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An intracochlear lead-zirconate-titanate (PZT) microactuator can complement a cochlear implant 

electrode array to rehabilitate hearing loss patients with enhanced speech recognition. The 

presence of the intracochlear microactuator can significantly alter the cochlear dynamics because 

the actuation now results from the microactuator instead of the stapes. To understand the effect 

of the microactuator on the cochlear dynamics, a test rig that mimics the box model of a human 

cochlea was designed. The test rig consists of two connected fluid channels, one aluminum 

membrane sandwiched between the channels, and a PZT thin-film microactuator. Since the 

actuators are manufactured using a very complex process, they are not identical. To account for 

variability, three test rigs employing three different actuators are created. For each one, 



 

frequency response functions of the microactuator and the aluminum membrane are measured 

using a laser Doppler vibrometer and a spectrum analyzer. Measurements are taken when the 

microactuator is in air, in a petri dish surrounded by oil, and in the fluid channel inside the test 

rig. In addition to frequency response measurements, the distance between the actuator and 

aluminum membrane inside the test rig is measured using the camera with fixed focal length and 

adjustable position. When microactuators are moved from air into the petri dish, their natural 

frequencies drop because of the added mass of surrounding oil. When microactuators are moved 

from the petri dish (i.e., an open environment) to the inside of the fluid channels (i.e., a closed 

environment), their natural frequencies drop further indicating additional increase in inertia. Two 

out of three actuator also experience the drop in static gain when they are moved from the petri 

dish into the channel, indicating an increase in stiffness. After the review of the squeeze film 

theory, the drop in static gain is attributed to experimental inaccuracy. The cause of the 

inaccuracy is discussed. The inertial effect is investigated using finite element method in 

commercial software Ansys Acoustics. Several models are proposed. The simplest model 

neglects the motion of the membrane. It is used to study the effect of model uncertainties and to 

capture the behavior of actuators in air and petri dish. Its inability to capture the behavior of the 

actuators in the channel indicates that membrane motion cannot be neglected, and the inertial 

effect is caused by the coupling of the actuator and membrane via fluid in between. A model that 

includes a very stiff membrane is able to capture natural frequencies in the channel, but unable to 

explain the phase difference between the actuator and membrane. The membrane mode shapes 

are extracted using principal component analysis to explain the deficiency of the model, and to 

justify the need for a full model of the test rig. The full model provides a valuable insight in the 

physic of interaction between the actuator, fluid, and membrane inside the test rig. 
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Chapter 1. INTRODUCTION  

Hearing is one of the five senses that allows a human to perceive its surroundings. Scientists and 

physicians have long studied how hearing is transduced. When sound waves enter the ear channel, 

the sound waves move the ear drum and subsequently the stapes that connects to cochlea. Inside 

the cochlea, two fluid channels, known as scala vestibuli and scala tympani, lie side-by-side, 

separated by a basilar membrane, as shown in Figure 1.1. The two channels ascend together in the 

form of a conical helix (like a snail shell) and are connected at the apex of the helix via a hole in 

the basilar membrane called helicotrema. The lower end of the scala vestibuli is connected to the 

stapes, which moves like a piston generating pressure waves in the two fluid channels. The 

pressure difference from the two fluid channels then vibrates the basilar membrane, transducing 

the incoming sound waves to the sense of hearing via hair cells residing on the basilar membrane. 

 

Figure 1.1. Image of the cochlear  

 

To study cochlear dynamics, many researchers have used a box model to simulate the spiral 

of the cochlear; see Figure 1.2 [1-6]. The spiral is straightened, and the fluid channels are 
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rectangular in cross section. The fluid domains are modeled as acoustic media satisfying wave 

equations. The basilar membrane is modeled as an elastic medium with a given distribution of 

impedance. The stapes’ motion at one end of the scala vestibuli is modeled as a change in the 

displacement boundary condition. The acoustic transmission path is stapes, fluid, basilar 

membrane, and hearing transduction. Mechanically, it is a two-way coupling between the fluid 

and the basilar membrane.  

 

Figure 1.2. Current box model from literature  

 

In the past, people who suffer total hearing loss received a cochlear implant, which is in the 

form of an electric array placed in the scala tympani, to stimulate hearing nerves electrically, 

bypassing the hair cells on the basilar membrane. In the last 10 years, there is a new treatment in 

hearing rehabilitation, known as combined electric and acoustic stimulation [7-11]. The new 

treatment combines a cochlear implant with a traditional, acoustics-based hearing aid that 

stimulates hearing by amplifying sound waves transmitted into the cochlea. The combination of 

electric and acoustics stimulation not only enhances speech recognition in noisy environments, but 

also substantially enlarges patient population because patients with residual hearing are also 

qualified for such treatment [8]. 
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The acoustic stimulation component is not limited to traditional hearing aids placed in an ear 

channel. The acoustic stimulation could come from an intracochlear microactuator placed in the 

scala tympani. For example, Luo et al. fabricated and tested a lead-zirconate-titanate (PZT) thin-

film microactuator probe as an intracochlear stimulation device [12] and demonstrated its 

feasibility via animal tests [13]. The intracochlear microactuator does not have the drawback with 

traditional hearing aids of blocking the ear channel leading to loss of sound quality, discomfort, 

and increased ear channel infection. The intracochlear microactuator can also integrate into a 

single device with cochlear implants because they are both placed inside the scala tympani. 

 

Figure 1.3. A new box model with an intracochlear actuator  

 

The presence of intracochlear acoustic actuators, however, fundamentally changes the 

classical cochlear dynamics in several ways; see Figure 1.3. First, there is no stapes motion, as 

evident from the animal tests [13]. To generate the hearing, the actuator drives the basilar 

membrane locally via a small gap of fluid in between. Mechanically, it is now a three-way coupling 

among the acoustic actuator, the basilar membrane, and the fluid in between. In this case, the 

classical cochlear dynamics do not quite apply, and a new model is needed to understand the 

actuator-fluid-basilar membrane interaction. 



 

 

11 

This work is a first attempt to study cochlear dynamics when the excitation source is an 

intracochlear acoustic microactuator in lieu of stapes movement. The goal is to understand the 

effect of the intracochlear acoustic microactuator on the cochlear dynamics. There are several 

challenges in this new study of non-classical cochlear dynamics. The first challenge is to create an 

experimental setup that truthfully and repeatedly reflects fundamental changes of cochlear 

dynamics when an intracochlear microactuator is placed. To overcome this challenge, a test rig 

was designed based on the box model shown in Figure 1.3 with 1:1 scale based on critical 

dimensions of human cochlea. Walls of the fluid channels are fabricated via 3-D printing. An 

aluminum membrane is used to separate the two fluid channels. One fluid channel is inserted with 

a PZT microactuator and both fluid channels are filled with clear, non-conductive, mineral oil. 

This experimental setup provides a proving ground for repeatable experiments and measurements. 

The second challenge is low signal-to-noise ratios. The cochlea is a very sensitive organ; 

stapes motion on the order of a nanometer can generate sensible hearing. In contrast, motion of the 

aluminum membrane in the nanometer range is very hard to measure because it is too small, 

resulting in low signal-to-noise ratios. To overcome this challenge, many measurements are taken 

to average out the noise. Also, motion of the PZT microactuator and its surrounding is measured 

to provide additional physical insights of the system. Extra care must be taken when interpreting 

data that are very susceptible to noise contamination. 

The third challenge is complexity of the experimental setup. There is always a tradeoff 

between complexity and practicality of the experimental setup. For the box model, it is well known 

that the interaction of the cochlear fluid (perilymph) in the fluid channels and the basilar membrane 

is the key mechanism generating the sense of hearing. The property of the basilar membrane, 
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however, can vary with a wide range of complexity. For example, the basilar membrane can have 

non-uniform acoustic impedance in the form of [2,3] 

 𝑍(𝜔) = 𝑖𝜔𝑚0 +
𝑐0

𝑖𝜔
𝑒−𝛼𝑥 + 𝛿√𝑚0𝑐0𝑒−0.5𝛼𝑥  (1.1) 

where 𝑚0, 𝑐0, 𝛼 and 𝛿 are the mass, stiffness, rate, and damping constants. Also, 𝑥 is the distance 

along the spiral of the cochlea from its base. The impedance in Equation 1.1 mimics postmortem 

cochlea response fairly well [1], but live cochlea has more complex impedance. It reveals a 

negative real part for some portion of the basilar membrane, implying that the basilar membrane 

has negative damping and is giving acoustic power into the fluid [1]. Such complex acoustic 

impedances are impossible to recreate in controlled experiments. When an intracochlear acoustic 

actuator is present, the exact mechanism to induce hearing is already unknown. Experimental setup 

employing realistic impedance for postmortem or live cochlea (cf. Equation 1.1) becomes 

impractical. 

To overcome this challenge, an aluminum membrane is used in the experiment. Since the 

impedance of the aluminum membrane is well known, the only hypothesis or uncertainty present 

in the experiment is the fluid-structure interaction between the intracochlear actuator and the 

basilar membrane. Once the hypothesis is proved in experiments, a mathematical model can then 

be developed to predict the response, followed by more advanced mathematical models with a 

more realistic basilar membrane impedance to mimic what happens in real cochlea. 

In addition to experimental study, the numerical study using finite element method needs to 

be employed to provide additional insight into the system. The numerical study comes with its 

own challenges. First challenge is related to the approach used in the finite element method. 

Modeling fluid-structure interaction problems may require enormous computational resources. 

The traditional approach is to model fluid and structural domains separately using Navier-Stokes 
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and structural equations. At each time step, both equations must be solved, and the results from 

two domains must be exchanged. This method requires substantial computational power and time 

commitment neither of which might be available. To overcome this challenge, another approach 

is used. The fluid domain is modeled as an acoustic medium satisfying wave equation. With this 

approach, both fluid and structural domain can be modeled together. The fluid-structure interaction 

problem can then be discretized and solved at once using commercially available software such as 

Ansys Acoustics. This approach has shown to accurately predict the natural frequency of the 

microactuator in the infinite fluid domain [14]. Its ability to explain the interaction of the actuator 

with aluminum membrane inside the fluid channel is to be determined.  

Another challenge that comes with numerical study is the complexity of finite element model. 

The geometry of the experimental rig has a very high aspect ratio. Creating a consistent mesh for 

such geometry while keeping the size of the model at a reasonable level is a challenge. To 

complicate the matter, the structure of the microactuator is very complex. The thickness of the 

vibrating portion of the actuator is only a few microns. Moreover, it consists of several layers of 

different materials including PZT. If each layer is modeled, the resulting size of the model can 

become overwhelming even for a non-traditional approach. To overcome this challenge, the 

vibrating portion of the actuator is modeled using a homogeneous material without piezoelectric 

properties. Such approach is proven to work as demonstrated in [14]. However, with this approach, 

there is a lot of uncertainty in the material properties that should be used in the model. In addition, 

the real geometry of the actuator deviates from intended due to the complexity of manufacturing 

process. Measuring real geometry is impossible without destroying the actuator. This adds to 

uncertainty in model parameters. How these uncertainties affect numerical results needs to be 

investigated.  
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The rest of the dissertation is structured in the following way. First, the experimental setup 

that was used to identify the mechanism for intracochlear actuators to induce hearing is explained. 

Then the experimental data is presented, and the observations are discussed. The inconsistency in 

experimental observations leads to the review of the squeeze-film theory. Finally, several finite 

elements models of increasing complexity are developed. Each model serves a particular purpose. 

The simulated results from each model are explained and compared to the results obtained in the 

experiment. To supplement the comparison, the vibration mode shapes of the membrane are 

extracted along the way using principal component analysis.  
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Chapter 2. EXPERIMENTAL SETUP 

The experimental setup includes a fixture, a piezoelectric actuator, and an instrumentation system 

consisting of precision two-axis stage, a power amplifier for piezoelectric devices, a laser Doppler 

vibrometer (LDV), and a spectrum analyzer. 

2.1 FIXTURE 

A one-of-a-kind fixture was created to mimic the box model in Figure 1.3. The fixture has two 

trapezoidal cavities mimicking the scala vestibuli and scala tympani (cf. Figure 1.1). In addition, 

a sheet of aluminum foil separates the two trapezoidal cavities mimicking the basilar membrane 

(cf. Figure 1.1). A hole was created on the aluminum foil by using a needle to mimic helicotrema. 

The design process took several iterations. The goal was to create a leakproof fixture that can be 

manufactured easily and repeatedly to account for the variability in actuators. A photo of the final 

design of the fixture is shown in Figure 2.1. In fact, the fixture has several components, which 

were manufactured separately and assembled together. The manufacturing and assembly process 

are explained as follows. 

 

Figure 2.1. Photo of the fixture  



 

 

16 

The fixture has two components fabricated from polylactic acid (PLA) via 3D printing. One 

component has a first fluid channel to mimic scala vestibuli, and the other has a second fluid 

channel to mimic scala tympani. The two components, with the aluminum foil in between, were 

snapped together to form the fixture; see Figure 2.2. A PZT thin film microactuator [12] was placed 

in the second fluid channel near the wide side facing the aluminum foil. The cavity was complete 

by closing it with glass on both sides of the foil. Epoxy was used to glue the actuator in place, to 

close the cavity, and to secure the glass. It was then filled with UltraPro® Food Grade White 

Mineral Oil through the two holes drilled through the narrow side, and then sealed. 

 

Figure 2.2. An exploded view of the fixture: (left) top side to mimic scala vestibuli, and (right) 

bottom side to mimic scala tympani  

 

Dimensions of the fixture were largely guided by those of human cochlea [15-17]. In human 

cochlea, typical dimensions of the fluid channels (i.e., scala vestibuli and scala tympani) are on 

the order of 2 mm near the entrance region (e.g., stapes) and decrease to about 800 μm near the 

apex. The fluid channels make 2.5 turns, and the typical length of the basilar membrane along the 

cochlea is on the order of 25-30 mm (cf. Figure 1.1). Based on these dimensions, the two 

trapezoidal cavities of the fixture where designed to be 2 mm and 800 μm wide at the wide and 

narrow ends, respectively. However, the actual dimensions measured after the fixture was printed 
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were 1800 and 600 m at the wide and narrow ends, respectively. In addition, the two trapezoidal 

cavities both had a depth of 1 mm and a length of 30 mm. The thickness of the aluminum foil was 

100 μm. The hole was created using an 800-μm diameter needle and was located at 23 mm from 

the wide side of the cavity. 

2.2 ACTUATOR 

Figure 2.3 shows schematic and dimensions of the PZT thin film microactuator used in the 

experiment. Its complete description including manufacturing process can be found in [12]. There 

are two main parts. The actuator’s plate portion is the driving surface vibrating like a speaker. The 

actuator’s beam portion is the supporting and anchoring structure for the plate portion. 

 

Figure 2.3. Schematics and dimensions of the actuator (m) 

 

The actuator’s plate is very thin (2-3 μm by design) and has a complicated structure. There 

are multiple layers of different materials stacked on top of each other (e.g., top electrode, PZT, 

bottom electrode, bonding material, and base material). Moreover, there are silicon residues left 

after manufacturing process. The amount of silicon residues as well as the thickness of each layer 

are hard to control during manufacturing. As a result, the effective area of the actuator’s plate is 
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smaller than designed; its effective thickness is larger. The uncertainties in geometric parameters 

affect the mass and stiffness of each actuator. As a result, their natural frequencies vary. To account 

for this variation, three actuators were tested (labeled as Actuators 1, 2 and 3).  

Each actuator was placed in its dedicated fixture approximately 5 mm from the wide side of 

the fixture, such that the actuator’s plate was facing aluminum membrane. The distance between 

the actuator and the membrane could not be controlled during the assembly due to the small size 

of the setup and the minute movement of the actuator during epoxy curing. As a result, the distance 

was measured after the actuator was placed in the channel using the camera with a fixed focal 

length and adjustable position. Extreme care was taken to align the actuator along the channel 

parallel to the membrane, and to ensure that the actuator is not touching the membrane or the glass. 

However, after the epoxy has cured, it became clear that the alignment was not perfect. 

2.3 INSTRUMENTATION SYSTEM 

The instrumentation system consists of a precision two-axis stage, a power amplifier for 

piezoelectric devices, a laser Doppler vibrometer (LDV), and a spectrum analyzer as shown in 

Figure 2.4. The LDV was first fixed in space. Then the fixture was placed on the two-axis stage, 

which adjusted the relative position of the fixture and the laser dot from the LDV. Next, the 

spectrum analyzer sent a reference signal to drive the PZT thin-film actuator via the power 

amplifier. The LDV measured the velocity of the actuator (at the plate portion and occasionally at 

the beam portion) as well as the aluminum foil at various locations. The LDV measurements and 

the driving voltage from the power amplifier were sent to the spectrum analyzer to obtain 

frequency response functions (FRF). 

The spectrum analyzer used in the experiment was from Stanford Research Systems model 

SR785. The swept sine mode was used to measure amplitude and phase of FRFs at 2047 (limit of 
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the device) equally spaced points. The frequency range was adjusted for a particular measurement. 

The maximum frequency that device could operate with was 100 kHz. Because of this limitation, 

the natural frequencies of actuators 2 and 3 in air could not be determined. The dynamic range and 

averaging features were used for all measurements to increase the resolution, and to reduce noise.  

 

Figure 2.4. Instrumentation system  

 

The LDV used in the experiment was from Polytec consisting of controller OFV-3001 and a 

sensor head OFV-511. The LDV has two velocity decoders: OVD-01 and OVD-02. OVD-01 has 

smaller bandwidth and a smaller signal-to-noise ratio. In contrast, OVD-02 has larger bandwidth 

and a larger signal-to-noise ratio. Both encoders were used in the experiment depending on the 

level of the noise. OVD-01 was used for all measurements, especially for the aluminum membrane 

due to its small displacement. OVD-02 was primarily used for actuator measurements. 
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Chapter 3. EXPERIMENTAL RESULTS 

To study how the PZT thin-film microactuator interacted with the aluminum membrane and the 

fluid channels, the FRF measurements were conducted in sequence. First, FRF of the PZT 

microactuator was conducted in air. Since the bandwidth of the actuator in air is relatively large 

(compared to the bandwidth in oil), OVD-02 decoder was used for the measurements. FRF 

functions was obtained at 2047 data points equally spaced in the frequency domain between 1 and 

100 kHz. The number of data points, as well as the upper frequency bound, were limited by the 

capabilities of the frequency analyzer. The lower frequency bound was set to achieve two counter 

dependent objectives. On one hand, higher lower bound would increase the resolution of the FRF 

in the region of interest (in the vicinity of the resonance frequency). On the other hand, low 

frequency region provides information about the stiffness of the system, which can be valuable for 

the analysis. Lower frequency bound of 1 kHz was chosen as a compromise. The velocity range 

was selected to maximize signal to noise ratio without saturating the decoder. Thus, for actuator 1 

where the resonance peak was withing the range of the measurement, the velocity range was set to 

25 mm/s/V. For actuators 2 and 3, where the resonance peak was outside the measurement range, 

the velocity range was set to 5 mm/s/V.  

