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Research in algebraic geometry has interfaces with other fields, such as matrix theory, combi-

natorics, and convex geometry. It is a branch of mathematics that studies solution to systems

of polynomial equations and inequalities. This dissertation consists of three projects, all of

which use techniques from matrix theory, convex geometry and symbolic computation to

approach problems in algebraic geometry.

In the first chapter we introduce some of the necessary background in classical, convex and

real algebraic geometry. We also introduce the principal minor problem and its applications.

In the second chapter we study the image of the principal minor map of symmetric matri-

ces. The principal minor map is the map that assigns to each n×n matrix the 2n-vector of its

principal minors. By exploiting a connection with symmetric determinantal representations,

we characterize the image of the subspace of symmetric matrices through the condition that

certain polynomials coming from the so-called Rayleigh differences are squares in the polyno-

mial ring over any unique factorization domain R. In almost all cases, one can characterize

this image using the orbit of Cayley’s hyperdeterminant under the action of (SL2(R))noSn.

Over C, this recovers a characterization of Oeding from 2011, and over R, the orbit of a

single additional quadratic inequality suffices to cut out the image.



In the third chapter we explore determinantal representations of multiaffine polynomials

and consequences for the image of various spaces of matrices under the principal minor map.

We show that a real multiaffine polynomial has a definite Hermitian determinantal represen-

tation if and only if all of its Rayleigh differences factor as Hermitian squares and use this

characterization to conclude that the image of the space of Hermitian matrices under the

principal minor map is cut out by the orbit of finitely many equations and inequalities under

the action of (SL2(R))n o Sn. We also study such representations over more general fields

with quadratic extensions. Factorizations of Rayleigh differences prove an effective tool for

capturing subtle behavior of the principal minor map. In contrast to the Hermitian case, we

give examples to show over any field F, there is no finite set of equations whose orbit under

(SL2(F))noSn cuts out the image of n×n matrices under the principal minor map for every n.

In the fourth chapter we study the variety of the space of complete quadrics. It is the

space of nondegenerate quadrics, representing nonsingular quadrics, in addition to the so-

called degenerate quadrics. We aim at generalizing the space of complete quadrics associated

to any hyperbolic polynomial. To any homogeneous polynomial h we naturally associate a

variety Ωh which maps birationally onto the graph of the gradient map ∇h and which agrees

with the space of complete quadrics when h is the determinant of a generic symmetric matrix.

We give a sufficient criterion for Ωh being smooth which applies, for example, when h is an

elementary symmetric polynomial. In this case Ωh is a smooth toric variety associated to a

certain generalized permutohedron. We also give examples when Ωh is not smooth.
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Chapter 1

INTRODUCTION

In this chapter we introduce some of the necessary background on classical and convex

algebraic geometry that will be used in this thesis.

1.1 Classical Algebraic Geometry

Algebraic geometry is the study of algebraic equations and their sets of solutions or varieties.

It combines the visualization of geometry and the accurateness of algebra. Oscar Zariski

considered it as

the best things that has happened to commutative algebra in a long time.

In this section we give a brief introduction to the basic concepts of classical algebraic geometry

with focus on the theorems that will be used later in this thesis. The reader is referred to

[9, 20, 37, 64] for a more thorough introduction. Through out this chapter we will denote by

F any field, K any algebraically closed field and by K[x1, . . . , xn] the polynomial ring over K

in the variables x1, . . . , xn.

1.1.1 Affine Varieties and Regular Maps

We will start with some basic definitions.

Definition 1.1.1. Let I be an ideal of K[x1, . . . , xn]. The algebraic variety V(I) is the set

of common zeros of the polynomials in I:

V(I) = {a ∈ Kn : f(a) = 0 for all f ∈ I} .
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Any variety V can be defined as the vanishing set of a finite set of polynomials, by the

Hilbert basis theorem.

Theorem 1.1.2. (Hilbert Basis Theorem) Any ideal I ⊆ K[x1, . . . , xn] is finitely gener-

ated. That is, there exists f1, . . . , fm ∈ K[x1, . . . , xn] such that

I = 〈f1, . . . , fm〉 =

{
m∑
i=1

hifi : hi ∈ K[x1, . . . , xn]

}
.

The algebraic varieties define a topology on Kn. Unlike the Euclidean topology, all

nonempty open sets in this topology are dense and thus it is far from being Hausdorff.

Definition 1.1.3. The Zariski topology is a topology on Kn where the closed sets are the

algebraic varieties and the open sets are their complements.

To each subset X ⊂ Kn, we associate an ideal I(X) ⊂ K[x1, . . . , xn] defined by

I(X) = {f ∈ K[x1, . . . , xn] : f(a) = 0 for all a ∈ X} .

In particular, if J is an ideal and V(J) is its corresponding variety, then I(V(J)) equals

the radical of J . This is one of the fundamental theorems of algebraic geometry, called

Hilbert’s Nullstellensatz.

Definition 1.1.4. The radical of an ideal I ⊆ K[x1, . . . , xn], denoted by
√
I, is defined as

√
I = {f ∈ K[x1, . . . , xn] : fm ∈ I for some m ∈ N} .

Theorem 1.1.5. (Hilbert’s Nullstellensatz) For any ideal J ⊆ K[x1, . . . , xn],

I(V(J)) =
√
J.

We associate to each variety V a coordinate ring K[V ], which is the ring of polynomial

functions of Kn restricted to V .

Definition 1.1.6. The coordinate ring of an algebraic variety V is defined by

K[V ] = K[x1, . . . , xn]/I(V ).
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We denote by K(V ) the field of fractions of K[V ].

Definition 1.1.7. The field of rational functions on an algebraic variety V is defined by

K(V ) =

{
f

g
: f, g ∈ K[V ], g 6≡ 0 and

f

g
=
h

`
⇐⇒ f`− hg ∈ I(V )

}
.

An element f in K(V ) is called a rational function.

Definition 1.1.8. A rational function f ∈ K(V ) is regular at a point p in Kn, if there

exists an open neighborhood U of p and g, h ∈ K[V ] such that f = g/h on U and h(q) 6= 0

for all q ∈ U . We say that f is regular on U if f is regular at each point p ∈ U .

Definition 1.1.9. Let X ⊂ Kn and Y ⊂ Km. A rational map ϕ : X 99K Y is a map

ϕ : X 99K Km given by ϕ(x) = (f1(x), . . . , fm(x)) ,

where each fi is a rational function and such that ϕ(X) ⊆ Y . The map ϕ is dominant if

ϕ(X) is Zariski-dense in Y .

Definition 1.1.10. Let X and Y be two varieties. A birational map ϕ : X 99K Y is a

dominant rational map such that there exists another dominant rational map ψ : Y 99K X

such that ϕ ◦ ψ = idY and ψ ◦ ϕ = idX . The varieties X and Y are called birationally

equivalent in this case.

Definition 1.1.11. Let X and Y be affine varieties and let U ⊆ X be an open subset. A

morphism ϕ : U −→ Y is a rational map ϕ : X 99K Y such that ϕ is regular on U . If there

exists W an open subset of Y such that ϕ(U) ⊆ W and a morphism ψ : W −→ X such that

ψ(W ) ⊆ U , then ϕ is called an isomorphism.

An example of a morphism that will be discussed in-depth in Chapter 2 is the principal

minor map.

Example 1.1.12. Consider the map ϕ : C(n+1
2 ) −→ C2n which takes an n × n complex

symmetric matrix to the length-2n vector of its principal minors. We call this the principal
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minor map. The map ϕ is a morphism, since it is defined by polynomial functions. The

image is closed [41] and hence it defines a variety whose defining equations are the main

object of study of Chapter 2.

1.1.2 Projective Varieties

In this section, we will extend the affine space Kn and add the “points at infinity”.

Definition 1.1.13. Projective n-space over K, denoted by Pn, is the set of lines in Kn+1

that passes through the origin. In other words

Pn =
(
Kn+1 \ {0}

)
/ ∼

where (a0, . . . , an) ∼ (b0, . . . , bn) if (a0, . . . , an) = λ(b0, . . . , bn) for some λ ∈ K∗. The equiv-

alence class of an element (a0, . . . , an) will be denoted by (a0 : . . . : an) and will denote the

homogeneous coordinates of a point in Pn.

To build an algebro-geometric dictionary, similar to the affine case, we will start by

defining the homogeneous polynomials and then homogeneous ideals. These ideals will be

the key ingredients in defining projective varieties.

Definition 1.1.14. A polynomial f ∈ K[x1, . . . , xn] is called homogeneous of degree d if

all the monomials in this polynomial have degree d. In other words

f(λx1, . . . , λxn) = λdf(x1, . . . , xn) for all λ ∈ K.

Definition 1.1.15. A polynomial f ∈ K[x1, . . . , xn] has multidegree d = (d1, . . . , dn) if

degxi(f) = di for each i = 1, . . . , n.

Definition 1.1.16. A polynomial f ∈ K[x1, . . . , xn, y1, . . . , yn] is called multi-homogeneous

in (x1,y1), . . . , (xn,yn) if f is homogeneous in each pair of variables xi, yi.

Example 1.1.17. Consider the polynomial f ∈ R[x1, x2, y1, y2] defined by

f(x1, x2, y1, y2) = x1x2 − x1y2 + 2x2y1 − 3y1y2.
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f has total degree 2 and multi-degree d = (1, 1, 1, 1). It is a homogeneous polynomial and it

is multi-homogeneous in the variables (x1, y1) and (x2, y2). The polynomial f is an example

of a special class of polynomials called multiaffine polynomials that will be used heavily in

this thesis.

Definition 1.1.18. A polynomial f ∈ K[x1, . . . , xn] is called multiaffine if it has multi-

degree d = (d1, . . . , dn) where each di ≤ 1.

Definition 1.1.19. A homogeneous ideal I ⊂ K[x1, . . . , xn] is an ideal that is generated

by homogeneous polynomials.

Definition 1.1.20. The projective variety V(J) of a homogeneous ideal J in K[x1, . . . , xn]

is the zero set of J , that is

V(J) = {(a0 : . . . : an) ∈ Pn : f(a0, . . . , an) = 0 for all f ∈ J} .

As in the affine case, we define the Zariski topology on Pn by declaring that the projective

varieties are closed. We also define the homogeneous coordinate ring of a projective

variety V as

K[V ] = K[x0, . . . , xn]/I(V ),

where I(V ) is the ideal of homogeneous polynomials that vanishes on V . The field of

rational functions K(V ) is defined as

K(V ) =

{
f

g
: f, g ∈ K[V ] such that f and g are homogeneous of same degree

}/
∼

where f1/g1 ∼ f2/g2 if and only if f1g2 − f2g1 ∈ I(V ). For two projective varieties X ⊂ Pn

and Y ⊂ Pm, we define a rational map ϕ : X 99K Y as

ϕ : X 99K Pm given by x −→ (f0(x) : . . . : fm(x))

where the image of ϕ is a subset of Y . We say ϕ is regular at a point P ∈ Pn, if there exist

rational functions fi ∈ K(X) that are regular at P and fi(P ) 6= 0 for some i. We define
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dominant, rational, and birational maps as in the affine case. An example of a morphism

map that will be used in Chapter 4 is the gradient map of a homogeneous polynomial

h ∈ R[x1, . . . , xn].

Example 1.1.21. For a homogeneous polynomial h ∈ R[x1, . . . , xn], consider the map

∇h : Pn−1 99K Pn−1 defined by p 99K

(
∂h

∂x1

(p) : · · · : ∂h

∂xn
(p)

)
.

The map ∇h is regular at any point p ∈ Pn−1 such that p /∈ V (h).

Definition 1.1.22. A projective variety X is called rational if X is birational to Pdim(X).

An example of a rational variety that will be used in Chapter 2 is the variety of the special

linear group defined over C and denoted by SL2(C), this is the group of 2× 2 matrices over

C with determinant one.

Example 1.1.23. Consider the rational map

ϕ : C3 99K SL2(C) ⊂ C4 given by (a, b, c) 99K

(
a, b, c,

1 + bc

a

)
.

Then ϕ defines a birational map between SL2(C) and C3 and so SL2(C) is a rational variety.

Next we give one of the fundamental theorems in computational algebraic geometry

that will be used later in Chapter 3. For more in-depth introduction about computational

algebraic geometry, the reader is referred to [20, 39].

Theorem 1.1.24. (The Projective Elimination Theorem) Let V = V(I) ⊂ Kn+m for

some ideal I ⊂ K[x1, . . . , xn, y1, . . . , ym]. Let In = I ∩K[y1, . . . , ym], then

V(In) = π
(
V
)

where π : Pn ×Km −→ Km is the projection and V ⊂ Pn ×Km is the Zariski closure of the

image of V under the embedding Kn+m ↪→ Pn ×Km.
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1.2 Convexity

1.2.1 Convex Sets

In this section we introduce the basic concepts from the theory of convexity with focus on

the theorems and definitions needed for Chapter 4. We refer the reader to [28, 65] for more

details.

Definition 1.2.1. A set C ⊂ Rn is called convex, if for all x, y ∈ C and 0 ≤ λ ≤ 1

λx+ (1− λ)y ∈ C.

The intersection of an arbitrary collection of convex sets is convex.

Definition 1.2.2. The convex hull of a setX is the intersection of all convex sets containing

X. In other words, it is the convex combinations of points of X

conv(X) =

{
m∑
i=1

λixi :
m∑
i=1

λi = 1, λi ∈ R≥0 and xi ∈ X

}
.

Definition 1.2.3. A hyperplane of Rn is a subset H ⊂ Rn such that

H = {x ∈ Rn : 〈a, x〉 = c}

for some a ∈ Rn and c ∈ R.

A fundamental example of convex sets is a convex polyhedron which is a set of the

form

{x ∈ Rn : 〈ai, x〉 ≤ ci for 1 ≤ i ≤ m}

where ai ∈ Rn and ci ∈ R. A bounded polyhedron is called a polytope.

Definition 1.2.4. A face F of a convex set C ⊂ Rn is a convex subset of C such that for

every pair x, y ∈ C, if any convex combination of x and y, that is not x or y, belongs to F ,

then x and y belong to F . A face is called exposed if F = C ∩H for some hyperplane H.

A vertex is a face of dimension zero. An edge is a face of dimension one.
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Definition 1.2.5. For any two sets S and T in Rn, the Minkowski sum of S and T is

S + T = {x+ y : x ∈ S, y ∈ T}.

⊕
=

Figure 1.1: The Minkowski sum of a square and a circle

Definition 1.2.6. For k ≥ 0, the k-multiple of a polytope P = conv(S) is defined as

kP = conv(kS), where we multiply the coordinates of each s ∈ S by k.

Theorem 1.2.7. A convex polytope P has a finite number of vertices and it is the convex hull

of these vertices. Conversely, the convex hull of a finite set of vertices is a convex polytope.

A polytope whose vertices all have integer coordinates is called a lattice polytope. We

will discuss such polytopes in-depth in Chapter 4. One of the fundamental examples of

lattice polytopes is the Newton polytope of a polynomial f .

Example 1.2.8. Let f =
∑m

i=1 cix
ai ∈ K[x] where x = (x1, . . . , xn) and ai ∈ Zn≥0. The

Newton polytope of f is defined by

Newt(f) = conv{ai : ci 6= 0}.

Two special types of polytopes play a dominant role in the construction of toric varieties.
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Definition 1.2.9. A lattice polytope P is called very ample if, for sufficiently large k, all

lattice points in kP are sums of k lattice points of P .

Definition 1.2.10. An n-dimensional lattice polytope P is smooth if each vertex v of P is

connected to exactly n edges with lattice points closest to v denoted by v1, . . . , vn and the

vectors {v − vi : i = 1, . . . , n} form a basis for the lattice spanned by P ∩ Zn.

Proposition 1.2.11. Every smooth full-dimensional polytope is very ample.

1.2.2 Convex Cones

Definition 1.2.12. A set C ⊂ Rn is called a convex cone if for all x, y ∈ C and λ, µ ∈ R≥0

λx+ µy ∈ C.

Definition 1.2.13. The conical hull of a set X is the intersection of all convex cones

containing X. In other words, it is the conical combination of the points of X

Cone(X) =

{
m∑
i=1

λixi : λi ≥ 0 and xi ∈ X

}
.

An example of a convex cone that will be used in Chapter 4 is the cone of positive

semi-definite matrices. A real symmetric matrix is called positive semi-definite if all its

eigenvalues are nonnegative. Such symmetric matrices form the positive semi-definite cone.

A lattice cone, in some books referred to as rational cone, is the conical hull of a finite

subset of Zn. The theory of toric varieties is based on the concept of lattice cones. To each

convex cone C we associate a dual cone.

Definition 1.2.14. The dual cone of a convex cone C is denoted by C∗ and is defined by

C∗ = {c ∈ Rn : 〈c, x〉 ≥ 0 for all x ∈ C} .

The dual of the positive semi-definite cone for instance, is the positive semi-definite cone

itself and we say that the positive semi-definite cone is self-dual.



10

1.3 Convex Algebraic Geometry

This part is about the interplay of algebraic geometry and convex geometry. Many alge-

braic geometric theorems are proved using combinatorial geometric facts. In the theory

of toric varieties for instance, the geometry of the variety is completely determined by the

combinatorics of the associated polyhedron.

1.3.1 Toric Varieties

Here we give a very brief introduction of toric varieties, following the survey [51]. For more

detailed references the reader is referred to [23, 29, 65]. We will start by defining an algebraic

torus which is an essential ingredient in constructing toric varieties.

Definition 1.3.1. An algebraic torus denoted by T is an affine variety that is isomorphic

to (C∗)n, where T inherits the group structure defined on (C∗)n by the component-wise

multiplication.

We will refer to an algebraic torus simply by a torus. To each torus, we associate two

lattices M and N that are dual, that is M = HomZ(N,Z).

Definition 1.3.2. A character of a torus T is an algebraic group homomophism

χ : T −→ C∗.

The characters of a torus T form a lattice M ∼= Zn, with the addition operation

χ1 + χ2 : T −→ C∗ defined by t −→ χ1(t)χ2(t).

All characters of a torus have a unique form.

Proposition 1.3.3. All the characters of a torus T are of the form:

T −→ C∗ given by (t1, . . . , tn) −→ ta11 · · · tann

for some (a1, . . . , an) ∈ Zn.
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Definition 1.3.4. A one-parameter subgroup of a torus T is an algebraic group homo-

morphism

ψ : C∗ −→ T.

The set of one-parameter subgroups of T ∼= (C∗)n form a lattice N ∼= Zn.

Proposition 1.3.5. All one-parameter subgroups of a torus T are of the form

C∗ −→ T given by t −→ (tb1 , . . . , tbn)

for some (b1, . . . , bn) ∈ Zn.

Proposition 1.3.6. Given a group homomorphism

ϕ : T1 −→ T2 with ϕ(t) = (ta1 , . . . , tam),

the image of ϕ is a torus in T2 with a character lattice generated by {a1, . . . , am}.

Now we are ready to define the affine toric variety

Definition 1.3.7. An affine toric variety denoted by YA, is the Zariski closure of the

image of the following map

T −→ Cm given by t −→ (ta1 , . . . , tam)

where A = {a1, . . . , am} ⊂M is the character lattice associated to T .

Example 1.3.8. The varieties Cn and (C∗)n are toric varieties.

All the toric varieties defined in this thesis are projective and constructed from smooth

polytopes, therefore we will focus on such varieties.

Definition 1.3.9. Let T be a torus with two lattices M and N as defined above. A pro-

jective toric variety is the Zariski closure of the image of the map

ϕ : T −→ (C∗)n ⊂ Pn−1 given by t −→ (ta1 : · · · : tan)

for some A = {a1, . . . , an} ⊂M .
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We note from the definition that each lattice polytope P gives a projective toric variety

XP . The very ample polytopes give special types of projective varieties.

Theorem 1.3.10. Let P be a lattice polytope. P is very ample in the lattice it spans if and

only if the set of lattice points in P define a normal projective toric variety XP .

The smoothness of a toric variety is determined by the smoothness of its polytope.

Theorem 1.3.11. Let P be a full-dimensional polytope. The variety XP is smooth if and

only if P is smooth.

1.3.2 Determinantal Representations and Hyperbolicity

Determinantal polynomials are polynomials that can be expressed as determinants of a ma-

trix with linear entries. The problem of characterizing such polynomials is a classical problem

of study [8, 24].

Definition 1.3.12. A polynomial p is determinantal if it can be written as

p = det(M0 +M1x1 + · · ·+Mnxn) for some matrices M0, . . . ,Mn with entries in C.

We say p is symmetric (Hermitian) determinantal if Mi is symmetric (Hermitian) for

each i.

Example 1.3.13. Consider the symmetric polynomial f ∈ R[x1, x2, x3, x4]

f = x1x2x3x4 − (x1x2 + x1x3 + x1x4 + x2x3 + x2x4 + x3x4) + 2(x1 + x2 + x3 + x4)− 3.

As we will see in Chapter 2, f is symmetric determinantal since f can be written as

f = det


x1 1 1 1

1 x2 1 1

1 1 x3 1

1 1 1 x4

 .
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Determinantal polynomials play fundamental role in many mathematical areas. See for

instance [36, 40, 70]. In this thesis, we study their application to the principal minor assign-

ment problem 1.5. They also form important examples of hyperbolic polynomials. These are

an interesting class of real multivariate polynomials that have many applications to different

fields of mathematics. See for instance [36, 48, 61].

Definition 1.3.14. A homogeneous polynomial h ∈ R[x1, . . . , xn] of degree d is called hy-

perbolic with respect to a point e ∈ Rn if h(e) 6= 0 and all the roots of the univariate

polynomial h(te+ a) ∈ R[t] are real for all a ∈ Rn.

Helton and Vinnikov [40] prove that hyperbolicity is a necessary and sufficient condition

for a plane curve to be definite determinantal. However, this fails for polynomials in more

variables [15]. The connected component of Rn \ V(h) that contains e is a cone and is

called the hyperbolicity cone of h. For more details, see [14]. We will discuss these

polynomials in-depth in Chapter 4. A polynomial that is hyperbolic with respect to any

point in the positive orthant Rn
≥0 is called stable. See [71] for an in-depth survey about

stable polynomials and their applications.

Definition 1.3.15. Let H = {z ∈ C : Im(z) > 0}. A polynomial f ∈ C[x1, . . . , xn] is called

stable if f ≡ 0 or f(z) 6= 0 for all z = (z1, . . . , zn) ∈ Hn.

Example 1.3.16. The polynomial f defined by

f(x1, x2, x3) = x1x2x3 − x1 − x2 − x3 + 2

is definite determinantal. It can be written as

f(x1, x2, x3) = det


x1 1 1

1 x2 1

1 1 x3

 .

It is also stable.

Brändén [13] uses Rayleigh differences to characterize multiaffine stable polynomials.
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Figure 1.2: The real variety of the stable polynomial f in Example 1.3.16

Definition 1.3.17. Let f ∈ R[x1, . . . , xn]. The Rayleigh difference of f with respect to

the variables xi and xj is defined as

∆ij(f) =
∂f

∂xi

∂f

∂xi
− ∂2f

∂xi∂xj
f.

Theorem 1.3.18 (Theorem 5.6,[13]). Let f ∈ R[x1, . . . , xn] be multiaffine. Then f is stable

if and only if ∆ij(f)(a) is nonnegative for all a ∈ Rn.

Kummer, Plaumann and Vinzant [48] use Rayleigh differences to characterize real mul-

tiaffine symmetric determinantal polynomials. We will use these polynomials extensively

in Chapters 2 and 3 to characterize multiaffine symmetric and Hermitian determinantal

polynomials.

1.4 Real Algebraic Geometry

The main objects of study of real algebraic geometry are called semialgebraic sets. These

are the solutions sets of polynomial equations and inequalities. Real algebraic geometry has

many applications to optimization and convex algebraic geometry. See [56] for a survey in

this field and [10] for an in-depth introduction.
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Definition 1.4.1. A basic closed semialgebraic set S is a subset of Rn that can be

written in the form

S = {p ∈ Rn : f1(p) ≥ 0, . . . , fm(p) ≥ 0}

for some polynomials f1, . . . , fm ∈ R[x1, . . . , xn].

Definition 1.4.2. A semialgebraic set is obtained from a finite number of unions, inter-

sections and complements of basic closed semialgebraic sets.

Example 1.4.3. A fundamental example of a basic semialgebraic set in the field of opti-

mization is the spectrahedron. A spectrahedron S is a subset of Rn defined by

S = {x ∈ Rn : A0 + A1x1 + · · ·+ Anxn � 0}

where Ai is a real symmetric matrix for each i = 0, . . . , n. The spectrahedron S is a basic

closed semialgebraic set since it can be defined as the solution set of the inequalities formed

by the principal minors being nonnegative. A spectrahedron of n × n positive semidefinite

matrices with diagonal entries equal one is known as the elliptope. An example of the case

n = 3 is displayed in Figure 1.3{
(x, y, z) ∈ R3 :

(
1 x y

x 1 z

y z 1

)
� 0

}
.

Figure 1.3: The 3× 3 Elliptope
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1.5 The Principal Minors Problem

Through out this thesis we will denote by R any commutative ring and [n] the set {1, . . . , n}.

Let S ⊆ [n] and A ∈ Rn×n. The principal minor of A indexed by S and denoted by AS is

the determinant of the submatrix of A indexed on the columns and rows by S. The principal

minor map is the map that assigns to each matrix A a 2n-length vector of its principal minor,

where we assume that A∅ = 1, namely

ϕ : Rn×n −→ R2n given by ϕ(A) =
(
A∅, A1, . . . , A[n]

)
.

1.5.1 Historical Background

The principal minor map problem has been studied and considered in different versions over

time. One version of this problem is to study the relations among the principal minors of

a matrix. This dates back to the 19th century, when Nanson [55] and Muir [53] studied

the principal minors of 4 × 4 symmetric and general matrices, respectively, using the cycle

sums. More than hundred years later, Holtz and Sturmfels [41] consider this problem where

they give a partial characterization of the image of the principal minor map over R using

Hadamard-inequalities and conjectured that the image is cut out by the orbit of one equation

called the Hyperdeterminant under the action of SL2(R)noSn. This conjecture was resolved

set-theoretically by Oeding [57] in 2011 using techniques from representation theory and

algebraic geometry. In Chapter 2 we reprove and generalize this result using tools from

symbolic computation and classical algebraic geometry.

The general case however remains mysterious. Lin and Sturmfels completed Muir’s work

[53]. They prove that the image is closed, give an explicit list of generators for the ideal

of polynomials vanishing on this image for 4× 4 complex matrices, and conjecture that for

any n × n matrix, the image is cut out by equations of degree 12. Huang and Oeding [42]

solve this conjecture in the special case where all principal minors of same size are equal (the

symmetrized principal minor assignment problem) where they use the cycle sums in their

approach. They provide a minimal parametrization of the respective varieties in the cases of
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symmetric, skew symmetric and square complex matrices. Kenyon and Pemantle [44] adjust

the principal minor map by adding the almost principal minors to the vector in the image

and show that the ideal of the variety in this case is generated by translations of a single

relation using rhombus tilings. We will discuss the general case in-depth in Chapter 3 .

A related problem is to understand the fiber of this map. More explicitly: what is the

relationship between two matrices with entries in a field F and having equal corresponding

principal minors? This remains also open in the general case. In the symmetric case, it was

solved by Engel and Schneider [27]. In 1984 Loewy and Hartfiel [38] and then Loewy [50]

gave sufficient conditions for two general matrices A and B to be diagonally similar and

hence to belong to the same fiber, and they provided examples to prove that the converse

is not true. Boussaıria and Cherguia [1] give a characterization of the fiber in the skew

symmetric case in the special case where all non-diagonal entries are nonzero.

