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The topic of this dissertation centers around Successive Convezification, a family of iterative
algorithms designed to solve non-convex constrained optimal control problems. This docu-
ment begins with an introduction to optimal control and finite-dimensional optimization in
Chapter 2. It then presents the main algorithm within the Successive Convezification frame-
work, SCvx, in Chapter 3. SCvx is a general-purpose solver that can handle problems with
nonlinear system dynamics and non-convex state and control constraints. Analytical and
numerical results are presented to demonstrate its convergence properties, including global
convergence, strong convergence and superlinear convergence rate. SCvx-fast, a specialized
version of SCvx is introduced next in Chapter 4 to handle systems with simpler dynamics and
convex keep-out zones type of constraints commonly seen in quadrotor obstacle avoidance
problems. It has new features such as a project-and-convezify step, removes the smoothness
assumption, and does not rely on the trust-region updating mechanism. As a result, more
aggressive steps can be taken and thus convergence occurs in much fewer iterations. With
SCvx or SCvx-fast as the central pillar for on-board trajectory planning, we can build a
fully autonomous system by further integrating i) a computer-vision-based perception unit
and ii) Signal-Temporal-Logic (STL)-based mission specifications. Chapter 5 explores these

directions as aerospace applications of Successive Convezification.
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Chapter 1

INTRODUCTION
1.1 Background

With the recent release of NASA Space Technology Roadmaps and Priorities, next-generation
Guidance, Navigation, and Control (GN&C) technologies will be of paramount importance
for future planetary explorations [67]. Spacecraft GN&C technologies involves complex sci-
ences and have been evolving since the launch of the first rocket. Simply put, guidance is
the onboard generation of desired trajectories, which is often synonymous with trajectory
optimization. Navigation is to determine the current states (position, velocity, and attitude)
of the vehicles and the environment. Control is to track guidance commands while main-
taining stability, by the manipulation of vehicle steering. The main focus of this dissertation
is on optimization-based self-guidance technologies, but in order to build a fully autonomous
system, we will also touch upon vision-based navigation and mission level specifications, and
how they can interact with guidance.

Guidance and control technologies have progressed throughout aerospace history. To meet
the performance standards of future applications, recent years have seen the advent of new
technologies to enable and enhance a wide range of capabilities. For example, autonomous
precision rocket landing is one such capability that is key to enabling the reuse of rockets[11].
Convex optimization and convexification based technologies have been developed for the 3-
Degree of Freedom (DoF) cases [5, 4], while 6-DoF formulations with attitude control have
been studied in recent years [41, 74, 73]. Lately we have also seen commercial usages of these
technologies on, for instance, SpaceX’s Falcon 9 reusable rockets [10].

Autonomous rendezvous and docking is another key enabling technology that presents

many challenges. Guidance and control technologies have been developed, for instance,



via conic optimization [47], and via Model Predictive Control (MPC) [81]. Furthermore,
the complexity and safety of such operations can be enhanced by considering the attitude
control problem. Using a quaternion-based formulation, non-convex quadratic constraints
can be convexified, and the problem can be solved via semidefinite programming [38]. Other

techniques may also be applicable, such as the special MPC design proposed in [37].

As a final example, consider quadrotors, systems that are becoming increasingly ubiqui-
tous in today’s world. Obstacle avoidance is one key challenge faced by these systems [62].
To address this issue, a sampling based real-time guidance framework was proposed recently
in [7], within which simplified quadrotor dynamics were used. For robust real-time embedded
applications, a convexification-based real-time guidance for quadrotors was proposed in [72],

which includes non-convex obstacle avoidance constraints.

These examples represent a clear shift in paradigm when dealing with optimal control
problems. Thanks to the advancement of digital computing, we have seen guidance tech-
nologies evolve from offline computation of analytical trajectories in the Apollo era to now
real-time onboard computation driven by optimization algorithms. Similar paradigm shift
is seen in control technologies as well [78]. However, onboard computing resources are al-
ways limited and thus precious, which poses a major challenge on how to design a guidance

algorithm as efficient as possible with complex system dynamics and constraints.

Efficiency is where traditional nonlinear programming methods fall short. When applied
to complex optimal control problems, optimization algorithms like the Sequential Quadratic
Programming (SQP) [48, 15, 28] and the general purpose Interior Point Method (IPM)
(83, 80] often suffer from unpredictable convergence behaviors that are highly dependent on
user-supplied initial guesses. Additionally, they offer few bounds, if any, on the computa-
tional effort required to achieve convergence. As a result, these techniques are typically not
applicable for real-time autonomous operations. In the next section, we will see some related
works on how convex optimization and convexification of non-convex problems can tackle

both issues, and thus play a major role in designing these efficient algorithms.



1.2 Prior Work

In this section we will focus on convex optimization [14] based guidance technologies. Thanks
to recent advances, the solutions to a large class of convex optimization problems can be
computed in polynomial time [57] using either generic Second-Order Cone Programming
(SOCP) solvers [20], or customized solvers that take advantage of problem-specific structures
[56, 24]. Moreover, if a feasible solution exists, these algorithms are guaranteed to find the
global optimal solution in a bounded number of iterations. Conversely, they provide a
certificate of infeasibility if no feasible solution exists.

However, most real-world guidance problems are inherently non-convex. The performance
and guarantees of convex optimization algorithms are the primary reasons researchers are
motivated to formulate non-convex guidance problems in a convex framework. This prac-
tice is referred to as convezification. In addition to the applications we mentioned above,
convexification based approaches have also been applied to, for example, swarm formation
flying [6] and planetary entry [44]. While the results of these numerical experiments look
promising, few theoretical proofs are provided. Inspired by the powered descent guidance for
planetary landing problem [5], recent results have introduced a procedure known as lossless
convetification to handle a large class of non-convex control constraints [3, 35]. It proves that
these non-convex optimal control problems can be posed as equivalent convex optimization

problems without sacrificing feasibility or optimality.

1.3 The Author’s Work

More recently, an iterative procedure known as successive convezification [51, 52, 54| solves
problems with nonlinear dynamics and non-convex state and control constraints, and pro-
vides proofs of global (weak and strong) convergence and superlinear rate of convergence.
Along with lossless convexification, these two convexification techniques are among the first
rigorous attempts to solve complex non-convex optimal control problems in real-time. The

latter in partucular, is the main work of the author’s Ph.D research, and thus the main



topic of this dissertation (in Chapter 3 and 4). The author’s work in these area also in-
cludes inter-sample obstacle avoidance [22], stochastic motion planning with probabilistic
occupancy functions [79], and SCvx-based MPC with aerospace applications [55, 53].

To build a fully autonomous system centered around Successive Convezification, first one
needs to further complete its theoretical framework. A strong convergence result of the SCvx
algorithm for continuous-time systems is being prepared, as an extension to [54]. Several
enhancements have been made to the SCvx-fast algorithm as well, hence extending [52].
They include a novel initialization procedure that gets rid of the requirement of feasible
start, revised theory that can now deal with non-smooth obstacles, and additional proofs of
superlinear convergence rate. These new results will be presented in Chapter 4 as well.

In terms of practical applications, one would need a navigation module that takes account
of the unknown environment, since the sole focus of Successive Convexification is on the
guidance aspect of the GN&C problem. So far, we have assumed that the problem setup
is given to us. For example, for quadrotors where the obstacles are and how they look like
are known to us beforehand. That however, may not be realistic for vehicles in an unknown
environment. In that case, we have to rely on data provided by onboard sensors, then the
problem becomes how to bridge the gap between raw sensory data and the information
required by the guidance algorithm (in this case, SCvx or SCvx-fast). The author has been
working on a computer-vision-based solution that uses machine learning to produce convex-
shaped obstacles from the occupancy grid, which can then be directly used by the SCvx-fast
algorithm. Preliminary results are presented in Chapter 5.

Last but not least, guidance as part of an entire mission, it can incorporate some of
the mission specifications as its objectives or constraints. Since Successive Convezification
deals with continuous-time dynamic systems, Signal Temporal Logic (STL) specifications fit
perfectly given its continuous-time nature. Robustness measures of STL specifications is in-
troduced in [21] to facilitate its usage in satisfaction or falsification of cyber-phisical systems.
STL as part of the MPC design has been studied in [61], in which the combinatorial nature

of such specifications is preserved, and thus Mixed-Integer Linear Programming (MILP) has



to be employed. More recently, [58] relaxes the robustness measures using smooth approx-
imations so that the resulting problem is suitable for a smooth optimization solver. After
examining the possibility of convexification of such specifications and the usage of SCvx as
the solution method, the author proposed a four-steps SCvx-STL procedure that uses a novel
STL subdynamics formulation. Numerical results are presented in Chapter 5 for spacecraft
rendezvous and quadrotor motion planning problems.

With a solid theoretical foundation and promising real-world use-cases, The author firmly
believes that we can and will make a step further toward a Successive Convezification based

fully autonomous system.



Chapter 2

OPTIMAL CONTROL AND FINITE-DIMENSIONAL
OPTIMIZATION

The purpose of this chapter is primarily to familiarize the reader with the nomenclature
and mathematical preliminaries of the underlying theory, namely optimal control and finite-
dimensional optimization. The author also wants to make some connections between these

theories and what we have used in our own convergence proofs.

2.1 Optimal Control Theory

This section primarily serves as an introduction to the optimal control theory, with a slight
shift of focus on the geometric aspect of the said theory because the geometric insight leads
to a clearer picture of how optimal control really works, how it is closely related to convex
analysis, and how the classical results (calculus of variations and Pontryagin’s Maximum
Principle [59]) can be easily extended to including a more diverse set of functions, terminal
constraints and state constraints. In fact, the interplay among control, geometry, and physics
goes back to ancient times. However, the pre-Maximum Principle relationship is primarily
one-sided, with optimal control, or more precisely the calculus of variations, exercising a
decisive and revolutionary influence on geometry, such as the birth of differential geometry.
In the much shorter post-Maximum Principle era though, the influence goes mainly in the

other direction, with control theory being heavily influenced by geometric ideas.

2.1.1 The “Brachystochrone Problem” and Calculus of Variations

In 1696, Johann Bernoulli challenged the mathematicians of his time to solve the “brachys-

tochrone problem”: among all curves £ going from a point A to a point B in a vertical z —y



plane, determine the one for which a particle falling freely along & — subject only to the
action of the gravitational force plus whatever “virtual force” is needed to keep the particle
on £ — will reach B from A in minimum time. Mathematically, one can formulate this by
observing that, if our curve £ is given—in terms of a parameter s which is an increasing
function of time t—by s — (2(s),y(s)), 0 < s <1, A = (a,), B = (b, ), and t is time,
initialized so that ¢(0) = 0, then the total energy

e () + () +w

is constant (taking the mass to be 1). So

2 2
g e tde
2F — 2qy

If we assume that a < b, and that our minimizing curve is the graph of a function x — y(x),

/()2 e e . b
then dt = % dz, so our problem becomes that of minimizing the integral [’ L(y(z),y/'(x)) d,

subject to the constraints y(a) = «a, y(b) = 5, where

[ 1+ u?

On the other hand, without assuming that a < b and without making any assumption about

y being a function of z, we can formulate our problem as that of minimizing the integral

= / Az (s). y(s), £(5), §(s)) ds (2.2)

subject to z(0) = a, y(0) = a, z(1) = b, y(1) = B, where

[ u? + v?
A(ZL', Y, u, U) = m . (23)



(The curves under consideration are, of course, restricted to lie in the closed half-plane
Hg = {(z,y) 1y < %}) Finally, we can also reformulate it as a minimum-time optimal
control problem, by writing the equations of motion (after choosing units so that 2g = 1,

and changing y to 2E — y) as

P=uy, y=uy, vt ot=1, (2.4)

where x and y are the state variables, u and v are the controls, and vy is restricted to satisfy
y > 0. This third formulation is clearly more natural than the first two, since it is a direct
mathematical description of the problem. This is the main reasons that people consider
Johann Bernoulli’s question properly belongs to optimal control.

What makes the solution of the “brachystochrone” problem important for people hun-
dreds years later, is that it marked the beginning of the systematic study — which would be

given the name “calculus of variations” by Euler — of minimization problems in the form

Problem 2.1.1. Calculus of Variations Problem

min / L(E(), £(1), 1)t

subject to:

The “brachystochrone” problem happens to have a very significant differential-geometric
aspect. In fact, (2.4) describes the curves parameterized by arc-length for a Riemannian

metric on the upper half-plane, given by

2 _ dz? + dy?
Y

ds (2.6)

The supposed cycloids that solve the problem are the geodesics of this metric. Johann

Bernoulli studied the same problem with other functions instead of ,/y in (2.4), and in



particular for the function gy, which in modern terms corresponds to the metric

2 _ dx? 4 dy?

ds )2

(2.7)

In this case, he found that the minimum-time paths were half-circles rather than cycloids.
So Johann Bernoulli had almost found what we would call today the Poincaré half-plane,
i.e., the simplest model of a non-Euclidean (hyperbolic) geometry. All it takes to make the
connection is to call the travel time “length”, i.e. of thinking that an expression such as

(2.6) or (2.7) could serve as just another way of measuring length.

2.1.2 The FEuler-Lagrange equation and the Hamiltonian

Nevertheless, Euler and Lagrange further develops the necessary condition for a curve [a, b] >

t — &.(t) € R™ to be a solution of Problem 2.1.1 is that it satisfy the Fuler-Lagrange equation

doL 0L
dt 0 = g (2.8)
i.e., if we use u instead of ¢:
d oL : oL .
E%(f*(t)’é*(t)’t) = 8_q<£*(t)’£*<t)’t> : (2.9)
or
d oL : OL . .
o (E0.80.0) = S2(e0.£0.1). i=1..n. (2.10)

In 1830s, W. R. Hamilton published his results on dynamics showing how to rewrite

the Fuler-Lagrange equations in what we would now call “Hamiltonian form”: for a curve
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t— &.(t), (2.8) is exactly equivalent to the system of equations

L) = B(&0.80.%0).1),
ORI A (RONAORUGRY P (2.11)
0 = F(a®.&0.0(0)t),

where the Hamiltonian H and the momentum 1) are defined by

H(g,u,p,t) = (p,u) = Llg,u,t), (2.12)
o) = T (en).E01). (213)

The system (2.11)-(2.13) is not exactly what is commonly known as “Hamilton’s equations,”
although in the author’s view it is how Hamilton’s equations should be written. The more

commonly seen Hamilton equations are

dg OH dp  OH

- = 2.14
dt  Op’ dt oq (2.14)
where (g, p,t) — H(q, p,t) is a function of p,q and ¢ alone, defined by the formula

This is certainly similar to (2.11)-(2.13), but with a crucial difference: in (2.14) and (2.15)
¢ is supposed to be treated not as an independent variable, but as a function of ¢, p, and t,

defined implicitly by the equation

oL
g 2.1
P= 5 (¢,4,t), (2.16)

whereas in (2.11)-(2.13) ¢, u, p, and t are treated as independent variables.
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2.1.8 Nonlinear control and Lie Brackets

For an autonomous control system ¥ : ¢ = f¥(q,u), u € U, on a smooth manifold Q*, define
A* to be the free Lie algebra generated by a family {F, : u € U} of indeterminates indexed
by the set U. Let L* be the Lie algebra of vector fields generated by the f= u € U, where
we let f2(q) = f*(¢q,u). Then there is a unique Lie-algebra homomorphism P* : A* — L*
that sends F, to f= for each u. Given a point ¢ € Q, by setting EVqE(V) = P*(V)(q), we

can define a linear map EV.* : A¥ — T,Q*, where T,Q* is the tangent space of Q> at g.

Definition 2.1.1. The kernel
RELY = ker (EVY)

is the set of Lie-bracket relations at q of the vector fields of 3.

As an example, suppose u, v, and w are three members of U. Then the formal expression
[Fu, [Fy, Ful] + 4[Fy, Fu) + F, belongs to RELY if and only if [fu, [fo, full(¢) + 4[fu, ful(q) +
fu(q@) = 0. The following theorem can be proved by a simple application of E. Cartan’s graph
method (see [68, Theorem 7] for details).

Theorem 2.1.1. For a fized control set U, if we consider pairs (X, q) such that ¥ is a real
analytic system with control set U, q belongs to the state space Q* of X, and ¥ has the
accessibility property at q, then the space RELqE 15 a complete set of local invariants for
the germ of X at q under diffeomorphisms. That is, given two pairs (¥;,q;), i = 1,2, the

following two conditions are equivalent:

(i) There exists a diffeomorphism ® from a neighborhood Uy of qi in Q™' onto a neighbor-
hood Us of g2 in Q2 that maps each vector field f=' to the corresponding vector field
=2 and is such that ®(q,) = qo,

(ii) REL® = REL:.
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Note that diffeomorphism is just an isomorphism of smooth manifolds, meaning it invert-
ibly maps one differentiable manifold to another such that both the function and its inverse
are smooth. Theorem 2.1.1 tells us that—for real-analytic systems—all properties of interest
that are invariant under nonlinear coordinate changes are determined by the Lie bracket
relations. For systems where U is a linear space and the control enters the equations in an
affine way, it can be shown the class of linear systems is characterized by the vanishing of

certain Lie brackets.

Since the Lie bracket relations give a complete set of invariants under diffeomorphism,
it is not unreasonable to expect that the structural, coordinate invariant properties of a
nonlinear system should be expressible in terms of Lie brackets. For example, the structure of
the time-optimal trajectories (e. g., whether the time-optimal controls are bang-bang) should
be determined by Lie bracket conditions. Since the main tool for analyzing this structure
is the necessary condition for optimality given by the Pontryagin’s Maximum Principle, it
is obviously useful to have a statement of the Maximum Principle where the Lie brackets
appear explicitly. We will describe such a formulation next and then show by means of a
simple example how this formulation can be used to derive qualitative properties of optimal

trajectories.

2.1.4 Pontryagin’s Maximum Principle

The Pontryagin’s Maximum Principle [9, 59] extends the necessary conditions for optimality
of the calculus of variations to the much more general setting of fixed-endpoint optimal

control problems with a state space () C R"™, and a set U for control variables:

Problem 2.1.2. Fixed-endpoint Optimal Control Problems (FEOCP)
b
win [ L6(0).€(0).

subject to:
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£(t) = fIE(L),n(D), 1), for a.e. t
(&(t),n(t) € Q@ x U, for all ¢
{(a) =q, &(b) =4q,

or to the following problem that has a more general endpoint condition:

Problem 2.1.3. General-endpoint Optimal Control Problems (GEOCP)

min / L(E(), £(1), 1)t

subject to:

£(t) = f(E@),n(t), 1), for a.e. t
(€(),n(t) € Q@ x U, for all ¢
(€(b),&(a)) € S.

Pontryagin’s result is summarized as follows.

Theorem 2.1.2 (Pontryagin’s Maximum Principle (PMP)). For a trajectory-control
pair [a,b] 5t — (&(t),n(t)) to be a minimizer, it is necessary that there exist an absolutely

continuous curve [a,b] 5t — ¥ (t) € R, and a constant 1y > 0 such that the adjoint equation

() = %—[Z(é*(t%m(i%?ﬂ(t);wo,t)

and the Hamailtonian mazimization condition

H(E(t),1.(t), (1), %o, 1) = max{H (& (1), u, ¥ (t), Yo, 1) - u € U}
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hold for a.e. t € [a,b], as well as the nontriviality condition
(¥(t), o) # (0,0) for some (and hence every) t,
and the transversality condition
(=0 (b). ¥(a)) € CT.

Here

H is the Hamiltonian, defined by

H(Q7uap7p07t) =p- f(q7u7t) —poL(q,U,t)

C'is a tangent cone at the point (£.(b),&.(a)) to the set S.

If C is any subset of a real linear space X, then C' is the polar cone of C, i.e. the set

CT = {veX*: (vw) <0 for all we C},

where X* is the dual space of X.

The symbol R,, denotes the set of n-dimensional real row vectors, whereas the members

of R™ are column wvectors.

2.1.5 The Maximum Principle and Set Separation

It turns out that the maximum principle, as formulated, is really a “geometric” result, giving
a necessary condition for a separation property between a reachable set of a control system

and some other set.



15

To see this, we first observe that the Maximum Principle for problems of the form
(GEOCP) can easily be reduced to the special case of a problem of the same form but

with a more restrictive endpoint condition:

§la)=q, &b)eS, (2.19)

where S is a given subset of (). Indeed, suppose we are given a problem of type Problem 2.1.3

(GEOCP), and an optimal trajectory-control pair (&,,7.), consider a new problem

Problem 2.1.4. Terminal Set Optimal Control Problems (TSOCP)
b
min / L (€nene(£), Enen (1), D)t
a—1

subject to:
éneW<t) = fnew(gnew<t>7 nnew(t)7 t), for a.e. t
(fne“,(t), Thew (t)) € Qnew X Unew, fOI‘ all t

fnew(a - 1) == Qnew fnew(b) € SneW7

where anw = Q X QJ Uncw =U x Rn, Sncw = S, Gnew = (5*(01)75*(@))7 and, for ql € Qa
e ueclU,veR" a—1<t<b, welet

Lnew(qlv 92; u,v, t) = X[a,b] (t)L(qla u, t) 9

fneW<q17 q27 u, v, t) = Xay) (t) (f(q1> u, t)v 0) + (1_X[a,b] (t))'(v7 U) )

where, if £ is a set, then x, denotes the indicator function of E, i. e., x,(z) =1ifx € E
and y,(v) =0ifx ¢ E.

It is then readily shown that the new reference trajectory-control pair, consisting of
the curve [a,b] 5t — & new(t) = (&(t),&(a)), and the corresponding control [a,b] > ¢ —
Nemew(t) = (1x(t),0) (extended to the interval [a — 1,b] by letting &, new(t) = (&i(a),&i(a))
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and 7y new(t) = (0,0) for a — 1 <t < a) is optimal for Problem 2.1.4 (TSOCP). Applying to
TSOCP the conclusion of the Maximum Principle for problems of this special form, we get
precisely the conclusion of for the general one (GEOCP).

The quest to find the necessary conditions for optimality of Problem 2.1.4 (TSOCP) can

be readily reduced as a geometric problem about separation of sets.

Definition 2.1.2. We say that two subsets R and S of a topological space () are separated
at a point ¢ € Q if RN S = {G}, and that R and S are locally separated at ¢ if there exists
a neighborhood V' of ¢ such that RNSNV = {G}.

For a control system > with dynamical law
i=flgut), €@, uel, tel, (2.21)

where [ is a subinterval of R (and for the time being () is an open subset of R™). Define
R[%,b}(cj) — the X-reachable set from q over [a,b] — to be the set of all points £(b), for all
possible trajectory-control pairs v = (£, n) of ¥ such that ¢ is defined on [a, b] and £(a) = q.
Also, define H* — the Hamiltonian of ¥ — to be the function

Qx U xR"x I3 (qu,p,t) = H(qu,p,t) = (p, flg,u,1)). (2.22)

Then it is not hard to show that the Maximum Principle follows from a necessary condition

for a reachable set R[Ea’b](cj) to be separated from the terminal set S.

Theorem 2.1.3 (Set Separation Maximum Principle (SSMP)). Let ¥ = (Q,U, I, f)
be a control system in R™. Assume that S C Q, a <b, a,b € I, &, : [a,b] — Q is a trajectory
of ¥ corresponding to a control n, : [a,b] — U, and .(b) € S. Let C be a tangent cone to
S at &.(b) which is not a linear subspace of R™. Then a necessary condition for R[Emb] (&e(a))
to be locally separated from S at £.(b) is that there exist a nonzero row-vector-valued map

[a,b] 5t = Y(t) € R, that satisfies:
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1. the Adjoint Equation (AE)

0() = =5~ (600, v(0).2).

2. the Hamiltonian Maximization Condition (HMC)
F(E (1)1, (0),6(0),1) = max { B> (6.(0), w,0(0),0) - u € U},

3. the Transversality Condition (TC)

—(b) € CT.

To see the equivalence, consider the standard optimal control problem, Problem 2.1.3
(GEOCP) with the special endpoint condition (2.19). Suppose (&, 7.) is a solution. Form
the “augmented system” ¥# = (Q¥, U, I, f#), where

(A1) QF =R x Q.

(A2) f#:Q% x U x I — R"™ is the map (r,q,t,u) = (—L(q,u,t), f(q,u,t)),
(A3) s* = {(c.q) g€ S, ez e+ a—dl*},

(Ad) eu(t) = = [; L(E().m.(s), 5) ds for a < £ <,

(A5) é=c.(b) and § = &.(b).

If we define £#(t) = (c.(t),&.(t)), then (£7,7,) is a trajectory-control pair for X#, such
that 7 (a) = ¢ = (0,q) and £ (b) € S#. The fact that (&, 7.) is a solution of (GEOCP)
implies that R[%z (q%) N S# = {q”"}. If we then apply Theorm 2.1.3 (SSMP), and make the

reasonable assumption that
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Assumption 2.1.1. if S CR", g € S, ¢ € R, C is a tangent cone to S at §, and S7 is
defined by (A.3), then C# = [0, +o00] x C is a tangent cone to S* at (¢,q),

then we get the usual Pontryagin’s Maximum Principle (Theorem 2.1.2). Note that in
this case it is not necessary to require that the cone C not be a linear subspace, because C#

will never be a linear subspace, even if C' is.

Remark. In Theorem 2.1.3, the requirement that C'is not a linear subspace of R" is necessary,
for otherwise (SSMP) can fail for trivial reasons. To see this, take @ = R", let S be a linear
subspace of R", let T" be a complementary subspace of S, and consider the control system
Gg=u,u €T, qecR" The reachable set from 0 over any interval [a,b] with a < bis T. So
this set is separated from S at 0. On the other hand, the adjoint equation just says that
¢p = 0, and the Hamiltonian maximization condition implies that (t) must annihilate 7",

Then an obvious choice for C is S itself, and thus the transversality condition —(b) € CT
says that ¢(b) must annihilate S. So ¥ (t) = 0, contradicting the nontriviality of . O

In addition to implying the usual necessary conditions for optimality, Theorem 2.1.3
(SSMP) has the additional advantage that, properly interpreted, it also implies a sufficient
condition for local controllability along a reference trajectory, or equivalently, a mecessary
condition for a system not to be locally controllable along a reference trajectory.

Local controllability can be easily interpreted by the reachable set. That is, X is locally
controllable along a trajectory-control pair (&.,7.) defined on an interval [a, b] if (D) is an
interior point of R[{‘;b} (&x(a)). So, if 3 is not locally controllable along (., 7. ), then there must
exist a sequence {g;} of points of () that converge to £,(b) and do not belong to R[%,b] (&e(a)).

