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Abstract

This thesis investigates fission within the framework of the time-

dependent superfluid local density approximation (TDSLDA), the most

complete microscopic theory to describe low energy nuclear phenom-

ena currently available. This work covers studies of fission for 236U,
240Pu, and 252Cf. We describe their general properties (for 236U,
240Pu): fission fragment (FF) masses, FF charges, TKE, and FF ex-

citation energies; all essential ingredients for describing the properties

of emitted neutrons, gammas, and de-excited FFs, all of which are

directly measurable by experiment. We also investigated the angu-

lar momenta properties of the FFs (for all three systems), including

the intrinsic spin distributions, role of orbital angular momenta, and

directional correlations between the FF angular momenta vectors. Fol-

lowing, we discussed mathematical features of TDSLDA, including a

discussion on chaos within TDSLDA, involving both fission and heavy

ion collision case studies, and the role of entropy in TDSLDA. We con-

clude with a summary of key results, and potential future work.

3



Contents

1 Introduction 6

1.1 Discovery of Fission . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.2 Role of Pairing . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.3 Fission Time Scales . . . . . . . . . . . . . . . . . . . . . . . . . 11

1.4 Microscopic Models . . . . . . . . . . . . . . . . . . . . . . . . . 12

2 Overview of Fission within TDSLDA 20

2.1 Theoretical Framework . . . . . . . . . . . . . . . . . . . . . . . 20

2.2 Numerical Implementation . . . . . . . . . . . . . . . . . . . . . 29

2.3 General Procedure . . . . . . . . . . . . . . . . . . . . . . . . . . 34

2.4 Observables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

3 FF Spin Properties 52

3.1 Background and Motivation for Symmetry Restoration . . . . 52

3.2 Theory for HFB States . . . . . . . . . . . . . . . . . . . . . . . 53

3.3 FF Intrinsic Angular Momenta . . . . . . . . . . . . . . . . . . 58

3.4 Role of Orbital Angular Momenta . . . . . . . . . . . . . . . . . 61

4 Mathematical Properties of TDSLDA 75

4.1 Chaos in TDSLDA . . . . . . . . . . . . . . . . . . . . . . . . . . 75

4.2 Discussion on Entropy . . . . . . . . . . . . . . . . . . . . . . . . 78

5 Conclusion 86

5.1 Key Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

5.2 Future Outlook . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

Appendices 92

A Derivation of SLDA Static Equations from Variational Prin-

ciple 92

4



B Discretization of LISE 100

C Block Cyclic Decomposition 106

5



1 Introduction

1.1 Discovery of Fission

In 1938, Otto Hahn and Fritz Strassmann discovered nuclear fission by

bombarding uranium (Z=92) nuclei with neutrons, causing the reaction to

produce barium (Z=56), a much lighter nucleus. Shortly after (in 1939)

Lise Meitner and Otto Frisch explained the phenomena theoretically as a

competition between Coulomb and surface energies [76]. This explanation

was expanded upon by Bohr and Wheeler in the same year [21]. In detail, an

excited nucleus will undergo oscillations in it’s shape, causing it to elongate.

During the elongation, protons begin to move further apart, causing the

Coulomb energy to decreases, while the surface energy increases (since the

surface area of a shape increases as it deforms away from a sphere for a

fixed volume, and the volume of a nucleus remains fixed during the fission

process, as it is a mostly incompressible fluid). This competition leads to the

formation of a potential barrier (shown in figure 1) beyond which the nucleus

will continue to elongate and eventually split into two (or in rare instances

more) fission fragments.

This description is semi classical, based on the liquid drop model (LDM),

which treats the nucleus as a classically charged liquid drop with the inclusion

of the Pauli exclusion principle and pairing. In this model the binding energy

of a nucleus is parameterized by the semi empirical mass formula [114]:

EB = −avA + asA
2/3 + ac

Z(Z − 1)

A1/3 + aA
(N −Z)2

A
+ δ(N,Z), (1)

where av, as, ac, aA are parameters fit to experiment or in the case of ac de-

rived theoretically, and Z, N, A refer to the charge (proton number), neutron

number, and mass number (sum of proton and neutron numbers) of the nu-

cleus respectively. The pairing term, δ(N,Z) is given by:
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δ(N,Z) =

⎧⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎩

−δ0 N,Z are both even

0 A is odd

δ0 N,Z are both odd

, (2)

where δ0 (∼ 1 MeV for heavy nuclei) is a parameter fit to experimental data.

Equation 1 ignores quantum effects, which lead to additional important

correlations, for example classically we would expect the potential to follow

the dashed line instead of the solid one in figure 1. The realistic ”double

hump” potential emerges from shell effects, which cause a local minima to

emerge at β2. As calculations have moved towards more sophisticated micro-

scopic models, which will be discussed in section 1.4, it is still important for

all properties of the LDM to be accounted for, namely all microscopic the-

ories must have the correct saturation and surface properties, the Coulomb

interaction, asymmetry properties, and include pairing. The importance of

pairing, which is crucial for fission, will be argued for in section 1.2.

1.2 Role of Pairing

For attractive, short range, two nucleon forces (the pairing interaction),

pairs of time reversed states of opposite angular momenta (j1
z = −m, j2

z =m)

will form. These cooper pairs represent the most energetically favorable

grouping of two nucleons, because the spatial overlaps of the correspond-

ing wave-functions is maximized for states with opposite angular momenta,

proven by Maria Goeppert Mayer in 1950 [75]. The proof is as follows, assume

a local attractive force between two nucleons,

V (r⃗1, r⃗2) = −gδ(r⃗1 − r⃗2). (3)

For simplicity consider the following two particle system, described by an

antisymmetric (Fermion) two body wave-function:
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Figure 1: (Color online) Potential energy of a fissioning nucleus as a function
of it’s deformation along the axis of fission [63] .

Ψ(r⃗1, s1, r⃗2, s2) =
1

√
2
(φjm1(r⃗1, s1)φjm2(r⃗2, s2)−φjm2(r⃗1, s1)φjm1(r⃗2, s2)), (4)

where j refers to the total angular momenta in given shell, m1,2 to it’s pro-

jection, and we have ignored isospin. The interaction energy is given by,

⟨Ψ(r⃗1, s1, r⃗2, s2)∣V (r⃗1, r⃗2)∣Ψ(r⃗1, s1, r⃗2, s2)⟩ = −g∫ d3r1 ∑
s1,s2

(5)

(∣φjm1(r⃗1, s1)∣
2∣φjm2(r⃗1, s2)∣

2−φjm1(r⃗1, s1)φ
∗
jm2

(r⃗1, s1)φ
∗
jm1

(r⃗1, s2)φ
∗
jm2

(r⃗1, s2)),
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It is straightforward to verify this term is minimized for m1 = −m2 pairs.

For excitations via thermal neutrons or spontaneous fission, the transitions

pairing enables are mandatory for fission. For excitations induced by higher

energy neutrons pairing is still needed to obtain correct TKE and FF exci-

tation energy distributions.

To more concretely understand the importance of pairing consider Hill

and Wheeler’s simplified model of the nucleus introduced in 1953 [62]. In

their model, the nucleus is treated as a 3-D infinite square well, representing

the attractive nature of the nuclear force (at short range). The volume is

fixed, and simultaneously the well is stretched in one direction, the scission

axis (the axis the FFs travel after separation). The energy levels of a 3-D

infinite are given by:

E(nx, ny, nz) =
π2h̵2

2m
(
n2
x

L2
x

+
n2
y

L2
y

+
n2
z

L2
z

). (6)

Without loss of generality, let the scission axis point along the z direction,

and the x, y directions be transverse to it. As the nucleus elongates, energy

levels with greater transverse components (nx, ny > nz) will increase, since

Lx, Ly decrease and Lz increases, meanwhile those with smaller transverse

components (nx, ny < nz) will decrease. If the deformation occurs rapidly,

occupied states on increasing levels don’t have time to transition to lower

lying levels during crossings. As a result, the energy required to deform a

nucleus past the outer barrier, where it is guaranteed to scission, will be

significantly greater than expected (a reasonable estimate can be obtained

from only considering surface and Coulomb energies). Hence, in the case of

thermal neutron induced fission or spontaneous fission, the nucleus will not

fission, at least not within a realistic timescale (the time to fission will be

increased by many orders of magnitude).

Pairing is the only mechanism that allows for the simultaneous transition

of paired states during level crossings rather than single nucleons. As a result,

nucleons continue to occupy states close to and below the Fermi energy while
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the compound elongates, and thus the system requires far less total energy

to reach scission (see figure 2). At low temperatures, when nucleons pair up,

they form Bosonic compound particles allowing for these transitions to be

further enhanced by the Bose enhancement factor [38].

A numerical experiment was performed by Aurel Bulgac et al [38] for the

fission of 240Pu using TDSLDA where the initial pairing gap was artificially

enhanced for neutrons from 0.73 MeV to 2.57 MeV and for protons from 0.33

MeV to 1.62 MeV. They found the increase in pairing led to a significantly

faster scission time, from ∼ 14,000 fm/c to ∼ 1,400 fm/c.BULGAC, JIN, ROCHE, SCHUNCK, AND STETCU PHYSICAL REVIEW C 100, 034615 (2019)

FIG. 3. Schematic evolution of sp levels of nucleons (upper
panel) and the total nuclear energy (lower panel) as a function of
deformation parameter q[77,78]. The thick line represents the Fermi
level and the up and down arrows depict the Cooper pairs of nucleons
on the Fermi level only, in time-reversed orbits (m, −m).

shown that the energy of the fission isomer and the height of
the outer fission barrier vary by several MeVs with respect to
the ground-state energy.

Apart from exploring the sensitivity of fission dynamics
characteristics on the NEDF properties, it is also imperative
to study the sensitivity of TDDFT trajectories with respect to
their initial conditions. Bohr’s compound nucleus model [11]
would suggest that initial conditions in general should not
matter. Initial conditions near the outer fission barrier might
matter, however, as the dynamics from the outer fission barrier
onward is faster than starting from the ground-state configu-
ration after capturing a neutron. On the other hand, Feyman’s
path-integral approach and the phenomenological Langevin
approach, see Sec. I, would suggest that fluctuations along
the fission path, not initial fluctuations, should dominate the
dynamics. Recently, a claim was made that fluctuations in an
ensemble of peculiarly chosen initial conditions alone with
absolutely no fluctuations along the fission path would be
sufficient in order to describe the FFs yields and the total
kinetic energy (TKE) distributions [49], a claim which our
results conspicuously do not support.

IV. ROLE OF PAIRING CORRELATIONS

The essential role of pairing correlations in nuclear shape
dynamics has been addressed qualitatively in the past. A
simplified picture was presented by Hill and Wheeler [22]
and was later refined by Bertsch [77– 80], who emphasized the
crucial role played by the pairing interaction. While a nucleus
deforms, the sp levels move up and down, and typically
cross in the absence of pairing, as shown in Fig. 3. The sp
occupation probabilities remain unchanged if levels cross,
which in the case of large prolate shapes leads to a very oblate
Fermi surface and thus to a volume energy excitation of the
nucleus. As Meitner and Frisch [2] have correctly assumed,

during fission the nuclear volume practically does not change
and only the surface area increases. Thus, a volume type of en-
ergy excitation is excluded. As sp levels are doubly occupied
due to Kramers degeneracies, only the pairing short-range
interaction can provide a very effective mechanism to move
simultaneously a pair of nucleons in time-reversed states from
one level to another at an (avoided) crossing [77– 80]. The
probability of such transitions is particularly enhanced in the
presence of a Bose-Einstein condensate of Cooper pairs, but
such transitions remain important even in the absence of the
condensate.

Apart from the arguments that the nuclear volume does not
change and therefore the local Fermi sphere should remain
spherical, the fact that fission is hindered in the absence of
pairing correlations (at least at the mean field level) was
demonstrated recently in Refs. [81– 83].

To illustrate the crucial role played by the pairing cor-
relations in fission dynamics, we performed a TDSLDA
simulation with an initial configuration identical to the S3
case of Ref. [62], but enforcing stronger pairing correlations
by increasing the absolute value of bare coupling constant g0.
The corresponding average neutron and proton pairing gaps
in the initial state increase from 0.73 and 0.33 MeV to 2.57
and 1.62 MeV, respectively. By increasing the strength of the
pairing field, the fission dynamics proceeds approximately 10
times faster. Figure 4 shows the snapshots of the number den-
sity, magnitude of pairing field, and phase of pairing fields for
neutron and proton, respectively, in these two simulations. The
left three columns in Fig. 4 show the induced fission of 240Pu
with realistic pairing strength, which lasts up to 14 000 fm/c
from saddle to scission, while the right three columns show
the dynamics with an enhanced pairing strength, which lasts
only about 1 400 fm/c. In the case with normal pairing
strength, the pairing field on the way from saddle to scis-
sion fluctuates noticeably in magnitude and phase. Therefore,
strictly speaking, the pairing field during its time evolution
stops being a superfluid condensate of Cooper pairs, which
otherwise would exhibit a long-range order. However, in the
case with larger pairing strength, the pairing field shows
the expected characteristics of a slowly evolving superfluid
condensate, the nuclear fluid behaving almost like a perfect or
ideal fluid. This pattern was also observed in case of collision
of two superfluid heavy ions [84,85]. Even though realistic
pairing correlations are relatively weak, they still provide the
essential “lubricant” for the saddle-to-scission evolution to
take place.

V. RESULTS

We have chosen an ensemble of initial conditions in the
Q20, Q30 collective coordinates, in total 60 different initial
conditions (including the four trajectories from Ref. [62]),
as shown in Fig. 5. These initial conditions are prepared by
constrained HFB calculations with the HFBTHO solver [61].
Using these densities, we generated the raw qpwfs used as
initial conditions in the time-dependent simulations, in the
absence of any constraints; see Appendix A for details.

One set of initial conditions (SeaLL1-1) corresponds to
configurations of 240Pu with mean excitation energy and

034615-6

Figure 2: (Color online) The evolution of single particle energy levels as a
function of the compound nucleus’ deformation during fission [12].
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1.3 Fission Time Scales

Fission is a highly complicated process, starting with the formation of the

compound nucleus, to it’s trajectory towards two separated fission fragments,

and ending with the emission of neutrons and gammas (see figure 3). The

first part of the process, the formation of the compound, takes at least of

the order of 107 fm/c for neutron induced fission, and significantly longer

for spontaneous fission. This estimate comes from the reaction of 235U + n,

where the spacing of energy levels is on average 10 eV [53]. The time it takes

for the nucleus to reach the top of the potential barrier is approximated by

the uncertainty principle as:

∆t ≥
h̵

∆E
∼ 107fm/c. (7)

The fastest part of the process, scission, takes between 103 fm/c to 104 fm/c

(see section 2.4), and currently cannot be probed directly by experiment.

After the formation of the FFs, they de-excite, emitting prompt neutrons

and gammas beginning at roughly 105 fm/c [56]. Scission neutrons pose

an additional complication. If they exist they are expected to constitute

∼ 10% of the prompt emitted neutrons [84], with some recent calculations by

N. Carjan and M. Rizea suggesting such estimates could vary significantly,

meaning the potential contribution of SNs could be much larger [44].

Currently, all parts of the fission process are treated via different theoret-

ical approaches. TDSLDA simulates the formation of the fission fragments,

the most non-equilibrium part of the process. Outputs from the simulation;

FF masses, FF charges, the total kinetic energy (TKE), FF temperatures

(excitation energies), and others; can be used as inputs for phenomenologi-

cal models FREYA, CGMF (a Hauser Feshbach [59] evaporation code), and

others to improve (or at least microscopically motivate) their predictions

for the neutron and gamma emission spectra [109], [103]. The beginning of

fission, the formation of the compound nucleus is typically treated by the
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semiclassical WKB approximation [91] or imaginary time approaches [68],

and currently cannot be simulated via TDSLDA due to the enormous sepa-

ration in time scales between it and the formation of the FFs.116 D.G. Madland / Nuclear Physics A 772 (2006) 113–137

Fig. 1. Schematic of post scission in neutron-induced binary fission of target nucleus (Z,A − 1).

Prompt gamma emission time: In the range ∼ 10−14 to ∼ 10−7 [s] based upon time-of-flight
measurements and calculation.1

Prompt energy release time: In the range ∼ 10−20 to ∼ 10−7 [s].1
Fission product (or primary fission product): Nuclear species existing following prompt neutron

emission and prompt gamma emission from a fragment, but before any β decay has
occurred.

Secondary fission product: Nuclear species existing following at least one β decay of a primary
fission product. The shortest known fission-product β decay half-life is 0.032 [s]. There-
fore, secondary fission products, β-decay energy spectra, antineutrino energy spectra,
and subsequent delayed neutron energy spectra play no role in the total prompt fission
energy release.

Now the independent fission-fragment yields Yf (Zf ,Af ) required in the solution of Eqs. (9)–
(13) can only be obtained by construction from the measured independent fission-product yields
Yp(Zp,Ap) (where p stands for product), the measured average prompt neutron multiplicity as
a function of fission-fragment mass ν̄p(Af ) (where p stands for prompt), and a Gaussian or
Gaussian-like model assumption for the Zf dependence of Yf for fixed Af . Note that Zp = Zf ,
but that Ap ! Af due to the prompt neutron emission from the fragment. Furthermore, the in-
dependent fission-product yields Yp(Zp,Ap) have been extensively measured, and tabulated,
only for spontaneous fission and neutron-induced fission at two well-defined energies, thermal
and 14 MeV (these are the well-known double-humped mass yield (Ap) distributions together
with Gaussian charge yield (Zp) distributions) [5]. Thus, solution of Eqs. (9)–(13) by use of
constructed independent fission-fragment yields Yf (Zf ,Af ) is not currently tractable except for
incident thermal neutrons and 14-MeV neutrons. Therefore, we turn to direct use of measured

1 Note that the upper limit, ∼ 10−7 [s], may be application dependent and could, for example, be replaced by ∼ 10−8

or ∼ 10−6 [s].

Figure 3: (Color online) Schematic of the fission process from scission to the
emission of neutrons and gammas [69] .

1.4 Microscopic Models

Microscopic theories, i.e. quantum models starting at the level of the

interactions between nucleons, are powerful tools for understanding nuclear

phenomena, especially in regions with sparse or no data. As an example,

scission, arguably the most important part of the fission process, occurs at

a time scale too fast to be directly observed experimentally. For low energy

nuclear physics, all microscopic approaches are derived from Schrödinger’s

equation, making them completely quantum treatments.
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Most such models rely on three assumptions: relativistic effects can be

ignored; the independent particle picture is valid, which is equivalent to

stating that the many body wave-function can be expressed as a super-

position of products of single (or quasi) particle states; and the effects of

three body and higher order interactions can be ignored. The first is jus-

tified, since the average kinetic energy of a nucleon in a nucleus, given by

⟨KE⟩ = ⟨
h2p2

2m ⟩ ∼ h2A2/3
2mR2 ≈ h2

2mr20
≈ 20 MeV, is small relative to the rest mass of

a nucleon (∼ 940 MeV) [8]. The second, since the mean distance between

two nucleons in a nucleus (∼ 2.4 fm) is greater than the range of the nuclear

interaction (∼ 1.0 fm), if we ignore the Coulomb interaction. This is different

than an ordinary liquid, where the two lengths would be roughly equal. This

is because nucleons are Fermions, thus the Pauli exclusion principle prevents

two or more of them from coming too close to each another, making scat-

tering events rare [89]. This also justifies why three body and higher order

interactions can (probably) be neglected: statistically if the probability of

two nucleons colliding is small, the probability of three or more colliding

must be miniscule.

The following section will cover three microscopic models: Hartree Fock,

BCS, and Hartree Fock Bogoliubov. The simplest is Hartree Fock, which

states that the many body wave function of A interacting nucleons can be

decomposed as a anti-symmetric product state (Slater determinant) of A

single particle wave functions:

Φ(r⃗1, r⃗2, ...r⃗A) =
1

√
A!

RRRRRRRRRRRRRRRRRRRRRRR

φ1(r⃗1) φ1(r⃗2) ... φ1(r⃗A)

φ2(r⃗1) φ2(r⃗2) ... φ2(r⃗A)

... ... ... ...

φA(r⃗1) φA(r⃗2) ... φA(r⃗A)

RRRRRRRRRRRRRRRRRRRRRRR

. (8)

The Hartree-Fock Hamiltonian is defined by:

Ĥ = −
h̵2

2m

A

∑
k=1

∇2
k +

1

2

A

∑
k≠n

V(r⃗k, r⃗n), (9)
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where the interactions are assumed to be local,

V(r⃗1, r⃗2) = t0δ(r⃗1 − r⃗2), (10)

with the exception of the Coulomb interaction,

V(r⃗1, r⃗2) =
e2

4πε0∣r⃗1 − r⃗2∣
, (11)

which depends on the relative distance between two nucleons, and the con-

stant e2

4πε0
= 1.44 MeV - fm. Some partitioners work with non local interac-

tions, specifically the Gogny interaction (for more details see [48]).

To obtain the Hartree-Fock equations, which are used to obtain the single

particle states, which define the many body wave-function, we must solve the

variational equation δE = 0 where,

E = ⟨Φ∣H ∣Φ⟩ −
A

∑
k=1

εk ∫ d3r∣φk(r⃗)∣
2. (12)

Solving the variational equation is equivalent to solving Schrodinger’s equa-

tion.

Expanded out, the system’s energy is given by:

E = ∫ d3r
A

∑
k=1

( −
h̵2

2m
φ∗k(r⃗)∇

2φk(r⃗) − εk∣φk(r⃗)∣
2) (13)

+∫ d3r
A

∑
k=1

(V H(r⃗)φ∗k(r⃗)φk(r⃗) + ∫ d3r ′V F (r⃗, r⃗ ′)φ∗k(r⃗)φk(r⃗
′)),

where,

V H(r⃗) = ∫ d3r′v(r⃗, r⃗ ′)ρ(r⃗ ′), (14)

represents the Hartree component of the interaction, and

14



V F (r⃗, r⃗ ′) = −v(r⃗, r⃗ ′)ρ(r⃗, r⃗ ′), (15)

represents the Fock (or exchange) component of the interaction. The density

matrix is defined by,

ρ(r⃗1, r⃗2) =
A

∑
k=1

φ∗k(r⃗2)φk(r⃗1), (16)

where the diagonal elements define the one body density,

ρ(r⃗) =
A

∑
k=1

∣φk(r⃗)∣
2. (17)

The condition δE = 0 is equivalent to,

δE(r⃗)

δφ∗k
= 0, (18)

where E(r⃗) is known as the energy density functional (EDF) and related to

the system energy via,

E = ∫ d3rE(r⃗). (19)

The EDF, E(r⃗), is explicitly defined by equations 13 and 19. Then equation

18 leads to the Hartree-Fock equations,

( −
h̵2

2m
+ V H(r⃗))φk(r⃗) + ∫ d3r′V F (r⃗, r⃗ ′)φk(r⃗) = εkφk(r⃗). (20)

Importantly, the Hartree Fock equations are self consistent, meaning the

potentials depend on the single particle wave functions. As a result, to

solve equation 20 we need an initial guess for either the densities, potentials,

or wave-functions, and have to iterate on the solution until it converges.

In practice, especially for extremely deformed nuclei using HFB (discussed

later), this procedure is highly non trivial.

Hartree-Fock theory accounts for some of the long range part of the nu-
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clear interaction, leading to particle-hole correlations. It does this by de-

manding all levels below the Fermi energy be fully occupied and all levels

above be fully unoccupied. To treat the short range part of the force, leading

to particle particle correlations, we must turn to a theory which includes

pairing [89].

BCS theory was developed by Bardeen, Cooper, and Schrieffer in 1957

to explain superconductivity [6], and was applied to nuclei by Bohr, Mottel-

son, and Pines in 1958 [20], and Belyaev in 1959 [10]. Described in Ring and

Schuck are six experimental facts which motivate the need for pairing in nu-

clei [89]. First, there is a gap of around 1 MeV between the low lying excited

states of odd nuclei vs even-even nuclei. Second, theory overestimates the

level density in the low lying excitation region by roughly a factor of two.

