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Abstract

Determinantal Representations and
the Image of the Principal Minor Map

Abeer Al Ahmadieh

Chair of the Supervisory Committee:
Cynthia Vinzant
Department of Mathematics

Research in algebraic geometry has interfaces with other fields, such as matrix theory, combi-
natorics, and convex geometry. It is a branch of mathematics that studies solution to systems
of polynomial equations and inequalities. This dissertation consists of three projects, all of
which use techniques from matrix theory, convex geometry and symbolic computation to
approach problems in algebraic geometry.

In the first chapter we introduce some of the necessary background in classical, convex and
real algebraic geometry. We also introduce the principal minor problem and its applications.

In the second chapter we study the image of the principal minor map of symmetric matri-
ces. The principal minor map is the map that assigns to each n xn matrix the 2"-vector of its
principal minors. By exploiting a connection with symmetric determinantal representations,
we characterize the image of the subspace of symmetric matrices through the condition that
certain polynomials coming from the so-called Rayleigh differences are squares in the polyno-
mial ring over any unique factorization domain R. In almost all cases, one can characterize
this image using the orbit of Cayley’s hyperdeterminant under the action of (SLy(R))™ % S,,.
Over C, this recovers a characterization of Oeding from 2011, and over R, the orbit of a

single additional quadratic inequality suffices to cut out the image.



In the third chapter we explore determinantal representations of multiaffine polynomials
and consequences for the image of various spaces of matrices under the principal minor map.
We show that a real multiaffine polynomial has a definite Hermitian determinantal represen-
tation if and only if all of its Rayleigh differences factor as Hermitian squares and use this
characterization to conclude that the image of the space of Hermitian matrices under the
principal minor map is cut out by the orbit of finitely many equations and inequalities under
the action of (SLy(R))™ x S,. We also study such representations over more general fields
with quadratic extensions. Factorizations of Rayleigh differences prove an effective tool for
capturing subtle behavior of the principal minor map. In contrast to the Hermitian case, we
give examples to show over any field F, there is no finite set of equations whose orbit under

(SLy(F))™ %S, cuts out the image of n xn matrices under the principal minor map for every n.

In the fourth chapter we study the variety of the space of complete quadrics. It is the
space of nondegenerate quadrics, representing nonsingular quadrics, in addition to the so-
called degenerate quadrics. We aim at generalizing the space of complete quadrics associated
to any hyperbolic polynomial. To any homogeneous polynomial h we naturally associate a
variety €2, which maps birationally onto the graph of the gradient map Vh and which agrees
with the space of complete quadrics when h is the determinant of a generic symmetric matrix.
We give a sufficient criterion for €2 being smooth which applies, for example, when A is an
elementary symmetric polynomial. In this case {2, is a smooth toric variety associated to a

certain generalized permutohedron. We also give examples when (2, is not smooth.
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Chapter 1
INTRODUCTION

In this chapter we introduce some of the necessary background on classical and convex

algebraic geometry that will be used in this thesis.

1.1 Classical Algebraic Geometry

Algebraic geometry is the study of algebraic equations and their sets of solutions or varieties.
It combines the visualization of geometry and the accurateness of algebra. Oscar Zariski

considered it as
the best things that has happened to commutative algebra in a long time.

In this section we give a brief introduction to the basic concepts of classical algebraic geometry
with focus on the theorems that will be used later in this thesis. The reader is referred to
[9], 20}, 37, [64] for a more thorough introduction. Through out this chapter we will denote by
F any field, K any algebraically closed field and by K|z, ..., z,] the polynomial ring over K

in the variables x4, ..., x,.

1.1.1 Affine Varieties and Regular Maps

We will start with some basic definitions.

Definition 1.1.1. Let I be an ideal of K[x,...,z,]. The algebraic variety V(I) is the set

of common zeros of the polynomials in I:

V(I)={aecK": f(a) =0forall fel}.



Any variety V' can be defined as the vanishing set of a finite set of polynomials, by the

Hilbert basis theorem.

Theorem 1.1.2. (Hilbert Basis Theorem) Any ideal I C K[z, ..., x,] is finitely gener-
ated. That is, there exists fi,..., fm € K[z1,...,2,] such that

I = <f1,..-,fm> = {thfzhl EK[ZEl,...,In]}.
=1

The algebraic varieties define a topology on K". Unlike the Euclidean topology, all

nonempty open sets in this topology are dense and thus it is far from being Hausdorff.

Definition 1.1.3. The Zariski topology is a topology on K" where the closed sets are the

algebraic varieties and the open sets are their complements.
To each subset X C K", we associate an ideal Z(X) C K[z, ..., x,] defined by
I(X)={f eKlzy,...,z,): f(a)=0forall a € X}.

In particular, if J is an ideal and V(/J) is its corresponding variety, then Z(V(J)) equals
the radical of J. This is one of the fundamental theorems of algebraic geometry, called

Hilbert’s Nullstellensatz.
Definition 1.1.4. The radical of an ideal I C K[z, ..., z,], denoted by v/T, is defined as
VI={feK[zy,...,z,): f™ €I for some m € N}.
Theorem 1.1.5. (Hilbert’s Nullstellensatz) For any ideal J C K|z, ..., z,],
V() =VJ.

We associate to each variety V' a coordinate ring K[V], which is the ring of polynomial

functions of K" restricted to V.

Definition 1.1.6. The coordinate ring of an algebraic variety V' is defined by

K[V] = Kla1, ..., 0] /T(V).



We denote by K(V') the field of fractions of K[V].

Definition 1.1.7. The field of rational functions on an algebraic variety V' is defined by

K(V):{g:f,gGK[V],g;éOand§:%<:>f€—hg€I(V)}.

An element f in K(V) is called a rational function.

Definition 1.1.8. A rational function f € K(V') is regular at a point p in K", if there
exists an open neighborhood U of p and g, h € K[V] such that f = g/h on U and h(q) # 0
for all ¢ € U. We say that f is regular on U if f is regular at each point p € U.

Definition 1.1.9. Let X C K" and Y C K™. A rational map ¢ : X --+ Y is a map

v : X --» K™ given by o(z) = (fi(z),..., fm(2)),

where each f; is a rational function and such that ¢(X) C Y. The map ¢ is dominant if

©(X) is Zariski-dense in Y.

Definition 1.1.10. Let X and Y be two varieties. A birational map ¢ : X --» YV is a
dominant rational map such that there exists another dominant rational map ¢ : ¥ --» X
such that ¢ 01 = idy and ¥ o p = idx. The varieties X and Y are called birationally

equivalent in this case.

Definition 1.1.11. Let X and Y be affine varieties and let U C X be an open subset. A
morphism ¢ : U — Y is a rational map ¢ : X --+ Y such that ¢ is regular on U. If there
exists W an open subset of Y such that o(U) C W and a morphism 1 : W — X such that

(W) C U, then ¢ is called an isomorphism.

An example of a morphism that will be discussed in-depth in Chapter [2|is the principal
minor map.

n+1

Example 1.1.12. Consider the map ¢ : c("?) — C2" which takes an n x n complex

symmetric matrix to the length-2" vector of its principal minors. We call this the principal



minor map. The map ¢ is a morphism, since it is defined by polynomial functions. The
image is closed [4I] and hence it defines a variety whose defining equations are the main

object of study of Chapter
1.1.2  Projective Varieties

In this section, we will extend the affine space K" and add the “points at infinity”.

Definition 1.1.13. Projective n-space over K, denoted by P", is the set of lines in K**!

that passes through the origin. In other words

P = (K" {0}) / ~

where (ag, ..., an) ~ (bo,...,b,) if (ag,...,an) = A(bo,...,b,) for some A € K*. The equiv-
alence class of an element (ay,...,a,) will be denoted by (ag : ... : a,) and will denote the

homogeneous coordinates of a point in P".

To build an algebro-geometric dictionary, similar to the affine case, we will start by
defining the homogeneous polynomials and then homogeneous ideals. These ideals will be

the key ingredients in defining projective varieties.

Definition 1.1.14. A polynomial f € K[zy,...,x,] is called homogeneous of degree d if

all the monomials in this polynomial have degree d. In other words
fzy,..o A ) = A f (2, ..., ) for all A € K.

Definition 1.1.15. A polynomial f € Klzy,...,2,| has multidegree d = (di,...,d,) if
deg,.(f) =d; foreach i =1,...,n.

Definition 1.1.16. A polynomial f € K[z1,...,%,, Y1, ..., Y] is called multi-homogeneous

in (x1,¥1),. .-, (Xn,yn) if f is homogeneous in each pair of variables z;, y;.

Example 1.1.17. Consider the polynomial f € Rlxy, z2,y1, yo] defined by

fz1, 22,91, ¥2) = 2122 — T1Y2 + 222y1 — 3Y1Y2.



f has total degree 2 and multi-degree d = (1,1, 1,1). It is a homogeneous polynomial and it
is multi-homogeneous in the variables (x1,y;) and (x2,y2). The polynomial f is an example
of a special class of polynomials called multiaffine polynomials that will be used heavily in

this thesis.

Definition 1.1.18. A polynomial f € K|xy,...,z,] is called multiaffine if it has multi-
degree d = (dy, . ..,d,) where each d; < 1.

Definition 1.1.19. A homogeneous ideal I C K[zy,...,z,] is an ideal that is generated

by homogeneous polynomials.

Definition 1.1.20. The projective variety V(J) of a homogeneous ideal J in K[z, ..., z,

is the zero set of J, that is
V(J)={(ap:...:a,) €P": f(ag,...,a,) =0forall f e J}.

As in the affine case, we define the Zariski topology on P by declaring that the projective
varieties are closed. We also define the homogeneous coordinate ring of a projective

variety V' as

K[V] = K|z, ...,z /Z(V),

where Z(V) is the ideal of homogeneous polynomials that vanishes on V. The field of

rational functions K(V') is defined as

K(V) = {g : f, 9 € K[V] such that f and g are homogeneous of same degree }/ ~

where f1/g1 ~ fo/ge if and only if figo — fog1 € Z(V). For two projective varieties X C P”

and Y C P, we define a rational map ¢ : X --» Y as
@: X --» P™ given by x — (fo(x) : ... : fi(2))

where the image of ¢ is a subset of Y. We say ¢ is regular at a point P € P", if there exist
rational functions f; € K(X) that are regular at P and f;(P) # 0 for some i. We define



dominant, rational, and birational maps as in the affine case. An example of a morphism
map that will be used in Chapter [4] is the gradient map of a homogeneous polynomial

h € Rlxy,...,z,)

Example 1.1.21. For a homogeneous polynomial h € R[zy,...,x,], consider the map
oh oh
Vh:P" ' -5 P" ! defined by p --» (8_:161(p) Deee o (p)) :

The map Vh is regular at any point p € P*~! such that p ¢ V (k).
Definition 1.1.22. A projective variety X is called rational if X is birational to P4m(X),

An example of a rational variety that will be used in Chapter [2is the variety of the special
linear group defined over C and denoted by SLy(C), this is the group of 2 x 2 matrices over

C with determinant one.
Example 1.1.23. Consider the rational map
@ : C* ——5 SLy(C) c C* given by (a,b,c) —-» <a, b,c, 1+Tbc> :
Then ¢ defines a birational map between SLy(C) and C? and so SLy(C) is a rational variety.

Next we give one of the fundamental theorems in computational algebraic geometry
that will be used later in Chapter |3 For more in-depth introduction about computational
algebraic geometry, the reader is referred to [20, [39).

Theorem 1.1.24. (The Projective Elimination Theorem) Let V = V(I) C K"™™ for
some ideal I C Klzy,...,Zn,y1,. .. Ym]. Let I, = INKlyy,...,ym], then

V(I,) =7 (V)

where 7 : P* x K™ — K™ is the projection and V C P* x K™ is the Zariski closure of the

image of V under the embedding K" — P" x K™,



1.2 Convexity

1.2.1 Convex Sets

In this section we introduce the basic concepts from the theory of convexity with focus on
the theorems and definitions needed for Chapter [ We refer the reader to [28, [65] for more
details.

Definition 1.2.1. A set C' C R" is called convex, if for all x,y € C'and 0 < A <1
A+ (1= Ny e C.
The intersection of an arbitrary collection of convex sets is convex.

Definition 1.2.2. The convex hull of a set X is the intersection of all convex sets containing
X. In other words, it is the convex combinations of points of X
conv(X) = {Z)\lxl : Z)‘i =1,\ € Ry and z; € X} .
i=1 i=1

Definition 1.2.3. A hyperplane of R” is a subset H C R" such that
H={xeR": (a,z) =c}
for some a € R™ and ¢ € R.

A fundamental example of convex sets is a convex polyhedron which is a set of the

form

{z € R" : {a;,z) < ¢ for 1 <i<m}
where a; € R" and ¢; € R. A bounded polyhedron is called a polytope.

Definition 1.2.4. A face F' of a convex set C' C R" is a convex subset of C' such that for
every pair x,y € C, if any convex combination of x and y, that is not = or y, belongs to F,
then z and y belong to F. A face is called exposed if F = C' N H for some hyperplane H.

A vertex is a face of dimension zero. An edge is a face of dimension one.



Definition 1.2.5. For any two sets S and 7" in R", the Minkowski sum of S and 7' is

S+T={x+y:zeSyeT}.

Figure 1.1: The Minkowski sum of a square and a circle

Definition 1.2.6. For & > 0, the k-multiple of a polytope P = conv(S) is defined as

kP = conv(kS), where we multiply the coordinates of each s € S by k.

Theorem 1.2.7. A convex polytope P has a finite number of vertices and it is the convex hull

of these vertices. Conversely, the convex hull of a finite set of vertices is a convex polytope.

A polytope whose vertices all have integer coordinates is called a lattice polytope. We
will discuss such polytopes in-depth in Chapter dl One of the fundamental examples of
lattice polytopes is the Newton polytope of a polynomial f.

Example 1.2.8. Let f = " ¢;x* € K[x] where x = (21,...,2,) and a; € Z%,. The
Newton polytope of f is defined by

Newt(f) = conv{a; : ¢; # 0}.

Two special types of polytopes play a dominant role in the construction of toric varieties.



Definition 1.2.9. A lattice polytope P is called very ample if, for sufficiently large k, all

lattice points in kP are sums of k lattice points of P.

Definition 1.2.10. An n-dimensional lattice polytope P is smooth if each vertex v of P is
connected to exactly n edges with lattice points closest to v denoted by vy, ..., v, and the

vectors {v —v; : i =1,...,n} form a basis for the lattice spanned by P N Z".

Proposition 1.2.11. Every smooth full-dimensional polytope is very ample.

1.2.2  Convex Cones

Definition 1.2.12. A set C' C R" is called a convex cone if for all z,y € C and A\, n € Rx
Az + py € C.

Definition 1.2.13. The conical hull of a set X is the intersection of all convex cones

containing X. In other words, it is the conical combination of the points of X

Cone(X) = {Z)\le A\ >0and x; € X}.

i=1
An example of a convex cone that will be used in Chapter {4 is the cone of positive
semi-definite matrices. A real symmetric matrix is called positive semi-definite if all its
eigenvalues are nonnegative. Such symmetric matrices form the positive semi-definite cone.
A lattice cone, in some books referred to as rational cone, is the conical hull of a finite
subset of Z™. The theory of toric varieties is based on the concept of lattice cones. To each

convex cone C' we associate a dual cone.
Definition 1.2.14. The dual cone of a convex cone C' is denoted by C* and is defined by
C*={ceR":{(c,z) >0forall zeC}.

The dual of the positive semi-definite cone for instance, is the positive semi-definite cone

itself and we say that the positive semi-definite cone is self-dual.



10

1.3 Convex Algebraic Geometry

This part is about the interplay of algebraic geometry and convex geometry. Many alge-
braic geometric theorems are proved using combinatorial geometric facts. In the theory
of toric varieties for instance, the geometry of the variety is completely determined by the

combinatorics of the associated polyhedron.

1.3.1 Toric Varieties

Here we give a very brief introduction of toric varieties, following the survey [51]. For more
detailed references the reader is referred to [23], 29, 65]. We will start by defining an algebraic

torus which is an essential ingredient in constructing toric varieties.

Definition 1.3.1. An algebraic torus denoted by 7' is an affine variety that is isomorphic
to (C*)", where T inherits the group structure defined on (C*)" by the component-wise

multiplication.

