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Abstract

The C*-algebra of a finite Ty topological space

Christopher McMurdie

Chair of the Supervisory Committee:
Professor of Mathematics Sholto Paul Smith
Mathematics Department

We are concerned with the following motivating question: how can one extend the classical
Gelfand-Naimark theorem to the simplest non-Hausdorff topological spaces? Our model
space is a finite Tj topological space, or equivalently, a finite poset. We construct a faithful
functor from the category of finite posets with injective morphisms to the category C*,
whose objects are C*-algebras and whose morphisms are isomorphism classes of Hilbert C*-
bimodules. Then we show in various ways how the construction of this functor fails to extend

to the category of finite posets.
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Chapter 1
INTRODUCTION

1.1 Commutative C*-algebras and Gelfand’s Theorem

A continuous map f : X — Y of topological spaces is proper if the inverse image of every
compact set is compact. Define LCHaus to be the category of locally compact Hausdorff
topological spaces with proper continuous maps as morphisms; define CC*-Alg to be the cat-
egory of commutative C*-algebras with unit-preserving *-homomorphisms. Then Gelfand’s

theorem states that there is a duality of categories such that

1. X ~ Cy(X), and

3. Co(X xY) = Cy(X) ®@ Cy(Y), where @ denotes the tensor product of the nuclear
C*-algebras Cy(X) and Cp(Y).

4. Co(X UY) = Cy(X) ® Cy(Y)

The adjoint functor is Spec : CC*-Alg — LCHaus, the maximal ideal spectrum.

The goal of this thesis is to extend this classical result in some way to non-Hausdorff
spaces. Our toy model is the simplest kind of non-Hausdorff space: a finite Ty-space. The
category of finite Ty-spaces is equivalent to the category of finite posets with order preserving
maps (cf. Appendix A). To each finite Ty-space X, or equivalently each finite poset X, we
associate a (usually noncommutative) concrete C*-algebra Ax of bounded operators acting

on a Hilbert space Hx. If X is a finite Hausdorff space then Ay = C'(X).



1.2

The main results

Theorem 1.1. The C*-algebras Ax have the following properties:

10.

11.

. Ax s an approximately finite dimensional C*-algebra.

The unitary equivalence classes of irreducible representations of Ax are in bijection

with the points in X. We write O, for the irreducible representation corresponding to

x and p, = Ann(O,).

Every representation m : Ax — B(H) on a separable Hilbert space H is unitarily

equivalent to a direct sum of countably many irreducible representations.

The function X — Prim(Ax), x — p., is a homeomorphism from X to the primitive

spectrum of Ax endowed with the Jacobson topology.

If Z is a closed subspace of X then there is a surjective C*-algebra homomorphism

Ax — Az. We write I for the kernel of this homomorphism.

If Y and Z are closed subspaces of X then Iyny = Iy + Lz and Ly z = Ly N1y.

The function Z — Ly is an anti-isomorphism from the lattice of closed subspaces of X

to the lattice of closed two-sided ideals in Ax.

If Z is a closed subspace of X, then Tz = Nyezps-

Every irreducible closed subspace of X has a generic point and, if T denotes the closure

of {x} in X, then p, = Z5.

The ideal Ty is strongly Morita equivalent to Ax_z.

Axxy = Ax ® Ay, the C*-tensor product of the (nuclear) C*-algebras Ax and Ay .



12. Axy =2 Ax @ Ay

The algebra Ay is defined in §2.1.1 as a particular subalgebra of the bounded operators on
the Hilbert space Hx := £*(X,,) where X, denotes the discrete set of descending sequences
r1%y ... where x; > x4 1.

There is a category C* whose objects are C*-algebras and whose morphisms are iso-classes
of Hilbert C*-bimodules (cf. Appendix B). Let FPos denote the category of finite posets
and order-preserving morphisms. There is a functor A from the full subcategory of FPos
consisting of injective morphisms to the category C* such that A(X) = Ax. Note that for
a fixed poset Y, an injective map f : X — Y is not completely determined by the values of
the function; it also depends on the ordering on X.

The rest of this thesis is a result of various attempts to extend the functor A to the full
category of posets. All such attempts were unsuccessful. We view this as evidence to support
the conjecture that no such functor exists.

There is a category HS of Hilbert-Schmidt operators, and a functor E : FPos — HS. On
objects, F(X) is a certain ring of Hilbert-Schmidt operators on Hx; in fact, F(X) is an
ideal in Ay that is not closed in the operator norm. It is shown that since E is a functor,
for maps f: X =Y and g : Y — Z of finite posets there is an Ay-Ax-bimodule £y and an
Az-Ay-bimodule E, such that E, ® 4, Ey = E,r as Az- Ay bimodules. The functor E has

the following properties:

Theorem 1.2. 1. Ifi, : {z} — X is the inclusion of a point, then E;, = O,

2. If 7 : X — {x} is the terminal map, then E; = H%.

. If f: X =Y is continuous and x € X, then By @4 Op = Op(yy.



1.3 Other constructions from the literature

1.3.1 Incidence Algebras

A similar philosophy underlies non-commutative algebraic geometry and the case of finite
posets fits nicely into that framework. Associated to a finite poset is its incidence algebra,
Ix, which is a finite-dimensional algebra over C. Given an order-preserving map f: X — Y
between finite posets, there is an associated Iy-Ix-bimodule Iy and these bimodules have the
property that I, ®g, I; = I ¢ as [z-Ix bimodules for all order-preserving maps f : X — Y
and g: Y — Z [1].

Even better, in [11], Ladkani shows that the category of right I y-modules is equivalent to
the category of sheaves of C-vector spaces on X, Sh(X). Under this equivalence, the diagram

—®lf

Mod (]Iy) Mod (Hx)
Sh(Y) —————Sh(X).

commutes whenever f : X — Y is a continuous map, where f~! is the inverse image (or

pullback) functor.

1.3.2  C*-algebras with finite spectrum

For noncommutative C*-algebras, there is typically not a bijection between irreducible rep-
resentations and primitive ideals. The question of which topological spaces can arise as the
primitive spectra of C*-algebras and the problem of constructing C*-algebras with prescribed
primitive spectra have a long history.

Given a finite Tj topological space X it has long been known how to construct C*-algebras

whose primitive spectra are homeomorphic to X, e.g., [5],[7].

Theorem 1.3 (Bratteli). [6/ Let X be a topological space. There is an approzimately finite-
dimensional C*-algebra (or AF-algebra) A such that Prim(A) = X if and only if X has the

following properties:



1. X is To,'
2. X has at most countably many closed subsets;

3. for every directed set A and every decreasing sequence of closed subsets Z; C X, 1 € A,

the intersection of all Z; is equal to some Z;;

4. every closed irreducible subspace of X has a generic point; i.e., if Z is a closed subset

of X and is not the union of two proper closed subsets, then Z =7 for some x € X.

Corollary 1.4. If X is a finite Ty topological space, then X = Prim A for some AF algebra
A.

Behnke and Leptin [5] constructed all C*-algebras having only a finite number of irre-
ducible representations. But none of these previous results address the question of functori-
ality.

A functor from a subcategory of finite posets to von Neumann regular rings is constructed
in [3]. The subcategory consists of complete morphisms of posets, those injective maps that
preserve the relation of immediate predecessor. The restriction on the maps between posets
is such that they induce homomorphisms between the associated algebras. Our construction
appears unrelated to that in [3].

Nevertheless, the results in [3] prompt one to ask how the monoid of isomorphism classes
of finitely generated projective Ax-modules is related to the abelian monoid generated by

X. We do not consider that question.

1.3.8  The use of bimodules as morphisms

The category C* is a typical replacement for C*-Alg in the literature when one is looking for
functorial behavior. For example in [13, p. 103]|, Landsman defines a functor from a suitable
category of smooth Lie groupoids to C*. The objects of his category are Lie groupoids, and
his morphisms are regular (left principal and right proper) bibundles, G < M — H. Here,



M is a smooth manifold equipped with left and right actions from G and H, respectively,
together with compatible smooth maps 7 : M — Gy and 0 : M — H,. These technical
assumptions on the morphisms (i.e. left principal and right proper) are chosen so that there
is a functor to C*.

Although our algebra Ay can be described as the C*-algebra of a groupoid, Landsman’s

functor does not apply to our situation since we do not consider smooth manifolds.



Chapter 2
THE AF-ALGEBRA, Ay

In this chapter, X is a fixed finite poset. We define a concrete C*-algebra Ay, i.e. a
closed sub-algebra of bounded operators on a separable Hilbert space, Hx. This construction

has several nice properties, as we will eventually prove:

1. There is an isomorphism of posets X = Prim(Ax) onto the primitive spectrum;

2. The set of unitary equivalence classes of irreducible representations of Ay is also iso-

morphic to X; the Hilbert space Hx decomposes as a finite direct sum, one for each

equivalence class.

2.1 The definition of Ax

We define
X, ={z1...2p |z; € X and x; > z;4q foralli > 1}, n>1
Xoo = {x129... | 2; € X and x; > ;41 for all i > 1},
and maps
s: X, = X, s(wy ... xy) = 21,
t: X, — X, t(zy...x) =,
5: Xoo = X, s(ryxg...) =12,
t: X = X, t(zyzo...) :=x where x is the unique element in

X such that z,, = x for all n > 1.

We define X, := @.



We will denote elements of X, by lower-case bold-face letters. Let x = z125... € X

and p € X,,. If t(p) > s(x), we define
PX = Pr...ppTiTa... € X, and pXo = {px|x € Xy, t(p) > s(x)}.

The set pX., consists of the sequences in X, whose first n entries agree with p. If p € X,
we say p has length n and write |p| = n.

If v € X we write 2 for the infinite sequence zzx ..., and z" for the sequence x...x
of length n. For each z € X let [z] := {x € X | t(x) = 2}. Thus X is the disjoint
union of the subsets [z], x € X. With the appropriate identifications, there is an orthogonal

decomposition

C(X) = P A([)-

zeX
This decomposition appears again in 2.4. We note also that X, is the disjoint union of the

subsets X, © € X. There is a corresponding orthogonal decomposition
(X)) = P P(xXs).
zeX
There is an equivalence of categories (even an isomorphism) between finite posets and
finite Ty-topological spaces (see Appendix A). Briefly, sets of the form | 2 = {2/ <z |2’ €
X} = U, are a base of open subsets; each such set U, is a minimal neighborhood of z € X.

Note that 2 X = (U)o

2.1.1 Notation

If p,q € X,, and t(p) = t(q), we adopt the convention that

px’ if x = gx’

Pex =
is undefined if x ¢ ¢X..
In (2.2-1), we define a linear operator that is also denoted pg*.

Define
Hx = KQ(XOO).



The set of characteristic functions
Xx : Xoo — {0, 1}, Xx(X') = xx, X € X,
is an orthonormal basis for Hx.
2.2 The linear operators pq* € B(Hx), and Ay
If p,q € X,, and t(p) = t(q) we define the operator

. . Xpgx 1 X € ¢ X
pg* Hx — Hx by  pgf(xx) = (2.2-1)
0 if x ¢ ¢ X,

and

Ax :=span{pq" | p,q € Xn, n >0, t(p) =t(q)} S B(Hx).

Proposition 2.1. Let X be a finite Ty topological space. The algebra Ax is a unital C*-
subalgebra of B(Hx) and the following properties hold.

1. If pq* and rs* are elements of Ax then

(

p(sr)* if q=rr'
(pg")(rs") = 4 (pg')s* ifr = qq’

0 if ( Xoo N1 X = 9.

\

2. The set {xx* | x € X} consists of mutually orthogonal projections in Ax and

E xx® = idy,,

zeX

the identity operator on Hx.

8. If pg" € Ax, then (pg*)* = qp*.
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Proof. Each pg* is a bounded operator of norm 1 because it sends the orthonormal basis
{xx | x € X} to a subset of itself.

(1) This is a “bookkeeping” exercise: one simply examines the possible values of (pg*)(rs*)(xx)
for x € Xoo. (2) follows easily from (1).

(3) Let > cx.. Ayxy € Hx. Then

pq*< 3 Ayxy> = > My = > AgrxXx (2.2-2)

yeXoo vEqXoo x€EpXeo
The calculation

P D Ao s D myxy ) = (D A D yXy
({3 20e)- 3= )

XEX oo yEXoo xXEPXoo yEXoo

- Z )\qP*X'u_x

XEpXoo

- Z )\y'u’pq*y

Y€qXoo

:< > Ao Y ,upq*yxy>

x€EX o YEqXoo

=< D> Aexxo qp*( > uyxy>>
xXEX oo yeEXoo

shows that gp* is adjoint to pq*. O

If pg* € Ax, then (pg*)(qp*) = pp* and (pp*)? = pp* so pq* is a partial isometry. With
the appropriate identifications, pg* is an isometry ?(¢Xo) — *(pX o).

In particular, if x € X, then xz* is the identity map ?(zX.) — (*(xX,) and vanishes
on ?(yX) for y # z.

2.3 Ax is an AF-algebra

Proposition 2.2. The algebra Ax is an AF-algebra: it is the norm closure of the ascending

union of the finite dimensional *-subalgebras A* C A% C --- where

A" .= span{pq* € Ax | p,q € X,.}.
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Proof. The elements zx*, x € X, form a basis of mutually orthogonal idempotents for A;

and their sum is idy, . Thus
Al = @ Caxa™.

By Proposition 2.1(1), A" is closed under composition, i.e. multiplication, and under the
operation of taking adjoints. Thus, A" is a C*-subalgebra of Ax.
If pg* € A", then

pg" =Y (px)(gx)".

t(p)>z

Thus A" C A", By definition, Ay is the closure of the union of the A"s. O

Because it is a finite dimensional C*-algebra, A" is a finite direct sum of matrix algebras.
We will make these summands explicit by representing A" on ¢*(X,).
Let u € X,. Define x,, : X;, = C by xu(v) := 6yup. The set {x, | v € X, } is an

orthonormal basis for ¢*(X,).

Lemma 2.3. The Hilbert space (*(X,,) is a faithful representation of A™ with respect to the
the map 7 : A" — B((*(X,,)) defined by

7(pq")(Xu) == 0quXp  for each u € X,,. (2.3-1)
Furthermore, {pq* € Ax | p,q € X,,} is a basis for A™.

Proof. Since

m(pg*)m(rs™)(Xu) == 7(Pq*) (ds,uXr) = Osudq.rXp
and

m(pg")(rs™)) (Xu) = T(04,P5") (Xu) = Ogr0s.uXp,

7 is an algebra homomorphism. It follows from (2.3-1) that {7(pg*) | p,q € X, t(p) = t(q)}
is linearly independent. Hence ker(m) = {0}. Therefore {p¢* € Ax | p,q € X,,} is a basis for

A U
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If p,q,r,s € X, and t(p) = t(q) and t(r) = t(s), then

(pg")(rs") = 04rps”™. (2.3-2)
For each z € X, define X,,_ 2 :={p € X,, | t(p) = x}. Since

X, = | | Xuarz, (2.3-3)

there is an orthogonal decomposition

(X)) = P A(Xz) (2.3-4)

zeX

Lemma 2.4. Equation (2.5-4) is the orthogonal decomposition of (*(X,,) into its irreducible
A" -subrepresentations. The corresponding decomposition of A™ as a direct sum of simple
C*-algebras is

A" =P B. (2.3-5)

zeX

where B, = span{pq* | p,q € X,,_1x}. The restriction of w to B, is a C*-algebra isomorphism
B, — B(*(X,_17)).

