCq is the minimum subset of F pCq which is not a subset of

F pBq for any basis B ă C.

To show IP pCq does have this property, assume that IP pCq Ď F pBq “ B Y EP pBq Y

B Y EApBq for some basis B. Then IP pCq Ă B Y EApBq, so IP pCq X EP pBq “ H. By

Theorem 4.2.8.2, C ăext{int B so C ă B, as desired.

To show minimality, let U ( IP pCq, so U ( IP pCq. By Proposition 4.5.1, U is contained

in a basis A ă C, and hence U is contained in F pAq for that basis, as desired.

As an immediate consequence, we obtain our main enumerative result.

Theorem 4.5.3. hvector The h-vector of ActăpMq equals the h-vector of M .

Proof. This follows from the previous two results, in light of Proposition 4.2.11.

4.6 Topology

The external activity complex ActăpMq is a cone; for example, it is easy to see that every

facet contains minE and maxE. Therefore ActăpMq is trivially contractible. It is more

interesting to study the topology of the reduced external activity complex Act‚ăpMq, obtained

by removing all cone points of ActăpMq. It turns out that Corollary 4.1.4 gives us enough

information to describe it. First we need a few technical lemmas.

Definition 4.6.1. Define a loop of a simplicial complex ∆ to be an element l of the ground

set such that tlu is not a face of ∆.
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Definition 4.6.2. An element e of a matroid M is absolutely externally active if it is

externally active with respect to every basis not containing it, or absolutely externally passive

if it is externally passive with respect to every basis not containing it.

Let AEApMq and AEP pMq be the respective sets of elements, and call the elements of

AEpMq “ AEApMq Y AEP pMq externally absolute.

Lemma 4.6.3. The set of cone points of ActăpMq is AEP pMq Y AEApMq. The ground

set of Act‚ăpMq is te : e R AEP pMqu Y te : e R AEApMqu, and this simplicial complex has

no loops.

Proof. The first two statements are clear from the definitions. For the last one, if e R

AEP pMq, then we can find a basis B with respect to which e is externally active, so teu Ă

F pBq is a face of Act‚ăpMq. Similarly, if e R AEApMq, then we can find a basis B with

respect to which e is externally passive, so teu Ă F pBq is a face of Act‚ăpMq.

Lemma 4.6.4. Let M “ pE,Bq be a matroid. Every element e P E is externally absolute if

and only if the circuits of M are pairwise disjoint.

Proof. The backward direction is a straightforward consequence of the definitions. To prove

the forward direction, we proceed by contradiction. Assume that every element of M is

externally absolute, and that we have two circuits γ1 and γ2 with γ1 X γ2 ‰ H whose

minimal elements are c1 and c2, respectively. Consider two cases.

1. If c1 “ c2 then perform circuit elimination to get γ3 Ă γ1 Y γ2 ´ c1. Let c3 be the

minimal element of γ3; without loss of generality assume c3 P γ1. Then c3 is externally active

for some basis, as testified by γ3, and it is externally passive for another basis, as testified

by γ1. Hence c3 is not absolute, a contradiction

2. If c1 ‰ c2 and c P γ1 X γ2, then perform circuit elimination with c to get a circuit

γ3 Ă γ1 Y γ2 ´ c. Let c3 be the minimal element of γ3; assume c3 P γ1. If c3 “ c1, then case

1 applies to circuits γ1 and γ3, and we get a contradiction. Otherwise, we must have c1 ă c3

since c1 “ min γ1. Therefore c3 is externally active for some basis, as testified by γ3, and

externally passive for another basis, as testified by γ1, a contradiction.
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Proposition 4.6.5. If a matroid is the disjoint union of circuits, then Act‚ăpMq – INpMq.

Otherwise, Act‚ăpMq has a proper subcomplex which is isomorphic to INpMq. The embedding

may be chosen so that the image of facet B of INpMq is a subset of the facet F pBq of

Act‚ăpMq.

Proof. For every e P E let e1 “ e if e is absolutely externally active, and e1 “ e otherwise.

The set E 1 “ te1 : e P Eu is a subset of the vertices of Act‚ăpMq by Lemma 4.6.3. For every

basis B of M the set B1 “ tb1 : b P Bu is a subset of F pBq, and hence a face of Act‚ăpMq.

This gives the desired embedding of INpMq in Act‚ăpMq.

If M is the disjoint union of circuits, then E 1 equals the ground set of Act‚ăpMq, and B1

equals F pBq X E 1 for all bases B, so this embedding is actually an isomorphism.

If M is not the disjoint union of circuits, by Lemma 4.6.3, E 1 is a proper subset of the

ground set of Act‚ăpMq, so the embedding of INpMq is a proper subcomplex of Act‚ăpMq.

Lemma 4.6.6. If a matroid M of rank r is the disjoint union of circuits, then the indepen-

dence complex INpMq is homeomorphic to an pr ´ 1q-sphere.

Proof. If M is a single circuit (necessarily of size r ` 1), then INpMq is the boundary of an

r-simplex, and hence an pr ´ 1q-sphere.

IfM is the disjoint union of circuits γ1, . . . , γk then INpMq is the join of INpγ1q, . . . , INpγkq;

that is, INpMq “ INpγ1q ‹ ¨ ¨ ¨ ‹ INpγkq “ tA1Y ¨ ¨ ¨ YAk : Ai P INpγiq for 1 ď i ď ku. The

result then follows from the fact that the join of two spheres Sk and Sl is homeomorphic to

the sphere Sk`l`1. [61, Chapter 2.2.2]

proposition

The matroids with pairwise disjoint cycles have a nice characterization in terms of ex-

cluded minors.

Lemma 4.6.7. A matroid M contains two circuits with non empty intersection if and only

if U1,3 is a minor of M .
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Proof. First suppose that M contains two intersecting circuits γ and δ which intersect at e.

Let c P γ ´ δ and d P δ ´ γ. Restricting to γ Y δ and then contracting every element except

for c, d, and e, we obtain U1,3 as a minor.

To show the converse consider any matroid N and an element e P E. Notice that every

circuit of Nze is a circuit of N ; and if γ is a circuit of N , then either γ or γ Y e is a circuit

of N . It follows that if either Nze or N{e have two overlapping circuits, so does N . Since

U1,3 has two overlapping circuits, so does every matroid containing it as a minor.

Now we are ready to prove our main topological result.

Theorem 4.6.8. topo Let M be a matroid and ă be a linear order on its ground set. The

reduced external activity complex Act‚ăpMq is contractible if M contains U1,3 as a minor, and

a sphere otherwise.

Proof. Notice that if M has a coloop c, then both c and c are cone points of ActăpMq, and

are invisible in Act‚ăpMq. Therefore we may assume that M is coloop free.

Let r be the rank of M , and let d “ dimpAct‚ăpMqq “ dimpActăpMqq ´ |AEpMq| “

n` r ´ 1´ |AEpMq|. We consider two cases.

1. If M is not the disjoint union of circuits, |AEpMq| ă n by Lemma 4.6.4, so d ą r´ 1.

Clearly hdpAct‚ăpMqq “ hdpActăpMqq, Theorem 4.1.4 gives hdpActăpMqq “ hdpINpMqq,

and since INpMq is pr ´ 1q-dimensional, hdpINpMqq “ 0. Therefore, by Theorem 4.2.12,

Act‚ăpMq is contractible.

2. If M is the disjoint union of circuits, then Act‚ăpMq – INpMq is a sphere invoking

Proposition 4.6.5 and Lemma 4.6.6.

The result follows from Lemma 4.6.7.

We conclude that the simplicial complex Act‚ăpMq is a model for a matroid M which is

topologically simpler than the “usual” model INpMq.
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4.7 Questions

• There should be “affine” analogs of the results of this paper. Geometrically, they should

correspond to taking the closure of an affine subspace L of An in pP1qn, as opposed

to a linear subspace, as explained in [7]. To a morphism of matroids M Ñ M 1,

one may associate an external activity complex ActăpM Ñ M 1q [7] and active orders

ăint,ăext,ăext{int [63]. The analogous foundational results, such as Theorems 4.2.4,

4.2.6, 4.2.7, 4.2.8 hold there as well. [5, 63] Do our main theorems hold in that more

general setting?

• Even though ActăpMq only pays attention to the external activities of the bases of M ,

it is the external/internal order ăext{int which plays a crucial role in its shelling. This

makes the following question from [7] even more natural: is ActăpMq part of a larger

(and well-behaved) simplicial complex which simultaneously involves the internal and

external activities of the bases of M? Ideally we would like it to come from a natural

geometric construction.

• Notice that for an ordered matroid M , every linear extension of the poset of restriction

sets of the lexicographic shelling order of INpMq gives another shelling order with the

same restriction sets. That means that every possible order of the facets that could

give a shelling with the same restriction sets gives another shelling of INpMq. Does

this property say something more about the independence complex. Is there a wide

class of examples of a shellable complex with a fix shelling order, such that every linear

extension of the poset is again a shelling. Notice that 4.3.2 is an example that ActăpMq

with the associated lexicographic shelling does not have this property.
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Chapter 5

QUASI-MATROIDAL CLASSES OF ORDERED SIMPLICIAL
COMPLEXES

5.1 Introduction

The term cryptomorphism is an informal mathematical notion that was invented by Birkhoff

[15] in order to capture the phenomenon that a class of objects can be described in several

different ways that are not trivially equivalent. Matroids, as an abstract apparatus to study

the notion of independence in mathematics, can be defined by a wide variety of axioms that

are equivalent, yet have various distinct flavors. Classical matroid cryptomorphisms include,

among others, the independence, circuit, basis exchange, submodularity, flat exchange, and

closure axioms. Each such set of axioms provides a natural way to study matroids. Fur-

thermore, there are many theorems in matroid theory that seem to be deeply connected to

specific axioms: they are quite easy to prove from one point of view and quite hard from

another one. For an introduction to the theory of matroids and many existing cryptomor-

phisms the reader is referred to the books of Oxley [80], Welsh [97] and the book chapters

by Björner [17] and Ardila [6].

Various other cryptomorphisms of matroids have appeared over the years and have turned

out to also be useful for many other purposes. Interesting examples come from the theory

of simplicial complexes via purity of induced subcomplexes, commutative algebra via the

Cohen-Macualayness of the Stanley-Reisner ring of the independence complex and all of its

induced subcomplexes (see [91]), the theory of polytopes via the matroid basis polytope (see

[40]) and optimization via the greedy algorithms working for varying weights (see [17]).

