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In this thesis we develop the theory of Local Set Approximation (LSA), a framework which
arises naturally from the study of sets with singularities. That is, we describe the local
structure of a set A in Euclidean space through studying a class of sets S which approximates
A well in small balls. We will give two interpretations LSA in Chapters 2 and 3. If in small
balls B(z,r), our set A is close to some S, € S, the approximation is unilateral. On the
other hand, if in small balls B(x,r), our set A is close to S, and Sy, is close to A, the
approximation is bilateral. Both of these models appear naturally in areas of geometric
measure theory such as area minimizers, mass minimizers, free boundary, and regularity of
measures. In Chapters 4 and 5, we give applications of local set approximation to the study

of asymptotically optimally doubling measures.
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Chapter 1

LOCAL SET APPROXIMATION ARISES FROM PLATEAU’S
PROBLEM

Dating back to Euler and Lagrange, soap-films and soap-bubbles have fascinated math-
ematicians and physicists. Roughly speaking, a soap-film is a stable configuration made
by dipping a wire frame into a mixture of soap into water. A soap-bubble configuration
is a stable configuration of bubbles made from such a mixture, without a fixed boundary
like a wire frame. In the 1880’s, the Belgian physicist Joseph Plateau described the struc-
ture of soap-films and soap-bubble configurations through experimental observation. His

observations can be summarized in the following three laws, known as Plateau’s Laws:

i. Soap films and soap bubbles are composed of pieces of entire smooth surfaces of

constant mean curvature.
ii. These pieces meet in threes along smooth curves at 120° angles.

iii. These curves meet in isolated points points at arccos(—1/3) ~109.47° angles.

This physical study of soap-bubbles and soap-films leads to the question, What math-
ematical model describes the behavior of soap-bubbles and soap-films? A simple model
(ignoring gravity, air currents, etc...) predicts that the soap film will try to minimize the
energy due to tension, and thus stabilize at a local minimum of tension. Further, the tension
will be proportional to area, and so we posit that local minima of the area functional will
describe the structure of soap films.

In 1760 (long before Plateau’s physical descriptions), the mathematician Lagrange asked
the question; Given a boundary in space, is there an area minimizing surface with this
boundary? Due to its connection with stable soap films, this has come to be known as
Plateau’s Problem, though it was stated more than a century before Plateau’s study of

soap films.



With the birth of Geometric Measure Theory in the 1930’s, a new set of techniques and
perspectives arrived which were very well suited to the Plateau Problem. Various solutions
to Plateau’s problem appeared, and we highlight a few. In the mid 1930’s, Tibor Rado and
Jessie Douglas independently proved existence of area minimizing surfaces with boundaries
given by a simple closed curve. The solution of Rado requied the curve to be rectifiable,
but the solution of Douglas is completely general. Both, however, yield solutions which
are sometimes immersed, a property not well suited to the physical world. Moreover, their
solutions do not include the types of singularities seen in soap films.

In 1960, E. R. Reifenberg provided a solution of Plateau’s problem where he consid-
ered the class of sets with a given boundary A to be the sets containing A which are not
“retractable” onto A. That is, surfaces which contain A and have a topological condition
ensuring that they do not have “holes.” Reifenberg proved that area minimizers in this
class exist. Not only this, he proves that m-dimensional area minimizers in R” exist for
any given boundary A, the first existence theorem for m-minimizers in R"™ without any
restriction on n or m. Additionally, he proved that such minima are H™-almost everywhere
locally Euclidean of dimension m. Key to his study was the quantification of flatness of a
set in a small ball. This is called the Reifenberg flatness of a set, and it has become a cen-
tral idea in many areas of GMT, Harmonic Analysis, and Minimal Surface Theory. Proving
that minimal sets are almost everywhere Reifenberg flat is an example of using local set
approximation to give a regularity statement. Reifenberg also showed higher regularity

While Reifenberg used sets and Hausdorff m-dimensional measure, other models were
being developed with currents and varifolds. Roughly speaking, currents can be viewed as
oriented weak duals to surfaces, and varifolds are their strictly positive counterparts. There
were some solutions to Plateau’s problem using currents and varifolds. However, these
solutions assume the existence of a boundary operator, an operator which applied extra
algebraic structure to the boundary. Almgren wished to study Plateau’s problem for area-
minimizers without the assumption of a boundary operator. As he wrote [15] “We do not
wish to assume the existence of a boundary operator. .. because in many of the geometric,
physical, and biological phenomena to which the results and methods are applicable there

seems to be no natural notion of such a boundary operator.” Almgren’s paper establishes a



solution to Plateau’s problem using sets and the area functional.

However, despite several solutions to Plateau’s Problem in its many modern formula-
tions, it was not until the 1970’s that significant progress was made in establishing Plateau’s
Laws by the mathematical models. In modern language, this could be called “establishing
regularity.” Jean Taylor studied the structure of soap bubbles and soap films by first classi-
fying their infinitesimal behavior and then describing their local structure as smooth (C'#)

deformations of this infinitesimal structure. Taylor proves that the tangent at any point

Figure 1.1: The infinitesimal structures of soap bubbles and soap films. From left to right:
planes, Y-type sets, and T-type sets.

was one of three types of sets: The first is a 2-plane. The second is the union of three half
spaces meeting along a line at 120° angles. We call these Y-type sets. The third can be
described as the cone over the spine of a tetrahedron, or 6 “wedges” of space with angle
Or = arccos(—1/3) meeting edge to edge and corner to corner equally spaced about the
origin. We call these T-type sets. Points whose tangent is a plane are the smooth points
of Plateau’s Laws. Points whose tangent is a Y-type set are the points in an edge of three
surfaces meeting. Points whose tangent is a T-point are the points where four edges (and
six surfaces) meet. Again, Taylor’s work establishes regularity using variants of local set
approximation.

Later, G. David established regularity theorems similar to Taylor’s for 2-dimensional
minimal sets in R™ [7, 8]. Following the same path, David first gives a partial classification
of the possible infinitesimal behaviors into planes, Y-type sets, and T-type sets, where now

T-type sets are to be interpreted loosely as sets with “high density” at the origin. In fact,



it is known that the classification of Taylor does not extend blindly to R™: for example,
X. Liang recently showed that two intersecting 2-planes in R* which are almost orthogonal
form a minimal surface. Despite not having a representative list minimal cones, David is
able to show that at each point, there is some open neighborhood which is a deformation
of some minimal cone. This is done by gaining control on the structure of the T-type sets
and using a local approximation scheme.

In the regularity results of Reifenberg, Taylor, and David, the key idea is comparing a
local minimum to a class of model sets. More precisely, Reifenberg compared small pieces
of the minimum about a flat point to planes. Taylor uses comparison to the 2-dimensional
minimal cones in R? (planes, Y-type sets, and T-type sets). David uses the 2-dimensional
minimal cones in R", working with certain quantitative properties of the T-type sets in
absence of a complete list. This type of argument could be characterized as using local set
approximation to classify regularity.

In this thesis, we investigate local set approximation in its own right. We aim to provide
a unifying framework to ideas which have existed in various areas of geometric measure the-
ory and variational analysis (see Theorems 2.4.2 and 2.5.2), as well as extend the strength
of the existing theory. In Chapter 2, we develop the theory of set convergence and local set
approximation in depth. We will define two types of infinitesimal structures to a set A; its
tangent sets and pseudotangent sets, and connect tangents and pseudotangets to approxima-
bility. This will allows us to analyze the “regular” and “singular” pieces of sets. In Chapter
3, we study unilateral local set approximation, a model which will be very well suited to
study dimension bounds on singular sets. We develop a parallel theory of upper tangents
and upper pseudotangents which we will use to provide Minkowski dimension bounds on
the singular parts of sets. In Chapter 4, we study the local structure of the support of
asymptotically optimally doubling measures using the theory developed in Chapters 2 and
3. In Chapter 5, we explore “high regularity” local set approximation through a case study

of Holder asymptotically doubling measures on R?.



Chapter 2
BILATERAL LOCAL SET APPROXIMATION

2.1 Introduction

In this chapter, we investigate the structure of sets A C R” that admit uniform local
approximations by a class of model sets S. We consider sets A which have one of the

following forms.

o A is locally e-approzimable by S if for all compact sets K C A, there exists a scale rg
such that for all x € K and 0 < r < rg, there exists a set S, € S, for which A is

e-close to S, near x at scale 7.

o Ais locally well approzimated by S if A is locally e-approximable by S for all € > 0.

Different meanings may be attached to the phrase “A is e-close to S, near x at scale 7,
resulting in different models of local set approximation. We explore several possibilities
below.

The principal distinction between models of local set approximation that have appeared
in the literature is the directionality of approximation; that is, the symmetry or asymmetry
of approximation measurements. On one hand, if distance between an approximated set A
and an approximating set S, is measured by how close A is to S, , and by how close S
is to A, then the approximation is bilateral. On the other hand, if distance between A and
its approximant S, is measured only by how close A is to S, then the approximation is
unilateral. The decision to use a bilateral or unilateral approximation model should depend

on the application of the model.

Example. [S = G(n,m), bilateral approximation: Reifenberg flat sets] The prototypical
example of local set approximation is due to E. R. Reifenberg [30], who studied sets which

admit uniform bidirectional local approximations by m-dimensional planes in R", 1 < m <



n — 1, in the context of solving Plateau problems in arbitrary codimension. Following
the work of Kenig and Toro [18], these sets are now called Reifenberg flat sets. In the
Reifenberg model, the local error between an approximated set A and an approximating
plane S, is measured in terms of the (normalized) Hausdorff distance between AN B(x,r)
and (z+ Sz ,) N B(z,r). The initial application of Reifenberg flat sets, established in [30], is
the topological disk theorem: for every 1 < m < n — 1, there exists a constant J,, ,, > 0 such
that if A is locally 6y, m,-close to G(n, m) (in the sense above), then A is locally homeomorphic
to R™.

Local approximation schemes of Reifenberg type have been looked at by several au-
thors in the context of geometric measure theory and analysis/PDE on domains with rough
boundary. The first example of Reifenberg flatness in the context of PDE is due to Kenig
and Toro [18] who studied free boundary regularity via local flatness. For Almgren minimal
sets in R3, this was considered by G. David, T. DePauw and T. Toro [10]; for boundaries
of domains that are close to Lipschitz graphs by J. Lewis and K. Nystrom [22]; for free
boundaries in a two-phase regularity problem for harmonic measure, by M. Badger [2]; and
for the supports of asymptotically optimally doubling measures by S. Lewis [23]. A common
element in each of these Reifenberg type approximation schemes is that local errors between
a set A and approximating sets S € S are bilateral, measured using normalized Hausdorff

distance between AN B(x,r) and (S + x) N B(x, r).

Example. [S = G(n,m), unilateral linear approximation] For a compact set K C R? and
a cube @, Jones [16] introduced the Jones beta number Boo(x,r) defined by the infimum
over all lines L which intersect B(z,r) of the normalized unilateral Hausdorff distance from
B(z,r)NK and L. Jones defines B(K) as a square sum over a geometrically decreasing mesh
of cubes. In [16], Jones proves his celebrated Traveling Salesman Theorem, which says that
for every set K, B(K) < oo if and only if K is contained in a connected, rectifiable set I
We remark that the Traveling Salesman Theorem in this context is a continuous analogue of
the Traveling Salesman Problem as the term is used in graph theory and computer science.

Mattila and Vuorinen [26] introduced a similar unidirectional local approximation scheme,

in connection with their study of the dimension of quasiconformal spheres. They say that



a set A C R”™ has the m-dimensional linear approzimation property if it admits uniform
unidirectional local approximations by m-dimensional planes in R”, 1 < m < n — 1. That
is, at small enough scales in a locally uniform sense, A N B(z,r) is always contained in
the er neighborhood around some plane P. Mattila and Vuorinen proved that sets which
are unidirectionally locally e-close to G(n,m) (in the sense above) have upper Minkowski

dimension at most m + Cn,m&‘Q for some constant C,, ,, > 1.

In [13], David and Toro study sets K C R™ with the m-dimensional linear approximation
property. They show that there exist K with the m-dimensional linear approximation
property for which there exists no set I' containing K which is Reifenberg flat. The authors
show, however, that by adding an additional compatibility condition on the approximating
planes, that K can be extended to a Reifenberg flat set I'.

The goal of this and the next chapter is to initiate the study of Reifenberg and Mattila-
Vuorinen models of local set approximation in fuller generality than has been previously

considered.
2.2 Distances between sets and convergence of closed sets

For any set A C R", we let A denote the closure of A. For all z € R and r > 0, we let
B(z,r) ={y € R" : |[x — y| < r} denote the closed ball in R™ with center = and radius 7.
We also let €(z) denote the collection of all closed sets in R™ containing z.

The basic building block that we use to construct distances between sets is the excess of
one set over another. Let A, B C R" be nonempty. The excess of A over B is the quantity
defined by

e(A, B) = sup inf |a — b] € [0, c0]. (2.1)
acAbeB

Geometrically the excess of A over B is less than (at most) ¢ precisely when A is contained

in the open (closed) e-tubular neighborhood of B. Some key properties of excess include

e closure: e(A,B) =e(A, B) =e(A, B) = e(A, B);

e containment: e(A, B) = 0 if and only if A C B;



e monotonicity: if A C A" and B D B/, then e(4, B) < e(A’, B'); and
o triangle inequality: e(A,C) <e(A,B)+e(B,C).

We emphasize that excess is an asymmetric quantity and is allowed to be infinite.
For all z € R"™ and r > 0 and for all A C R"™ containing =, we define the relative ezxcess

of A in B(z,r) over B as
~ 1
d®"(A,B) := ;e(Aﬁ B(z,r),B) € [0,00). (2.2)

We include the factor 1/r in the definition of relative excess so that d®" is scale invariant,

in the sense that

d®" (A, B) = d** (XA, AB) for all A > 0. (2.3)

In contrast to the excess, the relative excess of one set over another (whenever defined) is
always finite. Furthermore, if A and B both contain x, then ax’T(A, B) < 1. Relative excess

inherits the following additional properties from excess.

Lemma 2.2.1. Let A,B,C CR", z,y € R" and r,s > 0.

closure: If x € A, then d*"(A, B) = d®"(A,B) < d*"(4,B) = d*"(4, B).

e containment: If x € A, then 5“(A, B) =0 if and only if AN B(z,r) C B.
e monotonicity: If B(xz,r) C B(y,s), x € A,ye A', AC A" and B 2 B’, then

a7 (A, B) < 2dvs(4, B'). (2.4)
T

strong quasitriangle inequality: If v € AN B and ax’T(A, B) < e, then

d®"(A,C) <d®™ (A, B) + (1 +¢)d®"0+)(B, ). (2.5)

quasitriangle inequality: If x € AN B, then

d®"(A,C) <d®" (A, B) +2d%¥ (B, 0). (2.6)



Proof. If x € A, then

e(ANB(z,r),B) =e(AN B(z,r),B) <e(AN B(x,r),B) = e(AN B(x,7), B)

by the closure and monotonicity properties of excess. Dividing through the previous line by
r establishes the closure property of relative excess. Likewise the containment property of
relative excess follows immediately from the containment property of excess.

If B(z,7) C B(y,s),z€ A,ye A\, AC A and B D B/, then

d"7(A,B) = (AN B(y,5), B) <
r

S|

e(A' N B(y,s),B) = >dvs(A', B
T

by monotonicity of excess. This establishes the monotonicity property of relative excess.
Suppose that z € AN B and d*" (A, B) < ¢ for some ¢ > 0. Fix a € AN B(z,r) and fix

§ > 0. By the closure and monotonicity properties of excess, there is b € B such that
la — b =e({a},B) < e(ANB(z,7), B) = rd®" (A, B) < re.
Similarly, there is ¢ € C' such that
b—c| <e({b},C) +6 <e(BNB(a,r(1+¢)),C) + 38 =r(1+¢)d>1+)(B,C) + 4.
Hence, combining the two displayed equations,
e({a},C) < la—b|+[b—c| <rd® (A, B) +r(1 +¢)d>"H)(B,C) +4§
Letting 6 — 0 and then taking the supremum over all a in AN B(x, ), we obtain
e(AN B(z,7),C) < rd® (A, B) + r(1 4+ ¢)d*" 1+ (B, 0).

The strong quasitriangle inequality follows by dividing the last line through by r.
If x € AN B, then a’”(A,B) = Eiw(A,E) < 1. Thus, the quasitriangle inequality

follows from the strong quasitriangle inequality. O

We now define the relative Walkup-Wets distance. First however, we note that similar
quantities are often named by some variant of Hausdorff distance. However, Hausdorff’s

contribution to the notion of “distance” between sets was to take the sum of two quantities
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where below we will take a maximum. The definition with a maximum had been used before
Hausdorff, and with a quantity more similar to ours, by Walkup and Wets. See [31] for a
more detailed history. For all z € R™ and r > 0, the relative Walkup-Wets distance in

B(z,r) is given by
D*"[A, B] := max {a“(A, B),d*" (B, A)} € [0,1] (2.7)

for all A, B C R" such that x € AN B. The relative Walkup-Wets distance satisfies the

following properties.

Lemma 2.2.2. Let A,B,C CR", z,y € R" and r,s > 0. Assume that x,y € ANBNC.

e closure: D*"[A, B] < D*"[A, B].

e containment: D*"[A, B] = 0 if and only if AN B(x,r) C B and BN B(xz,r) C A. In

particular, D*"[A, B] = 0 if and only if AN B(z,r) = BN B(x, ).
e monotonicity: If B(x,r) C B(y,s), then
D*"[A, B] < 2 DV[A, B] (2.8)
r
e strong quasitriangle inequality: If D*"[A, B] < &1 and D*"[B,C] < &3, then
D"[A,C] < (1 + &2) D* 2[4, B] + (14 £1) D7 (HV[B, €, (2.9)

e quasitriangle inequality:

D”"[A,C] < 2D%*[A, B] + 2D [B, (). (2.10)
e scale-invariance:

D®"[A, B] = D [AA,AB]  for all A > 0. (2.11)

Proof. Suppose that f)“’T[A, B] < El,f)‘m[B, C] < e9. since a“’(A, B) <ey,
d®"(A,0) <d™"(A,B) + (1 +e1) d="+)(B, 0)

< (1469) d""1F2)(AB) + (1 4 61) d™"H0(B, C)
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by the strong quasitriangle inequality and monotonicity. Similarly, since axﬂ’(C, B) < g9,
A (C,A) < (14 ¢e1)d®"0+)(C B) 4 (1 4 £9) d®7(1F22) (B, A).
Thus, noting that max{a + b, ¢ + d} < max{a,d} + max{b, c}, we have

D*"[A, C] =max{d®" (A, C),d*"(C, A)}
<max{(1 + ) d®"*22) (A B) + (1 + &) d>"H=0)(B, 0),
(1 +€1)ax,r(1+sl)(a E) +(1 +€2)a$,r(1+62)(§’ A)}
<max{(1 + £2) A= T2 (A, B), (1 + &) d="1722) (B, A)}
+ max{(1 + gl)ax,r(1+a1)(§, ), (1+ gl)ax,r(lﬂ-al)(C’ P)}
(1 4+ £9) D) [ A4 Bl + (1 4 21) DH 1+ [B, 1.
Thus, we have established the strong quasitriangle inequality. The quasitriangle inequality

follows from the strong quasitriangle inequality, because f)x”"[A, B] <1 and f)f”[B, C] <
1. ]

Definition 2.2.3. Let A, A;, As,--- € €(x). We say that A; converges to A in &(x) if

D=7 [A, A;] = 0 as i — oo for all r > 0.

Theorem 2.2.4. The space €(x) is sequentially compact. That is, for every sequence (S;)
in €(x), there is a subsequence (S;;) of (S;) and a set S € &(x) such that S;j — S in C(x).

Proof. E.g., see Theorem 4.18 in [31]. O

Remark 2.2.5. [t is an unfortunate fact that the relative Walkup-Wets distance ]59”[/1, B
does not satisfy the triangle inequality. Howewver, the proofs to follow demonstrate the power
of the quasitriangle inequality and strong quasitriangle inequality. To obtain a triangle

inequality, one might be tempted to instead define the relative Hausdorff distance D" A, B],
1

D*"[A, B] = —max{e(AN B(x,r), BN B(x,r)),e(BN B(z,r),AN B(x,r))}, (2.12)
r

and declare that A; — A in €(x) if D*"[Ai, A] = 0 as i — oo for all r > 0. Although
the relative Hausdorff distance does satisfy the triangle inequality, it is deficient in other

important respects. Most importantly, €(x) is not sequentially compact with respect to this
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definition of convergence. For example, the sequence A; = {0,1 + 1/i} C R does not
converge to A = {0,1} because D*[A;; A] = 1 for all i > 1. In fact, neither A; nor
any of its subsequences converge to any set in €(x) using the relative Hausdorff distance
definition. A related difficulty of the relative Hausdorff distance is that it does not satisfy
the monotonicity property.

However, it should be noted that in the case when A is a cone with vertex at x, ]5“"[14, B] <
D*"[A, B] < 2D*"[A, B], and so the quantities are equivalent. Also in this case, D*"[A, B]
will satisfy a near-monotonicity property. See Lemma A.1.2 and Lemma A.1.3.

Local set approximation has most often been applied in the case of planar approrima-
tion, and of course it is always true that a plane containing x is a cone with vertex at x.
In this sense, local approrimability with planes may be considered with either the Walkup-
Wets distance or the relative Hausdorff distance. Much interesting work has been done with
Reifenberg flatness using the relative Hausdorff distance (see Definition 2.5.1 and previ-

ous examples). See the discussion in the introduction of this chapter for a more complete

reference.

Lemma 2.2.6. Let A, A;, B € €(x), and assume that A; — A in €(x). Then for any r > 0
and € € (0,1),

(1 — &) limsup D*(=9)"[A;, B] < D*'[A, B] < (1 +¢) liminf D>+ (4, B, (2.13)

1—00 1—00
Proof. Fix r > 0. Because A; — A, we can take DO:2r [A;, A] as small as we like. Thus, we

apply the strong quasitriangle inequality to get that for i large enough,

D>(1=97(4;, B] < 2D%209)7[ 4, A] + % D""[A, B].

Because ]5:’3’2(1*5)7"[14, A;] can be taken to be arbitrarily small, we obtain the first inequality

of (2.13). Similarly, we get that for large enough 1,

D*"[A, B] < 2D™?[A, A;] + (1 + &)r D™+ A4, B,

Because D%2" [A, A;] can be taken to be arbitrarily small, we obtain the second inequality

of (2.13). 0
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2.3 Reifenberg type sets and tangent sets

In this section we develop in high generality methods for studying the local geometry of a
set A C R"™. We begin with a subsection developing local approximability, a framework for
comparing A to a nice model class of sets S in some ball B(z,r). The second subsection
covers pseudotangent sets, which capture the infinitesimal behavior of A. In the third

subsection, we make precise the connection between the two frameworks.

2.8.1 Local approximability

Definition 2.3.1 (Reifenberg type sets). Let A CR" and let x € A.

(i) A local approximation class S is a nonempty collection of sets in €(0) such that S is

a cone; that is, for all. S €S and A > 0, AS € S.

(i) For everyr > 0, define the approximability @j(a:, r) of A by S at location x and scale
r by

©%(z,7) = inf D*"[A,z + S].
Ses

(iii) We say A is locally é-approximable by S if for every compact set K C A, there exists

a radius v such that for all 0 <r <ryx and x € K, ©5(z,7) < 4.

(iv) We say A is locally well approximated by S if A is locally §-approximable by S for
all 6 > 0.

Remark 2.3.2. Clearly, for all closed sets A C R", locations x € A and scales v > 0,
0 < ©5(z,7) < 1. Further, we note that in Definition 2.3.1(iii), if we take A to be closed,
then we have that A is locally §-approximable if for any compact set K C R™ there exists r¢
such that for allz € KN A and 0 < r < rg, @i(m,r) < 6. Although we typically assume
our set A is closed, we will occasionally have reason to discuss local approximability for sets

which are not closed (for example, relatively open subsets of closed subsets in Section 4).

