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According to Nyquist Sampling theorem, a band-limited signal can be reconstructed accu-

rately if the sampling rate exceeds twice the maximum frequency of the signal. In many

scenarios, this Nyquist sampling rate cannot be achieved due to hardware limitations. Com-

pressive sensing (CS) is a technique to reconstruct a signal from sub-Nyquist samples, given

that the signal is sparse in a known domain [13][24]. The CS technique has been applied

to different areas in the field of communications and networking. Of fundamental impor-

tance to current research is the need to adapt CS according to different requirements and

constraints in each area.

In Chapter.2 and Chapter. 3, the application of compressive sensing to spectrum sens-

ing in cognitive radio is discussed. Fast and reliable detection of available channels (i.e.

temporarily unoccupied by primary users) is a fundamental challenge in cognitive radio

design. The (mean) time to detection of an idle channel is governed by the (increasing)

front-end bandwidths to be searched for a given (channel) bandwidth resolution. Wideband

RF front-ends followed by suitable channelization and digital signal processing algorithms

are consistent with speedier detection, but they also imply the need for very high speed

analog-to-digital converters (ADCs) that are currently impractical. On the other hand, tra-

ditional heterodyne receiver architectures that consist of analog bandpass filtering require

much lower rate ADCs, but at the expense of significant scanning operation steps, that

constitute a roadblock towards lowering of the scan duration.





In Chapter.2, for detection of one idle channel, we propose a multi-resolution spectrum

sensing scheme based on the principle of under-sampling (bandpass sampling) that provides

a suitable middle ground between the above choices, i.e. our approach requires modest

ADC sampling rate yet achieves fast scanning. A performance model for this architecture is

developed based on an analysis for the mean time to detect an idle channel. The detection

threshold and the sub-sampling factor are optimized jointly to minimize the mean detection

time.

In Chapter.3, we propose a new compressive spectrum sensing architecture based on

bandpass sampling) to detect all the idle channels in the given spectrum. Compared to

other compressive spectrum sensing architectures, the proposed method does not require

a high-speed Nyquist rate analog component. Numerical results show that the proposed

schemes in these two chapters provide significantly faster idle channel detection than the

conventional serial search scheme with a heterodyne architecture.

In Chapter.4, the application of compressive sensing to clutter subspace estimation in

cognitive radar is discussed. Space-Time Adaptive Processing (STAP) based on matched

filter processing in the presence of additive clutter (modeled as colored noise) requires

knowledge of the clutter covariance matrix. In practice, this is estimated via the sample

covariance matrix using samples from the neighboring range bins around the reference bin.

By applying compressive sensing, the number of training samples needed to estimate the

covariance matrix can be significantly reduced, provided that the basis mismatch problem,

inherent to compressive sensing can be mitigated. This chapter presents an adaptive ap-

proach to choosing the best sparsifying basis, using dictionary learning to estimate the radar

clutter subspace. Numerical results show that the proposed algorithm achieves the desired

reduction in training samples, and is more accurate than previous reduced-rank algorithm

baseline.
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Chapter 1

INTRODUCTION

1.1 Compressive Sensing

According to Nyquist Sampling theorem, a band-limited signal can be reconstructed accu-

rately if the sampling rate exceeds twice the maximum frequency of the signal. In many

scenarios, this Nyquist sampling rate cannot be achieved due to hardware limitations. Com-

pressive sensing (CS) is a technique to reconstruct a signal from sub-Nyquist samples, given

that the signal is sparse in a known domain [13][24]. The CS technique has been applied to

various areas and fields, including image processing, smart grid, and sensor networks.

Sparsity is the inherent property of many different kinds of signals. For example, in

network tomography, where the task is to find congested links using limited number of end-

hosts in a network, the number of congested links is small compared to the total number of

links [5]. Therefore, denote a congested link as ’1’ and a normal link as ’0’, the status for

all the links is a sparse vector, with only a few non-zero elements in it. Another example

would be the well-known results that most images are sparse in the DCT domain, with only

a few dominant coefficients. In this thesis, the underlying sparsity of the radio spectrum

(especially 0.1 − 10 GHz band) and the clutter ridge in radar signal processing is exploit,

and compressive sensing is applied in both applications to improve performance.

1.2 Brief Review of Compressive Sensing Theory

Compressive sensing (CS) is a well-known technique to reconstruct a sparse N -dimensional

signal vector x from an M -dimensional representation y = ΦΨx ( M ≪ N) [24], where

the N × N matrix Ψ is the sparsifying basis. In the spectrum sensing scenario, Ψ is the

Inverse Fourier Transform matrix, and x represents the amplitude spectra in the frequency

domain. In the scenario of STAP algorithm, Φ is a matrix whose columns include the basis

steering vectors of the clutter subspace, and Ψ is the identity matrix. The rows of the



2

matrix Φ can be seen as the M basis vectors onto which the higher N -dimensional signal

is projected to obtain the lower M -dimensional representation y. There exists a mature

literature regarding appropriate choices of the observation matrix Φ, whose elements are

typically i.i.d Gaussian or Bernoulli variables [24]. An appropriate choice of Φ must satisfy

the Restricted Isometry Property (RIP), formally defined as follows [12],

Definition 1 Restricted Isometry Property A matrix Φ satisfies RIP with parameter

(k, δk) if

(1− δk)∥x∥22 ≤ ∥Φx∥22 ≤ (1 + δk)∥x∥22 (1.1)

for all k-sparse vectors x, where k-sparsity means there are at most k non-zero elements in

the vector x.

Given Φ satisfies RIP with (2k, δ2k) and 0 < δ2k <
√
2 − 1, the k-sparse vector x is

reconstructed using

minimize ∥x∥1

subject to y = ΦΨx (1.2)

1.3 Cognitive Radio

Continued proliferation of wireless services has led to renewed scrutiny of spectrum utiliza-

tion. In particular, several licensed bands, e.g., land mobile and amateur radio, have been

shown to be under-utilized with occupancy rates between 15% to 85% by several recent

measurements of spectrum utilization from Federal Communications Commission (FCC)

and National Telecommunications and Information Administration (NTIA)[49]. Cognitive

radios - enabled by emerging software defined transceiver architectures - is an approach

for enhanced spectrum utilization, by allowing unlicensed users to opportunistically access

licensed bands, when the latter are unused. The unlicensed or secondary users must sense

the spectrum to detect idle channels (free of incumbents or primary users) and are allowed

to utilize the idle channels, provided they do not interfere with the licensed users, i.e., vacate

the channel when a primary user transmission is detected.
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Therefore, one of the primary requirements for cognitive radio is fast and effective de-

tection of idle channels to exploit the available secondary network capacity [49]. Due to the

large bandwidth (for example, up to 10 GHz) that needs to be sensed, speedy idle channel

detection is a challenging task. Assume that the entire (one-sided) spectrum of bandwidth

W = N Wc is channelized into an N -set of contiguous frequency domain channels of band-

width Wc each. The choice of receiver architecture is a major factor that influences the

mean detection time of all the idle channels among these N channels. The heterodyne ar-

chitecture is the most popular legacy architecture due to its high selectivity and sensitivity

[1]. Heterodyne receivers use analog bandpass filters for selecting a Wc-width channel as

shown in Fig.1.1. The output is then down-converted to baseband and fed into an analog-

to-digital converter (ADC) [67]. The ADC samples at fs = Wc (to produce the complex

baseband signal), at a rate which is much smaller than the total signal bandwidth N Wc.

The receiver decides the status of the selected channel using one of several standard detec-

tion algorithms described in [70]. After the status of the selected channel is determined,

the receiver switches to the next channel in sequence. A conventional serial search scheme

(implying a sweep or step-through of the LO frequency) is used to determine the occupancy

status of the N channels. Depending on the bandwidth needs required by the applications,

secondary users may seek to detect one idle channel or all available idle channels. For

detection of one idle channel, the receiver stops searching as soon as it detects the first

idle channel, whereas in the latter, the receiver will search the status of all channels in the

spectrum of interest. In Chapter 2, we focus on the first scenario; while in Chapter 3, we

focus on the second, consistent with the desire to maximize secondary throughput.

For the heterodyne receiver architecture, the time to detect idle channels has two com-

ponents - a) the integration time Ti required by the detection algorithm once a channel

has been selected for investigation; and b) the duration for switching to a new channel Tsw

during scanning, that is largely determined by the design/operation of the LO [47]. De-

note Ni as the number of samples required for meeting desired detection accuracy in each

channel for a given detection algorithm, then Ti ≈ Ni/Wc. The mean detection time for

the heterodyne receiver to determine status for all channels is thus Td,serial = N(Ti+Tsw).

For example, for Wc = 200 kHz, N = 1024, Ni = 1000, and Tsw ≈ 50µs as in [63], then
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Ti = 5 ms, and Td,serial ≈ 5.17 sec.

On the other hand, in homodyne receiver architectures such as that in Fig.1.1, the

wideband RF received signal is sampled directly by an ADC, followed by subsequent digital

signal processing for channelization and determination of channel status. For digital signal

processing, the power spectrum is obtained by squared magnitude of the N -point FFT for

the wideband signal. Each bin in the power spectrum represents the estimated power in the

corresponding channel, and is compared with a power threshold to determine the status of

the channel [11].

An estimate of the (mean) time to determine status of all N channels is obtained by

noting that the total number of samples needed is N · Ni, when Ni samples are required

for each channel. Since the sampling rate of the ADC for the complex baseband signal is

N ·Wc, the acquisition time is (N ·Ni)/(N ·Wc) = Ni/Wc. Note that signals in all the N

channels are acquired in parallel and hence the analog circuit switching time Tsw is avoided,

yielding an acquisition time that is independent of N . Denote Tdsp as the latency due to

the subsequent signal processing operations such as the FFT in generating the spectrogram.

Hence the time to determine status of all channels for such a homodyne architecture is

Td,sdr = Ni/Wc + Tdsp. For the spectrum sensing task above, the detection time for all the

idle channels with the software defined radio architecture (i.e., the homodyne architecture) is

approximately 31 ms, with Tdsp = Ni ·26µs, where 26µs is the typical processing time for a

1024-point FFT [22]. Thus, software defined radio (SDR) based transceivers can potentially

achieve faster detection by two orders of magnitude, at the expense of an ultra-fast (multi-

GHz) ADC for Nyquist sampling of the wideband signal, that considerably increases the

power consumption and IC complexity [4].

1.3.1 Application of Compressive Sensing in Cognitive Radio

A snapshot of the power spectrum based on measurements taken in Aachen, Germany, is

shown in Fig.1.2 [84]. With a threshold of−111 dBm as discussed in Chapter 2, it is observed

that spectrum occupancy (availability) in licensed bands shows significant variability as a

function of frequency. For instance, at a given location, for some part of the spectrum, most
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channels may be occupied while in another spectral segment, most channels may be idle

[31]. The spectrum occupancy/idle status can be represented by a vector with binary entries,

where each 0(1) represents the status of a channel (free or busy). Compressive sensing (CS)

is a well-known technique for recovery of sparse signals such as the above binary vector,

where sparsity implies that the l0 norm (number of non-zero entries) is small. Denote the

average probability of a channel being idle as p̄, then a sparse spectrum indicates p̄ ≈ 1.

When the power spectrum of the incoming signal for the receiver is therefore a sparse

vector, with elements representing the power in each of the N channels, compressive sensing

can be applied to reduce the ADC sampling rate for the homodyne architecture. In Chapter

3, we unveil a new, compressive architecture based on sub-Nyquist 1 sampling ADCs. Our

proposal thus treads a middle ground by combining the strengths of the two architectures,

in terms of achieving fast detection, while requiring a lower rate ADC.

