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Activated random walk is an interacting particle system proposed as a tractable
model of self-organized criticality. Particles are active or sleeping: active particles
move by random walk and may fall asleep when isolated, while sleeping particles are
reactivated by incoming active particles. A central theme is universality: the critical
density and critical local state should be robust under changes in initial condition,
driving mechanism, and boundary condition.

This dissertation develops two one-dimensional results under the theme of univer-
sality. First, for a supercritical Bernoulli field of sleeping particles on Z with only one
initially active particle, the probability of fixation is strictly between zero and one.
Thus the supercritical active phase is not merely an artifact of starting all particles
active. Second, for the point-source model started from n active particles at the origin,
the probability that a bulk site contains a sleeping particle after stabilization converges
to the common critical density. Consequently, any subsequential microscopic local

limit of the point-source laws is shift invariant and has the correct one-site density.
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Chapter 1
INTRODUCTION

Self-organized criticality describes systems that appear to organize themselves
near a critical state without external fine tuning of a parameter. Activated random
walk is a particularly useful mathematical model in this setting because it combines
a simple local mechanism with a rich phase transition. Particles are either active
or sleeping. Active particles move as random walks and may become sleeping when
isolated; sleeping particles remain still until awakened by an active particle. This
mechanism creates avalanches of activity whose large-scale behavior is expected to be
insensitive to many microscopic details.

The purpose of this dissertation is to study two one-dimensional manifestations of
this robustness under the unifying theme of universality of activated random walk. The
first manifestation concerns the sharpness of the supercritical phase: above the critical
density, the system can remain active even if all particles except one are initially asleep.
The second manifestation concerns the point-source aggregate: in the bulk of a large
stabilized aggregate, the one-site sleeping probability converges to the same critical

density that appears in other formulations of the model.
1.1 Activated random walk

Fix a sleep rate A > 0. In the continuous-time activated random walk model on 7Z,
active particles perform independent symmetric random walks at jump rate 1 and
attempt to fall asleep at rate A\. A sleep attempt succeeds only when the particle is

alone at its site. A sleeping particle is immobile, but it is immediately reactivated when



an active particle arrives at its site. Thus the two local reactions may be summarized
as

a — s when an active particle is isolated, a+ s — 2a.

The state of the system is stable on a set if no active particles remain there. For finite
systems, one may stabilize by toppling active sites until all particles are sleeping or
have exited through the boundary. The Diaconis—Fulton, or site-wise, construction
attaches independent stacks of instructions to each site; the abelian property then
implies that the final stable configuration is independent of the legal toppling order.

The infinite-volume question asks whether the system fixates. A configuration
fixates if every site is visited by active particles only finitely often. The fundamental
phase transition is governed by particle density: below a critical density, fixation
occurs, while above it activity persists. Rolla, Sidoravicius, and Zindy proved a sharp
universality statement for stationary ergodic initial laws with all particles initially
active, giving a critical density that depends only on the model parameters and not

on the particular ergodic law [20].

1.2 Universality questions

There are several natural ways to make activated random walk critical. In the fixed-
energy model, one starts from an infinite or finite-volume configuration of a prescribed
density. In the driven-dissipative model, particles are repeatedly added to a finite
volume and particles that leave through the boundary are removed. In the point-
source model, many active particles are placed at a single site and then stabilized.
Universality predicts that these routes to criticality should produce the same density
and compatible local critical states.

Recent work of Hoffman, Johnson, and Junge proves the equality of several one-
dimensional critical densities, including the fixed-energy, driven-dissipative, cycle, and
point-source formulations [9]. This result provides the density-level foundation for the

present dissertation. The two chapters here address what this common critical value



controls in two different regimes: the persistence of activity above the threshold and

the local particle density in the point-source aggregate.
1.3 Overview of the main results

Chapter 3 studies a supercritical Bernoulli field of sleeping particles on Z with a single
active particle inserted at the origin. If the density p is larger than the common
critical density p,, then for almost every initial sleeping configuration the probability
of fixation is strictly between zero and one. The positive lower bound is immediate
because the unique active particle may fall asleep before moving. The upper bound
is the central result: with positive probability, the single active particle triggers
unbounded activity. This shows that the supercritical phase is robust even under an
initial condition that strongly favors fixation.

Chapter 4 studies point-source activated random walk on Z. Starting with n active
particles at the origin, let 1 be the final sleeping configuration. For sites i(n) in a fixed

macroscopic bulk window around the source, the theorem proves

P(n(i(n)) =s) = p. +o(1),

where p,. is the common critical density. The proof combines an IDLA flattening step
with driven-dissipative estimates, and it also shows that any subsequential microscopic

local limit of the point-source laws is shift invariant.



Chapter 2
PRELIMINARIES

In this chapter, we emphasize the role of the activated random walk as a candidate
model for self-organized criticality, as well as the importance of the density and

local-limit conjectures.
2.1 From sandpiles to activated random walk

Bak, Tang, and Wiesenfeld introduced self-organized criticality as a mechanism for
scale-free behavior in driven dissipative systems [2]. The abelian sandpile model
became a central mathematical example. It has a deterministic toppling rule and a
rich algebraic structure, but it also exhibits features that are sensitive to the underlying
lattice and boundary mechanism [6, 12, 21, 22]. Stochastic sandpiles and activated
random walk were developed as more flexible stochastic alternatives [3, 19].
Activated random walk has two advantages that are central in this dissertation.
First, individual particle trajectories are random walks, which allows the use of
probabilistic tools such as martingales, concentration inequalities, and comparison
with internal diffusion limited aggregation. Second, the sleeping mechanism gives a
natural absorbing-state phase transition and a natural driven-dissipative dynamics,

allowing the same critical density to be approached from several directions.
2.2 Critical density and fixation

For stationary ergodic initial laws on Z? with all particles initially active, Rolla,
Sidoravicius, and Zindy proved that fixation is determined by the mean density: there

is a critical value such that subcritical systems fixate almost surely and supercritical



systems remain active almost surely [20]. This result gives a rigorous threshold for
the fixed-energy formulation.

The density conjecture asserts that the stationary density of driven-dissipative
activated random walk in large finite boxes should coincide with the fixed-energy
critical density. Hoffman, Johnson, and Junge proved this in one dimension and
also identified the same value in the point-source and cycle formulations [9]. Thus
one-dimensional activated random walk has a single critical density that appears across
several natural experiments. The first contribution of this dissertation strengthens
the interpretation of the supercritical side of this threshold, while the second uses the

same density to identify a local statistic of the point-source aggregate.
2.3 Point-source aggregates and microscopic limits

In the point-source model, one starts with n active particles at the origin and stabilizes
the system. The final sleeping configuration is an aggregate of n particles. Levine
and Silvestri formulate a collection of conjectures describing the large-scale shape,
microscopic local limits, translation invariance, density, and hyperuniformity of such
aggregates and related stationary states [15]. In this framework, universality means
not only that different constructions have the same critical density, but also that they
produce the same limiting local random configuration.

The local-density result in Chapter 4 addresses the one-site marginal part of this
picture in one dimension. It does not prove full convergence of the microscopic point-
source law, but it shows that any subsequential limit has the correct density and is
shift invariant. This is evidence that the critical state seen from the bulk of a large
point-source aggregate is governed by the same critical density as the driven-dissipative

and fixed-energy models.



2.4 The abelian property and legal topplings

Each site has an infinite stack of independent instructions, each of which is a left jump,
right jump, or sleep instruction. A legal toppling applies the next unused instruction at
an unstable site. The abelian property states that, whenever stabilization is possible,
the final stable configuration and odometer do not depend on the legal order of
topplings [19]. This permits the use of carefully chosen toppling procedures that are
tailored to the proof.

In Chapter 3, stabilization is performed on increasing intervals, and the proof
controls the probability that the next scale fails to remain good. In Chapter 4, the
toppling order begins with an IDLA-type flattening phase, then relates the remaining
stabilization inside a block to a driven-dissipative process. These procedures are

different, but both rely on the same abelian mechanism.

2.5 Internal DLA and local flatness

Internal diffusion limited aggregation appears in Chapter 4 as a comparison process.
In one dimension, the IDLA cluster generated by particles released from adjacent
sources can be coupled using the Eulerian distribution of descents. This coupling
shows that neighboring one-site occupation probabilities in the point-source ARW
aggregate differ by a small amount. Combined with block-average estimates at the

critical density, this local flatness yields convergence of single-site probabilities in the

bulk.



