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William E. Boeing Department of Aeronautics and Astronautics

During the development of most aerospace systems, much effort is spent on deriving detailed

models that describe the system dynamics. Powerful analysis tools are then required to

extract a comprehensive understanding of the system’s behavior throughout its operational

envelope from its mathematical description. This dissertation introduces new numerical anal-

ysis methods for this purpose, with focus on studying the effect of parameters on the system

dynamics. The research extends the methods of numerical bifurcation analysis to address is-

sues specific to the aerospace sector. A framework for bifurcation analysis of multi-parameter

systems in the presence of equality constraints on states and parameters is derived first, al-

lowing analysis of particular parts of the operational envelope as specified by the constraints.

The approach is then extended to bifurcation analysis of the zero dynamics for systems with

input-output structure. To expose how local dynamical properties change throughout the

operating envelope of the system, a method for computation of equilibrium conditions that

satisfy constraints involving the eigenmodes of the linearized dynamics is developed next.

A modification to the pseudo-arclength continuation algorithm underlying these methods is

suggested to enable application to problems that are continuous, but only piecewise differen-

tiable. Finally, a method to verify that the operating equilibrium of a system with parameter

uncertainty does not experience bifurcation for any parameter combination is derived.
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Chapter 1

INTRODUCTION

Modern aerospace vehicles are highly complex and often require active control to fulfill

their mission. In order to design a high-performance control system, the dynamics of the

vehicle need to be well understood. The differential equations that are commonly used to

express the vehicle dynamics are usually nonlinear and difficult to analyze, especially when

they incorporate tabulated data derived from measurements. This is often the case when the

model contains empirical aerodynamic models obtained through wind tunnel experiments or

flight testing. Numerical analysis methods that are directly applicable to the system model

can provide valuable insight into the vehicle’s behavior even when analytical approaches

become infeasible due to the complex structure of the model. Further analysis is required

once the design of a control system has been completed, since the safety and performance of

the closed-loop system must be validated before the system is cleared for flight testing [1].

The behavior of nonlinear systems operating close to an equilibrium is characterized by

local properties such as stability and performance metrics including damping ratios, natural

frequencies, and stability margins. However, the operating equilibrium and the corresponding

nonlinear system behavior change when the system configuration, operating and environmen-

tal conditions, and/or the steady values of the control inputs are altered. These parameter

changes are usually necessary to meet desired mission objectives, but may sometimes be

unavoidable and occur unintentionally (during emergency situations). Even the effect of pa-

rameters that do not change may have to be considered if their value is not known precisely

but only within bounds. Often, distinct parameter values that lead to significant changes

in system behavior are unknown during design. It is of critical importance to identify areas
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of the vehicle’s operating envelope where such changes occur in order to address them ap-

propriately during the controller design process. Conversely, control law validation requires

demonstration of adequate performance of the closed-loop system throughout the operating

envelope, i.e., proving the lack of undesired phenomena.

The prevalent analysis approach for investigating the effect of parameters on nonlinear

systems relies on repeated time simulation. This is because few restrictions need to be

imposed on the types of systems being considered. System features such as time delays,

non-smooth dynamics, and switching conditions are easily accommodated in time simula-

tions. The results, however, only reveal properties pertaining to the particular conditions

of the simulation scenario, such as control inputs, parameter settings, vehicle configuration,

and initial conditions. A large number simulations must be executed to obtain a compre-

hensive overview of the system’s behavior throughout the full operation envelope. Due to

the high dimensionality and complexity of aerospace systems, surveys of this type are highly

demanding both in terms of computational effort and data management [2, 3].

The effect of parameters on system attractors and repellers, such as equilibrium points

and limit cycles, is the subject of bifurcation theory [4–6]. Points in state-parameter space

where the number and/or stability properties of these features change are called bifurcations.

Numerous types of bifurcations with different characteristics have been studied. Numerical

bifurcation analysis investigates a range of parameters at once and thus helps in obtaining

a more global and comprehensive picture of the system dynamics. This is done by explicit

computation of the location and local stability of equilibria and limit cycles for all parameter

values with continuation algorithms [7]. If a bifurcation is found in this process, bifurcation

analysis determines the exact parameter value at which the bifurcation occurs and examines

the system behavior for values that exceed this threshold. The application of numerical

bifurcation analysis tools to many aerospace problems has been discussed in [8–14] and the

references therein.

The research in this dissertation builds on the principles of bifurcation analysis in mul-

tiple ways, with the intent of creating capabilities that will prove useful for the analysis of
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aerospace systems. The methods of numerical bifurcation analysis are extended to include

problems with multiple parameters and equality constraints, to analyze system properties

beyond stability, and to consider models which do not satisfy the assumption of continuous

differentiability inherent to the underlying numerical algorithm.

1.1 Contributions

This dissertation makes the following contributions to the state-of-the-art:

� Derivation of an improved method for bifurcation analysis of multi-parameter systems

in the presence of equality constraints

� Extension of numerical bifurcation analysis to the study of the zero dynamics for single-

input/single-output systems

� Formulation of continuation problems that enable the computation of equilibrium sub-

sets satisfying equality constraints involving eigenvalues and eigenvectors of the lin-

earized dynamics

� Analysis of the root cause of pseudo-arclength continuation failure when applied to con-

tinuous, but only piecewise differentiable problems as well as derivation of a mitigation

strategy based on the insights gained

� A numerical method for verification of the existence and local stability of the operating

equilibrium under parameter uncertainty

1.2 Organization

The remainder of this dissertation is organized as follows. Chapter 2 summarizes the theory

that forms the basis for the research presented in the chapters that follow, such as continua-

tion methods and bifurcation theory. Bifurcation analysis of multi-parameter systems in the

presence of equality constraints on states and parameters is the subject of Chapter 3, which
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also extends bifurcation analysis to the zero dynamics of systems with input-output structure.

Chapter 4 derives continuation problems that allow the specification of constraints on the

eigenmodes of the linearized dynamics, which permit the characterization of local dynamic

properties throughout the operating envelope. Three analysis cases related to nonlinear air-

craft dynamics are presented to demonstrate the types of results that may be obtained with

this problem formulation. Application of the pseudo-arclength method to piecewise differ-

entiable problems is the topic of Chapter 5, which analyzes the conditions that cause the

algorithm to stall due to lack of differentiability and derives a strategy to alleviate the issue.

Chapter 6 explores a new numerical method to verify that a system’s operating equilibrium

exists for all parameter combinations in a bounded set without explicitly resolving the pa-

rameter dependence. The method is based on a reliable computing technique called affine

arithmetic, which is also discussed in the chapter. Some concluding remarks are provided in

Chapter 7.
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Chapter 2

BACKGROUND

This chapter summarizes the theory that forms the basis for continuation methods and

their application in the context of the research in this dissertation. The first section describes

the sets that are defined by underdetermined nonlinear systems of equations. Continuation

algorithms that numerically compute these sets are discussed next, with particular focus on

the pseudo-arclength method. A brief review of direct collocation methods, which enable

finite-dimensional approximation of the infinite-dimensional problems that frequently arise

in time-dependent problems, follows. The research in this dissertation grew out of the field

of bifurcation analysis, which is summarized in the last section.

2.1 Implicitly Defined Surfaces and Implicit Functions

Continuation methods deal with the problem of solving the equation F (z) = 0, where F is

a continuous nonlinear function mapping from D ⊆ RN to RN−M (with N > M ≥ 1). The

feature distinguishing this equation from other root-finding problems lies in the fact that

the problem is underdetermined, meaning that there are more scalar variables than scalar

equalities. Under mild regularity assumptions, the set of all solution points (called the kernel

of F ),

kerF = { z ∈ D | F (z) = 0 }, (2.1)

consists of M -dimensional surfaces embedded in N -dimensional space, which may be disjoint

or glued together along singular lines of lower dimension. This is a consequence of the implicit

function theorem, which guarantees that kerF can be locally parametrized as a function of

M components of z in an open neighborhood of almost any point in kerF if the regularity

assumptions are met. The goal of continuation methods is thus not merely to locate a single
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solution point, but to find connected families of solution points.

The term “implicit function theorem” does not refer to one particular result, but instead

comprises a whole family of theorems that are formulated to fit the settings of different

problems [15]. The classical form for differentiable functions defined on Euclidean space is

restated below. A second form that relaxes the differentiability requirement to Lipschitz

continuity is given in chapter 5.

Theorem 2.1 (Implicit Function Theorem). Let H be a mapping of class Ck, k ≥ 1, defined

on an open set U ⊂ Rn1×Rn2 and taking values in Rn1. Let (z∗1 , z
∗
2) ∈ U satisfy H(z∗1 , z

∗
2) = 0

and suppose that the Jacobian matrix of H with respect to its first argument is invertible at

(z∗1 , z
∗
2). Then there exists a neighborhood Ũ of (z∗1 , z

∗
2), an open set W ⊆ Rn2 containing z∗2,

and a function φ of class Ck defined on W and taking values in Rn1 such that

H(φ(z2), z2) = 0 for all z2 ∈ W (2.2)

and ∇φ(z∗2) = −∇z1H(z∗1 , z
∗
2)−1∇z2H(z∗1 , z

∗
2). Furthermore, φ is the only function satisfying

{
(z1, z2) ∈ Ũ

∣∣ H(z1, z2) = 0
}

=
{

(z1, z2) ∈ Ũ
∣∣ z2 ∈ W , z1 = φ(z2)

}
. (2.3)

Every point z where the Jacobian matrix ∇F (z) ∈ R(N−M)×N of F : D ⊆ RN → RN−M

(when F is differentiable) has full rank is called a regular point of F , and all points where

the Jacobian loses rank are called critical points of F . Clearly, the implicit function theorem

can always be applied at a regular point by splitting the variable z into two parts (z1, z2)

such that the components of z1 correspond to N −M columns of the Jacobian matrix that

form a linearly independent set.

The following

Proposition 2.2. Let F take values in RN and map to RN−M , with N > M ≥ 1. Assume

that kerF is not empty, that F is continuously differentiable on kerF , and that the set R of

all regular points of F in kerF is dense in kerF . Then kerF is the union of one or more

M-dimensional surfaces and their boundaries.
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Proof. Suppose zr ∈ kerF is a regular point. Such a point always exists because kerF is

not empty and R is dense in kerF . By the implicit function theorem, there exists an open

neighborhood of zr in RN such that the intersection of kerF with that neighborhood is

the graph of a differentiable function of M variables. Thus R consists of one or more M -

dimensional surfaces embedded in RN . Now suppose zc ∈ kerF is a critical point. Because

R is dense in kerF , zc is a limit point of R, so zc is in the closure of R. As all points are

either regular or critical, this concludes the proof. �

The kernel of a function F that satisfies the conditions of Proposition 2.2 may thus

be thought of a collection of surfaces that meet along lines of singular points of F . Such

functions will be called well-behaved throughout this dissertation. The regularity conditions

exclude functions whose kernel contains disjoint subsets consisting only of critical points

(such as F (z) = ‖z‖2) as well as functions that do not sufficiently constrain the solution set

(such as the trivial function F (z) = 0).

While many of the continuation problems derived in this dissertation are well-defined for

any M , the main focus is on the case where M = 1. The reason for this is twofold. First,

efficient and mature numerical algorithms to compute the one-dimensional solution branches

for this case are available. They are discussed in the next section. Second, the visualization

of higher-dimensional surfaces in two-dimensional diagrams is difficult, while a well-posed

one dimensional continuation problem yields readily interpretable plots.

2.2 Continuation Algorithms

Continuation algorithms exploit continuity of F to find solutions in the neighborhood of pre-

viously calculated solution points, thereby successively expanding the set of known solutions.

The process is initialized with a user-provided solution point z0 and generally only computes

those parts of the solution set that are connected to the initial solution through a contin-

uous path contained within the solution set. The computation is limited to a finite region

Ω ⊂ RN for obvious practical reasons. More precisely, continuation algorithms numerically
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approximate the infinite set S (F,Ω, z0) defined as

S (F,Ω, z0) = { z ∈ kerF ∩ Ω | ∃ a continuous path in kerF ∩ Ω between z and z0 }, (2.4)

where Ω is typically chosen as a hypercube.

While algorithms exist that can compute S (F,Ω, z0) for any value of M , the compu-

tational cost quickly becomes prohibitive for large M [16]. However, the computation for

M = 1 is feasible even when the embedding dimension N is large. One of the most prominent

methods for this case, the pseudo-arclength method, is described below.

2.2.1 Pseudo-arclength continuation

The pseudo-arclength continuation method [7,17,18] solves the problem defined in Eq. (2.4)

with M = 1, so that F maps from RN to RN−1. F is required to be continuously differentiable

and well-behaved. With these restrictions, S (F,Ω, z0) contains continuous one-dimensional

objects called branches which may intersect at certain branch points. Differentiability guar-

antees that a unique tangent direction to the branch exists at every regular point of F , which

coincides with the null space of ∇F . Branch points occur at critical points of F where ∇F

does not have full rank. Given a known solution point zold, the pseudo-arclength method

ker 𝐹

𝑧𝑜𝑙𝑑

𝑧′

𝑧∗

Figure 2.1: Single predictor-corrector algorithm step.

computes a neighboring solution in two steps. First, the predictor point z
′

is obtained by

taking a finite step in the tangent direction, thereby slightly diverging from the branch (Fig-

ure 2.1). Second, Newton’s method is applied to converge back onto the solution branch

and find the next solution point z∗. The procedure is then repeated to obtain further points
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and only stopped once the boundary of Ω is crossed. Branch points that are crossed in the

process are detected and used to initialize the algorithm for continuation of the intersecting

branch. They can also be used as an additional stop condition, so that Ω is dynamically

adjusted during the continuation process in order to exclude branch points.

Many variations of the algorithm exist. The predictor direction is either obtained by

explicit computation of an element in the null space of ∇F (zold) (usually called tangent

predictor), or approximated from the difference of the two preceding solution points (secant

predictor). Various Newton-type iterative corrector algorithms may be used, two of which

are described in detail in Section 5.2.1, and the number of iterations may either be fixed or

dependent on achieving a desired solution tolerance. Similarly, the step size may either be

kept at a pre-defined constant value or adjusted after every step, for instance based on the

number of corrector iterations that were required to achieve the desired solution tolerance.

Results concerning the existence of a minimum step size for which all computed points lie

within a neighborhood of the true solution branch are available for specific instances of the

algorithm (see chapter 5 in [7]).

2.3 Direct Collocation Methods

Direct collocation is a discretization method for the approximate solution of differential

equations and differential-algebraic equations. The infinite-dimensional problem of finding a

function that satisfies the equations everywhere is relaxed to the finite-dimensional problem

of determining the unique element in a family of functions parametrized by a finite number

of coefficients that satisfies the equations at a corresponding number of so-called colloca-

tion points. Typical choices for the approximating function family are piecewise or global

polynomials of finite degree.

An approximate solution for a boundary value problem involving a system of first-order
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ordinary differential equations,

ẋ(t) = f(x(t)) for all t ∈ [0, T ], (2.5a)

0 = φ(x(0), x(T )), (2.5b)

with x(t) ∈ Rnx and φ : Rnx×Rnx → Rnx is obtained as follows: Let x̃(c, ·) be the family

of functions used to approximate the solution of (2.5), where c ∈ R(K+1)nx is the coefficient

vector that needs to be determined. Choosing K collocation points {t1, · · · , tK} with 0 ≤

tj < tj+1 ≤ T leads to the discretized problem

˙̃x(c, tj) = f (x̃(c, tj)) for all j ∈ {1, · · · , K}, (2.6a)

0 = φ(x̃(c, 0), x̃(c, T )), (2.6b)

where ˙̃x is the partial derivative of x̃ with respect to the second argument.

Through direct collocation, the boundary value problem has been transformed into a

(square) system of (K + 1)nx algebraic equations. Solving these equations for the coefficient

vector c directly leads to the desired approximate solution of the original problem.

When the final time T is not known a priori and part of the solution variables, it is

convenient to use the normalized time coordinate τ = t/T and solve

˙̃x(c, τj) = Tf (x̃(c, τj)) for all j ∈ {1, · · · , K}, (2.7a)

0 = φ(x̃(c, 0), x̃(c, 1)), (2.7b)

where τj = tj/T , to obtain the approximation x(t) ≈ x̃(c, t/T ). The normalization assures

that x̃ does not depend on T .

When the boundary condition is of simple structure (e.g., x(0) = x0), it may be used

to analytically eliminate nx elements of the coefficient vector, thereby reducing the problem

size. The algebraic equations for differential-algebraic problems are also enforced pointwise,

either at the same locations as the differential equations or at a different set of collocation

points.
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The convergence properties of collocation methods for ODEs have been studied exten-

sively in the 1970s [19–22]. It is well known that collocation of first-order ODEs with piece-

wise polynomials of degree d at the Gauss points leads to convergence with errors on the

order of ∆d+1 as ∆→ 0, where ∆ is the length of the longest polynomial segment, and even

higher accuracy (sometimes called superconvergence) at the mesh points that divide the seg-

ments [19]. Similar convergence results are available for differential-algebraic equations [23].

2.4 Bifurcation Analysis

Many parameter-dependent autonomous dynamical systems can be written as

ẋ(t) = f(x(t), p), (2.8)

where x(t) ∈ Rnx is the state vector and the scalar parameter p ∈ R is assumed to be

static with regards to the system dynamics. The number and location of system equilibrium

points where the state derivatives vanish and the associated stability properties are in general

dependent on p. The properties and occurrence of other phenomena, e.g., limit cycles, also

change with p. If f is well-behaved, then the set of equilibrium points in state-parameter

space { (x, p) ∈ Rnx×R | f(x, p) = 0 } consists of continuous one-dimensional objects which

are called equilibrium branches and may intersect at branch points.

Bifurcations are qualitative changes of the system dynamics that result from variations of

parameter values, such as the creation of equilibrium points. Bifurcation theory investigates

how these changes occur and classifies bifurcation types based on the observed phenomena.

Necessary and sufficient conditions are derived that prove or disprove the presence of a

bifurcation. Bifurcations of stationary solutions (i.e., equilibria) that are frequently found

when f is continuously differentiable include the following:

� Saddle-node bifurcations (also called fold bifurcations) arise when a stable and an

unstable equilibrium point approach and annihilate each other as the parameter is

varied, leading to a fold-like shape in the equilibrium branch. They are associated
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with a real eigenvalue of the Jacobian ∇xf crossing the imaginary axis. A necessary

condition for the presence of a saddle-node bifurcation at (x∗, p∗) is

rank∇f(x∗, p∗) = nx, (2.9a)

rank∇xf(x∗, p∗) = nx − 1, (2.9b)

The rank condition shows that saddle-node bifurcations are regular points of f . The

fold-like shape results from the fact that the p-component of the unique tangent di-

rection at the bifurcation (which lies in the null space of ∇f(x∗, p∗)) is zero, since the

submatrix ∇xf(x∗, p∗) is singular and ∇f(x∗, p∗) has full rank.

� If a complex pair of eigenvalues crosses the imaginary axis instead of a single real

eigenvalue, the bifurcation point is called a Hopf bifurcation, which is associated

with the creation and annihilation of limit cycles. No other eigenvalues are allowed to

lie on the imaginary axis at the bifurcation point, which implies that Hopf bifurcations

are also regular points of f .

� Transcritical bifurcations and pitchfork bifurcations occur when two equilibrium

branches intersect transversally at a critical point of f . The former is present when the

two intersecting branches exchange stability, while the latter implies that only one of

the two changes stability. In either case, a real eigenvalue of the linearized dynamics

coincides with the imaginary axis at the bifurcation point. Both transcritical and pitch-

fork bifurcations are common in systems that have certain symmetry properties, but

rarely encountered otherwise [4]. A necessary condition for either type of bifurcation

at (x∗, p∗) is the rank condition

rank∇f(x∗, p∗) = nx − 1, (2.10a)

rank∇xf(x∗, p∗) = nx − 1, (2.10b)

Second order partial derivatives of f evaluated at (x∗, p∗) are required to distinguish

between transcritical and pitchfork bifurcations.
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The preceding list is far from complete, neglecting both bifurcations of other non-stationary

attractors such as limit cycles as well as non-generic cases of stationary bifurcations. A more

comprehensive discussion is available in the literature [4, 5]. Bifurcations of non-smooth

systems have been investigated in [24].

Bifurcation analysis for a given system is usually carried out in multiple steps. First, the

set of equilibrium points (or a subset thereof) is determined. Next, this set is searched for

bifurcations by checking the necessary and sufficient conditions for the various bifurcation

types. If any are found, the knowledge about the implications of these bifurcations is used

to further study the system. Discovery of a Hopf bifurcation, for instance, leads to the study

of the limit cycle that is known to emerge at the bifurcation point.

While simple systems with few states can often be analyzed without the help of a com-

puter, more complex systems require the use of numerical codes such as AUTO [25]. These

codes compute equilibrium branches with continuation algorithms and detect bifurcation

points from changes in the Jacobian matrix of f . Limit cycle computations are performed

with the same algorithms through direct collocation of the differential equations [4]. The

boundary condition (2.6b) becomes x̃(c, T ) − x̃(c, 0) = 0 in this case (for a limit cycle with

period T ) and is usually used to analytically eliminate nx components of the coefficient

vector c, thereby restricting the approximating function family to periodic functions. It is

necessary to include an additional scalar equation (called the phase condition) in the prob-

lem that defines the initial time along the trajectory and thus resolves the ambiguity arising

from the periodic nature of limit cycles [5]. Since the period T is not known a priori, it

becomes part of the solution variables. An initial solution point to start the continuation in

the vicinity of a Hopf bifurcation is readily obtained from the eigenvalues and eigenvectors

of the linearized system at the bifurcation. Local stability off all features is also determined

from the linearized dynamics. In the case of limit cycles, this involves computing the mon-

odromy matrix, which corresponds to the linearization of the Poincaré map when restricted

to the subspace defined by the corresponding Poincaré section [5, 26].

Results from bifurcation analysis are summarized in bifurcation diagrams, Fig. 2.2, which
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plot some projection of the equilibrium solution x over the parameter p. For limit cycles, the

minimum and/or maximum value over one period is shown. Stability is indicated through

coloring and line style, and bifurcation points are included to precisely identify the critical

locations.

-1 -0.5 0 0.5 1

p

-1.5

-1

-0.5

0

0.5

1

1.5

x

Saddle-node bifurcation

stable
unstable
SN

-1 -0.5 0 0.5 1

p

-1.5

-1

-0.5

0

0.5

1

1.5

x

Transcritical bifurcation

stable
unstable
BP

-1 -0.5 0 0.5 1

p

-1.5

-1

-0.5

0

0.5

1

1.5

x

Pitchfork bifurcation

stable
unstable
BP

-1 -0.5 0 0.5 1

p

-1.5

-1

-0.5

0

0.5

1

1.5

x 1

Hopf bifurcation

stable
unstable
stable periodic
HB

Figure 2.2: Bifurcation diagrams for simple systems that exhibit the most common bifurca-
tion types.
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Chapter 3

CONSTRAINED BIFURCATION ANALYSIS

This chapter explores ways to conduct bifurcation analysis of systems with multiple

parameters in the presence of equality constraints, which may be imposed in order to address

certain analysis questions. Parts of the research presented in this chapter have been published

in [27] by the author.

