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A non-linear control system based on several controllers is applied the satellite rendezvous
problem with a dual quaternion framework. The spacecraft pose is simulated under the effects
of typical orbital perturbations with some initial proximity already established in advance.
The objective is to present an approach to the rendezvous and proximity operations problem
with the addition of attitude constraints using control barrier functions and dual quaternion
feedback. Such applications with dual quaternions may also be applied to planetary descent

and landing, six degree of freedom simulation, video graphics, and robotic pose control.
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GLOSSARY

ATTITUDE: The orientation in space of a vehicle or reference frame with respect to some
inertial frame.

BORESIGHT: A unit direction vector emanating from some sensitive component such as
a camera or antenna.

DUAL QUATERNION: A composition of two ordinary quaternions, with one scaled by the
dual number ¢.

GIMBAL LOCK: A phenomena wherein two axes align with one another in an attitude
determination scheme, preventing it from being determined at all.

LYAPUNOV FUNCTION: A scalar valued function V (x) satisfying V(z) > 0 and V(z) < 0
for all z # 0 where V' (0) = 0. Used to show stability in non-linear systems.

ORDINARY QUATERNION: The family of unit quaternions with non-zero scalar part.

PURE QUATERNION: The set of ordinary quaternions with zero scalar part, analogous to
a vector in R3.

RENDEZVOUS: The process of connecting or otherwise making contact with another ve-
hicle in space. C'est aussi écrit comme «rendez-vous».

SLEW: A synonym for the attitude or orientation of a satellite.

STATION-KEEP: The process of maintaining a relative position with another satellite or
maintaining a keplerian orbit.

QUATERNION: A value in H represented as a 4 x 1 vector used to rotate vectors in R3.

6DOF: An acronym for six degree-of-freedom.
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NOMENCLATURE

Reference Frames
Vector in R?
Derivative w.r.t time
Quaternion (H)

Scalar component of quaternion
Vector component of quaternion
Dual number (2 = 0)
Dual quaternion
General quaternion conjugate
R? Vector in B frame
Position of B w.r.t Z, in T frame
Orientation of B w.r.t Z
Pose of B w.r.t Z
Matrix representation of qp/;
R3*3 matrix expressed in R**4
Dual velocity or Motor
Dual momentum
Dual force or Wrench
Set of real numbers

Hamiltonian algebra, quaternions
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Chapter 1

INTRODUCTION AND MOTIVATION

Rendezvous and proximity operations in an aerospace setting can be traced back to
the beginning of heavier-than-air aviation, by pilots guiding small aircraft and even hot
air balloons in unison or in proximity to one another in the sky. The first instances were
performed at airshows in the 1920’s, becoming commonplace in only a few short years.
From there, the control of flight vehicles was relegated to straight and level flights with the
aid of gyroscopes and hydraulic equipment. These innovations initially developed on Earth

naturally transitioned to the space environment.

The first rendezvous of space vehicles is widely considered to be Gemini VI and Gemini
VII in 1965, achieved without active control. The completion of which led the way to the
maneuvers that championed the Apollo program. The first autonomous rendezvous and
docking of two spacecraft occurred between Cosmos 186 and 188 in 1967, marking the first
instance of its kind in space. This began the development of rendezvous as an astrospace
engineering problem with the first instances completed in the 1960’s generally as manual
maneuvers performed by pilots [1, 6, 11]. Figure 1.1 shows the process for manual line-of-

sight rendezvous, the standard at the time.

Methods for autonomously achieving rendezvous without the need for human input was
being developed at the time but took time to be fully adopted at NASA. The general idea for
autonomous rendezvous and docking is, of course, to align some position and/or orientation
with another desired location in space. Frequently, the attitude and position of the spacecraft
are treated as separate systems despite the coupling of the translational movement with the
rotational state in the frame being controlled. However in certain applications one system

may not need a control system at all. As an example of this, the SiriusSats operated with



no attitude or position control on-board and were the first satellites launched by hand from
the ISS in 2018. In some cases, the control of a satellite’s position is often omitted for small

vehicles like CubeSats due to the associated complexity and cost.

Solving the rendezvous

problem has always been

a multifaceted process. Many INTERCERT THRECTONY

systems outside of the TARGET ORBIT

guidance, navigation, and
START OF
LINE OF SIGHT

control perspective must GUIDANCE

work together for ren-

{scaLE
EXAGGERATED)

dezvous. In this vein,
there is a breadth of ma-
terial on the docking prob-
lem from a purely mechan-
ical perspective, attempt-
PARKING ORBIT
ing to safely correct mis-
alignments and - in crewed
- Figure 1.1: Line-Of-Sight Rendezvous [1]
missions - ensure a pres-

surized seal to ensure crew
safety. However in uncooperative cases where communication does not or cannot happen
between the two satellites, certain considerations must be made with respect to the other
body. These situations could include orbiting asteroids, other un-cooperative satellites, or
space debris. These situations require algorithms to estimation the relative pose in space

with cameras or other visual sensors when the target is an uncooperative agent. Discussion
on this subject is presented in Chapter 4.

The aforementioned rendezvous (< 15cm — 30cm) was during the Gemini program, and
was performed in advance of the relative orbital dynamics being fully understood. The

problem at that time was a practical one, where the proximity alone defined the metric for a



Commuter
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Figure 1.2: "Commuter" Spacecraft in Early Rendezvous Method Developments 6]

successful rendezvous. With the current number of satellites in orbit, the success of proximity
operations may be measured differently. Oftentimes these metrics come from an optimality
and safety perspective. This is to say, minimize fuel usage, avoid certain orientations and
positions, or perform rendezvous in the least amount time. For the applications here, the
majority of the discussion revolves around reducing control efforts for torque and thrust in

Chapters 3 and 4 with some supporting material in Appendix B.

Proximity operations also suffer from a lack of natural intuition when moving relative to
another mass in space. Figure 1.3 shows a set of paths traced out by masses launched from
it with respect to the local reference frame. These paths do initially appear straight but over
time appear to ‘spiral” away from the original direction in which it was launched. In fact, this
dynamic behavior is the same phenomena that caused first attempts at rendezvous to either
fail or never fully achieve proximity. An example of this dissonance may be seen in the ‘com-
muter’ model presented in [6], shown in Figure 1.2 which included additional thrusters to aid
in attitude control and provide tighter translational motion - a good design choice for ren-
dezvous - yet did not take the orbital dynamics fully into consideration when published. De-

spite this, this general configuration was adopted for Gemini in its same year of publication.
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Figure 1.3: Varying launch direction from spacecraft

with 10 initial speed [11]

Now with methods such as
model predictive control and convex
optimization, proximity operations
are becoming increasingly common-
place for problems such as formation
flight or high speed re-orientation.
The problem of rendezvous remains
an active area of research, especially
as the total number of satellites con-
tinues to increase. Since the signing
of the Outer Space Treaties in 1967
the number of registered satellites
in Low Earth Orbit (LEO) has sky-
rocketed. Approximately ten thou-
sand satellites are currently in LEO

as of 2025 |27, 20]. Growth in the

space industry has also introduced satellite constellations on the order of a few dozen to a

few thousand agents such as Iridium, Galileo, Starlink, and Kuiper. There is now an unde-

niable need for these satellites to interact with one another. A small satellite in LEO is the

test case in Chapter 3, representative of the average modern satellite.

1.1 A Brief Treatise on Quaternions and Applications in Space

Michael Collins, the third and oft-omitted Astronaut of the Apollo 11 mission, joked

that he wanted “a fourth gimbal for Christmas” while returning to Earth in July of 1969.

This was due to gimbal lock within the on-board IMU. While a fourth gimbal could have

partially alleviated the issue, a quaternion based IMU would have prevented the issue entirely.

Quaternions would not be implemented at NASA until the Shuttle Program in 1981 [26, 7].



Dual quaternions have faced a slow rise to fame, but are currently receiving increasing
attention from various industries such as robotics [16, 37|, oncology [15], video graphics
[19, 36, 37], and CNC machining [12]. Dual quaternions as applied in space have touched
subjects such as pose estimation via the Dual-Quaternion Multiplicative-Extended-Kalman
Filter (DQ-MEKF) [13, 14], planetary entry, descent, and landing [29], in-space robotics
[31, 33|, other kinematic models [16, 31], and motion constraints in rendezvous [10]|. Ordinary
quaternion based attitude control problems in general remain an active area of research
as too, with nonlinear discrete-time [35], back-stepping [21, 23], lie-group based [18], and
adaptive controllers [2| as recent examples. Versions of the attitude constraints have also

been extended to dual quaternions in [24].