Another interesting problem is the problem of finding an efficient algorithm for recon-

structing the matrix given the vector of its principal minors. Griffin and Tsatsomeros [34, 35]

give a numerical algorithm that reconstructs a preimage, if it exists, over C. Rising, Kulesza

and Taskarc [62] provide an efficient algorithm for reconstruction in the symmetric case.

Brunel, Moitra, Rigollet and Urschel [67] use the graph cycle to reconstruct symmetric ma-

trices with increased efficiency.

1.5.2 Applications of the Principal Minor Problem

The principal minor map problem has many applications and in different fields, including

statistical models, machine learning, combinatorics and matrix theory. One of its fundamen-

tal applications is to Determinantal Point Processes (DPP). These are probabilistic models

that arise naturally in the study of random matrix theory [43] and machine learning [19, 31].

One way to define a DPP (or what is known as symmetric DPP) is through an n×n positive

semi-definite matrix whose eigenvalues lie in the interval [0, 1] and which is known as the the

kernel of the model. The DPP associated to such matrix K is given by the distribution on
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Y ⊆ [n] such that

P[J ⊆ Y ] = det (KJ)

for any J ⊆ [n]. Symmetric DPPs have attracted a lot of attention as they reflect repulsive

behavior in modeling. For more in-depth details the reader is referred to [2, 12, 26, 47, 67].

Recently the case of non-symmetric kernel has started to get more attention in order to

model both repulsive and attractive interactions, which can significantly improve modeling

power [6, 17, 30].
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Chapter 2

CHARACTERIZING PRINCIPAL MINORS OF SYMMETRIC
MATRICES VIA DETERMINANTAL MULTIAFFINE

POLYNOMIALS

The work presented in this chapter is based on a joint project with Cynthia Vinzant [4]

2.1 Introduction

In this chapter we will restrict the map of pricipal minors to the space of symmetric matrices

Symn(R):

ϕ : Symn(R)→ R2n given by ϕ(A) = (AS)S⊆[n],

where we take A∅ = 1. Here we seek to characterize the image of the principal minor

map over arbitrary unique factorization domains R, and in particular, arbitrary fields. For

a background of the problem, the reader is referred to 1.5. In this chapter we generalize

Oedings result [57] to hold over arbitrary unique factorization domains, except those with

exactly three elements.

We will study this problem by associating to the matrix A the multiaffine polynomial

fA = det (diag(x1, . . . , xn) + A) =
∑
S⊆[n]

AS
∏
i 6∈S

xi.

This translates the problem of characterizing the image of the principal minor map to the

problem of characterizing multiaffine polynomials in R[x1, . . . , xn] with symmetric determi-

nantal representations. Key to this characterization will be Rayleigh differences.

The Rayleigh difference of a polynomial f with respect to i, j ∈ [n] is defined to be

∆ij(f) =
∂f

∂xi

∂f

∂xj
− f ∂2f

∂xi∂xj
. (2.1)
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These polynomials play a prominent role in the theory of stable polynomials [13]. Us-

ing Dodgson condensation [25], one can see that for the determinantal polynomial fA, all

Rayleigh differences ∆ij(fA) are squares in the polynomial ring R[x1, . . . , xn]. In 2015, Kum-

mer, Plaumann and the second author prove the converse over R [48] and here we prove it

over an arbitrary unique factorization domain.

Formally, to a = (aS)S⊆[n] in R2n we associate the polynomial fa =
∑

S⊆[n] aS
∏

i 6∈S xi.

Theorem 2.3.5. Let R be a unique factorization domain. An element a = (aS)S⊆[n] in R2n

is in the image of Symn(R) under the principal minor map if and only if a∅ = 1 and for every

i, j ∈ [n], ∆ij(fa) is a square in R[x1, . . . , xn].

For n = 3, ∆12(fa) is a quadratic polynomial in the remaining variable x3, namely

∆12(fa) = (a1a2 − a∅a12)x2
3 + (a1a23 + a2a13 − a3a12 − a∅a123)x3 + (a13a23 − a3a123).

For this polynomial to be a square, its discriminant must vanish, giving us a necessary

equation on the coefficients of fa. The discriminant of ∆12(fa) with respect to x3 equals the

well-known Cayley 2× 2× 2 hyperdeterminant,

HypDet(a) = (a1a23 + a2a13 − a3a12 − a∅a123)2 − 4(a1a2 − a∅a12)(a13a23 − a3a123)

= a2
∅a

2
123 + a2

1a
2
23 + a2

2a
2
13 + a2

3a
2
12 − 2a∅a1a23a123 − 2a∅a2a13a123 − 2a∅a3a12a123

− 2a1a2a13a23 − 2a1a3a12a23 − 2a2a3a12a13 + 4a∅a23a13a12 + 4a123a1a2a3.

The coefficients of 1 and x2
3 in ∆12(fa) are a13a23− a3a123 and a1a2− a∅a12, respectively. We

see that ∆12(fa) is a square if and only if these two coefficients are squares in R and the

discriminant, HypDet(a), is zero. One can check that Discrx3∆12(fa), Discrx2∆13(fa) and

Discrx1∆23(fa) are all the same and equal to HypDet(a). Therefore a vector a ∈ R23 with

a∅ = 1 is in the image of the principal minor map if and only if HypDet(a) = 0 and for every

i, j ∈ [3] with {k} = [3]\{i, j}, both aikajk − akaijk and aiaj − a∅aij are squares in R.

Our main result is that, under the action of SL2(R)n o Sn, these conditions characterize

the image of the principal minor map for general n.
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Theorem 2.5.1. Let R be a unique factorization domain with |R| 6= 3 and a = (aS)S⊆[n] ∈

R2n with a∅ = 1. There exists a symmetric matrix over R with principal minors a if and

only if

(i) for every i, j ∈ [n], aiaj − aij is a square in R, and

(ii) for every γ ∈ SL2(R)n o Sn, (γ · HypDet)(a) = 0.

While the description in (ii) involves a potentially infinite set of quartic polynomials, we

give an explicit set of
(
n
3

)
5n−3 elements γ ∈ SL2(R)noSn that are necessary and sufficient in

this characterization (see Remark 2.5.2). As observed in [58, Observation III.15], when R is a

field of characteristic zero, this is precisely the dimension of the linear space in R[aS : S ⊆ [n]]

spanned by the polynomials (γ · HypDet)(a).

As a corollary of Theorem 2.5.1, we obtain another proof of Oeding’s result over C:

Corollary 2.5.3. Let a = (aS)S⊆[n] ∈ C2n with a∅ = 1. Then a belongs to the image of the

principal minor map over C if and only if for every γ ∈ SL2(C)n o Sn, (γ · HypDet)(a) = 0.

We also get a semialgebraic description of the image of the principal minor map over R.

Corollary 2.5.4. Let a = (aS)S⊆[n] ∈ R2n with a∅ = 1. Then a belongs to the image of the

principal minor map over R if and only if for every i, j ∈ [n], aiaj − aij ≥ 0 and for every

γ ∈ SL2(R)n o Sn, (γ · HypDet)(a) = 0.

For real symmetric matrices, the inequalities AiAj − Aij ≥ 0 are a subset of the well-

known Hadamard-Fischer inequalities AS∪iAS∪j − ASAS∪ij ≥ 0, which were also used by

Holtz and Sturmfels in a partial characterization of the image of the principal minor map

over R, [41, Theorem 6]. Corollary 2.5.4 states that these inequalities and the equations

given by the images of the 2×2×2 hyperdeterminant under SL2(R)noSn cut out the image

of the principal minor map over R. The image of the principal minor map over R is of special

interest, as for positive semidefinite matrices A, the discrete probability measure on 2[n] given
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by Prob(S) ∝ AS forms a determinantal point process. These distributions have several nice

properties, such as negative association, and appear in a wide range of applications [11, 46].

Over fields of characteristic two, the discriminant of a univariate quadratic is a square.

From Theorem 2.5.1, we then recover the results of van Geeman and Marrani [68] that the

image is cut out by quadratic equations:

Corollary 2.5.5. Let a = (aS)S⊆[n] ∈ R2n with a∅ = 1 where R has characteristic two.

There exists a symmetric matrix over R with principal minors a if and only if

(i) for every i, j ∈ [n], aiaj − aij is a square in R, and

(ii) for every γ ∈ SL2(F2)n o Sn, γ · (a∅a123 + a1a23 + a2a13 + a3a12) = 0.

In particular, for R = F2, (i) is always satisfied and the image of the principal minor map is

cut out by the quadratic equations in (ii).

The chapter is organized as follows. In Section 2.2, we establish notation and introduce

the action of SL2(R)n o Sn. In Section 2.3, we establish the connection between square

Rayleigh differences and determinantal representations and prove Theorem 2.3.5. In Sec-

tion 2.4, we use the group action of SL2(R)n o Sn to characterize the set multiquadratic

squares in R[x1, . . . , xn] and use this to characterize the image of the principal minor map

in Section 2.5. To conclude, in Section 3.5, we discuss some consequences for other determi-

nantal representations as well as connections to the Grassmannian GrF(d, n) over arbitrary

fields.

2.2 Background and notation

Throughout the chapter, we take R to be a unique factorization domain. Let R[x] denote

the polynomial ring R[x1, . . . , xn]. For α = (α1, . . . , αn) ∈ Nn and S ⊆ [n], we use the

notation xα for
∏n

i=1 x
αi
i and xS for

∏
i∈S xi. For f ∈ R[x], let degi(f) denote the degree

of f in the variable xi. Given d = (d1, . . . ,dn) ∈ Zn≥0, let R[x]≤d denote the set of poly-

nomials with degree at most di in xi for each i = 1, . . . , n. These form an R-module of



23

rank
∏n

i=1(di + 1). When d1 = . . . = dn = m, we abbreviate R[x]≤(m,...m) by R[x]≤m. Of

particular interest are multiaffine polynomials, R[x]≤1, with degree ≤ 1 in each variable, and

multiquadratic polynomials, R[x]≤2, with degree ≤ 2 in each variable. We will often consider

multi-homogenezations of these polynomials. Let R[x,y]d denote the set of polynomials in

the variables x1, . . . , xn and y1, . . . , yn that are homogeneous of degree di in each pair of

variables xi, yi. For f =
∑

α cαx
α, let fd−hom in R[x,y]d denote the polynomial

fd−hom =
n∏
i=1

ydii · f (x1/y1, . . . , xn/yn) =
∑
α

cαx
αyd−α.

To a polynomial f ∈ R[x]≤2, its discriminant with respect to any variable xk, denoted

Discrxk(f), equals b2−4ac where f = ax2
k + bxk + c and a, b, c do not involve the variable xk.

Similarly, for a multiquadratic polynomial f ∈ R[x,y]2, we can write f = ax2
k + bxkyk + cy2

k

and define its discriminant with respect to (xk, yk) to be Discr(xk,yk)(f) = b2 − 4ac.

The symmetric group acts on R[x] by permuting the variables. That is, for π ∈ Sn,

π · f equals f(xπ(1), . . . , xπ(n)). The action of SL2(R)n on R[x]≤d is defined as follows. Let

γ = (γi)i∈[n] in SL2(R)n where γi =
(
ai bi

ci di

)
. Then for f ∈ R[x]≤d,

γ · f =
n∏
i=1

(cixi + di)
di · f

(
a1x1 + b1

c1x1 + d1

, . . . ,
anxn + bn
cnxn + dn

)
.

One way to interpret this action is via the multi-homogenezation of f . The induced action

of γ on fd−hom is just an R-linear change of coordinates:

γ · fd−hom = fd−hom

γ1 ·

x1

y1

 , . . . , γn ·

xn
yn

 .

Restricting to y1 = . . . = yn = 1 gives back γ · f . Similarly, we can extend the action

of Sn to R[x,y]d by simultaneous permutations of the xi and yi coordinates, i.e. π · f =

f(xπ(1), . . . , xπ(n), yπ(1), . . . , yπ(n)).

Note that R[x]≤1 and R2n are isomorphic R-modules, and so the action of SL2(R)noSn on

R[x]≤1 also gives one on R2n . Specifically, to an element a = (aS)S⊆[n] in R2n we associate the

multiaffine polynomial fa =
∑

S⊆[n] aSx[n]\S and to any polynomial f ∈ R[x]≤1 we associate
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the point a = (aS)S⊆[n] in R2n with aS = coeff(f,x[n]\S). Note that if A is a symmetric

matrix with aS = AS, then fa = det (diag(x1, . . . , xn) + A). For any γ ∈ SL2(R)n o Sn, we

define γ · a by the relation fγ·a = γ · fa. Similarly, we define the action of SL2(R)n o Sn on

the polynomial ring R[aS : S ⊆ [n]] by γ · F (a) = F (γ · a).

Example 2.2.1. For n = 3, consider γ =
((

0 −1

1 0

)
, Id2, Id2

)
in SL2(R)3. For any point

a = (aS)S⊆[3] ∈ R23 ,

γ ·fa = x1fa(−x−1
1 , x2, x3) =

∑
T31

aTx[3]\(T\1)−
∑
T 631

aTx[3]\(T∪1) =
∑
S 631

aS∪1x
[3]\S−

∑
S31

aS\1x
[3]\S.

Taking coefficients of γ · fa shows that (γ · a)S equals aS∪1 if 1 6∈ S and −aS\1 if 1 ∈ S. For

F (a) = a2a3 − a∅a23, we see that γ · F (a) = F (γ · a) = a12a13 − a1a123. From this we see

that the image of F under the group SL2(R)3 o S3 includes all six polynomials of the form

aiaj − a∅aij and aikajk − akaijk for {i, j, k} = {1, 2, 3}.

Proposition 2.2.2. Consider an element γ ∈ SL2(R)n that acts by
(
a b

c d

)
in the k-th

coordinate and the identity in all others. For any f ∈ R[x]≤1,

∆ij(γ · f) =

∆ij(f) if k = i, j

γ ·∆ij(f) otherwise.

Proof. For each k ∈ [n], let fk denote the derivative of f with respect to xk and let fk denote

its specialization to xk = 0. We can then write f = xkfk + fk. Then

γ · f = (axk + b)fk + (cxk + d)fk = xk(afk + cfk) + (bfk + dfk).

In particular, ∂
∂xk

(γ · f) = (afk + cfk) and (γ · f)|xk=0 = bfk + dfk.

To see how this action affects Rayleigh differences, we write the polynomial ∆ij(f) as

∆ij(f) = fifj − ffij = f ji f
i
j − f ijfij,

where f ji for example denotes ∂f
∂xi
|xj=0. If k = i, applying γ then gives

∆ij(γ · f) = (af ji + cf ij)(bfij + df ij)− (bf ji + df ij)(afij + cf ij) = (ad− bc)(f ji f ij − f ijfij),
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showing that ∆ij(f) is invariant. Another way to see this is to view ∆ij(f) as the resultant of

fj and f j with respect to xi. Note that for k 6= i, j, γ commutes with taking the derivatives

with respect to xi, xj and restricting xi, xj to zero. Therefore ∆ij(γ · f) = γ ·∆ij(f).

Corollary 2.2.3. The set of polynomials f ∈ R[x]≤1 such that ∆ij(f) is a square for all

i, j ∈ [n] is invariant under the action of SL2(R)n o Sn.

Proof. Note that the set of squares in R[x]≤2 is invariant under the action of SL2(R)n o Sn.

If g = h2 where h ∈ R[x]≤1 then for π ∈ Sn, π · g = (π · h)2. Similarly for γ ∈ SL2(R)n,

γ · g = (γ · h)2. Note here that γ acts on g as an element of R[x]≤2 and acts on h as an

element of R[x]≤1, regardless of their degrees.

First we note invariance under the symmetric group. For any π ∈ Sn, ∆ij(π · f) equals

π ·∆π−1(i)π−1(j)(f). Therefore if f has the property that ∆ij(f) is a square for all i, j, then

so does π · f . Similarly, by Proposition 2.2.2, for any γ ∈ SL2(R)n, if ∆ij(f) ∈ R[x]≤2 is a

square, then so is ∆ij(γ · f).

We will also use the usual homogenization of a polynomial to some total degree d, using a

single homogenizing variable y. That is, for f =
∑

α cαx
α ∈ R[x] of total degree d = deg(f),

its homogenization is

f = ydf (x1/y, . . . , xn/y) =
∑
α

cαx
αyd−|α| ∈ R[x, y].

To end this section, we remark that the condition that ∆ij(f) is a square is robust to various

homogenizations.

Proposition 2.2.4. Let f ∈ R[x]≤1 and let f denote the homogenization of f in R[x, y].

Then the following are equivalent

(a) ∆ij(f) is a square in R[x], (b) ∆ij(f) is a square in R[x, y],

(c) ∆ij(f) is a square in R[x, y], (d) (∆ij(f))2−hom is a square in R[x,y]2.

Proof. The implications (b)⇒(a), (c)⇒(a), and (d)⇒(a) follow from restricting to y = 1

or y1 = . . . = yn = 1. For (a)⇒(c) and (a)⇒(d), we note that if ∆ij(f) = g2 for some
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g ∈ R[x], then ∆ij(f) = (g)2 and (∆ij(f))2−hom = (g1−hom)2. For (a)⇒(b), let f ∈ R[x]≤1

with total degree d and suppose that ∆ijf = g2 for some g ∈ R[x]. Let m = deg(g).

By definition, ∆ij(f) ∈ R[x, y] is homogeneous of degree 2d − 2. Its restriction to y = 1

equals ∆ijf . Therefore ∆ij(f) equals y2d−2−2m∆ij(f), showing that ∆ij(f) can be written

as (yd−1−mg)2.

2.3 Squares to Determinantal Representations

In this section we prove Theorem 2.3.5. This relies heavily on the structure of the polynomials

∆ij(f) defined in (2.1). If f is multiaffine, then ∆ij(f) does not involve the variables xi and

xj and has degree ≤ 2 in the other variables. In particular, if ∆ij(f) = (gij)
2 for some

gij ∈ R[x1, . . . , xn], then gij does not involve the variables xi and xj and has degree ≤ 1

in the rest. We first work with more general determinantal representations in a larger ring

R[x1, . . . , xm] = R[xn+1, . . . , xm][x] with n < m.

Theorem 2.3.1. Let f ∈ R[x1, . . . , xm] be a homogeneous polynomial of degree n < m.

Suppose f is multiaffine in the variables x1, . . . , xn and its coefficient of x1 · · ·xn equals one.

Then f = det(diag(x1, . . . , xn) +
∑m

j=n+1 xjMj) for some Mj ∈ Symn(R) if and only if ∆ijf

is a square in R[x1 . . . , xm] for all 1 ≤ i, j ≤ n.

Proof of (⇒). This follows from a classical equality on the principal minors of an n × n

matrix, used by Dodgson [25] as a method for computing determinants. For subsets S, T ⊂ [n]

of equal cardinality, let M(S, T ) denote the submatrix of M obtained by dropping rows S

and columns T from M . Then for any i 6= j ∈ [n],

det(M(i, i)) ·det(M(j, j))−det(M) det(M({i, j}, {i, j})) = det(M(i, j)) ·det(M(j, i)). (2.2)

Note that for M = diag(x1, . . . , xn)+
∑m

j=n+1 xjMj and any subset S ⊆ [n], the principal mi-

nor det(M(S, S)) equals the derivative of f with respect to the variables in S,
(∏

i∈S
∂
∂xi

)
f .

The equation above then gives that ∆ij(f) equals det(M(i, j)) · det(M(j, i)). Since M is

symmetric, this shows that ∆ij(f) = (det(M(i, j)))2.
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We prove the other direction of this theorem after the following lemma.

Lemma 2.3.2. Let f ∈ R[x1, . . . , xm] be multiaffine in the variables x1, . . . , xn and its co-

efficient of x1 · · · xn equal one. If f = g · h for some g, h ∈ R[x1, . . . , xm], then g and h

are multiaffine in disjoint subsets of the variables x1, . . . , xn and we can take their leading

coefficients in these variables to be one. Moreover, ∆ijf is a square if and only if ∆ijg and

∆ijh are squares.

Proof. For any i ∈ [n], the degree of f in xi must be the sum of the degrees of g and

h in xi. Since this sum of nonnegative numbers is one for each i ∈ [n], we see that for

some subset I ⊆ [n], g is multiaffine in {xi : i ∈ I}, h is multiaffine in {xj : j 6∈ I}, and

degi(h) = degj(g) = 0 for any i ∈ I and j 6∈ I.

The highest degree term in f with respect to the variables x1, . . . , xn,
∏n

i=1 xi, is the

product of the highest degree terms in g and h. Therefore for some r, s ∈ R, these terms are

r
∏

i∈I xi and s
∏

j 6∈I xj, respectively. Since rs = 1, we can replace g with sg and h with rh

to obtain a factorization in which both have leading coefficient equal to 1.

For i ∈ I, ∂(g · h)/∂xi = h · ∂g/∂xi and similarly, for j 6∈ I, ∂(g · h)/∂xj = g · ∂h/∂xj.

From this, one can check that ∆ij(gh) equals h2∆ij(g) for i, j ∈ I, g2∆ij(h) for i, j ∈ [n]\I

and zero otherwise. In each case, we see that ∆ij(gh) is a square in R[x1, . . . , xm] if and only

if both ∆ij(g) and ∆ij(h) are squares.

Proof of Theorem 3.3.1(⇐). Let S denote the ring R[x1, . . . , xm]. Suppose that f is irre-

ducible in S. For each i ∈ [n], let gii = ∂f
∂xi

and for each i < j, suppose that ∆ijf equals

(gij)
2 for some gij ∈ S. This implies that ∂f

∂xi
· ∂f
∂xj

is equivalent to (gij)
2 modulo 〈f〉. For

1 < i < j, the polynomials (g11gij)
2 and (g1jgi1)2 are both equivalent to ( ∂f

∂x1
)2 ∂f
∂xi
· ∂f
∂xj

,

showing that

(g11gij − g1jgi1)(g11gij + g1jgi1) = (g11gij)
2 − (g1jgi1)2 ≡ 0 mod 〈f〉.

Since f is irreducible, S/〈f〉 is an integral domain. Therefore one of the two factors above

must be zero in S/〈f〉. After changing the sign of gij if necessary, we can assume that it is
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the first factor, giving that g11gij − g1jgi1 ∈ 〈f〉. Let G ∈ Symn(S) be the symmetric matrix

with (i, j)th entry gij = gji. We claim that the 2 × 2 minors of G lie in 〈f〉. Note that by

construction, for any i, j, k, l ∈ [n],

g2
11(gijgkl−gilgkj) = (g11gij)(g11gkl)−(g11gil)(g11gkj) ≡ g1ig1jg1kg1l−g1ig1lg1kg1j = 0 mod 〈f〉.

Since f is irreducible and g11 = ∂f/∂x1 has smaller degree, g11 is not a zero-divisor in S/〈f〉.

Therefore the minor gijgkl − gilgkj belongs to 〈f〉.

From this it follows that fk−1 divides the k× k minors of G for every 2 ≤ k ≤ n, see [59,

Lemma 4.7]. In particular, fn−2 divides the entries of the adjugate matrix Gadj. Let

M = (1/fn−2) ·Gadj.

Also fn−1 divides det(G), and since these both have degree n(n − 1), there must be some

constant λ ∈ R for which det(G) = λ · fn−1.

We can see that λ = 1 by specializing x` to 0 for all ` > n. For any polynomial h ∈ S, let

h(x, 0) denote the specialization of h with x` = 0 for ` = n + 1, . . . ,m. Then f(x, 0) equals

x1 · · ·xn and gii(x, 0) =
∏

j 6=i xj. Recall that gij ∈ R[xk : k 6= i, j] has total degree n − 1

and degree at most one in each variable xk for k ∈ [n]\{i, j}. Therefore every monomial

appearing in gij with non-zero coefficient must involve a variable x` for ` > n, giving that

gij(x, 0) = 0. Specializing all entries of G to x` = 0 for ` > n, gives the diagonal matrix

G(x, 0) = diag

(∏
j 6=1

xj, . . . ,
∏
j 6=n

xj

)
=

n∏
j=1

xj · diag

(
1

x1

, . . . ,
1

xn

)
.

Its determinant is
∏n

i=1 x
n−1
i which equals f(x, 0)n−1, showing that λ = 1. From this and

the equation G ·Gadj = det(G) · Idn, it follows that

det(M) =
1

fn(n−2)
· det(Gadj) =

1

fn(n−2)
det(G)n−1 =

1

fn(n−2)
f (n−1)2 = f.

Note that the entries of M have degree ≤ (n − 1)2 − n(n − 2) = 1, so we can write M as∑m
i=1 xiMi for some matrices Mi ∈ Symn(R). To finish the proof it suffices to show that
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∑n
i=1 xiMi = diag(x1, . . . , xn). Indeed, using the previous formula for G(x, 0) we see that

M(x, 0) =
1(∏n

j=1 xj

)n−2 ·

(
n∏
j=1

xj · diag

(
1

x1

, . . . ,
1

xn

))adj

=

(∏n
j=1 xj

)n−1

(∏n
j=1 xj

)n−2 ·
(

diag

(
1

x1

, . . . ,
1

xn

))adj

=
n∏
j=1

xj · diag

(∏
j 6=1

1

xj
, . . . ,

∏
j 6=n

1

xj

)

= diag (x1, . . . , xn) .

For general f , we take a factorization of f into irreducible polynomials f =
∏

k fk. By

Lemma 3.3.3, ∆ij(fk) is a square for each i, j, k and so by the arguments above, fk has a

determinantal representation of the correct form. Taking a block diagonal representation of

these representations (and permuting the rows and columns if necessary to reorder x1, . . . , xn)

gives a determinantal representation for f .

Example 2.3.3. For n = 4 and R = Z, we apply this algorithm to the symmetric quartic

f = x1x2x3x4 − (x1x2 + x1x3 + x1x4 + x2x3 + x2x4 + x3x4) + 2(x1 + x2 + x3 + x4)− 3.

For each i ∈ [4], we take gii to be ∂f
∂xi

=
∏

j 6=i xj −
∑

j 6=i xj + 2. For every i 6= j, we find

that ∆ij(f) = ∂f
∂xi

∂f
∂xj
− f ∂2f

∂xi∂xj
equals (xk − 1)2(x` − 1)2 where {k, `} = [4]\{i, j}. For

each j = 2, 3, 4, we can choose g1j = (1 − xk)(x` − 1) with {k, `} = [4]\{1, j}. Then for

{j, k, `} = {2, 3, 4}, we find that g11(1− x1)(xj − 1)− g1kg1` equals (1− xj)f and so we also

take gk` = (1− x1)(xj − 1). We then construct the 4× 4 matrix G = (gij)1≤i,j≤4 =x2x3x4 − x2 − x3 − x4 + 2 −x3x4 + x3 + x4 − 1 −x2x4 + x2 + x4 − 1 −x2x3 + x2 + x3 − 1

−x3x4 + x3 + x4 − 1 x1x3x4 − x1 − x3 − x4 + 2 −x1x4 + x1 + x4 − 1 −x1x3 + x1 + x3 − 1

−x2x4 + x2 + x4 − 1 −x1x4 + x1 + x4 − 1 x1x2x4 − x1 − x2 − x4 + 2 −x1x2 + x1 + x2 − 1

−x2x3 + x2 + x3 − 1 −x1x3 + x1 + x3 − 1 −x1x2 + x1 + x2 − 1 x1x2x4 − x1 − x2 − x4 + 2

 .

Note that only the diagonal entries of this matrix have degree three, so if we homogenize all

entries to have degree three and then set the homogenizing variable equal to zero, the result



30

is the diagonal matrix G(x, 0) = x1x2x3x4diag(x−1
1 , x−1

2 , x−1
3 , x−1

4 ) appearing in the proof of

Theorem 3.3.1(⇐). Moreover, the 2 × 2 minors of this matrix are divisible by f and so its

3 × 3 minors are divisible by f 2. Taking the adjugate of G and dividing by f 2, we find the

desired symmetric matrix whose determinant gives the polynomial f :

M =
1

f 2
Gadj =


x1 1 1 1

1 x2 1 1

1 1 x3 1

1 1 1 x4

 .

