LABYRINTH DIMENSION OF BROWNIAN TRACE
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ABSTRACT. Suppose that X is a two-dimensional Brownian motion. The trace X|0, 1] con-
tains a self-avoiding continuous path whose Hausdorff dimension is equal to 2.

1. Introduction. The question studied in this paper has been inspired by a series of
recent articles of K. Hattori, T. Hattori and Kusuoka (1990, 1991, 1992, 1993) on self-
avoiding processes on fractals. Various dimensions of such processes are of interest to
physicists. It is clear that the Hausdorff dimension of any self-avoiding path within a
fractal set cannot be larger than that of the fractal itself. Can the two dimensions be
equal? The answer depends on the fractal set. We will consider self-avoiding paths inside

a Brownian trace.

Recall that a set is called a Jordan arc if it is homeomorphic to a line segment.

Definition. The supremum of Hausdorff dimensions of all Jordan arcs contained in a set

K will be called the labyrinth dimension of K.

Theorem 1. Suppose that X is a 2-dimensional Brownian motion. The labyrinth dimen-

sion of X ([0, 1]) is equal to 2 a.s.

Our proof of Theorem 1 actually yields a much stronger statement. Taylor (1964)
proved that the exact Hausdorff measure for 2-dimensional Brownian trace is given by
é(u) = u?log(1/u)logloglog(1/u) (see also Le Gall (1987)). For the definition of the

exact Hausdorff measure see, e.g., Rogers (1970).
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Theorem 1’. Let X be a 2-dimensional Brownian motion. With probability 1, for every
€ > 0 there exists a Jordan arc I' C X([0,1]) such that the ¢-measure of X([0,1]) \ T is

less than e.

It is elementary to construct a set with Hausdorff dimension 2 whose labyrinth dimen-

sion is equal to 1.

Our proof of Theorem 1’ uses two non-trivial facts about Brownian paths. First,
the exact Hausdorff measure of the set of all double points is different from the exact
Hausdorff measure of the whole Brownian path (Le Gall (1987), Taylor (1964)). Second,
two-dimensional Brownian paths have no double cut points (Burdzy and Lawler (1990)).
Since the last result is one of the key ingredients of our proof we will take this occasion to
correct some results about cut points originally published in Burdzy (1989). Theorem 2.2
of Burdzy (1989) is correct but its proof is false. Theorem 2.3 of the same paper is false.
Corollary 2.1 is true but its proof is false. See Theorems 2 and 3 below for the correct
statements. The proof of Corollary 2.3 in Burdzy (1989) is based on incorrect Theorem
2.3. The corollary is in fact true—its proof may be based on Theorem 4 below. The error
appears on p. 1029, 1. -2, in Burdzy (1989)—this form of the scaling property may be

applied only in the three-dimensional space.

Let X be the standard d-dimensional Brownian motion. We will say that X ([0, 1]) has
a (global) cut point if for some ¢ € (0,1) we have X ([0,¢)) N X ((¢,1]) = 0 and X (¢) # X (s)
for all s # ¢, s € [0, 1]. One-dimensional Brownian motion does not have cut points because
it does not have points of increase (see the original proof of Dvoretzky, Erdos and Kakutani
(1961) or more recent proofs of Adelman (1985) or Burdzy (1990)). If d > 4, Brownian
motion has no double points (Dvoretzky, Erdés and Kakutani (1950)) so it obviously has
cut points. It turns out that they also exist for d = 2 and 3. Here is a slightly stronger

statement.

Theorem 2. Suppose that d = 2 or 3. With probability 1, for every ¢ > 0, there exists
t € (0,e) such that X ([0,t)) N X ((¢,1]) =0 and X (t) # X (s) for s # t, s € [0,1].

Suppose that K C R and # € K (we will be mostly concerned with K = X ([0, 1])).
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We will say that the order of ramification of x in K is less than or equal to n if for every
e > 0 we can find (at most) n points yq, . . ., y, different from = and such that the connected
component of K \ {y1,...,y,} which contains x has diameter less than ¢ (see Blumenthal
and Menger (1970)). The order of ramification of x is equal to n if it is less than or equal
to n but not less than or equal to n — 1. The definitions of infinite and countable order of

ramification are similar. Theorem 2 clearly implies

Corollary 1. Suppose that d = 2 or 3. With probability 1, the order of ramification of
X(0) in X([0,1]) is equal to 1.

When we replace X (0) with an arbitrary X (¢) in this corollary, the conclusion no

longer holds in 2 dimensions.

Theorem 3. (i) Suppose that d = 2. With probability 1, for almost every t € (0,1), the
order of ramification of X (t) in X ([0, 1]) is infinite.

(ii) Suppose that d = 3. With probability 1, for almost every t € (0,1), the order of
ramification of X (t) in X([0,1]) is equal to 2.

We will not supply a proof of Theorem 3 (ii). The proof of Theorem 2.3 in Burdzy
(1989) applies here with only minor modifications needed for the 3-dimensional process.

As we have already mentioned, there is no problem with scaling in the 3-dimensional case.

We would like to pose the following

Problem. Suppose that X is a two-dimensional Brownian motion. Is it true that with
probability 1, for almost every t € (0,1), the order of ramification of X (t) in X ([0,1]) is

countable?

We will say that x = X (t) is a local cut point for X ([0, 1]) if X (¢t) # X (s) for all s # ¢,
s € [0,1], and for some € > 0 we have X ((t —¢&,t)) N X ((¢,t+¢)) = . We have rather easy

Theorem 4. Suppose that d = 2 or 3. The set of local cut points is dense in X ([0, 1]),
with probability 1.



A version of the following result is needed in the proof of Theorem 2. We state it in
a form which seems to have some interest of its own. The ball and sphere with center x

and radius r will be denoted B(x,r) and 0B(x,r), resp.

Proposition 1. With probability 1, for infinitely many integers k, the three-dimensional
Brownian motion does not return to 0B(0, k — 1) after hitting 0B(0, k).

We will give a very elementary proof of Proposition 1. See Khoshnevisan (1994) for a

number of related results.

The next section contains the proofs. We start by proving Proposition 1 and Theorems

2-4 since these proofs are much shorter than that of Theorem 1°.

We would like to explain the main idea of the proof of Theorem 1. Recall that the
Hausdorftf dimension of a Brownian path is equal to 2. We will take X0, 1], remove some
small pieces of this path, and reconnect the remaining ones to obtain a self-avoiding path
with large Hausdorff measure. In order to visualize this process, consider first a smooth
curve which makes a single loop in the shape of the letter a. We can remove a tiny
neighborhood of the intersection point and replace it with two short non-intersecting line
segments so that we obtain a self-avoiding path containing most of the original path. In
this case we had to add two extra line segments but we do not have to do it in the case
of the Brownian path because such a path does not have double cut points and hence
there are always some paths around an intersection point. We can limit the changes to a
small subset of the path as the set of all intersection points has a smaller exact Hausdorff
measure than that for the whole path. A Brownian path contains infinitely many loops
which contain and intersect other loops and this presents a combinatorial problem much
harder than the one suggested by the example with the a-shaped curve. This is the main

reason why the proof of Theorem 1 is quite long.

We would like to thank Omer Adelman for the most helpful discussions related to cut
points. We are grateful to Robin Pemantle and Vic Reiner for supplying a proof of Lemma
2.7 which is one of the key steps in the proof of Theorem 1.

2. Proofs. See Doob (1984) for a review of h-process techniques used in our paper. The
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distribution of an h-process will be denoted F; .

We will use the following “scaling property” of h-processes.

Lemma 2.1. Suppose that ¢ € (0,00), D C R? is a Greenian domain, h is a positive
superharmonic function in D, p is a measure supported in D. Let Q be the space of paths
continuous until their lifetime and let F be the Borel o-field in §2. Suppose that A € F
and define

he(z) = h(z/c) for z € ¢D,
pe(B) = pu(B/c) for B C ¢D,
A. = {w € Q: 3w € A such that w(t) = cwi(t/c?) for all t}.
Then Py(A.) = Py'(A).

Proof. The lemma follows from the scaling properties of the Brownian motion and har-

monic functions. O

Proof of Proposition 1. Let Ay denote the event that a 3-dimensional Brownian motion
Z does not return to 0B(0,k — 1) after hitting 0B(0, k). Let hy be the restriction of the
function h(z) = k/|x| to the set Dy = {|x| > k}. Note that hy is harmonic in Dy with

boundary values 1 on {|z| = 1} and 0 at infinity. If |y| = &k then
P(Ay) = PY(T(0B(0,k—1)) =00)=1—hp_1(y) =1—(k—1)/k=1/k.

Note that the formula is true even for £ = 1 although our proof does not apply in this
case. The process Z conditioned by Aj is a gi_1-process where the conditioning function

gk—1 is equal to 1 — hg_1. Suppose that n > 1, |2| =k +n —1 and |y| = k + n. Then

P(AG L, | Ax) = ngkil(T(aB(O, E+n—1)) <o0)

_ ge-1(2) oy " — 50
_gk_l(y)P(T(aB(O,k+ 1)) < o0)

1= (k=1)/(k+n—1) _ .