Remark 2.3.3. Let A C R™. We note that A is locally §-approximable by S if and only if for

each compact subset K C A, there exists an rx such that Sup,¢ g SUPg<y<y @j(w,r) < 4.
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Thus, we get that lim sup,. o SUp,¢ i @i(x, r) < § for all compact subsets K if and only if A
is locally 0'-approzimable by S for all §' > 4.

We now give a lemma about how approximability behaves under limits.

Lemma 2.3.4. Let T be a local approximation class, A, A; € €(x). If A; — A in €(x),
then for any r > 0 and € € (0,1),

(1 —¢)limsup O, (x,7(1 —¢)) < 0% (z,7r) < (1 + &) liminf ©F;(z, (1 + &)r)

i—00 1—+00
Proof. Follows from Lemma 2.2.6. O

We also give a monotonicity rule for local approximation.

Lemma 2.3.5 (monotonicity). Suppose S is a local approximation class and A C R™ is

nonempty. If B(x,r) C B(y,s) and |x — y| < ts, then

O%(z,7) < = (t+ (1 +1)O%(y, (1 +t)s)). (2.14)

S| ®»

In particular, if B(x,r) C B(z,s), then
0% (z,r) < ;@i(x,s). (2.15)

Proof. Suppose that B(x,r) C B(y,s) and |z —y| < ts. Let S € S be fixed and write
p= 5%8(14, y+.S). Since dvs (z+ S,y + S5) < t, the strong quasitriangle inequality implies
D¥* (A, + 8] < (1+ p) DV [z 4 S,y + 8] + (1 + 1) DY+ (A4, y + ]

<t+ (14t)D¥IFI5[4 4 + 9],

Thus, by monotonicity,

0% (z,1) <D™ [A,z+ 5] < SD¥*[A,x + S < (t 4 (1+4) D[4 4 4 S]) .
T

S| ®»

Taking the infimum over S € S yields (2.14). O
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2.8.2 Tangent sets and pseudotangent sets

Definition 2.3.6 (Tangent Sets and Pseudotangent Sets). Let A,T,D C R"™ with A and
T closed and let © € A. We say that T is a pseudotangent set of A at = directed along
D if there exist sequences x; € A and r; > 0 such that z; — x, ri_l(a:i —z) € D, and
ri (S — x) — T in €(0). If there is no restriction imposed on D, then we call T a
pseudotangent set of A at x. If D = {0}, then we call T a tangent set of A at z. We
let Tanp (A, z), ¥-Tan(A, z) and Tan(A, z) denote the collections of all pseudotangent sets
directed along D, all pseudotangent sets, and all tangent sets of A at x, respectively. We

say that T is a tangent set to A at infinity if there exists a sequence of radii R; — oo such

that A/R; — T. We denote the collection of tangents at infinity by Tan(A, co).

Since €(0) is sequentially compact, Tan(A, z) # () for all z € A. Moreover, if (A—z)/r; N
D # () for some sequence 7; | 0, then Tanp(A, z) # (). Moreover, if T' € U-Tan(A, ), then

0 € T. We now give some useful invariance properties of pseudotangents.

Lemma 2.3.7 (Invariance Properties of Pseudotangents). Let A € €(x) and D C R™.
(i) If B € Tanp(A, z) and XA > 0, then AB € Tanyp(4, x).
(ii) If B € ¥-Tan(A,x), y € B, then B—y € U-Tan(A, x).

(iii) The collection Tanp(A,x) is closed.

(iv) If B € Tan(A, z) and C € Tan(B,0) U Tan(B, 00), then C € Tan(A, x).
(v) If B € U-Tan(A,z) and C € V-Tan(B,y) for some y € B, then C € U-Tan(A, x).

(vi) If D CR"™ is compact and B € Tanp(A, ) then there exists y € D such that B +y €
Tan(A, ).

Proof. Fix A € €(x). Without loss of generality, assume that z = 0.

(i) Let B € Tanp(A,0). Then there exist sequences x; € A with x; — 0 and 7; | 0 such that
(A —z;)/ri — B and x;/r; € D. It is a simple application of the scaling of DF to check
that for any A > 0, (A—z;)/(r;A~1) — AB. Since z;/r; € D, we have that x;/(r;A\™%) € AD.
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(ii) Let B € U-Tan(A,0) an y € B. Then there exist sequences x; € A with x; — 0 and
ri J 0 such that (A — z;)/r; — B. Because y € B, there exists a sequence z; € A such that
(z; — x;)/ri — y. Note that z; — 0, because |z;| < r;i|ly| + |z;] — 0. We now claim that
(A—2z)/ri > B—y. Fix R > 0. We apply the quasitriangle inequality and monotonicity
to get that

~ R ~ ~

D% 2 [(A—z)/ri, B—y] < 2(DYF[(A=z) /ri, (A=) [ri—y]+ D" [(A—;) /ri—y, B—y])
<| — @) /ri —y| + DV [<A—xi>/n,B1)

<| y’ n R;!M DO R—&—Iy\KA i) /7i, ]>

| /\

| /\

Because (¢ — x;)/r; — y and (A — z;)/r; — B, we have that the above quantity goes to 0.
Because R was arbitrary, we have that (A — z;)/r; = B —y. Thus B — y € ¥-Tan(A4,0).
(iii) Let D € R™. Suppose that B; € Tanp(A,z) and B; — B. To prove (iii), we will
make a diagonal argument using the increasing radii R = i (where ¢ is the index of our
sequence). For each ¢ there exist sequences x( 9 € A with x( Y 0 and 7“ i 0 such that
(A— xg-i))/rj — B; as j — oo and :U /T € D. Thus by choosing j; large enough, we
can ensure that D%[(A — T;; ) / r]l) B;] < 1/i%. Moreover, by possibly increasing j;, we can
gl) and r; = 7'](2).

We now claim that (A — z;)/r; — B. Fix R > 0. Then for all i > R, we apply the

ensure that ]acﬁ)\ < 1/i and 7“( <1/i. Let x; =z

quasitriangle inequality and monotonicity to get

DOF/2(B (A — z;)/r;] < 2(D"F[B, Bj] + DYE[B;, (A — 2;)/ry))

IN

2(D""[B, Bi] + (i/R) DY[B;, (A — ;) /1))

IN

2(DYR(B, B + 1/(Ri))

Because B; — B, we have that the above quantity goes to 0 as i — oco. Because R was
arbitrary, we have that (A — x;)/r; — B. By construction, z;/r; € D, ; — 0, and r; ] 0,
so B € Tanp (A, x).

(iv) This fact follows by applying (i) and (iii) with D = {0}.

(v) This fact follows by applying (i), (ii), and (iii) with D = R™.

(vi) Let D C R™ be compact and B € Tanp(A,z). Then there exist z; € A with x; — x

and r; | 0 such that (z; — x)/r; € D. Because D is compact, there is some subsequence
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(which we do not relabel) such that (z; — x)/r; — y for y € D.
We claim that (A — z)/r; — B +y. If this holds, then B +y € Tan(A,z) whence
the statement is proven. Let R > 0. For convenience, set R, = R + |y|. By applying

monotonicity, translation of ]5375, and the quasitriangle inequality, we get that

ﬁOvR[A_m,Ber} < %5y’Ry[A_x,B+y} = %50’3” [H—y,B}

T T T
< 2& (ﬁo,my [A T v, A- 37%] + D%2Ry [A_xi73]>
R r; T3 r;
1|a;—=x Ry ~oop [A—;
<= —y|+ 222 DO2Ry |2 B
- R T y‘ + R i ’

Because (z; —x)/r; — y and (A—x;)/r; — B, we have that the above quantity goes to zero.

Because R > 0 was arbitrary, the above equation implies that (A — z)/r; = B +y. O

Remark 2.3.8. Each statement in Lemma 2.3.7 can be adapted to the setting of tangent
and pseudotangent measures, where we replace A with a locally doubling Radon measure u
(see Definitions 4.1.3 and 4.2.1). See [1] Lemma 2.6 for the proof of the analogue to Lemma
2.8.7(iv)).
Remark 2.3.9. The collection of bounded pseudotangents to A at x is defined to be

bW¥-Tan(A, x) := U Tanpg(g,g) (A, 7).

R>0

In this language, Lemma 2.3.7(vi) implies that every bounded pseudotangent is a translate
of a tangent set. Conversely, by (ii), every translate of a tangent set is a pseudotangent set.
In fact, every translate of a tangent is a bounded pseudotangent set by following carefully the
proof of (ii). Thus, the bounded pseudotangent sets are exactly the translations of tangent
sets.

We say that an unbounded pseudotangent of A at x is a set T € W-Tan(A, x) such that

(A—x;)/ri = T, where |z — z;|/r; — oco. Consider the following example.

Example. Let A= P~1(0), where P : R? — R is the polynomial

P(z) = 2% + 23 — 23+ 2f.



18

Note then that 0 € A. For small z, x] decays much faster than the other terms, and one

can show that Tan(A,0) = {P; 1(0)}, where

Py(z) = 2 + 23 — 23

Consider the pseudotangents of A at 0; suppose that (A—x;)/r; — T. By potentially passing
to a subsequence, it suffices to consider two cases; x;/r; is bounded, or xz;/r; — 0o. The
first case says that T s a translate of Po_l(O) by Lemma 2.3.7. In the second case, one
can show that T is a plane tangent to PO_I(O). Thus, the bounded pseudotangents to A at
0 are translates of the cone Po_l(O) and the unbounded pseudotangents to A at 0 are planes

tangent to Py 1(0).

2.8.8 Local approximability vs. pseudotangents

In this section, we give the precise connections between local approximability and pseu-

dotangent sets.

Lemma 2.3.10. Let S be a local approzimation class, A € &(x). Then lim, 0% (z,7) =0
if and only if Tan(A,z) C S.

Proof. Let S be a local approximation class and A € €(x). Without loss of generality, as-
sume z = 0. Suppose that Tan(A,0) C S. Let r; | 0. By sequential compactness, there ex-
ists a subsequence r;; such that A/r;; — T for some T' € Tan(A, 0). Thus, ﬁo’l[A/mj, T| —
0. By the scale invariance of D, we have that 13071[A/rij, T] = DO [A, ri;T). Because S is
a local approximation class, ;7 € S and so ©5(0,7;) < DO [A, ri;T] — 0. Hence, we
conclude that lim, 05(0,7) = 0.

Coversely, suppose that lim, |, @ﬁ(O,r) = 0. Suppose that T' € Tan(A,0). Then there
exists a sequence 7; | 0 such that A/r; — T. Fix R > 0. Because A/r; — T, we have that
DYR[A/r;, T] — 0. On the other hand, because lim, o ©5(0,7) = 0, we have that there
exists a sequence S(i, R) € S such that D[4, S(i, R)] — 0 as i — co. By the scaling of
D, we have that DOB[A/r;, S(i, R)/r;] = D®Fri[A, S(i,R)] — 0. Let S'(i,R) = S(i, R)/ri.
By the quasitriangle inequality, we have that DO®/2[$'(i, R), T] < 2(D"R[S'(i, R), A/r;] +

DOR[A/r;, T]) — 0 for any R > 0. Thus we can choose a subsequence (i) C (i) such that
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ﬁo’k[S’(ik,Qk),T] < 1/k?. By monotonicity, for any radius R and k& > R, we have that
DOR[S (i, 2k), T] < k/RDOF[S' (i}, 2k),T] < k/R-1/k? = 1/(Rk) — 0. This implies that

the sequence S'(iy,2k) — T. Since S'(iy,2k) € S, we have that T € S. We conclude that
Tan(A,0) C S. O

Example. We now give an example to show why Definition 2.3.1(ii) should use the relative
Walkup-Wets distance rather than the relative Hausdorff distance. Define
S={0}ulJoB(0,2") cR"
€7
and

S={\S: x>0}

Then S is a local approximation class, and moreover, S is closed in €(0). Let r; = 2% —37*
for all 4 > 1 and let e be a unit vector in R™. Define A = S U {rje | ¢ > 1}. On one
hand, ©%5(0,7) — 0 as r — 0. Thus, Tan(A4,0) = S by Lemma 2.3.10. On the other
hand, we now claim that infg.gD%"[S", A] — 1/4 as i — oo. To see this we consider
an element S’ = AS. Because 25 = S, we may assume that A € (r;/2,r;]. We now
note that d(r;e,\S) = r; — A\. We note also that \0B(0,1) = 0B(0,\) C B(0,r;). We
compute that d(0B(0,\), A) = d(0B(0,\),dB(0,2¢1)) = X — 201 Thus, we have a lower
bound for D*"i[S’, A] of max(r; — X\, A — 2¢F1) /r;. Because \ € (1;/2,7;], we may substitute
v = Mr; € (1/2,1] to get that D[S’ A] > max(1 —~, v — 21 /r;). As i — oo, this bound
goes to max(1 —~,y — 1/2) for v € [1/2,1]. This is infimized at 1/4 with v = 1/4. Thus,
we get a lower bound for the limit of infg g D%"i[S’, A] of 1/4. Tt can be shown moreover

that this is optimal.

Lemma 2.3.11. Let S be a local approzimation class, A € €(x). Then liminf, o O (z,r) =
0 if and only if Tan(A,z) NS # 0.

Proof. The proof of Lemma 2.3.11 is similar to the proof of Lemma 2.3.10 using infimizing

sequences. O

Pseudotangents may be used to show that a set A C R™ is locally well approximated by

S. We here make precise this connection similarly to Lemma 2.3.10.
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Lemma 2.3.12. Let S be a local approzimation class, let A C R™ be a nonempty set. Then
A is locally well approzimated by S if and only if ¥-Tan(A,z) C S for all z € A.

Proof. Suppose that ¥-Tan(A,z) C S for all z € A. Let K C A be a compact set. Set
¢ = limsup, o Supgex O©%(z,7). Then there exist sequences x; € K, r; | 0 such that
O(zi, ;) — L. Because K is compact, there is a subsequence (i;) C () such that z;; — «
for some x € K. By sequential compactness of €(0), there is a subsequence (i) C (i)
such that (A — x;)/rix — T for some T € W-Tan(A,r). By assumption, T' € S. Thus,
05 (zi, 1) < D=ii[ A, 1;8 + x;] = DOL[(A — ;) /7, 5] — 0. Hence, ¢ = 0. Because K C A
was an arbitrary compact set, we establish that @i (z,7) — 0 uniformly on compact subsets
of A. So by definition, A is locally well approximated by S.

Suppose that A is locally well approximated by S. Let € Aand T' € ¥-Tan(A, ). Then
there exist sequences z; € A with z; — x and r; | 0 such that (A —z;)/r; - T. Fix R > 0.
Because (A — x;)/r; — T, we have that DOR[(A — z;)/r;, T] — 0. Let X := {z;}%2, U {z}.
Then X is compact, so by assumption lim, sup,cx @i(y,r) = 0. Thus, we have that
there exists a sequence S(i, R) € S such that Dz Rri [A,S(i,R) + z;] — 0 as i — oo. By
the scaling of D, we have that DOR[(A — 2;)/r;, S(i, R)/ri] = DY17i[A, S(i, R)] — 0. Let
S'(i,R) = S(i, R)/r;. By the quasitriangle inequality, we have that DO%/2[S"(i, R),T] <
2(DOE[S'(i, R), (A — x;)/rs] + DB[A/r;, T]) — 0 for any R > 0. Thus we can choose a
subsequence (i) C (i) such that DO*[S’(iy, 2k), T] < 1/k%. By monotonicity, for any radius
R and k > R, we have that DOB[S'(iy, 2k), T] < k/RDY¥[S'(iy,2k), T] < k/R - 1/k* =
1/(Rk) — 0. This implies that the sequence S’(ig,2k) — T. Because S'(ix,2k) € S, we
have that T € S. We conclude that ¥-Tan(4,z) C S. O

We now give a perturbation of Lemmas 2.3.10 and 2.3.12. For € > 0, define the local

approximation class
(8;€)0.00 = {S:0€ S and @‘3(0,7") < ¢ for all » > 0}.

We remark that (S;€)g o is closed for all € > 0 and (S;0)0.00 = S.

Similarly, for € > 0, define the local approximation class

(S;8)mn0 = {S:0€ S and @‘g(x,r) <eforall z €S andall r > 0}.
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We remark that (S;e)grn o is closed for all € > 0. Moreover, if S is translation invariant
(that is, S € S and = € S implies S—z € S), then we also have that (S;0)gn oo = S. If S is

not translation invariant, then (S;0)gn oo C S (see Lemma 2.3.7(ii) for comparison).

Example. Consider G = G(n,m), the Grassmanian of m-planes in R". Because G is
closed, (G;0)0,00 = G. For € > 0, (G;€)rn o is the collection of globally e-Reifenberg flat
sets, as defined by Kenig and Toro (see for example [18]). These sets have particularly
nice properties, such as being tame bi-Holder images of R™ for ¢ small enough (see David
and Toro’s work on Reifenberg flat metric spaces [12]), and having Minkowski dimension
bounded by m + C,, me? by the work of Mattila and Vuorinen [26].

Consider the cone C = {z € R? | 22 + 22 = 23}, and let C be the local approximation
class containing all rotations of C' followed by translations C'—y such that y € C. It follows
that C is a local approximation class. Because C' is smooth away from the origin, it follows
that ¢ Reifenberg flat sets are in (C;e). Moreover, using the technology of detectability
which we develop in the coming sections, one can show that (C;¢) = CU (G;e), where (G;¢)

is the collection of e-Reifenberg flat sets and each CeCisa global deformation of C.

Lemma 2.3.13. Let S be a local approzimation class, let A C R™, let x € A, and let € > 0.
Then limsup,. o 0% (z,7) < e if and only if Tan(A,z) C (S;€)0,00-

Proof. Suppose that limsup, @j(w,r) < e. Let T € Tan(A,z). Then there exists a
sequence ; | 0 such that (A — x)/r; — T. We show that for any r > 0, ©3(0,7) < &,
and thus 7' € (S;€)0,00. Fix r > 0 and 6 > 0. By assumption, there exists I large enough
such that for all i > I, D*?"[(A — x)/r;,T] < 6. By monotonicity, we also have that
]50’7’[(/1 —x)/r;, T] < 20. By supposition, there exists I large enough such that for ¢ > I,
there exists S; € S such that DOU+297[(4 — 2)/r;, S;] < € + 6. By monotonicity, we also
have that DO"[(A—z)/r;, Si] < (1420)(c+6). We apply the strong quasitriangle inequality
to get that

D"[S;, T] < (1 + 26) DO+20718, (A — 2) /1] + 2D%?"[(A — ) /rs, T
< (1426)(e+6) + 26.

Because this holds for all § > 0, we get that ©3(0,7) < ¢.
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Conversely, suppose that Tan(A,z) C (S;€)0,00- Let 75 | 0 be a sequence such that
04 (z,r;) — lim Sup,o ©%(z,7). By sequential compactness there exists a subsequence
(which we do not relabel) such that (A — x)/r; — T for some T € Tan(A,x). Fix 6 > 0.
There exists I large enough so that for all ¢ > I, ]3072[(14 —x)/r;, T] < §. By supposition,
T € (S;€)0,00, 50 there exists S € S such that ]50’1+25[T, S] < e+ 4. Similarly to before, we

apply monotonicity and the strong quasitriangle inequality to get that
DYY(A - 2)/r;, 8] < 2D [(A — ) /ry, T] + (1 + 26) DOF2[T, 5]
< (1+260)(e+6) + 26.

Applying scale invariance, we get that for i large enough,
D®"i[A, 1S 4 x] = DO(A — z)/ri, S] < (1 +26)(e + 6) + 26.

Because § > 0 was arbitrary, it follows that limsup, oS (z,r) <e O

Lemma 2.3.14. Let S be a local approximation class, let A C R™ be a nonempty set and
let e > 0. Then A is locally €' -approximable by S for all €' > ¢ if and only if ¥-Tan(A, z) C
(S;€)rn 00 for all x € A.

Proof. Fix € > 0. Suppose that A is locally ¢’-approximable by S for all & > ¢. Then
for every compact subset K C A, limsup, osup,cx O5(z,7) < € (see Remark 2.3.3). Let
T € U-Tan(A,x). Then there exist sequences z; € A with z; — = and r; | 0 such that
(A—z;)/r; — T. We begin by showing that for any r > 0, ©5(0,7) < e. Fixr > 0 and § > 0.
By assumption, there exists I large enough such that for all i > I, D%2"[(A — ;) /7, T] < 6.
By monotonicity, we also have that DO"[(A — z;)/r;, T] < 26. By supposition, there exists I
large enough such that for i > I, there exists S; € S such that DO+ [(A — ;) /7y, Si] <
£+ 4. By monotonicity, we also have that DO"[(A — z;)/rs, Si] < (1 + 28)(e + &). We apply

the strong quasitriangle inequality to get that
D[S, T] < (1 + 26) D207 [8; (A — ;) /ri] + 2DO[(A — a3) /ri, T
< (14 26)(e + ) + 26.

Because this holds for all § > 0, we get that for all pseudotangents 7" and all » > 0,
@‘%(O,r) < e. Next, we apply Lemma 2.3.7(ii) to get that for all y € T, T — y is a
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pseudotangent as well. Thus, O3 _y(O,r) < e forall y € T and r > 0. By translating, we
get that ©F(y,r) < e for ally € T and r > 0. Thus T € (S;)rn co-

Conversely, suppose that W-Tan(A,z) C (5;¢)0,00 for all z € A. Fix a compact set
K C A. Let x; € K, r; | 0 be sequences such that ©5(x;, ;) — lim SUp,. |0 SUP ¢ i o4 (z, 7).
By sequential compactness there exist subsequences (which we do not relabel) such that
x; — x for some x € K and (A — z;)/r; — T for some T" € ¥-Tan(A,z). Fix § > 0.
There exists I large enough so that for all i > I, ]50’2[(/1 —x;)/ri, T] < 6. By supposition,
T € (S;€)rn,c0, sO there exists S € S such that ]50’1+25[T, S] < e+ 4. Similarly to before,

we apply monotonicity and the strong quasitriangle inequality to get that
DOY[(A — x;)/ri, S] < 2D%[(A — z) /r;, T) + (1 + 28) DO, 9]
< (1+25)(e+0)+ 24

Applying scale invariance, we get that for ¢ large enough,

D% [A,1;S 4 x] = DYV [(A — ;) /ri, S] < (1 + 28)(e + &) + 26.
Because 0 > 0 was arbitrary, it follows that limsup,., o4 (z,r) <e. O
2.4 Connectedness of the cone of tangent sets at a point

In this section, we prove that the cone of tangent sets at point is connected at infinity.
Roughly speaking, this means that if Tan(A, z) is contained in a local approximation class
S which has two pieces separated at large scales, then Tan(A, z) only intersects one of those
pieces. This result is motivated by an analogous statement for tangent measures established

by Preiss [28] Theorem 2.6. Also see Kenig, Preiss and Toro [17] Theorem 2.1.

Definition 2.4.1 (Separation at infinity). Let S and T be local approzimation classes such

that T C S. We say that T is separated at infinity in S if

inf limsup @:5(0, r) > ¢ for some ¢ > 0.
SeS\T rfoo

To emphasize a choice of some ¢ > 0, we may say that T is ¢-separated at infinity in S.



24

Theorem 2.4.2 (Connectedness of the cone of tangent sets at a point). Let S and T be
local approximation classes such that T C S. If T is separated at infinity in S, then for all

closed sets A CR™ and x € A,
Tan(A,z) C S and Tan(A,z) N'T # ) = Tan(4,2) C T.

Proof. Let T C S be local approximation classes. Let A C R™ and z € A. Without loss of
generality, assume that £ = 0. Assume that 7T is ¢-separated at infinity in S; that is,
inf limsup ©%(0,7) > ¢. (2.16)
SeS\T T~

Suppose for contradiction that Tan(A,0) C S, Tan(4,0)NT # () and Tan(A4,0)NS\ T # 0.
Let T € Tan(A,0)NT and R € Tan(A,0) N R € S\ 7. Then there exist sequences t; | 0
and r; | 0 such that A/t; - T and A/r; — R. Without loss of generality, we assume that
tir1 < 2r; <t; and t; < 1.