Before moving on to applications to the principal minor problem, we remark that the

rank of the matrices Mj can be recovered from f . Here we define the rank of a matrix

M ∈ Symn(R) to be the maximum r ∈ N so that there is a non-zero r× r minor of M . Note

that the rank of M over R is the same as its rank over the field of fractions of R.

Lemma 2.3.4. Let R be an integral domain. If f = det(diag(x1, . . . , xn) +
∑m

j=n+1 xjMj)

where Mj ∈ Symn(R), then the rank of Mj equals the degree f in the variable xj.

Proof. The bound degj(f) ≤ rank(Mj) follows from the Laplace expansion of the determi-

nant. To see equality, it suffices to take j = m = n+ 1. Let f = det(diag(x1, . . . , xn) + yA)

where A ∈ Symn(R). Then f =
∑

S⊆[n]ASx[n]\Sy|S| equals the homogenization of fA. From

this we see that the degree of f in the variable y equals the size of the largest nonzero

principal minor of A. By the so-called Principal Minor Theorem [45, Strong PMT 2.9], this

coincides with the size of the largest nonzero minor of A, i.e. rank(A).

Recall that to an element a = (aS)S⊆[n] in R2n we associate the multiaffine polynomial

fa =
∑
S⊆[n]

aSx[n]\S.

Theorem 2.3.5. Let R be a unique factorization domain. An element a = (aS)S⊆[n] in R2n

is in the image of Symn(R) under the principal minor map if and only if a∅ = 1 and for

every i, j ∈ [n], ∆ij(fa) is a square in R[x].
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Proof. By Corollary 2.2.3, ∆ij(fa) is a square in R[x] if and only if ∆ij(fa) is a square in

R[x, y]. Furthermore, by Theorem 3.3.1, ∆ij(fa) is a square in R[x, y] if and only if there

exists a symmetric matrix A ∈ Symn(R) for which fa = det(diag(x1, . . . , xn) + yA).

Corollary 2.3.6. Let R be a unique factorization domain. Then the image of Symn(R)

under the principal minor map is invariant under the action of Gn o Sn, where G is the

subgroup of SL2(R) defined by G =


1 r

0 1

 | r ∈ R
.

Proof. Let a = (aS)S⊆[n] be an element in the image of the principal minor map and let

fa be the associated multiaffine polynomial. Consider b = (bS)S⊆[n] with b = γ · a where

γ ∈ GnoSn. Theorem 3.3.1 implies that a∅ = 1 and for every i, j, ∆ij(fa) is a square in R[x].

Corollary 2.2.3 implies that for every i, j, ∆ij(fb) is a square in R[x]. Using Theorem 3.3.1

again, it is enough to show that b∅, the coefficient of x1 · · ·xn in fb, equals one. It is

clear that this coefficient is invariant under the action of Sn, and so it suffices to take

γ = (γ1, . . . , γn) ∈ Gn where γi =
(

1 ri

0 1

)
, for which

fb = γ · fa = fa(x1 + r1, . . . , xn + rn).

From this, we see that coefficient of x1 · · ·xn in fb is equal to one.

The subgroup G is the maximal subgroup that preserves the leading coefficients of poly-

nomials fA. Consider an element of γ =
(
a b

c d

)
∈ SL2(R) acting on the first coordinate x1

of fA. Then

coeff(γ · fA, x1 · · ·xn) = coeff

(
(ax1 + b)

∂fA
∂x1

+ (cx1 + d)(fA|x1=0), x1 · · ·xn
)

= aA∅ + cA1.

In order to preserve the coefficient of x1 · · ·xn, γ must satisfy 1 = a+ cA1 for every value of

A1. This implies that c = 0 and a = 1. The condition ad− bc = 1 then implies that d = 1.

Corollary 2.3.7. Let R be a unique factorization domain and let a be the vector of principal

minors of a matrix in Symn(R). Fix γ ∈ SL2(R)n o Sn and let λ denote the coefficient of
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∏n
i=1 xi in γ · fa. If λ 6= 0, then for some A ∈ Symn(R),

γ · fa = λ · det

(
diag(x1, . . . , xn) +

1

λ
A

)
.

That is, 1
λ
γ · a belongs the image of the principal minor map over 1

λ
R.

Proof. Let b = 1
λ
γ · a and let fb be the multiaffine polynomial associated to b. Then

coeff (fb,
∏

i xi) = 1
λ
λ = 1 and by Corollary 2.2.3, ∆ijfb = 1

λ2
∆ij(γ · fa) is a square for every

i, j. Hence, by Theorem 3.3.1, there exists a symmetric matrix B with entries in R( 1
λ
) with

fb = det (diag(x1, . . . , xn) +B) .

We claim that λB has entries in R. To see this, note that b = 1
λ
γ ·a is the vector of principal

minors of B and that the entries of γ · a belong to R. So all principal minors of B belong to

λ−1R. This immediately shows that the diagonal elements of λB belong to R.

For the off-diagonal elements, fix i 6= j ∈ [n] and let z denote the (i, j)th entry of B.

Then bibj − bij = z2, where b = (bS)S⊆[n], which implies that λ2z2 = (λbi)(λbj)− λ2bij ∈ R.

By construction, z ∈ R(1/λ) so we can take the minimal m ∈ N for which λmz ∈ R. So

λmz = r ∈ R where either m = 0 or λ does not divide r. Then λ2m−2(λ2z2) = (λmz)2 = r2.

Since λ2z2 ∈ R, we see that λ2m−2 divides r2. If m > 1, this contradicts the assumption that

λ does not divide r. Therefore A = λB ∈ Symn(R), as desired.

Example 2.3.8. For R = Z and n = 2 consider the matrix A =
(

2 1

1 1

)
and its vector of

principal minors a = (1, 2, 1, 1), giving fa = x1x2 + x1 + 2x2 + 1. The image of fa under the

action of γ =
((

2 −1

1 0

)
,
(

1 0

0 1

))
∈ SL2(R)2 is

γ · fa = 4x1x2 + 3x1 − x2 − 1.

Since 4 6= 1, the vector (4,−1, 3,−1) is not the vector of principal minors of any symmetric

matrix over Z. However, as promised by Corollary 2.3.7, the vector 1
4
γ · a =

(
1, −1

4
, 3

4
, −1

4

)
is

the vector of principal minors of the matrix B = 1
4

(
−1 1

1 3

)
over 1

4
Z.

Corollary 2.3.9. Let R = F be an infinite field. The Zariski closure of the image of the

principal minor map in P2n−1(F) is invariant under the action of SL2(F)n o Sn.
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Proof. The image is immediately invariant under the action of Sn, so it suffices to show

invariance under SL2(F)n. Using the action of Sn, it suffices to show this by acting with

SL2(F) on the first coordinate. Let A ∈ Symn(F), giving a point ϕ(A) = (AS)S in the image

of the principal minor map. Consider the open subset

U = {γ ∈ SL2(F) : coeff(γ · fA, x1 · · ·xn) 6= 0}

=


a b

c d

 ∈ F2×2 : ad− bc = 1 and aA∅ + cA1 6= 0

 .

By Corollary 2.3.7, for every γ ∈ U , γ · ϕ(A) belongs to the image of the principal minor

map, up to scaling. The parametrization (a, b, c) 799K (a, b, c, (1 + bc)/a) shows that SL2(F)

is a rational variety over F. Since F is infinite, the set of (a, b, c) ∈ F3 such that a 6= 0 and

aA∅ + cA1 6= 0 is Zariski-dense in F3. It follows that U is Zariski-dense in SL2(F). Since

γ 7→ γ · ϕ(A) defines a rational map SL2(F)→ P2n−1(F), it follows that for any γ ∈ SL2(F),

γ · ϕ(A) belongs to the Zariski-closure of the image of ϕ in P2n−1(F).

2.4 Defining the set of multiquadratic squares

The polynomials ∆ij(f) appearing in Theorem 2.3.5 have degree ≤ two in each variable. In

order to make use of this characterization, in this section we find algebraic conditions charac-

terizing the set of squares in R[x]≤2. In fact, to simplify the notation used in the arguments

below we consider the multihomogenezations, as in Proposition 3.2.1, and characterize the

set of squares in R[x,y]2.

In a slight abuse of notation, we define P1(R) to be the following subset of R2:

P1(R) = {(r, 1) : r ∈ R} ∪ {(1, 0)}.

Lemma 2.4.1. Let g ∈ R[x,y]d where d = (d1, . . . , dn) ∈ Nn. Let Pi ⊆ P1(R) be a set of

size di + 1. Then g is the zero polynomial if and only if g(p) = 0 for all p ∈ P1 × · · · × Pn.

Proof. We prove this by induction on n. Note that for n = 1, a polynomial g ∈ R[x, y]d

vanishes at (a, b) ∈ P1(R) if and only if bx − ay divides g. Therefore a bivariate form
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g ∈ R[x, y]d cannot have more than d roots in P1(R). Now suppose that n ≥ 1. Fix

(a, b) ∈ Pn+1. The polynomial g(x, a,y, b) vanishes on P1×· · ·×Pn and is therefore identically

zero by induction. This means that, considered as a bivariate form in xn+1, yn+1 over the

ring R[x,y], g vanishes at the dn+1 + 1 points in Pn+1 and it is therefore identically zero in

R[x,y][xn+1, yn+1] = R[x, xn+1,y, yn+1].

Lemma 2.4.2. A polynomial g(x, s,y, t) = g2(x,y)s2 +g1(x,y)st+g0(x,y)t2 ∈ R[x, s,y, t]2

is a square in R[x, s,y, t] if and only if g0(x,y) and g2(x,y) are squares in R[x,y] and

Discr(s,t)(g) = 0.

Proof. Suppose that g2 = (h2)2 and g0 = (h0)2, where h2, h0 ∈ R[x,y] and

Discr(s,t)(g) = g2
1 − 4g0g2 = 0 in R[x,y].

Then 4g0g2 = (2h0h2)2 = g2
1, giving that (2h0h2)2 − g2

1 = (2h0h2 − g1)(2h0h2 + g1) = 0 in

R[x,y]. It follows that g1 = ±2h0h2. Changing the sign of h0 if necessary, we can assume

that g1 = 2h0h2. Then

g = (h2)2s2 + 2h0h2st+ (h0)2t2 = (sh2 + th0)2

is a square, as desired. Conversely, if g = (sh2 + th0)2, we see that g0 = (h0)2 and g2 = (h2)2

and Discr(s,t)(g) = 0.

Theorem 2.4.3. Let R be a unique factorization domain with |R| 6= 3. A multiquadratic

polynomial g =
∑

α∈{0,1,2}n cαx
αy2−α is a square, i.e. g = h2 with h ∈ R[x,y]1, if and only

if for every β ∈ {0, 1}n, c2β is a square in R and c = (cα)α∈{0,1,2}n satisfies the images of

(c(1,0))
2 − 4c(0,0)c(2,0) = 0 (2.3)

under the action of SL2(R′)noSn where R′ is any nontrivial subring of R with 1R = 1R′ and

size ≥ 4 whenever char(R) 6= 2.

Proof. (⇒) If g = h2, then for every γ ∈ SL2(R)n o Sn, γ · g = (γ · h)2. Note here that the

action on g comes from the action on R[x,y]2 and the action on h comes from the action
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on R[x,y]1. The specialization of γ · g to (x,y) = (x1,0, y1,1) will be a square in R[x1, y1].

Moreover, the coefficient cβ of x2βy2−2β in g is the square of the coefficient xβy1−β in h, and

in particular the square of an element in the ring R.

(⇐) We prove this by induction on n. This holds immediately for n = 1 by Lemma 2.4.2.

Now suppose n ≥ 1 and take g = g2s
2 + g1st+ g0t

2 ∈ R[x, s,y, t]. Fixing n+ 1 in Sn+1 and(
1 0

0 1

)
or
(

0 −1

1 0

)
for the (n + 1)st coordinate in (SL2(R))n+1, we see that both g0 and g2

satisfy the hypothesis of the theorem and so, by induction, are squares in R[x,y]. Here 1

denotes the common multiplicative identity of R and R′.

If char(R) 6= 2 then |R′| ≥ 4 and we can take a set P ⊂ P1(R′) of size five. Define a map

ϕ : P1(R′) → SL2(R′) by ϕ((1, 0)) =
(

0 1

−1 0

)
and for r ∈ R′, ϕ((r, 1)) =

(
1 r

0 1

)
. Then to

(p1, . . . , pn) ∈ P n, we associate the element γ = (ϕ(p1), . . . , ϕ(pn), Id2) of SL2(R′)n+1. Acting

on g by γ and then specializing to x1 = . . . = xn = 0 and y1 = . . . = yn = 1 gives

(
γ · g

)
|x=0,y=1 = g(a, s,b, t) and

(
Discr(s,t)(γ · g)

)
|x=0,y=1 =

(
Discr(s,t)g

)
|x=a,y=b (2.4)

where pi = (ai, bi) and a = (a1, . . . , an), b = (b1, . . . , bn). Transposing (x1, y1) and (s, t)

using the action of Sn+1, we see that by assumption, this evaluation of the discriminant of

γ · g must be zero. Since the discriminant has degree ≤ 4 in each variable, Lemma 2.4.1

implies that it is identically zero. Then by Lemma 2.4.2, g is a square in R[x, s,y, t].

If char(R) = 2, the discriminant Discr(s,t)g simplifies to a square, g2
1, which by (2.4), must

vanish at the points {(1, 0), (1, 1), (0, 1)}n ⊆ (P1(R))n. Since g1 has degree 2 in each variable

and must vanish at these points, Lemma 2.4.1 implies that g1 is identically zero. Therefore

by Lemma 2.4.2, g is a square.

Remark 2.4.4. The proof of Theorem 2.4.3 reveals that only a small subset of SL2(R) is

needed in each coordinate to characterize multiquadratic squares, specifically a set of size

five.

Up to isomorphism, there is only one ring of size three, namely F3. The exclusion of F3 in

the statement of Theorem 2.4.3 is a necessary one, as the following example demonstrates.



36

Example 2.4.5. For R = F3 and n = 3 consider the multiquadratic form

g = x2
1(x2y3 − x3y2)2 − 2x1y1(x2y3 + x3y2)(x2x3 − y2y3) + y2

1(x2x3 + y2y3)2

= x2
1x

2
2y

2
3 + x2

1x
2
3y

2
2 + x2

2x
2
3y

2
1 − 2x2

1x2x3y2y3 − 2x1x
2
2x3y1y3 − 2x1x2x

2
3y1y2

+ 2x1x2y1y2y
2
3 + 2x1x3y1y

2
2y3 + 2x2x3y

2
1y2y3 + y2

1y
2
2y

2
3.

The discriminant of g with respect to (x1, y1) is given by

Discr(x1,y1)g = 16x2y2(x2 + y2)(x2 − y2)x3y3(x3 + y3)(x3 − y3).

This polynomial is non-zero in F3[x,y]4 but vanishes on all points in (P1(F3))2. The poly-

nomial g is invariant under permutations of indices, so the discriminants Discr(x2,y2)g and

Discr(x3,y3)g have the same property.

Before using this result to characterize the image of the principal minor map, we record

a few of the notable special cases of Theorem 2.4.3. In particular, over C, the set of mul-

tiquadratic squares is defined by the orbit of a single polynomial and the only additional

constraint over R is the nonnegativity of the orbit of one other polynomial.

Corollary 2.4.6. Let g =
∑

α∈{0,1,2}n cαx
α ∈ C[x]. The polynomial g is a square, g = h2

with h ∈ C[x]≤1 if and only if c = (cα)α∈{0,1,2}n satisfies the images of

(c(1,0))
2 − 4c(0,0)c(2,0) = 0 (2.5)

under the action of SL2(C)n o Sn. Moreover, g is a square over R, g = h2 with h ∈ R[x]≤1,

if and only if its coefficients c = (cα)α∈{0,1,2}n satisfy the images of

(c(1,0))
2 − 4c(0,0)c(2,0) = 0 and c(0,0) ≥ 0. (2.6)

under the action of SL2(R)n o Sn.

As seen in the proof of Theorem 2.4.3, in characteristic two, linear equations in the

coefficients suffice to cut out of the set of squares in R[x]≤2.
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Corollary 2.4.7. Let g =
∑

α∈{0,1,2}n cαx
α ∈ R[x] where R is a UFD of characteristic two.

The polynomial g is a square, g = h2 with h ∈ R[x]≤1 if and only if c = (cα)α∈{0,1,2}n satisfy

(i) for every β ∈ {0, 1}n, c2β is a square in R, and

(ii) for every γ ∈ SL2(F2)n o Sn, (γ · c)(1,0) = 0.

2.5 Characterizing the image of the principal minor map

We can now combine the characterization of multiaffine determinantal polynomials from Sec-

tion 2.3 and the characterization of multiquadratic squares in Section 2.4 to give a complete

description of the principal minor map over any unique factorization domain of size 6= 3.

Theorem 2.5.1. Let R be an UFD with |R| 6= 3 and let a = (aS)S⊆[n] ∈ R2n with a∅ = 1.

There exists a symmetric matrix over R with principal minors a if and only if

(i) for every i, j ∈ [n], aiaj − aij is a square in R, and

(ii) for every γ ∈ SL2(R)n o Sn, (γ · HypDet)(a) = 0.

Proof. (⇒) If a belongs to the image of the principal minor map over R, then aiaj − aij

is the square of the (i, j)th entry of the representing matrix A, and so is a square in R.

Also, by Theorem 3.3.1 ∆ijfa is a square for all i, j ∈ [n]. Then, by Corollary 2.2.3, for any

γ ∈ SL2(R)n o Sn, ∆ij(γ · fa) is square. In particular,

HypDet(γ · a) = Discrx3(∆12(γ · fa))|x4=...=xn=0 = 0.

(⇐) First, we show that a belongs to the image of the principal minor map over the

algebraic closure of the fraction field of R, F = (frac(R))
alg

. Then R is a subring of F

and has size ≥ 4 if char(R) = char(F) 6= 2. Let f = fa. Every element of R is a square

over F. Then by Theorem 2.4.3, ∆ijf =
∑

α∈{0,1,2}n cαx
α is a square in F[x] if and only if

c = (cα)α∈{0,1,2}n and its images under SL2(R)n o Sn satisfy (c(1,0))
2 − 4c(0,0)c(2,0) = 0. This

condition for all i, j ∈ [n] is equivalent to the condition that (γ · HypDet)(a) = 0 for all
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γ ∈ SL2(R)no Sn. Therefore ∆ijf is a square in F[x] for all i, j. By Theorem 2.3.5, a is the

vector of principal minors of some matrix A with entries in F. The diagonal entries of A are

entries ai in this vector and therefore belong to R. Let z denote the (i, j)th entry of A for

some i 6= j. By assumption z2 = aiaj − aij = r2 for some r ∈ R. Then (z + r)(z − r) = 0

implying that z = ±r ∈ R. Therefore A ∈ Symn(R).

Remark 2.5.2. Note that in part (ii) of the characterization in Theorem 2.5.1, it suffices

to take
(
n
3

)
· 5n−3 elements γ ∈ SL2(R)n o Sn. Specifically, let P ⊆ R be a set of size 5. For

any subset {i, j, k} ⊆ [n] and point p ∈ P n−3, we get an equation

Discrxk(∆ij(fa))|x=p = 0.

This is enough to ensure that Discrxk(∆ij(fa)) is identically zero. More generally, we can

take evaluations of Discr(xk,yk)(∆ij(fa))2−hom at 5n−3 points in P1(R), as in Section 2.4.

While this expression appears to depend on the ordering of i, j, k, one can check that for

any f ∈ R[x]≤1, Discrxk(∆ij(f)) = Discrxj(∆ik(f)) = Discrxi(∆jk(f)). See, for example, the

proof of Theorem 3.1 in [72]. When R is a ring of characteristic 2, it suffices to take P to

have size 3, giving a total of
(
n
3

)
· 3n−3 equations.

Applying this to R = C, R, and F2, we find the following immediate consequences.

Corollary 2.5.3. Let a = (aS)S⊆[n] ∈ C2n with a∅ = 1. There exists a symmetric matrix over

C with principal minors a if and only if a and all its images under the action of SL2(C)noSn
satisfy the 2× 2× 2 hyperdeterminant HypDet(a) = 0.

Corollary 2.5.4. Let a = (aS)S⊆[n] ∈ R2n with a∅ = 1. There exists a symmetric matrix over

R with principal minors a if and only if a and all its images under the action of SL2(R)noSn
satisfy

HypDet(a) = 0 and a1a2 − a∅a12 ≥ 0.

Corollary 2.5.5. Let a = (aS)S⊆[n] ∈ R2n with a∅ = 1 where R has characteristic two.

There exists a symmetric matrix over R with principal minors a if and only if
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(i) for every i, j ∈ [n], aiaj − aij is a square in R, and

(ii) for every γ ∈ SL2(F2)n o Sn, γ · (a∅a123 + a1a23 + a2a13 + a3a12) = 0.

In particular, for R = F2, (i) is always satisfied and the image of the principal minor map

is cut out by the quadratic equations in (ii).

It is unclear whether or not Theorem 2.5.1 can be extended to R = F3. Example 2.4.5

shows that this would likely require a different proof technique. Interestingly, the polynomial

g in this example is of the form ∆12(f) for some f ∈ F3[x1, . . . , x5]≤1, but for all such f we

have found, the discriminant of some other ∆ij(f) fails to vanish on (P1(F3))2.

Question 2.5.6. Does the equivalence in Theorem 2.5.1 hold for R = F3?

2.6 Other determinantal representations and connections to GrF(d, n)

2.6.1 Other multiaffine determinantal representations

In this section we restrict ourselves to fields and consider the set of multiaffine determinan-

tal polynomials. Formally, let F be an arbitrary field. We call a polynomial f ∈ F[x]≤1

determinantal if it can be written in the form

f(x) = λ det
(
V diag(x1, . . . , xn)V T +W

)
= λ det

(
n∑
i=1

xiviv
T
i +W

)
(2.7)

for some λ ∈ F, some matrix V = (v1, . . . , vn) ∈ Fm×n and some W ∈ Symm(F) for some

m. Note that when we take V to be the n× n identity matrix, this is exactly the principal

minor polynomial fW . When m < n, the coefficient of x1 · · · xn in f is necessarily zero.

Theorem 2.6.1. A polynomial f ∈ F[x]≤1 has a determinantal representation (3.5) if and

only if for all i, j ∈ [n], ∆ijf is a square in F[x]. Moreover, one can always take a represen-

tation of size m = deg(f) in (3.5).

Proof. (⇒) Without loss of generality, we show that ∆12(f) is a square. First suppose v1

and v2 are linearly dependent, i.e. let v1 = αv2 for some α ∈ F. Then v1v
T
1 = α2v2v

T
2 and
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f(x1, . . . , xn) = f(0, α2x1 +x2, x3, . . . , xn). Taking partial derivatives shows that ∂f
∂x1

= α2 ∂f
∂x2

and that ∂2f
∂x1∂x2

= 0. Therefore ∆12(f) = α2( ∂f
∂x2

)2 and so is a square.

If v1 and v2 are linearly independent, then there is an invertible matrix U with Uv1 = e1

and Uv2 = e2. Then

det(U)2f = λ det

(
U

(
n∑
i=1

xiviv
T
i +W

)
UT

)
= λ det

(
diag(x1, x2,0) +

n∑
i=3

xiṽiṽi
T + W̃

)
.

where ṽi = Uvi and W̃ = UWUT . These matrices are still symmetric and so by equation

(3.2), ∆12(f) is a square.

(⇐) Let d = deg(f). We can assume, without loss of generality, that the coefficient of

x1 · · ·xd in f is nonzero. Moreover since the set of polynomials of the form (3.5) is invariant

under scaling, we can assume that this coefficient equals one. Let f ∈ F[x, y] denote the

homogenezation of f to total degree d. By Theorem 3.3.1, there are matrices Md+1, . . . ,Mn+1

in Symd(F) so that

f = det

(
diag(x1, . . . , xd) +

n∑
i=d+1

xiMi + yMn+1

)
.

We take W = Mn+1. It remains to show that for each i = d+ 1, . . . , n, the matrix Mi has

the form viv
T
i for some vi ∈ Fd. Without loss of generality we do this for i = d + 1. Let g

denote the specialization of f to xk = 0 for k = d+ 2, . . . , n and y = 0. Note that

g =
∑
S⊆[d]

(Md+1)S(xd+1)|S|
∏

j∈[d]\S

xj.

However f has degree ≤ 1 in xd+1, and thus so does g. Therefore by Lemma 3.5.7, Md+1

has rank ≤ one. To examine its diagonal entries (Md+1)i, note that for every i = 1, . . . , d,

∆i(d+1)g is a square. Moreover, the restriction of g to xi = xd+1 = 0 is identically zero,

showing that

∆i(d+1)g = gd+1
i gid+1 − gi(d+1)gi(d+1) = gd+1

i gid+1

=

(
(Md+1)∅

∏
j∈[d]\i

xj

)(
(Md+1)i

∏
j∈[d]\i

xj

)
= (Md+1)i

(
x1 · · ·xd

xi

)2

,
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where we use the notation gj = ∂g
∂xj

and gj = g|xj=0. It follows that (Md+1)i is a square in

F. Since Md+1 has rank ≤ one, then for some choice of square root vi =
√

(Md+1)i ∈ F, the

matrix Md+1 equals vvT with v = (v1, . . . , vd)
T .

Using Corollary 2.2.3, this immediately gives the invariance of the set of determinantal

polynomials.

Corollary 2.6.2. The set of polynomials in F[x]≤1 with a determinantal representation (3.5)

is invariant under the action of SL2(F)n o Sn.

Together, Theorems 2.4.3 and 3.5.6 characterize the set of determinantal polynomials in

F[x].

Corollary 2.6.3. A polynomial f =
∑

S⊆[n] aSx[n]\S ∈ F[x]≤1 has a determinantal represen-

tation (3.5) if and only if

(i) for every i, j ∈ [n] and S ⊆ [n]\{i, j}, aS∪iaS∪j − aSaS∪ij is a square over F, and

(ii) for every γ ∈ SL2(F)n o Sn, (γ · HypDet)(a) = 0.

Proof. By Theorem 3.5.6, f has a determinantal representation (3.5) if and only if for all i, j

∆ijf is a square in F[x]. Since ∆ijf has degree ≤ 2 in each variable, Theorem 2.4.3 implies

that ∆ijf =
∑

α∈{0,1,2}n cαx
α is a square if and only if for every β ∈ {0, 1}n, c2β is a square

in R and c = (cα)α∈{0,1,2}n satisfy the images of

(c(1,0))
2 − 4c(0,0)c(2,0) = 0 (2.8)

under the action SL2(F)oSn. This is in turn equivalent to the condition that for every γ in

SL2(F)noSn, (γ·HypDet)(a) = 0 and for every i, j ∈ [n] and S ⊆ [n]\{i, j}, aS∪iaS∪j−aSaS∪ij
is a square in F.

To see this, consider S ⊆ [n]\{i, j} and let β ∈ {0, 1}n denote the indicator vector of

[n]\(S ∪ ij). We claim that that the coefficient of x2β in ∆ij(f) equals aS∪iaS∪j − aSaS∪ij.
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Since f , ∂f
∂xi

, ∂f
∂xj

, and ∂2f
∂xi∂xj

have degree ≤ 1 in each variable, only the xβ terms in each of

these polynomials contribute to the x2β term in ∆ij(f) = ∂f
∂xi

∂f
∂xj
− f ∂2f

∂xi∂xj
. That is,

coeff
(
∆ij(f),x2β

)
= coeff

(
∂f

∂xi
,xβ
)
· coeff

(
∂f

∂xj
,xβ
)
− coeff

(
f,xβ

)
· coeff

(
∂2f

∂xi∂xj
,xβ
)
.