By taking a subsequence, if necessary, we can assume that the limiting direction

v=lim 2L

, . (2.23)
i=oo || — q|

exists. Let

S={g}U{g:j=12..}. (2.24)
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Then it is clear that the sets S and Rﬁyb}(f*(a)) are separated at £.(b). Suppose we could
take the tangent cone C' to S at &.(b) to be the half-line {rv : r > 0}. Then we could apply
(SSMP) to get the following theorem.

Theorem 2.1.4 (Local Controllability Maximum Principle (LCMP)). Let ¥ =
(Q,U, I, f) be a control system in R™. Assume that a < b, a,b € I, and &, : [a,b] = Q
is a trajectory of X corresponding to a control n, : [a,b] — U. Then a necessary condi-

tion for Rab] (&.(a)) not to be a neighborhood of £.(b) is that there exist a nonzero map
[a,b] >t — ¥(t) € R, such that (HMC) and (AE) hold.

However, for the general (SSMP), in addtion to Assumption 2.1.1, we would still need a

“tangent cone” that satisfies

Assumption 2.1.2. If S is given by (2.24), where {¢;} is a sequence such that ¢; — ¢,
¢; # §, and the limit (2.23) exists, then the half-line {rv : r > 0} is a tangent cone to S at ¢.

2.1.6 Weakly Approximating Cones and Transversality

In the following, we will use tools from convex analysis to derive a “tangent cone” that
satisfies both assumptions and is also usable in the Maximum Principle (Theorem 2.1.3).

We give the definition upfront:

Definition 2.1.3. Suppose S C R", ¢ € §, and C' C R". We say that C' is a weakly

approximating cone to S at ¢ if

i) C'is a closed convex cone;

ii) there exist a closed subset C* of C', and a continuous map F' : C* — S, such that
li STB{ €(1)]+ € € C°((0, 1], C\C") Jg(O)] < =} =0, (2.25)

F(w)=q+v+o(]v]) as v—=>0,veC”. (2.26)
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In this definition, C°([0, 1], C\C*) is the set of continuous maps from [0, 1] to C\C*. The
expression “sup” stands for “supremum in the set [0,400]” so that sup()) = 0. It then
follows that (2.25) holds, in particular, if C* is a full relative neighborhood of 0 in C.

Notice that Definition 2.1.3 ii) implies that 0 € C* because, if 0 ¢ C*, then there would
exist a convex neighborhood U of 0 such that U NC* = (), since C* is closed. But then there
would be a curve £ € CY([0, 1], C\C*) such that £(0) = 0 and £(1) # 0, contradicting (2.25).)

Condition (2.25) says roughly that “within C, it is not possible to join points that are
close to 0 to points that are far from 0 without hitting the set C*.”

Definition 2.1.4. If the set C* can be taken to be a full relative neighborhood of 0 in C,
then we call C' an approzimating cone to S at ¢. In other words, C' is an approximating cone

to S at q if
i) C'is a closed convex cone;

ii) there exist a neighborhood U of 0 and a continuous map F from C'NU to S, such that

F(v)=q¢+v+o(]v|]) as v — 0 via values in C.

A fundamental difference between the Transversality Condition (TC) here in Theo-
rem 2.1.3 (SSMP) and that of [59] is from the fact that (SSMP) uses a much weaker concept
of “tangent cone” than that of [59]. Indeed, the concept of tangent cone implicitly used in
[59] in the formulation of TC is in fact exactly the “approximating cone” in Definition 2.1.4.

The following example shows how this makes a difference.

Remark. Consider the optimal control problem in R*-with coordinate point ¢ = (z,y)-in

which it is desired to minimize the integral

J:—/Olu(t)dt,

subject to the dynamical law @ = u, ¥ = v and the endpoint constraints £(0) = (0,0),
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£(1) € S, where
S = {(:L’,y) Lx > O/\y:xsini} U {(0,0)}.

Then the trajectory [0,1] 3 t — (0,0), corresponding to the controls u(t) = v(t) = 0, obvi-

ously fails to be a minimizer, since the choice of controls v(t) = 0, u(t) = 7, for any positive
integer k, will yield a trajectory satisfying our endpoint constraints and having a lower cost.

However, the version of the Maximum Principle given in [59] will not exclude this trajec-
tory as a candidate for a minimum. This can be seen by explicitly finding an adjoint vector
that satisfies all the conditions, which is quite easy to do. There is, however, an even simpler
argument. It suffices to notice that the only approximating cone for the set S at (0,0) is
{(0,0)}. Hence the conclusion of the Maximum Principle for our optimization problem is
identical to that arising from any modified problem with the same dynamics and cost func-
tional, and with the set S replaced by another set S” having {(0,0)} as an approximating
cone at (0,0). In particular, we can take S = {(0,0)}. Since the cost of any feasible trajec-
tory t — £(t) = (z(t),y(t)) is just —x(1), we see that all feasible trajectories of our original
problem that end at (0,0) are actually minimizers for the modified problem, so they satisfy
the conditions of the Maximum Principle of [59].

In contrast, the transversality condition in Theorem 2.1.3 does exclude the trajectory
[0,1] >t — (0,0). To see this, notice that the cone C' = {(x,y) : |y| < z} is a “tangent
cone” to S at (0,0) in our sense. To satisfy the necessary condition of the Maximum Principle
we need a vector (11, 1) € Ry and a nonnegative 1y such that, to begin with, ¥ u+1v+1hou
is maximized by u = v = 0, for which we must have ¥y = 0 and ¥; +1y = 0. Moreover, since

(10, Y1, 19) # (0,0,0), we need 1y > 0 and 1; < 0. But the transversality condition yields

—(11,1) € CT, 50 1y > 0, since (1,0) € C. Hence, we have reached a contradiction. ]

It turns out that (SSMP) holds if we use the “weakly approximating cone” as the “tangent

cone”. To understand how this works, we first need the following theorem proved in [70]:

Theorem 2.1.5. Let C be a closed convex cone in R™, let € be a neighborhood of 0 in R™,

let f:QNCy — R™ be a continuous map, and let A : R™ — R™ be linear. Suppose that f is
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differentiable at 0 with differential A, i.e. that

f(z) = f(0) + Az + o(]|z||) as x—c 0. (2.27)

Let S be a subset of R™ having a cone Cy as weakly approxzimating cone at f(0). Assume
that Cy is not a linear subspace of R™. Then a necessary condition for the sets f(2 N Ch)

and S to be locally separated at f(0) is that (AC;)T N (=Cy)T # {0}.

In other words, if f(QNC)NSNV ={f(0)} for some neighborhood V of f(0), then there
exists a nonzero row vector zZ € R,, such that ZAv; < 0 for all v € C and Z.v; > 0 for all
v € Cy. Note that this result closely relates to the polar cone of the linearized constriant
set AC; and the terminal set S in the from of its “tangent set” Cy, which is in turn also
reflected in the transversality condition.

The main proof strategy for Theorem 2.1.3 (SSMP) consists of constructing needle vari-
ations, studying the corresponding endpoint maps, computing their differentials, and then
applying a separation result. For conciseness, the rest of the proof will be omitted. The
reader is referred to [70] if interested. Classically, when the differentials used are classical
differentials, the appropriate separation result is the aforementioned Theorem 2.1.5. Next we
will show how, using essentially the same approach but relying on more general concepts of
differential, it is possible to derive much stronger results that contain, extend, and strengthen

various “nonsmooth” versions of the Maximum Principle.

2.1.7 Clarke’s Nonsmooth Mazimum Principle

To every map 7 : [a,b] — U, we associate a time-varying vector field f, : @ x [a,b] — R" by

letting f,,(q,t) = f(q,n(%),1t).

Definition 2.1.5. We say that a time-varying R"-valued vector field F', defined on some

subset Dom(F') of R" x R, satisfies the C''-Carathéodory condition near a curve ¢ : [a,b] — R"
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if there exists a tube

T e)={(gt):a<t<bllg—&t)| <e}, (2.28)
such that

i) F(q,t) is measurable with respect to t—on the compact set {t: (¢,t) € T (&, ¢)}for
each fixed ¢, and of class C'! with respect to ¢g—on the closed ball {g € R : ||¢ — £(t)]] <
e}—for each fixed t € [a, 1],

ii) there is a function ¢ € L'([a, ], R) such that

7.0l + |5 (a.0)] < 0
for all (¢,t) € T(&,¢).

In the proof of Theorem 2.1.3 (SSMP), there is this following “classical technical hypoth-

esis” that has to be met:

Assumption 2.1.3. For every control n which is either constant or equal to the reference
control 7, the corresponding time-varying vector field f, satisfies a C''-Carathéodory condi-

tion (See Definition 2.1.5) near &,.

F.H. Clarke in [16] and [18] proposed an extension to the classical version of the Maximum
Principle, which has become known as the “nonsmooth Maximum Principle.”. In Clarke’s
version, Assumption 2.1.3 is replaced by the weaker requirement that the vector fields (¢,¢) —
f(q,n(t),t) be Lipschitz continuous, with an integral bound on the Lipschitz constant, or

more precisely described in Assumption 2.1.4.

Definition 2.1.6. A time-varying vector field F' defined on some subset Dom(F") of R" x R,

satisfies a Lipschitz-Carathéodory condition near a curve & : [a, b] — R™ if there exists a tube
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T (&, ¢) such that Definition 2.1.5 i) holds, and there is a function ¢ € L'([a, b],R) such that

[1F(q, )| < () and [[F(q,t) = F(g, )| < @(t).llq" = qll

whenever (¢,t) € T(€,¢) and (¢,t) € T(&,¢).

Assumption 2.1.4. For every control 7 that is either constant or equal to the reference
control 7., the corresponding time-varying vector field f, satisfies a Lipschitz-Carathéodory

(See Definition 2.1.6)condition near &,.
Yet another “classical technical hypothesis” needed in the proof of Theorem 2.1.3 is that

Assumption 2.1.5. a solution of the adjoint equation (AE) along the reference trajectory-
control pair v, = (&, 7.) is an absolutely continuous map v : [a,b] — R, such that the
equality

(t) = w<t>.§—£<§*<t>,m<t>,t>

holds for almost all ¢ € [a,, b,].

Naturally, when the weaker condition Assumption 2.1.4 holds, it is no longer possible to
interpret the adjoint equation in the classical sense, so Assumption 2.1.5 has to be modified.
Clarke proposed a modification that the adjoint equation be interpreted as a differential
inclusion with the classical Jacobian matrix replaced by a Clarke generalized Jacobian. In

other words, Clarke suggested that, instead of Assumption 2.1.5, the following be used:

Assumption 2.1.6. A solution of the adjoint equation (AE) along the reference trajectory-

control pair v, = (&, n.) is an absolutely continuous map 1 : [a,b] — R,, such that

—(t)ep(t) - O f(&(t),nu(t),t) for a.e. tE€|a,b]. (2.29)

Here 0, f(q, u, t) is the Clarke’s generalized Jacobian (CGJ) at ¢ of the map ¢ — f(q, u,t).
For a Lipschitz continuous map p : Q — R™, where @) is open in R", the CGJ of p at ¢ € Q)
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is the convex hull 0y(q) of the set of all linear maps A : R™ — R™ such that L = lim;_,. A;
for some sequence {A;} such that there are ¢; € @ for which ¢; — ¢ and p is differentiable
at g; with differential A;. The existence of many such sequences {g;} follows because p is

differentiable almost everywhere. The set du(q) is then nonempty, compact and convex.

The appearance of CGJ renders the problem nonsmooth, but with the corresponding
conditions (Assumption 2.1.4 and Assumption 2.1.6), Clarke was still able to prove that
the nonsmooth Maximum Principle holds [16]. The concept of CGJ and the closely related
Clarke’s generalized differential and Clarke’s generalized gradient, etc. will be extensively
used in the author’s convergence proof for the SCvx algorithm, due to the presence of nons-

mooth penalty functions.

2.2 Finite-dimensional Optimization

This section gives an overview of the field of finite-dimensional optimization. The notion of
finite dimensions is to contrast with the optimal control problems we just covered in Sec-
tion 2.1, which can be seen as infinite-dimensional optimization problems. Finite-dimensional
optimization problems are everywhere. The engineer who designs an aircraft with minimal
fuel consumption given its aerodynamics, the investor who maximizes profit within con-
straints imposed by the risks/resources, the bike courier who seeks the shortest path between
two points in a city, and the AI recommending you movies to watch/products to buy etc.,

all solve optimization problems.

2.2.1 General Finite-dimensional Optimization Problem and Examples

Mathematically, we can formulate an important class of such problems as follows:
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Problem 2.2.1 (General Finite-dimensional Optimization Problem).

(P)  minf(x)

reR™

st. gi(z) >0, (i=1,...,p),

where f, g; and h; are sufficiently smooth functions: typically we require them to be twice
continuously differentiable.

The function f represents an objective (such as energy, cost etc.) that has to be min-
imized under side constraints defined by the functions g; and h;. We therefore call f the
objective function, the functions g; the equality constraint functions, and the functions h; the
inequality constraint functions of (P). Note that by replacing f by —f we can of course treat

maximization problems in the same framework.

Ezample 2.2.1 (Linear Programming (LP)). The transportation network problem occurs when
the cheapest way of shipping a certain amount of a commodity across a transportation net-
work has to be determined. This can be a network of gas pipelines, a computer network, a

power grid, a road network etc..

A network of mail services is given in Figure 2.1. An arrow from node i to node j
represents a service route with transport capacity c;; in the given direction. Transporting
one unit of mails along the edge (ij) costs d;;. The amount of mails collected at node ¢
is p;, and the amount of mail dispatched is ¢;. We assume that the total amount mail
dispatched equals the total amount of collected. Then the question is to determine how the
quantities z;; of mails shipped along the edges (ij) should be chosen so as to satisfy all the

mail collection/dispatch demands and at the same time to minimize costs.

We set ¢;; = 0 for all edges (ij) that do not exist, and thus we can assume that the



Figure 2.1: Mail services network illustration.

network is a complete graph. The problem can then be formulated as

6
min E dz-jxij
T

ij=1
6 6

s.t. Zxkﬁ—pi:inj—l—qi, (1=1,...,6),
k=1 j=1

OS:L’Z‘jSCij, (Z,]:L,G)
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This is an example of a linear programming problem, as the objective function and all

the constraint functions are linear.

Note that it is not a priori clear that this problem has feasible solutions. One is therefore

interested in algorithms that not only find optimal LP solutions if exist but also detect when

a problem instance is infeasible.

Ezample 2.2.2 (Quadratic Programming (QP)). In the portfolio management problem, an

investor considers a fixed time interval and wants to decide which fraction of the capital
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he/she wants to invest in each from n different given assets when the expected return of
asset ¢ is p1; and the covariance between assets ¢ and j is 0;;. The vector p = [;] and the
matrix o = [0;;] are assumed to be known and the investor aims at a total return of at least
b. Subject to this constraint, he/she aims to minimise the risk as quantified by the variance

of the overall portfolio.

This problem can be modeled as

n n
min g g 04§ TiT
zeR" < -
i=1 j=1

n
s.t. Z/lz‘%‘ > b,
i=1

n
E xT; = 1,
i=1

The constraint Y-, x; = 1 expresses the requirement that 100% of the initial capital has to

be invested.

Ezample 2.2.3 (Semidefinite Programming (SDP)). In optimal control, variables us, ..., uy,

have to be chosen so as to design a system that is driven by the linear ODE
&= M(u)x,

where M(u) = > w;A; + Ap is an affine combination of given symmetric matrices A;
(¢ =0,...,m). To stabilize the system, one would like to choose u so as to minimize the

largest eigenvalue of M (u).

Note that A\ (M) < n if and only if nI — M > 0 (is positive semidefinite). Therefore, the



29

problem we need to solve becomes

max — 17
n?u

i=1

2.2.2  Local versus Global Optimality

In order to rigorously define the finite-dimensional optimization problems and their solutions,
we need to first explain what the “optimal solution” to the problem (P) means. A point
x € R" is feasible for the optimization problem (P) if g;(z) > 0 Vi and hj(z) = 0 Vj, that
is, if x satisfies all the constraints of the problem. The set F of feasible points is called the
domain of feasibility of (P). A feasible point x* is a local minimizer if there exists a ball

B(z*) around x* such that
f@®) < f(x) Vo eB(a")NF,

that is, * is a minimizer among all the feasible points in a neighborhood of z*, but there
might be feasible points further away from z* where the objective function takes an even

smaller value. A feasible point x* is a global minimizer if
flz®) < f(x) Ve e F,

that is, #* minimizes the objective function among all feasible points of the problem, al-

though there might exist several of these points.



Ezxample 2.2.4. The problem

(P) min f(z) = 2° 4+ 92°

zeR
st. —10<x <2
has a local minimizer at x = 0, and a global minimizer at z* = —10, see Figure 2.2.

150

100 - 4

50 q

Figure 2.2: Objective function of Example 2.2.4.
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In the general framework, efficient algorithms can only be devised for the problem of

finding a local minimizer. The problem of finding a global minimizer is indeed important in

practice, but its solution is typically based on heuristics that rely on local minimization as

a subproblem. We therefore restrict the scope of this section to only local minimization.

A slightly confusing terminology is the following: an iterative algorithm for solving (P)

converges globally if the output sequence (z)y converges to a local minimizer z* for all start-

ing points x¢p € F. On the other hand, an iterative algorithm is called locally convergent if

the output sequence (z)y converges to a local minimizer x* for all feasible starting points
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xg close enough to x*, that is, for all zy € B,(z*) N F for some r > 0.

Ezxample 2.2.5. Back to the problem of Example 2.2.4 and consider the following algorithm:

S0 Choose xgy. Set a =1, k= 0.

S1 =z + af(xy).

S2 If x is feasible then goto S3, else a <— /2 and goto S1.

S3 Set xp1 =z, k< k+1, =1, and goto S1.

This algorithm converges to the local minimizer x* = 0 for all starting points xy € (—6, 2],
and to the global minimizer z* = —10 for xy € [-10, —6). For o = —6 it remains stuck. If
we exclude xg as a starting point, then this algorithm is globally convergent, even though it
only converges to local minimizers. The focus here is that the algorithm converges no matter
what the starting point is.

On the other hand, if we omit the judicious choice of , we obtain the following algorithm:

S0 Choose xg. Set k = 0.

S1 Set xp11 = g + f'(xx), k < k+ 1, and goto S1.

This algorithm converges locally to the local minimizer * = 0, but for values xqg < —6 the
algorithm diverges to —oo and becomes infeasible instead of finding the local (and global)

minimizer z* = —10.
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2.2.3 Convergence Rates

Since much of numerical analysis is devoted to the construction of algorithms that converge
quickly, we should be able to quantify convergence speed.

A converging sequence (z; )y — x* has Q-convergence rate r > 1 (Q stands for “quotient”)

if 3p > 0 and k¢ € N such that
[ehia = 2% < pllww —27|", Yk = Ko

Note that when r = 1, only bounds with p < 1 are useful. If »r = 1 or r = 2 we speak of
Q-linear and @Q-quadratic convergence respectively. Finally, (xy)y converges Q-superlinearly
if

[ el

lim =0.

e P

Ezxample 2.2.6. Let z € (0,1) and consider the sequence (z)y defined by

Then (z3)y converges Q-linearly but not Q-superlinearly to z* = (1 — z)~!. Indeed, we have
|z, — %] = > 07 1 2" Therefore,

|xk+1 - x*|

=z<1,
|z — x|

which shows the claim.

We say that an iterative algorithm has Q-convergence rate r if every output sequence
produced by it converges at least at the Q-convergence rate r.
The practical significance of @)-linear convergence is that asymptotically the point zj,

approximates x* with log,, p more correct digits than z;. This means that the number of
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correct digits grows linearly in the number of iterations taken. For Q)-convergence of order r
on the other hand, the number of additional correct digits asymptotically grows by a factor
of r, that is, the number of correct digits is exponential in the number of iterations taken

and the convergence is super fast.

In practice though, @-convergence of any order r > 1 is qualitatively similar to conver-
gence of any other order because applying an order r algorithm j steps at a time yields an

order r/ algorithm.

2.2.4 Convex Sets and Convexr Functions

The notion of convexity plays a central role in optimization. A set C' C R" is convez if
ryeC=Xx+(1-NyeC VXel01],

that is, if the straight line segment joining any two elements of C' lies in C'. The empty set,
half spaces {z : a®z > 0}, polyhedra {z : Az > b}, open balls B,(z) = {z : ||z — Z| < p},
ellipsoids {z : "Bz < r} (with B a positive definite matrix) and affine subspaces {z :

a®x = b} are all examples of convex sets.

If ¢, D C R" are convex sets, A € R and ¢ : R® — R is a linear map, then C' + D :=
{z+y:2e€Cye D}, \C:={\x: xzeC}, o(C):={px): e C}and CND are convex

sets.

Functions f : R" — (—o00,+00| into the real line extended by +oo are called proper. A

proper function is convex if its epigraph

epi(f) == {(z,2) e R"": f(z) < z}

is a convex set in R™t1,
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A proper function f (assumed to be defined on all of R™) is convex if and only if

fz+ 1 =Ny) <Af(x) + (1 =N f(y) (2.30)

for all z,y € R™, X\ € [0, 1]. If this becomes a strict inequality < for all A € (0, 1) we say that
f is strictly convex.

If f is convex then its effective domain dom(f) := {x : f(z) < +oo} is a convex set in
R™. On the other hand, we call any function f : C' — R which is defined on a convex set
C' and satisfies (2.30) for all z,y € C and X € [0, 1] convex, and any such function can be
extended to a convex proper function by setting f(z) := 400 for all z ¢ C.

If f and g are convex proper functions then so are f 4+ g and Af for any A > 0. If Fis a

set of convex proper functions then the pointwise supremum

sup : x —sup{f(z): feF}
f

is a convex proper function. In particular, the pointwise maximum of finitely many convex
proper functions is convex.

If f is a convex proper function then all its level sets {x : f(x) < z} (where z € (—o0, +0]
is fixed) are convex. Any convex proper function f is continuous on the topological interior
intr(dom(f)) of its effective domain.

A proper function g : R" — [—00,400) or a function g : C' — [—00, +00) defined on a

convex set is called concave if —g is convex.

To see why convexity is so important, look no further than its first order optimality

conditions. Simply put, without convexity, finding a global minimizer is mostly out of reach.

Theorem 2.2.1 (First order differential properties of convex functions).

Let f: D — R be a function defined on a convex open domain D C R™.

(i) If f is convex then x* is a local minimizer if and only if it is a global minimizer.
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(1) If f is C' on D, then f is convex if and only if for all x,y € D,

fy) = flx) + V() (y — ), (2.31)
that s, the graph of the first order approximation of f at x lies below the graph of f.

(111) If f is convex and V f(x*) = 0 then x* is a global minimizer of f. If D = R™ then this

condition 1s both sufficient and necessary.

(iv) f is both convex and concave if and only if [ is an affine function.

Proof. Suppose x* € D is a local but not a global minimiser. Then there exists a y € D
such that f(y) < f(z*), and then f(Ay 4+ (1 —X)z*) < Af(y) + (1 — \) f(z*) < f(z*) for all
A € [0,1) and 2* cannot be a local minimiser because A can be chosen arbitrarily close to
0. On the other hand, every global minimiser is a local minimiser. This proves (i). Suppose
now that f satisfies (2.31). Given A € [0,1] and z,y € D, let z = (1 — ANz + Ay. (2.31)

implies

(@) > f(z) + Vf(z) - (v —=z) and
F) = F(2)+ V() - (y - 2).

Multiplying the first inequality by (1—\) and the second by A, and adding the two inequalities
we get f(z) < (1= N)f(x)+ Af(y). Hence, f is convex. Suppose on the other hand that f
is convex. Then f(z+ Ay —z)) < f(z) + M(f(y) — f(z)), and hence

fl@+ My —2)) = f(2)

Taking limits as A — 0 we get (2.31). This proves (ii). (¢ii) is a trivial consequence of (7)
and (i7). If f is affine, then it is clearly both convex and concave. On the other hand, if f

is both convex and concave, and if f is differentiable at least at one point x* then it follows
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from (2.31) that f(y) > f(z*) + Vf(2") - (y —2") and —f(y) > —f(2") = Vf(z") - (y — 2"
for all y. Hence, f(y) = f(z*) + Vf(z*) - (y — 2*). The general case can be proved in a
similar way using the notion of subdifferential. One can also prove that there are always

points where f is differentiable, but this is technically more difficult. O]

Theorem 2.2.2 (Second order differential properties of convex functions).

Let f: D — R be a function defined on a convex open domain D C R™.

(i) If f is conver, x € D and the Hessian H(x) = f"(x) exists, then H(x) = 0 (positive
semidefinite, that is, zTH(x)z >0 for all z € R).

(ii) If H(x) exists for allx € D and H(x) = 0 then f is convex.

(iii) If H(x) exists for all x € D and H(z) = 0 (positive definite, that is, 2" H(z)z > 0 for
all z € R\ {0}) then f is strictly conver.

The proof of Theorem 2.2.2 is omitted here for simplicity. The reader is referred to [14]

for more details.

2.2.5 Unconstrained Optimization

The subject of this section is the unconstrained minimization problem, we will only introduce
the problem and its optimality conditions, along with some notable solution methods that

are related to the author’s work. The problem formulation is in fact quite simple:

min f(z), (2.32)

reR™

where f is a continuous objective function. Note that no constraints imposed on the decision

variables! Furthermore, we usually assume that f is C? with Lipschitz-continuous Hessian,
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that is, there exists A > 0 such that
ID?f(x) = D*f(y)| < Allz =yl Va,yeR™

In all that follows ||| = /> 27 denotes the Euclidean norm of a vector z € R" and
(-,+) is the corresponding Euclidean inner product. If A : R" — R™ is a linear map, then

||A|| denotes the operator norm defined by the Euclidean norms on R™ and R™, that is,
|Al] = inf{\ > 0 : ||Az|| < A||z|| V2 € R"}.

The gradient V f(z) of a function f : R® — R is sometimes denoted by g;(z), and its Hessian
D*f(x) by H¢(x). The Jacobian Df(z) of a function f : R" — R™ is sometimes denoted
by Js(x). Note: if m = 1 then Jp(z) = gs(z)T. We will also use the so-called “big O”
notation: we say that a function g(z) is of order ||z||* and write g(x) = O(||z||*) if there

exists a constant ¢ > 0 and a § > 0 such that |g(z)| < c||z||* whenever ||z|| < 4.

