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Abstract

Visibility and Invisibility in Inverse Problems

Ashwin Tarikere Ashok Kumar Nag

Chair of the Supervisory Committee:
Professor Gunther Uhlmann
Department of Mathematics

In this thesis, we describe two projects dealing with two different aspects of inverse problems.
The first project concerns wvisibility, i.e., the problem of reconstructing the internal properties
of a medium from external measurements. Specifically, we study the inverse problem for the

conductivity equation

div(yVu) =0

in a bounded Lipschitz domain 2 C R™. The goal is to reconstruct the positive scalar function
7 from its Dirichlet-to-Neumann map A, which maps the Dirichlet data of solutions to the
conductivity equation to their Neumann data. For dimensions n > 3, injectivity of the
map v — A, was proved for v € C? by Sylvester and Uhlmann in 1987. Later in 1988,
Nachman provided a constructive procedure for computing v from A,. In the same year,
Alessandrini proved log-type stability estimates for ||y; — 72|z~ in terms of the operator
norm of A, — A,,. Since then, the problems of injectivity, stability and reconstruction
for less regular conductivities has seen considerable interest. Here, we show the validity of
Nachman’s reconstruction procedure for v € W3/%27(Q)) such that v = 1 near 92, and derive
log-type stability estimates under the slightly stronger assumption that i, v, € W?2~5%/5(Q)
for some 0 < s < 1/2.

In the second part of the thesis, we consider the problem of making an object invisible

with respect to electromagnetic measurements made on its boundary. The idea is to enclose a



region D C R? by an “invisibility cloak” with carefully designed electromagnetic parameters
so that electromagnetic measurements on the boundary of the cloak are indistinguishable
from measurements that would be obtained in empty space, regardless of the contents of D.
For the conductivity equation, such a cloak was designed by Greenleaf, Lassas and Uhlmann
in 2003, based on the transformation properties of v under change of coordinates. The
cloaking parameters obtained in this way are anisotropic and degenerate at the boundary
between the cloak and the object. This presents a serious difficulty for theoretical analysis as
well as practical implementation, and was later addressed by Greenleaf, Kurylev, Lassas and
Uhlmann in 2008. The problem of degeneracy was addressed by using regular approximations
to the coordinate transformation involved in the construction of the degenerate cloak, so
that one obtains an approximate cloak of arbitrary accuracy. Using inverse homogenization
techniques, these regularized cloaks were further approximated by cloaks whose parameters
are both non-degenerate and isotropic. In this thesis, we construct a similar non-degenerate
and isotropic approximate cloak for the time-harmonic Maxwell’s equations. This was a joint

work with Dr. Tuhin Ghosh.
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GLOSSARY

PDE: Partial Differential Equation

EIT: Electrical Impedance Tomography

CGO: Complex Geometrical Optics

Q: A bounded open set in R”, where n > 2

09 The boundary of €2

A,:  The Dirichlet-to-Neumann map for the conductivity equation with conductivity ~
A,: The Dirichlet-to-Neumann map for the Schrodinger equation with potential ¢

H*: The standard L? based Sobolev space of order s € R

w=r: The Bessel potential space of functions f such that (I — A)%/2f € LP

Cce:  The space of Holder continuous functions of order a € [0, 1]

c™« : Space of m times continuously differentiable functions all of whose partial deriva-
tives up to order m € N are in C* (0 < a < 1)

cmre: Same as O™

Cs:  The Zygmund space of order s > 0 on R”

S(R"): Space of Schwartz functions in R”

S’(R™): Space of tempered distributions in R"”

L% L? space of functions on R” with respect to the measure (1 + |z|?)%/? dx

Hj*: Sobolev space of functions whose derivatives up to order m are in L2

i



my: The multiplication operator ¢ — Vi

R(z): The real part of a complex number z

$(2): The imaginary part of a complex number z

div F: Divergence of a vector field F'

curl F: Curl of a vector field F in R3

H(div,Q): Sobolev space of L? vector fields F on  C R" such that div F € L?

H(curl, Q): Sobolev space of L? vector fields F' on  C R? such that curl ' € L?

divg, curlg,: The surface divergence and curl operators along a surface S C R3
H*(div,09): Space of tangential vector fields F' € H*(0Q2) such that divgg F' € H*(0N)
H*(curl, 09): Space of tangential vector fields F' € H*(0f2) such that curlygg F' € H*(00)

Ac,: The impedance map for the time-harmonic Maxwell’s equations with magnetic per-
meability p and complexified electric permittivity e

Y:  the unit cube [0,1]Y Cc RY
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Chapter 1
INTRODUCTION

Inverse problems are concerned with recovering the unknown internal physical parameters
of an object (ex., the electrical conductivity inside a patient’s body, the speed of sound in the
interior of the earth, etc.) using external measurements. Such problems lie at the foundations
of several contemporary technological developments, including various techniques of medical
imaging (X-ray Computed Tomography, Magnetic Resonance Imaging, Ultrasound imaging,
etc.), geophysical imaging and detection of oil and mineral deposits, creation of astrophysical
images from telescope data, detection of cracks and interfaces inside objects, RADAR and
SONAR imaging, etc.

In general, we may conceptualize an inverse problem as follows: Let p and m denote
the physical parameter(s) to be recovered and the recorded measurements respectively. We
assume that p and m belong to some function spaces X and Y. Suppose we have a known
forward operator F': X — Y that maps p to what the recorded measurements m would be if
p were the true parameter. Usually, the operator F' will be highly non-linear. The observed

measurements meps are modeled by
Mops = F(p) + €

where € is a small error term (arising either from the limited precision of measurements, or
some inherent randomness in the underlying physical phenomena). The goal of the inverse
problem is to estimate the parameter p given the measurement mg,s. There are several

aspects of this problem that need to be considered:

1. Uniqueness. Assuming no noise and fully accurate measurements, do different param-

eters necessarily lead to different measurements? In other words, does F'(p;) = F(ps)



imply p; = py?

2. Existence/ Range Characterization. Given an arbitrary element m of the mea-
surement space Y, does there necessarily exist a p € X such that F'(p) = m? If not, is

there a way of characterizing all elements in the range of F'?

3. Reconstruction. Given a set of measurements m = F'(p), is there an explicit formula
or an algorithm for computing p from m? What if the measurements include an error

term?

4. Stability. If F((p;) = F(py) in some sense, does it follow that p; & ps in some sense?
In other words, does a small change in measurements necessarily imply only a small

change in the underlying physical parameters?

5. Partial data. What if we have access to only a subset of the measurements (for ex.,

if measurements are taken on only a part of the exterior)?

6. Numerics. For all of the questions above, we work within a continuous physical model.
But in practice, the measurements taken and all the computations made are discrete.
How do we design an efficient numerical algorithm whose discrete computations lead

to approximately correct reconstructions?

In most inverse problems, the underlying physical process is modeled by a partial dif-
ferential equation (PDE), whose coefficients encode the internal physical parameters to be
recovered. The external measurements are related to the solutions of this PDE. Thus, the
problem becomes one of recovering the coefficients of the PDE given some information about
its solution set.

While inverse problems are concerned with making visible the hidden interior physical
parameters of a medium, one can also consider the problem of making the interior of an

object invisible with respect to exterior measurements. The idea is to surround the object



to be hidden by a medium (called the invisibility cloak) with carefully designed physical
parameters so that any measurements made on the exterior of the cloak are indistinguishable
from measurements one would obtain in empty space, regardless of the values of the physical
parameters inside the cloaked object. In recent years, there has been a wave of serious
theoretical proposals for designing such an invisibility cloak [20]. The particular approach to
cloaking that has received the most attention is that of transformation optics, which attempts
to use the invariance properties of the underlying PDE to design the physical parameters of
the cloak, so that exterior measurements are identical to what would be obtained in empty

space.

In this thesis, we present the results of two projects related to inverse problems and
invisibility. The first project, concerning wvisibility for the inverse conductivity problem, is
discussed in Chapter 2. Next in Chapter 3, we will describe a project concerning invisibility
for time-harmonic Maxwell’s equations. We present an overview of these two chapters in the

sections below.

1.1 Reconstruction of rough conductivities from boundary measurements

The inverse conductivity problem, also called the Calderén problem, is one of the most well
studied inverse problems. First proposed by Alberto Calderén in 1980 [9], it forms the basis
of a widely used imaging technique called Electrical Impedance Tomography (EIT), where
one attempts to determine the electrical conductivity inside an object using voltage and
current measurements on its boundary. The conductive medium is modeled as a bounded
open set 2 C R™ with sufficiently smooth boundary. The electrical conductivity of the
medium at a point € 2 is denoted by v(x). If the conductivity is isotropic (i.e., same
in all directions), v is given by a positive scalar function on §2. On the other hand, if the
conductivity is anisotropic, v is given by a symmetric positive definite n x n matrix valued

function on 2. If there are no sources or sinks of current inside €2, Ohm’s Law states that



the electric potential u in 2 satisfies the PDE
div(yVu) = 0.

Therefore, if we apply an electric potential f on the boundary 0f2, the induced electric

potential v inside €2 is the unique solution of the Dirichlet boundary value problem

div(yVu) = 01in Q
u= fon 0.
The inverse problem is to determine the function ~ from the knowledge of the Dirichlet-to-
Neumann map A, : u|ag — 70, u|sq, where v is the outward unit normal vector field on 0.
Physically, 70, ulsq is the induced electric current flux at the boundary.

Calderén solved a linearized version of the problem, by proving that the linearization of
the map v — A, is injective at v = 1. In the seminal paper [36], Sylvester and Uhlmann
showed the injectivity of v +— A, for C? isotropic conductivities v in dimensions n > 3. The
authors first use a Liouville transform to reduce the problem to an inverse problem for the
Schrodinger equation: Let g € L°(2) be such that the following boundary value problem is

well-posed:
(A +qguv= 0 inQ
v= f on 0f2.

The Dirichlet-to-Neumann map for ¢ is defined by A,(f) = 0,v|aq. The problem of deter-
mining 7 from A, was reduced to the problem of determining ¢ from A, where ¢ = A\ /7/,/7.
Next, the authors proved that A, = Ay, = ¢1 = ¢2 using the so-called Complex Geometrical
Optics (CGO) solutions to (—A 4+ ¢;)v = 0 defined globally in R™. Later in 1988, Nachmann
[32] provided a constructive procedure for computing ¢ (resp., v) from A, (resp., A,) when
q € L™ (resp., v € C? ). The procedure is based on the observation that CGO solutions sat-
isfying certain decay conditions are uniquely determined by their restrictions to 9€2. In turn,
these restrictions can be characterized as the unique solutions of certain boundary integral
equations on 0Jf2. In the same year, Alessandrini proved logarithmic stability estimates for

|71 — 12|l zee in terms of the operator norm of A, — A, for 71,7 € H*(Q), s > n/2+ 2.



It is natural to ask what are the minimum regularity assumptions on ~ under which
uniqueness and the reconstruction procedure continue to hold. This question is also of
practical importance. For example, it was pointed out in [I0] that if ¢ arises from a Gaussian
random field satisfying certain conditions, almost every instantiation of ¢ belongs to a Sobolev
space of fixed negative regularity. For the case n > 3, uniqueness has been proved under
successively lower regularity assumptions on v: for 4 € C3/%* in [5], for C*/2 in [35], for the
Bessel potential space W3/22"+ in [6], for v € W3/2+2 in [34] and for v € C* or v € C%! with
IV log | L small in [25]. The smallness condition was removed in [I1]. It was conjectured
by Brown in [6] that uniqueness holds for y € W™ for all n. > 3. This was proved for n = 3,4
in [24]. Reconstruction has also been achieved for conductivities satisfying the assumptions
of [25] (namely, v € C* or v € C%! with ||V 1og |~ small) in [13].

In Chapter 2, we will prove the validity of Nachman’s reconstruction procedure for v €
W3/227(Q)) that are = 1 in a neighborhood of 99 [37]. Note that elements of W3%?" need
not even be Lipschitz. Therefore, this result is a new contribution to the study of the
reconstruction problem for rough conductivities. Moreover, we will also prove a log-type
stability estimate for [[y1 —72/[ca(m) (0 < @ < 1) in terms of the operator norm of A, — A,
under the assumption that 3,7, € W2=5"/5(Q) for some s € (0,1/2) and 71,7, = 1 near
oN.

1.2 Approximate isotropic cloak for time-harmonic Maxwell’s equations

A region in space is said to be cloaked if any external measurements made on the region are
indistinguishable from what would be obtained in empty space, regardless of the contents
of the interior of the region. It is well known that uniqueness no longer holds for the
Calderén problem when the conductivities are allowed to be anisotropic. Indeed, given a
diffeomerphism ® : QO —  that fixes the boundary 02, one can use the transformation
properties of the equation div(yVu) = 0 to push forward the conductivity v to a new
conductivity ®,v so that
A, = Ag, 4.



In 2003, Greenleaf, Lassas and Uhlmann [22] 23] extended this idea to theoretically construct
an invisibility cloak for the conductivity equation. By using a degenerating coordinate trans-
form ®, they pushforwarded 7o = 1 in Q\ {p} to an anisotropic conductivity in Q\ D, where
p € Qand D € ) with smooth boundary. Then, using a removable singularity argument,
they showed that A, = A, whenever v = ®,7, in Q\ D, regardless of the value of 7 inside
D. This technique has come to be known as transformation optics. This method was later
used to design invisibility cloaks for the time-harmonic Maxwell’s equations in [I7]. However,
the material parameters in these constructions were anisotropic and singular in the sense of
degenerating near the boundary between the cloak and the cloaked region. This presented a
serious challenge to practical implementation using metamaterials, as well as making the the-
oretical analysis difficult. The problem of singular parameters was dealt with by constructing
regular approximations to the ideal cloak [29] [18]. Nevertheless, these approximations still
used anisotropic parameters.

To deal with the problem of anisotropic parameters, Greenleaf, Kurylev, Lassas and
Uhlmann introduced an approach called Isotropic Transformation Optics [19, 21] based on
inverse homogenization. It is a well known phenomenon in homogenization theory [II, 38| 3]
that isotropic parameters with periodic microstructures can be used to approximate the be-
havior of anisotropic parameters in the small-scale limit. In [19] 21], the authors constructed
explicit isotropic parameters for the conductivity equation that forms an approximate invis-
ibility cloak in the small-scale limit. In Chapter 3, we describe a similar construction by the
author and T. Ghosh that forms an approximate isotropic cloak for time-harmonic Maxwell’s
equations [I4]. The chief obstacle is the fact that unlike the conductivity equation, the bi-
linear form associated with Maxwell’s equations is not coercive. We overcome this problem
by adding another approximation step - where a small parameter is introduced to make the
bilinear form coercive and then letting this parameter go to 0. It turns out that as long as
we take limits in the right order, the boundary measurements for this 3-step approximate
cloaking construction converge to the boundary measurements that would be obtained in

empty space.