We will refer to an algebraic torus simply by a torus. To each torus, we associate two

lattices M and N that are dual, that is M = Homg(NV, Z).

Definition 1.3.2. A character of a torus T is an algebraic group homomophism
x: T — C.
The characters of a torus T" form a lattice M = Z", with the addition operation
X1+ x2: T — C* defined by t — x1(¢)x2(?).
All characters of a torus have a unique form.

Proposition 1.3.3. All the characters of a torus T are of the form:
T — C*  given by (ty,...,t,) —> t{*---to"

for some (ay,...,a,) € Z™.
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Definition 1.3.4. A one-parameter subgroup of a torus 7 is an algebraic group homo-
morphism

Y. C"—T.
The set of one-parameter subgroups of 7' = (C*)" form a lattice N = Z".
Proposition 1.3.5. All one-parameter subgroups of a torus T are of the form

C* — T given by t— (t",... ")
for some (by,...,b,) € Z™.
Proposition 1.3.6. Given a group homomorphism
p: Ty — Ty with (t) = (", ... t%),
the image of ¢ is a torus in Ty with a character lattice generated by {ay, ..., an}.
Now we are ready to define the affine toric variety

Definition 1.3.7. An affine toric variety denoted by Y, is the Zariski closure of the

image of the following map

T — C™ given by t — (t™,...,t"™)
where A = {ay,...,a,} C M is the character lattice associated to T
Example 1.3.8. The varieties C" and (C*)™ are toric varieties.

All the toric varieties defined in this thesis are projective and constructed from smooth

polytopes, therefore we will focus on such varieties.

Definition 1.3.9. Let T" be a torus with two lattices M and N as defined above. A pro-

jective toric variety is the Zariski closure of the image of the map
o:T — (CHY* C P! given by ¢ — (t :---: ™)

for some A = {ay,...,a,} C M.
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We note from the definition that each lattice polytope P gives a projective toric variety

Xp. The very ample polytopes give special types of projective varieties.

Theorem 1.3.10. Let P be a lattice polytope. P is very ample in the lattice it spans if and

only if the set of lattice points in P define a normal projective toric variety Xp.
The smoothness of a toric variety is determined by the smoothness of its polytope.

Theorem 1.3.11. Let P be a full-dimensional polytope. The variety Xp is smooth if and
only if P is smooth.

1.3.2  Determinantal Representations and Hyperbolicity

Determinantal polynomials are polynomials that can be expressed as determinants of a ma-
trix with linear entries. The problem of characterizing such polynomials is a classical problem

of study [, 24].

Definition 1.3.12. A polynomial p is determinantal if it can be written as
p = det(My + Myzy + - - - + M,x,) for some matrices My, ..., M, with entries in C.

We say p is symmetric (Hermitian) determinantal if M; is symmetric (Hermitian) for

each 1.
Example 1.3.13. Consider the symmetric polynomial f € R[zy, xq, 3, 24]
[ = xixewswy — (2129 + X113 + X1y + Toxg + Toxy + T3x4) + 2(x1 + T2 + 23 + 24) — 3.

As we will see in Chapter [2| f is symmetric determinantal since f can be written as

zg 1 1 1

1 o 1 1
f=det

1 1 z3 1
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Determinantal polynomials play fundamental role in many mathematical areas. See for
instance [36], 40, [70]. In this thesis, we study their application to the principal minor assign-
ment problem [I.5] They also form important examples of hyperbolic polynomials. These are
an interesting class of real multivariate polynomials that have many applications to different

fields of mathematics. See for instance [36, 48, [61].

Definition 1.3.14. A homogeneous polynomial h € R[zy, ..., x,] of degree d is called hy-
perbolic with respect to a point e € R™ if h(e) # 0 and all the roots of the univariate
polynomial h(te + a) € R[t] are real for all a € R".

Helton and Vinnikov [40] prove that hyperbolicity is a necessary and sufficient condition
for a plane curve to be definite determinantal. However, this fails for polynomials in more
variables [I5]. The connected component of R™ \ V(h) that contains e is a cone and is
called the hyperbolicity cone of h. For more details, see [14]. We will discuss these
polynomials in-depth in Chapter 4 A polynomial that is hyperbolic with respect to any
point in the positive orthant RZ, is called stable. See [7I] for an in-depth survey about

stable polynomials and their applications.

Definition 1.3.15. Let H = {z € C : Im(2) > 0}. A polynomial f € Clxy,...,z,] is called
stable if f =0 or f(2) #0 for all z = (21,...,2,) € H".

Example 1.3.16. The polynomial f defined by
f(w1, 20, 23) = 212073 — 11 — Ty — T3 + 2

is definite determinantal. It can be written as

I 1 1
f(xlyx% l’g) == det 1 ) 1
1 1 T3

It is also stable.

Brandén [13] uses Rayleigh differences to characterize multiaffine stable polynomials.
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Figure 1.2: The real variety of the stable polynomial f in Example [1.3.16

Definition 1.3.17. Let f € R[zy,...,z,]. The Rayleigh difference of f with respect to

the variables x; and x; is defined as

_ofof

Ay (f) I

Theorem 1.3.18 (Theorem 5.6,[13]). Let f € Rlxy,...,x,] be multiaffine. Then f is stable
if and only if Ai;(f)(a) is nonnegative for all a € R™.

Kummer, Plaumann and Vinzant [48] use Rayleigh differences to characterize real mul-
tiaffine symmetric determinantal polynomials. We will use these polynomials extensively
in Chapters [2| and [3| to characterize multiaffine symmetric and Hermitian determinantal

polynomials.

1.4 Real Algebraic Geometry

The main objects of study of real algebraic geometry are called semialgebraic sets. These
are the solutions sets of polynomial equations and inequalities. Real algebraic geometry has
many applications to optimization and convex algebraic geometry. See [56] for a survey in

this field and [10] for an in-depth introduction.
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Definition 1.4.1. A basic closed semialgebraic set S is a subset of R" that can be

written in the form
S={peR": fi(p) 20,..., f(p) > 0}

for some polynomials fi,..., f;, € Rlzy, ..., z,].

Definition 1.4.2. A semialgebraic set is obtained from a finite number of unions, inter-

sections and complements of basic closed semialgebraic sets.

Example 1.4.3. A fundamental example of a basic semialgebraic set in the field of opti-

mization is the spectrahedron. A spectrahedron S is a subset of R™ defined by
S={zeR": A+ Ajx; + -+ Az, = 0}

where A; is a real symmetric matrix for each ¢ = 0,...,n. The spectrahedron S is a basic
closed semialgebraic set since it can be defined as the solution set of the inequalities formed
by the principal minors being nonnegative. A spectrahedron of n x n positive semidefinite
matrices with diagonal entries equal one is known as the elliptope. An example of the case

n = 3 is displayed in Figure (1.3

{(x,y,z) € R?: <z : Z) EO}.
y z 1

Figure 1.3: The 3 x 3 Elliptope
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1.5 The Principal Minors Problem

Through out this thesis we will denote by R any commutative ring and [n] the set {1,...,n}.
Let S C [n] and A € R™". The principal minor of A indexed by S and denoted by Ag is
the determinant of the submatrix of A indexed on the columns and rows by S. The principal
minor map is the map that assigns to each matrix A a 2"-length vector of its principal minor,

where we assume that Ay = 1, namely

@ : R™" — R*" given by p(A) = (A, A1,..., Apy) -

1.5.1 Historical Background

The principal minor map problem has been studied and considered in different versions over
time. One version of this problem is to study the relations among the principal minors of
a matrix. This dates back to the 19th century, when Nanson [55] and Muir [53] studied
the principal minors of 4 x 4 symmetric and general matrices, respectively, using the cycle
sums. More than hundred years later, Holtz and Sturmfels [41] consider this problem where
they give a partial characterization of the image of the principal minor map over R using
Hadamard-inequalities and conjectured that the image is cut out by the orbit of one equation
called the Hyperdeterminant under the action of SLy(R)™ x S,,. This conjecture was resolved
set-theoretically by Oeding [57] in 2011 using techniques from representation theory and
algebraic geometry. In Chapter [2| we reprove and generalize this result using tools from
symbolic computation and classical algebraic geometry.

The general case however remains mysterious. Lin and Sturmfels completed Muir’s work
[53]. They prove that the image is closed, give an explicit list of generators for the ideal
of polynomials vanishing on this image for 4 x 4 complex matrices, and conjecture that for
any n x n matrix, the image is cut out by equations of degree 12. Huang and Oeding [42]
solve this conjecture in the special case where all principal minors of same size are equal (the
symmetrized principal minor assignment problem) where they use the cycle sums in their

approach. They provide a minimal parametrization of the respective varieties in the cases of
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symmetric, skew symmetric and square complex matrices. Kenyon and Pemantle [44] adjust
the principal minor map by adding the almost principal minors to the vector in the image
and show that the ideal of the variety in this case is generated by translations of a single

relation using rhombus tilings. We will discuss the general case in-depth in Chapter 3] .

A related problem is to understand the fiber of this map. More explicitly: what is the
relationship between two matrices with entries in a field F and having equal corresponding
principal minors? This remains also open in the general case. In the symmetric case, it was
solved by Engel and Schneider [27]. In 1984 Loewy and Hartfiel [38] and then Loewy [50]
gave sufficient conditions for two general matrices A and B to be diagonally similar and
hence to belong to the same fiber, and they provided examples to prove that the converse
is not true. Boussairia and Cherguia [1] give a characterization of the fiber in the skew

symmetric case in the special case where all non-diagonal entries are nonzero.

Another interesting problem is the problem of finding an efficient algorithm for recon-
structing the matrix given the vector of its principal minors. Griffin and Tsatsomeros [34] 35]
give a numerical algorithm that reconstructs a preimage, if it exists, over C. Rising, Kulesza
and Taskarc [62] provide an efficient algorithm for reconstruction in the symmetric case.
Brunel, Moitra, Rigollet and Urschel [67] use the graph cycle to reconstruct symmetric ma-

trices with increased efficiency.

1.5.2  Applications of the Principal Minor Problem

The principal minor map problem has many applications and in different fields, including
statistical models, machine learning, combinatorics and matrix theory. One of its fundamen-
tal applications is to Determinantal Point Processes (DPP). These are probabilistic models
that arise naturally in the study of random matrix theory [43] and machine learning [19, B1].
One way to define a DPP (or what is known as symmetric DPP) is through an n X n positive
semi-definite matrix whose eigenvalues lie in the interval [0, 1] and which is known as the the

kernel of the model. The DPP associated to such matrix K is given by the distribution on



18

Y C [n] such that
P[J C Y] =det (K;)

for any J C [n]. Symmetric DPPs have attracted a lot of attention as they reflect repulsive
behavior in modeling. For more in-depth details the reader is referred to [2, 12, 26l 47, 67].
Recently the case of non-symmetric kernel has started to get more attention in order to
model both repulsive and attractive interactions, which can significantly improve modeling

power [6, 17, 30].
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Chapter 2

CHARACTERIZING PRINCIPAL MINORS OF SYMMETRIC
MATRICES VIA DETERMINANTAL MULTIAFFINE
POLYNOMIALS

The work presented in this chapter is based on a joint project with Cynthia Vinzant [4]
2.1 Introduction

In this chapter we will restrict the map of pricipal minors to the space of symmetric matrices
Sym,,(R):
¢ : Sym, (R) = R*" given by ¢(A) = (As)scin);

where we take Ay = 1. Here we seek to characterize the image of the principal minor
map over arbitrary unique factorization domains R, and in particular, arbitrary fields. For
a background of the problem, the reader is referred to In this chapter we generalize
Oedings result [57] to hold over arbitrary unique factorization domains, except those with
exactly three elements.

We will study this problem by associating to the matrix A the multiaffine polynomial

fa = det (diag(zy,...,z,) + A) = Z ASHfEi-

SC[n] ¢S
This translates the problem of characterizing the image of the principal minor map to the
problem of characterizing multiaffine polynomials in R|xy,...,z,| with symmetric determi-
nantal representations. Key to this characterization will be Rayleigh differences.
The Rayleigh difference of a polynomial f with respect to i, j € [n] is defined to be

of of 2 f

(2.1)
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These polynomials play a prominent role in the theory of stable polynomials [13]. Us-
ing Dodgson condensation [25], one can see that for the determinantal polynomial fy4, all
Rayleigh differences A;;(f4) are squares in the polynomial ring R[z1, ..., z,]. In 2015, Kum-
mer, Plaumann and the second author prove the converse over R [48] and here we prove it
over an arbitrary unique factorization domain.

Formally, to a = (ag)sci, in R?" we associate the polynomial f, = as1..qxi.
Y Cln) SC[n] iZs

Theorem Let R be a unique factorization domain. An element a = (ag)scp, in R*"
is in the image of Sym,, (R) under the principal minor map if and only if ay = 1 and for every

i,j € [n], Ay;(fa) is a square in R[xq, ..., T,].
For n = 3, Aj2(fa) is a quadratic polynomial in the remaining variable z3, namely
A1a(fa) = (@102 — a@a12)$§ + (a1a23 + azsaiz — asaiz — apaizs)Ts + (a13a23 — aszaia3).

For this polynomial to be a square, its discriminant must vanish, giving us a necessary
equation on the coefficients of f,. The discriminant of Aj5(fa) with respect to z3 equals the

well-known Cayley 2 x 2 x 2 hyperdeterminant,

2
HypDet(a) = (a1a23 + aza13 — azaia — apai23)” — 4(a1a2 — apai)(aizas — azayzs)
2 2 2 2 2 2 2 2
= CI,(DCL123 + CLICL23 + a2a13 + CL3(1,12 — 2@@@1&23&123 — 2&@&2@13&123 — QCLQ)CLgalgalgg

— 2a1a2a13023 — 20103012023 — 20203012013 + 4agaszaizaiz + 4ajezaiazas.

The coefficients of 1 and x5 in Ay5(fa) are ajzass — azaizs and ajas — agare, respectively. We
see that Ajs(fa) is a square if and only if these two coefficients are squares in R and the
discriminant, HypDet(a), is zero. One can check that Discry,A1a(fa), Discry,Ai3(fa) and
Discr,, Ags(fa) are all the same and equal to HypDet(a). Therefore a vector a € R? with
ag = 1is in the image of the principal minor map if and only if HypDet(a) = 0 and for every
i,j € [3] with {k} = [3]\{4, j}, both a;,a;r — ara;jr and a;a; — aga;; are squares in R.

Our main result is that, under the action of SLo(R)™ % .S, these conditions characterize

the image of the principal minor map for general n.
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Theorem [2.5.1, Let R be a unique factorization domain with |R| # 3 and a = (ag)scn) €
R?" with ag = 1. There exists a symmetric matrix over R with principal minors a if and

only if
(i) for every i,j € [n], a;a; — a;; is a square in R, and
(ii) for every v € SLao(R)™ % Sy, (v - HypDet)(a) = 0.

While the description in (ii) involves a potentially infinite set of quartic polynomials, we
give an explicit set of (g) 5773 elements v € SLy(R)" % S,, that are necessary and sufficient in
this characterization (see Remark[2.5.2). As observed in [58, Observation I11.15], when R is a
field of characteristic zero, this is precisely the dimension of the linear space in Rag : S C [n]]
spanned by the polynomials (7 - HypDet)(a).

As a corollary of Theorem [2.5.1] we obtain another proof of Oeding’s result over C:

Corollary Let a = (as)scp € C*" with ag = 1. Then a belongs to the image of the
principal minor map over C if and only if for every v € SLy(C)"™ x S, (7 - HypDet)(a) = 0.

We also get a semialgebraic description of the image of the principal minor map over R.

Corollary Let a = (ag)sci € R?" with ag = 1. Then a belongs to the image of the
principal minor map over R if and only if for every i,j € [n], a;a; — a;; > 0 and for every

v € SLy(R)™ % S,,, (v - HypDet)(a) = 0.

For real symmetric matrices, the inequalities A;A; — A;; > 0 are a subset of the well-
known Hadamard-Fischer inequalities Agy;Asy; — AsAsui; > 0, which were also used by
Holtz and Sturmfels in a partial characterization of the image of the principal minor map
over R, [41, Theorem 6]. Corollary states that these inequalities and the equations
given by the images of the 2 X 2 x 2 hyperdeterminant under SLy(R)"™ % S,, cut out the image
of the principal minor map over R. The image of the principal minor map over R is of special

interest, as for positive semidefinite matrices A, the discrete probability measure on 2" given
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by Prob(S) o< Ag forms a determinantal point process. These distributions have several nice
properties, such as negative association, and appear in a wide range of applications [11], 46].

