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Process adjustment strategy is an important part of the process improvement methods.

The feedback control technique is used to compensate the deviation of the output, and it

has been intensively investigated. For continuous improvement and proactive strategies,

feedback has a delay and is not the ideal solution. In this thesis we introduce the idea of

feedforward control in our process adjustment procedure. This thesis focuses on studying

the implementation of the feedforward control on many manufacturing processes and some

common realistic disturbance models.

First, the basic concepts of statistical process control and engineering process control are

considered, the basic ideas of the feedback and feedforward control are introduced, and some

motivation examples of feedforward control are proposed. We introduce the philosophy of

feedforward control from a new perspective, called disturbance decomposition viewpoint,

and show the basic causations of the different factors in our control system. We illustrate

this feedforward control idea with many real examples.

Then, some studies of feedforward control are investigated. We build new process ad-

justment models based on the time series disturbance models. We focus on complicated and

synthesis disturbance models, which are more realistic in the real applications nowadays.

Some common and appropriate time series models, both stationary and nonstationary, are





chosen as the background disturbances, such as the integrated moving average (IMA) model,

autoregressive (AR) model, autoregressive moving average (ARMA) model.

Two types of disturbance models are investigated: periodic shift disturbance models

and random step change disturbance models. We combine the feedforward control with the

traditional feedback control in our adjustment system for maintaining the stability of the

process and delivering products at target values. The performance evaluations for different

control strategies, including feedback control, feedforward control and combined (feedback

plus feedforward) control on those disturbance models are studied, and some numerical

numerical results are obtained.

In the periodic shift disturbance models, we derive the feedforward control equations for

each model and the closed forms for the long run output mean square error (MSEO). The

detailed proofs of those formula are also provided. In the random step change disturbance

model, we propose a quasi-feedforward feedback control strategy, and get the MSEO results

through simulations.

In summary, a collection of process disturbance models for manufacturing and some

others processes are proposed and studied systematically in this thesis. It is demonstrated

that by implementing proper adjustment strategies, the stability of the process can be

better maintained and the variation reduction can be efficiently achieved; thus, significant

economic benefits obtained from the consistent quality of products will be achieved. This

research contributes directly to quality improvement of the manufacturing and some other

industries and to the field of applied statistics.
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Chapter 1

INTRODUCTION

1.1 Motivation

Control is a continuous endeavor to keep measures of quality as close as possible to their

target values for indefinite periods of time [9].

For any process, including industrial, chemical, economic, business, etc, in a general

sense, our objective is to achieve the smallest variation around a fixed target value. There

are two statistically based approaches for addressing this problem: statistical process control

(SPC), which is a major tool in process monitoring, and engineering process control (EPC),

which is used in process adjustment.

Process monitoring provides an ongoing check on the stability of the process. It uses

control charts to identify variation which are due to special causes, so that its elimination

can result in process improvement. Meanwhile, a stable process does not necessarily imply

a desired result. With a stable process that does not trigger any of the detection rules for

a control chart, a process capability analysis is also performed to evaluate the ability of the

current process to produce conforming product, which are within the specification limits.

However, stability of the process is not always desired, since in many cases, the current

process might not be a good one. For example, if the process mean is not on target, or if

the process variation is too large, then the stability of this current process will definitely

be hazardous. To achieve the ultimate goal of the process improvement, what we need is

the change of the process, or more specifically, the adjustment of the process so that it can

meet the customer needs.
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1.2 Statistical Process Control

1.2.1 Basic Statistical Process Control Ideas

Statistical process control (SPC) is used to detect and remove the process disturbance due

to the special causes in the process, mainly by using the control chart technique in process

monitoring. SPC parallels the hypothesis test. For example, in the control chart for the

process mean, we want to test if there is the process mean µ has a shift from the target value

µ0, then the hypothesis test is: H0 : µ = µ0 vs Ha : µ 6= µ0. Similarly, in the control chart

for the process variance, the corresponding hypothesis test is: H0 : σ = σ0 vs Ha : σ 6= σ0.

Or more generally, H0 : F = F0 vs Ha : F 6= F0, where F0 is a specific distribution,

such as an independent and identical distributed (i.i.d.) normal N(µ0, σ
2
0) process, or an

autoregressive moving average (ARMA) (1,1) time series process, or a linear profile.

In SPC, when we are monitoring a process by using the control charts, there are control

limits which usually includes the upper control limit (UCL) and the lower control limit

(LCL). People usually use a 3-sigma limits as a rule of thumb, where sigma stands for the

standard deviation for a reference distribution. The statistical basis of control chart is, as

long as the points are plot within the control limits and did not trigger any detection rules,

the process is assumed to be in control, and no action is necessary; however, a point plots

outside of the control limits is interpreted as evidence that the process is out of control, and

investigation and correction action are required to find and eliminate the assignable cause.

For the basic principles of SPC, see [25].

1.2.2 Control Charts for i.i.d. Process

The most frequently used control charts include Shewhart chart, CUSUM chart and EWMA

chart. The disturbance can be a shift on process mean or variance, or both.

The Shewhart chart is the most basic and straightforward one. On the Shewhart chart,

we plot the measured or computed statistic directly [34].

CUSUM involves the calculation of a cumulative sum (which is what makes it ”sequen-
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tial”) [28]. Samples from a process {xn}n≥1 are assigned weights K, and summed as follows:




S+
0 = 0

S+
n+1 = max(0, S+

n + xn −K)

where K = s
2δ and s is the shift size that one wishes to detect. When the value of S exceeds

a certain threshold value, a change in value has been found. The above formula only detects

changes in the positive direction. When negative changes need to be found as well, the min

operation should be used instead of the max operation, and this time a change has been

found when the value of S is below the (negative) value of the threshold value.




S−0 = 0

S−n+1 = min(0, S−n − xn −K)

An exponentially weighted moving average (EWMA), applies weighting factors which de-

crease exponentially. The weighting for each older data point decreases exponentially, giving

much more importance to recent observations while still not discarding older observations

entirely. The EWMA statistic is defined as
{

EWMA0 = µ0

EWMAn = λEWMAn + (1− λ)xn−1, 0 < λ < 1

where λ is the smoothing parameter or weight, which accounts for how much of the past

data should be discounted out at computing the current EWMA statistic. We will show

later that the EWMA can be used for both monitoring and forecasting.

1.2.3 Control Charts for Autocorrelated Process

Usually the control charts are applied on i.i.d. processes, and independence between the

observations is an important basic assumption for the control charts. However, in real

applications, this independence assumption is not justified, since many processes exhibit

autocorrelation. The efficiency of control charts will be substantially deteriorated with the

presence of autocorrelation in the process, for example, the false alarm rate will be dramat-

ically increased when we use the conventional control charts to monitor an autocorrelated

process. Many authors, such as Alwan and Roberts, Montgomery and Mastrangelo, etc,
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have investigated in designing control charts for monitoring the autocorrelated process [1],

[26].

These control charts for the autocorrelated process use the basic fact that, we check the

series of the residuals obtained after fitting the process by a special time series model. If

the model is adequate or correct, then the residuals should resemble a series of indepen-

dent random noise. This is also called diagnostic checking in the iterative model building

process [5].

For example, Montgomery and Mastrangelo proposed to use an integrated moving av-

erage (IMA) process to model a general nonstationary process so that the EWMA statistic

of the process observations is the next step prediction of the process mean [26] .

1.3 Engineering Process Control

1.3.1 Three Types of Variability

Variation is the enemy of process improvement, if there is no variation, there will be no

quality problems. Suppose we sample the products from a production line and measure

some characteristic of interest, since all the measurements are subject to variation, so in

order to find and apply the appropriate control methods, we need to be able to describe

and understand variation.

There are different types of variabilities. Figure 1.1(a) presents the stationary and

uncorrelated process, i.e., the white noise; Figure 1.1(b) presents the stationary and auto-

correlated process; and Figure 1.1(c) presents the nonstationary process. Figures 1.1(a) and

1.1(b) illustrate stationary behavior, by which it means that the process data vary around

a fixed mean in a stable and predictable manner.

The key property of the white noise is that the order of the data tells us nothing about

the series, so consequently it provides no useful information in predicting the future values.

For the second process, positive deviations tend to follow and to be followed by positive

deviations as well as the negative ones, so the adjacent observations from the process mean

are not statistically independent of each other. Thus the lack of statistical independence

implies some degree of predictability for a guessed value from previous ones.
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Figure 1.1: (a) A stationary white noise series; (b) A stationary autocorrelated series; (c)
A nonstationary series.

Deming says, “no process, except in artificially demonstrations by use of random num-

bers, is steady and unwavering” [15], so a stable stationary state is an unnatural one, and

it must be stabilized by using process adjustment. This is especially true for the process

which is affected by factors that cannot be standardized.

To design an efficient adjustment methods we need to know something about the dis-

turbance we are trying to control, i.e., the sequence of deviations that would have occurred

if no control had been applied. Such a disturbance can frequently be represented by a non-

stationary series. However, the output series we actually see is not the uncontrolled series

but rather the series after the control had been applied. And if a control is effective, the

controlled series will not look like a nonstationary one but will be like a stationary series

such as Figures 1.1(a) and 1.1(b).
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1.3.2 From SPC to EPC

SPC is traditionally applied to a process with a fixed mean, and usually successive observa-

tions are assumed to be statistically independent. It assumes that we can bring the process

back into a state of statistical control, and once the process is in the in-control state, it

will tend to stay there with stability for a relatively long period of time without continual

ongoing adjustment.

However, sometimes, if no control were applied, the process will have a tendency to drift

or wander away from the target, due to its nonstationarity property. These may due to

some causes which are often known but cannot be economically removed. We stabilize this

type of process by using EPC, such as feedback or feedforward control, which we will discuss

later. Thus under these circumstances, only SPC is not enough, and EPC is required. For

the control of such processes, a specific question is, if we reject H0 : µ = µ0, then do we

need to make adjustment or not? If yes, how much adjustment should we make?

1.3.3 Basic Ideas of Feedback and Feedforward Control

As the two major statistical methods addressing the quality process, while SPC parallels

hypothesis test, EPC parallels parameter estimation, through which it estimates the cur-

rent level of the disturbance that is used to apply appropriate compensatory adjustment.

Feedback and feedforward control are two important methods in EPC.

Figure 1.2 illustrates the flow diagrams of the typical open-loop system in Figure 1.2(a),

feedforward system in Figure 1.2(b) and closed loop feedback system in Figure 1.2(c).

                                                                         

 

 

 

 

Disturbance 

Input 

 System 

Output 
 System 

Input Output 

Disturbance 

Feedforward 

 System 

Input Output 

Disturbance 

Feedback 

(a) (b) (c) 

Figure 1.2: Feedforward and feedback control systems
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In the open-loop system, there is always a disturbance term into the black-box system,

which renders dispersion on the output value and makes it not necessarily equal to the

target value that we desire. F eedback control is made in reaction to errors at the output.

However, sometimes it is too late to wait until the process output is obtained and measured

by using the feedback control only, so it is ideal if we can do some preaction to adjust the

process before the output. Feedforward control is made to compensate those anticipated

disturbances.

Generally, if we used the measurements of one or more of the known disturbing input

factors to calculate the estimate of the disturbance, we would have an example of feedforward

control. If the estimate of the disturbance directly or indirectly used are only the present

and past values of the output disturbance, then we would have an example of feedback

control [5].

While feedback control has been extensively investigated by many researchers [9], [12],

etc, the existing research on feedforward control from a statistical perspective is quite lim-

ited. Therefore, further investigations and developments on feedforward control are both

necessary and worthwhile.

1.3.4 Motivation of Feedforward Control

• Example 1: Basic grinding problem.

A grinding machine uses an abrasive wheel as the cutting tool. Each grain of abrasive

on the wheel’s surface cuts a small chip from the workpiece via shear deformation.

There are two wheels in our basic grinding problem, one is the grinding wheel working

as a cutting tool, and the other is the workpiece wheel, which was cut by the grinding wheel

to form a designed shape.

Suppose that the target value for the diameter of the workpiece wheel is 5.0 cm. The

traditional control method is to use the feedback control, that is, to measure the diameter of

the produced workpiece wheel, and adjust the position of the grinding wheel correspondingly.

However, if we can apply the feedforward control idea, it might be preferable for producing

better workpiece products. By using the feedforward control, we monitor the wear of the
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grinding wheel and measure its diameter after wearing. If it is too close to the workpiece

wheel, then we have evidence to suspect that the diameter of the produced workpiece wheel

is smaller than the target value 5.0 cm, so we adjustment the workpiece wheel with a bigger

distance to the workpiece wheel, and vice versa.

• Example 2: Thermostat problem.

A thermostat will counteract a drop in temperature by switching on the heating. Feedfor-

ward control will suppress the disturbance before it has had the chance to affect the system’s

essential variables. This requires the capacity to anticipate the effect of perturbations on

the system’s goal. Otherwise the system would not know which external fluctuations to

consider as perturbations, or how to effectively compensate their influence before it affects

the system. This requires that the control system be able to gather early information about

these fluctuations.

For example, feedforward control might be applied to the thermostatically controlled

room by installing a temperature sensor outside of the room, which would warn the ther-

mostat about a drop in the outside temperature, so that it could start heating before this

would affect the inside temperature. In many cases, such advance warning is difficult to

implement, or simply unreliable. For example, the thermostat might start heating the

room, anticipating the effect of outside cooling, without being aware that at the same time

someone in the room switched on the oven, producing more than enough heat to offset the

drop in outside temperature. No sensor or anticipation can ever provide complete informa-

tion about the future effects of an infinite variety of possible perturbations, and therefore

feedforward control is bound to make mistakes.

• Example 3: Water heater problem.

Bela G. Liptak gave an example of water heater to illustrate the idea of feedforward

control in Figure 1.3 [22]. The steam is put into cold water in a heat exchanger system

to maintain a fixed temperature on the generated hot water. Instead of only using the

thermostat on the hot water outlet, a skillful operator of a water heater system could

use a simple feedforward strategy to compensate for changes in inlet water temperature

by detecting a change in inlet water temperature and in response to that, increasing or

decreasing the steam rate to counteract the change. This same compensation could be
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made automatically with an inlet temperature detector designed to initiate the corrective

appropriate adjustment in the steam valve opening. Here the cold water temperature is our

informative variable B.

                                                                        

steam 

 cold water 
  steam valve 

 water  

 heater 

 hot water 

  temperature indicator 

Figure 1.3: feedforward feedforward control implemented by an operator in a water heater
system

Bela G. Liptak also pointed out that the concept of feedforward control is very powerful,

but it is difficult to implement in most process control applications, since in many cases

disturbances cannot be accurately measured. The main limitation of feedforward is due to

our inability to prepare perfect process models or to make perfectly accurate measurements.

• Example 4: Drying process problem.

Myer Kutz considered a drying process with a long residence time [21]. Using feedback

control, a moisture sensor would be placed at the output of the drying unit and its signal

would be used to adjust the drying time and or drying temperature. However, if the resi-

dence time is 3 hours, then it will take close to 3 hours to determine if the right adjustment

has been made. In the meantime, the product under production may not meet quality

standards for moisture and require reprocessing or disposal. Both alternatives impose un-

acceptable costs during manufacturing.

A better solution is to measure the moisture of the incoming feed material and treat

any deviation in feed moisture content from nominal as a disturbance variable and use this

as a feedforward type of controller. By measuring the moisture content of the feed material
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entering the dryer, a mass balance calculation can be employed to determine the change

in drying temperature or drying time required for that feedstock. The correct process is

applied without feedback control.

• Example 5: Car cruise control

A feedforward system can be illustrated by comparing it with a familiar feedback system

that of cruise control in a car. When in use, the cruise control enables a car to maintain a

steady road speed. When an uphill stretch of road is encountered, the car slows down below

the set speed; this speed error causes the engine throttle to be opened further, bringing the

car back to its original speed.

A feedforward system on the other hand would in some way “predict” the slowing down

of the car. For example it could measure the slope of the road and, upon encountering a

hill, would open up the throttle by a certain amount, anticipating the extra load. The car

does not have to slow down at all for the correction to come into play. Here the road slope

is the informative variable B.

1.4 Basic Causations in Feedforward Feedback Control Model

In our feedback and feedforward control framework, all the variables in a system can be

categorized into three groups: control factors X which values can be adjusted, uncontrollable

noise factors e which are the source of variation, and the output Y . The relationship between

those factors can be written as Y = f(X, e), where f is the transfer function. Meanwhile, if e

can be further decomposed into a new observable but uncontrollable factor B (possibly with

observation errors) and the remaining noise e′, then we can write a new transfer function

Y = f ′(X, B, e′) and apply feedforward control by using the information of B. We call B

informative variable and e′ noninformative noise.

See Figure 1.4 for illustrations, while the left graph is closed-loop feedback control, the

right graph adds the feedforward control loop for the informative variable B. Apparently

any process can be adjusted by feedback control, however, it is not true for feedforward con-

trol. We have illustrated the feasibility conditions for feedforward control from disturbance

decomposition viewpoint: only if the disturbance e can be decomposed into a noninfor-
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Figure 1.4: Disturbance Decomposition

matative noise (or background disturbance) e′ and an informative variable B, which can be

measured, forecasted, or estimated (with errors usually), but cannot be adjusted, then we

can use the information of B to adjust X to make the output Y closer to the target value.

