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This dissertation covers three main topics: dynamical quantum phase transitions, the

far-from-equilibrium phenomenon of quantum information scrambling, and quantum simu-

lations on both trapped ion and superconducting qubit devices, all in the context of many-

body neutrino systems.

For the dynamical quantum phase transitions study in the first chapter, the analysis of

Loschmidt echos within dense neutrino systems yields insight into a system’s initial state

requirements needed to achieve a dynamical quantum phase transition (DQPT). Focus is

paid to Loschmidt echo crossing distributions, which confirm the presence of two distinct

classes of DQPTs in two-flavor neutrino systems. Further analysis reveals a nontrivial

dependence on the coupling angle distributions chosen for the two-body interaction term.

The results establish two distinct classes of DQPT’s in two flavor neutrino systems, verfied

via robust statistics.

Scrambling as diagnosed by the Out-of-Time-Ordered Correlator (OTOC) has been

demonstrated in the Sachdev-Ye-Kitaev model, Transverse Field Ising Model, the trans-

verse axial next nearest neighbor Ising model among many others. However they have yet

to be characterized in many-body neutrino systems. Such systems are often modeled as

all-to-all connected random-Heisenberg spin chains.

In the second chapter, this work demonstrates numerical evidence for scrambling’s oc-



currence in two-flavor many-body neutrino systems. The results demonstrate dynamical

quantum phase transitions (DQPTs) potential role as a witness for scrambling in many-

body neutrino systems. We see what appears to be discreet modes of scrambling times

corresponding to a system’s first DQPT occurrence. We attempt to formulate an analytical

argument resting on the concept of weak measurement schemes to explain how the DQPTs

can serve as a witness for OTOCs in families of random-coupled two-flavor many-body

neutrino systems in the forward scattering limit.

In the last chapter, quantum circuits for three flavor many body neutrino systems are

constructed, for both qubit and qutrit devices. The qubit-based circuits are run on super-

conducting qubit devices with heavy-hex connectivity and trapped ion devices with all-to-all

connectivity, demonstrating the one of the first quantum simulations of three flavor neutrino

systems on two level devices. This work demonstrates a proof of principle for simulating

three-flavor neutrino systems on two-level devices, the performance of the qubit circuits on

each device, and calculation of physical observables o! of the device.
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Chapter 1

INTRODUCTION

1.1 Neutrino Fundamentals & Background

For almost a century neutrinos have been of significant interest to the physics community

since they were first proposed by Wolfgang Pauli for their modulating role in beta decay in

the 1930’s. Highly energetic, and with near-zero mass, neutrinos are the most notoriously

elusive particles within the Standard Model (SM) to experimentally observe yet are one

of the most abundant particles in the universe. Interest in the nature of neutrinos grew

rapidly after experimental verification of their existence in the 1950’s. Then, through a

laboratory demonstration of neutrino’s helicity (handedness), the chirality of one of the

four fundamental forces–weak interactions–was discerned [4].

Soon after, as a solution the long-standing disparity between the number of ↼e predicted

to be observed by standard solar models and the smaller, solar-originated, incoming ↼e flux

measured on Earth in the 1960’s (this disparity is known as the solar neutrino problem),

a unitary object known as the Pontecorvo–Maki–Nakagawa–Sakata (PMNS) neutrino-mass

mixing matrix was developed. PMNS matrix bridged the neutrino’s mass eigenbasis to

the flavor eigenbasis, the first formal tool articulating the process of a neutrino fluctuating

between its three flavor eigenstates ↼i, i = ⇀, e, µ, a process called neutrino flavor mixing, and

was later validated by the experimental measurement of neutrinos’ very small, yet nonzero

mass. Flavor evolution at low neutrino densities was robustly confirmed by ground-based

experiments [5], first by the Super Kamiokande Collaboration [6].

Solar neutrinos’ adiabatic flavor evolution was then established by ground-based exper-

iments such as the the Sudbury Neutrino Observatory (SNO) [7, 8], a pivotal experiment

which also determined the interesting phenomena that neutrinos can exist as a mix be-

tween their possible flavor eigenstates. Such large-scale operations witnessing their flavor

oscillations further motivated the growing interest in their fundamental nature, particu-
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larly because the measured phenomena of non-zero mass and flavor oscillations lay beyond

Standard Model (SM) predictions.

With each experimental breakthrough, from discovery of each neutrino flavor (and ex-

istence of antineutrinos) to demonstrating flavor oscillation, the astrophysics, high-energy

and related physics communities have expanded their understanding of the neutrino’s per-

vasive role across a wide spectrum of physical processes. Large-scale stellar astrophysi-

cal dynamics–such as CCSN explosion dynamics[9], big-bang nucleosynthesis, gamma-ray

bursts, nucleosynthesis, and galactic structure formation–involve a general theme of neutri-

nos serving as vehicles for physical observables such as energy and entropy. Beyond large-

scale dynamics, neutrinos also play significant roles in determining the leptonic asymmetry

of the universe and are a strong candidate for probing beyond SM physics.

We are particularly focused on large-scale dynamics and how neutrinos’ fundamental

ability to oscillate between flavor eigenstates can influence late-time entanglement structure

and entropy generation in many-body systems. This has potential consequences for how

much energy is transported via outgoing neutrinos in highly energetic environments such as

CCSN, and can drastically change the outcomes of large-scale highly energetic astrophysical

phenomena. Additionally, for simplicity, this introduction will first focus on the two-flavor

approximation, which assumes two potential flavor eigenstates, |↼e→ , |↼x = ↼ϱ+µ→ (a simplifi-

cation which is defended in the next section), before generalizing to the three-flavor neutrino

model (possible flavor eigenstates being |↼e→ , |↼ϱ → , |↼µ→). We then dwell on the computa-

tional framework known as Tensor Networks, and its role in high-energy and nuclear physics

studies, before arriving at the many-body neutrino system (MB↼S) dynamics of interest to

us.

1.2 The Two-Flavored Neutrino Hamiltonian

The Hamiltonian governing the behavior of N neutrinos in the two-flavored model con-

sists of the three known forward interactions that each neutrino can possibly undergo at

any time (see Refs. [10, 11] for a derivation). This is the forward scattering e!ective

Hamiltonian, which is a subset of the SM Hamiltonian. The first is the vacuum oscillation

interaction, where a single neutrino undergoes spontaneous mass-mixing between the three
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possible flavors it can have, as a result of simply transiting through the vacuum. The sec-

ond interaction is the neutrino-matter interaction, and the third is the neutrino-neutrino

self-interaction term.

1.2.1 Neutrino-Vacuum Interaction

Before fully expounding on the vacuum oscillation e!ect, it is useful to first briefly consider

a rather special quantity previously unanticipated by the SM: the neutrino flavor mixing

angle ωmix. The quantity ωmix is a measurable physical observable connecting the mass

eigenstates ↼1, ↼2, ↼3 to the flavor eigenstates ↼e, ↼µ, ↼ϱ , with three mixing angles for the three

possible transitions: ω12, ω23, ω13. Prior to theoretical predictions of the PMNS matrix and

successful measurements of ωmix, it was assumed that only the weak interactions between

quarks necessitated representation via a mixing matrix–specifically the Cabibbo-Kobayashi-

Maskawa (CKM) matrix; the development and experimental confirmation of the PMNS

matrix thus illustrated an important step in the field’s understanding of beyond-SM lepton

behavior.

The two-flavor approximation is not simply an artifice implemented solely to ease theo-

retical calculations. Experimental evidence has determined that ω13 is significantly smaller

than ω12 and ω23. The significantly smaller value of the transition probability of ω13 : ↼e ↔ ↼µ

allows us to reasonably approximate a two-flavor model, and e!ectively account for both

channels ↼e ↔ ↼µ and ↼e ↔ ↼ϱ as one channel ↼e ↔ ↼x⊋µ. The two-flavor mixing dynamics

are described by the following transformation, when assuming an initial pure state:



 ↼e

↼x⊋µ



 =



 cos ωmix sin ωmix

↓ sin ωmix cos ωmix







 ↼1

↼23⊋2



 (1.1)

where ωmix = ω12 [12].

Before proceeding to incorporate the vacuum interaction into a Hamiltonian governing

the interactions of N individual neutrinos, it would be useful to make explicit the probability

of flavor oscillation in the flavor basis, as manifestation of this quantity introduces important

sub-quantities which appear in the vacuum oscillation term. Via the Schrödinger equation

any flavor or mass eigenstate evolves as: |↼ε↑(t)→ = e
→iEωt |↼ε(0)→. Referencing Eq. (1.1),
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the probability of ↼e ↔ ↼µ when traversing a distance L with energy E [13] is then (with U

being the amplitude of the particle when traveling across distance L), Above, time has been

converted to units of length L ↗ ct, continuing to adhere to the ultra-relativistic limit.:

P (↼e ↔ ↼µ) = |U(↼e ↔ ↼µ)|2

= |↘↼µ|↼e(t)→|2

= |(↓ sin ωmix ↘↼1| + cos ωmix ↘↼2|)(e→iE1t cos ωmix |↼1→ + e
→iE2t sin ωmix |↼2→)|2

= sin ωmix cos ωmix(e
→iE1t + e

→iE2t)

P (↼e ↔ ↼µ) = sin2 2ω sin2(4 sin2(E2 ↓ E1)
L

2
)

.

(1.2)

Now, when taking the ultra-relativistic limit p ≃ m1, E ↗ p, where E is the energy for

the entire wavepacket, E1 =
√

p2 +m
2
1
= p

√
1 +

m
2

1

p2
. Enforcing the first condition requires

Taylor expanding the root, such that: E1 ↗ p + p · m
2

1

2p2
= p +

m
2

1

p2
↗ E +

m
2

1

2E
, where in the

last step the second ultra-relativistic condition was enforced. This goes similarly for E2.

With E1(2) ↗ E +
m

2

1(2)

2E
, we proceed:

P (↼e ↔ ↼µ) = sin2 2ω sin2(4 sin2(
m

2
2
↓ m

2
1

2E
)
L

2
)

P (↼e ↔ ↼µ) = sin2 2ω sin2(
$m

2
L

4E
)

(1.3)

The term $m
2 = m

2
2

↓ m
2
1
, where m1 and m2 correspond to the ↼e’s and ↼x⊋µ’s masses

respectively, is commonly referred to as the squared neutrino mass di!erence term.

When articulating the neutrino-vacuum interaction, the neutrino flavor mixing probabil-

ity can be rendered as a normalized vector ⇁B = (sin(2ωmix), 0,↓ cos(2ωmix)). In conjunction

with the mass-squared di!erence term $m
2 normalized by that particular ith neutrino’s en-

ergy Ei.

We have still not yet incorporated in the actual neutrino particles themselves; success-

fully doing so requires introducing the Pauli matrices for any j
th particle, which are as

follows:
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↼e

e
→ ↼e

e
→

W
+

Figure 1.1: W boson mediating a neutrino-electron forward scattering for the neutrino-matter

charged current interaction.

↽
x

j =



0 1

1 0



 , ↽
y

j
=



0 ↓i

i 0



 , ↽
z

j =



1 0

0 ↓1



 . (1.4)

These matrices are closely related to the generators of SU(2) via a factor of 1

2
. We encourage

the reader to now shift perspective on how to view a neutrino’s behavior, in light of their

ability to oscillate between flavor eigenstates. Oscillation between the two flavors can be

viewed as analogous to a quantum spin’s ability to oscillate between its up state |⇐→ and

its down state |⇒→, each spin state corresponding to flavor states |↼e→ and |↼x→ respectively.

By modeling the two-flavor neutrino as a spin-1
2
particle oscillating between the |⇐→ and |⇒→

states, this mapping naturally follows an SU(2) algebra.

Projecting the two flavor neutrino system onto an SU(2) flavor eigenstate basis provides

a convenient lens with which to view collections of neutrinos oscillating between more than

two flavors, as will be discussed later on, and particularly for the MB↼S case. The Pauli

matrices (a factor of 1

2
removed from the SU(2) generators) now represent each neutrino’s

internal degrees of freedom as an individual spin, and each neutrino is now defined as a sum

of the standard Pauli operators ⇁↽i = (↽x

i
,↽

y

i
,↽

z

i
) where i corresponds to the i

th neutrino,

the degree of freedom being the flavors each neutrino (or individual spin in the spin system)

can be a mixture of. The complete vacuum oscillation term in the two-flavor model in the

flavor basis now looks like:

Hvac =
N∑

i=1

$m
2

4Ei

⇁B · ⇁↽i , (1.5)
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e
→

e
→ ↼µ

↼µ

Z
0

Figure 1.2: Z boson regulating neutrino-electron forward scattering for the neutrino-matter neutral

current interaction.

1.2.2 Neutrino-Matter Interaction

The second term to account for in the neutrino Hamiltonian is the neutrino-matter

interaction, caused by neutrinos coherently forward-scattering o! of matter in the medium

that they pass through when not in the vacuum [14, 15, 16]. This is the leading cause of the

Mikheyev-Smirnov-Wolfenstein (MSW) e!ect, which describes how neutrinos’ mixing angles

are modified as they coherently forward scatter o! of dense matter they transit through.

Given that neutrinos experience only weak and gravitational forces, the potential matter

interactions they can experience are relegated to electron-neutrino, proton-neutrino, and

nucleus-neutrino forward-scattering.

Forward-scattering in this context refers to a neutrino interacting with external matter

through the exchange of a W boson (for ↼e) or Z boson (all flavors) and continuing at the

same initial momentum prior to the interaction, but with its eigenstate subject to nontriv-

ial evolution. Neutrino-matter interactions involving Z bosons are called neutral-current

interactions, conserve flavor, and thus do not contribute to flavor oscillations; see Fig.1.2

for a visual. Neutrino-matter interactions involving the W boson are called charged-current

interactions, and are the only contribution to flavor oscillations because they predispose ↼e

to relatively increased rate of flavor transformations; see Fig.1.1 for a visual.

In the flavor basis, it then makes sense to write the matter coupling constant as ε =
⇑
2GFne where GF is Fermi’s constant and ne = Ne

V
the electron number density (where

Ne is number of electron-type neutrinos and V is volume of a 3-dimensional area in space



7

↼µ

↼µ ↼e

↼e

Z
0

Figure 1.3: Z boson regulating neutrino-neutrino self interaction forward scattering in the S-

channel.

in which ne is calculated for (which we can take to be shaped like a box of length L), and

thus neglect the number density of ↼x = ↼µ+ϱ .

The complete second interaction term Hmat in the two-flavor model of N neutrinos is

then:

Hmat =
ε

2

N∑

i=1

↽
z

i , (1.6)

1.2.3 Neutrino-Neutrino Interaction

The third interaction is the two-body neutrino-neutrino self-interaction term resulting

from neutrinos forward scattering o! of each other [17, 18, 19, 20], where each neutrino-

neutrino forward scattering event consists of Z boson exchanges between one another, while

initial momenta of each particle remains the same before and after the interaction; see

Fig.1.3 for a diagram. The measurable quantity undergoing evolution in this interaction

is the neutrino flavor phase |↼ε↑(t)→ = e
→iEωt |↼ε(0)→. All neutrinos within a neutrino gas

are generally assumed to weakly entangled with one another yielding an all-to-all coupling

structure (though collectively they can also be assumed to start out as a simple product

state), with an interaction energy of µ =
⇑
2GF (nϑ = nϑe + nϑε,µ) where nϑe , nϑε,µ are

the neutrino number densities for both flavors in our two-flavor model, and GF is Fermi’s

constant.

Each i
th neutrino has an associated momentum of p̂i =

φpi
|φpi|

; the angle between two flavor

momentum modes p̂i, p̂j , with flavor momenta ⇁pi ⇓= ⇁pj , is ωij . The forward-scattering i
th
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and j
th neutrinos outgoing from the CCSN core is determined by ωij , which determines

the geometry of the N neutrino system. For a more detailed explanation of this term

and the systems geometery, see Section A.2. The e!ective two flavor neutrino-neutrino

self-interaction Hamiltonian, in the forward scattering limit only, is then:

Hϑϑ =
µ

2N

N∑

i<j

(1 ↓ cos(ωij))⇁↽i · ⇁↽j , (1.7)

Subtraction of cos(ωij) from 1 ensures no contributions from two neutrinos with parallel

trajectories to the two body neutrino-neutrino interaction term, as no forward-scattering

would occur. The full Hamiltonian[11, 10, 21] then reads as:

H = Hvac + Hmat + Hϑϑ

H =
N∑

i=1

$2
m

4Ei

⇁B · ⇁↽i +
ε

2

N∑

i=1

↽
z

i +
µ

2N

N∑

i<j

(1 ↓ cos(ωij))⇁↽i · ⇁↽j ,
(1.8)

1.2.4 Neutrino Systems within Core-Collapse Supernova

For the work covered in this document we are interested in systems located in the hot

neutrino-dense region of a CCSN, see Fig. A.2 in Section A.2 for a schematic, where we can

ignore the neutrino-matter term since at higher neutrino densities, similar to what would

be found if located close to the CCSN core, the quantum correlations arising from neutrino-

neutrino forward-scattering provides a significantly greater contribution in comparison to

the neutrino-matter term.

Moving close to the neutrino sphere (on the order of 50km, see Fig. A.2) the weakly

entangled neutrino gas becomes a hot, dense neutrino gas and enables a second simplification

via taking the high-neutrino density limit µ ≃ m
2

!

2Ek
. This allows the one-body vacuum

oscillation term to be neglected as vacuum interactions contribute comparatively little in

this regime. The further simplified and final Hamiltonian we now work with is:

H =
µ

2N

N∑

i<j

(1 ↓ cos(ωij))⇁↽i · ⇁↽j (1.9)

The Hamiltonian described by Eq.(1.9) shares many structural similarities with the

random long-range entangled Heisenberg spin chain, a model commonly used in condensed
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matter physics, and quantum many-body studies. Both models possesses global SU(2)

symmetry since the neutrino Hamiltonian’s flavor isospin also obeys SU(2) symmetry (as

justified in Section 1.2.1).

In CCSN settings close to the core, the neutrino-neutrino interaction results in excep-

tionally unique nonlinear dynamics that can occur only in settings where the density of

neutrinos is high enough such that the flavor evolution of one particle is highly interdepen-

dent on the surrounding particles. Each neutrino’s primary interaction now solely involves

coupling to a bath of its sibling particles. This aggregate coupling between multiple unique

neutrino modes motivated the development of collective flavor oscillations (CFOs) studies

[22, 23, 24].

1.3 Collective Flavor Oscillations

While neutrinos are well known to be weakly interacting particles, in the right environ-

ment, such as extreme astrophysical settings, they can become heavily compacted against

one another. In dense concentrations their weak interactions accumulate rapidly and give

rise to large-scale nonlinear collective dynamics, which can significantly impact the out-

comes of large-scale processes such as CCSN shockwave revivals, flavor transport in binary

star post-merger fragments, and nucleosynthesis.

CFOs consists of multiple (usually many) neutrinos at various energies and momentas

oscillating coherently in flavor space with one another. Each neutrino at a unique energy

or momenta can be taken as its own individual mode. In the mid to early nineties the

field of CFOs–also known as collective flavor conversions (CFCs)–began to form and grow,

initiated first by e!orts to explain large scale phenomena in neutrino dense settings. Such

phenomena include: CCSN dynamics, energy and entropy transport in CCSNe, all stages

of neutron star evolution, and the leptonic asymmetry present in the early universe.

Theoretical-only studies of collective flavor oscillation of high density systems–such as

those found in CCSN environments, binary star mergers and big-bang nucleosynthesis–has

seen great progress over the last four decades. [25, 26, 17, 27, 28, 18, 19, 29, 30, 31, 32, 33,

34, 35, 36, 37]. The work covered in this dissertation will focus on MB↼S located close to

the CCSN core.
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These environments consist of large numbers of neutrinos rapidly fluctuating between

their flavor eigenstates in coherent unison. Phenomena such as spectral swaps, splits, bipo-

lar oscillations [37, 38, 39], These collective modes, known as CFO modes, are somewhat

analogous to the collective modes that define quasiparticles often studied in condensed mat-

ter systems. This collective behavior of neutrino flavor eigenstate fluctuations motivates

studying neutrinos from a many-body system perspective.

1.4 Many Body Neutrino Studies

The paradigmatic development of CFOs[12, 40, 41] underpins the many-body system

perspective of neutrino studies, a relatively novel framework in itself with which to study

neutrinos. Many-body system studies have largely been the practice of condensed matter

investigations, which tend to focus on studying collective dynamics and interactions within

strongly correlated systems–the interacting particles generally being electrons, cooper-pairs,

majorana fermions and other quasiparticles.

In MB↼S, as each neutrino interacts with not just its neighboring particles but all of

the particles in the system, the system’s entanglement grows, and quantum observables

such as entropy, persistence and polarization play significant roles in the system’s collective

dynamics. Additionally, CFOs can be treated as quasiparticles themselves, as the behavior

of flavor modes can be seen as analogous to other quasiparticles such as phonons. These

physical features arise when taking the high-density neutrino limit in MB↼S, and motivate

rigorous many-body treatments, in order to better understand how various initial state

conditions can lead to very di!erent evolution outcomes.

1.5 Tensor Networks for Many-Body Neutrino Systems: Obvious Limitations
and Indirect Advantages

This section outlines conceptual connections between tensor network (TN) [42, 43, 44]

methods and renormalization group techniques developed in quantum field theory (QFT),

with particular focus on their shared ability to describe quantum systems across varying

scales. Tensor networks were originally developed for simulating low-dimensional strongly

correlated systems in condensed matter physics. However, their underlying structure is
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shared by the coarse-graining techniques of the renormalization group. Matrix Product

States (MPS) [45, 46, 47, 48] and Projected Entangled Pair States (PEPS) [49, 50] in

particular have demonstrated considerable success in simulating one-dimensional (1D) and

two-dimensional (2D) quantum systems where traditional methods, such as exact diagonal-

ization (ED), fail due to exponential scaling (2L, with L being system length, or particle

number) of the system’s Hilbert space. TN methods however are able to circumvent this

computational bottleneck by exploiting the area-law entanglement structure of ground states

and the low-lying excitations of low-dimensional systems.

We begin by introducing the challenge of ultraviolet divergences in quantum field the-

ories and the development of renormalization group methods as a means of controlling

scale-dependent behavior. We then turn to the Density Matrix Renormalization Group

(DMRG) [51] and its connection to MPS, followed by a comparison of Time-Evolving Block

Decimation (TEBD) [52, 53] and the Time-Dependent Variational Principle (TDVP) [54,

55] as methods for simulating time evolution. We conclude with a brief survey of recent

applications of tensor networks in theoretical high-energy physics.

Parallels between the Renormalization Group of Quantum Field Theory and the Density

Matrix Renormalization Group

QFT is one of the greatest intellectual feats driven by collective scientific e!orts. When

it was first developed in the 20th century, for low-order computations QFT needed no

more modification. However, at higher orders, a grave problem emerged in theoretical

calculations: ultraviolet (UV) divergences, a situation where infinite sums accumulate via

ultraviolet divergent Feynman diagrams when calculating short-distance contributions.

The solution to this problem was the conceptual development of renormalizability.

Renormalizability is the general ability of a field theory’s physical quantities, such as mass

or charge, to undergo some rescaling such that the problematic ultraviolet-diverging infinite

quantities from earlier are dissolved by the newly regulated physical quantities, leaving the

previously problematically infinite field theory now finitely calculable. Such a field theory

is called ”renormalizable” [56, 57].
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Renormalizability was tackled on di!erent fronts asynchronously. In Quantum Elec-

trodynamics (QED), via the insertion of counter terms, the extra diagram vertices were

chosen hierarchically to cancel out infinities and was first posed as a solution to the infinite

summation problem [57, 58]. This was then proven to be insu%cient with the realization

that not all QED field theory’s UV divergences could be resolved by such a technique on its

own, as gauge invariance was violated in certain instances. This lead to the development of

the Ward–Takahashi identities [59, 60] in the 1950’s. These identities were consistency con-

ditions from gauge invariance which established current conservation and thus prevented

spurious gauge symmetry-violating divergences (which manifest as poles in the complex

momentum plane).

In the 1970’s Quantum Chromodynamics (QCD)[61] was developed. Cuto!-based reg-

ularization methods like Pauli-Villars type regularization[62] were developed, but would

be limited in their utility [63]. While lattice regularization is the only known regulator

of non-Abelian theories, QCD benefited greatly from dimensional regularization[64], which

regulated diverging infinities by evaluating them in d spacetime dimensions, where d is not

necessarily an integer, to resolve the divergences while protecting gauge symmetry. In con-

trast to cuto!-based regularization schemes, dimensional regularization [64] preserves gauge

invariance and Lorentz symmetry, making it well-suited to non-Abelian gauge theories like

QCD.

