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In this thesis, we study basic lower bound questions in communication complexity, data

structures and depth-2 threshold circuits, and prove lower bounds in these models by devis-

ing new techniques in information theory, algebra and combinatorics.

Communication Complexity: A central open problem in communication complexity is

to determine whether the messages exchanged by two parties can be compressed if we know

that the amount of information revealed by the parties about their inputs is small. We con-

sider the compression question when the information revealed by one of the parties is much

less than the information revealed by the other. In this setting, we prove two new improved

compression schemes.

Data Structures: Our contribution to data structure lower bounds is threefold:

(a) Consider the Vector-Matrix-Vector problem, in which the data structure stores a
√
n×
√
n

bit matrix and provides an algorithm to compute uᵀMv (mod 2) for
√
n-bit vectors u, v.

We prove new static data structure lower bounds for this problem, which improve upon the

previous work of Chattopadhyay, Koucký, Loff, and Mukhopadhyay by a factor of log n.

Our proof uses a new technique by combining the discrepancy method from communication



complexity with a modification of cell sampling. This technique turns out to be more general,

and can be used to prove strong lower bounds for data structures that err and have a binary

query output.

(b) We show new connections between systematic linear data structures, linear data struc-

tures and matrix rigidity. Specifically, we prove the equivalence between systematic linear

data structures and set rigidity, a relaxation of matrix rigidity that was defined by Alon,

Panigrahy and Yekhanin. This equivalence not only sheds light on the difficulty of proving

strong lower bounds against data structures but also suggests candidate rigid sets from data

structures. We also use this equivalence to relate linear data structures and rigidity.

(c) We study data structures that maintain a set from {1, 2, . . . , n}, allow insertion of new

elements and report the median, minimum or predecessors of the set. In particular, we prove

that if one of the operations of the data structure is non-adaptive and each cell in memory

stores O(log n) bits, then some operation must take time Ω (log n/ log log n). This bound

nearly matches the guarantees of binary search trees, whose insertions and predecessor oper-

ations can be made non-adaptive. Our lower bounds are obtained via the sunflower lemma

from combinatorics.

Balancing Sets and Depth-2 Threshold Circuits: Majority and threshold circuits are

important sub-classes of Boolean circuits. Kulikov and Podoslkii asked the question of finding

the minimum fan-in required to compute the majority of n-bits using a depth-2 majority

circuit. We identify a connection between this circuit question and Galvin’s balancing sets

problem from combinatorics, a well studied discrepancy-type question that was initiated by

the work of Frankl and Rödl. We use this finding to prove tight bounds for both the circuit

question and Galvin’s problem. The proofs use polynomials over finite fields.
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1

Chapter 1

INTRODUCTION

Understanding the limitations of concrete computational models is fundamental to com-

puter science. At a high level, we want to understand if there are inherent obstructions in

many algorithmic tasks preventing the design of efficient algorithms. For some tasks, the

answer is easy, but for many more, our understanding is far from complete. We know that

the median of n numbers can be computed in O(n) time and a running time of Ω(n) must

be incurred. On the other hand, it is still not known if the traveling salesman problem has

an efficient polynomial time algorithm.

Showing limits to computation is often referred to as proving lower bounds in computa-

tional models. To elaborate further, consider the basic algorithmic task of sorting numbers.

Merge Sort, Timsort and Heap Sort are some algorithms that sort n numbers in O(n log n)

time. They are comparison based algorithms; in other words, all the operations of the algo-

rithm depend only on the outcome of whether a number in the input is less than or equal to

another number in the input. All the aforementioned algorithms make Θ(n log n) compar-

isons. It is now well known that any comparison based algorithm that sorts n numbers must

make at least Ω(n log n) comparisons. This is an instance of a lower bound on the num-

ber of comparisons for sorting against comparison based algorithms. In general, we want

to understand the minimum amount of resources required to solve a specific task in some

computational model.

In this thesis, the computational models we study are communication complexity, data

structures and depth-2 threshold circuits. We develop new techniques in information the-

ory, algebra and combinatorics to prove new lower bounds for basic computational tasks.

Additionally, we present lower bounds for data structures computing linear functions, which
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elucidate (and sometimes simplify) many previously known techniques for proving such lower

bounds (see Sections 4.1 and 4.2 in Chapter 4). We now discuss each of these models in detail

along with the contributions of this thesis.

1.1 Communication Complexity

Communication complexity, introduced by Yao [105], is the study of the number of bits of

exchange between two parties needed to compute a joint function of their inputs. As an

example problem, each party receives an n-bit vector from {0, 1}n as input and their goal

is to communicate to check whether the inner product between their inputs is odd or even.

This model is central owing to the ability to cast lower bound questions in various other

computational models as questions in communication complexity. Moreover, we know a

rich collection of techniques to prove lower bounds in communication complexity. In fact,

many of the (best) known lower bounds in other computational models like data structures,

streaming algorithms and Boolean circuits are derived from communication complexity.

The key parameter of interest is the number of bits of exchange between the two parties.

Since we want this to be as little as possible, a natural attempt is for the parties to identify

the wasteful bits exchanged to reduce the amount of communication. For example, if a bit

is repeated multiple times, then all its repetitions are wasteful. Shannon’s seminal work [94]

lays the mathematical foundations to formalize what is wasteful by defining the amount

of useful information carried in a message. In the case when the second party receives no

input and the first party wants to communicate their input, Shannon defined the notion

of entropy to capture the amount of information that the message carries, and he showed

that the first party can compress the message to its entropy. In other words, the first party

can communicate an equivalent set of messages with expected length at most one plus the

entropy. Moreover, he proved that entropy is a lower limit, as all the relevant information

has to be communicated. In the case when both parties receive inputs but only one party

communicates, the information content of the message is captured by Shannon’s mutual

information between the first party’s input and the message conditioned on the second party’s
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input. These results set the stage to explore what it means to compress when both parties

communicate. This question of compressing protocols was posed by Chakrabarti, Shi, Wirth

and Yao [29] (see also [17, 1, 92]).

We now state the protocol compression question more formally. Let X and Y be the

random variables denoting the inputs to the parties, where the underlying joint distribution

on X and Y is known to both parties. On inputs X and Y , the two parties exchange bits,

where each bit communicated by a party depends on their input and the bits exchanged so

far. Let M denote the random variable for the bits exchanged between the parties, which

we refer to as the message of the protocol. A protocol refers to the function that determines

each bit in M . We want to know if there is another communication protocol on inputs X

and Y and message M ′ such that (a) E [|M ′|] � E [|M |], and (b) there exists a map g and

the `1 distance between the distributions of M and g(M ′) is bounded by a small constant

less than 1/2. We say that a protocol with message M simulates another with message M ′

if property (b) from above is satisfied.

Naturally, we want E [|M ′|] as small as possible; however, it is not clear if there exist

any non-trivial upper or lower bounds on E [|M ′|]. Building on [29, 17], Barak, Braverman,

Chen and Rao [18] defined the notion of internal information for protocols. It turns out

that the internal information of a protocol is a lower bound on E [|M ′|], and it is viewed as

a generalization of Shannon’s mutual information. This is the amount of information that is

revealed by the parties of a protocol π about their inputs: let IAπ = I(M ;X|Y ) denote the

information revealed by the first party, and IBπ = I(M ;Y |X) denote the information revealed

by the second party. Then the internal information cost is defined to be Iπ = IAπ + IBπ .

To elaborate further, consider a protocol in which Alice sends her input X to Bob. In

this protocol, the amount of information revealed by Alice is I(X;M |Y ) = H(X|Y ); in

other words, Bob learns X, which amounts to H(X|Y ) bits of information. The internal

information cost turns out to be the most interesting for applications to lower bounds.

Equipped with these definitions, the compression question for communication complexity

asks if the messages of a protocol can be compressed when its internal information cost is
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low. Let π be a protocol with information Iπ, where Cπ is the number of bits exchanged in

any of its execution. [18] showed that π can be simulated with O
(√

Cπ · Iπ · logCπ
)

bits of

communication. Braverman [23] (also see [25]) designed a simulation with communication

2O(Iπ). Efficient simulations are known when the inputs X and Y are independent [18, 62, 95].

Apart from information-theoretic motivations, another reason to study protocol compres-

sion comes from connections to proving lower bounds via the direct sum question. The direct

sum problem suggests a general strategy to prove lower bounds: How does the number of

bits of communication to compute k independent copies of a function scales with the number

of bits of communication required to compute the function on a single copy? Barak, Braver-

man, Chen and Rao [18] used their compression protocol to show that if C is the minimum

number of bits required to compute a function, then &
√
k · C bits of communication is

required to compute k independent copies of the same function.

Our Contribution. We generalize and strengthen several of these results, in the case

that IBπ � IAπ and IBπ � Cπ. This case is interesting in part because many lower bounds

for data structures involve proving lower bounds on so-called lopsided problems, problems

where the optimal lower bound on communication for one party is much smaller than for the

other party (see [72], [80], [14], [71], [70], [22], [58], [83]). Indeed, our techniques allow us to

reprove an important and well known theorem of Pǎtraşcu [80] giving a tight lower bound

on the communication complexity of lopsided disjointness. We shall elaborate more on this

connection while discussing data structures.

Let π be a protocol with internal information
(
IAπ , I

B
π

)
in which at most Cπ bits are

exchanged in any execution. Our first compression is an analogue to [18], which guarantees

that π can be simulated using O
(
IAπ + 4

√
C3
π · IBπ · logCπ

)
bits. Specifically, this is better

than [18] when IAπ � C
3/4
π and IBπ � C

1/4
π . Our second compression is analogous to [25] -

we show that π can be simulated with communication at most IAπ · 2
O(IBπ ). Particularly, if

IBπ = O(1), then the protocol can be optimally compressed, a result that was not known prior

to this work. We also use our second compression to obtain a new rectangle lower bound,
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which is used to simplify the result of Pǎtraşcu [80] on the communication complexity of

lopsided disjointness. All the above mentioned results are joint work with Rao [74].

1.2 Data Structures

Data structures are ubiquitous algorithmic primitives that are crucial to the design of efficient

algorithms. It is well known that data structures play a key role in the implementation of

Dijkstra’s shortest path algorithm, Kruskal’s and Prim’s algorithms for finding the minimum

spanning tree, and many other algorithms. Informally, a data structure succinctly stores the

input data in memory as a collection of cells and provides efficient algorithms to modify the

data and compute a function of the data. Union-Find is an example of a data structure for

graph algorithms, which supports the addition of new edges and allows checking whether

pairs of vertices are connected.

Formally, for a data structure in the cell-probe model of Yao [106], the data x ∈ D is

stored in memory using s cells, where each cell is w bits long (s and w are referred to as

the space and word length respectively). The data structure is equipped with a query and

an update algorithm: (a) The query algorithm on input q ∈ Q accesses a subset of cells in

memory to compute a query function. The query time is defined to be the maximum number

of accesses by the query algorithm on any data and query; (b) The update algorithm brings

about changes to the underlying data by accessing and rewriting a subset of the cells. The

update time is defined to be the maximum number of memory accesses and rewrites by the

update algorithm on any data and update. Data structures that support both queries and

updates are referred to as dynamic data structures, and the ones that only support queries

but not any changes to the data are called static data structures. For example, in the case

of Union-Find, D corresponds to all graphs on n vertices, Q corresponds to pairs of vertices

and the updates correspond to adding an edge.

The basic question here is to understand the trade-offs between the space, word length,

query time and update time. Proving such trade-offs is usually challenging. Several works

have developed techniques to prove lower bounds on various data structure problems in both
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the static setting [2, 70, 72, 71, 82, 83, 80, 77, 65, 32] and the dynamic setting [43, 81, 78,

79, 66, 33, 109, 102, 67]. In the static setting, two well known techniques for data structure

lower bounds are via Miltersen’s [70] (also see [72]) reduction to communication complexity

and cell sampling due to Panigrahi, Talwar and Weider [77] and Larsen [66]. In the dynamic

setting, all known lower bounds use the chronogram technique of Fredman and Saks [43] in

conjunction with ideas from the static setting. We will discuss all of them in more detail in

Chapters 4 and 6.

We now briefly discuss how the reduction to communication complexity [70] is connected

to asymmetric communication problems discussed in the previous section. In the reduction,

one party receives the data x ∈ D and the other party receives the query q ∈ Q; the parties

then simulate the query algorithm to compute the query function, where the party with q

requests the contents at specific memory locations by communicating the indices (or the

addresses) and the party with x responds with the contents. This implies that efficient

data structures will lead to efficient protocols. Typically, |D| � |Q|, exhibiting an implicit

asymmetry, not only in the number of bits communicated by each party but also on the

information revealed by each party in this simulation.

Our contributions are both to static and dynamic data structures. We begin by discussing

the Vector-Matrix-Vector problem in the static setting.

1.2.1 Vector-Matrix-Vector Problem

Let n be a square natural number and F2 be the field with 2 elements. In the Vector-Matrix-

Vector problem, the input data is given by a matrix M ∈ F
√
n×
√
n

2 and the query set Q consists

of pairs (u, v) ∈ F
√
n

2 × F
√
n

2 . The data structure stores M and its query algorithm computes

uᵀMv. (Equivalently, the query set can be defined to be the set of all rank one matrices

and the query algorithm on a rank one matrix uvᵀ as input computes Trace ((uvᵀ)M).)

Observe that |Q| = 22
√
n. The Boolean semiring version of this problem has received much

recent attention due to connections to the online Matrix-Vector multiplication conjecture [54].

Moreover, this problem has motivated the study of data structures for a super-polynomial
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number of queries, even when the output is binary [30, 32]. Other prior work has either

studied binary output problems with poly(n) queries (see e.g. [80, 83]) or achieved better

lower bounds by looking at multi-output problems (see e.g. [33, 65]). In general, the Vector-

Matrix-Vector problem is a good testbed for proving better data structure lower bounds

because linear algebraic tools could provide new insights.

A straightforward data structure stores M itself using n bits, and the query algorithm

computes uᵀMv by accessing all coordinates of M . Observe that the space and query time

are both n. On the other end of the spectrum, the data structure can store the answers to all

possible queries, and the query algorithm will just access the corresponding bit to produce

the output. In this case, the space is 22
√
n and the query time is 1. Artazarov, Dinic, Kronrod

and Faradzev [15] combined the above two strategies to obtain a data structure with space

n3/ log2 n and query time n/ log2 n. Fix k = log n and k′ =
√
n/ log n, and for simplicity

assume that log n divides
√
n. For (u, v), let u1, . . . , uk′ and v1, . . . , vk′ be projections of u and

v to k length consecutive intervals. Similarly, let M1,1, . . . ,M1,k′ , . . . ,Mk′,1, . . . ,Mk′,k′ ∈ Fk×k2

be disjoint submatrices of M such that

uᵀMv =
k′∑

i=1,j=1

(ui)
ᵀMi,jvj.

For every i, j, we store aᵀMi,jb for all possible a, b. It is easy to see that the space is at

most (k′)2 · 22k = n3/ log2 n. The query algorithm on (u, v) computes uᵀMv by computing

each term in
∑k′

i=1,j=1(ui)
ᵀMi,jvj. Since computing each term requires access to only one bit,

the query time is at most (k′)2 = n/ log2 n. This data structure achieves the best known

trade-off between the space and query time when w = 1. Throughout this discussion, we

have assumed that w = 1, but the data structures can be generalized for an arbitrary w by

packing w bits in each cell.

From the point of view of lower bounds, the previously best known bound is due to

Chattopadhyay, Koucký, Loff, and Mukhopadhyay [32]. Moreover, their lower bound holds

for a randomized model in which the query algorithm has access to a random tape and can

err in its computation. For constants c and c′, they prove that for every M and (u, v), if the
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query algorithm computes uᵀMv correctly with probability at least 1
2

+ 1
2c′
√
n , then the query

time is at least min
{

c
√
n

log sw√
n

, cn
w

}
.

Our Contribution. We prove a new lower bound for the vector-matrix-vector problem in

the high error regime. We show that for every M and (u, v), if the query algorithm is correct

with probability at least 1
2

+ 1
2
√
n/64 , then the query time must be at least

min

{
c
√
n

log sα
n

,
cn

α

}
,

where 0 < c ≤ 1/36 is a universal constant and α := 2(w + log sw
n

). Our bound is strictly

better than the bound in [32]. For example, in the linear space regime, when s = O(n) and

w = O(1), we show that t = Ω(
√
n), while the prior result gives only t = Ω(

√
n/ log n). This

is joint work with Rashtchian [76].

Even when w = 1 and s = O(n), it is a major open problem to improve the query time

lower bound to ω(
√
n). It is also open to prove better lower bounds against linear data

structures, where the data structure stores linear functions of M and the query algorithm’s

computation is a linear function of the bits accessed. This leads to our next discussion on

linear data structures in the static setting.

1.2.2 Linear Data Structures and Systematic Linear Data Structures

The inner product problem motivates the study of linear data structures. The task is to

preprocess an n-bit vector x to compute inner products 〈q, x〉 over F2 for queries q ∈ Q, where

Q ⊆ Fn2 is the query set and F2 is the field with 2 elements. This problem generalizes the

Prefix-Sum problem [47] and the Vector-Matrix-Vector problem [30, 68]. They are important

from the perspective of developing techniques to be able to prove stronger lower bounds.

Though they are a restriction of the general cell-probe model, the highest known lower

bounds in the linear model match the highest known lower bounds in the cell-probe model.

Formally, the input data is x ∈ Fn2 and the query set is given by Q ⊆ Fn2 . Moreover,

w = 1 and the data structure stores x as 〈x, v1〉 , . . . , 〈x, vs〉, for some v1, . . . , vs ∈ Fn2 . The
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query algorithm on q ∈ Q accesses a subset of the stored bits to compute 〈q, x〉. The

query time is defined to be the maximum number of accesses by the query algorithm on

any q and x. It is without loss of generality that the query algorithm’s computation is

a linear function of the accessed bits [59]. In other words, the query algorithm finds a

minimum sized set {i1, . . . , ik} such that q = vi1 + · · · + vik and computes 〈q, x〉 using the

identity 〈q, x〉 = 〈x, vi1〉+ · · ·+ 〈x, vik〉. The linear data structure model was introduced by

Fredman [44, 45] (also see [107]) and is sometimes called the semigroup arithmetic model.

A simple counting argument will show that t ≥ Ω
(

log |Q|
log s

)
, where t is the query time of the

data structure. Indeed, the number of vectors generated by taking k ≤ t linear combinations

among v1, . . . , vs is at most
(
s
t

)
· 2t. At the same time, these vectors generated must cover

Q. Hence,
(
s
t

)
· 2t ≥ |Q|, implying the desired inequality. The best known lower bound on

the query time t for an explicit query set Q is

t ≥ Ω

(
log |Q|
log s

n

)
, (1.1)

where Q is defined to be explicit if every element in Q can be computed in poly(n) time.

Note that the bound in Eq. (1.1) is, at best, only better by a log n factor when compared to

the counting lower bound. In contrast, if s = O(n), |Q| ≥ n2 and Q is chosen uniformly at

random, then the query time must be at least Ω (n/ log n) with high probability.

In an attempt to explain the difficulty in improving the bound in Eq. (1.1), recently,

multiple connections between data structures and circuits have arisen [27, 34, 36, 101]. The

premise of these results is that hard problems for data structures may shed new light on

rigid matrices and circuits. A matrix is rigid if it is far in Hamming distance from low rank

matrices.

We take a similar angle, and we prove an equivalence between the systematic linear

model and rectangular rigidity, a notion that is very close to matrix rigidity. This model

may only store x verbatim along with a small number r � n of redundant bits, which are the

evaluations of r linear functions of x. To compute 〈q, x〉 for q ∈ Q, the query algorithm must

output a linear function of these r bits along with any t bits of x, where t is the query time.
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We motivate this model with a simple upper bound. Suppose that the query set Q happens

to be close to an r-dimensional subspace U . More precisely, assume that dH (q, U) ≤ t for

any q ∈ Q, where dH (q, U) := minu∈U dH (q, u) and dH (q, u) denotes the Hamming distance.

The systematic linear model will store r bits that correspond to inner products between x

and some r vectors that form a basis for U . The query algorithm computes 〈q, x〉 by invoking

the identity 〈q, x〉 = 〈u, x〉 + 〈q − u, x〉, using any vector u ∈ U with dH (q, u) ≤ t. Indeed,

the r precomputed bits suffice to determine 〈u, x〉, and at most t bits of x are needed to

calculate 〈q − u, x〉.

Our Contribution. It turns out that the requirement of Q being close to a small dimen-

sional subspace exactly corresponds to the notion of rigid sets, defined by Alon, Panigrahy

and Yekhanin [11]. Our result shows that an efficient algorithm exists in the above model if

and only if the query set is not rigid in their sense. Conversely, it is possible to derive new

rigidity lower bounds by proving lower bounds for the systematic linear model. Formally we

prove that any systematic linear data structure for Q with redundancy r has query time at

least t if and only if for any r-dimensional subspace U , there is a point in Q at a Hamming

distance of at least t from U .

As an application of our framework, we provide new results for the Vector-Matrix-Vector

problem in the systematic linear model. Recall that the query set consists of
√
n ×
√
n

matrices with rank one. We lower bound the rigidity of this set when its elements are viewed

as vectors, and consequently, we obtain a query time lower bound of Ω(n3/2/r) for the

systematic linear model with redundancy r ≥
√
n. Any asymptotically better lower bounds

for this problem (in the systematic linear model) would directly imply that this query set is

rigid with better parameters than the currently known results for explicit matrices [8, 11].

The results mentioned here are joint work with Rashtchian [76]

Dvir, Golovnev, and Weinstein also demonstrate a connection between rigidity and linear

data structures [36]. For a query set Q ⊆ Fn2 , they show that a query time lower bound of

ω (log |Q| · log n) for linear data structures with space O(n) leads to a semi-explicit rigid
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set. When |Q| = m, their result uses a poly(m) time algorithm that requires access to

an NP oracle to produce the rigid set. Compared to their work, our connection preserves

explicitness and offers a two-way equivalence via the systematic linear model. In particular,

when c′n ≤ r ≤ cn for constants c′, c < 1, a lower bound of t = ω(logm) in the systematic

linear model implies that Q is rigid with better parameters than known results. Their work

requires a lower bound of t = ω(logm log n) against the linear model, and the resulting set is

not explicit. Our results also extend to show that linear data structure lower bounds lead to

explicit rigid matrices. However, compared to the work of Dvir, Golovnev, and Weinstein,

we require stronger lower bounds to achieve new rigidity parameters.

We now proceed to discuss dynamic data structures in the non-adaptive setting.

1.2.3 Data Structures for Maintaining Sets of Numbers

Data structures that maintain a set of numbers S and allow for quickly computing basic

statistics like minimum, median or predecessors of the set are very useful. The median is the

middle number of the set in sorted order, and the predecessor of a number x is the largest

element in S that is at most x. For example, computing such statistics efficiently play a vital

role in Prim’s and Kruskal’s algorithms for computing the minimum spanning tree. More

generally, they play a key role in the performance of greedy algorithms.

The data structure stores a set S of numbers from {1, 2, . . . , n}. The updates correspond

to inserting numbers from {1, 2, . . . , n} to the underlying set and the queries correspond to

computing either the minimum of S or the median of S or the predecessor of x ∈ {1, 2, . . . , n}

in S. Here we are interested in understanding the trade-off between the time for performing

different operations. For example, if we maintain the set S by storing its indicator vector

(with w = 1), then elements can be inserted (and also deleted) from the set in time 1, but

computing the minimum, median or predecessors of the set could take time Ω(n) in the

worst case. However, if we maintained the set by storing the size of the set and its elements

in sorted order (with w = log n), then the minimum and median can be computed in time

2, the predecessors can be computed in time O(log n), but inserting elements into the set
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would take time Ω(n). Binary search trees are a well-known data structure that maintain

sets and allow one to compute the minimum, median and predecessors in time O(log n),

when w = log n. One can also use a very clever data structure due to van Emde Boas [100]

that brings down the time required for all operations to O(log log n), when w = log n. The

Fusion trees data structure of Fredman and Willard [46] takes O(log n/ logw) time for all

operations.

We consider non-adaptive data structures solving the tasks discussed above. In general,

for an update or query operation, the set of cells accessed by the algorithm can be viewed

incrementally, in which the location of each access is not only a function of the input to

the operation but also the contents of the previously accessed cells. Non-adaptivity is a

straightforward restriction where the locations of all the accesses depend only on the input

to the operation and not on the contents of the cells. The updates or insertions in a binary

search tree can be performed in a non-adaptive fashion. Non-adaptive data structures tend

to be simple and faster in practice. This is because a practical implementation can load all

of the cells required to perform the operation into a local cache in a single step, rather than

having to fetch cells from the memory multiple times.

Our Contribution. Let tins be the time for insertions, tmed be the time to compute the

median and tpred be the time to compute predecessors. We prove new lower bounds on non-

adaptive data structures that allow for computing the median, minimum, and predecessors.

(a) If the data structure performs non-adaptive deletions and minimum computations,

then at least one operation must take Ω
(

logn
log logn+logw

)
time.

(b) If the data structure supports non-adaptive insert operations, then tmed ≥ Ω

(
n

1
tins+1

w2·t2ins

)
.

As a corollary, we get that max{tins, tmed} ≥ Ω
(

logn
log logn+logw

)
.

(c) If the predecessor computations are non-adaptive, then either tpred ≥ Ω
(

logn
log logn+logw

)
or tins ≥ Ω

(
n

1
2(tpred+1)

)
.
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All our lower bounds are obtained using the sunflower lemma of Erdős and Rado [40], and

are joint work with Rao [75].

1.3 Balancing Sets and Depth-2 Threshold Circuits

Balancing set families are families of proper non-empty subsets of a finite universe that

satisfy a discrepancy type property. They are well studied objects in combinatorics [42, 38,

6, 53, 10, 52], and they have found many applications in computer science [6, 90, 57, 10, 52],

specifically to obtain lower bounds on the size of arithmetic circuits. Here, we prove lower

bounds on the size of such families and then use them to prove lower bounds on depth-2

majority and threshold circuits that compute the majority and weighted threshold functions.

For a positive integer n, let [n] denote the set {1, 2, . . . , n}. Proper non-empty subsets

S1, . . . , Sk ⊂ [n] are called a balancing family if for every X ⊂ [n] of size n/2 there is an

i ∈ [k] such that |Si ∩ X| = |Si|/2. The existence of such families of small size was first

shown by Galvin [42, 38]. In his construction, n is assumed to be divisible by 4. Each set in

the family has size n/2 and the family is given by

S1 = {1, 2, . . . , n/2}, S2 = {2, 3, . . . , n/2 + 1}, . . . , Sn/2 = {n/2 + 1, n/2 + 2, . . . , n}.

For any X ⊂ [n] of size n/2, we claim that there is an i ∈ [n/2] such that |Si ∩X| = n/4.

Indeed, first observe that |S1 ∩ X| + |Sn/2 ∩ X| = n/2. Second, for each j ∈ [n/2 − 1],

||Sj ∩ X| − |Sj+1 ∩ X|| ∈ {−1, 0, 1}. If |S1 ∩ X| = n/4, then we are done. Otherwise, if

|S1 ∩X| < n/4, then the first observation implies that |Sn/2 ∩X| > n/4. Therefore, by the

second observation, there must be a j ∈ {2, 3, . . . , n/2 − 1} such that |Sj ∩ X| = n/4. An

analogous argument holds when |S1 ∩X| > n/4.

Our Contribution. The goal is to understand how small can k be for balancing set families

to exist. Let n = 2p for a prime p. We prove that if S1, . . . , Sk are a balancing family, then

k ≥ n/2 = p. Moreover, there is a balancing family with n/2 = p sets. Previously, Alon,

Kumar and Volk [10] showed that k ≥ Ω(n). For arbitrary values of n ≥ 4, we prove that
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k ≥ n/2− o(n). We also prove new lower bounds on other notions of balancing sets defined

in the literature. In addition, we define a new notion of unbalancing sets and prove tight

bounds on the size of unbalancing sets – see Chapter 7 for more details.

Balancing set families are closely related to depth-2 majority circuits computing the

majority of n-bits. Let MAJ(x1, . . . , xn) denote the majority of n-bits. A depth-2 majority

circuit is one that computes MAJ(MAJ(A1), . . . ,MAJ(Ak′)), where each input Ai corresponds

to a subset of the input bits x1, . . . , xn and some number of constants in {0, 1}. The top

fan-in of the circuit is defined to be k′ and the bottom fan-in of the circuit is the maximum

size of the inputs A1, . . . , Ak′ . One can prove that if n is even and there is a balancing family

with k sets, then there is a depth-2 majority circuit computing majority of n-bits with top

fan-in at most 2k + 2. Indeed, let S1, . . . , Sk be a balancing set family. Define k majority

gates, each on variables indexed by Si, another k majority gates, each on variables indexed

by [n] \ Si and finally 2 majority gates, each with 0 as input. The top majority gate, with

fan-in 2k + 2, reads these 2k + 2 gates. We now explain why this circuit correctly computes

the majority function. For each Si, let Sci = [n] \ Si, and define X = {i | xi = 1}. Observe

that |Si∩X|+ |Sci ∩X| = |X|. Moreover, if |X| < n/2, then only one among |Si∩X| ≥ |Si|/2

and |Sci ∩X| ≥ |Sci |/2 holds. In other words, if the number of ones in the input is less than

n/2, only k of the bottom majority gates output 1. When |X| = n/2, by the property of

balancing sets, there is an i such that |Si ∩X| = |Si|/2 and |Sci ∩X| = |Sci |/2. So, at least

k + 1 of the bottom majority gates output 1. It is the same outcome when |X| > n/2.