Note that the coefficient of xβ in f is aS∪ij. The coefficient of xβ in ∂f
∂xi

equals the coefficient

of xi · xβ in f , which is aS∪j. Similarly, the coefficients of xβ in ∂f
∂xj

and ∂2f
∂xi∂xj

are aS∪i and

aS, respectively.

2.6.2 Connections with the Grassmannian

Given a d× n matrix V of full-rank d, consider the polynomial f from (3.5) with W = 0:

f(x) = λ det
(
V diag(x1, . . . , xn)V T

)
= λ det

(
n∑
i=1

xiviv
T
i

)
= λ

∑
S∈([n]

d )

(
VS
)2

xS. (2.9)

Here
(

[n]
d

)
denotes the collection of size-d subsets of [n] and VS denotes the d× d minor of V

obtained by taking columns indexed by S. If V has full rank d, the coefficients of f are the

squares of the Plücker coordinates given by the Plücker embedding of the rowspan of V into

GrF(d, n). Otherwise f is identically zero.

Formally, consider the Plücker embedding of GrF(d, n) into P(nd)−1(F). Given a subspace

L ⊆ Fn of dimension d, its image in P(nd)−1(F) is the length-
(
n
d

)
vector of d × d minors

of any d × n matrix V whose rowspan equals L. The map [pS]S 7→ [(pS)2]S defines a

morphism P(nd)−1(F) → P(nd)−1(F). Let Gr2
F(d, n) denote the image of GrF(d, n) under this

morphism. Corollary 2.6.3 then gives an immediate characterization of Gr2
F(d, n) via the

hyperdeterminantal equations in F2n . In fact, setting xn = 1 in (2.9), we can study this

image via multiaffine determinantal representations in the variables x1, . . . , xn−1 and use the

hyperdeterminantal equations in F2n−1
.

Corollary 2.6.4. Let q = (qS)
S∈([n]

d ) ∈ P(nd)−1(F) and let a ∈ P2n−1−1(F) denote the vector
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given by

aS =


qS if S ⊆ [n− 1], |S| = d

qS∪n if S ⊆ [n− 1], |S| = d− 1

0 otherwise .

The vector q belongs to Gr2
F(d, n) if and only if

(i) for all i, j ∈ [n] and S ⊆ [n]\{i, j}, |S| = d− 1, qS∪iqS∪j is a square over F, and

(ii) for every γ ∈ SL2(F)n−1 o Sn−1, (γ · HypDet)(a) = 0.

Proof. (⇒) This follows from applying Corollary 2.6.3 to (2.9).

(⇐) Let f =
∑

S∈([n]
d ) qSxS. This equals f = fb where b ∈ F2n is given by bS = qS for

|S| = d and bS = 0 otherwise. If a = (aS)S is defined as above, then fa equals the restriction

of f to xn = 1 and f is the homogenezation of fa to degree d with homogenizing variable xn.

For any i 6= j ∈ [n− 1] and S ⊆ [n− 1]\{i, j}, the sizes of S and S ∪ {i, j} differ by two,

implying that aSaS∪ij equals zero. Then aS∪iaS∪j − aSaS∪ij = aS∪iaS∪j is a square in F by

assumption (i). By Theorem 3.5.6 and Corollary 2.6.3, ∆ij(fa) is a square in F[x1, . . . , xn−1]

for all i, j ∈ [n−1], implying that ∆ij(f) is a square in F[x] for all i, j ∈ [n−1]. In particular,

Discrxn(∆ij(f)) is identically zero. One can check that for any i, j, n, Discrxn(∆ij(f)) equals

Discrxj(∆in(f)). This shows that (γ · HypDet)(b) = 0 for all γ ∈ SL2(F)n o Sn. Assump-

tion (i) implies that bS∪ibS∪j − bSbS∪ij is a square in F for all i, j ∈ [n] and S ⊆ [n]\{i, j},

since this is either zero or of the form qS∪iqS∪j. Corollary 2.6.3 then gives a represen-

tation f = λ det(
∑n

i=1 xiviv
T
i + W ) where vi ∈ Fd and W ∈ Symd(F). The polynomial

λ det(
∑n

i=1 xiviv
T
i + yW ) ∈ F[x, y] equals the homogenization of f to degree d. Since f is

already homogeneous of degree d, this equals f and belongs to F[x]. Specializing to y = 0

gives the desired representation f = λ det(
∑n

i=1 xiviv
T
i ).

Example 2.6.5. (d = 2, n = 4) The Grassmannian GrF(2, 4) is cut out by one Plücker

relation p12p34 − p13p24 + p14p23 = 0 in P5(F). Taking qij = p2
ij and eliminating the variables
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pij gives the defining equation

q2
12q

2
34 + q2

13q
2
24 + q2

14q
2
23 − 2q12q13q24q34 − 2q12q14q23q34 − 2q13q14q23q24 = 0

for Gr2
F(2, 4). This is exactly the hyperdeterminant HypDet(a) where a = (aS)S⊆[3] ∈ F23 is

given by a∅ = a123 = 0, ai = qi4 and aij = qij for all i, j ∈ [3].

2.6.3 Determinantal representations in higher degrees

For any r ∈ Z+, let Symr
n(F) denote the set of symmetric matrices over F that can be written

as a sum of r rank-one matrices over F, i.e.

Symr
n(F) =

{
r∑
i=1

viv
T
i : v1, . . . , vr ∈ Fn

}
.

If F is algebraically closed with char(F) 6= 2, this is just the set of matrices of rank ≤ r. For

F = R this is the set of positive semidefinite matrices of rank ≤ r.

Theorem 2.6.6. The set of polynomials F[x]≤d with a determinantal representation

f = λ det

(
n∑
i=1

xiAi +B

)
with Ai ∈ Symdi

m(F) and B ∈ Symm(F) (2.10)

for some m ∈ N is invariant under the action of SL2(F)n.

Proof. The invariance under the action of Sn is immediate. It remains to check the invariance

under SL2(F)n. Suppose that f = det(
∑n

i=1 xiAi + B), where Ai ∈ Symdi
m(F) and B ∈

Symm(F). First, suppose that d = 1 and let γ ∈ SL2(F)n. By Corollary 2.2.3, ∆ij(γ · f) is

a square for all i, j. Then by Theorem 3.5.6, γ · f has a determinantal representation as in

(3.5).

Now consider arbitrary d = (d1, . . . , dn). By definition, we can write each matrix Ai as a

sum of di matrices Aij each of the form vvT for some v ∈ Fm. Then consider

F = det

(
n∑
i=1

di∑
j=1

yijAij +B

)
∈ F

[
yij : i ∈ [n], j ∈ [di]

]
.
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Note that there is an inclusion φ : SL2(F)n → SL2(F)d1+...+dn , given by (φ(γ))ij = γi for all

i ∈ [n] and j ∈ [di]. By construction, the restriction of φ(γ) · F given by yij = xi for all i, j

gives γ · f . That is,

(φ(γ) · F ) |yij=xi = γ · f.

By the case d = 1, φ(γ)·F is determinantal. That is, there are some matrices C11, . . . , Cndn , D

with Cij ∈ Sym1
m(F) so that φ(γ) · F equals det(

∑n
i=1

∑di
j=1 yijCij + D). Then γ · f equals

det(
∑n

i=1 xiCi +D) where Ci =
∑di

j=1Cij ∈ Symdi
m(F).

One motivation for studying such polynomials comes from definite determinantal repre-

sentations over R and their connection with stable polynomials. A real polynomial f ∈ R[x]

is stable if it has no zeros with strictly positive imaginary parts, i.e. f(z) 6= 0 for all z ∈ Cn

with Im(z) ∈ Rn
+. Equivalently, f is stable if and only if the polynomial f(tv + w) ∈ R[t] is

real-rooted for all v ∈ Rn
+ and w ∈ Rn. Over F = R, any polynomial with a determinantal

representation of the form (2.10) is stable (see, e.g. [72, Prop. 2.1]), but not every stable

polynomial has such a representation (see [15]).

The action of SL2(R) on C given by
(
a b

c d

)
· z = az+b

cz+d
preserves the upper half plane

{z ∈ C : Im(z) > 0} and so the set of stable polynomials in R[x] is invariant under the

action of SL2(R)n o Sn. One consequence of Theorem 2.6.6 is that the set of polynomials

with a semidefinite determinantal representation is also invariant under the action of this

group.

Corollary 2.6.7. The set of polynomials in R[x]≤d with a determinantal representation

f = λ det

(
n∑
i=1

xiAi +B

)
with A1, . . . , An, B ∈ Symm(R) and A1, . . . , An � 0

for some m ∈ N and λ ∈ R is invariant under the action of SL2(R)n.
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Chapter 3

DETERMINANTAL REPRESENTATIONS AND THE IMAGE
OF PRINCIPAL MINOR MAP

THE HERMITIAN AND GENERAL CASES

This chapter is based on a joint work with Cynthia Vinzant [5].

3.1 Introduction

In this chapter we consider the image of any n×n complex matrix under the principal minor

map. As in the symmetric case, to each vector a = (aS)S⊂[n] ∈ F2n , we assign a multiaffine

polynomial fa where fa =
∑

S⊂[n] aS
∏

i∈[n]\S xi. This transforms the problem of charac-

terizing the image of the principal minor map to the problem of characterizing multiaffine

polynomials with determinantal representation, these are polynomials that can be written

in the following form: f = det (diag(x1, . . . , xn) + A) for some n × n matrix A. Symmet-

ric (Hermitian) multiaffine determinantal polynomials are determinantal polynomials that

corresponds to symmetric (Hermitian) matrices. In the previous chapter, we prove that the

class of symmetric determinantal multiaffine polynomials is characterized by their Rayleigh

differences being squares. In this chapter we also use them to characterize determinantal

multiaffine polynomials.

This chapter is organized as follows. In Section 3.2, we introduce terminology and the ba-

sic properties of determinantal representations and the action of SL2(F)noSn. In Section 3.3,

we give a characterization of multiaffine determinantal polynomials involving the factoring of

Rayleigh differences. For Hermitian determinantal representations, this condition simplifies

and we give an algorithm for constructing such representations from a factorization, as de-

scribed in Section 3.4 and Section 3.5. In Section 3.6 we give a characterization of multiaffine



47

stable determinantal polynomials and prove Theorem 3.6.4. In Section 3.7, we translate these

conditions into explicit equations and inequalities whose orbit under SL2(R)n o Sn cuts of

the image of Hermitian matrices under the principal minor map. Finally, in Section 3.8,

we conclude by presenting a family of examples that disproves the existing of such a finite

description for the image of general n× n matrices under the principal minor map.

3.2 Background and notation

For a commutative ring R, we use R[x] to denote the polynomial ring R[x1, . . . , xn] and for

f ∈ R[x], we use degi(f) to denote the degree of f in the variable xi. For d = (d1, . . . ,dn)

with di ∈ Z≥0, let F[x]≤d denote the set of polynomials with degree at most di in xi for each

i = 1, . . . , n. These form an R-module of rank
∏n

i=1(di + 1). When d1 = . . . = dn = m,

we abbreviate R[x]≤(m,...m) by R[x]≤m. Of particular interest are multiaffine polynomials,

with degree ≤ 1 in each variable, and multiquadratic polynomials, with degree ≤ 2 in each

variable. These are denoted by R[x]≤1 = R[x]MA and R[x]≤2 = R[x]MQ, respectively.

We use Matn(F) to denote the set of n × n matrices with entries in F. When K is a

field with an automorphic involution a 7→ a, we use Hern(K) to denote the set of matrices

A ∈ Matn(K) for which A = AT . Note that for K = C and a 7→ a given by complex

conjugation, this is the usual set of n× n Hermitian matrices.

3.2.1 The action of SL2(R)n o Sn and homogenezations

The action of SL2(R)n on R[x]≤d is defined as follows. Let γ = (γi)i∈[n] in SL2(R)n where

γi =
(
ai bi

ci di

)
. Then for f ∈ R[x]≤d,

γ · f =
n∏
i=1

(cixi + di)
di · f

(
a1x1 + b1

c1x1 + d1

, . . . ,
anxn + bn
cnxn + dn

)
.

One way to interpret this action is with the multihomogenezation of f . Let fd−hom in

R[x1, . . . , xn, y1, . . . , yn]d denote the polynomial

fd−hom =
n∏
i=1

ydii · f (x1/y1, . . . , xn/yn) .
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The induced action of γ on fd−hom is just a linear change of coordinates:

γ · fd−hom = fd−hom

γ1 ·

x1

y1

 , . . . , γn ·

xn
yn

 .

Restricting to y1 = . . . yn = 1 gives back γ · f .

We will also use the usual homogenization of a polynomial to some total degree d, using a

single homogenizing variable y. That is, for f =
∑

α cαx
α ∈ R[x] of total degree d = deg(f),

its homogenization is

fhom = ydf (x1/y, . . . , xn/y) =
∑
α

cαx
αyd−|α| ∈ R[x, y].

Suppose that K is a field with an automorphic involution a 7→ a with fixed field F.

This extends to an involution on K[x] by acting on the coefficients. We will say that a

polynomial q ∈ F[x] is a Hermitian square if q = gg for some g ∈ K[x]. To end this section,

we remark that for f ∈ F[x], the condition that ∆ij(f) is a Hermitian square is robust to

homogenization.

Proposition 3.2.1. Suppose that K is a field with an automorphic involution a 7→ a with

fixed field F. Let f ∈ F[x]. For i, j ∈ [n], the polynomial ∆ij(f) is a Hermitian square if any

only if ∆ij(f
hom) is a Hermitian square.

Proof. If ∆ij(f
hom) is a Hermitian square, then specializing to y = 1 gives a representation

of ∆ij(f) as a Hermitian square. For the converse, let f ∈ F[x] with total degree d and

suppose that ∆ijf = gg for some g ∈ K[x]. Let m = deg(g) = deg(g). By definition,

∆ij(f
hom) ∈ F[x, y] is homogeneous of degree 2d − 2. Its restriction to y = 1 equals ∆ijf .

Therefore ∆ij(f
hom) equals y2d−2−2m(∆ij(f))hom, which is the Hermitian square hh where h

is the homogenezation of g to total degree 2d− 1.
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3.2.2 The action of SL2(F) on matrices

Given a matrixA ∈ Matn(F), consider the multiaffine polynomial f = det (diag (x1, . . . , xn) + A).

For γ = (γi)i∈[n] in SL2(F)n with γi =
(
ai bi

ci di

)
, γ · f is defined by:

γ · f =
n∏
i=1

(cixi + di) · det

(
diag

(
a1x1 + b1

c1x1 + d1

, . . . ,
anxn + bn
cnxn + dn

)
+ A

)
.

Let Ai denote the ith column of A and ei the vector whose ith entry is one and zero otherwise.

By using the factor (cixi + di) to scale the ith column, we see that

γ · f = det (C diag(x1, . . . , xn) +B)

where C is the matrix with ith column Ci = (aiei + ciAi) and B is the matrix with ith

column Bi = biei + diAi. When the matrix C is invertible, this gives

γ · f = det(C) det
(
diag (x1, . . . , xn) + C−1B

)
.

Up to the scalar multiple det(C), the coefficients of γ · f are the principal minors of the

matrix C−1B.

3.2.3 Resultants

For two univariate polynomials a =
∑d

j=0 ajt
j with ad 6= 0 and b = b1t + b0 with b1 6= 0 we

define the resultant of a, b with respect to the variable t to be

Rest(a, b) =
d∑
j=0

aj(−b0)j(b1)d−j.

Over an algebraically closed field, this polynomial vanishes if and only if the univariate

polynomials a and b have a common root. See, for example, [22, §3.5]. We will focus on

multiaffine polynomials and so focus on resultants in degree d = 1. For k = 1, . . . , n, define

resxk(g, h) = (g|xk=0) · ∂

∂xk
h− (h|xk=0) · ∂

∂xk
g.
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In particular, if g and h both have degree one in xk, this agrees with Resxk(g, h). The benefit

of this degree-dependent definition is that it is invariant under the action of SL2(R).

If f ∈ R[x] has degree ≤ 1 in both xi and xj, then

∆ij(f) = resxi

(
∂f

∂xj
, f |xj=0

)
= resxj

(
∂f

∂xi
, f |xi=0

)
. (3.1)

Proposition 3.2.2. If f ∈ R[x1, . . . , xn] has degree one in each of xi and xj, then ∆ij(f) = 0

if and only if f factors into polynomial g · h with g ∈ R[xk : k 6= i] and h ∈ R[xk : k 6= j].

Proof. By assumption we can write f = axixj + bxi + cxj + d for a, b, c, d ∈ R[xk : k 6= i, j].

Then ∆ij(f) = bc − ad. If ∆ij(f) = 0, then there is some factorization b = b1b2 and

c = c1c2 for which a = b1c1 and d = b2c2. Then f = (b1xi + c2)(c1xj + b2). Similarly, if

f = (b1xi+c2)(c1xj+b2) for some b1, b2, c1, c2 ∈ R[xk : k 6= i, j], then ∆ij(f) = bc−ad = 0.

Proposition 3.2.3. Let g ∈ R[x]≤d and h ∈ R[x]≤e with dk = ek = 1. For γ ∈ SL2(R)n,

γ · resk(g, h) = resk(γ · g, γ · h),

where γ acts of on resk(g, h) as polynomial of multidegree ≤ d + e − 2 · 1k with 1k is the

vector with kth entry is 1 and zero otherwise.

Proof. Write g = g1xk + g0 and h = h1xk + h0 where g1, g0, h1, h0 are polynomials in the

polynomial ring R[xj : j 6= k]. The resultant resk(g, h) is the determinant of the 2×2 matrixh1 h0

g1 g0

. Consider γ =

a b

c d

 ∈ SL2(R) acting on the jth coordinate. If j = k, then

γ · g = g1(axk + b) + g0(cxk + d), and γ · h = h1(axk + b) + h0(cxk + d).

Taking coefficients with respect to {1, xk}, we see that the resxk(γ · g, γ · h) equals

det

ah1 + ch0 bh1 + dh0

ag1 + cg0 bg1 + dg0

 = det

h1 h0

g1 g0

a b

c d

 = det

h1 h0

g1 g0

 = resxk(g, h).

Since γ acts on R[x]≤d+e−2·1k as the identity, this equals γ · resxk(g, h).
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If j 6= k, then γ · g = (γ · g1)xk + (γ · g0) and γ · h = (γ · h1)xk + (γ · h0), where γ acts on

g1, g0 and h1, h0 as elements of multidegree d− 1k and e− 1k, respectively. It follows that

resxk(γ · g, γ · h) = det

γ · h1 γ · h0

γ · g1 γ · g0

 = γ · resxk(g, h).

From (3.1), this gives the following:

Corollary 3.2.4. Consider an element γ ∈ SL2(R)n that acts by
(
a b

c d

)
in the k-th coordinate

and the identity in all others. For any f ∈ R[x]≤1,

∆ij(γ · f) =

∆ij(f) if k = i, j

γ ·∆ij(f) otherwise.

3.3 Determinantal Representations and Rayleigh Differences

Let R be a unique factorization domain and denote by Matn(R) the set of n × n matrices

with entries in R.

Theorem 3.3.1. Let f ∈ R[x1, . . . , xn] be multiaffine in the variables x1, . . . , xn with its

coefficient of x1 · · ·xn equals one. Then f = det(diag(x1, . . . , xn)+A) for some A ∈ Matn(R)

if and only if for every i 6= j ∈ [n], the polynomials ∆ij(f) factor as the product gij ·gji where

(a) gij ∈ R[xk : k 6= i, j] is multiaffine in x1, . . . , xn and

(b) for every k ∈ [n]\{i, j}, resxk(gij, f) = gikgkj.

In this case, we can take gij to be the (i, j)th entry of (diag(x1, . . . , xn) + A)adj, with Madj

represents the adjugate matrix of M .

Proof of (⇒). This follows from a classical equality on the principal minors of an n × n

matrix, used by Dodgson [25] as a method for computing determinants. This is also known
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as the Desnanot-Jacobi identity or more generally as Sylvester’s determinantal identity. For

subsets S, T ⊂ [n] of equal cardinality, let M(S, T ) denote the submatrix of M obtained by

dropping rows S and columns T from M . Then for any i 6= j ∈ [n],

det(M(i, k)) · det(M(j, `))− det(M) · det(M({i, j}, {k, `})) = det(M(i, `)) · det(M(j, k)).

(3.2)

Note that for M = diag(x1, . . . , xn) + A and any subset S ⊆ [n], the principal minor

det(M(S, S)) equals the derivative of f with respect to the variables in S,
(∏

i∈S
∂
∂xi

)
f . The

equation above with k = i and ` = j then gives that ∆ij(f) equals det(M(i, j)) ·det(M(j, i)).

For every i, j ∈ [n], let gij denote det(M(i, j)). Then gij ∈ R[xk : k 6= i, j] is multiaffine

in x1, . . . , xn and ∆ij(f) = gijgji. Under an appropriate choice of indices, (3.2) gives

gkk · gij − f · q = gik · gkj where q = det(M({i, k}, {j, k})).

Note that gkk = ∂f
∂xk

is the coefficient of xk in f and q is the coefficient of xk in gij. Therefore

gkk · gij − f · q is the resultant of gij and f with respect to xk.

Example 3.3.2. For n ≥ 5, one cannot remove condition (b) from Theorem 3.3.1. Consider

f = x1x2x3x4x5 + x1x2x3x4 + x1x2x3x5 + x1x2x4x5 + x1x3x4x5 + x2x3x4x5

+ x1x2x4 + x1x2x5 + x1x3x4 + x2x3x5 + x3x4x5.

One can check that for every i, j ∈ [5], ∆ij(f) factors as the product of two multiaffine

polynomials in Q[x1, . . . , x5]. For example, ∆12(f) = −x3x4x5(x4x5−x3+x4+x5). Since there

in an irreducible factor involving all three variables, there is only one possible factorization

of ∆12(f) as the product of two multiaffine polynomials g12 · g21, up to scalar multiples and

switching the factors, namely g12 = −x3x4x5 and g21 = x4x5 − x3 + x4 + x5. Taking the

resultant of g21 and f with respect to x3 gives

Resx3(g21, f) = (x1x5 + x1 + x5)(x2x4 + x2 + x4)(x4x5 + x4 + x5).

Each of the three quadratic factors are irreducible and so there is no way of writing this

resultant as the product of two multiaffine polynomials. Therefore there is no choice of

polynomials g23 and g31 satisfying the conditions in Theorem 3.3.1.
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Lemma 3.3.3. Let f ∈ R[x1, . . . , xn] be multiaffine in the variables x1, . . . , xn and its coef-

ficient of x1 · · ·xn equals one. If f = g · h for some g, h ∈ R[x1, . . . , xn], then g and h are

multiaffine in disjoint subsets of the variables x1, . . . , xn and we can take their leading coef-

ficients in these variables to be one. Moreover, if the polynomials ∆ij(f) have factorizations

satisfying conditions (a) and (b) in Theorem 3.3.1, then so do ∆ij(g) and ∆ij(h).

Proof. For any i ∈ [n], the degree of f in xi must be the sum of the degrees of g and h

in xi. Since this sum of nonnegative numbers is one for each i ∈ [n], we see that for some

subset I ⊆ [n], g is multiaffine in {xi : i ∈ I}, h is multiaffine in {xj : j ∈ [n]\I}, and

degi(h) = degj(g) = 0 for any i ∈ I and j 6∈ I.

The highest degree term in f with respect to the variables x1, . . . , xn,
∏n

i=1 xi, is the

product of the highest degree terms in g and h. Therefore after rescaling, we can assume

that both g and h have leading coefficient in these variables equal to 1. For i ∈ I and j /∈ I,

∂(g ·h)/∂xi = h ·∂g/∂xi and ∂(g ·h)/∂xj = g ·∂h/∂xj. From this, one can check that ∆ij(gh)

equals h2∆ij(g) for i, j ∈ I, g2∆ij(h) for i, j ∈ [n]\I and zero otherwise.

Suppose that for i, j ∈ [n], ∆ij(f) = mijmji with mij multiaffine in x1, . . . , xn and

resxk(mij, f) = mikmkj for every i, j, k. For i, j ∈ I, we see that mijmji = h2∆ij(g). Since

mij,mji are multiaffine, they both must be divisible by h, leaving m̃ijm̃ji = ∆ij(g), where

m̃ij, m̃ji are multiaffine in xi for i ∈ I. Moreover, for k also in I,

h2m̃ikm̃kj = mikmkj = Resxk(mij, f) = resxk(m̃ijh, gh) = h2resxk(m̃ij, g)

showing that m̃ikm̃kj = resxk(m̃ij, g). The desired factorization for ∆ij(h) with i, j ∈ [n]\I

follows similarly.

Proof of (⇐). Suppose that f is irreducible and homogeneous of degree n. Let G denote the

n× n matrix with (i, j)th entry gij for i 6= j and gii := ∂f
∂xi

for i = j.

We claim that all of the 2×2 minors of G lie in 〈f〉. This is immediate for the symmetric

minors, as giigjj − gijgji = f · ∂2f
∂xi∂xj

. Moreover, since ∂f
∂x1

is the coefficient of x1 in f , the

resultant resx1(gij, f) has the form ∂f
∂x1
gij − qf for some q. This gives g11gij − gi1g1j = qf .



54

Finally, suppose that i, j, k, ` are all distinct. Then

g2
11(gijgkl−gilgkj) = (g11gij)(g11gkl)−(g11gil)(g11gkj) ≡ g1ig1jg1kg1l−g1ig1lg1kg1j = 0 mod 〈f〉.

Since f is irreducible and g11 = ∂f/∂x1 has smaller degree, g11 is not a zero-divisor in

R[x1, . . . , xn]/〈f〉. Therefore the minor gijgkl − gilgkj belongs to 〈f〉.

From this it follows that fk−1 divides the k× k minors of G for every 2 ≤ k ≤ n, see [59,

Lemma 4.7]. In particular, fn−2 divides the entries of the adjugate matrix Gadj. Let

M = (1/fn−2) ·Gadj. (3.3)

Also fn−1 divides det(G), and since these both have degree n(n − 1), there must be some

constant λ ∈ R for which det(G) = λ · fn−1.

We can see that λ = 1 by taking top degree terms. Since deg(fi) = n− 1 and deg(gij) ≤

n−2 for all i 6= j, the leading degree term of det(G) comes uniquely from the product of the

diagonals f1 · · · fn and is therefore (
∏n

i=1 xi)
n−1. On the righthand side, the leading degree

term of fn−1 is also (
∏n

i=1 xi)
n−1, showing that λ = 1. Then

det(M) =
1

fn(n−2)
· det(Gadj) =

1

fn(n−2)
det(G)n−1 =

1

fn(n−2)
f (n−1)2 = f.

Note that the entries of M have degree ≤ (n− 1)2 − n(n− 2) = 1, so we can write M as

M0 +
∑n

i=1 xiMi for some matrices Mi ∈ Rn×n. We claim that
∑n

i=1 xiMi = diag(x1, . . . , xn).

To see this, first note that a non-principal (n−1)×(n−1) minor of G involves at most n−2

elements from the diagonal of G and therefore has degree ≤ (n−2)(n−1)+(n−2) = n(n−2),

since the off-diagonal entries of G have degree ≤ n− 2. Therefore the off diagonal entries of

M have degree ≤ n(n− 2)− n(n− 2) = 0.