By (2.16) and because R & T, there exists ¢ > 0 such that ©%(0,¢) > ¢. For all t > 0,
let us abbreviate

07, ,(0,¢) = 674(0,tc) =: O(t). (2.17)

Note that ©(t;) < D%¢[A/t;,T] — 0. Next, we argue that for i large enough, ©(2r;) >
®/2. We see this as follows. Let T € T. By the quasitriangle inequality, we have that
¢ < DUC[R,T'] < 2(D"“%[R, A/r;] + D°2[A/r;, T']). Because A/r; — R we have that
DO2¢[R, A/r;] — 0, so for i large enough, ¢ < 2D%2¢[A/r;, T']. We rearrange and apply the
scaling of D to get that ¢/2 < D%[A/(2r;),T"/2]. Because T is a cone and T" € T was
arbitrary, we get that ¢/2 < O(2r;).

Note that O(t) € [0,1]. Further, we now argue that ©(t) # 0 for any ¢ € (0,1]. Suppose
that there were such a ¢ € (0,1]. Then by monotonicity, for any s € (0,1], we see that
070, stc) < s7107%(0,tc) = 0. Hence Tan(A,0) C T by Lemma 2.3.10, contradicting our
supposition. Thus, ©(t) € (0,1] for all ¢t € (0,1]. Set I; = (277,279"1] for all j > 1 and set
If = Ug>;1; = (0,277, For all t € (0,1], there exists a unique j with ©(t) € I;. Let p be
the unique integer such that ¢ € I,,.

We now aim to construct a sequence s; — 0 such that A / s; converges to some tangent

set of A which cannot possibly lie in either 7 or S\ 7. First, we note an easy consequence
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of monotonicity, the weak jump bound:
O(t) € Iy = O(st) € I,” | for all s € [1/2,1] and t € (0,1]. (2.18)

Claim. For all i sufficiently large, there exists s; € (2r4,t;) such that ©(s;) € I3, O(t) €

Ip++3 for all t € [s;,t;], and t;/s; — oo.

Proof of claim. Choose ig large enough so that for ¢ > ig, ©(2r;) > ¢/2 and O(t;) < ¢/16.
Let k; be the unique integer such that O(¢;) € Ii,. In particular, we know that because
¢ € I,, ¢/2 € Ip41 and O(t;) € I;+4. Fix 7 > ip, and consider the sequence 2~ "¢; for
m > 0. Let M be the largest integer such that 2r; < 2M¢,;. In particular, the weak jump
bound (2.18) implies that ¢/2 < ©(2r;) < 20(27M¢t;), and so ¢/4 < ©(2~M¢t;). Thus,
by the weak jump bound (2.18), we have that there exists m € {0,1,..., M} such that
©(27™t;) € I,13. Let m; be the least such integer with this property, and let s; = 27™t;.
By construction, O(s;) € I,13. Let t € (s;,t;]. There exists an integer m with 0 < m < m;
with ¢ € (27™71¢;,27™¢,;]. By the minimality of m;, ©(27™t;) € I, 14, and so by the weak
jump bound (2.18), O(t) € Ip++3
(2.18), m; > ki — (p + 2). Because O(t;) — 0, we have that k; — oo, and so t;/s; — oc.

Finally, we note that ¢;/s; = 2™. By the weak jump bound

This completes the proof of the claim. O

We now complete the proof of the theorem. Passing to a subsequence, we may assume
that there exists a set S € S such that A/s; — S in €(0). On one hand, the claim tells us
that ©(s;) = ©4/,,(0,¢) € (273 2=(P+2)]. Thus, Lemma 2.3.4 tell us that

0% (0,¢) € (27D o=@+, (2.19)
Hence S € S\ 7. On the other hand, suppose that r > c¢. By the claim and Lemma 2.3.4,
©7%(0,7) < 2limsup O(2(r/c)s;) < 2P < ¢ (2.20)
1—00
since O(t) € I;Zr?) for all ¢t € [s;,t;] and liminf; o t;/s; > 2r/c. Because the choice of r > ¢

was arbitrary, limsup,._, . G)g(O, r) < ¢, a contradiction to ¢-separation at infinity. Thus,

we conclude that if Tan(A,0) € S and Tan(4,0) N7 # ), then Tan(A,0) C T. O

We end the section with a few criteria for checking separation at infinity.
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Lemma 2.4.3. Let T C S be local approzimation classes and let ¢ > 0. If for all S € S

there is a function ®g : (0,1) = (0,00) with lim,_,o, ®s(s) =0 such that
0% (0,r) < ¢ = 0%(0,s7) < ®5(s) for all s € (0,1),
then inf568\7 lim inf, o0 @79—(0, r) > ¢, and thus, T is ¢ separated at infinity in S.

Proof. Suppose for contradiction that there exists S € S\ 7 and a sequence r; — oo
such that ©%(0,7;) < ¢ for all i > 1. Because S ¢ T, there exists j > 1 such that
§ = ©7%(0,7;) > 0. Since lim,_,o, ®s(s) = 0, we can find k > j such that ®(r;/r;) < 4.
Hence ©7(0,7;) = 0% (0, (rj/ri)rk) < ®s(rj/re) < ©L(0,7;), which is absurd. O

The following property, which we call detectability, is a uniform version of the criterion
in Lemma 2.4.3 for separation at infinity. In the next section, we shall see that separation
at infinity is effective at giving pointwise information about the tangents of sets, whereas

detectability is effective at giving locally uniform information about a set.

Definition 2.4.4 (7 point detection property). Let T C S be local approzimation classes.
We say that T points are detectable in S if there exist a constant ¢ > 0 and a function
® : (0,1) — (0,00) with lim, o, ®(s) = 0 such that if S € S and OL(0,r) < ¢, then
07%(0,sr) < ®(s) for all s € (0,1). To emphasize a choice of ¢ and ®, we may say that T
points are (¢, ®) detectable in S.

We now show that if a set is well approximated by S and T is detectable in S, then
the 7 points satisfy a local version of T detectability. The first version of this Lemma is
due to Badger and appeared in [2] in the context of harmonic analysis. Badger considered
the local approximation class Hy whose elements are the zero sets of harmonic polynomials
with degree d or less. He showed that G = G(n,n — 1) is (¢, C's)—detectable in Hg, and
proved Lemma 2.4.5 for ®(s) = C's.

Lemma 2.4.5. Suppose that S, T are local approzimation classes, T C S, and T is (¢, P)
detectable in S. For all 6 > 0 there exist € = (¢, ®,9) > 0 and n = n(¢p, ®,6) > 0 with the

following property. Assume that A CR"™ is closed, x € A, r > 0, and

sup ©9(z,7') < e. (2.21)
o<r'<r
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If @Z(x, r) <1, then supg.,/ <, @Z(axr’) < 9.

Proof. Assume that T is (¢, ®)-detectable in S. Let 6 > 0 be given and fix parameters
€>0,0>0,and 7 > 0 to be chosen later. Let A € €(x) for some = and assume that (2.21)
holds for some r > 0. Without loss of generality, we assume that x = 0.

Suppose that @174'(0, r) < 7. By definition, there exists a set 7' € T such that
DA, T] < 7.
On the other hand, since @i(O, r) < €, there exists a set S € S such that
D[4, 5] < e. (2.22)
Thus, by the quasitriangle inequality,
DY"/2[T, 8] < 2(7 + ¢). (2.23)

Choose 0 < s < 1/4 small enough such that ®(4s) < o. Assume that 2(7 + ¢) < ¢. Since
T is (¢, ®) detectable in S, by (2.23) we have ©7(0,2sr) = ©1(0,4s(r/2)) < ®s(4s) < o.

Hence, there exists U € 7 such that
DY%7(S, U] < 0. (2.24)
Because 2s < 1, it follows from (2.22) and monotonicity that
D% [A, S] < /2s. (2.25)
By the quasitriangle inequality, (2.24) and (2.25) imply that
DY"[A, U] < 2(0 + ¢/2s) = 20 + ¢ /. (2.26)
Hence we have proved that
07%(0,sr) < 20 +¢/s provided 2(r + &) < ¢g,s € (0,1/4), and (4s) < o. (2.27)

We are ready to choose parameters. Set 7 = min(d, ¢)/3, 0 = 7/4, s small enough so that
®s(4s) < o, and € = s7/2. First, we note that 2(7 +¢) < 2(7 +7/4) < 5/2- ¢s5/3 < ¢s.
Thus, the hypotheses of (2.27) are met, and it follows that

0%h(0,sr) <20 +¢e/s=7/247/2=r1. (2.28)
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To summarize thus far, we have proven that if ©%(0,7) < ¢ and ©7%(0,7) < 7, then there
exists s = s(¢, ®,7) < 1 such that ©7(0,sr) < 7 as well.

To finish the lemma, assume that A C R™, z € A and r > 0 satisfy (2.21) and that
0% (z,7) < n:= sT. (2.29)
Then by monotonicity and (2.28), it follows that
O (z,tr) <n/t <n/s=r7 forall s <t <1. (2.30)

Hence, by induction, it follows that ©7 (z,tr) < 7 = ©7(z,s"tr) < 7 for all k € N and
s <t < 1. Hence, @Z(m,r’) < 1 for all 0 < 7' <r. Because 7 < §/3 < 9, we conclude that

Supgpr <, O4 (z,17) < 7 < 6. O
2.5 Decompositions of Reifenberg type sets

In this section, we examine decompositions of a set A based on blowup-type.

Theorem 2.5.1 (Decomposition into 7 points and S\ T points). Let T C S be local
approrimation classes such that T is separated at infinity in S. If A C R"™ is closed and

locally well approximated by S, then A can be written as a disjoint union
A=Aru AS\T (Arn AS\T =10) (2.31)
such that for every x € A, Tan(A,z) C T and for every x € Ag\7, Tan(A,2) C S\ T.

Proof. Assume that T C S are local approximation classes such that 7 is ¢-separated at
infinity in S for some ¢ > 0. Suppose that A is closed and locally well approximated by S.
Then Tan(A, z) C S for all z € A by Lemma 2.3.12. Define

Ar={rc A: Tan(A,z)NT # 0}

and

A\t ={x € A: Tan(4,2)NT = 0}.

Then A7NAg\7 =0 and A = ATUAg 7 = 0. On one hand, if z € A7, then Tan(A,z) C T,
by Theorem 2.4.2. On the other hand, if € Ag\7, then we have Tan(A,2) CS\ 7. O
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We now show that if 7 satisfies a stronger assumption than separation at infinity in S,

then the set Ay is locally well-approximated by 7.

Theorem 2.5.2 (Open/closed decomposition). Let T C S be local approzimation classes
such that T is (¢, ®)-detectable in S. If A C R"™ is closed and locally well approzimated by

S, then A can be written as a disjoint union
A=Aru AS\T (Arn AS\T =0) (2.32)
with the following properties.

o Ar is relatively open in A and At is locally well approximated by T .

o Ag\r is closed, Tan(A,z) C S\ T for all z € Ag\1, and for some 7j(n, ¢, ®) > 0,

lirri%nf Oh(z,r) >0 foralx e As\T-

Proof. Let S and T be local approximation classes such that 7 C S and T is (¢, ®)-
detectable in §. Assume that A C R" is closed and A is locally well approximated by S.
Let € = (¢, ®,d) and n = n(p, P,0) be the constants from Lemma 2.4.5 corresponding to
0 = ¢/2. Write 7 = min{n/8,1/2}. We partition A into two sets as follows. Set

A = {az €A: limi%nf 0 (z,r) < 77} and A = {x cA: limignf ol (z,r) > 77} . (2.33)

Then A = A1 U Ay and A1 N Ay = (0. Since @I(x, r;) — 0 along some subsequence r; — 0
whenever A has a tangent set in 7T, it is clear that every tangent of A centered at z € As
must belong to S\ 7. It remains to show that every tangent set of A centered at x € A;
belongs to T; the set A; is relatively open in A; and A; is locally well approximated by 7.

Fix zgp € A;. Because A is locally well approximated by S, there exists 79 € (0,1)
such that ©%(x,7) < € for all z € AN B(zg,1) and for all r € (0,79). Since zg € Ay,
liminf, o ©7 (w0, 7) < 1/8. Hence, we can find a scale 71 € (0,7¢/2) such that ©7 (x0,2r1) <
n/8. By Lemma 2.3.5, 7 (z,71) < 220+ (1+n)n/8) <2(2n/8+2n/8) =nforalz e A
such that |z — x| < 7(2r1). Therefore, by Lemma 2.4.5,

0(x,r) < ¢/2 forall x € AN B(x,72r1) and 0 < r < 7y. (2.34)
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Fix x € B(zo,72r1). We will now show that Tan(A,z) C 7. To start, we know that
Tan(A,z) C S, because A is locally well approximated by S. Let S € Tan(A,z), say
(A—1x)/s; = S in €(0) for some sequence s; — 0. By (2.34), for all i sufficiently large
(A_x)(O,l) < ¢/2. Hence ©7(0,2/3) < (3/4)¢. Since
T is (¢, ®)-detectable in S, it follows that lim, ,,©%(0,¢) = 0. Thus, Tan(S,0) C 7. In

such that s; < ri, we have @;[1

particular, by Lemma 2.3.7(iv) (tangents to tangents are tangents), Tan(A, z)N7T # . Since
Tan(A,z) C S, Tan(A,z) NT # 0, and T is separated at infinity from S, we conclude that
Tan(A,z) C T for all z € B(zg,7). Incidentally, this shows that liminf, o 07 (z,7) < 7
for all x € B"(xg,7(2r1)). Therefore, every tangent set of A centered at z € A; belongs to
T and A; is relatively open.

It remains to show that A; is locally well approximated by 7. Fix any compact set
K C Ay and 7 > 0. Write 7 = min{1/2,7/4}. Let ¢ = (¢, ®,d) and n = n(¢p, P,0) be
constants from Lemma 2.4.5 corresponding to § = 7/4. Since A is locally well approximated
by S, there exists rg > 0 such that @i(w,r) < eforallz € K and 0 < r < rg. For
each z € K, choose r, € (0,r9/2) sufficiently small such that A N B(z,2r,;) C A; and
% (z,r;) < n. In particular, A; N B(z,2r;) = AN B(z,r27). By Lemma 2.4.5, we have
that @L (x,r) < 7/4 for all 0 < r < ry. Therefore, @74—1 (y,r/2) < Tforally € AyNB(x,7r)
for all 0 < r < r,. Finally, since K is compact, it follows that there exists rx > 0 such that
for all z € K and for all 0 < r < rx one has @74—1 (z,7) < 7. Therefore, A; is locally well

approximated by 7. O

As a corollary to Theorem 2.5.2, we can provide a structure theorem for A near Ag\ 7
as well. First, we give a definition which is a more flexible quantification of local approx-

imability.

Definition 2.5.3. Let A C R" be closed, A’ C A be a closed subset, and S a local approxi-
mation class. We say that A is locally well approximated along A’ by S if for all compact
sets K C A’,

lim sup O% (z,r) — 0.
rl0 z€A’
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Corollary 2.5.4. Let T C S be local approzimation classes such that T is (¢, ®)-detectable
inS. Set
S'={5eS8:0L0,r)> ¢ for all v > 0}.

If A CR™ is closed and locally well approzimated by S, then A is locally well approzimated

along As\1 by §'; that is, for all compact sets K C Ag\, lim, o sup ¢ G)il (xz,r) =0.
Proof. Suppose, for contradiction, that K C Ag\7 is a compact set such that

lim sup sup ©% (z,7) > 0.
rl0 zeK

Then there is a sequence x; € K and a sequence of radii r; | 0 such that @f{ (zi,7i) >co>0
for all 7. Because K is compact, by passing to a subsequence, we can assume that r; —» z € K
and (A — z;)/r; — S for some S € S. For convenience, set A; = (A — z;)/r;. Note that by
scale invariance, @i(o, 1) = @i/(wi,m) > ¢g. Because A; — S, Lemma 2.3.4 implies that
S ¢ &'. By definition, there exists a radius p > 0 such that ©7 (0, p) < ¢. Fix such a p. Let
1 = 1(n,d,®) > 0 be the constant from Lemma 2.5.2. Let § = 7/2, and let n = n(¢, ,0)
and € = g(¢, ®,d) be the constants from Lemma 2.4.5.

By detectability, we have that there is an s > 0 small enough such that @E(O, sp) <
®(s) < n/8. Set A = sp/2, so that 2\ = sp. Thus there is a T € T such that DO2A[S, T| <
1/8. By the quasitriangle inequality, we obtain DO*[A4;, T] < 2(D%2[4;, S]+ DO2[S, T]) <
2DO2A[4;, S] + n/4. Because A; — S, for all i large enough, D®?[4;, S] < n/8. Thus, for
all i large enough, D% i[A, T + x;] = D°*[4;,T] < n/2. In particular 07 (z;, 1)) < n/2,
for ¢ large enough.

We are now ready to derive a contradiction. Because A is locally well approximated by
S, there is an r small enough such that for all z € K, supg,<,, ©5(z,r) < e. In particular,
for i large enough such that Ar; < 7o, we have that supg.,<y,, 04 (zi,r) < . Combining
this with the fact that ©7 (z;,m;A) < 1/2 for i large enough, we apply Lemma 2.4.5 to get
that supg.,<y, ©%(x;,r) < & = 7j/2 < 7. However, this contradicts the second bullet of

Theorem 2.5.2, which is that liminf, o ©7 (z,7) > 7 for all z € As\T- O
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Chapter 3
UNILATERAL LOCAL SET APPROXIMATION

3.1 DMattila-Vuorinen type sets and Minkowski dimension

We now investigate unilateral local set approximation, or local set approximation where we
require that A be close in small balls B(z, ) to a given class of approximants S, ,, but we

do not ask that S, be close to A. The Jones beta number in B(z,r) is defined as

Boo(x,r) = inf a“"(A,P)
P>z

where P ranges over all planes containing z [16]. Thus, asking that S be small gives a
different notion of flatness than does Reifeberg flatness. Intuitively, it is a flatness which
allows for “holes.” Mattila and Vuorinen [26] similarly say that a set A C R™ has the (m, ¢)-
linear approximation property if for each x € A and r > 0 there exists an m-dimensional
plane V' € G(n,m) such that AN B(x,r) C {y € R : dist(y, V) < er} (see Example 2.1).
The following definition is a natural generalization of the Jones beta number to an arbitrary

local approximation class.
Definition 3.1.1 (Mattila-Vuorinen type sets). Let ACR", x € A, r >0, and let S be a

local approximation class.

i. Define the unilateral approximability of A by S in B(z,r) by

B5(x,7) = inf d®"(A4,S + )
Ses

(see Section 2.2 for the definition of EW).

1. For d > 0, we say that A is locally unilaterally d-approximated by S if for all compact

sets K C R™, there exists ri such that for all0 <r <rg andx € KNA, ﬁj(x, r) < 4.

1i. We say that A is locally unilaterally well approximated by S if it is locally §-unilaterally
approximable by S for all § > 0.
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Remark 3.1.2. Note that in the definition of bilateral local approximability, we ask that @i
be small locally uniformly, in the sense of compact subsets of A, whereas in the definition of
a locally unilaterally approximable set, we ask that Bi be small locally uniformly in the sense
of compact subsets of R™. The choice of an intrinsic local quantification or an extrinsic local
quantification can drastically affect the utility of a definition. For locally approximable sets,
we are often interested in decomposing sets, making intrinsic locality the right quantification.
For locally unilaterally approxzimable sets, we focus in this paper on Minkowski-dimension
bounds for which one needs extrinsic quantification. Intuitively, we would like to apply the
technology of unilateral approximability to sets which are full of holes, and this requires

extrinsic quantification to provide Minkowski content estimates.

It immediately follows from the definitions that every subset of a Reifenberg type set is
a Matilla-Vuorinen type set. That is, if A is locally e-approximable by S and B C A, then

B is locally e-unilaterally approximable by S. The converse fails.

Example. [David-Toro [13], Example 12.4] For all 0 < € < 1, there exists a Mobius strip
M in R3 which has the (2, ¢)-linear approximation property, but which cannot be included
in a d-Reifenberg flat at large scales for any small . By removing small balls from M and
replacing them with tiny copies of M in the appropriate way, one can obtain a set which
has the (2, e)-linear approximation property but which is not included in a j-Reifenberg flat
set at any scale.

The defining property of Mattila-Vuorinen type sets interacts naturally with the notion

of Minkowski dimension.

Definition 3.1.3 (Minkowski dimension via covering numbers). For all nonempty bounded

sets A CR™ and 0 < r < oo, define the covering number
k
N(A,r) = min {k tAC U B(xzi,r) for some z; € R"} )
i=1

The lower and upper Minkowski dimension of A are given by

. _ g Jog(N(A, 7)) g e b log(N(A4, 7))
dim,,(A) = hrg%)nf log(1/1) and dimps(A) = lm:isoup log(1/1)
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respectively. If A is a nonempty unbounded set, we define the lower and upper Minkowski

dimension of A by

dim,,(A) = lim dim,;(AN B(0,R)) and dimy(A)= lim dimy (AN B(0, R)).

R—o0 R—o0

Note that the limits above are well defined because both the lower and upper Minkowski

dimensions will be nondecreasing and bounded in R.

In order to control Minkowski dimension by the quantity Bﬁ, we will need to assume a

uniform control on the “local” covering numbers, which we here develop.

Definition 3.1.4 (Coverings and Minkowski Profiles). Let A CR", x € A, r > 0, and let

S be a local approximation class.

i. For ¢ > 0, an e-covering of A is a collection B of balls centered in A with radius

such that A C UB.

it. The e-covering number of A in B(x,r) is defined as

N*"(A,e) = inf{|B| : B is an e-covering of AN B(z,r)}.

iti. For a,C > 0 and ¢ € (0, 1], we say that S has a (C,«,e)-Minkowski profile if for all
R>0,s€e(0,e], and S € S,

N**(S sR) < C/s°.

Theorem 3.1.5. Let S be a local approzimation class with (Cs,«,¢e)-Minkowski profile.
Let 6 and A be chosen such that § € (0,min(1,2¢)/2A) and A =1+ C’é/a(l +9). fACR"”

is locally d-unilaterally approxzimable by S, then

«
1— log(2A) °
Tog(1/0)

dimpr(A) < (3.1)

Remark 3.1.6. Note that for all § € (0,min(1,2¢)/(2 + 4Cé/a)], 0 € (0,min(1,2¢)/2A),

and so the condition is satisfied on some nonempty open interval in §.
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We first prove the following lemma which we will use as the quantitative foundation of

the proof of Theorem 3.1.5.

Lemma 3.1.7. Let S be a local approzimation class with (Cs, «, €)-Minkowski profile. Set
A=1+ C’;/a(l +9), and let § € (0,e/A). Assume that A CR™, 0 € A, and ﬁj(O, 1) <.
Then N%Y(A,2A0) < 1/6%.

Proof. By assumption, there exists S € S such that ao’l(A,S) < . Let B be an optimal
C’é/aé(l + 0)-cover of SN B(0,1+ J). Note that C’é/aé < Cé/aa/A < €. Because S has a
(Cs, a, e)-Minkowski profile, we get that

|B| = N»1H0(S, CY/“5(1 + 6)) < Cs/(CH*6)* = 1/5°.

Enumerate the centers of the balls in B as z; for i =1,..., V.

We now claim that the balls B(x;, Ad) cover A. Let y € AN B(0,1). Then there exists
some z € SN B(0,1 + §) such that |z —y| < §. But SN B(0,1+ ) C UB. Thus, there
is some x; such that |z — x| < Cé/ “(1 + 6)8. By the triangle inequality, we have that
ly — x| < (1+ Cé/a(l +0))d = A9, establishing the claim.

Let I be the set of indices i such that B(xi,Cé/a(l +8)0) N A # (). For each i € I, let
yi € B(z, (1+Cé/a(1+5))5) NA. Then we have that B’ = {B(y;,2Ad) : i € I} is a covering
of AN B(0,1) of balls centered in A with size |B'| < 1/§%. O

Proof of Theorem 3.1.5. Let A C R™ be locally J-unilaterally approximable by S. Let R > 0
be large enough such that AN B(0,R) # (. Let ¢’ € (4, min(1,2¢)/2A). Let rr be small
enough such that for # € ANB(0, R) and 0 < r < rp, 85 (x,7) < &'. Let A’ = 1+C;/a(1+(5’).
Note that 2A > A" > A.

