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Abstract

Distributed Control of Large-Scale Networks:
From Theory to Applications

Siavash Alemzadeh

Chair of the Supervisory Committee:
Professor Mehran Mesbahi
William E. Boeing Department of Aeronautics and Astronautics

Networked systems analysis has been on the forefront of interdisciplinary research over the
past few years with applications spanning from a wide variety of research literature, rang-
ing across control systems, learning, power grids, social network, and economics. Control
of large-scale networked systems often necessitates the availability of complex models for
the interactions amongst the agents. This dissertation tackles some of the aspects of con-
trol and learning in such complex interconnected systems from both theoretic and applied
viewpoints. We consider networks as “systems” and study the advantage they bring into
control, estimation, and optimization of various applications such as antagonistic networks,
network games, and layered networks. Next, we generalize our viewpoint towards networks
as a “system-of-systems” where each system contains a subsystem and consider the dis-
tributed control problem on such hierarchy. This part considers methods for synthesis of
linear quadratic controllers for large-scale systems that consist of interactive agents. Lastly,
we put forward ideas on online iterative synthesis when the control horizon is limited or data
collection is expensive. This part suggests potential remedy to some shortcomings that are
incurred due to potential faulty assumptions in the preceding chapters of the thesis. An un-
derlying theme to most parts of the manuscript is how well a network’s structure facilitates
the machinery of control and optimization of systems that are considered in this category.

The functionality of methods in each part is demonstrated via illustrative simulations.
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Chapter 1
INTRODUCTION

1.1 Distributed Control

Today’s technology has faced unprecedented amounts of hardware, volumes of data, lines of
source code, and number of end users. The unexpected scale of these systems and their in-
terconnections gives rise to many problems. For example, while such complex systems keep
evolving continuously, human or system failures on both software and hardware will grad-
ually become a norm. This revolution, in the same time, has resulted in the development
of even more effective computational tools that utilize the data generated by the system to
reason about reduced order representations, subsequently utilized for classification or predic-
tion on the underlying model of the system. Such techniques have been particularly useful
when the derivation of models from first principles is restrictively complex or infeasible,
and hence, it seems natural to leverage data-driven methods for high-dimensional complex
systems. Nevertheless, when the scale of the problems grows even higher, the possibility
of design and analysis boils down to quantifying the data based on potential underlying
structures of the system.

After hitting some capacity threshold, large-scale systems and control require an in-
frastructure that permits distributed resources to work in parallel to develop, deploy, and
evolve system components. This research on this area investigates integration of designs
and platforms that support decentralized nature of the applications with a concentration on
technologies, methods, and theories that will enable them to be developed in coordination
with other parts of the same system. Such distributed nature could be embedded within
applications in a natural or manual manner. For instance, humans, by nature, band to-
gether and form social groups which, in turn, becomes only a part of a possibly very large
social network. Or say, hand-crafted interconnected systems of automatic drones that work

collectively for a common human-unreachable goal such as putting out a blaze in forests or



satellites collecting information from the orbits is an example of hand-crafted engineering
designs that easily leverage the sparsity within the system to communicate signals efficiently.

In the meantime, the emergence of the knowledge, cheap measurement tools, and the
capability of local communications have raised a number of new system-level questions
concerning how such systems should be coordinated and controlled. Now, one of the main
challenges facing this new field of research is how should the interaction and control protocols
be structured to ensure that a given task is achieved by the system? Furthermore, even if
the solutions are viable for rudimentary systems, when the structural complexity increases,
how do the traditional solutions address the new demands? Or how can data-guided system
theoretic methods be utilized to connect the observations from data directly to the proposed
solutions? The goal of this dissertation is to investigate a general framework for studying
interactions of dynamic agents on networks—how the structure of the network affects the
dynamics and behavior of the systems, processes, and information propagating over the

networks.
1.2 Why Networks?

Networked systems analysis has been on the cutting edge of multi-disciplinary research over
the past few years with applications spanning from robotic swarms to biological networks.
Some well-studied examples of networked systems are social networks and dynamics of
opinions [¢1], flocking [165], autonomous robotics [152], quantum networks [1], autonomous
flight [60], traffic control [175] and gene networks [176]. Often in practice, a real system is
comprised of a number of components that are linked together—naturally or manually—to
form a functioning unit. The dynamics for each separate component could be known or
unknown and a connection between two of these units implies that the output of one com-
ponent relies on the information it receives from its neighbors. We call such a system a
networked dynamical system and those components are referred to as agents or subsystems.
The structure of such interconnections can be represented in a communication graph, where
the nodes correspond to the agents and the edges refer to the connections or edges among
those agents. Graphs provide natural abstractions for how information is shared between

agents in a network. Also, common to many of the networked systems, a global objective is



achieved based on local interactions—which in turn—require local decision-making that is
inherently restricted by limited information exchange and prescribed set of admissible poli-
cies. As such, many computationally efficient optimization algorithms when implemented
on a network have scaling issues when the network size grows. Not surprisingly, there has
been an extensive literature on exploiting the structure of a information-exchange graph in
order to reduce the complexity of distributed methods built upon different optimization and
control methods. In the meantime, while these works mainly focus on a cooperative infor-
mation sharing, many of the real-world systems exhibit non-cooperative behaviors due to a
plethora of reasons including intrusions/attacks, greedy agents, competition for constrained
resources, misaligned incentives, or the adversarial nature of environments that necessitate
a game-theoretical model, for instance. Moreover, from a practical perspective, employment
of graph models in real-world applications is becoming inevitable. From telecommunication,
biology, data mining to inferential modeling and robotics, graph-based network applications
are ubiquitous in today’s technological world. Hence, we also use graph theory as a well-
established tool to model network systems and apply it in different examples that we study
in this dissertation. Some basic standard definitions of graphs used in the text are provided

in Section 1.4.

1.3 Overview and Contributions of the Thesis

In this thesis, we address a variety of questions that emerge naturally when facing network
control design. In particular, we go over three different types of question that will be

addressed in three parts.

Part I: Networks as Systems

In this part, we consider networks as systems with input and output where a collection
of nodes in the network assume control and sensing roles, whereas the remaining nodes of
the graph execute a local, agreement-like protocol. We call this protocol consensus which
will be the cornerstone of our analysis throughout this part. On each chapter we tackle a

shortcoming or application with the aim of identifying graph theoretic implications for the



system theoretic properties of such networked systems.

First, we focus on antagonistic network and show how the symmetry structure of a net-
work with a single control node directly relates to the controllability and observability of the
corresponding input-output system. We also take one further step by introducing network
equitable partitions as means by which such controllability and observability characteriza-
tions can be extended to networks with multiple inputs and outputs. We will discuss that
the key feature of structurally balanced graphs that allows this analysis is that they ad-
mit a gauge transformation that allows the permutation matrix corresponding to the graph
symmetry be extended to a signed permutation matrix.

Second, we turn our attention to application of network games where we use a dual-
averaging optimization approach to propose a distributed no-regret learning algorithm in
network games. Specifically, with only locally available observations, we consider the sce-
nario where each player optimizes a global objective, formed by local objective functions on
the nodes of a given communication graph.

Lastly, we study the guaranteed-cost control design problem of layered network, con-
structed by graph products of several subsystems. The idea behind this work is that model
uncertainty becomes more pronounced for large-scale networks and for certain classes of
systems, the layering structure allows a compositional approach. Hence, we present such
an approach to determine performance guarantees on layered networks with inherent model

uncertainties.

Part II: Networks as a System-of-Systems

In the second part of the thesis, not only we assume that networks form a system, but the
allow agents to run their own dynamical systems that continuously exchange information
with neighboring systems. The distributed control schemes are presented mainly in this
part of the thesis. Besides, in this part we assume that decisions are going to be made
directly from data and there is no knowledge of the underlying model that generates such
data. To that end, we propose a distributed )-learning algorithm to design a feedback

mechanism. In the first section of this part, we introduce a decentralized control scheme



where each agents tries to optimize it own objective while interacting with other agents in
the network. This interaction is shown to be available due to some knowledge of neighbors’
objectives.

The second section of this part contrasts decentralized control to distributed control ideas
where instead of following a consensus-based methodology, we propose an algorithm that
introduces a structured controller where this sparsity structure comes from the underlying
graph structure parameterizing the agents’communication. To ensure stability and conver-
gence, our algorithm requires temporary “auxiliary” links to boost information exchange of

a small portion of the graph during the learning phase.

Part III: Iterative Data-Driven Control

In the last technical part of the dissertation, we shift focus from core network control design
and analysis to some more general aspects of data-driven iterative control from a non-
asymptotic viewpoint. Meanwhile, we address some of the drawbacks that we face in the
prior chapters of the thesis. First, we focus on linear model regression on time-series data
that are collected from a linear dynamical system where we focus on modal properties of the
underlying dynamics. We provide deterministic error bounds for fitting a linear model to
observed time-series data with a particular attention to the role of symmetry and eigenvalue
multiplicity in the underlying system matrix.

In the second section of this part, we introduce a similar setup that tackles the online
control of a linear system from a different angle. Specifically, we examine online regulation
of (possibly unstable) partially unknown linear systems with no a priori assumptions on the
initial controller—which is a standard assumption in most of the iterative control literature.
we introduce and characterize the notion of “regularizability” for linear systems that gauges
the capacity of a system to be regulated in finite-time in contrast to its asymptotic behavior
(commonly characterized by stabilizability /controllability). Next, having access only to the
input matrix, we propose the DGR synthesis that—as its name suggests—regulates the
underlying states while also generating informative data that can subsequently be used for

data-driven stabilization or system identification.



1.4 Background and Notations

Here we will go over some of the common mathematical background and notations that the

reader might encounter throughout the text.

1.4.1 Linear Algebra

We denote by R and N the set of real and natural numbers respectively, Ny = NU {0}, and
S refers to the set of symmetric matrices. A column vector with n elements is referred to
as v € R"™, where v; represents the ith element in v. The matrix M € RP*Y contains p
rows and ¢ columns with M;; denoting the element in the ¢th row and jth column of M.
The square matrix N € S™" is symmetric if NT = N, where N7 denotes the transpose
of the matrix N. The operator diag(.) makes a square diagonal matrix out of the elements
of its argument and the operator vech(.) takes a square matrix and stacks the upper right
triangular half (including the diagonal) into a single vector. The zero and identity matrices
are denoted by 0 and I,,. The unit vector e; is the column vector with all zero entries except
[ei]i = 1. We let N = 0 (= 0) when N is a positive-(semi)definite matrix, i.e., " Nz > 0
(> 0) for all ® # 0. A matrix is positive-definite if and only if all of its leading principle
minors are positive. The ith eigenvalue and spectral radius of M are denoted by \;(M) and
p(M) and M is Schur stable if p(M) < 1. To simplify the vector notation, we use semicolon
(;) to concatenate column vectors, e.g., [vT w']" = [v; w]. For a block matrix F, by [F],
we imply the rth row and kth column “block” component with appropriate dimensions.
We denote by g the indicator function of event £ defined as I¢ = 1 if £ holds and Ig = 0
otherwise. The cardinality of a set S is denoted as |S|. The annihilator of a set S is defined

as,
St ={v* €eR": (v,v*) =0 for all v € S},

where (-, -) is the inner product in the Euclidean space. The column space and null space of a
matrix M are denoted by R(M) and N (M) respectively. We define R(P) to be A-invariant
if there exists C' such that AP = PC. A doubly stochastic matrix P € R™*" is defined as

a non-negative square matrix such that >, P;; = >°; Py, = 1 for all i and k, and o2(P)



indicates the second largest singular value of P. We define [n] = {1,...,n}. The Euclidean

n

norm of a vector x € R” is defined as ||z|| = (2 2)Y/? = (31_

" 22)Y2 and the dual norm to

||| is denoted by ||z |« := supjj,j=1{(z,u). Also, the I-norm is defined as ||z[|; = Y i_; 7.
A function f is convex if f(0z + (1 —60)y) < 0f(x)+ (1 —0)f(y) for all § € (0,1) and for all
x,y in its convex domain, and g is a subgradient of f at point z if f(y) > f(2) +g' (y — 2)
for all y. If f is convex and differentiable, the gradient of f, V f(z), is also a subgradient of
f at z. The set of all subgradients of f at z is called subdifferential and denoted by Jf(x).

1.4.2  Graph Theory

A network system with n agents is characterized by a graph G = (V,E,W) where V =
{v1,v9,...,v,}is the set of nodes, £ C VxV denotes the set of edges, and W € R™*" consists
of weights assigned to edges. We call A € R"*" the adjacency matriz where A;; = W;; # 0.
The degree matriz D € R™™™ is a square diagonal matrix where D;; = Zje N (i) Aij. The
graph Laplacian is then defined as £ = D—.A. Then the continuous-time consensus dynamics
is defined as © = —Lx with z € R™ the state vector. A path of length r in G is given by
a sequence of different nodes v;y,v;,, ..., v;. such that for k =0,1,...,r — 1, the nodes v;,
and v;,_, are neighbors. When the terminal nodes are equal, the path is called a cycle. The

reader is referred to [116] for more details on system theoretic-related notion of graphs.

1.4.83 Graph Products

Cartesian product is an effective way to synthesize large-scale networks from smaller graphs,
which we refer to as factors [88]. The Cartesian product of m graphs G; = (V;, &, W;)
for i = 1,2,...,m is denoted by G = ﬁlgi. The vertex set of G has the form Vg =
Vi X Vo X «+- x V,, and the nodes P, = (v1,v2,...,0) and P, = (ui,u2,...,u,) are
connected if and only if there exists some i such that (v;,u;) € & and v; = u; for j # i.
The Kronecker product of A € RP1*% and B € RP2*%2 denoted by A ® B. The Kronecker
product is not commutative as A ® B # B ® A but rather permutation equivalent, i.e.,

there exist P and @ such that A® B = P(B ® A)Q. Other important properties of the
Kronecker product include mized-product, (A ® B)(C @ D) = AC ® BD, distributivity,



A® (B+C) = (A® B)+ (A® C), and associativity, A® (B®C) = (A® B)® C.
m T mo_- m -1 mo_q . Lo .

Moreover, | ® R; = @R, and ( ®T; = @T; " it T; € R™" is invertible for
i=1 i=1 i=1 i=1

all i € {1,2,...,m}. The Kronecker sum is defined on square matrices M € R™*™ and

NeR™asMON=M®IL,+1,®N. Fori=1,2,...,mand j=1,2,...,n, if (A, u;)

and (uj,vj) are eigenvalue-eigenvector pairs of M and N respectively, then (A;pu;,u; ® v;)

are eigenvalue-eigenvector pairs of M ® N. This also implies that the Kronecker product

preserves positive definiteness [34].

1.4.4 Linear Quadratic Regulator

Linear Quadratic Regulator (LQR) is a classical method in optimal control theory where
the states evolve based on a linear equation that correlates the states and control and the

evaluation is based on a quadratic index measure. Assume the dynamics follows,
z(k+1) = Az(k) + Bu(k), z(0) = xo

in a discrete-time setup. The dynamics can also be deemed as continuous-time in the form

of,
& = Az + Bu, z(0) = xo.

Here, x € R"” is the state vector of the system with the given initial state xg, and u €
R™ is the control signal used to regulate the system. The pair (A, B) are the system
parameters that dictate the dynamics. We call the pair (A, B) controllable, if and only if
the controllability matrix C = [B AB ... A" !B] has full-rank, where n is the size of the
system. We assume that this pair is fixed for every analysis presented in this thesis. The
objective is to find u that drives the state from xy towards zero in an optimal way. In order

to quantify optimality a quadratic cost is specified as,

J(z,u) =Y z(k) Qu(k) +u(k)" Ru(k),
k=0

where @ and R are the penalty parameters on the states and control signals respectively.
Within the framework of LQR, this cost is minimized subject to the linear dynamics intro-

duced above. The solution to the discrete-time LQR is shown to rely on the solution to the



discrete Algebraic Riccati Equation (ARE),
P=ATPA+Q-ATPB (R + BTPB) " BTPA.

Then the optimal control law in the discrete-time case is linear and defined by,
wt(k) = — <R + BTPB>71 BTPAx(k) = —Kz(k).

The policy derived above is also referred to as linear feedback control. For any stabilizing
linear control law u(k) = —Kxz(k), the value of the cost can be computed by finding the

solution to the discrete-time Lyapunov equation,
P=(A-BK)"P(A— BK)+Q+ K"RK,
whose solution can be expressed as an infinite sum,
> k
P=% ((A - BK)T> Q(A — BK)F,
k=0

where A = A— BK is referred to as the closed-loop system from x(k+1) = (A— BK)z(k).
Note that depending on how the policy is updated (v = —Kz or u = Kx) we switch the
closed-loop system to A = A+ BK. Also, when the linear quadratic system as described

above follows the law v = — Kz, then the cost function can be determined as,

J(z,u) = x4 Pxo.

1.4.5 Nonlinear Dynamical Systems

We follow the same conventions as in [3]. Consider the controlled dynamical system
&= F(x,u) (1.1)

where F': R™ x R™ — R" is a smooth mapping. The accessible set A(xg,T) of the system
(1.1) from x¢ at time 7" is the set of all end-points 0(T") where 6 : [0, 7] — R" is a trajectory of
(1.1). The accessible set of (1.1) from z up to T is defined as A(zg, < T') := Up<r<7A(x0, 7).
Then, the nonlinear dynamical system (1.1) is said to be accessible from the initial point

xg if for every T > 0 the set A(xo, < T') contains a non-empty interior.



10

1.4.6 Koopman Operator

Consider the dynamical system in (1.1) without control. The Koopman operator K acts on
functions of state space (called observables) v by the action K1) = ¢oF. The function p(z) is
an eigenfunction of K corresponding to the eigenvalue u if Ko(x) = e*p(x). For an observ-
able function g in the span of Koopman eigenfunctions, one can write g(x) = Y o, vgppr(x),
where the vg’s are the Koopman modes. For the case of full-state observable g(x) = z the
states can be reconstructed as, z(t) = g(z(t)) = > poy e’ i (2(0))vy, where we refer to
{tk, pk, vk} as the Koopman triple. The Koopman operator is linear, but can be infinite-
dimensional. To make this operator computationally usable, a numerical approximation of
Koopman operator can be obtained by EDMD, resulting in a finite-dimensional approxima-

tion K [171].
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Chapter 2
NETWORKS AS SYSTEMS

In this chapter, we tackle a few applications on networks with the assumption that the
network is basically an input-output system. Although, in principle, one can designate
network inputs and outputs at distinct nodes, we will be primarily concerned with the
situation when the input and output nodes are identical. Having considered the system in
this way, we focus on three applications of networks: controllability of antagonistic networks,

distributed learning in network games, guaranteed-cost control of layered networks.

2.1 Mathematical Preliminaries

2.1.1 Consensus Protocol

Consensus (or agreement) is one of the fundamental problems in multiagent coordination.
This protocol refers to the state of the system where a collection of agents are to agree on
a joint state value. In an n agent dynamic setup, the consensus protocol states that the
rate of change of each unit’s state is assumed to be governed by the (weighted) sum of its
relative states with respect to a subset of its neighbors in the network. Let x; € R denote
the scalar state of agent i, then
gi(t) = ) (a(t) — zilt), i=1-n
JEN;

and putting this into the matrix formation,

where x now collect the entirety of states and the interconnections are encoded with the
Laplacian matrix £(G). In simple terms, each agent in the network averages the value of

the parameter that they hold with that of their neighbours.
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2.1.2 Network Partitioning

We fix the input (and output) nodes in the network and denote them by subscript i, whereas
the other agents in the network, the floating nodes shown with f, continue to abide by
the ambient agreement protocol. The graphs containing this parts of the network are
respectively denoted by G; and Gy, defined after removing the input/output nodes as well

as the edges in between. The partitioning implies that the Laplacian can be form into,

A; B
BJI A;

Based on this partitioning of the node, the resulting system becomes a standard linear
time-invariant (LTT) system. We thereby study the agreement within this framework in

this context when the floating nodes evolve as,
ip(t) = —Agzp(t) — Bru(l),
y(t) = _B}—xf(t)7

where u denotes the (exogenous) control signal injected at the input nodes.

2.1.3 Signed graphs

A signed graph Gs is a graph that admits negative weights. We define the signed graph
Laplacian as L; = Dy — A, where A, can also contain negative element and the degree

matrix is given by Dy = 3 cpn) [ijl = 22 jen) [Wijl- The generalization of consensus

dynamics to signed graphs was introduced in [13], and the corresponding dynamical system
is given by © = —Lgx, i.e.,
Bi=— > Wyl (i —sen(Wy)a;), (2.1)
JEN(3)

where sgn represents the sign function.

2.1.4  Automorphisms/Interlacing/Equitable Partitions

An automorphism of the graph G is a permutation 1 of its nodes such that ¥ (i) (j) € € if
and only if ij € £. Let the permutation matrix ¥ be such that [¥];; = 1 if ¢(i) = j and
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zero otherwise. Then v is an automorphism of G if and only if WA(G) = A(G)V (see [116]).
Suppose A € R™"™ and B € R"™*™ are both symmetric and m < n. Then the eigenvalues
of B interlace the eigenvalues of A if for i =1,2,...,m, Ay_m+i(4) < Ni(B) < A\i(A) where
A(A) > M(A) > -+ > A\ (A) are the eigenvalues of A in a non-increasing order [73]. The
cell C is a subset of the graph nodes V. A nontrivial cell is a cell with more than one node.
A partition is a grouping of V into different cells. An r-partition 7 of V with cells {C;}_; is
equitable if each node in C} has the same number of neighbors in Cj, for all 4, j. We call 7 a
Nontrivial Equitable Partition (NEP) if it contains at least one nontrivial cell. Let b;; be the
number of neighbors in C; of a node in C;. The quotient of G over 7, denoted by G/, is the
directed graph with the cells of an equitable r-partition 7 as its nodes and b;; edges directed
from C; to Cj. The adjacency matrix of the quotient is specified by [A(G/m)];; = bij. A
characteristic vector p; € R™ of a nontrivial cell C; has 1’s in components associated with

C; and 0’s elsewhere. A characteristic matrix P € R™ " of a partition 7 of V is defined as

[Pilii-
2.2 Signed Consensus Networks

Consensus algorithms on networks with antagonistic interactions were first considered by
Altafini [13,14]. The network property of structural balance, first considered in the study of
social networks ([, 31]) was identified in Altafini’s works as the property inducing bipartite
consensus in which the agents converge to two disjoint clusters instead of a uniform con-
sensus. Graph-theoretic properties of signed Laplacian dynamics were studied by Pan et
al. [129]. Further research by Pan et al. has looked at identifying the bipartite structure of
structurally balanced graphs using data from signed Laplacian dynamics and dynamic mode
decomposition Dynamic Mode Decomposition (DMD) [130], adding to the works done by
Harary and Kabell [79] and Facchetti et al [61]. Recent contributions by Clark et al. have
studied the leader selection problem in signed consensus [41].

On the other hand, the generalization to nonlinear consensus algorithms has been stud-
ied in numerous settings. Behaviour of nonlinear consensus protocols was considered by
Srivastava et al. [119]. The extension of these consensus protocols to signed networks was

studied by Altafini [11]. Moreover, the generalization of symmetry arguments for control-
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lability was first looked at by Aguilar and Gharesifard [3]. There has been a recent interest
in applying data-driven methods to control of networks, such as the Koopman operator.
The Koopman operator is a dynamical framework in which one considers the propagation
of observables of the state, rather than the state itself. The Koopman operator is linear,
even for a nonlinear system, but the trade-off is that the observable space might be infinite
dimensional [31]. This formalism lends itself well to a data-driven approach, allowing one
to approximate the Koopman operator by collecting data [171]. Research by Pan et al. has
looked at identifying the bipartite structure of signed networks using data-driven methods
[130], furthering work done by Facchetti et al [01], and Harary and Kabell [79].

The contributions of this part is two-folds. First, we conduct a controllability analysis of
signed Laplacian consensus using symmetry arguments developed by Rahmani et al. [135],
for the individual Single-Input-Single-Output (SISO) and Multiple-Input-Multiple-Output
(MIMO) cases of consensus dynamics with leader nodes. In particular, we identify the
property of structural balance that when combined with symmetry causes uncontrollability
of signed consensus dynamics. The key feature of structurally balanced graphs that allows
this analysis is that they admit a gauge transformation that allows the permutation matrix
corresponding to the graph symmetry to be extended to a signed permutation matrix, which
we show leads to uncontrollability when corresponding to a symmetry about input nodes.
When then use tools developed by Chapman and Mesbahi in [38] to derive controllability
and stablilizability conditions for influenced consensus dynamics. In the second half of this
section, we show that the property of structural balance, when combined with symmetries
in the underlying graph, as well as certain symmetries of the nonlinear dynamics, causes
uncontrollability in the context of the accessibility problem. In particular, we consider the
same network flows studied in [3, 14, 119], however we extend the controllability analysis to
unsigned dynamics. We then extend the bipartite identification problem considered by Pan
et al. in [130] to the case of nonlinear consensus signed networks. In particular, we use a
Koopman operator-theoretic approach alongside Extended Dynamic Mode Decomposition
(EDMD) to extract a “Koopman mode” whose sign structure will be shown to contain the

bipartite structure.
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2.2.1 Linear Antagonistic Consensus Networks

The analysis of the linear signed consensus consists of two main parts, which examine two
different notions of influencing control on networks. In the first part, we examine the notion
of uncontrollability due to symmetry and interlacing which was initially derived in [135] for
signed consensus networks. The notion of control in this case is taking over the state of one
or several nodes in the network, and using their edges to inject signals into the system. In
the second part, we consider the case where the nodes are controlled by injecting a single-
integrator signal to some nodes of the graph. Signed consensus networks are of interest
because the negative weights induce a phenomenon known as clustering, where agents will
not converge to an agreement subspace, but rather converge to opposite equilibria. The
condition that causes clustering was identified by [14] as structural balance. Surprisingly, we
show that this topological feature is exactly the condition that produces uncontrollability

of signed networks.

Lemma 1. ([1/]) The following statements are equivalent:

1. The signed graph G is structurally balanced;

2. There exists a gauge Gy such that Gy AsGy has only positive entries (i.e. the graph

becomes unsigned );

8. All cycles in G are positive;

4. The signed Laplacian Lg has a zero eigenvalue;

5. There exists a bipartition of V such that the edge weights on the edges within the same

set are positive, and the edges connecting the two sets are negative.

It is known that the unsigned consensus dynamics have an agreement subspace spanned
by the eigenvector 1 corresponding to the zero eigenvalue [116]. For signed consensus, the
zero eigenvalue explicitly corresponds to disagreement. Then one may think that structural

balance is therefore not a desirable quality for signed consensus, but it turns out that if the
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graph is not structurally balanced, the consensus dynamics become trivial in some sense,

and converge to 0.

Theorem 1. ([1/]) If L is structurally unbalanced in a signed graph G, then lim;_,o z(t) =
0 where x € R™ is the state vector with the corresponding dynamics & = —Lgsx. Otherwise,

if Ls is structurally balanced, then lim;_,o z(t) = (1/n) (17 G42(0)) G¢1.

Previous work by Rahmani et al. in [135] showed that symmetry with respect to a single
input and interlacing for multiple input are sufficient for uncontrollability, and this was
generalized by Chapman and Mesbahi in [38] to show that fractional symmetry with respect
to the inputs is sufficient and necessary for uncontrollability. In this part of the thesis,
we aim to show that structural balance is the property that combined with symmetry
and interlacing leads to uncontrollability. There are examples of signed networks that are
input symmetric but controllable, and we will discuss these in upcoming sections. Before
proceeding to our main results, we summarize the various dynamics considered in this part.

There are several variants of consensus dynamics with respect to how inputs are injected
into nodes. Given a connected signed graph G, we can select one node and use that specific

node to inject our input signal u. This corresponds to partitioning the Laplacian as follows,

where f and i denote the floating and input parts of the network respectively. Then, the

dynamical system for signed consensus networks is,
i=—-Alz - Blu, (2.3)

where for a SISO system we have Al € R(—1Dx(n—1) B! € RM=D*1 and Al is a scalar.
Similarly, one can define the same dynamics as (2.3) for the MIMO system. In that case,
Af: € R™*"f and Bg € R™*" where ny and n; are the numbers of the nodes in floating

and input subgraphs respectively. The floating signed graph is denoted by Gl

Lemma 2. [Popov-Belevitch-Hautus (PBH) Test] The system described in (2.3) is
controllable if and only if none of the eigenvectors of AJ; are stmultaneously orthogonal to

all columns of BI.



18

The second variant of controlling consensus networks is to simply inject signals into nodes,
without taking over the state of the node. We can therefore define the influenced signed

consensus dynamics with ¢ inputs and p outputs as
& =—Lsx+ B(I)u, y=C(O)z, (2.4)

where I C N is the set of input nodes, O C N the set of output nodes, and B(I) and C(I)

are defined as,

| | | \
B(I) = | €y o Gy | C(O) = fj1 fjp ) (2-5)
| | | \

in which e; is the indicator vector for nodes i € I, and f; for nodes j € O. The control

signal vector is u € RY.

The SISO Case

A standard result by [135] shows that for a SISO consensus network, a symmetry about the
input node is sufficient for uncontrollability. We extend this result for the signed consensus
networks considered by [14] and [130]. In particular, we show that structural balance and

input symmetry for the unsigned graph is sufficient for uncontrollability.

Remark 1. This result shows signed Laplacian is in some sense more robust to symmetries
about the input nodes. In particular, there are examples of unsigned graphs that are sym-
metric about an input and therefore uncontrollable, but whose signed counterparts exhibit
controllability despite the symmetry. Therefore, there is not enough conditions to claim the

uncontrollability of the system.
Now, we state and prove a lemma which helps us provide the main result of this section.

Lemma 3. Assume the unsigned graph G enjoys input symmetry and the signed network

Gs is structurally balanced. Then, the following statements hold

1. There exists J' such that J'AL = AL
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2. For the same J' as part 1, J TB! = B

8. If v is the eigenvector corresponding to the eigenvalue A of .Af;. Then, J'v (and hence

v —J'v) would also be the eigenvectors corresponding to A

Proof. From the second statement of lemma 1 there exists G such that

GiLsGy = L, (2.6)
and hence,
Al =a'Ala, B! =5,G'B’.
Therefore
G Ala \ G'Bla, Al | BS
t = T - = - s
o.Bl & onAloy BIT| 4
where G’ = diag(o1,02,...,0,-1). W.lo.g., we can assume o, = 1 since (2.6) also holds
for —G. This gives,
B/ =a@'B].
From [135] we know that if G has the input symmetry structure, then there exists the
permutation matrix J such that,
JAT = AT

Let J' = G'JG’ and,
JA =G IGGAG =G JAIG =G AT JG = G'ATG'G' G = ALT,
which completes the proof of part (1). Note,
JT'Bl =JTG'B =G JG'GB =G J'B = -G JTA1 = -G'ATJT1 = B,

which, in turn, gives the result of part (2). To show that last part, from definition ALy = ).
Then,

Al Jv = J Alv = \J'v,
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implying that J'v is also an eigenvector for the same eigenvalue. Hence, assuming orthonor-

mal eigenvectors for Ag , then v — J'v would also be an eigenvector corresponding to \. [

The matrix J’ introduced for a signed floating graph in lemma Lemma 3 is in some sense
correspondent to the permutation matrix J in the unsigned case. In fact, the only difference
between J and .J’ are the elements with the same rows or columns as the negative elements
in G’. For example, for the graph of Figure 2.1, and considering node 5 to be the input

node, we get the following matrices,

0 0 0 1] 1 00 0] [0 0 0 —1]

0010 o100 Clo o1 o
J= LG = -

0100 001 0 0 10 0

10 0 0 00 0 -1 -1 00 0

Therefore, the first two parts of lemma 3 demonstrate the correlation between the signed
and unsigned consensus networks using the gauge transformation G;. Now we are well-

equipped to provide the main theorem of this part.
Theorem 2. G, is uncontrollable if it is input symmetric and structurally balanced.