Next, the PZT microactuator was submerged in the mineral oil in a petri dish. FRF 

measurements were conducted to identify the effects of fluid in open environment. Since the 

bandwidth of the actuator in oil is much smaller than in air, OVD-01 decoder was used for the 

measurements, and the upper frequency bound was reduced to 50 kHz. The lower frequency bound 

and the number of data points were unchanged. The velocity range of 5 mm/s/V was used for all 

actuators. To fix the actuator inside the petri dish filled with oil, a special fixture was manufactured 

using 3D printing. Care was taken to ensure that the thickness of the fluid layers below and above 



 

 

21 

the actuator was at least 2 mm. Under this arrangement, the actuator behaves as if it was submerged 

in the infinite fluid domain [14]. The fixture had a low bending stiffness. As a result, the FRFs 

were contaminated by small resonance peaks in the low frequency region. 

Finally, the PZT microactuator was placed in the fluid channels inside the fixture, and the 

FRFs were measured again. The orientation of the actuator was such that its plate portion (cf. 

Figure 2.3) was facing aluminum foil. It was not possible to measure FRFs from the front of the 

actuator as it was done in air or petri dish. The measurements were conducted through the cavity 

on the back of the actuator (cf. Figure 2.3 and Figure 2.4 – Label A). This arrangement presented 

some challenges. To measure FRF using laser Doppler vibrometer the beam of light needs to be 

reflected back to the source. This task was very difficult to accomplish due to the misalignment 

between the actuator and the fixture. The diffraction from the edges of the cavity was contributing 

to the problem as well. To increase the confidence in the results, several measurements were taken 

for each actuator. The settings for the measurements were held the same as for the measurements 

in the petri dish. In addition, for actuator 2 and 3, the FRFs were also measured from the point on 

the beam near actuator’s plate (cf. Figure 2.3 and Figure 2.4 – Label B). OVD-02 decoder with 5 

mm/s/V velocity range was used to measure FRFs from the beam inside the fixture between 1 and 

100 kHz. A measurement with the same decoder and settings was also taken from the actuator’s 

plate for comparison. 

Experimental results also contain FRF measurements at multiple points on the membrane 

when the actuator is inside the fluid channels of the fixture (cf. Figure 2.4). The measurement 

points were along the middle of the membrane, roughly 1 mm apart from each other (exact 

coordinates are provided in the Appendix A – C). OVD-01 decoder with velocity range set to 5 

mm/s/V was used to take all measurements from the membrane. The frequency range was 
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customized for each actuator to increase the resolution in the vicinity of the actuator’s resonance. 

Thus, for actuator 1 the FRFs were measured between 10 and 30 kHz, for actuator 2 – between 15 

and 40 kHz, and for actuator 3 – between 5 and 40 kHz.   

In summary, for each actuator, experimental results include FRF measurements from the 

actuator in air, in oil inside a petri dish, and inside the fixture, and measurements from the points 

along the membrane. Data collected for Actuators 2 and 3 also contain FRF measurements from a 

reference point on the actuator beam near the actuator plate. Each measured FRF contains 2047 

data points equally spaced in the frequency domain. Table 3.1 summarizes instrument settings for 

each measurement. Appendix 1-3 provides plots of FRFs taken for actuator 1-3 respectively (all 

presented FRFs were converted to show deformation). 

Table 3.1. Instrument settings used for the measurements 

   Decoder 
Frequency 

Range (kHz) 

Velocity Range 

(mm/s/V) 

Actuator 1 

Air Actuator OVD-02 1 – 100 25 

Oil Actuator OVD-01 1 – 50 5 

Fluid 

Channel 

Actuator OVD-01 1 – 50 5 

Membrane OVD-01 10 – 30 5 

Actuator 2  

Air Actuator OVD-02 1 – 100 5 

Oil Actuator OVD-01 1 – 50 5 

Fluid 

Channel 

Actuator OVD-01 1 – 50 5 

Beam/Plate OVD-02 1 - 100 5 

Membrane OVD-01 15 – 40 5 

Actuator 3 

Air Actuator OVD-02 1 – 100 5 

Oil Actuator OVD-01 1 – 50 5 

Fluid 

Channel 

Actuator OVD-01 1 – 50 5 

Beam/Plate OVD-02 1 - 100 5 

Membrane OVD-01 5 – 40 5 

 

3.1 FREQUENCY RESPONSE FUNCTION MEASUREMENTS 

To better understand experimental results, FRF measurements can be plotted on the same graph 

for comparison. In this section, the measurements from the actuator in air, oil, and fluid channels 
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are compared first. Then, measurements from the actuator’s beam and plate portion are compared. 

Finally, the membrane measurements are discussed. Only the magnitudes of selected FRFs are 

presented in this section. For the complete set, please refer to the appendix.  

3.1.1 Measurements from the Actuator’s Plate 

Figure 3.1 shows the magnitude of FRFs of Actuator 1 measured in air, in oil, and inside the fluid 

channels. When Actuator 1 was in air, its natural frequency was 77.5 kHz, and its static gain (i.e., 

the flat portion of the FRF at low frequency) was about -160 dB. When Actuator 1 was submerged 

in the oil, the static gain remained roughly around -160 dB, but the natural frequency dropped to 

21.6 kHz. (The several peaks below 10 kHz come from the fixture holding the actuator in the oil.) 

Note that the static gain is inversely proportional to the stiffness. Therefore, the absence of a 

significant change in the static gain indicates that the surrounding oil does not produce appreciable 

stiffness effect to Actuator 1. The drop of the natural frequency from 77.5 kHz to 21.6 kHz results 

from the added mass of the surrounding oil [14]. The drop of the natural frequency can also be 

predicted accurately via finite element analysis as demonstrated in [14]. 

 

Figure 3.1. Magnitude of frequency response function of actuator 1 in air, oil, and in fluid 

channels  
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When Actuator 1 was placed inside the fluid channels facing the aluminum membrane, the 

static gain dropped significantly to -170 dB, and the natural frequency dropped further to 13.9 kHz 

(5 measurements have been made; therefore, error bars are also shown in Figure 3.1). The drop of 

10 dB in the static gain indicates that the stiffness has increased roughly by 100.5 ≈ 3.16 times. The 

drop in the natural frequency indicates that the mass effect has increase roughly by 

(21.6/13.9)2×3.16 ≈ 7.63 times. Table 3.2 lists the comparison in natural frequencies and static 

gains. 

Table 3.2. Static gains and natural frequencies from actuator measurements 

 Actuator in Air Actuator in Oil 
Actuator in Fluid 

Channels 

  N (kHz) 
Static 

Gain (dB) 
 N (kHz) 

Static 

Gain (dB) 
 N (kHz) 

Static 

Gain (dB) 

Actuator 1 77.5 -160 21.6 -160 13.9 -170 

Actuator 2 >100 -160 27.3 -160 22.2 -172 

Actuator 3 >100 -160 30.3 -160 11.9 -160 

 

Actuator 2 presents similar behavior. Figure 3.2 shows the magnitude of FRFs of Actuator 2 

measured in air, in oil, and inside the fluid channels. When Actuator 2 was in air, its natural 

frequency was above 100 kHz exceeding the measurement range of the frequency analyzer. Its 

static gain, however, was about -160 dB. When Actuator 2 was submerged in the oil, the static 

gain remained roughly around -160 dB, and the natural frequency dropped to 27.3 kHz. Again, the 

absence of significant change in the static gain indicates that no appreciable change in stiffness 

occurred when Actuator 2 was submerged in oil. The drop of the natural frequency to 27.3 kHz 

results from the added mass of the surrounding oil. 

When Actuator 2 was placed inside the fluid channel facing the aluminum membrane, the 

static gain dropped significantly to -172 dB, and the natural frequency dropped further to 22.2 

kHz.  The drop of 12 dB in the static gain indicates that the stiffness has increased roughly by 100.6 
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≈ 3.98 times. The drop in the natural frequency indicates that the inertial effect has increased 

roughly by (27.3/22.2)2×3.98 ≈ 6.00 times. Therefore, the increase in stiffness and inertia when 

the microactuator is placed in the fluid channels is a repeatable observation. There is also a small 

peak around 30 kHz. It is not clear what that small peak represents. 

 

Figure 3.2. Magnitude of frequency response function of actuator 2 in air, oil, and in fluid 

channels 

 

Actuator 3 presents somewhat different behavior. Figure 3.3 shows the magnitude of FRFs of 

Actuator 3 measured in air, in oil, and inside the fluid channels. When Actuator 3 was in air, its 

natural frequency was above 100 kHz exceeding the measurement range of the instruments. Its 

static gain, however, was about -160 dB. When Actuator 3 was submerged in the oil, the static 

gain remained roughly around -160 dB, and the natural frequency dropped to 30.3 kHz. Again, the 

absence of significant change in the static gain indicates that no appreciable change in stiffness 

occurred when Actuator 3 was submerged in oil. The drop of the natural frequency to 30.3 kHz 

results from the added mass of the surrounding oil. The frequency response function also contains 

several other small peaks. Peaks in the low frequency region (below 10 kHz) come from the fixture. 

The origin of the peak above 30 kHz is not clear. 
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Figure 3.3. Magnitude of frequency response function of actuator 3 in air, oil, and in fluid 

channels 

 

When Actuator 3 was placed inside the fluid channel facing the aluminum membrane, the 

natural frequency dropped further to 11.9 kHz. The static gain, however, remained unchanged at -

160 dB. The constant static gain indicates that the stiffness has not changed. The drop in the natural 

frequency indicates that the inertial effect has increased roughly by (30.3/11.9)2 ≈ 6.48 times. The 

frequency response function also contains a couple of small peaks above 20 kHz. Their origin is 

not clear.  

In summary, all three actuators show similar behavior when they are moved from air into the 

petri dish filled with oil. The static gain of the actuators remains unchanged, while the natural 

frequency drops. This is consistent with previous observations [14]; the reduction in natural 

frequency is caused by the added mass of the surrounding fluid. When actuators are moved inside 

the fluid channels, their behavior exhibits a similarity as well as a difference. The natural frequency 

of all actuators drops further when they are moved inside the fluid channels. This is a very 

consistent measurement as indicated by narrow horizontal error bars in Figure 3.1 – 3.3. The static 

gain, however, drops for actuators 1 and 2, but remains roughly unchanged for actuator 3. Also, 
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the error bars for this measurement are quite large. The inconsistency in observation together with 

a large variation in static gain measurements are raising a natural question. Is the decrease in static 

gain for actuator 1 and 2 caused by a physical phenomenon or experimental inaccuracy? This 

question will be addressed in Section 3.3.  

3.1.2 Measurements from the Actuator’s Beam 

Figure 3.4 compares the measured response of the actuator 2 at the plate and the beam portions. 

There are several observations that can be made from this measurement. First, the beam is 

vibrating. The FRF of the beam shows several peaks. At least two of those peaks coincide with the 

peaks from the FRF of the actuator’s plate. Second, the largest response of the actuator’s beam 

occurs at the frequency that coincides with the second peak on the FRF of the actuator’s plate. One 

may expect that the largest response of the beam occurs when the beam vibrates in its first natural 

mode. Therefore, this observation may help explain the origin of the second peak on the FRF of 

the actuator’s plate. Lastly, the response of the actuator’s beam is extremely small, with the largest 

displacement being -194 dB. Such a small measurements must be interpreted with extra care.  

 

Figure 3.4. Magnitude of frequency response function of the actuator’s beam and plate portion 

inside the fluid channels for actuator 2 
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Figure 3.5 compares the measured response of the actuator 3 at the plate and the beam 

portions. Similar observation can be made. First, there are peaks on the FRF of the beam that 

coincide with peaks from the FRF of the plate. Second, the largest response of the actuator’s beam 

occurs at the frequency that coincides with the second peak on the FRF of the actuator’s plate. 

Although, the response of the actuator’s beam is extremely small and must be interpreted with 

extra care, the similarity between measurements from actuator 2 and 3 increases the confidence in 

the results from the actuator’s beam. 

 

Figure 3.5. Magnitude of frequency response function of the actuator’s beam and plate portion 

inside the fluid channels for actuator 3 

3.1.3 Measurements from the Membrane 

Figure 3.6 shows the magnitude of FRF measurements of selected points on the Aluminum 

membrane for the case of Actuator 1. Point 4 is roughly above the actuator plate portion, point 13 

is around the mid-section of the membrane, and point 28 is at the narrow end of the aluminum 

membrane (i.e., far away from the actuator). 

There are several issues worth noting from these measurements. First, the response of the 

aluminum membrane is extremely small. The largest amplitude is -186 dB occurring around 14 
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kHz. This corresponds to a displacement of 0.5 nm and a velocity of 44 μm/s, which is certainly 

approaching measurement limits of LDV. With such small measurements, noise can easily 

compromise the level of confidence in the measurements. Therefore, the measured FRFs of the 

aluminum membrane should be interpreted very carefully. Second, there are many small but local 

peaks as seen from the measured FRFs of the aluminum membrane. It is not clear whether these 

peaks truly reflect a resonance condition or simply result from noise compromising the 

experimental measurements. Third, the membrane response at the resonance around 13.9 kHz is 

larger than response from any off-resonance frequencies (e.g., 10 kHz). Finally, the amplitude 

difference between the actuator and the membrane is at least one order of magnitude. For example, 

the resonance amplitude of the actuator plate portion is -164 dB, which is 22 dB larger than the 

largest resonance amplitude of all points on the membrane. The difference is even larger if the 

amplitude of the static gains is used for comparison. 

 

Figure 3.6. Magnitude of frequency response function of the aluminum membrane for actuator 1  

 

Figure 3.7 shows the vibration amplitude of various points along the membrane for the 

resonance condition at 13.9 kHz and an off-resonance conditions at 10 and 20 kHz for the case of 

Actuator 1. Since the vibration amplitude is so small, interpretation based on individual data point 
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could be extremely misleading. Nevertheless, the measurements collectively indicate two 

important trends. First, the vibration amplitude of the membrane tends to become smaller toward 

the narrow end (i.e., away from the actuator). Second, the off-resonance membrane response is 

generally smaller than the resonant response. Although dips appear both in the resonant and off-

resonance conditions, it is not clear if the dips do represent nodal points given the small 

displacement measured throughout the membrane. 

 

Figure 3.7. Measurements of membrane amplitude at resonant and off-resonance conditions for 

actuator 1  

 

Figure 3.8 shows the magnitude of FRF measurements of selected points on the Aluminum 

membrane for the case of Actuator 2. Again, point 4 is roughly above the actuator plate portion, 

point 13 is around the mid-section of the membrane, and point 28 is at the narrow end of the 

aluminum membrane. Almost identical phenomena are observed here as in the case of Actuator 1. 

The response of the membrane is extremely small, with -188 dB as the largest amplitude near the 

actuator resonance roughly around 22.2 kHz. Many small peaks appear in the FRF measurements, 

and it is not clear if the peaks truly reflect a resonance condition or simply result from 

contamination by the measurement noise. Also, the membrane amplitude is at least one order-of-
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magnitude smaller than the magnitude of the actuator’s plate, (i.e., -188 dB vs. -160 dB as shown 

in Figure 3.2). 

 

Figure 3.8. Magnitude of frequency response function of the aluminum membrane for actuator 2  

 

Figure 3.9 shows the vibration amplitude of various points along the membrane for the 

resonance condition at 22.2 kHz and an off-resonance conditions at 15 and 30 kHz for the case of 

Actuator 2. Similar trends are observed, i.e., membrane vibration tends to be smaller toward the 

narrow end, and the off-resonance membrane response is generally smaller than the resonant 

response.  

 

Figure 3.9. Measurements of membrane amplitude at resonant and off-resonance conditions for 

actuator 2 
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Figure 3.10. Magnitude of frequency response function of the aluminum membrane for actuator 3  

 

Figure 3.10 shows the magnitude of FRF measurements of selected points on the Aluminum 

membrane for the case of Actuator 3. Again, point 4 is roughly above the actuator plate portion, 

point 13 is around the mid-section of the membrane, and point 28 is at the narrow end of the 

aluminum membrane. Once again, measurements from actuator 3 present some similarities as well 

as some differences as compared with corresponding measurements from Actuator 1 or 2. As 

before, the response of the membrane is extremely small. Many small peaks appear in the FRF 

measurements, and it is not clear if the peaks truly reflect a resonance condition or simply result 

from contamination by the measurement noise. However, the membrane amplitude is much 

smaller for the actuator 3 than for actuators 1 and 2 (i.e., -200 dB vs. -190 dB). It is also  two order-

of-magnitude smaller than the magnitude of the actuator’s plate, (i.e., less than -200 dB vs. -154 

dB as shown in Figure 3.3). Furthermore, the amplitude of the membrane response is no longer 

dominant around the resonance frequency of the actuator. There is another region around 25 kHz 

where the amplitude of the membrane response is comparable, or even larger than at the frequency 

corresponding to the actuator’s resonance. This is the region where the second peak on the 

actuator’s FRF is observed, and where the magnitude of the FRF from the actuator’s beam is 

dominant (see Figure 3.5). 
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Figure 3.11. Measurements of membrane amplitude at resonant and off-resonance conditions for 

actuator 3  

 

Figure 3.11 shows the vibration amplitude of various points along the membrane for the 

resonance condition at 11.9 kHz and an off-resonance conditions at 5 and 20 kHz for the case of 

Actuator 3. As before, membrane vibration tends to be smaller toward the narrow end, but the 

resonant and off-resonance membrane responses are now comparable.  

 

Figure 3.12. Comparison of membrane amplitude at resonant conditions for actuator 1, 2, and 3  
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Figure 3.12 is a comparison of the membrane response at the resonance for Actuators 1, 2 and 

3. It shows that the membrane response follows the same patterns for all actuators. It also shows 

that the amplitude of the membrane response for actuator 3 is much smaller than for actuator 1 or 

2. It is surprising, given that the amplitude of the actuator’s response is the largest for actuator 3 

(see Figure 3.1 – 3.3).  

3.2 MEASUREMENTS OF THE DISTANCE BETWEEN ACTUATOR AND MEMBRANE 

The distance between the actuator and membrane determines the thickness of the fluid film 

between the two surfaces. It is expected that the force acting on the actuator as well as on the 

membrane will depend on it. The knowledge of this parameter can be as important for the analysis 

as the knowledge of resonance frequencies. However, it was not possible to control the distance 

during the assembly process. The actuator was moving while the epoxy was settling; therefore, the 

distance between the actuator and membrane was measured afterwards.  