Third, the binding energies of odd-even nuclei are smaller than the average

of the binding energies of their closest even-even neighbors. Fourth, theory

at the time underestimated the moments of inertia of deformed nuclei by a

factor of two, and with pairing the agreement becomes much better. Fifth, in

order to obtain deformed nuclei we want to partially occupy shells. Hartree-

Fock only considers closed shell configurations. And sixth, there exists low

lying 2+ excitations for even-even systems, which are strongly tied to pairing

correlations.

What follows is some brief formalism of the BCS Model as presented

by Ring and Schunck [89]. Afterwards, the connection to a few experimen-

tal facts listed above will be made. Consider the BCS ground state wave-

function,

∣BCS⟩ = ∏
k>0

(uk + νka
†
ka

†
k̄
) ∣−⟩ . (21)

The vacuum is given by ∣−⟩; uk, νk represent variational parameters; and

a†
k, a†

k̄ represent creation operators for levels k and conjugate levels k̄. For

systems where the Hamiltonian is time reversal invariant the conjugate states

are given by,
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∣k̄⟩ = T ∣k⟩ , (22)

and specifically for fermions by,

⎡
⎢
⎢
⎢
⎢
⎣

φk̄↑(r⃗)

φk̄↓(r⃗)

⎤
⎥
⎥
⎥
⎥
⎦

= iσy

⎡
⎢
⎢
⎢
⎢
⎣

φ∗k↑(r⃗)

φ∗k↓(r⃗)

⎤
⎥
⎥
⎥
⎥
⎦

. (23)

The BCS Hamiltonian can be expressed as,

H = ∑
k1,k2

tk1,k2a
†
k1ak2 +

1

4
∑

k1,k2,k3,k4

ν̄k1,k2,k3,k4a
†
k1a

†
k2ak3ak4 , (24)

where the variation,

δ ⟨BCS∣(H − µN̂)∣BCS⟩ = 0, (25)

leads to the BCS equation,

2ε̃kukvk +∆k(ν
2
k − u

2
k) = 0, k > 0 (26)

and the energy parameter ε̃k and gap ∆k are given by,

ε̃k =
1

2
(tkk + tk̄k̄ +∑

k′
(ν̄k,k′,k,k′ + ν̄k̄,k′,k̄,k′)v2

k′), (27)

∆k = − ∑
k′>0

ν̄k,k̄,k′,k̄′uk′vk′ . (28)

The solutions to equation 24 are,

v2
k =

1

2
(1 −

ε̃k
√
ε̃2k +∆2

k

), (29)

u2
k =

1

2
(1 +

ε̃k
√
ε̃2k +∆2

k

). (30)

To illustrate briefly the success of the pairing model in nuclei let us re-
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EXCITATION SPECTRA OF NUCLEI 937

Fn. 1.. Energies of first excited
intrinsic states in deformed nuclei,
as a function of the mass number.
The experimental data may be
found in Nctclear Data Cards LNa-
tional Research Council, Washing-
ton, D. C.g and detailed references
will be contained in reference 1
above. The solid line gives the
energy B/2 given by Eq. (1), and
represents the average distance
between intrinsic levels in the odd-
A nuclei (see reference 1).
The figure contains all the

available data for nuclei with
150&A &190and 228 &A. En these
regions the nuclei are known to
possess nonspherical equilibrium
shapes, as evidenced especially by
the occurrence of rotational
spectra (see, e.g. , reference 2).
One other such region has also been
identified around A =25; in this
latter region the available data on
odd-A nuclei is still represented by
Eq. {1),while the intrinsic excita-
tions in the even-even nuclei in
this region do not occur below 4
Mev.
We have not included in the

figure the low lying If=0 states
found in even-even nuclei around
Ra and Th. These states appear to
represent a collective odd-parity
oscillation.
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are not observed, and their absence implies significant
correlations in the intrinsic nucleonic motion.
The appearance of a gap is reminiscent of the well-

known repulsion effect between coupled levels, but in
order to obtain a gap of the observed magnitude, which
is several times larger than 6, it appears necessary to
consider the coupling between a large number of states
of independent particle motion. It seems likely that the
resulting excitation spectrum may show regularities of
collective type, and indeed there is some evidence for
the occurrence of vibrational levels among the first
intrinsic excitations in the spheroidal nuclei of even-even
type. '
The correlations giving rise to the energy gap may

also affect many other nuclear properties; thus, they
appear to be responsible for the observed fact that the
rotational moments of inertia are appreciably smaller
than the values corresponding to rigid rotation. ' More-
over, the well-known mass difference between even-even
and odd-A nuclei4 appears intimately connected with
the occurrence of the gap. While we have here con-
sidered the nuclei of spheroidal type, similar differences
between the intrinsic spectra of odd and even nuclei
appear also for nuclei of spherical equilibrium shape.
To exhibit the gap in these spectra one must, however,
subtract the relatively low-lying collective excitations
of vibrational type.
' A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab.

Selskab, Mat. -fys. Medd. 30, 1 (1955).
4 For a review of this effect, see C. D. Coryell, Anneal Review

of Nuclear Science {Annual Reviews, Inc. , Stanford, 1953), Vol.
2, p. 304.

In the superconducting metal we may possibly be
dealing with somewhat similar correlation effects in
the electronic motion. Measurements of the thermal
and electromagnetic properties of superconductors'
indicate that the low-energy electronic excitation
spectrum divers essentially from that of a Fermi gas
in that there exists a finite energy gap between the
ground state of the metal and the states representing
electronic excitation.
Recently, new insight concerning the behavior of

interacting fermions has been obtained from a detailed
study of the correlations arising from the part of the
interaction which acts between particles with equal
and opposite momenta. ' Treating only this part of the
interaction, it was found that even very weak attractive
interactions lead to a major change in the low-energy
spectrum. oi the system. Quite apart from the extent
to which additional interactions may further modify
the spectrum, it would seem that the results obtained
are already of considerable interest in connection with
the features of the nuclear spectra discussed above and
indicate that a modified structure of the Fermi surface
is a general feature of Fermi systems with attractive
interactions. This qualitative result is perhaps not

5 For discussions of evidence for an energy gap, see Blevins,
Gordy, and Fairbank, Phys. Rev. 100, 1215 (1955); Corak,
Goodman, Sat terthwaite, and Wexler, Phys. Rev. 102, 656
(1956); R. E. Glover and M. Tinkham, Phys. Rev. 104, 844
(1956); 108, 243 (1957).

6 Bardeen, Cooper, and Schrieffer, Phys. Rev. 106, 162 (1957),
and Phys. Rev. 108, 1175 (1957).This model has also been treated
by N. N. Bogoliubov, J, Exptl. Theoret. Phys. (to be published)
and J. Valatin (to be published).

Figure 4: Energies of the first excited intrinsic states in deformed nuclei as
a function of the mass number [20].

visit two of the phenomena mentioned above and justify them. First, the

staggering between the binding energies of odd-even and even-even nuclei.

The binding energy of a pair is 1-2 MeV. For odd-even nuclei, one nucleon is

always unpaired, hence lowering the nucleus’ total binding energy. Second,

if we want to excite an even-even nucleus we would need to break up a pair,

which accounts for the gap between the low lying excited states of even-even

and odd-even nuclei.

In Hartree-Fock we considered a collection of independent particles mov-

ing through a mean potential. In BCS we introduced the concept of quasi-

particles and the pairing operator leading to particle-particle correlations.

Hartree-Fock Bogoliubov theory (HFB) unifies both approaches, where

now the many body wave-function is comprised of a generalized product of
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independent quasi-particles.

The Bogoliubov quasi-particles, introduced in [19], are connected via a

linear transformation to the bare/real particles of the system (fundamental or

composite particles, such as nucleons in a nucleus). In the absence of pairing,

quasi-particles with Ek < EF , where EF refers to the Fermi energy, correspond

to particles, and quasi-particles with Ek > EF correspond to holes. If pairing

is non zero their physical interpretation becomes hazy. It is important to

note the Bogoliubov quasi-particles are only approximate eigenfunctions of

the many body Hamiltonian [89]. Then, strictly speaking, it follows that

they have no precise physical interpretation. In order to be exact. one

should use the Landau-Migdal quasi-particles [67], [77] which have no simple

relationship to the bare particles of the system. Regardless, the Bogoliubov

quasi-particles, are still immensely useful as a tool when studying Fermi

systems, and some insight into a roughly true interpretation can be derived.

What follows will be a brief overview of HFB theory. The many body

wave-function ∣Φ⟩ for the ground-state of a nucleus is defined as the vacuum

with respect to the quasiparticle operators,

βk ∣Φ⟩ = 0. (31)

The quasiparticle operators are related to the particle operators via,

β†
k = ∑

l

[Ulkc
†
l + Vlkcl]. (32)

Then given the Hamiltonian,

H = ∑
k1,k2

tk1,k2c
†
k1
ck2 +

1

4
∑

k1,k2,k3,k4

v̄k1,k2,k3,k4c
†
k1
c†k2ck3ck4 , (33)

with the minimization condition,

δ
⟨Φ∣H − µN̂ ∣Φ⟩

⟨Φ∣Φ⟩
= 0, (34)
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we arrive at the HFB equations,

⎡
⎢
⎢
⎢
⎢
⎣

h ∆

−∆∗ −h∗

⎤
⎥
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎢
⎣

Uk

Vk

⎤
⎥
⎥
⎥
⎥
⎦

= Ek

⎡
⎢
⎢
⎢
⎢
⎣

Uk

Vk

⎤
⎥
⎥
⎥
⎥
⎦

, (35)

where,

hk,k′ = ⟨Φ∣[ck,H], c†k′ ∣Φ⟩ , (36)

∆k,k′ = ⟨Φ∣[ck,H], ck′ ∣Φ⟩ , (37)

Ek represent the eigenvalues of the matrix in equation 35, and Uk, Vk are

column vectors of the transformation matrices in equation 32.

2 Overview of Fission within TDSLDA

2.1 Theoretical Framework

This section will explicitly overview the theoretical framework of static

SLDA and TDSLDA. For more details see [65], which covers LISE, the first

program to implement TDSLDA. Additionally, although the focus here is

TDSLA applied to fission, the LISE code can also be used to model heavy-

ion collisions, neutron star crusts, or cold atom systems with little to no

modifications [41] [36] [25] [35] [39]. The program can be found on GitHub

[98].

Begin by considering the set of quasi-particle wave-functions,

Ψk =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

uk↑(r⃗)

uk↓(r⃗)

vk↑(r⃗)

vk↓(r⃗)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (38)
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The ground state solution, or in the case of a constrained calculation, the

lowest energy solution for fixed deformations, is given by the minimization

condition,

∂E[n(r⃗), τ(r⃗), κ(r⃗), s⃗(r⃗), J⃗(r⃗), j⃗(r⃗)]

∂Ψk

= 0, (39)

where E is known as the nuclear energy density functional (NEDF) of the

system, and depends on the following densities and currents: the number

density n(r⃗), the kinetic density τ(r⃗), the anomalous density κ(r⃗), the spin

density s⃗(r⃗), the spin current density J⃗(r⃗), and the current density j⃗(r⃗).

The set of densities consist of products and sums of components of the set

of quasi particle wave-functions and their derivatives,

n(r⃗) = ∑
k,σ

v∗k,σ(r⃗)vk,σ(r⃗), (40)

κ(r⃗) = ∑
k

v∗k,↓(r⃗)uk,↑(r⃗), (41)

τ(r⃗) = ∑
k,σ

∇⃗v∗k,σ(r⃗) ⋅ ∇⃗vk,σ(r⃗), (42)

s⃗(r⃗) = ∑
k,s,s′

σ⃗s,s′v∗k,s(r⃗)vk,s′(r⃗), (43)

J⃗(r⃗) =
1

2i
∑
k,s,s′

(v∗k,s′(r⃗)[∇⃗vk,s(r⃗) × σ⃗s,s′] − vk,s(r⃗)[∇⃗v∗k,s′(r⃗) × σ⃗s,s′]), (44)

j⃗(r⃗) =
1

2i
∑
k,s

(v∗k,s(r⃗)∇⃗vk,s(r⃗) − vk,s(r⃗)∇⃗v
∗
k,s(r⃗)). (45)

The EDF can be decomposed as a sum of four distinct terms,
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E = Ekin + Einteraction + ECoul + Epair. (46)

(i) The kinetic term,

Ekin = ∑
q=n,p

h2

2mq

τq(r), (47)

which is standard across all NEDFs, where often the neutron and proton

masses are set equal to an average of the two,

mq =
mp +mn

2
. (48)

(ii) The Coulomb term,

ECoul =
e2

2 ∫
np(r)np(r′)

∣r − r′∣
d3r′ −

3e2

4
(

3

π
)

1/3
n

4/3
p (r), (49)

where sometimes the exchange contribution (second term) is neglected.

(iii) The pairing term,

Epair = ∑
q

gq,eff(r⃗)∣κ(r⃗)∣
2 (50)

where the effective coupling constant gq,eff is obtained via renormalizing the

bare coupling constant [43] [117] [23],

1

gq,eff(r⃗)
=

1

g
(q)
0 (r⃗)

−
m∗
q

4πh̵2a
K, (51)

g
(q)
0 (r⃗) = g

(q)
0 (1 − α

n(r⃗)

n0

), (52)

and above, m∗
q represents the effective mass, a represents the lattice spacing,

n0 = 0.16 fm−3 is the saturation density, α = 0,0.5,1 corresponds to volume,

mixed, and surface pairing respectively [50] [14], and K is a transcendental

constant defined via,

22



K =
12

π ∫
π/4

0
dθln(1 + 1/ cos2 θ) = 2.442749607806335.... (53)

The renormalization scheme, described by equation 51, is an important dis-

tinction between SLDA and HFB. Typically, practitioners of HFB deal with

the divergence in the pairing field by either introducing a finite range Gogny

interaction [47], which greatly complicates any numerical implementation, or

imposing a momentum cutoff, which lacks strong physical justifications [43].

(iv) The interaction term, which encodes the majority of the nucleon-

nucleon interaction, has numerous suitable choices. For local NEDFs the

most common choices come from the Skyrme family [11] [52],

ESkyrme = ∑
t=0,1

[Cn
t n2

t+Cγ
t n2

t nγ0+Cn∆n
t nt∆nt+Cτ

t (ntτt−jt⋅jt)+C∇J
t (nt∇⋅Jt+st⋅(∇×jt))],

(54)

where for any density ρ, ρ0 represents the sum of the neutron and proton

densities (the isoscalar component), and ρ1 represents the difference of the

neutron and proton densities (the isovector component).

Another attractive choice is the SeaLL1 EDF,

ESeaLL1 =
2

∑
j=0

(ajn
5/3
0 +bjn

2
0+cjn

7/3
0 )(

n1

n0

)
2j

+ ∑
t=0,t=1

[Cn∆n
t nt∆nt+C∇J

t (nt∇⋅Jt+st⋅(∇×jt))].

(55)

SeaLL1 contains only seven independent parameters, less than other NEDFs,

yet has superior accuracy to most Skyrme NEDFs for binding energies, one

and two nucleon separation energies, charge radii, and so forth [34]. It con-

tains all of the important components of the interaction term, including the

correct volume and surface energies, isospin properties, spin orbit interac-

tion, and symmetry energy. The coefficients for both SeaLL1 and SkM* (a

Skyrme EDF well fitted for fission [7]) are contained in table 1. The unlisted
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SeaLL1 SkM*

a0 0 -
b0 -684.524043779 -
c0 827.26287841 -
a1 64.2474102072 -
b1 119.862146959 -
c1 -256.492703921 -
a2 -96.8354102072 -
b2 449.22189682 -
c2 - 461.650174489 -

g
(p)
0 - 230 -325.90

g
(n)
0 - 230 -240.99
Cτ

0 - 34.6875
Cτ

1 - -34.0625
Cγ

0 - 9724.6875
Cγ

1 - -324.89583̄
Cn∆n

0 - 81.3917522003 -68.203125
Cn∆n

1 - 81.3917522003 17.109375
C∇J

0 - 73.5210618422 -97.5
C∇J

1 0 -32.5

Table 1: NEDF parameters for SeaLL1 and SkM*.

parameter γ = 1/6.

The minimization condition defined by equation 39 leads to a set of self-

consistent eigenvalue equations, similar to the HFB equations (see section A

for an explicit derivation):

H(r⃗)

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

uk↑(r⃗)

uk↓(r⃗)

vk↑(r⃗)

vk↓(r⃗)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

h↑↑(r⃗) − µ h↓↑(r⃗) 0 ∆(r⃗)

h↓↑(r⃗) h↓↓(r⃗) − µ −∆(r⃗) 0

0 −∆∗(r⃗) −h∗↑↑(r⃗) + µ −h∗↑↓(r⃗)

∆∗(r⃗) 0 −h∗↓↑(r⃗) −h∗↓↓(r⃗) + µ

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

uk↑(r⃗)

uk↓(r⃗)

vk↑(r⃗)

vk↓(r⃗)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

= Ek

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

uk↑(r⃗)

uk↓(r⃗)

vk↑(r⃗)

vk↓(r⃗)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

(56)
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where µ is the chemical potential, Ek is the quasi particle energy ⟨Ψk∣H ∣Ψk⟩,

hσσ′(r⃗) is the local particle-hole Hamiltonian, and ∆(r⃗) is the pairing field.

The Hamiltonian hσσ′(r⃗) is obtained from functional derivatives of the NEDF,

and can be expressed in terms of a set of potentials as,

hq(r⃗) = (−∇⃗⋅
h̵2

2m∗
q(r⃗)

∇⃗+Uq(r⃗))−iW⃗q(r⃗)⋅(∇⃗×σ⃗)+S⃗q(r⃗)⋅σ⃗−i(∇⃗⋅A⃗q(r⃗)+A⃗q(r⃗)⋅∇⃗).

(57)

Term by term; the effective mass is given by,

h̵2

2m∗
q(r⃗)

=
∂E

∂τq(r⃗)
=
h̵2

2m
+Cτ

0n0 + ξqC
τ
1n1, (58)

with ξn,p = ±1; the central-part of the mean-field potential U(r⃗) is given by,

Uq(r⃗) =
∂E

∂nq(r⃗)
= 2Cn

0 n0+2ξqC
n
1 n1+2Cτ

0 τ0+2ξqC
τ
1 τ1+2C∆n

0 ∇2n0+2ξqC
∆n
1 ∇2n1

(59)

+C∇J
0 ∇⃗ ⋅ J⃗0+ξqC

∇J
1 ∇⃗ ⋅ J⃗1+C

γ
0 (γ+2)nγ+1

0 +2ξqC
γ
1n1n

γ
0 + ∑

q′=p,n
∂gq′,eff(n)

∂nq(r⃗)
∣κq′(r⃗)∣2,

for Skyrme NEDFs, and

Uq(r⃗) =
5

3
a0n

2/3
0 +2b0n0+

7

3
c0n

4/3
0 −

a1n2
1

3n
4/3
0

+
c1n2

1

3n
2/3
0

−
7a2n4

1

3n
10/3
0

−
2b2n4

1

n3
0

−
5c2n4

1

3n
8/3
0

(60)

+ξq(
2a1n1

n
1/3
0

+ 2b1n1 + 2c1n1n
1/3 +

4a2n3
1

n
7/3
0

+
4b2n3

1

n2
0

+
4c2n3

1

n
5/3
0

),

for the SeaLL1 NEDF; the spin-orbital potential W⃗q(r⃗) is given by,
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W⃗q(r⃗) =
∂E

∂J⃗q(r⃗)
= C∇J

0 ∇⃗n0 + ξqC
∇J
1 ∇⃗n1; (61)

the time odd potentials are given by,

S⃗q(r⃗) =
∂E

∂s⃗q
= C∇J

0 ∇⃗ × j⃗0 + ξqC
∇J
0 ∇⃗ × j⃗1, (62)

A⃗q(r⃗) = C
τ
0 j⃗0 + ξqC

τ
1 j⃗1 +

1

2
C∇J

0 ∇⃗ × s⃗0 +
1

2
ξqC

∇J
1 ∇⃗ × s⃗1; (63)

and the local pairing field is given by,

∆q(r⃗) = −gq,eff(r⃗)κq(r⃗). (64)

For constrained calculations, specifically constraints on the quadrupole

and octuple deformations of the compound nucleus for fission,

Q̂20 = ∫ d3r(2z′2 − x′2 − y′2), (65)

Q̂30 = ∫ d3rz′(2z′2 − 3x′2 − 3y′2), (66)

the Hamiltonian includes Lagrange multipliers,

h′ = h +∑
i

λi(Q̂i −Q
(0)
i ). (67)

To perform time dependent simulations (TDSLDA) the quasi particle

energies are promoted to operators Ek → ih̵ ∂
∂t leading to the evolution equa-

tions,
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ih̵
∂

∂t

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

uk↑(r⃗)

uk↓(r⃗)

vk↑(r⃗)

vk↓(r⃗)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

h↑↑(r⃗) − µ h↓↑(r⃗) 0 ∆(r⃗)

h↓↑(r⃗) h↓↓(r⃗) − µ −∆(r⃗) 0

0 −∆∗(r⃗) −h∗↑↑(r⃗) + µ −h∗↑↓(r⃗)

∆∗(r⃗) 0 −h∗↓↑(r⃗) −h∗↓↓(r⃗) + µ

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

uk↑(r⃗)

uk↓(r⃗)

vk↑(r⃗)

vk↓(r⃗)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

(68)

If required, the system can be given an overall momentum boost via (more

important for heavy ion collisions),

⎡
⎢
⎢
⎢
⎢
⎣

ukσ(r⃗)

vkσ(r⃗)

⎤
⎥
⎥
⎥
⎥
⎦

→

⎡
⎢
⎢
⎢
⎢
⎣

e
iR⃗(t)⋅p⃗
h̵ 0

0 e
−iR⃗(t)⋅p⃗

h̵

⎤
⎥
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎢
⎣

ukσ(r⃗)

vkσ(r⃗)

⎤
⎥
⎥
⎥
⎥
⎦

. (69)

After finishing a time-dependent run, theoretical observables are com-

puted. Many can be related to experimental observables, such as neutron

multiplicities, post scission gamma ray spectra, and post neutron emission

FF masses and charges, via statistical codes, such as FREYA and CGMF

[109], [103]. For fission, there are a few important ones. (i) The fission

fragment proton and neutron numbers:

Nf = ∫
Vf
nn(r⃗)d

3r, (70)

Zf = ∫
Vf
np(r⃗)d

3r, (71)

where Vf refers to the volume containing the FF.

(ii) The mass number of the FF, given by the sum of the proton and

neutron numbers

Af = Nf +Zf . (72)

(iii) The total kinetic energy (TKE):

TKE =
1

2
mAH v⃗

2
H +

1

2
mALv⃗

2
L +ECoul, (73)
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where,

v⃗f =
1

Mf
∫
Vf
d3rj⃗(r⃗), (74)

represents the FF’s center of mass velocity, and,

ECoul = e
2
∫
L
d3r1∫

R
d3r2

np(r⃗1)np(r⃗2)

∣r⃗1 − r⃗2∣
, (75)

represents the Coulomb energy between the FFs. The subscripts H/L re-

fer to the heavy/light FFs respectively, which is applicable in the case of

asymmetric fission (the most common scenario).

(iv) The systems’ collective flow energy,

Ecoll = ∑
q
∫ d3r

h̵2

2m
j⃗2
q (r⃗). (76)

(v) The FF’s intrinsic energy,

Ef,int = ∫
Vf

d3rE(r) −
1

2
mAfv

2
f . (77)

(vi) The FF’s excitation energy,

E∗
f = Ef,int −Egs. (78)

The ground state energy of a FF is obtained by performing a minimization

of the desired NEDF, with no constraints, except on proton and neutron

particle numbers, which are now allowed to be non-integer. Typically, an

auxiliary/outside code HFBTHO [83], is used to generate such solutions.