Chapter 2

THE CALDERON PROBLEM FOR ROUGH
CONDUCTIVITIES

Let Q be a bounded domain in R™(n > 2) with Lipschitz boundary, and let v be a

positive real-valued function on 2. Assume that ~ satisfies the uniform ellipticity condition
0<c<y(z)<c! for a.e. x € Q.

We interpret v(x) as the electrical conductivity of the medium at the point z € Q. If there
are no sources or sinks of current in €2, a voltage potential f applied at the boundary 0f2

induces a potential u inside () that solves the Dirichlet Boundary Value Problem

div(yVu) = 01in Q
u= f on 0.

(2.1)

We know from standard elliptic PDE theory that given any f € HY2(9Q), there exists a
unique v = uy € H'(Q) that satisfies (2.1). The Dirichlet-to-Neumann map of v, denoted

by A, is formally defined as the map that sends

. 8Uf
’Yau .

f

where v is the outward pointing unit normal vector field on 0€2. Physically, v0,us(x) mea-

sures the outward flux density of electric current through 02 at the point x € 9.

Consider the case where 0f) is smooth, v € C*(Q2), and f € C*°(09Q). Then uy € C*(Q)
by elliptic regularity and therefore, A, f = v0,u; is a pointwise well-defined smooth function

on 0f). If g is another smooth function on 92 and v, € C*({2) satisfies v,|gn = g, then by



the Divergence theorem,

GUf
<A7f7 g> - /69 7%“9 do

= / div (yvyVuy) do
Q

= / div (yVuy) v, dx + / yYVuy - Vo, do
Q Q

= / YWVuy - Vo, dx (since div(yVuys) =0 in Q). (2.2)
Q

Here, do denotes the surface measure on 0€). Observe that is well defined whenever
up,v, € HY(Q). Moreover, for any bounded Lipschitz domain 2, there exists a bounded
extension operator £ : HY/2(0Q) — H'(Q) that satisfies (£g)|aq = ¢ for all g € HY2(09Q).
Therefore, for any f € HY2(0%),

g»—>/'quf~V5g dx
Q

is a continuous linear functional on HY2(9Q). By identifying the dual of H'2(98) with
H~Y2(99), we may define A, f as the unique element of H~1/2(9Q) that satisfies

(A f.g) = / YVus - Vo, de for all g € H'?(09), (2.3)
0

where v, € H'(Q) is any extension of ¢ (including, in particular, v, = £g). By construction,
this definition agrees with the pointwise definition of A, f when f is smooth. Moreover, the

a-priori estimate
lugllme) S N aze0)

implies that

(A f,g)] = ‘/QVVW'Vgg dx

S urllm@ll€gllime

HfHH1/2(aQ)HgHHl/2(an)-

This shows that A, is a bounded linear map from HY2(9Q) — H~1/2(9%).



Remark 1. Here we have used the notation o S 3 to mean that there exists a constant C' > 0

independent of o and 3 such that o < Cf for all admissible «, 5.

The map A, encodes the set of all possible voltage and current measurements that can be
made at the boundary. The Calderén problem is concerned with recovering the conductivity
function 7 from the knowledge of the map A,. In this chapter, we will examine this problem
for bounded Lipschitz domains in n > 3 dimensions and conductivities v that are =1 in a

neighborhood of 9§ and belong to the fractional order Sobolev space W?/227(Q).

Definition 2.1. For any s € R and p € (1,00), the Bessel potential space W*P(R") is
defined as the Banach space of all distributions f on R™ such that (I — A)¥2f € LP(R"),

and equipped with the norm

Fllwer = 17 = 22 f 1.

When s is a nonnegative integer, this agrees with the usual definition of the Sobolev
space W*P as the space of all distributions on R™ all of whose partial derivatives up to order

s are in LP(R™).

Definition 2.2. Let 2 C R™ be a bounded Lipschitz domain, s € R and p € (1,00). We
define W*P(Q2) as the space of W*P(R") functions resticted to €, i.e.,

WeP(Q) :={ulg : u € WHP(R™)}
and equipped with the norm

[ fllwsr@) = inf{|lullwsr@n) : ulo = f}.

We will also consider the spaces WP (), which we define by

comp
Wb () = {u e W*P(R") : supp u € Q}.

comp

The main result of this chapter is as follows:
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Theorem 2.3 (T., 2020 [37]). Let Q be a bounded Lipschitz domain in R™, n > 3. Let

v € W322(Q) be a positive real valued function satisfying
0<c<y(z)<c! for a.e. v € (2.4)

and v =1 in a neighborhood of 0S2. Then,

(a) There is a constructive procedure for computing the conductivity function v from the

knowledge of the map A, : HY?(0Q2) — H~Y/2(0Q). Moreover,

(b) We have the following stability estimate: Let v; € W32 (Q), j = 1,2, be such that
v = 1 near 02 and satisfy the ellipticity bound . Suppose in addition that
IVillwz-snssy < M for some 0 < s < 1/2, and let 0 < a < 1. Then there exist
C=CQn,c,M,s,a) >0 and 0 <o =0(n,s,a) <1 such that

”71 - 72‘|Ca(§) <C (‘ log HA’YI - A’yzHHl/Q—)H*l/?r(7 + HA'YI - A’YQHH1/2—>H*1/2) ‘ (25)

Calderén’s approach to recovering v was based on the weak definition of the Dirichlet-
to-Neumann map. Observe that for any u € H'(Q) satisfying div(yVu) = 0 in Q and an
arbitrary v € H'(Q), (2.3) implies that

(A (ulan), v|oa) = / AV - Vo dx.
Q

If 4 is another such conductivity and u,u € H*(Q) satisfy div(yVu) = div(yVu) = 0, then

this implies the identity

(A — As)(ulon). o) = / (y—7)Vu- Vi da. (2.6)

Now consider the problem of showing that the map v + A, is injective (on some space of

admissible conductivities 7). If u,u are as above and A, = A5, we get

O:/('y—ﬁ)Vu-Vﬂdx.
Q
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Thus, if the set
V =span{Vu - Vu : div(yVu) = div(yVa) = 0 in Q}

is dense in L?(2) (for example), then we can conclude that v =7 almost everywhere.
When v =7 = 1, Calderén observed that given any ¢ € C" satisfying (-( = Z?:l CJQ =0

the function e satisfies
div(Ve™) = Ae®™* = (¢-)e™ = 0.

Given ¢ € R™, choose 11 € R™ such that - & =0 and |n| = [£]. Define

1

=g, G=g(-n—it)

Then it is easy to see that (; - (; =0, j = 1,2. Therefore,
—ix- 1 —ix-
Vuy - Vg = (¢ - G)e ™6 = —515\26 ‘e

Thus V contains all complex exponentials of the form e=@¢ ¢ € R", which immediately
implies that V is dense in L?. Calderén [9] used a slightly more sophisticated version of
this argument to prove uniqueness for a linearized version of the problem near v = 1.
Uniqueness for the full nonlinear problem with smooth conductivities was first proved by
Sylvester and Uhlmann [36] using the so-called Complex Geometrical Optics (CGO) solutions
of div(y;Vu;) = 0. These are solutions of the form

ug(r) = e (1 + r¢(z))

where ¢ € C" is such that ( - ( = 0 and 7 — 0 in some sense as || = co. A key step in
constructing such solutions is to use a standard relationship between the divergence form

operators div(yV) and Schrodinger operators of the form —A+g¢, where g is a scalar function.

2.1 Reduction to the Schrodinger Equation

Using the Leibniz rule, it is easy to see that div(yVu) = 0 iff

—Au — Vlogvy-Vu=0.
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Since the coefficient Vlog~ is a gradient, we can use a Liouville transform to reduce this
equation to a zeroth order perturbation of the Laplace equation. Observe that for any

function ¢, we can formally write

e ?A(efu) = e V(e’Vu + e*uVe)
= Au+2Vé-Vu+|Vo|*u+ Adu.

Choosing ¢ = %log v, we get
—1/2 A (A 1/2 1 2, 1
—Au —Vlog~y-Vu=—y""7*A(y"?u) + Z|V10g'y| +§Alog7 u.
Therefore, u satisfies div(yVu) = 0 iff v := 7'/2u satisfies
(—A+q)v=0, (2.7)
where ¢ = (i|V10g 7|2 + %Alog 7). Taking u = 1, we see that ¢ can also be written as
g =~ 2AN12,

The next proposition shows that under our assumptions on 7, ¢ belongs to a Sobolev space

of negative regularity.

Proposition 2.4. Let v € W3/22"(Q) be such that

1

0<c<r(x)<c a.e. on §)

and v =1 on a neighborhood of ). Extend v to all of R™ by defining vy =1 on R™\ Q and
define ¢ = A\/7//7 = 3|V1ogv|* + 1Alogy. Then q € W o™ (R™).

Proof. That g is compactly supported in € follows from the fact that v = 1 outside a compact
subset of €). Next, we recall the Sobolev embedding properties of Bessel potential spaces: if

0<pp <py <ooand —oo < Sy < 81 < 00 are such that

n n
§1— — =52 — —,
P D2



13

then we have a continuous embedding of W*P1(R") — W#2P2(R") (ref. [39], Theorem 2.7.1).

Therefore, we have

lgllw-1/22n S [ AlogYllw-1/220 + ||V log 41*[lyy-1/22n

< Nogllwsszan + [V logy*llzn  (as L"(R") — W22 (R"))
= |log7llws/zzn + |V Iog ¥l[72n
S og7llwsrezn + [Hog [y

< IHogllwsrzan + 1l0gyllfyazan  (as WH22(R™) — WH(R™))

where the last embedding estimate follows from the monotonicity properties of W*P spaces
(ref. [39], Proposition 2.3.2/2). Now, it suffices to show that || log ||}y s/2.2. is finite. Consider

a smooth bounded sub-domain ' C 2 such that
supp (logv) C ' C V' C Q.

Next, choose a bounded function F' : R — R that satisfies F(x) = logx on [c,c¢™!] and has
bounded continuous derivatives up to order 2. We will use the fact that for any s > 1,
1 < p < ocoand f € CFFYR) that has bounded derivatives up to order [s] + 1, the
composition map u + f o u maps W*P(Q') N WHP(Q') continuously into W*r(Q') [4.
Notice that W3/227(Q)) < W13"(Q) by Sobolev embedding (ref. [39], Theorem 3.3.1(ii)).

Therefore,

[1og Yl[ws/22n () = [[F 0 Yllwss22n(ery < 0.
Finally, observe that since logy = 0 near 0¢Y, logvy € Wg/g’Qn(Q’) (i.e., the closure of
C>(Y) in W3/222((Y)). Since extension by 0 is a continuous map from Wg/**"(0) —
W3/22n(R™) (ref. [39], Section 3.4.3, Corollary and Remark 2) we also have ||log v||yys/2.2n <

[ log lyy3/2.20 oy Putting all these bounds together, we get

lallw-1r22n S [MogVllwsrzon(ry + | 10g VIlysr22n gy < 00

which completes the proof. O]
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Therefore, in order to work with the PDE (2.7)), we first need to clarify what it means

to multiply a function in H! by a function in chil/ﬁ i (R™). We begin with an important

estimate that was proved in [10].

Lemma 2.5. Let s > 0 and p € (2,00) be such that p > n/s. Then for all f,g € S(R™), we

have
1 gllwswr < AfLezsllgll s
where 1/p+1/p = 1.

Proof. The Kato-Ponce inequality (ref. [10, 27], also called fractional Leibniz rule) tells us
that

1 9llwse S 1]

where 1/r =1/p'—1/2 =1/2—1/p. Now applying the Sobolev embedding theorem, we get

wsllgllr + [1f 1| e gl ars

1fgllwsrr S 1 s glleze + ALF[arellgllers,

where 1/2 —t/n = 1/r, or equivalently, t = n/2 —n/r = n/p. Now the estimate follows from
the fact that ¢ < s. O]

Given any V € W~1/22"(R"), define the multiplication operator my : S(R") — S’(R")
by duality as follows:

(mv(p),¥) == (V.ev),  ¢.¢ SR
Corollary 2.6. The multiplication operator my, satisfies the bounds
[(myv (), D) = |V, o) S el 9 ¢ € S(RY).
Consequently, my extends to a bounded linear operator from H'Y/?(R™) — H~1/2(R").

Proof. Using Lemmal[2.5and the fact that W ~1/22*(R") is the L*-dual of W/22%/(»=1) ([39),
Theorem 2.11.2), we get

(Vo) < AV w2 l9llwnseensenn <AV llw-12znl[@ll o190z

This proves the result. [
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Remark 2. We will prove a more precise estimate in Theorem [2.1

Remark 3. Henceforth, by a slight abuse of notation, we will use qu and m,(u) interchange-

ably whenever the latter is well defined.
Thus we are lead to consider the boundary value problem

—Au+qu= 0in
u= [ on 0.

(2.8)

Proposition 2.7. (The Fredholm Alternative) Suppose q € W;,%E’ZH(Q). Then exactly one

of the following must be true:

(i) For any f € HY?(0R)), there exists a unique u € H'(Q) that satisfies (2.8)). Moreover,
there exists C = C(q,€2) > 0 such that

lulliy < Cllfllmepay.  for all f € H?(09).

(ii) There exists u € H*(Q),u # 0 such that

(—A+myu= 0inS
uw= 0 on 0f).

That is, 0 is a Dirichlet eigenvalue of (—A +my) on ).