3.1 Constraint-Satisfying Equilibrium Point Subsets

Consider a parameter-dependent autonomous dynamical system similar to (2.8),

ẋ(t) = f(x(t), p), (3.1)

where x(t) ∈ Rnx is again the state vector, but p ∈ Rnp is now a parameter vector. The

function f is assumed to be defined on the domain D ⊆ Rnx×Rnp .

The set of all equilibrium points,

M = { (x, p) ∈ D | f(x, p) = 0 }, (3.2)

consists of (possibly intersecting) np-dimensional surfaces if f is well behaved.

For analysis purposes, it is often useful to look at subsets of M that contain only those

equilibrium points that have particular properties as specified by equality constraints of the

form g(x, p) = 0, where g : D → Rng and np > ng. The set of equilibrium points with the

desired characteristic is

M(g) = { (x, p) ∈ D | f(x, p) = 0, g(x, p) = 0 }. (3.3)

If the number of constraints is ng = np− 1, then solution branches similar to those obtained

through numerical bifurcation analysis of single-parameter systems can be computed through
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continuation of

F(g)(x, p) =

f(x, p)

g(x, p)

 (3.4)

if F(g) is well-behaved. Information about the local stability of each point is again obtained

from the eigenvalues of ∇xf , which is a submatrix of

∇F(g)(x, p) =

∇xf(x, p) ∇pf(x, p)

∇xg(x, p) ∇pg(x, p)

 . (3.5)

Note that the p-component of the null space of ∇F(g) is nonzero at regular points where

∇xf is singular, unless the rows of ∇xg happen to be linear combinations of the rows of

∇xf (or zero) at that point. The characteristic fold-like shape associated with saddle-node

bifurcations in single-parameter systems does not occur generically in the solution branches

inMg when real eigenvalues cross the imaginary axis. Of course, this is only true if g indeed

depends on x (if g only depends on p, then ∇xg is always zero).

In the next section, it will be shown that singularity of ∇xf gives rise to so-called off-

nominal equilibrium branches that do not satisfy g(x, p) = 0, but exist for the parameter

combinations that occur for solutions in M(g). One might expect that a complex conjugate

pair of eigenvalues of ∇xf crossing the imaginary axis along a solution branch in M(g) will

result in the creation or destruction of a limit cycle. This is indeed the case, but the state

trajectory of the cycle will in general also not obey the constraint. Such off-nominal limit

cycles are also the subject of the next section.

3.2 Nominal and Off-Nominal Branches

All equilibrium solutions found through numerical continuation of F(g)(x, p) = 0 in (3.4)

satisfy the equality constraints g(x, p) = 0 and are called nominal solution branches. The

off-nominal equilibrium branches and limit cycles that exist for the parameter combinations

occurring in the nominal branches (but violate the constraints) may also be identified with

continuation methods.
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3.2.1 Equilibrium solutions

The set of all nominal and off-nominal equilibrium branches is

M(g+) = { (x, p) ∈ D | f(x, p) = 0, f(xn, p) = 0, g(xn, p) = 0 for some xn ∈ Rnx }. (3.6)

Note thatM(g) ⊆M(g+). The above set may be approximated numerically through contin-

uation of the function

F(g+)(x, xn, p) =


f(x, p)

f(xn, p)

g(xn, p)

 , (3.7)

with

∇F(g+)(x, xn, p) =


∇xf(x, p) 0 ∇pf(x, p)

0 ∇xf(xn, p) ∇pf(xn, p)

0 ∇xg(xn, p) ∇pg(xn, p)

 (3.8)

Note that (x, p) ∈ M(g) implies (x, x, p) ∈ kerF(g+). The set M(g+) is the projection of

kerF(g+) into two of its components,

M(g+) = { (x, p) | (x, xn, p) ∈ kerF(g+) for some xn ∈ Rnx }. (3.9)

Nominal branches intersect with off-nominal branches when real eigenvalues of ∇xf cross the

imaginary axis, since ∇F(g+) drops rank at these points:

Proposition 3.1. Let (x∗, p∗) be a regular point of F(g). Then (x∗, x∗, p∗) is a critical point

of F(g+) if and only if ∇xf(x∗, p∗) is singular.

Proof. The rows of the (nx + ng)×(nx + np)-matrix

∇F(g)(x
∗, p∗) =

∇xf(x∗, p∗) ∇pf(x∗, p∗)

∇xg(x∗, p∗) ∇pg(x∗, p∗)


form a linearly independent set, because (x∗, p∗) is a regular point of F(g) and np > ng. Due

to the structure of ∇F(g+), this means that the rows of ∇F(g+)(x
∗, x∗, p∗) form a linearly
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independent set whenever ∇xf(x∗, p∗) is invertible. Conversely, np > ng implies that there

exist matrices Vx ∈ Rnx×(np−ng) and Vp ∈ Rnp×(np−ng) such that

rank

Vx
Vp

 = np − ng and

∇xf(x∗, p∗) ∇pf(x∗, p∗)

∇xg(x∗, p∗) ∇pg(x∗, p∗)

Vx
Vp

 = 0,

If∇xf(x∗, p∗) is singular, then there also exists a nonzero vector vx ∈ Rnx with∇xf(x∗, p∗)vx =

0 so that 
∇xf(x∗, p∗) 0 ∇pf(x∗, p∗)

0 ∇xf(x∗, p∗) ∇pf(x∗, p∗)

0 ∇xg(x∗, p∗) ∇pg(x∗, p∗)



vx Vx

0 Vx

0 Vp

 = 0.

The null space of ∇F(g+)(x
∗, x∗, p∗) is at least of dimension np − ng + 1, which means that

∇F(g+) does not have full rank at (x∗, x∗, p∗). �

3.2.2 Off-nominal limit cycles

The crossing of the imaginary axis by a complex conjugate pair of eigenvalues along a nominal

branch is associated with the creation or destruction of an off-nominal limit cycle:

Proposition 3.2. Suppose f and g have continuous second derivatives and np = ng +1 > 1.

Let λk, k ∈ {1, · · · , nx} be continuous functions of x and p such that {λk(x, p)} are the

eigenvalues of ∇xf(x, p) and let (x∗, p∗) ∈ kerF(g) be a regular point of F(g) with λ1(x∗, p∗) =

iω, λ2(x∗, p∗) = −iω, ω > 0, and Reλk(x
∗, p∗) 6= 0 for k > 2. Furthermore, assume that

[∇xReλ1(x∗, p∗) ∇pReλ1(x∗, p∗)]v 6= 0 for any v in the null space of ∇F(g)(x
∗, p∗). Then

an off-nominal limit cycle emerges from the nominal equilibrium branch at (x∗, p∗).

Proof. Let (x̄, p̄) : (−1, 1)→ Rnx×Rnp be a parametrization of the graph of the implicit func-

tion defined by F(g) = 0 in a neighborhood of (x∗, p∗) such that x̄(0) = x∗ and p̄(0) = p∗, i.e.,

F(g)(x̄(s), p̄(s)) = 0 for all s ∈ (−1, 1). Now define the function f̄ : Rnx × (−1, 1)→ Rnx by

f̄(x, s) = f(x, p̄(s)). Note that (x̄, p̄) is twice differentiable by the implicit function theorem,

and hence f̄ is also twice differentiable. Furthermore, f̄(x∗, 0) = 0 holds and {λk(x, p̄(s))}
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are the eigenvalues of ∇xf̄(x, s), so that ∇xf̄(x∗, 0) has a complex conjugate pair of eigen-

values on the imaginary axis while all other eigenvalues have nonzero real part. Note that

∇sλ1(x̄, p̄)(0) = ∇xReλ1(x∗, p∗)∇sx̄(0) + ∇pReλ1(x∗, p∗)∇sp̄(0) since, by the implicit func-

tion theorem,
[
∇sx̄(0)T ∇sx̄(0)T

]T
is in the null space of ∇F(g)(x

∗, p∗). Thus f̄ satisfies the

conditions of Theorem 2.11 in [5], which states that the system ẋ(t) = f̄(x(t), s) undergoes a

Hopf bifurcation at (x∗, 0) as the parameter s changes sign. The associated limit cycle exists

in the original system ẋ(t) = f(x(t), p) for the parameter combinations that occur in the

nominal branch which includes (x∗, p∗), but the cycle’s state trajectory does not in general

satisfy the constraint. �

To compute these off-nominal limit cycles, the standard problem for the continuation of

limit cycles in numerical bifurcation analysis is extended to include the nominal equilibrium

xn and the constraints similar to the off-nominal equilibrium branch case. This leads to

F(g+lc)(c, xn, p, T ) =



˙̃x(c, τ1)− Tf (x̃(c, τ1), p)
...

˙̃x(c, τK)− Tf (x̃(c, τK), p)

θ(c, p)

f(xn, p)

g(xn, p)


, (3.10)

where c ∈ RKnx is the coefficient vector of the parametrized limit cycle and θ : RKnx×Rnp →

R defines the phase condition that determines the initial time along the periodic trajectory.

The orbital stability [26] of the off-nominal limit cycle is determined from the eigenval-

ues of the monodromy matrix, which is computed exactly as in the case of unconstrained

bifurcation analysis [5].

3.2.3 Plotting of results

To facilitate the interpretation of results, it is recommended to choose an injective projection

y = h(xn, p) of the nominal state and parameter vector for the horizontal axis of any plot
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containing nominal and off-nominal branches (i.e., h is “one-to-one”). The plot then shows

the system features that exist in the dynamics as a function of y, each value of which is

associated with a unique value of xn and p.

3.2.4 Comparison with two-step procedure from literature

A two-step procedure (named extended bifurcation analysis procedure) has been proposed

in the literature [28–30] to compute off-nominal solution branches with legacy continuation

codes for numerical bifurcation analysis such as AUTO [25]. The two steps consist of a

first continuation run to calculate the nominal, i.e. constraint-satisfying roots, followed by

a second run where np − 1 of the parameters are scheduled as a function of the remaining

parameter, based upon the results from the first run. The solution set to this second,

unconstrained problem, contains the nominal roots of the system that satisfy g(x, p) = 0 as

well as the off-nominal features that exist for the parameter combinations resulting from the

equality constraints.

A major disadvantage of this approach is that the scheduling of m − 1 parameters as a

function of the free parameter in the second step has to be done by interpolating between the

solution points found in the first step. The error introduced by the interpolation destroys the

symmetry properties that lead to the occurrence of branch points [4] where nominal and off-

nominal branches intersect, as branch points are known to vanish under perturbations [7].

For this reason, application of the two-step procedure is frequently plagued by numerical

difficulties which are not encountered when the off-nominal branches are computed with the

method derived earlier in this section.

3.3 Zero-Dynamics Bifurcation Analysis

If one of the parameters is a system input and the constraint is defined by a (scalar) system

output that is forced to zero at all times by manipulation of the input, then the set of all

points in state space that satisfy the constraint is rendered invariant. This means that the

state trajectory remains in the set for any constraint-satisfying initial condition. This section
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deals with bifurcation analysis of the dynamics restricted to this invariant set, commonly

referred to as the zero dynamics.

The system is assumed to have the following single input, single output structure through-

out this section:

ẋ(t) = f(x(t), u(t), p) (3.11a)

y(t) = h(x(t), p) (3.11b)

In the above p ∈ R is a scalar parameter, u(t) ∈ R is the control input, and y(t) ∈ R is the

output.

The system is said to have relative degree r at (x∗, u∗) if f and h satisfy ∇uLkfh(x, u) = 0

for all (x, u) in a neighborhood of (x∗, u∗) and all 0 ≤ k < r and ∇uLrfh(x∗, u∗) 6= 0,

where Lkfh is the k-th Lie derivative of h with respect to f , which is defined recursively as

Lkfh = ∇xLk−1
f h f with L0

fh = h, see [31].

If the system has relative degree r < nx at (x∗, u∗), then there exists a locally defined

coordinate transformation such that the system has the form

ξ̇k(t) = ξk+1(t) for all k ∈ {1, · · · , r − 1} (3.12a)

ξ̇r(t) = a(ξ(t), η(t), u(t), p) (3.12b)

η̇(t) = q(ξ(t), η(t), p) (3.12c)

y(t) = ξ1(t) (3.12d)

in the new coordinates, with ξ(t) = [ξ1(t) · · · ξr(t)]T ∈ Rr and η(t) ∈ Rnx−r [31]. Requiring

the output to be zero at all times implies ξ(t) = 0, so that the zero dynamics are governed

by

η̇(t) = q(0, η(t), p) (3.13)

in a neighborhood of (x∗, u∗). This directly leads to the following observation:

Proposition 3.3. Let the system defined in (3.11) have relative degree r < nx at (x∗, u∗).

Then its zero dynamics may exhibit any bifurcation phenomenon encountered in parameter-

dependent autonomous nonlinear systems with a state space of dimension nx − r.
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Proof. The zero dynamics state equation (3.13) defines a parameter-dependent autonomous

nonlinear system of dimension nx − r similar to (2.8). To see that there are in general

no restrictions on the form of q in (3.12c), consider that the system may already have the

structure of (3.12) in the original coordinates. �

Determining the nonlinear coordinate transformation that takes the system to the normal

form in (3.12) is nontrivial in general. The remainder of this section is concerned with

numerical bifurcation analysis of the zero dynamics in the original coordinates, thus enabling

direct application of the method to the original system model. Such analysis may for instance

support the identification of suitable input-output pairs for the design of nonlinear control

laws based on feedback linearization [32].

3.3.1 Equilibrium points

Analogous to F(g) in (3.4), equilibrium branches of the zero dynamics are computed through

continuation of

F(zd)(x, u, p) =

f(x, u, p)

h(x, p)

 (3.14)

with

∇F(zd)(x, u, p) =

∇xf(x, u, p) ∇uf(x, u, p) ∇pf(x, u, p)

∇xh(x, p) 0 ∇ph(x, p)

 . (3.15)

However, local stability can no longer be determined from the eigenvalues of ∇xf evaluated

at the equilibrium, since the input is assumed to respond to any (allowable) disturbance in

such a way that the output remains at zero. Instead, local stability of equilibrium points

in the zero dynamics is associated with the transmission zeros of the input-output transfer

function of the linearized system. These transmission zeros are known to coincide with

the eigenvalues of the linearized zero dynamics [32] and are readily computed [33] through

numerical solution of the generalized eigenvalue problem∇xf(x, u, p) ∇uf(x, u, p)

∇xh(x, p) 0

vx
vu

 = λ

I 0

0 0

vx
vu

 (3.16)
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Note that saddle-node bifurcations in the zero dynamics result in the same fold-like

shape in the equilibrium branch as in the familiar case of unconstrained dynamics shown in

Figure 2.2: The p-component of the tangent vector at that point is zero, because [vTx v
T
u 0]T

is in the null space of ∇F(zd) when λ is zero in (3.16) as a real transmission zero of the

linearized system crosses the imaginary axis.

When a complex conjugate pair of transmission zeros crosses the imaginary axis along an

equilibrium branch, then the zero dynamics experience a Hopf bifurcation (since the trans-

mission zeros of the linearized system are the eigenvalues of the linearized zero dynamics).

A limit cycle in the zero dynamics is therefore created or destroyed at such points.

3.3.2 Limit cycles in the zero dynamics

As the input is assumed to adjust its value in such a way that the output remains at zero

for all times, it will in general not be constant along a system trajectory that forms a limit

cycle in the zero dynamics. Numerical computation of such limit cycles therefore requires

not only finite-dimensional approximation of the state trajectory, but also of the control

trajectory. Let x̃(cx, ·) and ũ(cu, ·) be suitable approximating function families parametrized

by their arguments cx and cu that satisfy the periodicity conditions x̃(cx, 1) = x̃(cx, 0) and

ũ(cu, 1) = ũ(cu, 0). Direct collocation of the differential-algebraic equations leads to the

function

F(zd,lc)(cx, cu, p, T ) =



˙̃x(cx, τ1)− Tf (x̃(cx, τ1), ũ(cu, τ1), p)

h (x̃(cx, τ1), p)
...

˙̃x(cx, τK)− Tf (x̃(cx, τK), ũ(cu, τK), p)

h (x̃(cx, τK), p)

θ(cx, p)


(3.17)

where θ defines the phase condition and τj are the collocation points, with j ∈ {1, · · · , K}.

The cx and T components of the elements in kerF(zd,lc) define the desired approximations of

the system’s limit cycles as x(t) ≈ x̃(cx, t/T ). The associated control that forces the output
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to zero along the cycle is approximated as u(t) ≈ ũ(cu, t/T ).

Continuation of F(zd,lc) may be initialized at a Hopf bifurcation (x∗, u∗, p∗) ∈ kerF(zd)

based on the generalized eigenvector [vTx v
T
u ]T pertaining to the generalized eigenvalue λ = iω

associated with the bifurcation in (3.16). The state offset and input offset trajectories

∆x(t) = x(t)− x∗ = Re vx cosωt− Im vx sinωt (3.18a)

∆u(t) = u(t)− u∗ = Re vu cosωt− Im vu sinωt (3.18b)

are known to satisfy the linearized dynamics while keeping the output of the linearized system

at zero [34]. Since the linearized system approximates the nonlinear system to first order,

the periodic functions defined by x∗ + ε∆x(t) and u∗ + ε∆u(t) for 0 < ε� 1 are “close” to

the limit cycle that emerges from the Hopf bifurcation. Let πcx and πcu be projections from

the space of periodic functions into coefficient space of the approximating function families

satisfying F(zd,lc)(πcx(x̆), πcu(ŭ), p, T ) = 0 when (x̆, ŭ) is a periodic system trajectory with

period T for parameter value p. Then an initial point to start continuation of F(zd,lc) is

obtained as
(
πcx(x∗ + ε∆x), πcu(u∗ + ε∆u), p∗, 2π/ω

)
.

The orbital stability of limit cycles in the zero dynamics may be determined from the

eigenvalues of the zero dynamics monodromy matrix, which is introduced in the following

theorem. For conciseness, the functional dependence of f and h on the parameter p is

dropped throughout the theorem and proof, as it is assumed to be fixed.

Theorem 3.4. Let the periodic trajectory defined by x̆ : [0, T ] → Rnx and ŭ : [0, T ] → Rnu

with x̆(T ) = x̆(0) and ŭ(T ) = ŭ(0) satisfy

˙̆x(t) = f(x̆(t), ŭ(t)) (3.19a)

0 = h(x̆(t)) (3.19b)

with ˙̆x(0) 6= 0 and suppose the system has relative degree r at all points on the trajectory.

Furthermore, let the columns of Z ∈ Rnx×nx−r form an orthonormal basis for the null space

of the matrix whose rows are formed by ∇xLkfh(x̆(0), ŭ(0)) for 0 ≤ k < r.
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Then there exist Φ̂ : [0, T ]→ Rnx×(nx−r), Γ̂ : [0, T ]→ Rnu×(nx−r) satisfying

˙̂
Φ(t) = ∇xf(x̆(t), ŭ(t))Φ̂(t) +∇uf(x̆(t), ŭ(t))Γ̂(t) (3.20a)

0 = ∇xh(x̆(t), ŭ(t))Φ̂(t) (3.20b)

Φ̂(0) = Z (3.20c)

and the zero-dynamics monodromy matrix Mz = ZT Φ̂(T ) has an eigenvalue at 1. Further-

more, the periodic trajectory is orbitally stable if this eigenvalue has algebraic multiplicity

one and all other eigenvalue lie within the open unit circle. It is unstable if at least one

eigenvalue has magnitude greater than one.

Proof. The system has relative degree r on the trajectory, which means that∇uLrfh(x̆(t), ŭ(t))

is nonzero for all t ∈ [0, T ]. By the implicit function theorem, this implies that the equation

Lrfh(x, u) = 0 is locally solvable for u in a neighborhood of the trajectory. Therefore, there

exists an open neighborhood X0 of x̆(0) and two functions x̂ : [0, T + ε) × X0 → Rnx and

û : [0, T + ε)×X0 → Rnu for any ε > 0 that satisfy

˙̂x(t, x0) = f(x̂(t, x0), û(t, x0)) (3.21a)

0 = Lrfh(x̂(t, x0), û(t, x0)) (3.21b)

x̂(0, x0) = x0 (3.21c)

where the abbreviation ˙̂x = ∇tx̂ is used. Integrating (3.21b) r times with respect to t and

considering the initial condition (3.21c) leads to the equivalent equation

r−1∑
k=0

Lkfh(x0, û(0, x0))tk = h(x̂(t, x0)) (3.22)

Differentiating both sides of (3.21a), (3.22), and (3.21c) with respect to x0 gives

∇x0
˙̂x(t, x0) = ∇xf(x̂(t, x0), û(t, x0))∇x0x̂(t, x0)

+∇uf(x̂(t, x0), û(t, x0))∇x0û(t, x0) (3.23a)

r−1∑
k=0

∇xLkfh(x0, û(0, x0))tk = ∇xh(x̂(t, x0))∇x0x̂(t, x0) (3.23b)

∇x0x̂(0, x0) = I (3.23c)
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Now exchange the order of differentiation on the left side of (3.23a), multiply (3.23a)–(3.23c)

with Z from the right, and define Φ̂(t) = ∇x0x̂(t, x̆(0))Z as well as Γ̂(t) = ∇x0û(t, x̆(0))Z

to obtain (3.20). Note that by definition, Z is orthogonal to all terms on the left side of

(3.23b).

Periodicity of x̆ and (3.21c) lead to x̂(T, x̆(t)) = x̂(0, x̆(t)) = x̆(t), which yields

∇x0x̂(T, x̆(t)) ˙̆x(t) = ˙̆x(t) (3.24)

when differentiated with respect to t. Let Y ∈ Rnx×r be such that [Z Y ] is an orthonormal

matrix and note that I = ZZT + Y Y T . From the definition of Z and (3.19b), it follows that

Y T ˙̆x(0) = 0 holds true. Multiplying both sides of (3.24) with ZT from the left and inserting

the identity matrix between the two terms on the left hand side demonstrates that MZ has

an eigenvalue of 1 with eigenvector ZT ˙̆x(0),

ZT∇x0x̂(T, x̆(t))(ZZT + Y Y T ) ˙̆x(t) = ZT ˙̆x(t) (3.25)

=⇒ ZT∇x0x̂(T, x̆(0))Z︸ ︷︷ ︸
=Mz

ZT ˙̆x(0) = ZT ˙̆x(0) (3.26)

Let X̃0 be the subset of X0 whose members satisfy Lkfh(x, u) = 0 for k ∈ {0, · · · , r}. By

the implicit function theorem, applied at (x̆(0), ŭ(0)), the set X̃0 may be parametrized as a

function of nx − r coordinates. Let S be an open neighborhood of the origin in Rnx−r such

that χ : S → X̃0 is such a parametrization satisfying χ(0) = x̆(0) and ∇χ(0) = Z. Note

that by construction, the inverse map χ−1 : X̃0 → S exists. Differentiating both sides of

the equality χ−1(χ(s)) = s leads to ∇χ−1(χ(s))∇χ(s) = I, so that ∇χ−1(x̆(0))Z = I holds.