Many theorems about matroids appear to have an axiom or a natural set of axioms

attached to them in the sense that those axioms play the key role in proving the desired
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property. For example, the fact that matroids are shellable follows naturally from the ex-

change axiom, and the theory of internal activities follows from the shellability property. On

the other hand, the pure subcomplexes cryptomorphism seems to be a natural consequence

of the independence axiom. Also, the behavior of nbc complexes and external activity theo-

ries appear to be governed by the circuit axiom. Following this heuristic line of thought, the

behavior of the Tutte polynomial would have to be captured by the exchange axiom and the

circuit axiom, as it has a natural interpretation in terms of internal and external activities.

Two particularly interesting cryptomorphisms come from the theory of ordered matroids.

In particular, Björner [17] proved that a simplicial complex is the independence complex of

a matroid if and only if, for every ordering of the vertex set, the induced lexicographic order

on the facets is a shelling order. Another outstanding characterization, due to Gale [39], is

the minimality property in the coordinatewise order, now called the Gale ordering. A family

of d-element subsets of a fixed set E is the set of bases of a matroid if and only if for every

order of E the minimal lexicographic facet is componentwise minimal, that is, if b1 ă ¨ ¨ ¨ ă br

are the elements of the smallest basis in the lexicographic order and b11 ă ¨ ¨ ¨ ă b1r are the

elements of any other basis, then bi ď b1i for all i.

The reason for the last two characterizations to be of a particular interest is the following:

they both give a property of ordered simplicial complexes that has to be satisfied for all

possible orderings of the groundset. It is standard in matroid theory, just as in linear algebra

when one has a collection of vectors, to endow the groundset of the independence complex

with a total order. For instance, the widely studied nbc complex (see for example [22]) of

a matroid is an object that can only be constructed once an order for the groundset of the

matroid is fixed. In fact, different orders of the groundset may give many non-isomorphic

nbc complexes. Another example comes from the theory of the Tutte polynomial (see for

[96, 28]), a bivariate polynomial with integer coefficients that can be associated to every

matroid. The Tutte polynomial encodes all invariants of matroids that satisfy a linear

deletion-contraction recurrence. It is known that the coefficients of the Tutte polynomial are

non-negative integers, but a combinatorial interpretation of the coefficients of the polynomial
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is only known once an order for the groundset is fixed.

Additional motivation to study orderings of the groundset more carefully comes from

the theory of shifted complexes. They form a remarkable class of simplicial complexes that

became popular because of their simple, yet elegant and useful structure. Shifted com-

plexes appear in the proof of the Kruskal-Katona theorem on face enumeration of simplicial

complexes (see [62, 53]) and in Kalai’s algebraic shifting theory [52] which does the same

enumeration while keeping track of more refined invariants of the original simplicial complex.

The definition of shifted simplicial complexes, i.e., ordered complexes in which big vertices

can be replaced by small vertices without leaving the complex, appears to have the same

flavor to that of matroid theory via the exchange axiom. However, the two classes of com-

plexes are quite different: the former relies on a specific order of the groundset and contains

many complexes that are not matroids, while most matroids on a fixed groundset are not

shifted for any choice of ordering.

The similarities between the two classes are, however, quite striking. For example, assum-

ing purity in the shifted class, both classes admit quite natural shelling orders (once matroids

are ordered) and the combinatorial invariants read from both shelling orders behave quite

similarly. Furthermore, both classes admit a very flexible theory of restrictions and contrac-

tions, both are closed under a certain type of duality, and in both cases the corresponding

Gale orderings have a minimum. In addition, the intersection of both classes of complexes

is remarkable: ordered complexes that are simultaneously shifted and matroid independence

complexes are sometimes called Schubert matroids; they correspond to the matroids associ-

ated to generic points in Schubert strata of (framed) Grassmannian manifolds.

An even more remarkable and mysterious similarity comes from the theory of combinato-

rial Laplacians as introduced by Eckmann [35] and Friedman [37]. For a simplicial complex

∆, let pC‚p∆q, Bq be the simplicial chain complex of ∆ over R and let pC‚p∆q, δq be the dual

complex obtained by using the natural face basis in each degree of the chain complex. For ev-

ery integer k, the operator Dk :“ δB`Bδ, called the Laplacian of ∆, is a self-adjoint operator

on Ckp∆q that has non-negative real eigenvalues. It is then desirable to relate the spectral
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theory of Dk to the combinatorial structure of ∆ just as in spectral graph theory: graphs

can be viewed as one-dimensional simplicial complexes and the classical spectral theory is a

special case of this one.

It was shown in a series of papers ([60, 31, 34, 59, 32]) that the eigenvalues of the Lapla-

cians of both matroid independence complexes and shifted simplicial complexes are integer

numbers. Furthermore, the eigenvalues can be put into a bivariate generating function, called

the spectral polynomial, that satisfies a special kind of recurrence similar to the deletion-

contraction recurrence for matroids, except that it has an error correction term coming from

relative topology. This is a very rare property: the Laplacian operators of most simplicial

complexes on a fixed vertex set do not have integral spectra. This leads naturally to the

following question that has been repetedly asked.

Question 5.1.1 ([82, 33, 34]). Is there a class of simplicial complexes that contains matroid

independence complexes and shifted simplicial complexes, and explains the integral Laplacian

phenomenon?

Yet another reason for a more detailed study of ordered complexes comes from the theory

of f -vectors of matroids. The f -vector pf0, . . . , fdq of a rank-d simplicial complex ∆ enumer-

ates faces of each rank, i.e the entry fi counts the number of independent sets (or faces of

the independence complex) of rank i. It is natural to ask for a characterization of the pos-

sible f -vectors of matroids. This question has been answered entirely and quite succesfully

for other classes of simplicial complexes: for instance the class of all simplicial complexes

[62, 53], the class of Cohen-Macaulay simplicial complexes [89], and the class of simplicial

polytopes [14, 90]. The h-vector of a matroid is an invertible transformation of the f -vector

that is sometimes more convenient. Thus an equivalent question is that of classifying the

possible h-vectors of matroids. The advantage here is that the h-vector theory of a matroids

has a combinatorial realization provided by the lexicographic shelling order of the bases of

the matroid, after fixing one ordering of the groundset (see Björner [17] for details).

Even though the family of h-vectors of matroids is believed to be quite wild and hopeless
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to fully classify, there are several restrictions the possible values such a vector can take. An

astonishing result of Adiprasito, Huh, and Katz [2], that builds on previous work of Huh and

Katz [45, 47], proves that the f -vector of the nbc complex of a matroid is log concave, thus

resolving a long standing conjecture due to Heron, Rota and Welsh. This imposes strong

restrictions on the family of f -vectors of matroids.

One of the most intriguing questions in matroid theory concerns the h-vector of the

independence complex of a matroid. Given an ordered rank-d matroid, the lexicographic

order on the bases is a shelling of the independence complex and the same holds for nbc

bases. It follows that the independence complex and the nbc complex of a matroid are

Cohen-Macaulay, thus the corresponding h-vectors are O-sequences. In other words, there is

a family of monomials O closed under divisibility with exactly hi monomials of degree i for

every i “ 1, . . . , d. The known general constructions for O are not combinatorial and the

stucture of O has little to do with the structure of the matroid. It is easy to find several O-

sequences that are not h-vectors of matroids, thus one might ask if there are other conditions

that h-vectors of matroids have to satisfy. In 1977 Stanley posited the following conjecture

on h-vectors of matroids.

Conjecture 5.1.2 ([89]). The h-vector of a matroid independence complex is a pure O-

sequence.

Being a pure O-sequence simply means that there exists a multicomplex O that realizes

the h-vector of the independence complex of the matroid with the additional property that

all maximal monomials of O with respect to divisibility have the same degree. Stanley’s

conjecture has received a lot of attention in the last few decades and is known to hold for

various special classes of matroids [73, 87, 78, 74, 30, 43, 27, 77, 54, 29]. See [54] or Dall [29]

for details about the current status of the conjecture.

More is known about matroid h-vectors. Hibi [44] found a set of inequalities satisfied by

pure O-sequences and Chari [25] provided a topological decomposition of the independence

complex a matroid that implies Hibi’s inequalities for the h-vector. Furthermore, Swartz [93]



85

provided an algebraic version of these inequalities in the artinian reduction of the Stanley-

Reisner ring of the independence complex. Juhnke-Kubitzke and Van Dinh [49] proved such

inequalities for h-vectors of nbc complexes of representable matroids building on work of

Huh [46].

In [54] Klee and the author conjectured a more refined version of Stanley’s conjecture

that predicts the existence of a multicomplex O whose combinatorial structure is related to

the combinatorial structure of the underlying matroid. The idea is to use the shelling order:

each monomial of O corresponds to a basis of the matroid and depends on the restriction

set of the basis. There are two main obstructions to such an approach. The first one is that

constructing a matroid by using the shelling order yields intermediate complexes that do not

come from matroids. The second one is that the purity cannot be expected to hold during

the whole process, which means that a substitution for purity is required in the inductive

setting.

The main goal of this paper is to discuss three quasi-matroidal classes of complexes, i.e.,

classes of ordered simplicial complexes that contain all ordered matroids and all pure shifted

complexes and such that a fixed simplicial complex that belongs to the quasi-matroidal

class in question for every order of its vertex set is necessarily the independence complex

of a matroid. Examples of quasi-matroidal classes are implicitly known in the literature.

For instance, the class of ordered complexes with the property that the lexicographic order

of the facets is a shelling order is an example. The class of ordered complexes for which

the Gale ordering has a minimum is another example. Various new quasi-matroidal classes

will be described in this paper. Three of these classes are deeply related to three classical

cryptomorphisms: the independence, exchange, and circuit axioms. The three classes are

pairwise different, enjoy some interesting properties of matroids and elucidate similarities

between matroids and shifted complexes.

The following list summarizes our results on quasi-matroidal classes:

• Each class carries a piece of matroid theory, and thus effectively provides a way to

classify some matroid properties according to the classical matroid properties that
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need to be extended to achieve analogous results.

• The independence quasi-matroidal class implies that many of induced subcomplexes

are pure and provides a formal dependence relation between the independence axiom

and the purity of induced subcomplexes.

• The exchange quasi-matroidal class turns out to be a subclass of the complexes that

are shellable in lexicographic order. It provides a meaningful internal activity theory

and is closed under what we call Gale truncations, which makes it a suitable class of

complexes to do induction on the number of facets.

• The circuit quasi-matroidal class gives a good theory of fundamental circuits and a

well behaved nbc complex theory.

• The intesection of the exchange and circuit quasi-matroidal classes imply that the nbc

complex is pure shellable and that there is a well behaved Tutte polynomial whose

coefficients can be interpreted combinatorially in terms of internal and external activ-

ities.

