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ABSTRACT. Suppose that D C R™,n > 2, is a Lipschitz domain and let N¢(r) be
the number of excursions of Brownian motion inside D with diameter greater than r
which started before time ¢. Then rN¢(r) converges as r — 0 to a constant multiple
of local time on 0D, a.s. and in LP for all p < co. The limit need not exist or may be
trivial (0 or co) in Holder domains, non-tangentially accessible domains and domains
whose boundaries have finite surface area.

1. Introduction. Consider an open domain D in R"™, where n > 2, and an n-
dimensional Brownian motion X. Let {e;}:cy be the collection of all excursions of
X in D,ie, V ={t >0: X, € 9D} and each e; is a piece of X contained in D
with endpoints X (¢) and X (') in 0D (although some excursions e; may be null).
The collection {e;} of excursions may be described in terms of the exit system of
Maisonneuve (1975). If D is a half-space this description is completely satisfactory
and many explicit formulae have been derived, see, e.g., Burdzy (1987) or Burdzy,
Toby and Williams (1989).

Intuition suggests that when 0D is sufficiently smooth, then the properties of
excursions in D are similar to the properties of excursions in a half-space. One may
consider two basic types of properties: local and global.

Burdzy and Williams (1986) considered local properties of excursions such as
the local law of the iterated logarithm and proved that in every C'1'*-domain, all
excursions have the same local properties as excursions in a half-space. They also
constructed a C'-domain such that w.p.1, all excursions in this domain lack a
certain property which characterizes excursions in a half-space.

This paper is devoted to global properties of excursions. An obvious candidate
for a global property of an excursion is its size. In the rest of the introduction,
“size” of an excursion will mean either its diameter or the square root of its lifetime;
we have applied the square root function to the lifetime in order to simplify the
statement of the results. Of course, we cannot infer anything about the smoothness
of D from the size of a single excursion. However, we may count the number of
excursions of different sizes. Let N¢(r) be the number of excursions of size greater
than r which started before ¢t. If D is a half-space then for each t > 0,

(1.1) rN¢(r) — Ly as 7 — 0
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where L; is a certain continuous additive functional (“local time,” up to a constant
multiple). This result follows easily from the one-dimensional version, which is well
known (see It6 and McKean (1974)). Burdzy, Toby and Williams (1989) extended
(1.1) to Ct*-domains, a > 0. If the boundary of D is not smooth, for example if
it has many “crevices”, then one would expect to see a very large number of small
excursions generated in small crevices and, consequently, rN¢(r) would diverge.
Thus, the convergence of rNy(r) may serve as an indicator of the smoothness of the
domain. The main result of our paper is the following (see Sections 6 and 7 for a
more precise statement).

Theorem 1.1. (i). The limit in (1.1) exists in bounded Lipschitz domains. The
convergence holds a.s. and in LP for all p < oo. The Revuz measure of the limiting
continuous additive functional Ly is equal (up to a constant multiple) to the surface
area measure on the boundary.

(ii) There exist Holder domains, non-tangentially accessible domains and domains
whose boundaries have finite surface area such that rNi(r) does not converge to a
limit in (0, 00).

In Section 7, we prove a result slightly stronger than Theorem 1.1 (ii). Lipschitz
domains probably form the widest natural class of domains for which (1.1) is true.
The above discussion can be summed up by asking

Question. Which domains have smooth boundaries from the point of view of Brown-
ian excursions?

The answer is contained in the following table.

Local properties Global properties
of excursions of excursions
Smooth o a >0 Lipschitz
Non-smooth Ct Holder

To prove our main theorem, we derive an inequality for the Green function which
may have some interest of its own (see Section 3). We also present some results
on convergence of continuous additive functionals which hold in situations more
general than the ones considered in our paper.

The paper is organized as follows. The next section is devoted to notation and
a review of known results. Section 3 presents an inequality for the Green function.
Convergence of continuous additive functionals is discussed in Section 4. Section
5 is devoted to estimates of excursion laws. Sections 6 and 7 present a rigorous
version of Theorem 1.1.

Our main theorems are true as stated for n > 2 but we will give the proofs
only for n > 3 to avoid the usual problems with the recurrence of 2-dimensional
Brownian motion. The modifications needed for n = 2 (i.e. killing) are obvious.
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We would like to point out some related results. Bass (1984) studied convergence
of continuous additive functionals of Brownian motion, while excursions of reflecting
Brownian motion in smooth domains were considered in Hsu (1986).

2. Preliminaries. In this section, we will establish notation and review some
known results. In order to save space, we will not go into details, e.g., measurability
questions. The reader is referred to Sharpe (1988) for a meticulous exposition of
Markov processes and exit systems. Fabes et al. (1986) is an excellent reference
for boundary problems in parabolic potential theory. The notation and results on
semimartingales used in Section 4 may be found in Dellacherie and Meyer (1980)
or Durrett (1984).

We start with some general notation. We will consider domains in R™ where
n > 2. We will tacitly assume that n > 3 in all our proofs. Most of the time, n
will be suppressed in the notation. The diameter of a set A C R™ will be denoted
diam(A) and dist(x, A) will refer to the usual distance between a point z and a
set A. The symbol Dist(A, B) will stand for the Hausdorff distance between sets
A and B i.e.,

Dist(A, B) = max(sup dist(z, B), sup dist(x, A)).
z€A reB
A set D C R™ will be called a Lipschitz domain with character A if for every x € 0D
there exist a neighborhood V' of x, an orthonormal coordinate system CS(x) and
a Lipschitz function f with constant \, mapping R”~! into R, such that

DﬂV:{yEVyn>f(y17y2; ay’fl—l)}7

where y = (y1,92, ... ,yn) in CS(z). If D is a bounded Lipschitz domain then, by
compactness, we may choose a finite number of coordinate systems C'S1,CSs, ... ,CS,,
so that for each z € 9D, the coordinate system C'S(x) is one of C'Sy’s.

For z € 9D, the symbol N, will stand for the inward normal unit vector at x,
provided it exists. Notice that

ex & inf{e > 0: dist(z +eN,, D) < ¢/2} > 0.