Chapter 3

SUPERCRITICAL ACTIVATED RANDOM WALK ON Z IS
EXPLOSIVE

This chapter is based on joint work with Madeline Brown and Christopher Hoffman. It
studies a supercritical one-dimensional activated random walk started from a Bernoulli

field of sleeping particles with a single initially active particle.

3.1 Introduction

In 1987, Bak, Tang, and Wiesenfeld introduced the concept of self-organized criticality
(SOC) [2], a property observed in complex natural systems where energy accumulates
slowly and is released intermittently. SOC describes systems that naturally evolve
to a critical state without the need for fine-tuning parameters or external influences.
Examples include financial markets, where variations in stock and commodity prices
follow a power-law distribution, and forest fires, where accumulated flammable material
can lead to large fires ignited by small sparks. These examples highlight the ubiquity
and significance of SOC in various artificial and natural systems.

Since the concept of SOC was proposed, the search for a universal SOC model
has led to extensive research on the deterministic sandpile model. In this model,
each vertex in a graph has a nonnegative number of chips, and a vertex can topple
when the number of chips at that vertex equals or exceeds its degree. A toppling
vertex distributes one chip to each neighboring vertex, which can trigger a chain
of topplings. This deterministic model exhibits intricate fractals and patterns [14].
However, its deterministic nature limits its ability to exhibit certain critical behaviors

[5, 6, 11]. Ideally, a universal model should exhibit universality in the sense that



macroscopic properties are independent of microscopic details, making the system
robust to perturbations.

The probabilistic variant of the deterministic sandpile model is the stochastic
sandpile model. In this model, instead of sending one chip to each neighboring vertex
when a site topples, a fixed number of particles are sent to neighboring vertices chosen
independently according to some probability distribution. There is evidence that
this stochastic model features universality [3]. However, this model involves pairwise
correlations in particle movements, which complicates the analysis of its dynamics.

More recently, the Activated Random Walk (ARW) model has emerged as a
promising candidate for a universal SOC model. At each site, the initial number
of particles is i.i.d. and sampled from an ergodic distribution with mean p. In this
continuous-time interacting particle system on 7Z, each particle is either active or
sleeping. Active particles perform symmetric random walks at rate 1 and fall asleep
at rate A € (0,00). Sleeping particle remains stationary until awakened by an active
particle and is instantly reactivated if other particles are present at the site. Since
particles in the model perform random walks and fall asleep independently, the ARW
model is more tractable than the stochastic sandpile model and has yielded significant
findings.

One of primary questions in ARW dynamics is whether the system fixates or
remains active, and under what conditions. Fixation occurs when every site is visited
by active particles only finitely often, while the system stays active if there is ongoing
particle movement and interaction. One might conjecture that the critical density,
where a phase transition occurs, depends on the specific version of the ARW model
being considered.

Recently, Hoffman, Junge, and Johnson [9] proved that for each A\ > 0, the critical
densities in the driven-dissipative model, the point-source model, the fixed-energy
model on Z, and the fixed-energy model on the cycle all exist and are equal, denoted

by p.. This result confirms the density conjecture, reinforcing the ARW model as a



promising candidate for universality due to its well-defined critical density p..
Furthermore, the long-term behavior of a system depends on the particle density p
and the sleep rate A. Specifically, Rolla, Sidoravicius, and Zindy demonstrated the

following result, which highlights a phase transition based on these parameters:

Theorem 3.1 (Theorem 1 of [20]). Consider the ARW model on Z2 for a fized d > 1
with a given sleep rate . There exists a critical density p. such that for any spatially
ergodic distribution v supported on configurations where all particles are initially active,
the following holds: a configuration sampled from v almost surely fixates if the average

density p is less than p., and almost surely remains active if p is greater than p,.

This theorem allows us to choose any shift-invariant ergodic measure for the initial
configuration. However, there is an assumption that all particles should initially be
active. In this chapter, we weaken this assumption to show that even with only one
active particle, there is a positive probability that the system remains active.

A very similar result was recently proved by Forien [7]. He studied activated
random walk on an interval where particles can leave through the endpoints. He
showed that in the supercritical regime, a positive density of particles leaves the
interval with positive probability. This chapter significantly strengthens his result.

We consider a starting configuration w € {0,5}%. In this configuration, w(i) = 0
denotes that site i is empty, and w(i) = s indicates that site ¢ contains a sleeping
particle. The number of particles at each site is an independent Bernoulli random
variable with mean p € (0, 1), referred to as the particle density.

Given a configuration w € {0,5}%? we define a new configuration w* by setting
w*(i) = w(i) for all ¢ # 0 and placing one active particle at the origin, that is, w*(0) = 1.
For any configuration v € {0,5,1,2,...}%, let P, represent the probability measure of
the system’s evolution starting from v.

We are now in position to describe our main theorem. Let Fixation be the event

that the system eventually fixates. Our goal is to prove the following theorem:
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Theorem 3.2. Let w € {0,5}2 be a configuration with particle density p > p., where
all particles are initially asleep and the w(i) are i.i.d. Bernoulli random variables with

expectation p. For almost every w*,
0 < P,«(Fixation) < 1.

The property that P, (Fixation) < 1 is often referred to as the system being
explosive.

The lower bound is easy while the upper bound is significantly more involved.

Proof of Lower Bound. At the beginning of our process, there is only one active
particle at the origin. If this particle falls asleep before moving, then there are no
active particles available to awaken any remaining sleeping particles. As a result, the
system achieves Fixation immediately.

An active particle either jumps to a neighboring site at rate 1 or falls asleep at
rate A. The total rate of these actions is 1 + A. Therefore, the probability that the

system fixates is at least 1%\ O]

Theorem 3.2 shows that the critical value is quite sharp. Below the critical value a
configuration least likely to fixate (one with all particles initially active) still fixates.
Above the critical value a configuration most likely to fixate (one with all but one

particle initially asleep) still has a positive probability of not fixating.
3.2 Site-wise Construction of ARW

In our proof of the upper bound, we utilize a site-wise representation for the ARW,
where infinite stacks of instructions are attached to each site. This construction,
underpinned by the abelian Property (Lemma 3.3), allows us to focus on the moves
taken by particles at specific sites without concerning ourselves with the order in

which they occur.
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Consider the ordered set NU{s} with 0 < s <1 < 2 < ---. A configuration
is an element w € {0,5,1,2,3,...}%, where w(x) gives the state of site x € Z. If
w(z) = 0, there is no particle at site x; if w(z) = s, there is one sleeping particle; and
if w(x) =mn > 1, there are n active particles.

When an active particle visits a site with a sleeping particle, it wakes up the
sleeping particle, resulting in s + 1 = 2. If a site is given a sleep instruction, the effect
depends on the number of active particles at the site. Precisely, if there is exactly one
active particle at the site, the particle becomes sleeping, so the state changes from 1
to 5. If there are n > 2 active particles at the site, the sleep instruction has no effect,
and the state remains at n. We define a site x to be stable if w(z) < 1 (i.e., if there
are no active particles at x), and unstable otherwise. By defining |s| = 1, we denote
the number of particles at site z by |w(z)|.

Each site z € Z has an infinite stack of instructions Instr,(k), where k denotes the

k-th instruction at site z. The distribution of Instr, (k) is:

Left  with probability m,

Instr,. (k) = Right with probability m,

Sleep with probability 1%\

Each Instr,(k) is independent for all € Z and k € N*. And the rate at which
we execute unused instructions at each site x is given by Ly (z).s|w(2)[(1 + ). The
Left (respectively, Right) instruction subtracts 1 from w(z) and adds 1 to w(z — 1)
(respectively, w(z 4+ 1)). Executing a Sleep instruction at a site with exactly one
active particle changes w(z) = 1 to s; if there are multiple active particles at the site,
the sleep instruction has no effect. We can topple a single site x by executing its first
unused instruction. Alternatively, we can topple a sequence of sites o« = (x1, x2, ..., ;)
by starting with x; and proceeding to x;.