The development of techniques such as dimensional regularization and the renormal-

ization group validated that local physical observables in quantum field theories are scale-

dependent quantities, meaning that the values of their measured physical observables depend

on how a system’s energy or size increases or decreases. This scale-dependent behavior was

encapsulated by the Renormalization Group (RG), whose development was lead by Kenneth

Wilson [65], and built upon the progress made in resolving divergences in perturbation the-

ory [66, 67, 68, 69]. RG is a set of di!erential equations predicting the distance-dependence

of physical quantities by integrating out high-energy modes, high-momentum degrees of

freedom, and rescaling parameters–not just in QFTs on the continuum, but also for lattice

models (as commonly studied by condensed matter physicists), such that physics for a given

theory remains scale invariant.
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Extending the measurement from such single-point correlation functions to non-local ob-

servables such as multi-point correlations, the expectation values of multi-point correlation

functions power-law decay as spatial and temporal separation between each probe point of

the multi-point correlation functions increases–this behavior is a consequence of RG-flow. It

is the variance of expectation values of both local and non-local observables (i.e.: couplings,

masses) as one moves from Ultraviolet (UV) to Infrared (IR) theory that is RG-flow.

The very same Wilson then introduced the numerical renormalization group (NRG)

[65] to tackle the Kondo problem[70]. First, the Kondo e!ect is the phenomenon in which

electrons scatter within a nonmagnetic metal due to a magnetic impurity–usually just one

particle (ion or atom) is all that is needed to dope the metal with to produce such an e!ect.

When previously conductive electrons scatter within a metal, conductivity decreases, and

the metal’s resistivity of course then increases.

An old phenomenon from the 1960s, the Kondo e!ect’s current-day value [71, 72, 73]

resides in the fact that the e!ect takes place in a strongly coupled system, and that it is

a very di%cult many-body problem to analytically describe whereas numerical it is much

more feasible. The Kondo problem arises when attempting to apply perturbation theory

to describe the electron’s scattering through the metal. Though it correctly described the

resulting electrical resistance at low temperatures, at very low temperatures the resistance

diverged, and again the similar nonphysical infinities as seen in the QFTs concerning high

energy physicist has emerged but this time in the context of strongly correlated systems at

low temperatures.

Wilson’s NRG however, correctly resolved the infinities by splitting up the conduction

band energy spectrum, via a logarithmically-spaced mesh that allows discretization of energy

shells of decreasing width, with discretization parameter & > 1 [65, 74, 75]. The low energies

are then given precedence, mapped to a linear chain where from the first site to the last,

the ordering of coupling strengths between the impurity and each conduction band state in

the model is in decreasing order [75]. Now that the system has been ordered and mapped

to a linear chain, the system is then repeatedly diagonalized, and states furthest from the

impurity (high energy states, closest to the Fermi energy) are discarded, and after su%cient

iterations of the procedure, a more accurate computation of the resistivity at low energies
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can be obtained.

While the objective of the NRG was to tackle continuum models at low energies, the

Density Matrix Renormalization Group (DMRG)[51, 76, 77], a separate technique, was

developed to tackle lattice problems, a situation where NRG performed poorly on. As the

name implies, the Density Matrix Renormalization Group (DMRG) instead operates on the

density matrices of the system. DMRG is a numerical technique for studying (primarily

1D) quantum many body systems at low energy and was developed in 1992, and was the

first demonstrated on Heisenberg spin chains.

The overarching theme emerging from tracing the progression of RG, to NRG [78] is the

reigning paradigm of seeking resolution for nonphysical divergences via di!erent analytical,

then numerical techniques. Then in the context of NRG and DMRG, while the problem of

discarding irrelevant higher-energy contributions and preserving only relevant low-energy

contributions are the main objectives, the systems of study are continuum models for NRG

and lattice models for DMRG, each requiring a di!erent tactic to resolve computational

errors.

While DMRG may not be the direct result of QFT’s development of RG, it is certainly a

product of the paradigms which motivated RG in the first place, that is understanding the

behavior of physical observables and short distances and low energies, as we move from the

continuum to, for DMRG’s target systems, the lattice. Interestingly, when looking closely

at the SVD operations utilized in DMRG’s implementation [79, 80], we can take note of

how each SVD yields a Schmidt spectrum, while also encoding the information needed to

construct the reduced density matrices ϖ of each bi-partition of the system.

It is worth taking a granular-level look at the numerical scheme [78] not simply for

pedagogical reasons, but to build intuition. From each ϖ the von Neumann entanglement

entropy can be computed; in order for DMRG to work e%ciently this quantity must grow

no more than an area-law scaling. Each sweep operation works by discarding the portions

of ϖ which encode the low entanglement portions of the system. As DMRG sweeps from

block to block, back and forth through the system, a partition k moves across the system

partitioning each subsequent new two blocks (often called right block and left block in the

algorithm) [81].
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During the sweep, the entanglement that is discarded from the previous block (say the

left block in a sweep from left to right), is then reincorporated into the neighboring right

block; a consequence of the series of Schmidt decompositions occurring during each step of

DMRG. During these steps, the Hilbert space of each new block is regrouped as k slides

across the sites (L), ϖ is recomputed, and thus each new von Neumann entropy that can be

computed from each new redefined ϖ (moving with k) reflects the redistributed entanglement

entropy throughout each sweep step. This redistribution of von Neumann entropy during

DMRG sweeps provides an early glimpse into the entanglement flow across the system, site

by site, block by block, as a consequence of the numerical scheme [82, 83, 84, 85]

1.5.1 Time Evolution Methods for Matrix Product States

Matrix Product States (MPSs) are quantum states of N particles, represented as N

tensors linked together via bonds to one another. This numerical framework allows for

computationally e%cient simulations[86, 53, 87] of many-body quantum states as the given

system’s particle number N scales up, only if: the system’s size N remains reasonably

small, the states of interest are not highly energetic, and the Hamiltonian of interest is

gapped and 1D. For Hamiltonians that are gapless and higher than 1D, MPS can not su%ce,

whereas structures such as the multiscale entanglement renormalization ansatz (MERA)

states support reproduction of properties in gapless states such as logarithmic scaling of

maximum entropy. [88, 44], and projected entangled pair states (PEPS) can support 2D

system geometries.

First, a quick introduction to the diagrammatic notation of TNs. Contained in Figure

1.4 are example TN diagram representations of a scalar, a vector, a matrix, a 3-dimensional

matrix or an order-3 tensor, and an order-k tensor. Each leg in a tensor is called an index,

and each index corresponds to a vector with a Hilbert space H having dimension d the same

length as the vector. We note the last diagram in Fig. 1.4 is an order k tensor. To convert

this k-dimensional object to a MPS representation, one applies the tensor train singular

value decomposition (TT-SVD) algorithm to decompose a high-dimensional tensor into a

MPS of k independent tensors, each tensor representing an individual site in the system.
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Figure 1.4: Using tensor network graphical notation, moving from left to right, the first diagram

(yellow) is that for a scalar, the second (line) is that of the identity, the third (blue) for a vector,

the fourth (blue) for a matrix, the fifth (red) for an order-3 tensor or 3-dimensional matrix, and

the sixth (red) for an order-l tensor.

Figure 1.5: Conversion of a 6-dimensional tensor (left) to its corresponding Matrix Product State

(MPS) representation (right) for later operation, after applying the tensor train singular value

decomposition (TT-SVD) algorithm six times to decompose the higher-dimensional tensor on the

left into the six-site MPS on the right.

See Fig. 1.5 for a visualization.

1.5.2 Time Evolving Block Decimation

The Time Evolving Block Decimation (TEBD) method [89, 77] is the process of breaking

up and approximating the time evolution operator as a collection of multi-site gates. The

Trotter formula (also known as the Lie-Trotter Product formula) [90] is used to split the

time evolution operator, with an error of O(t2): S1(t) = e
(A+B)

t = limn↔↗[e
At
n e

Bt
n ]n. The

Trotter-Suzuki decomposition [91] extends the original Trotter formula through recursive

application of a second order symmetric split, with an error of O(t3): S2(t) = e
At
2 e

Bt
e

At
2 .

Depending on the operator’s construction TEBD breaks up the evolution operator via

the Trotter-Suzuki decomposition, applies the components to an MPS, and reduces it’s di-
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mensionality through an tensor train Singular Value Decomposition (SVD). The MPS TEBD

method has does have its limitations: as the system volume grows, so does the approxima-

tion error at each time step ⇀ , making it di%cult to rely on for long range interactions and

systems of dimensionality larger than 2D, though there has been recent developments in

making 1D and 2D systems easier to simulate via Krylov expansions of MPSs [92].

Yet, in some cases, such as in the all-to-all connected, two-flavor system neutrino system

of concern in this document, MPS’s failures can be leveraged to an advantage. Due to the

all-to-all connectivity of this system, the the bond dimension increases rapidly as N grows,

stressing the computational resources we had available to carry each state approximation.

Because a system’s bond dimension is intimately connected to the amount of entanglement

present within it, insight into the rate at which entropy scales in the system can be indirectly

acquired. Further exploration of entanglement growth via entropy measures and bond

dimensions in Hϑϑ is underway, as follow-up work related to content contained in the next

Chapter.

It can be beneficial to briefly walk through the basic elements of the MPS TEBD proce-

dure with a simple model (more detailed references can be found elsewhere). Say that the

Hamiltonian H of interest to us is just the Heisenberg chain:

H =
N∑

i

⇁↽i,i+1 (1.10)

The exact time evolution operator for the time evolution of this system, with no truncations

or approximations, is defined as:

Û(t) = e
→iHt (1.11)

For first-order Trotter time evolution, we split up the exact time evolution operator into

two terms, one consisting of even sites and the other consisting of odd sites in Eq. (1.10),

as follows:

Û(t) ↗ e
→iHevente

→iHoddt, (1.12)
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where Heven and Hodd are:

Heven =
N∑

i even

⇁↽i,i+1

Hodd =
N∑

i odd

⇁↽i,i+1

(1.13)

and with second-order Trotter time evolution looking like:

Û(t) ↗ e
→iHeven

t
2 e

→iHoddte
→iHeven

t
2 . (1.14)

MPS TEBD then proceeds by applying a sequential series of two-site time evolution

entanglement gates to each pair of sites in the system. For first order Trotter, one sweep

of time evolution gates occur. For second-order Trotter, a sweep forward and then a sweep

backward (two time evolution sweeps) occurs. After the application of unitary time evolu-

tion gates, a sweep of SVD occurs across each merged two-site pair, (after SVD’ing each

merged two site pair, the pair is reshaped back to into two individual neighboring sites).

A SWAP network is necessary for an all-to-all system such as Eq. (1.7), because TEBD

involves applying gates only to neighboring sites. Repeated applications of the two-site

gates are required to account for the increased number of two-site interactions between sites

physically separated from one another by one site or more. Implementation of MPS-TEBD

for the Hamiltonians of type Eq. (1.7) decomposes to significantly more gates than Eq. (1.10)

due to the SWAP network necessitation, in order to enforce the all-to-all connectivity of

the system. See Figure 1.6 for a visualization of a many-body two flavor neutrino system

consisting of five particles.

Fig. 1.6 contains a five neutrino example of Eq. 1.7. Let’s break this down: the two-site

interaction gates must be applied between qubits that are not neighbors in the 1D layout.

A SWAP network thus must be constructed for sites: (1,2), (2,3), (3,4), (4,5), (1,3), (2,4),

(3,5), (1,4), (2,5), and finally (1,5) for a total of 10 (or
(
N=5

2

)
more succinctly) two-site

SWAP gates.

However, after each SWAP gate brings relevant qubits adjacent, and the time evolution

operator is applied to them, a final SWAP must be applied to restore the chain back to its

original ordering. Implementing this requires alternating layers of SWAP gates to reorder
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Figure 1.6: Since the SWAP network logically exchanges quantum states amongst the sites along

the linear chain of qubits (red shaded circles at top), locality is preserved, as the physical qubits

remain in their original locations. For the above five-site linear chain, a conceptual SWAP schematic

is presented. A SWAP network, half of which consists of 10 two-site (two-qubit) gates (yellow), is

required to enforce all-to-all interactions for the five neutrino system, with each neutrino represented

as a single qubit. A total of 20 SWAP operations (rectangular blocks) occur across the circuit, in

order to reverse the initial SWAP actions and restore the system to its original order (blue).

For brevity the actual positioning of the SWAP gates on each qubit channel in the necessary time-

ordered sequencing is not explicitly rendered in this document, but can be easily drawn out with

the method’s description provided in this document.
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qubits, a two-site gate layer to apply the interaction, and a final layer of SWAP gates to

undo the initial rearrangement. All of this occurs in a serialized manner, which is why a

five neutrino system needs a total of
(
N=5

2

)
⇔ 2 = 20 SWAP gates.

Circuit depth and the entanglement support requirement of the MPS increases with each

layer to maintain accuracy. The bond dimension D required to capture the entanglement of

such a system thus grows rapidly, an obvious disadvantage of this numerical approximation

scheme for all-to-all systems which follow volume-law entanglement scaling.

1.5.3 Comparison of TEBD to the Time Dependent Variational Principle

This section contains a very brief summary of the Time Dependent Variational Principle

(TDVP)[93, 55], though the reader is advised to reference more detailed sources online and

elsewhere for in-depth explanations on the TDVP method (as well as other time evolution

methods, such as Matrix Product Operator (MPO)-based methods[94]).

MPS-TDVP is structurally very di!erent from MPS-TEBD in that MPS-TDVP relies

on projecting the time evolution Schrodinger equation of the Hamiltonian onto some MPS

with fixed bond dimensions’ tangent space. In this perspective, the MPS manifold for a

certain bond dimension is a subset within the Hilbert space. TDVP essentially iterates

around on some plane which is tangent to this MPS of fixed bond dimension, iterating from

the point where the tangent plane touches the MPS. This is where the variational scheme

begins from as its starting point, in TDVP.

The primary takeaway when comparing TDVP and TEBD against one another is that

TDVP is a variational time evolution scheme while TEBD is a projective one. This struc-

tural di!erence guides much of the computational tradeo!s between TDVP and TEBD.

Below are a few interesting and important aspects to consider when choosing which method

to use.

1.5.4 Small Bond Dimensions

Both TEBD and TVDP fail when D between system sites approach values lower than

the required value for accurate representation of entanglement between sites, but for very
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di!erent reasons. As stated earlier, TDVP is a variational approximation scheme, and

approximates a manifold of MPS states with a particular D–time evolution is constrained

within this low-D manifold. While time evolution is still unitary while operating within this

manifold, the manifold itself may drift away from the original many-body wavefunction and

instead become tangent to another wavefunction, and the variational scheme would then

unintentionally iterate the manifold away from the desired target state.

TDVP can be thought of as artificially moving through potential Hilbert spaces of the

system, and because of this variational nature TDVP can loose its way. Thus, TDVP runs

the risk of silently suppressing entanglement, as it does not allow for dynamically growing

entanglement to be accurately captured. The method presents no obvious signature in its

performance that a system’s approximated evolutionary dynamics have transgressed into

nonphysical dynamics.

Situations where entanglement is misleadingly depicted as stagnant can easily arise in

the small D limit. One can easily imagine a TDVP simulation hallucinating exotic phenom-

ena, such as many-body localization, that is not physically accurate for the system’s time

evolution. This can be exacerbated when entanglement is expected to grow rapidly from

small D values.

TEBD’s issues with small bond dimensions are more straightforward, as the time evolu-

tion is projective, using SVD to truncate each two-site gate application. Under a too small

D TEBD will bluntly truncate prematurely if the entanglement grows too fast for the im-

plementation to accommodate. The information (stored as low-weight Schmidt coe%cients)

is simply lost if the required D to represent entanglement exceeds the cuto! D and is not

updated in time.

This can be more clearly seen with a more explicit demonstration. Assume that every

two MPS tensors correspond to neighboring sites (or sites which are SWAP gated to become

next to one another):

A
[i]

ε,m,ω
for site i

A
[i+1]

ω,m,↼
for site i+ 1.

(1.15)

Then we contract the two sites and then apply the two site gate:
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M(ε,m),(n,↼) =
∑

m↑,n↑

Umn,m↑n↑ ·
∑

ω

A
[i]

ε,m,ω
· A[i+1]

ω,m,↼ (1.16)

after which we group the indices, perform SVD and truncate S:

Mm,n = U · S · V †
. (1.17)

As the singular values ofM are stored in S, truncating S e!ectively modulatesD between

the two sites, as the SVD operation split the entanglement between sites i and i+1. Thus,

a D set too low by TEBD (the truncation operation acts on S) will discard potentially

nontrivial information.

As with TDVP, a similar issue of nonphysical dynamics arises with TEBD. False ther-

malization can emerge unless TEBD has adaptive bond dimension implemented–the hard

ceiling on D causes this. However, because D’s cap is known in TEBD, it is conceptually

easier to track and rectify implementation-wise. TEBD is also relatively more straightfor-

ward to prevent such premature su!ocation of D, one can ensure the truncation error is

small enough (generally anything around 10→9 is considered safe). Additionally this trun-

cation error is accessible and trackable since it is the discarded Schmidt weight (unlike in

TDVP). To maintain fidelity, adaptive D schemes can prevent artificially suppressed entan-

glement artifacts, as well as other simple tricks including comparing observable results at

varying D values.

1.5.5 Large Bond Dimensions

TEBD does poorly with fixed bond dimensions implemented for large growing D between

sites in the system, for obvious reasons: we have an upper limit on what will be encoded

between each site’s D with one another, so of course, things will be truncated and lost.

This prematurely truncating phenomena is a similar situation as what occurs with small

D, though for a more straightforward reason. In general TEBD’s solution to growing D is

simple: simply increase the threshold if one does not want an adaptive D protocol coded

into the implementation.
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However, TEBD with adaptive bond dimensions mitigates the issue, but incurs a com-

putational cost. TDVP however comes in two variants, where the fixed bond dimension

implementation presents an obvious flaw for growing large D, whereas TDVP with adaptive

D enabled is more successful at capturing states’ growing entanglement.

1.5.6 Time Evolution

TDVP is significantly better for long time intervals compared to TEBD due to the stability

its implementation o!ers, however TDVP is more expensive computationally. The growing

Trotter errors and truncation errors of TEBD restrict its use for long time evolution. TDVP

requires storing information about the tangent space, and storing information after each time

step in temporary variables consume additional memory requirements as the method runs

throughout the time evolution, but the trade-o! is accuracy in evaluation, which TEBD

does not o!er due to truncation and Trotter errors that accumulate at long times.

1.5.7 Long-Range Entanglement

TDVP by construction, does not have the same position constraint in its implementation

scheme as does TEBD. Two site entangling operators can reach only so many sites in the

linear chain with TEBD, so a SWAP network introduction is necessary, and then followed by

an unwieldily number of entangling gates that need to be applied to cover all the necessary

interactions for implementing an all-to-all connected network.

TDVP operates in the tangent space of the MPS, time evolving the entire system itself

regardless of the entanglement structure. There is no need to even be aware of where

entangling gates need to be accounted for. As such, the time evolution at long times does

incur the cumulative Trotter error one needs to mind with TEBD. But one pays a cost in

some way, always: if the MPO one utilizes with TDVP is memory consuming (we operate in

the tangent space so more information at each time step must be stored, even if temporary),

can not be compressed in an e%cient manner, then computational roadblocks in the form of

speed emerge. Memory costs provide an immediate stop. And worse, TDVP is a sequential

process so parallelization must be handled with care as the sequential sweeps across the
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linear chain of sites can not be easily broken up without destroying the order that sweeps

must be conducted in.

1.5.8 Large N

With respect to 1+1D systems, both TEBD’s and TDVP ’s computational runtime scales

linearly with system size. TEBD is amenable to parallelization due to its block structure

which accommodates simultaneous non-overlapping two-site gates. This is convenient for

implementation on multi-core platforms. TDVP requires a sequential sweep across the MPS

chain, making parallelization di%cult.

Unlike TEBD, TDVP does not su!er from Trotter error, which becomes significant at

large N . TEBD also tends to benefit from a dynamically updated bond dimension D, as

entanglement gets truncated when updating each two-site gate. Meanwhile, two-site TDVP

allows D to grow.

Exact Diagonalization (ED), by contrast, is fundamentally constrained at large N . For

systems with very little exploitable symmetry (as is the case in all-to-all connected many-

body neutrino systems studied in this dissertation), block-symmetries are nonexistent and

cannot be taken advantage of and the full Hilbert space must be stored and operated on. On

personal machines or single nodes of a local university HPC cluster, ED typically becomes

infeasible around N = 18 for spin-1
2
chains. Larger ED studies have been performed in

the literature—e.g., up to N = 44 [95]—but such e!orts are not the norm, especially when

evolving long-range entangled states lacking symmetries to block diagonalize.

As this dissertation primarily focuses on dynamics, there is moderate motivation to

question reliance on ED when TNs can potentially yield good enough qualitative results.

If ED can be utilized instead as a ground truth reference rather than the simulation’s sole

engine, then TDVP can approximate observables moderate D. At smaller system sizes, ED

can again serve as a baseline to calibrate the error introduced by D truncation in TEBD.

Such an approach can enable reliable pursuit larger systems inaccessible to ED alone.

This hinges on whether the Hamiltonian (such as the one in Eq.1.7) can be compressed

e%ciently as a Matrix Product Operator (MPO) with a manageable bond dimension. If so,
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then TEBD and TDVP remain tractable even at large N .

1.5.9 Tensor Networks in High Energy Particle Physics Studies

Given the above laundry lists of issues and advantages of MPS-TEBD, MPS-TDVP and

ED, it is worth briefly reviewing how recent high energy theory investigations have been

able to utilize TNs [96, 97, 98] for their advantage. With respect to system dimensionalities,

for 3+1D systems, there is no known standard TN structure capable of e%ciently handling

the entanglement growth following a 3D area law. The TN explorations for 3+1D have

not yielded a generalized TN structure capable of e%ciently handling 3+1D systems, and

the current structures studied are very model-dependent, and reliant on many symmetries

being present in the system of concern [99, 100, 101]. For 2+1D, Projected Entangled Pair

States (PEPS) [102, 103, 104] and the Multiscale Renormalization Ansatz (MERA) [105]

are most suitable, while for 1+1D systems, MPS is almost always the most optimal unless

the system contains volume-law entanglement.

Several studies have investigated lattice models close to QFT and Lattice Gauge Theories

using TNs to study dynamical phenomena [106, 107], scattering in Lattice QED [108],

meson melting [96], scattering in the Lattice Schwinger model [109] and with matter [110],

Z2 [111] and Z3 Lattice Gauge Theory [112], along with many others [113, 114]. Hadronic

structure studies leveraging TNs have also seen progress, particularly work on Schwinger

model parton distribution functions [115, 116], and parton distribution functions [117].

TNs o!er promise as a workaround for the sign-problem often encountered in Monte-

Carlo (MC) simulations of Lattice QCD theories and Lattice Gauge Theories, as well as

potential to expedite computations of long-time dynamics [118], and thus deserve further

study as mainstream computational schemes in theoretical high energy physics. The last

decade has witnessed a notable growth in e!orts to expand TNs utility to High Energy

physics, as TNs o!er relief from the sign problem and the entanglement growth bottleneck

MC imposes [119, 107, 98, 111, 112, 108, 106, 118, 120].
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1.6 Quantum Information Dynamics and Simulations of Many Body Neutrino
Systems

Alongside pursuing quantum information science (QIS) applications to further simulations

of larger neutrino system sizes, a comprehensive understanding of the quantum interactions

underpinning coherent leptonic evolution stands to benefit a great deal from QIS in return.

QIS has developed highly specialized tools for analyzing quantum entanglement and dynam-

ics. Applications of QIS techniques to self-interacting neutrino gasses have recently yielded

novel insights into the underlying physics of highly entangled neutrino systems, and of spin

systems in general. A growing body of work [121, 122, 123] leveraging QIS tools in neutrino

oscillation studies has advanced understanding of quantum processes in neutrino systems,

results beyond the reach of previous mean-field calculations, but not beyond that of clas-

sical simulations. Investigations into entanglement entropy, far-from-equilibrium dynamics

[124, 125, 126, 121, 122, 127], and calculations of concurrence, logarithmic negativity, and

n-tangles [128, 129, 37] have resulted in valuable insights on entanglement behavior in sys-

tems of neutrinos. Recent work on dynamical quantum phase transitions (DQPTs) in two

flavored neutrino systems with simple geometries [126, 122, 130] has demonstrated what

conditions are necessary to observe a DQPT, and its connection with collective flavor os-

cillations. A short summary of QIS tools applied to neutrino oscillation investigations is

contained in Ref [131].

