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Abstract

This thesis investigates fission within the framework of the time-
dependent superfluid local density approximation (TDSLDA), the most
complete microscopic theory to describe low energy nuclear phenom-
ena currently available. This work covers studies of fission for 230U,
240py, and 2°2Cf. We describe their general properties (for 23U,
240py): fission fragment (FF) masses, FF charges, TKE, and FF ex-
citation energies; all essential ingredients for describing the properties
of emitted neutrons, gammas, and de-excited FFs, all of which are
directly measurable by experiment. We also investigated the angu-
lar momenta properties of the FFs (for all three systems), including
the intrinsic spin distributions, role of orbital angular momenta, and
directional correlations between the FF angular momenta vectors. Fol-
lowing, we discussed mathematical features of TDSLDA, including a
discussion on chaos within TDSLDA, involving both fission and heavy
ion collision case studies, and the role of entropy in TDSLDA. We con-

clude with a summary of key results, and potential future work.
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1 Introduction

1.1 Discovery of Fission

In 1938, Otto Hahn and Fritz Strassmann discovered nuclear fission by
bombarding uranium (Z=92) nuclei with neutrons, causing the reaction to
produce barium (Z=56), a much lighter nucleus. Shortly after (in 1939)
Lise Meitner and Otto Frisch explained the phenomena theoretically as a
competition between Coulomb and surface energies [76]. This explanation
was expanded upon by Bohr and Wheeler in the same year [21]. In detail, an
excited nucleus will undergo oscillations in it’s shape, causing it to elongate.
During the elongation, protons begin to move further apart, causing the
Coulomb energy to decreases, while the surface energy increases (since the
surface area of a shape increases as it deforms away from a sphere for a
fixed volume, and the volume of a nucleus remains fixed during the fission
process, as it is a mostly incompressible fluid). This competition leads to the
formation of a potential barrier (shown in figure 1) beyond which the nucleus
will continue to elongate and eventually split into two (or in rare instances
more) fission fragments.

This description is semi classical, based on the liquid drop model (LDM),
which treats the nucleus as a classically charged liquid drop with the inclusion
of the Pauli exclusion principle and pairing. In this model the binding energy

of a nucleus is parameterized by the semi empirical mass formula [114]:

Z2(Z-1)  (N-Z2)
A ATy

where a,,as,a.,a4 are parameters fit to experiment or in the case of a. de-

Ep = —a,A+a,A%? + a, +d(N, Z), (1)

rived theoretically, and Z, N, A refer to the charge (proton number), neutron
number, and mass number (sum of proton and neutron numbers) of the nu-

cleus respectively. The pairing term, §( N, Z) is given by:



—0g N, Z are both even
6(N,Z)=40  Aisodd , (2)
0o N, Z are both odd

where dy (~ 1 MeV for heavy nuclei) is a parameter fit to experimental data.

Equation 1 ignores quantum effects, which lead to additional important
correlations, for example classically we would expect the potential to follow
the dashed line instead of the solid one in figure 1. The realistic "double
hump” potential emerges from shell effects, which cause a local minima to
emerge at J5. As calculations have moved towards more sophisticated micro-
scopic models, which will be discussed in section 1.4, it is still important for
all properties of the LDM to be accounted for, namely all microscopic the-
ories must have the correct saturation and surface properties, the Coulomb
interaction, asymmetry properties, and include pairing. The importance of

pairing, which is crucial for fission, will be argued for in section 1.2.

1.2 Role of Pairing

For attractive, short range, two nucleon forces (the pairing interaction),
pairs of time reversed states of opposite angular momenta (j! = -m, j2 =m)
will form. These cooper pairs represent the most energetically favorable
grouping of two nucleons, because the spatial overlaps of the correspond-
ing wave-functions is maximized for states with opposite angular momenta,
proven by Maria Goeppert Mayer in 1950 [75]. The proof is as follows, assume

a local attractive force between two nucleons,

V(Fhfg) = —g5(F1 - Fg) (3)

For simplicity consider the following two particle system, described by an

antisymmetric (Fermion) two body wave-function:
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Figure 1: (Color online) Potential energy of a fissioning nucleus as a function
of it’s deformation along the axis of fission [63] .
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where j refers to the total angular momenta in given shell, m, 5 to it’s pro-

jection, and we have ignored isospin. The interaction energy is given by,
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It is straightforward to verify this term is minimized for m; = —msy pairs.
For excitations via thermal neutrons or spontaneous fission, the transitions
pairing enables are mandatory for fission. For excitations induced by higher
energy neutrons pairing is still needed to obtain correct TKE and FF exci-
tation energy distributions.

To more concretely understand the importance of pairing consider Hill
and Wheeler’s simplified model of the nucleus introduced in 1953 [62]. In
their model, the nucleus is treated as a 3-D infinite square well, representing
the attractive nature of the nuclear force (at short range). The volume is
fixed, and simultaneously the well is stretched in one direction, the scission
axis (the axis the FFs travel after separation). The energy levels of a 3-D

infinite are given by:

2h2 2 ni 2
( 2 + T2 + —2>
[ERNTRNF

(6)

E(ng,ny,n,) = 5

Without loss of generality, let the scission axis point along the z direction,
and the x, y directions be transverse to it. As the nucleus elongates, energy
levels with greater transverse components (n,,n, > n.) will increase, since
L, L, decrease and L, increases, meanwhile those with smaller transverse
components (n;,n, < n,) will decrease. If the deformation occurs rapidly,
occupied states on increasing levels don’t have time to transition to lower
lying levels during crossings. As a result, the energy required to deform a
nucleus past the outer barrier, where it is guaranteed to scission, will be
significantly greater than expected (a reasonable estimate can be obtained
from only considering surface and Coulomb energies). Hence, in the case of
thermal neutron induced fission or spontaneous fission, the nucleus will not
fission, at least not within a realistic timescale (the time to fission will be
increased by many orders of magnitude).

Pairing is the only mechanism that allows for the simultaneous transition
of paired states during level crossings rather than single nucleons. As a result,

nucleons continue to occupy states close to and below the Fermi energy while



the compound elongates, and thus the system requires far less total energy
to reach scission (see figure 2). At low temperatures, when nucleons pair up,
they form Bosonic compound particles allowing for these transitions to be
further enhanced by the Bose enhancement factor [38].

A numerical experiment was performed by Aurel Bulgac et al [38] for the
fission of 24Pu using TDSLDA where the initial pairing gap was artificially
enhanced for neutrons from 0.73 MeV to 2.57 MeV and for protons from 0.33
MeV to 1.62 MeV. They found the increase in pairing led to a significantly

faster scission time, from ~ 14,000 fm/c to ~ 1,400 fm/c.

q

Figure 2: (Color online) The evolution of single particle energy levels as a
function of the compound nucleus’ deformation during fission [12].

10



1.3 Fission Time Scales

Fission is a highly complicated process, starting with the formation of the
compound nucleus, to it’s trajectory towards two separated fission fragments,
and ending with the emission of neutrons and gammas (see figure 3). The
first part of the process, the formation of the compound, takes at least of
the order of 107 fm/c for neutron induced fission, and significantly longer
for spontaneous fission. This estimate comes from the reaction of 23°U + n,
where the spacing of energy levels is on average 10 eV [53]. The time it takes
for the nucleus to reach the top of the potential barrier is approximated by

the uncertainty principle as:

h 7

The fastest part of the process, scission, takes between 10® fm/c to 10* fm/c
(see section 2.4), and currently cannot be probed directly by experiment.
After the formation of the FFs, they de-excite, emitting prompt neutrons
and gammas beginning at roughly 10° fm/c [56]. Scission neutrons pose
an additional complication. If they exist they are expected to constitute
~10% of the prompt emitted neutrons [84], with some recent calculations by
N. Carjan and M. Rizea suggesting such estimates could vary significantly,
meaning the potential contribution of SNs could be much larger [44].
Currently, all parts of the fission process are treated via different theoret-
ical approaches. TDSLDA simulates the formation of the fission fragments,
the most non-equilibrium part of the process. Outputs from the simulation;
FF masses, FF charges, the total kinetic energy (TKE), FF temperatures
(excitation energies), and others; can be used as inputs for phenomenologi-
cal models FREYA, CGMF (a Hauser Feshbach [59] evaporation code), and
others to improve (or at least microscopically motivate) their predictions
for the neutron and gamma emission spectra [109], [103]. The beginning of

fission, the formation of the compound nucleus is typically treated by the

11



semiclassical WKB approximation [91] or imaginary time approaches [68],
and currently cannot be simulated via TDSLDA due to the enormous sepa-

ration in time scales between it and the formation of the FFs.
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Figure 3: (Color online) Schematic of the fission process from scission to the
emission of neutrons and gammas [69] .

1.4 Microscopic Models

Microscopic theories, i.e. quantum models starting at the level of the
interactions between nucleons, are powerful tools for understanding nuclear
phenomena, especially in regions with sparse or no data. As an example,
scission, arguably the most important part of the fission process, occurs at
a time scale too fast to be directly observed experimentally. For low energy
nuclear physics, all microscopic approaches are derived from Schrédinger’s

equation, making them completely quantum treatments.
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Most such models rely on three assumptions: relativistic effects can be
ignored; the independent particle picture is valid, which is equivalent to
stating that the many body wave-function can be expressed as a super-
position of products of single (or quasi) particle states; and the effects of
three body and higher order interactions can be ignored. The first is jus-
tified, since the average kinetic energy of a nucleon in a nucleus, given by
(KE) = (h;lf) ~ h;;ﬁ/; ~ Qﬁ% ~ 20 MeV, is small relative to the rest mass of

a nucleon (~ 940 MeV) [8]. The second, since the mean distance between

two nucleons in a nucleus (~ 2.4 fm) is greater than the range of the nuclear
interaction (~ 1.0 fm), if we ignore the Coulomb interaction. This is different
than an ordinary liquid, where the two lengths would be roughly equal. This
is because nucleons are Fermions, thus the Pauli exclusion principle prevents
two or more of them from coming too close to each another, making scat-
tering events rare [89]. This also justifies why three body and higher order
interactions can (probably) be neglected: statistically if the probability of
two nucleons colliding is small, the probability of three or more colliding
must be miniscule.

The following section will cover three microscopic models: Hartree Fock,
BCS, and Hartree Fock Bogoliubov. The simplest is Hartree Fock, which
states that the many body wave function of A interacting nucleons can be
decomposed as a anti-symmetric product state (Slater determinant) of A

single particle wave functions:

o1(71)  ¢1(72) . P1(Ta)
G2(T1)  B2(T2) .. ¢2(FA)'

@(fl,Fg,...FA): '

N

da(71) ¢a(f2) ... da(Ta)
The Hartree-Fock Hamiltonian is defined by:

T>

h2 A ) 1 A L
:_%;vk+§zv(rkarn)a (9>

k+n
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where the interactions are assumed to be local,

V(Fl,Fg) Ztoé(Fl—FQ), (10)
with the exception of the Coulomb interaction,

e2

V(7,75) = (11)

which depends on the relative distance between two nucleons, and the con-

476;) = 1.44 MeV - fm. Some partitioners work with non local interac-

4W60|f1 - F2|’

stant
tions, specifically the Gogny interaction (for more details see [48]).

To obtain the Hartree-Fock equations, which are used to obtain the single
particle states, which define the many body wave-function, we must solve the

variational equation 0E = 0 where,

A
B=(1H[2) - > a [ drign )P (12)

Solving the variational equation is equivalent to solving Schrodinger’s equa-
tion.

Expanded out, the system’s energy is given by:

B= [ 33 (- 0l )V ) - alon(F) (13)

+f d3r’i(vﬂ<f)¢;<f>¢k<f>+ [ VEGE 6 o),
where,

V() = f Bro(F, 7 (i), (14)

represents the Hartree component of the interaction, and
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VF(Fafl) = _U(val)p(ﬁfl)v (15>

represents the Fock (or exchange) component of the interaction. The density

matrix is defined by,

p(F17F2):];¢l:(f2)¢k(fl)a (16)

where the diagonal elements define the one body density,

A
p(7) = Y lon ()P (17)
k=1
The condition JE = 0 is equivalent to,

dE(T)
—= =0, 18
where £(7) is known as the energy density functional (EDF) and related to

the system energy via,

E = f Pre (7). (19)

The EDF, £(7), is explicitly defined by equations 13 and 19. Then equation
18 leads to the Hartree-Fock equations,

(- % V) 6x) + [ @rVEE T =ai). (20)

Importantly, the Hartree Fock equations are self consistent, meaning the
potentials depend on the single particle wave functions. As a result, to
solve equation 20 we need an initial guess for either the densities, potentials,
or wave-functions, and have to iterate on the solution until it converges.
In practice, especially for extremely deformed nuclei using HFB (discussed
later), this procedure is highly non trivial.

Hartree-Fock theory accounts for some of the long range part of the nu-

15



clear interaction, leading to particle-hole correlations. It does this by de-
manding all levels below the Fermi energy be fully occupied and all levels
above be fully unoccupied. To treat the short range part of the force, leading
to particle particle correlations, we must turn to a theory which includes
pairing [89).

BCS theory was developed by Bardeen, Cooper, and Schrieffer in 1957
to explain superconductivity [6], and was applied to nuclei by Bohr, Mottel-
son, and Pines in 1958 [20], and Belyaev in 1959 [10]. Described in Ring and
Schuck are six experimental facts which motivate the need for pairing in nu-
clei [89]. First, there is a gap of around 1 MeV between the low lying excited
states of odd nuclei vs even-even nuclei. Second, theory overestimates the
level density in the low lying excitation region by roughly a factor of two.
Third, the binding energies of odd-even nuclei are smaller than the average
of the binding energies of their closest even-even neighbors. Fourth, theory
at the time underestimated the moments of inertia of deformed nuclei by a
factor of two, and with pairing the agreement becomes much better. Fifth, in
order to obtain deformed nuclei we want to partially occupy shells. Hartree-
Fock only considers closed shell configurations. And sixth, there exists low
lying 2* excitations for even-even systems, which are strongly tied to pairing
correlations.