A well designed optimization algorithm should be able to recognize when an approxi-
mate minimum has been attained. We therefore need a mathematical characterization of
local minimizers. In the univariate case, we all know that a necessary condition is f'(z) = 0,
and that second derivatives help deciding whether z is a local maximizer or minimizer. The

same idea works in higher dimensions:

Theorem 2.2.3 (Optimality Conditions for Unconstrained Minimization). (i) If f : R" —
R is differentiable at x* € R™ and has a local minimum there, then V f(x*) = 0, that
18, ¥ s a stationary point of f. This is a first order necessary optimality condition,

because it involves first derivatives, or the first order Taylor approximation of f.

(i) If f: R™ = R is twice differentiable at x* € R"™ and has a local minimum there, then

the Hessian D?f(z*) is positive semidefinite, that is, hY D*f(x*)h > 0 for all h € R™.
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This is a second order necessary optimality condition.

(iii) If f: R™ — R is twice differentiable at x* € R™, and if Vf(z*) = 0 and D?f(z*) is
positive definite, that is, if hY D2 f(x*)h > 0 for all h € R™\ {0}, then z* is a local

manimazer of f. These are sufficient optimality conditions.

Again, the proof is omitted here.
The optimality conditions in Theorem 2.2.3 play an important role in the construction

of algorithms: Solving the simultaneous system of nonlinear equations
Vi(z)=0

by an iterative procedure generating a sequence of points (zy)y, if we can assure that f(xzy)

decreases in each iteration,

f(@ra) < flaw) VE,

then in practice (x)y can only converge to a local minimizer z* and
IV f(z")|| <€

can be used as a stopping criterion. Thus, solving unconstrained optimization problems is
closely related to the problem of solving simultaneous equations with the added feature that
progress can be controlled by monitoring a naturally defined merit function f.

Most competitive algorithms for unconstrained minimisation are based on this idea.
There are two main families of such methods: line-search methods and trust region methods.

We start with a description of the former.

The minimal assumption we need to make for this algorithm to work is f € C! with

Lipschitz continuous gradient. The generality of Algorithm 2.2.5 leaves flexibility both in



39

Algorithm 1 Descent method

S0 Choose a starting point xg € R™ and a tolerance parameter € > 0. Set k = 0.
S1 If |V f(x1)|| < € then stop and output z; as an approximate local minimizer.
S2 Otherwise choose a search direction dy € R™ such that (V f(zy),d) < 0.

S3 Choose a step size ag > 0 such that f(z; + ardy) < f(zk).

S4 Set xpyq 1= xp + agdy, replace k by k + 1, and go back to S1.

the choice of the step length «j and the search direction dj. Different methods are devised

based on these choices, and we will only cover the ones related to the author’s research.

2.2.6 Newton’s Method

The Newton—Raphson method, is probably the most-expensive-to-compute but fastest-to-
converge method for unconstrained optimization, which sets the benchmark for convergence
speed, both in theory and in practice.

Let us first consider how to find zeros of a differentiable univariate function g, that is,
suppose we want to find z* € R such that g(x*) = 0. If we are given an approximation zj, of

x* such that ¢'(z;) # 0, then the linear function

@ x> g(og) + g'(2n) (2 — 24)

has the unique zero x41 = xr — g(x) /g (zx), see Figure 2.3. But ¢ is the first order Taylor
approximation of g around x, which locally approximates g well. Therefore, it is reasonable
to expect that under benevolent conditions xy,; should be an even better approximation
of x* than xy, and that (xj)y converges to z* if the same process is applied in an iterative

fashion. This is the Newton—-Raphson method for zero-solving. The “benevolent” conditions
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Figure 2.3: Newton’s method for univariate zero-finding.

we need are simply that ¢/(z*) # 0 and that z;, lies in sufficient proximity to z*. This will

follow from Theorem 2.2.4 below.

The multivariate version of the Newton-Raphson method is a direct generalization: we
now seek a root (or zero) of a multivariate function g : R — R™. Given an approximate root
xr € R™ we find the next iterate x;, 1 as the zero of the first-order Taylor approximation of g
around x, or in other words, as the root of the linear system of equations g(xy) + J, () (x —
xy) = 0, where J,(z) = [379;] is the Jacobian of g at . When Jy(x) is nonsingular, this

linear system has the unique solution

Ty1 = T — Jy(zr) " g(x).

Note that if g € C* and det J(z*) # 0 then J,(z) is nonsingular for all z; in a neighborhood

of z*, and x4 is well defined.

Note that in this approach a difficult nonlinear problem is replaced by a sequence of
easy linear problems. Much of numerical analysis follows similar approaches. Now, if we go
back to the unconstrained optimisation problem (2.32), the first order necessary optimality

condition of Theorem 2.2.3 (i) tells us that (2.32) can be replaced by the multivariate root-
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finding problem
Vf(z)=0. (2.33)

When we apply the Newton—Raphson method to the zero-finding problem (2.33), we obtain
the updating rule

Thsr = w5 — (D2 f (1)) "V f (), (2.34)

which is well-defined as long as D?f(zy) is nonsingular. We call

ng(xy) == —(DQf(xk))_IVf(a;k)

the Newton-step.

Algorithm 2 Newton-Raphson method

Let f € C*(R") and let 2y be an initial approximation of a local minimizer x* of f. The
Newton—Raphson method for solving (2.32) consists in computing the sequence of points
(xx)n defined by

Tr1 = g + ny(T).

This is an excellent method for minimizing convex functions, since D?f(x;,) = 0 implies

(np(x), V f(ar)) = =V f (@) "D f(22)V f (21) <0,

that is, ny(xy) is a descent direction. Furthermore, Theorem 2.2.4 below shows that the
Newton—Raphson method converges to a stationary point x* Q-quadratically, and since the
local minimizers of a convex function are exactly characterized by the optimality condition
Vf(z*) =0, z* must be a local minimizer.

Regrettably, when f is not convex, the Newton-Raphson method is not guaranteed to
converge to local minimizer. Cycling can occur (i.e., z4; = x) for some k, j € N) but is

unlikely in practice, but more importantly, the method can converge to a local maximizer or



42

a saddle point of f.

As for the convergence speed of the Newton—-Raphson method, we have

Theorem 2.2.4. Let f € C*(R",R) have A-Lipschitz continuous Hessian and let z* € R"
be a stationary point of f. If D*f(x*) is nonsingular then there exists a neighborhood B,(x*)
of x* such that choosing xy € B,(x*) as a starting point and applying the Newton-Raphson
method generates a sequence (xy)y that is is well-defined, lies in B,(z*) and converges to x*

Q-quadratically.

Theorem 2.2.4 shows that the Newton—Raphson method produces an output sequence
(zx)n in which every x4 approximates x* with roughly twice as many correct digits as xy,
as long as the process is started within B,(z*). In applications it is a drawback that the radius
p depends on the Hessian D?f(z*), which is of course unknown because z* is unknown. The
ball B,(z*) is called the domain of quadratic attraction of x*. During the 1990’s, interesting
new theories have been developed (most notably Nesterov and Nemirovskii’s theory of self—
concordant functions [57]) which show that for certain classes of objective functions there
exist mathematical criteria which make it possible to detect that x; lies in the domain of
quadratic attraction without knowing the location of *. The ensuing interior-point methods
based on these principles have revolutionized the way in which many important optimization
problems are solved in practice, including linear programming.

The Newton—Raphson method plays indeed a uniquely important role as a basic element
in many practical optimization algorithms. However, its usefulness has limitations in situa-
tions where computing the Hessian D? f and solving the linear system D? f(x)dy = —V f (1)
to determine the Newton step is computationally too expensive. In some applications the
problem dimension is so large that it is not possible to keep all the entries of D?f in the

main memory of a computer.
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2.2.7 The Quasi-Newton Methods and BFGS update

To avoid the expensive Hessian D?f computation, the family of algorithms called quasi-
Newton methods are devised. The idea goes as follows: If instead of the Hessian D?f(x},)
we use an approximation By, ~ D?f(x;), we can generalize this idea and consider the mini-

mization problem mingcgrn p(z), where p(z) is a quadratic model
p(&) = (@) + (T (@), = a0 + 50— 20) Bula — 1)
of the objective function f. The minimization of p(x) yields the iterate
a* = x), — B 'V f(z).

This update is well-defined when Bj is nonsingular, and in particular when By is positive
definite symmetric. Since By is only an approximation of D?f(x},), the update dj, = x* — x;,
is used as a search direction rather than an exact update. A line-search then yields a new
Quasi-Newton iterate

Thy1 = Tp + pdy.

Suppose we are given a rule for cheaply computing Bj;,; as a function of the previously
computed gradients V f(zg), ..., V f(xgs1), or as a function of the previously computed quan-

tities By, V f(zx) and V f(x41). Then a generic quasi Newton algorithm proceeds as follows:

To turn the generic procedure outlined in Algorithm 2.2.7 into a practical algorithm,
we have to specify how to update the approximate Hessian Bj,. The most widely used
optimization algorithm in unconstrained optimization is the Broyden—Fletcher—Goldfarb—
Shanno (BFGS) method [25]. Maintaining positive definiteness comes at the slight price of

requiring rank 2 updates: By is of the form

By = By + uu’ 4 oo’
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Algorithm 3 Generic Quasi-Newton Method

S0 Choose a starting point xg € R", a nonsingular By € S™ (often the choice is By = 1),
and a termination tolerance € > 0. Set k = 0.

S1 If ||V f(xx)|| < € then stop and output z), as an approximate local minimizer of f. Else
go to S2.

S2 Compute the quasi-Newton search direction dj, = —B; 'V f ().

S3 Perform a practical line-search for the minimization of ¢(a) = f(zi + ady): find a
step length ay that satisfies the Wolfe conditions and compute the new iterate x,. 1 =
T + Oékdk.

S4 Compute the new approximate Hessian By, according to the specified rule.

S5 Replace k by k£ + 1 and go to S1.

that is, the update consists of a sum of two symmetric rank 1 matrices, and such matrices

are of rank 2 if v and v are linearly independent.

BFGS updates are described by the relation

Browdy By v

Bis1 = By — ,

(2.35)

where v, = V f(xrr1) — Vf(zr) and 6 = T — 2 = apedy.

If dj, was known, computing the update would take O(n?) operations, but the computa-
tion of dj. requires the solution of the linear system Bydy = —V f(x;). Here we achieve a
complexity reduction by maintaining By, as a Cholesky factorization By = L;L{. In fact,
as a by-product of this approach it is not too hard to find that Bj,; inherits the positive

definiteness property from B;.
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Suppose By is positive definite symmetric and that we know its Cholesky factorization
By, = LiL}. Then solving the linear system Byd, = —V f(z},) is the same as solving the two

triangular systems

Lige = =V f(x1), (2.36)
Lidy, = gy (2.37)

Triangular systems are great because they can be solved by direct back-substitution.

Thus, if the Cholesky factorization of By is available, the computation of dj; incurs an
O(n?) cost and the BFGS method takes O(n?) work per iteration. The main idea of the
BFGS method then becomes to seek a sensible updating rule Ly <— Liy, for the Cholesky
factor and to take Byy1 = Ly L} 41, Which automatically guarantees that By is symmetric

positive definite.

In order to avoid cluttering when summarizing the ideas, we write B, L, o d 6 and v
for By, Ly, ag, di, 0r and 7, respectively, and B., L, etc. instead of Byi1, Ligi1 and so
forth. At first, we will neglect the condition that L is lower triangular and replace it by an

arbitrary nonsingular matrix J such that JJ* = B and J,J} = B,.

BFGS will attempt to solve the minimization problem

min ||J; — J||p (2.38)
Jy
st. Jrg =1, (2.39)
where || - || is the Frobenius norm and g € R" is a parameter vector. Choose g so that
Jio=g. (2.40)

The result will be that By = J,J| satisfies the quasi-Newton equation and that ||.J; — J| r,

a measure of distance between B, and B, is minimized under this condition.
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This minimization problem (2.38) is clearly the same as the smooth strictly convex opti-

mization problem as follows

mJi+n tr((Jy — J)(Jy — I)7) (2.41)

s.t. Jrg =",

where tr(A) = ). A;; denotes the trace of a square matrix A. This problem can be refor-

mulated as

n
st. (Jy, ety =7 (i=1,...,n), (2.43)

where e; is the i-th coordinate vector and

() TRV R™™ 5 R
(A, B) = (A, B) :=tr(AB") = ) _ayby
i,

is a Euclidean inner product on the vector space R"*" of n x n real matrices. It is easy to

check that the Euclidean norm that corresponds to this inner product is the usual Frobenius

lAllr = > A3
i

Thus, (R™ ", (-,-)) is a Euclidean space of dimension n®. The problem (2.42) is then the

norm, defined by

task of finding the point closest to .J in the affine subspace defined by the constraints (2.43).
The minimum is achieved at the unique point J3 where (Ji — J) is orthogonal to the affine

subspace, that is, (J5 — J) € span(e1g”,...,e,9").
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Condition (2.40) now becomes

J'e = (1 - Mé) g, (2.44)

gty

and since JT§ # 0, this can only be satisfied for ¢ = 8J%6 with 8 # 0. Substituting into
(2.44), we obtain

B B(YY6 — adTBd)
L= <1 a 26T B§ )5’

N el
B=4y s (2.45)

Note that if « satisfies the Wolfe conditions of Lecture 2, then

or

V16 = (Vf(z+ad) — Vf(x)) ad > (¢ — 1)¢'(0) > 0.

Therefore, the square-root in (2.45) is real.

Expressing the update of J in terms of 3, we find

(y = BBS)6"J

J+:J+ BéTB(S

(2.46)

The corresponding update of B is

By =J.J]
_yyr (0 =BBYSTB  Bi(y—BBOT (v = BBy~ BBI)T
B6TBS B6TBS 326" B§
BB o

T 5TBs | B%"Bs
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Using (2.45), this yields the BFGS formula (2.35):

B§6TB 4yt

B.—B- .
+ 5TBs T 4Ts

Note that this formula is independent of the sign of 3, and more importantly of .J, that
is to say, we could have chosen any factorization B = JJ"' of B into a nonsingular matrix J
and its transpose and we would have ended up with the same update for B. This property
makes it possible to choose J = L, where L is the Cholesky factor of B. With this choice
the transpose of Equation (2.46) becomes

LT(y = pBs)"
BOTBS

Ji=L"+

This is an upper triangular matrix plus a rank 1 update.

Next we have the following lemma:

Lemma 2.2.1. Let X € R™™" be a square matrix. Then there exist unique matrices (), R €
R™" such that Q is orthogonal (that is, QTQ =1) and R is upper triangular (that is R;; = 0
if i > j) and with nonnegative diagonal entries (that is, R; > 0 for all i), and such that
X =QR.

Using the triangular structure of J7, it is easy to show that the QR factorization of

JI = Q+R.: can be computed in O(n?) operations. But then we have
B, = J+JI = RJTFQJTFQJrRJr = R$R+7

and this shows that L, := R} is the Cholesky factor of B..
Having derived the BFGS update and a rule for computing the updates of the Cholesky
factor of the approximate Hessian By, we can now formulate the BFGS algorithm with all

the pieces put together:
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Algorithm 4 BFGS method

S0 Choose a starting point xy and a lower triangular matrix Ly with positive diagonal
entries (the usual choice is Ly = I, if no other information about the problem is
known). Set a termination tolerance ¢ > 0. Set k = 0.

S1 If ||V f(zk)| < € then stop and output z; as an approximate local minimizer.

S2 Otherwise solve the triangular system Ligr, = —V f () for g, and then the triangular
system errdk = g, for dj.

S3 Perform a line search to find a positive step length ay, > 0 such that f(x, + apdy) <
f(zx), and such that oy satisfies the Wolfe conditions.

S4 Set 0y, := apdy, Tpr1 = x + 0. Compute v = Vf(xpy) — Vf(zg) and g =

S5 Compute
LT5k(’Vk - ﬁkBk(Sk)T
JT — LT k
k+1 k + ﬁkngdk ’
and then compute the QR factorization J;'; = Qui1Ry41. Set Lyy1 = Rp,, and

return to S1.

The BFGS algorithm spends O(n?) computation time per iteration, yet its convergence
behavior is not too much slower than that of the Newton—Raphson method. With additional
conditions, it can be shown that the BEGS method has local @)-superlinear convergence (but
not (Q-quadratic). It can also be shown that if the BFGS algorithm is used on a strictly
convex quadratic function and in conjunction with exact line searches, then Bj becomes the
exact (constant) Hessian after n iterations.

However, it also has drawbacks. It needs to keep a n x n matrix Hj, (the inverse of the
approximate Hessian By) or Ly, (the Cholesky factor of By) in the computer memory. In other
words, there is an O(n?) memory requirement for quasi-Newton methods. In comparison,

the steepest descent method only occupies O(n) memory at any given time: after xy,; has
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been computed, the registers that were previously used to store the n components of V f(zy)
can be overwritten with the data V f(zg11), then x4 can be overwritten with zx, etc. In
situations where n is very large, the steepest descent method can therefore still cope with
keeping all the necessary data in the main memory when quasi-Newton methods have long

ceased to be effective and spend most of their time in data transfers.

2.2.8 Trust Region Methods

Apart from line-search methods, Trust region methods constitute a second fundamental class
of algorithms. In this approach (2.32) is again replaced by a sequence of easier problems, but
instead of reducing the problem dimension, the simplicity is achieved by replacing f with a

degree 2 polynomial (conventional). Conceptually, the idea can be described as follows:

e In iteration k, replace f(z) by a locally valid quadratic model function my(x):

my(x) = fay) + V fap)" (@ — zp) + %@ — ay) " By — ay) (2.47)

e Choose a neighborhood Ry, of the current iterate xj in which my(z) can be trusted to

approximate f well (we do not care about how well m;, approximates f outside Ry).

e The next iterate xxyq is found by approximately minimising the model function over
the trust region,

T+1 A arg min my(x). (2.48)
TERy,

The linear part of (2.47) coincides with the first order Taylor approximation of f around
T, so that my(x) will be a good local approximation of f(z) if By &~ D?f (). To make the
method work, one thus has to worry about how to update By cheaply.

Let yx11 be the approximate minimizer of the trust region subproblem (2.48). In principle,

this is the point we would like to select as our next iterate zp,,. However, y,,1 is computed
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on the basis of the model function my, and it could happen that moving to yx1 leads to
an increase rather than decrease in of the true objective function f. Trust-region methods
therefore accept yr,1 only if the decrease achieved in f is at least a fixed proportion of the

decrease “predicted” by my,

i flen)—f(ypt1)
Y1, I =S > p,

Ty, otherwise,

where p € (0,1/4) is fixed. Note that rejecting the update does not imply that the algorithm

will stall, because we can still shrink the trust region so that yg.o # yry1.

The easiest way to define a trust region Rj is to choose the closed ball of radius Ay

around zj, in some norm || - ||,
Ry ={r e R": ||z — x| < Ar}.

For simplicity, we will assume that || - || is the Euclidean norm. Ay is called the trust region

radius.

In order to define a new trust region Ry, around x4, it suffices to fix a rule on how to

select Ay.1. The following rule is a popular choice.

.

A gf Fln)—fluer) 1
2 my (k) —me(Yr+1) 47
Appr =  min(24y, Ay, if L) 8 (2.50)

A}, otherwise.
\

The rule is designed so that A, never exceeds Ay, and it is motivated by comparing the
objective function decrease f(xy)— f(yr+1) with the decrease my(xy) —my(yrs1) “predicted”

by the model function:
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e If the actual decrease was below our expectations, this indicates that m, should be
regarded as a more local model than before. We thus find a reasonable Ay, by

shrinking Ay.

e If the actual decrease was above our expectations, we feel confident to expand the trust

region by selecting Ag.1 as an expansion of Ag.

e [f there is neither reason for expanding or shrinking, we stick to the previous value

Apy1 = Ay

By now we assembled the necessary elements to formulate a generic trust region algorithm:

Algorithm 5 Generic Trust region Method
SO Choose Apax > 0, Ag € (0, Apax), 7 € (0,1/4), 29 € R, By, € > 0.

S1 While ||V f(zy)|| > € repeat

Compute yx.1 as the approximate minimizer of (2.48).
Determine x4 via (2.49).

Compute Ay yq using (2.50).

Build a new model function my. ().

k+ k+1.
end

S2 Return zy.

In step S1 of the algorithm, the approximate minimizer yx,; can be computed in many

different ways. For them to work out though, we need to assume that the method chosen
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for computing yx1 compares favorably to a specific benchmark, the so-called Cauchy point.
This point is obtained when a steepest descent line-search is applied to m, at z; and is
restricted to Rj.

An unrestricted line-search in the direction —V f(zy) yields the step-length multiplier

ap = argminmy (v — aV f(zy))
2
= argmin f(z) — aV f(ze) "V f () + %Vf(fk)TBka(l‘k)
+00 if V f(zx)" ByV f () <0,

Vf(zr) TV f(zg) .
Vf(zk)kTBkvf(I;k) otherwise.

If we want to stay within Rj, we have to “clip” o} to a constrained step-length multiplier
af. Note that a — my(zy — aV f(z)) is strictly decreasing on [0, o). Moreover, the radius

|xr — aV f(xy)]| is strictly increasing over the same interval. Therefore, the correct clipping

A
af = min <m, ozZ) (2.51)

and y 1= xp — aiV f(zg) is the Cauchy point of the trust region subproblem (2.48).

rule is given by

Using the concept of Cauchy point, one may indeed obtain a global convergence result

for the Trust region method.

Theorem 2.2.5. Let Algorithm 2.2.8 be applied to the minimization of f € C*(R™,R), and
for all k let yg1 be computed such that my(yr+1) < my(ys) holds. Let there exist f > 0 such
that for all k, || B, | D*f (zx)|| < B, and finally, let Ao > €/(14/3). Then ezactly one of two

following alternatives occurs:

(i) The algorithm does not terminate, but limg_,o f(xr) = —00 and f is unbounded below.

(i) The algorithm terminates in finite time, returning an approrimate minimizer.
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The proof will be omitted here for simplicity. The reader is referred to [19] if interested.

2.2.9 Constrained Optimization and the KKT Conditions
In this section we will consider the problem of minimizing objective functions over constrained
domains. The general nonlinear programming problem of this kind can be written as

(NLP) min f(z)

st. gi(x)=0 (i€f),
gj(x) >0 (1€1),

where £ and 7 are the finite index sets corresponding to the equality and inequality con-
straints, and where f,g; € C*(R™",R) for all (i € ZUE).

In unconstrained optimization we found that we can use the optimality conditions to
transform optimization problems into zero-finding problems for systems of nonlinear equa-
tions. A similar approach can be developed for constrained optimization: in this case the
optimal solutions can be characterized by systems of nonlinear equations and inequalities.

A natural by-product of this analysis will be the notion of a Lagrangian dual of an
optimization problem: every optimization problem - called the primal - has a sister problem
in the space of Lagrange multipliers - called the dual. In constrained optimization it is often
advantageous to think of the primal and dual in a combined primal-dual framework where

each sheds light from a different angle on a certain saddle-point finding problem.

Theorem 2.2.6 (Farkas’ Lemma).
Let aq,...,a,,b € R" be a set of vectors. Then exactly one of the two following alternatives

occurs:

(i) 3y € R such that b="Y"." y;a;.
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(ii) 3d € R™ such that d*b < 0 and d¥a; >0 for all (i =1,...,m).

Note that Alternative (i) says that b lies in the convex cone generated by the vectors a;:

b € cone(ay,...,ay) = {Z it o N > OW} )

=1

Alternative (ii) on the other hand says that the hyperplane d+ = {z € R" : dTz = 0}
strictly separates b from the convex set cone(as,...,a,). Thus, Theorem 2.2.6 is a result
about convex separation: either b is a member of cone(ay,...,a,,) or there exists a hyper-

plane that strictly separates the two objects. See Figure 2.4 for an illustration of the two

cases.

Figure 2.4: [llustration of the two alternative situations described by Theorem 2.2.6, where
C = cone(ay, . ..,ay). On the left, Alternative (ii) is depicted, and on the right, Alternative

(i).

Now for the optimality condition, a useful picture is to imagine a point mass m moves
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on a hard smooth surface
G:={(z,2) eR"xR: g(z) =0}

which is parallel to the z-axis everywhere and keeps the point mass from rolling into the
domain where g(z) < 0. Such a surface can exert only a normal force that points towards the
domain {z : g;(x) > 0}. Therefore, the reaction force must be of the form Ng = ,ug(vgo(z)),

where p, > 0. In the case depicted in Figure 2.5 where there is only one inequality constraint,

Gj
/

X2

x1

Figure 2.5: Mechanistic interpretation of constrained first order optimality conditions: the
sum of external forces has to be zero.

the point mass is at rest and does not roll to lower terrain if the sum of external forces is
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zero, that is, ]\7f + Ng +mg = 0. Since Nf = uf(_vf(‘”)) for some py > 0, we find

~Vf(z) Vg(z) 0
1253 + Mg + = 07
1 0 —mg

from where it follows that ;1 = mg and
Vf(xz) = AVg(x) (2.52)

with A = pu/mg > 0. In other words, N ¢ is determined by the condition that its vertical
component counter-balances the force of gravity, and ]\79 by the condition that it counter-
balances the horizontal component of N #. This second condition is expressed in the balance

equation (2.52).

When multiple inequality constraints are present, then the horizontal component of N ¥
must be counter-balanced by the sum of the reaction forces exerted by the constraint mani-

folds that touch the test mass. The balance equation (2.52) must thus be replaced with

Vi(z) =) \Vg;(x)
j€T
for some A\; > 0, and since constraints for which g;(z) > 0 cannot exert a force on the test

mass, we must set A; > 0 for these indices, or equivalently, the equation \;g;(z) = 0 must

hold for all j € Z.

It remains to discuss the influence of equality constraints when they are present. Replac-
ing g;(z) = 0 by the two inequality constraints g;(z) > 0 and —g;(x) > 0, the mechanistic
interpretation yields two parallel surfaces G;" and G;, leaving an infinitesimally thin space
between them within which the point mass is constrained to move, see Figure 2.6. The net

reaction force of the two surfaces is of the form

A Vgi(z) + A7 V(=gi)(z) = \iVg(x),
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Figure 2.6: Mechanistic interpretation of an equality constraint: the net reaction force can
point to either side of G;. Here, we are looking down the z-axis.

where we replaced the difference A\ — A\, of the bound-constrained variables \;/, \; > 0
by a single unconstrained variable \; = A\j — A;. Note that in this case the conditions
A gi(z) =0, A\; (—gi(x)) = 0 are satisfied automatically, since g;(z) = 0 if x is feasible.

