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The C∗-algebra of a finite T0 topological space

Christopher McMurdie

Chair of the Supervisory Committee:
Professor of Mathematics Sholto Paul Smith

Mathematics Department

We are concerned with the following motivating question: how can one extend the classical

Gelfand-Naimark theorem to the simplest non-Hausdorff topological spaces? Our model

space is a finite T0 topological space, or equivalently, a finite poset. We construct a faithful

functor from the category of finite posets with injective morphisms to the category C∗,

whose objects are C∗-algebras and whose morphisms are isomorphism classes of Hilbert C∗-

bimodules. Then we show in various ways how the construction of this functor fails to extend

to the category of finite posets.
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Chapter 1

INTRODUCTION

1.1 Commutative C∗-algebras and Gelfand’s Theorem

A continuous map f : X → Y of topological spaces is proper if the inverse image of every

compact set is compact. Define LCHaus to be the category of locally compact Hausdorff

topological spaces with proper continuous maps as morphisms; define CC∗-Alg to be the cat-

egory of commutative C∗-algebras with unit-preserving ∗-homomorphisms. Then Gelfand’s

theorem states that there is a duality of categories such that

1. X ; C0(X), and

2. f : X → Y ; f ∗ : C0(Y )→ C0(X).

3. C0(X × Y ) ∼= C0(X) ⊗ C0(Y ), where ⊗ denotes the tensor product of the nuclear

C∗-algebras C0(X) and C0(Y ).

4. C0(X t Y ) ∼= C0(X)⊕ C0(Y )

The adjoint functor is Spec : CC∗-Alg→ LCHaus, the maximal ideal spectrum.

The goal of this thesis is to extend this classical result in some way to non-Hausdorff

spaces. Our toy model is the simplest kind of non-Hausdorff space: a finite T0-space. The

category of finite T0-spaces is equivalent to the category of finite posets with order preserving

maps (cf. Appendix A). To each finite T0-space X, or equivalently each finite poset X, we

associate a (usually noncommutative) concrete C∗-algebra AX of bounded operators acting

on a Hilbert space HX . If X is a finite Hausdorff space then AX ∼= C(X).
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1.2 The main results

Theorem 1.1. The C∗-algebras AX have the following properties:

1. AX is an approximately finite dimensional C∗-algebra.

2. The unitary equivalence classes of irreducible representations of AX are in bijection

with the points in X. We write Ox for the irreducible representation corresponding to

x and px = Ann(Ox).

3. Every representation π : AX → B(H) on a separable Hilbert space H is unitarily

equivalent to a direct sum of countably many irreducible representations.

4. The function X → Prim(AX), x 7→ px, is a homeomorphism from X to the primitive

spectrum of AX endowed with the Jacobson topology.

5. If Z is a closed subspace of X then there is a surjective C∗-algebra homomorphism

AX → AZ. We write IZ for the kernel of this homomorphism.

6. If Y and Z are closed subspaces of X then IY ∩Z = IY + IZ and IY ∪Z = IY ∩ IZ.

7. The function Z 7→ IZ is an anti-isomorphism from the lattice of closed subspaces of X

to the lattice of closed two-sided ideals in AX .

8. If Z is a closed subspace of X, then IZ = ∩x∈Zpx.

9. Every irreducible closed subspace of X has a generic point and, if x denotes the closure

of {x} in X, then px = Ix.

10. The ideal IZ is strongly Morita equivalent to AX−Z.

11. AX×Y ∼= AX ⊗AY , the C∗-tensor product of the (nuclear) C∗-algebras AX and AY .
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12. AXtY ∼= AX ⊕AY .

The algebraAX is defined in §2.1.1 as a particular subalgebra of the bounded operators on

the Hilbert space HX := `2(X∞) where X∞ denotes the discrete set of descending sequences

x1x2 . . . where xi ≥ xi+1.

There is a category C∗ whose objects are C∗-algebras and whose morphisms are iso-classes

of Hilbert C∗-bimodules (cf. Appendix B). Let FPos denote the category of finite posets

and order-preserving morphisms. There is a functor A from the full subcategory of FPos

consisting of injective morphisms to the category C∗ such that A(X) = AX . Note that for

a fixed poset Y , an injective map f : X → Y is not completely determined by the values of

the function; it also depends on the ordering on X.

The rest of this thesis is a result of various attempts to extend the functor A to the full

category of posets. All such attempts were unsuccessful. We view this as evidence to support

the conjecture that no such functor exists.

There is a category HS of Hilbert-Schmidt operators, and a functor E : FPos→ HS. On

objects, E(X) is a certain ring of Hilbert-Schmidt operators on HX ; in fact, E(X) is an

ideal in AX that is not closed in the operator norm. It is shown that since E is a functor,

for maps f : X → Y and g : Y → Z of finite posets there is an AY -AX-bimodule Ef and an

AZ-AY -bimodule Eg such that Eg ⊗AY Ef ∼= Egf as AZ-AX bimodules. The functor E has

the following properties:

Theorem 1.2. 1. If ix : {x} → X is the inclusion of a point, then Eix
∼= Ox

2. If τ : X → {∗} is the terminal map, then Eτ ∼= H∗X .

3. If f : X → Y is continuous and x ∈ X, then Ef ⊗AX Ox ∼= Of(x).
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1.3 Other constructions from the literature

1.3.1 Incidence Algebras

A similar philosophy underlies non-commutative algebraic geometry and the case of finite

posets fits nicely into that framework. Associated to a finite poset is its incidence algebra,

IX , which is a finite-dimensional algebra over C. Given an order-preserving map f : X → Y

between finite posets, there is an associated IY -IX-bimodule If and these bimodules have the

property that Ig ⊗IY If ∼= Igf as IZ-IX bimodules for all order-preserving maps f : X → Y

and g : Y → Z [1].

Even better, in [11], Ladkani shows that the category of right IX-modules is equivalent to

the category of sheaves of C-vector spaces on X, Sh(X). Under this equivalence, the diagram

Mod
(
IY
) −⊗If //

��

Mod
(
IX
)

��
Sh(Y )

f−1
// Sh(X).

commutes whenever f : X → Y is a continuous map, where f−1 is the inverse image (or

pullback) functor.

1.3.2 C∗-algebras with finite spectrum

For noncommutative C∗-algebras, there is typically not a bijection between irreducible rep-

resentations and primitive ideals. The question of which topological spaces can arise as the

primitive spectra of C∗-algebras and the problem of constructing C∗-algebras with prescribed

primitive spectra have a long history.

Given a finite T0 topological space X it has long been known how to construct C∗-algebras

whose primitive spectra are homeomorphic to X, e.g., [5],[7].

Theorem 1.3 (Bratteli). [6] Let X be a topological space. There is an approximately finite-

dimensional C∗-algebra (or AF -algebra) A such that Prim(A) ∼= X if and only if X has the

following properties:
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1. X is T0;

2. X has at most countably many closed subsets;

3. for every directed set Λ and every decreasing sequence of closed subsets Zi ⊂ X, i ∈ Λ,

the intersection of all Zi is equal to some Zj;

4. every closed irreducible subspace of X has a generic point; i.e., if Z is a closed subset

of X and is not the union of two proper closed subsets, then Z = x for some x ∈ X.

Corollary 1.4. If X is a finite T0 topological space, then X ∼= PrimA for some AF algebra

A.

Behnke and Leptin [5] constructed all C∗-algebras having only a finite number of irre-

ducible representations. But none of these previous results address the question of functori-

ality.

A functor from a subcategory of finite posets to von Neumann regular rings is constructed

in [3]. The subcategory consists of complete morphisms of posets, those injective maps that

preserve the relation of immediate predecessor. The restriction on the maps between posets

is such that they induce homomorphisms between the associated algebras. Our construction

appears unrelated to that in [3].

Nevertheless, the results in [3] prompt one to ask how the monoid of isomorphism classes

of finitely generated projective AX-modules is related to the abelian monoid generated by

X. We do not consider that question.

1.3.3 The use of bimodules as morphisms

The category C∗ is a typical replacement for C∗-Alg in the literature when one is looking for

functorial behavior. For example in [13, p. 103], Landsman defines a functor from a suitable

category of smooth Lie groupoids to C∗. The objects of his category are Lie groupoids, and

his morphisms are regular (left principal and right proper) bibundles, G ← M → H. Here,
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M is a smooth manifold equipped with left and right actions from G and H, respectively,

together with compatible smooth maps τ : M → G0 and σ : M → H0. These technical

assumptions on the morphisms (i.e. left principal and right proper) are chosen so that there

is a functor to C∗.

Although our algebra AX can be described as the C∗-algebra of a groupoid, Landsman’s

functor does not apply to our situation since we do not consider smooth manifolds.
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Chapter 2

THE AF -ALGEBRA, AX

In this chapter, X is a fixed finite poset. We define a concrete C∗-algebra AX , i.e. a

closed sub-algebra of bounded operators on a separable Hilbert space, HX . This construction

has several nice properties, as we will eventually prove:

1. There is an isomorphism of posets X ∼= Prim(AX) onto the primitive spectrum;

2. The set of unitary equivalence classes of irreducible representations of AX is also iso-

morphic to X; the Hilbert space HX decomposes as a finite direct sum, one for each

equivalence class.

2.1 The definition of AX

We define

Xn := {x1 . . . xn | xi ∈ X and xi ≥ xi+1 for all i ≥ 1}, n ≥ 1

X∞ := {x1x2 . . . | xi ∈ X and xi ≥ xi+1 for all i ≥ 1},

and maps

s : Xn → X, s(x1 . . . xn) := x1,

t : Xn → X, t(x1 . . . xn) := xn,

s : X∞ → X, s(x1x2 . . .) := x1,

t : X∞ → X, t(x1x2 . . .) := x where x is the unique element in

X such that xn = x for all n� 1.

We define X0 := ∅.
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We will denote elements of X∞ by lower-case bold-face letters. Let x = x1x2 . . . ∈ X∞
and p ∈ Xn. If t(p) ≥ s(x), we define

px := p1 . . . pnx1x2 . . . ∈ X∞, and pX∞ := {px | x ∈ X∞, t(p) ≥ s(x)}.

The set pX∞ consists of the sequences in X∞ whose first n entries agree with p. If p ∈ Xn

we say p has length n and write |p| = n.

If x ∈ X we write x∞ for the infinite sequence xxx . . ., and xn for the sequence x . . . x

of length n. For each x ∈ X, let [x] := {x ∈ X∞ | t(x) = x}. Thus X∞ is the disjoint

union of the subsets [x], x ∈ X. With the appropriate identifications, there is an orthogonal

decomposition

`2(X∞) =
⊕
x∈X

`2([x]).

This decomposition appears again in 2.4. We note also that X∞ is the disjoint union of the

subsets xX∞, x ∈ X. There is a corresponding orthogonal decomposition

`2(X∞) =
⊕
x∈X

`2(xX∞).

There is an equivalence of categories (even an isomorphism) between finite posets and

finite T0-topological spaces (see Appendix A). Briefly, sets of the form ↓ x = {x′ ≤ x | x′ ∈

X} = Ux are a base of open subsets; each such set Ux is a minimal neighborhood of x ∈ X.

Note that xX∞ = (Ux)∞.

2.1.1 Notation

If p, q ∈ Xn and t(p) = t(q), we adopt the convention that

pq∗x =

px
′ if x = qx′

is undefined if x /∈ qX∞.

In (2.2-1), we define a linear operator that is also denoted pq∗.

Define

HX := `2(X∞).
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The set of characteristic functions

χx : X∞ → {0, 1}, χx(x′) := δx,x′ , x ∈ X∞,

is an orthonormal basis for HX .

2.2 The linear operators pq∗ ∈ B(HX), and AX

If p, q ∈ Xn and t(p) = t(q) we define the operator

pq∗ : HX → HX by pq∗(χx) :=

χpq
∗x if x ∈ qX∞

0 if x /∈ qX∞,

(2.2-1)

and

AX := span{pq∗ | p, q ∈ Xn, n ≥ 0, t(p) = t(q)} ⊆ B(HX).

Proposition 2.1. Let X be a finite T0 topological space. The algebra AX is a unital C∗-

subalgebra of B(HX) and the following properties hold.

1. If pq∗ and rs∗ are elements of AX then

(pq∗)(rs∗) =


p(sr′)∗ if q = rr′

(pq′)s∗ if r = qq′

0 if qX∞ ∩ rX∞ = ∅.

2. The set {xx∗ | x ∈ X} consists of mutually orthogonal projections in AX and

∑
x∈X

xx∗ = idHX ,

the identity operator on HX .

3. If pq∗ ∈ AX , then (pq∗)∗ = qp∗.
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Proof. Each pq∗ is a bounded operator of norm 1 because it sends the orthonormal basis

{χx | x ∈ X∞} to a subset of itself.

(1) This is a “bookkeeping” exercise: one simply examines the possible values of (pq∗)(rs∗)(χx)

for x ∈ X∞. (2) follows easily from (1).

(3) Let
∑

y∈X∞ λyχy ∈ HX . Then

pq∗

( ∑
y∈X∞

λyχy

)
=
∑

y∈qX∞

λyχpq∗y =
∑

x∈pX∞

λqp∗xχx. (2.2-2)

The calculation〈
pq∗

( ∑
x∈X∞

λxχx

)
,
∑

y∈X∞

µyχy

〉
=

〈 ∑
x∈pX∞

λ
qp∗xχx,

∑
y∈X∞

µyχy

〉

=
∑

x∈pX∞

λ
qp∗xµx

=
∑

y∈qX∞

λyµpq∗y

=

〈 ∑
x∈X∞

λxχx,
∑

y∈qX∞

µ
pq∗yχy

〉

=

〈 ∑
x∈X∞

λxχx, qp
∗

( ∑
y∈X∞

µyχy

)〉
shows that qp∗ is adjoint to pq∗.

If pq∗ ∈ AX , then (pq∗)(qp∗) = pp∗ and (pp∗)2 = pp∗ so pq∗ is a partial isometry. With

the appropriate identifications, pq∗ is an isometry `2(qX∞)→ `2(pX∞).

In particular, if x ∈ X, then xx∗ is the identity map `2(xX∞) → `2(xX∞) and vanishes

on `2(yX∞) for y 6= x.

2.3 AX is an AF-algebra

Proposition 2.2. The algebra AX is an AF-algebra: it is the norm closure of the ascending

union of the finite dimensional ∗-subalgebras A1 ⊂ A2 ⊂ · · · where

An := span{pq∗ ∈ AX | p, q ∈ Xn}.
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Proof. The elements xx∗, x ∈ X, form a basis of mutually orthogonal idempotents for A1

and their sum is idHX . Thus

A1 =
⊕
x∈X

Cxx∗.

By Proposition 2.1(1), An is closed under composition, i.e. multiplication, and under the

operation of taking adjoints. Thus, An is a C∗-subalgebra of AX .

If pq∗ ∈ An, then

pq∗ =
∑
t(p)≥x

(px)(qx)∗.

Thus An ⊂ An+1. By definition, AX is the closure of the union of the Ans. �

Because it is a finite dimensional C∗-algebra, An is a finite direct sum of matrix algebras.

We will make these summands explicit by representing An on `2(Xn).

Let u ∈ Xn. Define χu : Xn → C by χu(v) := δu,v. The set {χu | u ∈ Xn} is an

orthonormal basis for `2(Xn).

Lemma 2.3. The Hilbert space `2(Xn) is a faithful representation of An with respect to the

the map π : An → B(`2(Xn)) defined by

π(pq∗)(χu) := δq,uχp for each u ∈ Xn. (2.3-1)

Furthermore, {pq∗ ∈ AX | p, q ∈ Xn} is a basis for An.

Proof. Since

π(pq∗)π(rs∗)(χu) := π(pq∗)(δs,uχr) = δs,uδq.rχp

and

π((pq∗)(rs∗))(χu) = π(δq,rps
∗)(χu) = δq,rδs,uχp,

π is an algebra homomorphism. It follows from (2.3-1) that {π(pq∗) | p, q ∈ Xn, t(p) = t(q)}

is linearly independent. Hence ker(π) = {0}. Therefore {pq∗ ∈ AX | p, q ∈ Xn} is a basis for

An. �
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If p, q, r, s ∈ Xn and t(p) = t(q) and t(r) = t(s), then

(pq∗)(rs∗) = δq,rps
∗. (2.3-2)

For each x ∈ X, define Xn−1x := {p ∈ Xn | t(p) = x}. Since

Xn =
⊔
x∈X

Xn−1x, (2.3-3)

there is an orthogonal decomposition

`2(Xn) =
⊕
x∈X

`2(Xn−1x) (2.3-4)

Lemma 2.4. Equation (2.3-4) is the orthogonal decomposition of `2(Xn) into its irreducible

An-subrepresentations. The corresponding decomposition of An as a direct sum of simple

C∗-algebras is

An =
⊕
x∈X

Bx (2.3-5)

where Bx = span{pq∗ | p, q ∈ Xn−1x}. The restriction of π to Bx is a C∗-algebra isomorphism

Bx → B(`2(Xn−1x)).

Proof. It follows from (2.3-2) that Bx is a C∗-subalgebra of An. It follows from (2.3-3)

and Lemma 2.3 that An is the direct sum of the Bx, x ∈ X. Equation (2.3-2) implies that

BxBx′ = 0 if x 6= x′. Hence each Bx is a two-sided ideal of An.

Let u, v ∈ Xn−1x. Since π(uv∗)(χv) = χu, `
2(Xn−1x) is an irreducible representation of

π(Bx). If w ∈ Xn −Xn−1x then π(uv∗)(χw) = 0; it follows easily that each `2(Xn−1x) is an

irreducible An-submodule of `2(Xn). �

Proposition 2.5. [6, Lemma 3.1]. If I is a closed two-sided ideal in an AF-algebra A =

∪n≥0An, then

I =
⋃
n≥0

(I ∩ An).

Corollary 2.6. If I is a closed ideal of AX , then I = span{pq∗ ∈ AX | pq∗ ∈ I}.
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Proof. By Proposition 2.5, it suffices to show that every ideal J ⊆ An is equal to

span{pq∗ | p, q ∈ Xn, t(p) = t(q), pq∗ ∈ J }. It is certainly true that each Bx is spanned by

the elements pq∗ that are contained in it. Since every ideal in An is a direct sum of various

Bx’s the same is true for every ideal in An. �

The next result is the analogue of the fact that if X and Y are compact Hausdorff spaces,

then C(X × Y ) ∼= C(X)⊗ C(Y ); here, ⊗ is the completion of the algebraic tensor product

with respect to the unique C∗-norm. Indeed, since commutative C∗-algebras are nuclear

they admit unique cross-norms.