Proof. It follows from (2.3-2) that B, is a C*-subalgebra of A". It follows from (2.3-3)
and Lemma 2.3 that A" is the direct sum of the B,, x € X. Equation (2.3-2) implies that
B,B, =0 if x # 2/. Hence each B, is a two-sided ideal of A".

Let u,v € X,,_12z. Since m(uv*)(Xo) = Xu, (*(X,_17) is an irreducible representation of
7(B,). If w € X,, — X,,_17 then 7(uv*)(xw) = 0; it follows easily that each ¢*(X,_z) is an
irreducible A"-submodule of ¢*(X,,). O

Proposition 2.5. [6, Lemma 3.1]. If T is a closed two-sided ideal in an AF-algebra A =
UnzoAn, then
= J@nAn.

n>0

Corollary 2.6. If T is a closed ideal of Ax, then T =span{pq* € Ax | p¢* € T}.
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Proof. By Proposition 2.5, it suffices to show that every ideal J C A" is equal to
span{pq* | p,q € Xn, t(p) = t(q), pg* € J}. It is certainly true that each B, is spanned by
the elements pg* that are contained in it. Since every ideal in A" is a direct sum of various

B,’s the same is true for every ideal in A". 0

The next result is the analogue of the fact that if X and Y are compact Hausdorff spaces,
then C(X xY) = C(X) ® C(Y); here, ® is the completion of the algebraic tensor product
with respect to the unique C*-norm. Indeed, since commutative C*-algebras are nuclear

they admit unique cross-norms.

Theorem 2.7. If X and Y are finite Ty-topological spaces, then
1. (X X Y)OO = Xoo X Yoo via (x7y)2 = ('rz> X (yz);
2. Hxwy = Hx ® Hy via X(zy)i =7 Xai X Xvyis

3. Axxy = Ax @ Ay via (pa,py) Qe @y)* — Dl @ Dya; -

Note that since Ax is nuclear, there is a unique C*-norm on the algebraic tensor product;

Ax ® Ay is the completion with respect to this norm.

Proof. (1) Every sequence in (X x Y has the form

PL=p2 >

Necessarily, p; = (z,y); for some z € X and y € Y and p; > p;4; if and only if x; > 2,41 and
Y; > Yir1. This establishes the given bijection (X X Y)s — Yoo X Xoo.

If S and T are two sets, then there is a bounded C-linear isomorphism from ¢2(S x T') —
2(T) ® *(S) such that x(ss = xs ® x¢. Letting S = Yo, and T = X, we see that
2(Xoo X YVoo) & (X)) @ 2(Yy) = Hx ® Hy. Using (1), we have that £2((X x Y),,) =
(*(Xo x Yy), and hence the result. The map described in the statement is the resulting

map.
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Under the explicit isomorphism in (2), the action of the operator (p;, py)(¢z, ¢)* € A%y
on Hxxy corresponds to the action of the operator p,q; ® p.q; € Ay ® A% on Hy ®@ Hx.
Thus, Axxy is the same concrete C*-algebra of operators on Hx ® Hy as Ax ® Ay. O

2.4 Irreducible representations of Ax and their annihilators

In this section we describe the representations of Ay on Hilbert spaces. A Hilbert-space
representation of a C*-algebra A is a separable Hilbert space H together with a continuous

map A : A — B(H) such that
<)\(a)h17 h2> = <h1, /\((l*)h2>, for all @ € ./4, hl, hg € H.

The representation is non-degenerate if A\(A)H is dense in H (by convention, A(A)H is the
linear span of {\(a)h | a € A, h € H}).

For each x € X, define

O, ={6eP(Xy) | &x) =0if t(x) # 2} and
p, = Amn(0,) ={a € Ax | a(§) =0for all { € O,}.

It is clear that O, is a closed subspace of £%(X,.). The set {xx | t(x) = z} is an orthonormal
basis for O,. Extension by zero is an isomorphism ¢*([z]) = O, of Hilbert spaces.

Because X is finite, every sequence in X, is eventually constant. There is therefore a
finite partition

Xoo = | [{x € X | t(x) = 2}
zeX
and a corresponding direct-sum decomposition

Hy = P(X) = PO.

zeX

of Hx into mutually orthogonal closed subspaces. This decomposition is the same as that

m 2.1.

Proposition 2.8. For z € X, O, is an irreducible representation of Ax. Furthermore, O,

is unitarily equivalent to O, if and only if x = &' if and only if p, = P,.
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Proof. For the duration of this proof, we write A for Ax.
Let £ € O, and pg* € A. We will show that pg*(§) € O,. Let x € X. Then
. §(pg'x) ifx € qXo
pq (&) (x) =
0 if x ¢ ¢Xo.
If x € ¢Xw, then t(pg*x) = t(x) so {(pg*x) = 0 if t(x) # z; since pg*(€) vanishes on O, for
all 2’ # z, pg*(§) € O,. Thus, O, is an A-subrepresentation of Hy.
Claim: @, is generated by y,~. Proof: Certainly y,~ € O,. Suppose t(x) = x. Then
x = pqg*x™ for some pg* € A whence pg*(xz~) = Xx. Therefore yx € Axz~. Since
O, =span{xx | t(x) =z}, O, = Axpo. O
To show O, is irreducible we consider a non-zero element ¢ € O,, say
=D A
XE|[z]

Choose x such that Ay # 0. There is some p in some X, such that x = pz*>°. Since

(p2)(p2)*(€) = Apaoe Xpame = AacXpr=>,

Xpzoe € AE. Therefore A¢ = O,.

Let x and 2’ be distinct elements in X. Without loss of generality we can, and do, assume
that © 2 o', If t(x) = 2/, then s(x) # x so xa*(xx) = 0. Hence xz* annihilates O,/. But za*
does not annihilate O, because xz*(xz~) = Xz~. Hence p, # p,s. Since their annihilators

are different O, is not isomorphic to O,. O

Proposition 2.19 below shows that {O, | x € X} is a complete set of irreducible repre-

sentations of Ay up to unitary equivalence.

Proposition 2.9. 1. Fizz € X and define e :==3_ -, yy*. Then

p. = span{pq* € Ax |t(p) 2 z} = AcA.

2. The function X — Prim(X), x — p,, is an injective order-preserving map of posets.
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Proof. (1) Let pg* € Ax and x € X,. Then pg*(xx) = 0 if and only if x ¢ ¢X.,. Therefore,

pgt€p, & {xeXo|tx)=z}C X — X
& {xeX,|tx)=x}NgXe =9

& g 2w

It now follows from Corollary 2.6 that p, = Span{pq* € Ax | t(p) 2 =}.

In particular, yy* € p, if y 2 x. Therefore p, contains e and AeA.

Since {yy* | y € X} is a set of mutually orthogonal projections, AeA is equal to the
two-sided ideal generated by {yy* | y 2 =}. If t(p) 2 x, then

pa" = > (ow)ay) = D (yelaqy)’

t(p)>y t(p)>y

so pq* € AeA. Hence p, C AeA.
(2) It follows from (1) that p, # p, if x # y. It also follows from (1) that p, C p, if

x <y. The map x — p, is therefore injective and order-preserving. O]

Proposition 2.16 shows that the map X — Prim(Ax), « — p,, is surjective and hence a

homeomorphism of topological spaces.

Lemma 2.10. Let x € X. The following conditions are equivalent:
1. dim(0,) = 1;
2. dim(Q,) < oo;
3. x is a maximal element in X, i.e., if 2’ € X and ' > x, then 2’ = x;

4. T=A{xz}.

Proof. (1) = (2) Obvious.
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(2) = (3) If = is not maximal choose y € X such that y > x. For each n > 0, let x,, be
the element y . ..yx*> where there are n y’s. Each x,, belongs to [2™°] so {xx, | n > 0} is an
infinite linearly independent subset of O,. Thus dim(O,) = cc.

(3) = (1) If = is maximal then [z°] = {z*°}, so O, = *([z*]) = C.

(3) < (4) This follows from the fact that T = {y € X | z < y}. O

2.5 The ideal of Ax “vanishing” on a closed subspace of X

We use quotation marks around the word “vanishing” because the ideal associated to a closed
subspace Z C X is defined to be the ideal that annihilates, i.e., vanishes on, the irreducible
representations O, for all z € Z.

This point of view is consistent with the classical results about ideals in C(X), the
C*-algebra of functions on a locally compact Hausdorff space X: the ideal of functions
vanishing on a closed subspace Z C X consists of the functions that annihilate the irreducible
representations C'(X)/m,, z € Z, where m, is the ideal of functions vanishing at the point
z.

If Z is a closed subspace of X we define

I, :=Anmn (@O) = (-

z2€Z z€Z
In particular, Z,, = Ax and Zx = {0}.

Since p, C p, if and only if z <y, p, = Z5.
Proposition 2.11. Let Y and Z be closed subspaces of X. Then

1. Ty N1y = Tyyz;
2. Iy + 17 = Iynyz;
3. I, =span{pq* € Ax |t(p) € Z};

4. Ty = AxeAx = Lzely; where e = Zx¢Z xT*.
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Proof. (1) This follows from the fact that Hy + Hz = Hyuz-

(3) We have
I, = span{pq" € Ax | pq* € Z,} by Corollary 2.6
= Span{pq" € Ax | pq* € p, for all z € Z}
= Span{pq" € Ax | t(p) # z for any z € Z} by Proposition 2.9(1)
= Span{pq* € Ax | t(p) & Z}.
(2) By (3),

Iy + 71, = span{pq* € Ax | either p¢* €Y or p¢* & Z}

= Span{pq” € Ax | pq* ¢ Y N7}

which is equal to Zy~z by (3).
(4) The projections xx*, © € X — Z, that add up to e are mutually orthogonal projections
so an ideal contains e if and only if it contains {zz* | x € X—Z}. Also xza™* = e(za*) = (zz*)e.
Let x € X — Z. By (3), za* € Z5. Hence e € Z5. Therefore AxeAx C Z,.
On the other hand, suppose that p,q € X,, and x = t(p) = t(q) ¢ Z. Then pg*, p(z™)*,

and z"¢*, all belong to Z; and

pq" = (p(z"))(z2") (2"q") = (p(a")")e(z"q")
so pq* € ITzeTy. 1t follows that Z, C ZzeZ,. The two equalities in (4) follow. O
Theorem 2.12. Let Z be a closed subspace of X.

1. The function ¢ : Hy — Hx defined by p(xz) := Xz is an isometry from Hz onto
®x620x~

2. If we identify Hz with the closed subspace ®,cz O, of Hx, then the action of Ax on the
subrepresentation ©.czO, of Hx is a surjective C*-algebra homomorphism ® : Ax —

Az and ker(®) = 7.
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3. In particular, Ax /T; = Ay.

Proof. (1) Let x € X.. If t(x) € Z, then s(x) is in Z, since Z is closed and s(x) > t(x).
Therefore {xx | X € Z,} is an orthonormal basis for the closed subspace ©,c,0, C Hx.
Since {x5 | z € Z»} is an orthonormal basis for Hz, ¢ is an isometry.

(2) By Proposition 2.8, @,cz0, is an Ax-subrepresentation of Hx so the action of Ay

on it is, in effect, a C*-algebra homomorphism
D:Ax — B(@@J >~ B(H).
x€Z

It is obvious that ker(®) = Ann ( @,ez O,) = Iy.
The fact that the image of ® is Ay is essentially a tautology: if pg* € Az with p and ¢
in Z, there is also an element in Ay labelled pg* and ®(pg*) = pg*. d

From now on, if Z is a closed subspace of X remake the identification
H z = @ Oz g 7‘[ X-

Lemma 2.13. If x is a minimal element in X then X — {x} is closed and Ix_ (53 =

Ax (zx*)Ax is a minimal non-zero two-sided ideal in Ax.

Proof. Since z is minimal, {z} is open and X — {z} is closed. By Proposition 2.11(4),
Ax (z2*)Ax = Ix_(sy. Let pg* € Ax(xx*)Ax. Then t(p) = x by Proposition 2.11(3). Let
n = |p|. Then (z"p*)(pq*)(q(z™)*) = 2™(2")* = zz* where the last equality follows from the
fact that x is minimal. Hence za* € Ax(pqg*)Ax for all p¢* € Ax(xa*)Ax. It follows that

Ax(zz*)Ax is a minimal non-zero two-sided ideal. O

Theorem 2.14. The map Z — 1Lz is a lattice anti-isomorphism from the set of closed

subspaces of X to the set of closed two-sided ideals in Ax.

Proof. We argue by induction on |X|. The result is obvious when |X| = 1 because then

Ax = C. Suppose the result holds for T} spaces of cardinality < |X].
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By Proposition 2.11(3), the function Z — Z; from closed subspaces of X to closed
two-sided ideals of Ay is injective. We will now show this function is surjective.
Let Z be a non-zero closed two-sided ideal in Ayx. Let pg* be a non-zero element in Z.

Let = be a minimal element in X such that ¢(p) > x. Then (pz)(qx)* € Ix_{; and

(px)(qz)" = [(pz)(px)*](pq")[(qx)(q2)*] € Ax(pg")Ax C T.

Therefore Z contains the minimal non-zero ideal Zy_(,;}.

Let ® : Ax — Ax_{y) be the surjective homomorphism in Theorem 2.12. Then ®(Z) is
an ideal in Ax _r,} so there is a closed subspace Z of X — {z} such that ®(Z) is generated by
{yy* |y € (X —{x}) — Z}. Hence T is generated by {yy* |y € X — Z}. Since x is minimal
in X, Z is also a closed subspace of X so Z = 7.

This completes the proof that the function Z — Z5 from closed subspaces of X to closed

two-sided ideals of Ay is surjective and hence bijective. U

Lemma 2.15. Let Z C X be a closed subset with corresponding ideal Z,. Then
AIlIlAX<Iz) = {¢ € Ax | p-Iy;= 0} =T%—.

Proof. Since Anny, (Zz) is a closed two-sided ideal, it is of the form Zo for some closed
subset C' C X. It remains to show that C' is the smallest closed subset in X containing
X -7

Note that Z; = Anny, (6, , O.), and likewise for C'. For each » € X, O, is a simple
Ax-module; thus,

O, fexgZz
Z; -0, =

0 ifteeZ.
Since IC 'IZ = 0,

To(Tz - MHx)=Tc( @ 0.,) =0, andthus, X-ZCC.

reX—-Z
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This shows that C' is a closed subset containing X — Z. On the otherhand, if C” is a closed
subset of X that contains X — Z then Z - 77 annihilates Hy. Since Hx is a faithful Ax-
module, Zer - Tz = 0. It follows that Zor € Anng, (Zz) = Ze. By the anti-isomorphism of
lattices, we have C' C C". m

Proposition 2.16. The map X — Prim(Ax), © — p, = Iz, is an isomorphism of posets.

Proof. Let p be a primitive ideal in Ax. Then p = Z, for some closed subspace Z C X.
A primitive ideal is never the intersection of two strictly larger ideals so, by Proposition
2.11(1), Z is not the union of two strictly smaller closed subspaces. But Z is also the union
of the closures of its individual points so is the closure of a single point. Hence p = Z for

some z € X. It now follows from Propositions 2.9(1) and 2.11(3) that p = p,. O

Remark 2.17. When Prim(Ax) is given the Jacobson topology and X is viewed as a Tj

topological space, the map X — Prim(.Ay) defined above is a homeomorphism.