(vii) The FF temperatures, are approximately related to the FF excitation

energies via Bethe’s formula [15],

T =

√
10E∗

A
. (79)

28



A few additional observables are recorded to monitor the accuracy of

the numerical solutions, including the center of mass position, velocity, and

kinetic energy,

r⃗cm =
∫ d

3rr⃗n(r⃗)

∫ d
3rn(r⃗)

, (80)

v⃗cm(t) = ∫ d3r
h̵j⃗(r⃗, t)

M
, (81)

Ecm =
1

2
Mv⃗2

cm, (82)

which should all be close to zero, and the total particle numbers,

N = ∫ nn(r⃗)d
3r, (83)

Z = ∫ np(r⃗)d
3r, (84)

which should be close to integers and conserved, and the total energy

Etot = ∫ d3rE(r⃗), (85)

which should also be conserved.

2.2 Numerical Implementation

The static LISE solver is a 3-D coordinate based hybrid CPU/GPU code

used to obtain self-consistent initial conditions for fission simulations (or

more broadly any low energy nuclear simulations, such as low energy heavy

ion collisions). The time-dependent LISE code is used to evolve those initial

conditions, and is also a hybrid CPU/GPU code. Both codes are imple-

mented on the lattice using the discrete variable representation (for more

details see section B).
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The framework for the static solver is described by the flowchart in figure

5. We start with an initial guess for either the quasi-particle wave-functions,

densities, or potentials. Typically we use converged densities from HFBTHO,

a static HFB solver in the harmonic oscillator basis [83]. The trial densities

are used to construct the HFB Hamiltonian, which is diagonalized to ob-

tain a set of quasi-particle wave-functions and energies. Specifically, the

Hamiltonian is block cyclically distributed [17] (see section C for details)

and diagonalized either via Scalapack [18] (CPU based) or ELPA [71] (GPU

based), to obtain a set of new quasi-particle wave-functions.

The new set is used to construct densities, which are used to construct

potentials, which are mixed with the prior potentials (usually linearly),

V(m) = αVnew + (1 − α)V(m−1), (86)

which are finally used to construct a new Hamiltonian. The chemical poten-

tial is also adjusted between iterations (separately for protons and neutrons)

using the Thomas Fermi (TF) approximation:

δµ =
2

3
EF

N(m) −N

N
, (87)

where EF =
h2k2

F

2m ≈ 35MeV is the Fermi energy of infinite symmetric nuclear

matter, and also mixed linearly (as was done for the potentials):

µ(m) = αµnew + (1 − α)µ(m−1). (88)

The mixing parameter α satisfies:

0 ≤ α ≤ 1, (89)

and is typically chosen to be α = 0.25 or 0.5 (this helps the solver reach a

converged solution significantly faster). The cycle, from the qpwfs to the

Hamiltonian, is repeated until the total neutron number, proton number,
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and energy reach the desired accuracy, after which, the final quasi-particle

wave-functions (qpwfs) are written to disk.

The framework for the time-dependent solver is described by the flow

chart in figure 6. The program starts by reading in the qpwfs. They are

distributed across the various CPUs, and then copied to GPUs. On each

GPU, partial densities are constructed, copied to the corresponding CPU,

and globally reduced using MPI to construct the full densities. The densities

are then copied back to the GPUs, which are used to construct the mean-field

potentials. The mean-field potentials are used to take a step forward in time

and obtain new qpwfs. When some physical condition is met, for example in

fission when the FFs are well separated, the final qpwfs are written to disk

and the program exits. Additionally, the densities are recorded every 10 time

steps.

A time step is taken in one of two ways, either by using a series expansion

method [74], if we are at the beginning of a simulation or performing a restart,

or the ABM method [58], for the rest of the time evolution. The series

expansion method uses a predictor-corrector scheme for higher accuracy. At

time t, we perform a predictor step using the Hamiltonian H(t) constructed

from densities n(t) constructed from qpwfs ψk(t):

ψpred = exp( −
i

h̵
H(t)∆t)ψk(t). (90)

The predictor qpwfs, ψpred, are used to construct predictor densities, npred,

which are mixed with the previous densities to construct corrector densities:

ncor =
npred + n(t)

2
. (91)

The corrector densities are used to construct the corrector Hamiltonian,

which is applied on ψk(t) to obtain the qpwfs at the next time step:

ψk(t +∆t) = exp( −
i

h̵
Hcor∆t)ψk(t). (92)
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The matrix exponential is expanded via:

exp( −
i

h̵
H∆t) = ∑

(−i)n

h̵nn!
Hn∆tn, (93)

where typically n = 4 is chosen.

After 4 time steps the program transitions to the ABM method, which

requires only 2 matrix vector products as opposed to 8 matrix vector products

for an n = 4 series expansion. The error for both methods is of the order

O(∆t5). Especially, the ABM method is given by the set of equations:

pn+1 =
yn + yn−1

2
+

∆t

48
(119ẏn − 99ẏn−1 + 69ẏn−2 − 17ẏn−3) +

161

480
(∆t)5y(5), (94)

mn+1 = pn+1 −
161

170
(pn − cn) +

923

2880
(∆t)6y(6), (95)

cn+1 =
yn + yn−1

2
+

∆t

48
(17ṁn+1 + 51ẏn + 3ẏn−1 + ẏn−2) −

9

480
(∆t)5y(5), (96)

yn+1 = cn+1 +
9

170
(pn+1 − cn+1) −

43

2880
(∆t)6y(6), (97)

where p, m, c denote the predictor, modifier, and corrector. The prime marks

indicate a time derivative:

ẏn = −
i

h̵
yn, (98)

and yn+1 = y(t +∆t), yn = y(t), yn−1 = y(t −∆t), yn−2 = y(t − 2∆t), etc..

During the evolution a unneeded phase factor is introduced:

exp[ −
i

h̵ ∫
t

0
⟨ψk(t

′)∣H(t′)∣ψk(t
′)⟩dt′]. (99)

This phase is removed by subtracting the instantaneous qp energy:
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ih̵∂tψk(t) = [H(t) − ηk(t)]ψk(t), (100)

with,

ηk(t) = ⟨ψk(t)∣H(t)∣ψk(t)⟩ , (101)

to improve the program’s numerical accuracy and stability.

Post processing is handled by the LISE post processing code which uses

the time-dependent densities to compute observables listed in section 2.4. Re-

cently, post-processing also involves operations performed on wave-functions,

specifically projections of good quantum numbers on FFs [31], [30] (for more

details see section 3). The LISE projection code has unfortunately not yet

been made public.

To conclude this section, we will focus on numerical tests performed using

LISE to understand it’s accuracy, stability, and scaling capabilities. The first

test looked into the dependence of the total energy on the lattice constant,

shown in figure 7. Conservation of energy, along with particle number con-

servation (which is very well conserved for all three lattice constants and thus

not shown), are the most clear indicators that the program is both accurate

and stable. Note, this doesn’t mean results are necessarily correct if energy

is conserved, but it acts as a reasonable first check. In the case of the fission

of 236U performed on a 30x30x60 fm lattice the energy was conserved to ∼ 1

MeV for lattice spacing a = 1.25 fm, ∼ 0.1 MeV for lattice spacing a = 1.00 fm,

and ∼ 0.01 MeV for lattice spacing a = 0.75 fm. In figure 7, for times beyond

1200 fm/c the results become unreliable as parts of the FF neutron densities

begin to interact unphysical through the periodic boundary conditions (the

tails of the neutron densities reach the edge of the box).

The second numerical investigation deals with time reversal invariance.

It is expected, in a perfect realization of TDDFT, time reversal will be a

good symmetry, since Schrodinger’s equation for isolated systems is time
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reversal invariant. In figures 8, 9 we performed simulations of fission and

heavy ion collisions, where we evolved the nuclear systems both forward and

backwards in time and examined the relative difference in the total energy.

The total energy in both cases is recovered with good accuracy: the relative

energy difference is 10−6 for fission and 10−7 or better for heavy ion collisions.

For a more complete analysis, one should investigate density differences as a

function of time as well.

The third numerical investigation looks into the scaling properties of the

TD LISE code, and is characterized by figure 10 . A 236U fission trajectory

was run for various numbers of GPUs on Oak Ridge’s super computer: Sum-

mit [1]. Calculations performed strictly on GPUs, such as partial density

calculations and time evolution, exhibit nearly perfect strong scaling. Cal-

culations involving MPI communication, such as global reduction on partial

densities, do not.

2.3 General Procedure

TDSLDA fission results are obtained using the following 4 steps procedure:

(i) Generating the potential energy surface (PES) using HFBTHO. A PES

is generated via many self consistent constrained static calculations. Fission

calculations specifically require deformation constraints on β20, β30:

β20 =

√
5π

3A(r0A1/3)2 ∫ (2z′2 − x′2 − y′2)n(r⃗)d3r, (102)

β30 =

√
7π

3A(r0A1/3)3 ∫ z′(2z′2 − 3x′2 − 3y′2)n(r⃗)d3r, (103)

where x′ = x−xcm, y′ = y−ycm, z′ = z−zcm, and r0 = 1.2 fm. (ii) Trajectories are

selected beyond the outer saddle, shown in figure 11 for nuclear systems 236U,
240Pu using EDFs SeaLL1, SkM*. For clarity, sets of initial condition have

distinct labels. The white and green points for 236U using SeaLL1 are simply

labeled SeaLL1. Similarly the white points for 236U using SkM* are labeled
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SkM*. The green points represent trajectories excluded in FF intrinsic spin

calculations (see section 3). The white points for 240Pu using SeaLL1 are

labeled SeaLL1 1, the red points for 240Pu using SeaLL1 are labeled SeaLL1

2, the white points for 240Pu using SkM* are labeled SkM* 2, and the red

points for 240Pu using SkM* are labeled SkM* 1. The white/green points

were chosen to have energies close to the outer saddle point. The red points

were chosen to cross the potential energy valley. Figure 12 is similar to

figure 11, except 1D, showing initial conditions on the minimum energy path

as a function of β20. (iii) Then, the compound nuclei are placed on a lattice

(static SLDA) and evolved forward in time (TDSLDA). Simulations here

were performed on a 30x30x60 lattice with spacing a = 1 fm. A simulation

is terminated when the fission fragments reach a center of mass to center

of mass separation at 30 fm, after which, (iv) theoretical observables are

computed (see section 2.1).

2.4 Observables

In figure 13 we plot the collective flow energy, defined by equation 76, as

a function of time for 236U and 240Pu. As the nucleus evolves from the outer

saddle point, and elongates, the collective flow energy remains constant until

scission. Aurel Bulgac et al. highlighted the importance of this result in

prior simulations [38]. Their argument follows: if the collective flow energy

is constant, and the total energy, which is the sum of the collective flow

energy and intrinsic energy, is conserved, then the intrinsic energy must be

constant. The intrinsic energy is given as the sum of the potential energy

(minimal energy or a fixed deformation) and heat (excitation energy above

the minimum):

Eint = V (β20) +Q. (104)
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This all implies that the compound nucleus heats up prior to scission. Why

is this significant? This result contradicts the adiabatic approximation, foun-

dational for TDGCM [110], which assumes the intrinsic energy of the nucleus

remains fixed on the PES, or equivalently the compound stays cold. This

is analogous to free falling in the absence of air resistance, where potential

energy gets converted, one to one, to collective kinetic energy. The TDSLDA

results show the compound heats up, analogous to free falling at terminal

velocity, where potential energy gets converted, one to one, to heat. Impor-

tantly, if TDSLDA results prove to be true, static calculations cannot be

used to describe fission dynamics.

Figures 14 and 15 show β20 and β30 as functions of time for the FFs

of 236U and 240Pu. What’s key, shown previously by Bulgac et al [38], is

the deformations relax significantly after scission. This has an important

influence on the spin properties of FFs [31], highlighting the importance of

having well separated FFs, since the deformations stabilize only after the FF

center of mass to center of mass distance (the separation distance) reaches

∼ 22 fm. Another key observation was described by Scamps et al. [95]. They

argue one possible reason the HFF has neutron and proton numbers greater

than 132Sn (see table 2) is the presence of shell effects emerging from the

large octuple deformation of the HFF at scission.

In tables 2 and 3 we record the following theoretical observables (defined

in sections 2.1 and 2.3): the HFF’s mass, the HFF’s charge, the LFF’s mass,

the LFF’s charge, the HFF’s quadrupole deformation, the HFF’s octuple

deformation, the LFF’s quadrupole deformation, the LFF’s octuple defor-

mation, the initial total energy, the change in total energy, the compound’s

ground state energy, the compound’s saddle energy, the HFF’s excitation

energy, the HFF’s temperature, the LFF’s excitation energy, the LFF’s tem-

perature, the TKE, the TXE, the Q value, and the scission time. The FF

masses and charges, TKE, and FF temperatures are required for statistical

reaction codes [57], [103]. Figure 16 shows the TKE as a function of time,
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and figure 17 shows the nuclear ratio (N/Z) for individual trajectories. One

surprising feature, discussed previously in [38], is the inconclusive nature of

the FF temperatures. For some nuclei/EDF combinations the LFF on av-

erage is clearly hotter than the HFF, while for others the trend is reversed,

although the difference is less pronounced.

Nuclei NEDF Property AH ZH AL ZL βH
20 βH

30 βL
20 βL

30 Eini Efin −Eini

236U SeaLL1 Mean 133.84 51.73 102.16 40.27 0.08 -0.04 0.67 0.02 -1783.64 0.04
– – Std 1.74 0.57 1.74 0.57 0.04 0.02 0.05 0.03 0.62 0.01
– – Max 135.93 52.51 106.24 41.60 0.16 -0.02 0.79 0.07 -1782.20 0.07
– – Min 129.76 50.40 100.07 39.49 0.02 -0.07 0.57 -0.04 -1784.79 0.02

236U SKM* Mean 138.05 53.06 97.95 38.94 0.09 -0.09 0.46 0.01 -1758.11 0.06
– – Std 1.16 0.42 1.16 0.42 0.03 0.03 0.10 0.07 0.33 0.02
– – Max 139.66 53.66 100.15 39.64 0.16 -0.03 0.62 0.19 -1757.62 0.10
– – Min 135.85 52.36 96.34 38.34 0.03 -0.12 0.30 -0.07 -1758.62 0.03

240Pu SeaLL1 1 Mean 136.41 53.05 103.59 40.96 0.06 -0.04 0.62 -0.00 -1804.23 0.03
– – Std 0.65 0.27 0.65 0.26 0.03 0.01 0.04 0.04 1.60 0.04
– – Max 137.36 53.43 105.46 41.58 0.16 -0.02 0.69 0.06 -1801.79 0.16
– – Min 134.54 52.42 102.65 40.59 0.04 -0.05 0.57 -0.10 -1807.15 -0.00

240Pu SeaLL1 2 Mean 135.58 52.68 104.42 41.32 0.06 -0.04 0.66 0.06 -1808.76 0.02
– – Std 0.47 0.26 0.47 0.26 0.02 0.02 0.04 0.01 1.50 0.01
– – Max 136.71 53.21 105.13 41.72 0.09 -0.02 0.73 0.08 -1806.16 0.04
– – Min 134.87 52.27 103.29 40.79 0.03 -0.07 0.56 0.03 -1810.70 0.00

240Pu SKM* 1 Mean 135.20 52.51 104.80 41.49 0.07 -0.05 0.55 0.03 -1778.69 0.06
– – Std 2.33 0.74 2.33 0.74 0.06 0.01 0.06 0.02 2.94 0.03
– – Max 137.10 53.22 111.56 43.60 0.25 -0.03 0.70 0.06 -1771.31 0.11
– – Min 128.44 50.40 102.90 40.78 0.03 -0.07 0.48 -0.00 -1781.21 0.03

240Pu SKM* 2 Mean 135.69 52.61 104.31 41.39 0.06 -0.05 0.54 0.01 -1780.05 0.04
– – Std 1.41 0.52 1.41 0.52 0.02 0.02 0.06 0.02 1.08 0.02
– – Max 137.88 53.46 107.34 42.32 0.11 -0.02 0.70 0.05 -1779.24 0.07
– – Min 132.66 51.68 102.12 40.54 0.03 -0.07 0.47 -0.01 -1783.35 0.02

Table 2: The mean, standard deviation, maximum, and minimum of the
HFF mass, HFF charge, LFF mass, LFF charge, HFF quadrupole deforma-
tion, HFF octuple deformation, LFF quadrupole deformation, LFF octuple
deformation, initial total energy, and change in energy for fission trajectories
of 236U and 240Pu using EDFs SeaLL1 and SkM*.
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Nuclei NEDF Property Egs Esaddle E∗
H TH E∗

L TL TKE TXE TKE +TXE tsci

236U SeaLL1 Mean -1785.88 -1780.98 18.73 1.17 15.51 1.23 168.85 34.24 203.09 2515.37
– – Std – – 5.68 0.18 2.55 0.11 4.95 4.96 1.57 878.64
– – Max – – 32.57 1.58 19.51 1.40 175.84 47.96 204.76 3936.15
– – Min – – 11.75 0.93 11.52 1.05 156.43 28.84 199.44 1279.73

236U SKM* Mean -1764.58 -1757.18 15.43 1.05 10.14 1.01 167.24 25.57 192.81 1470.86
– – Std – – 2.00 0.07 2.90 0.14 3.35 2.31 2.38 297.58
– – Max – – 18.61 1.16 16.09 1.27 176.61 29.75 197.70 2203.99
– – Min – – 10.99 0.90 6.88 0.84 163.32 21.09 189.23 1105.22

240Pu SeaLL1 1 Mean -1810.36 -1806.46 17.16 1.12 20.32 1.40 175.86 37.48 213.34 1951.49
– – Std – – 3.69 0.12 2.80 0.10 3.56 4.76 2.29 529.84
– – Max – – 27.57 1.43 24.99 1.56 180.11 51.12 218.51 3884.45
– – Min – – 12.57 0.96 14.82 1.19 167.39 32.50 208.63 1667.53

240Pu SeaLL1 2 Mean -1810.36 -1806.46 16.06 1.08 15.45 1.22 178.78 31.51 210.29 1521.86
– – Std – – 2.95 0.10 1.32 0.05 2.35 3.42 1.52 245.17
– – Max – – 20.94 1.24 18.45 1.33 182.68 37.74 212.41 1848.50
– – Min – – 12.17 0.95 13.61 1.14 174.67 27.66 207.55 1195.71

240Pu SKM* 1 Mean -1786.16 -1778.76 16.60 1.10 12.09 1.07 181.63 28.69 210.31 1691.04
– – Std – – 3.74 0.12 2.17 0.09 4.69 5.45 3.20 480.43
– – Max – – 27.15 1.45 17.39 1.29 186.36 42.58 217.81 2908.49
– – Min – – 12.30 0.95 10.26 0.99 168.41 23.98 206.66 1215.10

240Pu SKM* 2 Mean -1786.16 -1778.76 15.69 1.07 12.83 1.10 180.39 28.52 208.91 1289.72
– – Std – – 1.95 0.07 3.23 0.15 4.35 3.45 2.12 275.53
– – Max – – 20.10 1.21 18.85 1.35 185.80 33.67 212.39 1796.80
– – Min – – 13.19 0.99 6.06 0.76 172.71 21.53 205.45 827.30

Table 3: The mean, standard deviation, maximum, and minimum of the
ground state energy, saddle point energy, HFF excitation energy, HFF tem-
perature, LFF excitation energy, LFF temperature, TKE, TXE, TKE+TXE
(Q value), and scission time for fission trajectories of 236U and 240Pu using
EDFs SeaLL1 and SkM*.
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Fig. 1. Flowchart of static SLDA solver.

In terms of hn , hn+1/3, and hn+2/3, one can prove the following relationship for function g(x) defined in Eq. (62)

g(xl) = 1
3

∑

n

exp(iknxl)

[
hn + exp

(
i
2π

3L
xl

)
hn+1/3 + exp

(
i
4π

3L
xl

)
hn+2/3

]
exp(iknxl), (66)

where the 1/3 factor comes from the different normalizations of the discrete Fourier transforms using discretizations with N and 3N .
Thus one reduces considerably, as one needs three forward and three backward Fourier transforms in 1D in the interval (0, L) and the 

number of operations reduces to O(6N ln N). In 3D one has to perform 27 forward and 27 backward Fourier transforms in a L3 simulation 
box only. Moreover, all these Fourier transforms can be performed in parallel. The complete form of such a decomposition of Eq. (61) is

"(r⃗) = 1
27N3

2∑

ξ,η,ζ=0

⎡

⎣
∑

k∈L3

e2ñklm(k⃗) f̃
(

k⃗ +
(

ξ
2π

3L
,η

2π

3L
, ζ

2π

3L

))
exp(ik⃗ · r⃗)

⎤

⎦ × exp
(

i
(

ξ
2π

3L
x + η

2π

3L
y + ζ

2π

3L
z
))

(67a)

where

ñklm(k⃗) =
∑

r⃗∈L3

n(x, y, z)exp
(

−i
(

ξ
2π

L
x + η

2π

L
y + ζ

2π

L
z
))

exp(−ik⃗ · r⃗). (67b)

3.3. Static SLDA

3.3.1. Self-consistent iterations
The static solution is obtained by solving the SLDA equation (11) self-consistently, see Fig. 1. The static solver starts from a set of initial 

local densities denoted generically by n(0) . Two options are provided for starting the calculations:

• the initial guess of local densities n(0) are constructed from periodic 3D Gaussian-like functions with appropriate saturation and 
surface properties for the desired nucleus;

• the initial densities n(0) are read from the disk; in this case, previously calculated densities with this solver or generated with other 
solvers can be used to continue the calculation on the lattice, or to produce the initial conditions by performing one diagonalization. 
Sometimes one needs to perform several iterations however. For example, if the densities originated from a different solver, the 
treatment of pairing might be different. In the time-dependent code we sometimes use a spherical momentum cutoff and sometimes 
a cubic momentum cutoff. In such cases one needs to determine the chemical potential which corresponds to the correct particle 
number. Typically three iterations are sufficient. The first iteration with the original chemical potential leads to an incorrect particle 
number. One then uses the procedure described below. In other cases the original densities for two nuclei in a collision simulation are 
obtained for isolated nuclei. When placed in a simulation box at a finite distance the long ranged Coulomb potential of one nucleus 
affects the proton chemical potential of the other nucleus. If the nuclei are sufficiently far apart it is sufficient to correct the chemical 
potential of each nucleus by the Coulomb field created by the other nucleus considered as point charge. If the nuclei are different 
their chemical potentials are different and in this case one has to interpolate them from one value to the other using a smooth 

11

Figure 5: Flowchart of static LISE solver.
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Fig. 4. Parallelization structure of the TDSLDA code. The blue and red colored blocks refer to operations performed on either CPUs or GPUs.

The same checkpoint procedure is performed at the end of the program as well. During the checkpoint, only the latest wavefunctions (for 
neutron and proton) are saved and the program can restart from the latest saved time using the series expansion of the time evolution 
operator described in section 3.4 .

5. Code description

5.1. Static code

The static code contains the following source files:

• cnuclear-slda-solver_pn.c: the main program
– main(): the main function;
– readcmd(): detects the availability of the input file;
– parse_input_file(): reads in the input options from a file;

• create_destroy_mpi_groups.c:
– create_mpi_groups(): splits the MPI space into two equal spaces, one for protons, one for neutrons;
– destroy_mpi_groups(): destroys the MPI groups;

• constr_dens.c: contains functions related to densities
– make_coordinates(): constructs the variables associated with the lattice;
– generate_ke_1d: constructs the DVR of second order derivative in 1D;
– generate_der_1d: constructs the DVR of first order derivative in 1D;
– grid3: returns the corresponding 3D meshgrid from 1D mesh grid;
– compute_densities(): from the eigenvectors of the HFB Hamiltonian (see make_ham), the densities are constructed at zero 

temperature;
– exch_nucl_dens(): exchange of densities and currents between proton and neutron spaces;
– rescale_dens(): option to rescale all the densities to the correct number of particles;

• operators.c: contains miscellaneous tool functions

18

Figure 6: Parallelization structure of the TDSLDA code. The blue and
red colored blocks refer to operations performed on either CPUs or GPUs
respectively.
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Here  k(t) stands for the four component qpwf⇥
uk"(~r, t), uk#(~r, t), vk"(~r, t), vk#(~r, t)

⇤T . At the end of each
time step we sometimes re-normalize each qpwf  k, which
results in a negligible overhead, but it insures that the numerical
roundo↵ errors are kept to a minimum. We have found however
that this renormalization of the qpwfs is typically not needed.