T 1—(k—=1/(k+n) P(Aitn)
1-Gk-1)/(k+n-1) oy
S TGy L VEER) =2



Hence

P(Ap N Agyn) = P(Ap) P(Apin | Ak) = - ———

It follows that for all N

N—-k N—k

k=1 n=1 k=1 n=1
N

2 N 2
< cylog? N < c;;(Zl/k:) — c3(ZP(Ak)) .

k=1 k=1
This and the fact that ), P(A;) = oo allow us to use a version of the Borel-Cantelli
lemma proved by Kochen and Stone (1964) in Theorem (ii). Their theorem implies that
Ay’s occur for infinitely many k& with positive probability. By the 0-1 law for tail events,

this happens in fact with probability 1. [

Proof of Theorem 2. First we consider the 2-dimensional case. Suppose that Y is an h-
process in {x € R? : |z| < 1}. Let the conditioning function h be given by h(z) = — log |z|
in the complex notation. The initial distribution of Y is assumed to be uniform on the
unit circle. Then it is easy to see that the process Y converges to 0 at its lifetime a.s. Let
C}, denote the event that Y does not return to dB(0,27%1) after hitting 0B(0,27%). It
is routine to check that the distribution of —log|Y| is that of the 3-dimensional Bessel
process, i.e., the norm of the 3-dimensional Brownian motion. Hence, Proposition 1 implies

that with probability 1, Cj holds for infinitely many k.

Fix an arbitrarily small € € (0,1) and let K be the smallest k such that C holds and
27F <e. Let S =T(0B(0,27%)). We will condition Y on {K = ko} and {Y(S) = yo} for
some fixed ko and yo. The conditioned path consists of two pieces: V7 = {Y (¢),0 <t < S}
and Vo = {Y(¢),S <t < 7} where 7 is the lifetime of Y. Note that V5 is an hj-process
in B(0,2 %) starting from yo and conditioned to go to 0. Here hy(z) = —log|z| +
log(27*0*1). The process V5 is independent of Vi given {K = ko} and {Y(S) = %o}
Theorem 2.1 of Burdzy (1989) implies that with probability p > 0 the process V5 has a
cut point within B(0,27%~1). In particular, with probability p, there exists t € (T,7)
such that Y (¢) € B(0,27%"1) and Y([T,t)) N Y((t,7)) = . The probability p does not

6



depend on ko or yo by scaling (see Lemma 2.1) and rotation invariance of conditioned
Brownian motion. Since {K = ko} implies Cf,, we also have Y ([0,¢)) N Y ((t,7)) = 0
with (conditional) probability not less than p. Let A(e) denote the event that there exists
t € (0,7) such that |Y ()] < e and Y([0,¢)) NY((t,7)) = (. By summing over all kg and
integrating with respect to yo we can prove that P(A(g)) > p > 0 for every fixed € > 0.
The sequence {A(1/j)};>1 is monotone so P([,, A(1/j)) = p. The event {(,5, A(1/j)}
belongs to the tail o-field for the h-process Y so by the 0-1 law its probability is equal
to 1. In other words, with probability 1, for every € > 0 there exists ¢t € (0,7) such that
Y(t)] <eand Y([0,t))NY((¢t, 7)) = 0.

Suppose X is a 2-dimensional Brownian motion starting from 0 and let U, be the first
hitting time of the circle B(0,7) by X. The process { X (¢),0 <t < Uy} is the time-reversal
of Y so its path contains cut points in every neighborhood of 0 a.s. By scaling, this is
true for the process stopped at any stopping time U, i, k > 1. Since at least one of these
stopping times is less than 1, the trace X ([0, 1]) contains cut points in every neighborhood
of 0 a.s. Note that if X () is a sequence of cut points converging to 0 then ¢ — 0
by continuity of Brownian paths and the fact that Brownian motion never returns to its

starting point.

The three-dimensional result is a straightforward corollary of the two-dimensional re-
sult and the fact that the orthogonal projection of the three-dimensional Brownian motion

on a plane is a two-dimensional Brownian motion. []

Proof of Theorem 3 (i). Consider two independent two-dimensional Brownian motions X!

and X? starting from 0 and killed at the hitting time of 9B(0,1). Let

S9(k) = inf{t : | X7 (8)] = 27},

79 (k) = inf{t > S7 (k) : | X ()| =277}, m>1,
S (k) =inf{t >T? _ (k):|X'(t)]=2"%}, m>2.

Let N;(k) be the number of crossings of X7 from dB(0,27%) to B(0,27%71), i.e., N;(k) is
equal to the largest m such that T7, (k) < co. A standard calculation shows that the prob-
ability that a Brownian motion starting from a point of B(0,27%) will hit 9B(0,27%1)
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before hitting 0B(0,1) is equal to p a k/(k+1). By the strong Markov property applied
at S7,(k)’s, the distribution of N;(k) is geometric, i.e., P(N;(k) = n) = pP(1 — px). The

independence of X! and X? implies
n 2
P(N1(k) + Na(k Zpk (1= pe)pi(L — p) = (n + 1)pp(1 — ).

Hence

n

P(Ny(k) + Na(k) <n) => (j+ Dph(1—pr)® < (n+1)(1 = pe) (1 — pp™).

=0

In particular, if we take n = clog k for some constant ¢ < oo, we obtain
(2.1) P(N1(k) + No(k) < clogk) < (clogk + 1)(1 — pg)(1 — pzlogk-H)
For k > ko we have

(clogk +1)log(k/(k+ 1)) = (clogk + 1)log(1 —1/(k+ 1)) > —

> —k~Y2/2 > log(1 — k~1/?).

2
1(clogk +1)

Exponentiating yields
(l{i/(l{? + 1))clogk+1 2 1— k—1/2

and, therefore,

L—pp 8 = 1 — (k/(k + 1)) loB T < /2,

This and (2.1) give

> P(Ny(k) + Na(k) < cloghk) < > (clogk + 1)(1 — k/(k+ 1))k~ "/? < oc.
k>ko k>ko

By the Borel-Cantelli lemma, for any fixed ¢ < oo, only a finite number of events { N7 (k) +
Ny (k) < clogk} occur.



Let K = >, 0B(0,27%) and let U{ (n) = inf{t > 1/n: X’(t) € K},
Uj(n) = int{t > U),_;(n) : X/ (t) € K, | X7 (1) # | X/ (U),_ ()|}, m>2.

Note that we have U7, (n) = U ,g (7) for many distinct values of m,n, k and i. For a family
of points #7 (n) let F = F({z? (n),7 = 1,2,m,n > 1}) denote the event {X7(UJ (n)) =
xd.(n),7 = 1,2,m,n > 1}. Observe that x’ (n)’s determine the values of Ni(k) + Na(k)
for all k > 1. Given F, the processes {X7(t),t € [Uﬂﬁ(n),UiLH(n)]}, m,n > 1, are
independent. If we condition on F and suppose that |27 (n)| = 27 then {X/(t),t €
(U7, (n), Ugwrl(”)]} is an h-process in Dy 4 B(0,27%t1)\ B(0,2-*-1) converging to

) 1 (n) € ADy.

Fix some integer M. We will say that a set C' belongs to family Z if

(i) C contains closed loops within both annuli B(0, (7/4)27%)\ B(0, (3/2)2~*) and
B(0,(3/4)27%)\ B(0,(5/8)27F), and

(ii) for each j = 1,..., M, the set C contains a continuous path connecting the circles
0B(0,(9/16)27%) and 0B(0, (15/8)27%) within the wedge

{z=re":a¢e (2jr/M,2jm/M + n/M)}.

Let Ay be the event that the process starts from a point of 9B(0,27%) and its path
stopped at the hitting time of K \ 0B(0,27%) belongs to Z,. Let Q be the union of
trajectories of X! and X2. It is standard to prove that for any harmonic function h in Dy,
and any point z € 9B(0,27%), the probability of Ay for an h-process starting from z is
bounded below by a constant ¢ > 0 which does not depend on x or h and which, moreover,
does not depend on k, by Lemma 2.1. Hence, the conditional probability given F' that )
does not contain a set in 7 is not greater than (1 — ¢)N1(F)+N2(k) Tet ¢ = —2/log(1 — q).

We can assume that Ny (k) + Na(k) > clogk for all k > k1 = kq1(F'). Then

(1 i q)N1(kJ)+N2(k) < (1 . q)clogk _ pelog(l—q) _ .2

Since ), k—2 < oo, the Borel-Cantelli lemma implies that for almost all k, () contains a

set in 7.



Let Ji be the family of sets from Zj rotated around 0 by the angle 7/M. The same
proof which works for Z;, shows that for almost all k£, ) contains also a set in J. It is now
elementary to see that with probability 1, @) contains at least M disjoint paths (except
that they all start at 0) which connect 0 and some circle dB(0,27%), k < co. Since M is

an arbitrarily large number, we see that the order of ramification of 0 in () is infinite a.s.

The same proof would apply if we killed X7’s at the hitting time of a circle 9B(0,27%)
for some fixed k& > 1. Note that if X is a Brownian motion and ¢ € (0,1) is fixed then
{X(t—s)—X(t),s €[0,t]} and {X(t+s) — X(t),s € [0,1 —t]} are independent Brownian
motions starting from 0 and with probability 1 they both hit some circle 9B(0,2~%). Thus
for every fixed ¢t € (0,1), the order of ramification of X (¢) in X ([0, 1]) is infinite a.s.