• The complexes belonging to the independence and exchange quasi-matroidal classes

that also satisfy another technical restriction admit a reformulation of the conjecture of

Klee and the author [54]. This conjecture turns the purity part of Stanley’s conjecture

into a poset theoretic restriction, which is suitable for induction on the number of bases

(or facets).

• The new conjecture is satisfied by Gale truncations of matroids of rank up to four and

Gale truncations of the internally perfect matroids defined by Dall [29]. Furthermore,

in order to verify the conjecture for complexes of rank d, it suffices to verify it for

complexes with no more than 2d´ 1 vertices.

• It is also shown that the new conjecture is satisfied by pure shifted complexes. This

provides a new proof of Stanley’s conjecture for Schubert matroids.

The paper is organized as follows. Section 2 provides some background and definitions.

Section 3 introduces the notion of a quasi-matroidal classes and studies some basic properties.

Section 4 is devoted to the independence, exchange, and circuit quasi-matroidal classes and
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discusses some basic properties of each resulting class of complexes. Section 5 deals with the

first facet property, a condition on the local structure of the ordered simplicial complexes

that provides a lot of flexibility to play with combinatorial operations that preserve some

quasi-matroidal classes. Section 6 discusses complexes in the intersection of the exchange

and circuit quasi-matroidal classes and develops a theory of Tutte polynomials and nbc

complexes. Section 7 gives the relaxation of the conjecture of Klee and the author for

complexes with the first facet property that belong to the independence and exchange quasi-

matroidal classes. It ends with a proof of the new conjecture for shifted complexes. Section 8

contains open problems, brief descriptions of future research projects and various comments

about connections to the existing literature.

5.2 Preliminaries

An ordered simplicial complex is a pair Ψ “ pE,∆q where E is a totally ordered finite set

and ∆ Ď 2E is a simplicial complex, that is, if A P ∆ and B Ă A, then B P ∆. Matroid

terminology will be used throughout the paper. Elements of ∆ are called independent sets.

Maximal under inclusion independent sets are called bases. The set of bases is denoted by

B. A complex Ψ is called pure if all the bases have the same cardinality. The smallest

lexicographic basis is denoted by B0. Minimal elements not in ∆ are called circuits. The set

of circuits is denoted by C. The rank of an independent set is equal to its cardinality and the

rank of a subset A of E is the maximum rank of an independent set contained in A. Abusing

notation, define the rank of Ψ to be the rank of E. The rank of Ψ is usually denoted by d.

Two ordered complexes Ψ “ pE,∆q and Ψ1 “ pE 1,∆1q are said to be isomorphic if |E| “ |E 1|

and the unique ordered bijection of E and E 1 induces a bijection between ∆ and ∆1.

A loop of Ψ is an element of E that is not in any basis. A vertex is an element of E that

is not a loop. The set of vertices of Ψ is denoted by V pΨq. A coloop is an element of Ψ that

belongs to every basis. For A Ă E, define the restriction Ψ|A to be the pair pA,∆|Aq, where

∆A “ tI P ∆ : I Ď Au. The deletion Ψzteu of an element e that is not a coloop is the

restriction to Ezteu. The contraction Ψ{teu of an element e that is not a loop is the complex
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pEzteu,Link∆peqq, where Link∆peq “ tI P ∆ | e R I and I Y teu P ∆u. The contraction Ψ{I

of an independent set I is the complex that results from contracting the vertices of I in any

order. For an independent set I, let BI,0 be the smallest lexicographic basis of Ψ{I. The

complex pteu, tHuq is denoted by Ψloop and the complex pteu, tH, teuuq is denoted by Ψcoloop.

Given two ordered complexes Ψ “ pE,∆q and Ψ1 “ pE 1,∆1q, a shuffle spE,E 1q of E and

E 1 is an ordered set with order-preserving inclusions j : E Ñ X and j1 : E 1 Ñ X, such that

jpEq X j1pE 1q “ H and jpEq Y jpE 1q “ spE,E 1q. Given a shuffle spE,E 1q of E and E 1, the

join Ψ ˚spE,E1q Ψ1 :“ pspE,E 1q,∆ ˚∆1q is the complex whose independent sets are of the form

jpIq Y j1pI 1q for some I P ∆ and I 1 P ∆1. If the ranks of Ψ and Ψ1 are equal, the connected

sum Ψ#Ψ1 is the complex obtained by identifying B0 and B10 via the unique order-preserving

bijection. The rank-k skeleton Ψpkq of Ψ is the the complex pE,∆pkqq whose independent sets

are the independent sets of ∆ of rank at most k.

Let B be a basis. An element e P EzB is called externally active with respect to B

if there is a circuit C Ă B Y teu such that e is the smallest element of C. An element

e P EzB is externally passive if it is not externally active. The sets of externally active and

passive elements of B are denoted by EApBq and EP pBq respectively. An element b P B is

called internally active if B is the smallest basis in lexicographic order that contains Bztbu.

Equivalently, there is no b1 ă b that is not in B and such that pBztbuqYtb1u P B. An element

b P B is internally passive if it is not internally active. The sets of internally active and

passive elements of B are denoted by IApBq and IP pBq respectively.

A broken circuit of Ψ is a subset D of E that is of the form C ´ tcu, where C is a circuit

and c is the smallest element of c. The nbc complex nbcpΨq of Ψ is the complex pE,Γq whose

bases are the bases of Ψ that do not contain a broken circuit.

The Gale ordering of a pure ordered complex Ψ is the poset GalepB,ăGaleq defined by

the following relation: B ăGale B
1 if and only if the elements of B “ tb1 ă ¨ ¨ ¨ ă bdu and

B1 “ tb11 ă b12 ă ¨ ¨ ¨ ă b1du satisfy bi ď b1i for every i. Let J be an order ideal of GalepB,ăGaleq.

The Gale truncation at J is the complex ΨrJ s :“ pE,∆rJ sq whose bases are the elements

of J .
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The internal poset IntpΨq “ pB,ăintq of Ψ is defined by the relation B1 ďint B2 whenever

IP pB1q Ď IP pB2q.

An ordered complex Ψ is an ordered matroid if and only if either of the following three

equivalent axioms is satisfied:

i. Independence axiom: If I1 and I2 are independent sets such that |I1| ą |I2| then

there is an element i P I1zI2 such that I2 Y tiu P ∆.

ii. Exchange axiom: If B1 and B2 are bases and b1 is an element in B1zB2, then there

is b2 P B2zB1 such that B1ztb1u Y tb2u is a basis.

iii. Circuit axiom: If C1 and C2 are circuits and c P C1 X C2, then there is a circuit C3

contained in pC1 Y C2qzc.

A simple consequence of matroid duality (e.g see [39]) is that GalepΨq has a minimum and

a maximum whenever Ψ is an ordered matroid. Furthermore, Gale showed that this is a

property that in fact characterizes matroids.

Theorem 5.2.1. [17] A simplicial complex ∆ is the independence complex of a matroid if

and only if the the Gale poset of Ψ “ pE,∆q has a minimum for every ordering E of the

vertex set of ∆.

Notice that the order of E is not used at all in the definition of a matroid. The ordered

uniform matroid of rank d over an ordered set E is the complex UE,d “ pE,Xdq whose bases

are all the d-subsets of E.

An ordered complex Ψ “ pE,∆q is shifted if the following holds: if B is a basis and

i ă j P E are such that i R B and j P B, then Bztiu Y tju is also a basis. Equivalently, Ψ is

a Gale truncation of UE,d for some d. The Gale ordering of a shifted complex is isomoprhic

to an ordered ideal of Young’s lattice of integer partitions.

The f -vector of a rank-d complex Ψ is the vector pf0, f0, . . . , fdq where fi is the number

of independent sets of rank i. Notice that the empty set is the only independent set of rank
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0, thus f0 “ 1. The h-vector ph0, . . . , hdq of Ψ is given by the following polynomial relation

hpΨ, xq :“
d
ÿ

j“0
hjx

j
“

d
ÿ

j“0
fjt

j
p1´ tqd´j. (5.1)

The h-vector carries the same information as the f -vector and is sometimes more convenient,

in particular, when studying simplicial complexes through the lens of commutative algebra.

A shelling order of a pure complex Ψ is an order B1, . . . , Bk of the bases such that for

every i ă j there is k ď j and b P Bj such that Bi X Bj Ď Bk X Bj “ Bjztbu. The complex

Ψ is said to be shellable if it admits a shelling order. The following property holds for every

shelling order B1, . . . , Bk of a complex Ψ: For every j “ 1, . . . , k there is a unique minimal

subset RpBjq of Bj such that for every i ă j the set RpBjq is not contained in Bi. It turns

out that

hpΨ, xq “
k
ÿ

j“1
x|RpBjq|. (5.2)

It is known that both ordered matroids and pure shifted complexes are shellable. The

lexicographic order of the bases is a shelling order. Again, this is another matroid defining

property.

Theorem 5.2.2. [39] A simplicial complex ∆ is the independence complex of a matroid if

and only if the the Gale poset of Ψ “ pE,∆q has a minimum for every ordering E of the

vertex set of ∆.

A pure ordered complex Ψ “ pE,∆q is vertex decomposable if and only if either one of

the following holds:

• Ψ has exaclty one basis.

• There exists a vertex e of Ψ such that Ψzteu is vertex decomposable of the same rank

of Ψ and Ψ{teu is vertex decomposable.

If Ψ is a vertex decomposable with more than one basis, a vertex e of Ψ that satisfies

the second condition of vertex decomposability is called a shedding vertex. It is a theorem

of Billera and Provan [81] that every vertex decomposable complex is shellable. They fur-
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thermore showed that matroids are vertex decomposable: any vertex is a shedding vertex.

Pure shifted complexes are also vertex decomposable: the largest vertex is always a shedding

vertex.

For two sets A,B, let A4B be their symmetric difference, i.e, the set pAzBq Y pBzAq.

Whenever a subset of a small set is considered we omit parethenses and commas to simplify

notation. For example, the subset t2, 4u of t1, 2, 3, 4, 5u is denoted by 24.

5.3 Quasi-matroidal classes of ordered complexes

In this section A denotes a class of ordered complexes. We say that A is closed under joins

if for every pair of complexes Ψ and Ψ1 in A and every shuffle s of their groundsets, the join

Ψ˚sΨ1 is a complex in A. We say that A is closed under deletions if for every complex Ψ, the

deletion of the largest element of the groundset yields a complex in A. Finally, we say that

A is closed under contractions if for every complex Ψ the contraction of every independent

set of Ψ is a complex in A. The following notion encapsulates the central type of objects we

will study.