The dependence of various astrophysical processes – from supernovas to early universe

nucleosynthesis – on the initial flavor composition of dense neutrino gas systems is still unde-

termined. This can play a significant role in thermodynamical sub-processes by influencing

leptonic dynamics such as flavor conversion and transport. Understanding how phase tran-

sitions occur in out-of-equilibrium neutrino systems can reveal deeper mechanisms at work

within such astrophysical phenomena. The second chapter of this dissertation contains

a focused study of Loschmidt echo crossing distributions, their connection to dynamical

quantum phase transitions (DQPTs) and collective flavor oscillations. Loschmidt Echos are

essentially measurements of the wave-function overlaps of a system’s state at time t and

a chosen initial state from which the system was quenched. This work explores how large
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self-coupling angle ranges of geometrically heterogeneous momenta–in flavor space–in the

neutrino-neutrino self-interaction term gives rise to two distinct time scales of DQPTs in

two-flavor neutrino systems, with further analysis suggesting a DQPT dependence on the

initial-state flavor configuration of the system. Additionally, the role of far-from-equilibrium

processes in such neutrino-dense mediums is not yet well understood, and the third chap-

ter of this dissertation presents preliminary findings when studying quantum information

scrambling in the context of many-body two flavor neutrino systems.

Neutrinos are naturally described as a three-level system given the three flavor states

↼e, ↼ϱ , ↼µ that they can oscillate between. However, since d-level quantum platforms are cur-

rently an emerging technology, it can be quite di%cult to obtain quantum computational

time on such platforms. In the interim, it is prudent to begin laying the theoretical ground-

work for simulating three-level neutrino systems, which naturally embed onto a qutrit, on

quantum platforms, beginning with two-level(qubit) platforms. Simulations of d-level sys-

tems on qubit platforms can provide benchmarks that can guide the development of d-level

devices. The fourth chapter of this dissertation explores novel qubit-based circuits for three-

level neutrino systems, the simulation of such circuits on qubit-based platforms including

the heavy-hex connectivity superconducting qubit platforms of IBM and trapped ion-based

all-to-all connected devices of Quantinuum, and the computation of physical observables

including neutrino flavor persistence and entanglement entropy.

While other models have been studied in great depth, this dissertation primarily focuses

on monochromatic two flavored systems with larger, more complex, anisotropic distributions

of momenta, while the last chapter covers monochromatic three flavored systems. Focusing

on the multi-angle case allows for nontrivial entanglement development, and motivates the

many-body treatment. Restricting particles to uniform energy primarily serves to reduce

computational complexity of the problem. The multi-beam model allows for a simplified

scenario in which to study complex quantum phenomena, and serve as a base case against

which asses system configurations and parameters of interest when extending the model

towards more realistic descriptions of neutrino systems, i.e.: inclusion of non-forward scat-

tering interactions, additional neutrino-interaction Hamiltonian terms such as Eq. 1.5 and

Eq. 1.6, inclusion of heterogeneous neutrino energies. The work presented will focus on
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quantum dynamics emerging in the two flavored case, as well as the articulation of the

three flavored case onto quantum devices.
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Chapter 2

TIMESCALES OF DYNAMICAL QUANTUM PHASE TRANSITIONS
IN NEUTRINO SYSTEMS

The work presented in this chapter is based on work done in collaboration with Alessandro

Rogerro and Martin Savage [132].

2.1 Introduction

Neutrinos play a fundamental role in extreme astrophysical environments, such as CCSN

and neutron star binary mergers, where they, in part, determine the dynamical evolu-

tion of the explosion and set the ambient conditions for the ensuing nucleosynthesis, e.g.,

Refs. [133, 134, 30, 31, 32, 135, 136]. Important neutrino-matter processes active in these

scenarios proceed through weak charged-current reactions, and can therefore be strongly af-

fected by inhomogeneities in the flavor composition of the neutrino flux. It is well known that

neutrinos can experience flavor oscillations in vacuum (for a recent review, see Ref. [137])

but, for neutrinos with MeV energies, these occur over length scales that are typically

large compared to the size of the supernova core. In these environments, flavor oscillations

are modified by charged-current scattering with charged leptons, leading to the MSW ef-

fect [15, 16], and neutral-current neutrino-neutrino scattering which can lead to collective

flavor oscillations [138, 17, 18, 19, 34, 139, 35, 140, 141] (see also Refs. [12, 142, 143] for

reviews) which can dramatically reduce the oscillation length scales and thus possibly have

important impact during the explosion [144, 145]. The physics of collective flavor oscilla-

tions is typically discussed in terms of mean-field Boltzmann kinetic equations [27, 146, 147]

which assume that neutrinos de-correlate between successive collisions among themselves. A

better understanding of correlation e!ects beyond mean-field descriptions has been a topic

of interest since the beginning of this research area [123, 148, 149, 150], and has recently

seen a resurgence of e!orts [151, 124, 125, 121, 126, 152, 122, 153, 37, 154, 38, 155, 156]

(see Ref. [130] for a recent review, and also Refs. [157, 158] for recent discussions concerning
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the many-body approaches) aided in part by the use of available NISQ-era [159] quantum

computers and by quantum information tools more generally [127, 128, 160, 129, 161] (see

also Refs. [162, 131, 163] for recent reviews). A direct connection between the presence of

unstable collective modes, whose amplitude grows exponentially at early times, with the

presence of Dynamical Phase Transitions (DPT) [126, 122] has recently been shown. This

led to a proposal [122] of a unified description of unstable modes generated by asymmetries

in the vacuum term, the so called ”slow-modes” in the neutrino literature, with unstable

modes generated by asymmetries in the flavor dependent angular distribution of neutrino

velocities, the so called ”fast-modes” This identification was later shown to hold rigorously

at the mean-field level [164]. In this work, we extend the previous analysis of Ref. [122],

that considered simple angular geometries, to the full multi-angle regime.

Neglecting the non-forward scattering processes between neutrinos and the external mat-

ter and neutrinos among each other, the Hamiltonian describing flavor evolution of neutrinos

in dense environments contains three main contributions (see Ref. [12] for a review): a one-

body term responsible for neutrino flavor mixing in vacuum, a one-body term describing

forward scattering between neutrinos and a static matter background (which gives rise to

the MSW e!ect) and, finally, a two-body interaction term describing weak neutral-current

forward scattering among neutrinos. In the two-flavor approximation, neutrinos can be de-

scribed in terms of a SU(2) flavor isospin, with the convention |↼e→ = |⇐→ for the electron

flavor and |↼x→ = |⇒→ for the heavy flavor. In terms of flavor isospin, the Hamiltonian for N

neutrinos can then be written in the flavor basis as [10, 11],

H =
N∑

i=1

$2
m

4Ei

⇁B · ⇁↽i +
ε

2

N∑

i=1

↽
z

i +
µ

2N

N∑

i<j

(1 ↓ cos(ωij))⇁↽i · ⇁↽j , (2.1)

where ⇁↽i = (↽x

i
,↽

y

i
,↽

z

i
) is a vector of Pauli operators acting on the i

th neutrino and Ei

is the energy of the i
th neutrino. Neutrino masses are included by the squared-mass

di!erence $2
m = m

2
2

↓ m
2
1
and the mixing angle ωmix in the normalized vector ⇁B =

(sin(2ωmix), 0,↓ cos(2ωmix)), reflecting the mass basis. Assuming a negligible density of

heavy charged leptons, the coupling constant of the matter term is ε =
⇑
2GFne with GF

Fermi’s constant and ne the electron-number density. The interaction term has a coupling

constant µ =
⇑
2GFnϑ , with nϑ the total neutrino-number density, while ωij is the relative
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angle between the momenta of the i
th and j

th neutrinos, and encodes the geometry of the

problem.

In this work, we are interested in the region close to the neutrino-sphere where the

neutrino-neutrino coupling µ is much greater than the typical vacuum-oscillation frequency

so that the first term in Eq. (2.1) can be neglected. In this regime, since the matter term

commutes with the interaction term, for initial flavor states we can also neglect the presence

of matter since it will not contribute to the ensuing flavor oscillation. Finally, we consider a

geometry with axial symmetry with respect to some direction ẑ, which we take to be normal

to a spherically symmetric neutrino-sphere, and average over the azimuthal angle φ. The

Hamiltonian then becomes,

Hϑϑ =
µ

2N

N∑

i<j

(1 ↓ cos(ωi) cos(ωj))⇁↽i · ⇁↽j =
µ

2N

N∑

i<j

Jij ⇁↽i · ⇁↽j , (2.2)

with ωi the polar angle of the i
th neutrino momentum, and where we introduce, for later

convenience, the neutrino-neutrino coupling matrix Jij . In our numerical simulations, we

use a forward-peaked uniform angular distribution with ωi ↖ [↓0.5, 0.5]. We have verified

that the conclusions reached with this choice of distribution remain unchanged qualitatively

when adopting a di!erent angular range or other smooth non-uniform distributions (such

as triangular or Gaussian). As pointed out in previous works [38, 156], the use of uniform

grids of angles can lead to undesirable artificial degeneracies in the Hamiltonian’s energy

level. To prevent such (lattice) artifacts, the angles ωi are randomly distributed uniformly

on the interval [0, 0.5], and ensemble calculations with di!erent realizations are performed.

As shown in Ref. [164], the Hamiltonian in Eq. (2.2) is integrable, in the sense that it allows

for an extensive number of conserved charges, and is therefore not able to thermalize the

reduced one-body density matrices to a Boltzmann distribution [156]. Nevertheless, it is a

model commonly employed in studies of fast-flavor conversion [165, 164, ?], and provides a

useful and interesting test case to analyze the time-scales associated to flavor oscillations in

the many-body setting.

For the calculations described in this work, an initial tensor-product state of N neutrinos

given by

|’0→ = ↙N/2

i=1
|↼x→i ↙N

j=N/2+1
|↼e→j = |↼x . . . ↼x↼e . . . ↼e→ , (2.3)
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composed by N/2 electron neutrinos and N/2 heavy flavor neutrinos, is employed. This is

a common initial state used in many previous works on many-body flavor evolution [126,

121, 154, 37], and has the advantage of enabling a focus on e!ects beyond mean-field as

the state |’0→ is invariant under mean-field evolution, and at the same time simplifies the

analysis of DPT(s) in the model (see e.g., Ref. [126]). This is because a DPT is signalled by

non-analiticities in the Loschmidt echo [166, 167, 168], the probability of observing a time

evolved state |’(t)→ = e
→iHt |’0→ in its initial condition |’0→, presents itself as a crossing of

two separate Loschmidt echoes associated with |’0→ and its time-reversal counterpart [169].

This makes the numerical analysis easier to carry out than in the case where the Loscmidt

echo shows a zero instead (as in Ref. [122]).

In this work, Sec. 2.2 presents a linear stability analysis of the collective modes supported

by the axially symmetric Hamiltonian in Eq. (2.2) with the initial flavor state |’0→ from

Eq. (2.3). In Sec. ??, a more detailed characterization of Dynamical Phase Transitions in

terms of the Loschmidt echo is presented, specializing the discussion to the model considered

in this work. In Sec. 2.4, the results obtained for the Loschmidt echoes crossing time for

an ensemble of neutrinos systems with sizes ranging from N = 4 to N = 14 are presented,

along with a statistical analysis of the observed time scales. We summarize our findings in

Sec. 3.3, and comment on potential directions of future research.

2.2 Linear Stability Analysis

In order to shed light on the expected collective modes present in the system, we use the

standard tool of linear stability analysis [170, 171, 172] (see also Ref. [122]). This starts with

the evolution equations for the expectation values ↘⇁↽i→ within the mean-field approximation.

For our model Hamiltonian Eq. (2.2), these are

d

dt
↘⇁↽i(t)→ =

µ

N

∑

j ↘=i

(1 ↓ cos(ωi) cos(ωj)) ↘⇁↽j(t)→ ∝ ↘⇁↽i(t)→ . (2.4)

For initial states aligned along the z direction and up to linear order in deviations from the

initial condition, the third components ↘↽z

i
→ remain static, while the transverse components
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evolve via

i
d

dt
↘↽±

i
(t)→ = µ

N

∑

j ↘=i

(1 ↓ cos(ωi) cos(ωj))
[
↘↽z

j →↘↽±

i
(t)→ ↓ ↘↽z

i →↘↽±

j
(t)→

]
=

N∑

j=1

Mij↘↽±

j
(t)→ ,

(2.5)

where ↽±

i
= (↽x

i
±i↽

y

i
)/2, decoupling the remaining two equations. The matrix M appearing

in the right hand side is

Mij = ϑij



 µ

N

∑

k ↘=i

(1 ↓ cos(ωi) cos(ωk)) ↘↽z

k
→



 ↓ (1 ↓ ϑij)
µ

N
(1 ↓ cos(ωi) cos(ωj)) ↘↽z

i → , (2.6)

which is manifestly not symmetric. Since the equations are linear, the solutions can be

expressed as linear combinations of the N fundamental solutions,

s
(n)

i
(t) = ψ

(n)

i
e
→i↽nt , (2.7)

where ψ(n)
i
is the component of the n-th eigenvector of M of the i-th neutrino and ▷n the

corresponding eigenvalue. The eigenvalues can be either real or complex conjugate pairs,

the latter case indicating the presence of unstable collective modes whose amplitude can

grow exponentially in time. We will use the notation ▷ = # + i”, with real # and ”, to

denote the real and imaginary part of the eigenvalues.

In order to perform the linear stability analysis associated with the collective oscillation

spectrum in this model, calculations of the eigenvalues for systems of even size from N = 4

to N = 16 were performed, using angles ωi sampled uniformly in [0, 0.5]. For each system

size, we performed 106 calculations corresponding to di!erent random samples of the angles,

starting in the initial state from Eq. (2.3). The results of these calculations are displayed

in Fig. 2.1. There are several points to note from these results. First, as shown in the inset

on the left panel of Fig. 2.1, the fraction of stable eigenvalues (with imaginary component

” = 0) decreases exponential with the system size. This means that for large systems

of neutrinos, the model described by Eq. (2.2) and with initial state |’0→ from Eq. (2.3)

will contain unstable collective modes with high probability. This is in contrast to more

geometrically symmetric systems such as the case of bipolar oscillations [121, 37, 154] or of

fast oscillations in systems with three neutrino beams [122]. A somewhat unexpected result

is the presence of two distinct types of unstable modes, as shown by the left main plot in the
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left panel of Fig. 2.1, which shows the observed frequency of occurrence (i.e., a histogram

normalized so that the sum over the bin values times the bin width is unity) of unstable

modes of di!erent magnitudes of the imaginary part ” for N = 14. The same behavior

is observed for all values of N examined. These two classes of modes are characterized by

typical growth rates of either ” ↗ 10→4↓10→5
µ or ” ↗ 10→9↓10→10

µ. In order to shed light

on the structure of these two classes of modes, we present in the right panel of Fig. 2.1 a

heat map, for the same ensemble of systems used in the main plot of the left panel, showing

the observed correlation between the magnitude of the real part # and imaginary part ” of

the unstable modes. Unstable modes with large growth rates ” are associated with large

real frequencies # and, conversely, modes with a small growth rate also have typically very

small real frequencies. The observed values of the eigenvalues with small imaginary part are

found to be strongly a!ected by floating-point errors, and should be regarded as eigenvalues

with ▷ = 0.

The importance of considering both the real and imaginary part of unstable modes in the

context of collective neutrino oscillations was recently pointed out in Ref. [165], where it was

shown that, for a class of angular and flavor distributions, the oscillation depth quantifying

the magnitude of flavor conversion was directly linked to the ratio |”/#|: small values

lead to a small oscillation depth, while, conversely, large value can lead to complete flavor

inversion. In the present work, we use similar techniques (see also Ref. [164]) to provide a

more concrete characterization of the observed two classes of modes in this model. We start

by rewriting the linearized equations of motion Eq. (2.5) as,

i
d

dt
↘↽±

i
(t)→ = µ

N

N∑

j=1

(1 ↓ cos(ωi) cos(ωj))
[
↘↽z

j →↘↽±

i
(t)→ ↓ ↘↽z

i →↘↽±

j
(t)→

]

= µ

[
S
z

0↘↽±

i
(t)→ ↓ ↘↽z

i →S±

0
(t) ↓ cos(ωi)S

z

1↘↽±

j
(t)→ + cos(ωi)↘↽z

i →S±

1
(t)

]
,

(2.8)

where the moments (equivalent to the vectors Dn in Refs. [165, 164])

⇁Sn(t) =
1

N

N∑

j=1

cos(ωj)
n↘⇁↽j(t)→ , (2.9)

have been introduced. We note that ⇁S0 is a conserved quantity owing to the global SU(2)

symmetry of the Hamiltonian Hϑϑ in Eq. (2.2) (a property maintained at the mean-field
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Figure 2.1: The left panel shows a histogram of the observed frequency of eigenvalues with a

given imaginary component ” (in units of µ) for a system with N = 14, and using 106 independent

realizations of the angles ωj . The inset in the left panel shows the fraction of stable eigenvalues,

with imaginary component ” = 0, as a function of system size. The right panel shows the observed

frequency of unstable eigenvalues with a given magnitude of the real part # and imaginary part ”

for the same system. In both panels the presence of modes with small values of |”| and |#| is a

numerical artefact, with the correct mode at zero frequency. We indicate the boundary of the

region where numerical errors become important with red lines in both plots and on the right panel

we show it also as a grey area.

level), and S
z
n are also conserved in the linear regime, as the third component of the flavor

isospins is not dynamical. Furthermore, for our initial condition |’0→ in Eq. (2.3), S±

0
= 0

since the initial state has only components along z and also S
z

0
= 0. Using these constraints,

we finally have

i
d

dt
+ µ cos(ωi)S

z

1


↘↽±

i
(t)→ = µ cos(ωi)↘↽z

i →S±

1
(t) . (2.10)

By noting that the right hand side is proportional to cos(ωi)↘↽z

i
→, the solutions take the

general form [165, 164],

↘↽±

i
(t)→ = A↽ cos(ωi)↘↽z

i
→

▷ + µ cos(ωi)Sz

1

e
→i↽t

, (2.11)

with coe%cient A↽ independent of i, and ▷ corresponds to the eigenvalues of the matrix M

from Eq. (2.5). Inserting these solution into Eq. (2.10), together with the condition S
±

0
= 0,
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the eigenvalues satisfy,

1 =
µ

N

N∑

j=1

cos(ωj)
2↘↽z

j
→

▷ + µ cos(ωj)Sz

1

and 0 =
µ

N

N∑

j=1

cos(ωj)↘↽z

j
→

▷ + µ cos(ωj)Sz

1

. (2.12)

Two types of solutions can be identified: a uniform solution corresponding to ▷ = 0 with

amplitudes essentially independent of the propagation direction ωi, and coherent solutions

corresponding to higher frequencies and for which the eigenfunctions in Eq. (2.11) have

amplitudes that are correlated with the propagation direction. The presence of a collective

mode with ▷ = 0 has already been pointed out [164], but it’s structure was connected to the

presence of amplitudes with cos(ωj) = 0 which we do not have. For our initial conditions

however, this mode is still physical thanks to the fact that Sz

0
vanishes.

2.3 Dynamical Quantum Phase Transitions Introduction

Quantum phase transitions are typically a result of non-analyticities of free energy in

equilibrium systems, where some physical observable of the system serves as a tuning param-

eter driving the system over a transition threshold [173]. Smooth phase transitions, such as

crossovers, have long been of interest to the nuclear community since the Bardeen-Cooper-

Schrie!er- Bose-Einstein condensation transition realization, due its theoretical potential of

manifesting in neutron stars; see Ref. [174] for a review. What these phase transitions have

in common however, is their emergence via the tuning of some time-independent physical

parameter—be it magnetization, interaction strength or temperature—causing the system

to move through critical points in its phase diagram.

Analogous to modulating static observables to achieve phase transitions in systems at

equilibrium, in systems far from equilibrium, phase transitions that can be identified by

observables behaving non-analytically in time are termed Dynamical Quantum Phase Tran-

sitions (DQPT) [166]. This is the defining feature of DQPTs: the out of equilibrium states—

such as those occurring within CCSN processes—transpires via time evolution of the system.

They are distinguished by zero-crossings of the time-derivative of some measurable quan-

tity: for this work we use Loschmidt Echo-defined DQPTs. Studies of systems in which

DQPTs arise have seen advancement on a many fronts, from classifying coupling regimes
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and universality classes[175], to experimental realizations[176]. For an introduction to and

review of theoretical progress on DQPTs see Ref.[167].

When studying real-time dynamics of an initial state |’(t = 0)→ generated by a Hamil-

tonian H,

|’(t)→ = e
→itH |’(0)→ , (2.13)

it is convenient to describe the evolution as a two step process: for time t < 0, the system is

prepared in the ground-state of some initial Hamiltonian HI and allowed to evolve trivially

under the action of e→itHI ; at time t = 0, the Hamiltonian is instantaneously changed to

H, and the system is evolved forward in time. This process of instantaneously changing the

Hamiltonian HI ↔ H at some t = 0 is commonly called a “quantum quench”. “Quenching”

a system can include anything from suddenly turning on a ⇁B field, to altering some aspect

of the system’s geometry. For a review of quenches and recent theoretical advances, see

Refs. [177, 178].

As initially proposed in Ref. [166], the Loschmidt Echo L(t) [179] can measure the

wavefunction overlap across a quench. It is defined as

L(t) = |↘’(t)|’(0)→|2 =
↘’(0)|e→itH |’(0)→

2 = e
→N↼(t)

, (2.14)

and can be interpreted as probing the likelihood that the system returns to the initial state

|’(0)→ after the quantum quench. In this setting, a DPT can be detected by the formation

of a zero in L(t), which corresponds to a divergence in the rate ε(t), as the system reaches

the thermodynamic limit [166, 167].

The discussion of DPTs becomes more involved when the initial ground-state is degen-

erate, as in our model. Here we present the required generalization proposed in Ref. [169],

and used already in the collective neutrino oscillation setting in Ref. [126]. Assume that

HI has two degenerate ground states: |’ε→ and |’ω→, and we initialize our system HI at

t ↔ ↓′ to |’ω→. Then, at t = 0, we apply a quench to the system, where we instanta-

neously change HI ↔ H, and then time evolve |’ω→ under the quenched H. Two separate

Loschmidt echoes can be defined,

Lω,ω(t) =
↘’ω | e→itH |’ω→

2 Lε,ω(t) =
↘’ε| e→itH |’ω→

2 , (2.15)
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where the first, Lω,ω(t), is analogous to the previous definition of the Loschmidt echo from

Eq. (2.14), while the second, Lε,ω(t), corresponds to the probability of transitioning to the

orthogonal ground-state |’ε→. The full out-of-equilibrium partition function is then defined

as the sum of the two Loschmidt echoes [169].

Similar to the discussion of slow-modes in a neutrino system [126], for the work discussed

in this chapter, the Loschmidt echo crossing times that we compute are associated with the

two ground states |’ε→ and |’ω→,

|’ε→ =


N/2

↙
n=1

|⇐→
n


↙


N

↙
m=N/2+1

|⇒→
m


(2.16)

(2.17)

|’ω→ =


N/2

↙
n=1

|⇒→
n


↙


N

↙
m=N/2+1

|⇐→
m


, (2.18)

where we took the state |’ω→ as the initial state for evolution at the quench, which is the

same as the initial state |’0→ from Eq. (2.3) that is used in the linear stability analysis of

Sec. 2.2. For N even, these are degenerate ground states of an initial Hamiltonian HI ,

HI =

N/2∑

i=1

N∑

j=N/2+1

↽
z

i ↽
z

j . (2.19)

At t = 0, the system is quenched to evolve under the Hamiltonian Hϑϑ given in Eq. (2.2).

The initial state |’ω→ is evolved forward, with overlaps onto itself and onto |’ε→ com-

puted, and the first crossings of the Loschmidt echos, Lε,ω(t) and Lω,ω(t), are subsequently

determined.

We now introduce the Loschmidt rate function ε(t), which is related to L(t) as:

ε(t) = ↓ 1

N
log[L(t)], (2.20)

for a system with N particles. In such a system, with Lω,ω(t) and Lε,ω(t), we define a

corresponding εω,ω(t),εε,ω(t).