Note that {B(x,rg) : © € A} covers AN B(0, R), which is compact. Thus, we take a

finite subcover with centers x; for : = 1,..., M. We now prove that for each 1,
dimy (AN B < 2
imp (AN Bz, rR)) < 1 lg@\) (3:2)
log(1/5")

See equation (3.1) for comparison. Note that once we have established (3.2), we have that

dimys (AN B(0, R)) satisfies the same bound because Minkowski dimension is preserved by
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finite unions. Because R > 0 was arbitrary, we thus get the same bound for A. Noting that
this bound holds for all ¢ in some small window above §, we get that equation (3.1) holds.
Thus, we have only to establish (3.2).

Fix any ¢ € {1,...,M} and set A’ = (A — z;)/rr N B(0,1). Set s = 2A¢’. Note that

s < 1 by assumption. We now claim that
NOL(A s <1/ for k=1,2,... (3.3)

We prove (3.3) by induction. The base case, k = 1, follows from Lemma 3.1.7 with A
taken to be A’ and § taken to be &'. Suppose now that NO1(A’ sF) < 1/(8)*. Let
B®) = {B(x;, sk)}é\f:1 be an optimal s*-covering of A’. By assumption, N < 1/(&')*®. Note
that for each j, A” = (A’ — x;)/s* satisfies the assumptions of Lemma 3.1.7 with § taken
to be ¢’ and A taken to be A”. Thus this yields an s-covering {B(zj, s)}¢ of A” N B(0,1)

k+1_covering of A’

of size at most 1/6%. By doing this for each j, we define an s
B — {B(xjp + 25,8} 0

such that [B#+D| < 1/6(k+De Thus, we have established (3.3).
Next we observe that dimy;(A’) < a/(1 —log(2A’)/log(1/4")). To see this, we note that

log(N(4',")) _ log(0"**) _  —kalog®) __  a
log(s%) = log((20)F) ~ —k(log(2\") +log(#)) 1 - 12X}

We now have the appropriate bound at a geometric sequence of scales s*. It is a stan-

dard argument that this suffices to bound Minkowski dimension, but we give it here for

completion. It is not hard to see that for any r € [sk, skil], we have that
log(N(A',r)) < log(8' %) —kalog(d) . a
log(r)  ~ log(s(2A&)~%)  —k(log(2A’) +log(d")) +log(s) 1 _ %'
og

Hence, we get that dimys(A’) < a/(1 —log(2A)/log(1/8")). As observed earlier, this com-
pletes the proof of Theorem 3.1.5.
O

Remark 3.1.8. We note that Theorem 3.1.5 is best suited for constants Cs > 1. For

constants Cs < 1, the bounds of Theorem 3.1.5 are not in general tight. Though not quite
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in this language, Salli showed in [32] that sets which are locally §-unilaterally approximated
by centered half-spaces have dimension bounded by n—1+C'/log(1/d), whereas our estimate
would only give a completely trivial bound of n+ C/log(1/d). The further improvement on

dimension bounds in the case Cs < 1 is also highly dependent on € in this case.

Corollary 3.1.9. Let S be a local approximation class with (Cs, «, €)-Minkowski profile for
some constants Cs and € > 0. If A C R"™ is locally unilaterally well approrimated by S,

then dimps(A) < a.
3.2 Upper pseudotangents and unilateral approximability

We here formulate some theory for unilateral approximations analogous to the theory de-
veloped for bilateral approximations. We then give an application of the technology to

Minkowski dimension bounds on the singular sets of some sets.

Definition 3.2.1. Let A C R", not necessarily closed, and let S be a local approximation
class. We say that S is an upper tangent class at € A if for each T € Tan(A, ), there is
an S € S with T C S. We say that S is an upper pseudotangent class at x € A if for each
T € U-Tan(A, z), there is an S € S with T C S.

Lemma 3.2.2. Let S be a local approzimation class, A C R™, and v € A. Then we have

that lim,. |, Bf‘(x, r) = 0 if and only if S is an upper tangent class as x for A.

Proof. Without loss of generality, assume z = 0. Suppose that S is an upper tangent
class of 0. Let 7; | 0. By sequential compactness, there exists a subsequence r;; such
that A/r;; — T for some T' € Tan(A,0). Thus, 150’1[A/rij,T] — 0. By assumption, there
exists S € S such that T C S. By the scale invariance of D (see (2.3)), we have that
ﬁo’l[A/rij,T] — DOis[A, r;;T]. Because S is a local approximation class, r;;T C r;;S € S
and so 35(0,7;;) < DO A, ri;T] — 0. Hence, we conclude that lim,, 33(0,r) = 0.
Conversely, suppose that lim, ﬁj(O,r) = 0. Suppose that T € Tan(A,0). Then there
exists a sequence r; | 0 such that A/r; — T. Fix R > 0. Because A/r; — T, we have
that D%B[A/r;, T] — 0. On the other hand, because lim, o 85(0,7) = 0, we have that
there exists a sequence S(i, R) € & such that d*f7i[A, S(i, R)] — 0 as i — co. By the
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scale invariance of d®7, we have that d%“®[A/r;, S(i, R)/ri] = d%B7i[A, S(i, R)] — 0. Let
S'(i,R) = S(i,R)/r;. By the quasitriangle inequality, we have that d%%/2[T, (i, R)] <
Z(HO’R[T, A1 +aO’R[A/ri, S’(i, R)]) — 0 for any R > 0. Thus we can choose a subsequence
(ix) C (7) such that d**[S’(iy, 2k), T] < 1/k%. By monotonicity, for any radius R and k > R,
we have that dOF[T, (i, 2k)] < k/RA%*[T, 8" (if,2k)] < k/R-1/k* = 1/(Rk) — 0. By
taking a further subsequence (k') C (k), we have that S’(ig,2k') — S for some S € S.
With the previous inequalities, this shows that T C S. Thus we have that T C S € S. We

conclude that S is an upper tangent class at 0. O

Lemma 3.2.3. Let S be a local approximation class, let A C R™ be a nonempty set. Then
A is locally unilaterally well approzimated by S if and only if S is an upper pseudotangent

class at x for all x € A.

Proof. Suppose that S is an upper pseudotangent class at = for all x € A. Let K C A
be a compact set. Set £ = limsup, o Sup,ex B5(x,7). Then there exist sequences z; € K,
r; 4 0 such that ﬁj(xi,ri) — (. Because K is compact, there is a subsequence (i;) C
(i) such that x;; — « for some x € K. By sequential compactness of €(0), there is a
subsequence (i) C (ij) such that (A — a)/rix. — T for some T' € W-Tan(A,z). By
assumption, T C S € S. Thus, B5(zi, ;) < a””“'i[A,riS + z;] < H%”[A, riT + x;] =
50’1[(A —x;)/ri,T] — 0. Hence, £ = 0. Because K C A was an arbitrary compact set,
we establish that ©%(x,r) — 0 uniformly on compact subsets of A. So by definition, A is
locally unilaterally well approximated by S.

Suppose that A is locally unilaterally well approximated by S. Let x € A and T €
U-Tan(A4, z). Then there exist sequences z; — z and r; }. 0 such that (4 —z;)/r; — T. Fix
R > 0. Because (A—x;)/r; — T, we have that DOR[(A—x;) /rs, T] = 0. Let X := {z;}U{z}.
Then X is compact, so by assumption lim, o sup,¢x Bﬁ (y,r) = 0. Thus, we have that there
exists a sequence S(i,R) € S such that d®Ri[A, S(i,R) 4+ ;] — 0 as i — oco. By the
scaling of D, we have that DOR[(A — 2;)/rs, S(i, R)/ri] = D%Fri[A,S(i,R)] — 0. Let
S'(i,R) = S(i,R)/r;. By the quasitriangle inequality, we have that d%®/2[T,S'(i, R)] <
2(dOR[T, (A — z;)/ri] + DOB[(A — 2;)/rs,S'(i, R)]) — O for any R > 0. Thus we can

choose a subsequence (iy) C (i) such that d%*[T,$"(ix,2k)] < 1/k2. By monotonicity,
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for any radius R and k > R, we have that d®E[T, 8" (if, 2k)] < k/RAOF[T, S (if, 2k)] <
k/R-1/k* =1/(Rk) — 0. Further, by compactness of €(0) (Theorem 2.2.4), we can choose
a subsequence (k') C (k) such that S’(iy,2k’) — S € S. This implies that the sequence
T C S. Because T was an arbitrary pseudotangent at an arbitrary point, we conclude that

S is everywhere an upper pseudotagent class of A. ]
3.3 Dimension bounds on the singular set

We now give a method of providing Minkowski dimension bounds on the “singular” part
of a closed set A C R™. We will do this by considering local approximation classes 7 C S
with 7 (¢, ®)-detectable in S such that A is locally well approximated by S (in the bilateral

sense). Recall that by Theorem 2.5.1 we can write A = A7 U Ag\ 7 where
Ar={r e A:Tan(A,2) CT} and Agr={zrecA:Tan(4d,z)CS\T}.

Stated more precisely, we seek to prove that M(AS\T) < « if the “singular” class of S
with respect to T (see Definition 3.3.1) has an a-Minkowski profile.

We begin by recalling the relevant facts of Chapter 2. By &(z) we denote the collection
of closed sets passing through x. We recall that because T is detectable in S, by Theorem
2.5.2, A is relatively open and locally well approximated by 7, whereas Ag\7 is closed.
Additionally, by Corollary 2.5.4, we have that if we set

S'={XeS:0%(0,r)> ¢ forall r > 0}, (3.4)

then A is locally well approximated by S’ along Ags\7 (see Definition 2.5.3). In order to
avoid notational confusion, in this section we label our elements of S by X € S (rather than
labeling our sets 5).

We will also use the following fundamental observation: if X € S, then X is (globally)
well approximated by &, and so we can decompose X = X7 U Xg\7. Moreover, we observe
that Xg\7 = {z € X : 0% (z,r) > ¢ for all r > 0} as follows. By detectability, if 0% (z,r) <
¢, then for all s € (0,1), ©%(z,sr) < ®(s) — 0 as s — 0. Thus we conclude that z € X,

and the observation follows.



40

Definition 3.3.1. Let T C S be local approximation classes. We define the T singular
class of S to be

singr(S) = {X € €(0) : & = Xg\7 for some X € S}.
By the previous paragraph, we record the observation that using the notation (3.4),
singr(S) = {Xg\7: X € §'}. (3.5)
This will be the key observation in the following theorem.

Theorem 3.3.2. Let T C S be local approximation classes such that T is detectable in S.
Assume that A C R" is closed and locally well approrimated by S. Then Ag\7 is locally

unilaterally well approzimated by sing,(S).

Proof. We prove this theorem by showing that sing;(S) is an upper pseudotangent class
for As\7. Recall that Ag\7 is closed.

Let * € Ag\7, and ¥ € VU-Tan(Ags\7,7). We will show that there exists an X €
U-Tan(A, x) such that 3 C X, s\7- By definition, there exist sequences x; € Ag\1, ¥; — @,
and r; | 0 such that (As\7 — 2;)/ri — X. We choose a subsequence (without relabeling)
such that (A —z;)/r; — X € U-Tan(A,z) C S.

Claim. X g XS\'T
Suppose, for contradiction, that y € 3\ Xg\7. Because y € %, there exists a sequence
Yyi € (As\7 — x;)/ri such that y; — y. Write y; = (2; — x;)/r; for z; € Ag\7. It follows that

A—zi:A—xi+$¢—Zi_>X_y (3.6)
T r; T

(To see this, one can apply monotonicity to the ball B(0, R+ |y|) to get bounds in the ball
B(y, R).) Because z; € Ag\7, we can apply Corollary 2.5.4 to get that for any R > 0,
O3 (zi, Rr;) — 0 for all R > 0. Hence, setting A; = (A — z;)/r;, we get that @i;(o, R)—0
for all R > 0. Thus X —y € §’. In particular, 9&_y)(0,r) > ¢ for all r > 0, and we get
that 0 € (X —y)s\7- Thus y € X5\ 7. Because we assumed that y ¢ Xgs\7, we have derived

a contradiction and proven the claim.
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By noting that 0 € (As\7 — x;)/7; for all i, 0 € . In particular, 0 € Xg\7 € X. Thus,
we conclude that 3 C Xg\7 and X € &', proving the theorem.
O

Corollary 3.3.3. Suppose that S is a local approximation class and T C S is detectable.
Let C,a,e > 0 and assume that sing(S) admits a (C,«,¢e)-Minkowski profile. Then for

any set A which is locally well approzimated by S, dim(Ag\7) < a.

Proof. Because T is detectable in S, Theorem 3.3.2 implies that we have that sing,(S) is
an upper pseudotangent class of Ag\7. Thus, Ag\7 is locally unilaterally approximated by
sing7(S) by Lemma 3.2.3. We then apply Corollary 3.1.9 to get the dimension bound.

O

In the next section, we will give an application of Corollary 3.3.3 to the study of asymp-
totically optimally doubling measures (see the last claim of Theorem 4.3.4). We provide

below an example motivated by the Plateau problem.

Example. Consider the class of 2 minimal cones in R? as classified by Jean Taylor which
were discussed in the introduction. Denote this class by M. This class has three types of
sets; planes, Y-type sets, and T-type (or tetrahedral) sets displayed in Figure 1.1, repro-

duced here as Figure 3.1. The class M contains all translates of the minimal cones passing

Figure 3.1: The 2 minimal cones in R? (a reproduction of Figure 1.1)

through the origin. First, we note that G, the collection of 2-planes, is detectable in M. We
note also that the nonflat points of Y-type sets are lines and the nonflat points of T-type sets
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are a union of 4 rays meeting at a single point. It follows that singg (M) has a 1-Minkowski

profile. Moreover, let ) be the subclass of all planes and Y-type sets. Then ) is detectable

Figure 3.2: The class singg(M).

in M, and singy (M) = {{0}} is the trivial local approximation class containing only the
set which consists of the origin.

Thus, by Corollary 3.3.3, we have that if A is locally well approximated by M, then
dim(Appg) <1 and dim(Apgy) = 0.
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Chapter 4

LOCAL STRUCTURE OF ASYMPTOTICALLY OPTIMALLY
DOUBLING MEASURES

4.1 Introduction

In this chapter, we study the relationship between the optimal doubling properties of a
measure and the regularity and geometry of its support. This question had been considered
in [9] and [29] where one of their crucial hypothesis was a baseline assumption of flatness.
Roughly speaking they showed that if a Radon measure doubles asymptotically like Lesbegue
measure of the appropriate dimension and the support of the measure is sufficiently flat then
it can be locally parameterized as the image of an open set of the plane. Their study leaves
open the question of what happens in the presence of non-flat points. In this chapter, we
use the theory of Chapters 2 and 3 to give a local structure theorem for the support of an
asymptotically optimally doubling measure.

An (n — 1)-uniform measure on R™ is one for which the measure of any ball of radius r
centered in the support is the same as (n — 1) Lebesgue measure a ball of radius » in R,
wy_1r" 1. Kowalski and Preiss showed in [21] that an (n — 1)-uniform measure on R" is, up
to translation and rotation, surface measure on either a hyperplane or the cone C = {x? +
z3+13 = 23} (hereforward called a KP cone). An (n—1)-asymptotically optimally doubling
measure is one whose asymptotic doubling properties coincide with (n — 1)-dimensional
Lebesgue measure (see Definition 4.1.3). Our first main result in Section 3 is to show that
the support of an (n — 1)-asymptotically optimally doubling measure at a nonflat point is
well approximated by a (translated and rotated) KP cone (see Definition 4.1.1). In [20],
the authors show that the (pseudo)tangent measures of an (n — 1)-asymptotically optimally
doubling measure are (n — 1)-uniform. Coupling this with the classification of [21], the

appearance of KP cones should not be surprising in the context of this chapter.

Definition 4.1.1. Let n > 4. We define a KP cone based at y € R" to be a set C such
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Figure 4.1: A set X such that @%0 (z,7) and ©%(y,r) are small, @%0 (y,r) big.

that in some orthonormal coordinates (x1,...,x,) centered at the origin,
C—y={af=af+a}+a3}.

We define the local approzimation class C to be the collection of all KP cones containing
the origin. We define the local approximation class Cy to be the collection of all KP cones
centered at the origin. Further, we let G = G(n,n — 1) be the local approzimation class of

(n — 1)-spaces.
We define the support of i as
spt(p) = {z : u(B(x,r)) > 0 for all » > 0}. (4.1)

The support may be alternatively viewed as the minimal closed set of comeasure 0. We will
use the quantities ©€, 0%, and ©Y at different points of this analysis to obtain information

about the local structure of spt(u).
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Remark 4.1.2. [t is not hard to see that C = CUG. Indeed, suppose that C; € C, and
C; — S for some set S. Let x; be a nearest point to the origin such that C; is based at x;.
It follows that either x; are bounded, in which case S is a KP cone, or x; — 00, in which
case S is a plane.

Because C = C UG D G, we have that for any set A, point x € A, and radius v > 0,
&% (z,r) = ©5(z,r) < & (z,7).
We now give increasingly strong conditions on the regularity of a measure .

Definition 4.1.3. Let pu be a nonzero Radon measure on R™ and ¥ = spt p.

(1) We say p is locally doubling at = € X if there exists a neighborhood U of x and a
constant C such that for all y € X NU and all r > 0 such that B(y,r) C U,

w(B(y,r))
W(Bly.r2) =

(2) We say that u is locally doubling if it is locally doubling at all x € 3.

(3) For x € ¥, r >0, and and integer 0 < m < n (understood) we define

u(B(z,7r")) / }
R(p,z,r ZSUP{‘—Tm 0<r <r,7ell/2,1] ¢. 4.2
(1, 7) L 1/2,1] (42)
For K C X, we define
R(p, K,r) = sup R(p, z,r). (4.3)
zeK

(4) For an integer 0 < m < n, we say that 1 is m-asymptotically optimally doubling if for

all compact sets K C % and 6 > 0, there exists a radius v > 0 such that
R(p, K,rg) <. (4.4)

That is, for allx € K, 0 <r <rg and T € [1/2,1],

pB,r)
W(B@.7)) < 0. (4.5)

Equivalently, we may say that the quantity wB@rr))

uwB@n) T

compact sets as r ] 0 (independent of T € [1/2,1]). In the case where m is understood,

™ converges to O uniformly on

we will drop it from the beginning.
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(5) For an integer 0 < m < n, we say that p is m-uniform if for all x € ¥, r > 0,
w(B(z,7)) = wpr™, (4.6)
where wy, = L™(B™(0,1)).

We now give precise statements of the theorems mentioned earlier. We begin with a
theorem of David, Kenig, and Toro [9] which says that if ¥ is assumed a priori to be

1/(2v/2)-Reifenberg flat, then it is Reifenberg vanishing.

Theorem 4.1.4 ([9]). Suppose that p is an (n — 1)-asymptotically optimally doubling mea-
sure on R, and ¥ = spt . If n > 3, suppose also that ¥ is 1/(2v/2)-Reifenberg flat. Then

Y. is Reifenberg flat with vanishing constant.

In [9], the authors showed a similar statement for arbitrary m (i.e., arbitrary codimen-
sion). However, since m =n — 1 (codimension 1) will be our focus, we omit the generaliza-
tion (which can be found in [9]). We expand their study from the specialized setting of flat
points to all (n — 1)—asymptotically optimally doubling measures and show a global state-
ment akin to Reifenberg flatness, as well as showing that at a nonflat point x the support

is well approximated by a KP cone based at x.

Theorem 4.1.5. Suppose that p is an (n — 1)-asymptotically optimally doulbing measure
on R™ and ¥ = spt u. Then

0% (x,r) =0 as rlo0

uniformly on compact subsets (see Remark 4.1.2). That is, % is locally well approzimated

by C. Further, we have that for nonflat points .,
@%O(x,r) —0 asrlo0
uniformly on compact sets.

In Section 2, we investigate the geometry of sets well approximated by C, using heavily
the machinery from Chapter 2. In particular, we investigate the behavior of a set ¥ under
different assumptions on @%‘), 6S,, and @g at differening locations and scales, often exploit-
ing their interplay. In Section 3, we investigate (n — 1)—asymptotically optimally doubling

measures, culminating in Theorem 4.1.5.
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4.2 The Local Structure of (n — 1)-Asymptotically Optimally Doubling Mea-
sures

In this section, we show that the support of an (n — 1)-asymptotically optimally doubling
measure is locally well approximated by C. This is done through a consideration of pseu-
dotangents. In particular, we use Theorem 4.2.2 which was shown by Kenig and Toro
[20].

First, we define pseudotangent measures, the measure theoretic analogue of pseudotan-

gent sets. Define the map T, ,(y) = (y — z)/r. For a measure p on R”, define py, =

mT = r4l0 to be the (rescaled) push forward measure under the map T ,. That is,
p(rA+ )
)L’L"E,'I‘ A = T 57 N
W= (B

We write p; — p for a sequence of measures p; converging weakly to p in the sense of Radon

measures.

Definition 4.2.1. Let p and v be nonzero Radon measures on R™. We say that v is a
pseudotangent measure of p at x if x € spt u and there exist a sequence x; € spt p such that
x; — x, a sequence of positive numbers r; — 0, and a sequence of positive numbers c; such
that ¢;Ty, rxp0 — v. We say that v is a tangent measure if it is a pseudotangent measure

with x; = x for all i, and we denote the set of tangent measures to p at x by Tan(u,x).

Pseudotangent measures were introduced by Kenig and Toro [20] as a generalization
of tangent measures. The following theorem says roughly that the pseudotangents of a
locally doubling measure behave as we would expect. The first part gives a normalization
on ¢; and the second part says that blow ups of the support converge to the support of the

pseudotangent measure.

Theorem 4.2.2 ([20]). Let u be an asymptotically optimally doubling measure on R, ¥ =
spt 1, and v be a pseudotangent measure of p with ¢;Ty, pppt — v. Let ¥; = (X —a;)/r; =

spt g, ;- Then X; — Yoo = sptv as i — oo.

When p is an m-asymptotically optimally doubling measure, the pseudotangent mea-

sures are (up to multiplication by a constant) m-uniform measures.
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Theorem 4.2.3 ([20]). Suppose that p is an m-asymptotically optimally doubling measure
on R™, and v is a pseudotangent measure of p. Then up to multiplication by a constant, v
is an m-uniform measure. If m = n — 1, the classification of [21] says that v is (n — 1)-
dimensional Hausdorff measure restricted to either an (n — 1)-plane containing 0 or a KP

cone containing 0.

Remark 4.2.4. In light of Theorem 4.2.3, it is helpful to recall that KP cones are defined

i R™ only for n > 4.

Corollary 4.2.5. Let p be an (n — 1)-asymptotically optimally doubling measure on R™
and ¥ = spt(u). Then for all x € ¥, W-Tan(3,z) C C. Equivalently, % is locally well

approzimated by C.
4.3 The Geometry of Sets Locally Well Approximated by C

The goal of this section is to analyze the geometry of sets which are well approximated by
KP cones. For a set 3 with a tangent plane at a, let T,X be the tangent plane to X at a.

We use the convention that the tangent plane 7,3 is centered at a; that is, a € T,3.

Lemma 4.3.1. Let C be a KP cone in R* based at 0. There exists Cy such that for any

a € C, we have that exactly one of the following holds:
(1) a =0, in which case @g(a,r) =1/v/2 for all r > 0,

(2) or a # 0, in which case for all 0 < r < |a|/2, D*"[C,T,C] < Cyr/|a| (and thus
0% (a,r) < Cor/|al).

Proof. Claim (1) follows from an elementary computation. Let a € C,|a| = 1. Note that
C\ B(0,1/2) is a smooth manifold, and hence there exists a constant Cj such that for all
0<r<1/2 D*"[C,T,C] < Cyr. For any other point b € C, |b| = 1, there is an isometry
fixing 0, taking a to b, and taking C to C. Hence, for all |a|] = 1,a € C, 0 < r < 1/2,
D" [C, T,C] < Cor. For a # 0, set b = a/|a| € C. Then D*" [C,T;,C] < Cor for 0 < r < 1/2.
Because C is a cone based at 0 and |a|b = a, we get that |a|C = C and |a|T;C = T,C. This
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gives that D®laI" [C, T,,C] = D" [C, T;,C] < Cor for all 0 < r < 1/2. Plugging in r/|a| for ,
we get that
r

D [%,C] < Cor

for all 0 < r < |a|/2, and hence have proven (2). O
Remark 4.3.2. Using Lemma 4.1 of [1], one can obtain that in Lemma 4.3.1, Cy = 1.
Corollary 4.3.3. By Lemma 4.3.1, G is (1/2v/2,Cys) detectable in C.