What follows is some brief formalism of the BCS Model as presented
by Ring and Schunck [89]. Afterwards, the connection to a few experimen-
tal facts listed above will be made. Consider the BCS ground state wave-

function,

[BOS) = TT (ux + viafal)|-). (21)

k>0
The vacuum is given by |-); wug, v, represent variational parameters; and
aty,a’; represent creation operators for levels k and conjugate levels k. For
systems where the Hamiltonian is time reversal invariant the conjugate states

are given by,
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k) = T'|k) (22)
and specifically for fermions by,
lcz»m(vj)] i, lcb;;(f)] | 23)
o5, (7) O, (7)

The BCS Hamiltonian can be expressed as,

1
H= D b0 @iy + = D Dhy ok ks @ 1y 0 gy, (24)
k1,k2 k1,k2,k3,ka
where the variation,
§ (BCS|(H - uN)|BCS) =0, (25)
leads to the BCS equation,
26 ULV + Ak(V,% - Uz) = 0, k>0 (26)

and the energy parameter €, and gap Ay are given by,

.1 5 %
€ = §(tkk +tgp + Z(Vk,k’,k,k’ + VE,k’,E,k’)UI?:’)ﬂ (27)
kl
Ak = — Z Dk,E,k’,E’uk/Uk/' (28>
k'>0

The solutions to equation 24 are,

= %( g;i A,g)’ 2
ol = %(1+g—’“). (30)

To illustrate briefly the success of the pairing model in nuclei let us re-

17
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Figure 4: Energies of the first excited intrinsic states in deformed nuclei as
a function of the mass number [20].

visit two of the phenomena mentioned above and justify them. First, the
staggering between the binding energies of odd-even and even-even nuclei.
The binding energy of a pair is 1-2 MeV. For odd-even nuclei, one nucleon is
always unpaired, hence lowering the nucleus’ total binding energy. Second,
if we want to excite an even-even nucleus we would need to break up a pair,
which accounts for the gap between the low lying excited states of even-even
and odd-even nuclei.

In Hartree-Fock we considered a collection of independent particles mov-
ing through a mean potential. In BCS we introduced the concept of quasi-
particles and the pairing operator leading to particle-particle correlations.
Hartree-Fock Bogoliubov theory (HFB) unifies both approaches, where

now the many body wave-function is comprised of a generalized product of

18



independent quasi-particles.

The Bogoliubov quasi-particles, introduced in [19], are connected via a
linear transformation to the bare/real particles of the system (fundamental or
composite particles, such as nucleons in a nucleus). In the absence of pairing,
quasi-particles with Fj < Er, where Er refers to the Fermi energy, correspond
to particles, and quasi-particles with Ej > Er correspond to holes. If pairing
is non zero their physical interpretation becomes hazy. It is important to
note the Bogoliubov quasi-particles are only approximate eigenfunctions of
the many body Hamiltonian [89]. Then, strictly speaking, it follows that
they have no precise physical interpretation. In order to be exact. one
should use the Landau-Migdal quasi-particles [67], [77] which have no simple
relationship to the bare particles of the system. Regardless, the Bogoliubov
quasi-particles, are still immensely useful as a tool when studying Fermi
systems, and some insight into a roughly true interpretation can be derived.

What follows will be a brief overview of HFB theory. The many body
wave-function |®) for the ground-state of a nucleus is defined as the vacuum

with respect to the quasiparticle operators,

Br|®) = 0. (31)

The quasiparticle operators are related to the particle operators via,

5;1 =3 [Umcj + Vikcl]- (32)
]

Then given the Hamiltonian,

1

H = Z t/ﬂ,kQCLlckz + = Z @k17k2,k3,k401116;226k30k47 (33>
k1,k2 k1,k2,k3,ka
with the minimization condition,
(9] - pN|2)
ST LNB) (34)
(@)
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we arrive at the HFB equations,

h A U U
1=B (35)
_A* _h* Vk ‘/;g
where,
hioie = (@|[cx, H], el |) | (36)
Appr = (@|[ex, H], | @), (37)

E}. represent the eigenvalues of the matrix in equation 35, and Uy, V) are

column vectors of the transformation matrices in equation 32.

2 Overview of Fission within TDSLDA

2.1 Theoretical Framework

This section will explicitly overview the theoretical framework of static
SLDA and TDSLDA. For more details see [65], which covers LISE, the first
program to implement TDSLDA. Additionally, although the focus here is
TDSLA applied to fission, the LISE code can also be used to model heavy-
ion collisions, neutron star crusts, or cold atom systems with little to no
modifications [41] [36] [25] [35] [39]. The program can be found on GitHub
98].

Begin by considering the set of quasi-particle wave-functions,

gy (7)
gy (7)
v (F) |
O ()

Uy

(38)
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The ground state solution, or in the case of a constrained calculation, the
lowest energy solution for fixed deformations, is given by the minimization

condition,

OE[n(F), 7(7), w(F), 5(F), J(7), j(7)]
o,

where £ is known as the nuclear energy density functional (NEDF) of the

=0, (39)

system, and depends on the following densities and currents: the number
density n(7), the kinetic density 7(7), the anomalous density «(7), the spin
density 3(7), the spin current density J(7), and the current density j(7).
The set of densities consist of products and sums of components of the set

of quasi particle wave-functions and their derivatives,

n(7) = ;UZ,U(F)%,U(?% (40)

r(7) = ijvé,l(f)%r(f), (41)

7(7) = kz VUi o (7) - Vg o (F), (42)
§(F) = Z 5-5,3’7};,3(77)1)16,8’(77)7 (43>

7
k,s,s

(U,:’S,(f)[ﬁvk@(”f") X &S,S’] - Uk,S(F)[ﬁvl:,s'(f) X 5575’])7 (44)

) = 31 3 (150900 7) = 00, (7) 9010 (15)

The EDF can be decomposed as a sum of four distinct terms,
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&= gkin + ginteraction + ECOUI + gpair' (46>

(i) The kinetic term,

Ein = Z om Tq(l") (47)

q=n,p
which is standard across all NEDFs, where often the neutron and proton

masses are set equal to an average of the two,

m, +1m,
mq:pT. (48)
(ii) The Coulomb term,
e? np(r)np(r) 3 3e? (3\1/3 4/3
ou d°r’ - — y 4
foon= | () wfe (49)

where sometimes the exchange contribution (second term) is neglected.

(iii) The pairing term,
Epair = qu et ()R (F)[? (50)
where the effective coupling constant g, s is obtained via renormalizing the

bare coupling constant [43] [117] [23],

1 1 my
—~ = - K, 51
gq,eff(r) g(()(I) (,,—;) 47rh2a ( )

g0 () = g (1- aﬂ(?”)) (52)

and above, m; represents the effective mass, a represents the lattice spacing,
ng = 0.16 fm™ is the saturation density, o = 0,0.5,1 corresponds to volume,
mixed, and surface pairing respectively [50] [14], and K is a transcendental

constant defined via,

22



12 w/4
K== [ dOln(1 + 1/ cos? ) = 2.442749607806335.... (53)
s 0

The renormalization scheme, described by equation 51, is an important dis-
tinction between SLDA and HFB. Typically, practitioners of HFB deal with
the divergence in the pairing field by either introducing a finite range Gogny
interaction [47], which greatly complicates any numerical implementation, or
imposing a momentum cutoff, which lacks strong physical justifications [43].

(iv) The interaction term, which encodes the majority of the nucleon-
nucleon interaction, has numerous suitable choices. For local NEDF's the

most common choices come from the Skyrme family [11] [52],

Eskyrme = Z [an%+cgngng+C?AnntAnt+Cz(ntTt_jt'jt)+CtVJ(ntV'Jt‘*‘St'(vth))]a
t=0,1
(54)

where for any density p, pg represents the sum of the neutron and proton
densities (the isoscalar component), and p; represents the difference of the
neutron and proton densities (the isovector component).

Another attractive choice is the SeaLLL1 EDF,

ESealll = JZQ:O (ajn8/3+bjn%+cjng/3)(E)2j+ [C?AnntAnﬁth(ntV~Jt+st-(ijt))].

g t=0,t=1

(55)
SealLLL1 contains only seven independent parameters, less than other NEDF's,
yet has superior accuracy to most Skyrme NEDFs for binding energies, one
and two nucleon separation energies, charge radii, and so forth [34]. Tt con-
tains all of the important components of the interaction term, including the
correct volume and surface energies, isospin properties, spin orbit interac-
tion, and symmetry energy. The coefficients for both SeaLLLL1 and SkM* (a
Skyrme EDF well fitted for fission [7]) are contained in table 1. The unlisted
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| SeaLL1 SkM*
ao 0 -
by  -684.524043779 -
o 827.26287841 -
ap  64.2474102072 -
by 119.862146959 -
¢ -256.492703921 -
ay  -96.8354102072 -
by  449.22180682 -
¢y - 461.650174489 -
P - 230 -325.90
gim - 230 -240.99
cr - 34.6875
cr - -34.0625
cy - 9724.6875
o - -324.89583
CrAn - 81.3917522003 -68.203125
CrAn - 813917522003 17.109375
CY’ - 735210618422  -97.5
oy’ 0 -32.5

Table 1: NEDF parameters for SealLLL1 and SkM*.

parameter v = 1/6.

The minimization condition defined by equation 39 leads to a set of self-

consistent eigenvalue equations, similar to the HFB equations (see section A

for an explicit derivation):

gy (7) hy(7) =
(7 u (F) [ | Fua(7)
( ) UkT(F) O
Ok (7) A*(T)

byt (7) 0
hy (7)-p  —A(7F)
A7) =hi(F) +p
0 ()

24

=h}, (7)) +

g (7) gy (7)

wi () | | (7)

Ot (T°) v (F) |

O (7°) gy (7)
(56)



where p is the chemical potential, Ej is the quasi particle energy (U, |H|¥}),
hso(7) is the local particle-hole Hamiltonian, and A(7) is the pairing field.
The Hamiltonian h,.(7) is obtained from functional derivatives of the NEDF,

and can be expressed in terms of a set of potentials as,

- e N AT N SR T
hy(7) = (—V 2m;(F)V+Uq(7’))—ZVVq(r)-(V><<7)+,5'q(7“)-<7—z(V-Aq(7”)+Aq(7’).V).
(57)
Term by term; the effective mass is given by,
2 2
U 0¢ - +Cfng +&,07nq, (58)

2m;(F)  Or,(F) 2m

with &, , = £1; the central-part of the mean-field potential U(7) is given by,

o€

Uq(F):E)n—(F)

= 20010 +2£,01n1 +2C7 19+2£,CT 71 +208" VP19 + 26,02V 0y
(59)

o= o a 7 eff (T —
KOGy GOT T e 2 26l 3 20 oy,
q'=pn q

for Skyrme NEDFs, and

2 2 4 4 4
a3 aany any  Tagny 20yt Scang

D 93 7
Uq(T) — gaono _|_2b0n0+ gCOTLO 3n4/3 3n2/3 B 3n10/3 B n% 3n8/3
0 0 0 °

(60)

2a11 daon?  4bon3  4degnd
1/3 271 271 279
+§q(—1 5+ 2biny + 2cnyn'l? + = 5 =3 )
/ / n /
ng ng 0 ng

for the SeaLLL1 NEDF'; the spin-orbital potential WQ(F) is given by,
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o€
0.J4(7)

the time odd potentials are given by,

WQ(F) = = C’OW@no + §quvJ@n1; (61)

- . 0& L - ..
Sy(7) = 95 COVJV X Jo +§quvJV X J1, (62)
q
T /= - L7 NI Ry .
Aq(r)zcojo+ch1]1+500 VX30+§€q01 V X 815 (63)

and the local pairing field is given by,

Ay(7) = =g e (7) kg (7). (64)

For constrained calculations, specifically constraints on the quadrupole

and octuple deformations of the compound nucleus for fission,

CA220 = f d37"(2212 - 33’2 - ?/2)7 (65)

Qs0 = / dPrz' (22" - 32" - 3y"°), (66)
the Hamiltonian includes Lagrange multipliers,
W= b Y 0(Qi- Q). (67)

To perform time dependent simulations (TDSLDA) the quasi particle
energies are promoted to operators Ej — ih% leading to the evolution equa-

tions,
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gy (7°) hp(F) = hyp(7) 0 A(T) gy (7°)

n 2 ue (P | | P (P) R (P) = =A() 0 uny (7) [
Ot | vy (7) 0 —A(F) =Ry (F) s =hy(F) vkt (7)
vy (7) A*(7) 0 =R () —hp () + e ] Lo (F)

(68)

If required, the system can be given an overall momentum boost via (more

important for heavy ion collisions),

we@®] [ 0 @)
Lka(f)] [ 0 eW]lvka(f)]' (69)

After finishing a time-dependent run, theoretical observables are com-
puted. Many can be related to experimental observables, such as neutron
multiplicities, post scission gamma ray spectra, and post neutron emission
FF masses and charges, via statistical codes, such as FREYA and CGMF
[109], [103]. For fission, there are a few important ones. (i) The fission

fragment proton and neutron numbers:

Ny = /v (), (70)

Z; = fv (), (71)

where V refers to the volume containing the FF.
(ii) The mass number of the FF, given by the sum of the proton and
neutron numbers
Ap =N+ Z;. (72)

(iii) The total kinetic energy (TKE):

1 1
TKE = §mAHT)12q + EmAL@% + ECouh (73)
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where,
=5 L, 4. (74)
v ry (7
= Mf J
represents the FF’s center of mass Velomty, and,
ECou1=€2fd3T1fd37’2M7 (75)
L R |T1 - T2|
represents the Coulomb energy between the FFs. The subscripts H/L re-
fer to the heavy/light FFs respectively, which is applicable in the case of

asymmetric fission (the most common scenario).

(iv) The systems’ collective flow energy,

Coll fd3r_jq (T) (76>
(v) The FF’s intrinsic energy,
3 1 2
Ef int = / d°r€(r) — —mAyv;. (77)
Vi 2
(vi) The FF’s excitation energy,
B} = Brint - Bye. (78)

The ground state energy of a FF is obtained by performing a minimization
of the desired NEDF, with no constraints, except on proton and neutron
particle numbers, which are now allowed to be non-integer. Typically, an
auxiliary /outside code HFBTHO [83], is used to generate such solutions.
(vii) The FF temperatures, are approximately related to the FF excitation

energies via Bethe’s formula [15],

10E*
T = 0 .

(79)
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A few additional observables are recorded to monitor the accuracy of
the numerical solutions, including the center of mass position, velocity, and

kinetic energy,

. [ d3rin(F)
cm = -~ 80
" [ d3rn(7) (80)
. hy (7, 1)
em () = &? —77 1
ben(t) = [ @2 (81)
Lo
Ecm = §Mvcm7 (82>

which should all be close to zero, and the total particle numbers,

N:/ﬁdﬂ&n (83)

Z:/ﬁdﬂﬁn (84)

which should be close to integers and conserved, and the total energy

Fu= [ &€ (), (85)

which should also be conserved.