3.5. Various numerical tests of the time-dependent code
3.5.1. The choice of the spatial lattice constant and of the time-

step integration
After introducing the spatial discretization the emerging

time-dependent time-dependent mean field equations consti-
tute a system of nonlinear coupled complex partial di↵erential
equations (PDEs) with 2 ⇥ 2 ⇥ NxNyNz ⇥ 4NxNyNz. The first
factor 2 stands for the proton and neutron systems. The next
factor 2NxNyNz stands for the number of quasiparticle states
of the 4NxNyNz ⇥ NxNyNz Hartree-Fock-Bogoliubov Hamilto-
nian. And the last factor 4NxNyNz is the number of spin and
space coordinates in a single quasiparticle wave function. It
is trivial to show and known for decades that by choosing the
real and imaginary parts of the wave functions at each coor-
dinate the time-dependent mean field equations are formally
equivalent to a non-linear classical Hamiltonian system with
2 ⇥ NxNyNz ⇥ 4NxNyNz degrees of freedom. The only approx-
imation in solving this large system of non-linear Hamiltonian
system, once the size of the simulation box and the spatial lat-
tice constant have been chosen, is the discretization of time.

Upon discretization one should make sure that various sym-
metries of the emerging equations of motion are non violated.
On a simulation box with periodic boundary conditions transla-
tional symmetry is trivially satisfied. The isospin symmetry is
not violated either after discretization. Gauge invariance, cor-
responding  (~r, t) ! exp(i f (~r, t) (~r, t) is satisfied as well, if
one computed various derivatives using the Liebniz rule. The
local Galilean invariance and the gauge invariance, specific to
Bogoliubov mean field, when one applies the operator exp(iN̂⌘)
with N̂ the number operator, on the generalized Slater determi-
nant, are also satisfied in the present formulation of the nuclear
energy density functional. The only remaining symmetry which
is patently broken is the rotational symmetry however. We will
discuss the time-reversal invariance in the next section.

In almost all published so far simulations of nuclear pro-
cesses [12, 11, 10, 54, 13, 55, 14] we used a spatial lattice
constant a = 1.25 fm, which corresponds to a 1D linear mo-
mentum cuto↵ pcut = ~⇡/a ⇡ 496 MeV/c [58], comparable in
magnitude with some of the largest cuto↵ momenta considered
in modern �-E↵ective Field Theory models of nucleon-nucleon
interactions [64], which are used to describe nucleons interac-
tions in the medium, e.g. the equation of state of pure neutron
matter and symmetric nuclear matter. Using such a value of
the spatial lattice constant leads to a nuclear binding energy of
208Pb within the mean field approximation with an accuracy of
less 1 MeV [19], if all spatial derivatives are computed using
FFT or equivalently Lagrange-mesh techniques. This applies
as well to time-dependent simulations, see Fig. 2.

We have performed fission simulations of 236U with the nu-
clear energy density functional SeaLL1 [36] for various val-

ues of the spatial lattice constant a = 0.75, 1.00, 1.25 fm in
a simulation box of size 303 ⇥ 60 fm3. The 1D momen-
tum cuto↵ for the smaller lattice constants a = 0.75, 1.00 are
pcut ⇡ 827, 620 MeV/c. Since we use in 3D a cubic momentum
cuto↵, see Eq. (21), the actual value of the momentum cuto↵
in 3D is larger by a factor of

p
3 than the 1D pcut values men-

tioned above. These choices corresponded to evolving in time
16NxNyNz PDEs, i.e. 2,048,000, 864,000, and 442,368 PDEs
respectively, on spatial lattices 402 ⇥ 80, 302 ⇥ 60, and 242 ⇥ 48
respectively. We observed that the total energy is conserved
during evolution reasonably well in all these cases. By vary-
ing the time-step integration down by a factor of 10 in all cases
we obtained an identical behavior for each spatial lattice con-
stant. With further tests, by changing the spin-orbit interaction
in particular, we have identified that the treatment of the spin-
orbit interaction alone is at the root of time time variation of
E(t) � E(0), see Fig. 2, along with other changes. In particu-
lar of the noticeably di↵erent spatial-temporal evolutions of the
pairing field and of the center of mass position of the system in
the case of a = 1.25 fm when compared to a = 1.00, 0.75 fm.
With decreasing the spatial lattice constant the coarseness of
the spatial pixelation is significantly ameliorated and a spatial
lattice constant a = 1 fm or less is a satisfactory choice. How-
ever, most of other global properties, the total kinetic energy of
the fission fragments, their masses and charges, and their exci-
tation energies are little a↵ected by changing the spatial lattice
constant from a = 1.25 to a = 1.00 fm or less. The spin-orbit in-
teraction is the only element of the single-particle Hamiltonian
which is highly susceptible to rotations, and the only element
of the single-particle Hamiltonian which performs rotations of
the wave functions during evolution, see Eq. (12). The other
elements of the single-particle Hamiltonian lead only to scale
transformations, translations, spin rotations, and boosts along
the cartesian axes.

Figure 2: The evolution with time of the total energy di↵erence E(t) � E(0),
which should be conserved exactly if the spatial and time discretization are
adequate.

The time evolution described with the discretization

12

Figure 7: (Color online) Energy conservation of a 236U fission trajectory for
three different lattice constants.
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Figure 8: (Color online) Simulations of the fission of 236U using the SeaLL1
EDF on a 30x30x60 lattice with spacing a = 1.00 fm have been performed
forward and then backwards in time. The top panel shows the system’s
total energy as a function of time with the red points indicating the forward
direction and the blue points indicating the backward direction. The bottom
panel shows the relative difference in the total energies at fixed times.
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Figure 9: (Color online) Head on collisions of 238U + 238U in the center of
mass frame have been performed forward and then backwards in time for
two collision energies. The simulations were performed on a 24x24x64 lattice
with spacing a = 1.25 fm and on a 30x30x64 lattice with spacing a = 1.00
fm using the EDF SeaLL1. The insets show the initial and final neutron
and proton densities. The initial states are shown in the left graphics, and
the final states in the right graphics. In each graphic the top/bottom panels
represent the neutron/proton densities. The quantity ∆E/Etot represents the
energy difference between the forward and backwards trajectories divided by
the total energy of the forward trajectory at a fixed time.
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Figure 5: The strong scaling capability of the TDSLDA codes on Summit in the
case of fission of 236U using varying number of nodes. The cost to perform the
pure time evolution is practically constant. Only the partial density calculations
show a relatively weak dependence on the number of nodes, as the number
of qpwfs to be accounted for per GPU decreases with the number of GPUs
by approximately a factor of 2 from 840 to 1,800 GPUs. The communication
between nodes however shows an noticeably increase with the number of nodes
for more than ⇡ 180 . . . 200 nodes. Each node on Summit has 6 GPUs.

Code CUs Computer PDEs Lattice Cost (sec.)
TDSLDA-simp 2 Titan 684 202 ⇥ 60 7.55 ⇥ 10�8

Sky3D [2] 128 Titan 1,024 182 ⇥ 30 3.86 ⇥ 10�6

U&S [3] 16 Linux cluster 714 402 ⇥ 70 8.72 ⇥ 10�5

Table 5: Comparison between di↵erent existing codes for performing TDDFT
calculations on a variety of architectures. The TDSLDA code demonstrates an
almost perfect strong scaling on Piz Daint (Lugano) and Summit (Oak Ridge),
where further significant optimizations are likely. TDSLDA-opt is an optimized
version of our GPU code which reduces the number of calls of CPU-based
routines. TDSLDA-simp is a simplified and un-optimized version of our GPU
code, performing the same type of calculations as codes [2, 3] used in literature
for TDHF+TDBCS simulations.
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Figure 11: (Color online) Contours represent the difference in energy between
a constrained nucleus (nucleus with fixed deformations) and the ground state.
The deformations β20, β30 are defined by equations 102, 103. The white
points were chosen to have energies similar to the outer saddle, with the
exception of 240Pu using SeaLL1, where all energies are 1-2 MeV higher. The
red points were chosen in a straight line across the PES. The green points for
236U SeaLL1 were not included in the computation of the FF intrinsic spin
distributions (see section 3). The white/red points for 240Pu in the lower
left panel are denoted by SeaLL1 1/2 respectively. In opposite fashion, the
red/white points for 240Pu in the lower right panel are denoted by SkM* 1/2
respectively.
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Figure 12: (Color online) The potential was obtained by fixing β20 while
minimizing the energy with respect to β30 along the PES. The points are
equivalent to the points in figure 11. The red and blue lines are equivalent
to the white dotted lines in figure 11.
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3 FF Spin Properties

3.1 Background andMotivation for Symmetry Restora-

tion

For systems with many particles and strong correlations the treatment of

symmetry is a difficult one. We want to simultaneously describe the nucleus

(or collection of nuclei) with simple wave functions (or quasi particle wave-

functions) such as product states of independent particles moving through

mean field potentials, and also capture important correlations and collective

effects, such as superfluidity. To encapsulate both into a theoretical frame-

work, symmetries present in real nuclear systems must be abandoned. As

an example suppose we demand our system be translationally invariant. If

we also want to construct the wave-function as a product of single particle

wave-functions, as is the case for a Slater determinant, we are forced to use

plane-waves (eigenstates of the momentum operator). Then the system is

not localized in space, and hence cannot be used to simultaneous describe

bound systems, such as nuclei. In principle we could consider a far more

complicated form for the total wave-function, one different from a product

state of single particle or quasi-particle wave-functions, which would have

good quantum numbers, but in practice such a wave-function is untenable.

As a result we make the choice to use symmetry violating states; to favor

collective effects over good quantum numbers. For large systems this is a very

good approximation for many quantities, and exact for macroscopic systems.

For example, consider the energy of systems with N particles and N + 1

particles, as N increases the percentage of error between the two decreases

substantially. As an estimate, consider the systems 20O, 21O and 235U, 236U.

ignoring odd-even effects, each nucleon will contribute roughly 7 MeV to the

binding energy of the system. For 20O vs 21O the percent difference in energy

is ∼ 5 %, while for 235U vs 236U it is ∼ 0.5 %, one order of magnitude smaller.

Regardless, it is still important to go beyond mean field theory to cap-
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ture certain important phenomena [89]. For example, if we want transition

probabilities and electromagnetic moments, these cannot be extracted from

symmetry violating wave-functions, since some of the transitions will be for-

bidden based on the quantum numbers of the system and conservation laws.

Second the nucleus is a finite system. This means phase transitions are not

sharp, but gradual [16]. As an example, consider a closed shell or double

magic nucleus. The nucleus is spherical, and hence rotationally invariant.

If the lowest open shell is filled with one or two nucleons, the system will

slightly deform, weakly violating rational invariance. If half the shell is filled,

the system will reach it’s maximum deformation, strongly violating rotational

invariance. In the region with no symmetry violation or weak symmetry vio-

lation it is important to incorporate symmetry correctly. One way to do this

is to restore symmetries by projecting the many body wave-function onto

eigenstates of the symmetry operators, after evolving the system in an un-

restricted manner (in order to avoid hindering collective effects during time

evolution).

3.2 Theory for HFB States

This section covers derivations of the projection methods for HFB states

presented by Aurel Bulgac in [26] and [28]. To begin, consider particle num-

ber projection (pnp). The projector onto a state with N particles is given

by,

P̂ (N) = ∫

π/2

−π/2

dη

π
e−iηNe−iηN̂ . (105)

For a HFB wave function ∣Φ⟩ the probability to find N particles is then given

by:

P (N) = ∫

π/2

−π/2

dη

π
e−iηN ⟨Φ∣Φ(η)⟩ , (106)
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with ⟨Φ∣Φ(η)⟩ = ⟨Φ∣e−iηN̂ ∣Φ⟩.

To derive a more explicit form for the overlap element, consider the HFB

quasiparticle creation and annihilation operators,

α†
k = ∫ dξ[uk(ξ)ψ

†(ξ) + vk(ξ)ψ(ξ)], (107)

αk = ∫ dξ[v∗k(ξ)ψ
†(ξ) + u∗k(ξ)ψ(ξ)], (108)

and peform the following gauge transformation:

uk(ξ, η) = uk(ξ), vk(ξ, η) = e
2iηvk(ξ). (109)

The operators transform as,

α†
k(η) = ∫ dξ[uk(ξ)ψ

†(ξ) + e2iηvk(ξ)ψ(ξ)], (110)

αk(η) = ∫ dξ[e−2iηv∗k(ξ)ψ
†(ξ) + u∗k(ξ)ψ(ξ)], (111)

where the field operators are defined via:

ψ†(ξ) = ∑
k

[u∗k(ξ)α
†
k + vk(ξ)αk], (112)

ψ(ξ) = ∑
k

[v∗k(ξ)α
†
k + uk(ξ)αk]. (113)

Substituting equations 112 and 113 into equations 110 and 111 we arrive at:

α†
k(η) = Aklα

†
l +Bklαl, (114)

αk(η) = B
∗
lkα

†
l +A

∗
lkαl, (115)

where,
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Akl = [ ⟨ul∣uk⟩ + ⟨vl∣vk⟩ e
2iη], (116)

Bkl = [ ⟨v∗l ∣uk⟩ + ⟨u∗l ∣vk⟩ e
2iη]. (117)

The Onishi and Yoshida formula,

⟨Φ∣Φ(η)⟩ =
√

detA, (118)

can be used to obtain the overlap element:

⟨Φ∣Φ(η)⟩ =
√

det[δlk + ⟨vl∣vk⟩ (e2iη − 1)]. (119)

Importantly, equation 119 and since the overlap matrix Olk = ⟨vl∣vk⟩ for HFB

states has double degenerate eigenvalues, projections can only be performed

onto even particle numbers.

Similarly projection can be performed onto both the FF and compound

simultaneously using the projector:

P̂ (N,NF ) = ∫

π/2

−π/2

dη

π
e−iηNe−iηN̂ ∫

π/2

−π/2

dηF
π
e−iηFNF e−iηF N̂F , (120)

and gauge transformation,

uk(ξ, η, ηF ) = uk(ξ), vk(ξ, η, ηF ) = e
2iηe2iηFΘ(±z)vk(ξ). (121)

The theta function above is used to partition the space into a left and right

half, where each should fully contain exactly one fission fragment.

The probability to simultaneously measure the compound with particle

number N , and the FF with particle number NF is then given by,
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P (N,NF ) = ∫

π/2

−π/2

dη

π
e−iηN ∫

π/2

−π/2

dηF
π
e−iηFNF ⟨Φ∣Φ(η, ηF )⟩ , (122)

with overlap,

⟨Φ∣Φ(η, ηF )⟩ =
√

det[δlk + (e2iη − 1) ⟨vl∣vk⟩ + e2iη(e2iηF − 1) ⟨vl∣Θ(±z)∣vk⟩ ].

(123)

In the case of extracting the FF intrinsic spins we use the projector,

P̂ (J) = (J + 1/2)∫
π

0
dη sin ηPJ(cos η)eiĴxΘ(±z)η, (124)

and gauge transformation,

uk(ξ, η) = uk(ξ), vk(ξ, η) = e
iJxΘ(±z)ηvk(ξ). (125)

The probability to measure a FF with total angular momentum J is then

given by,

P (J) = (J + 1/2)∫
π

0
dη sin ηPJ(cos η) ⟨Φ∣Φ(η)⟩ , (126)

with overlap element,

⟨Φ∣Φ(η)⟩ =
√

det[δlk + ⟨vl∣(eiJxη − 1)Θ(±z)∣vk⟩ ]. (127)

To extract the orbital angular momenta we begin with conservation of

angular momentum,

S⃗0 = Λ⃗ + S⃗L + S⃗H , (128)

where S⃗0 represents the spin of the compound nucleus, S⃗L, S⃗H the spins of

the light and heavy FFs respectively, and Λ⃗ the orbital angular momenta
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between them. To a good approximation,

Λ⃗ − S⃗0 ≈ Λ⃗ = −(S⃗H + S⃗L) (129)

since for most typical nuclei studied S0 << ∣S⃗H + S⃗L∣. For example, for the

neutron induced fission of 236U, 240Pu, S0 is only a few units of h̵ while the

sum of the intrinsic spins is around 10 units of h̵ [30]. For the spontaneous

fission of 252Cf, S0 is exactly zero, however even in this case we are using an

approximation, since the HFB wave-function exists as superposition of differ-

ent nuclei and only on average as 252Cf. For exact results particle projection

is needed.

Moving forward with this approximate framework, the projector for the

orbital angular momenta is given by,

P̂ (Λ) = (Λ + 1/2)∫
π

0
dη sin ηPΛ(cos η)e−i

[ĴLx ΘL+ĴHx ΘH]η, (130)

with gauge transformation,

uk(ξ, η) = uk(ξ), vk(ξ, η) = e
−i[ĴLx ΘL+ĴHx ΘH]ηvk(ξ). (131)

The probability to measure the system with orbital angular momenta Λ then

is,

P (Λ) = (Λ + 1/2)∫
π

0
dη sin ηPΛ(cos η) ⟨Φ∣Φ(η)⟩ , (132)

with overlap element,

⟨Φ∣Φ(η)⟩ =
√

det[δlk + ⟨vl∣(eiJ
L
x η − 1)ΘL∣vk⟩ + ⟨vl∣(eiJ

H
x η − 1)ΘH ∣vk⟩ ]. (133)

To obtain the correlations between the FF intrinsic spins and orbital angular

momenta we use the projector,
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P̂ (SL, SH ,Λ) = (SL + 1/2)(SH + 1/2)(Λ + 1/2)∫
π

0
dηL sin ηL∫

π

0
dηH sin ηH

(134)

∫

π

0
dη sin ηPSL(cos ηL)PSH(cos ηH)PΛ(cos η)e−i

[ĴLx ΘL(η+ηL)+ĴHx ΘH(η+ηH)]

with gauge transformation,

uk(ξ, η, ηL, ηH) = uk(ξ), vk(ξ, η, ηL, ηH) = e−i
[ĴLx ΘL(η+ηL)+ĴHx ΘH(η+ηH)]vk(ξ).

(135)

The probability to measure the system with orbital angular momenta Λ, and

intrinsic fission fragment spins SL, SH is,

P (SL, SH ,Λ) = (SL + 1/2)(SH + 1/2)(Λ + 1/2)∫
π

0
dηL sin ηL∫

π

0
dηH sin ηH

(136)

∫

π

0
dη sin ηPSL(cos ηL)PSH(cos ηH)PΛ(cos η) ⟨Φ∣Φ(ηL, ηH , η)⟩ ,

with overlap element,

⟨Φ∣Φ(ηL, ηH , η)⟩ =
√

det[δlk + ⟨vl∣(eiJ
L
x (η+ηL) − 1)ΘL∣vk⟩ + ⟨vl∣(eiJ

H
x (η+ηH) − 1)ΘH ∣vk⟩ ].

(137)

3.3 FF Intrinsic Angular Momenta

The intrinsic spin distributions of FFs cannot be directly measured in

the laboratory, yet significantly influence the neutron and gamma emission

spectra of the FFs (consequently a significant portion of the energy released

in fission) which can be measured in the laboratory. Their correlations have

been investigated since the late 50s for decades [102] [64] [108] [80] [88] [115]
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[79] [51] [78] [22] [112], and the debate surrounding them, driven primarily by

non-microscopic models, remains unsettled to this day. The most interesting

correlations are the various collective angular modes of the FFs: rotating,

twisting, wriggling, and bending (see figure 20), whose existence still lacks

direct experimental proof.

In [31] we performed the first fully unconstrained microscopic calculation

of the FF intrinsic spin distributions in literature (for previous microscopic

results see [13]), as well as provided proof for the existence of the aforemen-

tioned collective angular momenta modes. Two TDDFT calculations were

performed for the fission of 235U(n,f) and 239Pu(n,f) using two different EDFs

SkM∗ and SeaLL1, in boxes with dimensions 30x30x60 and lattice constant

∆x = 1 fm. The momentum cutoff is given by pcut =
h̵π
∆x = 619.92 MeV/c.

The initial configurations were chosen at the outer saddle point, and evolved

until the FF were separated by 30 fm. The time to go from the saddle point

to fully separated FF fragments is of the order of ∼ 103 fm/c. The distribu-

tions were obtained from the final wave-functions using equation 126 and are

shown in figure 18.

The distributions show that the LFF carries more spin on average than

the HFF. This is exactly opposite to what two leading phenomenological

models, FREYA [57] and CGMF [103], assumed at the time of publication.

A reasonable explanation is that the LFF emerges from scission significantly

more deformed than the HFF (see table 4). In the intrinsic (rest) frame of a

fragment, deformations determine it’s spin, with a highly deformed nucleus

carrying more angular momenta per nucleon than a less deformed nucleus,

and a spherical nucleus carrying identically zero. The heavy fragment likely

emerges less deformed due to Shell effects, since the number of protons and

neutrons for most trajectories fall close to the double magic nucleus 132Sn,

which in it’s ground state is spherical, and recall deformations are maximized

for half filled shells.

Comparing with experiment, TDSLDA spins are larger in value than
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Nucleus NEDF SL SH βL2 βH2
236U SeaLL1 10.5 (0.6) 6.8 (0.7) 0.67 (0.07) 0.09 (0.04)
236U SkM* 8.6 (0.6) 6.3 (0.7) 0.46 (0.10) 0.09 (0.03)
236U SkM* 10.4 (0.3) 6.7 (0.5) 0.62 (0.04) 0.06 (0.03)
236U SkM* 9.4 (0.4) 5.8 (0.5) 0.54 (0.06) 0.06 (0.03)

Table 4: The averages (standard deviations) of the fragment spins
and quadrupole deformations, with the later defined by β2 =

4π
3A(1.2A1/3)2 ∫ d3rn(r⃗)r2Y20(r⃗) .

recent results obtained by Wilson et al [116]. They measure the spins of

the FFs post neutron and gamma emission, and then correct for the spin

removed by both sources to obtain the intrinsic distribution. This correction

is potentially where a discrepancy arrises, with a recent study showing that

neutrons could be expected to remove 2 h̵ of angular momentum from each

fragment [99]. If this amount of removal turns out to be realistic, TDSLDA

values become comparable with experiment.

Currently this remains the only microscopic approach suitable for com-

puting accurate FF spin distributions. Static approaches [72] run into an

issue of requiring a finite neck to avoid a discontinuity in the PES. In order

to obtain steady FF spins, the shapes of the fragments must be allowed to

relax, which only occurs after they are well separated. From previous studies

performed with TDSLDA [38], it is known the deformations relax signifi-

cantly after scission, and the inset of figure 18 shows the spins follow, with

the LFF/HFF losing 2/1 units of h̵ of angular momenta respectively after

scission.

An additional study was performed for 240Pu, where the incident neutron

energy was varied from ∼ 0 MeV (thermal) to ∼ 24 MeV (see figure 19),

causing the spins to increase for both the LFF and HFF. On average the

LFF’s spin will increase by 1 unit of h̵ for every 60 MeV of excitation energy

(with respect to the saddle point), and the HFF’s spin will increases by 1 unit
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Nucleus NEDF SL SH βL2 βH2
236U SeaLL1 10.5 (0.6) 6.8 (0.7) 0.67 (0.07) 0.09 (0.04)
236U SkM* 8.6 (0.6) 6.3 (0.7) 0.46 (0.10) 0.09 (0.03)
236U SkM* 10.4 (0.3) 6.7 (0.5) 0.62 (0.04) 0.06 (0.03)
236U SkM* 9.4 (0.4) 5.8 (0.5) 0.54 (0.06) 0.06 (0.03)

Table 5: The averages (standard deviations) of ⟨Φ∣JLαJ
H
α ∣Φ⟩, with α = x, y, z.

of h̵ for every 13 MeV of excitation energy. From this it seems the average

spin of the FFs is not significantly influenced by the excitation energy of the

compound nucleus.