Since unmeasured background disturbances are always present in any control system,

feedforward control is usually combined with feedback control to achieve the highest possible

efficiency. How effective this feedforward control can be depends on the magnitude of the

informative variable B that can be taken out from the noise e, and we will explain this later

in detail.

1.5 The Informative Variable B in Some Examples

From those real examples with feedforward control, we can identify the noninformative

variable B in each example. In the water heater example in which the steam is put into

cold water in a heat exchanger system to maintain a fixed temperature on the generated hot

water, since the operator would compensate for changes in inlet cold water temperature by

monitoring it and in response to that, increasing or decreasing the steam rate to counteract

the change, so the cold water temperature is our informative variable B.

In another example for the cruise control which enables a car to maintain a steady road

speed, since feedforward control is applied by measuring the road slope, upon encountering

a hill, then it would open up the throttle by a certain amount automatically and anticipate
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the extra load, so the road slope is the informative variable B.

1.6 Some More Comments on the Informative Variable B

From the previous illustration about the disturbance decomposition model and the basic

causations between the different variables, we know that the key for the feedforward control

application is the informative variable B. Here we will provide more detailed explanations

on the informative variable B in different disturbance models we will investigate.

We mentioned that the basic requirement for the informative variable B is that it can be

measured, forecasted, or estimated (with errors usually), but cannot be adjusted. Later we

will show that for real disturbance models, feedforward control can be applied either when

B can be measured, estimated, or even when its distribution is known.

1.7 Overview of Thesis

In Chapter 2, we will have a literature review on Box’s feedback control by using the time se-

ries method. Both responsive system and process with inertia represented by the first-order

dynamic model have been covered. We will also cover some preliminary knowledge on time

series analysis and introduce some classical time series models. In Chapter 3 and Chapter

4, we will investigate two very common disturbance models in the manufacturing processes:

the periodic shift disturbance models and random step change disturbance models. Specific

control equations are derived for each control strategy under each disturbance model. We

will evaluate the effect of feedback control, feedforward control and combined control for

those disturbance models.
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Chapter 2

LITERATURE REVIEW

In chapter 2, we first give a detailed review on the basic knowledge of time series models,

and then introduce some common time series models, including autoregressive (AR) model,

moving average (MA) model, autoregressive moving average (ARMA) model, integrated

moving average (IMA) model, etc. Then we will make a literature review on the feedback

control method proposed by Box and his collaborators, who studied the process adjustment

problem by feedback control using time series models since 1960s. For those time series

disturbance models, we will talk about their expressions in both the responsive system and

system with inertia.

2.1 Review of Time Series Models

Before we introduce Box’s feedback control in the next section, it is necessary to give a

review for time series models as preliminary knowledge.

A time series is a set of observations generated sequentially in time. Here we do not

consider the deterministic time series, in which future values are exactly determined by

some mathematical function. Instead, we only consider time series as a stochastic process,

in which the process evolves in time according to probabilistic laws. In general, a time series

model is an equation that relates in some way or other a sequence {zt}t≥1 of values for the

disturbance to a sequence {at}t≥1 of a white noise series.

We know that as a stochastic process, the time series is strictly stationary if its proper-

ties are unaffected by a change of time origin, i.e., the joint distributions of two sequence

{zt1 , zt2 , ..., ztm} and {zt1+k, zt2+k, ..., ztm+k} are the same, for any shift time k.
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2.1.1 Autocorrelation Function

Usually, a stationary time series can be described by its mean, variance and autocorrelation

function. Without loss of generality, we introduce time series in the context of modeling the

disturbance zt = yt − T . When the series is stationary, we suppose that T = µ (Of course

T = µ is not always true, and adjustment bias may exist, but we do not discuss this case

now), so zt = yt − µ and E(zt) = E(yt)− µ = µ− µ = 0. A measure of the dispersion of a

stationary time series is its variance, i.e., its long-term average of the squares of deviations

from the mean:

σ2
y = σ2

z = E[(zt − E(zt))2] = E(z2
t ) =

1
n

(z2
t + z2

t−1 + z2
t−2 + ...), (2.1)

where the number of terms n in the sum is supposed to be very large, and theoretically

infinite.

Similarly, a measure of the series dependence between deviations k steps apart is the

autocovariance function at lag k:

γk = cov(zt, zt+k)

= E[(zt − E(zt))(zt+k − E(zt+k))]

= E(ztzt+k) = 1
n(ztzt−k + zt+1zt+1−k + ...)

(2.2)

So γ0 = σ2
z . The autocorrelation coefficients at lag k are defined to be

ρk = γk/γ0. (2.3)

Its series γ0, γ1, γ2, ... is called the autocorrelation function (ACF).

2.1.2 Variogram

Let Vm = var(zt+m − zt) denote the variance of the difference between observations taken

m steps apart, then a corresponding scaleless quantity measuring variance inflation is

Vm/V1 = var(zt+m − zt)/var(zt+1 − zt).

We call the series {1, V2/V1, V3/V1, ...} the standardized variogram, or simply the vari-

ogram. We have the relationship between the variogram and the ACF:

Vm/V1 = (1− ρm)/(1− ρ1).
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And since
Vm/V1 = var(zt+m − zt)/var(zt+1 − zt)

= E[(zt+m − zt)2]/E[(zt+1 − zt)2]

=
E(z2

t+m)−2E(zt+mzt)+E(z2
t )

E(z2
t+1)−2E(zt+1zt)+E(z2

t )

=
2E(z2

t+m)−2E(zt+mzt)

2E(z2
t+1)−2E(zt+1zt)

= cov(zt+m,zt)−var(zt+m)
cov(zt+1,zt)−var(zt+1)

= (γm − γ0)/(γ1 − γ0)

= (γm

γ0
− 1)/(γ1

γ0
− 1)

= (1− ρm)/(1− ρ1)

Compared with the strict stationarity above, the time series is weakly stationary (second-

order stationary) if E(zt) = µ is a fixed constant for all t, and autocovariances cov(zt, zt+k) =

γk only depend on the time lag k for all t. It can be easily seen that weak stationarity plus

normality is sufficient to produce strict stationarity.

2.1.3 General Linear Process with its Stationarity and Invertibility

Define B as the backshift-operator Byt = yt−1. Similarly, define F as the forwardshift-

operator Fyt = yt+1.

Let {at} be a white noise series, i.e., a series of independent drawings from some distri-

bution (usually supposed approximately normal) having mean zero and with fixed standard

deviation σa, then the general linear process can be expressed as the form:

zt = at +
∞∑

i=1

ψiat−i = (1 +
∞∑

i=1

ψiBi)at = ψ(B)at, (2.4)

where ψ(B) = 1 +
∞∑
i=1

ψiBi =
∞∑
i=0

ψiBi, with ψ0 = 1.

The general linear process can also be expressed as another form:

zt =
∞∑
i=1

πizt−i + at ⇐⇒

(1−
∞∑
i=1

πiBi)zt = π(B)zt = at.
(2.5)

We can get the relationship π(B) = ψ−1(B).

For a linear process, two very basic concepts are stationarity and invertibility. As we

have already explained the meaning of stationarity, the basic idea of invertibility can be



16

illustrated as follows: from the above expression π(B)zt = at, we can write present event

zt as a linear combination of past happenings zt−1, zt−2, ..., as long as the weights πj are

absolutely summable, i.e.,
∞∑
i=0

|πi| < ∞.

For a linear process above zt = ψ(B)at, or π(B)zt = at, it is stationary if
∞∑
i=0

|ψi| < ∞,

i.e., the series ψ(B) converges for |B| ≤ 1, that is, on or within the unit circle. And it is

invertible if
∞∑
i=0

|πi| < ∞. i.e., the series π(B) converges for |B| ≤ 1, that is, on or within

the unit circle. Invertibility condition is independent of the stationary condition.

2.1.4 Autoregressive Models
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Figure 2.1: Six AR(1) series generated by the same white noise with
φ=0.1,0.3,0.5,0.7,0.9,1.0.

The AR(p) model is given by φ(B)zt = at, where

φ(B) = 1− φ1B− φ2B2 − ...− φpBp. (2.6)
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The equation φ(B) = 0 is called the characteristic equation for the process. The station-

ary condition is, the roots of φ(B) = 0 must be lie outside the unit circle.

For example, for the AR(1) process

zt = φ1zt−1 + at,

=⇒ zt = φ1zt−1 + at

= φ1(φ1zt−2 + at−1) + at = ...

=
∞∑

j=0
φj

1at−j ,

we must require |φ1| < 1 to ensure the process zt has a finite variance so that it is stationary.

AR(1) and AR(2) processes are of considerable practical importance[5]. Sometimes the

coefficient function φj
1 in this expansion is called “Green’s function” denoted by Gj [32]. So

for AR(1), Gj = φj
1.

2.1.5 Moving Average Models

The MA(q) model is given by zt = θ(B)at, where

θ(B) = 1− θ1B− θ2B2 − ...− θqBq. (2.7)

MA(1) and MA(2) processes are of considerable practical importance[5] .

Time series that can be represented by stationary MA models are rather uncommon[9].

And compared with MA model, of greater interest for representing the stationary autocor-

related series are the AR models. But one example that can be modeled by the MA(1)

process is the carry-over series[9, pg. 273].

2.1.6 Autoregressive Moving Average (ARMA) Models

The ARMA(p,q) model is given by φ(B)zt = θ(B)at, where

φ(B) = 1− φ1B− φ2B2 − ...− φpBp,

θ(B) = 1− θ1B− θ2B2 − ...− θqBq,
(2.8)

as we defined above.
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The stationarity condition is, the characteristic function φ(B) = 0 has all its roots lying

outside the unit circle. And the invertibility condition is, the function θ(B) = 0 has all its

roots lying outside the unit circle.

Table 2.1 lists the properties of AR, MA and ARMA models.

Table 2.1: Summary of the properties of AR, MA and ARMA models

characteristics AR(p) Process MA(q) Process ARMA(p,q) Process

In terms of previous z
′
ts φ(B)zt = at θ−1(B)zt = at θ−1(B)φ(B)zt = at

In terms of previous a
′
ts zt = φ−1(B)at zt = θ(B)at zt = φ−1(B)θ(B)at

π weights Finite series Infinite series Infinite series

ψ weights Infinite series Finite series Infinite series

Stationarity condition Roots of φ(B) = 0 Always stationary Roots of φ(B)=0

lie outside unit circle lie outside unit circle

Invertibility condition Always invertible Roots of θ(B) = 0 Roots of θ(B)=0

lie outside unit circle lie outside unit circle

Autocorrelation function Infinite Finite Infinite

Tails off Cuts off after lag q Tails off

Partial autocorrelation Finite Infinite Infinite

function Cuts off after lag p Tails off Tails off

2.1.7 Autoregressive Integrated Moving Average (ARIMA) Models

Most naturally occurring series, as well as the uncontrolled process disturbances cannot

be adequately represented by stationary models. However, although the level {zt} is not

stationary, it is frequent true that its rate of change, the first difference {zt − zt−1} is

stationary. Also, on very rare occasions, if the first difference is still nonstationary, it
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second difference, i.e., the difference of the differences,

{(zt − zt−1)− (zt−1 − zt−2)} = {zt − 2zt−1 + zt−2}

is stationary.

ARIMA(p,d,q) model can be expressed as:

ϕ(B)zt = φ(B)∇dzt = θ(B)at,

where ∇ = 1− B, and ∇d = ∇d−1B.

That is, after differencing d times, the ARIMA(p,d,q) model turns to be an ARMA(p,q)

model. In practice, d is rarely great than 1[9, pg. 279].

2.1.8 Integrated Moving Average Model

Integrated moving average (IMA) model, i.e., ARIMA(0,1,1) model,

zt+1 − zt = at+1 − θat, (2.9)

is considered to be the most important model for the nonstationary disturbance. Let λ =

1 − θ, when λ = 0(θ = 1.0), the disturbance zt is a white noise, which is typical for a

process in a perfect state of control. Larger values of λ produce disturbances that display

an increasing degree of instability, see Figures 2.2. They closely mimic the behavior of many

industrial processes when no control is applied. When λ = 1.0(θ = 0), zt+1 = zt + at+1,

which is a random walk. The industrial time series usually have much smaller values of λ,

usually 0.2 ≤ λ ≤ 0.4 [9].

At times t, t− 1, ..., 1, the IMA model is

zt − zt−1 = at − θat−1

zt−1 − zt−2 = at−1 − θat−2

...

z2 − z1 = a2 − θa1

z1 = a1

By adding those t equations with appropriate cancelation, we get
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Figure 2.2: Six IMA series generated by the same white noise with θ=1.0,0.9,0.8,0.7,0.6,0.5.

zt = at + λ
t−1∑
i=1

ai,⇐⇒

zt = θat + λ
t∑

i=1
ai.

(2.10)

where λ = 1 − θ, so zt is a mixture of the current random shock at and the sum
t−1∑
i=1

ai of

previous shocks. Thus it shows that the IMA model is equivalent to a random walk with

added independent noise.

2.2 Box’s Feedback Control

2.2.1 Basic Concepts and Notations

First we introduce some notations in Box’s process adjustment strategies:

T : the target value.

yt: the output value at time t.
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at: white noise series, i.e., a series of independent and identically distributed (iid) random

variables with mean 0 and standard deviation σa.

δt: periodical step change at time t.

zt: disturbance at time t—the deviation from some target value T that would occur if

no attempt at control were made.

ẑt: an estimate of zt.

z̃t: an EWMA forecast of zt based on data up to and including time t.

et: forecast error at time t, et = zt − ẑt = zt − z̃t−1 /output error et = yt − T , the

deviation from the target value T after the adjustment at time t. To be proved: forecast

error=output error, i.e., et = zt − z̃t−1 = yt − T .

X: compensatory variable, or adjustment variable.

Xt: the level of the compensatory variable at time t.

xt = Xt−Xt−1 = ∇Xt: adjustment—the change made in the level of the compensating

variable Xt, at time t from the previous level Xt−1.

G: damping factor, its value can be changed by the operators.

g: system gain, the eventual change in the output that is induced by a unit adjustment

at the input. Its value can be changed through system designs.

B: common backshift-operator defined as Byt = yt−1.

• Proof of et=output error=forecast error, i.e., et = yt − T = zt − z̃t−1:

Proof: Since after adjustment et = yt − T , and without control zt = y′t − T , where y′t is

the output value at time t if there is no control. Then we have

et − zt = yt − y′t =⇒
et = zt + yt − y′t = zt − (y′t − yt).

So to prove that et also satisfies et = zt − z̃t−1, it is equivalent to prove

y′t − yt = z̃t−1.

Since y′t − yt = z̃t−1

⇐⇒ (y′t − T )− (yt − T ) = z̃t−1

⇐⇒ zt − et = z̃t−1

⇐⇒ zt − z̃t−1 = et

The last equation is true from the definition of forecast error et = zt − z̃t−1.
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Thus et = yt − T = zt − z̃t−1 has been proved.

2.2.2 Minimum Mean Square Error

Like Taguchi’s Beta coefficient method and Grubbs’ harmonic rule, we assume that after

adjustment the process mean and the target value coincides, i.e., µy = T , so E(et) = 0,

then we have:

σ2
e = E(e2

t )− [E(et)]2 = E[(yt − T )2] = E[(yt − µy)2] = σ2
y ,

so we have MSE ⇐⇒ σ2
y .

So one optimal criteria is minimum mean square error (MMSE): long-run average of

squares of the et values is the smallest possible.

When there is only off-target cost, we only need to consider the output variance σ2
y .

However, in many cases there is also the adjustment cost, i.e., the larger the adjustment xt

we made, the larger the cost is, so in our adjustment, we need to balance σ2
e and σ2

x. [9]

proposed an optimal linear scheme that minimizes σ2
x +ασ2

e , called constrained adjustment.

2.2.3 Responsive System: Feedback Control Equation and PI Control

In this thesis we only consider the control of discrete systems, where measurements and (or)

adjustments are made at equispaced intervals of time t, t− 1, t− 2...

Assume it is a responsive system, i.e., all the effect of a change xt in the adjustment

variable Xt will be realized at the output yt in one time interval. The basic idea of feedback

control is making an adjustment roughly proportional to the current output error et = yt−T ,

so the control equation is gxt = −Get, where G is the proportion of the full adjustment

that is put into effect.

The basic procedure for the feedback control is:

(1) At time t, we measure the output deviation et.

(2) Based on et, we use the feedback control equation gxt = −Get.

(3) Since it is a responsive system, so after we made the feedback control xt at time t, its

effect will be realized on yt+1 after one time interval. So we measure the output deviation

et+1, and iterate the procedure (1) and (2) repeatedly.
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Figure 2.3: Series 1 without control and after control

The top part of Figure 2.3 shows 100 observations of a thickness measurement of a

very thin metallic film, when no control was applied[9]. We desire to maintain this quality

characteristic as closely as possible to the target value T=80. The low part shows the

controlled series after feedback control was made. By comparing these two figures, the

control is seen to be very effective.