Theorem 2.7. If X and Y are finite T0-topological spaces, then

1. (X × Y )∞ ∼= X∞ × Y∞ via (x, y)i 7→ (xi)× (yi);

2. HX×Y ∼= HX ⊗HY via χ(x,y)i 7→ χxi ⊗ χyi;

3. AX×Y ∼= AX ⊗AY via (px, py)(qx, qy)
∗ 7→ pxq

∗
x ⊗ pyq∗y.

Note that since AX is nuclear, there is a unique C∗-norm on the algebraic tensor product;

AX ⊗AY is the completion with respect to this norm.

Proof. (1) Every sequence in (X × Y )∞ has the form

p1 ≥ p2 ≥ · · · .

Necessarily, pi = (x, y)i for some x ∈ X and y ∈ Y and pi ≥ pi+1 if and only if xi ≥ xi+1 and

yi ≥ yi+1. This establishes the given bijection (X × Y )∞ → Y∞ ×X∞.

If S and T are two sets, then there is a bounded C-linear isomorphism from `2(S×T )→

`2(T ) ⊗ `2(S) such that χ(s,t) 7→ χs ⊗ χt. Letting S = Y∞ and T = X∞ we see that

`2(X∞ × Y∞) ∼= `2(X∞) ⊗ `2(Y∞) = HX ⊗ HY . Using (1), we have that `2((X × Y )∞) ∼=

`2(X∞ × Y∞), and hence the result. The map described in the statement is the resulting

map.
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Under the explicit isomorphism in (2), the action of the operator (px, py)(qx, qy)
∗ ∈ AnX×Y

on HX×Y corresponds to the action of the operator pyq
∗
y ⊗ pxq∗x ∈ AnY ⊗ AnX on HY ⊗ HX .

Thus, AX×Y is the same concrete C∗-algebra of operators on HX ⊗HY as AX ⊗AY .

2.4 Irreducible representations of AX and their annihilators

In this section we describe the representations of AX on Hilbert spaces. A Hilbert-space

representation of a C∗-algebra A is a separable Hilbert space H together with a continuous

map λ : A → B(H) such that

〈λ(a)h1, h2〉 = 〈h1, λ(a∗)h2〉, for all a ∈ A, h1, h2 ∈ H.

The representation is non-degenerate if λ(A)H is dense in H (by convention, λ(A)H is the

linear span of {λ(a)h | a ∈ A, h ∈ H}).

For each x ∈ X, define

Ox := {ξ ∈ `2(X∞) | ξ(x) = 0 if t(x) 6= x} and

px := Ann(Ox) = {a ∈ AX | a(ξ) = 0 for all ξ ∈ Ox}.

It is clear that Ox is a closed subspace of `2(X∞). The set {χx | t(x) = x} is an orthonormal

basis for Ox. Extension by zero is an isomorphism `2
(
[x]
) ∼= Ox of Hilbert spaces.

Because X is finite, every sequence in X∞ is eventually constant. There is therefore a

finite partition

X∞ =
⊔
x∈X

{x ∈ X∞ | t(x) = x}

and a corresponding direct-sum decomposition

HX = `2(X∞) =
⊕
x∈X

Ox

of HX into mutually orthogonal closed subspaces. This decomposition is the same as that

in 2.1.

Proposition 2.8. For x ∈ X, Ox is an irreducible representation of AX . Furthermore, Ox
is unitarily equivalent to Ox′ if and only if x = x′ if and only if px = px′.
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Proof. For the duration of this proof, we write A for AX .

Let ξ ∈ Ox and pq∗ ∈ A. We will show that pq∗(ξ) ∈ Ox. Let x ∈ X∞. Then

pq∗(ξ)(x) =

ξ(pq
∗x) if x ∈ qX∞

0 if x /∈ qX∞.

If x ∈ qX∞, then t(pq∗x) = t(x) so ξ(pq∗x) = 0 if t(x) 6= x; since pq∗(ξ) vanishes on Ox′ for

all x′ 6= x, pq∗(ξ) ∈ Ox. Thus, Ox is an A-subrepresentation of HX .

Claim: Ox is generated by χx∞ . Proof: Certainly χx∞ ∈ Ox. Suppose t(x) = x. Then

x = pq∗x∞ for some pq∗ ∈ A whence pq∗(χx∞) = χx. Therefore χx ∈ Aχx∞ . Since

Ox = span{χx | t(x) = x}, Ox = Aχx∞ . ♦

To show Ox is irreducible we consider a non-zero element ξ ∈ Ox, say

ξ =
∑
x∈[x]

λxχx.

Choose x such that λx 6= 0. There is some p in some Xn such that x = px∞. Since

(px)(px)∗(ξ) = λpx∞χpx∞ = λxχpx∞ ,

χpx∞ ∈ Aξ. Therefore Aξ = Ox.

Let x and x′ be distinct elements in X. Without loss of generality we can, and do, assume

that x 6≥ x′. If t(x) = x′, then s(x) 6= x so xx∗(χx) = 0. Hence xx∗ annihilates Ox′ . But xx∗

does not annihilate Ox because xx∗(χx∞) = χx∞ . Hence px 6= px′ . Since their annihilators

are different Ox is not isomorphic to Ox′ . �

Proposition 2.19 below shows that {Ox | x ∈ X} is a complete set of irreducible repre-

sentations of AX up to unitary equivalence.

Proposition 2.9. 1. Fix x ∈ X and define e :=
∑

y 6≥x yy
∗. Then

px = span{pq∗ ∈ AX | t(p) 6≥ x} = AeA.

2. The function X → Prim(X), x 7→ px, is an injective order-preserving map of posets.
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Proof. (1) Let pq∗ ∈ AX and x ∈ X∞. Then pq∗(χx) = 0 if and only if x /∈ qX∞. Therefore,

pq∗ ∈ px ⇔ {x ∈ X∞ | t(x) = x} ⊆ X∞ − qX∞

⇔ {x ∈ X∞ | t(x) = x} ∩ qX∞ = ∅

⇔ t(q) 6≥ x.

It now follows from Corollary 2.6 that px = span{pq∗ ∈ AX | t(p) 6≥ x}.

In particular, yy∗ ∈ px if y 6≥ x. Therefore px contains e and AeA.

Since {yy∗ | y ∈ X} is a set of mutually orthogonal projections, AeA is equal to the

two-sided ideal generated by {yy∗ | y 6≥ x}. If t(p) 6≥ x, then

pq∗ =
∑
t(p)≥y

(py)(qy)∗ =
∑
t(p)≥y

(py)e(qy)∗

so pq∗ ∈ AeA. Hence px ⊆ AeA.

(2) It follows from (1) that px 6= py if x 6= y. It also follows from (1) that px ⊆ py if

x ≤ y. The map x 7→ px is therefore injective and order-preserving.

Proposition 2.16 shows that the map X → Prim(AX), x 7→ px, is surjective and hence a

homeomorphism of topological spaces.

Lemma 2.10. Let x ∈ X. The following conditions are equivalent:

1. dim(Ox) = 1;

2. dim(Ox) <∞;

3. x is a maximal element in X, i.e., if x′ ∈ X and x′ ≥ x, then x′ = x;

4. x = {x}.

Proof. (1)⇒ (2) Obvious.
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(2) ⇒ (3) If x is not maximal choose y ∈ X such that y > x. For each n ≥ 0, let xn be

the element y . . . yx∞ where there are n y’s. Each xn belongs to [x∞] so {χxn | n ≥ 0} is an

infinite linearly independent subset of Ox. Thus dim(Ox) =∞.

(3)⇒ (1) If x is maximal then [x∞] = {x∞}, so Ox = `2([x∞]) = C.

(3)⇔ (4) This follows from the fact that x = {y ∈ X | x ≤ y}. �

2.5 The ideal of AX “vanishing” on a closed subspace of X

We use quotation marks around the word “vanishing” because the ideal associated to a closed

subspace Z ⊆ X is defined to be the ideal that annihilates, i.e., vanishes on, the irreducible

representations Oz for all z ∈ Z.

This point of view is consistent with the classical results about ideals in C(X), the

C∗-algebra of functions on a locally compact Hausdorff space X: the ideal of functions

vanishing on a closed subspace Z ⊆ X consists of the functions that annihilate the irreducible

representations C(X)/mz, z ∈ Z, where mz is the ideal of functions vanishing at the point

z.

If Z is a closed subspace of X we define

IZ := Ann

(⊕
z∈Z

Oz

)
=
⋂
z∈Z

pz.

In particular, I∅ = AX and IX = {0}.

Since px ⊆ py if and only if x ≤ y, px = Ix.

Proposition 2.11. Let Y and Z be closed subspaces of X. Then

1. IY ∩ IZ = IY ∪Z;

2. IY + IZ = IY ∩Z;

3. IZ = span{pq∗ ∈ AX | t(p) 6∈ Z};

4. IZ = AXeAX = IZeIZ where e =
∑

x/∈Z xx
∗.
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Proof. (1) This follows from the fact that HY +HZ = HY ∪Z .

(3) We have

IZ = span{pq∗ ∈ AX | pq∗ ∈ IZ} by Corollary 2.6

= span{pq∗ ∈ AX | pq∗ ∈ pz for all z ∈ Z}

= span{pq∗ ∈ AX | t(p) 6≥ z for any z ∈ Z} by Proposition 2.9(1)

= span{pq∗ ∈ AX | t(p) 6∈ Z}.

(2) By (3),

IY + IZ = span{pq∗ ∈ AX | either pq∗ 6∈ Y or pq∗ 6∈ Z}

= span{pq∗ ∈ AX | pq∗ 6∈ Y ∩ Z}

which is equal to IY ∩Z by (3).

(4) The projections xx∗, x ∈ X−Z, that add up to e are mutually orthogonal projections

so an ideal contains e if and only if it contains {xx∗ | x ∈ X−Z}. Also xx∗ = e(xx∗) = (xx∗)e.

Let x ∈ X − Z. By (3), xx∗ ∈ IZ . Hence e ∈ IZ . Therefore AXeAX ⊆ IZ .

On the other hand, suppose that p, q ∈ Xn and x = t(p) = t(q) /∈ Z. Then pq∗, p(xn)∗,

and xnq∗, all belong to IZ and

pq∗ =
(
p(xn)∗

)
(xx∗)

(
xnq∗

)
=
(
p(xn)∗

)
e
(
xnq∗

)
so pq∗ ∈ IZeIZ . It follows that IZ ⊆ IZeIZ . The two equalities in (4) follow. �

Theorem 2.12. Let Z be a closed subspace of X.

1. The function ϕ : HZ → HX defined by ϕ(χz) := χz is an isometry from HZ onto

⊕x∈ZOx.

2. If we identify HZ with the closed subspace ⊕x∈ZOx of HX , then the action of AX on the

subrepresentation ⊕x∈ZOx of HX is a surjective C∗-algebra homomorphism Φ : AX →

AZ and ker(Φ) = IZ.
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3. In particular, AX/IZ ∼= AZ.

Proof. (1) Let x ∈ X∞. If t(x) ∈ Z, then s(x) is in Z, since Z is closed and s(x) ≥ t(x).

Therefore {χx | x ∈ Z∞} is an orthonormal basis for the closed subspace ⊕x∈ZOx ⊆ HX .

Since {χz | z ∈ Z∞} is an orthonormal basis for HZ , ϕ is an isometry.

(2) By Proposition 2.8, ⊕x∈ZOx is an AX-subrepresentation of HX so the action of AX
on it is, in effect, a C∗-algebra homomorphism

Φ : AX → B

(⊕
x∈Z

Ox

)
∼= B(HZ).

It is obvious that ker(Φ) = Ann
(
⊕x∈Z Ox

)
= IZ .

The fact that the image of Φ is AZ is essentially a tautology: if pq∗ ∈ AZ with p and q

in Zn there is also an element in AX labelled pq∗ and Φ(pq∗) = pq∗. �

From now on, if Z is a closed subspace of X remake the identification

HZ :=
⊕
z∈Z

Oz ⊆ HX .

Lemma 2.13. If x is a minimal element in X then X − {x} is closed and IX−{x} =

AX(xx∗)AX is a minimal non-zero two-sided ideal in AX .

Proof. Since x is minimal, {x} is open and X − {x} is closed. By Proposition 2.11(4),

AX(xx∗)AX = IX−{x}. Let pq∗ ∈ AX(xx∗)AX . Then t(p) = x by Proposition 2.11(3). Let

n = |p|. Then
(
xnp∗

)
(pq∗)

(
q(xn)∗

)
= xn(xn)∗ = xx∗ where the last equality follows from the

fact that x is minimal. Hence xx∗ ∈ AX(pq∗)AX for all pq∗ ∈ AX(xx∗)AX . It follows that

AX(xx∗)AX is a minimal non-zero two-sided ideal. �

Theorem 2.14. The map Z 7→ IZ is a lattice anti-isomorphism from the set of closed

subspaces of X to the set of closed two-sided ideals in AX .

Proof. We argue by induction on |X|. The result is obvious when |X| = 1 because then

AX ∼= C. Suppose the result holds for T0 spaces of cardinality < |X|.
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By Proposition 2.11(3), the function Z 7→ IZ from closed subspaces of X to closed

two-sided ideals of AX is injective. We will now show this function is surjective.

Let I be a non-zero closed two-sided ideal in AX . Let pq∗ be a non-zero element in I.

Let x be a minimal element in X such that t(p) ≥ x. Then (px)(qx)∗ ∈ IX−{x} and

(px)(qx)∗ =
[
(px)(px)∗

]
(pq∗)

[
(qx)(qx)∗

]
∈ AX(pq∗)AX ⊆ I.

Therefore I contains the minimal non-zero ideal IX−{x}.

Let Φ : AX → AX−{x} be the surjective homomorphism in Theorem 2.12. Then Φ(I) is

an ideal in AX−{x} so there is a closed subspace Z of X−{x} such that Φ(I) is generated by

{yy∗ | y ∈ (X − {x})− Z}. Hence I is generated by {yy∗ | y ∈ X − Z}. Since x is minimal

in X, Z is also a closed subspace of X so I = IZ .

This completes the proof that the function Z 7→ IZ from closed subspaces of X to closed

two-sided ideals of AX is surjective and hence bijective. �

Lemma 2.15. Let Z ⊆ X be a closed subset with corresponding ideal IZ. Then

AnnAX (IZ) = {φ ∈ AX | φ · IZ = 0} = IX−Z .

Proof. Since AnnAX (IZ) is a closed two-sided ideal, it is of the form IC for some closed

subset C ⊆ X. It remains to show that C is the smallest closed subset in X containing

X − Z.

Note that IZ = AnnAX (
⊕

x∈Z Ox), and likewise for C. For each x ∈ X, Ox is a simple

AX-module; thus,

IZ · Ox =

Ox if x 6∈ Z

0 if x ∈ Z.

Since IC · IZ = 0,

IC(IZ · HX) = IC(
⊕

x∈X−Z

Ox) = 0, and thus, X − Z ⊆ C.
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This shows that C is a closed subset containing X − Z. On the otherhand, if C ′ is a closed

subset of X that contains X − Z then IC′ · IZ annihilates HX . Since HX is a faithful AX-

module, IC′ · IZ = 0. It follows that IC′ ⊆ AnnAX (IZ) = IC . By the anti -isomorphism of

lattices, we have C ⊆ C ′.

Proposition 2.16. The map X → Prim(AX), x 7→ px = Ix, is an isomorphism of posets.

Proof. Let p be a primitive ideal in AX . Then p = IZ for some closed subspace Z ⊆ X.

A primitive ideal is never the intersection of two strictly larger ideals so, by Proposition

2.11(1), Z is not the union of two strictly smaller closed subspaces. But Z is also the union

of the closures of its individual points so is the closure of a single point. Hence p = Ix for

some x ∈ X. It now follows from Propositions 2.9(1) and 2.11(3) that p = px. �

Remark 2.17. When Prim(AX) is given the Jacobson topology and X is viewed as a T0

topological space, the map X → Prim(AX) defined above is a homeomorphism.

Proposition 2.18. Let Z be a closed subspace of X and define

e :=
∑

x∈X−Z

xx∗.

1. There is a C∗-algebra isomorphism eIZe ∼= AX−Z.

2. IZ is strongly Morita equivalent to AX−Z.

Proof. The result is clear for Z = ∅ and Z = X so we assume that ∅ ( Z ( X. Let U =

X −Z. For each x ∈ X, xx∗ is the orthogonal projection of `2(X∞) onto `2(xX∞). Because

X∞ is the disjoint union of the sets xX∞, x ∈ X, there is an orthogonal decomposition

`2(X∞) =
⊕
x∈X

`2(xX∞).

If x ∈ X∞ and s(x) ∈ U , then x ∈ U∞ because U is an open subset of X. Therefore

U∞ =
⊔
x∈U

xX∞
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and e is the orthogonal projection of `2(X∞) onto

`2(U∞) =
⊕
x∈U

`2(xX∞).

(1) If p, q ∈ Un with n ≥ 1 and t(p) = t(q), then the notation pq∗ denotes an element

of AX and an element of AU . The element pq∗ in AX vanishes on `2(X∞ − U∞) and sends

`2(U∞) to itself; the restriction of the action of the element pq∗ ∈ AX to `2(U∞) is the same

as the action of the element pq∗ ∈ AU .

Let Φ : AU → eIe be the map Φ(1) = e and Φ(pq∗) = pq∗ when p, q ∈ Un with n ≥ 1. In

AX , e(pq∗)e = pq∗ so Φ(AU) ⊆ eIe. It is clear that Φ is a homomorphism of C∗-algebras.

However,

eIe = span{pq∗ ∈ AX | s(p), s(q) ∈ U} = span{pq∗ ∈ AX | p, q ∈ Un, n ≥ 1}

so the image of Φ is eIe. Hence Φ : AU → eIe is an isomorphism.

(2) This follows from (1) and Proposition 2.11(4) which shows IZ = AXeAX . �

Proposition 2.19. The set {Ox | x ∈ X} is a complete set of irreducible representations of

AX up to unitary equivalence.

Proof. Let (π,H) be an irreducible representation of AX . Let I = ker(π). Then I = IZ
for some closed subspace Z ⊆ X, so (π,H) is a faithful irreducible representation of AZ . It

therefore suffices to prove that (π,H) is unitarily equivalent to some Ox under the additional

hypothesis that ker(π) = 0. We therefore assume that ker(π) = 0.