Definition 5.3.1. A class A of ordered simplicial complexes is called a quasi-matroidal if

the following conditions are satisfied:

1. Every ordered matroid is an object in A.

2. If ∆ is a simplicial complex with vertex set X and for every order E of X, the pair

pE,∆q is in A, then ∆ is a matroid independence complex.

3. Every pure shifted complex is in A.

4. A is closed under joins, deletions and contractions.

Theorems 5.2.1 and 5.2.2 provide two different examples of quasi-matroidal classes.

Example 5.3.2. The following two classes are quasi-matroidal:

1. The class LEX of all pure ordered complexes closed under joins, deletions and contrac-

tions for which the lexicographic order on the bases is a shelling order.
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2. The class GALE of all pure ordered complexes closed under joins, deletions and con-

tractions, for which the Gale poset has a unique minimal basis.

A slightly bigger class that contains both of the above classes is the following one:

Example 5.3.3. Let PURE denote the class of all pure ordered complexes such that a com-

plex Ψ “ pE,∆q is in PURE if and only if one of the following is satisfied:

• Ψ has exactly one basis or,

• The deletion Ψ{tvu is in PURE and has the same rank as Ψ if v denotes the largest

non-coloop vertex of Ψ and every contraction of Ψ is in PURE.

Pure shifted complexes as well as matroids are easily seen to be in PURE. In fact, PURE

is a quasi-matroidal class due to the following classical theorem.

Theorem 5.3.4. [91] A simplicial complex ∆ is the independence complex of a matroid if

and only if every induced subcomplex is pure.

PURE explains some of the first pleasant similarities between pure shifted complexes and

matroids.

Theorem 5.3.5. Every ordered complex in PURE is vertex decomposable and hence shellable.

While the classes in the examples above explain various similarities between shifted com-

plexes and matroid independence complexes, they are too big and contain many complexes

that are far from shifted complexes or matroids. For instance, all of them contain the com-

plex Ψ “ pr4s,∆q with bases 12, 13, 24. This complex is the path with three edges, which

is the canonical example of a complex whose Laplacian has non-integral spectra. Thus it

is desirable to consider smaller quasi-matroidal classes, so that the complexes belonging to

such classes share deeper structural properties with matroids and shifted complexes.

In order to do so, we introduce a few basic constructions of quasi-matroidal classes. Given

two quasi-matroidal classes A and A1, the class A X A1 of all complexes contained in both

A and A1 is clearly quasi-matroidal. A class A1 is called a subclass of A if all the elements

of A1 are elements of A.
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5.4 Three quasi-matroidal classes

The purpose of this section is to introduce three new quasi-matroidal classes that will be

studied throughout the paper.

Definition 5.4.1. Let Ψ “ pE,∆q be an ordered simplicial complex. The classes QI, QE

and QC are defined by the following axioms.

• Quasi-independence Axiom (QI): Ψ is pure and for every pair of independent sets

I1, I2, if |I1| ą |I2| and I1zI Ď BI,0 for some I Ď I1 X I2, then there exists e P I1zI2

such that I2 Y teu is independent.

• Quasi-exchange Axiom (QE): Ψ is pure and for every pair B1, B2 of bases of ∆,

if b1 P B1zB2 satisfies b1 ą maxB2zB1, then there is b2 P B2zB1 such that pB1ztb1uq Y

tb2u P ∆.

• Quasi-circuit Axiom (QC): If C1, C2 are distinct circuits pE,∆q and c P C1 X C2

such that c ă maxC14C2, then there is a circuit C3 of pE,∆q contained in pC1 Y

C2qztcu.

The first goal is to show that the classes QI, QE, and QC are quasi-matroidal. It is

straightforward to see that ordered matroids belong to the three classes. The second quasi-

matroidal axiom is also straightforward: removing the conditions of the order in QI, QE,

and QC yields the classic independence, exchange and circuit axioms of matroid theory. On

the other hand it is an interesting exercise to show that shifted simplicial complexes satisfy

the axioms.

Theorem 5.4.2. If Ψ is a shifted complex, then Ψ belongs to QI, QE and QC.

Proof. To prove that Ψ belongs to QI notice that if I is any independent set disjoint from

B0, then BI,0 is the initial subset of B0 of size d ´ |I|, where d is the rank of B0. Thus if

I1 and I2 are independent sets that satisfy the conditions of QI with a witness I Ď I1 X I2.

Then I1zI is a subset of the first d´ |I| elements of B0 and BI2,0 consists of the first d´ |I2|

elements of B0. Hence BI2,0 Ď BI,0. Then BI2,0 X pI1zIq ­“ H. Otherwise, |BI2,0 Y pI1zIq| “
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pd ´ |I2|q ` p|I1| ´ |I|q ą d ´ |I| “ |BI,0| which is a contradiction since both are subsets of

BI,0.

To prove that Ψ belongs to QE, notice that if B1 and B2 are bases and b1 P B1zB2 is

bigger than any element in B2zB1, then shiftedness of Ψ allows to choose any b2 P pB2zB1q

to replace b1 in B1.

To prove that Ψ belongs QC, let C1 and C2 be circuits of Ψ and let c P C1XC2 satisfy the

conditions for QC. Assume that I :“ pC1 Y C2qzc is independent and let c1 “ maxC14C2.

By shiftedness, I 1 :“ pIztc1uqYtcu is independent, but it also contains either C1 or C2, which

is a contradiction.

It is clear that every quasi-matroidal class can be transformed into a matroid crypto-

morphism. While matroid cryptomorphisms give rise to the same class, there are various

quasi-matroidal classes each of which highlights different aspects of matroid theory. The

following theorem shows that the three defined classes are indeed different.

Theorem 5.4.3. The classes QI, QE and QC are all distinct, furthermore, no class is

contained in another one.

Proof. For every pair of axioms one has to provide examples of complexes that satisfy one

but not the other axiom.

• The complex Ψ1 “ pt1, 2, 3, 4u,∆1q with bases 12, 13, 14, 34 satisfies QI, QE, but the

pair of circuits 23, 24 contradicts QC.

• The complex Ψ2 “ pt1, 2, 3, 4u,∆2q with bases 14, 24, 23, 34 satisfies QI, but the bases

14 and 23 show that it does not satisfy QE, and the circuits 13, 14 show that it does

not satisfy QC.

• The complex Ψ3 “ pt1, 2, 3, 4u,∆3q with bases 12, 13, 23, 34 satisfies QC, but fails QI

and QE.

• The complex Ψ4 “ pt1, 2, 3, 4, 5u,∆4q with bases 13, 14, 23, 24, 25 satisfies QE, but not

QI or QC.
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Notice that the proof of the theorem shows that QC is not contained in QIXQE. On the

other hand, it is a straightforward exercise in graph theory to check that a rank-two complex

that belongs to QEXQC also belongs to QI. Nevertheless, the proof fails in rank-three and

it is natural to ask the following question.

Question 5.4.4. Are the classes QIXQE, QIXQC, QEXQC and QIXQEXQC all distinct?

Regardless of the answer, the definitions provide various classes of simplicial complexes

and it should come as no surprise that each of them shares some structural properties with

the family of ordered matroids. The goal for the rest of this section is to start developing the

first steps of a theory for these classes of complexes that includes some analogs of matroid

properties as well as to provide various types of constructions that can be performed within

a given class.

5.4.1 The quasi-independence class

We now show that QI is a quasi-matroidal class with a little extra structure.

Theorem 5.4.5. Let Ψ “ pE,∆q and Ψ1 “ pE 1,∆1q be ordered complexes in QI.

i. If spE,E 1q is a shuffle of E and E 1 then the join Ψ ˚spE,E1q Ψ1 is in QI.

ii. If v P EzB0 then the contraction Ψ{tvu is in QI.

iii. If v is the largest non-coloop vertex of Ψ, then Ψztvu is in QI.

iv. If 0 ď k ď rkpΨq then the skeleton SkelkpΨq is in QI.

v. If rkpΨq “ rkpΨ1q then the connected sum Ψ#ϕΨ1 is in QI.

Parts [i.], [ii.], and [iii.] imply that QI is a quasi-matroidal subclass of PURE.

Proof. Part [i.] follows from the fact that joins preserve purity and commute with links, i.e.,

if ∆1 and ∆2 are complexes and I1, I2 are faces of ∆1 and ∆2 then Link∆1˚∆2pI1 Y I2q “

Link∆1pI1q ˚ Link∆2pI2q.

For [ii.] notice that if I1 , I2 and I Ă I1 X I2 satisfy the hypotheses of the axiom in

Link∆pvq, then I1 Y tvu, I2 Y tvu and I Y tvu satisfy the hypotheses in Ψ. We may therefore

use the QI axiom in Ψ to obtain the result.
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To prove part [iii.] notice that I is an independent set in Ψ that does not contain v and

then BI,0 does not contain v. Indeed if v P BI,0, let B “ pI Y BI,0qztvu and use the QI

with B and B0, i.e, there is u P B0zB such that B Y tuu is independent. The vertex u is

not a coloop of Ψ (it does not belong to the basis BI,0 Y I) and is therefore smaller than

v. It follows that pB Y tuuqzI is a basis of Ψ{I smaller in lexicographic order than BI,0, a

contradiction.

Part [iv.] follows from the equality LinkSkelk∆I “ Skelk´|I|pLink∆Iq and the fact that the

smallest lexicographic facet of SkelkΨ is the smallest lexicographic k-face of B0.

For part [v.] assume that I1, I2, and I Ď I1 X I2 satisfy the hypotheses in the connected

sum. If I1 and I2 are independent in Ψ and Ψ1, respectively, then I1XI2 is a subset of B0 “ B10

(under the natural identification), and so BI,0 “ B0zI “ B10zI. Hence I1 Ď B0 “ B10 and we

may apply the axiom for Ψ1. If both independent sets come from the same Ψ or Ψ1, then the

QI axiom can be applied as coming from Ψ or Ψ1.

The following theorem shows that QI refines PURE in a special sense: a larger family of

induced subcomplexes are pure for complexes in QI.

Theorem 5.4.6. Let Ψ “ pE,∆q be a complex in QI and let A Ď E be a subset such that

rkpAq “ |B0 X A|. Then Ψ|A is pure.

Proof. Notice that if I is an independent set in Ψ|A, it is possible to apply the QI axiom with

B0 XA and I to extend I to an independent set B of Ψ|A. Then |B| “ |B0 XA| “ rkpAq. It

follows that B is a basis of ΨA and this implies purity.

5.4.2 The Exchange axiom

The theory of shellability of simplicial complexes is best studied in the language of facets and

it is natural that it should follow from conditions on the set of bases of a simplicial complex.