To track the number of topplings at each site, we introduce an odometer function
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U:7Z— N,

where U(z) denotes the number of times site 2 has been toppled. Additionally, U, (x)
represents the number of times site = appears in the sequence . When toppling site
x, we update the configuration w and the odometer reading U by defining the toppling

operation acting on (w,u) as:
O, (w,U) = (Instr,(U(z) + 1)(w), U + d,),

where 9§, is a function on Z that takes the value 1 at x and 0 elsewhere. We say that
®, is legal if site x is unstable. A toppling sequence ®,, is a sequence of legal topplings
if, for each 1 <7 <, the toppling ®,. is legal after performing the preceding topplings
b, D, D,,. We call a stabilizing if, after performing all topplings in the sequence
«, no unstable sites remain.

The abelian property is an essential feature of the ARW, enabling us to utilize the
toppling procedure described in Section 3.3, where we stabilize the system one interval

at a time. We formalize this property in the following lemma:

Lemma 3.3 (Abelian Property [19]). Let a and (3 be two legal sequences of topplings of
a configuration w. Suppose U, (x) = Ug(z) for all x € Z. Then their final configurations
are identical, that is,

Do (w) = Pp(w).

We will also make use of a particle-wise representation of ARW. In this representa-
tion, each particle has its own stack of i.i.d. instructions. The stacks for each particle
are also independent. By the abelian property, at any time we can choose to move any
active particle. We do this by executing the next unused instruction for that active
particle. If this particle-wise process terminates for a given initial configuration, then
it will have the same final distribution on the location of particles and odometers as

the site-wise representation has.
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3.3 Good Configurations

3.3.1 Toppling Procedure

By the abelian property (Lemma 3.3), the stabilization of the system is independent of
the order in which sites are toppled. Therefore, we can perform the following inductive
partial stabilization procedure, starting from the configuration w* with one active

particle at the origin:
1. Given p, choose § < (p — p,)/3 and a sufficiently large integer k > 200/62.
2. For each positive integer n, consider the interval I,, = [—k™, k"].

3. For each n, proceed inductively as follows:

(a) Evolve the system within the interval I,,, freezing active particles at the

boundaries of I,,, until no active particles remain in the interior of I,,.

(b) If active particles are present at the boundaries of I,,, extend the interval

to I,+1 and repeat the process.

Throughout the remainder of this chapter, when we refer to the odometer, we are
considering the odometer associated with the stabilization step on the interval I,,;.
Specifically, the stabilization begins with the configuration wi,jja and concludes with
the configuration wgyay on I,,.1. Also, the nth step stabilization refers to our toppling
procedure for stabilizing the interval [,,. Let Positive Odometer denote the subset

of (—k™*1 k™*1) where the odometer is positive during this stabilization step.

3.3.2  Good Configurations

Our goal is to show that, for a ‘typical’ configuration in our stabilization process, the
probability that the system stabilizes without active particles at the boundaries of I,

is very small, given that it satisfied the previous stabilization step within the interval
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Figure 3.1: Example of the configurations wiyitia (top) and wgpa (bottom) during the
stabilization of the interval I,,,; according to the toppling procedure. Red circles

represent active particles, while blue circles represent sleeping particles.

I,,. However, there exists a class of configurations in which no active particles remain
at the boundaries after stabilization. To address this, we introduce the concept of a

good configuration. Let 7 < /10 be chosen such that both kv and 1/v are integers.

Definition 3.4. A configuration w is good for a positive integer n if w satisfies the

following criteria for the nth stabilization step:

Criterion 1 The interval I,, contains at least 2k™(p. + 20) particles.

Criterion 2 Every subinterval of length v£™ within I, \ {—k", k"} contains at most
vE™(ps + 9) particles.

3.3.3 Prior Results

To estimate the probability that the system fails to satisfy the criteria for a good
configuration at step n + 1, given that it satisfies the criteria at step n, we use the

following recent theorem.

Theorem 3.5 (Theorem 8.4 of [9]). Let n be a positive integer. Consider activated

random walk on Z with sleep rate X > 0. Let o be an initial configuration with no
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sleeping particles on the interval [a, a+n—1] for some integer a. Let X, be the number

of particles left sleeping in the stabilization of o on [a,a +n —1]. For any § > 0,
P, [ X, > (p +0)n] < Ce™,
where C' and ¢ are positive constants depending only on A and §.
In particular, we will use the following variant of the theorem.

Corollary 3.6. Let n be a positive integer. Consider activated random walk on Z
with sleep rate X\ > 0. Let o be an initial configuration with at least one active particle
on the interval [a,a +n — 1] for some integer a.

Let b be an integer and v € (0, 1] such that I, = [b,b+ny —1NZ C 1. Let U be
a stable odometer on I, , that satisfies U(b) = ug and U(z) > 0 for every site x € I,
containing a particle in o. Define Yz, (ug) to be the number of sleeping particles

remaining in I, after applying U. Then, for any p > p.()),

P, [Y}M(uo) > pnﬂ < (Ce ™
for some constants C' and ¢, depending only on A and p.
Proof. This is a restatement of equation (81) in the proof of Theorem 8.4 in [9] (plus
an application of the union bound). ]
3.3.4  Transition Probabilities

Let GG,, denote the set of all good configurations on the interval I,, at step n. We define

the event

D,, 11 = the resulting configuration on I,,,; is not good or the odometer is

somewhere equal to zero.

Our goal is to analyze the probability of the event D,,; conditioned on configura-

tions @ € G,,. With a slight abuse of notation for © € G,, we write P to indicate the



16

randomness of the distribution of particles in I,,,; at the end of the stabilization of
I,,+1. To achieve this, we partition D,,,; into four distinct cases, denoted D} e D? 1

D3, and Dg,,, based on the following considerations:

1. Odometer Considerations:

+ Case D}, : The sum of the odometers in I, exceeds k*>(+1),

« Case D2, ;: The sum of the odometer does not exceed k3°"*+1 and the

odometer is somewhere equal to zero.

2. Criterion Considerations: Identify which of the two criteria the configuration

fails to satisfy.

« Case D2, ,: The sum of the odometer does not exceed k3°"*1 and the

configuration fails Criterion 1.
« Case D2, : The sum of the odometer does not exceed k*"*1 the

odometer is everywhere positive, and the configuration fails Criterion 2.

This decomposition allows us to systematically analyze and bound the probability

of D,,+1 by considering each of these four cases separately.

Lemma 3.7.

4
Dyi1 C | Djyy-

i=1
Proof. Consider the case where the sum of the odometer readings in I, exceeds
E35(m*+1) - This scenario is captured by D} 41+ Suppose, instead, that the sum does
not exceed k321 In this situation, either the odometer is zero at some location in
I,+1, leading to D2, |, or the odometer is positive everywhere but the configuration is
not good. In the latter case, the configuration must fail either condition Criterion 1,

which implies D}, ;, or condition Criterion 2, which implies D}, ;. []
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Lemma 3.8. For positive constants C' and c¢ depending on A\, we have

0.5(n+1
sup Py (D}lﬂ) < Cem kY,

BEGn

Proof. We use a particle-wise representation of ARW. There are at most 25" + 1 <
3k"*1 particles in I,,;. If the sum of the odometers in 1,1 exceeds k3°("*1) then
there must exist at least one particle that executes at least (1/3)k*°" 1) instructions
(either steps or sleep instructions).

Each time a particle takes k"2 steps, it has a probability of at least ¢/(\) > 0 of
exiting I,,41. Therefore, the probability that a particle takes more than k*°*+1 steps
without reaching the boundaries of I,,,1 decays exponentially in k%>("+1),

Applying the union bound over all particles in [,,,1, we obtain the desired result. [

Lemma 3.9. There exist constants C and ¢ such that

sup P (D3 ) < Ce k"™,

n+1
weGn

Proof. Let X be the number of particles in [,,,;. Initially, each site contains one
sleeping particle, following a Bernoulli distribution with mean p. In our toppling
procedure at step n + 1, we ensure that no particle escapes from I,,,;. Thus, the
expectation of X is p(2k"! + 1).