2.2 Numerical Implementation

The static LISE solver is a 3-D coordinate based hybrid CPU/GPU code
used to obtain self-consistent initial conditions for fission simulations (or
more broadly any low energy nuclear simulations, such as low energy heavy
ion collisions). The time-dependent LISE code is used to evolve those initial
conditions, and is also a hybrid CPU/GPU code. Both codes are imple-
mented on the lattice using the discrete variable representation (for more

details see section B).
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The framework for the static solver is described by the flowchart in figure
5. We start with an initial guess for either the quasi-particle wave-functions,
densities, or potentials. Typically we use converged densities from HFBTHO,
a static HFB solver in the harmonic oscillator basis [83]. The trial densities
are used to construct the HFB Hamiltonian, which is diagonalized to ob-
tain a set of quasi-particle wave-functions and energies. Specifically, the
Hamiltonian is block cyclically distributed [17] (see section C for details)
and diagonalized either via Scalapack [18] (CPU based) or ELPA [71] (GPU
based), to obtain a set of new quasi-particle wave-functions.

The new set is used to construct densities, which are used to construct

potentials, which are mixed with the prior potentials (usually linearly),

V) = qVew 4 (1 - ) VD), (86)

which are finally used to construct a new Hamiltonian. The chemical poten-
tial is also adjusted between iterations (separately for protons and neutrons)
using the Thomas Fermi (TF) approximation:

2 N _N

op=-Ep—— 87

21,2
where Ep = hQ;F ~ 3bMeV is the Fermi energy of infinite symmetric nuclear

matter, and also mixed linearly (as was done for the potentials):

p™ = o™ + (1-a)pt™ ", (88)

The mixing parameter « satisfies:

0<a<l, (89)

and is typically chosen to be a = 0.25 or 0.5 (this helps the solver reach a
converged solution significantly faster). The cycle, from the qpwfs to the

Hamiltonian, is repeated until the total neutron number, proton number,
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and energy reach the desired accuracy, after which, the final quasi-particle
wave-functions (qpwfs) are written to disk.

The framework for the time-dependent solver is described by the flow
chart in figure 6. The program starts by reading in the qpwfs. They are
distributed across the various CPUs, and then copied to GPUs. On each
GPU, partial densities are constructed, copied to the corresponding CPU,
and globally reduced using MPI to construct the full densities. The densities
are then copied back to the GPUs, which are used to construct the mean-field
potentials. The mean-field potentials are used to take a step forward in time
and obtain new qpwfs. When some physical condition is met, for example in
fission when the FFs are well separated, the final qpwfs are written to disk
and the program exits. Additionally, the densities are recorded every 10 time
steps.

A time step is taken in one of two ways, either by using a series expansion
method [74], if we are at the beginning of a simulation or performing a restart,
or the ABM method [58], for the rest of the time evolution. The series
expansion method uses a predictor-corrector scheme for higher accuracy. At
time t, we perform a predictor step using the Hamiltonian H(t) constructed

from densities n(t) constructed from qpwfs 1 (¢):

Yonea = exp( = 3 HOA (1) (90)

The predictor qpwis, 1pred, are used to construct predictor densities, npyed,

which are mixed with the previous densities to construct corrector densities:

 Npred + n(t)
Neor = T

The corrector densities are used to construct the corrector Hamiltonian,

(91)

which is applied on () to obtain the qpwfs at the next time step:

Un(t+ A1) = 0xp( = 1 Heoe M) (1) (92)
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The matrix exponential is expanded via:

exp( - HAt) Z(h?;H"At” (93)

where typically n =4 is chosen.

After 4 time steps the program transitions to the ABM method, which
requires only 2 matrix vector products as opposed to 8 matrix vector products
for an n = 4 series expansion. The error for both methods is of the order
O(At?). Especially, the ABM method is given by the set of equations:

nt Yno1 AL . ) ) . 161
Payy = Lot nt E(119yn = 9901 + 6992 — 179,-3) + F‘O(At)%@, (94)

2
Mrss = Pt = 105 (b~ ) + S (A1), (95)

Crsl = % + f—;(nm+1 + 510 + 3n-1 + Yn_2) — @(At)f’y(f’) (96)
Yn+1 = Cps1 + 120 (Pns1 = Cns1) = 2880 (A )6y(®), (97)

where p, m, ¢ denote the predictor, modifier, and corrector. The prime marks

indicate a time derivative:

)
7z Yn> 98
Y (98)

and yp1 = y(t+At), yp =y(t), Y1 = y(t = At), Yo = y(t - 2At), etc..
During the evolution a unneeded phase factor is introduced:

yn:_

esp[ -1 [ @OIH@ ) dr | (99)

This phase is removed by subtractmg the instantaneous qp energy:
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ihOpn(t) = [H () = () Jer (1), (100)

with,

k() = (i H () |¢e(t)) (101)

to improve the program’s numerical accuracy and stability.

Post processing is handled by the LISE post processing code which uses
the time-dependent densities to compute observables listed in section 2.4. Re-
cently, post-processing also involves operations performed on wave-functions,
specifically projections of good quantum numbers on FFs [31], [30] (for more
details see section 3). The LISE projection code has unfortunately not yet
been made public.

To conclude this section, we will focus on numerical tests performed using
LISE to understand it’s accuracy, stability, and scaling capabilities. The first
test looked into the dependence of the total energy on the lattice constant,
shown in figure 7. Conservation of energy, along with particle number con-
servation (which is very well conserved for all three lattice constants and thus
not shown), are the most clear indicators that the program is both accurate
and stable. Note, this doesn’t mean results are necessarily correct if energy
is conserved, but it acts as a reasonable first check. In the case of the fission
of 236U performed on a 30x30x60 fm lattice the energy was conserved to ~ 1
MeV for lattice spacing a = 1.25 fm, ~ 0.1 MeV for lattice spacing a = 1.00 fm,
and ~ 0.01 MeV for lattice spacing a = 0.75 fm. In figure 7, for times beyond
1200 fm/c the results become unreliable as parts of the FF neutron densities
begin to interact unphysical through the periodic boundary conditions (the
tails of the neutron densities reach the edge of the box).

The second numerical investigation deals with time reversal invariance.
It is expected, in a perfect realization of TDDFT, time reversal will be a

good symmetry, since Schrodinger’s equation for isolated systems is time

33



reversal invariant. In figures 8, 9 we performed simulations of fission and
heavy ion collisions, where we evolved the nuclear systems both forward and
backwards in time and examined the relative difference in the total energy.
The total energy in both cases is recovered with good accuracy: the relative
energy difference is 1076 for fission and 10-7 or better for heavy ion collisions.
For a more complete analysis, one should investigate density differences as a
function of time as well.

The third numerical investigation looks into the scaling properties of the
TD LISE code, and is characterized by figure 10 . A 236U fission trajectory
was run for various numbers of GPUs on Oak Ridge’s super computer: Sum-
mit [1]. Calculations performed strictly on GPUs, such as partial density
calculations and time evolution, exhibit nearly perfect strong scaling. Cal-
culations involving MPI communication, such as global reduction on partial

densities, do not.

2.3 General Procedure

TDSLDA fission results are obtained using the following 4 steps procedure:
(i) Generating the potential energy surface (PES) using HFBTHO. A PES
is generated via many self consistent constrained static calculations. Fission

calculations specifically require deformation constraints on (s, O30:

om / / / =
By = —3A(TVOA1/3)2 f(Qz 2 (102)
\% 7 ! ! 4 ! =
P = me):ﬂf 222" = 32" = 3y )n(F)d’r, (103)

where &' = x=Zem, V' = Y=Yem, 2’ = 2= Zem, and o = 1.2 fm. (ii) Trajectories are
selected beyond the outer saddle, shown in figure 11 for nuclear systems 236U,
240Py using EDFs SealLLL1, SkM*. For clarity, sets of initial condition have
distinct labels. The white and green points for 236U using SeaLLi1 are simply
labeled SeaLLL1. Similarly the white points for 236U using SkM* are labeled
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SkM*. The green points represent trajectories excluded in FF intrinsic spin
calculations (see section 3). The white points for 24°Pu using Seal.LL1 are
labeled SeaLLLL1 1, the red points for 24Pu using SeaL.L1 are labeled Seal.LL1
2, the white points for 249Pu using SkM* are labeled SkM* 2, and the red
points for 24°Pu using SkM* are labeled SkM* 1. The white/green points
were chosen to have energies close to the outer saddle point. The red points
were chosen to cross the potential energy valley. Figure 12 is similar to
figure 11, except 1D, showing initial conditions on the minimum energy path
as a function of fyg. (iii) Then, the compound nuclei are placed on a lattice
(static SLDA) and evolved forward in time (TDSLDA). Simulations here
were performed on a 30x30x60 lattice with spacing a = 1 fm. A simulation
is terminated when the fission fragments reach a center of mass to center
of mass separation at 30 fm, after which, (iv) theoretical observables are

computed (see section 2.1).

2.4 Observables

In figure 13 we plot the collective flow energy, defined by equation 76, as
a function of time for 236U and 24°Pu. As the nucleus evolves from the outer
saddle point, and elongates, the collective flow energy remains constant until
scission. Aurel Bulgac et al. highlighted the importance of this result in
prior simulations [38]. Their argument follows: if the collective flow energy
is constant, and the total energy, which is the sum of the collective flow
energy and intrinsic energy, is conserved, then the intrinsic energy must be
constant. The intrinsic energy is given as the sum of the potential energy
(minimal energy or a fixed deformation) and heat (excitation energy above

the minimum):

Eint = V(ﬁzo) + Q (104)
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This all implies that the compound nucleus heats up prior to scission. Why
is this significant? This result contradicts the adiabatic approximation, foun-
dational for TDGCM [110], which assumes the intrinsic energy of the nucleus
remains fixed on the PES, or equivalently the compound stays cold. This
is analogous to free falling in the absence of air resistance, where potential
energy gets converted, one to one, to collective kinetic energy. The TDSLDA
results show the compound heats up, analogous to free falling at terminal
velocity, where potential energy gets converted, one to one, to heat. Impor-
tantly, if TDSLDA results prove to be true, static calculations cannot be
used to describe fission dynamics.

Figures 14 and 15 show [ and [3, as functions of time for the FF's
of 236U and 24°Pu. What’s key, shown previously by Bulgac et al [38], is
the deformations relax significantly after scission. This has an important
influence on the spin properties of FFs [31], highlighting the importance of
having well separated FFs, since the deformations stabilize only after the FF
center of mass to center of mass distance (the separation distance) reaches
~ 22 fm. Another key observation was described by Scamps et al. [95]. They
argue one possible reason the HFF has neutron and proton numbers greater
than 132Sn (see table 2) is the presence of shell effects emerging from the
large octuple deformation of the HFF at scission.

In tables 2 and 3 we record the following theoretical observables (defined
in sections 2.1 and 2.3): the HFF’s mass, the HFF’s charge, the LFF’s mass,
the LFF’s charge, the HFF’s quadrupole deformation, the HFF’s octuple
deformation, the LFF’s quadrupole deformation, the LFF’s octuple defor-
mation, the initial total energy, the change in total energy, the compound’s
ground state energy, the compound’s saddle energy, the HFF’s excitation
energy, the HFF’s temperature, the LFF’s excitation energy, the LFF’s tem-
perature, the TKE, the TXE, the Q value, and the scission time. The FF
masses and charges, TKE, and FF temperatures are required for statistical

reaction codes [57], [103]. Figure 16 shows the TKE as a function of time,
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and figure 17 shows the nuclear ratio (N/Z) for individual trajectories. One
surprising feature, discussed previously in [38], is the inconclusive nature of
the FF temperatures. For some nuclei/EDF combinations the LFF on av-
erage is clearly hotter than the HFF, while for others the trend is reversed,

although the difference is less pronounced.

Nuclei | NEDF [Property | Ay | Zu | Au | Zu [ B 1 BR [ 8% | B% | Eiwi [ Ean— B |

2 SeaLL1 Mean 133.84 | 51.73 | 102.16 40.27 0.08 -0.04 | 0.67 | 0.02 | -1783.64 0.04
- Std 1.74 | 0.57 1.74 | 0.57 | 0.04 | 0.02 | 0.05 | 0.03 0.62 0.01

- - Max 135.93 | 52.51 | 106.24 | 41.60 | 0.16 | -0.02 | 0.79 | 0.07 | -1782.20 0.07
- - Min 129.76 | 50.40 | 100.07 | 39.49 | 0.02 | -0.07 | 0.57 | -0.04 | -1784.79 0.02
Ao SKM* Mean 138.05 | 53.06 | 97.95 38.94 0.09 -0.09 | 0.46 | 0.01 | -1758.11 0.06
Std 1.16 | 0.42 1.16 | 0.42 | 0.03 | 0.03 | 0.10 | 0.07 0.33 0.02
- - Max 139.66 | 53.66 | 100.15 | 39.64 | 0.16 | -0.03 | 0.62 | 0.19 | -1757.62 0.10
- - Min 135.85 | 52.36 | 96.34 | 38.34 | 0.03 | -0.12 | 0.30 | -0.07 | -1758.62 0.03
240Py | Seal.L1 1 Mean 136.41 | 53.05 | 103.59 40.96 0.06 -0.04 | 0.62 | -0.00 | -1804.23 0.03
- - Std 0.65 0.27 | 0.65 0.26 | 0.03 | 0.01 | 0.04 | 0.04 1.60 0.04
- - Max 137.36 | 53.43 | 105.46 | 41.58 | 0.16 | -0.02 | 0.69 | 0.06 | -1801.79 0.16
- - Min 134.54 | 52.42 | 102.65 | 40.59 | 0.04 | -0.05 | 0.57 | -0.10 | -1807.15 -0.00
240Pu | SeaLLl1 2  Mean 135.58 | 52.68 | 104.42 41.32 0.06 -0.04 | 0.66 | 0.06 | -1808.76 0.02
- Std 047 | 0.26 047 | 0.26 | 0.02 | 0.02 { 0.04 | 0.01 1.50 0.01

- - Max 136.71 | 53.21 | 105.13 | 41.72 | 0.09 | -0.02 | 0.73 | 0.08 | -1806.16 0.04
- Min 134.87 | 52.27 | 103.29 | 40.79 | 0.03 | -0.07 | 0.56 | 0.03 | -1810.70 0.00
240pu | SKM* 1 Mean 135.20 | 52.51 | 104.80 41.49 0.07 -0.05 | 0.55 | 0.03 | -1778.69 0.06
- Std 233 | 074 | 233 | 0.74 | 0.06 | 0.01 | 0.06 | 0.02 2.94 0.03