The application of dual quaternions can also be considered in the coupling the dynamics in
a six degree-of-freedom model. From a classical standpoint, the rotational and translational
components are considered separately with the result of one acting as an input to another.
For example, cold gas thrusters set at a distance from its center of mass will provoke a torque
in the system. Whether the rotation or translation as a result of the firing is calculated first
may introduce small errors or delays in the system. These applications are well suited for
dual quaternions as the combination of the dynamics permit a simultaneous consideration

of the linear and angular components of the overall dynamics as a single combined system.

Quaternions, dual or otherwise, are an often under-appreciated method for transforma-
tions despite frequent use in practice. After being famously etched onto the side of a bridge
in Ireland |8, 26, 29| the quaternions underwent a century of criticism. Despite this, both
the the cross product and the word ‘vector’ originate from Hamilton’s work on quaternions
[8, 25]. At the time of their invention, other methods were more accessible until geometric
algebra and modern computing shifted interest towards quaternions. This interest was moti-
vated because quaternions offered a computationally cheap way to represent singularity-free
rotation in R®. While quaternions weren’t fully appreciated at first, the use of quaternions

has now undeniably become an industry standard, a fourth gimbal for Christmas.



1.2 Structure of Thesis

The first chapter served as an introduction to spacecraft rendezvous as a modern applica-
tion in industry, with some historical information relating to the the advent of the quaternion
for attitude control. The technical discussion of the dual quaternion is left to Chapter 2,
building on the ordinary quaternions. The rest of the thesis is expressed in totality here to
guide the the development of the nonlinear dual quaternion controller. The general layout
of the work is shown in Figure 1.4 as a visual aid with relevant sources for the following
sections included. The second chapter will cover the relevant mathematical basis needed to
develop the control law in Chapter 4. The preliminaries start with an emphasis on ordinary
quaternions before introducing the dual quaternions. Important reference frames, the error

quaternion, and other methods of rotation are presented as well.

Chapter 2 Chapter 3 Chapter 4
Math Preliminaries System Dynamics Controller
[25]\’[8] [14]\,[16] [39]\([13]
Clifford Algebras Dual Kinematics Relative PD
[22] | [35] [13] | [29] [23] [ [21]
Quat. Rotations Dual Kinetics Control Barrier
[17]\,[19] [9]\’[4] 1
D.Q. Translations Orbital Dist. Results

Figure 1.4: Visual representation of thesis flow with sources



Chapter 3 discusses and partially derives relevant dynamics for the simulated system
with dual quaternions. The orbital perturbations are described with an emphasis on the
method in which the drag forces are calculated as the formulation of drag is considered part
of the contribution of this work, using dual quaternions to permit an aerodynamic center to
be placed arbitrarily in the body for the calculation of the aerodynamic wrench. Chapter
4 covers the process for deriving the controller in two parts, the dual quaternion feedback
PD controller, followed by the control barrier functions to include attitude constraints. In
Chapter 5 numerical results are shown in comparison to the two controllers used to formulate
the final controller. The simulation is performed under two orbital cases with a baseline set

of conditions. Other graphical results are left in Appendix C.



Chapter 2
PRELIMINARY IN ORDINARY AND DUAL QUATERNIONS

The foundation for the quaternions is mathematically rich and is briefly presented here for
completeness. On the historical front, the quaternions were developed by William Hamilton
in the mid 17th century, extending the complex plane to what is now the Hamiltonian Algebra
H. The relevant structure of the quaternions and the dual quaternions are expressed here
as a Clifford algebra. This formulation of quaternions and dual quaternions is presented

analogous to [31].
2.1 Clifford Algebra Formulation

A Clifford algebra is an associative algebra defined over a vector space with a quadratic
form as x* = Q(x) Yz € X with X as the vector space and Q as the quadratic form mapping
X to a field. Expressing a Clifford algebra is usually done by Cl(sq, s2, s3)(X, @) or in this
application Cl(sy, sy, s3)(X) with the values 3’ s; = dim(X). For this work dim(X) # oo,
and the relevant vector space is R, using Cl(sa, s3)(R) for this case.

The cases R® and R? the Clifford algebras are C1(3,0)(R) and CI(3,1)(R) respectively.
Each will have their respective basis vectors {ej, es, €3} and {ej, ey, 3,4} with eg = 1 for

both as it is for all Clifford algebras. The basis elements for the spaces must satisfy

-

1 Vie{l, -, s}

€ =13 —-1 Vie{sg+1, -, 51+ s2}

0 Vie{si+sy+1,---,dim(X)}

\
where the basis vectors are anti-commutative and span the Clifford algebra. These basis

vectors for Cl(3,0)(R) will be the power set made of the vectors e;. The basis vectors



are then {1,eq,eq,e3, €169, €1€3, €263, €162e3}. A linear combination of these values yields
q = Qo€o + go€1 + gos + qoe3 + qre1€s + gaeie3 + q3eses + goei1eses. For closure the algebra

must be even, therefore

q = qo + q1e162 + q2€1€3 + q3ea2e3
(6162)2 = (e1e9)(e1€2) = —626%62 =—-1=1

q=q+ qi+ qj+ qk

For dual quaternions the power set of basis vectors is {1, e, - , ejesezey4}, with €2 = 2 =
e2 = —1 and €2 = 0. By the same process the even subalgebra will have eight elements, the
first of which are identical to the quaternion, and the rest a scaled quaternion. The intent

of CI(3,1)(R) is that the scaling factor is as follows

(61626364)2 =0

€1€9€3€E4 = €

The value € is the dual number. The dual number is frequently introduced conceptually
by nilpotent matrices to make the concept more approachable, but taking the definition by
axiom appears to be the preferable approach, somewhat analogous to the complex values

[28]. The expression of a dual quaternion is then

q=q,+eqq (2.1)

Where g, and g, are the ordinary part and the dual part of the dual quaternion.



10

2.2 Rotations and Operations with Quaternions

Rotations are most intuitively presented in R3 by a sequence of rotations performed
as a composition of matrices. Each matrix defines a rotation by a given axis, and jointly
perform a rotation in R? as shown in Figure 2.1 about the z-axis. The comparisons to
the quaternion are primarily found in reference to the phenomenon of gimbal lock - the
consequences of which are described in [34] - occurring when the composition of the matrices
becomes rank deficient. Another notable consideration is the amount of operations required
to determine the values in a rotation matrix and compose them. This quickly becomes
more computationally demanding than quaternions, requiring lookup calls to sine and cosine
functions in each timestep [36]. Of course, this method of rotation is still frequently used

and in many applications can be considered sufficient for rotations in 3D space.

1 0 0
21
0 cos(f) —sin(0)
N 0 sin(f) cos(f)

Figure 2.1: Matrix representation of rotation in R3

Rotations using quaternions may not be as visually intuitive, leading to the many re-
sources aiming to provide a visual intuition for quaternions. The axis-angle formation is as
visually representative as is necessary for this application. Quaternions are initialized with

four values, or a vector and scalar part per Equation 2.2.
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q1
q= Wl _| ® such that q € H (2.2)
gs q3

Where the norm is ||g|| = \/ @+ ¢34+ q3 + q3 = q'q. The placement of the scalar value
above or below the vector part of the quaternion is largely arbitrary or a matter of opinion.
In this work the scalar is placed below the vector component. The subscripts indicating the
scalar and vector components are included for clarity as needed. The quaternion can be
initialized using just a unit direction vector 7 and rotation angle 6 to describe a rotation

from a given frame of interest.

7 8in (g)

q= (2.3)

cos (2

The factor of % in the trigonometric function is a byproduct of the “double coverage” of
SO(3). The benefit of this method of initialization is that the quaternion will have unit mag-
nitude (J|q|| = 1) by default. In fact, the only ordinary quaternions that properly represent
rotations are unit quaternions. All ordinary quaternions simulated and presented in Chapter
5 have an imposed unit condition at each timestep.

Operations for ordinary quaternions are from [30], wherein the definition for ordinary
quaternion multiplication is defined as in Equation 2.4. The operations for addition, sub-
traction and scaling for both ordinary and dual quaternions are element-wise operations and

are intentionally omitted.