As initially discussed in [180, 181], ε(t) is an intensive quantity which, in the thermo-

dynamic limit of infinitely many particles N ↔ ′, will be dominated by one of the two

rate functions εω,ω(t),εε,ω(t) [166, 169]. This leads us to the following overall rate function

εN (t) for a system with N neutrinos, as introduced in [169]:

εN (t) = min(εω,ω(t),εε,ω(t)) (2.21)
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Nonanalyticities in the rate function εN (t) occur when a previously dominant rate func-

tion (say, εω,ω(t)) is overtaken by the other rate function (say εε,ω(t)), which causes a kink

in εN (t) [166, 169, 167], see the left panel of Fig. 2.2. Following directly from Eq.(2.20), the

critical time at which a DQPT can occur, therefor, is when one Loschmidt echo Lε,ω(t) over-

takes the other Lω,ω(t) [169, 168], which manifests as an intersection of the two Loschmidt

echo spectra identified by a crossing time tL→ [169]:

Lε,ω(tL→) = Lω,ω(tL→), (2.22)

The overall rate function’s Eq.(2.21) inflection points manifest whenever the system sud-

denly alternates in probability of reaching |’ε→ or |’ω→. Hence choosing the proper HI

which has two degenerate ground states is essential when characterizing DQPTs via L(t),

as first acknowledged in [166, 169]. Now what we are actually interested in is the natural

logarithm value of the time at which Eq. (2.22) occurs, which we represent as:

w↑ = ln tL→ . (2.23)

With this definition, a non-analytic behavior, and thus a DPT, can present itself as a

“kink” in the free energy when the dominant rate function switches between εω,ω(t) and

εε,ω(t) at some crossing time tL→ . We display this behavior for a system of neutrinos with

N = 12 neutrinos evolving under the Hamiltonian in Eq. (2.2) in Fig. 2.2. The left panel

shows the two rate functions εω,ω(t) and εε,ω(t) as a function of time, with the inset focusing

on the kink in εN (t) formed by their crossing. The same behavior is of course paralleled by

the crossing of the Loschmidt echoes, as shown in the right panel of Fig. 2.2.

2.4 Analysis of Loschmidt Echo Crossing Times

Ensembles of independent Jij configurations with N = 4, 6, 8, 10, 12 and 14 neutrinos were

generated using Monte Carlo uniform sampling in ωi for 0 ∞ ωi ∞ 0.5. These provided

ensembles of Hϑϑ defined in Eq. (2.2). The initial state in Eq. (2.18) was evolved forward in

time for each member in an ensemble, and the times of the first crossing of the Loschmidt

echos Lε,ω(t) and Lω,ω(t), given in Eq. (2.15), were determined. For the systems with N ∞

10, the systems could be evolved in time and the Loschmidt echos determined exactly using
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Figure 2.2: The left panel shows εω,ω(t) (red curve) and εε,ω(t) (blue curve) as a function of

time in units of µ→1. The thick green lines mark the time when the rate functions first cross. The

inset zooms in on the lowest-ε’s first (non-analytic) cusp. The right panel shows Lω,ω(t) (teal

curve) and Lε,ω(t) (purple curve). Orange lines mark the first crossing time, tL→ , in units of µ→1,

with the inset focusing on the evolution around tL→ .

Mathematica, without the need for time decimation. For larger systems (and the smaller

systems for verification purposes), matrix product states (MPS) were used to simulate

dynamics via iTensor’s Julia package [182] using Trotterization of the evolution operator,

implemented via the Time Evolving Block Decimation (TEBD) method [183, 52, 184], with

a tolerance of 10→9. For the simulations in this work, an MPS truncation error cut o! of

10→9 was used, which meant that for each SVD the lowest m singular values εn were thrown

out, such that: [182] 
m

n=1
Min(ε2

n)
N

n=1
(ε2

n)
< 10→9 (2.24)

and occurred
(
N

2

)
times in each time step. A step size of ⇀ = 0.05µ→1 for a total time

evolution time of tmax = 50.0µ→1 (or 103 ⇀s) was used for each system with unique Jij for

the analysis in the main text, while step sizes of ⇀ = [0.02µ→1
, 0.07µ→1

, 0.1µ→1] were also

profiled. A maximum evolution time interval of 50 (2N/µ) was selected, with a Trotter step

size of $t = 0.05 (2N/µ) 1. This was guided by previous numerical results [148, 149] which

demonstrated collective flavor oscillations taking place on time scales typically ranging from

1
Step sizes of !t = [0.02, 0.07, 0.1] (2N/µ) were also profiled, and furnished consistent results.
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tslow = µ
→1

⇑
N to tfast = µ

→1log(N). To account for the increased complexity in the system

introduced by our random selection of neutrino momenta, the maximum simulation time

was increased by 10⇔, as similarly estimated in Ref. [122].

The observed heavy tails of the obtained distributions, reminiscent of those found in

lattice QCD calculations of baryon correlation functions (see, e.g., Ref. [185]), prompts us

to change variables from tL→ to w↑, where

w↑ = log tL→ . (2.25)

Figure 2.3 displays the associated histograms as functions of w↑ (with uniform bins width)

for each N . As the systems are evolved forward in time up to a maximum time, Tmax,

there are a small number of elements in the ensembles that do not experience a Loschmidt

Echo crossing (during that time interval). Qualitatively, for the sizes of ensembles we have

generated, the N = 4 system exhibits a single skewed distribution, with a heavy tail for

increasing w↑. The N > 4 systems show the emergence of a second peak on the shoulder

of the first.

For small system sizes, the discreteness of the systems furnish “sectors” of Loschmidt

echo crossing times, as suggested in Fig. B.1. As a result, the distributions are not expected

to be smooth functions for small N . However, they are expected to become smooth with

increasing N . Therefore, fitting to smooth functions should describe results for large N , but

become increasingly poor descriptions at small N . In order to quantify these distributions,

the sum of two stable distributions are fit to each histogram, in particular, type-1 stable

distributions,

h(w) = a1S1(◁1,01, µ1,↽1, w) + a2S1(◁2,02, µ2,↽2, w) , (2.26)

where ai denote their amplitudes and are real numbers. As defined in Mathematica, the

type-1 stable distribution is,

S1(◁,0, µ,↽, x) = e
iµt→|tς|

ω(1→iω tan(ϑω
2
) sgn(t)) : ◁ ⇓= 1

= e
iµt→tς(1+2i

ϖ
ϑ log |t| sgn(t)) : ◁ = 1 , (2.27)

where sgn(x) is the sign of x. ◁ is the stability parameter, 0 is the skewness parameter,

µ is the mean of the distribution, and ↽ is twice the variance. The results of fitting h(w)
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Figure 2.3: Histograms of the Loschmidt-echo crossing times for system sizes of N = 4, 6, 8, 10, 12

and 14 neutrinos evolving under the dynamics described in the text. They show the number of

events in a given bin normalized to the total number of events, as a function of w↑, defined in

Eq. (2.25). A bin width of ϑw↑ = 0.100 is employed in each histogram. All distributions were

formed from 10.5k independent samples of Jij . The red points with error bars correspond to the

height of each bin and uncertainty estimated by bootstrap re-sampling over the 10.5k independent

samples. The dark-blue curves show the best fit of the sum of two stable distributions (given in

Eq. (2.26)) to the histograms, with fit parameters and uncertainties given in Table 2.1. The 68%

confidence intervals associated with the fits are shown by the green-shaded regions.

in Eq. (2.26), with a total of 10 fit parameters, are shown in Table 2.1, including the

uncorrelated weighted φ
2
/dof to indicate the goodness of fit. Monte Carlo sampling was

used to perform the fitting and in determining the 68% CIs. For each histogram, the global

minimum of the uncorrelated weighted φ
2
/dof 2 was found by a search in the 10-dimensional

parameter space, first using a coarse lattice of points then followed by a stochastic gradient

descent. The 68% CI was determined by sampling parameter space to identify the surface for

which φ
2

min
↔ φ

2

min
+11.55, appropriate for a 10 parameter fit. In some instances, a second

minimum lay within this upper value of φ2, giving outliers in the sampling. Their impact

2
The weights corresponded to the inverse variance of each histogram bin, determined by bootstrap re-

sampling.
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N a1 ◁1 01 µ1 ↽1 a2

4 0.0849(54) 1.34(10) 0.976(76) 1.64(16) 0.275(23) 0.0231(29)

6 0.0840(35) 1.842(86) 0.914(61) 1.333(35) 0.2474(93) 0.0184(11)

8 0.0793(29) 1.866(81) 0.918(41) 1.326(37) 0.2531(96) 0.0231(11)

10 0.0785(27) 1.854(86) 0.0785(41) 1.330(23) 0.2397(91) 0.0230(10)

12 0.0843(36) 1.349(83) 0.00277(15) 1.346(21) 0.2268(9) 0.0237(12)

14 0.0771(31) 1.447(72) 0.213(12) 1.389(25) 0.1966(76) 0.0283(15)

N ◁2 02 µ2 ↽2 φ
2
/dof

4 0.892(43) 0.621(76) 0.35(31) 0.313(34) 2.03

6 1.049(20) 0.389(28) 4.32(66) 0.358(22) 6.54

8 1.175(62) 0.468(22) 2.76(16) 0.226(11) 1.69

10 1.366(78) 0.898(59) 2.630(90) 0.1893(88) 3.56

12 1.121(57) 0.613(35) 2.97(27) 0.1952(99) 2.01

14 1.079(48) 0.313(16) 2.80(27) 0.1987(83) 2.31

Table 2.1: Best-fit parameters obtained from fitting two stable distributions, given in Eq. (2.26),

to the histogram distributions of Loschmidt echo crossing times for systems with

N = 4, 6, 8, 10, 12, 14 neutrinos, as displayed in Fig. 2.3. The histogram bin size is ϑw↑ = 0.100. All

distributions were formed from 10.5k independent samples of Jij .

was mitigated by using the median average deviation (MAD) of the parameter sample, with

an appropriate re-scaling factor (computed to be 4.855(9)). While the presented results use

bin widths of ϑw↑ = 0.100, a range of bin widths were examined ϑw↑ = 0.060, 0.065, ...0.140,

over which the resulting fit parameters were found to be consistent.

There are some interesting points to note from our results. First is that the locations of

the two peaks, µ1,2, become approximately independent of the number of neutrinos, and the

variances also appear to be approximately stable. Further, the relative strength of the two

distributions appears somewhat stable to increasing neutrino number. The goodness-of-fit

to two stable distributions depends on the number of neutrinos, as can be seen in the last
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column of Table 2.1. For the systems with N ∈ 8, there are two peaks in the histograms

that are reasonably well reproduced by the sum of two stable distributions. However, as

the φ
2
/dof > 1 for each, this does not constitute a perfect description of the systems, as

expected. It is found to be a superior hypothesis to that of a single stable distribution for

N ∈ 8, which have φ
2
/dof > 10.

It is enlightening to compare the results for the Loschmidt echo crossings with the

results of the stability analysis that we presented above, in particular the distributions of

imaginary parts of the frequencies. In both instances, there are two peaks in the distributions

associated with the sampled Jij matrices. The slower and faster modes correspond to the

long-time scale and short-time scale Loschmidt echo crossings, respectively. Interestingly,

while the distributions associated with faster-modes and the shorter Loschmidt echo crossing

times occur at the same w↑, those associated with the slower modes (consistent with zero

frequency) are at a desparately larger value of w↑ than the corresponding longer Loschmidt

echo crossing times. The well-separated slower- and faster-mode distributions di!er from

the overlapping distributions in the Loschmidt echo crossing times. So while the linear

instability analysis describes well the fast modes, it is only qualitatively reflective of the

longer Loschmidt echo crossing times.

2.5 Summary

Neutrinos play a key role in CCSN; after creation in the core, neutrino flavor evolves in

complex ways through interactions with matter, with other neutrinos, and because the

mass eigenstates are combinations of the weak eigenstates. Our work builds upon current

research into the quantum evolution of model neutrino systems in the full many-body treat-

ment. Starting with a tensor-product state of equal numbers of electron-type and heavy-

type neutrinos, small- and modest-sized systems are evolved forward by the Hamiltonian

describing neutrino-neutrino forward scattering, neglecting vacuum mixing. In this setting,

the forward-scattering interactions with matter only contribute a global phase factor and

are therefore neglected. Attention is paid to the time-scales for flavor conversion under this

evolution, both through a linear stability analysis and also using the crossing of Loschmidt

echos. We consider Loschmidt echo crossings because of their relation to dynamical phase
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transitions in non-equlibrium systems.

Through Monte Carlo sampling over a uniform distribution in neutrino angles, we gener-

ate ensembles of neutrino coupling matrices in the context of an axially-symmetric light-bulb

model. In our linear stability analysis, both zero-frequency and non-zero frequencies insta-

bilities are found, while two modes are observed in the crossings of the Loschmidt echoes,

both with finite time-scales. The locations of the peaks in the Loschmidt echo crossings

appear independent of the number of neutrinos for N ∞ 14. While the distributions for

the N = 4, 6 systems reflect the underlying discreteness of the systems, we found that they

become increasingly well described by smooth distributions, in particular the sum of two

stable distributions. As a mean-field analysis identifies only one fast mode of flavor conver-

sion for such systems, our fully quantum mechanical analysis has revealed the presence of a

second mode. Further work is required to better understand the impact of this second mode,

and its connection to the linear stability analysis. In future work, it would be interesting

to understand the role played by the integrability of the axially-symmetric Hamiltonian,

and whether a rich multi-peaked spectrum could be expected also in the chaotic multi-

angle regime studied in Ref. [156]. In this context, the zero mode may potentially show it’s

presence in thermalizing systems as a quantum many-body scar, creating unusually long

thermalization times.

2.6 Conclusions

Previous studies focusing on the neutrino-neutrino interaction term Eq. (1.9) in two-flavored

systems have established the existence of multiple time scales of DQPTs in a given system

with homogenous flavor momentum coupling angles Jij , and have utilized DQPTs to an-

alyze systems similar to Eq.(A.16) [126, 121]. In earlier, formative work by Sawyer [150],

di!erences in initial momentum and flavor distributions of a neutrino system produced two

markedly di!erent evolutionary behaviors, in both the amount of flavor converted and the

timescales on which those conversions occurred. Systems similar to Eq.(1.9) have also pro-

duced dual phases and modes of behavior–from entanglement growth to collective flavor

dynamics–in the two-flavor regime[129, 126, 121, 164].

We focused our attention on Eq.(A.16), where large angle ranges of heterogenous mo-
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menta were taken for Jij . The ωi composing Jij were constrained to lie between ω! =

[0.0, 0.5] radians, to ensure physically-relevant kinematics in the simplified bulb-model we

followed. The downfall of constraining angle ranges to be smaller than ω! risked exclusion

of potentially non-trivial structures in the log tL→ histograms.

For random uniform angular distributions populating Jij , simulations of Hϑϑ resulted

in a statistically verified bimodal distribution of log-scaled Loschmidt echo crossing times

log tL→ to the order of the first crossing. The findings in Fig. 2.3 depict the presence of

two distinct DQPT time scales in Eq.(A.16), persistent as N increased. What we find

novel, however, is the asymptotic behavior of the separation between the two modes, as

suggested by Fig. 2.3: as neutrino number N grew, each centroid’s amplitude a1, a2 steadily

increased, the variance at each mode mean decreased, and the mean estimates themselves

remained relatively stable, demonstrating not only the distribution’s persistence but also

suggesting asymptotic behavior when system size is taken to the thermodynamic limit N ↔

′. Simulations indicated that the number of neutrino angle cones–which scaled with N–had

no bearing on the number of distinct DQPT time scales, of which there were consistently

two. Similar qualitative behavior in log tL→ distributions were found when using other

angular distributions to populate Jij in this work.

When exploring lepton-number dispersion measures as a potential initial state discrim-

inator, we saw a gradual formation of two independent modes in density plots of the CFC

frequency’s discriminant ς Eq.(D.6). Recent work by Roggero [126] was the first to ob-

serve DQPTs’ precipitative e!ect on CFCs in neutrino models similar to Eq.(A.16). When

Eq.(A.16) is simulated over large angular ranges of heterogenous Jij flavor momenta, a

bimodal distribution of ς(log tL→) materializes and partitions in the same temporal region

as histograms of log tL→ , with the partition location remaining stable as N increased. Par-

ticularly close attention was given to ς Eq.(D.6) due to its deterministic role in whether

# Eq.(D.4) is complex or real valued, which can a!ect instability growth. The similar bi-

modal structures of distributions in Fig.2.3 and Fig.D.1 suggest an initial-state dependent

observable potentially predictive of tL→ occurrences if ς is very negative. For the N we sur-

veyed, below ↓0.0250 appears to be correlated with tL→s in the first mode of the bimodal

histograms of log tL→ , regardless of N . This soft cuto! is somewhat arbitrary, whether it
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is related to system size or other factors is currently undetermined in this work, and is left

for future work. Understanding why low negative values of ς are more correlated with tL→s

in the first centroid of Fig.2.3 could be accomplished by studying systems N > 14, or by

analyzing ς with respect to tL→s occurring beyond the first. Comprehensive understanding

of the relationship between DQPTs and CFCs is necessary and should be explored in more

physically realistic models, and can potentially contribute to recent investigations into the

role of CFCs modulating astrophysical phenomena such as nucleosynthesis.

Previous work has indicated primordial neutrino flavor conversion’s potential to a!ect

the relative abundances of protons and neutrons in the early universe [17, 186], which can

consequently inhibit or amplify big bang nucleosynthesis (BBN). Within the context of

CCSN nucleosynthesis (CCSNN), flavor evolution within neutrino-driven winds can a!ect

CCSNN in CCSN ejecta, where the evolution of flavor concentrations can play a non-

trivial role in stymieing or encouraging rapid neutron capture processes (r-processes) as

described in previous work by [187, 188, 189]. Analyzing the potential impact of CFCs

on nucleosynthesis[190, 191, 192, 193] however is a recent development, made possible by

Sawyer’s first works on the subject [150]. Additional out-of-equilibrium analyses of late-

time collective neutrino flavor dynamics is therefor necessary for understanding initial state

conditions conducive for BBN and CCSNN. The initial flavor composition necessary for

DQPTs to occur and in turn how DQPTs a!ect late-time collective flavor evolution ne-

cessitates further exploration–given r-process’s dependence on the concentrations of ↼e in

neutrino-driven winds–and will be the subject of future work.

Far-from equilibrium analyses in neutrino systems and studies on how they a!ect the

late-time behavior of flavor evolution is a relatively contemporary integration into neutrino

studies [121, 121, 122], particularly given the recent identification of DQPTs[167, 121, 121,

122]. Computational tools long familiar in the condensed matter community and anal-

ysis techniques fundamental to QIS holds significant potential for gaining insight into the

quantum correlations and many-body dynamics underpinning late-time collective flavor evo-

lution in neutrino systems, emphasized more so by collective CFCs comparatively recent

theorization [23, 194]. A more holistic understanding of how system attributes that give

rise to DQPTs can also a!ect collective CFCs can be achieved via exploration of more
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realistic models. This can take shape via consideration of a variety of features that had

been neglected for simplicity in this work: from inclusion of neutrino–matter interactions

and extending the study to three-flavored neutrino systems, or the accounting of neutrinos

trajectories φpkz
|φpk|

not restricted to be axisymmetric about a ẑ orthogonal to the neutrino

emission surface.

Investigating the entanglement structure and growth around tL→ in Hϑϑ Eq.(A.16)–

along with flavor persistence–in order to fully understand the two distinct DQPT timescales

and CFC modes’ presences will be necessary. This entanglement investigation, along with

another study probing the manifestation of scramblers in this two-flavored neutrino system,

are the subject of forthcoming work.
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Chapter 3

SCRAMBLING IN NEUTRINO SYSTEMS

3.1 Introduction

Current experimental advances in engineering quantum simulation platforms such as trapped

ion or ultra-cold atomic-based systems have enabled great progress in realizing a wide range

of far-from-equilibrium phenomena[195, 196, 197], particularly those ranging from strong to

weak violations and demonstrations of the eigenstate thermalization hypothesis (ETH).

The Out-of-time ordered correlator (OTOC) has arisen as a powerful diagnostic tool

for emergent far-from-equilibrium and chaotic phenomena arising in such realizable spin

systems. The OTOC is a four-point correlation term, the expectation value of the squared

commutator of two operators V,W (t) where Wt = e
iHt

We
→iHt and W

†

t
= e

iHt
W

†
e
→iHt are

Heisenberg operators. Conventionally, they contain three separate time-reversal operations

and probe the information spread within a system, but they can contain more, and probe

other observables like stabilizer Renyi Entropy[198]. The OTOC is defined as[199]:

F (t) = ↘ψi|W †

t
V

†
WtV |ψi→ = ↘ψi| eiĤt

We
→iĤt

V e
iĤt

We
→iĤt

V |ψi→

where V,W can or can not commute, are unitary, and do not need to be Hermitian.

Previous investigations have probed the OTOC’s potential as a witness for quantum

phase transitions in models ubiquitous in condensed matter such as the Transverse Field

Ising (TFI) Model, the transverse axial next nearest neighbor Ising (TANNNI), the Lipkin-

Meshkov-Glick (LMG) model rendered as a fully connected transverse Ising chain [200, 201,

202, 203, 204], as well as a witness for topological phase transitions [205] which were also

studied in primarily Su-Schrei!er-Heeger (SSH), Creutz and other lattice models. OTOCs

have also been used a probe for many-body localization [206, 207], measuring magic[208],

scars[209, 210], and operator purity[211]. Investigations probing the connection between

OTOCs and phase transitions have been conducted in a wide variety of systems ranging
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from nearest-neighbor, and next-nearest-neighbor, to all-to-all connectivity, though largely

confined to Ising spin models. There has been limited work on systems containing continuous

spin rotations and long-range connectivity (cite).

Given the wide range of physical observables and far-from-equilibrium phenomena[212,

213, 214, 215, 216] for which the OTOC has been used as a diagnostic tool and the wide

range of spin models previously investigated, we are interested in the potential of the OTOC

as a dynamical quantum phase transition (DQPT)[166, 167, 168] diagnostic in long-range

entangled Heisenberg spin chains whose couplings are subject to constraints originating from

the many-body neutrino model. Previous work has shown non-trivial DQPT occurrence

timescales in families of such Hamiltonians[132], where distinct structures emerge after

high-statistics analysis.

In this work, we are interested in studying a specific family of random-coupled long-range

entangled Heisenberg models, following the form of Eq. 1.7, where the angles constituting the

coupling matrix Jij are sampled from random uniform distributions as described in Table

G.1. Constraints on the coupling terms in this model are motivated by neutrino many-body

systems close to the supernova core, in this case narrowing the study’s scope to relatively

tight angular ranges mimics. By focusing on forward-peaked uniform angular distribution of

ωi which are randomly sampled uniformly on the interval [0, 0.5], false degeneracies[38, 156]

in Eq. (1.7) can be prevented.

Quantum information scrambling dynamics have not been studied in many-body neu-

trino systems–or for neutrino systems in general–in the current literature to date, and is

thus a uniquely novel observable to consider, particularly in the context of neutrino systems

close to the CCSN core where 99% [217] of the energy is emitted through neutrino emission

from the proto-neutrino core. This released energy a!ects a wide variety of macroscopic

processes including heating, and shock revival. Neutrino flavor transformation (oscillation)

directly a!ects these macroscopic observables.

In the computations of DQPTs and OTOCs in this work, the initial states are con-

structed as tensor-products of N neutrinos, made up of N/2 electron and N/2 heavy flavor

neutrinos, and are each defined as Eq. 2.3. These are a commonly used state in many-body

flavor dynamics studies [132, 126, 121, 154, 37] to focus on dynamics beyond the mean-field
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regime as the states |’ε→ , |’ω→ are invariant under mean-field evolution. We define DQPTs

similarly as we do in the previous chapter, via the Loschmidt Echo crossing times (2.23),

for the same initial states as in (2.18), as done in [132].

We note the deep connection between DQPTs and Fisher zero crossings. The DQPT

itself is often regarded as a partition function in time, while Fisher zeros are when the

partition function equals 0 in the complex temperature plane. For DQPTs, when extending

the Loschmidt echo out into the complex time domain, as Fisher zeros accumulate on the

x-axis, their location (on the real time axis) indicates when the system experiences a DQPT.

We refer the reader to available reviews for more details on the backgroud of Fisher zero

crossing’s connection to DQPTs (see Ref. [167] for a review).

In Sec. 3.2, the results obtained for the Loschmidt echoes crossing time for an ensemble

of neutrinos systems with sizes ranging from N = 4 to N = 10 are presented. A statistical

analysis of the observed time scales is forthcoming, along with a more detailed analytical

assessment of the observed phenomena, and scaled-up numerical simulations which cover a

wider variety of system and operator parameters surveyed. In Sec. 3.3 we discuss future

analytical directions to help guide a more formal understanding of the phenomena witnessed

in Sec. 3.2.

3.2 Preliminary Numerical Results

In this section, we studied the relationship between when a particular system achieved

its first full scrambling. The time at which a system becomes fully scrambled is defined by

that system’s OTOC spectrum crossing the x-axis (or reaching the value of 0), and when

that system experienced its first DQPT (as defined by Loschmidt echos).

There were several parameters to vary in the numerical exploration of a system’s first

occurrence of a DQPT and when the OTOC fully scrambled. First was system size N–we

present numerical results for N = 4 ↓ 18 in this document. The next relevant parameter

was the site locations at which operators V and W acted on. The third was the operator

that was used for V and W .