MAJ(MAJ(x1, . . . , xn)) computes the majority of n-bits, where the top fan-in is 1 and

the bottom fan-in is n. This naturally leads to the question of what the top fan-in must be

when the bottom fan-in is at most n− 1; a priori, it is not clear if depth-2 majority circuits

with both top and bottom fan-in at most n− 1 can compute the majority of n-bits. Kulikov

and Podolskii [63] asked the following question: What is the minimum fan-in required to

compute majority using a depth-2 majority circuit? They showed that any depth-2 circuit

computing majority must have fan-in at least Ω (n0.7). Following them, Engle, Garg, Makina

and Rao [37] proved that the fan-in must be at least (n0.8) if no gate has constants as input.
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Amano [12] showed the existence of a depth-2 circuit that computes majority with top fan-in

n/2 + 2 and bottom fan-in n− 2.

Our Contribution. We prove that in any depth-2 majority circuit computing the majority

of n-bits, either the top fan-in or the bottom fan-in must be at least n/2−o(n). We also show

new lower bounds on the top fan-in of depth-2 threshold circuits with unbounded bottom

fan-in computing a weighted threshold function.

The results discussed in this section are joint work with Hrubeš, Rao and Yehudayoff [56].

All our lower bounds on balancing sets, depth-2 majority circuits and depth-2 threshold

circuits are proved using the polynomial method. Specifically, our lower bounds crucially

use a lower bound on the degree of a special class of polynomials: Let p be a prime and let

f be a polynomial over Fp on 2p variables, where Fp is the field with p elements. Let f be

such that (a) f vanishes on all x ∈ {0, 1}p with p zeros and (b) f is non-zero on the all zeros

input. Then, the degree of f is at least p.

Outline

The rest of the thesis is organized as follows. Chapter 2 sets up all necessary notation,

definitions and proposition used in the chapters that follow. Notation and preliminaries

specific to each chapter is discussed in the respective ones. Our results on communication

complexity and asymmetric compression is in Chapter 3. Chapter 4 has the proof of the

lower bound on the Vector-Matrix-Matrix problem, along with a discussion of all known

static data structure lower bounds by applying them to the Vector-Vector and the Vector-

Matrix-Vector problems. The connections between different linear data structure models and

rigidity is presented in Chapter 5 and the non-adaptive dynamic data structure lower bounds

are in Chapter 6. Chapter 7 contains our results on balancing sets, unbalancing sets and

depth-2 threshold circuits. Finally, we conclude with some open questions in Chapter 8.
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Chapter 2

PRELIMINARIES

We begin by defining the notation used in this thesis. Unless otherwise stated, logarithms

are computed base two. For a natural number `, [`] denotes the set {1, 2, . . . , `}. Given

a = a1, a2, . . . , an, we write a≤i to denote a1, . . . , ai. We define a>i and a≤i similarly. For a

prime p, Fp denotes the finite field on p elements. When x ∈ {0, 1}n or x ∈ Fnp , x[i] denotes

its i-th coordinate, for i ∈ [n]. In general, if x is an n length vector, x[i] is its i-th coordinate.

Similarly, for a n× n′ matrix M , M [i, j] denotes the entry indexed by the i-th row and the

j-th column.

Basic Inequalities

Recall two standard binomial estimates:

Proposition 2.1. For integers 0 ≤ k ≤ `,

(a) log
(
`
k

)
≤ k · log e`

k
.

(b) if k ≤ `/16, then
∑k

i=0

(
`
i

)
≤ 2`/4.

Proposition 2.2. For x ∈ [0, 1/2], log(1/(1− x)) ≤ 3x.

Proof. Let T = ln(1/(1− x)), where ln is the logarithm function to the base e. The Taylor

expansion of ln(1/(1− x)) gives,

T = ln(1/(1− x)) = x+ x2/2 + x3/3 + · · · = x+ x(x/2 + x2/3 + x3/4 + · · · ) ≤ x+ x · T.

This implies, T ≤ x/(1− x). Since, x ≤ 1/2, T ≤ 2x. Now,

log(1/(1− x)) = ln(1/(1− x))/ ln(2) ≤ 1.5 ln(1/(1− x)) ≤ 3x,
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which follows from the fact that 1/ ln(2) ≤ 1.5

Proposition 2.3. For every a, b ≥ 1 and c > 2, if a log ab ≥ c, then a ≥ c
log c+log b

.

Proof. Suppose that a < c
log c+log b

. We then have,

a log ab <
c

log c+ log b
· (log b+ log c− log(log c+ log b)) < c,

where the last inequality follows from the fact that c > 2. This contradicts a log ab ≥ c, and

therefore, a ≥ c
log c+log b

.

Probability Basics

Random variables are denoted by capital letters and values they attain are denoted by lower-

case letters. For example, A may be a random variable and then a denotes a value A may

attain and we may consider the event A = a. We use the notation p(a) to denote both the

distribution on the variable a, and the number Pr[A = a]. The meaning will be clear from

context. We write p(a|b) to denote either the distribution of A conditioned on the event

B = b, or the number Pr[A = a|B = b]. Again, the meaning will be clear from context.

Given a distribution p(a, b, c, d), we write p(a, b, c) to denote the marginal distribution on the

variables a, b, c (or the corresponding probability). We often write p(ab) instead of p(a, b) for

conciseness of notation. If W is an event, we write p(W ) to denote its probability according

to p. If W is an event that is a function of a random variable A, then Pra[W ] denotes the

probability of W according to the distribution on A. Moreover, if W is an event, then W c

denotes its complement. We denote by Ea [g(a)] the expected value of g(a) with respect to

a distributed according to its distribution p. If p is not explicitly specified, then Ea [g(a)] is

the expected value of g(a) with respect to a being uniformly distributed.

For two distributions p, q, we write |p(a) − q(a)| to denote the `1 distance between the

distributions p and q. We write p
ε
≈ q if |p− q| ≤ ε.

Proposition 2.4. Let p(x), q(x) be two distributions and F be an event such that p(x|F )
ε
≈

q(x). Then if p(F ) ≥ 1− γ, we have p(x)
ε+2γ
≈ q(x).
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Proof. The `1 distance between p, q can be expressed as 2 maxT (p(T ) − q(T )), where the

maximum is taken over all subsets of the support of p(x). Let T be the maximizer. Then

|p(x)− q(x)| = 2(p(T )− q(T )) = (2(p(T |F )p(F ) + p(F c)p(T |F c))− q(T ))

≤ 2(p(T |F )− q(T )) + 2p(F c)

≤ ε+ 2γ,

as required.

Proposition 2.5. Let p(x), q(x) be two distributions and F be an event such that p(x)
ε
≈

q(x). Then if p(F ) ≥ 1− γ ≥ 3/4, we have p(x|F )
ε+4γ
≈ q(x).

Proof. The `1 distance between p(x|F ), q(x) can be expressed as 2 maxT p(T |F )−q(T ), where

the maximum is taken over all subsets of the support of p(x). Let T be the maximizer. Then

|p(x|F )− q(x)| = 2(p(T |F )− q(T )) = 2(p(T, F )/p(F )− q(T )) ≤ 2(p(T )/p(F )− q(T )).

Since p(F ) ≥ 1− γ, we get that

2(p(T )/p(F )− q(T )) ≤ 2(p(T )/(1− γ)− q(T )) ≤ 2(p(T )(1 + 2γ)− q(T )) ≤ ε+ 4γ,

as required.

The following proposition relates the bias of a binary random variable to the bias of the

sum of n its independent copies.

Proposition 2.6. Let 0 ≤ ε ≤ 1, n be a natural number and X be a binary random variable

such that Pr[X = 0] = 1
2
· (1 + ε). If X1, . . . , Xn are identically and independently distributed

according to X, then

Pr [X1 + . . .+Xn = 0 (mod 2)] =
1

2
· (1 + εn) .

Proof. We prove it by induction on n. For the base case, take n = 1, which is true by the

premise of the proposition. The induction hypothesis states that the proposition is true for
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n− 1, and we will now prove it for n. We have,

Pr [X1 + . . .+Xn = 0 (mod 2)] =
1∑
c=0

Pr [X1 + . . .+Xn−1 = c (mod 2)] · Pr[Xn = c]

=
1

2

(
1 + εn−1

)
· 1

2
(1 + ε) +

1

2

(
1− εn−1

)
· 1

2
(1− ε)

=
1

2
· (1 + εn) ,

where the second equality follows from the induction hypothesis.

Information Theory Basics

The entropy of a discrete random variable A, is defined to be Hp(A) =
∑

a p(a) · log 1
p(a)

,

where we take 0 · log(1/0) = 0. For 0 ≤ x ≤ 1, the binary entropy function is defined to be

h(x) = x log
1

x
+ (1− x) log

1

1− x
.

For two random variables A, B, the entropy of A conditioned on B is defined as

Hp(A|B) =
∑
a,b

p(ab) · log
1

p(a|b)
.

This is always a non-negative quantity and is at most log |Supp(A)|. When the underlying

distribution p is clear from the context, we sometimes drop it from the notation.

The entropy satisfies some useful properties:

Proposition 2.7 (Chain Rule). H(A1A2|B) = H(A1|B) + H(A2|BA1).

Proposition 2.8 (Subadditivity). H(A1A2|B) ≤ H(A1|B) + H(A2|B).

The divergence between two distributions is defined to be

D

 p

q

 =
∑
a

p(a) · log
p(a)

q(a)
.

The mutual information between two random variables A,B, conditioned on C is defined

to be

Ip(A;B|C) =
∑
a,b,c

p(abc) · log
p(abc)

p(a|c)p(b|c)
.



20

This is always a non-negative quantity and is at most log |Supp(A)|. When the underlying

distribution p is clear from the context, we sometimes omit it from the notation. Mutual

information satisfies the chain rule:

Proposition 2.9 (Chain Rule). I(A1A2;B|C) = I(A1;B|C) + I(A2;B|A1C).

Pinsker’s inequality bounds the `1 distance in terms of the divergence:

Proposition 2.10 (Pinsker’s Inequality). D

 p

q

 ≥ 1
2
· |p− q|2.

An alternate formulation is as follows:

Proposition 2.11 (Alternate Pinsker’s). Ep(bc) [|p(a|bc)− p(a|c)|] ≤
√
I(A;B|C).

The chain rule easily gives the following inequality:

Proposition 2.12 (Data Processing Inequality). If the random variable A determines B,

then I(A;C) ≥ I(B;C).

Proposition 2.13. [48] Let p(ab) be a distribution and q(a) be another. Then

E
p(b)

D
 p(a|b)

p(a)

 ≤ E
p(b)

D
 p(a|b)

q(a)

 .
We shall sometimes deal with distribution on strings of variable length. We have the

following proposition, which follows from Shannon’s source coding theorem:

Proposition 2.14. Let B,C be random variables. Suppose A is a random variable supported

on binary strings of length up to n, such that no string in the support of A is a prefix of

another string in the support of A. Then I(A;B|C) ≤ H(A) ≤ E [|A|] .
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Chapter 3

ASYMMETRIC COMPRESSION

Recall that we are interested in the problem of compressing the communication between

two parties when the information revealed by them is small. More specifically, in any pro-

tocol, we consider the amount of information revealed by each party separately and prove

new compression schemes when the information revealed by one party is much less than the

information revealed by the other party and the total communication. In this chapter, two

such simulations that achieve better compression in this setting are discussed. Moreover,

this simulation is used to prove a new rectangle lower bound, which is then used to show a

lower bound on the communication complexity of lopsided disjointness.

We begin with a formal treatment of communication complexity. In communication

complexity, we have two parties, Alice and Bob, with inputs X and Y respectively, where

the inputs are drawn from a distribution that is known to both parties. Alice and Bob both

have access to a public random string R, in addition their own private random strings. The

message or transcript of the protocol is denoted by M = M1,M2, . . ., where each Mi ∈ {0, 1}

is sent either by Alice or by Bob. If Mi is communicated by Alice, then Mi is a function of

X,R,M<i and Alice’s private random string. Analogously, if Mi is sent by Bob, then Mi is

a function of Y,R,M<i and Bob’s private random string. In any reference to a protocol, we

mean the function that determines each bit in the transcript.

Given a protocol π that operates on inputs X, Y drawn from a distribution µ using public

randomness1 R and message M , we write π(xymr) to denote the joint distribution of these

1In this dissertation we define protocols where the public randomness is sampled from a continuous (i.e.
non-discrete) set. Nevertheless, we often treat the randomness as if it were supported on a discrete set, for
example by taking the sum over the set rather than the integral. This simplifies notation throughout our
proofs, and does not affect correctness in any way, since all of our public randomness can be approximated
to arbitrary accuracy by sufficiently dense finite sets.
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variables. We write ‖π‖ to denote the communication complexity of π, namely the maximum

number of bits that may be exchanged by the protocol in any execution. The maximum

number of alternations between messages sent by Alice and those sent by Bob is called

the number of rounds of the protocol. For a more involved introduction to communication

complexity, we refer the reader to the books [64, 89].

Our work relies on ways to measure the information complexity of a protocol. The two

well known notions of information cost are

(a) External Information: Chakrabarti, Shi, Wirth and Yao defined the information

cost of a protocol π to be I(XY ;MR). In words, this is the amount of information

an external observer learns about the inputs to the parties from the message. Barak,

Braverman, Chen and Rao [18] called this measure the external information cost of a

protocol, which we will write as Iextπ .

(b) Internal Information: Barak, Braverman, Chen and Rao [18] identified another mea-

sure of information called the internal information cost of the protocol. The internal

information cost of a protocol π is defined to be Iπ = Iπ(X;M |Y R) + Iπ(Y ;M |XR).

This quantity is the sum of the information learned by Alice about Bob’s input from

the message, IBπ = Iπ(Y ;M |XR), and the information learned by Bob about Alice’s

input from the message, IAπ = Iπ(X;M |Y R). We will sometimes say that the internal

information is (IA, IB) when we want to consider the values of both quantities instead

of the sum.

Since each of the parties already knows one of the inputs, the internal information cost is

never more than the external information cost, with equality when the inputs to the parties

are independent of each other. Formally,

Proposition 3.1. If π is a protocol with communication complexity Cπ, internal information

Iπ and external information Iextπ , then Iπ ≤ Iextπ ≤ Cπ.
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Here, we only consider the internal information cost for protocols. Internal information

cost turns out to be the most interesting for applications to lower bounds. Indeed, Braverman

and Rao [24] showed that the internal information cost required to compute a function is

exactly equal to the amortized communication complexity of the function – this quantity has

a very natural interpretation, seemingly independent of information theory.

There has been a lot of interest on protocol compression in the past decade. [18] proved

that if the protocol π has external information cost Iextπ and communication Cπ, then one

can simulate the protocol with O (Iextπ logCπ) bits of communication, which is optimal up

to the factor of logCπ. For internal information, [18] showed that any protocol π can be

simulated in O
(√

IπCπ · logCπ
)

bits of communication. If we wish the simulation to not have

a dependence on the communication of the original protocol, Braverman [23] showed that

one can carry out the simulation using communication complexity 2O(Iπ) (see also [25, 61]),

a result that was subsequently proven to be tight by Ganor, Kol and Raz [48, 49] (see also

[88]). In addition, Braverman and Weinstein [25] (see also [61]) showed that if a function is

computed by π, then the space of inputs must contain a nearly monochromatic rectangle of

density 2−O(Iπ), a fact that can be used to prove lower bounds on the information complexity

of computing functions.

When X and Y are independent, [18] proved that any protocol π with internal informa-

tion cost Iπ and communication Cπ can be simulated by another protocol with O (Iπ · logCπ)

bits of communication. Kol [62] improved this bound to O (I2
π · polylog (Iπ)), and later Sher-

stov [95] obtained a near optimal bound of O
(
Iπ · log2 Iπ

)
. In the setting of bounded round

communication, Braverman and Rao [24] showed that a single message can be compressed

to its internal information, giving a protocol that can simulate any r-round protocol with

internal information cost I using I +O(r) bits of communication.

Before stating our results, we introduce some new definitions. Let q(x, y, a) be an arbi-

trary distribution. We say that a protocol π δ-simulates q, if there is a function g and a
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function h such that

π(x, y, g(x, r,m), h(y, r,m))
δ
≈ q(x, y, a, a),

in which q(x, y, a, a) is the distribution on 4-tuples (x, y, a, a) where (x, y, a) are distributed

according to q. Thus if π δ-simulates q, the protocol allows the parties to sample a according

to q(a|xy). If λ is a protocol with inputs x, y, public randomness r′ and messages m′, we

say that π δ-simulates λ if π δ-simulates λ(x, y, (r′,m′)). We say that π simulates λ if π

δ-simulates λ for a constant δ.

We shall sometimes refer to the expected communication, or expected number of rounds of

a protocol π. We note here that one can always use a bound on the expected communication

or number of rounds to get a bound on the worst case communication, via the following

proposition:

Proposition 3.2. If π has expected communication c, then it can be γ-simulated by a protocol

with communication c/γ.

All our results in this chapter are joint work with Rao [74]. Our first theorem is somewhat

analogous to the result of [18]. We show

Theorem 3.1. Every protocol π can be ε-simulated by a protocol with expected communica-

tion O
(
IAπ + 4

√
‖π‖3 · IBπ · log(1/ε) + 4

√
‖π‖3 · IBπ · log ‖π‖

)
.

Our second result is an analogue of [23]:

Theorem 3.2. π can be simulated in communication complexity IAπ · 2O(IBπ ).

Theorem 3.2 shows that when the information revealed by one of the parties is a con-

stant, the communication is within a constant factor of the information. As a corollary to

Theorem 3.2, we show the following.

Corollary 3.1. If π computes f(x, y), then there exists a rectangle S × T such that

Pr[x ∈ S] ≥ 2−O(IAπ ), Pr[y ∈ T |x ∈ S] ≥ 2−O(IBπ ),



25

and there exists a constant c ∈ {0, 1} such that

Pr[f(x, y) = c|(x, y) ∈ S × T ] ≥ 2/3.

One can view Corollary 3.1 as defining an asymmetric notion of discrepancy, and showing

that if the information complexity is small, then the discrepancy must be large. Corollary 3.1

is a useful tool to prove lower bounds on lopsided problems. We illustrate this by using the

ideas going into Corollary 3.1 to give optimal lower bounds on the communication complexity

of lopsided disjointness (a bound first proved by Pǎtraşcu [80]).

The Table 3.1 summarizes the simulation results discussed thus far. The proof of Theo-

rem 3.1 is in Section 3.1 and the proof of Theorem 3.2 is in Section 3.2. Section 3.3 has the

proof of Corollary 3.1 along with the lower bound for lopsided disjointness.

Reference Communication Complexity of the Simulation

[18] O
(√

I · C logC
)

[23] 2O(I)

[24] I +O
(√

r · I + 1
)

+ r log(1/ε)

Theorem 3.1 O
(
IA +

4
√
C3 · IB · log(1/ε) +

4
√
C3 · IB · logC

)
Theorem 3.2 IA · 2O(IB)

[18] O (I · logC) (when inputs are independent)

[62] O (I2 · polylog(I)) (when inputs are independent)

[95] O
(
I · log2 I

)
(when inputs are independent)

Table 3.1: Known bounds on the complexity of simulating r-round protocols with commu-

nication C and information
(
IA, IB

)
. In addition, I = IA + IB.

Our proofs use the following two results from past work.
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Theorem 3.3 ([24]). For every ε > 0, if π is a protocol with internal information cost I

and r rounds in expectation, then π can be ε-simulated with expected communication I +

O(
√
r · I + 1) + r log(1/ε).

Theorem 3.4 ([24]). For any f, µ, ε, let π be the protocol computing f on n independent pairs

of inputs, each drawn from the distribution µ and probability of error is at most ε on each

pair, then there exists a protocol τ computing f on a single input pair with communication

||τ || = ||π||, information IAτ ≤
IAπ
n

, IBτ ≤
IBπ
n

and probability of error at most ε.

3.1 Compressing Protocols with Asymmetric Information - I

In this section, we present the proof of Theorem 3.1. We compress the given protocol in

two steps. In the first step, we convert the protocol π into a bounded round protocol,

while controlling its internal information cost. In the second step, we apply Theorem 3.3 to

conclude the proof. The first step is captured by the following theorem:

Theorem 3.5 (Bounded round simulation). Given any protocol π and a parameter k, there

exists a protocol that 0-simulates π with
√
IBπ · ‖π‖ + ‖π‖

k
number of rounds in expectation,

and internal information at most ‖π‖ log ‖π‖
k

+ k
√
IBπ · ‖π‖+ IAπ + 2 log ‖π‖

√
‖π‖ · IBπ + 3.

Before presenting the proof of this key theorem, we state its immediate corollary and use

it to finish the proof of Theorem 3.1.

Corollary 3.2. Given any protocol π, there exists a protocol that 0-simulates π with 2 ·
4
√
‖π‖3 · IBπ number of rounds in expectation, and internal information at most

IAπ + 4
√
‖π‖3 · IBπ + 4

√
‖π‖3 · IBπ · log ‖π‖+ 2 ·

√
‖π‖ · IBπ · log ‖π‖+ 3.

Proof. Set k = 4
√
‖π‖/IBπ . By Theorem 3.5, we get that the expected number of rounds of

the simulation is at most

√
IBπ · ‖π‖+ 4

√
‖π‖3 · IBπ ≤ 2 4

√
‖π‖3 · IBπ ,
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which uses the inequality IBπ ≤ ‖π‖, and the internal information is at most

IAπ + 4
√
‖π‖3 · IBπ + 4

√
‖π‖3 · IBπ · log ‖π‖+ 2 ·

√
‖π‖ · IBπ · log ‖π‖+ 3.

Proof of Theorem 3.1. Applying Theorem 3.3 to the simulation guaranteed by Corollary 3.2

gives a simulation with communication bounded by

O
(
IAπ + 4

√
‖π‖3 · IBπ · log(1/ε) + 4

√
‖π‖3 · IBπ · log ‖π‖+

√
‖π‖ · IBπ · log ‖π‖

)
,

as required in Theorem 3.1.

Proof of Theorem 3.5

We use the protocol τ given in Figure 3.12 to simulate π. Let M denote the output of τ .

Then we claim that the distribution of m is correct:

Lemma 3.1. τ(xyrm) = π(xyrm).

Proof. It is clear that τ(xyr) = π(xyr). For each i ∈ [‖π‖], if mi is to be sent by Alice

in π, then mi = 1 exactly when ρi < π(mi|xrm<i), and if mi is to be sent by Bob in π,

then mi = 1 exactly when ρi < π(mi|yrm<i). Thus, if mi is to be sent by Alice in π,

τ(mi|xyrm<i) = π(mi|xrm≤i) = π(mi|xyrm≤i). On the other hand, if mi is to be sent by

Bob in π, then τ(mi|xyrm<i) = π(mi|yrm<i) = π(mi|xyrm<i). Thus

τ(xyrm) = τ(xyr) ·
‖π‖∏
i=1

τ(mi|xyrm<i) = π(xyr) ·
‖π‖∏
i=1

π(mi|xyrm<i) = π(xyrm).

Let L denote the number of mistake indices j reported to Alice by Bob in τ . Then we

have:

Lemma 3.2. The number of rounds in τ is at most ‖π‖/k + L

2Here we do not bother optimizing the communication of τ , since the communication will be eventually
optimized via Theorem 3.3.
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Input: x, y, the inputs to π. A parameter k.

Output: m, r distributed according to π(mr|xy).

Public Randomness: The public randomness r of π, as well as an additional

sequence of uniformly random numbers

r′ = ρ1, . . . , ρ‖π‖ ∈ [0, 1].

1 Let m be the empty string;

2 while |m| < ‖π‖ do

3 Set t = |m|;

4 for i = t+ 1, . . . ,min{k + t, ‖π‖} do

5 if mi is sent by Bob in π then Alice checks if ρi < π(mi = 1|xrm<i), and

sets mi = 1 if this is the case. Otherwise she sets mi = 0;

6 else Alice samples mi privately according to the distribution π(mi|xrm<i);

7 end

8 Alice sends the current transcript m to Bob;

9 Bob computes the smallest index j ∈ [min{k + t, ‖π‖}] such that mj would have

been sent by Bob in π and ρj lies in the interval between π(mj = 1|xrm<j) and

π(mj = 1|yrm<j). Bob can check this using ρj,m, y, r;

10 Bob sends j to Alice, or reports that there is no such j;

11 Alice corrects m if such j is found, by flipping the bit mj, and truncating

m = m≤j;

12 end

13 return m;

Figure 3.1: Protocol τ simulating π
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Proof. There are L rounds where Alice needs to truncate m. In every other round, at least k

new bits of the messages of π are sampled, so there can be at most ‖π‖/k additional rounds

of communication.

Given the last lemma, we can bound the number of rounds in the protocol by bounding

L:

Lemma 3.3. E [L] ≤
√
IBπ · ‖π‖.

Proof. Let Li denote the indicator random variable for the event that the i-th index of the

message is corrected by Bob in τ ; so L =
∑‖π‖

i=1 Li. If the i-th message is sent by Alice, then

Li = 0. On the other hand, if it is sent by Bob, by Proposition 2.11, we get

τ(Li = 1) = E
xyrm<i

[|π(mi|xrm<i)− π(mi|yrm<i)|]

= E
xyrm<i

[|π(mi|xrm<i)− π(mi|xyrm<i)|]

≤
√
I(Mi;Y |XRM<i).

The penultimate inequality is true since mi is sampled by Bob in π, hence is independent of

x conditioned on y, r,m<i. Therefore, by the linearity of expectation and Cauchy Schwartz

inequality, we get

E [L] ≤
‖π‖∑
i=1

√
I(Mi;Y |XRM<i)

≤

√√√√‖π‖ · ‖π‖∑
i=1

I(Mi;Y |XRM<i)

=
√
‖π‖ · I(M ;Y |XR),

where the last equality is an application of Proposition 2.9.

Lemma 3.3 and Lemma 3.2 together imply that the expected number of rounds in τ is

at most
√
IBπ · ‖π‖+ ‖π‖/k. It only remains to bound the internal information of τ :
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Lemma 3.4. The internal information of τ is at most

‖π‖ log ‖π‖
k

+ k
√
IBπ · ‖π‖+ IAπ + 2 log ‖π‖

√
‖π‖ · IBπ + 3

Proof. Recall that R′ denotes the sequence of numbers ρ1, . . . , ρ‖π‖. The public randomness

of τ consists of R,R′. Let Z denote the messages exchanged in the protocol τ . Let ZA denote

the bits sent by Alice, and ZB denote the bits sent by Bob. Then the information learnt by

Alice can be expressed as

Iτ (ZAZB;Y |XRR′) = Iτ (ZB;Y |XRR′) + Iτ (ZA;Y |XRR′ZB), (3.1)

by the chain rule. The second term of Eq. (3.1) is 0, since Alice’s messages are independent

of Y , given Bob’s messages and Alice’s inputs. For the first term, we use Proposition 2.14 to

bound it by E [|ZB|]. The total number of rounds of the protocol is at most L+‖π‖/k, since

every round where there is no mistake must simulate at least k messages from the protocol.

Thus E [|ZB|] ≤ (E [L] + ‖π‖/k) log ‖π‖ ≤
√
IBπ · ‖π‖ log ‖π‖+ ‖π‖ log ‖π‖

k
, by Lemma 3.3.

Next we bound the information learnt by Bob in τ . Using Proposition 2.9, we get

Iτ (Z;X|Y RR′) =

|Z|∑
i=1

Iτ (Zi;X|Z<iY RR′) = E
xyrr′z

 |z|∑
i=1

D

 zi|xyrr′z<i

zi|yrr′z<i

 . (3.2)

Claim 3.1. If m<j represents the messages of π sampled by the simulation τ at the point

the messages z<i were sent, then

E
r′|xyrz<i

D
 τ(zi|xyrr′z<i)

τ(zi|yrr′z<i)





= 0 if Bob sends zi,

≤ 1 if zi is discarded,

≤ D

 π(mj |xyrm<j)

π(mj |yrm<j)

 if Alice sends mj,

≤

√√√√√√√D

 π(mj |xyrm<j)

π(mj |xrm<j)

 log ‖π‖+ 3
‖π‖ if Bob sends mj
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Proof. When zi is sent by Bob, both distributions are the same, so the divergence is 0.