@G0 + o0 + P X @
q ®qo = (2.4)

909 — ¢ - Qo



12

I
I
I
I
I
I
1
I
\nz
I
I
T
I
I
I
I

Figure 2.2: Axis-angle representation of rotation

Quaternion multiplication is used for the composition of successive rotations and the
quaternion derivative. Note that all of the operations within the quaternion are algebraic
and do not require calls to a trigonometric function, one of the tradeoffs when comparing

the computational benefits of rotating with quaternions rather than with matrices.

q* = (2.5)

The quaternion conjugate is simply the negation of the quaternion’s vector part. Given
the axis-angle visualization this holds some intuition as the same angle of rotation about
the opposite axis would “undo” the initial rotation and mathematically speaking, return the
identity quaternion q*q = q; = 1. Finally, the dual quaternion cross product is defined in
Equation 2.6, a necessary operation for calculating relative poses of frames for the dynamics

presented in Chapter 3.

Q1q + Q@1 + ¢ X o
q1 @qo = 0 (2.6)
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2.3 Translation and Dual Quaternion Operations

For this application, dual quaternions are formulated as a pair of ordinary quaternions
with the dual number ¢ separating the two, analogous to the complex numbers in the form
a+ bi. In contrast to the quaternion which is used to represent a rotation relative to another
frame, a dual quaternion is considered to represent screw transformation, the translation and
rotation about an axis in space. The expression for a dual quaternion and the dual number

are formalized here for initialization.

q=q+ed where > =0 and e # 0 (2.7)

Where q is initialized by use of Equation 2.3. The values q and d indicate the ordinary
and dual parts of the dual quaternion. The dual number has other qualities beyond its
unusual representation described in [25]. The formation of a dual quaternion is identical
for the ordinary part given by Equation 2.3, but the dual component requires quaternion
multiplication from Equation 2.4. To appropriately present the dual part, it is first necessary
to clarify the difference between ordinary and pure quaternions. Pure quaternions have a

zero-valued scalar part, and the vector part is the relevant vector in R3.

Wy
Wy
- Wy
w = wy — W =
Wy
wz
0

It is with this convention that vectors such as the linear and angular velocity may be

treated as pure quaternions, allowing the following definition for their respective dual part.

1 1
d=orp,®a=5a®rp, (2.8)
g1 7%/1 ® o _ 1 o ® Fg/l

qs 2 qs 0
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Where rg /1 1s a pure quaternion converted from the vector 7% /1> Tepresenting the distance
between the origin of the inertial frame and the origin of the body frame, represented in
the inertial frame. The expressions will yield the same result regardless of frame chosen,
visually represented in Figure 2.3. The leftmost indicates that q occurs first, followed by
the translation 7" in the relevant frame. Whether the rotation or the translation comes first
is a matter of preference and application. For this work the translation will occur after the

rotation.

Figure 2.3: Reference frames as relative poses

Dual quaternion multiplication is defined by a series of quaternion multiplications. The
convention for the dual quaternions is for the first entry to be the ordinary quaternion and

the second entry the dual parts,

- - q q q: ®q
“Odw=|  |®] = |= P (2.9)
d,; doy QPp®®d; +do@qu

The conjugation operation and cross product operations follow as

q" = (2.10)

. - a1 @ qo
QO G = (2.11)
q@do+d; @qo
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The symbol for quaternion cross product is the same for both ordinary and dual quater-
nions with the difference left to context. The dual quaternion norm, however, is not so trivial
and two operations are defined for the dual quaternion that are not defined for the ordinary

quaternion. The first of which is the dual quaternion circle product.

Qodi =¢qo-q1+do-d (2.12)

The result of the circle product is a scalar, which describes the dual quaternion norm by

lal*=acaq (2.13)

The dual quaternion norm in Equation 2.13 is not the only method in which a norm can
be defined in H, but is used for its aid in later derivations, similar to the analysis performed

in [13]. The final operation for the dual quaternion is the swap operation.

q* = (2.14)

The swap operation is largely used to simplify the formulation of the dual inertia matrix

and dual motor derivatives in Chapter 3.

Dual Error Quaternions

The ordinary error quaternion is not a wholly agreed-upon value in literature, and
is usually defined as either the difference between the desired and the current quaternion
dr = qdp — qc¢ or as the relative rotation from the current attitude to the desired attitude.
Its inclusion here is intended to appropriately preface the development of the relative kinetic

equations.

A
qr = dp/; ® A1 = dB/c (2.15)
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The ordinary quaternion error can be used in the dynamics presented in Chapter 3 and
is indeed used in the formulation of the control scheme. Note that in this formulation of
the error quaternion the zero error condition is met at qg =[ 0 0 0 1 |7 = 1. The dual

quaternion case is effectively identical.

ar = dp/r ®Ac/r = ds/c (2.16)
2.4 Frames of Reference with Dual Quaternions

To preface discussion of dual quaternion dynamics, the natural question of reference
frames must first be confronted. The relative rotation and position of one frame with respect
to another is called the pose of a frame. The body frame is usually affixed to a satellite
in some way convenient for design and with respect to some inertial frame. Note that as
described in Equation 2.8 and shown visually in Figure 2.3, the rotation and translation may

occur in any order.

Figure 2.4: Geocentric equatorial frame definition
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The inertial reference frame typically used for six degree-of-freedom simulation in LEO
is the Geocentric Equatorial Frame (GEF) shown in Figure 2.4 The phrase ‘inertial frame’
is used equivalently to GEF in this work. The inertial frame is defined with the X7 axis
aligned with the vernal equinox, the Z7 axis co-linear with the angular velocity of the earth,
and with (XY)z co-planar with earth’s equatorial plane [9]. The GEF is not strictly inertial
due to the influence of the sun and moon, among other effects. Changes significant enough
to warrant correction require time-spans on the order of centuries. For this reason, the GEF
is considered to be inertial for this system. Figure 2.4 shows the right ascension 2 and

declination ¢ for a given point of interest along an orbit.

Z5

X’R%

X5

Figure 2.5: Body frame definition, with comms. (C) frame and reaction wheel (R) frames.
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The body frame B is used to describe the pose of the satellite in space. In practice it’s
aligned in some convenient way for the operation of the spacecraft throughout the mission
design. It may also act as its own point of reference for other frames, such as a camera frame,
an antenna frame for some downlink boresight, or solar panel pointing. Figure 2.5 shows how
these frames may be laid out relative to one another. The body frame is assumed be affixed
in such a way that the inertia matrix encoding the distribution of mass on the spacecraft is
diagonal. Ideally the distribution of mass would relate to some geometric “alignment" with
relation to the structure of the spacecraft but this is neither required nor likely. For this
case, the body frame forms an orthonormal basis aligned with the three principle moments of
inertia. To express the relative orientation of a frame with respect to another, the ordinary

quaternions can be used as follows to convert between frames.

rY = qxy @r* @iy (2.17)

The equivalent frame conversion for the complete pose is calculated with a dual quater-
nion. In this calculation the offset generated by the relative position of the frame introduces
a cross product term to the result, a manifestation of the transport theorem. Representing

some given dual quaternion by & the transformation follows

Yy

o s a

Y —qory,y
In the case where the X frame is desired with respect to ) the process is identical save
for the flipped sign in the dual part. Given that & is formed from pure quaternions, the
quaternion cross product reduces to the ordinary cartesian cross product. Therefore the
changing of the sign can also be taken as ‘flipping’ the cross product, an intuitive result for

moments and other rotational effects presented by an offset reference frame.
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Chapter 3
SYSTEM DYNAMICS AND MODEL DEVELOPMENT

3.1 Dual Quaternion Dynamics

For the ordinary and the dual quaternions, the relevant kinematics and kinetics are
derived here as is applicable to rendezvous. The pose of a spacecraft can be described com-
pletely with a quaternion and a position vector, requiring only seven floating point values. Of
course, the quaternion is initialized using calls to sine and cosine upon initialization as shown
in Equation 2.3. This cost occurs only when initializing the ordinary quaternion, and the call
does not need to be made at each step of a simulation unlike rotation matrices. The com-
putational benefit of dual quaternions is the ability to propagate the pose of the spacecraft

with fewer floating point values, with calls to sine and cosine only upon initialization.

3.1.1 General Quaternion Kinematics

In general, controlling the angular and linear velocity of a spacecraft is an imperative
part of any given mission design. The motivation for what/how it is controlled comes from
various sources. Examples could include maximizing sun exposure to solar panels, improving
pointing accuracy for a camera, or permitting clean data transmission to a ground station.