The last topic of investigation is the collective angular momenta modes.

Components of the tensor ⟨Φ∣JLαJ
H
α ∣Φ⟩ are recored in table 5. The off diag-

onal elements are negligible and were excluded. Elements ⟨Φ∣JLx J
H
x ∣Φ⟩ and

⟨Φ∣JLy J
H
y ∣Φ⟩ are double degenerate and correspond to the wriggling mode

(if positive) or bending mode (if negative). The element ⟨Φ∣JLz J
H
z ∣Φ⟩ corre-

sponds to the tilting mode (if positive) and twisting mode (if negative). All

three components of the tensor are negative, confirming for the first time, by

a microscopic theory, the existence of both twisting and bending modes.

3.4 Role of Orbital Angular Momenta

In the 1960s it was conjectured that the intrinsic spins of the FFs post

scission are controlled by their collective spin modes. Despite this, the origin

of the relative orbital angular momenta between FFs has never been ex-

plored within a fully microscopic framework, until recently [30]. On it’s way

to scission the compound nucleus elongates and eventually splits into two

fragments. The longer the elongation, for a fixed value of the orbital angular

momentum Λ, the greater the inertia of the system, and hence the slower the

system’s rotation about the center of mass (consider Λ = Iω). Until scission,

the FF intrinsic spins and orbital angular momenta can vary, so long as the
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condition Λ⃗ + S⃗L + S⃗H = S⃗0 (where S⃗0 = 0 for 252Cf ) is respected. After

scission all three angular momenta values remain fixed, baring the slight in-

fluence of the Coulomb interaction, until after neutron and gamma emission.

Before emission and post scission the picture becomes analogous to a person

standing on a freely rotating stand ( Λ⃗ ) holding two bicycle wheels ( S⃗L,H ).

In figure 21 we compute the orbital angular momenta of 236U, 240Pu,

and 252Cf for two EDFs, SkM∗ and SeaLL1, using equation 132. All sim-

ulations were performed on a 30x30x60 lattice with spacing a = 1 fm. The

distributions of the FF orbital angular momenta are the first extraction of

these quantities from a microscopic theory in literature. The distributions of

the three systems are similar, because the compound nuclei all have similar

masses. In figure 22 we performed a triple projection on both FF intrinsic

spins and orbital momenta, defined by equation 136, with the inclusion of

the constraint:

∣SL − SH ∣ ≤ Λ ≤ SL + SH . (138)

This was also the first such calculation of its kind. Two types of correlations

are present in figure 136: the tilting of the ellipses for fixed orbital angular

momenta values, representing intrinsic correlations, and the sharp rectangu-

lar regions representing geometric correlations (caused by an imposition of

the triangle constraint defined by equation 138).

Additionally, for 252Cf, the intrinsic spin distributions were computed

using two methods (see figure 23). In the first, a single projection was per-

formed as defined by equation 126, similar to previous work [31]. In the

second correlated 1-D distributions were computed by summing over two de-

grees of freedom, for example, the intrinsic spin distribution of the LFF is

given by,

P (SL) =
∑SH ,ΛP (SL, SH ,Λ)∆

∑SL,SH ,ΛP (SL, SH ,Λ)∆
, (139)

∆ = Θ(Λ ≥ ∣SL − SH ∣)Θ(Λ ≤ SL + SH). (140)
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Between the two distributions the most noticeable difference is the suppres-

sion of the lower angular momenta modes when correlations are included.

The suppression comes from the geometric constraint (equation 138), which

restricts the number of available states (values of Λ) for fixed SL, SH . Specifi-

cally for small values of SL, SH , there are fewer allowed values of Λ, hence the

number of available orbital angular momenta states acts as a weight factor.

To see this more explicitly consider a simplified example. Let the triple

spin distribution be given by:

PS(S
L, SH ,Λ) = PS(S

L)PS(S
H)PS(S

Λ), (141)

where S denotes uncorrelated angular momenta distributions obtained via

method one (defined above). Two different intrinsic spin distributions can

be defined for the LFF (with similar definitions for the HFF and orbital

momenta):

PS(S
L) =

∑SH ,ΛPS(S
L, SH ,Λ)

∑SL,SH ,ΛPS(S
L, SH ,Λ)

= fS(S
L)PS(S

L), (142)

with fS(SL) = 1, and,

PT (S
L) =

∑SH ,ΛPS(S
L, SH ,Λ)∆

∑SL,SH ,ΛPS(S
L, SH ,Λ)∆

= fT (S
L)PS(S

L), (143)

with fT (SL) shown in figure 24. The factor fT (SL) < 1 for SL < 6h̵ and

SL > 17h̵, and fT (SL) > 1 for 6h̵ < SL < 17h̵. This factor, emerging purely

from geometric constraints, clearly suppresses both low and high AM modes,

while slightly enhancing middle AM modes (those closer to the mean AM

values of the FF intrinsic spin distributions and orbital momenta distribu-

tions). Note, current statistical models assume the following form for the

spin distributions:

PS(S) = (S +
1

2
)exp(

−S(S + 1)

2B2
), (144)
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where B depends on the FF masses, charges, and temperatures [103]. The

above distribution must be modified to include the factor fT (S) in order to

accurately describe the FF intrinsic spin distributions i.e. no choice of B will

lend to a functionally correct form for the spin distributions.

In literature it is assumed that the two intrinsic spins are weakly corre-

lated [113], [87]. In the case of FF intrinsic spin magnitude correlations (see

figure 25):

P (SL, SH) = ∑
Λ

P (SL, SH ,Λ)∆, (145)

TDSLDA confirms these assumptions. However, for correlations between the

FF intrinsic spin vectors, this isn’t the case. The opening angle distribution

(angle between the FF intrinsic spin vectors) is shown in figure 28 and given

by:

cosφLH =
Λ(Λ + 1) − SL(SL + 1) − SH(SH + 1)

2(SL + 1/2)(SH + 1/2)
, (146)

The black and red circles represent TDSLDA results, where there was found

to be a strong preference for the angle to be between 0.4 π rads and 0.8

π rads, and zero probability for it to be exactly 0 rads or π rads. If the

correlations are weak the distribution would be mostly isotropic or flat. This

is represented by the blue line, produced by FREYA [87], which assumes the

FF spin dynamics are governed by the rotation energy,

Erot =
S⃗L ⋅ S⃗L

2IL
+
S⃗H ⋅ S⃗H

2IH
+

Λ ⋅Λ

2IR
, (147)

where IL,H,R are the FFs and orbital moments of inertia, with IR ≈ 10IL,H ,

causing the contribution from the orbital component to be insignificant.

However, the most general form for the rotation energy is provided by:

Erot = (SL, SH ,Λ)T ⊗
←→
I ⊗ (SL, SH ,Λ), (148)
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where
←→
I is a 3x3 non diagonal inertia tensor, and these additional terms

should be accounted for. Another way to understand the differences between

the TDSLDA and FREYA results is as follows: the distribution from FREYA

is similar to the distribution of the angle between two randomly generated

2D vectors; the distribution from TDSLDA is similar to the distribution of

the angle between two randomly generated 3D vectors, with the caveat that

a completely random distribution would be symmetric with a mean value of

0.5 π rads, unlike the TDSLDA case which is skewed with a mean value of

∼ 0.6 rads. The debate over which interpretation is correct is ongoing, with

the hope that future experiments can settle the matter.
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mostly abstract debate, as a direct and unequivocal exper-
imental proof of their existence and relevance is still
lacking. Even if an experimental confirmation of their
existence and relevance may prove hard to find, a firm
microscopic evidence of the existence of these modes,
rooted in a fully quantum treatment may, however, be
achieved. We present here a theoretical framework, which
allows us to extract the FF intrinsic spin distributions and as
well as their correlations, which can shed light for the first
time on the existence and nature of these long speculated
axial rotation-tilting, twisting, wriggling, and bending
modes, with the latter two being doubly degenerate.
We performed TDDFT calculations of 236U

and 240Pu using two different NEDFs, SkM! [37] and
SeaLL1 [38], in simulation boxes 302 × 60 with a lattice
constant l ¼ 1 fm and a corresponding momentum cutoff
pcut ¼ πℏ=l ≈ 600 MeV=c, using the LISE package as
described in Refs. [29,39–43]. The initial nuclear wave
function Φ was evolved in time from various initial
deformations Q20 and Q30 of the mother nucleus near
the outer saddle until the FFs were separated by more than
30 fm as in Refs. [29,43]. Our simulations have a number of
significant differences from previous phenomenological
and restricted microscopic studies available in literature.
(i) There are no assumptions, apart from initial axial
symmetry of the fissioning nucleus, or restrictions imposed
on the time evolution of the fissioning nucleus and of the
emergent FFs. However, we have shown that allowing for
initial states with small nonaxial symmetry does not lead to
major changes in the final properties of the FFs (see
Sec. 3.5.3 in Ref. [41]). Collective rotations and shape
vibrations of the mother nucleus that contribute to quantum
fluctuations are beyond DFT [40] and are not taken into
account in TDDFT. Since the initial fissioning nucleus is
deformed, it also rotates, but with a very large rotational
period Trot ≈ 3 × 104 fm=c, which is much longer than the
time the nucleus spends from saddle to scission
Ts2s ¼ Oð103Þ fm=c, and therefore the intrinsic nuclear
shape has relatively little time to rotate significantly away
from the fission direction. Trot in the initial state can be
estimated from the energy of the first rotational state 2þ of
236U, ΔE=ΔJ ≈ ℏω ¼ 2πℏ=Trot ≈ 40 keV. Moreover,
while evolving from the ground state shape toward the
outer fission barrier, the nucleus elongates, its moment of
inertia increases considerably, and leads to an even longer
rotational period. (ii) We study the stability of our results
with respect to varying the nuclear density functionals and
the properties of the final FF intrinsic spin distributions
appear stable. As we stressed in our previous publications
[29,43], the results of these simulations are surprisingly
stable with varying the parameters of the nuclear energy
density functionals, in good agreement with observations,
without any attempts of fitting parameters. (iii) We make no
assumptions about the properties of the emerging FFs, their
“average properties” are noticeably different from their

phenomenologically prescribed or equilibrium properties,
and they are defined only after full separation. (iv) The FF
shapes have enough time to relax, as we follow them long
in time after scission and the FF large amplitude collective
motion is also strongly dissipative.
As soon as the FFs are well separated [29,43], it is safe to

assume that the FF intrinsic spins are not evolving any-
more, see Fig. 1(a). The intrinsic spin of a FF is evaluated
then as [41,44,45] JF ¼

R
dxdyψ†ðxÞψðyÞhxjjFjyi with

hxjjFjyi ¼ hxjΘFðrÞ½ðr − RFÞ × ðp − mvFÞ þ s'ΘFðrÞjyi,

FIG. 1. Values of jaFJ j2 averaged over initial multipole moments
Q20, Q30 from the even JF momenta are displayed with filled
symbols, while the contributions arising from odd JF momenta
are displayed with empty symbols. The “error bars” characterize
the range of the variation due to the spread of initial multipole
momentsQ20 andQ30 and energies of the fissioning nucleus. The
jaFJ j2 for the SeaLL1 [38] and SkM! [37] (displaced by ΔJF ¼
0.36 for better visualization) NEDFs are displayed with filled and
empty symbols for the even and odd values of J, respectively. The
average (standard deviation) for 240Pu are ½AL; ZL' ¼
½103.6ð0.7Þ; 41.0ð0.3Þ' and 236U [102.4(2.0), 40.4(0.7)] in case
of SeaLL1 and [104.3(1.5), 41.4(0.5)] and [97.9(1.2), 38.9(0.4)]
in case of SkM!, respectively. The evaluated FF intrinsic spins
SH;L at different FF separations are shown in the inset for 236U.
Typical behavior of the overlaps hΦjR̂F

x ðβÞjΦi for one TDDFT
trajectory is shown in the inset for 240Pu. The overlaps’ widths
narrow with increasing β and the average SF increases.
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Figure 18: (Color online) The top/bottom panels show the spin distributions
for 236U and 240Pu respectively. The blue/black lines represent the spin dis-
tributions for the heavy fission fragment for EDFs SeaLL1/SkM*, while the
red/green lines represent the spin distributions for the light fission fragment
for EDFs SeaLL1/SkM*. The inset in the top panel shows the average spin,

defined by SL,H =
√
∑J J(J + 1)PL,H(J) + 1/4−1/2, for a single trajectory as a

function of the FF separation distance. The inset in the bottom panel shows
the overlap element ⟨Φ∣Φ(η)⟩ as a function of the rotation angle for both FF
fragments.
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microscopic description of the fission process in a
quantum mechanical real-time many-body treatment,
without any assumptions and with no restrictions at the
mean field level, in contradistinction with previous
phenomenological models or restricted microscopic stud-
ies. We cannot exclude, however, the presence to some
(small) admixture of axial rotation-tilting and wriggling,
corresponding to FF rotations around the fission direction
and perpendicular to the fission direction, respectively,
likely due to fluctuations and/or the presence of K ≠ 0
components.
It is instructive to qualitatively analyze these results in

the semiclassical limit. From data in Tables I and II, it
follows that the FF intrinsic spins are on average orthogonal
to each other, as the value of cosine of their angle is small
cosϕLH ¼ hΦjJL · JHjΦi=JLJH ≈ 0.1. (For two random
vectors, the cosine would be 0" 1=

ffiffiffi
3

p
.) As the total

angular momentum is conserved J0 ¼ JL þ JH þ L and
JL;Hz ¼ Lz ¼ 0, these angular momenta are all approxi-
mately perpendicular to the fission direction z. After
introducing the total intrinsic FF spin J ¼ JL þ JH, one
finds that J ≈ 12;…; 13. At E0

n ≈ 20 MeV, according to the
analysis performed in Ref. [13] in case of 235Uðn; fÞ, the
angular momentum brought in by the neutron can reach
≈5ℏ, and thus J0 can reach values comparable to J and L.
As the ground state spins of 239Pu and 235U are 1=2þ and
7=2−, for slow neutrons the spins of the compound nuclei
formed in 239Puðn; fÞ and 235Uðn; fÞ reactions are
J0ð240PuÞ ¼ 0þ, 1þ and J0ð236UÞ ¼ 3−, 4−, with J0 notice-
ably smaller than J and L. Since the rotation of the fission
direction is controlled by the moment of inertia
IR¼ MHMLR2=ðMH þMLÞ → ∞, where ML;H are the
FF masses and R is their separation, this rotation angle is
expected to be relatively small.
In the case of 240Pu, we have performed additional

simulations with the NEDF SkM& by varying the equivalent
incident neutron energy in reaction 239Puðn; fÞ, thus sim-
ulating a compound nucleus 240Pu with various excitation
energies E&, see Fig. 2. With increasing En, the intrinsic
spin of the HFF shows a significant increase, which
correlates with the steeper increase of the HFF excitation
energy EH

int when compared to the behavior of the LFF
excitation energy EL

int. Nevertheless, in this entire energy

interval, the HFF temperature remains lower than the LFF
temperature on average.
A recent constrained Hartree-Fock-Bogoliubov evalu-

ation of the FF intrinsic spins [52], using prescission
configurations with the same AL and ZL as the final FF
values obtained in TDDFT calculations from different
initial conditions [45], arrived at similar results to these
reported here, provided the neck thickness at rupture is
chosen small enough. As the FF deformations and exci-
tation energies change significantly after scission [29,43]
and the FF moments of inertia which are ∝β22 [46], the
intrinsic spin distributions change with FF separation, see
Fig. 1(a). We have compared the default CGMF results
[6,7,9,10,12] for the γ spectra with those obtained by using
instead the microscopic intrinsic spin distributions. While
fewer average number of gammas were produced when the
microscopic parametrization was employed, we have not
observed large changes for the prompt fission γ spectrum.
One should keep in mind that the CGMF model is based on a
large number of phenomenological parameters. In the
CGMF approach, one assumes that JH > JL, opposite to
our conclusions. This assumption is hard to reconcile with
the fact that the HFF has a relatively modest deformation.
In another study [13], within the phenomenological model
FREYA, one finds that FF intrinsic antiparallel intrinsic
spins show a slight preference. Using our language, the
expected average of hΦjJLαJHα jΦi for α ¼ x, y is negative, in
qualitative agreement with our results. In FREYA, the
intrinsic spin fluctuations are controlled by the temperature

TABLE II. The averages (standard deviations) of hΦjJLαJHα jΦi,
with α ¼ x, y, z. The nondiagonal elements of this tensor are
negligible and all hΦjJFα jΦi ¼ 0.

Nucleus NEDF hΦjJLx JHx jΦi hΦjJLy JHy jΦi hΦjJLz JHz jΦi
236U SeaLL1 −1.16ð0.63Þ −1.16ð0.63Þ −2.63ð0.47Þ
236U SkM& −0.48ð0.71Þ −0.48ð0.71Þ −1.62ð0.30Þ
240Pu SeaLL1 −0.72ð0.65Þ −0.72ð0.65Þ −4.43ð0.92Þ
240Pu SkM& −0.90ð0.57Þ −0.90ð0.57Þ −1.80ð0.52Þ

FIG. 2. The average intrinsic spins SL;H versus the initial FF
equivalent incident neutron energy E0

n ¼ E& − Sn (E& and Sn are
the excitation energy and Sn is the neutron separation energy) for
the reaction 239Puðn; fÞ with SkM& NEDF. The solid lines
are linear fits over the data, SL ¼ 0.0168E0

n þ 9.197 and
SH ¼ 0.0732E0

n þ 4.933, respectively, as a function of equivalent
neutron energy E0

n along with their linear fits. Inset: the FF
excitation energies and their linear fits EL

int ¼ 0.4505E0
n þ 13.25

and EH
int ¼ 0.5676E0

n þ 13.40. Using EF
int ≈ AFðTFÞ2=10 [43,51],

it follows that, on average, TL > TH .

PHYSICAL REVIEW LETTERS 126, 142502 (2021)
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Figure 19: (Color online) The average FF intrinsic spins vs the incident
neutron energy E′

n = E
∗ −Sn, where E∗ is the compound’s excitation energy

and Sn is the neutron separation energy for the reaction 239Pu(n, f) with
the SkM* NEDF. The inset contains the FF excitation energies versus the
incident neutron energy.
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Figure 20: (Color online) Various collective angular momenta modes: wrig-
gling, bending, tilting, and twisting.
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to be identical, πL ¼ πH , while in case of odd Λ these
parities are opposite, πL ¼ −πH , since for 252Cf Sπ0 ¼ 0þ.
The distribution PðΛ; SL; SH Þis nonvanishing only in the
region defined by Eq. (3).
The distribution of the angles between the intrinsic spins

SL and SH is particularly instructive and qualitatively
different from previous predictions. It was assumed a

number of times in the literature (see Refs. [19,34] and
references therein) that the two intrinsic spins are very
weakly correlated at most. In particular, this was one of the
main interpretations of the experimental results recently
published by Wilson et al. [16]. If that were the case, the
distribution pðϕLH Þwould basically be flat, similar to the
predictions in Refs. [19,34], with those results reproduced
in this figure. In Fig. 4, the distribution pðϕLH Þevaluated
by us is clearly not a uniform distribution, with a prominent
maximum at an angle ϕLH ≈ 2π=3 [35]. The probability of

FIG. 2. The light and heavy FF intrinsic spins and the orbital
angular momentum distributions in case of spontaneous fission of
252Cf using the triple projection distributions from Eqs. (6), (7)
[24] and from the single projection of the FF intrinsic spins [17]
and of the orbital angular momentum Λ and the corresponding
average values for the intrinsic spin or the orbital angular
momentum (standard deviation). (T) and (S) stand for the triple
and single projections of the angular momenta.

FIG. 1. The orbital angular momentum distribution for three
actinides. For each nucleus, the average and the corresponding
standard deviations are shown in the legend. The “uncertainties”
are the standard deviations that characterize the range of the
variations due to the spread of the initial values of the multipole
moments Q 20 and Q 30 and the energies of the fissioning nucleus
[9–11,17] and thus these distributions are characteristics for
average FF splittings.

PHYSICAL REVIEW LETTERS 128, 022501 (2022)

022501-3

Figure 21: (Color online) The orbital angular momentum distributions for
three nuclear systems 236U, 240Pu, and 252Cf. For each nucleus the average
orbital momentum and corresponding standard deviations are shown in the
legend. The uncertainties are the standard deviations that characterize the
range of the variations due to the spread of the initial values of the multipole
moments and the energies of the fissioning nucleus.
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having angles ϕLH ≥ π=2 is ≈0.71=0.72 ðSeaLL1=SkM"Þ,
which means that the two FF intrinsic spins are predomi-
nantly pointing in opposite directions and that the bending
modes are predominantly favored over the wriggling
modes. In Fig. 4, we used, instead of the correlated
evaluated distribution PðΛ; SL; SHÞ, the uncorrelated dis-
tribution PðΛÞPðSLÞPðSHÞ△ obtained using Eqs. (6), (7),
shown with triangles. The results appear very similar,
even though PðΛ; SL; SHÞ is drastically different from
PðΛÞPðSLÞPðSHÞ△, and in evaluating the distribution
pðθLHÞ we have imposed the Eq. (3) restriction and
renormalized the distribution PðΛÞPðSLÞPðSHÞ△ by a
(not shown) factor, ≈0.74. Figure 4 unfortunately does
not reveal the large amount of FF intrinsic spin correlations,
which are not merely geometrical in nature, since

X

SL;H;Λ
jPðΛÞPðSLÞPðSHÞ△ − PðΛ; SL; SHÞj ¼ 0.35; ð8Þ

when the geometrical constraint is taken into account.
In Fig. 4, we plot the recent published results obtained

with the phenomenological model FREYA, where Randrup
and Vogt [19] discussed the generation of the fragment
angular momentum in fission. In Ref. [19], the claim is
made that, unlike the conclusion reached by [16], i.e., that
the FF intrinsic spins were formed after scission and are
uncorrelated, the primordial intrinsic spins emerge uncor-
related before scission. This argument is based on the
assumptions that the FF spins’ dynamics is governed by the
rotational energy

Erot ¼
SL · SL

2IL
þ SH · SH

2IH
þ Λ · Λ

2IR
; ð9Þ

where IL;H;R are the FFs and orbital moments of inertia,
satisfying the relation IR ≈ 10IL;H. The only correlation
between SL;H is due to the third term, which is quantita-
tively small and which one can hardly quantify as highly
correlated, and is in stark contradistinction with our micro-
scopic results in the same figure. While at first glance this
assumption appears valid (see also Refs. [15,34]), upon
closer analysis it becomes clear that the most general form
allowed by symmetry is

Erot ¼ ðSL;SH;ΛÞT ⊗ I
↔

⊗ ðSL; SH;ΛÞ; ð10Þ

with a nondiagonal 3 × 3 effective inertia tensor I
↔

in
general.

FIG. 3. The 252Cf triple probability distribution PðΛ; SL; SHÞ
for SeaLL1 (upper panel) and SkM" (lower panel) NEDFs for
odd values of Λ. The FF parities are correlated with the orbital
angular momentum πLπH ¼ ð−1ÞΛ. This triple distribution van-
ishes outside the region jSL − SHj ≤Λ ≤SL þ SH, shown with
white in these plots. The distributions for 236U" and 240Pu" are
very similar.