1.4 Space Time Adaptive Processing

Space-Time Adaptive Processing (STAP) is a widely used radar signal processing technique

to detect a multi-channel signal of interest (target) in temporally and spatially correlated

clutter [50]. Due to motion of the aerial platform, the target cannot be efficiently detected

from the clutter background by using spatial or temporal information alone, leading to

the necessity of space-time joint processing. A matched filter to suppress clutter using it’s

statistics is fundamental to effective STAP. To construct the matched filter, an estimate

of the clutter covariance matrix is needed, that usually requires numerous homogenous

samples from neighboring range cells. This is generally infeasible, consequently there is a

rich literature on reducing the number of samples by exploiting prior information [85][33].

Many of these techniques involves exploiting the low-rank nature of the covariance matrix,

such as [32] and [42].

1The sampling is sub-Nyquist relative to the rate required to sample the (bandpass) spectra treated as a
low pass signal.
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1.5 Application of Compressive Sensing in Cognitive Radar

Compressive sensing (CS) is a well-known technique that has rapidly risen to prominence in

the signal processing communities for it’s ability to provide innovative solutions to problems

of signal estimation, where the signal of interest is inherently sparse in some basis. For a

vector signal in STAP, this is equivalent to exploiting the low-rank nature of the clutter

subspace in the angular and (temporal) Doppler frequency domains that has the potential

to significantly reduce the required number of samples (i.e., neighboring range bins) required

for estimation of the clutter covariance matrix [72], [56] . However, in [72], the angle and

frequency axis are discretized on a uniform grid, via the use of steering vectors corresponding

to the lattice points as the sparsifying basis. As clutter patches may not be precisely located

at the grid points, the resulting basis mismatch can lead to inaccurate clutter subspace

estimation [17], in turn leading to significant degradation in STAP performance.

In Chapter 4, we propose the use of dictionary learning algorithm to estimate the clutter

subspace, where the angle and frequency axis are discretized non-uniformly and adaptively

to mitigate the basis mismatch and obtain more accurate estimates of the clutter covariance

matrix.

1.6 Dissertation Organization

We first brieftly review the theory and algorithms of CS, which are used in the following

chapters. In Chapter 2, the application of compressive sensing to spectrum sensing in

cognitive radio to detect one idle channel is discussed; while in Chapter 3, CS is applied to

detect all the idle channels using bandpass sampling. In Chapter 4, the application of CS in

cognitive radar is discussed, and dictionary learning and CS are combined to improve the

detection performance of STAP. Finally, in Chapter 5, we conclude this dissertation.
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Figure 1.1: Block diagram of the heterodyne and homodyne receiver architectures
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Figure 1.2: A snapshot of the power spectrum from 20MHz to 1.64GHz, taken in Aachen,
Germany
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Chapter 2

MULTI-RESOLUTION IDLE CHANNEL DETECTION WITH
BANDPASS SAMPLING

2.1 Introduction

In this chapter, we seek to find an idle channel in the radio spectrum. As soon as an

idle channel is found, the receiver stops searching. Assume that the entire spectrum is

channelized into an N -set of contiguous (frequency domain) channels, each with bandwidth

Wc; each of them is idle at some given instant with a probability of p = L
N .

The mean detection time to find an idle channel is influenced by the choice of receiver

architecture. The heterodyne architecture is the most popular architecture due to its high

selectivity and sensitivity [1].

Recall that in Chapter 1, we showed that, using the heterodyne receiver architecture,

the time to detect an idle channel has two components - a) the integration time required

by the detection algorithm once a channel has been selected for interrogation Ti and b) the

duration for switching to a new channel Tsw [47]. The mean detection time for one-stage

serial search is given by [48]

Td,serial =
N

L+ 1
(Ti + Tsw) (2.1)

To reduce the mean detection time, a two-stage sensing scheme was proposed in [47].

The total spectrum is partitioned into several blocks of equal size. Each block contains α

channels. In the first stage, the receiver searches the entire block for idle channel(s). Based

on the outcome of the first stage, a successful block (i.e. one that indicates the presence

of idle channels) is searched to locate an individual idle channel by a serial search within

the block. As can be expected, traditional approaches - including one-stage and two stage

schemes - suffer from increased (mean) time to detection as p decreases.

As discussed in Chapter 1, current transceiver architectures must address the funda-
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mental dichotomy of the trade-off between sensing speed and ADC sampling rate. In this

chapter, we unveil a new, multi-resolution approach based on sub-Nyquist 1sampling rate

ADC that treads a middle ground, in terms of achieving fast detection, while requiring a

lower rate ADC.

2.1.1 Sub-Nyquist Sampling Architecture based on Compressive Sampling Theory

It is observed that the spectrum occupancy (availability) in licensed bands shows significant

variability as a function of geographic location and frequency. For instance, at a given loca-

tion, some part of the spectrum most channels may be occupied while in another spectral

segment, most channels may be idle. The spectrum occupancy/idle status can be repre-

sented by a vector with binary entries, where each 0(1) represents the status of a channel

(free/busy); the prior discussion suggests that in many scenarios, such a vector may be

‘sparse’, i.e. a significant proportion of 0’s or 1’s.

Compressive sampling (CS) is a well-known technique for recovery of such sparse signalX

(N -dimensional vector) from a succinct approximate representation ΦΨX (M -dimensional

vector, where M ≪ N) [24]. It should be noted that a majority of the existing CS literature

have focussed on the signal reconstruction problem. Various receiver architectures with

sub-Nyquist sampling for this problem have been proposed. In [39], [45], [54], and [77],

a demodulator multiplies the received (analog) signal with a random Bernoulli chipping

sequence; the resulting product is integrated over a symbol duration and sampled at a

sub-Nyquist rate. In [28], a non-uniform sampler is used to generate sub-Nyquist samples

for reconstruction. Although the sampler in the ADC operates at sub-Nyquist rate, the

architecture requires fast (Nyquist rate) analog chipping sequence generators and multiplier.

Applications of CS to the problem of spectral detection/estimation have been limited,

beginning with [75]. In [20] and [66], the spectrum is reconstructed with high accuracy

using l1 minimization algorithm, which results in accurate detection in the following step.

In [64], the auto-correlation of the sub-Nyquist samples was used for spectrum estimation,

that reduced the required SNR. It should be noted that although traditional CS algorithms,

1The sampling is sub-Nyquist relative to the rate required to sample the (bandpass) spectra treated as a
low pass signal.
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such as l1 minimization, work only for the scenario where p ∼ 0 (most of the channels are

idle), greedy pursuit algorithm with maximum likelihood detection can detect idle channels

when p ∼ 0 and p ∼ 1. The work closest to ours in spirit is [60], that uses an undersampled

A/D converter on the incoming FM signal and reconstructs using a quadrature mirror filter.

Nevertheless, these approaches based on CS can provide accurate results only if most

of the channels in the spectrum are in the same status (idle/occupied). If the number of

occupied channels is close to the number of idle channels, the CS-based compressive ADCs

provides inaccurate estimates [13], which leads to low Pd and high Pfa. Also, sub-Nyquist

sampling worsens the SNR of the signal in reconstruction, due to aliasing of noise.

2.1.2 Contributions

Our work is a synthesis of the notion of Compressive Sensing within a bandpass sampling

architecture. The receive chain with bandpass sampling is shown in Fig.1.1 where the

signal r(t) is sampled at a sub-Nyquist rate fs = 1
Ts

= NWc
γ to obtain y[n] = r(nTs),

where Ts is the sampling period, and γ > 1 is the sub-sampling factor. y[n] is then passed

through a quantizer and fed into the digital signal processing block. This architecture in

RF receivers [81] achieves frequency down-conversion by undersampling r(t) (viewed as a

wideband lowpass signal) [34], where the sampling rate is determined by the bandwidth

of the desired bandpass signal (i.e. conforms to the bandpass Nyquist sampling theorem)

instead of the carrier frequency [3][86] (corresponding to the lowpass Nyquist sampling

theorem). Owing to the reduction of the sampling rate, bandpass sampling simplifies the

design of the local oscillator, leading to better performance than a RF mixer for down-

conversion [67].

In Sec.4.2, a spectrum sensing scheme with bandpass sampling is proposed. Here, the

entire spectrum (in principle) can be sensed simultaneously, obviating the need for circuit

switching. However, bandpass sampling technique worsens the effective SNR for detection,

due to noise aliasing [67]. Therefore, our work espouses a multi-resolution sensing approach

[47] that consists of a preliminary coarse resolution sensing (CRS) with bandpass sam-

pling followed by fine resolution sensing (FRS) with serial search, an architecture initially
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developed in [47].

We use the mean time to detect a free channel as the figure of merit for a sensing

algorithm subject to performance guarantees - notably that the probability of detection

and false alarm be in a reasonable range: Pd > 0.9, Pfa < 0.1 [10]. A high false alarm rate

will cause interference to primary users, while a high detection rate is necessary for a high

spectral utilization rate. Thus, we seek to minimize the mean detection time, subject to

the constraints on Pd and Pfa. Two design parameters - the sub-sampling factor and the

threshold in energy detection are optimized jointly. In Sec.4.4, numerical results for the

optimized mean detection time are developed for the proposed multi-resolution scheme. A

notable feature is that our multi-resolution scheme achieves consistent performance for all

p ∈ (0, 1], whereas the traditional one-stage sensing scheme have poor performance for small

p, and the compressed sensing based schemes have poor performance for p ∼ 0.5. Impact

of channel occupancy rate and SNR on the optimal design parameters is also explored.

Finally, performance comparison of the one-stage serial search, conventional two-stage, and

the proposed scheme based on a real world spectrum dataset obtained in Aachen, Germany

is also presented, for further validation.

2.2 System Description

2.2.1 System Model

Assume the central frequency of the ith channel is fi = iWc−Wc
2 , where Wc is the bandwidth

for each channel. A binary variable, Oi is used to denote the status of the ith channel,

where Oi = 0(1) means the channel is busy (idle). We will invoke an i.i.d Bernoulli model

for channel status, i.e.,

Pr(Oi = 1) = p, i = 1, ..., N (2.2)

where the signal power in the ith channel is also a Bernoulli variable, i.e.,

Ps,i = Ps(1−Oi) (2.3)
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2.2.2 Bandpass Sampling

Denote the received signal as r(t) whose bandwidth W = N Wc. The discrete-time Fourier

transform Y (f) of the signal y[n] sampled at the rate fs is related to R(f), the Fourier

transform of r(t), by the well-known result

Y (f) =
1

Ts

∞∑
k=−∞

R(f − kfs) (2.4)

An example is illustrated in Fig.2.1 where the complex baseband signal r(t), comprising

of 12 channels each of bandwidth Wc, is sampled at a (sub-Nyquist) rate of fs = 5Wc.

As shown in Fig.2.1, aliasing occurs in the spectra of the sampled signal due to the sub-

Nyquist sampling rate; the sixth channel folds back onto the first channel, since f6 − fs =

11
2 Wc − 5Wc =

1
2Wc = f1. Clearly, when a signal is sub-sampled with rate fs, all frequency

components {fi± kfs}, k = 0, 1, . . . present in the signal alias back onto the same frequency

fi ∈ [0, fs], where [0, fs] is the first Nyquist zone. Letting fs = N
γ Wc, where

N
γ is an

integer, the relationship between Yi, i = 1, ..., Nγ , (the Fourier coefficients of y[n] on the

interval [0, fs]) and Ri, i = 1, ..., N , (the Fourier coefficients of r[n] sampled at Nyquist rate

NWc on the interval [0, NWc]) is

Y =


Y1
...

YN
γ

 =
1

γ
Φ


R1

...

RN

 =
1

γ
ΦR (2.5)

where the N
γ × N matrix

Φ =



(
N
γ
−1

)
0′s︷ ︸︸ ︷

1 0 0 ... 0 1 0 0 ... 0 1 0 0 ...

0 1 0 ... 0 0 1 0 ... 0 0 1 0 ...

0 0 1 ... 0 0 0 1 ... 0 0 0 1 ...

...

0 0 0 ... 1 0 0 0 ... 1 0 0 0 ...