The quaternion derivative is used to model the rotational dynamics.

o= sl 3.1
dp/ = 2013/1@“’3/1 = 2‘*’3/1®QB/1 (3.1)

The derivative of a quaternion is given by Equation 3.1 [9, 30, 29|. Using this equation
informs the derivative of the dual quaternion, which is derived following the procedure in

[29] with the addition of Equation 2.18.
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qB/I ®wg/1
% (rJI3/I ® QB/-’)

él d aB/1
B/I = =7 =
dt %TIB/I ®dp/1

N | —

Starting then with the derivative of the dual quaternion and using the relationship shown
in Equation 2.18 as Vé/[ = qp ® Vg/[ & q’g/], conjugate both sides to form the equation

V%/I ®ap/r = A1 @ Vg/I. The derivative of the dual part can then be written as:

—

d ) )
- (rZB/I ®qs/r) = rZB/J ®dpr) + (1"%/1 Qapr)

dt
1 .

rIB/I ® (5(13/1 ®wg/1)) + (rZB/I @ apr)

(rIB/I ®ap/;r® wg/z) +apr® Vg/l

- qB/I ®wg/[
aB/1 =

= N =N =

3 (r%/z ® QB/I) ®wp); +dp/1 ®VE),

Recognizing the above to be in the form of Equation 2.9, the derivative of the dual

quaternion is concluded to be

- 1. . 1. -
ap/1 = S4B/ @wgﬂ = §w§/1 ® qp/1 (3.2)

This may also be applied to the dual error quaternion as QE = %(]E ® wg. The value
cbg /118 the dual quaternion formed from the linear and angular velocities in the body frame
converted to pure quaternions, called the dual motor or dual velocity. Initializing the dual

velocity is done as in Equation 3.3.
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The transformations between reference frames that share an origin may be performed
using ordinary quaternions and the same is true of the pose with dual quaternions. For the
ordinary quaternion this extends to derivatives as well. However the rate of change in pose
between two frames is typically accounted for using the classical transport theorem. The
equivalent under a dual quaternion transformation is given in Equation 3.4 for the derivative

of some dual quaternion .

at = dxy ® (dy + d’g/x %) dy) ®ax)y (3.4)

The result of which has the rotation of the frame ) with respect to X, but can easily

be negated and flipped if the measurement with respect to the ) frame is more efficient or
practical. This formulation is the equivalent form of the transport theorem with respect to

dual quaternions. The relative position of one frame with respect to another can be pulled

directly from the dual quaternion as follows.

1 *
d= 57"%/}/ @qx/y — ’I”%/Y = 2d®qX/Y (35)

With the values above, the state of the satellite can be extracted from the dual quaternion

by Equation 3.5 and by its respective quaternion qg;.
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3.1.2  General Quaternion Kinetics

The forces that act on a spacecraft depend on the gravitational parameter of the primary
body, its atmosphere, multi-body effects, the geometry of the spacecraft, or even the incidence
of light that the spacecraft receives, to name a few. The inertia matrix [J] is well-described
in references such as [32, 31, 9] and the development thereof is not discussed in detail and is
assumed to be diagonal. This analysis starts with the dual momentum, defined similarly to

[13], in a general format.

H=mv+e(Jw) (3.6)

Where the value J is the inertia matrix as is applicable to a pure quaternion, i.e.
diag(Jy, Jy, J»,1). The inertia matrix for the rigid body dynamics can be generalized to

the dual quaternion formulation by the block-diagonal dual inertia matrix 7.

mngg 0 0 0
0 1 0 0 s
J = e R™ (3.7)
0 0 [J] O
0 0 0 1

The formulation of the dual momentum is contrary to the previous pattern wherein the
‘rotational’ effects are relegated to the ordinary quaternion. This choice of J requires a
swap operation from Equation 2.14 in application but with this formulation the dual inertia
matrix is symmetric and diagonal. As is classically the case, the change in dual momentum
in an inertial frame is equal to the forces acting on the inertial frame. Applying Equation
3.4 to the inertial case, the change in the dual momentum and forces can be calculated. The
formulation of this is shown in Equations 3.8 and 3.9. A visualization of the dual momentum

is shown in Figure 3.1, where the torque 75 is independent of force f:4.

Wy = £ (3.5)
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Figure 3.1: Dual Momentum # as a combination of linear and angular velocities.

/Hg/l + ‘bg/l % Hg/[ = f* (3.9)

Where the force f& = f_B + 7. This is another byproduct of the choice in J where
a diagonal matrix formation is not only simpler, it also doesn’t require the need for a dual
operator as described in [5]. There are anti-symmetric versions of J too, but they are not
used in this work. The matrix 7 is used to relate the dual momentum to the swapped dual

velocity due to the definition in Equation 3.6

. B . s
Hp; = Ts (wlg/1> (3.10)
Substituting Equation 3.10 and 3.8 into Equation 3.9, the rigid body equation used for

control law development and simulation is expressed fully. The result can be swapped once

again for propagation.

(‘:’g/l)s =J5" (fB — @5, (T8 (G)S/I)S) (3.11)
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Classical Pair Dual Wrench

P+ 7% fa

Figure 3.2: Dual Wrench f as a combination of forces and moments on a body.

The formulation in Equation 3.11 works for the mapping of a pose in space for a single
spacecraft, but does not account for the relative motion between two frames. The relative

velocity of the B frame with respect to G is derived as follows.

S

= ~7B_1 (fB - "bg/l @ (jB (‘L’g/l)s> - (";‘;‘(B;/I)
(f° —@f, @ (Ts (@F)") — (q*B/G ® ((‘;‘}g/l + (‘bg/l % ‘L'Jga/c) ® ng/G>

The final equality is presented in different ways depending on the intended application,
but they remain the same relationship. These differences present themselves in [3, 13|, where
the relative motion is modeled by the following two equations, with the dual ‘coriolar’ effect

converted into the B frame.

s

(‘bg/a) = T5" (P = @5 @ (Ts (@F))") — (q*B/G ® ‘:JCg;/I ® le/G) — (@B @ @)
(3.12)
The relationship in Equation 3.12 describes the relative the pose of B with respect to G

under forces from the space environment. However, this is under the assumption that the

pose of the goal frame is either known or measurable. In reality G is a pose in space defined
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either by mission requirements or in relation to the B frame. This is to say that it may not
be associated with a physical object in space. The pose relating B to some frame attached
to a physical target 7 may be used to formulate G. This methodology is the same used
to determine the pose between two multi-joint robotic arms with dual quaternions. The
dynamics in the simulation are the same as Equation. 3.12, but to express the proximity
operations case the terms are converted into values that could be reasonably measured in B

from 7. This leaves the pose of G as a matter of mission specifications.

dp/c = A/ ® A1
dp/c = A¢r ®Ap/r

qr = QZ/T ® AB/T

The error dual quaternion qp/¢ is defined by the following, as introduced in Section 2.3,
the purpose of which is to get the relative pose of the B and G frame with respect to a
more easily accessible frame. The measurement between the target and the body can be
done with the inclusion of camera or some other visual sensor and many recent options have
used computer vision techniques for 6DOF pose estimation. This relationship can then be

substituted into Equation 3.12.
(@e) = 75" (F5- @5, 08 (@5,)) - (ah 0w, @as) — (@, 0@k,)"

This provides the pose as a composition of two quaternions, but does not yet account for

S
the dual velocity motor. To calculate the <@g / I) term the following is presented

~B _ ~B ~ B

Wg/r = Wpir — Waia
~B ~B _ ~B - ~B ~B
wp)Qwg =w B/1 — Wi/ QWg/a

wB/I © wG/I = _wB/I % wB/G

‘-"B/I @ wG/I = _‘:JB/I % (‘;’B/T - ‘:’(B;/T)
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Once again back-substituting this result into Equation 3.12, the relative dynamics be-
tween the body and the goal frame can be described equivalently by measurements of the

target frame.

(@56) =75 (7~ 68007 (@5,)°) - (@08 an) + (@5, 0 @5 —o6m)°

(3.13)
The values in Equation 3.13 are either considered to be measurable quantities with a sensor
or defined as a parameter of the mission. The exception is the term ng I This value can be
calculated by L:J(g; vt cIqu = &Jg i1 by using Equation 3.13 for the L:J(g; 7 Under the condition
that the target and goal frame are coincident, i.e. ¢/ = qryr, then g/ — qp/r indicating
that the desired pose is exactly where the target would be. This is the rendezvous problem

as a specific case of proximity operations. The rest of the work will assume that the poses

relative to Z for both 7 and G are coincident.