Since the control equation can be written as

gxt = −Get

=⇒ g(Xt −Xt−1) = −Get

=⇒ gXt = gX0 −G
t∑

i=1
ei

=⇒ gXt = k0 + kI

t∑
i=1

ei,
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where k0 = gX0, kI = −G, so it is a form of proportional integral (PI) control.

2.2.4 EWMA Forecast, IMA Model and Feedback Control

EWMA can be used for both process monitoring and forecasting. The use of exponential

smoothing for forecasting is to give most weight to the last observation and less to the

next-but-last and so on. Thus the general idea is that, given data up to and including time

t, which is called the forecast origin, we can use the EWMA z̃t to provide an estimate ẑt+1

of the next value zt+1:

z̃t = ẑt+1 = (1− θ)(zt + θzt−1 + θ2zt−2 + ...)

⇐⇒ z̃t = λzt + θz̃t−1, where λ = 1− θ,

⇐⇒ ẑt+1 = λzt + θẑt.

So as soon as the actual value zt becomes available at time t, we can interpolate between

zt and ẑt to get ẑt+1. Figure 2.4 shows an example of EWMA forecast with θ=0.6.
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Figure 2.4: EWMA forecast for the sales of boxes from week 21 to week 41 using θ=0.6

There are three important relationships for EWMA forecast:

(1) z̃t = λzt + θz̃t−1 or ẑt+1 = λzt + θẑt.
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(2) z̃t− z̃t−1 = λ(zt− z̃t−1) or ẑt+1− ẑt = λet, where et = zt− z̃t−1. Interpolate between

zt and z̃t−1 to get z̃t.

(3) zt − zt−1 = et − θet−1.

From equation (3) we know that for IMA model, we have et = at, i.e., the optimal

forecast, therefore EWMA is a good forecast for IMA model[27].

When the disturbance is not an IMA model, which forecast should we use? Box and

Luceño showed the robustness of the EWMA forecast[9, pg. 122].

Now we show the equivalence of EWMA forecast and feedback control. Since at time t,

if we can estimate the level of the disturbance one step ahead zt+1 by ẑt+1, then we could

achieve perfect control by setting Xt so that at time t it cancels out the predicted value

ẑt+1:

gXt = −ẑt+1 =⇒ gxt = −(ẑt+1 − ẑt),

And since gxt = −Get = −G(zt − ẑt), so we have

ẑt+1 − ẑt = G(zt − ẑt) =⇒
ẑt+1 = Gzt + (1−G)ẑt.

This is a first-order difference equation. From equation (1) in the three important

relationships for EWMA forecast, if we set θ = 1−G, it has the solution

ẑt+1 = z̃t = (1− θ)(zt + θzt−1 + θ2zt−2 + ...). (2.11)

Then the equation gXt = −ẑt+1 becomes gXt = −z̃t. This proves the equivalence of

gxt = −Get and gXt = −ẑt+1, i.e., the adjustment made which is proportional to the last

error, turns out to be equivalent to setting gXt at each stage so as to cancel an EWMA

forecast of the disturbance with smoothing constant θ = 1−G.

From gXt−1 = −ẑt and et = zt − ẑt, we have

et = zt + gXt−1.

Since zt is the disturbance, and gXt−1 is the total magnitude of feedback control, so the

output error et is their sum. So we have three equivalent forms for the feedback control

equations:
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(1) gxt = −Get.

(2) gXt = −ẑt+1.

(3) et = zt + gXt−1.

They are valid only for IMA disturbance model in a responsive system. For a general

process with inertia, we have similar feedback control equations, which will be discussed

later.

2.2.5 Inflation of the Output Variance

So far we assume that the disturbance zt is an IMA model with smoothing constant θ0:

zt − zt−1 = at − θ0at−1, |θ0| < 1.

However, in practice, we do not know the true value θ0 of θ. Let λ0 = 1− θ0. Suppose

the feedback control applied here uses G 6= λ0, then the forecast errors {et}t≥1 resulting

from the feedback control using θ = 1−G instead of θ0 is

zt − zt−1 = et − θet−1, |θ| < 1.

From the above two equations we have:

et − θet−1 = at − θ0at−1.

This is an ARMA (1,1) model for et values, and we have the variance inflation

σ2
e

σ2
a

=
1− 2θθ0 + θ2

0

1− θ2
= 1 +

(θ0 − θ)2

1− θ2
= 1 +

(G− λ0)2

G(2−G)
. (2.12)

Without loss of generality, we usually assume σ2
a = 1.

We can reduce the value of G to a “suboptimal” value less than λ0 to reduce the input

variance while only mildly increase σ2
e , see Figure 2.5 [9, pg. 142]. It can be seen that to

reduce σx we need to cut back on the value of the damping factor G. When a small increase

in σe is tolerated in order to achieve a large reduction in σx, the adjustment schemes are

called constrained adjustment schemes.
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Figure 2.5: Inflation of process variance with different choice of G

2.3 Box’s Feedback Control For Process With Inertia

2.3.1 First-order Dynamic System and EWMA

In some processes it may take some time before the full effect of adjustment is experienced

at the process output, or there are one or two intervals of pure delay in the system response.

We model it by a first-order dynamic system:

Yt+1 − Yt = (1− δ)(Xt − Yt) ⇐⇒
Yt+1 = (1− δ)Xt + δYt, 0 ≤ δ < 1.

For a step change in the input X, the proportion of the total change that occurs in the

first time interval is 1− δ. The above first-order dynamic system can be generalized to be

Yt = δYt−1 + g(1− δ)Xt−1 + C, 0 ≤ δ < 1. (2.13)

where C is a constant.
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When a unit step change is made in X, after t time periods, the change in Y will be

g(1 − δt). Thus for this dynamic model the output change asymptotically approaches g

units, the system gain, as t →∞.

A further simplification of dynamics is that, all of the changed induced by a step change

in X will occur in a single time interval, which corresponds to δ = 0, so the dynamic model

becomes

Yt = gXt−1 + C.

where C is a constant. This is called the pure-gain model (responsive system), i.e., a process

without inertia.

Process inertia can also be represented by EWMA. From Yt+1 = (1− δ)Xt + δYt, we can

get the EWMA form by iteration:

Yt+1 = (1− δ)(Xt + δXt−1 + δ2Xt−2 + ...),

so the system equation can be written as the forecast form by Yt+1 = X̃t, where X̃t is an

EWMA with smoothing parameter δ, which is a measure of the process dynamics (inertia),

with a small value of δ corresponds to a rapidly responding system, and a large value of δ

corresponds to a slowly responding system. Figure 2.6 shows a process with δ = 0.5.

Compared with et = zt + gXt−1 for the responsive system, and the output errors of the

first-order dynamic system Yt − δYt−1 = g(1− δ)Xt−1 satisfies[10]:

et − δet−1 = zt − δzt−1 + g(1− δ)Xt−1

⇐⇒ et = zt + g(1−δ)
1−δB Xt−1.

(2.14)

• Proof: Since
{

et − δet−1 = zt − δzt−1 + g(1− δ)Xt−1

Yt − δYt−1 = g(1− δ)Xt−1

⇐⇒ et − δet−1 = zt − δzt−1 + Yt − δYt−1,

⇐⇒ et = zt + Yt,

which is always true[9, pg. 184].
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2.3.2 Feedback Control, PI Control and EWMA Forecast

As we point out, if a process is not a responsive system and there is process inertia, it takes

more than one time interval for the full effect of the adjustment in the input realized at the

output. And for most practical cases, 0 ≤ δ ≤ 0.5, so most effect of the the adjustment in

the input can be realized at the output within two time intervals, and the effect of the the

adjustment in the input after two time intervals is so small that it can be ignored. Thus

Box and Luceño also considered “the slightly more adventurous possibility of making the

adjustment xt depend on the last two errors et and et−1”, with the control equation [9]

gxt = c1et + c2et−1. (2.15)
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Figure 2.7: A flow diagram for a process subject to feedback control at time t + 1

From the control equation gxt = c1et + c2et−1, we can get its PI control form:

gXt = k0 + kP + kI

t∑

i=1

ei,

where k0 = 0, kp = −c2, kI = c1 + c2.

Since
gxt = c1et + c2et−1

= −[−(c1 + c2)][et − c2
c1+c2

(et − et−1)]

= −G[et + P (et − et−1)],

where G = −(c1 + c2), P = −c2/(c1 + c2), so the PI control equation can be written as

gxt = −G[et + P (et − et−1)], (2.16)

We have c1 ≤ 0, G ≥ 0, P ∈ R. It is obvious that when P > 0 we extrapolate a line joining

the last two points of et and et−1 by P time intervals, and when P < 0 we interpolate

between et and et−1. We will show later that when we interpolate by using P < 0, the

adjustment process is more stable, and it requires less adjustment in the input variable.

We can also write the control equation in another form. Set δ = −c2/c1, then since

G = −(c1 + c2), we have c1 = (c1 + c2)/(1 + c2/c1) = −G/(1− δ). Then we have

gxt = c1et + c2et−1 = c1(et + c2
c1

et−1) = − G
1−δ (et − δet−1),

⇐⇒ gXt = gX0 − δG
1−δ −G

t∑
i=1

ei.
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This PI control is equivalent to setting gX̃t = −z̃t, where X̃t is an EWMA of Xt, Xt−1,...

with smoothing constant δ = −c2/c1 and z̃t is an EWMA of zt, zt−1,..., with smoothing

constant 1−G.

• Proof of the equivalence of gxt = − G
1−δ (et − δet−1) and gX̃t = −z̃t:

From gX̃t = −z̃t we have:

gx̃t = g(X̃t − X̃t−1) = −(z̃t − z̃t−1),

where x̃t = (1 − δ)(xt + δxt + δ2xt + ...), i.e., it is an EWMA of current and previous

adjustments xt, xt,... with smoothing constant δ.

From z̃t − z̃t−1 = λet, i.e., equation (2) of the three equivalent relationships for the

EWMA forecast in section 2.4.4, we have

gx̃t = −(z̃t − z̃t−1) = −λet.

By setting G = λ, we have gx̃t = −Get. Then we have

g(x̃t − δx̃t−1) = −G(et − δet−1).

Since X̃t is an EWMA of Xt, Xt−1,... with smoothing constant δ, i.e.,

X̃t = (1− δ)Xt + δX̃t−1,

we have

x̃t = (1− δ)xt + δx̃t−1,

so we have

x̃t − δx̃t−1 = (1− δ)xt,

Combining it with g(x̃t − δx̃t−1) = −G(et − δet−1), we get

g(1− δ)x̃t = −G(et − δet−1),

so that

gxt = − G

1− δ
(et − δet−1).
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2.3.3 MMSE Control and PI Control with Constrained Adjustment

We have the assumption on the process inertia and the disturbance model:

1. The adjustment process inertia is represented by

Xt+1 = X̃t = (1− δ0)(Xt + δ0Xt−1 + δ2
0Xt−2 + ...).

2. The process disturbance is an IMA model

zt − zt−1 = at − θ0at−1,

and λ0 = 1− θ0.

Then it is natural that the MMSE control is gX̃t = −z̃t, where X̃t is an EWMA of Xt,

Xt−1,... with smoothing constant δ0 and z̃t is an EWMA of zt, zt−1,..., with smoothing

constant θ0.

The three control equations are

(1) gxt = c1et + c2et−1, with c1 = − λ0
1−δ0

.

(2) gXt = k0 + kP + kI

t∑
i=1

ei, with kp = − δ0λ0
1−δ0

and kI = −λ0.

(3) gxt = −G[et + P (et − et−1)], with G = λ0 and P = δ0
1−δ0

.

It is well known that MMSE control is not necessarily the best choice, since it often

requires excessive manipulation [2], [9], [13]. MMSE control may not be of much practical

interest unless the process is only slightly nonstationary (λ0 is small) and has rapid dynamic

response (δ0 is not far from 0) [9].

Since P is the degree of extrapolation along a line joining the last two points et and et−1,

so when δ0 is larger, i.e., for slower dynamics, P = δ0
1−δ0

is larger, which requires greater

extrapolation, i.e., greater manipulation on the adjustment variable.

To avoid the excessive manipulation on the adjustment variable in the MMSE control, we

can use the PI control with constrained adjustment. From numerical results, its performance

on the output and input variances are almost as good as the optimal control which usually

is not easy to derive and has the complicated form [9].

The PI control with constrained adjustment gxt = −G[et + P (et − et−1)] usually has

P < 0, i.e., we interpolate between et and et−1, so it is a more stable procedure and of course
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has smaller input variance. In practice, the particularly useful range of P for constrained

PI scheme is −0.25 ≤ P ≤ 0[9, pg. 180]. From x̃t = (1 − δ)(xt + δxt−1 + δ2xt−2 + ...), the

weights of xt−2, xt−3... are becoming so small that they can be ignored, thus

gx̃t = g(1− δ)(xt + δxt−1 + δ2xt−2 + ...) = −Get

=⇒ g(1− δ)(xt + δxt−1) = −Get

⇐⇒ xt = −δxt−1 − G
g(1−δ)et.

For the detailed discussions of optimal choices of G and P , see[9].

While the MMSE forecast for IMA is EWMA forecast ẑt+1 = (1− θ)zt + θẑt, the MMSE

forecast for ARMA(1,1) is ẑt+1 = (φ− θ)zt + θẑt. But since

ẑt+1 = (φ− θ)(zt + θzt−1 + θ2zt−2 + ...),

so the sum of weights is (φ − θ)/(1 − θ) < 1 when φ < 1, thus it is not an average of the

past data[23].

2.3.4 Output Error Relationship for First-Order Dynamics Process Under Feedback Con-

trol

If the disturbance is IMA model, and the process is first-order dynamic system represented

by Equation (2.2), Yt = δYt−1 + g(1− δ)Xt−1, where 0 ≤ δ < 1, under the feedback control

equation gxt = −Get, the output error et satisfying[9, pg. 184]

et − [1 + δ −G(1− δ)]et−1 + δet−2 = at − (δ + θ)at−1 + δθat−2. (2.17)

• Proof:

et − δet−1 = zt − δzt−1 + g(1− δ)Xt−1(e.q.(2.3))

=⇒ (et − et−1)− δ(et−1 − et−2) = (zt − zt−1)− δ(zt−1 − zt−2) + g(1− δ)xt−1

=⇒ (et − et−1)− δ(et−1 − et−2) = (zt − zt−1)− δ(zt−1 − zt−2)−G(1− δ)et−1

zt − zt−1 = at − θat−1,

=⇒ et − [1 + δ −G(1− δ)]et−1 + δet−2 = (at − θat−1)− δ(at−1 − θat−2)

=⇒ et − [1 + δ −G(1− δ)]et−1 + δet−2 = at − (δ + θ)at−1 + δθat−2.
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Similarly, under the feedback control equation gxt = −G[et + P (et − et−1)], we can prove

the output error et satisfying

et − [1 + δ −G(1 + P )(1− δ)]et−1 + [δ − (1− δ)GP ]et−2 = at − (δ + θ)at−1 + δθat−2.

2.4 Box’s Feedforward Control by Transfer Function Models

Box et.al. discussed the feedforward control for a system with inertia that minimizes the

mean square error at the output, by using the transfer function model[5]. Suppose yt is the

output, ut is the observed but uncontrollable input disturbance, and Xt is the input adjust-

ment variable, and Nt is the total effect in the output of all other sources of disturbance,

assume that

y1t = δ−1(B)ω(B)Bbut,

y2t = L−1
1 (B)L2(B)Bf+1Xt.

Then we have, the total effect of the input disturbance u is

δ−1(B)ω(B)ut−b,

and the the total effect of the adjustment variable X is

L−1
1 (B)L2(B)Xt−f−1.

Also assume that the effects of the input variables u and X on the output y are addictive,

then the effect of the observed input disturbance u will be canceled if we set

L−1
1 (B)L2(B)Xt−f−1 = −δ−1(B)ω(B)ut−b,

thus the control should be such that

L−1
1 (B)L2(B)Xt = −δ−1(B)ω(B)ut−(b−f−1).

Case 1: b ≥ f + 1. Let xt = Xt −Xt−1, then MMSE feedforward control is

Xt = −L1(B)ω(B)
L2(B)δ(B) ut−(b−f−1) ⇐⇒

xt = −L1(B)ω(B)
L2(B)δ(B) (ut−(b−f−1) − ut−1−(b−f−1)).
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Case 2: b < f + 1. The MMSE feedforward control is

Xt = −L1(B)
L2(B) û

′
t(f + 1− b) ⇐⇒

xt = −L1(B)
L2(B)(û

′
t(f + 1− b)− û′t(f + 1− b)),

where the needed forecasts û′t(f + 1− b) can be obtained by using the forecasting methods

in Chapter 5 of [5].

2.5 Model Identification for Disturbance and Process Dynamics

A generic model building procedure is Box-Jenkin iterative approach[5]:

Identification

=⇒Fitting (Estimation)

=⇒Diagnostic Checking

=⇒Then goes back to the identification phase again to iterate.

Here we only consider some useful graphical tools for model identification, which is the

first stage in model building. In this stage, no precise formulation of the problem is available,

and graphical methods are particular useful. For detailed information in other stages, please

refer to Chapters 6,7,8 of [5].