For Figures 3.1, 3.2, we held the locations of V,W fixed, as well as the V,W ’s actual

operators, which were both spin-Z, and varied only size. We note that high stats were
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Figure 3.1: Density histogram with bin number 42, for 20k N = 4, 6 neutrino systems with unique

Jij couplings for the Out-of-Time-Ordered-Correlator (OTOC) as denoted by log(F (t) = 0) as a

function of the first Loschmidt Echo Crossing time w↑. Operators were on sites 1 & 3.

necessary for meaningful plots, and emphasize that only after time evolving over 10k unique

systems for N = 4 (Fig. 3.1), were we able to see nontrivial structures appear. We increased

system size while we held everything else constant (V,W locations and V,W definitions).

Figures 3.1, 3.2 all contain the maximum number of samples.

For each density histogram shown in Figures 3.3, 3.4, systems were evolved for 2000

time steps with step size dt = 0.05. For each system, Eq. (3.1) was calculated for each dt.

The resulting spectra of Eq. 3.1 for each system was then searched for the time at which

the system fully scrambled, which the current literature defines as when Eq. 3.1 = 0. The

natural log of this time, tscramble was then plotted as a function of Eq. (2.23), and then the

subsequent scatter plot was converted to a density histogram.

For reference, we have included another set of figures with lower statistics (only 8k sam-

ples each in Figures 3.3, 3.4 to further underscore the importance of studying increasingly

larger families of Eq. (1.7) as the system size N increases. This is necessary to clearly

understand if the nontrivial behavior seen in Fig. 3.1 is due to finite size e!ects, or if it is a

genuine novel feature that emerges only after taking a broad sample set family of Eq. (1.7),
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Figure 3.2: Density histogram with bin number 42, for 19k N = 8 neutrino systems and 8k N = 10

neutrino systems with unique Jij couplings, for log(F (t) = 0) as a function of the first Loschmidt

Echo Crossing time w↑. Operators were on sites 1 & 3.

for a given system size. We also made sure to only probe with operators acting at the first

and second sites on the spin chain. Now we can focus on the structures that we see within

Fig.3.3.

The resulting Figures 3.1, 3.2 demonstrate an emerging power-law scaling relationship

between tscramble and Eq. (2.23), as well as contain what appears to be multiple modes

emerging, all oriented along the diagonal. All figures have the bright blue concentrated

mode at roughly 2.5 = w↑ and 4.5 = ln(F (t) = 0). We note that this does not appear

to shift in any direction as system size increases either, though we are not sure yet if this

something that would change if more systems are incorporated in studies for 6 ∞ N .

3.3 Towards An Analytical Description

Developing an analytical connection between OTOCs and DQPTs in all-to-all connected

random Heisenberg two-level spin chains would result in a robust understanding of how

DQTPs occurrence times and scrambling as defined with OTOCs are related to one another,

as well as lend a deeper explanation behind the power-law scaling witnessed in Figures 3.1
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Figure 3.3: Density histogram with bin number 42, for 8k N = 4 neutrino systems with unique

Jij couplings for the Out-of-Time-Ordered-Correlator (OTOC) as denoted by log(F (t) = 0) as a

function of the first Loschmidt Echo Crossing time w↑. Operators were on sites 1 & 3.
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Figure 3.4: Density histogram with bin number 42, for 8k N = 8 neutrino systems with unique Jij

couplings, for log(F (t) = 0) as a function of the first Loschmidt Echo Crossing time w↑. Operators

were on sites 1 & 3.
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and 3.2. A brief conceptual outline is provided in this section, with which to guide future

analytical explorations that seek to tie when a system experiences its first DQPT and when

the same system fully scrambles.

Based on persistence patterns in numerical results, we are motivated to investigate

deeper connections between the Kirkwood-Dirac Quasiprobability (KDQ) which underlies

the OTOC, as first demonstrated in Ref. [218, 219, 220, 221], and the Fisher-zero crossings

which characterize a DQPT. Further analysis on the KDQ behavior will likely need to be

undertaken as well as studies focusing on the collective behavior of the Fisher zero crossings

for the families of Eq. (1.7) that were time evolved.

Since Eq. 1.7 is a spin system, it has a finite eigenbasis for N < ′ which will be an

important source of convenience later on. Within the OTOC, F (t) = ↘ψi|W †

t
V

†
WtV |ψi→ =

↘ψi| eiĤStWe
→iĤStV e

iĤt
We

→iĤStV |ψi→, we define our time evolution operator to be:

U = e
iHSt , (3.1)

and our local operators of interest, V and W , are both the single-site spin-Z operator.

Both are always acting on di!erent sites within the spin chain. Also, we take ⫅̸ = 1.

The eigendecomposition of V and W can be written as V =


vϱ,εvϱ
v⇀ |v⇀,◁vϱ→↘w⇀,◁vϱ | and

W =


wϱ,ωwϱ
w⇀ |w⇀,0wϱ→↘w⇀,0wϱ |. Eigenvalues are w⇀ and v⇀ and eigenvectors 0wϱ and ◁vϱ .

Note that a Kirkwood-Dirac quasiprobability (KDQ) amplitude (Ã⇁) based argument

was first defined in Ref. [220] for a state ϖ =


j
pj |j→ ↘j|, where pj is the probability of

occurrence for a particular state |j→. A⇁ results from some protocolMP1,2 devised to measure

observables j, (v1,◁v1
), (w1,0w1

)for an all-to-all connected two-level Heisenberg spin-chain.

The measurement protocolMP1,2 , andMP3,2 is run, and results in Ã⇁ to generate observables

w2, w3, v1, and v2.

Tuples of (v⇀,◁vϱ) and (w⇀,0wϱ) can then be obtained, and Ref. [220] has shown that

complex conjugating them and multiplying them by Ã⇁ can recover F (t). What one would

want to do is to derive a relation between these values, (v⇀,◁vϱ) and (w⇀,0wϱ), and the real

axis crossings in the complex plane of complex partition functions[167, 169, 166], also called

fisher zero crossings.

Generally complex parameters are not particularly physically relevant, but complex-
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conjugating partition functions is an old tool in history of probing phase transitions [222].

The work conducted in this section pursues establishing a connection between the oper-

ators chosen for the OTOC, as well as the initial states chosen to measure the DQPT

from. The initial state chosen impact the rate function εs(z) = 2Re[gs(z)], where gs(z) =

↓ 1

N


j
log


zj ↓ z


and the zj are the fisher zero crossings.

In an attempt to highlight a potential link between (v⇀,◁vϱ) and (w⇀,0wϱ) to zj , complex

conjugation of the Loschmidt echo is considered next. DQPTs are defined as non-analytic

kinks in the rate function:

ε(t) = min(
1

N
logL”1

(t),
1

N
logL”2

(t)) (3.2)

.

Note that L”1
(t) = | ↘’1(0)|U |’1(0)→ |2 and L”2

(t) = | ↘’1(0)|U |’2(0)→ |2. ’1,’2 are

defined as Eq. 2.3.

It is possible to complex conjugate the Loschmidt amplitude by extending the time

variable into the complex plane:

t ↔ z = t+ itϱ

where tϱ is the imaginary time. The complex plane echo is now:

G = ↘’1(0)| eiHsz |’1(0)→ . (3.3)

Because the eigenbasis for the HS is finite, Eq. 3.3 can be written as a finite sum:

G(z) = e
µ(z)(j [zj ↓ z] . (3.4)

where µ(z) is can be taken as some analytic function (which we can define later if needed)

and zj are zeros of Eq. 3.4 in C. All information critical to the definition of Loschmidt

echo-defined DQPTs are contained within these zeros of the complex plane.

Each complex contribution to the complex Loschmidt amplitude is:

g(z) =
1

N

∑

j

log[zj ↓ z] . (3.5)
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At the time of this writing, two methods to fully bridge (v⇀,◁vϱ) and (w⇀,0wϱ) with Eq. (2.23)

appear to be promising routes to pursue. The first involves directly linking zj to the com-

plex eigenvalues in v1w2v
↓

2
w

↓

3
and appears to not have been probed in current literature.

Numerical investigations verifying the viability of this path would lend credence to a poten-

tial link. Another potential approach to bridge a connection between the two distinct values

is to extend the OTOC definition into the complex plane by extending the time evolution

operators that define the Loschmidt echos constituting the OTOC. Afterwards, one could

try to recreate a close variant of (v⇀,◁vϱ) and (w⇀,0wϱ) in complex space.

The complex plane time evolution operator can be defined as:

UC = e
iHSz = e

iHS(t+iϱt) , (3.6)

which should be noted, is no longer unitary after transforming to the C plane.

The second approach involves rewriting the OTOC in terms of these non-unitary complex

time evolution operators:

FC(t) ↔ ↘ψi| eiHS(t+iϱt)We
iHS(t+iϱt)V e

iHS(t+iϱt)We
iHS(t+iϱt)V |ψi→ (3.7)

Again, numerically searching for singularities in the complex plane for Eq. (3.7) would

be the natural first step, and from Eq. (3.7), constructing an inequality bound on Eq. (3.1),

rather than attempting to recover Eq. (3.1) entirely, could be a reasonable subsequent step,

preceding Eq. (3.1)’s recovery.
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Chapter 4

QUANTUM SIMULATIONS OF THREE-FLAVORED NEUTRINO
SYSTEMS

The work presented in this chapter is based on work done in collaboration with Francesco

Turro, Ivan Chernyshev and Marc Illa [223].

4.1 Introduction

The use of qudits [224] for simulating nuclear and high-energy physics systems has gen-

erated significant interest [225, 226, 227, 228, 229, 230, 231, 232, 233, 234, 235, 236, 237,

238, 239], as a result of recent advancements in experimental realizations of qudit-based

platforms, including trapped-ion systems [240, 241, 242, 243, 244], superconducting cir-

cuits [245, 246, 247, 248], superconducting radio-frequency cavities [249], and photonic

systems [250]. Multilevel quantum devices can e%ciently map to high-dimensional systems,

which is advantageous for the quantum simulation of such systems, as well as quantum

algorithm performance [251, 252, 253, 254, 255] (see Ref. [256] for a review). Three-level

quantum systems (qutrits) [245, 257, 258, 259, 241, 260, 261, 262, 244] are particularly

attractive for simulating three-flavor neutrino systems.

In extreme astrophysical environments, neutrinos can reach high enough densities such

that their flavor evolution can a!ect large scale dynamics. Examples include: CCSNe

processes [263, 264, 265, 266, 267], flavor transport in remnants of binary star mergers [268,

269, 270, 271, 272, 273, 274, 275], and nucleosynthesis [276, 277, 278, 279, 280] (see Refs. [281,

282, 41, 283, 284, 285, 286, 287, 288] for reviews on these topics).

At distance ↭ 100 km away from the CCSNe center, self-interacting neutrino-neutrino

currents [289, 290, 291, 292, 293] predominate the region’s dynamics, while at distance

↫ 100 km, neutrino-vacuum oscillations and the Mikeheyev-Smirnov-Wolfenstein (MSW)

e!ect [294, 295, 296, 297] become the primary mechanisms driving neutrino flavor evolution.

The Hamiltonian describing the flavor dynamics of neutrinos propagating through a CCSN
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environment therefore contains three terms: the one-body vacuum oscillation term, the one-

body background matter interaction term modeled by the MSW e!ect, and the two-body

neutrino-neutrino self-interaction term describing the coherent forward scattering [298, 299,

300, 263, 264, 301, 302, 303, 304, 305, 306, 307] that gives rise to the quantum phenomenon

of coherent collective flavor oscillations.

While mean-field studies have evidenced collective flavor dynamics [265, 308, 309, 310,

311, 312, 313, 314], there is growing interest in collective dynamics beyond the mean-field

approximation, such as when nontrivial neutrino-neutrino two-body correlations are taken

into account [315, 316, 317, 132, 318]. The all-to-all connectivity of the two-body operator

requires exponentially-growing classical resources when attempting to simulate neutrino

dynamics from the exact many-body Hamiltonian at physically relevant scales, mainly due

to the rapid entanglement growth in such systems.1

Recent progress in quantum simulations of two flavor neutrino systems [319, 320, 321,

322, 323, 324] has demonstrated quantum devices’ potential [325] to e%ciently capture the

non-trivial entanglement structure present in many-body neutrino systems. Classical and

quantum simulations of relatively small-sized two-flavor neutrino systems have uncovered a

variety of uniquely quantum phenomena [326, 327, 328, 315, 316, 323, 132, 39, 329], further

motivating quantum simulations of three-flavor self-interacting neutrino systems [330, 331].

In this work, we introduce qubit and qutrit-based quantum circuits for simulating the

time evolution of the three-flavor neutrino system. Simulation of the system dynamics for

N = 2, 4 and 8 neutrinos is demonstrated on the IBM ibm torino [332] and Quantin-

uum H1-1 qubit platforms [3] and time evolved observables, such as single-neutrino flavor

probabilities and entanglement entropy, are studied.

4.2 Hamiltonian

Within 100 km from the CCSN core, contributions from background matter (MSW e!ect)

can be assumed negligible as similarly approximated in Refs. [333, 327, 328, 315, 334]), and

antineutrinos are not considered in this work. The Hamiltonian governing the evolution of

1
See Refs. [157, 158] for discussions regarding the apparent di”erences between the mean-field and many-

body approaches.
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the neutrino system studied is then

H = Hϑ +Hϑϑ , (4.1)

where Hϑ describes the one-body neutrino Hamiltonian given by the vacuum oscillation and

Hϑϑ the neutrino-neutrino interactions resulting from coherent forward scattering.

The vacuum oscillations can be described in the mass basis as [304]

Hϑ =
N∑

i

H
(i)

ϑ =
N∑

i

↓▷

2
ε
(i)

3
+

▷ ↓ 2#

2
⇑
3

ε
(i)

8
, (4.2)

where the index i sums over N neutrinos in the system, ε(i)

n is the n
th Gell-Mann matrix

acting on the i
th neutrino (the Gell-Mann matrices are detailed in App. H), and ▷ and #

are the oscillation frequencies, defined as

▷ =
1

2E
$m

2

21 , # =
1

2E
$m

2

31 = ▷
$m

2
31

$m
2
21

, (4.3)

with $m
2

ij
= m

2

i
↓m

2

j
, and m

2

i
being the squared mass of the i

th mass-eigenstate neutrino,

with the neutrinos taken to have the same energy. The i
th one-body Hamiltonian can also

be written as

H
(i)

ϑ =





0 0 0

0 ▷ 0

0 0 #




. (4.4)

Here, identity contributions that correspond to global phases in the real-time evolution

operator have been neglected.

To operate in the flavor basis, the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix

is used to transform between mass and flavor basis,





↼e

↼µ

↼ϱ




= UPMNS





↼1

↼2

↼3




, (4.5)

UPMNS =





1 0 0

0 c23 s23

0 ↓s23 c23









c13 0 s13e
→iδCP

0 1 0

↓s13 0 c13









c12 s12 0

↓s12 c12 0

0 0 1




, (4.6)
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PMNS parameters (deg.)

ω12 33.67+0.74

→0.71

ω23 42.3+1.1

→0.9

ω13 8.58+0.11

→0.11

ϑCP 232+39

→25

Mass parameters MeV2

$m
2
21

(⇔1017) 7.41+0.21

→0.20

$m
2
31

(⇔1015) 2.505+0.024

→0.026

Table 4.1: PNMS mixing parameters and mass di!erences taken from Refs. [1, 2], assuming normal

ordering.

where cij ∋ cos(ωij) and sij ∋ sin(ωij), and the mixing angles ωij and phase ϑCP are taken

from NuFIT v5.3 [1, 2] (with other groups recovering consistent results [335, 336]), and are

tabulated in Table 4.1.

The three-flavor coherent neutrino-neutrino interaction can be described by the following

Hamiltonian [304],

Hϑϑ =
∑

i<j

Jijω
(i) · ω(j)

, (4.7)

with ω(i) = (ε(i)

1
,ε

(i)

2
, . . . ,ε

(i)

8
), and the coupling coe%cient Jij is defined as

Jij =
GFϖϑ⇑
2N

(1 ↓ cos ωij) , (4.8)

with GF being Fermi’s constant and ϖϑ the number-density of neutrinos. The angle ωij is the

angle between the momentum of the i
th and j

th neutrino, and for demonstration purposes,

we use the simple model introduced in Ref. [319], where it is sampled from a cone-shaped
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distribution, ωij =
|i→j|

N→1
arccos(0.9), as done in Refs. [319, 321, 322, 323, 331]. The neutrino

density coupling constant µ is defined such that the one-body and two-body terms have the

same magnitude,

µ =
GFϖϑ⇑

2
=

$m
2
31
N

2E
, (4.9)

and it is assumed time independent. However, since the density of neutrinos decreases as

a function of time, a realistic simulation should consider a time-dependent strength of the

two-body term (see, e.g., Refs. [334, 330, 324]).

The final Hamiltonian in the mass basis as a function of µ is then given by

H =
µ

N

∑

i


↓ ▷

2#
ε
(i)

3
+

▷ ↓ 2#

2
⇑
3#

ε
(i)

8



+
µ

N

∑

i<j

[1 ↓ cos(ωij)]ω
(i) · ω(j)

.

(4.10)

While the two-body term is basis-independent, to transform the one-body term into flavor

space the PNMS matrix is applied to the one-body term (Eq. (4.2)) as follows

H
(i)

ϑ |flavor = UPNMS · H(i)

ϑ · U †

PNMS
. (4.11)

4.3 Qutrit mapping

Motivated by neutrinos’ natural three-level structure, we present qutrit-based quantum

circuits that can be used for simulating the time evolution of a many-body three-flavored

neutrino system. The proposed qutrit circuit follows the native qutrit gate set and the

notation of the transmon qudits in Ref. [261] (see App. I for more details).

The one-body term Hv, first implemented in Ref. [337] on an IBM quantum computer,

only involves single-qutrit gates. Equation (4.4) can be implemented with a single phase

gate,

e
→itH

(i)
ς = Ph(0,↓▷ t,↓# t) = diag(1, e→i↽ t

, e
→# t) , (4.12)

and the PNMS matrix can be decomposed as

UPNMS = R
12

y (ω23)R
02

Z


↓ϱ + ϑCP

2


R

02

y (ω13)

⇔ R
02

Z


↓↓ϱ + ϑCP

2


R

01

y (ω12) ,

(4.13)
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• X X
† •

X • X
12

→2tJij
• Ph(↓2tJij , 0, 0) X

†

Figure 4.1: Quantum circuit implementing the term e
→itJijω

(i)·ω(j)

from the two-neutrino part Hϑϑ .

Definitions of the gates can be found in App. I.

where App. I shows our gate definitions.

For the two-body term, while a numerical compilation requires at most 6 CX (or CX
†)

gates [261], two controlled-shift gates CX and two CX
† were found to be su%cient to apply

the specific SU(9) rotation described in Eq. (4.7), as shown in Fig. 4.1. The qutrit CX gate

is defined as CX |x, y→ = |x,mod(x + y, 3)→, and the X
12

2tJij
gate is given by

X
12

→2tJij
=





1 0 0

0 cos(Jij t) ↓i sin(Jij t)

0 ↓i sin(Jij t) cos(Jij t)




. (4.14)

4.3.1 Swap network

Since strategic ordering of application of Eq. (4.7) is required to minmize circuit depth,

we implement the swap network, SW, which was first proposed in Ref. [319] and is similar

to the fermionic swap from Refs. [338, 339]. This network limits the depth to N layers of

Eq. (4.7) for a system with N neutrinos (assuming the qubits are in a linear network and

gates can be applied in parallel). In the original SW, SWAP gates are needed between each

layer to achieve the all-to-all connectivity. However, for this particular implementation,

they can be absorbed into the two-body term,

SWAPij · e→itJijω(i)
·ω(j)

= e
→i

ϑ
4
ω(i)

·ω(j) · e→itJijω(i)
·ω(j)

= e
→i(tJij+

ϑ
4
)ω(i)

·ω(j)
, (4.15)
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Figure 4.2: (a) Quantum circuit implementing a single LO Trotterized time evolution step via the

swap network for four neutrinos. (b) Simplification when using three steps of the NLO↓ Trotterized

time evolution operator for four neutrinos, where the highlighted operations can be simplified by a

single two-qubit box with twice the time step.

substantially reducing the number of entangling gates, particularly in hardware with limited

connectivity such as superconducting systems.2 The schematic of such a network can be

seen in Fig. 4.2a for four neutrinos. While SWAP gates might not be required in devices

with all-to-all connectivity (such as trapped ions), this new strategy

can also improve the circuit fidelity in devices where qubits have to be physically moved

around, such as in the Quantinuum devices.

2
The same simplification can be applied on the two-flavor case, where the SWAP gate can be written as

e↓iω4 ω(i)·ω(j)
.
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The one- and two-body terms in Eqs. (4.2) and (4.7) commute, [Hϑ , Hϑϑ ] = 0, so they can

be Trotterized independently. The leading-order (LO) Trotterized time evolution operator

is therefore

U(t)LO = e
→itHς



i,j ≃ SW
e
→itJijω(i)

·ω(j)
. (4.16)

When applying multiple Trotter steps, it is more e%cient to use the second order (NLO)

Suzuki-Trotter formula [340, 341], as used in Ref. [322],

U(t)NLO = e
→itHς



i,j ≃ SW
e
→i

t
2
Jijω(i)

·ω(j)

⇔


i,j ≃ SW↓1

e
→i

t
2
Jijω(i)

·ω(j)
, (4.17)

with SW→1 applying the gates in reverse order. With this method, additional simplifications

are possible. In particular, the last and first layer in SW and SW→1, respectively, can be

merged into a single operation with twice the time step, as depicted in Fig. 4.2b.

This can be generalized to multiple Trotter steps by interleaving layers ordered in the

SW and SW→1 network sequences, allowing for cancellations between these layers (referred

as NLO↓).3 Then, the total number of CX gates for k number of Trotter steps (with k ∈ 2)

is


U( t

k
)LO


k

: NCXk
N(N ↓ 1)

2
, (4.18)

U(t)NLO
↔
k

: NCXk
N(N ↓ 1)

2
↓ NCX


k

2


N

2


↓ 1



↓ NCX


k ↓ 1

2


·

N

2


, (4.19)

where △·▽ (̸·7) is the ceiling (floor) function, N is the number of neutrinos, and NCX is

the number of CX gates needed to compile a single neutrino-neutrino term (for the case in

Fig. 4.1, NCX = 4). A reduction in two-qubit gates is seen when using NLO↓ compared to

LO with increasing number of Trotter steps, as well as improved convergence.

3
This can be extended to higher-order Suzuki-Trotter formulas, although further simplifications are not

expected to compensate for the increase in circuit depth.
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4.4 Qubit mapping

In the absence of qutrit-based platforms, an alternate approach involves mapping a three-

flavor neutrino to two qubits [342] , with each flavor encoded as: |↼e→ ↬ |00→, |↼µ→ ↬ |01→,

|↼ϱ → ↬ |10→, and the unassigned state |11→ designated as the unphysical state (assuming no

sterile neutrinos). Therefore, no matrix elements in the unitaries that implement the one-

and two-neutrino terms are allowed to mix states between the physical and the unphysical

sub-spaces. However, there is freedom to allow arbitrary mixing between unphysical states

if the resulting quantum circuits are shallower.

For the one-neutrino term Hv, its time evolution operator in the mass basis is diagonal,

and can be implemented with single-qubit Rz gates,

e
→itH

(i)
v = Rz(↓▷t)2i ↙ Rz(↓#t)2i+1 . (4.20)

In the flavor basis, the 3⇔ 3 matrix can be embedded into a 4⇔ 4 one, and the resulting

SU(4) matrix can be transpiled into the three-CNOT circuits from Refs. [343, 344, 345] (or

use the circuits from Refs. [342, 346]).

Rz(
ϖ

2
+ ◁) • R

+
z

• H S • Rx(◁) • R
→
z H • R
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z H •
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2
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z
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R
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• Ry(↓ϖ
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Figure 4.3: Circuit A implementing e
→iεω(i)·ω(j)

in the physical subspace, using 24 CNOTs. The

gates R±
z represents the short-hand version of Rz(±ϖ

2 ).

• Ry(
ϖ

4
) Ry(↓ϖ

4
) • • • • • • Ry(

ϖ
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4
) •

• Ry(
ϖ

4
) Ry(↓ϖ

4
) • Rz(↓2◁) • • • Ry(
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4
) Ry(↓ϖ

4
) •

• Rz(↓◁) Rz(◁) Rz(◁) Rz(↓◁) •

• Rz(↓◁) Rz(◁) Rz(◁) Rz(↓◁) •

Figure 4.4: Circuit B implementing e
→iεω(i)·ω(j)

in the physical subspace, using 18 CNOTs.

The two-neutrino term Hϑϑ is more delicate in this case, compared to the qutrit imple-

mentation. As mentioned, while the physical subspace is fixed, it is possible to implement
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any rotation on the unphysical subspace, as long as the two subspaces do not get mixed.