It turns out that QE is a suitable class to apply this technology.
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Theorem 5.4.7. Let Ψ “ pE,∆q and Ψ1 “ pE 1,∆1q be ordered complexes in QE.

i. If spE,E 1q is a shuffle of E and E 1 then the join Ψ ˚spE,E1q Ψ1 is in QE.

ii. If U Ă E is any subset such that Ψ|U is pure and of the same rank as Ψ, then the

restriction Ψ|U is in QE.

iii. If A Ď contains B0 and all the elements smaller than the largest non-coloop of B0, then

the restriction Ψ|A is in QE.

iv. If v is a vertex of Ψ then the contraction Ψ{v is in QE.

In particular, QE is a quasi-matroidal sublclass of PURE.

Proof. Part [i.] follows from the fact that joins preserve purity, and bases in the join corre-

spond to pairs of bases, coming from each complex. Then the QE axiom applies to either

basis for each element that can be switched.

For [ii.] notice that if B1 and B2 are bases of Ψ|U then applying the QE axiom with B1

and B2 produces bases of Ψ|U .

For [iii.] it suffices to show that Ψ|A is pure. Let I be a face of Ψ|A and let B be a basis

that contains F . By QE applied to B and B0 it is possible to replace all vertices in BzA

with elements of B0, since minE ´ A ą maxB0. The resulting basis is contained in A and

it still contains F . It follows that Ψ|A is pure.

For [iv.] notice that if B1 and B2 are bases of Ψ{v then B1 Y tvu and B2 Y tvu are bases

of Ψ and the QE axiom applies. Notice that in this case v is irrelevant since it belongs to

both bases, thus the QE axiom holds in Ψ{v.

The QE axiom is quite rich from the perspective of combinatorial topology in particular,

by using shellability. While Theorem 5.3.5 shows that Ψ is shellable, the shelling orders

provided by the vertex decomposition are obtained recursively, and consequently, the re-

striction sets are difficult to study. As the generating function of the restriction is equal to

the h-polynomial of Ψ, it is desirable to have shelling with restriction sets that are easier to

compute directly. Complexes in QE guarantee that this holds.
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Theorem 5.4.8. Let Ψ “ pE,∆q be a complex in QE. The lexicographic order on B is a

shelling order. Under this shelling order RpBq “ IP pBq.

Proof. Let B1 ălex B2 be bases of Ψ. The goal is to find a basis B3 ălex B2 such that

B1 XB3 Ď B2 XB3 “ B2zteu. The proof is by induction on r ´ |B1 XB2|. The base case is

trivial. There are two cases to consider:

Case 1. The element b :“ maxB14B2 is an element of B2. By QE there is b1 P B1zB2 such

that B3 “ pB2ztbuq Y tb
1u is a basis. That choice of B3 works directly.

Case 2. The element b :“ maxB14B2 is an element of B1. By the QE axiom there is

b1 P B2zB1 such that B11 “ pB1ztbuq Y tb
1u is a basis. Then B1 XB2 Ă B11 XB2 and by

inductive hypothesis, there exists B3 such that B11 X B2 Ď B2 X B3 “ B2zteu, and so

such B3 does the job.

The second statement follows directly from the definition of the restriction set exactly as

in [17].

Remark 5.4.9. Theorem 5.4.8 shows that the class QE is contained in LEX and is much

smaller in general. Graphs are rank-two simplicial complexes and shellable just means that

they are connected. Given any connected graph ∆ with with vertex set rns (viewed as a rank-

two simplicial complex) such that the graph ∆|rrs is connected for every 1 ď r ď n, we get

that the complex prns,∆q is an element of LEX. However a substantial proportion of such

graphs in not in QE. Therefore, QE is significantly smaller than LEX even if we just compare

rank-two complexes.

The following corollary is an immediate consequence of Theorem 5.4.8. It generalizes

the result of Björner [17] and, as we will see in Section 5.7, it becomes more powerful when

studied in this context.

Corollary 5.4.10. If Ψ “ pE,∆q is in LEX (or in QE), then

hpΨ, xq “
ÿ

BPB
x|IP pBq| (5.3)
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There is another remarkable way to obtain complexes in QE from older ones which is less

conventional in combinatorial topology. It implies that the partial steps of the construction

of a complex in QE using the shelling of 5.4.8 are complexes in QE.

Theorem 5.4.11. Let Ψ “ pE,∆q be a complex in QE and let J be an order ideal of GalepΨq.

Then ΨrJ s is in QE. Furthermore, for every basis B of ΨrJ s, the equality IP pB,ΨrJ sq “

IP pB,Ψq holds.

Proof. The first part of the theorem follows directly from the fact that the lexicographic

order is a linear extension of GalepΨq and the fact that an exchange produced by the QE

axiom yields a new basis that is smaller in the lexicographic order than the original one.

The equality of passive sets even holds for general ordered complexes since the bases that

witness external activity of B are all smaller than B in GalepΨq (they differ from B by one

element).

A useful property of complexes in QE concerns the strucure of GalepΨq.

Lemma 5.4.12. Let Ψ “ pE,∆q be a complex that satisfies QE. Then B0 is the unique

minimal basis of GalepΨq. In particular, QE is a sublcass of GALE.

Proof. It is straightforward that B0 is minimal, since the lexicographic order is a linear

extension of GalepΨq. On the other hand, if B is any other basis, apply the QE axiom with

B0 to get a basis B1. The exchange takes an element from B and replaces it with a smaller

vertex, thus B1 ăGale B.

Another useful tool is the internal poset of Las Vergnas. We will see that IntpΨq is coarser

than GalepΨq which will be handy when we study Stanley’s conjecture. The following are

some structural results.

Lemma 5.4.13. Let Ψ be a complex in QE and let B be a basis. There exists an element

b P IP pBq and a basis B1 such that IP pB1q “ IP pBqztbu. In particular, IntpΨq is graded

and the degree of a basis is the cardinality of its internally passive subset.
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Proof. Since the lexicographic order is a shelling and since the restriction sets that shellings

are the the internally passive sets, the first part of the result follows from [17, Lemma 7.2.6].

The fact that the cardinality of the passive set provides a grading of IntpΨq is straightforward

from the previous part.

Finally, we establish the following relationship between the Gale poset and the Int poset

for complexes in QE.

Theorem 5.4.14. Let Ψ be a complex in QE and let B and B1 be bases such that IP pBq Ď B1.

Then B ăGale B
1 and hence GalepΨq is a poset extension of IntpΨq.

Proof. Fix B and proceed by induction on |B1zB|. The base case is B “ B1, in which case

there is nothing to show. Assume that the property holds for all bases B2 with IP pBq Ď B2

and |B2zB| ă |B1zB|. Next apply the QE axiom with B and B1. Let u “ maxB4B1. Notice

that u R IP pBq Ď B X B1. Hence if u P B, then by the QE axiom there would be b1 P B1zB

such that B2 “ pBztuuq Y tb1u is a basis, but in this case B2 ălex B and IP pBq Ď B2

which is impossible. It follows that u P B1 which in turns implies the existence of an element

b P B such that B2 :“ pB1ztuuq Y tbu is a basis. Then B2 ăGale B
1, IP pBq Ď B2 and

|B2zB| ă |B1zB|. By the inductive hypothesis B ăGale B
2 ăGale B

1 as desired.

If B and B1 are bases with B smaller than B1 in IntpΨq, then IP pBq Ď IP pB1q Ď B1,

thus B ăGale B1, which shows that GalepΨq is a poset extension of IntpΨq.

5.4.3 The Circuit axiom

The theory of circuits in matroid theory is what allows for meaningful external activity

theories to play a prominent role in the understanding of objects such as the broken circuit

complex and Orlik-Solomon algebras. It is a dual notion to that of internal activity in matroid

theory. Unfortunately, this is not the case in the quasi-matroidal setting and a careful

separate study is required when it comes to duality. The first step toward understanding

QC is, again, constructing new complexes from old ones.
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Theorem 5.4.15. Let Ψ “ pE,∆q and Ψ1 “ pE 1,∆1q be ordered complexes in QC.

i. If spE,E 1q is a shuffle of E and E 1, then the join Ψ ˚spE,E1q Ψ1 is in QC.

ii. If U Ă E is any subset, then Ψ|U is in QC.

iii. If v is a vertex of Ψ, then contraction Ψ{v is in QC.

In particular, QC is a quasi-matroidal class.

Proof. Part [i.] follows easily from the fact that circuits in the join are either circuits in Ψ

or in Ψ1, thus if they intersect, they come from the same complex.

Part [ii.] is an easy consequence of the fact that the circuits of Ψ|U are the circuits of Ψ

that are contained in U .

Part [iii.] follows since the circuits of Ψ{v are in natural bijection with circuits of Ψ that

contain v.

Theorem 5.4.16. Let Ψ “ pE,∆q be a complex in QC. If B is a basis and e P EzB is

externally active, then there is a unique circuit contained in B Y teu.

Proof. Assume there are two such circuits C1, C2. Since e is externally active we may assume

that e “ minC1. Notice that e is also in C2, because the circuit cannot be a subset of B. Then

c ă maxC1XC2 and the QC axiom implies that there is a circuit C3 Ď pC1YC2qzteu Ď B.

Furthermore, the independent sets of nbcpΨq also have a simple description in terms of

broken circuits.

Lemma 5.4.17. Let Ψ “ pE,∆q be a pure complex in QC. An independent set I of Ψ is

independent in nbcpΨq if and only it contains no broken circuit.

Proof. Since the bases of nbcpΨq contain no broken circuit, any independent set in nbcpΨq

does not contain a broken circuit either. Thus it suffices to show that if I P ∆ contains no

broken circuit, then I is independent in nbcpΨq. Let B be the smallest lexicographic basis of

Ψ that contains I and assume that B contains a broken circuit C̃ where C “ C̃ Y tcu is the

circuit that was broken. There is an element c1 P C̃zI. By Theorem 5.4.16, C is the unique
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circuit contained in BYtcu. Hence Bztc1uYtcu is a basis that is smaller in the lexicographic

order and contains I, leading to a contradiction.

This endows QC with a theory of fundamental circuits analogous to that of matroids.

That is, if B is a basis and e P EApBq then the fundamental circuit CipB, eq is the unique

circuit contained in BYteu. Fundamental circuits play a key role in studying various aspects

of the Tutte polynomial, which will be studied in a quasi-matroidal setting in Section 6.

5.5 The First Basis Property

The goal of this section is to introduce an important property that holds for matroids and

shifted complexes and imposes additional structure on Gale truncations. It is a local condi-

tion for ordered complexes. Recall that for a vertex v of an ordered complex, Bv,0 denotes

the smallest lexicographic basis of Ψ{v.