Theorem 3 (i) now follows from the Fubini theorem. O

Proof of Theorem 4. Fix some t € (0,1). Note that Y = {X(t + s) — X(¢),s > 0} and
Z = {X(t—s)— X(t),s € [0,t]} are independent Brownian motions starting from 0.
Theorem 2 applied to the first process shows that with probability 1, for every n > 1 there
is s, € (t,t 4+ 1/n) such that X[t,s,] is disjoint from X[s,, 1] and X (s,) # X(s) for all
s # Sn, s € [t,1]. Hence one can find &,, > 0 such that X|[s, — e, $,) N X (Sp, $n + 5] = 0.
Since Y and Z are independent and a Brownian motion with probability 1 does not hit a
fixed point, it follows that X0, ¢] does not contain any point X(s,), n > 1 a.s. Thus with
probability 1 there are cut points arbitrarily close to X (¢). The same is true simultaneously
for all rational ¢ € (0,1) a.s. It remains to notice that the set of points X (¢) with rational

t € (0,1) is dense in X[0,1]. O

Proof of Theorem 1’. Recall that X is a 2-dimensional Brownian motion with X (0) = 0.
We will choose many constants depending on the particular path but we will suppress

expressions “with probability 1.”

We will construct a number of paths (we will call them (P)-paths) which are not,
strictly speaking, Brownian paths, although they may be called “Brownian” as they have
many typical properties of a Brownian trajectory. We start by defining a countable family
K of C! lines. First, all line segments whose endpoints have rational coordinates are

contained in . The family I also includes all arcs of circles such that the center of the
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circle and its radius are rational and the arc corresponds to an angle which is a rational
multiple of w. Finally, I contains all C'' Jordan curves which are finite unions of line
segments and arcs described above. Note that for every finite union of balls M and every
€ > 0 there exists an open set M; containing M such that 9M; € K and all points of 9M;

are within distance € from M.

We will also need a family A of random times. A random time 7" belongs to A if it

satisfies one of the following conditions.
(A1) There exists a rational ¢ such that T =t a.s.
(A2) There exist K € K and rational ¢; such that "= inf{t > ¢; : X(t) € K}.
(A3) There exist K € K and rational ¢; such that T' = sup{t < t; : X(t) € K}.

(A4) There exist S1,52 € A such that 7' = min(51, S2).

(A6) There exist K € K and S € A such that T'=inf{t > S : X(t) € K}.
(A7) There exist K € K and S € A such that T"=sup{t < S: X(t) € K}.

)

)

)

)
(A5) There exist S1,S2 € A such that T' = max(S1, S2).

)

)
(A8) There exist S, 51,52 € A such that T' = inf{t > S : X(t) € X[S1, S2]}.
)

(A9) There exist 5,57, 52 € A such that T'=sup{t < S : X(t) € X[S1, S2]}.

Adelman and Dvoretzky (1985) observed that the point where a Brownian motion
hits the trace Z]0,1] of an independent Brownian motion Z is not a double point of Z
with probability 1. This and a standard argument show that in (A8) there is only one
s € [S1,S52] such that X(s) = X(7T). The fact that Brownian paths do not hit a point
fixed in advance and the Markov property can then be used to show that there is no other
u € [0, 1] besides s with X (u) = X(T'). A similar remark applies to (A1)-(A9).

We will say that a path {A(t),t € [t1, 2]} has property (P) if it satisfies the following.
There exist a finite increasing sequence {s;}1<j<i such that sy = t1, s = t2, a (not
necessarily increasing) sequence {u;}i1<;<x, and for every j < k thereis a A; =1 or —1
such that A(s; +¢) = X (u; + Ajt) for all t < sj41 — s;. In other words, A is assembled
from a finite number of pieces of X. We also assume that the pieces of X that make up

A are disjoint, i.e., X (uj,u; + Aj(sj41 — 55)) N X (Un, up + Ap(Spt1 —sn)) =0 if j #n
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(the formula needs an obvious modification when A; = —1 or A,, = —1). Moreover, all
times u; and u; + Aj(sj41 — s;) have to belong to A. Finally, we require that if u; or
uj + Aj(sj+1 — s;) is equal to T" defined by (A8) or (A9) and s € [Sy,S2] is such that
X(s) = X(T) then there is 6 > 0 such that either X[s — d, s] or X[s, s + 0] is not used in

the construction of A.
Obviously, the original Brownian path {X(¢),t € [0,1]} is a (P)-path.

The following transformations may be used to obtain a (P)-path from another (P)-
path although not every application of (T2) will guarantee that the pieces of X in the
definition of a (P)-path are disjoint.

(T1) If {A(t),t € [t1,t2]} has property (P), t1 < Ty < Ty < to, and 131,715 € A then
{A(t),t € [T1,T»]} also has property (P).

(T2) Suppose that {A1(t),t € [t1,t2]} and {Ax(t),t € [ts,t4]} are (P)-paths such that
Al(tg) = Ag(tg). Then {Ag(t),t € [t]_,tQ + t4 — tg]} defined by

As(t

Al(t) ifte [tl,tg],
)_
Az(t—t2+t3) ifte [t2,t2+t4—t3],

may be (or may be not) a (P)-path.

(T?)) If {A(t), te [tl, tg]} has property (P) and Al(t) = A(tg +1t —t) then {Al (t), te [tl, tg]}
is also a (P)-path.

We would like to point out one particular combination of these transformations which
will play an important role in the proof. Suppose that {A(t),t € [t1,t2]} has property
(P) and let A) be defined relative to A in the same way that A has been defined relative
to X. Let us assume that 7T,5,51,5 € Ap, S < 57 < S5, and these random times
satisfy a condition analogous to (A8), i.e., T = inf{t > S : A(t) € A[S1,S52]}. Let
S = sup{t € [S1,52] : A(t) = A(T)}. Now let us replace the piece A[S,S3] of A with
A[S,T] and A[S5,S2]. We obtain a new (P)-path A;. The precise meaning of this operation

should be quite obvious but we are going to spell out the definition of A; in this case. We
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will limit ourselves to the word description in future instances of this operation. We have

A(t) if t € [t1,T],
A(t) =< A(S3+¢t) ifte [T, T+ (Sy— S3),

A(SQ + t) ifte [T+ (SQ — 53),T+ (52 — 53) + (tg — Sg)]

We will say that {A(t),t € [t1,t2]} has a local double cut point at x if there exist

s1,u1 € (t1,t2) and a small disc B(x,r) with the following properties. Let

So = inf{t : A[t,Sl] C B(SL‘,’/’)},
so = sup{t: Als1,t] C B(z,r)},
wo = inf{t : Aft,u;] C B(x,r)},

ug = sup{t : Auy,t] C B(x,r)}.

Let Dy, D2, D3 and D4 be the connected components of B(x,r) \ (A[so, s2] U Alug, us])
which touch the boundary of B(z,r). The point z is called a local double cut point if

A(s1) = A(ur), s2 < ug or ug < s and at least two of D;’s contain z in their closure.
Every (P)-path {A(t),t € [t1,t2]} has the following properties.
(P1) A is continuous.
(P2) Alt1,t2]) € X]0,1].
(P3) A has no local double cut points.

Properties (P1) and (P2) are evident. (P3) follows from the fact that the Brownian
path X has no local double cut points (Lemma 2.2) and from the fact that the points
where the pieces of the X path are spliced (i.e., X (u;) and X (u; + A;(sj4+1 — s;)) in the
notation used in the definition of a (P)-path) are not double points. See the last condition

in the definition of (P)-paths and the remarks preceding the definition.
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For a continuous path {A(t),t € [t1,t2]} and sets D C D™ let

SP(A) = inf{t > t, : A(t) € D},

A) =inf{t > TP (A): A(t) € D}, k>1,

(A) =

TP(A) = inf{t > SP(A) : A(t) € OD}, k>1,
SP(A) =

2 (A)

(2.2) UP(A) =sup{t < SP(A): A(t) € DT}, k> 1.

Suppose that {z }x>1 is a sequence of points of R? and {~yx }x>1, {ak }r>1 and {8k r>1
are positive sequences decreasing to 0. Let Cy, = B(zg, Vi), C,j = B(xk, Yk + Br). Assume

that
(i) vk's, ax’s, Br’s and the coordinates of z’s are rational.
(ii) X(0) and X (1) are outside the closure of C; for every k.
(iii) Every point in R?\{X(0), X (1)} is covered by infinitely many discs B(z, (7x —ax)/2).
Other conditions will be imposed on these sequences later in the proof.

Find the smallest kg such that X[0,1] N Ck, # 0. Sometimes we will suppress ko in

the notation and write C' and C't instead of Cj, and C’,;';.

Note that T (X) < oo for only a finite number of k. Let Vj be a time t between US (X))
and T (X) at which | X () — | takes its minimum value. Note that | X (Vi) — 20| < Yk,
a.s. Then let

Vi =sup{t < Vi : | X(t) — 20| > Yo}

Vih =1inf{t > Vi, 1 [ X(t) — 20| > Yo }-

The continuity of the Brownian path implies that for any given ay, > 0 we can choose
sufficiently small B3, > 0 so that X[US (X),V, ] and X[V, T (X)] lie in L df B(xo, Vi, +
/Bko) \ B(xO,’YkO - ako) fOI“ a].]_ k.