Moreover in the expansion of any principal minor of G, there is a unique term of degree

(n − 1)2, namely the product of the leading terms of the diagonal elements,
∏

j 6=i LT(gjj).
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We can therefore take the leading terms (3.3) to find that

n∑
i=1

xiMi =
1

(LT(f))n−2 · (diag (LT(g11), . . . ,LT(gnn)))adj

=
1(∏n

j=1 xj

)n−2 ·

(
n∏
j=1

xj · diag

(
1

x1

, . . . ,
1

xn

))adj

= diag (x1, . . . , xn) .

Finally, for general f , we take a factorization of f into irreducible polynomials f =
∏

` f`.

By Lemma 3.3.3, for every i, j, ∆ij(f`) has a factorization mijmji so into multiaffine poly-

nomials mij with Resxk(mij, f) = mikmkj. By the arguments above, fk has a determinantal

representation of the correct form. Taking a block diagonal representation of these repre-

sentations (and permuting the rows and columns if necessary to reorder x1, . . . , xn) gives a

determinantal representation for f .

Remark 3.3.4. Theorem 3.3.1 the matrix G = (gij)ij and corresponding determinantal

representation diag(x1, . . . , xn) + A of f satisfy

G = (diag(x1, . . . , xn) + A)adj and (diag(x1, . . . , xn) + A) = f 2−nGadj.

Corollary 3.3.5. Let f = det(diag(x1, . . . , xn) + A) with A ∈ Matn(R) and γ ∈ SL2(R)n.

If β = coeff(γ · f,
∏n

i=1 xi) is nonzero, then for some n× n matrix B with entries in 1
β
R,

γ · f = β det(diag(x1, . . . , xn) +B).

Proof. Let gij ∈ R[x] denote the (i, j)th entry of (diag(x1, . . . , xn) + A)adj. We claim that

1
β
γ · f and 1

β
γ · gij in R( 1

β
)[x] satisfy the conditions in Theorem 3.3.1. Here γ acts of f as a

polynomial of multidegree 1[n] and on gij as a polynomial of multidegree 1[n]\{i,j}.

It is immediate that 1
β
(γ · f) ∈ R( 1

β
)[x] is multiaffine in x1, . . . , xn and has coefficient of

x1 · · ·xn equal to one. We first note that

∆ij(
1
β
(γ · f)) = 1

β2 (γ ·∆ij(f)) = ( 1
β
γ · gij)( 1

β
γ · gji)
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where γ acts on ∆ij(f) as a polynomial of multidegree 2 · 1[n]\{i,j}. By Proposition 3.2.3,

resxk

(
1
β
(γ · gij), 1

β
(γ · f)

)
= 1

β2 (γ · resxk(gij, f)) =
(

1
β
γ · gik

)(
1
β
γ · gkj

)
.

As the polynomials 1
β
γ · gij are multiaffine, this finishes the claim.

By Theorem 3.3.1, 1
β
γ · f equals det(diag(x1, . . . , xn) +B) for some B ∈ Matn(R( 1

β
)).

We claim that βB has entries in R. By construction we have

diag(x1, . . . , xn) +B = ( 1
β
γ · f)2−n( 1

β
γ ·G)adj = 1

β
(γ · f)2−n(γ ·G)adj.

For the last equality, we use that ( 1
β
)2−n( 1

β
)n−1 = 1

β
. Multiplying by β then gives

β (diag(x1, . . . , xn) +B) = (γ · f)2−n(γ ·G)adj ∈ Matn(R[x]), (3.4)

showing that the entries of βB belong to R.

From this, we see that SL2(F)n acts rationally on the set of matrices A ∈ Matn(F) for F =

frac(R). Namely, if f = diag(x1, . . . , xn)+A and γ ∈ SL2(F)n with coeff(γ ·f,
∏n

i=1 xi) = β 6=

0, then as (3.4) in the proof of Corollary 3.3.5, β (diag(x1, . . . , xn) +B) = (γ · f)2−n(γ ·G)adj

for some B ∈ Matn(F). We can then define γ · A = B.

Similarly, for a field F, the mutiplicative group (F∗)n acts on n× n matrices by diagonal

conjugation. Namely, for λ = (λ1, . . . , λn) we define

λ · A := D−1AD,

where D = diag(λ1, . . . , λn).

Proposition 3.3.6. The action of SL2(F)n on Matn(F) commutes with diagonal conjugation.

Proof. Let A ∈ Matn(F) with f = det(diag(x1, . . . , xn) + A) and γ ∈ SL2(F)n for which

coeff(γ · f,
∏n

i=1 xi) = β 6= 0. Let G = (gij)ij = (diag(x1, . . . , xn) + A)adj.
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For λ ∈ (F∗)n and D = diag(λ1, . . . , λn), we see that
λj
λi

(γ · gij) = γ · (λj
λi
gij) and so

γ · (D−1GD) = D−1(γ ·G)D. Then

diag(x1, . . . , xn) +D−1(γ · A)D = α(γ · f)2−nD−1(γ ·G)adjD

= α(γ · f)2−n(γ · (D−1GD))adj

= diag(x1, . . . , xn) + γ · (D−1AD).

3.4 Multiaffine algebra for constructing Hermitian factorizations

In this section, we develop an algorithm for constructing factorizations that satisfy the

conditions in Theorem 3.3.1. To do this, we find it most convenient to work in the following

level of generality throughout this section. Let S be a unique factorization domain with an

automorphic involution a 7→ a. We use 0 and 1 to denote the additive and multiplicative

identities of S. The map S → S given by a 7→ a then must satisfy

(a) = a, 0 = 0, 1 = 1, a+ b = a+ b and a · b = a · b.

for all a, b ∈ S. Let R be the subring of elements fixed by this automorphism, that is

R = {a ∈ S : a = a}.

The example of interest is the ring S = C[xn+1, . . . , xm] of polynomials with complex

coefficients with the involution given by complex conjugation. In this case the fixed ring is

the subring of polynomials whose coefficients are real, R = R[xn+1, . . . , xm].

Assumptions 3.4.1. : Let f ∈ R[x1, . . . , xn] satisfy the following:

1. f is irreducible in R[x1, . . . , xn],

2. f has degree ≤ 1 in each variable x1, . . . , xn,

3. the coefficient
∏n

i=1 xi in f is nonzero,
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4. for every 1 ≤ i < j ≤ n, ∆ij(f) factors as gijgij in S[x1, . . . , xn], and

5. for every 1 ≤ i ≤ n, the partial derivative ∂f
∂xi

is irreducible in R[x1, . . . , xn] up to a

constant. That is, for any factorization ∂f
∂xi

= g · h in R[x1, . . . , xn], g ∈ R or h ∈ R.

In what follows, we will build up tools to show that under these assumptions Algorithm 1

produces the desired representation of f . We first exploit some properties of multiaffine

polynomials. For any disjoint subsets S, T ⊂ [n], let

fTS =
∏
i∈S

∂i · f |{xj=0 : j∈T}.

Note that if f is multiaffine in x1, . . . , xn, then for any 1 ≤ i < j ≤ n, we have

f = xifi + f i, fi = xjfij + f ji , and f i = xjf
i
j + f ij.

From this, one can check that the formula for ∆ijf can be written without xi, xj:

∆ijf = f ji · f ij − f ij · fij

If in addition we assume that f and all its partial derivatives are irreducible, then ∆ij(f)

will have degree exactly 2 in each variable, as the following lemma shows.

Lemma 3.4.2. If f satisfies Assumptions 3.4.1, then for all 1 ≤ i, j ≤ n, ∆ij(f) is quadratic

in each variable xk for k ∈ [n] \ {i, j}.

Proof. For 1 ≤ i < j ≤ n, we write ∆ij(f) as a quadratic polynomial in the variable xk:

∆ij(f) = fifj − fijf = (fikxk + fki )(fjkxk + fkj )− (fijkxk + fkij)(fkxk + fk),

which gives

coeff(∆ij(f), x2
k) = fikfjk − fijkfk = ∆ij(fk).

If ∆ij(fk) = 0, then by Proposition 3.2.2, fk is reducible, contradicting Assumptions 3.4.1(5).
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We next use ring maps given by taking resultants with f . For any i = 1, . . . , n, define

ϕi : S[x1, . . . , xm]→ S[xk : k 6= i] by ϕi(g) = Resxi(g, f).

For instance if we restrict to polynomials g = gjxj + gj with degree one in xj, then

ϕj(g, f) = −gjf j + gjfj.

First we will start by listing some of the properties of these maps.

Lemma 3.4.3. If f satisfies Assumptions 3.4.1, then, for all g ∈ S[x], the maps ϕ1, . . . , ϕn

satisfy the following:

1. ϕj(fi) = ∆ij(f) for all 1 ≤ i < j ≤ n,

2. ϕj(∆ik(f)) = ∆ij(f)∆jk(f) for all distinct 1 ≤ i, j, k ≤ n,

3. if degj(g) = 0, then ϕj(g · h) = g · ϕj(h) for all h ∈ S[x],

4. if degj(g) > 0 and degj(h) > 0, then ϕj(g · h) = ϕj(g) · ϕj(h) for all 1 ≤ j ≤ n,

5. If degi(g) = degj(g) = 1 and sgj /∈ 〈fj〉 for all s ∈ S, then ϕj ◦ ϕi(g) = ∆ijf · ϕj(g),

6. If degj(g) = 1, ϕj(g) ≡ fj · g modulo 〈f〉.

Proof. We will prove (5) and (6) and all the other properties follow similarly by direct

computations. To prove property (5), we write g = gijxixj + gjixi + gijxj + gij, then

ϕj ◦ ϕi(g) = ϕj(−gijxjf i − gji f i + gijfixj + gijfi)

= ϕj
(
(−gijf ij + gijfij)x

2
j + (−gijf ij + gijf

j
i + gijfij − gji f ij)xj + (gijf ji − g

j
i f

ij)
)
.

Since for all s ∈ S, sgj /∈ 〈fj〉, we see that Coeffx2j (ϕi(g)) 6= 0. Otherwise gijfij = gijf
i
j , and

since fj = fijxi + f ij is irreducible up to a constant, then fij and f ij are relatively prime up

to a constant s ∈ S. This implies that f ij and fij divide sgij and sgij respectively and this

implies that sgj ∈ 〈fj〉.
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Applying the map ϕj and simplifying then gives

ϕj ◦ ϕi(g) = ∆ij(f)(−gjf j + gjfj) = ∆ij(f)(ϕj(g))

To prove (6), we write g as g = gjxj + gj and we use f j = f − fjxj

ϕj(g) = −gjf j + gjfj = −gj(f − fjxj) + gjfj = −gjf + fj g

Therefore ϕj(g) ≡ fj g modulo 〈f〉.

Lemma 3.4.4. If f satisfies Assumptions 3.4.1 and ∆ij(f) = pp for some 1 ≤ i < j ≤ n,

then for every k ∈ [n] \ {i, j}, there is a factorization of each ∆ik(f) and ∆jk(f) into qq and

rr, respectively, such that ϕk(p) = qr.

Proof. Since ∆ik(f) and ∆jk(f) factor into two conjugates, we can write

∆ik(f) = a1 · · · as · a1 · · · as and ∆jk(f) = b1 · · · bt · b1 · · · bt

where a1, . . . , as, b1, . . . , bt are irreducible in S[x1, . . . , xm] that are multiaffine in x1, . . . , xn.

Then

ϕk(p)ϕk(p) = ϕk(∆ij(f)) = ∆ik(f)∆jk(f) = a1 · · · as · a1 · · · as · b1 · · · bt · b1 · · · bt.

After switching ai with ai and bi with bi if necessary, we get

ϕk(p) = a1 · · · as · b1 · · · bt = q · r

where q = a1 · · · as and r = b1 · · · bt are multiaffine polynomials such that ∆ik(f) = qq and

∆jk(f) = rr as desired.

Lemma 3.4.5. If f satisfies Assumptions 3.4.1 and for some distinct 1 ≤ i, j, k ≤ n, the

polynomials ∆ij(f) = pp, ∆ik(f) = qq and ∆jk(f) = rr such that ϕk(p) = qr, then

ϕj(q) = pr and ϕi(r) = pq.
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Proof. We will prove the first equality and the second holds similarly. First notice that since

degi(p) = degj(p) = 0, sp /∈ 〈fj〉 for all s ∈ S. Also, degj(r) = degk(r) = 0. Then using the

properties in Lemma 3.4.3 we get

ϕj(q)r = ϕj(qr) = ϕj ◦ ϕk(p) = ∆jk(f) · ϕj(p) = ∆jk(f) · p.

Since ∆jk(f) = rr, dividing the above equation by r gives the desired result.

The following algorithm gives the desired factorizations of ∆ij(f) into gijgij that satisfy

the hypothesis of Theorem 3.3.1, which will in turn give the desired Hermitian determinantal

representation in Theorem 3.5.1.

Algorithm 1 Compatible Hermitian factorizations of Rayleigh differences

Input: f ∈ R[x1, . . . , xn] satisfying Assumptions 3.4.1

Output: Polynomials {gjk : 1 ≤ j < k ≤ n} in S[x1, . . . , xn]

Take g12 ∈ K[x1, . . . , xn] so that ∆12f = g12 · g12

for k = 3, k ≤ n, k++ do

Q0 := gcd{∆1k(f), ϕk(g12), . . . , ϕk(g1(k−1))}

Factor ∆1k(f) = pk,1 · · · pk,mk · pk,1 · · · pk,mk with pk,j irreducible for all j

for j = 1, j ≤ mk, j++ do

if pk,jpk,j divides Qj−1 then Qj := Qj−1/pk,j

else Qj := Qj−1

g1k := Qmk

for j = 2, j ≤ k − 1, j++ do

gjk := ϕk(g1j)/g1k

Proposition 3.4.6. The polynomials {gik}1≤i<k≤n constructed in Algorithm 1 satisfy

(a) g1k is multiaffine in x1, . . . , xn for all k > 1,
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(b) ϕk(g1i) = g1kgik for all 1 < i < k, and

(c) ∆ik(f) = gikgik for all 1 ≤ i < k.

Proof. (a) This is immediate for k = 2. For 2 < k ≤ n, notice that ∆1k(f) has degree two

in x1, . . . , xn. Let ` ∈ [n]\{1, k} and let pk,j, pk,j be the unique irreducible factors of ∆1k(f)

with degree one in x`. By construction, g1k divides Qj, which in turn divides ∆1k(f)/pk,j.

Since this quotient only has degree one in x`, g1k must have degree ≤ 1 in x`.

(b) follows directly from construction.

(c) We proceed by induction on k. It is trivially true for k = 2. For the inductive step,

we will prove the claim for ∆1k(f) and the other cases follow. By construction, g1kg1k divides

∆1k(f). To see this, note that for each j = 1, . . . ,mk in Algorithm 1, we can take qj = pk,j if

pk,j divides g1k and qj = pk,j otherwise. Then, by construction, g1k divides q =
∏mk

j=1 qj and

q · q = ∆1k(f), showing that g1k · g1k divides ∆1k(f).

Suppose for the sake of contradiction that ∆1k(f) 6= g1kg1k. Then there is some irreducible

factor p of ∆1k(f) such that pp does not divide g1kg1k. We claim that for every 1 < i < k,

either p or p divides ϕk(g1i). By induction, for 1 < i < k, g1ig1i = ∆1i(f). Applying ϕk gives

ϕk(g1i) · ϕk(g1i) = ϕk(∆1i(f)) = ∆1k(f) ·∆ik(f).

Since p is irreducible and divides ∆1k(f), it must divide either ϕk(g1i) or ϕk(g1i) = ϕk(g1i).

In the latter case, p divides ϕk(g1i). Since neither p nor its conjugate divide g1k, it follows

from the construction that neither p nor p divide Q0 = gcd{∆1k(f), ϕk(g12), . . . , ϕk(g1(k−1))}.

Hence there exists distinct 2 ≤ i, j < k such that neither p divide ϕk(g1i) nor p divide ϕk(g1j).

By switching p and p if needed, we can assume i < j.

By induction (on k), we know that ∆1i(f) = g1ig1i, ∆1j(f) = g1jg1j and ∆ij(f) = gijgij.

Moreover, by (b), ϕj(g1i) = g1jgij. Lemma 3.4.5 then implies that ϕ1(gij) = g1ig1j and

∆1k(f)ϕk(gij) = ϕk(ϕ1(gij)) = ϕk(g1ig1j) = ϕk(g1i)ϕk(g1j).

Now neither ϕk(g1i) nor ϕk(g1j) = ϕk(g1j) is divisible by p while p divides ∆1k(f) and this

gives the desired contradiction. Therefore ∆1k(f) = g1kg1k.
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For 1 < i < k, we calculate that

gik · gik =
ϕk(g1i)

g1k

· ϕk(g1i)

g1k

=
ϕk(g1ig1i)

∆1k(f)
=

∆1k(f)∆ik(f)

∆1k(f)
= ∆ik(f).

Corollary 3.4.7. If f ∈ R[x1, . . . , xn] satisfies Assumptions 3.4.1, then there exists a fac-

torization of ∆ij(f) into gijgji such that gij ∈ S[x1, . . . , xn], gji = gij, and ϕk(gij) = gikgkj

for all distinct 1 ≤ i, j, k ≤ n.

Proof. Let {gij : 1 ≤ i < j ≤ n} be the polynomials given by Algorithm 1 and for i < j let

gji = gij. By Proposition 3.4.6, ∆ij(f) = gijgij = gjigij. Since ∆ij(f) is quadratic in each

variable x1, . . . , xn, then gij is multiaffine in x1, . . . , xn. We will show that ϕk(gij) = gikgkj

for all distinct i, j, k. Assuming that i < j < k and using Proposition 3.4.6 we get

resxk(g1i, f) = ϕk(g1i) = g1kgki = g1kgki, and

resxk(gj1, f) = ϕk(gj1) = ϕk(g1j) = g1kgkj = gjkgk1.

Multiplying the above two equations and using Properties 3.4.3 we get

ϕk(g1igj1) = ∆1k(f)gkigjk.

Using Proposition 3.4.6 again, we know that ϕj(g1i) = g1jgji and Lemma 3.4.5 implies that

ϕ1(gji) = gj1g1i. Again using Properties 3.4.3 we find that

∆1k(f)ϕk(gji) = ∆1k(f)gkigjk.

Since f is irreducible, ∆1k(f) is nonzero and we conclude that ϕk(gij) = ϕk(gji) = gkigjk =

gikgkj. Using Lemma 3.4.5, we get that ϕj(gik) = gijgjk and ϕi(gjk) = gjigik as desired.

Example 3.4.8. (n = 4). Consider f ∈ R[x1, x2, x3, x4] given by

f(x1, x2, x3, x4) = x1x2x3x4 − x1x2 − x1x3 − x1x4 − x2x3 − x2x4 − x3x4 + 1
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For any distinct i, j, k, ` ∈ [4], the Raleigh differences of f with respect to xi and xj is

∆ij(f) = (x2
k + 1)(x2

` + 1) = (xk − i)(xk + i)(x` + i)(x` − i).

Using Algorithm 1, we can choose g12 as any multiaffine factor of ∆12(f) of degree two.

There are two possibilities, namely g12 = (x3 − i)(x4 − i) or g12 = (x3 − i)(x4 + i) and one

can check that either choice works. We will start with the first option and compute

ϕ3(g12) = −i(x1 + i)(x2 + i)(x4 − i)(x4 + i).

To choose g13 we compute gcd(∆13(f), ϕ3(g12)) = −i(x2 + i)(x4 − i)(x4 + i). Thus, up to a

constant, we have two choices for g13, namely −i(x2 + i)(x4 − i) or −i(x2 + i)(x4 + i). We

will choose the first option, giving

g23 = (ϕ3(g12)/g13) = (x1 + i)(x4 + i).

To find g14, we compute the gcd(∆14(f), ϕ4(g12), ϕ4(g13)) = −i(x2 + i)(x3 + i) and we get

g24 and g34 similarly. The final matrix is M =
−x2x3x4 − x2 − x3 − x4 (x3 − i)(x4 − i) −i(x2 + i)(x4 − i) −i(x2 + i)(x3 + i)

(x3 + i)(x4 + i) x1x3x4 − x1 − x2 − x3 (x1 + i)(x4 − i) (x1 − i)(x3 + i)

i(x2 − i)(x4 + i) (x1 − i)(x4 + i) x1x2x4 − x1 − x2 − x4 i(x1 − i)(x2 − i)

i(x2 − i)(x3 − i) (x1 + i)(x3 − i) −i(x1 + i)(x2 + i) x1x2x3 − x1 − x2 − x3

 .

Now we compute the adjugate matrix of M and divide its entries by f 2 we get

A =
1

f 2
Madj =


x1 −1 i i

−1 x2 −1 −1

−i −1 x3 −i

−i −1 i x4


and one can check that det(A) = f . The algorithm gives all the possible representations of

f , up to diagonal equivalence, namely


x1 −1 i i

−1 x2 −1 −1

−i −1 x3 −i

−i −1 i x4

 ,


x1 −1 i i

−1 x2 −1 −1

−i −1 x3 i

−i −1 −i x4

 ,


x1 −1 i −i

−1 x2 −1 −1

−i −1 x3 −i

i −1 i x4




.
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3.5 Hermitian determinantal representations

Let K be a field with an automorphism a 7→ a of order two. Let F be the fixed field of this

automorphism. We call a matrix A ∈ Matn(K) Hermitian if A = A
T

.

3.5.1 Consequences of Algorithm 1

Theorem 3.5.1. Let f ∈ F[x1, . . . , xm] be a polynomial of total degree n ≤ m that is multi-

affine in x1, . . . , xn and coefficient of x1 · · ·xn equals to one. There exist Hermitian matrices

An+1, . . . , Am, A0 so that

f = det

(
diag(x1, . . . , xn) +

m∑
j=n+1

xjAj + A0

)

if and only if for all i, j ∈ [n], ∆ij(f) is a Hermitian square in K[x1, . . . , xm].

Lemma 3.5.2. Let F be an infinite field and f ∈ F[x1, . . . , xm] be irreducible, multiaffine in

the variables x1, . . . , xn and have coefficient of x1 · · ·xn equals to 1. Let R = F[xn+1, . . . , xm].

For a generic element γ ∈ SL2(F)n, the derivatives ∂
∂xj

(γ · f) are irreducible in R[x1, . . . , xn]

for j = 1, . . . , n, up to a constant and the coefficient of
∏n

i=1 xi is nonzero.

Proof. Consider γj =

(
a b

c d

)
∈ SL2(F) acting on xj. Then ∂j(γ · f) = afj + cf j where

f = fjxj + f j. Consider the set

X =
{

(a, c) ∈ F2 : afj + cf j is reducible in R[x1, . . . , xn] up to constants},

Suppose that the multidegree of f in x1, . . . , xm is given by d ∈ Nm. By assumption, di = 1

for i = 1, . . . , n. Note that X is contained in the union
⋃

eXe where

Xe =
{

(a, c) ∈ F2 : afj + cf j ∈ Falg[x1, . . . , xm]≤e · Falg[x1, . . . , xm]≤d−e}

and the union is taken over all vectors e ∈ Nm that are coordinate-wise ≤ d with the property

that ei = 1 and ek = 0 for some i, k ∈ [n]\{j}. Here Falg denotes the algebraic closure of

F. To see this, suppose (a, c) ∈ X , meaning afj + cf j = g · h where g, h ∈ R[x1, . . . , xn] are
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not constants (i.e. elements of R). In particular, for some i, k ∈ [n]\{j}, degi(g) > 0 and

degk(h) > 0. Since afj + cf j has degree at most one in each of xi and xk, it follows that

degi(g) = degk(h) = 1 and degk(g) = degi(h) = 0. Taking e ∈ Nm to be the multidegree of

g gives g ∈ F[x1, . . . , xm]≤e and h ∈ F[x1, . . . , xm]≤d−e. Then (a, c) ∈ Xe.

By the projective elimination theorem, the image Falg[x1, . . . , xm]≤e ·Falg[x1, . . . , xm]≤d−e

is Zariski-closed in the vectorspace Falg[x1, . . . , xm]≤d. Intersecting with the F-subspace

spanned by {fj, f j} shows that Xe and hence ∪eXe is Zariski-closed in (F)2. Therefore

this union is either all of F2 or is an algebraic set of codimension ≥ 1. Suppose, for the

sake of contradiction, that it is all of F2. Then there exists some e for which Xe = F2. By

assumption, there are i, k ∈ [n] so that ei = 1 and (d − e)k = 1. By Proposition 3.2.2, it

follows that for all a, c ∈ F, ∆ik(afj + cf j) is identically zero. For c = 1, this corresponds to

the evaluation of ∆ik(f) at xj = a. It follows that the polynomial ∆ik(f) is identically zero

(see e.g. [4]). Proposition 3.2.2 then implies that f factors as the product of two nonconstant

elements in R[x1, . . . , xn].

Proof of Theorem 3.5.1. First assume that F is an infinite field and that f is irreducible in

F[x1, . . . , xm]. Let R = F[xn+1, . . . , xm]. By Lemma 3.5.2, there exists a generic γ ∈ SL2(F)n

such that the partial derivatives of γ ·f are all irreducible in R[x1, . . . , xn] and the coefficient

of x1 · · ·xn in γ · f is nonzero. Then by Corollary 3.4.7, there exists {gij}1≤i 6=j≤n with gij in

K[x` : ` 6= i, j] satisfying ∆ij(γ · f) = gijgji, gji = gij, and resxk(gij, γ · f) = gikgkj for all

distinct i, j, k ∈ [n]. Acting by γ−1 on γ · f and using Proposition 3.2.3 we get hij = γ−1 · gij
such that ∆ij(f) = hijhij and resxk(hij, f) = hikhkj and thus using Theorem 3.3.1 we get a

determinantal representation of f over K and since hji = hij, the matrix will be Hermitian.

Now suppose that f is reducible. Let g be an irreducible factor of f with degi(g) = 1 for

i ∈ I ⊆ [n] and degj(g) = 0 for j ∈ [n]\I where the coefficient of
∏

i∈I xi equals one. By

Lemma 3.3.3, for every i, j ∈ I, ∆ij(g) is a Hermitian square. Therefore g has a determinantal

representation of the correct form, g = det(diag(xi : i ∈ I) +
∑m

j=n+1 xjAij +Ai0). Taking a

block diagonal representation of these representations (and permuting the rows and columns
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to reorder x1, . . . , xn) gives a determinantal representation for f .

Now suppose that F is a finite field. Consider the transcendental extension of F to F(t)

and of K to K(t). Then by the arguments above, f = det (diag x1, . . . , xn + A(t)) for some

Hermitian matrix A(t) ∈ Matn(K(t)). The (i, j)th entry of A(t) can be written as aij =
pij
qij

where pij, qij ∈ K[t] are relatively prime and the polynomial qij is nonzero. Specializing to

t = 0 will give a determinantal representation of f over K. To do this, we need to check that

qij(0) is nonzero for all i, j. If aij = 0, then we can take pij = 0 and qij = 1. Suppose that

for some i, j ∈ [n], pij is nonzero and qij(0) = 0. Then t divides qij and so also divides qij.

Notice that

aii = coeff(f,
∏
k 6=i

xk) and aijaji = aiiajj − coeff

(
f,
∏
k 6=i,j

xk

)

are both in F and hence pijpij = rqijqij for some r ∈ F∗. We get the desired contradiction by

noticing that t2 divides the left-hand side of the equation, while it does not divide the right-

hand side since pij and qij are relatively prime. Therefore we can specialize both sides of the

equation f = det (diag x1, . . . , xn + A(t)) to t = 0, which gives a Hermitian determinantal

representation of f .

Example 3.5.3. Consider the polynomial f = x1x2x3 +x1 +x2 +x3 +1 over the field F = F2.