2.5.1 Autocorrelation Function for Model Identification

Table 2.3 summarizes how sample ACF can be used for model identification of stationary

processes.

sometimes we only have the data, but do not know which time series model it follows,

so we need some tool for the model identification. One very important tool for model

identification of the time series is the sample ACF.

2.5.2 Variograms for Different Models

Variogram is a very important and efficient tool for identifying different models, both sta-

tionary and nonstationary, as well as the ACF and PACF. Figure 2.8 shows the variograms

of both stationary and nonstationary time series models, including white noise, AR(1), and

IMA models with different values of λ.
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Table 2.2: Shape of autocorrelation functions

Shape Indicated model

Exponential decay to zero AR—use the PACF plot to identify the order p

Alternating positive, negative decay to zero AR—use the PACF plot to identify the order p

One or more spikes, rest are essentially zero MA—order identified by where ACF becomes zero

Decay, starting after a few lags ARMA model

All zero or close to zero Data is essentially random

High values at fixed intervals Include seasonal autoregressive term

No decay to zero Series is not stationary

From Figure 2.8 we can see that:

(1) For any stationary model, the variogram eventually flattens out (in mathematical

language, it approaches an asymptote)[9].

(2) For all these models whose first difference is stationary, the variogram may show

some curvature initially but eventually increases linearly without limit.

(3) For ARIMA (p,2,q) whose first difference is not stationary but second difference is a

stationary ARMA(p,q) model, the variogram increases as the square of m irrespective of the

values of the parameters, and also the rate of increase of the variogram increases without

limit. So such models do not appear particular useful for representing a process disturbance

because they imply that the effect of the “sticky innovations” gets larger and larger as m

increases[6], [9, pg. 117].
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Chapter 3

PERIODIC SHIFT DISTURBANCE MODELS

In chapter 3, I will introduce the first type of disturbance models that are under study by

this thesis: the periodic shift disturbance model. First I will give the motivations for such

periodic shift disturbance model, then I will derive the control equations for each model,

after that I will derive the closed-form MSEO for each disturbance model under different

control strategies, including feedback control, feedforward control and combined control.

Following parts are the performance analysis, sensitivity analysis and robust analysis, and

those issues are evaluated in detail.

3.1 Motivations of the Periodic Shift Disturbance Models

In many real applications, the true disturbance is not an IMA process itself (also true for

AR(1) or ARMA(1,1) process), instead, it often includes the IMA process as the background

disturbance and some other additional stochastic or deterministic part, like a spike, a mean

sustain shift, a ramp, an exponential rise to new levels, etc, see Vander Wiel (1996), Box

and Luceño (1997), Box and Luceño (2002), Tsiamyrtzis and Hawkins (2010), etc.

In this chapter our proposed model is motivated by a feedstock change problem discussed

by Box and Luceño (2002), and we find that it fits well for a real manufacturing scenario

in which a production line works for producing very thin metallic films.

In this process, feedstock material is frequently fed into the production line to produce

the metallic films. After a certain number of metallic films are produced, a lot is formed

and then a new lot is beginning to be formed by subsequent metallic films. When each

time a new batch of feedstock material is introduced at the beginning of each lot, there is

a variability caused by different stock material put into each batch.

For such a production process, it is obvious that both within-lots variability and between-

lots variability exist. Within each lot, the feedstock material is relatively homogeneous and
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a lack of uniformity appears between different lots, which effects the thickness of the metallic

films produced. The amount of feedstock material in each lot can be easily measured by a

precise instrument, so that the changes between lots can be anticipated, thus these collected

data can be used for feedforward control application. Meanwhile, the within-lot variability is

modeled by an IMA process, which is mentioned earlier as the most common nonstationary

disturbance model. As soon as enough batches of metallic film was produced, reliable

parameter estimates can be made on θ for feedback control application. It should be noted

that this type of periodic cycles commonly exists in many real applications, especially in

some high-value discrete-part manufacturing processes.

The model investigated by Box and Luceño (2002) is an additive model of IMA process

and periodic shifts:

zt − zt−1 = at − θat−1 + δt, |θ| ≤ 1, (3.1)

where δt is the shift that occurs periodically at times t = T, 2T, 3T..., and mt = δt + εt is

the one step ahead estimator of δt at time t− 1, with estimate error εt. Assume

E(δt) = E(εt) = 0, var(δt) = σ2
δ , var(εt) = σ2

ε . (3.2)

Usually we are concerned with variance inflation σ2
δ > σ2

a, with a small estimate error

σ2
ε < σ2

δ . We call it model (1).

From our earlier statements, since the stationary AR(1) and ARMA (1,1) processes

are common disturbance models as well, it is reasonable to consider them as background

disturbances and add periodic shifts to get two alternative disturbance models:

zt − φzt−1 = at + δt, 0 < φ < 1, (3.3)

zt − φzt−1 = at − θat−1 + δt, 0 < φ < 1, 0 < |θ| < 1, φ 6= θ. (3.4)

We call them model (2) and model (3), and they are typical periodic shifts disturbance

models with a stationary background disturbance. In real applications, due to the nature of

the industrial and manufacturing processes and the relatively short sampling intervals, the

processes are usually positively correlated with φ > 0 and θ > 0. Also, since we mentioned

earlier that the AR(1) model is an important disturbance model in many cases, we assume

θ 6= 0 in model (3) to avoid model (2) as its special case.
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Box and Luceño (2002) studied the characteristics of different control methods on model

(1), including feedback control, feedforward control and combined control. However, they

did not evaluate their sensitivity and robustness. We investigate the efficiencies, sensitivity

and robustness of these control strategies for the nonstationary disturbance model (1), as

well as the stationary disturbance model (2) and model (3). Through all of these evalua-

tions we can gain some valuable insights on these disturbance models and different control

strategies.

3.2 Control Equations

To evaluate the efficiencies of these control strategies, the feedback as well as feedforward

control equations for each model are needed. In this section we assume the true model

parameter values are all known, and the unknown parameter scenario will be discussed in

the later robustness analysis section.

The major source of variation for the uncontrolled process of each disturbance model is

caused by the background disturbances e′, i.e., IMA, AR(1), ARMA(1,1) process in model

(1), model (2) and model (3) respectively. This is the reason why we call e′ noninformative

“noise” in this thesis, and it must be adjusted by feedback control directly for variation re-

duction purpose. Since the variation caused by each periodic shift δt is alleviated throughout

a period T , so usually it is just the minor source of variation in the uncontrolled process,

and it can be adjusted by feedforward control for further improvement.

First we focus on the feedback control equations. Since feedback control is applied to

compensate the effect of e′, so it should achieve the MMSE control for these background

disturbances, i.e., producing white noise output errors et = at. We showed the feedback

control equation for IMA process in the introduction section, Box and Luceño (1997, pp.

151) provided the feedback control equation for the AR(1) process, and Tsung et al. (1998)

provided the feedback control equation for the ARMA(1,1) process.

Compared with feedback control, feedforward control is applied to compensate mt, i.e.,

the periodic shift δt estimated at time t−1. For a responsive system, the feedforward control
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equation can be written in the form of

gxt−1 = −l(mt,mt−1, ...), (3.5)

where l is a suitable model based function of the periodic shifts estimated at current and

previous time, i.e., l has different forms based on different disturbance models. Box and

Luceño (2002) propose the feedforward control equation gxt−1 = −mt for model (1), which

does not depend on the model parameter θ. Since δt occur at t = T, 2T, 3T... periodically, so

the nonnull feedforward control actions are made periodically at t = T − 1, 2T − 1, 3T − 1...

Now we derive the feedforward control equations for model (2) and model (3). Notice

that under feedback control, we have et = zt + gXt−1, which shows the basic relationship

between the output error et under control, the disturbance zt without control, and the

cumulated amount of adjustments gXt−1 =
t−1∑
i=1

gxi + gX0 made before time t. After some

simple algebra manipulations of this relationship with the disturbance model equation in

term of zt and at, δt, as well as the feedback control equation in term of gXt and et, we can

derive the output error relationship in terms of et and at, δt under feedback control.

The output error relationship is very important, since they can be used for the derivation

of feedforward control equations and the output variance σ2
e under feedback control. Since

feedforward control is applied to compensate the effect of δt, so the output error relationship

we want to achieve after adding feedforward control is just replacing δt by εt in the output

error relationship under feedback control.

For model (2), from et = zt + gXt−1 and zt − φzt−1 = at + δt, we have

et − φet−1 − gXt−1 + φgXt−2 = at + δt.

Plug in the feedback control equation gXt = − φ
1−φBet, we get the output error relationship

et = at + δt under feedback control. Since we want to achieve et = at + εt by adding

feedforward control gXff , so it should satisfy

gXff
t−1 − φgXff

t−2 = −mt.

Then we have

gxff
t−1 = (1− B)gXff

t−1 = − 1− B
1− φB

mt = −(mt − m̃t−1),
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where m̃t−1 is an EWMA with smoothing constant φ.

For model (3), similarly from et = zt + gXt−1 and zt − φzt−1 = at − θat−1 + δt, we have

the output error relationship

et − φet−1 − gXt−1 + φgXt−2 = at − θat−1 + δt.

Plug in the feedback control equation

gXt = − φ− θ

1− φB
et,

we get

et − θet−1 = at − θat−1 + δt

under feedback control. Since we want to achieve et − θet−1 = at − θat−1 + εt by adding

feedforward control gXff , so it should satisfy

gXff
t−1 − φgXff

t−2 = −mt,

which is the same as model (2).

Table 3.1: Feedback and Feedforward Control Equations for Disturbance Models

Feedforward control equation Feedback control equation

Model (1) gxt−1 = −mt gxt = −Get

t = T, 2T, 3T... where G = 1− θ

Model (2) gxt−1 = −(mt − m̃t−1) gXt = − φ
1−φBet = −φ

t∑
i=1

φt−iei

t = 1, 2, 3, ... gxt = −φ(et − ẽt−1)

Model (3) gxt−1 = −(mt − m̃t−1) gXt = − φ−θ
1−φBet = −(φ− θ)

t∑
i=1

φt−iei

t = 1, 2, 3, ... gxt = −(φ− θ)(et − ẽt−1)

All the control equations for each model are listed in Table 3.1, in which ẽt−1 and

m̃t−1 are both EWMA forecasts with smoothing constant φ, and all the control equations
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have fairly simple structures. We demonstrate that while the model (1) requires periodic

adjustments for feedforward control, the feedforward control for model (2) and model (3)

are repeated adjustments with the same control equation, and interestingly the feedforward

control equation for model (3) only depends on φ but not on θ. While the feedback control

for model (1) has an integral control form as we mentioned earlier, the feedback control

equations for model (2) and model (3), with equivalent forms in terms of gXt and gxt, have

a weighted integral form which is also easy for implementation.

3.3 Output Mean Square Error Comparisons

EPC had been largely developed in process industry in which usually we have the tacit

assumption that the only cost is the off target cost (Box and Kramer (1992), Box and

Luceño (1997), pp. 191). The long-run output mean square error (MSEO), defined as

MSEO = lim
t→∞

1
t

t∑

i=1

var(ei), (3.6)

is widely applied as the comparison criterion. The MSEOs formulae of M1,M2,M3 for model

(1) have been provided by Box and Luceño (2002). Now we derive the MSEOs formulea for

model (2) and model (3).

In the previous section we mentioned that the output error relationship under combined

control is just replacing δt using εt in the output error relationship under feedback control,

so for the MSEOs formulae under combined control, we only need to replace σ2
δ by σ2

ε

in the MSEOs formulae under feedback control. For feedforward control, since it only

compensates the periodic shifts δt instead of the background disturbance e′, so its output

error relationship is just by replacing δt by εt in the disturbance model equation. And since

they are all additive models, thus their MSEOs formulae under feedforward control is just

by adding the term σ2
ε

T to the variance of e′ directly.

For model (2) we have the output error relationship et = at + δt under feedback control,

so we can easily have M ′
1 = σ2

a + σ2
δ

T . For model (3), from et − θet−1 = at − θat−1 + δt

under feedback control, we can derive M ′′
1 = σ2

a + σ2
δ

T (1−θ2)
. Then the closed form MSEOs

formulae for each disturbance model under different control strategies can be derived in
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strict mathematical proofs and easily verified by simulations, as listed in Table 2.

Table 3.2: MSEOs Formulae for Disturbance Models (1), (2), (3)

Model (1) Model (2) Model (3)

FB M1 = σ2
a + σ2

δ
T (1−θ2)

M ′
1 = σ2

a + σ2
δ

T M ′′
1 = σ2

a + σ2
δ

T (1−θ2)

FF

M2 = ∞ M ′
2 = 1

1−φ2 σ2
a + σ2

ε
T M ′′

2 = 1−2φθ+θ2

1−φ2 σ2
a + σ2

ε
T

FB

+FF M3 = σ2
a + σ2

ε
T (1−θ2)

M ′
3 = σ2

a + σ2
ε

T M ′′
3 = σ2

a + σ2
ε

T (1−θ2)

For nonstationary model (1), its MSEO tends to inflate to infinity in the long run

under feedforward control since it only compensates δt. Box and Luceño (2002) applied an

alternative formula

MSEO =
1
T

T∑

i=1

var(ei)

for M2 and got M2 = [1 + T−1
2 (1 − θ)2]σ2

a + σ2
ε . MSEO can be substantially reduced by

feedback control which compensates the process nonstationarity. For model (2) and model

(3), since an AR (1) process has variance 1
1−φ2 σ2

a and an ARMA (1,1) process has variance

[1 + (φ−θ)2

1−φ2 ]σ2
a, so their MSEOs can be substantially reduced by feedback control, especially

when φ is large. In each model, the MSEO achieved by combined control is slightly larger

than the white noise process variance σ2
a, which is the minimum possible value that can be

possibly achieved, thus the combined control is always the best control strategy for these

disturbance models.

It is worth noticing that in model (2), under feedback control and combined control, the

MSEOs M ′
1 and M ′

3 do not depend on parameter φ. Instead, the MSEOs M ′′
1 and M ′′

3 in

model (3) only depend on parameter θ but not on φ. Also, it is interesting that M1 and

M ′′
1 , or M3 and M ′′

3 for model (1) and model (3) are the same, i.e., for the processes with
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same value of θ, regardless of the value of φ in model (3), their MSEOs under feedback (or

combined) control are the same.

Evidently only feedforward control is not sufficient, since it compensates δt instead of the

background disturbance e′ that produces the major part of the variation, thus feedforward

control should be combined with feedback control whenever possible.

A stationary process such as AR(1) or ARMA(1,1) can be considered as generated by

passing white noise through a filter, it is worth pointing out that an undesirable initial

transient period often exists in the simulation, and it is especially long when the filter has

poles near the unit circle, i.e., |φ| → 1, resulting in a discrepancy between the theoretical

MSEOs formulae results and the simulation results of M ′
2 and M ′′

2 . We found that in model

(2) this discrepancy is consistently small, however, it becomes non negligible when |φ| → 1

in model (3), which makes our M ′′
2 formulation result not very accurate.

Usually this transition period problem can be alleviated by discarding the observations

until the transient period dies out and it reaches a stationary state. Also, Kay (1981)

proposed an initial conditions of the filter which can guarantee a stationary output process

by using the Levinson-Durbin algorithm. Fortunately, this transition period problem does

not arise in the simulation of the processes under feedback control and combined control,

due to the fact that feedback control may conceal the true nature of the disturbance affecting

the process that might have been seen in the original uncontrolled data, see Box and Kramer

(1992), Box and Luceño (1997), Luceño (1998), etc. While this had been argued as a flaw for

feedback control under the process monitoring scenario, it turns to be desirable for feedback

control under process adjustment scenario. Therefore we will only evaluate the efficiencies

of feedback control and combined control in this thesis.

While MSEO corresponds to the off target cost, sometimes the adjustment cost is also

taken into account, which is often proportional to the amount of adjustment xt, see Box and

Kramer (1992), Box and Luceño (1997), Luceño (1998), Del Castillo (2002b). The long-run

input mean square error (MSEI), defined as

MSEI = lim
t→∞

1
t

t∑

i=1

(gxi)2,

is often used as the relevant criterion. It is obvious that compared with feedforward or
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feedback control, the combined control always has a larger MSEI, nevertheless, it is still

the preferable control strategy, justified by its much smaller MSEO. Traditional method

involving both MSEO and MSEI is to using their linear combination as an objective function

and formulate it into a linear optimization problem, but it usually takes very complicated

forms, see Box and Luceño (1997, pp. 164), Del Castillo (2002b), etc. Therefore we will

only investigate MSEOs to choose the best control strategy.