(2.6)
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For example, let N = 10, and γ = 2. Then

Y1 =

4∑
i=0

r(i/fs) =

4∑
i=0

r(iγ/NWc)

=

4∑
i=0

r(2i/NWc) (2.7)

Since

R1 =
9∑

i=0

r(i/NWc) (2.8)

and

R5 =

9∑
i=0

r(i/NWc)e
j2π
10

5i

=
4∑

i=0

r(2i/NWc)−
4∑

i=0

r((2i+ 1)/NWc) (2.9)

it follows that Y1 =
1
2(R1 +R5).

Each element in Y is thus determined by ⌊γ⌋ or ⌊γ⌋ + 1 elements in R, corresponding

to a subset (block) of channels [47]. As shown in Fig.2.1, by comparing each element in Y

to a threshold δ, each block can be classified as either an Idle Block (IB) or a Occupied

Block (OB) without any idle channels, respectively. A binary variable X is used to denote

the status of a block, where X = 0(1) means the block is occupied or idle. In the following,

we assume γ is an integer that divides N .

2.2.3 Multi-resolution Sensing

Secondary users search for idle channels using the multi-resolution (two-stage) sensing ap-

proach developed in [47], with minor modifications, as depicted in Fig.2.2. Our scheme

differs from the original [47] primarily in Stage I (i.e. coarse sensing stage): we sense all the

blocks and locate all the IBs simultaneously with bandpass sampling, whereas the original

[47] performs coarse resolution sensing sequentially and thus locates (at most) one IB (the

first to be detected) and stops. The effect of this difference on the overall sensing time is

discussed in Sec.4.3. In Stage II, the detected IB is subjected to a fine-grained serial search

to identify an idle channel. If all channels in this IB turn out to be occupied, the receiver
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resorts to the next IB in sequence and repeats. When all the IBs in the entire spectrum

have been searched and yet no idle channel is found, the receiver goes back to Stage I again

to obtain new time samples and repeats the process.

In stage I, the energy in the entire block is compared to a threshold δ to estimate status,

i.e. X = 1 if Pblock < δ, corresponding to one of the two hypotheses H1 (X = 1) or H0

(X = 0). From Eq.( 3.2),

Pr(H0) = (1− p)γ (2.10)

Pr(H1) = 1− (1− p)γ (2.11)

Let H1.k denote the event where there are exactly k idle channels in a block. Then,

Pr(H1,k) =

 γ

k

 pk(1− p)γ−k, k = 1, 2, .., γ (2.12)

Since the presence/absence of signals in different channels are independent, the Ri are

independent variables. For symmetric signal constellations,

E(Ri) = 0 (2.13)

From (3.4), the expectation of the signal power in a block is

P block,signal = E(|
γ∑

i=1

Ri|2) = E(

γ∑
i=1

Ri)(

γ∑
i=1

R∗
i )

= E(

γ∑
i=1

|Ri|2 +
∑
i̸=j

RiR
∗
j ) =

γ∑
i=1

E(|Ri|2) +
∑
i̸=j

E(Ri)E(Rj)

=

γ∑
i=1

E(|Ri|2) =
γ∑

i=1

Ps,i , (2.14)

where Ps,i is the signal power in the ith channel.

To improve detection, MT samples of the measured Fourier amplitude of the correspond-

ing block Y block are used to determine the energy in a block [11], i.e. the energy in a block
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P block =
∑

MT
|Y block|2. P block follows a non-central chi-square distribution with a degrees

of freedom 2MT [2]. The probability of detection for an idle channel in the first stage is

thus

Pd(δ, γ) = Pr(P block < δ|H1) =
Pr(P block < δ,H1)

Pr(H1)

=

∑γ
k=1 Pr(H1,k, P block < δ)

Pr(H1)

=
1

Pr(H1)

γ∑
k=1

Pr(P block < δ|H1,k)Pr(H1,k)

=
1

1− (1− p)γ

γ∑
k=1

[1−QMT
2

(

√
MT (γ − k)Ps

γσ2
n

,

√
δ

γσ2
n

)]

 γ

k

 pk(1− p)γ−k (2.15)

where Qx1(x2, x3) is the Marcum Q function [2]. The probability of false alarm in the

first stage is

Pfa(δ, γ) = Pr(P block < δ|H0)

= 1−QMT
2

(

√
MTPs

σ2
n

,

√
δ

γσ2
n

) (2.16)

Denote the average circuit switching time between channel sensing as Tsw (approximately

30µs based on current circuit designs [18]), and the average integration time for sensing a

channel as Ti (about 1µs for medium SNR environment (SNR∼ 10 dB) and MT ≈ 30 [47]).

Consider the following idealized assumption for the second stage: probability of detection

= 1, and the probability of false alarm = 0. The average number of switching and integration

steps required when X = 1 is



17

SIB = E(number of switching|X = 1)

= 1× Pr(the first channel idle|X = 1)

+2× Pr(the first channel busy, the second channel idle|X = 1) + ...

+γ × Pr(the first γ − 1 channels busy, the last channel idle|X = 1)

= 1× p

1− (1− p)γ
+ 2× (1− p)p

1− (1− p)γ
+ ...+ γ × (1− p)γ−1p

1− (1− p)γ

=
1

p
− γ

(1− p)γ

1− (1− p)γ
(2.17)

Hence the mean duration till finding an idle channel when X = 1 with serial search

scheme is

T IB = (
1

p
− γ

(1− p)γ

1− (1− p)γ
)(Ti + Tsw) (2.18)

Let Tc,i be the net integration plus switching time spent on the ith block in the spectrum

in the second stage. The average time for the second stage is then

T stageII = E(

N
γ∑

i=1

Tc,i) =

N
γ∑

i=1

E(Tc,i)

= (Pr(H1)PdT IB + Pr(H0)Pfa(Ti + Tsw)γ)

+((1− Pr(H1)Pd)(Pr(H1)PdT IB + Pr(H0)Pfa(Ti + Tsw)γ) + ...

+((1− Pr(H1)Pd)
N
γ
−1

(Pr(H1)PdT IB + Pr(H0)Pfa(Ti + Tsw)γ))

=
1

Pr(H1)Pd
(Pr(H1)Pd(

1

p
− γ

(1− p)γ

1− (1− p)γ
)

+Pr(H0)Pfaγ)(Ti + Tsw)(1− (1− Pr(H1)Pd)
N
γ ) (2.19)

The average number of Stage-1 detection cycles is given by

S =
1

1− (1− Pr(H1)Pd)
N
γ

(2.20)

Hence the mean detection time T d - now explicitly recognized as a function of δ and γ

- is
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T d(δ, γ) = S(T stageI + T stageII) (2.21)

where the average time spent in Stage-1 [11] is proportional to the bandwidth to be

sensed. Therefore,

T stageI =
N

γ
Ti (2.22)

For each value of the channel occupancy rate p, the optimal δ and γ are found by

argmin T d(δ, γ)

subject to

Pd(δ, γ) ≥ 0.9 Pfa(δ, γ) ≤ 0.1 (2.23)

2.3 Minimizing Mean Detection Time

2.3.1 Optimal Threshold and Sub-sampling Factor

The algorithm to obtain optimal threshold and sub-sampling factor jointly is shown in

Table.2.1. Because the sub-sampling factor γ belongs to the integer set 1 ≤ γ ≤ N ≤ 1000

in many practical applications, it is feasible to use exhaustive search with respect to γ in

(2.23). In each iteration, an optimal threshold δ is calculated for a given γ, and the jointly

optimal δ and γ obtained as a result.

The golden section algorithm [8] is applied to find δ̂ = argmin
δ

T d(δ, γ) in Table.2.1. From

(2.15) and (2.16), both Pd and Pfa increase monotonically with respect to δ. Therefore, for

a fixed γ = γfix, Eq. 2.23 becomes

argmin T d(δ, γfix)

subject to

δmin ≤ δ ≤ δmax (2.24)

where Pd(δmin, γfix) = 0.9, and Pfa(δmax, γfix) = 0.1. δmin and δmax are obtained via an

iterative binary search algorithm shown in Table. 2.2. First, an initial interval of [δlow, δhigh]
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Initialization

T (γ) = 0, γ = 1, ..., N

Iterations

for γ = 1 : N

δ̂ = argmin
δ

T d(δ, γ)

T (γ) = Td(δ̂, γ)

Output min(T)

Table 2.1: Pseudo code for brute force search

is chosen. Then, if the difference between Pd((δlow + δhigh)/2, γfix) and 0.9 is smaller than

ϵ (ϵ ≪ 0.9), set δmin = (δlow + δhigh)/2. Otherwise, if the above condition is not satisfied,

set δhigh = (δlow + δhigh)/2 ( δlow = (δlow + δhigh)/2) if Pd((δlow + δhigh)/2, γfix) > 0.9

(Pd((δlow + δhigh)/2, γfix) < 0.9). The above follows because Pd(δ, γfix) increases mono-

tonically with respect to δ and the algorithm iterates to update δhigh and δlow. A similar

recursion estimates δmax.

Because T d(δ, γfix) is a continuous smooth function over δ ∈ [δmin, δmax], ∃δ̂ ∈ [δmin, δmax],

s.t.T d(δ̂, γfix) ≤ Td(δ, γfix), ∀δ ∈ [δmin, δmax]. To solve for δ̂ requires finding the minimum

of a single-variable function on a fixed interval, which can be readily achieved via the golden

section search and parabolic interpolation algorithm in Matlab [8].

2.3.2 Lower bound for Mean Detection Time

For a given γ, a lower bound for mean detection time of the multi-resolution sensing scheme

with bandpass sampling can be found when Pd = 1 and Pfa = 0 (i.e. perfect detection in

the first stage). Assume there exists at least one idle channel in the spectrum. From (2.21),

T d ≥ N

γ
Ti + (

1

p
− γ

(1− p)γ

1− (1− p)γ
)(Ti + Tsw) (2.25)

Similarly, a lower bound of mean detection time for the original two-stage scheme in [47]

with bandwidth factor α is
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Initialization

δlow = 0

δhigh = 1000

δ = 0

Iterations

do

δ = (δlow + δhigh)/2

if Pd(δ, γfix) > 0.9

δhigh = δ

else if Pd(δ, γfix) < 0.9

δlow = δ

while ∥Pd(δ, γfix)− 0.9∥ > ϵ

Output δmin = δ

Table 2.2: The binary search algorithm

T d,original ≥ (
1

1− (1− p)α
+ (

1

p
− α

(1− p)α

1− (1− p)α
))(Ti + Tsw) (2.26)

Therefore, if α = γ (the same block size for both schemes), under the condition of perfect

detection in both stages,

T d,perfect ≤ T d,original,perfect ⇔
N

γ
Ti ≤

1

1− (1− p)γ
(Ti + Tsw) (2.27)

Because in current circuits designs, Ti ≪ Tsw [48], the inequality in (2.27) is usually valid.

Hence the mean detection time for the multi-resolution scheme is proven to be smaller than

the original two-stage scheme, attributable mostly to the savings achieved in the coarse

resolution sensing stage wherein all the blocks are sensed in parallel, avoiding significant

circuit switching time.
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2.4 Numerical Results

In this section, we first compare the performance of the proposed multi-resolution scheme

with one-stage serial search, random search, and the original two-stage scheme in [47]. Then

the impact of SNR and occupancy rate p on the mean detection time and the optimal δ and

γ is discussed, with Tsw = 30µs, Ti = 1µs, MT = 50, and N = 100. For the cases where γ

does not divide N , N
γ is substituted by ⌈Nγ ⌉.

2.4.1 Mean Detection Time

Fig.2.3 illustrates the mean detection time for one-stage random search, the original two-

stage scheme, and the proposed multi-resolution scheme with bandpass sampling at SNR =

10dB. Note that the mean detection time is similar for random search and serial search [48].

The optimal γ is 3 when p ≤ 0.45, and 4 when p > 0.45. The results show that the multi-

resolution scheme consistently outperforms the original two-stage scheme for p ∈ (0, 0.5).