FIG. 4. The circles and bullets represent the histogram (bin size
= 0.22 radian) of the angle between the FF intrinsic spins SL and
SH extracted using the triple distribution PðΛ; SL; SHÞ and Eq. (4)
to evaluate pðϕLHÞ,

R
π
0 dϕLHpðϕLHÞ ¼ 1. The triangles represent

the histogram obtained with PðΛÞPðSLÞPðSHÞΔ; see text and
Eqs. (5), (6). The blue line and diamonds are the prediction of the
FREYA model [19]. The distributions pðϕLHÞ for 236U" and
240Pu" are very similar.

PHYSICAL REVIEW LETTERS 128, 022501 (2022)
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Figure 22: (Color online) The triple probability distribution for 252Cf for
SeaLL1 (upper panel) and SkM* (lower panel) NEDFs for odd values of Λ.
Even values of Λ are similar.

70



to be identical, πL ¼ πH , while in case of odd Λ these
parities are opposite, πL ¼ −πH , since for 252Cf Sπ0 ¼ 0þ.
The distribution PðΛ; SL; SH Þis nonvanishing only in the
region defined by Eq. (3).
The distribution of the angles between the intrinsic spins

SL and SH is particularly instructive and qualitatively
different from previous predictions. It was assumed a

number of times in the literature (see Refs. [19,34] and
references therein) that the two intrinsic spins are very
weakly correlated at most. In particular, this was one of the
main interpretations of the experimental results recently
published by Wilson et al. [16]. If that were the case, the
distribution pðϕLH Þwould basically be flat, similar to the
predictions in Refs. [19,34], with those results reproduced
in this figure. In Fig. 4, the distribution pðϕLH Þevaluated
by us is clearly not a uniform distribution, with a prominent
maximum at an angle ϕLH ≈ 2π=3 [35]. The probability of

FIG. 2. The light and heavy FF intrinsic spins and the orbital
angular momentum distributions in case of spontaneous fission of
252Cf using the triple projection distributions from Eqs. (6), (7)
[24] and from the single projection of the FF intrinsic spins [17]
and of the orbital angular momentum Λ and the corresponding
average values for the intrinsic spin or the orbital angular
momentum (standard deviation). (T) and (S) stand for the triple
and single projections of the angular momenta.

FIG. 1. The orbital angular momentum distribution for three
actinides. For each nucleus, the average and the corresponding
standard deviations are shown in the legend. The “uncertainties”
are the standard deviations that characterize the range of the
variations due to the spread of the initial values of the multipole
moments Q 20 and Q 30 and the energies of the fissioning nucleus
[9–11,17] and thus these distributions are characteristics for
average FF splittings.

PHYSICAL REVIEW LETTERS 128, 022501 (2022)

022501-3

Figure 23: (Color online) The LFF and HFF intrinsic spins and orbital an-
gular momenta distributions in the case of the spontaneous fission of 252Cf
using the triple projection distributions and equation 139 (denoted by T),
and from the single projection of the FF intrinsic spins and orbital angular
momenta defined by equations 126, 132 (denoted by S). The average and
corresponding standard deviations are shown in the legend.
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Figure 24: (Color online) From the triple distribution P(SL,SH,Λ) =

PS(SL)PS(SH)PS(Λ), where S denotes AM distributions obtained from equa-
tion 126. The uncorrelated spin factor (red line) was obtained by summing
P(SL,SH,Λ) over SH and Λ without applying the selection rules. The cor-
related spin factor (black line) was obtained by summing P(SL,SH,Λ) over
SH, Λ with applying the selection rules (geometric constraints). The calcula-
tion was performed for the fission of 252Cf on a 30x30x60 lattice with spacing
a = 1 fm using the EDF SeaLL1.
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Figure 25: (Color online) The FF intrinsic spin magnitude probability dis-
tribution for the fission of 252Cf on a 30x30x60 lattice with spacing a = 1 fm
using the EDF SeaLL1.
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having angles ϕLH ≥ π=2 is ≈0.71=0.72 ðSeaLL1=SkM"Þ,
which means that the two FF intrinsic spins are predomi-
nantly pointing in opposite directions and that the bending
modes are predominantly favored over the wriggling
modes. In Fig. 4, we used, instead of the correlated
evaluated distribution PðΛ; SL; SHÞ, the uncorrelated dis-
tribution PðΛÞPðSLÞPðSHÞ△ obtained using Eqs. (6), (7),
shown with triangles. The results appear very similar,
even though PðΛ; SL; SHÞ is drastically different from
PðΛÞPðSLÞPðSHÞ△, and in evaluating the distribution
pðθLHÞ we have imposed the Eq. (3) restriction and
renormalized the distribution PðΛÞPðSLÞPðSHÞ△ by a
(not shown) factor, ≈0.74. Figure 4 unfortunately does
not reveal the large amount of FF intrinsic spin correlations,
which are not merely geometrical in nature, since

X

SL;H;Λ
jPðΛÞPðSLÞPðSHÞ△ − PðΛ; SL; SHÞj ¼ 0.35; ð8Þ

when the geometrical constraint is taken into account.
In Fig. 4, we plot the recent published results obtained

with the phenomenological model FREYA, where Randrup
and Vogt [19] discussed the generation of the fragment
angular momentum in fission. In Ref. [19], the claim is
made that, unlike the conclusion reached by [16], i.e., that
the FF intrinsic spins were formed after scission and are
uncorrelated, the primordial intrinsic spins emerge uncor-
related before scission. This argument is based on the
assumptions that the FF spins’ dynamics is governed by the
rotational energy

Erot ¼
SL · SL

2IL
þ SH · SH

2IH
þ Λ · Λ

2IR
; ð9Þ

where IL;H;R are the FFs and orbital moments of inertia,
satisfying the relation IR ≈ 10IL;H. The only correlation
between SL;H is due to the third term, which is quantita-
tively small and which one can hardly quantify as highly
correlated, and is in stark contradistinction with our micro-
scopic results in the same figure. While at first glance this
assumption appears valid (see also Refs. [15,34]), upon
closer analysis it becomes clear that the most general form
allowed by symmetry is

Erot ¼ ðSL;SH;ΛÞT ⊗ I
↔

⊗ ðSL; SH;ΛÞ; ð10Þ

with a nondiagonal 3 × 3 effective inertia tensor I
↔

in
general.

FIG. 3. The 252Cf triple probability distribution PðΛ; SL; SHÞ
for SeaLL1 (upper panel) and SkM" (lower panel) NEDFs for
odd values of Λ. The FF parities are correlated with the orbital
angular momentum πLπH ¼ ð−1ÞΛ. This triple distribution van-
ishes outside the region jSL − SHj ≤Λ ≤SL þ SH, shown with
white in these plots. The distributions for 236U" and 240Pu" are
very similar.

FIG. 4. The circles and bullets represent the histogram (bin size
= 0.22 radian) of the angle between the FF intrinsic spins SL and
SH extracted using the triple distribution PðΛ; SL; SHÞ and Eq. (4)
to evaluate pðϕLHÞ,

R
π
0 dϕLHpðϕLHÞ ¼ 1. The triangles represent

the histogram obtained with PðΛÞPðSLÞPðSHÞΔ; see text and
Eqs. (5), (6). The blue line and diamonds are the prediction of the
FREYA model [19]. The distributions pðϕLHÞ for 236U" and
240Pu" are very similar.

PHYSICAL REVIEW LETTERS 128, 022501 (2022)
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Figure 26: The circles and bullets represent the histogram (with a bin size
of 0.22 rads) of the angle between the FF intrinsic SL and SH extracted
using equation 146. The triangle represents the histogram obtained with
P (Λ)P (SL)P (SH)∆, where ∆ is defined in equation 140, and the distribu-
tions are described by equation 139. The blue line and diamonds are the
prediction from FREYA [87].
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4 Mathematical Properties of TDSLDA

4.1 Chaos in TDSLDA

The following section will summarize studies performed investigating chaos

in TDDFT [32]. A system is defined as chaotic if small variations in the

initial conditions lead to vastly different trajectories in phase space. This is

characterized by the Lyapunov exponent of the system,

λ = limt→∞
1

t

∣δZ(t)∣

∣δZ(0)∣
, (149)

where δZ(t) represents the difference in time between two full sets of phase-

space variables. If the Lyapunov exponent is positive, the two trajectories

will diverge and the system is called chaotic; if it is zero the trajectories will

be parallel, akin to circles of different radii in a 2-D phase space diagram; if

it is negative the trajectories will be restorative converging to the same path

after sufficient time has passed, true in the case of dissipative systems.

This leads to the primary focus of our investigation. Schrodinger’s equa-

tion for an interacting many body system is linear and hence it’s Lyapunov

exponents are vanishing. TDDFT is functionally equivalent to Schrodinger’s

equation, however it is formulated as a set of highly nonlinear coupled par-

tial differential equations. So for real implementations of TDDFT is the

chaos? This issue has rarely been studied in literature, specifically for time-

dependent phenomena, except for a few instances where the subject was

touched upon briefly [37] [27] [65], and one case in more detail [4]. The more

detailed study considered the narrower problem of the Lyapunov stability of

TDHF and RPA only in cases when the initial state minimized either the

micro canonical, canonical, or grand canonical partition functions. In [32],

a much more general problem is addressed, namely when the initial state of

the quantum system is an excited, or in one case highly excited, state. Three

systems are investigated (two of which are realistic nuclear systems): vortices
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in the unitary Fermi gas, the fission of 236U, and collisions of 238U+238 U. The

later two will be emphasized, consistent with the overall theme of this thesis.

It has been demonstrated, by Maldacena et al [70] and Tsuji et al [106],

that upper bound for the Lyapunov exponent of a quantum system is given

by,

λMSS ≤
πT

h̵
. (150)

For classical systems (h̵ → 0) this implies no upper bound. Since the sys-

tem of interest are quantum this limit is not considered. Additionally λMSS

can only be defined after a long time, when the system has obtained ther-

mal equilibrium [66], however for most real cases shorter timescales can be

considered. For example, for fission, the time it takes for the nucleus splits

into two well separated fragments, can (for all practical purposes) act as the

”infinite” time limit.

To carry out these studies the initial quasi particle wave-functions were

perturbed via,
⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

uk↑(r⃗,0)

uk↓(r⃗,0)

vk↑(r⃗,0)

vk↓(r⃗,0)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

→

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

uk↑(r⃗,0)[1 + εαu↑(r⃗)]

uk↓(r⃗,0)[1 + εαu↓(r⃗)]

vk↑(r⃗,0)[1 + εαv↑(r⃗)]

vk↓(r⃗,0)[1 + εαv↓(r⃗)]

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (151)

where α(uv)(↑↓) is a complex field with entries of the form, Z = X + iY ,

and where X,Y are random numbers between -1 and 1. The parameter

ε represents the strength of the perturbation, and was evaluated at levels

ε = 10−4,10−2,3 × 10−2 for fission and for ε = 10−2,3 × 10−2 for collisions.

Alternatively, we could have perturbed the densities, since DFT states there

exists a one to one mapping Ψ↔ n. The choice of perturbation should not

influence the final results.

For the case study of the fission of 236U, the SeaLL1 EDF was used,

and the simulation was performed on a 302 × 60 lattice with spacing a =

1 fm corresponding to (4 × 302 × 60)2 ≈ 4.7 × 1010 phase space elements.
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The compound was evolved from the outer barrier past scission until the

fragments were well separated, i.e. no longer exchanged energy, nucleons, or

momenta, excluding the Coulomb interaction. The MSS upper bound was

estimated via,

λMSS =
πT

h̵
≈ 0.016 c/fm, (152)

with a characteristic temperature T = O(1) MeV for an excited nucleus. The

Lyapunov exponent is defined as,

λ(t) =
1

2t
∫ d

3r[nε(r⃗, t) − n0(r⃗, t)]2

∫ d
3r[nε(r⃗,0) − n0(r⃗,0)]2

, (153)

where, nε(r⃗, t), n0(r⃗,0) represent the perturbed, unperturbed number density

respectively.

Figure 28 shows λ(t), the maximum Lyapunov exponent, is well below the

MSS bound. Interestingly, during the compound’s descent from the neigh-

borhood of the outer fission barrier, the evolution is over-damped, similar to

a group of parachutists who all exit a plane at different times, but reach the

same terminal velocity. This causes the Lyapunov exponent to be negative

prior scission, meaning the process is restorative i.e. all trajectories descend

towards the same mean path. For a more detailed (related) discussion see

[38].

Another example involves the heavy-ion collision of 238U + 238U at a

center-of-mass energy of 1200 MeV. The SeaLL1 EDF was used, and simula-

tions were performed on a 302×60 fm3 lattice with spacing a = 1 fm. After the

collision, the two fragments emerge highly excited, with roughly 600 MeV of

kinetic energy being converted into intrinsic energy. Using Bethe’s formula,

T =

√
10E∗
A , to estimate the temperature as T = 3.55 MeV, the corresponding

MSS Lyapunov exponent is given by λMSS ≈ 0.057 c/fm. Figure 28 shows

λ(t), which saturates two orders of magnitude below the MSS upper bound.

Similar to fission, after separation, the fragments only interact via Coulomb.
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To conclude, two real nuclear systems were analyzed. We found the maxi-

mum Lyapunov exponent to be smaller by one order of magnitude for fission

and two orders for heavy ion collisions relative to the MSS bound. This

means, even though the exponents are non-vanishing, they are small enough

not to alter the quality of the conclusions inferred within TDSLDA. That

said, the fact that TDDFT is mathematically equivalent to Schrodinger’s

equation, but also contains a small positive Lyapunov exponent must be in-

vestigated. The most obvious source of error is the energy density functional.

The exact TDDFT functional doesn’t only depend on the instantaneous den-

sities, but also all prior densities in time as well [90] [73]. This is absent from

all current implementations of TDDFT. A second cause, which cannot be

ruled at this time, could be an accumulation of numerical errors. The sys-

tems studied are computationally massive containing O(1010) phase space

elements, each of which evolve at least for 10,000 time-steps and up-to po-

tentially 100,000 time-steps. Both sources must be considered to determine

the quality of the TDDFT implementation.

4.2 Discussion on Entropy

Typically, for nuclear systems with pairing correlations, treated either in

a shell model or mean field theory, practitioners are interested in the total

binding energy, collective low lying levels, and other quantities, which can be

evaluated accurately in calculations with low momentum cutoffs. However,

certain observables cannot be reproduced with a low momentum cutoff such

as the long tail of the nucleon momentum distribution, and observables which

depend on it. This behavior has been studied extensively for decades in both

cold atom and nuclear systems [94] [55] [54] [49] [93] [85] [97] [104] [101] [118]

[24] [45] [92] [60] [2] [61] [86], and this section summarizes complementary

investigations, focusing on the complexity of HFB wave-functions, with an

emphasizes on a realistic 236U fission case study. More details can be found

in [40].
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The complexity of many body wave-functions can be characterized by the

quantum Boltzmann one-body entropy,

S = −⨋
k
nklnnk − ⨋

k
[1 − nk]ln[1 − nk], (154)

and Shannon entropy,

S̄ = −⨋
k
ñklnñk. (155)

Above, nk refers to the canonical occupation probabilities, ñk =
nk
N , the inte-

gral implies a sum over discrete variables when appropriate, and

⨋
k
nk = N, (156)

where N is the total particle number. The canonical occupation probabilities

are defined as eigenvalues of the density matrix,

n(ξ, γ) = ⟨φ∣Ψ†(γ)Ψ(ξ)∣φ⟩ (157)

where Ψ†(γ),Ψ(ξ) represent the creation, annihilation field operators. The

Boltzmann entropy is an extensive quantity, while the Shannon entropy is a

intensive quantity.

The canonical basis can be used to address (at least partially) the ques-

tion: how many single (or quasi) particle states are required to accurately

describe superfluid nuclei. First, the case of 1-D HFB was considered, which

is used to describe spherical nuclear systems. In figure 29 the momentum dis-

tribution is given for different lattice constants. The distribution in all cases

contains two knees, one at the Fermi level called the infrared (IR) knee, and

one at high energies called the ultraviolet (UV) knee. At the IR knee the

distribution has the expected BCS behavior. The region between the two

knees decays as a power law. This behavior is due to the short range nature

of nuclear forces, predicted by Sartor and Mahaux in 1980 [94], verified ex-

perimentally by O Hen in 2014 [60], and proven analytically to be a generic
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feature for any system of many strongly interacting Fermions by Shina Tan

in 2008 [104]. The region past the UV knee is unphysical, directly related to

the cutoff momentum pcutoff = hπ
∆x , which in the limit ∆x→ 0 goes to infinity.

The case of a realistic 236U fission trajectory using TDSLDA was also

considered. For pure Hartree-Fock, the Boltzmann entropy is minimized. For

TDSLDA, inter-particle interactions cause the system to exists as a mixed

state, leading to increasing entropy. For TDSLDA the many body wave-

function is not an eigenstate of the total particle number operators, thus

requiring a projection technique to restore the symmetry (see [28] for details).

In figure 30, the Boltzmann entropy was shown as a function of time for both

the particle projected and unprojected cases with only a minor difference in

magnitude between both cases.

For fission, the entropy roughly doubles from the initial to final state, how-

ever, during intermediate time it exhibits non monotonic behavior. This high-

lights a key point: the complexity of an isolated many body wave-function

does not always increase monotonically for finite time intervals. The erratic

behavior can be understood. Start from the initial state, the compound nu-

cleus at the outer barrier, and go up until the formation of the neck, which

occurs at ∼ 400−500 fm/c. In this time interval the entropy rapidly increases,

as pairing allows for states to repopulate. The neck continues to form until

roughly ∼ 700 − 800 fm/c, during which the transfer of nucleons from one

half of the compound to the other is inhibited, suppressing the spread of the

single particle strength. From here the nucleus scissions, forming two frag-

ments which evolve largely independently, except for the long range Coulomb

interaction. The excited FFs thermalize, causing the single particle strength

to spread, and the entropy to increase. In this sense, entropy provides a rich

insight into the dynamics of fission.

A few key conclusions can be drawn from this study. Although the re-

sults were obtained strictly for the Bogoliubov-Valatin Canonical basis, they

should hold for an arbitrary quantum many-body state ∣Φ⟩. This should
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be the case, since in nuclear fission the fragments emerge highly excited,

with an excitation energy beyond which pairing vanishes. This means the

increase in entropy mostly arises from the significantly larger degree of com-

plexity and entanglement in the final wave-function compared to the initial

wave-function. This holds true even after particle projection. Second, a com-

plete picture of nuclei should incorporate both mean field and short-range

correlations, which are needed to produce he realistic long tail of the quan-

tum momentum distribution. And last, we expect that the canonical bases,

quantum Boltzmann and Shannon entropies, can be powerful tools for un-

derstanding the degree of complexity and entanglement for most quantum

many body systems.
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ically and experimentally [46], we determine the temperature
T corresponding to the equilibrated state, T/εF ≈ 0.17, which
is practically equal to the critical temperature Tc. The length of
simulations are, however, rather short for the system to have
thermalized. At thermal equilibrium at this temperature the
UFG is most likely in the so-called pseudogap phase, when
the long-range superfluid correlations vanished, but a pairing
gap is still present [71– 75] and where the ratio of the viscosity
to the entropy is minimal [76], and the system is often referred
to as a perfect fluid. At this temperature, evaluated using the
UFG equation of state [77– 79],

λUFG
MSS

εF
= πT

εF
≈ 0.53, (40)

which is about two orders of magnitude higher than what we
observe in our calculations.

D. Nuclear fission

In Ref. [42] we reported preliminary results on the influ-
ence of noise in initial conditions in TDDFT simulations on
some properties of the emerging nuclear reaction products.
In such calculations, the reaction products are followed in
time only until they are reasonably far spatially separated
and they do not exchange energy, momentum, or particles
anymore. At that point the various properties of the emerging
reaction products are evaluated, and that is where we judge
the sensitivity to the initial conditions.

TDDFT nuclear fission simulations are equivalent to a
classical Hamiltonian system with a dimension of the phase
space (4 × 302 × 60)2 ≈ 4.7 × 1010 and we notice that the
maximum Lyapunov exponent is very small or vanishing. In
Fig. 3 we plot the quantity

λ(t ) = 1
2t

ln

∫
d 3r[n ϵ (r, t ) − n 0(r, t )]2

∫
d 3r[n ϵ (r, 0) − n 0(r, 0)]2

. (41)

It is clear that that the Lyapunov exponent again is very small,
well below the conjectured upper limit λnuclear

MSS , see Eq. (24).
Here, we restrict ourselves only to perturbations of initial
quasiparticle wave functions of the type given in Eq. (38). We
start the induced fission simulation relatively late in the evolu-
tion of the reaction 235U(n , f ) [80]. As has been well known
for many decades, when a low-energy neutron is absorbed by
a nucleus, a compound nucleus is formed [81], which lives for
a very long time ≈10−15 s. before scission. At this excitation
energy the level density is very high [28],

ρ(E ) ∝ exp(
√

aE ), where a ∝ A, (42)

and A is the atomic number. During this time the shape of the
compound nucleus changes very slowly from a very compact
almost spherical one to one resembling a peanut at the top
of the outer fission barrier. During this time the dynamics
of the nucleus is qualitatively similar to a biological cell
division [82], in which the nuclear surface tension competes
with the Coulomb interaction, leading ultimately to nuclear
scission [82].

From the top of the outer fission barrier until scission the
nuclear shape evolves relatively fast ≈10−19 s. This time is,
however, much longer than the characteristic single-particle

FIG. 3. In the upper panel we display the evolution of the neutron
(upper half of each frame) and proton (lower half of each frame)
number densities of fissioning 236U in a simulation box 303 × 60 fm3

into a heavy (left) and light (right) fragments. The neutron and proton
numbers of the heavy (left) and of the light (right) fragments are
(83.6, 52.2) and (60.4, 39.8), respectively The shapes of the distri-
butions and the neutron and proton numbers of the fission fragments
are hardly affected by the level of noise level. In the lower panel we
show the time evolution of λ(t ) as obtained from Eq. (41). After scis-
sion, which occurs at t ≈ 2400 fm/c, the excited fission fragments
emerge, after thermalization, with temperatures T ≈ 1 MeV [41,63],
which results in λnuclear

MSS ≈ 0.016 c/fm.

time ≈10−22 s. Nucleons collide with the moving walls of
the fissioning nucleus, the nucleus heats up, its intrinsic en-
tropy increases, similar to Fermi’s acceleration mechanism
for the origin of cosmic radiation [83]. The nuclear dynam-
ics is highly nonequilibrium [63,66,67] and the collective or
the nuclear shape motion of the fissioning nuclear system is
overdamped.

The dynamics of the fissioning nucleus from the outer
fission barrier until scission is similar to some extent to the
evolution of a complex molecule, which undergoes some big
rearrangements of its atoms. The total energy is conserved, but
energy is continuously converted from the nuclear configura-

044601-8

Figure 27: (Color online) The upper panel displays the evolution of the neu-
tron number density (upper half of each frame) and proton number density
(lower half of each frame) of a fissioning 236U in a simulation box with dimen-
sions 302×60 fm3 into a heavy (left) and light (right) fragments. The neutron
and proton numbers of the heavy (left) and light (right) fragments are (83.6,
52.2) and (60.4, 39.8) respectively. The shapes of the neutron and proton
distributions are hardly affected by the noises level. The lower panel shows
the time evolution of λ(t). After scission, which occurs at t ≈ 2400 fm/c, the
excited fission fragments emerge. After thermalization they reach tempera-
tures ∼ 1 MeV [42], fixing the MSS upper bound as λnuclear

MSS ≈ 0.016 c/fm.
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tional energy in the molecule into the energy of the electron
cloud. In the case of the fissioning nucleus, the configuration
energy is approximately equal to the sum of the Coulomb
energy and the surface energy. While the nucleus evolves
from the outer fission barrier towards the scission configu-
ration it elongates, while preserving its volume. The surface
area increases and the surface energy increases proportionally,
but at the same time the average separation of the electric
charges increases and the Coulomb energy decreases. At small
elongations of the fissioning nucleus the surface potential
energy dominates, but as soon as the nucleus reaches the outer
fission barrier the sum of surface and Coulomb energies is
dominated by the Coulomb energy [82]. The approximate sum
of the surface potential and Coulomb energy decreases by
≈15–20 MeV from the top of the fission barrier until scission.
This energy difference is converted into internal energy of the
system. Only a small part (≈10%) of the energy is converted
into kinetic flow energy of the nuclear fluid, the rest being
converted into heat.