3.4 Sensitivity Analysis

We present some sensitivity analysis on MSEOs to evaluate the effect of parameter values

in each disturbance model under these control strategies. Since there are many parameters

such as T , φ, θ, σa, σδ and σε, so we will investigate the sensitivity on two groups of

parameters: first we fix σδ, σε and change the values of θ, φ, then we fix θ, φ and change

the values of σδ, σε. For simplicity, we set σa = 1 and T = 10 in this section.
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Figure 3.1: MSEOs of model (1) and model (3) with T=10, σδ=2, σε=0.5, after feedback
control (a) and combined control (b), for different values of θ

First we investigate model (1) and model (3). Table 3.2 shows they have the same

MSEOs under feedback control (FB) and combined control (FB+FF). In Figure 3.1, we

draw the MSEO curves under FB (a) and FB+FF (b), with different values of θ. Here we
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follow Box and Luceño (2002) by setting σδ = 2, σε = 0.5. It shows that their performance

deteriorates as θ increases, especially when θ is close to 1. Fortunately, the combined control

is very efficient in a very wide range of θ, with an inflation of MSEO less than 10% when

θ ≤ 0.85, less than 20% when θ ≤ 0.95, and it only performs poorly when θ is very close

to 1, with the background disturbance IMA process reduced to an approximate white noise

process so that feedback control will “temper” the process, as shown in the Deming’s funnel

experiment, see Del Castillo (2002a).
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Figure 3.2: MSEOs of model (1) and model (3) with T=10, after feedback control for
different values of σδ in (a), and after combined control for different values of σε in (b),
both with different θ curves

Table 3.2 also shows the MSEOs formulae M1, M ′′
1 under FB only depend on σδ, and

M3, M ′′
3 under FB+FF only depend on σε. In Figure 3.2, we draw the MSEO curves as

a function of σδ under FB (a), and under FB+FF as a function of σε (b), with different

values of θ. As we expected, MSEO increases as σδ and σε increases.

Then we investigate model (2). As shown in Table 3.2, M ′
1 under FB and M ′

3 under

FB+FF are independent of φ and only depend on σδ and σε, so in Figure 3.3, we draw the

MSEO curves as a function of σδ under FB (a), and as a function of σε under FB+FF (b),

and it also shows that MSEO increases as σδ and σε increases. By comparing Figure 3.3(a)

with Figure 3.2(a) for model (1) and model (3), it can be noticed that within the same

range of σδ, the performance of FB for model (2) is much better than that for model (1)
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Figure 3.3: MSEOs of model (2) with T=10, after feedback control for different values of
σδ (a), after combined control for different values of σε with different φ (b)

and model (3), since the MSEO inflation range is only (1, 2.6) instead of (1, 6) on Figure

3.3(a). More specifically, under FB for model (2) is as good as under FB for model (1) and

model (3) with a very small θ=0.1, with the same MSEO inflation 2.6. Fortunately the

combined control is always very efficient, with MSEO inflation less than 10% invariably, as

good as under FB+FF for model (1) and model (3) with a very small θ=0.2.

3.5 Robustness Analysis

All the above formulae derivations and performance comparisons are based on the ideal

assumption that both the disturbance model structure and parameters are known, however,

in many real applications, this assumption is unlikely to be true. In this section we present

some robustness analysis on MSEO for these control strategies on the three disturbance

models, under two types of model misspecifications: model parameter misspecification and

model structure misspecification.
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3.5.1 Robustness on Model Parameter Misspecification

Assume we know the true disturbance structure but do not know its true parameter values,

so we use the control equations in Table 3.1 with estimated parameters φ̂, θ̂, and the EWMA

forecasts with smoothing constant φ̂. Let σ2
e′ be the output variance of the background

disturbance under feedback control, then the MSEO formula can be expressed as a function

of σ2
e′ . Now we derive the σ2

e′ formula and the MSEOs formulae for each model under

feedback control and combined control.

In model (1), under feedback control, the background disturbance IMA process has the

output error relationship

et − θ̂et−1 = at − θat−1,

which is an ARMA(1,1) process for {et}, so we have

σ2
e′ =

1− 2θθ̂ + θ2

1− θ̂2
σ2

a,

see Box and Luceño (1997, pp. 152).

In model (2), from et = zt + gXt−1 and feedback control equation gXt = − φ

1−φ̂Bet, we

get zt = et

1−φ̂B . Plug it into the AR(1) equation, we get the output error relationship

(1− φB)et = (1− φ̂B)at,

which is an ARMA(1,1) process for {et}, so we have σ2
e′ = 1−2φφ̂+φ̂2

1−φ2 σ2
a. Similarly under

feedback control, we have

(1− φB)et = (1− φ̂B)(at + δt),

and under combined control, we have

(1− φB)et = (1− φ̂B)at + (φ− φ̂)Bδt − (1− φB)εt.

In model (3), from et = zt + gXt−1 and feedback control equation gXt = − φ̂−θ̂

1−φ̂Bet, we

get zt = 1−θ̂B
1−φ̂Bet. Plug it into the ARMA(1,1) equation, we get

(1− φB)(1− θ̂B)et = (1− θB)(1− φ̂B)at,
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which is an ARMA(2,2) process for {et}, then we can solve σ2
e′ through a routine procedure,

see Box et al. (1994). We can derive the output error relationship

(1− φB)(1− θ̂B)et = (1− θB)(1− φ̂B)at + (1− φ̂B)δt

under feedback control, and

(1− φB)(1− θ̂B)et = (1− θB)(1− φ̂B)at + (φ− φ̂)Bδt − (1− φB)εt

under combined control.

Table 3.3: MSEOs Formulae Under Model Parameter Misspecification

Model (1) Model (2) Model (3)

FB M1 = M ′
1 = M ′′

1 = σ2
e′+

σ2
e′ +

σ2
δ

T (1−θ̂2)
σ2

e′ +
1−2φφ̂+φ̂2

1−φ2

σ2
δ

T
φ1(1+φ2)(θ1+θ2ψ1)+(1−φ2)(φ2θ2+θ1ψ1+θ2ψ2−1)

T [(1+φ2)(φ2
1+2φ2−φ2

2−1)]
σ2

δ

FB M2 = M ′
2 = M ′′

2 =

+FF σ2
e′ +

σ2
ε

T (1−θ̂2)
σ2

e′ +
(φ−φ̂)2

1−φ2

σ2
δ

T + σ2
ε

T σ2
e′ +

−K1σ2
δ+K2σ2

ε

TK3

σ2
e′

1−2θθ̂+θ2

1−θ̂2
σ2

a
1−2φφ̂+φ̂2

1−φ2 σ2
a

φ1(1+φ2)(θ1+θ2ψ1)+(1−φ2)(φ2θ2+θ1ψ1+θ2ψ2−1)
(1+φ2)(φ2

1+2φ2−φ2
2−1)

σ2
a

We derive the MSEOs formulae of each model under feedback control and combined

control in Table 3.3. In model (3),

K1 = (1− φ2)(φ− φ̂)2,

K2 = φφ1(1 + φ2)− (1− φ2)(1 + φ2),

K3 = (1 + φ2)(φ2
1 + 2φ2 − φ2

2 − 1),

with ψ1 = φ1 − θ1, ψ2 = φ1ψ1 + φ2 − θ2, in which we have

φ1 = φ + θ̂, φ2 = −φθ̂, θ1 = θ + φ̂, θ2 = −θφ̂.

It is interesting that unlike Table 3.2, here the MSEOs M ′
2 and M ′′

2 under combined

control not only depend on σ2
ε but also on σ2

δ . The reason is due to the parameter uncertainty
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in feedforward control equations of model (2) and model (3) as shown in Table 1, it cannot

exactly compensate the δt term.

For model (1), based on the σ2
e′ formula, Box and Luceño (1997, pp. 143) recommended

using G = 1 − θ̂ = 0.2, i.e., equivalently θ̂ = 0.8, and they showed that it will only result

in at most 10% inflation in the minimum MSEO achievable if the true value of the model

parameter θ were exactly known, for the processes with 0.6 ≤ θ < 1.

For model (2), we found that φ̂ = 0.3 performs well for the weakly correlated AR(1)

process with φ ≤ 0.5, and φ̂ = 0.8 performs well for the strongly correlated AR(1) process

with 0.5 < φ ≤ 0.9, with at most 10% inflation of in the minimum MSEO achievable with

known φ. And the process with φ > 0.9 requires a high value φ̂ = 0.9, which can be seen

from its σ2
e′ formula. Therefore we suggest that first find a rough estimation for the range

of φ, and then choose the corresponding recommended value of φ̂.

The circumstance for model (3) becomes more complicated, since there are uncertainties

for two parameters φ and θ simultaneously. We found that for any ARMA(1,1) process

with (φ, θ), any control equation with (φ̂, θ̂) satisfying φ̂− θ̂ ≈ φ− θ will perform very well,

with at most 10% inflation of MSEO with known (φ, θ). Moreover, as long as φ̂ − θ̂ and

φ−θ has the same sign, the MSEO result remains to be acceptably good, while the opposite

sign usually results in undesirable large MSEOs, due to the reason that the sign of φ − θ

determines the direction of our feedback control for model (3), as seen from the feedback

control equation gxt = −(φ− θ)(et − ẽt−1) in Table 3.1.

3.5.2 Robustness on Model Structure Misspecification

Compared with the model parameter misspecification, a more interesting and valuable topic

is model structure misspecification, i.e., if the true model is not the same as our assumed

one, then how about the performance of different control strategies? This problem has been

discussed by many researchers such as Box and Luceño (1997), Apley and Kim (2004),

Tsiamyrtzis and Howkins (2010), etc. Luceño (1998) demonstrated that under feedback

control scenario, if we are adjusting a stationary disturbance process, then we will lose very

little efficiency by misidentifying it as nonstationary; but in contrast, for a nonstationary
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disturbance process, our adjustment will be very inefficient if we misidentify it as stationary.

When we misspecify the nonstationary model (1) to be the stationary model (2) or model

(3), similar results can be obtained as well through simulations. The reason is when we

control a nonstationary disturbance by using the adjustment equations for the stationary

disturbance, it would produce a nonstationary series of output errors. We consider four

cases of model structure misspecifications in Table 3.4.

Table 3.4: True Models and Assumed Models Under Model Structure Misspecifications

Case 1 2 3 4

True Model Model (2) Model (3) Model (2) Model (3)

Assumed Model Model (1) Model (1) Model (3) Model (2)

Case 1: Misspecify model (2) to be model (1)

When an AR(1) background disturbance is misspecified to be an IMA process, we apply

the control equation with estimated parameters for model (1) by setting G = 1 − θ̂. We

chose φ = 0.9, 0.8, 0.7, 0.6, 0.3 for the true AR(1) model and G = 0.95, 0.9, 0.8, 0.7, 0.6, 0.5

in the control equation. For every φ, we find the optimal value of G (Gopt) in the control

equation, and its corresponding MSEO under combined control (MSEOopt) in Table 3.5.

We still set σδ = 2 and σε = 0.5 as we did in previous sections. The results show that Gopt

is always larger than the true value of φ. When the true model structure and the true model

parameter are both known, the MSEO under combined control (MSEO0) is σ2
a+ σ2

ε
T = 1.025

for any θ, as seen in Table 3.2. The results in Table 3.5 show that the percentage increase

in standard deviation (ISD) is acceptably small, especially for the highly correlated AR(1)

process with φ ≥ 0.7.

Case 2: Misspecify model (3) to be model (1)

When an ARMA(1,1) background disturbance is misspecified to be an IMA process, we

apply the control equation with estimated parameters for model (1) by setting G = 1 − θ̂.

For the sake of simplicity, we fix φ = 0.8 and φ = 0.5, and choose θ = 0.9, 0.8, 0.6, 0.3, 0.1 for

the true ARMA(1,1) model, and G = 0.9, 0.8, 0.7, 0.6, 0.5, 0.4, 0.3 in the control equation.
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Table 3.5: MSEOs Under Combined Control for Different φ and G for Case 1

G \φ 0.9 0.8 0.7 0.6 0.3

0.95 1.10 1.17 1.26 1.35 1.73

0.9 1.10 1.17 1.25 1.34 1.69

0.8 1.13 1.19 1.26 1.34 1.64

0.7 1.18 1.23 1.29 1.35 1.61

0.6 1.25 1.30 1.34 1.39 1.60

0.5 1.38 1.40 1.43 1.47 1.62

Gopt 0.95-0.97 0.9-0.95 0.9 0.8 0.6

MSEOopt 1.096 1.174 1.254 1.339 1.598

MSEO0 1.025 1.025 1.025 1.025 1.025

ISD(%) 3.4 7.0 10.6 14.3 24.9

For every combination of (φ, θ), we find Gopt and MSEOopt under combined control in

Table 3.6. It shows that the Gopt is always slightly larger than 1− θ. This conclusion is the

same as the recommendation given by Luceño (1998) under the feedback control scenario,

if misspecifying an ARMA(1,1) disturbance as an IMA process. From Table 3.2 we have

MSEO0 = σ2
a + σ2

ε
T (1−θ2)

only depends on parameter θ but not on φ, and the results in Table

3.6 show that the model (3) with the same θ and a larger φ has a smaller ISD, and the one

with the same φ and a smaller θ has a smaller ISD.

It is worth noticing that for both case 1 and case 2, we can easily verify that when we

use a G which is not necessarily Gopt, the MSEO inflation is usually very small compared

with the MSEOopt achieved by using Gopt, i.e., the MSEO performance is very robust on

the choice of G. It can also be seen from Table 3.5 and Table 3.6 that sometimes the Gopt

is chosen as a range instead of an exact number, which means that all the G in this range

achieves the same MSEOopt. This robustness property is very desirable in real applications,

since we usually do not know the true model structures and their true parameter values, so
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Table 3.6: MSEOs Under Combined Control for Different θ, G for Case 2 (φ=0.8/0.5)

G \θ 0.9 0.8 0.6 0.3 0.1

0.9 2.08/2.88 1.89/2.62 1.58/2.17 1.28/1.70 1.19/1.50

0.8 1.92/2.64 1.75/2.41 1.48/2.02 1.24/1.61 1.18/1.46

0.7 1.79/2.46 1.64/2.25 1.40/1.90 1.216/1.55 1.20/1.444

0.6 1.70/2.31 1.56/2.12 1.35/1.81 1.220/1.523 1.25/1.452

0.5 1.62/2.20 1.50/2.03 1.33/1.757 1.25/1.526 1.33/1.49

0.4 1.59/2.14 1.48/1.99 1.34/1.751 1.34/1.57 1.46/1.57

0.3 1.62/2.17 1.53/2.03 1.43/1.82 1.50/1.70 1.69/1.73

Gopt 0.4/0.4 0.4/0.4 0.5/0.4-0.5 0.6-0.7/0.5-0.6 0.8/0.7

MSEopt 1.59/2.14 1.48/1.99 1.33/1.75 1.22/1.52 1.18/1.44

MSEO0 1.132 1.069 1.039 1.028 1.025

ISD(%) 18.5/37.5 17.7/36.4 13.1/29.8 8.9/21.6 7.3/18.5

the Gopt cannot be obtained.

Case 3: Misspecify model (2) to be model (3)

Compared with case 1 and case 2 in which we misspecify a stationary disturbance to be

a nonstationary disturbance, it is more interesting to consider the case that we misspecify

a stationary disturbance to be another stationary one.

When an AR(1) disturbance is misspecified to be an ARMA(1,1), from et = zt + gXt−1

and the feedback control equation gXt = − φ̂−θ̂

1−φ̂Bet, we have the output error relationship

(1− φB)(1− θ̂B)et = (1− φ̂B)at,

which is an ARMA(2,1) process for {et}. By adding the period shift term δt, we have

(1− φB)(1− θ̂B)et = (1− φ̂B)at + (1− φ̂B)δt

under feedback control. And under combined control, from et = zt + gXt−1, feedback

control equation gXt = − φ̂−θ̂

1−φ̂Bet, feedforward control equation gXt−1 = − mt

1−φ̂B , and model
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(2) equation, we can get

(1− φB)(1− θ̂B)et = (1− φ̂B)at + (φ− φ̂)Bδt − (1− φB)εt.

So due to the parameter uncertainty in feedforward control equations, the feedforward

control cannot exactly compensate the periodic shift, thus the δt term is included in the

output error relationship under combined control.

Case 4: Misspecify model (3) to be model (2)

When an ARMA(1,1) disturbance is misspecified to be an AR(1), from et = zt + gXt−1

and control equation gXt = − φ̂

1−φ̂Bet, we have the output error relationship

(1− φB)et = (1− φ̂B)(1− θB)at,

which is an ARMA(1,2) process for {et}. By adding the period shift term δt, we have

(1− φB)et = (1− φ̂B)(1− θB)at + (1− φ̂B)δt

under feedback control. Under combined control, from et = zt + gXt−1, feedback control

equation gXt = − φ̂

1−φ̂
ẽt, feedforward control equation gXt−1 = − mt

1−φ̂B , and model (3)

equation, we can get the output error relationship

(1− φB)et = (1− φ̂B)(1− θB)at + (φ− φ̂)Bδt − (1− φB)εt.

From the output error relationship under each scenario, we can derive the MSEOs for-

mulae for case 3 and case 4 in Table 3.7. In case 3, we have

K1 = (1− φ2)(φ− φ̂)2,

K2 = (1− φ2)(1 + φ2 − φφ1)− φφ1(1 + φ2),

K3 = 1− φ2 − φ2
1 − φ2

1φ2 − φ2
2(1− φ2).

Similar to Table 3.3 for model parameter misspecification, the MSEOs M ′
23 and M ′

32

under combined control for model structure misspecification include σ2
δ term as well.