3.2 Orbital Perturbations and Test Conditions

The primary force acting on a satellite is gravity, calculated as follows and used in the

simulation to propagate the path of the spacecraft forward.

fGrav = _Mj:l;th ar (314)

During simulation of the satellite attempting rendezvous, the orbit chosen will have effects
on the motion of the spacecraft in an orbit defined by Equation 3.14. In LEO there are a
barrage of small forces and torques acting on the body at any given time. The gravity gradient
torques, the drag wrench, and J; effects are described here. This provides disturbances in

both the ordinary and the dual part of the pose dual quaternion.
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Oblateness of the Farth, Jy Effects

X1

Figure 3.3: J; effects on a satellite in orbit.

The value .J5 is one of many constants defined by spherical zonal harmonics, a model
of the Earth’s oblateness. However for the satellite in LEO the effects are going to be
dominated by the first harmonic J;, caused by the additional mass concentration near the
equator, shown in red in Figure 3.3. These equations are modeled as a force in the B frame

in [9, 32, 31| for example.

(1)
]_ > 3J2MR2 th Yy 2
—f, = 22 earth |y (pz22 1
me2 2 r (57"2 1) (3.15)
2

SR

(% -3)

The effects of higher harmonics are truncated in this case, as they will not affect the
spacecraft throughout the timescales of rendezvous. The J; effect comes mostly as a byprod-
uct of the equator having a larger diameter than the polar diameter of the planet. The dual

force is then an ordinary quaternion and takes the form f 7, = f1, +€0
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Aerodynamic Drag

In LEO the aerodynamic effects applied to a satellite are small, but cannot be ignored
over mission timespans, especially in LEO, where aerodynamic drag in LEO is an unavoidable
consequence of the remnant atmosphere at high altitude. The model for the aerodynamic

drag in space and in general is as follows [4, 9].

— 1 A
faero = _§mpB||UB/atm||2vB/atm (316)

Where B = %A is the ballistic coefficient. The drag forces acting on the satellite are
described about the center of mass in [9, 32, 22|. However, a given satellite may have its
aerodynamic center (rqp) offset from its center of mass, inducing a torque [4]. Resolving
this phenomenon is a convenient use of dual quaternions, where the aerodynamic wrench can

be cleanly defined.

f = faero + 5(’rac/B @ .faero) (317)

The effect of an aerodynamic moment on the satellite about the center of mass is omitted
in |9, 22, 32|, but the order of magnitude of such torques are similar in magnitude to other
perturbations. The contribution of this work considers an area frame with respect to the cen-
ter of mass where the aerodynamic effects are applied. The drag coefficient is dependent on
the ordinary quaternion, i.e. Cp = f(qp/atm) and A1 = f(gp/r) but in an effort to generalize
the aerodynamic wrench simply, a pose-independent constant drag coefficient is considered.
The calculation of the drag coefficient and ballistic coefficient is no small undertaking in
general, requiring a good model of the orbit and atmospheric conditions.

To capture the effects of the aerodynamic force on the satellite the relative motion of the
atmosphere is taken to match the rotational speed of the Earth W.q.,. The rotational speed
locally for the satellite can then be described by Tgsm/r = Geartn X r_‘% I The relative motion

. . — — —I —
is then given by Uyim/B = Wearth X T5/1 — UB/I-
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D,

.
Vatm

Figure 3.4: Surface area considerations for A frame and drag calculations.

Let there be a set of vectors with directions associated with the normal vector of each
relevant surface on the satellite and with magnitude equal to the area of the given surface
De {C’DI/Tl, —Clefl, e ,C'anfn, —C’anfn}. These vectors do not have to be orthogonal
and are simply a collection of oriented areas, expressed in some convenient area frame A.

Each vector magnitude correlates with the area of some surface multiplied by its respective

drag coefficient.

Di = CDlA; eD

S 1 LR

A —A —A

wiro = 5P D (Di &l )
i=1

aBero =4q4/B & f;;ro ® qz/B

Assuming then that each of the body axes has an associated normal vector/area pair
and a drag coefficient, the drag of each individual face can be calculated as the dot product

of the body normal vector with the parallel velocity o) = (Tl

atm)I U]g/[. Other faces may be

added without loss of generality and for a straightforward application an orthogonal set of

faces aligning with the positive and negative +Z g, +9p, and +Z5 may be used.
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Then with the force defined about the aerodynamic center in the body frame, the dual
drag can be defined using Equation 3.17

QA/B ® f;éro ® q:Z/B

faero = A *
Tac/B D (Qa/B ® foero @ Ay s

(3.18)

3.2.1 Gravity Gradient

The gravitational effects on a satellite will act throughout its body in a manner dependent
on the distribution of its mass. While the assumption in this case is that the inertia matrix
is diagonal, the differences between the principal values will have an effect on which given
axis is most affected by the gravitational pull of the earth. The gravity gradient is presented
plainly as a torque on the body from [9, 32|.

ry1:(JB: — JBy)

~ rxrz(JBx - JBZ)
Jea = (3.19)
T:BTy(JBy - JB:E)

0

Where 7% = [ry Ty 72]7 is the position of the satellite with respect to the inertial frame.
Note that in the case where the spacecraft is fully symmetric Jp, = Jp, = Jp. (i.e. a cube,

sphere, etc.) the gravity gradient is zero.
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3.2.2  Orbital Test Cases and Sitmulation Parameters

The rendezvous’ simple case takes place in LEO directly above the equator, with classical
orbital elements listed in Table 3.1. This is intended to mimic the most common type
of satellite configuration. The second case is based on the 12U Maratus CubeSat under
development at the University of Washington. Both cases are visualized in in Figures 3.5
and 3.6, and the baseline parameters used for the simulation of the orbit and all control

parameters are in Table 3.2. The control gains are defined in Chapter 4.

Case a e 1 Q w 0

LEO Rearth + p 0 | 0°|N/A|N/A|O
Maratus | Reaen + 600km | 0.003 | 56° | 60° | N/A | 0°

Table 3.1: Classical orbital elements for orbital cases

Term Value
Term | Value 77% /G [-50 -2 15| m
k, | 0.025 o [1-0.11.1] =
ka 0.4 G | 1001 -0.01 0.5236] 24
ky 2 gs; | [0.2315 0.4629 0.6944 0.5]
kepr | 0.01 D, [000 1]
o 0.01
2 0 0
P 0 Jp 0 1.1 0 | kg-m?
mp_| 10ke 0 0 05

Table 3.2: Baseline numerical simulation parameters
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5000
o 0
-5000
5000 1
0 0 x 10%
-5000
7, -1 T,
Figure 3.5: LEO orbit case
5000
o 0
-5000
5000 1
0 0 x 10%
-5000
7, -1 L.

Figure 3.6: Maratus orbit case
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Chapter 4
CONTROL LAW FORMULATION

The control method presented in this work for satellite rendezvous is a combination of
two separate methods with the ordinary quaternion controlling the attitude via logarithmic
control barrier functions and the entire dual quaternion used to align the B frame with the
G frame. The controller is designed to force gz — 1 and &% g0 while avoiding particular
attitudes in inertial space. The state for the control law includes the relative pose represented

as dual quaternions, its associated dual velocity, and a filter state.
4.1 Dual Quaternion Feedback Control Methodology

The proposed controller is developed in steps, first as a proportional & derivative (PD)
controller, then followed by an attitude-only controller. In both cases the relative motion
between the frames is used to generate control wrenches. The use of dual quaternions cleanly
combines these types of controllers, as the attitude only controller may be applied to ordinary
part of the dual quaternion without difficulty and the relative pose between the two satellites

may still use the ordinary part to correct errors in the relative position.