Proposition 2.18. Let Z be a closed subspace of X and define
e = Z xx”.
zeX—Z

1. There is a C*-algebra isomorphism eLze = Ax_5.

2. Iz is strongly Morita equivalent to Ax_z.

Proof. The result is clear for 7 = @ and Z = X so we assume that @ C Z C X. Let U =
X — Z. For each x € X, zx* is the orthogonal projection of ¢*(X,) onto £*(xX,,). Because
X is the disjoint union of the sets £ X, v € X, there is an orthogonal decomposition
((Xo) = P PlxXs).
reX
If x € X and s(x) € U, then x € Uy, because U is an open subset of X. Therefore

Uy = |_|acho

zeU
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and e is the orthogonal projection of ?(X,,) onto

CP(Ux) = P ClxXx).

zelU

(1) If p,q € U, with n > 1 and t(p) = t(q), then the notation pg* denotes an element
of Ax and an element of Ay. The element pg* in Ax vanishes on (?(X,, — U,,) and sends
(*(Uy) to itself; the restriction of the action of the element pg* € Ay to £*(Uy,) is the same
as the action of the element pg* € Ay .

Let ® : Ay — eZe be the map ®(1) = e and ®(pg*) = pg* when p,q € U, with n > 1. In
Ax, e(pg*)e = pg* so ®(Ay) C eZe. It is clear that ® is a homomorphism of C*-algebras.

However,
¢Ze = span{pq* € Ax | s(p),s(q) € U} = span{pq” € Ax |p,q € Up, n =1}

so the image of ® is eZe. Hence ® : Ay — eZe is an isomorphism.

(2) This follows from (1) and Proposition 2.11(4) which shows Z, = AyeAx. O

Proposition 2.19. The set {O, | x € X} is a complete set of irreducible representations of

Ax up to unitary equivalence.

Proof. Let (m,H) be an irreducible representation of Ay. Let Z = ker(w). Then Z = I,
for some closed subspace Z C X, so (m,H) is a faithful irreducible representation of Ay. It
therefore suffices to prove that (7, H) is unitarily equivalent to some O, under the additional
hypothesis that ker(m) = 0. We therefore assume that ker(m) = 0.

Let  be a minimal element of X and write J for Ax(zx*)Ax. Since xzz* does not
annihilate y,~ it does not annihilate O,. If £ is a non-zero element in O,, then J¢ = JAE =
JO,; since J O, is stable under the left action of Ax on Hx, JO, is a Ax-subrepresentation
of O,; but O, is irreducible so O, = JO, = J&. Hence O, is an irreducible representation
of J.

Since J = Ix_{y, it is strongly Morita equivalent to Ay, which is equal to C. Hence J
has a unique irreducible representation up to unitary equivalence. So as a representation of

J, (7|7, H) is unitarily equivalent to O,.
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Since J is Morita equivalent to C, n(J) = K(O,). Let p : Ax — B(O,) be the repre-
sentation on O, obtained by restricting the action of Ax on Hy. Let o : B(H) — B(O,) be
the isomorphism such that ap(b) = 7(b) for all b € J. If a € Ax and b € J, then

ap(a)m(b) = ap(a)ap(b) = ap(ab) = w(ab) = m(a)m(b)

so (ap(a) —m(a))m(b) =0 for all b € J. Hence (ap(a) — 7(a))K(O,) = 0. But K(O,) is an
essential ideal in B(O,) so ap(a) = w(a) for all a € Ax. O

We remark that for every integer n > 1, {pp* | p € X, } is complete set of mutually

orthogonal idempotents.
Theorem 2.20 (Jensen). A separable C*-algebra A is scattered if and only iffl s countable.

Corollary 2.21. Let X be a finite Ty space. Since Ay = X is finite, Ax is a scattered
C*-algebra. Thus every representation of Ax is unitarily equivalent to the direct sum of

countably many irreducible representations {O,}.

Proof. By Proposition 2.19, Ax = X is finite, and thus countable. Jensen’s theorem proves

that Ax is scattered. O

2.6 Summary

We have proved Theorem 1.1. We pause to compare that theorem to the classical case.
Suppose that X is a locally compact Hausdorff space and let Cy(X) be the commutative

C*-algebra of complex-valued continuous functions that vanish at infinity.

1. The unitary equivalence classes of irreducible representations of Cy(X) are in bijection

with the points in X, via z — C, = Cy(X)/m,, where m, = {f € C(X) | f(z) = 0}.

2. If iy : Z C X is a closed subspace of X, then there is a surjective C*-algebra homo-
morphism Cy(X) — Cy(Z) defined by pre-composing with iz. Write Z; for the kernel

of this homomorphism.
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. The function Z — Z, is an anti-isomorphism from the lattice of closed subspaces of X

to the lattice of closed two-sided ideals in Cy(X).

. If Z is a closed subspace of X then Z; := ﬂzez m,.
. The ideal Z is isomorphic to Cy(X — Z).

CCo(X XY) 2 Co(X)RCH(Y).

L O(XUY) 2 Cy(X) @ Co(Y).
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Chapter 3
THE FUNCTOR A : FPosInj — C*

Definition 3.1. Let f : X — Y be an injective map of posets, and let 1y : Hx — Hy be

the linear operator sending xx = Xf(x). Define
Af = Aybf.Ax,

the closed Ay-Ax-subbimodule of B(Hx, Hy) generated by ;. Define A} to be the span of

operators of the form pg* o s o ab*, where pg* € A} and ab* € A’.

Lemma 3.2. Let f: X — Y be an injective map of posets.

1. Ay contains ), -, A} as a dense subset.
2. Ay =3span{pf(b)* oo bb* |peY,, be X,, f(t())=1t(p)}.

3. The adjoint of the operator pf(b)* oty obb* : Hx — Hy is
(bb*)* o 1} o (pf(b)*)" = bb" o mp o f(b)p7,

where my : Hy — Hx 1s the linear operator such that

Xy Z Xx-

fx)=y
Proof. (1) By definition, the linear span of elements of the form ¢ ot 0, ¢ € Ay and

Y € Ay, is dense in Ay. Since Ay and Ax are ultramatricial algebras, there are sequences
on € Ay and ¢, € A% such that ¢, — ¢ and 1, — 9. Thus,
[¢potpoty—dnorpothn|=|por o —dnoro+dnoryoh—dnoipn|
S ||¢0Lf0¢—¢nOLfO¢|| + H¢n0bf0¢—¢n06f¢n||
< ¢ = dnlley ol + [én 0 tslt) — ¥n| — 0.
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Thus, the closure of ) ., A7} contains all elements of the form ¢ o ¢y o 1); since it is also
closed under addition, it is equal to A;.
(2) Note that Ay contains the span of elements of the form pg* orfoab* as a dense subset.

If f(a) # q and xx € Hx then

pq” oty o ab*(Xx) = Xpg=-f(ab*x) = 0.

In otherwords, the operator pg* o vf o ab* = 0 unless ¢ = f(a).

Compute that
pf(a) orpoab® =pf(b)* orsobb*
by checking that this holds for the basis elements xx € Hx. The result follows at once.
(3) Observe that

(mr(Xy)s Xx) = Of(x)y = (Xy, tr(Xx)); forally € Y, and x € X;

Since {xy | ¥ € Yoo} and {xx | x € X} are Hilbert bases for Hy and Hy, we have that

(s (), @) = (¥, 14(9)), for all ¢ € Hy and ¢ € Hx,

l.e. 1} = my; since ¢y is bounded, 7y is bounded. O
See Appendix B.1 for the notion of a concrete Hilbert module.

Corollary 3.3. If f : X — Y is an injective map of posets, then Ay is a concrete Hilbert
Ax-module and the left-action of Ay is by adjointable operators. Thus, Ay is a Hilbert
C*-bimodule.

Proof. We show that u*v € Ax for every u,v € Ay. It is necessary to show that m;o1y € Ax.
Since f is injective,

Trou(Xx) = D X = X
FE)=1()

thus 77 oty = idy,. Now consider u = qf(b)* oty o bb*,v = pf(a)* oty 0oaa* € As. Then

UV = 0p,bb" o mp o f(b)f(a)" oty oaa” = dyba” € Ax.
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This shows that u*v € Ax whenever u,v € A}. The general result follows from continuity
of the adjoint map and composition.

The left-action of Ay is adjointable since Ay is a concrete C*-algebra acting on Hy. [

Theorem 3.4. If f: X — Y and g: Y — Z are injective maps of posets, then
where the tensor product is the balanced tensor product of C*-bimodules.

Proof. Using Lemma B.6 in the Appendix, compute that

Ay @4, Af = A0 Ay =5pan{poyy | p € Ay, ¥ € Af}
=span{¢o¢ | ¢ € Ay, ¢ € A}, n > 0}
= span{qg(c)* o g0 cc* o bf(a)* o1y oaa® | a € X, bf(a) € AL, ¢ €Yy, qglc)* € AL, n > 0}
= span{qg(c)* o ocf(a) otpoaa” | a € X, cf(a) € Ay, qg(c)" € Ay, n > 0}
— span{ag(f(a))" o 1y 0 aa” | a € X, cf(a) € A}, qg(c)” € Ay, n > 0}

= Agos- u

Theorem 3.5. Let X be a finite poset with open subset j : U — X and closed subset
1: 74— X.

1. There is an isomorphism of Hilbert C*-bimodules ® : A; — Az defined by

®(pa* o 1; 0 aa”) = pa’;
2. There is an isomorphism Hilbert C*-bimodules ¥ : A; — Axe, where e = Y . xx*;
U is defined by

*

U(pa* ojoaa”) = pa*.

Corollary 3.6. A : FPosInj — C* is a functor such that A(X) = Ax.
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A; must be an Ay-Ax-bimodule

Proposition 3.7. If Z C X s closed and does not contain any minimal elements of X,
then the quotient Ax /Iy admits no Ax-valued inner-product. Thus, Ax/Z; cannot be made

a (right) Hilbert Ax-module.

Proof. Consider an Ax-valued inner-product on Ax/Zz, and let J be the closure of the
image of this inner-product. Then J is a closed two-sided ideal in Ax by Lemma B.3; we
will show that J = 0, contradicting that the inner-product is positive-definite.

For r € Ax, write 7 for r + Z; € Ax/Z;. We note that J is spanned by elements of the

form

T,5) =(1-r1-5) =r*(1,1)s.
Then J C Anng, (Zz) because
7’*<T,T>S 'IZ g 7"*<T,T>IZ = T*<1y,fz> = T*<1y,0> = {O}

By Lemma 2.15, Ann g, (Z7) = Z¢, where C' is the smallest closed subset containing X — Z.
Since Z contains no minimal elements of X, X — Z contains all minimal elements of X.

Since C' is closed in X and contains all the minimal elements of X, C' = X and Zo = 0.

Thus, J = 0. O

Since Ax/T; = Ay as C*-algebras, and Ay is a right Az-module using the standard
inner-product, the quotient Ax /Z; can be given the structure of a right Hilbert .4z-module.

Thus, we must choose Ay to be an Ay-Ax-bimodule.

3.1 Problems extending A to FPos

There are two problems for extending the definition of Ay when f : X — Y is not injective.
The first is that ¢ may not be bounded. We briefly isolate the equivalent property of f such

that ¢; is a bounded operator.
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Definition 3.8. A strictly monotone morphism f : X — Y of posets is a function such that

r <z’ = f(z) < f(2').

Note that the strictly monotone morphisms form a subcategory of the category of posets

containing FPoslInj as a subcategory.

Lemma 3.9. If f : X — Y s a continuous map of finite posets, then the following are

equivalent:

1. The linear operator vy : Hx — Hy is bounded;
2. f s strictly monotone;

3. There is a uniform bound (depending only on X ) for the cardinality of the fibers
), x € Xee.

Proof. (1) implies (2): If f is not strictly monotone, then there is z,z € X, x < 2’ such that
f(z) £ f(2). Since f is order-preserving, f(z) = f(2/). Let b = > 07 | Lx(4ynge. This is
square-summable: [h|?> = 72/6. However, ty(h) = > 07| Ly 42y is a divergent sum. Thus
tf is not bounded.

(2) = (3): Consider x € X; x has the form

. mi,.m2_,m3 Mn—1
X—.Tl 5132 .T3 "'Inil XXX L~

where 1 < n < height(X), 1 > 3 > --+ > x,, > x, and each exponent m; > 1. Consider
x' € f7Hf(x)), ie. f(x}) = f(x;), for all i > 1. Since x} > x},, (2) implies that x| = x],,

if and only if z; = z;,1. So x’ € X, must have the form

mi, ma, M3

X' =y My tyst ey yyy -y

where y; >y > -+ > y,1 >y, f(y;) = f(x;). We also have from (2) that either y; = z; or
they are incomparable. Let width(X) be the cardinality of the largest subset of X consisting
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of incomparable elements. The number of possible choices for each y; is not greater than
width(X); thus,
FH(F()] < (width(X))Peight) < o0

Since this bound is independent of x, the result is proved.

(3) = (M I [f7H(f(x))] < M, then |1 ()| < Mx]; indeed, if x =37, AxXx, then

l’f(X) = Z )‘fo(X) = Z Z )\x Xy

x€X oo Y€Yoo \ f(x)=y

2
< MP?supj(,—y [Ax[?, it follows that

since ‘Z Fl)=y Mx

x)=y

lerCOIP < M2 Y7 AP = MP|x)?,

xEX oo

SO [tf]eo < M. O

Question 3.10. The property strictly monotone is order-theoretic. Is there a topological

characterization of that property? (cf Theorem A.14)

Remark 3.11. If f : X — Y is strictly monotone, then height(X) < height(Y). If f: X - Y
is an injective morphism of posets then it is strictly monotone. This notion does not imply

that X or Y are ranked.

Example 3.12. The following “height” map h : X — Y is strictly monotone but not

injective:

[ ] [ ]
h
\ / —
[ ]
Theorem 3.13. Let f : X — Y be a strictly monotone map of posets. Then the following

are equivalent:
1. f is injective;

2. Ay is a concrete Hilbert C*-bimodule over Ay and Ax.
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Proof. (1) = (2) Suppose that f is injective. The concrete Ax-valued inner product on Ay
is defined as follows: if ¢, € Ay then (¢, ) = ¢*1); we show that ¢*¢p € Ax.
From the lemma we know that for aa*, bb* € A%, pf(a)*, ¢f(b)* € A},

(pfla)* oryoaa®) o (qf(b)" otyobb™) = (aa” omso f(a)p*)o (qf(b)* orpobb")

= 0pqab” € A%,

since p = ¢ implies that ¢(f(a)) = t(f(b)); the injectivity of f then implies that ¢(a) = ¢(b).
By linearity, it follows that if ¢,¢ € A}, then ¢*y € Ax. If ¢, € Ay, then there are
sequence ¢y, ¥, € A% such that ¢, — ¢ and 1, — 1. Then

[0%¢ — ¢rtonl = [07¢ — G0 + dpt) — Gpin]
< @™ — dpil + [0n¢ — Gl
< [oll¥ = nl + [énll) — ¢l — 0.

Since ¢, € Ax C B(Hx) for each n, and Ay is closed, it follows that ¢*¢ € Ay.
(2) = (1) If f is not injective, then tj1; = ms1; does not preserve tails-equivalence classes.

Indeed, if f(z) = f(2), and x # 2, then
Tiis(Xa) = T (@)°) = D X

The sum on the right contains (.~ for example. Thus, tjiy & Ax, and so Ay is not a

concrete Hilbert Ax-module. O

Example 3.14. In Example 3.12, ¢, : Hx — Hy does not generate a Hilbert C*-bimodule
over Ay and Ay because (ip, 1) & Ax. Indeed,

(thy th) (X120) = ttn(Xas=) = X1 + Xooe;
this shows that (i, ¢,) does not preserve tail-equivalence classes.