From detectability, we get the following structure theorem for the support of asymptoti-
cally optimally doubling measures. Note that these results improve on the author’s original
partial result, [23] Theorem 3.8. The improvement is due to replacing a connectedness at
infinity argument (which yields pointwise information) by a detectability argument (which

yields locally uniform results).

Theorem 4.3.4. Suppose that p is an (n — 1)—asymptotically optimally doubling measure
on R™ with ¥ = spt . Then X is locally well approzimated by C. Moreover, we can write
> as a disjoint union

EZEQUZCO, (EgﬂECO:@)

such that:

o Y is relatively open in X and locally well approximated by G.
o X, is closed and ¥ is locally well approximated by Cy along ¢, .
o dim(3¢,) <n —4.

Proof. The fact that ¥ is locally well approximated by C is established by Corollary 4.2.5.
By Corollary 4.3.3, G is detectable in C. The first two bullets follow from Theorem 2.5.2

(Open/Closed Decompositions) and Corollary 2.5.4. In particular, ¥¢\g = ¥¢,. Note that

singg(C) = G(n,n — 4), the co-dimension 4 Grassmannian. Thus, singg(C) has an (n — 4)-
Minkowski profile. By Corollary 3.3.3, we get that dim(3¢,) < n — 4. O
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Chapter 5

HIGHER REGULARITY CASE STUDY:
NONFLAT POINTS OF HOLDER ASYMPTOTICALLY OPTIMALLY
DOUBLING MEASURES

5.1 Introduction

In this chapter, we investigate via example the notion of higher regularity local set approxi-
mation. In the previous chapter, our optimal regularity was to show that the quantities O,
0%, and ©Y went to zero locally uniformly in the appropriate senses. We will now assume
a stronger doubling condition on the measure, specifically that the error term R(u,z,7)
is bounded by Cr® for r small enough (see Definition 4.1.3). David, Kenig, and Toro [9]
studied this case under an additional assumption of flatness. By assuming additionally that
the support was locally 1/(4+/2)-approximable by G (or 1/(41/2) Reifenberg flat), they show
that the support is in fact a C'# manifold; that is, in a neighborhood of every point, the
support admits a C1# parametrization by a plane. However, their study leaves open what
happens in a neighborhood of a nonflat point.

We here complete the investigation in the case n = 4. We do this by showing an analogue
of the result of David, Kenig and Toro for the nonflat points. Specifically, we show that
every nonflat point of the support has a neighborhood in which the support admits a C1#
parametrization by a KP cone.

This is accomplished as follows. The stronger doubling condition will lead us to an
approximation scheme with ©¢, ©%, and ©9 bounded by Holder error terms at appropriate
scales. We will then use this information to explicitly construct our parametrization in a
neighborhood, and perform a quantitative analysis on it similar to the analysis of Jean Taylor
in [34], and prove that our map extends to be C1# on an open neighborhood. Part of the
goal of this analysis is to lay bare the techniques needed to construct a C1# parametrization
by a singular set.

A major difficulty in obtaining Holder bounds on ©¢, ©%, and ©Y lies in using the
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densities to capture the local structure of the measure. This is accomplished through using
the moments of the measure which we introduce in the next section. Roughly speaking, the
first moment captures how close a set is to a cone in some ball, and the second moment
will capture information about the curvature. Although this analysis does not fit into the
general scheme of local set approximation, it will hopefully serve as an interesting example
of obtaining higher regularity bounds on local approximability.

We now give precise definitions. Recall from Definition 4.1.3 that for x € 3, r > 0, and

and integer 0 < m < n (understood) we let

p(B(z, ") /
R, x,r :sup{’—T 0<r <r,Te(1/2,1] ;. 5.1
(1, ,7) il 1/2,1] (51)
For K C ¥, we set
R(p, K,r) = sup R(u,x,r). (5.2)
zeK

Definition 5.1.1. Let p be a Radon measure on R™.

i. For a > 0 and an integer 0 < m < n, we say that p is (o, m)-Holder asymptotically
optimally doubling if for all compact sets K C ¥, there exist a constant Cx and a

radius rog > 0 such that for 0 < r < rg,
R(p, K,r) < Cgr®. (5.3)

That is, for allz € K, 0 <r <wry, 7 € [1/2,1],

w(B(z,77))
u(B(z,r))

In the case where a and m are understood, we will drop them from the beginning.

— M| < O (5.4)

it. For a« > 0 and an integer 0 < m < n, we say p is (o, m)-Holder asymptotically
uniform if for each compact set K C %, there exist a constant C'x and a radius rg > 0
such that for allz € K and 0 <r < rg,

‘M(B(%T)) L

Wy, ™

' < Cr®, (5.5)

where wy, = L™(B™(0,1)).
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Although Definition 5.1.1(1) gives a stronger property than Definition 5.1.1(2), we

observe the following partial converse. We use the notation pu L g to be the measure
plg(A) = [,gdu.
Lemma 5.1.2 ([9],[29]). Let p be an (o, m)—Hélder asymptotically optimally doubling mea-

sure on R™.  Then the density 0(x) = lim, o 0(x,r) exists and is finite and nonzero at

«

1 .
w-almost every x € R™ and v = p L % is (oTlv

m)-Hélder asymptotically uniform.

As a consequence of Lemma 5.1.2, we note that to study the support of Holder asymp-
totically optimally doubling measures, we can study the support of Hélder asymptotically
uniform measures. We note, however, that this is not true in general for asymptotically op-
timally doubling measures. That is, there are asymptotically optimally doubling measures
whose measure is not given by the density of the set. This follows from a theorem of David,
Kenig, and Toro [9] which states that a closed set ¥ C R™ is the support of an (n — 1)
asymptotically optimally doubling measure p if and only if ¥ is Reifenberg vanishing (that
is, locally well approximated by G).

Remark 5.1.3. In the coming sections, we will have occasion to use the quantities d, af”,
D*', and D*". The extra technical complications which come from using relative Walkup-
Wets distance in conjunction with relative Hausdorff distance are outlined in Appendix A.
Howewver, the key point is that if C' is a cone with vertex at x, then all of these quantities
are equivalent up to a factor of two (Lemma A.1.2) and relative Hausdorff distance satisfies

a near monotonicity formula (Lemma A.1.3).

5.2 Control of Density and Moments About a Nonflat Point

In this section, we begin our investigation of the nonflat points in the support of a Holder
asymptotically uniform measure (see Theorem 5.1.2). We find appropriate Hoélder estimates
on @%, @%0, and @% in a neighborhood of a nonflat point in the support. In the next section,
we use these estimates to construct a parametrization by a KP cone. Stated precisely, in

the next two sections we prove the following theorem.

Theorem 5.2.1. For any a > 0, there exists f = [(«) with the following property. If u

is an (a, 3)-asymptotically uniform measure, then for any x € spt p which is nonflat there
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exist a KP cone centered at 0, neighborhoods U of 0 and U’ of x and a diffeomorphism
o € CYP(U — U') such that o(CNU) = spt(u) N U’'. Further, ¢ has the property that
©(0) =z and Doy = 1d.

To this end, we assume that o > 0 and

1 is a Radon measure on R* which is («, 3)—asymptotically uniform,

Y = spt p satisfies that 0 € ¥ is a nonflat point, (5.6)
’% — 1’ < Cor® for z € ¥ N B(0,1),0 < r <1 (see Definition 4.1.3).

The second and third conditions may be viewed simply as a translation and dilation to
normalize the scales at which we work. In Section 5.2.1, we adopt methods from [9] to
describe the moments of p, which are polynomials related to the structure of p. In Section
5.2.2, we use the information about the moments to get quantitative bounds on @%’(0, ).
Finally in Section 5.2.3, we develop quantitative information at points near the origin and
scales sufficiently small. We then construct a parametrization in Section 5.3 for a set X
satisfying the estimates we demonstrate. In this chapter, the constant C' depends on « and
Cy, and the radius rg is chosen small enough depending on o and Cy. We also choose rg
small enough such that
sup ©% (0,7) and sup @c(:c,r)

0<r<rg 0<r<ro
z€XNB(0,rp)

can be chose small enough (see Theorem 4.3.4).

5.2.1 Control of the Moments

Let v be a Radon measure on R". Define the first moment of v at a point = € spt(r) and

a scale r to be the vector

o n+1
2wyt

bor () / (r2 — Jy — 2%y - ) du(y). (5.7)
B(z,r)

Define the second moment of v at a point « € spt(v) and a scale r to be the quadratic form

Qur(r)(y) = L /B e ) (5.8)

Wn— l'ranrl
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Define also the trace of Qu»(v) to be

n+1 9

t = —z|°d . 5.9

Qurv) = ey [ el ) (5:9)

In any orthonormal coordinates centered at the origin (z1, ..., z,) (and x and r understood),
we set

n+1
ij(V) = —— i — i) (25 — x5) dv(2). 5.10
45 (V) ! /B(%T) (zi — i) (2 — x;) dv(z) ( )

It follows that Qu,(v) = >0, ¢ij(¥)zizj. Moreover, trQ.(v) = >, gii(v), and so
coincides with the usual notion of the trace of a quadratic polynomial. For the rest of
Section 4, we set Qg r = Qu (1) and by, = by (1) (see (5.6)).

First, we set some notation. Fix 0 < v < § < «/2 for the remainder of Section 4. We will
sometimes work at the scale p = 17, We also denote Qu,(2) = Qur(2) — |2[2. Further,
we set the blow up of ¥ at scale r to be 3, = (1/r)¥ (and so ¥, = (1/p)%X). We now
summarize some of the results of [9] which highlight the interactions between the moment

at the scale r and the geometry at a different scale.

Theorem 5.2.2. Recall hypotheses (5.6).
(1) [9] For 0 <r <1/2, |[trQo, — (n —1)| < Cre.
(2) [9] For 0 <r <1/2. |by,| < Crit?.

(8) [9] For 0 <r <1/2 and z € XN B(0,r/2),

|=I°

‘2<b0,raz> + QVO,T(Z” <C ,

+ COr?te (5.11)

(4) For0<r<1/2,0<s<r/4, and z € X3 B(0,2),

r2+o¢ ’I“1+9

~ S
Qor(2)] < O+ 0+ C—. (5.12)

(5) For M >4,0<r<1/2, and z € %, /3y N B(0,2)

1Qor(2)] < CMr? + % + OM?r®. (5.13)
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(6) For T € [1/2,1], r such that 0 <7 < 1/8, and z € ¥, N B(0,2),
’@(),Tr(z)‘ <O 4o + Cr . (5.14)
Letting fo = min(0 — v,7v,a — 2v), (5.14) gives that
‘QO,TT‘(Z)‘ < CTB0~ (515)
Remark 5.2.3. We note that in [9], two cases with respect to (2) were considered: the case
where by, is small (satisfies Theorem 5.2.2(2)), and the case where it is large (does not
satisfy Theorem 5.2.2(2)). However, contained in their analysis, they showed that the latter

case automatically implies flatness. Thus, our nonflatness assumption implies Theorem

5.2.2(2).

Proof of (4), (5), and (6). We begin by proving (4). Set © = sz. Then x € ¥ N B(0,2s) C
YN B(0,7/2). We apply (3) to see that

b ~ 1 ~ 1 3 24a
2( =", 2 ) + Qos(2) :*’2<50r,$>+Q0r($)‘ <= Cﬁ%—()r%o‘ <yl
s ’ 52 ’ ’ 52 r r 52
(5.16)
By applying (2), we get
~ b 2+a 146 2+a
G0 (2)| < 2orllzl o5 o —<Ccl— 40l (5.17)
s r s s r s

We now have that (5) follows from (4) by setting s = r/M and checking that 0 < s < r/4.
Similarly, (6) follows from (4) by taking s = p = 77 and taking 77 as our radius, and
checking that 0 < s < 77r/4.

O

We now seek to understand the second moment Qo ,(x). Let (z1,x2,x3,24) be or-
thonormal coordinates centered at the origin. Since Qo , is a quadratic polynomial, we
can represent it as the matrix Qo, = (¢;;). Note that if we compute the second mo-

ment Qo ,(H3 L C) = K of 3-dimensional Hausdorff measure on the KP cone C = {2} =
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2% + 23 + 23} (at any radius) we get

@) [es} S NI
@) O vk O
o o

S N
N O ) ]

Our first lemma proves that at small enough radii, (o, becomes close to K.

Lemma 5.2.4. Let § > 0. There exists an ro > 0 such that for all 0 < r < rq, there exists

an orthonormal basis (1, x2,x3,x4) for which max; |qi; — Kij| <6 .

Proof. Let § > 0 be given. Fix parameters M > 4 and ¢ > 0 to be specified later. By

Theorem 4.3.4, there exists rg > 0 such that for all 0 < r < ro,

0% (0,r) < % (5.18)

Fix 0 <r < rg. Let C be a KP cone centered at the origin such that
€
DO 2, C] < —. 5.19
5.0 < — (5.19)

Let (z1,x2,x3,24) be orthonormal coordinates such that
C = {z} =22 + 235 + 23} (5.20)

By finding the vector from x to C normal to C, a quick computation shows that for any

point z € R?,
. ’x4|—|(x1,:c2,x3)’|
dist(z,C) = ’ . 5.21
(z, C) 7 (5.21)
We manipulate (5.21) to get
2dist(x, C)% = 22 + 23 + 22 + 23 — 2|y (z1, T2, 3)]. (5.22)

Set C1 = 5/ws, we compute

C

5
™ JB(0,r)

C
2&%@AD%MQO=T§/‘ 2} + a5 + 23 + 2f — 2|y |(z1, 22, w3)| dpu(x)
B(0,r)

C
=n@v—2;/ 2all(z1, 22, 73)| dps().
r B(0,r)

(5.23)
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We apply Holder’s inequality to find

1
Cl/ Cl 2 2 Cl 2 ?
— x4||(z1, 2, 23)| dpt < / x4 dp / r1,22,73)|" dp
2 R (75 [ mpan) (S )

= \/(Q44)(Q11 + q22 + ¢33)

(5.24)

Substituting (5.24) into (5.23) and manipulating, we get that
Cy

5
= JB(0,r)

. 2
2dist(z, C)? dp > trQor—2v/(q11 + 22 + q33)(q14) = (V/ayy — Vi1 + q22 + a33) -

(5.25)
By applying the Holder asymptotically uniform property and (5.19), we also have that

C 2C 2 B(0 2
= 2dist(x, C)? dp < — (ﬁ> dp = 10&;}’"))&;2
r B(0,r) r B(0,r) ]\42 ) ws3r M (526)
oy € €
Combining (5.25) and (5.26), we have that
2 g2
(\/544 - \/M) < CW' (5.27)

Note that 0 < g;; < 3+ Cr® by Theorem 5.2.2(1) and the definition of g;;. We use this fact
and (5.27) to get

€
|qas — q11 — q22 — q33| = |v/@aa — Vi + @22 + 433 - |[Vaaa + Vi + g2z + @ss| < CM (5.28)
By Theorem 5.2.2(1), we also have that
lq11 + qo2 + q33 + qua — 3| < Cr?. (5.29)
From (5.28) and (5.29), we get that
g — 2| < CE 4 0r® and Jqu + gos + Slccf iom (5.30)
Q442fM roa qi1 T 422 Q332fM . .

Set 0 = o(r,M,e) := Ce/M + Cr{ for the constants above. Note o — 0 as r,e — 0 (recall
M > 4).

From Theorem 5.2.2, we have that

~ C
1Qo.r(2)| < CMr? + ST CM?*r®  for z € £,/ N B(0,2). (5.31)
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We now extend this to information about the points in C. First, we note that because C is

a cone centered at the origin, by Lemma A.1.2 and (5.19), it follows that
DY [C, 5, ] < 2. (5.32)
Since Qo is a quadratic form with Q. (z)| < C|z|2, we get that for any e € S3,
10.Qo.r(2)] < Clz| < C  for x € B(0,2). (5.33)

Let a € CN B(0,1). By (5.32) there is a point z € X, /5, such that |x —af < 2e. Setting

r—a

e = £=% we integrate along the path from x to a along e, apply (5.33), and get that
1Qo.r(a)] < Qo ()| + |Qor(a) — Qur(@)] < |Qor(x)| + Ce. (5.34)
Combining (5.31) and (5.34), we get that
\Qvo,r(a)| < oM + % + CM?*r® + Ce =:n(r,M,e) for a € CNB(0,1). (5.35)

Note that by choosing ¢ small, M large, and r very small (depending on M), we can make
n =mn(r,M,e) as small as we like.

We now plug in some special points of C to extract information about (g ,. We continue
to work in the same orthonormal coordinates (21, 2,73, 24) (see (5.20)). Let 2 = (2; +

24)/V/2 for i = 1,2,3. Because z;- € CN B(0,1) , we may apply (5.35) to get

~ 1 1
|Qo,r ()| = 5t 5 — L& gia| < (5.36)

(recall that by (5.10), gi4 = q4;). From (5.36) and (5.30), we get

1
Qis — 5%‘ + 56144 — 14 qia 5 5

’ 1
<

1 1 1
B + 5%+ 54— 1 —qia| + |5 — qaa
We also get from (5.36) that

1 1
Gia — 5% — ;q4a + 1| <. (5.38)

1 1 1
Gia + 5Gii + 5qaa — 1] + 5 5 5

gul < 7
@il = 3 2% T 5 2
Let yij = (i + 2)/2 + 24/V/2 for i,j = 1,2,3. Because y;; € C N B(0,1), we may apply
(5.35) to get

~ 1 1 1 1 1 1
|Qo.r(yij)| = 1 % + 1% + 5044 + 5% + E(m + E%A -1/ <n (5.39)
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(recall that by (5.10), gi; = gji). So from (5.30), (5.37), (5.38), and (5.39), we get

lgij] < 2n+

1
%j — 5| T2

1 3
Qii — 2‘ + Qa4 — 2' +2v2|qua| + 2v2|gju| < O+ Co. (5.40)

Hence, by (5.30), (5.37), (5.38), and (5.40), we can make 1 and o small enough such that
max;; |¢;; — Kij| < 0 in the orthonormal basis (1, 22, z3, 24).

0

Lemma 5.2.5. For any § > 0, there is an ro small enough such that the following hold.

For 0 < r < rg, there is an orthonormal basis (x1,x2,x3,x4) diagonalizing Qo as

4
Qor = Z )\ix? (5.41)
i=1
and
1 . 3
|)\i—§\<6f0rz:1,2,3 and ]/\4—§|<5. (5.42)

Proof. Let 6 > 0 be given. Let n > 0 to be chosen small enough. Let rg be small enough
that Lemma 5.2.4 is satisfied with 7 in place of 6. Fix 0 < r < r¢, and let (y1,y2,y3,y4) be

the orthonormal basis given by Lemma 5.2.4, i.e., such that
I%?X ‘Qij — Kz]’ S n. (543)

Note that the eigenvalues of K are 1/2 with multiplicity 3 and 3/2 with multiplicity 1.
Note that @, has real eigenvalues because it is symmetric. Let A\; < Ay < A3 < A4 be the
eigenvalues of Q. By the theory of Gershgorin disks [see, for example [4]], there exists 7
small enough such that (5.42) is satisfied. Further, because Qo , is symmetric, there is an
orthonormal basis (z1, x2, z3, x4) diagonalizing Qo , such that (5.41) is satisfied.

O]

We now know the structure of Qo , for » small enough. Recall that @0,7" =Qor— | %
We now give a lemma which will connect the unilateral approximability of a set ¥ with its

values on the polynomials @0,r~
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Lemma 5.2.6. Let (11, 22,23,24) be orthonormal coordinates on R* and P(z) : R* — R

be a polynomial of the form

4
P(z) = anmf (5.44)
i=1
such that
i+ 1 <L forie{1,2,3
3 <t forie(1,2,3) 1
\ni—%| <% fori=4
Let X be a set such that
|P(z)] <€ forallx € ¥N B(0,1), (5.46)
Then
4% (=, P10)) < Ove. (5.47)

Proof. Let all notation and hypotheses hold. Let z € ¥ N B(0,1). Write z = (re,z4) €
R3 x R, for 7 > 0 and e = (e1,e2,e3) € R3, |¢| = 1. We consider two cases of (5.46). First,
we suppose that

0< Plz) <e. (5.48)

By (5.45), n; is negative for i € {1,2,3}. Thus by (5.48), there exists 7 > r such that
& := (Fe, x4) satisfies

P(&) = 0. (5.49)

We next note that
lx — 2| =|r —7|. (5.50)

Let ne = Z?:l nie?. Because |e| = 1 and (5.45), we get that |, + 1/2| < 1/8. We compute

3
> metr? )
=1

We recall that 7 > r > 0. We note that if a,b > 0, then |a — b| < /|a? — b?|. We use these

e > |P(x) - P(2)] = = |r? = 72[[1e]. (5.51)

observations and (5.51) to compute

7 — 1| < VP = 2] < J\erI\/g < CVE (5.52)



61

We now consider the other case of (5.46). Suppose that
—e < P(z) <0. (5.53)

For ease, assume x4 > 0 (the case x4 < 0 will be similar). Because 4 > 0 by (5.45), x4 > 0,

and (5.53), there exists 24 > x4 such that & := (x1, 9, x3, ¥4) satisfies

P(z) = 0. (5.54)
Note that
’.%' — .f‘ = ‘1’4 — .f4 . (5.55)
Note also that
e > |P(x) — P(2)| = |na(2] — £4%)] = |mallaf — 24°. (5.56)

As before, we note that 24 > x4 > 0. Hence, from (5.45) and (5.56), we get that

. . 1
|7y — x4 < £/|242% — z3| < ﬁ\/g < Cy/e. (5.57)

Hence, we've shown that for any z € ¥ N B(0, 1), there exists # € P~1(0) such that
|z — | < Cy/e. Hence,
d% (2, P7H0)) < C/e. (5.58)

Because P is a homogenous polynomial, P~1(0) is a cone centered at 0. Hence, we apply

Lemma A.1.2 to (5.58) to get

a*! (2, P710)) < Cye. (5.59)

5.2.2 The Tangent Cone at the Singularity

In this section we show that at a nonflat point there is a unique KP cone C based at the
origin to which the blowups converge at a Holder rate. Specifically, we strive to show that
there are an rg > 0 small enough, constant C, and exponent §; = f;(«) such that for
0<r <,

DO [C, %] < Crfr.
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To do this, we will apply Lemmas 5.2.2(6), 5.2.5, and 5.2.6. Lemma 5.2.5 allows us to
diagonalize @)o,, which allows us to apply Lemma 5.2.6 with the bounds from Lemma
5.2.2(6). Taken together, these will give us the estimates on d°” (3, C). To get estimates
on d%7 (C, %), we will apply Theorem A.3.4, which will allow us to show that every point
in CN B(0,7) has a point in ¥ which is no further than d%?" (X, C), and this will finish the
argument.

Fix € > 0 small. By Theorem 4.3.4, there is some radius rg small enough such that
% (x,r) <e forx e XN B(0,1),0 < r < ro. (5.60)

We work at a scale of p = 1+ for some 0 < 79 < /2. For ease, let pg = ré+7°. Define
E(p) by
£(p) = G 1(0). (5.61)

We recall Lemma 5.2.2(6), which tells us that that for 7o < 1/4, 0 < r < rg,
Qorr(z) <Cr%  forall z € ¥,N B(0,2) and 7 € [1/2,1]. (5.62)

From Lemma 5.2.5, we know that for rg small enough, we can diagonalize @W as @0’," =
Z?:l(/\i — 1)x? with [\; — 1/2] < 1/8 for i = 1,2,3 and Ay — 3/2| < 1/8. This allows us to
apply Lemma 5.2.6 with the bound of (5.62), which yields that
8
d%2 (EP,E((TT)1+7°)) <Cr? forallre [1/2,1]. (5.63)
Manipulating the 7 above,
Bo

A2 (2,,E(tp)) < Cr2 forall T € [1/2"10 1]. (5.64)

In particular, the above holds for all 7 € [1/2,1].
Let 0 > 0. By Theorem 4.3.4, for pg small enough and 0 < p < pg, there exists a KP
cone C(p) based at the origin such that

D%?[%,,C(p)] < o. (5.65)
From (5.64) and (5.65), it follows that

d%2(C(p),E(tp)) < o + Cr® forall 0 < p<po,T€[l/2,1]. (5.66)
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Fix 7 € [1/2,1]. Let a € &(7p) such thatl/2 < |a] < 1. Let v, be the normal vector to
E(Tp) at a, and let £, = {a + tv, | t € R} be the line going through a parallel to v,.