By abuse of notation, = + €N, will have the usual meaning only for ¢ < ¢, and
it will denote x + e, N, + (¢ — £,)(0,0,...,0,1) in CS(z) if ¢ > e,. If D is a
bounded Lipschitz domain we may find an g > 0 and choose a finite family of local
coordinate systems so that x + N, € D for all € € (0,¢¢) and all x such that N,
is well defined.

For a Greenian domain D, the Green function will be denoted Gp(-, -). See
Doob (1984) for the definitions of harmonic and parabolic functions and a detailed
review of the corresponding potential theory.

The Harnack inequality easily implies the following inequality. (Recall our con-
vention concerning x + rN,.) Suppose that D is a bounded Lipschitz domain and
let xg € D. Then there exists rg > 0 and ¢ < oo such that for all x € 0D with N,
well-defined and all r < rg, we have

Gp(zo,x + (r/4)N,)/Gp(xo,z +rN,) € (¢t ¢)

where ¢ depends only on D and xy but not on z or r.
The boundary Harnack principle was first proved by Dahlberg (1977). We
present a version adapted from Burdzy (1987).
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Lemma 2.1. (Boundary Harnack principle). Suppose that for some X\ > 0, domain
D, x € 0D and r > 0 we have

df
Dl :{yeD:’y_x‘<T}:{y€D:yn>f(y17y27"'7yn—1)}

where f: R"™1 — R is a Lipschitz function with constant \. If functions g and h
are harmonic in Dy and vanish on 0D N OD then

(y)

o) = °

>

h(2)
9(2)

for ally,z € Dy such that |y—z| < r/2 and |z—x| < r/2, where ¢ > 0 is a constant
which depends only on \. O

We will work with the same probability setup as in Burdzy et al. (1989). Specif-
ically, let © be the space of paths mapping [0, c0) to R™ U{d} which are continuous
on [0, R) for some R < oo and equal to 6 for t > R. Thus, R denotes the lifetime of
a path, which may be infinite. Let X be the canonical process. We will use the sym-
bol w to denote harmonic measure. Denote F = o {X;,t > 0}, F, = 0 { X, s < t}.
For a stopping time 7' let Fr denote the usual o-field of pre-T-events and let 6,,
t > 0, be the shift operators on 2. For a set A C R™ let

Ty=T(A)=inf{t >0: X; € A}.

Let P* denote a measure on (€2, F) which makes X the standard n-dimensional
Brownian motion starting from x. Analogously, Pf, will denote the distribution of
Brownian motion in D, i.e., Brownian motion killed at 7" (D¢). The corresponding
expectations will be denoted E* and EF), resp.

An excursion law H® in D C R™ is a o-finite measure on (€2, F) which has the
following properties:

(ii) H?* is strong Markov for the Pj-transition probabilities, i.e.,

H (a-b(67)) = H (a : P§<T)(b))

for all stopping times 7" > 0, all nonnegative and F-measurable b, and all
nonnegative and Fpr-measurable a.

An excursion law H* in D is called standard if H*(Tp < o0) € (0,00) for some
compact nonpolar set B C D. If D C R" is a Lipschitz domain and x € 0D, then
there exists a standard excursion law H* in D.

The following is a version of the exit system theorem. See Maisonneuve (1975)
for more details on exit systems and see Revuz (1970) or Sharpe (1988) for the
definition and properties of continuous additive functionals (CAF’s).

Suppose that D C R" is a Lipschitz domain and let 1 denote the surface area
measure on 0D. Let L be the CAF of the Brownian motion X (with associated
probability measures {P?,x € R"}), whose Revuz measure (relative to Lebesgue
measure as invariant measure) is given by p, i.e.,

Lo [
N(A) = ltllIglEE |:/o 1A(Xs)dLs:| )
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for all Borel sets A C R"™, where v denotes Lebesgue measure on R™. This contin-
uous additive functional will be called the local time on 0D. Fix some nonpolar
compact set B C D. For p-almost all points x € 9D, the unit inward normal vector
N, is well defined and gi_r)r(l)a_ngrEN”‘ (Ts < 00) exists. For such x let H” be the

excursion law in D with the property that H* (T < 00) is equal to the above limit.
For all other z, let H* = 0. Then the pair (dL, H) is an exit system in D in the
following sense.

For u such that X, € 9D let e, = {ey,(t),t > 0} € Q be the excursion of X in
Die.,

t) {X(u+t) if inf{s >u: X, € D} >u+t,
eu(t) = .
) otherwise.

For u such that X, ¢ 0D, define e,, = §. Then (Burdzy (1987), Theorem 3.2),

(2.1) E ( > Z,- (foeu)> =F (/OOO ZSHX(S)(f)dLS)

O<u<oo

for all universally measurable functions f on 2 which vanish on excursions e, = ¢
and all nonnegative F;-predictable processes Z.

Now we will present a generalization of Theorem 4.1 and Proposition 4.1 of
Burdzy (1987).

Theorem 2.1. Suppose that D is a Lipschitz domain, x € 0D and H® is a stan-
dard excursion law in D. Fix some s > 0 and let B = {z € R" : |z — z| > s}.
Assume that Ay and Ag are events in o{Xri¢,t > 0}, where T = min(s,Tg). Then

H*(A1)/H"(Ag) = lim Pp(1a, ©0:)/Pp(1a, ©0:).

zeD
t—0

Proof. The proof is completely analogous to that of Theorem 4.1 of Burdzy (1987)
except that it uses the parabolic version of the boundary Harnack principle proved
in Theorem 6.1 of Burdzy et al. (1989). O

The potential of Brownian motion will be denoted in the usual way as U( -, -),
i.e., for Borel sets B C R™ we have

/B U(z,y)dy = E° /Ooo 15(X,)ds.