Proof. 1t follows from Corollarythat m, maps H*(Q) — Heora(§2). Composing this with
the compact inclusion Hewg () < H~1(), we see that my, : H'(2) — H~1(2) is compact
as well. Moreover, since A : H}(Q) — H~Y(Q) is invertible, (—A +m,) : HJ(2) — H1(Q)

is a Fredholm operator. Therefore the result follows from standard Fredholm theory. O]

As in the case of the conductivity equation, if 0 is not a Dirichlet eigenvalue of (—A +¢q),
we define the Dirichlet-to-Neumann map A, : HY/2(0Q) — H~Y2(9Q) by duality: Given
f e HY2(09), let w € H'(Q) be the unique solution of (2.8). Then A,f is defined as the
unique element of H~/2(9Q) that satisfies

(Ayf,g9) = / A(f)gdo = / Vu - Vudz + (mgu, v) 12(0) for all g € H'/?(09),
o0 0
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where v € H(Q) is any function such that v|gq = ¢. If f, ¢ and 99 were sufficiently smooth,

this would coincide with the pointwise definition

_ Ou

Aof = v loa’

We also get the following integral identity: Let ¢i,qs € WC;EI{S () be such that 0 is not
a Dirichlet eigenvalue of (—A +mg,) on Q, j = 1,2 and let uy,u; € H'(Q) be solutions of
(—=A +myg,)u; = 0. Then

/ (Ay, — Ap)uy - ug do = /(mq1 — My, ) Uy - Uz dT (2.9)
o9 Q
We are now ready to show that the boundary value problem for the conductivity equation

div(yVu) = 01in

(2.10)
u= f€ H*9Q)
can be reduced to the corresponding problem for the Schrédinger equation
—A+qw= 0in
(FA+9) (2.11)

w= f on 0f.

Proposition 2.8. Let v € W3/22%(Q) be such that
O<c<y(z)<c! a.e. on Q

and v =1 on a neighborhood of 0). Extend ~y to all of R™ by defining v =1 on R™\ Q and
define g = A\/7/\/7.

Then uw € HY(Q) solves ([2.10) if and only if w = y"?u € HY(Q) solves 2.11). In
particular, 0 is not a Dirichlet eigenvalue of (—A +my) on 2 and Ay = A,.

Proof. Tt suffices to show that for all w € H(Q),

V- (VO Pw)) =41 (Aw — qu).
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Indeed, since 7 € [c,c7 ] a.e.,

YWV w) = 4Y2°Vw — (VAY)w  in HH(Q)
=V. »yV(fy—l/zw) _ 71/2Aw + v,yl/Q SV — (Afyl/Q)w B nyl/Q Y

= AY2(Aw —qw) in H3(Q)

and hence also in the sense of distributions. This along with the fact that v = 1 on 9N

implies that w solves (2.11)) iff u = v~/?w solves (2.10).
]

Proposition 2.9. Let v be as in Theorem and ¢ = N /7/\/7- Then /7 is the unique
solution in H*(Q) of
(A +qu= 01inQ
u= 1 on Of.

Proof. u = /7 is clearly a solution. Moreover, the solution is unique by Proposition [2.§ and
Proposition 2.7 O

Therefore, if we can find a constructive procedure for computing ¢ from the knowledge of
Aq = A, we can also reconstruct v from the recovered function ¢g. Thus, the inverse problem
for the conductivity equation has been reduced to the inverse problem for the Schrodinger
equation. In the next few sections, we will show how to reconstruct g from A,. In fact, we

will prove the following result:

Theorem 2.10 (T., 2020 [37]). Let Q be a bounded Lipschitz domain in R™, n > 3. Let
q € WCZ},{}%(Q) be such that 0 is not a Dirichlet eigenvalue of the boundary value problem
(2.11)). Then,

(a) There is a constructive procedure to compute q from the knowledge of the map A,.

Moreover,



18

(b) We have the following stability estimate: Let q; € Wc;%pQ’Q”(Q),j = 1,2. Suppose
in addition that ||q;j|ly—-smis < M for some 0 < s < 1/2. Then there exist C =
C(Qn,e,M,;s) >0 and 0 <o =o0(n,s) <1 such that

lgn = @2l < C ([og Mg, = Aglle =12l + 1A = Aol -12) - (2.12)

Theorem will be proved as a consequence of the above theorem.
2.2 Complex Geometrical Optics Solutions

In this section, we will construct Complex Geometrical Optics (CGO) solutions to the

Schrodinger equation

(—A+qu=0 in R"

under the assumption that ¢ € WC;;/S’%(R”). As we observed before, given any ( € C"
satisfying ¢ - ¢ = 0, €*¢ is a harmonic function in R™. Viewing (—A + ¢) as a perturbation

of the Laplacian, we look for solutions to (—A + ¢)u = 0 of the form
ug(z) = e (14 r¢(2))

where 7 is small in a certain asymptotic sense. Solutions such as u¢ are known as CGO
solutions. We will show that such a solution exists whenever || is large enough and establish
certain asymptotic bounds on r¢ as |¢| — oo.
Observe that uc(z) = e*¢(1 4 r¢(x)) solves (—A + q)uc = 0 iff
—A(e"Cre) + e Cqre = —eq
& (A +my)re = —q (2.13)

where Acv := e " A(e”Sv) = (A 4 2¢ - V)v. The symbol of A is

pe(€) = —[€* +2i¢ - €,

which vanishes only on a co-dimension 2 sphere in R™. Therefore, we may define a right

inverse G of A¢ as the operator whose symbol is p:(£)~*. To be precise, for any f € S(R"),
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we define G f as the tempered distribution given by
fo
Gef = | —22 ) . 2.14
C (—!£\2+2ZC-€> 214)
We look for solutions to (2.13) of the form r. = G¢s.. We see that such an s. should satisfy

(I —myG¢)sc = q

where I denotes the identity operator. The strategy used by Sylvester and Uhlmann in [30]
is to establish bounds on the operators m, and G, between appropriate function spaces such
that the operator norm ||m,G¢|| < 1 for |¢| large enough. If that is the case, the above

equation has a unique solution given by the Neumann series

o0

S¢ = Z(quC)jq-

j=0
We will use the same bounds on G as the one proved in [36]. However, since we make lower
regularity assumptions on ¢, we will need a different bound on the multiplication operator
myg. The same bound can also be obtained by a slight modification of the estimate in [6].

Let us begin by introducing some function spaces.

Definition 2.11. For § € R, we define the weighted L? space L?(R™) by the norm

ot = ([ (e flaran)

For m € N, we define the corresponding weighted Sobolev spaces Hj*(R™) through the norms
lullag = > 10ullz.
la|<m
Finally, notice that L2 and L? are dual to each other with respect to (-,-)z2. Motivated

by this fact, we define the negative order spaces Hy; ™(R") for m € N as the dual spaces of
H™(R™).

We also introduce the following scaled Sobolev norms, which will provide a convenient

way of summarizing the bounds on Gu proved in [36].
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Definition 2.12. Let s € R,k > 1. We define H**(R"™) through the norms

1 ~ 1/2

bl = 106 = &l = s ( 0+ eyice )
Observe that H**(R") and H**(R") are dual to each other with respect to (-,-);2. If s € N,
then for § € R, we define H;*(R™) through the norms

k= D k0] .

lof<s

lul

For negative integers s, we define Hy*(R") as the dual of H_J*(R").

Note that while we could define H[;’k(]R") even for non-integral values of s, this turns
out to be unnecessary for our purposes. As in the case of the usual negative order Sobolev
spaces, we have the following alternate characterization of Hgm’k(R”) for n € N. The proof

is very similar to the standard case and therefore is omitted.

Proposition 2.13. Let m € N, € R,k > 1. For every u € Hgm’k(R”), there ewist
{uq € L2(R") : || < m} such that

(,v) = Y (0, v) = Y (=1)Nug, 0°v)2 Vo € HTHR™).

o] <m || <m

Moreover, u, can be chosen to satisfy

D R gz = Nl

laj<m

Let us also record the following simple fact for future use.
Lemma 2.14. Let m € Z,k > 1 and §,n € R. For any ¢ € C*(R"),
loull g Semsm Wull e, w € HWER™).
Proof. For m > 0, this follows from the fact that for any multi-index o, 9% (z) (14|z|?)©®=7/2
is bounded above. Now suppose m < 0. Let v € H_**(R"). Then
[{pu, )2 = [{u, pv)]

< Mull ggrlloll g=r.
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Taking the supremum of the left hand side over all v with ||v ik < 1 gives us the desired

5
result. O

Now, let us recall the bounds on G¢ proved by Sylvester and Uhlmann.

Proposition 2.15 (Sylvester-Uhlmann, 1987 [36]). Let ¢ € C" be such that |(] > 1 and
(-C=0,andlet 0 < <1/2. Then G, satisfies

1Geul

we, SICP Hullz,  weld, k=0,1,2.

As an easy corollary, we obtain the following estimate for G on negative-order Sobolev
spaces:
Corollary 2.16. Let ¢ € C" be such that (- =0 and k =|¢| > 1, and let 0 < § < 1/2.
Then G¢ maps Hy "% — H"¥(R™) and satisfies the bound

[Getullypg S Fllulpons e Hy (@), (215)

Proof. Let u € Hgl’k(R”). Then by Proposition [2.13] there exist ug, u1, ..., u, € L3(R")
such that u = ug + 37, ju; and

n
K ol zz + Y lusllzz = llull e
j=1

Now, by Proposition and the fact that G, commutes with 0;,7 =1,...,n,

IGeuolluz, S K luollug S Nl
1GeOusllez, S NGeusllm, S lujllce S Nl gy,
IVGeullrz, < I|Geunll, < lluollzz < Kllull e,

IVGOullrz, S NGeusllaz, S Fllusllez < kllull s
Combining all the above inequalities, we get (2.15)). O

Next, we establish H** bounds on the multiplication operator m, : f — ¢f when g is
of negative Sobolev regularity. This result follows from a simple modification of Proposition

3.2 in [10]. Nevertheless, we present the full proof here for completeness.
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Theorem 2.17. Let s > 0 and max{2,n/s} < p < co. Suppose V.€ W=*P(R"™). Then for
k>1,
IV f - S w(k)|f]

e S (k)| £

gers Vf € HY(RY), (2.16)

where w is a positive function such that w(k) — 0 as k — oo. If in addition we have

0<s<1, then

WVl < EYD0E) fllar,  and (2.17)

~J

VAl S R 0®)|f |- (2.18)
Proof. By duality, it suffices to prove that

(Vi 9) 2l = KV, Fg)ee] S w(kR)I| /]

Hs 9|

H; for all f,g € S(R").
Let W € LP(R™) be such that V = (I — A)*2W. Then we have,
(V. fg) = ((I = D)PW, fg) = (W, (I = 8)(fg)).

Let ¢ € C°(R™;[0,1]) be such that [, ¢(x)dr = 1. We consider the sequence of mollifiers
() := e ™p(x/e) and define W, := . * W. Choosing t € (s — n/p, s), we may write

(V.fg) = (We,(I=2)2(fg)) + (W — W, (I = A)*(fg))
= (I = 2)PPWe, (I = A)2(fg)) + (W = W, (I = A)*(fg)).
Now, by Holder’s inequality,

[V, £l < U= D) PWel || (1= 2) 2 (Fg) | o +IIW = Well ol =) ()| por, (2:129)

where ¢ =n/(s—1t) and p', ¢ are conjugate exponents of p, g respectively. Since t > s —n/p,
we have ¢ > p and therefore by Young’s convolution inequality,

(1= D)Wl = (T = A)p) x W/[La
< T = A) ol [ W o

= llpellwre[Wlle,
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where 1/p+1/r = 1+ 1/q. Now by Sobolev embedding, W™ < L* where 1/u = 1/r —t/n.

Moreover, it can be easily verified that |||/« = e*1—w/u

|l¢l|zu. Therefore,

(I = A)PWellpe < el el [W | e

< et | .

~Y

Also, by Lemma [2.5]

11 =2 2(fg) e S N Flmeellgllaer,  and
I =AY 2D S I el
Therefore, from (2.19)), we get
(Vifa)l S e UW ol fll s ellgllis— + (IW = Wellzoll £l s | g1 a2
ST W o | Fll el gl s+ W = Wellwol| £l s | g rooe

N

(€—t+n/q—n/pk;—t||w||Lp + [|W — W) f]

Hs g| Hs,k.

Here we have used the easy estimate ||h|

ok S KR

ger for any h € S(R™). Note that

n/q—n/p> (s —1t) —s = —t. Now choose ¢ = k~'/*. Then we get

(Vi fa)l S wk)If]

ok S wF)|/]

a9 wok || 9] e (2.20)

where w(k) = k72|W ||z + |W — Wy—1/4||z» — 0 as k — oc. This proves (2.16). Now (2.17)
and ([2.18) follow from the fact that if 0 < s <1,

(Vo fg)l S w llaellgllmss S ok fllmllglm s, (2.21)
(Vofal S w®I s llgllase S @@k 2 Fllallgll s (2.22)
O

If in addition, V' is compactly supported, the multiplication operator my can be extended

k
to H;" spaces.
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Corollary 2.18. Let 0 < s < 1 and ¢ € W=5"5(R™) be such that supp q is compact. Suppose
0,n € R. Then my : f — qf satisfies the norm bounds

lmofllyae S KO w®) | flla, (2.23)

lmgfllye S k2wl e (2.24)

where w is a positive function on [1,00) that satisfies w(k) — 0 as k — oo.

Proof. Let p € C2°(R™) be such that ¢ = 1 on supp ¢. Then by (2.21)), for all f, g € S(R™),

[(af, 9) 2l = g, f9) (g, (@f)(9))]

< wkE oS lallegl

< w(k)k_(l_s)HfHH%||g||H1,§ by Lemma [2.14]
Now ([2.23)) follows by density and duality. (2.24]) similarly follows from ([2.22)). O

With the bounds on m, and G¢ in hand, we are now ready to construct CGO solutions.

Theorem 2.19. Let ¢ € W="/5(R"), 0 < s < 1/2 be such that supp q is compact. Fix
d € (0,1/2). Then there exists M > 0 such that for all ( € C" satisfying

¢-¢=0, ¢l = M,
there exists a unique solution to
(—A+my)u=0 inR"

of the form

u=ug(r) = e (1+r¢(x))

where r¢ € Hi’f(R”). Moreover, we have the norm bound

Irellpnse < 1€
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Proof. As seen before, u; = e”¢(1 + r¢) satisfies (—A + ¢)u = 0 if and only if
(=A¢+q@)r¢ = —q

where A; = e7¢%Ae¢®. Looking for solutions of the form r, = G¢s¢, we see that such an s,
should satisfy
(I —mgoGe)se =gq. (2.25)
Let k = |(|. Tt follows from Corollary and ([2.24) from Corollary that
HGCHH(;I”“HHS;C S ka
5 k,—2(1—s)w(k)

||an||11r}(§“_>H§—17’C

where w(k) — 0 as k — oo. Therefore, ||m, o G¢|| < k™% w(k) = 0 as k — oo and there

exists M > 0 such that for k = |¢| > M,

S

N |

lmg o G<|’H;1’k~>Hgl’

Moreover, q € Hé_l’k(R”). Indeed, suppose ¢ € C°(R") is such that ¢ = 1 on supp gq.
Clearly g = qp = my(p). Applying Theorem with k£ =1, we get

lgllz—s = llealla— S Nollas S Nl@llas-

Therefore,

lallz-1x = lleallg-rs < llgllz-1x by Lemma[2.14]

S ][

AN

< K alg-

< K|

HS.