Finally, we have the following negative result:
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Theorem 3.15. Suppose A : FPos — C* is a functor such that Ap.x_.y C B(Hx,Hy) is a
concrete Hilbert C*-bimodule for every map f : X — Y of finite posets. Then A;, % Ax/Z,

for some finite poset X and some closed subset Z C X.

Lemma 3.16. Let f : X — Y be a map of posets, and let V- C B(Hx,Hy) be a concrete
Hilbert Ax-module. If ¢ € V', and O, and O, are distinct simple summands of Hx, then

Proof of Lemma. Since ¢ € V', ¢*¢ € Ax. Then, ¢*¢(O,) C O, so

Proof of Theorem. We proceed by contradiction. Let X = {0, 1,2}, ordered so that 0 < 1
and 0 < 2, but 1 and 2 are incomparable. Let 7 : X — {x} be the terminal map.

Claim: A, C B(O,,C) = O} for a unique x € X. Proof: Consider 0 # ¢ € A, C
B(Hx,C). Since the codomain of ¢ is one dimensional, the previous lemma implies that
there is a unique x € X such that ¢(O,) # 0. Furthermore, if ¢ € A, is any other element,
then ¢¥(0,) = 0 for 2’ # x (otherwise, the sum ¢ + ¢ € A, would be an element such
that (¢ + ¥)(O,) and (¢ + ¢)(O,) are not orthogonal, contradicting the previous lemma).
It follows that A, C B(O,,C) = Of. Since O, is a simple left Ax-module, A, = O, or
A, = 0. Consider the composition {x} — X — {x}, where the first map i; : {*} = X
sends * — 1 and the second is the terminal map. The composition is idy,}, and Ay = C.
It follows from functoriality that A, # 0. Thus, A, = O% for some = € X. This proves the
claim.

If  # 1, then

Ar @a Aiy = O @ Ax /Ly =0,

since O} - Ijy = O;

*. If © = 1, repeat this argument with the composition 7 o iy, where

io : {*} — X sends x — 2. But then we have
Aiay = Aroi, =C#0= A Quy A, r=1orxz=2,

contradicting that A is a functor. O
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Remark 3.17. It is conceivable that there is a functor A : FPos — C* such that A;.x_,y C
B(#, K) is a concrete Hilbert C*-bimodule for each f: X — Y. In this case, # is a Hilbert
space that Ay acts on so it must be isomorphic to direct sums of O,’s. It is unclear what
to pick for I if we cannot pick Hy. The author has made several attempts choosing, e.g.

K = Hy ® Hx, without success.
3.2 The ultramatricial algebra, Sx
Definition 3.18. Let X be a finite poset.

1. Define Hx = spang {xx | x € Xoo };
2. Define Sx = span {pq* | t(p) = t(q),p,q € X,.,} C Endc(Hx);,

Hx is a dense linear subspace of Hx, and the range of each operator pg*|y, € Ax is
contained in Hy. The closure of Sx under the operator norm is Ax. Since Sy is also closed
under taking adjoints, we say that Sx is a pre-C*-algebra.

To avoid the problem of ¢y : Hx — Hy being unbounded when f : X — Y is not
injective, consider the restriction ¢f|g, : Hx — Hy. When there is no danger of confusion,

we use the same symbol for ¢y and its restriction.

Definition 3.19. Let f : X — Y be a morphism of finite posets. Define
Sf = Sy Otlfo©O SX g HOIH(C(H)(, Hy),
the Sy-Sx-bimodule generated by ¢;.

Lemma 3.20. If f : X — Y, and g : Y — Z are maps of finite posets, then we have the

following equality of unbounded operators:
Lg Ol = lgof : Hx — Hy.

Theorem 3.21.
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1. If X is a finite poset then Siq, = Sx;

2.If f: X =Y and g: Y — Z are morphisms of finite posets, then
(I)ZSQ®SYSf—>ngZ ¢®¢P—)¢O@/J
18 an isomorphism.

Proof. (1) This is obvious since tq, = lg,. (2) It is clear that ® is well-defined. To show

n

that ® is surjective we note that Sgr = llﬂn Sgy, and each S} is spanned by elements of the
form pgf(b)* o ¢y o bb*. Since

D(pgf(b)* 0140 f(B)S(D)" @sy S(b) (D) 01y 0 L") = pgf(b)* 0y 0 b,

® is surjective.
P restricts to the map @, : 57 ®s, S7 — Sjy. To prove injectivity of ® it is enough to

show that ®,, has a left-inverse. Define V,, : S;‘f — S;‘ R sy S;} via
ugf(a)* o4 0aa* = ugf(a)® oo f(a)f(a) ®s, fla)f(a)* orpaa™.

The next few computations establish that ¥,, o ®,, = id.

For aa* € S%, qf(a)*, pp* € Sy and ug(p)* € S%, consider the element
x=ug(p) oty opp” ®s, qf(a)" oryoaa” € Sy ®s, S§.

Claim: z = ¥, 0 &, (z) = 0pqugf(a) ot 0 f(a)f(a)* ®sg, f(a)f(a)*oisoaa*
Proof: The second equality is obvious; we establish the first. If ¢ # p, then z = 0 in the

tensor product, since

pp* ®sy qf(a)* = pp* - pp* Vs, qf(a)*
= pp* ®s, pp* - qf(a)*

= Opgpp” - pp* Rs, pf(a)".
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Since either p = f(a) or else

pp* ®sy pf(a)’ =pp* ®s, (pfla)" + fla)p®) - f(a)f(a)®
=pp" - (pf(a)" + f(a)p®) ®s, f(a)f(a)®

- pf((l>* ®Sy pf(a“)*a

we have
x = 0pqug(p)* o tgopf(a)* ®s, fla)f(a) otfoaa.
Since ug(p)* o 1y o pf(a)” = ugf(a)” oo fla)f(a)",
x = dpqugf(a)* orgo fla)f(a)* ®s, fla)f(a) orpoaa*.
Since elements of the form x span S;' @gr S¥, the result is proved. O

Corollary 3.22. Let f : X — Y be a map of finite posets.

1. If f : X = Y us strictly monotone then Ef = Ay.

2. If f: X =Y is not strictly monotone then Sy € B(Hx, Hy).

One might consider the Ay-Ax-bimodule obtained by intersecting Sy ¢Sx with B(Hx, Hy)

and taking the closure in B(Hx, Hy). We have the following negative result.

Theorem 3.23. The association f ~» (SytpSx) NB(Hx,Hy), from finite posets to bimod-

ules is not functorial.

Proof. Let X = {0,1} be the Sierpinski space, i.e. {1} is the only closed singleton. Consider

the inclusion of the closed point, followed by the terminal map:
[ ]

i °
/‘ T
[ ]

Then A;, = Ax /Iy = C. And the composition 7 0 i = idgyy, so Ao, = C. Observe that

troSx NB(Hx,C) = 0.
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Indeed, no operator of the form ¢, o (1")(1")* is bounded on Hx, as can be checked by

computing the value on
oo
1
5 == Z Exln-‘rmooo.
m=1

On the other hand, each operator of the form pg*, t(p) = t(¢) = 0 is compact, and so we
obtain precisely Op.
However, Of ® 4, Ax /Iy = 0. Since this is not isomorphic to Agy = C, the association

is not functorial. ]
Summary

We have shown that there is a faithful functor A : FPoslnj — C* that satisfies the following

good properties:

1. If iz : Z — X is the inclusion of a closed subset, then A;, = Ax/Z, as Hilbert
Ax-Az-bimodules; further, Ax/Z, =2 A, as C*-algebras.

2. If jy : U — X is the inclusion of an open subset, then A,, = Axe, as Hilbert Ax-
Ap-bimodules, where e = Y, uu*. The bimodule Axe is the one implementing the

Morita equivalence between Zx_;; and Ay.

We have also shown that S : FPos — BMod is a faithful functor on the larger category
of finite posets with monotone maps. When f : X — Y is injective, there is a norm on Sy

such that Ef = Ay
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Chapter 4
THE FUNCTOR FE : FPos — HS

In this chapter we describe a functor F : FPos — HS from the category of finite posets
with all order-preserving maps to the category of Hilbert-Schmidt operators. The faithful

functor E has the following properties:

Proposition 4.1. 1. If X s a finite poset, then Eiq, = Ex s a closed sub-algebra of the
Hilbert-Schmidt operators on Hyx. Ex is a (non-closed) two-sided ideal in Ax, and is

thus an Ax-Ax-bimodule;
2. If 1y - {x} — X s the inclusion of a point, then E,, = O,;
3. If 7 X — {x} is the terminal map, then E, = H¥;
4. If f: X =Y is any map of finite posets, then Ey @4 Op = O (yy.

Some Notation

Let H; and H, be Hilbert spaces. Write B(#1, Hz) for the Banach space of bounded op-
erators H, — Ho and KC(H;1, Hs) for the Banach space of compact operators H; — Ha. A

composition of bounded (resp. compact) operators is bounded (resp. compact) so B(H;)

and B(H) are rings, and B(H1, Hz) is an B(Hs2)-B(H,)-bimodule.
4.1 The linear transformations 0y x

Let X, and Y be finite Ty topological spaces, x € X, and y € Y. Define the linear

transformation

Qy,x " Hxy = Hy by Hy,x(f) = g(X)XY'
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Lemma 4.2. With the above notation,
1. By x(—) = (x> —)Xys
2. The set {0y x | x € Xoo, ¥ € Yoo} is linearly independent;
3. Oy x 00wz = Oxwhyz;
4. 05 = Oxy;
5. 0y € K(Hx, Hy);

6. if v =t(x) and y = t(y), then by x sends O, to O,.

Proof. (1) This is obvious. (2) This follows from the relation 0y x(xw) = dxwXy- (3) For
each £ € Hyx,

Oy x © Owa(§) = by x(£(2)xw) = £(2)xw(X)Xy = Oxwly2(§)-

(4) Let n € Hx and € € Hy. Using the inner product on £*(X,,), we have

(1, 0y (©)) = (0. E¥)xx) = E) D n(w)xx(w) = n(x)é(y)

WEXoo

and, using the inner product on ¢*(YL,),

(Oyx(1),£) = X)xy. &) =1(x) Y xy(2)é(2) = n(x)&(y).
z2€Y
Hence 05 , = 0y x
(5) The image of 6y is Cxx so rank(fxy) = 1.
(6) Since {xw | t(w) = y} is a Hilbert space basis for O, it suffices to observe that

0x7y(Xw) = 5y,wa € Ow u

Each operator 0y x : Hx — Hy is a rank 1 partial isometry. The closure of span:{6y x |
X € Xoo, ¥ € Y} in the operator-norm topology is K(Hx,Hy). This is typically not a
Hilbert space.
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4.2 Hilbert-Schmidt Operators

There is an inner-product on spanc{6xy }, defined by

(S,T) = > (S Txx)rty = tr(S*T).

x€EX oo
The set {0y x} is an orthonormal basis for this inner-product so the norm-completion is a

Hilbert space.

Definition 4.3. Given two Hilbert spaces Hx and Hy, define
HS(Hx,Hy) = Span {fxy},
where the norm is the one induced from the inner-product above.

The set HS(H x, Hy) consists precisely of those bounded operators ¢ : Hx — Hy such
that

I8l = Y loxxlz, = tr(¢79) < cc.

XEXOO

The Hilbert-Schmidt inner-product is independent of the choice of orthonormal basis; we
have chosen {xx € Hx | x € X} here for convenience. For every unit vector v € Hy, there

is an orthonormal basis {v = vy, vy, ...} for Hx beginning with v; it follows that
o0
102, <D 1Toal? = T s,
n=0

thus, |T]|ec < |T||ns. Since compact operators are operator norm limits of finite rank opera-

tors, HS(Hx,Hy) C K(Hx,Hy).

Proposition 4.4. Consider T € HS(Hx, Hy).
1. T* € HS(Hy,Hx) and ”T*”HS = ”THHS-
2. If ¢ € B(Hy), ¢ € B(Hx) then |¢ o T o ¢fus < |@lloc] TlHs[¢]oo-

3. HS(Hx, Hy) is a B(Hy)-B(Hx)-bimodule under the action of composition.
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Proof. (1) This follows from the calculation

ITs = Y 1Tz = Y S 1T xw) = 3 Y 106 T

x€EX oo yE€Yoo x€X o XEXoo YEYoo

= > Tl = 1T s

YE€Y>

(2) Compute that

[6T s = > 16Txyl? < Y 1912 1Txs 1P = I912 1T iis.

V€Yo Y€Yoo

Thus [¢Tns < [@]oo]T |ns-
Since T o) = (¢* o T*)*, (1) implies |T" o ¢|us = |¥* o T*|us; thus
1T 0 ¥lns < [¢" || TlHs = 1T lus ¢l oo-

(3) follows immediately from (2). O

For the next definition we make use of the following notation: for M C HS(H,H') and
N C HS(H', "),
N oM =spanc{nom|me M,n € N}.

Definition 4.5. Let HS be the category whose objects are closed complex subalgebras O C
HS(#H) for some Hilbert space H, subject to the condition that @ o O = O. A morphism
from O C HS(H) to O C HS(H') is a closed C-linear subspace M C HS(H,#H') such that
OoM=M=MoO. f M CHS(H,H') and N C HS(H', H") are composable (i.e. the
codomain of M is the domain of N') then the composition is defined to be N o M.

4.3 The Ay-Ax-bimodule E;

Let f: X — Y be a continuous map between finite Ty-spaces. Define

Eyp:=span{by . | f(t(x)) =t(y)} € HS(Hx, Hy).

Proposition 4.6. Let X and Y be finite posets, and let f : X — Y be an order-preserving

map.
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1. Ex 1s a Banach *-algebra and a Hilbert space;
2. By is an By -Ex-bimodule,

3. Ifpg* € Ax, uwv* € Ay, X € X, ¥ € Yo, and f(t(x)) = t(y), then

(wo*) - 6y« - (p") Ouvrygpix  If X €E DX andy € vY
"Uyx - =
0 otherwise.

4. Ey is an Ay-Ax-subbimodule of HS(Hx, Hy).

Proof. (1) HS(Hx) is a Banach *-algebra and a Hilbert space, and Ex C HS(Hx) is a closed
sub-algebra. (2) This follows from the relation that 6,y o 0y x = 0y /8, x. (3) By definition,

(uv*) - Oy x - (pg*) is the composition

pg* Oy, x *
Hx Hx d Hy hd Hy .

If z € ¢Xw, then 0y pp+, = 1 if and only if z = ¢z’ and x = pz’ if and only if x € pX,, and
dgprxz = 1. If z € X, then

(

uv* o0, « +y) ifz € pXy
(uv* O@y’x Opq*)(Xz) _ ( Yy, )(qu ) p

0 otherwise
\

/

[T (Xy) if z € pXy

0 otherwise.
\

(

OgprxzXuvry if X € pXo and y € vY

0 otherwise
\

(

Ouory gprx(Xz) 1y € vYy and x € pX

0 otherwise
\
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It follows that E; is closed under the actions of A% and AY.. For general a € Ay, choose a

converging sequence a, € A’ and observe that
[m - a—m-anfus < [mlnsla — anloo — 0.