We consider the event that X is less than 2k™*1(p, + 2§). Since p > p, + 34, this
value is less than the expected value by a fixed proportion of §. By the Chernoff
bound, the probability that X deviates below its mean by a fixed fraction decays

exponentially in &"*!. O
Lemma 3.10. There exist positive constants C' and ¢ such that

4 —ckntl
sup P; (D < (e )
e w( nH)

Proof. For Dy ., to occur, there must exist a subinterval of length v&" ™ with a particle

density exceeding p, + 0 after the (n + 1)th stabilization. There are at most 2k™*!
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n+1) choices of odometer at the leftmost edge of the

choices of subinterval and k*®(
subinterval. By Corollary 3.6, the probability of such an event for each of these choices
decays exponentially in k"', Applying the union bound over all possible subintervals

and choices of the odometer we obtain the desired result. O
3.4 Completing the Proof

We will break up the event D? 41 into pieces depending on the location of the leftmost

and/or rightmost site with a zero odometer.

1. Fl,,: D2, occurs and there is no zero odometer > k™,

2. 2, D2, occurs and there is no zero odometer < —k™ and

3. F2.,: D2, occurs and there are zero odometers both < —k™ and > k.

In the case that Fs,; occurs we define z to be the smallest value with positive odometer
and z’ to be the largest value with positive odometer. Then we can partition
37 l7
Fr::)—i-l = U anlz'
2,z
Lemma 3.11.

37 b !
D2, € FL UFE, U (u F) |

2,2’
2 1 2 3
Proof. 1f D;_ | occurs and F, , and F; ; do not occur then F}},; must occur. Then

3 !
there are z and 2’ such that F,’;" occurs. O

To bound the probabilities of these events, recall that for a configuration w, w(7)
represents the number of particles at site i. Moreover, we define that if there is a
sleeping particle at site ¢, then w(i) = 1. Using this description, our next definition

will characterize the environment in I, \ I, before stabilizing.
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Definition 3.12. We say that wiytia1 € {0,1,2, ... }{*knﬂ"“’knﬂ} is plentiful if, for
every j € {1,2,...,(k —1)/~}, the following inequalities hold:

k" 4jvyk™
Z winitial(i) Z ”Ykn(P* + 25)

i=kn(j—1)ykn+1
and
k7 4y
Z Winitial (—7) > VK" (ps + 20).
i=kn+(j—1)ykn+1

The next definition describes the configuration that we expect to see after stabi-

lization in the region Positive Odometer.

Definition 3.13. We say that wgna € {0,1,2,... HF"7F") ig gparse in R C Z
if, for every integer j such that [j + 1, j + vk"] C R, the following inequality holds:
Ik
> whnal(i) < k" (ps + 9).
i=j+1

Next we bound the probabilities that the initial and final configurations are atypical.

Lemma 3.14. There exist positive constants C' and ¢ such that

sup Py (Winitiar 95 not plentiful) < Ce ",

@weGn
Proof. In each interval, the total number of particles is the sum of vk™ independent
Bernoulli random variables with mean p, where p > p, + 3. The probability that
the total number of particles in an interval is less than vk™(p, + 20) corresponds to a
deviation below the expected value by at least vk™(p — p. — 20) > vk™5. Applying
the Chernoff bound, the probability of such a deviation is exponentially small in k™.
Since there are 2(k — 1)/~ intervals, the union bound implies that the probability that

Winitial 1S NOt plentiful is 2(k — 1)/~ times an exponentially decreasing term. O

Lemma 3.15. There exist positive constants C and ¢ such that

sup Pg (Wfina is not sparse in Positive Odometer) < Ce ",
welGy
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Proof. This follows by the same argument used in Lemma 3.10. O

Lemma 3.16. Let winitiat, Whna € {0,1,2, ... }{_kn+1""’kn+1} be the initial and final

configurations of the stabilization in I, . If

1. there exist z < k™ such that z ¢ Positive Odometer,
2. Winitiar s plentiful and

3. Whna i sparse in [z, k"),

then

kn+1

S i (@nald) = Winai)) > (3/10) (k)2 (3.1)

1=z
Proof. We will construct a pairing between the particles in wijja1 and wgpa that

satisfies

1. at least (6/2)k™*! particles in winiia are paired with a particle in wgp, that is

more than (1/3)k""! to its right.

2. no particle in wgya is paired with a particle in wipia that is more than (3/6)k™

to its left,

3. at most (3/9)k™ particles in wpp, is paired with a particle in wipitia that is more

than vk™ to its left,
These conditions imply that the sum on the left hand side of (3.1) is at least

(6/2)k" T (1/3)R™ T — ((3/0)k")* — (vE")(2k"*Y) = (K*")(K*/6 — 9/6° — 2vk)
> (K*)(k*6/10).

The last inequality holds for sufficiently large k. Thus (3.1) holds.
Since wipitial is plentiful and wgy, is sparse in [z, k"™, in [—k" k™ + (2/0)k"]

there are more particles in wiyjtia1 than in wgy,y. Thus we can pair every particle in
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this region in wgp, to a particle in the same region in wiyija. This interval has length
at most (3/0)k™ and it has at most (3/0)k™ particles in wgpa-

In the region from
(K™ + (2/0)k™, kK™t /2] D [k"T1 /10, k"1 /2]

there are at least vk /3 particles in winia that are paired with a particle at k™.

Thus we can create the desired pairing. O]

Lemma 3.17. Let U, 1(x) be the odometer at x in the stabilization at stage n + 1.

Let Tilt be the event that

1. an+1kn+1 Un+1(£13) < k’3'5(n+1) and

r=—

2. there exists z ¢ Positive Odometer with

kn+1

Z G (Weinai(3) — Winitiar(§)) > (6/10)K*"+2,

There exists C and c

sup Pz(Tilt) < Ce~*™
wEeGH

Proof. 1f z ¢ Positive Odometer then all of the particles that start to the right of
z remain to the right of z throughout the stabilization process. Choose an order of

updating the particles and call the configurations

Wo = Winitialy W1, - - -y WJ = Whnal-
Then
kn+1
X() =Y w(w(z) — w1 (2))

for j =1,2,...,J is a martingale where the step size is bounded by 1. Also note that

kn+1

J < Z Un+1($) < k3.5(n+1)'

r=—knt1



22

By the Azuma-Hoeffding inequality we have that

P(Tilt) < Ce ™",

Lemma 3.18. There exists C' and ¢ such that

sup Py Fr,, < Ce and sup Py F2,, < Ce .

weGn weGn
Proof. Suppose that Fﬁﬂ occurs and wipitia) 1S plentiful. And let z be the largest
site with zero odometer. Then we have that z is less than k™.

For the first inequality by Lemma 3.16 these events only happen if wiptia is not
plentiful, whp, is not sparse to the right of 2’ or (3.1) holds (the center of mass
changes a lot.) The probabilities of these events are bounded by Lemmas 3.14, 3.15
and 3.17.

The second inequality follows by symmetry. m

Lemma 3.19. There exists C and ¢ such that

ap e (U] <o

weG, Y
b

Proof. First we deal with the case that the set of positive odometers is connected. As

W € Gy, if winitial is plentiful then for every z < k™ and 2z’ > k™ there are at least
(2 2)(p. + 26) — 2k"

particles in [z, 2/]. If ijfl occurs then all of these particles are in [z, 2'] after

stabilization. If wgy, is sparse in (z, 2’) then there are at most

(2= 2)(pe +0) + 29k™ = (2 —2)(ps +20) — 6(2' — 2) + 29k"

IN

(2" = 2)(ps + 26) — 29k™ — 6(2K™) + 4vEk"

< (2= 2)(pe +20) — 29k™
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particles in [z, 2’]. Thus Fs’ff, only happens if wiyitia is not plentiful or wgy, is not

sparse in [z, 2/].

If the set of positive odometers is not connected then the set Positive Odometer
is of the form [z, z1] U [22, 2] for some z; and z3. A very similar computation to the
one above again shows that either wiysia is not plentiful or wgy, is not sparse in
Positive Odometer. Combining Lemmas 3.14 and 3.15 and summing up over all

choices of z, 2/, z; and 2z, completes the proof. O

Lemma 3.20. There exist C and ¢ such that
B, (D2,,) < Ce "
sup Py (D;; < (Ce™© )

Proof. By Lemmas 3.11, 3.18, and 3.19 and the union bound.