- - Max 137.10 | 53.22 | 111.56 | 43.60 | 0.25 | -0.03 | 0.70 | 0.06 | -1771.31 0.11
- Min 128.44 | 50.40 | 102.90 | 40.78 | 0.03 | -0.07 | 0.48 | -0.00 | -1781.21 0.03
240Pu | SKM* 2 Mean 135.69 | 52.61 | 104.31 41.39 0.06 -0.05 | 0.54 | 0.01 | -1780.05 0.04
- Std 1.41 0.52 1.41 0.52 | 0.02 | 0.02 | 0.06 | 0.02 1.08 0.02

- - Max 137.88 | 53.46 | 107.34 | 42.32 | 0.11 | -0.02 | 0.70 | 0.05 | -1779.24 0.07
- - Min 132.66 | 51.68 | 102.12 | 40.54 | 0.03 | -0.07 | 0.47 | -0.01 | -1783.35 0.02

Table 2: The mean, standard deviation, maximum, and minimum of the
HFF mass, HFF charge, LFF mass, LFF charge, HFF quadrupole deforma-
tion, HFF octuple deformation, LFF quadrupole deformation, LFF octuple
deformation, initial total energy, and change in energy for fission trajectories
of 236U and 2%°Pu using EDFs SealLLL1 and SkM*.
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‘ Nuclei ‘ NEDF ‘ Property ‘ Egs Egaddie ‘ Ex ‘ T ‘ Ef ‘ Ty, ‘ TKE ‘ TXE ‘ TKE + TXE teci

2367J SealLLL1 Mean -1785.88 | -1780.98 | 18.73 | 1.17 | 15.51 | 1.23 | 168.85 34.24 203.09 2515.37
- - Std - - 5.68 | 0.18 | 2.55 | 0.11 | 4.95 4.96 1.57 878.64
- - Max - - 32.57 | 1.58 | 19.51 | 1.40 | 175.84 | 47.96 204.76 3936.15
- - Min - - 11.75 1 0.93 | 11.52 | 1.05 | 156.43 | 28.84 199.44 1279.73
s SKM* Mean -1764.58 | -1757.18 | 15.43 | 1.05 | 10.14 | 1.01 | 167.24 25.57 192.81 1470.86
- - Std - - 2.00 | 0.07 | 2.90 | 0.14 | 3.35 2.31 2.38 297.58
- - Max - - 18.61 | 1.16 | 16.09 | 1.27 | 176.61 | 29.75 197.70 2203.99
- - Min - - 10.99 | 0.90 | 6.88 | 0.84 | 163.32 | 21.09 189.23 1105.22
240Py | SeaLL1 1 Mean -1810.36 | -1806.46 | 17.16 | 1.12 | 20.32 | 1.40 | 175.86 37.48 213.34 1951.49
- - Std - - 3.69 | 0.12 | 2.80 | 0.10 | 3.56 4.76 2.29 529.84
- - Max - - 27.57 | 1.43 | 24.99 | 1.56 | 180.11 | 51.12 218.51 3884.45
- - Min — - 12.57 | 0.96 | 14.82 | 1.19 | 167.39 | 32.50 208.63 1667.53
240py | SeaLL1 2 Mean -1810.36 | -1806.46 | 16.06 | 1.08 | 15.45 | 1.22 | 178.78 31.51 210.29 1521.86
- - Std - - 2.95 1 0.10 | 1.32 | 0.05 | 2.35 3.42 1.52 245.17
- - Max — — 20.94 | 1.24 | 1845 | 1.33 | 182.68 | 37.74 212.41 1848.50
Min 12.17 | 0.95 | 13.61 | 1.14 | 174.67 | 27.66 207.55 1195.71

2400py | SKM* 1 Mean -1786.16 | -1778.76 | 16.60 | 1.10 | 12.09 | 1.07 | 181.63 28.69 210.31 1691.04
- - Std - - 3.74 | 0.12 | 2.17 1 0.09 | 4.69 5.45 3.20 480.43
- - Max - - 27.15 | 1.45 | 17.39 | 1.29 | 186.36 | 42.58 217.81 2908.49
- - Min — — 12.30 | 0.95 | 10.26 | 0.99 | 168.41 | 23.98 206.66 1215.10
20Py | SKM* 2 Mean -1786.16 | -1778.76 | 15.69 | 1.07 | 12.83 | 1.10 | 180.39 28.52 208.91 1289.72
- - Std - - 1.95 | 0.07| 3.23 [0.15| 4.35 3.45 2.12 275.53
- - Max - - 20.10 | 1.21 | 18.85 | 1.35 | 185.80 | 33.67 212.39 1796.80
Min 13.19 1 0.99 | 6.06 | 0.76 | 172.71 | 21.53 205.45 827.30

Table 3: The mean, standard deviation, maximum, and minimum of the
ground state energy, saddle point energy, HFF excitation energy, HFF tem-
perature, LFF excitation energy, LFF temperature, TKE, TXE, TKE4+TXE
(Q value), and scission time for fission trajectories of 236U and 24°Pu using

EDFs SealL.Ll1 and SkM*.
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Figure 5: Flowchart of static LISE solver.
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Figure 7: (Color online) Energy conservation of a 236U fission trajectory for
three different lattice constants.
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Figure 8: (Color online) Simulations of the fission of 236U using the Seal.L.1
EDF on a 30x30x60 lattice with spacing a = 1.00 fm have been performed
forward and then backwards in time. The top panel shows the system’s
total energy as a function of time with the red points indicating the forward
direction and the blue points indicating the backward direction. The bottom
panel shows the relative difference in the total energies at fixed times.
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Figure 9: (Color online) Head on collisions of 228U + 238U in the center of
mass frame have been performed forward and then backwards in time for
two collision energies. The simulations were performed on a 24x24x64 lattice
with spacing a = 1.25 fm and on a 30x30x64 lattice with spacing a = 1.00
fm using the EDF SealLL1. The insets show the initial and final neutron
and proton densities. The initial states are shown in the left graphics, and
the final states in the right graphics. In each graphic the top/bottom panels
represent the neutron/proton densities. The quantity AE/Eq, represents the
energy difference between the forward and backwards trajectories divided by
the total energy of the forward trajectory at a fixed time.
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Figure 10: (Color online) Benchmarks for TDSLDA on Summit in the case of
2361J fission using the SeaLLLL1 EDF on a 30x30x60 lattice with spacing a = 1
fm. TDSLDA exhibits strong scaling, with the exception of communication
performed during partial density reductions.
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Figure 11: (Color online) Contours represent the difference in energy between
a constrained nucleus (nucleus with fixed deformations) and the ground state.
The deformations Sag, P30 are defined by equations 102, 103. The white
points were chosen to have energies similar to the outer saddle, with the
exception of 240Pu using Seal.L.1, where all energies are 1-2 MeV higher. The
red points were chosen in a straight line across the PES. The green points for
2367 SealLLL1 were not included in the computation of the FF intrinsic spin
distributions (see section 3). The white/red points for 24°Pu in the lower
left panel are denoted by Seal.L1 1/2 respectively. In opposite fashion, the
red /white points for 24°Pu in the lower right panel are denoted by SkM* 1/2
respectively.
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Figure 12: (Color online) The potential was obtained by fixing [ while
minimizing the energy with respect to B39 along the PES. The points are
equivalent to the points in figure 11. The red and blue lines are equivalent
to the white dotted lines in figure 11.
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Figure 13: (Color online) Time t runs backwards from scission to the initial
state of the compound nucleus, where scission is defined as the point when the
flow energy exceeds 2 MeV. For 40Py, SeaLLL1 denotes SealLL.1 1 trajectories,
and SkKM* denotes SkM* 2 trajectories. The points represent the mean value
and the error bars represent the standard deviation.
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Figure 14: (Color online) The deformation parameter (35 as defined by equa-
tion 102 for the HFF (circles) and LFF (triangles) for EDFs SeaL.L1 (color
red) and SkM* (color blue) for 236U (top panel) and 24°Pu (bottom panel)
as a function of time from scission. For 240Pu, SeaLLL1 denotes SealL.1 1
trajectories, and SkM* denotes SkM* 2 trajectories. The points represent
the mean value and the error bars represent the standard deviation.
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Figure 15: (Color online) The deformation parameter (339 as defined by equa-
tion 103 for the HFF (circles) and LFF (triangles) for EDFs SeaL.L.1 (color
red) and SkM* (color blue) for 236U (top panel) and ?4°Pu (bottom panel)
as a function of time from scission. For ?40Pu, SeaL.L1 denotes Seal.LL1 1
trajectories, and SkM* denotes SkM* 2 trajectories. The points represent
the mean value and the error bars represent the standard deviation.
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represent the standard deviation.
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3 FF Spin Properties

3.1 Background and Motivation for Symmetry Restora-
tion

For systems with many particles and strong correlations the treatment of
symmetry is a difficult one. We want to simultaneously describe the nucleus
(or collection of nuclei) with simple wave functions (or quasi particle wave-
functions) such as product states of independent particles moving through
mean field potentials, and also capture important correlations and collective
effects, such as superfluidity. To encapsulate both into a theoretical frame-
work, symmetries present in real nuclear systems must be abandoned. As
an example suppose we demand our system be translationally invariant. If
we also want to construct the wave-function as a product of single particle
wave-functions, as is the case for a Slater determinant, we are forced to use
plane-waves (eigenstates of the momentum operator). Then the system is
not localized in space, and hence cannot be used to simultaneous describe
bound systems, such as nuclei. In principle we could consider a far more
complicated form for the total wave-function, one different from a product
state of single particle or quasi-particle wave-functions, which would have
good quantum numbers, but in practice such a wave-function is untenable.

As a result we make the choice to use symmetry violating states; to favor
collective effects over good quantum numbers. For large systems this is a very
good approximation for many quantities, and exact for macroscopic systems.
For example, consider the energy of systems with N particles and N + 1
particles, as N increases the percentage of error between the two decreases
substantially. As an estimate, consider the systems 200, 210 and 23°U, 2361,
ignoring odd-even effects, each nucleon will contribute roughly 7 MeV to the
binding energy of the system. For 2°0 vs 21O the percent difference in energy
is ~ 5 %, while for 235U vs 236U it is ~ 0.5 %, one order of magnitude smaller.

Regardless, it is still important to go beyond mean field theory to cap-
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ture certain important phenomena [89]. For example, if we want transition
probabilities and electromagnetic moments, these cannot be extracted from
symmetry violating wave-functions, since some of the transitions will be for-
bidden based on the quantum numbers of the system and conservation laws.
Second the nucleus is a finite system. This means phase transitions are not
sharp, but gradual [16]. As an example, consider a closed shell or double
magic nucleus. The nucleus is spherical, and hence rotationally invariant.
If the lowest open shell is filled with one or two nucleons, the system will
slightly deform, weakly violating rational invariance. If half the shell is filled,
the system will reach it’s maximum deformation, strongly violating rotational
invariance. In the region with no symmetry violation or weak symmetry vio-
lation it is important to incorporate symmetry correctly. One way to do this
is to restore symmetries by projecting the many body wave-function onto
eigenstates of the symmetry operators, after evolving the system in an un-
restricted manner (in order to avoid hindering collective effects during time

evolution).

3.2 Theory for HFB States

This section covers derivations of the projection methods for HFB states
presented by Aurel Bulgac in [26] and [28]. To begin, consider particle num-
ber projection (pnp). The projector onto a state with N particles is given
by,

P(N) = [ S0 in (105)

w2 T

For a HFB wave function |®) the probability to find N particles is then given
by:

pvy= [T (g (y)) (106)

-mwf2 T
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with {®[P(n)) = (Ple=V|®).
To derive a more explicit form for the overlap element, consider the HFB

quasiparticle creation and annihilation operators,

of = [ defun(©)v1(©) + un(©(©)] (107)

a= [ dgvi©wi(©) + ui(u(©)]. (108)

and peform the following gauge transformation:

ur(€m) = ur(€),  vk(§,m) = e*Mup(§). (109)

The operators transform as,

af(n) = [ d[un(©)¥1(€) + ¥ (E)w(©)), (110)
an(n) = [ de[ePmi(©)vh(©) + ui(©v(©)], (111)
where the field operators are defined via:
01O = X[y + ve(©on] (112)
0(6) = R[vi(©a + u(©on] (113)
Substituting equations 112 and 113 into equations 110 and 111 we arrive at:
Oélt(n) = 14]6104;r + Bklala (114)
ay(n) = BfkazT + Ajou, (115)

where,
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A = [ () + (wior) €27], (116)
B = [ (v ug) + (ufox) €2]. (117)
The Onishi and Yoshida formula,

(®[@(n)) = VdetA, (118)

can be used to obtain the overlap element:

(@19 (1)) = \/det[d + (ulog) (27— 1)]. (119)

Importantly, equation 119 and since the overlap matrix Oy, = (v;|vx) for HFB
states has double degenerate eigenvalues, projections can only be performed
onto even particle numbers.

Similarly projection can be performed onto both the FF and compound

simultaneously using the projector:

. 2dn o TR dne o
P(N,Ny) = 41 -inN i f Y (i Np g-ine Np (120)
-m/2 T -w/2 T

and gauge transformation,

uk(&ﬂ%nF) = uk(g)v Uk(gﬂnﬂ?F) = 622'77621'771:9(:&2’),0]6(&*). (121>

The theta function above is used to partition the space into a left and right
half, where each should fully contain exactly one fission fragment.
The probability to simultaneously measure the compound with particle

number N, and the FF with particle number N is then given by,

95



/2 ) /2 :
POV, Np) = [ e [T e (ala (), (122)

-w/2 T w2 T

with overlap,

(P|®(n,nr)) = \/det[élk + (€2 — 1) (v|vg) + e2in(e2ine — 1) (v|O(2)|vy.) ]
(123)

In the case of extracting the FF intrinsic spins we use the projector,

P(J) = (J+1/2) f " dpsing P, (cosy)et= 0, (124)
0

and gauge transformation,

ur(&,m) = u(€),  vr(&m) = €O (€). (125)

The probability to measure a FF with total angular momentum J is then

given by,

P(I) = (J+1/2) [ dysingPy(cosn) (@l2(n)). (126)

with overlap element,

(@19 (1)) = \/det[du + (ul(en — 1)O(£2)[ur) ] (127)

To extract the orbital angular momenta we begin with conservation of

angular momentum,

§O:A+§L+§H7 (128)

where Sy represents the spin of the compound nucleus, Sz, Sy the spins of

the light and heavy FFs respectively, and A the orbital angular momenta
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between them. To a good approximation,

A-Sy~A=—(Sy+5.) (129)

since for most typical nuclei studied Sy << |Sy + Sz|. For example, for the
neutron induced fission of 236U, 240Pu, S; is only a few units of A while the
sum of the intrinsic spins is around 10 units of A [30]. For the spontaneous
fission of 252Cf, Sy is exactly zero, however even in this case we are using an
approximation, since the HFB wave-function exists as superposition of differ-
ent nuclei and only on average as 2°2Cf. For exact results particle projection
is needed.