The measurement was performed using a camera with adjustable position as follows. First, 

the camera was focused on the back of the actuator’s beam (Figure 2.3), then on the back of the 

actuator’s plate (Figure 2.3), and finally on the aluminum foil. To adjust the focus, the camera was 

moved normal to the plane of the actuator. The distance traveled by the camera between each 

surface in focus was recorded to estimate the distance between the actuator and aluminum foil. 

Conceptually, only the measurement between the back of actuator’s plate and the foil was 

necessary. However, there were few issues casting doubts on the accuracy of the measuring 

method. First, there is an uncertainty in the focal plane. It is not easy to tell when the surface is in 

focus. The error of ±20 μm can be easily attributed to guessing. Second, the actuator and the foil 

are not parallel. In addition, the experimental setup is not perfectly aligned with the camera. As a 

result, only a part of surface comes in focus during the measurement. This contributes to 
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uncertainty in focal plane determination, further increasing the error. Lastly, the distance traveled 

by the camera during focal adjustment is not the same as the distance between corresponding 

surfaces. There is a refraction of light between the air and the glass as well as between the glass 

and the oil that needs to be considered. To estimate the distance between surfaces, the distance 

traveled by the camera needs to be multiplied by the index of refraction of the medium, which is 

unknown. A relatively large range of values can be found in the literature for different glasses and 

oils. 

To estimate the accuracy of the measuring method, the measurement between the back of the 

actuator’s beam and plate was made in addition to the measurement between the back of the 

actuator’s plate and the foil. Since the thickness of the actuator’s plate is negligible as compared 

to the thickness of the actuator’s beam, the measured distance between the back of actuator’s plate 

and beam portion should be approximately 400 m (Figure 2.3). The error in this measurement 

would provide an insight about the accuracy of the method.  

Two sets of measurements were taken for the Actuators 1 and 2, and a single set for the 

actuator 3. The results are reported in the Table 3.3. As seen, the method significantly 

underestimates the thickness of the actuator’s beam; therefore, the measurement of the distance 

between the actuator and the membrane should be used carefully. One conclusion that can be made 

is that the actuator 3 is closest to the membrane, while actuator 2 is farthest. 

Table 3.3. Measured distance 

 
Thickness of the Beam (m) 

Distance between the Actuator and 

Membrane (m) 

Set 1 Set 2 Average Set 1 Set 2 Average 

Actuator 1 230 182 206 221 258 240 

Actuator 2 275 327 301 332 314 323 

Actuator 3 - 278 278 - 60 60 
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3.3 ANALYSIS OF THE OBSERVED STIFFNESS EFFECT 

The experimental results presented above prompt some important questions that require further 

study and investigation. First, what is the cause of the increased stiffness when the microactuator 

is placed in the fluid channels facing the aluminum membrane? One possible cause is the squeeze 

film effect of the fluid between the actuator and the aluminum membrane. According to [18], the 

squeeze force is inversely proportional to the thickness of the fluid film between the actuator and 

the aluminum membrane. When the actuator is placed inside the petri dish surrounded by oil, the 

bottom of the petri dish serves as a bearing surface and the gap between the actuator and the bearing 

surface is very large. When the actuator is placed inside the fluid channels facing the aluminum 

membrane, the aluminum membrane serves as a bearing surface. Consequently, the gap between 

the actuator and the aluminum membrane becomes so small that it significantly increases the 

squeeze force and the stiffness effect. 

Another possible cause of the increased stiffness when the actuator is place in the fluid 

channels is the inaccuracy in experimental measurement. Laser Doppler vibrometer converts the 

phase difference between incident and reflected laser beams into the velocity measurement. When 

the surface velocity is not uniform (as in the case of microactuator’s plate fixed at all sides), the 

resulting measured value is some form of average velocity over the surface from which the beam 

is reflected. When the measurement is made from the front of the actuator, it is relatively easy to 

align the laser with the actuator’s plate, such that the entire laser beam is reflected from the 

vibrating structure. Even in this case the measurements can vary because the size of the laser dot 

is comparable to the size of the actuator’s plate. When the measurement is made from the back of 

the actuator, the alignment is much more challenging. A portion of the laser beam can be reflected 
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from the surface of the actuator’s beam. The velocity of actuators beam is negligible as compared 

to the velocity of the actuator’s plate, and the magnitude of the measurement can be reduced. 

As noted in Section 3.1.1, the error bars for the measurement in the low frequency region 

when the actuator is inside the fluid channels are quite large. This serves as an evidence supporting 

the idea that the stiffness effect is caused by the experimental inaccuracy. Additionally, Actuator 

3, which is the closest to the membrane and where the increase in squeeze force should be the 

largest, does not show an increase in stiffness. This inconsistency further strengthens the argument. 

However, to attribute stiffness effect to the experimental inaccuracy, the squeeze film effect must 

be ruled out.  

The squeeze film theory for compressible fluid is very well understood and can provide a 

valuable insight into the origin and nature of the squeeze force. It was developed over 40 years 

ago and has proven to predict squeeze force quite accurately (for the development and 

experimental verification refer to [19, 20]). According to the theory, the pressure distribution in 

the fluid, squeezed between two parallel plates undergoing motion in the normal direction relative 

to each other, is governed by the linearized Reynolds equation [21]:  

 𝑝𝑎 (
𝜕2𝑝

𝜕𝑥2 +
𝜕2𝑝

𝜕𝑦2) −
12𝜇

𝐻2

𝜕𝑝

𝜕𝑡
=

12𝜇𝑝𝑎

𝐻3

𝜕ℎ

𝜕𝑡
 (3.1) 

where 𝑝𝑎 is ambient pressure (105 Pa), 𝑝 – deviatory pressure in the film, H film thickness, 𝜇 

dynamic viscosity, h distance between two plates at time 𝑡. If the variables are normalized 𝑝̂ =

𝑝

𝑝𝑎
;  𝑥̂ =

𝑥

𝐿
;  𝑦̂ =

𝑦

𝐿
;  ℎ̂ =

ℎ

𝐻
;  𝜏 = 𝜔𝑡, Equation 3.1 can be written in non-dimensional form: 

 
𝜕2𝑝

𝜕𝑥2 +
𝜕2𝑝

𝜕𝑦̂2 − 𝜎
𝜕𝑝

𝜕𝜏
= 𝜎

𝜕ℎ̂

𝜕𝜏
 (3.2) 

where 𝜎 is called the squeeze number: 

 𝜎 =
12𝜇𝐿2

𝑃𝑎𝐻2 𝜔 (3.3) 
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Here, 𝐿 is the typical length of the plate and 𝜔 is the angular frequency. If the distance between 

plates varies harmonically according to: 

 ℎ = 𝐻(1 + 𝛿 𝑐𝑜𝑠(𝜔𝑡)) (3.4) 

where 𝛿 is the perturbation amplitude, Equation 3.2 can be solved to obtain the force on the square 

plate from the film [22]: 

 𝐹 = 𝑝𝑎𝐿2𝛿[−𝑓𝑘(𝜎) 𝑐𝑜𝑠(𝜔𝑡) + 𝑓𝑏(𝜎) 𝑠𝑖𝑛(𝜔𝑡)] (3.5) 

where 𝑓𝑘  and 𝑓𝑏  are calculated using following equations: 

 𝑓𝑘 =
64𝜎2

𝜋8
∑

1

(𝑚𝑛)2[(𝑚2+𝑛2)2+𝜎2

𝜋4⁄ ]
𝑚,𝑛 𝑜𝑑𝑑  (3.6) 

 𝑓𝑏 =
64𝜎

𝜋6
∑

𝑚2+𝑛2

(𝑚𝑛)2[(𝑚2+𝑛2)2+𝜎2

𝜋4⁄ ]
𝑚,𝑛 𝑜𝑑𝑑  (3.7) 

The resulting force has two components. One is in phase with the motion of the plate. Its behavior 

is analogous to the behavior of the spring force. The other component is shifted in phase by the 

quarter of the cycle. Its behavior is analogous to the behavior of a viscous damping force. The non-

dimensional amplitudes of these components, given by Equations 3.6 – 3.7, are plotted in the 

Figure 3.13. 

 

Figure 3.13. Non-dimensional amplitude of squeeze force 



 

 

39 

The central parameter in the squeeze film theory for compressible fluids is the squeeze number 

given by Equation 3.3. It is a measure of the compressibility of the film [23]. When the squeeze 

number is low, the fluid has time to escape during the motion of the plate. The viscosity, however, 

resists its motion providing effective damping force. In this region, the damping force is dominant. 

When the squeeze number is high, as in the case when the frequency of oscillation is high or the 

gap between plates is very small, the fluid does not have time to escape and begins to compress. 

In this region, the spring force is dominant. At the critical squeeze number, the damping force is 

equal to the spring force. For the square plate, the critical squeeze number is roughly 21 (Figure 

3.13).  

Figure 3.14 displays calculated squeeze number for actuators 1 and 2 in the low frequency 

region. It is calculated using Equation 3.3 with 𝜇 = 0.02 𝑃𝑎 ∙ 𝑠. As evident, the squeeze number 

in this region is very small for both actuators. Referring to Figure 3.13, the corresponding stiffness 

force must be negligible. Therefore, based on the squeeze film theory for compressible fluids, the 

observed stiffness effect can be attributed to the experimental inaccuracy. 

 

Figure 3.14. Calculated squeeze number for Actuator 1 and 2 
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The applicability of the theory presented above relies on several assumptions. First, the 

oscillation amplitude must be much smaller than the film thickness. This condition is satisfied 

since the displacement of the actuator is on the order of 10-2 m, while the thickness of the film is 

four orders of magnitude larger. Additionally, the flow must be 2-dimensional (no pressure 

gradient across the film), laminar, fully developed, and isothermal [23]. These conditions can be 

verified by calculating three numbers [18]: 

 𝑅𝑒𝐶 =
𝜌𝑉𝐻

𝜇
,       𝑅𝑒𝑈 =

𝜌𝐻2

𝜇
,       𝐴 =

𝐻

𝐿
 (3.8) 

where 𝜌 is the fluid density, and 𝑉 is measured velocity. 𝑅𝑒𝐶 is the convective Reynolds number. 

It governs the strength of nonlinearities. 𝑅𝑒𝑈 is the unsteady Reynolds number. It determines the 

importance of inertial effects. A is the aspect ratio measuring the thinness of the film. For the 

theory to hold, all three numbers must be much smaller than unity.  

The aspect ratio for actuators 1 and 2 are 0.3 and 0.4, respectively. These are certainly non-

negligible, and one can expect that the theory should break down. However, numerical studies 

demonstrate that the squeeze force is in perfect agreement with the theory for the aspect ratios up 

to 0.2 [18]. For the larger aspect ratios, the squeeze force begins to deviate from prediction. When 

the aspect ratio is equal to one, the force predicted by the theory is about 3 times smaller than the 

simulated value. Since the spring force is negligible in the low frequency region (Figure 3.13), 

such deviation cannot explain the observed stiffness effect. 

Figure 3.15 and Figure 3.16 show calculated convective and unsteady Reynolds numbers for 

actuators 1 and 2 in the low frequency region. The magnitude of the convective Reynolds number 

is on the order of 10-4. Such a small value certainly satisfies the requirement for the squeeze film 

theory to be valid. The unsteady Reynolds number, on the other hand, is much larger than one, 

indicating that the inertial effects cannot be ignored. However, the modified squeeze film theory 



 

 

41 

that incudes inertial effect cannot explain the observed increase in stiffness either. The mechanism 

for the spring force remains the same. In the low frequency region, and with the film thickness as 

large as it is in experiment, the fluid has enough time to escape. Moreover, the dense fluid such as 

oil is less compressible than gas. Squeeze film theories that include inertial effect do not even 

consider spring force [24-26]. In addition, the comparison of the theories with and without inertial 

effects demonstrate that the FRF in the low frequency region is the same [27]. The spring force 

does not exist in this region. 

 

Figure 3.15. Calculated convective Reynolds number for Actuator 1 and 2 

 

Figure 3.16. Calculated unsteady Reynolds number for Actuator 1 and 2 



 

 

42 

In conclusion, neither the squeeze film theory for compressible fluid, nor the modified theory 

that includes inertial effect can explain the reduction in static gain in the low frequency region. 

Therefore, the observed stiffness effect is attributed to the experimental inaccuracy. 

  



 

 

43 

Chapter 4. SIMULATION 

Experimental result presented in Chapter 3 display two interesting phenomena. When the actuator 

is moved inside the fluid channels, the stiffness and the inertia effects have increased. The increase 

in stiffness was attributed to the experimental inaccuracy. The cause of the inertia effect has not 

been addressed yet. One possible reason for the increase in inertia is the coupling of the aluminum 

membrane and the actuator via the fluid film therebetween. Such coupling has been seen to reduce 

natural frequencies of two disks separated by a thin layer of air [28]. The reduction of natural 

frequencies via coupling has also been predicted theoretically and using finite element modeling 

for two disks separated by a water like fluid [29]. However, it is not clear how strong the coupling 

between the membrane and the actuator is. The amplitude of the membrane vibrations is very small 

(fraction of the nanometer). It is reasonable to assume that in this case the membrane behaves as a 

rigid wall. The frequency reduction of the structure vibrating near the rigid surface has been 

observed and predicted as well [14, 24, 25, 30].  

To study the interaction between the actuator, fluid, and the aluminum membrane, finite 

element method can be employed. There are two ways that researchers commonly use to model 

fluid-structure interaction problems. The first approach is to model the structure and the fluid 

separately. The solution in structural domain is used to update the state of the fluid domain. Once 

the fluid domain model is solved, its solution is used to update the model in the structural domain. 

The process is repeated at every time step. This approach is proven to work, but it is also 

computationally expensive. At every time step, both, the Navier-Stokes and the structural 

equations are solved, and the information is exchanged. Even a relatively small problem requires 

enormous computational resources.  
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Another approach is to model fluid as an acoustic medium. There are several assumptions that 

must be satisfied for the approach to work. In particular, the fluid must be compressible, there 

should be no mean flow in the fluid, the pressure disturbance must be small [31]. With this 

approach, the entire model can be discretized and solved all at once using commercial package 

such as Ansys Acoustics. It has been demonstrated in [14] that the reduction of natural frequency 

via added mass effect can be predicted accurately using this method. In particular, the method was 

used to predict the drop in natural frequency when the microactuator is moved from air into the 

petri dish filled with oil. It has also been shown that structural-acoustical models are capable of 

predicting natural frequencies of submerged structures with nearby rigid wall [32]. Thus, if the 

vibration of the membrane can be neglected, the same approach can be used to predict frequency 

reduction of the actuator in the channel. For the case when the structural coupling is important, the 

capabilities of vibro-acoustic analysis are unknown. However, given resources at hand, a finite 

element model is developed in Ansys Acoustics to study the behavior of the actuator in the infinite 

fluid domain, and its interaction with the aluminum membrane inside the fluid channel.  

Finite element method can be a very useful tool for the researcher; it can also be very 

misleading. The quality of the results obtained from the model is directly affected by the 

assumptions and the parameters used to build the model. The experimental setup described in 

Chapter 2 involves many unknown parameters. Some of them can be estimated with reasonable 

accuracy, others cannot be. For example, the mass of the membrane can be estimated quite well 

by measuring its geometric parameters and using the density of the aluminum from the engineering 

table. The stiffness of the membrane can be estimated using the Young’s modulus found in the 

same table, provided, that no stress was induced in the membrane during the assembly process. 

For the actuator, however, this task is not so easy.  
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First, the actuator’s plate is very thin (several m) and has a complicated structure. There are 

multiple layers of different materials stacked on top of each other (e.g., top electrode, PZT, bottom 

electrode, bonding material, and base material). If each layer is modeled and meshed with few 

elements across its thickness, the mesh would be very fine to maintain a proper aspect ratio 

resulting in numerically expensive solutions. Such a fine mesh would certainly predict actuator 

performance well but might not necessarily enhance the understanding of the interaction among 

the actuator, the membrane, and the fluid. To address this challenge, the plate can be modeled as 

a single sheet made from the homogeneous material. This strategy had been successfully 

demonstrated in [14]. Piezoelectric properties can be ignored in this model, but density and 

stiffness are still required. No table can provide values for these parameters.  

In addition, the dimensions given in Figure 2.3 are ideal. In reality, there are silicon residues 

left over from microfabrication at the junction of the actuator’s plate and beam. These residues 

affect the thickness and the effective area of the actuator’s plate. Moreover, the thickness of each 

layer of material within the actuator’s plate and the exact dimensions of silicon residues can only 

be found by destructively dissecting the actuator to examine the cross sections. This is not an 

option in this study. Thus, there are many uncertainties involved in the model. How these 

uncertainties affect the results is unknown. 

To address this challenge the numerical study begins with a simpler, single degree of freedom 

model that serves several purposes. First, the model is used to understand how the unknown 

actuator’s parameters affect numerical results. Second, the model is used to determine the required 

geometric complexity. In particular, the effect of modeling silicon residues and the portion of the 

beam around actuator’s plate on numerical results is investigated. Third, the model is used to 

predict actuator’s resonance frequencies in air and in petri dish filled with oil. Finally, the model 
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is used to understand the interaction of the actuator with the rigid wall. If the agreement with 

experimental results is achieved, then the motion of the membrane plays no role in the observed 

inertial effect. In this case, the more complex model that includes aluminum membrane is not 

required. 

4.1 SINGLE DEGREE OF FREEDOM MODEL 

Figure 4.1 shows the geometry of the simplest single degree of freedom models used in the study. 

Its primary purpose is to investigate how the actuator’s unknown parameters affect the results of 

the simulation. 

 

Figure 4.1. Simplest single degree of freedom model (dimensions in m) 

 

According to [14], the pressure disturbance produced by the actuator in the fluid is confined 

to the small space around it. The membrane does not cause any pressure disturbance because it is 

assumed to be stationary in the single degree of freedom model. As a result, only a portion of the 

single fluid channel in the area around actuator needs to be considered. For simplicity, the 

geometry of the channel is reduced to a square rectangle with a side length of 2000 m. The height 

of the channel is 1000 m matching its height in the experimental setup. The aluminum membrane 
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as well as walls of the channel are modeled using “hard wall” boundary condition implying zero 

fluid velocity. This condition does not need to be specified in the modal analysis as it is a default 

boundary condition in Ansys Acoustics. The deviatory pressure on the remaining two faces of the 

fluid, where the channel was truncated (shown with dots), is set to zero. It should be noted, that 

since the pressure disturbance is localized to the space around actuator, zero pressure boundary 

condition can be omitted (implying zero fluid velocity) without affecting numerical results. There 

are two material properties needed to be specified for the fluid domain: density and speed of sound. 