The Rayleigh difference ∆12(f) = x2
3 + x3 + 1 does not factor in F2[x3], showing that the

coefficient vector of f is not in the image of Mat3(F2) under the principal minor map.

Consider the quadratic extension K = F2[α]/〈α2 + α + 1〉. The map α 7→ 1 + α extends

to an automorphic involution on K that fixes F2. Over K, the Rayleigh differences factor

into multiaffine polynomials, namely ∆ij(f) = (xk + α)(xk + 1 + α), for distinct i, j, k. As

then guaranteed by Theorem 3.5.1, f has a Hermitian determinantal representation over K:

f = det


x1 1 + α 1 + α

α x2 1 + α

α α x3

 .
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Corollary 3.5.4. Let f ∈ R[x1, . . . , xm] be a polynomial of total degree n ≤ m that is

multiaffine in x1, . . . , xn and coefficient of x1 · · ·xn equals to one. There exist Hermitian

matrices An+1, . . . , Am, A0 so that

f = det

(
diag(x1, . . . , xn) +

m∑
j=n+1

xjAj + A0

)

if and only if for all i, j ∈ [n], ∆ij(f) factors as gijgij for gij ∈ C[x1, . . . , xm].

This provides a partial converse to [48, Corollary 4.3], which states that if some power

of a polynomial f has a definite determinantal representation, then for all i, j, the Rayleigh

difference ∆ij(f) is a sum of squares. In particular, Hermitian representations of f give real

symmetric determinantal representations of f 2. We might hope for the following.

Conjecture 3.5.5. If f ∈ R[x1, . . . , xm] is multiaffine in x1, . . . , xn and coefficient of x1 · · · xn
is nonzero, then some power of f has a definite real symmetric determinantal representation

if and only if for all i, j, ∆ij(f) is a sum of squares in R[x1, . . . , xm].

3.5.2 Other multiaffine determinantal representations

In this section we restrict ourselves to fields and consider the set of multiaffine determinantal

polynomials of the form

f(x) = λ det (V diag(x1, . . . , xm)V ∗ +W ) = λ det

(
m∑
i=1

xiviv
∗
i +W

)
(3.5)

for some λ ∈ F, some matrix V = (v1, . . . , vm) ∈ Kn×m and some n×n Hermitian matrix W .

Note that when we take V to be the n × n identity matrix and λ = 1, this is the principal

minor polynomial fW . When n < m, the coefficient of x1 · · ·xm in f is necessarily zero.

Theorem 3.5.6. A polynomial f ∈ F[x]MA has a determinantal representation (3.5) if and

only if for all i, j ∈ [n], ∆ijf is Hermitian square in K[x]. Moreover, one can always take a

representation of size n = deg(f) in (3.5).
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Proof. (⇒) Without loss of generality, we show that ∆12(f) is a Hermitian square. First

suppose v1 and v2 are linearly dependent, i.e. let v1 = αv2 for some α ∈ K. Then v1v
∗
1 =

ααv2v
∗
2 and f(x1, . . . , xm) = f(0, ααx1 + x2, x3, . . . , xm). Taking partial derivatives shows

that ∂f
∂x1

= αα ∂f
∂x2

and that ∂2f
∂x1∂x2

= 0. Then ∆12(f) = (α ∂f
∂x2

)(α ∂f
∂x2

) is a Hermitian square.

If v1 and v2 are linearly independent, then there is an invertible matrix U ∈ Kn×n with

Uv1 = e1 and Uv2 = e2. Then

| det(U)|2f = λ det

(
U

(
m∑
i=1

xiviv
∗
i +W

)
U∗

)
= λ det

(
diag(x1, x2,0) +

m∑
i=3

xiṽiṽi
∗ + W̃

)
.

where ṽi = Uvi and W̃ = UWU∗. These matrices are still Hermitian and so by equation

(3.2), ∆12(f) is Hermitian square.

(⇐) Let d = deg(f). We can assume, without loss of generality, that the coefficient of

x1 · · ·xd in f is nonzero. Moreover since the set of polynomials of the form (3.5) is invariant

under scaling, we can assume that this coefficient equals one. By Theorem 3.5.1, there are

Hermitian matrices A0, Ad+1, . . . , Am so that

f = det

(
diag(x1, . . . , xd) +

m∑
j=d+1

xjAj + A0

)
.

We take W = A0. By Lemma 3.5.7 below, for every k = n+ 1, . . . ,m, the rank of Ak equals

the degree of f in xk, which is one. It remains to show that the matrix Ak has the form vkv
∗
k

for some vk ∈ Kd.

By homogenizing and specializing variables to zero, it suffices to consider polynomials

of the form f = det (diag(x1, . . . , xd) + xd+1A) where A ∈ Kn×n is Hermitian and rank-

one. Then f =
∏d

i=1 xi +
∑d

j=1Ajj
∏

i∈[d]\{j} xi, where Ajj is the jth entry of A. Then for

j = 1, . . . , d,

∆j(d+1)(f) = fd+1
j f jd+1 − fj(d+1)f

j(d+1) =

(
d∏
i=1

xi

)Ajj ∏
i∈[d]\{j}

xi

 = Ajj

 ∏
i∈[d]\{j}

xi

2

.

By assumption, ∆j(d+1)(f) is a Hermitian square, and so we see that Ajj = αjαj for some

αj ∈ K. Since A has rank one, we can write it as λuu∗ for some λ ∈ F∗ and u ∈ Kn. If
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uj 6= 0, then λujuj = αjαj, meaning that λ = ββ for β = αj/uj. It follows that A = vv∗ for

v = βu.

Lemma 3.5.7. If f = det(diag(x1, . . . , xn) +
∑m

j=n+1 xjAj + A0) where Aj ∈ Kn×n are

Hermitian. Then the rank of Aj equals the degree f in the variable xj.

Proof. The bound degj(f) ≤ rank(Aj) follows from the Laplace expansion of the determi-

nant. To see equality, it suffices to take j = m = n+1 and A0 = 0. Let fA be the polynomial

fA = det(diag(x1, . . . , xn) +A) where A ∈ Kn×n is Hermitian. Then f =
∑

S⊆[n] ASx[n]\Sy|S|

equals the homogenization of fA. From this we see that the degree of f in the variable y equals

the size of the largest nonzero principal minor of A. By the so-called Principal Minor Theo-

rem [45, Strong PMT 2.9], this coincides with the size of the largest nonzero minor of A, i.e.

rank(A). Therefore for a general polynomial f = det(diag(x1, . . . , xn)+
∑m

j=n+1 xjAj+x0A0),

the restriction to xk = 0 for k ∈ {n + 1, . . . ,m}\{j} and x0 = 0 has degree rank(Aj) in xj,

showing that degj(f) ≥ rank(Aj)

This immediately gives the invariance of the set of determinantal polynomials.

Corollary 3.5.8. The set of polynomials in F[x]MA with a determinantal representation

(3.5) is invariant under the action of SL2(F)n o Sn.

Proof. By Corollary 3.2.4, for any γ ∈ SL2(F)n, ∆ij(γ · f) = γ · ∆ij(f). If ∆ij(f) is a

Hermitian square gg with g ∈ K[x] then so is ∆ij(γ · f) = (γ · g)(γ · g).

3.6 Determinantal Stable Polynomials

In this section we consider polynomials over R and C and show that any real stable multi-

affine polynomial with a complex linear determinantal representation has a definite Hermi-

tian determinantal representation (Theorem 3.6.4). Moreover, if the original polynomial is

irreducible, then the matrix is diagonally similar to a Hermitian one (Theorem 3.6.6).

We build up to the proofs of these statements with a series of useful lemmas.
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Lemma 3.6.1. Let f ∈ R[x1, . . . , xm] be multiaffine in the variables x1, . . . , xn for some

n ≤ m with coefficient of x1 · · ·xn equals to one. If f is irreducible, then for a generic

element γ ∈ SL2(R)n, ∂S(γ · f) is irreducible for every S ⊂ [n].

Proof. For each S ⊂ [n], the set of γ ∈ SL2(R)n for which ∂S(γ · f) is irreducible is Zariski-

open. Therefore it suffices to show that this set is nonempty for each S ⊂ [n]. Then the

intersection of these nonempty, Zariski-open sets will be nonempty and Zariski open.

We will proceed by induction on |S|. For |S| = 0, this is immediate, so suppose that

|S| ≥ 1 and let i ∈ S. Note that ∂S(f) = ∂i
(
∂S\{i}f

)
. By induction, for generic γ ∈ SL2(R)n,

∂S\{i}(γ · f) is irreducible. Moreover, its coefficient of
∏

j∈([n]\S)∪{i} xj is nonzero. Therefore,

up to a scalar multiple, ∂S\{i}(γ · f) satisfies the hypothesis of Lemma 3.5.2, and hence for

generic γ̃ ∈ SL2(R) acting on the ith coordinate,

∂i
(
γ̃ · ∂S\{i}(γ · f)

)
= ∂S (γ̃ · γ · f)

is irreducible. Here we use that γ̃ commutes with the differential operator ∂S\{i}, since γ̃

acts as the identity in the coordinates indexed by elements of S\{i}. It follows that for a

generic element γ ∈ SL2(R)n, ∂S (γ · f) is irreducible.

Lemma 3.6.2. If g = ax2
1 + bx1 + c is nonnegative on Rm where a, b, c ∈ R[x2, . . . , xm], then

the polynomial a is nonnegative on Rm−1.

Proof. Fix p ∈ Rm−1 and consider the specialization g(x1,p) = a(p)x2
1 + b(p)x1 + c(p) in

R[x1]. Since g is globally nonnegative on Rm, g(x1,p) is nonnegative on R and so its leading

coefficient a(p) must be nonnegative.

Lemma 3.6.3. Suppose g, h ∈ C[x1, . . . , xm] are multiaffine in x1, . . . , xn and ∂[n]g and ∂[n]h

are nonzero polynomials in xn+1, . . . , xm of total degree at most one. If the product g · h has

real coefficients and is nonnegative as a function on Rm, then h is a positive scalar multiple

of g, i.e. h = λg for some λ ∈ R>0.

Proof. (n = 0) Let g = a + ib and h = c + id for some a, b, c, d ∈ R[x1, . . . , xm]. Since

g · h ∈ R[x1, . . . , xm], we see that ad = −bc. Note that if b = 0, then d = 0 and so both g
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and h are real. In order for g · h to be nonnegative on Rn, we must have h = λ · g for some

λ ∈ R>0. The case d = 0 follows similarly.

Otherwise, since g and h are linear and thus irreducible, either a = λb and c = −λd

or a = λc and b = −λd for some nonzero λ ∈ R. In the first case, g = (λ + i)b and

h = (−λ+ i)d = (λ− i)(−d) and thus g · h = (λ2 + 1)(−b · d) ≥ 0 on Rn. Thus −d = µb for

some µ ∈ R>0. It follows that h = (λ − i)(µb) = µg. The second case gives g = λh. Since

g · h = λh · g is nonnegative on Rn
≥0, we conclude λ > 0, as desired.

(n ≥ 1) Now suppose n ≥ 1 and write g = gnxn + gn and h = hnxn + hn. Since g · h

is real and nonnegative, so is its coefficient of x2
n, gn · hn. In particular, gn, hn satisfy the

hypothesis of the theorem and so by induction, hn = λgn for some λ ∈ R>0. Moreover, for

every a ∈ Rm−1 with gn(a) 6= 0, the roots (in xn) of the specialization of g · h at x = a

come in complex conjugate pairs. It follows that −hn/hn = −gn/gn as rational functions in

C(xk : k 6= n). Together with hn = λgn, this gives that h = λg. Moreover, since g ·h = λ ·g ·g

is nonnegative on Rn, we see that λ > 0.

Theorem 3.6.4. Let f ∈ R[x1, . . . , xm] be stable and complex determinantal, i.e.

f = det

(
diag(x1, . . . , xn) +

m∑
j=n+1

Ajxj + A0

)

for some n×n complex matrices Aj. Then there exists Hermitian matrices B0, Bn+1, . . . , Bm

for which f = det
(

diag(x1, . . . , xn) +
∑m

j=n+1 Bjxj +B0

)
.

Proof. First suppose f is irreducible. By Lemma 3.6.1, there is γ ∈ SL2(R)n, such that

∂S(γ · f) is irreducible for all S ⊂ [n]. By Corollary 3.3.5, we can replace f by γ · f , and

thereby assume that all the coefficients of
∏

k∈[n]\{i,j} x
2
k in the polynomials ∆ij(γ · f) are

non-zero. To see this, notice that by induction on n, we can prove that

coeff

∆ij(f),
∏

k∈[n]\{i,j}

x2
k

 = ∆i,j

(
∂[n]\{i,j}(f)

)
.

If this coefficient is zero, then Lemma 3.3.3 implies that ∂[n]\{i,j}(f) is reducible.
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Let i < j ∈ [n]. Since f is determinantal, by Theorem 3.3.1, the polynomial ∆ij(f)

factors as gij · gji where gij, gji are multiaffine in {xk : k ∈ [n]\{i, j}} and has total degree

≤ n − 1. In particular, the coefficient of
∏

k∈[n]\{i,j} xk in both gij and gji has degree ≤ 1

in xn+1, . . . , xm. By the arguments above we can assume this coefficient is nonzero. Since

f is real stable, ∆ij(f) is also globally nonnegative on Rn [13]. Therefore by Lemma 3.6.3,

gji = λgij for some gij. It follows that ∆ij(f) factors as a Hermitian square hij · hij where

hij =
√
λgij. Theorem 3.5.1 then gives the desired Hermitian determinantal representation.

Now suppose f is reducible, say f = f1 · · · fr where each factor fk is irreducible and mul-

tiaffine in the variables xi for i ∈ Ik ⊂ [n]. Each factor is stable. Moreover, by Lemma 3.3.3,

∆ij(fk) is either zero or factors as a product of two polynomials that are multiaffine in

{x` : ` ∈ Ik} and with total degree ≤ |Ik| − 1. Since fk is irreducible, the arguments above

show that for every i, j ∈ Ik, ∆ij(fk) is a Hermitian square, from which it follows that

∆ij(f) = ∆ij(fk) ·
∏
6̀=k f

2
` is a Hermitian square. Theorem 3.5.1 then gives the desired

Hermitian determinantal representation.

Remark 3.6.5. Theorem 3.6.4 cannot hold for arbitrary real stable polynomials. For ex-

ample, consider f to be the basis generating polynomial of the Vámos matriod, defined in

[15]. It was shown by Wagner and Wei [73] that f is stable. By the theory of matrix fac-

torizations, some power f r of f has a complex linear determinantal representation (see [69,

§3.3]). This power is necessarily stable, but as shown by Brändén [15], f r does not have a

definite Hermitian determinantal representation.

When f is reducible, one can easily construct determinantal representations of f that are

not Hermitian by taking block upper triangular representations. For example, x1x2 equals

det

x1 1

0 x2

. However, when f is irreducible and real stable, we see that all complex linear

determinantal representations are Hermitian, up to conjugation by diagonal matrices.

Theorem 3.6.6. Let f ∈ R[x1, . . . , xm] be stable, irreducible, and complex determinantal,



74

i.e.

f = det

(
diag(x1, . . . , xn) +

m∑
j=n+1

Ajxj + A0

)
for some n × n complex matrices Aj. Then there exists a real diagonal matrix D ∈ Rn×n

such that D−1AjD is Hermitian for all j.

Proof. By Lemma 3.6.1, there is γ ∈ SL2(R)n, such that ∂S(γ ·f) is irreducible for all S ⊂ [n].

By Corollary 3.3.5, we can replace f by γ · f , and thereby assume that all the coefficients of∏
k∈[n]\{i,j} x

2
k in the polynomials ∆ij(γ · f) are non-zero, as in the proof of Theorem 3.6.4.

Let A(x) =
∑m

k=n+1Akxk + A0 and let aij ∈ C[xn+1, . . . , xm] denote the (i, j)th entry of

A(x). Then the coefficient of
∏

k∈[n]\{i,j} x
2
k in ∆ijf is aijaji. Since f is stable, the polynomial

∆ij(f) is nonnegative on Rm. Then by Lemma 3.6.2, it follows that the coefficient aijaji of∏
k∈[n]\{i,j} x

2
k in ∆ij(f) is nonnegative on Rn−m. By Lemma 3.6.3, we can conclude that for

each 1 ≤ i < j ≤ n, there is some λij ∈ R>0 such that aij = λijaji.

We claim that the scalars λij satisfy λij = λikλkj for all 1 ≤ i < k < j ≤ n. For simplicity,

we show this for i = 1, k = 2, j = 3 and the proof in general is identical. By the arguments

above, the starting determinantal representation of f has the form

diag(x1, . . . , xn) + A(x) =



x1 + a11 a12 a13 . . . a1n

λ12a12 x2 + a22 a23 . . .

λ13a13 λ23a23 x3 + a33

...
...

. . .

λ1na1n xn + ann


.

Recall that by Dodgson condensation, the polynomial ∆ij(f) factors as det(M [i, j])·det(M [j, i])

where M [i, j] is the matrix obtained from M = diag(x1, . . . , xn) +A(x) by removing the ith

row and jth column. These polynomials are affine in xk for k ∈ [n]\{i, j}. In particular,

g := ∂[n]\{1,2,3} det(M [3, 1]) = a12a23 − a13(x2 + a22), and

h := ∂[n]\{1,2,3} det(M [1, 3]) = λ12λ23a12a23 − λ13a13(x2 + a22).
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These polynomials satisfy the hypotheses of Lemma 3.6.3, and so there is some µ ∈ R>0

for which h = µg. Since aij is nonzero for all i, j and a22 is invariant under conjugation, we

see that λ12λ23 = µ = λ13. More generally λij = λikλkj for any i < k < j.

Now define D = diag(1,
√
λ12, . . . ,

√
λ1n). For i < j, λ1j = λ1iλij we calculate the (i, j)th

and (j, i)th entries of D−1A(x)D as

(D−1A(x)D)ij =

√
λ1j√
λ1i

aij =
√
λijaij and (D−1A(x)D)ji =

√
λ1i√
λ1j

λijaij =
√
λijaij.

3.7 Defining the set of factoring multiquadratic polynomials and the image
of the principal minor map

In this section we give a complete characterization of the image of the principal minor

map of Hermitian matrices using the characterization of Hermitian multiaffine determinantal

polynomials from Section 3.5 and the characterization of multiquadratic polynomials that

are Hermitian squares. This set is invariant under the action of SL2(R)noSn and we derive

the defining equations and numerical conditions as the orbit of a finite set under the action

of this group, where R is a unique factorization domain. In this section, we will restrict to

rings and fields of characteristic 6= 2.

Lemma 3.7.1. Let g = ax2 + bx + c ∈ R[x]. The polynomial g factors in to two linear

factors in R[x] if and only if its discriminant Discrx(g) is a square in R.

Proof. (⇒) If g factors, then it has a root in the fraction field of R. By the quadratic formula,

this implies that the discriminant is a square in frac(R), and hence in R.

(⇐) Suppose that b2−4ac = q2 for some q ∈ R. We can rewrite this as (b−q)(b+q) = 4ac.

Since R is a unique factorization domain, there is some choice of factorization of a = a1a2

and c = c1c2 so that b− q = 2a1c1 and b+ q = 2a2c2. If a = 0, then g factors as 1 · (bx+ c),

so we can assume a 6= 0. We can then write g as

g = a

(
x− −b+ q

2a

)(
x− −b− q

2a

)
= a1a2

(
x+

c1

a2

)(
x+

c2

a1

)
= (a2x+ c1)(a1x+ c2).
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This lemma does not hold over rings of characteristic two. See [21, Section 2.4, Exercise 6]

for further discussion. Note that for g ∈ R[x, y]MQ, Discrx(g) is a polynomial of degree 4 in

y whose coefficients are quadratic in the coefficients of g.

Lemma 3.7.2. Let h(x) =
∑4

i=0 bix
i ∈ R[x]4 a univariate quartic. Then h is a square in

R[x] if and only if b0, b4 and h(1) =
∑

j bj are squares in R and the point (b0, b1, b2, b3, b4)

satisfies

b4b
2
1 − b2

3b0 = 0, b3
3 − 4b4b3b2 + 8b2

4b1 = 0, b3
1 − 4b0b1b2 + 8b2

0b3 = 0 (3.6)

b2b
2
3 − 4b2

2b4 + 2b1b3b4 + 16b0b
2
4 = 0, and b2

1b2 − 4b0b
2
2 + 2b0b1b3 + 16b2

0b4 = 0.

Proof. (⇒) If h(x) is a square in R[x], then h(x) =
∑4

i=0 bix
i = (αx2 + βx + δ)2 for some

α, β, δ ∈ R. We see that b4 = α2, b0 = δ2, and
∑4

i=0 bi = (α + β + δ)2 are all squares in R.

Each of the coefficients bi is a polynomial in α, β, δ and one can quickly check that all the

cubics in (3.6) vanish identically on this parametrization.

(⇐) Let b4 = α2, b0 = δ2, and
∑

j bj = λ2 for some α, δ, λ ∈ R. From b0b
2
3 = b2

1b4, we see

that δb3 = ±b1α, and replacing α with −α if necessary, we can take δb3 = b1α.

If b3 is nonzero, we see from the second equation that b4, and hence α, must also be

nonzero. Define β = b3/(2α) ∈ frac(R). It follows immediately that b0 = δ2, b1 = 2δβ,

b3 = 2βα, and b4 = α2. If b3 6= 0, the second equation implies that

b2 =
1

4b3b4

(b3
3 + 8b1b

2
4) =

1

8βα3
(8β3α3 + 16δβα4) = β2 + 2δα,

from which we conclude that (αx2 + βx + δ)2 = h(x). Similarly, if b1 is nonzero then so

are b0 and δ. We can define β = b1/(2δ) and use 4b0b1b2 = b3
1 + 8b2

0b3 to conclude that

(αx2 + βx+ δ)2 = h(x). In either case, evaluating at x = 1 gives that α + β + δ = ±λ, and

β = ±λ− α− δ ∈ R.

If b1 = b3 = 0, the equations simplify to 4b4(b2
2− 4b0b2) = 0 and 4b0(b2

2− 4b0b2) = 0. If b0

or b4 is nonzero, then b2 = ±δα and h(x) is (αx2 ± δ)2. Otherwise b0 = b1 = b3 = b4 = 0, in

which case b2 = λ2 and h(x) = (λx)2.
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Corollary 3.7.3. A quartic h(x) =
∑4

j=0 bjx
j is a square in R[x] if and only if for all γ in

SL2({0,±1}), (γ · h)x=0 is a square in R and Bx(γ · h) = Cx(γ · h) = Dx(γ · h) = 0, where

Bx(h) = b4b
2
1−b2

3b0, Cx(h) = b3
1−4b0b1b2+8b2

0b3, and Dx(h) = b2
1b2−4b0b

2
2+2b0b1b3+16b2

0b4.

Proof. It suffices to show that we can recover the conditions in Lemma 3.7.2, which we can

do this with three elements of SL2({0,±1}): the identity, γ1 =

 0 1

−1 0

 and γ2 =

1 1

0 1

,

representing the fractional linear transformations x 7→ −1/x and x 7→ x + 1, respectively.

Note that (γ1 · h)(0) = b4 and (γ2 · h)(0) = h(1) =
∑

j bj, so from (i), we recover that all of

these are squares in R. The element γ1 induces the transposition bk 7→ (−1)kb4−k for each

k. One can quickly check that we recover the two missing cubics from this action of γ1.

Remark 3.7.4. The ideal generated by the five cubics in Lemma 3.7.2 is not saturated with

respect to the ideal 〈b0, . . . , b4〉. Its saturation is minimally generated by these five cubics

together with −b1b
2
3 + 4b1b2b4 − 8b0b3b4 and −b2

1b3 + 4b0b2b3 − 8b0b1b4.

Note that the coefficients of Discry(γ · g) have degree two in the coefficients cα of g, and

so the polynomials listed in (ii) above have degree six. For example,

Bx(Discry(γ · g)) = 4(c01c11 − 2(c10c02 + c00c12))2(c2
21 − 4c20c22)

− 4(c2
01 − 4c00c02)(c11c21 − 2(c20c12 + c10c22))2.

Theorem 3.7.5. Let R be a unique factorization domain with char(R) 6= 2 and |R| ≥ 13. A

polynomial g =
∑

α∈{0,1,2}n cαx
α ∈ R[x] is the product of multiaffine polynomials if and only

if for all γ ∈ SL2(R)n o Sn,

(i) Discrx1(γ · g)|x2=...=xn=0 = γ · (c2
10 − 4c00c20) is a square in R,

(ii) the sextic polynomials in c given by specializing Bx2(Discrx1(γ · g)), Cx2(Discrx1(γ · g))

and Dx2(Discrx1(γ · g)) to x3 = . . . = xn = 0 are all zero.
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Proof. We can express g =
∑

β∈{0,1,2}2 gβx
β1
1 x

β2
2 where gβ ∈ R[x3, . . . , xn]≤2. The polynomial

Bx2(Discrx1(g)) has degree six in the coefficients gβ and so degree ≤ 12 in each variable xj.

Consider I ⊂ R with |I| = 13. For λ1 = λ2 = 0 and λ3, . . . , λn ∈ I, consider the

element γ =
((

1 λj

0 1

))
j

in SL2(R)n. For any polynomial F ∈ R[x] the evaluation of γ · F

at x = 0 equals the evaluation of F at x = (λ1, . . . , λn). In particular, (ii) implies that the

polynomials Bx2(Discrx1(γ ·g)), Cx2(Discrx1(γ ·g)) and Dx2(Discrx1(γ ·g)) vanish at the point

x = (λ1, . . . , λn) for every choice of λj ∈ I. Since these polynomials have degree ≤ 12 in

each variable xj and |I| ≥ 13, it follows that each of these polynomials is identically zero,

using [?, Lemma 4.1].

We can now proceed by induction on n. The n = 1 case is the content of Lemma 3.7.1

together with the observation that the discriminant is invariant under the action of SL2(R),

so we suppose n ≥ 2. Let h = Discrx1(g) ∈ S[x2] where S = R[x3, . . . , xn]. By induction, for

every γ ∈ SL2(R) acting on the variable x2, (γ · g)|x2=0 factors into multiaffine polynomials

and so (γ · h)|x2=0 = Discrx1((γ · g)|x2=0) is a square in S = R[x3, . . . , xn].

By Corollary 3.7.3, it follows that Discrx1(g) is a square in S[x2]. Then by Lemma 3.7.1,

g factors into linear factors in x1 in the ring S[x1, x2] = R[x]. Using the action of Sn, we see

that every irreducible factor of g must have degree ≤ 1 in each variable.

Remark 3.7.6. For every choice of i 6= j ∈ [n] and λ ∈ In−3 we obtain three equations by

evaluating Bxj(Discrxi(g)), Cxj(Discrxi(g)) and Dxj(Discrxi(g)) at the point λ, along with

additional two polynomials from the two missing analogous polynomials in Lemma 3.7.2,

which can be recovered from the SL2-action on xj. This gives a total of 5n(n − 1)13n−3

sextic equations in the coefficients of g.

Lemma 3.7.7. Let S be a unique factorization domain with char(S) 6= 2 and an automorphic

involution a → a and let R be the fixed ring under this involution. The polynomial g =

ax2 + bx + c ∈ R[x] is a Hermitian square in S[x] if and only if a and c are Hermitian

squares in S and the discriminant Discrx(g) = q2 with q ∈ S[x] and q = −q.
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Proof. (⇒) If g factors into two conjugates (sx+ t)(sx+ t), then a = ss and c = tt and

Discx(g) = b2 − 4ac = (st+ ts)2 − 4sstt = (st− ts)2

which satisfies the desired property.