4.2 Dual PD Controller Formulation

The first component of the overall control design is in the form of a PD controller with
matrices kp and kp as the control gains. This analysis is performed generally following
the controller design methodology developed in [13] under the assumption that the relative
motor of the goal frame is measurable. The controller for the simulation of relative motion

is defined as

ff = —kpvee(dpq(Ap/c — 1)) — kd(‘:’g/c;)s + jB(QE/GUL’g/IQB/G)S + ‘Dg/l @ (jB("bg/I))
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The final terms of this controller come directly as a byproduct of the dynamics in Chapter
3 in Equation 3.12. Removing the relative terms for clarity, the controller can be presented

as a PD controller with gains £, and kg4

£ = —kypvee(Qa(apc — 1°)) — ka(@5c)° (4.1)

Where the terms k,, kq must be greater than or equal to zero. Other formations of
this type of dual quaternion control system have been presented in [39]. This particular
formation requires measurements of the dual motor, a difficult procedure in practice and not
fully within the scope here. To resolve the measurement problem a filter is used to synthesize

the measurement of C[)g /G as such

&; = AZ; + Bpc (4.2)
z = OACitf + CBQB/G (43)

The above forms come from [13, 14] and describe what is effectively a low-pass filter on
qp/c, and is stable assuming that the matrices A, B, and C' are a minimal realization of
some positive real transfer function that satisfies PA + ATP = —@) and PB = CT where P,

() are positive definite symmetric matrices. Then Equation 4.1 becomes

£ = —kyvee(afya(ape — 1°)) — 2vec(de2°) (4.4)

The variable z is the output of the filter defined in Equation 4.2. As was done to arrive
at Equation 4.1, the relative terms are removed for clarity. In the context of the modified
dynamics generated in Equation 3.13 the controller will still stabilize the pose of the body, as
the underlying dynamics have not changed. The simulations and hardware tests performed
in [13, 14, 31] set the matrices A = kflgyws and B = —kslgys, and C' = kg by the KYP

Lemma, and this formulation is maintained here.
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4.2.1  Ordinary Quaternion Control Barrier Function

Constraints on the attitude of a satellite may come from various sources, and could be
a way to ensure that some sensitive instrument does not get damaged or to satisfy mission
requirements for example. For this application the assumption is that there is some restriction
on the attitudes that the satellite may take. There are many ways to confront this issue
and various methods have been tried such as successive convex optimization. The attitude
constraints here are accounted for by the use of a control barrier function, described in two
parts. The back-stepping method is applied to the satellite dynamics from [23, 21|. Then

the development of a suitable Lyapunov function for the system based on [39] is completed.

4.3 Non-Linear Control via Back-stepping and Lyapunov Stability

Take a dynamic system in strict feedback form to be @ = fo(z,8) and 8 = fu(z,u).
As there is no direct means of control v in f,(x, 5), formulating a controller is a matter of
determining a wirtual control [,. in f.(z, ) that will affect 2. By defining an error state
z = [ — By, a choice of u can be made to force 2 — 0 and ‘back-stepping’ that effect to
control z, typically by equating it with the negative of the gradient of its respective Lyapunov
function.

Following the above procedure generally with inspiration from [21] the systems are Equa-
tion 3.1 and Euler’s rotation equations J& = 7 — & x (J&). The virtual control term then
becomes w,,. and control vector 7. The development of the Lyapunov function for this appli-
cation is performed in Section 4.3.1. To start g = —VV — q = %q@w — Wye = —2q*QVV.

The back-stepping process is then as follows, starting with the definition of the error variable.

Z=W— Wy — Z2=W— Wy

Jz=7—wx (Jw) — Jwy
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. 1
q= _q®(z+wvc)

2
1 1 .
QZEQ®Z+§(I®(—QQ ®VV)
1
4= 34®z-VV

The new system of g and z now must be stabilized by some choice of 7. To show this,
a Control Lyapunov Function (CLF) is chosen under the assumption that the Lyapunov

function for the original system dynamics follows V(q) >0 & V(q) <0 V q
1
V.=V + EzTJz
- ~ 2 (2T
V,=V+ 5 (2TJz)
V.=V +2zTJz by (J=J7)
V.=VV . 4+ 2T(1 —w x (Jw) — Jay,)
. 1 .
V,=VV. (§q®z —VV)+2T(1 —w x (Jw) — Jw,)
V.= VVT(q®2)+ 27T — w x (Jw) — Jw) — |[VV]J
For the control input 7 to stabilize the system, it must be chosen such that V, < 0 for

all ¢ and z. Further simplification of VVT(q® z) provides a more intuitive choice of 7 that

ensures V, < 0.

VVi(@Rz)=VVT

vVigez) = | Vi v, |

VVT(q®2z) =VV g7+ VYV (Tx Z)+ VV,(—7'7)
VVT(q®z) = (qst LYV x G- vvg)
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Substituting this term into back into the Lyapunov function V., the term ZzT may be
factored out. Note that the rest of the Lyapunov function is formulated from pure quaternions
so without loss of generality it may be converted to a vector equation with the exception of

Wye, Whose scalar part would go to zero by zT anyways.

. 1 . .
V. = (zr <q5VV LYV x §— vv;a)) b2 —w x (Jw) — Jan) — [VV]?

2
. 1 . . )
V.= (5 (qSVV LYV x G- vv;g) PG x (JF) — J&w) i vavdlk

Calculating w,,. is necessary to determine a stabilizing control vector 7, and while the
calculation occurs in the domain of the quaternions the equation describing 7 will only require
the vector part of the result.

d
‘vc:_ -2 *
e = 55 (24" ©VV)

d
Wpe = —2 <q* ® (Evv) + ¢ Q® VV)

wee = =2 (¢*@VVqg+¢*QVV)

Note that the equation of w,,. includes the Hessian of the Lyapunov function, prompting
its calculation in the following section. With the current form of V, = 27(:) — [V V|2 it
becomes evident that the choice of 7 should set the parenthetical to be —Z, satisfying the

definition of the Lyapunov function. Finally, the resulting stabilizing controller is

) 1 . .
7= @ x (J&) + e — 5 (qSVV LYV x §— vvscj) _z (4.5)

Again this result assumes that the Lyapunov function has already been described in
advance. In fact, the discussion of the Lyapunov function will follow. The error function

is not limited to simply a difference as z = w — w,.. The error variable can be defined

as z = atan ' (B(w — wy.)) in [23] or 2 = B(w — Wye) — M in [38], which yields
z = fw— wy) — %((w — Wye)T(w — wy))?(fisin (2)) for ordinary quaternions. The first

construction is used in the simulation to minimize the initial control efforts.
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4.3.1  Control Lyapunov Function with Logarithmic Barrier Functions

The method presented in this section allows the controller to avoid particular attitudes in
space, and is a version of a controller defined in 23] applied solely to the ordinary quaternion
part of the feedback. The controller is determined by back-stepping using a logarithmic
control barrier function. For completeness, the derivation of the terms in the paper are
shown here in their entirety. With some boresight vector #® and some sensitive inertial
direction vector as 7% the constraint is such that (77)7¢%7 < cos(fc). Note that the angle
between the boresight and sensitivity vector is simply defined as 6. The value ¢ indicates

a half angle cone surrounding the sensitivity vector. This inequality can be expressed in

quadratic form by the following.

A(6e) b
M@o)=| | (4.6)
b d(6c)

Where the entries in M(c) are defined by d(6c) = (71)75° — cos(fc), by A(0c) =
()T + gBE — ((F)9° + cos(fc)) Is, and by b = 7T x 5. Equation 4.6, when left and
right multiplied by gp/; will convert the vector /® used to form the matrix to ¢ internally.
This is shown in detail in Appendix A. For a forbidden zone, the Lyapunov function is

assumed to take the form

V(@ - gt @ - 1P (—km (ZT2T)) “n

It’s evident that the error quaternion g, ® ¢ = 1 is the point at which V is zero. The
matrix M (0¢) is a positive definite matrix whose maximum and minimum eigenvalues are

bounded. Details about the matrix M () can be found in Appendix B. Showing that this



Lyapunov function is negative definite, the following relationships are shown for clarity.

g ®@q—1|* =2-2q]q

d

_2_2T :_2T

dq{ q'q} q’
d
dz

—@r' Ar) = + T =2T i =
dd VAT A+ ANZ TA (ifAT=A
T

(@F) = d

Taking the gradient of Equation 4.7 with respect to gq:

d {ln (—q”\/é(ﬁc)q)}

d * — 12 —q™M (0

dq 2 dq
The resulting gradient is then found to be
q"M(0c)q , —2k
Vo,=2q! ( kln| ————= - —1|*————q"M (0 4.
v, - 2q7 (ki (THEM) ) g g 1P g
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8)

This is the gradient that will be used as mentioned in Section 4.3 for Equation 4.5. This

takes into account a single forbidden attitude. For multiple, such as in the simulation, this

process is simply repeated and summed. The Hessian is still necessary fo the controller,

which must also be positive definite. This is shown in Appendix B. To ease the derivation

Equation 4.8 is separated into two terms.