Moving forward with this approximate framework, the projector for the

orbital angular momenta is given by,
P(A) = (A+1/2) f dnsinyPy(cosy)e OO g0
0
with gauge transformation,

() = un(€), ve(Eom) = ¢ 1O IO ) (131)

The probability to measure the system with orbital angular momenta A then

is,

P(A) =(A+1/2) fow dnsinnPy(cosn) (®|P(n)), (132)

with overlap element,

(D|D(n)) = \/det[élk + (v|(eE1 = 1)OL|vg) + (g (e = 1)OH vy} |. - (133)

To obtain the correlations between the FF intrinsic spins and orbital angular

momenta we use the projector,
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P(SL,SH,A)=(SL+1/2)(SH+1/2)(A+1/2)f0 daninanO dng sin
(134)

f dnsinnPs, (cosnr) Ps,, (cosng ) Py (cos n)e—i[JﬁeL(an)Uf@H(n+nH)]
0

with gauge transformation,

—i[J£@L<n+nL)+Jf@H<n+nH)]Uk(5)‘

(135)

The probability to measure the system with orbital angular momenta A, and

uk(gananLanH):uk(g)a Uk(fﬂ%??Lﬂ?H):e
intrinsic fission fragment spins Sy, Sy is,

P(SL,SH,A):(SL+1/2)(SH+1/2)(A+1/2)f0 daninano dng sin g
(136)

fo dnsinnPs, (cosny,) Ps, (cosng) Pa(cosn) (@9 (nr, nw,n))

with overlap element,

<(D|(I>(77L777H7 77)) = \/det[élk + (Ul|(6iJ:EL(77+77L) — 1)@L|Uk> + (Ul|(e'i]f(77+TIH) — 1)(—)H|fyk> ]
(137)

3.3 FF Intrinsic Angular Momenta

The intrinsic spin distributions of FFs cannot be directly measured in
the laboratory, yet significantly influence the neutron and gamma emission
spectra of the FFs (consequently a significant portion of the energy released
in fission) which can be measured in the laboratory. Their correlations have
been investigated since the late 50s for decades [102] [64] [108] [80] [88] [115]
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[79] [51] [78] [22] [112], and the debate surrounding them, driven primarily by
non-microscopic models, remains unsettled to this day. The most interesting
correlations are the various collective angular modes of the FFs: rotating,
twisting, wriggling, and bending (see figure 20), whose existence still lacks
direct experimental proof.

In [31] we performed the first fully unconstrained microscopic calculation
of the FF intrinsic spin distributions in literature (for previous microscopic
results see [13]), as well as provided proof for the existence of the aforemen-
tioned collective angular momenta modes. Two TDDFT calculations were
performed for the fission of 23°U(n,f) and 9Pu(n,f) using two different EDF's
SkM* and SeaLLL1, in boxes with dimensions 30x30x60 and lattice constant
Az =1 fm. The momentum cutoff is given by p.; = 2= = 619.92 MeV /c.
The initial configurations were chosen at the outer saddle point, and evolved
until the FF were separated by 30 fm. The time to go from the saddle point
to fully separated FF fragments is of the order of ~ 103 fm/c. The distribu-
tions were obtained from the final wave-functions using equation 126 and are
shown in figure 18.

The distributions show that the LFF carries more spin on average than
the HFF. This is exactly opposite to what two leading phenomenological
models, FREYA [57] and CGMF [103], assumed at the time of publication.
A reasonable explanation is that the LFF emerges from scission significantly
more deformed than the HFF (see table 4). In the intrinsic (rest) frame of a
fragment, deformations determine it’s spin, with a highly deformed nucleus
carrying more angular momenta per nucleon than a less deformed nucleus,
and a spherical nucleus carrying identically zero. The heavy fragment likely
emerges less deformed due to Shell effects, since the number of protons and
neutrons for most trajectories fall close to the double magic nucleus 32Sn,
which in it’s ground state is spherical, and recall deformations are maximized
for half filled shells.

Comparing with experiment, TDSLDA spins are larger in value than
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Nucleus NEDF St SH BE pa

26U SeaLL1 105 (0.6) 6.8 (0.7) 0.67 (0.07) 0.09 (0.04)
286  SkM* 8.6 (0.6) 6.3(0.7) 0.46 (0.10) 0.09 (0.03)
26y  SkM*  10.4 (0.3) 6.7 (0.5) 0.62 (0.04) 0.06 (0.03)
286y SkM* 9.4 (0.4) 5.8 (0.5) 0.54 (0.06) 0.06 (0.03)

Table 4: The averages (standard deviations) of the fragment spins
and quadrupole deformations, with the later defined by f; =

3A(1é7;11/3)2 J d¥rn(7)r*Yao(7) .

recent results obtained by Wilson et al [116]. They measure the spins of
the FFs post neutron and gamma emission, and then correct for the spin
removed by both sources to obtain the intrinsic distribution. This correction
is potentially where a discrepancy arrises, with a recent study showing that
neutrons could be expected to remove 2 A of angular momentum from each
fragment [99]. If this amount of removal turns out to be realistic, TDSLDA
values become comparable with experiment.

Currently this remains the only microscopic approach suitable for com-
puting accurate FF spin distributions. Static approaches [72] run into an
issue of requiring a finite neck to avoid a discontinuity in the PES. In order
to obtain steady FF spins, the shapes of the fragments must be allowed to
relax, which only occurs after they are well separated. From previous studies
performed with TDSLDA [38], it is known the deformations relax signifi-
cantly after scission, and the inset of figure 18 shows the spins follow, with
the LFF/HFF losing 2/1 units of A of angular momenta respectively after
scission.

An additional study was performed for 24°Pu, where the incident neutron
energy was varied from ~ 0 MeV (thermal) to ~ 24 MeV (see figure 19),
causing the spins to increase for both the LFF and HFF. On average the
LFF’s spin will increase by 1 unit of A for every 60 MeV of excitation energy
(with respect to the saddle point), and the HFF’s spin will increases by 1 unit
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Nucleus NEDF St SH BE pa

26U SeaLL1 105 (0.6) 6.8 (0.7) 0.67 (0.07) 0.09 (0.04)
286  SkM* 8.6 (0.6) 6.3(0.7) 0.46 (0.10) 0.09 (0.03)
26y  SkM*  10.4 (0.3) 6.7 (0.5) 0.62 (0.04) 0.06 (0.03)
286y SkM* 9.4 (0.4) 5.8 (0.5) 0.54 (0.06) 0.06 (0.03)

Table 5: The averages (standard deviations) of (®|JZJH|®), with a = z,y, 2.

of h for every 13 MeV of excitation energy. From this it seems the average
spin of the FFs is not significantly influenced by the excitation energy of the
compound nucleus.

The last topic of investigation is the collective angular momenta modes.
Components of the tensor (®|JLJH|P) are recored in table 5. The off diag-
onal elements are negligible and were excluded. Elements (®|JL.JH|®) and
(®|JLJH|®) are double degenerate and correspond to the wriggling mode
(if positive) or bending mode (if negative). The element (®|JLJH|®) corre-
sponds to the tilting mode (if positive) and twisting mode (if negative). All
three components of the tensor are negative, confirming for the first time, by

a microscopic theory, the existence of both twisting and bending modes.

3.4 Role of Orbital Angular Momenta

In the 1960s it was conjectured that the intrinsic spins of the FFs post
scission are controlled by their collective spin modes. Despite this, the origin
of the relative orbital angular momenta between FFs has never been ex-
plored within a fully microscopic framework, until recently [30]. On it’s way
to scission the compound nucleus elongates and eventually splits into two
fragments. The longer the elongation, for a fixed value of the orbital angular
momentum A, the greater the inertia of the system, and hence the slower the
system’s rotation about the center of mass (consider A = Iw). Until scission,

the FF intrinsic spins and orbital angular momenta can vary, so long as the
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condition A + ST+ SH = S, (where Sy = 0 for 252Cf ) is respected. After
scission all three angular momenta values remain fixed, baring the slight in-
fluence of the Coulomb interaction, until after neutron and gamma emission.
Before emission and post scission the picture becomes analogous to a person
standing on a freely rotating stand ( A ) holding two bicycle wheels ( SL-H ).

In figure 21 we compute the orbital angular momenta of 236U, 240Py,
and 2°2Cf for two EDFs, SkM* and Seal.LL1, using equation 132. All sim-
ulations were performed on a 30x30x60 lattice with spacing a = 1 fm. The
distributions of the FF orbital angular momenta are the first extraction of
these quantities from a microscopic theory in literature. The distributions of
the three systems are similar, because the compound nuclei all have similar
masses. In figure 22 we performed a triple projection on both FF intrinsic
spins and orbital momenta, defined by equation 136, with the inclusion of

the constraint:
|SE - SH| < A< SE+SH. (138)

This was also the first such calculation of its kind. Two types of correlations
are present in figure 136: the tilting of the ellipses for fixed orbital angular
momenta values, representing intrinsic correlations, and the sharp rectangu-
lar regions representing geometric correlations (caused by an imposition of
the triangle constraint defined by equation 138).

Additionally, for 252Cf, the intrinsic spin distributions were computed
using two methods (see figure 23). In the first, a single projection was per-
formed as defined by equation 126, similar to previous work [31]. In the
second correlated 1-D distributions were computed by summing over two de-
grees of freedom, for example, the intrinsic spin distribution of the LFF is
given by,

Yo a P(ST,SH,A)A

P(S") = 1
(S ) ZSL,SH,AP(SL7SHaA)A, ( 39)

A =0(A>|St-SH)O(A < ST+ 5H). (140)
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Between the two distributions the most noticeable difference is the suppres-
sion of the lower angular momenta modes when correlations are included.
The suppression comes from the geometric constraint (equation 138), which
restricts the number of available states (values of A) for fixed S, Sy. Specifi-
cally for small values of Sy, Sy, there are fewer allowed values of A, hence the
number of available orbital angular momenta states acts as a weight factor.

To see this more explicitly consider a simplified example. Let the triple

spin distribution be given by:
Ps(S*, 8%, A) = Ps(S")Ps(S") Ps(S*), (141)

where S denotes uncorrelated angular momenta distributions obtained via
method one (defined above). Two different intrinsic spin distributions can
be defined for the LFF (with similar definitions for the HFF and orbital

momenta):

ZSH,A PS(SL7 SHuA)
st su p Ps(SE,SH,A)

Ps(SH) = = fs(ST)Pg(S*), (142)

with fs(SL) =1, and,

ZSHAPS(SL7SH7A)A
Pr(S*) = ’ = fr(S")Ps(S* 143
T( ) ZSL,SH,APS(SL7SH7A)A fT( ) S( )7 ( )
with fr(Sg) shown in figure 24. The factor fr(S*) < 1 for ST < 6h and
SL > 17h, and fr(S%) > 1 for 6h < S* < 17h. This factor, emerging purely

from geometric constraints, clearly suppresses both low and high AM modes,

while slightly enhancing middle AM modes (those closer to the mean AM
values of the FF intrinsic spin distributions and orbital momenta distribu-
tions). Note, current statistical models assume the following form for the

spin distributions:

~S(S + 1))

55 (144)

P(5) = (5 + e
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where B depends on the FF masses, charges, and temperatures [103]. The
above distribution must be modified to include the factor fr(S) in order to
accurately describe the FF intrinsic spin distributions i.e. no choice of B will
lend to a functionally correct form for the spin distributions.

In literature it is assumed that the two intrinsic spins are weakly corre-
lated [113], [87]. In the case of FF intrinsic spin magnitude correlations (see
figure 25):

P(S*,87) =Y P(SE, S A)A, (145)
A

TDSLDA confirms these assumptions. However, for correlations between the
FF intrinsic spin vectors, this isn’t the case. The opening angle distribution

(angle between the FF intrinsic spin vectors) is shown in figure 28 and given
by:

AA+1)-SE(SE+1)-SH(SH +1)
2(ST+1/2)(SH +1/2) ’

The black and red circles represent TDSLDA results, where there was found

cos pFH = (146)

to be a strong preference for the angle to be between 0.4 7 rads and 0.8
7 rads, and zero probability for it to be exactly 0 rads or m rads. If the
correlations are weak the distribution would be mostly isotropic or flat. This
is represented by the blue line, produced by FREYA [87], which assumes the

FF spin dynamics are governed by the rotation energy,

_Sb.SE SH.SH AA
DY oI " 2[R’
where I©H:R are the FFs and orbital moments of inertia, with I ~ 10754

causing the contribution from the orbital component to be insignificant.