Let § > 0. Recall that £(7p) is the zero set of a homogenous degree 2 polynomial. By
(5.66) and requiring that o and py be small enough, we can not only guarantee that ¢,
interesects C(p), but also that at the point of intersection (nearest to a), the angle between
¢, and C(p) is arbitrarily close to m/2. In particular, we can guarantee that it is greater
than 7/4. It follows from this observation, (5.60), and (5.65) that we may invoke Theorem
A.3.4 with v, at the point of intersection. Hence, for small enough py and o, there exists

z € ¥, N4, such that dist(z, C(p)) < 0. Coupling this with (5.66), we get that
8
dist(z, E(7p)) <6+ 204 Crz . (5.67)

For ¢, o, and py small enough, the fact that v, is normal to £(7p) implies that the nearest

point on £(7p) to z is a. Hence,

8
1z — a| = dist(z,E(1p)) < 2d%2 (3, E(1p)) < Cr2. (5.68)
Recall that our only assumption on a was that 1/2 < |a| <1 and a € E(7p). Hence, (5.68)

tells us that
Bo

! (E(rp)\ B(0,1/2),%,) < Crz. (5.69)
Hence, combining (5.64) and (5.69), we get that
A1 (E(rp)\ B(0,1/2),.£(r'p)) < Cr'®  for 7,7 € [1/2,1]. (5.70)

From the fact that both £(7p) and £(7/p) are cones based at 0, it follows from (5.70) that

m‘;}

a1 (&(rp),E(7'p)) < Cr for 7,7 € [1/2,1] (5.71)

(see Lemma A.1.2). Because condition (5.71) is symmetric, we get that

Bo
2

D! [E(mp),E(T'p)] < Cr for 7,7 € [1/2,1]. (5.72)

We now exploit (5.72) to get a rate of convergence for the one parameter family £(p).

Suppose that 0 < p' < p < pg. Write p' = 7p/2N for 7 € [1/2,1], N € Z>o. Then we get
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from (5.72) that

o ) < 520 e (8) (32 9 e () )
. . _ j (5.73)
<2e() <ot L) —ert
Jj=0 j=0

We now recall Lemma 5.2.5 and that £(p) = @g i(O) Together, they imply that any
convergent sequence &(p;) is converging to a KP cone based at the origin. Moreover, by
(5.73), the one parameter family is Cauchy and hence converges to a unique KP cone based
at the origin. Call this KP cone C. We now use (5.73) to compute that for 0 < p < po,

8
D% [E(p), €] < lim DO [€(p), E(p')] + DO [E(0),C] < Cr7. (5.74)
P10
We now wish to show that

DOl [s,, O] < Cr'%. (5.75)

First, we note that by (5.64), Lemma A.1.2, and (5.74), we get that

dOL(3,,C) < dOL(S,,E(p)) +d! (£(p),C) < Or'F. (5.76)

We now recall that by Theorem 4.3.4, we have that for any sequence p; | 0 with 3,
convergent, X, — C’ for some KP cone C’. We note that (5.76) implies that C' C C, and
because each is a KP cone, ¢/ = C. It follows that D%![$,.,C] — 0 as i — oo for any

convergent sequence p;. From this observation, we get that
D' [2,,C] =0 asplO. (5.77)

Let 0 < p < pgand a € CNB(0,1)\ B(0,1/2). Similarly to how we proved (5.69), we apply
(5.60), (5.76), (5.77) to apply Theorem A.3.4 to the vector v, (which we recall is the unit
normal to C at a). This gives us that there is a point z € ¥, with z = a + tv, and t small.

As before, we get that |z — a| = dist(z, C) < |a]d%l?l (2, C) < or'%. Hence, we get that
dO,l S
(C\ B(0,1/2),%,) <Crz. (5.78)
Let a € CN B(0,1) \ {0}. Then we apply scale invariance of C and (5.78) to compute that

el (C\ B(0, al/2),5,) = AL (C\ B(0,1/2),5a),) < Cr'%. (5.79)
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Hence,
. Ba Bo
dist(a,X,) < Clajrz <Crz. (5.80)
From which we get
a1 (C, %)) < or'?. (5.81)
Combining (5.76) and (5.81),
DOl[s,,C| < Cr'. (5.82)

It is now convenient to switch back from p = r'*7 to . Making the substitution to (5.78),
we get

Bi
DO, C] < Oriato, (5.83)

Let 51 = 5o/(2(1 +70)). Recall that 5y and ¢ depended only on «, and hence so does f;.

We have shown the following.

Lemma 5.2.7. Recall hypotheses (5.6) and (5.60). There is a (unique) KP cone C based
at the origin, ro = ro(Co, a,,€) > 0 small enough, a constant C = C(Cyp, a), and 1 = p1(a)
(defined above) such that for 0 < r <,

DY (%, C] < Crf. (5.84)

5.2.83 Holder Reifenberg Flatness Away from the Origin

In this section we investigate how the quantity @g(x, ) behaves for points = near the origin
and scales r which are appropriately small in terms of |z|. Recall hypotheses (5.6). We

begin by stating a result of [9].

Theorem 5.2.8. Suppose that u is a Radon measure on R™ which is (a,n — 1)-Holder
asymptotically optimally doubling with convergence constants Ci for each compact set K C

Y. Then there exist 6 = 0(n, ) and r1 = r1(Cg,a,n,0) such that if i < r1 and

sup  OF(z,7) <4,
z€K,0<r<r]
then there exist Cj = C(Ck,0,n,a) (but not otherwise dependent on p) and f = B()
such that for all 0 <r <7} and x € K,
g (T g
09(er) < (£ -

5]
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Remark 5.2.9. Although this result is slightly more quantitative than [9] Proposition 8.6,
it is not difficult to obtain. The result is proven in Section 8 of [9], and the only place where
a more complicated relationship between 0 and r1 can arise is in the proof of Lemma 8.2.
However, one removes all ambiguity of the dependence in this proof by simply choosing rg

small enough such that 9e(y1) < 1/(8n+8) and 6 small enough such that 9Co < 1/(8n+8).

In light of Theorem 5.2.8, we recall Corollary A.3.3, which tells us that there is an A

large enough such that for some rg > 0,

0f(x,r) <d forallz € XN B(0,r0) \ {0},0 <7 < |$A|. (5.85)

Hence we can apply Theorem 5.2.8 to get

B
0Y (z,r) < C<:/1> for all z € XN B(0,79) \ {0},0 <r <7} < ’:CA| (5.86)
Taking
1
ry = Z|x\ (5.87)
gives that 5
0% (z,1) < C <‘;|> . (5.88)

1
We now fix 0 < 71 < B1. Let 0 < r < |z|'*71 /A, we get that 1/|x| < Cr™ 1. Combining

this with (5.88) gives us that

r g B
ey (z,r) < C . = Cri. (5.89)

ri+mn

Setting [y = 1”_&51, (5.89) says that
04 (z,r) < CrP2. (5.90)

Hence, we have proven the following.

Lemma 5.2.10. Recall hypotheses (5.6). There exist a constant C' and an ro > 0 small

enough such that for all 0 < r < rg,

05 (z,r) < Cr2. (5.91)
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5.3 Parametrization

In this section, we use the geometric information we have gathered to construct a C1#
parametrization of a neighborhood of 0 by a KP cone. We work toward the Theorem 5.3.1,
which when paired with Lemmas 5.2.7 and 5.2.10, proves Theorem 5.2.1.

Theorem 5.3.1. Let ¥ C R* be a closed set containing 0, 0 < v < 31, and 0 < By. There
exists B = B(v, b1, B2) with the following property. Let C be a KP cone cnetered at 0, and

assume the following estimates on X:
(E0) for x € B(0,19)N'Y and 0 < r < 2rg, 6% (z,7) < ¢,
(E1) for 0 <r < 2rg, D% [, C] < min(o, C17%1),

|m|1+w

(E2) for x € XN B(0,70) \ {0}, 0 <r < 16=5—, 0 (z,7) < min(4, Car?).

For A > 1 large enough and o,5,79 > 0 small enough, we have that ¥ admits a C*#
parametrization by C. That is, there exist neighborhoods U of 0 and U’ of 0 and a diffeo-
morphism ¢ € CYP(U — U') such that o(CNU) = SNU’. Further, ¢ has the property that
©(0) =0 and Dyp =1d, and U has the property that U N C 2 B(0,ro) N C.

Let ¥ C R* be a closed set containing 0. We fix exponents 0 < v < 1, and 0 < f3s.
The parameters ¢, 0, d,1/A and ¢ will be chosen small enough throughout this section. Let
(w1, 2,3, 74) be orthonormal coordinates centered at the origin and C = {22 = 22 + 22 +

For z € XN B(0,70),\{0} and 0 < r < |z|'T7/A, let P(z,r) be a plane such that
D*" [P(x,7),%] < min(5,Cr™)  and z € P(z,7). (5.92)

For each cross section C, = C N {z4 = h}, we note that Cj, is the 2 sphere of radius h
centered at (0, h) inside of the plane {z4 = h}. This means that nearest point projection in
the cross section is defined for all z # (0, h). Let 7(z) : R* — R? be orthogonal projection
onto the first 3 coordinates. We thus define 7 : R*\ {x : 7(x) = 0} — C to be nearest point

projection in the cross section. One can check that

(z) = (%T(x),m) . (5.93)
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We define the vector field n on R* \ Rxy by

1

Nz = W (—7‘(33‘), 0) : (5'94)

Note that for z = a € C, this is the vector normal to the cross section C,, at a viewed in

the plane {z4 = a4}. Hence
m(r) — x = £ dist(z, Cyy)Nr(a) (5.95)

depending on whether z is inside or outside of the sphere C,,. We also note that 7(x) is the
nearest point in C to x along the line based at x in the direction 7,. Thus, for a € R*\ Ry,

we define the half line
lo={beR*:b—a=tn, for some t € R and 7(a) - 7(b) > 0}. (5.96)

Note that the half lines £, are the integral curves of i and that for any z € R* — Ray, m(z)
is the unique intersection of the integral curve containing x with C. For a € C, note that 7,
is the normal vector to the cross section C,,, as opposed to the normal vector to the cone
C, which is

— (=7(a),aq) . (5.97)

" ]

Further, we note the following.

Lemma 5.3.2. Recall hypotheses (E0)-(E2). Forx € RY\Rxy, |v—m(z)| = sec(r/4) dist(z, C).

Proof. First, we note that because C is a smooth manifold away from 0 and 0 is not the
closest point to x, the distance dist(x,C) is the length of the vector based at x in the
Vr(z) direction ending on C. Second, we note that the angle between v,y and 7., is 7.
Thus because C is a cone, the vector based at z pointing in the 7, ending on C has length

sec(7) dist(z, C). O
Lemma 5.3.3. Recall hypotheses (E0)-(E2). For x € ¥ N B(0,7) \ {0},

() — | < min(Clz|*P1, 20|z]). (5.98)
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Proof. Let r = 2|x|. Applying Lemma 5.3.2 and assumption (E1), we get that
dist(z, C) < min(C|z|' 71, 20|x|). (5.99)
We then apply Lemma 5.3.2 and conclude. ]

Lemma 5.3.4. Recall hypotheses (E0)-(E2) and (5.92). For ro small enough, depending

on Cy, P2 and v, we have the following. Let x1,x9 € XN B(x,rp),0 < t1,t2 < ro such that

1 1 16 t
S g <t < a7 and e -l < g (5.100)

Then £(P(x1,t1), P(xa,ts)) < Ct2>.
Proof. By Lemma A.2.1, it will suffice to find a radius r such that

A" (P(x1, 1), P(x2,t2)) < Ot (5.101)

We take r to be t1/8. Let z € P, N B(x1,t1/8). By (5.92) there exists y € ¥ N B(x1,t1)

with |z —y| < C’t?@. Further, we may take |z —y| < §t; < ¢;/8. We estimate that

tv
ly —za| < |y —z|+ | —z1| + |1 — 22| < 51—6 < ) < 9. (5.102)

Hence, y € B(z2,t2). So by assumption there exists z € P(x2,t2) N B(x2,t2) such that
|y o Z| < Ct§+52 < Ct%+52.

Thus,
lz— 2| < |z —y|+y— 2 <Oty (5.103)

Because for each z € P(x1,t1) N B(x1,t1/8) there exists z € P(xg,t2) such that (5.103)
holds, we have that
370 F (P(x1, 1), P(aa, ta)) < Ot (5.104)

Because P, is a cone based at x1, by Lemma A.1.2 we obtain that (5.101) holds for r» = ¢, /8,

and we are done. O

Corollary 5.3.5. Recall hypotheses (E0)-(E2). For x,y € B(0,r0), the following hold:

(1) £(P(z,7), P(x,r")) < CrP for 0 < ' <r < 16[z|'t7/A
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(2) P(z) =lim, o P(z,r) evists
(3) £(P(x,r),P(z)) <Cr? for 0<r<|z|'t7/A
(4) £(P(x), P(y)) < Clz —y|®  when |z —y| < [z|'T7/A

(5) dist(y, P(z)) < Clz — y|**P2  when |z —y| < |z|'+7/A

Proof. Let B € [1/2,1) and write ' = Br/2/ for j € N. By Lemma A.2.1, Lemma 5.3.4,

and subadditivity of angles we have that
i—1

<
|

L(P(z,r),P(z,r")) <Y £L(P(z,r/2"),P (z,r/2")) + £ (P (z,7/27) , P (z,Br/27))

SRy

Il
=)

(2
e} .
3

(7“/21')62 < CrP Z (1/252) = OrP2,

1=0

<C

7

(5.105)
establishing (1). In particular, it follows that the one parameter family P(z,r) is Cauchy

as r | 0, establishing (2). With the help of (1) and subadditivity of angles, we compute

L(P(z,r), P(x)) < 7lnllriré L(P(z,7), P(z,r")) + £(P(z,r"), P(x))

< CrP2 4 lim L(P(z,7"), P(x)) = CrP2,
10

(5.106)

establishing (3).
We now prove (4). Let x € B(0,79) N2\ {0} and |z —y| < |z|**T7/A. Let r = 16|z — y|.

Then we apply (3), Lemma 5.3.4, and subadditivity of angles to compute

£(P(x), P(y)) < £(P(x), P(z,r)) + £(P(x,7), P(y,r)) + £(P(y,7), P(y)) (5.107)
< Orf? = Clz —y|™.
Finally, we prove (5). Under the same assumptions that = € B(0,r9)NYX\ {0} and |z —y| <

|z|*+7 /A, we apply (5.92) and (3) to get that

dist(y, P(x)) < dist(y, P(z, 2|z — y|)) + e(P(z) N B(x, 2|z — y|), P(z, 2|z — y[) N B(z, 2|z — y|))

< dist(y, Pz, 20z — yl)) + 2lz — y| D*2 9 [P(2), P(a, 20z — y))]
< Clx —y|t P2,
(5.108)
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O

Lemma 5.3.6. Recall hypotheses (E0)-(E2). Let x € ¥ N B(0,19), R = 8|z|'*7/A, and
0<r<2R. Then
451 (C, P(z,r)) < C|z|™nBr=7020147) (5.109)

Proof. Let a € CN B(x, R). Note that B(x, R) C B(0,2|z|). Hence by (E1) there exists
y € ¥.N B(0,2|z|) such that

la—y| < C’|x|1+51 =R (Cmﬁrv) . (5.110)
Further, we have that
lz—y| <|r—al+]a—yl <R+R <C|x|ﬁl‘7) <R (1 + Cyro\ﬁﬂ) <2R,  (5.111)

for 7o small enough. Hence, y € B(z,2R) N Y. Because 2R = 16|x|1t7/A, (E2) tells us that
there exists p € P(x,2R) such that

ly —p| <2R-CR% = R C|«|2(+), (5.112)
Putting (5.110) and (5.112) together, we get
ja—pl < la—yl+ly—pl < OR (|2~ + 22057 (5.113)

Because for each a € B(x, R) there exists a p € P(x,2R) such that (5.113) is satisfied, we
get that
d»F (C, P(x,2R)) < Cla|n(h1=752(1+7), (5.114)

Thus, by Lemma A.1.2, (5.114) tells us that
d»%(C, P(z,2R)) < C|ag|™nPr=752047) (5.115)
Corollary 5.3.5, (A.17), and (5.115) tells us that

qsr (C,P(z,1)) < dz-B (C,P(z,2R)) + J=R (P(z,2R), P(z,1)) < C|x|min(61—%ﬁ2(1+7)).
(5.116)
O
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We now derive information about the angle P(x) makes with the tangent plane 77, C.

We define

B3 = min(B1 — 7, B2(1 +7),7)- (5.117)

Lemma 5.3.7. Recall hypotheses (E0)-(E2). For x € ¥ N B(0,1q), £ (P(x), Tr)C) <
Clx|.

Proof. Let R = 8|z|'*7/A. By Lemma 5.3.6, we have that

d»(C, Pz, 1)) < C|x|Pnfr=702047) (5.118)
Letting r | 0, we get

d>8(C, P(z)) < Cla|™in1=7520147) (5.119)

We apply Lemma 5.3.3 to get
14y
Im(z) — 2| < Ol P < 8‘37|A (Crgl‘”) — R (Cr§1‘7> : (5.120)

and hence |z| and |7(z)| are within a factor of 2 for ry small enough. We use this observation
and Lemma 4.3.1 to see that
d™)3 (T, C, C) < C’|xR| = Clz]. (5.121)
Let p € Tr(,)C N B(w(x), R/2). Then (5.121) says there exists ¢ € CN B(n(x), R/2) such
that
Ip—c| < CRJz|". (5.122)

Next, we claim that for ry small enough, ¢ € B(z, R). For rg small enough, (5.120) tells
us that |7(x) — z| < R/2. Hence, ¢ € B(n(x),R/2) C B(z,R). By (5.119), there exists
g € P(x) such that

lc — q| < CR|z|™»B1=782047)) (5.123)

From (5.122) and (5.123), we get that

lp—q| < CR|x’miﬂ(ﬁ1—%/32(1+7)) + CR|z|]" < CR’;U|B3 (5.124)
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recall (5.117)). Because for each p € T, , CN B(w(z), there exists ¢ € P(x) such that
1 7). B f h TrCNB R/2) th i P h th
(5.124) is satisfied, we have that

A" 5 (T C, P(2)) < Cla|. (5.125)
Because Tr(,;)C is a cone through 7(z), Lemma A.1.2 and (5.125) give us
A" % (T C, Pz)) < Cla|. (5.126)

Lemma 5.3.7 follows from Lemma A.2.1.

Let O = O(ro,d) be the set

O:{xER"' lzq| < |—|x4H <25]:L"4|} (5.127)

vl
We note that C N B(0,79) = CNO. Lemma 5.3.6 allows us to prove that w|yno is a lower

Lipschitz map surjective onto CN O (see (5.93)).

Lemma 5.3.8. Recall hypotheses (E0)-(E2). For ro small enough, m|xno is lower Lipschitz
and T(XN0)=CnNO.

Proof. First we prove surjectivity which is an application of Theorem A.3.4. Fix a €
B(0,79) N C, and consider the unit vector n,. By (EO0) and (E1), we have that if ¢ and o
are small enough, we may apply Theorem A.3.4. It follows that there exist a |¢t| < d]a| and
an r € X with a + tn, = x. Next we claim that x € O. It follows from the definition of z

that 4 = a4 and 7(z) = 7(a) + 7(tn,) = 7(a) + tn,. Hence,
|[7(2)| = |zal| = ||7(a)|+|tna| — |ad]| < |7(a) —|as||+5]a] = 0+V20|as| = v25|z4]. (5.128)

We finish by noting that 7(z) = a because a € ¢, N C. Hence, 7(CNO) =X NO.
Next, we prove that 7|sno is lower Lipschitz for z,y € ¥NO sufficiently far apart. That

is, we assume
14y
oyl > el o)

> I (5.129)

By Lemma 5.3.3, we have that

m(x) — x| < Cla"t, |m(y) —y| < Cly|"7. (5.130)
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By applying (5.129) and (5.130), we get
(@) = ()] = |z =yl = In(@) = 2| = |n(y) =yl = 2 = 9| = C (o + |y +7)
> |z — y| = Cmax(|z, [y) " > |z — y| - Crg* 7 - max(|a|, |y)) T (5-131)
> |z —y| = Crg' T~y
(recall that 81 > «y). Hence, for 7y small enough, we get that

max(|z], [y))'*
A

1
|m(x) — 7 (y)| > 5]30 —y| for z,y € ¥N O such that |z —y| > (5.132)

To prove that 7|sno is lower Lipschitz on points which are very close together, we need
two lemmas whose proofs appear in the appendix. The first one tells us how flatness of a

set is perturbed by a C? diffeomorphism.

Lemma B.1.1. Suppose that U,V C R"™ are open sets, and 1p € C*(U,V) is bijective and

satisfies
0<Agw§1\ for all z,y € U (5.133)
r—=y
and
10?9 |0 = sup ID29]| < oo (5.134)
BAS

LetT' CR™, and z € T'NU, B(z,r) C U, P be a plane through z, and set P = D,y(P —
2) +1p(z), T = ¢(T). Then

o 2
dw(z),)\r (F, P) < Hl);f\"x’r + %dz,r (I" P) . (5.135)

Lemma B.1.2. For a € C\ {0}, there exists a neighborhood U O B(a,2la|/A), V C R?
open, I an open interval with 0 € I, and a smooth coordinate map ¥* : U — V x I such
that V x {0} = 9*(CNU) and 7@ = * o 7o ()"t is orthogonal projection onto R? x {0}

(where 7 is the same map of Section 5; see (5.93)). Further, ¥* satisifes the estimates

L _ [9(=) = ¢*(y)]

<
|z — y|

<2 forall z,y e U (5.136)

O |

and
2,5.a 2,4 C

D00 = sup [ Dz < (5.137)
zeU ‘a|

for some C' independent of a.
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We continue the proof of Lemma 5.3.8. Let z € ¥ N O. Let a = w(x), let U, V, I,
Y%, and T as in Lemma B.1.2. Set R = |z|'*7/A. Following the notation of Lemma B.1.1,
let 3 = ¢*(X N B(a,2R)). Following the notation of Lemma B.1.1, for z € ¥ N B(a, 2R),
Z=19%2) €L and 0 < r < 2R, we define P(%,r) = P@E) = D,y*(P(z,2r) — z) +z. By
Lemma B.1.1 and (5.136),

& (S, P(E,1) <D oo - 27 +4d5¥ (3, P(2,2r)). (5.138)

for 0 < 7 < 2R. By (5.137) and (E2), (5.138) gives d®" (i,ﬁ(z,r)) < O|z[**7/]a| + 46.

Because a = w(x), |a| > |z| — |7(x) — z| > |z|/2, and so
RE (i P, r)) < Oz + 45 < Clro|" + 46. (5.139)

Thus, we require that ro and § be small enough that C|ro|?,40 < 1/32. So (5.139) gives us
that
e 1
Zr Zr)) < —. :
d (E,P(z,r)) < — (5.140)
Next we recall that Lemma B.1.2 tells us that V' x {0} = ¢%(CNU). Similarly to before,
we apply Lemmas 5.3.6 and B.1.1 to get that for 0 < r < 2R,
102 |0, 2
—— + —d*" (C, P(z,1))
2.1/2 ' 1/2 (5.141)
< Cla|" + C|zBr=752040) < O|z|P < Crﬁ‘“’.