They are set to 850 kg/m3 and 1500 m/s, respectively. The viscosity of the fluid is omitted. 

In this simplest case, the actuator is modeled as a square plate with an adjustable size. The 

plate is fixed inside the fluid at distance (𝐷) from the wall by setting the displacement at its four 

side faces (shown in red) to zero. The “fluid structure interaction boundary conditions” are 

imposed on all its surfaces meaning that the acoustic pressure exerts a force to the structure, and 

the structural acceleration produced a fluid inertial load at the mesh interface. Since the material 

properties of the actuator are unknown, the estimate of density of 7624 kg/m3 given in [14] can be 

used as a starting point (the value was adjusted to exclude perylene layer). The Youngs modulus 

and the size of the plate affect its bending stiffness, and as a result, its natural frequencies. If the 

size of the plate is set to the values given in Figure 2.3, the Youngs modulus required to match 

natural frequencies of the actuator in air and in petri dish filled with oil is unrealistically high (over 

1000 GPa). The Youngs modulus of the materials comprising the actuator’s plate ranges from 79 

GPa for gold to about 200 GPa for silicon. Given high natural frequencies of the actuators in air, 

the amount of silicon residues must be significant. Thus, the Youngs modulus of the plate is set to 

175 GPa to be on the high side of the given range. For now, the side length of the plate (𝐿) is kept 

as designed at 800 m, while its thickness (𝑡) is increased to 4 m to bring the natural frequency 
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into the range observed in experiment. Such adjustment is not unreasonable as silicon residues 

affect the effective size of the plate. 

To model the behavior of the actuator inside the petri dish filled with oil as well as in air, the 

geometry of the model needs to be modified. In particular, the overall heigh of the fluid domain is 

increased to 2000 m. The actuator is positioned in the middle, such that the heigh of the fluid 

column below and above the actuator is about 1000 m. These conditions are sufficient to model 

the actuator in the infinite fluid domain as shown in [14]. The density and speed of sound in air 

are set to 1.225 kg/m3 and 346 m/s, respectively. 

The model is meshed using 20-noded brick elements with quadratic shape functions (FLUID 

220 for fluid domain; SOLID 186 for the structural domain). When the quadratic elements are 

used, the fluid domain must be discretized such that there are at least six elements per wavelength 

of interest [31]. The wavelength can be calculated using the following equation: 

 𝜆 =  
𝑐

𝑓
 (4.1) 

where 𝑐 is the speed of sound in the medium; 𝑓 is the frequency of excitation in Hz. The range of 

frequencies used in experiment is between 1 and 100 kHz. Thus, the shortest wavelength used in 

the experiment corresponds to the measurement in air at 100 kHz. The maximum element size for 

such simulation is about 500 m.  

To compare results between different simulations, as well as between different models, it is 

important to have a consistent mesh. The easiest way to accomplish this task is to generate a layer 

of nicely arranged elements that can be swept through the entire model. Given the size of the 

actuator, the maximum element size required by the fluid domain must be reduced to capture the 

behavior of the actuator correctly. The blue line in Figure 4.2 shows how the first natural frequency 

of the actuator is changing as the total number of elements in the model is increased; the red line 
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shows corresponding element size. This particular study was conducted in oil with the actuator 

positioned in the middle of the channel, but similar results are obtained when the actuator is 

brought closer to the wall or moved into the infinite fluid domain.  

 

Figure 4.2. Actuator’s first natural frequency and element size versus total number of elements in 

the model 

 

It is clear from the figure, as the number of elements in the model is increased, the first natural 

frequency of the actuator converges to some value below 15 kHz. Such convergence is desired; if 

no convergence is achieved, the model cannot be trusted. It also indicates the size of the error for 

a given element. As the elements size is decreased, the error becomes smaller, but at the same 

time, the computational effort increases. For the single degree of freedom model, the 

computational effort is relatively small. Even when the element size is reduced to 30 m, the 

number of elements in the model remains under 100 thousand. However, if the full model of 

experimental setup is necessary, such a small element size will require enormous computational 

power that may not be available. As a compromise, the element size of 80 m is chosen for all 

numerical studies. The resulting error in natural frequency relative to the smallest element size 

considered here is 3.2 %.  
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Another concern that must be taken into account is the number of elements across the 

thickness of the actuator’s plate. In simulations conducted to generate Figure 4.2, the actuator was 

meshed using a single layer of elements. Even though the use of quadratic elements prevents shear 

locking problem [33], the accuracy of such mesh needs to be evaluated. Figure 4.3 shows how the 

first natural frequency of the actuator changes as the number of layers across its thickness is 

increased. Once again, the results are converging. The relative error between simulations using a 

single layer of elements as oppose to 8 layers is less than 3 %. Such error is acceptable; therefore, 

the actuator will be meshed using a single layer of elements in all numerical studies. 

 

Figure 4.3. Actuator’s first natural frequency versus the number of layers used to mesh it 

 

The first step in the study is to evaluate the dependence of the simulated results on the 

parameters used in the model. In particular, the effect of uncertainty in actuator’s Youngs modulus 

(𝐸), density (𝜌), and dimensions is investigated. The results of the study in air, petri dish filled 

with oil, and in the channel for several distances between the actuator and the wall are listed in 

Table 4.1. It is known that the natural frequency of the structure is inversely proportional to its 

mass. This fact is supported by simulations in air. When the density of the actuator is increased to 
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10000 kg/m3, its first natural frequency drops from 53.7 to 47.0 kHz; when the density is decreased 

to 5000 kg/m3, the natural frequency is raised to 66.1 kHz. However, for simulations in the petri 

dish or simulations in the channel, the change in density of the actuator has very little effect on its 

natural frequencies. This observation has a very simple explanation. When the actuator is moved 

from air into the petri dish filled with oil, its frequency dropped by 53.7/15.5 = 3.5 times. This 

means that the effective mass of the actuator has increased by 3.52 = 12 times. Such a large increase 

indicates that the mass of the actuator itself is insignificant as compared with the mass of 

surrounding oil, and its changes are barely noticeable. Thus, the uncertainty in actuator’s mass will 

not affect the results of numerical studies in oil. 

Table 4.1. First natural frequency of the actuator predicted by the single degree of freedom 

model as Yong’s modulus, density, and dimensions are varied 

D (m)   (kHz) 

50 10.5 9.7 11.2 10.6 10.4 3.8 19.0 23.7 15.4 

75 11.9 11.0 12.7 12.0 11.8 4.3 21.5 26.4 17.2 

100 12.8 11.8 13.7 12.9 12.7 4.6 23.0 28.0 18.4 

200 14.4 13.4 15.4 14.6 14.3 5.3 26.0 30.6 20.5 

300 15.0 13.9 16.0 15.2 14.8 5.5 26.9 31.3 21.1 

400 15.2 14.1 16.2 15.4 15.0 5.5 27.3 31.5 21.3 

500 15.2 14.1 16.3 15.4 15.1 5.6 27.3 31.6 21.4 

Petri Dish 15.5 14.3 16.6 15.7 15.3 5.7 27.8 31.9 21.6 

Air 53.7 49.7 57.4 66.1 47.0 26.9 80.6 86.6 70.6 

 Nominal 

Model 

E (GPa)  (kg/m3) t (m) L (m) 

150 200 5000 10000 2 6 600 700 

 

It is also obvious that when the Young’s modulus or the thickness of the actuator is increased, 

or its side length is decreased, the actuator becomes stiffer. Consequently, its natural frequency 

should increase. When the actuator becomes more compliant (i.e. the Young’s modulus or 

thickness is decreased, or side length is increased), its natural frequency should become lower. All 

the results listed in the table show such trend. Therefore, the reader may think that Youngs modulus 

and the geometry of the actuator affect its behavior in oil because the frequencies are changing. In 
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this case explaining experimental observation using the simulation would be a very difficult task 

due to many uncertainties in the model. However, this is not the case. The drop in natural frequency 

when the actuator is placed in oil is due to the added mass of the fluid. Looking at the frequency 

itself might be misleading. A more useful way is to look at the added mass of the oil in all these 

simulations. One way to do it is to calculate an added mass coefficient defined as: 

 𝜔𝑅 =  
𝜔

𝜔∝,𝑂𝑖𝑙
 (4.2) 

where 𝜔 is the first natural frequency extracted from the simulation in air or in the channel at 

particular distance from the wall; 𝜔∝,𝑂𝑖𝑙 is the corresponding first natural frequency of the actuator 

in the petri dish filled with oil (infinite fluid domain). The results of this calculation are shown in 

Table 4.2. 

Table 4.2. Added mass coefficient predicted by the single degree of freedom model as Yong’s 

modulus, density, and dimensions of the actuator are varied 

D (m)  R 

50 0.68 0.68 0.68 0.67 0.68 0.67 0.68 0.75 0.71 

75 0.77 0.77 0.77 0.76 0.77 0.76 0.77 0.83 0.80 

100 0.82 0.82 0.82 0.82 0.83 0.82 0.83 0.88 0.85 

200 0.93 0.93 0.93 0.93 0.93 0.93 0.93 0.96 0.95 

300 0.97 0.97 0.97 0.97 0.97 0.97 0.97 0.98 0.98 

400 0.98 0.98 0.98 0.98 0.98 0.98 0.98 0.99 0.99 

500 0.98 0.98 0.98 0.98 0.98 0.98 0.98 0.99 0.99 

Petri Dish 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 

Air 3.47 3.47 3.47 4.20 3.07 4.76 2.90 2.72 3.26 

 Nominal 

Model 

E (GPa)  (kg/m3) t (m) L (m) 

150 200 5000 10000 2 6 600 700 

 

It becomes clear, that the uncertainty in Young’s modulus, density, or the thickness of the 

actuator will not affect the quality of numerical results. The added mass coefficients, and 

consequently, the behavior of the actuator in oil, do not depend on these parameters (the added 

mass coefficients when actuator is moved from air into a petri dish vary with density and thickness 
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because these parameters affect the mass of the actuator, and consequently its natural frequency in 

air). Once the frequency of the actuator in petri dish is set, its frequency in the channel depends 

only on the actuator’s side length and the distance between the actuator and the membrane which, 

in this case, behaves as a wall. It can be noted, that for a given distance, the added mass coefficient 

is smaller for the actuator with a larger side length. Smaller coefficient means larger frequency 

drop and hence, larger added mass. Such observation makes perfect sense because added mass is 

proportional to fluid loading [34]. Larger actuator has to move more fluid. It is also apparent that 

for a given actuator, the added mass increases as the distance between the actuator and the 

membrane decreases. Such behavior can also be explained by referring to fluid loading. It depends 

not only on the actuator’s area, but also on the pressure in the fluid surrounding it. Figure 4.4 

shows pressure distribution in the cross section that passes through the middle of the channel as 

the distance between the actuator and membrane is varied (the actuator’s side length used to 

generate the figure is 600 m). 

 

Figure 4.4. Pressure distribution around the actuator in the channel 
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As actuator is brought closer to the membrane, the area of high-pressure region (shown in red) 

expands to cover larger area of the actuator. Higher pressure over larger region results in larger 

fluid loading, and hence, larger added mass. It is also noticeable that when the distance between 

the actuator and membrane is relatively large (300 – 500 m), the high-pressure region expands 

slowly. The changes in corresponding added mass coefficients are also small (0.98 – 0.99). When 

the distance is reduced to 200 m and beyond, the high-pressure region expands more drastically. 

The corresponding added mass coefficients are also changing much faster (0.96 – 0.75). However, 

the added mass coefficient, even for the actuator with the larges side length, is much larger than in 

the experiment. For example, for actuator 1, which is located about 240 m from the membrane, 

the added mass coefficient is 0.64. If the frequency of this actuator in petri dish is matched using 

the actuator with a side length of 800 m (largest possible), the added mass coefficient extracted 

from the model is between 0.93 and 0.97. Thus, even when the side length of the actuator is 

maximized, the model significantly underestimates added mass in the channel for all actuators as 

evident from Table 4.3. 

Table 4.3. Comparison of added mass coefficients obtained in the experiments with the 

minimum added mass coefficients predicted by a single degree of freedom model 

D (m) R D (m) R D (m) R D (m) R 

50 0.68 

 
 

60 0.39 
75 0.77 

100 0.82 

 

200 0.93 
240 0.64 

300 0.97 
323 0.82 

400 0.98 
 

500 0.98  

L = 800 m Actuator 1 Actuator 2 Actuator 3 

Simulation Experiment 

 

There can be a number of reasons for the discrepancy. After all, the actuator was modeled as 

a plate and the membrane was modeled as a wall. In the physical system, the membrane motion 
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might be important. It is also possible that if the actuator is modeled using more realistic geometry 

that includes silicon residues and support structure, the added mass in the channel may increase. 

To narrow down the number of reasons, and to determine the required geometric complexity of 

the actuator in the model that includes the membrane, the effect of silicon residues on the added 

mass is investigated first.  

 

Figure 4.5. Single degree of freedom model with silicon residues (dimensions in m) 

 

Figure 4.5 shows the model that includes silicon residues. The only difference with the model 

described above lies in the geometry of the actuator. Here, the actuator’s plate is divided in two 

regions. The outer portion (shown in red) has a side length of 800 um matching the physical size 

of the actuator’s plate. The displacement of the outer portion is set to zero. With this setup, it is 

assumed that silicon residues make the outer portion of the actuator’s plate very stiff and 

essentially motionless. The area that vibrates is represented in the model by the inner portion. Its 

size and the distance between the actuator and the membrane can be varied. To see the effect of 

silicon residues, the results of the simulation can be compared to the corresponding results obtained 

from the model shown in Figure 4.1. Table 4.4 presents a comparison. 
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Table 4.4. Comparison of the results predicted by the single degree of freedom model with and 

without silicon residues 

D (m)  (kHz) R  (kHz) R  (kHz) R  (kHz) R 

50 23.7 0.75 15.4 0.71 21.0 0.69 14.4 0.68 

75 26.4 0.83 17.2 0.80 23.7 0.78 16.3 0.77 

100 28.0 0.88 18.4 0.85 25.5 0.84 17.5 0.83 

200 30.6 0.96 20.5 0.95 28.6 0.94 19.7 0.94 

300 31.3 0.98 21.1 0.98 29.5 0.97 20.4 0.97 

400 31.5 0.99 21.3 0.99 29.8 0.98 20.7 0.98 

500 31.6 0.99 21.4 0.99 29.9 0.99 20.8 0.99 

Petri Dish 31.9 1.00 21.6 1.00 30.3 1.00 21.1 1.00 

Air 86.6 2.72 70.6 3.26 86.6 2.86 70.6 3.35 

L (m) 600 700 600 700 
 Model without Silicon Residues Model with Silicon Residues 

 

The results show that the addition of silicon residues reduces natural frequency of the actuator 

in the petri dish and in the channel, indicating an increase in added mass. The reason behind added 

mass increase can be explained by comparing pressure distribution around actuator between the 

two models. The comparison is presented in the Figure 4.6 for the actuator with the effective side 

length of 600 m, placed in the channel 100 m from the membrane.  

 

Figure 4.6. Pressure distribution around the actuator in the channel for the model with (right) and 

without (left) silicon residues 

 

The pressure near the edge of the actuator modeled without residues changes gradually from 

positive on the top surface to negative on the bottom surface. If the residues are modeled, the 

gradual change in pressure occurs further from the effective area of the actuator. As a result, the 
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region of high pressure on the top face, as well as the region of low pressure on the bottom face of 

the actuator are extended. Wider regions of high and low pressure increase fluid loading that leads 

to a larger added mass. The increase in added mass due to silicon residues is not large enough to 

bring experimental and simulated results in the agreement. However, the increase is significant 

enough for silicon residues to be included in the model of the actuator. 

 

Figure 4.7. Single degree of freedom model with silicon residues and support structure 

(dimensions in m) 

 

To conclude the study of the single degree of freedom system, the effect of support structure 

on the actuator’s behavior is investigated using the model shown in Figure 4.7. The only difference 

between this model and the one with silicon residues is the presence of support structure modeled 

as 100 m thick walls surrounding actuator’s plate. These walls represent the portion of the 

actuator’s beam which is made from silicon (Figure 2.3). The Young’s modulus and density of 

silicon used in all numerical studies are 202 GPa and 2330 kg/m3, respectively. The height of the 

walls is 400 m matching the height of the beam in the physical system. The rest of the actuator’s 

beam is not expected to significantly affect the numerical results because the pressure disturbance 

is localized near the actuator’s plate and decays rapidly; therefore, it will not be modeled. Since 
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the deformation of the actuator’s beam is much smaller than the deformation of the actuator’s 

plate, the displacement of support structure is set to zero. In addition, the “fluid-structure 

interaction boundary conditions” are imposed on its surfaces. The area of the vibrating portion of 

the actuator and the distance between the actuator and the wall can be varied. The results of the 

simulation can be compared to the results obtained from the model shown in Figure 4.5. Table 4.5 

presents the comparison.  

Table 4.5. Comparison of the results predicted by the single degree of freedom model with and 

without support structure 

D (m)  (kHz) R  (kHz) R  (kHz) R  (kHz) R 

50 21.0 0.69 14.4 0.68 18.2 0.69 12.1 0.68 

75 23.7 0.78 16.3 0.77 20.4 0.77 13.6 0.76 

100 25.5 0.84 17.5 0.83 21.8 0.82 14.6 0.82 

200 28.6 0.94 19.7 0.94 24.4 0.92 16.3 0.92 

300 29.5 0.97 20.4 0.97 25.2 0.95 16.8 0.95 

400 29.8 0.98 20.7 0.98 25.1 0.95 16.8 0.94 

500 29.9 0.99 20.8 0.99 24.2 0.91 16.1 0.90 

Petri Dish 30.3 1.00 21.1 1.00 26.5 1.00 17.8 1.00 

Air 86.6 2.86 70.6 3.35 84.7 3.20 70.2 3.94 

L (m) 600 700 600 700 
 Model without Support Structure Model with Support Structure 

 

The results show that the addition of support structure reduces natural frequencies of the 

actuator in air, in the petri dish, and in the channel, indicating an additional increase in added mass. 