Because the columns of Z are orthonormal, it follows that ∇χ−1(x̆(0)) = ZT . Also note that

x̂(t, χ(s)) ∈ X̃0 for all s in a subset Sr of S containing the origin and all t in a neighborhood

Tr of T . Now define the map fs : Tr × Sr → S as fs(t, s) = χ−1
(
x̂
(
t, χ(s)

))
and see that

∇sfs(T, 0) = ∇χ−1
(
x̂
(
T, x̆(0)

)︸ ︷︷ ︸
=x̆(0)

)
∇x0x̂

(
T, x̆(0)

)
∇χ(0)︸ ︷︷ ︸

=Φ̂(T )

= ZT Φ̂(T ) = Mz (3.27)

So the zero-dynamics monodromy matrix is the linearization of the map that associates

all points in X̃0 with their position after being propagated for one period of the cycle. This
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map is locally stable when all eigenvalues of Mz not associated with the periodic motion

have magnitude less than one, and unstable if at least one eigenvalue has magnitude greater

than one. �

The collocation equations for approximation of limit cycles in the zero dynamics with

piecewise polynomials are derived in Appendix A, as are the equations for computation of

the associated zero-dynamics monodromy matrix.

3.4 Examples

The last section of this chapter presents two examples which are analyzed with the methods

presented in the preceding sections.

3.4.1 Intersection of nominal and off-nominal equilibrium branches

The first example illustrates how off-nominal equilibrium branches intersect the constraint-

satisfying branches when a real eigenvalue of ∇xf crosses the imaginary axis at a regular

point of F(g). The set of equilibrium points of the system

ẋ = f(x, p) =
(
x− p2

8

)2

− p1 (3.28)

with one state and two parameters is a two-dimensional surface embedded in state-parameter

space, plotted in Figure 3.1 as ker f . For any fixed value of p2, the system has a saddle-node

bifurcation at p1 = 0 and x = p2/8. These bifurcation points form a line that subdivides

ker f into a lower part of stable equilibrium points and an upper part of unstable equilibrium

points.

Now suppose the constraint

g(x, p) = x− p2 = 0 (3.29)

is imposed to select a subset of ker f for analysis purposes. The set of equilibrium points

satisfying these constraints lie in the intersection of ker f and ker g, shown in the Figure 3.1,
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Figure 3.1: Equilibrium branches form subsets of ker f . Stable and unstable branches are
plotted in blue and red, respectively.

and comprises a branch of stable equilibrium points (plotted in blue) and a branch of unstable

equilibrium points (plotted in red).

The combinations of p1 and p2 that occur in these nominal branches are shown in Fig-

ure 3.1 as the projection of the branches into the parameter plane. Apart from the nomi-

nal equilibrium branches, further equilibrium points exist for these parameter combinations

that do not satisfy the constraint. These off-nominal branches are plotted on the right in

Figure 3.1 as the intersection of ker f and the surface obtained by extending the parameter-

plane projection of the nominal branches into state-parameter space. The two surfaces have

a parabolic shape whose extremal lines intersect at the branch point where the nominal and

off-nominal branches meet. Note that a small random perturbation in either of these surfaces

(as are introduced by the interpolation in the two-step procedure discussed in 3.2.4) would

move these lines such that they no longer intersect and cause the branch point to vanish.
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3.4.2 Zero-dynamics bifurcation analysis of modified van-der-Pol oscillator

Consider the single input, single output system defined in (3.11) with

f(x, u, p) =


x2 + u

4

−x1 + (x3 − x2
1 − 1)x2

x2 − x3 + u

 (3.30a)

h(x, p) = x3 − p (3.30b)

The system has relative degree one everywhere, since ∇uL1
fh = 1, and will be used to

demonstrate bifurcation analysis of the zero dynamics. The parameter p may be understood

as a setpoint for the third state, so that the output is the offset from that setpoint.

With a feedback control law of the form

u = −x2 + x3 − k(x3 − p), (3.31)

the closed-loop dynamics for the output become ẏ = ẋ3 = −k(x3 − p) = −ky, thus driving

the output to zero when k > 0. Furthermore, when the output is at zero, then it remains

zero at all time. The behavior of the zero dynamics, however, is strongly dependent on the

particular value of p. Figure 3.2 shows time simulation results of the closed-loop system for

three different values of p, where the inital state was chosen as the origin. Depending on p,

the first two states either diverge, converge towards an equilibrium condition, enter a stable

limit cycle, or diverge after completing what resembles a single cycle of the periodic motion

observed for other parameter values.

The qualitative changes that the zero dynamics undergo as p changes are readily inter-

preted by inspection of the zero dynamics bifurcation diagram shown on the left in Figure 3.3,

which was generated with the methods derived in Section 3.3. For −1.1 < p < 1, the zero

dynamics have a stable equilibrium point. System trajectories that resemble the second sim-

ulation case in Figure 3.2 are thus expected in this parameter regime. At p = −1.1, the zero

dynamics experience a saddle-node bifurcation at which the stable equilibrium vanishes, so

that the trajectory from the simulation with p = −2 diverges. A stable limit cycle is created
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Figure 3.2: Time simulation of the closed-loop system with different setpoints for x3.

in the zero dynamics at p = 1, which undergo a Hopf bifurcation at this parameter value.

The cycle exists until p reaches 1.85, at which point it collides with an unstable equilibrium

point in a homoclinic bifurcation. The green curve in Figure 3.3 corresponds to the maxi-

mum value x1 achieves along the cycle. The shape of the limit cycle for various parameter

values, computed through continuation of F(zd,lc), is plotted on the right in Figure 3.3. Note

how the limit cycle develops a sharp corner as it gets closer to the unstable equilibrium point

with increasing p. At the homoclinic bifurcation, the corner point and the equilibrium merge

as the homoclinic orbit (a closed trajectory that starts and ends at the same equilibrium

point) is created. The trajectory of the third simulation case converges to the limit cycle
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with p = 1.5 on the right in Figure 3.3. The last simulation case illustrates how the state

trajectory first approaches the homoclinic orbit that exist for p = 2, thus resembling a single

cycle of a periodic motion, only to diverge along the unstable manifold of the equilibrium

point on the orbit.
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Figure 3.3: Zero dynamics bifurcation diagram and limit cycle shapes for the second example.
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Chapter 4

GLOBAL ANALYSIS OF LOCAL DYNAMICAL PROPERTIES

Many local properties that characterize the system dynamics in the neighborhood of

an equilibrium point depend on the eigenvalues and eigenvectors of the linearized system.

Similar to Section 3.1, this chapter derives methods to compute equilibrium point subsets of

particular interest with continuation methods. However, the equality constraints that specify

the properties of these subsets are now allowed to include conditions on the eigenmodes of

the linearized dynamics. Such constraints enable targeted analysis not only of the system’s

steady-state behavior, but also of dynamic characteristics beyond local stability. Results of

such analysis reveal how these properties depend on the particular operating conditions of

the system. Much of the research presented in this chapter have been published in [27,35,36]

by the author.

4.1 Continuation of Equilibrium Solutions Subject to Eigenmode Constraints

The systems of consideration throughout this chapter are assumed to have the form

ẋ(t) = f(x(t), u(t), p) (4.1a)

y(t) = h(x(t), u(t), p) (4.1b)

where x(t) ∈ Rnx is the state, u(t) ∈ Rnu the input, y(t) ∈ Rny the output, and p ∈ Rnp a

vector of static system parameters. The functions f and h are assumed to have continuous

second derivatives on the domain D ⊆ Rnx×Rnu×Rnp .

The set of equilibrium points of the system that satisfy equality constraints involving an
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eigenvalue λ of ∇xf with associated right eigenvector v or left eigenvector w are defined as

M(v) =
{

(x, u, p) ∈ D
∣∣ f(x, u, p) = 0, ḡ(x, u, p, λ, v) = 0, ∇xf(x, u, p)v = λv

for some λ ∈ C, v ∈ Cnx\{0}
}

(4.2)

M(w) =
{

(x, u, p) ∈ D
∣∣ f(x, u, p) = 0, ḡ(x, u, p, λ, w) = 0, ∇xfT (x, u, p)w = λw

for some λ ∈ C, v ∈ Cnx\{0}
}

(4.3)

Note that the constraint defined by ḡ : D×C×Cnx → Rnḡ , unlike g used in (3.3), also

depends on λ and v or w. It can thus be chosen such thatM(v) orM(w) contains only those

equilibrium points that possess certain eigenmode characteristics of the linearized system.

Instead of M(v) and M(w), it will be convenient to work with the sets

M̃(v) =
{

(x, u, p, σ, η, vr, vi) ∈ D̃
∣∣ f(x, u, p) = 0, ḡ(x, u, p, σ + iη, vr + ivi) = 0,

∇xf(x, u, p)vr = σvr − ηvi, ∇xf(x, u, p)vi = σvi + ηvr,

vTr vr + vTi vi = 1, vTr vi = 0
}

(4.4)

M̃(w) =
{

(x, u, p, σ, η, wr, wi) ∈ D̃
∣∣ f(x, u, p) = 0, ḡ(x, u, p, σ + iη, wr + iwi) = 0,

∇xfT (x, u, p)wr = σwr − ηwi, ∇xfT (x, u, p)wi = σwi + ηwr,

wTr wr + wTi wi = 1, wTr wi = 0
}
, (4.5)

where D̃ = D×R×R×Rnx×Rnx .

In the definitions of M̃(v) and M̃(w) above, the real and imaginary parts of the eigenvalue

λ = σ + iη are included as components of the elements in the sets, as are the real and

imaginary parts of the eigenvectors v = vr + ivi and w = wr + iwi. The complex eigenmode

equation is rewritten in (4.4) in terms of two real equations obtained by equating the real

and imaginary parts on the left and right hand side,

∇xf(x, u, p)(vr + ivi) = (σ + iη)(vr + ivi) ⇔

{
∇xf(x, u, p)vr = σvr − ηvi

∇xf(x, u, p)vi = σvi + ηvr

(4.6)

Additionally, two equations to normalize the complex magnitude of the eigenvector are added

in order to resolve the ambiguity of eigenvector scaling. The first equation normalizes the
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magnitude, while the second enforces orthogonality between the real and imaginary parts of

the eigenvector:

vTr vr + vTi vi = 1, (4.7a)

vTr vi = 0. (4.7b)

The additional equations in the definition of M̃(w) are derived analogously.

All conditions on the elements in M̃(v) and M̃(w) are expressed as nonlinear equations

involving the various components of the elements, so that the “for some” qualifier in (4.2) and

(4.3) is no longer needed. This allows computation with a continuation method as discussed

in Section 2.2. The setsM(v) andM(w) are obtained from M̃(v) and M̃(w), respectively, by

projection into D,

M(v) = πD
(
M̃(v)

)
and M(w) = πD

(
M̃(w)

)
. (4.8)

This amounts to simply removing (or ignoring) the eigenvalue and eigenvector components

of the solution points, so that the projection πD is defined as

πD(x, u, p, σ, η, vr, vi) = (x, u, p). (4.9)

Note that the normalization defined in (4.7) is not unique: if (vr, vi) satisfies (4.6) and

(4.7), so do (−vr,−vi), (vi,−vr) and (−vi, vr). This ambiguity means that each element in

M(v) corresponds to four elements in M̃(v). When computing connected subsets of M̃(v)

with continuation algorithms, only one of those elements will be obtained for each point in

M(v) (which one depends on how the algorithm is initialized). If λ is real, (4.7b) ensures that

v is real1 when vr is non-zero, i.e., vi = 0. Due to the non-uniqueness of the normalization,

however, the equation also admits the case that v is purely imaginary with vr = 0.

Algorithms that numerically calculate eigenvalues and eigenvectors often normalize them

differently. However, if an eigenvector v̂ ∈ Cnx has been computed, it can always be re-

normalized to satisfy (4.7):

1This is not automatically true: if Av = λv for λ ∈ R and v ∈ Rn, then Av̄ = λv̄ with v̄ = eiθv ∈ Cn for
any θ ∈ [0, 2π].
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Proposition 4.1. Suppose v̂ ∈ Cnx is an eigenvector of the matrix A ∈ Rnx×nx with eigen-

value λ. Then v = vr + ivi ∈ Cnx defined by

v =
eiθ

‖v̂‖2

v̂ with θ = −1

2
atan2

(
Im v̂T v̂, Re v̂T v̂

)
(4.10)

is an eigenvector of A satisfying (4.7) for the same eigenvalue, where atan2 is the four-

quadrant inverse tangent function.

Proof. Since Av̂ = λv̂ holds, so does Aav̂ = λav̂ for any a ∈ C\{0}. Choose a = eiθ
/
‖v̂‖2

to see that v is an eigenvector for the same eigenvalue. Equation (4.7a) is satisfied, since

vTr vr + vTi vi = ‖v‖2
2 =

(
|eiθ|
‖v̂‖2

‖v̂‖2

)2

= 1. (4.11)

Define v̂r = Re v̂ and v̂i = Im v̂ as well as r = 1/‖v̂‖2 so that

v = r(v̂r cos θ − v̂i sin θ)︸ ︷︷ ︸
=vr

+i r(v̂r sin θ + v̂i cos θ)︸ ︷︷ ︸
=vi

. (4.12)

With some algebra and trigonometric identities, it is found that

vTr vi = r2 (v̂r cos θ − v̂i sin θ)T (v̂r sin θ + v̂i cos θ)

=
1

2
r2
[
(v̂Tr v̂r − v̂Ti v̂i) sin(2θ) + 2v̂Tr v̂i cos(2θ)

]
=

1

2
r2C sin(2θ + φ),

(4.13)

where C > 0 and φ = atan2
(
2v̂Tr v̂i, v̂

T
r v̂r − v̂Ti v̂i

)
. With v̂T v̂ = v̂Tr v̂r − v̂Ti v̂i + i2v̂Tr v̂i and the

definition of θ in (4.10), it can be seen that θ equals −1
2
φ, so that the sine term vanishes.

The vector v therefore satisfies (4.7b). �

It will be useful to separate the constraints into two groups, namely those that only

depend on x, u and p and those that also depend on the eigenvalues and/or eigenvectors.

The constraint function ḡ in (4.2–4.5) is therefore defined to consist of two components,

ḡ(x, u, p, λ, v) =

 g(x, u, p)

g̃(x, u, p, σ, η, vr, vi)

 , (4.14)
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where σ = Reλ, η = Imλ, vr = Re v and vi = Im v. The function g̃ : D̃ → Rng̃ is one of the

eigenmode constraints defined in Section 4.2 (or any other function of the eigenmodes) and

g : D → Rng allows for definition of further properties on the set of equilibrium points.

The equations that define the sets M̃(v) and M̃(w) are now grouped to form expressions of

the type F (z) = 0, so that continuation algorithms can be applied to solve for the variables

in z when the functions are well-behaved. To meet the differentiability requirement of the

pseudo-arclength method, f must have continuous second derivatives, while g and g̃ are

required to have continuous first derivatives. Conditions under which the Jacobian matrices

of these functions have full rank or drop rank are given later in this section.

4.1.1 Extended system with right eigenvectors

Collecting the conditions on the elements in M̃(v) from (4.4) gives the function

F(v)(x, u, p, σ, η, vr, vi) =



f(x, u, p)

g(x, u, p)

∇xf(x, u, p)vr − σvr + ηvi

∇xf(x, u, p)vi − σvi − ηvr
vTr vr + vTi vi − 1

vTr vi

g̃(x, u, p, σ, η, vr, vi)


(4.15)

where the Jacobian matrix

∇F(v) =



∇xf ∇uf ∇pf 0 0 0 0

∇xg ∇ug ∇pg 0 0 0 0

[∇2
xxfvr] [∇2

xufvr] [∇2
xpfvr] −vr vi ∇xf − σI ηI

[∇2
xxfvi] [∇2

xufvi] [∇2
xpfvi] −vi −vr −ηI ∇xf − σI

0 0 0 0 0 2vTr 2vTi

0 0 0 0 0 vTi vTr

∇xg̃ ∇ug̃ ∇pg̃ ∇σg̃ ∇ηg̃ ∇vr g̃ ∇vi g̃


(4.16)
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has dimension (3nx+ng+2+ng̃)×(3nx+nu+np+2) and the function arguments have been

omitted for brevity. The terms in brackets involve second partial derivatives of f and are

defined as

[∇2
xxfv∗] =

[
∂(∇xf)
∂x1

v∗ · · · ∂(∇xf)
∂xnx

v∗

]
, (4.17a)

[∇2
xufv∗] =

[
∂(∇xf)
∂u1

v∗ · · · ∂(∇xf)
∂unu

v∗

]
, (4.17b)

[∇2
xpfv∗] =

[
∂(∇xf)
∂p1

v∗ · · · ∂(∇xf)
∂pnp

v∗

]
. (4.17c)

When only real eigenmodes are of interest, Eq. (4.15) simplifies by setting η = 0 and

vi = 0. The resulting system of equations then becomes

F(v,r)(x, u, p, σ, vr) =



f(x, u, p)

g(x, u, p)

∇xf(x, u, p)vr − σvr
vTr vr − 1

g̃(x, u, p, σ, 0, vr, 0)


(4.18)

with

∇F(v,r) =



∇xf ∇uf ∇pf 0 0

∇xg ∇ug ∇pg 0 0

[∇2
xxfvr] [∇2

xufvr] [∇2
xpfvr] −vr ∇xf − σI

0 0 0 0 2vTr

∇xg̃ ∇ug̃ ∇pg̃ ∇σg̃ ∇vr g̃


. (4.19)
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4.1.2 Extended system with left eigenvectors

Collecting the conditions on the elements in M̃w from Eq. (4.5) leads to

F(w)(x, u, p, σ, η, wr, wi) =



f(x, u, p)

g(x, u, p)

∇xfT (x, u, p)wr − σwr + ηwi

∇xfT (x, u, p)wi − σwi − ηwr
wTr wr + wTi wi − 1

wTr wi

g̃(x, u, p, σ, η, wr, wi)


(4.20)

with Jacobian matrix

∇F(w) =



∇xf ∇uf ∇pf 0 0 0 0

∇xg ∇ug ∇pg 0 0 0 0

[∇2
xxf

T
wr] [∇2

xuf
T
wr] [∇2

xpf
T
wr] −wr wi ∇xfT − σI ηI

[∇2
xxf

T
wi] [∇2

xuf
T
wi] [∇2

xpf
T
wi] −wi −wr −ηI ∇xfT − σI

0 0 0 0 0 2wTr 2wTi

0 0 0 0 0 wTi wTr

∇xg̃ ∇ug̃ ∇pg̃ ∇σg̃ ∇ηg̃ ∇wr g̃ ∇wi
g̃


.

(4.21)

The entries that contain second partial derivatives of f are understood as follows:

[∇2
xxf

T
w∗] =

[
∂(∇xfT )
∂x1

w∗ · · · ∂(∇xfT )
∂xnx

w∗

]
(4.22a)

[∇2
xuf

T
w∗] =

[
∂(∇xfT )
∂u1

w∗ · · · ∂(∇xfT )
∂unu

w∗

]
(4.22b)

[∇2
xpf

T
w∗] =

[
∂(∇xfT )
∂p1

w∗ · · · ∂(∇xfT )
∂pnp

w∗

]
(4.22c)

A reduced system of equations for continuation of equilibrium points with constraints on
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a real eigenmode is again obtained by letting η = 0 and wi = 0:

F(w,r)(x, u, p, σ, wr) =



f(x, u, p)

g(x, u, p)

∇xfT (x, u, p)wr − σwr
wTr wr − 1

g̃(x, u, p, σ, 0, wr, 0)


(4.23)

The corresponding Jacobian matrix is

∇F(w,r) =



∇xf ∇uf ∇pf 0 0

∇xg ∇ug ∇pg 0 0

[∇2
xxf

T
wr] [∇2

xuf
T
wr] [∇2

xpf
T
wr] −wr ∇xfT − σI

0 0 0 0 2wTr

∇xg̃ ∇ug̃ ∇pg̃ ∇σg̃ ∇wr g̃


. (4.24)

The functions F(v), F(w), F(v,r), and F(w,r) will be called extended system functions in the

following sections.

4.1.3 Regular and critical points of the extended system functions

Before defining some useful eigenmode constraints in the next section, the conditions under

which the Jacobian matrices of the functions defined above have full rank or drop rank are

investigated. It is always assumed that nu + np > ng + ng̃, so that the various Jacobian

matrices are “fat” and have full rank if and only if the sets formed by their rows are linearly

independent.

A necessary condition that any regular point of the extended system functions must satisfy

is regularity of its (x, u, p)-component with respect to the functions f and g that specify the

set of equilibrium points from which a subset that satisfies the eigenmode constraint is

selected.
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Proposition 4.2. Suppose (x∗, u∗, p∗) ∈ D is a critical point of the function

F(g)(x, u, p) =

f(x, u, p)

g(x, u, p)

 . (4.25)

Then (x∗, u∗, p∗, σ, η, vr, vi) ∈ D̃ is a critical point of F(v) for any σ, η ∈ R and vr, vi ∈ Rnx.

Proof. By definition of a critical point, the rows of∇F(g)(x
∗, u∗, p∗) form a linearly dependent

set, and hence the same is true for the first nx + ng rows of ∇F(v)(x
∗, u∗, p∗, σ, η, vr, vi). �

Corollary 4.3. Similar statements hold for F(v,r), F(w), and F(w,r).

The conditions leading to rank deficiency in the Jacobian matrices of the extended system

functions at regular points of F(g) are considered next.

Proposition 4.4. Suppose that the rank condition

rank


[∇2

xxfvr] [∇2
xufvr] [∇2

xpfvr]

[∇2
xxfvi] [∇2

xufvi] [∇2
xpfvi]

∇xg̃ ∇ug̃ ∇pg̃

 ≥ ng̃ (4.26)

does not hold at z = (x, u, p, σ, η, vr, vi). Then z is a critical point of F(v).

Proof. The submatrix 

−vr vi A− σI ηI

−vi −vr −ηI A− σI

0 0 2vTr 2vTi

0 0 vTi vTr

∇σg̃ ∇ηg̃ ∇vr g̃ ∇vi g̃


(4.27)

of ∇F(v) in (4.16) has dimension (2nx + 2 + ng̃)× (2nx + 2) and hence at most rank 2nx + 2.

If (4.26) does not hold, then the rows of the matrix in (4.26) do not sufficiently augment the

rank of the (fat) submatrix formed by the bottom 2nx + 2 + ng̃ rows of ∇F(v) to eliminate

its left null space. �
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Corollary 4.5. Similar statements hold for F(v,r), F(w), and F(w,r).

The rank condition (4.26) ensures that ∇xf depends sufficiently on x, u and p in order to

admit satisfaction of the eigenmode constraints. Consider the case with a scalar eigenmode

constraint (ng̃ = 1) when g̃ does not depend on x, u, p. The rank condition will be violated

when the second derivatives of f are all zero, so that ∇xf is constant. This implies that

kerF(v) is either empty (no point satisfies the constraint), or the eigenmode constraint is

trivially satisfied everywhere and therefore does not restrict the solution set.

Critical points of the extended system functions also occur at points that correspond to

repeated eigenvalues of the Jacobian matrix ∇xf(x, u, p) under some conditions, which are

examined below. Some intermediate results are derived first in the following Lemma and

Corollary.

Lemma 4.6. Let A ∈ Rnx×nx, σ, η ∈ R, and vr, vi ∈ Rnx be such that σ+ iη is an eigenvalue

of A with (right) eigenvector vr + ivi and assume vr and vi satisfy the normalization defined

in (4.7). Then

V =


−vr vi A− σI ηI

−vi −vr −ηI A− σI

0 0 2vTr 2vTi

0 0 vTi vTr

 (4.28)

is singular if and only if σ + iη is a repeated eigenvalue of A.