Fix some small ¢; > 0, and find ay,, Bk, > 0 such that the time Brownian motion X

spends in L before time 1 is less than £;. The ¢-measure of a piece of two-dimensional
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Brownian path is equal to its time-length, where ¢(u) = u? log(1/u) logloglog(1/u) (Taylor
(1964), Le Gall (1987)). Hence, the ¢-measure of X[0,1] N L is less than &;.

Let K1 = X[0,1]\U, X[UF,T¢] and K2 = {J,, X[V, , V;']. Both sets K; and K, are
closed and K; N Ky = (. Let

Ry =inf{t > UZ(X) : X(t) € Ky},
Ry =inf{t > Ri_1 : X(t) € K1}, k even,

R, =inf{t > Ry_1: X(t) € Ko}, k odd.

Since K; and K3 do not intersect and X is continuous, Ry < Vi~ for only a finite number
of k, say for k < ig. Let Ry = UY(X) and R;,11 = V; . Now we apply Lemma 2.3
to {X(t),t € [Ro, R1]} and sets K; and K. We replace this piece of the Brownian
path with a new path {Tg(s),s € [s,s9]} such that X(Ry) = To(s?), X(R1) = [o(sY),
[o[s?,89] € X[Ry, R1] and

(K1 UTg[s?, s9]) N (K2 UTo[sg, s9]) = {To(sg)}

0 0 .0
for some sy € (57, 59).

The remarks before the definition of a (P)-path show that I'(sJ) is not a double point.
Hence, there is an open ball By whose boundary belongs to K which contains T'(sY) and

satisfies X[Ry1, Ra] N By = ). Let

s = inf{s < 5§ : Tg[s, s3] € Bo},
5§ = sup{s > s : To[s), s] € By},
K7 = K1 UTolsY, s3],

K = Ko UT[sY, s9].

Note that s < s < s% and KV N K = (. Let us apply Lemma 2.3 again, this time

to {X(t),t € [R1,Ra]}, KY playing the role of Ky and K3 playing the role of K;. We
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will obtain {I'1(s),s € [s], s3]} such that X (R;) = I'1(s}), X(R2) = T'1(s3), T'1[s1,si] C
X[Rl, RQ] and

(K1 UTo[s7, 0] UT1[sg, 53]) N (K2 U To[sg, s3] U T1[s1,55)) = {To(sp): 1 (sg)}

for some s9 € (sY,59) and s} € (si,s3).

By repeating the same procedure we can construct continuous paths {['y(s),s €
[sk s5]} for 0 < k < ig such that X (Ry) = Tp(s¥), X(Rre1) = Ti(s5), Trlsh, sk C
X|[Rk, Ri+1] and

(Klu U Fk[slf,slg]u U Fk[83,8§]>

k even k odd

N (KQU U Twlss,s51u U Fk[SﬁS'S]) = [ J{rw(s6)}

k even k odd

k ko ok
for some sg € (s7,5).

Next we can find continuous paths analogous to I'y’s which will replace all pieces
X[UZ(X),V, Jand X[V,}, T (X)] of the original Brownian path. Let {A1(u),u € [ug, uso]}
be the path obtained from {X (¢),¢ € [0,1]} by replacing all pieces {X(¢),t € [Ry, Ri+1]}
with the corresponding new paths {I'x(s),s € [sF,s5]}. Let {u;}1<j<j, be the family of
all parameter values for the new path A; such that A;(u;) is one of the points T'y(sf) (we
recall that we include also the new paths and points corresponding to X[UF (X), V, ] and
X[V,F, TE(X)] for all k > 1). Let us suppose that u;’s are labeled so that u; < u;1 for
all j and let us rename uo, and call it uj,41. As a result of our construction, there is a
partition of integers between (and including) 0 and jj into two disjoint sets J; and Jy such
that

U Aifuj,ujpqr] N U Afuj,uiqq] = U {A1(uy)}

Jjeh Jj€J2 1<5<50

Moreover, for one of those sets, say for Ji, we have (J;c; Aifuj,ujt1] C CT while
Ujes, Mluj,uje] £ CF.
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Let

M = U Al[Uj,Uj+1] ﬂAl[uk,ukH].

j:lfe‘]l
J#k

Note that M is a subset of the set of double points of X. Le Gall (1987) has proved that the
exact Hausdorff ¢o-measure for the double points of the 2-dimensional Brownian motion
is given by ¢o(u) = u?(log(1/u) logloglog(1/u))?. Moreover, he has shown that for every
fixed § > 0, the set of all points x such that x = X (¢1) = X(t2), [t1 — t2| > § and t1,t2 €
[0,1] has a finite ¢o-measure. It is easy to see that there exists § > 0 such that for every
pair of j, k € J; the paths Aq[u;, uj41] and Aj[ug, ug41] are assembled from pieces of the
Brownian path which correspond to subsets of the time axis whose distance is greater than
some ¢ > 0. Thus ¢o-m(M) < oo a.s. Recall that ¢(u) = u?log(1/u)logloglog(1/u) gives
the exact Hausdorff measure for the whole Brownian path and note that ¢o(u)/¢(u) — oo
as u — 0. It follows that every set whose ¢o-measure is finite must have zero ¢-measure.
This remark applies to M. Hence, it is possible to cover the set M with a family of open
discs {B;} such that the ¢-measure of | ;BinX [0, 1] is arbitrarily small, say, less than
€9 > 0. Since the set M is compact and B;’s are open, we can assume that the family
{B,} is finite. It is easy to see that we can slightly enlarge the set [ J; B; so that it becomes
the union of a finite number of open disjoint sets A; whose boundaries belong to K and
such that ¢-m (UJ A; N X0, 1]> < 2e9. For every j find an open Aj which contains
the closure of A;. We choose A;”s so that they are disjoint, have boundaries in K and
$-m (Uj AF 0 x[o, 1]) < 3es.

Let A={J; A; and A" = |J; A;’. Recall the notation introduced in (2.2). Note that
there is only a finite number of k with T{(A1) < oo. By applying Lemma 2.5 successively
to all A; we construct for every k € J; a continuous path I'}(#) with endpoints Aj (uy)
and Aj(ugy1) whose range is contained in Aj[ug, uk11] and which contains all the points
of Aq[ug,ur+1] except possibly Aj(u) for some u € (UJA(Al),TjA(Al)), j > 1. Moreover,
each T'} has property (P) and I [UA(T}), TA(TL)] NDLUATE), TA(TE)] = 0 for all i # 5.
We construct a new path by replacing every Aj[ug, ug+1] with T'}, before applying the next

lemma.

Then Lemma 2.8 below shows that there is a continuous (P)-path, say, {X!(t),t €
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[t1,t2]}, with the same endpoints as A; which contains all the points of A; \ AT and
such that X'[US(X'), TC(X")] n X' US(XY), TF(X')] = 0 for i # j. Every path
Xl[UjC(Xl), TJ-C(Xl)] contains two points of the form A (ux) or Aj(ugs1), k € Ji. Let @
denote the part of X [US(X'), T (X")] between these points. If we remove the endpoints
of ®;, it becomes disconnected from the rest of the path. Every continuous self-avoiding
path within X [t1,#5] which has the same endpoints as X! and which contains at least 3
distinct points of ®; must pass through both endpoints of ®;. Let d; = min; ¢-m(P;).
It is easy to see that 6; > 0. If a path inside X1![t;,ts] has ¢-measure greater than
¢-m (X t1,t2]) — 01/2 then it must contain at least 3 points of every ®; and, therefore, it

must pass through all endpoints of all ®;’s.

Suppose that we have X*. Find the smallest j such that C; intersects X k and con-
struct X**1 from X* relative to C; in the same way we constructed X! from X using
Ch,-

We will impose some more conditions on the parameters of our construction.

Suppose that X* is parametrized by the time interval [vf,v5]. Let {yf,v5,... 4k }
be the family of all points on the path of X* which are defined in the same way as A; (ug)
and Ay (ug+1), k € Ji, have been defined in the construction of X 1. We will argue that if

we choose the parameters of our construction in a suitable way then

(2.3) UAwb b,k € X[ 0]
k<j

for every j. Let §; be the minimum of ¢-measures of all pieces of X* joining pairs of
distinct points in Uk<j{y’f,y§,...,yfnk}. Again, it is rather easy to see that d; > 0.
Then we choose Y, ax, B and ) so that the ¢-measure of the intersection of X*~1
with B(xg, & + Be) \ B(zr, Vi — ag) is less than min(eq /2%, 6;_1/4). See the construction
of X' for the justification of this step. In the construction of X*, we choose sets Ajk
and A;fk analogous to A;’s and A;L’s sufficiently small so that ¢-m (UJ A;’,k N X0, 1]) <
min(3e2/2%, 01, _1/4). Hence the total ¢-measure of all pieces removed in the k-th step is

less than d;,_1/2 and, therefore, (2.3) follows just like in the case of X*.

Choose any € > 0. The pieces of the original Brownian path which are removed at
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the k-th stage are contained in the union of B(zk, vk + Bk) \ Bz, vk — o) and |J; A;’k
Hence, the ¢-measure of all pieces removed at all stages is less than Y, e1/2% + 35 /2"

and we can assume that this number is smaller than € by choosing some €1 and £, smaller

than £/100.

Note that

XEop ™ 03 € XF[oy, vs]

for every k. Hence, U & N X*[vF,v5] is a compact set whose ¢-measure differs by no
more than € from that of the original Brownian path X|[0,1]. It remains to show that U

is a self-avoiding continuous path.