For low p, the improvement in mean detection time is about 80% compared with one-stage

search, and about 50% compared with the two-stage scheme. As shown in the figure, when

p ≤ 0.4, the mean detection time of the proposed multi-resolution scheme with bandpass

sampling is smaller than one-stage schemes. As p increases, the mean detection time for

one-stage schemes becomes comparable to the two-stage schemes, as the key advantage of

reduced switching times for the latter is lost.

Also, the mean detection time for the proposed scheme only decreases slowly as p in-

creases. Because γopt = 3 when p ≤ 0.45, there are about 3 channels in each block. The

time required for the first stage is independent of p according to (2.22). And Ti + Tsw ≤

T IB ≤ 3(Ti + Tsw). So the mean detection time is insensitive in the range p < 0.5.

The impact of SNR on the mean detection time is illustrated in Fig.2.4. p = 0.1. As the

SNR decreases towards 5 dB, the mean detection time begins to increase rapidly. Based on

this, the multi-resolution sensing scheme with energy detector is seen to sustain noise up to

5 dB. The constraints Pd ≥ 0.9 and Pfa ≤ 0.1 cannot be satisfied when SNR≤ 5 dB, due to

the noise aggregation in the block.
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2.4.2 Optimal Points for Different SNR and Occupancy

The relationship between the optimal γ and p is discussed in this section. SNR= 10dB.

As p increases, γopt increases. This is because as p increases, T stageII ≈ Ti + Tsw, and

S ≈ 1, the mean detection time T d is proportional to N
γ . Intuitively, as there are more idle

channels in the spectrum when p is large, the overall detection time is dominated by the

first (coarse resolution) stage instead of the second stage. Hence minimizing the detection

time is equivalent to optimizing detection time of the first stage, i.e., minimize N
γ subject

to the constraints, according to (2.22). The optimal sub-sampling factor γ = 3 when p is

low. Therefore, the mean detection time is minimized when the bandpass sampling module

samples at 3x sub-Nyquist rate. For different SNR range in Fig.2.4, γopt remains the same.

On the other hand, the SNR has more impact on δopt than γopt.

Fig. 2.5 illustrates the optimal δ with respect to p. As p increases, δopt decreases

monotonically. Since more channels are idle, the average power in a block is lower. To

satisfy the constraints of Pd and Pfa, the threshold δ in energy detection is thus also lower.

The sudden drop when p increases from 0.4 to 0.5 corresponds to the increased γ as discussed

above. As shown in Fig. 2.6, the optimal δ increases linearly when SNR increases for a

fixed σn, because the average power in a block also increases linearly with SNR.

2.4.3 Receiver Operating Characteristics

To have a better sense of the advantage of joint optimization instead of single parameter

optimization, we change the value of the sub-sampling factor γ and take various value of the

energy detection threshold δ to explore the minimized mean detection time. Performance of

two different approach in the scenario where SNR= 10dB and p = 0.2 is shown in Fig.2.7.

The lower bound of mean detection time in (2.27) with γ = 3 is also depicted. The line

with ’x’ gives the mean detection time for γopt = 3, which is close to the theoretical lower

bound. The circle line shows the performance for γ = 4. It can be observed the optimal

δ is different for the two γs, and the optimized mean detection time for the joint optimal

point γopt is lower than for γ = 4.

The overall receiver operating characteristics for the multi-resolution sensing scheme
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with bandpass sampling is shown in Fig.2.8 for γ = 3 and γ = 4 with SNR= 10dB and

p = 0.3. The results indicate that the scheme with γopt = 3 has better performance than

γ = 4. With the same Pfa, γopt = 3 yields higher Pd than γ = 4 due to smaller γ resulting

in higher block SNR.

Since the sampling rate is related to the power consumption of the cognitive radio unit,

there is a trade-off between the power consumption and the performance of the multi-

resolution scheme (i.e. the mean detection time and the Pd − Pfa performance). For

higher γ, the receiver ADC samples at a lower rate, and the power consumption is lower.

Nevertheless, as shown in Fig.2.7 and Fig.2.8, the mean detection time is also higher for a

higher γ, and the Pd − Pfa performance is worse.

2.4.4 Validation with Real World Spectrum Data

We conducted a performance evaluation of our multi-resolution scheme using the (publicly

available) measurements of the power spectrum taken in a modern office building in Aachen,

Germany, during 5.5 days in 2007 [84]. The spectral band observed is 20MHz-1.64GHz

(center frequency 770MHz). The RF signal was amplified, down converted to the base

band, and processed by a Agilent E4440A spectrum analyzer. The analyzer produces a

8192-point FFT on the signal, where each FFT bin represents a 200 kHz channel. The

magnitude squared FFT value represents the instantaneous spectrogram (power spectrum)

over a channel. A full scan of the 8192 channels takes about 1.8 second. We use the data

measured in 6 time slots (12:37am - 12:40am, 2:37am - 2:40am, 4:37am - 4:40am, 6:37am

- 6:40am, 8:37am - 8:40am, 10:37am - 10:40am) during the first 5 days to compare the

performance of the three schemes.

The following assumptions are used in data calibration:

i. The channel status is constant for a 30 second period;

ii. The channel status is the same for the same time of the day over the 5 day observation

period;

iii. Adjacent channel status is coherent (fully correlated), i.e. if both of the adjacent

channels to a reference channel are occupied by a primary user, it is assumed this channel
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is also occupied.

Since the true status of licensed users in this band is not available, the “ground truth”

for the primary users is estimated by the following steps:

Step 1: Pick a 27-second period (15 snapshots Sn1, Sn2, ..., Sn15), and conduct energy

detection with threshold −111 dBm on each snapshot to get 15 estimates of status on the

jth day Ô1,j , Ô2,j , ..., Ô15,j ,

Ôi,j(k) = {
1 if Pi,j(k) ≤ −111

−1 if Pi,j(k) > −111
k = 1, ..., 8192 (2.28)

where Pi,j(k) is the measured power in the kth channel of Sni on the jth day.

Step 2: Use ”boosting” [35] to estimate the status of the 8th snapshot Sn8. Let the

estimation of Sn8 on the jth day be Ôd(j) = sign(
∑15

i=1wiÔi,j), where wi = 8− |i− 8|, i.e.

the nearest time slots are given more weights than the time slots far from Sn8.

Step 3: Exploit the correlation of the status in the same time slots of different days Ôd =

sign(
∑5

j=1 Ôd(j)).

Step 4: If sign(Ôd(k−1)) = sign(Ôd(k+1)) = −1, i.e. both the two adjacent channels of a

chosen channel are detected as occupied in Ôd, Ôgt(k) = −1. This gives the final estimated

”real” status Ôgt.

The three schemes - one-stage serial search, two-stage, and multi-resolution with band-

pass sampling - are applied to the Aachen dataset in these six time windows. The detection

result is compared with Ôgt to obtain Pd and Pfa and averaged over the six windows. En-

ergy detection is used with threshold individually optimized to minimize detection time for

all the three schemes. Because p ≈ 0.5, α = 4 and γ = 4 are used in the two-stage, and the

multi-resolution scheme, respectively. The average Pd, Pfa, and the corresponding mean

detection time to find an idle channel for the three schemes are shown in Table. 2.3. The

multi-resolution scheme results in significantly lower detection time (note that the first 2500

channels are all occupied in the data). Pd and Pfa are approx. the same for serial search

and the multi-resolution schemes (because for all the blocks X = 1 and hence Pd ≈ 1 and

Pfa ≈ 0 in Stage I for the proposed scheme), enabling a fair comparison.
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Pd Pfa Td (ms)

One-stage serial search 0.91 0.08 59.5

Two-stage with α = 4 0.89 0.11 14.7

Multi-resolution with γ = 4 0.91 0.08 2.2

Table 2.3: Comparison of the three schemes using real world data

2.5 Conclusion

A multi-resolution sensing scheme with bandpass sampling is proposed to detect idle chan-

nels in cognitive radio. Bandpass sampling technique enables sub-Nyquist ADC and simpli-

fies the receiver circuits design. To minimize the mean detection time under the constraints

of Pd and Pfa, the sub-Nyquist sampling factor and the threshold in energy detection are

optimized jointly. Numerical results show that the proposed algorithm achieves lower mean

detection time compared to one stage algorithms when channel occupancy rate is low. And

it is a promising alternative when Nyquist rate ADC is not feasible.
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Figure 2.1: Sub-Nyquist rate sampling: a signal with 12 channels sampled at 5Wc
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Figure 2.2: Flow chart of the multi-resolution sensing scheme
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Chapter 3

COMPRESSIVE SPECTRUM SENSING WITH BANDPASS
SAMPLING

3.1 Introduction

In this chapter, we seek to detect all the idle channels in the spectrum, given most of

the channels are free. We unveil a new, compressive architecture based on sub-Nyquist 1

sampling ADCs. Our proposal thus treads a middle ground by combining the strengths

of the two architectures, in terms of achieving fast detection, while requiring a lower rate

ADC.

Of late, applications of CS to spectrum estimation in cognitive radio has appeared in

[75], [53], [51], and [27]. Most of the previous works focus on algorithm development for

reconstruction, such as [75] and [51], while in this paper, we emphasize the architectural

aspects of compressive detectors and its impact on performance. Therefore, for baseline,

we compared our architecture performance with the preferred architectures in prior art.

Various receiver architectures for spectrum sensing with sub-Nyquist sampling have been

proposed based on compressive sensing theory. These architectures can be divided into two

classes: non-uniform sampler and random pre-integrator [13]. Both receiver architectures

consist of sub-Nyquist sampling ADCs to obtain an observation matrix Φ that satisfies RIP.

Nevertheless, these sub-Nyquist sampling approaches based on CS can provide accurate re-

sults only if most of the channels in the spectrum are idle, i.e., p̄ ≈ 1, where p̄ denotes the

average probability of a channel being idle. If the number of occupied channels is close to the

number of idle channels, i.e., p̄ ≈ 0.5, current CS-based reconstruction approaches fail to

provide accurate channel status [13]. In addition, compressive detection incurs high compu-

tational complexity to solve (1.2), leading to extended signal processing time. Furthermore,

1The sampling is sub-Nyquist relative to the rate required to sample the (bandpass) spectra treated as a
low pass signal.
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although the sampler in the ADC operates at a sub-Nyquist rate, the detector actually re-

quires Nyquist rate analog components as discussed in Sec. 3.1.1 [54]. For the non-uniform

sampler, a Nyquist rate clock is required for the shifters; for the random pre-integrator, a

Nyquist rate random generator is required.

3.1.1 Non-uniform Sampling and Random Pre-integration: Compressive Detection Ap-

proaches

Figure 3.1: Architecture of a non-uniform sampler

The architecture of a non-uniform sampler is shown in Fig.3.1 [44][52] where the wide-

band input signal is sampled at a sub-Nyquist rate fs = 1
Ts

= NWc
γ by M branches, each

with a different time shift misalignment ϕi, i = 1, ...,M , where γ > 1 is the sub-sampling

factor. In terms of analog implementation, the non-uniform sampler operates at a sub-

Nyquist rate, but requires a Nyquist rate clock to synchronize the shifters on each branch.

On the other hand, an example of a random pre-integrator architecture is shown in Fig.

3.2 [54]. In a random pre-integrator [39][77], a demodulator multiplies the received (analog)
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Figure 3.2: Architecture of a random pre-integrator

signal with a random chipping sequence; the resulting product is integrated over a symbol

duration and sampled at a sub-Nyquist rate on each of the M branches. The chipping

sequence generator is required to work at greater or equal to the Nyquist rate to produce a

Φ with i.i.d. Bernoulli or Gaussian entries.