—q"M(0c)gq .  —2k
Ty=2q" [kIn| ——— d T = ||qFf —1||*—————q" M (6
L 2qy (o (21 wd T Jar@a - AP g )

Starting with term T3

01 = 2. Lot (ST L o, (20

2 2
4kq,q"M (0c)
TN = ————= + 04y
VT, M ©00)q + Ugxa

Continuing on to term VT3

d —2kq M (0c) Qd{ 2%k }
VT = —{lgF®q— 1"} —L Y 4 |l gF @ g — 1|P~—{ —————qTM(6
2= g Hlar ®@a -1 — e = lar @ a = 1P g4 M )
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d - 2k ] 2k d

< {qTM q} {qTM o }q M(60) + o (M (f)a)
d —2k —2k ; —2k

i o0} = g \ranaera ) 7100 G0

d —2k _ Ak(gTM)T —2k

@ {qTM (I} = (@ M(00) ) ——————q"M(0c) + —qTM(Ho)q (0c)

i{ —2k M(00) } _ 4k(g"M(0c))"q" M (6c) | —2kM(0c)

dg \qM(0c)g ¢ (q"M (0¢)q)? a™M(0c)q

Combining all the terms in VT5:

4kq,

VT, = —ndr
> qM(0c)q

aTM(0c) + laf ® q— 1] (4’“‘121{ g\ic(?;;z;)ﬂfwc) 200

Then jointly, the Hessian of the Lyapunov function V2V is the sum VT + VT5.
4.4 Synthesis of Controller

For the completion of the formulation of the control law, a method is presented here to
combine the attitude constraint avoidance from Equation 4.5 and Equation 4.4 to rendezvous
with another spacecraft under pointing constraints. First rewriting the PD controller more

conveniently:

ff = —kp(A3/0 ® (A3 — 17)) — 2(AR)0 ® 2}7)

-3 _kPqE/GdB/G — QQE/GZfd + R.T.
_kpd*B/G X (qB/G — 1) — Q(d*B/G & zpq + qs/G ) Zf) + R.T.

Where R.T. represents the relative terms. Since the controller calls for the vector part,
and all of the relative terms will also be pure, the above can be considered a pure quaternion.

Revisiting the back-stepping controller and rewriting it as a quaternion equation,
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) 1 . .
X (J&) + Jidwo — 5 (quV LYV x G- vvg) _z

3
[ & % (J&) + S — L <qSVV VUV x q— VVJ) _z
T =
0

Then the two can be jointly summed to form the combined controller as follows:

5 _ T — kol 688/6 — 2056714 (49)

_kpd*B/G ®(gpc — 1) — Q(dE/G ® zfa + qpjc @ Zfp)

Where the values VV', z¢, and 7 are calculated based off of the formulations in Sections

4.1, 4.3, and 4.3.1. The value Z, in 7 is determined by the system

x; = A&; + Bagg (4.10)

Z = CAZ; + CBapc (4.11)

The combination of these two controllers is the primary contribution of the work, along-
side the formulation of the area frame and aerodynamic model in Section 3.2. Each of the
controllers individually have resources describing some of the qualities of each controller such

as in [23, 13, 39|. The combination of these controllers and the subsequent analysis is
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Chapter 5

RESULTS AND ANALYSIS

The dynamic system described in Chapter 3 is simulated in MATLAB to present the
performance of the controller designed in Chapter 4. For the simulation, the classical orbital
elements describing the test orbits are listed in Table 3.1 are used. Each of these orbital
cases is compared against a baseline case with values specified in Table 3.2. Rendezvous in
this context is considered to be when the spacecraft approaches to within one to two meters

of the desired frame having avoided unwanted attitudes within a reasonable span of time.

Case 61 e
LEO [6771.2, 0, 0] km [0, 7.6725, 0] k=
Maratus 2398, 5762, 3068.3] km | [-6.6594, -3.4055, 1.2234] km
Inertial Constraint Tia Oc
1 1,0, 0] 15°
9 -1, 0, 0] 15°
3 [ ,—Vg,*/ﬂ 30°

Table 5.1: Orbital conditions and attitude constraints

Each case will be simulated under the effect of the orbital disturbances listed in Section
3.2 without the filtered measurement from Equation 4.2 unless otherwise specified. For the
sake of consistency, the initial position and velocity used for each of the cases are listed in

Table 5.1.
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5.1 LEO Case

The LEO case presents a satellite in a circular equatorial orbit with a 400 km altitude.
A progressive approach is taken to demonstrate the performance of the combined controller
by showing the results of the controller described in Section 4.1, the PD case are shown first.
Then, the attitude constraints based off of the back-stepping controller from Section 4.3 and
Section 4.3.1 (CBF case) is second. Finally, the combined controller is analyzed, as a means

to compare the benefit of joining the two together.

07g/a 171%/G
0.05 ¢
—_ Wy
Wy
0.025 | Wz
204 —==
‘.‘ _/‘/‘
’
-0.025 I 7
\ /'/
-0.05 1 1 : 1 : : |
0 20 100 150 0 50 100 150 200
Time t (sec) Time ¢ (sec)
(a) Angular velocity in B: PD (b) Relative linear velocity in G: PD

Figure 5.1: LEO case with PD: Velocities over time

The PD controller shown in Figure 5.1 presents a fast response time for the angular
velocity, which is expected as there are no attitude constraints imposed. The linear velocity
does take notably longer to reach an equilibrium. However, this is reasonable given that the
means to reorient in low Earth orbit is typically more accessible. High relative velocities
inherently pose a risk of impact where imposing slower approach speeds is both effectively

required in rendezvous maneuvers.
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0.1 | Y | | | | |
0 50 100 150 0 50 100 150
Time ¢ (sec) Time ¢ (sec)
(a) Angular velocity in B: CBF (b) Relative linear velocity in B: CBF

Figure 5.2: LEO case with CBF: Velocities over time

In comparison with the PD controller alone in Figure 5.1, the control barrier function
appears to perform much differently. Of course, the duration of time for the pose to reach the
desired location in space is increased as the controller must take time to avoid the constraints
imposed onto the system. The angular velocity does change rapidly in Figure 5.2a, which
can be corrected by choice of kcppr. In some cases with this control scheme, the spacecraft
may take a longer route to arrive at the commanded orientation, a result of the unwinding

phenomena.

The choice of controller for the CBF case was initially intended for reorientation under
attitude constraints [23], so the impact of the controller is only applied to the dual part of the
system. This does not render the linear component trivially ignored however. The velocity
in Figure 5.2b shows the effect of sudden rotations provoking a rapid change in the relative
linear velocity in the B frame. Measurements are typically taken from the perspective of a

spacecraft - or in the frame of the sensors on board. This change inside of frame B could
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pose a notable challenge in terms of measurement and estimation.

YUp/c
e
0.05 4
— - Wy
o m
0 L\/ s
rad AR 7
: Voo
-0.05 | v
\ .I
v
-0.1 w : ‘
0 50 100 150 0 50 ' 100 150
Time ¢ (sec) Time t (sec)
(a) Angular velocity in B: Combined (b) Relative linear velocity in B: Combined

Figure 5.3: LEO case with combined controller: Velocities over time

Once combined, the PD controller and the CBF controller work together to reorient and
reposition the spacecraft to align with the axes of G. The effects of this combination is
particularly visible in Figure 5.3a, where the relative angular velocity is quickly decreased
while avoiding the unwanted orientation zones and the effects of the unwinding phenomenon.
The relative linear velocity shows similarly long settling times for the position when compared
with Figure 5.2, but with much smaller magnitudes in each given direction, a desirable trait
for preventing accidents.