Recall the family {yf,y5,...,yk }. It follows from (2.3) that
df ko k k U
y_U{y17y27"'7ymk}C .
k

Since

{yi. 5, ... 7yfnk} C B(wg, vk + Bk) \ B(Tk, v — o),

{Vk} k=1, {ar}e>1 and {Bk}r>1 are decreasing to 0, and every point in the plane (except
X (0) and X (1)) is covered by infinitely many discs B(x, (7x — ax)/2), the set ) is dense

in U and, therefore, ) is infinite.

Let us (arbitrarily) order points of ), say, J = {z1, 22,... }. Recall that every path
XF visits all points of V. Observe that every point zj is visited only once by X koif k
is sufficiently large. Find an infinite subsequence of {X*} such that the paths in this
sequence visit z; and zy only once and in the same order. Then find a further subsequence
so that the paths in this subsequence visit z1, 2o and z3 only once and in the same order.
By repeating the procedure and then using the diagonal method we can find a subsequence
of {X*} such that all X* in the subsequence with k > k(n) visit all points 21, 2o, . . ., 2
in the same order. We will write z;, < z; if z; is visited before z; by the paths in the tail

of our final subsequence.

Let us define a mapping F' from ) onto a subset of [0, 1]. We start with F'(z1) = 1/2.
Suppose that we have defined F'(z;) for all j < k. If z; < 2, for all j < k then F(zy) d [1+
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max;<x F'(2;)]/2. Similarly, if z; < z; for all j < k then F'(zy) 4 min; .y F'(2;)/2. If none
of these conditions holds, find j; and js so that z;, < 2, < 25, but no z;, j < k, lies
between z;, and zj,. In this case let F'(zy) 4 [F(z;,)+ F(zj,)]/2. Note that G L r-lisa
univalent function. Let Z be the smallest closed interval containing F'(}). We will argue

that J d'p () is dense in Z and that G can be extended to a continuous function on Z.

Suppose that there is a non-degenerate interval (a,b) C Z such that F(Y)N(a,b) = 0.
This easily implies that there exist z; and z; such that there is no z,, with z; < 2, < 2.
In view of (iv), there are discs B(xy, Vn + 0n) and B(xy,, (7, — ay)/2) corresponding to the
n-th stage of the construction such that z; lies outside the bigger disc but z; lies inside
the smaller one. According to the construction, any continuous path within the range of
X" which passes through z; and z; must pass through B(2n,vn + 6n) \ B(n, ¥n — o)
and so it must pass through one of the points {y7,%%,...,y,, } after visiting z; and before
visiting 2. This shows that there must exist z,, with z; < 2, < 2. We conclude that

F(Y) is dense in Z.

Next we prove that GG can be continuously extended to Z. There are two possible
reasons why this may fail. The first one is that there may be a discontinuity of the first

kind at a point s € Z. Suppose that

(2.4) 21 L lim G(t) # lim G(t) L .
v ed

We use an argument similar to the one in the previous paragraph. Find discs B(z,, yn+06n)
and B(xy, (Y, —ay)/2) such that x; lies outside the bigger disc and x5 lies inside the smaller
one. In view of (2.4), there are ¢; and ¢, arbitrarily close to s and such that G(¢;) and G(t3)
are arbitrarily close to x; and z3. A continuous path passing through G(t1) and G(t2)
must also pass through {y7,%%,...,y,, } between its visits to G(¢1) and G(t2). Hence we
can find ¢3 arbitrarily close to s with G(t3) € {7,435, .., ¥, }- We obtain a contradiction
with (2.4) which shows that a discontinuity of the first kind is not possible.

Next we discuss the possibility of the discontinuity of the second kind. Suppose that G
does not have a left or right limit at a point s of Z. Suppose, for example, that the left limit

does not exist. Then we see using compactness that there are infinite increasing sequences
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{s;} and {t;} converging to s and such that lim; G(s;) = x1, lim; G(¢;) = x2 # z1 and
s; <tj < sj4q for all j. Again, find discs B(xy,, v, + ) and B(xy,, (v, — ay)/2) such that
x1 lies outside the bigger disc and x5 lies inside the smaller one. For large k, the path X*
has to pass alternatively through small neighborhoods of x; and x5. Hence, it must also
pass through {y7',¥%,... v, }. Since the path can visit the last set only m,, times, we
obtain a contradiction with our assumption that the sequences {s;} and {¢;} are infinite.

This completes the proof of the claim that G can be continuously extended to Z.

Recall that ) is dense in U. Since G is continuous and its range contains ), it maps

7 onto U.

The last thing we have to prove is that G(s) # G(t) if s # t. We will assume that
this is not true and prove that this assumption leads to a contradiction. Assume that
G(s) = G(t) 4 21 for some s < . It follows from the definition of F that G is not constant
on any interval. Hence, we must have G(u) = xo # z1 for some u € (s,t). Suppose
that the discs B(xy,,vyn + On) and B(z,, (7, — ay,)/2) are such that x; lies outside the
bigger disc and x2 lies inside the smaller one. The inductive procedure which produced
X" from X" ! insures that if a piece of a path X* k > n, starts at a point inside
B(xp, (vn — ) /2), leaves B(zy,Yn + Orn), comes back to B(xy,, (v, — ay)/2) and does
not visit any point of {y7',y5, ..., ¥, } more than once cannot come within some positive
distance, say, p > 0, of its initial part inside B(x,, (v, —ay,)/2). However, the definition of
F and the assumption that z is visited twice by G show that for every r € (0, p/4) there
are some points x3, x4 € B(z1,7) N Y such that for large k the paths X* visit x5 between

the visits to x3 and x4. This is a contradiction. The proof is complete. [

Recall the definition of a local double cut point from the proof of Theorem 1°.

Lemma 2.2. Two-dimensional Brownian path { X (t),t € [0, 1]} does not have local double

cut points a.s.

Proof. Suppose that X has a local double cut point . Then the definition says that there
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exist s1,u1 € (0,1) and a small disc B(z,r) with the following properties. Let

so = inf{t : X[t,s1] C B(x,r)},
sy = sup{t : X[s1,t] C B(z,r)},
ug = inf{t : X[t,u1] C B(:c,r)},

ug = supq{t : X[uy,t] C B(z,7)}.

Let Dy, Do, D3 and D4 be the connected components of B(x,r) \ (A[so, s2] U Alug, uz])
which touch the boundary of B(z,r). Then X(s1) = X(u1), s2 < ug or ug < sp and at

least two of D;’s contain z in their closure.

Suppose that D; and D contain x, let the endpoints of Dy N dB(x,r) be called y;
and y, and let y3 and y4 have the analogous meaning for Ds. We can assume that y1, y2, ys3

and y4 come in this order on the boundary (although they are not necessarily disjoint).

We will discuss three possible situations. First, suppose that y; = X (s¢), y2 = X (s2),
y3 = X(up) and y4 = X (uz). In this situation, the argument given in the proof of Theorem

1.5 (ii) of Burdzy and Lawler (1990) applies and yields the lemma.

The next case is when y1 = X(sg), y2 = X (ug), y3 = X(u2) and y4 = X (s2). Suppose
that sy < ug. By conditioning on the value of X (s2) we may assume that { X (¢),¢ € [sq, s2]}
and {X(t),t € [ug,u2]} are independent. Since w; is the first hitting time of the first
path by the second path, we may apply the strong Markov property at u;. The path
{X(t),t € [u1,uz]} contains infinitely many small closed loops around its starting point x

and this shows that 2 cannot belong to the closure of D; and Ds.

The same argument applies when y; = X (ug), y2 = X(s0), y3 = X(s2) and y4 =

X (up). Other situations can be handled in a similar manner. [

Lemma 2.3. Suppose that {A(t),t € [t1,t2]} has property (P) and K; and K are disjoint

closed sets with A(t;) € K; for j = 1,2. Assume that each K is the trace of a (P)-path.

Suppose that for some to we have Alt1,to] N Ko = () and Alto,t2] N K1 = 0. Then there

exists a path {I'(t),t € [s1, s2]} with property (P) which satisfies the following conditions.
(i) T'(s;) = A(ty) for j = 1,2,
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(ii) T'[s1, s2] C Aft1, t2],

(iii) T" has a cut point s such that

(Kl U F[Sl, 50]) N (KQ U P[SO,SQ]) = {F(So)}

Proof. Let IN{j = {z : dist(z, K;) < ¢} for j = 1,2. By compactness, we can choose ¢ > 0
so small that Afty, o] N Ko = 0 and Afto, 2] N Ky = 0. Let

S = inf{t: Alt,t] C K¢},
T = inf{t : A(t) € A[S, t2]},
U =sup{t: A(t) = A(T)}.

Let us define a continuous path I' on an interval [s1, sa] = [t1,t2 — U + T] by
A(t) if ¢ € [t,T),
I'(t) =
At+U—T) ifte[l,ts—U+T].

Note that I' has property (P), it has the same endpoints as A, its trace is a subset of
Alt1, 5] and it has a cut point ['(T'). Observe that T'(T, s3) N K1 C {A(T)} C dK; and so
(T, s2) N K1 = 0. Tt remains to show that I'(sy,T) N Ky = 0.