In case 4, since there is only one parameter φ̂ in the assumed model (2), we can inves-

tigate the optimal values of φ̂ for σ2
e′ under background disturbance. When an ARMA(1,1)
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Table 3.7: Case 3 and Case 4 Comparisons

Case 3: Model (2) to be Model (3) Case 4: Model (3) to be Model (2)

FB M23 = σ2
e′ +

1−2φ1φ̂+φ̂2

T [1−φ2
1−φ2

1φ2−φ2−φ2
2+φ3

2]
σ2

δ M32 = σ2
e′ +

1−2φφ̂+φ̂2

T (1−φ2)
σ2

δ

FB

+FF M ′
23 = σ2

e′ +
K1σ2

δ+K2σ2
ε

TK3
M ′

32 = σ2
e′ +

(φ−φ̂)2

T (1−φ2)
σ2

δ + σ2
ε

T

σ2
e′

1+θ2
1−φ2−2φ1θ1−φ2θ2

1

1−φ2
1−φ2

1φ2−φ2−φ2
2+φ3

2
σ2

a
1−φ1θ1−(φ1θ2+θ1)ψ1−θ2ψ2

1−φ2
1

σ2
a

φ1 = φ + θ̂, φ2 = −φθ̂, θ1 = φ̂ φ1 = φ, θ1 = θ + φ̂, θ2 = −θφ̂

ψ1 = φ1 − θ1, ψ2 = φ1ψ1 − θ2

background disturbance is misspecified to be an AR(1), we have the σ2
e′ formula from case

4 in Table 3.7. Using the original parameters φ, θ and φ̂, we get

σ2
e′ =

(θ2 − 2φθ + 1)φ̂2 + (2φ2θ + 2θ − 2φ− 2φθ2)φ̂ + (θ2 − 2φθ + 1)
1− φ2

σ2
a. (3.7)

Since the minimization of σ2
e′ is equivalent to the minimization of the numerator, which

is a quadratic function of φ̂, so we can get its optimal value

φ̂opt =
φθ2 − φ2θ + φ− θ

θ2 − 2φθ + 1
=

(φ− θ)(1− φθ)
(φ− θ)2 + (1− φ2)

, (3.8)

and it is easy to see that φ̂opt has the same sign with φ− θ, thus we have φ̂opt < 0 if φ < θ,

and φ̂opt ≥ 0 otherwise. At first glance, it seems counterintuitive to use φ̂ < 0 in feedback

control, which appears to be deteriorating the process instead of improving it. However,

this is not surprising, since φ̂ < 0 is only detrimental for the assumed model (2), but not

for the true model (3).

In Table 3.8, we list the φ̂opt and the corresponding MSEOopt for the true ARMA(1,1)

process with different (φ, θ) in case 4. It can be seen that although the MSEopt achieved by

using φ̂opt is not as good as the MMSE control which can achieve σ2
e′ = 1 with known model
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structure ARMA(1,1) and parameters (φ, θ), it is still very good, with a MSEO inflation

less than 5% except for the cases of θ − φ ≥ 0.4.

Table 3.8: φ̂opt/MSEOopt for Different (φ, θ) of True ARMA(1,1) Process in Case 4

θ \φ 0.8 0.6 0.4 0.2

0.8 0.0/1.000 -0.15/1.038 -0.27/1.102 -0.38/1.175

0.6 0.26/1.036 0.0/1.000 -0.17/1.016 -0.31/1.051

0.4 0.52/1.049 0.22/1.009 0.0/1.000 -0.18/1.006

0.2 0.70/1.020 0.44/1.008 0.21/1.002 0.0/1.000

It is worth noticing that in case 4, we do not know the true model structure is an

ARMA(1,1) process, and do not know the value of (φ, θ) either, so the φ̂opt cannot be

obtained in real applications. However, we can easily verify that when we use a φ̂ which is

not necessarily φ̂opt, the MSEO inflation is usually very small compared with the MSEOopt

achieved by using φ̂opt, i.e., the MSEO performance is very robust on the choice of φ̂.

Especially, as long as we φ̂ has the same sign as φ̂opt, the MSEO result remains to be

acceptably good, while the opposite sign usually results in undesirable large MSEOs. The

reason is that the sign of φ̂ determines the direction of our feedback control for our assumed

model (2), as seen from the feedback control equation gxt = −φ̂(et − ẽt−1) in Table 3.1

with estimated parameter φ̂. Since we mentioned earlier that φ̂opt has the same sign with

φ − θ, and the φ − θ determines the direction of our feedback control for our true model

(3), as seen from the feedback control equation gxt = −(φ − θ)(et − ẽt−1) in Table 3.1, so

it is reasonable to believe that when the directions of the feedback control equations of our

assumed model (2) and true model (3) are the same, i.e., when φ − θ, φ̂opt and φ̂ has the

same sign, the MSEO performance will be consistently good.



58

3.6 Simulated Examples

In this section, we illustrate some of our main results and conclusions through two simu-

lated examples, called example (1) and example (2). Each example includes an evolving

disturbance process of 500 observations, consists of 5 pieces of 100 observations, with dif-

ferent model structures and parameters evolving over time. It is similar to the simulated

evolving process given by Tsung et al. (1998, pp. 216, Figure 1 (a), (b)), which consists

of 1000 observations, with the first 250 observations generated from an ARMA(1,1) model

with (φ, θ) = (0.8, 0.3), and the next 250 observations from an IMA model with θ = 0.25,

then the next 250 observations from an ARMA(1,1) model with (φ, θ) = (0.8, 0.2), and the

last 250 observations from an ARMA(1,1) model with (φ, θ) = (0.6, 0.3).

For convenience, we take model (1) with θ = 0.25 as process (I), model (2) with φ = 0.5

as process (II), model (3) with (φ, θ) = (0.8, 0.3) as process (III), model (3) with (φ, θ) =

(0.8, 0.2) as process (IV) and model (3) with (φ, θ) = (0.6, 0.3) as process (V). We use the

same process from (I) to (V) in our two simulated examples, just by varying their orders.

In our simulations, we still use σa = 1, σδ = 2 and σε = 0.5.

0 50 100 150 200 250 300 350 400 450 500
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0

5

10
(a) Simulated periodic variance shift disturbance

0 50 100 150 200 250 300 350 400 450 500
−10

−5

0

5
(b) After feedback control, with SSE=812.832954

0 50 100 150 200 250 300 350 400 450 500
−10

−5

0

5
(c) After combined control, with SSE=697.849226

Figure 3.4: Example (1), Simulated Data and Processes Under Control for Model (1)
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In our example (1), we consider the evolving disturbance consists of processes (I), (II),

(III), (IV), (V) in order. Assume we only know the initial model structure and parameter

but do not know how it changes over time, so we adjust the whole process by using the

feedback and feedforward control equations for process (I). In Figure 3.4 we plot three

processes, in which (a) is the uncontrolled disturbance, (b) is the process under feedback

control, and (c) is the process under combined control. The sum of squares error (SSE) for

each process in (b) and (c) is calculated. The three plots show that after feedback control,

the process improves substantially since the nonstationarity of the first 100 observations

disappears, and combined control further improves the process with a much smaller SSE.

0 50 100 150 200 250 300 350 400 450 500
−5

0

5

10
(a) Simulated periodic variance shift disturbance, with SSE=712.922553

0 50 100 150 200 250 300 350 400 450 500
−10

0

10
(b) After feedback control, with SSE=592.366320

0 50 100 150 200 250 300 350 400 450 500
−10

0

10
(c) After combined control, with SSE=497.970098

Figure 3.5: Example (2), Simulated Data and the Processes Under Control for Model (3)

In our example (2), we consider the evolving disturbance consists of processes (III),

(II), (IV), (V), (I) in order. Similarly we adjust the whole process by using the feedback

and feedforward control equations for the initial process (III). In Figure 3.5 we get three

processes corresponding to Figure 3.4, and one conspicuous difference between these two

figures is shown from the last 100 observations in Figure 3.5(b) and Figure 3.5(c) which still



60

exhibit nonstationarity, implying that the adjustment is inefficient. Under this case, the

SSE for each process is calculated only for its stationary part, i.e, the first 400 observations.

These simulated examples serve as a synthesis flavor for the conclusions illustrated in

the model structure and parameter misspecifications in the robustness analysis section.

However, since the plots in Figure 3.4 and Figure 3.5 are both generated by simulation

with only one replication, so each figure only represents one possible result. Without loss of

generality, now we repeat each example by additional simulations with 10,000 replications

and calculate the MSEOs in Table 3.9.

Table 3.9: MSEOs for Two Simulation Examples

Example (1) Example (1) Example (2) Example (2)

(last 400) (all 500) (first 400) (all 500)

(a) Disturbance 1.98 7.35-7.55 1.93 7.45-7.55 (100%)

(b) Feedback 1.89 1.83 1.59 4.06-4.11 (54.5%)

(c) Combined 1.70 1.64 1.30 3.76-3.82 (50.5%)

In each example, we calculate MSEOs under two cases, for only stationary process part

as well as the whole process involving the nonstationary part. For only the stationary part,

we can get relatively small MSEOs. For the processes including the nonstationary part, their

MSEOs are quite large with large variations, so their ranges are given instead of the fixed

numbers. Fortunately, their MSEOs ratios are fixed as given in the last column. The results

in column 2 show that when we are adjusting a stationary disturbance part with model (2)

and model (3) by using the control equations for nonstationary model (1), the MSEO can

be reduced from 1.98 to 1.70 under combined control. In column 4, when we are adjusting

the same stationary part by using the control equations for model (3) with initial model

parameters, their MSEOs can be reduced substantially from 1.93 to 1.30 under combined

control. Notice that here the amount of MSEO reduction is much greater than column 2,

since it has much less degree of model misspecifications. Similarly, the MSEOs results in
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columns 3 are slightly better than column 2 for example (1), due to the same reason of

less degree of model misspecifications. In the last column, although the unacceptably large

MSEOs under control still exist due to the last 100 observations of nonstationary part, they

can be reduced by half amount by combined control, taking the MSEO of the uncontrolled

disturbance as the 100% baseline.

3.7 Proofs of Some Formulas for Some Disturbance Models

3.7.1 Proof of Formulas for Periodic Shift Disturbance Model (1)

• Proof of M2 = [1 + T−1
2 (1− θ)2]σ2

a + σ2
ε :

We first prove that without control, MSEO = [1 + T−1
2 (1− θ)2]σ2

a + σ2
δ .

If we do not consider the step change term δt, then only with IMA disturbance model

zt − zt−1 = at − θat−1, from Equation (2.1) in the last chapter, zt = at + λ
t−1∑
i=1

ai, where

λ = 1− θ, by taking the variance, we have var(zt) = σ2
a + λ2

t−1∑
i=1

σ2
a = σ2

a(1 + (t− 1)λ2), for

t 6= 0, T, 2T, 3T... Then at times t = 1, 2, ..., T , we have

var(z1) = σ2
a

var(z2) = σ2
a(1 + λ2)

...

var(zT−1) = σ2
a(1 + (T − 2)λ2)

var(zT ) = σ2
a(1 + (T − 1)λ2)

Then we can get
T∑

i=1

var(zi) = σ2
a(T +

T (T − 1)
2

λ2).

Adding the step change term δt, since there is only one feedforward control being made

during t = 1, ..., T , then the MSEO without control is

1
T

T∑

i=1

var(zi) = [1 +
T − 1

2
(1− θ)2]σ2

a + σ2
δ .

Since the effect of the feedforward control will be to reduce the step change term δt to
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be a white noise term εt, so it will be to reduce this MSEO to be

M2 = [1 +
T − 1

2
(1− θ)2]σ2

a + σ2
ε .

• Proof of et − θet−1 = at − θat−1 + δt:

{
zt = et − gXt−1,

zt − zt−1 = at − θat−1 + δt,

=⇒ (et − gXt−1)− (et−1 − gXt−2) = at − θat−1 + δt,

⇐⇒ et − et−1 − gxt−1 = at − θat−1 + δt,

⇐⇒ et − et−1 − (−Get−1) = at − θat−1 + δt, (gxt = −Get)

⇐⇒ et − (1−G)et−1 = at − θat−1 + δt,

⇐⇒ et − θet−1 = at − θat−1 + δt.

• Proof of M1 = σ2
a + σ2

δ
T (1−θ2)

.

First we calculate var(eT ). From eT − θeT−1 = aT − θaT−1 + δT , multiply eT and eT−1 on

both sides respectively, we get

{
eT eT −HeT eT−1 = aT eT − θaT−1eT + δT eT

eT−1eT −HeT−1eT−1 = aT eT−1 − θaT−1eT−1 + δT eT−1

Taking expectations of these two equations, we get

{
γ0 − θγ1 = σ2

a + σ2
δ

γ1 − θγ0 = −θσ2
a

where γ0 = σ2
e . From the second equation we get γ1 = θ(σ2

e − σ2
a), plug it into the first

equation we get σ2
e = σ2

a + σ2
δ

1−θ2 .

Then it is apparent that var(e1) = var(e2) = ... = var(eT−1) = σ2
e , so

M1 =
1
T

T∑

i=1

var(ei) =
1
T

(Tσ2
a +

σ2
δ

1− θ2
) = σ2

a +
σ2

δ

T (1− θ2)
.

• Proof of M3 = σ2
a + σ2

ε
T (1−θ2)

.

First we prove that for feedforward plus feedback control, we have et−θet−1 = at−θat−1+εt.
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Similar to the proof of et −Het−1 = at − θat−1 + δt for the feedback control. When we

get et − et−1 − gxt−1 = at − θat−1 + δt. Plug gxt−1 = −Get−1 −mt into it, we have

=⇒ et − et−1 − (−Get−1 −mt) = at − θat−1 + δt,

⇐⇒ et − (1−G)et−1 + (δt + εt) = at − θat−1 + δt,

⇐⇒ et − θet−1 = at − θat−1 − εt,

⇐⇒ et − θet−1 = at − θat−1 + εt.

So similarly we have M3 = σ2
a + σ2

ε
T (1−θ2)

.

3.7.2 Proof of Formulas for Equation (3.2)

• Proof of after feedforward control, M ′
2 = [ 1

1−φ2 − 1−φ2T

T (1−φ2)2
]σ2

a + σ2
ε :

For Equation (3.2), from

zt = φzt−1 + at

φzt−1 = φ2zt−2 + φat−1

φ2zt−1 = φ3zt−2 + φ2at−1

...

By adding those t equations together, we have

zt = at + φat−1 + φ2at−1... =
ãt

1− φ
,

where ãt is an EWMA of at, at−1,... with smoothing constant φ. Then we have

var(zt) = var(at + φat−1 + φ2at−1...)

= var(at) + var(φat−1) + var(φ2at−1...)

= (1 + φ2 + φ4 + φ6 + ... + φt−1)σ2
a

= 1−(φ2)t

1−φ2 σ2
a

Then at times t = 1, 2, ..., T , we have

var(z1) = 1
1−φ2 σ2

a

var(z2) = 1−φ2

1−φ2 σ2
a = σ2

a

...

var(zT−1) = 1−φ2(T−1)

1−φ2 σ2
a

var(zT ) = 1−φ2T

1−φ2 σ2
a
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And by adding those T equations, we get

T∑

i=1

var(zi) = (
T

1− φ2
− 1 + φ2 + φ4 + φ6 + ...φ2T

1− φ2
)σ2

a = (
T

1− φ2
− 1− φ2(T+1)

(1− φ2)2
)σ2

a,

Adding the step change term δt, since there is only one feedforward control being made

during t = 1, ..., T , then the MSEO without control is

1
T

T∑

i=1

var(zi) = [
1

1− φ2
− 1− φ2T+2

T (1− φ2)2
]σ2

a + σ2
δ .

Since the effect of the feedforward control will be to reduce the step change term δt to

be a white noise term εt, so it will reduce this MSEO to be

M ′
2 = [

1
1− φ2

− 1− φ2T+2

T (1− φ2)2
]σ2

a + σ2
ε .

3.7.3 Proof of Formulas for Periodic Shift Disturbance Model (2)

• Proof of zt = at + φ−θ
1−φ ãt−1:

From zt+1 − φzt = at+1 − θat, we have

zt = φzt−1 + at − θat−1

φzt−1 = φ2zt−2 + φat−1 − θφat−2

φ2zt−2 = φ3zt−3 + φ2at−2 − θφ2at−3

...

Adding them together, we get

zt = at + (φ− θ)at−1 + φ(φ− θ)at−2 + φ2(φ− θ)at−3 + ...

= at + (φ− θ)(at−1 + φat−2 + φ2at−3 + ...)

= at + φ−θ
1−φ ãt−1

• Proof of Equation (3.4), the feedback control equation gXt = − φ−θ
1−φBet:

From gXt = −ẑt+1 = −φzt + θat, and zt = at + φ−θ
1−φ ãt−1, we have

gXt = −φzt + θat

= −φ(1−θB)
1−φB at + θat

= −φ(1−θB)
1−φB at + θ(1−φB)

1−φB at

= − φ−θ
1−φBat
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Since when the feedback control scheme is in operation, the observed output at time t

is the output error et, so the controlled output series would then be such that et = at and

σ2
e = σ2

a, and the feedback control equation is

gXt = − φ− θ

1− φB
et.