Proof. We use the results of lemma 3 and the PBH test to show the uncontrollability of Gj.
Let (A,v) be a pair of eigenvalue and eigenvector for .Aéc so that .Aﬁf v = M. Then, from
part 3 of lemma 3 we know that v — J'v is also and eigenvector for Al Then, from part 2

of lemma 3,

(v—Jv)'Bf =v"Bf —v"J "Bl =v"Bf —v"B] =0,

1 2 3 4

Figure 2.1: A network topology with input symmetry
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which implies that the system is not controllable according to the PBH test of controllability.
O

Remark 2. A signed symmetry implies the existence an unsigned symmetry of G. The
converse is true when G is structurally balanced.
The MIMO Case

In this section, we generalize the uncontrollability result for multiple input systems from
[135] to signed networks. To this end, we leverage the machinery of interlacing and equitable
partitions on graphs. First, we extend the following two lemmas from [73] to the signed

case.

Lemma 4. Let w be a partition of the structurally balanced signed graph Gs, with adjacency
matriz As and characteristic matriz P, and let P' = G P with Gy defined as in (2.6). Then

7 15 equitable if and only if the column space of P’ is As-invariant.

Proof. Necessity: assume 7 is equitable. From lemma 9.3.1 in [73] if 7 is equitable then

AP = PA with A = A(Gs/7). Then, it follows from the second statement in lemma 1,
PA= AP =GAGP = AP =PA

Sufficiency: From lemma 9.3.2 in [73], 7 is equitable if there exists B such that AP = PB.
Then, if such B exists,

PB = AP = GtA,G:P = AP =PB.
O

Lemma 5. ([108]) Given a symmetric matrizx A € R™*™ let S be a subspace of R™. Then,

S+ is A-invariant if and only if S is A-invariant.

Remark 3. ([195]) Let |V| = n, |C;| = ni, and || = r. Then we can find an orthogonal

decomposition of R™ as,

R" = R(P') & R(Q").
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where R(Q') = R(P')L. Then, we can form an orthonormal basis for R™ as,

T=[P|Q], (2.7)
where P' and Q' are normalized P and Q respectively and satisfy P'TQ' =0 and Q"7 Q' =
-

Lemma 6. ([79] Theorem 9.5.1) Let ® € R™™™ be a real symmetric matriz, and let R €
R™ ™ pe such that R'R = I,,,. Set ® = RT®R and let vy, vs, ...,V be an orthogonal set of
eigenvectors for © such that ©Ov; = \j(O)v;, where \j(O) € R is an eigenvalue of ©. Then,
®R = RO if the interlacing between ® and O is tight.

Lemma 7. Given a connected signed graph Gs, the system (2.3) is uncontrollable if and

only if Ls and Aéc share at least one common eigenvalue.

Proof. Necessity: Assume the system is uncontrollable. Then, by the PBH test there is an

eigenvector of Af:, say v, with BgTV = 0. Let A?;y = Av for some \. Then,

Sufficiency: Suppose Lg and Al share an eigenvalue, say A. Define Py = [Inf,O]T be
the n x ny matrix such that Al = P;—LSPf. From Lemma 6 we get L;P = PfAf:. Let
Af:Vf = Ay then L, Prvy = Pf.AZVf, which results in,

v v
. U A f
0 0
This implies,
vy Agyf Vs
0 BTy, ol
which gives BgTuf =0. O

Lemma 7 is the main tool we use to show the final MIMO uncontrollability result of this
section. In the following lemmas, we use linear algebra techniques to provide a criteria in

which £, and £ share a common eigenvalue and discuss on the system uncontrollability.
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Lemma 8. Suppose a structurally balanced signed graph Gs has an NEP, ™ with character-

istic matriz P, then the adjacency matriz Ag is similar to a block diagonal matriz.
Proof. From (2.24) Let T = [P'|Q’]. Define,

p/TASp/ p/TASQ/
Q/TASP/ Q/TASQ/

A, =TT AT =

Since P’ and Q' are A,-invariant, there exist B and C such that,

AsP' = P'B, AQ' = Q'C,
from which,
P'TAP PTQC Apr 0
s OTP'B QT AL 0 Aoy 7
where Ap = P'TAP and Ag = Q'T AQ'. il

Lemma 9. With the same condition as lemma 8, Ls is similar to a block diagonal matriz.

Proof. Let D = Diag([d;1,,];_;) be the degree matrix with d; denoting the degree of each
node in C;. Then DP' = P'D where D = Diag([d;]’_,). Hence, R(P') is D-invariant.
Also, from Lemma 5, R(Q') = R(P')* is also D-invariant. Since from Lemma 4, R(P’)
and R(Q’) are also Ag-invariant, from L5 = Ds — As, R(P’) and R(Q’) are Ls-invariant.

Then following Lemma 8,
Lp 0

0 [,Q/ ’
where Lpr = P'TL P’ and Lo = QL,Q. O
Lemma 10. Let GI be a signed floating graph, and let AL be defined as in (2.3). If there
exists an NEP, 7y in g! and a 7 in the original structurally balanced signed graph Gs such

that all the nontrivial cells in 7y are also cells in w, then Ef: is similar to a block diagonal

matrix.
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Proof. Define ]5} and Q’f as in (2.24) for the floating graph so that R(P!) & R(Q.) = R"/.
Let D be the diagonal degree matrix for the floating section of the signed graph Gs. Since
£ = D! — Al and all the nontrivial cells in ¢ are also cells in 7, pursuing lemmas 8 and
9 it follows,

B =1 ety = | P y
0 Ly

with £4, = P} £{P} and £f, = @, L1, E

We are now well-equipped to address the main result of this section. From Lemmas 9
and 10 we know that £, and £ are similar to block diagonal matrices. In the following
theorem, we show that depending on the graph partition m and structural balance, the two
block diagonal matrices have identical blocks and therefore common eigenvalues. This leads

to the uncontrollability of the system by Lemma 7.

Theorem 3. Given a connected structurally balanced signed graph G with the floating graph
st, the system (2.3) is uncontrollable if there exist NEP on Gs and g,f, say ™ and 7y, such

that 7wy contains all nontrivial cells of .

Proof. Let tNmy = {C1,Cy,...,Cp } with |C5] > 2, i =1,2,...,r1. Let the nontrivial cells
contain the first n; nodes. Hence ny = ;1 |C;| < ny < n. Given that 7y contains all

nontrivial cells of 7, it follows

P| 0 , P| 0
and Py = )
0 Infnl 0 Inf —n1

nxr

P =
ngXry
where P € R™*" contains the nontrivial part of the characteristic matrices. Let P’ and

]5} be the normalization of P’ and P;. Define Q' and Q} as in (2.24). Then
L@ - Q1
/ /
Q = ’ Qf = ’
0 0
nx(ni—ri) ngx(ni—ry)

where Q) € R™*(™~71) matrix that satisfies Q) P; = 0. Tt follows that @, = R' Q' with
R = [In,, 0]". From the definitions of Lo and ﬁé' in Lemmas 9 and 10,

— T — — — — —
Loy =Q £.Q =Qf RTLRQ, = Q) £IQ}; = L],
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Thus one block is common between L¢ and [,f; leading them to have at least one equal

eigenvalue. Therefore, by lemma 7 the system is uncontrollable. O

Stabilizability and Output Controllability

Recent developments in controllability have extended the idea of using symmetry to char-
acterize controllability of linear systems [35]. In particular, a relationship between the
existence of a solution to a particular convex optimization problem was used to construct

the following controllability test.

Theorem 4 (Symmetry Controllability Test [38]). Consider the general linear dynamics ,
& = Ax + Bu, y=Cux,

with A € R™" B € R™™ and C € RP*™. For A diagonalizable and C full row rank,

consider the conditions on a square matriz P,
a. P#1,AP = PA and PB=RB
b. CP = ZC for some Z # 1
c. 5(P+P")=1and PA+(PA)T <A+ AT
Then, there exists P € C"*"™ such that
1. (a) <= (A, B) uncontrollable
2. (a) & (b) < (A, B,C) is output uncontrollable
3. (a) & (c) < (A, B) is unstabilizable
4. (a) & (b) € (c) <= (A, B,C) is output unstabilizable

Note that conditions (a)-(c) are convex, and so conver optimization may be performed to

find the existence of such a P.
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Using Theorem 4, we can now characterize the controllability, output controllability, stabi-

lizability and output stabilizability of the influenced signed consensus dynamics,
&t =—Lsx+ B(I)u, y=C(0)z,

where I C N is the set of input nodes, O C N the set of output nodes, and B(I),C(I) are

the matrices,

| y | \
B = ey o e | COV= | fu =+ fi |
| | | |

in which e; is the indicator vector for nodes ¢ € I, and f; for nodes j € O. The following
lemmas establish the equivalence of controllability under a gauge transformation of the B
and C' matrices for structurally balanced L4, and some useful identities that will elucidate
the role of the gauge transformation in the main result. For clarity of exposition, we will

prove the lemmas at the end of the section.

Lemma 11. Let (Ls,B(I)) be the pair in the dynamics (2.4), and let Bs(I) = G+B(I)
for any gauge transformation B (regardless of whether Ls is structurally balanced). Then,
(—Ls, B(I)) is controllable if and only if (—Ls, Bs(S)) is controllable. Furthermore, letting
Cs(0) = C(O)G:, we have that (—Ls, B(I),C(O)) is output controllable if and only if
(=L, Bs(I),C5(0)) is output controllable.

Lemma 12. Consider the dynamics in (2.4). Suppose L is structurally balanced with gauge

Gy.

1. Suppose that there is an automorphism J such that JLs = LgJ. Then, JoLs = L,
where Jg = G+ JG4.

2. Suppose J is input symmetric. Then, JsBs = Bs.

3. Suppose that there exists Z # I such that ZC(O) = C(O)J. Then, ZCs(O) = C(O)Js.
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The following theorem identifies structural balance as the key feature for uncontrollability
of the dynamics (2.4), on top of symmetry of the underlying unsigned graph. The crux of
the argument is that the gauge transformation allows a signed symmetric automorphism to

satisfy the criteria in Theorem 4, allowing a variant of the result in Corollary 5 of [38].

Theorem 5. Let J be a non-trivial fractional automorphism of L. Suppose further that Lg is
structurally balanced with gauge Gy. Consider dynamics (2.4), and the following conditions

on J with Bs := GyB(I) and Cs := C(O)Gy,

b. Co(R)JCs(N\ R)T =0, Co(R)J.Cs(R)T = Z # 1.
c. Jsvi =w; for all v; ~ X\i(Ls) > 0.
Then,

1. (a) <= (—Ls, B) uncontrollable

2. (a) & (b) <= (—Ls,B,C) is output uncontrollable

3. (a) & (¢) <= (—Ls,B,C) is output unstabilizable

4. (a) & (b) € (¢) <= (—Ls, B,C) is output unstabilizable

The results hold when B — Bs or C — Cs.

Proof. By Lemma 11, J;Bs; = By is equivalent to Theorem 4(a). Suppose that there ex-
ists Z # I such that ZC(O) = C(O)J to establish condition Theorem 4(b). Note that
C(0)C(O)" =TI and C(O)C(N\O)" =0, and [C(O)T, C(N \ O)"] is unitary. We can



28

compute,
0=C(0)J — ZC(N\ O) (2.8)

= (C(0)J = ZC(N\ 0))[C(0)", C(N\O)T] (2.9)

=[C(0)JC(O)T — ZC(R)C(R)T, (2.10)

C(0)JC(N\O)" — ZC(R)C(N\ 0)"] (2.11)

=[C(0)JC(O)" — Z, C(O)JC(N\ 0)], (2.12)

yielding C(R)JC(N\R)" =0, C(R)JC(R)" = Z # I. By Lemma 12(3), this is equivalent
if we interchange J — Jg and C' — Cs. Now, lets assume 5(a) and that,
—J Ly — (LsJ)T = —Ls— L] (2.13)
1
= 3 (JSES + (JSL‘S)T) <L, (2.14)

in order to establish Theorem 4(c). Since (Js + JJ)/2 < I,

2

o] (Js + JJ Jvi > v Lsvi = Ni(Ls), (2.15)

with equality if Jsv; = v;, and hence \;(Ls) > 0, which holds for the stable modes of
—Ls. O

We now prove Lemma 11.
Proof. Note that the column space of the controllability matrix of (—Ls, B)
C(B(I)) := [ B —LB --- (—L)"'B } (2.16)

is spanned by columns of the form (—Ls)"e; for 0 < m < n — 1. The action of a gauge
G: on B(I) is to multiply each column of B(I) by £1, and so the column space of the

controllability matrix of (—Ls, Bs),
CBW) = | GB - (~L)"G.B |, (2.17)
is spanned by columns of the form o;(—Ls)"e; for 0 < m <n — 1, and o; = +1. Clearly,

span{(—Ls)"e;} = span{o;(—Ls)"e;} (2.18)



29

and so rank[C(B(I))] = rank[C(Bs(I))]. The same argument applies for output controlla-

bility, considering the output controllability matrix

C(B(I),C(0)):==| CB --- C(-Ly)™'B |- (2.19)

Figure 2.2: (a) Uncontrollable and structurally balanced graph with an input symmetry
about node 4. (b) Controllable and structurally unbalanced graph with an input symmetry

about node 4.

We now prove Lemma 12.

P?”OOf. 1) Jsﬁs = GtJGthﬁGt = thﬁGt = GtEJGt = Gt[,GthJGt = ESJS.

2) We know JB = B. Hence, JsBs = GsJGsGsB = G3JB = G3B = Bs.

3) ZC(0)Gy = C(0)JGy = C(0)GyGyJ Gy = C(0) .. O

Examples

In this section, we provide examples pertaining to the discussions in this part of the thesis.

In particular, we show the difference between signed and unsigned consensus.

Bipartite Consensus. Signed Laplacian considered in this section exhibit clustering when
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Figure 2.3: (a) Uncontrollable and structurally balanced graph with 7; containing nontrivial
cells in 7. (b) The same system with one change in the signs. No structural balance and

controllable.

structurally balanced. Consider the signed network in Figure 2.5a, and its unsigned coun-
terpart. Note that the signed network is structurally balanced, since the product of the

edge weights over all three cycles is positive.

MIMO Perturbed Laplacian. In this example, we consider the MIMO case with two in-
put signals injected onto nodes 4 and 5. The partition is equitable and 7 = {C1, C2, Cs3, Cy}
and 7y = {C1,C2}. Moreover,

0 -1 -1 0 -1 -1 0 0 0
0 2 0 1
-1 0 1 1 0 0 1 0 0
/ 1 110
A=|-1 1 0 1 o/, P=|l0 10 0|, A(G/m) =
02 00
0 1 1 0 0 0 01 0
1 0 00
-1 0 0 0 0 0 0 0 1

The system in figure 2.3a is structurally balanced and 7 contains the nontrivial cell Cy in
7 and thus the system is uncontrollable. However, changing one negative sign to positive
as depicted in figure 2.3 makes the system structurally unbalanced and the system becomes

controllable.

Influenced Consensus. Previously, we discussed that symmetry alone is not sufficient for
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uncontrollability. In this section we show an example of a symmetric signed network that
is controllable. Consider the following influenced consensus networks in Figure 3.2. As one
can see, the network in Figure 2.5a is structurally balanced, but the one in Figure 2.5b is

not. The Laplacians for these two networks are, respectively,

2 —10 1] 2 1 0 1]

1 03 11 103 -1 1
L= Ly —

0 1 2 1 0 -1 2 1

1 1 1 3 1 1 1 3

The controllability matrices for these two networks are, respectively:

(001 4 16 ] (001 4 14 ]

01 4 16 01 6 32
C = Cy =

01 4 16 01 6 30

1 3 12 48 13 12 52

As one can see, the network in Figure 2.5a is uncontrollable since C; is rank-deficient, but the
network in Figure 2.5b is controllable, and hence one can conclude that unsigned symmetry

is not sufficient for uncontrollability.

2.2.2  Nonlinear Antagonistic Bipartite Consensus Networks

In this part, we tackle two problems regarding nonlinear signed consensus networks. In
the first section, we extend the result in [3] to the signed networks. We examine the
necessary conditions of uncontrollability in nonlinear signed network systems due to input
and dynamics symmetry. In particular, we will show how the additional topological property
of structural balance in signed networks plays a key role in driving uncontrollability. In the
second section, we show that a particular Koopman mode from the EDMD approximation
of the Koopman operator contains the sign structure corresponding to the bipartition in
Lemma 1(5). This extends work by Pan et al. who considered the equivalent problem for
linear signed consensus [130]. Before we proceed, in this section we make a slight change

of notation and suppose that an automorphism of the graph G is a permutation ¢ : V — V

of its nodes such that ¢(i)¢(j) € € if and only if ij € £. The permutation ¢ induces a
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mapping ¢ : R™ — R™ such that [¢(z)]; = 74(;). Let the permutation matrix J be such that
[J]i; = 1if ¢(i) = j and zero otherwise. Therefore, the permutation matrix J is simply the
Jacobian matrix of ¢, in that J = Dy. Thus, ¢ represents the automorphism of G if and
only if JA(G) = A(G)J.

Nonlinear Controllability of Signed Networks

In this section, we extend previous work [3] to analyze the controllability of nonlinear
consensus protocols to the case where these protocols run on a signed network. We consider

three types of nonlinear consensus protocols, following the nomenclature in [3, 14, 119],

e Absolute Nonlinear Flow

i = — 37 [f(:) — senlag) fx) (2.20)

JEN;

e Relative Nonlinear Flow

;= — Z f (x; —sgn(aij)z;) (2.21)

JEN;

e Disagreement Nonlinear Flow

j}i = —f Z T; — sgn(aij)a:j (2.22)

JEN;

To make the manuscript self-contained, we provide two main theorems from [3] which we

use later to demonstrate uncontrollability.

Theorem 6. ([3]) Let G = (V,&) and F : R" — R" be a flow on G. Assume ¢ is a
non-identity symmetry on F'. Then, for any leader [, the leader-follower network flow on G

induced by | is not accessible from the origin in R™ 1.

Theorem 7. Let G = (V,€) and let F : R™ — R™ be the dynamics in any of (2.20)-(2.22).

Also, assume @ be an automorphism of G. Then F is p-invariant.
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Remark 4. The more general case of (2.20)-(2.22) holds when each node has its own smooth
nonlinear function f; : R — R. However, as shown in [J], fi = fou) i8 a necessary and
sufficient condition for all the subsequent controllability analysis to work. Since we assume

the general function f for all nodes, this condition is automatically satisfied.

The behavior of the dynamics (2.20)-(2.22) clearly depends on the choice of f : R — R.
In [14], several classes of functions were considered. First, the class of translated positive,

infinite sector nonlinearities S is defined as,

S = {f [f(x) = f(z")](x — ") > 0 for x # z*, f(0) =0, /jf(t)dt — 00 as |z| — oo}
(2.23)

See [93] for properties of this class of functions. A subset Sy C S of these functions that

will be used later is the untranslated (z* = 0) positive, infinite sector nonlinearities given

by,
Sp = {f o f(z®)x >0 for x #0, f(0) =0, /1’ f(t)dt — oo as |x| — oo}. (2.24)
0

The reason these classes of functions are interesting is that when combined with the dy-
namics introduced in (2.20)-(2.22), clustering occurs in a structurally balanced graph. This

is summarized in the following theorem.

Theorem 8. (Theorems 3 & 4 in [11]) Consider a graph G. Assume either the dynamics
(2.20) with f € S or the dynamics (2.21) with f € Sy running on G. Then,

1
lim z(t) = —

t—o0 n

(1'°PGz(0)) Gi1, (2.25)
if and only if G is structurally balanced (with gauge transformation Gy ).

According to this theorem, for certain classes of functions, the dynamics will converge to two
different clusters. These clusters are exactly those corresponding to the bipartite consensus
condition in Lemma 1(5).

In the following subsections, we elaborate on the controllability of the dynamics (2.20)-
(2.22) and show that a notion of symmetry about the input node, as well as structural

balance, lead to uncontrollability. For each case we consider both even (symmetric) and
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1 i 2

Figure 2.4: Example of a signed automorphism

odd (anti-symmetric) functions f. From [11] we know that if the underlying signed graph G
is structurally balanced, then there exists a gauge G; that acts as a similarity transformation
on the adjacency matrix of G in that G4 As(G)Gy = A where A is the adjacency matrix of
unsigned G. We will show that GG; defines a useful coordinate transformation that allows an
immediate application of the uncontrollability test derived by Aguilar and Gharesifard [3].
Before that, we need the following definition which extends the notion of a graph symmetry

for signed graphs.

Definition 1. Let ¢ be a non-identity automorphism on graph G. Suppose that this graph
1s structurally balanced, with gauge transformation Gy induced by the function g : R* — R"
defined by [g(x)]; = oiz;. Then, we define signed automorphism operator as ¢’ = gopog.
Moreover, assume that J is the matriz representation of the permutation operator @, in that
J = Dy. Then the analogous matriz J' = G¢JGy is the matrix representation of the signed
permutation operator ¢', in that J' = D(go ¢ o g).

Definition 1 implies that unlike the unsigned graph, the signed automorphism contains
sign alterations of edge weights as well as permutations of nodes. Hence, if ¢(x;) = x,, then
¢'(x;) = oj0,x,. For example, consider the graph in Figure 2.4. The corresponding gauge

transformation and automorphisms are defined as follows:

1 0 0 01 0 0 -1 0
Gi=10 -1 0|, J=1|1 0 0|, J=GJG=|-1 0 0
0 0 1 00 1 0 0 1

One can note that while the structures of J and J’ are similar, the signs of the elements are
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different. This also implies,

' (z1) = 010222

(pl(fvl,$2,$3) = (_an —1'1,1'3) = (P/(xQ) = 0102%1 (226)
@/($3) = 030313

Recall that we use ¢(i) as the action of the automorphism on the index of a node rather
than the more obscure notation ¢(v;). For example, in Figure 2.4 we have that ¢(1) = 2

and ¢(2) = 1.

2.2.8 Absolute Nonlinear Flow

The original definition of absolute nonlinear flow allows the function f to vary across the
nodes [149]. In our problem setup, however, all such functions are assumed to be equal,
and thus the dynamics resemble linear consensus in that we can write & = — L f(z), where
f(x) is the function f applied entry-wise to the vector x. In the following theorem, we
will show that for absolute nonlinear flow with odd functions f, structural balance directly
generalizes the uncontrollability conditions in [3]. For the case of even functions, we need

to impose additional topological structure on the edge weights of the underlying graph.

Theorem 9. Consider a structurally balanced graph G with gauge transformation Gy and
absolute nonlinear flow dynamics (2.20). Further suppose G has a non-trivial signed auto-
morphism ¢'. Let f : R"™ — R be a smooth odd function (for example, odd f € Sy with f
smooth). Then, for any vertex j € Fix(y') chosen as the leader, the leader-follower network
is not accessible from the origin in R"~. Moreover, the same results holds for smooth even

functions f if ¢’ preserves edge signs, in that sgn(a;;) = sgn(ag(i)p(5))-

Proof. Following Equation (1.1), let F' denote the network flow and assume the dynamics
in (2.20). We will first note that for smooth odd functions f, the dynamics of the system

can become unsigned by a convenient coordinate transformation. Let z = Gz, or z; = 0;x;.
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Then, following [13]

4 =—0i Y floiz) — sgn(ai;) f(02))

JEN;
= —0; Z oif(z) — sgn(aij)ffjf(zj)
JEN;
= — Z f(Zz) - f(Z]),
JEN;

which is defined as the unsigned absolute nonlinear flow. unsigned nonlinear dynamical
system. Then, from Theorems 6 and 7 we conclude the system is inaccessible.
Now, suppose f is an even function. On one hand, from (2.20) we have

Fi(¢'(x)) = = Y _ floioya,) — sgn(aij) f(ojo1m)

lEN,.

== flar) — sgn(ay) f ().

lEN,
On the other hand we have
Fq&(z)(x) = Fr(x) = - Z f(l'r) - Sgn(arl)f(xl)‘
lEN,

Hence, F is ¢'-invariant if sgn(a;;) = sgn(ay). O

The condition assumed in Theorem 9 for the case of even functions can be interpreted as
the sign symmetry of the graph. This means that if two nodes are connected antagonisti-
cally, their connection will remain negative even after the signed automorphism. This is in

addition to the topological property of structural balance.

2.2.4 Relative Nonlinear Flow

The following result shows that unlike the case of absolute nonlinear flow, structural balance
on top of the signed variant of the conditions in Theorem 7 imply that the network flow
is not accessible from the origin for both even and odd functions, without any additional

constraints on edge weight permutations.

Theorem 10. Consider a structurally balanced graph G with gauge transformation Gy and

relative nonlinear flow dynamics. Further suppose G has a non-trivial automorphism ¢'.
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Let f : R™ — R be a smooth odd or even function (for example, odd f € Sy with f smooth).
Then, for any verter j € Fix(¢') chosen as the leader, the leader-follower network is not

accessible from the origin in R

Proof. Let the same notions as in the proof of Theorem 9. We will show that both cases of
odd and even functions f lead to ¢’-invariance of the flow F' and therefore the inaccessibility
from the origin.

Let f be an odd function. Changing the coordinates by z = Gz yields,

4=—0i y_ floiz — sgn(ai;)o;z)

JEN;
= —0; Z f(oi(zi — oisgn(aij)ojzj))
JEN;
= - Z f(zi_zj)’
JEN;

which is the unsigned relative nonlinear flow. Hence ¢’-invariance follows from Theorems 6
and 7.

For even function f, from (2.21)

Fi(¢'(z)) = — Z f(oiora, — ojorsgn(asj)x;) (2.27)
leN;
= — Z f(UiUT(ivr — aralaiajsgn(aij)wl)) (2.28)
leN:
= — Z f(z, — oroymy) (2.29)
lEN,
=— Z f(z, —sgn(ayq)z;) (2.30)
lEN,
= F.(z), (2.31)

where we have used the fact that o;0;sgn(a;;) > 0 and hence o;0; = sgn(a;;) for all ¢ and
j € Ni. O
Disagreement Nonlinear Flow

The next theorem shows that again for both even and odd smooth functions f, ’-invariance

and inaccessibility from the origin hold when considering structurally balanced graphs with
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input symmetries.

Theorem 11. Consider a structurally balanced graph G with gauge transformation Gy and
disagreement nonlinear flow dynamics. Further suppose G has a non-trivial automorphism
¢'. Let f: R"™ — R be a smooth odd or even function (for example, odd f € Sy with f
smooth). Then, for any vertex j € Fix(¢') chosen as the leader, the leader-follower network

is not accessible from the origin in R

The proof is almost identical to that of Theorem 10 with the same change of coordinates

for the odd function case, and the same sign analysis for the even function case.

Remark 5. The analysis of the section demonstrates that for all of the three nonlinear flow
structural balance in addition to @' -invariance leads to the nonlinear system uncontrollability
for some particular function f (even or odd). The only exception was shown to be the case
of an even function f for the absolute nonlinear flow where we also need to have a edge-sign

symmetry.

2.2.5 Bipartite Identification with the Koopman Operator and EDMD

In this section, we extend the data-driven approach by Pan et al. in using data-driven
methods to identify the bipartite consensus for some of the nonlinear network flows consid-
ered in the preceding section. Our main result is that the Koopman mode corresponding
to the zero eigenvalue of the Koopman operator contains the sign structure indicating the

bipartite consensus.

Theorem 12. Consider the dynamics (2.20) with f € S and (2.21) with f € Sy. Recall

that the full-state observable can be written in terms of the Koopman triple as,
2(t) =Y eMloj(xo)v;. (2.32)
j=1
If the underlying graph is structurally balanced, then the following hold:

1. N\ <0 with a unique zero eigenvalue.

2. Let Ay = 0. Then, the sign structure of the corresponding Koopman mode v1 corre-

sponds to the bipartition of nodes denoted in Lemma 1(5).
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Proof. By Theorem 8, if G is structurally balanced, then we have that,

lim z(t) =

t—o00

(1'PGrao) Gyl (2.33)

S

Hence, A; < 0 since otherwise the RHS of Equation (2.4) does not converge. The sign
structure of the vector G;1 corresponds to bipartition of nodes denoted in Lemma 1(5).

Since A\; = 0 is unique, by setting o = (1/n)1'PGz(0) we have that,

t—o00

lim z(t) = tlilglOZeAftwj(xg)vj = p1(xo)v1 = aGl. (2.34)
j=1

Since both v and ¢4 () are constants, we conclude that v1 o< G41 and the claim follows. [

Next, we provide an example where we use EDMD to approximate the first mode of the

Koopman operator to obtain the sign structure corresponding to the bipartite consensus.

2.2.6 FEzxamples

In this section, we show some examples that highlight the necessity of combining (-invariance,
structural balance and leader-node symmetry for uncontrollability of signed networks. For
examples that show the necessity of combining y-invariance and leader-node symmetry for
unsigned graphs, we refer the reader to [3]. We then show an example of using EDMD
to obtain the bipartite consensus structure of a nonlinear flow on a structurally balanced

graph.

Unsigned Symmetry is Not Sufficient for Uncontrollability. Here we show an exam-
ple of a network flow on a signed graph which has a leader-node symmetry. We show that in
one case, the graph is structurally balanced, and the induced flow is hence uncontrollable.
By altering the sign on a single edge, structural balance is lost and the resulting network
flow is controllable.

Consider the structurally balanced graph in Figure 2.5a, and the structurally unbalanced

graph in Figure 2.5b. These have respective dynamics

t=—Liz—1u, &= —Lox— lu,
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Figure 2.5: (a) Structurally balanced graph with a leader symmetry about node 4. (b)

Structurally unbalanced graph with a leader symmetry about node 4.

with Laplacians,

2 -1 0
Li=]| -1 3 1
0o 1 2

The controllability matrices of these dynamics are respectively,

111
Ci=1]11 1
11 1

11
Co=1|1 3
1 3

-1
11
9

Identification of Bipartite Structure. In this example, we consider a numerical method

to identify the bipartite consensus structure of nonlinear dynamics on a structurally bal-

anced graph, i.e., obtaining the bipartition of nodes in Lemma 1(5). We do this by exploiting

Theorem 12, and numerically approximating the Koopman mode corresponding to the zero

eigenvalue. The goal here is to be able to, with no knowledge of the underlying connection

structure between agents in a natural system, collect data from a natural system and numer-

ically identify the two groups of agents between which only exist antagonistic interactions,

in other words identify the bipartition of nodes in Lemma 1(5).