Let x be a minimal element of X and write J for AX(xx∗)AX . Since xx∗ does not

annihilate χx∞ it does not annihilate Ox. If ξ is a non-zero element in Ox, then J ξ = JAξ =

JOx; since JOx is stable under the left action of AX onHX , JOx is a AX-subrepresentation

of Ox; but Ox is irreducible so Ox = JOx = J ξ. Hence Ox is an irreducible representation

of J .

Since J = IX−{x}, it is strongly Morita equivalent to A{x} which is equal to C. Hence J

has a unique irreducible representation up to unitary equivalence. So as a representation of

J , (π|J ,H) is unitarily equivalent to Ox.
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Since J is Morita equivalent to C, π(J ) = K(Ox). Let ρ : AX → B(Ox) be the repre-

sentation on Ox obtained by restricting the action of AX on HX . Let α : B(H)→ B(Ox) be

the isomorphism such that αρ(b) = π(b) for all b ∈ J . If a ∈ AX and b ∈ J , then

αρ(a)π(b) = αρ(a)αρ(b) = αρ(ab) = π(ab) = π(a)π(b)

so (αρ(a) − π(a))π(b) = 0 for all b ∈ J . Hence (αρ(a) − π(a))K(Ox) = 0. But K(Ox) is an

essential ideal in B(Ox) so αρ(a) = π(a) for all a ∈ AX .

We remark that for every integer n ≥ 1, {pp∗ | p ∈ Xn} is complete set of mutually

orthogonal idempotents.

Theorem 2.20 (Jensen). A separable C∗-algebra A is scattered if and only if Â is countable.

Corollary 2.21. Let X be a finite T0 space. Since ÂX ∼= X is finite, AX is a scattered

C∗-algebra. Thus every representation of AX is unitarily equivalent to the direct sum of

countably many irreducible representations {Ox}.

Proof. By Proposition 2.19, ÂX ∼= X is finite, and thus countable. Jensen’s theorem proves

that AX is scattered.

2.6 Summary

We have proved Theorem 1.1. We pause to compare that theorem to the classical case.

Suppose that X is a locally compact Hausdorff space and let C0(X) be the commutative

C∗-algebra of complex-valued continuous functions that vanish at infinity.

1. The unitary equivalence classes of irreducible representations of C0(X) are in bijection

with the points in X, via x 7→ Cx = C0(X)/mx, where mx = {f ∈ C(X) | f(x) = 0}.

2. If iZ : Z ⊆ X is a closed subspace of X, then there is a surjective C∗-algebra homo-

morphism C0(X)→ C0(Z) defined by pre-composing with iZ . Write IZ for the kernel

of this homomorphism.
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3. The function Z 7→ IZ is an anti-isomorphism from the lattice of closed subspaces of X

to the lattice of closed two-sided ideals in C0(X).

4. If Z is a closed subspace of X then IZ :=
⋂
z∈Z mz.

5. The ideal IZ is isomorphic to C0(X − Z).

6. C0(X × Y ) ∼= C0(X)⊗C0(Y ).

7. C0(X t Y ) ∼= C0(X)⊕ C0(Y ).
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Chapter 3

THE FUNCTOR A : FPosInj→ C∗

Definition 3.1. Let f : X → Y be an injective map of posets, and let ιf : HX → HY be

the linear operator sending χx 7→ χf(x). Define

Af = AY ιfAX ,

the closed AY -AX-subbimodule of B(HX ,HY ) generated by ιf . Define Anf to be the span of

operators of the form pq∗ ◦ ιf ◦ ab∗, where pq∗ ∈ AnY and ab∗ ∈ AnX .

Lemma 3.2. Let f : X → Y be an injective map of posets.

1. Af contains
∑

n≥1Anf as a dense subset.

2. Af = span{pf(b)∗ ◦ ιf ◦ bb∗ | p ∈ Yn, b ∈ Xn, f(t(b)) = t(p)}.

3. The adjoint of the operator pf(b)∗ ◦ ιf ◦ bb∗ : HX → HY is

(bb∗)∗ ◦ ι∗f ◦ (pf(b)∗)∗ = bb∗ ◦ πf ◦ f(b)p∗,

where πf : HY → HX is the linear operator such that

χy 7→
∑

f(x)=y

χx.

Proof. (1) By definition, the linear span of elements of the form φ ◦ ιf ◦ ψ, φ ∈ AY and

ψ ∈ AX , is dense in Af . Since AY and AX are ultramatricial algebras, there are sequences

φn ∈ AnY and ψn ∈ AnX such that φn → φ and ψn → ψ. Thus,

||φ ◦ ιf ◦ ψ − φn ◦ ιf ◦ ψn|| = ||φ ◦ ιf ◦ ψ − φn ◦ ιf ◦ ψ + φn ◦ ιf ◦ ψ − φn ◦ ιfψn||

≤ ||φ ◦ ιf ◦ ψ − φn ◦ ιf ◦ ψ||+ ||φn ◦ ιf ◦ ψ − φn ◦ ιfψn||

≤ ||φ− φn||||ιf ◦ ψ||+ ||φn ◦ ιf ||||ψ − ψn|| → 0.
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Thus, the closure of
∑

n≥1Anf contains all elements of the form φ ◦ ιf ◦ ψ; since it is also

closed under addition, it is equal to Af .

(2) Note that Af contains the span of elements of the form pq∗ ◦ ιf ◦ab∗ as a dense subset.

If f(a) 6= q and χx ∈ HX then

pq∗ ◦ ιf ◦ ab∗(χx) = χpq∗·f(ab∗·x) = 0.

In otherwords, the operator pq∗ ◦ ιf ◦ ab∗ = 0 unless q = f(a).

Compute that

pf(a)∗ ◦ ιf ◦ ab∗ = pf(b)∗ ◦ ιf ◦ bb∗

by checking that this holds for the basis elements χx ∈ HX . The result follows at once.

(3) Observe that

〈πf (χy), χx〉 = δf(x),y = 〈χy, ιf (χx)〉, for all y ∈ Y∞ and x ∈ X∞;

Since {χy | y ∈ Y∞} and {χx | x ∈ X∞} are Hilbert bases for HY and HX , we have that

〈πf (ψ), φ〉 = 〈ψ, ιf (φ)〉, for all ψ ∈ HY and φ ∈ HX ,

i.e. ι∗f = πf ; since ιf is bounded, πf is bounded.

See Appendix B.1 for the notion of a concrete Hilbert module.

Corollary 3.3. If f : X → Y is an injective map of posets, then Af is a concrete Hilbert

AX-module and the left-action of AY is by adjointable operators. Thus, Af is a Hilbert

C∗-bimodule.

Proof. We show that u∗v ∈ AX for every u, v ∈ Af . It is necessary to show that πf ◦ιf ∈ AX .

Since f is injective,

πf ◦ ιf (χx) =
∑

f(x)=f(x′)

χx′ = χx;

thus πf ◦ ιf = idHX . Now consider u = qf(b)∗ ◦ ιf ◦ bb∗, v = pf(a)∗ ◦ ιf ◦ aa∗ ∈ Af . Then

u∗v = δpqbb
∗ ◦ πf ◦ f(b)f(a)∗ ◦ ιf ◦ aa∗ = δpqba

∗ ∈ AX .
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This shows that u∗v ∈ AX whenever u, v ∈ Anf . The general result follows from continuity

of the adjoint map and composition.

The left-action of AY is adjointable since AY is a concrete C∗-algebra acting on HY .

Theorem 3.4. If f : X → Y and g : Y → Z are injective maps of posets, then

Ag◦f = Ag ⊗AY Af ,

where the tensor product is the balanced tensor product of C∗-bimodules.

Proof. Using Lemma B.6 in the Appendix, compute that

Ag ⊗AY Af = Ag ◦ Af = span{φ ◦ ψ | φ ∈ Ag, ψ ∈ Af}

= span{φ ◦ ψ | φ ∈ Ang , ψ ∈ Anf , n > 0}

= span{qg(c)∗ ◦ ιg ◦ cc∗ ◦ bf(a)∗ ◦ ιf ◦ aa∗ | a ∈ Xn, bf(a) ∈ AnY , c ∈ Yn, qg(c)∗ ∈ AnY , n > 0}

= span{qg(c)∗ ◦ ιg ◦ cf(a)∗ ◦ ιf ◦ aa∗ | a ∈ Xn, cf(a) ∈ AnY , qg(c)∗ ∈ AnY , n > 0}

= span{qg(f(a))∗ ◦ ιgf ◦ aa∗ | a ∈ Xn, cf(a) ∈ AnY , qg(c)∗ ∈ AnY , n > 0}

= Ag◦f .

Theorem 3.5. Let X be a finite poset with open subset j : U → X and closed subset

i : Z → X.

1. There is an isomorphism of Hilbert C∗-bimodules Φ : Ai → AZ defined by

Φ(pa∗ ◦ ιi ◦ aa∗) = pa∗;

2. There is an isomorphism Hilbert C∗-bimodules Ψ : Aj → AXe, where e =
∑

x∈U xx
∗;

Ψ is defined by

Ψ(pa∗ ◦ ιj ◦ aa∗) = pa∗.

Corollary 3.6. A : FPosInj→ C∗ is a functor such that A(X) = AX .
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Af must be an AY -AX-bimodule

Proposition 3.7. If Z ⊆ X is closed and does not contain any minimal elements of X,

then the quotient AX/IZ admits no AX-valued inner-product. Thus, AX/IZ cannot be made

a (right) Hilbert AX-module.

Proof. Consider an AX-valued inner-product on AX/IZ , and let J be the closure of the

image of this inner-product. Then J is a closed two-sided ideal in AX by Lemma B.3; we

will show that J = 0, contradicting that the inner-product is positive-definite.

For r ∈ AX , write r for r + IZ ∈ AX/IZ . We note that J is spanned by elements of the

form

〈r, s〉 = 〈1 · r, 1 · s〉 = r∗〈1, 1〉s.

Then J ⊆ AnnAX (IZ) because

r∗〈1, 1〉s · IZ ⊆ r∗〈1, 1〉IZ = r∗〈1Y , IZ〉 = r∗〈1Y , 0〉 = {0}.

By Lemma 2.15, AnnAY (IZ) = IC , where C is the smallest closed subset containing X −Z.

Since Z contains no minimal elements of X, X − Z contains all minimal elements of X.

Since C is closed in X and contains all the minimal elements of X, C = X and IC = 0.

Thus, J = 0.

Since AX/IZ ∼= AZ as C∗-algebras, and AZ is a right AZ-module using the standard

inner-product, the quotient AX/IZ can be given the structure of a right Hilbert AZ-module.

Thus, we must choose Af to be an AY -AX-bimodule.

3.1 Problems extending A to FPos

There are two problems for extending the definition of Af when f : X → Y is not injective.

The first is that ιf may not be bounded. We briefly isolate the equivalent property of f such

that ιf is a bounded operator.



29

Definition 3.8. A strictly monotone morphism f : X → Y of posets is a function such that

x < x′ ⇒ f(x) < f(x′).

Note that the strictly monotone morphisms form a subcategory of the category of posets

containing FPosInj as a subcategory.

Lemma 3.9. If f : X → Y is a continuous map of finite posets, then the following are

equivalent:

1. The linear operator ιf : HX → HY is bounded;

2. f is strictly monotone;

3. There is a uniform bound (depending only on X) for the cardinality of the fibers

f−1(f(x)), x ∈ X∞.

Proof. (1) implies (2): If f is not strictly monotone, then there is x, x ∈ X, x < x′ such that

f(x) 6< f(x′). Since f is order-preserving, f(x) = f(x′). Let h =
∑∞

n=1
1
n
χ(x′)nx∞ . This is

square-summable: ||h||2 = π2/6. However, ιf (h) =
∑∞

n=1
1
n
χf(x)∞ is a divergent sum. Thus

ιf is not bounded.

(2)⇒ (3): Consider x ∈ X∞; x has the form

x = xm1
1 xm2

2 xm3
3 · · ·x

mn−1

n−1 xxx · · ·x · · ·

where 1 ≤ n ≤ height(X), x1 > x2 > · · · > xn1 > x, and each exponent mi ≥ 1. Consider

x′ ∈ f−1(f(x)), i.e. f(x′i) = f(xi), for all i ≥ 1. Since x′i ≥ x′i+1, (2) implies that x′i = x′i+1

if and only if xi = xi+1. So x′ ∈ X∞ must have the form

x′ = ym1
1 ym2

2 ym3
3 · · · y

mn−1

n−1 yyy · · · y · · ·

where y1 > y2 > · · · > yn−1 > y, f(yi) = f(xi). We also have from (2) that either yi = xi or

they are incomparable. Let width(X) be the cardinality of the largest subset of X consisting
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of incomparable elements. The number of possible choices for each yj is not greater than

width(X); thus,

|f−1(f(x))| ≤ (width(X))(height(X)) <∞.

Since this bound is independent of x, the result is proved.

(3)⇒ (1) If |f−1(f(x))| < M , then ||ιf (χ)|| ≤M ||χ||; indeed, if χ =
∑

x∈X∞ λxχx, then

ιf (χ) =
∑

x∈X∞

λxχf(x) =
∑
y∈Y∞

 ∑
f(x)=y

λx

χy;

since
∣∣∣∑f(x)=y λx

∣∣∣2 < M2 supf(x)=y |λx|2, it follows that

||ιf (χ)||2 ≤M2
∑

x∈X∞

|λx|2 = M2||χ||2,

so ||ιf ||∞ ≤M .

Question 3.10. The property strictly monotone is order-theoretic. Is there a topological

characterization of that property? (cf Theorem A.14)

Remark 3.11. If f : X → Y is strictly monotone, then height(X) ≤ height(Y ). If f : X → Y

is an injective morphism of posets then it is strictly monotone. This notion does not imply

that X or Y are ranked.

Example 3.12. The following “height” map h : X → Y is strictly monotone but not

injective:

• • •
h−→

• •

Theorem 3.13. Let f : X → Y be a strictly monotone map of posets. Then the following

are equivalent:

1. f is injective;

2. Af is a concrete Hilbert C∗-bimodule over AY and AX .
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Proof. (1)⇒ (2) Suppose that f is injective. The concrete AX-valued inner product on Af
is defined as follows: if φ, ψ ∈ Af then 〈φ, ψ〉 = φ∗ψ; we show that φ∗ψ ∈ AX .

From the lemma we know that for aa∗, bb∗ ∈ AnX , pf(a)∗, qf(b)∗ ∈ AnY ,

(pf(a)∗ ◦ ιf ◦ aa∗)∗ ◦ (qf(b)∗ ◦ ιf ◦ bb∗) = (aa∗ ◦ πf ◦ f(a)p∗) ◦ (qf(b)∗ ◦ ιf ◦ bb∗)

= δpqab
∗ ∈ AnX ,

since p = q implies that t(f(a)) = t(f(b)); the injectivity of f then implies that t(a) = t(b).

By linearity, it follows that if φ, ψ ∈ Anf , then φ∗ψ ∈ AX . If φ, ψ ∈ Af , then there are

sequence φn, ψn ∈ Anf such that φn → φ and ψn → ψ. Then

||φ∗ψ − φ∗nψn|| = ||φ∗ψ − φ∗nψ + φ∗nψ − φ∗nψn||

≤ ||φ∗ψ − φ∗nψ||+ ||φ∗nψ − φ∗nψn||

≤ ||φ||||ψ − ψn||+ ||φn||||ψ − ψn|| → 0.

Since φ∗nψn ∈ AX ⊆ B(HX) for each n, and AX is closed, it follows that φ∗ψ ∈ AX .

(2)⇒ (1) If f is not injective, then ι∗f ιf = πf ιf does not preserve tails-equivalence classes.

Indeed, if f(x) = f(x′), and x 6= x′, then

πf ιf (χx∞) = πf (χf (x)∞) =
∑

f(x′)=f(x)∞

χx′ .

The sum on the right contains χ(x′)∞ for example. Thus, ι∗f ιf 6∈ AX , and so Af is not a

concrete Hilbert AX-module.

Example 3.14. In Example 3.12, ιh : HX → HY does not generate a Hilbert C∗-bimodule

over AY and AX because 〈ιh, ιh〉 6∈ AX . Indeed,

〈ιh, ιh〉(χ1∞) = ι∗hιh(χ1∞) = χ1∞ + χ2∞ ;

this shows that 〈ιh, ιh〉 does not preserve tail-equivalence classes.

Finally, we have the following negative result:
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Theorem 3.15. Suppose A : FPos → C∗ is a functor such that Af :X→Y ⊆ B(HX ,HY ) is a

concrete Hilbert C∗-bimodule for every map f : X → Y of finite posets. Then AiZ 6∼= AX/IZ
for some finite poset X and some closed subset Z ⊆ X.

Lemma 3.16. Let f : X → Y be a map of posets, and let V ⊆ B(HX ,HY ) be a concrete

Hilbert AX-module. If φ ∈ V , and Ox and Ox′ are distinct simple summands of HX , then

φ(Ox) ⊥ φ(Ox′).

Proof of Lemma. Since φ ∈ V , φ∗φ ∈ AX . Then, φ∗φ(Ox) ⊆ Ox so

{0} ⊇ 〈Ox,Ox′〉 ⊇ 〈φ∗φ(Ox),Ox′〉 = 〈φ(Ox), φ(Ox′)〉.

Proof of Theorem. We proceed by contradiction. Let X = {0, 1, 2}, ordered so that 0 < 1

and 0 < 2, but 1 and 2 are incomparable. Let τ : X → {∗} be the terminal map.

Claim: Aτ ⊆ B(Ox,C) = O∗x for a unique x ∈ X. Proof: Consider 0 6= φ ∈ Aτ ⊆

B(HX ,C). Since the codomain of φ is one dimensional, the previous lemma implies that

there is a unique x ∈ X such that φ(Ox) 6= 0. Furthermore, if ψ ∈ Aτ is any other element,

then ψ(Ox′) = 0 for x′ 6= x (otherwise, the sum φ + ψ ∈ Aτ would be an element such

that (φ + ψ)(Ox) and (φ + ψ)(Ox′) are not orthogonal, contradicting the previous lemma).

It follows that Aτ ⊆ B(Ox,C) = O∗x. Since Ox is a simple left AX-module, Aτ = O∗x, or

Aτ = 0. Consider the composition {∗} → X → {∗}, where the first map i1 : {∗} → X

sends ∗ 7→ 1 and the second is the terminal map. The composition is id{∗}, and A{∗} = C.

It follows from functoriality that Aτ 6= 0. Thus, Aτ = O∗x for some x ∈ X. This proves the

claim.