3.7.4 Alternative Simpler Proofs of Formula for Periodic Shift Disturbance Model (3)

(1) zt = at + φ−θ
1−φ ãt−1

(2) gXt = − φ−θ
1−φBet

(3) et = at + δt

• Proof of (1): It is equivalent to ARMA(1,1): zt = 1−θB
1−φBat

• Proof of (2): In the dynamic system Yt− δYt−1 = g(1− δ)Xt−1, assume that δ = 0, so we

have the pure-gain model Yt = gXt−1. Since gXt = −ẑt+1 = −φzt + θat, and from





et = Yt + zt

Yt = gXt−1

zt =
1− θB
1− φB

at

we have

gXt = −φzt + θat = −φ(1− θB)
1− φB

at + θat = − φ− θ

1− φB
at.

Since when the feedback control scheme is in operation, the observed output at time t is

the output error et, so the controlled output series would then be such that et = at, thus

gXt = − φ− θ

1− φB
et.

• Proof of (3): From et = Yt + zt = gXt−1 + zt = − φ−θ
1−φBet−1 + 1−θB

1−φBat, we have

et + φ−θ
1−φBBet = 1−θB

1−φBat

=⇒ 1−θB
1−φBet = 1−θB

1−φBat

=⇒ et = at,

so for Equation (3.3) we have et = at + δt.
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3.8 Feedback and Feedforward Control Under First-Order Dynamics

Finally we give some results for the feedback and feedforward control under first-order

dynamic system, given by Box and Luceño[10].

For the first-order dynamic model of Equation (2.2),

Yt = δYt−1 + g(1− δ)Xt−1,

where 0 ≤ δ < 1, together with the PI control of Equation (2.4)

gxt = −G[et + P (et − et−1)],

with output error in Equation (2.3)

et = zt +
g(1− δ)
1− δB

Xt−1,

and feedforward disturbance model in Equation (3.1)

zt − zt−1 = at − θat−1 + δt, |θ| ≤ 1,

Box and Luceño derived the very complicated forms of the long-run MSEO and MSEI for

feedback control, and feedback plus feedforward control, in the appendix of [10].

For feedback control, we have

MSEO = ζ0 + σ2
δ

T (1−φ2

1+φ2
) 1
(1−φ2)2−φ2

1
,

MSEI = G2ζ0[1 + 2P (1 + P )(1− ζ1
ζ0

)] + σ2
δ

T ( G
1+φ2

) 1
(1−φ2)2−(φ1)2

,

where ζ0 = var(et),

ζ1 = Cov(et, et−1),

φ1 = 1 + δ −G(1 + P )(1− δ),

φ2 = −δ + GP (1− δ).

For feedback plus feedforward control, we have

MSEO = ζ0 + σ2
ε

T (1−φ2

1+φ2
) 1
(1−φ2)2−φ2

1
.

MSEI = σ2
m
T (1+ δ2)(1− δ)2 +G2ζ0[1+2P (1+P )(1− ζ1

ζ0
)]+ σ2

ε
T ( G

1+φ2
) 1
(1−φ2)2−(φ1)2

{(1−
φ2)[(1 + P )2 + P 2]− 2φ1P (1 + P )}.



67

Chapter 4

RANDOM STEP CHANGE DISTURBANCE MODELS

In chapter 4 we will introduce and investigate anther type of disturbance model, called

random step change disturbance model. Step change (or called step shift) models have

been studied by many researchers, either sustained step shift, or random step shift. They

have been studied and discussed in mostly SPC area, and many control charts have been

proposed for monitoring such kind of disturbance models.

In this chapter, first we will introduce the motivation for the random step change dis-

turbance models, in a way from sustained step shift model to random step change model,

and from SPC to EPC scenario.

4.1 Motivation of Random Step Change Disturbance Models

Process monitoring of sustained step shift disturbance models are discussed in some SPC

literature. Vander Wiel [6] investigated the process monitoring problem of IMA process

with a sustained level shift,

zt − zt−1 = at − θat−1 + Dt, (4.1)

where

Dt =





0, 0 ≤ t < ts

s, t ≥ ts

and ts is the unknown change-point. Nembhard and Valverde-Ventura [16] proposed the

cumulative score (Cuscore) statistics

Qt = Qt−1 + sθt−1et

in their Cuscore control chart to detect a sustained step shift in the IMA disturbance.
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Other researchers focused on the more challenging disturbance models subject to random

step changes instead of the sustained shift, which are usually caused by variations in the

physical conditions, such as the environmental temperature and raw material qualities.

Chen and Elsayed [17] studied using an EWMA estimator to monitor the i.i.d normally

distributed process with random step changes. In their model, the random step-change

occurrence has a constant probability p which is independent of the prior history of the

process, with size

r =
τ

σ
, (4.2)

where σ is the standard deviation of the background normal process, and τ is the standard

deviation of the process mean. They proposed an EWMA estimator with closed-form ex-

pression for the optimal value of the weighted variable λ, as a function of the estimates p̂

and r̂ derived from historical data.

Tsiamyrtzis and Hawkins [18] investigated the process monitoring of a mean drift model

of AR(1) process subject to random step changes, in a Bayesian framework. They supposed

that the process mean has a jump of size δ that occurs with probability p, and assumed

that the prior information about the process mean is available. Then at each time when

the new data comes, they get the posterior distribution for the process mean through Bayes

theorem to check if the mean has drifted or not. If there is no significant change, they use

this posterior as the prior for the next stage. Their model is suitable for some practical

problems, for example, tool wear problems in which the wear incorporates a random step

change (due, e.g., to tool chipping) as well as drift. They also generalized the model with

assigning a prior distribution to the size of the jumps δ, with AR(1) process subject to

random step changes [13].

Since “a step change is more difficult to see when buried in an IMA than when buried in

iid noise” [6] or a stationary background noise, now we further generalize the background

disturbance to be the nonstationary IMA model subject to random step changes,

zt − zt−1 = at − θat−1 + Dt, (4.3)

Dt ∼





N(0, σ2
a), with probability1− p, t = 1, 2, ...

N(δ, σ2
a), with probabilityp
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and σa is the standard deviation of the white noise {at}t≥1. Since we do not know the

actual size of the step shift δ, we assume it is random with a certain prior distribution:

π(δ) ∼ N(µδ, σ
2
δ ), (4.4)

where µδ and σ2
δ are the expected mean and variation of the step shift size δ respectively.

Both µδ and σ2
δ are assumed to be known, considering that they can be determined from

previous engineering knowledge or experiences about the process. Small values of σ2
δ lead

to informative settings while large values indicate a priori ignorance for the size of the step

shift. The size of the step shift can be modeled by δ and the uncertainty of the step shift

can be modeled by the standard deviation ratio r = σδ/σa. In this thesis, we call this

disturbance model to be model (4).

In the process monitoring problem, the proposal for the sizes of µδ is that they need to

be “big enough” to be of practical interest, but at the same time “small enough” not to be

obvious visually, followed by the suggestion of Tsiamyrtzis and Hawkins [13]. However, in

our process adjustment scenario, we do not need to have such restrictions, and all sizes of

the step shift can be under our investigation.
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Figure 4.1: IMA disturbance without and with random step change

Figure 4.1(a) shows an IMA disturbance process of 200 data with θ = 0.8, and Figure
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4.1(b) shows the same IMA disturbance subject to random step change with the occurrence

probability p = 0.02. The size of the step shift δ has the prior distribution π(δ) ∼ N(µδ, σ
2
δ )

with µδ = 2 and σδ = 3, so the standard deviation ratio r = σδ/σa = 3. There are 4 random

step changes: a 5.25 upward step change in the 92th value of the IMA disturbance zt, a

2.08 downward step change in the 101th value, a 3.72 downward step change in the 150th

value, and a 3.49 upward step change in the 184th value.

4.2 Control Equations for Random Step Change Models

For model (4), we introduce a process adjustment procedure based on feedback control and

an added adjustment based on output errors monitoring. They proposed feedback control

gxt = −Get, plus added adjustments as soon as a possible random step change is detected,

i.e., when an output error et falls outside of the 3σ control limits, with control equation

gxt =




− (et − 3σa), ifet > 3σa

−(et + 3σa), ifet < −3σa

This added adjustment is applied to compensate the possible random step change, and

can be considered as quasi-feedforward control, and the overall combined control was called

as quasi-feedback feedforward control. The rationale for this quasi-feedforward control is due

to the reason that the feedback control equation is only for the IMA disturbance, and it is

not sufficient when other disturbances are present (random step change here). The amount

of the quasi-feedforward control is chosen to be the distance between output error et and

the 3σ control limit on the same side of the control chart.

It is called quasi-feedforward control, since it is based on neither pure output error, nor

the direct measure of the random step change; instead, it is based on the outliers in the

sequence {et}t≥1 which are outside of the 3σ control limits under feedback control, and these

outliers call for further remedial actions. Thus such added adjustment goes beyond feedback

control and does not meet the requirement for feedforward control directly, so in some sense,

it is in between the traditional feedback control and feedforward control categories, which

justifies such a name. Box and Kramer [2] discussed a similar process subjected to feedback

control to show that the feedback control does not necessarily conceal the nature of the
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disturbance that is being compensated. Here we go a further step beyond them by applying

an added adjustment to continue improving the process.

4.3 MSEO Results for Random Step Change Models

Now we present some numerical results on the MSEO under combined control (quasi-

feedback feedforward control) in our random step change model (4).

Most industrial time series of IMA disturbances have 0.6 ≤ θ ≤ 0.8 [1], so we choose

θ = 0.8 and σa = 1 in model (4). We consider two occurrence probabilities p = 0.02

and p = 0.05 for the random step change, and choose some different combinations for the

prior distribution of the step change π(δ) ∼ N(µδ, σ
2
δ ). We investigate the expected size

of the step shift µδ from the integer values between -3 and 3, for both upward change and

downward change, and the uncertainty of the step shift r = σδ/σa from the integer values

between 1 and 3. Due to symmetry, we only need to include 0 ≤ µδ ≤ 3 in our numerical

results summary.

We choose the sample size n = 200 in each simulated disturbance process and make

10, 000 iterations for each simulated disturbance process in our simulation. We apply two

control methods: feedback control and combined control, for the same disturbance pro-

cess data, and compare their MSEOs results. In our numerical results summary, we show

both the MSEO under combined control and the improvement percentage for the quasi-

feedforward control, which is calculated by

MSEOFB −MSEOcomb

MSEOFB
, (4.5)

where MSEOFB is the MSEO under feedback control and MSEOcomb is the MSEO under

combined control.

The numerical results are shown in Table 4.1, notice that the improvement percentage

is given in the parenthesis followed by the MSEO under combined control. Since there

are three parameters µδ, σδ and p, we will fix each two out of the three parameter values,

and compare the MSEO and the improvement percentage for different values of the other

parameter. Some useful conclusions can be drawn from Table 4.1:
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Table 4.1: MSEOs under combined control for different p, µδ and σδ in model (4) (θ = 0.8)

µδ σδ p=0.02 p=0.05

3 3 1.51 (20.6%) 2.31 (36.7%)

3 2 1.42 (16.1%) 2.14 (32.0%)

3 1 1.40 (11.5%) 2.06 (25.2%)

2 3 1.40 (15.5%) 2.01 (29.2%)

2 2 1.30 (9.8%) 1.78 (21.5%)

2 1 1.23 (4.6%) 1.63 (12.2%)

1 3 1.32 (11.7%) 1.81 (22.0%)

1 2 1.20 (5.2%) 1.50 (12.0%)

1 1 1.10 (1.0%) 1.27 (3.3%)

0 3 1.30 (10.2%) 1.73 (19.3%)

0 2 1.16 (3.7%) 1.42 (7.8%)

0 1 1.05 (0.2%) 1.13 (0.6%)

(1) For the disturbance model with the same prior distribution of the random step change

N(µδ, σ
2
δ ), the higher the occurrence probability p, the larger improvement percentage for

the quasi-feedforward control can be achieved. However, the disturbance with a larger p

results in a larger MSEO under combined control.

(2) For the disturbance model with the same expected size of the random step change

µδ and the occurrence probability p, the larger the uncertainty r (equivalently σδ) of the

random step change, the larger improvement percentage for the quasi-feedforward control

can be achieved. However, the disturbance with a larger r results in a larger MSEO under

combined control.

(3) For the disturbance model with the same uncertainty of the random step change r

(equivalently σδ) and the occurrence probability p, the larger the expected size of the random

step change µδ, the larger improvement percentage for the quasi-feedforward control can
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be achieved. However, the disturbance with a larger µδ results in a larger MSEO under

combined control.

All the conclusion are consistent with our intuition: the larger the µδ, r or p, i.e.,

the more information on the random step change, which is the informative variable, can

be decomposed from the total disturbance, the more improvement can be achieved from

feedforward control application. However, the larger and more frequent random step change

always potentially increases the process variability, even after adjusted by feedback and

feedforward control, resulting in a larger MSEO. This explains the reason for the interesting

point that a lager improvement percentage always corresponds to a larger MSEO under

combined control.

4.4 Type I and Type II Errors in Process Monitoring and Adjustment

As we mentioned at the beginning that in SPC, the process monitoring problem can be

considered as a hypothesis test in statistical area. It is known that for any hypothesis test,

the type I and type II errors always exist. Therefore, the type I and type II errors also exist

in control charts, with the following explanations:

• Type I error: Ascribe a variation or a mistake to a special cause (assignable cause) when

in fact the cause belongs to the system (common cause).

• Type II error: Ascribe a variation or a mistake to the system (common causes) when in

fact the cause was a special cause.

Table 4.2: Type I and Type II Error Probabilities in Process Monitoring

True Model Common Cause True Model Special Cause

Detect Common Cause 1− α β

Detect Special Cause α 1− β

Table 4.2 illustrates the four possible cases for true model and detected model in SPC

with their probabilities expressed by using type I error α and type II error β. We can see
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that for a certain true model, either with common cause or special cause, control charts

can detect either correctly or incorrectly, with total probability 1. In SPC, a rule of thumb

for different control charts comparison is that with the same in-control average run length

(ARL), they try to achieve the minimum out-of-control ARL. The control limits are adjusted

by controlling the type I error to be α = 0.05.

In SPC, the type I error α is also called the false alarm rate, meaning that the plotted

point falls outside of the control limits when the process is actually in control. People always

try to achieve the smallest type II error (equivalent to the minimum out-of-control ARL),

while controlling the type I error to be a fixed value like α = 0.05.

In process adjustment scenario, type I and type II errors have rarely been discussed

in the EPC literature. Notice that here the type I and type II errors only related to the

hypothesis test problem in process monitoring, in which we try to detect a special cause, like

a step change, and it is not related to the case of Deming’s funnel experiment, in which the

“leave it alone” no adjustment rule is better than the active adjustment strategy. Therefore

these two types of errors related to the process monitoring problem that exists in some

process adjustment procedures.

The lack of discussion on type I and type II errors in EPC might due to the fact that

most disturbance models under investigation belong to a particular kind of time series model,

like a nonstationary IMA model, or a stationary AR(1) or ARMA (1,1) model, etc. For

such kind of disturbances, the issue of type I and type II errors does not exist at all, since

they all require continuous adjustment other than the periodic adjustment. Actually, as we

mentioned at the beginning of Chapter 3, the true disturbance in many real applications is

not a particular time series model itself, instead, it often includes a particular time series

process as the background disturbance, together with some other additional part, like a

spike, a mean sustain shift, a ramp, an exponential rise to new levels, etc. For example,

we investigated periodic shift disturbance models in Chapter 3, with IMA, AR(1) and

ARMA(1,1) as the background disturbances, and in Chapter 4 we introduced the random

step change disturbance model with the IMA background disturbance.

Another reason that type I and type II errors have not been well investigated under

process adjustment scenario might be, due to the functionality of process adjustment. And
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since we can only see the process after adjustment other than before adjustment, which is

the output error series {et}t≥1 other than the disturbance {zt}t≥1, so we can only observe

the process under control and the disturbance cannot be directly seen. When the size of the

step change is small, or when there are very few change-points, the signal (i.e., the nature

of the disturbance) is more likely to be hidden in the the output error series {et}t≥1 after

adjustment.

However, as we mentioned before, the only aim of process adjustment is to reduce the

process variation through adjusting the process, i.e., to achieve the minimum MSEO, so no

matter how many observations will result in type I and type II errors, as long as we can

have small MSEO, it will be enough for our process adjustment.

Also, we are not certain on the relationship between the type I, II errors and MSEO

under process adjustment, which might be a very complicated issue. Intuitively, less type I

and type II errors might achieve smaller MSEO, but besides these two types of errors, the

effects of the type I and type II errors on MSEO also relate to the magnitude of the step

change in the random step change model (4). If a large step change is not detected (type II

error), then it might substantially increase the MSEO, while a smaller step change might

not have much influence.

4.5 Type I and Type II Errors in Random Step Change Disturbance Models

In the control equations we proposed for the random step change disturbance model, the

quasi-feedforward control is applied through monitoring the output error series {et}t≥1 using

the 3σ control limits. Here the process monitoring serves as a complementary tool for the

feedforward control application on this disturbance model, therefore the issue of type I and

type II error exists in such process adjustment procedures.