It follows from the definition of S that A(S) € K; and so we must have S < t,. Since
T < S, we have T' < tg and F(Sl,T> NKy= A(tl,T) NKy C A(tl,to) NKy= 0. O

Lemma 2.4. Suppose that D is an open set homeomorphic to a disc and 0D € K.
Suppose that {T'1(s),s € [s1,s3]} and {T's(s),s € [s%,s3]} are paths with property (P)
which lie inside D except that their endpoints belong to 0D. Moreover, let us suppose
that their endpoints are distinct and they are arranged on the boundary in the following
order: T1(s1), T'a(s?), T'1(s3) and T'y(s3). Then there exist (P)-paths {¥1(t),t € [t{,t3]}
and {Uy(t),t € [t3,t3]} such that Wi(t}) = T1(sd), Uy(t) = Ta(s?), Wa(t?) = TI'y(sd),
Wy (13) = T2(s3),
W[ty 8] U Walt7, 23] C Ti[s1, s3] U TasT, s3]
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and

Uy [t1,t3] N W,y [t2, t3] = 0.

Proof. Let D; be the component of D\ T'q[s}, s3] UT2[s?, s3] whose boundary contains the
piece of D between I'1(s]) and I's(s?) and which does not contain the other endpoints of
[';’s. Likewise, let Dy be the component of D \ I'y[s], s3] UT's[s?, s3] which contains in its

closure the piece of D between I'1(s3) and T's(s3) but no other endpoints.

The closures D and D are disjoint because (P)-paths have no local double cut points

(see Lemma 2.2 and property (P3) in the proof of Theorem 1’).

Now we can find open sets Ny, Nfr , No and N2+ whose boundaries belong to K and

such that Dy C NV, CﬁlcNfr,EzCNzCNZCN; andN_fLﬂN_;:(Z).

Recall the notation introduced in (2.2). Let {®(u),u € [u¥, uk]}1<k<k, be the family
of all paths of the form {T'1(s),s € [S) (T'1), T}V (T1)]} or {T'a(s), s € [S)* (T2), T, (T2)]}.
The set |J, ®r[uf, u] is connected and contains T'y (s1) and I'y(s?). Hence we may assume
that ®;’s are ordered in such a way that T';(s}) € ®1[ul,ul], Ta(s?) € @y, [uf*, ul] for
some k; < ko and ®p[uf, ub] N ®pyq [T ub T £ 0 for all k < ki, Let 0} € [ul,ud)]
be such that ®;(v1) = T'1(s}). If ®1[ul,vi] N Pou?, u3] # 0 then let vl = sup{v < o} :
1 (v) € Pou?, ud]}. In this case we set v{ = inf{v > vd : ®1(v) = I'y(s})}. The other
possibility is that ®1[01,ud] N ®a[u?, u3] # 0. Then v} = inf{v > v} : ®1(v) € Po[u?, u3]}
and v{ = sup{v < vd : ®1(v) =T1(s})}.

Find 97 € [u?,u3] such that ®3(v?) = ®;(v4). Now we repeat the same procedure as
in the previous paragraph to obtain v? and v3. If ®5[u?, v?] N ®3[uf, u3] # 0 then let v3 =
sup{v < 07 : ®3(v) € P3[u?, u3]}. In this case we set v? = inf{v > v3 : Dy(v) = Oy (vd)}.
The other possibility is that ®o[07, u3] N ®3[u3, u3] # 0. Then v3 = inf{v > v? : By(v) €
P3lu?, u3]} and v = sup{v < v3 : Pa(v) = P1(v3)}.

An inductive argument produces sequences of points {vf} and {v5} such that ®; (v]) =
Ti(s)), ®p, (vF) = Ty(s?) and ®(vh) = ®(w¥t) for all 1 < k < ky — 1. The pieces
{®,(v),v € [vF,v5]} can be spliced together to obtain a (P)-path with endpoints I';(s})

and TI'y(s?) which lies in N;*. An analogous construction gives a (P)-path in N;~ joining
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['1(s}) and I'y(s3). The paths must be disjoint as N;” and N5~ are disjoint. [J

Remark 2.1. Tt is clear from the proof of Lemma 2.4 that the new disjoint paths may be
constructed in every case when the endpoints of I'’s alternate. We can also do it in the
case when the endpoints do not alternate but the original paths intersect. It should be
mentioned in connection with the last claim that an easy argument based on the strong
Markov property shows that two pieces of a Brownian path cannot touch at a single point

unless it is an endpoint of one of them (see the proof of Lemma 2.2).

Definition 2.1. Suppose that I'y and I'; are continuous paths in an open simply connected
set whose endpoints lie on its boundary. We will say that they intersect for topological

reasons if the endpoints of I'; alternate on the boundary with those of I's.

Remark 2.2. Suppose that I'y,...,I'; are continuous paths in an open simply connected set
A whose endpoints lie on its boundary. Moreover, assume that no pair of these paths must
intersect for topological reasons. We will argue that a repeated application of Remark 2.1
will produce a sequence of disjoint paths I'f,...,I'; such that for each j, the endpoints of

I‘;f are the same as those of I';.

Suppose we apply Remark 2.1 to a pair of paths I';, and I';,, which do not have to
intersect for topological reasons and we obtain a pair of disjoint paths I'} and T’} such
that the endpoints of F; are the same as those of I'; for j = n,m. Then we will say that

we applied transformation D to I',, and T',,.

The endpoints of a path I'y divide A into two arcs. It is easy to see that there is a
path I'y such that one of these arcs contains no endpoints of other I',,,’s. Assume without
loss of generality that k = 1. Apply operation D to I'y and I's to obtain I'! and I'J. Then
apply D to 'l and T'3 to get I'? and T'i. Proceed inductively — apply D to I'? and T2
for all n < j — 2 to obtain T'7*! and T'} 42. An examination of the construction given in
the proof of Lemma 2.4 shows that T} is disjoint not only from '} but also from I'? for
every n > 1. More generally, '} is disjoint from T'J* for all m > i —1. Let I' = F{_l. This
curve is disjoint from j —1 curves '3, T3, ..., F;. Note that these curves belong to a simply

connected component A; of A\I';. Although A; is not a disc, Lemma 2.4 and Remark 2.1
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can be applied as they have a topological nature. We have reduced the problem to that of

j — 1 curves and hence we can achieve our goal in a finite number of steps.

Remark 2.3. We will describe a splicing operation for a (P)-loop {A(u),u € [u1,us]} (here
A(uy) = A(uz)) and a (P)-path {I'(u) : u € [s1,s2]}. Let us assume that these paths
intersect. Let t; = inf{u : I'(u) € A} and t = inf{u : A(u) = I'(¢t1)}. Then we create a
single continuous (P)-path by assembling the segments of A and I" in the following order:
[[s1,t1], Alta, us], Aluq,ts] and I'[t1, s2]. A similar remark applies to a pair of loops—in

such a case we would obtain a single loop.

Lemma 2.5. Suppose that {A(u),u € [uy,us|} is a (P)-path, A is a set homeomorphic
to a disc, and A" is another set homeomorphic to a disc which contains the closure of
A. Assume that the endpoints of A lie outside the closure of AT. Then there exists a
(P)-path I" with the same endpoints as A, whose range is contained in Afuy,us] and which
contains all the points of Aluy, us] except possibly A(u) for some u € (U(A), T/ (A)),
j > 1. Moreover, D[UAT), TA(D)] NTUAT), T4(T)] = 0 for all i # j.

Proof. We will modify the path A inductively. Let us start by replacing the two pieces
A[UA(AN), T{(A)] and A[US(A), T (A)] of A by two new disjoint paths {W(¢),t € [t],t3]}
and {Wy(t),t € [t2,t2]}. Suppose for a moment that A(Ui*(A)), A(Us(A)), A(T{(A)), and
A(T5*(A)) come in this order on the boundary of A*. Then according to Lemma 2.4 we may
choose W, and Uy so that Wy(t1) = AU (A)), U1(td) = AU (A)), Ua(t2) = AT (M),
Uy (t2) = A(T5'(A)), and W1 U, is a subset of A[U{(A), T (A)]UA[US(A), T5* (A)]. Then
we connect some pieces of A and ¥; and W, in the following order: Afuy, U{*(A)], [t 3],
time-reversed A[T{*(A),Us (A)], Wy[t2, 3], and A[T5*(A), uz]. Let Ay be the name of the
resulting path. Note that the maximum k such that S{!(A1) < oo is the same as that for
SA(A) < oo. We also have Ay[Uf* (A1), T (A1)] N AL[UsH (A1), T (A1)] = 0. Some caution
has to be exercised when choosing the endpoints of W1 and W5, for example, if we had chosen
Wy (1) = AUAA)), T (1) = ATAN)), Ta(t2) = AT (A)), Ua(t3) = AUZ(A), then
we could assemble these pieces together with some pieces of A to make a (not necessarily

disjoint) curve and a closed loop—this is not what we want. The modifications of the
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argument needed in the case when A(U{'(A)), A(Us*(A)), A(T{(A)), and A(T5'(A)) come

in a different order on the boundary of A™ are quite obvious (see Remark 2.1).