Over fields of characteristic two, the discriminant of a univariate quadratic is a square.
From Theorem we then recover the results of van Geeman and Marrani [68] that the

image is cut out by quadratic equations:

Corollary [2.5.5, Let a = (ag)sci € R?" with ap = 1 where R has characteristic two.

There exists a symmetric matrix over R with principal minors a if and only if

(i) for every i,j € [n], a;a; — a;; is a square in R, and

(ii) for every v € SLo(F2)™ xSy, v - (apaias + arags + azaiz + azarz) = 0.

In particular, for R = Fy, (i) is always satisfied and the image of the principal minor map is

cut out by the quadratic equations in (ii).

The chapter is organized as follows. In Section [2.2] we establish notation and introduce
the action of SLy(R)™ x S,. In Section , we establish the connection between square
Rayleigh differences and determinantal representations and prove Theorem [2.3.5] In Sec-
tion we use the group action of SLo(R)™ x S, to characterize the set multiquadratic
squares in R[xy,...,x,] and use this to characterize the image of the principal minor map
in Section [2.5] To conclude, in Section |3.5] we discuss some consequences for other determi-

nantal representations as well as connections to the Grassmannian Grg(d,n) over arbitrary

fields.

2.2 Background and notation

Throughout the chapter, we take R to be a unique factorization domain. Let R[x]| denote
the polynomial ring R[zy,...,z,]. For a = (ai,...,a,) € N* and S C [n], we use the
notation x* for [,z and x° for [[,.g2;. For f € R[x], let deg;(f) denote the degree
of f in the variable z;. Given d = (di,...,d,) € Z%, let R[x]<q denote the set of poly-

nomials with degree at most d; in z; for each ¢ = 1,...,n. These form an R-module of
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rank [[},(d; +1). When dy = ... = d,, = m, we abbreviate R[X]<(y, .m) by R[X]<m. Of
particular interest are multiaffine polynomials, R[x|<1, with degree < 1 in each variable, and
multiquadratic polynomials, R[x]|<2, with degree < 2 in each variable. We will often consider
multi-homogenezations of these polynomials. Let R[x,y|q denote the set of polynomials in
the variables zq,...,x, and yi,...,y, that are homogeneous of degree d; in each pair of

variables z;,y;. For f =Y, c,x®, let f471°™ in R[x,yla denote the polynomial

fd—hom = Hy:il : f (xl/yla tee 7xn/yn) = anxayd—a'
=1 [}

To a polynomial f € R[x|<a, its discriminant with respect to any variable xj, denoted
Discr,, (f), equals b*> — 4ac where f = ax? + by +c and a, b, ¢ do not involve the variable zy.
Similarly, for a multiquadratic polynomial f € R[x,y]2, we can write f = ax? + bxyyx + cyi
and define its discriminant with respect to (xx, yx) to be Discry, 4, (f) = b* — 4ac.

The symmetric group acts on R[x| by permuting the variables. That is, for 7 € S,
7 - f equals f(Tx1),...,%rm)). The action of SLy(R)™ on R[X|<q is defined as follows. Let
v = (Vi)iep) in SLa(R)™ where v; = <“ Z) Then for f € R[x|<4,

- o (amm b anze + by
T = cixl-—l—did’- s .
vt E( ) f (clxl +d; CnTpn + dn>
One way to interpret this action is via the multi-homogenezation of f. The induced action

of v on fd7h°m ig just an R-linear change of coordinates:

—hom —hom 1 Tn
’y'fdh :fdh T yeron In
n Yn
Restricting to y; = ... = y, = 1 gives back ~ - f. Similarly, we can extend the action

of S, to R[x,y|q by simultaneous permutations of the x; and y; coordinates, i.e. 7 - f =
f<$w(1)7 <oy Tr(n)s Yr(1)s - - - 73-/71'(11))

Note that R[x]<; and R*" are isomorphic R-modules, and so the action of SLy(R)" xS, on
R[x]<; also gives one on R?". Specifically, to an element a = (ag)scp,) in R*" we associate the

multiaffine polynomial f, =) 5Cn) asx™\5 and to any polynomial f € R[x]<; we associate
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the point a = (ag)scpy in R*" with ag = coeff(f,x""¥). Note that if A is a symmetric
matrix with ag = Ag, then f, = det (diag(z1,...,x,) + A). For any v € SLy(R)" x S,,, we
define 7 - a by the relation f,.a =7 - fa. Similarly, we define the action of SLy(R)™ % .S,, on
the polynomial ring Rlag : S C [n]] by v - F(a) = F(v-a).

Example 2.2.1. For n = 3, consider v = ((? ),Id2,1d2> in SLy(R)3. For any point

-1
0
a = (as)scpy € R,

= mfa( g) = 3 a3 BN S g S5 g S

T31 T S#1 531

Taking coefficients of «y - fa shows that (- a)g equals agu if 1 ¢ S and —ag\; if 1 € S. For
F(a) = asas — agagz, we see that v - F(a) = F(v-a) = ajaa13 — ajaie3. From this we see
that the image of F' under the group SLy(R)? x S3 includes all six polynomials of the form

a;a; — apa;; and aaj; — agaggy, for {i,7,k} = {1,2,3}.

Proposition 2.2.2. Consider an element v € SLo(R)™ that acts by (” Z) in the k-th

coordinate and the identity in all others. For any f € R[x]<1,

Ay(f) ifk=1,]

v-A(f)  otherwise.

Aij(y-f) =

Proof. For each k € [n], let fi denote the derivative of f with respect to z and let f* denote

its specialization to x;, = 0. We can then write f = x4 f, + f*. Then
v f = (azp +b)fi + (cop +d) fF = aplafs +cf*) + (bfi + df¥).

In particular, %(7 ~f) = (afy +cff) and (v f)|ep=0 = bfx + df*.

To see how this action affects Rayleigh differences, we write the polynomial A;;(f) as
Ni(f) = fifi = [fiy = £ = 17 fi,

where fZJ for example denotes g—f|x].:0. If kK =1, applying ~ then gives

T

Nij(v- f) = (af] +cf)(bfi; +df}) — (bf] +df ) afyy +cff) = (ad = be)(f f; = £ fiy),
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showing that A;;(f) is invariant. Another way to see this is to view A;;(f) as the resultant of
f; and f7 with respect to z;. Note that for k # 4, j, v commutes with taking the derivatives
with respect to z;, z; and restricting z;, x; to zero. Therefore A;;(v - f) = v - Ay (f). O

Corollary 2.2.3. The set of polynomials f € R[x|<1 such that Aj;(f) is a square for all

i,7 € [n] is invariant under the action of SLa(R)™ X S,.

Proof. Note that the set of squares in R[x|<2 is invariant under the action of SLo(R)™ x S,,.
If g = h?® where h € R[x]<; then for 7 € S,,, 7- g = (7 - h)?. Similarly for v € SLy(R)",
v-g = (v -h)% Note here that v acts on g as an element of R[x|< and acts on h as an
element of R[x|<1, regardless of their degrees.

First we note invariance under the symmetric group. For any 7 € S,,, A;;(7 - f) equals
T - Ar1gyz—1()(f). Therefore if f has the property that A;;(f) is a square for all 7, j, then
so does 7 - f. Similarly, by Proposition [2.2.2] for any v € SLy(R)", if Aj;(f) € R[x]<2 is a
square, then so is A (v - f). O

We will also use the usual homogenization of a polynomial to some total degree d, using a
single homogenizing variable y. That is, for f =) c,x* € R[x] of total degree d = deg(f),

its homogenization is
F=v"f(@/y, .. an/y) =) caxy™ ' € R[x,y.

To end this section, we remark that the condition that A;;(f) is a square is robust to various

homogenizations.

Proposition 2.2.4. Let f € R[x|<; and let f denote the homogenization of f in R[X,].

Then the following are equivalent

(a) Aj;(f) is a square in R[x], (b) Ay(f) is a square in R[x,y],

ij
(c) Aii(f) is a square in R[x,y], (d) (Ay(f))27r™ is a square in R[x,y]2.

Proof. The implications (b)=-(a), (c)=(a), and (d)=(a) follow from restricting to y = 1

ory; = ... =19, = 1. For (a)=(c) and (a)=-(d), we note that if A;(f) = ¢* for some
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g € R[x], then Aj;(f) = (9)% and (A;;(f))27hom = (gt~rom)2. For (a)=>(b), let f € R[x]<1
with total degree d and suppose that A;;f = g¢* for some g € R[x]. Let m = deg(g).
By definition, A;;(f) € R[x,y] is homogeneous of degree 2d — 2. Its restriction to y = 1
equals A;;f. Therefore Ay;(f) equals 2272 A;(f), showing that Ay (f) can be written

as (yd—l—mg)Q‘ ]
2.3 Squares to Determinantal Representations

In this section we prove Theorem [2.3.5] This relies heavily on the structure of the polynomials
Ay (f) defined in (2.1). If f is multiaffine, then A;(f) does not involve the variables z; and
z; and has degree < 2 in the other variables. In particular, if A;;(f) = (g;;)* for some
gij € Rlz1,...,2,), then g;; does not involve the variables x; and x; and has degree < 1

in the rest. We first work with more general determinantal representations in a larger ring

Rlxy,...,xm] = R[Tpi1, ..., Tn)[x] with n < m.
Theorem 2.3.1. Let f € Rlxy,..., x| be a homogeneous polynomial of degree n < m.
Suppose [ is multiaffine in the variables 1, ..., x, and its coefficient of x1 - - - x,, equals one.

Then f = det(diag(wy,...,z,) + D71, 2;M;) for some M; € Sym,, (R) if and only if Ay;f

is a square in Rlxy ... xy] forall1 <i,5 <n.

Proof of (= ). This follows from a classical equality on the principal minors of an n x n
matrix, used by Dodgson [25] as a method for computing determinants. For subsets S, T C [n]
of equal cardinality, let M (S,T) denote the submatrix of M obtained by dropping rows S
and columns T from M. Then for any ¢ # j € [n],

det(M(i,4))-det(M (g, 7)) —det(M)det(M ({7, j},{i,7})) = det(M(i, 7)) -det(M(7,7)). (2.2)

Note that for M = diag(z1,...,x,) +Z;”:n+1 x;M; and any subset S C [n], the principal mi-
nor det(M (S, S)) equals the derivative of f with respect to the variables in S, (Hle P %) f.

The equation above then gives that A;;(f) equals det(M (i, 7)) - det(M(4,4)). Since M is
symmetric, this shows that A;(f) = (det(M (i, 5)))> O
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We prove the other direction of this theorem after the following lemma.

Lemma 2.3.2. Let f € R[zy,...,xy,] be multiaffine in the variables x4, ..., x, and its co-
efficient of x1---x, equal one. If f = g-h for some g,h € R[x1,...,2y], then g and h
are multiaffine in disjoint subsets of the variables x4, ..., x, and we can take their leading
coefficients in these variables to be one. Moreover, A;;f is a square if and only if Ay;g and

A;jh are squares.

Proof. For any i € [n], the degree of f in z; must be the sum of the degrees of g and
h in ;. Since this sum of nonnegative numbers is one for each i € [n], we see that for
some subset I C [n], g is multiaffine in {z; : i € I}, h is multiaffine in {z,; : j € I}, and
deg;(h) = deg;(g) = 0 forany i € [ and j & I.

The highest degree term in f with respect to the variables zy,...,x,, [[;_, @i, is the
product of the highest degree terms in g and h. Therefore for some r, s € R, these terms are
rl;c; zi and s ngl x;, respectively. Since rs = 1, we can replace g with sg and h with rh
to obtain a factorization in which both have leading coefficient equal to 1.

Fori e I, d(g - h)/Ox; = h - 0g/0x; and similarly, for j & I, d(g - h)/0z; = g - Oh/0x;.
From this, one can check that A;;(gh) equals h*A;;(g) for i,j € I, g*A;;(h) for 4,5 € [n]\]
and zero otherwise. In each case, we see that A;;(gh) is a square in R[z1, ..., x| if and only

if both A;;(g) and A;;(h) are squares. O

Proof of Theorem |3.3.1(<). Let S denote the ring R[zy,...,x,,]. Suppose that f is irre-
ducible in S. For each i € [n], let g; = % and for each ¢ < j, suppose that A;;f equals

(gij)? for some g;; € S. This implies that g—a{i : aanj is equivalent to (g;;)* modulo (f). For
1 < i < j, the polynomials (g119:;)* and (g1;¢:1)* are both equivalent to (%)ngfi : 88_;]-’

showing that

(9119:7 — 91j901) (91195 + 91j901) = (9119:)° — (91592)> =0 mod (f).

Since f is irreducible, S/(f) is an integral domain. Therefore one of the two factors above

must be zero in S/(f). After changing the sign of g;; if necessary, we can assume that it is
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the first factor, giving that g119;; — g1;9i1 € (f). Let G € Sym,,(S) be the symmetric matrix
with (4, j)th entry ¢;; = g;;. We claim that the 2 x 2 minors of G lie in (f). Note that by

construction, for any i, 7, k, [ € [n],

911 (9i59—9u9x;) = (9119 (g1190) — (91192) (9119%5) = G1591;9169u—G1igugixg; = 0 mod (f).

Since f is irreducible and g;; = 0f/0z; has smaller degree, g1 is not a zero-divisor in S/(f).
Therefore the minor g;;gx — gugr; belongs to (f).
From this it follows that f*~! divides the k x k minors of G for every 2 < k < n, see [59,

Lemma 4.7]. In particular, f*~2 divides the entries of the adjugate matrix G*Y. Let
M = (1/fn—2) . Gadj'

Also f*~! divides det(G), and since these both have degree n(n — 1), there must be some
constant A € R for which det(G) = A - f" 1.

We can see that A = 1 by specializing x, to 0 for all £ > n. For any polynomial h € S, let
h(x,0) denote the specialization of h with x;, =0 for £ =n+1,...,m. Then f(x,0) equals
x1- -2, and g4(x,0) = H#i z;. Recall that g;; € Rlxy : k # i,j] has total degree n — 1
and degree at most one in each variable x) for k£ € [n]\{7,j}. Therefore every monomial
appearing in g;; with non-zero coefficient must involve a variable x, for ¢ > n, giving that

gij(x,0) = 0. Specializing all entries of G to zy = 0 for £ > n, gives the diagonal matrix

& 1 1

G = di S i = ;- di — ., — .

= ([T I ) =TT ()
J#1 J#n j=1

Its determinant is []/_, #'~" which equals f(x,0)""!, showing that A = 1. From this and

the equation G - G* = det(Q) - Id,,, it follows that

1 adi 1 e 1 n1)2

Note that the entries of M have degree < (n — 1)? — n(n — 2) = 1, so we can write M as
S, w;M; for some matrices M; € Sym, (R). To finish the proof it suffices to show that
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o x;M; = diag(zy, . .., z,). Indeed, using the previous formula for G(x,0) we see that

:M (s (L. L))

X1 Tn

I
—-

S

e

7
S
—

| —
—
=
N——

For general f, we take a factorization of f into irreducible polynomials f = [], fx. By
Lemma , A;i(fr) is a square for each i, j, k and so by the arguments above, fj has a
determinantal representation of the correct form. Taking a block diagonal representation of
these representations (and permuting the rows and columns if necessary to reorder xy, ..., ;)

gives a determinantal representation for f. O]

Example 2.3.3. For n =4 and R = Z, we apply this algorithm to the symmetric quartic
[ = xixewswy — (x129 + X123 + X124 + Tokg + Toxy + T3x4) + 2(x1 + T2 + 23 + 24) — 3.