Here two circuits are presented, A (shown in Fig. 4.3) and B (shown in Fig. 4.4), both using

qiskit conventions [347] for the gate definitions. The di!erence between these two circuits

can be seen by looking at the unitary they implement,

e
→iεω(i)

·ω(j)

A

=









, (4.21)

e
→iεω(i)

·ω(j)

B

=









. (4.22)

While both circuits have the same e!ect in the physical subspace, shown with white back-

ground in Eqs. (4.21)-(4.22), the rotations in the unphysical subspace, shown with a gray

background, are di!erent (with the dashed region being the transition between the two sub-

spaces). For example, circuit A, in the full four-qubit space, implements the more general

gate e
→iεω̃(i)

·ω̃(j)
(with ω̃(i) being the set of SU(4) generators that act on the i

th neutrino),

which can also be written as e→i
ω
2

∑
a,b(ςa⇐ςb)

i
⇐(ςa⇐ςb)

j
(with ↽a being all possible elements

of the Pauli group and the superscripts denoting neutrino-indices). While circuit A does not

perform the most general SU(16) gate, it contains significantly less CNOT gates than what
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one would obtain for an SU(16) gate using currently available operator-to-circuit transpilers

such as qiskit [347, 348], tket [349], or other decomposition approaches [350, 351, 352, 353],

which result in circuits containing on the order of O(100) CNOTs.

In both circuits A and B, the method discussed in Sec. 4.3.1 can absorb the SWAP

operation into the two-body term, modifying ◁ ↔ ◁+ ϖ

4
. For this case, where each neutrino

is composed of two qubits, the action of the SWAP gate is SWAPij |ab→
i
↙|cd→

j
= |cd→

i
↙|ab→

j
.

Table 4.2 reports the number of required CX or CNOT gates and its corresponding depth

for each quantum circuit (both qubit and qutrit) after compilation in both an-all-to-all and

linear-chain architecture.

Qudit Circuit

All-to-all Linear chain

2-q gate count 2-q gate depth 2-q gate count 2-q gate depth

Qutrit Fig. 4.1 4 4 4 4

Qubit
A (Fig. 4.3) 24 13 42 31

B (Fig. 4.4) 18 12 30 25

Table 4.2: The two-qudit entangling gate count and depth for the two-neutrino quantum circuits

proposed, involving two qutrits or four qubits.

4.5 Results

Dynamics for N = {2, 4, 8} neutrinos were simulated with the H1-1 Quantinuum trapped-

ion and ibm torino IBM superconducting quantum computers (device parameters can be

found in App. M). The circuits described in Sec. 4.4 are used, in particular circuit B in

Fig. 4.4, to implement the two-neutrino interaction. For two and four neutrinos, the time

step was fixed (while increasing the number of Trotter steps), while for eight neutrinos

number of Trotter steps was fixed (while increasing the time step).

For current noisy intermediate-scale quantum (NISQ) devices [354] error mitigation tech-

niques are critical for reliable results. Well-known techniques, such as zero-noise extrapola-

tion [355, 356, 357] and probabilistic error cancellation [356, 358], require a large overhead in



69

circuit sampling or an increase in circuit depth. For this study, the more resource-friendly al-

gorithm decoherence renormalization (DR) as chosen, as first introduced in Refs. [359, 360],

and later implemented in increasingly larger simulations in Refs. [361, 362, 363, 364, 365],

to mitigate decoherent errors. For each time step, two di!erent quantum circuits were ran:

the first one (which we call the physics quantum circuit) implements the correct dynamics,

and the second one (which we call the identity quantum circuit) runs a quantum circuit

with the same structure as the physics circuit, except its action on the initial state is the

identity. For first-order Trotter, this can be achieved by setting the time step to zero. For

second-order Trotter, the sign in the time step for the second half of the circuit is flipped.

Through the following rescaling formula, the experimental noiseless probability P
ex

phys
(t) can

be computed as:

P
ex

phys
(t) ↓ dn =

P
ex

id
↓ dn

P
noisy

id
↓ dn


P

noisy

phys
(t) ↓ dn


, (4.23)

where P
noisy

phys
(t) indicates the obtained probability value from the physics quantum circuit

and P
noisy

id
indicates the obtained probability from the identity quantum circuit. P ex

id
corre-

sponds to the noiseless result of the identity quantum circuit. dn represents the decoherence

value of the quantity computed P , which, for a generic n-neutrino measurement probability,

is dn = 1/4n.

Equation (4.23) assumes all noise from the device is depolarizing. While this seems

a reasonable assumption for the Quantinuum device, as observed in other trapped ion

devices [366], the IBM quantum computer requires additional steps. To ensure all noise

to be depolarizing, Pauli twirling [367, 368] was applied to transform coherent noise into

incoherent noise, as well as dynamical decoupling [369, 370, 371] to suppress cross-talk and

idling errors. Moreover, the matrix-free measurement mitigation (M3) [372] provided by

the Sampler function from qiskit [347] was used to correct readout errors.

Two observables for each system were computed: the probability of a single neutrino in

a particular flavor state Pϑ and the persistence probability of the initial state, |↘ψ(0)|ψ(t)→|2.

Since device errors will populate the unphysical Hilbert space, we implement two di!erent

strategies for computing the single-neutrino probabilities. The first method uses the full

physical Hilbert space (pHS) where all nonphysical states |11→ are discarded. The second
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method involves summing over the remaining states in the single-neutrino Hilbert space

(snHS), mimicking a single measurement of the qubits representing the i
th neutrino. While

unphysical states for other neutrinos contribute to the probability, after being corrected

with DR their contribution can be small.4

Figure 4.5: Di!erent post-selecting procedures for computing the single-neutrino flavor probability,

for a system of two neutrinos. The physical Hilbert space (pHS) approach only accounts for the

physical flavor states; the single neutrino Hilbert space (snHS) approach keeps all contributions

from the other neutrino states (both physical and unphysical).

4
One should notice that the two methods have two di”erent decoherence values in Eq. (4.23). When

computing Pς , d
pHS

1
= 3

N↓1/4N (with N the total number of neutrinos) and dsnHS

1 = 1/4.
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4.5.1 Quantinuum

The two methods are illustrated in Fig. 4.5 for the two neutrino case, where the big squares

represent all possible 16 states.

Due to the all-to-all architecture of the Quantinuum device [3], the circuit in Fig. 4.4 for

implementing the neutrino-neutrino term can be used without having to rewrite the CNOTs

connecting distant qubits. After transpiling the circuit to the native gate-set (single-qubit

gates and ZZ(ω) = e
→i(θ/2)Z⇐Z), the entangling gate count and depth gets reduced by one

unit, compared to the numbers in Table 4.2.5 A ϱ/4 phase was added to the neutrino-

neutrino terms to incorporate the SWAP gate into the latter. This is because although it

is not necessary for this hardware, as mentioned in Sec. 4.3.1, it should reduce the shu)ing

of trapped ions.
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Figure 4.6: Flavor evolution of a two-neutrino system as a function of time. Panels (a) and (b) show

the flavor evolution of the first and second neutrinos, respectively. Panel (c) shows the persistence

probability of the initial state. Triangles and diamonds indicate results from the device (H1-1) and

its emulator (H1-1E), respectively, slightly shifting the points for ease of readability; solid lines show

the exact result. The top axis measures the ZZ depth for each point

First, the evolution of two neutrinos was simulated, using multiple numbers of Trotter

time steps to study the propagation at long times and the noise sources for deep quantum

5
The simplification occurs in the Rz(→2ω) rotation and its two neighboring CNOTs in Fig. 4.4, which

get transformed into a single ZZ(→2ω) gate.
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circuits.6 Figure 4.6 shows the results when we start from the |↼e↼µ→ state from the device

H1-1 and the emulator H1-1E, and use 100 shots per circuit. In this simulation, no error-

mitigation techniques were implemented. Also, a 1-3% contribution from unphysical states

was found, supporting the pHS approach to be a good approximation. The results, even for

longer times, (t = 14µ→1), are compatible with the exact evolution (represented with solid

lines). The icons in the top-left corner that appear in this and subsequent plots, identify if

the noisy simulator (yellow icon) or quantum device (blue icon) was used [373].
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Figure 4.7: Flavor evolution of a four-neutrino system as a function of time, using the H1-1 device.

Panels (a) and (b) show the flavor evolution of the first and second neutrinos, respectively. Triangles

indicate the raw pHS results. Empty and solid circles represent the results of applying DR, snHS,

and pHS post-selecting procedures, respectively. Panel (c) shows the persistence probability of the

initial state. The triangle and square markers represent the results without and with applying DR,

respectively. In all panels, the solid lines show the exact evolution, and the points have been slightly

shifted to ease the readability. The top axis measures the ZZ depth for each point.

The dynamics of four neutrinos starting from the |↼e↼µ↼e↼ϱ → state on the H1-1 device

was then simulated. Figure 4.7 shows the obtained results, using 100 shots per circuit. Like

in Fig. 4.6, panels (a) and (b) illustrate the flavor evolution of the first (the neutrino starting

as ↼e) and second neutrino (the neutrino starting as ↼µ), respectively. In this case DR was

6
Notice that for two neutrinos, there are no Trotter errors in the decomposition of the time evolution

circuits, therefore the multiple Trotter steps are a way to increase the circuit depth and benchmark the

quantum computer.



73

used for error-mitigation, and after post-selection via snHS and pHS, the probabilities were

normalized to sum to 1. Panel (c) shows the persistence probability of the initial state. For

this larger system, an improvement after performing error mitigation was observed.

In App. J the emulator H1-1E and device H1-1 results is compared. Generally the

emulator and device results are observed to be compatible within reasonable uncertainties.

Nevertheless, it was observed that the H1-1E emulator gives more pessimistic results than

the actual machine.
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Figure 4.8: Flavor evolution for an eight-neutrino system as a function of time, using the H1-1

device. Panels (a) and (b) show the flavor evolution of the first and fourth neutrinos, respectively.

Panel (c) shows the persistence probability of the initial state. Details are as in Fig. 4.7.

Figure 4.8 shows the results for an eight-neutrino system, starting from |↼e↼µ↼e↼ϱ↼e↼µ↼e↼ϱ →.

In this case only a single Trotter time step was performed, increasing the time step. The

implemented quantum circuits have a ZZ depth of 91, and 100 shots were used (except

for t = 10µ→1, which used 79 shots). All results are compatible within 2↽ with the exact

evolution, albeit with larger uncertainties than the cases for two and four neutrinos.

4.5.2 IBM

Compared to Quantinuum, the IBM hardware has the constraint of linear connectivity

between qubits (a one-dimensional chain was selected from the heavy-hex lattice), neces-

sitating the circuit in Fig. 4.4 to be compiled into a linear chain architecture. All results
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were obtained from implementations on ibm torino, where the native entangling gate is

the controlled-Z (CZ) gate, leading to the same depth and number of gates as in Table 4.2.

As discussed at the beginning of in Sec. 4.5, 10 ⇔ N di!erent Pauli-twirled quantum

circuits were ran for each time step in order to average out the coherence noise (with N

being the number of neutrinos), using 8000 shots per circuit. After applying DR and the

post-selecting procedures it was noted that the resulting single-neutrino probabilities could

become unphysical (either negative or greater than 1), an issue not encountered when using

the Quantinuum device in Sec. 4.5.1. To fix this, the algorithm of Ref. [374] was applied

to find the closest probability distribution. The uncertainties from combining the di!erent

twirled circuits were computed via bootstrap resampling.

28 78 128 178 228
CZ depth

0.7 2.1 3.5 4.9 6.3
t (µ�1)

0.0

0.5

1.0

P
� 1

a)

28 78 128 178 228
CZ depth

0.7 2.1 3.5 4.9 6.3
t (µ�1)

0.0

0.5

1.0

P
� 2

b)

28 78 128 178 228
CZ depth

0.7 2.1 3.5 4.9 6.3
t (µ�1)

0.0

0.5

1.0

|h�
(t

=
0)

|�
(t

)i
|2

c)

�e

Raw pHS

�µ

DR+PS snHS

��

DR+PS pHS Raw DR

Figure 4.9: Flavor evolution for two neutrinos as a function of time obtained from ibm torino

device. Panels (a) and (b) show the flavor evolution of the first and second neutrinos, respectively.

Panel (c) shows the persistence probability of the initial state. Details are as in Fig. 4.7. The top

axis measures the CZ depth at every other point.

Figure 4.9 depicts the evolution for a two-neutrino system, starting from the |↼e↼µ→ state.

Unlike for Quantinuum (Fig. 4.6), in this case error mitigation is essential for the results to

be compatible with the exact evolution. While most points are within 1↽ and 3↽, it seems

that the initial state persistence is more robust against errors than the single-neutrino

probabilities.
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Figure 4.10: Flavor evolution for four neutrinos as a function of time obtained from the ibm torino

device. Panels (a) and (b) show the flavor evolution of the first and second neutrinos, respectively.

Panel (c) shows the persistence probability of the initial state. Details are as in Fig. 4.7. The top

axis measures the CZ depth at each point.

Figure 4.10 shows the evolution for the four-neutrino system, starting from the |↼e↼µ↼e↼ϱ →

state. Like in the two-neutrino case, the obtained results follow the analytical evolution,

although in some cases there is a di!erence of more than 5↽. This growing tension is

investigated further in the eight-neutrino system.
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Figure 4.11: Flavor evolution for eight neutrinos as a function of time obtained from the

ibm torino device. Panels (a) and (b) show the flavor evolution of the (symmetrized) first and

fourth neutrinos, respectively. Panel (c) shows the persistence probability of the initial state. De-

tails are as in Fig. 4.7.
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Figure 4.11 shows the evolution for the eight-neutrino system, with quantum circuits

that have a CZ depth of 182. In contrast to the previous results, here the initial state

was the symmetric state |↼e↼µ↼e↼ϱ↼ϱ↼e↼µ↼e→. This change enables averaging of the single-

neutrino probability between the ith and (N+1↓ i)th neutrino, improving the quality of the

obtained results (as seen by the degradation in the four neutrino system in Fig. 4.10).7 After

performing the symmetrization, the noise contributions can be averaged out and reduced

(for the non-symmetric initial state, see App. K). Despite performing error mitigation,

the results in Fig. 4.11 for the single-neutrino probabilities have large deviations from the

expected values (more noticeable with pHS post-selection than with snHS). As before, the

initial state persistence seems to be more e!ectively recovered after DR.
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Figure 4.12: Flavor evolution for an eight-neutrino system as a function of time obtained from

ibm torino device as in Fig. 4.11, scanning over e!ective decoherence values d
(eff)
n after applying

DR and pHS post-selection procedure. Panels (a), (b), and (c) show the flavor evolution of the

(symmetrized) first, second and fourth neutrinos, respectively. As shown in the color bar on the

far-right, d(eff)n increases from lighter to darker colors.

7
A similar exchange symmetry has been observed for the two-flavor case [319, 322, 323], although in the

three-flavor case it is only manifested for symmetric initial states.
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Neutrino Pe Pµ Pϱ d
(id)

n

(P1 + P8)/2 0.079(4) 0.054(3) 0.047(3) 0.033

(P2 + P7)/2 0.055(3) 0.081(4) 0.043(2) 0.033

(P3 + P6)/2 0.081(4) 0.052(3) 0.046(2) 0.033

(P4 + P5)/2 0.051(3) 0.043(2) 0.085(4) 0.033

Table 4.3: pHS probabilities obtained from implementing the identity quantum circuit on

ibm torino averaging the i
th and (N + 1 ↓ i)th neutrinos. The last column shows the theoreti-

cal value for the decoherence line, d(id)n = 37/48. In the noiseless case, the probabilities in bold

should be 1.

The single-flavor probability results obtained from running the identity quantum circuits

in the DR method, shown in Table 4.3, suggest a shift of the decoherence value dn in

Eq. (4.23). After applying the identity operator, the decoherence line dn is expected to

be the plateau value of the probability that decays due to noise sources, i.e., the initial

state probability value goes from 1 to dn, while the other states’ probabilities go from 0 to

dn. Therefore, in the ideal case, the state probability results never cross the decoherence

line. Instead, Table 4.3 reports that all the obtained probabilities are greater than the

theoretical decoherence value d
(id)

n (given by 37/48). A possible explanation is the simple

depolarizing noise model, assumed when applying DR method, is not enough to describe the

noise contributions, and di!erent qubits are subjected to di!erent noise sources. Moreover,

a non-negligible contribution from relaxation process is observed, increasing the probability

of being in the |0→ state.

This implies that the decoherence value dn in Eq. (4.23) should be empirically changed.

Looking at the obtained values, the “e!ective” experimental decoherence value can be es-

timated to be in the range d
(eff)

n ↖ [0.048, 0.054]. If DR is applied using d
(eff)

n , the flavor

probabilities for the first, second and fourth neutrino are closer to the analytical curves, as

shown in Fig. 4.12. Also noted was that running a deeper quantum circuit for two Trotter

steps causes the empirical decoherence line to move closer to the theoretical decoherence
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line.

Entropy and tomography calculations
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Figure 4.13: (a) Fidelity and (b) single-neutrino entropy for di!erent $t for the two neutrino

system starting from |eµ→ state. The di!erent points correspond to di!erent methods in computing

the density matrix (see the main text for details). (c) Two-neutrino entropy computed from ϖCDM

density matrix.

To compute the entanglement entropy and other entanglement witnesses, the density

matrix of n ∞ N neutrinos is evaluated. One approach uses classical shadows [375]. Here,

full state tomography is performed, as in Ref. [319]. Since not all 22n states are physical in

the qubit mapping, the number of measurements needed to estimate the physical density

matrix can be reduced. For example, for a single neutrino the state-tomography operator

pool can be reduced from 15 to 7 (independent) di!erent operators that describe the Gell-

Mann decomposition in the qutrit physical space. The reduced density matrix for one

neutrino is given by

ϖϑ =
9∑

i=1

ciεi , (4.24)

where ε9 = I and ci = Tr(εi ϖ)/Ai, with Ai = Tr
(
ε
2

i

)
. Tables L.1, L.2 in App. L con-

tains the explicit operator pool needed to extract each coe%cient ci, where the last column
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formulates the ci coe%cient from the resulting measurement probabilities. For a generic

system of N neutrinos, all combinations of the 7 operators should be implemented to ob-

tain the corresponding density matrix. Once these coe%cients are fixed, the single-neutrino

entanglement von Neumann entropy can be obtained using S = ↓Tr [ϖϑ log(ϖϑ)].

This three-flavor state tomography procedure is implemented on ibm torino for the

two-neutrino system using a single Trotter time step. This requires running 49 di!erent

quantum circuits (that describe all possible independent combinations of Tables L.1, L.2).

Then, after applying the error mitigation methods, the coe%cients cij = Tr(εi ↙ εj ϖ)/Aij

are evaluated, with Aij = Tr

ε
2
i
↙ ε

2
j


, via the probabilities listed in Tables L.1, L.2,

L.3. The corresponding density matrix, labeled ϖIBM, is obtained in a similar manner to

Eq. (4.24),

ϖIBM =
9∑

i,j=1

cijεi ↙ εj . (4.25)

Due to hardware noise, ϖIBM is generally not positive semi-definite, therefore it does not

represent a physical density matrix. Here, the algorithm from Ref. [376] is applied to find

the closest physical density matrix, labeled ϖCpDM, via a rescaling of the eigenvalues (more

details in App. L). Moreover, because in this case the density matrix of the whole system is

computed, the final state is expected to be a pure quantum state. This can be enforced by

using the eigenstate with the largest eigenvalue of ϖCpDM. This state will correspond to the

closest pure quantum state (it has the highest contribution in the Schmidt decomposition),

and is labeled as ϖpure.

The fidelity between the obtained ϖIBM, ϖCpDM, ϖpure and the exact one, 1 = |’(t)→↘’(t)|,

is:

F (ϖ, 1) =


Tr

√√
1ϖ

√
1

2

. (4.26)

Panel (a) of Fig. 4.13 shows the results. It is interesting to note that due to the error

mitigation used here (the coe%cients cij are all normalized using the same Pid quantity),

the raw and DR ϖIBM/Tr(ϖIBM) completely overlap, since the DR renormalization factor is

cancelled out when enforcing the unity of the trace. Similarly, the ϖpure does not depend

on whether error mitigation is applied or not, since in this case the largest eigenvalue is the

same.
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Single neutrino entanglement entropy is also computed using the ϖCpDM and ϖpure density

matrices,8 shown in panel (b) of Fig. 4.13. Results from ϖpure (dark blue points) are observed

to be closer to the exact entropy behavior than the results from ϖCpDM (green triangles). As

a further test on the fidelity, the two-neutrino entropy for ϖCpDM is computed to diagnose

the e!ect of noise, since the analytical two-body entropy remains zero. These results are

reported in panel (c) of Fig. 4.13, where while the fidelity is seen to be > 90%, the density

matrix ϖCpDM still exhibits features of a mixed state.

4.6 Conclusions

In this work, we introduce new quantum circuits for simulating the collective dynamics of

three-flavor neutrinos on gate-based quantum computers, and also provide an implementa-

tion of the two-neutrino flavor-exchange operator on qutrit-based computers using 4 CX

gates. The implementation of the same dynamics on qubit-based platforms is demonstrated,

where each neutrino is mapped to two qubits. The corresponding circuits require at least

18 CNOT gates. Additionally, we introduce a simplification that allows the realization of

the required all-to-all connectivity in a linear chain without any additional computational

costs (same circuit depth).

We have executed the qubit-based quantum circuits with up to eight neutrinos on the

Quantinuum H1-1 and IBM ibm torino devices, and computed the probabilities of finding

each neutrino in a specific flavor state, as well as the initial state persistence. These are key

observables used to study the thermalization and equilibration of such systems [39]. For the

smaller systems, with two and four neutrinos, the circuit depth is small enough that using

multiple Trotter steps to perform time evolution is feasible. For eight neutrinos, while only

one Trotter step was used, the resulting Trotter errors were smaller than the statistical and

systematic uncertainties from the device. Hardware noise was corrected through various

error mitigation techniques and post-selection procedures. The quality of the results (after

mitigation) are higher in the trapped-ion device than the superconducting one, though the

di!erent number of shots used in both hinders a direct comparison.

8
The matrix εIBM cannot be used since it can have negative eigenvalues.
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Using the IBM quantum computer, it was also possible to test the proposed partial

state tomography, which required implementing 49 operators, allowing us to evaluate the

full density matrix of two neutrinos and the entanglement entropy.

The algorithms needed to perform realistic simulations require quantum computers with

longer coherence times. That is because one might need to start from a thermal state (and

not a pure state) [377, 378, 379, 380], include the time-dependence in the two-neutrino term

in the Hamiltonian [381, 324], or include the e!ect of anti-neutrinos.
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Chapter 5

CONCLUSIONS

This thesis contains three distinct explorations of quantum information and simulation

analyses of many-body neutrino systems. These investigations rest heavily on recent theo-

retical progress in both high-energy and condensed matter physics, specifically in many-body

neutrino simulations and studies of far-from-equilibrium phenomena. The work contributes

to the modern collective e!ort to characterize out-of-equilibrium dynamics of systems rele-

vant to CCSNs and other astrophysical environments [126, 121, 315, 317, 38, 329, 156, 39].

The nascent numerical and analytical explorations within this document demonstrate how

simple models used to describe many-body neutrino systems are still capable of hosting a

wide array unexpected exotic quantum phenomena. Enforcing constraints from many-body

neutrino models on what is ultimately a randomly coupled, long-range entangled Heisenberg

spin system has provided a rich playground within which to explore a wide variety of exotic

out-of-equilibrium quantum dynamics, in the context of high energy settings.

In Chapter 2, classical numerical simulations were used to study DQPT occurrences in

long-range entangled randomly-coupled two-flavor neutrino many-body systems which were

represented as spin chains. This work was grounded in the context of previous explorations

of DQPTs in many-body neutrino systems, a recently hybridized research direction. The

presence of distinct timescales in certain coupling configurations raises questions about

symmetry structures within the original Hamiltonian and warrants further investigation.

The simulations themselves were TN-based computations of the time evolution of a ran-

domly coupled, long-range entangled Heisenberg spin system. To accompany this, this thesis

includes a discussion of TN methods and their utility for high energy physics computations.

Originally developed for low-dimensional condensed matter models with short-range inter-

actions, TNs have potential to provide useful qualitative insights for systems with more com-

plex coupling structures. While TNs themselves are not naturally suited for systems hosting
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volume-law scaling entanglement growth, TNs o!er the most promising workaround to the

computational bottleneck that inevitably emerges with ED computations. Computation of

dynamical phenomena—such as entanglement growth and operator spreading—inevitably

hit a limit via ED and other numerical methods in terms of computational resource con-

sumption. TNs hold potential to circumvent this obstacle; this is being actively pursued in

ongoing follow-up work related to the timescales study of Chapter 2. Tree Tensor Networks,

Tensorial Neural Networks and novel MPO-based architectures [382, 383, 384, 385, 386] all

warrant serious consideration for specialized application to the highly entangled systems

typical to high-energy settings, such as those found in CCSNs, binary star mergers, and

other highly energetic astrophysical environments.