Lemma 3.21. There exist positive constants C' and ¢ such that
0
sup Py (Dpy1) < Ce™ .
eGn
Proof. By Lemmas 3.8, 3.20, 3.9, and 3.10, the probabilities of the events D711+1a Diﬂ,
D3.,, and D2, decay exponentially in k"1 or k%5("+1). Therefore, by Lemma 3.7

there exist positive constants C' and ¢ such that
knO.S
sup Py (Dpqq) < Ce™ .
DEGn

]

Proof of Upper Bound of Theorem 3.2. From Lemma 3.21 and the Borel-Cantelli lemma
we get that the probability that D, does not occur for any n is positive. By the
definition of D, if D,, does not occur then every particle in I,, moves at least once in
the nth stabilization stage. Thus if D,, does not occur for any n then every particle

moves infinitely often. Thus the system does not stabilize. m
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Chapter 4

LOCAL DENSITY OF ACTIVATED RANDOM WALK ON
Z

This chapter is based on joint work with Christopher Hoffman and Jacob Richey. It
studies the local one-site density in the point-source model and identifies the limiting

single-site occupation probability in the bulk with the critical density.

4.1 Introduction

Many complex, real-world systems share a common pattern: they accumulate energy
gradually and release it in sudden, cascading bursts, which are statistically scale-free.
This phenomenon arises in earthquake dynamics, where stress accumulates progressively
along geological fault lines before dissipating abruptly through seismic events of varying
magnitudes, from negligible tremors to catastrophic ruptures. Similarly, financial
markets display this behavior through price fluctuations in stocks and commodities.
These observations led Bak, Tang, and Wiesenfeld in 1987 to introduce the unifying
notion of self-organized criticality (SOC) [2]. The defining characteristic of SOC is
that the system is autonomously driven toward a critical state without fine-tuning of
parameters or dependence on the initial condition. The prevalence of this mechanism
across both artificial and natural phenomena underscores its importance as a universal
framework for understanding the behavior of complex systems.

Since then, many mathematical toy models have been introduced as candidates to
capture and rigorously define SOC. One such model is activated random walk (ARW).
ARW is an interacting particle system on Z¢ whose particles are either active or

sleeping. Active particles perform independent continuous-time simple random walks
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at rate 1 and attempt to fall asleep at rate A € (0,00); an attempt succeeds only if
the particle is alone at its site. Sleeping particles do not move and are instantaneously
reactivated when an active particle arrives. Starting from finitely many particles, the
dynamics stabilize almost surely in finite time.

ARW shares many common features with its spiritual predecessor, the abelian
sandpile model, specifically its abelian property. From a modeling and technical
perspective, ARW has two important advantages over the abelian sandpile model:
first, the fact that individual particles perform random walks and become sleeping
through independent mechanisms; and second, that ARW is expected to exhibit SOC
in a robust way, while the abelian sandpile lacks some of the universality properties
associated with SOC [6, 12].

There are several natural notions of criticality for ARW, including the fixed-energy,
driven-dissipative, cycle, and point-source formulations. Hoffman, Johnson, and Junge
proved that these four definitions agree in d = 1 [9]. We write p. € (0,1) for this
common critical density. We next recall the point-source and driven-dissipative critical

densities in the formulation used in [9)].

Point-source model. Start ARW on Z from the initial condition ndy, consisting of n
active particles at the origin and no other particles, and let n™ = Stab(ndy) € {0, s}%
be the final stabilized configuration (we define the stabilization operator Stab in
Section 4.2). Let L, = L,(n™) be the number of sites in the smallest integer interval
containing all sleeping particles in 7™, and define the point-source critical density
prs = Jim E| -]

whenever the limit exists.

Driven-dissipative model. Fix m € N and consider ARW on the finite interval
[0,m] := {0,1,...,m} with sinks at —1 and m + 1. Consider the Markov chain on
stable configurations in which, at each step, one adds a single active particle and then

stabilizes until only sleeping particles remain in [0, m]. The active particle may be
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added uniformly at random in [0, m] or at a fixed site; this choice does not affect the
stationary distribution of the chain [13]. Let 72P be the stationary distribution. If
n ~ PP et

Nn(1) = 2 Lintwr=e)
be the number of sleeping particles in [0, m], and define

i 1
PDD = Trng%O T"’l EWBLD [Nm]a

whenever the limit exists.

By [9], these limits exist and coincide, pps = ppp = p.. We use the point-
source formulation in the statement of our main theorem, while the driven-dissipative
viewpoint enters in Section 4.4.

So far, little progress has been made on a key aspect of ARW: the existence of
a critical stationary distribution in the infinite-volume setting which exhibits the
hallmarks of SOC. Depending on the choice of context, this critical measure arises in a
few different possible forms, but the same critical object, which can be thought of as a
probability measure on particle configurations, should be visible in each one. The limit
measure is expected to exhibit the statistical features which constitute a definition of
SOC, namely multi-scale power laws for correlation decays and avalanche sizes, and
hyperuniformity, which is a reduction in the variance of the number of particles in a
large region compared to independent randomness.

One way to define the critical measure, which is relevant for our main result,
is presented by Levine and Silvestri in [15, Section 2.3]. There, it is conjectured
to arise as the microscopic limit of ARW started from a large point-source initial
condition. Namely, for each n let P, denote the law (on the space of sleeping particle
configurations {0,s}2%) of the final sleeping configuration of ARW on Z% started from
n active particles at the origin. It is conjectured in [15] that P, converges locally, in
the sense that for every finite set V' C Z? the restrictions P, |y converge as n — oo, and

that the resulting limiting measure « is translation invariant and has a well-defined
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particle density p.(d, \). Alternatively, the measures 72P should converge locally to
the same limit o as m — oo.

For the abelian sandpile model on Z¢ with d > 2, an infinite-volume limit of the
stationary measure exists [1]. Local probabilities under this limiting measure can
sometimes be computed explicitly, especially in two dimensions where the burning
bijection relates sandpiles to spanning trees. For example, exact height probabilities on
Z? (that is, the probability that the stable configuration has a given number of particles
at the origin) are available in special cases [18]. In high dimensions, the single-site
height distribution admits a Poisson-type asymptotic as d — oo [10], and related
computations have been carried out on self-similar graphs including the Sierpinski
gasket [8]. These spanning tree techniques are not available for ARW, so different
methods are needed.

Our main result identifies the single-site occupation probability of any subsequential
local limit measure for point-source ARW. Concretely, for any site ¢ not too far from
the source, the probability that ¢ contains a sleeping particle in the final configuration

is approximately p,.

Theorem 4.1. Fiz e > 0. For any sequence of sites i(n) € Z with

_ 1
li(n)] < 5(1 — 5)n,

we have

B, (n(i(n)) = )

where n ~ P, is the final sleeping configuration of point-source ARW started from ndy.

pe+o(l) asn— oo,

As a consequence of our methods, specifically those in Section 4.3, we obtain that the

limiting critical measure, if it exists, is shift invariant.

Proposition 4.2. Let a be a probability measure on {0,s}% which is a subsequential

limit of the point-source laws P,. Then « s shift invariant.
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To summarize, we find that for every fixed site i € Z the one-site marginals P, |,
converge and the limiting probability that ¢ contains a sleeping particle is p.. In
particular, if the full microscopic limit measure « exists, it must be shift-invariant

with average particle density p.. These results confirm part of Conjectures 3-5 of [15].

4.1.1  Outline and Overview

For i € Z, let S; := {n™ (i) = 5} be the event that site i contains a sleeping particle
in the final stabilized configuration. Equivalently, if n ~ P,, then S; = {n(i) = s} and

P, (n(i) = 5) = P(S)).

The idea of the proof is to show that (1) the function i — P, (n(i) = s) is relatively
flat, and (2) that over any block of size w(1) as n — oo, the particle density is close
to pe. We prove (1) in Section 4.3 using a coupling between two instances of internal
diffusion limited aggregation (IDLA), which can be thought of as ARW with infinite
sleep rate. (2) is proved in Section 4.4 by an application of the machinery of [9], in
combination with a semi-artificial toppling sequence involving IDLA on the w(1)-sized
block. The artificial topplings allow us to give an upper bound on the probability that
the particle density in the block is atypical. These two uses of IDLA are distinct and
different from those in the existing ARW literature. Finally, in Section 4.5 we combine

(1) and (2) with elementary inequalities to obtain Theorem 4.1.