Unlike silicon residues, the support structure has a more pronounced effect on the added mass 

coefficient when the actuator is further from the membrane. For example, when the actuator with 

a side length of 600 m is placed 100 m from the membrane, the added mass coefficient drops 

from 0.84 to 0.82 when support structure is modeled. However, when the same actuator is placed 

500 m from the membrane, the added mass coefficient is reduced from 0.99 to 0.91. This behavior 

can be explained by comparing pressure distribution around actuator in the channel for the model 

that includes both silicon residues and support structure with the model that only has silicon 
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residues. The comparison is presented in the Figure 4.8 for the actuators with the effective side 

length of 600 m, placed in the channel 100 m and 500 m from the membrane 

 

Figure 4.8. Pressure distribution around the actuator in the channel for the model with (right) and 

without (left) support structure 

 

The presence of sidewalls drastically alters the pressure distribution in the channel. Just like 

silicon residues, they act as a barrier between pressure fields above and below actuator’s plate. For 

example, when the distance between the actuator and membrane is 100 m, the positive pressure 

field above the actuator extends further downward because the walls confine the negative pressure 

field within. However, the walls are located far from the area of the actuator that vibrates. As a 

result, the changes that the vibrating area experiences are minor and the change in added mass is 

small. When the actuator is moved further from the membrane, the gap between the support 

structure and the wall opposite to the membrane decreases. In a sense, the wall acts as a cap 

confining the fluid withing the support structure. The pressure in the confined fluid increases 

significantly during the motion of the actuator, which leads to a large increase in added mass. 

Therefore, the support structure cannot be neglected in the model.  
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This latest single degree of freedom model that includes silicon residues and support structure 

can be used to match natural frequencies of actuators in the experiment. First, the effective side 

length of the actuator is reduced to match natural frequency of each actuator in the petri dish. 

Material properties and geometric parameters used in the model are summarized in Table 4.6. 

Next, the simulation is conducted in air to determine the accuracy of the model. For actuator 1, the 

resulting error is under 5 %. For actuator 2 and 3 natural frequencies in air are not available because 

they exceed the measurement range of the equipment (100 kHz). The simulated results for these 

actuators are also quite high. The results in air and petri dish are compared in Table 4.7.  

Table 4.6. Material properties and geometric parameters used in the model 

 Actuator's Plate Silicon 

Residues 

Support 

Structure 
Air Oil 

A1 A2 A3 

Speed of Sound (m/s) - 346.3 1500 

Young's Modulus (GPa) 175 202 - 

Density (kg/m3) 7624 2330 1.2 850 

Poisson Ratio 0.33 - 

Thickness (m) 4 4 400 - 

Side Length (m) 650 590 570 800 1000 - 

 

Table 4.7. Comparison of experimental and simulated results in air and in petri dish 

 Actuator 1 Actuator 2 Actuator 3 

Frequency in 

Petri Dish (kHz) 

Experiment 21.6 27.3 30.3 

Simulation 21.4 27.6 30.1 

Error (%) 0.8 1.2 0.7 

Frequency in Air 

(kHz) 

Experiment 77.5 > 100 > 100 

Simulation 81.1 98.6 102.7 

Error (%) 4.6 - - 

 

Finally, the simulation in the channel is performed and the results are compared in the Figure 

4.9. Here, the simulated first natural frequency of each actuator is plotted in color as a function of 

the distance between the actuator and membrane. The experimental measurements are shown in 

black (as a reminder, the distance between the actuator and membrane was measured twice for 

actuators 1 and 2, and only once for actuator 3). It is clear, the model significantly underpredicts 
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added mass for all actuators. The relative errors are 18, 42, and 75% for actuators 1, 2, and 3, 

respectively.  Since it has been shown in [32] that vibro-acoustic analysis is capable of predicting 

natural frequencies of the submerged structure vibrating near rigid surfaces, there can be only one 

explanation for the discrepancy. The membrane vibrations play significant role in the system, even 

though they are very small. The observed inertial effect must be caused by the coupling of the 

actuator and membrane via fluid in between. 

 

Figure 4.9. Comparison of experimental and simulated results in the channel 

 

4.2 TWO-DEGREES OF FREEDOM MODEL 

Since the behavior of the actuator predicted by the single degree of freedom model does not match 

experimental observations, the membrane must be included in the model. Unlike the motion of the 

actuator, the vibration of the membrane will affect the pressure distribution throughout the entire 

fluid domain. As a result, the model that includes full geometry of experimental setup might be 

necessary to study the interaction between the actuator and membrane. However, as an incremental 

step, a simpler, two-degrees of freedom model shown in Figure 4.10 is proposed first. 
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Figure 4.10. Two-degrees of freedom model with dimensions (m) 

 

Here, a stiff membrane, a spring, and a “fluid-structure interaction boundary condition” at the 

interface of the membrane and the fluid are added to a single degree of freedom model described 

in the previous section (model parameters are listed in Table 4.6). The density of the membrane is 

set to 2770 kg/m3 – the density of aluminum found in Ansys database. Its thickness is set to 100 

m to match the thickness of the aluminum membrane used in the experiment. It is meshed with 

two layers of SOLID 186 elements resulting in the model with roughly 19300 elements and 84000 

nodes. The longitudinal spring is attached to the entire top face of the membrane using body-

ground connection and aligned along the height of the channel. Since the software does not allow 

non-deformable bodies to be included in the vibroacoustic analysis, the following work-around is 

employed. First, the Young’s modulus of the membrane is set to unrealistically high value (e.g. 

106 GPa). Second, the motion of the membrane is restricted to a single dimension along the height 

of the channel. With this setup, the modes associated with elastic deformation of the membrane 

are shifted in the high frequency range. The frequency of the mode associated with the rigid-like 

motion of the membrane can be easily controlled by adjusting spring stiffness kM. By limiting 

frequency range for the analysis, the study can be focused on the interaction of the actuator and 
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membrane that appears in the two vibrations modes. One mode is associated with the first vibration 

mode of the actuator; another one is due to the rigid-like motion of the membrane. The goal of the 

study is to understand how the frequencies of these two modes are changing as parameters of the 

system are varied.  

 

Figure 4.11. Vibration mode shapes predicted by the two-degrees of freedom model 

 

Figure 4.11 shows the vibration mode shapes for both modes under study. Mode 1 is a lower 

frequency mode. In this mode, the motion of the actuator and the membrane is always out of phase. 

Mode 2 is the higher frequency mode. In this mode, the actuator and membrane always move in 

phase. Another difference between the two modes is a relative deformation of the actuator and the 

membrane. It varies as the system parameters are changed.  

To gain confidence in the results of the two-degrees model, it is important to establish a 

connection with the single degree of freedom model. Afterall, rigid bodies are not supported in the 

vibroacoustic analysis, and work-around may compromise the results. The connection is 

established by considering a limiting case when the membrane behaves as a wall. When such 

behavior is achieved, the results of the two-degrees of freedom model should converge to the 

results of the single-degree of freedom model. One way to achieve wall-like behavior from the 

membrane is to make the spring very stiff (e.g. 106 N/m). The results of this simulation for different 
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values of film thickness are compared to the results of the single degree of freedom model in the 

Figure 4.12. Here the resonance frequency of mode 1 is identical to the resonance frequencies of 

the actuator predicted by the single degree of freedom model. Therefore, mode 1 in this case, is 

the mode associated with the motion of the actuator; mode 2, is the mode associated with the 

motion of the membrane. The membrane behaves as a wall because the force required to move it 

is enormous. 

 

Figure 4.12. Comparison of the results predicted by the single and two-degrees of freedom 

models 

 

Another way to think about limiting case is to think about relative frequencies of the two 

modes. When the membrane is very stiff, the resonance frequency associated with its motion is 

much higher than the resonance frequency associated with the motion of the actuator. Since the 

frequencies of two modes are far apart, the actuator vibrating at its resonance frequency does not 

excite the membrane. The pressure distribution near the actuator, and so is the force on the actuator, 

are unaffected by the presence of the membrane that is essentially motionless. As a result, the 

resonance frequency of the actuator is identical to the frequency predicted by the single degree of 

freedom model. When the difference between the resonance frequencies of two modes is reduced, 
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actuator begins to “feel” the membrane. Figure 4.13 shows how the resonance frequencies of both 

modes are changing as the stiffness of the membrane is varied for two values of film thickness. 

The dashed line represents the frequency of the actuator predicted by the single degree of freedom 

model. Figure 4.14 shows how the ratio of the maximum vibration amplitude of the actuator over 

membrane changes for the same simulation. The solid line is the ratio for mode 1; the dashed line 

is the ratio for mode 2.  

 

Figure 4.13. Resonance frequencies predicted by the two-degrees of freedom model (solid line) 

and by the single degree of freedom model (dashed line) 

 

Figure 4.14. Amplitude ratios (actuator/membrane) predicted by the two-degrees of freedom 

model for mode 1 (solid line) and mode 2 (dashed line) 
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When the spring stiffness is very low (e.g. under 10 kN/m), the frequency of mode 2 

approaches the frequency of the actuator predicted by the single degree of freedom model. The 

frequency of mode 1 is much lower. Because of the large difference in frequencies of two modes, 

when mode 2 is excited, the vibration amplitude of the actuator is 20 to 50 times larger than the 

vibration amplitude of the membrane. For the actuator, the membrane behaves like a wall in this 

case, and single degree of freedom model is sufficient for predicting resonance frequency of the 

actuator. When the spring stiffness is very high (e.g. above 90 kN/m) we get a limiting case 

described above. Here, mode 2 is the mode associated with the motion of the actuator. The 

vibration amplitude of the actuator in this mode is about 40 times larger than the amplitude of the 

membrane. Again, single degree of freedom model is sufficient here. In both of these cases, when 

the frequency of one of the modes is approaching the frequency of the actuator predicted by the 

single degree of freedom model, the coupling between the actuator and membrane can be defined 

as “weak”. When one component is excited, the other component is essentially motionless as 

evident from the Figure 4.14. The two-degrees of freedom model is redundant here because each 

component can be modeled independently. 

The case of “strong” coupling occurs when the spring stiffness is chosen such that the 

resonance frequencies of two modes are closer to each other. Under this condition, frequencies of 

both modes deviate from the frequency predicted by the single degree of freedom model. It is no 

longer possible to say which mode is associated with the motion of the actuator, and which mode 

is associated with the motion of the membrane. The ratios of amplitudes between the actuator and 

membrane are similar for both modes. Therefore, when the actuator is excited at the frequency of 

either mode, the membrane responds with a relatively large amplitude. The membrane motion 

affects the pressure distribution near the actuator, which affect the force acting on the actuator. As 
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a result, the resonance frequencies of both modes are different than the resonant frequency of the 

actuator predicted by the single degree of freedom model.  

It can also be noted that the strength of the coupling depends on the distance between the 

actuator and membrane. For example, in the region of low spring stiffness (under 10 kN/m), the 

amplitude ratio for the actuator located 300 m from the membrane is about 50, while the same 

ratio is about 20 for the actuator located 50 m from the membrane (refer to Figure 4.14). The 

membrane response is much larger when the film thickness is smaller. This makes an intuitive 

sense. Actuator and membrane “feel” each other better when they are closer. Larger membrane 

response results in a larger change in the pressure distribution. As a result, for the given membrane, 

the difference between frequencies predicted by a single and a two-degrees of freedom model is 

larger for the actuator that is closer to the membrane (refer to Figure 4.13).  

In any case, the two-degrees of freedom model predicts two modes. The frequency of mode 

1 is lower than the frequency predicted by the single degree of freedom model, while the frequency 

of mode 2 is higher. Since the frequency of the actuator observed in the experiment is lower than 

the frequency predicted by the single degree of freedom model, the frequency of mode 1 can be 

matched to the frequency of the actuator measured in the experiment by adjusting the spring 

constant kM. With this model, the experimental results can be explained fairly well. Thus, the 

required values of the spring stiffness are 28, 72, and 24 kN/m for actuators 1, 2, and 3, 

respectively. The difference between spring constants for actuator 1 and 3 is relatively small and 

can be easily justified. Even though the membrane in experiment is the same, the stress induced in 

it during the assembly can alter its stiffness. The large value for the case of actuator 2 will be 

addressed later. The results of the simulation for the three actuators are shown in Figure 4.15 and 

Figure 4.16. 
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Figure 4.15. Resonance frequencies predicted by the two-degrees of freedom model for actuators 

1, 2, and 3 (mode 1 – solid line; mode 2 – dashed line) 

 

 

Figure 4.16. Amplitude ratios (actuator/membrane) predicted by the two-degrees of freedom 

model for actuators 1, 2, and 3 (mode 1 – solid line; mode 2 – dashed line) 

 

Since the lower frequency mode is accompanied by the mode of higher frequency, the 

experimental results should contain additional peak at higher frequency. According to the model, 

these peaks are located around 21, 28, and 24 kHz for actuator 1, 2, and 3, respectively. In the 

lower frequency mode actuator and membrane should be moving out of phase; at the higher 
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frequency, they should be in phase. The amplitude ratio between the actuator and membrane 

should be much lower in the out of phase mode as compared to the in-phase mode for all actuators. 

Figure 4.17 shows several FRF measurements in the channel for the case of Actuator 1. The 

black line is the measurement from the actuator; color lines are the measurements from the points 

on the membrane located above the actuator’s plate. Mode 1 corresponds do the dominant peak 

that occurs around 14 kHz. At this frequency, points 5 and 6 are in phase with the actuator; point 

4 is lagging by about 60 degrees. The amplitude difference between the actuator and membrane is 

about 20 dB, which corresponds to the amplitude ratio of about 10. The peak corresponding to 

mode 2 is barely noticeable. It occurs around 19 kHz. At this frequency, the phase difference 

between the actuator and membrane is about 120 degrees. The amplitude difference is about 10 

dB, which corresponds to the amplitude ratio of about 3. 

 

Figure 4.17. Frequency response function measurements in the channel for the case of actuator 1 
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Figure 4.18 shows several FRF measurements in the channel for the case of Actuator 2. As 

before, the black line is the measurement from the actuator; color lines are the measurements from 

the points on the membrane located above the actuator’s plate. Mode 1 corresponds do the 

dominant peak that occurs around 22 kHz. At this frequency, points 4 and 5 are in phase with the 

actuator; point 6 is lagging by about 120 degrees. The amplitude difference between the actuator 

and membrane is about 30 dB, which corresponds to the amplitude ratio of about 30. The peak 

corresponding to mode occurs around 29 kHz. At this frequency, the phase difference between the 

actuator and membrane grew by 120 degrees. Point 6 is still lagging points 4 and 5 by about 80 

degrees. The amplitude difference between the actuator and membrane is about 20 dB, which 

corresponds to the amplitude ratio of about 10. 

 

Figure 4.18. Frequency response function measurements in the channel for the case of actuator 2 
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Figure 4.19 shows several FRF measurements in the channel for the case of Actuator 3. Again, 

the black line is the measurement from the actuator; color lines are the measurements from the 

points on the membrane located above the actuator’s plate. Mode 1 corresponds do the dominant 

peak that occurs around 12 kHz. At this frequency, the phase difference between the actuator and 

the points on the membrane is about 120 degrees; although, there is a small phase difference 

between three points. The amplitude difference between the actuator and membrane is more than 

40 dB, which corresponds to the amplitude ratio of about 100. The peak corresponding to mode 2 

occurs around 24 kHz. At this frequency, the phase difference between the actuator and membrane 

is less than 20 degrees. The amplitude difference is about 30 dB, which corresponds to the 

amplitude ratio of about 30. 

 

Figure 4.19. Frequency response function measurements in the channel for the case of actuator 3 
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The results predicted by the two-degrees of freedom model are compared to the results 

obtained in experiment in the Table 4.8. As seen, the frequency of mode 2 is predicted fairly 

accurately. The maximum relative error is under 10%. On the other hand, the phase difference and 

the amplitude ratio between the actuator and membrane predicted by the model significantly 

deviate from the experimental observations. For example, in the experiment, the amplitude ratio 

for mode 2 is smaller than for mode 1. The model, however, predicts the opposite. The numbers 

are quite different as well. These were not expected to match for several reasons. First, the FRF 

measurement of the actuator is taken from the back which can reduce its magnitude (refer to 

Section 3.3). Second, the magnitude of FRF at the resonance is governed by the damping ratio. 

Very wide peaks on the magnitude plots of FRFs indicate that the damping is significant in the 

experiment. Both, structural damping, and fluid viscosity can contribute to the damping 

mechanism, possibly making it frequency dependent. As a result, the amplitude ratios of two 

modes can be affected in a different way. The model does not include any damping. 

Table 4.8. Comparison of experimental results with the results predicted by the two-degrees of 

freedom model 

 Resonance Frequency (kHz) Amplitude Ratio 

 Experiment Simulation Experiment Simulation 

 Mode 1 Mode 2 Mode 1 Mode 2 Mode 1 Mode 2 Mode 1 Mode 2 

Actuator 1 13.9 19 14 21 10 3 2 23 

Actuator 2 22.2 29.2 22 28 30 10 5 20 

Actuator 3 11.9 23.8 12 24 100 30 2 19 

 

The phase difference between the actuator and membrane is another aspect not captured by 

the model. According to the model, the actuator and membrane should be out of phase at the lower 

frequency, and in phase at the higher frequency. The behavior may not be so extreme when the 

damping is present. Still, one would expect larger phase difference at the lower frequency, and a 

smaller phase difference at the higher frequency. In the experiment, this trend holds only for the 
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actuator 3. For the actuators 1 and 2, the trend is the opposite. The bright side to this observation 

is that for actuators 1 and 2, the out of phase mode has a lower amplitude ratio. This is what the 

model predicts, except the frequencies of out of phase modes should be higher than the frequencies 

of in phase modes. If this is the case, then actuator 3 is once again an outlier. It should also be 

noted that the response of the membrane for the actuator 3 is the smallest among the three actuators. 

It is also larger at the higher frequency, the frequency of mode 2. For actuators 1 and 2, the 

membrane responds with the larger amplitude at the lower frequency, the frequency of mode 1.  

In any case, it is clear that the two-degrees of freedom model cannot explain all experimental 

observations. One possible reason for the discrepancy is the assumed shape of the membrane. In 

the simulation, the membrane is very stiff and does not deform. Its motion is simply up and down. 

In the experiment, however, the motion of the membrane can be much more complex. FRF 

measurements indicate that there is a phase difference between the points on the membrane. For 

example, for actuator 1 vibrating at the frequency of mode 1, the motion of point 5 is almost in 

phase with the actuator. Point 4, however, is lagging behind, while point 6 is ahead. This indicates 

that the membrane may have a node in the vicinity of point 5. If this is the case, the two-degrees 

of freedom model is insufficient because it does not allow nodal points on the membrane. Higher 

fidelity model that includes the entire membrane might be necessary to explain experimental 

observation. Moreover, the vibration mode shapes of the membrane must be extracted from the 

frequency response measurements to justify the need for a more complicated model.  