Additionally, the work of chapter 2 invites deeper questions into how other quan-

tum information observables and non-equilibrium phenomena in this many-body neutrino-

grounded long-range entangled Heisenberg system scale in the long-time, large-N limit.

Entanglement power [387], magic [388, 389, 390, 391], negativity [392, 393], n-tangles [129],

thermal phase transitions [106], amongst many others, are under active consideration and

pursuit. Extending Chapter 2’s work beyond the two-level systems studied to d-level sys-

tems is another promising avenue of exploration. Future work will explore these directions

further, including ongoing investigations of dynamical phase transitions in d-dimensional

Hilbert spaces via both classical and quantum computational methods.

Chapter 3 explores the application of scrambling diagnostics to the same neutrino-

motivated long-range entangled Heisenberg spin model, and numerically examining its con-

nection to Loschmidt echo defined DQPTs. This diagnostic for operator growth, the out-

of-time-ordered correlator (OTOC), originates in black hole and condensed matter physics.

Such information spread and operator growth studies may shed light on statistically driven,

ensemble-level behavior like flavor equilibration, and macroscopic phenomena like super-

fluidity [394, 395], and BCS-BEC crossover-like transitions [396, 397, 398]. The study

also invites questions on the occurrence of quantum many-body localization and quan-

tum many-body scarring in the same system, and how quantum complexity measures like

magic [198, 389, 390, 399] might scale in such many-body localized, scarred, or scrambling

systems. Expanding this study to also account for anisotropic neutrino velocity directions
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and other features contributing to a more physically realistic neutrino many-body configu-

ration [400], would be one of many natural extensions.

Chapter 4 covers a demonstrative implementation of three-flavor neutrino oscillations

on both superconducting qubit (heavy-hex connectivity) and trapped ion-based (all-to-all

connectivity) quantum hardware. This work demonstrated practical use cases for quan-

tum devices in service of many-body neutrino system simulations, as well as computations

of physical observables such as entanglement entropy and flavor persistence. These re-

sults contribute to ongoing e!orts exploring the viability of quantum hardware for the

simulation and computational needs of problems of interest within the high-energy physics

community [401, 402]. Natural outflows from this investigation include utilization of the

three-flavor circuits developed (for both three and two-level quantum platforms) to further

explore other dynamical phenomena in three-flavor neutrino systems, and inclusion of anti-

neutrinos as well. Studies of such three-level or other higher-level systems naturally lend

motivation to explore error mitigation techniques and error correction protocols for such

d-level systems [403, 404, 405], in order to tractably simulate longer time-evolution ranges

on quantum devices, particularly d-level quantum platforms.

Altogether, the work contained within this thesis reinforce the relevance of quantum in-

formation techniques and tools in advancing the understanding of collective flavor dynamics

and evolution within neutrino many-body systems. Tools spanning quantum information-

motivated classical numerical methods for many-body quantum systems (like TNs) to

quantum-based techniques (direct device simulation) contribute to this purpose, and this

document’s results assist in building a foundation for future investigations at the intersection

of high-energy physics and quantum information and computation.
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Sterman, Iain W. Stewart, Joachim Stroth, Eric Swanson, Guy F. de Téramond,
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Schollwöck, and Claudius Hubig. Time-evolution methods for matrix-product states.
Annals of Physics, 411:167998, 2019.
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Appendix A

THE MANY-BODY NEUTRINO SYSTEM MODEL

This section seeks to provide context on the model used in the works contained in this

document, justify its usage and then finally explicitly define it, such that the reader may be

able to reconstruct the very same model on their own. We will introduce two commonly used

truncated versions of the neutrino many-body Hamiltonian: the single angle approximation,

and the multi-angle approximation (a straightforward extension of the single-angle approx-

imation). Finally we will touch on the main di!erences between this truncated version of

the neutrino many-body Hamiltonian and the full neutrino many-body Hamiltonian.

The work presented in this dissertation focuses on the bulb model put forth by Duan

et al [141] for systems of finite neutrino number N . Neutrino emission from the surface

of the proto-neutron star is assumed to be uniform, and neutrinos are emitted as a pure

eigenstate of either of the two flavors used in this work: ↼e the electron flavor or ↼ϱ+µ = ↼x

the heavy flavor. Later chapters cover work where neutrinos are assumed to be emitted as

pure eigenstates of all three possible flavors: ↼e, ↼ϱ , and ↼µ.

A.1 Single-Angle Approximation

The single-angle approximation is an assumption sometimes made in the bulb model, and

takes into account all neutrinos in the system but assumes that they undergo evolution of

flavor ↼x along propagation direction 3. A simple schematic is detailed below in Fig. A.1.

This approximation assumes that all of the neutrino-neutrino interactions average out to

zero. A unit vector, ẑ, is oriented in the radially outwards from the proto-neutron core

and is perpendicular to the neutrino emission surface, while 4̂ measures the longitudinal

direction (azimuthal angle) and ω̂ measures the latitude direction.
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Figure A.1: Single angle schematic of core-collapse supernova region where collective neutrino

flavor oscillations take place.

Our simplified H is restated below:

H =

⇑
2Gfnϑ

2N

N∑

i<j

Jij↽
z

i ↽
z

j (A.1)

Here, we wish to define the Jij coupling matrix term, starting from the diagram of the

neutrino-neutrino interaction, in the single angle approximation. Doing the solid angle

integrations for Jij = (1 ↓ cos ω1 cos ω2), we need to be careful to not overload our vari-

ables ω1, ω2 and ω’s in general. For the single angle approximation, we need to average/

integrate around φ and ω, whereas for the multi-angle approximation, we only need to av-

erage/integrate around the azimuthal angle ω only. For reference, the surface area element

of a unit sphere r = 1:

d# = sin ωdωdφ (A.2)
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And for the single angle, we assume one angle, so we want to integrate from 0 to some ω.


d# =


2ϖ

0


θ

0

sin ω⇒dω⇒dφ⇒

= 2ϱ[1 ↓ cos ω]

And above is how to obtain the coupling matrix for the single angle approximation. The

Hsingle is then:

Hsingle =

⇑
2GFnϑ

2N

N∑

i<j

Jij↽
z

i ↽
z

j

=

⇑
2GF

2V

N∑

i<j

2ϱ[1 ↓ cos ωij ]↽p = i
z
↽
z

j

(A.3)

where we note that V = nς
N

where nϑ is neutrino number density and N is the total number

of neutrinos.

A.2 Multi-Angle Approximation

In this section we detail the model in the schematic shown in Fig. A.2.

In Eq.(1.9), for a given pair of emitted neutrinos pi, pj , the coupling angle between them

in flavor space is: ωi ↓ ωj = ωij . Rewriting the cosine term containing ωij in Eq.(1.9) in

terms of its constituent neutrino trajectory vectors ⇁pi, ⇁pj :

Hϑϑ =
µ

2N

N∑

i<j

(1 ↓


⇁pi · ⇁pj
||⇁pi||||⇁pj ||


)↽i↽j (A.4)

where ⇁pi is one neutrino beam (a single flavor of either ↼e or ↼ϱ,µ), and µ =
⇑
2GFnϑ .

We work in spherical coordinates, and relabel our individual neutrino vectors as such:

⇁pi = (ri sin(ωi) cos(ωi), ri sin(ωi) sin(ωi), ri cos(ωi)) (A.5)

⇁pj = (rj sin(ωj) cos(ωj), rj sin(ωj) sin(ωj), rj cos(ωj)) (A.6)

and note that the angle formed between ⇁pi and ẑ is ωi, and ⇁pj and ẑ is ωj . For convenience

later on, note that:

⇁pi · ⇁pj = rirj sin ωj sin ωi cosφi cosφj

+ rirj sin ωi sin ωj sinφi sinφj

+ rirj cos ωi cos ωj

(A.7)
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Figure A.2: Multi-Angle schematic of core-collapse supernova region where collective neutrino

flavor oscillations take place. The systems in this work seek to approximate conditions found in

this region, following the simplifications taken by the bulb model.
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as well as:

||⇁pi|| =
√
(ri sin ωi cosφi)2 + (ri sin ωi sinφi)2 + (ricosφi)2 (A.8)

=
√
r
2
i
(sin ω2

i
(cosφ2

i
+ sinφ2

i
) + cosφ

2
i
) (A.9)

which goes similarly for ||⇁pj ||.

We now proceed to show explicitly what the interaction term

(1 ↓


φpi·φpj

||φpi||||φpj ||


)

in Eq. A.4 transforms to, in spherical coordinates.

We proceed as follows:

(1 ↓


⇁pi · ⇁pj
||⇁pi||||⇁pj ||


) = (A.10)

= 1 ↓ rirj sin ωj sin ωi cosφi cosφj + rirj sin ωi sin ωj sinφi sinφj + rirj cos ωi cos ωj√
r
2

i
(sin ω2

i
(cosφ2

i
+ sinφ2

i
) + cosφ2

i
) ·

√
r
2

j
(sin ω2

j
(cosφ2

j
+ sinφ2

j
) + cosφ2

j
)

(A.11)

= 1 ↓ rirj(sin ωj sin ωi cosφi cosφj + sin ωi sin ωj sinφi sinφj + cos ωi cos ωj)

rirj

√
(sin ω2

i
(cosφ2

i
+ sinφ2

i
) + cosφ2

i
) ·

√
(sin ω2

j
(cosφ2

j
+ sinφ2

j
) + cosφ2

j
)

(A.12)

= 1 ↓ sin ωj sin ωi(cosφi cosφj + sinφi sinφj) + cos ωi cos ωj√
(sin ω2

i
(cosφ2

i
+ sinφ2

i
) + cosφ2

i
) ·

√
(sin ω2

j
(cosφ2

j
+ sinφ2

j
) + cosφ2

j
)

via trigonometric identities the denominator then becomes:

= 1 ↓ sin ωj sin ωi(cosφi cosφj + sinφi sinφj) + cos ωi cos ωj
1 · 1

(A.13)

Using the following shorthand: cos ωi = cθi , cos4i = c▷i , sin ωi = sθi , sin4i = s▷i , the cosine

term in spherical coordinates, can be written as:

1 ↓ ⇁pi · ⇁pj
||⇁pi||||⇁pj ||

= 1 ↓ (sθisθj (c▷ic▷j + s▷is▷j ) + cθicθj ) (A.14)

With this construction, for all potential neutrino trajectories ⇁pi, the r̂ component makes

no contribution, as the denominator’s value of rirj is canceled out by a factor of rirj in the
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numerator. We are only interested trajectories that are axisymmetric about the azimuthal

angle; to make this simplification we integrate the above expression over each 4̂i, 4̂j , for

each ⇁pi, ⇁pj , prefixed by a normalization constant of 1

4ϖ2 :

1

4ϱ2


2ϖ

0

d4j


2ϖ

0

d4i(sθisθj (c▷ic▷j + s▷is▷j ) + cθicθj )

=
1

4ϱ2
(1 ↓ cθicθj )

(A.15)

If we wanted to work in the single angle approximation we would integrate again over dωi, dωj

as well, as we did in the previous section.

Since we do not, and are interested in heterogenous neutrino flavor-momenta, we insert

Eq. A.15 after integration into Eq. A.4, absorb the normalization constant 1

4ϖ2 into µ and

get:

Hϑϑ =
µ

2N

N∑

i<j

(1 ↓ cθicθj )⇁↽i ⇁↽j

Hϑϑ =
µ

2N

N∑

i<j

Jij ⇁↽i ⇁↽j

(A.16)

With Eq. (A.16), the coupling term Jij for each pair of neutrinos ↽i,↽j in the all-to-all

connected system can be represented as an N→N matrix of products of cosines of neutrino

trajectory angles subtracted from 1.
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Appendix B

STATISTICS OF THE NEUTRINO COUPLING MATRICES

To gain further insight into the presence of two peaks in the Loschmidt echo crossing times,

the medians of the Jij coupling terms are examined. Figure B.1 shows the distributions of

the median Jij for each ensemble as a function of w↑ [132].

Figure B.1: Density histograms of the median Jij for each element in the ensembles versus w↑,

defined in Eq. (2.25), for the systems corresponding to the histograms shown in Fig. 2.3 and

described in the accompanying text. A total of 10500 systems with unique Jij ’s were profiled for

each density histogram in this figure.

For N = 4 there is essentially a 1-to-1 correspondence between the median Jij and tL→ ,
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and a single peak in the histogram of crossing times follows naturally. As the number of

neutrinos increases, the distribution forms from an increasing number of bands, that merge

into regions.

Medians of the Jij coupling terms were also examined in an attempt to understand the

presence of two DQPT timescales in log tL→ histograms. Medians rather than means of

Jijs were considered in order to avoid over representing outlier entries in the Jijs. Plotting

Jij medians as a function of log tL→ for each system, scatter plots visualized a correlation

between high Jij median values and fast tL→ ’s (as seen in Figure B.1).

Preliminary results for the small N systems profiled do not support Jij medians as a

predictive tool for tL→ . However, given that the median Jij value for a given system is

associated with that system’s energy scale, we could have expected to find that for each

unique Jij , tL→ ∀ µ ∀ median(Jij) = const. If taking N to the asymptotic limit, Fig. B.1

does not indicate that at all, however it does reveal an interesting separation of two groups

of average energy scales in the systems profiled for each N .

While two distributions are seen to emerge, it remains the case that the shortest times

correspond to the largest median values. While we have not explored this in detail, and

leave it to future work, we anticipate that the band structure is related to the integrability

of these systems, and the overlap of the initial state onto di!erent sectors.
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Appendix C

FURTHER RESULTS FROM THE LINEAR STABILITY ANALYSIS

In this Appendix [132], we show further results produced using the linear stability anal-

ysis described in Sec. 2.2. As noted there, the results are qualitatively independent of the

size of the system and the choice of angular distribution: we always observe unstable modes

with relatively large imaginary part |”| and a second set of modes with much lower values

of |”| which, within numerical precision, correspond to the zero mode. The typical values of

|”|, or equivalently the instability time scale 1/|”|, are seen to be independent of the system

size, while they are shifted by changing the angular range and shape.

Figure C.1: Observed distribution of unstable time scales µ/|”| obtained through linear stability

analysis of systems with size ranging from N = 4 (top left) to N = 14 (bottom right). Each panel

shows two curves: the blue line corresponds to angles ωj sampled uniformly in [0, 0.5] while the

orange line corresponds to angles sampled on a wider interval [0,ϱ/2]. Results showing time scales

longer than 108µ→1 are strongly a!ected by numerical errors and correspond to zero-frequency

modes. In order to highlight the region a!ected by numerical precision, we show it with a grey

background and indicate its boundary as a vertical red line.
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This is shown in Fig. C.1 for a range of system sizes, ranging from N = 4 to N = 14

(the same considered in the full simulation presented in Sec. 2.4), and for two angular distri-

butions where ωj is distributed uniformly in [0, 0.5], shown as blue lines and corresponding

to the results shown in Sec. 2.4, and a wider distribution with ωj uniform in the range

[0,ϱ/2], shown as orange lines. As expected from the definition of the coupling matrix Jij

in Eq. (2.2), the second set of results corresponding to a wider angular distribution are

found to produce faster modes (on average). In order to more clearly highlight the region of

time-scales a!ected by numerical errors, it is shown by a grey background with a boundary

indicated by a vertical red line: results found in this region are numerically indistinguishable

to the zero mode. Finally we note that the fraction of observations corresponding to the

zero mode is progressively reduced as we increase the size of the system: this a consequence

of the fact that the number of unstable modes with finite frequencies grows as a function of

system size while the zero mode remains one (or, within numerical precision, a single pair

of complex conjugate eigenvalues). We thus expect that in the limit of large systems, the

overwhelming majority of unstable modes have finite time-scales.
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Appendix D

FLAVOR DISPERSION ANALYSIS

Building upon our observations of tL→ ’s bimodal distributions, we focus our attention

to potential correlations between the initial flavor configuration of the system Eq.(A.16)

and tL→ occurrence times that arise when looking at large families of Jij configuration

matrices [132]. The XLN of a single neutrino mode is a measure of how much of that

neutrino mode is in the ↼e or ↼ϱ,µ state, or some mixture of both. Previous work has

established the predictive value of XLN angular distributions with respect to CFCs [194,

420, 171, 419, 165, 429], and recently, XLN crossings’ direct relationship to CFCs and

DQPTs [428, 122, 415, 426].

Following the work by Capozzi et al [419], within the same bulb model approximation,

we consider only: a monochromatic system where all of the neutrinos’ energies are the

same and symmetry about the ẑ axis. The ẑ axial symmetry means that each i-th neutrino

emitted at ωi corresponds to one neutrino mode consisting of a conical shell of neutrinos all

emitted at that ωi; from here on we will refer to each neutrino in our system as a neutrino

mode. With these simplifications, the orientation of each spin (neutrino mode) along ẑ gives

the XLN, in accordance with Fig. A.2. We can then redefine the dimensionless XLN angle

distribution as G(u), for each neutrino mode in our system:

G(u) =
1

nϑ

∑

i

↘↽z

i →ϑ(u ↓ ui), (D.1)

where we have normalized G(u) with the sum of the total neutrino number densities of both

flavors in the system. Within the delta function, we define u = cos ω, with ω able to take

on any trajectory value between. Given this construction, we have N G(u)s, one for each

neutrino mode in a system of size N .

To contextualize the XLN angle distribution’s connection to neutrino flavor coherence,

we begin with the equations of motion describing flavor coherence and occupation number
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dynamics in flavor space, as defined in Eq.(1) of Dasgupta et al [416]. The background

matter interaction and vacuum contribution term continue to be neglected here. Linearizing

this kinetic equation allows us to focus on the neutrino density matrices describing a two

flavor system, in our case ↼e, ↼ϱ+µ [424, 416]:

5 =
fϑe + fϑε+µ

2



1 0

0 1



+
fϑe ↓ fϑε+µ

2



 s S

S
↓ ↓s



 . (D.2)

Occupation number densities for both flavors are fϑe , fϑε+µ ; a sign flip (↓fϑe ,↓fϑε+µ) yields

occupation number densities for antineutrinos. The real-valued diagonal components con-

tain the neutrino number densities and the complex-valued o!-diagonal components S (S↓)

describe the neutrino (antineutrino) flavor coherence.
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Figure D.1: Density scatter plots of the discriminant ς (Eq.(D.6) on vertical axis) as a function

of log tL→ (on the horizontal axis) for system sizes N = 4, 6, 8, 10, 12, 14. Coupling angles for each

neutrino flavor were sampled from random uniform distributions constrained to lie between

[0.0, 0.5] radians. For all N , 60 bins were used for the intensity plots, with 10, 500 unique Jij

configurations studied for each N .

Because our system consists of a single cone of multiple flavor modes (many flavor modes

all contained within one flavor wave packet), the inhomogeneity wave vector k = 0. With

this simplification, when we write solutions to the linearized equation of motion of neutrino

flavor coherence Su in Fourier space as done in Ref.[416] we can neglect the wave number-

dependent exponential term, which yields:

S(t) = Q(#)e→i(#t)
, (D.3)

where # is the oscillation frequency of a propagating neutrino wave packet that a stationary

observer would see. Restricting attention to the fast flavor conversion modes of an axisym-
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metric distribution around ẑ, we seek solutions to the neutrino flavor coherence portion of

the linearized kinetic equation, S, in terms of #:

# = ↓µ
G0 ↓ G2 ±

√
(G0 + G2)2 ↓ 4G2

1

2
, (D.4)

where the coherent neutrino CFC frequency # is formulated in terms of Gn distributions,

which consist of higher order moments of Eq.(D.1)–as articulated previously in Refs.[416,

419]:

Gn =
N∑

i=1

G(u)(cos ωi)
n
. (D.5)

Unlike in Ref.[419], our system is discretized to N individual neutrino modes, so rather than

an integral we use a discreet sum made up of higher moments of our XLN angle distribution

Eq.(D.1) for our system’s Gn distribution. As defined in Eq.(A.16), each ωi corresponds

to a u-th neutrino mode for every unique Jij . Since there is a one-to-one correspondence

between each ωi and G(u) for a given system, we can also iterate the sum in Eq.(D.5) over

u, which is e!ectively the same as iterating over i.

Looking closely at #’s definition, we can see that the discriminant of Eq.(D.4):

ς = (G0 + G2)
2 ↓ 4G2

1 , (D.6)

determines whether we have exponentially growing flavor coherence, depending on whether

Eq. (D.6) takes on a complex value or not. Note that ς is a property of a particular system’s

initial state flavor configuration, at time t = 0 when that system’s quench Jij is first applied.

Histograms of ς did not reveal any meaningful structure. In investigating the correlation

between the discriminant ς and tL→ , where Eq. D.6 is studied as a function of the tL→ .

As N increases, ς(tL→) separates into two statistically significant modes within the scatter

plots of Fig. D.1.

At N = 6 a split emerges in the same location as where the histograms of log tL→ separate

into two modes. Two concentrations of negative ςs close to the x-axis develop in the two

separated regions; the clustering indicates two modes made up of amplifying frequencies

# spanning two di!erent ranges. As N increases, the first mode consistently contains the

greatest amplified #s. While negative or positive values of Eq. (D.6) within 0± 0.0020 can
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correspond to any value of log tL→ , negative discriminant values less than -0.0025 indicate

a clear correlation with being located in the first mode of the bimodal log tL→ histogram,

for all N . As noted in [416], modes with complex # can potentially cause exponentially

growing instabilities, motivating further study of systems with relatively lower negative ς

values.

Whether the discriminant can be used as an initial state tool to predict when a system’s

tL→ would occur, given a particular Jij configuration, requires additional study. This could

be done in the form of exploring its predictive strength for larger N , as well as analyzing

its relationship to the second, third, or later tL→s. We have found that for large negative

values of ςs, there is a non-negligible correlation to fast tL→s, but for slower tL→s, it becomes

increasingly di%cult to use ςs as a predictive tool, though this appears to improve with larger

N .
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Appendix E

DIMENSIONAL REGULARIZATION-INSPIRED MEDIAN
ABSOLUTE DEVIATION SCALING METHOD FOR

HIGH-DIMENSIONAL PARAMETER SPACES

Here, we introduce a novel statistics analysis technique, for establishing correctly-scaled

parameter ranges given a high-dimensional fit function, inspired by dimensional regulariza-

tion [132]. When fitting a function to a set of data, the number of correlated parameters

in the fitting function can determine how many potentially good fits fall within certain

confidence interval (CI), before a specific fit is no longer of su%cient quality. However,

for functions with many parameter spaces the number of fits whose φ
2
/dof fall within a

specified CI bound increases.

In such situations, estimating the boundaries of the CI interval can only be done via

numerically searching the parameter space of the function, selecting only fits whose un-

correlated φ
2
/dof falls within the specified CI. However, when fitting functions with high

numbers of parameters, it is possible to conduct an aggressive search through the parameter

spaces of the function, and find not just fits that lie within the CI threshold, with parameter

values lying within reasonable expected ranges, but outlier fits, which contain parameter

values that wildly deviate away from the norm of parameters belonging to functional fits

within the CI.

In this case, the standard approaches for understanding the CI range for each parameter

fail to capture realistically what is really being sampled during the fit finding, or account

for the higher dimensional parameter space that is being traversed through. A simple range

calculation over-estimates a true range of acceptable values for a given parameter, and yet

so does a straightforward median absolute deviation (MAD) calculation as well. What is

needed is an accurate standard deviation, scaled appropriately to the parameter space by

some factor 6, but determining 6 is the issue, when working with a high number of parameter

spaces.
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Figure E.1: Example of outlier values of a parameter, when looking at distribution of parameter

values for accepted fits within a confidence interval bound. Histogram is log-scaled on the y-axis to

highlight presence of outlier parameter values. Making a simple range estimate to assess the

parameter space of accepted values would be misleading, as it is not a uniform nor even continuous

distribution of values within such a range.

A solution to this is implementing a dimensional-regularization approach on the pa-

rameter space. This translates to taking a count of how many parameter spaces are being

searched when finding fits that lie within a CI threshold, say n. Then, approximate the

search over each parameter space to be of some distribution representative of how the candi-

date parameter values are being sampled from the parameter spaces, and the approximating

that distribution to lie within an n-dimensional sphere. We wish to understand how this

translates to one dimension, a single parameter, so integrate out all n ↓ 1 dimensions, till

we are left with a 6 in one dimension.