(⇐) Assume that b2 − 4ac = q2 such that q = −q. If a = 0, then b = ±q and thus

b = −b. Since b ∈ R, then b = 0 and g = c is a Hermitian square as desired. If a 6= 0, then

(b− q)(b+ q) = (b− q)(b− q) = 4ac = 4sstt, where a = ss and c = tt. Thus, after relabeling

if needed, we may assume that b− q = 2st. Thus, we can write g as

g = a

(
x− −b+ q

2a

)(
x− −b+ q

2a

)
= ss

(
x+

t

s

)(
x+

t

s

)
= (sx+ t)(sx+ t).

Theorem 3.7.8. Let S be a unique factorization domain with char(S) 6= 2 and an automor-

phic involution a 7→ a. Let R be the fixed ring of this automorphism with |R| ≥ 13. The poly-

nomial g =
∑

α∈{0,1,2}n cαx
α in R[x]MQ is a Hermitian square if and only if (γ · g)|x3=...=xn=0

is a Hermitian square in S[x1, x2] for all γ ∈ SL2(R)n o Sn.

Proof. If for all γ ∈ SL2(R)n o Sn, the polynomial (γ · g)|x3=...=xn=0 is a Hermitian square

in S[x1, x2], then by Lemma 3.7.1, Discrx1(γ · g)|x3=...=xn=0 is a square in S[x2] . Using

Corollary 3.7.3 we see that the two conditions of Theorem 3.7.5 are satisfied and hence we

deduce that g is a product of multiaffine polynomials in S[x]. To prove that g is a Hermitian

square, we will proceed by induction on n. The case n = 2 is trivially satisfied. For the

inductive step, write g as g = p2x
2
1 + p1x1 + p0 for some p2, p1, p0 ∈ R̃ = R[x2, . . . , xn].

By induction we see that p2 and p0 are both Hermitian squares and as g is a product of

multiaffine polynomials, then by Lemma 3.7.1, we see that Discx1(g) = p2
1 − 4p2p0 = q2 for

some q ∈ S[x2, . . . , xn]. Since p2
1 − 4p2p0 ∈ R̃, then q2 ∈ R̃ and so q = −q or q = q. In the

former case, Lemma 3.7.7 implies that g is a Hermitian square and we are done. Otherwise

we get (γ · q)|x=0 = (γ · q)|x=0 for all γ ∈ SL2(R)n−1. Notice that by induction on the other

hand, (γ · g)|x=0 is a Hermitian square and hence

Discx1((γ · g)x=0) =
(
γ · (p2

1 − 4p2p0)
)
x=0

= (γ · q)2
x=0 with (γ · q)|x=0 = −(γ · q)|x=0.
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Thus we conclude that (γ · q)|x=0 = 0 for all γ ∈ SL2(R)n−1. Consider γ = (γi)2≤i≤n where

γi =
(

1 λi

0 1

)
for λi ∈ R. Notice that γ · q|(x2=···=xn=0) = q|(x2=λ2,...,xn=λn) = 0. Since |R| ≥ 3,

[?, Lemma 4.1] implies that q ≡ 0 and thus q = −q and we apply Lemma 3.7.7 again to

deduce that g is a Hermitian square.

Let F be a field of char(F) 6= 2 with |F| ≥ 13 and K be a degree two extension field. Let δ

denote the square root of the discriminant of the minimal polynomial of this field extension.

Then K = F(δ) and the involution δ −→ δ = −δ extends to an automorphism of K with

fixed field F.

Remark 3.7.9. In the field K, q = −q is equivalent to requiring q = δr for some r ∈ F.

Lemma 3.7.10. Let g =
∑

α∈{0,1,2}2 cαx
α ∈ F[x1, x2]MQ. The polynomial g is a Hermitian

square in K[x1, x2] if and only if for all γ ∈ SL2({0,±1})2 o S2:

(i) γ · c(0,0) is a Hermitian square in K.

(ii) 1
δ2

Discrx1(γ · g) is a square in F[x2].

Proof. Write g as g = p2x
2
1 + p1x1 + p0 where p2, p1 and p0 are quadratics in F[x2]. Using

Lemma 3.7.7, we see that g is a product of two conjugate factors if and only if p2 and p0

are product of two conjugates in K[x2] and Discx1g = q2 where q = −q for some q ∈ K[x2].

Notice that by Remark 3.7.9, this condition is equivalent to q = δr where r ∈ F[x2] and thus

requiring that 1
δ2

Discx1g is a square in F[x2]. Using Lemma 3.7.7, p2 and p0 are conjugates

if and only if c(i,j) is a product of two conjugates for i, j ∈ {0, 2} and 1
δ2

Discrx2(γ · g)|x1=0 is

a square for γ ∈ SL2(F) and this gives the desired equivalence.

Theorem 3.7.11. A polynomial g =
∑

α∈{0,1,2}n cαx
α ∈ F[x] is a Hermitian square in K[x]

if and only if for all γ ∈ SL2(F)n o Sn,

(i) (γ · c0) is a Hermitian square in K,

(ii) 1
δ2

Discrx1(γ · g)|x2=...=xn=0 = γ ·
(

1
δ2

(c2
10 − 4c00c20)

)
is a square in F,
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(iii) the sextic polynomials in c given by specializing Bx2 (Discrx1(γ · g)), Cx2 (Discrx1(γ · g))

and Dx2 (Discrx1(γ · g)) to x3 = . . . = xn = 0 are all zero.

Proof. Using Lemma 3.7.8, g is a Hermitian square in K[x] if and only if for all γ ∈ SL2(F)no

Sn, (γ · g)|x3=...=xn=0 is a Hermitian square in K[x1, x2]. Now Lemma 3.7.10, shows that this

is equivalent to γ · c0 is a product of two conjugates and 1
δ2

Discrx1(γ · g) is a square in F[x2],

which is equivalent to conditions (ii) and (iii) above using Corollary 3.7.3.

Now we are ready to give a complete characterization of the image of the principal minor

map of Hermitian matrices using the characterization of Hermitian multiaffine determinantal

polynomials from Section 3.5 and the characterization of multiquadratic polynomials that

are Hermitian squares.

Recall that to each element a = (aS)S⊆[n] in F2n we associate the multiaffine polynomial

fa =
∑
S⊆[n]

aSx[n]\S.

For n = 3, the discriminant of the Rayleigh difference ∆12(f) with respect to x3 is Cayley’s

2× 2× 2 hyperdeterminant

HypDet(a) = (a1a23 + a2a13 − a3a12 − a∅a123)2 − 4(a1a2 − a∅a12)(a13a23 − a3a123)

= a2
∅a

2
123 + a2

1a
2
23 + a2

2a
2
13 + a2

3a
2
12 − 2a∅a1a23a123 − 2a∅a2a13a123 − 2a∅a3a12a123

− 2a1a2a13a23 − 2a1a3a12a23 − 2a2a3a12a13 + 4a∅a23a13a12 + 4a123a1a2a3.

This quartic polynomial therefore appears in the arithmetic conditions on the image of the

principal minor map.

Theorem 3.7.12. Let a = (aS)S⊆[n] ∈ F2n with a∅ = 1. There exists a Hermitian matrix

over K with principal minors a if and only if for every γ ∈ SL2(F)n o Sn:

(i) γ · (a1a2 − a∅a12) is a Hermitian square in K,

(ii) 1
δ2

HypDet(γ · a) is a square in F, and
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(iii) γ · a satisfies the degree-12 polynomials given by specializing Bx4 (Discrx3(γ ·∆12fa)),

Cx4 (Discrx3(γ ·∆12fa)) and Dx4 (Discrx3(γ ·∆12fa)) to x5 = . . . = xn = 0.

Here the operators Bx, Cx, Dx are defined in Corollary 3.7.3.

Proof of Theorem 3.7.12. By Theorem 3.5.1 with n = m, a = (aS)S⊆[n] ∈ F2n is in the image

of the principal minor map if and only if ∆ij(fa) is a Hermitian square for all i, j ∈ [n],

which according to Theorem 3.7.8, is satisfied if and only if for all γ ∈ SL2(F)n o Sn,

γ · ∆34(fa)|x5=...=xn=0 is a Hermitian square in K[x1, x2]. This is equivalent to the three

hypothesis of Theorem 3.7.11, which in turn is equivalent to the three hypotheses of the

theorem.

Taking K = C with the action complex conjugation then gives the following.

Corollary 3.7.13. Let a = (aS)S⊆[n] ∈ R2n with a∅ = 1. There exists a Hermitian matrix

over C with principal minors a if and only if for every γ ∈ SL2(R)n o Sn

(ii) γ · (a1a2 − a∅a12) ≥ 0,

(ii) HypDet(γ · a) ≤ 0, and

(ii) γ · a satisfies the three degree-12 equations given by restricting Bx4 (Discrx3(∆12fγ·a)),

Cx4 (Discrx3(∆12fγ·a)) and Dx4 (Discrx3(∆12fγ·a)) to x5 = . . . = xn = 0.

3.8 A family of counterexamples

Let F be a field and for n ≥ 2, consider the multiaffine polynomial f2n+1 ∈ F[x1, . . . , x2n+1]

given by

f2n+1 = x1 ·
n∏
j=1

(x2j+1x2j+2 + 1) +
n∏
j=1

(x2jx2j+1 + 1) (3.7)

where we take x2n+2 = x2. We show that this polynomial is not determinantal, i.e. its vector

of coefficients do not belong to the image of the principal minor map, but is determinantal

after specializing any one variable:
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Theorem 3.8.1. There is no finite set of equations whose orbit under SL2(F)n o Sn set-

theoretically cuts out the image of the principal minor map for all n.

Let In ⊂ F[aS : S ⊆ [n]] be the homogeneous ideal of polynomials vanishing on the image

of n × n matrices under the principal minor map in P2n−1(F). There is a natural inclusion

of In into F[aS : S ⊆ [n+ 1]].

Theorem 3.8.2. The coefficient vector of the polynomial f2n+1 belongs to the variety of

polynomials in the orbit (SL2(F)2n+1 o S2n+1) · I2n but not the variety of I2n+1.

The proof of this theorem relies on the fact that the coefficient of any generic specialization

of f2n+1 lies in the image of the principal minor map, up to scaling. One key observation

is that the Rayleigh differences of f2n+1 do not all factor as the product of two multiaffine

polynomials, but do have such factorizations after specializing anyone variable. We show

this explicitly by writing down the determinantal representations of these specializations.

Lemma 3.8.3. The rational function 1
1+x1

f2n+1 can be written as det(diag(x2, . . . , x2n+1)+A)

where for 2 ≤ i, j ≤ 2n+ 1,

Aij =



1/(1 + x1) if i is odd, j is even, and i > j,

−x1/(1 + x1) if i is odd, j is even, and i < j,

−1 if i is even, j = i+ 1,

1 if i is even, j = i− 1,

−x1 if i = 2, j = 2n+ 1, and

0 otherwise.

Proof. Let D denote the determinant of the matrix M = det(diag(x2, . . . , x2n+1) + A). By

definition, D is a polynomial in 1
1+x1

, x1, x2, . . . , xn. Moreover the entries for which x1 + 1

appears in the denominator form a square submatrix whose rows correspond to odd indices
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and whose columns correspond to even ones. It has the form

1

1 + x1



1 −x1 −x1 . . . −x1

1 1 −x1 . . . −x1

...
. . . . . . . . .

...

1 1
. . . . . . −x1

1 1 1 . . . 1


=

1

1 + x1

J − U

where J is the all ones matrix and U is an upper triangular matrix with Uij = 1 for i < j

and Uij = 0 otherwise. Since J has rank one, the exponent of 1 + x1 appearing in the

denominator of any minor of this matrix is at most one. This also shows that despite the

many appearances of x1 in numerator of this matrix, it does not appear in the numerator of

any minor. There is only one other entry in M containing x1, and so the determinant D can

be written as (x1 + 1)−1p1 + p2 where p1 and p2 are multiaffine in x1, . . . , x2n+1. Moreover,

the only term in the Laplace expansion of the determinant of M avoiding this submatrix is

the product of the diagonal
∏2n+1

j=2 xj. Therefore we can write D as (x1 + 1)−1p where p is

multiaffine in x1, . . . , x2n+1. Therefore to show that p = f2n+1 it suffices to show that they

have the same specialization at x1 = 0 and the same coefficient of x1.

When we specialize x1 to zero, M becomes a block upper-triangular l matrix with diagonal

blocks of the form

x2j −1

1 x2j+1

. Its determinant agrees with the specialization of 1
1+x1

f2n+1

to x1 = 0.

Consider the rational function g obtained by inverting x1 in 1
1+x1

f2n+1, which is

x1

1 + x1

f2n+1(x−1
1 , x2, . . . , xn) =

1

1 + x1

·

(
n∏
j=1

(x2j+1x2j+2 + 1) + x1 ·
n∏
j=1

(x2jx2j+1 + 1)

)
.

Let M ′ be the matrix obtained from M by replacing x1 by x−1
1 and then multiplying the

column indexed by 2 by x−1
1 and the row indexed by 2 by x1. The entries are now rational

functions in x1 with only 1+x1 appearing in the denominator. After specializing M ′ to x1 = 0

and cyclic shifting the rows and columns by one, we find another block upper triangular ma-
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

x2 −1 0 0 0 −x1

1
x1+1 x3 − x1

x1+1 0 − x1
x1+1 0

0 1 x4 −1 0 0

1
x1+1 0 1

x1+1 x5 − x1
x1+1 0

0 0 0 1 x6 −1
1

x1+1 0 1
x1+1 0 1

x1+1 x7


∼



x2 0 0 −1 0 −x1

0 x4 0 1 −1 0

0 0 x6 0 1 −1
1

x1+1 − x1
x1+1 − x1

x1+1 x3 0 0

1
x1+1

1
x1+1 − x1

x1+1 0 x5 0

1
x1+1

1
x1+1

1
x1+1 0 0 x7



Figure 3.1: The matrix A in Lemma 3.8.3 for 2n+ 1 = 7.

trix with diagonal blocks of the form

x2j+1 −1

1 x2j+2

 for j = 1, . . . , n−1 and

x2n+1 1

−1 x2

.

Therefore the determinant of M ′ restricted to x1 = 0 is given by
∏n

j=1(x2j+1x2j+2 + 1).

By definition, the determinant of M ′ equals D(x−1
1 , x2, . . . , xn) = x1

1+x1
p(x−1

1 , . . . , xn).

Restricting to x1 = 0 gives the coefficient of x1 in p, which must be
∏n

j=1(x2j+1x2j+2 + 1).

Therefore p agrees with the polynomial f2n+1.

Lemma 3.8.4. For every m = 2, . . . , 2n + 1, the coefficients of 1
xm
f2n+1 are the principal

minors of a 2n× 2n matrix with entries in {0,±1, x±1
m }. In particular, the rational function

1
x2n+1

f2n+1 can be written as det(diag(x1, . . . , x2n) +B) where for 1 ≤ i, j ≤ 2n,

Bij =



1 if j = i+ 1 and i > 1 or (i, j) = (1, 1) or (i, j) = (2, 1),

−1 if i is even and j = i− 1 or (i, j) = (2n, 1),

x2n+1 if i odd, i ≥ 3, and j = 1,

1/x2n+1 if i ∈ {1, 2} and j is even, and

0 otherwise.

Proof. Let M = det(diag(x1, . . . , x2n) + B) and let D denote its determinant. As in the

proof of Lemma 3.8.3, the entries of M with x2n+1 appearing in the denominator appear in
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a submatrix of rank-one. The entries with x2n+1 appearing in the numerator are contained

in the first column. Moreover, in the Laplace expansion of the determinant, the only terms

avoiding the submatrix of entries x−1
2n+1 must include the (1, 1) and (2, 2) entries, and so will

not involve any entries with x2n+1. It follows that D can be written as x−1
2n+1p where p is

multiaffine in x1, . . . , x2n+1. Therefore it suffices to check that f2n+1 and p have the same

restriction to x1 = 0 and same coefficient of x1.

We see that the coefficient of x1 in D is the determinant of the matrix M after removing

the first row and column. This minor is a block matrix with one block of the form (x2 +

1/x2n+1) and the rest of the form

x2j+1 1

−1 xj+2

. Therefore the coefficient of x1 in p and

f2n+1 agree.

The specialization of M to x1 = 0 is a matrix has the form

1 bT

c A

. Using Schur

complements, we see that the determinant equals the determinant of A−cbT . One can check

that the matrix A−cbT is a block-lower triangular matrix with diagonal blocks

x2j 1

−1 x2j+1


for j = 1, . . . , n− 1 and x2n + 1/x2n+1. This shows that the restriction of p to x1 = 0 agrees

with that of f2n+1.

For the corresponding statement with arbitrary m 6= 1, we use the symmetries of f2n+1

under the action of a dihedral group of order n with the cyclic action j 7→ j + 2 (identifying

2n + j = j for j ≥ 2 and reflection n + 1 − j ↔ n + 2 − j. There is some element of this

group that moves m to 2n+ 1, and we can take the image of the representation above.

To show that f2n+1 does not belong to I2n+1, we will use the following:

Lemma 3.8.5. The set of polynomials

Fn =
{
f ∈ F[x]MA : for all i, j ∈ [n],∆ij(f) = gij · hij for some gij, hij ∈ Falg[x]MA

}
is Zariski closed in F[x]MA

∼= F2[n], where Falg denotes the algebraic closure of F.

Proof. The set of multiquadratic polynomials in Falg[x]MQ that factor as the product of

two multiaffine polynomials is the image of Falg[x]MA × Falg[x]MA under (g, h) 7→ g · h.
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

x1 + 1 1
x7

0 1
x7

0 1
x7

1 x2 +
1
x7

1 1
x7

0 1
x7

x7 0 x3 1 0 1

0 0 −1 x4 1 0

x7 0 0 0 x5 1

−1 0 0 0 −1 x6





x2 1 0 0 0

−1 x3 0 0 0

0 −1 x4 1 0

−1 0 −1 x5 0

1
x7

0 1
x7
−1 x6 +

1
x7



Figure 3.2: The matrices B (left) and A− cbT (right) in Lemma 3.8.4 for 2n+ 1 = 7.

Since this map is bilinear, it follows from the projective elimination theorem that the set

{q ∈ Falg[x]MQ : q = g · h for some g, h ∈ Falg[x]MA} is Zariski-closed in Falg[x]MQ.

Pulling back by the map ∆ij, it follows that for each i, j ∈ [n], the set of polynomials

f ∈ Falg[x]MA for which ∆ij(f) factors as the product of two multiaffine polynomials is

Zariski-closed, as is their intersection over all i, j ∈ [n]. It follows that its intersection with

F[x]MA is Zariski-closed F[x]MA.

Theorem 3.3.1 implies that the image of Fn×n under the principal minor map is a subset

of the variety Fn, although as Example 3.3.2 shows, this containment can be strict. In order

to show that f2n+1 does not belong to the variety of I2n+1, it suffices to show that f2n+1 does

not belong to F2n+1.

Recall that for f =
∑

S⊆[n] aSx[n]\S, the coefficient vector of f is defined to be

coeff(f) = (aS)S⊆[n] ∈ F2[n] .

Proof of Theorem 3.8.2. For convenience, let f = f2n+1. Let P ∈ I2n be a homogenous

polynomial vanishing on the image of F2n×2n under the principal minor map. Let Q denote

the image of P under inclusion into F[aS : S ⊆ [2n+ 1]]. Note that Q only involves aS with

2n+1 6∈ S. Since our indexing of coefficients is inclusion reversing, we see that the evaluation

of Q at the coefficient vector of f depends only on coefficients of monomials containing x2n+1.



88

In particular, its evaluation at the coefficient vector of f equals the evaluation of P at the

coefficient vector of derivative of f with respect to x2n+1, i.e.

Q(coeff(f)) = P (coeff(∂f/∂x2n+1)). (3.8)

If F is finite, it suffices to replace it with any infinite field extension, such as F(t) or

Falg. Let (γ, π) ∈ SL2(F)2n+1 o S2n+1, with γ generic, where Falg denote the (necessarily

infinite) algebraic closure of F. We can write (γ, π) as the composition of elements (γ̂, π̂) in

SL2(F)2n o S2n and (γ2n+1, σ), where γ2n+1 =
(
a b

c d

)
∈ SL2(F) acts on x2n+1 and σ is the

transposition σ = (m(2n+ 1)) ∈ S2n+1. Then

(γ2n+1, σ) · f = (cx2n+1 + d)f

(
x1, . . . , xm−1,

ax2n+1 + b

cx2n+1 + d
, xm+1, . . . , x2n, xm

)
.

By the genericity of γ, c 6= 0 and

∂

∂x2n+1

((γ2n+1, σ) · f) = cf
∣∣{xm = a/c, x2n+1 = xm}.

Call this polynomial g. The coefficient λ of
∏2n

i=1 xi in g is a+ c for m = 1 and a for m > 1.

In either case, we can assume it is nonzero by the genericity of γ.

By Lemma 3.8.3 for m = 1 and Lemma 3.8.4 for m > 1, the polynomial 1
λ
g is determi-

nantal and its coefficient vector belongs to the image of the principal minor map. Since the

image of the principal minor map is invariant under the action of (SL2(F)2noS2n), by (3.8),

0 = P (coeff(g)) = P (coeff((γ̂, π̂) · g)) = Q(coeff((γ, π) · f)).

This shows that the coefficient vector of f belongs to the variety of (SL2(F)2n+1oS2n+1) ·I2n.

On the other hand, we calculate that

∆12(f) = (x3 − x2n+1)
2n∏
i=3

(xixi+1 + 1).

These form a cycle of length 2n−1 of irreducible bivariate factors, which cannot be factored

as the product of two multiaffine polynomials. It follows that f does not belong to the variety

F2n+1 from Lemma 3.8.5, which, by Theorem 3.3.1, contains the variety of I2n+1.
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The polynomial f2n+1 shows that the orbit of the ideal I2n under (SL2(F)2n+1 o S2n+1)

is not enough to cut out the set of polynomials f ∈ F[x1, . . . , x2n+1] all of whose Rayleigh

differences factor as the product of two multiaffine polynomials. As Example 3.3.2 shows,

even this is not enough to cut out the image of the principal minor map.
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Chapter 4

A GENERALIZATION OF THE SPACE OF COMPLETE
QUADRICS

This chapter is joint work with Mario Kummer and Miruna-Stefana Sorea appearing in

Matematiche (Catania) [3].

4.1 Introduction

Let h ∈ R[x1, . . . , xn] be a homogeneous polynomial of degree d. We will always assume that

there is no invertible linear change of coordinates T such that h(Tx) ∈ R[x1, . . . , xk−1]. The

gradient map of h is the rational map

∇h : Pn−1 99K Pn−1, x 7→ [∇h(x)] = [
∂

∂x1

h(x) : · · · : ∂

∂xn
h(x)].

It is a regular map on the open subset U ⊂ Pn−1 of all points where h does not vanish.

Its graph Γh is the Zariski closure of all pairs (x,∇h(x)) in Pn−1 × Pn−1 with x ∈ U . In

this chapter we will study resolutions of singularities of Γh for certain h and thereby address

Question 43 in [66]:

Question 43. Can we define a generalization of the space of complete quadrics where the

role of the symmetric determinant is played by an arbitrary hyperbolic polynomial h? Such

a manifold could be a canonical resolution of the graph of the gradient map of h.

One motivation for this questions is the study of so-called hyperbolic exponential families

in [52] where the gradient map plays a prominent role. While the construction we present

in this article is motivated by the theory of hyperbolic polynomials, hyperbolicity plays a

subordinate role in the rest of the paper. Instead, other properties such as M -convexity will

matter.
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In the case when h = det(X) is the determinant of the n × n generic symmetric matrix

X, such a resolution of singularities is given by the space of complete quadrics. For any

integer 0 < i < n and any symmetric matrix A ∈ Sn we denote by ∧iA ∈ S(ni) the repre-

senting matrix of the linear map ∧iRn → ∧iRn induced by A. Note that ∧iA is nonzero if

det(A) 6= 0. Now the space of complete quadrics ΩdetX is the Zariski closure of all tuples

([A], [∧2A], . . . , [∧n−1A]) in P(Sn)×P(S(n2))× · · · ×P(S( n
n−2))×P(Sn) with A invertible. The

projection of ΩdetX onto the first and the last coordinate is a birational map onto Γdet(X).

Moreover it was shown for example in [49] that ΩdetX is smooth.

Here we will define a variety Ωh for an arbitrary homogeneous polynomial h ∈ R[x1, . . . , xn]

together with a regular and birational map to Γh which agrees with the space of complete

quadrics when h = det(X) is the determinant of the generic symmetric matrix. Before we

give the definition of Ωh, we recall the definition of a hyperbolic polynomial.

Definition 4.1.1. A homogeneous polynomial h ∈ R[x1, . . . , xn] is hyperbolic with respect

to e ∈ Rn if the univariate polynomial h(te − v) ∈ R[t] has only real zeros for all v ∈ Rn.

The hyperbolicity cone of h at e is

Λe(h) = {v ∈ Rn : h(te− v) has only nonnegative roots}.

The prototype of a hyperbolic polynomial is the determinant of the generic symmetric

matrix det(X). Indeed, since a real symmetric matrix has only real eigenvalues, the polyno-

mial det(X) is hyperbolic with respect to the identity matrix I. The hyperbolicity cone of

det(X) at I is the cone of positive semidefinite matrices.

The entries of ∧k+1X cut out the variety of symmetric matrices with rank at most k. For

a real symmetric matrix A the algebraic and geometric multiplicity of an eigenvalue agree.

Thus the rank of A equals to the degree of the univariate polynomial det(tI + A). In fact

the same holds true when we replace I by any positive definite matrix. This shows that we

can express the degeneracy locus of the rational map P(Sn) 99K P(S( n
k+1)), [A] 7→ [∧k+1A] in

terms of the hyperbolic rank function of det(X):
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Definition 4.1.2. Let h ∈ R[x1, . . . , xn] be hyperbolic with respect to e ∈ Rn. The hyperbolic

rank function of h is defined as

rankh,e : Rn → N, v 7→ deg(h(e+ tv)).

It was shown in [15, Lemma 4.4] that rankh,e = rankh,a for any a ∈ int(Λe(h)). We let

d = deg(h), 0 ≤ k < d and v ∈ Rn. Then we have rankh,e(v) ≤ d − k − 1 if and only if all

kth order partial derivatives ∂kh
∂xi1 ···∂xik

of h vanish in v. Lets denote by Dk
1 , . . . , D

k
mk

a basis

of the span of all kth order partial derivatives of h. We consider the rational map

∆h : Pn−1 99K Pm1−1 × · · · × Pmd−1−1,

[x] 7→ ([D1
1(x) : · · · : D1

m1
(x)], . . . , [Dd−1

1 (x) : · · · : Dd−1
md−1

(x)]).

We define the variety Ωh to be the normalisation of the image of this rational map. The

projection on the first and the last coordinate gives a birational morphism ωh : Ωh → Γh.

Moreover, when h = det(X) is the determinant of the generic symmetric matrix, then Ωdet(X)

is isomorphic to the space of complete quadrics as defined above and thus Ωdet(X) is smooth

in that case.

Another important example for hyperbolic polynomials are the elementary symmetric

polynomials.

Theorem 4.1.3. Let σd,n be the elementary symmetric polynomial of degree d in n variables.

Then Ωσd,n is a smooth toric variety.

It is well-known that σd,n is hyperbolic with respect to every point in the positive orthant.

Such polynomials are called stable. The theory of stable polynomials connects nicely to

discrete convex analysis [54]. We denote by δk ∈ Zn the kth unit vector.