For each i € [4], we take g;; to be % = H#ixj — Z#i z; + 2. For every ¢ # j, we find

that A;;(f) = g{i% — afng equals (z3, — 1)*(z¢ — 1)? where {k,¢} = [4]\{7,5}. For

each j = 2,3,4, we can choose g1; = (1 — zy)(x, — 1) with {k,¢} = [4]\{1,j}. Then for
{j. k, 0} ={2,3,4}, we find that g11(1 — x1)(z; — 1) — g1xg1s equals (1 — z;) f and so we also

take g = (1 — 21)(x; — 1). We then construct the 4 x 4 matrix G = (g;5)1<ij<a =

T2T3T4 — T2 — T3 — Tq + 2 —z3x4 + 23+ x4 — 1 —z2x4 +x2 + 24 — 1 —zgx3 +x2 + 23 — 1
—z3w4 + @3 + x4 — 1 Tiw3wy — w1 — T3 — T4 + 2 —z1w4 + @1 + x4 — 1 —z1w3 + @1 +x3 — 1
—zowyg + w2 + x4 — 1 —z1Tg4 + @1 + 74 — 1 T1T2T4 — T] — T2 — T4 + 2 —z1x2 + 21 +x2 — 1
—z2x3 + @2 +x3 — 1 —z1x3 +®1 +x3 — 1 —ziw2 + @1 22 — 1 T1T2T4 — T — T2 — T4 + 2

Note that only the diagonal entries of this matrix have degree three, so if we homogenize all

entries to have degree three and then set the homogenizing variable equal to zero, the result
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' ;") appearing in the proof of

is the diagonal matrix G(x,0) = z1zo7374diag(z; "’ 25", 75
Theorem m(<:) Moreover, the 2 x 2 minors of this matrix are divisible by f and so its
3 x 3 minors are divisible by f2. Taking the adjugate of G and dividing by f?, we find the

desired symmetric matrix whose determinant gives the polynomial f:

zr 1 1 1
1 adi 1 T2 1 1
- ) —
M= G =
1 1 23 1
1 1 1 x4

Before moving on to applications to the principal minor problem, we remark that the
rank of the matrices M; can be recovered from f. Here we define the rank of a matrix
M € Sym,,(R) to be the maximum r € N so that there is a non-zero r x r minor of M. Note

that the rank of M over R is the same as its rank over the field of fractions of R.

Lemma 2.3.4. Let R be an integral domain. If f = det(diag(z1,...,z,) + 370, | 7;M;)
where M; € Sym, (R), then the rank of M; equals the degree f in the variable x;.

Proof. The bound deg;(f) < rank(M;) follows from the Laplace expansion of the determi-
nant. To see equality, it suffices to take j = m =n + 1. Let f = det(diag(z1,...,z,) +yA)
where A € Sym,,(R). Then f = ngn] Agx"N\5I5I equals the homogenization of f4. From
this we see that the degree of f in the variable y equals the size of the largest nonzero
principal minor of A. By the so-called Principal Minor Theorem [45], Strong PMT 2.9], this

coincides with the size of the largest nonzero minor of A, i.e. rank(A). O

Recall that to an element a = (ag)scp) in R?" we associate the multiaffine polynomial
fom 3 asxs
SC[n]
Theorem 2.3.5. Let R be a unique factorization domain. An element a = (as)sg[n] in R*"
is in the image of Sym, (R) under the principal minor map if and only if ay = 1 and for

every i,7 € [n], Ay;(fa) i a square in R[x].
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Proof. By Corollary [2.2.3] Ay;(fa) is a square in R[x] if and only if Ay;(fa) is a square in
R[x,y]. Furthermore, by Theorem [3.3.1 Ay;(fa) is a square in R[x,y] if and only if there
exists a symmetric matrix A € Sym,,(R) for which f, = det(diag(xy,...,x,) +yA). O

Corollary 2.3.6. Let R be a unique factorization domain. Then the image of Sym, (R)

under the principal minor map is invariant under the action of G™ % S,,, where G 1is the

1 r
subgroup of Slia(R) defined by G = |reR
01

Proof. Let a = (ag)scp) be an element in the image of the principal minor map and let
fa be the associated multiaffine polynomial. Consider b = (bg)gcp, with b = v - a where
v € G" % S,. Theorem [3.3.1]implies that ap = 1 and for every 7, j, Ay;(fa) is a square in R[x].
Corollary implies that for every i, j, A;;(fb) is a square in R[x]. Using Theorem m
again, it is enough to show that by, the coefficient of z;---x, in fp, equals one. It is
clear that this coefficient is invariant under the action of S,,, and so it suffices to take

v=(Y,.--,7) € G" where v; = (; ’;), for which
fo=7fa=falx1+71,. . 20 +10).
From this, we see that coefficient of z; - - -z, in f} is equal to one. O

The subgroup G is the maximal subgroup that preserves the leading coefficients of poly-
nomials f4. Consider an element of v = (Z Z) € SLy(R) acting on the first coordinate x;

of fa. Then
_ 0fa _
coeff (v - fa,x1 -+ x,) = coeff | (az; + b)87 + (cx1 + d)(faley=0), 1+ - Tn | = adp + cAy.
1

In order to preserve the coefficient of xy - - - x,,, v must satisfy 1 = a 4+ cA; for every value of

Aj. This implies that ¢ = 0 and @ = 1. The condition ad — bc = 1 then implies that d = 1.

Corollary 2.3.7. Let R be a unique factorization domain and let a be the vector of principal

minors of a matriz in Sym,,(R). Fiz v € SLo(R)™ x S,, and let \ denote the coefficient of
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[l zi iny- fa. If X %0, then for some A € Sym, (R),

1
V- fa=A-det (diag(xl,...,xn)—FXA).

That 1s, %”y -a belongs the image of the principal minor map over %R.

Proof. Let b = %’y -a and let f; be the multiaffine polynomial associated to b. Then

coeff (fu, [[; ;) = $A = 1 and by Corollary Aijfo = 530ij(7 - fa) is a square for every
1, 7. Hence, by Theorem there exists a symmetric matrix B with entries in R(%) with

fo = det (diag(zy,...,z,) + B).

We claim that AB has entries in R. To see this, note that b = %7 -a is the vector of principal
minors of B and that the entries of 7 - a belong to R. So all principal minors of B belong to
A~!R. This immediately shows that the diagonal elements of AB belong to R.

For the off-diagonal elements, fix i # j € [n] and let z denote the (i, j)th entry of B.
Then b;b; — b;; = 2%, where b = (bg)scnj, which implies that A*2% = (Ab;)(Ab;) — A*b;; € R.
By construction, z € R(1/)) so we can take the minimal m € N for which Az € R. So
A"z = r € R where either m = 0 or A does not divide r. Then A\*™"2(\?2%) = (\"2)? = r2.
Since A\?22 € R, we see that A?™~2 divides r2. If m > 1, this contradicts the assumption that

A does not divide r. Therefore A = AB € Sym,, (R), as desired. O

Example 2.3.8. For R = Z and n = 2 consider the matrix A = <f 1) and its vector of
principal minors a = (1,2, 1, 1), giving fa = 122 + 21 + 225 + 1. The image of f, under the
action of y = ((j I)l), ((1) f)) € SLy(R)? is

v fa=4x129 + 311 — 19 — 1.

Since 4 # 1, the vector (4, —1,3,—1) is not the vector of principal minors of any symmetric
matrix over Z. However, as promised by Corollary [2.3.7], the vector }L’y -a= (1 =1 %, ’Tl) is

the vector of principal minors of the matrix B = i(? ;) over %Z.

Corollary 2.3.9. Let R = F be an infinite field. The Zariski closure of the image of the

principal minor map in P2"~1(F) is invariant under the action of SLy(F)"™ x S,,.
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Proof. The image is immediately invariant under the action of 5, so it suffices to show
invariance under SLy(IF)". Using the action of S, it suffices to show this by acting with
SLy(FF) on the first coordinate. Let A € Sym,, (F), giving a point ¢(A) = (Ag)s in the image

of the principal minor map. Consider the open subset

U = {v € SLy(F) : coeff(y - fa,z1---x,) # 0}
a b

= eF?? . ad—bc=1 and ady+cA; #0
c d

By Corollary for every v € U, 7 - ¢p(A) belongs to the image of the principal minor
map, up to scaling. The parametrization (a,b,c) ~-» (a,b, ¢, (1 + bc)/a) shows that SLy(IF)
is a rational variety over F. Since F is infinite, the set of (a,b,c) € F3 such that a # 0 and
aAy + cA; # 0 is Zariski-dense in F3. Tt follows that U is Zariski-dense in SLy(F). Since
v+ v - o(A) defines a rational map SLy(F) — P2"~1(IF), it follows that for any v € SLy(F),
v - ¢(A) belongs to the Zariski-closure of the image of ¢ in P*"~(TF). O

2.4 Defining the set of multiquadratic squares

The polynomials A;;(f) appearing in Theorem have degree < two in each variable. In
order to make use of this characterization, in this section we find algebraic conditions charac-
terizing the set of squares in R[x]<2. In fact, to simplify the notation used in the arguments
below we consider the multihomogenezations, as in Proposition [3.2.1] and characterize the
set of squares in R[X,y]a.

In a slight abuse of notation, we define P'(R) to be the following subset of R?:
P'(R) ={(r,1) : 7 € R} U{(1,0)}.

Lemma 2.4.1. Let g € R[x,ylq where d = (dy,...,d,) € N*. Let P, C PX(R) be a set of

size d; + 1. Then g is the zero polynomial if and only if g(p) =0 for allp € P, X --- X P,.

Proof. We prove this by induction on n. Note that for n = 1, a polynomial g € R[z,y]q

vanishes at (a,b) € PY(R) if and only if bx — ay divides g. Therefore a bivariate form



34

g € R[z,yls cannot have more than d roots in P'(R). Now suppose that n > 1. Fix
(a,b) € P,y1. The polynomial g(x, a,y, b) vanishes on P x - - - x P,, and is therefore identically
zero by induction. This means that, considered as a bivariate form in x,1,y,.1 over the

ring R[x,y]|, g vanishes at the d,,1 + 1 points in P, and it is therefore identically zero in

R[X, Y] [-Tn+1> yn-i—l] = R[X> Tn+1,Y, ?Jn+1}- [

Lemma 2.4.2. A polynomial g(x,s,y,t) = ¢2(X,y)s* + g1(X, y)st + go(x,y)t* € R[X,s,y, ]2
is a square in R[x,s,y,t] if and only if go(x,y) and g2(x,y) are squares in R[x,y] and
Discr(s4)(g) = 0.

Proof. Suppose that go = (hs)? and gy = (hg)?, where hs, hy € R[x,y] and
Discr(s ) (g9) = g% —4gog2 =0 in R[x,y|.

Then 4gog2 = (2hoh2)? = ¢2, giving that (2hohs)? — 7 = (2hohs — g1)(2hohs + ¢1) = 0 in
R[x,y]. It follows that g; = £2hghs. Changing the sign of hg if necessary, we can assume
that g1 = 2h0h2. Then

g = (h2)282 —|— 2h0h2$t + (h0)2t2 = (Shg + th0)2

is a square, as desired. Conversely, if g = (shy +thg)?, we see that gy = (ho)? and gy = (hy)?
and Discr(s4)(g) = 0. O

Theorem 2.4.3. Let R be a unique factorization domain with |R| # 3. A multiquadratic

polynomial g = 3 cr01.23n CaXy?™% is a square, i.e. g = h® with h € R[x,yl1, if and only

if for every B € {0,1}", cop is a square in R and ¢ = (ca)ac{o1,2)n Satisfies the images of
(C(l,o))z — 40(0’0)0(270) = 0 (23)

under the action of SLy(R')" % S,, where R' is any nontrivial subring of R with 1 = 1g and

size > 4 whenever char(R) # 2.

Proof. (=) If g = h?, then for every v € SLy(R)" x S,,, v-g = (v - h)% Note here that the

action on g comes from the action on R[x,y]s and the action on h comes from the action
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on R[x,y]1. The specialization of v - g to (x,y) = (x1,0,91,1) will be a square in Rz, y1].
Moreover, the coefficient cg of x**y?=2% in g is the square of the coefficient x?y*~# in h, and
in particular the square of an element in the ring R.

(<) We prove this by induction on n. This holds immediately for n = 1 by Lemma [2.4.2]
Now suppose n > 1 and take g = go5® + g1st + got* € R[X,s,y,t]. Fixing n + 1 in S,,; and
(; f) or (f 701> for the (n + 1)st coordinate in (SLy(R))"*!, we see that both gy and go
satisfy the hypothesis of the theorem and so, by induction, are squares in R[x,y]. Here 1
denotes the common multiplicative identity of R and R'.

If char(R) # 2 then |R/| > 4 and we can take a set P C P'(R’) of size five. Define a map
¢ : PY(R') — SLy(R') by ¢((1,0)) = (i ;) and for r € R, p((r,1)) = ((1) I) Then to

(p1,--.,pn) € P™, we associate the element v = (©(p1), - .., ©(pn), Ids) of SLy(R)" . Acting

on g by v and then specializing toxy =... =z, =0and y; = ... =y, = 1 gives

(’Y ' g) |x:0,y:1 = g(aa S, ba t) and (Discr(s,t) (7 : g)) |x:0,y:1 = (Discr(s,t)g) |x:a,y:b (24)

where p; = (a;,b;) and a = (ay,...,a,), b = (b1,...,b,). Transposing (z1,y;) and (s,t)
using the action of S, 1, we see that by assumption, this evaluation of the discriminant of
~ - g must be zero. Since the discriminant has degree < 4 in each variable, Lemma [2.4.1
implies that it is identically zero. Then by Lemma g is a square in R[x, s,y,t].

If char(R) = 2, the discriminant Discr(, ;¢ simplifies to a square, g7, which by , must
vanish at the points {(1,0), (1,1), (0,1)}" C (P'(R))™. Since g, has degree 2 in each variable

and must vanish at these points, Lemma [2.4.1| implies that g; is identically zero. Therefore

by Lemma g is a square. O

Remark 2.4.4. The proof of Theorem reveals that only a small subset of SLy(R) is
needed in each coordinate to characterize multiquadratic squares, specifically a set of size

five.

Up to isomorphism, there is only one ring of size three, namely F3. The exclusion of F3 in

the statement of Theorem is a necessary one, as the following example demonstrates.
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Example 2.4.5. For R = F3 and n = 3 consider the multiquadratic form

g = 25 (vays — T3y2)” — 2x1y1(Tays + T3y2) (Taws — Yoy3) + Yi(Tax3 + Yoys)”

2 92 9 2.2 9 2 29 2 2 2
= TiT3Y5 + TITZY5 + T3T3Y] — 2T]T2X3Y2Y3s — 2X1T5T3Y1Y3 — 2T1L2T3Y1Y2

+ 271 Z0Y1 Y23 + 2T1T3Y1Y5 Y3 + 2T2T3YTY2ys + YT Y Y-

The discriminant of g with respect to (z1,y;) is given by

Discr(z, )9 = 1622y2(72 + y2) (T2 — y2)T3y3(23 + y3) (T3 — ¥3).

This polynomial is non-zero in F3[x, y|4 but vanishes on all points in (P!(F3))?. The poly-
nomial g is invariant under permutations of indices, so the discriminants Discr(,, ,,)g and

Discr (s, 459 have the same property.

Before using this result to characterize the image of the principal minor map, we record
a few of the notable special cases of Theorem [2.4.3] In particular, over C, the set of mul-
tiquadratic squares is defined by the orbit of a single polynomial and the only additional

constraint over R is the nonnegativity of the orbit of one other polynomial.

Corollary 2.4.6. Let g = Zae{D,I,Q}" cax® € C[x]. The polynomial g is a square, g = h?
with h € C[x|<q if and only if ¢ = (ca)acfo,23n satisfies the images of

(0(1,0))2 - 40(0,0)0(2,0) =0 (2-5)

under the action of SLy(C)™ x S,,. Moreover, g is a square over R, g = h* with h € R[x]<1,

if and only if its coefficients ¢ = (Ca)acfo,1,2yn Satisfy the images of
(C(Lo))Q — 40(070)6(2’0) = 0 (md C(O,O) Z 0 (26)
under the action of SLy(R)™ % S,,.

As seen in the proof of Theorem [2.4.3 in characteristic two, linear equations in the

coefficients suffice to cut out of the set of squares in R[x]<s.
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Corollary 2.4.7. Let g =} (01 9y CaX” € R[x] where R is a UFD of characteristic two.
The polynomial g is a square, g = h* with h € R[x|<1 if and only if ¢ = (¢a)acfo,1,23» Satisfy

(1) for every p € {0,1}", cop is a square in R, and

(ii) for every v € SLy(F2)™ % S, (7 ¢)1,0) = 0.
2.5 Characterizing the image of the principal minor map

We can now combine the characterization of multiaffine determinantal polynomials from Sec-
tion [2.3] and the characterization of multiquadratic squares in Section [2.4] to give a complete

description of the principal minor map over any unique factorization domain of size # 3.