To prove the remaining cases, we apply Proposition 2.13. When zi is to be discarded,

set q(zi|yrr′z<i) to be the uniform distribution on bits. When q is the uniform distribution

on the bits, D

 p

q

 = 1 − h(p(0)) ≤ 1. Since D

 p

q

 ≤ 1 for any p, the bound follows

using Proposition 2.13. When mj is sent by Alice in π, observe that the distribution of

τ(zi|xyrr′z<i) is exactly the same as the distribution of π(mj|xyrm<j). Set q(zi|yrr′z<i) =

π(mj|yrm<j). The bound follows by Proposition 2.13. For the last case, observe that in τ ,

zi is determined by xyrr′m<j, since zi = 1 exactly when ρi < π(mj = 1|xrm<j). Set

b(ρi, y, r, r
′,m<j) =

1 if ρi < π(mj = 1|yrm<j),

0 otherwise

and

q(zi|yrr′z<i) =

1− 1/‖π‖ if b(ρi, y, r, r
′,m<j) = zi,

1/‖π‖ otherwise.

When ρi is in between π(mj = 1|yrm<j) and π(mj = 1|xrm<j),

D

 τ(zi|xyrr′z<i)

q(zi|yrr′z<i)

 = log

(
1

(1/‖π‖)

)
= log ‖π‖,

for all zi with positive probability. When ρi is not in between those two quantities,

D

 τ(zi|xyrr′z<i)

q(zi|yrr′z<i)

 ≤ log
1

1− 1/‖π‖
≤ 3/‖π‖,

which follows from Proposition 2.2 and the assumption that ‖π‖ > 2. It is safe to assume

that ‖π‖ > 2, as the compression is trivial for protocols with communication at most 2.

The probability of the first case is at most

√√√√√D

 π(mj|xyrm<j)

π(mj|yrm<j)

, by Proposition 2.10.
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Now given Z, call i good if the message Zi does not correspond to a mistake and is not

discarded by the simulation. Let G denote the set of good indices. We have,

E
xyrr′z

 |z|∑
i=1

D

 τ(zi|xyrr′z<i)

τ(zi|yrr′z<i)

 = E
xyrz

 |z|∑
i=1

E
r′|xyrz<i

D
 τ(zi|xyrr′z<i)

τ(zi|yrr′z<i)


= E

xyrz

∑
i∈G

E
r′|xyrz<i

D
 τ(zi|xyrr′z<i)

τ(zi|yrr′z<i)


+ E

xyrz

∑
i/∈G

E
r′|xyrz<i

D
 τ(zi|xyrr′z<i)

τ(zi|yrr′z<i)

 .
For every Z, at most k · L indices are discarded. This is because, at most k indices are

discarded for every round with a mistake. Then by Claim 3.1,

E
xyrz

∑
i/∈G

E
r′|xyrz<i

D
 τ(zi|xyrr′z<i)

τ(zi|yrr′z<i)

 ≤ k · E [L] .

For every index i ∈ G, by Claim 3.1

E
xyrz

∑
i∈G

E
r′|xyrz<i

D
 τ(zi|xyrr′z<i)

τ(zi|yrr′z<i)



≤ E
π(mxyr)

D
 π(mj|xyrm<j)

π(mj|yrm<j)

+ E
π(mxyr)

 ‖π‖∑
j=1

√√√√√D

 π(mj|xyrm<j)

π(mj|xrm<j)

 log ‖π‖+
3

‖π‖


= E

π(mxyr)

D
 π(mj|xyrm<j)

π(mj|yrm<j)

+ log ‖π‖ E
π(mxyr)

 ‖π‖∑
j=1

√√√√√D

 π(mj|xyr)

π(mj|xr)


+ 3

≤ E
π(mxyr)

D
 π(mj|xyrm<j)

π(mj|yrm<j)

+ log ‖π‖

√√√√√‖π‖ · E
π(mxyr)

 ‖π‖∑
j=1

D

 π(mj|xyr)

π(mj|xr)

+ 3

= IAπ + log ‖π‖
√
‖π‖ · IBπ + 3,

where the penultimate inequality follows from an application of Cauchy Schwartz inequality,

and the last inequality follows from the definitions of IAπ and IBπ .
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3.2 Compressing Protocols with Asymmetric Information - II

In this section, we prove Theorem 3.2, whose proof crucially uses the following theorem.

Theorem 3.6. Let U be a finite set. Let pA, pB, qA, qB : U → [0, 1] be such that ∀z ∈ U ,

µ(z) = pA(z)qB(z), p(z) = pA(z)pB(z) and q(z) = qA(z)qB(z) are distributions. There exists

a randomized protocol with inputs pA, pB to Alice and qA, qB to Bob, such that

1. Both Alice and Bob either accept and compute (possibly different) samples z ∈ U , or

abort the protocol.

2. Pr[Both parties accept] ≥ 2

−O

D


µ

q

+1


.

3. Given that both parties accept, the distribution of their samples is 0.01-close in `1

distance to the distribution where both parties sample the same sample from µ(z).

We first present the proof of Theorem 3.6 and then prove Theorem 3.2 in Section 3.2.1.

Proof. Let IB = D

 µ

p

 and IA = D

 µ

q

. Figure 3.2 describes the randomized protocol

promised by the theorem. The first item of the theorem is straightforward from the definition

of the sampling procedure in Figure 3.2.

In the proof of the remaining two items of the theorem, the following definition is useful.

G =
{
z
∣∣∣ 21000(IB+1) · p(z) ≥ µ(z), 21000(IA+1) · q(z) ≥ µ(z)

}
.

We need a simple claim about G that was proved in [23].

Claim 3.2. µ(G) ≥ 0.998.

To prove the second item of the theorem, we have to lower bound the probability that

both parties accept (see Lemma 3.8). For the same, we use the equality

Pr[Both parties accept] = Pr[i∗ is defined] · Pr[Both parties accept|i∗ is defined],



34

Simulation π

Public randomness: A sequence of L = 10 · |U | · 21000(IA+1) tuples (zi, ai, bi) ∈ U ×[
0, 21000(IA+1)

]
×
[
0, 21000(IB+1)

]
, for i = 1, 2, . . . , L, and a random function h : [L] →[

22000(IA+1)
]
.

1. Alice computes the set A =
{
i
∣∣∣ ai ≤ pA(zi), bi ≤ pB(zi) · 21000(IB+1)

}
, and Bob com-

putes the set B =
{
i
∣∣∣ ai ≤ qA(zi) · 21000(IA+1), bi ≤ qB(zi)

}
.

2. Alice computes i∗, the smallest element of A.

3. Alice sends h(i∗) to Bob.

4. If there is a unique i ∈ B such that h(i) = h(i∗), Bob accepts and assumes that the

outcome of the protocol is zi. Otherwise Bob aborts.

Figure 3.2: The sampling procedure

and lower bound each term on the right. We first lower bound Pr[i∗ is defined].

Lemma 3.5. Pr[i∗ is defined] ≥ 1− e−10.

Proof. For each i, we have

Pr[i ∈ A] =
∑
z∈U

pA(z)pB(z)

|U | · 21000(IA+1)
=

1

|U | · 21000(IA+1)

∑
z∈U

pA(z)pB(z) =
1

|U | · 21000(IA+1)
,

where the last equality follows from the fact that p is a distribution. The probability that i∗

is not defined is exactly equal to the probability that i /∈ A for all 1 ≤ i ≤ L. Thus,

Pr[i∗ not defined] =

(
1− 1

|U | · 21000(IA+1)

)L
≤ e

− L

|U|·21000(IA+1) = e−10,

where the first inequality uses the fact that for every x ≥ 0, (1− x)n ≤ e−xn.
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We need the following lemma before lower bounding the probability that both parties

accept conditioned on i∗ being defined.

Lemma 3.6. For z ∈ U ,

Pr[zi∗ = z & i∗ ∈ B|i∗ is defined] ≤ µ(z)

21000(IB+1)
,

with equality when z ∈ G.

Proof. By definition,

Pr[zi∗ = z & i∗ ∈ B|i∗ is defined] = Pr[zi∗ = z|i∗ is defined] · Pr[i∗ ∈ B|zi∗ = z]. (3.3)

We have

Pr[zi∗ = z|i∗ is defined] =
pA(z)pB(z)2−1000(IA+1)∑
z∈U pA(z)pB(z)2−1000(IA+1)

= pA(z)pB(z). (3.4)

Let us now analyze Pr[i∗ ∈ B|zi∗ = z]. If zi∗ = z, we have ai∗ ≤ pA(z), bi∗ ≤ pB(z)21000(IB+1).

Thus Pr[i∗ ∈ B|zi∗ = z] is exactly

Pr[i∗ ∈ B|z∗i = z] = min

{
qB(z)

21000(IB+1)pB(z)
, 1

}
·min

{
21000(IA+1)qA(z)

pA(z)
, 1

}

≤ qB(z)

21000(IB+1)pB(z)
. (3.5)

Equality holds in Eq. (3.5) when z ∈ G, since for such z,

qB(z)

21000(IB+1)pB(z)
≤ 1 and

21000(IA+1)qA(z)

pA(z)
≥ 1.

Therefore, using Eqs. (3.3) to (3.5)

Pr[zi∗ = z & i∗ ∈ B] ≤ pA(z)pB(z) · qB(z)

21000(IB+1)pB(z)
= µ(z)/21000(IB+1),

with equality for z ∈ G.
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When i∗ is defined, let E denote the event that i∗ is the only possible index that is in B

and consistent with the message Bob receives, namely: ∀i 6= i∗, i ∈ B ⇒ h(i) 6= h(i∗). Then

we have

Lemma 3.7. Pr[Both parties accept|i∗ is defined] ≥ 8
10
· 2−1000(IB+1)

Proof. Observe that

Pr[Both parties accept|i∗ is defined] ≥ Pr[i∗ ∈ B|i∗ is defined]− Pr[Ec|i∗ is defined].

We claim

Claim 3.3. (a) Pr[Ec|i∗ is defined] ≤ L·2−2000(IA+1)−1000(IB+1)

|U |Pr[i∗ is defined]
.

(b) Pr[i∗ ∈ B|i∗ is defined] ≥ µ(G) · 2−1000(IB+1).

The above claim implies that

Pr[Both parties accept|i∗ is defined] ≥ µ(G)/21000(IB+1) − 10

1− e−10
· 2−1000(IA+1)−1000(IB+1)

≥ 9

10
· 2−1000(IB+1) − 10

1− e−10
· 2−1000(IA+1)−1000(IB+1)

>
8

10
· 2−1000(IB+1),

where the second inequality follows from Claim 3.2 and the last inequality follows from

IA ≥ 0.

Proof of Claim 3.3. (a) Conditioned on i∗ being defined, the probability that i ∈ B and

h(i) = h(i∗) is at most Pr[i∈B]·2−2000(IA+1)

Pr[i∗ is defined]
. Thus,

Pr[i ∈ B] · 2−2000(IA+1)

Pr[i∗ is defined]
=

∑
z∈U qA(z) · 2−1000(IB+1)qB(z)2−2000(IA+1)

|U | · Pr[i∗ is defined]

≤ 2−2000(IA+1)−1000(IB+1)

|U | · Pr[i∗ is defined]
.

Thus, by the union bound, the probability than any such i is accepted by Bob is at

most L·2−2000(IA+1)−1000(IB+1)

|U |Pr[i∗ is defined]
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(b) We know that

Pr[i∗ ∈ B|i∗ is defined] =
∑
z∈|U |

Pr[zi∗ = z, i∗ ∈ B|i∗ is defined]

≥
∑
z∈G

µ(z)/21000(IB+1) = µ(G) · 2−1000(IB+1),

where the first inequality is using Lemma 3.6 and the last equality is using Lemma 3.5.

We are finally ready to prove the second item of the theorem.

Lemma 3.8. Pr[Both parties accept] ≥ 7
10
· 2−1000(IB+1).

Proof. We know that

Pr[Both parties accept] = Pr[i∗ is defined] Pr[Both parties accept|i∗ is defined]

≥ 8(1− e−10)

10 · 21000(IB+1)
>

7

10
· 2−1000(IB+1),

which follows from Lemma 3.7 and Lemma 3.5.

We now proceed to prove the third item of the theorem (see Lemma 3.11).

Lemma 3.9. |π(zi∗ = z|i∗ ∈ B)− µ(z)| ≤ 2(1− µ(G))/µ(G).

Proof. By Lemma 3.6,

Pr[i∗ ∈ B|i∗ is defined] · Pr[zi∗ = z|i∗ ∈ B] ≤ µ(z) · 2−1000(IB+1).

Combining the above inequality and Claim 3.3(b), Pr[zi∗ = z|i∗ ∈ B] ≤ µ(z)/µ(G).

For any set T ⊆ U ,∑
z∈T

π(zi∗ = z|i∗ ∈ B)− µ(z) ≤
∑
z∈T

µ(z)/µ(G)− µ(z) ≤ (1− µ(G))/µ(G),

where the last inequality follows from µ being a distribution. Therefore,

|π(zi∗ = z|i∗ ∈ B)− µ(z)| = 2 max
T

(∑
z∈T

π(zi∗ = z|i∗ ∈ B)− µ(z)

)
≤ 2(1− µ(G))/µ(G).
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Lemma 3.10.

Pr[Ec|i∗ ∈ B] < 0.00025 and Pr[Ec|Both parties accept] < 0.00025.

Proof. We have,

Pr[Ec|i∗ ∈ B] = Pr[Ec|i∗ ∈ B, i∗ is defined]

=
Pr[Ec & i∗ ∈ B|i∗ is defined]

Pr[i∗ ∈ B|i∗ is defined]

≤ Pr[Ec|i∗ is defined]

Pr[i∗ ∈ B|i∗ is defined]

≤ 10

µ(G)(1− e−10)
· 2−1000(IA+1)

< 0.00025.

The penultimate inequality follows from Claim 3.3. Simultaneously,

Pr[Ec|Both parties accept] = Pr[Ec|Both parties accept, i∗ is defined]

=
Pr[Ec & Both parties accept|i∗ is defined]

Pr[Both parties accept|i∗ is defined]

≤ Pr[Ec|i∗ is defined]

Pr[Both parties accept|i∗ is defined]

≤ 100

8(1− e−10)
· 2−1000(IA+1)

< 0.00025.

The penultimate inequality follows from Claim 3.3(a) and Lemma 3.7.

Lemma 3.11. |µ(z)− π(z|Both parties accept)| < 0.01

Proof. Applying Proposition 2.5 twice gives,

|µ(z)− π(z|Both parties accept)|

≤ |π(zi∗ = z|i∗ ∈ B, E)− µ(z)|+ 4 Pr[Ec|Both parties accept]

≤ |π(zi∗ = z|i∗ ∈ B)− µ(z)|+ 4 Pr[Ec|i∗ ∈ B] + 4 Pr[Ec|Both parties accept].
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Lemmas 3.9 and 3.10 give,

|µ(z)− π(z|Both parties accept)| < 2(1− µ(G))/µ(G) + 0.001 + 0.001 < 0.01,

as required.

The above lemma shows the third property of the theorem, completing its proof.

3.2.1 Proof of Theorem 3.2

Define U to be the set of all messages of protocol π. For every m ∈ U , define πx(m) = π(m|x),

πy(m) = π(m|y), πxy(m) = π(m|xy). We have,

Iπ(X;M |Y R) = Exyr

D
 πxy(m|r)

πy(m|r)

 .
Define

Γ =

(x, y, r)

∣∣∣∣∣∣ D
 πxy(m|r)

πy(m|r)

 ≤ 50 · IAπ ,D

 πxy(m|r)

πx(m|r)

 ≤ 50 · IBπ

 .

By a union bound and Markov’s inequality, we get that

Pr[(x, y, r) ∈ Γ ] ≥ 24

25
(3.6)

Theorem 3.6, with µ(m) = πxy(m|r), p(m) = πx(m|r), q(m) = πy(m|r), implies that for

every (x, y, r) ∈ Γ , there exists a constant c and a randomized protocol τ with communication

O(IAπ ) that samples a message m such that

|π(m)− τ(m|Both parties accept)| < 0.01 and Pr[Both parties accept in τ ] ≥ 2−c(I
B
π +1).

(3.7)

The simulation of π with the desired guarantees of the theorem is given by Σ, which is

described in Figure 3.3, with parameter t = 10 · 2c(IBπ +1). We have,

‖Σ‖ ≤ t · ‖τ‖ = O
(
IAπ 2c(I

B
π +1)

)
.
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Input: x, y, the inputs to π. A parameter t.

Public Randomness: Sequence of strings L1, · · · , Lt, r. A random transcript m′.

1 i=1;

2 while i ≤ t do

3 Run protocol τ with Li as the public random tape;

4 if τ Accepts then return the output of τ ;

5 else i=i+1;

6 end

7 return m′;

Figure 3.3: Protocol Σ simulating π

This bounds the communication complexity of Σ, and we are only left with showing that

the `1 distance between Σ and τ is bounded. The following lemma upper bounds the `1

distance, whose proof will complete the proof of Theorem 3.2:

Lemma 3.12. |Σ − π| ≤ 0.14

Before proving the above lemma, we need to establish a property about τ and another

property about Σ.

Lemma 3.13. Eπ(xyr)|π(m|xyr)− τ(m|xyr,Both parties accept)| < 1
25

+ 0.01

Let J be the value of i at the time of termination of Σ.

Lemma 3.14. Pr[J = t+ 1] ≤ 1/25 + e−10

The proofs of these lemmas are deferred.

Proof of Lemma 3.12. Conditioned on J ≤ t, we know that Σ’s output corresponds to the

output of τ . Therefore,

|π(m)−Σ(m|J ≤ t)| = Eπ(xyr)|π(m|xyr)− τ(m|xyr,Both parties accept)|
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By Proposition 2.4 and Lemma 3.14,

|Σ − π| ≤ 2 Pr[J = t+ 1] + |π(z)−Σ(z|J ≤ t)|

= 2 Pr[J = t+ 1] + Eπ(xyr)|π(m|xyr)− τ(m|xyr,Both parties accept)

< 2/25 + 2e−10 + 1/25 + 0.01 ≤ 0.14,

where the penultimate inequality follows from Lemma 3.14 and Lemma 3.13.

We are now left with the task of proving Lemmas 3.13 and 3.14

Proof of Lemma 3.13. τ guarantees that for every (x, y, r) ∈ Γ ,

|π(m|xyr)− τ(m|xyr,Both parties accept)| < 0.01.

Therefore,

Eπ(xyr)|π(m|xyr)− τ(m|xyr,Both parties accept)|

≤ Pr[(x, y, r) ∈ Γ ] · max
(x,y,r)∈Γ

|π(z|xyr)− τ(z|xyr,Both parties accept)|+ Pr[(x, y, r) /∈ Γ ]

< 0.01 +
1

25
,

where the last inequality follows from Eq. (3.6).

Proof of Lemma 3.14. Conditioned on (x, y) ∈ Γ , the probability that τ does not accept in

iteration i equals 1− Pr[Both parties accepts]. Therefore,

Pr[J = t+ 1|(x, y, r) ∈ Γ ] = (1− Pr[Both party accepts in τ ])t

≤
(

1− 2−c(I
B+1)

)t
≤ e−10, (3.8)

where the first inequality follows from Eq. (3.7) and the last inequality follows from the fact

that for every x ≥ 0, (1− x)n ≤ e−xn. Now,

Pr[J = t+ 1] = Pr[(x, y, r) ∈ Γ ] · Pr[J = t+ 1|(x, y, r) ∈ Γ ]

+ Pr[(x, y, r) /∈ Γ ] · Pr[J = t+ 1|(x, y, r) /∈ Γ ]

≤ e−10 + 1/25,
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where the last inequality follows from Eqs. (3.6) and (3.8).

3.3 A Rectangle Lower Bound

In this section, we show a corollary to Theorem 3.2. Particularly, the simulation of Theorem

3.6 shows the existence of almost monochromatic rectangles of the right dimension.

Corollary 3.3 (Restatement of Corollary 3.1). Given any randomized protocol π with in-

ternal information (IA, IB), there exists sets S, T and z ∈ {0, 1} such that

µ(x ∈ S) ≥ 2−O(IA), µ(y ∈ T |x ∈ S) ≥ 2−O(IB) and µ(f(x, y) 6= z|S × T ) ≤ 3ε+ 0.06,

where ε is the error incurred by π under µ in the computation of f .

Proof. First we wish to fix the public randomness of π, such that the internal information

and the error bound are within limit. We have,

IA = E
r

[I(M ;X|Y r)] , IB = E
r

[I(M ;Y |Xr)] and E
r

[µ(π(x, y) 6= f(x, y)|r) ≤ ε] .

By Markov’s inequality, Prr[I(M ;X|Y r) > 3IA] < 1/3, Prr[I(M ;Y |Xr) > 3IB] < 1/3 and

Prr[µ(π(x, y) 6= f(x, y)|r) > 3ε] < 1/3. Therefore, by a union bound, there exits an r such

that

I(M ;X|Y r) ≤ 3IA, I(M ;Y |Xr) ≤ 3IB and µ(π(x, y) 6= f(x, y)|r) ≤ 3ε.

After fixing r, we now have a protocol with internal information at most (3IA, 3IB) and no

public randomness. In what follows, for the sake of simplicity, we will refer to this protocol

as π.

The following equation will become useful.

π(m|xy) =

( ∏
i : mi sent by Alice

π(mi|xym<i)

)
·

( ∏
i : mi sent by Bob

π(mi|xym<i)

)

=

( ∏
i : mi sent by Alice

π(mi|xm<i)

)
·

( ∏
i : mi sent by Bob

π(mi|ym<i)

)
,
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where the last inequality follows from the fact that Alice’s messages depend only on x, the

public randomness and the previous messages, and Bob’s messages depend only on y, the

public randomness and the previous messages. Define πA, πB, π
′
A, π

′
B satisfying,

πA(m|x) =
∏

i : mi sent by Alice

π(mi|xm<i), πB(m|y) =
∏

i : mi sent by Bob

π(mi|ym<i),

π′A(m|x) =
∏

i : mi sent by Bob

π(mi|ym<i) and π′B(m|y) =
∏

i : mi sent by Alice

π(mi|ym<i). (3.9)

Let

Γ =

(x, y)

∣∣∣∣∣∣ D
 π(m|xy)

π(m|y)

 ≤ 600 · IA,D

 π(m|xy)

π(m|x)

 ≤ 600 · IBπ

 .

Observe that Pr[(x, y) ∈ Γ ] ≥ 99/100, which follows from Markov’s inequality.

Simulation

Public randomness: A sequence of L = 10 · |U | · 21000(600IA+1) tuples (zi, ai, bi) ∈ M×[
0, 21000(600IA+1)

]
×
[
0, 21000(600IB+1)

]
, for i = 1, 2, . . . , L, r and a random function h :

[L]→
[
22000(600IA+1)

]
, where M is the set of all transcripts of π.

1. Alice computes the set A =
{
i
∣∣∣ ai ≤ πA(zi|xr), bi ≤ π′A(zi|xr) · 21000(600IB+1)

}
, and

Bob computes the set B =
{
i
∣∣∣ ai ≤ π′B(zi|yr) · 21000(600IA+1), bi ≤ πB(zi|yr)

}
.

2. Alice computes i∗, the smallest element of A.

3. Alice accepts if h(i∗) = 02000(600IA+1).

4. If there is a unique i ∈ B such that h(i) = 02000(600IA+1), Bob accepts and assumes

that the outcome of the protocol is zi. Otherwise Bob aborts.

Figure 3.4: The sampling procedure
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Consider the simulation τ in Figure 3.4. Let L denote the sequence of L tuples in the

public tape. In τ , since Alice accepts only if h(i∗) = 02000(600IA+1) and h is a random hash

function, we can say that EL,h [µ(Alice Accepts)] ≥ 2−O(IA). Note that τ is the same as the

simulation in Figure 3.2 invoked with pA = πA, pB = π′A, qA = π′B and qB = πB, except

the step in τ where Alice accepts only if the hash matches the all-zeros string. In other

words, conditioned on Alice accepting, τ is the same as the simulation in Figure 3.2, whose

guarantees are given in Theorem 3.6. Therefore, for every (x, y) ∈ Γ , τ satisfies

• EL,h [µ(Bob Accepts|Alice Accepts)] ≥ 2−O(IB)

• Given both parties accept, the distribution of the samples is 0.01−close in `1 distance

to the distribution where both parties sample the same from π(x, y). Alternatively,

EL,h [|π(m|xy)− τ(m|xy,Both parties accept)|] ≤ 0.01.

We now have

E
L,h

[|π(m|xy)− τ(m|xy, Both parties accept)|]

≤ Pr[(x, y) ∈ Γ ] · max
(x,y)∈Γ

(
E
L,h

[|π(m|xy)− τ(m|xy, Both parties accept), (x, y) ∈ Γ |]
)

+ Pr[(x, y) /∈ Γ ]

≤ 0.01 · (99/100 + 1) ≤ 0.02.

Again applying Markov’s inequality and a union bound, we can say that there exists a

fixing of L, h satisfying

µ(Alice Accepts) ≥ 2−O(IA), µ(Bob Accepts|Alice Accepts) ≥ 2−O(IB) and

|π(m|xy)− τ(m|xy,Both parties accept)| ≤ 0.06.

Note that we have fixed the randomness in τ and obtained a deterministic protocol. Any

transcript in a deterministic protocol corresponds to a rectangle. Therefore, the state of

both parties accepting, corresponds to a rectangle S × T with

µ(x ∈ S) ≥ 2−O(IA) and µ(y ∈ T |x ∈ S) ≥ 2−O(IB).
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In addition, conditioning on the event that both parties accept, the output z ∈ {0, 1} of

the protocol (the value of the function that both parties agree on) has the property that

µ(f(x, y) 6= z) ≤ 3ε+ 0.06, where ε is the error incurred by the protocol π under µ.

3.3.1 Application - Lower Bounds for Lopsided Set Disjointness

In this subsection, we use the rectangle lower bound to reprove the well known lower bound

for lopsided set disjointness by Pǎtraşcu in [80]. The problem of lopsided set disjointness is

defined as follows,

Definition 3.1. The set disjointness function on sets x, y ⊆ [NN ′] is

SD(x, y) =

1 if x ∩ y = ∅,

0 otherwise.

Lopsided set disjointness(LSD) is a restricted version of the problem, in which we are

promised that x, y ⊆ [NN ′] and |x| = N . The following bound proved by Patrascu [80] has

found many applications to proving data structure lower bounds. The bound was shown to

be tight by Saǧlam [91].

Theorem 3.7 ([80]). For any protocol computing LSD with error probability ε, if N ′ = Ω(1),

then one of the following holds,

• Alice communicates at least γN logN ′ bits.

• Bob communicates at least N(N ′)1−cγ bits.

where c = c1 + 1 + (log 2c1−log(1−h(12ε+0.06)))
γ logN ′

for some constant c1.

Here we give a slightly different proof of Theorem 3.7, using Corollary 3.3. The universe

is taken to be
(
2[N ′]

)N
, the cartesian product of N power sets of [N ′]. (x, y) ∈

(
2[N ′], 2[N ′]

)
is restricted tuples with |x| = 1 and y takes exactly one element from the pair (2k, 2k + 1),

for all 2k, 2k + 1 ∈ [N ′]. We define two distributions ψ and µ on (x, y) as follows,
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• ψ is a uniform distribution on all such pairs (x, y), with LSD(x, y) = 1.

• µ is a uniform distribution on all such pairs (x, y).

The hard distribution for disjointness µh is one where i ∈ [N ] chosen at random, with (xi, yi)

drawn from distribution µ and rest of the coordinates (xj, yj), for j ∈ [N ] \ {i} is drawn

independently and identically from ψ. Having described the hard distribution, we are set to

describe the proof of Theorem 3.7.

Proof of Theorem 3.7. We assume the contrary that there exists a protocol π computing

LSD(x, y) on the distribution µh with Alice communicating a < γN logN ′ bits and Bob

communicating b < N(N ′)1−cγ bits.

We now use protocol π to compute LSD on a single block. Consider the case when

the inputs (x, y) is drawn according to the distribution ψ. We know that protocol π com-

putes LSD on inputs drawn independently and identically in ψ with information
(
IA, IB

)
<

(γN logN ′, N(N ′)1−cγ). By Theorem 3.4, there exist a protocol τ computing LSD(x, y) on

ψ with information
(
IAτ , I

B
τ

)
≤ (γ logN ′, (N ′)1−cγ).

Define M = {m | µ(LSD(x, y) 6= τ(x, y)|m) ≤ 4ε}, a subset of all transcripts of τ . Note

that µ(M) ≥ 1 − 1
4

= 3
4
, using the fact that µ(LSD(x, y) 6= τ(x, y)) ≤ ε. Therefore,

ψ(M) ≥ 1− 2
4

= 1
2
, since the density of Supp(ψ) under µ is one half.

First observe that Corollary 3.3 holds even when the transcripts are restricted to the set

M. So, Corollary 3.3 shows the existence of a constant c1 and sets S, T such that

ψ(x ∈ S) ≥ 2−c1(IA) ≥ 2−c1(γ logN ′) and ψ(y ∈ T |x ∈ S) ≥ 2−c1(IB) ≥ 2−c1((N ′)1−4γ),

where we used the upper bounds on information (IA, IB) under ψ. Since restricted tom ∈M,

µ(LSD(x, y) 6= 1|S × T ) ≤ 3 · 4ε+ 0.06 = 12ε+ 0.06.