Note that U agrees, up to a constant, with the Green function Gg» for n > 3.
Now we will review some facts about A,-weights. See Garnett (1981) for more
details. We will present the results in the form slightly different from the usual one
in order to make them readily applicable in the next section.
Suppose that D is a Lipschitz domain and p is surface area measure on 9D. If
g € LY(p) is a positive function and 1 < p < oo, then g belongs to the Muckenhoupt
Ap(p) class if

22 sw (s [otman) (5 [ <g<x>>-1/<p-1>u<da:>)p_l < oo,
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where the sup is taken over all surface balls A in dD. For x € 0D a surface ball
is defined by A(x,r) = B(x,r) N 0D where B(z,r) is the ball in R™ centered at x
with radius 7. When p = oo we say that g € A (u) if there are positive constants
c1, c2, and «a such that for any surface ball A C D and any Borel subset V' C A,

/e a
M(V))1 (g(V)) (M(V)>
c1 | —/—= < | == )| /=) ,
1 (u(A) ~\(a)) = 7 \u(d)
where g(V) = [, g(z)p(dz), and similarly for g(A).
Next recall that if f € L!(u), the Hardy-Littlewood maximal function M f of f

is defined by
M f(z) = sup {@ /. If(y)lu(dy)} ,

where the sup is taken over all surface balls A which contain z. The following are
two well known results on A,-weights. The proofs may be found in Garnett (1981),
Muckenhoupt (1974) and Coifman and Fefferman (1974).

(2.3) If g € Aoo(p), then there exists a py € (1,00), depending only on ¢, co,
and « such that g € A,(u) for all p > po.

(2.4)If g € Ap(p) for some p € (1,00), then there exists a constant ¢, independent
of f, such that

/(Mf(w))pg(w)u(dx)SC/ | (@)[Pg(2)pu(d).
oD

oD

3. An inequality for the Green function. We start this section with an ele-
mentary estimate of the harmonic measure.

Let D be a bounded Lipschitz domain and let xqg € D. Let w denote harmonic
measure on 0D relative to zg and let p be surface area measure on 0D. Recall that
A denotes a surface ball i.e.,

A=Ax,r)={yedD:|ly—z| <r}.
By Dahlberg (1977), there exist ¢ = ¢(D, xg) < oo and o« = a(D) > 1/2 such that
w(A) < c(pu(4))”
for all sets A C 0D. Moreover, the bound 1/2 on « cannot be improved. However,

we will show that we have a better bound if we limit ourselves to surface balls A
in place of arbitrary sets A.

Lemma 3.1. Suppose that D is a bounded Lipschitz domain in R™,n > 3. Then
there exist ¢ = ¢(D, ) < 0o and = 3(D) > (n —2)/(n— 1) such that

(3.1) w(A) < e(u(A))?
and
(3.2) w(A) < er(=18

for all surface balls A = A(x,r).
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Remark 3.1. The bound (n —2)/(n — 1) on the exponent [ is strictly better than
1/2 only in dimensions n > 4. The bound 1/2 is the best possible for n = 2, 3.

Proof. In a Lipschitz domain, we have
(3.3) e tr" T < (A, r)) < et

for some ¢; < co. Thus it is sufficient to prove only (3.2).
We start with a special case. Let D be defined in some coordinate system by

D={yeR":y, > - ANyl +y2+...+y2_)"?},

where A > 0. Then there exist « > 0 and a strictly positive harmonic function h
with a pole at infinity such that

h(z) = |z|*h(z/|z]) for x € D,

and such that h vanishes continuously on 0D (see Burkholder (1977)). For z € 0D,
x # 0, we have

(3.4) lim 7~ h(x 4+ rN,) = co|z| 71T

r—0

Let b > 0 and let
(3.5) Dy =Dy(b)=DU{x € R": |x| > b}.

Suppose that x; is such that |z1| > 2b. The functions h(-) and Gp, (21, -) are
harmonic in {z € D; : |z| < b/2} and vanish continuously on {z € 0D, : |z| < b/2}.
The boundary Harnack principle and (3.4) imply

(3.6) limr—*Gp, (z1,z +rN,) < cglz| 1T

r—0

for |z| < b/4, where c3 does not depend on z;. The limit in (3.6) is equal to
a constant multiple of the density of harmonic measure w = wfl 1 with respect
to the surface area measure on 9dD;. Simple integration shows that there exists
cq = c4(A, b) < 0o such that for all x; and r with |z1| > 2b, r < b/4,

wachl (A(O,r)) < C47°n_2+0‘ d:f C4’I“(n_1)ﬁ‘

We have, of course, 8 > (n —2)/(n — 1), since a > 0.

Now we turn to the general case. Let D be a bounded Lipschitz domain with
character A\; and fix an xzg € D. Let dy = dist(zo,dD) and choose some b < d;/4.

Consider an arbitrary = € 0D and a coordinate system CS such that x = 0 in
C'S and the boundary of D may be represented in the ball B(z, p) as the graph of
a Lipschitz function with constant A\;. The radius p may be chosen independently
of x.

Let A = 2)\; and b be as above. For d > 0, let z(d) = (0,...,0,d) in CS and let
D, be defined in C'S by (3.5). Let

D2 = Dg(d) = D1 -+ Z(d)
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It is elementary to check that for some d; = dy(D,xg) > 0, ¢5 = ¢c5(A\), c6 = c6(A)
and all d € (0,dy),

{y € 0D2(d) : |y — z(d)| > ¢sd} C D¢

and

Ap(z,ced) C D5.

Let D3 = D N Ds. By the first part of the proof, we obtain

wﬁ) (Ap(z,ced)) < wﬁf (Ap, (2(d), c5d))
< wﬁf’ (Ap, (2(d), csd))
S C4(C5d)(n_1)ﬁ.

This completes the proof of (3.2). O

By a result of Dahlberg (1977), w is absolutely continuous with respect to p and
K(z) £ (dw/dp)(z) € (0,00) prae.

Let W(x) = W,,(x) be defined by

T
Wix) = su Kz
( ) TG(OE"O)(GD(*TOax—}_TNx)) ( )

if N, is well defined and W (x) = 0 otherwise.

Theorem 3.1. For every bounded Lipschitz domain D there exist ro > 0, ¢ < 00
and o > n — 2 such that for all x € 0D and r < 1,

/ Wi (y)u(dy) < cr.
A(z,r)

Proof. We will use the results on Ap,-weights which have been reviewed in the
previous section.