Theorem 2.5.1. Let R be an UFD with |R| # 3 and let a = (as)scp) € R*" with ap = 1.

There exists a symmetric matrix over R with principal minors a if and only if
(1) for everyi,j € [n], a;a; — a;j is a square in R, and
(ii) for every v € SLy(R)™ x S, (v - HypDet)(a) = 0.

Proof. (=) If a belongs to the image of the principal minor map over R, then a;a; — a;;
is the square of the (i, 7)th entry of the representing matrix A, and so is a square in R.
Also, by Theorem Ajjfa is a square for all 4,5 € [n]. Then, by Corollary 7 for any
v € SLa(R)"™ xSy, Ayj(y - fa) is square. In particular,

Hpret(7 : a) = Discry, (Apa(y- fa))‘u:--.:xn:ﬂ = 0.

(<) First, we show that a belongs to the image of the principal minor map over the
algebraic closure of the fraction field of R, F = malg. Then R is a subring of F
and has size > 4 if char(R) = char(F) # 2. Let f = f,. Every element of R is a square
over F. Then by Theorem 2.4.3, Ay;f = > 510y CaX® is a square in F[x] if and only if
¢ = (Ca)acfo,1,2)» and its images under SLy(R)" X S, satisfy (c(1,0))* — 4¢(0,0)¢(2,0) = 0. This
condition for all ,j € [n] is equivalent to the condition that (v - HypDet)(a) = 0 for all
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v € SLy(R)"™ % S,,. Therefore A;;f is a square in F[x]| for all 4, j. By Theorem [2.3.5] a is the

vector of principal minors of some matrix A with entries in F. The diagonal entries of A are

entries a; in this vector and therefore belong to R. Let z denote the (7, j)th entry of A for
2

some i # j. By assumption z* = a;a; — a;; = r* for some r € R. Then (z 4+ 7)(z — 1) =0

implying that z = +r € R. Therefore A € Sym, (R). O

Remark 2.5.2. Note that in part (ii) of the characterization in Theorem [2.5.1] it suffices
to take (3) - 5% elements v € SLy(R)™ x S,,. Specifically, let P C R be a set of size 5. For

any subset {i,7,k} C [n] and point p € P"3, we get an equation
Discry, (Aij(fa))lx=p = 0

This is enough to ensure that Discr,, (A;;(fa)) is identically zero. More generally, we can
take evaluations of Discr(y, y,)(Ai(fa))? 7™ at 5773 points in P!(R), as in Section [2.4]
While this expression appears to depend on the ordering of ¢, 7, k, one can check that for
any f € R[x]<1, Discry, (Ay(f)) = Discry,; (Aw(f)) = Discry, (Ajr(f)). See, for example, the
proof of Theorem 3.1 in [72]. When R is a ring of characteristic 2, it suffices to take P to

have size 3, giving a total of (73‘) - 3773 equations.
Applying this to R = C, R, and 5, we find the following immediate consequences.

Corollary 2.5.3. Leta = (as)scn) € C*" with ag = 1. There exists a symmetric matriz over
C with principal minors a if and only if a and all its images under the action of SLy(C)™ xS,

satisfy the 2 x 2 x 2 hyperdeterminant HypDet(a) = 0.

Corollary 2.5.4. Leta = (as)scp) € R?" with ag = 1. There exists a symmetric matriz over
R with principal minors a if and only if a and all its images under the action of SLa(R)"™ % .S,
satisfy

HypDet(a) = 0 and ayas — agais > 0.

Corollary 2.5.5. Let a = (as)sci) € R?" with ay = 1 where R has characteristic two.

There exists a symmetric matrix over R with principal minors a if and only if
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1) for everyi,j € |n|, a;a; — a;; is a square in R, and
Y] J J q

(it) for every v € SLa(F2)™ xSy, v - (agaizs + a1a3 + az2a13 + azaiz) = 0.

In particular, for R = Fy, (i) is always satisfied and the image of the principal minor map

is cut out by the quadratic equations in (ii).

It is unclear whether or not Theorem [2.5.1| can be extended to R = F3. Example [2.4.5
shows that this would likely require a different proof technique. Interestingly, the polynomial
g in this example is of the form Ajs(f) for some f € F3[zy,...,x5]<1, but for all such f we

have found, the discriminant of some other A;(f) fails to vanish on (P'(F3))%.

Question 2.5.6. Does the equivalence in Theorem hold for R =T3?

2.6 Other determinantal representations and connections to Grg(d,n)

2.0.1 Other multiaffine determinantal representations

In this section we restrict ourselves to fields and consider the set of multiaffine determinan-
tal polynomials. Formally, let ' be an arbitrary field. We call a polynomial f € F[x]|<;
determinantal if it can be written in the form
f(x) = Adet (Vdiag(z1,...,2,)V7 + W) = Adet (Z zvvl + W) (2.7)
i=1
for some A € F, some matrix V = (vq,...,v,) € F™" and some W € Sym,,(F) for some
m. Note that when we take V' to be the n x n identity matrix, this is exactly the principal

minor polynomial fy,. When m < n, the coefficient of x; -- - x,, in f is necessarily zero.

Theorem 2.6.1. A polynomial f € F[x|<1 has a determinantal representation (3.5)) if and

only if for alli,j € [n], Ai;f is a square in F[x]|. Moreover, one can always take a represen-

tation of size m = deg(f) in (3.5).

Proof. (=) Without loss of generality, we show that As(f) is a square. First suppose vy

and vy are linearly dependent, i.e. let v; = awvy for some a € F. Then viv! = a?vyvl and
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f(xy, ... 2,) = f(0, 0 +29, 73, ..., 1,). Taking partial derivatives shows that 88—;1 = a28‘9—:l-:f2
and that 83?125;2 = 0. Therefore Aj(f) = 042(68—52)2 and so is a square.

If v; and vy are linearly independent, then there is an invertible matrix U with Uv; = e

and Uvy = e5. Then

det(U)*f = Adet <U (Z ziv0] + W) UT> = Adet (diag(xl,xg, 0) + ZIZ@;@;T I W) _
=1 i=3

where v; = Uv; and W = UWUT. These matrices are still symmetric and so by equation
(3-2), Asa(f) is a square.

(<) Let d = deg(f). We can assume, without loss of generality, that the coefficient of
x1--- x4 in f is nonzero. Moreover since the set of polynomials of the form (3.5]) is invariant
under scaling, we can assume that this coefficient equals one. Let f € F[x,y] denote the
homogenezation of f to total degree d. By Theorem [3.3.1] there are matrices Myi1, ..., Mpiq
in Sym,(F) so that

f=det <diag(m1, o xg) + Z x; M; + yMnH) )

i=d+1
We take W = M,, ;. It remains to show that for each i = d 4 1,...,n, the matrix M, has
the form v;v! for some v; € F¢. Without loss of generality we do this for i = d + 1. Let g
denote the specialization of f to z;, =0 for k =d +2,...,n and y = 0. Note that

g = Z (Md+1)5(xd+1)|sl H Ly
SCld] J€ld\S

However f has degree < 1 in x4,1, and thus so does g. Therefore by Lemma Mgiq
has rank < one. To examine its diagonal entries (My;1);, note that for every i = 1,...,d,
Aj@a+1)g is a square. Moreover, the restriction of g to x; = z441 = 0 is identically zero,

showing that

+1)

Ai(dJrl)g = gflﬂgilﬂ - gi(d Ji(d+1) = 9g+192+1

— ((Md+1)@ H xj) ((MdJrl)i H xa‘): (Mas1)i (%)2’

jeld\i jeld\i
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where we use the notation g; = aaqu and ¢/ = glo,—o. It follows that (Mgy1); is a square in
F. Since M4y, has rank < one, then for some choice of square root v; = y/(My11); € F, the
matrix My, equals vo? with v = (vy,...,vq)T. O

Using Corollary [2.2.3] this immediately gives the invariance of the set of determinantal

polynomials.

Corollary 2.6.2. The set of polynomials in F[x|<1 with a determinantal representation (3.5))

is invariant under the action of SLy(IF)"™ % S,.

Together, Theorems [2.4.3] and [3.5.6] characterize the set of determinantal polynomials in
Fx].

Corollary 2.6.3. A polynomial f =3 ¢, asx"\S € F[x]<q has a determinantal represen-

tation (3.5) if and only if

(i) for everyi,j € [n] and S C [n]\{%,j}, asuiasy; — asasuij is a square over F, and
(ii) for every v € SLy(F)™ x S, (- HypDet)(a) = 0.

Proof. By Theorem [3.5.6 f has a determinantal representation (3.5) if and only if for all 4, j
A;;f is a square in F[x]. Since A;;f has degree < 2 in each variable, Theorem implies
that Aj;f =37 ci01.2)n CaX® is a square if and only if for every 8 € {0,1}", cz5 is a square

in R and ¢ = (cq)acfo,1,23 satisfy the images of

(C(Lo))Q — 4C(0’0)C(270) =0 (28)

under the action SLy(F) % S,,. This is in turn equivalent to the condition that for every v in
SLy(F)" xS, (v-HypDet)(a) = 0 and for every 4, j € [n] and S C [n]\{4, j}, asuiasuj—asasui;
is a square in [F.

To see this, consider S C [n]\{4,j} and let 5 € {0,1}" denote the indicator vector of

[n]\(S Uij). We claim that that the coefficient of x*# in A;;(f) equals asy;asy; — asasyij-
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Since f, 9f - 9I and a_Qf - have degree < 1 in each variable, only the x? terms in each of
Ox;’ Ox; Ox;0x;

these polynomials contribute to the x?* term in A;(f) = %% — 65_28]; -. That is,
i j 10T

coeff (Aij(f),xw) = coeff <8f ,X’B) - coeff (%,xﬁ)) — coeff (f,xﬁ) - coeff (ﬁ x’8> .

aCCi j :I;Z-@a;j ’
Note that the coefficient of x” in f is asuij- The coefficient of x” in % equals the coefficient
of z; - x” in f, which is agy;. Similarly, the coefficients of x” in a%- and afng are ag; and
ag, respectively. O

2.6.2 Connections with the Grassmannian

Given a d x n matrix V' of full-rank d, consider the polynomial f from (3.5) with W = 0:

f(x) = Adet (Vdiag(z1,...,2,)V7) = Adet <Z zv0F ) =AY (V)5 (29)

=1 SG([Z])

Here ([Z]) denotes the collection of size-d subsets of [n] and Vg denotes the d x d minor of V/
obtained by taking columns indexed by S. If V' has full rank d, the coefficients of f are the
squares of the Pliicker coordinates given by the Pliicker embedding of the rowspan of V' into
Grp(d,n). Otherwise f is identically zero.

Formally, consider the Pliicker embedding of Grp(d, n) into IP’(Z>_1(IF). Given a subspace
L C F" of dimension d, its image in P(Z>_1(F) is the length-("}) vector of d x d minors
of any d x n matrix V' whose rowspan equals L. The map [ps]s + [(ps)?]s defines a
morphism IP’(Z)_I(IF) — P(Z)_I(IF). Let Gri(d,n) denote the image of Grg(d,n) under this
morphism. Corollary [2.6.3| then gives an immediate characterization of Gra(d,n) via the
hyperdeterminantal equations in F?". In fact, setting z, = 1 in (2.9), we can study this
image via multiaffine determinantal representations in the variables x1, ..., x,_1 and use the

hyperdeterminantal equations in F2" .

Corollary 2.6.4. Let q = (qs) () € P(Z)*l(lﬁ’) and let a € P¥"7~Y(F) denote the vector
d

Se
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given by
gs i SCS[n—1][5=d

as =94 qgsun ifSCn—1],|5]=d—-1

0 otherwise .
\

The vector q belongs to Grz(d,n) if and only if
(1) for alli,j € [n] and S C [n]\{i,7}, |S| =d — 1, qsuigsu; is a square over F, and
(ii) for every v € SLo(F)""! x S,,_1, (7 - HypDet)(a) = 0.

Proof. (=) This follows from applying Corollary to (2.9).

(<) Let f = ZSE([Z]) qsx®. This equals f = fp where b € F?" is given by bg = ¢g for
|S| = d and bg = 0 otherwise. If a = (ag)gs is defined as above, then f, equals the restriction
of f to x,, =1 and f is the homogenezation of f, to degree d with homogenizing variable z,,.

For any i # j € [n— 1] and S C [n — 1]\{4, j}, the sizes of S and S U {i, j} differ by two,
implying that agasyui; equals zero. Then agyasy; — asasuij = asuiasy; is a square in F by
assumption (i). By Theorem and Corollary [2.6.3) A;;(fa) is a square in Flzy, ..., 2]
for all ¢, j € [n—1], implying that A;;(f) is a square in F[x]| for all 4, j € [n—1]. In particular,
Discr,, (Aj(f)) is identically zero. One can check that for any 4, j, n, Discr,, (A;;(f)) equals
Discr,, (A (f)). This shows that (v - HypDet)(b) = 0 for all v € SLy(F)" x S,,. Assump-
tion (i) implies that bsuibsu; — bsbsuij is a square in F for all 7,5 € [n] and S C [n]\{4,j},
since this is either zero or of the form gguigsy;. Corollary then gives a represen-
tation f = Adet(}., zv;v] + W) where v; € F¢ and W € Symy(F). The polynomial
Adet(D2" | zvv]l + yW) € Flx, y| equals the homogenization of f to degree d. Since f is
already homogeneous of degree d, this equals f and belongs to F[x]. Specializing to y = 0
gives the desired representation f = Adet(>_ ", zjv;vl). O

Example 2.6.5. (d = 2, n = 4) The Grassmannian Grg(2,4) is cut out by one Pliicker
relation piopss — p1apas + prapas = 0 in P°(F). Taking ¢;; = p; and eliminating the variables
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pi; gives the defining equation

TroGas + Ti30as + Gadas — 2012G13924031 — 2¢12014G239310 — 2q13G14923G24 = 0

for Gry(2,4). This is exactly the hyperdeterminant HypDet(a) where a = (ag)sc(g € F2* is

given by ap = a123 = 0, a; = ¢i4 and a;; = ¢;; for all 4,5 € [3].

2.6.3 Determinantal representations in higher degrees

For any r € Z, let Sym (IF) denote the set of symmetric matrices over F that can be written

as a sum of r rank-one matrices over F, i.e.

Symy, (F) = {va? DU, .., Uy € ]F"}
i=1

If F is algebraically closed with char(IF) # 2, this is just the set of matrices of rank < r. For

F = R this is the set of positive semidefinite matrices of rank < r.

Theorem 2.6.6. The set of polynomials F[x|<q with a determinantal representation
f = Adet (Z T A; + B) with A; € Sym®%(F) and B € Sym,,(F) (2.10)
i=1

for some m € N is invariant under the action of SLo(F)™.

Proof. The invariance under the action of S, is immediate. It remains to check the invariance
under SLy(F)". Suppose that f = det(>.I_, z;A; + B), where A; € Sym%(F) and B €
Sym,, (). First, suppose that d = 1 and let v € SLy(IF)". By Corollary Ayi(y-f)is
a square for all ¢,j. Then by Theorem [3.5.6] v - f has a determinantal representation as in
(3-5)-

Now consider arbitrary d = (dy, . ..,d,). By definition, we can write each matrix A; as a

sum of d; matrices A;; each of the form vul for some v € F™. Then consider

i=1 j=1
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Note that there is an inclusion ¢ : SLy(F)" — SLy(F)“ T given by (4(7))i; = v for all
i € [n] and j € [d;]. By construction, the restriction of ¢(7) - F' given by y;; = x; for all 4, j
gives v - f. That is,

(@(7) - F) lysy=as =7~ [-

By the case d = 1, ¢(v)-F'is determinantal. That is, there are some matrices Cyy, . .., Cpq,, D
with C;; € Sym,, (F) so that ¢(7) - F equals det(> ", Z?;l Y;;Cij + D). Then ~ - f equals
det(>° , 2;C; + D) where C; = Z?;l Ci; € Sym% (F). ]

One motivation for studying such polynomials comes from definite determinantal repre-
sentations over R and their connection with stable polynomials. A real polynomial f € R[x]
is stable if it has no zeros with strictly positive imaginary parts, i.e. f(z) # 0 for all z € C"
with Im(z) € R’ Equivalently, f is stable if and only if the polynomial f(tv +w) € R[t] is
real-rooted for all v.€ R} and w € R". Over F = R, any polynomial with a determinantal
representation of the form is stable (see, e.g. [72, Prop. 2.1]), but not every stable
polynomial has such a representation (see [15]).

az+b

The action of SLy(R) on C given by (‘: Z) -z = o= preserves the upper half plane

{z € C : Im(z) > 0} and so the set of stable polynomials in R[x] is invariant under the
action of SLy(R)™ x S,,. One consequence of Theorem is that the set of polynomials

with a semidefinite determinantal representation is also invariant under the action of this

group.