Thus, m - a € Ey since Ey is closed and a,, - m — a - m. The argument for the right-action
is entirely similar. Then (4) follows at once, since the composition of a Hilbert-Schmidt

operator and a bounded operator is again Hilbert-Schmidt. O
Theorem 4.7. The association f ~» E; defines a functor E : FPos — HS.

Proof. Suppose that f : X — Y and g : Y — Z are order-preserving functions of finite
posets. We will show that E, o Fy = Eyq.

Essentially by definition,

Eq o Ey =spanc {0z o Oy« | g(t(y)) = t(z), f({(x)) = t(y")}
= spang {0,y o Oyx | g(t(y)) = t(z), f(t(x)) =t(y)}

= spang {0zx | 9(f((x)) = t(2)} = Egoy. O
4.4 Alternate Description of Ef

Let y € Y. We write O for the Hilbert space dual of the Hilbert space O,,. Since {xy | t(y) =
y} is an orthonormal basis for Oy, {(xy, —) | t(y) = y} is a Hilbert space basis for O;. We
will write
Xy = (Xy» =)
Let x € X and y € Y. We write O, ® O}, for the Hilbert space tensor product of the
Hilbert spaces O, and O}. It is the completion of the algebraic tensor product of these two

vector spaces with respect to the “obvious” sesquilinear form—see [16, Ch.IV, §1].

Proposition 4.8. There is an isomorphism of Hilbert spaces (and Ey-Ex bimodules)

Ey = @ HS<OI7Of(fE)) = @C)f(m) ® O3,

reX zeX

defined by Oy x — Xy @ Xx%-
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Proof. Recall that Hx = @,y O,. In the definition of E; we considered only those 6y x
such that f(t(x)) = t(y). Observe that 6y x restricts to a rank one operator on O, whose
extension to O+ in Hy is 0. Since O f(z) and O, are left Ey- and Ex-modules, the indicated
decomposition is one of bimodules.

The result follows since the given map is a bijection on the orthonormal bases for

HS(O,, Of(y)) and Oy, ® OF which is inner-product preserving:
(By s Oy ) = Oy yr O = (Xys Xy ) (o Xar) = Xy @ Xoor Xy © Xor)- O
Corollary 4.9. Let f : X — Y and g : Y — Z be continuous maps of finite posets. By
extending scalars from Ex to Ax, Fy to Ay, and Ez to Az we have that
E,®@a, By = Eypr  as Az-Ax-bimodules.

Proof. One can show that for y € Y, O;®4, O, = C and for y, ¢’ distinct in Y, O, @, O,y =

0. By repeatedly using the isomorphism in the previous proposition,

By ®a, By = (@ Og() ® O;) @Ay (EB Ofa) ® O;)

yey zeX

= @ Ogos(a) ® O, = Egor- u

zeX

Corollary 4.10.

1. If i, : {x} — X is the inclusion of v € X, E;, = HS(C, O,) = O, as left Ax-modules,

via Ox1 — Xx;
2. If T X — {x} is the terminal map, £, = @, HS(Ox,C) = HX as right Ax-module,
via 0 x — Xx-

Corollary 4.11. Let f : X — Y be a continuous function between finite Ty-topological
spaces. If v € X, then Ef @ 4, O = Of(yy.

Proof. Let i, : {*} — X be the inclusion of z. There is an isomorphism E¢® 4, E;, = Efo;,

of Ay-C bimodules, hence an isomorphism Ey ® 4, Op = Oj(,) of Ay-C bimodules. O
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Corollary 4.12. If f,g: X =Y and f # g, then E; is not isomorphic to E, as bimodules,
i.e. the functor E is faithful.

Proof. Let f,g : X — Y be different continuous functions between finite Ty-topological
spaces. There is a point € X such that f(z) # g(z). By Proposition 2.8, Oy 2 Oy
But Ofn) = Ef @4y O, and Oyp) = Ey @4, Oy, so the Ay-Ax-bimodules Ey and E, are

not isomorphic. 0

Proposition 4.13. If f : X = Y and f' : X' — Y’ are two maps of finite posets, then

fxf: X xX =Y xY'is another map of finite posets and there is an isomorphism
¢ Epxpr = Ep @ Ep Oy ), xx) 7 Oy x @ Oyr 0

of Hilbert spaces (and also Ay @ Ay-Ax ® Ax:-bimodules).
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Chapter 5

THE GROUPOID APPROACH

There is an alternate description of Ax due to Exel, Lopes and Renault. Our goal in this
chapter is to provide an account of this, and define the Hilbert C*-bimodule Ay when f is
injective.

If S is a topological space, denote by C/(.S) the C-vector space of complex-valued contin-
uous functions on S. If E is an equivalence relation on S, C'(S; E') denotes those complex-
valued functions that are constant on FE-equivalence classes. If S is a compact Hausdorff
space then its coordinate ring is the commutative C*-algebra C'(S). A proper equivalence
relation R C S x S is one such that the quotient S/R is again Hausdorff. If R is proper
then C(S/R) = C(S;R). There are two canonical examples corresponding to the mini-
mal and maximal equivalence relations on S. If R = {(s,s) | s € S} then S/R = S and

C(S/R) = C(S). If R= S x S, then X/S = {x} and C(X/S) = C.

Not every equivalence relation is proper. If S = X is a finite poset where at least two
elements are comparable and R is the tails-equivalence relation then X, /R = X is a finite
non-Hausdorff space. Perhaps it was this example that motivated Exel, Lopes and Renault

to develop a theory of “approximately proper equivalence relations.” Define for each n > 0,

RSL( = {(X> Y) € XOO X Xoo ’ X>p = Y>n};

define Rx = {J,.o R%. Each RY is a proper equivalence relation on X..; there is a groupoid
C*-algebra C*(R%) for each n > 0, which is isomorphic to the compact operators on

C(Xwo; R%). There is a system directing the set {C*(R%) | n > 0} such that C*(Rx) = Ax.
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5.1 Groupoids

A groupoid is a set G together with a set G® C G x G of composable pairs and a product

map (x,7) — zy from G? — G and an involution  — 2! from G — G such that
L. if (z,y) € G? and (y, z) € G@ then (2y, 2), (z,y2) € G? and (zy)z = x(y2);
2. for each v € G, (z,27') € G? | and (z,7) € G? implies (zz)2~! = 2.

If G is a groupoid, define maps r,d : G — G via r(z) = zo~! and d(x) = ™ x; these are
called the range and domain maps. They have a common image called the unit space of G,

denoted G. If u € G| then

For each unit v € G(©), there is a group Iso(u) = {z | r(z) = d(z) = u}, called the

isotropy group at u.
Definition 5.1. Let X be a finite poset. For each integer n > 1, define
Ry ={(x',x) € Xoo X Xoo | XL,, = X0}
Define (R%)® to consist of pairs (x”,x') x (x/,x), with product map (R%)® x (R%)? — R%
(x",x') x (x',x) = (¥, x).
Define an inverse map via (x',x)~! = (x,x/).

This defines a groupoid, R%. The unit space (R%)® = {(x,x) | x € X} & X, and
r(x/,x) = (x/,x') and d(x',x) = (x,x). A groupoid is called principal if g — (r(g),d(g)) €
G x GO is injective. R% is a principal groupoid. Define a topology on R% by declaring
the following sets to be clopen: for p,q € X,,,

Z(p,q) ={(x,y) € R | X< =D, Y<m = q}-
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This is the induced (or relative) topology from the product X, x X, where X, is the totally
disconnected space with clopen sets given by the “cylinder sets” [p] = {x € X | p = x<p(}.

Note that R% is a compact Hausdorff space and thus is locally compact. RY is a topo-
logical groupoid because the inverse map is continuous (a homeomorphism) and the product
map Rg?) X Rg?) — R is continuous when the domain is equipped with the product topology
(and (R%)® has the induced topology from R% x R%).

A locally compact groupoid is called r-discrete if the unit space G(°) C G is open. Notice
that

(RO = || Z(p.p)

pEXn

is clopen in R%; so RY% is r-discrete.
Definition 5.2. Let X be a finite poset. Define
Rx ={(x',x) € Xoo x X | X, = x>, for some n >0 }.

Equip Rx with the product and inverse map as above, so that R% is a subgroupoid of Rx
for each n > 1. Topologize Rx with the inductive limit topology: a set U C Rx is open if

and only if U N R% is open in RY% for all n > 1.
Proposition 5.3. If X is a a finite poset, then Rx is a principal r-discrete groupoid.

Remark 5.4. If we had given Rx the induced topology from X, x X, then it would not
have (necessarily) been r-discrete. This presents a challenge for defining a Haar system for

Rx, and ultimately the groupoid C*-algebra C*(Rx).
5.2 Definition of C*(RY)

This follows the construction of Exel and Renault [p. 202].

Definition 5.5. C'(R%) is a C-vector space which is an algebra when equipped with the

following convolution product: for h,k € C(RY),

(h . k)’(x’,x) — Z h(X/,XH)k(XH,X);

X" €[X]n
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it is a *-algebra when given the involution h*(x’,x) = h(x,x’); this is anti-multiplicative.
Proposition 5.6. Let X be a finite poset.

1. For eachn > 1, there is an inner-product on C(X) with values in C(X; R ) defined

by

IR

x€[x']

<77Z) §b |x’—

2. C(X) is a pre-Hilbert module over C(X«; R%) when equipped with this inner-product.

Proof. (1) It is obvious that this value depends only on [x'] € X /R,, and that the resulting
function is continuous. The sesqui-linear form is positive definite since
(6, D) = T D> |o(x
n X€E[X']n
which is zero if and only if ¢([x']) = {0}; if this holds for each x’ € X, then ¢ = 0 is the

zero function.

(2) The right-action of C(X/R%) is ¢ - alx = ¢(x)n([x]). For every x' € X, we have

(0 a)lx =

:H:

Thus, C(X) is a pre-Hilbert C'(Xo; R% )-module. O
Definition 5.7. Let X be a finite poset.

1. M™ denotes the completion of C'(X.) under the norm induced by the C(X; R’ )-

valued inner-product;

2. L(M™) denotes the C*-algebra of adjointable operators on M™;



3. For k € C(R%) and ¢ € M™, define k- ¢ € M" by

kool = ) k(X x)p(x).

x€[X']n
Lemma 5.8. Let X be a finite poset.
1. M™ is a left C(R%)-module;
2. C(RY) acts adjointably on M™.

Proof. (1) For every h,k € C(RY), we check that

(k) dlx = (h- (k- 9))lx-

Indeed,

(h- (k@)= D h(x,x")(k-¢)|

x"e [X/]n

= S A X X)6(X)

X/ €[x']n XE[X']n

- > ( > h<x’,x”>k<x",x>) 4(x)

x€[x]n \x"€[x']n
= > (k)| d(x)
Xe[xl]n

= (h-k) - ¢lv.
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(2) Compute that

Wk A= 3T [ 3 ke x)ox")

= D kLX) [o(x")

€lx'ln \xER,(X)

= (k" -

S

¢

=
x\
U

Definition 5.9. Let X be a finite poset and n > 0 an integer. Define
C*(Ry) = C(R%) € L(M"),
the closure of C(RY ) in the operator norm topology.

5.2.1 Comparison of Norms

Recall that two norms | - |, and | - | on a vector space V' are called equivalent if there exist

positive constants ¢y, cs such that

Alvla < vl < e2lv]a for every v € V.
Equivalent norms on V' induce homeomorphic completions.
Proposition 5.10. Let X be a finite poset and n > 0 an integer.

1. The supremum norm and the C(X; R%)-inner product norm on C(X) are equiva-

lent; indeed, for ¢ € C(Xy),

X2 1 lsup < blarn < 10)sun
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2. M" =C(Xw);

3. The supremum and operator norms on C(R%) are equivalent; indeed, for k € C(RY),
X2 1k s < [Rloo < 1XT™ - 1Kl s

4. C*(Ry) = C(RY).

Proof. (1) Compute

1 1
X l12, = Xp Sup,c .. |¢(x)[”
1
< SUPyex,, N Z |(x)|?
" XE[X’]TL

= 1613 < 9]z
since #[x'], < |X|", for every x’ € X..
(3) We first show that for each p € X,,, |1p)|an < 1; indeed,
1
|1 ”?\/In = (L} L) lsup = Supx’eXoo{m Z |1[P](X)|2}
" xex]

1,
#[x']n
where x!, = t(p). It follows that
[kl > 1k - L lam 2> X2k - L lsup 2 12Xk (%, pxsn)l,

for every p € X,, and x € X, X, = t(p). Thus, | X|™?|k|sup < [¥]oo-
We will show that |k|o < |X|"|k|sup- First compute that for every x' € X, and
¢ € C(Xx),

> k- d)(x)f

XG[X/]n
1
o Dot
" xe[Xn |x"€[x]n

< Kl - 19l - 1XT" < 1R[Zy - D613, - 1 X",

sup sup sup

<k ' ¢a k - ¢>’X/ = #[X/]n
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where the first inequality holds since #[x'],, < | X|". It follows that

[E1% = supyop<a {IE - &, & - D)o} < 1EIZ, - X",

S0 |k]oo < |X|™ | E|sup- This completes the proof of (3).
C(X) is already closed in the sup norm since X, is compact; (1) shows that the sup
norm and inner-product norm are equivalent, so C(X) is closed in that norm. Thus (1)

implies (2). A similar argument shows that (3) implies (4). O

Proposition 5.11. Let X be a finite poset and n > 0 a positive integer. The commutative

C*-algebra C(X) is a sub-algebra of C*(RY) via the map sending ¢ — kg, where

p(x) ifx=y

0 otherwise.

ko(x,y) =

In particular, ky - ) = ¢(X)Y(X'), i.e. ky is left-multiplication by ¢.

Proof. If ¢ € C(X«), ky is continuous because the diagonal {(x,x) | x € X} C RY% is

clopen. Compute that

kol = Y ko(x,y)0(y) = o(x)1(x);

y€X]n
so that k, = Ly is left-multiplication by ¢. It follows immediately that ¢ ~ k4 is an
injective algebra homomorphism of C*-algebras, and thus is also continuous (in fact, norm

preserving). ]

Remark 5.12. C*(R%) is a unital C*-algebra: if 1x is the constant function 1, then &, __
is the unit in C*(RY).

5.3 C*(R%)=K(M"™)
We will show that C*(R%) = K(M™), the algebra of generalized compact operators on M™.

Definition 5.13. Let X be a finite poset and n > 0 a positive integer.
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L. Define ¢, € C(RY) by Gu(X',X) = 3501 = 7p00
2. Define p, € C(X4) by pu(x) = \/#1[7

Note that ¢, (x/,x) = pn(X')pn(x). Also, ¢, is a projection in L(M™) since it is self-adjoint

and idempotent:

1 1
G Galoewy = D GOEXN GO X) = D o e

x"€x]n x"e[x]n

1 ,
" e, ot

Proposition 5.14. Let X be a finite poset, and n > 0 a positive integer.

1. For each ¢, ¢ € C(Xw),
9¢7¢:w‘Cn'$-

2 K(M™) = C*(Ry) = Spam{is (6 | , & € C(Xo0)).
Proof. (1) For every ¢/ € C(X), x' € X,

0y0(0)l = ()6, D harvle = ——— 3 YOS (x)

Z F)aﬂx): P(x)Cn (%', %) P(x)¢ (x)
Z W G D)@ (x) = (¥ G- ) - |-
x€[x’

This proves (1).

(2) It follows from (1) that K(M™) C span{y ¢, ¢ | ¥, ¢ € C(Xx)} € C*(R%). Now we
prove that C*(R%) C K(M™). Let 1) € C(X.) denote the indicator on the cylinder set [p],
Le.