If x 6= 1, then

Aτ ⊗AX Ai1 = O∗x ⊗AX AX/I{1} = 0,

since O∗x · I{1} = O∗x. If x = 1, repeat this argument with the composition τ ◦ i2, where

i2 : {∗} → X sends ∗ 7→ 2. But then we have

Aid{∗} = Aτ◦ix = C 6= 0 = Aτ ⊗AX Aix , x = 1 or x = 2,

contradicting that A is a functor.
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Remark 3.17. It is conceivable that there is a functor A : FPos → C∗ such that Af :X→Y ⊆

B(H,K) is a concrete Hilbert C∗-bimodule for each f : X → Y . In this case, H is a Hilbert

space that AX acts on so it must be isomorphic to direct sums of Ox’s. It is unclear what

to pick for K if we cannot pick HY . The author has made several attempts choosing, e.g.

K = HY ⊗HX , without success.

3.2 The ultramatricial algebra, SX

Definition 3.18. Let X be a finite poset.

1. Define HX = spanC {χx | x ∈ X∞};

2. Define SX = span {pq∗ | t(p) = t(q), p, q ∈ Xn} ⊆ EndC(HX)¿

HX is a dense linear subspace of HX , and the range of each operator pq∗|HX ∈ AX is

contained in HX . The closure of SX under the operator norm is AX . Since SX is also closed

under taking adjoints, we say that SX is a pre-C∗-algebra.

To avoid the problem of ιf : HX → HY being unbounded when f : X → Y is not

injective, consider the restriction ιf |HX : HX → HY . When there is no danger of confusion,

we use the same symbol for ιf and its restriction.

Definition 3.19. Let f : X → Y be a morphism of finite posets. Define

Sf = SY ◦ ιf ◦ SX ⊆ HomC(HX , HY ),

the SY -SX-bimodule generated by ιf .

Lemma 3.20. If f : X → Y , and g : Y → Z are maps of finite posets, then we have the

following equality of unbounded operators:

ιg ◦ ιf = ιg◦f : HX → HZ .

Theorem 3.21.



34

1. If X is a finite poset then SidX = SX ;

2. If f : X → Y and g : Y → Z are morphisms of finite posets, then

Φ : Sg ⊗SY Sf → Sgf : φ⊗ ψ 7→ φ ◦ ψ

is an isomorphism.

Proof. (1) This is obvious since ιidX = 1SX . (2) It is clear that Φ is well-defined. To show

that Φ is surjective we note that Sgf = lim−→n
Sngf , and each Snf is spanned by elements of the

form pgf(b)∗ ◦ ιf ◦ bb∗. Since

Φ(pgf(b)∗ ◦ ιg ◦ f(b)f(b)∗ ⊗SY f(b)f(b)∗ ◦ ιf ◦ bb∗) = pgf(b)∗ ◦ ιf ◦ bb∗,

Φ is surjective.

Φ restricts to the map Φn : Sng ⊗SY Snf → Sngf . To prove injectivity of Φ it is enough to

show that Φn has a left-inverse. Define Ψn : Sngf → Sng ⊗SY Snf via

ugf(a)∗ ◦ ιgf ◦ aa∗ 7→ ugf(a)∗ ◦ ιg ◦ f(a)f(a)∗ ⊗SY f(a)f(a)∗ ◦ ιfaa∗.

The next few computations establish that Ψn ◦ Φn = id.

For aa∗ ∈ SnX , qf(a)∗, pp∗ ∈ SnY and ug(p)∗ ∈ SnZ , consider the element

x = ug(p)∗ ◦ ιg ◦ pp∗ ⊗SY qf(a)∗ ◦ ιf ◦ aa∗ ∈ Sng ⊗SY Snf .

Claim: x = Ψn ◦ Φn(x) = δpqugf(a)∗ ◦ ιg ◦ f(a)f(a)∗ ⊗SY f(a)f(a)∗ ◦ ιf ◦ aa∗

Proof: The second equality is obvious; we establish the first. If q 6= p, then x = 0 in the

tensor product, since

pp∗ ⊗SY qf(a)∗ = pp∗ · pp∗ ⊗SY qf(a)∗

= pp∗ ⊗SY pp∗ · qf(a)∗

= δpqpp
∗ · pp∗ ⊗SY pf(a)∗.
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Since either p = f(a) or else

pp∗ ⊗SY pf(a)∗ = pp∗ ⊗SY (pf(a)∗ + f(a)p∗) · f(a)f(a)∗

= pp∗ · (pf(a)∗ + f(a)p∗)⊗SY f(a)f(a)∗

= pf(a)∗ ⊗SY pf(a)∗,

we have

x = δpqug(p)∗ ◦ ιg ◦ pf(a)∗ ⊗SY f(a)f(a)∗ ◦ ιf ◦ aa∗.

Since ug(p)∗ ◦ ιg ◦ pf(a)∗ = ugf(a)∗ ◦ ιg ◦ f(a)f(a)∗,

x = δpqugf(a)∗ ◦ ιg ◦ f(a)f(a)∗ ⊗SY f(a)f(a)∗ ◦ ιf ◦ aa∗.

Since elements of the form x span Sng ⊗SnY S
n
f , the result is proved.

Corollary 3.22. Let f : X → Y be a map of finite posets.

1. If f : X → Y is strictly monotone then Sf = Af .

2. If f : X → Y is not strictly monotone then Sf 6⊆ B(HX ,HY ).

One might consider theAY -AX-bimodule obtained by intersecting SY ιfSX with B(HX ,HY )

and taking the closure in B(HX ,HY ). We have the following negative result.

Theorem 3.23. The association f ; (SY ιfSX) ∩ B(HX ,HY ), from finite posets to bimod-

ules is not functorial.

Proof. Let X = {0, 1} be the Sierpinski space, i.e. {1} is the only closed singleton. Consider

the inclusion of the closed point, followed by the terminal map:

•
•

i1 22
τ−→ •

•

Then Ai1 ∼= AX/I{1} ∼= C. And the composition τ ◦ i1 = id{1}, so Aτ◦i1 ∼= C. Observe that

ιτ ◦ SX ∩ B(HX ,C) = O∗0.
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Indeed, no operator of the form ιτ ◦ (1n)(1n)∗ is bounded on HX , as can be checked by

computing the value on

ξ =
∞∑
m=1

1

m
χ1n+m0∞ .

On the other hand, each operator of the form pq∗, t(p) = t(q) = 0 is compact, and so we

obtain precisely O∗0.

However, O∗0 ⊗AX AX/I1 = 0. Since this is not isomorphic to A{1} = C, the association

is not functorial.

Summary

We have shown that there is a faithful functor A : FPosInj → C∗ that satisfies the following

good properties:

1. If iZ : Z → X is the inclusion of a closed subset, then AiZ ∼= AX/IZ as Hilbert

AX-AZ-bimodules; further, AX/IZ ∼= AZ as C∗-algebras.

2. If jU : U → X is the inclusion of an open subset, then AjU ∼= AXe, as Hilbert AX-

AU -bimodules, where e =
∑

u∈U uu
∗. The bimodule AXe is the one implementing the

Morita equivalence between IX−U and AU .

We have also shown that S : FPos → BMod is a faithful functor on the larger category

of finite posets with monotone maps. When f : X → Y is injective, there is a norm on Sf

such that Sf = Af .
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Chapter 4

THE FUNCTOR E : FPos→ HS

In this chapter we describe a functor E : FPos → HS from the category of finite posets

with all order-preserving maps to the category of Hilbert-Schmidt operators. The faithful

functor E has the following properties:

Proposition 4.1. 1. If X is a finite poset, then EidX = EX is a closed sub-algebra of the

Hilbert-Schmidt operators on HX . EX is a (non-closed) two-sided ideal in AX , and is

thus an AX-AX-bimodule;

2. If ιx : {x} → X is the inclusion of a point, then Eιx
∼= Ox;

3. If τ : X → {∗} is the terminal map, then Eτ ∼= H∗X ;

4. If f : X → Y is any map of finite posets, then Ef ⊗AX Ox ∼= Of(x).

Some Notation

Let H1 and H2 be Hilbert spaces. Write B(H1,H2) for the Banach space of bounded op-

erators H1 → H2 and K(H1,H2) for the Banach space of compact operators H1 → H2. A

composition of bounded (resp. compact) operators is bounded (resp. compact) so B(H1)

and B(H2) are rings, and B(H1,H2) is an B(H2)-B(H1)-bimodule.

4.1 The linear transformations θy,x

Let X, and Y be finite T0 topological spaces, x ∈ X∞, and y ∈ Y∞. Define the linear

transformation

θy,x : HX → HY by θy,x(ξ) = ξ(x)χy.
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Lemma 4.2. With the above notation,

1. θy,x(−) = 〈χx,−〉χy;

2. The set {θy,x | x ∈ X∞, y ∈ Y∞} is linearly independent;

3. θy,x ◦ θw,z = δx,wθy,z;

4. θ∗y,x = θx,y;

5. θy,x ∈ K(HX ,HY );

6. if x = t(x) and y = t(y), then θy,x sends Ox to Oy.

Proof. (1) This is obvious. (2) This follows from the relation θy,x(χw) = δx,wχy. (3) For

each ξ ∈ HX ,

θy,x ◦ θw,z(ξ) = θy,x(ξ(z)χw) = ξ(z)χw(x)χy = δx,wθy,z(ξ).

(4) Let η ∈ HX and ξ ∈ HY . Using the inner product on `2(X∞), we have

〈η, θx,y(ξ)〉 = 〈η, ξ(y)χx〉 = ξ(y)
∑

w∈X∞

η(w)χx(w) = η(x)ξ(y)

and, using the inner product on `2(Y∞),

〈θy,x(η), ξ〉 = 〈η(x)χy, ξ〉 = η(x)
∑
z∈Y∞

χy(z)ξ(z) = η(x)ξ(y).

Hence θ∗x,y = θy,x

(5) The image of θx,y is Cχx so rank(θx,y) = 1.

(6) Since {χw | t(w) = y} is a Hilbert space basis for Oy it suffices to observe that

θx,y(χw) = δy,wχx ∈ Ox.

Each operator θy,x : HX → HY is a rank 1 partial isometry. The closure of spanC{θy,x |

x ∈ X∞, y ∈ Y∞} in the operator-norm topology is K(HX ,HY ). This is typically not a

Hilbert space.
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4.2 Hilbert-Schmidt Operators

There is an inner-product on spanC{θx,y}, defined by

〈S, T 〉 :=
∑

x∈X∞

〈Sχx, Tχx〉HY = tr(S∗T ).

The set {θy,x} is an orthonormal basis for this inner-product so the norm-completion is a

Hilbert space.

Definition 4.3. Given two Hilbert spaces HX and HY , define

HS(HX ,HY ) = span {θx,y} ,

where the norm is the one induced from the inner-product above.

The set HS(HX ,HY ) consists precisely of those bounded operators φ : HX → HY such

that

||φ||2HS =
∑

x∈X∞

||φχx||2HY = tr(φ∗φ) <∞.

The Hilbert-Schmidt inner-product is independent of the choice of orthonormal basis; we

have chosen {χx ∈ HX | x ∈ X∞} here for convenience. For every unit vector v ∈ HX , there

is an orthonormal basis {v = v0, v1, . . .} for HX beginning with v; it follows that

||Tv||2∞ ≤
∞∑
n=0

||Tvn||2 = ||T ||2HS,

thus, ||T ||∞ ≤ ||T ||HS. Since compact operators are operator norm limits of finite rank opera-

tors, HS(HX ,HY ) ⊂ K(HX ,HY ).

Proposition 4.4. Consider T ∈ HS(HX ,HY ).

1. T ∗ ∈ HS(HY ,HX) and ||T ∗||HS = ||T ||HS.

2. If φ ∈ B(HY ), ψ ∈ B(HX) then ||φ ◦ T ◦ ψ||HS ≤ ||φ||∞||T ||HS||ψ||∞.

3. HS(HX ,HY ) is a B(HY )-B(HX)-bimodule under the action of composition.
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Proof. (1) This follows from the calculation

||T ||2HS =
∑

x∈X∞

||Tχx||2HY =
∑
y∈Y∞

∑
x∈X∞

|〈Tχx, χy〉|2 =
∑

x∈X∞

∑
y∈Y∞

|〈χy, T
∗χx〉|2

=
∑
y∈Y∞

||T ∗χy||2HX = ||T ∗||2HS.

(2) Compute that

||φT ||2HS =
∑
y∈Y∞

||φTχy||2 ≤
∑
y∈Y∞

||φ||2∞ ||Tχy||2 = ||φ||2∞ ||T ||2HS.

Thus ||φT ||HS ≤ ||φ||∞||T ||HS.

Since T ◦ ψ = (ψ∗ ◦ T ∗)∗, (1) implies ||T ◦ ψ||HS = ||ψ∗ ◦ T ∗||HS; thus

||T ◦ ψ||HS ≤ ||ψ∗||∞||T ||HS = ||T ||HS||ψ||∞.

(3) follows immediately from (2).

For the next definition we make use of the following notation: for M ⊆ HS(H,H′) and

N ⊆ HS(H′,H′′),

N ◦M = spanC{n ◦m | m ∈M,n ∈ N}.

Definition 4.5. Let HS be the category whose objects are closed complex subalgebras O ⊆

HS(H) for some Hilbert space H, subject to the condition that O ◦ O = O. A morphism

from O ⊆ HS(H) to O′ ⊆ HS(H′) is a closed C-linear subspace M ⊆ HS(H,H′) such that

O′ ◦M =M =M◦O. If M ⊆ HS(H,H′) and N ⊆ HS(H′,H′′) are composable (i.e. the

codomain of M is the domain of N ) then the composition is defined to be N ◦M.

4.3 The AY -AX-bimodule Ef

Let f : X → Y be a continuous map between finite T0-spaces. Define

Ef := span{θy,x | f(t(x)) = t(y)} ⊆ HS(HX ,HY ).

Proposition 4.6. Let X and Y be finite posets, and let f : X → Y be an order-preserving

map.
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1. EX is a Banach ∗-algebra and a Hilbert space;

2. Ef is an EY -EX-bimodule;

3. If pq∗ ∈ AX , uv∗ ∈ AY , x ∈ X∞, y ∈ Y∞, and f(t(x)) = t(y), then

(uv∗) · θy,x · (pq∗) =

θuv
∗y,qp∗x if x ∈ pX∞ and y ∈ vY∞

0 otherwise.

4. Ef is an AY -AX-subbimodule of HS(HX ,HY ).

Proof. (1) HS(HX) is a Banach ∗-algebra and a Hilbert space, and EX ⊆ HS(HX) is a closed

sub-algebra. (2) This follows from the relation that θz,y ◦ θy′,x = δy,y′θz,x. (3) By definition,

(uv∗) · θy,x · (pq∗) is the composition

HX
pq∗ //HX

θy,x //HY
uv∗ //HY .

If z ∈ qX∞, then δx,pq∗z = 1 if and only if z = qz′ and x = pz′ if and only if x ∈ pX∞ and

δqp∗x,z = 1. If z ∈ X∞, then

(uv∗ ◦ θy,x ◦ pq∗)(χz) =

(uv∗ ◦ θy,x)(χqp∗z) if z ∈ pX∞

0 otherwise

=

δx,qp
∗zuv

∗(χy

)
if z ∈ pX∞

0 otherwise.

=

δqp
∗x,zχuv∗y if x ∈ pX∞ and y ∈ vY∞

0 otherwise

=

θuv
∗y,qp∗x(χz) if y ∈ vY∞ and x ∈ pX∞

0 otherwise
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It follows that Ef is closed under the actions of AnX and AnY . For general a ∈ AX , choose a

converging sequence an ∈ AnX and observe that

||m · a−m · an||HS ≤ ||m||HS||a− an||∞ → 0.

Thus, m · a ∈ Ef since Ef is closed and an ·m → a ·m. The argument for the right-action

is entirely similar. Then (4) follows at once, since the composition of a Hilbert-Schmidt

operator and a bounded operator is again Hilbert-Schmidt.

Theorem 4.7. The association f ; Ef defines a functor E : FPos→ HS.

Proof. Suppose that f : X → Y and g : Y → Z are order-preserving functions of finite

posets. We will show that Eg ◦ Ef = Eg◦f .

Essentially by definition,

Eg ◦ Ef = spanC {θz,y ◦ θy′,x | g(t(y)) = t(z), f(t(x)) = t(y′)}

= spanC {θz,y ◦ θy,x | g(t(y)) = t(z), f(t(x)) = t(y)}

= spanC {θz,x | g(f(t(x)) = t(z)} = Eg◦f .

4.4 Alternate Description of Ef

Let y ∈ Y . We writeO∗y for the Hilbert space dual of the Hilbert spaceOy. Since {χy | t(y) =

y} is an orthonormal basis for Oy, {〈χy,−〉 | t(y) = y} is a Hilbert space basis for O∗y. We

will write

χ∗y := 〈χy,−〉.

Let x ∈ X and y ∈ Y . We write Oy ⊗ O∗x for the Hilbert space tensor product of the

Hilbert spaces Oy and O∗x. It is the completion of the algebraic tensor product of these two

vector spaces with respect to the “obvious” sesquilinear form—see [16, Ch.IV, §1].

Proposition 4.8. There is an isomorphism of Hilbert spaces (and EY -EX bimodules)

Ef =
⊕
x∈X

HS(Ox,Of(x)) ∼=
⊕
x∈X

Of(x) ⊗O∗x,

defined by θy,x 7→ χy ⊗ χ∗x.
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Proof. Recall that HX =
⊕

x∈X Ox. In the definition of Ef we considered only those θy,x

such that f(t(x)) = t(y). Observe that θy,x restricts to a rank one operator on Ox whose

extension to O⊥x in HX is 0. Since Of(x) and Ox are left EY - and EX-modules, the indicated

decomposition is one of bimodules.

The result follows since the given map is a bijection on the orthonormal bases for

HS(Ox,Of(x)) and Of(x) ⊗O∗x which is inner-product preserving:

〈θy,x, θy′,x′〉 = δy,y′δx,x′ = 〈χy, χy′〉〈χ∗x, χ∗x′〉 = 〈χy ⊗ χ∗x, χy′ ⊗ χ∗x′〉.

Corollary 4.9. Let f : X → Y and g : Y → Z be continuous maps of finite posets. By

extending scalars from EX to AX , EY to AY , and EZ to AZ we have that

Eg ⊗AY Ef ∼= Eg◦f as AZ-AX-bimodules.