In summary, the mechanistic motivation suggests that if = is a local minimizer of (NLP),

then there exist Lagrange multipliers A € RTYEl such that

i€TUE
gi(x)=0 (i€

gi(x) =20 (jeI)

Ajgi(z) =0 (j €T)

Aj >0 (j€D).

These are the so-called Karush-Kuhn-Tucker (KKT) conditions. The above intuitive mo-
tivation cannot replace a rigorous proof, but the physical interpretation provides an easy

explanation and a jog for memory.

So far, the fundation has been laid for the presentation of the author’s work. In the

following chapters, we will revisit many of the concepts mention in this chapter.
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Chapter 3

SUCCESSIVE CONVEXIFICATION FOR NON-CONVEX
OPTIMAL CONTROL

Successive Convexification is a family of iterative algorithms that solves non-convex op-
timal control problems. Depending on what the sources of non-convexity are and what the
system dynamics look like, one can choose to a certain variant of the algorithm that is better
suited for the problem. In this section, we will first focus on the main and general-purpose
algorithm, SCvx. It can handle complex nonlinear system dynamics and non-convex state
constraints that have minimal assumptions placed on them. Therefore, it is the go-to choice

for many types of optimal control problems, from spacecraft guidance to optimal power flow.

3.1 Problem Statement

A continuous-time optimal control problem has to be discretized before it can be solved
using optimization methods on a digital computer [36]. One may use, for instance, Gauss
collocation method [31] or pseudospectral method [27] to achieve that. Therefore in this
section, it is sufficient for us to consider just the discrete-time finite-horizon optimal control

problem as in Problem 3.1.1.

Problem 3.1.1. Non-Convex Optimal Control P]\;oblem
min  C(z,u) = Z(b(aci,ui), (3.1a)
i=1

subject to:
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Tiv1 = [z, uy), i=1,2,...,N—1, (3.1b)
s(xi,u;) <0, i=1,2,...,N, (3.1c)
7 € X; CR™, i=1,2,.. N, (3.1d)
w; € Uy C R™, i=1,2,...,N—1, (3.1e)

In Problem 3.1.1, z; and w; represent the state and control vectors at the i** discrete time
step, X; and U; are assumed to be convex and compact sets which include the boundary
conditions, and N denotes the total number of time steps. For simplicity, and without loss
of generality, we assume that N is fixed (i.e. fixed final time; see [73] for a treatment of

free-final-time problems). More concisely, these variables can be written as
v= [zl 2], ... 2k’ € X CR™N

wi=[ul Wl uk )T e U C RVD,

where X is the Cartesian product of X;, and U is the Cartesian product of U;. We assume
that the function ¢ : R x R™ — R in (3.1a) is convex and continuously differentiable. This
is a reasonable assumption for many real-world optimal control problems. For example, the
minimum-fuel problem has ¢(z;, u;) = ||u;||2. The system dynamics are represented by (3.1b),
where f : R™ x R™ — R" is assumed to be a continuously differentiable nonlinear function.
The state constraints are represented by 3.1c, where s : R™ x R™ — R"s is assumed to be
a continuously differentiable non-convex function. Often, lossless convexification can be
leveraged to handle the non-convex control constraints (see e.g. [3, 4]). This should be
done whenever possible. In summary, the non-convexity of Problem 3.1.1 is due to (3.1b)

and (3.1c).
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3.2 Algorithm Description

The basic operating principle of the SCvx algorithm involves linearizing the non-convex parts
of Problem 3.1.1 about the solution of the k" iteration. This results in a convex subproblem
that is solved to full optimality (which makes this different than standard trust-region based
methods), resulting in a new solution for the (k + 1) iteration. This process is repeated in
succession until convergence is achieved. In general, the solution to the convex subproblem
will not be optimal with respect to the original non-convex problem. To recover optimality,
the algorithm must eventually converge to a solution that satisfies the first-order optimality

conditions of Problem 3.1.1.

To achieve this, we begin by denoting the solution to the k' iteration as (z*,u*). At each

0 0 0

koo ko k.

f(xzuuz) PR Bz — f(xlauz) e ok’ Sq, T S(xiaui) PR Qz =

5 sy, u;) - and define d = x — ok dp =2y — 2F w = u— ¥ and w; = u; — uF in
Usj

7
terms of the solution to the current iteration, (x,u). At the i'* time step, the first-order

time step i, let A¥ =

797

approximation of (3.1b) and (3.1c) about (z¥,uF) is given by

alfoy +dip = faf,uf) + Ald; + Bfw;, (3.2a)

s(xf,uf) + Skd; + QFw; <0, (3.2b)

which is a linear system with respect to the incremental state and control variables, d; and
w;, of the convex subproblem. The linearization procedure affords the benefit of convexity,
but introduces two issues that obstruct the convergence process: artificial infeasibility and

artificial unboundedness.

Artificial infeasibility happens when a feasible non-convex problem is linearized about a
point (z,u) and it results in an infeasible convex subproblem. This undesirable phenomenon
is often encountered during the early iterations of the process, and to mitigate its effects

from the linearization of nonlinear dynamics, we augment the linearized dynamics in (3.2a)
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with an unconstrained virtual control term, v; € R™:

where EF € R"™>*™ is selected such that im(EF) = R™ and thus guaranteeing one-step
controllability. Since v; is left unconstrained, any state in the feasible region of the convex
subproblem is reachable in finite time. For example, for a mass-spring-damper system, the
virtual control can be interpreted as a synthetic force to ensure feasibility with respect to state
and control constraints. Consequently, the resulting augmented convex subproblem is no
longer vulnerable to artificial infeasibility arising from the linearization of (3.1b). While the
virtual control term makes any state reachable in finite time, it does not allow the problem to
retain feasibility when the state and control constraints in (3.2b) define an empty feasible set
(e.g. consider the union of the state constraints [1,0,..., 0]z > e and [1,0,..., 0]z < —e,

for € > 0).

To mitigate artificial infeasibility caused by the linearization of non-convex state and con-
trol constraints, we introduce an unconstrained virtual buffer zone term, s'; € R} (meaning
s'; > 0), to (3.1¢):

ko ok k k /
(@i, ui) + Sidi + Qfw; — 8’y < 0. (3.4)

s'; can be understood as a relaxation term that allows the non-convex state and control
constraints in (3.2b) to be violated. In an obstacle avoidance example, s’; can be interpreted
as a measure of the obstacle constraint violation necessary to retain feasibility at the i** time

step.

To ensure that v; and §'; are used only when necessary, we define

[T T T T ny(N—1
vi=[l ol 0L T e RV
1T T 1T T ns(N—1)
s =s1,55,..., 8y €RY :

and augment the linear cost function with the term Zf\;l NiP(E;v;, s';), where the \;’s are
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sufficiently large positive penalty weights, and P : R™ x R™ — R is an exact penalty
function (which will be more precisely defined later in (3.12)). Thus, to obtain the solution
for the (k + 1)™ iteration, we use the penalized cost given by
N-1
L*(d,w) = C(2" + d,u* +w) + Z NP (EFv;, s'5). (3.5)
i=1
Note that we omitted the dependence of v; and s'; in L* for simplicity. Its corresponding
nonlinear penalized cost is given by

N-1
J(z,u) = C(z,u) + Z NP (zipn — [, w), s(zi,w;)). (3.6)
i=1

The second adverse effect of linearization is artificial unboundedness. This occurs when
the local properties of the non-convex problems are extrapolated well beyond the neigh-
borhood of the linearization point. For example, consider the following simple non-convex
optimization problem: {min zs|zy = 2%}, whose solution is (z},z3) = (0,0). Linearizing
this non-convex problem about any point other than (z3, x3) renders the linearized problem
unbounded. To mitigate the risk of artificial unboundedness, we impose trust-region con-
straint ||u — u*|| < ¥, ie., [[w|]| < r¥ to ensure that u does not deviate significantly from
the previous control input u*. By selecting 7* appropriately, this constraint, in conjunction
with (3.3), ensures that x remains sufficiently close to the state vector obtained in the pre-
vious iteration, z*, thus keeping the solution within the region where the linearization is
accurate.

We are now able to present the final problem formulation and a summary of the SCvx
algorithm. At the (k + 1) iteration, we solve the convex optimal control subproblem,
Problem 3.2.1. For many applications, U and X are simple convex sets, e.g. second order
cones, in which case Problem 3.2.1 can be readily solved by SOCP solvers (e.g. [24]) in a

matter of milliseconds.

Problem 3.2.1. Convex Optimal Control Subproblem
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rgin L*(d,w),

subject to: w*+w e U, 2F+deX, |uw| <k

The SCvx algorithm solves Problem 3.1.1 according to the steps outlined in Algorithm 6.
It follows standard trust-region radius updating rules, but differs from conventional trust-
region methods in some significant ways, as discussed later in Section 3.2.

In the following we will discuss some of the algorithm details. In line 2, we initialize the
algorithm by using random initial state z! and control «!, which need not to be dynamically
feasible. This is important because finding a feasible solution itself is a difficult non-convex
problem, and SCvx fortunately does not require that. There are no strict rules to following
in choosing parameters. Generally speaking, pg is very close to 0, p; is slightly greater than
0, and ps can be marginally less than 1. r; can be slightly greater than 0.

The quality of the linear approximation used in Problem 3.2.1 can be understood by
inspecting the ratio p* in (3.9), which compares the realized (nonlinear) cost reduction AJ*
in (3.7), to the predicted (linear) cost reduction AL* in (3.8) based on the previous (i.e.
k') iteration. In line 13, when p, is small (i.e. when p* < py < 1), the approximation
is considered inaccurate, since the linear cost reduction over-predicts the realized nonlinear
cost reduction. Consequently, the solution (d, w) is rejected, the trust region is contracted by
a factor of @ < 1, and the step is repeated. The contraction of the trust region ensures that
this condition can occur only a finite number of times, thus guaranteeing that the algorithm
will not remain in this state indefinitely.

In line 15, if p* is such that the linearization accuracy is deficient, yet acceptable (i.e. when
po < p* < p1), then the solution (d,w) is accepted, but the trust region is contracted. The
former is done to avoid unnecessarily discarding the solution that has already been computed,

while the latter is done to improve the linearization accuracy of the next succession.
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Algorithm 6 The SCvx Algorithm
1: procedure SCvx(z', ul, \ €;01)

2 input Select initial state ! € X and control u! € U. Initialize trust region radius
r! > 0. Select penalty weight A > 0, and parameters 0 < py < p1 < p2 < 1, r; > 0 and
a>1,0>1.

3: while not converged, i.e. AJ* > ¢,,; do
4: step 1 At (k+1)" succession, solve Problem 3.2.1 at (x*, u*, r*) to get an optimal
solution (d,w).
5: step 2 Compute the actual change in the penalty cost (3.6):
AJF = J(2F k) — J(2F + du” 4 w), (3.7)

and the predicted change by the convex cost (3.5):

ALF = J(aF, u®) — L¥(d, w). (3.8)
6: if AJ¥ =0 then
T: stop, and return (2%, u*);
8: else
9: compute the ratio
"= AJE AL (3.9)
10: end if
11: step 3
12: if p* < py then
13: reject this step, contract the trust region radius, i.e. 7¥ < 7*/a and go back
to step 1;
14: else
15: accept this step, i.e. 2*! « 2F 4+ d, v «— ¥ + w, and update the trust

region radius r*! by
r*fa, if p* < py;
k1 _ .
=gk i py < pF <y

Brk,if py < pF.

16: end if

17: rA 1« max{r** r;}, k < k + 1, and go back to step 1.
18: end while

19: return (zF1 y~ 1),

20: end procedure
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When pF is sufficiently large, yet significantly less than unity (i.e. when p; < pF < py), the
linearization is deemed sufficiently accurate. Consequently, the solution (d,w) is accepted,
and the trust region size is retained.

Lastly, when p* is close to unity, the linear cost reduction accurately predicts the realized
nonlinear cost reduction. Moreover, if p* is greater than unity, then the linear approximation
under-predicts the cost reduction, and is thus conservative. These conditions indicate that
the linearization is accurate or conservative enough to enlarge the trust region. Hence, when
Pk > p2, the solution (d,w) is accepted, and the trust region size is increased by a factor of

£ > 1 to allow for larger w, and therefore d, in the next succession.

Comparison with Conventional Nonlinear Programming Methods

One important distinction between SCvx and typical trust-region-type algorithms lies in the
subproblem solved at each iteration. Conventional trust-region algorithms usually perform
a line search along the Cauchy arc to achieve a sufficient reduction [19]. However, in the
SCvx algorithm, each convex subproblem is solved to full optimality, thus increasing the
number of inner solver iterations at each succession, while decreasing the number of outer
SCvx iterations. Qualitatively speaking, the number of successions is reduced by achieving
a greater cost reduction at each succession. Thanks to the capabilities of existing IPM
algorithms, and due to recent advancements in IPM customization techniques (e.g. [20, 24]),
each convex subproblem can be solved quickly enough to outweigh the negative impacts of
solving it to full optimality.

It is also crucial to point out some key differences between the SCvx algorithm and
SQP-based methods (e.g. [12]). SQP-based methods typically make use of second-order
information when approximating the Hessian of the cost function (and in some cases, of the
constraints). This requires techniques like the Broyden-Fletcher-Goldfarb-Shanno (BFGS)
update, which can be computationally expensive. Furthermore, additional conditions must
be satisfied in order to ensure that the computed Hessian is positive-definite, and therefore,

to guarantee that the resulting subproblem is convex [25]. For these two reasons, SQP-based
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methods are not well suited for real-time autonomous applications. On the other hand, the
SCvx algorithm relies only on first-order information obtained through linearization. While
the first-order approximation may be less accurate than its second-order counterpart, the
resulting error is properly regulated by the trust region updating mechanism outlined in
Algorithm 6. Furthermore, since the Jacobian matrices can be determined analytically, very
little computational effort is expended in setting up each succession. Most importantly, as a
consequence of linearization, the resulting subproblems are automatically guaranteed to be

convex, thus further ensuring the robustness of the convergence process.

Lastly, the Successive Linear Programming (SLP) method (e.g. [26]) may sound similar
to our method by name, but in fact it is more closely related to SQP as it has a second
phase that still requires a quadratic model. That aside, our method has another advantage
over SLP, the retention of convex constraints. We only linearize system dynamics and non-
convex constraints, which improves accuracy and speeds up convergence as shown in both

theoretical convergence analysis and practice.

3.3 Global Convergence

In this section, we extend the global convergence analysis from [51] to facilitate the addition of
state and control constraints. Since the state and control variables become indistinguishable
once the optimal control problem is implemented as a numerical parameter optimization
problem, we perform the following analysis accordingly. In lieu of the state and control
variables, r and u, we will use z := [zT, uT]T as our optimization variable, where z € R"
and where n, = n,N + n,(N — 1). Consequently, the constraints will be rewritten as a
set of inequalities expressed in terms of z. Thus, we have the finite-dimensional non-convex

optimization problem in Problem 3.3.1.
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Problem 3.3.1. Original Non-Convex Optimization Problem

min go(2), (3.10a)

subject to: gi(z) =0, Vi € Ty, (3.10Db)

gi(2) <0, Vi € Lineg, (3.10c)

h;(z) <0, V) € Tinegs (3.10d)

In Problem 3.3.1, Z., = {1, 2, ..., e} represents the set of non-convex equality constraint
indices, Zineq = {e+1,...,p}, represents the set of non-convex inequality constraint indices,
and Jineq = {1,2,...,q} represents the set of convex inequality indices. Correspondingly,

equations (3.10b)-(3.10d) represent the nonlinear system dynamics, the non-convex state and
control constraints, and the convex state and control constraints, respectively. We assume
that g;(z) and h;(z) are continuously differentiable for all i € Z.; U Zjpeq and j € Tinegs
respectively. To simplify the analysis, we assume that go(2) € C*, but note that go(z) can

be an element of C in practice.

Since we are restricting our analysis to discrete-time systems, z is a finite dimensional
vector. Consequently, the 1-norm used in [51] manifests itself as a finite sum of absolute
values. With state and control inequality constraints incorporated, the exact penalty function

in [51] can be extended as follows

J(2) = go(2) + Z Ailgi(2)| + Z Aimax (0, gi(2)), (3.11)

iEqu ieI’ineq
where \; > 0 and 7; > 0 are scalars, and A == [Ay, Ao, ..., \J and 7 := [1y, Ty, ..., T,] represent
the penalty weights. Next, we can now express the corresponding penalized problem in

Problem 3.3.2.
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Problem 3.3.2. Non-Convex Penalty Optimization Problem
min J(z), s.t. hi(z) <0, Vi€ Tineq-

Note that J(z) is non-convex, and thus needs to be convexified. According to the SCvx
algorithm, at (k + 1) succession, we linearize go(z), gi(z) = 0 for all i € Z,,, U T, about

2%, This produces a sequence of convex penalty functions given by

L¥(d) = go(=") + Vgo()"d + D~ Nilgi(*) + Vigi(z")"d]

iEZeq
+ ) Avmax (0, gi(2F) + Vgi(%)"d). (3.12)
1€2Lineq
Note that L¥(d) is not exactly linearized J(z), since the linearization is applied inside the

| - | and max(0,-) functions. This gives us the convexified penalty subproblem as in Prob-

lem 3.3.3.

Problem 3.3.3. Convex Penalty Subproblem

rndin L*(d), st ||d]| <7, hi(2) <0, Vi € Tineq-

The corresponding actual cost reduction in (3.7) can be rewritten as AJ(z,d) = J(z) —
J(z + d), while the predicted cost reduction in (3.8) becomes AL(d) = J(z) — L(d).
To facilitate subsequent analysis, we first introduce some preliminary results and assump-

tions.

Theorem 3.3.1 (Local Optimum, Theorem 4.1 in [32]). Let N(2Z) denote an open neigh-
borhood of Z that contains feasible point of Problem 3.3.1. Then, if there exist A > 0, 7 > 0,
and z € R™ such that J(z) < J(2) for all penalty weights X\ > X and 7 > 7, and for all

z € N(2), then z is a local optimum of Problem 3.5.1.
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Assumption 3.3.1 (LICQ). Define the following sets of indices corresponding to the active
inequality constraints: [,.(2) == {i | gi(2) =0, i € Lineq} C Lineg, and Joo(2) = {7 | hj(2) =
0, 7 € Tineq} € Tineq- Furthermore, define G.,(z) as a matrix whose columns comprise of
V(%) for all i € Z,,, G 4(%) as a matrix whose columns comprise of Vg;(2) for all i € I,.(2),
and Gy n(Z) as a matrix whose columns comprise of Vh;(Z) for all j € J,.(2). Then, the
Linear Independence Constraint Qualification (LICQ) is satisfied at z if the columns of

matrix Goc(2) == [Geg(2), Gacg(Z), Gaen(Z)] are linearly independent.

The following theorem states the first-order necessary conditions (i.e. the KKT condi-

tions) for a point z to be a local optimum of Problem 3.3.1 (in the of Theorem 3.3.1).

Theorem 3.3.2 (Karush—-Kuhn—Tucker (KKT), Theorem 3.2 in [32]). If the constraints
of Problem 3.3.1 satisfy LICQ (Assumption 3.3.1), and Z is a local optimum, then there exist
Lagrange multipliers [i; for all i € L.y, fi; > 0 for all t € Lipeq, and 6; > 0 for all j € Tineg
such that

Voo(2) + > Vg2 + Y Vg2 + Y 7;Vhi(z)=0. (3.13)
1€Teq 1€14c(Z) j€Jac(Z)

We refer to a point that satisfies the above conditions as a KKT point.

We say a penalty function is ezact if there exists finite penalty weights fi; and &; such
that Problem 3.3.1 and Problem 3.3.2 produce equivalent optimality conditions. Since The-
orem 3.3.2 already gives the optimality condition for Problem 3.3.1, we now examine the
first-order conditions for Problem 3.3.2.

For fixed A, J(z) is not differentiable everywhere because of the non-smoothness of |-| and
max(0, -). However, since g;(-) and h;(-) are both continuously differentiable, J(z) is locally
Lipschitz continuous. Therefore, we have the generalized directional derivative of J(z) at

some Z in any direction s exists, and is defined as

dJ(z,s) = limsup J(z2405) = J(z)

Y
2—Z 5
s—ot
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and also the generalized differential as
0J(2) ={v|J(z+y) > JE)+viyVy € Z}, (3.14)

where Z is a closed convex set representing the convex constraints.

Next we present a well-established lemma (Proposition 1 in [17]):

Lemma 3.3.1. J: R"™ — R, and Jz;(z) is 1ts generalized directional derivative in direction
y at z. Then for anyy € Z,
' T
J,(z) = sup d'y,
dedJ(z)

where 0.J(z) is the generalized differential.

Following this, we can prove a more complex version of the stationarity condition 0 €
0J(Zz) for constrained case (minimize a non-convex function J(z) over Z): Applying Theorem

1 from [17] with the above definitions, we have

Lemma 3.3.2 (Necessary Condition for Local Optimality). If Z is a locally optimal
solution of the non-convexr penalty problem, Problem 3.3.2, then there exists a generalized

gradient d € 0J(z) such that d"(y —2) >0, Vy € Z.

Alternatively, we may define the set of stationary points of Problem 3.3.2 as S = {z €
R"|3d € 0J(z),s.t. d'(y — 2) > 0, Vy € Z}, then Lemma 3.3.2 states that if z solves
Problem 3.3.2 then z € S.

We can now state the fairly well-known exactness result. Its proof can be found in, for

example, Theorem 4.4 and 4.8 of [32].

Theorem 3.3.3 (Exactness of the Penalty Function). Ifz is a KK T point of the original
Problem 3.53.1 with multipliers fi; for all © € Loy U Lineq and o for all j € Tineq, and if the
penalty weights X\ and T satisfy \i > |fis], ¥V i € Leg U Lineq, and 73 > 1G], V' j € Tineq

respectively, then z € S.
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Conversely, if a stationary point z € S of the penalty Problem 3.3.2 is feasible for the orig-
inal Problem 3.3.1, then it is also a KKT point of the original Problem 3.5.1, and therefore,
(3.13) holds at Z.

Although Theorem 3.3.3 does not suggest a way to find such A\ and 7, it nevertheless has
important theoretical implications. In our current implementation, we select “sufficiently”
large constant A’s and 7’s, a strategy that has been shown to work well in practice. Alter-
natively, the values of A and 7 can be adjusted after each succession, based on the value of
the dual solution obtained in the previously solved subproblem. However, it is the second
(i.e. “converse”) part of Theorem 3.3.3 that is particularly important to our subsequent
convergence analysis. Specifically, it guarantees that as long as we can find a stationary
point for Problem 3.3.2 that is also feasible for Problem 3.3.1, then that point also satisfies
the KKT conditions for Problem 3.3.1.

To facilitate further analysis, we first note that for any z,
J(z 4 d) = L*(d) + o(||d|)), (3.15)
where o(||d||) denotes higher order terms of ||d||, i.e.,

lim ———— =

ldi=o [d]
and is independent of z. This can be verified by writing out the Taylor expansion of g;(z)
and h;(z) in J(z), and then using the fact that o(||d||) can be taken out of |- | and max(0, - ).
The next lemma is a key preliminary result, and its proof also provides some geometric
insights into the SCvx algorithm. The proof is similar to and based on that of [51, Lemma

3], with modifications made to facilitate convex constraints.

Lemma 3.3.3. Let z € R™ be a feasible point, but not a stationary point, of Problem 3.3.2.
Use N(z,¢€) to denote an open neighborhood of Z with radius €, and let P(z,r) denote Prob-

lem 3.3.3 with a linearization evaluated at z and a trust region of radius r. Then, for any
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c € (0,1), there exist ¥ > 0 and € > 0 such that for all z € N(z,€) and r € (0,7], any

J(2)—J(z+d*)

T LR @ = ©

optimal solution d* for P(z,r) satisfies p(z,r) =

Proof.  Since 7 is feasible but not stationary, we know that Vd € 9.J(z), we have d* (y—z) <

0, Yy € Z according to Lemma 3.3.2. Thus we have

Vd e dJ(z), supd'y <d'z

yeZ

Hence, there exists a unit vector s € Z such that sup d’s < d’z. Since d is a descent
dedJ(z)

direction (from definition in (3.14)), we have d*z < 0, thus there exist x > 0, such that

sup d's < —k < 0. The left hand side is exactly the implicit definition of the generalized
s€eZ

direction derivative, as defined together with (3.14). Therefore, we have

dJ(z,s) = limsup T+ ri) —J(2) < —k.
0t

This implies that there exist positive 7 and € such that for all z € N(z,€) and r € (0, 7],

J(z + r‘:’? —J() _ _g. (3.16)

Now, assume 3.3.3 is solved with z € N(z,€) and r € (0, 7], producing an optimal solution

d*. By using (3.15), the (nonlinear) change realized in J is

AJ(z,d*) = J(2) — J(z +d*) = J(z) — L*(d*) — o(||d*||)
= AL*(d*) — o(r). (3.17)

Thus, the ratio p(z,7) is given by p(z,r) = i‘z(,f(g:)) =1- AE,E?d*). Next, let d' = rs € R".

From the definition of s, it follows that ||d’'|| = r, and therefore that d’ is within the thrust

region of radius 7. Since d* is the optimal solution, we have L¥(d*) < L¥(d’), which in turn
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means

ALF(d*) > ALK (d). (3.18)

Now, as r — 0, we will have r € (0, 7], and from (3.16) we have

AJ(z,d) = J(z) — J(z+d) > (g) r (3.19)

Replacing d* with d’ in (3.17) and substituting into (3.19), we get AJ(z,d') = AL*(d') —
o(r) > (%) r. Combining this with 3.18, we obtain

ALF(d*) — o(r) > ALF(d) — o(r) > (g) r. (3.20)

Thus AL*(d*) > (k/2)r 4+ o(r) > 0, and the ratio

o)

p(z,r)=1— W W. (3.21)

Therefore, as r — 0, p(z,7) — 1, and thus for any ¢ € (0, 1), there exists 7 > 0 such that for

all r € (0, 7], p(z,7) > ¢ holds. O

Remark. An undesirable situation is one where steps are rejected indefinitely (i.e. by pro-
ducing solutions that result in p(z,7) < py). Lemma 3.3.3 provides an assurance that the
SCvx algorithm will not produce such behavior. By contracting r* sufficiently, Lemma 3.3.3
guarantees that the ratio p* will eventually exceed py, and the algorithm will stop rejecting

steps.

Now, the global convergence result will be stated with a sketched proof. The reader is

referred to [51] for more details.