Proof. If V is singular, then there exist rr, ri ∈ R and qr, qi ∈ Rnx not all zero such that
−vr vi A− σI ηI

−vi −vr −ηI A− σI

0 0 2vTr 2vTi

0 0 vTi vTr




rr

ri

qr

qi

 = 0. (4.29)

Note that the normalization as defined in 4.7 implies that

vTr vr − vTi vi = Re
[
(vTr + ivTi )(vr + ivi)

]
6= 0, (4.30)
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because (4.10) has to hold with θ = 0 when evaluated on v̂ = vr + ivi and the four-quadrant

inverse tangent function is never zero when the second argument equals zero.

It is first shown by contradiction that vr + ivi and qr + iqi are linearly independent.

Suppose that they are linearly dependent, so that there exist ar, ai ∈ R not both zero such

that

qr + iqi = (ar + iai)(vr + ivi) ⇐⇒ qr = arvr − aivi and qi = arvr + aivr (4.31)

Inserting this into the third and fourth rows of (4.29) gives

vTr qr + vTi qi = arv
T
r vr − aivTr vi + arv

T
i vi + aiv

T
i vr = ar (vTr vr + vTi vi)︸ ︷︷ ︸

=1

= 0 (4.32)

vTi qr + vTr qi = ar v
T
i vr︸︷︷︸
=0

−aivTi vi + ar v
T
r vi︸︷︷︸
=0

+aiv
T
r vr = ai (v

T
r vr − vTi vi)︸ ︷︷ ︸

6=0

= 0 (4.33)

This is a contradiction, since it was assumed that ar and ai are not both zero. The two

vectors are therefore linearly independent.

The first and second row of (4.29) lead to

Aqr − σqr + ηqi − rrvr + rivi = 0 and Aqi − σqi − ηqr − rrvi − rivr = 0 (4.34)

⇐⇒ Aqr − σqr + ηqi − rrvr + rivi + i(Aqi − σqi − ηqr − rrvi − rivr) = 0 (4.35)

⇐⇒ (A− (σ + iη)I) (qr + iqi) = (rr + iri)(vr + ivi) (4.36)

If rr and ri are zero, then qr and qi cannot both be zero. It follows that qr + iqi is an

eigenvector of A corresponding to the eigenvalue σ + iη. If rr and ri are not both zero, then

qr and qi cannot both be zero because vr + ivi is nonzero. It follows from

(A− (σ + iη)I)2 (qr + iqi) = (rr + iri) (A− (σ + iη)I) (vr + ivi) = 0 (4.37)

that qr+iqi is a generalized eigenvector of A corresponding to the eigenvalue σ+iη. In either

case, the algebraic multiplicity of σ + iη is greater than one, i.e., it is a repeated eigenvalue.

Since the argument is based on equivalence, this proves both necessity and sufficiency. �
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Corollary 4.7. Suppose that A ∈ Rnx×nx has a real eigenvalue σ ∈ R with eigenvector

vr ∈ Rnx which satisfies vTr vr = 1. Then

Vr =

−vr A− σI

0 2vTr

 (4.38)

is singular if and only if σ is a repeated eigenvalue of A.

Proof. Since A, σ, and vr satisfy the conditions of Lemma 4.6 with η = 0 and vi = 0, there

exist rr, ri ∈ R and qr, qi ∈ Rnx not all zero such that
−vr 0 A− σI 0

0 −vr 0 A− σI

0 0 2vTr 0

0 0 0 vTr




rr

ri

qr

qi

 = 0. (4.39)

if and only if σ is a repeated eigenvalue. So if σ is a repeated eigenvalue, then [rr qTr ]T is in

the null space of Vr. Conversely, if there exists a nonzero vector [r qT ]T in the null space of

Vr, where r ∈ R and q ∈ Rnx , then (4.39) holds with rr = r, ri = 0, qr = q, and qi = 0. �

Corollary 4.8. Suppose that σ is a repeated real eigenvalue of ∇xf(x, u, p) with eigenvector

vr satisfying vTr vr = 1. Then (x, u, p, σ, 0, vr, 0) is a critical point of F(v).

Proof. By Corollary 4.7, the matrix Vr in (4.38) is singular and hence has a nontrivial left

null space, so that there exist q̂ ∈ Rnx and r̂ ∈ R satisfying the equalities q̂Tvr = 0 and

q̂T (∇xf(x, u, p)− σI) + 2r̂vTr = 0. It follows that[
0 0 0 q̂T 0 r̂/2 0

]
∇F(v)(x, u, p, σ, 0, vr, 0) = 0 (4.40)

where the dimensions of the zero entries are implied from the block structure of ∇F(v) in

(4.16). This means that the rows of F(v) form a linearly dependent set. �

Corollary 4.9. A similar statement holds for F(w).
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4.2 Some Eigenmode Constraints

This section derives some constraints that may be used with the extended system functions

defined in the preceding section.

4.2.1 Stability boundary

Choosing the eigenvalue constraint function

g̃(s)(x, u, p, σ, η, vr, vi) = σ (4.41)

forces the eigenvalue to lie on the imaginary axis. All equilibrium points that satisfy this

constraint are therefore non-hyperbolic and constitute bifurcation points of the nonlinear

system. In fact, using g̃(s) = 0 to eliminate σ from the unknowns gives an extended system

similar to what is found in the literature [4] for the continuation of Hopf bifurcations (char-

acterized by a complex pair of eigenvalues on the imaginary axis) in two parameters when

no equality constraints g(x, u, p) = 0 are enforced:

F(s)(x, u, p, η, vr, vi) =



f(x, u, p)

∇xf(x, u, p)vr + ηvi

∇xf(x, u, p)vi − ηvr
vTr vr + vTi vi − 1

vTr vi


(4.42)

Note that solutions of (4.42) comprise not only Hopf bifurcations but also bifurcations

that occur when a real eigenvalue equals zero. The problem can be further reduced by

setting η = 0 and vi = 0 when only real eigenmodes are of interest, leading to the standard

augmented system for continuation of saddle-node bifurcations in two parameters,

F(s,r)(x, u, p, vr) =


f(x, u, p)

∇xf(x, u, p)vr

vTr vr − 1

 (4.43)
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4.2.2 Performance measures

Typical measures that characterize the system performance around equilibrium points in-

clude properties of the eigenmodes of the linearized dynamics such as natural frequency,

damping ratio, and time-to-double. The definitions of these properties directly lead to eigen-

value constraints that enable the specification of equilibrium points having these character-

istics. Since the constraints do not involve the eigenvector, they can be used with either F(v)

or F(w).

Natural frequency constraint

To find equilibrium points that have a mode with natural frequency ω∗n, the constraint

function

g̃(ωn)(σ, η) =
√
σ2 + η2 − ω∗n (4.44)

with partial derivatives

∇σg̃(ωn)(σ, η) =
σ√

σ2 + η2
and ∇ηg̃(ωn)(σ, η) =

η√
σ2 + η2

(4.45)

can be used.

Damping coefficient constraint

Equilibrium branches that have a mode with damping coefficient ζ∗ can be found with the

following eigenvalue constraint function:

g̃(ζ)(σ, η) = − σ√
σ2 + η2

− ζ∗ (4.46)

The corresponding partial derivatives are

∇σg̃(ζ)(σ, η) = − η2

(σ2 + η2)
3
2

and ∇ηg̃(ζ)(σ, η) =
ση

(σ2 + η2)
3
2

. (4.47)
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Time-to-halve / time-to-double

For equilibrium branches containing a mode with time to double or halve T ∗2 > 0, the

constraint function is

g̃(T2)(σ) =
ln 2

|σ|
− T ∗2 (4.48)

with

∇σg̃(T2)(σ) = − ln 2

|σ|σ
. (4.49)

4.2.3 Local linear controllability

Establishing controllability of the nonlinear system (4.1) is in general a difficult problem, and

often requires tools of differential geometry [37]. However, it has been shown [38, 39] that

linear controllability of the linearized system at an equilibrium point (x∗, u∗, p∗) guarantees

local controllability of the nonlinear system at (x∗, u∗, p∗). This means that for fixed p∗ there

exists an open neighborhood X around x∗ and control u(t) such that for any initial state

x(t0) ∈ X , the state can be driven to the equilibrium point in finite time T without leaving

the neighborhood, i.e., x(t0 +T ) = x∗ and x(t) ∈ X for all t ∈ [t0, t0 +T ]. The converse is not

true: A system may still be locally controllable at the equilibrium point even if the linearized

system is uncontrollable. However, a nonlinear controller is then required to stabilize the

system [40]. Three eigenmode constraints for the analysis of local controllability with linear

methods are derived below.

Uncontrollable complex eigenmode constraint

A constraint function g̃ to be used with F(w) defined in (4.20) that allows identification of

those equilibrium points that are linearly uncontrollable can be derived from the Popov-

Belevitch-Hautus (PBH) controllability test [41], which states that the linear system ẋ =

Ax+Bu is uncontrollable if and only if

rank
[
A− λI B

]
6= nx ⇐⇒ wHB = (wTr − iwTi )B = 0 (4.50)
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for some eigenvalue λ of A with left eigenvector w = wr + iwi, where wH is the complex

conjugate transpose of w. A constraint function on the linearized dynamics of the nonlinear

system (4.1) to be used with (4.20) is obtained by requiring that both the real and imaginary

parts of wH∇uf(x, u, p) vanish,

g̃(uc)(x, u, p, wr, wi) =

∇ufT (x, u, p)wr

∇ufT (x, u, p)wi

 (4.51)

Assuming that ∇uf has full rank, the constraint consists of ng̃ = 2nu real scalar equalities,

since ∇uf has dimension nx × nu. This is consistent with the fact that the (left) invariant

subspace associated with a complex eigenmode has dimension two, and that the condition

requires this subspace to be orthogonal to the nu columns of ∇uf . The partial derivatives of

g̃(uc) for the Jacobian matrix are

∇xg̃(uc) =

[∇2
uxf

T
wr]

[∇2
uxf

T
wi]

 , ∇ug̃(uc) =

[∇2
uuf

T
wr]

[∇2
uuf

T
wi]

 , ∇pg̃(uc) =

[∇2
upf

T
wr]

[∇2
upf

T
wi]

 , (4.52a)

∇wr g̃(uc) =

∇ufT
0

 , ∇wi
g̃(uc) =

 0

∇ufT

 , (4.52b)

where

[∇2
uxf

T
w∗] =

[
∂(∇ufT )
∂x1

w∗ · · · ∂(∇ufT )
∂xnx

w∗

]
(4.53a)

[∇2
uuf

T
w∗] =

[
∂(∇ufT )
∂u1

w∗ · · · ∂(∇ufT )
∂unu

w∗

]
(4.53b)

[∇2
upf

T
w∗] =

[
∂(∇ufT )
∂p1

w∗ · · · ∂(∇ufT )
∂pnp

w∗

]
(4.53c)

Uncontrollable real eigenmode constraint

One may expect that F(w) = 0 with g̃(uc) as defined in (4.51) for the complex eigenmode

case can also be used to find equilibria with real eigenmodes that are linearly uncontrollable.

Such equilibrium points do indeed satisfy this equation. However, the equation becomes

unsuitable for pseudo-arclength continuation because the Jacobian matrix ∇F(w) loses rank
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when evaluated at η = 0 and wi = 0 with this constraint function, meaning that the kernel

consists only of critical points. The loss of rank results from the fact that the subspace asso-

ciated with a real eigenmode is only one-dimensional, so that the condition of orthogonality

between this subspace and the columns of ∇uf only comprises nu scalar conditions instead

of the 2nu conditions in the complex eigenmode case. Accordingly, the term ∇ufTwi in g̃(uc)

is always zero when evaluated with wi = 0.

For pseudo-arclength continuation of equilibrium points with an uncontrollable real eigen-

mode, F(w,r) defined in (4.23) is therefore used with the constraint function g̃(uc,r), defined

as

g̃(uc,r)(x, u, p, wr) = ∇ufT (x, u, p)wr, (4.54)

with partial derivatives

∇xg̃(uc,r) = [∇2
uxf

T
wr], ∇ug̃(uc,r) = [∇2

uuf
T
wr], ∇pg̃(uc,r) = [∇2

upf
T
wr], ∇wr g̃(uc,r) = ∇ufT

(4.55a)

Measure of modal controllability constraint

A linear system may pass the PBH controllability test and thus be technically controllable,

but be very close to being uncontrollable. Continuous measures of controllability have there-

fore been developed in the literature [42–44]. The following measure is taken from [43]. It

defines the measure of controllability of the k-th eigenmode from all inputs of the linear

system ẋ = Ax+Bu as

mc,k =
∥∥wH(k)B

∥∥
2
, (4.56)

where w(k) is a normalized left eigenvector associated with the k-th eigenmode. When ap-

plying this controllability measure, the inputs need to be scaled appropriately because the

magnitude of B directly affects the measure. The scaling should be such that unit magni-

tude of each component of the input u corresponds to a similar amount of control effort or

actuator power. Arguably, (4.56) provides a suitable measure of the difficulty to regulate

the nonlinear system with linear methods when operating close to an equilibrium point. An
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eigenmode constraint function for use with F(w) that identifies equilibrium solutions with a

particular modal controllability measure value mc of the linearized system is readily obtained

from (4.56),

g̃(cm)(x, u, p, wr, wi) =
∥∥(wTr − iwTi )∇uf(x, u, p)

∥∥−mc. (4.57)

where

∥∥(wTr − iwTi )∇uf(x, u, p)
∥∥ =

√
wTr ∇uf(·)∇ufT (·)wr + wTi ∇uf(·)∇ufT (·)wi (4.58)

The derivatives of the eigenmode constraint are

∇xg̃(cm) =
wTr ∇uf [∇2

uxf
T
wr] + wTi ∇uf [∇2

uxf
T
wi]

‖(wTr − iwTi )∇uf‖
(4.59a)

∇ug̃(cm) =
wTr ∇uf [∇2

uuf
T
wr] + wTi ∇uf [∇2

uuf
T
wi]

‖(wTr − iwTi )∇uf‖
(4.59b)

∇pg̃(cm) =
wTr ∇uf [∇2

upf
T
wr] + wTi ∇uf [∇2

upf
T
wi]

‖(wTr − iwTi )∇uf‖
(4.59c)

∇wr g̃(cm) =
wTr ∇uf∇ufT

‖(wTr − iwTi )∇uf‖
(4.59d)

∇wi
g̃(cm) =

wTi ∇uf∇ufT

‖(wTr − iwTi )∇uf‖
(4.59e)

and the terms containing second derivatives of f are defined in (4.53). Equation (4.57) is

scalar, so that ng̃ = 1.

It is also possible to use
∥∥wH∇uf∥∥2 − m2

c = 0 instead of g̃(cm) = 0 as eigenmode con-

straint. While this simplifies the partial derivatives (thereby eliminating the undifferentiable

point where the denominator is zero), it is observed that the Newton corrector step of the

pseudo-arclength algorithm required significantly more iterations to converge. One may also

think that this modification would allow continuation of uncontrollable equilibrium points

by choosing mc = 0. However, the partial derivatives of this modified constraint are all zero

when evaluated at a point that satisfies
∥∥wH∇uf∥∥2

= 0. This means that ∇F(w) does not

have full rank anywhere on kerF(w) and the pseudo-arclength method cannot be used.
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4.2.4 Local linear observability

Similar to the controllability case, observability of the linearized system is sufficient but not

necessary for local observability of the nonlinear system [45]. Constraints for the analysis of

the system’s local linear observability are provided below.

Unobservable complex eigenmode constraint

The PBH observability test [41] states that the linear system defined by ẋ = Ax + Bu and

y = Cx+Du has an unobservable eigenmode if and only if

rank

A− λI
C

 6= nx ⇐⇒ Cv = 0 (4.60)

for some eigenvalue λ of A with right eigenvector v. This condition leads to ng̃ = 2ny real

scalar equalities g̃(uo) = 0 that allow identification of equilibria where the linearized system

has an unobservable complex eigenmode, where

g̃(uo)(x, u, p, vr, vi) =

∇xh(x, u, p)vr

∇xh(x, u, p)vi

 . (4.61)

In the above equation, the Jacobian matrix ∇xh of the output function h from (4.1) with

regards to the state vector is assumed to have full rank. Partial derivatives of the eigenmode

constraint (4.61) are

∇xg̃(uo) =

[∇2
xxhvr]

[∇2
xxhvi]

 , ∇ug̃(uo) =

[∇2
xuhvr]

[∇2
xuhvi]

 , ∇pg̃(uo) =

[∇2
xphvr]

[∇2
xphvi]

 , (4.62a)

∇vr g̃(uo) =

∇xh
0

 , ∇vi g̃(uo) =

 0

∇xh

 , (4.62b)

where the terms with second derivatives of h are

[∇2
xxhv∗] =

[
∂(∇xh)
∂x1

v∗ · · · ∂(∇xh)
∂xnx

v∗

]
(4.63a)

[∇2
xuhv∗] =

[
∂(∇xh)
∂u1

v∗ · · · ∂(∇xh)
∂unu

v∗

]
(4.63b)

[∇2
xphv∗] =

[
∂(∇xh)
∂p1

v∗ · · · ∂(∇xh)
∂pnp

v∗

]
(4.63c)
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Unobservable real eigenmode constraint

As in the controllability case, components of F(v) from (4.15) with constraint g̃(uo) become

functionally dependent on η = 0 and vi = 0 since the last ny components of the equation,

∇xhvi = 0, are always satisfied for real eigenmodes. Instead, the constraint

g̃(uo,r)(x, u, p, vr) = ∇xh(x, u, p)vr = 0 (4.64)

with partial derivatives

∇xg̃(uo,r) = [∇2
xxhvr], ∇ug̃(uo,r) = [∇2

xuhvr], ∇pg̃(uo,r) = [∇2
xphvr], ∇vr g̃(uo,r) = ∇xh.

(4.65)

can be used with F(v,r) when analyzing an unobservable real eigenmode with the pseudo-

arclength method. The number of scalar conditions is ng̃ = ny in this case.

Measure of modal observability constraint

Analogous to the controllability measure, the following continuous measure of modal observ-

ability taken from [43] is useful to determine the degree of observability of the k-th eigenmode

of the linear system ẋ = Ax+Bu and y = Cx+Du from all outputs:

mo,k =
∥∥Cv(k)

∥∥
2

(4.66)

In the above, v(k) is a normalized right eigenvector associated with the k-th eigenmode.

Equilibrium points with a particular modal observability measure value mo of the linearized

system dynamics are identified by rewriting (4.66) as an eigenmode constraint to be used

with (4.15),

g̃(om)(x, u, p, vr, vi) = ‖∇xh(x, u, p)(vr + ivi)‖ −mo = 0 (4.67)

where

‖∇xh(x, u, p)(vr + ivi)‖ =

√
vTr ∇xhT (·)∇xh(·)vr + vTi ∇xh

T (·)∇xh(·)vi (4.68)
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Partial derivatives of the eigenmode constraint are

∇xg̃(om) =
vTr ∇xhT [∇2

xxhvr] + vTi ∇xhT [∇2
xxhvi]

‖∇xh(vr + ivi)‖
(4.69a)

∇ug̃(om) =
vTr ∇xhT [∇2

xuhvr] + vTi ∇xhT [∇2
xuhvi]

‖∇xh(vr + ivi)‖
(4.69b)

∇pg̃(om) =
vTr ∇xhT [∇2

xphvr] + vTi ∇xhT [∇2
xphvi]

‖∇xh(vr + ivi)‖
(4.69c)

∇vr g̃(om) =
vTr ∇xhT∇xh
‖∇xh(vr + ivi)‖

(4.69d)

∇vi g̃(om) =
vTi ∇xhT∇xh
‖∇xh(vr + ivi)‖

(4.69e)

where the terms with second derivatives of h are defined in Eq. (4.63).

4.3 Identifying and Analyzing Particular Eigenmodes

Many aerospace systems display certain typical modal characteristics when operated at a

typical equilibrium point (x∗, u∗, p∗). Conventional airplanes, for instance, usually expose

modes that are labeled Short-Period, Phugoid, Dutch Roll, etc. The labels are assigned

based on the eigenvalues and components of the eigenvectors of the linearized dynamics that

indicate how the various state variables change relative to each other when the corresponding

mode is excited. One may reasonably expect that a slight perturbation to the steady-state

input values or parameters (and thus to the equilibrium state) will lead to a small change

in the eigenmodes, but that their general characteristics will be preserved so that the same

labels can still be assigned. This assignment may however not be obvious anymore for system

equilibrium points that are not close to (x∗, u∗, p∗).

This leads to two interesting questions: If both (x∗, u∗, p∗) and (xa, ua, pa) are equilib-

rium points of the system (4.1), is it possible to uniquely assign labels to the eigenmodes

at (xa, ua, pa) based on the labels of the eigenmodes at (x∗, u∗, p∗) through a continuity ar-

gument? If so, is it always the same eigenmode that satisfies g̃ = 0 when computing the

sets S(F (v),Ω, z0) or S(F (w),Ω, z0) defined in Section 2.2 by application of a continuation
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method to the extended system functions? The following discussion addresses both of these

questions.

Suppose Ξ ⊂ Rnx×Rnu×Rnp and g are chosen such that

M∗
g = {(x, u, p) ∈ D ∩ Ξ | f(x, u, p) = 0, g(x, u, p) = 0} (4.70)

is simply connected (i.e., there are no holes in the set) and such that ∇xf does not have

repeated eigenvalues anywhere on M∗
g. Furthermore, assume that

(x∗, u∗, p∗) ∈M∗
g and (xa, ua, pa) ∈M∗

g.

Because M∗
g is connected, there exists a continuous path Γ from (x∗, u∗, p∗) to (xa, ua, pa)

within M∗
g. Since ∇xf is continuous and does not have repeated eigenvalues on any such

path, and because the eigenvalues of a matrix depend continuously on its entries, the set

Γ(λ) = {(x, u, p, λ) ∈ Γ×C | ∇xf(x, u, p)v = λv for some v ∈ Cnx} (4.71)

is the union of nx disjoint paths Γ
(λ)
k in Γ×C. Each element on Γ corresponds to exactly nx

elements in Γ(λ) (one for each eigenvalue of ∇xf) and to one element in each Γ
(λ)
k .

This allows assignment of labels to the system’s eigenmodes at (xa, ua, pa) based on the

labels at (x∗, u∗, p∗): if (x∗, u∗, p∗, λ∗k) and (xa, ua, pa, λak) are both in Γ
(λ)
k , then λ∗k and λak

correspond to the same eigenmode. The assignment is unique: sinceM∗
g is simply connected,

any two paths inM∗
g from the first point to the other can be continuously transformed into

each other without leaving the set. The labeling is therefore independent of the actual path

taken. Note that if ∇xf was allowed to have repeated eigenvalues onM∗
g, the sets Γ

(λ)
k would

not necessarily be disjoint, in which case it would not be possible to uniquely associate λak

with λ∗k for all k ∈ {1, . . . , nx}. Because the two points can be chosen arbitrarily, a one-

to-one correspondence between the eigenmodes at any two equilibrium points in M∗
g exists.