The marginal distribution in x being the same on µ and ψ implies

µ(x ∈ S) ≥ 2−c1(γ logN ′)
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Also, µ(y) ≥ 1
2
· ψ(y) since ψ(x, y) = µ(x, y|x ∩ y = ∅) and µ(x ∩ y = ∅) = 1

2
. Therefore,

µ(y ∈ T ) ≥ 1

2
· ψ(y ∈ T ) ≥ 2−c1(γ logN ′+(N ′)1−cγ)−1.

From here on, we work only with the distribution µ. The bounds on probabilities imply

the following bounds on the corresponding entropy,

H(X|S) ≥ (1− c1γ) logN ′ (3.10)

H(Y |T ) ≥ N ′

2
− c1γ logN ′ − c1(N ′)1−cγ − 1. (3.11)

The error bound implies,

∀x ∈ S, µ(Yx = 1|T ) ≤ µ(π(x, y) 6= 1|S × T ) ≤ 12ε+ 0.06. (3.12)

Note that Yx is the projection of the vector Y onto the coordinate indexed by x. Hence, for

every x ∈ S, H(Yx|T ) ≤ h(12ε+ 0.06).

Using Proposition 2.8, we upper bound H(Y |T ) by H(YS|T ) + H(YSc |T ), where Sc is

the complement of S. YS, YSc are projections of the vector Y onto coordinates indexed by

elements of sets S and Sc, respectively. The first term in the expression can be simplified

to H(YS|T ) ≤ h (12ε+ 0.06) · |S|, where the inequality follows from Proposition 2.8 and

Eq. (3.12). By an application of Proposition 2.8 and the fact that the binary entropy is at

most 1, the second term yields H(YSc |T ) ≤ N ′

2
− |S|. Eq. (3.10) implies |S| ≥ (N ′)1−c1γ.

Therefore

H(Y |T ) ≤ N ′

2
− (1− h(12ε+ 0.06)) (N ′)1−c1γ.

Eq. (3.11) implies that

H(Y |T ) ≥ N ′

2
− c1γ logN ′ − c1(N ′)1−cγ − 1.

Owing to c > c1 + 1
γ logN ′

(log 2c1 − log (1− h(12ε+ 0.06))) and N ′ = Ω(1), we can conclude

that
N ′

2
− (1− h(12ε+ 0.06)) (N ′)1−c1γ <

N ′

2
− c1γ logN ′ − c1(N ′)1−cγ − 1,

which is a contradiction.
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Chapter 4

STATIC DATA STRUCTURE LOWER BOUNDS

In this chapter, we prove a new static data structure lower bound for the Vector-Matrix-

Vector problem. We will present all known static lower bound techniques by applying them

to the Vector-Matrix-Vector problem and its close variant called the Vector-Vector problem.

We demonstrate the communication complexity reduction [70], communication complexity

reduction combined with making multiple queries [83] and cell sampling [77, 66].

A static data structures in Yao’s [106] cell probe model is defined as follows.

Definition 4.1 (Static Data Structures). Let Q be an arbitrary set of queries and X be the

set of all possible input data. Let f : D × Q → Σ be the query function for some output

alphabet Σ. A static data structure on input x ∈ X with query set Q is one that

1. stores x in s cells in memory, where each cell is w bits long.

2. provides a query algorithm, which on query q ∈ Q outputs f(x, q) by accessing a subset

of the stored cells.

The three parameters of interest are the space s, word length w and query time t, where the

query time is the maximum number of accesses on any input x and query q.

Randomization and Error. The query algorithm can have access to randomness and can

also make errors in its computation. We say that a randomized data structure computes a

query function f correctly with probability p to mean that the query algorithm computes f

correctly with probability p on every input data and query. Unless we explicitly mention the

use of randomness or that the query algorithm errs, it is assumed that the query algorithm

is deterministic and makes no errors.
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We now define the Vector-Vector Problem and recall the Vector-Matrix-Vector problem.

• Vector-Vector Problem: Let n be a natural number. The input data is given by

x ∈ Fn2 , the query set Q is Fn2 , and the query function is 〈q, x〉 for q ∈ Q. The data

structure must store x and provide a query algorithm to compute the inner product

〈q, x〉.

• Vector-Matrix-Vector Problem. Let n be a square natural number. The input data

is given by a matrix M ∈ F
√
n×
√
n

2 , the query set Q consists of pairs (u, v) ∈ F
√
n

2 ×F
√
n

2 ,

and the query function is uᵀMv. The data structure must store the matrix M and

provide a query algorithm to compute uᵀMv.

The main theorem of this chapter is a lower bound on the query time of data structures

computing uᵀMv, which is joint work with Rashtchian [76].

Theorem 4.1. Let M ∈ F
√
n×
√
n

2 be a matrix. If a randomized data structure with space

s, word size w, and query time t correctly computes queries for the Vector-Matrix-Vector

problem with probability at least 1
2

+ 1
2
√
n/64 , then

t ≥ min

{
c
√
n

log
(
sα
n

) , cn
α

}
,

where 0 < c ≤ 1/36 is a universal constant and α = 2
(
w + log

(
sw
n

))
.

Prior work by Chattopadhyay, Koucký, Loff, and Mukhopadhyay showed that the query

time must be at least min
{

c
√
n

log sw√
n

, cn
w

}
by utilizing a general lifting result for two-way com-

munication complexity from parity decision trees [32]. To obtain the improved bound, we

use a variant of the cell sampling technique [66, 77] combined with a reduction to a new

lower bound on one-way communication (via discrepancy). The modifications over standard

techniques are needed to handle the high error regime for a binary output problem. We note

that a recent result of Larsen, Weinstein and Yu also uses one-way communication to prove

lower bounds for binary output problems for dynamic data structures [67]. However, their

method seems limited to only handling zero error query algorithms.
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The proof of Theorem 4.1 uses the Yao’s min-max principle [108] that lets us work with

deterministic data structures with an underlying distribution on the input data and queries

to prove a lower bound against randomized data structures. We state below the version that

is sufficient for our proofs.

Theorem 4.2. Let 0 < ε < 1. Let Q be the query set, X be the set of all possible input data

and f be the query function of a data structure. If there exists a distribution on Q and X

under which any deterministic query algorithm computing f correctly with probability at least

1 − ε has query time at least t, then any randomized data structure computing f correctly

with probability at least 1− ε must have query time at least t.

Before presenting the proof of Theorem 4.1 in Section 4.3, we discuss the communication

complexity reduction in Section 4.1 and the cell sampling technique in Section 4.2. The ideas

and results in Sections 4.1 and 4.2 are yet to be published. In some proofs that follow, we

need an upper bound on the number of bits to encode the contents and locations of a subset

of the cells, which is given by the following proposition.

Proposition 4.1. Let S be a subset of the cells of a data structure with word length w and

size s. Then, the contents and locations of S can be encoded in |S| · w + |S| · log es
|S| bits.

Proof. Since each cell stores w bits, the number of bits to encode the contents is |S| · w.

Since the total number of cells is s, the locations can be encoded in log
(
s
|S|

)
≤ |S| · log es

|S|

bits, where the inequality followed from Proposition 2.1(a).

4.1 Lower Bounds from Communication Complexity

We first prove a lower bound for the Vector-Vector problem using communication complexity

via a reduction demonstrated in [70, 72].

Theorem 4.3. Consider any randomized data structure for the Vector-Vector problem with

space s, word length w and query time t. If the query algorithm is correct with probability at

least 1
2
(1 + 2−n/8), then t ≥ min

{
3n

16 log s
, 3n

16w

}
.
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To understand the implications of the above theorem, let us consider a few values of s

and w:

(a) If s = poly(n) and w = O(log n), then the query time must be at least Ω(n/ log n).

(b) If s = O(n) and w = O(1), then the query time lower bound is Ω(n/ log n). In a later

section, we will improve this lower bound to Ω(n).

It is important to note that the above theorem is tight for data structures with polynomial

space. The data structure of [15] discussed in the introduction also applies to the Vector-

Vector problem; it has space poly(n), word length O(log n) and query time O(n/ log n). To

prove Theorem 4.3, we need the following well known lower bound on the communication

complexity of the inner product function.

Theorem 4.4. Let 0 < ε ≤ 1, and let Alice and Bob receive x ∈ Fn2 and y ∈ Fn2 as inputs,

respectively. Then, any randomized communication protocol that correctly computes 〈x, y〉

with probability at least 1
2
(1+ε) must have communication complexity at least n/2− log(1/ε).

See [89, Chapter 5, Theorem 5.6] for a proof of the above theorem, which follows from an

upper bound on the discrepancy of the inner product function under the uniform distribution.

We now proceed to prove Theorem 4.3.

Proof of Theorem 4.3. Let x, y ∈ Fn2 . We first show how a data structure for the Vector-

Vector problem can be used to obtain a communication protocol that computes 〈x, y〉. Bob

on input y builds the data structure with y as the input data. Alice treats her input x as

the query to the data structure. Alice and Bob now simulate the query algorithm in rounds:

Alice communicates the location of the cell the query algorithm wants to access and Bob

responds with the contents. Since the space of the data structure is s and the word length

is w, observe that the location and contents of each cell in memory can be described using

log s and w bits, respectively. As the query time is t, Alice and Bob communicate t log s

and tw bits in total, respectively. Moreover, they compute 〈x, y〉 with probability at least
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1
2
(1 + 2−n/8), as guaranteed by the data structure. By Theorem 4.4, we know that Alice

must communicate at least 3n/16 bits or Bob must communicate at least 3n/16 bits. Hence,

t ≥ min
{

3n
16 log s

, 3n
16w

}
.

The lower bound obtained for the Vector-Matrix-Vector problem via communication com-

plexity is stated below.

Theorem 4.5. Consider any randomized data structure for the Vector-Matrix-Vector prob-

lem with space s, word length w and query time t. If the query algorithm is correct with

probability at least 1
2
(1 + 2−

√
n/8), then t ≥ min

{
3
√
n

64 log
(
se√
n

) , 3
√
n

16w

}
.

Proof of Theorem 4.5. Let x, y ∈ Fn2 . Define x1, . . . , x√n ∈ F
√
n

2 to be the projections of x on

to coordinates indexed by the sets

{
1, 2, . . . ,

√
n
}
,
{√

n+ 1,
√
n+ 2, . . . , 2

√
n
}
, . . . ,

{
n−
√
n+ 1, n−

√
n+ 2, . . . , n

}
.

y1, . . . , y√n are defined analogously with respect to y, and let Y be the
√
n×
√
n matrix in

which the i-th row is yi. Additionally, let e1, . . . , e√n be the standard basis vectors of F
√
n

2 .

We will now use the data structure for the Vector-Matrix-Vector problem to design a

communication protocol that computes 〈x, y〉. We have that

√
n∑

i=1

eᵀi Y xi =

√
n∑

i=1

〈xi, yi〉 = 〈x, y〉 .

Bob on input y will build the data structure on Y as the input data. Alice on input x

will construct the queries (e1, x1), . . . , (e√n, x√n). Alice with the help of Bob will simulate

the queries (e1, x1), . . . , (e√n, x√n) in parallel, ensuring that the randomness used by the

query algorithm on each simulation is independent of each other - altogether, they will

simulate
√
n queries1. In every round of Alice, she will communicate the locations of the

√
n cells, one for each simulation, and Bob will respond with the contents. This amounts to

log
(
s√
n

)
≤ 4
√
n log

(
se√
n

)
and
√
nw bits of communication by Alice and Bob, respectively.

1This idea of simulating multiple queries was first used in [83].
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Since the query time is t, Alice and Bob communicate 4t
√
n log

(
se√
n

)
and t

√
nw bits in

total, respectively. Each each eᵀi Y xi = 〈xi, yi〉 is correctly computed with probability at

least 1
2
(1+2−

√
n/8), we can use Proposition 2.6 to infer that

∑√n
i=1 〈xi, yi〉 = 〈x, y〉 is correctly

computed with probability at least 1
2
(1 + 2−n/8). By Theorem 4.4, we know that either Alice

or Bob must communicate at least 3n/16 bits. Therefore, t ≥ min

{
3
√
n

64 log
(
se√
n

) , 3
√
n

16w

}
.

4.2 Lower Bounds from Cell Sampling

Recall that Theorem 4.3 gives a query time lower bound of Ω(n/ log n) when the space is

O(n) and word length is O(1) for the Vector-Vector problem. In this section, we will use

cell sampling [77, 66] to improve this lower bound to Ω(n) for zero-error data structures.

In the next section, we will show how to prove the same lower bound even when the query

algorithm makes an error with high probability. We prove

Theorem 4.6. Consider any deterministic data structure for the Vector-Vector problem

with space s, word length w and query time t. If the query algorithm does not err, then

t ≥ min

{
n

256 log( sαn )
, n

256α

}
, where α = 2

(
w + log

(
sw
n

))
and c is a constant.

Proof. First note that α ≤ n
256

and n ≥ 32; otherwise the lower bound on t is vacuous.

Assume by contradiction that t ≤ min

{
n

256 log( sαn )
, n

256α

}
. We now state the cell sampling

lemma, which guarantees the existence of a small subset of cells S such that a large number

of queries Q′ can be computed by accessing cells only in S.

Lemma 4.1 ([66]). If t ≤ min

{
n

256 log( sαn )
, n

256α

}
, then there exist Q′ ⊆ Fn2 and a subset of

cells S such that

1. |S| =
⌈

n
128α

⌉
,

2. E [|Q′|] ≥ 2−n/16,

3. Q′ is the set of all queries computed by accessing cells only in S.
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We now complete the proof of Theorem 4.6 and then prove Lemma 4.1. Let X ∈ Fn2
be the random variable that denotes a uniformly chosen input. We know that H(X) = n;

however, will show that H(X) < n, which is the desired contradiction.

Every x ∈ Fn2 is encoded as follows. Treating x as the input data to the data structure,

apply Lemma 4.1 to obtain a subset of cells S and queries Q′ such that all queries in Q′

can be answered by accessing cells only in S. Let b1, . . . , br for a basis for the span of Q′.

Let a1, . . . , an−r to be such that b1, . . . , br, a1, . . . , an−r is a basis for Fn2 . We claim that x

can be recovered from S and 〈a1, x〉 , . . . , 〈an−r, x〉. Indeed, using S, we can construct Q′ by

simulating the query algorithm on all queries in Fn2 and discarding the ones that access cells

not in S. Once we know Q′, we have b1, . . . , br and hence 〈b1, x〉 , . . . , 〈br, x〉. These inner

products together with 〈a1, x〉 , . . . , 〈an−r, x〉 recover x.

The total length of this encoding is at most the sum of the number of bits to encode S

and n− r. We claim that S can be encoded in at most n/10 bits, whose proof is deferred to

later.

Claim 4.1. S can be encoded using at most n/10 bits.

Since E [|Q′|] ≥ 2−n/16, we have that r ≥ n − n/16 = 15n/16. Thus, the number of bits

to encode x is at most

n

10
+ n− r ≤ n

10
+

n

16
< n,

implying that H(X) < n.

Proof of Lemma 4.1. Let S be a uniformly random subset of the cells of size
⌈

n
128α

⌉
. Define

D(q, S) = 1 if the query algorithm on q ∈ Fn2 only accesses cells in S to compute 〈q, x〉,

where x is the input data; otherwise D(q, S) = 0. For every q ∈ Q, we have

E
S

[D(q, S)] =

(
s−t
|S|−t

)(
s
|S|

) =
|S| · (|S| − 1) · · · (|S| − t+ 1)

s · (s− 1) · · · (s− t+ 1)

≥
(
|S| − t
s

)t
.
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Recall that |S| ≥ n
128α

and t ≤ n
256α

. Moreover, α = 2
(
w + log

(
sw
n

))
≥ 2. This implies that(

|S| − t
s

)t
≥ 2−t·log 256sα

n ≥ 2−16t·log sα
n .

So we get

E
q,S

[D(q, S)] = E
q

[
E
S

[D(q, s)]

]
≥ E

q

[
2−16·t·log sβ

n

]
≥ 2−16·t·log sβ

n .

Therefore, there exists an S such that

E
q

[D(q, S)] ≥ 2−16·t·log sα
n ≥ 2−n/16,

where the last inequality follows from the fact that 16 · t · log sα
n
≤ n

16
. To complete the proof

of the lemma, set Q′ = {q ∈ Fn2 | D(q, S) = 1}.

Proof of Claim 4.1. Let c be the number of bits to encode S. Using a guarantee of Lemma 4.1

along with Proposition 4.1, we get that

c ≤
⌈ n

128α

⌉
· w +

⌈ n

128α

⌉
· log

128e · sα
n

=
⌈ n

128α

⌉
·
(
w + log

sα

n

)
+
⌈ n

128α

⌉
· log 128e.

Since α ≥ 2w and α ≥ 2 log s
n
, we get that w + log sα

n
≤ 2α. Moreover, using the fact that⌈

n
128α

⌉
≤ n

128α
+ 1, α ≥ 2 and α ≤ n/256, we can say that

c ≤ 1 +
2n

128
+ 2α +

n log 128e

128β
+ log 128e

≤ 1 +
2n

128
+

4.5n

128(α/2)
+

n

128
+ log 128e ≤ 10 +

7.5n

128
<

n

10
,

where the last inequality follows from n ≥ 36.

4.3 Lower Bounds for the Vector-Matrix-Vector Problem

Theorem 4.1’s proof is presented in this section and we begin with a proof outline. By Yao’s

min-max principle (Theorem 4.2), it suffices to prove a lower bound on deterministic data

structures. The hard distribution on the input data M and query (u, v) we use is given
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by sampling M, (u, v) uniformly and independently at random. We prove the theorem by

contradiction, and we start by assuming that the query time is small. The proof is carried

out in three steps. First, modify the data structure so that for every M , the fraction of

queries correctly computed is at least 1/2. This modification only increases the query time

and space by 1, and it can only increase the overall probability of the query algorithm being

correct. Second, for a given M , we use a variant of cell sampling (see Lemma 4.3) to obtain

a small subset of cells S and a large subset of queries Q′ such that all queries in Q′ can be

computed by only accessing cells in S. Moreover,

Pr [query algorithm correctly computes uᵀMv | (u, v) ∈ Q′]

≈ Pr [query algorithm correctly computes uᵀMv] .

Third, we show that S can be used to design an efficient protocol for the following communi-

cation game: Alice’s input is M and Bob’s input is (u, v), and the goal is for Bob to correctly

compute uᵀMv on a sufficiently good fraction of the inputs after receiving a message from

Alice.

We now describe the protocol (see Figure 4.1). Alice sends the locations and contents of

S. This ensures that Bob correctly computes uᵀMv on a large fraction of queries in Q′. Alice

also communicates the majority value of uᵀMv for (u, v) /∈ Q′ so that Bob is correct on half

of his possible inputs that are not in Q′. Overall, Bob’s output is correct on a sufficiently

good fraction of all M, (u, v). Since we have assumed that the query time is small, we are

able to show that Alice’s communication is small. This contradicts a lower bound on the

communication complexity of this game. More precisely, we prove the following lower bound.

Theorem 4.7. Suppose that Alice gets a uniformly random matrix M ∈ F
√
n×
√
n

2 as input

and Bob receives a uniform pair (u, v) ∈ F
√
n

2 × F
√
n

2 as input. If Alice sends a deterministic

message to Bob and Bob computes uᵀMv such that

Pr
M,u,v

[Bob computes uᵀMv correctly] ≥ 1

2
+

1

2
√
n/8

,

then Alice must communicate at least n/10 bits.
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Previously, in the randomized two-way communication setting, Chattopadhyay, Koucký,

Loff, and Mukhopadhyay [32] proved a lower bound for the game given in Theorem 4.7.

Their lower bound implies the lower bound in Theorem 4.7 against randomized protocols.

We need a lower bound against deterministic protocols under the uniform distribution on the

inputs, and we cannot use their theorem as a black-box. We provide a straightforward proof

of Theorem 4.7 in Section 4.3.1 by using the discrepancy method on a related communication

game (resembling a direct sum, where Bob receives multiple inputs).

We now state the theorem that relates discrepancy to communication complexity. For

sets A and B, R ⊆ A × B is defined to be a rectangle if there exist indicator functions

AR : A → {0, 1} and BR : B → {0, 1} satisfying (a, b) ∈ R if and only if AR(a) = 1 and

BR(b) = 1.

Theorem 4.8. Let 0 < ε ≤ 1/2 and f : A × B → {0, 1}. Let a ∈ A and b ∈ B be chosen

independently and uniformly at random, and suppose that Alice and Bob receive a and b as

inputs, respectively. Any deterministic protocol between Alice and Bob computing f correctly

with probability at least 1
2

+ ε must have at least log
(

2ε
D

)
bits of communication, where

D = max
rectangle R⊆A×B

∣∣∣∣E
a,b

[
AR(a)BR(b)(−1)f(a,b)

]∣∣∣∣ .
D in the above theorem is referred to as the discrepancy of f with respect to the uniform

distribution. See [89, Chapter 5, Theorem 5.2] for a proof of Theorem 4.8.

4.3.1 Proof of Theorem 4.7

We start by discussing a slightly related problem, whose solution will lead to the proof

strategy used here. Let M ∈ F
√
n×
√
n

2 , v ∈ F
√
n

2 , and e1, . . . , e√n be the standard basis vectors

in F
√
n

2 . Consider the communication game in which Alice gets as input a uniform random

M and Bob gets as input a uniform random pair (ei, v). Bob’s goal is to compute eᵀiMv after

receiving a message from Alice. To understand how much Alice has to communicate, it is

natural to look at the problem where Bob computes
∑√n

i=1 e
ᵀ
iMvi, where v1, . . . , v√n ∈ F

√
n

2 .
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Now observe that this sum is the same as the trace of
(∑√n

i=1 eiv
ᵀ
)
M , which in turn is

the inner product between two n-bit vectors. The communication complexity of the inner

product between two n-bit vectors is very well understood. Therefore, the lower bound

on the amount of communication to compute the inner product between two n-bit vectors

translates to a lower bound to the problem of computing eᵀiMv. This strategy applied to our

setting gives us the following lower bound, which will be used to prove Theorem 4.7. Our

presentation closely follows [89, Chapter 5].

Lemma 4.2. Let 0 < ε ≤ 1/2 and let k be an integer. Alice gets a uniformly random

M ∈ F
√
n×
√
n

2 as input and Bob receives k uniform pairs (u1, v1) , . . . , (uk, vk) ∈ F
√
n

2 ×F
√
n

2 as

input. Assume that Alice communicates a deterministic message to Bob, and Bob computes∑k
i=1 u

ᵀ
iMvi with

Pr
M,u1,v1,...,uk,vk

[
Bob computes

k∑
i=1

uᵀiMvi correctly

]
≥ 1

2
+ ε.

If k ≤
√
n, then Alice must communicate at least 9k

√
n/40− log(1/ε) bits.

Proof. We use the discrepancy method to prove the communication lower bound. For ease of

notation, let U = u1, . . . , uk and V = v1 . . . , vk. Let R be a rectangle of the communication

matrix, which is defined by indicator functions AR and BR such that (M, (U ,V)) is in the

rectangle R if and only if AR(M) = 1 and BR ((U ,V)) = 1. We upper bound the discrepancy

under the uniform distribution on M,U ,V . In other words, we claim that for every rectangle

R,

∣∣∣∣ E
M,(U ,V)

[
AR(M)BR ((U ,V)) (−1)

∑k
i=1 u

ᵀ
iMvi

]∣∣∣∣ ≤ 2 · 2−9k
√
n/40. (4.1)

Theorem 4.8 and Eq. (4.1) imply that Alice must communicate at least 9k
√
n/40− log(1/ε)
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bits. We are left with the proof of Eq. (4.1).(
E

(U ,V)

[
BR ((U ,V)) E

M

[
AR(M)(−1)

∑k
i=1 u

ᵀ
iMvi

]])2

≤ E
(U ,V)

[
BR ((U ,V))2

(
E
M

[
AR(M)(−1)

∑k
i=1 u

ᵀ
iMvi

])2
]

≤ E
(U ,V)

[(
E
M

[
AR(M)(−1)

∑k
i=1 u

ᵀ
iMvi

])2
]
.

where the first inequality follows from convexity and the second one follows from the fact

that BR ((U ,V)) ≤ 1. Now

E
(U ,V)

[(
E
M

[
AR(M)(−1)

∑k
i=1 u

ᵀ
iMvi

])2
]
≤ E

(U ,V),M,M ′

[
AR(M)AR(M ′)(−1)

∑k
i=1(uᵀiMvi+u

ᵀ
iM
′vi)
]

≤ E
M,M ′

[∣∣∣∣ E
(U ,V)

[
(−1)

∑k
i=1 u

ᵀ
i (M+M ′)vi

]∣∣∣∣]
= E

M

[∣∣∣∣ E
(u,v)

[
(−1)u

ᵀMv
]∣∣∣∣k
]
,

where the last equality follows from the fact that (u1, v1), . . . , (uk, vk) are chosen independent

of each other and M + M ′ is uniformly distributed as M and M ′ are chosen uniformly and

independently at random. We are left with upper bounding EM
[∣∣E(u,v)

[
(−1)u

ᵀMv
]∣∣k]. First

note that if M has rank r, then Eu,v
[
(−1)u

ᵀMv
]

= 2−r. This is because,

E
u,v

[
(−1)u

ᵀMv
]

=
1

2
√
n
·

( ∑
v:Mv=0

1

)
+

1

2
√
n
·

( ∑
v:Mv 6=0

E
u

[
(−1)u

ᵀMv
])

=
2
√
n−r

2
√
n

+ 0 = 2−r.

In addition, PrM [rank of M ≤ 9
√
n/20] ≤ 2−9n/10. Indeed, the number of matrices in

F
√
n×
√
n

2 of rank at most k is at most(
2
√
n

k

)
·
(
2k
)√n ≤ 22k

√
n.

Therefore, using the law of total expectation, we have that

E
M

[∣∣∣∣ E
(u,v)

[
(−1)u

ᵀMv
]∣∣∣∣k
]
≤ Pr

M

[
rank of M ≤ 9

√
n/20

]
+ 2−9k

√
n/20 ≤ 2 · 2−9k

√
n/20,

where the last inequality followed from the fact that k ≤
√
n.
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Proof of Theorem 4.7. Let c be the number of bits communicated by Alice. We show that

c > n/10. Define ZM(u, v) = 1 if Bob correctly computes uᵀMv and ZM(u, v) = −1

otherwise. By the definition of ZM(u, v) and the lower bound on the probability of Bob’s

computation being correct, we have that EM,u,v [ZM(u, v)] ≥ 2 · 2−
√
n/8.

We note that it is without loss of generality that Eu,v [ZM(u, v)] ≥ 0 for every M ∈

F
√
n×
√
n

2 . This is because Alice on input M can send an extra bit indicating whether

Eu,v [ZM(u, v)] < 0 and Bob will flip his output accordingly.

We now use the given protocol to design a protocol for a new communication game:

Suppose that Alice gets a uniformly random M ∈ F
√
n×
√
n

2 as input and Bob receives
√
n

uniform pairs (u1, v1), . . . , (u√n, v√n) ∈ F
√
n

2 × F
√
n

2 as input. We will use Lemma 4.2 with

k =
√
n to obtain the desired lower bound on c.

We claim that there is a communication protocol in which Alice communicates c bits and

Bob computes
∑√n

i=1 u
ᵀ
iMvi such that

Pr
M,u1,v1,...,u√n,v

√
n

Bob computes

√
n∑

i=1

uᵀiMvi correctly

 ≥ 1

2
+

2
√
n−1

2n/8
. (4.2)

Alice’s message is same as before, and Bob computes each of uᵀiMvi separately and outputs

the sum modulo 2. We now prove Eq. (4.2). For a fixed M , the probability that Bob correctly

computes
∑√n

i=1 u
ᵀ
iMvi is 1

2

(
1 + (Eu,v [ZM(u, v)])

√
n
)

. Therefore the overall probability that

Bob correctly computes
∑√n

i=1 u
ᵀ
iMvi is at least

1

2

(
1 +

∑
M(Eu,v [ZM(u, v)])

√
n

2n

)
≥ 1

2

(
1 +

(
E

M,u,v
[ZM(u, v)]

)√n)
≥ 1

2
+

2
√
n−1

2n/8
,

where the first inequality follows from convexity of the function f(x) = xk with k =
√
n.

Applying Lemma 4.2 with k =
√
n implies that c > n/10, which completes the proof of the

theorem.

4.3.2 Proof of Theorem 4.1

If n < 36, the theorem is vacuously true as c ≤ 1/36. For the rest of the argument we will

assume that n ≥ 36. We prove a lower bound on the query time t against deterministic data
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structures with space s and word size w. Suppose that the input data M and query (u, v) is

given by choosing M,u, v uniformly and independently at random, and the query algorithm

is guaranteed to satisfy

Pr
M,u,v

[query algorithm computes uᵀMv correctly] ≥ 1

2
+ 2−

√
n/16.

By Yao’s minmax principle, this will imply a lower bound on randomized data structures.

We first modify the given data structure to ensure that for every M ∈ F
√
n×
√
n

2 , the

probability that uᵀMv is correctly computed is at least 1/2. Assume that we have a data

structure with query time t′, space s′ and word size w. The modified data structure stores

an extra bit indicating whether the Pru,v [query algorithm computes uᵀMv correctly] is less

than 1/2 or not for a given M . The query algorithm is the same as before, but accesses this

extra bit to flip the output if it is set to 1. Clearly, the new data structure has query time

t = t′ + 1, space s = s′ + 1 and word size w. Moreover, under this modification, we have

• PrM,u,v [query algorithm computes uᵀMv correctly] ≥ 1/2 + 2−
√
n/16.