Thus, for all [(| =k > M, ([2.25) has a unique solution given by the Neumann series

[e.9]

S¢ = Z(mq o Ge)'q

J=0
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and we have the estimates

Iscllg-re S llgll g < K707, (2.26)
Irell e = |Gesellye S K (2:27)
5 5
This completes the proof. O

2.3 Reconstruction through Boundary Integral Equations

The next theorem shows that A, uniquely determines the Fourier transform of ¢, and hence

q itself. Notice that we make the crucial assumption that n > 3.

Theorem 2.20. Let Q) be a bounded domain in R™ (n > 3) with Lipschitz boundary and let
qe Wt;%,{ﬁ’Qn(Q) be such that 0 is not a Dirichlet eigenvalue of (—A+q) in Q. We let A, and
A denote the Dirichlet-to-Neumann maps for —A + q and —A respectively. Fiz a non-zero
¢ € R". Then for k > 0 sufficiently large, there ezist (1, (> € C* with (;-(; = 0 and |(j| =k,
7 =1,2, such that

lim ((Ag — Ao)(ug [an), €”?) = (q.e7") = / g™ da
k—o00 o

where u¢, is the unique solution to (—A + q)u = 0 of the form uc = e**(1 + r¢) constructed
in Theorem [2.13.

Proof. Since n > 3, we can choose unit vectors «, f € R™ such that {£/|¢], o, B} forms an

orthonormal set. Now define (;, (s € C" by

k k? 2
G = —ﬁa +i <—§ . &P 5) , (2.28)
k k2 2

Observe that (1 - ¢ = (o - & = 0 and [(3] = |(2] = k. Therefore, by Theorem [2.19 for all
k large enough, there exist solutions ue, = €%*(1 + r¢,(x)) of (—A + ¢)u = 0 such that
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||7“C1||H1,§ < kY2, Moreover, the fact that ¢ - (, = 0 implies Ae®? = 0. Therefore, by the
integral identity(2.9)),

(A = No)(ugylon), €72) = (g, ug,e™ )
= (g, e D (1 +1))

= (g, e7") +{g, e rg,).

Now choose a cut-off function ¢ € C°(R™) be such that ¢ = 1 on Q O supp ¢. Using the
estimate ([2.23)) in Corollary [2.18] we get

|<q’ €_i$‘£7ﬂ41>| = |<Q7 e_m.g(tmﬂﬁﬂ

< K Pw(k)llem S ollmllre Il

< R V20(R)EY? = w(k) (Theorem [2.19),

where w(k) — 0 as k — oo. Therefore, we conclude that

lim (A, — Ao)(ug o), €)= (g,e7™%) = q(&).

k—o0

[]

This Theorem shows that if we can somehow determine wuc,|gq, then we can use our
knowledge of the map A, to recover g(§) for all £ # 0. Moreover, since ¢ is compactly
supported, ¢ is continuous and therefore, g(0) can also be recovered by continuity. Finally,
we can recover ¢ from ¢ using the Fourier Inversion formula. Therefore, our next goal is to
find a constructive procedure to determine u¢|so. We will be able to characterize uc|sq as
the unique solution of a certain boundary integral equation of Fredholm type. The method
was first introduced by Nachman [32] in 1988. We will mostly follow the presentation and
notation in [12].

We begin by fixing some notation. Throughout the rest of this chapter, we assume that
2 is a bounded Lipschitz domain in R", n > 3. We let 2, denote the exterior domain

R™\ . We also let tr,tr, and tr_ denote the trace operators that map u — u|sq acting
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on H!

loc

(R™), H'(2y) and H'(Q) respectively. Finally, we let (9,-)|aq, (0,-)+ and (9,-)_

denote the normal trace operators that map Hi (R™), H'(€2,) and H(Q) into H~1/2(99)
respectively.

Next, given any ¢ € C" such that ¢ - ( =0 and |¢| > 1, we define the operator K. by

K(f) = " Ge(e™™ f)

where G is the right inverse of A defined in (2.14]). By a slight abuse of notation, we also

use K¢(z,y) denote the Schwartz kernel of the operator K.

Lemma 2.21. The operator K: maps H_, (R") — H}

comp loc

(R™) and satisfies

AK:.f=f for all f € H_} (R™).

comp

Proof. Fix 0 < § < 1/2. Clearly, f — e f maps H_ . < H;'(R"). Then by Proposi-

tion [2.15], f — Gc(e ™ f) takes H_  into H!;(R"). Finally, multiplication by e takes

comp
H!';(R") — H..(R™), which proves that K. : H} (R") — H. (R").

comp loc

Moreover, by definition of K¢,
AKf =" AGe(e™™f) = f, V€ Hypp(R™)
since G¢ is a right inverse of A¢. m

Definition 2.22. Let ¢ € C" be such that (- = 0 and || > 1. We define the modified (or
Fadeev-type) Single layer potential S¢ for 02 as the operator

Se = K otr* : HY2(09) — H} (R"),

where tr* : H-1/2(0Q) — HZL (R") is the adjoint map of tr : H]

comp loc

(R™) — HY%(09). To be
precise, for any f € H-'/2(09), tr*(f) is the unique element of H_! (R™) that satisfies

comp

/tr*(f)v dx = / ftr(v) do for all v € H._(R")
Q o9

where do is the standard surface measure on 9f).
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We will show that u¢|sq can be characterized as the unique solution f € H'/2(9Q) of the

following Boundary Integral Equation:
(Id + tr S¢(Ay, — Ao))f = €”¢  on 09Q. (2.30)

Theorem 2.23. Let g € W;},{ﬁ’Q"(Q) be such that 0 is not a Dirichlet eigenvalue of (—A+q)
in Q. Let ¢ € C" be such that - ¢ = 0 and |(| is sufficiently large, and let 0 < § < 1/2.

Consider the following problems:

(-A+q@u=0 inR"

(DE)
e~ "Su—1€ H;(R").
() AT=0 inQ.,
(EP) (41) u=ulg, forsomeue H} (R"),
(4i) e u—1=r|q, forsomer e H! (R"),
| (iv) (Opu)y = Ag(tryiu) on 0Q.
(BIE) (Id+tr Se(Ag — No)) f = €™¢  on 09,

f e HY?(09).
FEach of these problems has a unique solution. Furthermore, they are equivalent in the fol-
lowing sense: If u solves (DE), u = ulq, solves (EP) and conversely, if u solves (EP), there

exists a solution v of (DE) such that u = ulq,. Also, if u solves (DE), f := ulsq solves

(BIE) and conversely, if f solves (BIE), there ezists a solution u of (DE) such that f = u|aq.

Proof. (DE) can be rephrased as the problem of finding solutions of the form u = e®¢(1+r)
to the equation

(A +qu=0 inR"
where r € H! {(R™). Therefore, (DE) has a unique solution by Theorem for |¢| suffi-
ciently large. Now we show that (DE) is equivalent to (EP) and (BIE).

(DE) = (BIE): Let u be the solution of (DE) and let f = u|spq. Clearly, v € H. (R™)

and hence f = tr(u) € HY?(0Q2). Now, fix z € Q, and define the function v on Q by
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v(y) = Ke(z,y), y € Q. Since Av = 0 in Q, v is smooth by elliptic regularity. Now, by

Green’s theorem,

/ (ud,v —voyu)do = /(UAU — vAu).
o0

Q
We know that Av = 0 and Au = qu. Moreover, since u, v satisfy (—A+¢)u = 0 and Av =0

in €2 respectively, d,u = Ay(u|on) and 0,v = Ag(v]sn). Substituting these into the above
identity, we get

| udatvlonydr = [ Kelw (D) dote) = ~ [ Kew)la() dy
09 o0
= ulo(v|gn) do — ScAyf(x) = —Ke(qu)(x).
o0
Next, by symmetry of Ag, [, ulo(v]aa)do = [, vAo(f)do = ScAo(f). Therefore, the

above equation becomes
Sc(Ao — A f(2) = —Kclqu)(z), @ € Q. (2.31)
Now, we simplify the right hand side. By definition,
Kilqu) = e"Gelequ) = e"*G(e ™ Au)
= €"GroAc(e™u) = " Ge o Ac(e ™ u —1).

But we know that e *¢u—1 € H' ;(R") and G, is a right inverse of A on H' (R"). Therefore
we get K¢(qu) = e (e u—1) = u— e and

u(x) + Se(Ay — No) f(z) = "¢, x € Q.

Taking traces along 92 on both sides, we get (Id + tr S¢(A; — Ao)) f = €™ on 99, as desired.

(BIE) = (EP): Suppose f solves (BIE). Define
U =" — Se(A, — No) f.

Clearly, u|go = f and Au = 0 on R™\ 99Q2. Moreover, (ii) follows from the mapping properties

of S¢. Next, from the jump properties of single layer potentials, we get

(D) — (0,i1) 1 = —(Ag — Ao) .
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Since Au = 01in Q, (0,u)_ = Ao(u]an) = Aof. Therefore, (0,u)y+ = A, f and we have verified
(iv). Finally, we note that

U — 1= —e " Se(Ay — No)f = Gee ™S tr* h,

where h = (Ag — A,)f € H™Y/2(0Q). Since e < tr* h € H~*(R") is compactly supported,
e tr* h € H; '(R") by the usual arguments. Finally, since G¢ : H; '(R") — H!;(R"), we
conclude that e=**u — 1 € H {(R").

(EP) = (DE): Let u solve (EP) and let v € H'(2) be the solution of

(A +qv= 0,
U|3Q = tl"+ u.
Define u on R™ by
v(x) in €,
u(z) = (z)

u(z) in Q..
We have tr_(u) = try(u) by construction and (d,u)- = A,(tryu) = (d,u)+ by EP (iv).
Therefore, it follows that u € HL_(R") and (—=A + ¢)u = 0 in R”. Finally, e *‘u —1 €
H';(R") because of EP(iii) and the fact that v = @ on . O

Let us conclude by showing that the Boundary Integral Equation (2.30)) is indeed Fred-

holm.

Proposition 2.24. Let q € W;%ﬁ’%(ﬁ) be such that 0 is not a Dirichlet eigenvalue of
(—A+my) on Q. Then the operator

tr Se(Ag — Ao) : HY?(09) — HY?(090)
18 compact.

Proof. Let P, : HY/?(9Q) — H*(2) be the solution operator that maps f € HY2(99) to the

unique solution u € H'(Q) of
(—A+qu= 0,

U|aQ = f-
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By the same argument as the one leading to (2.31)), we have
trSe(Aq — Ao)f = —tr Kcomgo P,(f),  fe HY*09).

But the right hand side is compact since m, : H () — H_} (Q) is compact by Proposition

comp

2.7 This proves the result. O

2.4 Stability Estimates

We conclude this chapter with proofs of the stability estimates (2.5 and (2.12). We will first
prove the stability estimate for the Schrodinger equation, and use this estimate to prove the
estimate for the conductivity equation.

Given any ¢ € chiq/s ’2”(9), we define the set of Cauchy data for ¢ as

0
Co= {(ubg’ 8_3‘89) € H'(0Q) x H2(09) : (A + q)u = O} )

If 0 is not a Dirichlet eigenvalue of (—A + ¢) on Q, then C, is precisely the graph of the
Dirichlet-to-Neumann map A,. However, unlike A,, C, is well defined even when 0 is a

Dirichlet eigenvalue of (—A 4 ¢) on Q. We will equip H/2(02) x H~/2(9)) with the norm

(s D arren-12 = (Hf”?{l/z(ag) + ||g||§{71/2(ag))1/2-

Given q1, ¢z € W;%,{S ’2n(Q), we define the distance between their Cauchy data sets by

dlSt(C C ) — max sup inf ||(f1 - f2791 - QQ)HHl/z@H_l/Q
o (hovecn rawlecy o g)lmrmen e

: 1(fr = f2. 91 — 92) | r2qm-172
sup inf :
(f2,92)€Cqy (1:91)€Cq, I (f2, 92) |l errr2gm-1/2

It can be verified that if C,; are in fact the graphs of the Dirichlet-to-Neumann maps A,

Ay — A /2 -1/ :
20 = Polmiegroe < ist(Cy, ) < Wy = Al
VI 180 /L 180 100

(2.32)
We will establish bounds on ||¢g; — ¢2||g-1 in terms of dist(C,,C,,). The estimate (2.12)

follows from the theorem below:
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Theorem 2.25. Let 0 < s < 1/2 and q1,q2 € WCZ%/S(Q) satisfy the a-priori estimate
lgillw-smnse <M, j=1,2.
Then there ezists C > 0 and o0 = o(n,s) € (0,1) such that
lar — qoll -+ < C(|log{dist(Cy,, Cq,) } ™7 + dist(Cy,, Cy ). (2.33)
Before beginning the proof, we record the following simple estimate:

Lemma 2.26. For any f € H¥*(R") and £ € R", we have the estimate

e Fll o S (1+1€)2)*2] £

Hs)k-

Proof. By definition,

—iz- 1 f\ s
7 s = g [ 1SRG + o dy
1 N S
= G [ T+ OFG + oy an
1 770\ (27,2 In =&\’
g kS 1 d
e [ e (14 )
v (L IEY (L6 —
< /|f(77)| k= 1+? 1—1—? dn (Peetre’s inequality)
S Iy [ 1FP + ) dn
S @ EP AN e
which completes the proof. O]

Proof of Theorem [2.25. Let uy,us € H*(Q) satisfy (—A + ¢;)u; = 01in ©, j = 1,2. By the
integral identity (2.9)), we have

8u1 8u2 B
/aQ <uz5 — Ulg) do = /Q(ql o) U Usg di.

Let (f,g) € C,,. Then there exists v € H'(Q) such that (—A + ¢1)v =0, and

ov

vloa = f, o lon =9

00
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Applying (2.9) again,

aul
0= /89(% _QI)Ulvd-’E Z/ (f By ulg) do
/Q(ql — q2)urup dz = /asz ((U2 - f)% —u <% — )) do.

and therefore,

This implies

Ouy Ous
/(fh — @)uiugdzr| < flug — f||H1/2 0 || 5, + Hu1||H1/2(8Q) E
Q YV llg-1/2(00) v H=1/2(5Q)
ou ou
T T I [y S T R
ov HY/2@H—1/2 ov H/2qH~1/2

Taking supremum over all (f, g) € C,,, we get

(@) omencar [(w52)] s

Now, we let ui,us be the CGO solutions constructed in Theorem [2.19] Choose k& > 0, & €

/((h — @2)urug dx
Q

R™\ {0} and let «, 5 be unit vectors in R™ such that {a, 8,£/|£|} forms an orthonormal set.