(147)

However, the most general form for the rotation energy is provided by:

E, = (SE, 87 M) ® T ® (S, SH,A), (148)
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where T is a 3x3 non diagonal inertia tensor, and these additional terms
should be accounted for. Another way to understand the differences between
the TDSLDA and FREYA results is as follows: the distribution from FREYA
is similar to the distribution of the angle between two randomly generated
2D vectors; the distribution from TDSLDA is similar to the distribution of
the angle between two randomly generated 3D vectors, with the caveat that
a completely random distribution would be symmetric with a mean value of
0.5 7 rads, unlike the TDSLDA case which is skewed with a mean value of
~ 0.6 rads. The debate over which interpretation is correct is ongoing, with

the hope that future experiments can settle the matter.
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Figure 18: (Color online) The top/bottom panels show the spin distributions
for 236U and 24°Pu respectively. The blue/black lines represent the spin dis-
tributions for the heavy fission fragment for EDFs SealLLL1/SkM*, while the
red/green lines represent the spin distributions for the light fission fragment
for EDFs SeaLLL1/SkM*. The inset in the top panel shows the average spin,
defined by SWH = /35 J(J + 1)Pr, 5 (J) + 1/4-1/2, for a single trajectory as a
function of the FF separation distance. The inset in the bottom panel shows
the overlap element (®|®(n)) as a function of the rotation angle for both FF
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Figure 19: (Color online) The average FF intrinsic spins vs the incident
neutron energy E/ = B* - .S,,, where E* is the compound’s excitation energy
and S, is the neutron separation energy for the reaction 23°Pu(n, f) with
the SkM* NEDF. The inset contains the FF excitation energies versus the
incident neutron energy.
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Figure 20: (Color online) Various collective angular momenta modes: wrig-
gling, bending, tilting, and twisting.
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Figure 21: (Color online) The orbital angular momentum distributions for
three nuclear systems 236U, 240Pu, and 2°2Cf. For each nucleus the average
orbital momentum and corresponding standard deviations are shown in the
legend. The uncertainties are the standard deviations that characterize the
range of the variations due to the spread of the initial values of the multipole
moments and the energies of the fissioning nucleus.
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Figure 22: (Color online) The triple probability distribution for 2°2Cf for

SeaL.LL1 (upper panel) and SkM* (lower panel) NEDFs for odd values of A.
Even values of A are similar.
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Figure 23: (Color online) The LFF and HFF intrinsic spins and orbital an-
gular momenta distributions in the case of the spontaneous fission of 252Cf
using the triple projection distributions and equation 139 (denoted by T),
and from the single projection of the FF intrinsic spins and orbital angular
momenta defined by equations 126, 132 (denoted by S). The average and
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Figure 24: (Color online) From the triple distribution P(SY, ST A) =
Ps(S1)Ps(Su)Ps(A), where S denotes AM distributions obtained from equa-
tion 126. The uncorrelated spin factor (red line) was obtained by summing
P(SY,SH,A) over Sy and A without applying the selection rules. The cor-
related spin factor (black line) was obtained by summing P(S¥, S" A) over
Su, A with applying the selection rules (geometric constraints). The calcula-

tion was performed for the fission of 252Cf on a 30x30x60 lattice with spacing
a =1 fm using the EDF Seal.l.1.
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Figure 25: (Color online) The FF intrinsic spin magnitude probability dis-
tribution for the fission of 252Cf on a 30x30x60 lattice with spacing a = 1 fm
using the EDF Seal.LL1.
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Figure 26: The circles and bullets represent the histogram (with a bin size
of 0.22 rads) of the angle between the FF intrinsic S¥ and S extracted
using equation 146. The triangle represents the histogram obtained with
P(A)P(SE)P(SH)A, where A is defined in equation 140, and the distribu-
tions are described by equation 139. The blue line and diamonds are the
prediction from FREYA [87].
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4 Mathematical Properties of TDSLDA

4.1 Chaos in TDSLDA

The following section will summarize studies performed investigating chaos
in TDDFT [32]. A system is defined as chaotic if small variations in the
initial conditions lead to vastly different trajectories in phase space. This is

characterized by the Lyapunov exponent of the system,

o 1Z()
Tt 162(0))

where 0Z(t) represents the difference in time between two full sets of phase-

A:

(149)

space variables. If the Lyapunov exponent is positive, the two trajectories
will diverge and the system is called chaotic; if it is zero the trajectories will
be parallel, akin to circles of different radii in a 2-D phase space diagram; if
it is negative the trajectories will be restorative converging to the same path
after sufficient time has passed, true in the case of dissipative systems.

This leads to the primary focus of our investigation. Schrodinger’s equa-
tion for an interacting many body system is linear and hence it’s Lyapunov
exponents are vanishing. TDDFT is functionally equivalent to Schrodinger’s
equation, however it is formulated as a set of highly nonlinear coupled par-
tial differential equations. So for real implementations of TDDFT is the
chaos? This issue has rarely been studied in literature, specifically for time-
dependent phenomena, except for a few instances where the subject was
touched upon briefly [37] [27] [65], and one case in more detail [4]. The more
detailed study considered the narrower problem of the Lyapunov stability of
TDHF and RPA only in cases when the initial state minimized either the
micro canonical, canonical, or grand canonical partition functions. In [32],
a much more general problem is addressed, namely when the initial state of
the quantum system is an excited, or in one case highly excited, state. Three

systems are investigated (two of which are realistic nuclear systems): vortices

75



in the unitary Fermi gas, the fission of 236U, and collisions of 238U +238U. The
later two will be emphasized, consistent with the overall theme of this thesis.

It has been demonstrated, by Maldacena et al [70] and Tsuji et al [106],
that upper bound for the Lyapunov exponent of a quantum system is given
by,

Amss £ —. (150)

For classical systems (A — 0) this implies no upper bound. Since the sys-
tem of interest are quantum this limit is not considered. Additionally Angss
can only be defined after a long time, when the system has obtained ther-
mal equilibrium [66], however for most real cases shorter timescales can be
considered. For example, for fission, the time it takes for the nucleus splits
into two well separated fragments, can (for all practical purposes) act as the
”infinite” time limit.
To carry out these studies the initial quasi particle wave-functions were

perturbed via,

) i (7, 0)[1 + ey (7)]
ugy (7,0) . gy (7,0)[1 + ey (7) ] | (151)

) gt (7, 0) [1 + €y (7) ]

)1 Low(7,0)[1 + eany (7)]

where o (yu)(1y) 18 a complex field with entries of the form, Z = X +1Y,
and where X,Y are random numbers between -1 and 1. The parameter
e represents the strength of the perturbation, and was evaluated at levels
€ = 1074,1072,3 x 1072 for fission and for ¢ = 1072,3 x 1072 for collisions.
Alternatively, we could have perturbed the densities, since DFT states there
exists a one to one mapping ¥ < n. The choice of perturbation should not
influence the final results.

For the case study of the fission of 236U, the SeaLLl EDF was used,
and the simulation was performed on a 302 x 60 lattice with spacing a =

1 fm corresponding to (4 x 302 x 60)? ~ 4.7 x 10'° phase space elements.
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The compound was evolved from the outer barrier past scission until the
fragments were well separated, i.e. no longer exchanged energy, nucleons, or
momenta, excluding the Coulomb interaction. The MSS upper bound was
estimated via,
'l
)\MSS = 7 ~(0.016 c/fm, (152)
with a characteristic temperature 7' = O(1) MeV for an excited nucleus. The

Lyapunov exponent is defined as,

1 [ dr[ne(7,t) = no(7,t)]?

MO = S T n(7.0) “no (RO P

(153)

where, n.(7,t),no(7,0) represent the perturbed, unperturbed number density
respectively.

Figure 28 shows A(t), the maximum Lyapunov exponent, is well below the
MSS bound. Interestingly, during the compound’s descent from the neigh-
borhood of the outer fission barrier, the evolution is over-damped, similar to
a group of parachutists who all exit a plane at different times, but reach the
same terminal velocity. This causes the Lyapunov exponent to be negative
prior scission, meaning the process is restorative i.e. all trajectories descend
towards the same mean path. For a more detailed (related) discussion see
38].

Another example involves the heavy-ion collision of 233U + 238U at a
center-of-mass energy of 1200 MeV. The SeaLLL1 EDF was used, and simula-
tions were performed on a 30%2x60 fm? lattice with spacing a = 1 fm. After the
collision, the two fragments emerge highly excited, with roughly 600 MeV of
kinetic energy being converted into intrinsic energy. Using Bethe’s formula,
T= \/@ , to estimate the temperature as T' = 3.55 MeV, the corresponding
MSS Lyapunov exponent is given by Ayss ~ 0.057 ¢/fm. Figure 28 shows
A(t), which saturates two orders of magnitude below the MSS upper bound.

Similar to fission, after separation, the fragments only interact via Coulomb.
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To conclude, two real nuclear systems were analyzed. We found the maxi-
mum Lyapunov exponent to be smaller by one order of magnitude for fission
and two orders for heavy ion collisions relative to the MSS bound. This
means, even though the exponents are non-vanishing, they are small enough
not to alter the quality of the conclusions inferred within TDSLDA. That
said, the fact that TDDFT is mathematically equivalent to Schrodinger’s
equation, but also contains a small positive Lyapunov exponent must be in-
vestigated. The most obvious source of error is the energy density functional.
The exact TDDFT functional doesn’t only depend on the instantaneous den-
sities, but also all prior densities in time as well [90] [73]. This is absent from
all current implementations of TDDFT. A second cause, which cannot be
ruled at this time, could be an accumulation of numerical errors. The sys-
tems studied are computationally massive containing O(10'°) phase space
elements, each of which evolve at least for 10,000 time-steps and up-to po-
tentially 100,000 time-steps. Both sources must be considered to determine
the quality of the TDDFT implementation.

4.2 Discussion on Entropy

Typically, for nuclear systems with pairing correlations, treated either in
a shell model or mean field theory, practitioners are interested in the total
binding energy, collective low lying levels, and other quantities, which can be
evaluated accurately in calculations with low momentum cutoffs. However,
certain observables cannot be reproduced with a low momentum cutoff such
as the long tail of the nucleon momentum distribution, and observables which
depend on it. This behavior has been studied extensively for decades in both
cold atom and nuclear systems [94] [55] [54] [49] [93] [85] [97] [104] [101] [118§]
24] [45] [92] [60] [2] [61] [86], and this section summarizes complementary
investigations, focusing on the complexity of HFB wave-functions, with an
emphasizes on a realistic 226U fission case study. More details can be found
in [40].
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The complexity of many body wave-functions can be characterized by the

quantum Boltzmann one-body entropy,

S - -;;nklnnk-;Z[pnk]mu-nk], (154)

and Shannon entropy,

Above, ny, refers to the canonical occupation probabilities, 7, = 5, the inte-

gral implies a sum over discrete variables when appropriate, and

;an - N, (156)

where N is the total particle number. The canonical occupation probabilities

are defined as eigenvalues of the density matrix,

n(&,7) = (YT () ¥()lo) (157)

where UT(7), ¥(£) represent the creation, annihilation field operators. The
Boltzmann entropy is an extensive quantity, while the Shannon entropy is a
intensive quantity.

The canonical basis can be used to address (at least partially) the ques-
tion: how many single (or quasi) particle states are required to accurately
describe superfluid nuclei. First, the case of 1-D HFB was considered, which
is used to describe spherical nuclear systems. In figure 29 the momentum dis-
tribution is given for different lattice constants. The distribution in all cases
contains two knees, one at the Fermi level called the infrared (IR) knee, and
one at high energies called the ultraviolet (UV) knee. At the IR knee the
distribution has the expected BCS behavior. The region between the two
knees decays as a power law. This behavior is due to the short range nature
of nuclear forces, predicted by Sartor and Mahaux in 1980 [94], verified ex-
perimentally by O Hen in 2014 [60], and proven analytically to be a generic
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feature for any system of many strongly interacting Fermions by Shina Tan

in 2008 [104]. The region past the UV knee is unphysical, directly related to

hr
Ax?

The case of a realistic 226U fission trajectory using TDSLDA was also

the cutoff momentum peutofr = which in the limit Az — 0 goes to infinity.
considered. For pure Hartree-Fock, the Boltzmann entropy is minimized. For
TDSLDA, inter-particle interactions cause the system to exists as a mixed
state, leading to increasing entropy. For TDSLDA the many body wave-
function is not an eigenstate of the total particle number operators, thus
requiring a projection technique to restore the symmetry (see [28] for details).
In figure 30, the Boltzmann entropy was shown as a function of time for both
the particle projected and unprojected cases with only a minor difference in
magnitude between both cases.

For fission, the entropy roughly doubles from the initial to final state, how-
ever, during intermediate time it exhibits non monotonic behavior. This high-
lights a key point: the complexity of an isolated many body wave-function
does not always increase monotonically for finite time intervals. The erratic
behavior can be understood. Start from the initial state, the compound nu-
cleus at the outer barrier, and go up until the formation of the neck, which
occurs at ~ 400-500 fm/c. In this time interval the entropy rapidly increases,
as pairing allows for states to repopulate. The neck continues to form until
roughly ~ 700 — 800 fm/c, during which the transfer of nucleons from one
half of the compound to the other is inhibited, suppressing the spread of the
single particle strength. From here the nucleus scissions, forming two frag-
ments which evolve largely independently, except for the long range Coulomb
interaction. The excited FF's thermalize, causing the single particle strength
to spread, and the entropy to increase. In this sense, entropy provides a rich
insight into the dynamics of fission.

A few key conclusions can be drawn from this study. Although the re-
sults were obtained strictly for the Bogoliubov-Valatin Canonical basis, they

should hold for an arbitrary quantum many-body state |®). This should
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be the case, since in nuclear fission the fragments emerge highly excited,
with an excitation energy beyond which pairing vanishes. This means the
increase in entropy mostly arises from the significantly larger degree of com-
plexity and entanglement in the final wave-function compared to the initial
wave-function. This holds true even after particle projection. Second, a com-
plete picture of nuclei should incorporate both mean field and short-range
correlations, which are needed to produce he realistic long tail of the quan-
tum momentum distribution. And last, we expect that the canonical bases,
quantum Boltzmann and Shannon entropies, can be powerful tools for un-
derstanding the degree of complexity and entanglement for most quantum

many body systems.
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Figure 27: (Color online) The upper panel displays the evolution of the neu-
tron number density (upper half of each frame) and proton number density
(lower half of each frame) of a fissioning 26U in a simulation box with dimen-
sions 302 x 60 fm? into a heavy (left) and light (right) fragments. The neutron
and proton numbers of the heavy (left) and light (right) fragments are (83.6,
52.2) and (60.4, 39.8) respectively. The shapes of the neutron and proton
distributions are hardly affected by the noises level. The lower panel shows
the time evolution of \(t). After scission, which occurs at t ~ 2400 fm/c, the
excited fission fragments emerge. After thermalization they reach tempera-
tures ~ 1 MeV [42], fixing the MSS upper bound as AN ~ 0.016 ¢/fm.
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Figure 28: (Color online) The upper panel shows the evolution of the neutron
number density (upper half of each frame) and proton number destiny (lower
half of each frame) of the collision of 238U + 238U in a simulation box with
dimensions 302 x 64 fm3. After interacting the nuclei split two highly excited
and not yet equilibrated fragments. The shapes of the neutron and proton
distributions are hardly affected by the noises level. In the lower panel, the
time evolution A(t), is shown at a center of mass energy of 1200 MeV. After
separation the fragments emerge with temperatures 7' = 3.55 MeV, which
results in a AJISea ~ 0.057 ¢/fm.
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Figure 29: (Color online) The canonical occupation probabilities for four
lattice constants dx in a log-log scale, corresponding to a momentum cutoff
of A = w/dx. The inset shows n; in the linear scale close to the Fermi
surface. Results obtained with increased machine precision 10740 are shown
with continuous solid lines, and those obtained with typical machine precision
are shown with dashed lines.
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Figure 30: (Color online) The time-dependence of the entropy S evaluated in
the case of induced fission of 23°U(n,f) with a low energy neutron, performed
with two different nuclear energy density functionals SealLLL1 and SkM* as
a function of time. The nuclei are evolved from the outer saddle point until
the two fission fragments are fully separated. Even though there are small
quantitative differences between the values of the entropies evaluated before
and after a total particle projection was performed, the qualitative behavior
of the quantum Boltzmann one -body entropy is by and large the same. The
nuclear shapes in the case of SKM* are shown during at times 400, 1000, and
1500 fm/c.
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5 Conclusion

5.1 Key Results

The following section summarizes key results pertaining to fission within
TDSLDA. The underlying theory and numerical implementation of the LISE
program, which is the first code to treat TDSLDA, is detailed in [65]. The
program is self contained, providing everything needed to perform and ana-
lyze fission and heavy ion collision simulations from scratch: a static solver,
time dependent program, and post processing script. Also part of the LISE
program (although not yet publicly available) is the LISE projection code,
which has been used to obtain FF spin distributions [31], [30]. In section
2.4 we applied TDSLDA to systematic fission studies of 236U and 240Pu, re-
iterating important points established by Bulgac et al in [38]: namely the
adiabatic approximation isn’t valid for fission, FF deformations relax after
scission, and more.