&R (V x {0}, P(E,r)) <

Note that e4 is the normal vector to the plane R3 x {0}, and let vz, be the normal vector
(with positive 4th coordinate) to P(Z,7). Then Lemma A.2.1 and (5.141) guarantees that

there is an rg small enough such that

1
< —.
— 16

(5.142)

|64 - ﬁE,r

Let y € ¥NO0, |[z—y| < %. Let z = ¢%(x) and y = ¢%(y). In particular, we note that
by (5.136), p:=|% — J| < 2|y — 2| < 2R, and so P(Z, p) is defined. Because 7 is orthogonal

1

projection onto R? x {0} = (e4)*, we get

T —g° = [7(@) - 7@ + (T — 7, ea)]”. (5.143)
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We compute by (5.140) and (5.142) that

. I o 11 1
(&~ el S (T =5, V)| + (T — Y ea = Vrp)| < oo+ el@— Yl = gl@ — gl (5.144)

We apply (5.144) to (5.143) to get [7(Z) —7(@)> =2 — 9> — (T — G eq)|* > Bz —y]* >
6%,34\37 — y|?. Hence, 7|gno is lower Lipschitz.

O]

Hence, we may define ¢ : CNO — XNO by p = 7@%0. Because msno is lower Lipschitz,
@ is upper Lipschitz. We use ¢ as our parametrization of 3 in a neighborhood of 0. We now
begin the process of extending ¢ to a C# map on a neighborhood of 0. We will employ
a modification of the Whitney Extension Theorem, which we state here explicitly for the
reader’s convenience. For f € C*(R™ — RY), we let D¥f be the k-linear map from (R™)*

of partial derivatives at a, where by convention we take DV f = f(a).

Theorem 5.3.9. (C*# Whitney Extension Theorem)
Let B> 0, k,l,m € N, A CR™ be closed, and for each a € A a polynomial P, : R™ — R/
such that deg P, < k. Define for K C A, r>0,0<1i<k,

DiP,— DiP,
pi(K,r):sup{H l|’ b b‘kfi I :a,beA,|a—b\§T}. (5.145)
a—

If for each compact K C A and each 0 <1¢ <k
pi(K,r) < CrP (5.146)

then there exists ¢ € Cfo’f(Rm — RY) such that for alla € A and 0 < i < k, Dip(a) =
D'P,(a).

We first say a few words on this theorem. Although the extension in the theorem
as stated is C’lko’f(Rm — RY), we will only be interested in a C*# extension of ¢ to a
neighborhood of 0. The theorem is presented this way to be consistent with Federer.

We define the polynomials we will use for our analysis. We first set some notation. For
a € C\ {0}, let 7, = a/|a| be the unit radial tangent vector. Let v, be the inward pointing
unit normal vector to C at a as defined in (5.97). A vector 6, at a orthogonal to both r,

and v, will be said to be of type 6. The motivation is that a vector of type 6 is tangent to
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the cross section C,,. For # € ¥ N O\ {0} and 0 < r < |z|'*7/A, let L(z,r) = P(z,7) — x
and L(z) = P(x) — x be the approximating planes recentered to be vector spaces. For
a € CNO0\ {0}, let A\, be the unit normal vector to L(p(a)). For a,b € C, let ¢, be
projection in the direction of 1, onto L(y(a)), and ¢, be projection in the direction of 7,
onto L(¢(b)). Note that ¢4 = ¢gq. Recall that 7(z) = (x1, 22, x3).

We define M, by

MG(T!I) = ¢a(ra)7 Ma(Va) = Va, Ma(ga) = ¢G(QQ)M7 (5147)

|7(a)]
where 6, is any vector of type . We also set R(a) = %, which yields the slightly cleaner

expression M, (0,) = ¢q(0,)R(a) for any vector 6, of type 6. Define also My = Id. We then
define, following the terminology of Theorem 5.3.9, a polynomial for each a € ¥ N B(0,ro),
P,(z) = p(a) + My(z — a). Note that P,(a) = ¢(a).

Lemma 5.3.10. Recall hypotheses (E0)-(E2). |¢(a)—a| = sec(r/4) dist(p(a),C) < |a|'+F1.
Proof. Follows immediately from Lemmas 5.3.2 and 5.3.3. O

Lemma 5.3.11. For a,be CNO\ {0} such that |a —b| < %7
(1) a vector v, is of type 0 if and only if (ve)s =0

(2) Ira —15] < Cla— b7

(3) va — | < Cla — b7

(4) e —m| < Cla— b5

(5) If 0, is a unity vector of type 0 at a, then there exists a vector 0y of type 0 at b such
that |0, — 0| < Cla — b| 47 .

Proof. We first prove (1). Let u, € T,C. Then u, L v,. Note that r, + v, = 2(a4)/|a| # 0.

We then have that u, is of type < ug -7 =0 ug - (1o + V) = 0 (ug)g = 0.
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We now prove (2)-(4). Recall that r, = a/|a|. We observe the identity that for w, z,y, z €
R,

zy —zw =5 ((z - 2)(y +w) + (y —w)(z +2)). (5.148)

N | —

Hence, we get that

a bl _|alb]—alb

lal oIl | lallol

_ 1 (la=bl(al+[b]) = [la| = [bl[ -la+b]\ _ |a—bl(|a| + [b])
T2 i — 2la]ly]

(5.149)

Recall that |a — b| < |a['t7/A. This gives that [b| < |b — a| + |a| < |a|(1 + A)/A, and
similarly |a| < [b[(1 + A)/A. Hence, |b| and |a| are within a constant factor of each other

and so (5.149) gives that
|a — b]
|al

a b
m — \b[' <C (5.150)

Applying that |a — b| < |a|'T7 /A, we get that 1/|a| < 1/(Ala — b|ﬁ) Hence, we get from
(5.150) that

b —b o
R CLt = Cla—b|TH. (5.151)
la| [0 la — b|T

From (5.151), claims (2), (3), and (4) follow.

We prove (5). Let 6, be a unit vector of type 6 in T,C — a. Let m, be projection onto
T,C — b in the n direction. Define 6, = m(6,). By (1), (64)4 = 0. Because 7, is projection
onto T,C — b in the n, direction, we get that (6y)s = 0 and 0, € T,C — b. So by (1), 0 is a

vector of type 0 at b. Further, we compute that
|00 — Oy| = sec(L(vp,mp)) dist(6q, T,C — b) < CL(T,C,TC). (5.152)

By (2) and (A.17), we see that [, — 0| < Cla — b| T .

Lemma 5.3.12. Recall hypotheses (E0)-(E2). For a,b € C with |a — b| < |a|*t7/A,
0
(1) ||¢a,a - d)b,aH < C|a - b| y

(2) ||¢a,q — dapl] < Cla — bl
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bunlt) \

Figure 5.1: Diagram of (5.153)

(3) |léa — dbl| < Cla — b™"P2ris),

(4) |R(a) — R(b)| < Cla — b| ™.

Proof. First, we note that (1) follows from Lemma 5.3.11(2) and the definition of ¢.q .
We now prove (2). Let v € R%, |v| = 1. We note because each of ¢,, and ¢,y is a
projection in the 7, direction, ¢qq(v) — ¢ap(v) is a scalar multiple of n,. Thus, we have
that
|$a,a(v) = dap (V)] = sec(£(Na, Ap)) dist(Pa,a(v), L(¢(D))), (5.153)

where we recall that \, is the normal vector to L(¢(b)) (see Figure 5.1).

Next, we note that

£(Nas o) < £L(Nasm) + L(, 1) + £L(v6, Ap) < (5.154)

il
3
for 79 small enough by Lemma 5.3.11(2), £(mp,vp) = w/4, and Lemma 5.3.7. Thus,
sec(£(na, Ap)) < 2. In addition, for ro small enough we have that £(v,, A\s) < 57/12 (see
(5.154) and Lemma 5.3.7), 80 |¢qq4(v)| < R for some R (independent of a and b). Hence,

(5.153) and (5.154) gives us that

16a.0(v) = @ap(v)l] < CD*[L(p(a)), L(p(b))] < CD*! [L(p(a)), L(p(b)].  (5.155)

Because ¢ is Lipschitz, (A.17), Corollary 5.3.5 and (5.155) tell us that

|6a,a(v) = dap(v)|| < Clo(a) = ()™ < Cla - b]™. (5.156)
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To prove (3), we apply (1) and (2) to get
min —4
@0 = 0]l < [|$a0 = Gapll + l|6ap — dopl| < Cla — b™ P55, (5.157)

We now prove (4). Applying the definition of R, we get

o [ire@)l  Ire®)I| | Ire@)] 1) = e ®)] (@)
) = ROV =P~ )] ‘ (@)l ) - (8158)
We reobserve the identity that for w,z,y, z € R,
vy — 2w = (2~ )y +w) + (g~ w)(z +2)). (5.159)
Applying (5.159) to (5.158) gives
1
1R(a) = RO)| < g ([Ir(e@)] = (@)l (@) + Ir(8) -

+ lir(@)] = @) (@)l + 7@ ®)]) )
We note that because |7(a)| = |a|/v/2 because a € C, and the same holds for b. We then
apply that ¢ is Lipschitz (as well as ¢(0) = 0), and the fact that |7(z) — 7(y)| < | —y| to
(5.160) get that

C
[R(@) = RO)| < o (lo = bl(lal + o)) (5.161)

Recall that we showed that |a| and |b| are within a constant factor of eachother (while
proving (5.150), so (5.161) gives
o — bl

—b v
l<c = Cla—b|T. (5.162)
|al la — b|TH

O]

We note that the argument used in (5.152) and (5.153) will recur in many variations in

the proofs to come. The reader who glazed over this point is encouraged to review it.
Lemma 5.3.13. Recall hypotheses (E0)-(E2). Fora € CNO, ||M, — Mo|| < Cla|%.

Proof. Note that at a we can choose an orthonormal basis B, = {4, vq, 9&, 02} where 7,
and v, are the radial and normal vectors as before, and 6? is a vector of type #. We thus

check that each vector v € B, will satisfy the bound

| My (v) — Mo(v)| < Clal®, (5.163)
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from which the result follows. Recall that by definition My = Id.
First, we consider the easiest case, v,. By definition M, (v,) = v, and so M, (vg)—v, = 0.
Next, consider M (r,) — rq. By definition, M,(ry) = ¢q(ry). Because ¢, is a projection

in the n, direction, we get that

|6a(ra) — ral = sec(£ (e, Aa)) dist(ra, L(¢(a))) < C D" [T,C — a, L(p(a))] < Clal™.
(5.164)

Finally, we consider 6, a vector of type 6. Recall that M,(0,) = ‘Tl(f(g;?)‘%(Ha). We

compute
70(00) = ] = | T g0, — ] < (D13, 0,1+ 160(02) ~ 1. G.165)
From Lemma 5.3.10 we get that
Ir(e(@)| | [Im(e(@)| = [r(a)] lp(a) — al "
()] 1‘ = )] <C oS Cla|™. (5.166)

Applying (5.166) to (5.165), we get

|My(0,) — 0a] < Cla|?t + sec(£(nq, Aa)) dist (0, L(p(a))) (5,167
< Clal’* + ¢ DT, C — a, L(¢(a))] < Cla)®.

O]

Lemma 5.3.14. Recall hypotheses (E0)-(E2). For a,b € CNO, we have that || My — My|| <
8 5
Cla — b\% Or in the language of Theorem 5.3.9, p1(CNO,r) < Crits (recall (5.145),

and note that CN O is compact).

Proof. Recall that 53 = min(1 —~, f2(1+7),v). We break the proof into two scales. First,

we assume that |a — b| > max(|al, |b])}*7/A. Then Lemma 5.3.13 tells us that
By
1My — Myl < 1My Moll 41135 — Mol < € (jal’ +6) < Cla— b5, (5.168)

Let us now assume that |a — b < |a|'*7/A. As in Lemma 5.3.13, we will consider

the radial, normal, and type 6 vectors separately. By Lemma 5.3.11(3), we have that
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|V — vy < Cla — b|ﬁ We recall that M, (v,) = v4. Thus, we compute

| Mo (va) — My(va)| < [Ma(va) — My(wp)| + [ Mp(vy — va)| < Vo — vp| + |[Mp]] - [va — vy

<Cla— b[ﬁ
(5.169)
(note || Mp|| < ||Mp — Mp|| +1 < C by Lemma 5.3.13).
We now show that
M, (ra) — My(ra)| < Cla— b|i55. (5.170)

By Lemma 5.3.11(2), we have that |rq, — rp| < Cla — b|ﬁ We thus compute

[Ma(ra) = My(ra)| < |Ma(ra) = My(m)| + [Mp(ro = )| < |éa(ra) = 6u(rs)| + | M|y — ra
< [¢a(ra) — dp(m)| + Clb — a| 7.
(5.171)

We now consider |¢q(rq) — ¢5(5)|. Applying By Lemma 5.3.11(2) and Lemma 5.3.12, we
get

[ba(ra) = ¢u(re)| < [6a(ra —10) + (60 — &) (ro)| < [|@all - |ra — o] + l|da — o] - 3]
< Cla — ™2 15),

(5.172)

Coupling (5.171) and (5.172), we prove (5.170).

Finally, we consider vectors of type 8. Let 6, be a vector of type 6 at a. By Lemma
5.3.11(5) there is a vector 6, of type 6 at b such that |0, — 6] < Cla — b|ﬁ We now show
that

M, (6) — My(64)| < Cla — b| 755 (5.173)

We compute that
[Ma(0a) — My(0a)| < [Ma(ba) — My(0p)] + [Mp(0p — 0a)| < [Ma(0a) — My(0b)] + || Mp]] - |05 — Oal

< |R(a)da(ba) — R(b)¢u(6h)| + Clb — a’lliv,
(5.174)
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We now consider |R(a)¢q(0q) — R(b)¢p(6y)| . We reobserve the identity

TY — 2W =

(z—2)(y+w)+ (y —w)(z+2)). (5.175)

N

Applying (5.175) to |R(a)pa(0a) — R(b)¢p(6s)| gives that

|R(a)¢a(0a) = R(b)Pp(0b)] < |R(a)=R(D)|(|¢a(0a)|+dn(06)]) +[da(0a) —5(6b)|(R(a) +R(D)).

(5.176)
We then apply that |R(a)|, |R(D)|, ||¢a|| and ||¢s|| are all bounded, plus Lemma 5.3.12(4)
to (5.176) to get

[R(@)¢a(00) ~ R()6o(0h)] < Cloa(0a) = o4(0)| + Cla =BT, (5.177)
Thus to establish (5.173) (and finish the proof), we establish
(6a(60a) — 6(00)] < Cla — b[T55. (5.178)
Applying |0, — 6| < Cla — b|ﬁ and Lemma 5.3.12, we compute that

6a(0a) — @(0b)] < [Pa(fa — 0b)] + |(Pa — ) (0)| < [|¢all - [0a — Ob] + [|da — du|l - [6b]

< C’|a _ b|min(62,ﬁ)

(5.179)

and conclude that (5.173) holds. O
Lemma 5.3.15. Recall hypotheses (E0)-(E2). For a,b € CN O, we have

10 = Fa®)l oy _ g2, (5.180)

b — al

8
Or, in the notation of Theorem 5.3.9, we have that po(CNO,r) < Crits (recall (5.145),
and note that CN O is compact).

Proof. Applying the definition of the polynomials P, and P,, we get
Py(b) = Pa(b) = ¢(b) + My(b = b) — p(a) = Ma(b — a) = ¢(b) — ¢(a) — Ma(b—a). (5.181)

To begin, we consider the case where |a — b| > max(|al, |b|)!T7/A. We compute that

lo(b) — p(a) — My(b—a)| < |b—a— Mu(b—a)| + |p(b) — b + |¢(a) — al. (5.182)
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By Lemmas 5.3.10 and 5.3.13, we get that

|b—a— Mu(b—a)| + [(b) — b + |¢p(a) — a| < [|Mo —1d|[ - b — al + C[p|"+7* + Cla|'+™
1+58 83
< |al??|b —a| + Cla — b| T < Clb — a|+7.

(5.183)

Assume now that a,b € CN O and |a — b| < |a|'T7/A. First, we define some ways that

a and b may differ from each other. Let 7, be projection in the 7, direction onto T,C — a.

(i) We say that a and b are radially separated if b — a is a radial vector.

(ii) We say that a and b are 6 separated if m,(b — a) is a vector of type 6.

Figure 5.2: The points a and b are radially separated, a and c are 6 separated

Note that if b — a = crq, then 7a(b — a) = b — a, and so conditions (i) and (ii) have
more symmetry than may initially appear. We develop an alternative characterization of
condition (ii), that

a and b are 6 separated <& a4 = by. (5.184)

To see this, we first note that for all vectors v € T,C — a, that v - v, = 0. Also, v, + 1, =

2a4/|al # 0 because a € C\ {0}. Also, we note that because 7, is projection in the 7,
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direction and (14)4 = 0, m, does not change the 4th coordinate. Thus, we have that

agr=bs = m(b—a)s=0&m(b—a) (Vg+7rs) =0 m(b—a) -rg =0
(5.185)

< a and b are 0 separated,

establishing (5.184).
First, assume that a and b are radially separated. Then because b — a is a mulitple of

rq, we apply the definition of M, to get that
Py(b) = Fa(b) = ¢(b) — p(a) — Ma(b —a) = ¢(b) — ¢(a) — ¢a(b — a). (5.186)

Note that when a and b are radially separated, a/|a] = b/|b|. So rq = 1 and 1, = 1. We
now use this to claim that

p(a) + ¢a(b—a) € L. (5.187)

To see this, we expand

¢(a) + ¢a(b—a) = (p(a) — a) + (¢a(b—a) — (b —a)) +b. (5.188)

Because ¢ is the inverse of m which was projection in the 7, direction, ¢(a) — a is a multiple
of 14, which in this case satisfies 1, = 7. Because ¢, is a projection in the 7, direction, we
have that ¢,(b—a) — (b— a) is a scalar multiple of 7,, and 7, = 1. Thus, from (5.188), we

have that for some s € R,
¢(a) + ¢a(b—a) =b+ sn, € 4y (5.189)

(recall (5.96)). Because ¢(b) € £y, we have that ¢(b) —p(a) — ¢ (b—a) is a scalar multiple of
m- Recall that A\, is the normal vector to P(¢(a)). Thus, because ¢(a)+¢,(b—a) € P(p(a))

(because ¢, is projection into L(¢(a))), we have that
|p(b) = @(a) = dalb — a)| = sec(<(mp, Aa)) dist((b), Pp(a)) < Clb—al* (5.190)

by Corollary 5.3.5 and ¢ being Lipschitz (Lemma 5.3.8). Thus, we have established (a
stronger inequality than) (5.180) for a and b radially separated.
Next, we assume that a and b are 6 separated. In this case, many of the simplifications

that we were able to make in the radial case will not hold true, but will be true up to
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Figure 5.3: The argument for radially separated points.

B3
1+-52 . . . .
O(\b —al +1+V). Thus, while the core ideas remain the same, several more estimates must

be applied. We begin by applying the assumption that a and b are 6 separated to get

p(b) = ¢(a) = Ma(b—a)| < |p(b) — ¢(a) = Ma(ma(b — a))| + [Ma(ma(b — ) — Ma(b - a)]

<le(b) — ¢(a) = R(a)¢a(ma(b — a))| + |[Mal| - [7a(b—a) = (b—a)].
(5.191)

By Lemma 4.3.1(2) and that 7, is projection onto 7,C in the 7, direction, we have that

|b—af?

a <Clb—afTE. (5.192)
a

|Ta(b—a) — (b—a)| < sec(£L(Na, Va)) dist(b, T,C) < C

Thus applying (5.192) to (5.191), we get that
[9(b) — (@) — Ma(b — a)| < |io(b) — p(a) — R(a)a(ma(b— a))| + Clb—a| "5, (5.193)
Thus, we strive to establish
[6(8) — (@) = R(@)u(malb — )| < Clo—al 775, (5.194)

which by (5.193) will establish (5.180) for a and b which are 6 separated.
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To begin proving (5.194), we note that because both ¢, and m, are projections in the

e direction, that ¢q(me(b— a)) = ¢ (b — a). We use this and the linearity of ¢, to get

p(b) — p(a) — R(a)¢a(ma(b — a)) = ¢(b) — ¢(a) — ¢a(R(a)(b — a)). (5.195)

Next, we apply Lemma 5.3.12(1) to get

|0(b) = ¢(a) = a(R(a)(b—a))| < lp(b) = p(a) = ¢pa(R(a)(b—a))| + [(¢pa — ¢a)(R(a)(b -
< l(b) — p(a) — dra(R(a)(b— )] + Clb — af " 155
(5.196)
Similarly to the radial case, we now claim that
o(a) + ¢pqa(R(a)(b—a)) € b. (5.197)

Recall that by (5.184), ay = bs. Note that a + |7(a)|n, = (0,a4), where 0 here represents
0 € R3. Thus, we have that ¢, > (0,a4) = (0,b4) € £. For z,y,z € R* not colinear,
let Ax,y,z be the triangle with corners z,y, and z. Consider A(0,a4),a,b. Let z be
the point so that A(0,a4),¢(a),z is similar to A(0,a4),a,b (see Fig. 2). Then we have
that z € £p. Further, because the length of side (0,a4),a is |7(a)| and the length of side
(0,a4),p(a) is |T(¢(a))|, we get that z = p(a) + lT‘(f(gﬂ)l (b—a) =¢(a)+ R(a)(b—a). Thus,
¢(a)+ R(a)(b—a) € €. Further, since ¢, is a projection in the 7, direction, we have that
(5.197) holds.

Note ¢(b) € ¢,. By (5.197), we have that ¢(b) — ¢(a) — ¢po(R(a)(b — a)) is a scalar

multiple of 7, and ¢(a) + ¢po(R(a)(b —a)) € P(¢(a)). Thus, as in the radial case, we get
that

|2(b) = p(a) = o0 (R(a) (b—a))| = sec(£(m, Aa)) dist(p(b), P(p(a))) < Clb—al' . (5.198)

Thus, we have established (5.194), and thus established (a slightly stronger version of)
(5.180) for 6 separated points.
Finally, we consider general points a,b € C N O with |a — b| < |a]'*7/A. We define

¢ = (7(a),by). Note that a and c¢ are radially separated, b and ¢ are 6 separated, and
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Figure 5.4: The point z in the argument above; z = p(a) + lT‘(f(Ef;)R' (b—a)

la —¢|,|c — b < |a—bl. We compute Py(b) — P,(b) = Py(b) — P.(b) + P.(b) — P,(b). We

expand to get

Pe(b) = Pa(b) = ¢(c) + Me(b — ¢) — p(a) — Ma(b — a)
= o(c) — p(a) — My(c — a) + My(c — a) — My(b—a) + M,(b—c¢) (5.199)
= P.(¢) — Pa(c) + My(c — b) — M,(c — b).

Thus, by (5.199), we get that
| Po(b) — Pa(b)| < [Py(b) — Pe(b)| + |Pe(c) — Pa(e)| + [[Mq — Mc|| - e — b]. (5.200)

We now use that (5.180) holds for radially and 6 separated points, Lemma 5.3.14, and
(5.200) get that

B B B
1Py(b) — Po(b)| < Clb— ¢| T35 + Cle — a' 15 + Cla — |77 )c — b]. (5.201)

8
We now apply that |b — ¢, |c — a|] < |a — b to get that |Py(b) — Py(b)| < Cla — b|1+ﬁ for

all points a,b € CNO.

We now have gathered all of the estimates necessary to prove Theorem 5.3.1.
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Figure 5.5: The argument for 6 separated points.

Proof of Theorem 5.3.1. Let B = [3/(1 + ). First, note that p(a) = P,(a). By Lemmas
5.3.14 and 5.3.15, we have that Theorem 5.3.9 says that ¢ extends to a C'# map on R*
(which we also call ¢) such that ¢(a) = Py(a) and Dgyp = D, P, for all a € CN O. Because
¢ is a bijection from CN O to XN O (see Lemma 5.3.8), and D,P, = M, which is always
of full rank (see definition of M,), we have that there is some open set U containing CN O
such that ¢ is a diffeomorphism on U. Taking U’ = ¢(U) completes the proof.