Define (1, € C™ as in (2.28)-(2.29) and let

ui(r) = ug(r) =" (L+ri(z)),

ug(z) = ug(x) = e”2(1 + ry(z)).

where r;, j = 1,2, satisfy (2.27). Observe that

ou ol
H( > 5_]) < ugllme) S le”lle@llt +rjllme)
v H/2gH-1/2
< kef™(1 4 k%) where R = sup |z|
z€QN
< ek for some S > R.

Substituting in ([2.34)), we get

ek dist(C,,, Cyp)-

~Y

/(Q1 - Q2)U1U2 dzx| <
Q
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Now consider
(1 — @) (&) = /(ql —q)e " dr = /(ql — @) (urug — e (ry + 1y 4 1172)) da
Q Q
which implies that

(@ = @)OIS + @ = g2, €7 (11 12))|

/(fh - Q2)U1U2 dx
Q (2.35)

—iz-€

+ |<mq1—Q2(€ T1)7T2>|‘

Choose a cut-off function ¢ € C°(R™) such that ¢ =1 on Q. By (2.16),
[{mq, (€7 4r1), m2)| S w(k)lle™™ orill e [l orallpros
where w(k) — 0 as k — oo. It is obvious from the proof of Theorem that
w(k) < max gl —smss < M for all £ > 1.

mor S (14 1€1%)%"2||¢r1 || = by Lemma [2.26, Therefore,

We also have ||e™¢pr |

—ix-€

rura)l S ML+ €)7o

L2090 (1 + |€|2)S/2H7“1||H}§||7‘2HH£’Z§

S OETEM(L+EP)? by (2:27),

[(myg, (e ok ||ore || grox

N

where e = 1 — 2s. Next, again by (2.16)), for 7,1 = 1,2,

’ <Qj7 e_m{rl> ’ ‘ <mqj (50)7 6—1'90'590”) |

ok S ML+ (€12 ory]

e on|

< wk)lellas Hok
S ML+ [EP) 2R il
S ML+ [EP)2R7* by (2:27).

Substituting all these bounds into ([2.35)), we get

@1(&) = @] < *¥dist(Cyy, Cpn) + K72 M (1 + [€2)*/2.
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We therefore have
1 ~ ~
o=l = G [ (+1ER) 1RO~ ROF de
/£| T+ 1)) —qu(f)|2d§+/ 1+ 1) au(€) — @8] dé
<p

1€1>p
5 pne45kdist2 (qu ’ ng) + k74€M2pn+2572
1 2\—s (2 ~)
b [ IR @O + B

5 pn€45kdiSt2<Cq1,Cq2) + M2k—4epn—26—1 + M2p—1—2€'

AN

In order to make the last two terms small and of the same order in p, we choose

k — p4e’
which gives us
lon = qellf- S pe™ P dist®(Cpy, Cop) +p7 7 (2.36)
< TP Edist?(C,, Cy) + p (2.37)

for fixed T > 4S. Now choose

4e
n

1 )
= (Eltostais(Cy.€..)1)
so that when diSt(Cq17Cq2) <1,
eTpln? dist? (qu 7 CqQ) = dist(qu , CqQ)-

Combining this with (2.37)), we see that when dist(C,,,Cy,) < 1,

_ 4e(1+2¢)

lo = qellfrs S dist(Cyy, Cy) + [log{dist(Cyy, Coo) Y™

_ 4e(142¢)

Nl log{dist (Ccn ) CqQ)H "

This gives us (2.33) when dist(C,,,C,,) < 1 for o = 4e(1 + 2¢)/n = 4(1 — s)(1 — 2s)/n.
Moreover, (2.33) is trivially true when dist(C,,,Cy,) > 1 since [|gjllu-1 S ||gjllw—sms < M
for j = 1,2. Therefore, the proof is complete. O
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We now use this result to prove the stability estimate for the conductivity equation. We
will use the fact that W*? embeds into the Zygmund space C% for t = s — n/p. For m € N
and 0 < o < 1, C7""* is identical to the space C™®. We refer the reader to [39] for more

details about Zygmund spaces.

Theorem 2.27. Let 0 < s < 1/2 and y1,v2 € W2*"/5(Q) be such that v; = 1 in a
neighborhood of 0S) and

0<c<y(z)<ct, forae xeQ, j=12.

Given any « € (0, 1), there exists C' > 0 and 0 = o(n, s,a) € (0,1) such that

I = %2llga@ < Cll0g 1Ay, = Aspllm/espg=ar2 |77 + [[Agy = Apllmesgrr2). - (2.38)

Proof. As in Proposition let us extend ~; to all of R” by defining 7; = 1 on R™ \ Q, so
that 7; — 1 € Weom/*(€2). Note that this implies 7; € C1H¢ = C' for ¢ = 1 — 25. Define
¢ = 7;1/2A'y;/2. Also choose a bounded domain U such that Q C U and 90U is smooth.
We observe that the function v = logy; — log 7, solves the following elliptic boundary value

problem:
V- ((7172)1/2VU) = 2(7172)1/2(612 —q) inU
v= 0 on OU.

Therefore, we have the estimate
| log v, — 10g72||H1(U) Slla - C]2||H*1(U) Sl — @lla-1.
Now consider the identities

1
Y=Y = (/ etlogm+(1-1) 1Og”dt> - (logy1 — logys),
0

Y1 — Y2
V2

Vi —Vy = mViegy —12Vilegye = 1 (Viegy —logys) + V.

Together with the fact that v; € C'<, these identities imply that

171 = v2llmrwy S Nog v —logvallm @y S g — q2lla—- (2.39)
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Next, recall from Proposition that A,, = A,,. By (2.33)), for [[Ay, — Ay, llge 12 =
HAlh - A(I2HH1/2—>H*1/2 < 1/2?

lar = @2l -+ < [og [[Aqy = s g2y pg=12| ™7
which along with (2.39)) implies
Im = ellzw) S 1og 1Ay = Aap [y pr-12] 77

Now, given o € (0, 1), define p = n/(1 —a). By Hélder’s inequality and the fact that v;, V-,
are bounded,

2
7 = 2ellwrewy S lln — 72HH/f(U)-

Therefore, whenever [|[A,, — A, || g2 m-12 < 1/2,

71 — 72||WLP(U) < |log HA% - AW2||H1/2ﬁH—1/2|_UI

o
5 Hog HA’Y1 - A'yzHHl/ZeH*l/?’ 7+ HA’Yl - A’Y2”H1/2—>H71/2

for ¢/ = 270' — 8(175)(1;225)(17@

. On the other hand, the above estimate is clearly true when

Ay, — Ayl gr—1/2 > 1/2 due to the fact that v; € W, Therefore, in all cases, we have

||’71 - 72||W1”’(U) 5 |10g HA% - A72||H1/2—>H—1/2|_a, + HA% - AW2||H1/2—>H—1/2-

Finally, (2.38) follows from the fact that WP(U) < C%(U) = C*(U) — C*(Q). O
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Chapter 3
ISOTROPIC CLOAKING FOR MAXWELL’S EQUATIONS

3.1 Maxwell’s Equations

Maxwell’s equations are a system of PDEs that describe the behavior of electric and magnetic
fields arising from a distribution of charges and currents. Let  C R3 be an open set
representing an electromagnetic medium in space. For every x € Q, let €(z), u(z), and o(x)
denote the electric permittivity, magnetic permeability and conductivity at the point x. We
allow the possibility that these parameters are anisotropic, in which case, they are given by
real positive semi-definite matrix valued functions on 2. We also assume for simplicity that
there are no free charges or free currents inside 2. Then Maxwell’s equations state that the
electric field E(z, t) and the magnetic field H(z, t) inside © (and varying with time ¢) satisfy

the equations

diveE = 0
divpH = 0
OH
I1IE = —u—
cur I 5
_OE
IH = E —.
cur ol + € BT

We will be particularly interested in solutions of the form E(z,t) = R(E(z)e ") and H(z) =
R(H(z)e ™). Here, w > 0 and E, H can take values in C3. Tt can be easily verified that
such F, H must satisfy

curl £ = iwpH,
(3.1)

curl H = —iw (€+ %’) E.
These are the so-called time harmonic Maxwell’s equations at frequency w. For convenience,

we define € = € 4 ¢o /w. In this section, we will discuss some basic existence and uniqueness
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results for boundary value problems for this system of equations. Throughout this section,

we will assume that the medium (2 is reqular, i.e., there exists ¢ > 0 such that

3
cl¢]? < Z i (2)&& < cHEP, (3.2)
ij—=1
3
cléf® < Z pij ()& < e, (3.3)
ij—1
and
3
0< ) o2& < Mg (3.4)
ij—=1

for all ¢ € R? and a.e. z € Q. Under these regularity assumptions on e and p, it can be
shown that the boundary value problem for the Maxwell equations is uniquely solvable in a
certain Sobolev-type space, except for a discrete set of resonance frequencies w. The material
in this section is classical, so we omit most of the proofs. The reader can refer to any of
[28, 33, 31, 8, [7, 15] for the details. We begin by introducing some Sobolev-type function

spaces needed to establish this result.

Definition 3.1. Let Q@ C R? be open. We define the function spaces H(curl, ) and
H(div, Q) by

H(cwl, Q) = {u=(u',v® v?) € (L*(Q))*: curlu € L*(Q)*},
H(div,Q) = {u= (u',v?u*) € (L*(Q))*: divu € L*(Q)},

and equip them with the inner products

(U, W) g(ean,0) = / u-w + (curlu) - (curlw),
Q

(U, W) gaiv,) = /u-EJr(divu)(divw)
Q

respectively. As in the case of the usual Sobolev spaces, we also define Hy(curl,2) and

Hy(div, ) as the closures of C°(€2) in H(curl,2) and H(div, ) respectively.
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It is easy to show that H(curl, Q) and H(div,(2) are both Hilbert spaces. If in addition,
Q has smooth boundary, C>(Q)? is dense in both of these spaces, and there is a canonical

way of taking traces of these functions on the boundary 0f2.

Definition 3.2. Let Q C R3 be an open set with smooth boundary. Let v be the outward

unit normal vector field on 9Q. For u € C*°(Q)?, we define

/

tr, u:=v-u on 0f)
trp u:=u— (v-u)y=—vx (¥vxu) on df

try u:=v xu on Jf.

\

In order to characterize the kernels of these trace maps on H(curl,§2) and H(div,?),
we need the notions of intrinsic gradient, curl, and divergence on a smooth surface in R3.
Let ¢ € C*(9Q) and u € C*(9Q)* be smooth scalar and vector valued functions on 9
respectively. We may extend ¢ and u to smooth functions in a neighorhood of 9€2. We also
have a unique extension of v to a smooth unit vector field on a neighborhood of 92. Then

the surface gradient, surface curl, and surface divergence operators are defined by

Voap = v-Volaq,
curlpou = v - (curlu)|sq, and

divaggu = div(ur)|sq = div(u — (u - v)v)|sq

respectively. It can be verified that the surface curl and surface divergence of u are related
by

curlpg u = divge (v X u).

Moreover, we have the following two integral identities:

/ (curlpqu)p do = —/ u- (v x Vaqyp) do,
) o0

/ (diVaQu)(,O do = —/ U'VQQQO do
o0N o0
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where do is the surface measure on 9€). These identities allow us to extend the definitions

of surface curl and divergence to distributions u € D’'(9f2) by

Divgqu, ¢ = —(u, Vaqp
(Diveat, ¢) > Voot Ve € C%(99).

(Curlggu, ) = —(u,v X Vaqp)

Now consider the following Sobolev spaces of tangential vector fields on 0€2:

Definition 3.3. For all s € R,

TH*(00) = {uec (H*2)): tr, u=0on N}
H*(div,0Q) = {ueTH*(09Q): divegqu € H*(00)}
He(curl,09) = {ueTH?*(09Q): curlpou € H*(0N)}.

Theorem 3.4 (Trace Theorem). The normal trace operator tr, : u +— v - u|gq extends
to a continuous linear map from H(div,Q) — H~Y2(08). The tangential trace operators
try u— —v X (V X u|pq) and tr, : u — v X ulsq extend to continuous linear operators from
H(curl, Q) — H~Y2(curl,09Q) and H(curl,Q) — H~Y2(div,09) respectively. The kernels
of these operators are precisely the closures of C>°(2)3 in the corresponding domain spaces,

that s,

ker tr,, = Hy(div, ), ker trp = ker tr, = Hy(curl, Q).

Moreover, tr,,trp,tr, are surjective and have bounded right inverses n, : H‘l/Q(aQ) —
H(div,Q), nr : H2(curl, 0Q) — H(curl,Q) and n, : H=Y/?(div, 0Q) — H(curl, ), respec-
tively.

We may now state the existence and uniqueness theorem for boundary value problems

for the time harmonic Maxwell’s equations.

Theorem 3.5. Suppose €, u, o satisfy the conditions (3.2)-(3.4). There exists a discrete
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subset F' C R such that for all w € R\ F, the following boundary value problem:

(

curl B = wpH

§ curl H = —jw (E—I— %) E+J (3.5)

vV X E’ag = f € H_1/2<di?},89)
\

has a unique solution (E, H) € H(curl,Q) x H(curl,Q)) and satisfies the stability estimate

1Bl ey + 1H | eun0) < CW) I llr-1/2aiv.00) + 1/]]22@)-

On the other hand, if w € F, there exist non-zero solutions to the corresponding homogeneous
system
(

curl B = iwuH

 curl H = —iw (E—i— %) E

I/><E|3Q:0.
\

We call F the set of electromagnetic eigenvalues for (€, ).

The proof is based on the variational characterization of (3.5) and Fredholm theory. A
complete proof can be found in [31], 28]. We conclude this section with a couple of important

facts about these curl and divergence based Sobolev spaces.

Lemma 3.6 (Duality). The spaces H~'/?(div, Q) and H=/%(curl, 0Q) are mutually adjoint
with respect to the scalar product in TL*(0Q). Moreover, for any ui,us € H(curl,Q) , the
following Stokes formula holds

/ (ug - (curlug) — ug - (curlwy)) dx = (yr ug, yruq)
0

where {,) denotes the duality bracket between H~'/?(curl, 0Q) and H~/?(div, 09Q) with respect
to the L*(99)) inner product.