We performed the first microscopic extraction of FF intrinsic spin dis-
tributions for 236U and 24°Pu [31]. We showed the LFF carries more spin
on average than the HFF pre neutron emission, contrary to what leading
phenomenological models at the time assumed [57], [103]. We provided the
first microscopic evidence for the existence of collective angular momenta
modes bending and twisting. We highlighted the importance of performing
time dependent fission simulations, since the FF deformations and hence the
intrinsic spins, relax significantly after scission. And we investigated the FF's
intrinsic spin distributions dependence on the compound’s excitation energy,
finding a weak dependence.

We investigated the role of the orbital angular momenta on the FF in-
trinsic spin distributions for 236U, 240Pu, and 22Cf [30]. We performed the
first microscopic extractions of the FF relative AM distributions, triple AM
projection (for 2°2Cf), and FF AM opening angle distribution (for 252Cf).

We found the opening angle distribution was completely anisotropic, imply-
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ing strong correlations between the FF AM vectors, opposite to the isotropic
distributions generated by FREYA [87].

Last of all, we investigated mathematical properties of TDSLDA. We
tackled a crucial question: will TDSLDA, which is formulated through a set
of highly nonlinear PDEs, but also functionally equivalent to the many body
Schrodinger equation, which is linear and hence non-chaotic, exhibit chaos
[32]7 For realistic case studies using TDSLDA, for example the fission of
236, we found the answer to be no: the Lyapunov exponents in all cases
were at least one order of magnitude below the MSS bound (defined in [70]),
and not large enough to affect the system within the relevant timescale. In
[40] we investigated the role of entropy (specifically one body entropy) in
TDSLDA. The conclusion? In short, the situation is complicated. For the
fission of 236U, the entropy both increased and decreased, depending on the
state of the system during the evolution. This suggests that the one-body
entropy can be a useful tool to characterize the complexity and entanglement

of quantum many body systems.

5.2 Future Outlook

This section will outline a few potential future direction for TDSLDA.
First, particle number projection (pnp), which is required, since the many
body wave-function exists in a super position of number eigenstates (for de-
tails see section 3.2). This topic has been studied for mean field theories
since the 50s [82], with a renewed interest in recent times [5], [111]. One of
the most persistent related issues is that microscopic theories tend to greatly
underestimate the widths of the FF mass and charge distributions [96]. For
heavy ion collisions, some progress has been made with the invention of the
Balian Veneroni technique [3], however such a procedure is not applicable
for asymmetric fission. TDSLDA can potentially help with this problem,
since pairing is expected to widen the FFs masses and charge distributions

[29]. Another major issue is that the FF mass and charge distributions are
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uncorrelated for individual fission trajectories. A potential solution to both
problems has been suggested by Aurel Bulgac: include proton neutron colli-
sion terms in TDSLDA [29] in the spirit of the Boltzmann-Uehling-Uhlenbeck
(BUU) equation [81] [107].

This extension has been named gTDSLDA, and would introduce pn colli-
sion terms via pn pairing. The following will summarize arguments provided
by Aurel Bulgac in [29] discussing the significance of such an extension. First,
in heavy nuclei the number of np pairs is larger than the number of nn and
pp pairs, and hence they could play an important role in fission. Second,
pn pairing is expected to both widen and lead to correlated FF mass and
charge distributions. To explain, in gTDSLDA the phases space increases
significantly (a factor of two for any discrete representation), and during
time evolution pairing will populate some of these additional states, which
are statistically likely to exist away from the mean, and hence widen the
distributions. Additionally the wave-function can longer be expressed as a
product neutron and proton generalized slater determinants, meaning the
neutron and proton number distributions become correlated. Formally the

extension is given by:

Ukt oty hpry O 0 0 A, Aq AV Il Vo
Uk, Py Py 0 0 -A, 0 AV VAN Unkey
Upkt 0 0 hpn By A Ao 0 Ay [k
mﬁ Upkl | _ 0 0 hpr hpy Ao -Ar -4 0 Upk|
Ot | vy 0 -Ay A7 Ay -hiy —hyy 0 0 Unkt
v | A5 00 -Ap Ay -k, <hn, 0 0 ||va

Uplet AT Ay 0 Ay 0 0 =hpy =hoy || vkt
Ay AT Ay 0 0 0 ~hpy =h3 || Yok |
(158)

| Upkl |
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with the singlet and triplet pairing fields defined via:
Ao = —goko, (159)

Ay = —g1ka1, (160)

and the singlet and triplet anomalous densities defined via,
Fo(T) = D Vi, (F) st (7), (161)
%

ki (7) = ijvl:m(?)ukm(mv (162)

The extension to gT'DSLDA is already ongoing.

An additional assortment of related projects are currently or plan to be
worked on in upcoming years: such as the effects of the compound’s excita-
tion energy on FF properties (one result is already published [31]); the fission
of odd-odd and odd-even nuclei, which comprise the majority of nuclear sys-
tems, making them paramount for understanding fission; investigating the
existence (or prominence) of scission neutrons, which recent studies suggest
may be more prevalent than previously expected [44]; the treatment of gen-

eralized angular momenta correlations [28],

P(SL,fLL,SH,fLH) :(SL-F1/2)(SH+1/2)‘[0 d?’]LSiIlnL‘/0 d’l]HSiH’I]H (163)

Ps, (cosng)Ps,, (cos nH)\/det[(Slk + (vl|(eij£.nLﬁL - 1)OLy) + (vl\(eijf‘”HﬁH - 1)0H|ug) ];

and the evaluation of particle number projected FF excitation energy and
TKE distributions, calculations yet to be found in literature (the formalism
is detailed in [28])!
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Appendices

A Derivation of SLDA Static Equations from

Variational Principle

This section covers explicitly the minimization described by equation 39
leading to the static SLDA equations described by equation 56. We will
primarily make use of two formulas from the calculus of variations: the func-

tional derivative and the chain rule. The variational derivative of a functional

ELF(7), VI (F), Oapf(7)] is given by,

oE[f(F)] o0& - OE o€
— ===V =+ 0 +
af (1) of ov f Oupf
where «, [ represent spatial coordinates. If the functional £ depends on
densities p[f(7), Vf(7),Ousf(7)], which are functionals of f, the variational

derivative of £ can be expressed as,

(164)

S [ ) 32D .
5f(7’) of(F) op(i)

To minimize the EDF consider the derivative m, which describes the
last row of the static SLDA equations. The remaining rows can be obtained
using the properties and symmetries of the quasi particle wave-functions.
Since the computation of % is highly involved, the contribution from each
density will be computed separately.

The number density contribution is straightforward:

of  0& On, _ 851)* (166)

Ogsq  Ong Ougsy  Ony ksq?

with,
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O
—— =2C0ng + 26,07y + 207 0 + 26,07 + 205"V 2ng + 2£,C8" V20, (167)

on,
I I 09y o
+CY IV Jo+ &CYIV - T+ Cf (v+2)ng " +26,CTnand + Y g‘f’—ff@mq,(f)ﬁ,
q'=p,n 0nq(r)
for Skyrme EDFs, and,
0 5 o T 43 an?  an? Tasni 2bmni  Seond
— = —agny” +2bgng + =cony " — - - - (168)
on, 37 370 3pl 32 3108 md gl
v (2a1n1 Db 49 s, dagni  4bon3 402n:15)
ETCE 1T ainin )
! né/ 3 ng/ 3 ”3 ng/ 3
for SeaLL.L1 EDFs. This term has no spin dependence.
The kinetic density contribution is given by:
o€ . 0& O, . 0€ -
==V ——== =-V - —Vv,, 169
Oksq 0Ty OVUksq or, (169)
with,
0  h?
E = %+an0+§ch—n1. (170)
q
This term also has no spin dependence.
The spin density contribution is given by:
o€ o0&  0s o€
S R (171)

avksq 8§q 8vk5q 6§q

with,
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o€ S -
e = C07V <o+ &CTV . (172)
q

The anomalous density contribution is given by,

06 9E Oky;  OE

= = * 173
OVkyg  OK} vy O Hhte: (173)
with,
o€
=-A. 174
oK} (174)
The remaining spin term (SSTET will be considered later.

The contribution from the current density is significantly more compli-

cated:

5 9 0j, 5 O¢ d7

- = - OC_" e 175
5vksq (9]q avksq 3] 8(aozvksq) ( )
08 00uy) ,  0E  (0ujn)
9(0ajp) Ovksq 78(&1‘7-[3) 9(Oyvksq)
+8W 88 8(6aj/3) 7
9(0ajjg) O(OrwVksq)
where «, 3,7, w refer to spatial indices. Term by term,
o 1.
= —— * ]_
OVksq QiVUkSq’ (176)
073 1
TOutieg) 2077 o
3(8aj3) _ ]' *
Tksq = z—igagvksq, (178)
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8((%]5) B 1 . .
5((9—%34) = 2—@.[557(9&1},%(1 - 5047851),%(1], (179)
a(aajﬁ) _ 1

—0

DOyinng) ~ 20°l0800] 1Vksqs (180)

where d[44[,.] denotes the unordered set [«f] must be equal to the unordered
set [yw]. The derivatives of the EDF with respect to 7 and 0, Jp are given
by:
ag - T_:
— = —2(05J0+§qc1]1), (181)
074
o€ 0
9(Dajqs) a(aa]qﬁ)

CF 7| 2(0y: = 0-3,) (182)
+3y(azjac - aa:]z) + Sz(azjy - ayjz):l

= (axB)- (G550 + £,CT51).

Combining terms,

0 i, - L
_ — T T . % 1
034 OVksq Z<00]0+5q0131) Vs> (183)
o0& d7 - . .
P TINTE R Sl R 1) |or 184
05 D Oatig) i[9+ (G50 + &,CT) Jukay (184)

o€ a(aajﬁ) (VN
_ —(Oc

0(Dajs) OVksg 2 x 3) (€350 + £,C7751) Doty (185)
(e sq
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06 00uds) i o s e * *
878(804]',8) (0yVksq) 237(a><ﬁ) (CO So+&Ch 51)[(55786,%(1 6047857(}116881161)7

06 00ujs) i o s s
i y =75 w ' 5a w iy . 1
% (Dnjs) (DyVksy) 50r(6%B)- (G5 50+ 6407 51)Olaprt Vi (187)

Terms described by equations 185 and 187 vanish, since they are odd under
the exchange of a and 3, and the term described by equation 186 simplifies

to:

o0& a(aocjﬁ) . -, -, -
=—i(CcY’ cyvd -Vl 188
0(Dads) Ovksq (G0 x50+ GOTV3) Dok 159
which can be symmetrized:
a(c: a(aajﬁ) . 1 J N 1 J - E
0((‘%%) 8'Uk;sq ) _Z[(icov Vxso+ §£q01v V% 81) ' VUkSQ’ (189>

- o1 S | Sy
V- (§OOVJv XS0+ §§q01VJV % Sl)vksq]
Combining all results, the entire current density contribution is given by,

0&

(5Uk5q

= —Z[(ECOVJV X Sp + §£quvJV X S1 + C(]]O + chljl) : vvksq (190)

V; 1 Y, S 1 V. 2 T T *
+V - (§C’OVJV X 8¢ + §§‘IC1VJV x 51+ Cjj0+ quljl)vksq]_

The contribution from the spin current density is given by:
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06 08 V- o 0E  (Das)
5Uksq 8(@ . jq) aUkzsq a(aoz*]qoz) a(ﬁvksq)

(191)

9 A(V-J,)
8(@ . jq) a(aaﬁvksq)

This term is also complicated and will be handled part by part:

+8a5

V- jq = 5; Z (ﬁvks [Vvks X Gg] = Vs - Wv;ﬁsf X G (192)

!

a(ﬁjQ) _ 1 = = % -
Toug 22V (Ve (193)
o€
ﬁZOvJTL + OVJTL, 194
AR (194)

20.0.) 1 0
H(Turge) 2 0(Furg) &

(Fuh - [T x ] = T - [T0i % ] (195)

1 . s . s
= 9 [VUgg X Gsst + VUpg X st ]
8’

= 7/ Z[%U;sl X 535/].
s

The term a?év;i)) is zero for all combinations of «, 3, since the two com-

ponents of V - jq, which contain second derivatives, each individually vanish

(becomes self evident after minimal algebraic manipulation):
U}V - [VUps X Ger] = 0, (196)
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VsV - [V X Fesr] = 0. (197)

Similarly the term described by equation 193 also vanishes.
Combining all non zero contributions from the spin current density we

obtain:

56 o 0 0(Oadg)

- = . _ _ 3 C«VJ C«VJ > ) _,SS,
6Uk8q va(aac]qa) a(vvksq) Z;v( o "o +§q 1 nl) (Vvks X T )
(198)

With all densities accounted for, the last row of the static SLDA equations
is given by:

A(F)uiy () = hir (F) vy (7) = (hyy (F) = ) vg (7) = By, (7), (199)
where hgy is defined by equation 57. After complex conjugation:
A () (1) = by (F)oes (7) = (R () = p)ogy (7) = gy (7). (200)