Also, the reader may wonder, if the shape of the membrane is important, how can such a 

simple model predict resonance frequency so well? This question can be answered by referring to 

the Rayleigh-Ritz method which is commonly used to estimate resonance frequencies and 

vibration mode shapes of the structure. A good overview of the method can be found in [35]. In 
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short, for the discretized system, the square of the resonance frequency of a particular mode is 

given by the Rayleigh quotient: 

 𝑅 = 𝜔2 =  
𝑥𝑇𝐾𝑥

𝑥𝑇𝑀𝑥
=

∑ ∑ 𝑘𝑖𝑗𝑥𝑖𝑥𝑗
𝑛
𝑗=1

𝑛
𝑖=1

∑ ∑ 𝑚𝑖𝑗𝑥𝑖𝑥𝑗
𝑛
𝑗=1

𝑛
𝑖=1

 (4.3) 

where 𝐾 𝑎𝑛𝑑 𝑀 are 𝑛 × 𝑛 stiffness and mass matrices of the system; 𝑥 – is the vector representing 

vibration mode shape. As seen, the Rayleigh quotient is the ratio of two quadratic forms 

representing potential and kinetic energy of the system. Under the summation, the shape of the 

mode gets smoothed out. In addition, the membrane’s displacement is much smaller than the 

displacement of the actuator; therefore, its contribution to the summation is much smaller as well. 

As a result, if the parameters of the system are chosen correctly (which seems to be the case here), 

the model will predict resonance frequency with a reasonable accuracy. 

4.3 MEMBRANE’S MODE SHAPES VIA PRINCIPAL COMPONENT ANALYSIS 

In order to justify the need for a more sophisticated model, it is important to understand how the 

membrane moves in the experiment. In the previous section, it was pointed out that there might be 

a nodal point on the membrane along its length. If this is the case, the model that includes the entire 

elastic membrane is necessary to explain experimental observations.  

There are multiple ways to extract vibration mode shapes from the frequency response 

measurements. Perhaps, the simplest one, is to calculate the displacement of each measured point 

using magnitude and phase information of the FRF according to: 

 𝑌𝑝
𝑓

= ‖𝐹𝑅𝐹𝑝
𝑓‖ ∙ 𝑐𝑜𝑠(2𝜋𝑓𝑡 + ∠𝐹𝑅𝐹𝑝

𝑓) (4.4) 

where subscript 𝑝 stands for point (29 measured points for actuator 1; 31 for actuators 2 and 3), 

and superscript 𝑓 stands for frequency (2047 measured frequencies). The time 𝑡, can be chosen 

arbitrary as long as it is the same for all points at the given frequency. Once the displacement of 
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each point at the given frequency is obtained, it can be potted in 2D plane against the coordinates 

of the points along the length of the membrane 𝑋𝑝. The plotted points are than connected to obtain 

the mode shape of the membrane along its centerline. This method is very easy to implement but 

it is prone to errors. It only uses the single measurement of magnitude and phase to calculate the 

displacement of the point at the given frequency. In the current experiment, the magnitude of FRFs 

is very small (fraction on the nm). Relying on the single measurements, especially when the values 

are so small, is not a good practice. 

Another method that is commonly used to extract vibration mode shapes is called “Circle Fit”. 

The mathematical details of the method can be found in [36]]. In this method multiple 

measurements around the resonance are used to calculate the displacements of a particular point. 

Because the method relies on the multiple measurements, it is less prone to error as compared to 

the method described above. However, for the Circle Fit to work, the behavior of the system at the 

resonance must be similar to the behavior of a single degree of freedom system. In other words, 

the response at the resonance should be dominated by a single mode. For this to be true, the 

resonance peaks on the FRF need to be distinct. This is not the case in the current experiment as 

evident from the Figure 4.17 through Figure 4.19. Moreover, the resonance peaks on the magnitude 

plots from different points are not aligned. Setting frequency bounds for the data used in 

calculation that are consistent between different points is impossible. As a result, the method 

should not be used on the current data. 

Finally, the method that is used here relies on the principal component analysis (PCA). A 

good overview of PCA can be found in [37]. PCA has been used for over a century in the variety 

of applications. It has many names depending on the field of science it used in. For example, in 

mechanical engineering it is known as proper orthogonal decomposition (POD); in linear algebra 



 

 

76 

it is called singular value decomposition (SVD). Here, the method is first used to clean up the 

collected data, and then to extract the mode shapes. The beauty of the method is that the entire 

dataset is involved in the process. 

The first step in this method is to assemble a matrix of mode shapes. Each column in the 

matrix is the vibration mode shape calculated using Equation 4.4. The matrix is arranged such that 

the first column is the mode shape of the lowest frequency; the last column is the mode shape of 

the highest frequency. The resulting matrix has about 30 rows and 2047 columns (29 × 2047 for 

actuator 1, and 31 × 2047 for actuators 2 and 3). The next step is to decompose the matrix into a 

product of three matrices: 

 𝑀 = 𝑈S𝑉𝑇 (4.5) 

where 𝑈 (30 × 30) and 𝑉(2047 × 30) are orthonormal matrices; S(30 × 30) is a diagonal matrix 

of singular values arranged in descending order (S1 > S2 > ⋯ > S30). To see the value of this 

decomposition, Equation 4.5 can be written in the form: 

 𝑀 = 𝑈1S1𝑉1
𝑇 + 𝑈2S2𝑉2

𝑇 + ⋯ = ∑ 𝑈𝑖S𝑖𝑉𝑖
𝑇30

𝑖=1  (4.6) 

where 𝑈𝑖 and 𝑉𝑖 are 𝑖-s columns of 𝑈 and 𝑉, respectively, S𝑖 is corresponding singular value. Figure 

4.20 shows several columns of 𝑈 and 𝑉 matrices for actuators 1, 2, and 3. Since S1 is the largest 

singular value, the shape captured by the first column of U is the most dominant shape in the entire 

dataset. Its magnitude as a function of frequency is governed by the first column of 𝑉. For example, 

for the actuator 1, the shape given by 𝑈1 has the largest contribution around 14 and 17 kHz; 

although, the shape is flipped about x-axis at 17 kHz because 𝑉1 is negative there. The next in line 

is the shape given by 𝑈2, then the shape given by 𝑈3, and so on. It is also noticeable, that the first 

several columns of 𝑉 have some structure. The values in these columns increase, and then decrease, 

peaking around frequencies some of which correspond to the peaks on the FRFs measurements for  
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Figure 4.20. Selected columns of 𝑈 and 𝑉 matrices for actuators 1, 2 and 3 
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various points on the membrane. Eventually, this structure is lost. For example, 𝑉8 and 𝑉12 look 

more like signals generated by electrical noise. The same observation applies to the corresponding 

columns of 𝑈. If these terms are removed from the summation given by Equation 4.6, the data may 

become cleaner.  

However, before removing any terms from the summation, it is important to estimate their 

contribution to the dataset. This can be done by looking at the singular values. One way to estimate 

the contribution of individual terms is to calculate the ratio given by Equation 4.7 for each singular 

value. The results of this calculation are shown in Figure 4.21 (left).  

 S𝑅𝑖
=

S𝑖

∑ S𝑘
30
𝑘=1

 (4.7) 

Perhaps, a more useful indicator, is a cumulative ratio given by Equation 4.8. The results are 

also shown in Figure 4.21 (right). 

 S𝐶 𝑖
=

∑ S𝑘
𝑖
𝑘=1

∑ S𝑘
30
𝑘=1

 (4.8) 

 

Figure 4.21. Ratio of singular values given by Equation 4.7 (left) and a cumulative ratio given by 

Equation 4.8 (right) for actuators 1, 2, and 3 

 

Figure 4.21 reveals that the contribution of the first component along varies between 24 and 

36 % for the different actuators. It seems that the contribution of the following components decays 
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in the exponential manner to about 2% for the 10th component. Together, the first 10 components 

capture between 80 and 90% of the datasets. However, it is not clear where the summation given 

by Equation 4.6 should be cut. Leaving fewer components in the summation may compromise the 

integrity of collected data, because some of the components that are cut may represent the actual 

dynamic of the system. On the other hand, keeping too many components will leave most of noise 

in the data intact. It was already pointed out that 8th component looks like a noise, but 8 components 

together represent under 90 % of the dataset. With such small measurements, it is possible that 8 

components are already too many.  

To help solve this dilemma, it can be beneficial to look at the singular values from a different 

perspective. The variance in data captured by a particular component is related to a corresponding 

singular value by the following equation: 

 𝜎𝑖
2 =

S𝑖
2

𝑛−1
 (4.9) 

where n – is number of measurements, or number of points in this case. The variance along, just 

like a singular value by itself, does not tell much of the story. More useful numbers are relative 

and cumulative variances given by Equations 4.10 and Equation 4.11, respectively. The 

calculations are presented in Figure 4.22. 

 𝜎𝑅
2

𝑖
=

S𝑘
2

∑ S𝑘
230

𝑘=1

 (4.10) 

 𝜎𝐶
2

𝑖
=

∑ S𝑘
2𝑖

𝑘=1

∑ S𝑘
230

𝑘=1

 (4.11) 

It is interesting to note, that for actuators 2 and 3, over 60% of variance in data are captured 

by a single component. For actuator 1, the 60% is split between components 1 and 3. The reason 

for this discrepancy is not clear. Moreover, over 95 % of variance in data for all three actuators are 

captured by the first five components. It is believed that the large variance represents the true 
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dynamics of the system. Afterall, large variance in data corresponds to large motion. Therefore, 

the mode shape matrix can be safely approximated by the first five terms in the summation, 

capturing over 95% of the system dynamics. 

 

Figure 4.22. Relative variance given by Equation 4.10 (left) and a cumulative relative variance 

given by Equation 4.11 (right) for actuators 1, 2, and 3 

 

Once the noise is removed from the mode matrix, the vibration mode shapes can be extracted. 

In vibration theory, the expansion similar to the one given by Equations 4.6 is often used to express 

the shape of the vibrating structure in terms of its eigenmodes. For example, the eigenmodes of 

the string fixed at both ends are sinusoids of increasing frequencies. The lowest eigenmode is when 

the entire string goes up and down. It corresponds to the sinusoid with the period equal to the twice 

the length of the string. The next eigenmode is when one half of the string goes up, while the other 

goes down. It corresponds to the sinusoid with the period equal to the length of the string. It has 

one nodal point in the middle – the point that does not move. The next eigenmode has two nodal 

points, and so on. These eigenmodes are vibration mode shapes of the string at corresponding 

resonance frequencies. The higher the frequency, the more complicated the corresponding 

eigenmode. At frequency other than resonance frequency, the vibration mode shape can be 

expanded in terms of these eigenmodes. Even though the eigenmode expansion is similar to the 
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one described here, it is important to understand that the shapes captured by the columns of U 

matrix do not necessarily represent eigenmodes. However, if the single component of U can 

capture most of the system dynamics, then its shape is the vibration mode shape.  

Of course, over the wide range of frequencies, the vibration mode shape of the membrane 

cannot be captured by the single component as evident from the Figure 4.22. The reason is simple, 

its changes with frequency. Similar to the string, the membrane may have a simpler shape at lower 

frequency, which may become more complex as the frequency is increased. However, over a small 

range of frequencies, the vibration mode shape of the membrane may not change by much. If the 

PCA is performed on the small portion of the mode shape matrix, the single component can capture 

the vibration mode shape. Figure 4.23 shows results produced by this method. Here, the mode 

shape matrix obtained in the previous step was truncated to a hundred consecutive measurements 

centered on the frequencies of  mode 1 and mode 2 from the Table 4.8. The resulting matrix 

(30 × 100) was approximated using a single component that captured on average 93% of the 

mode’s dynamics. Then, the mean over columns was taken to produce the results. The Matlab code 

can be found in the appendix (Note: the results for actuator 3 were magnified by a factor of 5 for 

a better comparison).  

The results shown in Figure 4.23, although still very noisy, clearly show that the motion of 

the membrane is much more complicated than just up and down motion that two-degree of freedom 

model is capable to predict. The suspected nodal point directly above the actuator’s plate (𝑋 ≈

5 𝑚𝑚) seems to exist in mode 1 for all three actuators. As a result, the phase difference between 

the actuator and membrane predicted by the two-degree of freedom model cannot be used to 

explain experimental observation. A more sophisticated model that include the entire elastic 

membrane is necessary. 
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Figure 4.23. Membrane’s mode shapes at the frequency corresponding to mode 1 (left) and mode 

2 (right) for actuators 1, 2, and 3 

 

Although, the concrete conclusion about the shape of the membrane cannot be made with such 

small measurements, some observation a worse noting. First, the shapes of the membrane in mode 

1 for actuators 2 and 3, as well as the shape in mode 2 for actuators 1 and 3 resemble similarities 

in the number and location of nodal points. Second, the shape of the membrane for actuator 2 as 

well as the shape for actuator 1 in mode 2 look like sinusoids whose amplitudes decreases toward 

the end of the cavity. Such shapes are similar to the eigenmodes of the string fixed at both ends 

with material properties gradually changing along its length. Of course, the membrane is not a 

string, but its width is decreasing towards the end of the cavity, resulting in the increase in bending 

stiffness and decrease in mass. Since the mode shapes are captured along the centerline, the 

similarities with the string are not surprising.  

This observation has prompted a search for the mode shapes that may look like eigenmodes. 

The results of the search for actuators 1 and 2 are shown in the Figure 4.24 (Note: the results for 

actuator 1 at 25.3 kHz and actuator 2 at 18.2 kHz were multiplied by a factor of -5 for a better 

comparison). The search performed on the data from actuator 3 did not yield any results worse 

showing. 
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Figure 4.24. Membrane’s mode shapes at selected frequencies for actuator 1 (left) and actuator 2 

(right)  

 

Again, some observation can be noted from the presented results without making any concrete 

conclusions. First, the shape of the membrane for both actuators seems to become more complex 

(more nodal points) as the frequency increases. Second, the shape of the membrane is more 

complex for actuator 1 that it is for actuator 2, even though the frequencies corresponding to these 

shapes are lower for actuator 1. Involving string analogy again, this observation indicates that the 

membrane corresponding to the actuator 2 is much stiffer than the membrane corresponding to the 

actuator 1. Recall, when two-degrees of freedom model was used, the spring stiffness had to be set 

to a much higher value to match experimental observation for the actuator 2. It is not clear why 

the membrane in the case of actuator 2 seems to be stiffer. Perhaps the stress induced during the 

assembly could play a role, or the glue used to assemble experimental setup may have leaked in 

the cavity stiffening the membrane. 

4.4 FULL MODEL 

The results of PCA clearly show that the membrane mode shapes are very complicated and cannot 

be predicted by the two-degrees of freedom model. To obtain such mode shapes, the entire elastic 
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membrane needs to be modeled. Figure 4.25 shows the geometry and dimensions of the full model 

that mimics experimental setup. 

 

Figure 4.25. Full model with dimensions (mm) 

 

Here, two fluid channels are connected together through the 800 m hole in the membrane. 

The boundary conditions on all outside surfaces of the fluid are left out, implying zero fluid 

velocity (as a reminder, this is the default boundary condition in Ansys Acoustics modal analysis). 

A 100 m thick aluminum membrane separates two fluid channels. The “fluid-structure interaction 

boundary condition” is set on the top and bottom surfaces of the membrane and on the surface 

created by the hole. The membrane is held in place by setting the displacement on its side surfaces 

(shown in red) to zero. The Young’s modulus and the density of the membrane are set to 71 GPa 

and 2770 kg/m3, respectively, matching the properties of the aluminum from the Ansys database. 

The parameters used to model the actuator can be found in Table 4.6 (Actuator 1 is used in 

the discussion that follows). In the full model, the support structure around actuator’s plate is 

extended to include the entire beam. Its dimensions can be found in the Figure 2.3. To simplify the 

analysis, the displacement of the support structure is set to zero. This simplification is justified 
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because the magnitude of FRF taken from the point on the actuator’s beam is much smaller than 

the magnitude of FRF taken from the point on actuator’s plate (cf. Chapter 3). “Fluid-structure 

interaction boundary conditions” are imposed on all actuator’s faces in contact with the fluid.  

The model is meshed using 80 m quadratic elements. The actuator’s plate (including 

residues) is meshed first using a single layer of elements. Then, the single layer of elements is 

created on the top surface of the support structure and on surface of fluid surrounding it. This layer 

is swept up and down through the entire model to create a nicely arranged, hexahedral mesh. As a 

result, the mesh around actuator’s plate is very similar to the mesh used in the single and two-

degrees of freedom models. The entire model contains around 76000 elements.  

The results of the modal analysis performed on the model described above reveal many 

different mode shapes. In some of them, the membrane vibrates with a much larger amplitude than 

the actuator; in other, the actuator’s amplitude is much larger. There are also modes where the 

vibrations amplitudes of the actuator and membrane are comparable. In addition, there are very 

odd-looking modes that might be associated with acoustic modes of the fluid cavity. It is known 

that the frequency of acoustic modes in trapezoidal cavity, as well as in rectangular, are inversely 

proportional to the dimensions of the cavity [38]. When a single or two-degrees of freedom models 

were used, acoustic modes occurred at high frequency, outside of the range of interest. With the 

full model, the longitudinal dimension of the cavity has increased by 15 times. As a result, the 

frequency of acoustic modes might be in the range of interest of the analysis. These acoustic modes 

can significantly affect the frequencies of structural modes as shown in [39]. However, the results 

extracted from the full model are difficult to analyze on its own because the effect of coupling on 

the frequency of the components comprising the model is unclear. To solve this issue, each 

component can be analyzed separately. Once the behavior of each component is understood, the 
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membrane and the fluid can be combined to see the effect of coupling between the membrane and 

the fluid. Finally, the results of the full model can be analyzed to understand the interaction of the 

actuator with a fluid-membrane system. 

Figure 4.26 presents the first ten natural frequencies and corresponding mode shapes of the 

aluminum membrane in vacuum (the hole is on the left side). The natural frequencies are quite 

high; however, they are expected to become much lower when the membrane is coupled with the 

fluid in the channel. It is clear, as the natural frequency of the membrane increases, the 

corresponding mode shapes become more complex. This behavior is similar to the behavior of the 

string discussed in Section 4.3. Thus, in mode 1 the membrane does not have any nodal points 

along its middle section. In mode 2, one nodal point appears; in mode 3, two nodal points; in mode 

4, three, and so on. It is also interesting to note, that the region of the maximum deformation of 

the membrane moves toward its narrow end as the frequency increases. Pass this region, the 

deformation of the membrane is negligible.  

 

Figure 4.26. Membrane’s mode shapes and corresponding natural frequencies in vacuum 

 

Figure 4.27 presents the first ten acoustic natural frequencies and corresponding mode shapes 

extracted by performing modal acoustic analysis on the fluid cavity (2 channels connected by the 

hole). The results can be grouped in two categories: modes corresponding to odd numbers (shown 

on the left), and modes corresponding to even numbers (shown on the right). For even modes, the 
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pressure distribution in both channels is identical along the length of the channels; for odd modes, 

the pressure is opposite. The modes become more complex as the frequency increases. Thus, mode 

1 has 1 node along the middle section of the cavity; mode 2 has 2; mode 3 has 3 and so on. 