For our case, our sampling procedure over each parameter space was uniformly dis-

tributed. We worked in a 10 dimensional parameter space, for the function we wished to
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fit, so we initially start out with a 10-dimensional sphere describing the geometry our 10-

dimensional parameter space. Defining the volume of an n-dimensional sphere via the ”(R)

function:

Vn =
ϱ

n
2 R

n

”(n
2
+ 1)

(E.1)

Where for n = 10 we have: V10 = ϖ
5
R

10

120
, and thus the probability distribution function

(PDF) would look like:

Vn =






120

ϖ5R10 , R ∈
√
a2 + b2 + ...+ i2 + j2

0 elsewhere
(E.2)

We then simply integrate out n = 1 dimensions from the PDF, in this case nine dimensions

from ten. Now that we have projected down to one dimension, we are left with a constant–in

our case, our constant is 0.2058(6). This is our scale parameter 6 such that:

standard deviationk = 6 · MADk (E.3)

Where k stands for any given parameter in our ten parameter space.
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Appendix F

ADDITIONAL STATISTICAL ANALYSES OF ECHO TIME SCALES

This portion of the appendices focuses on additional analyses conducted when large

collections of unique Jij configurations are studied for systems with N = 4, 6, 8, 10, 12, & 14

sites [132]. A bimodal distribution emerged in the configurations’ collective echo crossing

behavior, as N increased (Fig. 2.3), in histograms of tL→ for each N . While ultimately

three distributions were examined, (see Table G.1), the primary focus of this document is

on systems with coupling angles constituting Jij drawn from random uniform distributions,

though triangular and Gaussian distributions were also studied.

Prior to fitting the distributions in Fig. 2.3 with the stable distributions as defined in

Eq. 2.27, the bimodal features of Fig. 2.3 initially presented as being best described by

either a single gaussian G1 or a double “bimodal” gaussian G2. Thus, initially, both G1 and

G2 were fit to Fig. F.1’s histograms via Mathematica’s Nonlinear Model Fitter (NLFM)

function:

G1 = a1e

↓(x↓µ1)
2

2φ2
1 (F.1)

G2 = a1e

↓(x↓µ1)
2

2φ2
1 + a2e

↓(x↓µ2)
2

2φ2
2 (F.2)

For G1 and G2, a1 and a2 are amplitudes for each Gaussian peak, µ1, µ2 are the locations of

the peak means, and ↽1,↽2 are the standard deviations of each peak. For each histogram bin

number, the functions G1, G2 were given a guess for the amplitudes ai, peak mean locations

µi, and standard deviations ↽i of each mode. From there, NLFM used a least squares

objective function to fit G1, G2–given a new set of initial guesses for a1, a2, µ1, µ2,↽1,↽2– to

each histogram of tL→s, for a range of histogram bin numbers +.
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Figure F.1: Histograms of the Loschmidt echo crossing times are presented for system sizes of

N = 4, 6, 8, 10, 12 & 14 neutrinos. Vertical axis measures histograms bin counts (30 bins used ↑ N),

the horizontal axis measures the tL→ in units of µ→1 on log scale. Coupling angles for each neutrino

flavor were sampled from random uniform distributions constrained between [0.0, 0.5], with 3,500

unique configurations sampled for each N . Dark orange pickets mark standard error, gold curves

trace the double Gaussian fit generated via Mathematica’s NonlinearModelFit (NLMF) function.

At N = 4 the histogram contains only one mode, but as N increases, a gradual split emerges. Both

means of the bimodal distribution remain constant as N increases, whereas each mode’s spread

gradually decreases, as both the primary and secondary peaks become sharper with increasing site

number N .

Taking a closer look at Fig. F.1, in the first panel where N = 4, a Gaussian fit with a

single mode Eq. F.1 seemed to dominate the histogram, though Eq (F.2) still produced a

better fit. At around N = 6 sites, the echo crossing distributions gradually begin to separate

into two modes (second panel), then beginning at N = 8 sites (through N = 14), a bimodal

distribution of log
(
tL→

)
emerges and becomes increasingly sharply peaked as each mode

for G2 increases in amplitude a1, a2 and decreases in standard deviation ↽1,↽2, while their

means µ1, µ2 remained constant, as N increased. Below is a table of the best fit parameters

used when fitting G2 to Fig. F.1, in the initial analysis. We focus on G2 rather than G1

as G2 yielded consistently better quality fits as determined by the uncorrelated φ
2 values,
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which are also contained within this section.

Statistical verification of results focused on evaluating the quality of NLFM’s G1, G2

fits, as well as their stability. Goodness of fit was defined by the uncorrelated φ
2 of both

G1, G2 fitted to the histogram (see Fig. F.2 in this section), which consistently demonstrated

worse fit values for G1 than for G2 over a bin number range of 25 ↓ 100. Stability of the

G1, G2 fits was defined via the the mean values of the two modes as a function of bin size,

(see Fig. F.2 in appendix), with mean values remaining relatively consistent over a bin

number range of 25 to 100. The same process was repeated for varying time step sizes of

tstep = [0.02µ→1
, 0.05µ→1

, 0.07µ→1
, 0.1µ→1].

Uncorrelated φ
2 was chosen over correlated φ

2 as the latter assumes correlation while

the former acts as a worst case lower bound when assessing the NLFM’s fitting of Eqs. F.1

& F.2. For each N ’s histogram of log tL→ , the φ
2 was calculated as:

ϑ
$S

j ,Gi
=

Gi,$j ↓ +S

j

; i ↖ 1, 2 (F.3)

φ
2

Gi
=

$
S
totalbins∑

j=1

(ϑ
$S

j ,Gi
)2

1

↽
2

$S
(F.4)

where ϑ
$S

j ,Gi
is the fit residuals: the distance between Mathematica’s NLFM function’s fitted

G1 or G2 values for a histogram with a particular bin size S, and the Histogram’s actual bin

heights +S

j
, at each bin j. The variance of bin heights ↽2

$S for each histogram with a certain

bin size S was calculated only with bins of non-zero height, with ↽
2

$S = ↘(+S

j
)2→ ↓ (+S)2,

where +S is the mean bin height for all j bins, given a bin sizing S. The NLFM fit’s degrees

of freedom were undetermined and thus was not factored into the calculation of φ2.
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Table F.1: Table of best fit parameters used in fitting the double Gaussian G2 to the Loschmidt

echo crossing tL→histograms for each system size N studied in Fig. F.1. Each parameter is

accompanied by their respective standard error in parenthesis, eg: (↽µ̂1). Each row in the table

corresponds to a particular best fit parameter accompanied by its respective standard error in the

previously described format, as follows: the first Gaussian mode’s amplitude is a1(↽â1), the first

Gaussian mode’s mean is µ1(↽µ̂1), the first Gaussian mode’s variance is ↽1(↽ϱ̂1), the second

Gaussian mode’s amplitude is a2(↽â2), the second mode’s mean is µ2(↽µ̂2), the second Gaussian

mode’s variance is ↽2(↽ϱ̂2).

G2

Parameters

N = 4 N = 6 N = 8 N = 10 N = 12 N = 14

a1(↽â1) 330(24) 332(11) 303.9(7.7) 319.9(8.1) 347.5(9.1) 381(10)

µ1(↽µ̂1
) 4.204(13) 4.267(10) 4.275(10) 4.317(09) 4.319(09) 4.328(07)

↽1(↽ς̂1
) 0.280(14) 0.308(08) 0.324(08) 0.319(07) 0.282(07) 0.252(06)

a2(↽â2) 85.9(13) 58.8(3.7) 98.4(4.4) 104.3(4.9) 110.7(4.8) 121.5(5.1)

µ2(↽µ̂2
) 4.84371(85) 5.24376(28) 5.34337(61) 5.39714(41) 5.3362(42) 5.27536(35)

↽2(↽ς̂2
) 0.492655(35)0.594945(62)0.364758(92)0.310463(79)0.349641(87)0.327(14)
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Figure F.2: The left figure contains results of uncorrelated φ
2/dof fits to the

NLFM-approximated fits of a Gaussian with one centroid (Eq.(F.1)) and a Gaussian with two

centroids (Eq. (F.2)), to histograms of log tL→ . Uncorrelated φ
2/dof of fits of a Gaussian with a

single mode are denoted in dashed lines; those of a Gaussian with two modes are denoted by thick

solid lines. Fit values (vertical axis) were calculated as a function of histogram bin size (horizontal

axis).

The right figure contains both mode medians for the double Gaussian fitted to the histograms of

log tL→ for systems of N neutrinos, as a function of the histogram bin size. Dashed lines

correspond to the first mode’s median and solid lines to the second mode’s. Dark orange bars

denote standard error. As N increased, the NLFM-approximated centroids of both modes for each

histogram settled into two distinct values which remained stable over bin size.

Stability of Mathematica’s NLFM’s fits of G1, G2 in Fig. F.1 was assessed via the above

definition of φ2 for both G1, G2, and was supported by visual analysis of the adjusted R2

for both G1, G2, and by the clear separation of mean values in Fig. F.2. The second mode’s

stability improves as the number of system sites N increases. The relatively consistent

di!erence between the mean values of both the modes indicates that the modes are distinct

from one another, and not an artifact of bin number.

Using the definition in Eq. F.4, φ2s of NLFM fits of G1,G2 in Fig. F.1 reliably demon-

strates a closer fit, as seen by G2’s consistently higher φ
2’s than G1, regardless of bin size

S, in Fig, F.2. This qualified the G2 function as a more accurate fit for the bimodal tL→

distribution in Fig. F.1. Stability of the G2 function fit to Fig. F.1 was confirmed by track-

ing the means of both modes of G2, as seen in Fig. F.2, as a function of bin size S. The
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relatively consistent di!erence between the mean values of both the modes indicates that

the modes are consistently distinct from one another, and not an artifact of bin number.

The stability of the fit is quantified by the mean values of each mode: as N increases both

modes settle into two stable log tL→s, at around around log tL→ = 4.2 and log tL→ = 5.37,

see Fig. F.2.

Though Fig. F.2’s uncorrelated φ
2s show the quality of both the single and double Gaus-

sian fits degrading past optimal bin numbers, the better quality of fit of double Gaussian

fits (solid lines) over the single Gaussian fits (dashed lines) is consistently demonstrated,

since regardless of the bin size S and for all system sizes N the φ
2

G2

is always lower than

φ
2

G1

. Coupled with Fig. F.2, the stability of the bimodal distribution–and its independence

of the number of neutrinos N– is further substantiated.

While G1 and G2 provided initial evidence confirming the presence of two distinct modes

emerging from the Loschmidt analysis, they were ultimately discarded in favor of the stabil-

ity distributions as defined in Eq. 2.27. This was due to the higher quality fits that Eq. 2.27

provided, as validated by the φ
2/dof values in Table 2.1.
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Appendix G

ADDITIONAL ANGULAR DISTRIBUTIONS STUDIED

Spherically asymmetric neutrino emission has previously been studied in models sim-

ilar to the multi-angle approach used in this work [413, 144]. Previous studies have also

taken into account heterogenous distributions of various quantities such as neutrino emis-

sion angles, colors or species [425, 412, 144], where emission asymmetries of such neutrino

attributes can be credited to the non-uniform hydrodynamics occurring in the accretion

layers of a collapsing supernova core.

In line with these physically relevant observable asymmetries, Gaussian distributions

were also studied to roughly approximate angularly asymmetric neutrino flavor emission.

Triangular distributions were chosen simply as a statistical edge case, to verify consistency of

observations due to its frequent use in situations where data is insu%cient and its relatively

extreme angular asymmetry. Studies varying the amount of neutrino species relative to one

another in the initial system, as well as studying a multi-chromatic system warrant further

exploration.
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Table G.1: Table of distribution types and corresponding probability density functions and

angular ranges used in the MPS TEBD simulations for systems sizes N = 4, 6, 8, 10, 12, 14. For the

random uniform distribution, a = ωmax, b = ωmin bound the angular range the distribution was

sampled for. For the Gaussian distribution, with mean µ and variance ↽, values sampled were

constrained to lie within p(x)’s range at [0.0, 0.5] with resampling conducted as necessary. For the

Triangular distribution, l,m, r are the left endpoint, location of the peak, and the right endpoint of

p(x), respectively.

Distribution Type Probability Density Function
Angular

Range

Random Uniform p(x) = 1

a→b

a = 0.50

b = 0.00

Gaussian p(x) = 1
⇑

2ϖς2
e

(x↓µ)2

2φ2

µ = 0.25

↽ = 0.15

Triangular

p(x, l,m, r) = 2(x→l)

(r→l)(m→l)

for l ∞ x ∞ m

and

p(x, l,m, r) = 2(r→x)

(r→l)(r→m)

for m ∞ x ∞ r

l = 0.00

m = 0.25

r = 0.50
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Figure G.1: The leftmost figure contains a visualization of the Jij angle spectra that were

sampled. To focus on forward peaked neutrino trajectories, ωis were constrained to the [0.0, 0.5]

range. Actual ωis sampled from the random uniform distribution is in the angular histogram above.

The rightmost figure contains angular histogram of ωis constituting the Jijs of Eq.(A.16) for all

three distributions that were ultimately studied in this document. Angles sampled from a random

uniform distribution were constrained to a lie within a range of [0.0, 0.5] radians. In the rightmost

composite angular histogram are triangular (bright green), Gaussian (magenta) and random

uniform distributions (teal blue). For each distribution, ωis constituting the Jijs were sampled

from and the subsequent families of H were studied.

When building Jijs, neutrino trajectory angles ωi, ωj were sampled from angle ranges ω!

much smaller than ϖ

2
, as physically relevant angle ranges for the model used allowed only

for trajectories emitting outwards from the neutrino-emission sphere surface, see Fig. G.1

for visualizations. Neutrino trajectory angles ωi’s were sampled from several probability

distributions, with random uniform distributions being the main focus in this study.

Random uniform distributions were chosen for their relevance to the bulb model’s as-

sumption of uniform neutrino emission from the proto-neutron star surface. For the anal-

ysis described in this paper, distributions were constrained to lie within an angle range of
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ω! = [0.0, 0.5], since the angle range was small enough to qualify only physically relevant

trajectories, while spanning a substantially larger range of angles than those investigated

in previous works. Di!erent random angular distributions were also studied, constrained

within various ω!s, and demonstrated similar qualitative behavior; for more details please

refer to later sections in this chapter.

For brevity we present results only for the parameters listed in Table (G.1). We found

the results of Jijs composed of both Gaussian and Triangular angular distributions asymp-

totically consistent with those of the random uniform distributions. A bimodal distribution

of log-scaled Loschmidt echo crossing times log tL→ emerges in families of Jij populated

by randomly selected angles from Gaussian and Triangular distributions (see Fig. G.2 and

G.2 ) also constrained to lie within [0.0, 0.5] radians. For the Gaussian Jij family a second

centroid emerged at N = 6, as it did in the Random Uniform Jij family. Also as in the

Random Uniform Jij family, as N increased, the secondary centroid became progressively

more pronounced as its amplitude a2 increased while its spread ↽2 steadily decreased.
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Figure G.2: Histograms of the Loschmidt echo crossing times are presented for system sizes of

N = 4, 6, 8, 10, 12 & 14 neutrinos. The vertical axis measures the histograms bin counts (30 bins

were used for each N) and the horizontal axis measures the tL→ in units of µ→1 on a log scale.

For the topmost double panel, coupling angles for each neutrino flavor were randomly sampled

from Gaussian distributions constrained to lie between [0.0, 0.5] radians, with 3,500 unique Jij

configurations sampled for each N . For the bottommost double panel, coupling angles for each

neutrino flavor were randomly sampled from Triangular distributions constrained to lie between

[0.0, 0.5] radians, with 3,500 unique Jij configurations sampled for each N .

For both figures, dark orange bars denote standard errors, yellow curves show the result of a

double Gaussian fit generated via Mathematica’s NonlinearModelFit (NLMF) function.



152

With the distribution behavior of the Gaussian Jij family consistent with the Random

Uniform Jij family, we understood this to also support the validity the the results witnessed

from the Random Uniform Jij family to not be distribution dependent. Further bolstering

this were the consistent results from studying the Triangular Jij family, where a second

centroid in the log tL→ histogram emerges at N = 8, and continues to grow in amplitude

and whose ↽2 steadily decreased while N increased. These results suggested again–for

a di!erent Jij distribution family–that the bimodal log tL→ histogram behavior continues

when taking N to the thermodynamic limit.
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Appendix H

GELL-MANN MATRICES

Our notation for the Gell-Mann matrices is as follows,

ε1 =





0 1 0

1 0 0

0 0 0




, ε2 =





0 ↓i 0

i 0 0

0 0 0




, ε3 =





1 0 0

0 ↓1 0

0 0 0




,

ε4 =





0 0 1

0 0 0

1 0 0




, ε5 =





0 0 ↓i

0 0 0

i 0 0




,

ε6 =





0 0 0

0 0 1

0 1 0




, ε7 =





0 0 0

0 0 ↓i

0 i 0




,

ε8 =

√
1

3





1 0 0

0 1 0

0 0 ↓2




. (H.1)
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Appendix I

QUTRIT GATES

This portion of the appendices writes the explicit matrix representation of the qutrit

gates [223]. The single-qutrit gates used in the circuits described in the main text are [261]

X
12

ε =





1 0 0

0 cos ε

2
↓i sin ε

2

0 ↓i sin ε

2
cos ε

2




, (I.1)

R
01

y (◁) =





cos ε

2
↓ sin ε

2
0

sin ε

2
cos ε

2
0

0 0 1




, (I.2)

R
12

y (◁) =





1 0 0

0 cos ε

2
↓ sin ε

2

0 sin ε

2
cos ε

2




, (I.3)

Ph(ω,φ,ε) =





e
iθ 0 0

0 e
i◁ 0

0 0 e
i↼




, (I.4)

R
01

Z (ω) = Ph(↓ω

2
,
ω

2
, 0) , (I.5)

R
12

Z (φ) = Ph(0,↓φ

2
,
φ

2
) . (I.6)
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The two-qutrit CX gate, whose action is given by CX |x, y→ = |x,mod(x+ y, 3)→, imple-

ments the following operation,

CX =





1 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0

0 0 0 0 1 0 0 0 0

0 0 0 0 0 1 0 0 0

0 0 0 1 0 0 0 0 0

0 0 0 0 0 0 0 0 1

0 0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 1 0





. (I.7)

While the CX gate might not be a native two-qutrit gate on current qutrit quantum devices,

it is straightforward to transform to alternative entangling gates, like the CZ gate [261],

CZ =
∑

i,j≃{0,1,2}

▷̃
ij |ij→↘ij| , ▷̃ = e

i
2ϑ
3 . (I.8)

Using the qutrit Hadamard gate [258], the CX gate can transformed into a CZ gate,

CZ = (1 ↙ H
†) · CX · (1 ↙ H) , H =

1⇑
3





1 1 1

1 ▷̃ ▷̃
2

1 ▷̃
2

▷̃




, (I.9)

with a similar transformation for CX
†.
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Appendix J

QUANTINUUM EMULATOR

Results from H1-1 and its emulator for the four neutrino dynamics is reported in Fig. J.1

[223]. DR and the pHS post-selecting procedure were implemented in both cases. The

emulator’s results (empty symbols) were observed to be compatible with the H1-1 device’s

results (solid symbols).
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Figure J.1: Flavor evolution for four neutrinos as a function of time from the H1-1E emulator

and H1-1 device. Empty triangles and circles represent the emulator’s raw and DR+PS results,

respectively. Solid symbols show the corresponding results from H1-1. We use the same conventions

as in Fig. 4.7.
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Appendix K

SIMULATIONS OF EIGHT NEUTRINOS ON IBM QUANTUM
COMPUTER

Figure K.1 shows the results from the evolution of eight neutrinos starting from the

non-symmetric state |↼e↼µ↼e↼ϱ↼e↼µ↼e↼ϱ → [223]. Compared to the results in Fig. 4.11, the

averaging procedure appears helpful for averaging out device errors. A clear example is the

electron flavor evolution for the fourth neutrino, displayed in panel (b).
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Figure K.1: Flavor evolution for eight neutrinos as a function of time obtained from the ibm torino

device, with |↼e↼µ↼e↼ς↼e↼µ↼e↼ς → as the initial state. Panels (a) and (b) show the flavor evolution of

the first and fourth neutrinos, respectively. Panel (c) shows the persistence probability of the initial

state. We use the same conventions as in Fig. 4.7.



158

Appendix L

DETAILS ABOUT THE TOMOGRAPHY STUDY

This App. contains details on the operator pool used to reconstruct the density ma-

trix. Each row in Tables L.1, L.2, L.3 shows how to evaluate the coe%cient ci from

Eq. (4.24) [223]. The second column contains the operator needed to change the basis in

which to measure the two qubits. By measuring the state probability Pi with the expression

in the third column, the value of ci is recovered. Note that the operators for ε3, ε8, and

ε9 are identity operators, thus the operator pool is composed of 7 independent operators

(instead of 9).

εi Operator Probability

ε1
1
⇑
2





1 1 0 0

1 ↓1 0 0

0 0
⇑
2 0

0 0 0
⇑
2




c1 =

1

2
(P00 ↓ P01)

ε2
1
⇑
2





1 ↓i 0 0

1 i 0 0

0 0
⇑
2 0

0 0 0
⇑
2




c2 =

1

2
(P00 ↓ P01)

Table L.1: Tomographic pool for computing ci = Tr(ϖεi)/Ai, where εi represents the Gell-Mann

matrix. We perform the change of basis by implementing the operator shown in the second column.

The coe%cient ci are then given by the linear combination of the obtained probabilities Pij =

{P00, P01, P10, P11} given in the third column. This table contains the tomography pool for operators

ε1,ε2.

The goal of the algorithm from Ref. [376] is to find the closest positive semi-definite
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density matrix to the one obtained from ibm torino. The general idea of the algorithm

is to find the the density matrix ϖCpDM that minimizes the trace distance with ϖIBM while

having all eigenvalues positive. This is done by shifting the eigenvalues of ϖIBM using the

algorithm of Ref. [439], while leaving the eigenvectors of ϖIBM unmodified.

εi Operator Probability

ε3





1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1




c3 =

1

2
(P00 ↓ P01)

ε4
1
⇑
2





1 0 1 0

0
⇑
2 0 0

1 0 ↓1 0

0 0 0
⇑
2




c4 =

1

2
(P00 ↓ P10)

ε5
1
⇑
2





1 0 ↓i 0

0
⇑
2 0 0

1 0 i 0

0 0 0
⇑
2




c5 =

1

2
(P00 ↓ P10)

ε6
1
⇑
2





⇑
2 0 0 0

0 1 1 0

0 1 ↓1 0

0 0 0
⇑
2




c6 =

1

2
(P01 ↓ P10)

Table L.2: Tomographic pool for computing ci = Tr(ϖεi)/Ai, where εi represents the Gell-Mann

matrix. We perform the change of basis by implementing the operator shown in the second column.

The coe%cient ci are then given by the linear combination of the obtained probabilities Pij =

{P00, P01, P10, P11} given in the third column. This table contains the tomography pool for operators

ε3,ε4,ε5,ε6.
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εi Operator Probability

ε7
1
⇑
2





⇑
2 0 0 0

0 1 ↓i 0

0 1 i 0

0 0 0
⇑
2




c7 =

1

2
(P01 ↓ P10)

ε8





1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1




c8 =

1

2
⇑
3
(P00 + P01 ↓ 2P10)

ε9





1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1




c9 =

1

3
(P00 + P01 + P10)

Table L.3: Tomographic pool for computing ci = Tr(ϖεi)/Ai, where εi represents the Gell-Mann

matrix. We perform the change of basis by implementing the operator shown in the second column.

The coe%cient ci are then given by the linear combination of the obtained probabilities Pij =

{P00, P01, P10, P11} given in the third column. This table contains the tomography pool for operators

ε7,ε8,ε9.
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Appendix M

DEVICE PARAMETERS

This appendix contains the experimental parameters of the quantum computers used in

the work contained in Chapter 4 [223]. Table M.1, contains the Quantinuum H1-1 device

parameters and Table M.2, contains the IBM ibm torino device parameters.

Total number of qubits 20

Typical Single-qubit gate infidelity 2 · 10→5

Typical Two-qubit gate infidelity 1 · 10→3

SPAM error 2 · 10→4

Table M.1: Quantinuum H1-1 device parameters (Ref. [3]).

Total number of qubits 133

Neutrinos 2 4 8

Date accessed 6/12/24 6/21/24 6/25/14

Number of qubits used 4 8 16

Median T1 coherence time (µs) 150 133 142

Median T2 coherence time (µs) 147 127 151

Median X-gate error 3.2 · 10→4 3.3 · 10→4 2.8 · 10→4

Median CZ-gate error 9.4 · 10→3 7.8 · 10→3 4.0 · 10→3

Median readout error 2.6 · 10→2 2.9 · 10→2 2.3 · 10→2

Table M.2: IBM ibm torino device parameters.
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