Consider the dynamics (2.21) with function f(-) = sin(-) with the underlying structurally

balanced graph pictured in Figure 2.6.
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Algorithm 1 Extended Dynamic Mode Decomposition

1:

2:

3:

10:

11:

12:

13:

14:

Initialize
Data: {[X;,Yi]}io] = {[Xi, Xipa]}1o)
Dictionary: ¥; = ¢;(z1,...,26), 1 <i < Nk

Matrix: B € {0,1}" N st U, =2, & B;j =1

Compute

G=(n— 1) T (X)W (X,)
A= (n—1)"" 00 U(Xin) ¥ (V)
K=G'A

Decompose K Into

Eigenvalues: y;

Right Eigenvectors: &;
Left Eigenvectors: w;
Compute

Koopman Modes: v; = (w;B)T, 1 <i < Ng

.
@——0—;

—0—

Figure 2.6: Underlying structurally balanced signed graph for EDMD example. Dashed

edges indicate negative edges.

We use EDMD to approximate the first Koopman mode corresponding to the zero eigen-

value. Due to space constraints, we refer the reader to |

| for a detailed explanation of

the EDMD algorithm; a summary of the relevant computations is shown in Algorithm 1.
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1
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T [s]

Figure 2.7: Evolution of Dynamics 2.21 with f(-) = sin(-) on the graph in Figure 2.6. Left

(red) shaded region corresponds to 92 and the right (blue) shaded region corresponds to 5.

In particular, we use a dictionary of functions of the form ), = H?:l H(x;,j;) where
H(x;,7;) is the j;th order Hermite polynomial of ;. We use all such possible ¢, for Hermite
polynomials up to order 2. Simple combinatorics indicates that there are 729 such functions
Yy, for a 6-node graph; hence the parameter Ni in Algorithm 1 is 729. The dynamics are
shown in Figure 2.7 for an initial condition of o = (—1.73,—0.38, —0.21,0.56, —0.65, —0.32).
The EDMD procedure in Algorithm 1 was applied to three sets of data with a time-step of
0.1, as depicted in Figure 2.7: the full data (from 0 < ¢ < 10), the data in the red shaded
region (0 < ¢ < 3) and the data in the blue shaded region 2 < ¢ < 5). The computed

Koopman modes corresponding to A\; ~ 1 for these regions respectively are ,

[ 0.018 ] [ 0.019 ] [ 0.016 ]
0.026 0.021 0.023
| 00w | o | 005 | o | 005 | 2.35)
~0.020 —0.018 ~0.018
~0.020 ~0.020 —0.016
| —0.011 | | —0.007 | | —0.012 |

which all contain sign structure corresponding to the bipartition depicted in Figure 2.6.
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2.3 Game Networks

Game theory has been successfully employed in non-cooperative decision-making [20, 59,

, 115,144, 157]. As the key solution concept, Nash Equilibrium (NE) plays a central role
in game theoretic analysis defined, in a nutshell, as a strategy from which no player has
an incentive to deviate from unilaterally. Upon convexity and continuous differentiability
assumptions, the NE can be characterized as the solution of a Variational Inequality (VI)
problem [(1], where its existence can be guaranteed under assumptions on action sets and
the Jacobian of the game [61, 136]. Distributed NE seeking and multiagent network games
refers to the class of algorithms that aim to learn a global NE via local information exchange
[12,70,72,77,103,131,138,158], where each node of the network represents a player in the
game.

In this section, we introduce a non-cooperative game between two teams, each consist-
ing of players that interact over a network. While the goal of each team is to learn the
global NE, players have no information from the other team, neither do they enjoy a global
decision-making capability. Instead, only based on local observations, players choose a lo-
cal strategy at each node and receive a local cost, resulting in learning the global NE in
a distributed fashion. This setup resembles a scenario where each node in the network is
subjected to actions that contribute to distinct objectives—in this sense, there is duality
in the interactions between nodes in the network. For example, each node can represent
a socioeconomic entity, with objectives that are not completely aligned with each other
(altruistic vs. profit-seeking). Of prime interest in this section is how algebraic and combi-
natorial properties of the network, such as its connectivity, contribute to the performance
of distributed learning in the context of games. The choice of a primal/dual approach that
is built around dual averaging [123], and its online implementation [173], is primarily mo-
tivated by this overarching objective; this choice is also consistent with how dual averaging
has been used in the context of distributed optimization to underscore the “network-effect”
on the convergence and optimality properties of distributed optimization, where there is no
“duality” in the nodes’ operation. However, in order to extend the work of [58] to the game

setting, one has to pay a particular attention to the information structure, as for example,
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it would be unreasonable to assume information sharing with the opponents in the game
setting.

In the sequel, we introduce the main framework of our analysis. Herein, we briefly men-
tion some background material on dual averaging which is the workhorse of our methodology.
We then continue by proposing the distributed setup followed by a two-player game-theoretic

framework, which can be generalized to multi-player setting with minimum extra effort.

2.3.1 Standard Dual Averaging

The dual averaging algorithm proposed by Nesterov [123] is a subgradient scheme for non-
smooth convex problems. The primal-dual nature of this method generates two sequence of
iterates {z(t), 2(¢)}52, contained within X x R? such that the updates of z(t) is responsible
for averaging the support functions in the dual space, while the updates of z(t) establishes
a dynamically updated scale between the primal and dual spaces. More precisely, after

receiving the subgradient g(t) € df(x(t)) at iteration ¢, the algorithm is updated as follows,

2(t+1) = 2(t) + 7 ()g(?),

(2.36)
o(t+1) = MY (—2(t + 1), a(t)),
where v(t) > 0, {a(t)}2, is a positive non-increasing sequence, and
¥ : 1
I} (2, 0) = argmin,e y { (~2,2) + —u(x)} (2.37)

is a generalized projection according to a strongly convex proz-function (.).

2.3.2 Our Model

We consider the distributed learning problem for a game between two teams (players),
both playing on a network consisting of n nodes connected via a communication graph G.
I To this end, each team has a representative on each node, hence 2n members in total

(Figure 2.8). The teams are grouped within the sets Z, = {(¢,1),...,(¢,n)} for £ € {A, B}

Tt is worth noting that different networks could be associated with each team where the communication
graph would be their overlaps, which is not considered here due to brevity.
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Figure 2.8: Schematic of our game setup including two teams (red A and blue B) with each

team having a representative at each node.

and each team has a choice of action zy € Xy C R% that minimizes the following global

cost,

fo(za,zp) = %Z fei(xa,xp), (2.38)
=1

which is the average of its members’ costs at each node ¢, denoted by f;;. The goal is to
learn a global NE while players have no global decision-making capability. Instead, G is
assumed to be connected and players can communicate within their own team according to
the network structure.

To learn a global NE, each team updates the state of its nodes using a distributed dual
averaging type method. The network-based information flow of our algorithm is related
to [58] in the sense of consensus error of the dual variable, however, in a non-cooperative
game-theoretic setup, convergence of such iterative methods to NE is non-trivial due to
nature of equilibria, limited information exchange, etc. Sufficient conditions of convergence
is further discussed in the following sections.

In our proposed algorithm, at each node i and iteration ¢, player ¢ € {A, B} maintains
an estimate of its team’s action as x;(¢). A communication protocol is designed for sharing
dual variables among the nodes of each team, where node i updates its dual variable z ;(¢)
using a convex combination of those of its neighboring teammates. Then it maps z;(t) back

to the set of admissible actions &} followed by taking its local action x,;(t). Subsequently,
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players observe the actions of the opponent at each node and locally obtain an estimate of
the subgradient of their distributed cost (or reward). We show that under some regularity
assumptions, this process provides players with enough local information to decide about

the next step and eventually learn the global NE.

2.8.8 Team-based Dual Averaging Algorithm

We assume that the structure of G induces a doubly stochastic matrix P, available to each
team where P ;; > 0 if and only if nodes ¢ and j are connected. Then each player ¢ € {A, B}
at iteration ¢ and each node i € V computes updates by the following,
zei(t+1) = Z Prijzei(t) +ve(t)gei(t),
JEN,i (2.39)
oi(t+1) =10y, (= 24t + 1), ae(t)),
where z;; and xy; are the dual variable and the local action of player £ at node ¢ respectively,

gei is a subgradient of the local cost f; at the local actions x;(t) as,

9ei(t) € Oufoi(wai(t), zp,i(t)), (2.40)

where 0y is the differential w.r.t. the action of player ¢. Finally, c(t) and ~,(¢) are sequences
of positive step-size with a(t) being non-increasing. Note that z;; can be viewed as the
local copy of x, at node %, and its updates require access to only the ith row of the matrix
P;. We refer to the updates in (2.39) as TDA. The proposed methodology is summarized
in Algorithm 2. We define the running local average at node i, for player ¢ € {A, B} as,

Bea(t) = % S wi(s). (2.41)
s=0

2.8.4 Main Results

In this section, we present the main results of this setup. We first make the following

definition that is used in the subsequent analysis.

Definition 2. A network game is called Lipschitz convex if the cost of player ¢ € {A, B}

at node i € [n] satisfies,
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Algorithm 2 Team-based Dual Averaging

1: Inputs: For player ¢
2: Local black-box oracle at node 7 to compute a subgradient of the local cost at any test point
Doubly stochastic matrix P, induced by the network structure
: Outputs:
Estimates of NE %, ;(t) at node 7 for player ¢
: Initialize:
t=0
For Player ¢ € {A, B} at node i € [n]
2,i(0) =0

© % D gk W

10: Take random action z,,(0)

11: while convergence

12: For Player ¢ € {A, B} at node i € [n]

13: Observe the opponents local action and get
14: 9ei(t) € Oefei(xai(t), zp,i(t))

15: For Player ¢ € {A, B} at node i € [n]

16: Update the dual variable z; (¢t + 1) by (2.39)
17: Calculate and take action z¢;(t 4+ 1) by (2.39)

18: t=t+1

19: Return: the running average Z¢,; by (2.41)

o fri(.,x_g): Xy —Ris convex Vr_y € X_y.

o fri(.,x_g): X — Ris Ly-Lipschitz continuous Vr_y € X_y such that | fyi(xe, x—¢) —

fri(wyp,z o)l < Lyllwe — 2|, Yap, ) € X

Distinct from optimization problems where the notion of “optimality” plays a central role,
in a game setup, the objective is seeking an equilibrium rather than an “optimal” solution.
In general, in order to incorporate the interactions of players in convergence analysis of
NE-learning algorithms, monotonicity has been known as a useful sufficient condition for
problem “regularity”, originally due to the seminal work of Rosen [136]. In contrast, with

no further regularity assumptions, we will prove a sub-linear regret bound for TDA algo-
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rithm. Convergence of the action iterates to the unique NE can be established using similar

monotonicity assumptions, and will be provided in our subsequent work.

2.3.5 Regret Analysis

First, we introduce two results that facilitate the basic convergence analysis. Herein, we
borrow some tools from prior works, as such, we only mention the key steps that distinguish
our contribution in the game setup. Furthermore, it is worth mentioning that even though
we analyze TDA algorithm with 7,(¢t) = 1, judicious choice of v, can in fact improve the
corresponding convergence rate.

Let us now define fA( .;t) and fB( .;t) as,

FaCost) =250 fay( mm (1)),
fB( . ;t) = %Z?:l fBJ(xAJ(t)v . )7

where x4 ;(t) and zp j(t) are the sequences generated by the TDA algorithm. Now, for
¢ € {A, B}, we define Ry; to be the regret of player ¢ for implementing the TDA algorithm
at node ¢ versus any fixed action zj, while the other player has committed to implement

the TDA, i.e.,
Rei(T) = S0y fe(wei(t)it) — o0, fe(xist). (2.42)

Lemma 13. Following Algorithm 2, suppose that player ¢ € {A, B} has access to gg; for
(¢,i) € Iy at each node i € [n], and {a(t)}$2, is a non-increasing sequence of positive

stepsizes and ~o(t) = 1. Then for any Lipschitz convex network game we have,

) L? n
Rei(T) < ik + 5 S aelt = 1) + Le S () [Zﬁ,i(t) + 2300 2t

for any fized x* = (z%,27%) € X4 x Xp, where Z;,;(t) = ||Ze(t) — 20,i(t)||« is the consensus

error at each time with Zy(t) = L 3" | 20,(t) as the averaging term in the dual space.

Proof. For each team define,

ye(t) =04, (= (1), (1)) (2.43)
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The doubly stochastic nature of P, implies an iterative form of z,(t) as,
Zo(t+ 1) = zg(t) + % Z?:l g&j(t).

Hence, by the zero choice of the dual initialization we get,
t—1

Ye(t) = argmin, ¢y, E <l E gei(s), z) + L v(zx) .
n ag(t)
s=1 = i=1

Now, using the L 4-Lipschitz property of f4 we can show that,

RadT) < XL [Falwa®) = fa@i)| + X1 Lallya®) = zas0l

Also, by adding and subtracting >, fa,;(z4,;(t), 2B ;(t)) to the first term and using con-

vexity we have,

Rai(T) < iy 250 1 {gay(t), wa(t) — 2%)
+ 0 A (llyalt) — zag ()] + lya(t) — zas @)l

where ga;(t) € 0afaj(xa;(t),zp;(t)) and the La-Lipschitz condition is leveraged again.

Then by adding and subtracting y4(¢) in the inner-product we observe that,

Rai(T) < Xl 351094,5(0),ya () — #3)
0 A T 2llya®) — ag O] + [lya(t) — zas(D)]]
< S (5 X1 94, (8), A () — )
+ 2 aa(t) S [22a,(8) + Zai()],
resulting from the L 4-Lipschitz property of f4 and a-Lipschitz continuity of the generalized
projection Hﬁ(., «) (which is a direct consequence of Lemma 1 in [123]). Thereby, the lemma
follows by applying Theorem 2 and Equation (3.3) in [123] (also restated as Lemma 3 in
[58]) to the first term of the inequality above and using the fact that ||ga ||, < La. Similar

analysis results in the bound for Rp;(T). O

2.3.6 Choice of the Learning Rate ay(t)

In order to achieve convergence, an appropriate choice of step-size (learning rate) ay(t) is
required. The next result shows how specific choices of ay(t) result in practical bounds on

Re,i by essentially bounding the Z;; terms.
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Theorem 13. Under the notation adopted in Lemma 13, suppose that ¢(x}) < R%. Then

by choosing the step-size,

Ryv/1 — 02(FP)
VAR 7V

for any Lipschitz convex network game we obtain,

a(t) =

2v13RyLy

V1—02(P)

Proof. Stacking the updates of dual variables (2.39) into a matrix Zy = [z¢1 ... z¢,] and

Rei(T) <v/Tlog(T/n)

similarly Gy = [go1 ... ge.n), for an undirected graph (P, = P;) leads to,
Zy(t +1) = Zy(t) Py + Gy(t).

Define ®(t + 1,s) = P/, where @ is the transition matrix for a discrete-time linear

system with state Z. Thus,
Zy(t+1) = Z()®e(t +1,8) + 300y Gelr — D) y(t+ 1,7),
for 0 < s < t. Note that ®,(t + 1,s)1 = 1 and by definition z,(t) = Zy(t)1/n and

2i(t) = Zy(t)ei, we obtain,

Zu(t) — 204(t) = Zo(s) — Z(8)Qu(t, s)ei + Y Golr — 1)[1/n — (t, 1)eq].
r=s+1

For simplicity we assume that z,;(0) = Z,(0) (say by choosing z,,;(0) = 0); then we have
Zo(s) — Z(s)Py(t, s)e; = 0 at s = 0. This implies that,

Zo(t) — z04(t) = Y20 Go(r — D)1 /n — By(t, 7)es).
We can then proceed to bound this error as,
1Ze(t) = 20 ()|« < Le S0y 11/n = De(t, meilln,

where we have used || gzil|«+ < L; and norm inequalities. Consider the following standard
inequality ([51]),
|1/n — ®p(t,r)ei]|1 < \/7*10_2(P€)t+17r'
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We say that r is “small” if r <t + 1+ log(T'\/n)/log o2(P;) (otherwise it is “large”). Then

by splitting the sum, one would note that for the small 7,
[1/n = @e(t, r)eills < =,
since 09(Fy) < 1. Otherwise, for the large r,
11/ — ®y(t,r)e]1 < 2.

Then it can be shown that,

log(T'y/n) (2.44)

Zoi() = |Z0(t) — 20(0)|] < 2Lp—22— Y2
1alt) = 120 = 20 < 2Lep >

using log o2(P;) ™! > 1 — 02(P,). Hence from Lemma 13,

2 7 T
6L log(T'\/n)
L bLylog(l vn)
Rei(T) S 5 _E ot —1) E

1 — 02 Pg ")
Define the sequence {a(t)}i% as, ay(t) = Ky/v/t, ap(0) = 1. Since ¢(z}) < R? and
Zthl t=1/2 < 2¢/T — 1, choosing K; = Ry\/1 — 02(P;)/v/13L; completes the proof. O

2.3.7 Convergence of TDA Algorithm

A natural question on the performance of the TDA algorithm pertains to the convergence
of the corresponding action iterates. However, it is known that the convergence of action
iterates for this general class of algorithms cannot be guaranteed without further regularity
assumptions. Nevertheless, with minimal continuity assumptions, our next result ensures

that the point of convergence of TDA algorithm is in fact a NE. First a relevant definition.

Definition 3. A network game is called continuous if the cost of player £ € {A, B} at node

i € [n] satisfies,

o fri(xp,x_y) is continuously differentiable in xzy,

o fri(xe,x_p) and V fri(z¢,x_4) are both continuous in the joint variable (x¢,x_g).

Theorem 14. Under the notation adopted in Theorem 13, for a continuous network game,
if Algorithm 2 converges, i.e., x¢;(t) — xj, ast — oo, then xj, = x for all i € [n] and

(xf,x*,) is a NE.
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Proof. By continuous differentiability, we have that g,; = V fy; for all 7 and go; — g7, due
to the joint continuity. Now by ay-Lipschitz continuity of the generalized projection we

have,
[ 2,i(t) — we(8)]| < cnlt) [Z(t) + Ze,5(2)] -

From (2.44) and the choice of oy (t) = K;/+/t we conclude that for all i, j, ||z (t) — ;)] —

0 as ¢ — oo, and thus 27, = z for all 7. Similarly, this implies ye(t) — x since,
lye(t) — 3]l < ae(t) Zei(t) + |zei(t) — 27l

The rest of the proof is by contradiction. Suppose z* = (z},2*,) is not a NE and define
G} = G¢(z*). Then by definition of NE in our setup and noting that V,f,(z*) = G;1/n, at

least for one of the players (say player ¢) we have the following (Proposition 1.4.2 in [62]),
dge € X st. (GyLl/n,q—x;) <O.

By continuity there exist a constant ¢ > 0 and neighborhoods U,V of points z}, G;1/n,

respectively, such that,
(Gyl/n,qp — xp) < —c, Vap,eU, VGyst. Gl/neV.

On the other hand, by definition of Hﬁ and yy as in (2.43), and strong convexity of 1) we
can conclude that —ay(t)z(t) € 01 (ye(t)), and therefore,

Y(ge) — Y(ye(t)) > —ap(t)(ze(t), qe — ye(t)).

Note that by convergence of y,(t), there exists N such that y,(t) € U and Gy(t)1/n € V,
Yt > N. Furthermore, Z,(t) = Y2/} Gy(r)1/n since z;(0) = Z(0); thus we can conclude

that,
t—1 N-1
D(ge) = P(ye(t)) = an(t) Y e = ar(t)(Y Ge(r)L/n, g — ye(t)).-
r=N r=1

Now as t — oo the right hand side of the above inequality approaches positive infinity,

which is a contradiction. O
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2.3.8 FEzxzample
In this section we illustrate the performance of our method for a two-team game on a
network where each player has an objective at each node as follows,

1 1
feilxe, x_y) = 3 e — agq]® + Z<$e,$—e —bei),

where ay; and by ; are arbitrary prescribed parameters. Although the cost functions are only
locally Lipschitz, they can be treated as a Lipschitz continuous function over any bounded
(potentially large) domain. We have simulated the performance of TDA over complete,
random 6-regular, and cycle graphs each consisting of 50 nodes. Figure 2.10(b) shows the
random 6-regular network used for our simulations. To illustrate the advantage of dual
averaging in our algorithm, we compare the results with another distributed algorithm—
referred to as TMD—which is an extension of Distributed Mirror Descent algorithm [55]
adopted for our game model with ¢(.) = 3 ]2, Also, as in standard form, the step-size of
this algorithm B,(t) = K;/t"® is chosen to be not summable but square summable where
Ky is as defined in Theorem 13. The TMD algorithm is detailed below with the same

initialization as TDA. At iteration ¢, members of each team at each node observe the

opponent’s action z_y;(t) locally and compute the local average estimate vy ;(t) as,

vei(t) = 2jen,, Prijre;(t),

and get g¢;(t) € Opfri(ve,i(t), z_gi(t)). Next, they project the average estimates back to the

set of actions as,
wpi(t + 1) = Projy, [vei(t) — Be(t)ge,i(t)]-

Next, we define the NAE as the normalized mean of the running average error from NE

over all nodes of the network as follows,

S () — 2 + 25400 — ol
NAE(t) = L ’ J .
) = S eaa(®) | 1 oz (0) 2]

Figure 2.9 shows the NAE at each iteration for both TDA and TMD algorithms. It can

(2.45)

be noted that on networks with the same structure, the TDA method has a much better

convergence rate as compared with TMD, primary due to the dual averaging nature of TDA.
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Figure 2.9: NAE at each iteration for both TDA and TMD algorithms in complete, random

6-regular, and cycle graphs with 50 nodes.

Clearly, as the connectivity of the network decreases from complete to cycle, convergence
rate becomes slower. This is captured in Theorem 13 where lower connectivity in the network
leads to an increase of oo(P) closer to 1, resulting in a larger bound for each time horizon
T. Next, we examine the performance of TDA in terms of the required iteration for a given
error (from the NE). To do so, we consider four complete graphs with 25, 50, 80, and 120
nodes and require the algorithm to achieve a NAE of less than 0.1. Figure 2.10 illustrates
the number of iterations 7' needed for each network to achieve NAE(T) < 0.1. Since, the
initialization of the algorithm is random, for each network, we have illustrated the mean
and variance of the number of iterations required by 30 realizations. It is evident that the
number of required iterations to achieve the same error-bound, increases exponentially in
this simulation. This behavior is partially due to the fact that TDA is a first-order method
in a game setting and it is converging towards an equilibrium point, unlike distributed

optimization scenario, where convergence is towards an attractive optimal point.
2.4 Layered Networks

In this part of the thesis, we consider a specific structure of networked systems that we

refer to as layered networks and their applications to real systems and, in particular, so-
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Figure 2.10: (a) Number of iterations needed for each network so that NAE is less than 0.1,

(b) The random 6-regular network with 50 nodes simulated in the example.

cial networks. Communities are formed by a large number of local and global interactions,
linked by a wide range of social and economic interdependencies. Systematic understand-
ing of the evolution of communities can be achieved by understanding the influence of its
members on each other as well as the role of external factors. Such an understanding often
requires an accurate model that captures the interactive behaviors [134]. With the intro-
duction of sociogram in 1930’s [1 18], graphical models of interconnections among a group
of individuals was adopted to examine the evolution of communities. This line of work led
to several branches in social and behavioral research such as the interdisciplinary science of
Social Networks Analysis (SNA). The development of these dynamic models has provided
an intellectual bridge between the communal social and behavioral interdependencies on
one hand, and techniques in system sciences such as control and estimation, on the other
[11]. In the meantime, the advent of large-scale modeling techniques due to complexities
of the interdependencies, increasing population size, and the corresponding datasets, have
led to the need to revisit algorithms and solution strategies for network-level control and
estimation.

In spite of the complexity and unpredictability of large-scale social interactions, charac-
terizing reliable models for these interactions are promising in cases where prior knowledge

about the underlying structures of these systems is available. In particular, for certain types
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of social networks, the layering structure allows a compositional approach for the mathe-
matical representation of the system. The layering structure in a social network can be
induced by a variety of motives such as the presence of distinct social types, geographical
coordinates, and financial or political ties. The idea of compositional study of a layered
system can be compared to distributed systems analysis in the sense that the problem is
split into manageable subproblems that can be subsequently solved independently [18,21].
For example, decomposition of consensus-type networks leads to examining the protocol for
each layer [124]. Furthermore, [39] provides a controllability and observability analysis on
large-scale composite networked systems based on their factors.

Despite the many advantages of a decompositional approach, the high dimension of the
system poses new challenges primary due to the layers’ uncertainty as well as perturbations
to the layering structure as a whole [71]. In the context of social networks these uncertainties
may be due to inaccurate modeling of the nature of the interactions as well as whether
or not two social entities are directly interdependent. Such uncertainties pose difficulties
for the control and estimation of such systems. As an example, the adoption of a linear
quadratic (LQ) theory in social networks, is not only hindered by high dimensionality,
but also by inherent model uncertainties. As a result, the strong robustness properties
of say, the Linear Quadratic Regulator (LQR) approach, can vanish where small changes
to the system parameters lead to instabilities. We present a compositional method to
characterize performance guarantees on layered social networks with model uncertainties.
The corresponding distributed analysis and control presented here is closely related to [37],
where a composite LQR solution is derived from the parameters of the two layers. Here,
we obtain sufficient conditions for the robust stability of the composite network based on a

layered control mechanism.

2.4.1 Problem Setup

Specific classes of large-scale social networks can be modeled, at least approximately, via
a layered structure representing interdependent subsystems. One may then aim to charac-

terize the properties of the system via those of its factors or layers. This decompositional
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approach is effective for various classes of social and economic networks, where for example,
inter-nodal influences among distinct groups lead to opinions on a sequence of issues [90]
(Fig. 2.11). The evolutionary study of interconnections among political parties in elections
or the investigation of financial ties between different branches of an international orga-
nization are two examples of the layered structures in behavioral sciences. This types of
system representation make it possible to embed more structure into the system and use

this embedding to simplify the subsequent computational and theoretic analysis.

2.4.2  Dynamics of each layer of the network

We assume that the evolution of opinions is captured by Taylor’s model of influenced attitude
change [159]. The model considers the change in attitudes of a set of individuals as a result
of influence processes within the set, as well as the exposure to external sources. Based on
this model, the opinion dynamics of an individual p in a networked system with n agents
and m external inputs can be represented as,
n m
Yp(t) = Z apg(Yq(t) — yp(1)) + Z bk (sk — yp(1)),
q=1 k=1
where y, is the state of p, sj is the kth external input, a,, captures the influence between
agents p and g and by, defines the interaction between agent p and the kth external (static)
input source. If the individual r is not directly influenced by an external input, b,.;; = 0 for
all k. Particularly, the input to a social organization may be due to a stationary source of

communication such as mass media or an influential administrative center. In the matrix

Region 1

Figure 2.11: A example of a layered social networks due to geographical distributions
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form, Taylor’s dynamical model for layer i of the network assumes the form,
{L‘Z(t) :Alx,(t) -f—BZ’LLZ(t) Vi € {1,2,,771},

where A; € R™%>" is equivalent to graph Laplacian,? capturing the difference in attitudes
and B; € R™*Pi defines the control “knob” for the external inputs. Following [39], for this

type of dynamics,
A(DG) = & A
where for simplicity A; = A(G;). Then the overall network is formed as,

i(t) = (& A)a(t) + ( & B)ult), (2.46)

[Tn;x I1n; [Tn;x 1o
where % A; € Ri=1 iz and % B; € Ri=1 "5 This dynamics can also be formulated
i=1 i=1

in discrete-time as well [39].

2.4.8 Guaranteed L) Performance

Perturbations can be induced in social networks due to distortions in existence, nature, or
intensity of interactions among the individuals. This model uncertainty can eventually lead
to instabilities in a social influence model. Unstable behavior in social networks generally
have unfavorable ramifications such as the advent of clustering or community cleavage [15,
68

Here, we employ the LQ theory as a potential methodology to design state-feedback
controllers for systems with layered structures. LQ methods have been applied in the
literature for the control of large-scale systems and social networks [160,174]. In general, the
applicability of the LQ framework is reasonable when the resources used for social influence
are restricted.® In such a setting, an LQ regulator can be used to attenuate the effect of
the undesirable external influences through minimal adjustments in the control variables.

However, it is well-known that the stability margins of the LQ design do not guarantee

2The notation is due to the applicability of the methods in the current part for any general linear dynamics
and shall not be confused with the adjacency matrix A of the network.

3For example, when there is cap on the advertisement budget.
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robustness to variations in system parameters [35]. It is thus desirable to enhance the LQ
design in order to obtain guarantees on the stability and performance of the system. One
approach to achieve this is through extending the Algebraic Riccati Equation (ARE); the

baseline form of the setup assumes the form,
AP+ PA" +Q—-PBR'B"P=0, (2.47)

for given Q > 0,R > 0, leading to the LQR optimal controller as K = R~!BTP. Tt is
known that robustness to variations in system parameters can be handled by an additional
term in (2.47). We will utilize this methodology to ensure guarantees on the large-scale
system performance in presence of uncertainties. Accordingly, appending the uncertainties

to the dynamics in (2.46) results in,

@3

S (Ai+ AA)a() + (& Bi)u(t),

i(t) =

-
I

where AA; denotes the uncertainty of the model in layer . There are many different
structures suggested for AA; in the literature [56]. One common choice of these structured

perturbations is,
d ~
AA = wiA;, (2.48)
j=1

for given flj. Nevertheless, the results are derived for the general form of the uncertainty
AA of each layer.

The layered structure is one example where compositional control is feasible by applying
similar inputs to the network layers. In this case, the generalized input matrix can be

written as,
By =B1®1,® - Q1I,,.

This assumption helps reduce the intra-layered couplings. Hence the main analysis here is

building upon the following generalized dynamics,
i(t) = @1 (4; + AA)z + Bgu(t). (2.49)

Our goal is to find a generalized structured controller to achieve an upper bound on the

LQR performance index for system (2.49).
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2.4.4 Analysis

In this section we propose a framework for guaranteed performance design for the m-layered
dynamical system (2.49) using an LQ approach. We restate a theorem from [56] that our

main result is built upon. We then generalize the sufficient conditions for the layered case.
Theorem 15. [50] Consider the perturbed dynamical system,
= (A+ AA)x + Bu,
and define the quadratic performance measure,
)
J = /O (z'Qz + u' Ru)dt. (2.50)
Let xq be the initial state and P > 0 be the solution to the modified ARF,
A"P+PA+Q-PBR'B'P+U(P)=0, (2.51)
where U(.) is a positive symmetric function for which,
AATP + PAA<U(P). (2.52)

Then the feedback control law defined as v = —Kx leads to J < a:OTPa:O, where K =
R7IBTP.

In Theorem 15, choosing U is dictated by a trade-off between the complexity of the
design and analytical properties of the solution strategy. The choice, however, depends on
the nature of the perturbations. For instance, the structure given in (2.48) implies that,

d ~ ~
AATP + PAA =Y w;(A] P+ PA4;).

j=1
One suggested form of U induced by this type of perturbation is [35],

d

UP) = Q;1AQ] (2.53)
j=1

where ); and A; are obtained from the eigendecomposition of the symmetric matrix A}P%—

Pflj as,

AJ P+ PA; = Q;MQ; .
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It is straightforward to check that (2.52) holds under such a definition of ¢. Nonetheless,

the analysis is not limited to any specific types of U.

Definition 4. Given matrices D and C; fori € {1,2,...,{}, we define,
C'g“:Cl®"'®Ck—1®D®Ck+1®'“®Cea (2.54)

¢
i.e., C’g“ replaces Cy, with D in g@lC’i.

(2

Definition 4 is followed by some useful properties that is presented in the following.