• Pru,v [query algorithm computes uᵀMv correctly] ≥ 1/2 for every M .

In the rest of the proof, we work with this modification to show that t ≥ Ω
(

min
{
n
β
,
√
n

log sβ
n

})
,

where β = 2(w+ log sw/n). Observe that β ≤ n/256; otherwise the lower bound is vacuous.

Assume by contradiction that t ≤ min
{

n
256β

,
√
n

256 log sβ
n

}
. Define ZM(u, v) = 1 if the query

algorithm correctly computes uᵀMv, and −1 otherwise. We have

E
M,u,v

[ZM(u, v)] = 2 · Pr
M,u,v

[query algorithm computes uᵀMv correctly]− 1 ≥ 2 · 2−
√
n/16.

(4.3)

Note that EM,u,v [ZM(u, v)] captures the advantage or bias of the data structure - it is much

more convenient to work with the advantage than the probability of the query algorithm

being correct.

The following lemma, a variant of cell sampling, guarantees the existence of a small subset

S of cells such that a large number of queries Q′ can be computed by only accessing S, and

Eu,v [ZM(u, v) | (u, v) ∈ Q′] ≈ Eu,v [ZM(u, v)].
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Input: Alice’s input is M and Bob’s input is (u, v)

Output: Alice communicates a deterministic message and Bob computes uᵀMv.

1 Let Q1 = {(u, v) | ZM(u, v) = 1} and Q2 = {(u, v) | ZM(u, v) = −1};

2 Apply Lemma 4.3 with Q1, Q2 to obtain a subset of cells S and subsets Q′1 ⊆ Q1 and

Q′2 ⊆ Q2;

3 Let b ∈ {0, 1} be such that

Pru,v [uᵀMv = b | (u, v) /∈ Q′] ≥ Pru,v [uᵀMv = 1− b | (u, v) /∈ Q′], where

Q′ = Q′1 ∪Q′2;

4 Alice communicates b followed by locations and contents of S;

5 if (u, v) ∈ Q′ then Bob uses the query algorithm to compute uᵀMv;

6 else Bob outputs b;

Figure 4.1: One-way protocol on inputs M, (u, v) computing uᵀMv.

Lemma 4.3. Let M ∈ F
√
n×
√
n

2 . Define

Q1 = {(u, v) | ZM(u, v) = 1} and Q2 = {(u, v) | ZM(u, v) = −1} .

If t ≤ min
{

n
256β

,
√
n

256 log sβ
n

}
, then there exist a subset of cells S, and subsets Q′1 ⊆ Q1 and

Q′2 ⊆ Q2 such that

1. |S| =
⌈

n
128β

⌉
,

2. Pru,v [(u, v) ∈ Q′1]− Pru,v [(u, v) ∈ Q′2] ≥ Eu,v [ZM(u, v)] · 2−
√
n/16,

3. Q′1 ∪Q′2 is the set of all queries computed by accessing cells only in S.

We move on to the final step of the proof of Theorem 4.1. What is left is to design

a one-way protocol using the sets guaranteed by Lemma 4.3. The protocol is described in

Figure 4.1. We will show the validity of this protocol by showing that both Alice and Bob
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know the subset Q′ of queries. Since Alice’s input is M , she knows the contents of all the

cells, which gives S. With regard to knowing Q′, the locations and contents of cells in S

suffice. This is because the query algorithm can be simulated on all queries to check if any cell

outside of S is being accessed. We are proving Theorem 4.1 by contradicting Theorem 4.7,

which is achieved by the following.

Lemma 4.4. The protocol in Figure 4.1 has the following guarantees (a) Alice communicates

fewer than n/10 bits, and (b) PrM,u,v [Bob computes uᵀMv correctly] ≥ 1/2 + 1/2
√
n/8.

Now, we need to prove Lemmas 4.3 and 4.4 to complete the proof of Theorem 4.1.

Proof of Lemma 4.3. Let S be a uniformly random subset of the cells of size |S| =
⌈

n
128β

⌉
.

Define D(u, v, S) = ZM(u, v) if the query algorithm only accesses cells in S to compute

uᵀMv; otherwise D(u, v, S) = 0. By linearity of expectation,

E
u,v,S

[D(u, v, S)] = E
u,v

[ZM(u, v)] ·

(
s−t
|S|−t

)(
s
|S|

) = E
u,v

[ZM(u, v)] · |S| · (|S| − 1) · · · (|S| − t+ 1)

s · (s− 1) · · · (s− t+ 1)

≥ E
u,v

[ZM(u, v)] ·
(
|S| − t
s

)t
.

Recall that |S| ≥ n
128β

and t ≤ n
256β

. Moreover, β = 2(w + log sw/n) ≥ 2. This implies that(
|S| − t
s

)t
≥ 2−t·log 256sβ

n ≥ 2−16t·log sβ
n .

So we get Eu,v,S [D(u, v, S)] ≥ Eu,v [ZM(u, v)] · 2−16·t·log sβ
n . Therefore, there exists an S such

that

E
u,v

[D(u, v, S)] ≥ E
u,v

[ZM(u, v)] · 2−16·t·log sβ
n ≥ E

u,v
[ZM(u, v)] · 2−

√
n/16,

where the last inequality follows from the fact that 16 · t · log sβ
n
≤
√
n/16. Setting

Q′1 = {(u, v) ∈ Q1 | D(u, v, S) = 1} and Q′2 = {(u, v) ∈ Q2 | D(u, v, S) = −1}

completes the proof of the lemma.
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Proof of Lemma 4.4. We first prove part (a). Recall that β = 2
(
w + log sw

n

)
. Let c be the

number of bits communicated by Alice. By Proposition 4.1 and the definition of β,

c ≤ 1 +

⌈
n

128β

⌉
· w +

⌈
n

128β

⌉
· log

128e · sβ
n

= 1 +

⌈
n

128β

⌉
·
(
w + log

sβ

n

)
+

⌈
n

128β

⌉
· log 128e.

Since β ≥ 2w, β ≥ 2 log s
n

and β ≥ log β, we get that w + log sβ
n
≤ 2β. Moreover, using the

fact that
⌈

n
128β

⌉
≤ n

128β
+ 1, β ≥ 2 and β ≤ n/256, we can say that

c ≤ 1 +
2n

128
+ 2β +

n log 128e

128β
+ log 128e

≤ 1 +
2n

128
+

4.5n

128(β/2)
+

n

128
+ log 128e ≤ 10 +

7.5n

128
<

n

10
,

where the last inequality follows from n ≥ 36.

We now prove part (b) of the claim. Define Z ′M(u, v) = 1 if the Bob correctly computes

uᵀMv and Z ′M(u, v) = −1 otherwise. The probability with which Bob correctly computes

uᵀMv is given by (1 + EM,u,v [Z ′M(u, v)]) /2. We will show that EM,u,v [Z ′M(u, v)] ≥ 2 ·2−
√
n/8,

which will imply that the probability of being correct is at least 1/2 + 2−
√
n/8.

Let Q1, Q2, Q
′
1, Q

′
2, and Q′ be as defined in the protocol in Figure 4.1. We first establish

some properties about these sets. We know that

Pr
u,v

[(u, v) ∈ Q1]− Pr
u,v

[(u, v) ∈ Q2] = E
u,v

[ZM(u, v)] .

Moreover, the application of Lemma 4.3 in the protocol is valid since t ≤ n
256α

, and hence

Pr
u,v

[(u, v) ∈ Q′1]− Pr
u,v

[(u, v) ∈ Q′2] ≥ E
u,v

[ZM(u, v)] · 2−
√
n/16. (4.4)

Since Bob can simulate the query algorithm on Q′ by accessing only S, which is guaranteed
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by Lemma 4.3, we have

E
u,v

[Z ′M(u, v)]

= Pr
u,v

[(u, v) ∈ Q′] ·
(

Pr
u,v

[(u, v) ∈ Q′1 | (u, v) ∈ Q′]− Pr
u,v

[(u, v) ∈ Q′2 | (u, v) ∈ Q′]
)

+ Pr
u,v

[(u, v) /∈ Q′]
(

Pr
u,v

[uᵀMv = b | (u, v) /∈ Q′]− Pr
u,v

[uᵀMv = 1− b | (u, v) /∈ Q′]
)

≥
(

Pr
u,v

[(u, v) ∈ Q′1]− Pr
u,v

[(u, v) ∈ Q′2]

)
≥ E

u,v
[ZM(u, v)] · 2−

√
n/16,

where the first inequality follows from the choice of b and the second inequality used Eq. (4.4).

To conclude,

E
M,u,v

[Z ′M(u, v)] = E
M

[
E
u,v

[Z ′M(u, v)]

]
≥ E

M

[
E
u,v

[ZM(u, v)] · 2−
√
n/16

]
= E

M

[
E
u,v

[ZM(u, v)]

]
· 2−

√
n/16

= E
M,u,v

[ZM(u, v)] · 2−
√
n/16 ≥ 2 · 2−

√
n/8,

where the last inequality follows from Eq. (4.3).
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Chapter 5

SYSTEMATIC LINEAR DATA STRUCTURES AND RIGIDITY

This chapter concerns results related to the connections between systematic linear data

structures, linear data structures and rigidity. Recall from the introduction that if a query

set Q is close to an r-dimensional subspace, in that all points in Q are at a Hamming distance

of at most t from that subspace, then there is a data structure for Q with redundancy r and

query time t in the systematic linear model. Here, we will show that these two notions are

indeed equivalent. We will then use this equivalence to prove a new lower bound against

systematic linear data structures for the Vector-Matrix-Vector problem by proving a new

rigidity lower bound for the set of vectors corresponding to rank one matrices. Moreover, we

will also establish a relationship between the linear model and the systematic linear model,

which will then help us prove that strong query time lower bounds in the linear model will

imply new rigidity lower bounds. Before formally stating our results, we start with some

basic definitions.

Let n be a natural number. For the rest of this chapter, let m = m(n) and t = t(n) and

r = r(n) denote positive integers, with m ≥ n ≥ t, r. Alon, Panigrahy and Yekhanin defined

the following notion of a rigid set [11].

Definition 5.1 (Rigid Set). A set Q ⊆ Fn2 is (r, t)-rigid if for every subspace U ⊆ Fn2 with

dimension at most r, some vector q ∈ Q has Hamming distance at least t from all vectors in

U , that is, dH (q, U) ≥ t.

We define (r′, t′)-rigid for non-integral r′, t′ to mean (br′c , dt′e)-rigid. It will be convenient

to equate a set Q with a matrix MQ by arranging vectors in Q as rows in MQ in any order.

If Q is (r, t)-rigid and |Q| = m, then the corresponding matrix MQ ∈ Fm×n2 is rigid in the

usual sense: for any rank r matrix A, some row in (MQ − A) contains at least t nonzero
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entries. Hence, we may refer to rigid sets and rigid rectangular matrices interchangeably. A

matrix in Fm×n2 (or a set of n-dimensional vectors) is explicit if every entry can be computed

in poly(n) time.

A random m × n matrix with m = poly(n) will be (εn, δn/ log n)-rigid with high prob-

ability for some constants ε, δ ∈ (0, 1). The key challenge here is to construct explicit rigid

matrices, because they provide circuit lower bounds for functions that can be described in

polynomial time [97]. Alon, Panigrahy and Yekhanin [11] followed by Alon and Cohen [8]

exhibit multiple examples of explicit m× n matrices that are (r, t)-rigid with

t ≥ min
{cn
r

log
m

r
, n
}

(5.1)

where m ≥ n and c is a constant. Note that when r = εn, the current best bound is

t = Ω
(
log m

n

)
. For m = poly(n), this amounts to t = Ω(log n), exponentially far from the

ideal bounds (i.e., matching random constructions). It is an important open problem to

improve the dependence on m in Eq. (5.1) and to find other candidate sets that may be rigid

with better parameters.

Our connection between rigidity and data structures arises via the inner product problem.

The task is to preprocess a vector v ∈ Fn2 to compute inner products. The queries are

specified by Q ⊆ Fn2 , which is called the query set. The data structure must compute the

inner product of v and any q ∈ Q, that is, 〈q, v〉 =
∑n

i=1 q[i] · v[i] mod 2, where q[i] denotes

the i-th coordinate of q.

Consider the following model for solving this problem, known as a systematic linear data

structure. During preprocessing, the data structure stores x along with the evaluations of r

linear functions 〈a1, x〉 , . . . , 〈ar, x〉, where these inner products are single bits, and a1, . . . , ar

denote vectors in Fn2 . To compute the answer on query q, the data structure accesses these

r bits in addition to any t entries of x. That is, the r linear functions are fixed, and the t

bits from x may depend on q and the linear functions. Finally, the query algorithm must

output a linear function of these r bits and the t entries of x. In this fashion it must be

able to correctly compute 〈q, x〉 for all queries q ∈ Q. We note that a result of Jukna
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and Schnitger [59] shows that the {a1, . . . , ar} vectors do not depend on x without loss of

generality. Letting T (Q, r) denote the minimum value t of the best data structure for this

problem (over worst-case x), we formalize the model as follows.

Definition 5.2 (Systematic Linear Model). Let Q ⊆ Fn2 be a set. Define T (Q, r) to be the

maximum over all x ∈ Fn2 of the minimum t sufficient to compute the inner product 〈q, x〉 for

every q ∈ Q when only allowed to output a linear function of r precomputed linear functions

of x along with any t bits of x.

Note that the model does not charge the query time for accessing the r precomputed bits,

even if t � r. This coincides with the systematic model studied by Chakraborty, Kamma

and Larsen [30].

All results in this chapter are joint work with Rashtchian [76]. Our first result is that

the rigidity of a set Q corresponds to the time complexity T (Q, r) in the systematic linear

data structure model. Some aspects of this result are implicit in prior work [59, 87], but no

previous work seems to show this exact correspondence.

Theorem 5.1. A set Q ⊆ Fn2 is (r, t)-rigid if and only if T (Q, r) ≥ t.

Equivalences all the way down. We note that the systematic data structure model is

identical to the common bits model defined by Valiant [99]. Corrigan-Gibbs and Kogan [34]

demonstrate a relationship between the common bits model and a variant of the systematic

model defined by Gal and Miltersen [47]. The common bits model is nothing but a certain

depth two circuit, and the systematic linear model is simply the common bits model with

the restriction that the common bits and output gates are linear functions [87]. Hence,

in language of data structures, the linearization conjecture of Jukna and Schnitger posits

that the systematic linear model is asymptotically as powerful as the systematic model for

answering linear queries [59].

We use the equivalence in Theorem 5.1 to obtain new lower bounds for the Vector-Matrix-

Vector problem in systematic linear model. It will be convenient to consider a
√
n×
√
nmatrix
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as an n-bit vector vec(M) by concatenating consecutive rows. More formally, let x = vec(M),

and for i ∈ {1, 2, . . . , n}, set x[i] = M [a, b], where a and b satisfy i = (a − 1)
√
n + b and

a, b ∈ {1, 2, . . . ,
√
n}. Then, uᵀMv = 〈vec(uvᵀ), vec(M)〉. In this way we consider the Vector-

Matrix-Vector problem as a special case of the inner product problem. The query set is the

collection of rank one binary matrices. Let Υ ⊆ Fn2 denote the set of vectors obtained from

rank one binary matrices via M 7→ vec(M), that is,

Υ =
{
vec(uvᵀ)

∣∣∣ u, v ∈ F
√
n×
√
n

2

}
⊆ Fn2 . (5.2)

Note that |Υ | = 22
√
n − 2 · 2

√
n + 1. Our second result is a lower bound the rigidity of Υ ,

defined in Eq. (5.2). This also implies a lower bound in the systematic linear model. The

proof is inspired by a result of Alon, Panigrahy, and Yekahnin [11].

Theorem 5.2. Let n ≥ 1024. The set Υ ⊆ Fn2 of rank one matrices is (r, t)-rigid with

t ≥ n3/2

128·max{
√
n,r} ≥ Ω

(
n
r
· log |Υ |

)
.

We improve the prior bound due to Chakraborty, Kamma and Larsen [30] by an Ω(log n)

factor. For example, when r ≤
√
n, then t = Ω(n), and when r = n/2, then t = Ω

(
n1/2

)
.

Theorem 5.2 matches Eq. (5.1), the current best bound for explicit rigid sets. We do not

know whether there is a subspace U of linear dimension such that all elements of Υ are at

distance o(n) from U (unlike for some set rigidity results, where the bounds are tight). As

a corollary of Theorem 5.1, we immediately get that

T (Υ, r) ≥ n3/2

128 ·max{
√
n, r}

.

In other words, we prove a lower bound for the Vector-Matrix-Vector problem in the sys-

tematic linear model that improves the prior bound by an Ω(log n) factor. The proof of

Theorem 5.2 appears in Section 5.2.

As our third result, we relate systematic linear data structures and linear data structures.

Consequently, this gives rise to a new connection between the latter and rigidity. This con-

nection along with a detailed comparison with previous work [36] is discussed in Section 5.3.
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In Section 5.4, we present an elementary proof of the main theorem of [36]. We now prove

Theorem 5.1

5.1 Proof of Theorem 5.1

We first prove that T (Q, r) ≥ t implies that Q is (r, t)-rigid. Assume for contradiction that

there is an r-dimensional subspace U such that dH (q, U) < t for all q ∈ Q. Let x ∈ Fn2 be the

input data. Store x along with the r bits 〈b1, x〉 , . . . , 〈br, x〉, where b1, . . . , br form a basis for

U . For every q ∈ Q, there exists uq ∈ U such that q − uq has Hamming weight less than t.

Using the r redundant bits, the algorithm on query q can compute 〈uq, x〉 by writing uq in

terms of the stored basis vectors. Then, it computes 〈q − uq, x〉 by accessing fewer than t

coordinates of x. Since 〈q, x〉 = 〈uq, x〉 + 〈q − uq, x〉, we have that T (Q, r) < t, which is a

contradiction.

We now prove that if Q is (r, t)-rigid, then T (Q, r) ≥ t. Let e1, . . . , en denote the standard

basis, and let k = T (Q, r) be the query time. We show that k ≥ t. Consider a systematic

linear data structure whose redundant bits are given by 〈a1, x〉 , . . . , 〈ar, x〉. Let U denote the

span of {a1, . . . , ar}. As Q is (r, t)-rigid, there exists q∗ ∈ Q with dH (q∗, U) ≥ t. When q∗ is

the query, assume that the query algorithm accesses the bits xi1 , . . . , xik for indices i1, . . . , ik

to compute 〈q∗, x〉. Now, define U ′ to be the span of {a1, . . . , ar, ei1 , . . . , eik}. Observe that

all points in U ′ are at distance at most k from U . Thus, dH (q∗, U) ≤ dH (q∗, U ′) + k. We

will show that dH (q∗, U ′) = 0, which implies that k ≥ t. We claim that if dH (q∗, U ′) ≥ 1,

then the query algorithm makes an error. Since dH (q∗, U ′) ≥ 1, there exists a vector y with

〈y, q∗〉 = 1. Moreover, this vector can be chosen to satisfy 〈y, u〉 = 0 for every u ∈ U ′. In

other words, for every u ∈ U ′ we have 〈y + x, u〉 = 〈y, u〉+ 〈x, u〉 = 〈x, u〉. Hence, the query

algorithm sees the same values on input data y+ x and x because it only accesses the input

via vectors in U ′, and we have u ∈ U ′. Thus, the algorithm on query q∗ must err either on

input y + x or x because 〈q∗, y + x〉 6= 〈q∗, x〉.
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5.2 Rigidity Lower Bound for Rank One Matrices

In this section we prove Theorem 5.2. Before presenting the proof, we first establish a useful

property about the distance of a point from a subspace.

Lemma 5.1. Let V ⊆ F`2 be a subspace. For u1, u2 ∈ F`2, dH (u1 + u2, V ) ≤ dH (u1, V ) +

dH (u2, V ) .

Proof. Let u′1, u
′
2 ∈ V be the points in V closest to u1 and u2 respectively. Since u′1 +u′2 ∈ V ,

we have

dH(u1 + u2, V ) ≤ dH(u1 + u2, u
′
1 + u′2) = dH(u1 + u2, u

′
1 + u′2).

Note that dH(u1 + u2, u
′
1 + u′2) is the number of ones in u1 + u2 + u′1 + u′2, which is at most

the sum of the number of ones in u1 + u′1 and u2 + u′2. Therefore,

dH(u1 + u2, u
′
1 + u′2) ≤ dH(u1, u

′
1) + dH(u2, u

′
2) = dH(u1, V ) + dH(u2, V ).

A simple counting argument shows the existence of a point that is far away in Hamming

distance from a collection of large sized sets.

Lemma 5.2. Let V1, . . . , Vk be subsets of F`2, each of size at most 2`/2. If k < 2`/4, then

there is a vector v ∈ F`2 such that the Hamming distance of v from each Vi is at least `/16.

Proof. For every i ∈ [k], define B(Vi, `/16) =
∣∣{v ∈ F`2

∣∣ dH (v, Vi) < `/16
}∣∣ . For any u ∈ Vi,

the number of vectors in F`2 at a distance less than `/16 from u is at most
∑`/16

j=0

(
`
j

)
≤ 2`/4,

where the inequality follows from Proposition 2.1(b). Hence B(Vi, `/16) ≤ |Vi| · 2`/4 = 23`/4.

Since
k∑
i=1

B(Vi, `/16) ≤ k · 23`/4 < 2`,

there is a v ∈ F`2 such that dH (v, Vi) ≥ `/16 for every i ∈ [k].
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5.2.1 Proof of Theorem 5.2

Let V be any r′-dimensional subspace of Fn2 , where r′ ≥ r is the smallest positive integer

divisible by
√
n. We first define the inverse of vec(·). For every v ∈ Fn2 , define M(v)

to be the matrix obtained by splitting v into
√
n length consecutive blocks and stacking

each of these blocks to form a
√
n ×
√
n matrix. Formally, M(v) ∈ F

√
n×
√
n

2 is such that

M(v)[a, b] = v[(a− 1)
√
n+ j] for every a, b ∈ [

√
n]. Note that vec(M(v)) = v.

We provide a brief outline of the proof of Theorem 5.2. The first step of the proof is

to produce a vector in v that is at a distance of Ω(n) from V and M(v) is low rank. The

rank being low is helpful as we can express M(v) as the sum of a small number of rank one

matrices. Lemma 5.1 will then imply the existence of a rank one matrix that is far away

from V . If we only cared about the existence of a vector that is far away from V , Lemma 5.2

would suffice. To ensure that simultaneously the rank is small, we first project V on to

n/2r′ coordinates indexed by consecutive blocks each of length 2r′. Then we find a vector

v′ ∈ F2r′
2 that is far away from all the projections, which is still guaranteed by Lemma 5.2.

Concatenating v′ with itself 2r′ times has the property that its corresponding matrix is low

rank.

Let k = max
{⌊

n
2r′

⌋
, 1
}

. The goal is to find a v ∈ Fn2 such that dH (v, V ) ≥ k · r′/8 and

the rank of M(v) is at most 2r′/
√
n. If

⌊
n

2r′

⌋
≥ 1, then define S1, . . . , Sk such that

Si = {(i− 1) · 2r′ + 1, . . . , i · 2r′}

for i ∈ [k]; otherwise, define S1 = [n]. By definition, the dimension of VSi is at most

r′ = |Si|/2, for every i ∈ [k]. Since r′ ≥
√
n and n ≥ 1024, we can infer that k ≤ 2r′

and 2r′ < 2r
′/2. Lemma 5.2 implies the existence of a v′ ∈ F2r′

2 with the property that

dH (v′, VSi) ≥ r′/8 for every i ∈ [k]. Now define v ∈ Fn2 by

v[i] =


v′ [i mod 2r′] if i ≤ k · 2r′ and i mod 2r′ 6= 0,

v′ [2r′] if i ≤ k · 2r′ and i mod 2r′ = 0,

0 if i > 2kr′,
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for all i ∈ [n]. In words, v is the length n vector that is the concatenation of k copies of v′

along with the vector of zeros of length n− 2kr′. By the choice of v, we get that,

dH (v, V ) ≥
k∑
i=1

dH (v, VSi) ≥ k · r′/8.

Moreover, the rank of M(v) is at most 2r′√
n
. Therefore we can express

M(v) =

2r′/
√
n∑

i=1

aib
ᵀ
i ,

for some a1, b1, . . . , a 2r′√
n

, b 2r′√
n

∈ F
√
n

2 . By Lemma 5.1, we know that

dH (v, V ) ≤
2r′/
√
n∑

i=1

dH (vec(aib
ᵀ
i ), V ) .

Hence there exists an i ∈
[

2r′√
n

]
such that dH (vec(aib

ᵀ
i ), V ) ≥

√
n·k
16
≥ n3/2

64r′
. The observation

that r′ ≤ 2 max{
√
n, r} completes the proof of the theorem.

Remark (Extension to strong rigidity). Alon and Cohen [8] defined the notion of strong

rigidity; a set Q ⊆ Fn2 is (r, t)-strongly rigid if for every subspace of Fn2 of dimension at most

r, the average distance of all the points to the subspace is at least t. For strong rigidity, the

best lower bounds known for explicit sets are also of the form given in Eq. (5.1). We can

show that Υ is (r, t)-strongly rigid with t ≥ Ω
(

n3/2

max{
√
n,r}

)
, matching the best strong rigidity

bounds known for explicit sets. We sketch the proof here. We know that

uᵀMv + (u+ ei)
ᵀMv + uᵀM(v + ej) + (u+ ei)

ᵀM(v + ej) = bᵀiMbj,

where u, v ∈ F
√
n

2 and e1, . . . , e√n are standard basis vectors in F
√
n

2 . This fact can be used

to prove that the matrix MΥ corresponding to the set Υ is a generator matrix of a 4-query

locally decodable code that tolerates a constant fraction of errors. A result of [36, Theorem

6] shows that Theorem 5.2 and the locally decodable code property of MΥ imply the strong

rigidity of Υ .
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5.3 Linear Data Structures and Rigidity

In this section, we relate linear data structures and rigidity. As linear data structures are

a special case of the cell probe model, we may obtain rigidity lower bounds from strong

enough static data structure lower bounds (when the queries are linear). We also compare

with Dvir, Golovnev, and Weinstein, who exhibit a similar connection [36]. We first provide

some notation.

Definition 5.3. Let Q ⊆ Fn2 be a set. Define LT(Q, s) to be the maximum over all x ∈ Fn2
of the minimum t sufficient to compute the inner product 〈q, x〉 for every q ∈ Q when the

query algorithm’s output is a linear function of t bits chosen from the s precomputed linear

functions of x.

Table 5.1 provides a glimpse of our results on linear data structures along with a com-

parison to [36]. Recall that a set Q ⊆ Fn2 is explicit if each coordinate of an arbitrary

element of the set can be computed in poly(n) time. The prior work shows that sufficiently

strong lower bounds against linear data structures will imply semi-explicit rigid sets. A bit

more formally, consider a data structure query set Q ⊆ Fn2 of size m for the inner product

problem. They show the following: If LT(Q, c · n) ≥ t for some constant c, then there is a

(n′/2, t/ log n)-rigid set Q′ of size at most m contained in Fn′2 , where n′ ≥ t. However, the set

Q′ is only semi-explicit in that it is in PNP – every element can be computed by a poly(m)

time algorithm with access to an NP oracle.

We now summarize a few differences between our work and [36]. Our result proves that

polynomial lower bounds on the query time imply the existence of an explicit rigid set,

which is in contrast to semi-explicit sets obtained by [36]. On the other hand, explicitness

comes with a cost; when m = poly(n), we need much stronger data structure lower bounds to

produce explicit rigid sets. When m� poly(n), the algorithm of [36] takes poly(m) time with

access to an NP oracle to compute an element of the semi-explicit rigid set. For problems

such as the Vector-Matrix-Vector problem, this is super polynomial time. The rest of this

section concerns proving the following theorem, which implies all of our results in Table 5.1.
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Theorem 5.3. Let k = LT(Q, 3n/2) and let Q ⊆ Fn2 of size m be an explicit query set. There

exists a set Q′ ⊆ Fk2 with size at most m ·
⌈
n
k

⌉
, whose elements can be computed in poly(n)

time. Moreover, if k ≥ 2
√
n, then Q′ is explicit and

(
k
2
, k

2

4n

)
-rigid.

Note that for every s ≥ 3n/2, we have that LT(Q, 3n/2) ≥ LT(Q, s). Hence, a sufficiently

strong lower bound on LT(Q, s) for any s ≥ 3n/2 will imply a rigidity lower bound. The

following corollary shows the consequence of Theorem 5.3 for specific values of k.

Corollary 5.1. Let k = LT(Q, 3n/2) and let Q ⊆ Fn2 of size m be an explicit query set.

There exists a set Q′ ⊆ Fk2 with size at most m ·
⌈
n
k

⌉
, whose elements can be computed in

poly(n) time. Moreover,

(a) If k = ω
(√

n logm
)
, then Q′ is explicit and (k/2, ω(logm))-rigid.