The next theorem is a crucial ingredient of the proof of the homogenization result The-
orem [3.17] as well as the proof of our Main Theorem in Section 5. We include a proof for

completeness.
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Theorem 3.7 (The Div-Curl Lemma [3]). Suppose

u" — u in H(curl,Q) and

w' = w in H(div,Q)
asn — o0o. Then
u" - w" —u-w  in D'(Q),
that is,
/u"-@”go%/w@np Vo € C°(2) asn — oo. (3.6)
Q Q

Proof. Fix ¢ € C(Q) and choose ¢ € C°(£2) such that ¢» = 1 on supp ¢. Then (3.6) is

equivalent to
ey 5 [ (ou) . (3.7
Q Q
Extending pu and v by 0 outside 2, we see that ¢u, v € H(curl, R3). Set 7" = F(pu™),r =

F(pu) and s* = F(ypo™),s = F(Yv), where F(f) denotes the Fourier transform of f. By
taking the Fourier transform of (3.7)), we get

I" :/ s dE — | -5 dE (3.8)
R3

R3

by the Plancherel theorem. Note that pu™ — pu and ¥v™ — v in £'(2) and consequently

r(§) = (pu" eTE) = (pu, e ) =1(¢), and

Sn(f) — <wvn’€—ix.g> N <wv’e—ix-§> _ S(f)
uniformly on compact subsets of ]Rg. Therefore, for any M > 0,
/ r".s" — f+s asn— oo. (3.9)
|§l<M |€|<M
Moreover, for all j, k € {1, 2,3},
§iry — &y — e — &y in L*(R?), and

é’jsn — ijj n LQ(R3)

J
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and consequently, are bounded in L?(R?) uniformly with respect to n . Now, we observe

that
3

Eer™ 3" = Z(ékﬁn — &3] + 168

Jj=1

Therefore, by the Cauchy-Schwarz inequality,

€[] -3 < g(€) € LY(R®?)  for all n.

Now,
_ 1 _
re [ < [ s
gl<M g=n €]
< gl
= M

for all n. Therefore, by triangle inequality,

I”—/ridf‘sugJ&LIJr‘/ r" . s"dE — r~§d§'+‘/ - Sd€ — r-gdf’.
<M gl<m e<m R?

It now follows from (3.9)) that by taking n, M large enough, the left hand side can be made

arbitrarily small, thus proving the result. O]
3.2 Cloaking for Maxwell’s equations

In this section, we will rigorously define what is meant by an invisibility cloak, and summarize
the constructions of the degenerating ideal cloak and the regularized approximate cloak for
Maxwell’s equations constructed in [17] and [2] respectively.

Suppose w € R is not an eigenvalue for (£2;¢, u). Analogous to the Dirichlet-to-Neumann
map for the conductivity and Schrédinger equations, we define the so-called Impedance map

A, o H7Y2(div, 002) — H~/2(div, 08) by

N
Aeu(f) = v x Hlagq,

where (E, H) is the unique solution of (3.5). In other words, A., maps the tangential

component of the electric field on the boundary to the tangential component of the magnetic



46

field on the bounday. It follows from Theorem that A, is a continuous linear map. It is
the analogue of the Dirichlet-to-Nuemann map for Maxwell’s equations and encodes the set

of all the possible electromagnetic measurements that can be made at the boundary of €.

Definition 3.8. Let D € ) be a smooth bounded subdomain and let €., u. and o. be real
symmetric matrix valued measurable functions on Q\E. Define €. = €.+i0./w as before. We
say that (Q\ D; e, pt.) is an invisibility cloak for the region D, if for any reqular permittivity,

permeability and conductivity €,, 1o, 0, defined in €2, we have
A%,uE = AIJ on 89,

where [ is the 3 x 3 identity matrix and e, y. are the electromagnetic parameters of the
extended object:

(€ +ioe/w, pe) in Q\ D
(€c, pte) =
(€, +i04/w, pg) in D

In other words, the boundary measurements A._,, must be indistinguishable from the
measurements one would get if {2 was a vacuum (which corresponds to € = = I). We call
Q\ D and D the cloaking region and the cloaked region respectively.

The following invariance property of Maxwell’s equations forms the basis of the trans-
formation optics method of constructing electromagnetic cloaks: Let Q be another smooth

bounded domain and suppose there exists a smooth diffeomorphism F :  — Q.

Lemma 3.9. Suppose (E, H) € H(curl, Q)x H (curl, Q) satisfies the time harmonic Mazwell’s
equations i . Define the EM fields

E=FFE:=(DFY)'EoF!, H=FH=(DF)'HoF"
on Q. Then (E, H) € H(curl,Q) x H(curl, Q) and satisfy

curl B = iwu’ﬁ[,
_ N (3.10)
curl H = —iw (? + ﬁ) E

w
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where €, 1/, o' are the push-forwards of €, u, 0 under F, defined by

~ = 1 c t -1

¢ = Fe:= (W(DF)'E'(DF))OF ,
W = Fopo= (@(DF)-H-(DFV) o F1,
r L 1 t —1
o = F.o:= (W(DF)'U'(DF>)OF )

A proof can be found in [30]. As an immediate consequence, we have the following

corollary.

Corollary 3.10. Let (Q;¢, ) be as before and suppose F : Q — Q is a diffeomorphism such
that Floq = Id. Then
Ae,u = AF*G,F*M on 89

Proof. Fix f € H™Y/2(div,09Q). Let (E, H) and (E, H) be the solutions of (3.1)) and (3.10)

respectively, with the boundary condition
vxE=vxFE= f
Note that F|sq = Id and consequently, (DF,)|r,00 = Id for all x € 9. Therefore
Aperpf =vx Hlogg = (DF) ™ (v x H) 0 F 50 = v x H|pq = A f.
[

Remark 4. In Lemma and Corollary , it is sufficient to assume that €2, Q are Lipschitz
and that F'is bi-Lipschitz.

We now summarize the singular ideal cloak and the regular approximate cloak construc-
tions in [I7] and [2]. Henceforth, we let B, denote {x € R® : |z| < r}. Consider the map
F: By\ {0} — By \ B given by

F(z) = <1 + m) s

2 ) |z’
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which blows up the Origin to the cloaked region B;. The central idea of transformation
optics-based electromagnetic cloaking is to use the invariance properties and to
“hide” an arbitrary regular electromagnetic object in B; using the transformation F'. Notice
however, that F' is not a regular change of coordinates, as det(DF) — 0 as |z| — 0. Define
the electromagnetic parameters in By \ B; to be the pushforwards of the identity under the
coordinate transformation F"

(DF)-1-(DF)!
|det DF|

€(x) =pu(x) =F.I = (Fx)), 1<]z|<2.

A simple computation gives us an explicit formula for € and p:

MH(@ +2(1 — II(x))

where II(z) is the projection map in the radial direction.

e o)

It is easy to see that one of the eigenvalues of € (and u), namely, the one corresponding to
the radial direction goes to 0 as |z| — 1. Therefore, the regularity conditions (3.2))-(3.4) no
longer hold. Again consider the extended object
I (B2 \ Bi;€, i) in By \ B,
(B2a €e, :ue) =

(Bl;eauua) in Bl
where €, and p, are arbitrary. It was shown in [I7] that distributional solutions (E , H ) of the
Maxwell equations corresponding to €, and ji. satisfying certain “finite energy” conditions
have the same Cauchy data as the solutions of the Maxwell equations in free space. More
precisely, if (E, H) € H(curl,Q) x H(curl, Q) is the solution of

.

curl E = wH,

curl H = —iwk, (3.11)

l/XElang/XEbg
\
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then

I/XE]‘@Q:VXHbQ.

Thus, (By \ By;¢, i) forms a perfect cloak for the region B;. However, the singular nature
of the parameters of this cloak poses serious challenges to practical implementation as well
as theoretical analysis. Therefore, it is natural to consider regular approximations to the
singular change of variables. As a trade-off, we lose the perfect cloaking of the singular

construction and instead obtain an approrimate cloak.

Definition 3.11. Let D € Q2 be a smooth bounded subdomain and let €., u? and ¢ be real
symmetric matrix valued measurable functions on Q \ D, indexed by a positive real number
p. Define # = €.” +i0” /w as before. We say that (Q\ D; ¢?, 1) is an approximate cloak for
the region D, if for any regular permittivity, permeability and conductivity €, 4, 0, defined

in 2, we have

||Aeg,u5 - AI,I||ﬁ(H—1/2(div,am,H—l/?(dw,am) —0 as p— 0+.

where [ is the 3 x 3 identity matrix and, as before €?, £ are the electromagnetic parameters
of the extended object:
(673 +i0f/w, ) in Q\ D
(€2, pe) =
(€ +i04/w,pe) in D
Here, || - || £(-1/2(div,00), H-1/2(div,00)) denotes the standard operator norm on bounded linear

maps from H~/2(div,dQ) to itself.

Two different approximation schemes have been proposed in the literature for approxi-
mate cloaking. In [I8], Greenleaf et. al. proposed that one use the transformation F' to blow
up a small ball B, to a larger ball Bg, where 1 < R < 2. On the other hand, the proposal
of Kohn et. al. in [29] is to use a transformation similar to F' to blow up B, to By. Here
we will work with the latter approximation scheme. However, it is known that the former

approximation scheme gives a similar performance [30].
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Now, for 0 < p < 1, consider the bi-Lipschitz transformation F, : B3 — B given by

)
T for 2 < |x| <3,

Fp(z) = <2(21—_;f) + 2‘%'{)) ap forp<lz] <2 (3.12)
- for [z] < p,

Notice that F, dilates B, to By and retracts B3\ B, to B3\ B;. Also note that we are working
in a slightly larger ball Bz rather than By and that F, = Id in the annulus Bs \ By. The
advantage of this modification is that the pushed-forward electric permittivity and magnetic
permeability will both be identity in a neighbourhood of the boundary of our domain, which

will prove useful in the proof of our Main Theorem in Section 5.

Theorem 3.12 ([2]). Given 0 < p < 1, consider the electromagnetic object (Bs, £, uf) with

electromagnetic parameters defined by

;

((Fp)ol, (F,).) in By \ By,
(€0, 1) = § ((Fp)o(1 +ip~2Jw)I,(E,).I) in By \ By, (3.13)
L (Eaa ,ua) m B1/2

where €,, l1a are arbitrary and reqular. Suppose also that w € R is not an eigenvalue of
(Bs; I,1). Then there exists py > 0 such that for all 0 < p < py, w is not an eigenvalue for

(Bs, €2, uf) for any choice of reqular €,, p,. Moreover,

HAef;,ug’ - AI,I||z:(H—1/2(div,aB3),H—1/2(div,aB3)) —0 asp—>0+.

Notice that apart from regularizing F', we have added a layer of high conductivity in the
region B \ By/;. This additional layer was shown to be essential in [30], since in the absence

of this layer, one can have ¢4, 1, that make w an eigenvalue.
3.3 Homogenization

In this section, we recall the notion of H-convergence and present a homogenization result

for Maxwell’s equations.
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Definition 3.13. Let 0 < oo < 8 < oo and let Q2 C RY be open. We define Mg(c, 5;Q)
to be the set of all real N x N matrix-valued measurable functions A(z) = [aw(x)]1<ki<n

defined almost everywhere on §2 such that

N

(A(7)€,8) = Zak1($)§k51 > al¢f?, and
k=1
|A(z)E] < BI¢

for all ¢ € RY and a.e. z € Q.

Analogously, in the complex case, we define Mc(a, 8;€2) to be the set of all complex

N x N matrix-valued measurable functions A(z) defined almost everywhere on 2 such that

i€ (Ax) ~ A2))E > ol and
Al < Blg]

for all £ € CV and a.e. o € Q. Here A(x)! = (A(z))! = A(x)! denotes the Hermitian
conjugate of A(z). Note that A(x) € Mc(a, ;) implies that R(A(z)) (real part of the
matrix A(z)) is symmetric, i.e. R(A(z))u = R(A(z))i for all 1 <k, I < N.

We will say A € M(a, 3;Q) if either A € Mg(a, 5;Q) or A € Mc(a, 5;9).

Next, we define the notion of H-convergence [1, [38]:
Definition 3.14. Let A™ € M(«, 5;Q) for n € N and A* € M(a, B; Q). We say
A A or H -converges to A*
if for all test sequences u" € H'(Q) satisfying

u" —u  weakly in H'(Q), and

—div(A"Vu™) is strongly convergent in H~'(€2).

we have A"Vu" — A*Vu in L?(Q)N. We call A* the homogenized matrix for the sequence

{A"}.
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To illustrate the utility of H-convergence, let us consider the following sequence of elliptic
boundary value problems: Let A™ be a sequence of matrices in M(a, 3;€2) such that A" KN

A* and let u,, be the solutions of

— div(A"Vu,) = f € HY(Q),

Un|6Q = 0

It is easy to see that ||u, | g1(q) < C for some constant C' independent of n. Therefore, there
exists a subsequence, which we still denote by u, that converges weakly to some u € Hj ().
Now, the definition of H-convergence implies that A"Vu,, — A*Vu asn — oco. Consequently,
0 = —div(A"Vu,) — — div(A*Vu). Therefore, the weak limit u of u, is in fact the solution

of the following “homogenized” problem:

—div(A*Vu) = f in Q,

u‘aQ = 0.