1 ifx=px
Ly (x) =
0 otherwise.
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It is clear the set of functions {1p,) x 1ig | p, ¢ € Xim, t(p) = t(q), m > 0} separates points in

R’. So by the Stone-Weierstrass approximation theorem,

span{ly) X 1 | p,q € X, t(p) =t(q), m > 0} = C(R%) = C"(RX).

Since
1 1
Lol % L = L= o Ll e = g 2
we conclude that that C*(R%) C K(M™). O

5.4 C*(Rx) and Ax
Definition 5.15. Let ®, : C*(R%) — C*(R%"™) denote the extension of k by zero to R%™.
Proposition 5.16. Let X be a finite poset and n > 0 a positive integer.

1. For each k € C(RY), ®,(k) is continuous on R ;
2. The action of k and ®,(k) on C(X) are equal;

3. @, is an injective *-homomorphism.

Proof. (1) First observe that R% C R%™; in fact, R% is a clopen subset, since

m= | L el x e € RY
2,q€Xn 2<t(p)
t(p)=t(q)

Thus, ®,,(k) is continuous on R%™.

(2) Compute that

(Pu(k) - O)lwexs = D Pulk)(x,x)0(x)
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This shows in particular that ®,, is injective. Further, ®,, is an algebra homomorphism since

(I)n(k . l)’(x’,x) — Z k(X,,X//)l(X”,X)

X" €[x]nN[x']n

— Z D, (k)| sy P (1) 7 )

X”E[X}n_‘.l

®,, is a *-homomorphism since both ®,,(k*)|x x) and ®,(k)*|x x) are equal to

k(x,x) ifx' € [x],

0 otherwise.

®,, is injective because the restriction map k +— k|gr from C*(R¥™) — C*(R%) is a left-

inverse of ®,,. This completes the proof of (3). O

Definition 5.17. Let X be a finite poset and n > 0 a positive integer.

1. Define C*(Ryx) = lim C*(R%);

2. Define a C-linear map V,, : A% — C*(R%) by ¥,(pg*) = 1 x 1jg € C*(RY%)
Theorem 5.18. Let X be a finite poset.

1. The maps ¥,, : A% — C*(RY) are injective *-homomorphisms that are compatible with

the morphisms ®,, directing C*(Rx);

2. C*(Ry) is isomorphic to Ax; in particular, C*(Rx) is an AF-algebra.
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Proof. (1) For pg*, ab* € A%,

U(pg™) - Un(ab™) = (1) x 1) - (Lig) X 1))l )

= > (g X 1)l oeoen (La) X 1)l ey

x"€[xX]n
1 ifa=gq, x=0bxs,, and X' = px-,
0 otherwise
= Gaglip) X Lp)lee ) = Walpg” - ab).
Thus ¥, is an algebra homomorphism. It is a *-homomorphism since ¥, ((pg*)*) = 1jgx 1 =

U, (pg*)*.

We check that the following diagram commutes:

Az At
\pnl L\pnﬂ
C*(Ry) —5= C*(Ry™)

The unlabeled arrow is the one given by the Cuntz-Krieger relations, e.g. pg* — > <t(0) (px)(qz)*.

Compute:

o | D (02)(q2)" | = D L) X Liga)

z<t(p) z<t(p)
1 if X' = prxopiq and X = qrXsp 41,
O (1) X Lig)l e = for some x < t(p)

0 otherwise.

= Lipag X gyl )
z<t(p)
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Since each map is linear, and the pg* are a basis for A%, the diagram commutes. Since each
®,, and ¥, is injective, the resulting map ¥ : Ax — C*(Rx) is injective.

On the otherhand, ¥ is surjective because the image contains

span {1p) x Ly | p,q € X, t(p) = t(q), m > 0}

which is dense in each C*(R%), and thus in C*(Rx). This proves (2). O

5.5 Comparing with the Incidence Algebra lx

Definition 5.19. As a C-vector space, [x ={¢: X x X - C | ¢(y,z) =0if z £y }. The
multiplication is a convolution defined by

pxp(zx) =) Sz y(y,x) = Y d(z.y)P(y. ).

yeX r<y<z

The resulting function is in Ix because the relation < is transitive. The algebra is unital

with unit 1(y, x) = d,,; this function is in Iy because the relation < is reflexive.

One can view [x as a sub-algebra of C*(RY) as follows: to each ¢ € Ty, let QAS denote the

function

~

¢|(X’,X) = ¢(X,17X1)'
Then ¢ € C(RY) (in particular, it is continuous), and the association ¢ ~» ¢ is an injective
unit-preserving C-algebra map.

Note that [y is not a C*-algebra, e.g. it typically has no involution.
5.6 Defining the Hilbert C*(Ry)-C*(R)-bimodule, C*(I'})

Definition 5.20. Let f : X — Y be a morphism of finite posets. Define I'} = {(y,x) €
Yoo X Xoo | y5n = f(X)>n}, with the induced topology from Y., x Xo,. Then [} is a compact
Hausdorff space; define a left action of C*(Ry) and a right action of C*(R%) on C*(I'}) as
follows: for h € C*(Ry), k € C*(R%) and a € C*(I'}),

h- = ) Y. yay,x), a-ky,xX):= > aly,x)kxx).

YER(y') XERY (x')
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Lemma 5.21. Let f : X — Y be a continuous map of finite posets, and n > 0 a positive

nteger.
1. C(I'}) is a C*(Ry)-C*(R%)-bimodule;

2. There is a C*(RY)-valued inner product on C(I'}) defined by

<O‘7ﬁ>‘(x’,x): Z a(y, x')B(y, x).

yelf(®)]n
Proof. (1) For h € C*(Ry), k € C*(R%) and o € C(I'}), we show that (h-a)-k=h-(a-k):

(h-a) Kl = > (h-a)y,x)k(x,x)= > > Ay, y)aly,x)kxx),

x€E[x']n x€[x]n Y'E[y'n
he(oB)lyxy= Y. My . y)a-k)y.x)= > >y, yaely,x)kxx);
YE'In YE[Y'In x€[X']n

the two sums are equal since the indexing set of each sum is finite and so the the order of
summation can be changed.

The form (—, —) defined in the statement is clearly sesqui-linear. Observe that

B ) = D Bly.x)aly.x) = (@ )0

YE[f(X)]n

so {a, )" = (B,a). We must also show that the form is positive-definite. So consider

0# a € C(I'}). Since a # 0, there is some point (y,x) € I'} such that a(y,x) # 0. Then

<04>O‘>’(X7X) - Z |O‘(Y>X)‘2 >0,

yelf(®)]n

so {a, a) # 0. It remains to show that («,«) > 0. We establish this by showing that

(o, a)cs(ry) - @, 9)x = 0, for every ¢ € C(X), X' € X
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Compute:

(o, @)eormy) - 6B = D ({@,0) - ) x - d(x)

XG[X,]TL

=Y | T a6 | - 60)

x€[x]n \X'€[x]n

= > | X e xaly.xex) | - o)

x€lxln  \ye[f(x)]n
X" €[x']n

_ Z Z y) X” X") (y’ X)¢(X)

YE[f(x)n x€[x]n
Xlle[x/]

= > | D aly.x)ex)| =0 O

YE(X)n |x€[x]n

Theorem 5.22. Let f: X — Y be a map of finite posets. Then for each n >0, C(I'}) is a
pre-Hilbert C'(R% )-module. Furthermore, the left action of C(RY) is by adjointable operators
on C(I'}). Thus, the closure of C(I'}) in the norm induced by the inner-product is a Hilbert
C*-bimodule over C*(RY) and C*(RY).

Proof. Suppose that o, 3 € C(I'}) and k € C(RY). We show that (a,8 - k) = (a, B)k.
Indeed,

(@B Wlwx = Y. ay,x)B-k)lyx

YE[f(X)]n
— Z a(y,x’) Z By, x")k(x",x)
YE[fX)]n x"€[x]n

= > D aly,x)Bly,x")kx"x)

YE(X)]n x"€[x]n
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<Ck,ﬁ> ’ k’(x’,x) = Z <&7ﬁ>‘(x’,x”)k(xﬂ7x)

X' €[X]n

= 2. > aly,x)B(y,x") | k(x",x)

x"€xln \yEf(x")]n

= Y > aly.x)B(y.x")k(x",x).

X" €[x]n yELf(%)]n
These two sums are equal, since the indexing sets are finite and thus the order of summation
can be interchanged. This proves that C(I'}) is a pre-Hilbert C'(R% )-module. Now we show
that the left action of C'(RY} ) is adjointable, i.e.

(h-a,B) = {a,h*-B), for every h € C(Ry), o, B € C(I'}).

Indeed, compute that

<h'a7ﬁ>|(x’,x): Z h- 05|(yx’ Y7 )

YE[f(X)]n

= Y Y hy.y)alyx)8(y.x)

YE[f)]n y'Elyln

= Y Y MR )

YEF(X)]n ¥ Elyln

(@b Bl = Y aly, X)h" Bl

YELGIn
= > aly.x) Y h(y.y)B(.x)
YEf®)]n y'€lyln

- Z Z h(y',y)a(y, x)B(y', x).

yEf X y'Elyln
These are equal since, e.g. one can interchange y and y’ in the second sum. O]
5.6.1  Comparing norms on C(I'})

There are two norms on C(I'}), the sup norm and the one induced from the C* (R’ )-valued

inner-product.
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Proposition 5.23. Let f : X — Y be a map of finite posets, and n > 0 a positive integer.

1. For every a € C'(F}L), |X|7n/4 ||a||sup <Ja c(Ry) < |X|n/2 |Y|n/4 ”O‘“sup’

2. C(T'}) is closed in the norm induced from the C(R%)-valued inner-product.

Proof. (1) Compute that

o, a) - dligm = SUPxeXoo# Z (e, @) - 6)(x)[*

:S“px'GXwﬁ S 1S (0w 0(X")

" xeX]n [x'€X]n

(y, x")o(x")

— PPwexe #[1 T 2

x€[X]n [x"€X]n ye[f(X)]n

< lolup Il [ X YT < (X" YT ol (| X" 100 Rm )

1/2 n n
thus, Jaler(rg) = (@, @) < [X[72)Y /ol

We now verify the first inequality. Note that ({c, @) - L), )l = D yerriny [ X)),

so that in particular,

’a(yaxl)‘z < (< > 1[(x’) )’X ) for every (yaxl) < F}l

Since |1y, j|amm < 1, it follows that

Sup < SUPjgp <t {0 @) - @fsup < ’X’nﬂ SUP| ) n <t (0, @) - @ arn

= |X|n/2||04 %’*(R})'

Elk

(2) Since the norms are equivalent, and C(I'}) is closed under the sup norm, it is also

closed under the inner-product norm. O]
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5.7 Defining C*(I'y) and comparison with A

There is a set inclusion I'} C F;ﬁ“; we note that this is the inclusion of a clopen subset since

rm— L L] laf@) x [pa] | nTF
PEXn,a€Yn x<t(p)
f(t(p))=t(a)
Thus, there is an extension by zero map @/ : C(I'}) — C(F;‘“).
Lemma 5.24. Let f : X =Y be a map of finite posets. For each o € C*(I'}),

1. ®f(a-k) =& (a)- ®,(k), for each k € C*(R%);
2. ®I(h-a) = ®,(h) - ®I(k), for each h € C*(R%).
Proof. (1) Compute that

(@) (k) lyor = D Ph)] iy P (B) w0

X' €[X]n+1
= > BL()lyy®n (k)6
x'€[x]n
) 2wep, oy XD x) ity € [f(x)]n
0 otherwise.

=@/ (a- k) (v
The proof of (2) is similar:

O, (h) - L)y = Y. Pu(W)lyyn @)y

y'€lf(n+1

= > W)y @)y
Y Ef(X)]n

dyelfen My Y)aly' x) ify € [f(x)]n

0 otherwise.
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Definition 5.25. If f: X — Y is a map of posets such that for every =", 2" > x,

PAd > )4 )
then f is called locally injective (on closed subsets).

Note: If f: X — Y is locally injective on closed subsets, then it is strictly monotone.
Theorem 5.26. Let f : X — Y be a map of finite posets, and n > 0 a positive integer.
Then

(@) (a), ®1(8)) = ®u({a, B))  for every a, B € C*(I'})
if and only if f: X — Y is locally injective.

Proof. Suppose that f is locally injective on closed subsets. Compute

(@)(@), 2L (Ao = D Ph@)yr®L(B)liyn)

YEF(X)]n+1

= ). ay.¥X)By.x)

YE[FN)]nNf (%)]n

<O_/, B>|(x’,x) if x' e [X]n.

0 otherwise.

= On({a, 5)) e -
Indeed, the third equality follows from the local injectivity of f: since x/,,; = X1, either
X, = %, 08 f(X)n 7 F(X)n 50 [F)]n N [F()] = 0.
If f is not locally injective then there are points z/,x” > x such that 2’ # 2" and
f@') = f(2") =y. Let a = Lyn) X Lyeyn and B = 1) X Lyemn; let x = (2)"2*°, and let
x' = (2")"z>. Then (x',x) & R%, so ®,({, 8))|xx) = 0. However, (x',x) € R, and

(®](0), ®F (D)lowss = D @)l yocy@ulB)l iy

YEfO)]nt1

= a(ya)(/)ﬁ(an)
yEIfX)nN[f (x)]n

= a(y" f(2)™, (&)"2>)B(y" ()™, (a")"2>) = 1.
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Thus, B, ((a, B)) # (Bf(a), BL(5)). =

Definition 5.27. If f: X — Y is a map of finite posets, define C(f) := lim C*(I'?), in the
category of right C'(X,,)-modules.

Corollary 5.28. Let f : X — Y be a map of finite posets. Then
1. C(f) is a C*(Ry)-C*(Rx)-bimodule;

2. If f: X =Y is locally injective on closed subsets, then C(f) is a pre-Hilbert C*(Rx)-

module.

Definition 5.29. If f: X — Y is locally injective on closed subsets, define C*(f) := C(f),
the completion of C(f) with respect to the norm induced from the C*(Rx)-valued inner-

product.

Theorem 5.30. 1. If f: X =Y and g:Y — Z are two locally injective maps of finite

posets, then

C*(9) ®c=(ry) C*(f) = C*(go f).
2. If f : X =Y is injective, then Ay = C*(f) as Hilbert C*-bimodules over Ay and Ax.
Proof. (1) Define =, : C*(T'y) ®@c+(ry) C*(I'}) — C*(I'o;) by

Ena® B = > alz.y)B(y,x).

yelf(®)]n

We check that =, is well-defined: if h € C*(R}), then

Enla h @ B)lay = > (a Dlapby,x)= > > alzy)hy.y)sy.x)

YE[f(X)]n YEfX)]n y'Elyln
= Y Y ey = > alzy) kBl
Y Ef(X)]n yEIf (X)]n Y'E[f(3)]n

= En(Oz Qh - 5)|(z,x)-
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To show that =, is injective, it is enough to show that it preserves the inner-product (as

it will then be an isometry). Compute

<En(0/ & B/)yEn(a & ﬁ>>|(x’,x)
= Z En(a ®B/)|zx Hn(a®ﬁ>’

z€[gof(x)]n

_ Z Z o/(z,y’)ﬂ’(y’,x’) Z a(z,y)ﬂ(y,X)

z€lgof(x)ln \y'€[f(x)]n YEf(X)n

= Z Z y X) ( 7y)6(Y>X);

€lgof)ln yELf(X)]n
Y'Elfx)n

<a/ ® ﬁla a® ﬁ>’(x’,x) = <ﬁ/7 <&/7 a> ’ BH(X’,X)

y'€[f(x)]

= Z /B/(y/7xl) ( <a 7a>|(Y’ }')ﬁ(Y7X)
Y'E[f(%)]n YEY'In

= Y . ( > Y. dzy)alzy) | By,x)
Y'E[f(X)]n yEly'ln \2€R%(9(y"))

V.Y Elf(x)] z€[g(y")]n

Since x" € [x],, it follows that f(x') € [f(X)]n, i.e. [f(X)]n = [f(X)]n. Thus, the two sums
are equal, and =, is an isometry.
Since =, is an isometry, it is in particular bi-Lipschitz; thus, to prove that it is surjective

it is enough that the image contain a dense set. The image of =, contains e.g. {1p; X 1 |

PE Zm,a € Xy, t(go f(a)) =t(p)}, since

En((Lp) X Lipa)) © (L) X L)) = 1) X Lia-

Thus the image contains C'(g o f), which is dense in C*(g o f).