Theorem 3.3.4 (Global Convergence). Given Asuumption 3.3.1, regardless of initial
conditions, the SCvz algorithm (Algorithm 6) always has limit points, and any limit point, Z,
1s a stationary point of the non-convexr penalty Problem 3.3.2. Furthermore, if Z is feasible

for the original non-convex Problem 3.3.1, then it is a KKT point of Problem 3.3.1.



75

Proof. Since we have assumed the feasible region to be convex and compact, by the Bolzano-
Weierstrass theorem (see e.g. [65]), there is at least one convergent subsequence {2%} — z,

which is a guaranteed limit point.

The proof of stationarity of Z is by contradiction, i.e. we assume that Z is not a stationary

point. From Lemma 3.3.3, there exist positive ¥ and € such that
p(z,r) >py Vze€N(zé) and r € (0, 7],

since py can be chosen arbitrarily small. Without loss of generality, we can suppose the whole

subsequence {z*} is in N(z,€), so that
p(zFi.r) > py Vre(0,r] (3.22)

If the initial trust region radius is less than 7, then (3.22) will be trivially satisfied. On the
other hand, if the initial radius is greater than 7, then the trust region radius may need to be
reduced several times by the rejection step in line 13 of Algorithm 6 before condition (3.22)
is satisfied. Nevertheless, (3.22) will lead to J(2*) — J(25*1) > po AL, which implies that
the penalized cost is monotonically decreasing. Subsequently, we use continuity of J and L*
to find a lower bound for AL¥ ie. ALK > 6/2, where 6 is the predicted cost reduction by
taking the optimal solution to the convex subproblem. Combining these two inequality, we

obtain the following for all ¢ > iy:
J(2F) — J (25 > pf)2. (3.23)

However, since k; + 1 < k(;;1), and the penalized cost is not increasing, we have J(zFt1) >
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J(Z*@+0), and thus
Z (J(Zkz) _ J(zki+1)) < Z (J(Zkz) _ J(Zk(iJrl)))

)

Therefore, the series is convergent, and necessarily J(z%) — J(z*¥*1) — 0, which contra-
dicts (3.23). This contradiction implies that every limit point Z is a stationary point of

Problem 3.3.2. OJ

We would like to point out that this convergence on its own Theorem 3.3.4 does not
guarantee feasibility of the converged solution, even if the original non-convex problem,
Problem 3.3.1, may have feasible regions. However, it is important to also point out that
this scenario is rarely observed in practice, and when it actually occurs, trying different

initial guesses would often resolve it.
3.4 Strong Convergence

With minimal additional assumptions, the convergence result of SCvx will be stronger than
classical numerical optimization schemes in the sense that the whole sequence converges to
a single limit point rather than a set of accumulation points. Examples of the latter, i.e.
weak convergence, include line-search algorithms [25, Theorem 2.5.1], trust-region methods
[19, Theorem 6.4.6] and early-stage successive convexification algorithms [43, 51, 52]. Strong
convergence, on the other hand, is a relatively recent development. [2] adapts Lojasiewicz’s
theorem [46] from dynamical systems to show strong convergence of iterative numerical opti-
mization with real-analytic cost functions. [13, 8] extends the single limit point convergence
to non-smooth functions, and for optimization problems that satisfy Kurdyka-Lojasiewicz
(K-L) inequality, [8] provides handy conditions to check for convergence. In this document,
we will demonstrate this type of strong convergence of the SCvx algorithm by verifying those

conditions.
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For the purpose of this section, it is not necessary to distinguish non-convex inequality
constraints g;(z) < 0,Vi € Z,., and convex inequality constraints h;(z) < 0,Vj € Tineq-
Thus we will use g;(z) < 0,Vi € {e+1,...,p+ ¢} to denote all inequality constraints. For

strong convergence, first we need a slightly stronger smoothness assumption.

Assumption 3.4.1. g;(z),Vi = 0,...,p + ¢ have Lipschitz continuous gradients, that is,
HL, Z O, s.t.
IVgi(22) — Vgi(z1) | < Liflz2 — 2.

Using the simplified notation, we can rewrite the original non-convex (penalty) cost

functions as

J(2) = go(2) + Z Ailgi(2)] + Z Aimax (0, g;(2)), (3.24)

and the linearized (penalty) cost function at kth iteration as

L*(d) = go(2*) + Vgo(*)"d + Z Xilgi(2") + Vgi(2)Td|
(3.25)
+ Z A; max (O, gz(zk) + Vgi(zk)Td).
i=et1

The key assumption used in [8] to establish single point convergence is that the func-
tion been optimized satisfies the (nonsmooth) K-L property [8, Definition 2.4], which means,
roughly speaking, that the functions under consideration are “sharp up to a reparametriza-
tion”. Real semi-algebraic functions provide a very rich class of functions satisfying the K-L
property. Many other functions may also satisfy this property, among which an important
class is given by functions definable in an o-minimal structure [39]. One can verify that

many real-world optimal control problems indeed have K-L property, especially by attesting

its semi-algebracity. Therefore, it is reasonable to have the following assumption:

Assumption 3.4.2. The penalized cost function J(z) in (3.24) have K-L property [8, Defi-
nition 2.4].
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Given Assumption 3.4.2, [8, Section 2.3| establishes three conditions (referred as H1-H3)
one can check to ensure strong convergence of an optimization scheme. Note that H3, the
continuity condition, has already been proved in Theorem 3.3.4. Now, let us proceed to

verify the other two conditions in the context of the SCvx algorithm.

Condition 3.4.1 (Sufficient Decrease). At iteration k, let 2* be the current point, and
2#1 be the accepted solution by the SCvx algorithm, then the penalized cost function J(-)
in (3.24) satisfies

J(2F) — J(ZF) > a| M - 2M)3, (3.26)

where a > (0 is some constant.

Condition 3.4.2 (Relative Error). At iteration k, let 2* be the current point, and z**!
be the accepted solution by the SCvx algorithm, then given Assumption 3.4.1, Jw*+!l €
OJ(2F1)] s.t.

[l < bllM = 25l (3.27)

where b > 0 is some constant, and 0.J(-) is the generalized differential defined in (3.14).

The intuition behind these two conditions can be found in [8, p. 92|, and roughly speaking,
Condition 3.4.1 measures the quality of a descent step, while Condition 3.4.2 reflects relative
inexact optimality conditions for subproblems. The proof of Condition 3.4.1 is relatively

straightforward, and is given as follows.

Proof of Condition 3.4.1. Note that in (3.17), d* = 2**! — 2* then from (3.17), (3.20) and

the trust region constraint ||d*|| < r, we have that

J() = I > 22 Sl (3.28)

K
2
Since z € Z = X x U, and Z is compact, ||d*|] = [|zFt! — 2*|| is bounded. Let D =
max ||z — 29|, then ||d*|| < D,Vd.

z1,22€7Z
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K

55, then from 3.28, we have

Now, let a =

1
1|

K . K\ .
J(2F) = J () > Szl > > oplld 1> = al|d*||* = all 2"t = 2*|?,

which is exactly (3.26). O

The verification of Conditon 3.4.2 requires a bit more work and a constructive approach.
We will leverage convexity of the generalized subdifferential and some special structures of
the two types of non-smoothness, | - | and max(0,-) present in (3.24) and (3.25). Namely,
0|g:(2)| is symmetric with respect to 0, and in fact a convex hull spanned by —Vg;(z) and

Vgi(2). Thus we have Vw; € 0|gi(2)|,i =1,...,e, 3oy € [0,1], s.t.

wi = a;Vgi(2) + (1 — ;) (=Vgi(2)),
= (20; — 1)Vgi(2).

(3.29)

Similarly, 9 max (0, g;(2)) is a convex hull of 0 and Vg;(z), and we also have Vw; € dmax (0, g;(2)),i =
e+1,...,p+q, Ja; €0,1], s.t.

wi = a;Vgi(z) + (1 — ;)0 = ;Vgi(2). (3.30)

Next we present two technical lemmas asserting the close proximity of the generalized

k+1

differentials at 2z**! and their linear approximations around z*.

Lemma 3.4.1. For any vf € 04lgi(z*) + Vgi(z¥)Td|, i = 1,...,e, there exists Wi €

i

Olgi(zF™)| and constant ¢; > 0 s.t.
loi ™ = ]l < el = 2.

Proof. The distance between the two generalized differentials is captured by the distance
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k+

between the two vectors, wf™ and v/*, and we have

P =V = T = V() + Va2 = vf + V() — Vi)l

Jw
(3.31)
< wi ™ = Vg (M) = vf + Vg (2N + [V (2 = Va2 |-

Now, using (3.29), we have wf™! = (20, — 1)Vgi(2"1), and vF = (2a; — 1)Vgi(2*). Note

7

that a; € [0, 1] is free, while &; € [0, 1] is fixed for a given v*. Therefore, we have
i = vl < N12(0 = V(25 = 2(@ = DVai(")I + IVai(z*) = Vga(2M)].
As illustrated in Figure 3.1, we may choose «; = &;, and get

loi ™ = vl < 21 = @) [V (z"*) = V()| + IV (") — V()|

= (3 =2)[[Vgi(z"") = Vgi(")].
By Assumption 3.4.1, we have

szk—i—l . VzkH < (3 . 20—éi)Link+1 . Zk:H — CiHZkJrl . ZkH

Lemma 3.4.2. For any vF € 9, max (O, gi(2%) —i—Vgi(zk)Td), it=e+1,...,p+q, there exists

witt € dmax (0, g;(2"*1)) and constant ¢; > 0 s.t.

%

loi ™ = ]l < el = 2.

Proof. We still have (3.31) in this case. Now, using (3.30), we have w™ = a;Vg;(2**!), and

%

vl = @;Vg;(2*). Again, note that a; € [0, 1] is free, while a; € [0,1] is fixed for a given vF.
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A
;Vgi (Zk)
—Vgi(z**1) |
ke
a)llﬁlil
Vgi(z**1)
~Vg;(z")

k+1

)

Figure 3.1: In the proof of Lemma 3.4.1, by choosing o; = &;, we are effectively setting w
to have the same conver combination factor as vF

3 -

Therefore, from (3.31) we have
it = vl < i = Vi) = (& — DV ()| + [V (z") = Va2l
Again, choose «o; = &;, and we get

loi ™t = vl < (1= @) IVai(z*") = Va5 + [Vgi(2") = Vgi(M)l

= (2 - a@)[[Vai(") = Vgi(z)].
By Assumption 3.4.1, we have

le(f-i-l _ Vzk” < (2 o @i)LiHZk+1 . ZkH — Ci”zkz-i-l o ZkH
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Now we are ready to present the proof of Condition 3.4.2, which makes use of the opti-

mality conditions of the convex subproblem.

Proof of Condition 3.4.2. First note that

e p+q
W = Vgo (") + Z w4 Z Aiwr (3.32)
i=1 i=e+1

where Wit € O|g;(2*)], i = 1,...,e and W™ € Omax (O,Qi(zk“)), i=e+1,...,p+q.

%

Now let us turn to the stationarity condition for the convex subproblem:
0 € 94L*(d) + Njagj<,+(d) (3.33)

where N g<,+(d) is the normal cone of set [|d|] < r* at d, which turns out to be cd, i.e.
c (M1 — 2%)) where ¢ > 0 is a constant. From the formula of L¥(d) in (3.25), condition in

(3.33) is equivalent to
vk € 9,LF(d), st. 0=vF + (M = 2F), (3.34)

where 1% = Vo (2")+ 307, AvF4+>"0 1 Ak, where vF € 94]gi(2%)+Vgi(2")Td|,i=1,... e
and vf € 9ymax (0, g;(2%)+Vgi(z*)Td), i = e+1,...,p+q. Therefore, (3.34) can be written
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as

p+q

0=Vgo(z Z)\V+Z)\V + (2P — 2R

i=e+1

o Ozvgo(zk)_Vgo(zk+1)+vgo(zk+1)

e
+ Z Ni(VF — Wkt ok
=1
p+q
+ Z Ni(VF — W Ry e (T - 2R
i=e+1

p+q
& V(2! +ZAM’“+1 + Y Awit

i=1 ze—l—l

= Vgo(z") = Vgo (") + ZA — Wit
i=1
p+q
+ Z Ni(VF — WFY) e (M = 2P
i=e+1

The left-hand-side of the above equation is exactly w**! as in (3.32), and apply Assump-
tion 3.4.1 and Lemma 3.4.1 and Lemma 3.4.2 to the right-hand-side, we get

W < [V go(2F) — Vgo(2F+1)]
p+q
5 NlIE — W el|A - K
=1
p+q

<(Lo+ ZA ¢ + o) 2 = 2R

where ¢; = (3 —2q;)L; fori=1,...;eand ¢; = (2 — ;) L; fori =e+1,...,p+ q, where q;
is the convex combination factor for v/¥. Let b= Lo+ > 717 \ic; + ¢, we have (3.27). O

Now that we verified the strong convergence conditions, Condition 3.4.1 and Condi-
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tion 3.4.2, by using [8, Theorem 2.9] and the weak convergence results in the previous

section 3.3.4, we are in the position to claim the following:

Theorem 3.4.1 (Global Strong Convergence). Suppose Assumption 3.5.1, 3.4.1, and
8.4.2 hold, then regardless of initial conditions, the sequence {2*} generated by the SCuz
algorithm (Algorithm 6) always converges to a single limit point, Z, and Z is a stationary
point of the non-convex penalty Problem 3.3.2. Furthermore, if Z is feasible for the original

Problem 3.3.1, then it 1s a KKT point of Problem 3.3.1.
3.5 Superlinear Convergence Rate

In the following, we will show that the SCvx algorithm converges not only globally, but
also superlinearly under some additional mild assumptions. Moreover, we will see that the
superlinear rate of convergence is enabled by the structure of the underlying optimal control
problem. In other words, the SCvx algorithm is specifically tailored to solve non-convex
optimal control problems, and thus enjoys a faster convergence rate when compared to
generic nonlinear programming methods, which often converge linearly, if at all.

First we note that at each succession of Algorithm 6, we are solving a convex program-
ming problem, which is best solved using IPMs that employ self-dual embedding technique
introduced by [29]. A particular advantage of this approach is that it always produces a

strictly complementary solution, thus satisfying the following assumption:

Assumption 3.5.1 (Strict Complementary Slackness). In addition to the KKT con-
ditions in Theorem 3.3.2, we assume that f; > 0, Vi € I,.(2) and 6; > 0, Vj € J,.(Z) are

satisfied at the local optimum Z.

The next assumption leverages the structure of optimal control problems, and is crucial

in subsequent analysis.

Assumption 3.5.2 (Binding). Let 2* — z. There are at least n,,(N —1) binding constraints
in g;(2) <0,4 € Lineg and h;(2) <0, j € Tineq- That is, |14c(2)| + |Jac(Z)] > nu(N — 1).
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Optimal control problems often observes the bang-bang principle, provided that the
Hamiltonian is affine in controls, the control set is a convex polyhedron, and there are no
singular arcs [69]. Linear systems with these properties are referred as normal (see Corollary
7.3 of [9]). For nonlinear systems, the non-singular condition can be checked by sequentially
examine the Lie bracket of the system dynamics (see Section 4.4.3 of [42]). If the optimal
control is indeed bang-bang, then Assumption 3.5.2 is obviously satisfied. Once classic exam-
ple is the bang-bang solution obtained by solving a minimum time optimal control problem
[40]. The algorithm proposed in [34] can also be used to ensure bang-bang property of the
solutions.

Note that even if some control constraints are inactive at the optimal solution, as long as
there are an equal or greater number of active state constraints, then Assumption 3.5.2 still
holds true. An interesting example of such a case is that of the maximum-divert planetary
landing problem [33] containing both control constraints and velocity constraints. In this
example, the control constraints are inactive only when the velocity constraints are activated.

Nevertheless, given the special structure of optimal control problems and the properties

of their solutions, we have the following lemma:

Lemma 3.5.1. Given Assumption 3.3.1, 3.5.2, the gradient set of active constraints G o.(Z)
contains a basis of R™, where n, = n,N + n,(N — 1). In other words, there are at least n,

linearly independent vectors in Ga.(Z).

Proof. From Assumption 3.3.1, 3.5.2, we have at least n, (/N — 1) linearly independent gradi-
ent vectors from active control constraints, In addition, from the formulation of the original
optimal control problem, we know that there are at least n,N equality constraints due to
the system dynamics, and their gradient vectors are also linearly independent by Assump-

tion 3.3.1. Therefore, G,.(Z) has at least n, linearly independent vectors. O

Next, we prove several technical lemmas that are instrumental in obtaining the final
convergence rate result. In this section, we will use {2*} — z broadly to denote weak

convergence (i.e. {z*} is the subsequence converged to z).
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Lemma 3.5.2. Let {y*} be a sequence in R™ such that {y*} # z and {y*} — z. Then,
there exists £ € R™ ||€]| = 1, such that for any function g(-) € C* : R™ — R, we have a
subsequence denoted by ks, s = 1,2, ..., such that

i IW) —06) Gy (3.35)

kavoo - [yke — 2

Proof. Define & = z:_f such that [|€¥|| = 1. Clearly {¢*} is bounded, and by Bolzano-

lly*==I1

Weierstrass theorem (see e.g. [65]), this sequence has a convergent subsequence {&%} — ¢,

i.e., the limit of the left hand side of (3.35) exists, and

k

. L yh—z
&= Jim ¢ =l g% — 2|’ (3.36)
as well as ||€]] = ||€%]| = 1. Let y* = z + wk<cks where wk = ||y* — z||, and w* — 0, as
ks — oo. Then, we have lim w — lim 9CEFE9() [ op phs = &Fs — €, such that
B - [ Sy Y
0% — 0 as k, — 0o. Now we have
g —9(®) L g(E w4 W) — g(2)
lim =—~——"2 = lim
ka—oo  ||yks — Z|| ks —00 wks
> ks ksgksy — (3 ks 5 ks¢ _ o(z
B (R R CR .0 T N
ks—o00 wkS ks—o00 wks

Since g(-) € C', we apply the mean value theorem, such that for the first term of (3.37), we

whsgks TVg(Z-‘,—wkS E+twhsgks
wks

have lim
ks—o00

on the line segment between 0 and 6*s. Therefore, by definition of the directional derivative,

(3.37) becomes

) — klim Vg(2)T0% = 0, where 6% denotes a point that lies
5—00

9(y*) — g(2) i IG+ wh€) — g(2)

- 9y) —9(z) _ o
G [Fs — 2| kesoo ok Vg(a)e,
by which we conclude the proof. m

Lemma 3.5.3. Let {2*} be the convergent sequence generated by the SCuz algorithm, and
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{8} — z. Assume % is feasible to the original problem, Problem 3.5.1, then under As-
sumption 3.3.1, 3.5.1, 3.5.2, there exist f > 0 and 6 > 0 such that ¥z € N(Z,§) =
{z|llz — 2| <46}, we have

J(z) = J(2) = Bllz — 2|, (3.38)

where J(z) is the penalty cost defined in (3.11).

Proof. We will prove by contradiction. Assume the statement is false. It means that for
a given diminishing sequence {e*} — 0, k = 1,2, ..., there exists sequence {y*} # z and

{y*} = z, k=1,2, ..., such that
J(y") = J(2) <Myt - 2. (3.39)

Now let {y**} denote a subsequence of {y*}, such that (3.36) holds and ||£|| = 1. Since % is
assumed to be feasible, we have J(Z) = go(2). Therefore, (3.39) with respect to ks becomes

90y )+ Ve, Ailgi W)+ ez, .., Nimax (0, 0:(y™)) + 3 7,,., 7 max (0,2 (y"™)) —g0(2) <

ineq
gks|lyks — Z||, which can be rewritten as

9o(¥™) = g0(2) + > Mlgi(W) — gD+ D Aimax (0,6:(4") — g:(2))

1€Zeq 1€14c(Z)

+ Z 7; max (0, hj(y*) — h;(z)) < ghe

j€Jac(Z)

ks

Y —Z|.

Dividing both sides by ||y*s — z||, we have

> Ailgi(y®) — gi(2)] > Amax (0, g;(y%) — 9:(2))

go(y*) — go(2) i, i€lac()
ks = + k > k >
ks — 2| |k — 2| |k — 2|
> mymax (0, h;(y™) — hy(2))
jeJﬂC(g) < é«ks

ly* — =]
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Let ks — oo, then by (3.5.2) and the definition of £ from (3.36), we have

Voo(2)"E+ ) XilVei(2)7¢[+ > Aimax (0, Vgi(2)"€)

i€Teq i€lac(Z)
+ Z 7y max (0, Vh;(2)7€¢) <O0.
j€Jac(2)

Now recall the KKT condition in (3.3.2). We subtracting the product of (3.13) and ¢ from

the above equation, we have

> V) el - mVa)Te + D [Aimax(0, Vai(2)7E) — i Vai(2)"€

1€ZLeq i€lac(2)
+ >0 [mmax(0, Viy(2)7€) - 6,Vhy(2)¢| <0,
j€Jac(2)
where f1; and ¢, are Lagrange multipliers associated with constraints. Due to the exactness
property in Theorem 3.3.3, these three terms are all nonnegative, and by the strict comple-
mentary slackness property in Assumption 3.5.1, we have Vg;(2)7¢ = 0, Vi € L, U I,.(2)
and Vh;(z2)T¢ =0,V j € Ju.(Z), and therefore we have

(Vi ()", Vhi(2)T] £ =0, Vi€ LyUILe(2), j € Jul2).

However, by Lemma 3.5.1 we know that the column space of [Vg;(2)", Vh;(2)"] contains a
basis of R". Since £ € R™#, this implies that £ = 0, which contradicts the fact that ||£|| = 1,
and thus (3.38) holds true. O

Lemma 3.5.3 provides an important condition that is satisfied by many optimal control
problems. Next we show that given this condition, the SCvx procedure will indeed converge
superlinearly. To proceed, first denote the stack of go(-), gi(+), and h;(-) as G(-) € C*, and
represent J(-) by a function composition ¥ (G(+)). Qualitatively we can write ¢¥(G(-)) =
Geost(+) + |Geg(+)] + max (0, Gineq(+)) - Note that ¢(-) is convex since both | - | and max(0, -)
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are convex functions.

Lemma 3.5.4. Following Lemma 3.5.3, there exists v > 0, such that
b (G(2) + VG(2)T d) > (G(2)) +|d]|, VYdeR™. (3.40)

Proof. First we show that the statement is true for any small step ds such that ||ds|| < 4,
where 6 is defined in Lemma 3.5.3. We have ¢ (G(2) + VG(2)" ds) — ¢(G(2)) = Y(G(z +
ds)) = (G(2)) + ¢ (G(2) + VG(2)" ds) — ¥(G(z + ds)) = Blids|| + ollldsll) = 5llds|. Let
v o= g, then we have (3.40) hold for a small step ds. Note that the first inequality is due
to Lemma 3.5.3 and again the fact that o(||ds||) can be taken out of | - | and max(0, -) and
G(-) e C

Now to generalize this to any d € R, d # 0, we first define ¢ := min (1,46/||d||), and let
z¢ = Z+ (d. Denoting (2 — z) as d¢, we have d; = ( d. With this definition of {, one can
verify that ||d¢|| < d. Hence, (3.40) holds true for d.. Therefore, we have

vClldll = Alldell < & (G(2) + VG(2) de) — ¢(G(2))

¥ (G(2) +(VG(2)" d) —9(G(2))

U ((1=Q)G(2) + ¢ [G(2) + VG(2)" d]) = ¢(G(2))
< (1= QY(G(2) + (¥ (G(2) + VG(2)" d) — d(G(2))
[0 (G(z)+ VG()T d) - ¥(G(2))] .

The second inequality is due to the convexity of ¥ (note that 0 < ¢ < 1). Dividing both
sides by (, we obtain (3.40). ]

Theorem 3.5.1 (Superlinear Convergence). Given a sequence {28} — z generated by the
SCuz algorithm (Algorithm 6) and suppose that Assumption 3.53.1, 8.5.1, 8.5.2 are satisfied,

then we have ||2*1 — z|| = o(]|2* — Z|)).

Proof. First consider the case without trust region constraints. Since d* := zF*! — 2* is the



90

unconstrained optimal solution to the convex subproblem, we have Vd € R"z, w(G(zk) +

VG ()T d) > ¢ (G(2%) + VG(2*)T d¥). Let d = z — ¥, we then have
¥ (G(ZF) + VG (2 = %) — o (G(F) + VG ()T (M = 2F)) > 0.
Together with (3.40), we get

Y =2 < 9 (G() + VG(ER)T (M - 2)) =9 (G(2))
+ ¢ (GEM) + VGEMNT (2= 2F) — ¢ (G(") + VG(M)T (51 = 29)).

Since ) is convex and has a compact domain, it is (locally) Lipschitz continuous (see e.g.
63]). Therefore, we have ¢ (G(z*) + VG(2")T (z — 2%)) — ¢(G(2)) < L|G(zF) — G(z) +
VG (28T (z — 2*)||, where L is the Lipschitz constant, and

¥ (G(2)+ VG(E)" (M = 2)) — ¢ (G") + VG(M)T (51 = 29))
< L|G(z) = G(z*) = VG(ZM)" (z = 2%) + [VG(2) — VG(zk)}T (M =2) |
< L|G(Z) = G(F) = VG (2= M) + L] [VG(2) = VGEN]T (4 = 2) ||

Combining the two parts, we obtain ||2**! — z|| < %HG(Z) — G(2*) = VGEHT (2 = 29| +
2 [VG(2) - VG(zk)]T (z¥ — 2) ||. Since G(-) € C*, we have the first term [|G(2) —G(*) —
VG (29T (2 = 29| = o(||z* — Z||). Given the fact that as k — oo, (VG(2) — VG(2F)) — 0,

we also have the second term

| [VG() = VGEH]T (54 = 2) || = o(||=5" — 2.

Thus for the unconstrained case, we have ||z5T1 — z|| = o(||2* — Z||).
Now, consider the SCvx algorithm with trust region constraints. From Lemma 3.3.3, we
know that p* — 1, and we have that there exists k' large enough such that p* > p; for

all k > k', where p* is the ratio defined in (3.9). This means there must be some trust
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region radius r¥ > 0 so that r* > r¥ for all k > K/ , because we will not shrink the trust
region radius from iteration £’ on. On the other hand, from the global convergence result
(Theorem 3.3.4), we know that as k increases, d* — 0. Therefore, there must exist a k', such
that ||d*|| < r*, Yk > K/, implying that the trust region constraints will eventually become

inactive. Hence, the above conclusion holds for the trust-region constrained case as well. [

With Theorem 3.5.1, we have established superlinear convergence rate of the SCvx algo-

rithm for a wide range of optimal control problems.
3.6 Numerical Experiments

In this section, we use a non-convex fixed-final-time quad-rotor obstacle avoidance problem
to demonstrate the convergence rate of the proposed SCvx algorithm. The non-convexity of
this problem stems from cylindrical obstacle keep-out zones (see Figure 3.2) and nonlinear

aerodynamic drag.