Next we will modify the path of A;. At this point, we will consider only
A (U (A, THA(AL)], A[US (A1), T (A1)] and Aq[U3(A1), T5 (A1)]. Recall that the first
two pieces of the path do not intersect. If the third one intersects only one of the first
two, we apply the same method as in the previous paragraph to replace the pair of inter-
secting pieces with new disjoint paths. The resulting curve A, will have the property that
Ao [UP (A2), T (A2)], Aa[UsH(A2), Ts (A2)] and Ao[Us'(As), T4 (A2)] are disjoint.

Suppose that A;[U$ (A1), T{ (A1)] intersects both Ai[U{* (A1), T{*(A1)] and
A (U (A1), T5 (A1) First replace Ai[U$ (A1), T4 (A1)] and A [U(Ay), T (Ay)] with dis-
joint W3 and W, just like we did it in the first step. Let the new path be called KQ. The
key observation is that we may choose W3 and ¥, so that one of them is disjoint from
Ay (U (A1), T3 (Ay)]. This is due to the fact that one of U3 or ¥, must lie “on the oppo-
site side” of Aj[Uf*(A1), T (A1)] than Aj[Us*(A1), T (A1)] because Aq[U{* (A1), T{ (A1)
and A1[Us (A1), T3 (A;)] are disjoint (see the proof of Lemma 2.4). For this to happen
one has to make sure that the sets N;" and N, in the proof of Lemma 2.4 are sufficiently
small. We conclude that only two of the paths Ap[Uf(As), T2 (A2)], A2[Us(Ag), T (As)]
and Ao[U#(As), T (A2)] can intersect. We replace those two in the usual way with two
new disjoint paths to obtain Ay for which all three analogous pieces are disjoint. Again,

the maximum & such that Si'(Ag) < oo is the same as that for S{1(A) < oo,

We proceed by induction—we replace some or all curves A;[Ui(A;), TA(A;)], m <
j + 2, in order to obtain a new path A;,1 for which all pieces A;1[Uz (A1), TA(Aj41)],

m < j + 3, are disjoint. We obtain a curve with the desired properties in a finite number

of steps. [

The next two lemmas are concerned with smooth curves and have a combinatorial

nature.

Lemma 2.6. Suppose that A is a set homeomorphic to a disc and Ay, ..., A are disjoint
smooth curves. FEach curve intersects itself at a finite number of points and has endpoints

on 0A. Then we can find a function x which takes values 0 or 1 and is constant on each
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component of A\ |J ; A; and such that the components whose boundaries intersect along

a non-degenerate piece of a curve A; have different values.

Proof. First consider the case when we have only one curve A. Suppose that {A(u),u €
[u1,us]} is a continuous parametrization of A. By using the Riemann mapping, we may
assume that A is the upper half-plane and the endpoints of A are A(uq) = 0 and A(ug) = 1.
For each z € A\ A choose a continuous version of the function v — arg(x — A(u)) and let
l(z) = arg(z — A(ug)) —arg(z — A(uy)). It is easy to see that ¢(x) is a continuous function
of x within each component of A\ A and takes values in (2k7, 7w + 2k7) for some integer
k. It has a jump of size 27 on the boundary between components. It will suffice to let

x(z) =0 if k is even and 1 otherwise.

Now suppose that the lemma is true for k—1 curves. Find a curve A; among the curves
{A1, ..., Ag} such that all the remaining curves lie in one component of A\ A;, say D;. Let

D5 be the component of A\ |J A, which contains A;. By the induction assumption,

m#£j
we can find x; and x» corresponding to the components of A\ A; and A\ Um# A,.. By
flipping the values of 0 and 1 if necessary we can assume that x; is equal to 0 on D; for

j =1,2. Then let x(z) = x1(z) + x2(x). The lemma follows by induction. [

Before we state the next lemma, let us give a name to a certain operation on smooth
curves. Suppose that two smooth curves intersect at a finite number of points and let x
be one of them. Let B be a small disc centered at x which does not contain any other
points of intersection. Let us remove the parts of the curves which lie within B and add
two disjoint line segments within B connecting the points at which the curves intersect
OB. This gives us two new curves—each new curve contains a piece of each of the original
curves and a new line segment within B. Note that there are two ways to perform this
operation—each one produces a different pair of curves. We will refer in what follows to

this operation as “reconnecting the curves at x.”

Lemma 2.7. Suppose that A, As, ..., Aj, are open disjoint discs whose closures lie inside
a disc C'. Suppose that smooth curves ®1, ®o, ..., Py, lie inside C' and have their endpoints

on OC. Assume that for every j and k, the intersection of ®;, and A; is either empty or
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is a finite number of line segments. Assume that the endpoints of these line segments are
all distinct and that for each k, the line segments comprising | J ; A; N ®;, do not intersect.
Suppose that ®1,P,, ..., Py,_1 are pairwise disjoint and for all k < kg, the intersection of
¢y, and Py, lies within ; Aj. Then we can reconnect ®;’s at the intersection points within
Uj Aj so that we obtain new disjoint curves ©1, 02, ..., 0y, and possibly some closed loops
IIi,...,II;,. The set of all endpoints of ©;’s is the same as the set of all endpoints of ®;,’s.
If J C{1,2,...,j0} and ¢ ; I1; is connected then this set can intersect at most one curve

O.

Proof. Find a function x corresponding to the components of A=C \Up< ko Pk according

to Lemma 2.6.

The intersection points of ®;’s divide these curves into a finite number of pieces, say,
Ji’s. Let I,..., I, be the consecutive pieces Jj of ®p,. Imagine that initially each Py
is painted with color k. We will repaint ®;’s and we start with ®;,. The first piece, i.e.,
I, will retain its color ky. We will put colors into categories of cool or warm colors as
we proceed with our coloring scheme. The color ky will be called cool if I; belongs to the

component of A with x-value 0. Otherwise we will call it warm.

As we move along ®;,, we will encounter intersections with lines that have been already
crossed by ®;, and also new lines. Suppose that I, is the first piece of ®;, touching ®;.
Then Iy, is painted with color j. At the same time we record the color of I and call
it C(j). Color j will be called cool if I;11 belongs to the component of A with x-value 0.

Otherwise we will call j a warm color.

If I ends at a line ®,, which has been already visited in the past, we repaint Iy
depending on the color of I. If the color of Iy is different from m, we give color m to

Ij41; otherwise Ij41 gets color C(m).

We will show that for all j and k, the colors C(j) and j belong to different categories
of cool and warm colors and the color of [ is cool iff it is in a component where x = 0.
It is easy to see that this is true for k = 1, 2, for the color j of Iy and the corresponding
C(j). Suppose that this is true for all & < k; and all colors j (and corresponding C(35))

which have been used to paint all I}’s with £ < k;. Now observe that Iy, 1 and I, lie
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in components with different values of y. It follows from our coloring scheme that their
colors must belong to different categories of cool and warm colors, no matter whether we
are crossing an old line or a new line. Hence, the induction assumption implies that I}, is
cool iff it is in a component where x = 0. If we are crossing a new line ®;,, a moments
thought confirms that the induction assumption and the coloring scheme imply that C(jo)

and jo belong to different categories of cool and warm colors.

For every k < kg, we repaint ®; by alternating colors of its adjacent components J,,
between k and C(k). We do it so that at least one of the endpieces of @y is painted with

color k.

Next we will show that all J,,,’s that meet at the intersections on the path &, have
one of two colors: k or C(k). This is obviously true of .J,,,’s that lie on ®;. This is also true
for all J,,’s which lie on &, and originate at ®j;, no matter where they have their second
endpoints (the sense of direction is the same as for the sequence of I;’s). It remains to
consider I;’s which originate at some ®,, with n # k and end at a point of ®;. The first

such I; has color C(k), by definition.

Let D be a component of A. Suppose that the first I; which lies in D has color m.
The path &, may leave D by crossing some line ®; for the first time. In such a case
C(i) = m. The first time (if there is such a time) the curve ®j, returns to D, it must
enter D by crossing the same line ®;. The color of the I; that lies within D after that
crossing can be only ¢ or C(i) = m. Since only one of these two colors is cool and the path
is in the same component of A which already contains a path colored m, we can conclude
that I; has color m. A similar argument applies to multiple crossings of the same line ®;.
We conclude that all I;’s in the same component of A must have the same color. Since I j
leaving a path ®; may have only one of two colors k or C(k), so must the I;’s which come
to @, from a different ®,,. This shows that all .J,,,’s that meet at the intersections on the

path ®; have one of two colors: k or C(k).

We have shown that the paths J,,, meeting at an intersection point can have only two
colors and the construction clearly shows that the colors come in two adjacent pairs as we

go around the point. Hence we can apply the reconnecting procedure described before the
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lemma at every intersection point. We always join Ji’s which have the same color. The
result will be a number of continuous paths 01,02, ..., Oy, and possibly some closed loops
II;,...,1I;,, none of which intersect within Ay’s, & > 0. Each of these paths is painted
with only one color. It is easy to see that the set of all endpoints of ©;’s is the same as

the set of all endpoints of ®;’s.

Recall that we have already shown that all I;’s in the same component of A must
have the same color. Fix some k and consider the components of Ay=C \U 2k ©j. Then
using Lemma 2.6 and the same argument as with the I;’s we can prove that J,,’s which

lie on ®; and belong to the same component of A}, must have the same color.