Proof. One can show that for y ∈ Y , O∗y⊗AY Oy = C and for y, y′ distinct in Y , O∗y⊗AY Oy′ =

0. By repeatedly using the isomorphism in the previous proposition,

Eg ⊗AY Ef ∼=

(⊕
y∈Y

Og(y) ⊗O∗y

)
⊗AY

(⊕
x∈X

Of(x) ⊗O∗x

)
∼=
⊕
x∈X

Og◦f(x) ⊗O∗x ∼= Eg◦f .

Corollary 4.10.

1. If ix : {x} → X is the inclusion of x ∈ X, Eix = HS(C,Ox) ∼= Ox as left AX-modules,

via θx,1 7→ χx;

2. If τ : X → {∗} is the terminal map, Eτ =
⊕

x∈X HS(OX ,C) ∼= H∗X as right AX-module,

via θ1,x 7→ χ∗x.

Corollary 4.11. Let f : X → Y be a continuous function between finite T0-topological

spaces. If x ∈ X, then Ef ⊗AX Ox ∼= Of(x).

Proof. Let ix : {∗} → X be the inclusion of x. There is an isomorphism Ef⊗AX Eix ∼= Ef◦ix

of AY -C bimodules, hence an isomorphism Ef ⊗AX Ox ∼= Of(x) of AY -C bimodules. �
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Corollary 4.12. If f, g : X → Y and f 6= g, then Ef is not isomorphic to Eg as bimodules,

i.e. the functor E is faithful.

Proof. Let f, g : X → Y be different continuous functions between finite T0-topological

spaces. There is a point x ∈ X such that f(x) 6= g(x). By Proposition 2.8, Of(x) 6∼= Og(x).

But Of(x)
∼= Ef ⊗AX Ox and Og(x)

∼= Eg ⊗AX Ox, so the AY -AX-bimodules Ef and Eg are

not isomorphic. �

Proposition 4.13. If f : X → Y and f ′ : X ′ → Y ′ are two maps of finite posets, then

f × f ′ : X ×X ′ → Y × Y ′ is another map of finite posets and there is an isomorphism

φ : Ef×f ′ → Ef ⊗ Ef ′ θ(y,y′),(x,x′) 7→ θy,x ⊗ θy′,x′

of Hilbert spaces (and also AY ⊗AY ′-AX ⊗AX′-bimodules).
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Chapter 5

THE GROUPOID APPROACH

There is an alternate description of AX due to Exel, Lopes and Renault. Our goal in this

chapter is to provide an account of this, and define the Hilbert C∗-bimodule Af when f is

injective.

If S is a topological space, denote by C(S) the C-vector space of complex-valued contin-

uous functions on S. If E is an equivalence relation on S, C(S;E) denotes those complex-

valued functions that are constant on E-equivalence classes. If S is a compact Hausdorff

space then its coordinate ring is the commutative C∗-algebra C(S). A proper equivalence

relation R ⊆ S × S is one such that the quotient S/R is again Hausdorff. If R is proper

then C(S/R) ∼= C(S;R). There are two canonical examples corresponding to the mini-

mal and maximal equivalence relations on S. If R = {(s, s) | s ∈ S} then S/R ∼= S and

C(S/R) ∼= C(S). If R = S × S, then X/S ∼= {∗} and C(X/S) ∼= C.

Not every equivalence relation is proper. If S = X is a finite poset where at least two

elements are comparable and R is the tails-equivalence relation then X∞/R ∼= X is a finite

non-Hausdorff space. Perhaps it was this example that motivated Exel, Lopes and Renault

to develop a theory of “approximately proper equivalence relations.” Define for each n > 0,

Rn
X = {(x,y) ∈ X∞ ×X∞ | x>n = y>n};

define RX =
⋃
n>0R

n
X . Each Rn

X is a proper equivalence relation on X∞; there is a groupoid

C∗-algebra C∗(Rn
X) for each n > 0, which is isomorphic to the compact operators on

C(X∞;Rn
X). There is a system directing the set {C∗(Rn

X) | n > 0} such that C∗(RX) ∼= AX .
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5.1 Groupoids

A groupoid is a set G together with a set G(2) ⊆ G×G of composable pairs and a product

map (x, y) 7→ xy from G(2) → G and an involution x 7→ x−1 from G→ G such that

1. if (x, y) ∈ G(2) and (y, z) ∈ G(2) then (xy, z), (x, yz) ∈ G(2) and (xy)z = x(yz);

2. for each x ∈ G, (x, x−1) ∈ G(2), and (z, x) ∈ G(2) implies (zx)x−1 = z.

If G is a groupoid, define maps r, d : G→ G via r(x) = xx−1 and d(x) = x−1x; these are

called the range and domain maps. They have a common image called the unit space of G,

denoted G(0). If u ∈ G(0), then

ud(u) = r(u)u = u.

For each unit u ∈ G(0), there is a group Iso(u) = {x | r(x) = d(x) = u}, called the

isotropy group at u.

Definition 5.1. Let X be a finite poset. For each integer n ≥ 1, define

Rn
X = {(x′,x) ∈ X∞ ×X∞ | x′>n = x>n}.

Define (Rn
X)(2) to consist of pairs (x′′,x′)×(x′,x), with product map (Rn

X)(2)×(Rn
X)(2) → Rn

X

(x′′,x′)× (x′,x) = (x′′,x).

Define an inverse map via (x′,x)−1 = (x,x′).

This defines a groupoid, Rn
X . The unit space (Rn

X)(0) = {(x,x) | x ∈ X∞} ∼= X∞, and

r(x′,x) = (x′,x′) and d(x′,x) = (x,x). A groupoid is called principal if g 7→ (r(g), d(g)) ∈

G(0) × G(0) is injective. Rn
X is a principal groupoid. Define a topology on Rn

X by declaring

the following sets to be clopen: for p, q ∈ Xm,

Z(p, q) = {(x,y) ∈ Rn
X | x≤m = p, y≤m = q}.
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This is the induced (or relative) topology from the product X∞×X∞, where X∞ is the totally

disconnected space with clopen sets given by the “cylinder sets” [p] = {x ∈ X∞ | p = x≤|p|}.

Note that Rn
X is a compact Hausdorff space and thus is locally compact. Rn

X is a topo-

logical groupoid because the inverse map is continuous (a homeomorphism) and the product

map R
(2)
X ×R

(2)
X → R is continuous when the domain is equipped with the product topology

(and (Rn
X)(2) has the induced topology from Rn

X ×Rn
X).

A locally compact groupoid is called r-discrete if the unit space G(0) ⊆ G is open. Notice

that

(Rn
X)(0) =

⊔
p∈Xn

Z(p, p)

is clopen in Rn
X ; so Rn

X is r-discrete.

Definition 5.2. Let X be a finite poset. Define

RX = {(x′,x) ∈ X∞ ×X∞ | x′>n = x>n for some n ≥ 0 }.

Equip RX with the product and inverse map as above, so that Rn
X is a subgroupoid of RX

for each n ≥ 1. Topologize RX with the inductive limit topology: a set U ⊆ RX is open if

and only if U ∩Rn
X is open in Rn

X for all n ≥ 1.

Proposition 5.3. If X is a a finite poset, then RX is a principal r-discrete groupoid.

Remark 5.4. If we had given RX the induced topology from X∞ × X∞, then it would not

have (necessarily) been r-discrete. This presents a challenge for defining a Haar system for

RX , and ultimately the groupoid C∗-algebra C∗(RX).

5.2 Definition of C∗(Rn
X)

This follows the construction of Exel and Renault [p. 202].

Definition 5.5. C(Rn
X) is a C-vector space which is an algebra when equipped with the

following convolution product: for h, k ∈ C(Rn
X),

(h · k)|(x′,x) =
∑

x′′∈[x]n

h(x′,x′′)k(x′′,x);
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it is a ∗-algebra when given the involution h∗(x′,x) = h(x,x′); this is anti-multiplicative.

Proposition 5.6. Let X be a finite poset.

1. For each n ≥ 1, there is an inner-product on C(X∞) with values in C(X∞;Rn
X) defined

by

〈ψ, φ〉|x′ =
1

#[x′]n

∑
x∈[x′]n

ψ(x)φ(x).

2. C(X∞) is a pre-Hilbert module over C(X∞;Rn
X) when equipped with this inner-product.

Proof. (1) It is obvious that this value depends only on [x′] ∈ X∞/Rn and that the resulting

function is continuous. The sesqui-linear form is positive definite since

〈φ, φ〉|x′ =
1

#[x′]n

∑
x∈[x′]n

|φ(x)|2,

which is zero if and only if φ([x′]) = {0}; if this holds for each x′ ∈ X∞ then φ = 0 is the

zero function.

(2) The right-action of C(X∞/R
n
X) is φ · α|x = φ(x)η([x]). For every x′ ∈ X∞, we have

〈〈ψ, φ · α〉|x′ =
1

#[x′]n

∑
x∈[x′]n

ψ(x)φ(x)α(x)

=

 1

#[x′]n

∑
x∈[x′]n

ψ(x)φ(x)

α(x′)

= (〈ψ, φ〉 · α) |x′ .

Thus, C(X∞) is a pre-Hilbert C(X∞;Rn
X)-module.

Definition 5.7. Let X be a finite poset.

1. Mn denotes the completion of C(X∞) under the norm induced by the C(X∞;Rn
X)-

valued inner-product;

2. L(Mn) denotes the C∗-algebra of adjointable operators on Mn;
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3. For k ∈ C(Rn
X) and φ ∈Mn, define k · φ ∈Mn by

k · φ|x′ =
∑

x∈[x′]n

k(x′,x)φ(x).

Lemma 5.8. Let X be a finite poset.

1. Mn is a left C(Rn
X)-module;

2. C(Rn
X) acts adjointably on Mn.

Proof. (1) For every h, k ∈ C(Rn
X), we check that

(h · k) · φ|x′ = (h · (k · φ))|x′ .

Indeed,

(h · (k · φ))|x′ =
∑

x′′∈[x′]n

h(x′,x′′)(k · φ)|x′′

=
∑

x′′∈[x′]n

∑
x∈[x′]n

h(x′,x′′)k(x′′,x)φ(x)

=
∑

x∈[x′]n

 ∑
x′′∈[x′]n

h(x′,x′′)k(x′′,x)

φ(x)

=
∑

x∈[x′]n

(h · k)|(x′,x)φ(x)

= (h · k) · φ|x′ .
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(2) Compute that

〈ψ, k · φ〉|x′ =
1

#[x′]n

∑
x∈[x′]n

ψ(x)

 ∑
x′′∈[x]n

k(x,x′′)φ(x′′)


=

1

#[x′]n

∑
x∈[x′]n

∑
x′′∈[x′]n

k(x,x′′)ψ(x)φ(x′′)

=
1

#[x′]n

∑
x′′∈[x′]n

∑
x∈[x′]n

k∗(x′′,x)ψ(x)φ(x′′)

=
1

#[x′]n

∑
x′′∈[x′]n

 ∑
x∈Rn(x′′)

k∗(x′′,x)ψ(x)

φ(x′′)

= 〈k∗ · ψ, φ〉|x′ .

Definition 5.9. Let X be a finite poset and n > 0 an integer. Define

C∗(Rn
X) = C(Rn

X) ⊆ L(Mn),

the closure of C(Rn
X) in the operator norm topology.

5.2.1 Comparison of Norms

Recall that two norms || · ||α and || · ||β on a vector space V are called equivalent if there exist

positive constants c1, c2 such that

c1||v||α ≤ ||v||β ≤ c2||v||α for every v ∈ V .

Equivalent norms on V induce homeomorphic completions.

Proposition 5.10. Let X be a finite poset and n > 0 an integer.

1. The supremum norm and the C(X∞;Rn
X)-inner product norm on C(X∞) are equiva-

lent; indeed, for φ ∈ C(X∞),

|X|−n/2 ||φ||sup ≤ ||φ||Mn ≤ ||φ||sup
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2. Mn = C(X∞);

3. The supremum and operator norms on C(Rn
X) are equivalent; indeed, for k ∈ C(Rn

X),

|X|−n/2 ||k||sup ≤ ||k||∞ ≤ |X|n · ||k||sup

4. C∗(Rn
X) = C(Rn

X).

Proof. (1) Compute

1

|X|n
||φ||2sup =

1

|X|n
supx∈X∞ |φ(x)|2

≤ supx′∈X∞

 1

#[x′]n

∑
x∈[x′]n

|φ(x)|2


= ||φ||2Mn ≤ ||φ||2sup,

since #[x′]n ≤ |X|n, for every x′ ∈ X∞.

(3) We first show that for each p ∈ Xn, ||1[p]||Mn ≤ 1; indeed,

||1[p]||2Mn = ||〈1[p], 1[p]〉||sup = supx′∈X∞{
1

#[x′]n

∑
x∈[x′]n

|1[p](x)|2}

=
1

#[x′]n
≤ 1,

where x′n = t(p). It follows that

||k||∞ ≥ ||k · 1[p]||Mn ≥ |X|−n/2||k · 1[p]||sup ≥ |X|−n/2|k(x, px>n)|,

for every p ∈ Xn and x ∈ X∞, xn = t(p). Thus, |X|−n/2||k||sup ≤ ||k||∞.

We will show that ||k||∞ ≤ |X|n ||k||sup. First compute that for every x′ ∈ X∞ and

φ ∈ C(X∞),

〈k · φ, k · φ〉|x′ =
1

#[x′]n

∑
x∈[x′]n

|(k · φ)(x)|2

=
1

#[x′]n

∑
x∈[x′]n

∣∣∣∣∣∣
∑

x′′∈[x′]n

k(x,x′′)φ(x′′)

∣∣∣∣∣∣
2

≤ ||k||2sup · ||φ||2sup · |X|n ≤ ||k||2sup · ||φ||2Mn · |X|2n,
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where the first inequality holds since #[x′]n ≤ |X|n. It follows that

||k||2∞ = sup||φ||Mn≤1{||〈k · φ, k · φ〉||sup} ≤ ||k||2sup · |X|2n,

so ||k||∞ ≤ |X|n ||k||sup. This completes the proof of (3).

C(X∞) is already closed in the sup norm since X∞ is compact; (1) shows that the sup

norm and inner-product norm are equivalent, so C(X∞) is closed in that norm. Thus (1)

implies (2). A similar argument shows that (3) implies (4).

Proposition 5.11. Let X be a finite poset and n > 0 a positive integer. The commutative

C∗-algebra C(X∞) is a sub-algebra of C∗(Rn
X) via the map sending φ 7→ kφ, where

kφ(x,y) =

φ(x) if x = y

0 otherwise.

In particular, kφ · ψ|x′ = φ(x′)ψ(x′), i.e. kφ is left-multiplication by φ.

Proof. If φ ∈ C(X∞), kφ is continuous because the diagonal {(x,x) | x ∈ X∞} ⊆ Rn
X is

clopen. Compute that

kφ · ψ|x =
∑

y∈[x]n

kφ(x,y)ψ(y) = φ(x)ψ(x);

so that kφ = Lφ is left-multiplication by φ. It follows immediately that φ ; kφ is an

injective algebra homomorphism of C∗-algebras, and thus is also continuous (in fact, norm

preserving).

Remark 5.12. C∗(Rn
X) is a unital C∗-algebra: if 1X∞ is the constant function 1, then k1X∞

is the unit in C∗(Rn
X).

5.3 C∗(Rn
X) ∼= K(Mn)

We will show that C∗(Rn
X) ∼= K(Mn), the algebra of generalized compact operators on Mn.

Definition 5.13. Let X be a finite poset and n > 0 a positive integer.
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1. Define ζn ∈ C(Rn
X) by ζn(x′,x) = 1

#[x′]n
= 1

#[x]n
;

2. Define ρn ∈ C(X∞) by ρn(x) = 1√
#[x′]n

Note that ζn(x′,x) = ρn(x′)ρn(x). Also, ζn is a projection in L(Mn) since it is self-adjoint

and idempotent:

ζn · ζn|(x′,x) =
∑

x′′∈[x]n

ζn(x′,x′′) ζn(x′′,x) =
∑

x′′∈[x]n

1

#[x′]n
· 1

#[x]n

=
1

#[x′]n
= ζn(x′,x).

Proposition 5.14. Let X be a finite poset, and n > 0 a positive integer.

1. For each ψ, φ ∈ C(X∞),

θψ,φ = ψ · ζn · φ.

2. K(Mn) = C∗(Rn
X) = span{ψ ζn φ | ψ, φ ∈ C(X∞)}.

Proof. (1) For every φ′ ∈ C(X∞), x′ ∈ X∞,

θψ,φ(φ′)|x′ = ψ(x′)〈φ, φ′〉MN |x′ =
1

#[x′]n

∑
x∈[x′]n

ψ(x′)φ(x)φ′(x)

=
∑

x∈[x′]n

ψ(x′)
1

#[x′]n
φ(x)φ′(x) =

∑
x∈[x′]n

ψ(x′)ζn(x′,x)φ(x)φ′(x)

=
∑

x∈[x′]n

(ψ · ζn · φ)|(x′,x)φ
′(x) = (ψ · ζn · φ) · φ′|x′ .

This proves (1).

(2) It follows from (1) that K(Mn) ⊆ span{ψ ζn φ | ψ, φ ∈ C(X∞)} ⊆ C∗(Rn
X). Now we

prove that C∗(Rn
X) ⊆ K(Mn). Let 1[p] ∈ C(X∞) denote the indicator on the cylinder set [p],

i.e.

1[p](x) =

1 if x = px′

0 otherwise.
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It is clear the set of functions {1[p] × 1[q] | p, q ∈ Xm, t(p) = t(q), m > 0} separates points in

Rn
X . So by the Stone-Weierstrass approximation theorem,

span{1[p] × 1[q] | p, q ∈ Xm, t(p) = t(q), m > 0} = C(Rn
X) = C∗(Rn

X).

Since

1[p] × 1[q] = 1[p]
1

ρn
· ζn · 1[q]

1

ρn
= θ1[p]

1
ρn
,1[q]

1
ρn
,

we conclude that that C∗(Rn
X) ⊆ K(Mn).

5.4 C∗(RX) and AX

Definition 5.15. Let Φn : C∗(Rn
X)→ C∗(Rn+1

X ) denote the extension of k by zero to Rn+1
X .

Proposition 5.16. Let X be a finite poset and n > 0 a positive integer.

1. For each k ∈ C(Rn
X), Φn(k) is continuous on Rn+1

X ;

2. The action of k and Φn(k) on C(X∞) are equal;

3. Φn is an injective ∗-homomorphism.

Proof. (1) First observe that Rn
X ⊆ Rn+1

X ; in fact, Rn
X is a clopen subset, since

Rn
X =

⊔
p,q∈Xn
t(p)=t(q)

⊔
z≤t(p)

[pz]× [qz] ⊆ Rn+1
X .