3.3.1 Homogenization with periodic micro-structures

For some types of sequences A", the homogenized matrix A* can be explicitly computed. Let
us consider the class of periodic micro-structures as an example. Let Y denote the unit cube
0, 1]V in RN, Let A(y) = [an(y)]i<ki<n € M(a, B;Y) be such that ay(y) are Y-periodic
functions Vk, 1 = 1,2.., N, that is, an(y + 2) = ap(y) whenever 2 € Z" and y € Y. Now we

set

A(2) = [apy(@)] = lau(nz)], = €[0,1/n)"

and extend it to all of RY by 1/n-periodicity. The restriction of A" to € is known as a peri-
odic micro-structure. Such micro-structures arise in the study of physical systems where the
parameters vary periodically, with a period that is very small compared to the dimensions

of the object under consideration.
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In this classical case, the homogenized conductivity A* = [a},] is a constant matrix whose

entries are given by [1} 3]

dio = [ X )30l + )5 ulo) + i

2,j=1
where we define the xj through the so-called cell-problems. For each canonical basis vector

ex, Xk is defined to be the unique solution of the conductivity problem in the periodic unit

cell :

—div,( AW)(Vyxe(y) +ex) =0 in RN,y xi(y) is Y-periodic

in the Sobolev space Hy (Y) defined by

Hy oY) = {f € HL (RY): y+— f(y) is Y-periodic, /Yf(y)dy = O} :

We can generalize the above case to what are called locally periodic micro-structures. Let
Az, y) = [am(z, y)|li<ki<y € M(a, B;Q x Y) be such that ay(x,-) are Y-periodic functions
with respect to the second variable Vk,l = 1,2,.., N and for almost every z in ). Now we

set
A" (z) = [ag(z)] = [ag(z, nw)]
Then the homogenized conductivity A*(x) = [a},(x)] is given by [3, 26]
(m@j/iwu>3<@>+>3«w>+>d (3.14)
kl - Yi7j:1 i\ L, Y ayz X\, Y Yk ay] XI\T,Y Yyr)ay .

where xx(z,-) € Hy ((Y) solves the following cell problem for almost every z in
—div, ( A(z, y)(Vyxu(z,y) +ex) =0 inRY,  y— yi(z,y) is Y-periodic.

Notice that even if each A"(z) is a scalar matrix, the homogenized matrix A*(z) need
not be scalar valued. This is the crucial property of homogenization that allows us to
approximate anisotropic permittivities and permeabilities by isotropic ones. We note two

important properties of H-convergence:
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Proposition 3.15. Suppose A" I A* in Q. Then
1. A" LN A*|qy for all open sets Q' C €.
2. For any matriz-valued function M(x), if MA™ € M(«, 5,2), then M A" LNV

The proof can be found in [1].

3.3.2  Homogenization of the Maxwell system

Let {€"}, {i"} be sequences such that €, " € Mc(a, 5;Q) ¥n € N for some 0 < a < .
Then consider the following sequence of time-harmonic Maxwell equations at frequency w >
0:

(

curl E™ = qwp"H™

curl H" = —jwe™ B (3.15)

v X En|aQ =fe H_1/2(CHV,69)
\

It can be shown (see Proposition below) that the above problem admits a unique
solution (E™, H™) € H(curl, Q) x H(curl, 2) which satisfies

HEnHH(curl,Q) + HHnHH(curl,Q) < CHfHHfl/Z(div,c’m)a

where the constant C' = C'(«, 3, w) is independent of n. Therefore, E™, H™ have subsequences

(still denoted by E™ H™) such that
(E",H") — (E, H) weakly in H (curl, Q) x H(curl, Q).

Our goal is to get the limiting equation for (£, H) € H(curl, Q) x H(curl, Q).

Let us begin with the an existence-uniqueness result for a Maxwell system of the type

(3.15)):
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Proposition 3.16. Let e, u € Mc(a, B;Q) for some 0 < a < 3. Then the following Mazwell

system in ) at frequency w > 0

(

curl ' = iwwpH

§curl H = —iweE (3.16)

vV X E|3Q =fe Hfl/Q(div,(‘)Q)

admits a unique solution (E, H) € H(curl, Q) x H(curl, Q) satisfying
1Bz eun,0) + 1 H [ meuno) < Clfla-12v,00): (3.17)
where the constant C' = C(a, B,w).

Remark 5. Note that Theorem 3.5 gives us existence and uniqueness when p, R(e) € Mg(a, 8;Q), S(e) >
0 and for w € R\ F. Here we have instead assumed p, € to be in Mc(a, 5;2) and w > 0 is

arbitrary.

Proof. Let us consider the equation satisfied by H

curl (ie‘l(az)(curlfl(aj))) +iwp(z)H(z) =0 in Q.

The weak formulation of the above problem would be

—/ ((curlw) : ,ie_l(cuﬂH) + W - MH) dx = / (v x E)-wdS, Yw € H(curl, Q).
Q tw e}
(3.18)

Define the sesquilinear form a : H(curl, Q) x H(curl,2) — C by

1
a(u,w) := —/ ((V X W) - Ee_l(v X u) + W - uu) dx, Yu,w € H(curl, ).
0

We note that, by writing w = yrw + (w - v)v on 0F2, the right hand side of (3.18) becomes

/(VXE)-@dSz/ (VXE)-’}/deS—I—/ (vx E)-(w-v)vdS, we H(curl,Q)
o9 o9 )

:/ (vx E)-yrwdS (since (v X E)-v =0 on 09). (3.19)
o0
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Then the weak formulation of the problem can be rewritten as
a(H,w) = (f,yrw), Ywe H(curl,Q) (3.20)

where (, ) denotes the duality bracket between H~1/2(div, Q) and H~'/?(curl, 99) (cf. Lemma
3.6) with respect to the TL?(9Q) inner product as in (3.19).

We now claim that a(-,-) is coercive, that is,

1
Ra(u,u) = —/ <E(curlﬂ) (e =€) (curlu) +dwu* - (p— pl) u) > C’||u||§{(cmm).
Q
(3.21)
Indeed, from the definition of Mc(«, 5;2) we have

it (u(o) — p()) E > Culel?
iwg - ((x) — u(@)) € > Cuf¢] Ve € C?, ae z €.
>

56 (o) - @) E 2 Ol

Now, for any ¢ € C3,

L (N = DT = L0 (e~ ) T2 Gl
Setting ¢ = (¢')71¢, we conclude that

?

ey —evez ol veec
Therefore, by (3.21)),
Ra(u, u) > Cs|| curlu|z. + Ciflullz: = min{Cy, Ca}llullcu ),

which proves the claim. Moreover, since |ué], [e£| < B|€| for all £ € C3 we can see that the

sesquilinear form a is continuous, i.e.,

|a(u, w)| < Clullgeanol[wl]#eun,0)-
From the standard trace theory (cf. Lemma and Theorem it is easy to see that the
right-hand side of ([3.20) is continuous on H (curl, ), i.e.,

[(f,yr w)| < C‘|f‘|H*1/2(div,8Q)’|w|‘H*1/2(cur1,8Q)

< O =12 aiv.00) 1w a0y, w € H(curl, Q). (3.22)
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Therefore, (3.20) has a unique solution H € H(curl, Q) by the Lax-Milgram theorem, and

from (3.21)),(3.22)) it enjoys the norm estimate

[H ||z (cun ) < Ol fllg-172a1v,00)-
e Lcurl H. Tt is easy to check that the weak curl of E is iwpH, and
]

Finally, we set E = i
therefore (3.16]) and (3.17)) easily follow.
We now prove the homogenization result for the Maxwell system (3.15]). Our proof closely

follows the method used in [3], though our assumptions on € and pu are slightly different.

Theorem 3.17. Let €, u" € Mc(«, 3;8) be such that

*

s )
m ), as n — oo.

1=

n

0

€ €*

(curl, Q) is the unique solution of the Mazwell system

T =

Suppose (E™, H") € H(curl, ) x
(3.15). Then, up to a subsequence,
(E", H") — (E, H) weakly in H(curl,Q) x H(curl,Q) as n — oo.

where (E, H) € H(curl, Q) x H(curl,Q) is the unique solution of the following homogenized

time-harmonic Mazwell system:
(

curl & = qwp*H
(3.23)

curl H = —iwe*FE

\VXE|aQ:f

Proof. Consider the equation satisfied by H™:
1 n\—1 n . nrrn
curl — (") curl H" +iwp"H" = 0. (3.24)
iw
By the estimate (3.17)), we have || H"|| g(cur0) < C(o, 8,12). Therefore, up to a subsequence,

H"— H in H(curl, Q).
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Also, since ||(e") " (curl H")||2 < C(a, 3,9),
() teurl H™ — b, in (L*(Q))3. (3.25)
Similarly, uH™ is bounded in L*(Q2)3. So assume
p"H™ — b weakly in L*(Q)®. (3.26)
Then, from the equation , we have

1 1
0 = curl — (") ' eurl H" + dwpH" — curl —h; +iwhy  in (H(curl, Q)) (3.27)
iw iw

Now, let u™ € H'(Q) solve

—div ("(z)Vu"(x)) = F in Q
u”" =0 on 0f)
where F' € H~1(2). Then we know that up to a subsequence, as n — oo, we have
u" —u  weakly in H'(Q)
€"Vu" — €Vu weakly in L*(Q)?
where u € H(Q) solves
=V - (e"(z)Vu(z)) = F in Q

(3.28)
u = 0 on 9f.

Let us consider the following identity:
() teurl H") - €"Vu™ = (curl H") - Vu™ in Q. (3.29)

From (3.26) and (3.27), (¢")~!curl H* — by in H(curl,2). Also from (3.25) and (3.28)),
€"Vu" — ¢*Vu in H(div,2). Therefore, by the Div-Curl lemma, it follows that

(€L eurl H™) - "Vu™ — by - €Vu  in D'(Q).
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Now, we find the limit of the right hand side of (3.29)). Since, div(curl H") = 0 and
curl(Vu™) = 0, we see that curl H* — curl H in H(div, Q) and Vu" — Vu in H(curl, 2).

Therefore, again by the Div-Curl lemma,
curl H" - Vu" — curl H - Vu  in D'(Q).
Now by equating the limits of the two sides of the equation, we get
b -e'Vu=curl H-Vu in Q.

In other words, (¢*h; — curl H) - Vu = 0, where u € H} () is the solution of (3.28). Since
(—div(e*V))™': H1(Q) — H{ () is an isomorphism, by varying F' € H'(Q2), u spans all
of H}(Q). Therefore,

b = curl H

=bh = () 'cwlH.
Next, we show that by = p*H. Let w™ € H'(Q2) be the unique solution of

—div (p"(z)Vw"(z)) = G in 2
w" = 0 on 0f)

where G € H~1(2). Since " A, w*, up to a subsequence, as n — oo, we have

w" — w weakly in H'(Q)

p"Vu" — p*Vw weakly in L*(Q)?

where w € H'(2) solves

—div (i () Vw(z)) = G in Q (3.30)
w = 0 on 0.

Consider the identity
pwtH" - Vw" = H" - u"Vw".
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We have divp"H™ = 0. So p"H™ — by weakly in H(=, Q). Similarly, since curl Vuw" = 0,
Vuw™ — Vw weakly in H(curl, Q). So, applying the Div-Curl lemma again, we get
ptH™ - Vu™ = b - Vw  in D'(Q).

From the right hand side, we have H" — H in H(curl,Q) and that p"Vw" — p*Vw in
H(div, Q) by (3.30). So again by Div-Curl lemma, we have

H" - p"Vu" — H-p*Vw  in D'(Q).
Now, by equating the two limits, we get

ho - Vw = H-p'Vw
= (hp—p'H)-Vw = 0.

Again, by varying G, w spans HJ(2). So we get by = p*H in Q. Thus, we have the following
homogenized equation for H € H(curl, §2):
1 *\ —1 . * .
curl — (") curl H +iwp*H =0 in H(curl, Q).

w

As before, set E = L(e*)"'curl H. Then we see that (E", H") — (E,H) and (E,H) €
H(curl, Q) x H(curl, Q) satisfies (3.23]). O

3.4 Approximate Isotropic Cloak

As we have seen, (Bs\ By;e?, ) forms an approximate electromagnetic cloak for the region

B;. Therefore, for any f € H~'/?(div, dBj),
A o f — Aprf  strongly in H_l/Q(diV, 0Bs)

as p — 0, where (Bs;e?, u?) is the extended object defined as before. We now want to

construct isotropic sequences {¢,,} and {u,,} such that

Nerp oy f — Arrf  strongly as m — oo.
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We would like to do this by first constructing sequences of permittivities and permeabilities
whose H-limits are €£ and p, and then passing to the limit as p — 0. However, we will not be
able to directly find sequences whose homogenized limits are (€?, ) since p? ¢ Mc (v, B; Bs)
for any «, 8. Therefore, we will go through a two-step process: first we fix a small parameter

0 > 0, and construct sequences €f, " such that

(1+i6)" e} (14 1d)e?,

H
_>
(1+is)p" L 1+l

Note that both sides of the equations above are in Mc(«, 5; Bs) for some «, 3, so that
Theorem [3.17| applies. In the next step, we let 6 — 0. We will be able to show in Section 5
that

iy (i ) = o

where the limit is in the strong topology of H~'/2(div, dB3). We note however that the order
in which we take the limits can not be interchanged. Finally, by a diagonal argument, by

choosing sequences n,, — 00, 6,, — 0 and p,, — 0, we can construct (€, i) such that
Aem,umf — A[Jf Strongly as m — oQ.

In this section we shall give an explicit construction of the approximate isotropic cloak.

Throughout this section we assume that p > 0 is a fixed parameter. Let us define
(Fp)*j in B3 \ Bl/g,
1 in Bl/27

where F), is as defined in (3.12)). More explictly,

(

~

for 2 < |z| <3

(I —(z)) + “i\;{;) O(z) forl<|z| <2

7 (x) = (3.31)
i for 1/2 < |z| < 1

~

for |z| < 1/2
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where

200-p) ,_ 1
2—p ' - 2—p
and TI(z) = |z|"2xzz" is the projection in the radial direction. Given arbitrary regular €,, j,

in By/,, we note that the extended object is given by

;

(v, 7") in By \ By
(€2, 1) = 4 (v*(1 +ip~2/w),7*) in By \ By

(€a7"s ttaY™) in By .