By Dahlberg (1977, Corollary on p. 276), the function K belongs to the class
Aso(p). Thus, by (2.3), K € A,(p) for all p greater than some pg. Since p(9D) is
finite, (2.2) implies that

(3.7) K(z)~Y®=Y(dr) < oo
oD

for all p > pyo.
If 8 > 0 and p is sufficiently large so that (p —1)3 > po — 1, we have by Holder’s
inequality, for all surface balls A,

1/(p—1 —1/(p—1 o
o [ w@) < (s [ (@) )
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and
B8
/A (K (2)) ™" pu(da) < ( /A <K<x>>‘”<p‘”%<dx>) ((2))""

< ( /8 i (K(m))‘l/“"”%(da:))ﬁ (n(a)' ™"

By (3.7), we have for sufficiently large p, ¢; = ¢1(D, 3,p) < oo and all surface balls
A,

(3.8) J (@) ) < e (u(2)

By Dahlberg (1977), there exist rg > 0 and c2 = c2(D) < oo such that for all
x € 0D and r < ro,

. w(A(z,r))
. <
(3 9) Cy = Tn_QGD(SCo, x4 TNm)

< e
and by Lemma 3.1, for some v = v(D) > (n —2)/(n — 1),
(3.10) w(A(z,7)) < e (u(A(m,T)))V.
Since D is Lipschitz,

(3.11) cg il < w(Az,r)) < ezr™!

for some c3 = ¢3(D) < oo and all z,r. Let r < r; < ro. Then, by (3.9)—(3.11),

(i) (e w)
GD<£L‘0,IL‘+’I“1N;U) GD(I(),.I—F’I“Nx)
r1 rteow(A(z,r))
Gp(xo,x+11Ny) rn—2
< A
~ Gp(zo,x+1r1Ny) 2’ 62(”( (x’T>))
™

<
~ Gp(xg,x +11N;)

<

=D,

1
By compactness, sup
" wcop Gp(ro,x+1r1N,)

some ¢g = cg(D,r1) < 00,

< ¢5(D,r1) < oo and, therefore, for

-1

" r (n—1)(y—1)
su < cgr .
xea% (GD($0,$+T1Nx)> (GD(JUO,J?-FTNx)) =0

This implies that

(3.12) Wy, () < cer® DO, ()
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for r <ry <rg and x € 9D. By Holder’s inequality, we have for surface balls A,

<@/AK<w>u<dx>)_l < (g L @) 7 dm))p—l

for p > pg. Thus, (3.9) and (3.11) yield for r < 7,

r - M(A(x,r))
Gp(zo,z+7rN;) —

=C7<m /A(m,T)K(y)M(d?JQ_l

< W(M /A(m’r) (K(y))—ﬂ(p—l)u(dx))p—l.

Recall the definition of the maximal function from Section 2. The last inequality
shows that for ry < rg,y € 9D and = € A(y,r2),

= df r
W,,(x) = sup
:(7) re(0,r2) GD($0,$+7”N)

—1

er (M f())"

where f(z) = (K(m))_1/(p_1)1A(y72T2)(x). In view of the fact that K € A, for
D > Do, (2.4) and (3.8) show that

(3.13) /A( )(Ww(x))lﬂill((w)u(dx)

< [ (errsa)” )+ﬁK<x>u<dx>

<o [ (MS@) K@)l
<c / Yu(dz)
<e / IO K () u(de)

A(y, 27“2)
-1/(p-1)
<o [ (@) V)
A(y,2r2)

< ciop(A(y, 2r2)) o

< (DA,

By Holder’s inequality

1 N
BT /A W, (2) K (2) ()

. s (r—1)/p
< < R [ (Fra@) K(w)u(dw)) -
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This, (3.10), (3.11) and (3.13) imply
/ W (2) K () ()
A(y,?”z)

. oL (»—=1)/p 1/p
< ([, (Tl K] (w(80r)

< enpry" VO (A (g, r2)))

< crgr{PDA=OE=D/p+(n=1)7/p.

Finally, by (3.12), we have for r < r1 < rg, and y € 9D,

[ W) < cr® 000 [ @
A(y,r) A(y,r)

— cor(nDG-D) / W, (2) K (2)u(dz)
A(y,r)

< 6147»(”*1)(7*1)+(n*1)(175)(p*1)/p+(n*1)7/p.

The constant ~ is greater than (n — 2)/(n — 1), § may be chosen arbitrarily close
to 0 and p may be arbitrarily large, so the exponent in the last expression may be
made greater than n — 2 which completes the proof. O

Remark 3.1. 1t follows from the above proof that for some rg > 0 and p > 1,

/8 . (Wyo (2))"K (2)p(dz) < o0

and

(3.14) /E)D W, (x)p(dr) < oo.

A small change in the proof gives

| (@) i) < o

for some rg > 0 and o > 0.

4. Convergence of continuous additive functionals. Recall that U(z,y) =
ci|lz — y>~" where ¢; = I'((n/2) — 1)(2m)~"/2. We will use || - || to denote the
supremum norm in R"™.

Lemma 4.1. Suppose that {Va}ae(oyl] 18 a family of positive measures such that

(4.1) sup v,(R") < o0
a€(0,1]

and suppose there exist constants c,ac > 0 such that for all x € R™, r > 0 and

a € (0,1],

(4.2) Va(B(z,7)) < er™?|logr|~' 7.
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Then

(4.3) sup [|Uv,|| < oc.
a€(0,1]

If in addition v, — vy weakly as a — 0, then

(4.4) Uv, — Uvy  uniformly as a — O.

Proof. Changing to polar coordinates and integrating by parts,

(45) Una(z) < / Uz, y)va(dy) + 1 / ly — 22" (dy)

ly—z|>1 ly—z|<1

< v (R™) + CQ(n)/O r' ="y, (B(z,7))dr + ca(n)v, (B(z,1)).

Using (4.1) and (4.2) gives (4.3).