However, the trend is broken in mode 5 which has only one node at the hole, where the channels 

are connected. In fact, all odd modes have a nodal point at this location. The whole serves as a 

boundary for odd modes. The pressure disturbance can propagate along the channels by taking a 

long pass from the wide side of one channel through the whole to the wide side of another channel 

(red dashed line), or short pass from the narrow side of one channel through the whole to the 

narrow side of another channel (black dashed line). As the frequency increases, more nodes appear 

along each pass. For the even modes, the pressure disturbance propagates along both channels 

simultaneously. The order of natural frequencies seems to depend on the length of the pass.  

 

Figure 4.27. Acoustics mode shapes and corresponding natural frequencies  

 

When the membrane is combined with the fluid channels, the acoustic and structural modes 

become entangled. The first ten natural frequencies and corresponding mode shapes of the system 

are presented in Figure 4.28. There are several observations that can be made. First, there are few 

structural mode shapes that look very strange (modes 3, 6, and 9). It is not clear what kind of 

deformation the membrane undergoes in these modes. The corresponding pressure distributions 

are very similar to pressure distributions of even acoustic modes. 
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The rest of the structural modes are comparable to the membrane’s mode shapes in vacuum. 

Mode 1 has no nodal points; mode 2 has one; mode 4 has two, and so on. However, the shape of 

these modes and their frequencies have changed. The region of maximum deformation does not 

propagate toward the narrow end of the membrane as the frequency is increased. The location of 

maximum deformation seems to move back and forth, guided by the pressure distribution in the 

channels. In addition, the deformation of the membrane on both sides of this region is non-

negligible. The corresponding pressure distributions are very similar to pressure distributions of 

odd acoustic modes.  

 

Figure 4.28. Acoustic and structural mode shapes and corresponding natural frequencies of the 

system that includes membrane and fluid channels 

 

Another observation is that the acoustic and structural nodes are aligned. This observation can 

help explain why the shape of structural modes have changed. For example, the pressure 

distribution of mode 4 of the fluid-membrane system (FM4) look very similar to the pressure 

distribution of the mode 7 of the fluid-only system (F7). The corresponding membrane’s 

deformation looks like a deformation of mode 3 of the membrane-only system (M3). Thus, it is 
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reasonable to conclude that modes F5 and M3 are the most dominant contributors to the formation 

of mode FM4. The formation mechanism is shown in the Figure 4.29.  

 

Figure 4.29. The formation of the mode shape of the fluid-membrane system 

 

Here, the shape of the membrane has changed when it was introduced in the fluid channels 

because its nodes move in the direction of the acoustic nodes. The pressure distribution is affected 

as well because acoustic nodes move towards structural nodes. The resulting frequency is also 

different. However, the effect of acoustic modes on natural frequencies of the membrane cannot 

be determined because the contribution of the added mass from surrounding fluid and walls of the 

cavity is unknown. Most of the modes of combined system shown in the figure are formed in a 

similar way. Mode 5 (FM5) is an exception. There are more than two components that contribute 

significantly to its formation. It should be clear that the transverse deformation of the membrane 

is possible only when the pressure distribution in two channels along its length is different. 

Therefore, even acoustic modes do not couple to the structural modes shown in Figure 4.26.  

Now, that the coupling between the membrane and the fluid in the channels is understood, the 

results of the full system can be analyzed. The behavior of the actuator is already well known (cf. 

Section 4.1). The inclusion of the entire beam in its model does not affect its behavior because the 

beam is assumed to be stationary. For the case of Actuator 1 modeled here, the frequency of its 

first mode in the petri dish (infinite fluid domain) is 21.4 kHz. The next two natural frequencies 
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correspond to the symmetric modes occurring at 63.7 kHz. Higher modes are outside of the range 

of interest. The first three mode shapes of the actuator’s plate are shown in the Figure 4.30. 

 

Figure 4.30. Actuator’s mode shapes and corresponding natural frequencies in the petri dish 

 

The results of modal acoustic analysis performed on the full model are presented in the Figure 

4.31. The column on the left shows first 10 structural and acoustic mode shapes for the case when 

actuator is located 300 m form the membrane; the column on the right corresponds to the case 

when actuator is 50 m from the membrane. The results for mode 2 also include the magnified 

shape of the membrane.  

There are several observations that can be noted. First, there are many mode shapes that are 

indicative of the fluid-membrane system. For example, focusing on the case when the actuator is 

300 m from the membrane, the shapes of mode 1 and modes 3 through 8 look very similar to the 

first 7 mode shapes of the system without actuator. Modes 2, 9, and 10, however, are new They 

are the result of adding the actuator to the system. From the perspective of vibration theory, this 

observation makes perfect sense. Adding new degrees of freedom to the system increases the 

number of modes. The vibration shapes of the actuator in these modes are similar to the ones shown 

in Figure 4.30. The pressure distributions are localized around actuator and are comparable to the 

pressure distributions predicted by the single degree of freedom model. Mode 2 is most likely 

corresponds to one of the dominant peaks on the FRF measured in the experiment. 
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Figure 4.31. Mode shapes and corresponding natural frequencies predicted using full model for 

the actuator located 300 m (left) and 50 m (right) from the membrane 

 

Second, the coupling of the actuator with the fluid-membrane system is not as strong as the 

coupling of the fluid and membrane. When the fluid-membrane system was formed, the frequency 

of some odd acoustic modes dropped by more than 50%. For example, the frequency of the 

acoustic mode 1 dropped from 13.9 kHz to 5.9 kHz when it coupled with the first structural mode 
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of the membrane to form a first mode of the combined system. When the actuator was added, the 

frequency of the first mode has not changed. However, the frequency of mode 2, the mode of 

interest, has decreased from 21.4 to 19.6 kHz indicating an increase in added mass of the actuator. 

The effect of structural coupling between the actuator and membrane can be estimated by 

comparing the frequency of mode 2 in the channels to the frequency predicted by the single degree 

of freedom model. The frequencies of the actuator located 300 and 50 m from the wall are 20.3 

and 14.6 kHz, respectively. In the channel, the frequency of mode 2 for the actuator located at the 

same distances from the membrane, the frequencies are 19.6 and 14.0 kHz. Thus, the structural 

coupling reduces natural frequencies by about 4% in these cases, further contributing to the added 

mass that actuator experiences. 

Third, the vibration of the actuator and membrane starts out of phase in mode 1 and mode 2. 

In mode 3, the actuator seems to be in phase with a lobe on the membrane; although, there is a 

nodal point nearby. Such behavior is consistent with the one predicted by the two-degrees of 

freedom model. In experiment, it seems to be the opposite. Also, the shape of the membrane in the 

experiment looks more complex. Since the membrane measurements are very small, and there is 

also some uncertainty in the location of the actuator’s plate relative to the nodal point, it is 

impossible to make any definite conclusions. However, the similarities between experiment and 

simulation, such as phase reversal, and the presence of the nodal point, are apparent.  

Forth, the presence of the actuator destroys the order in which complexity of the membrane 

vibration shape is increasing with frequency. Before the actuator was added to the system, the 

number of nodes on the membrane was increasing in orderly manner. With the actuator in, the are 

no nodes on the membrane in mode 1, two nodes in mode 2, one node in mode 3, no nodes in mode 

4, two nodes in mode 5, and so on. Moreover, mode 4, where pressure distribution corresponds to 
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the even acoustic mode, is coupling to the structural modes of the membrane. The presence of the 

actuator altered the pressure distribution in the lower channel, allowing the membrane to vibrate. 

Lastly, moving the actuator closer to membrane significantly affects the frequency of the 

modes which were introduced into the system with the actuator. The frequencies of the modes 

associated with the fluid-membrane system change very little. This observation can be explained 

by referring to the pressure distributions. For the actuator’s modes (modes 2, 9 and 10 when 

actuator is 300 m from the membrane) the pressure distribution is very localized. When the 

actuator is brought closer to the membrane, it changes in the similar way as when the actuator is 

brought closer to the wall (cf. Section 4.1). Since the deformation of the actuator in these modes 

is much larger than the deformation of the membrane, changes in pressure distribution lead to a 

change in natural frequency of the mode. For the modes associated with the fluid-membrane 

system, the deformation of the membrane is comparable to the deformation of the actuator. When 

the membrane vibrates, the pressure through the entire fluid domain is affected. The local change 

in pressure distribution around actuator caused by moving it closer to the membrane has very little 

effect on the pressure distribution in the channels. As a result, the frequency of these modes, as 

well as its mode shapes remain essentially unchanged.  

To conclude the study, it can be valuable to understand whether the behavior of the system 

will change if the membrane stiffness is reduced. This step may also bring the experimental and 

numerical results in a better agreement, as the mode shapes obtained in the experiment seem to be 

more complex than mode shapes obtained in the simulation indicating that the membrane in the 

model might be too stiff. The reason behind the disagreement might be a stress induced in the 

membrane during the assembly of the fixture. Also, the Young’s modulus of aluminum foil used 

to model the membrane is that of the bulk aluminum. In reality, it can be much lower as shown in 
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[40]. Figure 4.32 compares the first five natural frequencies and corresponding mode shapes 

obtained from the simulation. The column of the left corresponds the case described above for the 

actuator located 300 m from the membrane. The column on the right corresponds to the case 

where the membrane Young’s modulus is reduced from 71 to 10 GPa.  

 

Figure 4.32. Mode shapes and corresponding natural frequencies predicted using full model for 

the actuator located 300 m from the membrane 

 

It can be noted that the overall behavior of two systems with different membranes is very 

similar. The actuator is out of phase with the lobe on the membrane until the frequency of the 

actuator’s mode is reached. Pass this frequency, the vibrations are in phase. The modes associated 

with the fluid-membrane system and the mode associated with the motion of the actuator are easy 

to distinguish. In fact, the frequency of the actuator’s mode remained almost unchanged. The 

frequencies of the modes associated with the fluid-membrane system dropped as expected; 

however, its mode shapes did not change. As a result, the vibration shape of the membrane at the 

frequency of the actuator’s mode is now more complex. The relative amplitudes of the actuator 
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and membrane are also changed. There are now 2 modes (mode 4 and 5) where the actuator’s 

deformation is much larger than the deformation of the membrane. These observations suggest 

that the properties of the membrane can be adjusted to bring numerical results in the agreement 

with the results observed in the experiment. However, since there is a lot of uncertainty in the 

membrane mode shapes due to its very small deformation, matching experimental and numerical 

results is not pursued.  
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Chapter 5. CONCLUSIONS AND FUTURE WORK 

The experimental and numerical studies conducted in the research project lead to the following 

conclusions: 

✓ The reduction in static gain observed in experiment when actuators 1 and 2 are placed 

inside the fluid channels is caused by experimental inaccuracy. In particular, in 

measurements of actuator’s FRF in the channel, the large portion of the laser beam was 

reflected from the support structure which has negligible deformation as compared with 

the vibrating potion of the actuator. 

✓ The reduction in natural frequency observed in experiment when actuators are placed in 

petri dish filled with oil, and subsequently inside the fluid channels is caused by an 

increase in the effective mass of the actuator.  

✓ The numerical study using single degree of freedom model reveals that the mass of the 

actuator is negligible as compared to the added mass that the actuator is experiencing 

when it is placed in petri dish filled with oil or inside the fluid channels. In addition, the 

added mass is independent of actuator’s thickness and elastic modulus.  

✓ The numerical study using single degree of freedom model reveals that the added mass 

that the actuator is experiencing increases as the area of vibrating portion is increased, or 

as the distance between the actuator and membrane is decreased. The presence of silicon 

residues and support structure further increases added mass. The effect of support 

structure on the added mass is more pronounced as the distance between the actuator and 

membrane is increased. 

✓ When the natural frequencies of the actuators in petri dish are matched by adjusting the 

area of the vibrating portion, the single degree of freedom model is able to predict natural 
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frequencies of the actuator in air fairly well. The relative error for actuator 1 is under 5%. 

For actuators 2 and 3 the model predicts natural frequencies of 99 and 103 kHz, while in 

the experiment they are above 100 kHz. However, when the model is used to predict 

natural frequency of the actuators inside the fluid channels, the resulting relative errors 

are 42, 18, and 75% for actuators 1, 2, and 3, respectively. 

✓ When the stiff membrane and a spring are added to a single degree of freedom model to 

form a two-degrees of freedom model, and the first natural frequencies are matched by 

adjusting stiffness of the springs, the two-degree of freedom model predicts second natural 

frequency fairly well. The resulting relative errors are 10, 4, and 1% for actuators 1, 2, 

and 3 respectively. 

✓ The two-degrees of freedom model predicts out of phase motion between the actuator and 

membrane at the lower frequency, and in phase motion at the higher frequency. The phase 

difference between the actuator and the point on the membrane above the actuator 

measured in the experiment is in agreement with prediction only for the actuator 3. For 

actuator 1 and 2 the trend is opposite (out of phase at lower frequency; in phase at higher 

frequency). 

✓ Principal component analysis reveals that the vibration shapes of the membrane are much 

more complicated than the two-degrees of freedom model is capable to predict. Moreover, 

there is a nodal point above the actuator for most of the measurements in question.  

✓ The numerical study using a full model reveals some similarities with the two degrees of 

freedom model, as well as with the experimental measurements. The phase behavior is 

similar to that predicted by the two degrees of freedom model. In particular, the motion 

of the actuator and the portion of the membrane above it starts out of phase, and switches 
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to be in phase at higher frequency. The vibration shape of the membrane as well as the 

location of nodal points can be matched to that in the experiment by adjusting its stiffness. 

Therefore, the discrepancy in phase behavior for actuator 1 and 2 can be attributed to the 

uncertainty in the location of the actuator relative to the nodal point on the membrane. It 

is also possible that the wiring was not consistent between the measurements from the 

actuator and membrane. 

✓ The numerical study using a full model reveals that the presence of the actuator has very 

little effect on the dynamics of the fluid-membrane system. In particular, the changes to 

natural frequencies and mode shapes associated with the fluid-membrane system are very 

minor when actuator is introduced. This conclusion holds true if actuator is positioned 

farther or closer to the membrane, as well as when the membrane stiffness is reduced. In 

the context of cochlear dynamics, this result means that the introduction of the actuator 

into cochlear will not alter it functionality. Moreover, the surgeon does not need to worry 

about how far from the membrane the actuator needs to be placed, as long as its natural 

frequency is not reduced to the range of frequencies where the actuator is supposed to 

operate.  

The numerical study can be extended to answer many questions that were not addressed in 

the current work. For example: 

✓ The size of the cavity can have a significant impact on the added mass that actuator 

experiences. After the fixture was assembled, its measured width at both ends was 200 

m smaller than designed. Its height was not measured but it may deviate from the 

designed value as well. In addition to error introduced by the 3D printing process, the 

fixture was pressed during the assembly, which could increase an error. The sensitivity of 
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the added mass on the height of the channel is unknown. The need for this study is 

enhanced by the fact that the size of the cochlear varies from person to person.  

✓ In all numerical studies conducted in the current work, the actuator was aligned parallel 

to the membrane. Such alignment would be impossible to achieve during the surgery. 

What affect the misalignment between the actuator and membrane causes is unknown.  

✓ The results of numerical study using the full model show that in some modes, the actuator 

deformation is negligible as compared to the deformation of the membrane. From the 

perspective of the vibration theory, the actuator is a nodal point in these modes. If the 

system is driven at the nodal point, the mode will not get excited. This may degrade the 

performance of a real cochlear. To avoid such problem, the optimal location of the actuator 

must be found using numerical study. 

✓ Finally, the numerical study can be extended to provide a more useful insight into the 

physics of real cochlear by replacing aluminum membrane with the membrane that has 

more realistic properties. 
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APPENDIX A 

MEASUREMENTS FROM ACTUATOR 1 

 

 

 

Table A1. Coordinates of measurement points along the length of the membrane for Actuator 1 

Point # 1 2 3 4 5 6 7 8 9 10 11 

X (mm) 0.78 1.95 3.06 4.13 5 5.94 7.11 8.1 9.02 10 11.05 
 

Point # 12 13 14 15 16 17 18 19 20 21 22 

X (mm) 11.99 12.98 14 15 16 17 18 19 19.97 21 22.04 
 

Point # 23 24 25 26 27 28 29     

X (mm) 22.9 23.99 24.39 25.99 26.98 28.03 28.87     

 

 

 

 

Figure A1. Frequency response function of actuator 1 in air  
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Figure A2. Frequency response function of actuator 1 in oil 

 

 

Figure A3. Frequency response function of actuator 1 in fluid channels  
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Figure A4. Frequency response function of the aluminum membrane for actuator 1 
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APPENDIX B 

MEASUREMENTS FROM ACTUATOR 2 

 

 

 

Table B1. Coordinates of measurement points along the length of the membrane for Actuator 2 

Point # 1 2 3 4 5 6 7 8 9 10 11 

X (mm) 0.5 1 2 3 4 5 6 7 8 9 10 
 

Point # 12 13 14 15 16 17 18 19 20 21 22 

X (mm) 10 11 12 13 14 15.1 16 17 18 19 20 
 

Point # 23 24 25 26 27 28 29 30 31   

X (mm) 22 23 23.54 24.9 26 27.03 28 29 29.45   

 

 

 

 

Figure B1. Frequency response function of actuator 2 in air  
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Figure B2. Frequency response function of actuator 2 in oil 

 

 

Figure B3. Frequency response function of actuator 2 in fluid channels 
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Figure B4. Frequency response functions of the actuator’s beam and plate portion inside the fluid 

channels for actuator 2 
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Figure B5. Frequency response function of the aluminum membrane for actuator 2 
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APPENDIX C 

MEASUREMENTS FROM ACTUATOR 3 

 

 

 

Table C1. Coordinates of measurement points along the length of the membrane for Actuator 3 

Point # 1 2 3 4 5 6 7 8 9 10 11 

X (mm) 0.5 1 2 3.02 4.03 5.02 6 6.88 8.07 9 9.96 
 

Point # 12 13 14 15 16 17 18 19 20 21 22 

X (mm) 9.96 11 11.97 13 14 15.1 16 17.02 18 19.05 20 
 

Point # 23 24 25 26 27 28 29 30 31   

X (mm) 22.05 23.02 23.47 25.05 26 27 28.02 28.88 29.5   

 

 

 

 

Figure C1. Frequency response function of actuator 3 in air  
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Figure C2. Frequency response function of actuator 3 in oil 

 

 

Figure C3. Frequency response function of actuator 3 in fluid channels 
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Figure C4. Frequency response functions of the actuator’s beam and plate portion inside the fluid 

channels for actuator 3 
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Figure C5. Frequency response function of the aluminum membrane for actuator 3 
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APPENDIX D 

MATLAB CODE 

 

 

 

✓ Scripts used to process raw data 

function [Data] = CombineASC(Filename_1, Filename_2, Filename) 

% The magnitude and phase of the FRF was saved using frequency analyzer in 

% two separate files. This function was used to combine magnitude and phase 

% data into a single file. 