Furthermore, the modes at any point in M∗
g can be labeled based on the eigenmodes at

one particular point in M∗
g. This answers the first question: labels may be assigned to the

eigenmodes at (xa, ua, pa) based on the labels at (x∗, u∗, p∗) under the conditions that both
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points lie on a simply connected surface of equilibrium points on which the Jacobian matrix

∇xf does not have repeated eigenvalues.

The no-repeated-eigenvalues condition may be relaxed if the correspondence is to be

established for only one particular eigenmode with index k∗. In this case, the path Γ
(λ)
k∗ must

be disjoint from all other paths, but the other paths may intersect. This means that repeated

eigenvalues are admissible for eigenmodes that do not correspond to λ∗k∗ and λak∗ .

Now suppose a continuation method is used to compute

S
(
F(v),Ω, z

∗), Ω = Ξ×Ψ, Ψ ⊂ R2+2nx , z∗ = (x∗, u∗, p∗, σ∗, η∗, v∗r , v
∗
i ) , (4.72)

where F(v) was defined in (4.15), Ξ and the g part of F(v) is the same as in the definition

of M∗
g, and (σ∗, η∗, v∗r , v

∗
i ) correspond to a particular eigenmode of the system linearized

at (x∗, u∗, p∗), so that ∇xf(x∗, u∗, p∗)(v∗r + iv∗i ) = (σ∗ + iη∗)(v∗r + iv∗i ). One can think of

πD
(
S
(
F(v),Ω, z

∗)) as a subset ofM∗
g with points that satisfy the eigenmode constraint g̃(·) =

0, where πD is the projection into D defined in (4.9). Because continuation methods compute

connected sets, the elements in S
(
F(v),Ω, z

∗) are associated with the same eigenmode. This

answers the second question: if Ξ is chosen such that πD
(
S
(
F(v),Ω, z

∗)) satisfies the two

conditions of simple connectedness and absence of repeated eigenvalues, then it is always the

same eigenmode that satisfies the constraint. However, it is difficult to define Ξ (and thus

Ω) in advance in such a way that these requirements are met. Instead, the conditions can be

checked after the computation is finished, or the continuation algorithm can be configured

to dynamically restrict Ω during execution of the algorithm upon encountering certain stop

conditions.

Simple connectedness ofM∗
g may be enforced by stopping the continuation whenever the

distance between the projection of the latest solution point into D and the projection of a

previously encountered solution is less than some predefined tolerance.

To satisfy the second condition, the continuation must be stopped whenever a point is

encountered at which σ + iη becomes a repeated eigenvalue. Such points can be identified

by monitoring the (square) submatrix V defined in (4.28) of the Jacobian ∇F(v), which is
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singular if and only if σ + iη is a repeated eigenvalue of ∇xf(x, u, p) (see Lemma 4.6).

A similar discussion holds for F(w) and the corresponding submatrix of ∇F(w).

4.4 Example: Nonlinear Airplane Dynamics

Three analysis cases for a highly nonlinear 6-DOF aircraft model that make use of the analysis

method are presented in this section. They serve to demonstrate the type of results that can

be generated with the method and show how the constraint functions g and g̃ can be chosen

to select particular trim conditions from the set of all possible equilibrium conditions.

4.4.1 Aircraft model

The aircraft is modeled as a rigid body with translational and rotational degrees of freedom

subject to gravitational and aerodynamic forces [46]. The state vector consists of the trans-

lational velocity vector (U, V,W ) and the angular velocity vector (P,Q,R), both expressed

in the body frame, as well as the aircraft’s attitude in terms of bank angle φ and pitch

attitude θ. The third Euler angle (heading angle) and the position vector are not included

in this formulation. The aircraft is controlled via the four inputs throttle δT , elevator angle

δE, aileron deflection δA and rudder angle δR. The airplane’s inertial properties are defined

by its mass Mac and the components Jx, Jy, Jz and Jxz of its moment of inertia tensor. The

remaining inertia tensor components Jxy and Jyz are assumed to be zero due to symmetry

of the airframe. The aerodynamic forces (Ds, Y , Ls) and moments (l, m, n) are functions of

the states and inputs which are defined later. Tmax denotes the maximum combined thrust
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of the two engines. With these definitions, the state equations of the aircraft are



U̇

V̇

Ẇ

Ṗ

Q̇

Ṙ

φ̇

θ̇



=



V R−WQ− g sin θ + (TmaxδT + Ls sinα−Ds cosα)/Mac

WP − UR + g sinφ cos θ + Y /Mac

UQ− V P − g cosφ cos θ − (Ls cosα +Ds sinα)/Mac

[Jxz(Jx − Jy + Jz)PQ− (J2
z − JyJz + J2

xz)QR + Jzl + Jxzn]/[JxJz − J2
xz]

[(Jz − Jx)PR− Jxz(P 2 −R2) +m]/Jy

[(J2
x − JxJy + J2

xz)PQ− Jxz(Jx − Jy + Jz)QR + Jxzl + Jxn]/[JxJz − J2
xz]

P + (R cosφ+Q sinφ) tan θ

Q cosφ−R sinφ



.

(4.73)

Assuming flight in still air (no wind), the translational velocity is related to the aircraft’s

airspeed Va, angle of attack α, and sideslip angle β through the following equations,

Va =
√
U2 + V 2 +W 2, (4.74a)

α = atan2 (W,U) , (4.74b)

β = atan2
(
V,
√
U2 +W 2

)
. (4.74c)

The aerodynamic model is taken from [47], which defines the aerodynamic forces

Ds = q̄SCDs , Y = q̄SCY , Ls = q̄SCLs , (4.75a)

in the stability frame and moments

l = q̄bSCl, m = q̄c̄SCm, n = q̄bSCn (4.75b)

in the body frame. In the above, S, b, and c̄ are the aircraft’s planform area, wing span, and

mean aerodynamic chord, while q̄ = 1
2
ρV 2

a is dynamic pressure. The aerodynamic coefficients
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are defined as multivariate polynomials

CDs = θ1 + θ2α + θ3αq̃ + θ4αδE + θ5α
2 + θ6α

2q̃ + θ7α
2δE + θ8α

3 + θ9α
3q̃ + θ10α

4 (4.76a)

CY = θ11β + θ12p̃+ θ13r̃ + θ14δA + θ15δR (4.76b)

CLs = θ16 + θ17α + θ18q̃ + θ19δE + θ20αq̃ + θ21α
2 + θ22α

3 + θ23α
4 (4.76c)

Cl = θ24β + θ25p̃+ θ26r̃ + θ27δA + θ28δR (4.76d)

Cm = θ29 + θ30α + θ31q̃ + θ32δE + θ33αq̃ + θ34α
2q̃ + θ35α

2δE + θ36α
3q̃ + θ37α

3δE + θ38α
4

(4.76e)

Cn = θ39β + θ40p̃+ θ41r̃ + θ42δA + θ43δR + θ44β
2 + θ45β

3 (4.76f)

where p̃, q̃, and r̃ are the non-dimensionalized angular rates,

p̃ =
b

2Va
P, q̃ =

c̄

2Va
Q, r̃ =

b

2Va
R. (4.77)

The values of the coefficients θj are published in [47] for a number of different aircraft. In this

example, the coefficients for NASA’s Generic Transport Model are used. This model aircraft

is dynamically scaled to resemble a transport category aircraft. It has maximum total thrust

Tmax = 32 lbf, nominal weight Mac = 49.6 lbm = 1.542 slug, planform area S = 5.902 ft2,

wing span b = 6.849 ft, and mean aerodynamic chord c̄ = 0.915 ft. The moments of inertia

are Jx = 1.327 slug ft2, Jy = 4.254 slug ft2, Jz = 5.454 slug ft2, and Jxz = 0.120 slug ft2.

The aircraft’s flight path angle γ and turning rate (heading angle rate) ψ̇ are defined as

γ = sin−1 [ (U sin θ − V sinφ cos θ −W cosφ cos θ)/Va ] (4.78)

ψ̇ = (Q sinφ+R cosφ)/cos θ (4.79)

In all the following analysis cases, the computational domain Ω is chosen such that

continuation stops when any of the inputs reach their upper or lower bounds. Further

bounds are defined on all state variables (the bank angle φ, for instance, is limited to ±90°).
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4.4.2 Analysis case 1: Pitch damper feedback gain calculation

As a first example, a pitch damper control law for the aircraft is synthesized. The design

objective is to achieve a Short-Period mode damping coefficient of ζ∗sp = 0.7 at all flight

speeds for three different types of flight conditions. For this, a feedback gain schedule is to

be determined.

Continuation analysis enables direct computation of the feedback gain schedule required

to obtain the desired damping while simultaneously solving the trim problem. The resulting

gain schedule can either be used directly or serve as a starting point for the design of a

simplified control law. Obtaining these results with conventional methods would require

multiple steps: After trimming the aircraft to a large number of flight conditions and deriving

linearized models, the gain value that results in the desired Short-Period mode damping

would have to be determined at each trim point (for instance with root-locus techniques).

The resulting gain-scheduled controller would then have to be inserted into the original model

in order to analyze the closed-loop dynamics. The continuation-based approach consolidates

these steps into a single computation, and information about all other eigenmodes is also

obtained. Specification of the damping ratio constraint is only made possible by the extended

system of equations introduced in this work. An idea related to this analysis case has been

presented in [48], where the gain schedule to place the poles of a simple two-state system

is computed with a continuation algorithm. The method presented in this chapter is more

general, since pole placement can be achieved through a particular choice of eigenmode

constraints.

For simplicity, the control law for the pitch damper is chosen as proportional pitch-rate

to elevator feedback,

δE = δE,cmd + kQQ, (4.80)

where δE,cmd is the pilot’s elevator command input. In this analysis case, the closed-loop

system is analyzed. The function f in (4.1) that defines the closed-loop system dynamics

is obtained by substituting (4.80) into the equations that define the open-loop system, i.e.,
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(4.73–4.77). The external inputs of the closed-loop system are u = [δT δE,cmd δA δR]T .

The feedback gain kQ is considered a system parameter, i.e., p = kQ. It is positive due to

the sign conventions for Q and δE.

The goal of this analysis is to determine the value of kQ that is required to obtain

the desired Short-Period mode damping for all airspeeds. Three types of conditions are

considered, each of which is specified through three equality constraints:

� Straight flight at constant altitude: ψ̇ = 0, γ = 0 and β = 0

� Straight climbing flight: ψ̇ = 0, γ − γ∗ = 0 and β = 0 (with γ∗ = 15°)

� Coordinated banked turn at constant altitude: φ − φ∗ = 0, Y = 0, and γ = 0 (with

φ∗ = 30°)

These three constraints define the function g for each type of flight condition. Results for

all airspeeds will be computed with the continuation algorithm.

The eigenvalue constraint g̃(ζ) = 0 as defined in (4.46) is imposed to fix the damping

coefficient of the Short-Period mode at the desired value of ζ∗sp. Note that the turning flight

conditions may not have well-defined Short-Period and Phugoid modes due to the coupling

of the longitudinal and lateral-directional dynamics. However, based on the continuity ar-

gument in Section 4.3, these names are still used in the following diagrams and discussions.

With eight states, four inputs, and one parameter, the number of variables is 13. A total of

12 equations are specified (eight equilibrium equations, three flight condition constraints, and

one eigenvalue constraint). The number of degrees of freedom in the continuation problem

is therefore M = 1.

For each of the three cases (and the corresponding constraints), the extended system of

equations F(v) = 0 defined in (4.15) is solved with the pseudo-arclength method. The initial

solution point used to initialize the algorithm is chosen such that the components of the

point that represent the eigenvalue and eigenvector belong to the Short-Period mode. The

eigenvector is normalized with (4.10) to ensure that the initial point satisfies (4.7).
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Figure 4.1: Pitch damper feedback gain schedules and trim values of states and inputs.
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Figure 4.2: Eigenmode characteristics for different trim conditions with pitch damper and
computed gain schedules.

The analysis results are plotted in Figure 4.1. Each of the diagrams in the figure displays

a different projection of the three solution branches that correspond to the three types of

flight conditions defined earlier. Every point on these branches corresponds to one particular

trim point of the aircraft and includes the feedback gain value required to obtain the desired

Short-Period mode damping at this trim condition.
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For non-turning flight, the lateral-directional variables such as bank angle, aileron input,

and rudder input are zero when the aircraft is in trim. As one would expect from basic energy

considerations, the climbing flight conditions require much higher trim throttle settings than

the constant-altitude cases. The coordinated flight constraint (zero side force) leads to non-

zero sideslip angles for the banked turns. In all cases, trim airspeeds below 100 ft/s require

excessively high angles of attack and the aerodynamic model loses validity.

While the feedback gain required to obtain the desired Short-Period mode damping de-

pends strongly on the trim airspeed, it is virtually the same for all three types of flight

conditions at any given airspeed. Scheduling the gain as a function of airspeed according to

the results for the straight, constant-altitude flight case may thus be a good option for the

pitch damper design.

The Jacobian matrix ∇F(v) is evaluated at every solution point by the pseudo-arclength

continuation method. The submatrix ∇xf that corresponds to the linearized (closed-loop)

system is therefore available as part of the continuation results so that the eigenvalues are

readily calculated. To ensure consistency of the results, the eigenmode characteristics of the

aircraft (obtained from the eigenvalues) are displayed in Figure 4.2. The figure demonstrates

that the Short-Period mode damping is indeed equal to 0.7 in all cases for the computed

gain schedules. The Phugoid mode characteristics differ considerably between the different

flight conditions. For climbing flight, Phugoid mode damping actually becomes negative for

low to medium airspeeds, indicating that the mode is unstable under these conditions. The

second analysis case will investigate the Phugoid mode characteristics in more detail. The

spiral mode is stable for all investigated flight conditions except at very low airspeeds, where

the aerodynamic model breaks down.

Figure 4.3 shows the results of a time simulation of the closed-loop system for the partic-

ular flight condition of straight constant-altitude flight at 150 ft/s. The control input trim

settings, initial state values, and feedback gain kQ = 0.11s are taken from the continuation

results (Figure 4.1). After two seconds, an elevator doublet is commanded to excite the

longitudinal modes. The nicely damped Short-Period mode response is clearly visible in the
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angle of attack and pitch rate time histories, indicating that the pitch damper is working as

expected.
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Figure 4.3: Time response to elevator doublet.

In practice, one may be interested in choosing a particular constant value of kQ that

keeps the Short-Period mode damping within certain bounds for all flight conditions instead

of implementing a tabulated gain schedule. Repeating the above analysis for different values

of ζ∗sp (or just for the bounds) provides insight into how the constant gain value should be

chosen.

4.4.3 Analysis case 2: Phugoid mode characteristics in non-turning flight

The purpose of the second analysis case is to gain insight into the Phugoid mode charac-

teristics of the open-loop system. In particular, it is investigated how the Phugoid mode

behaves at different airspeeds and flight path angles. Such information is for instance use-

ful for handling quality assessments and to identify areas of the flight envelope where the
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Phugoid mode is insufficiently damped.

Continuation analysis is first used to determine the limits of the flight envelope within

which the aircraft can be trimmed without exceeding the control input limits. The Phugoid

mode characteristics for the possible trim conditions within this envelope are then visualized

through contour plots of damping coefficient (where the eigenmode is stable) and time-to-

double (where it is unstable). Each contour line is obtained as the solution of a continuation

problem with an eigenmode constraint and cannot be computed directly without the tech-

nique derived in this work. The resulting figure clearly exposes how the Phugoid mode

changes for different trim airspeeds and flight path angles.

Equations (4.73–4.77) define the system function f in (4.1) for the open-loop system. The

input vector of the open-loop system is u = [δT δE δA δR]T . Multiple sets of equilibrium

points that satisfy different equality constraints are computed with the pseudo-arclength

method. In all cases, the two constraints ψ̇ = 0 and β = 0 are imposed so that the equilibria

correspond to non-turning flight with zero sideslip. Each case furthermore enforces one of

the following constraints:

� Control input limits: δT,min = 0 (zero thrust), δT,max − 1 = 0 (full thrust), or δE,min −

(−30°) = 0 (minimum elevator angle)

� Angle of attack contours: α− α∗ = 0, with α∗ ∈ {0.5°, 1°, 1.5°, 2°, 5°, 10°, 15°, 20°}

� Stability boundary: g̃(s) = 0

� Damping coefficient contours: g̃(ζ) = 0, with ζ∗ ∈ {0.04, 0.08, 0.12, 0.16, 0.20, 0.24, 0.28}

� Time-to-double contours: g̃(T2) = 0, with T ∗2 ∈ {15s, 25s, 35s, 45s, 55s}

Figure 4.4 shows the results for the Phugoid mode characteristics in straight flight. Every

line in the diagram is the result of continuation analysis with one particular choice of con-

straints as discussed above. As in the first analysis case, this implies that a complete trim
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Figure 4.4: Phugoid mode characteristics for different trim airspeeds and trim flight path
angles, non-turning flight.

solution is obtained as part of the results for every point on these lines. The projection of the

data in Figure 4.4 is chosen such that every trim condition for non-turning flight with zero

sideslip (characterized by particular values of airspeed and flight path angle) corresponds to

one particular point in the diagram plane. The different contour lines thus indicate how var-

ious system properties associated with these trim conditions depend on airspeed and flight

path angle. The lines of constant angle of attack, for instance, visualize the trim angle of

attack for these conditions.

Flight envelope limits exist due to three actuator bounds. First, the maximum flight path

angle at any airspeed is limited by engine thrust. The maximum of 35.6° marks the speed

of steepest climb at 123 ft/s. When climb rate ḣ = Va sin γ is projected onto the vertical

axis instead of flight path angle, the maximum occurs at a higher airspeed (283 ft/s), known
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as the speed of fastest climb. Second, for any given airspeed the maximum (negative) glide

slope depends on how fast potential energy can be dissipated by drag at zero thrust. The

aircraft’s maximum glide ratio of (tan 4.5°)−1 = 12.7 occurs at the maximum of the zero-

thrust curve at 139 ft/s. To descend at a steeper angle, the aircraft must either increase its

airspeed (and thus dynamic pressure and drag), decrease its airspeed (and therefore increase

angle of attack, lift coefficient, and eventually drag), or use additional control surfaces such

as spoilers and flaps. Third, at very low airspeeds, the elevator deflection required to trim

the aircraft may reach the limit of the actuator. This bound is however to be considered

with care, as the trim angle of attack in this region is very large and exceeds the limits of

validity of the aerodynamic model.

Figure 4.4 indicates that the Phugoid mode is either stable or unstable, depending on

airspeed and flight path angle. Contour lines indicate the damping ratio in the stable region.

The stability boundary, at which the complex pair of eigenvalues crosses the imaginary axis, is

plotted as a red line. In the unstable region, the contours show the time it takes for the mode

to double its amplitude. Note that time-to-double tends towards infinity when approaching

the stability boundary from the unstable side, so that no contour lines for T2 > 55s were

calculated.

The U.S. military has published specifications in MIL-F-8785C, Flying Qualities of Pi-

loted Airplanes, that classify an aircraft’s flying qualities with regards to the Phugoid mode

as follows: flying quality level 1 requires Phugoid mode damping ζ ≥ 0.04; level 2 requires

ζ ≥ 0.0; and level 3 requires Phugoid mode time-to-double T2 ≥ 55. Figure 4.4 clearly

visualizes how the aircraft ranks for different non-turning trim conditions.

4.4.4 Analysis case 3: Phugoid mode controllability in straight constant-altitude flight

The control effectiveness of the aircraft’s control surfaces may be reduced when flying at

atypical trim conditions that involve significant sideslip or other factors diverging from the

usual coordinated flight trims. While the aircraft is rarely ever flown under such conditions,

it is useful to identify areas within the envelope of possible trims where the effectiveness is
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reduced, since emergency situations may require operation of the aircraft at atypical trim

points. The specific case of interest for this example is the controllability of the Phugoid

mode when flying straight with non-zero bank angle. Similar to the previous analysis case,

two contour plots are generated by solving continuation problems subject to eigenvalue con-

straints. The contour lines in the two plots visualize Phugoid mode controllability from

different subsets of the aircraft’s control inputs and clearly illustrate how the controllability

depends on trim bank angle and airspeed.

Typically, the aircraft’s wings are aligned with the horizontal direction when it is not

turning. It is however possible to trim the aircraft for straight flight with non-zero bank

and sideslip angles. For sake of the example, it will be investigated how the choice of bank

angle affects Phugoid mode controllability at different airspeeds if the mode is controlled

from the elevator input or from the three other inputs combined. This type of information,

for instance, may be of interest to determine emergency procedures for the case that elevator

control is suddenly lost in flight. Based on the continuity argument from Section 4.3, the

eigenmode is called Phugoid mode even when the trim bank angle becomes large and the

eigenvector no longer displays the characteristics that allows identification of the Phugoid

mode at straight-and-level trims.

To establish the conditions of straight flight and constant altitude, the constraint g =

[ψ̇ γ]T = 0 is defined. This constraint is used with F(w) and g̃(cm) defined in (4.20) and (4.57)

to obtain contours of modal controllability by repeating the continuation with different values

of mc. The analysis is carried out for two scenarios. First, only the elevator is considered as

input, so that∇uf has one column. Throttle, aileron and rudder are thus deemed parameters.

Next, the roles are reversed, so that ∇uf has three columns that correspond to throttle,

aileron and rudder. Controllability measure contours are obtained for both cases, so that

Phugoid mode controllability can be compared. No further scaling is applied to the inputs.

For the aircraft model, elevator deflection ranges from −30° to 20°, and aileron and rudder

deflections are limited to ±25°. In all cases, this gives an input value range of approximately

0.87 radians, which is close to the throttle input range of 0 to 1.
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Figure 4.5: Phugoid mode controllability measure contours for controllability from elevator
(left) and all other inputs (right) for different trim airspeeds and trim bank angles.

Results for the two analysis scenarios described above are plotted in Figure 4.5, where

the solution branches are projected into the two coordinates airspeed and bank angle. The

results are not symmetrical with regards to bank angle due to the β2 term in the definition

of the aerodynamic coefficient Cn in (4.76f).

Phugoid mode controllability from the elevator is largest for wings-level flight (φ = 0)

at all trim airspeeds and decreases with increasing bank angle. This is expected, since the

control torque generated by the elevator becomes increasingly misaligned with the vertical

plane in which the Phugoid motion’s exchange of potential and kinetic energy takes place.

The elevator effectiveness increases with airspeed, since the aerodynamic forces and moments

depend on dynamic pressure.

The situation changes considerably when combined controllability from throttle, aileron,

and rudder is considered. The controllability measure is lowest for wings-level flight, because

the two aerodynamic surfaces only directly affect the lateral-directional modes in this type

of trim condition. Only the throttle can be used to control the Phugoid mode. If the aircraft

is banked so that the wings do not line up with the horizon, controllability is increased
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significantly as the control surfaces start generating forces that affect the Phugoid mode.

At low airspeeds, the aircraft cannot be trimmed for straight flight with high bank angles

because actuator limits are reached. The two curves in the figure that mark the boundary due

to aileron and rudder saturation are obtained through continuation without the eigenmode

constraint but with the additional condition that δA or δR are constant and equal to their

respective limiting values.

4.5 Comparison with Gridded Analysis Approach

Instead of using continuation methods, analysis results similar to the figures in Section 4.4

may be obtained through a brute-force approach that involves computing a grid of trim

points and analyzing the linearized model at all grid points. The grid point values are then

interpolated by a contour plotting routine to produce diagrams resembling the continuation

analysis plots.