For each M > 0, Ups(z,y) g min(U(xz,y), M) is a bounded Lipschitz function
of . So using (4.1), { [n UM(x’y)Va(dy>}ae(0,1] is an equicontinuous family of
functions of . Since v, — vy weakly,

/n Uni(z,y)ve(dy) — - Unt (z,y)vo(dy)

for each x. By virtue of the equicontinuity, we see that the convergence is uniform.
On the other hand, setting 7(M) = (c;/M)*/~™) and bounding the right hand
side as in (4.5),

/n (U($7y) - UM('Ta y))Va(dy) S C1 / |ZE — y|2_"ya(dy)

lz—y|<r(M)

can be made uniformly small by taking M large enough. Hence Uv, tends to Uy
uniformly. 0O

Remark 4.1. Of course, (4.2) could be replaced by

/01 e <Sup Va (B(:C,r))) dr < .

a,r

Theorem 4.1. Suppose that for each a € [0,1], L} is a continuous additive func-
tional with Revuz measure v, and assume that the potentials of the measures v,
satisfy (4.3) and (4.4). Suppose that for each a € (0,1], NP is a pure jump process
that is identically O at time 0, all the jumps of N/ are of size 1, and the compensator
of aN} is L§. Then for everyt > 0, p < oo, and x € R",

(4.6) sup |[L% — LY —— 0 in LP(P%)
s€[0,t] a—0
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and

(4.7) sup |[aNg — LS| —— 0 in LP(P7).
s€[0,1] a—0

Moreover, if N is non-increasing in a for each t, and

sup |L% — L% ——0 P*-a.s.,
s€[0,t] a—0
then
(4.8) sup |aN?® — L% —— P*-a.s.
s€[0,t] a—0

Proof. Note that for (4.6) and (4.7), by Jensen’s inequality it suffices to consider
only the case p > 2. Let

(4.9) Yo = Uve(X,) — Uva(Xo) + L2
We know by Brosamler (1970) or Wang (1977) that for each a, Y,* is a continuous

local martingale. Let

N = sup [[Unl.
be(0,1]

Fix a for the moment and let € = ||[Uv, — Urp||. By It6’s lemma,
E*(Uv, — Ung)*(Xy) — E*(Uv, — Un)*(Xo)

t
=E°(Y* - Y%, — E‘T/ (Uvg — Uvg)(Xs)d(LY — LY).
0
Since for all x and ¢,
t
fog / (U — Uno)(X2)d(LY — L9) < eE*(L% + L0) < 22N,
0

then
E*(Y* - Y%, <2 + 2N.

But then by the Markov property,

Em((ya . Y0>oo . <Ya . Y0>3’Fs) _ EX(S) <Ya . Yo>oo
< 2e? 4 2N,

and hence, by Dellacherie and Meyer (1980, p. 188),
EZ(Y® —YO)P/2 < ¢(p)(262 + 2eN)P, p>2.
By the Burkholder-Gundy inequalities (Dellacherie and Meyer (1980, p. 304)),

E*sup |V = Y|P < e(p) B (Y = YO)RL2 — 0.

t<oo a—0
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Since Uv, —— Uy uniformly, using (4.9) gives us (4.6).
a—0
The proof of (4.7) follows similar lines. Let
Z¢ =aN{ — LY.

Since E*L{ < Uy,(z) < oo and the jumps of alN{* are bounded, we see that Z; is
a local martingale. Since N/ is a pure jump process,

B (2%, 2% — [2°, 2°)._|F.)
— (3 (AZ)17)
< a*+ a*E*(NZ — NZ|Fy)
=a® + aB* (L% — LYF,)
=a®+ aEX(s)L‘;O
=a® + aUvq(X,)

< a®> + aN.
By Dellacherie and Meyer (1980) again,
(4.10) E®[Z°, 7%, < ¢(p)(a® +aN)P, p>1,
and by Burkholder-Gundy,
(4.11) B sup | ZE 1P < clp) B (2%, 22 — .

which is (4.7).

Now we assume that N is non-increasing in a for each ¢ and

sup |L* — L% ——0 P*-as.
s€[0,] a—0

Suppose ¢ € (0,1) and let a,, = ¢". By (4.10)—(4.11) applied with p = 2 and
Chebyshev inequality, for each A > 0,

P*(sup|Z{™| > A) < can /A2
t

Then, by the Borel-Cantelli lemma,
P*(sup|Zf"| > X i.0.) =0,
t
or

sup|a, Ni" — LY| —— 0 P*-as.
t n— oo

Now, if a,4+1 < a < a,, then
sup(aNj' — ™' L}) < sup(an N, — g7 LY)

< g tsup(an N - L)),
¢

Hence
limsup sup(aN® — LY) < (¢! — 1) supL? P*-a.s.
t

a—0 t

Similarly, since aN{* > a, 11 N/™ for a,+1 < a < ay,
lim igf sup(aNy — LY) > (¢ — 1) supL? P*-a.s.
¢ t

a—

Since ¢ can be taken arbitrarily close to 1 and sup LY < oo, this proves (4.8). O
t
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5. Estimates for excursion laws. First we will present two lemmas relating
Brownian excursion laws to the Green function. Consider the following events.

Al(w r) = {sup{lz — X(t)] : t € (0, R)} > r},
Ag(z,1) = {Ix — X(R=-)[>r},

As(z,7) = As(r) = { dlam(X (0, R)) > r},
Ay(z,7) = Ay(r) = {R > r?}.

Recall our convention concerning x + rN,.

Lemma 5.1. Let D be a Lipschitz domain with character A. Fix some xog € D and
let
B={ye€ D:Gp(xy,y) >1}.

For x € 0D, let H* denote the standard excursion law in D. Then there exist
ro = 1ro(D,x0) > 0 and ¢ = ¢(\) < 0o such that for r € (0,7¢9), k = 1,2,3,4, and
x € 0D,

(5.1) H*(A(z,7)) < cH*(Tp < )/Gp(zo,x + 1rNy),
provided N, s well defined.
Proof. Fix an x € 9D and let
ro = dist(zg,0D)/2,
Bi(r)=Bi={y eR": [y —a| = r},

h(y) = Pp(Ts, < o0).

Note that
Gp(zo,y) = PH(Ts < o)

for y € D\B. By Theorem 2.1,

(5.2)  H(Ay(x,r)/H*(Ts < 00) = lim P}(Tp, < 00)/Ph(Ts < )

yeD

= lim h(y)/Gp(z0,y).

y—x
yeD

The functions hA(-) and Gp(xo, -) are harmonic in D\B; and vanish on dD\Bj.
By the boundary Harnack principle (Lemma 2.1) there exists ¢; < oo such that

(5.3) hy)/Gp(xo,y) < cth(y1)/Gp(wo,y1)

for y3 =+ (r/4)N, and all y € D with |y — z| < r/2. By the Harnack principle
(5.4) Gp(zo,x + (r/4)N,) > coGp(xo,x + rNy).

We obviously have h(y1) = P} (I's, < c0) < 1. This and (5.2)—(5.4) yield

c1h(y1)/Gp(xo,y1)
(c1/e2)/Gp(wo,  + 1 Ny).