All the possibilities for the type I and type II errors in process adjustment scenario are

listed in Table 4.3. If the random step change occurs, the output error et may still fall inside

of the 3σ control limit, resulting in a type II error with probability β. Similarly, the output

error et may fall outside of the 3σ control limit, even though there is no change occurs at

all, resulting in a type I error with probability α. Intuitively, we should try to maximize
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the change of correctly detecting a step change when it occurs, which has the probability

1− β. Meanwhile, it would be very desirable that we do not make the feedforward control

whenever the random step change does not occur.

Table 4.3: Type I and Type II Errors in Process Adjustment

True Model No Change True Model Change

Detect No Change 1− α β

Detect Change α 1− β

4.6 Generalized Type II Errors in Random Step Change Disturbance Models

Recall that in SPC, the average run length (ARL), defined as the number of points that, on

average, will be plotted on a control chart before an out of control condition is indicated, is

usually applied as the comparison criterion for different control charts.

By applying the feedback and quasi-feedforward control strategies in our random step

change disturbance model, it might take a while to detect the random step change after it

happens, so the feedforward control might be applied a few observations later after the true

step change location. In our simulations, we found this phenomenon is very frequent.

We relax the definition of type II error a little bit, by choosing five observations interval

after the true step change location, and do not consider a feedforward control made during

this time interval as a type II error. We define the generalized type II error if we fail

to detect a random step change (not make a feedforward control) within the next five

observations after it actually happens.

Notice that there is no generalized type I error in the similar sense, since once it gives a

false alarm of a step change, it will trigger a feedforward control.

This newly defined generalized type II error is very helpful for us to evaluate the influ-

ence of type II errors on the control performance, i.e., output mean square error, since it

successfully separates the two cases that it fails to detect a random step change completely,
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or fails to detect a step change only when it happens but successfully track it later.

4.7 Evaluation of Type I and Generalized Type II Errors in Random Step

Change Disturbance Models

Now we investigate the issue between our proposed process adjustment efficiency and type I,

(generalized) type II errors in the random step change disturbance models. We investigate

the random step change model (4) with θ = 0.8 in the IMA background disturbance, with

two random step change occurrence probabilities p = 0.02 and p = 0.05, and the magnitude

of the random step change has a prior distribution π(δ) ∼ N(µδ, σ
2
δ ). We consider the

expected size of the step shift µδ between 1 and 3 for upward change, and the uncertainty

of the step shift r = σδ/σa between integer values between 1 and 3.

Table 4.4: The Number of Type I, Generalized Type II Errors in Model (4) (p = 0.02)

µδ σδ α error No. β error No. 1− β βG error No. 1− βG MSEO

3 3 1.49 1.85 54.6% 1.49 62.8% 1.51

2 3 1.39 2.25 44.1% 1.84 54.0% 1.40

1 3 1.31 2.51 37.9% 2.14 46.4% 1.32

3 2 1.57 1.91 52.8% 1.46 63.5% 1.42

2 2 1.35 2.58 36.5% 2.14 46.5% 1.30

1 2 1.10 3.06 24.4% 2.70 32.5% 1.20

3 1 1.80 1.84 53.6% 1.24 69.0% 1.40

2 1 1.28 2.90 27.9% 2.36 41.0% 1.23

1 1 0.84 3.65 10.0% 3.33 16.8% 1.10

We choose the sample size n = 200 in each simulated disturbance process and make

10, 000 iterations for each simulated disturbance process. We record the average number of

type I error observations (α error No.), the average number of type II error observations (β
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error No.), the average number of generalized type II error observations (βG error No.), and

correct detection percentage of the step change observations, which are 1 − β and 1 − βG.

The MSEOs are also added into the last columns of Table 4.4 and Table 4.5. All the

numerical results for model (4) with random step change occurrence probabilities p = 0.02

and p = 0.05 are shown in Table 4.4 and Table 4.5 respectively.

Table 4.5: The Number of Type I, Generalized Type II Errors in Model (4) (p = 0.05)

µδ σδ α error No. β error No. 1− β βG error No. 1− βG MSEO

3 3 2.77 4.51 54.6% 3.40 66.0% 2.31

2 3 2.58 5.53 44.6% 4.40 56.0% 2.01

1 3 2.37 6.26 37.3% 5.06 49.4% 1.81

3 2 3.04 5.49 45.1% 3.24 67.6% 2.14

2 2 2.52 6.28 37.3% 4.98 50.2% 1.78

1 2 1.91 7.58 24.0% 6.44 35.6% 1.50

3 1 3.55 4.14 58.6% 2.45 75.4% 2.06

2 1 2.45 6.87 31.7% 5.16 48.4% 1.63

1 1 1.29 8.95 10.5% 8.03 19.7% 1.27

We can find that for the same prior distribution of the random step change π(δ) ∼
N(µδ, σ

2
δ ), with our new definition of the generalized type II error, its number reduces

substantially compared with the traditional type II error.

Also, in the prior distribution of the random step change π(δ) ∼ N(µδ, σ
2
δ ), for the same

σδ, when µδ increases, type I error α increases but (generalized) type II error β decreases.

It is easy to understand, since when the step change has bigger magnitude µδ, it is easier

to be detected, so that the probability of failed to detect the step change when it occurs is

becoming smaller, i.e., (generalized) type II error is becoming smaller. Instead, if the step

change has smaller magnitude µδ, the probability that they fail to detect the step change
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when it occurs is becoming larger, in other words, the step change is more easily to be

hidden, i.e., (generalized) type II error is becoming larger.

Similarly, the numerical results for occurrence probability p = 0.05 are given in Table

4.5. All the other parameters are the same as those in Table 4.4.

In Table 4.4 and Table 4.5, for type I and (generalized) type II errors, it looks like

larger type I error usually results in a larger MSEO, which means that if we mistakenly

detect a random change when it actually does not happen, and make the unnecessary

quasi-feedforward control, then it will increase the MSEO. Instead, for the (generalized)

type II error, i.e., if we fail to detect a random change when it actually occurs and do not

make adjustment, since the MSEO decreases (a sign of improvement) when it increase, so

it seems that the (generalized) type II error does not influence the MSEO substantially.

However, we should be very cautious about this conclusion, since there are many other

factors that might influence the control performance and the type I, (generalized) type II

errors. For example, in our random step change model, since the magnitude of the step

change has a prior normal distribution, so its size is not a fixed value. Sometimes the step

change can be large and sometimes it can be small, so on any two observations when the

same type of error happens, their effects on MSEO are usually different. For instance, a

larger random change must have more influence on the MSEO compared to s smaller one.

In order to evaluate it more carefully, we need to make more investigations on this issue,

we need to fix the size of the random step change.

4.8 Evaluation of Type I and Generalized Type II Errors for Fixed Size Ran-

dom Step Change

Now we investigate the effects of Type I and generalized Type II errors on MSEO, by

using the fixed size step change with IMA background disturbance model, with the step

change size ranges from δ = 1 to δ = 4. It is obvious that this is just the degenerated

model of disturbance model (4) with σδ = 0. In Table 4.6 we provide the numerical results

for model (4) with random step change occurrence probabilities p = 0.02, with the same

parameters settings in our simulations, i.e., θ = 0.8 in the IMA background disturbance,
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sample size n = 200 in each simulated disturbance process and make 10, 000 iterations for

each simulated disturbance process.

Table 4.6: Type I and Generalized Type II Errors for Random Step Change Model with
Fixed Change Size (p = 0.02)

α error No. δ = 1 δ = 2 δ = 3 δ = 4

0 1.03 1.13 1.22 1.32

1 1.08 1.21 1.33 1.44

2 1.14 1.28 1.42 1.56

3 1.19 1.36 1.51 1.66

4 1.24 1.41 1.61 1.78

5 1.25 1.48 1.67 1.88

6 NA 1.55 1.75 1.99

0 1.022 1.12 1.35 1.57

1 1.017 1.15 1.42 1.66

2 1.042 1.20 1.48 1.83

3 1.051 1.25 1.54 2.19

4 1.063 1.29 1.63 NA

5 1.078 1.34 1.687 NA

6 1.092 1.40 1.694 NA

The numerical results in Table 4.6 show that for big step changes, the generalized type II

error has more effects on MSEO, with a large MSEO range from 1.57 to 2.10 when δ = 4 for

0 to 3 generalized type II errors, while the MSEO range for 0 to 3 type I errors is only from

1.32 to 1.66, which means that we should not ignore the possible big step change without

applying feedforward control. For small step changes, the type I error has more effects on

MSEO while the MSEO range of different generalized type II is very small (from 1.022 to

1.092 when δ = 1), which suggests that if there is no obvious evidence of a step change,

we should not applied feedforward control to temper the relatively stable process under
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feedback control, which is also consistent with the conclusion we get from the Deming’s

funnel experiment.

Notice that a few NA values exist in Table 4.6, which means that such type I or gener-

alized type II errors never happens in our simulations with 10, 000 iterations. For example,

for the small size random change δ = 1, there is no case for more than 6 type I errors among

all the 10, 000 iterations in our simulation, and there is no case for more than 3 generalized

type II errors among all the 10, 000 iterations in our simulation. This is easy to be explained

by our intuition, since for small size random step changes, it will be less likely that it falls

outside the 3σ control limits many times, which causes a type I error; similarly, for large

size random step changes, it will be less likely that it completely fails to detect such step

changes many times, which causes a generalized type II error.
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Chapter 5

SOME COMMENTS ON PROCESS MONITORING AND

FEEDBACK, FEEDFORWARD CONTROL

There are some relevant issues on SPC and EPC that might cause misunderstanding,

confusion and controversies from researchers and practitioners. Now we discuss these topics

in greater detail and further illustrate the rationales behind our new perspectives on the

process monitoring, feedback and feedforward control framework.

5.1 When SPC is Not Enough

As we know, SPC provides an ongoing check on the stability of a process by using control

charts to identify variation which are due to special causes. However, the process stability

is not the only thing we need to care for, since a stable process might not be a capable

process, for example, if the process mean is not on target, or if the process variation is

too large. Under such cases, we need to change the process so it can meet the customer

requirements, instead of maintaining the stability of this noncapable process. This calls

for process adjustment strategies like feedback control and feedforward control to make the

process on target and reduce variation.

5.2 When Feedforward Control Application is Possible?

Koontz and Bradspies [3] claimed that “even the most enthusiastic proponents of feedfor-

ward control admit that, if input variables are not known or unmeasurable, the system will

not work.” Notice that their input variables just correspond to our informative variables

B. However, the ideal assumption of absolute certainty on the informative variables have

practical limitations, and sometimes parameter uncertainty should be treated as additional

source of variability, possibly due to a poor understanding of the process behavior.
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From our disturbance decomposition viewpoint, the above statement of Koontz and

Bradspies [3] can be relaxed in some sense: as long as we have some knowledge on the

informative variable B, either complete knowledge or partial knowledge, feedforward control

or at least quasi-feedforward control is possible. For example, in model (4), without knowing

the exact size of the random step change each time, we made the realistic assumption that

with some empirical knowledge on the random step change, its occurrence probability p

is known, and its prior distribution is normally distributed with some known mean and

variance, following the assumption of Tsiamyrtzis and Hawkins [13].

5.3 Disturbance Nature and Change-point Identification in EPC

Box and Kramer [2] argued that the feedback control does not necessarily conceal the nature

of the disturbance. However, sometimes feedback control does conceal it. This is due to the

objective of EPC, and we will explain it as follows.

In SPC, when we monitor a stationary or nonstationary process, we can either monitor

the forecast errors through fitting a time series model, or monitor the original observations

(disturbance) directly. For different disturbance models, no method is uniformly better than

the other. When there is no advantage to using forecast errors, directly monitoring the raw

data is much more convenient.

However, when we need to adjust such a process in EPC, usually we cannot monitor a

process without making any adjustment and wait until a signal appears; instead, we need

to adjust the process from the beginning (usually by feedback control) and try to make it

on target with minimum variation as much as possible, so we can only observe the process

under control and the disturbance cannot be directly seen. When the size of the step change

is small, or when there is only one change-point, the signal is more likely to be hidden in

the process after adjustment. Therefore sometimes the nature of the disturbance might be

concealed by feedback control.

Fortunately, process adjustment usually does not require the identification of the change-

point, for example, the EWMA forecast (feedback control) filters out the noise and gives a

clear picture of how the true mean level varies [17]. In other words, as long as the process
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under control has small variation (i.e., MSEO), then it is a good control, and usually we do

not need to worry about how the process looks like without control.

However, in some particular circumstances we can benefit substantially from the change-

point identification in EPC, and this leads us to the next discussion topic.

5.4 The Role of Process Monitoring in the Integration of SPC and EPC

Process adjustment itself usually is insufficient if we have high uncertainty on the distur-

bance model, for example, when the disturbance has multiple change-points, the size of

the step change is unknown or under high uncertainty. Under such circumstances, process

adjustment needs to be combined with process monitoring to achieve higher efficiency, i.e.,

smaller MSEO.

In model (4), we only know the occurrence probability of the random step change and its

prior distribution, but we do not know the more detailed information about the informative

variable, i.e., the random step change, including the exact change-points locations and the

magnitude of every random step change. For such case, control chart for process monitoring

can be used as a supplemental tool for locating the possible change-point, serving for the

further process improvement function. This idea of “process monitoring serves for better

process adjustment” was advocated by Tucker long time ago when feedback control was

first introduced by Box and his collaborators in early 1960s [20], by arguing argued that

“the development of a proper monitoring function in the presence of feedforward and/or

feedback control is (should be) a central research issue in the quest for continuous quality

improvement”. This is exactly our motivation for proposing the quasi-feedforward control

strategy in our random step change disturbance model (4).

Since in SPC, false alarms and failure of detection always exist due to the type I and type

II errors, so similar problems exist in the integration of SPC and EPC as well. Intuitively,

with larger p, µδ and r in our random step change disturbance model (4), our quasi-feedback

feedforward control tends to have potentially higher efficiency.
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5.5 Disturbance Decomposition and Cuscore Charts

While this disturbance decomposition viewpoint is relatively new in EPC for feedforward

control application, similar ideas can be found on some disturbance models in SPC. Some-

times people have experience on how the process will change so that the signal patterns are

anticipated, and Cuscore chart is devised to detect such anticipated systematic signals hid-

den in certain noise for process monitoring function. Box and Luceño [1] discussed a variety

of different signal and noise combinations for Cuscore chart monitoring. Very naturally, the

signal and the noise monitored by the Cuscore chart in SPC just parallel the informative

variable B and the background disturbance e′ in EPC from our disturbance decomposition

viewpoint.

5.6 Disturbance Decomposition and Robust Parameter Design

One of our motivations on disturbance decomposition viewpoint in EPC comes from robust

parameter design. Now we explain how the rationale behind our feedforward control idea

can be unified in both robust parameter design and EPC framework.

It is well known that robust parameter design can be successful only if the control factors

X are interacting with the noise factors e, which is often called “signal-by-noise interaction”.

This implies that after disturbance decomposition, the control factors X should also interact

with the informative variable B as well as the noninformative noise e′, while the B and e′

are independent of each other.

It can be proved that these conditions are satisfied in our disturbance decomposition

model as well. We only investigate model (1) here, since model (2) and model (3) can be

similarly justified.

We show that Xt interacts with δt and the IMA noise. Since the feedforward control is

applied to compensate the effect of δt, so different levels of δt call for different levels of the

adjustment amount xt (equivalently Xt), with control equation

gxt = −mt = −(δt + εt),

thus Xt definitely interacts with δt. Similarly the feedback control is intended to compensate
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the IMA process, with control equation

gXt = −z̃t = −(1− θ)(zt + θzt−1 + θ2zt−2 + ...),

where the EWMA forecast z̃t is a function of the current and all the previous {zt}’s, so xt

(equivalently Xt) and zt are interacting to each other as well. Finally, since model (1) is

an additive model, so the decomposed informative variable δt and the IMA noninformative

noise are independent of each other.
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Chapter 6

RESEARCH CONTRIBUTIONS

This chapter summarizes the research contributions of this thesis. The contributions of

this thesis are summarized as follows:

• A new point of view for the feedforward control problem was presented based on a

disturbance decomposition approach, which reveals the basic causations among dif-

ferent variables in our feedforward feedback control disturbance model with a more

clear illustration. This new idea of feedforward control is also illustrated by some real

application examples.

• Periodic shift models with different (statinoary and nonstationary) background dis-

turbances have been investigated. The closed-form feedback and feedforward control

equations for each disturbance model have been proposed, and the closed-form MSEO

expressions are derived. Performance analysis, sensitivity analysis and robust analysis

have been made.

• Random step change disturbance models have been investigated, with nonstationary

IMA background disturbance. Both feedback and quasi-feedforward control equations

have been proposed, and the MSEO results are derived through simulations. Type

I and type II errors in process adjustment procedure for this random step change

disturbance models have been investigated, and their relationship with the control

performance have been evaluated.

• Some critical issues on process monitoring and process adjustment have been dis-

cussed, and some insights on both SPC and EPC, as well as other related topics have

been gained through those discussions.
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