Denote the signal processing time for (1.2) as Tl1, then the mean detection time for the

non-uniform sampler is

Td,CS = (N ·Ni)/(N ·Wc) +NiTl1 = Ni/Wc +NiTl1 (3.1)

where Tl1 is determined by the computational complexity of the signal processing algo-
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rithms. Using the non-uniform sampling architecture, the complexity for solving (1.2) is

O(M2N1.5) [89]. In [46], as M ∼ O((N− p̄N)log(1/(1− p̄))), Tl1 ∼ O(((1− p̄)N)3). When

Ni spectrum snapshots are reconstructed and averaged to generate the power spectrum, the

digital signal processing time is O(((1 − p̄)N)3Ni) for both the random pre-integrator and

non-uniform sampling architectures. Note that (1.2) requires the sensing matrix ΦΨ to be

stored on-chip, yielding a memory requirement of O(MN). However, the storage required

for the non-uniform sampler is O(M). Since ΦΨ is a subset of the IDFT matrix, only the

indices for the M chosen rows need to be stored, and ΦΨ can be reconstructed using only

the indices.

3.1.2 Contributions

Our work is a synthesis of the notion of Compressive Sensing within a bandpass sampling

architecture. The traditional bandpass sampling receiver chain is shown in Fig.3.3, where

the complex baseband signal r(t) is sampled at a sub-Nyquist rate fs =
1
Ts

= NWc
γ to obtain

y[n] = r(nTs), where γ > 1 is the sub-sampling factor [81]. Note that for compactness,

only the analytic signal that occupies the positive frequency spectrum, is shown. This archi-

tecture achieves frequency down-conversion by undersampling r(t) (viewed as a wideband

lowpass signal), where the sampling rate is determined by the bandwidth of the desired

bandpass signal (i.e., conforming to the bandpass Nyquist sampling theorem) instead of

the carrier frequency [3]. Owing to the reduction of the sampling rate, bandpass sampling

simplifies the design of the local oscillator (LO), leading to better performance than a mixer

for down-conversion [67].

In Sec.4.2, a spectrum sensing scheme with a bandpass sampling architecture is proposed.

Here, the entire spectrum (in principle) can be sensed simultaneously, reducing the need for

LO scanning. The proposed architecture switches between different (sub-Nyquist) sampling

rates to obtain an observation matrix that satisfies RIP; no Nyquist-rate analog component

is needed. Instead of reconstructing each snapshot of the amplitude spectra, the power

spectrum is reconstructed directly by l1 minimization, mitigating the delay of intense signal

processing.



38

In Sec.3.3, the performance of the proposed architecture is analyzed. The mean detection

time, the computational complexity, and the required memory for storing the observation

matrix are compared with the non-uniform sampler and the random pre-integrator. In

addition, the detection rate and the false alarm rate for the proposed scheme is analyzed.

A low detection rate will cause interference to primary users, while a low false alarm rate is

necessary for a high spectral utilization rate. Numerical results for the mean detection time

are presented as a function of the number of channels to be sensed. Impact of Signal-to-

Noise Ratio (SNR) and p̄ is explored. Finally, in Sec.3.4, the proposed scheme is validated

using real-world spectrum measurements obtained in Aachen, Germany.

3.2 System Description

3.2.1 System Model

Assume that the band of interest consists of N equi-spaced channels; the central frequency

of the ith channel is fi = iWc− Wc
2 , where Wc is the bandwidth for each channel. A binary

variable, Oi is used to denote the status of the ith channel, where Oi = 0(1) means the

channel is busy (idle). We invoke an independent Bernoulli model for channel status, that

is supported by real-world data as described in [31], i.e.,

Pr(Oi = 1) = pi, i = 1, ..., N (3.2)

Thus, the average signal power P̄s,i in the ith channel is described as a Bernoulli variable,

with Pr(P̄s,i = 0) = pi and Pr(P̄s,i = P̄r,i) = 1 − pi, where pi is the probability of the ith

channel being idle. P̄r,i is the signal power in the ith channel at the receiver when the

channel is occupied by the primary user. The average idle channel probability over the

entire band is given by p̄ = 1
N

∑N
i=1 pi.

3.2.2 Compressive sensing architecture

Following the discussions in Chapter 2, each element in Y is the average of the amplitude

spectra over a block of γ channels in R. Let R = S+V, where S = [S1, . . . , SN ]T is the

signal component and V = [V1, . . . , VN ]T is the noise component, E(|Si|2) = P̄s,i, and
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E(|Vi|2) = P̄v,i, where P̄s,i (P̄v,i) is the average signal (noise) power in the ith channel,

respectively. Then (2.5) can be written as

Y =
1

γ
Φ(S+V) (3.3)

The sequences Si, Vi are assumed to consist of independent variables (corresponding to

different channels) that are mutually independent. It is natural that E(Vi) = 0 and for

symmetric signal constellations,

E(Si) = 0 (3.4)

as well. Then Ri and Rj are independent, ∀ i ̸= j, and E(Ri) = E(Si) + E(Vi) = 0,

E(|Ri|2) = P̄s,i + P̄v,i. Typically the time samples r[n] are complex Gaussian variables,

whose Fourier coefficients Ri ∼ CN(0, (P̄s,i + P̄v,i)/2), i = 1, . . . , N [2]. The expectation

of the power in the mth block is

E(YmY ∗
m) = E(

1

γ2
|

γ∑
j′=1

Rj′ |2)

=
1

γ2
E((

γ∑
j′=1

Rj′)(

γ∑
j′=1

R∗
j′))

=
1

γ2
E(

γ∑
j′=1

|Rj′ |2 +
∑
j′1 ̸=j′2

Rj′1
R∗

j′2
)

=
1

γ2

γ∑
i′=1

E(|Ri′ |2) +
∑
i′ ̸=j′

E(Ri′)E(Rj′)

=
1

γ2

γ∑
j′=1

E(|Rj′ |2)

=
1

γ2

γ∑
j′=1

P̄s,j′ + P̄v,j′ (3.5)

where P̄s,j′ and P̄v,j′ are the average signal power and noise power in the j′th channel in

the mth block, respectively.

We propose to use the bandpass sampling architecture shown in Fig.2.1 to sense the

spectrum K times, each for a different sub-Nyquist sampling rate, in order to obtain a Φ
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that satisfies the RIP. An equivalent architecture is shown in Fig.3.4 where the incoming

signal is fed into K branches. The kth branch consists of an ADC sampling at NWc
γk

, followed

by a square-law device and an integrator. Note that instead of the multi-branch architecture,

a single branch detector as in Fig.2.1 that sequentially switches between different sampling

rates is also feasible. However, the resulting mean detection times are different. Clearly, the

multi-branch architecture yields a reduced sensing duration due to the inherent parallelism,

at the cost of chip complexity. Our analysis for mean detection time in Sec.3.3 is based on

the single branch architecture.

The measurement Yk,n for the kth sampling rate and the nth snapshot is used to create

the spectrogram, denoted by a N
γk

× 1 vector wk,n, where wk,n(i) = γ2k |Yk,n(i)|2, n =

1, . . . , Ni, are i.i.d corresponding to different snapshots. Now

E(wk,n) = Φk


P̄s,1 + P̄v,1

...

P̄s,N + P̄v,N

 (3.6)

where Φk is constructed according to (2.6),

V ar(wk,n(i))

= E((wk,n(i))
2)− (E(wk,n(i)))

2

= E(γ4k |Yk,n(i)|4)− (
∑γk

j′=1(P̄s,j′ + P̄v,j′))
2

= E(|
∑γk

j′=1Rj′ |4)− (
∑γk

j′=1(P̄s,j′ + P̄v,j′))
2

= E((
∑γk

j′1=1
Rj′1

)2(
∑γk

j′2=1
R∗

j′2
)2)− (

∑γk
j′=1(P̄s,j′ + P̄v,j′))

2

=
∑γk

j′=1E(|Rj′ |4)

= (
∑γk

j′=1(P̄s,j′ + P̄v,j′))
2 (3.7)

For i1 ̸= i2,
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Cov(wk,n(i1),wk,n(i2))

= E((wk,n(i1))(wk,n(i2)))

−(E(wk,n(i1)))(E(wk,n(i2)))

= 0 (3.8)

The averaged power over Ni snapshots

w̄k =
1

Ni

Ni∑
n=1

wk,n (3.9)

has a chi-square distribution with 2Ni degrees of freedom. When the number of samples

Ni is large, we can use the Central Limit Theorem to approximate w̄k as Gaussian [11], i.e.,

w̄k ∼ N(E(wk,n),Σk/Ni), where the variance matrix

Σk = diag(V ar(wk,n(1)), . . . , V ar(wk,n(
N

γk
))) (3.10)

Therefore, for the K sampling rates,


w̄1

...

w̄K

 =


Φ1

...

ΦK




P̄s,1

...

P̄s,N

+ n (3.11)

Denote w̄CS =


w̄1

...

w̄K

, ΦCS =


Φ1

...

ΦK

, sCS =


P̄s,1

...

P̄s,N

, leading to the compact

form

w̄CS = ΦCSsCS + n (3.12)

where
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ΦCS =

1 2 3 4 5 ...

1 0 0 0 0 ...

0 1 0 0 0 ...
...

1 0 0 0 0 ...
...

0 0 0 0 0 ...



n = 1, ..., N

(n modN
γ1
) = 1

(n modN
γ1
) = 2

...

(n modN
γ2
) = 1

...

(n mod N
γK

) = 0

(3.13)

Define N
γ0

= 0, then ΦCS(i, j) = 1, if ∃ 0 ≤ l ≤ K − 1, s.t.
∑l

k=0
N
γk

< i ≤
∑l+1

k=0
N
γk
,

and j mod N
γl+1

= i−
∑l

k=0
N
γk
; otherwise ΦCS(i, j) = 0.

The additive noise n ∼ N(ΦCS


P̄v,1

...

P̄v,N

 ,ΣCS). Because w̄k1 and w̄k2 are derived from

samples from different time slots, ∀ k1 ̸= k2, Cov(w̄k1(i1), w̄k1(i2)) ≈ 0, ∀ i1, i2, yielding

ΣCS ≈ 1
Ni

diag(Σ1, . . . , ΣK).

Because Pr(P̄s,i = 0) = pi, the average number of non-zero elements in sCS is (1 −

p̄)N . It is proved in [40] that if (1 − p̄) ≪ 1, and N
γ1
, . . . , N

γK
are the first K ∼ O((N −

p̄N)logN−p̄NN) prime numbers with (1− p̄)N ≤ N
γ1

< . . . < N
γK

, then ΦCS satisfies RIP.

Note that a lower bound for p̄ is required for choosing K, since ∀ 0 < plow < p < 1, if

ΦCS satisfies RIP for (2(1−plow)N, δ2N(1−plow)), it satisfies RIP for (2(1−p)N, δ2N(1−plow)).

Detection of the channel status O = [O1, . . . , ON ]T in (3.2) is done by first solving for the

signal powers from the following convex optimization problem

minimize ∥ŝ∥1

subject to ∥w̄CS −ΦCS ŝ∥2 ≤ ϵ (3.14)

where Pr(∥n∥2 ≤ ϵ) ≥ λ, λ ≈ 1. Then each element in ŝ = [P̂s,1, . . . , P̂s,N ]T is

compared to a power threshold β to determine if the channel is occupied, i.e., P̂s,i > β ⇒

Ôi = 0.



43

Non-uniform sampler

Mean detection time Ni/Wc +NiTl1

Nyquist rate analog component Yes

Storage (projection matrix) O((N − p̄N)log(1/(1− p̄)))

Random pre-integrator Bandpass sampling

Ni/Wc +NiTl1 K(Ni/Wc + Tsw) + Tl1

Yes No

O(N(N − p̄N)log(1/(1− p̄))) O((N − p̄N)logN−p̄NN)

Table 3.1: Comparison between CS-based architectures

3.3 Performance Analysis

In this section, the performance of the proposed compressive spectrum sensing architecture

with bandpass sampling is analyzed. The mean detection time and the storage required

for the observation matrix is compared with the non-uniform sampler and the random pre-

integrator in Table 3.1.