The other noticeable aspect of the fission dynamics from
the outer fission barrier until scission put in evidence in
TDDFT simulations is that, during the descent from the neigh-
borhood of the outer fission barrier, the shape dynamics has a
focusing character. Since the shape evolution is overdamped
the collective motion is similar to that of a parachute, which
follows the steepest descent with a rather small “terminal
velocity.” As a result, trajectories with rather distinct initial
conditions behave like a group of parachutists who jump out
of a plane at different times and land relatively close to each
other, as both their vertical and longitudinal velocities are
damped. This is the reason why the λ(t ) in the case of fission
is negative before the scission occurs.

Note that, after the scission, the number of nucleons in each
fragment, as well as their energies, are fixed. Since these are
measured observables experimentally, this moment defines for
all practical purposes the meaning of the “infinite-time limit.”
In spite of the complex nature of the problem, the evolution
turns out to be very weakly sensitive to the initial noise, with
the corresponding Lyapunov exponent being well below the
prediction of Maldacena et al. [20].

E. Collisions of heavy ions

A second nuclear physics example is from heavy-ion col-
lisions 238U + 238U at a center-of-mass energy of 1200 MeV.
In this case the dimension of the equivalent phase space is
(4 × 303 × 64)2 ≈ 5.3 × 1010. After the collision, the two
fragments are highly excited because the final total kinetic
energy is only ≈600 MeV. By changing the initial kinetic
energy from 600 to 1600 MeV the final kinetic energy barely
changes, and the final estimated temperatures of the fragments
varies by at most a factor of two. The case illustrated in Fig. 4
is in the middle of this energy range, see also Ref. [42]. From
the excitation energy of the reaction fragments one can extract
their equilibrium temperatures T ≈ 3.5 MeV, obtained using
Bethe formula [28,42], which according to Eq. (14) leads to
an upper limit λMSS = 0.057 c/fm.

Upon adding noise at the level ϵ = 0.03, see Eq. (38),
the nuclei acquire a total initial excitation energy of about

FIG. 4. In the upper panel we display the evolution of the neu-
tron (upper half of each frame) and proton (lower half of each
frame) number densities of a fissioning 238U + 238U collision in
a simulation box 303 × 64 fm3 into two highly excited and not
yet equilibrated fragments. The shapes of the neutron and proton
distributions are hardly affected by the noise level. In the lower
panel, the time evolution of λ(t ), Eq. (41), in the case collision
of two heavy ions 238U + 238U at a center-of-mass energy of 1200
MeV is shown. After separation the excited fragments emerge, after
thermalization, with temperatures T = 3.55 MeV, which results in a
λnuclear

MSS ≈ 0.057 c/fm.

50 MeV, corresponding to an initial temperature T ≈ 1.5
MeV. In a time ≈250 fm/c the two nuclei touch “noses”
and remain in contact up to a time ≈700 fm/c. Until the
nuclei coalesce, which a relatively fast process, only the long-
range Coulomb interaction between them leads a small charge
polarization of the colliding nuclei. The two nuclei form a
dinucleus at about 300 fm/c, which starts separating into
two fragments around 550 fm/c and the contact time is thus
relatively short. Similarly to the fission process, after the sep-
aration, fragments and their properties are fixed, and there is
no reason to consider the evolution in the context of extracting
of the Lyapunov exponent. Nevertheless, λ(t ) appears to be

044601-9

Figure 28: (Color online) The upper panel shows the evolution of the neutron
number density (upper half of each frame) and proton number destiny (lower
half of each frame) of the collision of 238U + 238U in a simulation box with
dimensions 302 ×64 fm3. After interacting the nuclei split two highly excited
and not yet equilibrated fragments. The shapes of the neutron and proton
distributions are hardly affected by the noises level. In the lower panel, the
time evolution λ(t), is shown at a center of mass energy of 1200 MeV. After
separation the fragments emerge with temperatures T = 3.55 MeV, which
results in a λnuclear

MSS ≈ 0.057 c/fm.
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FIG. 2. The canonical occupation probabilities for four
lattice constants dx in a log-log scale, corresponding to mo-
mentum cutoff ⇤ = ⇡�dx. In the inset we plot nk in the linear
scale close to the Fermi surface. The results obtained with
increased machine precision 10−40 are shown with continuous
solid lines. The dashed horizontal black line shows the level
of typical machine double precision 10−16 and dashed lines for
nk show the corresponding results obtained for the occupation
probabilities using double precision.

the origin and avoid unphysical long momentum tails of
the wave functions.) We solved the non-self consistent
SLDA or HFB equations for the qpwfs [12, 36], using the
Discrete Variable Representation method [44]

�H − µ �
� −H + µ

��uk

vk
� = Ek �uk

vk
� (41)

in a box of size L = 80 fm and with four different lattice
constants dx = 1,0.5,0.25,0.125 fm and where

H = − �h2

2m

d2

dx2
+ V (x) (42)

and m is the nucleon mass, in the absence of spin-orbit
interaction. The Eq. (41) are for the components uk(x)
with spin-up and vk(x) with spin-down. The equations
for the components uk(x) with spin-down and vk(x) with
spin-up are obtained from these equations by chang-
ing the sign of the pairing field �(x) only [12, 36].
The SLDA equations for cold fermionic gases and nu-
clei have the same structure in this case. It is straight-
forward to extend this type of analysis to more compli-
cated geometries, for example the pasta phase in neu-
tron star crusts, or the superconductor-normal metal-
superconductor (SNS) junctions in condensed matter
physics. The case discussed here is equivalent to a NSN
junction. This analysis equally applies to infinite periodic
systems.

This 1-dimensional model is equivalent to solving the
SLDA equations for a spherical system, in this case for s-
orbitals, with orbitals �k(x) = −�k(−x) and x ≥ 0 in the
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FIG. 3. The canonical wave function �12(x) and occupa-
tion probability n12 = 0.990 along with profiles of the number
density n(x) and of the anomalous density (x) in the case
dx = 0.125 fm. Since V (x) = V (−x) and �(x) = �(−x), all
these functions have well defined spatial parities and we rep-
resent these quantities only for x ≥ 0.
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FIG. 4. The same as Fig. 3 for �40(x) and n40 = 2.98E − 5,
localized inside the system, with k in the interval between the
IR-knee and the UV-knee.

present formulation. For a 3-dimensional spherical sys-
tem the wave functions would be  (r) = �(r)�rYlm(✓, ⇡)
and r = x ≥ 0. For angular momenta l > 0 one has to add
the centrifugal potential �h2l(l+1)�2mr2. In the presence
of the centrifugal barrier a classically forbidden region
appears near the origin and some of the corresponding
canonical wave functions for l > 0 will have the character
of “exterior” functions with occupation probabilities nk

beyond the UV-knee in Fig. 2. The 1-dimensional nor-
mal number density n(x) here is only for the fermions
with spin-down, which in the case of even fermion parti-
cle number is identical to the normal number density of
the spin-up particles. As shown in Ref. [9] the anoma-

Figure 29: (Color online) The canonical occupation probabilities for four
lattice constants dx in a log-log scale, corresponding to a momentum cutoff
of Λ = π/dx. The inset shows nk in the linear scale close to the Fermi
surface. Results obtained with increased machine precision 10−40 are shown
with continuous solid lines, and those obtained with typical machine precision
are shown with dashed lines.
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so far in literature there exist no studies of how the com-
plexity, or the degree of single-particle spreading over
the entire spectrum, depends on real time in the case of
a non-equilibrium process. Nuclear fission is in this re-
spect a particularly interesting case and it provides an
unexpected insight on how the many-body wave func-
tion evolves in time within the Density Functional Theory
framework from a state near the outer saddle point until
well after the two fission fragments are fully separated.
Since within the Density Functional Theory extended to
superfluid systems [10, 12, 13, 46, 49, 50] the total parti-
cle number is not conserved, we evaluate here the neutron
and proton canonical occupation probabilities as a func-
tion of time, for both unprojected and projected total
proton and neutron numbers cases, following the tech-
niques described in Refs. [13, 41] and illustrate the time
evolution of the Boltzmann entropy in Fig. 7 in the case
of 235U(n,f) induced fission with a low energy neutron,
described with two different nuclear energy density func-
tionals SeaLL1 [51] and SkM* [52]. In order to evaluate
the entropy with an accuracy at the ≈1% level in Fig. 7
we needed to account for occupation probabilities prob-
abilities with nk ≥ 10−7. The entropies are larger in the
case of particle unprojected wave functions, which live in
the Fock space and as such have more complexity, unlike
the particle projected wave functions, which are part of
a Hilbert space.

Nuclear fission is a typical example of a non-
equilibrium quantum process and one would expect that
the entropy would monotonically increase in time [47].
The actual situation however is more complex. Indeed
the entropy of the fissioning nucleus increases in time
until the neck is starting forming at a time ≈ 400 − 500
fm/c, see Fig. 7 and Refs. [36, 53, 54]. When the neck is
starting forming the free flow of nucleons from one side to
the other of the elongated nucleus is increasingly inhib-
ited until a time ≈ 700 fm/c, when the neck attains a very
small diameter and after that the two fission fragments
start separating. During this time period from ≈ 300-
400 to ≈ 700-800 fm/c the spreading of the single-particle
strength is suppressed. After scission the two fission frag-
ments evolve in time largely independently of each other,
apart from some relatively small energy exchange due to
the presence of the long-range Coulomb interaction be-
tween them [55]. The highly excited fission fragments
thermalize and as a result the single particle strength is
further spread over a larger portion of the energy spec-
trum of each fission fragment starting at ≈ 700-800 fm/c.
After the entire time evolution, the final entropy of the
system significantly exceeds the initial value of the en-
tropy, in agreement with our expectation of an increased
degree of complexity of the final wave function compared
to the initial wave function. The initial wave function
describes the ground state of a shape constrained nu-
cleus, which technically has a vanishing many-body en-
tropy. While the initial state was a “bound” state, the
final non-stationary state lies in a continuum, where the
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FIG. 7. The time-dependence of the entropy S evaluated
in the case of induced fission of 235U(n,f) with a low energy
neutron, performed with two different nuclear energy density
functionals SeaLL1 and SkM* as a function of time from the
vicinity of the outer saddle point until the two fission frag-
ments are fully separated. Even though there are differences
between the values of the entropies evaluated before and after
a total particle projection was performed, the qualitative be-
havior of the quantum Boltzmann one-body entropy is by and
large the same, with relatively small quantitive corrections.
The nuclear shapes obtained in Time-Dependent Superfluid
Local Density Approximation [13, 36] in the case of SkM*
during the time evolution are shown at 400, 1000, and 1500
fm/c.

density of many-body states is very large, even in the
finite simulation box used in our numerical simulation.
Unlike in the case of a system in contact with a ther-
mostat, the entropy of an isolated many-body system, or
in a more precise language, the complexity of its many-
body wave function does not necessarily increase always
monotonically in time at intermediate times.

IV. CONCLUSION

Even though we have concentrated here on the prop-
erties of the Bogoliubov-Valatin canonical basis set, in-
troduced to describe pairing correlations, these are rather
general properties of the one-body density matrix defined
by Eq. (3) and the corresponding canonical basis set and
the canonical occupation probabilities, see Eq. (??), for
an arbitrary quantum many-body state ���.

The induced nuclear fission is particularly relevant in
this respect. The fission fragments emerge highly excited,
with an average excitation energy of up to about 20 MeV
each [36, 53, 54], an excitation energy at which the pair-
ing correlations are absent. Therefore the fact that we
formally obtained the result that the final Boltzmann

Figure 30: (Color online) The time-dependence of the entropy S evaluated in
the case of induced fission of 235U(n,f) with a low energy neutron, performed
with two different nuclear energy density functionals SeaLL1 and SkM* as
a function of time. The nuclei are evolved from the outer saddle point until
the two fission fragments are fully separated. Even though there are small
quantitative differences between the values of the entropies evaluated before
and after a total particle projection was performed, the qualitative behavior
of the quantum Boltzmann one -body entropy is by and large the same. The
nuclear shapes in the case of SkM* are shown during at times 400, 1000, and
1500 fm/c.
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5 Conclusion

5.1 Key Results

The following section summarizes key results pertaining to fission within

TDSLDA. The underlying theory and numerical implementation of the LISE

program, which is the first code to treat TDSLDA, is detailed in [65]. The

program is self contained, providing everything needed to perform and ana-

lyze fission and heavy ion collision simulations from scratch: a static solver,

time dependent program, and post processing script. Also part of the LISE

program (although not yet publicly available) is the LISE projection code,

which has been used to obtain FF spin distributions [31], [30]. In section

2.4 we applied TDSLDA to systematic fission studies of 236U and 240Pu, re-

iterating important points established by Bulgac et al in [38]: namely the

adiabatic approximation isn’t valid for fission, FF deformations relax after

scission, and more.

We performed the first microscopic extraction of FF intrinsic spin dis-

tributions for 236U and 240Pu [31]. We showed the LFF carries more spin

on average than the HFF pre neutron emission, contrary to what leading

phenomenological models at the time assumed [57], [103]. We provided the

first microscopic evidence for the existence of collective angular momenta

modes bending and twisting. We highlighted the importance of performing

time dependent fission simulations, since the FF deformations and hence the

intrinsic spins, relax significantly after scission. And we investigated the FFs

intrinsic spin distributions dependence on the compound’s excitation energy,

finding a weak dependence.

We investigated the role of the orbital angular momenta on the FF in-

trinsic spin distributions for 236U, 240Pu, and 252Cf [30]. We performed the

first microscopic extractions of the FF relative AM distributions, triple AM

projection (for 252Cf), and FF AM opening angle distribution (for 252Cf).

We found the opening angle distribution was completely anisotropic, imply-

86



ing strong correlations between the FF AM vectors, opposite to the isotropic

distributions generated by FREYA [87].

Last of all, we investigated mathematical properties of TDSLDA. We

tackled a crucial question: will TDSLDA, which is formulated through a set

of highly nonlinear PDEs, but also functionally equivalent to the many body

Schrodinger equation, which is linear and hence non-chaotic, exhibit chaos

[32]? For realistic case studies using TDSLDA, for example the fission of
236U, we found the answer to be no: the Lyapunov exponents in all cases

were at least one order of magnitude below the MSS bound (defined in [70]),

and not large enough to affect the system within the relevant timescale. In

[40] we investigated the role of entropy (specifically one body entropy) in

TDSLDA. The conclusion? In short, the situation is complicated. For the

fission of 236U, the entropy both increased and decreased, depending on the

state of the system during the evolution. This suggests that the one-body

entropy can be a useful tool to characterize the complexity and entanglement

of quantum many body systems.

5.2 Future Outlook

This section will outline a few potential future direction for TDSLDA.

First, particle number projection (pnp), which is required, since the many

body wave-function exists in a super position of number eigenstates (for de-

tails see section 3.2). This topic has been studied for mean field theories

since the 50s [82], with a renewed interest in recent times [5], [111]. One of

the most persistent related issues is that microscopic theories tend to greatly

underestimate the widths of the FF mass and charge distributions [96]. For

heavy ion collisions, some progress has been made with the invention of the

Balian Veneroni technique [3], however such a procedure is not applicable

for asymmetric fission. TDSLDA can potentially help with this problem,

since pairing is expected to widen the FFs masses and charge distributions

[29]. Another major issue is that the FF mass and charge distributions are
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uncorrelated for individual fission trajectories. A potential solution to both

problems has been suggested by Aurel Bulgac: include proton neutron colli-

sion terms in TDSLDA [29] in the spirit of the Boltzmann-Uehling-Uhlenbeck

(BUU) equation [81] [107].

This extension has been named gTDSLDA, and would introduce pn colli-

sion terms via pn pairing. The following will summarize arguments provided

by Aurel Bulgac in [29] discussing the significance of such an extension. First,

in heavy nuclei the number of np pairs is larger than the number of nn and

pp pairs, and hence they could play an important role in fission. Second,

pn pairing is expected to both widen and lead to correlated FF mass and

charge distributions. To explain, in gTDSLDA the phases space increases

significantly (a factor of two for any discrete representation), and during

time evolution pairing will populate some of these additional states, which

are statistically likely to exist away from the mean, and hence widen the

distributions. Additionally the wave-function can longer be expressed as a

product neutron and proton generalized slater determinants, meaning the

neutron and proton number distributions become correlated. Formally the

extension is given by:
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with the singlet and triplet pairing fields defined via:

∆0 = −g0κ0, (159)

∆1 = −g1κ1, (160)

and the singlet and triplet anomalous densities defined via,

κ0(r⃗) = ∑
k

v∗kn↓(r⃗)ukp↑(r⃗), (161)

κ1(r⃗) = ∑
k

v∗kn↑(r⃗)ukp↑(r⃗), (162)

The extension to gTDSLDA is already ongoing.

An additional assortment of related projects are currently or plan to be

worked on in upcoming years: such as the effects of the compound’s excita-

tion energy on FF properties (one result is already published [31]); the fission

of odd-odd and odd-even nuclei, which comprise the majority of nuclear sys-

tems, making them paramount for understanding fission; investigating the

existence (or prominence) of scission neutrons, which recent studies suggest

may be more prevalent than previously expected [44]; the treatment of gen-

eralized angular momenta correlations [28],

P (SL, n̂L, SH , n̂H) = (SL+1/2)(SH +1/2)∫
π

0
dηL sin ηL∫

π

0
dηH sin ηH (163)

PSL(cos ηL)PSH(cos ηH)

√

det[δlk + ⟨vl∣(eiĴ
L
x ⋅ηLn̂L − 1)ΘL∣vk⟩ + ⟨vl∣(eiĴ

H
x ⋅ηH n̂H − 1)ΘH ∣vk⟩ ];

and the evaluation of particle number projected FF excitation energy and

TKE distributions, calculations yet to be found in literature (the formalism

is detailed in [28])!
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Appendices

A Derivation of SLDA Static Equations from

Variational Principle

This section covers explicitly the minimization described by equation 39

leading to the static SLDA equations described by equation 56. We will

primarily make use of two formulas from the calculus of variations: the func-

tional derivative and the chain rule. The variational derivative of a functional

E[f(r⃗), ∇⃗f(r⃗), ∂αβf(r⃗)] is given by,

∂E[f(r⃗)]

∂f(r⃗)
=
∂E

∂f
− ∇⃗ ⋅

∂E

∂∇⃗f
+ ∂αβ

∂E

∂αβf
+ ... (164)

where α,β represent spatial coordinates. If the functional E depends on

densities ρ[f(r⃗), ∇⃗f(r⃗), ∂αβf(r⃗)], which are functionals of f , the variational

derivative of E can be expressed as,

δE[ρ(r⃗)]

δf(r⃗)
= ∫ dr⃗′

δρ(r⃗′)

δf(r⃗)

δE[ρ(r⃗′)]

δρ(r⃗′)
. (165)

To minimize the EDF consider the derivative δE
δvk↓q , which describes the

last row of the static SLDA equations. The remaining rows can be obtained

using the properties and symmetries of the quasi particle wave-functions.

Since the computation of δE
δvk↓q is highly involved, the contribution from each

density will be computed separately.

The number density contribution is straightforward:

∂E

∂vksq
=
∂E

∂nq

∂nq
∂vksq

=
∂E

∂nq
v∗ksq, (166)

with,
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∂E

∂nq
= 2Cn

0 n0 + 2ξqC
n
1 n1 + 2Cτ

0 τ0 + 2ξqC
τ
1 τ1 + 2C∆n

0 ∇2n0 + 2ξqC
∆n
1 ∇2n1 (167)

+C∇J
0 ∇⃗ ⋅ J⃗0+ξqC

∇J
1 ∇⃗ ⋅ J⃗1+C

γ
0 (γ+2)nγ+1

0 +2ξqC
γ
1n1n

γ
0 + ∑

q′=p,n
∂gq′,eff(n)

∂nq(r⃗)
∣κq′(r⃗)∣2,

for Skyrme EDFs, and,

∂E

∂nq
=

5

3
a0n

2/3
0 +2b0n0+

7

3
c0n

4/3
0 −

a1n2
1

3n
4/3
0

+
c1n2

1

3n
2/3
0

−
7a2n4

1

3n
10/3
0

−
2b2n4

1

n3
0

−
5c2n4

1

3n
8/3
0

(168)

+ξq(
2a1n1

n
1/3
0

+ 2b1n1 + 2c1n1n
1/3 +

4a2n3
1

n
7/3
0

+
4b2n3

1

n2
0

+
4c2n3

1

n
5/3
0

),

for SeaLL1 EDFs. This term has no spin dependence.

The kinetic density contribution is given by:

∂E

∂vksq
= −∇⃗ ⋅

∂E

∂τq

∂τq

∂∇⃗vksq
= −∇⃗ ⋅

∂E

∂τq
∇⃗v∗ksq, (169)

with,

∂E

∂τq
=
h̵2

2m
+Cτ

0n0 + ξqC
τ
1n1. (170)

This term also has no spin dependence.

The spin density contribution is given by:

∂E

∂vksq
=
∂E

∂s⃗q
⋅
∂s⃗q
∂vksq

=
∂E

∂s⃗q
⋅ σ⃗ss′v∗ks′q, (171)

with,
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∂E

∂s⃗q
= C∇J

0 ∇⃗ × j⃗0 + ξqC
∇J
1 ∇⃗ × j⃗1. (172)

The anomalous density contribution is given by,

δE

δvk↓q
=
∂E

∂κ∗q

∂κ∗q
∂vk↓q

=
∂E

∂κ∗q
u∗k↑q, (173)

with,

∂E

∂κ∗q
= −∆. (174)

The remaining spin term δE
δvk↑q will be considered later.

The contribution from the current density is significantly more compli-

cated:

δE

δvksq
=
∂E

∂j⃗q
⋅
∂j⃗q
∂vksq

− ∂α
∂E

∂j⃗
⋅

∂j⃗

∂(∂αvksq)
(175)

+
∂E

∂(∂αjβ)

∂(∂αjβ)

∂vksq
− ∂γ

∂E

∂(∂αjβ)

∂(∂αjβ)

∂(∂γvksq)

+∂γω
∂E

∂(∂αjβ)

∂(∂αjβ)

∂(∂γωvksq)
,

where α,β, γ,ω refer to spatial indices. Term by term,

∂j⃗

∂vksq
= −

1

2i
∇⃗v∗ksq, (176)

∂jβ
∂(∂αvksq)

=
1

2i
δαβv

∗
ksq, (177)

∂(∂αjβ)

∂vksq
= −

1

2i
∂αβv

∗
ksq, (178)
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∂(∂αjβ)

∂(∂γvksq)
=

1

2i
[δβγ∂αv

∗
ksq − δαγ∂βv

∗
ksq], (179)

∂(∂αjβ)

∂(∂γωvksq)
=

1

2i
δ[αβ][γω]v

∗
ksq, (180)

where δ[αβ][γω] denotes the unordered set [αβ] must be equal to the unordered

set [γω]. The derivatives of the EDF with respect to j⃗ and ∂αjβ are given

by:

∂E

∂j⃗q
= −2(Cτ

0 j⃗0 + ξqC
τ
1 j⃗1), (181)

∂E

∂(∂αjqβ)
=

∂

∂(∂αjqβ)
C∇J
t [sx(∂yjz − ∂zjy) (182)

+sy(∂zjx − ∂xjz) + sz(∂xjy − ∂yjx)]

= (α̂ × β̂) ⋅ (C∇J
0 s⃗0 + ξqC

∇J
1 s⃗1).