Corollary 2.6.7. The set of polynomials in R[x|<q with a determinantal representation

f = Adet <inAi+B> with Ay,..., A,, B € Sym,,(R) and Ay,..., A, =0

i=1

for some m € N and X € R is invariant under the action of SLy(R)™.
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Chapter 3

DETERMINANTAL REPRESENTATIONS AND THE IMAGE
OF PRINCIPAL MINOR MAP
THE HERMITIAN AND GENERAL CASES

This chapter is based on a joint work with Cynthia Vinzant [5].

3.1 Introduction

In this chapter we consider the image of any n x n complex matrix under the principal minor
map. As in the symmetric case, to each vector a = (ag) scin € 2", we assign a multiaffine
polynomial f, where f, = Esqn] as Hie[n]\s x;. This transforms the problem of charac-
terizing the image of the principal minor map to the problem of characterizing multiaffine
polynomials with determinantal representation, these are polynomials that can be written
in the following form: f = det (diag(zy,...,2,) + A) for some n x n matrix A. Symmet-
ric (Hermitian) multiaffine determinantal polynomials are determinantal polynomials that
corresponds to symmetric (Hermitian) matrices. In the previous chapter, we prove that the
class of symmetric determinantal multiaffine polynomials is characterized by their Rayleigh
differences being squares. In this chapter we also use them to characterize determinantal
multiaffine polynomials.

This chapter is organized as follows. In Section [3.2] we introduce terminology and the ba-
sic properties of determinantal representations and the action of SLy(IF)" x.S,,. In Section ,
we give a characterization of multiaffine determinantal polynomials involving the factoring of
Rayleigh differences. For Hermitian determinantal representations, this condition simplifies

and we give an algorithm for constructing such representations from a factorization, as de-

scribed in Section [3.4] and Section In Section [3.6| we give a characterization of multiaffine
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stable determinantal polynomials and prove Theorem[3.6.4] In Section 3.7, we translate these
conditions into explicit equations and inequalities whose orbit under SLy(R)™ x S,, cuts of
the image of Hermitian matrices under the principal minor map. Finally, in Section [3.§],
we conclude by presenting a family of examples that disproves the existing of such a finite

description for the image of general n x n matrices under the principal minor map.
3.2 Background and notation

For a commutative ring R, we use R[x] to denote the polynomial ring R[zy,...,z,] and for
f € R[x], we use deg,(f) to denote the degree of f in the variable x;. For d = (dy,...,d,)
with d; € Zso, let F[x]<q denote the set of polynomials with degree at most d; in z; for each
i =1,...,n. These form an R-module of rank [[}_,(d; +1). When d; = ... =d,, = m,
we abbreviate R[X]<(m,.m) by R[X]<m. Of particular interest are multiaffine polynomials,
with degree < 1 in each variable, and multiquadratic polynomaials, with degree < 2 in each
variable. These are denoted by R[x]<1 = R[x|ma and R[x]<2 = R[x|mq, respectively.

We use Mat,,(F) to denote the set of n x n matrices with entries in F. When K is a
field with an automorphic involution a — @, we use Her, (K) to denote the set of matrices
A € Mat,(K) for which A = A”. Note that for K = C and a + @ given by complex

conjugation, this is the usual set of n x n Hermitian matrices.

3.2.1 The action of SLa(R)™ % S,, and homogenezations

The action of SLy(R)" on R[x|<q is defined as follows. Let v = (7;)icf in SLa(R)"™ where
Vi = (Z Z) Then for f € R[x]|<dq,

“ _ a1x1 + by anTy + by,
o — Ci$i+didl' S .
vt 21:[1< ) (clxl +dy CnTp + dn)
One way to interpret this action is with the multihomogenezation of f. Let fd=hom in
Rlx1,...,%n, Y1, .., Ynla denote the polynomial

fdfhom — I_IyzdZ . f (Q;l/yl, R ,xn/yn) .
=1
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The induced action of v on f471°™ ig just a linear change of coordinates:

X1 Ln
Y1 seeeyIn
n Yn

- fd—hom — fd—hom

Restricting to y; = ...y, = 1 gives back v - f.
We will also use the usual homogenization of a polynomial to some total degree d, using a
single homogenizing variable y. That is, for f =) c,x* € R[x] of total degree d = deg(f),

its homogenization is

Suppose that K is a field with an automorphic involution a — @ with fixed field F.
This extends to an involution on K[x] by acting on the coefficients. We will say that a
polynomial ¢ € F[x] is a Hermitian square if ¢ = gg for some g € K[x]. To end this section,
we remark that for f € F[x|, the condition that A;;(f) is a Hermitian square is robust to

homogenization.

Proposition 3.2.1. Suppose that K is a field with an automorphic involution a — a with
fized field F. Let f € F[x]. Fori,j € [n], the polynomial A;;(f) is a Hermitian square if any

only if Ay;(f"°™) is a Hermitian square.

Proof. If A;;(f™™) is a Hermitian square, then specializing to y = 1 gives a representation
of A;;(f) as a Hermitian square. For the converse, let f € F[x] with total degree d and
suppose that A;;f = gg for some g € K[x|. Let m = deg(g) = deg(g). By definition,
A;(fh°m) € F[x,y] is homogeneous of degree 2d — 2. Its restriction to y = 1 equals A;; f.
Therefore Ay (™) equals y??=272m(A,;(f))"™, which is the Hermitian square hh where h

is the homogenezation of g to total degree 2d — 1. O
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3.2.2  The action of SLy(F) on matrices

Given a matrix A € Mat,,(IF), consider the multiaffine polynomial f = det (diag (z1,...,z,) + A).
For v = (7)iep) in SLo(F)™ with ; = (‘Z Z), v - f is defined by:

b nen bTL
a121 + 17”"ax+ LA
c1x1 + dy CnTy + dy,

v f= H(W@ +d;) - det (diag (
i=1

Let A; denote the ith column of A and e; the vector whose ith entry is one and zero otherwise.

By using the factor (¢;x; + d;) to scale the ith column, we see that
v - f =det (Cdiag(z,...,x,) + B)

where C' is the matrix with ith column C; = (a;e; + ¢;A;) and B is the matrix with ith

column B; = b;e; + d; A;. When the matrix C' is invertible, this gives
v+ f = det(C) det (diag (1, ...,z,) + C"'B).
Up to the scalar multiple det(C'), the coefficients of « - f are the principal minors of the
matrix C~1B.
3.2.83  Resultants

For two univariate polynomials a = Z?:o a;t? with ag # 0 and b = byt + by with b; # 0 we

define the resultant of a, b with respect to the variable t to be

U

Resy(a,b) = Y a;(—bo) (b1)*.

=0
Over an algebraically closed field, this polynomial vanishes if and only if the univariate

polynomials a and b have a common root. See, for example, [22 §3.5]. We will focus on

multiaffine polynomials and so focus on resultants in degree d = 1. For k = 1,...,n, define

0 0

8_a:kh — (hay=0) - 5—

resg, (9, h) = (9lep=0) - oz~
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In particular, if g and h both have degree one in zy, this agrees with Res,, (¢, h). The benefit
of this degree-dependent definition is that it is invariant under the action of SLy(R).

If f € R[x] has degree <1 in both z; and z;, then

Alj(f) = T€Sg;, (aa_;vfja f‘mj:0> = resxj (g_iv f

Proposition 3.2.2. If f € R[xy,...,x,] has degree one in each of x; and x;, then A;;(f) =0

IFO) . (3.1)

if and only if f factors into polynomial g - h with g € Rlxy : k # 1] and h € Rlzy, = k # j].

Proof. By assumption we can write f = az;x; + bx; + cxj +d for a,b,¢,d € Rlxy : k # 1, j.
Then A;;(f) = be —ad. If Aj;(f) = 0, then there is some factorization b = biby and
¢ = c¢1¢y for which @ = by and d = bycy. Then f = (bix; + ¢2)(c1x; + be). Similarly, if
[ = (bizi+c2)(c1z;+bs) for some by, by, c1, co € R[xy, : k # 4, ], then A;;(f) = be—ad = 0. O

Proposition 3.2.3. Let g € R[x|]<q and h € R[x|<e with dj, = e, = 1. For v € SLy(R)",

v - resk(g, h) = l"eSk(’Y 9,7 h),

where v acts of on resg(g,h) as polynomial of multidegree < d + e — 2 - 1 with 1 is the

vector with kth entry is 1 and zero otherwise.

Proof. Write g = gixx + go and h = hyxy + hg where g1, go, h1, hg are polynomials in the
polynomial ring R[x; : j # k|. The resultant res, (g, h) is the determinant of the 2 x 2 matrix

hi h a b
) Consider v = € SLo(R) acting on the jth coordinate. If j = k, then

g1 9o c d

v-g=gi(axg +b) + go(cxr +d), and ~-h = hi(axy+b) + ho(cxy + d).
Taking coefficients with respect to {1, xy}, we see that the res,, (v - g,7 - h) equals

ahy + chy  bhy + dh hi h a b hi h
det ' ° ] = det b —det [ 1 = res,, (g, h).

agi +cgo  bgr + dgo g1 9o c d g1 9o

Since v acts on R[X|<dte—21, as the identity, this equals v - res,, (g, h).
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Ifj # K, then v+ g = (v - gu)ax + (v- go) and 7+ h = (- hn)a + (7 - ho), where 7 acts on

g1, go and hq, hg as elements of multidegree d — 1, and e — 1, respectively. It follows that

v-hi v-ho
res,, (v-g,7-h)=det =7y -resy, (g, h).
Y91 Y90

From (3.1]), this gives the following:

Corollary 3.2.4. Consider an element~y € SLy(R)™ that acts by (‘Z Z) in the k-th coordinate
and the identity in all others. For any f € R[x]<1,

A(f) ifk=1,j

v-Ay(f)  otherwise.

Ay(y- f) =

3.3 Determinantal Representations and Rayleigh Differences

Let R be a unique factorization domain and denote by Mat, (R) the set of n x n matrices

with entries in R.

Theorem 3.3.1. Let f € Rlxy,...,x,| be multiaffine in the variables w1, ..., x, with its
coefficient of xq - - - x,, equals one. Then f = det(diag(xy,...,z,)+A) for some A € Mat,(R)
if and only if for every i # j € [n], the polynomials A;;(f) factor as the product g;;- gj; where

(a) gij € Rlzg : k # 1, 7] is multiaffine in x4, ..., z, and

(b) for every k € [n]\{i, 5}, vess, (9ij ) = ging;-

In this case, we can take g;; to be the (i, j)th entry of (diag(xy, ..., z,) + A)*Y, with M>Y

represents the adjugate matrix of M.

Proof of (= ). This follows from a classical equality on the principal minors of an n x n

matrix, used by Dodgson [25] as a method for computing determinants. This is also known
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as the Desnanot-Jacobi identity or more generally as Sylvester’s determinantal identity. For
subsets S, T C [n] of equal cardinality, let M (S,T") denote the submatrix of M obtained by

dropping rows S and columns T from M. Then for any i # j € [n],

det(M (i, k)) - det(M(j,0)) — det(M) - det(M ({7, j}, {k,€})) = det(M (i, £)) - det(M (4, k)).
(3.2)
Note that for M = diag(zi,...,x,) + A and any subset S C [n], the principal minor
det(M (S, S)) equals the derivative of f with respect to the variables in S, <HZ€ s %) f. The
equation above with k =i and ¢ = j then gives that A;;(f) equals det(M (i, j)) - det(M (j,7)).
For every i,j € [n], let g;; denote det(M (7,7)). Then g¢;; € Rlxy : k # 4, j] is multiaffine
in zy,...,2, and Ay;(f) = gijg5i- Under an appropriate choice of indices, gives

Grk Gij — 4= gix - gk Where g = det(M ({3, k}, {Jj, k})).
Note that g = % is the coefficient of 2, in f and ¢ is the coefficient of zj, in g;;. Therefore
Grk - Gi; — f - q is the resultant of g;; and f with respect to z. O

Example 3.3.2. For n > 5, one cannot remove condition (b) from Theorem [3.3.1, Consider

[ = T1220324%5 + D1 T2X374 + T1T2X3T5 + T1T2T4T5 + T1T3T4T5 + ToT3T4Ts
+ X1Tox4 + XT1ToX5 + X1X3L4 + LoX3T5 + T3X4X5.

One can check that for every i,j € [5], A;;(f) factors as the product of two multiaffine
polynomials in Q[xy, ..., x5]. For example, A1o(f) = —w32425(r4x5—23+24+5). Since there
in an irreducible factor involving all three variables, there is only one possible factorization
of A15(f) as the product of two multiaffine polynomials gi2 - go1, up to scalar multiples and
switching the factors, namely ¢o = —x3r4x5 and go; = x425 — 3 + x4 + 5. Taking the

resultant of go; and f with respect to z3 gives
Resm (921, f) = (J]1{E5 + Wis} + IL‘5)(ZL’21‘4 + ) + 1'4)(3’}41’5 + Ty + l’5>.

Each of the three quadratic factors are irreducible and so there is no way of writing this
resultant as the product of two multiaffine polynomials. Therefore there is no choice of

polynomials go3 and g3; satisfying the conditions in Theorem [3.3.1]
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Lemma 3.3.3. Let f € R[zy,...,x,]| be multiaffine in the variables x4, ..., x, and its coef-
ficient of xy - - - x, equals one. If f = g-h for some g,h € R[xq,...,x,], then g and h are
multiaffine in disjoint subsets of the variables x1,...,x, and we can take their leading coef-

ficients in these variables to be one. Moreover, if the polynomials A;j(f) have factorizations

satisfying conditions (a) and (b) in Theorem then so do A;;(g) and A;;(h).

Proof. For any i € [n], the degree of f in x; must be the sum of the degrees of g and h
in z;. Since this sum of nonnegative numbers is one for each i € [n], we see that for some
subset I C [n], g is multiaffine in {z; : ¢ € I}, h is multiaffine in {z; : j € [n]\/}, and
deg;(h) = deg;(g) =0 forany i € [ and j & I.

The highest degree term in f with respect to the variables xy,...,x,, [/, @i, is the
product of the highest degree terms in g and h. Therefore after rescaling, we can assume
that both g and h have leading coefficient in these variables equal to 1. Fori € [ and j ¢ I,
d(g-h)/0x; = h-0g/0x; and O(g-h)/0x; = g-Oh/Ox;. From this, one can check that A;;(gh)
equals h?2A;;(g) for i,j € I, g?A;(h) for i, j € [n]\I and zero otherwise.

Suppose that for 7,5 € [n], Aj;(f) = my;m ; with m;; multiaffine in zy,...,2, and
resy, (mij, f) = mumy; for every 4,7, k. For i,j € I, we see that m;;m;; = h*A;;(g). Since
m;j, m;; are multiaffine, they both must be divisible by h, leaving m;;m;; = A;;(g), where

m;j, mj; are multiaffine in x; for ¢ € I. Moreover, for £ also in I,
2~ ~ 2 ~
homigigg = magmy; = Resg, (mij, ) = resg, (mijh, gh) = hres, (M, g)

showing that 7,y = res,, (M;,9). The desired factorization for A;;(h) with 4,5 € [n]\/

follows similarly. O]

Proof of (<). Suppose that f is irreducible and homogeneous of degree n. Let G' denote the
n x n matrix with (4, j)th entry g,;; for i # j and g;; := % for i = j.
We claim that all of the 2 x 2 minors of G lie in (f). This is immediate for the symmetric

. 2 . . . .
minors, as ¢;i9;; — 9ij95i = f - 8181- aij. Moreover, since 88—51 is the coefficient of x; in f, the

resultant res,, (g;;, f) has the form g—qfclgij — qf for some ¢. This gives g119i; — gi1g1; = qf.



54

Finally, suppose that ¢, 7, k, ¢ are all distinct. Then

911 (Gi59—9u9x;) = (9119:5)(g1190) — (91192) (9119%5) = G1591;91691—G1igugixgr; = 0 mod (f).