3.3.1 Mean Detection Time and Computational Complexity

The mean detection time for the proposed compressive sensing architecture consists of three

parts: integration time, time for switching ADC sampling rates, and latency for computation

of the spectrogram. Since Ni samples are used in determining status for each folded channel

in w̄k, the total number of samples needed equals NiN/γk. Hence, the total integration time

for the kth sampling rate is NiN
γk

γk
NWc

= Ni/Wc and for the entire sensing process is KNi/Wc.

Denote the switching time between two different sampling rates as Tsw. The spectrogram w̄k

for each sampling rate can be generated during the analog circuit switching time, because

the FFT size for each sampling rate is N
γk

≪ N, k = 1, . . . , K, and the signal processing

time for FFT and averaging is negligible compared to Tsw. Therefore, the major component

of the latency for computation of ŝ is the signal processing time Tl1 required by (3.14). Thus

the mean detection time for the proposed sensing scheme is
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Td,bps = K(Ni/Wc + Tsw) + Tl1 (3.15)

The number of rows M of ΦCS in (3.13) is KCL, where CL is the average of the first

K prime numbers no smaller than N(1 − p̄). In [40], it is proved that CL ∼ O((N(1 −

p̄))(logN−p̄NN)ln((N− p̄N)logN−p̄NN)). As K ∼ O((N− p̄N)logN−p̄NN), M ∼ O(CL(N−

p̄N)logN−p̄NN). l1 minimization is applied to compute the averaged power spectrum di-

rectly, instead of the individual amplitude spectra for each snapshot. Thus the computa-

tional complexity associated with (3.14) is O(M2N1.5), independent ofNi, leading to shorter

signal processing time compared to the non-uniform sampler and the random pre-integrator.

Fig.3.5 illustrates the mean detection time for serial search with the heterodyne ar-

chitecture, non-uniform sampler, random pre-integrator, and the proposed bandpass sam-

pling architecture with Wc = 200 kHz, Tsw = 50µs, and Ni = 1000. As shown in [46],

Tl1 ≈ ((1 − p̄)N)3µs. p̄ is chosen to be 0.9 so that the spectrum satisfies the sparsity

requirement of CS. The results show that the bandpass sampling architecture consistently

outperforms the serial search scheme for heterodyne architecture, by reducing analog cir-

cuit switching steps. For the bandpass sampling architecture, as N increases, an increased

number of sampling rates is required, leading to the increased mean detection time. For

the non-uniform sampler and the random pre-integrator, as N increases, the digital signal

processing time becomes the major component in mean detection time, where l1 minimiza-

tion is applied to reconstruct the amplitude spectra and is executed Ni times. When the

signal processing duration is longer than the circuit switching time in the bandpass sam-

pling architecture, the mean detection time of the non-uniform sampler and the random

pre-integrator exceeds that of the bandpass sampling architecture, because K ≪ N .

In terms of storage requirements, only the sub-sampling factors γk, k = 1, . . . , K

need to be stored in memory, and the matrix ΦCS can be generated on-line according to

(3.13). The storage required is smaller than the non-uniform sampler and the random

pre-integrator.
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3.3.2 Detection performance and receiver operating characteristics

The detection performance is influenced by the average SNR of all the channels. Assume

a known signal is used for calibration, where the average SNR of the occupied channels is

used for performance analysis. Denote the support of sCS as Λ = {i : P̄s,i > 0}. The input

SNR is given by

ISNR =

√
(
∑

i∈Λ P̄s,i)2√
(
∑

i∈Λ P̄v,i)2
= C0

∥sCS∥2
ϵ

(3.16)

where C0 is determined by N and p̄. The post-reconstruction SNR is given by

RSNR =
∥sCS∥2

∥sCS − ŝ∥2
(3.17)

where ŝ is output from (3.14) and sCS consists of the actual signal powers. It is proved

in [12] that with probability λ ∼ 1, ∥ŝ − sCS∥2 ≤ C1ϵ, where C1 = 2α
1−ρ , ρ =

√
2δ2L̄

1−δ2L̄
,

α =
2
√

1+δ2L̄√
1−δ2L̄

, and L̄ = (1− p̄)N [12]. Denote C = C0C1. Therefore,

ISNR ≤ C ×RSNR (3.18)

The post-reconstruction SNR is C times worse than the input SNR. Denote Pd and Pfa as

detection rate and false alarm rate, respectively. Since Pd-Pfa performance is proportional

to RSNR and RSNR is bounded at least by a function of δ2L̄ and ISNR in (3.18), the

detection rate Pd and the false alarm rate Pfa are determined by δ2L̄ and ISNR, where

δ2L̄ ∼ O(2N(1−p̄)
K log2N(1−p̄)N) according to [40].

To gain additional insight into the impact of δ2L̄ on the detection performance, the

overall receiver operating characteristics for the bandpass sampling architecture are shown in

Fig.3.6(a) and Fig.3.6(b), with p̄ = 0.95, N = 100, Ni = 1000, and pi = p̄, i = 1, . . . , N .

For K = 3, the sampling rates used are 5Wc, 7Wc, 11Wc, and for K = 4, an additional

sampling rate 13Wc is used, where all the sampling rates are smaller than the Nyquist rate

100Wc. P̄s,i are set to 10 and P̄v,i = 1, i = 1, . . . , N , so ISNR = 10dB. The numerical

results of the estimated detection rate P̂d and the estimated false alarm rate P̂fa are averaged

over 500 iterations. In each iteration, the locations of the occupied channels are different.
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As shown in Fig.3.6(a) and Fig.3.6(b), the performance for 4 sampling rates is better than

3 sampling rates, because δ2N(1−p̄) for K = 4 is smaller than for K = 3, yielding smaller

C in (3.18).

The impact of the ISNR = P̄s,i/P̄v,i on the Pd-Pfa performance is shown in Fig.3.7. As

the ISNR decreases towards 9 dB, P̂d with 4 sampling rates (5Wc, 7Wc, 11Wc, and 13Wc)

begins to decrease rapidly, because the spectrum of R is no longer sparse for ΦCS with the

chosen sampling rates. In contrast, all the occupied channels are correctly detected for the

5 sampling rates (5Wc, 7Wc, 11Wc, 13Wc, and 17Wc) over the 500 iterations for the SNR

range shown in Fig. 3.7. Therefore, for a given ISNR, the detection performance of the

proposed architecture can be improved by increasing the number of sampling rates, which

imposes a trade-off between the detection performance and the detection time. The impact

of the sparsity level of the spectrum is shown in Fig.3.8. For a smaller p̄, an increased

number of sampling rates is required for ΦCS to satisfy the RIP requirement as discussed

in Sec.4.2, leading to a longer detection time.

3.4 Experimental Results

We conducted a performance evaluation of our bandpass sampling scheme using the (publicly

available) measurements of the power spectrum taken in a modern office building in Aachen,

Germany, in 2007 [84]. The spectral band observed is 20MHz-1.64GHz (center frequency 770

MHz). The RF signal was amplified, down-converted to the base band, and processed by an

Agilent E4440A spectrum analyzer. The analyzer produces a 8192-point FFT on the signal,

where each FFT bin represents a 200 kHz resolution width. The magnitude squared FFT

value represents the instantaneous spectrogram (power spectrum) over a channel. A full

scan of the 8192 channels requires about 1.8 second. The average noise level of the receiver

chain is −169 dBm at 1 Hz resolution bandwidth, which is −116 dBm for the 200kHz

channel. The band plan for spectrum usage in Germany was not available, so the channel

status is first estimated by thresholding the original data at −111 dBm, corresponding to

constant false alarm rate of 10−5. The data from the final 100 channels at 12 : 37am,

2 : 37am, 4 : 37am, 6 : 37am, and 8 : 37am on Jan.27th, is used as input for the bandpass

sampling architecture.
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Among the 100 channels, two channels are occupied as shown in Fig.3.9(a) and Fig.3.9(b).

For the bandpass sampling architecture, the 4 sampling rates used are 5Wc, 7Wc, 11Wc,

and 13Wc, and for 5 sampling rates, 17Wc is added. To enhance signal sparsity, the average

noise level of −116 dBm is removed from the original data, and then added back in the

reconstructed power spectrum for comparison with the original spectrum. The proposed

architecture with K = 4 achieves a P̂d = 1 while P̂fa = 0.01 for all the 5 time slots,

with the same threshold of −111 dBm. With K = 4, the reconstructed power spectrum

for 12 : 37am and 8 : 37am is shown in Fig.3.9(a) and Fig.3.9(b). Although the SNR of the

reconstructed signal is worse than the original signal, both of the 2 occupied channels can be

accurately identified, but a false alarm occurs in Fig.3.9(b). As shown in Fig. 3.10(a), with

K = 5, no false alarm occurs for 8 : 37am , because the reconstructed SNR is improved

according to Section 3.3.

3.5 Conclusion

A compressive spectrum sensing architecture with bandpass sampling is proposed to detect

idle channels in cognitive radio. The bandpass sampling technique enables sub-Nyquist

ADCs and simplifies the receiver circuits design. Compared to other compressive sensing

architecture, the proposed architecture does not have any Nyquist rate analog circuit com-

ponents. Numerical results show that the proposed algorithm achieves lower mean detection

time compared to the serial search scheme when the channel occupancy rate is low and is a

promising alternative when Nyquist rate ADC is not feasible.
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Figure 3.3: Block diagram of a bandpass sampling architecture for direct down-conversion
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Figure 3.4: Block diagram of the compressive detection scheme with bandpass sampling
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(a) The detection / estimation performance on 12:37am data

with K=4

(b) The detection / estimation performance on 8:37am data with

K=4

Figure 3.9: Performance of the bandpass sampling architecture on final 100 channels of the
Aachen dataset on Jan.27th using K=4
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(a) The detection / estimation performance on 8:37am data with

K=5

Figure 3.10: Performance of the bandpass sampling architecture on final 100 channels of
the Aachen dataset on Jan.27th using K=5
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Chapter 4

COMPRESSIVE RADAR CLUTTER SUBSPACE ESTIMATION

4.1 Introduction

In this chapter, we propose the use of dictionary learning algorithm to estimate the clutter

subspace, where the angle and frequency axis are discretized non-uniformly and adaptively

to mitigate the basis mismatch and obtain more accurate estimates of the clutter covari-

ance matrix in STAP. The proposed compressive sensing with dictionary learning (CSDL)

algorithm is compared with Multi-stage Wiener filter (MWF) [32], Conjugate Gradient

Parametric Adaptive Matched Filter (CGPAMF) [42], Principal Component Inverse (PCI)

[83], and Recursive Gram-Schmidt orthonormal basis selection algorithm (RGS). Numeri-

cal results based on the Knowledge Aided Sensor Signal Processing and Expert Reasoning

(KASSPER) dataset [43] show that CSDL is more accurate than other algorithms with low

sample support.

4.2 System Description

4.2.1 System model

Fig. 4.1 shows a typical airborne radar antenna array. Consider a radar consisting of N

antenna array elements, each transmitting M coherent pulses at a constant pulse repetition

frequency (PRF) in a set range of directions. As given in [85], in a target-free scenario, the

received signal is

xMN×1 =

Nc∑
i=1

γiϕ(θi, fi) + nMN×1 = Φγ + n (4.1)

where

Φ = [ϕ(θ1, f1) ϕ(θ2, f2) ... ϕ(θNc , fNc)] (4.2)

and

γ = [γ1 γ2 ... γNc ]
T . (4.3)
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Figure 4.1: A typical STAP scenario
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n ∼ CN(0, σ2I) is the additive white Gaussian noise, Nc is the number of clutter patches,

θi and fi are the complement of the cone angle and the Doppler frequency of the ith clutter

patch, γi is the complex scattering intensity (i.e., coefficients with phase) of the ith clutter

patch, and

ϕ(θi, fi) =
[
1 ej2π

fi
PRF ... ej2π(M−1)

fi
PRF

]T
⊗
[
1 ej2π

d
λ
sinθi ... ej2π(N−1) d

λ
sinθi

]T
(4.4)

is the steering vector for a given angle and frequency, ⊗ is the Kronecker product, d is the

distance between two array elements, λ is the radar wavelength.