Thus, Φn(k) is continuous on Rn+1
X .

(2) Compute that

(Φn(k) · φ)|x′∈X∞ =
∑

x∈[x′]n+1

Φn(k)(x′,x)φ(x)

=
∑

x∈[x′]n

k(x′,x)φ(x)

= (k · φ)|x′∈X∞ .
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This shows in particular that Φn is injective. Further, Φn is an algebra homomorphism since

Φn(k · l)|(x′,x) =
∑

x′′∈[x]n∩[x′]n

k(x′,x′′)l(x′′,x)

=
∑

x′′∈[x]n+1

Φn(k)|(x′,x′′)Φn(l)|(x′′,x)

= Φn(k) · Φn(l)|(x′,x);

Φn is a ∗-homomorphism since both Φn(k∗)|(x′,x) and Φn(k)∗|(x′,x) are equal to

k(x,x′) if x′ ∈ [x]n

0 otherwise.

Φn is injective because the restriction map k 7→ k|RnX from C∗(Rn+1
X ) → C∗(Rn

X) is a left-

inverse of Φn. This completes the proof of (3).

Definition 5.17. Let X be a finite poset and n > 0 a positive integer.

1. Define C∗(RX) = lim−→n
C∗(Rn

X);

2. Define a C-linear map Ψn : AnX → C∗(Rn
X) by Ψn(pq∗) = 1[p] × 1[q] ∈ C∗(Rn

X)

Theorem 5.18. Let X be a finite poset.

1. The maps Ψn : AnX → C∗(Rn
X) are injective ∗-homomorphisms that are compatible with

the morphisms Φn directing C∗(RX);

2. C∗(RX) is isomorphic to AX ; in particular, C∗(RX) is an AF-algebra.
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Proof. (1) For pq∗, ab∗ ∈ AnX ,

Ψn(pq∗) ·Ψn(ab∗) = (1[p] × 1[q]) · (1[a] × 1[b])|(x′,x)

=
∑

x′′∈[x]n

(1[p] × 1[q])|(x′,x′′)(1[a] × 1[b])|(x′′,x)

=

1 if a = q, x = bx>n, and x′ = px>n

0 otherwise

= δaq1[p] × 1[b]|(x′,x) = Ψn(pq∗ · ab∗).

Thus Ψn is an algebra homomorphism. It is a ∗-homomorphism since Ψn((pq∗)∗) = 1[q]×1[p] =

Ψn(pq∗)∗.

We check that the following diagram commutes:

AnX //

Ψn
��

An+1
X

Ψn+1

��
C∗(Rn

X)
Φn
// C∗(Rn+1

X )

The unlabeled arrow is the one given by the Cuntz-Krieger relations, e.g. pq∗ 7→
∑

x≤t(p)(px)(qx)∗.

Compute:

Ψn+1

∑
x≤t(p)

(px)(qx)∗

 =
∑
x≤t(p)

1[px] × 1[qx]

Φn ◦Ψn(pq∗) = Φn(1[p] × 1[q]).

Φn(1[p] × 1[q])|(x′,x) =


1 if x′ = pxx>n+1 and x = qxx>n+1,

for some x ≤ t(p)

0 otherwise.

=
∑
x≤t(p)

1[px] × 1[qx]|(x′,x).
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Since each map is linear, and the pq∗ are a basis for AnX , the diagram commutes. Since each

Φn and Ψn is injective, the resulting map Ψ : AX → C∗(RX) is injective.

On the otherhand, Ψ is surjective because the image contains

span
{

1[p] × 1[q] | p, q ∈ Xm, t(p) = t(q), m > 0
}

which is dense in each C∗(Rn
X), and thus in C∗(RX). This proves (2).

5.5 Comparing with the Incidence Algebra IX

Definition 5.19. As a C-vector space, IX = {φ : X ×X → C | φ(y, x) = 0 if x 6≤ y }. The

multiplication is a convolution defined by

φ ∗ ψ(z, x) =
∑
y∈X

φ(z, y)ψ(y, x) =
∑
x≤y≤z

φ(z, y)ψ(y, x).

The resulting function is in IX because the relation ≤ is transitive. The algebra is unital

with unit 1(y, x) = δyx; this function is in IX because the relation ≤ is reflexive.

One can view IX as a sub-algebra of C∗(R1
X) as follows: to each φ ∈ IX , let φ̂ denote the

function

φ̂|(x′,x) = φ(x′1,x1).

Then φ̂ ∈ C(R1
X) (in particular, it is continuous), and the association φ ; φ̂ is an injective

unit-preserving C-algebra map.

Note that IX is not a C∗-algebra, e.g. it typically has no involution.

5.6 Defining the Hilbert C∗(Rn
Y )-C∗(Rn

X)-bimodule, C∗(Γnf )

Definition 5.20. Let f : X → Y be a morphism of finite posets. Define Γnf = {(y,x) ∈

Y∞×X∞ | y≥n = f(x)≥n}, with the induced topology from Y∞×X∞. Then Γnf is a compact

Hausdorff space; define a left action of C∗(Rn
Y ) and a right action of C∗(Rn

X) on C∗(Γnf ) as

follows: for h ∈ C∗(Rn
Y ), k ∈ C∗(Rn

X) and α ∈ C∗(Γnf ),

h · α(y′,x′) :=
∑

y∈RnY (y′)

h(y′,y)α(y,x′), α · k(y′,x′) :=
∑

x∈RnX(x′)

α(y′,x)k(x,x′).
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Lemma 5.21. Let f : X → Y be a continuous map of finite posets, and n > 0 a positive

integer.

1. C(Γnf ) is a C∗(Rn
Y )-C∗(Rn

X)-bimodule;

2. There is a C∗(Rn
X)-valued inner product on C(Γnf ) defined by

〈α, β〉|(x′,x) =
∑

y∈[f(x)]n

α(y,x′)β(y,x).

Proof. (1) For h ∈ C∗(Rn
Y ), k ∈ C∗(Rn

X) and α ∈ C(Γnf ), we show that (h ·α) · k = h · (α · k):

(h · α) · k|(y′,x′) =
∑

x∈[x′]n

(h · α)(y′,x)k(x,x′) =
∑

x∈[x]n

∑
y′∈[y′]n

h(y′,y)α(y,x)k(x,x′),

h · (α · k)|(y′,x′) =
∑

y∈[y′]n

h(y′,y)(α · k)(y,x′) =
∑

y∈[y′]n

∑
x∈[x′]n

h(y′,y)α(y,x)k(x,x′);

the two sums are equal since the indexing set of each sum is finite and so the the order of

summation can be changed.

The form 〈−,−〉 defined in the statement is clearly sesqui-linear. Observe that

〈β, α〉|(x,x′) =
∑

y∈[f(x)]n

β(y,x)α(y,x′) = 〈α, β〉|(x′,x);

so 〈α, β〉∗ = 〈β, α〉. We must also show that the form is positive-definite. So consider

0 6= α ∈ C(Γnf ). Since α 6= 0, there is some point (y,x) ∈ Γnf such that α(y,x) 6= 0. Then

〈α, α〉|(x,x) =
∑

y∈[f(x)]n

|α(y,x)|2 > 0,

so 〈α, α〉 6= 0. It remains to show that 〈α, α〉 ≥ 0. We establish this by showing that

〈〈α, α〉C∗(RnX) · φ, φ〉|x′ ≥ 0, for every φ ∈ C(X∞), x′ ∈ X∞.
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Compute:

〈〈α, α〉C∗(RnX) · φ, φ〉|x′ =
∑

x∈[x′]n

(〈α, α〉 · φ) |x · φ(x)

=
∑

x∈[x′]n

 ∑
x′′∈[x′]n

〈α, α〉|(x,x′′) · φ(x′′)

 · φ(x)

=
∑

x∈[x′]n
x′′∈[x′]n

 ∑
y∈[f(x′)]n

α(y,x)α(y,x′′)φ(x′′)

 · φ(x)

=
∑

y∈[f(x′)]n

∑
x∈[x′]n
x′′∈[x′]n

α(y,x′′)φ(x′′)α(y,x)φ(x)

=
∑

y∈[f(x′)]n

∣∣∣∣∣∣
∑

x∈[x′]n

α(y,x)φ(x)

∣∣∣∣∣∣
2

≥ 0.

Theorem 5.22. Let f : X → Y be a map of finite posets. Then for each n > 0, C(Γnf ) is a

pre-Hilbert C(Rn
X)-module. Furthermore, the left action of C(Rn

Y ) is by adjointable operators

on C(Γnf ). Thus, the closure of C(Γnf ) in the norm induced by the inner-product is a Hilbert

C∗-bimodule over C∗(Rn
Y ) and C∗(Rn

X).

Proof. Suppose that α, β ∈ C(Γnf ) and k ∈ C(Rn
X). We show that 〈α, β · k〉 = 〈α, β〉k.

Indeed,

〈α, β · k〉|(x′,x) =
∑

y∈[f(x)]n

α(y,x′)(β · k)|(y,x)

=
∑

y∈[f(x)]n

α(y,x′)

 ∑
x′′∈[x]n

β(y,x′′)k(x′′,x)


=

∑
y∈[f(x)]n

∑
x′′∈[x]n

α(y,x′)β(y,x′′)k(x′′,x)
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〈α, β〉 · k|(x′,x) =
∑

x′′∈[x]n

〈α, β〉|(x′,x′′)k(x′′,x)

=
∑

x′′∈[x]n

 ∑
y∈[f(x′′)]n

α(y,x′)β(y,x′′)

 k(x′′,x)

=
∑

x′′∈[x]n

∑
y∈[f(x)]n

α(y,x′)β(y,x′′)k(x′′,x).

These two sums are equal, since the indexing sets are finite and thus the order of summation

can be interchanged. This proves that C(Γnf ) is a pre-Hilbert C(Rn
X)-module. Now we show

that the left action of C(Rn
Y ) is adjointable, i.e.

〈h · α, β〉 = 〈α, h∗ · β〉, for every h ∈ C(Rn
Y ), α, β ∈ C(Γnf ).

Indeed, compute that

〈h · α, β〉|(x′,x) =
∑

y∈[f(x)]n

h · α|(y,x′)β(y,x)

=
∑

y∈[f(x)]n

∑
y′∈[y]n

h(y,y′)α(y′,x′)β(y,x)

=
∑

y∈[f(x)]n

∑
y′∈[y]n

h(y,y′)α(y′,x′)β(y,x).

〈α, h∗ · β〉|(x′,x) =
∑

y∈[f(x)]n

α(y,x′)(h∗ · β)|(y,x)

=
∑

y∈[f(x)]n

α(y,x′)
∑

y′∈[y]n

h∗(y,y′)β(y′,x)

=
∑

y∈[f(x)]n

∑
y′∈[y]n

h(y′,y)α(y,x′)β(y′,x).

These are equal since, e.g. one can interchange y and y′ in the second sum.

5.6.1 Comparing norms on C(Γnf )

There are two norms on C(Γnf ), the sup norm and the one induced from the C∗(Rn
X)-valued

inner-product.
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Proposition 5.23. Let f : X → Y be a map of finite posets, and n > 0 a positive integer.

1. For every α ∈ C(Γnf ), |X|−n/4 ||α||sup ≤ ||α||C∗(RnX) ≤ |X|n/2 |Y |n/4 ||α||sup;

2. C(Γnf ) is closed in the norm induced from the C(Rn
X)-valued inner-product.

Proof. (1) Compute that

||〈α, α〉 · φ||2Mn = supx′∈X∞
1

#[x′]n

∑
x∈[x′]n

|(〈α, α〉 · φ)(x)|2

= supx′∈X∞
1

#[x′]n

∑
x∈[x′]n

∣∣∣∣∣∣
∑

x′′∈[x]n

〈α, α〉|(x,x′′) · φ(x′′)

∣∣∣∣∣∣
2

= supx′∈X∞
1

#[x′]n

∑
x∈[x′]n

∣∣∣∣∣∣
∑

x′′∈[x]n

∑
y∈[f(x)]n

α(y,x)α(y,x′′)φ(x′′)

∣∣∣∣∣∣
2

≤ ||α||4sup ||φ||2sup |X|n |Y |n ≤ |X|n |Y |n ||α||4sup(|X|n||φ||2Mn);

thus, ||α||C∗(RnX) = ||〈α, α〉||1/2∞ ≤ |X|n/2|Y |n/4||α||sup

We now verify the first inequality. Note that (〈α, α〉 · 1[(x′)≤n])|x′ =
∑

y∈[f(x′)]n
|α(y,x′)|2,

so that in particular,

|α(y,x′)|2 ≤ (〈α, α〉 · 1[(x′)≤n])|x′ , for every (y,x′) ∈ Γnf .

Since ||1[(x′)≤n]||Mn ≤ 1, it follows that

||α||2sup ≤ sup||φ||Mn≤1 ||〈α, α〉 · φ||sup ≤ |X|n/2 sup||φ||Mn≤1 ||〈α, α〉 · φ||Mn

= |X|n/2||α||2C∗(RnX).

(2) Since the norms are equivalent, and C(Γnf ) is closed under the sup norm, it is also

closed under the inner-product norm.
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5.7 Defining C∗(Γf ) and comparison with Af

There is a set inclusion Γnf ⊆ Γn+1
f ; we note that this is the inclusion of a clopen subset since

Γnf =

 ⊔
p∈Xn,a∈Yn
f(t(p))=t(a)

⊔
x≤t(p)

[af(x)]× [px]

 ∩ Γn+1
f .

Thus, there is an extension by zero map Φf
n : C(Γnf )→ C(Γn+1

f ).

Lemma 5.24. Let f : X → Y be a map of finite posets. For each α ∈ C∗(Γnf ),

1. Φf
n(α · k) = Φf

n(α) · Φn(k), for each k ∈ C∗(Rn
X);

2. Φf
n(h · α) = Φn(h) · Φf

n(k), for each h ∈ C∗(Rn
Y ).

Proof. (1) Compute that

Φf
n(α) · Φn(k)|(y,x) =

∑
x′∈[x]n+1

Φf
n(α)|(y,x′)Φn(k)|(x′,x)

=
∑

x′∈[x]n

Φf
n(α)|(y,x′)Φn(k)|(x′,x)

=


∑

x′∈[x]n
α(y,x′)k(x′,x) if y ∈ [f(x)]n

0 otherwise.

= Φf
n(α · k)|(y,x)

The proof of (2) is similar:

Φn(h) · Φf
n(α)|(y,x) =

∑
y′∈[f(x)]n+1

Φn(h)|(y,y′)Φf
n(α)|(y′,x)

=
∑

y′∈[f(x)]n

Φn(h)|(y,y′)Φf
n(α)|(y′,x)

=


∑

y′∈[f(x)]n
h(y,y′)α(y′,x) if y ∈ [f(x)]n

0 otherwise.

= Φf
n(h · α)|(y,x).
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Definition 5.25. If f : X → Y is a map of posets such that for every x′′, x′ ≥ x,

x′′ 6= x′ ⇒ f(x′′) 6= f(x′)

then f is called locally injective (on closed subsets).

Note: If f : X → Y is locally injective on closed subsets, then it is strictly monotone.

Theorem 5.26. Let f : X → Y be a map of finite posets, and n > 0 a positive integer.

Then

〈Φf
n(α),Φf

n(β)〉 = Φn(〈α, β〉) for every α, β ∈ C∗(Γnf )

if and only if f : X → Y is locally injective.

Proof. Suppose that f is locally injective on closed subsets. Compute

〈Φf
n(α),Φf

n(β)〉|(x′,x) =
∑

y∈[f(x)]n+1

Φf
n(α)|(y,x′)Φf

n(β)|(y,x)

=
∑

y∈[f(x′)]n∩[f(x)]n

α(y,x′)β(y,x)

=

〈α, β〉|(x
′,x) if x′ ∈ [x]n.

0 otherwise.

= Φn(〈α, β〉)|(x′,x).

Indeed, the third equality follows from the local injectivity of f : since x′n+1 = xn+1, either

x′n = xn or f(x′)n 6= f(x)n, so [f(x′)]n ∩ [f(x)]n = ∅.

If f is not locally injective then there are points x′, x′′ ≥ x such that x′ 6= x′′ and

f(x′) = f(x′′) = y. Let α = 1[yn] × 1[(x′)n] and β = 1[yn] × 1[(x′′)n]; let x = (x′)nx∞, and let

x′ = (x′′)nx∞. Then (x′,x) 6∈ Rn
X , so Φn(〈α, β〉)|(x,x′) = 0. However, (x′,x) ∈ Rn+1

X , and

〈Φf
n(α),Φf

n(β)〉|(x′,x) =
∑

y∈[f(x)]n+1

Φf
n(α)|(y,x′)Φn(β)|(y,x)

=
∑

y∈[f(x)]n∩[f(x′)]n

α(y,x′)β(y,x)

= α(ynf(x)∞, (x′)nx∞)β(ynf(x)∞, (x′′)nx∞) = 1.
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Thus, Φn(〈α, β〉) 6= 〈Φf
n(α),Φf

n(β)〉.

Definition 5.27. If f : X → Y is a map of finite posets, define C(f) := lim−→n
C∗(Γnf ), in the

category of right C(X∞)-modules.

Corollary 5.28. Let f : X → Y be a map of finite posets. Then

1. C(f) is a C∗(RY )-C∗(RX)-bimodule;

2. If f : X → Y is locally injective on closed subsets, then C(f) is a pre-Hilbert C∗(RX)-

module.

Definition 5.29. If f : X → Y is locally injective on closed subsets, define C∗(f) := C(f),

the completion of C(f) with respect to the norm induced from the C∗(RX)-valued inner-

product.

Theorem 5.30. 1. If f : X → Y and g : Y → Z are two locally injective maps of finite

posets, then

C∗(g)⊗C∗(RY ) C
∗(f) ∼= C∗(g ◦ f).

2. If f : X → Y is injective, then Af ∼= C∗(f) as Hilbert C∗-bimodules over AY and AX .

Proof. (1) Define Ξn : C∗(Γng )⊗C∗(RnY ) C
∗(Γnf )→ C∗(Γng◦f ) by

Ξn(α⊗ β)|(z,x) =
∑

y∈[f(x)]n

α(z,y)β(y,x).