66

Finally, we show that = commutes with the maps directing the systems C*(g o f) and
C*(g) ®C*(Ry) C*(f), 1.e.

Enr (P4 (@) ® D) (B)) = ¢ 0 Z(a ® B);

. n+1
indeed, for (z,x) € T/,

Z0r1 (@) O (D)l = D @)y @Bl v

YE[F()n+1

= Y alzy)by,x)

YEf(X)]n
En(a ® ﬁ)|(Z,X) if go f(X)n—f—l = Zp+t1,
0 otherwise;
= (I)%Of(En(O‘ ® B)l(zx)-
It follows that the isomorphisms =, induce an isomorphism C*(g) ®c«(r,)C*(f) = C*(go f).
(2) Since ¥X : A% — C*(R%) and WY : A% — C*(R}) are algebra maps, by restric-
tion C(I'}) is an Ay-Ax-bimodule. Let ¥/ : A} — C(I'}) be the linear map defined by

Ul (pf(a)*orpoaa*) =1y x 1. Then U/ is an A%-A%-bimodule morphism. We check that
U/ is an isometry: for a,b € X,,, p,q € Y, and f(t(a)) = t(p), f(t(b)) = t(q),

(Th(pf(a) 01y 0aa”), Tl (qf (b)" o 1y 0 b6 )) oy = (1) X Ly Lg X 1)
= Opglia) X 1y = U)X (Gpqad”)
=, ((pf(a)" 0ty 0aa™),qf (b)" o 1p 0 bb") ay,).
(Note that ab* € A% since f is injective.) Since WX : A% — C(T'%) is injective, the map

W, o Ay — C(I'}) is an isometry.

Next, we check that the following square commutes:

n n+1
Af "4fJr
q’"j l\pnﬂ
C*(I'}) —= CH (I
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As in the previous case where f = idy, the top map is given by the Cuntz-Krieger relations,

and so we have

pfla)* oty oaa” ——=3 .y (Pf(2))f(az)* oy o (ax)(az)’

| |

Ly X Lpg) > w<t(a) s @) X Laa]

The general result follows from taking linear combinations of elements in A7.
Thus, the maps ¥,, induce a well-defined injective linear map ¥ of Ay-Ax-bimodules.

The image of ¥,, contains

{1[p] X 1[a] | ac Xma pE Xm7 and f(t(a)) = t(p)}7

which separates points in I'y = hﬂn '}, so the image must contain C (f). Since ¥ preserves

the inner-product and Ay is complete, the image of ¥ is complete and is thus C*(f). O

5.8 Conditional Expectation

A conditional expectation is a positive linear retraction onto a sub-algebra which is a bimod-

ule morphism.

Definition 5.31. Let E,, : C(Xs) — C(X) be the C-linear map E,(¢) = (1x.., ¢)un, i.e.

Bl = —— 3 o(x)

/
[X ]n x€E[x]n

Lemma 5.32. Let X be a finite poset and n > 0 a positive integer. Then E, : C(Xy) —

C(Xoo; Ry) is a conditional expectation. Furthermore,

1. For everym >n, B,oE, =FE,0oFE, =E,;

2. For every ¢,V € C(X), Eni1({d, 0" ) pm) = (¢, ") ppnta.
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Proof. £ ¢ > 0, then ¢ = $ib, 50 En(6) = (1, 0t0)arm = (6, harn > 0. If @ € C(Xoos BY)
and ¢ € C(X), then

En(¢a) = (1, ¢y = (1, @) amer = En(9)es;

it is a bimodule morphism since C'(X,) is commutative.
(1) We will show that E,1FE, = E,F,+1 = E,41. The second equality follows from
C(Xoo; R¥™) C C(Xoo; R%). For the first equality, compute for ¢ € C'(Xs) and X' € X,

1
En+1 % En(¢)|xl = m Z En((b)‘x
" €X]nt1

L X T

XE([X |41 X" E[X]n

_ ; Z O(x") = Eni1(0)|x

/
#[X ]n+1 X" €[x | nt1

indeed, ¢(x") appears precisely #[x”],, times in the double summation. The result for m > n

is then proved by induction (the case m = n follows since E, is a retraction).

To prove (3), note that (¢, ')y = (1, 0¢ ) am = E,(¢0'), s0
n+1(<(l5 w >M”) = n+1 o En(awl> = En+1($d/> = <¢7 wl>M"+1- O

Definition 5.33. Let f : X — Y be a map of finite posets, and n > 0 a positive integer.
Define e, € C(T'}) via

(¥, %) = pu(¥)pn(X).
Theorem 5.34. Let f : X — Y be a map of finite posets, and n > 0 a positive integer.
Then
C(I}) =span{y e ¢ | ¥ € C(Ya), ¢ € C(Xoo)}-

Proof. Since {1y, X 1jg) | p € Y, a € Xy, t(p) = f(t(a)), m > 0} separates points in I'}, it

is enough to show that every such function 1, x 1j, has the form 1 ¢/ ¢. Compute that for
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(o*1) - 4+ (710 iy = o> ) (¥l (5 %) 1 (K)o ()
= (1) % 1)) [iyx)-
Thus C*(I%) € span{velo | ¢ € C(Yac), 6 € C(Xa0)}. =
Theorem 5.35. Let f: X — Y be a map of finite posets, n > 0 a positive integer.

1. el - (X =el

n’

ond ¢ - = el

2. (el efy = (X e O(RY);

3. (Yelo, Vel d)ory) = fH (B (0)) - 9GF .
Proof. The first two are elementary and their proofs are omitted. To prove (3), first compute

el belY i x) = el (y,x' el x:Xx'x;
(eh vel)lws = Y. ey, x)by)el(y,x) = (¥, )#[f(x)] > ey

YEf(X)]n
= fHEY ()l )-

Note that since E, (Y1) € C(Yoo; BY), the pull-back f*(E,(v¢')) € C(X.; R%), and so

commutes with ¢X. Using properties of the C*(R%)-valued inner-product, we compute that
(Welo, v'eld) = olel, vilel)d' = [ (En()) oy ¢ [
5.9 Summary

In the previous chapters we constructed for each injective map f : X — Y of finite posets
a concrete Hilbert C*-bimodule A over Ay and Ax. Furthermore, the association f~» Ay
is functorial. The construction given cannot be extended to a larger class of morphisms.

In this chapter we have described a groupoid Ry and its groupoid C*-algebra C*(Rx);
this convolution algebra is isomorphic to Ay. For each morphism f : X — Y of finite

posets that is locally injective on closed subsets, there is a Hilbert C*-bimodule C*(f) over
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C*(Ry) and C*(Rx). Furthermore, the association f ~» C*(f) is functorial, and the given
construction cannot be extended to a larger class of morphisms. When the map f is injective,

the resulting bimodule C*(f) is isomorphic to Ay.
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Appendix A
TOPOLOGICAL SPACES AND POSETS

Elementary Definitions

Definition A.1. A topological space (X, 7) is a set X, together with a topology 7 C P(X).

The elements of 7 are called open subsets of X, and 7 satisfies the following properties:

1. § and X are open subsets;
2. The arbitrary union of open subsets is open;

3. A finite intersection of open subsets is open.

A subset C' C X is called closed if the complement X \ C'is open. X is called a discrete
space if 7 = P(X), or equivalently, if every singleton is open. We say that X has the
indiscrete topology if 7 = {X,(}. These are the maximal and minimal topologies on X.

A morphism f : X — Y between topological spaces is a function that satisfies the
following property: for every open subset U C Y, f~}(U) is an open subset of X. Such
morphisms are called continuous. The category of topological spaces is denoted Top, and

the full subcategory of finite topological spaces is denoted FTop.

Definition A.2. Let (X, 7) be a topological space.

e X is called Tj if for each pair (x,y) of distinct elements of X, there is an open subset

containing x but not y, or there is an open subset containing y but not x;

e X is called T) if for each pair (x,y) of distinct elements of X, there is an open subset

containing x but not y;
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e X is called T, or Hausdorff if for each pair (z,y) of distinct elements of X, there are

open subsets containing x and y that are disjoint.

It is obvious that T, = T} = Tj. This following lemma partially motivates our study of

finite Ty-spaces.

Lemma A.3. Let X be a T} space.

1. Every finite subset of X is closed;

2. If X 1is finite, then X 1is discrete.

Proof. (1) Consider a singleton {z} C X. Since X is T3, for each y € X \ {z} there is an
open set U, that contains y but not z. Then the union U = {J, ey, Uy = X \ {2} is an
open set. So {z} is closed. Since the finite union of closed sets is closed, the result is proved.

(2) Since X is finite, every subset of X is the complement of a finite subset, and thus

every subset is open. O

In particular, if some finite set X is not discrete then some point {z} is not closed; if

y € T, then the constant sequence s, = x converges to y € X.

Definition A.4. Let X be a set.

1. A preorder on X is a reflexive transitive relation on X.

2. A partial order on X is an anti-symmetric preorder.

A morphism of preordered sets is a monotone function, i.e. a function f : X — Y such
that x < 2/ = f(x) < f(2’). The category of preordered sets is denoted Pre; the full
sub-category of finite preordered sets is denoted FPre. If (X, <) is a preorder, we write x < y
to mean that x < y and x # y. One says that y covers z, denoted x <- vy, if * < y and
x < z <y implies z = z or y = 2. One also says that x is an immediate predecessor of y.

Associated to every partially ordered set (X, <) there is a directed graph called the Hasse

diagram of X. The set of vertices is the set X, and there is a (directed) edge z — y if z < v.
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A.1 The isomorphism FTop = FPre

Definition A.5. Given a topological space (X, 7)), the associated preorder is (X, <), where
x <y if and only if Yy E m

Proposition A.6. The association (X, T) ~ (X, <) is a functor from the category of topo-

logical spaces to the category of pre-ordered sets.

Proof. 1f f : X — Y is a continuous maps, we check that the underlying set map f: X — Y
is monotone. Suppose then that x < z/; by definition, this means that the constant sequence
s, = @' converges to x. Since f is continuous, we have that f(s,) = f(2’) converges to f(x).

Thus f(z) < f(2') in Y, as required. O

Definition A.7. Given a preordered set (X, <), the associated topological space is (X,T)
where the topology 7T is generated by the basis of open sets

U,={2" € X |2 <z}

In the associated space, U, is the minimal open subset containing x; the topology is
characterized by

r<y < U, CU,.

Proposition A.8. The association (X,<) ~ (X, T) sending a preorder to its associated

topological space is a functor.

Proof. Suppose that f: X — Y is a monotone map. We check that the underlying set map
is continuous, by checking that f~!(U,) is open in X for every y in Y. Indeed, we have

fﬁl(Uy>: U Us. ]

f(@)<y
Observe that the associated space to any preorder is a topology with minimal neighbor-
hoods. It is equivalent to require that the arbitrary intersection of open sets is open. A

topological space with this property is called an Alexandroff space.
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Theorem A.9.

1. The category of Alexandroff spaces is isomorphic to the category of preordered sets.

2. This isomorphism restricts to an isomorphism from the category of Ty topological spaces

to the category of posets.

Proof. 1. If X is Alexandroff, the associated preorder is characterized by x <y ift U, C U,,
where U, is the minimal open set containing x. Then the associated space of this preordered
set has a basis of open sets given by U, = {y | U, C U,} = {y | y < z}. Beginning instead
with a preordered set X, the associated space is Alexandroff and has a basis U, = {y | y < x}.

Its associated preorder is given by x <’ 2’ iff U, C U,,. But
x<'2 U, CUy
& y < z implies y < 2’

s <.

Thus the preorder <’ is the same as <.

2. Under the isomorphism, the anti-symmetry property x <yandy <z = x =1y is
equivalent to the property U, = U, = z = y. This is the Tj condition for an Alexandroff
space. ]

For the remainder of this thesis, we will often conflate preordered sets with Alexandroff
spaces using the isomorphism of categories. The previous theorem restricts to the subcate-
gories of finite preorders and finite topological spaces as the isomorphism is the identity on

the underlying sets.
A.2 The Kolmogorov Quotient

Given an arbitrary topological space X, there is an equivalence relation defined by z ~ y if

every open set containing x also contains y and conversely. The quotient space X=X [~ i



75

Ty and is often called the Kolmogorov quotient of X. The inclusion functor from the (full)
subcategory of Ty-spaces to the category of topological spaces has the Kolmogorov quotient
as a left-adjoint. This persists when one restricts to the subcategory of Alexandroff spaces.

Thus, Poset is a reflective subcategory of Pre.

Theorem A.10. [14, Thm /] The quotient map q : X — X is a natural homotopy equiva-

lence.

Proof. Choosing a representative from each equivalence class, define a function s : X=X

such that ¢gs = idg. Then ¢ is a homotopy equivalence if sq : X — X is homotopic to idx.
Define H : X x I — X by H(x,0) = sq(z) and H(z,t) = x for ¢ in (0,1]. Then

H=Y(U) = U x I is open for every open subset U C X; thus H is continuous and is therefore

a homotopy from sq to idx. n

Definition A.11. Given a topological space X, we define the poset Op(X) as the collection

of open subsets of X ordered by inclusion.

Remark A.12. The poset Op(X) is a distributive lattice, and the association X ~» Op(X)
is a duality between the category FPos and the category of finite distributive lattices (with

so-called {0, 1}-homomorphisms). This is a special case of Birkhoff’s representation theorem.

Proposition A.13. If X and Y are Alexandroff spaces, then Op(X) = Op(Y) if and only
fFXY.

The finite Ty spaces are the simplest non-trivial examples of non-Hausdorff spaces. Be-
cause of this proposition, sheaves on X are equivalent to sheaves on X. From the point-of-
view of sheaves, we lose nothing by restricting to finite posets rather than considering finite
pre-ordered sets. The following theorem compares topological and order-theoretic properties

of a function.

Theorem A.14. Let f: X — Y be a function between finite Ty topological spaces.

1. f is continuous if and only if v <y = f(z) < f(y);



76

2. f is a quotient map onto its image if and only if v <y < f(x) < f(y);
3. f is closed if and only if y > f(x) = y = f(a') for some 2’ > z;
4. f is open if and only if y < f(x) = y = f(a') for some 2’ < x;

5. f is proper if and only if f is continuous and closed.