Since f is irreducible and g;; = Jf/0z; has smaller degree, g1 is not a zero-divisor in
R[zy,...,x,]/(f). Therefore the minor g;;gr — gugr; belongs to (f).
From this it follows that f*~! divides the &k x k minors of G for every 2 < k < n, see [59,

Lemma 4.7]. In particular, f*~2 divides the entries of the adjugate matrix G*¥. Let
M = (1/f"2). G, (3.3)

Also f*~! divides det(G), and since these both have degree n(n — 1), there must be some
constant A € R for which det(G) = A - f* 1.

We can see that A = 1 by taking top degree terms. Since deg(f;) =n — 1 and deg(g;;) <
n—2 for all i # j, the leading degree term of det(G) comes uniquely from the product of the
diagonals f - -- f, and is therefore ([];_; z;)" . On the righthand side, the leading degree
term of f"!is also ([]/_, z;)" !, showing that A = 1. Then

1

_ . adj _
det(M) = ) det(G*Y) =

1 n—1 1 n—1)2

Note that the entries of M have degree < (n —1)% —n(n —2) = 1, so we can write M as
Mo+ >"" | x;M; for some matrices M; € R™™. We claim that > | x;M; = diag(x1, ..., z,).

To see this, first note that a non-principal (n—1) x (n—1) minor of G involves at most n—2
elements from the diagonal of G and therefore has degree < (n—2)(n—1)+(n—2) = n(n—2),
since the off-diagonal entries of G have degree < n — 2. Therefore the off diagonal entries of
M have degree < n(n —2) —n(n —2) =0.

Moreover in the expansion of any principal minor of GG, there is a unique term of degree

(n — 1)%, namely the product of the leading terms of the diagonal elements, ] i LT(g;;)-
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We can therefore take the leading terms ([3.3)) to find that

1

;sz = LT(f)) - (diag (LT(g11), - LT(gnn)))adj |
- (H% diag (- ) J
<HJ‘ 1373) ( 1 n)

= diag (z1,...,x,) .

Finally, for general f, we take a factorization of f into irreducible polynomials f =[], fi.
By Lemma [3.3.3] for every i,7, Aj;(fe) has a factorization mg;m;; so into multiaffine poly-
nomials m;; with Res,, (my;, f) = mymy;. By the arguments above, f; has a determinantal
representation of the correct form. Taking a block diagonal representation of these repre-
sentations (and permuting the rows and columns if necessary to reorder z1,...,z,) gives a

determinantal representation for f. O]

Remark 3.3.4. Theorem the matrix G = (g;;)i; and corresponding determinantal

representation diag(xy,...,x,) + A of f satisfy
G = (diag(zy, ..., 2,) + A)*Y and (diag(zy,...,z,) + A) = f2"G*Y,

Corollary 3.3.5. Let f = det(diag(z1,...,x,) + A) with A € Mat,(R) and v € SLy(R)".

If B = coeft(7y - f, 11—, @) is nonzero, then for some n x n matriz B with entries in %R,
v - [ = pdet(diag(zxy,...,x,) + B).

Proof. Let g;; € R[x] denote the (i,j)th entry of (diag(xy,...,z,) + A)*¥. We claim that
57 [ and 57 gi; in R(5)[x] satisfy the conditions in Theorem m Here v acts of f as a
polynomial of multidegree 1j,; and on g;; as a polynomial of multidegree 1j, 4 j3-

It is immediate that = (7 f) e R( )[x] is multiaffine in z1, ..., z, and has coefficient of

x1 - x, equal to one. We first note that

Ay(50r-N) =z (- Ay(N) = (57 95) (57 - 90)
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where v acts on A;;(f) as a polynomial of multidegree 2 - 1\ 1; ;3. By Proposition |3.2.3
resy, (%('y-gzj), 5(v- f)) = (v -resy (945, f)) = (%%gik) (%%%) :

As the polynomials %7 - gi; are multiaffine, this finishes the claim.
By Theorem 3.3.1} £ - f equals det(diag(z1,. .., 2,) + B) for some B € Mat,(R(3)).

We claim that 5B has entries in R. By construction we have
diag(w1, ..., n) + B = (57 /)" (57 -G = 5(v- /) "(v- G)*.
For the last equality, we use that (%)2_"(%)”_1 = % Multiplying by 3 then gives
B (diag(1, ..., 2,) + B) = (- f)*7"(v- G)*V € Mat,(R[x]), (3.4)

showing that the entries of 5B belong to R. O

From this, we see that SLy(F)™ acts rationally on the set of matrices A € Mat,,(F) for F =
frac(R). Namely, if f = diag(z1,...,2,)+A and v € SLy(F)"™ with coeff (y- f, [[[L, z;) = 8 #

0, then as (3.4)) in the proof of Corollary [3.3.5, 3 (diag(x1,...,x,) + B) = (- £)> "(y-G)*Y
for some B € Mat,,(IF). We can then define v- A = B.

Similarly, for a field F, the mutiplicative group (F*)™ acts on n x n matrices by diagonal

conjugation. Namely, for A = (Aq,..., \,) we define
A-A:=D'AD,
where D = diag(\y, ..., \y).
Proposition 3.3.6. The action of SLy(F)™ on Mat,, (F) commutes with diagonal conjugation.

Proof. Let A € Mat,(F) with f = det(diag(zy,...,2,) + A) and v € SLy(F)™ for which
coeff(y - f, [T\, z:) = B #0. Let G = (g;)ij = (diag(zy, ..., z,) + A)*4.
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For A € (F*)" and D = diag(A1,...,A\,), we see that ?\—Z(y Qi) = - (;—:g,]) and so
v-(D'GD) =D '(y-G)D. Then

diag(xy,...,2,) + D7 (y-A)D = a(y- f)* "D (v -G)*D
=a(y- )’ (v- (D7'GD))*™

= diag(x1,...,7,) +7v- (D 'AD).

3.4 Multiaffine algebra for constructing Hermitian factorizations

In this section, we develop an algorithm for constructing factorizations that satisfy the
conditions in Theorem To do this, we find it most convenient to work in the following
level of generality throughout this section. Let S be a unique factorization domain with an
automorphic involution a — @. We use 0 and 1 to denote the additive and multiplicative

identities of S. The map S — S given by a — @ then must satisfy

(@) = a, 0=01=1, a+b=a+banda-b=7a-b.

for all a,b € S. Let R be the subring of elements fixed by this automorphism, that is
R={aeS:a=ua}.

The example of interest is the ring S = Clz,y1,...,2,] of polynomials with complex
coefficients with the involution given by complex conjugation. In this case the fixed ring is

the subring of polynomials whose coefficients are real, R = Rlz, 41, ..., ).

Assumptions 3.4.1. : Let f € Rlxy,...,x,| satisfy the following:
1. f is irreducible in R[xq, ..., x,],
2. f has degree < 1 in each variable x1, ..., x,,

3. the coefficient [[;_, x; in [ is nonzero,
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4. forevery 1 <i < j<mn, Ay(f) factors as gijGi; in S[z1,...,,], and

5. for every 1 < 1 < n, the partial derivative % is irreducible in R[xy,...,x,] up to a

constant. That is, for any factorization gf =g-hin R[zy,...,2,], g€ R or h € R.

T

In what follows, we will build up tools to show that under these assumptions Algorithm
produces the desired representation of f. We first exploit some properties of multiaffine

polynomials. For any disjoint subsets S,T C [n], let

fg = Haz : f|{wj:0 1 JET}-

i€S

Note that if f is multiaffine in x4, ..., z,, then for any 1 <i < 57 < n, we have
f=xfi+ [ fi=wnfi +f/, and f'= :ij; + f4,
From this, one can check that the formula for A;; f can be written without z;, z;:
Nuf =1 fi= 7 gy

If in addition we assume that f and all its partial derivatives are irreducible, then A;;(f)

will have degree exactly 2 in each variable, as the following lemma shows.

Lemma 3.4.2. If f satisfies Assumptions then for all1 <i,5 <n, A;(f) is quadratic
in each variable xy for k € [n]\ {i,7}.

Proof. For 1 <i < j <mn, we write A;;(f) as a quadratic polynomial in the variable xy:

N (f) = fifi = fif = (fiwzn + FO) (fipee + 17) — (Figwe + £5) (frzn + f5),
which gives
coeff (Aj;(f), vy) = fiefir = fijrfre = Dij(fr)-

If A;;(fx) =0, then by Proposition fr is reducible, contradicting Assumptions M(E))
O
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We next use ring maps given by taking resultants with f. For any ¢ = 1,...,n, define

i S[ry, ... wm] = Slaw 1k #14] by ¢i(g) = Resy, (g, f).
For instance if we restrict to polynomials g = g;x; + ¢’ with degree one in z;, then
(9. ) = —g;f’ + ¢ f;.
First we will start by listing some of the properties of these maps.

Lemma 3.4.3. If f satisfies Assumptions then, for all g € S[x], the maps ¢1,...,¢n
satisfy the following:

1o9i(f) = Ay(f) forall1 <i<j<n,

2. 0 (Au(f)) = A (F)Aj(f) for all distinet 1 < i, 5,k < n,

5. if deg;(g) = 0, then p;(g-h) = g ¢;(h) for all h € S[x],

4. if deg;(g) > 0 and deg;(h) > 0, then ¢;(g-h) = ¢;(g) - ¢;(h) for all 1 < j <,

5. If deg;(g) = deg;(g) = 1 and sg; ¢ (f;) for all s € S, then ;o pi(g) = Aijf - ¢(9),

D

- If deg;(g) = 1, w;(g9) = f; - g modulo (f).

Proof. We will prove and @ and all the other properties follow similarly by direct
computations. To prove property , we write g = g;;x;x; + g{ i + gj-a:j + ¢, then

;0 0ilg) = @i(—giaif — g f' + g fixs + g7 f)
= @5 (=g f; + G5.1:)a5 + (=90 7 + G51] + 97 iy — g [} + (97 F] = g 7))
Since for all s € S, sg; ¢ (f;), we see that Coeffx? (pi(g)) # 0. Otherwise géfij = gijf;, and
since f; = fi;x;i + f; is irreducible up to a constant, then f;; and f; are relatively prime up
to a constant s € S. This implies that f; and f;; divide sg;- and sg;; respectively and this
implies that sg; € (f;).
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Applying the map ¢; and simplifying then gives
o wi(9) = Dy(f)(=g 7 + ¢ f;) = Dij())(w;(9))
To prove (), we write g as g = g;z; + ¢’ and we use f/ = f — fx;
0i(9) = —9if + 9 f; = —g;(f = fjx;) + 9 fi = —g;f + fi g
Therefore ¢;(g) = f; g modulo (f). O

Lemma 3.4.4. If [ satisfies Assumptions and A;;(f) = pp for some 1 < i < j <mn,
then for every k € [n]\ {4, j}, there is a factorization of each Ny (f) and Aji(f) into qg and

T, respectively, such that ok (p) = qr.
Proof. Since Ayx(f) and Aji(f) factor into two conjugates, we can write

Aik(f>:a/1"'a/s'a/_1"'a/s and Ajk(f):bl"'bt'a"'b_t

where aq,...,as, b1, ..., b are irreducible in Slxy, ..., z,;,] that are multiaffine in xq, ..., z,.

Then
or (D)D) = Pr(Di (1) = AN Ajr(f) = ar---ag T @5 bbby by,
After switching a; with @; and b; with b; if necessary, we get
ou(p) = g by by = g

where ¢ = ay ---as and r = by - - - by are multiaffine polynomials such that A;(f) = ¢g and

Ajp(f) =T as desired. O

Lemma 3.4.5. If f satisfies Assumptions and for some distinct 1 < 4,7,k < n, the
polynomials A;;(f) = pp, Aik(f) = q@ and Aji(f) = rT such that pi(p) = qr, then

@i(q) =pr and ¢;(r) =pg.
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Proof. We will prove the first equality and the second holds similarly. First notice that since
deg;(p) = deg;(p) =0, sp & (f;) for all s € S. Also, deg;(r) = deg,(r) = 0. Then using the
properties in Lemma we get

wi(@)r = @ilqr) = ;o pr(p) = Aji(f) - () = Aj(f) - p-
Since Aji(f) = 7, dividing the above equation by r gives the desired result. n

The following algorithm gives the desired factorizations of A;;(f) into g;;g;; that satisfy
the hypothesis of Theorem [3.3.1], which will in turn give the desired Hermitian determinantal
representation in Theorem [3.5.1]

Algorithm 1 Compatible Hermitian factorizations of Rayleigh differences

Input: f € R[zy,...,x,] satisfying Assumptions [3.4.1]
Output: Polynomials {g;;: 1 <j <k <n}in Szy,...,2,]

Take g12 € Klzq,...,z,] so that Ajsf = g12 - 712
for k =3,k <n,k++ do
Qo = ng{Am(f)’ ‘Pk(gl2)> cee 301@(91(1671))}
Factor Avy(f) = pPra - Pemy - Dkd - - - Peomg With py j irreducible for all j
for j =1,7 < myg,j++ do
if pi ;pr,; divides Q;_; then Q; := Q;_1/Dr,
else Q; == Q1
g1k ‘= ka
for j=2,7<k—1,j++ do

gik = 0r(915)/ g1k

Proposition 3.4.6. The polynomials {gir}1<i<k<n constructed in Algom'thm satisfy

(a) gix is multiaffine in 1, ..., x, for all k > 1,
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(b) vr(91:) = qikgix for all 1 < i <k, and

(c) DNik(f) = girGar for all 1 < i < k.

Proof. (a) This is immediate for k = 2. For 2 < k < n, notice that Ay;(f) has degree two
in y,...,2,. Let £ € [n]\{1,k} and let py ;,Pr; be the unique irreducible factors of Ay(f)
with degree one in z,. By construction, g5 divides @;, which in turn divides Ay (f)/Pr;-
Since this quotient only has degree one in z,, g1, must have degree < 1 in zy.

(b) follows directly from construction.

(¢) We proceed by induction on k. It is trivially true for k& = 2. For the inductive step,
we will prove the claim for Aqx(f) and the other cases follow. By construction, g1g1x divides
Aqx(f). To see this, note that for each j = 1,...,my in Algorithm , we can take ¢; = py; if
pk,; divides g1 and g; = Pr; otherwise. Then, by construction, g;; divides ¢ = H;n:kl g; and
q-q = A1(f), showing that g1y - g1 divides Aqx(f).

Suppose for the sake of contradiction that A1 (f) # gixgix- Then there is some irreducible
factor p of A1x(f) such that pp does not divide g1,g1x. We claim that for every 1 < i < k,
either p or p divides ¢k (g1;). By induction, for 1 < i < k, g1,91; = A1w:(f). Applying ¢ gives

r(g1i) - 0e(gu) = ee(Au(f)) = Au(f) - Ai(f)-

Since p is irreducible and divides Ax(f), it must divide either ¢k (g1;) or ¢r(g1i) = @r(91i)-
In the latter case, p divides ¢g(g1;). Since neither p nor its conjugate divide gy, it follows
from the construction that neither p nor p divide Qo = gcd{A1x(f), ¥r(g12)s - - - ¢r(91(6-1)) }-
Hence there exists distinct 2 < ¢, j < k such that neither p divide ¢ (g1;) nor p divide g (g1;)-
By switching p and p if needed, we can assume i < j.

By induction (on k), we know that Ay;(f) = g1.91, A1;(f) = 91,91; and Ay;(f) = 9G4
Moreover, by (b), ¢;(g1:) = ¢1;7;;- Lemma [3.4.5 then implies that ¢1(g;;) = g1,91; and

Ave(f)er(gis) = ee(e1(gi5) = wr(91g1;) = wr(91:)er(g15)-

Now neither ¢y (g1;) nor ¢i(g1;) = ¢k(g1;) is divisible by p while p divides Ay, (f) and this
gives the desired contradiction. Therefore A, (f) = 91xG1%-
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For 1 <1 < k, we calculate that

_ vi(gn) , or(91)  or(grgn)  Aw(f)Au(f)

Gik - Gk = Jix g Aw(f)  Aun(f) = Balf).

[]

Corollary 3.4.7. If f € R[xy,...,x,] satisfies Assumptions then there exists a fac-
torization of Ai;(f) into gijg;; such that g;; € S[z1,..., %), g5 = Gij, and ©x(9i;) = GikGk;
for all distinct 1 < 1,7,k <n.