Proposition 1. Given Definition 4, the following hold:
1XJR £ xR = xR

2. (XYM (W) = (XV)ipy-

3. (XyHT = (XS,

4o (XPH)7H = (Xt

where with a slight abuse of notation,

(XV)®k

a) = X1 ® @ Xp Vi1 @YW @ X1 Vi @ - @ XV

Lemma 14. The dynamics in (2.49) can be written as,
T = (A@ + AA@)CC + B@U, (255)
m m
where Agy = ® A; and AAg = & AA;.
i=1 i=1

The proof of Lemma 14 is straightforward using induction and the properties of Kronecker
products. We assume that the generalized perturbation AAg represents a structured un-
certainty composed of the perturbations from each layer of the system. Generalization of
a layer-independent perturbation or leveraging other well-known uncertainty structures is

out of the scope of this thesis and are addressed for future works.



62

Theorem 16. Consider the generalized dynamics in (2.55). Assume that Q1 = 0, Ry > 0,

and symmetric positive function Uy is given such that,
AA] P+ PAA, < U (P), (2.56)
holds for all P >~ 0 and AA,. Furthermore, let P, = 0 be the solution to,
APy + PiA, + Qi — PLBiR{'B] P, + Uy (P)) = 0,
and define,
Fy = A] M; + M A;, Gi = AA] M; + M;AA;,

where M; > 0 is such that F; <0 and G; < 0 for alli = 2,...,m. Then the generalized

state-feedback control law u = —Kgx with Kg = K1 ® I, ® --- ® I, implies that,

m

J:/ (xTQ®x—|—uTR®u)dt < x4 Py, (2.57)
0
where Py, Qw, and Rg are defined as,

m
P®:MP117 s R@ZMR;’ s Q@ :MQlL _P1®(ZMFZ" )
i=2
Proof. We proceed by checking the conditions of Theorem 15 but for the layered system in

(16). To this end, we need a new definition for a symmetric positive function that generalizes

U. Let,

V(T1, Ty, . T) = T (2.58)

Then we note that for m = 2,
AALPy = (AA; @ AAy) T (P @ M)

= (AA] @ I, +1,, ® AAJ ) (P, @ My)

=AA{PL® My + PL @ AA) M, .
Similarly,

PgAAg = PIAAL @ My + P @ MaAAs.
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Hence by induction, it can be shown that for any m,

AALPg + PyAdg

= (AA[ P+ PLAA) @ My @ -+ @ My,
m

+P@ (Y My (2.59)
=2

PN

U(P) @ My ® -+~ ® My,

= V(P17M27"'>Mm)a

where we have used (2.56) and the fact that Kronecker products preserve positive-definiteness.
Also from Proposition 1.3, it is straightforward to show that V is a symmetric and positive.

From Proposition 1.4, Rz! = (Mfl)il,{”; hence,
1

—1pT R1,m
PoBaRg BLPs = Myy" e (2.60)

which gives,

ALPg + Py Ag + Qg

— PgBgRy'B, Py + V(P1, Ms, ..., M,y)

_ ®1,m

_ B 0
AT Pi+P1A14+Q1+P1B1 Ry B Pi4idi(Pr) ’

and from proposition 1.2,
Kg=—-Rg'BoPy =K1 @1, @ - ®1,,.
O

There are some remarks needed in relation to Theorem 16. First, from the definitions of F;
and G}, the perturbed dynamics A; + AA; is implicitly assumed to be stable which is not
necessarily required. In this sense, the assumptions M; = 0, F; < 0, and G; < 0 might be
restrictive. Indeed, we need M;’s to be selected in a way that inequalities such as (2.59) and
®x = 0 hold which may require further assumptions on the structure of M; such as being
diagonal or sparse. This also limits the freedom of the designer to only select the matrices

M; while forming the cost of the LQR problem.



64

Moreover, we have assumed a layered structure for the controller where the input to
the first layer is repeated in the subsequent layers reflected into the Kronecker structure.
While this assumption reduces system couplings, the presence of the other layers’ dynamics
is implicit in parameters F; and G;. Finally, the proposed QJg essentially removes the
couplings of the dynamics of different layers that shows up in AgP® + Pg Ag in the problem
formulation. However, it needs to be verified whether this Qg satisfies the existence and
stabilizability criteria of the LQR solution. To that end, it is straightforward to check that
Qe = 0; in fact Qg = L' L where,

'D®M21/2®M31/2®“'®M51/2'
HoN o MY @ MY
L=| HoM?@Ns®--- @ Mp* |,

He MM ®-- @ N, |

and Qu =D'D, P, = H"H, and AiTMZ-—i—MiAi = NiTNi by Cholesky decomposition. Hence
to obtain the stability of the generalized LQR solution, we need the implicit assumption
that (Ag, L) is observable (via proper choices of M;’s) and the controllability of (Ag, Bg)

(discussed in [39]).

2.4.5 FExample: Compositional Synthesis for Social Networks

Layered networks can be used for modeling geographical distribution of various social types.
In this section we implement the guaranteed-cost compositional design on a social influence
network. This case study is inspired by Padgett’s research on 15 elite families in 1282-1500,
Florence [127] and the impact of Renaissance on Italian art and culture in the same time
interval. The analysis provides a grouping of these families into social, political, business,
and financial members and the interactions between families were limited to these corre-
sponding members. Based on the geographical distribution and ties between these families,
we leverage our methodology to model this multi-layered network. Inherently, modeling
such an organization is challenging due to the complexity of societal interactions as well as

the population size. We account for these types of uncertainties in parameterizing the net-
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@ (b)

Figure 2.12: The elite family layered structures (a) interconnections within each family (b)

connections among all families

work dynamics. These uncertainties can potentially lead to misclassification in the nature
of connections among individuals. Our model contains three different layers: The first layer,
Gy, represents the structure of each family containing the four groups (Fig. 2.12a). The
dashed line denotes a negative edge denoting a disagreement between social and political
entities. An input to the financial member of each family is considered in order to both
react to a change in fiscal strategy in response to Renaissance fluctuations and avoid social
cleavage due to the opposition between two main members of the family.* All connections
are assumed to be equal (not weighted). The perturbation to the system comes from a
mistakenly flipped sign of the connection between social and financial groups. This results
in clustering leading to the instability of the system. The Florentine elite families graph,
Ga, designates the second layer of the network (Fig. 2.12b). The third layer is inspired by
the spread of Renaissance throughout other provinces of Italy such as Rome and Venice
(Fig. 2.13). This extra layer signifies the computational efficiency of the method. We use

Taylor’s model of opinion evolution. In particular, we leverage Equation (2.49) to model

4In LQR terminology, we only have access to the financial control knob to bound the system performance.
This is just a simplified assumption and the control can take place on every node.
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this 3-layer dynamics as,
3 3
&= L%(Ai + AA,-)} x+ <i®1Bi> u,

where A; and AA; denote the Laplacian and the uncertainty matrices of layer . We assume
ALy =0, AL3=0,and By =[0 0 0 1]' reflecting the control over the financial node.
We use (2.48) to model the perturbation with d = 1, w; = 2, and A = ele; + 626?, i.e.,
a change in the sign between social and political groups. Fig. 2.14a depicts the instability
of the system when the baseline LQR algorithm is used without taking the uncertainties
into account. Fig. 2.14b shows the guaranteed performance for a similar setup but with an
updated LQ controller design methodology presented in the analysis. Table 2.1 shows the
time it takes to run the LQR algorithm (updated ARE in particular) based on the size of

Gs (number of provinces). Similar results can also be obtained for G; and Gs.

09

&b
% %
% &d O-®

&

Figure 2.13: Composition of the elite families network layers.
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Size of G3

Time (sec)

0.3

216

419

Table 2.1: Computational performance for solving modified ARE for different sizes of Gg
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Chapter 3
NETWORKS AS SYSTEM-OF-SYSTEMS

In this chapter, we continue our investigation on networked system with a generalization.
Unlike the previous chapter, that each node in the network belongs to one agent, in this
part, we assume that each node of the graph hosts a linear dynamical system itself. Hence,
now the information exchange throughout the network is between the states and possibly
the costs of the interconnected systems. We refer to this type of mechanism distributed
control of interconnected systems.

Distributed control of large-scale systems is a well-established area of research. The
roots of the field trace back to the socioeconomics literature of 1970’s [113] and early works
in the control literature began to emerge later in the same decade [167]. The inspiration of
these types of works were that the presupposition of centrality fails to hold due to the lack
of either a central intelligence or computational capability [39, 139]. Subsequently, stability
conditions were derived for multi-channel linear systems [13], solidifying the research one
further step. Fast forward a few decades, sufficient graph-theoretic conditions were provided
for stability of formations comprised of identical vehicles [05] and, along the same lines,
graph-based distributed controller synthesis was further examined independently in works
such as [24,52, , , , 168]. The topic was also studied from a spatially distributed
control viewpoint [19,120] and a compositional layered design approach [10,37]. Moreover,
from an agent-level perspective, the problem has been tackled for both homogeneous systems
[24,112,168] and more recently heterogeneous ones [153].

The complete knowledge of the underlying system model is a common assumption in the
literature on distributed control, where the goal is to find a distributed feedback mechanism
that follows an underlying network topology. However, derivation of models from first
principles could be restrictive when the system is highly complex and uncertain. Such

restrictions also hold for parametric perturbations that occur due to inefficient modeling or
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other unknown design factors.! Robust synthesis approaches could alleviate this issue if the
perturbations follow specific models, in both centralized [94] and distributed [104] cases.
However, if the original estimates of system parameters are faulty or the perturbations
violate the presumed model, then both stability and optimality of the proposed feedback
mechanisms will be shattered. Data-driven control, on the other hand, circumvents such
drawback by performing the modeling, optimization, and synthesis only by using the data
when the physical model is unavailable. From an asymptotic analysis point of view, such
machinery are studied under adaptive control and system identification [17,105]. Later, more
research was conducted in a discrete non-asymptotic fashion where control and analysis are
performed on batches of collected data [6,50,164] or through an online iterative procedure
[126, |. Besides, in regards to the adaptive nature of such algorithms, there is a close
connection between online data-driven control and reinforcement learning [27,100,154]. The
latter works extend policy iteration [33] to approximate LQR by avoiding the direct solution
of ARE; yet most of them fail to scale towards high dimensions.

Control and estimation of large-scale systems in essence, is a more complicated problem
than single-agent (centralized) control because of higher levels of uncertainty, dimensions,
and modeling errors. Nevertheless, model-free large-scale analysis—as one tool to address
such setbacks—is still an immature research area. Similar ideas have been investigated in
Multiagent Reinforcement Learning (MARL) community, mainly presented on a more gen-
eral Markov Decision Processes (MDP) framework [33, 177], but still application of most
of the MARL-based algorithms remains challenging as the state-action space grows expo-
nentially large with the number of agents [111]. From a control theoretic perspective, [109]
addresses this using ideas from mean-field multiagent systems and with the key assumption
of partial exchangeability. Also, an SDP projection-based analysis is studied in [36] where
each agent is shown to obtain sublinear regret compared to the best fixed controller in hind-
sight. The problem is also considered from a game-theoretic standpoint [102,125] where the
set of agents possess conflicting objectives.

In the sequel, we first introduce two distributed data-driven control frameworks. The

!For instance, even the LQR solution with its strong input robustness properties, may have small stability
margins for general parameter perturbations [57].
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first scheme proposes a consensus-based setup where each agent’s objective is to find its
own optimal LQR controller, no matter the overall cost of the distributed scheme. In the
second part, we take the structure of the distributed controller into consideration and find

a suboptimal policy.
3.1 Mathematical Preliminaries

Consider a homogeneous network of identical agents with interdependecies briefed in a
common network-level objective function. In particular, we assume that the system contains
N agents forming a graph G, where each node of the graph represents a linear discrete-time

decoupled dynamical system as,
Tipy1 = Axiy + Buy, i=1,2,...,N (3.1)

where x;; € R" and u;; € R™ denote the state and input of agent ¢ at time-step t,
respectively, and A € R™*" and B € R™ "™ are unknown system parameters that form a

controllable pair. The formulation can be compactly presented as,
%41 = Ax; 4 By, (3.2)
where %, € RV and ; € RV™ contain the entirety of the states and inputs,

X = [T145. . N, W= (w14 5uny,

with A € RV N7 and B € RV Nm (efined in block diagonal forms A = Iy ® A and

B =1y ® B. The agents are assumed to collectively minimize the cost,

oo N

j(fio, ;) = Z(Z [wIlemi,t + uZtRui,t] + ﬁ:ﬁ: [(Aijwt)TQ2 (Aijmt)]>7

min
u 22 4oy u 72 €L - : Y
(U1,6)§205 (UN 1) F2 o EL2 o\ prlwy
(3.3)

subject to the dynamics in equation (3.2).2 Intuitively, the first term in the sum indicates

the absolute cost pertinent to each agent, while the second term denotes the cost that arises

20ne instance of such interactive cost among agents appears in the cooperative game setup where agent
i solves the minimization problem,

0o N
" r?éon r Ji(%o, 1) = NZ (mIthmi,t + ULRUi,t + Z (Aijmt)TQQ (Aijwt))y
it)t=05"2 t=0 G

where Ajjxy = @i — ;¢ and Q1 > 0, Q2 = 0, R > 0 are the given parameters. Then, it is well-known
that the set of Pareto front solution of this game can be obtained by minimizing the parametric cost
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from agents’ couplings. The cost in (3.3) can also be written in compact form,
oo
J(%o, 1) = Y %/ Q% + 0/ Ry , (3.4)
t=0

with R = Iy ® R and Q € u,fjn(g), where ugb(g) denotes a linear subspace defined based

on the graph structure,?

ué\fb(g) = {M € IRaNXbN| [M]lj =0 lf] g-/\/’l: [M]Z] c RaXb7 Z?.] = 17 7N} .

Without having access to the system parameters, we are interested in designing feedback
gains with a desired sparsity pattern using measurements from the system in (3.2). Of
particular interest in this analysis are the structured feedback gains reflecting the underlying
interaction network. The canonical distributed (structured) optimal control problem is often

posed in the form of,

min  J (%o, 0y

K
s.t. )A(tJrl = A)A(t + Bﬁt, (35)
u; = K)A(t, K € Uﬁ’n(g)
In general, the constrained optimization problem in (3.5) is an NP-hard problem [78] and has

been investigated via assumptions such as quadratic invariance of the controller [137,169],
spatially invariant dynamics [19], and local parameter tuning [2/] or tackled directly with the
aid of projected gradient-based policy updates [29]—all based on the complete knowledge of
the system. Indeed, not knowing the true underlying system parameters, adds one additional
layer of difficulty to this framework. Then the control designer is left with no choice rather
than leveraging the input-output observations to find a “reasonable” distributed policy for

the system.

function,

§ az X07 ut

(W1,6)7205 (UN 20l

parameterized by ai,...,an where o € [0,1] and >, oy = 1 (see e.g. [59]). Therefore, a cost such as in
(3.3) would be a specific case of the fair Pareto optimal solution with the choice of o; = 1/N for all .

3Such interdependent structure of the cost naturally arises in a graph-based distributed control framework
(See for instance [24,53,112,168]).
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Inspired by a Q-learning-based policy iteration algorithm, we propose a model-free dis-
tributed policy iteration scheme to obtain a suboptimal solution to the problem in (3.5).
Inherent to our algorithm is a subproblem synthesis whose dimension is related to the max-
imum degree of the underlying graph. We will show our design is suboptimal in the sense
that the convergence depends on finding the optimal solution to this subproblem along the
way. Our method is also capable of finding stability margins from data without the need to

solve a high-dimensional optimization and LMIs [141].

3.1.1 Model-Free Policy Iteration for LQR

We first cover some basics of policy iteration and its connections to LQR. Policy iteration for
discrete-time infinite-horizon LQR was initially introduced by Hewer [$3] to approximate
the solution to ARE in a two-step iterative algorithm. For a system with parameters
(A, B,Q, R) with symmetric @ = 0 and R > 0, the algorithm is initialized from some

stabilizing initial policy Ky and includes policy evaluation,
(A— BK;)"Pjy1(A— BK;) — Pjs1+ Q + K] RK; =0, (3.6)
followed by policy update,
-1
Kj1 = (R+B"Pj1B)” B'Pj A (3.7)

Hewer showed that this iteration converges to the optimal solution (K*, P*) under the stabi-
lizability and detectability assumptions. However, this method assumes perfect knowledge
of the system parameters A and B. In order to obtain an approximate to K* without
direct knowledge of A and B, Bradtke et al. [27] proposed a mechanism inspired by the
Q-learning algorithm [170] to perform a data-driven version of policy iteration. Q-learning
has a trial-and-error nature where a control agent optimizes some value function from ob-
serving the results of its own actions. Characterized by Bellman [21], this value function

can be formulated by the Q-function of the state-action pair (x;,u;) at time-step ¢ as,

Qs ur) = Rz, w) +yQ(xpy1, Upy1), (3.8)

where Q(x;, us) = ] Px; is the state-action Q-function, P is the solution to the Lyapunov

equation (3.6), R(x¢, us) = &, Qs + u, Ruy is the one-step reward function, and v € [0, 1]
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denotes the discount factor. The control actions are derived from a set of optimal policies
that assume the form of a linear feedback law u; = —Ka; in the LQR framework where K

denotes the estimate of the controller. Equation (3.8) can also be reformulated as,
Q(xs, u;) = z] Hzy, (3.9)

where z; = [x; uy] and H is a block matrix defined as,

Hy H +~yATPA ATPB
- 11 12 Q+7 v ' (3.10)
Hy  Ho YyB'"PA  R+~B'PB
Having estimated the parameters in H through observations z; by utilizing least-squares,

the controller is then updated as,
% rr—1 7 T —1pT
K = —Hy,'Hy = —y(R+~B' PB) "B'PA, (3.11)

which is equivalent to the solution of 9Q/0u; = 0 in a model-based scenario. The adaptive
nature of the algorithm is originated from a linear Recursive Least-Squares (RLS) step to
learn the parameters of H in real-time. Hence, a linear parameterization of (3.9) is formed

as,
T T
Oz, w) = 2y Hzy = 7, 0g,

where z;, 0y € RPPT)/2 with p = n + m, z; forms a quadratic basis of the elements in z;
as,
]T

zt:[z% Z1Zy - Z1Zp Z2Z1 2 , (3.12)

and Oy vectorizes the upper right triangle of the symmetric matrix H. We also show this

half-vectorization by @ = vech(H). Therefore from (3.8),

Rz, ur) = Q(mp, u) — YQ(@ps1, i) = 2] Hzy — v/ 1 Hze1 = ¢/ 0p, (3.13)

where ¢; = z; — z44+1. Henceforth, RLS can be iteratively employed to find the estimate of

Oy as,

Pi1y(re — ¢/ 6, 1)
1+ ¢/ Pi_1,

P19 P

L+ ¢/ Pio1dyy |

Aj = éj—l +
(3.14)
Pj = Pj_1 —
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where r, = R(x¢, us) and P is the projection adjustment factor that is reset at the beginning

of each iteration in RLS with Py = S for some large enough 8 > 0. This recursive algorithm

converges asymptotically if the data vector ¢, is Persistently Excited (PE) (see [17,70]),
i.€.,
| M
o'1< o zg@_mii <BT  Vit,M>M,, (3.15)
=

for some positive parameters My, o/, and 3. This machinery also enables getting an updated
estimate of H and subsequently use (3.11) to update the controller. Additionally, P can

also be approximated by,
P = IA{H — ﬁ12f( — [A(TFI21 + KTﬁQQK.

The data-driven nature of the machinery planned out above helps circumvent difficulty
of modeling under (possibly unknown) uncertainties. However, such machinery has been
focused for a centralized (single agent) system and not directly applicable to large-scale

systems. In the next section, we will introduce one strategy to make this shift.

3.2 Distributed (Q-Learning

In this section, we extend the @-learning setup based on the distributed control framework
defined earlier. To this end, we assume that each agent enjoys its own Q-function whose

reward is a function of the state of the agent as well as the state of its neighbors. For agent

1 we define,
Qi(xit, wip) = Ri(wig, wir) + vQi(i 41, Wij41)
(3.16)
= Z/iT,f,Qlyi,t + 793¢T,t+1pz‘93i,t+1,
here y; 1 = i Wity Tje5 - 3 Tyt d; is the degree of agent 4, jq, € N for k=1,... 1,
and Q; is defined as,
(di+ 1)@ 0 —Q1 ... —Qi
0 R O .. 0
Q=] -1 0 Q .. 0 |¢cRUEFmxTn (3.17)

Q1 0 0 ... Q|
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The structure of Q; is resulting from equation (2.50) and implies the new definition of
reward function for multiple agents in the system. Note that equations (3.16) and (3.17)
make two implicit assumptions: (1) there is no control coupling amongst agents and, (2)
each agent has only access to the reward form the coupling between its own state and the
states of neighbors. This motivates the existence of zero blocks in (3.17). Equation (3.16)

can also be rearranged into,

Qi(wi,wi) =y Hiyis,

where,
(di+1)Q1+7ATPA  ~yATPB - —Q1
vBTPA R+~+yB'PB 0 0
H; —Ch 0 Q1 0
i —Q1 0 0 Q1 |

Since there is no control coupling, in order to update the controller for each agent at each

iteration we set again,

Ki,new = _HiTQIQH’i,Ql' (318)

Finally, as in the centralized case, for each agent ¢ we define ¢; s = Z; ; — V% 141-

3.2.1 Main Results

We now introduce the distributed policy iteration algorithm. The analysis in this part
is mainly inspired by [28], however, there are fundamental differences as we only assume
couplings through a global cost function; as such, the state transition or feedback of each
agent only depends on their own history of states and actions. Under these assumptions, we
show that this way of coupling in the case of identical systems signifies the interdependency
of the agents in the decision-making process. We briefly explain the steps of the algorithm:
0}7;C is the estimate of H;. In the sequel, Oj’k denotes the parameters of H; obtained using
the true system parameters. K j denotes the controller estimate. The counter ¢ keeps track

of the number of collected data while k£ designates the iteration count on the parameters

estimate. Note that these counters are never reset to zero. Pj(j) is the covariance matrix
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Algorithm 3 The distributed Q-learning Algorithm
1: Initialize:
2:  Random: 6 0(0),...,0n0(0)
3: Stabilizable: Ki,...,Knpo

t=0,k=1

e

5: while convergence:
6: Reset Covariance: Py(0) = Py
7 For j =1 to M:

8: For system:=1,...,N:

9: Choose e; and find u; 3 = K; pxi; + €

10: Collect ;41 by applying u;; to the system
11: Update élk(]) using RLS

12: t=t+1

13: For system ¢ =1,..., N:

14: Find symmetric I—AIzk corresponding to HAM

15: Policy update: K; 11 = _ﬁ;kl(gg)ﬁi,k@l)

16: Initialize parameters éi,kH(O) = ézk(M)

17: k=k-+1

reset to some constant Py at each iteration to revitalize the gain. Each RLS estimation
interval includes M time-steps. The value of M is dependent on the number of unknown
parameters in ézk and also the desired accuracy. The control signal is PE at each iteration
of the RLS and e; is the excitation component which is assumed to be the same for all
agents. After convergence of RLS, the controller for each agent is updated based on (3.18).
The estimation parameters are reinitialized from the final value of the previous iteration
such that 041(0) = 6(M). The reader is referred to Chapter 3 of [76] for exact steps of
RLS.

Theorem 17. Assume that for alli=1,..., N, the pair (A, B) is a controllable and K, is

stabilizing with a PE signal ¢; . Then there exists M < oo such that Algorithm 3 generates
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a sequence {K; .} with limy_, || K — K*|| =0, where K* = LQR(A, B,Q1, R).

Proof. From the definition of the reward for agent i,

T T
Tig = Yi o HiYin — Vyi,t+1Hiyz‘,t+1-

Furthermore,

d;
-
Tit = %-T,thi,t + uZtRui,t + Z (zig — o t) Qi — 2jpt)s
k=1
and,
Q1 +7A"RA ~ATPB Tig

T T]
vBTPA R+~B'PB Uj ¢

T _
Z/i,tHiyi,t = [xi,t Uit

Consequently, we obtain,

it = igtéi,k, (3.19)
where,
d; .
it = -riT,thxi,t + UZtRUi,t + Z (Zigr1 — jer1) Q1(Tips1 — Tjas)- (3.20)
k=1

Hence the distributed nature of the problem narrows down to a particular distributed form

of RLS. We stack the N equations of the form (3.19) for all agents into vector form as,

3% 2, 01,k
= " P (3.21)
EN Zhe) [Ovk
——
¢ Z 6,

Based on the definition of PE in (3.15), it is straightforward to show that the matrix Z; is
PE if z;; is PE for all 4. This results in the convergence of equation (3.21) to some ©* for

large enough M.* From Theorem 5.1 in [28],

~

e — O =0, tim (|07, — 87| = 0. (3.22)
’ k—o0 ’ ’

lim
k—o0

4Parameter estimation for the multi-output system is an straightforward extension of the scalar case and
is discussed in Chapter 3.8 of [70].
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However, the convergence of élk for all 7 to one single value is non-trivial due to the inter-

dependency in RLS. We will show that for a connected network of agents
li el =
Jim sy — 2] = 0,

for any ¢ and j. Note that according to (3.20), if a node is disconnected from the graph it

can be individually examined as in the centralized case. Recall that for £ = ¢, 7,

Typr1 = Awgy + Bugy = (A — BKyg)zes + Bey.

As such,

Tipr1 = Tjppr = (A = BKig)(@is — 250) + BAKyj (3.23)
where AK}, = K,

K. Then if we show that ||AK| — 0 as kK — oo we obtain

@41 = @ienll = |[(4 = BEw) (@l - )| = 0, (3.24)
given that the policy iteration algorithm leads to a more stabilizing controller K;j as k
increases [28]. Then,

| K i —

Kjk Kl = H i k 1,22 J,k 1,21 — HiT;—l,22FIik 1 21H

= H 4, k 1 22( 7,k—1,21 — ﬁi,kfl,ﬂ) (325)
+ (Hij-122 — ﬁj,k—1,22)]fljjkl_lzgﬁijkl_l’zgﬁi,k—l,?l) H

Since Hyy and ﬁgl contain only a subset of elements in 0

f{j,kfl,Ql — f{i,kfl,ZlH < Héj,kfl — éi,kfl

) A ) i (3.26)
Jk—1,22 — Hi,k—1,22H < H9j,k—1 - 9i,k—1H .
Hence equations (3.25) and (3.26) lead to,

1Kk =

R A s 1 A1 .
HH k— 122H Hejkal_ei,kle Hl"‘Hj,k—l,mHi,k 122Hm 121H

< Ko Hej,k—l —0i k-1

(3.27)

where we have used the fact that the estimated parameters are bounded and kg > 0 is a
constant such that,

1 fr—1 Fr—1 2
‘,k—1,22H : Hl + Hj,k—l,ZQHi,k—l,22Hi,k—1721H < Ko-
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From Lemma 5.2 in [25],
H9Zk - éf,k” < em (H‘%,k: =07 + H%—l - éﬁv’f—lu) ’

which for large enough M results in,

. A
9i,k - 9i,k

‘ + H@;k - éj’kH < 6M( H@Zk — ej,k—lu +

. A
9i,k-1 - 91‘,1%1 H

+ 11650 = 5|l + ‘

1 = i ):
3.28

Using triangle inequality on the left side of this inequality,

b= 3] = 1051 = 05411 | < | e = B30) = 01— 05|

. R
ei,k - 9i,k

(3.29)
<

|+ ]

" ~

Then, from (3.28) and (3.29) and for large k,

éi,k — éj,k;H < €M< HQZ*k — Qf,k_ﬂ} +

9%—1 - éi»k—lH + H‘gjk - 9}%—1“ + He}:k—l - éj,k—lH)
{165k — 5]l

Hence using the result in (3.22),

A~

Qik — éj’kH — 0,

)

and plugging this into (3.27),
[AKE| = [[Kix — Kkl =0, (3.30)
Hence,
Zizt1 — zja4a]l = 0.

This implies that based on (3.20), for identical systems the algorithm moves towards N
decoupled Q-learning algorithms for each agent. Thus, although the provided data is from

an interconnected system, each controller converges to its optimal value, i.e.,

lim |K;, — K*|| =0, for i=1,2,...,N.
k—o0 ’
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Remark 6. In Algorithm 3, we have assumed that the exploration signal, e, is equal for
every agent at each time step. This is a valid assumption as long as Z; in (3.21) is PE so
that RLS is assured to converge. Another option would be to choose the excitation signals

et and ej in a way that,
€it — ej,t = —AKkZCj7t.

Hence, not only the input to the RLS is PE, the difference cancels out AKyx;; in (3.23).

Howewver, this setup is more challenging to implement, particularly for large-scale systems.

3.2.2  Computational Saving

The computational saving resulting from using the distributed Q-learning algorithm is sig-
nificant, since for a large system, the design of the LQR controller with the computational
complexity of solving ARE of order O(n?), can be prohibitively expensive. The main compu-
tational burden of Algorithm 3 comes from RLS where the complexity of its implementation
is O(y?) with v parameters to learn. Assuming that the system contains N agents each
having n states and m inputs, the computational complexity of the centralized ()-learning

is obtained by,

o <<(Nn+Nm>(J2Vn+Nm+1>>2> ~ O (N4 (n+m)*),

while for the distributed case the code performs N repetitions of the same RLS leading to

the complexity bound,

0 (N<(n+m)(n+m+l))2> ~ O (N(n+m)).

2

Hence the complexity reduction is,

Ni(n+m)* — N(n+m)? N3 —1
N4(n+m)4 XlOO:TXH)O%,

which is substantial for large N. Table 3.1 compares the computational saving for some

values of V.
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N 2 3 5 8 100

Saving (%) || 87.5 | 96.29 | 99.2 | 99.8 | 99.99

Table 3.1: Approximate computational saving of the distributed @Q-learning compared to

the centralized case in [28].