4.2 ARW Setup

We follow the same conventions as most recent work on ARW by using the so-called
site-wise (Diaconis—Fulton) construction of the process. Namely, to every site we attach
an infinite stack of instructions, and evolve the system by applying the instructions to
the particles that arrive at that site. Thanks to the abelian property (Lemma 4.3), as
long as the resulting configuration is stable (i.e. contains only empty sites and sleeping

particles), the order in which sites are toppled is irrelevant. We give an abbreviated
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version of the setup, with particular focus on the ‘flattening’ toppling sequences that

will be relevant for our proofs. We refer the reader to [19] for more details.

State space and configurations. We take N = {0,1,2,...}. Let NU{s} be ordered
by 0 <s<1<2<---. A configuration is n € {0,s,1,2,...}2, with n(z) the state
at x € Z: n(x) = 0 means no particle, n(x) = s means one sleeping particle, and
n(x) = n > 1 means n active particles. When an active particle arrives at a site
containing a sleeping particle, it wakes it, so s + 1 = 2. We set |s| = 1 and write |n(x)|

for the number of particles at x. A site x is stable if n(x) < 1 and unstable otherwise.

Instruction stacks and their execution. Let (£, F,P) be the product space of

instruction stacks, under which (Instr,(k)) are i.i.d. with the following distribution

Left  with prob. -

2(1+2)°
Instr, (k) = Right with prob. 2(11/\)7
Sleep with prob. 1%\

A Left (resp. Right) instruction removes 1 from 7n(z) and adds 1 to n(x — 1) (resp.
n(x+1)). A Sleep instruction at a site with exactly one active particle changes 1 — s,
while it has no effect if there are k > 2 active particles. We write E for expectation

with respect to P.

Topplings and odometer. One should think of each stack (Instr,(k))gen+ as an
infinite roll of train tickets; then particles arrive one at a time at the train station, and
are given the next ticket in the roll to read and execute. We call each such execution
a toppling at a given site. Given a finite sequence of sites k = (z1,...,2¢), we may
execute the toppling sequence which topples those sites in order. The odometer of a

toppling sequence records how many times each site has been toppled:
U.:7Z — N, U(x) = (# of topplings at z in k).

If some instructions have already been executed, and (n, U) is the current state and

partially-executed toppling sequence odometer, the next state and odometer after
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toppling site x is
(1, U) = (Instr, (U(z) + 1)(n), U +3,),

where 0, is 1 at = and 0 elsewhere. The move ®, is legal for (n,U) when x is unstable

for . For a toppling sequence k = (x1, ..., xy), write

(‘I’n<77)7 UH) = (sz ©--0 CI)J»‘l (777 0)7

so that ®,(n) denotes the resulting configuration. We call a toppling sequence
Kk = (21,...,x¢) legal for an initial configuration 7 if for each j = 1,..., ¢, the move
®,, is legal for the state obtained after performing the first j —1 topplings of x starting
from (n,0). We call k stabilizing for n if the resulting configuration ®,(n) is stable
(i.e., every site is stable). The abelian property shows that all legal stabilizing schemes

are equivalent:

Lemma 4.3 (Abelian Property [19]). Let k and /3 be legal, stabilizing toppling sequences

for a configuration . Then Uy (x) = Us(x) for every x € Z, and in particular,

®,.(n) = s(n).

Fix a realization of the instruction stacks (Instr,(k)). For a configuration n which

admits a finite legal stabilizing toppling sequence, define the stabilization of n by

Stab(n) = ®.(n),

where k is any legal stabilizing toppling sequence for 7. By Lemma 4.3, Stab(n) does

not depend on the choice of k. We similarly write

for the associated (well-defined) odometer function. For a finite set V, we write
Staby (1) for the stabilization of the configuration 1 when legal topplings are allowed

only at sites in V, and sites in V¢ are treated as sinks (equivalently, particles that move
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outside V' are removed (ignored)). We write uy (n, x) for the associated odometer,
that is, the number of topplings performed at site € V during the stabilization of 7
in V (and set uy(n,z) =0 for x ¢ V). We reserve Stab(-) (without a subscript) for
the global stabilization map defined earlier; finite-volume stabilizations always carry

the subscript V.

4.2.1 Point-source ARW

Fix a positive integer n, and consider the initial condition nd, consisting of n active

particles at the origin. Let
n™ .= Stab(nd,) € {0,s}~

be the resulting stabilized configuration. All randomness in this chapter comes from
the i.i.d. instruction stacks, and we work on the stack space (£, F,P) introduced

earlier. For each site ¢ € Z, define the event
S; = {n™@G) =s} e F,

that site i contains a sleeping particle after stabilization. Its probability is P(S;).

When it is convenient to view ™ as a random element of {0,5}%, we denote by
Pn = Po (n(n))_l

the induced law on final sleeping configurations.

4.2.2 IDLA Toppling Sequence

We will use a specific type of toppling sequence, which is legal and stabilizing, in
Sections 4.3 and 4.4. The toppling sequence works in two phases: a flattening phase,
where particles perform IDLA steps, and then a second phase, where particles can be
toppled in any legal order until the configuration is stable. For the sake of definiteness,

the flattening phase evolves in stages by always toppling the leftmost site z where
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In(x)| > 2, so this phase ends when only sites with |n(x)| < 1 remain. Note that during
this phase, any sleep instruction encountered is effectively voided, since the particle
which executed the sleep is at a site with at least two particles. Thus, when started
from the point-source initial condition ndy on 7Z, the flattening phase is equivalent
to performing IDLA (aka ARW with infinite sleep rate), except that it results in an
interval of length n with each site containing a single active particle (whereas IDLA
would leave a single sleeping particle at each site). In particular, by Lemma 4.3 for
ARW with A = oo, all legal choices of flattening procedure yield the same intermediate

configuration wipr,a obtained at the end of the flattening phase.
4.3 Coupling two one-dimensional IDLA clusters

We now prove a coupling result for two IDLAs. (Recall that IDLA is just ARW with
A = oo, i.e. where particles perform independent simple random walks, and fall asleep
instantly whenever they are alone.) Let C{*) denote the IDLA cluster obtained by
releasing n particles from the site s € {0, 1} and performing IDLA until all particles
are asleep. We will construct an explicit coupling of the two clusters C(”) and C{V so
that they coincide with high probability as n — oc.

Let K(*) denote the number of occupied sites strictly to the right of s in C*) after
stabilization. Note that the random variable K(*) completely determines C*) (for each
s € {0, 1}, respectively) because the IDLA cluster is always a connected interval in Z.

It follows that the two clusters C(?) and C(!) coincide if and only if
K9 =KW 41,

Thus, to show the desired coupling, it is equivalent to construct a coupling of the laws
K© and KV for which K = K(! + 1 holds with high probability.
Let D,, denote the number of descents of a uniformly random permutation o € 5,,,
that is
D,=#{1<i<n—-1:0@)>0(i+1)}.
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The following result of Mittelstaedt gives an exact description of the law of K via

the Eulerian distribution of descents D,,.

Theorem 4.4 (Theorem 1 of [16]). For each source s € {0,1},

{n, k)

(s) 4 —
K, = D,, P.(k) = .

, 0<k<n-1,
where (n, k) is the kth Eulerian number.

In particular, Pr(D,, = k) = P,(k) = (n,k)/n! for 0 <k <n — 1. We extend P,
to a probability mass function on Z by setting P, (k) =0 for k ¢ {0,1,...,n—1}, and
define its right shift

Qn(k) = P,(k—1), ke Z.

Recall that C¥ = CM) if and only if K(©) = K + 1. By maximal coupling, the
optimal success probability for coupling a random variable with law P, to one with
law @, is 1 — TV(P,,Q,), where
TV(P, @) = 5 X|Pu(k) = Quh)
€z

is the total variation distance. Since K(® ~ P, and KV 4+ 1 ~ Q,, there exists
a coupling of K(© and K" such that K(*) = K + 1 with probability at least
1 —TV(P,,Q,). Therefore it suffices to bound TV(FP,,Q,). We use the following
standard fact about the Eulerian distribution: the Eulerian numbers are log-concave in
k 23], and hence the sequence P, (k) is unimodal in k. From this, a short telescoping

argument gives an exact identity:.
Lemma 4.5. If (P(k))kez is unimodal and Q(k) = P(k — 1), then
TV(P,Q) = max P(k).

Proof. Write ar, = P(k) — Q(k). Since >, ar, = 0 and the sign of aj is nonnegative up

to the mode and negative thereafter,

V(P,Q) = ;; arl = (@) = max Y a = max P(¢),

k k<t
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because >_,<; ap = P(t) by telescoping. O
Applying Lemma 4.5 to P, and @,, yields
TV(P,,Q,) = max P, (k).