This proves the lemma for k = 1.
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Since Ay(z,r) C Ai(z,r), the case k = 2 follows immediately from (5.1) with
k=1.
We have As(x,r) C Ay(z,7r/2) H%-a.s. By the Harnack principle,

Gp(zo,z+ (r/2)Ny) > c3Gp(xo,z + 1rN,).
This and (5.1) applied with & = 1 imply
H*(As(w,r)) < H*(A1(%,7/2))

cH*(Tp < 00)/Gp(xg,z + (r/2)N,)

<
< (c/es)H*(Tp < 0)/Gp(xo,x + 1TNy).

This completes the proof for k = 3.
To prove (5.1) with k = 4, it suffices to show that

(5.5) H*(Ay(z, 7)) < ca H*(Aq(x,1)).
By Theorem 2.1,

(5.6) H*(Ag(r)/H*(Ar(2,7)) = lim Pp(Aa(r))/Pp(Ts, ) < 00)-

yeD

Now we apply the parabolic boundary Harnack principle (we use the version
proved in Theorem 6.1 of Burdzy et al. (1989)) to obtain

(57)  PhA)/PY(Tar) < 50) < esPY (Ax(r))/ P (T, ) < ).
where yo = x + (r/32)N, and y € D with |y — x| < r/16. It is easy to see that
PP (Tp, () < 00) > cg = c(N).

By the scaling of Brownian motion, the constant cg can be chosen independent of
r. The inequality (5.7) implies now

PY(As(r)/ Ph(Ts,r) < 00) < cs /cs.

This and (5.6) give (5.5), which completes the proof. O

Lemma 5.2. Suppose that D is a Lipschitz domain, o € D, x € 0D and N, is
well defined. Let
B={yeD:Gp(wg,y) >1}

and let H* be the standard excursion law in D. Then

Gp(zo,x +1Ny)

=d
H*(Tg < o) ¥

(5.9 lim H7 (4, (2 7)

fork=1,2,3,4. We have
dy =212 [T (”*2) (=53],

dy =2n 712 [T'(3) /T (%54)],

dy = (2/7‘(’)1/2.
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The constant ds satisfies
dy <d3 < 2d;.

Proof. The lemma follows immediately from Theorem 4.1 of Burdzy et al. (1989)
for k =1,2,4.
We turn to the case k = 3. Let

T. =inf{t >0: |z — X(t)| > €},

Ag(z,r) = Az (r) = {diam(X (T, R)) > r},

and
Ag(z,r) = Ag(r) = {diam(X (7., R)) > r — 2er},

for € € (0,1/2). The functions

fE(y,t) £ PL(AS(r))

and M,
fo(y,t) = Pp(AG(r))

are parabolic in {y € D : |z —y| < er} x (0,00). The arguments of Section 4 of
Burdzy et al. (1989) apply to the functions f& and f§ and events Af and Ag, and
therefore Theorem 4.1 of that paper holds for A and Af. Consequently, we have

Gp(xo,z+rN,)
Hx(TB < OO)

lir% H* (A5 (z,7)) =dj,

for k = 5,6. Recall from the proof of Theorem 4.1 in Burdzy et al. (1989) that
g = rHI(Aj (1),
where HY is an excursion law in {y € R" : (y —x) - N; > 0} normalized so that the
HZ?-chance of hitting {y € R" : (y —z) - N, = 1} is equal to 1. It is now easy to
see that the limits lim._,o dj, exist for £ = 5,6 and are equal to a constant which
we will call ds. This proves (5.8) for k = 3 since
A:(r) C As(r) C Ag(r).

In order to see that dy < d3 < 2d;, note that

Ai(z,r) C As(z,r) C Ay(x,7/2). O

Lemma 5.3. Fiz some k=1,2,3 or 4 and let
vp(dz) = rH® (Ag(z, ) p(dz).

Then {v, }re0,) satisfy (4.1)-(4.2) and v, — dyp weakly as r — 0.

Proof. Fix a point o € D and let w be the harmonic measure on 9D relative to
xo. Let B denote {y € D : Gp(xo,y) > 1}.
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We have normalized the excursion laws H® so that

(5.9) H*(Tg < o0) = limr~ ' PEF™Ne (T < 00)

r—0

= limr *Gp(zo, +rN,).

r—0

By Dahlberg (1977), the last limit is equal to ¢(dw/du)(x) where ¢ is an absolute
constant. Thus

H*(Tp < ©) = c(dw/du)(x) p-a.e.
and, by Lemma 5.1,
(5.10) rH* (Ak(z,r)) <rciH*(Tp < 00)/Gp(xo, z + rN,)
< c1¢(r/Gp(zo, z +1N,)) (3—2) (x)
S C2Wr0 (':E)7

where W, () has been defined in Section 3. The inequality (5.10) holds for all r
less than some ro > 0. By Theorem 3.1 and (3.14), for some o > n — 2, and all
surface balls A,

v (A(y, 7)) :/A(y , rH® (Ag(z,r))p(dz)

<[ am, @)
A(y,r)

< car®

and

(5.11) /(9D ( sup rH” (Ak(x,r))> pu(dr) < /aD oW (2)pu(dr) < 0.

r€(0,r0)

Hence, the v, satisfy (4.1) and (4.2).
Lemma 5.2 and (5.9) imply that

HI(TB < OO)
GD($0,$ + TNw)

(5.12) lim rH® (Ag(z,r)) = lim rdx = dj.

For every set By C 0D we have

v (By) = /B rH® (A (2, 1)) pldr) —— du(By)

r—0

because the integrands converge pointwise and the dominated convergence theorem
may be applied by (5.11). We have thus shown that v, converge weakly to d,u,
which completes the proof. O



A REPRESENTATION OF LOCAL TIME FOR LIPSCHITZ SURFACES 19

Lemma 5.4. Suppose that D is a bounded Lipschitz domain. Then there exists
ro > 0 such that for allt >0 and z € R",

¢
E"”/ Wi (Xs)dLy < co.
0
Proof. Let W*(z) = min(W (z),a) and

t
Lo = / W(X,)dL,
0

for a < co. The Revuz measure of L{ is equal to W*(z)u(dx).
Let U(z,y) be the usual potential operator for the Brownian motion (see Section
2). By a result of Revuz (1970, Section V.1),

(5.13) e | are = | vt @)

The right hand side of (5.13) increases to a finite limit when a — oo by Theorem
3.1 and Lemma 4.1 for a suitable g > 0. It follows that

E”“’/ ALY < oo
0

and the proof is complete. O

6. Representations of local time. Our main theorem comes next. The excur-
sions e of the process X in D and the exist system (dL, H) have been defined in
Section 2. Events Ay have been defined at the beginning of the previous section
and constants dj in Lemma 5.2. Observe that Ay is a family of paths in {2 so that
the expression e, € A, makes sense.