We check that Ξn is well-defined: if h ∈ C∗(Rn
Y ), then

Ξn(α · h⊗ β)|(z,x) =
∑

y∈[f(x)]n

(α · h)|(z,y)β(y,x) =
∑

y∈[f(x)]n

∑
y′∈[y]n

α(z,y′)h(y′,y)β(y,x)

=
∑

y′∈[f(x)]n

∑
y∈[f(x)]n

α(z,y′)h(y′,y)β(y,x) =
∑

y′∈[f(x)]n

α(z,y′)(h · β)|(y′,x)

= Ξn(α⊗ h · β)|(z,x).
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To show that Ξn is injective, it is enough to show that it preserves the inner-product (as

it will then be an isometry). Compute

〈Ξn(α′ ⊗ β′),Ξn(α⊗ β)〉|(x′,x)

=
∑

z∈[g◦f(x)]n

Ξn(α′ ⊗ β′)|(z,x′)Ξn(α⊗ β)|(z,x)

=
∑

z∈[g◦f(x)]n

 ∑
y′∈[f(x′)]n

α′(z,y′)β′(y′,x′)

 ∑
y∈[f(x)]n

α(z,y)β(y,x)


=

∑
z∈[g◦f(x)]n

∑
y∈[f(x)]n
y′∈[f(x′)]n

α′(z,y′)β′(y′,x′)α(z,y)β(y,x);

〈α′ ⊗ β′, α⊗ β〉|(x′,x) = 〈β′, 〈α′, α〉 · β〉|(x′,x)

=
∑

y′∈[f(x)]n

β′(y′,x′) (〈α′, α〉 · β) |(y′,x)

=
∑

y′∈[f(x)]n

β′(y′,x′)

 ∑
y∈[y′]n

〈α′, α〉|(y′,y)β(y,x)


=

∑
y′∈[f(x)]n

β′(y′,x′)

 ∑
y∈[y′]n

 ∑
z∈RnZ(g(y′))

α′(z,y′)α(z,y)

 β(y,x)


=

∑
y,y′∈[f(x)]

∑
z∈[g(y′)]n

α′(z,y′)β′(y′,x′)α(z,y)β(y,x).

Since x′ ∈ [x]n, it follows that f(x′) ∈ [f(x)]n, i.e. [f(x′)]n = [f(x)]n. Thus, the two sums

are equal, and Ξn is an isometry.

Since Ξn is an isometry, it is in particular bi-Lipschitz; thus, to prove that it is surjective

it is enough that the image contain a dense set. The image of Ξn contains e.g. {1[p] × 1[a] |

p ∈ Zm, a ∈ Xm, t(g ◦ f(a)) = t(p)}, since

Ξn((1[p] × 1[f(a)])⊗ (1[f(a)] × 1[a])) = 1[p] × 1[a].

Thus the image contains C(g ◦ f), which is dense in C∗(g ◦ f).
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Finally, we show that Ξ commutes with the maps directing the systems C∗(g ◦ f) and

C∗(g)⊗C∗(RY ) C
∗(f), i.e.

Ξn+1(Φg
n(α)⊗ Φf

n(β)) = Φg◦f
n ◦ Ξn(α⊗ β);

indeed, for (z,x) ∈ Γn+1
g◦f ,

Ξn+1(Φg
n(α)⊗ Φf

n(β))|(z,x) =
∑

y∈[f(x)]n+1

Φg
n(α)|(z,y)Φ

f
n(β)|(y,x)

=
∑

y∈[f(x)]n

α(z,y)β(y,x)

=

Ξn(α⊗ β)|(z,x) if g ◦ f(x)n+1 = zn+1,

0 otherwise;

= Φg◦f
n (Ξn(α⊗ β))|(z,x).

It follows that the isomorphisms Ξn induce an isomorphism C∗(g)⊗C∗(RY )C
∗(f)→ C∗(g◦f).

(2) Since ΨX
n : AnX → C∗(Rn

X) and ΨY
n : AnY → C∗(Rn

Y ) are algebra maps, by restric-

tion C(Γnf ) is an AY -AX-bimodule. Let Ψf
n : Anf → C(Γnf ) be the linear map defined by

Ψf
n(pf(a)∗ ◦ ιf ◦aa∗) = 1[p]×1[a]. Then Ψf

n is an AnY -AnX-bimodule morphism. We check that

Ψf
n is an isometry: for a, b ∈ Xn, p, q ∈ Yn and f(t(a)) = t(p), f(t(b)) = t(q),

〈Ψf
n(pf(a)∗ ◦ ιf ◦ aa∗),Ψf

n(qf(b)∗ ◦ ιf ◦ bb∗)〉C(ΓnX) = 〈1[p] × 1[a], 1[q] × 1[b]〉

= δpq1[a] × 1[b] = ΨX
n (δpqab

∗)

= ΨX
n (〈pf(a)∗ ◦ ιf ◦ aa∗), qf(b)∗ ◦ ιf ◦ bb∗〉AnX ).

(Note that ab∗ ∈ AnX since f is injective.) Since ΨX
n : AnX → C(ΓnX) is injective, the map

Ψn : Af → C(Γnf ) is an isometry.

Next, we check that the following square commutes:

Anf //

Ψn

��

An+1
f

Ψn+1

��
C∗(Γnf )

Φn
// C∗(Γn+1

f )
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As in the previous case where f = idX , the top map is given by the Cuntz-Krieger relations,

and so we have

pf(a)∗ ◦ ιf ◦ aa∗ � //
_

��

∑
x≤t(a)(pf(x))f(ax)∗ ◦ ιf ◦ (ax)(ax)∗

_

��
1[p] × 1[a]

� //
∑

x≤t(a) 1[pf(x)] × 1[ax]

The general result follows from taking linear combinations of elements in Anf .

Thus, the maps Ψn induce a well-defined injective linear map Ψ of AY -AX-bimodules.

The image of Ψn contains

{1[p] × 1[a] | a ∈ Xm, p ∈ Xm, and f(t(a)) = t(p)},

which separates points in Γf = lim−→n
Γnf , so the image must contain C(f). Since Ψ preserves

the inner-product and Af is complete, the image of Ψ is complete and is thus C∗(f).

5.8 Conditional Expectation

A conditional expectation is a positive linear retraction onto a sub-algebra which is a bimod-

ule morphism.

Definition 5.31. Let En : C(X∞)→ C(X∞) be the C-linear map En(φ) = 〈1X∞ , φ〉Mn , i.e.

En(φ)|x′ =
1

[x′]n

∑
x∈[x′]n

φ(x).

Lemma 5.32. Let X be a finite poset and n > 0 a positive integer. Then En : C(X∞) →

C(X∞;Rn) is a conditional expectation. Furthermore,

1. For every m ≥ n, Em ◦ En = En ◦ Em = Em;

2. For every φ, ψ′ ∈ C(X∞), En+1(〈φ, ψ′〉Mn) = 〈φ, ψ′〉Mn+1.
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Proof. If φ ≥ 0, then φ = ψψ, so En(φ) = 〈1, ψψ〉Mn = 〈ψ, ψ〉Mn ≥ 0. If α ∈ C(X∞;Rn
X)

and φ ∈ C(X∞), then

En(φα) = 〈1, φα〉Mn = 〈1, φ〉Mnα = En(φ)α;

it is a bimodule morphism since C(X∞) is commutative.

(1) We will show that En+1En = EnEn+1 = En+1. The second equality follows from

C(X∞;Rn+1
X ) ⊆ C(X∞;Rn

X). For the first equality, compute for φ ∈ C(X∞) and x′ ∈ X∞,

En+1 ◦ En(φ)|x′ =
1

#[x′]n+1

∑
x∈[x′]n+1

En(φ)|x

=
1

#[x′]n+1

∑
x∈[x′]n+1

∑
x′′∈[x]n

1

#[x]n
φ(x′′)

=
1

#[x′]n+1

∑
x′′∈[x′]n+1

φ(x′′) = En+1(φ)|x′

indeed, φ(x′′) appears precisely #[x′′]n times in the double summation. The result for m ≥ n

is then proved by induction (the case m = n follows since En is a retraction).

To prove (3), note that 〈φ, ψ′〉Mn = 〈1, φψ′〉Mn = En(φψ′), so

En+1(〈φ, ψ′〉Mn) = En+1 ◦ En(φψ′) = En+1(φψ′) = 〈φ, ψ′〉Mn+1 .

Definition 5.33. Let f : X → Y be a map of finite posets, and n > 0 a positive integer.

Define efn ∈ C(Γnf ) via

efn(y,x) = ρn(y)ρn(x).

Theorem 5.34. Let f : X → Y be a map of finite posets, and n > 0 a positive integer.

Then

C∗(Γnf ) = span{ψ efn φ | ψ ∈ C(Y∞), φ ∈ C(X∞)}.

Proof. Since {1[p] × 1[a] | p ∈ Ym, a ∈ Xm, t(p) = f(t(a)), m > 0} separates points in Γnf , it

is enough to show that every such function 1[p] × 1[a] has the form ψ efn φ. Compute that for
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(y′,x′) ∈ Γnf ,(
ρ
−1/2
Y 1[p]

)
· efn ·

(
ρ
−1/2
X 1[a]

)
|(y′,x′) = ρ

−1/2
Y (y′)1[p](y

′)efn(y′,x′)1[a](x
′)ρ
−1/2
X (x′)

= (1[p] × 1[a])|(y′,x′).

Thus C∗(Γnf ) ⊆ span{ψefnφ | ψ ∈ C(Y∞), φ ∈ C(X∞)}.

Theorem 5.35. Let f : X → Y be a map of finite posets, n > 0 a positive integer.

1. efn · ζXn = efn, and ζYn · efn = efn;

2. 〈efn, efn〉 = ζXn ∈ C(Rn
X);

3. 〈ψefnφ, ψ′efnφ′〉C∗(RnX) = f ∗(En(ψψ′)) · φζXn φ′.

Proof. The first two are elementary and their proofs are omitted. To prove (3), first compute

〈efn, ψefn〉|(x′,x) =
∑

y∈[f(x)]n

efn(y,x′)ψ(y)efn(y,x) = ζXn (x′,x)
1

#[f(x)]n

∑
y∈[f(x)]n

ψ(y)

= f ∗(EY
n (ψ))ζn|(x′,x).

Note that since En(ψψ′) ∈ C(Y∞;Rn
Y ), the pull-back f ∗(En(ψψ′)) ∈ C(X∞;Rn

X), and so

commutes with ζXn . Using properties of the C∗(Rn
X)-valued inner-product, we compute that

〈ψefnφ, ψ′efnφ′〉 = φ〈efn, ψψ′efn〉φ′ = f ∗(En(ψψ′))φζXn φ
′.

5.9 Summary

In the previous chapters we constructed for each injective map f : X → Y of finite posets

a concrete Hilbert C∗-bimodule Af over AY and AX . Furthermore, the association f ; Af
is functorial. The construction given cannot be extended to a larger class of morphisms.

In this chapter we have described a groupoid RX and its groupoid C∗-algebra C∗(RX);

this convolution algebra is isomorphic to AX . For each morphism f : X → Y of finite

posets that is locally injective on closed subsets, there is a Hilbert C∗-bimodule C∗(f) over
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C∗(RY ) and C∗(RX). Furthermore, the association f ; C∗(f) is functorial, and the given

construction cannot be extended to a larger class of morphisms. When the map f is injective,

the resulting bimodule C∗(f) is isomorphic to Af .
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Appendix A

TOPOLOGICAL SPACES AND POSETS

Elementary Definitions

Definition A.1. A topological space (X, τ) is a set X, together with a topology τ ⊆ P(X).

The elements of τ are called open subsets of X, and τ satisfies the following properties:

1. ∅ and X are open subsets;

2. The arbitrary union of open subsets is open;

3. A finite intersection of open subsets is open.

A subset C ⊆ X is called closed if the complement X \ C is open. X is called a discrete

space if τ = P(X), or equivalently, if every singleton is open. We say that X has the

indiscrete topology if τ = {X, ∅}. These are the maximal and minimal topologies on X.

A morphism f : X → Y between topological spaces is a function that satisfies the

following property: for every open subset U ⊆ Y , f−1(U) is an open subset of X. Such

morphisms are called continuous. The category of topological spaces is denoted Top, and

the full subcategory of finite topological spaces is denoted FTop.

Definition A.2. Let (X, τ) be a topological space.

• X is called T0 if for each pair (x, y) of distinct elements of X, there is an open subset

containing x but not y, or there is an open subset containing y but not x;

• X is called T1 if for each pair (x, y) of distinct elements of X, there is an open subset

containing x but not y;
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• X is called T2 or Hausdorff if for each pair (x, y) of distinct elements of X, there are

open subsets containing x and y that are disjoint.

It is obvious that T2 ⇒ T1 ⇒ T0. This following lemma partially motivates our study of

finite T0-spaces.

Lemma A.3. Let X be a T1 space.

1. Every finite subset of X is closed;

2. If X is finite, then X is discrete.

Proof. (1) Consider a singleton {x} ⊆ X. Since X is T1, for each y ∈ X \ {x} there is an

open set Uy that contains y but not x. Then the union U =
⋃
y∈Y \{x} Uy = X \ {x} is an

open set. So {x} is closed. Since the finite union of closed sets is closed, the result is proved.

(2) Since X is finite, every subset of X is the complement of a finite subset, and thus

every subset is open.

In particular, if some finite set X is not discrete then some point {x} is not closed; if

y ∈ x, then the constant sequence sn = x converges to y ∈ X.

Definition A.4. Let X be a set.

1. A preorder on X is a reflexive transitive relation on X.

2. A partial order on X is an anti-symmetric preorder.

A morphism of preordered sets is a monotone function, i.e. a function f : X → Y such

that x ≤ x′ =⇒ f(x) ≤ f(x′). The category of preordered sets is denoted Pre; the full

sub-category of finite preordered sets is denoted FPre. If (X,≤) is a preorder, we write x < y

to mean that x ≤ y and x 6= y. One says that y covers x, denoted x <· y, if x < y and

x < z < y implies x = z or y = z. One also says that x is an immediate predecessor of y.

Associated to every partially ordered set (X,≤) there is a directed graph called the Hasse

diagram of X. The set of vertices is the set X, and there is a (directed) edge x→ y if x <· y.



73

A.1 The isomorphism FTop ∼= FPre

Definition A.5. Given a topological space (X, T ), the associated preorder is (X,≤), where

x ≤ y if and only if y ∈ {x}.

Proposition A.6. The association (X, T ) ; (X,≤) is a functor from the category of topo-

logical spaces to the category of pre-ordered sets.

Proof. If f : X → Y is a continuous maps, we check that the underlying set map f : X → Y

is monotone. Suppose then that x ≤ x′; by definition, this means that the constant sequence

sn = x′ converges to x. Since f is continuous, we have that f(sn) = f(x′) converges to f(x).

Thus f(x) ≤ f(x′) in Y , as required.

Definition A.7. Given a preordered set (X,≤), the associated topological space is (X, T )

where the topology T is generated by the basis of open sets

Ux = {x′ ∈ X | x′ ≤ x}.

In the associated space, Ux is the minimal open subset containing x; the topology is

characterized by

x ≤ y ⇐⇒ Ux ⊂ Uy.

Proposition A.8. The association (X,≤) ; (X, T ) sending a preorder to its associated

topological space is a functor.

Proof. Suppose that f : X → Y is a monotone map. We check that the underlying set map

is continuous, by checking that f−1(Uy) is open in X for every y in Y . Indeed, we have

f−1(Uy) =
⋃

f(x)≤y

Ux.

Observe that the associated space to any preorder is a topology with minimal neighbor-

hoods. It is equivalent to require that the arbitrary intersection of open sets is open. A

topological space with this property is called an Alexandroff space.
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Theorem A.9.

1. The category of Alexandroff spaces is isomorphic to the category of preordered sets.

2. This isomorphism restricts to an isomorphism from the category of T0 topological spaces

to the category of posets.

Proof. 1. If X is Alexandroff, the associated preorder is characterized by x ≤ y iff Ux ⊆ Uy,

where Ux is the minimal open set containing x. Then the associated space of this preordered

set has a basis of open sets given by Ux = {y | Uy ⊆ Ux} = {y | y ≤ x}. Beginning instead

with a preordered set X, the associated space is Alexandroff and has a basis Ux = {y | y ≤ x}.

Its associated preorder is given by x ≤′ x′ iff Ux ⊆ Ux′ . But

x ≤′ x′ ⇔ Ux ⊆ Ux′

⇔ y ≤ x implies y ≤ x′

⇔ x ≤ x′.

Thus the preorder ≤′ is the same as ≤.

2. Under the isomorphism, the anti-symmetry property x ≤ y and y ≤ x =⇒ x = y is

equivalent to the property Ux = Uy =⇒ x = y. This is the T0 condition for an Alexandroff

space.

For the remainder of this thesis, we will often conflate preordered sets with Alexandroff

spaces using the isomorphism of categories. The previous theorem restricts to the subcate-

gories of finite preorders and finite topological spaces as the isomorphism is the identity on

the underlying sets.

A.2 The Kolmogorov Quotient

Given an arbitrary topological space X, there is an equivalence relation defined by x ∼ y if

every open set containing x also contains y and conversely. The quotient space X̃ := X/∼ is
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T0 and is often called the Kolmogorov quotient of X. The inclusion functor from the (full)

subcategory of T0-spaces to the category of topological spaces has the Kolmogorov quotient

as a left-adjoint. This persists when one restricts to the subcategory of Alexandroff spaces.

Thus, Poset is a reflective subcategory of Pre.

Theorem A.10. [14, Thm 4] The quotient map q : X → X̃ is a natural homotopy equiva-

lence.

Proof. Choosing a representative from each equivalence class, define a function s : X̃ → X

such that qs = idX̃ . Then q is a homotopy equivalence if sq : X → X is homotopic to idX .

Define H : X × I → X by H(x, 0) = sq(x) and H(x, t) = x for t in (0, 1]. Then

H−1(U) = U × I is open for every open subset U ⊂ X; thus H is continuous and is therefore

a homotopy from sq to idX .

Definition A.11. Given a topological space X, we define the poset Op(X) as the collection

of open subsets of X ordered by inclusion.

Remark A.12. The poset Op(X) is a distributive lattice, and the association X ; Op(X)

is a duality between the category FPos and the category of finite distributive lattices (with

so-called {0, 1}-homomorphisms). This is a special case of Birkhoff’s representation theorem.

Proposition A.13. If X and Y are Alexandroff spaces, then Op(X) ∼= Op(Y ) if and only

if X̃ ∼= Ỹ .

The finite T0 spaces are the simplest non-trivial examples of non-Hausdorff spaces. Be-

cause of this proposition, sheaves on X are equivalent to sheaves on X̃. From the point-of-

view of sheaves, we lose nothing by restricting to finite posets rather than considering finite

pre-ordered sets. The following theorem compares topological and order-theoretic properties

of a function.