Since the HFB equations are time-reversal invariant, another solution to
equation 200 given by:

i, Um(f) _ Uki(f2 7 (201)
_Um(?”)_ _—UM(T)_
io, —“’”(ﬁ)- | un(7) - , (202)
_Um(?”)_ _—UkT(T)_
leading to,
=A(F)ury (F) = by, (Fowy (F) = (hiy (F) = p)vg (F) = Epoge (7). (203)
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Applying the simultaneous transformation:

it (7)) < gy (7)
v (F) < upy (7) | (204)
Ek <~ —Ek

to equations 200, 203, we obtain:
AT (F)vgy (7) = by (F)uiy (7) = (hyy (7) = p)ug, () = Brug, (7), (205)
—AT(F)og () = hiy (Fug, (7) = (hiy () = m)uiy () = Bgugy (7), - (206)
and after complex conjugation,
A (F)vgy (7) = hiy (Fugy (7) = (hi, (F) = p)ug (T) = Ejug, (7), (207)

—AT(F)og, (7) = hyy (F)ug, (7) = (b3, (F) = ) uigy (7) = Eugy (7). (208)

Combining equations 200, 203, 207, and 208 we arrive at the SLDA static

equations (equation 56).
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B Discretization of LISE

Both the static and dynamic codes are implemented on a 3D cartesian
lattice. In each direction of length L = Na, where N represents the number
of lattice points along that direction and a represents the lattice spacing, the

spatial coordinate x, and Fourier component k,, are discretized via:

Tp,=na,n=0,..N-1, (209)

2nm/L,n=0,..N/2-1
ki, = , (210)
(2n-N)r/L,n=N/2,..N -1
with periodic boundary conditions, i.e. all functions satisfy F(z¢) = F(xy).
When discretized on a 3D lattice, the wave functions and the Hamilto-

nian are represented in the discrete variable representation (DVR) [33], or

Lagrange-mesh method [9], where functions (in 1D) are represented via:

P(x) = Ek:aw(xk)fk(x), (211)
with
N/2-1 4
fe(@) = E;V/ Zexplikn (w1 - 21, (212)

Sin[T;\(]lZ_l)] cot ”(fv_l) k+1,

la k=1,

and with the DVR basis states forming a orthonormal set:

(fulfi) = > afu(n) fi(zn) = O (213)

Static SLDA calculations require diagonalizing the HFB Hamiltonian.

The local potential matrix elements (those which do not contain derivatives)
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have a simple diagonal representation:

(frlUfi) = X afi (2n)U(zn) fi(zn) = U(zi) O (214)

The non-local matrix elements, containing first 0, and second 0,, spatial
derivatives in the kinetic and spin-orbit terms are represented as (see [33] for

more details):

s m m(n-m
(8z)nm = m(_l)n (1_5nm) cot %, (215)
2 (CD)E-m(G —1) w2
(aam’)nm = IN2Zg2 sjn2 T (n-m) - @(1 + m)@mz (216)
N

When applying the Hamiltonian on a wave-function, the most time con-
suming step is the calculation of the gradient and Laplacian. To make these

operations efficient LISE uses fast Fourier transforms (FFTs):

=

-1

FU @) (k) = Y exp(=iknz) f (1), (217)

l

Il
o

| —

FUIWR]: f() = Z:: exp(ikyx1) f (20), (218)

with F being the Fourier transform and F-! being the inverse Fourier trans-

form. To apply a derivative m times:

D f(x) = F [ (k)" f()]- (219)

For odd powers of m a small and unphysical imaginary part is introduced.
In order to eliminate this term we set f(—-ky/2) = 0 [105] [74] [25]. Note,
an FFT approach for computing derivatives is often significantly faster and
more accurate than any commonly used finite difference formula, requiring
only O(N In N) floating point operations.

For increasing numerical accuracy first derivatives are avoided whenever

possible, for example products of two gradient functions are rewritten as,
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VE(#) - VG(F) = %(A[F(f)G(F)] - A[P(M]G(F) - F(MHA[G(7)]). (220)

Additionally, terms which scale linearly with momentum are symmetrized,

A(r,t) - Vo(7,t) = %(fl(r,t) V(T ) + V(7. t) - A(r,t)). (221)

and the Leibniz rule is used to evaluate derivatives of products of two func-

tions via,

VIA(F)B(7)] = B(F)VA(F) + A(F)VB(¥). (222)

More choices are made when evaluating the kinetic term of the Hamiltonian;

g 2;?@) Voko () = _% (2m§2(f) ) V2050 (7) (223)
1, 2 N L, B2 .
+§V (vag(r)) - E(V W)Uka(r)a

and spin-orbit term;

N (2 =\ ey PN (e =\ = TR\ S e
=W () (V% 8)e() =5 [W () - (V<)) + (6 x W (F))- 9(7) |, (224)
for further increased numerical accuracy.
Perhaps the trickiest quality to evaluate numerically is the Coulomb po-
tential, which must be treated carefully due to the existence of unphysical
image charges introduced by the periodic boundary conditions, among other

issues. Starting with Poisson’s equation and it’s solution,
V2O (7) = 4re*n(F), (225)
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3 ,en ,)
O (7) = fd T (226)

which can be expressed in terms of FFTs via [46] [100],

o) = [ (;l:;s 4”€Z§(k)exp(u% 7) = 2F [alk) f(k)], (227)

with 7(k) = F[n(7)], the infrared divergence for k — 0 is avoided by using a
truncated kernel f(k) introduced in [46],

1/r, forr<D B3k

GE | @y ® .
0, otherwise (27)

- {zm@?[l - coQS(Ille)]/’€2 [k # 0, (229)
2re?D? k| =

where D = /3L and L is the longest dimension of a box with lengths L,, L,,

L.. Then, the Coulomb potential is evaluated via,

1

*() = 57

> e2n(k) f (k)exp(ik - 7). (230)

ke(3L)3

Due to the computation costs of performing such a large FFT, especially
in simulations where one lattice dimension is significantly larger than the
other two, the following method is used to reduce the large FFT into a sum of
three smaller ones. First, note any function f(x) defined on the interval (0, L)

can be expressed by a new function g(x) defined on the interval (-L,2L) via,

f(x) if 0<x<L,
g(x) = ' (231)
0 otherwise.

On the interval (0, L) the momentum components are given by:
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o
ki=—§+% fori=0,..N -1, (232)
and on the interval (-L,2L) by:
k= -T2 2™ fori=0, 3N -1 (233)
" a 3L S ’
Then the Fourier transform of f(x) can be written as a sum of the following

three Fourier transforms,

n =2 flz)exp(—ik,;), (234)
]
Pns1ys = Zf x)exp(- Z :vl)exp( iknxy), (235)
hsags = 3 f(x;)exp(—z‘S—Zx»exp(—iknxl), (236)
]

and consequently g(z) can be expressed as,

47
g(x)) = Zexp(zk xl)[h +exp(z :El)hn+1/3 +exp(z3—Lxl)hn+Q/3] (237)

Each transformation A can be computed in parallel, and is three time smaller
than computing the full FET of g directly (in 1D). This is the big advantage
of this trick. Using these transformations the Coulomb potential can be

re-expressed as,

S 7 (7 2r 2w 2w -
@(r) = ki (1, B, 7) F O + [0 22 B2 20 ) Vexp(if - 7
) 27N3aﬂzn0[k§3”kl (ko 8, f(F + (o5 o) )exp(ik-7)]
(238)
2m 2m
esp(iloggo O3y ngg D)

with,
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- L 27 2 2T 7o
Tuam (K, o, B,m) = ) y;m n(x,y,z)exp( - Z[ag—Lx +53—Ly +?73—LZ])eXp(—1k-7’)-
(239)
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C Block Cyclic Decomposition

This section deals with the block cyclic decomposition (BCD) of the Hamil-
tonian matrix, needed for the diagonalization step of the static LISE solver.
The HF'B Hamiltonian matrix H is a 4 x Ny, by 4x Ny, complex matrix with
a degeneracy of 2 (protons and neutrons). To understand BCD, consider a
more general matrix with m rows and n columns. Using column major in-
dexing, meaning row indices i € [0,m — 1] and column indices j € [0,n — 1]

can be related to the total matrix index k via,

k=i+jx%m, (240)

a matrix A, with m =9, n =11, can be expressed as,

Qp,0 Gp,1 Qo2 Ap,3 Ap4 Ao5 Ao Q0,7 Q0,8 @09 Q0,10
i A11 A12 A13 A14 A15 Q16 A1,7 1,8 A1,9 A1,10
Q2,0 A21 Q22 A23 G24 A25 G26 A27 A28 A9 (210
a3z 3,1 32 A33 A3 4 A3 5 A3 A37 A38 A3,9 (310
A= Q4,0 Aq1 Q42 Aq3 Q44 Aq5 Q46 Aq7 A48 A49 G410 (241>
as0 @51 52 053 A54 G55 A56 A57 A58 A59 4510
Qg0 Gp,1 U2 U3 A6 4 65 A6 A6,7 A6,8 Q6,9 46,10

Q7o Q71 Q72 Q73 A74 A75 A76 Q77 A78 Q79 G710

ago Gsg1 Ag2 Gg3 Ag4 Agys Age Ag7 (g8 Ug9 U810 |
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Qg a9 Q1g Q27 36 Q45 As4 Ae3 Q72 A81 QYo
a1 Q1o G19 A28 G37 A46 (55 Gy A73 Gg2 A9l
Qg A11 G20 G29 G38 Q47 56 Ues A74 Ag3 AY2
g G12 G21 G30 G39 A48 G57 Gee Gr5 Aga (93
= |04 Q13 G22 A31 G40 A49 A58 Ag7 Q76 AZ5 Q94
a5 Q14 G23 A32 (41 As50 A59 Agg A77 Age A95
e Q15 G24 A33 Q42 A51 Ao Agyg A78 A7 A9e

a7 Q16 Q25 A34 Q43 A52 Qg1 A7 Q79 A’ Ag9T

ag Q17 Q26 435 (44 A53 Ag2 Q71 Ago Agy AYS |

= [a07a17a27 --~a97,a98]-

For realistic fission calculations the HFB matrix will easily exceed the
maximum memory of a single CPU. To overcome this issue, the memory
is distributed across multiple CPUs, and with MPI (the message passing
interface library) used to communicate between them. LISE has two distinct
communicator spaces, one for protons and one for neutrons, and assigns np
processors to each. For the test matrix A let’s label the processor ids using
iam = 0,..np—1. Let np = pxq where p is the number of rows in the processor
grid, and q is the number of columns. Then row processor ids can be assigned
using ip = 0,...p — 1 and column processor ids using iq = 0,...q — 1. The row

and column processor ids are related to the total processor id via,

lam = ip +iq * p, (242)

with inverse relationships,
ip = iam mod p, (243)

_ iam - (iam mod p)
5 :

iq (244)
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Label the portion of A assigned to processor (ip,iq) as Aj,;q. It contains
mjp, X Njq complex coefficients. If mb xnb is the size of a block, then the total

number of matrix elements each processor holds is given by,

m
ip = ba 24
n
iq = b, 24
Ilq q-nbn ( 6)

where division above refers to integer division,

n/m = floor(n/m). (247)

Since the matrix A will rarely be evenly distributed across each processor

an additional correction is needed to mj, and n;, based on the processor ids

(ip,iq),

m mod(p mb) R

if ip < — m;;, = My, + mb, (248)

if ip = m mod(p mb) — my, = My, + m mod mb, (249)
mb

if iq < %E)qnb) — Ny = Nyjq + 1b, (250)

if iq = nmod(q nb) — Djq = Njq + 1 mod nb. (251)

nb
The local indices (ijp,jiq) (Which describe the position of an element in a
processor) can be now be related to the global indices (i,j) (which describe
the position of an element in the global matrix A) via,

iy = meb +imod mb, (252)

Ppm
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Jiq = qJTbnb +j mod nb. (253)

The reverse map from (i, jiq) to (i,j) is given by,

i =1, mod mb + %p mb + ip mb, (254)
j = Jiq mod nb + Ji—gq nb +iq nb. (255)
n

The relationship between the local indices (iip, jiq) and total local index ki,
is given by,
kipq = iip + jiqmip. (256)

Using the earlier example, let us explicitly lay out the mapping and re-
verse mapping for the case of m=9, n=11, p=2, ¢=3, mb=3, nb=2. The

mapping from the global matrix A to the local matrices is given by,

Qp,0 Gp,1 Qo6 Ao,7 Qp2 Ap,3 Ap,8 A0,9 Qo4 Qo5 40,10

Q10 G171 A16 A1,7 G192 A13 A18 A19 Q14 G155 41,10

G20 G211 G26 A27 Q29 G23 A28 Az9 (2.4 G255 4210

Qg0 Gp,1 U66 UA6,7 Qg2 U3 Ae g U6,9 Qg4 Qg5 U610

aro Q71 Q76 Q77 Q7o Q73 A7g 79 a74 Q75 4710 (257)
| ag,0 ag,1 dge a8 7| (0,0) | dg,2 (g3 A8 Clas,g_(0 1) | g4 485 Gs,lo_(o 2)

a3 asi aze asr 32 G33 G338 439 asy4 Aazs 4310

Q4,0 Aq,1 Q4.6 Q4,7 Q4,2 Q43 Q4,8 Q49 Q4,4 A45 Q4,10

| d50 A51 456 0l5,7_(1 0) | d52 453 58 615,9_(1 1) | A5.4 A5 5 a5,10_(12)

where the inner matrix subscript (ip,iq) identifies the host processor. The

reverse mapping from processor ip = 0, iq = 0 is given by,
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0,0
a0
2.0
Q6,0
az7.0

as.o

ap,1
aii
2.1
Gg,1
a7

as i

Qo6
1,6
2.6
Q6.6
a7

as.e

Qa7
a7
Qg7
ae,7
ar 7

as7

=(0,0)

Qp,0 Ap,1
a1,0 1,1

a20 G271

* ok % %

* % %k F

* k% ok

* %k %k X X %

* %k ok X F %

* % ok X % F

6,0 Ap,1

Q7o A1

| dg,0 48,1

110

* ok % ok

* %k X F

* k% %

Qpe Qo7 * *
16 A17 * *
Q26 Q27 * *
* % X *x %
* % % X %
* % % X %
Qe Qg7 * *
Qre Q77 * *

age agy7 * *

(258)
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