Theorem 6.1. Suppose that D is a bounded Lipschitz domain. Fix somek =1,2,3
or 4. Let N be the number of excursions es of Brownian motion X in D such that
s<tandes € Ak(es(O),r). Then, for everyt >0, p < oo, and x € R™,

(6.1) sup |rN./d, —Ls| -0 asr—0
s€0,¢]

in LP(P?") and P*-a.s.
Proof. Let k be fixed. For r > 0 let

t
LT = / rHX®) (A (X5, 7))dLs
0
and

vp(dz) = rH® (Ag(z, ) p(dz).

Since by Lemmas 4.1 and 5.3, ||Uv,|| < oo, it follows from a result of Revuz (1970,
Section V.1) that L} is a well defined continuous additive functional with Revuz
measure v,., for r < rg.
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By the exit system formula (2.1), 7N] is a point process with compensator Lj.

In view of Lemmas 4.1 and 5.3, the assumptions of Theorem 4.1 are satisfied
and this shows that (6.1) holds in the sense of LP(P*)-convergence.

Now we will show that the convergence in (6.1) also holds P*-a.s. In view of
Theorem 4.1, all we have to show is that

(6.2) sup |L, —dgLs| —— 0 P?-as.
s€0,t] r—0

We have

(6.3) sup |L. —dpLs| = sup / THX(“)(Ak(Xu,r))dLu—/ drdL,
s€[0,t] s€lo,t] IJO 0

S
< |
sefo,t] Jo

</
0

By (5.12), the last integrand converges to 0 pointwise. We have shown in Lemma
5.4 that

rHX (AL(X,,, 1)) — dk‘ dL,

rHX (AL(X,,, 1)) — dk‘ dL,.

t
E* / W,y (Xy)dLy < 00
0

for some ro. Hence

t
/ Wi (Xy)dL,, < 0o P*-a.s.
0

By (5.10), the last integrand in (6.3) is dominated by co W, (Xy,) + dj, for r < rg.
By the dominated convergence theorem, the right hand side of (6.3) converges to 0
P?-a.s. as r — 0. This completes the proof of (6.2) and of the theorem. O

Remark 6.1. Theorem 6.1 holds also for unbounded Lipschitz domains, provided
that the limit in (6.1) is taken in P*-probability. This may be proved by stopping
X at the hitting times of {y € R™ : |y| = k} and then letting k — oc.

For the sake of comparison and completeness we give the following result. The
a.s. convergence was proved in Bass (1984, Corollary 3.11).

Proposition 6.1. Let D, X and L be as in Theorem 6.1. For r > 0 let B(r) =
{x € R": dist(x,0D) <r} and

1 t
L: = 2—/ 1B(T‘)(XS) ds.
0

r

Then for everyt >0, p < oo and x € R™,

sup |L. —Lsg|—0 asr—0
s€0,t]
in LP(P*) and P*-a.s.

Proof. The Revuz measure v, of L is uniform on B(r). It is elementary to check
that the measures v, satisfy the assumptions of Theorem 4.1, from which the LP
convergence follows. 0O
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7. Counterexamples in non-Lipschitz domains. Suppose that A : [0,00) —
R. We will say that an open set D C R™ is a A-domain if for each z € 9D there
exist a neighborhood V' of x and a coordinate system C'S(x) such that 9D NV may
be represented in C'S(x) as the graph of a function f : R*~! — R with the property

1f(s) = f(u)| < A(|s —u|) for all s,u € R"!,

If A(t) = ct™ with a < 1, then A-domain is a Hélder domain.

Proposition 7.1. Suppose that A : [0,00) — R, A(0) = 0, A is nondecreasing and
A(r)/r — oo asr — 0. Then there exists a \-domain D with the following property.

Let k = 1,2,3, or 4. Let NF(r) be the number of excursions es of Brownian
motion X in D such that s < t and es € Ag(es(0),7). There exists a sequence
{r;};j>1 of positive numbers converging to 0 such that for all x € R"

lim 7; NF(r;) = P*-q.s.

Jj—oo

{ 0 on t<T(0D)
oo on t>T(0D)

Proof. We will sketch an example in R?. Examples in higher dimensions may be
concocted in a similar way.

Suppose that A satisfies the assumptions of the proposition. Then there exists
another function A such that A < A \ satisfies the same assumptions and A s
piecewise linear. Hence, we may assume without loss of generality that A itself is
piecewise linear; more precisely, we will assume that A is continuous and there exist
sequences {a;};>1 and {b;};>1 such that

aj>aj+1>0 fOI‘jZL
N(r)y=0b; forre€ (aj1,a;), j>1,
bj < bj+1 for j > 1,

Jj—o0

We will construct inductively a sequence of domains {D;};>; converging to a
domain D. We will do it by describing first curves F; passing through (0,0), (0,1),
(1,1) and (1,0). The four pieces of F; will be (by definition) similar to each other
so we will define explicitly only the one joining (0,0) and (1,0). The domain D; is
defined as the interior of Fj.

The curve F; is the straight line segment joining (0,0) and (1,0). Set a3 = 1.

Suppose that Dy,...,Dj, fi,..., f;, and ai,...,a; have been defined.

In order to construct D; 1, we will need a large integer m which will be specified
later. Let

Cm = (@m — amy1)/2.
For an integer s > 0, let gs be a continuous function such that
9s(s - cm) = fi(s - cm),

gu(z) = by, for z < s c¢p,

gu(z) = —by, for x > s+ cp,.
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Moreover, let g, be continuous and
goo(1) = 0,
gr(x) =b, forx<l1.
Let
fi+1(x) = max(go(z), sup gs(z)) for0<z <1,
0<s<@©
SEZ

s-cm <1

and let Fj;1 be the graph of f;11 between 0 and 1.
Now we will impose several conditions on m. First, let m be so large that

Dist(0D;+1,0D5) < as/2  for s < j
(see Section 2 for the definition of Dist).