3.2.83 Ezxample

In this section, we provide an example to show the efficiency of the distributed Q-learning
algorithm for a set of identical communicating Unmanned Aerial Vehicle (UAV)s. We
consider the autonomous flight of a network of six interconnected UAVs which are set to
perform a common task such as geographical data collection or putting out a wildfire. To
cover the whole targeted area, these UAVs are programmed to move in parallel and in order
for minimal signal transmissions, each UAV only communicates with its closest neighbor in
the network as depicted in Figure 3.1. The discrete-time dynamics of UAVs is considered
by mini-aircraft linear parameters that can be found in [87]. the dynamics of each UAV is
defined by,

-0.7000 0.0014  0.1132  0.0005 —0.0967_ _—0.0076 0.0000  0.0003 ]
0 0.6945 —0.0171 —0.0005 0.0068 —0.0115 0.0997  0.0000
A= 0 0.0003  0.7000  0.0957 —0.0048|, B =] 0.0212  0.0000 —0.0081
0 0.0060 —0.0000 0.6131 —0.0936 0.4152  0.0003 —0.1589
i 0 —0.0277 0.0002  0.0973  0.6287 | i 0.1742  —0.0014 —0.0154_

Figure 3.1: A group of identical firefighting UAVs maneuvering in parallel aiming to extin-

guish a blaze (Aerial view of the forest fire - Photo Credit: Alex Punker, Bigstock).
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Figure 3.2: Performance of the distributed Q-learning algorithm. (a) The error between
the LQR optimal controller of each subsystem and the estimate of the algorithm at each
iteration k. (b) Time complexity of distributed and centralized algorithms for different

number of agents.

for a discrete-time linear time-invariant system. We assume Q1 = Is and R = I3. We
will show the results of the distributed policy iteration for N = 6, n = 5, and m = 3
and compare the computational performance with the centralized case. For the distributed
algorithm we consider M = 50 and the exploration signal e; is generated from a normal dis-
tribution. Figure 3.2a shows the results of simulations regarding the controller error norm.
A comparison between the computational performance of the centralized and distributed
methods is also provided in Figure 3.2b. For scaling purposes, M and e; are re-adjusted for

each N.?
3.3 Distributed Control: Structured K Approach

In this part, unlike the previous part, we propose the LQR-based Data-Driven Distributed
Policy Iteration (D3PI) algorithm to iteratively learn a set of stabilizing controllers for un-
known but identical linear dynamical systems that are connected with a network topology
induced by couplings in their performance indices that can also be cast as a particular

form of a cooperative game-theoretic setup. Furthermore, data-driven control of (unknown)

5The main reason for this is that M needs to be modified since N is proportionally related to the
centralized system dimensions Nn and Nm.
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identical systems is motivated by applications such as formation flight [151] or monitor-
ing networked cameras [25] where the agents possess corresponding dynamics whose exact
models are inaccessible due to model perturbations and uncertainties. Notably, to avoid
annihilation of the consensus-based nature of the distributed control setup, the option of
single-agent learning is ruled out in this framework. We assume that the feedback signal
for stabilization is available to each system locally through the same network topology.
Then, we find a compound data-driven feedback mechanism for the entire networked sys-
tem which is trained based on data collected from only a small portion of the network.
In particular, considering a subgraph including the agent corresponding to the node with
maximum degree, we require temporary feedback links within this subgraph in order to
iteratively learn a stabilizing structured controller for the entire network that is optimal
for the subgraph—thus, generally suboptimal for the entire network (Figure 3.3). Finally,
the compound feedback for the entire network is constructed based on this locally optimal
policy. We provide extensive analysis on the convergence and stability of our proposed
distributed policy followed by comments on its suboptimality with respect to the optimal
(unstructured) LQR controller with the same design parameters. We also give a simula-
tion on distributed control of turbocharged diesel engines that showcase the usefulness of
D3PI in a practical setting. In order to avoid notation overload, we use a slightly different

notation in this part which would be mentioned in case it conflicts with the prior section.

3.3.1 The Objective of D3PI Algorithm

We base our method on a policy iteration scheme where a linear feedback gain is updated
at each iteration followed by a policy evaluation step that finds the solution to the cor-
responding Lyapunov function. With no knowledge of the system parameters A and B,
we may follow a Q-learning-based methodology with a trial-and-error nature in which a
control agent optimizes some value function from observing the results of its own actions
(see [27,100] for instance). To implement such machinery, an online iterative scheme—say,
RLS—is often utilized where at each iteration, data is collected using the current estimate

of the policy and the same data is recursively employed to perform an inherent policy evalu-
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Figure 3.3: Addition of auxiliary links (dashed red) to the subgraph G, in D3PI during the
policy learning phase. The size of the subgraph depends on the maximum degree of the

original graph G.

ation step. Then the policy is updated in a similar manner to the discrete-time LQR update

as,
K=-F'G,

where F and G are matrix blocks estimated from data in the policy evaluation step.
Nonetheless, the main issue with this approach is the fact that the policy obtained in
this way, will not respect the hard constraint of K uj,{n(g) as was posed in the opti-
mization (3.5). On the other hand, an arbitrary “projection” of the obtained policy on the
set Z/{,],\{’n(g) may fail to be stabilizing. Furthermore, such projection onto the intersection
of this constraint and stabilizing controllers is not straightforward due to the complicated
geometry of the set of stabilizing controllers [30].

As the constraint K € uﬁn(g) is strict in distributed control synthesis, we shift our
attention from the optimal solution of equation (3.5) towards a suboptimal stabilizing dis-
tributed controller with reduced computational burden. Hence, we need to exploit the
structure that is incurred to this formulation from the underlying graph. Finally, we note
that it is often prohibitive in real-world applications to stop the entire network from func-

tioning for data collection or decision-making purposes. Therefore, we allow temporary
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feedback links on a specific smaller portion of the underlying network G; C G with size d
during the learning stage of our algorithm that would be removed subsequently.® We will
reason that for the learning phase, our method requires observations only from this portion
of the graph where few temporary links are appended to make G; complete. We show that
such interdependency leads to finding control components separately that later on, prescribe
a distinction between “self” versus “cooperative” controls in a network. In the next section,
we provide the D3PI algorithm and sketch the analysis that connects the ideas presented

above along with the convergence study.

3.8.2  Main Algorithm

In this section, we propose and discuss the main algorithm of this part. Given the underlying
communication graph G, the system is considered as a black-box, whereas the designer is
capable of inserting input signals to the system and observe states. The goal of D3PI is
then to find a data-guided suboptimal solution to problem in (3.5) without the knowledge of
system parameters A and B. To this end, we take a roundabout and consider the synthesis
problem of only a subgraph G; C G and collect data only from that portion of the system.
Before we proceed to the main algorithm, we formalize two notions in order to facilitate the

presentation.

Definition 5. Given any subgraph G' C G, we define the mapping “Policy Vg/)” as the

concatenation of all the policies of the agents in Vg, i.e.,
Policy (Vgr) == {u1 ({wj!j ENl}) ; u2({93j|j ENQ}) Do u‘vg,|({$j’j E/\/"vg/|})} )

where each w;({z;|j € N;}) denotes the control policy of agent i in the subgraph G' as

a mapping from {x;|j € N;} to R™. Furthermore, we use Policy(Vg)|, to denote the

t

realization of these policies (i.e. the control signals) at time t. Similarly, we define ,

State (Vg/) = |@1 ; 25 -+ ; wn;g,d-

50f our particular interest are those systems that can be modeled with graphs in which d <« N. Examples
of such occurrences are prevalent in grid-based applications such as social media, power grids, etc.
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The D3PI algorithm is introduced in Algorithm 4. During the learning phase, we include

temporary “auxiliary” links to G4 and make the communication graph complete. We show

such distinction by Ggjearn Where [Vg,| = }Vg ttearn| A Galearn = K(Gg). Inherent to
D3PI is a policy iteration on Ggjearn that finds components Kj and Lj; which intuitively
represent “self” and “cooperative” controls at iteration k, respectively. Even during the
learning phase, we utilize these components in order to design and update an effective
stabilizing controller for the remainder of the agents in G \ Ggjearn. We do so by ensuring
that during the learning phase, information is exchanged unidirectional from Ggjcar to the
rest of the network, therefore, the policy of the agents in G\ G jearn is dependent on those in
Gd,learn, but not vice versa. Finally, with the convergence of the algorithm, we remove the
temporary links so as to get back to the original communication topology, and propose a
final suboptimal stabilizing scheme for the entire network that follows the original network
topology. In the learning stage of D3PI, we use an RLS-based recursion to estimate the
unknown parameters in the cost matrix at iteration k, referred to as ﬁk This entire process
is performed in the Subgraph Policy Evaluation (SPE) (Algorithm 5) given G, Ggjearn, the
mapping policy(Vg,), and the previous estimate of ﬁk_1.7 As will be discussed later, ﬁk
contains the required information to find K and Lj from data. We extract this square
matrix through a recursive update on the vector 0p_1, derived from half-vectorization of
H,,_1, solving the RLS for the linear equation R(%¢, 1) = ¢/ O1_1, where R(X;, 1) denotes
the local cost and ¢; € RP contains the data measurements.® The adaptive nature of the
algorithm entails the exploration signal e; to be augmented to the policy vector in order
to satisfy persistence of excitation. In our setup, e; is sampled from a normal distribution
e: ~ N(0,Y) where the choice of the variance ¥ is problem-specific.” We denote by P}, the
projection factor that is reset to P° > 0 at the beginning of each iteration. Convergence of
the SPE—guaranteed based on the persistence of excitation condition—is followed by the

update of ﬁk that encodes the necessary information to get K and Ly.

"Tilded notations are secured for the parameters related to Gd,learn -
8We use the increments k for the policy update and ¢ for the data collection.

%In practice, excitation of the input is a subtle task and has been implemented in a variety of forms such
as random noise [27], sinusoidal signals [91], and exponentially decaying noise [100].
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Algorithm 4 Data-Driven Distributed Policy Iteration (D3PI)
1: Initialization (¢t < 1, k + 1)
Obtain graph G and choose Gg C G with d = dmax(G) + 1
Obtain Q1, Q2, R and set Q «+ Q1 + dQ2

2
3
4 Randomize %; € R*" and ﬁo € RP*? with p = d(n + m) and set 71 < 0
5 Set P° < Bl,(pt1)/2 for large enough § > 0 and fix variance X

6: Choose K that stabilizes (3.1) and set L1 < Omxn and AK; <+ K1 — Ly
7 Switch ON temporary links in G4 to set Gg learn < K(Ga)

8: While K; and L; not converged, do

9 Set Pp «+ P°

10: Set Policy, (Vg) such that for each i € Vg,

u; <~ AKyxi + Ly [H{ievg\gd} dojen: T+ H{iEng} ZjEng\{i} ”3.7']
11: Evaluate Policy, (Vg,) by obtaining H,, + SPE (g, Ga,learn, Policy,(Vg), ﬁk_l,Pk)
12: Recover matrix blocks
Hi, . < Hi[l:dn, 1:dn],
Hoi < Hildn+1:dn+ dm, 1: dn),
Hoo i < Hildn+1:dn+dm, dm+1:dn + dm)

13: Set

)('1<—I:v111,k[1:n7 1:n], Y1<—I’:122,k[1:m,l:m}, Zleﬁgl,k[l:m,lzn],

Xg(—ﬁll,k[lzn,n—l—l:%ﬂ, Yg%ﬁgz,k[lim,mﬁ-lZQm], Zg(—ﬁglyk[lzm,n—Fl:Zn},

AX<—X1—X27 AY<—Y1—}/2, AZ(—Z1—Z2
-1
14:  Set F « (Y1 —(d—=1)Ya (Y1 + (d— 2)Y2)_1Y2) and G « (Y1 + (d—1)¥2) " Ya (Y1 — Ya) "
15: Update,
K}c+1 «— FZ + (d — 1)GZ2, Lk+1 «— FZ + GZ1 + (d — 2)GZ2, AKkJrl < Kk;Jrl — Lk+1
16: Set Ek41 ¢ AX — Q+ Q2 + AKAZ + AZTAKpy1 + AK (AY — R)AKjp1
17:  Set Yrs1 ¢ Omin (AK,I " RAKj1 + @) / Omax (Ek+1 + LT (AY — R)L,M)
18: Set Tha1 < 4/ Vi1 /(14 Vet1)
19: ke k+1

20: Switch OFF the temporary links and retrieve Gq4

21: Set Policy, (Vg) such that for each i € Vg, wi < AKwxi + 755 Li > c v, T
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This is done by recovering the block matrices X1, Xo, Y1, Yo, Z1, and Z5 from ﬁk that are
further used to form the intermediate variables F' and G.!° Such recovery of meaningful
blocks from ﬁk is due to the specific matrix structure that is resulted from adding extra
links to G4 and will be discussed further in the following section. Each iteration loop is then
ended by updating the parameters v, and 7, which are effective in the stability analysis
of the proposed controller throughout the process. With the convergence of D3PI, G; is
retrieved by removing the temporary links and the distributed policy is extrapolated to the

entire graph G.

Algorithm 5 Subgraph Policy Evaluation (SPE)
1: Input: Graph G, subgraph G’ C G, Policy(Vg), H, P

2: Output: The updated cost matrix H' associated with G’

3: While H not converged, do

4: Set %; — State(Vg/)|, and @, +— Policy(Vg/)],

5: Choose e; ~ N (0,X) and update Policy(Vgr)|, for all i € Vg as @; + @, + e;

6: Let entire G run under Policy(Vg) and collect State(Vg/)|t+1 only from G’

7 Set X¢11 State(Vg/)ftH and @41 < Policy(Vg')|, 4

8: Set Zy < [X¢; i) and Ziy1  [Xey1; Uet1] and form ¢, < Zp — 24

0:  Compute ¢, « [¢2, dria; ~+ Pribpy | Bos Pastsy 0 Gaybp| o | 2]

10:  Compute R(Xs,0) ¢ %, (10 Q — 117 ® Q2)%, + 1, (I1® R)w,
11: Form 6 = vech(H) and use RLS update,

)
L e PPy

1+¢/P¢,

PC(R(%e, 1) — ¢/ 6)
1+¢/ P,

0« 0+

12: Find H" = vech™"(0) and update H < H"
13: t—t+1

Remark 7. Adding temporary links within the subgraph Gq is a way to learn optimal Ky and
Ly, for the subgraph Gg jear by fully examining the dynamical interference among the agents.
Moreover, initializing Kj such that (3.1) is Schur stable—as assumed in our algorithm—has

become a standard in the data-driven control literature. However, we acknowledge that this

10\ atrix inversions on line 14 of Algorithm 4 will be justified in the analysis.
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1 not a trivial assumption and often impractical, in particular, when the system is unknown.
While we stick to this assumption for the brevity of analysis, the interested reader is referred
to the recent works [0, 150] to learn how the issue can be circumvented for specific classes

of systems.

3.3.8 Computational Complezity

Note that the inverse operations on line 14 of the algorithm occur on matrices of size
m X m and are computationally negligible. Furthermore, the complexity of finding extreme
singular values—as on line 17 in Algorithm 4—is shown to be as low as O(n?) [42]. Hence,
the computational complexity of D3PI is mainly originated from the SPE recursion that is
equivalent to the complexity of RLS for the number of unknown system parameters in Gy
and is equal to O (d?(n +m)?) [30]. This implies that the complexity of the algorithm will
be fixed for any number of agents N, as long as the maximum degree of the graph remains

unchanged.

3.8.4 Analysis Prerequisites

Before we proceed to the main analysis, we initiate the building blocks and tools that we
need for the proofs and the analysis of our algorithm. We first provide some insight on
how our setup is connected to the classic model-based LQR machinery and some previously
established results that we leverage from the literature. Next, we present some lemmas that

will be used later on in the proof of the main results in the next section.

Underlying Model of the Subsystem Gq

The configuration of the synthesis problem in D3PI intertwines an online recursion on the
subsystem corresponding to G5 and the original system G. To distinguish between these two
frameworks, we use the tilded notation to present system parameters of G4 in contrast to
the hatted notion for G. In particular, from Equation (3.1) the dynamics of the subgraph

G4 can be cast as,

%11 = A%, + By, (3.32)
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where X; and 0, are formed from concatenation of state and control signals in G;—recall that
1, is also denoted by Policy(Vg,) in the algorithm to emphasize the functional independence
of Algorithms 4 and 5—and A= I;® A and B = I4® B form the dynamics parameterization
of G4. Also define Q —I,®Q—11T ® Qs and R = I;® R. From the Bellman equation [21]
for the LQR problem with parameters (:&, ]§, Q, f{), the cost-to-go matrix of G, is correlated
with the LQR cost,

% Ppxy = R(Xe, W) + X PrXps1, (3.33)

where R(X¢, 0y) = itT Qf(t + ﬁtT ﬁﬁt is the one-step cost, ﬁk is the solution to the Lyapunov

equation,
~ ~ ~~ T~ ,~ ~ ~ ~ ~T ~ ~
P, = (A +BK;) Pi(A+BK;) + Q+ K, RKy, (3.34)

and K, is the controller estimate at iteration k. The dynamic programming solution to
the LQR problem suggests a linear feedback form u; = K, for the subsystem Gg at each
iteration. As mentioned earlier in the preliminaries, combining (3.32) and (3.33) with some

rearrangements result in

~ ~T~ ~ ~T~ ~ ~ ~
Q+A PLA A PB | . |Hux Hpg|. 1~
7t =7 zy = Z; HyZy,

T~ ~ N AT~ ~ t | ~ ~
B P,A R+B P;B Hyi . Haop

% Pix; = 7,

(3.35)

where z; = [X4; @). Note that the discrete-time LQR policy update can be obtained from,

~ ~ ~T~ ~\—1~T ~ ~_1 ~
Kip1 = — <R+ B PkB) B PyA = —H,, Hy s, (3.36)
and the Lyapunov equation in (3.34) can be rewritten as,
~ ~ ~ ~ ~T ~ ~T ~ ~
P =Hj, +Hio Ky + K Hoy o + K Hop 1 K. (3.37)

Hence, ﬁk provides the required information to perform both policy update and policy
evaluation steps in a policy iteration algorithm. We will show that because of the particular
structure of our setup, I~{k enjoys a special block pattern, justifying the recovery of the block

matrices X1, Xo, Y1, Y2, Z1, and Z5 from ﬁk in D3PI. Such constraint on the subspace of
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this particular class of matrices ﬁk can also be employed in order to potentially reduce the
computational complexity of the algorithm. D3PI leverages this idea to implicitly learn ﬁk
from data and exploit these matrix blocks in order to find a suboptimal solution to problem
(3.5).

3.3.5 Linear Algebraic Lemmas

In the remainder of this section, we first state a well-known result to ensure completeness,

and then propose two new linear algebraic facts as vital complements to our analysis.
Lemma 15. The following relations hold,
1. ([85]) When X = 0,
AﬂXN+NTwwt—mMﬂmw+§WXN%
MTXN+AWXWL5MM1HW+§NTXN

where M, N € R"™™ with n > m and a > 0.

2. ([95]) Suppose that A € R™ ™ has spectral radius bounded by 1, i.e., p(A) < 1. Then
ATXA4+Q-X=0
has a unique solution,
w . .
X =) (ATyQAa.
=0

Furthermore, if Q = 0, then X > 0.

3. ([85]) The following equation holds for matrices A, B, C, and D with compatible
dimensions,

—1
A B H! —~H'BD!

C D -D'cH' D'+D'CcH'BD!

where D and H= A — BD~ ' C are invertible.
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4. (Matriz Inversion Lemma [172]) The following holds,
A+vcv)t=Aa"'— Ay ct+valu)y-tva,

for matrices A, U, C, and V with compatible dimensions where A, C, and A+ UCV

are invertible.

Lemma 16. Suppose A and B are symmetric matrices such that A, A— B, and A+(n—1)B

are all invertible for some n € Ng. Then the following algebraic relations hold:
1. (A+nB)(A+(n-1)B) " (A-B)=A—-nB(A+(n—1)B)"'B
2. (A+nB)(A+(n—1)B) (A= B) = (A-B)(A+ (n—1)B) ' (A+nB)

3. (A+nB)(A-B) 'B=B(A-B) '(A+nB)
Proof. 1) (A+nB)(A+ (n— 1)B)_1 (A-B)

= ((A+(m-1)B) + B)(A+(n-1)B)""(4- B)

= (1+B(A+(m-1)B) ") (A~ B)
—A-B+B(A+(n-1)B) 'A-B(A+(n-1)B)'B
—A+B((A+(-2)B) " A-1) - B(A+(n-1)B)"'B

— A+ B(A+(n— 2)B)_1(A— (A+ (n— 2)3)) ~B(A+(n-1)B)'B
—A—(n-1)B(A+(n-1)B) 'B-B(A+(n-1)B)"'B

—A-nB(A+(n-1)B)'B

2)  (A+nB)(A+(n—1)B)  (A- B)
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3) (A+nB)(A-B) 'B=(A-B+(n+1)B)(A-B) 'B

= (I+(n+1)B(A-B)")B=B(I+(n+1)(A-B)"'B) = B(A-B)" (A+nB)
O

Lemma 17. Suppose N, € PL(r x n,R) for some n and r > 2 such that N, =1, ® (A -
B) + 1,1} ® B, for some A € GL(n,R) NS™ ™ and B € S*™". Then the followings hold:

1. det(N,) = det(A — B)""!det(A + (r — 1)B)

2. If N, = 0, then A— B, A+ (B = 0, and A—I(B(A+({{ —1)B) ' B = 0 for { =
1,2, ,r—1.

3. N-1 € PL(r x n,R), i.e.,

N'=1L®(F+G)-1,1 ®G,

r

with F and G defined as,

A—(r—1)B(A+(r—2)B)"'B -
( ( )'B)

F=
G=(A+(r—1)B)'B(A-B)"
4. If M, =1, ® (C — D) + 1,1} ® D then,
N,M, =1, (A~ B)(C = D) + 1,1 @ (B(C~ D) + (A~ B)D +nBD)
Proof. 1) We prove the claim by induction. First, note that since N, is invertible, A as

a leading principal minor, is also invertible. For r = 1, the result follows trivially from

definition. For » = 2, from the Schur complement of No,
det(N3) = det(A) det(A — BA™!B)

= det(A) det(I — BA7 ') det(Iy + BA™!) det(A)

= det(A — B) det(A + B).
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Let the claim hold for r = p—1. Then for r = p we again use the Schur complement to get,

det(N,,) = det(A) det (Np,1 117 ® BA‘1B>

= det(A) det(A — B)""?det(A — BA™' + B— BA™'B).

Note that B — BA™'B = (A — B)A™'B and A — BA™'B = (A — B)A™'(A + B). Then,
plugging these into the latter equality results in the final form of det(N,).

2) From item 1 of the current lemma,
det(N, — A, @ I) = det(A — A\I — B)" "' det(A — A+ (r — 1)B),

implying that the spectrum of A — B and A+ (r — 1) B are subsets of the eigenvalues of N,.
Hence, N, > O results in A — B > 0 and A+ (r — 1)B > 0. Furthermore, N, > 0 if and
only if all the leading principal minors of N, are positive. This implies that A + ¢'B = 0

for ¢/ =1,---,r — 2. Lastly, from item 1 of Lemma 16,

A—(B(A+(—~1)B) 'B=(A+(B)(A+({~1)B) (A=B)»0, V=1, r—1.

3) Since N, is invertible, N,_; — L,,_lAflLTT_1 is invertible by Schur complement where
L,1 =1,_1® B. We follow the proof by induction. For r = 2, from item item 3 in

Lemma 15,

! —H1BA!

N, ! =
~A'BH™' A4+ AT'BH'BA™!

where H = A — BA™!B is the Schur complement of A. From item 4 in Lemma 15, H~! =
A1 4+ A"'BH'BA~!, establishing the recurrence of diagonal blocks. Furthermore,

AT'BH ' = AT'B(AT' + AT'BH'BA™Y) = (AT'"H+ A7'BAT'B)H'BA™' = H'BA™L.

Also, from item 1 in Lemma 16 with n = 1, we get that

1 1

AT'BH ' = AT'B(A-B) 'A(A+B) ' = AT'B(A+B) 'A(A-B)~

1 1 1

—A'BI+A7'B) " (A-B) ' =(1-(1+A'B) ") (A-B) ' =(A+B) 'B(A-B) ",
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where we also used (A—B)_lA(A—i—B)_l = (A—l—B)_lA(A—B)_l derived from Lemma 16

item 2. Hence,
Ny'=L® (H'+H'BA™) - 1,1; ® (H'BA™).

Assume that the claim holds for » = p. To extend the result to r = p + 1, again from
Lemma 15 items 3 and 4,

-1
T -1 —17Tn—1
A L] P ~P'LIN;

L, N, ~N,;'L,P~' (N, - L,A'L,) "

-1
Np+1 -

9

where P=A— LN, 'L, and L, = 1,® B. Let N,' =L, ® (F, + Gp) — 1,1) ® G, where,
-1

F, = <A —(p—-1)B(A+(p— 2)B)‘1B) :

Gp=(A+(p—1)B) 'B(A-B)",

where the inversions are valid from item 2 of the current Lemma. By simplification we get

P =A—-nB(F,+ (n—1)Gp)B and from Lemma 16 items 1 and 2,

Fy+ (n—1)G, = (A —(p—-1)B(A+ (p— 2)3)*13) +(n—1)(A+(p-1)B)""

B(A-B)™

=(A+(-1)B) (A+(p-2)B)(A-B)"

—(A+(p-1)B)"",

—(n—1)(A+(p-1)B) 'B(A-B)""

which, in turn, gives P = A — nB (A +(p— I)B)_lB. Also with similar reasoning, each
block of P_IL;,r N, ! has the following form,

P'B(A+(p-1)B) ' =(A+pB) " (A+(-1)B)(A-B) 'B(A+(p-1)B)""
= (A+pB)'B(A-B)"},

where we used the fact (A — B) 'B(A+ (p—1)B) " = (A+(p— 1)B) 'B(A— B)"

derived from item 3 in Lemma 16. In a similar fashion, each block of N leP’1 is also

equal to (A + (p — 1)B)_1B(A - B)_l.

Therefore, we only need to show that the blocks
of (Np — LpA_le)_1 are consistent with the remaining of the blocks in N il' Note that

N, —L,A™'L, =1 (A-B) 4+ 11" ® (B— BA™'B). Hence, for each diagonal term of the
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inverse,

((A-BA™'B) + (- 1)(B - BA‘lB))_l ((A=BA™'B) +(p—2)(B - BA'B)) (A~ B) "’

= ((I —~BAY(I+BA YA+ (p-1)(I- BA‘I)B)A x

-1

((1 BA™Y) (I + BA™ ) (_2>(1_BA—1)B)(A_B)
= ((1+BA™Y)A 1B) (1-BA™

(I—BA™ <(I+BA +(p-2)B)(4-B)"
= (A+pB) ' (A+(p-1)B)(A-B)"

and for the off-diagonal terms,
~((A=BAT'B) + (- 1)(B - BA*lB))_l(I —BAYB(A-B)"

~((1=BA)(1+BA™) A+ (p-1)(I - BAT)B) 1-BAY)B(A-B)™

—(A+pB)B(A-B)™.
Hence, the inverse can be cast as,
NL =1® (Fpy1 4 Gppa) — 117 Gy,
with Fy1 and Gpyp defined as,
Fpi1=(A+pB) (A+(p-1)B)(A-B)™"
Gpi1 = (A+pB)B(A—-B) "

4) With direct multiplication and using the mixed-product property of Kronecker products,
N, M, = (Ir ®(A-B)+1,1] ® B) <IT ®(C-D)+1,1] @ D)

=1,® (A-B)(C-D)+1,1] ® B(C— D) + 1,1} ® (A- B)D +nl,1] ® BD

~1,® (A= B)(C - D) +1,1] @ (B(C - D) + (A~ B)D +nBD).
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3.4 Convergence and Stability

In this section, we provide the convergence and stability analyses of the D3PI algorithm.
First, we study the structure and gain margins of each local controller and then estab-
lish the stability property of the proposed controller for the entire network throughout the
learning process of D3PI algorithm. Lastly, we show the convergence of D3PI to a stabiliz-
ing suboptimal distributed controller followed by the derivation of a suboptimality bound
characterized by the problem parameters.

We begin by introducing a linear group and show its useful properties in our setup. For

any integer r > 2, let us define the patterned linear group as follows

PL(r x n,R) = {Nr € GL(rn,R) ‘ N, =1,®(A—B)+1,1] @B,

for some A € GL(n,R)NS™" and B € S"X”}.

Proposition 2. The PL(r x n,R) is indeed a linear group. Furthermore, for any stable
matriz A € PL(r x n,R), let P denote the unique solution to the discrete-time Lyapunov
equation for any 0 < Q € ST"X™  i.c., it satisfies P = AT PA+Q. Then, P € PL(r x n,R)
if and only if Q € PL(r x n,R).

Proof. The fact that PL(r x n,R) is a linear group follows directly by item 3 and item 4 in
Lemma 17. Now for any Schur stable matrix A, and any symmetric positive definite matrix
@ there exists a unique positive definite solution P to the discrete Lyapunov equation
described by P = Z;’io(AT)jQAj (item 2 in Lemma 16). Note, that PL(r x n,R) C S"™*"™
by construction. Therefore, since PL(r x n,R) is a linear group, each summand also falls in
PL(r x n,R) whenever Q € PL(r x n,R). Thus, as the infinite sum preserves the structure,
P € PL(r x n,R) whenever Q € PL(r x n,R). Conversely, if P € PL(r x n,R), then
Q=P — ATPAT also must lie in PL(r x n,R). This completes the proof. O

The fact that the patterned linear group is preserved under Lyapunov equation is a key to
our analysis that facilitates efficient propagation of information in our algorithm. Next, we
demonstrate how a specific structure and stability of the controller for the subgraph Gg jcarn,

if initialized properly, can be preserved throughout D3PI algorithm.
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Proposition 3. Let I~(k = I ® (Kk — Lk.) + 11" ® Ly for all k > 0 where Kj and
Ly are obtained as in Algorithm 4. If Ky is a stabilizing controller for the system in

Gdjearn = K(Vg,), then the following statements are true for all k > 0,

hd POhCYk:(ng,learn) t = Rkit’ Vt

. IN{k is stabilizing for all k > 0 for the system in Gq jearn-

o AKy = K — Ly stabilizes the dynamics of one single agent, i.e., A+ BAK}, is Schur
stable.

Proof. The first claim is a direct consequence of the structure of Ggjearn during the learning
phase, where Ggjearn = K (G4) and hence u; = Kjx;+ Ly, ZjEng RYOE.Z foralli € Vg, ...
which, in turn, results in a; = I~{k.5<t. Since the underlying syétem (A,]T%) is assumed to
be controllable and 1 is persistently excited, the stabilizability of the policy I~{k follows
directly form Theorem 1 in [27]. Now, assume INQ is stabilizing for £ = 1,--- k. From

Lemma 15, the solution to (3.34) is given by,

~ © ~ ~ NT\? /o ~T ~ ~ ~ ~~ \?
Pr=3 ((A +BKk> ) (Q +K, RKk) (A +BKk) .
i=0
From item 4 in Lemma 17, the term inside the latter sum preserves the structure of INCk

Therefore, f’k can be reformulated as,
P, =10 (Piy— Pay) + 117 @ Py, (3.38)
where P; j, and Py, are obtained from (3.34) as,

Py =CAg, +(d—1)DBLy + Q1 + (d — 1)Q2 + K] RK}, + (d — 1)L} RL,

Py =CBLy, +D(Ak, + (d — 2)BLy) — Q2 + K| RLy + L, RK}, + (d — 2)L} RLy,
(3.39)

with AKk = A+ BK}, and,

C= Ak, Pip+(d—1)LLB' Py, D= Ak, Py +Li B (Pri+ (d—2)Pyy).



99

Setting Zy = BT P 1A, 22 = B" Py A, V1 = R+ B Py B, and Yy = B' P, ;. B, the matrix
blocks ﬁgl,k and ﬁgz’k (as defined in (3.35)) become,

~ AT~ ~
Hy =B PLA=1,® (21— 2) + 11" ® 2,

~ ~ ~T~ ~
Hyr=R+B P.B=1,® ()1 — o) + 117 @ Ys.

~ ~_1 ~
Recall from (3.36) the policy update law K11 = —H227kH217k. Then from Lemma 17 item 3

we know ﬁ;;k € PL(d x m,R) and,
K, =1;® (K — Ly) + 117 ® Ly, (3.40)
where Ky, = F' 21+ (d—1)G'Zy and Ly, = F'Z9+ G'Z1 + (d — 2)G' Z5 with,
F= (M- 0O+ (@-2)7' ) @ = ik (d -1 (0 -3
Subtracting the two equations in (3.39) and some simplification results in,
APy = ALk, AP Ak, + Q + AK) RAK, (3.41)

where AP, = Py, — Poy, Aak, = A+ BAK),, AK}, = K}, — Ly, and @ = (1 + dQ@2. Since
@ + AK ,I RAKy, = 0, by Lyapunov Stability Criterion it suffices to show that AP, = 0.
Note that K} being stabilizing implies P, > 0 from (3.34). Therefore, the final claim follows
by item 3 in Lemma 17 and the structure of Py, from (3.38). O

The results in Proposition 3 form the cornerstone of the remainder of the analysis in this
section. It also gives insights on the existence of a stabilizing controller AK} and its corre-
sponding cost-to-go matrix A Pg. In the sequel, our goal is to design a distributed suboptimal
controller based on the components that shape AKj. To this end, we find stabilizability
gain margins that induce more flexibility in designing the distributed controller. In the
following proposition, we provide the backbone of the distributed controller design for the

networked system of G.