The optimal STAP matched filter to suppress clutter is then given as in [85]

w = R−1s (4.5)

where R = E{xxH} is the clutter covariance matrix, and s is the steering vector for the

target. Typically, R is estimated using the sample matrix inversion (SMI) algorithm with

L target-free snapshots, which is given by

RSMI =
1

L

L∑
i=1

xix
H
i . (4.6)

Define the normalized Signal to Interference plus Noise Ratio (SINR) as

SINR =
|sHR̂−1s|2

|sHR̂−1RR̂−1sH ||sHR−1s|
(4.7)

where R̂ is the estimated clutter covariance matrix. The normalized SINR shows the degra-

dation of performance due to inaccurate estimate of the clutter covariance matrix compared

to knowing the true R. According to the Reed-Mallett-Brennan (RMB) rule [68], a nor-

malized SINR above −3 dB using SMI requires L ≥ 2MN snapshots, and such a large

number of homogeneous training samples are difficult to obtain in practice. On the other

hand, by Brennan’s rule [83], R is a low-rank matrix with rank r ≪ MN in most scenarios,

leading to reduced-rank processing algorithms, such as PCI, RGS, MWF, CGPAMF, and

the proposed CSDL algorithm, which use less snapshots than SMI.
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Φ =



1 1 · · · 1

z1 z2 · · · zNc

...
...

...
...

zN−1
1 zN−1

2 · · · zN−1
Nc

−−−−− −−−−− −−−−− −−−−−

zµ1 zµ2 · · · zµNc

zµ+1
1 zµ+1

2 · · · zµ+1
Nc

...
...

...
...

zµ+N−1
1 zµ+N−1

2 · · · zµ+N−1
Nc

−−−−− −−−−− −−−−− −−−−−
...

...
...

...

−−−−− −−−−− −−−−− −−−−−

z
(M−1)µ
1 z

(M−1)µ
2 · · · z

(M−1)µ
Nc

z
(M−1)µ+1
1 z

(M−1)µ+1
2 · · · z

(M−1)µ+1
Nc

...
...

...
...

z
(M−1)µ+N−1
1 z

(M−1)µ+N−1
2 · · · z

(M−1)µ+N−1
Nc



. (4.17)

4.2.2 Sparsity of clutter in frequency-angle domain

As in [83], denote va as the speed of the aircraft, then the angle and the Doppler frequency

of a static clutter patch satisfy the following relationship, corresponding to a ‘clutter ridge’.

f

PRF
= µ

d

λ
sinθ (4.8)

where

µ =
2va

d · PRF
. (4.9)

The slope of the clutter ridge in frequency-angle domain is thus µd PRF
λ .

Denote zk = exp(j2π d
λsinθk). Then for integer µ, Φ in (4.1) can be rewritten as in

(4.17). It can be seen from (4.17) that there are only N+(M−1)µ distinct rows in Φ, while

others are repeated rows. For example, if µ = 1, then the row z1, z2, ..., zNc and the row
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zµ1 , z
µ
2 , ..., z

µ
Nc

are identical, implying that that Φ has a rank of N + (M − 1)µ. Therefore,

the Nc ≫ N + (M − 1)µ clutter patches can be represented in terms of the N + (M − 1)µ

basis vectors that span the clutter subspace. Assuming the clutter patches are mutually

independent, and independent of additive noise, yields

R = E{xxH}

= E{(Φγ + n)(Φγ + n)H}

=

Nc∑
i=1

E(|γi|2)ϕ(θi, fi)ϕH(θi, fi) + E{nnH}

=

Nc∑
i=1

E(|γi|2)ϕ(θi, fi)ϕH(θi, fi) + σ2I

= ΦΓΦH + σ2I (4.10)

Γ = diag(E(|γ1|2) , ..., E(|γNc |2)) (4.11)

which means that R − σ2I has the same rank as Φ, since ϕ(θi, fi), i = 1, ..., Nc are the

columns of Φ. Thus by Brennan’s rule, the rank of R is r ≈ N + (M − 1)µ and the

measurements x can be expressed as

x =

r∑
i=1

γ̃iϕ(θ̃i, f̃i) + n (4.12)

with the clutter covariance matrix R

R =
r∑

i=1

E(|γ̃i|2)ϕ(θ̃i, f̃i)ϕH(θ̃i, f̃i) + σ2I (4.13)

The tilde-sign (̃·) is used to denote the true basis parameters, where ϕ(θ̃i, f̃i) and γ̃i are

the basis vectors spanning the clutter subspace and the corresponding complex coefficients,

respectively. Equation (4.12) indicates that each measurement can be decomposed into r

steering vectors of angle θ̃i and frequency f̃i, which shows that the clutter is sparse with a

rank of r ≪ MN in the frequency-angle domain.



60

4.3 Compressive Sensing With Dictionary Learning

4.3.1 Clutter covariance matrix estimation with compressive sensing

In [72] and [56], CS is applied to estimate the clutter covariance matrix R by utilizing the

sparsity in angle-frequency domain. The angle and frequency axis are discretized into an

Ns × Nd (Ns = ρsN, Nd = ρdM ) grid, where ρs and ρd are integers. From (4.1), the

received signal is

x = ΦCSγCS + n (4.14)

where γCS is a sparse vector as discussed in the previous section (since r ≪ NsNd), and

ΦCS consists of columns of steering vectors whose angle and frequency corresponds to the

intersections in the angle-frequency domain grid. CS theory proves that the sparse vector

γCS can be solved from (4.14) by l1 minimization,

Minimize |γCS |1

Subject to

|x− ΦCSγCS |2 < ϵ (4.15)

where ϵ bounds the resulting noise in the estimation. Equation (4.15) is a convex optimiza-

tion problem, and can be solved using standard Semi-Definite Programming (SDP) solver

in polynomial time. It is proved in [88] that ΦCS in equation (4.14) satisfies RIP. Therefore,

given γCS is a sparse vector, it can be uniquely reconstructed. For each non-zero element

γi,CS in γCS , where i is the index, the ith column in ΦCS is the corresponding estimated

basis steering vector ϕ(θi,CS , fi,CS). θi,CS and fi,CS can be solved from ϕ(θi,CS , fi,CS), since

each steering vector is constructed based on a corresponding grid point (θi,CS , fi,CS) as in

(4.4). Then the clutter covariance matrix R is calculated from (4.13). With this method, R

can be solved using only O(r) samples as compared to 2MN in SMI. However, it requires

accurate knowledge of θi and fi to ensure every basis steering vector of the clutter sub-

space corresponds to an intersection on the grid. Typically, the assumed sparsifying basis

is not the same as the true sparsifying basis, resulting in basis mismatch [17], because the

representative clutter patches may not located exactly at the grid points. As a result, the
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CS reconstruction suffers from an error that grows linearly with the element-wise mismatch

between the two basis matrices. Any clutter patch that lies between two grid points leads

to a column-wise difference between the true basis matrix and the assumed sparsifying basis

matrix, contributing to the reconstruction error.

4.3.2 Dictionary learning

To solve the basis mismatch problem, dictionary learning algorithm is adopted to estimate

the difference between the true sparsifying basis matrix and the assumed sparsifying basis

matrix in (4.15) by minimize the squared error. Assume for the ith clutter patch, the distance

of the true θ̃i and f̃i from the nearest grid point is ∆θi and ∆fi, and the difference between

the estimated coefficients via CS and true γ̃ = [γ̃1 ... γ̃NsNd
] is ∆γ = [∆γ1 ... ∆γNsNd

]. If a

clutter patch is located at a grid point, the coefficient corresponding to the basis vector in

Eq. (4.12) is non-zero; otherwise the entry is zero.

Therefore,

x = Φ(θi,CS +∆θi, fi,CS +∆fi)(γCS +∆γ) + n. (4.16)

γCS +∆γ is a sparse vector, with only r non-zero elements in it.

Denote αi = j2π
fi,CS

PRF , βi = j2π d
λsinθi,CS , ∆αi = j2π

fi,CS+∆fi
PRF − j2π

fi,CS

PRF , ∆βi =

j2π d
λsin(θiCS + ∆θi) − j2π d

λsinθi,CS . Then the difference between the columns of the

sparsifying matrix used in (4.15) and the true sparsifying matrix is shown in equation

(4.18).

Using Taylor expansion exp(∆βi) = 1 + ∆βi + O(∆βi), (4.18) can be simplified to Eq.

(4.19). Then ∆αi and ∆βi are calculated by minimizing the squared error as in (4.20), where

fg and θg are the frequency and angle resolution of the grid used in (4.15), respectively.

Equation (4.8) is used as a constraint to guarantee that all the estimated clutter patches

are located on the clutter ridge. Since the objective function in (4.20) is a quadratic form

of ∆αi, ∆βi, and ∆γi, (4.20) can be solved with gradient descent method [41].

The overall CSDL algorithm is summarized in Table 4.1. First, the sparsifying basis

matrix and the corresponding complex basis coefficients are estimated with (4.15). Then the

dictionary learning algorithm is applied to re-estimate frequency, angle, and basis coefficients
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ϕ(fi,CS +∆fi, θi,CS +∆θi)− ϕ(fi,CS , θi,CS)

=


1− 1

exp(βi +∆βi)− exp(βi)
...

exp((M − 1)(αi +∆αi) + (N − 1)(βi +∆βi))− exp((M − 1)αi + (N − 1)βi)

(4.18)

ϕ(fi,CS +∆fi, θi,CS +∆θi)− ϕ(fi,CS , θi,CS)

≈


0

exp(βi)∆βi
...

exp((M − 1)αi + (N − 1)βi)((M − 1)∆αi + (N − 1)∆βi)

 (4.19)

Minimize |x−
NsNd∑
i=1

(γi,CS +∆γi)ϕ(fi,CS +∆fi, θi,CS +∆θi)|2

Subject to

|∆fi| ≤ fg (4.20)

|∆θi| ≤ θg

fi,CS +∆fi
PRF

= µ
d

λ
sin(θi,CS +∆θi)

of the basis clutter patches, and a new sparsifying basis matrix is constructed using (4.17)

based on the estimation. After that, (4.15) is executed again. The process continues until

the estimated frequency and angle converges. Multiple snapshots are used to estimate the

expectation of the power of the clutter coefficients E(|γ̃i|2). Then the clutter covariance

matrix R is estimated using Eq. (4.13) and the estimated frequencies, angles, and the

expectation of coefficient power.

An example of the objective function for dictionary learning is shown in Fig. 4.2, where
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Figure 4.2: Plot of surface of the objective function in Equation (4.20)

the global optimal is marked by an arrow. It can be seen that there are no local optimal that

can be reached within the constraints. Therefore, we conclude that the gradient descent

method can find the global optimal.

4.4 Numerical Results

The proposed CSDL algorithm is compared with RGS, PCI, MWF, and CGPAMF based

on the L-band of the KASSPER dataset [43]. For the KASSPER dataset, the number of

antenna elements N = 11, and the number of pulses M = 32. Therefore, for a normalized

SINR ≥ −3 dB, L ≥ 2MN = 704 snapshots are needed for SMI method, as discussed in

Section 4.2. On the other hand, using the Brennan’s rule, r ≈ 42 ≪ 704. This is shown

in Fig. 4.3 as a sharp rank cutoff in the eigenspectrum of a clutter covariance matrix in

KASSPER dataset. The provided clutter covariance matrix in KASSPER dataset captures

the real-world terrain, foliage and urban/manmade structures in a region in CA, USA.
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Figure 4.3: Eigenspectrum of KASSPER dataset, range bin 200

Because the true covariance matrices for all the 1000 range bins are available in the dataset,

SINR can be computed directly using equation (4.7).