10

4
g-Pos- \m\

Figure 3.2: A perspective view of the converged trajectory. The obstacles are represented by
the black circles. The red dots and blue lines represent the time discretized positions and
thrust vectors, respectively. The green dots represent the initial reference trajectory used to
initialize the algorithm (i.e., a straight line). The motion of the vehicle is from left to right.
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We model the quad-rotor using three degree-of-freedom double-integrator translational
dynamics [72, 71]. We define the state vector at time ¢ as x(t) = [p’(t), vT(t)], where
p(t) € R® and v(t) € R?® denote the position and velocity of the vehicle. Likewise, we define
the control vector as u(t) = T(t), where T(t) € R?® is the thrust vector of the vehicle.
Additionally, we use g € R3 to denote the gravity vector, and m € R, and kp € R, to
denote the vehicle’s mass and drag constant. With these definitions, the continuous-time

dynamics of the system are given by:
- T L or T "
#(t) = £ ((0),u(t)) = [o7(0), T = kollo(@)]207 (1) + |

To implement this problem numerically, we follow the discretization procedure outlined
in [73] to discretize the problem into N — 1 evenly spaced temporal intervals of duration
At =ty/(N — 1). In this procedure, the system is first linearized about a trajectory {z,u}
to obtain

B(t) = A(t)z(t) + B(t)u(t) + =(t), (3.41)
where z(t) = f(z(t),u(t)) — At)z(t) — B(t)u(?).

The first succession evaluates this linearization about a user-specified initialization tra-
jectory, while subsequent successions evaluate the linearization about the solution obtained
in the preceding iteration. To generate smoother trajectories, we assume an affine interpo-
lation of w(t) over t € [t;,t;41] for each i € 7 = {1,2,...,N — 1}. Thus, u(t) is given
by

u(t) = B~ ([t)u; + BT ()uin
B7(t) = (tix1 — 1)/ At
BY(t) = (t —t;) /At

where u; and u;,, are the temporally-discretized control vectors at the beginning and end of

t e [ti,tisl,

Viel .

each interval ¢ € 7, and are solution variables of the numerical optimization problem solved

at each succession. We can now define the following discrete-time equivalents of A, B, and z
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from (3.41) for all i € Z7: Ay, := ®a(tis1,t:), By = fti”l B7(1)®a(tisr, 7)B(7)dr, By, =
fti_“’l BHT)PA(tis1, T)B(T)dT, and zg4; = tiM O A(tir1,7)2(T)dr, where ®4(-, ) is the state
transition matrix associated with the dynamics (3.41), and evolves according to the initial-
value problem @?A(t,t,-) = A(t)®a(t,ti), Pa(ti;t;) = I. At each succession, Ag;, By, BL,
and 24, must be numerically integrated for all 7 € Z_. In our experience, the computational

burden imposed by this numerical integration is typically negligible compared to that of

solving the numerical optimization problems.

Further, we assume that there are n,;s stationary cylindrical obstacles, and that the j%
obstacle avoidance constraint at the i* time instance is given by ||p; — Pobs,jllz = Rovsj, Vi€
Z, Vj e J, where T = {1,2,...,N}, and J = {1,2,...,ns}. To convexify these non-
convex state constraints, we linearize them about the reference trajectory: hopsz,+Hobs,z; (i —

3_72) Z Robs,j-

Lastly, our problem definition includes initial conditions denoted by the subscript ic;
final conditions denoted by the subscript fc; minimum and maximum thrust magnitude
constraints; and thrust tilt constraints. Notably, the non-convex minimum thrust magnitude
constraint can be convexified by introducing the relaxation variable I'(t) € R, and applying
the lossless convexification technique proposed in [3] and employed in [72]. To simplify the
presentation of our simulation results, the vehicle is artificially constrained to a constant
altitude. However, we emphasize that all three implementations are solving the problem in

three-dimensions.

A summary of the convex subproblem solved at each succession is provided in Prob-
lem 3.6.1. For notational convenience, we have defined the concatenated solution vector
X =zl . 2% ul, ... uk ()7, and use r° and r* to denote the initial and current (i.e.
at the (k + 1)™ iteration) size of the trust region, respectively. As outlined in Section 3.2,

the trust region is enforced on the entire solution vector, X.

Problem 3.6.1. Convex Subproblem of Quad-Rotor Obstacle Avoidance
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muin Z AL+ A Z lvi] + A Z Z max{0,7;,}

€L €L~ JEJ i€l

SubjeCt to: P1 = Pic, V1 = Uy, Tl = EC; PN = Dfey, UN = Ufc, TN - Tf07
Tip1 = AgiT; + B;iui + Biiuz‘ﬂ + 244 + Vi,
Robs,j - hobs,ii - Hobs,a’:i (-rz - jz) S Ny [1 0 O] P = 0

||T‘z||2 S Fi; Tmm S Fz S Tmaacy COS@mumFi S [1 0 0} : T‘ia ||X||1 S Tk-

Algorithm 6 was implemented in MATLAB using CVX [30] and SDPT3 [77]. For compari-
son, the problem was also implemented using an in-house developed SLP solver, SNOPT (an
SQP solver) [28] and MATLAB’s general purpose fmincon IPM solver. Since we lacked suf-
ficient insight into the internal implementation of SNOPT and fmincon, the results presented
here compare the number and values of the iterations obtained by the three implementations,
and do not quantify the raw computation times. Nevertheless, our real-time implementa-
tions of the SCvx algorithm in [72, 71] have yielded promising results. For example, using
our in-house IPM solver [24] (whose customized variant was used in recent autonomous
rocket landing experiments [23]), aggressive quad-rotor guidance trajectories were computed
onboard at rates exceeding 8 Hz.

Figure 3.2 shows the trajectory corresponding to the converged solution. The obstacles
keep-out zones are shown as the black circles, and the optimized path is shown in red. The
red dots indicate each of the N discretization points, and the blue lines represent the thrust
vectors at said time points. The large tilt angles generated by the optimization are necessary
to counter the drag force dictated by our choice of kp.

Figure 3.3 shows a comparison between the convergence rates of the three implementa-
tions considered here. Convergence was assessed by examining the difference of X across
iterations. The same initial guess was used to initialize all three implementations. Our re-

sults show that the SCvx algorithm initially converges at a slower rate than the other three
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implementations, but attains a much faster convergence rate than SLP, SNOPT, and fmincon
after about the 6", a behavioral curve typical of superlinear convergence. Specifically, SCvx
converged to a tolerance of 1 x 10~* in 11 iterations, whereas SLP, SNOPT, and fmincon
achieved the same level of convergence in approximately 23, 16, and 76 iterations, respec-
tively. Notably, fmincon’s general purpose IPM performs poorly in solving this problem and
struggles to find a descent direction, ultimately taking a large number of iterations to achieve

the same level of accuracy.

The first few iterations of the SCvx convergence process were spent decreasing the virtual
control, v;, and virtual buffer zone, 7;;, terms (see Problem 3.6.1), effectively avoiding ar-
tificial infeasibility, and recovering physical feasibility. The remaining iterations were spent
refining the trajectory till convergence.

We conclude this section by noting that the SCvx algorithm can readily handle free-
final-time optimal control problems. For example, the free-final-time version of the problem
presented here can be formulated by augmenting the state and dynamics with a time dilation

variable as done in [73].

, SLP
10 -+SCvx
-SCvx
. o --SQP (SNOPT)
- SQP (SNOPT)
10%¢F -IPM (fmincon)
?10—1 L
!
- -2
5 10
10°
10*
0O 10 20 30 40 50 60 70 80 0 5 10 15 20
Iteration Iteration
(a) Full convergence history (b) Zoom-in view without IPM

Figure 3.3: Convergence history of SCvx (blue), SLP (green), SNOPT (red) and fmincon
(black). The lines show the magnitude of the difference between X at each iteration and the
converged solution, X*, and their slopes indicates the rate of convergence.
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Chapter 4

FAST SUCCESSIVE CONVEXIFICATION FOR A CLASS OF
NON-CONVEX CONSTRAINTS

This chapter is dedicated to the SCvx-fast algorithm, which is a variant of the SCvx
algorithm, that specializes in handling obstacle avoidance type of problems and is faster to
converge than SCvx. It uses a project-and-linearize procedure (enhanced as a project-and-
convezify proceure) to handle both the state constraints and the relaxed dynamics. While
introducing conservativeness is inevitable in the process, the proposed algorithm preserves
much more feasibility than similar results in [64, 43]. One clear advantage of the SCvx-fast
algorithm is that it does not have to resort to trust regions as SCvx does, to guarantee
convergence. This property allows the algorithm to potentially take a large step in each
succession, thereby greatly accelerating the convergence process, which is exactly the case

shown by the numerical simulations.

4.1 Problem Statement

Similar to before, we consider the following discrete-time optimal control problem:

Problem 4.1.1. Discrete-time Optimal Control Problem with Special Constraints

min J (x5, 1) = Z O3, ;) (4.1a)
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subject to

Tiv1 — x; = flag, uy) i=1,2,T—1, (4.1b)
h(z;) >0 i=1,2T, (4.1¢)
w; € U; CR™ i=1,2T—1, (4.1d)
z; € X; C R i=1,2,T. (4.1e)

Here, x;,u; represent discrete state/control at each temporal point, 7" denotes the final
time, and X, U; are assumed to be convex and compact sets. We also assume that the
objective function in (4.1a) is continuous and convex, as is the case in many optimal con-
trol applications. For example, the minimum fuel problem has ¢(z;, w;) = ||u;||, and the
minimum time problem has ¢(z;,u;) = 1. Equation (4.1b) represent the system dynamics,
where f(x;,u;) € R™ is, in general, a nonlinear function that is at least twice differentiable.
Equation (4.1c) are the additional state constraints, where h(x;) € R? is also at least twice
differentiable, and could be nonlinear as well. Note that we do not impose non-convex con-
trol constraints here because we can leverage lossless convexification, see e.g. [3], to convexify
them beforehand. Finally, note that (4.1b) and (4.1c) render the problem non-convex.

To reflect the specialty of SCvx-fast, we need a few assumptions on f(x;,u;) and h(z;):
Assumption 4.1.1. f;(x;,u;) is a convex function over z; and w;, Vj = 1,2, ...n.

In fact, a wide range of optimal control applications, for example systems with double
integrator dynamics and aerodynamic drag (constant speed), satisfy Assumption 4.1.1. It

also includes all linear systems. Similarly, we also have
Assumption 4.1.2. h;(x;) is a convex function over z;, Vj = 1,2, ...s.

An example for Assumption 4.1.2 is collision avoidance constraints, where the shape of
each keep-out zone is convex or can be convexly decomposed. See Figure 4.1 for a simple
illustration. Note that at this stage, these convexity assumptions do not change the non-

convex nature of the problem.
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Figure 4.1: Convex shaped keep-out zone as state constraints

To convert the optimal control problem into a finite dimensional optimization problem,

we treat state variables x; and control variables u; as a single variable
_ (T T . T T \T RY
Y= (:El,...,xT,ul,...,uT_l) € )

where N = m(T — 1) + nT. Let Y be the Cartesian product of all X; and U;, then y € Y.
Y is a convex and compact set because X; and U; are. In addition, we let g;(z;, u;) =
f(@iw) — 21 + x4, and g(y) = (97, 92, ...,g%_l)T € RV Note that each component
of g(y) is convex over y by Assumption 4.1.1, and the dynamic equation (3.1b) becomes
g(y) = 0. We also let h(y) = (h(z1)", h(xz2)7, ..., h(xT)T)T € R*T, then each component of
h(y) is convex over y by Assumption 4.1.2, and (3.1c¢) becomes h(y) > 0. In summary, we

have the following non-convex optimization problem:

J(y") = mzjn{J(y) |y €Y,9(y) =0,h(y) > 0}. (4.2)

By leveraging the theory of exact penalty methods, see e.g. [32], [51], we move g(y) = 0 into

the objective function without compromising optimality:
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Theorem 4.1.1 (Exactness). Let P(y) = J(y) + Al|g(v)|l1 be the penalty function, and y

be a stationary point of

min{Py) | y €Y, g(y) 2 0, h(y) = 0} (4.3)

with Lagrangian multiplier fi for equality constraints. Then, if the penalty weight \ satisfies
A > ||it]|oo, and if § is feasible for (4.2), then § is a critical point of (4.2).

Since each component of g(y) is convex, and || - ||; is convex and nondecreasing due to
the constraint g(y) > 0, then P(y) is a convex function by the composition rule of convex
functions, see [14]. This marks our first effort towards the convexification of (4.2).

Let q(y) = (g(y)7, h(y)T)T € RM where M = sT + n(T — 1), then we may rewrite (4.3)

as

min{P(y) | y €Y, q(y) 2 0} (4.4)

where P(y) is continuous and convex, and each component of ¢(y) is a convex function. By
doing this, we are essentially treating constraints due to dynamics as another keep-out zone.

Denote

F={y|yecY,qly) >0}

as the feasible set. Note that F' is compact but not convex.
4.2 Algorithm Description

First we will introduce the project-and-linearize procedure. Since both f(z;,u;) and h(x;)
are at least twice differentiable, we have ¢q(y) € C*(Y) as well. For any point z € F, let
Vy4q(%) be the Jacobian matrix of ¢(y) evaluated at z. Now, if we directly linearize ¢(y) at z
as in [43], there might be a gap between the linearized feasible region and F' since z could
be in the interior of F. The gap will increase as z moves further away from the boundary
q(y) = 0. This is not a desirable situation, because a fairly large area of the feasible region

is not utilized. In other words, we introduced artificial conservativeness. To address this
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issue, we first introduce a projection step, which essentially projects z onto each constraint,
and obtains each projection point. Then, we linearize each constraint at its own projection

point. See Figure 4.2 for an illustration in R2.

|

Figure 4.2: Project-and-linearize vs directly linearize. Note that when the constraint is non-
smooth, we pick the supporting hyperplane that is orthogonal to z — Z as our linearization.

To formalize, let ¢;(y),j = 1,2..., M represent each component of ¢(y), i.e. each con-
straint. Note that ¢;(y) is a convex function, hence ¢;(y) < 0 is a closed convex set. Using

the well-known Hilbert projection theorem, see e.g.[82], we have

Theorem 4.2.1 (Uniqueness of the projection). For any z € F, there ezists a unique
point

zj = argmin{||z —yll2 | ¢;(y) <0}, (4.5)
Yy

called the projection of z onto g;(y) < 0.

Equation (4.5) is a simple convex program of low dimension that can be solved quickly

(sub-milliseconds) using any convex programming solver. Alternatively, for some special
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convex sets (e.g. cylinders), (4.5) can be solved analytically, which is even faster. Doing this
for each constraint, we obtain a set of projection points, {Z1, Zs, ..., Zps}. Note that these
projection points must lie on the boundary of ¢;(y) <0, ie. ¢;(2;) =0, Vj=1,..., M. For
a fixed z € F, let [;(y, z) be the linear approximation of ¢;(y):

Li(y, 2) = Vya; (Z)(y — %), (4.6)

and let I(y,2) = (i1, 13, ...,15,)" € RM. For each z € F, denote

F.={y|yeY, l(y,z) >0}

as the feasible region after linearization. F), also defines a point-to-set mapping, F, : z — F,.
Note that each component of I(y,z) > 0, i.e. [;(y,z) > 0 represents a half-space. Hence

l(y,z) > 0 is the intersection of half-spaces, which means F, is a convex and compact set.

Remark. Convexification of F' by using F, also inevitably introduces conservativeness, but

one can verify that it is the best we can do to maximize feasibility while preserving convexity.

The following lemma gives an invariance result regarding the point-to-set mapping F’.

It is essential to our subsequent analyses.
Lemma 4.2.1 (Invariance of F,). For each z € F, we have z € F, C F.

Proof. For each z € F, and Vj = 1,2, ..., M, from (4.6), we have

Li(z,2) = Vyq;(2)) (2 — %)

Since Z; is the projection, (z — z;) is the normal vector at Z;, which is aligned with the
gradient V,q;(Z;). Hence V,q;(%;)(2 — Z;) > 0, ie. [j(2,2) > 0,Vj =1,2,..., M, ie. z € F,.

Furthermore, since ¢;(y) is a convex function, we have for any y € F,,

3 (y) > q;(%5) + Vyq;(Z)(y — 2;) = l;(y, 2) > 0,
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which means y € F. Hence F, C F. O

Now that we have a convex and compact feasible region F, and a convex objective function
P(y), we are ready to present a successive procedure to solve the non-convex problem in (4.4).
Note that the feasible region F, is defined by z. Therefore, if we start from a point (9 € F,

a sequence {2} will be generated, where

25D — argmin{P(y) |y € F.w}, k=0,1,... (4.7)

y
This is a convex programming subproblem, whose global minimizer is attained at z*+1. At
these intermediate steps, z**1) may not be the optimal solution to (4.4). Our goal, however,
is to prove that this sequence {z(*)} converges to a limit point z*, and that this limit point

solves (4.4) by project-and-linearize at z* itself, i.e., it is a “fixed-point” satisfying

2* =argmin{P(y) | y € F.-}. (4.8)

Y

More importantly, we want to show that z* gives a local optimum to (4.4) convexified at z*
itself. Then by solving a sequence of convex programming subproblems, we effectively solved
the non-convex optimal control problem in (4.2) thanks to Theorem 4.1.1. Notably, we do
not use trust regions in this process, hence no trust-region updating mechanism involved. As
a result, this procedure converges much faster than SCvx, and thus we call it the SCvx-fast

algorithm. It is summarized in Algorithm 7.

4.3 Global Convergence

In this section, we proceed to show that Algorithm 6 does converge to a point z* that indeed
satisfies (4.8). First we must assume the application of regular constraint qualifications,
namely the Linear Independence Constraint Qualification (LICQ) and the Slater’s condition.

They can be formalized as the following:
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Algorithm 7 The SCvx-fast Algorithm

1: procedure SCvx-rasT(z(¥, \)

2: input Initial point 2(%) € F. Penalty weight A > 0.

3: while not converged do

4: step 1 Project At each succession k, we have the current point 2) For each
constraint ¢;(y), solve the problem in (4.5) to get a projection point z](-k).

step 2 Linearize Construct the convex feasible region F,x) by using (4.6).

6: step 3 Solve the convex subproblem in (4.7) to get 2D Let 20 «— 2(k+1) and
go to the next succession.

7 end while

8: return z(F+t1),

9: end procedure

o

Assumption 4.3.1 (LICQ). For each z € F, the Jacobian matrix V,q(z) has full row rank,
ie. rank(V,q(z)) = M.

Assumption 4.3.2 (Slater’s condition). For each z € F, the convex feasible region F,

contains interior points.

These assumptions do impose some practical restrictions on our feasible region. Figure 4.3
shows some examples where LICQ or Slater’s condition might fail. For scenarios like (a),
we may perturb our discrete points to break symmetry, For scenarios like (b), we have to
assume the connectivity of the feasible region. In other words, our feasible region cannot
be degenerate at some point, for example, in collision avoidance the feasible region is not
allowed to be completely obstructed.

To analyze convergence, first we need to show that the point-to-set mapping F, is contin-
uous in the sense that given any point () € F and y) € F.), then for any point z? € F
in the neighborhood of z(!), there exists a y? € F,«) that is close enough to yV.

First, We have the following lemma:

Lemma 4.3.1 (Lipschitz continuity of I(y, z)). The linear approzimation l(y, z) in (4.6)

18 Lipschitz continuous in z, that is

li(y, 2) = Uy, 22| < 7)1V = 22, (4.9)
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(2) Not full row rank (b) Not have interior point

Figure 4.3: Cases where LIC() or Slater’s condition fails

for any 2, 2% € F and constant ~.

Proof. Each [;(y, z) is in fact a composition of two mappings. The first mapping maps z to
its projection z;. This mapping is defined by the optimization problem in (4.5). It is a well-
known result that this mapping is non-expansive (i.e. Lipschitz continuous with constant 1),

See e.g. [82]. The second mapping is defined by the auxiliary function:

a;(y, Z;) = Vyq;(Z)(y — %),

Since ¢(y) € C*(Y), a;(y, z;) is Lipschitz continuous in z;. By the composition rule of two
Lipschitz continuous functions, we have [;(y, z) is Lipschitz continuous, for all j = 1,2, ..., M.

Therefore, sum over j gives the Lipschitz continuity of I(y, z). O

Now with Assumptions 4.3.1, 4.3.2 and Lemma 4.3.1, we are ready to prove the continuity

of point-to-set mapping F,. The result is given as follows:

Lemma 4.3.2 (Continuity of mapping F,). Given zY) € F and y") € F,q), then given

€ > 0, there exists a § > 0 so that for any point 2?) € F with ||z® — 2| < 6, there exists



105

ay® € F,o such that ||[y® —yW|| <e.

Proof. From Assumption 4.3.1, we know that the Jacobian matrix V,q(z) has full row rank.
Thus matrix V,q(2)V,q(z)" is symmetric and positive definite for any 2z € F'. Consequently,

there exists £ such that
1(Vya(2)Vya(2)") M < B2, Vze F. (4.10)

If y) € F,@), then take y® = ™) such that ||y®® —y™M|| = 0 < e. Now suppose y) & F,«),
then there exists at least one j, such that [; (y(l), 2(2)) < 0. Let

C LW E?) LW, 2®) <o,

0 Li(yW, 2®) > 0.
Note that [;(yV), 2()) > 0, then by definition,
L] < |LyD, 20) = (g™, 2|, Vj=1,2,.., M.

Hence we have

Il < N2y, =) = 1y @, 2| < 41I20 = 22. (4.11)
The second inequality follows from (4.9) in Lemma 4.3.1.

Now we consider two cases:

Case 1: y(!) is an interior point of Y, then 3¢, € (0, ¢], such that y € Y for all y satisfies

ly =y < er.
Let ||z — 2| <6, with § = ¢, /37, and let

9(2) = y(l) - vy‘]<z(2))T(va(z(2))va(Z(z))T)_li' (4‘12)
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We need to verify that y?) € F,«). First, we have

L(y®,2®?) = v,q;, (22 (y® - 27). (4.13)

Substitute ) from (4.12) into the stacked form of (4.13), and then unstack, we get

(s, %) = Va,(57) " - 27) — 1
=Ly D, 2@y — ],

> 0.

The last inequality follows from the definition of [;. Therefore, I(y, 22)) > 0.

Next we need to show that y® € Y. Rearrange terms in (4.12), we have

Iy — y(1)||2 _ ZT(qu(Z(Q))qu<z(2))T>—1l_
< B2l

< B2z — 2@

The inequalities follow from (4.10) and (4.11). Thus we have ||y® —yD|| < By = €y, i.e.
y? €Y. So now we have verified y?) € F,. Since €; < ¢, we have ||y® —y1]|| < ¢, so
that F), is continuous.

Case 2: yY is a boundary point of Y. From Assumption 4.3.2, F.u) has interior points.
Also since F,u) is a convex set, it is a well known fact that there are interior points in the
e—Neighborhood of every point in F,u). Then we can apply the same argument as in Case

1, to get that F, is continuous. O]

One way to show convergence is to demonstrate the convergence of objective functions,
P(z"). Now let’s define
®(2) = min{P(y) | y € F:}
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to be the function that maps the point z we are solving at in each iteration to the optimal
value of the objective function in F,. By using the continuity of the point-to-set mapping

F.,, the following lemma gives the continuity of the function ®(z).
Lemma 4.3.3. O(2) is continuous for z € F.

Proof. Given any two points z(!), 22) € F', and they are close to each other, i.e. ||z()—2?)| <

0. Let

y Y = argmin{P(y) | y € F,o)} and
v

y(2) — argmin{P(y) | (NS Fz(2>}7
)

then we have ®(z(V) = P(yV) and ®(2?) = P(y?).

Without loss of generality, let ®(z(V) < ®(2?)), i.e. P(yM) < P(y?). From Lemma 4.3.2,
the continuity of F}, there exists ) € F,.), such that ||§® —yM|| < 5 for any > 0. Then
since P(y) is continuous, we have

[PH?) - PyW) < e (4.14)

Since 3 is the minimizer of P(y) in F,), P(y®) < P(§®). Therefore, P(y™") < P(5®)
by assumption. Now (4.14) becomes P(j®)— P(yV)) < e. Again, because P(y?) < P(35®),
we have P(y?) — P(yW) <, ie. ®(2?)—d(2M) < ¢, which means ®(z) is continuous. [

With the continuity of ®(z), we are finally ready to present the final convergence results:

Theorem 4.3.1 (Global convergence). Under Assumptions 4.1.1, 4.1.2, 4.3.1, and 4.3.2,
the sequence {z®)} generated by the successive procedure (4.7) is in F, and has limit point
2*, at which the corresponding sequence { P(z")} attains its minimum, P(z*).

More importantly, P(z*) = ®(z*), i.e. z* is a local optimum of the penalty problem in (4.4)

convexified at z*.
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Proof. From Lemma 4.2.1, we have 2¥) € F,q) C F, then
Pz = min{P(y) | y € F.w} < P(2"),
y

because z*) is a feasible point to this convex optimization problem, while 21 is the
optimum. Therefore, the sequence {P(z*))} is monotonically decreasing.

Also since F,x) C F for all k, we have
P(z**Y) > min{P(y) | y € F},
)

which means the sequence {P(z(®))} is bounded from below. Then by the monotone conver-
gence theorem, see e.g. [65], {P(z*)} converges to its infimum. Due to the compactness of
F_ ), this infimum is attained by all the convergent subsequences of {z(k)}. Let z* € F be

z

one of the limit points, then {P(2*)} attains its minimum at P(z*), i.e.
P(z) < P(z%), Yk=0,1,.. (4.15)

To show P(z*) = ®(z*), we note that since z* € F, z* € F,« by Lemma 4.2.1. Thus we
have

0(=") = min{P(y) | y € P} < P,

Now for the sake of contradiction, we suppose ®(z*) < P(z*). Then by Lemma 4.3.3, the
continuity of ®(z), there exists a sufficiently large k such that ®(z*) < P(2*). Then we have
P(zF+Y) = ®(2*) < P(z*), which contradicts (4.15). Therefore P(z*) = ®(z*) holds. O

4.4 Enhanced SCvx-fast Algorithm

In the section, we describe the enhancement made to the SCvx-fast algorithm. The exten-
sion is in three folds as follows. i) We can now initialize the algorithm from an infeasible

starting point, and regain feasibility in just one step; ii) We get rid of the smoothness condi-
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tions on the constraints so that a broader range of “obstacles” can be included. Significant
changes are made to adjust the algorithm accordingly; iii) We obtain a proof of superlinear
rate of convergence, a new theoretical result for SCvx-fast. Additonal numerical simula-
tions are performed to validate the enhanced version of SCvx-fast and reaffirm the fast

convergence rate.