Proposition 4. At each iteration k > 0, let Kj, Ly and 71 be as obtained in Algorithm
and choose o such that |a — 1| < 7,. Then A+ B(Ky — aLy) is Schur stable.
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Proof. Define the Lyapunov candidate function Vi, (z;) = x; APyx; where APy is defined as
in Proposition 3 and x; contains the states of the closed-loop system x; 1 = (A + B(K}, —

aLk))wt. We show that for the given choice of «, V} is nonincreasing. From definition,
AVi(xy) = Vi(xig) — Vi) = ) Dy,

where Ty, = (A+ B(Ky — aLy))' AP, (A+ B(K, — aLy)) — AP;. Suppose o < 1. from
(3.41),

Ty = AAg, APy Aak, + (1 — @) (AAg, AP.BLy, + L) BT APy Aak,) + (1 — o*) L) BTAP,BL;, — AP
= (1—a) (A g AP.BLy + L] BTAP,Aak,) + (1 — o®) L] BTAPBL;, — Q — AK,] RAK,,
< (1-a) (aAfg, AP Aak, + (1/a) L] BTAPBLy) + (1 — o®)L] BTAP,BL), — Q — AK,] RAK;,

= (1—a) (aAj g APyAak, + (1/a+1—a) L] BTAPBL;) — (Q + AK,] RAK}),
where the inequality holds for some a > 0 due to Lemma 15. Let § = (1 — a))/2 and choose
a=B++/B%+1. Then,
Ty = (1 — a)a(AZKkAPkAAKk + LQBTAPkBLk) _ (é} + AR RAKk)

< (1 — @)aomax (AL k, APyAar, + Ly BTAPBLy) — omin (Q + AK RAKY,)

Note that using the parameterization of control blocks in Algorithm 4 and also from (3.35),

the latter bound can be obtained completely from data as,
Ty < (1 — a)aomax (Zk + Ly (AY — R)Ly,) — omin (@ +AK] RAKk)
= (1= @)a— ) Omax (e + L (AY = R)Ly)
with = defined as,
Zp = AX — Q+ Qu + AK AZ + AZTAK), + AK, (AY — R)AK;.

where we used the structure in (3.35) and the way the matrix blocks were defined on line 13
of Algorithm 4. From the hypothesis 1 — 7, < «, we obtain ’y,f — 24%y, — 282 > 0. Since

v, > 0, this second-order term in 7y only gets positive when,

e > 282+ 28V +1=28B+V3+1)=(1-0a)a.

Therefore, AVj(x;) < 0 for 1 — 7, < @ < 1. Similar reasoning for 1 < « gives AVy(x;) <0

for 1 < a < 1+ 73, which completes the proof. ]
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The result in Proposition 4 provides model-free stability gain margins, 7, at each iteration
of the algorithm for the dynamics of one single agent in G. We take advantage of these
margins as a tool to find stability guarantee for the controller proposed in our algorithm.

For the learning phase of D3PI, this is formally established in the following theorem.

Theorem 18. Suppose Ky, Ly and 1 are defined as in Algorithm 4. Then the control
policy Policy,,(Vg) designed as,

_ _ A Tk A
Wi = (Kk Lk) i + Lk H{ievg\gd,learn} j;/ d - 1 w] + H{ierd,learn} jEVg Z \{Z} w] '
7 d,learn

(3.42)

stabilizes the entire network G at each iteration of the learning phase in Algorithm 4 for any

choice of Vg, .

Proof. From Definition 5 and Proposition 3, the feedback in (3.42) can be cast in compact

form as,
K
Policy,,(G) Policy (G \ Gatearn) \Gateomn || Staten (G \ Galearn) K State,(G)
k frnd g g k k s
POliCyk (gd’learn) 0 ﬁk Statey, (gd,learn)

where,

N T

Kg\gd,learn = IN_d ® (Kk - Lk) - d _k 1‘A (g \ gd,learn) ® Lk?

Ky = 14® (K — L) + 141, ® Ly,

where A denotes the adjacency matrix and the structure of K emanates from the fact
that the information exchange is unidirectional during the learning phase. Now consider

the closed-loop system of G,

(IN—d ® A) + (IN—d ® B)Kg\gd

Ag l:A+BKk: s
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where ;&Rk =A+ ]§I~{k is the closed-loop system of G;. Note that,

% T,
Ka\g, = In-a ® K, — (IN—d + ﬁA(g)) ® Ly, .

Define S = In_q + 727.A(G) and let J be the Jordan block of S with the similarity trans-

formation 7.7 ! = J where T € RV-Dx(N=d) ig jnvertible. Therefore,

In_a® (A+ BKy) — J ® BLy,
0 Ay

T®Iny-gq O (Ag

) (T®Iy-a)” ©
0 Id cl

0 Iq

k
where the upper block forms an upper triangular matrix with block diagonals A + B(Kj —
Ai(S)Ly). We already know from Proposition 3 that ;&f(k is Schur stable. Hence, we only
need to show p (A + B(K — X\(S)L)) <1fori=1,--- ,N —d. We know |\;(A(G))| < dmax
[23]. Then from this inequality, definition of S, and the fact that dyax = d — 1,

[Xi(S) = 1] < 7.
The rest of the proof follows directly from Proposition 4. O

The latter theorem establishes the fact that the proposed feedback mechanism stabilizes
the entire network throughout the learning phase. This facilitates the control of the agents
outside of G4, while the learning process is activated in the subgraph. Nonetheless, the
practicality and suboptimality characteristics of the algorithm heavily depend on its con-

vergence. This will be addressed in the following theorem.

Theorem 19. Assume that the initial controller Ky is stabilizing for (3.1) and Policy,(Vg,) ‘t
in Algorithm 5 is persistently excited. Then Ky — K*, Ly — L*, v = v*, and 7, — 7* as
k — oo where K = Ii® (K* —L*) + 117 ® L* is the optimal solution to the infinite-horizon
state-feedback LQR problem with system parameters (Z,B, é, Il) defined as A= Iy ® A,

B=1,0B,Q=1,0Q 11T ®Q,, and R=1,® R.

Proof. We first show 0, — 0} as k — oo where 6} includes similar parameterization to
that of 8y, at iteration k but for the true system parameters. Correspondingly, let H be

the counterpart to ﬁk First, by induction we show that the parameter estimation error is
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uniformly bounded. Then, as the established bound will be inversely proportional to the
number of iterations of SPE, we conclude the convergence of the parameter estimator. For

that, assume the parameter estimation error in Algorithm 4 is bounded,
16; — 67| < ci < co,

fori=1,--- ,p—1and ¢y > 0. From Lemma 2 in [27],

16, = 03] < (1051 — 85| + 65— - 63|

).

where € = 1/(Cegomin(Po)) for some € > 0 and C is the number of iterations of SPE for
each k. From Theorem 1 in [33] we know ||05_; — 0%|| < so at every consecutive step of

policy iteration under controllability assumptions. Therefore,

co + So

* _k
180 =631l < Gsomintre) ~

where k = (co + S0) / (€00min (Po)) > 0. Hence by choosing C' > k/§ for any ¢ > 0, we get
Hﬂp — 0;“ < d. We know from [33] that at convergence, the approximated policy for true

system parameters can be derived from,
~ ~x—1 ~ % ~ ~ T\ LT~
K = _H,, H, = —<R+B P B) B PA, (3.43)
where A, B, R, and Q are defined as in (3.34) and P’ satisfies,
~% ~ ~ ~x\ | o~k [~ ~ ~ % ~ ~ % ~ ~x%
P = (A+BK ) P (A+BK ) +Q+K RK'.
Recall from (3.38) that the solution to this Lyapunov equation satisfies P = Ig® (P —
Py)+ 11" ® P; with corresponding blocks P; and Pj. From Lemmas 16 and 17,
~ ~ 1
Hy =L, ® (Fy —G)+ 11" ® Gy, Hy,, =1;® (F, —Gy) + 117 ® Gy,

where,

Fy = B'PyA, G, = B' Py A,
-1
By = ((R +B'P{B)~(d—1)(B"P;B)(R+B"P;B+ (d - 2)(BTP;B))‘1(BTP;B)) ,

—1 -1
Gy = ((R+BTPB)+(d—1)(B"PB)) (B"P;B)(R+BTP;B-BTP;B) .
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Then direct multiplication results in K = I; ® (K3 — K5) + 117 ® K5 where,
K:T =IhF + (d — 1)G2G1, IC; = FyGy + GoFy + (d — 2)G2G1,

which coincides with the updates of Kj and L in the algorithm. Therefore, our policy

update at optimality corresponds to (3.43) which completes the proof. O

As we remove the temporary links that were provided for the learning phase, the structure
of the interconnections in G are returned to it original topology. Therefore, it is vital to
provide stability guarantees after the recursion in Algorithm 4 is completed. This statement
is a direct consequence of Theorem 18 when the control components are converged and is

outlined in the following corollary.

Corollary 1. Suppose K*, L*, v*, and 7" are given as in Theorem 19 where Algorithm 4
is converged. Then Policy(Vg) defined as,

ui= (K* = L)ai+ = L° Y a;, Vi € Vg
JEN;

stabilizes the system in (3.2).

Finally, we conclude this section by exploring the suboptimality of our proposed policy.

*

Given the problem parameters, let K denote the globally optimal distributed solution

struc

*

for the structured LQR problem in (3.5) with the associated cost matrix P Given

struc-
any other stabilizing distributed policy K associated with cost matrix P, we define the
optimality gap as,

A~ A~ Ak

gap(K) =Tr[P - P

struc] .

The following theorem provides an upperbound on the optimality gap of distributed policy
learned by D3PI based on the problem parameters. Especially, when the system is “con-
tractible”, the upperbound depends on the difference of the distributed controller with that

of unstructured optimal LQR controller.

Theorem 20. Let K be the distributed policy learned by Algorithm 4 at convergence cor-

responding to the cost matrix P Also, let IA{iqu denote the optimal (unstructured) solution
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to the infinite-horizon state-feedback LQR problem with parameters (A, B, Q, R) associated

with the cost matriz Prqr. Then the optimality gap of K" is bounded as follows:

~

0 < gap(K) < Te(P" — Py,),

Furthermore, if qu = A + BKy is contractible (i.e., amaX(Ai(I ) < 1), then
qr

Tr(M)
A

qr

0 < gap(K) <

1- Ur211ax(

?
Klqr>
~ sk

where, Mi= (R+ B' P'B)(K'K" - KipKy,) + 24 P'BK - Kiy).

Proof. Recall that the LQR problem can be cast as the minimization of fx(K) = Tr [P ¥]
for some ¥ > 0 [99,111] where, w.l.o.g., we set ¥ = I. From [75] we know that the optimal

cost matrix satisfies,

S B T ~ % A x| Ak A
qur — PK;*qr - AqurqurAKiqu + KlquKqu' + Q, (344)

where AKl*qr = A+]A3KTqr and Kiqu = argming fi(K). Moreover, K:truc = arg minKeuﬁm(Q) fi(K)

which is associated with the cost matrix f’:tmc

= Pg+  that satisty,

struc

~ % T B* Ak T Ak A
P =P, =AL.PA,-+K RK +Q (3.45)

where Ay« = A+BK and K ¢ UY . (G). Therefore,

Tr [plqr:| = f (Klqr) < f (Kstruc> =Tr {Pstruc} < f <K > =Tr [IA) } )
where the last inequality above follows by the fact that K* is a feasible solution to the
structured problem by construction, i.e., K* € uﬁn(g). Therefore, 0 < gap(K*) <
Tr [f’* — f’iqu}. For the second part of the proof, one can obtain from (3.44), (3.45), and
some algebraic manipulation,

« + M.

P - qur — ATK (P - qur> AKIqr

*
lqr
where,

T A * T Ak A kT A Ak AT A~
M’ = AP Age — AL P'Ag. + K RK — K, RK.
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Figure 3.4: Distributed control of multi-engine power generation in an industrial setting.

Since P* — lf’fqr > 0 and Aqur is contractible by the hypothesis, from the first part and

Theorem 1 in [119] we get that,

gap(K*) < Tr(M') _ Tr(M) ’

1—02,. (AKlqr) 1—02., (Aqur)
where the last equality follows by cyclic permutation property of trace and definition of

Age. O

Remark 8. Contractibility of the pair (A, B) entails more restriction than stabilizability or
reqularizability of the system [150] and is more recently employed in iterative data-guided

control methods [2, 90] to streamline finite-time analysis for dynamical systems.

3.4.1 Simulation

In this section, we apply our method to a series of identical turbocharged diesel engines with
exhaust gas recirculation in a chain formation that work collectively for industrial power
generation (Figure 3.4). The dynamics of the engines are assumed to be unknown and we

apply D3PI to find a model-free distributed policy based on the observed data from the
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Figure 3.5: State trajectories of engine ¢ = 4 during and after the learning process. Solid

lines denote results from D3PI, whereas dashed lines refer to stationary G \ G; during the

learning phase.

system. The values of the continuous-time system parameters are given as [92],

—0.4125
101.5873
0.0704
0.0878
—1.8414
| 0.0000

We normalize

QlZQZZIn

~0.0248 0.0741  0.0089  0.0000  0.0000 | [—0.0003  0.0005 |
72651 27608  2.8068  0.0000  0.0000 ~0.0764  0.1149
0.0085 —0.0741 —0.0089  0.0000  0.0200 L | 00004 0.0000
0.2672  0.0000  —0.3674  0.0044  0.3962 ~0.0127  0.0016
0.0990  0.0000  0.0000  —0.0343 —0.0330 ~0.0005 —0.0011
0.0000  0.0000 —359.0000 187.5364 —87.0316] | 0.0456  —0.0075)

and discretized the dynamics with a sampling rate of AT = 0.1s. We set

and R =1, with n = 6 and m = 2 and sample a random exploration signal

from a zero-mean normal distribution. Given the number of engines N > 5, the maximum

degree of a path graph is dpax = 2, and hence, d = dpax + 1 = 3. W.l.o.g., we take the first

three engines (i = 1,2, 3) as the elements of G;.

Figure 3.5 demonstrates the trajectories of the states of node ¢ = 4 for the case when D3PI

synthesis is ON (solid curves) and contrasts it to the naive application of model-free policy

iteration to G4 without considering the control of the rest of the network. The latter is

referred to as D3PI-OFF in the plots (dashed curves). As the plot suggests, when D3PI is
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activated, the states of each engine remain near the origin throughout learning. Note that
when D3PI is ON, the noisy behavior of the trajectories is due to the (unidirectional) inter-
connections of Gg—Dbeing persistently excited—with the rest of the network. Furthermore,
the first few iterates of the learning and post-learning are magnified for better comparison
of the trajectories. Figures 3.6 and 3.7 outline the performance of our algorithm on the
nodes inside G \ G4 over 5000 runs of the simulation. Figure 3.6 depicts the cumulative
logarithmic cost J G\Garcarn for all nodes ¢ € Vg, over the entire horizon of the algorithm’s
implementation for N = 10. As the figure shows, the algorithm is converged by the end
of the first iteration at time-step ¢ = 400 where the cost indices get fixed, implying the
convergence of the states to the origin (because the state cost matrix is positive definite).
The result of our algorithm (blue) is compared with the case when D3PI is OFF (red)
and also the optimal unstructured solution of LQR (for the same system parameters) as
the baseline. The plot also verifies the stability of the proposed policy as the cost remains
bounded bounded (and Q= 0). Similar implementation is performed for N = 5,6,--- ,30
and the final costs are reported in Figure 3.7. The increase in costs is due to the added
value by the newly included agents in G \ Ggearn- As the plot suggests, the gap between
our method and the case with inactive D3PI shows the superiority of our algorithm for any

problem setting with different number of agents in the system.

8
10
/N /__\
S )
< ) .
~——4 - ¢ -
o0 — D3PI-ON S e — D3PI-ON
o) S -
- — D3PI-OFF = 47 — D3PL-OFF
2 Lower Bound 7 Lower Bound
" (Unstructured LQR) 2 " (Unstructured LQR)
0 200 400 600 5 10 15 20 25 30
Time-step, t Number of Agents, N

Figure 3.6: Cumulative cost vs time plot. Figure 3.7: Cost vs number of agents plot.
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Chapter 4
ITERATIVE DATA-DRIVEN CONTROL

In the previous chapter, we introduced distributed control strategies that were com-
pletely obtained from data. However, in those cases we use RLS to estimate the policy and
this could be costly in that RLS-based method often incur high sample complexity and are
difficult to tune. In this chapter, we shift the attention towards non-asymptotic control and
analysis of linear systems when collecting data points are not cheap. Hence, a (stabilizing)
policy is required to be obtained in a time-sensitive manner. In that regards, we ignore the
LQR in this section and instead consider other optimization problems that provide such
controller under the new problem constraints. While the methods in this part are derived
for a more general setup, in each subsection we consider special cases where our method
answers relevant questions to networked systems. Furthermore, as we will discuss in the
second part, our method can serve as a remedy to the impractical assumption of initializ-
ing from stabilizing controllers that is often used in almost every work in the literature on

iterative data-driven control.

4.1 Preliminaries

Feedback control is ubiquitous in modern technology including applications where it provides
means of stabilization in addition to performance. Control of open-loop unstable plants
arising for instance, in industrial and flight control applications, underscores the importance
of stabilization with robustness guarantees. As such, control of unstable systems is an
important ongoing research topic, particularly in the context of safety-critical systems. It
is well-known that unstable systems are fundamentally more difficult to control [150]; in
fact, practical closed-loop systems with unstable subsystems are only locally stable [115].
Yet, most of the existing synthesis literature has focused on model-based control where the

designer has to discern fundamental limitations stemming from process instabilities [147].
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Recent interest in model-free stabilization in the meantime, has been motivated by mod-
ern sensing technologies, robust machine learning approaches and efficient computational
methods to reason about control and estimation of uncertain systems- all from measured
(online) data [86, 112]. Safety-critical concerns have in fact necessitated non-asymptotic
analysis on data-driven methods; this is currently an active multi-disciplinary area of
research [51,063]. In particular, there has been a growing interest in finite-time control
and analysis of unknown linear dynamical systems from time-series or a single trajectory
6,22, 64,67, , , , , 166]. Parallel to asymptotic analysis in traditional adaptive
control and system identification (sysID) [17, 106, 122], model-based finite-time control has
benefited from a least-squares approach to identification followed by robust synthesis—see for
example [50]. In this direction, probabilistic bounds on the estimation error related to the
required run-time have been examined. While it has been shown that model-based methods
require fewer measurements for certain control problems in general [163],! data collection
required for sysID can be expensive or impractical due to resource limitations and safety
constraints. Furthermore, some of the aforementioned studies rely on a priori information
about the system, such as estimates of system parameters [71], an initial stabilizing con-
troller [9,27,66,95], or a stable open-loop system [126,140]. In addition, persistently exciting
inputs are not practical for control and identification of unstable systems even in low dimen-
sions without recourse to resets [19].2 Hence, existing data-guided methods are not directly
applicable to time and safety critical control for applications such as flight control [107] or
infrastructure recovery [74]. Our work is motivated by the desire to remove the reliance
on having access to the initial stabilizing controller for data-guided control synthesis. In
this direction, we focus on instances where input parameters in the LTI system are “effec-
tive.” This point of view then facilitates imposing a satisfactory performance guarantee
on data-guided synthesis based on a single trajectory—even when the underlying system is
unstable.

In the first part of the analysis, we provide deterministic non-asymptotic error bounds

'That is, first finding a model estimate from data and then use that estimate for control design.

2For instance, injecting white noise into an unstable system can result in ill-conditioned data matrices.
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for fitting a linear model to observed time-series data, with a particular attention to the
role of symmetry and eigenvalue multiplicity in the underlying system matrix. Then we
shift towards the control problem in a similar setup and examine online regulation of (pos-
sibly unstable) partially unknown linear systems with no a priori assumptions on the initial
controller. we introduce and characterize the notion of “regularizability” for linear sys-
tems that gauges the capacity of a system to be regulated in finite-time in contrast to
its asymptotic behavior (commonly characterized by stabilizability /controllability). Next,
having access only to the input matrix, we propose the DGR synthesis that—as its name
suggests—regulates the underlying states while also generating informative data that can
subsequently be used for data-driven stabilization or sysID. We further elucidate our results
by considering special structures for system parameters as well as boosting the performance

of the algorithm via a rank-one matrix modification.
4.2 Linear Model Regression on Time-series Data

For a wide range of real-world systems, the underlying complex dynamics makes deriving
the corresponding models from first principles difficult if not infeasible. This can be due
to a range of factors from the unpredictable nature of the environment to perturbations
and uncertainties in the complex system [10,50]. However, with the availability of sensing
technologies and high performance computing, time-series data can be collected from these
systems. Hence, it becomes natural to consider to what extent the observed time-series
can be used to reason about the underlying dynamic model. In its most basic form, linear
regression is used to find the system parameters by solving a least-squares minimization
problem constructed on the observed time-series and examples of such an approach can
be found in a wide variety of applications [11, , 132]. In the case when this data has
been generated by simulations (a model, albeit complex, already exists), one might still
be interested to reason about the dynamics using “simple” models. The adoption of this
approach involves using prior knowledge of the underlying dynamics to choose a particular
basis or library, and then postulating that the dynamic system is some combination of
these basis elements. This problem then reduces to a parameter optimization problem -

with respect to these basis or library- for their combination that best fits the given data,
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with respect to a suitable norm or metric. In the absence of any prior assumption on
the dynamics, however, it is often desirable to explore simple models. We examine non-
asymptotic error bounds for doing such a linear fit, for the case when the data had been
generated by a linear system; generically, it is the case that if the data is rich enough
and the system does not have degeneracies, exact model is obtained after the number

3 In fact, we show that even in this

of data snapshots is the dimension of the system.
most streamlined case, and even in the absence of noise or uncertainty in the collected
data, understanding non-asymptotic behavior of the error requires some non-trivial analysis.

Consider the discrete linear time-invariant system described by the state equation,
Tt41 :A.Tt, t:0,1,2,..., (41)

where A € R™" is the unknown system matrix, z; € R" is the state of the system at time
t, and the system has been initialized from zy. The state snapshots collected up to (and

including) time k& can now be grouped as,
Xp=[xo =1 ... xp, Ye=l[r1 x2 ... Ty1] (4.2)

This data collection approach is analogous to the first step of the so-called DMD algo-
rithm [162], where this step is followed by the parameterization of the eigenvalues and
eigenvectors of the underlying system model.* Now to estimate the underlying system ma-
trix at each k, we consider the the least-squares minimization, Aj, = argmin 4|V, — AXy ||,
whose solution is of the form A, = YkXT; see Fig. 4.1. Note that when rank(Xy) = n,
A = AX X[ = AXp X, (X X)L = A

3The model has n? unknown entries; as such, n? observations are generically needed for its exact recovery.
One of course can get away with less data by invoking sparsity (say, using the ¢; regularization) or structure
on the model, e.g, assuming an underlying pattern for the system matrix.

4The main objective of DMD is however not “model” regression per se, as it is “modal” fitting, in order
to provide useful insights into the underlying (possibly nonlinear) dynamics.
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T1,L2y...,Tk

R _’fik

\/

Tt41 = Axy

(7]

Figure 4.1: Estimating the underlying dynamics A after k& data snapshots using the model

regression R

The focus of this part of the thesis is on the analysis of the error ||[A — Ay, i.e., the
non-asymptotic error between the original and estimated models, using linear regression
when rank(Xj;) < n. Our work considers an online estimation of the model A, where
each new data snapshot is added to the previously collected set. At any time-step k, an
estimate for A is found based on the received data up to k. The resulting data-driven
recursive minimization is depicted in Fig. 4.1. Although not discussed further here, we
note that diagram in Fig. 4.1 can—in principle-be augmented with a model-based control
or filtering scheme that utilizes A}, after a suitable number of steps. we first introduce an
upper bound on the estimation error as a function of the system dynamics A, the iteration
count k, dimension of the system n, and the initial conditions zg. In particular, we show
that for each time-step, the left-singular vectors of the Singular Value Decomposition (SVD)
of the data matrix dictate the estimation error bound. Next, we focus on symmetric system
matrices. In this case, it is shown that the model regression error can be characterized by

the multiplicities in the spectrum of the underlying system.

4.2.1  Non-asymptotic Error Analysis

In this section, we examine the error bound for the linear system regression in (4.1) based
on the system characteristics and the observed data snapshots. We assume that & < n,
i.e., the number of data snapshots is less than the size of the system. The next results,

characterizes the regression estimation error as a function of the time step k.

Theorem 21. Consider the system in (4.1) and the corresponding data matriz. Let Xy =

U;.CZkaT be the SVD of X,. Then the model estimate at time-step k is given by flk =
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A(I — Ey) where,

Sy Py
E,=(I—-———F—-1]5 4.3
K < TI‘(SkPk)> ko ( )
with,

Sp=1—Up_1U, 4, P, = zx) = AFxox) AFT (4.4)

Moreover,

Sy Py

E <M== . 4.5
I < |1 s (45)

Proof. From (4.2), X} = [Xk:—l Akg;o}, and Y, = AX, = A [Xk—l Akxo]- Then the
estimate of the system matrix after the k-th snapshot is given by A =YX );, where Ay, is

the least-squares solution to AXjy = Y. Thus,

Ay =ViX] = AXW X[ = A X,y Abag| X[ (4.6)

-1

Hence we need to characterize XZ. To this end, we start from X,I = (X;Xk) Xl;r. We

first note that,

RAE= | X Ao = T ART 4k
xg A xg AY Xp_1 xg AY Az
Then
N ) X[ Akxg
Xk Xk — = T _|_-|— 9
Cl—ad AFT X[, 1
where

1 T

o= (X[ Xi)  [oF+ X Arwon] AF X[
T -1

¢ =z AF [I ~ X (X,;[le,l) X,Il} Ak g

L [Xk,lx,i_l _ I} Ay .

_ v
In the meantime, X,Z = (XJXk) 1X,;r ! , with,
P
1 T
U= X[+ EX;_IA%O@«JA’“ (Uk,lU,j_1 - I) ,
1
_ag AR (Uk_lU,;[l - 1) ,

r =
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where we have used the fact X;_1.X ,1_1 = Uk_lU,;ll. Thereby, we can expand /lk from

(4.6) as,
Ap = AXX| = A (Uk,lU,j,l)

+ A (2 (Uk,lU,j,1 . I) Ak gozd AFT (U,HU,I,1 - I>)

—A (Uk,lU,L)
A ((Uk_lv,zl — 1) Afagrd AF (U U — f))

x AFT (U U — 1) Ak

and from (4.4), the estimated model Aj, at time-step k is given by A, = A (I — E},) with,

Ey =

(Tr(SkPk)I - Skpk> Sk I S Py g
TI‘(SkPk) B < B Tr(SkPk)> .

The magnitude of this error simplifies for the case of the spectral norm as,

Si Py,
Bylla = || (1 — =22k
12 H( Tr(SkPk)> 5

Si Py,
Tr (S Pr,)

<|r-

2 2
since ||Sk|l2 = 1 for k < n. Lastly, we note that S is the projection onto the null space of
Xj_1 and Py, is the covariance matrix of the data at time-step k; as such both matrices are

positive-semidefinite. O

We note that the relation (4.3) captures—in a succinct way—the dependency of the model

regression error on how new modes are revealed by the data stream over time.

4.2.2  Non-asymptotic Error Analysis for Symmetric Systems

In this section, we consider linear systems with symmetric dynamics with the aim of charac-
terizing fundamental bounds on the regression error in terms of the spectral properties of the
system. This insight into the regression error is achieved through the spectral decomposition

of the system matrix,
A=QAQ" =) Nag/, (4.7)
i=1

where @ is the unitary matrix containing the eigenvectors corresponding to nonzero eigen-

values of A, A is the diagonal matrix of nonzero eigenvalues, and r = rank(A). Symmetric
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system matrices appear in a wide range of applications where interactions leading to the
dynamics is bidirectional; such systems are of interest in biological networks [176], social
interactions [8], robotic swarms [32], and networks security [5]. Using this spectral de-
composition of symmetric systems, we show that the regression error is dependent on the
multiplicity of eigenvalues in A. In particular, we show that if m(\) = 1,V € A(A), then
the upper bound (4.5) is a function of the largest and smallest singular values of the system
matrix as well as its rank. Otherwise, the regression error is max;.,,(y,)>1 |Ail. We provide

the details of the approach for each case.

Simple Figenvalues

We first consider the case when the symmetric system matrix has simple eigenvalues and

rank r. In reference to Equation (4.7), consider the entire set of eigenvectors of A consisting

of Q = [ql e (Jr] and Q = [(jr-‘rl T qn]7 where {Q17 e Gl 7@71,} forms a basis for
the entire R™. Then the nonzero random initial state xg can be written as,
' n
ro = QU+ Qu = Z v;q; + Z Wi G; v #0. (4.8)
i=1 i=r+1

Lemma 18. For the symmetric linear system decomposed as (4.7), we have, A — Ay, =
AT - SR ) S
Proof. From (4.8) and (4.4) we have, P, = Akxoxg—AkT
= (QA*Q)(Qv + @m(Qv+Qm) " (QA*QT)
— QN TARQT,
and, Tr(SpPy) = Tr(SpQA*vvTARQT) = [|SkQA*V||?, where we have used that Sy is a

symmetric projection. Substituting these in (4.3) completes the proof. O

We now show that when k < n, the error depends on the largest and smallest eigenvalues

of A.

Theorem 22. Consider the linear dynamical system with symmetric system matriz A as

in (4.7) and the initial state xo as in (4.8). If k < n, then

14 = Ayl < (n - mingk, v] + min{lul, 1}}) 23 = X2,
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where Ay, = Amin(A), A1 = Amax(4), and |v| and |u| are the number of nonzero v;’s and

w;’s, respectively.
Proof. From Lemma 18 we observe that,

lA= Al = Tr((4 - 40T (A - Ay)

TAEOT 20T k
2T Y IARQTSQAQT S QAR
=TAe 5Q) v TARQT S,QAFY

ASL QAR
1A= s qam?

In the meantime,

IASK|I% < rank(Sy)||ASk|[3 < rank(Sy)||All3]|Sk|3 = rank(Sk)A{(A);

moreover, since A, (A) = iI;% | Ayll2/|lyll2, we have
y

JAS QAR
-z > .
15.Qak]z = M)

Since Aq; = A\;q; and Ag; = 0, we have,

T n T T
Xp1=[ro 21 - wpi]= |2 Vit D wiG Yo Aiviqi o Y )\f_llfiqi
=1 i=r+1 i=1 i=1
Thus,
rank(X%_1) = min{k, |v| + min{|pu|, 1}}, (4.9)
and,

rank(Sy) = n — rank(Xj;_1) = n — min{k, |v| + min{|u|,1}}.