Opposites

Given an Alexandroff space X, one may interchange “open” and “closed” thereby sending
X to X°. This corresponds to sending a preordered set (X, <) to its opposite X° = (X, >).
Thus, there are two possibilities for the isomorphism of categories; our choice agrees with
that of McCord, Landi and Sorkin, i.e. <y <= U, C U,. The opposite convention is

used by S. Ladkani, and is succinctly characterized by
r<y << re€ {y_}

If X is a poset then our choice has the property that X — Op(X) :  — U, represents X
as a(n initial) subposet of Op(X). The following crude diagram shows how the open and

closed sets U, and 7 fit into the Hasse diagram:

N
PN

If X and Y are Alexandroff spaces, then the cartesian product X x Y with the product
topology is the categorical product. If (X, <) and (Y, <) are the associated preordered sets,
then the categorical product is X x Y together with the the order

(z,y) < (2',y) <<= <2’ and y<y.

It follows from the isomorphism of categories that this is the preorder associated to the

topological space X x Y.
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A.3 Preordered sets as small categories

A preordered set (X, <) is the same data as a small category C whose hom-sets consist of at

most one element. The correspondence is given by
x <y ifand only if Home(z,y) # 0.

The reflexive and transitive properties of < correspond to the identity and composability
properties of a category.

Using this language, a map of preordered sets f : X — Y is the data of a functor between
the small categories X and Y. Given two maps f,g : X — Y, a natural transformation
n: f — g exists if and only if f(x) < g(x) for every 2 € X. We write f < g in this case;
this relation is reflexive and transitive, defining a preorder on Homp,(X,Y"). If Y is a poset,

then the relation on Homp,(X,Y) is anti-symmetric and so Homp,(X,Y) is a poset.

Proposition A.15. For every triple of preordered sets X, Y, and Z, the map ® of pre-

ordered sets

® : Hompre(X X Y, Z) — Homp(X, Homp (Y, 7))

defined by ®(g)(z) = g(x,—) is an isomorphism with inverse
¥ : Hompe(X, Homp(Y, Z)) — Homp(X X Y, Z)

defined by ¥(f)(x,y) = f(z)(y).

This shows that Pre has an internal hom-functor Homp,(X,Y"); thus, Pre is a closed

symmetric monoidal category. The same holds for Pos.

Combinatorial Terminology

A preordered set X is totally ordered if for each pair of distinct elements z,y in X, either
x < yory <z, but not both. Any subset S C X of a preordered set is again pre-ordered

by restricting the relation.
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Definition A.16. Let X be a pre-ordered set.

1. A chain C is a non-empty subset of X that is totally ordered.

2. A quasi-chain of length n is a finite sequence (x;)!", such that

Ti > Tyl for 0 <i<n.

Definition A.17. Let X be a pre-ordered set, and define [n] = {0,...,n} C N as the totally

ordered set on n + 1 elements. Define
X, := Homp([n]°, X).

Then X,, consists of quasi-chains of length n, i.e. non-increasing sequences zgz; ...x, in X.

For a map f: X — Y of pre-ordered sets define

fn = Hompye([n]°, f);
then f, : X,, = Y, given by f(x;) = (f(x;)).

Definition A.18. Given a preordered set X, we define AX to be the following abstract

simplicial complex. The set of vertices is X and the set of simplices is the set of chains in X.

Example A.19. A[n] is the standard n-simplex.
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Appendix B
C*-ALGEBRAS, CATEGORIES, AND FUNCTORS

Definition B.1. A C*-algebra A is a Banach *-algebra satisfying the C*-identity: |a*a| =

|a|)? for every a € A

A *-homomorphism of C*-algebras is a continuous algebra homomorphism that inter-
twines the involutions. Denote by C*-Alg the category whose objects are C*-algebras and
whose morphisms are *-homomorphisms. Let CC*-Alg denote the full subcategory of com-
mutative C*-algebras. A classical theorem of Gelfand states that the functor X ~» Cy(X) is
a duality from locally compact Hausdorff (LCH) spaces to CC*-Alg.

If X,Y are LCH spaces and f : X — Y is a proper continuous map then the pull-back
f5:Co(Y) = Co(X) is a *~homomorphism of C*-algebras. If g : Y — Z is another proper
continuous map of LCH spaces then (go f)* = g*o f* : Cy(Z) — Co(X). Unfortunately,
this does not generalize well to noncommutative C*-algebras as there are typically too few

*-homomorphisms. Instead, we observe that Cy(X) is a Cy(Y)-Cy(X)-bimodule via f*, and
(go)* Co(X) = 4= Co(Y) ®ciy(vy y+Co(X).

Thus, we will consider various subcategories of Bimod, the category whose objects are
rings and whose morphisms are isomorphism classes of bimodules. In particular, a morphism
M, € Bimod(A, B) is a B-A-bimodule. The composition of two morphisms is defined by

tensor product:
M, € Bimod(A, B), «Np € Bimod(B, C) = NoM =N ®pg M € Bimod(A, C).

Define the subcategory C*, whose objects are C*-algebras and whose morphisms are iso-

classes of Hilbert C*-bimodules.
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Another theorem of Gelfand states that every C*-algebra is isometrically *-isomorphic to
a closed *-subalgebra B C B(H) of bounded operators on a Hilbert space. Such an algebra

B is called a concrete C*-algebra.
B.1 Background: Hilbert C*-modules

This material is taken from [12, Ch. 1]. Let B be a C*-algebra. A B-valued inner product on

a complex vector space V is a map (—,—) : V x V — B such that
L {x, Ay + Ny = Ma,y) + N(z,y') for all z,y,y/ € V and \, N € C;
2. (z,y)* = (y,z) for all x,y € V;
3. (z,x) >0 foral z e V;!
4. (z,x) =0 if and only if x = 0.

Given such data, the function |z[y := \/[{z,2)] is a norm on V. We give V' the topology
induced by this norm. The inner product is a continuous function in each component.

We call V' a Hilbert B-space if it is complete with respect to the norm | - |,. A Hilbert
B-space H is a right Hilbert B-module, or a Hilbert C*-module over B, if (h, h'b) = (h, h’)b for
all b € B and all h,h' € H. For example, a right ideal I in B is a right Hilbert B-module
with respect to the inner product (z,y) = x*y.

Given a concrete C*-algebra B, there is a notion of a concrete Hilbert B-module.

Definition B.2. Let B C B(H) be a concrete C*-algebra. Let V' C B(H,K) be a closed
right B-submodule for some Hilbert space K, such that

u,v €V = u'v € B,

!An element b € B is positive, written b > 0, if b = b* and the spectrum of b is in R>g.
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where u* : L — H is the classical adjoint of u : H — K, i.e. the unique bounded linear
map such that (u*(x), ) = (x,u(v)) for every x € K and ¢ € H. Then there is a B-valued
inner-product defined by

(u,v) = u*v,
which makes V' a right Hilbert B-module. Such a V is called a concrete Hilbert B-module.

It is an interesting fact that every Hilbert B-module arises in this way [15, Theorem 3.1,

p. 373].

Lemma B.3. IfV is a right Hilbert B-module then the closure of the image of the B-valued

inner-product

J :=span{{a,b)p | a,b € V}

1s a closed two-sided ideal in B.

Proof. By definition, J is a closed subspace of B. We show it is closed under multiplication.
If w,v € V and a,b € B, the element a(u,v)b € J since a(u,v)b = (u-a*,v-b). The result

follows at once. [

Let ‘H; and Hs be right Hilbert B-modules. A linear map T : H; — H- is adjointable
if there is a linear operator T* : Hs — H; such that (&, Tn) = (T*¢,n) for all £ € H; and

n € Hs. An adjointable operator is a B-module homomorphism because

(£, T(nb)) = (T"E,nb) = (T, mb = (&, Tn)b = (&, (T'n)b)

for all £ € H; whence T'(nb) = (Tn)b for all n € Hy and all b € B. An adjointable operator
is continuous because its graph is closed. Indeed, if n,, — 1 and Tm,, — (, then for every
et

(€. Tn) = (T"€m) = lim (T"€.m,) = lim (€, Tn,.) = (€.C)

therefore, Tn = ( so the graph of T is closed.
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We write Lg(Hi1,Hsz), or just L(H1,Hs) if B is clear form the context, for the set of
adjointable maps Hi — Ho. If T € L(H1, Hs), then T* € L(Ho, Hy). Composition of linear
maps gives a map

E(HQ, Hg) X C(Hl,Hg) — ,C(?'[l,Hg).

Therefore L(H) := L(H,H) is an algebra. It is a unital algebra because the identity map
‘H — H is adjointable.
Indeed, L£(#) is a unital C*-algebra with respect to the involution 7"+ 7™ and the norm

1€ = V1K€ -

The space of compact operators, K(H1,Hs) C L(Hq,Hs) is defined to be the operator

norm closure of the span of the operators 0, , defined by

00y (2) = 2y, )20,

for x € Hy and y, 2z € H;. We note that

(Ozy)” = 0Opz, Owably:=Ouiay): = Ouwz(ya)- (B.1-1)

If T € L(Ho,H1), then 0, ,T = 6, 1+,. The compact operators K(H) form a C*-ideal in
L(H).

Elements in K(H;,Hs) viewed as linear operators between Banach spaces need not be

compact operators in the usual sense.
Hilbert bimodules

Let B and A be C*-algebras and H a right Hilbert A-module. A *-homomorphism p :
B — L(H) is non-degenerate if p(B)H is dense in H; in that case we say that p gives H
a B-A-Hilbert bimodule structure. Equivalently, if H is a right Hilbert A-module with an
B-A-bimodule structure such that B -# is dense in H and (b-&,n) = ({,b* -n) for all b € B
and &, € H, then H is an B-A-Hilbert bimodule.
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The asymmetry in the definition of an B-A-Hilbert bimodule, that the inner product on
‘H takes values in A, is analogous to the different roles played by B and A in the definition of
a homomorphism A — B of C*-algebras: A is a B-A-bimodule, but B is not an A-module.
If Ais a C*-algebra and I is a (closed, two-sided) ideal in A then I is an A-A-Hilbert
bimodule with respect to the inner product (a,b) = a*b and the left-action given by left

multiplication.

Example B.4. The set of bounded operators B(H1, H2) is an B(H2)-B(H)-Hilbert bimodule

with respect to the inner product (u,v) = u*v.
B.2 Tensor Product of Hilbert Spaces

This material is taken from [8]. Consider a complex vector space H equipped with a sesqui-
linear form (-,-) : H x H — H that is linear in the second argument, skew-symmetric, and
positive-definite. Then H is normed via |z|* = (z,z), and is a metric space via d(z,y) =
| —y|. If H is complete with respect to the norm then we say that # is a Hilbert space.

Recall that £2(X) is the set of square-summable functions s : X — C, i.e. those functions
s such that [Ssdp < oo, where p is the counting measure on X. Every Hilbert space
H is isometric with (X)) for some set X; the cardinality of X is the dimension of H and
completely determines £2(X) up to Hilbert space isomorphism. A Hilbert space is separable if
it contains a countable dense subset; this holds if it is either finite dimensional or isomorphic
to /*(N).

Consider two Hilbert spaces ¢2(X) and ¢?(Y). The algebraic tensor product ?(X) ®
(*(Y) has an inner-product (¢ ® ¥, ¢’ @ ¢') := (¢, ¢')(1,’). Indeed, positive-definiteness
is established by choosing an orthonormal basis for Y, say (¢;). Then one may write ¢t €

C(X)O (YY) ast =3, ¢ ®1, so that

(t,t) = Z<¢ia¢j><wi7wj> = Z<¢i>¢i> > 0.

©,] %

The completion of £2(X) ® 2(Y) with respect to the induced norm defines £2(X) ®¢ £*(Y),
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a Hilbert space; there is an isometry
¢: (X))@ P(Y) = (X xY): ¢@¢(,y) = o(x)P(y) € (X x V).
B.3 Tensor product of Banach Spaces

Recall that a Banach space is a normed complex vector space that is complete. If X and Y
are Banach spaces, then a cross-norm ¢ on the algebraic tensor product X ® Y is a norm

such that for all x € X, y € Y, and 2/ € X', ¢ € Y’ (the topological dual spaces)
L ez ®y) =|z]|vl;
2. d(@"ey) =[] ]y]

There are two canonical cross-norms on X ©® Y, the projective cross-norm 7 and the

injective cross-norm e:

7(t) = inf {Z lzallls | sz QY = t}
i=1 i=1
e(t) =sup{[(«' @ ¢)()] | 2" € X',y € V', and [ = |y = 1}

We are using the notation X’ = B(X,C) for the continuous linear dual of X. Completing
X ®Y with respect to either cross-norm defines X ®, Y the projective tensor product and
X ®. Y, the injective tensor product.

Definition B.5. A nuclear Banach space X is a Banach space such that the natural map
X @, '(N) = X @, (/(N)
is an isomorphism.

If X is nuclear then X ®, Y — X ®. Y is an isomorphism for every Banach space Y.

Informally, there is a unique cross-norm on the algebraic tensor product.
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B.4 Tensor product of C*-algebras

If A and B are C*-algebras, A® B is a *-algebra. A C*-norm on A® B is a cross-norm such
that
It*t] =[], forallt € A® B.

In general, there are many inequivalent C*-norms on A ® B. The two canonical ones are the

minimum norm and the maximum norm: for t € A® B,

[tlmin = sup{[[(pa © pp) ()] : (04, Ha), (o5, Hp) representations}

|t maz = sup{|tls : | - |5 is a C*-seminorm on A ® B }.
Every C*-norm | - | on A ® B satisfies
[thimin < JE] < [tlimaz,  VEE€AOB.

A C*-algebra A is nuclear if A® B admits a unique C*-norm for every C*-algebra, B. Finite-
dimensional C*-algebras are nuclear, and directed limits of nuclear C*-algebras are nuclear.
In particular, Ax is nuclear because it is an AF-algebra. Commutative C*-algebras are also

nuclear.
B.5 Tensor product of C*-bimodules

Let H; be an A-B-Hilbert bimodule and H, a B-D-Hilbert bimodule. We define H; ® g Ha
to be the A-D-Hilbert bimodule that is the completion of the algebraic tensor product
Hi ®pag Ho with respect to the D-valued inner product

<51 ® &2, ® 772> = <527 (€1,m1) '?72>

where (&1,m1) - 12 denotes the result of the action on (&1,m1) € B on 19 € Hy. We call
Hi1 ®p Ho the balanced tensor product of H; and H,. This is also called the interior tensor

product by some authors.
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Lemma B.6. Let By, By and Bs be concrete C*-algebras acting on H1, Ho and Hs. Suppose
that M and N are concrete Hilbert C*-bimodules over By, By and Bz, Bo, respectively. Define
N o M C B(H1,Hs) to be the concrete Hilbert bimodule

NoM :=3span{nom |n e N,m e M}.

Then the there is an isomorphism ® : N @, M — N o M from the balanced tensor product
defined by

d(n ®m) =nom.
Proof. First, ® is well-defined on the tensor product since
P(n-¢p@m)=nopom=>°(n®¢-m), neN, meM, e Bs.

It is obvious that ® is a map of Bs-B;-bimodules, since the actions are given by composition

of functions. We show that ® preserves the inner-product: for n,n’ € N and m, m' € M,
(n"@m',;n®@m)p, = (m
= (m/,(n')*nom)p, = (M) (n')*nm = (n'm’)*(nm).

(@(n'@m’),®(n®@m)) = (n'm',nm) = (n'm’)*(nm).

It follows that ® is an isometry, and thus is injective. Since the image of ® clearly contains

nom for all n € N and m € M, the image of ® is N o M. O
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