To demonstrate the advantages of continuation analysis over the gridded approach, the

Phugoid mode damping contour lines from the second analysis case in Section 4.4 are gener-

ated with both methods, Figure 4.6. The computations are carried out multiple times with

different grid spacing and with different continuation step sizes and the resulting solution

accuracies and computation times are recorded.

The gridded approach is described as follows: First, a regularly spaced grid of trim

points is generated by repeatedly solving the equilibrium equation ẋ = 0 together with the

constraint that airspeed and flight path angle have the particular values corresponding to each

grid point. All numerical solutions are obtained with a standard nonlinear solver (MATLAB’s

“fsolve” function). For every grid point, the solver is initialized with a previously computed

solution from an adjacent grid point. Next, the nonlinear model is linearized about each

trim point using a central difference approximation to obtain linear models for eigenmode

analysis. The complex conjugate pairs of eigenvalues and eigenvectors pertaining to the

Phugoid mode are identified based on the eigenvector characteristics (largest components of

airspeed and flight path angle), so that the Phugoid mode damping ratio can be calculated for
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Figure 4.6: Damping ratio contour lines generated with continuation (left) and the gridded
approach (right).

each grid point. Last, a standard contour plotting routine (MATLAB’s “countour” function)

interpolates the gridded data and generates the desired contour lines.

The contour lines obtained with either method are lists of points that specify air speeds

and flight path angles at which the Phugoid damping is approximately equal to the corre-

sponding contour value. The accuracy of a contour line depends both on the individual points

and on the spacing in between the points. For this comparison, the accuracy is quantified

according to the following procedure. First, all midpoints between the contour line points are

linearly interpolated from the data and added to the original points. Second, complete trim

solutions for these airspeeds and flight path angles are computed with the same solver used

for the grid points. Next, the nonlinear model is linearized at all these trim conditions, the

Phugoid mode damping is computed, and the difference between this value and the nominal

value of the corresponding contour line is taken as the error for each point.

The mean and maximum error over all points and midpoints of all contour lines are
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plotted over the associated computation time in Figure 4.7. The gridded approach requires

significant more computation time to achieve the same accuracy as the continuation-based

approach. All computations were carried out on a workstation with an Intel i7-4770 CPU

and 8 GB of memory, using only a single core of the CPU.
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Figure 4.7: Solution error versus computation time.
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Chapter 5

PSEUDO-ARCLENGTH CONTINUATION FOR PIECEWISE
DIFFERENTIABLE PROBLEMS

The differentiability requirement imposed by the pseudo-arclength method is often vio-

lated by practical engineering problems, for instance due to linearly interpolated data tables

contained in the models that are analyzed. In cases where the equations are continuous, but

only piecewise differentiable, the continuation process may or may not fail upon crossing of

a non-differentiable hypersurface.

This section investigates conditions under which the algorithm succeeds or fails for such

problems. A mitigation strategy is proposed based on the insights gained. Two examples

illustrate the effectiveness of this strategy. Much of the research in this chapter has been

published in [49] by the author.

5.1 Implicit Lipschitz Functions

Differentiability of the function F is not essential for the existence of a locally defined implicit

function whose graph coincides with the kernel of F . The mathematical area of nonsmooth

analysis [50,51] defines the generalized Jacobian matrix ∇̂h(x) of a locally Lipschitz function

h : Rn1 → Rn2 as

∇̂h(x) = co
{

lim
i→∞
∇h(xi)

∣∣ ∇h(xi) exists, xi → x
}
, (5.1)

where co{·} denotes the convex hull. The generalized Jacobian thus assigns to every x a set

that consists of the convex hull of the values that the Jacobian matrix ∇h approaches as it

is evaluated on any sequence that tends towards x on which ∇h is defined. Such sequences

always exist, since Rademacher’s theorem states that Lipschitz functions are differentiable al-

most everywhere. The generalized Jacobian is a set-valued function (also called multifunction
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or correspondence in the literature) that is upper-semicontinuous and produces non-empty

convex compact subsets of Rn2×n1 when evaluated at any point in its domain [50]. Note that

if h is differentiable at x, then ∇̂h(x) = {∇h(x)}. The generalized Jacobian is said to be of

maximal rank at x if every matrix in ∇̂h(x) is of maximal rank.

An implicit function theorem for Lipschitz functions may be formulated by replacing the

invertability condition on the Jacobian matrix in Theorem 2.1 with one on the generalized

Jacobian. The following statement of the theorem is adapted from [50,52]:

Theorem 5.1 (Implicit Lipschitz Function Theorem). Let H be a Lipschitz mapping defined

on an open set U ⊂ Rn1×Rn2 and taking values in Rn1. Let (z∗1 , z
∗
2) ∈ U satisfy H(z∗1 , z

∗
2) = 0

and suppose that all matrices in the set

{
J1 ∈ Rn1×n1

∣∣ [J1 J2] ∈ ∇̂H(z∗1 , z
∗
2) for some J2 ∈ Rn1×n2

}
(5.2)

are invertible. Then there exists a neighborhood Ũ of (z∗1 , z
∗
2), an open set W ⊆ Rn2 contain-

ing z∗2, and a Lipschitz function φ defined on W and taking values in Rn1 such that

H(φ(z2), z2) = 0 for all z2 ∈ W (5.3)

and ρ defined by

2ρ−1 = min
[J1 J2]∈∇̂H(z∗1 ,z

∗
2 ) ¯
σ

([
J1 J2

0 I

])
(5.4)

is a Lipschitz constant of φ. Furthermore, φ is the only function satisfying

{
(z1, z2) ∈ Ũ

∣∣ H(z1, z2) = 0
}

=
{

(z1, z2) ∈ Ũ
∣∣ z2 ∈ W , z1 = φ(z2)

}
. (5.5)

The notation
¯
σ(·) refers to the minimum singular value of the argument. While the

original theorem does not state the expression for the Lipschitz constant, it follows directly

from the proofs in [52] and [53].

The applicability of the above theorem depends on the coordinate system used, since the

invertibility condition on the set (5.2) is coordinate dependent [54]. The following example

illustrates this: Plotted on the left in Figure 5.1 is the kernel of the function F (z1, z2) =
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z1 + z2 − 2|z1 − z2|. It is not possible to locally parametrize this set in terms of either

coordinate at the origin. However, when the coordinate transformation ẑ1 = z1 − z2 and

ẑ2 = z1 + z2 is applied (shown on the right in Figure 5.1), kerF may be expressed as the

graph of a function of ẑ1.
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Figure 5.1: Kernel of the example function in the original and new coordinates.

The following theorem introduces conditions under which coordinate transformations of

this type exists for more general continuous, piecewise differentiable functions:

Theorem 5.2. Let Z be a neighborhood of z∗ ∈ RN and consider the continuous, piece-

wise differentiable function F : Z → RN−M defined by the three continuously differentiable

functions Fb : Z → RN−M , Fc : Z → RN−M , and Fsw : Z → R as

F (z) =

Fb(z) if Fsw(z) ≥ 0

Fc(z) otherwise

(5.6)

satisfying F (z∗) = 0 and Fsw(z∗) = 0. Suppose the Jacobian matrices of Fb, Fc, Fsw have full

rank at z∗ and the null space of ∇Fb(z∗) is not a subspace of the null space of ∇Fsw(z∗).

Then there exist a neighborhood Y of the origin in RN−M ×RM as well as matrices

E1 ∈ RN×(N−M) and E2 ∈ RN×M such that [E1 E2] is orthogonal and the function H : Y →

RN−M defined by H(y1, y2) = F (z∗+E1y1 +E2y2) satisfies the conditions of Theorem 5.1 at

the origin.
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Proof. Let z̄sw : S ⊂ RN−1 → RN be a parametrization of the graph of the implicit function

defined by Fsw(z) = 0 in a neighborhood of z∗ satisfying z̄sw(0) = z∗. Due to continuity of

F , the equality Fb(z̄sw(s)) = Fc(z̄sw(s)) holds for all s ∈ S. Differentiating both sides with

respect to s yields ∇Fb(z̄sw(s))∇z̄sw(s) = ∇Fc(z̄sw(s))∇z̄sw(s) and in particular, with s = 0,

∇Fb(z∗)∇x̄sw(0) = ∇Fc(z∗)∇x̄sw(0) (5.7)

Note that the columns of ∇z̄sw(0) form a minimal spanning set for the null space of ∇Fsw(z∗)

and that the intersection of the null space of ∇Fsw(z∗) and ∇Fb(z∗) is (M − 1)-dimensional.

It is therefore always possible to find a matrix Ŝ ∈ R(N−1)×(N−1) such that the columns of

∇x̄sw(0)Ŝ = [E1 Ê2] form an orthonormal set and such that ∇Fb(z∗)E1 is invertible and

∇Fb(z∗)Ê2 = 0 holds, where E1 ∈ RN×(N−M), Ê2 ∈ RN×(M−1). Multiply (5.7) with Ŝ from

the right to see that the equalities ∇Fc(z∗)E1 = ∇Fb(z∗)E1 and ∇Fc(z∗)Ê2 = ∇Fb(z∗)Ê2

hold. Now let ê be such that [E1 Ê2 ê] is an orthogonal matrix and define E2 = [Ê2 ê]

as well as A = ∇Fb(z∗)E1 = ∇Fc(z∗)E1. With H(y1, y2) = F (z∗+E1y1+E2y2), the definition

of the generalized Jacobian in (5.1) leads to

∇̂H(0, 0) = co{[∇Fb(z∗)E1 ∇Fb(z∗)E2], [∇Fc(z∗)E1 ∇Fc(z∗)E2]} (5.8)

= co{[A ∇Fb(z∗)E2], [A ∇Fc(z∗)E2]} (5.9)

=
{

[A B]
∣∣ B = α∇Fb(z∗)E2 + (1− α)∇Fc(z∗)E2 for some α ∈ [0, 1]

}
(5.10)

Since A is invertible, H satisfies the conditions of Theorem 5.1 at the origin. �

Corollary 5.3. Suppose F satisfies the conditions of Theorem 5.2 at z∗. Then kerF is an

M-dimensional surface in a neighborhood of z∗.

Proof. By Theorem 5.2, kerF is the graph of a Lipschitz function of M variables near z∗. �

The theorem essentially states that kerF is an M -dimensional surface near any point

on the switching surface whenever the implicit surfaces defined by Fb(z) = 0 and Fc(z) = 0

intersect the switching surface transversally. The remainder of this chapter is concerned with

pseudo-arclength continuation of problems where M = 1, so that kerF consists of solution

branches (i.e, one-dimensional surfaces).
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5.2 Continuation Algorithm Failure at the Switching Surface

The pseudo-arclength continuation method may stall at the switching surface, resulting in

incomplete computation of the desired solution branch. This is the case even when the

conditions of Theorem 5.1 are satisfied, so that the branch is well-defined on both sides of

as well as on the switching surface. Analysis in this section reveals that convergence of the

algorithm’s corrector step is closely related to the angle between the two solution branch

segments that meet at the switching surface.

5.2.1 The corrector step of the pseudo-arclength method

As discussed in Section 2.2 and illustrated in Figure 2.1, the pseudo-arclength algorithm

successively computes points in kerF by first taking a predictive step along the tangential

direction of the solution branch, followed by an iterative Newton-type method to correct for

the curvature in the solution branch.

If the corrector step does not converge due to the nonlinearity of F , the step size is reduced

and the predictor and corrector steps are repeated from the last valid solution point. The

predictor point is now closer to the solution branch, so that the corrector step is more likely

to succeed. Differentiability of F guarantees that it is always possible to proceed along the

branch by making the step size small enough, because sufficient reduction in step size will

always reduce the local nonlinearity in the region around the predictor point to the extent

that the iterative corrector succeeds.

Two commonly used variations of Newton’s method for the corrector step are considered

in the following analysis.

The standard Newton-Raphson method can be applied by appending a step size constraint

g to F , such that g(z∗) = 0 when ‖z∗ − zold‖ = ∆, where ∆ is the step size. With

H(z) =

F (z)

g(z)

 , (5.11)
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and z0 = z′ the Newton iteration rule is

zk+1 = zk − (∇zH(zk))
−1H(zk). (5.12)

The step size constraint may be defined in several ways. The pseudo-arclength algorithm

implementation in the popular bifurcation analysis code AUTO [25] defines

g(z) =
‖z − zold‖2

∆
−∆, (5.13)

which will also be the constraint used throughout this chapter.

A modified Newton-Raphson method that works without the specification of a step size

constraint uses the Moore-Penrose pseudo-inverse (indicated by the superscript †) in the

iteration rule,

zk+1 = zk − (∇F (zk))
† F (zk). (5.14)

where

∇F (zk)
† = ∇F (zk)

T
(
∇F (zk)∇F (zk)

T
)−1

. (5.15)

With this corrector, the distance between zold and the converged corrector point z∗ will only

approximately equal the step size ∆ that was taken during the predictor step.

The number of iterations is either fixed or limited to a maximum value, and convergence

is determined by comparison of F (zk) to a numerical solution tolerance 0 < ε � 1. As will

become apparent in the following section, the difficulty of crossing a nondifferentiable surface

results from the fact that step size reductions do not make the problem locally “more linear”

in the neighborhood of the surface. In practice, the corrector step may not converge for

any step size, causing the algorithm to reduce the step size until some pre-defined minimum

value is reached, at which point the continuation process is aborted due to non-convergence.
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5.2.2 A simple example

Consider the following nonlinear function of the two scalar variables x, p ∈ R with constant

parameters b, c > 0:

F (x, p) =

x− bp if p ≥ 0

x+ cp otherwise

(5.16)

The function F is continuous and piecewise smooth, but not differentiable along the

switching surface defined by the line { (x, 0) | x ∈ R }. The solution branch that satisfies

F (x, p) = 0 consists of two rays that start at the origin, indicated with green and blue lines in

Figure 5.2. When applied to this problem, the pseudo-arclength algorithm will successfully

proceed along the solution branch as long as it does not cross the switching surface where

p = 0 during the predictor step. The remainder of this section investigates what exactly

happens once the algorithm proceeds past this critical value.

𝑥 − 𝑏𝑝 = 0

𝑥 + 𝑐𝑝 = 0

𝑝

𝑥

Figure 5.2: Kernel of the piecewise differentiable function defined in 5.16.

The last solution point before the switching surface is reached is called (xold, pold) in the

following. Without loss of generality, it is assumed that xold > 0 and pold < 0. Because the

solution is assumed to have been obtained numerically during the previous corrector step,

it only solves the problem in an approximate sense, i.e., |xold + cpold| < ε � 1, so that it is

close to but not necessarily on the true solution branch. The following analysis assumes that

x2
old+p2

old < ∆2. This inequality is always satisfied if the predictor step crosses the switching
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surface from a true solution point along the exact tangential direction, but may not hold

true under approximate conditions when x2
old + p2

old ≈ ∆2.

Newton-Raphson corrector with step size constraint

Substitution of (5.16) and (5.13) into (5.11) leads to the following corrector iteration rule

according to (5.12) after some algebraic manipulations:

xk+1

pk+1

 =


x2
k + p2

k − x2
old − p2

old + ∆2

2(bxk − bxold + pk − pold)

[
b

1

]
if pk > 0

x2
k + p2

k − x2
old − p2

old + ∆2

2(cxk − cxold − pk + pold)

[
c

−1

]
if pk < 0

(5.17)

Note that

xk+1 =

bpk+1 if pk > 0

−cpk+1 if pk < 0

(5.18)

Now consider the situation depicted in Figure 5.3. The last approximate solution point

(xold, pold) lies so close to the switching surface that the desired new solution point (at a

distance of one step size ∆), designated P1 in the figure, is located on the other side. However,

based on the Jacobian of H evaluated at (xold, pold), the predictor step will estimate that the

new solution point lies close to P2. As will be shown, successful convergence towards the

desired solution point P1 depends on wether or not the predictor point z′ lies within region

A indicated in Figure 5.3.

First, it is shown that for any starting point (of the Newton iterations) in region A or B

in Figure 5.3, the sign of pk switches with every iteration if

bc > 1 and bxold + pold > 0. (5.19)

For any (xk, pk) that lies in region A, defined by pk > 0 and bxk − bxold + pk − pold < 0, the

iteration rule (5.17) then leads to

pk+1 =
x2
k + p2

k − x2
old − p2

old + ∆2

2(bxk − bxold + pk − pold)
< 0, (5.20)
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𝑥 − 𝑏𝑝 = 0

𝑥 + 𝑐𝑝 = 0

𝑥𝑜𝑙𝑑 , 𝑝𝑜𝑙𝑑
Δ

𝑃1

𝑃2

𝑃3

𝑝

𝑥

𝐴𝐵

1 < 𝑏𝑐

𝑥 − 𝑏𝑝 = 0

𝑥 + 𝑐𝑝 = 0

Δ

𝑃3

𝐴𝐵

𝑃2

𝑃1

𝑥𝑜𝑙𝑑 , 𝑝𝑜𝑙𝑑

𝑝

𝑥 0 < 𝑏𝑐 < 1

Figure 5.3: Geometry associated with the Newton-Raphson corrector.

since x2
old + p2

old < ∆2. Furthermore, considering (5.18), the inequality

cxk+1 − cxold − pk+1 + pold = (bc− 1)︸ ︷︷ ︸
>0

pk+1︸︷︷︸
<0

− cxold︸︷︷︸
>0

+ pold︸︷︷︸
<0

< 0 (5.21)

holds. Similarly, for any (xk, pk) that lies in region B, defined by pk < 0 and cxk − cxold −

pk + pold < 0, the following inequalities hold if (5.19) is satisfied:

pk+1 = −x
2
k + p2

k − x2
old − p2

old + ∆2

2(cxk − cxold − pk + pold)
> 0, (5.22)

bxk+1 − bxold + pk+1 − pold = (1− bc)︸ ︷︷ ︸
<0

pk+1︸︷︷︸
>0

− (bxold + pold)︸ ︷︷ ︸
>0

< 0 (5.23)

A single iteration from any point in region A thus always results in a point in region B and

vice versa, so that the sign of pk changes with every iteration. The relations between xk+1

and pk+1 mean that the points always lie on the dashed blue and green lines in Figure 5.3

after the first iteration.

Figure 5.4 shows several iterations (indicated by red arrows) starting from a point one

step size away from the known solution on the extension of the green line for three values of

bc. The value of b is changed to obtain bc ∈ {0.4, 1.4, 2.0}. For bc > 1, the discrete system

defined by the iteration rule either is unstable or enters a stable period-2 cycle.
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Figure 5.4: Several iterations of the Newton-Raphson corrector starting from the predictor
point for different values of bc.

At this point, the two conditions defined in (5.19) deserve some discussion. Geometrically,

the inequality bc > 1 means that the angle between the solid blue and green lines in Figure 5.3

is less than 90◦. The second relation bxold + pold > 0 ensures that the dashed green line is

completely contained inside region A when bc > 1. Figure 5.3 shows the relevant geometry for

both bc > 1 and 1 > bc > 0. Applying the iteration rule (5.17) to any point in region A or B

still results in a sign change of pk+1, since (5.20) and (5.22) still hold. In particular, any point

in B is mapped onto the dashed green line in Figure 5.3 due to (5.18). However, the dashed

green line is no longer contained in region A. The sign of pk+1 remains positive when applying

(5.17) to any point with pk > 0 that is not in A (so that bxk− bxold+pk−pold > 0), since the

denominator in (5.20) is now positive. Furthermore, with 0 < bc < 1 and bxold + pold < 0,

the relation

bxk+1 − bxold + pk+1 − pold = (b2 + 1)︸ ︷︷ ︸
>0

pk+1︸︷︷︸
>0

− (bxold + pold)︸ ︷︷ ︸
<0

> 0 (5.24)

shows that the new point remains outside of region A. Therefore, the iterations will not

oscillate between positive and negative values of p in this case, so that the solution will

eventually converge. Furthermore, when starting in region B or the area with p > 0 not

contained in A, the solution always converges to the desired point P1. This is also true
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𝑥 − 𝑏𝑝 = 0

𝑥 + 𝑐𝑝 = 0
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𝑝
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𝐶𝐷

1 < 𝑏𝑐
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𝑥 + 𝑐𝑝 = 0
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𝐷 𝐶

𝑝
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Figure 5.5: Geometry associated with pseudo-inverse corrector.

for those points in region A that are mapped to region B in the first iteration. Note that

bc > 1 implies bxold + pold > 0 whenever (xold, pold) solves the equation precisely such that

xold − cpold = 0. Similarly, bc < 1 implies bxold + pold < 0 when this is the case. Since the

predictor point is chosen based on the Jacobian matrix evaluated at (xold, pold), it will always

lie close to the dashed green line in Figure 5.3. For any reasonable solution tolerance, the

value of bc is thus the factor that determines wether or not the corrector iterations converge.

Pseudo-inverse corrector without step size constraint

Inserting (5.16) into the iteration rule with the modified Newton method (5.14) yields

xk+1

pk+1

 =


pk + bxk
1 + b2

[
b

1

]
if pk > 0

pk − cxk
1 + c2

[
−c
1

]
if pk < 0

(5.25)

Again, note that (5.18) holds.

For any (xk, pk) that lies in region C in Figure 5.5, defined by pk > 0 and xk < −pk/b,

the inequality

pk+1 =
pk + bxk
1 + b2

<
pk + b(−pk/b)

1 + b2
= 0 (5.26)
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holds. Furthermore, assuming bc > 1 gives

xk+1 = bpk+1 <
pk+1

c
. (5.27)

Similarly, for any (xk, pk) in region D in Figure 5.5, defined by pk < 0 and xk < pk/c, the

relation

pk+1 =
pk − cxk
1 + c2

>
pk − c(pk/c)

1 + c2
= 0 (5.28)

holds and assuming bc > 1 gives

xk+1 = −cpk+1 < −
pk+1

b
. (5.29)

It follows that the iterates alternate between the two regions for any initial point in region

C or D when bc > 1.

Application of (5.25) to any (xk, pk) outside of regions C and D in Figure 5.5 immediately

results in a point that solves F (xk+1, pk+1) = 0 with sgn pk+1 = sgn pk.

If bc < 1, then the directions of the inequalities in (5.27) and (5.29) reverse so that any

point in C is mapped to the area where pk+1 < 0 that is not in D, and any point in D

is mapped to the area where pk+1 > 0 that is not in C. This means that the iterations

will converge from any starting point. Furthermore, the dashed green line in Figure 5.5 lies

outside of region C in this case. If the iterations are initialized with a predictor point on or

near the dashed green line (but outside of region C), then the iterates will converge towards

a point with p > 0, so that the switching surface is successfully passed.

Figure 5.6 shows several iterations of (5.25) for different values of bc. When bc > 1, the

iterations converge towards the origin (it is shown below that this is always the case), and

the convergence rate depends on the values of b and c. This is a problem for two reasons:

First, if convergence is slow than the algorithm will terminate after the maximum number of

iterations is reached without achieving the required solution tolerance. Second, if convergence

is fast, the iterations will terminate at a point close to the origin. The next predictor step

is then uncertain, since it is based on the Jacobian matrix computed numerically close to
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Figure 5.6: Several iterations of the pseudo-inverse corrector starting from the predictor
point for different values of bc.

the (undifferentiable) origin. The corrector immediately converges to the desired solution

for bc < 1 in Figure 5.6.