Thus the coupling problem reduces to bounding the maximal point mass of D,,.
Let F,(z) := X<y Pu(k). Let ®, denote the CDF of N (i, 072) with

n—1 s n+1
9 InT Ty

Hn =

By Lemma 4.5, TV(FP,, Q,) = maxy, P,(k), so it remains to control the maximal atom
of the Eulerian distribution. We obtain an O(n~'/2) bound on maxy P,(k) from a

uniform normal approximation due to Ozdemir.

Theorem 4.6 (Theorem 1.1 of [17]).

| En — Pplloe = sup|Fy(z) — O, (z)] < Cn12,

z€eR

max P, (k) < (\/E—I— 20) n~Y2
k 7r

Proof. Since P, (k) = F,(k) — F,(k — 1), we obtain

Lemma 4.7.

Py(k) < (®p(k) — Pp(k— 1)) + 2||Fn — Pplloo < I?E%X (Pp(t) — P, (t—1)) + ?/Cﬁ
And
1 6 1 6 1
I?E%X(q)n(t) — Pt 1)) < Nz = \/; T\/T < \/; %
Therefore

max P, (k) < (\/E—l— 20) n~12
k m

Combining Lemmas 4.5 and 4.7, and following the IDLA toppling sequence as laid

]

out in Section 4.2.2, shows that the probabilities P, (n(i) = s) and P,(n(i + 1) = s)

are close:
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Lemma 4.8. There exists ¢ > 0 such that for alln € N and all 1 € Z,
Po(n(i) = 5) = Pu(n(i+ 1) = 5)| < en™'/2
Proof. Applying Lemmas 4.5 and 4.7 gives
TV (Po, Qn) = max Py(k) < cn~Y?

for a global constant ¢ > 0. By maximal coupling, there exists a coupling of C(?) and
CM) such that C(¥ = C{1) with probability at least 1 —TV(P,,Q,). This shows that we
can couple C{*), s € {0,1}, so that they are equal with probability at least 1 — en~'/2,

Now consider two instances of point-source ARW on 7Z with n particles, one
having source 0 and the other source 1. We couple these two instances by applying
the flattening procedure described in Section 4.2.2 simultaneously to both instances.
Specifically, for the IDLA phase, we use the coupling guaranteed by the previous
paragraph. If the resulting IDLA clusters C*), s € {0,1} are the same, then we
couple the remaining (unused) portions of the instruction stacks to be identical and
complete stabilization using these coupled stacks; otherwise, stabilize the two instances
independently. In the former case, the final configurations are identical by construction.

The result follows. O]

As a corollary, we obtain that any subsequential local limit of the measures P,

must be shift invariant.

Proof of Proposition 4.2. Let (6n)(xz) = n(x — 1) denote the shift operator on config-
urations, and for a measure p write Oy for its pushforward under . Let P()) be the
point-source law on {0, 5}% for n particles started at 1; by translation invariance of
the stacks, P() = §P,,. The coupling constructed in the proof of Lemma 4.8 gives
TV(P,,P1) < en='/2, hence TV(P,,0P,) < cn~'/2. Let nj, — oo be a subsequence

along which P,, — «. For any cylinder event F,

P.(E) =P, (07 E)| < TV(P,,0P,) < cn™ /2,
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so evaluating at n = ny, and letting k — oo yields a(E) = a(§~'E). Thus « is shift

invariant. u
4.4 Block averages near the source

In this section we show that the average particle density over any block of growing
size in the bulk is asymptotically equal to the critical density p.. Fix e, € (0,1). For

each n, we choose a site i = i(n) € Z satisfying

li(n)| < = (1—¢)n. (4.1)

N | —

We then consider the block
I, =1[i—|n"],1].

The bulk condition (4.1) is chosen so that, with high probability, the one-dimensional
IDLA cluster produced by n particles at the origin contains the entire block I,, and
leaves exactly one particle at each site of I, (see Lemma 4.10 below).

We evolve the point-source system using the toppling procedure described in
Section 4.2.2. We now briefly recall the procedure and add some auxiliary notation.

Phase 1 (IDLA flattening). We follow the flattening toppling procedure described
in Section 4.2.2. This produces a configuration wip,a.

Phase 2 (ARW stabilization). Starting from wippa we resume the full ARW
dynamics on Z, by performing any legal, stabilizing toppling sequence.

During Phase 2 we define the boundary fluxes

a* := #{Right instructions used at the site i — |n”| — 1 during Phase 2},

b* := #{Left instructions used at the site ¢ + 1 during Phase 2}.

In other words, a* and b* are the total numbers of jumps entering I,, from the left and
from the right, respectively, during Phase 2. Let D be the number of particles in I, in
the final stabilized configuration of the full ARW on Z.
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We will use the following auxiliary driven-dissipative process which is coupled to
the evolution in phase 2. For any a,b > 0, we consider the following finite-volume
system associated with 7,,: run ARW on the interval I,, with sinks at ¢ — |[n7] — 1 and
© + 1, started from the restriction of wipa to I, with a additional active particles
placed at i — |n”] and b additional active particles placed at i. We use the same
instruction stacks at sites in I, as in the full system. Let D,; denote the number of
particles in I, when this finite-volume system stabilizes. Our first goal is to relate D

to Dg« p+, so that the block density can be analyzed via a driven-dissipative system.

Lemma 4.9. Fiz n and consider the two—phase construction above. Then, for every

realization of the instruction stacks, we have
D — Da*,b*-

Proof. Write I,, = [L, R] where L = i — |n”] and R = i. We now work with the
instruction stacks as they stand at the beginning of Phase 2, after Phase 1 has already
consumed some instructions.

Throughout this proof, for any configuration n on I,, Stab;, () denotes the
stabilized configuration obtained by starting from 7 and applying any legal, stabilizing
toppling sequence that topples only sites in I,, (equivalently, L — 1 and R + 1 act as
sinks). By the abelian property (Lemma 4.3) restricted to I,,, Staby, () is well defined
and independent of the choice of legal stabilizing sequence in I,,. For x € I,,, define
the addition operator

A.(n) := Staby, (n + d,).

It follows from Lemma 4.3 that for all x,y € I,, and all configurations n on I,,,
A A, =AA, and A,(Stabg,(n)) = A.(n), (4.2)
and more generally that for any a,b > 0,

Aj Al(n) = Staby, (1 + ady, + bog). (4.3)
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Now consider Phase 2 of the full system on 7Z, started from wippa. We follow the

following I,-first toppling procedure: at each step

o if there is an unstable site in I,,, topple one such site;

 otherwise, topple an unstable site in Z \ I,,.

This defines a legal stabilizing toppling sequence on Z, so by Lemma 4.3 it produces
the same final configuration and odometer as any other legal stabilizing sequence.

Let (n:)t>0 be the sequence of configurations during this /,-first stabilization in
Phase 2. Let

MM<T<---<Ty

be the times ¢ at which a particle jumps into I,, from outside. By definition of a* and
b*,
M =a"+10b".
Define configurations ¢; on I,, as follows. Let (y be the restriction to I,, of the first

configuration n; for which every site in I, is stable. Hence,

(o = Staby, (wipLalz,)-

For j > 1, at time 7; a particle enters I,, at some boundary site s; € {L, R}. Between
the last time at which I,, was stable (whose restriction is (;_; by definition) and the
instant 7;, we topple only outside I,,, so the configuration on I,, just before 7; is still
¢j—1- And immediately after the jump at time 7; the configuration on I, is (;_1 + ds;.
After time 7; we again topple only sites in I,, until every site in I, is stable; let (; be

the resulting configuration on [,,. Then,

gj = Stab[n (Cj—l + 583') = ASJ- (gj—1)7 Jj=1

Iterating, we obtain

Cvr = Agy - A (G0). (4.4)
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Among the entry sites sy, ..., sy, the site L appears exactly a* times and the site R

appears exactly b* times, so by the commutativity in (4.2),

Ay, - Ay, = AY AL

sy

Combining this with (4.4), the identity (o = Staby, (wipLals,), and the relation
A (Staby, (n)) = Az(n) from (4.2), we obtain

Cv = AsM T Asl(go) = A“L*A’}-E (CO) = A%*AI}):: (Stab]n (WIDLA|]n)) = AGL*AIE (WIDLA|In>'

By construction of the I,,—first procedure, (), is exactly the restriction to I,, of
the final configuration of the full ARW on Z at the end of Phase 2, since after time
Ty there are no further jumps into I,, and we never topple inside I, again once it is
stable. Therefore D, the number of particles in [, in the final stabilized configuration
of the full system, is exactly the number of particles in (y;.