Hence,
14 = Agll < (n = mingk, v] + min{lul, 1}}) 23 = X2,

which completes the proof. O

Effect of Eigenvalues Multiplicity on the Regression Error

In this section, we consider the symmetric systems whose eigenvalues are not necessary

simple. We will see that for such systems, the regression error || E|| converges to the largest
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eigenvalue with multiplicity greater than one, i.e., || Eg| = max;.,(,)>1 || for & > n. In
order to show this, we will pursue the convention adopted in (4.2), (4.7), and (4.8). As in
the previous section, let r = rank(A) and define Q = Q1O =1[nn - & Gs1 --- @),
]T

where the columns of Q span the entire R™. Furthermore, let o = [T u"]T, where v and

w are from (4.8). The data matrix can now be re-written as,

Xk = [.Z'O Al‘o A21'0 . o Akajo] = Q [QT(I}O AQTxO e AkQT.%'()]. (410)
From (4.8) and the fact that the columns of Q are orthonormal, we have Q"o = [0 aa ... o] "
and AVQ Tz = [og)\{ ag)\% ... apX,]T. Moreover, in light of (4.10) we can decompose

the data matrix into Xj, = QT'V where,

a1 0 0 1 )\1 )\If
0 as ... O 1 X ... M

e I PU ) R (4.11)
0 0 ... an 1 A o A

The matrix [V];; = )\g_l is the Vandermonde matrix formed by the eigenvalues of A and
I' = Diag([o;]™;).° Assume now that the system matrix A contains s distinct eigenvalues
and let A*(A) = {A\y, Ay, -+, A, } be the set of these eigenvalues; as such, the other n — s
eigenvalues are repetitions of the elements in A*(A).

For our subsequent error analysis, we will use the rank of Xj at each time-step. The

next result characterizes the rank of X}, based on the number of the collected data.

Lemma 19. Given k < s, the s x k Vandermonde matriz defined by [Vsl;; = )\gfl, i€
{1,...,s}, j€{1,...,k}, formed by the elements of A*(A), has full-rank.

Proof. Let v; be the ith column of V; and assume that cjv; +cove +- - - +cpvr = 0. Consider
row p of the equation ¢ + ca\, + -+ + ck/\’; = 0. Since \; # \; for 7 # j, there exist s

solutions to the k-degree polynomial,

P(x) =co+c1x + -+ gzt = 0.

®Note that it is assumed that for all 4, 2o £ g;; in this case, a; # 0 for all 4 and rank(X%) = rank(V).
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Hence ¢; = cg = -+ = ¢ = 0 and v;’s are linearly independent and since k£ < s, V; has

full-rank. O

Theorem 23. Let k be the number of collected data snapshots and s = |A*(A)|. Then

rank(Xy) = k when k < s and rank(Xy) = s when k > s.

Proof. For k < s, it is straightforward to show that from Lemma 19, rank(X}) = rank(V) =
rank(V;) = k. For k > s, we know that rank(V) = rank(V;), where [V;];; = )\gfl, i€
{1,...,s}, 7€ {1,...,k+ 1}. Since V; has full-rank (this can be shown using the nonzero
sub-matrix determinants for the first s x s block), rank(X}) = rank(V) = rank(V;) =
s. O

Let k> s and X, = ULV T be the SVD of X}, where,

¥ Osx(k—s)

.
Xp=[U1 U [Vl VQ} : (4.12)

O(nfs) X8 O(nfs) X (k—s)

with Uy € R*™*s, Uy € R™*(=9) 33, e R8%5, V; € RF*5, 1, € RF*(k=3) The existence of
Us and V3 is due to the fact that Xj is degenerate. W.l.o.g, we re-arrange the columns of

Q and A such that,

A | O - -] -
Ap = , Qr= [ Q1| Q2 ] ; (4.13)
0 | Ay
where A; = Diag([\y; M\, ... Au]) contains the element of A*(A) with the corre-

sponding eigenvectors in Q; € R™**. The remaining eigenvalues and the corresponding
eigenvectors are stacked in Ay € R(M=5)%(=5) and Qo € R™*("—5) respectively.

A crucial term in our analysis is U, Qpr € R=9)x"  This matrix multiplication com-
bines a submatrix of U corresponding to the repeated eigenvalues, with the orthonormal
eigenvectors of the system. In the next result, we show that this term has a specific row

structure.

Lemma 20. Given the convention in (4.13), we have U;Ql =0, i.e., UQTQR =Uy) [Ql ]
Q2] = [ O(n—s)XS | UQTQQ ]
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Proof. From (4.12) we know U, X3 = 0. Then,

Uy X, =U QQ X, = Uy QQ [z Azg ... AFz]
= U;—Q[QT.’L'O AQTI'O ‘e AkQTxo]
=U, QI'V =0,
with I' and V defined as in (4.11). Define B = U, Q and let b; = [b;, by, ... b;)]
and v; = [L A ... A¥] be the i'th rows of B and V, respectively. Then for all i €

{1,2,...,n — s} we have BI'V = 0 implying that b;,I'V' = 0; as such, > ', b aju; = 0
implies that >, , ¢;vf = 0, where v;’s are the rows of V corresponding to s distinct
eigenvalues and c¢;’s are some combinations of b;;a;’s. Since the vectors v{’s are linearly
independent, we get ¢; = 0 for all i = 1,2,...,s. Considering that ¢; = b;; for the elements
with simple eigenvalues, the result implies that for any row v; corresponding to a simple
eigenvalue A; the corresponding coefficient b;; = 0. Hence, the structure [ O(n—s)xs | U2T Q2 ]

follows, implying that U, Q1 =0. O

Definition 6. Define U} by permuting the columns of Uy such that we obtain block diag-
onal matrix UéTQQ = Diag([P1, Ps, ..., Py]), where { is the number of eigenvalues A\ with
m(\) > 1 and P, = Uyt Q% € RmA)=0xm) - g5 sych Uy € RP*mA)=D) s the matriz
containing vectors in U} corresponding to A; and Q’Q e RN s the matriz of eigenvectors

corresponding to \;.

Remark 9. To justify the existence of such a matriz Ul, notice that the SVD factorization

in terms of U and V' are not unique and for any such factorization, Uy L Us.
We are now well positioned to prove the main theorem of this section.

Theorem 24. Consider the dynamics represented by (4.1) and (4.2). Let s = |[A*(A)| be the
number of distinct eigenvalues of A. Assume that k > s and let \* = maxX;,,(x,)>1 | \i| be the

largest eigenvalue of A with multiplicity greater than one. Then ||Eg|ls = ||A — Agll2 = A*.
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Proof. We will show that A(Ey) = A(A)\A*(A). The error can then be re-written as,

I1Exll2 = |A = Aglla = [[A = AXp X [|l2 = [|A(T = Xx X])]l2
= |a(r - vzvivisToT )| = lad - v,
= [AU3U;" 2 = |QAQ U35 |2 = IAQ T U3U3' 1l
= [|A(U3T Q)T (U3 Q)2
where U} pertains to definition 6 and I — U;U{ = UUST is the projection matrix onto

N(X,1). Note that since the columns of U} are linearly independent, we have rank(Ej) =

rank(AULUST) = n — s. From Lemma 20,

- . 0 ~
AGTQ O Q=A| o U5Q)
(U3’ Q2)
(4.14)
. Osxs ‘ Osx(n—s)
O(n—s)xs AQ(UéTQ2)T(U£TQ2)
Then from definition 6, Ao(U5' Q2) T (Us' Q2) = Diag([MP Pi, APy P2, ... , \P/ P/]).
Consider the ith block \;P,' P;. Notice that from definition rank(P, P;) = m()\;) — 1,
and since Uéﬂ and Q) are orthonormal, \;P, P; = )\ZQ%T UéiUéiTQé has the spectrum

AP P) ={0,\i,...,\;}. Then having ¢ of these blocks A(E}) = A(A)\A*(A), i.e., the
spectrum of Ej, contains all repeated eigenvalues of A. Since both A and (UéTQ)T(UéTQ)
are symmetric square block diagonal matrices, the product A(U5" Q)T (U4T Q) is symmetric

and therefore || Ex|l2 = AU Q)T (UST Q)2 = Eriaxé)\i =0 O

4.2.83 Example: Model Regression on Networks

We now provide an example to demonstrate the applicability of the error bounds on net-
worked systems. Consider the Petersen graph on 10 nodes and 15 edges as shown in Fig-
ure 4.2. We use the weighted version of this specific structure to find error bounds on a

system with simple eigenvalues. The dynamics of this system is defined using the graph

It is straightforward to show an analogous result for the Frobenius norm ||Ei||% = ||A — Axl|% =
Sicalm(A) — 1A%,
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Laplacian, defined as £ = D — A, where A is the adjacency matrix that defines the con-
nections in the network and D is the degree matrix defined as Dy = >, [Wi;l; in this case
W;; is the weight of the edge between nodes 7 and j. Network symmetries typically induce
eigenvalue multiplicities in the corresponding adjacency and Laplacian matrices. Hence to
make the system more generic, we add weights w16 = 1, wa7 = 2, w3g = 3, wag = 4, and
ws,10 = 5 and for all other weights we have w; ; = 1. For each component 7 the dynamics
depend on the adjacent nodes in the graph ; = >, [Wi;[(z; — ;). Then the overall dy-
namics can be written as £ = —Lx. The model regression algorithm discussed here leads to
the error shown in Figure 4.2. For this simulation, the initial condition has been chosen as
a (normalized) random vector xyp € R'?. The upper subfigure shows the comparison of the
bound for general case using the spectral norm and the lower subfigure demonstrates the
same setup for the symmetric results. It can be seen that the error converges to zero after

k = 10 steps, since the system matrix has simple eigenvalues.
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Figure 4.2: (left) weighted Petersen graph; (right): model regression error the corresponding

theoretical error bound
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4.3 Online Regulation of Unstable Linear Systems

In this section, we introduce the problem setup and highlight its unique feature through an

example. Consider a discrete-time LTT system of the form,
111 = Az + Buy, Ty given, (4.15)

where A € R™"™ and B € R"*™ are the system parameters and ; € R"™ and u; € R™ denote
the state and control inputs at iteration ¢, respectively. We assume that the system matrix A
is unknown and (possibly) unstable, and that the input matrix B is known. The problem of
interest is to design u; from state measurements (and not the system matrix A) such that:
1) the system is regulated, with a norm uniformly bounded during the learning process,
e.g., ¢ evolves in a safe region with a quantifiable bounded norm, and the corresponding
data matrix does not become ill-condition, and 2) the system generates informative data
for post-processing such as data-driven stabilization or system identification.”

Considering regulation by having access to input matrix is of interest in applications
where it is known a priori how various control inputs effect the dynamic states, e.g., the
effect of elevator deflection on the pitch dynamics for longitudinal aircraft dynamics. Intu-
itively, this assumption allows an online regulation mechanism to have a chance of stabilizing
an unknown unstable system in real-time. The data-guided regulation scenario where in
addition to the uncertain system matrix, the input matrix is unknown will be examined in
our future works.

The following example motivates our setup and underscores why the data-guided per-

spective requires introducing new system theoretic notions.

Example 1. For any positive integer n, define the system matric A € R™*™ and the input

"Inspired by [164], we interchangeably use the terms linear independence and informativity of data to
emphasize that the collected data has useful information content for decision-making.
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matrix B € R" as,

0
M 100 0
0 X\ 1
A= 0 0 X5 0o |, B =
1
0
0 0 A\,
1

Note that for any choice of \; € R, the pair (A, B) is controllable (and therefore stabilizable).
Furthermore, since the set {\;} coincides with the spectrum of A, if any subset of {\;} are
equal, then A contains a Jordan block corresponding to that subset. Moreover, when \; # \;
(i # j), then A is diagonalizable. Let xy = ey and observe that under (4.15), we have
e]—a:t = X\ for all 0 <t < n regardless of the input us. This implies that, for “any” choice
of input, for the first (n— 1) iterations, the first state of the system grows exponentially fast

with the rate Ay whenever || > 1.

Remark 10. Example 1 constructs a family of controllable systems where no controller
can requlate their respective first states—at least for the first n iterations. That is, a system
state will grow exponentially fast regardless of the choice of u;, even when all eigenvalues
of A except A\ are stable (e.g., |Ni| < 1 fori = 2,---,n). Note that in this example, the
(right) eigenvector associated with the unstable mode of A (i.e., the eigen-pair (A1, e1)) is
orthogonal to R(B) = R(en). This is despite the fact that the PBH controllability test
holds (i.e., for any left eigenvector v of A we have v' B #0). This example highlights that
controllability of a pair (A, B) does not capture reqularizability of an unstable linear system,
specially when the requlation has been achieved in a data-guided manner and performance
of the controller matters from the initialization. Finally, we point out that in the particular
case when \; = 0 for i = 2,...,n, the controllability matriz corresponding to (A, B) is
anti-diagonal with all anti-diagonal elements equal to identity. Therefore, it has singular
values/eigenvalues all equal to £1. This implies that the controllability matriz has condition
number equal to identity; as such modes that are difficult to reqularize are not distinguished

in the controllability matrix.
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In order to formalize the behavior of the class of systems mentioned above, we introduce
a system theoretic notion to capture the effectiveness of the input characteristics pertinent to
online regulation. In order to motivate this notion, note that the dynamics in equation (4.15)

can be rewritten as,

Tip1 = HR(B)LAwt + HR(B)Aa:t + Buy

= Il Az; + B(BT Azy + ).
Setting u; = —BYAz; 4 4, the dynamics equation (4.15) can be rewritten as,
Lr+1 = gwt + Bﬁta

where,

and u; is yet to be designed. Note that the signals gwt and Bu; are orthogonal. This implies
that the control signal would not effect the part of dynamics that is generated by Ilp g1 A.
As such, in order to have even the possibility of achieving some online performance for this
system in finite-time, we require that this part of the dynamics be stable. This observation

thereby motivates the following definition.
Definition 7. The pair (A, B) is called reqularizable if A := HrpyLA is Schur stable.

As we will show subsequently, regularizability of a pair (A, B) is related to the stabi-
lizability of (A, B) as well as detectability of (A, BT); a combination that is not typically
encountered in control theoretic LTI analysis. This connection is intuitive, as regulation
of a system in finite-time requires the states to be accessible through the input matrix B.
It also provides a new perspective on LTI models which will be utilized as a basis for the

analysis.

4.3.1 Regularizable Systems

In order to get a better sense of the notion of regularizability, we study the spectral properties
of A in equation (4.16) and its relation with system matrices A and B. First, the following

example highlights why regularizability of a system is distinct from its controllability.
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Example 2. Consider the linear system with A defined as in Example 1 such that |A1| > 1
and |\;| <1 fori=2,...,n. Note that the pair (A, e,,) is controllable (and thus stabilizable);
however this pair not reqularizable. On the other hand, the pair (A, e1) is reqularizable but

not controllable.

Recall that a pair (A, B) is stabilizable if and only if (AT, BT) is detectable [32]; the
detectability of (A, BT) is seldom of interest in linear system theory; however, we show
that it is indeed, a necessary condition for (A, B) to be regularizable. To this end, we first

connect regularizability to the spectral properties of the pair (A4, B).

Lemma 21. Let A = gy A. Then for each right eigenpair (A, v) of A the following
hold:

o (\,v) is a right eigenpair of A whenever v € R(B)* or A = 0.
e (0,v) is a right eigenpair of A whenever v € R(B).

The proof of Lemma 21 directly follows from the definitions and therefore omitted. Note
that the above lemma does not address the scenario where (A, v) is an eigenpair of A, with
A # 0, and v = v; +vs, with nontrivial v; € R(B) and vy € R(B)*. The following example
illustrates the although Aisa product of matrix A with an orthogonal projection operator

(which is non-expansive), its spectral radius can be drastically different from A.

Example 3. Consider the system in Example 1, where the identity off-diagonal elements
of A are replaced with 10, Ay = 0.9 and \; = 0 for alli = 2,...,n, and B = 1. It is
straightforward to show that for alln > 2, A is Schur stable with spectral radius of 0.9 while
A is not, i.e., (A, B) is not regularizable. In this case, in spite of A being Schur stable, its
operator norm is about 10. Furthermore, the spectral radius of A would be 4.55 forn = 2 and
increases to about 10 as n increases. This results in a pathological behavior despite the fact
that the system is originally stable, e.g., any infinite horizon closed-loop LQR controller

for this system would demonstrate undesirable behavior —similar to Example 1— when
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initialized from xy = 1.8. Finally, it is worth mentioning that the controllability matriz of

this pair would be ill-conditioned in contrast to Example 1.

The preceding example illustrates that even for a stable system, it is nontrivial to assert

4

that state trajectories over a finite time horizon are “well-regulated.” It is no surprise then

that most of the recent works on data-guided control focus on contractible systems as they
streamline composition rules and analysis for consecutive iterations [2,96]. The following
remark shows that regularizability is less restrictive than contractibility, while also ensuring

regulation of state trajectories.

Remark 11. A pair (A, B) is said to be contractible if there exists a controller K such that
|A — BK]|| < 1. Noting that

A~ BEK = A+ llgp(A - BK),
for any vector x € R",

|Az|* = ||(A = BK)z|* - || Tlg(s)(A - BK)z|?
< (A - BE)z|?
< (A - BE)|* ||,
This, in turn, implies that a contractible system is reqularizable (as HZH < 1). In particular,

if the original system matriz A is non-erpansive (at least on the subspace A~'{R(B)*}),

then (A, B) is regularizable.

The following results further clarifies the relation between regularizable systems with

their system theoretic twins.

Proposition 5. If (A, B) is regularizable, then

e (A, B) is stabilizable, and

80ne practical remedy to this problem is to split the dynamics into multiple time-scales using, say, a sam-

pling heuristics [110] However, time-scale separation often requires physical insights, non-trivial to identify
in general [121], let alone for a system with unknown dynamics. We address time-scale identification from
finite-time collected data as a potential future direction of our work.
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o (A,BT") is detectable.

Proof. For the first claim, note that A=A- lUrp)A = A+BK, where K := —BTA. Thus
if (A, B) is regularizable then K is a stabilizing closed loop controller. For the second claim,
we establish a contrapositive. Suppose that (A, B') is not detectable. Hence there exists
a right eigenpair (\,v) of A, where |A\| > 1 and v € N(B'") = R(B)*. Then, Lemma 21
implies that (\,v) must be a right eigenpair of A. Since |A| > 1, A is not Schur stable and
therefore (A, B) is not regularizable. O

Note that the consequents of Proposition 5 are equivalent whenever A is symmetric,
simply because detectability of (4, BT) is the same as stabilizability of (AT, B). Also, note
that Proposition 5 equivalently states that for the system in equation (4.16) to be Schur
stable (i.e., the original pair (A4, B) to be regularizable), the original system A has to be sta-
bilizable through B and also detectable through B'. This provides a necessary condition for
regularizability. The following counter-example underscores why the stabilizability of (A4, B)

even when combined with detectability of (A, BT), is not sufficient for regularizability.

Example 4. Let the system matrices A, B be as defined in Example 1 and consider the pair
(A1,By) := (A+ AT, B). By the structure of Ay, note that (A1, By) is controllable. Since

Ay is symmetric, (Aq, BlT) 1s also observable. By direct computation we observe that,

24 1 0 ... 0
1 2% 1

A= Tgpud=| : . " 0
0 1 20,1 1
o ... 0 0 0

Now if any of \; for i = 1,...,n — 1 is say, larger than 1/2, then A would be unstable,
implying that (A1, B1) is not reqularizable.

In order to complete our understanding of regularizability, we provide several character-

izations using LMIs.

Proposition 6. Consider a pair (A, B), and denote 11, := IlgpgyL. Then the following

are equivalent:
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1. The pair (A, B) is regularizable.
2. 3P = 0 such that p(AT I, P I AP71) < 1.
3. 3P = 0 such that |PY/? I, AP~/?|| < 1.

4. AP > 0 such that
AT, PII,A-P<0.

5. AW = 0 such that,

w I, AW
> 0.
WAT 11, W
6. AP = 0 and G € R™" such that,
P AT I, GT
> 0.
GII,A G+GT-P
7. AP = 0, and G, H € R™*" such that,
GA+A'G" - P ATHT - @ .
< 0.
HA-GT my,PI, —H-HT

Proof. Noting that regularizability of (A, B) is equivalent to Schur stability of II; A, the
first four equivalences are direct consequences of Theorem 7.7.7 in [85]. By Schur comple-
ment and by constructing, following by a congruence induced by diag(I, P~1), (iv) becomes
equivalent to (v). The last two equivalences are due to Theorem 1 in [17] and Theorem 1

in [18], respectively. O

We conclude this section by providing a sufficient condition for guaranteeing when an

uncertain polytopic LTI system is regularizable.
Proposition 7. Consider A; € R™™ for i = 1,...,N and suppose there exist matrices
P, =0 and G, H € R™" satisfying,

GA; + A/ GT - P, AlHT -G

<0,
HA;, —GT HgP, Ig—H—-—H'
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for some linear subspace of S C R™. Then a pair (Aa, B) is reqularizable whenever A, €

convhull{ A; }}V and
Pz‘ Pz HR(B)J_

Proof. Since A, € convhull{ A;}}V, there exists scalars o; € [0, 1] with Ziv a; = 1 such that
A, = Z{V a;A;. By defining P, = Ziv a; P; and taking the convex combinations of the

negative definite matrices in the hypothesis with weights a; we get that,

GAw +ATGT — P, ATHT -G

< 0. (4.17)
HA,-GT HOgP, IIg— H—H'

Now by taking the Schur complement of the LMIs in the hypothesis involving the input
matrix B we obtain,
HeP; Ilg = Ilgpyr P gpyr, Vi=1,...,N.
Convex combinations of these LMIs now lead to,
Hs Py Ils = Ilgpyr Po Hgpyr.
This, together with the LMI equation (4.17) imply that

GA,+AlGT — P, AlHT - @
HA,—-G" gy Po Ugpe —H—H'

< 0.

Noting that P, > 0, by part (vii) of Proposition 6, we conclude that the pair (Aq, B) is

regularizable. O

Note that the proof above also shows that the last LMI in the statement of Proposition 7
is equivalent to

HSB HS’E H’R(B)J-Pz HR(B)J_, VZ:1,7N7

this is certainly satisfied when S = R(B)*. In particular, Proposition 7 implies that
regularlizability is a monotonic system theoretic property with respect to the input, in the
sense that enlarging R(B) would not destroy its regularizability. In fact, enlarging R(B)
for a system would make the system more regularizable (as A will have smaller modulus

eigenvalues).
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4.3.2  Data-Guided Regulation (DGR) Algorithm

The primary focus of the present work is devising an online, data-driven feedback controller
to regulate the system state trajectories, quantified in terms of some signal norm. In this
direction, we propose an iterative algorithm for updating the feedback gain (policy); the
form of the controller is motivated by considering, at each time-step ¢, the optimization

problem,?

min o1 ]|* + allu |
' (4.18)
s.t.  xyp1 = Az + Buy,

where x; can be measured over time but the system matrix is unknown, and a > 0 is
a regularization factor of the controller to be designed.!” In the case of known A, it is
straightforward to characterize the set of minimizers of the above optimization problem

through the first order optimality condition,
(al,, + B" B)u; + BT Ax; = 0;

as such the corresponding input belongs to a linear subspace in R™ parameterized by
the system matrices and data. This observation forms the basis for the proposed algorithm
when A is unknown and potentially unstable; essentially, we aim to control the system in an
online fashion to become more regulated, using the history of the state data and a regulated
input. The corresponding synthesis procedure is detailed in Algorithm 6. Specifically, at
time-step t, DGR sets

U: = —K:JZt, K: = GathtTfla (419)

where X;_1,); € R™! are the measured data matrices with J; = AX;_1, and G, = (ol +
BTB)IBT for @ > 0. Note that Go = (B"B)'B" = BT; on the other hand, G, — 0

as o — oo implying that u; — 0 for all t. Intuitively, collecting more data results in

9The setup resembles dead-beat control design, with the caveat that the synthesis is data-guided.

9We note that assuming a more elaborate form of cost (e.g., finite/infinite horizon LQR cost) for this
optimization problem would not be advantageous as A is assumed to be unknown.

" The stopping criterion can be application specific. For instance, for sysID generating n linearly inde-
pendent data is sufficient, while mere stabilization may require less; see [164]
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Algorithm 6 Data-Guided Regulation (DGR)
1. Initialization (at¢=0)

2: Measure xg; set Ko = 0, Go = (ol + BTB)‘LBT

3: Set Xy = [xo] and Yy =[]

4: While stopping criterion not met!!
5: Compute wu; = —Kixy

6: Run system (4.15) and measure x4
7 Update Yiy1 =[Vr @41 — Buy

8: K1 = GV X/

9: X1 = [ 4]

10: t=t+1

capturing the essential (e.g., unstable) modes in the dynamics. As such, it is important to
note that DGR is particularly relevant for online regulation of an unstable system, when the
controller does not have access to enough state data for the purpose of system identification
or optimal control synthesis. Note that DGR actively guides the ongoing process, and
the data generation and the dynamics are interdependent; this setup would therefore not
be suited for traditional system identification. The proposed technique is close in spirit
to modal analysis where regression-based methods are leveraged to extract and control
the dominant modes of the system [133, 146]. The emphasis of DGR, however, is on the
significance of each temporal action for safety-critical applications; in these scenarios, it
might be rather unrealistic to generate enough data from the inherent unstable modes.
From an implementation perspective, the DGR algorithm can become computationally
expensive for large systems. The reason lies within steps 7-9 of Algorithm 6 where the entire
history of data is stored in Xy and );i1; the pseudoinverse operation in the meantime
has complexity O(n?t) required at iteration t. While for the purpose of analysis, we present
the basic form of DGR (as in Algorithm 6), in the upcoming sections we will propose Fast
Data-Guided Regulation (F-DGR) to circumvent the complexity of storing and computing

on large datasets using rank-one update on the data matrices, resulting in a recursive
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evaluation of ) XtTfl .

4.8.8 Analysis of DGR

In this section, we provide performance analysis for DGR. As pointed out previously,
DGR is particularly relevant when ¢ < n, where n denotes the dimension of the underlying
system. Subsequently, we examine the effects of DGR on the system state trajectory when
R(A) C R(B). In addition, we will see how a particular structure of the system matrix A,
such as its diagonalizability, further facilitates deriving more insights into the operation of
DGR.

First, we show why regularizability is essential for the analysis of the trajectory generated

under Algorithm 6; in hindsight, justifying its introduction in the first place.

Lemma 22. For allt > 0, the trajectory generated by Algorithm 6 satisfies,
L1 = HR(B)LAwt + HR(B) Azt + Aawt

where Ay = B(BT —G,)A, zo = 2o, wo = 0, and z; := Hrx,_ i, we = g, )T
Furthermore, {zo,z1,--+ , 2z} is a set of orthogonal vectors, and Ay = 0.
Proof. Let B = U, %, V," be the “thin” SVD of B where r = rank(B). Since BB = U,U,] =

Urw,);

xy+1 = Az + Buy
= |[A- BG YL | @,
= [A — BGa A HR(thﬂ] T
= g, Az + BBTA(z; + w;) — BGo A wy

- HR(Ur)J'Amt + HR(UT) Azt + B(BT — Ga)Awt.

Thus, the first claim follows as R(U,) = R(B). For the second claim, note that the defi-
nition of z; implies that z; L R(X;—1), and zp € R(X;—1) for all k =1,...,t — 1. Hence
{z0,21, -+, 2¢} consists of orthogonal vectors. Finally, by definition of G, it follows that

Ay = 0. O



134

The preceding lemma implies that in the case of & = 0, the time series generated by
Algorithm 6 can be considered as the trajectory of a linear system with parameters (E, E)
and input z; where,

A= H’R(B)J-Av E = H’R(B)Av (420)

and z; = f(tmt, with the time-varying, state-dependent feedback gain f(t = Hp@,_e-
Note that, in this case, if Ilgp) and A commute,'? then AB =0 and Ty = gt“a:o +

Bz;. Moreover, A = 0 whenever R(A) C R(B), i.e., the system dynamics will only be

driven by the feedback signal z;; this case will be examined subsequently. In case of general

a, the system trajectories evolve as,

¢
@1 = Aty + Z At {Ezr + Ajw, | . (4.21)
r=0

Finally, an attractive feature of DGR hinges upon the orthogonality of the “hidden”

states z; generated during the process.

Bounding the State Trajectories Generated by DGR

In the open loop setting, the generated data from an unstable system can grow exponentially
fast with a rate dictated by the largest unstable mode. We show that DGR can prevent
this undesirable phenomenon for unstable systems when the system is regularizable. The

key property for such an analysis involves the notion of the instability number.

Definition 8. Given the matriz A € R™" its instability number of order t is defined as,

My(A) = sup [Avy | [[Ava|| - [|Ave]], (4.22)
{’Ul,...,’Ut}GO%ﬂ

where O} is the collection of all sets of t orthonormal vectors in R™.
Note that M;(A) < ||A||*, where ||.|| denotes the induced operator norm. In general,

the instability number of a matrix is distinct from products of any subset of its eigenval-

ues. Consider for example, a t-dimensional hypercube in the domain with its image as a

12This is the case if (and only if) both matrices are simultaneously diagonalizable (Theorem 1.3.21 in [25]).
If A is symmetric, then these matrices commute if (and only if) they are congruent (Theorem 4.5.15 in

[55])-
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Figure 4.3: A unit cube in the domain of A that is mapped to a parallelepiped in its range

space.

parallelotope (see Figure 4.3 for a 3D schematic). The instability number is related to the
multiplication of the lengths of edges radiating from one vertex of the parallelotope, while
det(AT A) (the multiplication of eigenvalues) is related to its volume. In fact, the instability
number of a matrix might be difficult to compute. In what follows, we first provide upper
and lower bounds on M;(A) characterizing its growth rate with respect to the largest sin-
gular value of A. Subsequently, these bounds will be used to provide a bound on the norm

of the state trajectory generated by DGR.

Lemma 23. Let oy, ,0, denote the singular values of A € R™™ in a descending order.

4] i 3£ ] (e

J

Then fort <mn,

where § = Y t_, 02, with My(A) as in Definition 8.

Proof. Let A=W3XU' be the SVD of A where ¥ is diagonal containing the singular values

in descending order and both W, U € R"*™ are unitary. This implies that,

My(A) = sup  |ISUTof[[SU T wa -+ [SU v
{vi}jeoy
= sup  |[[Zu [Zwof| - [[Bod],
{vitieor

where the last equality is due to the fact that {U Twv;}} € OF only if {v;}} € OF, since U is
unitary. For the lower-bound if t < n, we can choose {v;}} € OF such that |{e1,v;)| = 1/
forall: =1,--- ,t. This choice is certainly possible as a result of applying Parseval’s identity

in a t-dimensional subspace with orthonormal basis {v;}| containing the unit vector e, in
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which, e; is represented with all coordinates equal to 1/v/t with respect to this basis. We

thus conclude that,

Mi(4) > or{er, v)] - o (er,v)]| > m ,

where the left inequality follows from the fact that | Ev| > |0} (eq, v)| for any v € R™. For
the upper-bound, define ¥; = diag(oy,...,0:) and since singular values are in descending

order we have,

t
MyA) < s [] IS
{vi}ieof ;=

t t 1
= sw ][0t ler vl + Y losles vl ]
j=2

{vi}{ €0} ;=g

t 1
< sup H {a% (e, vi)]? + 5] ’
{vi}1€0; i=1

Define y; = (e1, v;); then by Bessel’s inequality 2¢_, 77 < 1 whenever {v;}} € O}. Thereby,

by denoting v = [y; ... ] ", we can conclude that

t
My(4) < sup T] [o322 +9]

D=

YeBS =1
1
t+1 ( : )
2(t+1—14) ¢5—1 2 2
:SUPt E 07 0" E (%)al"‘(%)at )
YEB, | i=1 || =t4+1—i

aeBL,
where « is a multi-index of dimension ¢, and the last equality follows by direct computation.