Theorem A.14. Let f : X → Y be a function between finite T0 topological spaces.

1. f is continuous if and only if x ≤ y ⇒ f(x) ≤ f(y);
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2. f is a quotient map onto its image if and only if x ≤ y ⇔ f(x) ≤ f(y);

3. f is closed if and only if y ≥ f(x)⇒ y = f(x′) for some x′ ≥ x;

4. f is open if and only if y ≤ f(x)⇒ y = f(x′) for some x′ ≤ x;

5. f is proper if and only if f is continuous and closed.

Opposites

Given an Alexandroff space X, one may interchange “open” and “closed” thereby sending

X to Xop. This corresponds to sending a preordered set (X,≤) to its opposite X◦ = (X,≥).

Thus, there are two possibilities for the isomorphism of categories; our choice agrees with

that of McCord, Landi and Sorkin, i.e. x ≤ y ⇐⇒ Ux ⊂ Uy. The opposite convention is

used by S. Ladkani, and is succinctly characterized by

x ≤ y ⇐⇒ x ∈ {y}.

If X is a poset then our choice has the property that X ↪→ Op(X) : x → Ux represents X

as a(n initial) subposet of Op(X). The following crude diagram shows how the open and

closed sets Ux and x fit into the Hasse diagram:

x

x

Ux

If X and Y are Alexandroff spaces, then the cartesian product X × Y with the product

topology is the categorical product. If (X,≤) and (Y,≤) are the associated preordered sets,

then the categorical product is X × Y together with the the order

(x, y) ≤ (x′, y′) ⇐⇒ x ≤ x′ and y ≤ y′.

It follows from the isomorphism of categories that this is the preorder associated to the

topological space X × Y .
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A.3 Preordered sets as small categories

A preordered set (X,≤) is the same data as a small category C whose hom-sets consist of at

most one element. The correspondence is given by

x ≤ y if and only if HomC(x, y) 6= ∅.

The reflexive and transitive properties of ≤ correspond to the identity and composability

properties of a category.

Using this language, a map of preordered sets f : X → Y is the data of a functor between

the small categories X and Y . Given two maps f, g : X → Y , a natural transformation

η : f → g exists if and only if f(x) ≤ g(x) for every x ∈ X. We write f ≤ g in this case;

this relation is reflexive and transitive, defining a preorder on HomPre(X, Y ). If Y is a poset,

then the relation on HomPre(X, Y ) is anti-symmetric and so HomPre(X, Y ) is a poset.

Proposition A.15. For every triple of preordered sets X, Y , and Z, the map Φ of pre-

ordered sets

Φ : HomPre(X × Y, Z)→ HomPre(X,HomPre(Y, Z))

defined by Φ(g)(x) = g(x,−) is an isomorphism with inverse

ψ : HomPre(X,HomPre(Y, Z))→ HomPre(X × Y, Z)

defined by ψ(f)(x, y) = f(x)(y).

This shows that Pre has an internal hom-functor HomPre(X, Y ); thus, Pre is a closed

symmetric monoidal category. The same holds for Pos.

Combinatorial Terminology

A preordered set X is totally ordered if for each pair of distinct elements x, y in X, either

x ≤ y or y ≤ x, but not both. Any subset S ⊂ X of a preordered set is again pre-ordered

by restricting the relation.
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Definition A.16. Let X be a pre-ordered set.

1. A chain C is a non-empty subset of X that is totally ordered.

2. A quasi-chain of length n is a finite sequence (xi)
n
i=0 such that

xi ≥ xi+1 for 0 ≤ i < n.

Definition A.17. Let X be a pre-ordered set, and define [n] = {0, . . . , n} ⊆ N as the totally

ordered set on n+ 1 elements. Define

Xn := HomPre([n]◦, X).

Then Xn consists of quasi-chains of length n, i.e. non-increasing sequences x0x1 . . . xn in X.

For a map f : X → Y of pre-ordered sets define

fn = HomPre([n]◦, f);

then fn : Xn → Yn given by f(xi) = (f(xi)).

Definition A.18. Given a preordered set X, we define ∆X to be the following abstract

simplicial complex. The set of vertices is X and the set of simplices is the set of chains in X.

Example A.19. ∆[n] is the standard n-simplex.



79

Appendix B

C∗-ALGEBRAS, CATEGORIES, AND FUNCTORS

Definition B.1. A C∗-algebra A is a Banach ∗-algebra satisfying the C∗-identity: ||a∗a|| =

||a||2 for every a ∈ A

A ∗-homomorphism of C∗-algebras is a continuous algebra homomorphism that inter-

twines the involutions. Denote by C∗-Alg the category whose objects are C∗-algebras and

whose morphisms are ∗-homomorphisms. Let CC∗-Alg denote the full subcategory of com-

mutative C∗-algebras. A classical theorem of Gelfand states that the functor X ; C0(X) is

a duality from locally compact Hausdorff (LCH) spaces to CC∗-Alg.

If X, Y are LCH spaces and f : X → Y is a proper continuous map then the pull-back

f ∗ : C0(Y ) → C0(X) is a ∗-homomorphism of C∗-algebras. If g : Y → Z is another proper

continuous map of LCH spaces then (g ◦ f)∗ = g∗ ◦ f ∗ : C0(Z) → C0(X). Unfortunately,

this does not generalize well to noncommutative C∗-algebras as there are typically too few

∗-homomorphisms. Instead, we observe that C0(X) is a C0(Y )-C0(X)-bimodule via f ∗, and

(g◦f)∗C0(X) ∼= g∗C0(Y )⊗C0(Y ) f∗C0(X).

Thus, we will consider various subcategories of Bimod, the category whose objects are

rings and whose morphisms are isomorphism classes of bimodules. In particular, a morphism

BMA ∈ Bimod(A,B) is a B-A-bimodule. The composition of two morphisms is defined by

tensor product:

BMA ∈ Bimod(A,B), CNB ∈ Bimod(B,C) ⇒ N ◦M = N ⊗B M ∈ Bimod(A,C).

Define the subcategory C∗, whose objects are C∗-algebras and whose morphisms are iso-

classes of Hilbert C∗-bimodules.
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Another theorem of Gelfand states that every C∗-algebra is isometrically ∗-isomorphic to

a closed ∗-subalgebra B ⊆ B(H) of bounded operators on a Hilbert space. Such an algebra

B is called a concrete C∗-algebra.

B.1 Background: Hilbert C∗-modules

This material is taken from [12, Ch. 1]. Let B be a C∗-algebra. A B-valued inner product on

a complex vector space V is a map 〈−,−〉 : V × V → B such that

1. 〈x, λy + λ′y′〉 = λ〈x, y〉+ λ′〈x, y′〉 for all x, y, y′ ∈ V and λ, λ′ ∈ C;

2. 〈x, y〉∗ = 〈y, x〉 for all x, y ∈ V ;

3. 〈x, x〉 ≥ 0 for all x ∈ V ;1

4. 〈x, x〉 = 0 if and only if x = 0.

Given such data, the function ||x||V :=
√
||〈x, x〉|| is a norm on V . We give V the topology

induced by this norm. The inner product is a continuous function in each component.

We call V a Hilbert B-space if it is complete with respect to the norm || · ||V . A Hilbert

B-space H is a right Hilbert B-module, or a Hilbert C∗-module over B, if 〈h, h′b〉 = 〈h, h′〉b for

all b ∈ B and all h, h′ ∈ H. For example, a right ideal I in B is a right Hilbert B-module

with respect to the inner product 〈x, y〉 = x∗y.

Given a concrete C∗-algebra B, there is a notion of a concrete Hilbert B-module.

Definition B.2. Let B ⊆ B(H) be a concrete C∗-algebra. Let V ⊆ B(H,K) be a closed

right B-submodule for some Hilbert space K, such that

u, v ∈ V ⇒ u∗v ∈ B,

1An element b ∈ B is positive, written b ≥ 0, if b = b∗ and the spectrum of b is in R≥0.
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where u∗ : K → H is the classical adjoint of u : H → K, i.e. the unique bounded linear

map such that 〈u∗(χ), ψ〉 = 〈χ, u(ψ)〉 for every χ ∈ K and ψ ∈ H. Then there is a B-valued

inner-product defined by

〈u, v〉 = u∗v,

which makes V a right Hilbert B-module. Such a V is called a concrete Hilbert B-module.

It is an interesting fact that every Hilbert B-module arises in this way [15, Theorem 3.1,

p. 373].

Lemma B.3. If V is a right Hilbert B-module then the closure of the image of the B-valued

inner-product

J := span{〈a, b〉B | a, b ∈ V }

is a closed two-sided ideal in B.

Proof. By definition, J is a closed subspace of B. We show it is closed under multiplication.

If u, v ∈ V and a, b ∈ B, the element a〈u, v〉b ∈ J since a〈u, v〉b = 〈u · a∗, v · b〉. The result

follows at once.

Let H1 and H2 be right Hilbert B-modules. A linear map T : H1 → H2 is adjointable

if there is a linear operator T ∗ : H2 → H1 such that 〈ξ, Tη〉 = 〈T ∗ξ, η〉 for all ξ ∈ H1 and

η ∈ H2. An adjointable operator is a B-module homomorphism because

〈ξ, T (ηb)〉 = 〈T ∗ξ, ηb〉 = 〈T ∗ξ, η〉b = 〈ξ, Tη〉b = 〈ξ, (Tη)b〉

for all ξ ∈ H1 whence T (ηb) = (Tη)b for all η ∈ H2 and all b ∈ B. An adjointable operator

is continuous because its graph is closed. Indeed, if ηm → η and Tηm → ζ, then for every

ξ ∈ H1

〈ξ, Tη〉 = 〈T ∗ξ, η〉 = lim
m→∞

〈T ∗ξ, ηm〉 = lim
m→∞

〈ξ, Tηm〉 = 〈ξ, ζ〉;

therefore, Tη = ζ so the graph of T is closed.
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We write LB(H1,H2), or just L(H1,H2) if B is clear form the context, for the set of

adjointable maps H1 → H2. If T ∈ L(H1,H2), then T ∗ ∈ L(H2,H1). Composition of linear

maps gives a map

L(H2,H3)× L(H1,H2)→ L(H1,H3).

Therefore L(H) := L(H,H) is an algebra. It is a unital algebra because the identity map

H → H is adjointable.

Indeed, L(H) is a unital C∗-algebra with respect to the involution T 7→ T ∗ and the norm

||ξ|| =
√
||〈ξ, ξ〉||.

The space of compact operators, K(H1,H2) ⊂ L(H1,H2) is defined to be the operator

norm closure of the span of the operators θx,y defined by

θx,y(z) := x〈y, z〉H1

for x ∈ H2 and y, z ∈ H1. We note that

(θx,y)
∗ = θy,x, θw,xθy,z = θw〈x,y〉,z = θw,z〈y,x〉. (B.1-1)

If T ∈ L(H0,H1), then θx,yT = θx,T ∗y. The compact operators K(H) form a C∗-ideal in

L(H).

Elements in K(H1,H2) viewed as linear operators between Banach spaces need not be

compact operators in the usual sense.

Hilbert bimodules

Let B and A be C∗-algebras and H a right Hilbert A-module. A ∗-homomorphism ρ :

B → L(H) is non-degenerate if ρ(B)H is dense in H; in that case we say that ρ gives H

a B-A-Hilbert bimodule structure. Equivalently, if H is a right Hilbert A-module with an

B-A-bimodule structure such that B · H is dense in H and 〈b · ξ, η〉 = 〈ξ, b∗ · η〉 for all b ∈ B

and ξ, η ∈ H, then H is an B-A-Hilbert bimodule.
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The asymmetry in the definition of an B-A-Hilbert bimodule, that the inner product on

H takes values in A, is analogous to the different roles played by B and A in the definition of

a homomorphism A→ B of C∗-algebras: A is a B-A-bimodule, but B is not an A-module.

If A is a C∗-algebra and I is a (closed, two-sided) ideal in A then I is an A-A-Hilbert

bimodule with respect to the inner product 〈a, b〉 = a∗b and the left-action given by left

multiplication.

Example B.4. The set of bounded operators B(H1,H2) is an B(H2)-B(H1)-Hilbert bimodule

with respect to the inner product 〈u, v〉 = u∗v.

B.2 Tensor Product of Hilbert Spaces

This material is taken from [8]. Consider a complex vector space H equipped with a sesqui-

linear form 〈·, ·〉 : H ×H → H that is linear in the second argument, skew-symmetric, and

positive-definite. Then H is normed via ||x||2 = 〈x, x〉, and is a metric space via d(x, y) =

||x− y||. If H is complete with respect to the norm then we say that H is a Hilbert space.

Recall that `2(X) is the set of square-summable functions s : X → C, i.e. those functions

s such that
∫
ssdµ < ∞, where µ is the counting measure on X. Every Hilbert space

H is isometric with `2(X) for some set X; the cardinality of X is the dimension of H and

completely determines `2(X) up to Hilbert space isomorphism. A Hilbert space is separable if

it contains a countable dense subset; this holds if it is either finite dimensional or isomorphic

to `2(N).

Consider two Hilbert spaces `2(X) and `2(Y ). The algebraic tensor product `2(X) �

`2(Y ) has an inner-product 〈φ ⊗ ψ, φ′ ⊗ ψ′〉 := 〈φ, φ′〉〈ψ, ψ′〉. Indeed, positive-definiteness

is established by choosing an orthonormal basis for Y , say (ψi). Then one may write t ∈

`2(X)� `2(Y ) as t =
∑

i φi ⊗ ψi, so that

〈t, t〉 =
∑
i,j

〈φi, φj〉〈ψi, ψj〉 =
∑
i

〈φi, φi〉 ≥ 0.

The completion of `2(X)� `2(Y ) with respect to the induced norm defines `2(X)⊗C `
2(Y ),
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a Hilbert space; there is an isometry

φ : `2(X)⊗C `
2(Y )→ `2(X × Y ) : φ⊗ ψ(x, y) 7→ φ(x)ψ(y) ∈ `2(X × Y ).

B.3 Tensor product of Banach Spaces

Recall that a Banach space is a normed complex vector space that is complete. If X and Y

are Banach spaces, then a cross-norm c on the algebraic tensor product X � Y is a norm

such that for all x ∈ X, y ∈ Y , and x′ ∈ X ′, y′ ∈ Y ′ (the topological dual spaces)

1. c(x⊗ y) = ||x|| ||y||;

2. c′(x′ ⊗ y′) = ||x′|| ||y′||.

There are two canonical cross-norms on X � Y , the projective cross-norm π and the

injective cross-norm ε:

π(t) = inf

{
n∑
i=1

||xi||||yi|| |
n∑
i=1

xi ⊗ yi = t

}
ε(t) = sup {|(x′ ⊗ y′)(t)| | x′ ∈ X ′, y′ ∈ Y ′, and ||x′|| = ||y′|| = 1} .

We are using the notation X ′ = B(X,C) for the continuous linear dual of X. Completing

X � Y with respect to either cross-norm defines X ⊗π Y the projective tensor product and

X ⊗ε Y , the injective tensor product.

Definition B.5. A nuclear Banach space X is a Banach space such that the natural map

X ⊗π `1(N)→ X ⊗ε `1(N)

is an isomorphism.

If X is nuclear then X ⊗π Y → X ⊗ε Y is an isomorphism for every Banach space Y .

Informally, there is a unique cross-norm on the algebraic tensor product.
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B.4 Tensor product of C∗-algebras

If A and B are C∗-algebras, A�B is a ∗-algebra. A C∗-norm on A�B is a cross-norm such

that

||t∗t|| = ||t2||, for all t ∈ A�B.

In general, there are many inequivalent C∗-norms on A�B. The two canonical ones are the

minimum norm and the maximum norm: for t ∈ A�B,

||t||min = sup{||(ρA ⊗ ρB)(t)|| : (ρA,HA), (ρB,HB) representations}

||t||max = sup{||t||β : || · ||β is a C∗-seminorm on A�B }.

Every C∗-norm || · || on A�B satisfies

||t||min ≤ ||t|| ≤ ||t||max, ∀t ∈ A�B.

A C∗-algebra A is nuclear if A�B admits a unique C∗-norm for every C∗-algebra, B. Finite-

dimensional C∗-algebras are nuclear, and directed limits of nuclear C∗-algebras are nuclear.

In particular, AX is nuclear because it is an AF -algebra. Commutative C∗-algebras are also

nuclear.

B.5 Tensor product of C∗-bimodules

Let H1 be an A-B-Hilbert bimodule and H2 a B-D-Hilbert bimodule. We define H1 ⊗B H2

to be the A-D-Hilbert bimodule that is the completion of the algebraic tensor product

H1 ⊗B,alg H2 with respect to the D-valued inner product

〈
ξ1 ⊗ ξ2, η1 ⊗ η2

〉
:=
〈
ξ2, 〈ξ1, η1〉 · η2

〉
where 〈ξ1, η1〉 · η2 denotes the result of the action on 〈ξ1, η1〉 ∈ B on η2 ∈ H2. We call

H1 ⊗B H2 the balanced tensor product of H1 and H2. This is also called the interior tensor

product by some authors.
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Lemma B.6. Let B1, B2 and B3 be concrete C∗-algebras acting on H1, H2 and H3. Suppose

that M and N are concrete Hilbert C∗-bimodules over B2, B1 and B3, B2, respectively. Define

N ◦M ⊆ B(H1,H3) to be the concrete Hilbert bimodule

N ◦M := span{n ◦m | n ∈ N,m ∈M}.

Then the there is an isomorphism Φ : N ⊗B2 M → N ◦M from the balanced tensor product

defined by

Φ(n⊗m) = n ◦m.

Proof. First, Φ is well-defined on the tensor product since

Φ(n · φ⊗m) = n ◦ φ ◦m = Φ(n⊗ φ ·m), n ∈ N, m ∈M, φ ∈ B2.

It is obvious that Φ is a map of B3-B1-bimodules, since the actions are given by composition

of functions. We show that Φ preserves the inner-product: for n, n′ ∈ N and m,m′ ∈M ,

〈n′ ⊗m′, n⊗m〉B1 = 〈m′, 〈n′, n〉B2m〉B1

= 〈m′, (n′)∗n ◦m〉B1 = (m′)∗(n′)∗nm = (n′m′)∗(nm).

〈Φ(n′ ⊗m′),Φ(n⊗m)〉 = 〈n′m′, nm〉 = (n′m′)∗(nm).

It follows that Φ is an isometry, and thus is injective. Since the image of Φ clearly contains

n ◦m for all n ∈ N and m ∈M , the image of Φ is N ◦M .
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