Now consider the discrete dynamics of every two iterations of the pseudo-inverse corrector

with bc > 1. For pk > 0 and k ≥ 1, inserting (5.25) into itself leads toxk+2

pk+2

 =
(1− bc)2

(1 + b2)(1 + c2)︸ ︷︷ ︸
>0

xk
pk

 =
1 + b2c2 − 2bc

1 + b2c2 + b2 + c2︸ ︷︷ ︸
<1

xk
pk

 , (5.30)

implying convergence to the origin.

5.2.3 The general case

Now consider a general continuous, piecewise differentiable function F : D ⊆ RN → RN−1

and suppose z∗ ∈ kerF lies on a single switching surface of F , so that the restriction of F

to some neighborhood Z of z∗ matches the form of the function from Theorem 5.2 in (5.6).

Then F is locally defined by

F (z) =

Fb(z) if Fsw(z) ≥ 0

Fc(z) otherwise

(5.31)
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for all z ∈ Z and F (z) = Fb(z) = Fc(z) holds for all z ∈ kerFsw due to continuity.

The following discussion illustrates that the conditions at z∗ locally resemble the simple

example discussed above if F satisfies the conditions of Theorem 5.2 at z∗, which is assumed

from here on.

𝑧𝑖

𝑧𝑗

ker 𝐹
𝑧∗

Figure 5.7: Coordinate transformation based on the direction normal to the switching surface.

By the assumptions of the theorem, the Jacobian matrices of Fb and Fc have full rank

at z∗, so that these functions are locally well approximated by their linearizations about z∗.

With Fb(z
∗) = Fc(z

∗) = 0, Taylor expansion of Fb and Fc leads to

Fb(z) = ∇Fb(z∗)(z − z∗) +O(‖z − z∗‖2) (5.32)

Fc(z) = ∇Fc(z∗)(z − z∗) +O(‖z − z∗‖2) (5.33)

With E1 and E2 = ê (since M = 1) from the theorem, define A ∈ R(N−1)×(N−1) and

b, c ∈ RN−1 as

A = ∇Fb(z∗)E1 = ∇Fc(z∗)E1 (5.34)

b = ∇Fb(z∗)ê (5.35)

c = ∇Fc(z∗)ê (5.36)
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as well as the coordinate transformation (see Figure 5.7)

x = ET
1 (z − z∗), p = êT (z − z∗) (5.37)

to obtain the local first-order approximation of (5.31) defined by

F (z) ≈ F̂ (ET
1 (z − z∗), êT (z − z∗)) (5.38)

with

F̂ (x, p) =

Ax+ bp if p ≥ 0

Ax+ cp otherwise

(5.39)

For small step sizes, as would be used after non-convergence of the corrector for larger step

sizes, all quadratic terms are small, so that this first-order approximation is accurate. Note

that, by construction in the proof of Theorem 5.2, A is invertible.

Only the modified Newton-Raphson corrector without the step size constraint is consid-

ered in the following.

Pseudo-inverse corrector without step size constraint

Substitution of the approximation (5.38–5.39) into (5.14) leads to

xk+1

pk+1

 =


pk − bT (AT )−1xk

1 + bT (AT )−1A−1b

[
−A−1b

1

]
if pk > 0

pk − cT (AT )−1xk
1 + cT (AT )−1A−1c

[
−A−1c

1

]
if pk < 0

(5.40)

after some algebraic manipulations. Note that

xk+1 =

−A
−1bpk+1 if pk > 0

−A−1cpk+1 if pk < 0

(5.41)

Since both denominators in (5.40) are positive, the sign of pk+1 depends on the relative

magnitudes of the two terms in the numerators. If pk > 0 and bT (AT )−1xk > pk (which defines
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a region similar to region C in Figure 5.5), then pk+1 < 0. Furthermore, if −bT (AT )−1A−1c >

1, then

cT (AT )−1xk+1 = −cT (AT )−1A−1b︸ ︷︷ ︸
>1

pk+1︸︷︷︸
<0

< pk+1 (5.42)

Similarly, if pk < 0 and cT (AT )−1xk < pk (which defines a region similar to region D in

Figure 5.5), then pk+1 > 0, and if also −bT (AT )−1A−1c > 1 then

bT (AT )−1xk+1 = −bT (AT )−1A−1c︸ ︷︷ ︸
>1

pk+1︸︷︷︸
>0

> pk+1. (5.43)

The same sign switching behavior of pk is thus present in the general case if the iteration is

started in one of these regions. Analogous to the simple example, the iteration immediately

converges from any point outside of these regions. The direction of the inequalities in (5.42)

and (5.43) reverse when −bT (AT )−1A−1c < 1, leading to eventual convergence even from

within the two regions.

Again, the success or failure of the corrector step depends on the angle between the two

solution branch segments at the switching surface: Note that−A−1b

1

 ∈ ker([A b]) and

A−1c

−1

 ∈ ker([A c]), (5.44)

so that any positive scalar multiple of these vectors is a root of F̂ . The angle of interest is

therefore related to the inner product of these vectors, which is −bT (AT )−1A−1c − 1. The

angle is acute if −bT (AT )−1A−1c > 1 and obtuse if −bT (AT )−1A−1c < 1.

5.3 Mitigation Strategy

The previous section shows that non-convergence of the pseudo-arclength continuation method

upon crossing a switching surface is closely related to the local angle between the incom-

ing and outgoing branches. For acute angles, the corrector iterations may get stuck in a

condition of jumping between the two sides of the switching surface, thereby preventing the

continuation of the solution branch beyond the surface.
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To overcome this problem, it is suggested to change the notion of geometry through use

of a weighted inner product of the form

〈u, v〉W = uTWv, W = W T > 0. (5.45)

This approach allows to stretch space in such a way that the local angle between the incoming

and outgoing branches becomes large enough to prevent the undesirable behavior. The norm

induced by the weighted inner product is

‖u‖W =
√
uTWu. (5.46)

To account for the weighted inner product in the case of the classic Newton-Raphson

corrector (5.12), the step size constraint (5.13) must be expressed in terms of the weighted

norm instead of the 2-norm. Under the weighted inner product, the minimum-norm solution

based on the induced norm leads to the weighted pseudo-inverse

M †
W = W−1MT (MW−1MT )−1

= W−1/2(MW−1/2)†
(5.47)

which may be used in the pseudo-inverse corrector iteration rule (5.14) in lieu of the regular

pseudo-inverse.

The weight matrix W can either be chosen a priori based on knowledge about the partic-

ular problem to be solved with the pseudo-arclength method, or adapted automatically by

the continuation algorithm. Suppose it is defined as

W = I + (w − 1)uuT (5.48)

⇐⇒ W−1/2 = I + (1/
√
w − 1)uuT (5.49)

in order to stretch space by a factor of w > 0 in the direction u ∈ RN+1, where ‖u‖2 = 1 and

I is the identity matrix. Under the weighted inner product, the relevant angle (with respect

to the discussion in Section 5.2.3) is obtuse if

[
−bTA−T 1

] (
I + (w − 1)uuT

)A−1c

−1

 < 0 (5.50)
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holds. This inequality is guaranteed to be satisfied if u = [0 · · · 0 ± 1]T and w >

−bTA−TA−1c are chosen. In the original coordinates, defined by (5.37), this corresponds

to selecting u = ±ê, which coincides with the gradient of the function Fsw that defines the

switching surface.

Figure 5.8 shows several iterations of both corrector algorithms with the weighted inner

product for the simple example defined in (5.16). The matrix W was chosen based on (5.48)

with u chosen orthogonal to the x-axis (which marks the switching surface) and w ∈ {1, 3, 6},

where w = 1 corresponds to the unweighted case. The gray ellipses in the plots indicate points

at a distance of one step size under the weighted norm.

Figure 5.8: Several iterations of the Newton-Raphson corrector (top) and pseudo-inverse
corrector (bottom) under the weighted inner product for different values of w.
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A fixed weighting matrix is useful when the switching function is affine (or approximately

affine), so that chosing a constant stretching direction u is reasonable. The pseudo-arclength

algorithm may be modified as follows to enable continuation of piecewise differentiable func-

tions if this is not the case: After computing the predictor point z′ based on the last solution

zold, check if a sign change has occurred in the switching function, i.e., if Fsw(zold)Fsw(z′) < 0.

If so, choose W based on (5.48) with u = ∇Fsw(z′)T/ ‖∇Fsw(z′)‖2, w � 1, and execute the

corrector step with the weighted step size constraint or weighted pseudo-inverse defined in

(5.47). Otherwise, use the usual corrector iteration rule.

Since multiple functions may be monitored for sign changes, the method is also applicable

for problems with several switching surfaces, as long as no more than one of them is crossed

during a single continuation step. It is noted that simply scaling the variables may resolve

convergence issues for some problems, since this is equivalent to using a weighted inner

product with a diagonal matrix W .

5.4 Example

Figure 5.9 shows continuation results for computation of the kernel of

F (z1, z2) =
∣∣z2

1 + z2
2 − 1

∣∣− z1

2
− z2

3
− 1

2
, (5.51)

obtained with the strategy of using a weighting matrix based on the gradient of Fsw upon

crossing of the switching surface as described in the previous section. The switching surface

is defined by the equation Fsw(z1, z2) = z2
1 + z2

2 − 1 = 0 and plotted as a dashed line in

the figure. The black points indicate the sequence of solutions computed by the pseudo-

arclength method with pseudo-inverse corrector, where the point at the bottom right was

provided to start the continuation process. The algorithm successfully crossed the switching

surface twice despite the sharp corners in the solution branch at these points.
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Figure 5.9: Pseudo-arclength continuation results for the example defined in (5.51) with
adaptive weighting.
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Chapter 6

NUMERICAL VERIFICATION OF EQUILIBRIUM LOCATION
BOUNDS AND LOCAL STABILITY

This chapter presents a method to numerically verify bounds on the equilibrium location

of a nonlinear system subject to bounded parameter uncertainty and assure local stability.

In contrast to the material presented in the previous chapters, the method does not rely

on explicit computation of the equilibrium surface with continuation algorithms. Instead,

sufficient conditions which guarantee the existence of an equilibrium within a bounded subset

of state space for all parameter combinations and which prove that the location of this

equilibrium is a continuous function of the parameters are derived.

The conditions are verified numerically with reliable computing techniques that enable the

numerical evaluation of functions and their derivatives on sets, yielding conservative results.

The particular reliable computing method used in this chapter is called affine arithmetic.

A polytopic linear system that contains the linearized system dynamics at the operating

equilibrium is obtained as part of the computation, and its stability is established with

standard methods. Part of the research in this chapter has been published in [55] by the

author.

6.1 Sufficient Conditions for Existence of the Operating Equilibrium and Ab-
sence of Bifurcations

The goal of the numerical analysis method developed in this chapter is to verify that the

operating equilibrium of the parameter-dependent system

ẋ(t) = f(x(t), p) (6.1)
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depends continuously on the parameter p, does not experience bifurcation, and is locally

stable for all p in a bounded parameter set P ⊂ Rnp . This section develops sufficient

conditions on which the method is based.

6.1.1 Implicit functions on compact domains

The two versions of the Implicit Function Theorem presented in Sections 2.1 and 5.1 are local

results, and the existence of a globally defined implicit function cannot be implied when the

conditions hold everywhere. A well-known example demonstrating this fact is the function

F (x, p) =

ex1 cosx2 − p1

ex1 sinx2 − p2

 (6.2)

which satisfies det
(
∇xF

)
= e2x1 > 0, so that ∇xF is invertible everywhere and kerF is

locally always the graph of a function of p. However, no global function of this type exists,

as the projection of kerF on the right in Figure 6.1 illustrates.
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Figure 6.1: Two projections of the kernel of the function defined in (6.2).

Additional conditions must be imposed to guarantee the existence of an implicit function

defined on a domain of known size. The following theorem introduces such conditions. A
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set that is simply connected and has the property that there exists a Lipschitz continuous

path contained within the set between any two elements of the set is called simply Lipschitz

connected in the following. The difference to a simply connected set is that pathological

cases (such as the graph of the Weierstrass function) are excluded.

Theorem 6.1. Let U be a compact subset of Rn1 ×Rn2 and suppose its projection into

Rn2, i.e., W = π2(U) with π2(z1, z2) = z2, is simply Lipschitz connected. Furthermore, let

H : D ⊆ Rn1×Rn2 → Rn1 be locally Lipschitz on an open set containing U and define

S = {(z1, z2) | (z1, z2) ∈ ∂U , z2 /∈ ∂W}. Suppose that

1. there exists (z∗1 , z
∗
2) ∈ U such that H(z∗1 , z

∗
2) = 0,

2. the image of H from S does not contain the origin, i.e., 0 /∈ H(S), and

3. all matrices in the set

{
J1 ∈ Rn1×n1

∣∣ [J1 J2] ∈ ∇̂H(z1, z2) for some J2 ∈ Rn1×n2
}

(6.3)

are invertible for all (z1, z2) ∈ U

Then there exists a Lipschitz continuous function φ defined on W and taking values in Rn1

such that

H(φ(z2), z2) = 0 for all z2 ∈ W . (6.4)

Furthermore, there exists a neighborhood Û of the graph of φ such that φ is the only function

satisfying

{
(z1, z2) ∈ Û

∣∣ H(z1, z2) = 0
}

=
{

(z1, z2)
∣∣ z2 ∈ W , z1 = φ(z2)

}
. (6.5)

Proof. First, note that since ∇̂H is upper semi-continuous and the set obtained by evaluating

it at any point in its domain is compact (and thus closed), the graph of its restriction to the

closed set U (the set {(z1, z2, J) | J ∈ ∇̂H(z1, z2), (z1, z2) ∈ U}) is closed (see Proposition

1.4.8 in [56]). It follows, again considering that ∇̂H(z1, z2) is compact (and thus bounded),

that the projection of this graph into the codomain of ∇̂H (the set
⋃

(z1,z2)∈U ∇̂H(z1, z2)) is



95

𝑧2

𝑧1

𝑧1
∗, 𝑧2

∗

𝒮

𝒰

𝒲

ker𝐻

Figure 6.2: Visualization of the sets in Theorem 6.1.

compact. Therefore, with condition 3 of the theorem, there exists a positive number ρ̂ such

that

2ρ̂−1 ≤ min
[J1 J2]∈∇̂H(z1,z2) ¯

σ

([
J1 J2

0 I

])
(6.6)

for all (z1, z2) ∈ U . It follows that whenever Theorem 5.1 is applied at a point in U , ρ̂ is a

Lipschitz constant of the implicit function in a neighborhood of that point.

Next, consider the case with n2 = 1, W = [0, 1], and z∗2 = 0. The following argument

is adapted from the section on homotopy in [15]. From Theorem 5.1, it follows that there

exists a Lipschitz function ψ defined on an open neighborhood of 0 with ψ(0) = z∗1 such that

H(ψ(z2), z2) = 0 holds on that neighborhood. Therefore, there exists Z2 > 0 such that the

following holds:

a) ψ is defined on [0, Z2)

b) ψ(0) = z∗1

c) ψ is Lipschitz on [0, Z2) with Lipschitz constant ρ̂

d) H(ψ(z2), z2) = 0 holds for all z2 ∈ [0, Z2)

Let Ẑ2 be the supremum of all such numbers, i.e.,

Ẑ2 = sup {Z2 | there exists ψ satisfying the above conditions }
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The theorem claims that 1 ∈ [0, Ẑ2), so that Ẑ2 > 1, which is proven by contradiction.

Suppose that Ẑ2 ≤ 1. This implies that the graph of ψ is contained in U due to condition 2 of

the theorem. Because ψ is Lipschitz (and thus uniformly continuous), it can be continuously

extended to the closure of its domain (see Theorem 10.9.1 in [57]), i.e., the limit Ẑ1 =

limz2↑Ẑ2
ψ(z2) exists. Note that (Ẑ1, Ẑ2) ∈ U and that H(Ẑ1, Ẑ2) = 0 due to continuity of H.

Now Theorem 5.1 can be applied again at (Ẑ1, Ẑ2), thus extending ψ to a larger interval. The

extended function also has Lipschitz constant ρ̂ and therefore satisfies conditions a) through

d) above. This contradicts the definition of Ẑ2.

Last, consider the general case with n2 ≥ 1. Pick any point z̃2 ∈ W and let the path

µ : [0, 1]→W with µ(0) = z∗2 and µ(1) = z̃2 be Lipschitz continuous. The function g defined

by g(z1, q) = H(z1, µ(q)) satisfies the conditions of the theorem for the one-dimensional case

proven above, so that a function ψ : [0, 1]→ Rn1 with H(ψ(q), µ(q)) = 0 exists. Now apply

Theorem 5.1 to H at every point in the set {(ψ(q), µ(q)) | q ∈ [0, 1]} and letM be the union

of the resulting neighborhoods Ũ . For any sufficiently small perturbation of the path that

preserves Lipschitz continuity and the endpoints, the relation {(ψδ(q), µδ(q)) | q ∈ [0, 1]} ⊂

M holds, where µδ is the perturbed path and ψδ(q) the corresponding perturbed function

with H(ψδ(q), µδ(q)) = 0. This implies that ψδ(1) = ψ(1), which means that no continuous

transformation between any two Lipschitz paths from z∗2 to z̃2 can change the value of the

implicit function ψ at q = 1. Because W is simply Lipschitz connected, any Lipschitz path

from z∗2 to z̃2 can be continuously transformed into any other such path and the value of

ψ(1) is independent of the particular path taken. Define φ(z̃2) = ψ(1) and note that z̃2 can

be picked freely to see that a function φ with H(φ(z2), z2) = 0 exists. Clearly, this function

φ is locally Lipschitz by pointwise application of Theorem 5.1 to its graph, and Û is the

union of the local sets Ũ from the theorem. Since φ is defined on a compact domain, it is

also Lipschitz (though not necessarily with constant ρ̂). �

Notice in Figure 6.1 that the example function defined in (6.2) never satisfies condition 2

of the theorem with z1 = x and z2 = p when W includes the origin.
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6.1.2 Application to parameter-dependent systems

The theorem directly leads to the desired sufficient conditions for the system defined in (6.1).

Corollary 6.2. Let f : D ⊆ Rnx×Rnp → Rnx and U ⊂ D satisfy the conditions of The-

orem 6.1. Then there exists a Lipschitz continuous function x̄ such that (x̄(p), p) is an

equilibrium point of the dynamical system ẋ(t) = f(x(t), p) with (x̄(p), p) ∈ U for all parame-

ters p ∈ P = π2(U) ⊂ Rnp. Furthermore, no other equilibrium points exist in a neighborhood

of the graph of x̄.

Corollary 6.3. Suppose furthermore that f is continuously differentiable and the Jacobian

matrix ∇xf(x, p) is Hurwitz for all (x, p) ∈ U . Then (x̄(p), p) is a locally exponentially stable

equilibrium for all p ∈ P and does not experience bifurcation.

The next sections derive a way to check the assumptions of the theorem and its corollaries

with affine arithmetic.

6.2 Affine Arithmetic

Reliable computing methods were originally developed to endow the results of numerical

computations with known lower and upper bounds that quantify the otherwise unknown

error resulting from the finite precision of digital number representation [58]. The bounded

results are obtained through implementation of a data type that represents sets of numbers

and redefinition of all mathematical operations for this data type such that the results are

always conservative. In essence, reliable computing methods permit numerical evaluation

of functions on sets such that the resulting set includes the image of the function from the

input set: Given a set of inputs X, these methods compute a superset Y of the image of F

from X, Figure 6.3.

The most well-known reliable computing method is called interval analysis [59] and repre-

sents sets as hypercubes parametrized by lower and upper bounds on each variable. While in-

terval analysis has been successfully used in a number of system analysis applications [60–63],

it is known to be highly conservative unless the hypercubes are rather small.
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Figure 6.3: Conservative evaluation of functions with reliable computing methods.

Affine arithmetic reduces this conservatism, at the cost of a more complex representation

of the sets involved in the computations. The definitions and notation used here deviate

somewhat from the affine arithmetic literature [64–66], which is largely concerned with as-

pects of implementation. This is done to facilitate the development of the results presented

in the next section. The notation is loosely based on [66].

Affine arithmetic defines objects called affine quantities that represent sets of elements

from a vector space. For a vector space V over the real numbers, the set of affine quantities

on V is defined as

A
(
V
)

= { 〈γ̂, (γ1, γ2, . . . )〉 | γ̂, γi ∈ V, i = 1, . . . ,∞} (6.7)

where γ̂ is called the midpoint (or central value) and γi are the error terms (or partial

deviations). The number of non-zero error terms is assumed to be finite. The following

notation will be used from here on: if c ∈ A
(
V
)
, then ĉ is its midpoint and ci is its i-th error

term.

The subset of V represented by c ∈ A
(
V
)

is called the range of c, which is defined to be

range(c) = { z | z = ĉ+
∑

i
ciεi, |εi| ≤ 1 }, (6.8)

where the summation index is implied to go over the indices associated with all nonzero

error terms (or, equivalently, from one to infinity). The sets that can be represented with

affine quantities are thus centrally symmetric convex polytopes called zonotopes. They are

the image of the infinity-norm unit ball (of dimension equal to the number of nonzero error

terms) under the affine projections defined by the midpoint and nonzero error terms of the

affine quantities. An example is shown in Figure 6.4.
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0.2 ], 0, · · · )〉 ∈ A

(
R2
)
.

Two affine quantities c ∈ A
(
V
)

and d ∈ A
(
W
)

form the joint affine quantity

(c, d) = 〈(ĉ, d̂), ((c1, d1), (c2, d2), . . . )〉 ∈ A
(
V×W

)
(6.9)

with joint range

range(c, d) = { (y, z) | (y, z) = (ĉ, d̂) +
∑

i
(ci, di)εi, |εi| ≤ 1 }. (6.10)

Note that the joint range of two affine quantities is a subset of the Cartesian product of their

individual ranges,

range(c, d) ⊆ range(c)× range(d) ⊂ V×W. (6.11)

A point z∗ ∈ V is in the range of c ∈ A
(
V
)

if the problem

z∗ = ĉ+
∑

i
ciεi subject to |εi| ≤ 1 (6.12)

has a solution. This is a linear feasibility problem for which efficient numerical solution

methods exist.

A function H : A
(
V
)
→ A

(
W
)

is called an affine approximation of h : V → W if the

following inclusion property holds for all X ∈ A
(
V
)

whenever h is defined on range(X):

{ (x, y) | y = h(x), x ∈ range(X) } ⊆ range(X,H(X)) (6.13)

The number of non-zero error terms of H(X) will typically be larger than that of X, because

the image of h from a zonotope is in general not a zonotope (unless h is an affine operation)
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Figure 6.5: Two different affine approximations of the exponential function (top and bottom)
evaluated on affine quantities representing input sets of decreasing size (left to right).

and therefore cannot be represented precisely by an affine quantity. This is the source of

conservatism of the method. Figure 6.5 shows two affine approximations of the exponential

function evaluated on affine quantities representing various subsets of the interval [0, 4]. Note

that the graph of the exponential function is contained in the blue zonotopes that correspond

to range(X,H(X)) in (6.13).

If h is the composition of many primitive operations, such as addition, multiplication, and

basic nonlinear functions with well-known properties (sin, cos, exp, log, sqrt, ...), an affine

approximation of h is obtained by defining affine approximations for each of the primitives.

The composition then automatically1 satisfies (6.13).