\

We will construct isotropic matrices of the form
Y (x) = y(x,n|z])I, x € Bs (3.32)

that H-converge to v*, where, v(x,y) is periodic in y € Y. Recall that v* can be com-
puted from 7(z,y) using . From ~", it is straightforward to construct isotropic electric
permittivities and magnetic permeabilities for the approximate cloak. Our construction is
mostly based on [I§]. Let us change to polar coordinates. Let s = (1,6, ) and t = (', 0, ¢')
be the spherical polar coordinates corresponding to the two scales  and y respectively. Next
we homogenize (s, t) in the (/,6', ¢')-coordinates. Let ey, ey, e3 denote the canonical basis
vectors of R? in 7/, " and ¢’ directions respectively. Then for almost every s € €2, there exist

unique solutions yx(s,t), k = 1,2, 3 of the equation

divy(v(s,t)(Vixn(s, ) +ex)) = 0 in RY, (333
t=(r",0'¢") — xi(s,t) is l-periodic in each of 1,6, &'
which satisfies the condition
/Y (s, )dt = 0, (3.34)
where dt = dr'df'd¢’ and Y = [0, 1]>.
Since 7(s, t) is independent of ¢ and ', (3.33) and (3.34]) imply that x; = 0 for k = 2, 3.
Now consider the equation for xi:

0 nOxa(s,t)\ _(’97(3,7“’)
o (’7(37 ) or' - o (3.35)
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It is clear from the above equation that y; is independent of ¢, ¢" as well. Moreover, from

(3-35) we get
0
AU

or v(s,t)

where the constant C' can be found by using the periodicity of x; with respect to r’ to be

1

Here 7(s) denotes the harmonic mean of (s, ) in the second variable. Similarly, we let 7(s)

denote the arithmetic mean of (s, t) in the second variable:

76 = [ (s,

Now, for v* to be the homogenized limit of y", we must have

n [ Oxk(s,t
7;;1(5> = / ’Y(S,T) (% + 5kl) dt,
Y l

7 (s) = y(s)ll(s) +7(s)( = 1(s)),

which simplifies to

(3.36)

where, as before, TI(s) : R® — R3 is the projection on to the radial direction. Comparing

this with (3.31]), we see that it suffices to construct a «(s,t) such that

¢

1 in Bg \ B2
. % in B2 \ B1
7(s) =
pil in B \ Bl/g
\1 in Bl/2
and
1 in Bg \ B2

(|s\—a)2 in B2 \ B1

p_l in Bl \ Bl/2

1 in Bl/g

(3.37)

(3.38)
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Let us now construct such a v. Our construction is based on the one presented in [18].
However, we are able to work with a simpler construction since we do not need v to be

continuous. It is easy to define (s, t) for s € By U (Bs \ Bs):
(

1 for s€ B3\ By, t €Y

7(S7t) = p_l for s € Bl \ Bl/g, te Y, (339)

1 fors € By, t €Y.

\

For s € By \ By, suppose we can write

v(s,t) = a(S)X(O,l/Q) (t) + 5(5>X(1/2,1)<t> (3.40)

where o and 8 are positive functions of s. Then (3.37) and (3.38]) translate to

(8) _a(s)+p(s) 1

ETE e Vs € By \ By. (3.41)
2(s) = 2585 = S
Eliminating § from the above equations, we get
2
00? %a N (|:2!2‘8|<;) _o
This equation will have two positive roots so long as the descriminant is non-negative:
4 8sl-a?
b2 b?|s|?
& 4s|* — 16als| +8lal* < 0

which is equivalent to
(2—V2)a < s < (24V2)a.

But this condition is true for any 0 < p < 1/2, as

2—2
2-VDa = (2-V2)3 Peo—V2<1<s|, and
—p
2
24+V2)a = (2+V2) (1+$) > (2+\/§>§ >2>s|.
Therefore, it follows that (3.41)) can be solved for o and /5 to obtain positive functions of s

on B\ By. Finally, equations (3.39)) and (3.40]) define a (s, ¢) with all the desired properties.
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Construction of isotropic electromagnetic parameters :

We shall now construct the electromagnetic parameters of our approximate isotropic cloak.
We continue to assume that the parameter p > 0 introduced in the definition of the approx-

imate cloak (cf. Definition [3.11]) is fixed. Recall that we defined
v () = y(z,n|z]) forallx € B3, n€N.

We define a sequence of isotropic non-singular magnetic permeabilities {u"} by

p" =1y in Bs, (3.42)
where
1 in Bg \ B;
p1(z) = ’
[bg In B%

and p, is an arbitrary permeability in B 1as introduced in the Definition of cloaking (cf.
Definition |3.8)).
Next, we fix 6 > 0 and define sequences of isotropic non-singular electric permittivities

{€?} and isotropic conductivities {03} as follows:
€5 :=NR(e§) in By and oy :=wS(ey) in Bs

where

i .
€& =& + —o5 = (1+1i6)° (1 + 5903> P27 in Bj, (3.43)

and
1 iIl Bg \ B;
pa() = ' i
€+ 0, inB 1
Here €,, 0, are arbitrary electric permittivity and conductivity respectively in B 1 as intro-

duced in the definition of cloaking (cf. Definition and

3 = p’szl\B%-
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Now consider the following system of Maxwell equations:
(

curl B =iwp"Hy  in B

curl Hf = —iwef By in B3

vx Ey =f ondBj
where f € H~'/2(div,0Bs). H} satisfies the equation

1
— curl ((e§) " cwrl HY) + iwpyHi =0 in Bs. (3.44)
iw
Multiplying throughout by (1 4 id), we get
1 _
— curl <((1 +i6)"'e}) ' eurl Hg) +iw(l +0)pu"Hy =0 in Bs.
iw

The above equation can be written in the variational form as

ay(Hy,w) = (1+140) . f-w  Ywe H(curl, By),
3

where aj is the sesquilinear form on H (curl, B3) defined by
ag(u,w) = —/B {ziu (1 +146)""ef) " curlu) - (curlw) + iw(1 + i6)p"u - w} :
Let us define uf = (1 +3i5)u". Then we see that
(a5 — (mp)") = 22’(59017"
= Lo @ € = Diepnd) > sckep

for all £ € C3. Similarly, we define

& =1+1i0)""
We find that
G- @) = 28((1+i0) e
- s[ma (1+ 2ea) ]
= 2 [P 4] gy
= —iwt - (G - @) -E = 2| Depy 7T+ 8¢ e

> col¢)?
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where ¢ is some positive constant that depends on w. Note that 1 and €} are uniformly

bounded in L*(Bs) and we take 0 < 6 < 1. So all conditions for H-convergence are satisfied
and we have

iy L (1 +id)pyt and

H
=
- H . i . .
g — (1+140) (1 + ;@3) woy"  in Bs.
by Proposition |3.15] We note that

W= 1y =pf and

i
¢ = (14 Lo) e =
w
respectively, where €?, uf are as in (3.13)). Set
e = (1 +1id)? (1 + ;wg) p27".

We now apply Theorem to conclude that

Hf — H; and
Ey — FEs; weakly in H(curl, Bs)

where (Hs, E5) € H(curl, Bs) x H(curl, B3) is the solution of the following homogenized
equation corresponding to (3.44)):

1 .
fmqm+mﬂﬁfwm@+Muwwmzom&

w

Es = —(e;) " ewrl H
5= (€5) " curl Hs

vx Es=f on 0Bs.

Dividing the first equation by 1+ 79, we get

1
— curl ((&5) " curl Hs) + iwp*Hs =0 in Bs
iw

Es=— () teurl H
6= (e5)" curl H;

vXx Es=f ondB;s.
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Therefore, (Ej, Hs) solve the following homogenized Maxwell system:

(

curl s = iwp* Hy

curl Hs = —iw(e}) Es (3.45)

vV X E5|833 = f € H_1/2(diV ,833)
\

Finally, we pass to the limit as 6 — 0. Suppose E, H satisfy

(

curl £ = wp*H

§ curl H = —iwe*E (3.46)

\V X E’8B3 = f

Subtracting ([3.46|) from (3.45]),

(

curl(Es — F) = iwp?(Hs — H)

curl(Hs — H) = —iwe?(Es — E) + (2 + i0)wdel Es

Vv X <E5 — E)|333 = 0.

\

Therefore, by Theorems and [3.12} if w is not an eigenvalue of (Bs; [, I) and if p > 0 is

small enough, there exists a constant C' > 0 that is independent of 9, but dependent on p,

such that

||E(5 - EHH(curl,Bg) + ||H6 - HHH(curl,Bg) S C’(SHE‘(SHL2
Next, we write Es = (Es — E) + E and apply the triangle inequality to get

1Es — Ellir(cun,Bs) + |1 Hs — H|lmeun,py < CO(||Es — Ellr2 + || E[12)

= (1 - 05)||E5 - EHH(curl,Bs) + ||H5 - HHH(curl,Bs) < C(S“E”L2

= ||E§ - EHH(curl,Bg) + ||H5 - HHH(curl,Bg) S Cv,(SHEHLQ

for small enough ¢§. In conclusion, we have proved the following theorem:
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Theorem 3.18. Suppose w is not an electromagnetic eigenvalue for (Bs; I, I) and suppose

p >0 is small enough. Let (EjyHY), (Es, Hs) be defined as above. Then for any fized 6 > 0,

lim Ey = Es, lim Hy = Hs weakly in H(curl, B;)
n—o0

n—oo
and as o — 0,

limEs = E, limHs=H strongly in H(curl, Bs).
6—0 0—0

3.5 Convergence of the Impedance map

In this section we finally prove our main result, namely that our construction does in fact
give an approximate isotropic cloak. Recall that we defined the impedance map A, :
H=Y2(div,00) — H~'/%(div, Q) by setting A ,.f = v x H|sq, where (E, H) is the unique

solution of the boundary value problem
(

curl ¥ = dwpH in €,

curl H = —iweFE in €,

\l/ X E|3Q = f
Main Theorem (Ghosh, T., 2018 [14]). Suppose w > 0 is not an eigenvalue for (Bs; I, 1),

and let €%, u"™ be defined as in the previous section. Then, given any f € H~/?(div,0Bj3),

we have

lim ( lim Aegwf) = AN e f strongly in H™Y2(div, 0Bs),

6—0 \n—oo

and as a consequence

. . . . _ . —1/2/ 3
ll)l_)r% <(151£r(1) (7}1_{210 Aer f)) Arsf  strongly in H™/2(div, 0Bj).

We emphasize once again that the order of the limits in the above equation can not
be changed. Now, since Hy; — H strongly in H(curl, B;), it follows immediately by the
continuity of the trace map H(curl, B3) — H~'/?(div,dBs) that

A€§,/L*f =V X H5‘8B3 — UV X H’aBg — Aeé’,uﬁf

strongly in H~'/?(div,0Bs) as § — 0. So it suffices to prove the following theorem:



70

Theorem 3.19. For a fixed 6 > 0,
Aegﬂu”f =V X H;|§B3 — UV X H5|3B3 = A€§7M*f
strongly in H=/*(div, 0B3) as n — 0o.

Proof. Let ¢ € C*(B3) be a non-negative smooth function such that supp ¢ C B3\ B, and
¢ =1 in a neighbourhood of dB3. We note that on the support of ¢,

&f = e =(1+1i6)? and (3.47)

o= pt=1. (3.48)
It is clear by the continuity of the trace map that
lv < (H5 = Hs)lopsll 1-1/2(4i0,05,) < CUlp(Hs = Hs)l|2 + || curl(p(Hy' — Hs))llz2). (3.49)

We will show that both the terms in the right hand side of the above equation will go to 0.

The proof will follow a series of steps.

Step 1. For any v € C>°(Bs \ Bs), we claim that
/¢|E§—E5|2—>0, /¢\H§—H5|2 —0  asn— oo.

Indeed, we already know E} — E5; — 0 in H(curl, B3 \ By). Consequently, we also have
E} — E; — 0 in L*(Bs \ B). Moreover, V - (E}f — E5) = £(14i6) 72V - curl(H} — Hs) =0

in B3 \ By. Therefore, E? — E5 € H(div, By \ By) and for any v € H(div, B3 \ Bs),
/(E(?—E(;)~E+V~(E§—E5)V~v—>0

which implies that E? — E5 — 0 in H(div, By \ Bs) as well. Therefore, by the Div-Curl
lemma, |EY — E;|> = (B} — E;) - (E? — E5) — 0 in D'(Bs \ By). By similar arguments, we
also have |H? — Hs|?> — 0 in D'(Bs \ By). This completes the proof of Step 1.

Step 2. Next, we want to show that [ p?|Ef — E5|* — 0.
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Consider the space of functions
V ={u€ H(curl,Bs) : V -u & L*(Bs),v X ulspp, = 0}
with the following inner product:

<u’ w>V = <u7 w>H(C’U/I’l,Bg) + <v - Uu, V- w>L2

= (u,w)r2 + (curlu, curlw)rz + (V- u, V- w) .

It is well known V is a Hilbert space and that the inclusion V' < L?(Bs3)? is compact [33].
Now, we know that v x p(E} — Es)|op, = 0 and p(E} — Es) — 0 in H(curl, B;). Next,
consider

V- (p(Ey — Es)) = oV - (B — E5) + Vo - (B — Es).

The first term on the right hand side vanishes identically since V - (Ef — Es) = 0 on supp
¢. Also, since ¢ = 1 in a neighbourhood of B3, Vi € C®(Bs \ Bs). Therefore, from Step
1, Vo - (E} — E5) — 0 strongly in L?(Q2). As a consequence, for any w € V,

<90(E351 - E5)7 w>V = <()0(Ez? - E5)7w>H(curl,B3) + <V : (@(Eg - E5>>7 Y w>L2 — 0

as n — oo. Therefore, p(E} — E5) — 0in V' as well. By the compactness of the inclusion
V < L*(Bj3)?, this further implies p(E} — E5) — 0 strongly in L?(Bs)?.
Step 3. We now show that [ |curl(p(HF — Hys)|* —0.

Note that
curl(p(Hy — Hs)) = Vo x (Hy — Hs) + p curl(Hy — Hs).

As we have already observed, Vi € C2°(B;) and therefore by Step 1, the first term on the
right hand side converges strongly to 0 in L?(Bs). On the other hand, curl(H} — H;) =
—L%(Egl — Es) on supp ¢. Therefore, by Step 2, the second term on the right hand side also
converges to 0 strongly in L2. This completes Step 3.

Step 4. The final step is to show that [ ¢?|Hf — Hs|* — 0.
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Consider the variational equations satisfied by Hf and Hy: for all w € H(curl, ),
1 n\—1 n —_ : nIn o —
— | —{(&§) " cwrl H{} - curlw + iwp"HY -w = f-w, and
w Gi9)
1
- / —{(e) teurl Hs} - curlw + iwp*Hs - w = f-w.
w 90
Taking the difference of these two equations and rearranging terms, we get
nirrn * — ]' ny—1 n *\—1 —
(W"Hi — p"Hs) - w = — [{(e5) curl Hf — (€5)" curl Hs} - curlw.
w

Now let w = @*(H} — Hjs). By equations (3.47) and (3.48)),

/¢2|H§l —Hsl* = w1+ i5)‘2/curl(Hgl — Hj) - curl(p(Hf — Hy)).
= llo(H; — Hy)ll7> < CIHF — Hsllmcursoy || curl(o(Hy — Hs))|l 2.
It is clear from Step 3 that the right hand side of the above equation goes to 0 as n — oo.

Therefore, we conclude that (Hf — Hs) — 0 strongly in L?*(B3)?. Finally, applying the
conclusions of Steps 3 and 4 to (3.49)) gives us the desired result.
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