The true covariance matrix for range cell 200 (i.e., the 200th range bin) in KASSPER

dateset is used to generate data for multiple snapshots, and additive white noise of clutter-to-

noise ratio 40 dB is added to each snapshot. For each snapshot, since the basis coefficients

are usually complex Gaussian variables, measurement x is modeled as colored Gaussian

random variables with covariance matrix R as given in the dataset plus white Gaussian

noise. Then the snapshots are processed using the five algorithms. The process is repeated

for 10 iterations, where in each of them, new snapshots are generated randomly, and finally

the results from the 10 iterations are averaged. This is because in each iteration, both noise

and the signal are generated randomly, thus multiple iterations are needed to average out

the effects of the randomness, (i.e., to obtain a smooth curve). Comparison between the

five algorithms is summarized in Table 4.2.
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4.4.1 Computational complexity

The computational complexities, i.e., the operation counts, of the five algorithms are sum-

marized in Table 4.3. It shows that there exists a trade-off between accuracy and compu-

tational complexity. CSDL has the highest computational complexity, where Nd = 352

and Ns = 2912 are used for KASSPER dataset. For the numerical results in this section,

P = 3 is used for CGPAMF, and Nst = 25 steering vectors are evaluated.

Using Matlab, the average computation time for processing a snapshot in KASSPER

dataset using CSDL is approximately 3 minutes, with an average of 5 iterations for gradient

descent algorithm. Note in practice, for processing data on the aircraft, the algorithm is

required to converge within 1 ms. Whether the algorithm can be optimized for speed or

parallelized is under investigation.

4.4.2 Normalized SINR

The Normalized SINR is calculated as in equation (4.7). It is evaluated as a function of both

angle and frequency, since the steering vector s in (4.7) is a function of angle and frequency.

In the figures, SINR is plotted as a function of either angle or frequency by averaging over

the other variable. In addition, SINR is plotted in dB, i.e., SINRdB = 10log10SINR, and

SINRdB ≤ 0. Note if R̂ = R for all the frequencies and angles, then SINR is a straight

line of SINR = 0 dB. As shown in Fig. 4.4 and Fig. 4.5, CSDL has the best performance

among all the benchmarks using low sample support (16 samples). The performance of PCI

is worse than RGS in this scenario, because r is larger than the number of samples L and

PCI uses r basis vectors, leading to inaccurate estimations of r − L basis vectors; whereas

RGS uses the basis vectors which capture 99.999% of the covariance matrix energy, thus the

number of basis vectors used by RGS is O(min(L, r)). The performance for the traditional

SMI method is not plotted in the figure, because it is far worse than the five reduced-rank

algorithms with low sample support. For L = 16, the performance for the traditional SMI

method is around −20dB.
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4.5 Conclusion

The CSDL algorithm is proposed to reduce the number of samples needed for clutter sub-

space estimation in STAP, as well as to mitigate the basis mismatch problem. By exploiting

the sparsity of clutter in angle-frequency domain, CSDL performs better than other reduced-

rank algorithms, at a cost of high computational complexity.

On the other hand, in practical situations, the clutter structure may not have a sharp

rank cutoff, as µ in equation (4.8) may not be an integer. In addition, calibration errors,

wind-induced clutter motion and inaccurate measurement of velocity all give rise to the

clutter subspace leakage problem. The robustness of the CSDL algorithm against the clutter

subspace leakage problem is for future investigation.
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Input

training data xi, i = 1, . . . , L

Initialization

The sparsifying basis for CS is the grid matrix

as in (4.14). θi,CS , fi,CS , and the correspond-

ing γCS are estimated using (4.15).

Stage 1

(a) Re-estimate the angle, frequency, and ba-

sis coefficients with (4.20). The sparsifying

basis matrix is updated based on the MSE es-

timation

(b) If the angle and frequency from (a) con-

verges, then go to Stage 2. Otherwise, con-

tinue to (c)

(c) Frequency, angle and basis coefficients are

estimated again using (4.15) with the next

snapshot. Go back to (a)

Stage 2

Use the estimated sparsifying basis matrix to

calculate the basis coefficients γ for all the L

snapshots, and output the clutter covariance

matrix obtained with (4.13)

Table 4.1: CSDL algorithm



70

Algorithm RGS PCI MWF

Side information none Rank r Rank r, steering vector s

Accuracy low low high

Computational complexity low high high

CGPAMF CSDL

Estimation of the order P Rank r, clutter ridge slope µd PRF
λ

high high

high high

Table 4.2: Comparison between RGS, PCI, MWF, CGPAMF, and CSDL

Algorithm Complexity

RGS O(r2NM)

PCI O(N3M3)

MWF with Nst steering vectors O(rN2M2Nst)

CGPAMF with order P O(rN3Plog2P )

CSDL with a grid of Nd ×Ns intersections O(rN1.5
d N1.5

s N2M2)

Table 4.3: Computational complexity of the five algorithms
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Chapter 5

CONCLUSIONS

In this dissertation, application of compressive sensing to cognitive radio and radar is

discussed. We first briefly review the theory of compressive sensing and introduce the back-

ground of spectrum sensing in cognitive radio and clutter subspace estimation in cognitive

radar.

To detect an idle channel for cognitive radio, a multi-resolution sensing scheme with

bandpass sampling is proposed. Bandpass sampling technique enables sub-Nyquist ADC

and simplifies the receiver circuits design. To minimize the mean detection time under

the constraints of Pd and Pfa, the sub-Nyquist sampling factor and the threshold in energy

detection are optimized jointly. Numerical results show that the proposed algorithm achieves

lower mean detection time compared to one stage algorithms when channel occupancy rate

is low.

To detect all the idle channels given the spectrum is sparse, a compressive spectrum

sensing architecture with bandpass sampling is proposed. Compared to other compressive

sensing architecture, the proposed architecture does not have any Nyquist rate analog circuit

components. Numerical results show that the proposed algorithm achieves lower mean

detection time compared to the serial search scheme when the channel occupancy rate is

low and is a promising alternative when Nyquist rate ADC is not feasible.

Finally, we propose a compressive sensing with dictionary learning algorithm to reduce

the number of samples needed for clutter subspace estimation in STAP, as well as to mitigate

the basis mismatch problem. By exploiting the sparsity of clutter in angle-frequency domain,

CSDL performs better than other reduced-rank algorithms, at a cost of high computational

complexity.
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Appendix A

A BRIEF REVIEW OF REDUCED RANK ALGORITHMS FOR
CLUTTER SUBSPACE ESTIMATION

A.1 Principal component inverse (PCI)

From the discussions in Chapter 4, the eigenvalue decomposition of R̂SMI is given by

R̂SMI =

MN∑
i=1

λiuiu
H
i (A.1)

Denote ui, i = 1, ..., r, as the eigenvectors corresponding to the largest r eigenvalues. As

in [83], given a high clutter-to-noise ratio (CNR), the clutter covariance matrix estimation

given by PCI is

R̂−1
PCI = I−

r∑
i=1

uiu
H
i (A.2)

where I is the identity matrix.

A.2 Recursive Gram-Schmidt ortho-normal basis selection (Recursive GS)

The recursive GS algorithm is shown in Table A.1. Recursive GS uses Gram-Schmidt

process to estimate ui in (A.1) instead of eigenvalue decomposition, and then the clutter

covariance matrix estimation is obtained by (A.2). Because the ortho-normal basis selected

by Recursive GS is within a rotation transformation of the correct subspace, the performance

of the recursive GS is worse than PCI with a sufficient sample set, i.e., L > r.

A.3 Multi-stage Wiener filter (MWF)

MWF seeks to span the Krylov subspace {s,Rs,R2s, ...,Rr−1s} instead of eigenvalue de-

composition [83]. Since the MWF project the clutter onto the subspace associated with

the desired steering vector s, it usually uses less training samples to estimate the clutter

subspace. The MWF algorithm is given in Table A.2.
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Input: training data xi, i = 1, , L

Recursive Gram-Schmidt process

e1 = x1; e1 = e1/|e1|

e2 = x2− < e1,x2 > e1; e2 = e2/|e2|

...

eL = xL− < e1,xL > e1 − ...− < eL−1,xL > eL−1; eL = eL/|eL|

Select the basis vectors that corresponds to 99.999% of the matrix energy u1, ...,ul

Calculate and output the estimated clutter covariance matrix

R−1
RGS = I−

∑l
i=1 uiu

H
i

Table A.1: Recursive Gram-Schmidt orthonormal basis selection

A.4 Conjugate gradient parametric adaptive matched filter (CG-PAMF)

The CG algorithm is equivalent to the MWF in the matched filter case, since both algorithms

seeks to span the same Krylov subspace. For a PAMF, the clutter is assumed to be stationary

in time, and the matched filter in Chapter 4 is simplified [42]. The MN -by-1 measurement

x is divided into M equal length vectors x(1), ...,x(M), with each N -by-1 vector represents

the received signal at the N antenna elements for one of the M pulses. Since the clutter is

stationary in time, it can be modeled as a stationary P th-order multichannel AR process

x(n) = BHyP (n) + ϵP (n) (A.3)

where B is the AR coefficients,

yP (n) = [xT (n− 1),xT (n− 2), ...,xT (n− P )]T (A.4)

Equation (A.3) can be break into multiple sub-problems for each of the N antenna

elements as

xj(n) = BH
j yP (n) + ϵP,j(n) (A.5)
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Then B is solved from the Wiener-Hopf Equation

RyBj = Rj (A.6)

Ry = E[yP (n)y
H
P (n)], and Rj = E[yP (n)x

H
j (n)]. Conjugate Gradient algorithm is

applied to solve (A.6), then the residue is calculated and the covariance matrixR is obtained.

The CG-PAMF algorithm is summarized in Table A.3.
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Input: training data xi, i = 1, ..., L; estimated rank r; steering vector s

Initialization

h(1) = s

X(1) = [x1, x2, x3, , xL]

Bs = 1

Forward recursion

For i = 1:min(r,L)

B(i) = null(h(i)) //null space of h

d(i) = h(i)*a(i) //project onto the target vector

X(i+1) = B(i)*X(i) //project into null space to reduce dimension

rx,d(i) = X(i+1)*d(i) //calculate the next target vector

h(i+1) = rx,d(i)/— rx,d(i)— //normalize the vector

Backward recursion

L(i) = h(i+1)*B(i)*Bs

Ls(i+1) = [Ls(i) ; L(i)]

Bs = B(i)*Bs

End for

Calculate and output the estimated clutter covariance matrix

Table A.2: Multi-stage Wiener filter
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Input: training data xi, i = 1, ..., L;

Initialization

RH
xx(m) = 1

ML

∑L
k=1

∑M−m
l=1 xk(l +m)xH

k (l), m = −P, ..., P

RP
y =


Rxx(0) ... Rxx(P − 1)

... ...
...

Rxx(1− P ) ... Rxx(0)



RP
yx =


Rxx(−1)

...

Rxx(−P )


Conjugate Gradient algorithm to solve for B

For j = 1 to N

D(1)=-γ(1)=Ryx(j)

B(j)=0

For i = 1 to N(P-1)

α(i) = |γ(i)|2
DH(i)RyD(i)

B(j) = B(j) + α(i)D(i)

γ(i+ 1) = γ(i) + α(i)Ryd(i)

D(i+ 1) = D(i) |γ(i+1)|2
|γ(i)|2 − γ(i+ 1)

End for

End for

Calculate the covariance matrix

Q = RH
xx(0)−BHRP

yx

Rϵ = IM−P ⊗Q−1

C =


B(1) B(2) ... IN 0 ... 0

0 B(1) B(2) ... IN ... 0
...

0 ... 0 B(1) B(2) ... IN


Output R̂−1

CGPAMF = CHRϵC

Table A.3: Conjugate Gradient Parametric Adaptive Matched Filter algorithm
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