Now it is easy to see that for fixed o, if |a| = m > 0 and o € B then,

1
sup ()™ -+ (7)™ < (=)™,
YeBy m

that follows by the symmetry in optimization variables. Therefore, we can conclude that

1
t 9 (t+1—1) 3
t o1 i1 t
5+;L+1—i] 0 (t—i—l—i)] ’

implying the claimed upper bound. ]

Mi(A) <
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The lower and upper bounds in Lemma 23 show that, particularly when § < 1, M;(A)
would initially grow similar to (o1/vk)* for k < t, in contrast to the exponential growth

a’f . The following result provides an upper bound for the most general case.

Theorem 25. For any pair (A, B), the trajectory generated by Algorithm 6 satisfies,

|1l < Lga|lzol|

where Ly satisfies the recursion,

¢
Liyi=ai+» biyeLe, L1 =A%,

r=1
with
b = V1At B2 + | A Ao |
and a; = ||AtAZy||, where Z, = z,/||z|| (if zr # 0, otherwise Z, = 0), and W, is similarly
defined.

Proof. Knowing that x; = Axy, it follows that ||z;|| < Li||zo||. Furthermore, for ¢ > 1,

equation (4.21) leads to,
T = At Azg + Eizl At [Ez«,« + Aaww} ,
since A+ B = A and wg = 0. This implies that,

t
lesi|| < A Azo|| + ) A7 BZ, |2/ ]| + |4 Ao, ||,

r=1

t
< arllol + ) bl

r=1
where we have used Cauchy-Schwarz inequality in conjunction with the equality ||z.||? +

|w,||? = ||&||?>. Using this recursive bound, the rest of the proof follows by induction. [J

Remark 12. Note that in the analysis above, when the system is reqularizable, a; eventually
decreases exponentially fast as t increases. Furthermore, the term by, in the sum increases
as r approaches a fived t. Additionally in the case of o = 0, since by, = |BZ,|| < ||AZ.|,
for any set T = {r;}} C N,

brnarnbrnflvrnfl e brlﬂ"l < MH(A)
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Finally, we can show that the obtained upper bound is tight by considering Fxample 1 with
A1 >0and Ay =0 fori>1.

In order to shed light on the intuition behind the upper bound in Theorem 25, we
next study simpler cases with o = 0, where there exists small enough x for which b;, <
|A*="B|| < k for all r < t. In particular, we can show that if the system is regularizable and
AB = 0, then the trajectories of the closed loop system will be bounded by a combination
of instability number of different orders. This is stated in the next corollary; the proof is

omitted for brevity.

Corollary 2. For any regularizable pair (A, B) with AB =0, and M;(A) as in Definition 8,

the system trajectory generated by Algorithm 6 with o = 0 satisfies,

T
H‘;h” < My (A) +ar+ Y Mo(A)ay .

The above observation further highlights the importance of the instability number in

the context of DGR.

4.3.4  Informativity of the DGR Generated Data

In the sequel, we show that DGR generates linearly independent data; we then proceed to
make a connection between this independence structure and the number of excited modes

in the system. Before we proceed, let us define L},t€ (A), that is based on k£ modes of a matrix

A, as,

1 )\1 (Al)tfl
1 Xo --- Ao )1

y=| 7 ( 2? , 1<t<n. (4.23)
Lo o ()t

Remark 13. Note that Lt (A) has a specific structure that hints at its invertibility. In fact,
fort =k, LQ(A) is the Vandermonde matriz formed by k eigenvalues of A which would be
invertible if and only if A1, -+, \g are distinct. More generally, if {\1,---, A} consists of

r distinct eigenvalues (where r < k), then L (A) is a full column rank.
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Note that informativity implies that the available data is sufficient for regulating the
state trajectory of the system initiated from axg. In particular, if &g results in all the modes
of A being excited, one should be able to conclude that the generated data is informative

for regulation. This can be formalized as follows.

Theorem 26. Let x( excite ki + ko modes of A, such that ki modes are in R(B) and ko
modes are in R(B)*. If a = 0 and the excited modes correspond with distinct eigenvalues,
then {xo,...,x,—1}, generated by Algorithm 6, is a set of linearly independent vectors for

any r < max{k;, ka}.

Proof. Without loss of generality, let Ai,..., \;, be the eigenvalues corresponding to the

excited modes uy,...,ux, € R(B), and similarly Ay, 41,..., A\k;+k, be corresponding to
Uy 1y - - o> Uky+ky € R(B)*. Recall that X;_; = [xg @1 ... x;_1]; then by definition of
z¢ in Lemma 22, for ¢ > 1 there exists scalar coefficients ¢f, -+ ,¢!_; € R such that z; =

Ty — E;;%) C;wj. This together with the dynamics in Lemma 22 imply that x; = Ax¢ and
for t > 2,
t—2
Ty = Ail)t_l — H’R(B) Z C;Am] (424)
j=0

Since x( excites k1 + k2 modes of the system, we have xg = Z?;{’” Bewyg, where [, are some

nonzero real coefficients and (\y, uy) are eigenpairs of A. Hence 1 = Axy = ZIZ;L]” BeAeuy,

and we claim that for ¢ > 2 there exist scalar coefficients &, - ,&_; € R such that,
k1 t—1 ) k1+ko
2 =3 B[ () =D €0 e+ Belhe) (4.25)
=1 i=1 t=k1+1

The proof of the last claim is by induction. Note that Alxy = ZIZ;{]” Be(Ae)tug, and by
substituting this into equation (4.24) for t = 2 we have that,
Tro = AiBl — QSHR(B)Amo
= HR(B) [A2$0 — CgAxO] + HR(B)LA2J50
= 22081 Be (M) = 3] e + 204y Be(he)

where the last equality is due to the fact that uy € R(B) for £ < ki and u, € R(B)* for

¢ > k1. By choosing £2 = (3, we have shown that equation (4.25) holds for t = 2. Now
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suppose that equation (4.25) holds for all 2,...,¢ — 1; it now suffices to show that this
relation also holds for t. By substituting the hypothesis for 2,...,¢—1 into equation (4.24),

k1+k2

@ = Zﬁe[)\e —th_l()\e)iﬂ}uz-i- > B

=1 l(=k1+1

1 1
= BeChhewe =Y BiCt (M) us
=1 =1
t—2 k1

_ZC]ZBZ[)‘ZJJFI Zg] )\[2+1}
7j=2 /=1

Therefore,

k ki +k
wy =340 Be K e + 35 Be(Ae) g,

where x replaces the expression,

t—2 t—2 j—1
() =D &7 0™ - Z A7+ D GE T
=1 j= 7j=21i=1

By appropriate choices of &, &_| € R, we can rewrite x = (\y)! — Zf;i €(A\)t. This

completes the proof of the claim in equation (4.25) by induction. Now, let & = Z;;(l) ;T

for some a; € C and some r < max{ky,k2}. Then, by substituting x; from (4.25) and

exchanging the sums over j and ¢ we have,

ao+a1)\g+2a][)\g ij )\g }]

7j=2
k1+ko r—1

+ > B a(he)u

l=k1+1 7=0

k1

-3

(=1

Now, by exchanging the sums over ¢ and j, it follows that,

k1 r—2 r—1 ) '
B= oo+ ai— 3 sl + ar_lw)r-ll ug
=1 i=1 j=i+1

k1+k2

+ > 5@{2% Ae) }

l=k1+1 7=0
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k1+k2
1

Since {uy} are eigenvectors associated with distinct eigenvalues, they are linearly in-

dependent. Thus, noting that 8, # 0 for all £ = 1,--- , k; + ko, then & = 0 implies that,

r—2 r—1
o+ |ai— Y €| () + ()T =0,
=1 j=i+1

forall ¢/ =1,...,k; and Z;;é aj(N)? =0, for all £ = ky +1,..., k1 + ko. By rewriting the

last two sets of equations in matrix form we get,

- a=0, (4.26)
Ly, (4)
where E%(A) is the last k2 rows of Ly, ,, (A) and

000 0 ... 0 ao

00 & & - &g o

00 0 & - &t

== , a =
00 0 O
&1
000 0 -~ 0 ar1

Note that I — = is invertible by construction. Since the excited modes correspond to dis-
tinct eigenvalues, if 7 < max{ky, k2}, then either Ly (A) or 522(14) is full column rank.
Either way, equation (4.26) implies that & = 0 and thus {xo,...,z,—1} is a set of linearly
independent vectors. This observation completes the proof as r < max{k;, k2} was chosen

arbitrary. 0

4.3.5  Special Case of R(A) C R(B)

In order to better understand the behavior of DGR, in this section, we study the more
restricted case where R(A) C R(B). This case includes the case where rank(B) = n, i.e.,
one can directly control each state of the system (e.g. see [(9,143]). Note that R(A) C R(B)
implies that A=0 which, in turn, results in regularizability of (A, B). This, together with

Corollary 2, results in the following corollary.
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Corollary 3. For any matriz A € R™*" and B € R™™"™, where R(A) C R(B), the trajectory

generated by Algorithm 6 with o = 0 satisfies,
|| < Mi(A)l|oll
with My(A) as in Definition 8.

Proof. Note that A = Iz gy A = 0 whenever R(A) C R(B). The claim now follows by
Corollary 2 since AB = 0 and thus ap=0forallk=1,...,t—1. O

The latter bound becomes more structured for a symmetric A by combining the results

from Corollary 3 and Lemma 23 which we skip for brevity.

Remark 14. In order to further illustrate the bound stated in Corollary 3, assume that

de < 1. Then, from Lemma 23,

Lt/2] 2 qt—j i =l 2 i
EAlS ot t 91 t toy
< | 2L
eol? < o) Y2 73] ) 2 lee)

j=1 j=16/2)+1

where we have also used (jt) < (et/j)?. This implies that as t gets larger than O‘%, the terms
with large powers admit smaller bases and those with large bases will gain smaller powers
comparing to o3t. This is despite the fact that for small t, the relative norm of the state

might grow.

In the sequel, as a result of linear independence established in Theorem 26 we show how

the simplified bounds clarify the elimination of the unstable modes in the system.

Corollary 4. Suppose A is diagonalizable with R(A) C R(B) and let o excite k modes
of A. If r eigenvalues corresponding to the k excited modes are distinct for any r < k,
then {xo,...,xr—1}, generated by Algorithm 6 with o = 0, is a set of linearly independent

vectors.

Proof. Given that R(A) C R(B), all the modes of A are contained in R(B), so without
loss of generality, let Aq,...,A\r be the eigenvalues corresponding to the excited modes

U, ..., ux € R(B). Then, following the proof of Theorem 26, Equation (4.25) reduces to,

2= Y5 Be | (M)t — 0 €A | g
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Figure 4.4: A geometric schematic of DGR when R(A) C R(B). Since zp = xo, z¢ L

R(Xi—1) and z; € R(A;) for t = 1,2, the set {2, 21, 22} consists of orthogonal vectors.

Now, let & = Z;;é ajx; for some o € C and r < k. Then following the same argument in

the proof of theorem 26 about &, equation (4.26) reduces to,
Ly(A)(I - B)a =0,

with similar definitions of = and «, and Lj,(A) as defined in equation (4.23). Since r
eigenvalues corresponding to k excited modes are distinct, L} (A) has full column rank.
As I — = is invertible, we conclude that @ = 0 meaning that {xo,...,x,_1} are linearly

independent. ]

An immediate consequence of the above corollary is that DGR generates data that is

effective for simultaneous identification of modes with multiplicity greater than one.

Proposition 8. Suppose that A is diagonalizable with R(A) C R(B), and let xy excite
k modes of A corresponding to r distinct eigenvalues (where possibly v < k). Then, in
r iterations of Algorithm 6 with o = 0, span{xo,...,x,_1} coincides with the subspace

containing these excited modes; furthermore, x,+1 = 0.

Proof. Without loss of generality, let @ excite the k modes of A corresponding to Ai,- -+, Ap.
Since A is diagonalizable, let A = UAU! be its eigen-decomposition and so x, excite

{uy, - ,up}, ie, ¢y = Zle Biu;, with 8; # 0. Define

M(Xi) = {Jj : u; is the eigenvector corresponding to A;},



144

for i =1,---,r. Furthermore, define the r-dimensional subspace,

S = span {ZjEM(Al) B]’U,J’ NN 7Zj€./\/l()\r) BJU’J} )

where the span is taken over the complex field. We prove by induction that x; € S
for all t = 1,---,r. Notice that 9 € S and suppose that {xg,...,z;(—1} C S; recall
from the proof of Corollary 4 that @; = Az 1, where z; 1 = HR(XFQ)L(:ct,l). Since
xi—1 € S and span{xy,...,x;—2} C S, one can conclude that z;—; € S, and from the
definition of S, &y = Az;_1 € S. On the other hand, since A1, Ao,---, A, are distinct

eigenvalues, by Corollary 4, dim (span{xy,...,x,_1}) = 7. By hypothesis of the induction

span{xg,...,x,—1} C S, and since dim(S) = r, we conclude that span{x, ..., x,_1} must
be the entire S, i.e. span{xg,...,x,_1} =5, proving the first claim. Lastly, since x, € S,
zy = gy, L (xr) =0, and thus @, 11 = Az, = 0, thereby completing the proof. O

Following Proposition 8, if g excites £k modes of the system corresponding to distinct
eigenvalues with trivial algebraic multiplicities, then Algorithm 6 identifies all the excited
modes of the system in k iterations. Furthermore, this implies that o1 = 0, i.e., DGR

eliminates the unstable modes and regulates the unknown system in exactly k+ 1 iterations.

4.3.6  Boosting the Performance of DGR

The DGR algorithm as introduced in Algorithm 6 can become computationally heavy for
large-scale systems. This is mainly due to storing the entire history of data in X} and )
followed by the update of the controller that finds the pseudoinverse as well as multiplication
of these data matrices (steps 7-9). Assuming the SVD-based computation of pseudoinverse,
the complexity of the method is'® O(n?t). In this section, we show that such computational
burden can be circumvented using rank-1 modifications of data matrices as a result of the
discrete nature of data collection in our setup. Note that for computing K41 from (4.19)
we only need to access ytHXJ (rather than XJ). To this end, we leverage the results of

[117] in order to find ytHXJ recursively as a function of thttp Xt,lé\,’ttl, and x;.

13The multiplication ymxj enforces another O(n?t) complexity that can be significant for large n.
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Proposition 9. Define X;_1 as in Algorithm 6 and let @, be the collected data at time-step

t. Then, if x; & R(Xi—1),

XtT—l - %z;r
Xl = T
24
Otherwise,
Xl — e ¢,
T t—1 — €Ye6t
Xt - T )
e
where ¢, € R, v, € RY, and ¢, € R" are defined as,
1 f T
€& = Wy Ve = X, Ct= (Xt—l) Y

and zy € R™ is defined in Lemma 22.
Proof. Rearrange X; into,
_ T
Xt - ( Xt,1 0 ) +$t€t+1.
Then, it is implied from Theorem 1 in [117] that
i f Fo]
Xt :<Xt_1 0) + et+1_<Xt_1 O) Tt | 24,

whenever x; ¢ R(X;_1). To simplify, note from the SVD of X;_; = ULV T that,

t f S0 vl oo\
(e o) = [os(e 0] [
0 0 0 1
(Vo v 0 T _ Xl
0 1 0 0 0
Hence,
xf xf A I——r
XtT _ =1 L €rr1 — t—1 ~’Et] zz _ t—1 T'Yt t
0 Zi
For the case when x; € R(X;—1), Theorem 3 in [117] gives,
T XtT—l T T 1 T
Xt = + err17y thl - ;pq )

0

(4.27)

(4.28)

(4.29)
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where,

Yt
o= H’Yt”2 +1, b= _H’7t||2€t+1 - 0 ) q=—C.

The rest of the proof follows from rearranging the terms and using the definitions in (4.29).

O]

As mentioned earlier, the update of the controller requires yt_lxj_l that could become
prohibitive for large n. However, we can take advantage of Proposition 9 to find this term

recursively in order to avoid memory usage as well as computational burden.

Theorem 27. Let X;_1 be defined as in Algorithm 6 and xy be the collected data at time-step
t. Define Pr_q = Xt_lth_l, Qi1 = thtT_l, zZy = [I — Pt_l]wt, and y, = Ax;. Then,

Q=941 — Qt—lthI + ytz:tra

Pt =Pi1+ ztzl.
Proof. For the case x; ¢ R(X;—1) we get from Proposition 9,

Xt — zT
,Pt:XtXtT:(Xt,1 iﬂt> tlT e
z] (4.30)
= Pt—l + thzr.

Observing that Q; = AP; and y, = Az, the recursive relation for Q; can be derived
from (4.30). When x; € R(X;_1), note that X;_17v, = Xt_lXtT_lxt = x; which results in
Pi+1 = P;. However, in this case z; = (I — P;—1)xy = 0 and therefore, the same results hold

when x; € R(X;—1). O

Given the recursive behavior introduced in Theorem 27, the refined (fast) version of DGR is
displayed in Algorithm 7. At each time-step t, we update Q; based on the information from
the new data and the projection P;—1 (hidden in zI ), which itself gets updated as a part of
the recursion. The n xn matrix 9, is then employed for the controller’s update. Notice that

z; has the same meaning as in Lemma 22; however, here we compute it using P;_;—which
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is obtained recursively—and put it in the matrix form to emphasize its computation (since

T T

2 =2

/llz¢]|? is simply a 1 x n vector).

Algorithm 7 Fast Data-Guided Regulation (F-DGR)

1: Initialization

10:
11:
12:
13:
14:

15:

Measure xg, set Ko =0 and G, = (ol + B'B)' BT

Run system (4.15) and measure @
Set Po = (zoxg )/|[zo]|?
Qo = (z1zg )/ |0
K1 =GaQo
t=1

While stopping criterion not met

Compute u; = —K;xy
Run system (4.15) and measure @;1
Set zy=(I—Pi_1)xs
Q= Q1+ (y, — Qorm)2]
Pr="Pi1+ ZtZI
Kip1 =GaQy

t=1t+1

When x; € R(X;—1), using the definition, z; = 0 and Q; remains the same. Otherwise,

Q; deviates from its previous value according to,

Qr— Q1= (ys — Qt—lwt)zz = Azz

T
t:

Recall that z; reflects the informativity of the newly generated data x;. In fact, based on

its definition, Q; = V11X provides an estimate of A up to time-step t. Hence, the update

of Q; on line 12 of Algorithm 7 essentially adjusts the prior estimate of A based on the new

information encoded in the term Aztz;r . Moreover, y, captures the effect of the unknown

dynamics at each iteration. All in all, the machinery provided in this section circumvents

the computational load of finding pseudo-inverses by leveraging the recursive nature of the

solution methodology.
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Figure 4.5: Grumman X-29A (Credits: NASA Photo), mainly known for its extreme insta-
bility while providing high-quality maneuverability. The longitudinal and lateral-directional

states are also illustrated.

4.3.7 FExample

In order to showcase the advantages of the proposed method in practical settings, we have
implemented DGR on data collected from the X-29A aircraft. The Grumman X-29A is an
experimental aircraft initially tested for its forward-swept wing; it was designed with a high
degree of longitudinal static instability (due to the location of the aerodynamic center on the
wings) for maneuverability, where linear models were leveraged to determine the closed-loop
stability (Figure 4.5). The primary task of the control laws is to stabilize the longitudinal
motion of the aircraft. To this end, the dynamic elements of the flight control system is
designed for two general modes: 1) the Normal Digital Powered Approach (ND-PA) used
in the takeoff and landing phase of the flight, and 2) the Normal Digital Up-and-Away
(ND-UA) used otherwise.

For both flight modes, we study the case where the dynamics of the aircraft has been
perturbed and unknown. This can be due to a mis-estimation of system parameters and/or
any unpredicted flaw in the flight dynamics due to malfunction/damage. In this setting,
the control laws designed for the original system fail and the system can become highly
unstable. We then let DGR to regulate the system; in this case, since aircraft continues to
operate safely, one can use any data-driven identification, stabilization, or robust control
methods once enough data has been collected.

For both longitudinal and lateral-directional dynamics in each operating mode, the nom-
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Figure 4.6: The state trajectory of X-29 in ND-PA mode with and without DGR for a)

Longitudinal control, b) Lateral-Directional control.

inal system parameters are obtained from Tables 9-10 and 13-14 in [26] (with fixed dis-
cretization step-size v = 0.05), whereas perturbation AA is assumed to shift the dynamics

to,
i1 = (A+ AA)x, + Buy + wy,

where the elements of AA are sampled from a normal distribution N (0,0.05) and w; ~
N(0,0.01) denotes the process noise. Note that even though the nominal dynamics is known
in this example, the proposed machinery makes no such a priori estimate, and assumes a
completely unknown dynamics A+ AA. The original controller for the unperturbed system
in each mode is assumed to be a closed-loop infinite horizon LQR with states and inputs
weights @ = R = I (since the dynamics is already normalized).

We now aim to regulate the unstable system Apew := A+ AA from random initial states
(where each state is sampled from N(0,10.0)). Note that both the original system and
the perturbed system have effective input characteristic that make them regularizable (with
p(A) = 0.998 and p(Apey) = 0.881 for ND-PA mode, and p(A) = 0.998 and p(Apew) = 0.876
for ND-UA mode). The resulting state trajectories for ND-PA and ND-UA modes are

demonstrated in Figure 4.6 and 4.7, respectively. Without using DGR the norm of the state
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Figure 4.7: The state trajectory of X-29 in ND-UA mode with and without DGR for a)

Longitudinal control, b) Lateral-Directional control.

|||l would grow rapidly (red curve) as the unknown system is unstable and the original
control laws fail.'* As the plots suggest, with DGR in the feedback loop (with choice of
a = 0),'® the unstable modes can be suppressed resulting in stabilization of the system
(norm of the states in this case is demonstrated in black and each the state is depicted in
faded color). Up to step t = 30 (shown with vertical dashed-line), enough data is generated
in order to estimate the new system dynamics since the dimension of the augmented system
is only 8 and the dynamic noise is relatively small. Now for the sake of comparison, one can
replace DGR with a closed-loop infinite horizon LQR controller, with some cost-weights @
and R (here we set Q = R = I) which is obtained using the new estimate of the system
dynamics; in this case, only norm of the states is depicted in blue for comparison.

In contrast to the original unstable LQR controller, it is shown that the blue curve is
stabilizing since we now have a more accurate estimate of the (perturbed) system parameters

using the data generated safely by DGR in the loop.

HSince the LQR solution, in general, may have small stability margins for general parameter perturbations
[178].

15The positive choice for o adjusts the algorithm to compromise the regulation of states in order to decrease
2-norm of the input. This may lead to larger upper bound specially when the system is unstable.
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In these examples, the bound derived in Theorem 25 is plotted in green for comparison.
The behavior of the bound follows our observations in Remark 12; the bound increases as
the algorithm initially tries to “detect” the unstable modes, followed by suppressing these
modes for regulation. We finally note that for large enough iterations, the rate of change of

the upper bound is dictated by p(Apew) Which in this case, is slightly less than one. 6

4.3.8 Example: Data-Driven Stabilization of Perturbed Signed Networks

Signed networks refer to systems that admit negative edges as well as positive ones implying
antagonistic relationship in networks such as friendship/adversary, enemy/ally, etc. From
the dynamics viewpoint, this setup has been well-studied for the linear case in the past few
years.'” Notably, it has been shown that structural balance is a key notion in such networks
that leads to stable behavior and convergence to opposite clusters. Perturbations are in-
duced in social networks due to distortions in existence, nature, or intensity of interactions

among the individuals.

Figure 4.8: Model perturbations in signed networks such as sign flips can lead to instability.

The resulting unstable behavior generally have unfavorable ramifications such as the

advent of clustering or community cleavage [10,68]. It is shown that a model perturbation

The code for this simulation can be found at https://github.com/shahriarta/
Data-Guided-Regulation.

1"For more on clustering and controllability in signed networks the reader is referred to [3,13]


https://github.com/shahriarta/Data-Guided-Regulation
https://github.com/shahriarta/Data-Guided-Regulation
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time step (t) time step (t)

(a) (b)

Figure 4.9: State trajectories of an unstable signed network resulted from a perturbed

consensus dynamic (4.31), (a) without DGR, (b) with DGR.

as simple as a sign flip can cause instability in signed networks [10]. In this example, we
consider a similar case with two groups of 5 nodes with all positive edges within each group
and negative edges in between. The system is perturbed as shown in Figure 4.8 with a
change of sign introducing one unstable mode in the dynamics. The states’ constraint is
set to ||7¢]|oc < 5 and the noise is a Gaussian signal with p = 2 and 02 = 0.5 , forming the
dynamics,

Tip] = (£ + Aﬁ)aj‘t + ug + wy, (4.31)

where £ and AL refer to the Laplacian and the sign perturbation, respectively,'® and are
defined based on the structure given in Figure 4.8. The results of applying DGR to this
scenario are demonstrated in Figure 4.9. The comparison of the trajectories clearly shows
how DGR captures the unstable mode of the system in 2 times-steps respecting the specified

safety bound in the problem setup.

18For example, the perturbations in the case of sign flips are in the form of eie;-r + ejelT for i # j only
affecting the adjacency matrix. More on graph theoretical notation can be found in [116]
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Chapter 5
CONCLUSION AND FUTURE WORK

5.1 Concluding Remarks

This thesis is mainly focused on answering the general question of how can networked dy-
namical systems help to get a better understanding of the control and analysis of highly
complex and large systems that are otherwise difficult—if not impossible—to control. Based
on a variety of applications, I touched upon different aspects of networks, their characteris-
tics, and how they lend their structure into the dynamics of those applications. To this end,
the development of ideas in this manuscript are based on a wide range of research topics
including distributed control, game theory, graph theory, machine learning, linear algebra,
and dynamical systems.

In the series of works that were presented in this dissertation, the network control is
tackled from a variety of perspectives. In the first part of the thesis, we start the analysis
from a system theoretic viewpoint and consider networks as systems that enjoy a fixed
underlying graph structure. Then based on prior knowledge of the consensus protocol, we
tackle different problem in control and game theory based on the newly introduced structure
to the system. First, we study the controllability and stabilizability of signed consensus
networks. Most importantly, we show how the underlying symmetry in the system can
be sufficient for its uncontrollability. Next, the attention is shifted to the application of
networked systems on games and, specifically, those types of games that can be modeled
as a network game. Therein, we provide an algorithm to optimize the cost of each team
towards the Nash equilibrium using a dual averaging scheme. Lastly, in this part, we
considered the application of layered network on influence models in social networks. Our
approach to this problem was a guaranteed-cots design as a remedy for the potential model
perturbations, where we extended previous results in robust control design to multi-layered

complex systems.
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Generalizing the results of the first section, in the second part, we switch the scope of
the analysis such that the agents in the network own their absolute dynamics and exchange
information possibly through their states, costs, etc., enabling us to reason about distributed
control schemes in such a framework. First, we provide a distributed scheme based on
individual control setup where each unit tries to achieve some optimality while interacting
with the rest of the network. We show that while such a scheme is computationally efficient,
it does not take into consideration the (sub)optimality of the entire system. Therefore, we
provide another setup in the second section of this part that finds an LQR-based structured
controller based on a similar setup, where we let some auxiliary links in the system to
compensate for the unknown dynamics. Our results show that the proposed controller is
stabilizing at all steps of the algorithm and the final outcome is suboptimal compared to
the best unstructured LQR solution.

In the final chapter of the thesis, we study some general aspects of non-asymptotic
control and analysis of linear systems that, in prospect, can be helpful in resolving some
the shortcomings of the methods in the previous sections. In particular, online regulation is
proposed which is one remedy to the impractical assumption of starting a policy iteration
algorithm from a stabilizing point. Then using the DGR algorithm, one can run the black-
box system and wait for some time-steps until the unstable modes of the (unknown) system
are annihilated. We also provide examples at each section to demonstrate the usefulness of

the results in a network setting.

5.2 Future Directions

As a view in hindsight, the study proposed in this thesis shows the potentials of the network
control theory and its flexibility to accommodate a variety of applications. As the content
of this dissertation suggest, distributed control of complex system is in general an NP-
hard constrained optimization problem, yet the computational complexity makes finding
a solution to such problems vital. This problem becomes even more difficult when least
is known about the underlying dynamics and parameters of the system—demanding the
need for a data-guided mechanism. Hence, finding and employing underlying structures of

such systems is inevitable for real applications in large scales. In this dissertation, we are
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mainly interested in those structure that arise from interaction between multiple agents in
one or many interconnected systems. This area is a current topic of research and intersects
many fields of study including control theory, graph theory, machine learning, mathematical
analysis, and linear algebra. To conclude, we mention a few of potential extensions that
make the provided theory more adaptable for real applications.

Viewing networks as systems suggests that a control designer can think of almost every
system theoretic advancement over the rich history of control theory such as robust and
adaptive control into networks. Thinking about antagonistic networks, one such direction is
to examine the limitation of performance for controlled networks in case additional clusters
(more than two) and also reflect the signed structure into a game theoretic framework. Re-
garding the analysis of game networks, stochastic access to subdifferential of cost functions
as well as noisy observations of opponent’s action is considered as the next immediate exten-
sion of the work. Additionally, analysis of the step-size for the dual variables and equipping
the algorithm with feasible second-order information are yet other achievable furtherance
that can improve the convergence behavior of this method close to equilibrium. Also, to
further extend the layered control segment of this section, some future directions include
generalization of the dynamics such that every layer can potentially contribute to the control
mechanism for the entire system. One can also aim to provide a more topological structure
to the design parameters Qg and Rg.

Distributed control for a system with unknown dynamics is novel research area with
many directions for improvement. First, as discussed in the second part of the thesis the
observation can be further extended to more elaborate cost structure, highlighting the trade-
off between local and global optimality in large-scale distributed systems. This can be
achieved if other types of interconnections such as dynamics or feedback coupling as well
as consensus through the Q-function are adopted for the analysis. Another line of work is
to consider other types of data-guided distributed control mechanisms for structures such
as layered systems or systems with switching dynamics. Regarding the D3PI algorithm,
extension of the current results to a heterogeneous system of agents is considered as an
immediate future direction of our work. Moreover, D3PI builds upon parameter estimation

techniques that represent an end-to-end policy prediction directly from observed data. In
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a black-box linear setup, model-based methods—i.e., extracting an approximate model
from data and use it for control—can be integrated in this multiagent setup to further
reduce sample and time complexities of the algorithm and is addressed as a potential future
direction of this project.

Finally, the extensions of the results presented in the final technical chapter to noisy
dynamics as well as an unknown input matrix are deferred for future work. Furthermore,
state regulation becomes more challenging when one only relies on partial observation of
system’s trajectory or when the system is known to have multi-scale dynamics. Also, our
setup would be more practical considering input constraints, e.g., rate limits. While it is
straightforward to address such extensions via convex constraints in the proposed procedure,

analysis of the resulting closed loop trajectory is more involved.
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