4.4.1 Infeasible Initialization

Previously in [52], we require a feasible starting point. Now we propose a preprocessing
routine that linearize the violating constraints at the starting point, which will get us out
of the infeasible region in just one step. See Algorithm 8 for details and Figure 4.4 for an

geometric illustration of this procedure (in 2-D case).

Algorithm 8 The Infeasible Initialization Routine

1: procedure INFEASTBLE-INITIALIZATION(2("))
2: input Any point 2(¥ ¢ F.
step 1 Approximate any intersecting constraints with their minimum volume ellip-
soidal cover as the new constraint.
4: step 2 Identify any infeasible constraint hi(zfo)) < ¢, where ¢ represents all the
constant parts of that constraint.
5: step 3 Linearize h;(y) with respect to zi(o)

@

as lzgo)(y).
6: step 4 Project z(°) onto the half-space intersected by all the [ o (y) = ¢ to get a new

point 51(0) :

return Ei(o) as the new starting point.

8: end procedure

Theorem 4.4.1 (Feasibility of 2(0). Given Assumption 4.1.2, Algorihtm 8 produces a

casible initial trajectory in terms of constraints, i.e. 30 € F.
J ] Y ;

Proof. By the convexity of h(y) from Assumption 4.1.2, we know that its epigraph epi(h) =
{(y,w)|y € Yyw € R, h(y) < w} is a convex set. Denote the projection point of z(%

onto epi(h) as z,, then [ o (y) is the supporting hyperplane of epi(h) at z,. Thanks to the
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th(xy, x2)
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X1

Figure 4.4: Initialize the algorithm at an infeasible point y. The first linearization will get
us to the feasible region l, > c.

separating hyperplane theorem [14], we have I« (y) = c outside of epi(h), thus (¥ as the
projection of 29 will enjoy the property h(2(?) > ¢, i.e. 2 € F. O

4.4.2  Project-and-Convezify and the Enhanced SCvz-fast Algorithm

Next we will introduce the project-and-convezify procedure. For any point z € F, let V,q(z)
be the generalized Jacobian matrix of ¢(y) evaluated at z. Again, in order to avoid artificial
conservativeness, we first introduce a projection step, which essentially projects z onto each
constraint, and obtains each projection point. Then, we linearize each constraint at its own
projection point. See Figure 4.2 for an illustration in R?. Note that here when the constraint
function ¢; is not differentiable everywhere, V,q¢;(Z;) denote the gradient to the supporting
hyperplane orthogonal to z — z;. Including these modifications, we get a enhanced version

of the SCvx-fast algorithm, Algorithm 9.
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Algorithm 9 The Enhanced SCvx-fast Algorithm

1: procedure SCvx-rasT(z(¥, \)
2 input Initial point z(9. Penalty weight A > 0.
3 if 20 ¢ F then
4: Infeasibility Preprocessing Execute Algorithm 8 to get a new 2 € F.
5 end if
6 while not converged do
7 step 1 Project At each succession k, we have the current point 2 For each
constraint ¢;(y), solve the problem in (4.5) to get a projection point zj(»k).
step 2 Convexify Construct the convex feasible region F,x) by using (4.6).
9: step 3 Solve the convex subproblem in (4.7) to get 2**+1. Let 2(®) < 2(*+1) and
go to the next succession.
10: end while
11: return 21,
12: end procedure

®

4.4.8  Superlinear convergence rate

Aside from enhancements made to the SCvx-fast algorithm itself, we also obtained a new
convergence result quantifying its rate of convergence. We first denote the inverse mapping
of F, as F, : F, — z, which is a set-to-point mapping. Similar to Lemma 4.3.2, we will first

show the continuity of F.,.

Lemma 4.4.1 (Lipschitz continuity of I(y, z)). The linear approzimation l(y, z) in (4.6)

18 Lipschitz continuous in z, that is

iy, =) = Uy, =) 2 20 = 2@, (416
for any 2V, 2 € F and constant 7.
Proof. Similar to Lemma 4.3.1. O

Lemma 4.4.2 (Continuity of mapping F,). Given z(V, 2 € F and ¢ > 0,6 > 0, if for
any yM € F,u), there exists y?) € F ) such that ||y® —yM|| <e, then [|z® — V|| < 6.
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Proof. If y € F_@), then take y® = y® such that ||[y® — M| = 0 < e. Now suppose
yM & F,2), then there exists at least one j, such that 1;(y™M, 2®) < 0. Let

C ) LeWE?) LW, 2®) <o,

0 Li(yM, 2@) > 0.
Note that [;(yV), 2(Y) > 0, then by construction,
L] > Ly, 20) = (W, 2?)], vi=1,2,.., M.

Hence we have

Il = 12y, 20) = 1y ®, 2| = 7|20 = 2. (4.17)

The second inequality follows from (4.16) in Lemma 4.4.1.

Now we consider two cases:

Case 1: yY is an interior point of Y, then 3¢, € (0, €], such that y € Y for all y satisfies
ly =y < er.

Let § = €/, and let

YD =y = 7,q(=) (7,0(=)7,q(=2)) 1. (4.18)
We need to verify that y® € F,«). First, we have

L(y®,2?) = 7,¢;(2) (@ — 2. (4.19)
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Substitute ) from (4.18) into the stacked form of (4.19), and then unstack, we get

(s, 2%) = V(7)Y - 27) — 1
=Ly D, 2@y — ],

> 0.

The last inequality follows from the definition of [;. Therefore, I(y®, 2(2)) > 0.

Next we need to show that y® € Y. Rearrange terms in (4.18), we have

Iy — y W2 = T (7,q(z®@)7,q(z)T) 1
> 21]1”

> 29220 = )2

The inequalities follow from (4.10) and (4.17). Thus we have ||y® —yD|| < By = €y, i.e.
y® €Y. So now we have verified y® € F ). Since ¢; < ¢, we have [[z? — 2| < §, so

that F, is continuous.

Case 2: y is a boundary point of Y. From Assumption 4.3.2, F,«) has interior points.
Also since F,) is a convex set, it is a well known fact that there are interior points in the
e—Neighborhood of every point in F,u). Then we can apply the same argument as in Case

1, to get that F, is continuous. O

By using the continuity of the set-to-point mapping F,, we have the following lemma:

Lemma 4.4.3. Given 2V 2 € F and v > 0, we have
P(y®) — P(y") = 7] = 2@ (4.20)

Proof. Given any two points (1), 22) € F', and they are close to each other, i.e. ||z —2?)| <
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6. Then let

y(l) =argmin{P(y) | y € F,n)} and
y

y@ = argmin{P(y) | y € F,»},
Y

so that we have ®(z(1)) = P(yM) and ®(2?) = P(y®).
Without loss of generality, let ®(2(V) < ®(2?), ie. P(y™) < P(y®). From Lemma 4.4.2,
the continuity of F, there exists §? € F,«), such that ||§® —yM|| < for any n > 0. Then

since P(y) is continuous, we have
[P(3?) — P(yW)| < e (4.21)

Since 3 is the minimizer of P(y) in F,), P(y®) < P(§®). Therefore, P(yV) < P(5@)
by assumption. Now (4.14) becomes P(3?) — P(y")) < e. Again, because P(y?) < P(3?),
we have P(y®?) — P(yM) < e, ie. ®(2?))—d(2M) < ¢, which means () is continuous. [

Lemma 3.5.3 provides an important condition that lower bounds the cost reduction rate.
Next we show that given this condition, the SCvx-fast procedure will indeed converge
superlinearly. To proceed, first denote the stack of J(-) and g(-) as G(-), and represent P(-)
by a function composition (G(-)). Qualitatively we can write ¢(G(-)) = Geost(+) +||Geq(-)|]1-

Note that t(+) is convex since || - ||; is a convex function.

Lemma 4.4.4. Following Lemma 3.5.3, there exists v > 0, such that
Y (G(2)+ VG(2)"d) > ¢v(G(2)) + |||, Vde F: (4.22)

Proof. First we show that the statement is true for any small step d, such that ||d,|| < 7,
where v is defined in Lemma 3.5.3. We have ¢ (G(2) + VG(2)T d,) — ¥(G(2)) = ¢(G(z +
1)) = 9(G(2) + ¢ (G(2) + VG d) — (G +dy)) > Bllds | + ol ) > Ll Let
v o= g, then we have (4.22) hold for a small step d,. Note that the first inequality is due
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to Lemma 3.5.3 and again the fact that o(||d,||) can be taken out of | - | and max(0, -) and
G(-) e C.

Now to generalize this to any d € Fs,d # 0, we first define ¢ := min (1,v/||d||), and let
2¢ = Z+ (d. Denoting (2, — Z) as d¢, we have d. = ( d. With this definition of {, one can
verify that ||d¢|| <. Hence, (4.22) holds true for d.. Therefore, we have

wlldll = lldell < ¥ (G(2) + VG(2)" de) — $(G(2))
=¥ (G(2) +¢VG(2)" d) —¥(G(2))
= ((1-¢)G(2) + ¢ [G(2) + VG(2) d]) — ¥(G(2))
< (1= Qu(G(2) + ¢ (G(2) + VG(2)" d) — ¥(G(2))
=([v (G(2) + VG(2)" d) — v(G(2))] .

The second inequality is due to the convexity of ¢ (note that 0 < ¢ < 1). Dividing both
sides by ¢, we obtain (4.22). O

Theorem 4.4.2 (Superlinear Convergence). Given a sequence {z*} — z generated by

the SCvz-fast algorithm (Algorithm 7) and suppose that Assumption 4.5.1, 4.3.2, 4.1.1,

k+1

and 4.1.2 are satisfied, then we have ||y*™ — g| = o(||y* — 7l|).

Proof. Since d* := y**! — y* is the optimal solution to the convex subproblem within F, we
have Vd € F:, ¢ (G(y*) + VG(y")Td) > ¢ (G(y*) + VG(y*)T d*). Let d = § — y*, we then
have

(G + VG (71— ") — v (GWF) + VGWH" (' — M) > 0.

Together with (4.22), we get

W™ =gl < © (G@) +VG@)" ™' — 1)) — ¢ (G(®))
+ ¢ (G") + VG (7 — ") — v (G + VG (¥ —y9)) .

Since 1 is convex and has a compact domain, it is (locally) Lipschitz continuous (see e.g.
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[63]). Therefore, we have 1) (G(yk) +VGMT (5 — yk)) — @/J(G(gj)) < L|G(y*) — G(¥) +
VGW*)T (5 — y*)||, where L is the Lipschitz constant, and

¢ (G@) + VGG (™ — 1) — ¢ (GW*) + VGEHT (' —yh)
< L|G@) - GWh) = VGH (7 - ) + [VG@) - VGE] (4 = 9) |

< L|G(5) - G*) = VGH (- + LI [VG@) - VGEH] (" =) |
Combining the two parts, we obtain [|y**! — || < %HG(@) — G = VG (§—y")| +
%H [VG(y) - VG(yk)}T (y**' — g) ||. Since G(-) € C*, we have the first term ||G(y)— G (y*)—
VG (5 — v = o(]y¥ — #||). Given the fact that as k — oo, (VG(j) — VG(y¥)) — 0,

we also have the second term
_ T _ _
I [VG(@) — VG| (" =5) |l = o(lly* - g])).

Therefore, we have ||y**! — g = o(||y* — 7l|). =

4.5 Numerical Experiments

4.5.1 Results for the Original SCvz-fast Algorithm

In this section, we present numerical results that apply the SCvx-fast algorithm to an
aerospace problem. Consider a multi-rotor vehicle with state at time ¢; given by x; =
[pf, v }T, where p; € R?® and v; € R? represent vehicle position and velocity at time ¢;
respectively. We assume that vehicle motion is adequately modeled by double integrator
dynamics with constant time step At such that z;,; = Az; + B(u; + g), where u; € R? is
the control at time t;, ¢ € R? is a constant gravity vector, A is the discrete state transition
matrix, and B utilizes zero order hold integration of the control input. Further, we impose
a speed upper—bound at each time step, [|v;|la < Vinax, an acceleration upper—bound such
that ||ui|l2 < Umax (driven by a thrust upper—bound), and a thrust cone constraint 2% u; >

||1;]|2 c0S(Beone) that constrains the thrust vector to a cone pointing towards the unit vector n
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(pointing towards the ceiling) with angle 6.,,.. Finally, the multi-rotor must avoid a known
set of cylindrical obstacles with the j** cylinder having center pej € R? and radius r; € R,
Therefore, each state must satisfy the non-convex constraint given by ||Hz; — pcjll2 > ;
where H is a linear mapping that maps p; to its projection on the ground plane.

Given these constraints, the objective is to find a minimum fuel trajectory from a pre-
scribed x(tp) to a known x(ty) with fixed final time ¢y and N discrete points along with 7.,

cylindrical obstacles to avoid:

Problem 4.5.1. Minimum Fuel 3-DoF Multi-rotor Obstacle Avoidance

N
min »  [|u|
i=1
st. i =Ax;+Bu;+g), i=1,...,N—1
|lwille < Umax, ¢ =1,..., N,
llvillz2 < Vinax, 2 =1,..., N,
Al u; > ||uill2 cos(@eone), i =1,..., N,
|Hxi —pejlle >rj, i=1,...,N, j=1,...,n¢y,

zo = z(to), on = x(ty).

The parameters given in Table 4.1 are used to obtain the numerical results presented
herein. An initial feasible trajectory is obtained by using the SCvx to solve the feasibility
problem associated with this optimization. The feasible initial trajectory, z{% is shown
in Figure 4.5 (black circles). Note that z{% is not only feasible for the non-convex state
constraints, but also for the convex constraints imposed on the trajectory.

The SCvx-fast algorithm is initiated with 21, and is considered to have converged when
the improvement in the cost of the linearized problem is less than e. Figure 4.5 illustrates
the converged trajectory that avoids the cylindrical obstacles while satisfying its actuator
and mission constraints (blue x’s). Note that the converged trajectory z{°' in Figure 4.5

(blue x’s) is different than that of 2{° and is characterized by having a smooth curve. For



Table 4.1: Parameter Values of the SCvx-fast algorithm test

Par. Value Par. Value

N 25 € 1x1076
Viax 2 m/s Umax  13.33 m/s?
g [0, 0, —9.81]7 m/s? | Oeone 30 deg

Do (-8, —1,0"m |p; [81,05" m
Vg [0, 0, 0]T m/s vy [0, 0, 0]7 m/s
De,1 [_17 O]T m De,2 [47 _1]T m
1 3 m To 1.5 m

A 0 n 0, 0, 1]7
tf 15 s

y (m)

-5

0 5 y (m)

x (m)

(a) 2-DoF Ground plane projection

(b) 3-DoF plot of trajectories

x (m)
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Figure 4.5: The SCvz~-fast algorithm test: Initial trajectory (black circles) and the converged

tragectory (blue x’s)

200 S ]| = 269.01 and at 215} we have that S0, ||lu;|| = 245.38, so the cost of

the converged trajectory is lower than that of the initial trajectory. At each iteration, the

SCvx-fast algorithm solves an SOCP, and therefore 5 SOCPs were solved in order to produce

these results (in addition to 2 SOCPs for finding a feasible starting point).
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For comparison, we solve the same problem using SCvx. The converged trajectories for
both algorithms are identical to within e. The number of iterations (kscyx and kscyx-sast)
and time elapsed using each method (tgcyx and tgcyz-fast) are reported in Table 4.2. The two
iterations necessary to find a feasible starting point for the SCvx algorithm are also reported.
All times were found using the ECOS solver ([20]) on a standard workstation with an Intel
Xeon processor at 3.40 GHz and 16 GB of RAM. We can see that the convergence process
of SCvx-fast takes far fewer iterations than SCvx, and the runtimes presented here show its

potential in real-time applications.

Table 4.2: Runtimes and Iterations of the SCvx-fast and the SCvx algorithms

MethOd kSCvx tSCvx kSCVx—fast tSCvx-fast ktotal ttotal
SCvx 14  149.9 ms - - 14 149.9 ms
SCvx—-fast| 2 39.3 ms 5) 265ms | 7 65.7 ms

4.5.2  Results for the Enhanced SCvz-fast Algorithm

In this section, we apply the enhanced SCvx-fast algorithm, Algorithm 9 to an aerospace
problem and present the numerical results. Consider a multi-rotor vehicle with state at time
t; given by z; = [pI', v ]T, where p; € R? and v; € R3 represent vehicle position and velocity
at time ¢; respectively. We assume that vehicle motion is adequately modeled by double
integrator dynamics with constant time step At such that z;1; = Ax; + B(u; + g), where
u; € R3 is the control at time t;, g € R3 is a constant gravity vector, A is the discrete state
transition matrix, and B utilizes zero order hold integration of the control input. Further, we
impose a speed upper—bound at each time step, ||v;||2 < Vinax, an acceleration upper—-bound
such that ||u;]|l2 < Umax (driven by a thrust upper-bound), and a thrust cone constraint
nTu; > |Jugll2 cos(Beone) that constrains the thrust vector to a cone pointing towards the

unit vector n (pointing towards the ceiling) with angle 0.y,.. Finally, the multi-rotor must

avoid a known set of obstacles that can be either ellipsoids or polytopes. The ;% ellipsoidal
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Table 4.3: Parameter Values of the SCvx-fast algorithm test

Par. Value Par. Value

N 20 € 1x10™*
Viax 2 m/s Umax  13.33 m/s?
g [0, 0, —9.81]7 m/s? | Oeone 30 deg

Po (-2, 6, 0] m Py 6, 2, 0.5]7 m
Vg 0, 0, 0]F m/s vy [0, 0, 0]7 m/s
A 0 7 0, 0, 1]
tf 15 s

is expressed as r'Ajr + 2bx + ¢; < 0, while The k" polytopical is defined by its faces
Apx + b, <0.

Given these constraints, the objective is to find a minimum fuel trajectory from a pre-
scribed x(to) to a known x(tf) with fixed final time ¢; and N discrete points along with

Neitip + Npolyt Obstacles to avoid:

Problem 4.5.2. Minimum Fuel 3-DoF Multi-rotor Obstacle Avoidance

N
min > [|u|

i=1
st. i1 =Ar;+Bu;+g9), i=1,...,N—1

llwille < Umax, ¢ =1,..., N,

[vill2 < Vinax, i =1,..., N,

Al u; > ||ugl|2 cos(Oone), i =1,..., N,

i Ajry 4+ 2V +c; >0, i=1,... N, j=1,... Neip,

Api by >0, i=1,...,N, k=1,... npoye,

xo = x(ty), on = x(ty).

The parameters given in Table 4.3 are used to obtain the numerical results presented

herein. An initial feasible trajectory is obtained by using Algorithm 8. The infeasible
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initial trajectory z{% is shown in Figure 4.6 (black), while the feasible and (locally) optimal

converged trajectory z is shown in Figure 4.7 (green)

Figure 4.6: The SCvz~fast algorithm test: Initial trajectory (black) and the minimum volume
ellipsoidal cover (red) for intersecting obstacles (blue).

The SCvx-fast algorithm is initiated with 2z{%, and is considered to have converged
when the improvement in the cost of the convexified problem is less than e. Figure 4.7
illustrates the converged trajectory that avoids the obstacles while satisfying its actuator
and mission constraints (green). Note that the converged trajectory in Figure 4.7 (blue
x’s) is different than that of 2{® and is characterized by having a smooth curve. For z{},
SOV lug]l = 282.41 and at the converged solution 2!}, we have that ST ||u,|| = 221.76,
so the cost of the converged trajectory is lower than that of the initial trajectory. At each
iteration, the SCvx-fast algorithm solves an SOCP, and therefore 11 SOCPs were solved
in order to produce these results. The full convergence history is shown in Figure 4.8,

which clearly demonstrates the pattern of a superlinearly convergent algorithm: It improves
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Figure 4.7: The SCvz-fast algorithm test: converged trajectory (green) and the minimum
volume ellipsoidal cover (red) for intersecting obstacles (blue).

relatively slowly at first, but significantly speeds up later on, especially when approaching

the converged solution.
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I I I I I |
0 2 4 6 8 10 12
Iteration

Figure 4.8: The SCvz-fast algorithm test: Full convergence history of the solution variable
z. It affirms a typical pattern for superlinear convergence rate, namely, speeding up when
near the converged solution.
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Chapter 5

TOWARD FULL AUTONOMY: APPLICATIONS OF
SUCCESSIVE CONVEXIFICATION AS TRAJECTORY
PLANNER

So far in this document we have established the algorithmic framework of Successive
Convexification, and provided mathematical proofs for convergence properties. The author
is also looking outward application-wise for other pieces of the puzzle toward building a fully
autonomy system. This chapter represents the application-oriented work that uses Suceessive

Convexification as a building block to achieve this goal.

5.1 Learning-based Perception

For a typical optimal control problem (e.g. Problem 3.1.1), the parameters (N, ¢, f, s, X;, U;)
are given to us, and one may proceed to solve it using SCvx or some other algorithms. How-
ever, in real-world autonomous operations, these parameters may not always be readily us-
able. For one, we may not know how far into the future we want to plan due to environmental
uncertainty. That is, the best final time, N, has to be estimated. Another example would
be the obstacle information. We know from [52] that the SCvx-fast algorithm performs
better in real-time thanks to its simplicity, thus would be the preferred planner in practice.
However, one notable requirement of SCvx-fast is that the obstacles have to be decom-
posable into convex shapes, i.e., h in Problem 4.1.1 has to be a vector of convex functions.
Meanwhile, the perception data about the environment is typically a stream of occupancy
grids, where the obstacles are hardly in convex shapes. Besides, given limited information,
the vehicle may also do not know where it should go next that can minimize the overall cost,

i.e., ¢(xy,uy) in Problem 3.1.1 is unclear and has to be inferred. These real-world scenarios
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all bear the question: how can we set up a real-time solvable trajectory optimization problem

when some of the parameters are either unknown or not readily usable?

In this section, we aim to provide a preliminary learning-based answer to this question.
This research in conducted in two phases. In phase one, the author focuses on using Con-
volutional Neural Network (CNN) to learn the convex shapes for obstacles from occupancy

maps. Figure 5.1 shows how one can generate convex shaped obstacles in an occupancy map.

—
(a) Original non-convex shaped obstacles (b) Generated convex shaped obstacles

Figure 5.1: Generating convex shaped obstacles from non-convezr ones

Phase two has not started yet, thus will be an area for future work. Nevertheless, the
author plans to look at other potential parameters that learning can help find the best choices
of. For instance, we can use learning to identify the optimal planning horizon. As well, we
may learn from dynamical simulations the optimal goal placement for certain environment.
More specifically, we can train the learning model by running mission simulations with

different intermediate goal states and an overall performance metric.
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5.1.1 Methodology

In this section, we will discuss the methodology we use for phase one, i.e., the learning of
convex shapes. First we need the training and testing data. In this case, that would be
artificially generated occupancy maps. The maps are generated in a way that is outlined
in [45]. Roughly speaking, First some binary clusters of obstacles are randomly generated
on an empty map. Secondly, the obstacle clusters are blurred by a Gaussian filter, which
converts the binary map to a probabilistic occupancy grid.

Next step, we manually annotate the obstacles using convex shapes like circles and poly-
gons. Currently the annotation is done by using a web based API provided by dataturks. com,
but we are also exploring more efficient alternatives.

Once we have enough annotated maps in our dataset, we can start training on it. We use
the Faster R-CNN model on the TensorFlow platform. Finally, we use a separate dataset

to test the trained model.

5.1.2  Preliminary Results

In the first batch of tests, we have manually annotated 120 occupancy maps (training/testing:
90/30) and there are 631 obstacles in total. We test both Hausdorff Distance and Intersection-
over-Union (IoU) as the accuracy metric. The IoU is a measure of how close two regions are
on a scale between 0 and 1. A value of 0 means the regions do not overlap and a scale of 1

means that the regions are exactly the same. Explicitly,

IoU(A, B) = area(AN B) / area(A U B).

Table 5.1 summarizes the preliminary results we get from this limited dataset.

In addition, we find that computing the Hausdorff Distance takes quite a while so in the
second batch, we did tests with 80 samples using only the IoU metric. Results is shown in
Table 5.2. Note that for the IoU mean, the closer to 1 the better, so we did see a slight

increase in accuracy with more samples.
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Table 5.1: Preliminary training and testing results

Hausdorff Distance (m) | Training Testing || IoU | Training Testing
mean 0.166 0.201 || mean | 0.924 0.855
std 0.052 0.055 std 0.047 0.053

Table 5.2: Additional training and testing results

[oU | Training Testing
mean | 0.936 0.883
std 0.042 0.057

5.2 SCvx with STL Specifications

In the envisioned near future of cyber-physical systems, unmanned systems such as Un-
manned Aerial Vehicles (UAV) and intelligent ground robots are playing an increasingly
important role, as they are assigned newer and more challenging tasks. From package de-
livery to traffic monitoring, from aerial photograph to fieldwork on modern farms, careful
and autonomous trajectory planning is of utmost importance to ensure safety and mission
requirements satisfaction. An onboard optimal-control-based guidance system is proved to
be highly effective in this regard [50]. A notable line of work is the Successive Convexifica-
tion(SCvx) algorithmic framework [54], which provides both theoretical convergence guaran-
tee and practical real-time solving capability. However, traditional optimal control solvers,
including SCvx, are designed to handle spatial (state) and physical (control) constraints,
not temporal ones. Meanwhile, we have seen a growing trend of stating complex mission
requirements as temporal specifications [1], thanks to the expressiveness of temporal logic
encoding. Examples of these requirements include deadlines, periodic occurrences, and se-
quentially triggered events. The downside is that its semantics are combinatorial in nature
and thus difficult to incorporate in a smooth optimization solver, which is usually required

for onboard computation. Therefore, one may ask: “Is it possible to have the best of both
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worlds?” That is, is it possible to have a smooth optimal control solver that also incorporates
the temporal logic specifications as constraints?