(b) If k = Ω
(
n(1+δ)/2

)
for some δ > 0, then Q′ is explicit and

(
k/2, Ω

(
nδ
))

-rigid.

Corollary 5.1(a) explains the first and last rows in Table 5.1, and Corollary 5.1(b) explains

the middle row. Using Corollary 5.1(a) applied to Υ with m = 22
√
n − 2

√
n+1 + 1, we obtain

that a lower bound of LT(Υ, 3n/2) ≥ ω(n3/4) would imply the existence of an explicit set

Q′ ⊆ Fk2 of size 2O(
√
n) that is (k/2, ω(

√
n))-rigid. We note that it is an open question to

prove LT(Υ, 3n/2) ≥ ω(
√
n).

5.3.1 Proof of Theorem 5.3

We already know the equivalence between systematic linear data structures and rigidity (from

Theorem 5.1). Therefore, it is sufficient to design a linear data structure from a systematic

linear data structure to relate the former with rigidity.

Proposition 5.1. Let Q ⊆ Fn2 be a query set. If T (Q, r) ≤ t, then LT(Q, n+ r) ≤ t+ r.

Proof. Let x ∈ Fn2 be the input data, and let 〈a1, x〉 , . . . , 〈ar, x〉 be the r redundant bits

stored by the systematic linear data structure. We now describe a linear data structure for
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m vs n k = LT(Q, 3n/2) Rigidity Bounds Explicitness Reference

m = nc
k = ω

(√
n log n

)
(k/2, ω (log n))-rigid poly(n) time This work

k = ω
(
log2 n

)
(k/2, ω (log n))-rigid poly(n) time + NP oracle calls [36]

m = nc
k = Ω

(
n(1+δ)/2

) (
k/2, Ω

(
nδ
))

-rigid poly(n) time This work

k = Ω
(
nδ log n

) (
k/2, Ω

(
nδ
))

-rigid poly(n) time + NP oracle calls [36]

m = 2c
√
n

k = ω
(
n3/4

)
(k/2, ω (

√
n))-rigid poly(n) time This work

k = ω (
√
n · log n) (k/2, ω (

√
n))-rigid poly

(
2
√
n
)

time + NP oracle calls [36]

Table 5.1: Comparison with [36, Theorem 7.1]: Let Q ⊆ Fn2 of size m be a query set, c ≥ 1

and δ > 0 be constants, and let k = LT(Q, 3n/2). The second column states the lower bound

on LT(Q, 3n/2) that implies existence of rigid sets whose parameters are given in the third

column. All rigid sets have size at most poly(m) and are contained in Fk2.
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Q with space n+r and query time t+r. 〈a1, x〉 , . . . , 〈ar, x〉 , 〈e1, x〉 , . . . , 〈en, x〉 are the stored

bits, where e1, . . . , en denote the standard basis vectors. The query algorithm on q ∈ Q first

accesses 〈a1, x〉 , . . . , 〈ar, x〉 and then simulates the query algorithm of the systematic linear

data structure on q. Since the systematic linear data structure accesses at most t bits from

〈e1, x〉 , . . . , 〈en, x〉, we can conclude that the query time is at most t+ r.

We prove that if a set contained in a n-dimensional space is (r, t)-rigid, then there is

another (r, tr/n)-rigid set which is contained in a 2r-dimensional space.

Lemma 5.3. Let r, n be positive integers. If S ⊆ Fn2 is (r, t)-rigid of size m, then there is a

set S ′ ⊆ F2r
2 of size at most m ·

⌈
n
2r

⌉
that is (r, tr/n)-rigid. Moreover, if S is explicit, then

each element of S ′ can be computed in poly(n) time.

Proof. Let k =
⌊
n
2r

⌋
and define S1, . . . , Sk ⊆ F2r

2 by

Si = {(s[2r · (i− 1) + 1], . . . , s[2r · i]) | s ∈ S}

for each i ∈ {1, 2, . . . , k}. Additionally, if n/2r is not an integer, then define

Sk+1 = {(s[2r · k + 1], . . . , s[n], 0, . . . , 0) | s ∈ S} ⊆ F2r
2 ;

otherwise set Sk+1 = ∅. Define S ′ =
⋃k+1
i=1 Si. We claim that S ′ is (r, tr/n)-rigid. Indeed, for

the sake of contradiction assume that there is a subspace V in F2r
2 of dimension r such that

all points in S ′ are at a distance less than tr/n from V . Consider the subspace {(v, v, . . . , v) |

v ∈ V } ⊆ F2r·(k+1)
2 and project it to the first n coordinates. Call this subspace V ′, which has

dimension r. Now, the distance of each point in S from V ′ is less than tr
n
·
⌈
n
2r

⌉
< t, which

is a contradiction.

Regarding the explicitness of S ′, it is clear that all coordinates of an element of S ′

correspond to some coordinate of a specific element of S. Since S is explicit, we can infer

that each element of S ′ can be computed in poly(n).

Proof of Theorem 5.3. Since LT(Q, 3n/2) = k and k ≤ n, Proposition 5.1 implies that

T (Q, k/2) ≥ k/2. Therefore by Theorem 5.1, we can conclude that Q is (k/2, k/2)-rigid.
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Lemma 5.3 implies that there exists a set Q′ that is
(
k
2
, k

2

4n

)
-rigid and the size of Q′ is

at most m ·
⌈
n
k

⌉
. Moreover, every element of Q′ can be computed in time poly(n). Since

k/2 ≥
√
n, we can conclude that Q′ is explicit.

5.4 An Elementary Proof of the Main Result of [36]

In this section, we present an elementary proof of the theorem of Dvir, Golovnev and We-

instein [36] that shows how lower bounds on linear data structures imply semi-explicit rigid

matrices. We remark that Dvir, Golovnev and Weinstein prove a more general theorem by

showing an algorithmic relationship between the inner dimension and the outer dimension of

sets, notions due to Paturi and Pudlák [85]. Here, we take a more straightforward approach.

For any A ⊆ Fn2 , let dim(A) denote the dimension of the subspace spanned by A.

Theorem 5.4 ([36]). Let Q ⊆ Fn2 . If T (Q, 2n) ≥ t, then there is a Q′ ⊆ Fn2 such that

dim(Q) = n′ and Q′ is
(
n′

2
, t

logn

)
-rigid. Moreover, Q′ can be computed by an algorithm with

runtime poly(|Q|, n) and access to an NP oracle.

We need the following key claim.

Lemma 5.4. If Q is not
(
n
2
, t

logn

)
-rigid, then there exists a Q′ ⊆ Fn2 such that

1. dim(Q′) ≤ n/2.

2. T (Q, 2n) < T (Q′, n) + t/ log n.

3. Each point in Q′ can be computed by an algorithm with runtime poly(n) and access to

an NP oracle.

Proof. Since Q is not (n/2, t/ log n)-rigid, there exists an n/2-dimensional subspace such

that for every q ∈ Q, dH(q, V ) < t/ log n. In other words, every q ∈ Q can be expressed as

q = vq + uq, where vq ∈ V and the Hamming weight of uq is less than t/ log n.

Define Q′ = {vq | q ∈ Q} ⊆ V , and hence dim(Q′) ≤ n/2. Consider a data structure

for Q′ on input data x ∈ Fn2 , space n and query time T (Q′, n). Let e1, . . . , en denote the
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standard basis for Fn2 . Now consider a new data structure for Q on input data x that

stores 〈x, e1〉 , . . . , 〈x, en〉 along with the bits stored by the data structure for Q′. For q ∈

Q, this data structure’s computation is done using the identity 〈q, x〉 = 〈vq, x〉 + 〈uq, x〉.

〈vq, x〉 can be computed in time T (Q′, n), and 〈uq, x〉 requires less than t/ log n accesses

to 〈x, e1〉 , . . . , 〈x, en〉, which follows from the upper bound on the Hamming weight of uq.

Therefore, we showed the existence of a data structure for Q with space 2n and query time

less than T (Q′, n) + t/ log n. This completes the proof for the first two items of the lemma.

We now proceed to prove the third item of the lemma. To compute Q′, we first compute

V , and then vq for every q ∈ Q. V can be computed by incrementally finding its basis, where

each element in the basis is found by making NP oracle calls. Concretely, to find the first

basis vector, we make an oracle call to decide whether the first bit of the vector is a 0 or a

1. Similarly, other coordinates are computed. The same strategy extends to computing all

the basis vectors of V . To compute vq for q ∈ Q, a similar procedure can be used to identify

each coordinate of vq by making NP oracle calls. Once we know vq, uq is computed using the

identity uq = q + vq in linear time. This completes the proof of the lemma.

Proof of Theorem 5.4. The above lemma now easily implies the theorem. For the sake of

contradiction assume that no such Q′ exists. Repeated application of Lemma 5.4 will imply

that T (Q, 2n) < t, which is a contradiction. Q′ being computed by an algorithm with

poly(|Q|, n) runtime and access to an NP oracle follows from the third item of Lemma 5.4

and the fact that an NP oracle call is sufficient to decide whether a set of points in Fn2 is

rigid.
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Chapter 6

NON-ADAPTIVE DATA STRUCTURES FOR MAINTAINING
SETS OF NUMBERS

As discussed in the introduction, maintaining a set of numbers to be able to compute the

minimum, median and predecessors, while supporting the insertion of new numbers is a basic

data structure problem. The goal of this chapter is to show how to use the sunflower lemma

of Erdős and Rado [40] from combinatorics to prove lower bounds against data structures for

these tasks, in which some operations are non-adaptive. Before formally stating our results,

we discuss some related work.

Lower bounds on data structures for computing single statistics like the median or mini-

mum have been particularly elusive. Computing statistics like the median and the minimum

are very fundamental in algorithm design. The best known upper bounds require O(log log n)

time for insertions, and median and minimum computations. It is surprising that no previous

lower bounds were known in the cell-probe model. We prove the first lower bounds on the

performance of data structures computing the median and minimum. Brodal, Chaudhuri and

Radhakrishnan [26] showed that if the data structure is only allowed to compare the contents

of cells and perform no other computation with the cells, then we must have tmin ≥ Ω (n/4tins),

where tmin is the number of comparisons used to compute the minimum, and tins is the num-

ber of comparisons used to insert numbers into the set. Moreover, [26] gave a data structure

matching these bounds. The same bounds apply for computing the median as well. It re-

mains an interesting open problem to prove a lower bound of tins + tmed ≥ Ω(log log n) in the

cell-probe model when w = O(log n), where tins is the time for insertions and tmed is the time

to compute the median. We note here that there is a long sequence of works proving lower

bounds on computing the median in the context of branching programs [31, 73, 20, 28].
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Past work had found more success with understanding the complexity of the predecessor

search problem. A long sequence of works has proved lower bounds here [2, 70, 72, 19, 93, 82].

In particular, [19, 93] showed that some operation must take time Ω (log log n/ log log log n),

when w = log n, and this was improved to Ω (log log n) by [82]. Still, it remains open to

understand the full trade-off between the time complexity of inserting elements and the time

complexity of computing predecessors1.

Several past works have proved lower bounds on various computational models under

the assumption of non-adaptivity (see for example [60]). In the context of data structures,

Brody and Larsen [27] showed polynomial lower bounds for various dynamic problems in

the non-adaptive setting. Among other results, they showed that any data structure for

reachability in directed graphs that non-adaptively checks for reachability between pairs of

vertices must take time Ω(n/w), where n is the size of the underlying graph. [9, 50] proved

non-adaptive lower bounds on static data structures for the dictionary problem in the bit

probe model.

We prove new lower bounds against non-adaptive data structures maintaining a subset

of {1, 2, . . . , n} and supporting insertions, deletions, minimum computation, median compu-

tation and predecessor computation. Our results are obtained via an application a variant of

the famous sunflower lemma of Erdős and Rado [40]. The sunflower lemma was used in the

past to prove lower bounds on dynamic data structures by Frandsen and Milterson [41] and

then again for static data structures by Gal and Milterson [47], and our use of it is similar.

However, in the setting of non-adaptive data structures, we can leverage the lemma to get

results even when the word size is large.

All results in this chapter are joint work with Rao [75]. Our first result proves a lower

bound when both deletions and minimum computations are non-adaptive2. Similar results

hold for computing the median and predecessors as well, but they are subsumed by the

1We thank Mikkel Thorup for bringing this question to our attention.

2The analogous result for computing the maximum also holds. Its proof is nearly identical to the proof
for theorem about the minimum.
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theorems to follow.

Theorem 6.1. Any data structure that computes the minimum of a subset of {1, 2, . . . , n}

while supporting non-adaptive delete operations and non-adaptive minimum computations

must take time Ω
(

logn
log logn+logw

)
for some operation, where w is the word size of the cells.

Our second result concerns non-adaptive data structures for computing the median. Here

the lower bound holds even if the median computation is adaptive and the insertion operation

is non-adaptive:

Theorem 6.2. Any data structure that computes the median of a subset of {1, 2, . . . , n}

while supporting non-adaptive insert operations must satisfy

tmed ≥ Ω

(
n

1
tins+1

w2 · t2ins

)
,

where tmed is the time required to compute the median, tins is the time required to insert

elements, and w is the word size of the cells.

Our last result concerns the predecessor search problem. Here the lower bound holds

even if the insertion operation is adaptive, as long as the predecessor computations are

non-adaptive:

Theorem 6.3. Any data structure that maintains a subset of {1, 2, . . . , n} while supporting

non-adaptive predecessor operations must satisfy

tpred ≥ Ω

(
log n

log log n+ logw

)
or tins ≥ Ω

(
n

1
2(tpred+1)

)
,

where tins is the time required for inserts, tpred is the time required for computing predecessors

and w is the word-size of the cells.

Our theorems are complemented by the observation that a variant of binary search trees

gives a data structure that can insert and delete elements non-adaptively, compute predeces-

sors non-adaptively, and perform all operations in time O(log n), with w = log n. Theorem
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6.2 and Theorem 6.3 show that there is a gap between adaptive and non-adaptive data struc-

tures computing the median and predecessors, since we know that the van Emde Boas data

structure can compute both in time O(log log n) with w = log n. Very recently, Boninger,

Brody and Kephart [21] independently obtained some lower bounds on non-adaptive data

structures computing predecessors. Among other results, they showed that any data struc-

ture with non-adaptive insertions and non-adaptive predecessor computations must have3

tins ≥ Ω(log n), or tpred ≥ logn
logw+log tins

. Our bounds do not require non-adaptivity for the

insertion operations and are quantitatively better when tpred = o(log n/ log log n). We also

note that the cell sampling technique ([77, 66]) does not give any meaningful lower bounds

for these problems.

The binary search tree based data structure is described in Section 6.1. We then discuss

our variant of sunflowers, which we call flowers, and present the proof of the flower lemma in

Section 6.2. In Section 6.3, we demonstrate the application of the flower lemma by assuming

all the operations to be non-adaptive. Specifically, Theorem 6.1 is proved in the same section.

Theorems 6.2 and 6.3 are proved in Sections 6.4 and 6.5, respectively.

6.1 A Data Structure based on Binary Search Trees

Before showing the lower bounds, we describe a data structure based on binary search tree

that maintains a subset of {1, . . . , n} allowing non-adaptive inserts, non-adaptive predecessor

computations and adaptive median computations. The data structure builds on the well

known binary search tree on {1, . . . , n} and is very close to the x-fast trie (see [103]). This

data structure matches many of the lower bounds in our proofs.

Theorem 6.4. There is a data structure that maintains a subset of {1, 2, . . . , n} and supports

insertions, deletions and computing the median, minimum, and predecessors. All operations

take time O(log n), the word size is log n, and all operations except for the median operation

3[21] consider the tradeoff with the size of the set being added, which allows them to prove lower bounds
even when the data structure is only required to maintain small sets. The bound stated here is what they
obtain when the size of the set is allowed to be arbitrary.
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Figure 6.1: A data structure based on binary search trees for {2, 4, 5, 7, 9, 10, 12, 13, 16}.

are non-adaptive.

Proof. Without loss of generality, we may assume that n is a power of 2. We maintain a

balanced binary tree of height log n. Every leaf is assigned an element from the universe.

There is a memory cell associated with every leaf and four memory cells associated with

every internal node of the tree. The cells corresponding to each internal node store the

number of elements in the left subtree rooted at that node, the number of elements stored

in the right subtree, the maximum element of the left subtree and the maximum element of

the right subtree. Figure 6.1 shows an example of the data structure.

To insert an element into the set, we only need to access the cells associated with each

node on the path from the root to the corresponding leaf. These are the only cells that need

to be modified to make the data structure consistent with the new set. Deletions can be

performed in the same way. The time required for these operations is O(log n), and they are

non-adaptive.

To compute the median or minimum, we read the cells associated with the root to de-

termine if the desired value belongs to the left or the right sub tree. Accordingly, we read

the cells associated with either the left or the right child and recurse to find the median or

minimum. The time required for this operation is O(log n), but it is adaptive.

To compute the predecessor of an element, we only need to access the cells associated with
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every node on the path from the root to the corresponding leaf in the tree. The predecessor

is the maximum of last non-empty left-subtree seen on this path. Again, we see that this

operation takes O(log n) time and is non-adaptive.

6.2 Flowers

The theorems in this chapter are proved using a variant of the sunflower lemma of Erdős and

Rado [40] from combinatorics, which we call the flower lemma. Using the sunflower lemma

would give us the same asymptotic bounds, but the flower lemma gives cleaner bounds. The

lemma we need is almost identical to a lemma proved by Alon and Boppana [7], and we use

their ideas to prove it.

X

Xi1

Xi5
Xi9

Xi12

Figure 6.2: A flower with 12 petals. X denotes the core of the Flower.

Definition 6.1. A sequence of sets X1, · · · , Xp is called a t-flower with p petals if each set

in the sequence is of size t, and there is a set X of size at most t such that for every i, j,

Xi ∩Xj ⊆ X. X is called the core of the flower.

See Figure 6.2 for an illustration of a flower. Next, following [7], we show that a long

enough sequence of sets must contain a flower.

Lemma 6.1 (Flower Lemma). Let X1, · · · , Xn be a sequence of sets each of size t. If

n > (p− 1)t+1, then there is a subsequence that is a t-flower with p petals.
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Proof. We prove the bound by induction on t, p. When t = 1, if n > (p − 1)2, either there

are p sets that are the same or p sets that are distinct. Either way, we obtain a 1-flower with

p petals. When p = 1 the statement is trivially true.

Suppose that t ≥ 2, and the sequence does not contain a t-flower with p petals. For

each set X ⊆ X1, we get a subsequence by restricting our attention to the sets Xi such

that Xi ∩X1 = X and i > 1. By induction, the length of this subsequence can be at most

(p− 2)t+1−|X| since all of these sets have X in common, and any (t− |X|)-flower with p− 1

petals yields a t-flower with p petals in our original sequence, by adding X1 to the list of

petals. Thus we get,

n ≤ 1 +
∑
X⊆X1

(p− 2)t+1−|X|

= 1 + (p− 2) ·
∑
X⊆X1

(p− 2)t−|X|

≤ 1 + (p− 2) · (p− 2 + 1)t ≤ (p− 1)t+1,

as desired.

6.3 Lower Bounds When All Operations are Non-Adaptive

As a warm up, we prove some loose lower bounds when all operations in the data structure

are non-adaptive. In the next section, we prove our final theorems where we only assume

that some of the operations are non-adaptive.

We start by proving Theorem 6.1, which gives a lower bound on the time for any data

structure that computes minimum and deletions non-adaptively.

Proof of Theorem 6.1. Consider the sequence of sets X = X1, · · · , Xn where

Xi = {j | cell j is accessed while deleting i, or when computing the minimum} .

If t is the time required for the operations of the data structure, then each set Xi is of size

at most 2t. Without loss of generality, we can assume that each Xi is of size exactly 2t. The

key observation is that there cannot be a large 2t-flower in X :
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C

Xi1
Xi2

Xip�1

Xip

Figure 6.3: C denotes the core of the Flower, and the shaded cells are the only cells accessed

when deleting {i1, i2, · · · , ip} \ S.

Claim 6.1. If X has a 2t-flower with p petals, then p ≤ 2wt.

Proof. Suppose for the sake of contradiction that the sequence Xi1 , · · · , Xip is a 2t-flower

with i1 < i2 < · · · < ip, and p = 2wt+ 1. Then let S be any subset of {i1, i2, · · · , ip} and C

denote the contents of the core of the 2t-flower after inserting the set {i1, . . . , ip} and then

deleting the elements of {i1, i2, . . . , ip} \ S.

We show that C serves as an encoding of S. This is because C is all we need to reconstruct

the execution of the following sequence of deletion and minimum operations: compute the

minimum, delete the minimum, compute the minimum, delete the minimum, and so on.

The answers to these computations determine the elements in S. The answer to the first

minimum computation can be reconstructed from C, since C contains all cells used in this

computation. If we attempt to delete ij, then the only cells of Xij that were modified by a

previous deletion operation are contained in C. Thus, every such deletion operation can be

simulated with access to C (see Figure 6.3).

C can be described using at most 2t · w bits, yet C encodes an arbitrary subset of p

elements. This proves the claim.

By the flower lemma (Lemma 6.1), the sequence X has a 2t-flower with n
1

2t+1 petals. So,
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C

Xi1

Xip/3
Xi2p/3

Xip

Figure 6.4: C denotes the core of the Flower, and the shaded cells are the only cells accessed

when inserting S.

we get

t ≥ p

2w
≥ n

1
2t+1

2w
,

where the last inequality follows from the choice of p. After rearranging, we get

t · logwt ≥ Ω (log n) .

Proposition 2.3 implies the desired bound on t.

Next we prove a similar result for computing the median.

Theorem 6.5. Any data structure with non-adaptive insertions and median computations

must take time Ω
(

logn
log logn+logw

)
for some operation.

Proof. Consider the sequence of sets X = X1, · · · , Xn where

Xi = {j | cell j is accessed while inserting i, or when computing the median} .

If t is the time required for the operations of the data structure, then each set Xi is of size

at most 2t. Without loss of generality, we can assume that each Xi is of size exactly 2t. The

key observation is that there cannot be a large 2t-flower in X :

Claim 6.2. If X has a 2t-flower with p petals, then p ≤ 6wt+ 2.
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Proof. Suppose for the sake of contradiction that the sequence Xi1 , · · · , Xip is a 2t-flower

with i1 < i2 < · · · < ip, and p = 6wt+3. Then let S be any subset of
{
ip/3+1, ip/3+2, · · · , i2p/3

}
and C denote the contents of the core of the 2t-flower after inserting elements of S into the

data structure (see Figure 6.4).

We show that C serves as an encoding of S. This is because C is all we need to reconstruct

the execution of the following sequence of insert and median operations: insert i1, compute

the median, insert i2, compute the median,· · · , insert ip/3, compute the median. These

operations determine the elements in S between its smallest element and median. By the

definition of the flower, the only cells of Xi1 , . . . , Xip/3 that were accessed when S was inserted

are contained in C. Therefore, the sequence of operations can be simulated using C (see

Figure 6.4). Similarly, executing the following operations helps retrieve elements in S between

its median and largest element: insert i2p/3+1, compute the median, insert i2p/3+2, compute

the median,· · · , insert ip, compute the median.

C can be described using at most 2t · w bits, yet C encodes a subset of p/3 = (2tw + 1)

elements. This proves the claim.

By the Flower-Lemma (Lemma 6.1), the sequence X has a 2t-flower with n
1

2t+1 petals.

Then we get

t ≥ p− 2

6w
≥ n

1
2t+1 − 2

6w
,

where the last inequality follows from the choice of p. After rearranging, we get

t · logwt ≥ Ω (log n) .

Proposition 2.3 implies the desired bound on t.

Next we prove a lower bound for the predecessor search problem.

Theorem 6.6. Any data structure for the predecessor problem with non-adaptive insert

operations and non-adaptive predecessor operations must have time Ω
(

logn
log logn+logw

)
.
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Proof. Let X = X1, · · · , Xn, where

Xi = {j | cell j is accessed while inserting i or computing the predecessor of i} .

It t is the time required for the operations of the data structure, then each set Xi is of

size at most 2t. Without loss of generality, we can assume that each Xi is of size exactly

2t. We first show that the time complexity can be lower bounded in terms of the number of

petals in a 2t-flower belonging to X .

Claim 6.3. If X has a 2t-flower with p petals, then p ≤ 4tw + 1.

Proof. Supposed for the sake of contradiction that the sequence Xi1 , · · · , Xip is a 2t-flower

and i1 < i2 < · · · < ip, and p = 4tw + 2. Let S be any subset of {i1, i3, · · · , ip−1} and C

denote the contents of the cells in the core after inserting the elements of S.

We show that C serves as an encoding of S. To reconstruct S, it suffices to compute the

predecessors of the following elements: i2, i4, · · · , ip. By the definition of the 2t-flower, the

only cells accessed in Xi2 , Xi4 , . . . , Xip during the insertion operations are contained in the

core of the 2t-flower. Therefore, the sequence of predecessor operations can be simulated by

access only to the cells in the core.

Hence C encodes S. Since there are 22tw+1 possible sets S, and C can be described using

2tw bits, we must have 2tw ≥ p/2. This proves the claim.

By the flower lemma 6.1, the sequence X has a 2t-flower with n
1

2t+1 petals. So t ≥ p−1
4w
≥

n
1

2t+1−1
4w

, which follows from the choice of p. After rearranging, we get

t · logwt ≥ Ω (log n) .

Proposition 2.3 implies the desired bound on t.

6.4 Lower Bounds for Median when Insertions are Non-Adaptive

In this section, we prove Theorem 6.2. We start by giving an outline of the proof. As before,

we first associate every element in {1, 2, · · · , n} with the set of cells that are accessed while
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ab

A1

a

L R

… …

Ab

…

A2

Figure 6.5: The elements corresponding to petals are partitioned into disjoint intervals

L,A1, . . . , Aq, R. T is the set of black elements. Si is a random subset of the i-th gray

elements from each interval Aj.

inserting the element. We then identify a flower among these sets. Proving a lower bound on

the time to compute the median is challenging as the computation is adaptive. We shall have

to use the flower found above in a subtle way. We come up with a carefully chosen sequence

of insertions, followed by a median computation that recovers the k-th smallest element of

the set. The sequence of insertions are performed in batches, and every cell that is not in the

core of the flower is associated with the batch number of the insertion operation that last

accessed it. Ignoring the cells that belong to the core of the flower, we show that at least one

cell associated with every batch is accessed with constant probability. Since these cells are

disjoint, this will prove that the time to compute the median is at least a constant fraction

of the number of batches. To make the above argument work, we use Shannon entropy to

quantify the amount of information that the median computation must recover from the cells

associated with each batch of insertions.

We now proceed with the formal proof. Define the sequence of sets X = X1, . . . , Xn,

where

Xi = {j | cell j is accessed while inserting i} .

By the flower lemma (Lemma 6.1), this sequence of sets must contain a tins-flower with

p = n1/(tins+1) petals, and without loss of generality, we assume that the petals are X1, . . . , Xp.

Let C denote the core of the tins-flower.
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To carry out the proof, we need to carefully define a sequence of operations4 that insert a

subset of the elements {1, 2, . . . , p}. For parameters a, b, let L,A1, . . . , Ab, R ⊆ {1, 2, . . . , p}

be consecutive disjoint intervals in ascending order, such that L is of size p/3, R is of

size p/3 and for each i, Ai is of size a + ab, and b(a + ab) ≤ p/3. See Figure 6.5. Let

S1, . . . , Sa be independently sampled sets, such that Si is a uniformly random subset of

{j : j is the i-th element of Ar for some r}. So each Si is a subset of the gray elements in

Figure 6.5. Finally, let T be the set

T = {j : for some i ∈ [b], j ∈ Ai and j is not one of the first a elements of Ai},

so T is the set of black elements in Figure 6.5. Let k be a uniformly random element of

{a, a+ (a+ ab), a+ 2(a+ ab), . . . , a+ (b− 1)(a+ ab)}.

Consider the following sequence of operations with the data structure:

1. Phase 1:

(a) Insert the elements of T .

(b) Insert the elements of S1, then the elements of S2, and so on, until Sa has been

inserted.

2. Phase 2:

(a) Insert an appropriate number of elements into L or R so that the median of all

the elements inserted is the k-th smallest element of T ∪ S1 ∪ S2 . . . ∪ Sa.

(b) Compute the median of the inserted set.

We shall prove that the expected number of cells accessed to compute the median must

be close to a. In order to prove this, we use ideas inspired by the chronogram approach

4This sequence of operations is inspired by an argument in [84]
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of Fredman and Saks [43]. Consider the cells accessed during Phase 1. We say that a cell

belongs to Si if it is in the set

⋃
j:j is the i-th element of Ar for some r

Xj \ C

So, every cell of the data structure can belong to at most one of the sets S1, . . . , Sa. Moreover,

every cell that is accessed when inserting Si either belongs to Si or is in the core of the tins-

flower.

Define

Ei =

1 if a cell that belongs to Si is accessed in Phase 2,

0 otherwise.