Definition 4.1.4. A nonempty set of integer points B ⊂ Zn is called M-convex if for all

x, y ∈ B and every index i with xi > yi, there exists an index j with xj < yj such that

x− δi + δj ∈ B and y + δi − δj ∈ B.
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Theorem 4.1.5 (Theorem 3.2 in [13]). Let h ∈ R[x1, . . . , xn] be a homogeneous stable poly-

nomial. Then the support of h is M-convex.

In Section 4.5 we will give a sufficient criterion for Ωh being smooth when the support of

h is M -convex. We will apply this criterion for proving Theorem 4.1.3. However, there are

also stable (and thus hyperbolic) polynomials h for which Ωh is not smooth.

Example 4.1.6. Consider the polynomial

h = w(2x+ 4y + 7z)(4x+ 2y + 7z)

+x3 + 11x2y + 11xy2 + y3 + 15x2z + 46xyz + 15y2z + 37xz2 + 37yz2 + 21z3.

One can check that h is stable. Further, using the the computer algebra system Macaulay2 [33],

one checks that Ωh is not smooth.

4.2 A simple polymatroid

In this section we prepare the proof of Theorem 4.1.3. Recall that a polymatroid on the

ground set [n] = {1, . . . , n} is a function r : 2[n] → Z≥0 such that for all S, T ⊂ [n] we have:

1. r(S) ≤ r(T ) if S ⊂ T ,

2. r(S ∪ T ) + r(S ∩ T ) ≤ r(S) + r(T ), and

3. r(∅) = 0.

If further r({i}) ≤ 1 for all i ∈ [n], then r is called a matroid. The second property is usually

called submodularity. We call the number d = r([n]) the rank of r. See [74, Chapter 18] for

a general reference on the theory of polymatroids.

Example 4.2.1. Let h ∈ R[x1, . . . , xn] be hyperbolic with respect to e ∈ Rn. The function

that sends S ⊂ [n] to rankh,e(
∑

i∈S δi) is a polymatroid [15, Proposition 3.2].
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For all 0 ≤ k ≤ d the kth truncation rk is the polymatroid defined by

rk(S) = min(d− k, r(S))

for all S ⊂ [n]. It follows directly from the definition that the sum of polymatroids is again

a polymatroid. We define the following polymatroid

r = r0 + . . .+ rd.

To every polymatroid r one associates the independence polytope

P (r) = {x ∈ (R≥0)n :
∑
i∈S

xi ≤ r(S) for all S ⊂ [n]}.

The goal of this section is to show that for every polymatroid r on [n] the polytope P (r)

is simple. A characterization of polymatroids, whose independence polytope is simple, was

given in [32, Theorem 2]. The following lemma will enable us to apply this criterion.

Definition 4.2.2. Let r be a polymatroid on [n]. We say that a subset S ⊂ [n] is r-

inseparable if for every two disjoint and nonempty subsets S1, S2 ⊂ [n] with S = S1 ∪ S2 we

have r(S) < r(S1) + r(S2).

Remark 4.2.3. If |S| ≤ 1, then S is r-inseparable for every polymatroid r.

Lemma 4.2.4. Let r, r′ be polymatroids on [n]. If S ⊂ [n] is r-inseparable, then S is (r+r′)-

inseparable.

Proof. Assume that S is not (r + r′)-inseparable. Let ∅ 6= S1, S2 ⊂ [n] such that S is the

disjoint union of S1 and S2. If r(S) + r′(S) ≥ r(S1) + r′(S1) + r(S2) + r′(S2), then by

submodularity of r′ we get r(S) ≥ r(S1)+r(S2) which shows that S is not r-inseparable.

Remark 4.2.5. Let |S| ≥ 2 and let x ∈ [n] be a loop of r, i.e. r({x}) = 0. If x ∈ S, then S

is not r-inseparable: r(S) = r(S \ {x}) + r({x}).

Lemma 4.2.6. Let S ⊂ [n] with |S| ≥ 2 and r a polymatroid on [n]. Then S is r-inseparable

if and only if S does not contain a loop of r.
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Proof. We first observe that x ∈ [n] is a loop of r if and only if x is a loop of all truncations rk

and thus of r. Now the “only if” direction follows from Remark 4.2.5. For the “if” direction

assume that S does not contain any loop of r. By Lemma 4.2.4 it suffices to show that S is

rd−1-inseparable. This is clear since

rd−1(S) = 1 < 2 = rd−1(S1) + rd−1(S2)

for all nonempty subsets S1, S2 ⊂ S.

Lemma 4.2.7. Let r be a polymatroid on [n] of rank d. Let S, T ⊂ [n] such that

1. S ∩ T 6= ∅, S 6⊂ T , T 6⊂ S,

2. r(S ∩ T ) < r(S), r(S ∩ T ) < r(T ), and

3. the sets S, T, S ∪ T are r-inseparable.

Then r(S ∩ T ) + r(S ∪ T ) < r(S) + r(T ).

Proof. We proceed by induction on d. We first show that for d ≤ 1 there are no subsets

S, T ⊂ [n] satisfying (1), (2), (3). If d = 0, then r and r are both the zero function. Thus

there are no subsets S, T ⊂ [n] satisfying (2). If d = 1, we still have r = r. Condition

(1) implies that |S| ≥ 2. Thus (3) and Lemma 4.2.6 imply that S contains no loop of r.

Therefore, we have r(S) = r(S ∩ T ) = 1 contradicting (2).

Now let d > 1 and assume that the claim is true for the polymatroid r1 of rank d − 1.

We assume for the sake of a contradiction that S, T ⊂ [n] satisfy (1), (2), (3) but r(S ∩ T ) +

r(S ∪ T ) = r(S) + r(T ). Again (1) implies that |S| ≥ 2. So by (3) and Lemma 4.2.6 the set

S ∪ T contains no loop of r. Since d > 1, this implies that S ∪ T contains no loop of r1 as

well. Thus again by Lemma 4.2.6 the sets S, T, S ∪ T are r1-inseparable. By submodularity

and because r = r + r1 we have

r(S) + r(T ) = r(S ∩ T ) + r(S ∪ T ) and r1(S) + r1(T ) = r1(S ∩ T ) + r1(S ∪ T ).
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So by induction hypothesis we have without loss of generality that r1(S ∩T ) = r1(S), which

implies r1(S ∩ T ) = r1(S), and r(S ∩ T ) < r(S). Thus we must have r(S) = d and the

equation

d+ r(T ) = r(S) + r(T ) = r(S ∩ T ) + r(S ∪ T ) = r(S ∩ T ) + d

implies that r(T ) = r(S∩T ). This in turn shows that r(T ) = r(S∩T ) contradicting (2).

Lemma 4.2.8. Let r be a polymatroid on [n] of rank d. Let k ≥ 2 and S1, . . . , Sk ⊂ [n]

nonempty and pairwise disjoint. Let S ⊂ [n] r-inseparable with ∪ki=1Si ⊂ S and r(∪ki=1Si) =

r(S). Then r(∪ki=1Si) <
∑k

i=1 r(Si).

Proof. We first observe that since |S| ≥ 2 and S is r-inseparable, Lemma 4.2.6 implies that

S contains no loop of r. Thus each Si also contains no loop of r.

We proceed again by induction on d. If d = 0, then there every element is a loop

contradicting the assumptions. If d = 1, then we have

r(∪ki=1Si) = 1 < 2 ≤ k =
k∑
i=1

r(Si).

Now let d > 1. Then because S contains no loop of r, it also contains no loop of r1

which shows that S is r1-inseparable. Further ∪ki=1Si ⊂ S and r(∪ki=1Si) = r(S) imply that

r1(∪ki=1Si) = r1(S). By induction hypothesis we have r1(∪ki=1Si) <
∑k

i=1 r1(Si) which implies

the claim because r = r0 is submodular.

Theorem 4.2.9. Let r be a polymatroid on [n]. Then the polytope P (r) is simple.

Proof. A characterization of simple independence polytopes of polymatroids was given in

[32, Theorem 2]. It says that the polytope P (r) is simple if and only if the conclusion of the

two preceding Lemmas 4.2.7 and 4.2.8 holds.

We will be interested in the base polytope of a polymatroid rather than in its independent

polytope. If r : 2[n] → R is a submodular function, then its base polytope B(r) is defined as

B(r) = {x ∈ (R≥0)n :
∑
i∈S

xi ≤ r(S) for all S ⊂ [n] and
n∑
i=1

xi = r([n])}.
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Corollary 4.2.10. Let r be a polymatroid on [n]. Then the polytope B(r) is simple.

Proof. Clearly, the base polytope is a face of the independence polytope. Thus the claim

follows from Theorem 4.2.9.

Remark 4.2.11. Taking the sum of submodular functions is compatible with taking the

Minkowski sum of their base polytopes [54, Theorem 4.23(1)]. Thus if r is a polymatroid on

[n] of rank d. Then we have that B(r) = B(r0) + . . .+B(rd).

We end this section with describing the polytope B(r) explicitely when r is the rank

function of a matroid. We start with the following easy lemma.

Lemma 4.2.12. Let r = rM be the rank function of a matroid M of rank d on [n]. There

is a basis B of M such that for all i ∈ [n] we have

ai := r([i])− r([i− 1]) =

1 if i ∈ B

0 otherwise.

Proof. Since M is a matroid of rank d, we have ai ∈ {0, 1} and B = {i ∈ [n] : ai = 1}

has cardinality d. Let k1 < · · · < kd the elements of B. We show by induction on m that

Im := {k1, . . . , km} is independent. Assume that Im−1 is independent. Since r([km]) = m

there is an independent subset I of [km] of cardinality m. Thus there is an element e ∈ I\Im−1

such that Im−1 ∪ {e} is independent. Since r([km − 1]) = m− 1, we must have e = km.

Proposition 4.2.13. Let r = rM be the rank function of a matroid M of rank d on [n].

The vertices of the polytope B(r) are exactly those points v ∈ Rn whose support is a basis of

M and whose nonzero entries comprise the numbers 1, . . . , d.

Proof. Let v be a vertex of B(r). Then v is also a vertex of P (r). Then by [74, §18.4,

Theorem 1] there exists an integer 0 ≤ k ≤ n and a bijection π : [n] → [n] such that

vπ(j) = r({π(1), . . . , π(j)}) − r({π(1), . . . , π(j − 1)}) if j ∈ [k] and vπ(j) = 0 otherwise.

Since v is a vertex of B(r), we can assume without loss of generality that k = n. Further,
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after relabeling, we can assume that π is the identity map. Now let B = {k1, . . . , kd} with

k1 < · · · < kd be the basis ofM as in the preceding lemma. Then we have vj = d−m+ 1 if

j = km and zero if j 6∈ B. This shows that v is of the desired form.

Conversely, take v ∈ Rn whose support {i1, . . . , id} is a basis ofM such that vij = d−j+1

for j = 1, . . . , d. Since vij = r({i1, . . . , ij}) − r({i1, . . . , ij−1}) for j = 1, . . . , d and all other

entries of v are zero, it is a vertex of P (r) by [74, §18.4, Theorem 1]. One checks that∑n
i=1 vi = r̄([n]), so v is a vertex of B(r).

Example 4.2.14. For instance when M = U(2, 4) is the uniform matroid on 4 elements

of rank 2, then B(r1) is the standard 3-simplex in R4 and B(r0) is the octahedron whose

vertices are the permutations of (1, 1, 0, 0) (and thus is not simple). The Minkowski sum

B(r) = B(r0) + B(r1) is simple by Corollary 4.2.10. It is the truncated tetrahedron whose

vertices are the permutations of (2, 1, 0, 0).

Figure 4.1: Lattice polytopes from Example 4.2.14 (left to right): B(r0), B(r1) and B(r).

The figures were created using polymake [7].

4.3 Polynomials with M-convex support

Let h ∈ R[x1, . . . , xn] be a homogeneous polynomial of degree d and assume that its support

supp(h) ⊂ Zn is M -convex (see Definition 4.1.4). Recall that the Newton polytope Newt(h)

of h is defined as the convex hull of supp(h) in Rn. The statements in the following theorem

are standard in the literature of polymatroids. Proofs can be found for example in [54, §4.4].
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Theorem 4.3.1. Consider the function ρh : 2[n] → Z≥0 defined by

ρh(S) = max{
∑
i∈S

αi : α ∈ supp(h)}

for all S ⊂ [n]. Then ρh is a polymatroid of rank d, Newt(h) = B(ρh) and supp(h) =

B(ρh) ∩ Zn.

Remark 4.3.2. If h is stable, then all coefficients of h have the same sign, see e.g. [15,

Lemma 4.3]. This implies that for every e ∈ (R>0)n we have that

ρh(S) = rankh,e(
∑
i∈S

δi)

as there can be no cancellation of terms.

An intriguing class of polynomials with M -convex support are Lorentzian polynomials.

Definition 4.3.3. Let h ∈ R[x1, . . . , xn] be a homogeneous polynomial of degree d whose

support is M -convex and all of whose coefficients are nonnegative. Then h is Lorentzian if

for every i1, . . . , id−2 ∈ [n] the Hessian of the derivative

∂d−2

∂xi1 · · · ∂xid−2

h

has at most one positive eigenvalue.

Remark 4.3.4. Let us clarify the relations between the different classes of polynomials

that appeared so far. Let h ∈ R[x1, . . . , xn] be a homogeneous polynomial with nonnegative

coefficients. Then we have the following implications:

h is stable⇔ h is hyperbolic w.r.t. every a ∈ (R>0)n

⇒ h is Lorentzian

⇒ supp(h) is M -convex

There are Lorentzian polynomials that are not stable [16, Example 2.3]. Furthermore,

not every homogeneous polynomial with M -convex support and nonnegative coefficients

is Lorentzian.
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Theorem 4.3.5 (Theorem 3.10 in [16]). A subset B ⊂ (Z≥0)n is M-convex if and only if

there is a Lorentzian polynomial h ∈ R[x1, . . . , xn] with B = supp(h).

Lemma 4.3.6 (Corollary 2.11 in [16]). Let h ∈ R[x1, . . . , xn] be a Lorentzian polynomial and

e ∈ (R≥0)n. The derivative

Deh =
n∑
i=1

ei
∂h

∂xi

is Lorentzian as well. In particular, the support of Deh is M-convex.

Lemma 4.3.7. If h ∈ R[x1, . . . , xn] is Lorentzian of degree d and e ∈ (R>0)n, then we have

for all 0 ≤ k ≤ d that (ρh)k = ρDkeh.

Proof. It suffices to prove the claim in the case k = 1 because the general case follows from

an iterative application of this case.

Let S ⊂ [n]. Since Deh has degree d − 1, we have ρDeh(S) ≤ d − 1. If ρh(S) = d, then

there is an α ∈ supp(h) such that
∑

i∈S αi = d. For any j ∈ [n] with αj > 0 we have

α′ = α − δj ∈ supp(Deh) and thus ρDeh(S) ≥ d − 1. Now let ρh(S) < d and α ∈ supp(h)

such that
∑

i∈S αi = ρh(S). Since the degree of h is d, there must be an index j ∈ [n] \ S

such that αj > 0. We have α′ = α − δj ∈ supp(Deh) and thus ρDeh(S) ≥ ρh(S). If

β ∈ supp(Deh) satisfies ρDeh(S) =
∑

i∈S βi, then there is a j ∈ [n] such that β+δj ∈ supp(h)

so ρDeh(S) ≤ ρh(S).

The following lemma connects the polymatroid ρh with the variety Ωh.

Proposition 4.3.8. Let h ∈ R[x1, . . . , xn] be homogeneous of degree d with supp(h) being

M-convex. Consider the polymatroid r = ρh. For each 0 ≤ k ≤ d the set B(rk) ∩ Zn agrees

with the set Bk of all α ∈ Zn such that the monomial
∏n

i=1 x
αi
i is in the support of a kth

order partial derivative of h.

Proof. Both rk and Bk only depend on the support of h. Thus we can assume without loss

of generality that h is Lorentzian by Theorem 4.3.5. Then for any e ∈ (R>0)n we have that

Bk is the support of Dk
eh because h has nonnegative coefficients. Thus Bk is M -convex by

Lemma 4.3.6 and the result follows from Theorem 4.3.1 and the preceding lemma.
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Remark 4.3.9. Let h ∈ R[x1, . . . , xn] be homogeneous of degree d with supp(h) being M -

convex and let Bk the set of all α ∈ Zn such that the monomial
∏n

i=1 x
αi
i is in the support

of a kth order partial derivative of h. Then it follows from the previous proposition and

Corollary 4.4.2 that the Minkowski sum

B1 + . . .+Bd−1

is the set of lattice points in a smooth polytope. In general, if we drop the assumption of

M -convexity, this is no longer true. Consider for example h = a · x1x
2
2 + b · x3

3 with nonzero

a, b. Then B1 +B2 is the set of lattice points in a simple polytope that is not smooth.

4.4 Preliminaries from algebraic and toric geometry

In this section we revisit some notions and results from algebraic geometric that will be used

in the final section. Let A be a nonzero (m + 1) × (n + 1) matrix. Recall that a rational

map π : Pn 99K Pm of the form [x] 7→ [Ax] is called a linear projection and that the centre

of π is the linear subspace E of all [x] ∈ Pn such that Ax = 0. Clearly, the rational map π

is regular on Pn \E. Thus if X ⊂ Pn is a projective variety with X ∩E = ∅, the restriction

f = π|X : X → π(X) is a morphism. This map f is finite, so in particular it has only finite

fibers. See [63, §I.5.3] for the definition and proofs. We will use the following standard facts

on finite morphisms which follow for example from [37, Lemma 14.8].

Lemma 4.4.1. Let fi : Xi → Yi, i = 1, 2, be finite morphisms of projective varieties. The

product map f1 × f2 is also finite. If Y1 = X2, then f2 ◦ f1 is finite. If Z ⊂ X1 is closed,

then f1|Z : Z → f1(Z) is finite.

Given a projective variety X, a normalisation of X is a normal variety Xν with a finite

birational morphism ν : Xν → X. The normalisation is unique up to isomorphism. In

particular, if Y → X is a finite birational morphism from a smooth variety Y , then Y is the

normalisation of X because every smooth variety is normal. See [64, §II.5] for definitions

and proofs.
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We will especially consider toric varieties. The book [23] gives a comprehensive introduc-

tion to toric varieties and we will adopt their notation. For example, given a lattice polytope

P ⊂ Rn, we denote by XP the associated toric variety [23, §2.3]. Similarly, for any finite set

A ⊂ Zn of lattice points we denote by XA ⊂ P|A|−1 the image of the monomial map whose

exponents are given by the elements of A. Note that in general XP∩Zn is not necessarily iso-

morphic to XP but when P is a smooth polytope this is the case by [23, Proposition 2.4.4]:

A lattice polytope P ⊂ Rn is called smooth if its associated toric variety XP is smooth [23,

§2.4]. We further have:

Corollary 4.4.2. Let r be a polymatroid on [n]. Then the polytope B(r) is a smooth lattice

polytope.

Proof. By the Corollary to [74, §18.4, Theorem 1] the independence polytope P (r) is a

lattice polytope. Since B(r) is a face of P (r), it is a lattice polytope as well. Corollary

4.2.10 states that B(r) is simple and in [18, Theorem 1.2] states that B(r) is a so-called

generalized permutohedron. Now the claim follows from [60, Corollary 3.10] which says that

a simple lattice polytope, which is a generalized permutohedron, is smooth.

4.5 A sufficient criterion for smoothness

Let h ∈ R[x1, . . . , xn] be a homogeneous polynomial of degree d whose support is M -convex

with nonnegative coefficients and r = ρh. Recall that we denote by Dk
1 , . . . , D

k
mk

a basis of

the span of all kth order partial derivatives of h. For all 1 ≤ k < d consider the rational map

∆kh : Pn−1 99K Pmk−1, [x] 7→ [Dk
1(x) : · · · : Dk

mk
(x)].

By Proposition 4.3.8 we can decompose the map ∆kh as πk ◦fk where fk is the monomial

map associated to the polytope B(rk) (whose image is XB(rk)∩Zn) and πk the linear projection

given by summing the monomials in each Dk
i .

Example 4.5.1. Let h = x2
1x2 + x1x

2
2 + x2

1x3 + x1x2x3 + x2
2x3. Then ∆1h(x) equals:

[2x1x2 + x2
2 + 2x1x3 + x2x3 : x2

1 + 2x1x2 + x1x3 + 2x2x3 : x2
1 + x1x2 + x2

2].
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We further have f1 : P2 99K P4, [x1 : x2 : x3] 7→ [x2
1 : x1x2 : x1x3 : x2

2 : x2x3]. We label the

coordinates on P4 by zij where i and j keep track of the exponent of x1 and x2 respectively.

The image X of f1 is cut out by z10z02− z11z01, z11z10− z20z01 and z2
11− z20z02. Furthermore,

the projection π1 sends [z20 : z11 : z10 : z02 : z01] to

[2z11 + z02 + 2z10 + z01 : z20 + 2z11 + z10 + 2z01 : z20 + z11 + z02].

The centre of π1 is spanned by [0 : −1 : 0 : 1 : 1] and [1 : −1 : 1 : 0 : 0] and is disjoint from

X. Thus π1 restricts to a finite morphism X → P2.

Proposition 4.5.2. If the centre of the linear projection πk is disjoint from XB(rk)∩Zn for

each 1 ≤ k < d, then Ωh is smooth. More precisely, it is isomorphic to the smooth toric

variety XB(r1).

Proof. Let P = B(r1). By definition Ωh is the normalisation of the image Y ⊂
∏d−1

i=1 Pmi−1 of

the birational map ∆h(x) = (∆1h(x), . . . ,∆d−1h(x)). Consider the rational map f : Pn−1 99K∏d−1
i=1 P|B(ri)∩Zn|−1 given by f(x) = (f1(x), . . . , fd−1(x)) and let π =

∏d−1
i=1 πi. By construction

∆h factors as π ◦ f . If we compose f with the Segre embedding of
∏d−1

i=1 P|B(ri)∩Zn|−1, we

obtain the monomial map associated to the Minkowski sum
∑d−1

i=1 B(ri) which is P by Remark

4.2.11. Thus the image of f can be identified with XP∩Zn and Y is the image of XP∩Zn under

the rational map π :
∏d−1

i=1 P|B(ri)∩Zn|−1 99K
∏d−1

i=1 Pmi−1. Because P is smooth by Corollary

4.4.2 the variety XP∩Zn is the smooth toric variety XP . Letting Ei be the centre of πi, this

rational map π is regular on U =
∏d−1

i=1 (P|B(ri)∩Zn|−1 \Ei). Since the projection of XP on the

ith factor P|B(ri)∩Zn|−1 is XB(ri)∩Zn , which is disjoint from Ei by assumption, it follows that

XP ⊂ U . Thus restricting π gives a surjective morphism p = π|XP : XP → Y which is finite

since each πi|XB(ri)∩Zn
is finite and by Lemma 4.4.1. Since ∆h = p ◦ f is birational and f is

birational, it follows that p is also birational. Thus XP is the normalisation of Y .

Example 4.5.3. Consider the polynomial

h = x3 + 11x2y + 11xy2 + y3 + 15x2z + 46xyz + 15y2z + 37xz2 + 37yz2 + 21z3
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+w(29x2 + 90xy + 29y2 + 150xz + 150yz + 137z2).

One can check that h is stable. Note that h has the same support as the polynomial in

Example 4.1.6 but different coefficients. Using the computer algebra system Macaulay2 [33],

one checks that conditions of Proposition 4.5.2 are fulfilled and thus Ωh is smooth. It is the

toric variety associated to the triangular frustum whose vertices are obtained by permuting

the last three entries of (0, 3, 0, 0) and (2, 1, 0, 0). Here the coordinates correspond to the

variables in alphabetic order.

Now let h = σd,n be the elementary symmetric polynomial of degree d.

Lemma 4.5.4. The centre of the linear projection πk is disjoint from XB(rk)∩Zn for each

1 ≤ k < d.

Proof. The lattice points of B(rk) are exactly the points v ∈ Rn with d−k entries equal to 1

and all other entries 0. Thus B(rk) is the hypersimplex ∆d−k. We denote X = X∆d−k∩Zn ⊂

P( n
d−k)−1 and we label the coordinates on P( n

d−k)−1 by zS for S ⊂ [n] of size d − k. Every

kth order derivative of σd,n is an elementary symmetric polynomial of degree d − k in the

variables indexed by some subset T ⊂ [n] of size n − k. Thus the centre E of πk is the

common zero set of all linear forms LT =
∑

S⊂T, |S|=d−k zS for subsets T ⊂ [n] of size n− k.

The statement of [52, Lemma 6.4] is that X is disjoint from the common zero set E ′ of all

linear forms Hi =
∑

S⊂[n]\i, |S|=d−k zS for i ∈ [n]. We have for all i ∈ [n]:(
n+ k − 1− d

n− d

)
·Hi =

∑
T⊂[n]\{i}, |T |=n−k

LT .

This implies E ⊂ E ′ and thus X is also disjoint from E.

Proof of Theorem 4.1.3. This follows from Lemma 4.5.4 and Proposition 4.5.2.

Remark 4.5.5. By Proposition 4.2.13, we have that Ωσd,n is the smooth toric variety XP

where P is the convex hull of all permutations of (1, . . . , d− 1, 0, . . . , 0) ∈ Rn.
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Remark 4.5.6. Fix some M -convex S ⊂ (Z≥0)n and let V be the vector space of polynomials

h with supp(h) ⊂ S. Note that there is an integer d such that any h ∈ V is homogeneous of

degree d. There are matrices Akh whose entries depend linearly on the coefficients of h such

that, when supp(h) = S, the centre of πk is the set of all [x] with Akhx = 0. Consider the

incidence correspondence

Σk = {([h], [x]) ∈ P(V )×XB(rk)∩Zn : Akhx = 0}.

This is a projective variety. Thus the projection of Σk onto the first factor is a closed

subvariety Yk of P(V ). By construction the criterion from Proposition 4.5.2 applies to a

polynomial h ∈ V with supp(h) = S if and only if [h] is not contained in any of the Yk.

Therefore, depending on S, either Proposition 4.5.2 applies to no polynomial with support

S, or to a generic such polynomial. We say that S is torically smoothable if the latter is the

case. The support of the elementary symmetric polynomial σd,n is torically smoothable by

Lemma 4.5.4. Based on experiments we conjecture that S is torically smoothable at least

when S contains the support of σd,n. This condition is empty when d > n.

Remark 4.5.7. If h has nonnegative coefficients, then we can assume the same for each Dk
i .

Then the linear projection πk is at least regular on the nonnegative part of XB(rk) as there can

be no cancellation of terms. Thus we have at least a regular map on the nonnegative part

of XB(r1) that maps birationally onto the graph Γh,+ of ∇h restricted to the nonnegative

orthant. In general, even when h is stable, we cannot expect πk to be regular on all of

XB(rk). Take for instance the stable polynomial from Example 4.1.6. In this case B(r2) is

the triangular frustum whose vertices are obtained by permuting the last three entries of

(0, 2, 0, 0) and (1, 1, 0, 0). Using Macaulay2 [33] one checks that the centre of π2 intersects

the toric variety XB(r2) in a real point of the torus orbit corresponding to the face with

vertices (1, 1, 0, 0), (1, 0, 1, 0) and (1, 0, 0, 1).

Remark 4.5.8. Let h ∈ R[x1, . . . , xn] be hyperbolic with respect to ∈ Rn. In the spirit of

the preceding remark one can speculate whether hyperbolicity of h guarantees smoothness
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of Ωh at least at some distinguished subset. To make this more precise let U ⊂ Pn−1 be

the set of all [p] such that p is in the interior of Λe(h). Since h does not vanish on U , the

gradient map ∇h is regular on U . We can thus consider the subset C = ω−1
h (∇h(U)) of Ωh.

We think it is reasonable to ask whether the Euclidean closure of C contains only smooth

points of Ωh.
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