Definition 5.5.1. Let Ψ “ pE,∆q be an ordered complex and let B0 be the first lexicographic

basis. We say that Ψ satisfies the First Basis Property (FBP) if either:

i. the rank of Ψ is 1, or

ii. Ψ has exactly one basis, or

iii. for every vertex v of Ψ that is not in B0, the contraction Ψ{v satisfies FBP and Bv,0 Ă

B0.

Notice that shifted complexes satisfy the FBP. We now show that matroids satisfy the

FBP. For this, we first recall the following result:

Theorem 5.5.2. [29, Corollary 2.3] Let Ψ “ pE,∆q be an ordered matroid. Then IApBq Ď

B0 for every basis B.

This allows us to show the first main result of the section.

Theorem 5.5.3. Ordered matroids satisfy the FBP.
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Proof. The proof is a direct induction on the rank of the matroid. The base case is trivial.

Let Ψ be a rank-r ordered matroid and let v be a vertex of Ψ not in B0. Then Ψ{v is a

matroid of a smaller rank, thus it satisfies the FBP by induction. Now let B be the smallest

lexicographic facet that contains v. Then IP pBq Ď tvu and since IP pBq is the restriction

set of B with respect to the lexicographic shelling order, it follows that |IP pBq| ą 0, since

B ­“ B0. Thus IP pBq “ tvu and Bztvu “ IApBq Ď B0 by Theorem 5.5.2.

As in the previous section the next step is to study how to construct new complexes from

old. The proof is straightforward and is ommitted.

Theorem 5.5.4. Let Ψ “ pE,∆q and Ψ1 “ pE 1,∆1q be complexes that satisfy the FBP.

i. If A Ď E contains B0 and Ψ|A is pure, then the restriction Ψ|A satisfies the FBP.

ii. If I is an independent set of Ψ, then the contraction Ψ{I satisfies the FBP.

iii. If spE,E 1q is a shuffle of E and E 1, then the join Ψ ˚spE,E1q Ψ1 satisfies the FBP.

iv. If J is an order ideal of GalepΨq, then the Gale truncation ΨrJ s satisfies the FBP.

Remark 5.5.5. Notice that Theorems 5.5.3 and 5.5.4 imply that if A is a quasi-matroidal

class, then the class AX FBP of complexes in A that satisfy FBP is also a quasi-matroidal

class.

We will study the classes QEXFBP, QIXFBP and their intersection.

Lemma 5.5.6. Assume that Ψ “ pE,∆q is a complex that satisfies the FBP and let I be an

independent set such that B0 X I “ H. Then BI,0 Ď B0.

Proof. If v P I then Ψ{I “ pΨ{vq{pI{tvuq. Then by induction and the FBP condition

BI,0 Ď Bv,0 Ď B0.

Theorem 5.5.7. Let Ψ “ pE,∆q be a complex QEXFBP, and let B be a basis of Ψ. Then

BzB0 Ď IP pBq.

Proof. The proof goes by induction on the rank of Ψ. Let v be the maximal vertex in

I :“ BzB0. By QE applied with B0 we obtain that v P IP pBq. From Bv,0 Ă B0 it follows
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that I ´ v Ď pBztvuqzBv,0. Thus for v1 P Iztvu and by induction v1 P IP pBzv,Ψzvq. That

is, there is u ă v1 such that Bztv, v1u Y tuu is a basis of Ψzv. Therefore Bztv1u Y tuu is a

facet of Ψ, and so v1 P IP pBq.

Finally, the following result will provide flexibility in doing inductive arguments on the

number of facets of complexes and in exploiting the whole power of the shelling orders.

Theorem 5.5.8. Let Ψ “ pE,∆q be a complex in QIXFBP and let J be an order ideal of

GalepΨq. Then ΨrJ s satisfies QI and FBP.

Proof. Since we saw that the FBP is preserved by Gale truncations, it suffices to show that

ΨrJ s is in QI. Let I1 and I2 be independent sets in ΨrJ s with |I1| ą |I2| and I Ď I1 X I2

such that I1zI Ď BI,0. Notice that BI2,0 is a basis of ΨrJ s, because I2 is independent in

ΨrJ s. By FPP BI2,0 Ď BI,0. It follows from the cardinality condition and the pigeon hole

principle there is some e P pI1zI2q XBI2,0.

Remark 5.5.9. Notice that QI is, in general, not closed under Gale truncations. For ex-

ample, the complex Ψ2 in the proof of Theorem 5.4.3 fails to satisfy the FBP and it is easily

seen that removing the top Gale facet makes the QI axiom fail.

5.6 Tutte polynomials and nbc complexes

In this section we develop a theory of Tutte polynomials (that is, a universal deletion-

contraction invariant) for complexes in QEXQC. The aim is to get a theory of Tutte-

Grothendieck invariants similar to that in matroid theory.

Let S :“ QEXQC and let R be a ring. An invariant f is a map that associates to every

complex Ψ of S an element fpΨq P R in such a way that if Ψ – Ψ1, then fpΨq “ fpΨ1q.

A Tutte-Grothendieck invariant, TG-invariant for short, is an invariant that satisfies the

following recurrence:

fpΨq “

$

’

&

’

%

fpΨ|teuqfpΨ|Ezteuq if e is a loop or a coloop,

fpΨ{teuq ` fpΨzteuq if e is the largest non-coloop vertex of Ψ.
(5.4)
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Just as in matroid theory are many natural TG invariants for the class S and there is a

TG invariant that rules them all.

Definition 5.6.1. Let Ψ be a complex in S. The Tutte Polynomial of Ψ is defined to be

T pΨ, x, yq :“
ÿ

BPB
x|IApBq|y|EApBq|. (5.5)

Theorem 5.6.2. The Tutte Polynomial is a TG invariant that is universal in the following

sense: if f is a TG-invariant on the class S, then for every Ψ in S we have that

fpΨq “ T pΨ, fpΨcoloopq, fpΨloopqq. (5.6)

Proof. Notice that T pΨcoloop, x, yq “ x and T pΨloop, x, yq “ y. Every loop is externally active

and every coloop is internally active. Thus the recurrence works for loops and coloops. If v

is the largest non-coloop, then the facets are divided into two types.

a. v R B, that is, B is a basis of Ψzv. Then v is an internally passive element of B, and

so IApB,Ψq “ IApB,Ψzvq. Circuits of Ψzv are circuits of Ψ that do not contain v,

thus EApB,Ψq “ EApB,Ψzvq.

b. v P B, that is, B{tvu is a basis of Ψ{v. Then v is internally passive in B by QE with

B0 and it is straightforward that IApB,Ψq “ IApB{tvu,Ψ{vq. If e P EzpBztvuq, then

v is not the smallest element of any circuit in B Y teu: e is in any such circuit and if

it is not a coloop then e ă v. Hence EApB,Ψq “ EApB{tvu,Ψ{vq.

The result follows directly. The fact that evaluations of the Tutte polynomial gives rise

to all TG invariants is a straightforward inductive argument.

Next we provide a wealth of interesting invariants that satisfy such a recursion. The

most prominent one comes from the theory of nbc complexes. They turn out to behave

pretty similar to matroids. Recall from Corollary 5.4.10 that the h-polynomial is given by

hpΨ, xq “
řr
i“0 hix

i “
ř

BPB x
|IP pBq| for any rank-r complex Ψ in QE. If it also satisfies QC

it is possible to compare the h-polynomial with the evaluation T pΨ, x, 1q.
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Lemma 5.6.3. The h-vector is a TG invariant for the class S the following sense: if Ψ is

a complex in S then

hpΨ, xq “ xrT pΨ, x´1, 1q

Proof. Use the equations |IP pBq| ` |IApBq| “ r and T pΨ, x, 1q “
ř

BPB x
|IApBq|.

This lemma implies that standard objects such as the (reverse) f -polynomial, the number

of faces and the number of bases are evaluations of the Tutte polynomial. They are, however,

not very surprising. A much stronger and interesting evaluation that has a rich combinatorial

interpretation comes from the theory of nbc complexes. The characteristic polynomial of Ψ

can be defined as the standard evaluation of the Tutte polynomial and one might hope

that there is a natural poset that replaces the lattice of flats to get the Möbius function

interpretation of the characteristic polynomial. This question is particularly interesting in

the class of shifted complex and it is the source of inspiration for the definition of another

quasi-matroidal class.

Theorem 5.6.4. Let Ψ “ pE,∆q be a complex in S. Then the lexicographic order of the

bases of nbcpΨq is a shelling order of nbcpΨq.

Proof. The first paragraph of Björner’s argument in [17, Lemma 7.3.2] is replaced by Theo-

rem 5.4.8. The second paragraph applies verbatim to get the result.

Now we show that the polynomial fpΨ, xq “
ř

BPBpnbcpΨqq x
|IApB,nbcpΨqq| is a TG invariant.

It is easy check that fpΨcoloop, xq “ x and fpΨloop, xq “ 0. This implies that fpΨ, xq “

T pΨ, x, 0q just as in the classical case.

Theorem 5.6.5. The polynomial invariant f is a TG invariant. Consequently, if Ψ is a

complex in S and B is an nbc basis of Ψ, then IApB,Ψq “ IApB, nbcpΨqq.

Proof. If there is a loop v, then nbcpΨq is the void complex since H is a broken circuit; since

fpΨloopq “ 0, the recurrence holds directly. If v is a coloop, then it is externally active for
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every basis, thus IApB, nbcpΨqq “ tvu Y IApBztvu, nbcpΨq|E´vq. Assume then that Ψ has

no loops (otherwise nbcpΨq is trivial).

Let v be the largest non-coloop vertex of Ψ and let B be a basis of nbcpΨq. There are

two cases:

Case 1. v R B. Then u P IApB, nbcpΨqq if and only if B is the smallest lexicographic basis

that contains Bztuu. This, however, is equivalent to a statement in Ψzv since adding

v to Bztuu yields a basis bigger than B in lexicographic order. Thus IApB, nbcpΨqq “

IApB, nbcpΨzvqq.

Case 2. v P B. First we claim that v P IP pB, nbcpΨqq. Note that v P IP pB,Ψq, because it

is the largest vertex and we can use the quasi-exchange axiom with B0 and B. Let B1

be the smallest lexicographic basis of Ψ that contains Bzv. We claim that B1 is a basis

of nbcpΨq. Note that v R B1 since applying QE with B and B0 allows us to remove v to

get a smaller basis. Let b P B1zB and assume, for the sake of contradiction, that there

is a broken circuit γ “ C ´ c Ď B1. Since B is an nbc basis, γ is not contained in B,

thus b P C ´ c and c ă b. Notice that c is externally active and hence C is the unique

circuit in B1 Y C by Theorem 5.4.16. Therefore pB1ztbuq Y tcu is a basis that contains

Bztvu and is smaller in lexicographic order than B1, which contradicts the choice of

B1.