Observe that the insertions in Phase 2(a) never access a cell that belongs to Si for any

i. Since Ei = 1 whenever a cell that belongs to Si is accessed, all such accesses must come

from the median computation in Phase 2. Thus, tmed ≥
∑a

i=1 E [Ei]. We now proceed to

lower bound
∑a

i=1 E [Ei].

Let Ci denote the contents of the core immediately after Si was inserted. Let Sji denote

the set Si ∩ Aj and S<ji denote the set S1
i ∪ S2

i ∪ . . . ∪ S
j−1
i . Recall that S−i denotes

S1, . . . , Si−1, Si+1, . . . , Sa.

Claim 6.4. The variables S−i, Ci determine the contents, after Phase 1, of all cells that do

not belong to Si.

Proof. If a cell does not belong to Si, then there are three possibilities. If it belongs to a

set Si′ for i′ < i, then its value can be reconstructed from S1, . . . , Si′ . If it belongs to Si′ for

i′ > i, its value can be reconstructed from Ci and Si+1, . . . , Sa. If it does not belong to any

set, then if it is in the core, it is determined by Ci and Si+1, . . . , Sa, and if it is not in the

core, its value is fixed.

Let k = a+ (j− 1)(a+ ab), so j is a uniformly random number from the set {1, 2, . . . , b}.
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Claim 6.5. The k-th smallest element of T ∪ S1 ∪ S2 . . . ∪ Sa computed in Phase 2 and S−i

together determine
∑j

`=1

∣∣S`i ∣∣.
Proof. The k-th smallest element of T ∪ S1 ∪ S2 . . . ∪ Sa is e if and only if the number of

elements in A1∪A2 . . .∪Ab that are less than e and missing in T ∪S1∪S2 . . .∪Sa is exactly

e− k. In other words, the k-th smallest element of T ∪ S1 ∪ S2 . . . ∪ Sa is e if and only if

|{j : j < e, j ∈ (A1 ∪ A2 . . . ∪ Ab) \ (T ∪ S1 ∪ S2 . . . ∪ Sa)}| = e− k.

Let α be the number of elements missing from the intervals A1, A2, · · · , Ab, and e be the k-th

smallest element of T ∪S1∪S2 . . .∪Sa. We know that 0 ≤ α ≤ ab, and hence k ≤ e ≤ k+ab.

Therefore, the k-th smallest element must be the a-th smallest element in Aj or belong to

T ∩ Aj, and must determine the total number of elements missing before this point. This

proves the claim.

Claim 6.6. E [Ei] ≥ Ej
[
H
(
Sji |S

<j
i , S−i, Ci, |Si|

)]
.

Proof. The intuition behind the proof is that in Phase 2, the algorithm starts out knowing

only the size of the sets, and learns the k-th smallest element of the sets after computing

the median. The contents of all cells needed to insert elements in Phase 2 are determined

by S−i, Ci, since these variables determine the cells in the core. By Claim 6.4, after fixing

S<ji , S−i, Ci, |Si|, all the cells that do not belong to Si are determined. Thus, after fixing

S<ji , S−i, Ci, |Si|, the value of Ei is determined. Now if Ei = 0, then the k-th smallest element

is determined, which means that H
(
Sji |S

<j
i , S−i, Ci, |Si|

)
= 0. If Ei = 1, the inequality holds

trivially.

Recall that tmed ≥
∑a

i=1 E [Ei]. Then by the above claim, linearity of expectation and
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the chain rule for entropy, we have:

tmed ≥
a∑
i=1

E [Ei] ≥
a∑
i=1

E
j

[
H(Sji |S

<j
i , Ci, S−i, |Si|)

]
= (1/b)

a∑
i=1

H(Si|Ci, S−i, |Si|)

≥ (1/b)
a∑
i=1

H(Si|S−i)− H(Ci, |Si|)

≥ a ·
(

1− tinsw + log b

b

)
, (6.1)

where the last inequality follows from the facts that

H(Si|S−i) = H(Si) = b, and H(Ci, |Si|) ≤ H(Ci) + H(|Si|) ≤ wtins + log b.

Set b = 4wtins and a to be the largest integer such that a ≤ p
3b(b+1)

. Since b ≥ 4, log b
b
≤ 1

2
.

Now, (6.1) implies that

tmed ≥ a/4 ≥ Ω

(
n1/(tins+1)

w2 · t2ins

)
,

where the last inequality follows from the fact that a ≥ p
3b(b+1)

− 1.

6.5 Lower Bounds when Predecessors Computations are Non-Adaptive

In this section we prove Theorem 6.3. Consider the sequence X = X1, · · · , Xn, where

Xi = {j | cell j is accessed while computing the predecessor of i} .

By the flower lemma (Lemma 6.1), X contains a tpred-flower with n
1

tpred+1 petals. Let a be

the largest even integer such that a(a + 1) ≤ n
1

tpred+1 . Note that a ≥ n
1

2(tpred+1)

2
. For ease of

notation, we assume that X1, X2 · · · , Xa(a+1) are the promised tpred-flower.

Let S be any subset of {i | i = (j − 1)(a + 1) + 1 for some j ∈ [a]}. Insert all elements

of S. For j ∈ [a(a + 1)], let Pred′(j) be the value obtained by simulating the predecessor

computation assuming that the cells outside the core were never accessed when S was in-

serted. Note that Pred′(j) can be computed from the cells in the core. Let Pred(j) be the

predecessor of j. For every i ∈ [a], define

Zi =

1, |{j ∈ {i(a+ 1)− a+ 1, · · · , i(a+ 1)} | Pred(j) 6= Pred′(j)}| > a/2

0, otherwise.
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C

X1

X5X9

(a)
∑3

i=1 Zi = 2.

C

X1

X5X9

(b)
∑3

i=1 Zi = 0.

Figure 6.6: S ⊆ {1, 5, 9}. Cells in petal Xi are shaded black when Pred′(i) 6= Pred(i).

Figure 6.6 shows an example with a = 3. Since |S| ≤ a and the total number of cells accessed

while inserting S is at least a
2
·
∑a

i=1 Zi,

a∑
i=1

Zi · (a/2) ≤ tins · a. (6.2)

Let C denote the contents of the core after inserting elements of S, the names of the elements

i with Zi = 1, and whether or not i ∈ S for every element with Zi = 1. In other words, C

encodes the core, the set {i : Zi = 1} and the set S ∩ {i : Zi = 1}.

Lemma 6.2. C encodes S.

Proof. It suffices to come up with a decoding procedure that given C recovers S. The

decoding algorithm first recovers elements of S in {i|Zi = 1} from the description of C.

By definition, if i ∈ S and i /∈ {i|Zi = 1}, then Pred′(j) = i for the majority values of

j ∈ {i(a+ 1)− a+ 1, · · · , i(a+ 1)}. If i /∈ {i|Zi = 1}, then the decoding algorithm computes

Pred′(j) for every j ∈ {i(a + 1)− a + 1, · · · , i(a + 1)}. If the majority of the answers equal

i, then the decoding algorithm infers that i ∈ S. Otherwise, it infers that i /∈ S. This

determines whether or not i ∈ S.

We now analyze the length of the encoding of C. The contents of the core can be described

with wtpred bits. It takes at most 2 log a bits to encode |{i|Zi = 1}| and |S ∩ {i|Zi = 1}|.
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Given their sizes, it takes log
(

a∑a
i=1 Zi

)
bits to encode {i|Zi = 1}, and log

(
a

|S∩{i|Zi=1}|

)
bits to

encode S ∩ {i|Zi = 1}. Therefore, the length of the encoding is at most

wtpred + log

(
a∑a
i=1 Zi

)
+ log

(
a

|S ∩ {i|Zi = 1}|

)
+ 2 log a.

Since there are 2a possible sets S, we must have

a ≤ wtpred + log

(
a∑a
i=1 Zi

)
+ log

(
a

|S ∩ {i|Zi = 1}|

)
+ 2 log a. (6.3)

Observe that either tins ≥ a
64

or not. In the former case, since a ≥ n
1

2(tpred+1)

2
, we can conclude

that tins ≥ Ω
(
n

1
2(tpred+1)

)
. In the latter case, Equation 6.2 implies that

∑a
i=1 Zi ≤ a/32. Note

that
(

a
|S∩{i|Zi=1}|

)
≤
(

a∑a
i=1 Zi

)
when

∑a
i=1 Zi ≤ a/32. Using Proposition 2.1(a), we get

log

(
a∑a
i=1 Zi

)
+ log

(
a

|S ∩ {i|Zi = 1}|

)
≤ 2

(
a∑
i=1

Zi

)
· log

ea∑a
i=1 Zi

≤ a

2
,

where the last inequality follows from the fact that
∑a

i=1 Zi ≤ a/32. After rearranging (6.3),

the previous inequality implies that tpred ≥ a
2w
− 2 log a

w
. Since a ≥ n

1
2(tpred+1)

2
, we can conclude

that tpred · log(wtpred) ≥ Ω (log n). Using Proposition 2.3, we obtain the desired lower bound

of tpred ≥ Ω
(

logn
log logn+logw

)
.
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Chapter 7

BALANCING SETS AND DEPTH-2 THRESHOLD CIRCUITS

Balancing sets are interesting families of sets from a finite universe with discrepancy-

type properties, and depth-2 majority and threshold circuits are an important subclass of

Boolean circuits. Recall from the introduction that the notions of balancing sets and depth-2

majority circuits are closely related, in that a balancing family with k sets can be used to

design a depth-2 majority circuit computing the majority of n-bits with top fan-in 2k + 2.

The goal of this chapter is to prove new lower bounds on the size of balancing set families

and the fan-in of depth-2 threshold circuits computing the majority of n-bits. All our lower

bounds are obtained via the polynomial method; the results in this chapter are joint work

with Hrubeš, Rao and Yehudayoff [56].

Before presenting our results, we first state the key polynomial lemma used in our lower

bound proofs that shows a lower bound on the degree of a special class of polynomials.

Lemma 7.1. Let p be prime, and let f(x[1], . . . , x[2p]) be a polynomial over Fp, where Fp
is the field with p elements. Let f be such that for every input x ∈ {0, 1}2p with exactly p

ones, we have f(x) = 0, and f(x) is non-zero when x[1] = x[2] = . . . = x[2p] = 0. Then, the

degree of f is at least p.

Hegedűs [53] used a similar lemma to prove lower bounds for balancing sets (in his lemma

there are 4p variables, and the focus is on inputs with 3p ones). Hegedűs’s proof uses Gröbner

basis methods and linear algebra. Srinivasan found a simpler proof of Hegedűs’s lemma that

is based on Fermat’s little theorem and linear algebra. Alon [5] gave an alternate proof of

Hegedűs’s lemma using the Combinatorial Nullstellensatz. The above lemma is inspired by

Srinivasan’s proof of Hegedűs’s lemma [96, 10]. Our simple proof is presented in Section 7.2.
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Balancing Sets

Various notions of balancing set families have been considered in the past [42, 38, 6, 53, 10]

with various terminologies. We use the following definition here.

Definition 7.1. Let k be a positive integer and n be a positive even integer. We say that

proper non-empty subsets S1, . . . , Sk ⊂ [n] are a balancing set family if for every X ⊂ [n] of

size n/2 there is an i ∈ [k] such that |Si ∩X| = |Si|/2.

Given any even n, let B(n) denote the minimum k for which a balancing set family of

size k exists. Our first result gives tight bounds on B(n):

Theorem 7.1. If n = 2p for a prime p, then B(n) = n/2 = p.

Moreover, if n is divisible by 4, we give an example of a balancing set family establishing

that B(n) ≤ n/2 − 1. If n is divisible by 2, we show that B(n) ≤ n/2 by constructing a

balancing set family of size n/2, in which each set is of size 2. We also show that this is

tight when each set in the family is of size 2 (see Theorem 7.9 in Section 7.3). Previously,

for arbitrary values of n, Alon, Kumar and Volk [10] showed that B(n) ≥ Ω(n). We show

Theorem 7.2. If n is an even integer, then B(n) ≥ n/2−O (n0.98).

Our lower bounds on B(n) are the most interesting and they are proved using Lemma

7.1. See Section 7.3 and Section 7.4 for a full exposition of the proofs. We also apply our

techniques to other questions about balancing sets in the literature and improve some of the

previous bounds. We now briefly discuss two such notions from the literature.

(a) Galvin’s question [42, 38, 53] asks for the smallest balancing family, denoted by G(n),

where each set in the family is of size n/2, and n is a positive integer that is a multiple of 4.

(b) Jansen [57] and Alon, Kumar, and Volk [10] studied a variant where the size of each set

in the family must satisfy 2τ ≤ |Si| ≤ n− 2τ for a positive integer τ , and for every X ⊂ [n]

of size n/2, there is a set in the family such that |Si|/2− τ < |Si ∩X| < |Si|/2 + τ . Denote

by J(n, τ) to be the family of smallest size satisfying the above conditions.
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We defer the discussion of previous known bounds on the quantities G(n) and J(n, τ) to

Section 7.1. We prove the following lower bounds on G(n) and J(n, τ).

Theorem 7.3. If n is divisible by 4, then G(n) ≥ n/2−O (n0.53).

Theorem 7.4.

1. If n = 2p for a prime p then J(n, τ) ≥ n
4τ−2

.

2. J(n, τ) ≥ n−O(n0.98)
7τ

.

We proceed to define the notion of unbalancing set families.

Definition 7.2. Let n be a positive even integer, and k ≥ 0, 0 ≤ t ≤ n/2 be integers. We

say that subsets S1, . . . , Sk ⊂ [n] are an unbalancing set family if for every X ⊂ [n] of size

n/2− t, there is an i ∈ [k] such that |Si ∩X| > |Si|/2.

Given any even n, let U(n, t) denote the minimum k for which an unbalancing set family

of size k exists. For unbalancing set families, we determine U(n, t) exactly:

Theorem 7.5. U(n, t) = 2t+ 2.

Again, the lower bound here is more interesting than the upper bound. It is proved by

showing a connection between U(n, t) and the chromatic number of an appropriately defined

Kneser graph [69].

Threshold Circuits

We now discuss our results on depth-2 majority and threshold circuits. The majority func-

tion, MAJ(x) for x ∈ {0, 1}n, is defined as

MAJ(x[1], . . . , x[n]) =

 1
∑n

i=1 x[i] ≥ n/2,

0 otherwise.
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The unweighted threshold function, Tt(x) for x ∈ {0, 1}n, is defined as

Tt(x[1], . . . , x[n]) =

 1
∑n

i=1 x[i] ≥ t,

0 otherwise,

for some non-negative integer t. In what follows, unless stated otherwise, we refer to threshold

functions when we mean unweighted threshold functions.

A depth-2 circuit is defined by Boolean functions h, g1, . . . , gk, for some integer k, and

the depth-2 circuit is said to compute a function f on input x ∈ {0, 1}n if

f(x) = h(g1(x), . . . , gk(x)).

Here h, g1, . . . , gk are called the gates of the circuit. h is referred to as the top gate, and

g1, . . . , gk are referred to as the bottom gates of the circuit. Our lower bounds often hold

even when h is allowed to be an arbitrary Boolean function. The fan-in of a gate in the

circuit measures the number of variables that need to be read for the gate to carry out its

computation. The fan-in of the top gate in the circuit is defined to be k. The fan-in of each

of the gates gi is ri if gi depends on ri of the input variables. We sometimes refer to the top

fan-in when we mean k and the bottom fan-in when we mean the maximum of r1, . . . , rk.

We say that the fan-in of the circuit is r, if r is the maximum of the top fan-in and bottom

fan-in.

When functions g1, . . . , gk, h each compute majority, the circuit is called a majority cir-

cuit. Similarly, if all gates compute thresholds, then the circuit is called a threshold circuit.

Kulikov and Podolskii [63] asked the following question: What is the minimum fan-in required

to compute majority using a depth-2 majority circuit? As mentioned earlier, balancing set

families are closely related to depth-2 majority circuits computing majority. Precisely, when

n is even, there is a depth-2 majority circuit computing the majority of n bits with top fan-in

at most 2 · B(n) + 2.

To obtain a lower bound on the fan-in of such circuits, a potential approach is to show

that every depth-2 majority or threshold circuit corresponds to a balancing set family. We
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are able to leverage the ideas that are used to prove Theorem 7.1 to obtain lower bounds on

the fan-in of these circuits. Moreover, our lower bounds are sharp up to a constant factor.

Let n = 2p for a prime p. Note that the threshold function defined by the inequality∑n
i=1 x[i] ≥ p is the majority function on n bits, and yields a circuit with top fan-in 1. We

prove a lower bound on the top fan-in of a depth-2 threshold circuit when the bottom gates

do not have the threshold p:

Theorem 7.6. Suppose that n = 2p for a prime p. Then in any depth-2 circuit computing the

majority of n bits, if the bottom gates compute unweighted thresholds and read no constants,

either the top fan-in is at least n/2 = p, or some gate at the bottom computes a threshold Tt

with t = p.

In fact, Theorem 7.6 implies a similar lower bound on the top fan-in when the bottom

threshold gates read constants - see Section 7.5. Observe that in Theorem 7.6 we do not

assume that the top gate h computes a threshold function. The lower bound holds with no

restrictions on h.

Theorem 7.6 also gives tight lower bounds for the fan-in of threshold circuits computing

majority. Firstly, any non-constant threshold function Tt reading at most r inputs must

have t ≤ r. Secondly, any bottom gate that computes a threshold function Tt by reading

constants is equivalent to computing a threshold function Tt′ on the same input variables,

for some t′ ≤ t, and Tt′ reads no constants. Here, t′ = t− α where α is the number of ones

read by Tt. Consequently, we get:

Corollary 7.1. Suppose that n = 2p for a prime p. Then in any depth-2 circuit computing

the majority of n bits, if the bottom gates compute unweighted thresholds, the fan-in of the

circuit must be at least n/2 = p.

Since majority is a special case of the threshold function, the above corollary implies the

same lower bound on the fan-in of majority circuits that compute the majority. However,

by directly invoking Theorem 7.6, we obtain a slightly stronger lower bound for majority

circuits computing the majority:
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Corollary 7.2. Suppose that n = 2p for a prime p. Then in any depth-2 majority circuit

computing the majority of n bits, either the bottom fan-in is more than 2p − 2 = n − 2 or

the top-fan in is at least p = n/2.

This is because when the bottom fan-in of the majority circuit is at most 2p − 2, the

threshold of bottom gates are at most p− 1 and Theorem 7.6 applies.

Theorem 7.6, Corollary 7.1 and Corollary 7.2 discuss the case when n = 2p for a prime p.

For arbitrary values of n, we can generalize Theorem 7.6 to show that either the top fan-in

is at least n/2− o(n) or some gate at the bottom computes a threshold Tt with t ≥ p, where

p is the largest prime such that p ≤ n/2 (see Section 7.5 for the proof). Naturally, this lower

bound translates to Corollary 7.1 and Corollary 7.2. In particular, we get that any depth-2

majority circuit computing the majority of n bits must have that either the bottom fan-in

at least n − o(n) or the top fan-in at least n/2 − o(n). This nearly matches Amano’s [12]

construction of a depth-2 majority circuit with bottom fan-in n− 2 and top fan-in n/2 + 2.

Another kind of result that we investigate is whether weighted threshold functions can

be computed using unweighted thresholds of low fan-in. To that end, let n = (3p− 1)/2 for

an odd prime p, and consider the weighted threshold function

T (x) =

1 if
∑

i≤p−1 x[i] + 2
∑

i>p−1 x[i] ≥ p,

0 otherwise.

T (x) is a weighted threshold function with weights 1 and 2.

Theorem 7.7. Any depth-2 circuit computing T (x) where the bottom gates compute un-

weighted thresholds must have top fan-in at least (p− 1)/2 = (n− 1)/3.

Observe that in Theorem 7.7 we do not assume an upper bound on the fan-in of the

bottom gates. Our bounds are much stronger and significantly simpler than past lower

bounds ([63, 37]) on such circuits. Our proofs of Theorem 7.1 and Theorem 7.6 are based

on proving lower bounds on the degree of specific polynomials, using Lemma 7.1, that are

constructed using the balancing set families and depth-2 threshold circuits, respectively.

All our results are summarized in Table 7.1 and Table 7.2.
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Balancing Sets

B(n) = n/2 when n = 2p Theorem 7.1

B(n) ≥ n/2− o(n) Theorem 7.2

G(n) ≥ n/2− o(n) Theorem 7.3

J(n, τ) ≥ n/(4τ − 2) when n = 2p Theorem 7.4

J(n, τ) ≥ n(1− o(1))/7τ Theorem 7.4

Unbalancing Sets U(n, t) = 2t+ 2 Theorem 7.5

Table 7.1: Summary of results on balancing and unbalancing families. p is a prime.

Function Bottom Gates Result Reference

Majority thresholds and reads no constants k ≥ n/2 or threshold = p when n = 2p Theorem 7.6

Majority thresholds max{k, r} ≥ n/2 when n = 2p Corollary 7.1

Majority majority k ≥ n/2 or r > n− 2 when n = 2p Corollary 7.2

Majority thresholds k ≥ n/2− o(n) or threshold ≥ µ(n/2) Theorem 7.10

Majority thresholds max{k, r} ≥ n/2− o(n) Corollary 7.3

T (x) unbounded fan-in thresholds k ≥ (n− 1)/3 Theorem 7.7

Table 7.2: Summary of results on depth-2 circuits. n is the number of input bits and p is a

prime. k is the top fan-in and r is the maximum fan-in of the bottom gates. µ(n) denotes

the largest prime that is no more than n.
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Notation. We use the following notation in the rest of this chapter. For a positive integer

n, µ(n) denotes the largest prime p so that p ≤ n. For x ∈ {0, 1}n, when x[1] = x[2] = . . . =

x[n] = 0, we refer to x as the all-zeros vector or the all-zeros input. The all-ones vector or

all-ones input is defined similarly.

Bounds on µ(n)

Generalizations of Theorems 7.1 and 7.6 to the case when n 6= 2p for a prime p are obtained

by using a known lower bound on µ(n). Baker, Harman and Pintz [16] showed that the

largest gap between consecutive primes is bounded by O(n0.53). As a consequence, we can

conclude that

Theorem 7.8. [16] µ(n) ≥ n−O(n0.53).

The rest of this chapter is organized as follows. We discuss related work in Section 7.1.

We prove Lemma 7.1 in Section 7.2. Theorem 7.1 is proved in Section 7.3, and the application

of our techniques to generalizations of balancing set families are discussed in Section 7.4. In

particular, Section 7.4 contains the proofs of Theorem 7.2, 7.3 and 7.4. Theorems 7.6 and

7.7 are proved in Sections 7.5 and 7.6 respectively. Theorem 7.5 is proved in Section 7.7.

7.1 Related Work

7.1.1 Balancing Families

Various notions of balancing set families have been studied. We first describe the question

posed by Galvin [42, 38, 53].

Definition 7.3. Let n be a positive integer that is divisible by 4. A family of proper subsets

S1, . . . , Sk ⊂ [n] is exactly balancing if each Si is of size n/2 and for every X ⊂ [n] of size

n/2 there is an i ∈ [k] such that |X ∩ Si| = |Si|/2.

When n is divisible by 4, let G(n) denote the minimum k for which an exactly balancing

set family of size k exists. Clearly, the family of all subsets of [n] of size n/2 is exactly
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balancing, and any family with only one set is not exactly balancing. Therefore finding the

minimum number of sets in any exactly balancing set family is interesting.

Galvin [42] observed that G(n) ≤ n/2; take n/2 consecutive intervals of length n/2.

Frankl and Rödl [42] proved that G(n) ≥ Ω(n) if n/4 is odd, and later Enomote, Frankl,

Ito and Nomura [38] proved that if n/4 is odd, then G(n) ≥ n/2. Proofs in [42, 38] are

based on techniques from linear algebra and extremal set theory. Recently, Hegedűs [53]

used algebraic techniques to prove that if n/4 is prime, then G(n) ≥ n/4. For arbitrary

values of n, Alon, Kumar and Volk [10] proved that G(n) ≥ Ω(n). Theorem 7.3 improves

the bound of Alon, Kumar and Volk.

Several natural variants of Galvin’s problem have been studied. One such variant was

studied by Jansen [57], and Alon, Kumar and Volk [10]:

Definition 7.4. Let n be an even integer, and let τ be a positive integer. Let S1, . . . , Sk ⊂ [n]

with 2τ ≤ |Si| ≤ n − 2τ . We say that S1, . . . , Sk is a τ -balancing set family if for every

X ⊂ [n] of size n/2 there is an i ∈ [k] such that

|Si|/2− τ < |X ∩ Si| < |Si|/2 + τ.

When n is even and τ is positive, let J(n, τ) denote the minimum k for which such a

family of size k exists. This variant allows the family to have sets with different sizes and

the intersection sizes to take more than just one value. Alon, Kumar and Volk proved that

J(n, τ) ≥ 1
105
· (n/τ). This lower bound is sharp up to a constant factor. Theorem 7.4

improves their bound to n−o(n)
7τ

.

Our techniques yield a quantitatively stronger lower bound on balancing set families.

The improvement stems from the fact that the ratio of the degree of the polynomial to the

number of variables of the polynomial increases from 1/4 to 1/2. Moreover, the application

of Lemma 7.1 eliminates an additional argument using the probabilistic method employed

in the work of Alon, Kumar and Volk.

There are many applications of balancing set families. Alon, Bergmann, Coppersmith

and Odlyzko [6] studied a different version of balancing sets that has applications to optical
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data communication. Jansen [57] and Alon, Kumar, and Volk [10] showed applications to

proving lower bounds for syntactic multilinear algebraic circuits (also see [90]).

7.1.2 Threshold Circuits

A depth-d majority circuit can be defined in analogy to depth-2 majority circuits. Let Md(n)

denote the minimum fan-in of a depth-d majority circuit that computes the majority of n

bits. A long line of work has addressed the question of computing the majority function

using majority circuits. Ajtai, Komlós and Szemerédi [3] showed that Mc·logn(n) = O(1), for

some constant c. Using probabilistic arguments, Valiant [98] showed the existence of depth

O(log n) majority circuit that computes the majority, where each gate has constant fan-in.

Allender and Koucky [4] showed that Mc(n) = O(nε(c)), where c is a constant and ε(c) is a

function of c. Kulikov and Podolskii proved that M3(n) ≤ Õ
(
n2/3

)
1. See [63, 37, 39] and

references within for a detailed treatment.

We now discuss previous bounds on M2(n). Kulikov and Podolskii [63] used probabilistic

arguments to show that M2(n) ≥ Ω̃
(
n7/10

)
. They also proved that M2(n) ≥ Ω̃

(
n13/19

)
when

the gates are not required to read distinct variables. Amano and Yoshida [13] showed that

for every odd n ≥ 7, M2(n) ≤ n− 2, where they allowed some of the gates to read variables

multiple times. Later, Engles, Garg, Makino and Rao [37] used ideas from discrepancy theory

to prove that M2(n) ≥ Ω(n4/5) when the gates do not read constants. Posobin [86] showed

that majority can be computed by a depth-2 majority circuit of fan-in at most 2n/3 + 4

(this was also proved independently by Bauwens [86]). Very recently, Amano [12] gave a

construction of a depth-2 majority circuit computing majority with bottom fan-in n− 2 and

top fan-in n/2 + 2.

Kulikov and Podolskii [63] studied and proved lower bounds on other variants of depth-2

majority circuits. In particular, they consider circuits in which each majority gate can read a

variable multiple times. Let W be the maximum over the number of times a variable is read.

1In the rest of the chapter, Õ(a) and Ω̃(a) mean that polylog(a) factors are ignored.
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They prove that M2(n) ≥ min
{
Ω̃
(
n13/19

)
, Ω̃
(
n7/10

W 3/10

)}
. In this case, our techniques yield a

lower bound of M2(n) ≥ Ω
(
n
W

)
. Essentially, their lower bound is stronger when W ≥ n6/19

and our bound is stronger when W ≤ n6/19.

The question of computing weighted thresholds using a depth-2 threshold function is

connected to the study of exact threshold circuits initiated by Hansen and Podolskii [51].

It may also be useful in studying the expressibility of general functions using threshold or

ReLu gates; see the work of Williams [104].

We would like to emphasize that the lower bounds in Theorems 7.6 and 7.7 are tight and

only off by constant factors. In addition, most functions considered in past work on majority

and threshold circuit lower bounds do not admit depth-2 majority or threshold circuits with

linear fan-in on the gates. In fact, one can prove exponential lower bounds on the size of

circuits computing these functions (see [51]).

7.2 Proof of the Polynomial Lemma (Lemma 7.1)

Let f be as in the assumption of Lemma 7.1. Consider the polynomial

g(x[1], . . . , x[2p]) = (1− x[1]) ·
p−1∏
i=1

(
i−

2p∑
i=1

x[i]

)
,

which has degree p. For x ∈ {0, 1}2p, observe that g(x) = 0 if the number of ones in x is not

a multiple of p or x is the all-ones input, and g(x) 6= 0 if x is the all-zeros input. Therefore,

f · g is non-zero on the all-zeros input and 0 elsewhere in {0, 1}2p.

We will now show that the degree of f · g is at least 2p. Consider the polynomial h that

is obtained by multilinearizing f · g. In other words, replace every power xki with xi in f · g,

for k ≥ 1, Observe that the degree of h is at most the degree of f . Define α = h(0, . . . , 0).