Suppose that two J,,,’s intersect outside | J y Aj and, therefore, they both belong to the
same ®;. It follows that they lie in the same component of A and the same component
of every ﬁk, k # j, and so these two J,,,’s must have the same color. Note that all ©;’s
must have different colors because we have painted (at least) k¢ initial pieces of ®}’s with
different colors. Hence, ©;’s are pairwise disjoint. A loop II; can intersect other loops
only if they are of the same color and all loops of the same color can intersect only one

Or—the one with the same color. This proves the last assertion of the lemma. [

Lemma 2.8. Suppose that C' is an open disc whose closure is contained in an open disc
C™T. Assume that for every j < jo, we have an open simply connected set A; whose closure
lies within an open simply connected set A}F. The sets A;L are assumed to be pairwise
disjoint and their closures are contained in C. Let A =J; A; and A™ =J; Aj. Suppose
that {A(u),u € [uy,us]} is a (P)-path with endpoints outside C*. Let Ay be the piece of
A between UF (A) and TE (A). Assume that all the intersections of A, and A; for j # k
lie within A. Moreover, assume that A[U(Ay), T/ (Ag)] N AR [UA(Ag), T (Ag)] = 0 for
all k and i # j. Then there is a (P)-path T' with the same endpoints as A which contains
all the points of A\ A* and such that T[US (L), TS (D)) NTUL(T), T (T)] = 0 for i # j.

Proof. First we replace the pairs of paths Ay [U]Ai (Ak), T]Ai (Ax)] and A, [U2 (M), T (Ayy)]
which do not have to intersect for topological reasons with pairs of disjoint paths as in
Lemma 2.4 (see Remark 2.1). This will change the path A only within A. From now on we
will assume that if Ak[UJAi (Ak), T]Ai (Ax)] and A, [U2(A,,), T2 (A,,)] intersect then they
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have to do so for topological reasons.

We would like to apply Lemma 2.7 to the curve A but this curve is not smooth. Hence

we will approximate it with a smooth curve ® as follows. We choose ® so that
(i) ® has the same endpoints as A,

(i) @US (@) = AUF (A)) and S(TF(®)) = A(TE (A)) for all k such that T} (A) < oo;
let ®; be the piece of ® between US (®) and T (®),
(i) @x(UA(Pr)) = Ap(UH(Ag)) and @4 (T (Pg)) = Ap(TH(Ag)) for all j and k,
(iv) intersections of ®; and ®; for j # k lie within A,
(v) (UL (Pr), T (®r)] N @k[U(Pk), T (Pr)] = 0 for all k and i # j,
(vi) if Ay and A; are disjoint, then so are ®; and ®;,
(vii) if Ak[UjA"(Ak), T]Ai (Ax)] and A, [U2(A,,), T2 (A,,)] are disjoint then so are
DRUA (D), T (@4)] and By [U (@,,), T (D],

(viil) ®p[U (Dr), T (®r)] and @, [UL (@y,), Tt (P )] have at most one intersection point.

It is easy to choose ® so that it satisfies (i)-(iii). In order to have (iv)-(vii), it will suffice
to construct ® so that for a sufficiently small § > 0 and all v we have |®(u) — A(u)| < 0.
Condition (viii) is easily satisfied if A;"’s are discs—it is enough to modify ®’s so that all
pieces @ [U ]f“ (D), T]Ai(q)k)] are line segments. Since (viii) is a topological assumption, it

can be satisfied for any family of simply connected open sets A;r.

Let us rename paths Al[UJf41 (Al),TjAl(Al)] as I; = {I;(u),u € [ul,u}]} and let J, =
{Ji(u),u € [s¥,s5]} be the new names for As[U (A), T (A2)]. Recall that I;’s are
disjoint and the same is true for J’s. If I; and Jj, intersect then they have to do so for
topological reasons. We will say that I; hits Jj, before Jp, if inf{u : I;(u) € Ji} < inf{u :
Ii(u) € Jn}.

Suppose that I; and Jj, intersect and that I, is the first curve hit by Jj, after hitting I;.
Let T be the infimum of u such that Ji(u) € I,,. Then we let ti = inf{u: I;(u) € Ji[s§,T)}
and . = I;(t]). Let r] = inf{u : Jy(u) = x1}. Note that 7 < T'. Since Ji[s¥,T") does not
intersect I,,, we see that :1:?f = Jk(ri) and z}} = Ji(ry) for some ri < 1. More generally, if

we move along Jy, from Ji(s¥) to Ji(s5) and we hit I, before hitting I,, then xi = Jk(r‘,i)
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and z}* = Ji(r") for some ri < rp*. Now suppose that I; hits Jj, before hitting J,,,. Let
D be the component of A \ I,, which contains Ji[s¥, T). Note that I; and Ji[s}, T) have
to intersect in D for topological reasons. Moreover, I; has to hit Ji[s}, T) before hitting
Jm in D. We conclude that if we move along I; from I;(ul) to I;(u}) and we hit Jj, before

hitting J,,, then x{c = Ij(ti) and zJ, = I;(t} ) for some ti <t

Let I ;I) and J,? be defined relative to ®; and ®, in the same way as I; and Jj;, have

been defined relative to A; and As. Use these curves to define points yi analogous to xi’s.

The main point of the construction of :z:i’s is that they come on the paths of I;’s and

Ji’s in the same order as yi’s on the paths of I;-I”s and J2’s. Let yﬁ yﬁ denote a piece of one

of I f s or one of J¥’s between points yill and yiz — we will tacitly assume that either j; =

jo or k1 = ko. Suppose that a path made of arcs yiiyﬁ,yiiyiz, e ,yi::ll yi’:’n intersects

another path made of i yi2,, yi2 yi2, . .. ,y,i{:l yir only at some yi’s. Then the paths made

; ) Yoo ped1 ud2 .02 .03 Jm—1 _J i1 1 i i tr—1 i
of pieces of I;’s and Ji's: xy @y, T2 w s -, @y @y and T Ty, T Ty - - - Ty T,

intersect only at some z7’s.

We will apply Lemma 2.7 to ®; and ®5. The sets Aj in the statement of Lemma
2.7 will play the role of A;’s in Lemma 2.6. Although A;”s are not discs, they are simply
connected open sets and we can apply Lemma 2.6 as it deals only with topological and

combinatorial properties.

According to Lemma 2.7, ®; and ®, may be reconnected within A so that we obtain
two paths ©; and ©2 with the same endpoints as ®; and @, (although the endpoints of ©;

need not be the same as those of ®;) and possibly a finite number of loops II,;. Every curve

©1 [UJA1 (01), TJ.A1 (©1)] contains a number of arcs of the form yill yir‘;,yﬁ yiz, . ,yi’fn:i yiz

except that very small pieces of these arcs close to yi’s were replaced by new connections.

Consider the corresponding curves Q; consisting of paths mfl xﬁ,xﬁ xﬁ Y Ji’;: xi’”

Note that QF are (P)-paths in A with the same endpoints as @1[UJA1(@1),TJ-A1(@1)].
Define Q?’s in a similar way relative to ©,. The proof of Lemma 2.7 shows that not only
©; and O, are disjoint but the paths @1[UJA1 (01), TJAl (©1)] are also disjoint for different
j (the same is true for ©2). It follows that no pair of paths from the family of Q;’s and

Q?’s have to intersect for topological reasons. In view of Remark 2.2 we can replace le-’s
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and Q3’s with ﬁjl-’s and ﬁ?’s which are disjoint (the endpoints of ﬁ? are the same as those
of Qé“) If we perform the operation D discussed in Remark 2.2, ﬁjl’s and ﬁ?’s will not
necessarily pass through the points z?, as the old paths. However we will record the fact

that an original path Q¥ passed through z}, by writing z, > ﬁf

We have constructed disjoint (P)-paths fAZ; and sz which connect the points
AU (A1), A(T (A1), A2(U (A2)), and Ag(T; " (Az)) within Af. Moreover, these
endpoints are connected by the new paths in the same way as by ©’s. Next we repeat the

same operation in every A;r.

Let us replace all Al[Uin (A1), Tin (A1)] and AQ[U].A"(AQ), TJA"(AQ)] with f\l}’s and ﬁ?’s
and the analogous paths in A;”s for j > 1. The original curve A will be replaced by a new

curve A and possibly a number of (P)-loops X; corresponding to 1I,’s.

If some loops ¥; intersect then we combine them into a single loop using Remark 2.3.
If any of the new loops intersects A we again apply Remark 2.3 to get rid of this loop and
incorporate it into A. We may be still left with some loops that do not intersect any other
loop or A. Note that such loop must contain an ﬁg‘“ (or an analogous path in some A})
such that there exist zi and Q7, with the following properties: z > ﬁf, 2l > Qr and Q7
belongs either to another loop or to A. By switching the original reconnection at the point
2! we will get rid of one loop. A repeated application of the procedure will get rid of all

loops.

Let A* denote the path obtained from A by attaching to it all loops. Our construc-
tion and Lemma 2.7 imply that A*[US(A*), TC (A*)] N A*[US (A*), TS (A*)] = 0. Next
we approximate A* with a smooth line ® just like in the case of A. Then we apply
Lemma 2.7 to &1, P, and ®3 in order to construct a new curve A** with the property
that A**[US (A**), TE (A**)] N A**[U]C(A**),T]C(A**)] = for i # j, 4,7 = 1,2,3. We
inductively repeat the procedure each time applying Lemma 2.7 to a larger number of

q)j’S. L]
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