Combining terms,

∂E

∂j⃗q
⋅
∂j⃗q
∂vksq

= −i(Cτ
0 j⃗0 + ξqC

τ
1 j⃗1) ⋅ ∇⃗v

∗
ksq, (183)

−∂α
∂E

∂j⃗
⋅

∂j⃗

∂(∂αvksq)
= −i[∇⃗ ⋅ (Cτ

0 j⃗0 + ξqC
τ
1 j⃗1)]v

∗
ksq, (184)

∂E

∂(∂αjβ)

∂(∂αjβ)

∂vksq
=
i

2
(α̂ × β̂) ⋅ (C∇J

0 s⃗0 + ξqC
∇J
1 s⃗1)∂αβv

∗
ksq, (185)
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−∂γ
∂E

∂(∂αjβ)

∂(∂αjβ)

∂(∂γvksq)
=
i

2
∂γ(α̂×β̂)⋅(C

∇J
0 s⃗0+ξqC

∇J
1 s⃗1)[δβγ∂αv

∗
ksq−δαγ∂βv

∗
ksq],

(186)

∂γω
∂E

∂(∂αjβ)

∂(∂αjβ)

∂(∂γωvksq)
= −

i

2
∂γω(α̂×β̂)⋅(C

∇J
0 s⃗0+ξqC

∇J
1 s⃗1)δ[αβ][γω]v

∗
ksq. (187)

Terms described by equations 185 and 187 vanish, since they are odd under

the exchange of α and β, and the term described by equation 186 simplifies

to:

∂E

∂(∂αjβ)

∂(∂αjβ)

∂vksq
= −i(C∇J

0 ∇⃗ × s⃗0 + ξqC
∇J
1 ∇⃗ × s⃗1) ⋅ ∇⃗v

∗
ksq, (188)

which can be symmetrized:

∂E

∂(∂αjβ)

∂(∂αjβ)

∂vksq
= −i[(

1

2
C∇J

0 ∇⃗ × s⃗0 +
1

2
ξqC

∇J
1 ∇⃗ × s⃗1) ⋅ ∇⃗v

∗
ksq, (189)

+∇⃗ ⋅ (
1

2
C∇J

0 ∇⃗ × s⃗0 +
1

2
ξqC

∇J
1 ∇⃗ × s⃗1)v

∗
ksq]

Combining all results, the entire current density contribution is given by,

δE

δvksq
= −i[(

1

2
C∇J

0 ∇⃗ × s⃗0 +
1

2
ξqC

∇J
1 ∇⃗ × s⃗1 +C

τ
0 j⃗0 + ξqC

τ
1 j⃗1) ⋅ ∇⃗v

∗
ksq (190)

+∇⃗ ⋅ (
1

2
C∇J

0 ∇⃗ × s⃗0 +
1

2
ξqC

∇J
1 ∇⃗ × s⃗1 +C

τ
0 j⃗0 + ξqC

τ
1 j⃗1)v

∗
ksq].

The contribution from the spin current density is given by:
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δE

δvksq
=

∂E

∂(∇⃗ ⋅ J⃗q)

∂(∇⃗ ⋅ J⃗q)

∂vksq
− ∇⃗

∂E

∂(∂αJqα)

∂(∂αJqα)

∂(∇⃗vksq)
(191)

+∂αβ
∂E

∂(∇⃗ ⋅ J⃗q)

∂(∇⃗ ⋅ J⃗q)

∂(∂αβvksq)

This term is also complicated and will be handled part by part:

∇⃗ ⋅ J⃗q =
1

2i
∑
kss′

(∇⃗v∗ks′ ⋅ [∇⃗vks × σ⃗ss′] − ∇⃗vks ⋅ [∇⃗v∗ks′ × σ⃗ss′] (192)

+v∗ks′∇⃗ ⋅ [∇⃗vks × σ⃗ss′] − vks∇⃗ ⋅ [∇⃗v∗ks′ × σ⃗ss′]),

∂(∇⃗ ⋅ J⃗q)

∂vkqs
= −

1

2i
∑
s′
∇⃗ ⋅ [∇⃗v∗ks′ × σ⃗ss′], (193)

∂E

∂(∇⃗ ⋅ J⃗q)
= C∇J

0 n0 + ξqC
∇J
1 n1, (194)

∂(∂αJα)

∂(∇⃗vkqs)
=

1

2i

∂

∂(∇⃗vkqs)
∑
s′

(∇⃗v∗ks′ ⋅ [∇⃗vks × σ⃗ss′] − ∇⃗vks ⋅ [∇⃗v∗ks′ × σ⃗ss′]) (195)

= −
1

2i
∑
s′
[∇⃗v∗ks′ × σ⃗ss′ + ∇⃗v∗ks′ × σ⃗ss′]

= i∑
s′
[∇⃗v∗ks′ × σ⃗ss′].

The term
∂(∇⃗⋅J⃗q)
∂(∂αβvks) is zero for all combinations of α,β, since the two com-

ponents of ∇⃗ ⋅ J⃗q, which contain second derivatives, each individually vanish

(becomes self evident after minimal algebraic manipulation):

v∗ks′∇⃗ ⋅ [∇⃗vks × σ⃗ss′] = 0, (196)
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vks∇⃗ ⋅ [∇⃗v∗ks′ × σ⃗ss′] = 0. (197)

Similarly the term described by equation 193 also vanishes.

Combining all non zero contributions from the spin current density we

obtain:

δE

δvksq
= −∇⃗

∂E

∂(∂αJqα)
⋅
∂(∂αJqα)

∂(∇⃗vksq)
= −i∑

s′
∇⃗(C∇J

0 n0 + ξqC
∇J
1 n1) ⋅ (∇⃗v

∗
ks′ × σ⃗ss′)

(198)

With all densities accounted for, the last row of the static SLDA equations

is given by:

∆(r⃗)u∗k↑(r⃗) − h↓↑(r⃗)v
∗
k↑(r⃗) − (h↓↓(r⃗) − µ)v

∗
k↓(r⃗) = Ekv

∗
k↓(r⃗), (199)

where hss′ is defined by equation 57. After complex conjugation:

∆∗(r⃗)uk↑(r⃗) − h
∗
↓↑(r⃗)vk↑(r⃗) − (h∗↓↓(r⃗) − µ)vk↓(r⃗) = Ekvk↓(r⃗). (200)

Since the HFB equations are time-reversal invariant, another solution to

equation 200 given by:

iσy

⎡
⎢
⎢
⎢
⎢
⎣

vk↑(r⃗)

vk↓(r⃗)

⎤
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎣

vk↓(r⃗)

−vk↑(r⃗)

⎤
⎥
⎥
⎥
⎥
⎦

, (201)

iσy

⎡
⎢
⎢
⎢
⎢
⎣

uk↑(r⃗)

uk↓(r⃗)

⎤
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎣

uk↓(r⃗)

−uk↑(r⃗)

⎤
⎥
⎥
⎥
⎥
⎦

, (202)

leading to,

−∆∗(r⃗)uk↓(r⃗) − h
∗
↑↓(r⃗)vk↓(r⃗) − (h∗↑↑(r⃗) − µ)vk↑(r⃗) = Ekvk↑(r⃗). (203)
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Applying the simultaneous transformation:

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

vk↑(r⃗) ↔ u∗k↑(r⃗)

vk↓(r⃗) ↔ u∗k↓(r⃗)

Ek ↔ −Ek

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (204)

to equations 200, 203, we obtain:

∆∗(r⃗)v∗k↑(r⃗) − h
∗
↓↑(r⃗)u

∗
k↑(r⃗) − (h∗↓↓(r⃗) − µ)u

∗
k↓(r⃗) = Eku

∗
k↓(r⃗), (205)

−∆∗(r⃗)v∗k↓(r⃗) − h
∗
↑↓(r⃗)u

∗
k↓(r⃗) − (h∗↑↑(r⃗) − µ)u

∗
k↑(r⃗) = Eku

∗
k↑(r⃗), (206)

and after complex conjugation,

∆∗(r⃗)v∗k↑(r⃗) − h
∗
↓↑(r⃗)u

∗
k↑(r⃗) − (h∗↓↓(r⃗) − µ)u

∗
k↓(r⃗) = Eku

∗
k↓(r⃗), (207)

−∆∗(r⃗)v∗k↓(r⃗) − h
∗
↑↓(r⃗)u

∗
k↓(r⃗) − (h∗↑↑(r⃗) − µ)u

∗
k↑(r⃗) = Eku

∗
k↑(r⃗). (208)

Combining equations 200, 203, 207, and 208 we arrive at the SLDA static

equations (equation 56).
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B Discretization of LISE

Both the static and dynamic codes are implemented on a 3D cartesian

lattice. In each direction of length L = Na, where N represents the number

of lattice points along that direction and a represents the lattice spacing, the

spatial coordinate xn and Fourier component kn are discretized via:

xn = na,n = 0, ...N − 1, (209)

kn =

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

2nπ/L,n = 0, ...N/2 − 1

(2n −N)π/L,n = N/2, ...N − 1
, (210)

with periodic boundary conditions, i.e. all functions satisfy F (x0) = F (xN).

When discretized on a 3D lattice, the wave functions and the Hamilto-

nian are represented in the discrete variable representation (DVR) [33], or

Lagrange-mesh method [9], where functions (in 1D) are represented via:

ψ(x) = ∑
k

aψ(xk)fk(x), (211)

with

fk(xl) =
N/2−1

∑
n=−N/2

1

L
exp[ikn(xl − xk)] (212)

=

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

sin[π(k−1)]
Na cot π(k−l)N k ≠ l,

1/a k = l,
.

and with the DVR basis states forming a orthonormal set:

⟨fk∣fl⟩ = ∑
n

afk(xn)fl(xn) = δkl. (213)

Static SLDA calculations require diagonalizing the HFB Hamiltonian.

The local potential matrix elements (those which do not contain derivatives)
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have a simple diagonal representation:

⟨fk∣U ∣fl⟩ = ∑af∗k (xn)U(xn)fl(xn) = U(xk)δkl. (214)

The non-local matrix elements, containing first ∂x and second ∂xx spatial

derivatives in the kinetic and spin-orbit terms are represented as (see [33] for

more details):

(∂x)nm =
π

Na
(−1)n−m(1 − δnm) cot

π(n −m)

N
, (215)

(∂xx)nm =
π2

2N2a2

(−1)(n−m)(δnm − 1)

sin2 π(n−m)
N

−
π2

3a2
(1 +

2

N2
)δnm. (216)

When applying the Hamiltonian on a wave-function, the most time con-

suming step is the calculation of the gradient and Laplacian. To make these

operations efficient LISE uses fast Fourier transforms (FFTs):

F[f(x)] ∶ f̃(kn) =
N−1

∑
l=0

exp(−iknxl)f(xl), (217)

F−1[f̃(k)] ∶ f(xl) =
1

N

N−1

∑
n=0

exp(iknxl)f(xn), (218)

with F being the Fourier transform and F−1 being the inverse Fourier trans-

form. To apply a derivative m times:

D(m)f(x) = F−1[(ik)mf̃(k)]. (219)

For odd powers of m a small and unphysical imaginary part is introduced.

In order to eliminate this term we set f̃(−kN/2) = 0 [105] [74] [25]. Note,

an FFT approach for computing derivatives is often significantly faster and

more accurate than any commonly used finite difference formula, requiring

only O(N lnN) floating point operations.

For increasing numerical accuracy first derivatives are avoided whenever

possible, for example products of two gradient functions are rewritten as,
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∇⃗F (r⃗) ⋅ ∇⃗G(r⃗) =
1

2
(∆[F (r⃗)G(r⃗)] −∆[F (r⃗)]G(r⃗) − F (r⃗)∆[G(r⃗)]). (220)

Additionally, terms which scale linearly with momentum are symmetrized,

A⃗(r, t) ⋅ ∇⃗ψ(r⃗, t) =
1

2
(A⃗(r, t) ⋅ ∇⃗ψ(r⃗, t) + ∇⃗ψ(r⃗, t) ⋅ A⃗(r, t)). (221)

and the Leibniz rule is used to evaluate derivatives of products of two func-

tions via,

∇⃗[A(r⃗)B(r⃗)] = B(r⃗)∇⃗A(r⃗) +A(r⃗)∇⃗B(r⃗). (222)

More choices are made when evaluating the kinetic term of the Hamiltonian;

−∇⃗ ⋅
h̵2

2m∗(r⃗)
∇⃗vkσ(r⃗) = −

1

2
(

h̵2

2m∗(r⃗)
)∇2vkσ(r⃗) (223)

+
1

2
∇2(

h̵2

2m∗(r⃗)
vkσ(r⃗)) −

1

2
(∇2 h̵2

2m∗(r⃗)
)vkσ(r⃗),

and spin-orbit term;

−iW⃗ (r⃗) ⋅ (∇⃗ × σ⃗)ψ(r⃗) = −
i

2
[W⃗ (r⃗) ⋅ (∇⃗ × σ⃗)ψ(r⃗) + (σ⃗ × W⃗ (r⃗)) ⋅ ∇⃗ψ(r⃗)], (224)

for further increased numerical accuracy.

Perhaps the trickiest quality to evaluate numerically is the Coulomb po-

tential, which must be treated carefully due to the existence of unphysical

image charges introduced by the periodic boundary conditions, among other

issues. Starting with Poisson’s equation and it’s solution,

∇2Φ(r⃗) = 4πe2n(r⃗), (225)
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Φ(r⃗) = ∫ d3r′
e2n(r⃗′)

∣r⃗ − r⃗′∣
, (226)

which can be expressed in terms of FFTs via [46] [100],

Φ(r⃗) = ∫
d3k

(2π)3

4πe2ñ(k⃗)

k2
exp(ik⃗ ⋅ r⃗) = e2F−1[ñ(k⃗)f̃(k⃗)], (227)

with ñ(k⃗) = F[n(r⃗)], the infrared divergence for k⃗ → 0 is avoided by using a

truncated kernel f̃(k⃗) introduced in [46],

f(r⃗) =

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

1/r, for r <D

0, otherwise
= ∫

d3k

(2π)3
f̃(k⃗), (228)

f̃(k⃗) =

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

4πe2[1 − cos(∣k⃗∣D)]/k2 ∣k⃗∣ ≠ 0,

2πe2D2 ∣k⃗∣ = 0,
(229)

where D =
√

3L and L is the longest dimension of a box with lengths Lx, Ly,

Lz. Then, the Coulomb potential is evaluated via,

Φ(r⃗) =
1

27N3 ∑
k⃗∈(3L)3

e2ñ(k⃗)f̃(k⃗)exp(ik⃗ ⋅ r⃗). (230)

Due to the computation costs of performing such a large FFT, especially

in simulations where one lattice dimension is significantly larger than the

other two, the following method is used to reduce the large FFT into a sum of

three smaller ones. First, note any function f(x) defined on the interval (0, L)

can be expressed by a new function g(x) defined on the interval (−L,2L) via,

g(x) =

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

f(x) if 0 ≤ x ≤ L,

0 otherwise.
(231)

On the interval (0, L) the momentum components are given by:
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ki = −
π

a
+

2πi

L
for i = 0, ...N − 1, (232)

and on the interval (−L,2L) by:

ki = −
π

a
+

2πi

3L
for i = 0, ...3N − 1, (233)

Then the Fourier transform of f(x) can be written as a sum of the following

three Fourier transforms,

hn = ∑
l

f(xl)exp(−iknxl), (234)

hn+1/3 = ∑
l

f(xl)exp(−i
2π

3L
xl)exp(−iknxl), (235)

hn+2/3 = ∑
l

f(xl)exp(−i
4π

3L
xl)exp(−iknxl), (236)

and consequently g(x) can be expressed as,

g(xl) =
1

3
∑
n

exp(iknxl)[hn + exp(i
2π

3L
xl)hn+1/3 + exp(i

4π

3L
xl)hn+2/3] (237)

Each transformation h can be computed in parallel, and is three time smaller

than computing the full FFT of g directly (in 1D). This is the big advantage

of this trick. Using these transformations the Coulomb potential can be

re-expressed as,

Φ(r⃗) =
1

27N3

2

∑
α,β,η=0

[ ∑
k∈L3

ñklm(k⃗, α, β, η)f̃(k⃗ + [α
2π

3L
,β

2π

3L
, η

2π

3L
])exp(ik⃗ ⋅ r⃗)]

(238)

exp(i[α
2π

3L
x + β

2π

3L
y + η

2π

3L
z]),

with,
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ñklm(k⃗, α, β, η) = ∑
x,y,z∈L3

n(x, y, z)exp(− i[α
2π

3L
x+β

2π

3L
y+η

2π

3L
z])exp(−ik⃗ ⋅ r⃗).

(239)
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C Block Cyclic Decomposition

This section deals with the block cyclic decomposition (BCD) of the Hamil-

tonian matrix, needed for the diagonalization step of the static LISE solver.

The HFB Hamiltonian matrix H is a 4×Nxyz by 4×Nxyz complex matrix with

a degeneracy of 2 (protons and neutrons). To understand BCD, consider a

more general matrix with m rows and n columns. Using column major in-

dexing, meaning row indices i ∈ [0,m − 1] and column indices j ∈ [0, n − 1]

can be related to the total matrix index k via,

k = i + j ∗m, (240)

a matrix A, with m = 9, n = 11, can be expressed as,

A =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

a0,0 a0,1 a0,2 a0,3 a0,4 a0,5 a0,6 a0,7 a0,8 a0,9 a0,10

a1,0 a1,1 a1,2 a1,3 a1,4 a1,5 a1,6 a1,7 a1,8 a1,9 a1,10

a2,0 a2,1 a2,2 a2,3 a2,4 a2,5 a2,6 a2,7 a2,8 a2,9 a2,10

a3,0 a3,1 a3,2 a3,3 a3,4 a3,5 a3,6 a3,7 a3,8 a3,9 a3,10

a4,0 a4,1 a4,2 a4,3 a4,4 a4,5 a4,6 a4,7 a4,8 a4,9 a4,10

a5,0 a5,1 a5,2 a5,3 a5,4 a5,5 a5,6 a5,7 a5,8 a5,9 a5,10

a6,0 a6,1 a6,2 a6,3 a6,4 a6,5 a6,6 a6,7 a6,8 a6,9 a6,10

a7,0 a7,1 a7,2 a7,3 a7,4 a7,5 a7,6 a7,7 a7,8 a7,9 a7,10

a8,0 a8,1 a8,2 a8,3 a8,4 a8,5 a8,6 a8,7 a8,8 a8,9 a8,10

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(241)
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=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

a0 a9 a18 a27 a36 a45 a54 a63 a72 a81 a90

a1 a10 a19 a28 a37 a46 a55 a64 a73 a82 a91

a2 a11 a20 a29 a38 a47 a56 a65 a74 a83 a92

a3 a12 a21 a30 a39 a48 a57 a66 a75 a84 a93

a4 a13 a22 a31 a40 a49 a58 a67 a76 a85 a94

a5 a14 a23 a32 a41 a50 a59 a68 a77 a86 a95

a6 a15 a24 a33 a42 a51 a60 a69 a78 a87 a96

a7 a16 a25 a34 a43 a52 a61 a70 a79 a88 a97

a8 a17 a26 a35 a44 a53 a62 a71 a80 a89 a98

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

= [a0, a1, a2, ...a97, a98].

For realistic fission calculations the HFB matrix will easily exceed the

maximum memory of a single CPU. To overcome this issue, the memory

is distributed across multiple CPUs, and with MPI (the message passing

interface library) used to communicate between them. LISE has two distinct

communicator spaces, one for protons and one for neutrons, and assigns np

processors to each. For the test matrix A let’s label the processor ids using

iam = 0, ...np−1. Let np = p×q where p is the number of rows in the processor

grid, and q is the number of columns. Then row processor ids can be assigned

using ip = 0, ...p − 1 and column processor ids using iq = 0, ...q − 1. The row

and column processor ids are related to the total processor id via,

iam = ip + iq ∗ p, (242)

with inverse relationships,

ip = iam mod p, (243)

iq =
iam − (iam mod p)

p
. (244)
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Label the portion of A assigned to processor (ip, iq) as Aip,iq. It contains

mip ×niq complex coefficients. If mb×nb is the size of a block, then the total

number of matrix elements each processor holds is given by,

mip =
m

p ⋅mb
mb, (245)

niq =
n

q ⋅ nb
nb, (246)

where division above refers to integer division,

n/m = floor(n/m). (247)

Since the matrix A will rarely be evenly distributed across each processor

an additional correction is needed to mip and niq based on the processor ids

(ip, iq),

if ip <
m mod(p mb)

mb
→mip = mip +mb, (248)

if ip =
m mod(p mb)

mb
→mip = mip +m mod mb, (249)

if iq <
n mod(q nb)

nb
→ niq = niq + nb, (250)

if iq =
n mod(q nb)

nb
→ niq = niq + n mod nb. (251)

The local indices (iip, jiq) (which describe the position of an element in a

processor) can be now be related to the global indices (i, j) (which describe

the position of an element in the global matrix A) via,

iip =
i

p mb
mb + i mod mb, (252)
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jiq =
j

q nb
nb + j mod nb. (253)

The reverse map from (iip, jiq) to (i, j) is given by,

i = iip mod mb +
iip
mb

p mb + ip mb, (254)

j = jiq mod nb +
jiq
nb

q nb + iq nb. (255)

The relationship between the local indices (iip, jiq) and total local index kipq

is given by,

kipq = iip + jiqmip. (256)

Using the earlier example, let us explicitly lay out the mapping and re-

verse mapping for the case of m = 9, n = 11, p = 2, q = 3, mb = 3, nb = 2. The

mapping from the global matrix A to the local matrices is given by,

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

a0,0 a0,1 a0,6 a0,7

a1,0 a1,1 a1,6 a1,7

a2,0 a2,1 a2,6 a2,7

a6,0 a6,1 a6,6 a6,7

a7,0 a7,1 a7,6 a7,7

a8,0 a8,1 a8,6 a8,7

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦(0,0)

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

a0,2 a0,3 a0,8 a0,9

a1,2 a1,3 a1,8 a1,9

a2,2 a2,3 a2,8 a2,9

a6,2 a6,3 a6,8 a6,9

a7,2 a7,3 a7,8 a7,9

a8,2 a8,3 a8,8 a8,9

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦(0,1)

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

a0,4 a0,5 a0,10

a1,4 a1,5 a1,10

a2,4 a2,5 a2,10

a6,4 a6,5 a6,10

a7,4 a7,5 a7,10

a8,4 a8,5 a8,10

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦(0,2)

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

a3,0 a3,1 a3,6 a3,7

a4,0 a4,1 a4,6 a4,7

a5,0 a5,1 a5,6 a5,7

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦(1,0)

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

a3,2 a3,3 a3,8 a3,9

a4,2 a4,3 a4,8 a4,9

a5,2 a5,3 a5,8 a5,9

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦(1,1)

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

a3,4 a3,5 a3,10

a4,4 a4,5 a4,10

a5,4 a5,5 a5,10

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦(1,2)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(257)

where the inner matrix subscript (ip, iq) identifies the host processor. The

reverse mapping from processor ip = 0, iq = 0 is given by,
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⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

a0,0 a0,1 a0,6 a0,7

a1,0 a1,1 a1,6 a1,7

a2,0 a2,1 a2,6 a2,7

a6,0 a6,1 a6,6 a6,7

a7,0 a7,1 a7,6 a7,7

a8,0 a8,1 a8,6 a8,7

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦(0,0)

→

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

a0,0 a0,1 ∗ ∗ ∗ ∗ a0,6 a0,7 ∗ ∗ ∗

a1,0 a1,1 ∗ ∗ ∗ ∗ a1,6 a1,7 ∗ ∗ ∗

a2,0 a2,1 ∗ ∗ ∗ ∗ a2,6 a2,7 ∗ ∗ ∗

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗

a6,0 a6,1 ∗ ∗ ∗ ∗ a6,6 a6,7 ∗ ∗ ∗

a7,0 a7,1 ∗ ∗ ∗ ∗ a7,6 a7,7 ∗ ∗ ∗

a8,0 a8,1 ∗ ∗ ∗ ∗ a8,6 a8,7 ∗ ∗ ∗

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (258)
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