Since evaluating an affine approximation always yields an affine quantity representing a

superset of the graph of the approximated function, an extension to allow for the set-valued

1Some care concerning the management of error term indices must be taken for this to be true.
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Figure 6.6: Affine approximation of linearly interpolated table data and its generalized
Jacobian.

generalized Jacobian from (5.1) may be defined as follows. A function H : A
(
V
)
→ A

(
W
)

is

an affine approximation of the set-valued function h mapping from V to the space of subsets

of W if the following inclusion property holds for all X ∈ A
(
V
)
:

{ (x, y) | y ∈ h(x), x ∈ range(X) } ⊆ range(X,H(X)) (6.14)

An affine approximation of a function defined by linearly interpolated data points and of its

generalized Jacobian is shown in Figure 6.6.

No discussion of the details of deriving affine approximations for all common primitive op-

erations is offered here. Suitable methods are the subject of most of the literature concerned

with affine arithmetic [64–66]. It is noted, however, that affine arithmetic codes are typically

implemented through operator overloading in object oriented programming languages. If

h is defined as a subroutine in the programming environment, an affine approximation of

h is evaluated by passing an object that represents the affine quantity to this subroutine.

The technique can be combined with forward-mode automatic differentiation [58,67], so that
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affine approximations of function derivatives can be evaluated without specifying an analytic

expression.

Similar to other reliable computing methods, affine arithmetic may be implemented such

that results have proof-like quality in the sense that all numerical errors incurred through-

out the computation are properly accounted for. This requires appropriate control of the

rounding mode used by the CPU on the workstation which executes the code.

6.3 Verifying the Sufficient Conditions with Affine Arithmetic

To numerically check the conditions of Theorem 6.1 with affine arithmetic, all sets that occur

in the theorem (or supersets thereof) must be represented by affine quantities. The following

two lemmas establish two results needed for this purpose.

Lemma 6.4. Suppose that the set of nonzero error terms of c ∈ A(V) is linearly independent

and spans V. Let I be the index set of all nonzero error terms of c (i.e., ci 6= 0 if i ∈ I and

ci = 0 if i /∈ I). Then the interior of range(c) is not empty, and the boundary and interior

of range(c) are

∂range(c) =
{
z | z = ĉ+

∑
i
ciεi, |εi| ≤ 1, |εk| = 1 for some k ∈ I

}
, (6.15)

range(c) \ ∂range(c) = { z | z = ĉ+
∑

i
ciεi, |εi| < 1 }. (6.16)

Proof. The interior of range(c) is not empty because the nonzero error terms span V. The

affine operation that maps the infinity-norm unit ball to range(c) defined in (6.8) is invertible

since the nonzero error terms of c also form a linearly independent set. Every point on the

boundary (in the interior) of the infinity-norm unit ball is thus mapped to the boundary (to

the interior) of range(c). �

The conditions of Lemma 6.4 ensure that range(c) is not embedded in a (translated)

lower-dimensional subspace of V (which would be the case if the nonzero error terms did

not span V) and that all boundary points of the infinity-norm unit ball are mapped to the
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boundary of range(c) (which would not be the case if the set of nonzero error terms was not

linearly independent).

Lemma 6.5. Let c ∈ A(V) and d ∈ A(W) be such that both d and the joint affine quantity

(c, d) satisfy the conditions of Lemma 6.4. Let Ic and Id be the index sets of all nonzero error

terms of c and d, respectively, and define I = Ic \ Id. Furthermore, define

S = {(y, z) | (y, z) ∈ ∂range(c, d) , z /∈ ∂range(d)} (6.17)

and c(k+), c(k−) ∈ A(V) with midpoints ĉ(k+) = ĉ + ck, ĉ
(k−) = ĉ − ck, and error terms

c
(k+)
i = c

(k−)
i = ci for i 6= k and c

(k+)
k = c

(k−)
k = 0. Then the following relation holds:

S ⊂
⋃
k∈I

(
range

(
c(k+), d

)
∪ range

(
c(k−), d

) )
. (6.18)

Proof. The set S contains all points on the boundary of range(c, d) whose second component

is in the interior of range(d). Considering Lemma 6.4, S can therefore be expressed as follows:

S =
{

(y, z) | (y, z) = (ĉ, d̂) +
∑

i
(ci, di)εi, |εi| ≤ 1,

|εk| = 1 for some k ∈ Ic ∪ Id, z = d̂+
∑

j
djγj, |γj| < 1

}
=
{

(y, z) | (y, z) = (ĉ, d̂) +
∑

i
(ci, di)εi, |εi| ≤ 1,

|εj| < 1 for all j ∈ Id, |εk| = 1 for some k ∈ I
}

⊂
{

(y, z) | (y, z) = (ĉ, d̂) +
∑

i
(ci, di)εi, |εi| ≤ 1, |εk| = 1 for some k ∈ I

}
=
⋃
k∈I

({
(y, z) | (y, z) = (ĉ+ ck, d̂) +

∑
i 6=k

(ci, di)εi, |εi| ≤ 1
}

∪
{

(y, z) | (y, z) = (ĉ− ck, d̂) +
∑

i 6=k
(ci, di)εi, |εi| ≤ 1

})
=
⋃
k∈I

(
range

(
c(k+), d

)
∪ range

(
c(k−), d

) )
�

Based on the two lemmas above, the conditions of Theorem 6.1 are now reformulated in

terms of affine quantities and affine function approximations.
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Figure 6.7: Visualization of the sets in Theorem 6.6.

Theorem 6.6. Let X ∈ A(Rnx) and P ∈ A(Rnp) be such that the nonzero error terms of

P form a basis for Rnp and the nonzero error terms of the joint affine quantity (X,P ) form

a basis for Rnx × Rnp. Let IX and IP be the index sets of all nonzero error terms of X and

P , respectively, and define I = IX \ IP . Furthermore, define X(k+), X(k−) ∈ A(Rnx) with

X̂(k+) = X̂+Xk, X̂(k−) = X̂−Xk, and X
(k+)
i = X

(k−)
i = Xi for i 6= k and X

(k+)
k = X

(k−)
k = 0.

Assume f is locally Lipschitz. Let Y (k+) and Y (k−) be the results of evaluating an affine

function approximation of f on (X(k+), P ) and (X(k−), P ), respectively, and let J be the result

of evaluating an affine function approximation of the generalized Jacobian ∇̂f on (X,P ).

Suppose that

1. there exists (x∗, p∗) in the interior of range(X,P ) such that f(x∗, p∗) = 0,

2. the origin is not a member of range
(
Y (k+)

)
or range

(
Y (k−)

)
for any k ∈ I, and

3. all matrices in the set

{
Jx ∈ Rnx×nx

∣∣ [Jx Jp] ∈ range(J) for some Jp ∈ Rnx×np
}

(6.19)

are invertible.

Then f and range(X,P ) satisfy the conditions of Theorem 6.1.
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Proof. Let P and U be the interiors of range(P ) and range(X,P ), respectively. Both sets are

compact and convex, since they are the image of the closed infinity-norm unit ball under an

affine transformation. This implies simple Lipschitz connectedness of P . Note from the defi-

nition of the joint range in (6.10) that range(P ) = πp(range(X,P )), so that P = πp(U) holds

(where πp(x, p) = p). Condition 1 asserts the existence of a point in U where f is zero. From

Lemma 6.5 and condition 2, it follows that 0 /∈ f({(x, p) | (x, p) ∈ ∂U , p /∈ ∂P}). By the

definition of affine approximations for set-valued functions in (6.14), range(J) is a superset

of
⋃

(x,p)∈range(X,P ) ∇̂f(x, p), so that condition 3 implies the last condition of Theorem 6.1.

�

Proposition 6.7. Suppose f is continuously differentiable and let A be the result of evalu-

ating an affine function approximation of the Jacobian ∇xf on (X,P ). Then the set defined

in (6.19) is equal to range(A).

Proof. When f is continuously differentiable, then ∇̂f(x, p) =
{[
∇xf(x, p) ∇pf(x, p)

]}
holds everywhere. �

Note that (6.19) defines a polytope of matrices. Standard methods based on linear matrix

inequalities [68, 69] may therefore be used to numerically establish that all matrices in this

polytope are Hurwitz, which is sufficient for condition 3 of Theorem 6.6. Condition 2 can be

checked by solving 2nx linear feasibility problems, for instance by using a standard solver for

linear programs. The first condition is most easily satisfied by construction of X and P based

on a known equilibrium point of the system (see below). If all conditions are verified with

these methods, then the conclusion of Corollary 6.2 and Corollary 6.3 (if f is continuously

differentiable) immediately follows.

6.3.1 Specifying the affine quantities

The question remains on how the affine quantities X and P in Theorem 6.6 should be

chosen. Suppose that independent lower and upper bounds are specified for all parameters

as
¯
p, p̄ ∈ Rnp , and that the nominal parameter vector is p∗ = 1

2
(
¯
p+ p̄). Choosing P ∈ A(Rnp)
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with P̂ = p∗ and Pi nonzero for nx < i ≤ nx + np and zero otherwise such that the nonzero

error terms form the columns of a diagonal matrix, i.e., [Pnx+1 · · · Pnx+np ] = diag
(

1
2
(p̄−

¯
p)
)
,

results in an affine quantity that satisfies the conditions of Lemma 6.4 and whose range

represents the hypercube of possible parameter combinations.

Similarly, X ∈ A(Rnx) should be defined such that X̂ = x∗ (the nominal equilibrium

location) and with Xi nonzero for 1 ≤ i ≤ nx + np and zero otherwise. If the first nx

error terms are linearly independent, then (X,P ) satisfies the conditions of Lemma 6.4.

A suitable choice is the following: Let the nonzero error terms form the columns of the

matrix [X1 · · · Xnx+np ] = [diag(∆x) ∇px̄(p∗)diag
(

1
2
(p̄−

¯
p)
)
], where ∆x ∈ Rnx and

∇px̄(p∗) = −(∇xf(x∗, p∗))−1 ∇pf(x∗, p∗).

With X and P specified this way, range(X,P ) can be understood as the Minkowski sum

of the hyperplane tangential to the graph of x̄ at (x∗, p∗), cropped at the parameter bounds,

and a nx-dimensional hypercube whose side lengths are specified by the components of ∆x.

To obtain the least conservative results, the components of ∆x should be chosen as small as

possible but large enough for condition 2 in Theorem 6.6 to hold.

6.4 Example

The well-understood glycolytic oscillator dynamics [70] are analyzed in this section to illus-

trate the method. The state equation is

ẋ =

−x1 + p1x2 + x2
1x2

p2 − p1x2 − x2
1x2

 (6.20)

For this system, an analytical solution of the (unique) equilibrium in terms of the parameters

is readily obtained and will be used for comparison:

x̄(p) =

 p2

p2(p1 + p2
2)−1

 (6.21)

Depending on the parameter values, the equilibrium is either locally stable or unstable. The

stability boundary is known to be defined by p2
2 = 1

2

(
1− 2p1 ±

√
1− 8p1

)
. It is plotted in

Figure 6.8.



107

0 0.05 0.1 0.15 0.2 0.25 0.3

p
1

0

0.2

0.4

0.6

0.8

p
2

unstable

stable
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The analysis method derived in this chapter is applied to the system in order to show that

the nominal equilibrium which exists for p1 = p2 = 0.175 at x1 = 0.175, x2 = 0.851 depends

continuously on the parameters, does not bifurcate, and is stable for all p1 ∈ [0.1, 0.25],

p2 ∈ [0.1, 0.25]. For this, the affine quantities P and X are defined as discussed in the

previous section:

P = 〈
[
0.175

0.175

]
,

([
0

0

]
,

[
0

0

]
,

[
0.075

0

]
,

[
0

0.075

]
,

[
0

0

]
, . . .

)
〉 (6.22)

X = 〈
[
0.175

0.851

]
,

([
0.02

0

]
,

[
0

0.6

]
,

[
0

−0.31

]
,

[
0.075

0.256

]
,

[
0

0

]
, . . .

)
〉 (6.23)

Figure 6.9 shows two projections of range(X,P ) and the graph of the analytical expression

for the equilibrium location given in (6.21).

All affine function approximations are evaluated with an affine arithmetic and auto-

matic differentiation code implemented by the author. Condition 2 of the theorem is shown

to be satisfied by demonstrating that (6.12) does not have a solution (with z∗ = 0) for

c ∈ {Y (k+), Y (k−)} and k ∈ I using a linear programming solver. Indeed, the components

of ∆x that define X were chosen by starting with rather loose bounds and reducing the

values until further reduction prevented verification of this condition. All matrices in the

set defined by (6.19) (obtained by evaluating an affine approximation of ∇xf on (X,P ) to

obtain A ∈ A
(
R2×2

)
, see Proposition 6.7) are shown to be Hurwitz with Matlab’s Robust
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Figure 6.9: Two projections of the graph of x̄(p) (black wireframe mesh) and range(X,P )
(surrounding blue box).

Control Toolbox. The conditions of Theorem 6.6 are therefore satisfied and the conclusion

of Corollary 6.3 follows.

To validate the results, the eigenvalues of elements in range(A) are compared to eigen-

values of an analytic expression for the linearized dynamics at the equilibrium. Figure 6.10

plots the eigenvalues of 5064 matrices in range(A) obtained by applying the affine projection

defined in (6.8) to the 64 vertices and to 5000 uniform samples of the infinity-norm unit ball

(blue) and eigenvalues of the Jacobian matrix evaluated at 100 grid points of the analytic

solution (black). The conservatism of the method is clearly visible.

If a different parameter region is chosen such that it overlaps with the unstable region

in Figure 6.8 or is very close to it, the LMI-based stability test cannot establish that all

matrices in range(A) are Hurwitz. In this case, the analysis results are inconclusive since

they neither prove nor disprove stability and existence of the operating equilibrium.

It is emphasized that the analytical solution of the equilibrium location given in (6.21) is

not required to apply the method. An example for which an analytical solution is available

was chosen so that the bounding set range(X,P ) and the actual equilibrium location can be

plotted in the same figure for comparison, see Figure 6.9. If the nominal equilibrium (x∗, p∗)
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is obtained with numerical methods (so that ‖f(x∗, p∗)‖ ≤ µ for some small solution tolerance

µ > 0), Theorem 6.6 guarantees the existence of a function x̃(p) such that f ‖(x̃(p), p)‖ ≤ µ.

To see this, apply the theorem to the function g(x, p) = f(x, p)− f(x∗, p∗). The derivatives

of f at (x∗, p∗) that are used to define X can be approximated with finite differences, since

accuracy is not required.



110

Chapter 7

CONCLUSION

The research in this dissertation has introduced several new tools for the analysis of

parameter-dependent nonlinear systems. First, the methods of bifurcation analysis have been

extended to include equality constraints on states and parameters, so that multi-parameter

systems can be analyzed by enforcing the parameter combinations that satisfy the con-

straints. Continuation problems were also derived for the computation of features that exist

for these parameter combinations, but violate the constraints. The approach was then ex-

tended to bifurcation analysis of the zero dynamics, which comprise the remaining degrees

of freedom in the dynamics when a system output is constrained to zero by manipulation

of the input. Next, a framework for the computation of equilibrium point subsets satisfying

constraints on the eigenvalues and eigenvectors of the linearized dynamics was derived. It

enables the systematic study of local dynamical properties over the operating envelope, since

the dynamics of nonlinear systems operated around an equilibrium point are locally char-

acterized by properties of the linearized system. Continuation with the pseudo-arclength

algorithm requires continuous differentiability of the problem equations. This assumption is

frequently violated by models of aerospace systems. For piecewise differentiable problems,

the convergence issues that occur have been thoroughly analyzed, and a modification to

the algorithm was suggested to mitigate the problem. Last, a novel method to numerically

verify the existence of an operating equilibrium and establish the absence of bifurcations

for systems with parameter uncertainty was introduced. Instead of explicitly resolving the

equilibrium location with continuation algorithms, it is based on the verification of sufficient

conditions with reliable computing techniques.
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Appendix A

DIRECT COLLOCATION WITH PIECEWISE POLYNOMIALS

As discussed in Section 2.3, direct collocation is a method that transcribes a set of

differential equations or differential-algebraic equations into a system of nonlinear algebraic

equations with finitely many unknowns, the solution of which yields an approximate solution

of the original problem.

This section derives the collocation equations for the differential-algebraic problem

ẋ(t) = f(x(t), u(t), p) (A.1a)

0 = h(x(t), p) (A.1b)

x(T ) = x(0) (A.1c)

with piecewise polynomials. These equations may be used in (3.17) for computation of limit

cycles in the zero dynamics as discussed in Section 3.3.2.

Parametrization of Periodic Piecewise Polynomials

Let {τ0, · · · , τN} define a partition of the interval [0, 1] with 0 = τ0 < τ1 < · · · < τN = 1 and

let x̃j(·), where j ∈ {1, · · · , N}, be polynomials of degree m taking values in Rnx defined on

the interval [τj−1, τj] by

x̃j(τ) =
m∑
k=0

xj,kLj,k(τ). (A.2)

In the above, xj,k ∈ Rnx are support points which parametrize x̃j through the Lagrange

polynomials

Lj,k(τ) =
m∏

s=0,s 6=k

τ − τj,s
τj,k − τj,s

, (A.3)
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Figure A.1: Piecewise polynomial with support points xj,k and collocation points ξj,l for
N = m = 3.

where {τj,0, · · · τj,m} defines a sub-partition of [τj−1, τj] such that τj−1 = τj,0 < · · · < τj,m = τj.

Note that x̃j(τj,k) = xj,k holds and that the derivative of x̃j with respect to τ is

˙̃xj(τ) =
m∑
k=0

xj,kL̇j,k(τ) (A.4)

where

L̇j,k(τ) =
m∑

s=0,s 6=k

Lj,k(τ)

τ − τj,s
. (A.5)

The periodic piecewise polynomial x̃ : R→ Rnx is now defined as

x̃(τ) = x̃j(τ − n) if τj−1 ≤ τ − n < τj for some integer n (A.6)

and continuity is enforced by requiring that

xj,m = xj+1,0 for j ∈ {1, · · · , N − 1} and xN,m = x1,0. (A.7)
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The piecewise polynomial is thus parametrized by Nm support points in Rnx . Similarly, let

ũ : R → Rnu be a periodic piecewise polynomial parametrized by the Nm support points

uj,k ∈ Rnu .

Collocation at the Gauss Points

Next, define the m collocation points {ξj,1, · · · , ξj,m} on each interval [τj−1, τj] as

ξj,l = τj−1 +
1

2
(γl + 1)(τj − τj−1) (A.8)

where {γ1, · · · , γm} are the Gauss points on the normalized quadrature interval [−1, 1]. With

some ambiguity, both the normalized times ξj,l and the polynomial pieces evaluated at these

instants, x̃j(ξj,l) and ũj(ξj,l), are referred to as collocation points.

The collocation equations are obtained by enforcing the differential-algebraic equations

at the collocation points,

˙̃xj(ξj,l) = Tf (x̃j (ξj,l) , ũj (ξj,l) , p) (A.9a)

0 = h (x̃j (ξj,l) , p) (A.9b)

This leads to F j,l
(coll,pp)(T, xj,0, · · · , xj,m, uj,0, · · · , uj,m, p) = 0 for all j ∈ {1, · · · , N} and l ∈

{1, · · · ,m}, where

F j,l
(coll,pp)(·) =

Tf(∑m
k=0 xj,kΛj,k,l,

∑m
k=0 uj,kΛj,k,l, p

)
−
∑m

k=0 xj,kΛ̇j,k,l

h
(∑m

k=0 xj,kΛj,k,l, p
)

 (A.10)

and

Λj,k,l = Lj,k(ξj,l) and Λ̇j,k,l = L̇j,k(ξj,l) (A.11)

are constants when the partition and sub-partitions are fixed.

The partial derivatives with respect to the support point xj,k are

∇xj,kF
j,l
(coll,pp)(·) =

T Aj,lΛj,k,l − IΛ̇j,k,l T Bj,lΛj,k,l

Cj,lΛj,k,l 0

 (A.12)
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where I is the identity matrix of size (nx × nx),

Aj,l = ∇xf
(∑m

k=0
xj,kΛj,k,l,

∑m

k=0
uj,kΛj,k,l, p

)
(A.13a)

Bj,l = ∇uf
(∑m

k=0
xj,kΛj,k,l,

∑m

k=0
uj,kΛj,k,l, p

)
(A.13b)

Cj,l = ∇xh
(∑m

k=0
xj,kΛj,k,l,

∑m

k=0
uj,kΛj,k,l, p

)
(A.13c)

and

∇xj,kF
j2,l
(coll,pp)(·) = 0 for all j 6= j2 (A.14)

unless xj,k happens to be one of the endpoints that “overlaps” with the neighboring polyno-

mial piece as defined in (A.7).

Zero-Dynamics Monodromy Matrix

In Section 3.3.2, the zero-dynamics monodromy matrix is defined as Mz = ZT Φ̂(1), where Φ̂

satisfies

˙̂
Φ(τ) = TA(τ)Φ̂(τ) + TB(τ)Γ̂(τ) (A.15a)

0 = C(τ)Φ̂(τ) (A.15b)

Φ̂(0) = Z (A.15c)

in the normalized time τ = t/T and A, B, C are obtained by evaluating ∇xf , ∇uf , ∇xh,

respectively, along the limit cycle trajectory.

This linear time-varying ODE is again solved with collocation. Using the same partition

and sub-partitions as for the state and control trajectories, the matrix-valued functions Φ̂

and Γ̂ are approximated with (non-periodic) piecewise polynomials

Φ̃(τ) = Φ̃j(τ) and Γ̃(τ) = Γ̃j(τ) if τj−1 ≤ τ < τj (A.16)

parametrized by the support points Φ̂j,k and Γ̂j,k through the definition of the polynomials

Φ̃j(τ) =
m∑
k=0

Φ̂j,kLj,k(τ) and Γ̃j(τ) =
m∑
k=0

Γ̂j,kLj,k(τ) (A.17)
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Continuity is again enforced by requiring

Φ̂j,m = Φ̂j+1,0 and Γ̂j,m = Γ̂j+1,0 for j ∈ {1, · · · , N − 1} (A.18)

Using the collocation points defined in (A.8), the collocation equations become

m∑
k=0

T Aj,lΛj,k,l − IΛ̇j,k,l T Bj,lΛj,k,l

Cj,lΛj,k,l 0

Φ̂j,k

Γ̂j,k

 = 0 (A.19)

for l ∈ {1, · · · ,m} and j ∈ {1, · · · , N}. The initial conditions in (A.15c) may be used

to eliminate Φ̂1,0 or simply appended to the equations defined by (A.19). Note that the

equations are linear in the unknowns Φ̂j,k and Γ̂j,k, and that the matrices multiplying these

unknowns are the same as in (A.12). Because the problem does not provide a boundary

condition for Γ̂, the number of unknowns (the components of Φ̂j,k and Γ̂j,k) is greater than

the number of linear equations in (A.19). A simple solution to obtain a square system of

equations is to further constrain the approximating function family for Γ̂ by requiring that

the highest derivative of the last polynomial piece Γ̃N be zero at the final time τ = 1.

The zero-dynamics monodromy matrix Mz ≈ ZT Φ̂N,m is thus approximated by solving a

sparse linear system of equations based on the Jacobian matrix of the collocation equations

associated with the problem defined in (A.1).