Next we notice that Bztvu is a basis of nbcpΨ{vq. To prove this assume that u P

EApBztvu,Ψ{vq and let C be the unique circuit of Ψ{v contained in pBztvuq Y tuu.

Then one out of C and C Y tvu is a circuit in Ψ. Note that u is a vertex of Ψ and

since it belongs to a circuit, it is not a coloop. It follows that u is the smallest element

in C Y tvu and hence in the corresponding circuit Ĉ that contains it. This circuit Ĉ

is contained B Y tuu, and so u P EApB,Ψq. This is a contradiction, since B is an nbc

basis in Ψ.

Furthermore, notice that if B1 is a basis of nbcpΨ{tvuq, then B1 Y tvu is a basis of Ψ.

If there is some element u in EApB1 Y tvu,Ψq, then there is a circuit C Ď B1 Y tu, vu

for which u is the minimal element and C X B1 is a circuit in Ψ{v for which u is the
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minimal element, contradicting the fact that B1 is an nbc basis of Ψ{v.

The previous two paragraphs imply that nbcpΨ{vq “ nbcpΨq{v. Now notice that u P

IApB, nbcpΨqq if and only if B is the smallest lexicographic basis of nbcpΨq containing

Bztuu, and since v P Bztuu this is equivalent to saying that Bztvu is the smallest

lexicographic basis of nbcpΨq{v “ nbcpΨ{vq that contains Bztu, vu. This, in turn,

equivelent to saying that u is an element of IApBztvu, nbcpΨ{vqq.

Computing the activities polynomial yields:

fpΨ, xq “
ÿ

BPBpnbcpΨqq
x|IApB,nbcpΨqq|

“
ÿ

vPBPBpnbcpΨqq
x|IApB,nbcpΨqq|

`
ÿ

vRBPBpnbcpΨqq
x|IApB,nbcpΨqq|

“
ÿ

B1PBpnbcpΨ{vqq
x|IApB

1,nbcpΨ{vqq|
`

ÿ

B2PBpnbcpΨzvqq
x|IApB

2,nbcpΨzvqq|

“ fpΨ{v, xq ` fpΨzv, xq.

It follows that fpΨ, xq “ T pΨ, x, 0q. Notice that T pΨ, x, 0q “
ř

BPB,EApBq“H x
|IApB,Ψq|.

Also, it is straightforward that IApB,Ψq Ď IApB, nbcpΨqq for every basis of nbcpBq and

hence, by the polynomial equality, IApB,Ψq “ IApB, nbcpΨqq

In standard terms the previous theorem can be rewritten as follows:

Corollary 5.6.6. If Ψ is a rank-r complex in QEXQC, then

hpnbcpΨq, xq “ xrT pΨ, x´1, 0q. (5.7)

5.7 A refinement of Stanley’s conjecture

The purpose of this section is to propose an extension of Stanley’s h-vector conjecture to

the setting complexes in QIXQEXFBP. The lexicographic order of the bases of an ordered

matroid has a family of well understood restriction sets whose size generating function gives

the h-vector of the independence complex. Techniques from combinatorial topology suggest

that a plausible approach to understanding the properties of such structures is by recursive
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construction adding one basis at a time. However, removing bases from the matroid, even in

the correct order suggested by the shelling, produces complexes that are not matroidal. One

of the advantages of working in the more general setting is that this problem disappears.

Removing facets consistently with the shelling order preserves the validity of the axioms and

gives tools to prove theorems by induction on the number of bases.

For the remainder of this section, unless stated otherwise, Ψ “ pE,∆q denotes a rank-r

complex in QEXQIXFBP. The goal is to mimic conjecture 3.10 from [54] and build a finer

conjecture in this larger class. In order to do that it is necessary to introduce some extra

notation. Fix a subset A of E and consider the splitting of an independent I of ∆ in the

two sets I XA and IzA. This induces a partition of the independent sets according to their

part that is not in A. For any F P ∆|E´A, let ΨA,I :“ pΨ{Iq|A “ pA,∆A,Iq. The set of

independents of ∆ is the (disjoint) union of the independents of the ∆A,I sets and writing

this fact in terms of h-polynomials we derive the following lemma.

Lemma 5.7.1. Let Ψ “ pE,∆q be an arbitrary pure ordered complex. For an arbitrary

A Ă E, we have that

hpΨ, xq “
ÿ

IP∆|EzA

p1´ xqpd´|I|q´rk ΨA,IhpΨA,I , xq. (5.8)

In particular, if rk ΨA,I “ d´ |I| for every I P ∆|EzA, then

hpΨ, xq “
ÿ

IP∆|EzA

x|I|hp∆A,I , xq. (5.9)

Proof. The following identity for the f -polynomial follows from the splitting of the faces:

fpΨ, xq “
ÿ

IP∆|EzA

x|I|fpΨA,I , xq. (5.10)

Transforming this into an h-vector equality yields the result.

If the complex Ψ is either in QE or QI, then the refined decomposition of equation (5.9)

holds in many cases:
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Corollary 5.7.2. The refined decomposition of the h-vector holds for Ψ and A in the fol-

lowing cases:

i. Ψ is in QE and A contains all coloops and all elements smaller than or equal to the

smallest non-coloop of B0.

ii. Ψ is in QI and A contains B0.

Proof. For each case it suffices to show that, for any independent set I disjoint from A, there

is a basis B containing I such that BzI Ď A: it implies that the restricted contractions have

the correct rank.

i. If B1 is a basis that contains I, then every element of B that is not contained in A or

I allows to apply QE with B1 and B0 to obtain B.

ii. Apply QI with B0 and I to obtain B.

A subset A that satisfying the conditions of Corollary 5.7.2 is called admissible. The

following theorem gives a combinatorial interpretation of Corollary 5.7.2.

Theorem 5.7.3. Assume that Ψ “ pE,∆q is in QE and A is an admissible subset of E. If

B is a basis with BzB0 “ I, then

IP pBq “ I Y IP pBzI,ΨA,Iq. (5.11)

Finally, if Ψ is also in QIXFBP, and if A contains B0, then equation (5.11) holds as well.

Proof. Notice first that in both cases, I Ď IP pBq: If Ψ satisfies only QE then every element

of I can be exchanged using QE with B and B0. If Ψ also satisfies QI and FBP this is simply

Theorem 5.5.7.

Thus in both cases it follows that IApB,Ψq “ IApB,ΨqzA Ď IApBzI,ΨA,Iq: if b P

IApB,Ψq then B is the smallest lexicographic basis of Ψ that contains Bztbu, and so BzI is

the smallest lexicographic basis of Ψ{I that contains BzpI Y tbuq.
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Passing to the passive sets yields that F Y IP pBzI,Ψ{Iq Ď IP pB,Ψq. The equality

follows by the double computation of the h-polynomial of Ψ using Corollaries 5.4.10 and

5.7.2, i.e.,

hp∆, xq “
ÿ

BPB
x|IP pBq| “

ÿ

IP∆|EzA

x|I|hp∆A,I , xq. (5.12)

Both sums can be regarded as a sum over the bases and the inclusion of passive sets above

forces all the equalities.

Similar results were used in [54] to provide a combinatorial conjecture that implies Stan-

ley’s conjecture for matroids. The next goal is to extend the combinatorial conjecture to the

class of complexes satisfying QE, QI and FBP. It becomes feasible to do induction on the

number of bases by taking order ideals of the Gale posets. Such order ideals preserve QE,

QI and FBP, but general order ideals of matroids are not matroids. We expect that this

technique will have many applications and hope it could eventually lead to a full resolution

of Stanley’s conjecture.

The main idea for the stronger conjecture is to use the h-vector decomposition and the

relations between IntpΨq and GalepΨq. Recall, from Lemma 5.4.13, that IntpΨq is graded by

the size of the internally passive sets, hence its rank generating function coincides with the

h-polynomial of Ψ. One way to attack Stanley’s conjecture is to construct one monomial of

degree |IP pBq| for every basis of an ordered matroid to obtain a suitable multicomplex from

a combinatorial rule. A candidate for the poset of such a multicomplex under divisibility

could be IntpΨq. This, however, does not work in general: IntpΨq fails to have enough

relations to be the face poset of a multicomplex. However, one might hope that it is possible

to add some extra relations to IntpΨq to obtain the face poset of a multicomplex with the

same rank generating function. This is the point where the inductive step should come: by

Theorem 5.4.14 the Int poset of any Gale truncation of Ψ is an order ideal of IntpΨq.

The following conjecture is a strengthening of Stanley’s conjecture about h-vectors of

matroids. It aims to construct the multicomplex using the very rich combinatorial structure

of complexes satisfying QE, QI and FBP.
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Conjecture 5.7.4. There exists a map F from the class of ordered simplicial complexes in

QEXQIXFBP to the class of multicomplexes, such that for each Ψ the multicomplex FpΨq

satisfies the following:

i. The set of variables appearing in FpΨq is txi : i is a vertex of ∆ not contained in B0u.

ii. The monomials of FpΨq are in bijection with bases of Ψ, in such a way that:

(a) the monomial associated to the basis B under this bijection is denoted by mB,

(b) the degree of mB is equal to |IP pBq|,

(c) the support of mB, i.e., the set te P E : xe|mBu, is equal to BzB0.

iii. The poset MpΨq “ pB,ămq, where we write B ăm B1 if and only if mB|mB1, is an

extension of IntpΨq and is extended by GalepΨq.

iv. If A Ď E contains B0, then FpΨ|Aq Ď FpΨq.

Roughly speaking, the conjecture predicts that there is a natural way to extend the poset

IntpΨq by adding some relations of GalepΨq. We now show that this conjecture in fact implies

Stanley’s conjecture.

Theorem 5.7.5. Conjecture 5.7.4 implies Stanley’s conjecture.

Proof. Assume conjecture 5.7.4 holds and let Ψ be an ordered matroid with multicomplex

FpΨq. We have to show that FpΨq is pure. MpΨq is an extension of IntpΨq that preserves

the grading and all the maximal elements of IntpΨq have rank k ď r in IntpΨq. It follows

that all maximal elements of MpΨq have degree k which is the requirement for purity.

One particular feature of this conjecture is that it can be reduced to a statement about

finitely many objects in a fixed rank.