Recall that there is a one-to-one correspondence between multilinear polynomials over Fp
on 2p variables and the set of all functions from {0, 1}2p → Fp. Since h is the same as

the function that is α on the all-zeros input and 0 elsewhere in {0, 1}2p, we can use this
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correspondence to conclude that

h(x[1], . . . , x[2p]) = α ·
2p∏
i=1

(1− x[i]).

Therefore the degree of h is 2p.

Hence the degree of f · g is at least 2p, implying that the degree of f is at least p.

7.3 Upper and Lower Bounds on B(n)

In this section, we describe some explicit balancing set families.

Lemma 7.2.

1. If n is divisible by 4 and n 6= 4, then B(n) ≤ n/2− 1.

2. If n is divisible by 2 and n 6= 2, then B(n) ≤ n/2.

Proof. When 4 divides n, there is a family of k = n
2
− 1 sets that are balancing: take any

k sets, each of size 4, satisfying Si ∩ Sj = {1, 2} for all i 6= j. This family has the property

that for any subset X ⊂ [n] of size n/2, there is an i ∈ [k] such that |X ∩ Si| = 2.

When 2 divides n, there is a family of k = n/2 sets that are balancing: take any k sets,

each of size 2, satisfying Si ∩ Sj = {1} for all i 6= j. This family has the property that for

any subset X ⊂ [n] of size n/2, there is an i ∈ [k] such that |X ∩ Si| = 1.

As implied by Theorem 7.1, when n = 2p for a prime p, there is no construction with

k = n
2
− 1 sets; the minimum possible k in this case is n

2
. We now prove Theorem 7.1.

Proof of Theorem 7.1. Lemma 7.2 implies that B(n) ≤ p = n/2. We now proceed to show

that B(n) ≥ p = n/2. Let S1, . . . , Sk be the balancing set family. Without loss of generality

each |Si| is even, and therefore 1 ≤ |Si|/2 ≤ p − 1 for all i ∈ [k]. We will now construct a

polynomial that is non-zero on the all-zeros input and vanishes on all x ∈ {0, 1}2p with p

ones. Define the polynomial

f(x[1], . . . , x[2p]) =
k∏
i=1

(
|Si|/2−

∑
j∈Si

x[j]

)
,
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over Fp that has degree k. Since 1 ≤ |Si|/2 ≤ p − 1 for all i ∈ [k], f(0) 6= 0. We will show

that f(x) = 0, for x ∈ {0, 1}2p, when x exactly has p ones. This is because the input x to f

with exactly p ones corresponds to a set X ⊂ [2p] of size p. The fact that there is an i ∈ [k]

such that |Si ∩X| = |Si|/2, implies that |Si|/2 −
∑

j∈Si x[j] = 0. By applying Lemma 7.1,

we can conclude that k ≥ p.

Remark. In Definition 7.1, since |Si ∩ X| = |Si|/2, it is no loss of generality to assume

that each Si is even sized. The definition can be relaxed by having |Si ∩X| = d|Si|/2e. In

this relaxed definition, the family {1}, {2, . . . , 2p} is balancing and the size of the family is

2. However, if we impose an extra condition that each |Si| ≥ 2, then we can prove that the

size of any such family is at least p.

When n is even and all sets in the balancing set family are of size 2, we use a graph

theoretic argument to prove that the size of the family is at least n/2. This shows that the

construction in the proof of part 2 of Lemma 7.2 is tight.

Theorem 7.9. Let n be a positive even integer. Let S1, . . . , Sk ⊂ [n] be a balancing set

family. If |Si| = 2 for all i ∈ [k], then, k ≥ n/2.

We need the following lemma about integers to prove the above theorem.

Lemma 7.3. Let a1, . . . , ak be positive integers such that
∑k

i=1 ai = n. If k > n/2, then for

every non-negative integer s ≤ n, there is a S ⊆ [k] such that
∑

i∈S ai = s.

Proof. We prove the lemma by induction on n. The base case is when n = 1. In this case

k = 1, and the possible values for s is 0 and 1. Hence the statement is true for n = 1.

Induction hypothesis assumes that the statement is true for all positive integers that are

at most n − 1, and we prove it for n. Without loss of generality, we can assume that a1

is the largest among a1, . . . , ak. If a1 = 1, then the statement is true because this implies

that k = n, and for every s ≤ n,
∑s

i=1 ai = s. For the rest of the proof, we assume that

a1 ≥ 2. We will first show that a1 ≤ dn/2e. Assume for contradiction that a1 > dn/2e.
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Since each ai ≥ 1, we can conclude that
∑k

i=2 ai ≥ k − 1 ≥ bn/2c. Therefore, we get that∑k
i=1 ai > bn/2c+ dn/2e = n, which is a contradiction.

We claim that k − 1 > n−a1
2

. Indeed, since k > n/2, we have

k − 1 >
n− 2

2
≥ n− a1

2
,

where the last inequality follows from the fact that a1 ≥ 2. As k − 1 > n−a1
2

, we can apply

the induction hypothesis on a2, . . . , ak. By the induction hypothesis, for every s ≤ n − a1,

there is a S ⊆ {2, 3, . . . , k} such that
∑

i∈S ai = s. For every s > n− a1, let s′ be such that

s = a1 + s′. We have

n− a1 ≥ s′ = s− a1 > n− 2a1 ≥ −1

where the last inequality follows from a1 ≤ dn/2e. This implies that 0 ≤ s′ ≤ n − a1,

and the induction hypothesis gives a set S ⊆ {2, 3, . . . , k} such that
∑

i∈S ai = s′. Hence∑
i∈S∪{1} ai = s. This completes the proof.

Proof of Theorem 7.9. Consider a graph defined on the vertex set [n]. (u, v) ∈ [n]× [n], for

u 6= v, is an edge in the graph iff u, v ∈ Si for some i ∈ [k]. The number of edges in this

graph is k. Let k′ be the number of connected components, and let a1, . . . , ak′ be such that

ai is the size of the i-th connected component. Observe that
∑k′

i=1 ai = n. Since the number

of edges in the i-th connected component is at least ai − 1, we get that k′ ≥ n− k. We will

proceed to show that k ≥ n/2. Assume for contradiction that k < n/2. We then know that

k′ > n/2. Lemma 7.3 implies there is a S ⊂ [k′] such that
∑

i∈S ai = n/2. Define X ⊂ [n]

to be the set of all vertices in the connected components indexed by S. |X| = n/2 and

there is no edge from X to [n] \X. Therefore, for every i ∈ [n], |Si ∩X| 6= 1 and this is a

contradiction. Hence, k′ ≤ n/2 and k ≥ n/2.

7.4 Balancing Families: Generalizations and Improvements

In this section we prove Theorems 7.2, 7.3 and 7.4. The following lemma is crucial in the

proofs these theorems.
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Lemma 7.4. Let n be an even integer. Let S1, . . . , Sk ⊂ [n] and T1, . . . , Tk ⊆ [µ(n/2) − 1].

Suppose that there is a set R ⊆ [n] of size n− 2µ(n/2) such that for every i ∈ [k] and t ∈ Ti,

|Si ∩ R| < t, and for every X ⊂ [n] of size n/2 there is an i ∈ [k] such that |X ∩ Si| ∈ Ti.

Then
∑k

i=1 |Ti| ≥ µ(n/2).

Proof. Define the polynomial

F (x[1], . . . , x[n]) =
k∏
i=1

∏
t∈Ti

(
t−

∑
j∈Si

x[j]

)
.

Let p = µ(n/2). Define the polynomial f(x[1], x[2], . . . , x[2p]) over Fp by setting in F half

of the variables indexed by R to 0 and the other half to 1. The degree of f is at most∑k
i=1 |Ti|. We claim that f takes the value 0 on all inputs with exactly p ones and f is

non-zero on the all-zeros input. This is sufficient to prove the theorem as Lemma 7.1 implies

that
∑k

i=1 |Ti| ≥ p.

The former part of the claim is true because the input x to f with exactly p ones along

with the variables in R that are set to 1 correspond to a set X ⊂ [n] of size n/2. The fact

that there is an i ∈ [k] and t ∈ Ti with |Si ∩X| = t, implies t−
∑

j∈Si x[j] = 0.

We now proceed to show that f is non-zero on the all-zeros input. On the all-zeros input

for f , we know that all variables indexed by [n] \ R are set to 0 and we do not have any

control on the assignment to the variables in R. However, since for every i ∈ [k] and t ∈ Ti,

0 < t < p and |Si ∩R| < t, f is non-zero on the all-zeros input.

Implications of Lemma 7.4

We now discuss the implications of Lemma 7.4 to the questions about balancing set families

discussed earlier. The choice of R in Lemma 7.4 depends on the context. We obtain an

asymptotically sharp lower bound for Galvin’s problem and an improvement over the lower

bound of Alon, Kumar and Volk.

B(n) : We prove Theorem 7.2 using the following claim, which is proved in Section 7.4.1.
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Claim 7.1. Let n be a positive integer and S1, . . . , Sk ⊂ [n] be a balancing set family. If n

is large enough and k < n/2 − 2n0.98, then there exists a R ⊂ [n] of size n − 2µ(n/2) such

that for every i ∈ [k], |Si ∩R| < |Si|/2.

Proof of Theorem 7.2. Assume for contradiction that B(n) < n/2 − 2n0.98. Let R be the

set given by Claim 7.1. By invoking Lemma 7.4 with R and each Ti = {|Si|/2}, we get

B(n) ≥ µ(n/2) ≥ n/2− O (n0.53), where the last inequality follows from Theorem 7.8. This

contradicts the assumption for large values of n.

J(n, τ ) : We prove Theorem 7.4. We have that each

Ti = {|Si|/2− τ + 1, . . . , |Si|/2, . . . , |Si|/2 + τ − 1}.

When n = 2p for a prime p, R = ∅. Observing that each Ti is of size 2τ − 1, Lemma 7.4

implies Part 1 of Theorem 7.4.

We now proceed to prove Part 2 of Theorem 7.4. We need the following claim, and this

claim is proved in Section 7.4.1.

Claim 7.2. Let n be a positive integer, τ be a positive integer, and S1, . . . , Sk ⊂ [n] be τ -

balancing set family. If n is large enough and k < n/(7τ) − n0.98/(7τ), then there exists a

R ⊂ [n] of size n− 2µ(n/2) such that for every i ∈ [k], |Si ∩R| ≤ |Si|/2− τ .

Proof of Part 2 of Theorem 7.4. Assume for contradiction that

J(n, τ) < n/(7τ)− n0.98/(7τ).

Let R be the set given by Claim 7.2. By invoking Lemma 7.4 with R and each

Ti = {|Si|/2− τ + 1, . . . , |Si|/2, . . . , |Si|/2 + τ − 1},

we get J(n, τ) ≥ µ(n/2)
2τ−1

≥ n−O(n0.53)
4τ−2

, where the last inequality follows from Theorem 7.8.

This contradicts the assumption for large values of n.
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G(n) : We prove Theorem 7.3. For Galvin’s problem, n is divisible by 4, each Si is of size

n/2 and each Ti = {n/4}. R can be chosen to be any arbitrary set of size n − 2µ(n/2).

For Lemma 7.4 to apply, we need that for each i ∈ [k] and t ∈ Ti, Ti ⊆ [µ(n/2) − 1]

and |Si ∩ R| < t. This translates into the condition that µ(n/2) > 3n/8. Lemma 7.4 in

conjunction with Theorem 7.8 implies Theorem 7.3.

Specifically Theorem 7.3 shows that our lower bound is sharp up to an additive o(n) term

as G(n) ≤ n/2. It is worth noting that G(n) < n/2 for n ∈ {8, 16}, so a general n/2 lower

bound is false (see [10]).

7.4.1 Proofs of Claim 7.1 and Claim 7.2

We need the following claim to prove Claim 7.1 and Claim 7.2.

Claim 7.3. Let n be a positive integer, ∅ ⊂ S ⊂ [n], and 0 ≤ t ≤ n be an integer. Let T be

a random subset of [n] of size r. Then

Pr[|S ∩ T | ≥ t] ≤ 2|S| ·
( r
n

)t
.

Proof. We have

Pr[|S ∩ T | ≥ t] ≤
(
|S|
t

)
·
(
n−t
r−t

)(
n
r

) ≤ 2|S| ·
( r
n

)t
.

Proof of Claim 7.1. Let p = µ(n/2) and r be such that r = n − 2p. By Theorem 7.8, for

large enough n, r < n0.54. In addition, we can assume without loss of generality that for all

i ∈ [k], |Si| is even.

Define

A = {j | j ∈ Si for some i ∈ [k] and |Si| = 2}

and

B = {j | j ∈ Si and j ∈ Si′ for i, i′ ∈ [k], i 6= i′, and |Si| = |Si′ | = 4} .

In words, A is the set of elements which are in sets of size 2 and B is the set of elements that

belong to at least 2 sets of size 4. We claim that |A∪B| ≤ n− 4n0.98. Indeed, we have that

|A| ≤ 2 · (# sets of size 2)
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and

|B| ≤ (4 · (# sets of size 4))/2 = 2 · (# sets of size 4).

Since k ≤ n/2− 2n0.98, we get that |A ∪B| ≤ n− 4n0.98.

By the definition of B, we have the property that for every j ∈ [n] \B, it is the case that

j appears in at most one set Si of size 4. Let X ⊆ [n] \ (A ∪B) be the largest set such that

for every i ∈ [k] if |Si| = 4 and |Si ∩ (A ∪ B)| < 4, then |Si ∩X| = 1. The definition of X

implies that |X| ≥ |[n] \ (A ∪B)|/4 ≥ n0.98 for large enough n.

We will pick a random subset R of size r from X, and show that

Pr[∃i ∈ [k], |Si ∩R| ≥ |Si|/2] < 1/n0.2. (7.1)

This is sufficient as this implies that there exists a set R ⊂ [n] of size r such that for every

i ∈ [k], |Si ∩R| < |Si|/2.

We now proceed to prove Eq. (7.1). For every i ∈ [k], by the definition of X, if |Si| = 2,

then |Si ∩ R| = 0. Similarly, if |Si| = 4, then |Si ∩ R| ≤ 1. We now consider the case when

|Si| ≥ 6 for i ∈ [k]. Using r < n0.54 and |X| ≥ n0.98, we get from Claim 7.3 that for every

i ∈ [k],

Pr[|Si ∩R| ≥ |Si|/2] ≤ 2|Si| ·
(

1

n0.44

)|Si|/2
≤ 2|Si|−0.22·|Si|·logn.

For large enough n we have,

Pr[|Si ∩R| ≥ |Si|/2] ≤ 2−0.21·|Si|·logn ≤ n−1.2,

where the last inequality follows from the fact that |Si| ≥ 6. Therefore by a union bound

over i ∈ [k], we can conclude that

Pr[∃i ∈ [k], |Si ∩R| ≥ |Si|/2] < 1/n0.2.

Proof of Claim 7.2. Note that τ ≥ 1. Let p = µ(n/2) and r be such that r = n − 2p. By

Theorem 7.8, for large enough n, r < n0.54.
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Consider the following iterative process: If there is a set Si with at most 7τ elements,

remove the set and its elements from other sets to which they belong. Repeat this process

until all remaining sets have size more than 7τ . Let A denote the set of elements from [n]

that did not belong a Si that was removed, and let T1, . . . , Tk′ ⊆ A (k′ ≤ k) be the sets that

remain. Observe that since k < n/(7τ)− n0.98/(7τ), |A| ≥ n0.98.

If k′ = 0, then let R be any subset of A of size r. We now consider the case when k′ ≥ 1.

We will pick a random subset R of size r from A, and show that

Pr [∃i ∈ [k′], |Ti ∩R| ≥ |Ti|/2− τ ] < 1/n0.01. (7.2)

This is sufficient because it shows the existence of a R of size r such that |Si∩R| < |Si|/2−τ

for every i ∈ [k]. Indeed for each Si that was removed, we have that |Si ∩ R| = 0. For each

Si that was not removed, we have that |Si ∩R| < |Ti|/2− τ ≤ |Si|/2− τ , where Ti is the set

corresponding to Si that remained.

We now proceed to show Eq. (7.2). Using r < n0.54 and |A| ≥ n0.98, we get from Claim

7.3 that for every i ∈ [k′],

Pr [|Ti ∩R| ≥ |Ti|/2− τ ] ≤ 2|Ti| ·
(

1

n0.44

)|Ti|/2−τ
= 2|Ti|(1−0.22 logn)+0.44τ logn

≤ 2(0.44τ−0.21|Ti|)·logn,

where the last inequality is true for large enough n. Since, |Ti| ≥ 7τ , we have that 0.44τ −

0.21|Ti| < −1.01τ . Therefore, Pr[|Ti∩R| ≥ |Ti|/2− τ ] ≤ n−1.01, as τ ≥ 1. By a union bound

over i ∈ [k′], we can conclude that

Pr [∃i ∈ [k′], |Ti ∩R| ≥ |Ti|/2− τ ] < 1/n0.01.

7.5 Computing Majority using Depth-2 Threshold Circuits

We first prove Theorem 7.6.
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Proof of Theorem 7.6. Let k be the top fan-in of the circuit, and let g1, . . . , gk be the thresh-

old functions given by the bottom gates of the circuit. We know that gi is defined by an

inequality of the form Li(x) ≥ ti for a linear function Li. Assume towards a contradiction

that k < p and each ti 6= p.

Define the polynomial

f(x) =
∏

i∈{j | 0<tj<2p}

(Li(x)− ti)

over Fp that has degree at most k. By definition, f(0) is non-zero. We claim that f(x) = 0 on

every x ∈ {0, 1}2p with p ones. Indeed, for such a x we have that MAJ(x) = 1, but for x′ that

is obtained from x by flipping a coordinate with value 1 to 0, we have that MAJ(x′) = 0.

Observe that each Li is a linear function with coefficients in {0, 1}. Since x and x′ only

differ in one coordinate, we have Li(x) − Li(x′) ∈ {0, 1} for every i ∈ [k]. MAJ(x) = 1 and

MAJ(x′) = 0 implies that there is an i ∈ [k] such that gi(x) = 1 and gi(x
′) = 0. This means

that Li(x) = ti, but Li(x
′) = ti − 1. Moreover, this implies that 0 < ti < 2p. Hence, for

every x ∈ {0, 1}2p with p ones, there is an i ∈ [k] such that Li(x) = ti and 0 < ti < 2p, which

makes f(x) = 0. Therefore Lemma 7.1 implies that the degree of f is at least p, which is a

contradiction.

The following theorem for arbitrary values of n is proved using Theorem 7.6.

Theorem 7.10. In any depth-2 circuit computing the majority of n bits, if the bottom gates

compute unweighted thresholds, either the top fan-in is at least µ(n/2), or some gate at the

bottom computes a threshold Tt with t ≥ µ(n/2).

Proof. Let k be the top fan-in of the circuit, and let p = µ(n/2). If there exists a bottom gate

with threshold at least p, then we are done. So assume that all bottom gates have threshold

less than p. Set half the variables in x[2p+ 1], . . . , x[n] to 0 and the other half to 1. We get

a new depth-2 circuit computing the majority of x[1], . . . , x[2p]. Any bottom threshold gate

computing Tt that reads constants is equivalent to a threshold gate computing Tt′ on the



118

same input variables with t′ ≤ t < p, and Tt′ reads no constants. Here, t′ = t− α, where α

is the number of ones read by Tt. Replacing each bottom gate that reads constants with its

equivalent gate that reads no constants, we obtain a depth-2 circuit in which each bottom

gate computes a threshold function with threshold less than p and does not read constants.

By applying Theorem 7.6, we can conclude that k ≥ p.

Using Theorem 7.8 we get a corollary to Theorem 7.10.

Corollary 7.3. In any depth-2 circuit computing the majority of n bits, if the bottom gates

compute unweighted thresholds, then the fan-in is at least n/2−O(n0.53).

7.6 Computing Weighted Thresholds

We now give the proof of Theorem 7.7 Let g1, . . . , gk be the threshold functions given by the

bottom gates of the circuit. Let

L(x) =
∑
i≤p−1

x[i] + 2
∑
i>p−1

x[i].

Note that L is a polynomial on 3p−1
2

variables. For i ∈ [k], we know that gi is defined by an

inequality of the form Li(x) ≥ ti for a linear function Li with coefficients in {0, 1}.

Consider the polynomial

f(x) =
∏

i∈{j | 0<tj<p}

(Li (x)− ti)

over Fp that has degree at most k. By definition, f is non-zero on the all-zeros input. We

will show that f(x) = 0 on x ∈ {0, 1} 3p−1
2 such that L(x) = p.

Let x ∈ {0, 1} 3p−1
2 be such that L(x) = p. Note that for every such x, the number of

ones in it is at most p − 1 and at least 1. For every x′ ∈ {0, 1} 3p−1
2 that is obtained by

flipping one of the coordinates of x with value 1 to 0, we have T (x′) = 0. For such x, x′,

there must be an i ∈ [k] such that gi(x) = 1 and gi(x
′) = 0. Moreover, Li being a linear

function with coefficients in {0, 1} implies that Li(x)− Li(x′) ∈ {0, 1}. Since gi(x) 6= gi(x
′),
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we have Li(x) = ti. In addition, since the number ones in x is at most p− 1 and at least 1,

we get that 0 < ti < p. Hence we can conclude that f(x) = 0.

We now find a polynomial g that is 0 everywhere in {0, 1} 3p−1
2 , except on the all-zeros

input and x such that L(x) = p. Define

g(x) = (1− x[1]) ·
p−1∏
i=1

(i− L(x)) .

The degree of g is p, and f ·g is non-zero on the all-zeros input and 0 elsewhere in {0, 1} 3p−1
2 .

We will show that the degree of f · g is at least (3p− 1)/2. As in the proof of Lemma 7.1, let

h be the multilinearization of f ·g. Then h is non-zero on the all-zeros input and 0 elsewhere

in {0, 1} 3p−1
2 . Therefore the degree of h is at least (3p − 1)/2. Since the degree of h is at

most the degree of f · g, the degree of f is at least (p− 1)/2.

7.7 Upper and Lower Bounds on U(n, t)

Theorem 7.5 is proved in this section. We first recall the definition of a Kneser graph. The

Kneser graph Kn,α is a graph whose vertices are identified with the subsets of [n] of size

α, and there is an edge between two vertices if and only if the corresponding subsets are

disjoint. We need the following theorem bounding the chromatic number of Kneser graphs.

Theorem 7.11 ([69]). Consider the Kneser graphs in which the vertex set is given by subsets

of [n] of size α. Then the chromatic number of this graph is max{1, n− 2α + 2}.

Proof of Theorem 7.5. We first prove the upper bound. The following 2t + 2 sets form an

unbalancing family:

{1}, {2}, . . . , {2t+ 1}, {2t+ 2, 2t+ 3, . . . , n}.

The above family has the property that for a given X ⊆ [n] of size n/2 − t, either X ⊆

{2t+ 2, 2t+ 3, . . . , n} or not. In the former case,

|X ∩ {2t+ 2, 2t+ 3, . . . , n}| = n/2− t > n− 2t− 1

2
.
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In the latter case, there will be an i ∈ [2t+ 1] such that i ∈ X. Therefore, |X ∩{i}| = 1 > 1
2
.

We now prove the lower bound. Consider the Kneser graph in which the vertex set is

given by subsets of [n] of size n/2− t. We claim that the chromatic number of this graph is

at most k. The coloring is as follows: For every X ⊆ [n] of size n/2− t, we know that there

is an i ∈ [k] such that |Si ∩X| > |Si|/2. The vertex associated with X is given the color i.

This is a proper coloring because for every X, Y ⊆ [n], each of size n/2− t that are disjoint,

it cannot be the case that |X ∩ Si| > |Si|/2 and |Y ∩ Si| > |Si|/2. Therefore by Theorem

7.11, we can conclude that k ≥ 2t+ 2.
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Chapter 8

CONCLUSION AND OPEN PROBLEMS

In this thesis we used techniques from information theory, algebra and combinatorics to

answer lower bound questions in communication complexity, data structures and depth-2

threshold circuits. Specifically, we showed (a) how to compress two party protocols when

the information revealed by the parties is asymmetric, (b) how to combine a modification

of cell sampling with the discrepancy method in communication complexity to obtain new

lower bounds against static data structures for the Vector-Matrix-Vector problem, (c) how

systematic linear data structures are equivalent to rigidity, (d) how to use the sunflower

lemma for lower bounds against non-adaptive data structures that compute the median, and

(e) how to use polynomials over finite fields to prove lower bounds on the fan-in of depth-2

threshold circuits computing the majority of n bits.

We list some open problems related to compressing two party communication protocols,

data structure lower bounds and balancing sets.

Protocol Compression. Given a protocol with communication C and internal informa-

tion cost I, can it be simulated with communication at most O(I · poly(logC))? Though

we know near optimal simulations when the inputs to the parties are independent [62, 95],

the best known upper bound in the general setting is min
{
O
(√

IC · logC
)
, 2O(I)

}
(see

[18, 23]). From the perspective of lower bounds, Ganor, Kol and Raz [48, 49] showed that

there is no simulation with communication αI logC/ log logC, for some constant α. Any

progress on either the upper bound or the lower bound would be interesting.

Data Structure Lower Bounds. As discussed earlier, there are many static data struc-

ture problems for which we can show a query time lower bound of Ω(log |Q|) when the space
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is linear in the number of bits required to store the data, where Q denotes the query set.

However, there is a big gap to the best know upper bounds for some of these problems.

The open question is to exhibit an explicit query set Q such that the query time is least

ω(log |Q|), when the space is linear in the number of bits required to store the data . This

question is also open for linear data structures; studying this question for linear data struc-

tures has many advantages in that it is mathematically cleaner and simpler, and techniques

from linear algebra and algebra come in handy.

Balancing Set Families. We proved that for arbitrary n, n/2−o(1) ≤ B(n) ≤ n/2−1. It

is an intriguing open question to bridge the gap between the upper bound and lower bound.

Other Open Questions. We end this thesis by discussing three open questions related

to linear data structure lower bounds, some of which are small steps towards resolving the

major open question mentioned earlier (the first two questions are joint work with Rao).

(a) The first open question has a geometric flavor. For sets S, T ⊂ R2, we say that T line

spans S if all points in S lie on the lines generated by every pair of points in T . The

goal is to understand the relationship between |S| and |T | when T line spans S. As an

example, if all points in S lie on a circle, then it is not hard to show that |T | >
√
|S|.

The question is to find an explicit finite set S such that for any T that line spans S,

it must be the case that |T | ≥ ω
(
|S|1/2

)
. This question amounts to proving a lower

bound on the space of linear data structures when the query time is 2. Hrubeš [55]

proved the existence of such sets using algebraically independent numbers, but it is

not clear if his construction can be made explicit. Dvir [35] showed that such sets exist

using a dimension counting argument, but the set is not explicit.

(b) The second question concerns distances in Cayley graphs. Let Q ⊆ Fn2 . Consider a

Calyey graph over Fn2 with generator set S ⊂ Fn2 : the vertex set is Fn2 and there is

an edge between two vertices u and u′ if u + v = u′ for some v ∈ S. To see how
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Cayley graphs can help us understand linear data structures, consider a data structure

for Q with space s and query time t, which stores 〈v1, x〉 , . . . , 〈vs, x〉 for input data

x. Then, the Cayley graph with the generator set S = {v1, . . . , vs} has the property

that maxq∈Q dS(q) ≤ t, where dS(q) is the shortest path distance of q from the all zeros

vector (0, 0, . . . , 0). Indeed, the data structure promises that for every q ∈ Q, there

are at most t indices i1, . . . , ik such that q = vi1 + . . . + vik . This linear combination

corresponds to a path in the Cayley graph of length k, which is at most t. The linear

data structure lower bound question translates to finding an explicit set Q ⊆ Fn2 such

that for every S ⊆ Fn2 of size O(n), the Cayley graph with generator set S must have

maxq∈Q dS(q) ≥ ω (log |Q|). This opens up a new and interesting line of attack via

spectral techniques, especially because the eigenvectors are given by the Fourier basis.

(c) The final question is on the Matrix-Vector problem in the static setting. In the Matrix-

Vector problem, the data structure must store a matrix M ∈ F
√
n×
√
n

2 using s bits that

are linear functions of M and provide a query algorithm to compute Mv on the query

v ∈ F
√
n

2 . If t is the query time of any such data structure and s = O(n), we then know

that t ≥ Ω(
√
n) = Ω(log |Q|), where Q denotes the query set; this easily follows from

the fact that the output of the query algorithm is a
√
n length vector. The Matrix-

Vector problem is a good candidate for proving a query time lower bound of ω (log |Q|)

because the output Mv resembles a direct sum and any new lower bound for the

Vector-Matrix-Vector problem also implies a new lower bound for the Matrix-Vector

problem.
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[40] Paul Erdős and Richard Rado. Intersection Theorems for Systems of Sets. Journal of
London Mathematical Society, 35:85–90, 1960.

[41] Gudmund Skovbjerg Frandsen, Peter Bro Miltersen, and Sven Skyum. Dynamic Word
Problems. J. ACM, 44(2):257–271, 1997.
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