It should be reiterated that sudden changes in the velocity measurements shown in both
Figure 5.2 and 5.3 may correspond with increased uncertainty in the system during a rapid
slewing. During the later stages of rendezvous the relative velocities are often small, but
with noise and other system uncertainties it may pose an unwanted danger upon failure of

some subsystems, sensors, or actuators. Further discussion is left in Section 5.3.
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5. Controller comparison 75 Controller comparison

0.2 %

g
N Z,
g
0 2 40 60 80 100 0 20 40 60 80 100
Time ¢ (sec) Time t (sec)
(a) Control forces in B, (b) Control torques in B,

Figure 5.4: Comparison of control efforts in selected axes

For the sake of brevity only the control forces in the B, axis and the control torques in the
B, axis are shown here in Figure 5.4a. For a complete picture Figures C.1 and C.2 present
the other respective axes. The results for the PD controller generally align with what is to
be expected from a classical standpoint and uses the least amount of energy in the baseline
case - but it does not account for attitude constraints. For the control torques on the system,
a similar conclusion can be made, but with the caveat that the CBF controller does have
‘smoother’ paths when re-orienting around attitude constraints. Of course, this is also an
idealized situation where orbital perturbations will generally be smaller in comparison to the
Maratus case, where the comparison of the controllers by variation in the control gains is

discussed.
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Figure 5.5: k, vs. HF’E/GH: PD Controller

5.2 DMaratus Case

The Maratus case is chosen as a more realistic situation for the inclusion of orbital
disturbances in comparison with the circular orbit given in the LEO case. For better clarity
in the response of the system the filter is not used, and a direct measurement for the relative
motor is assumed for the Maratus case to better express the change with varying parameters.
Most of the parameters listed in Table 3.2 are varied over the duration of the rendezvous
within reasonably selected bounds to prevent excessive responses or unrealistic behavior. The
goal is to express the change in the system with respect to the given variables by choosing a
metric that shows the change most directly. When possible and reasonable the corresponding

plots for other controllers, cases, and metrics are included in Appendix C.



48

1756 1756

30 %
—0.025 — 0.1

m m
10 ¢ \\
1 1 — 0 1 1 1 S
0 50 100 150 0 50 100 150
Time ¢ (sec) Time ¢ (sec)
(a) by v, (1756 (b) ka vs. 175,

Figure 5.6: |75 scll vs. k, and kq for combined controller

First, the variance of the PD gains is shown on the combined controller with respect to
its position. The magnitude of ||/ Jc || is used to show the absolute distance between the two
frames. As for the baseline condition, shown in black, the initial distance increases solely
by nature of the initial velocity relative to the G frame, and shortly begins its approach.
As the proportional constant increases, the relative position oscillates around G, causing
the oscillations shown in Figures 5.6a and 5.6b. With the initial velocity being small and
the two frames being proximate, Here a slow approach is desirable to lower the chance of
impact. The lower gain k, may also prevent the system from responding quickly enough if
the situation requires a faster response. With larger initial relative velocities the initial peak

will increase as the control is much smaller, potentially causing unwanted relative orbiting.
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Figure 5.7: ||78|| vs. kcpr for combined controller and CBF

For the variance with relation to the gain kopp, note that the initial command for the
control torque is actually higher in the combined controller when compared to the the CBF
case, and for smaller satellites would potentially reach control saturation. This comes with a
reduced overall settling time and energy usage after the initial commanded values. The gain
kcpr is also much more sensitive to change when compared to other gains, so the selection of
this value must be made carefully to ensure that the control efforts do not surpass physical

limits of the satellite or cause unrealistic results.
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Figure 5.8: Maratus Case with combined controller: Velocities over time

To complete the comparison to the LEO case, the angular and linear velocities expressed

in the B frame are shown for the combined controller in Figure 5.8. The linear velocity in the

body decays at about the same rate, whereas the angular velocity decays much faster than

what is shown in Figure C.4. This makes some intuitive sense as the combination of the PD

and CBF components is in the ordinary part of the control wrench, affecting the orientation

strongly, and carrying through to the linear components by extension. As a final comparison

between the controllers, the CBF and combined controller pure quaternion components are

plotted against one another in Figure. 5.9
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5.3 Limitations of Methodology and Future Work

One of the most notable limitations is the lack of bounds on the control effort, particularly
for the commanded thrust. Thrust is simulated as if it is generated continuously and without
a limit. Care has been taken to consider this in the controller design to generate realistic
bounds in the baseline case but having some limitation on the control wrench would be an
improvement. With limits in place then control allocation for reaction wheels, magnetorquers
and thrusters would then be be a welcome addition.

Beyond the physical component the discretization of the controller is another valuable
next step for future work, as discrete time analysis is not included in this work. The combi-
nation of discretization with control allocation would provide a good testbed controller for
dual quaternions for various labs with 5DOF testing abilities. Additionally, some constraint
on the dual quaternion as a whole is mentioned in [24] for planetary landing problems which
presents the constraint as an angle with respect to some landing site, analogous to the at-
titude constraints described in Chapter 4 for some boresight. An extension of this could
be imposing some form of unit ball constraint on the position. This would exacerbate the
aforementioned issue of control effort limitations but would be an interesting endeavor.

While the PD controller is shown to be stable in the sense of Lyapunov over time in
[13, 14, 39] and the same is provided in the Appendices and in [23, 24|, the assumption is that
the inertial vectors do not move over time. In [13] the transient component of the Lyapunov
is discussed, but for the logarithmic barrier functions the inertial vectors are assumed to
be stationary in Z, whereas a time varying inertial constraint could have useful application.
Robustness is not deeply taken into consideration in this work and trivial cancellations are
made within the derivation of the back-stepping controller. In particular, uncertainty in the
dual inertia matrix would be a good place to further develop the controller. The controller
as presented in 4.9 does not have ‘memory’ and uses the low-pass dual quaternion filter to
account for the lack of velocity measurements. In a higher accuracy simulation a Kalman

filter would be a good addition to the system, discrete or otherwise.
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Appendix A
DERIVATION/PROOF OF M (6¢)

This is the derivation for M (6¢) showing the transformation of the 4% — ¢ by quaternion

in the form of q"M(0¢)q

jr =y — 2(G)ys + 2(YB) % + 2qs(Up X @)

a0 b || g
:[Q_Z qs] T d(e)] ]

qs
A(0)q, + by,
b'q, + d(0)qs

= qy (A(0) 4o + bgs) + ¢s(b7q + d(6)gs)

= qTA(0)q, + basq) + qsb™q, + ¢2d(0)
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Appendix B

POSITIVE DEFINITENESS FOR HESSIAN OF CONTROL
BARRIER FUNCTION

Then reiterating V717 and multiplying both sides by g7 and g respectively:

_ 4kq.q"M(0c)
q"M(0c)q

m‘f (g-a"M(0c)) q

VT,

q'VT1iq =

Repeating it for the individual terms of 75 with some rearrangements:

4k
qaM (%)qq

g @q— 1) (

VT, = T(M(0c)aq)) g+

T (@M TV o) a s

Defining some new terms to make the system easier to simplify there are X = g'q and

qTM—(QC)quM(eC)q)



Z =q"M(0c)q and ¢ = qTM(0c)q — B1. Then the above equations simplify to:

qTVQVQ,(q)q = VT, + VT,

4k
= EqT (g:q"M(8¢)) q + VT,

4
= —kXZ+VT2

W

_ %XZ + %q (4:a"M(0c))q + (2 — 2q;q)z—]§q

2k

(4
4k Ak Ak 2k

= EXZ + EXZ +(2— 2X)w2Z —(2— 2X)EZ)
4522 (2XZy+ (1 - X)(22% — Zy))
_ 4kZ
¢2
= 72Xy + (1 - X)(2Z —v))
=72X(Z - B1) + (1 = X)(2Z — (Z - B1)))

0XZ —2XB+(1=X)(Z + /)

—(2—-2q¢])—-q"M(0c)q)

—5 XY + (1 - X)(2Z - ¥))

=(
=~v2XZ -2X01+Z+ 1 — XZ — X[by)
YWXZ =2XBi+Z + 1 — XBi)

=(

X(Z —=301)+ Z+ b1)

"(M(0c)aq"M(0c))q - - -
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a'VV,q =7 ((q7q)(@"M(6c)q — 361) + ("M (6c)q + B1))
4kq™ M (0c)q
(@M (0c)q — B1)*

v >0

qTM(HC)q + 51 >0
-1<qlg<1

q"V*Vy(q)g > 0
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Appendix C
ADDITIONAL GRAPHICAL RESULTS
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Figure C.1: Control comparison in B, and B,: LEO
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Figure C.2: Control torque comparison in B, and B,: LEO
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Figure C.3: Maratus Case with PD controller: Velocities over time
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Figure C.4: Maratus Case with CBF: Velocities over time
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