On the other hand, consider the finite-volume ARW on I,, with sinks at L — 1 and
R+1, started from the configuration wippa|r, +a*dr 4+ b*dg, using the same instruction
stacks at sites in I,, as at the beginning of Phase 2. By definition of Stab; and by
the identity (4.3), the final stabilized configuration of this finite system is

Stabrp, (WIDLA|In +a*dp + b*5R) = Ay A% (wIDLAhn) = (.

Thus the number of particles in I, in this finite-volume system, which is Dg- 3+ by

definition, coincides with D. O

We now show that the average particle density in [,, converges to p..

Lemma 4.10. For any e,y € (0,1) and integer i satisfying (4.1), we have
> IP’n<77(j) = 5) = (p. +o(1))n” as n — oo. (4.5)
j=i—m]
Proof. In the final configuration each site contains at most one sleeping particle. So
by linearity of expectation

E[D] = 3~ Pu(n(j) = 5)-

jEIn
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Therefore it suffices to show E[D] = (p. 4+ o(1))n?. We first perform Phase 1 as
outlined at the beginning of this section. Let A; be the event that, after this phase,
there is not exactly one active particle at each site of I,,. By Theorem 1 of [16] we can

deduce that there exist constants ¢, C; > 0 such that
P(A;) < Cre= ™", (4.6)

On Af the IDLA configuration wipp,a has exactly one active particle at each j € I,,.
Next, we run Phase 2. By Lemma 4.9 we have D = D« 4. For each fixed a,b > 0,
consider the finite-volume ARW on I,, with sinks at ¢ — [n?] — 1 and ¢ + 1. In this
system we start from the restriction of wipra to I, (where each site j € I,, contains
one active particle), then add a additional active particles at the left boundary site
i—|n7] and b additional active particles at the right boundary site ¢, and then stabilize.
Theorem 2.1 of [13] implies that the law of the resulting stabilized configuration is
the stationary distribution of the driven-dissipative ARW on [, with these sinks and
boundary driving. Fix § > 0, and for integers a and b with a,b > 0, define the

deviation event

Azap = {Dap & (n"pe (1 =6/2), n7pe (146/2))} .

By Proposition 8.5 and 8.6 of [9], we know there exist constants ¢y, Cy > 0 such that

for all a,b > 0 and all sufficiently large n,
P(AQ,a,b) S CQG_CWLV.

Next we control the size of the boundary fluxes. By the same argument as Lemma 3.5

of [4] there exist constants ¢z, C3 > 0 such that
P(a* > n° or b* > n’) < Cze™ =",
We now define a good event. Let A be the event that

1. Af occurs,
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2. (Ua,be[[o,ns)]] Ag,a,b> occurs, and

3. a* and b* are between 0 and n°.

By a union bound with the fact that there are at most n'® pairs (a,b), we know that

there exist constants ¢, C, 8 > 0 such that
P(A°) < Cn'0e=’.
Also note that 0 < D <n and on A
D =Dy p € (n'p.(1—0/2),n7p.(146/2)).

Now we are ready to bound E[D]. The lower bound is

E[D] = E[D14] = P(A)n"p. (1 —6/2).
The upper bound is

E[D] <P(A)n"p.(1+/2) + P(A)n <n7p.(1459).
Combining these two equations above we get that
E[D] = n7pe (1 + 0(1))
as desired. O
4.5 Completing the Proof
Proof of Theorem /.1. By Lemma 4.8, for any j € Z we have
[Ba(n(j) = 5) = Ba(n(j +1) = 5)| < en” /2.

By the triangle inequality this implies that for all 7, j € Z,

P(n(i) = 8) = Pu(n(i — j) =5)| < cjn2 (4.7)
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Summing over j € [0, [n?|] NZ and using (4.7), we obtain
i 77
> Pu(n(y) =5) — [n7|Ba(n() = 5)| < Y cjn V2 < a2
j=i—|n"] 7=0
Now take ¢ = i(n) as in the statement of the theorem. By Lemma 4.10 with the same

¢ and v, we have

S Pu(n(j) =5) = (pe +o(1) .

j=i— ]

Combining this with the previous inequality and dividing by n” gives
Pu(n(i) = 5) = po| < en? 724 0(1),
which tends to 0 as n — oo by taking any 0 < v < 1/2. This proves the claim. O]

Remark. Note that the source of the o(1) error in Theorem 4.1 is the proof of Lemma
4.10, and ultimately Lemmas 8.5 and 8.6 of [9], where ¢ depends only implicitly on n.

Thus, our method does not give a quantitative estimate for the error term.
4.6 Future Directions

Our results verify the one-site part of Conjecture 3 of [15] in the one-dimensional
point—source model, conditional on the existence of the full microscopic limit: if the
point—source measures converge locally, then the limiting measure is shift invariant and
has density p.. A natural next step would be to extend our methods to multi-site events,
for example to show that the joint law of the sleeping indicator field (1g,);cz converges
on finite windows, and to relate its covariance structure to the hyperuniformity
conjecture in [15].

Two further directions concern changing either the geometry or the driving mecha-
nism. First, it is very plausible that an analogue of Theorem 4.1 should hold in two
and higher dimensions for the point-source model on Z¢. Our proof suggests that this
would follow from an IDLA statement about the harmonic measure on the boundary

of a large ball: namely, that the hitting distribution is essentially unchanged when the
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source is moved from the origin to a neighbor of the origin. Second, one expects a
local density theorem of the same form to hold for the driven—dissipative ARW on
large finite intervals. Our attempted coupling breaks down in this setting because
particles can fall into the sinks at different times in the two coupled systems, so new
ideas seem necessary. Establishing the analogues of Theorem 4.1 and Corollary 4.2 in

these settings would give further evidence for universality of the limit measure.
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Chapter 5
CONCLUDING REMARKS AND FUTURE DIRECTIONS

The two main results of this dissertation examine activated random walk from
complementary sides of the universality problem. Chapter 3 studies how little initial
activity is needed to see the supercritical phase. Chapter 4 studies what local density is
seen deep inside a large point-source aggregate. In both cases, the answer is governed
by the same critical density that appears in the one-dimensional density conjecture.

The first result shows that if the Bernoulli sleeping-particle density is above critical,
then a single active particle at the origin can trigger indefinite activity with positive
probability. This confirms that the supercritical phase is robust in a strong sense:
it does not require the whole initial configuration to be active. The second result
shows that the point-source aggregate has the correct one-site density throughout a
macroscopic bulk window. It also implies shift invariance for subsequential microscopic
limits of the point-source laws.

These results leave several natural problems open.

5.1 Multi-site local limits

The local-density theorem identifies one-site marginals. A natural next step is to
prove convergence of finite-dimensional marginals for the point-source laws. This
would address the full microscopic limit conjecture for the one-dimensional point-
source aggregate. Such a result would need estimates on correlations between sleeping

indicators at multiple sites, not only control of their average density.
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5.2 Hyperuniformity and correlations

Levine and Silvestri’s universality program predicts strong negative correlations and
hyperuniformity in critical activated random walk states [15]. The point-source local-
density theorem is compatible with this picture but does not estimate variances of
particle counts. Proving sub-volume-order variance bounds for large windows remains

a central challenge.
5.3 Higher-dimensional analogues

The methods in Chapter 4 use one-dimensional IDLA structure in an essential way.
A higher-dimensional analogue would require a replacement for the one-dimensional
coupling of IDLA clusters started from neighboring sources. One possible direction is
to control how harmonic measure on a large IDLA boundary changes when the source

is moved by one lattice step.
5.4 Other routes to the critical state

Another direction is to compare local limits obtained from the point-source, driven-
dissipative, fixed-energy, and wake-chain formulations. The equality of critical densities
in one dimension is now known, but equality of the limiting local measures remains
largely open. Establishing such equivalence would turn density-level universality into

full distributional universality.
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