% Filename_1 -  asc file containing frequency and amplitude data ('1.asc'). 

% Filename_2 -  asc file containing frequency and phase data from the same 

%               measurement ('2.asc'). 

% Filename -    desired filename 'Experiment_1.asc' 

% The resulting file contains 3 columns: 1st - Frequency in Hz,  

% 2nd - Amplitude on linear scale (V/V), 3rd - phase angle in degrees. 

% The example of the call: CombineASC('1.asc', '2.asc', 'Experiment_1.asc') 

Amplitude = textread(Filename_1,'','headerlines',17); 

Phase = textread(Filename_2,'','headerlines',17); 

Data = [Amplitude(:,1:2) Phase(:,2)]; 

save(Filename,'Data','-ascii'); 

end 

 

% The script was used to process raw FRF for further analysis. The example 

% shown was used to process data related to the actuator 2 

% In particular: 

% - all FRF measurement related to a single actuator were saved in a single 

% cell array 

% - the data was adjusted for the time delay caused by the LDV 

% - the phase of all FRF measurements was adjusted to be withing [-180 180] 

% degrees interval 

% - the data was converted to the velocity, position, or acceleration 

% depending on the need, and saved together with the location of 

% measurement points in the .mat file 

% Actuator measurements 

clear all; close all; clc; 

RawDataA(:,:,1) = textread('Actuator 2\Air_1.asc');  

RawDataA(:,:,2) = textread('Actuator 2\Air_2.asc');  

RawDataA(:,:,3) = textread('Actuator 2\Oil_1.asc');  

RawDataA(:,:,4) = textread('Actuator 2\Oil_2.asc');  

RawDataA(:,:,5) = textread('Actuator 2\Oil_3.asc');  

RawDataA(:,:,6) = textread('Actuator 2\Oil_4.asc');  

RawDataA(:,:,7) = textread('Actuator 2\Oil_5.asc');  

RawDataA(:,:,8) = textread('Actuator 2\Oil_6.asc');  

RawDataA(:,:,9) = textread('Actuator 2\Oil_in_1.asc'); 

RawDataA(:,:,10) = textread('Actuator 2\Oil_in_2.asc'); 

RawDataA(:,:,11) = textread('Actuator 2\Oil_in_3.asc');  

RawDataA(:,:,12) = textread('Actuator 2\Oil_in_4.asc');  

RawDataA(:,:,13) = textread('Actuator 2\Oil_in_5.asc');  

RawDataA(:,:,14) = textread('Actuator 2\Oil_in_6.asc');  
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LegA = {'Actuator 2 - Air HF5', 'Actuator 2 - Air HF5 SV200',... 

        'Actuator 2 - Oil HF5', 'Actuator 2 - Oil HF5 SV200',... 

        'Actuator 2 - Oil PLL5 SV200', 'Actuator 2 - Oil PLL1 SV200',... 

        'Actuator 2 - Oil HF5 SV200 DP', 'Actuator 2 - Oil PLL1 SV200 No 

fixture',... 

        'Actuator 2 - Oil In HF5', 'Actuator 2 - Oil In HF5 DP',... 

        'Actuator 2 - Oil In HF5 DP', 'Actuator 2 - Oil In PLL5',... 

        'Actuator 2 - Oil In PLL1', 'Actuator 2 - Oil In HF5 Beam'}; 

  

% Adjusting phase for the time delay caused by vibrometer  

RawDataA(:,3,[1:4,7,9:11,14]) = RawDataA(:,3,[1:4,7,9:11,14]) + ... 

         0.0023*RawDataA(:,1,[1:4,7,9:11,14]); % HF 5 

RawDataA(:,3,[5,12]) = RawDataA(:,3,[5,12]) + ... 

         0.00256*RawDataA(:,1,[5,12]);      % PLL 5 

RawDataA(:,3,[6,8,13]) = RawDataA(:,3,[6,8,13]) + ... 

         0.0086*RawDataA(:,1,[6,8,13]);     % PLL 1 

  

% Adjusting phase for measurements taken inside the setup from the back 

RawDataA(:,3,9:10) = RawDataA(:,3,9:10) + 180; % Oil In 

% 11-14 are left unchanged to make data look consistent 

  

for k = 1:length(RawDataA(1,1,:))           % Adjusting phase [-180 180] 

    for n = 1:length(RawDataA(:,3,k)) 

        while RawDataA(n,3,k) > 180 

            RawDataA(n,3,k) = RawDataA(n,3,k) - 360; 

        end 

        while RawDataA(n,3,k) < -180 

            RawDataA(n,3,k) = RawDataA(n,3,k) + 360; 

        end 

    end 

end 

  

% Converting to velocity m/s/V 

DataVa = RawDataA; 

DataVa(:,2,[1:5,7,9:12,14]) = DataVa(:,2,[1:5,7,9:12,14])*0.005; % 5 mm/s/v 

range 

DataVa(:,2,[6,8,13]) = DataVa(:,2,[6,8,13])*0.001; % 1 mm/s/v range 

  

% Converting velocity FRF to dispacement FRF (m/V) 

DataYa = DataVa; 

DataYa(:,2,:) = DataYa(:,2,:)./(2*pi*DataYa(:,1,:)); % Converting magnitude 

DataYa(:,3,:) = DataYa(:,3,:) - 90;         % Adjusting phase 

for k = 1:length(DataYa(1,1,:))             % Adjusting phase [-180 180] 

    for n = 1:length(DataYa(:,3,k)) 

        while DataYa(n,3,k) > 180 

            DataYa(n,3,k) = DataYa(n,3,k) - 360; 

        end 

        while DataYa(n,3,k) < -180 

            DataYa(n,3,k) = DataYa(n,3,k) + 360; 

        end 

    end 

end 

  

% Converting velocity FRF to accelaration FRF (m/s^2/V) 

DataAa = DataVa; 

DataAa(:,2,:) = DataAa(:,2,:).*(2*pi*DataAa(:,1,:)); % Converting magnitude 
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DataAa(:,3,:) = DataAa(:,3,:) + 90;         % Adjusting phase 

for k = 1:length(DataAa(1,1,:))             % Adjusting phase [-180 180] 

    for n = 1:length(DataAa(:,3,k)) 

        while DataAa(n,3,k) > 180 

            DataAa(n,3,k) = DataAa(n,3,k) - 360; 

        end 

        while DataAa(n,3,k) < -180 

            DataAa(n,3,k) = DataAa(n,3,k) + 360; 

        end 

    end 

end 

  

% Converting to format used in analysis 

for k = 1:length(RawDataA(1,1,:)) 

    Va{k,1} = DataVa(:,:,k); Va{k,2} = LegA{k}; 

    Ya{k,1} = DataYa(:,:,k); Ya{k,2} = LegA{k}; 

    Aa{k,1} = DataVa(:,:,k); Aa{k,2} = LegA{k}; 

end 

  

%% Membrane measurements 

for k = 1:31 

    filename = sprintf('Actuator 2\\Point_%i.asc', k-1); 

    A = textread(filename,''); 

    RawDataM(:,:,k) = A; 

    LegM{k} = sprintf('Point %d', k); 

end 

  

% % Removing spike at 21647 and 21659 Hz 

% [~, i] = min(abs(RawDataM(:,1,1)-21647));  

% for k = 1:length(RawDataM(1,1,:)) 

%     RawDataM(i,2,k) = RawDataM(i+3,2,k); 

%     RawDataM(i,3,k) = RawDataM(i+3,3,k); 

% end 

% [~, i] = min(abs(RawDataM(:,1,1)-21659));  

% for k = 1:length(RawDataM(1,1,:)) 

%     RawDataM(i,2,k) = RawDataM(i+3,2,k); 

%     RawDataM(i,3,k) = RawDataM(i+3,3,k); 

% end 

  

% Adjusting phase for the time delay caused by vibrometer 

RawDataM(:,3,:) = RawDataM(:,3,:) + 0.00256*RawDataM(:,1,:); 

for k = 1:length(RawDataM(1,1,:))           % Adjusting phase [-180 180] 

    for n = 1:length(RawDataM(:,3,k)) 

        while RawDataM(n,3,k) > 180 

            RawDataM(n,3,k) = RawDataM(n,3,k) - 360; 

        end 

        while RawDataM(n,3,k) < -180 

            RawDataM(n,3,k) = RawDataM(n,3,k) + 360; 

        end 

    end 

end 

  

% Converting to velocity m/s/V 

DataVm = RawDataM; 

DataVm(:,2,:) = DataVm(:,2,:)*0.005;        % 5 mm/s/v range 

  

% Converting velocity FRF to displacement FRF (m/V) 
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DataYm = DataVm; 

DataYm(:,2,:) = DataYm(:,2,:)./(2*pi*DataYm(:,1,:)); % Converting magnitude 

DataYm(:,3,:) = DataYm(:,3,:) - 90;         % Adjusting phase 

for k = 1:length(DataYm(1,1,:))             % Adjusting phase [-180 180] 

    for n = 1:length(DataYm(:,3,k)) 

        while DataYm(n,3,k) > 180 

            DataYm(n,3,k) = DataYm(n,3,k) - 360; 

        end 

        while DataYm(n,3,k) < -180 

            DataYm(n,3,k) = DataYm(n,3,k) + 360; 

        end 

    end 

end 

  

% Converting to format used in analysis 

for k = 1:length(RawDataM(1,1,:)) 

    Vm{k,1} = DataVm(:,:,k); Vm{k,2} = LegM{k}; 

    Ym{k,1} = DataYm(:,:,k); Ym{k,2} = LegM{k}; 

    Am{k,1} = DataVm(:,:,k); Am{k,2} = LegM{k}; 

end 

  

% Combininf data 

V = [Vm;Va]; 

Y = [Ym;Ya]; 

A = [Am;Aa]; 

  

% Coordinates of the points 

X2 = [0.5 1:14 15.1 16:23 23.54 24.9 26 27.03 28:29 29.45]; 

  

%% Saving data 

Actuator_2 = Y; 

save('Actuator 2.mat', 'Actuator_2', 'X2'); 

 

✓ Scripts used to extract vibration mode shapes of the membrane 

clear all; close all; clc; 

addpath('Functions/'); 

load('ExpData\Actuator 1B.mat'); 

load('ExpData\Actuator 2.mat'); 

load('ExpData\Actuator 3.mat'); 

[MS_PCA1,MS1,F1,U1,S1,V1,R1,RC1,VarR1,VarC1] = PCA_A(Actuator_1,[],X1,29,5); 

[MS_PCA2,MS2,F2,U2,S2,V2,R2,RC2,VarR2,VarC2] = PCA_A(Actuator_2,[],X2,31,5); 

[MS_PCA3,MS3,F3,U3,S3,V3,R3,RC3,VarR3,VarC3] = PCA_A(Actuator_3,[],X3,31,5); 

[MS_E1,RE1,Var_RE1] = PCA_E(MS_PCA1,F1,X1,[]); 

[MS_E2,RE2,Var_RE2] = PCA_E(MS_PCA2,F2,X2,[]); 

[MS_E3,RE3,Var_RE3] = PCA_E(MS_PCA3,F3,X3,[]); 

  

%% Movie 

close all; clc; 

% PlotMS(X1,F1,MS1,MS_PCA1,MS_E1,'Y'); 

PlotMS(X2,F2,MS2,MS_PCA2,MS_E2,'Y'); 

% PlotMS(X3,F2,MS3,MS_PCA3,MS_E3,'N'); 

 

function [MS_PCA,MS,F,U,S,V,R,R_C,Var_R,Var_C] = PCA_A(Data,W,X,NP,NC) 

% PCA_A approximates the matrix with the membrane's modeshapes 

% MS - matrix of modeshapes 
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% MS_PCA - matrix of modeshapes reconstructed using NC principal components 

% F - frequency corresponding to MS and MS_PCA 

% U,V,S - SVD decomposition of MS 

% Data - cell array of experimental data 

% W - range of frequency to use for analysis (if empty - use all data) 

% X - coordinate of measurement points 

% NP - number of points to use (Max 29 for A1; 31 for A2 and A3) 

% NC - number of components to use in approximation 

% Flag - 'Y' to save figure 

  

if ~isempty(W)                                  % If W(w1,w2) is given 

    [~, IL] = min(abs(Data{1,1}(:,1)-W(1)));    % Lower bound in Data 

    [~, IU] = min(abs(Data{1,1}(:,1)-W(end)));  % Upper bound in Data 

    for k = 1:NP 

        Data{k,1}([1:IL-1 IU+1:end],:) = [];    % Truncating Data 

    end 

end 

  

for k = 1:NP 

    f(k,:) = Data{k,1}(:,1);                    % Frequency 

    M(k,:) = Data{k,1}(:,2);                    % Magnitude 

    P(k,:) = Data{k,1}(:,3);                    % Phase angle 

end 

F = f(1,:); 

MS = M.*cosd(P);                                % Modeshapes 

[U,S,V] = svd(MS,'econ');                       % SVD 

MS_PCA = U(:,1:NC)*S(1:NC,1:NC)*V(:,1:NC)';     % Approximated modeshapes 

  

Var = diag(S).^2/(NP-1);                        % Variance 

  

for k = 1:10 

    R(k) = 100*S(k,k)/sum(diag(S));             % Ratio 

    R_C(k) = 100*sum(diag(S(1:k,1:k)))/sum(diag(S)); % Cumulative ratio 

    Var_R(k) = 100*Var(k)/sum(Var);             % Relative variance 

    Var_C(k) = 100*sum(Var(1:k))/sum(Var);      % Cumulative variance 

end 

  

figure(); 

subplot(5,4,[1:2]); plot(diag(S)/S(1,1),'.','Markersize',20); 

ylabel('S'); grid minor; axis tight; 

sgtitle('Principal Components'); 

for k = 1:9 

    subplot(5,4,2*k+1); plot(X(1:NP), U(:,k),'linewidth',2); 

    grid minor; axis tight; ylabel(['U', num2str(k)]); 

    set(gca,'XTickLabels',[]) 

    if k == 8 || k == 9 

        xticklabels('auto'); xlabel('X (mm)'); 

    end 

    subplot(5,4,2*k+2); 

    plot(F/1000,V(:,k),'linewidth',2); 

    grid minor; axis tight; ylabel(['V', num2str(k)]); 

    set(gca,'XTickLabels',[]) 

    if k == 8 || k == 9 

        xticklabels('auto'); xlabel('Frequency (kHz)'); 

    end 

end 

end 
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function [MS_E,RE,Var_RE] = PCA_E(MS,F,X,W) 

% PCA_E extract particular modeshape from the matrix 

% MS - matrix of modeshapes 

% F - frequency vector corresponding to MS 

% W - frequency of interest (if empty - extract all) 

a = 50;                                         % 2a measurements to use 

if ~isempty(W)                                  % If W is given 

    [~,Ind] = min(abs(F-W));                    % Coresponding index 

    [U,S,V] = svd(MS(:,Ind-a:Ind+a),'econ');    % SVD 

    MS_E = mean(U(:,1)*S(1,1)*V(:,1)',2);       % Approximated modeshapes 

    RE = 100*S(1,1)/sum(diag(S));                % Ratio 

    Var = diag(S).^2/(length(MS(:,1))-1);       % Variance 

    Var_RE = 100*Var(1)/sum(Var);                % Relative variance 

    figure(); 

    subplot(6,2,1:2); 

    X_L = categorical({'R','\sigma^2'}); 

    bar(X_L,[RE; Var_RE]); grid minor; ylim([80,100]); 

    legend(['R = ',num2str(RE,3),' %'],'Location','NorthWest'); 

    subplot(6,2,3:4); 

    plot(X,MS_E,'linewidth',2); grid minor; axis tight; ylabel('MS'); 

    legend([num2str(F(Ind)/1000,3),' kHz'],'Location','SouthEast'); 

    for k = 1:4 

        subplot(6,2,2*k+3); plot(X, U(:,k),'linewidth',2); 

        grid minor; axis tight; ylabel(['U', num2str(k)]); 

        set(gca,'XTickLabels',[]) 

        if k == 4 

            xticklabels('auto'); xlabel('X (mm)'); 

        end 

        subplot(6,2,2*k+4); 

        plot(F(Ind-a:Ind+a)/1000,V(:,k),'linewidth',2); 

        grid minor; axis tight; ylabel(['V', num2str(k)]); 

        set(gca,'XTickLabels',[]) 

        if k == 4 

            xticklabels('auto'); xlabel('Frequency (kHz)'); 

        end 

    end 

else 

    for k = 1:length(MS(1,:)) 

        if k <= a 

            [U,S,V] = svd(MS(:,1:2*a),'econ');      % SVD 

        elseif k + a > length(MS(1,:)) 

            [U,S,V] = svd(MS(:,end-2*a:end),'econ');% SVD 

        else 

            [U,S,V] = svd(MS(:,k-a:k+a),'econ');    % SVD 

        end 

        MS_E(:,k) = mean(U(:,1)*S(1,1)*V(:,1)',2);  % Approximated modeshapes 

        RE(k) = 100*S(1,1)/sum(diag(S));             % Ratio 

        Var = diag(S).^2/(length(MS(:,1))-1);       % Variance 

        Var_RE(k) = 100*Var(1)/sum(Var);             % Relative variance 

    end 

end 

end 
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%% PlotMS 

% Function used to search for eigenmodes 

function [] = PlotMS(X,F,MS,MS_PCA,MS_E,Flag) 

if Flag == 'Y' 

    VideoObject = VideoWriter('Shapes', 'MPEG-4'); 

    VideoObject.Quality = 100; 

    VideoObject.FrameRate = 25; 

    open(VideoObject); 

end 

figure(); 

for k = 1:length(F) 

    plot([0,X,30], 1e9*[0;MS_E(:,k);0], 'b-', 'linewidth', 4); hold on; 

    plot([0,X,30], 1e9*[0;MS(:,k);0], 'r-', 'linewidth', 2); 

    %plot([0,X,30], 1e9*[0;MS_PCA(:,k);0], 'k-', 'linewidth', 2); 

    plot([0,X,30], zeros(size(X)+2), 'k.', 'Markersize',5) 

    xlabel('X (mm)'); ylabel('Y (nm/V)'); grid minor; axis tight;  

    legend([num2str(F(k)/1000,4),' kHz']); hold off; 

    pause(0.01); 

    if Flag == 'Y' 

        currFrame = getframe;                

        writeVideo(VideoObject,currFrame); 

    end 

end 

if Flag == 'Y' 

    close(VideoObject);                      

end 

end 