Let p be arc length measure on dD; and let v = v, be arc length measure on
0Dji1. It is elementary to check that 3,,v,, — p weakly as m — oo where 3, are
suitable constants which tend to 0 as m — oo. It is also easy to check that (,,v,
satisfy the assumptions of Lemma 4.1. Let L7 and L/*! be the local times on dD;
and 0D, 1. By choosing m sufficiently large, we have, in view of Theorem 4.1,

T 141 j i
PP (B LY > Ly /) 2 1277,
where T' = T(0D;41). Thus, since 3,, — 0, we take m sufficiently large so that

x(7J+1 . —J
PE(LE 5 < 4g) <277,

Fix some k between 1 and 4 and let th 1 be defined relative to D1 as NF was
defined relative to D. Since D4 is a Lipschitz domain, Theorem 6.1 implies that

rN%ill/j (r)/dy — L]f++11/j —0 asr—0

and, therefore, for some ;41 > 0,
~ 1 . i
P (rja Nyt s (rjgn) /di < 25) < 27774
Now choose a;11 so small that

(7.1) P (rj 1Ny (rin)/di < j) < 27977

for every domain D with Dist((‘?ﬁ, 0Djy1) < ajy1; here N is defined relative to D.
Finally, define D as lim;_.o, D;. It is elementary to check that D is a A-domain.
By (7.1), for every € > 0,

llm Tj+1N§w+€(Tj+1)/dk =00 P*-as. O

j—00
Remarks 7.1. (i) The last example may be modified to show that there exists a
A-domain such that for each function a(r), the limit

limO a(r)Ntk (r)

is either 0, infinite, or does not exist P”-a.s., for all x and ¢. In some domains,
there is no “right” renormalization of NF.

(ii) Proposition 7.1 comes as no surprise since the potential theoretic properties
of Holder domains are known to differ from those of Lipschitz domains. One may
wonder whether Theorem 6.1 extends to non-tangentially accessible (NTA) domains
which are similar in some respects to Lipschitz domains. For a definition of an NTA
domain, see Jerison and Kenig (1982).
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Proposition 7.2. There exists a non-tangentially accessible domain which satisfies
the conclusion of Proposition 7.1.

Proof. The proof is completely analogous to that of Proposition 7.1 and, therefore,
it is omitted. It will suffice to say that one should construct a “snowflake” domain,
also called a Koch domain, in the manner of Mandelbrot (1982). Then one can
use the fact that the boundary of such a domain has infinite length if it is suitably
constructed. 0O

Propositions 7.1-7.2 may suggest that the finiteness of the surface area measure
is the indicator of applicability of Theorem 6.1. This is false, as our next example
shows.

Proposition 7.3. There exists a domain D C R? such that 0D has finite length
and such that
lim i(I)lf ’I“N%(BD)_HO“) =0 P%-a.s.

Proof. We will construct inductively a sequence of domains D; converging to D.
The boundary of each domain D; will consist of a finite union of disjoint circles.
For a set K and a > 0, let B(K,a) = {z € R?: dist(z, K) < a}.
Let Dy = {z € R? : |z| < 1} and a1 < 1/4. Suppose that D; and a; > 0 have
been defined. Let
Cj = Dj N ﬂ B(&Dm,am(l - 2_j)).

m<j

Let {BJ,}m>1 be the (finite) family of all circles with centers (m;27%7,my27%),
my,mg € Z, radii b; > 0, and such that B, C C; for all m. Here v; is a large
integer which will be specified later. The radius b; = b;(v;) is chosen so that the
total length of all circles BY,, m > 1, is as close as possible to 277. We will define

D11 by removing from D; all circles BJ,, m > 1, and their interiors.
Let T =T(0D;) + 1. The domain D; is Lipschitz, so by Theorem 6.1

lrN#(r) — Ly| —— 0, PYas.
r—0

Let a > 1 be such that '
PY(Ly <2a)>1—-277

and choose 7 so that for r < 7
(7.2) PY(rNp(r) < a) > 1—277%1,

Let N2(r) be the number of excursions e, in D; with e; € Ay4(es(0),7), s < T, and
such that e lies totally inside C';. Choose r; < 7; so that

(7.3) P (J\?;;(rj) > (1 - a-éj) N%(rj)) >1-27,

Now let v; — oo and vary b; accordingly. Let n(v;) be length measure on |J B7,.
m>1

As v; — oo, the measures n(v;) converge weakly to the uniform measure on C; with

total mass 277. It is elementary to check that the assumptions of Theorem 4.1 are
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satisfied and, consequently, the continuous additive functionals L% associated with
n(v;) converge uniformly on [0,7] to L, 4 fg 1¢,(Xs)ds PP-as. This implies
that the P°-probability that there exists an interval of length greater or equal to
r? during which L% is constant and X stays in C}, goes to 0 as v; — oo. Let
us translate the last statement into the language of excursions. Define D;i; by
removing from D; all circles BJ ., m > 1, and their interiors. Then the number
of excursions in DJH with lifetime greater than 7“? and lying totally in C; can be
made arbitrarily small by taking v; large. Now choose v; sufficiently large so that
this last fact combined with (7.3) gives P°(r; N4 (r;, Dj11) > 277) <2797 where
we have indicated that now we are counting excursions in D;q.

By continuity of paths, it is possible to find «;1; > 0 such that if 0D C
B(8Dj+1, Oéj+1) and D C Dj_|_1, then

(7.4) P(rjNi(rj, D) > 27911) <277%2,

Finally, let D = lim D;. By (7.4) and the Borel-Cantelli lemma,
j—00
lim i(I)lf rN(r) =0, Pl-as.

The boundary of D is equal to |J B/, and it has a finite length, since the total
Jm

length of UBﬁn is less than 2-277. O

Remark 7.2. There exists a domain D C R3 such that 9D is locally the graph of a
continuous function, dD has a finite area and Proposition 7.3 holds for D. In order
to construct such a domain D, consider D of the last proposition, let D=Dx [0, 1]
and then make some minor adjustments. We leave the details to the reader.
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