Theorem 5.7.6. Assume that the map F of Conjecture 5.7.4 exists for the class of all rank

r ordered complexes QIXQEXFBP with |E| ď 2r ´ 1. Then Conjecture 5.7.4 holds for rank

d complexes.

Proof. Assume that Conjecture 5.7.4 holds for all complexes Ψ with |EpΨq| ď 2r´ 1 and let

Ψ be any ordered complex of rank r satisfying QEXQIXFBP. For each basis B disjoint from



113

B0 let xB :“
ś

bPB xb and consider the set of monomials

FpΨq :“ txB|B P B, B XB0 “ Hu Y

¨

˝

ď

IP∆|E´B0 , |I|ďd´1
FpΨ|B0YIq

˛

‚. (5.13)

The multicomplexes in the union are defined since they correspond to complexes whose

groundset has at most 2d ´ 1 elements, so they exist by assumption. Notice that there is

one monomial for each basis B of B P BpΨq. If B0 X B ­“ H, then B can be found in any

restriction Ψ|B0YI for any I containing BzB0 and mB comes from FpΨ|B0YIq. The choice of

I is irrelevant: condition iv. of the conjecture is satisfied, hence mB is the same monomial

for all such complexes.

Condition i. is straightforward to verify. Restrictions preserve internally passive sets, and

so conditions ii. and iv. follow. To prove condition iii. define the weak Gale order ăwG of

Ψ to be defined by B1 ăwG B2 if there is an independent I such that B1 ă B2 in the Gale

order of Ψ|B0YI . To check property iii. it is enough to see that wGalepΨq :“ pB,ăwGq is

between IntpΨq and GalepΨq.

It can be checked that Conjecture 5.7.4 refines Conjecture 3.11 in [54]. The main differ-

ence is that the one in [54] is formulated for very special kinds of ordered matroids. The

restrictions on the orders can be replaced with the FBP. Consequently, the results of [54]

show that Conjecture 5.7.4 holds for matroids of rank at most 4 by providing an algorithm

that constructs FpΨq. The proof is computer aided. Even better, a careful and straightfor-

ward analysis of the algorithm shows that the conjecture holds also for Gale truncations of

matroids of rank at most 4.

Internally perfect matroids defined by [29] satisfy the conjecture and are a potential

candidate for a big class of matroids satisfying Conjecture 5.7.4. In particular, IntpΨq is the

poset of divisibility of a pure multicomplex for internally perfect matroids, i.e., for internally

perfect matroids the equality MpΨq “ IntpΨq holds.

Considerations about Gale trunctations open the doors to do induction on the number of

bases of the complex: one can construct the multicomplex for order ideals of Gale and there



114

is at most one monomial that is not achieved by this technique. A good setting to guess

how to do this type of construction is the class of pure shifted complexes; recall that these

complexes belong to QIXQIXFBP and are closed under Gale truncations.

Theorem 5.7.7. Conjecture 5.7.4 holds for shifted complexes.

Proof. Recall that a rank-d complex Ψ “ prns,∆q is shifted if and only if GalepΨq is an

order ideal of Young’s lattice of partitions contained in a dˆ pn´ dq box. A basis of Ψ with

vertices vd ą vd´1 ą ¨ ¨ ¨ ą v1 corresponds to the partition λpBq “ λd ě λd´1 ě ¨ ¨ ¨ ě λ1,

where λi “ vi ´ i (note that λi might be equal to zero for some values of i).

The goal is to construct a monomial mλ for each partition λ :“ λpBq. The following two

properties are crucial in that process.

• IApBq “ rms, where m is the largest number such that rms Ď B. This means that

degmλ “ |IP pBq| “ `pλq, where `pλq denotes the length of λ.

• The set of variables of mλ are indexed by the set Bzrds. In the partition such variables

correspond to rows that intersect the main diagonal of the dˆ pn´ dq box. It follows

that the size of the support of mλ is equal to the side length of the Durfee square of λ,

that is the maximal side length of a square formed by boxes that fits inside the Young

diagram of the partition.

Notice that in small cases the construction is straightforward (see Figure 1). Let Durpλq

denote the partition obtained from λ by removing the rows of the Durfee square. Assume that

the side length of the Durfee square is k and let i1 ă ¨ ¨ ¨ ă ik be vertices of B corresponding

to the first k rows. Now Durpλq is a partition fitting in a pd´kqˆk box. Hence by induction

it has a monomial xα1
d´k`1x

α2
d´k`2 . . . x

αk
d of degree `pλq ´ k (here some αi may be zero). Let

mλ :“ xα1`1
i1 xα2`1

i2 . . . xαk`1
ik

.

Let FpΨq “ tmλpBq |B is a basis of Ψu. We claim that FpΨq is the desired multicomplex.

To show that this is a multicomplex, it is necessary to show that all the divisors of mλ are

in FpΨq if mλ is. It suffices to show that all the divisors m of mλ of degree one less than

the degree of mλ are in FpΨq. If the supports of m and mλ are equal, then induction works
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directly passing to Durpλq. Otherwise let m̃ be the monomial resulting from dividing either

m or mλ by each one of its variables once (both choices give the same monomial). Let

e ` k ´ 1 denote the degree of m, where k ´ 1 is the number of variables of m. Our goal

is to find µ such that m “ mµ. The Durfee square of µ must have side length k ´ 1. Let

j1, . . . , jk´1 be the variables of m and let m̃ “ xα1
j1 . . . x

αk´1
jk´1

, with αi ě 0 and
ř

αi “ e. By

induction the monomial xα1
e`1 . . . x

αk´1
e`k´1 comes from a diagram µ̃ Ď eˆ pk´ 1q. Thus we can

construct µ by putting the first k´ 1 rows of µ in order to get the right support and putting

µ̃ below. It is straightforward to check that µ̃ Ď Durpλq: notice that, as diagrams contained

in the eˆ k box, the monomial associated to µ is m̃ and the monomial associated to Durpλq

is xα1
e`1 . . . x

αj´1
e`j´1x

αj

e`j`1 . . . x
αk`1
e`k for some 1 ď j ď k ´ 1, thus Durpµq is obtained from µ̃ by

adding a box to the first k ´ 1´ j rows. In this construction, it is also straightforward that

IP pBµq Ď IP pBλq by direct computation and the previous observation.

Thus conditions i., ii. and iii. of Conjecture 7.4 are satisfied. Condition iv. is straighfor-

ward.

There is a way to visualize mλ in the combinatorial structure of the Young diagram.

The construction will be called the bouncing light construction. Put mirrors on the vertical

boundaries of the Young diagram of λ. The left-hand side mirrors reflect lines parallel to the

x-axis in the direction of the diagonal and the right-hand side mirrors reflect lines coming

in the direction of the diagonal to lines parallel to the x-axis. Put a light on the right-hand

side of each row of the Durfee square and shoot the light parallel to the x-axis. For each ij

let βj be the number of times that the light bounces off the left wall. Then a straightforward

induction shows that mλ “ xβ1
i1 x

β2
i2 . . . x

βk
ik

. The only thing we need to prove is that mirrors of

all boxes are reached. This can be done by induction on `pλq by passing from λ to Durpλq.

We end this section with two examples that illustrate the constructions.

Example 5.7.8. Consider the order ideal of the Young lattice fitting into a 3ˆ3 box presented

in Figure 5.2. Depicted in the figure are the Young diagrams. To the left of the diagram

are listed the vertices of the corresponding facet with the variable vertices highlighted in red.
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∅123

124

125 134

126
135 234

235145
136

146 236 245

246 345

∅

4

5 34

6
35 234

23545
36

46 236 245

246 345

1

x4

x5 x24

x6 x25 x34

x26 x4x5 x35

x4x6
x36 x24x5

x24x6 x4x
2
5

Figure 5.1: An order ideal of the Young lattice
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Below the facets are the internally passive sets written in blue. To the right of the diagram

is the corresponding monomial written in green.

14

13

10

9

x25x7 7→ x29x13

Figure 5.2: Two ways to construct: inductively on the left and the bouncing light construction
on the right.

Example 5.7.9. Consider the partition p7, 7, 5, 5, 3, 2, 1q. It fits into the 7 ˆ 7 box. It

corresponds to the facet t14, 13, 10, 9, 7, 6, 4u in any complex it belongs to and the monomial

associated is x14x
2
13x10x

3
9. The first four rows give the variables.

• The left hand side of the figure shows the inductive construction. The blue square is

the Durfee square and the top four rows give the answer. The remaining partition

p3, 2, 1q should be thought as fitting into the 3 ˆ 4 box. Hence it has a monomial in a

subset of the variables x5, x6, x7, x8 and then we do an ordered substitution of variables:

x5 ÞÑ x9, x6 ÞÑ x10, x7 ÞÑ x13, x8 ÞÑ x14.

• The right hand side gives the construction of the bouncing light. The variables x14, x13, x10, x9

correspond to colors red, blue, green and light blue respectively.

5.8 Questions, remarks and future directions

5.8.1 Questions

• It would be interesting to find rich families of examples of complexes that are in one of

QI, QE or QC that cannot be constructed from matroids and shifted complexes using
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standard operations. As shown in Theorem 5.4.3 such examples exist, but are typically

found by ad hoc methods and, at present, there are no constructions of infinite families

of examples.

• Notice that Theorem 5.7.6 is slightly stronger than the analogue theorem proved in by

Klee and the author in [54]. In particular, the old proof required complexes with 2d

elements in order to solve rank-d. This new reduction opens the door to the case of

rank-5 matroids since it suffices to construct F for all rank-5 matroids with 9 elements

and those are fully classified in [68]. Is there an algorithm similar to that by Klee and

Samper that solves Conjecture 5.7.4 for rank 5 matroids?

• Is it possible to use similar ideas to study oriented matroids. What is the correct

definition of an oriented quasi-matroidal class of complexes?

5.8.2 Remarks

• The class QE is related to the class of squarefree weakly polymatroidal ideals of Hibi

and Kokubo [58] that has been widely studied in commutative algebra. In particular,

the Stanley Reisner ring of a complex in QE is weakly polymatroidal (after choosing

the right conventions for the order). Mohammadi and Moradi [75] showed that weakly

polymatroidal ideals have linear quotients, which is an algebraic analogue for shella-

bility. In fact, complexes that are weakly polymatroidal satisfy a similar axiom to the

QE axiom, except that the element b1 to be removed from a basis has to be the largest

in the symmetric difference. Based on empirical information the flexibility of allowing

various exchanges helps with constructions. However, we have not been able to find

an example of a weakly polymatroidal complex that is not in QE.

• Other relaxations of matroid theory have been considered in the literature. In partic-

ular, Lenz [65] considered collections of bases that satisfy what he calls the forward

exchange axiom.
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