O

Remark 5.3.16. We finish by reminding ourselves that Theorem 5.2.1 is a local theorem.
For example, consider a set shaped like a candy wrapper, as shown in Figure 5.6 (which is
of course a dimension short) shows a set which at every point is smoothly parametrized by

a KP cone or a plane.
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Figure 5.6: A “candy-wrapper” set which is locally smoothly parametrized by planes and
KP cones.
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Appendix A

SOME FACTS ABOUT SETS APPROXIMATED BY PLANES AND
KP CONES

In this appendix,we record some properties of sets which are well approximated by planes
and KP cones. In Section A.1, we show some nice properties of the Walkup-Wets distance
and relative Hausdorff distance. In Section A.2, we record some lemmas about the geometry
of planes. In Section A.3, we study sets well approximated by KP cones with an eye for the

interactions between @%0, 6%, and @g at different points and scales.
A.1 Walkup-Wets Distance and Hausdorff Distance for Dilation Invariant Sets

Our goal in this section is to study the geometry of sets which are well approximated by

cones; that is, dilation invariant sets.
Definition A.1.1. A set C C R" is a cone based at y if y € C' and C' — y satisfies that

s(C—y)=C—yforall s>0,.

Example. Recall that a KP cone based at y is a set C which in some orthonormal coor-
dinates (r;) centered at the origin satisfies C — y = {23 = 22 + 23 + 23}. Note that a KP

cone based at y is a cone based at y and that a plane including y is a cone based at y.

Lemma A.1.2. Let C be a cone based at y € R" and X C R"™ be any set. Then for any
r > 0 such that B(y,r) N X # 0, we have that

U7 (2,0)=d¥" (2,C)  and d¥7(C,%) < d¥"(C, %) < 2d4Y" (C,%). (A1)

In particular,

DY [C, 5] < DY [C, 3] < 2D¥ [C, 5], (A-2)
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Proof. Let C be a cone based at y and % C R™. Without loss of generality, take y = 0. Let
B(0,7) "X # (. We begin by showing that

a7 (x,0) =d" (%,0). (A.3)

Because dO7 (A4, B) < d%" (A, B) for any A and B, it suffices to show that d%" (X, C) <
dor (3, C). Applying the definition, we must show that for any = € ¥ N B(0,r), dist(x,C'N
B(0,r)) < dist(z,C). To do so, we show that if z € C, there is another point 2’ € CNB(0, r)
such that |z — 2| < |z —2z2|. Let x € ¥NB(0,7) and z € C\ B(0,7). Let £ = {sz : s € R} be
the line through z passing through 0; note that ¢ is a cone through the origin and that £ C C
because C' is a cone and z € C. Let m : R™ — ¢ be the orthogonal projection onto ¢£. Then
the nearest point to x in £ is 2/ = w(z). But |r(z)| < |z| < r, and so 7(z) € C N B(0,r).
Hence, we have shown (A.3).

We now seek to show that
d (0, %) < d% (C, %) < 2d°" (C,%). (A.4)

Again, we note that the left inequality is automatic. So, by applying the definition, we must
show that for any z € C N B(0,r), dist(z, £ N B(0,r)) < 2d°" (C,%). Let d = d°" (C, ).
Note that since SNB(0,7) # 0 and 0 € C, we have that d < 1. Let z € CNB(0,r). Then the
point 2/ = (1—d)z € CNB(0,r —dr), and |z — 2'| = d|z| < dr. By assumption, there exists
some point z € ¥ with |z — 2’| < dr. Thus, we have that |z — z| < |z — 2/| + |2/ — 2| < 2dr-
Further, since 2’ € B(0,r — dr), we have that |z < |z — 2/| + |2/| < dr + (1 — d)r = r. So
x € B(0,r). Hence,
dist(z, £ N B(0,r)) < 2dr. (A.5)
Because (A.5) holds for all z € B(0,r), we have shown (A.4). Thus, we have established
(A.1). We conclude by noting that (A.2) follows immediately from (A.1) and the definitions
of DO and DO,
O

Lemma A.1.3. Let C be a cone based at y and ¥ C R™. Let x € R™ and r,s > 0 satisfy
B(y,s) € B(x,r) and B(y,s) X # (. Then

DY [C, 5] < 22 D= [C,3]. (A.6)
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In particular,

D¥* [0, 3] < 22 D™ [C,3]]. (A7)

Proof. Let all notation and suppositions hold. It follows immediately from the definitions
that
D¥* [C, 5] < gﬁm C,5]. (A.8)

We then have that (A.6) follows immediately by Lemma A.1.2. We note that (A.7) follows

immediately from (A.6).

A.2 Geometry of Planes

In this section we give some basic definitions and lemmas about planes and their geometry.

Let V1 and V5 be vector spaces with dim V7 < dim V5. We define
L(Vi,Va) = d%! (Vi,Va). (A.9)

It is not hard to see that for any » > 0, we have that I'(Vq, V2) = d°" (V4, Va) . We extend T
to a pseudometric on the set of all affine planes. Let P, and P, be planes p; € Py, p2 € P
and dim P; < dim P». Define

['(P1, P) =T(P1 —p1, P> — p2). (A.10)

That is, we extend I' to arbitrary affine planes by first translating them to pass through the
origin. Note that this of course does not depend on the p;. Note that 0 < I'(P;, P) < 1.
Further, I'(Py, P;) = 0 if and only if Pi||P, and T'(Py, P») = 1 if and only if P; contains
a vector perpendicular to P». It is not hard to see that if Pf‘ is an affine orthogonal
complement to F;, then

D(Psh, Pt) =T(Py, ). (A.11)

It will sometimes be convenient to make reference to the angle between two affine planes.

We define the angle between P, and P, to be

L(P1, Py) = arcsin'( Py, Ps). (A.12)
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Alternatively, we may define the angle between two planes as follows. Let S*~! = {z €
R™ | |z| = 1} be the unit sphere in R". Let ds denote the path metric on S"~! defined
by ds(a,b) = inf{len(y) | v : [0,1] — S"" 1 4(0) = a,y(1) = b}. For nonempty sets
A, B C S™!, we define

ds(A, B) = sup inf ds(a, b). (A.13)
acAbeB
For two vector spaces V; and V5 with dim Vi < dim V5, we then have that
L(V1, Vo) =ds(VinS* 1,1, nS" 1. (A.14)
It follows that for planes P, and P, with dim P; < dim P> and p; € P;, that

L(Py, P) = dg((Py — p1) NS 1, (P — p2) NS™ ) (A.15)

Further, from (A.15), subadditivity of angles follows. That is, if P;, P», and Ps are planes
with dim(P;) < dim(P,) < dim(P3), we get that

K(PI,P:;) < K(Pl,PQ) + K(PQ, Pg) (Alﬁ)
Further, if y € Py, x € P,, then
yr lz =yl
d (Pl,PQ) <2 K(Pl,PQ) + . . (A17)

Lemma A.2.1. Let P, and Ps, planes in R", dim P; < dim Ps.
(1) Lety € Py, v >0, and P, B(y,r) # 0. Then £(Py, P,) < 23X d%" (Py, Py).

(2) If dm P; = dim P, = n — 1 and v; is a normal vector to P; with vy - va > 0, then

’Vl - VQ‘ S K(Pl,PQ).

Proof. Without loss of generality, take y = 0, » = 1. We first prove that if both P; and P»
go through 0, then
L(Py, Py) < gdo’l (P, Py). (A.18)

We note that arcsin z < (7/2)z for any z > 0. Hence,

£(P1, Py) = arcsin(T(Py, Py)) < gdo’l (P1, P), (A.19)
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which is (A.18).
Now, suppose that 0 € P;, but that 0 € P,. Then there exists p € P, such that

Ip| <d% (P, Py). (A.20)
We compute that
A% (P, Py — p) < A% (P, Py) +d%N (P — p, ). (A.21)
Because P, — p is a cone through the origin, Lemma A.1.2 tells us that
d®1 (P, —p, P2) <2d%Y (P, — p, P5) = 2|p| < 2d°! (Py, ). (A.22)
Combining (A.21) and (A.22), we get that
d% (P, P, — p) <3d% (P, P). (A.23)
Because P> — p goes through the origin, we combine (A.18) and (A.23) to get
L(Py, Py) < 5 A" (P Py—p) < 3777 A% (P, Py). (A.24)

We now prove (2). Without loss of generality, suppose that P; and P» are codimension
1 planes through the origin. Suppose that for i = 1,2, v; L P;, |v;] = 1, and that vy -vp > 0.
It follows from (A.11) and (A.15) that

A(P1, Py) = £(Ps, P{) = ds({£wa}, {£11}). (A.25)
From the fact that vq - 15 > 0, it follows that
ds({£we}, {£11}) = ds(ve,v1) > Jva — 11]. (A.26)
Putting together (A.25) and (A.26), we prove (2). O
A.3 Local Surjectivity of Vector Projections

In this section, we show how to use local set approximation to establish a theorem of local
surjectivity of vector projections at flat points of the support. This is similar to the argument

given in [9] in the context of flat points. Our version of the theorem will vary, however, in
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that we seek to establish a version which is quantitative in terms of the scale we consider
and the distance to the support. Our main tool will be the Reifenberg Topological Disk
Theorem, which we have mentioned before.

We now quote a version of the Reifenberg Topological Disk Theorem which is quantified

appropriately for the proof of our main theorem (see for example [9]).

Theorem A.3.1 (Reifenberg Topological Disk Theorem). There exists & > 0 and Cy with
the following property. Let ¥ C R™ be a closed set and yg € X. Assume that rg > 0 and
0 < & <& satisfy

@g(y,r) <& forally € ¥N B(yo,4r0),0 < r < 107p.
Let Py be a plane through yo such that
Dvo-10ro [Py 3] < €.
Then there exists a continuous injective map
T : B(yo,3r9) N Py — X N B(0,4r)

which satisfies

IT(y) =yl < Co&ro  for all y € Py N B(yo, 3ro). (A.27)

To provide the quantification necessary in Theorem A.3.4, we provide the following

lemmas.

Lemma A.3.2. For allo > 0 and 0 < s < 1/2, there exists n = n(o, s) with the following
property. Let ¥ C R* be a closed set, v € ¥, and C be a KP cone based at x. If y € ¥
satisfies

D=3le=u/2 15 Q] < 7, (A.28)
then

D¥<l*=¥l %, O] < 0. (A.29)

Proof. Suppose the contrary. Then there exist ¢ > 0, 0 < s < 1/2, sequences z;,y; € R?,

KP cones C; based at x;, and closed sets ¥; with x;,y; € X; satisfying

1
peidleivil/2 (s, ¢l < = but  D¥eskiul[m, ¢ > 0 (A.30)
1



97

Let

S i~ T~ i — T
S Tiog, o Gimmo Y@ (A.31)

lyi — x| " |y — @ |y — ]

Because |7;| = 1 we may assume (by applying a rotation) that there exists y € R* with
y; =y for all . From (A.30) and (A.31), we have that
~ ~ 1 ~ ~
DO3/2 [ZC} <= but D¥ [zc} > 0. (A.32)
i
By passing to a subsequence, we may assume that Y — % and C; — C, where ¥ is some
closed set and C' is a KP cone based at 0. Then (A.32) and Lemma A.1.2 imply that

D%3/2[2,Cl=0 but DY*[%,C]>0o > 0. (A.33)

Because s < 1/2 and |y| = 1, B(y, s) C B(0,3/2). Hence, (A.33) implies that ¥NB(0,3/2) #
C N B(0,3/2) but D%3/2[¥C] = 0, yielding a contradiction.
O

Corollary A.3.3. For all § > 0, there exists A = A(5), € = €(6) > 0 and n = n(d) >0

with the following property. Let g € ¥ C R* and ro > 0. Suppose that

sup 0% (z, ) <& (A.34)
0<r<ro
z€XNB(zo,r0)

and C is a KP cone based at xg such that
D*or0 (3, Cl < n. (A.35)
If x € ¥ satisfies 19/3 < | — xo| < 2r¢/3, then for 0 <r < |x — xo|/A,
Y (z,r) <. (A.36)

Proof. Let § > 0 be given. Fix parameters A, £, n > 0 to be specified later. Let z € X
satisfy ro/3 < |z — zo| < 2ro/3. We apply Lemma A.1.3 to (A.35) and get

To < To
2|z — xo\n - 7“0/377

Dro2lz=2ol 53 0] < 2 = 3n. (A.37)

Let 0 > 0 and s = 1/A. Then by (A.37), we apply Lemma A.3.2 to get that there exists n
small enough so that

D&lr=2ol/A sy €] < 6/2. (A.38)
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By Lemma 4.3.1, we have that for A large enough,
D@ lr=2l/A (¢, T,C] < 0/2. (A.39)
Hence,
D@lz=zol/A 15 T,C] < 0. (A.40)

We now recall that G is detectable in C. Thus, by Lemma 2.4.5, (A.34) and (A.40) imply
that for o and ¢ small enough, ©%(x,r) < for all 0 < 7 < |z — zo|/A.
O

Theorem A.3.4 (Local Surjectivity of Vector Projections). For all 6 > 0, there exist
e =¢(8) >0 and n = n(d) > 0 with the following property. Suppose that ¥ C R* is a closed

set, and

0%(z,r) <e forall z€ XN B(0,1),0 <r < 1. (A.41)
Suppose also that C is a KP cone based at the origin such that
D% [C, %) < n. (A.42)
Let x € C, |x| =1/2, and v be a unit vector such that

£L(v, T,C) > (A.43)

B

Then there exists t € R with |t| <0 and x +tv € X.

Proof. Let 6 > 0 be given. Fix parameters ¢ > 0,7 > 0 to be specified later. By (A.41),
(A.42), and Corollary A.3.3, for any £ > 0 there exist € > 0, n > 0 small enough, and A > 0
such that
g 1 2 |z

0% (z,r) <& for allzGZ,gg |z|§§,0<rgz. (A.44)
Fix £ > 0 to be determined and stipulate that £ > 0 is small enough that (A.44) holds.
By (A.42), there exists y € ¥ with |x — y| < n. Stipulate that n < 1/12. Then for all
y' € B(y,1/12) N X, we have that |y/| > |z| — |z —y|— |y —y| > 1/2—-1/12—-1/12 =1/3.

Thus by (A.44),

1 1
G/ / - <
% (y,r) <& forally GEHB<y,12>,O<7‘_3A. (A.45)
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We now require that £ < &y from Theorem A.3.1, 10rg < 1/(3A), and 4r¢9 < 1/12. Then
(A.45) implies

8%(@/, r)<€&<§& forally € XN By, 4rg),0 < r < 10r. (A.46)

Statement (A.46) tells us that the hypotheses of Theorem A.3.1 are satisfied. Let Py be a
plane such that
DY [Py Y] < ¢ and y€ P (A.47)

Then by Theorem A.3.1, there exists a continuous injective map 7 : Py N B(y,3rg) —

¥ N B(y,4rp) such that
I7(y) — /| < Coéryg forall y € Py By, 3rop). (A.48)

We would now like to know that the angle between v and Py is not too small. We seek
to establish that
£(v, Py) > % (A.49)

To show this, we will first establish that for small enough rg, n, and &,

£(Py, T,C) < % (A.50)
Recall that y € Py by (A.47). So by Lemma A.2.1, it is sufficient to show that
V310 (P, T,C) < %8 (A51)
Let p € PyN B(y, 3rg). Then by (A.47), there exists z € ¥ such that
lp — 2| < 107¢€. (A.52)

We require that £ < 1/10, so that z € B(y,4rp). Recall that |x — y| < 7. We require that
n < rg so that z € B(zx,5rg) (actually, we will require later that n be significantly smaller
than 79). Fix o > 0 to be specified later. By (A.42) and Lemma A.3.2, we have that

D50 [2,C) < o (A.53)
For as 7 small enough (depending on rp). Thus, there exists ¢ € C N B(z, 5rp) such that

|z — | < 5rgo. (A.54)
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By Lemma 4.3.1, we have that
D*"0 [C, T,.C] < C'ro, (A.55)

where we use C in this proof to denote a constant which may depend on §. Thus, there
exists a ¢ € T, C such that
lc—q| < Crg. (A.56)

Combining (A.52), (A.54), and (A.56), we get
lp — g < 10ro€ + 5roo + Cr. (A.57)

Because for every p € Py N B(y, 3rg), there exists a ¢ € T,,C satisfying (A.57), we get that

~ 10 5
dy73r0 (PO,TmC) § gg =+ §O' —+ CTO. (A58)
We now require that
10 5 1
—£, = < —. A.
3 57 307 CTO =108 ( 59)

(That is, we first choose ro small enough so that Crg < 1/108, then by Lemma A.3.2, we
choose 7 small enough so that 5/30 < 1/108. We also require that £ < 3/1080.) From
(A.58) and (A.59), we get

~ 3 1
y3ro (p T Q) < — = . A.
d (B, T,0) < oo = o (4,60
Because Py is a cone centered at y, Lemma A.1.2 tells us that
1
dv370 (P, T,C) < 5 (A.61)
Thus, by previous remarks we have established (A.50) and proven that
T
L(Py, T,C) < 13 (A.62)
We conclude that
T T 0w
L(v, Py) > £L(v, T,C) — L(T,C, Py) > 1 136 (A.63)
For Cy (still the same constant from (A.48)), we now define the cylinders
T={z+su+tv:uc (v),|ul =1,|s| < 3sin(r/6)rg + Colro, |t| < 5} ( )
A.64

T ={z+su+tv:uc W |u=1,|s| <3sin(n/6)ro, |t| <6 — Cobro}.
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We recall that 79 < 1/12, and we require that £ be small enough that

1 0
< — < - A.
Coéro < 00512 <5 (A.65)
Recall that 1 < rg so that in particular, y is in the interior of 7. We now require additionally
that
0

1,3 cos(m/6)rg < 1 (A.66)

We observe three key facts about the geometry of these cylinders. First,
T(y)yexnT foraly € BoNT. (A.67)

Second, we observe that by (A.63), (A.66) and the definition of 7" (A.64), that 97" N Py
is an ellipse with minimal axis length at least 3sin(w/6)ro. Third, 7N Py C B(y,3rp). In
particular, the map 7 is defined on 7" N P.

Define 7w : R* — Py to be the projection in the v direction onto Py. Note that to prove
the existence of |t| < ¢ such that x + tv € X, it suffices to show that m(x) has a m-preimage
in T'NX. Suppose the contrary; that is, that for all ¢ € XN T, 7(y’) # w(z). Then in
particular, consider the continuous map wo7 : 7/ N Py — T N Py. Because 7 is projection
onto Py in the direction of v, we have that |m(z) — z| = sec(£ (v, Py-)) dist(z, Py) for z € R*,
Hence, applying and (A.52) and (A.63), for all ¥ € ¥ N B(y,3r9) 2 XN T, we have that

I7(y') — o] = sec(£(v, Py")) dist(y/, Py) < 3ro€ sec <g — %) < Croé. (A.68)
Coupling this with (A.48), we get that
|ToT(y) — 3| < Céry. (A.69)

By assumption, o7 misses m(x), so we may define a continuous retract h : Py\{m(x)}NT" —
Py N 9T which fixes Py N OT" (e.g. radial projection). Thus, we create a continuous map

p=homot:PyNT — PyN AT such that
lo(y') —y'| < Céry  forally’ € PyNaT'. (A.70)

But because PyNT" is an ellipse with minimal axis of length at least 3 sin(7/6)ro, ¢ restricted

to Py N OT" has degree 1 for small enough £&. However, by degree theory for the sphere, a
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continuous map on the sphere extends continuously over the ball if and only if the degree
of the map is 0. So for £ small enough, we get a contradiction. Hence for small enough &,

7(x) has a preimage in T and the lemma is proven. O
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Appendix B
LOCAL COORDINATES ON THE KP CONE

B.1 Construction and analysis of coordinates

In this Section, we give the technical details of some lemmas about the behavior of approx-

imability under diffeomorphisms.

Lemma B.1.1. Suppose that U,V C R™ are open sets, ' C R", 0 < m < n, and ¢ €
C%(U,V) is bijective and satisfies
0<A< [¥(z) = v (y)| <A forallz,ycU and ||D*Y||s =sup || D3| < 0. (B.1)
[z =y eel
Let ze I'NU, B(z,7) CU, P be a plane of dimension m through z, and set P= D (P —
2) +1p(z), T = (). Then

o 2
qeEar (F, P) < HD;ﬁ""’r + %d” (I, P). (B.2)

Proof. Without loss of generality, take z = ¢(z) = 0. Let P C R™ be an m-plane through 0
and set d = d°" (T, P) . Note that A < 2020l < A for all v € R™\ {0} by (B.1). Further,

[v]

note that we have

B(0,\r) C ¥ (B(0,r)). (B.3)

Let y € fﬂB(O, Ar). Then by (B.3) and bijectivity, we have that there exists x € B(0,r)NT
such that y = ¢(z). By d = d%" (I, P), we get that there exists p € P such that |[p—x| < rd.
Let p = Doy(p) € P. We compute

P —yl = |Dov(p) — ()| < |Dovp(p) — ¢(p)| + |¥(p) — ¢(z)|. (B.4)

By (B.1) and Taylor expansion, we get that

_ D? D?
vl < PPy oy np o < 1P g g (B5)
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Because for every y € B(0, \r) N T, there exists pE P satisfying (B.5), we get that

Soxr (7 5) < 1Dl A
AT, P) < —m— —d. B.
4 (T, P) < I + 2d (B.6)
By Lemma A.1.2, we get that (B.6) tells us (B.2). O

Lemma B.1.2. For a € C\ {0}, and A > 0 large enough, there ezists a neighborhood
U D B(a,2|a|/A), V C R3 open, I > 0 an open interval, and a smooth coordinate map
Y : U — V x I such that V x {0} = ¢*(CNU) and 7@ = * o wo ()~ is orthogonal
projection onto R3x {0} (where 7 is the same map defined in Section 5; see (5.93)). Further,

Y* satisifes the estimates

1 [ — 9 ()

- < <2 forallx,y e U B.7
2 lz — yl (B.7)
and
2,5.a 2,4 C
[[D*9% | e = sup || D] < — (B.8)
zeU ‘a|

for some C independent of a.

Proof. First, we fix an a € C, |a] = 1. We define * by defining its inverse. Choose or-
thonormal coordinates (z1, 22, z3) on T,C centered at a. Let p be orthogonal projection from
C onto T,C, and take U’ D B(a,8/A) to be an open set where p~! is defined. Identifying
T,C with R? under the z coordinates, let V = U’ NT,C. Let I = (—8/A,8/A). Define for
(z,t) eV x 1

@)z t) = p7H(2) + b1 (2 (B.9)

Assume that A > 16, so that 8/A4 < 1/2. Note that ¥ is bijective onto U = (¢%)~}(V x
I), because 7 is a smooth vector field (away from the x4 axis), and the point (z,¢) is the flow

after time t of the point p—!

z along the integral curves of 1. Further, the same comments
imply that it is smooth. Then we note that because p~!(z) € C, V x {0} = ¢*(C N U).
Further, 7(z,t) = ¢*(w(p~"(2) + tny-11,))) = ¢*(p~'(2)) = z, and so 7 is orthogonal
projection onto V' x {0}.

We now show that (B.7) holds for * as long as U’ is chosen small enough and 1/A4

is chosen small enough. Continuing the identifcation of T,C with R3, we set e; to be the



coordinate vector of z;, and note that D,1® is the map
Do (e;) = eiy, Dgpn, = ey for i =1,2,3.
Because the z; are orthonormal and £(n,,T,C) = 7/4, we get that
(eivej) = 0ig,  Ieisma)l < 1/V2,

From (B.10) and (B.11), as well as recalling that |v,| = 1, we get that
1 1Da
V2 |v]

Because 9 is smooth, it follows from (B.12) that for U’ small enough,

1_ W) — ¢ (w)l
27 |z —y|

<V2 forveR*\ {0}

<2 forxz,yelU.
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(B.10)

(B.11)

(B.12)

(B.13)

Thus if A is large enough, B(a,8/A) C U'. By definition of U and (B.13), we have that

B(a,2/A) C U. Because v is C2, by potentially restricting to a compactly contained open

set, we may assume

C = ||D*Y"||o0 < o0.

(B.14)

Let b € C, |b| = 1. Then there is a rotation O € O(4) taking b to a and fixing C. Define

WP =010y 00. Forbe C\ {0}, we define ¥ = [b ¥ (-/|b]). Note that ¢

(B.13) and (B.14), we have that 9" satisfies (B.7) and (B.8).

Bl satisfies



1]
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