In this section, we aim to provide a positive answer to this question. For the smooth
optimization solver part, we are going to adopt the SCvx framework. Hence, the problem
becomes how to express the temporal logic encodings as constraints recognizable by SCvx.
Since SCvx deals with continuous-time systems with continuous-time state variable x, we are
going to use Signal Temporal Logic (STL) as the primary form of the temporal encoding,
which also operates on continuous-time trajectories (“signals”). A more detailed survey on
the state of the art of both SCvx and STL is given in section 5.2.1. In this section, we pro-
pose a four-steps approach, called SCvx-STL, to tackle the problem. First, we use robust STL
semantics [21] to express these temporal logic specifications as real-valued state constraints.
Second, we introduce auxiliary state variables to transform these state constraints into sys-
tem dynamics (thus creating “STL subdynamics”), by exploiting the recursively structure of
certain robust STL semantics. Third, we smooth the auxiliary system dynamics with poly-
nomial smooth min- and max- functions. This also takes advantage of the aforementioned
recursive structures. Last, we convexify the resulting smooth optimal control problem and

solve with the SCvx algorithm.

5.2.1 State of the art

Optimal control (trajectory optimization) of unmanned vehicles has been extensively studied.
The reader is referred to [50] for an overview of the field. In particular, convex optimiza-
tion and convexification based technologies have been developed for more than a decade
now [5, 4], while newer 6-DoF (Degrees of Freedom) formulations with attitude control have
been studied in recent years [41, 74, 73]. Lately we have also seen commercial usages of
these technologies on, for instance, SpaceX’s Falcon series reusable rockets [10]. On a much
smaller scale, consider quadrotors, systems that are becoming increasingly ubiquitous in the
world of cyber-physical systems. Convexification-based real-time guidance are also used in

these agile systems [52, 72|, which includes non-convex obstacle avoidance constraints. A
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commonly used algorithmic paradigm in this line of work is the Successive Convexification
(SCvx) framework [51, 54]. It is an iterative procedure that solves optimal control problems
with nonlinear dynamics and non-convex state and control constraints, and provides proofs
of global convergence and superlinear convergence rate. We will use SCvx as our smooth
optimization solver thanks to its good synergy with STL specifications. More on this later.

The talk of Signal Temporal Logic (STL) is often connected with controlling a cyber-
physical system and formal verification methods. STL was originally developed in order
to specify and monitor the expected behavior of physical systems [49], including temporal
constraints between events. STL allows the specification of properties of dense-time, real-
valued signals, and the automatic generation of monitors for testing these properties on
individual simulation traces. It has since been applied to the analysis of several types of
continuous and hybrid systems, including dynamical systems where the continuous variables
represent quantities like position and velocity of a vehicle [61]. STL has the advantage
of naturally admitting quantitative semantics which, in addition to the yes/no answer to
the satisfaction question, provide a real number that grades the quality of the satisfaction or
violation. Such semantics have been defined to assess the robustness of systems to parameter
or timing variations [21]. STL as part of the Model Predictive Control (MPC) design has
been studied in [61], in which the combinatorial nature of such specifications is preserved,
and thus Mixed-Integer Linear Programming (MILP) has to be employed. More recently,
for a specific multi-quadrotor setting, [58] relaxes the robustness measures using smooth
approximations (log-sum-exponential function for max-) so that the resulting problem can
be solved by a smooth optimization solver. It, however, has to employ a two-tier optimization

framework because the amount of computation is not real-time implementable.

5.2.2  Signal Temporal Logics

Formal characterization of mission requirements can be expressed as logical statements over
states. While first order logic can be typically used to describe state constraints, properties

over trajectories can be expressed using temporal logics such as LTL (Linear temporal logics).
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These notions have been extended to bounded-horizon continuous time signals in the Signal
Temporal Logics (STL) and are convenient to express expected behavior of dynamic systems.

STL formulas are described using the grammar:

pu=7"] 2 | o1 Apa | Qg @ | 1 Ulay P2,

where 7 is an Boolean predicate whose truth value is determined by the sign of a real-
valued function p, and ¢, 1, 92,9 are STL formulas. As in LTL, Q. and U,y denote the
eventually and until modalities, respectively, with a restriction to a given time frame [a, b]
with @ < b. A simulation run &(zo, u) satisfies an STL formula ¢ is denoted by & |= ¢.

Informally, we have Eventually denoted as £ |= Q4 ¢, meaning ¢ holds at some time
between a and b. Also, we have Until denoted as £ |= ¢ U, 1, meaning ¢ holds at every
time before 1 holds, and 1 holds at some time between a and b. Additionally, we define
Always as O @ = 2 Qe (), so that £ = O,y ¢ means ¢ holds at all times between a
and b.

The semantics of a formula ¢ with respect to a run ¢ is defined inductively as in Defini-

tion 5.2.1.

Definition 5.2.1 (STL semantics).

EFye = (Gl)Ey
& ty) E & pl(zg,ur) >0
&) E & 6t EY
Et)Eeny e (Gt)Ee A (Et) EY
(& te) EQuy e & Ftw €l t+aty +0), (& tw) E o
& te) EoUayt & 3t €[tk +aty + 0], () EY

N NVt € [ti, tw], (€ tkr) = .

A key challenge is to efficiently relate specifications with optimal control. Robust seman-



131

tics of STL [21] amounts to characterize a real-valued function p¥ of signal £ and time ¢ such
that p?(&,t) > 0 = (&,t) = ¢. That is, p¥ serves as a robustness measure of how much
¢ satisfies ¢. Its absolute value can be viewed as the signed distance of & from the set of
trajectories satisfying or violating ¢, in the space of projections with respect to the function
1 that define the predicates of ¢. The robustness function can also be defined recursively as

in Definition 5.2.2.

Definition 5.2.2 (Robust STL semantics).

p™ (&t
PV

) = (@, uk)

) = —p’(&t)

pP (€ ty) = min (p? (& t), P2 (&, k)
)
)

lk

pPYVe2(E 1) = max (0¥ (&, 1), pP2 (€, 1))

_ (i
= max s Erer
tk/E[tk-ﬁ-a,tk-Fb] p (€ k )

p<P1 Ui #2 (ga tk) = max min (pcpg (57 tk”)a
tk/E[tk-i-a,tk-i-b]

Pl V(& by,

min  p¥H(E, tgr)).
it €[t ] ( ))

Temporal operators (e.g. math,e[thra,thrb]) are treated as conjunctions or disjunctions
along the time axis once discretized for computation on digital computers.

An example optimal control problem with robust STL specifications can be written as

follows, in Problem 5.2.1.
Problem 5.2.1. Optimal Control with Robust STL Specs

max p?(z) —wC(x,u)
st zp = fog,ug), k=1,2,...,N —1, (5.1)
xkEXk,ukGUk, k:1,2,...,N,

p?(z) =0,
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where w > 0 is a weighting parameter between the two objectives. In this example, we
are trying to maximize the STL robustness measure as well as ensure the satisfaction of STL
specifications in the first place. One could just do either of the two depending on the specific
needs.

Unfortunately as shown in Definition 5.2.2, p¥ is mainly built using min- and max-
operators leading to difficult combinatorial problems, which necessitates the use of Mixed-
Integer Programming solvers [61]. A smooth (infinitely differentiable) approximation of these
function has been proposed [58] and the solution is to straightforwardly substitute min- and

max- functions in p? with log-sum-exponential functions:

1
méxk(al,...,an) = Eln(ekal —I—...—f-ekam), ( )
5.2

ming(ay, . .., ap) ‘= —maxy(—ay, ..., —ay).

Despite the improved run-time from the smooth operators, experiments reported [58] were
not successful to solve (5.1) with this smooth robust STL semantics, efficiently, in real-time,
for a multi-drone fleet trajectory planning problem using the full quadrotor dynamics. It
uses a two-tier sampling method instead.

One obvious drawback of this straightforward smoothing method is that the gradient
calculation will quickly getting out of hand when the elemental STL specification, such as
p#1 (&, tpr) in the formula for the Until operator p?*Yes?2(¢ ¢,), is moderately complex.
Therefore, it is of great interest to explore other ways to systematically encode and smooth

the robust STL semantics.

5.2.3 STL subdynamics

In this and subsequent sections, we will present the SCvx-STL method that systematically
encodes and smooths the robust STL specifications p?(z) in Problem 5.2.1. Once we have
established Problem 5.2.1 as our main problem to solve, the next step is to take a closer look

at the temporal specifications we are trying to encode, namely the Eventually p®lv¥ (£, t;,)
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and the Until p#1Yan?2(€ ).

The Eventually operator (pq

Notice that with the discretized state and control variables, we can denote the first and last
time instance for ty € [t; +a,t; +b] as k@ and k® respectively. Additionally, we define the
set of instances in between £ and k® as K := {k(@ k@ +1,... k®}. Then, we have

po[a,b]%b(x,k) = maX,Oqzj(fL‘ak/)

kel
We can then introduce an auxiliary variable y = [y1, 92, ..., Uk, - - -, yn| as follows.
ye = p¥ (x, k@), V1<k<Ek®,
Ykt1 = max(yk, p¥(x, k + 1)), VE@ <k < kE®),
Yr = Yo, VE® <k < N.

Given xy1 = f(xk, ux) from the system dynamics, we have
p? (@ k4 1) = p?(f (wn, wr)) = pY (xk, us).
Hence, for k@ < k < k®, we have

Yk+1 = maX(yk, ﬁw(iUk,Uk)) = fy(yk,l’k,uk), (5.3)

which is recursively defined, and thus y can be treated as a state variable, whose correspond-
ing dynamical equation is exactly (5.3) for £ < k < k®,
The Until operator U,y

Similar considerations can be taken for the Until operator, albeit more complex. In addition

to the same notation for k(®, k® and IC, we also define of all time instances in between t;
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and ty as K, and all time instances in between ¢, and ;) as K@ . Then we can rewrite the

formula for the Until operator as

pPrtan 2 (p k) = maxmin(p‘”(x, k"), min p®'(z, k")).

kel k' ekC!
First, we introduce an auxiliary variable ¢ = [(1, (s, ..., (, - - ., (] as follows.
¢r = min p*(z, k"), V1<k<k®,
k" ek(@)
Grr = min (G, p7 (z,k + 1)), VE® < k< k®)
Gk = G, ViE® < k< N.

Similarly, given zy,1 = f(xk, ux) from the system dynamics, we have
PP (@, k + 1) = p?' (f (e, we)) = 07 (2, wi)-
Hence, for k& < k < k) we have
Croyr = min (G, 2 (xn, ur)) = fe(Crr T, ), (5.4)

which is recursively defined, and thus ( can be treated as a state variable, whose correspond-

ing dynamical equation is exactly (5.4) for £ < k < k®,

Next, for the outer max function, we introduce another auxiliary variable n = [y, 92, ..., k, - -
as follows.
e = min (p% (z, k'), G), V1<k <k,
M1 = maX<min(Pm($a k+1), Ge), 77k>7 VE@ < k< k),

M = M) VE® <« k< N.

N



135

Given zgy1 = f(xg, ug) from the system dynamics, we have

p? (ke + 1) = p? (f(zn, wn)) = p* (k, ur).

Combined with the dynamics for ¢ (5.4), we have for k@ < k < k®,

M1 = maX<min(/3“’2(ark,uk), Fe (G i, ug)), 77k>

= [ (M, G, Tho, k), (5.5)

Note that the dynamical time window from £ to k® for each STL specification can
be different, and they are all relative to their respective starting time t,. Therefore, the
above formulation also applies to nested STL specifications. For example, p¥(, ) in the
Eventually formula can be an Until specification p? %’ »192(€ t,,) starting from t5. One
just need to adjust the dynamical time window for the associated auxiliary state variable(s)
accordingly.

Assuming both the Fventually and the Until operators are present, we may append the

auxiliary states y, ( and 7 to the original state variable z and obtain a new state variable

K [ foeu)
z = Y and zp11 = fo(2k, ug) = JulWe e, ) ) (5.6)
fC(Ck?xkvuk)
) | (s Ches Ty )|

We call the dynamics for the auxiliary variables y,¢ and n (5.3), (5.4), and (5.5) “STL
subdynamics”, since they correspond to the subvector of the last three lines in (5.6).

To replace the STL specified state constraints with these newly defined dynamical equa-
tions, one just need to add a simple convex state constraint with respect to the associated
auxiliary variable, to ensure the robust satisfaction of the original constraints. Use the Until

operator as an example, one can easily verify that the following two problems are equivalent:
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Problem 5.2.2. Optimal Control with the Until Specifications

min  C(x,u)

st w1 = flag, ug), (5.7)

p901u[a,b] 22 (2, k) > 0.
Problem 5.2.3. Optimal Control with the Until Subdynamics

min  C(x,u)

st e = fo(2r, wr), (5:8)

M > 0.

Here 2z and 7 are defined in the same way as before.

One clear advantage of using this transformation is the dramatic simplification of gradient
calculation in (3.2a) and (3.2b). Previously, the temporal specification is over a time window,
which could include a large number of sampling instances. Since one needs to apply the chain
rule to calculate the gradient, too many terms will simply make the gradient formula nearly
impossible to obtain. In contrast, the “STL subdynamics” approach exploits the recursive
structure of the STL semantics, and temporally group all the terms together in the same
form (the auxiliary subdynamics). Additionally, by appending the original state vector, we
are essentially solving the same problem as vanilla SCvx does, just with expanded states and

the associated dynamical equations, which also makes implementation much easier.

5.2.4  Polynomial smooth min smin()

Now that we have transformed the STL specified constraints into subdynamics, the next
step is to make the corresponding dynamical equations smooth so that we can apply SCvx
to solve. Note that in (5.3), (5.4), and (5.5), we still have non-differentiable min- or max-

functions. Omne can certainly use the log-sum-exponential function to approximate these
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min- and max- functions (5.2), but this approximation is usually not accurate around non-
differentiable points, especially with only two variables, which is exactly the case we have

on hand. To solve this problem, we use the polynomial smooth min function smin(a, b, k)
defined as )
a, ifa—0>k,

smin(a,b, k) = < p, ifa—b< —k, (5.9)

g(a,b,k), ifa—0be(—kk),

\

where g(a, b, k) is a smooth interpolator, and k£ > 0 controls the interpolation range. The
idea of this smin() function is simple: we want to smoothly interpolate the values a and b if
they are close to each other (i.e. a —b € (—k,k)), otherwise we return the true minimum.

A polynomial smooth interpolator function is given in [66] with a nice derivation:

g(a,b, k) =a(l —h)+ hb—kh(1 —h), (5.10)
where h = 1 + 2L One can easily verify that with this g(a,b,k) in (5.10), the smin()
function in (5.9) is continuously differentiable.

This concept of polynomial smooth min function goes back to a blog post decade ago [60],
though both [60] and [66] use it on smoothing the edges in computer graphics applications.
The authors have not seen this technique been used in optimization settings, probably due to
the limitation of only accepting two variables. However, it lends itself perfectly for smoothing

the STL subdynamics, because we only need to calculate the min or max of two values at a

time thanks to the recursive nature of dynamical equations.

5.2.5 Solving with SCvzx

In (5.3), (5.4), and (5.5), replace the min operator with smin() and the max operator with
—smin(). Denoting the resulting smooth dynamics as f,(), fc(), f,() and £.(), we arrive at

the optimal control problem with smooth STL subdynamics, Problem 5.2.4 (Using Until as
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an example again).

Problem 5.2.4. Optimal Control with Smooth Subdynamics

min  C(x,u)
st 2pr1 = fo(2h up), (5.11)

M > 0.

This problem is now finally ready to be solved by the SCvx algorithm. Based on the
same example of the Until specifications, we summarize the SCvx-STL solution method as a

top-level algorithm, Algorithm 10.

Algorithm 10 The SCvx-STL Algorithm

1: procedure SCvx-STL(Problem 3.1.1 with an Until specification as in Definiton 5.2.1)

2: step 1 Use robust Until semantics in Definition 5.2.2 to obtain a real-valued problem,
Problem 5.2.2.

3: step 2 Follow the steps in section 5.2.3 to transform STL specified constraints into
STL subdynamics (5.6), and thus obtain Problem 5.2.3.

4: step 3 Smooth the STL subdynamics with polynomial smooth min function smin()
in (5.9) and obtain the smooth optimal control problem, Problem 5.2.4.

5: step 4 Solve Problem 5.2.4 with the SCvx algorithm, Algorithm 6, and obtain final
results.

6: end procedure

5.2.6  Numerical Fxperiments
A Simple Example Problem

We first demonstrate the idea by the following simple example problem with the Always
specification and using the log-sum-exponential smoothing method. The problem reads as

follows.

Problem 5.2.5. 3-DoF minimum fuel problem with double-integrator dynamics that also

tries to maximize the robustness measure of the STL specification “Always stay below ceil-
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Table 5.3: Parameter Values of the preliminary STL specification test

Par. Value Par. Value

N 20 € 1x10~*

g 0,0, —9.81]7 m/s? | Upmayx  13.33 m/s?

Do 0.1, 0.1, 1.5]" m | p; 5,5, 5] m
Vo 0, 0, 0] m/s vy 0, 0, 0] m/s
c 5.5 m ty 28

ing”:
N
D[t ot ]$(3)<C
max 3 gl + A0 ()
k=1

sit. Tper = Arp+ Bug, k=1,...,N—1
HukH Sumaz’ ]C:L,N

xo = z(to), xn = z(ty),

where \ is a weighting factor balancing the two objectives. z(3) is the height of the
03 Ig 03

vehicle and c¢ represents the height of the ceiling. A = and B = . Umaz 1S

03 03 I3

the maximum thrust. x(to) and xz(t;) are prescribed initial and final state.

The problem was solved in MATLAB using CVX [30] and SDPT3 [77]. The resulting
trajectories with two different balancing factor A’s are shown in Figure 5.2. One can see that
the more we emphasize the“stay below ceiling” specification, the further away the vehicle
tries to keep from the ceiling. This phenomenon illustrates the concept of “robustness”

measure, i.e. how safe you want to be with respect to an STL specified constraint.

Spacecraft rendezvous with STL specified mission requirements

In this more elaborated example, we explore the spacecraft rendezvous problem with mission
requirements specified in STL semantics. The problem is to autonomously dock the chasing

vehicle (CV) onto the target vehicle (TV) with zero relative velocity (See Figure 5.3).
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Figure 5.2: Trajectories of minimum fuel problem with an STL specification. The more we
emphasize the “stay below ceiling” specification, the further away the vehicle tries to keep from
the ceiling.

Zone 2 ; Zone 1

Figure 5.3: Spacecraft rendezvous with phase transition and safe corridor. The chasing
vehicle (CV) enters Zone 1 from Zone 2 due to a range-triggered constraint and needs to
stay in the safe corridor cor(a) when in Zone 1 (close proximity to the target vehicle(TV)).

The system dynamics is given by the Clohessy-Whiltshire equations:

& = 3n’x + 2ny
y = —2nx

3 = —n?z,
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where in lower earth orbit, we typically take n = 0.00113. Aside from the docking require-

ment, we also have multiple STL encoded mission requirements. Let

Zy 2 ||CV =TV |y —d >0
Z12||CV =TV, —d <0

D2|CV —TV|y—e<0
CV —=TV) - Veorr
|CV =TV

Corr(a) = ( > cos(a),

where D means docking. We then have

Reql: Approach in safe corridor: Z; = Clorr(ay)

Req2: Phase transition: Oy 7,,,1(Z2 = (Z2 U1y Z1))

Req3: Dock or in safe zone: Ojg 1,,.0(Z1 = Opm)(D V Z))

Req4: Dock in safe corridor or abort if outside of safe corridor: Ojgr,.. (21 =

Corr(ar) Upm) (D V (Corr(as) A QpryZ2))).

For this experiment, we did not incorporate the STL encoded requirements as constraints,
rather, we are generating an STL-free trajectory and check the satisfaction of listed STL
requirements for that trajectory afterwards. See Figure 5.4 for said trajectory. Note that we
have restricted the trajectory to stay in a 2D plane and it comes out no surprise that this
setup results in a bang-bang control.

Next, we are going to show the satisfaction or violation of listed STL requirements in
Figure 5.5. From the results one can clearly see that although the STL constraints are
satisfied most of the time, there are still instances where they are violated. This motivates
us to enforce these STL requirements as constraints and solve the problem using SCvx-STL,

which we will explore in the next example.
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)
time (s)

(a) computed trajectory of the chaser (b) thrust profile for this trajectory

Figure 5.4: Spacecraft rendezvous: computed trajectory (including thrust profile) of the chaser
by convex optimization.

Quadrotor motion planning with STL specifications

In this experiment, we use a non-convex quadrotor obstacle avoidance problem to demon-
strate the capability of the proposed SCvx-STL algorithm. The non-convexity of this problem
stems from cylindrical obstacle keep-out zones (in the same configuration as in Figure 3.2),
nonlinear aerodynamic drag, and the additional Until specified STL constraints.

The physical parameters for this numerical experiment closely follows [54], with the ex-
ception of STL related parameters and constraints. For a detailed description of the physical
model and the problem/parameters setup, the reader is referred to [54].

The STL specified requirement we choose to simulate in this experiment is an Until
statement: “Do not get in certain range of the destination Until a thrust reducing maneuver
has been performed within a time window.” This is a typical requirement for close proximity
operations. This translate to p?*Yen?2(x ty)) > 0. Here p?'(z,u) = ||z — z¢|| — R and
p??(xz,u) = T, — |jul|, and R is the keep-out range, while 7 is the reduced thrust limit. The
value of these parameters selected for this experiment is shown in Table 5.4.

Algorithm 10 was implemented in MATLAB using CVX [30] and the SDPT3 [77] solver.
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Figure 5.5: Spacecraft rendezvous: satisfaction and wviolation of listed STL requirements.
For each subfigure, the top figure shows the value of corresponding robust semantics and the
bottom one shows whether the requirement is satisfied (1) or violated (0).

For onboard real-time computation, one might want to use customized convex optimization
solvers that make use of the problem structures. For example, the solver in [23] generates

aggressive quadrotor guidance trajectories onboard at rates exceeding 8 Hz.

Figure 5.6 shows the top view of the converged trajectory, as well as thrust profiles (both

tilt and magnitude). The converged trajectory is feasible in the physical space as shown in
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Table 5.4: STL related parameters

Parameter Value
a 0 (s)
b 2.4 (s)
R 3 (m)
T, Tinax/2 (N)

the figure. Note that a clear thrust reducing maneuver is performed around time 2.2s, which
is within the preset time window [0, 2.4s]. One can clearly observe the differences in the
thrust magnitude between here in Figure 5.6 and the one in [54], which is exactly the effect
of the additional STL requirement.

Figure 5.7 shows the convergence history of the SCvx algorithm for this problem. It takes
around 22 successful iterations to converge for this experiment, which just adds a few more
iteration to the one in [54]. Not a bad trade-off for including STL requirement.

Figure 5.8 shows the robust measures of p¥* and p#2. One can easily see that p*' holds
Until p#? holds, which verifies the temporal requirement p#*ia1%2(z, ¢5) > 0 for this exper-

iment.



145

= 1
=20
4~
— 0 5 10
& East [m]
= 50
= T
= M
o 0 | | | | I \
Z 0o 05 1 15 2 25 3
B Time [s]
£ar ~
‘g
¥ W
0 I I I I I |
Z 0 0.5 1 1.5 2 2.5 3
H Time [s]
B

Figure 5.6: Converged trajectory and thrust profile. Feasibility in physical space and in terms
of temporal requirement is validated (based on thrust magnitude).
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Figure 5.7: Convergence history of the SCvz-STL algorithm.
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Figure 5.8: STL robust measures of p?* and p¥?. The pattern verifies p?*Hes 2 (x t5) > 0.
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Chapter 6
CONCLUSIONS

6.1 Summary

In this dissertation, we have presented the author’s Ph.D research work, along with some
mathematical preliminaries. In Chapter 2, the author gives an overview of the optimal
control theory and finite-dimensional optimization theories. Historical and geometrical in-
sight is presented. Connections with the author’s work are pointed out. In Chapter 3, the
author details every aspect of the SCvx algorithm, and gives a thorough treatment of the
convergence theories. In short, under some mild conditions, the SCvx algorithm is proved
to converge globally, strongly and enjoys a superlinear convergence rate. The same applies
in Chapter 4 for the SCvx-fast algorithm, and the enhanced version of it. Global and su-
perlinear convergence proofs are provided for SCvx-fast as well. Numerical examples affirm
these convergence properties in both chapters. In Chapter 5, the author presents the appli-
cation side of the Successive Convezification framework. More notably, the author proposed
a novel SCvx-STL procedure to handle trajectory planning problems with Signal Temporal

Logic constraints. Multiple numerical examples are provided.

6.2 Future Work

There are certainly While the theory of Successive Convezxification presented in this disser-
tation seems more complete than ever, there are still some enhancement could be made and
questions should be answered from a theoretical perspective. For instance, [51] gives global
convergence proof for SCvx in a continuous-time setting, subsequent efforts such as [54] are,
however, all in the discrete-time setting to accommodate the convergence rate proof (e.g.

Lemma 3.5.1 involves the number of constraints). This creates an interesting situation: for
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strong convergence proof, we need the K-L property, which is actually valid in Banach space
(see e.g. [2]). Therefore, it is possible to prove strong convergence without discretizing the
dynamical system. Future effort can be made in this regard. As for the unanswered ques-
tions, one may be curious about the actual computational complexity of the SCvx algorithm,
beyond the superlinear convergence rate. Given a set of fixed boundary conditions, it is rea-
sonable for an algorithm practitioner to want to obtain a bound on the number of iterations
in terms of the problem size, not just a limiting behavior. Therefore, It would be helpful
in practice to have a computational complexity analysis done for SCvx. Another important
consideration in practice is the “region of attraction” problem. like all the other nonlinear
programming solvers, SCvx only produces locally optimal solutions and the quality of such
solution depends on its region of attraction, and thus is determined by where the algorithm
is initialized. We have observed great robustness of SCvx in moderately complex settings,
thanks to its usage of virtual control and wirtual buffer zone. However, when the vehicle is
in a highly complex environment (e.g. many obstacles), SCvx may struggle to find a good
local optimizer. One may want to integrate some features or techniques of Rapidly-Exploring
Random Tree (RRT) into SCvx, since RRT is well-suited for finding a feasible path through
compelx environment.

One the application side, more complex and possibly nested STL specification can be
imposed on the system to further validate the SCvx-STL algorithm. Implementing SCvx-STL
for spacecraft rendezvous is a perfect example of taking on this endeavor, due to the sheer
complexity of such missions. A competing method [76, 75] in using logical statement for
rendezvous control is to reformulate problems with range-triggered constraints as linear com-
plementary problems. Note that the author’s STL based approach can handle state-triggered
constraints as well, and arguably in a way more natural. This warrants a comparison study.
For the perception unit, it would be beneficial to carry out the second phase of the study

and gauge its real-world performance and impact.
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