Proof. Let {g;; : 1 <i < j < n} be the polynomials given by Algorithm [l and for ¢ < j let
gji = Gi;- By Proposition [3.4.6] A;;(f) = ¢i5G;; = 9ji9i;. Since A;(f) is quadratic in each
variable 1, ..., x,, then g;; is multiaffine in xy,...,z,. We will show that ¢;(g:i;) = Girgr;

for all distinct 4, j, k. Assuming that ¢ < j < k and using Proposition we get

resy, (9117 f) = (Pk(gli) = G1k0ki = J1kGki, and

resy, (g1, f) = ¢r(gi1) = or(915) = 9169k; = Gjrgr1-
Multiplying the above two equations and using Properties we get
Spk(gligjl) = Alk(f)gkigjk-

Using Proposition again, we know that ¢;(g1;) = ¢1;95; and Lemma implies that
©1(9ji) = gj191:- Again using Properties we find that

Ak (f)er(g5i) = Ak (f)grigjn-

Since f is irreducible, Ay, (f) is nonzero and we conclude that ¢k (g:;) = ©x(95i) = Gridsx =

Girgkj- Using Lemma we get that ¢;(gi) = gij9;% and ©;(g;x) = gjigir as desired. O

Example 3.4.8. (n =4). Consider f € R[zy, z9, 23, 24] given by

f(x1, @0, 23, 24) = T1T2X3T4 — T1T2 — T1X3 — T 1Ty — TaT3 — ToXy — T3y + 1
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For any distinct ¢, j, k, ¢ € [4], the Raleigh differences of f with respect to x; and x; is
Aij(f) = (@i + D)(af + 1) = (2 — 1) (2% + 1) (2 + 1) (ze — ).

Using Algorithm (1, we can choose g2 as any multiaffine factor of Ajo(f) of degree two.

There are two possibilities, namely g2 = (x3 —1)(x4 — 1) or g12 = (x5 — 1)(z4 + 1) and one

can check that either choice works. We will start with the first option and compute

To choose g13 we compute ged(Aq3(f), ¢3(g12)) = —i(xe +1)(x4 — 1)(x4 +1). Thus, up to a
constant, we have two choices for ¢;3, namely —i(xs +1)(xy — 1) or —i(zy +1)(z4 +1). We

will choose the first option, giving

923 = (p3(g12)/g13) = (z1 + 1) (24 +1).

To find g4, we compute the ged(A14(f), va(g12), pa(g13)) = —i(za +1)(z3 + 1) and we get

gos and g3y similarly. The final matrix is M =

rowaTs — Ty — x5 — x4 (w3 — 1) (24 — 1) “i(as + 1) (24 — 1) —i(xg + 1) (23 + 1)
(23 + 1) (2q + 1) w1T3Ts — 01 — w3 — 23 (21 + 1)(2a — 1) (21 — 1) (w3 + 1)
i(2g — 1) (24 + 1) (11— D)(wa +1)  @100ma — 21 — w2 — 24 iz — 1)(22 — 1)
i(2s — 1) (23 — 1) (21 + 1) (x5 — 1) (a1 + i) (@2 +1)  21mams — 21 — 22 — T3

Now we compute the adjugate matrix of M and divide its entries by f? we get

ry —1 1 1
1 i -1 zo -1 -1

_ j _
A= f2M = . '
-1 -1 x3 -1

-1 -1 1 x4
and one can check that det(A) = f. The algorithm gives all the possible representations of

f, up to diagonal equivalence, namely

([ -1 & i 2 -1 i i oo—1 i —i) |
T 1 om -1 -1 T
STt T IR [ RS T I S

=i -1 i o L i -1 i
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3.5 Hermitian determinantal representations

Let K be a field with an automorphism a — @ of order two. Let I be the fixed field of this
automorphism. We call a matrix A € Mat,,(K) Hermitian if A = a’.

3.5.1 Consequences of Algorithm

Theorem 3.5.1. Let f € Flzy,...,x,] be a polynomial of total degree n < m that is multi-
affine in x1,...,x, and coefficient of x1 - - - x,, equals to one. There exist Hermitian matrices

Apityo oo, A, Ag so that

f =det (diag(a:l, cey ) F Z rjA; + AO)

Jj=n+1

if and only if for all i,j € [n], A;(f) is a Hermitian square in K[z, .., xy].

Lemma 3.5.2. Let F be an infinite field and f € Flxq, ..., x,] be irreducible, multiaffine in

the variables xq, . .., x, and have coefficient of xy - - - x,, equals to 1. Let R = Flx,i1,..., 2]
For a generic element v € SLo(IF)", the derivatives %(7 - f) are irreducible in R[xq,. .., ,)
for j=1,...,n, up to a constant and the coefficient of [[\_, x; is nonzero.

b )
Proof. Consider v; = (a d> € SLy(F) acting on x;. Then 0;(y - f) = af; + ¢f? where
C

f = fjz; + f7. Consider the set
X = {(a, c) € F? : af;j + cf? is reducible in R[xy,...,z,] up to constants},

Suppose that the multidegree of f in z1,...,x,, is given by d € N, By assumption, d; = 1

for i =1,...,n. Note that X is contained in the union |J_, X where
X, = {(a, c)eF*:afj+cfl € Fo8[zy, .. Tm)<e - FH8[my, .. Tn)<d o}

and the union is taken over all vectors e € N™ that are coordinate-wise < d with the property
that e; = 1 and e, = 0 for some i,k € [n]\{j}. Here F*¢ denotes the algebraic closure of

F. To see this, suppose (a,c) € X, meaning af; + c¢f/ = g - h where g,h € R[x1,...,z,| are
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not constants (i.e. elements of R). In particular, for some i,k € [n|]\{j}, deg;(g) > 0 and
deg,(h) > 0. Since af; + cf? has degree at most one in each of z; and xy, it follows that
deg;(g) = deg,(h) = 1 and deg,(g) = deg;(h) = 0. Taking e € N™ to be the multidegree of
g gives g € Flxy,...,xp]<e and h € Flzy,...,Ty]<d—e. Then (a,c) € Xe.

By the projective elimination theorem, the image F&8[xy, ... z,,]<e - F¥8[z1, ... 2p]<d e
is Zariski-closed in the vectorspace F¥8[zy, ... ,,]<q. Intersecting with the F-subspace
spanned by {f;, f/} shows that X, and hence UgX, is Zariski-closed in (F)2. Therefore
this union is either all of F? or is an algebraic set of codimension > 1. Suppose, for the
sake of contradiction, that it is all of F2. Then there exists some e for which X, = F?. By
assumption, there are i,k € [n] so that e; = 1 and (d — e); = 1. By Proposition [3.2.2] it
follows that for all a,c € F, Ay (af; + cf7) is identically zero. For ¢ = 1, this corresponds to
the evaluation of A (f) at z; = a. It follows that the polynomial A;(f) is identically zero
(see e.g. []). Proposition[3.2.2] then implies that f factors as the product of two nonconstant

elements in R[z1,...,2,). O

Proof of Theorem |(3.5.1. First assume that F is an infinite field and that f is irreducible in
Flz1,...,2m]. Let R =F(xy41,. .., 2], By Lemma[3.5.2] there exists a generic v € SLy(F)"
such that the partial derivatives of v- f are all irreducible in Rz, ..., z,| and the coefficient
of z1---x, in v - f is nonzero. Then by Corollary , there exists {gij }1<izj<n With g;; in
Klzg : € # i, j] satistying Ai;(v - f) = 6ij95i> 950 = Gij> and resy, (gij,7 - f) = girgr; for all
distinct 4, j, k € [n]. Acting by v~! on 7 f and using Proposition we get hi; =1 gy
such that A;;(f) = hwh_w and resy, (hij, f) = hikhi; and thus using Theorem we get a

determinantal representation of f over K and since hj; = h;j, the matrix will be Hermitian.

Now suppose that f is reducible. Let g be an irreducible factor of f with deg;(g) = 1 for
i € I C [n] and deg;(g) = 0 for j € [n]\I where the coefficient of [],.; z; equals one. By
Lemma3.3.3 for every i, j € I, A;;(g) is a Hermitian square. Therefore g has a determinantal
representation of the correct form, g = det(diag(v; :i € 1) + >, 7;A; + Aj). Taking a

block diagonal representation of these representations (and permuting the rows and columns
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to reorder xy,...,x,) gives a determinantal representation for f.

Now suppose that F is a finite field. Consider the transcendental extension of F to F(t)
and of K to K(¢). Then by the arguments above, f = det (diagxy,...,z, + A(t)) for some
Hermitian matrix A(¢) € Mat,(K(¢)). The (i, j)th entry of A(t) can be written as a;; = 2

qij
where p;;, ¢;; € K[t] are relatively prime and the polynomial ¢;; is nonzero. Specializing to
t = 0 will give a determinantal representation of f over K. To do this, we need to check that
¢;;(0) is nonzero for all 4, j. If a;; = 0, then we can take p;; = 0 and ¢;; = 1. Suppose that

for some 4, j € [n], p;; is nonzero and ¢;;(0) = 0. Then ¢ divides ¢;; and so also divides ;.

Notice that

a; = coeff(f, Ha:k) and a0 = a;a;j; — coeff <f, H :Ek>

ki k#i,j
are both in [F and hence p;;D;; = rq;;¢;; for some r € F*. We get the desired contradiction by
noticing that 2 divides the left-hand side of the equation, while it does not divide the right-
hand side since p;; and ¢;; are relatively prime. Therefore we can specialize both sides of the
equation f = det (diagzy,...,z, + A(t)) to t = 0, which gives a Hermitian determinantal

representation of f. O

Example 3.5.3. Consider the polynomial f = z1xox3+21 4+ 22+ 23+ 1 over the field F = [F,.
The Rayleigh difference Ajo(f) = 23 + 23 + 1 does not factor in Fy[rs], showing that the
coefficient vector of f is not in the image of Mats(IFy) under the principal minor map.
Consider the quadratic extension K = Fyla/(a? + @ + 1). The map « + 1 + a extends
to an automorphic involution on K that fixes Fy. Over K, the Rayleigh differences factor
into multiaffine polynomials, namely A;;(f) = (zx + a)(zr + 1 + «), for distinct ¢, j, k. As
then guaranteed by Theorem [3.5.1], f has a Hermitian determinantal representation over K:

z1 1+a 1+«
f=det| « To 14+«

o o' T3
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Corollary 3.5.4. Let f € Rlxy,...,x,] be a polynomial of total degree n < m that is
multiaffine in x1,...,x, and coefficient of x1---x, equals to one. There exist Hermitian

matrices Api1, ..., Am, Ag so that

f=det (diag(ml, ceyTy) F Z T A; + Ao)

Jj=n+1

if and only if for alli,j € [n], Ai;(f) factors as gi;Gij for gi; € Clxy, ..., Ty

This provides a partial converse to [48, Corollary 4.3], which states that if some power
of a polynomial f has a definite determinantal representation, then for all 7, j, the Rayleigh
difference A;;(f) is a sum of squares. In particular, Hermitian representations of f give real

symmetric determinantal representations of f2. We might hope for the following.

Conjecture 3.5.5. If f € R[zy, ..., xy] is multiaffine in xq, . .., x, and coefficient of x1 - - - x,
s nonzero, then some power of f has a definite real symmetric determinantal representation

if and only if for all i, j, Ni;(f) is a sum of squares in Rzy,. .., x|

3.5.2  Other multiaffine determinantal representations

In this section we restrict ourselves to fields and consider the set of multiaffine determinantal

polynomials of the form

f(x) = Adet (Vdiag(z1,...,z,)V*+ W) = Adet <Z T;0U; + W) (3.5)

i=1
for some A € F, some matrix V = (vy, ..., v,) € K™ and some n x n Hermitian matrix W.

Note that when we take V' to be the n x n identity matrix and A = 1, this is the principal

minor polynomial fy,. When n < m, the coefficient of xy ---x,, in f is necessarily zero.

Theorem 3.5.6. A polynomial [ € Fx|ma has a determinantal representation (3.5)) if and

only if for all i,j € [n], Ay; f is Hermitian square in K[x]. Moreover, one can always take a

representation of size n = deg(f) in (3.5).
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Proof. (=) Without loss of generality, we show that Aj5(f) is a Hermitian square. First

suppose v; and vy are linearly dependent, i.e. let v; = av, for some a € K. Then v,v] =

aavgvy and f(z1,...,x,) = f(0,0qx; + z9,3,...,2,). Taking partial derivatives shows
—_— 2 — . . .
that aa—gl = aozg—mj; and that axalafm = 0. Then Aa(f) = (aaa—j?)(ag—w’;) is a Hermitian square.

If v; and vy are linearly independent, then there is an invertible matrix U € K™*" with

Uv; = e; and Uvg = e9. Then

| det(U)|*f = Adet (U (Z ;005 + W) U*) = Adet (diag(xl,xg, 0) + Zmﬁ,@* + W) :
i=1 i=3

where v; = Uv; and W = UWU?*. These matrices are still Hermitian and so by equation
(3-2), As2(f) is Hermitian square.

(<) Let d = deg(f). We can assume, without loss of generality, that the coefficient of
x1---xq in f is nonzero. Moreover since the set of polynomials of the form (3.5)) is invariant
under scaling, we can assume that this coefficient equals one. By Theorem [3.5.1] there are

Hermitian matrices Ag, Agi1, .- ., Apn so that

f=det (diag(xl, co, ) Z xjA; + A0> :

j=d+1
We take W = Ay. By Lemma below, for every k =n+1,...,m, the rank of A; equals
the degree of f in xj, which is one. It remains to show that the matrix A has the form v,v;
for some v;, € K<.

By homogenizing and specializing variables to zero, it suffices to consider polynomials
of the form f = det (diag(zy,...,xq) + xap1A) where A € K™ is Hermitian and rank-
one. Then [ = H?Zl x; + Z;l:l A Hie[d]\{j} z;, where Aj; is the jth entry of A. Then for
j=1,....d

2

d
Ajan(f) = [ fien = fiasn /D = (H Il) Ajj H v | = Ay H i
i=1 ie[d\{j} i€ld\{s}

By assumption, Ajg41)(f) is a Hermitian square, and so we see that A;; = a;a; for some

a; € K. Since A has rank one, we can write it as Auu* for some A € F* and v € K". If



70

uj # 0, then \u;ii; = a;a;, meaning that A = 33 for 8 = a;/u;. It follows that A = vv* for
v = Pu. n

Lemma 3.5.7. If f = det(diag(z1,...,2,) + 271, . 2545 + Ag) where A; € K™ are

Hermitian. Then the rank of A; equals the degree f in the variable x;.

Proof. The bound deg;(f) < rank(A;) follows from the Laplace expansion of the determi-
nant. To see equality, it suffices to take j = m =n+1 and Ay = 0. Let f4 be the polynomial
fa = det(diag(zy, ..., x,) + A) where A € K™ is Hermitian. Then f = Y g, AgxI"\yls]
equals the homogenization of f4. From this we see that the degree of f in the variable y equals
the size of the largest nonzero principal minor of A. By the so-called Principal Minor Theo-
rem [45], Strong PMT 2.9], this coincides with the size of the largest nonzero minor of A, i.e.
rank(A). Therefore for a general polynomial f = det(diag(z1, ..., 2,)+>_ 7", 7;4;+70A0),
the restriction to z;, = 0 for k € {n +1,...,m}\{j} and zy = 0 has degree rank(A4;) in z;,
showing that deg;(f) > rank(A;) O

This immediately gives the invariance of the set of determinantal polynomials.

Corollary 3.5.8. The set of polynomials in F[x]|ya with a determinantal representation

(3.5) is invariant under the action of SLy(F)™ % S,.

Proof. By Corollary [3.2.4] for any v € SLo(F)", Ay(v - f) = v - Ay(f). If Ay(f) is a
Hermitian square ¢gg with ¢ € K[x] then so is Ay;(v- f) = (v 9)(v - 9). ]

3.6 Determinantal Stable Polynomials

In this section we consider polynomials over R and C and show that any real stable multi-
affine polynomial with a complex linear determinantal representation has a definite Hermi-
tian determinantal representation (Theorem . Moreover, if the original polynomial is
irreducible, then the matrix is diagonally similar to a Hermitian one (Theorem .

We build up to the proofs of these statements with a series of useful lemmas.
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Lemma 3.6.1. Let f € Rlzy,...,z,,]| be multiaffine in the variables x4, ...z, for some
n < m with coefficient of x1---x, equals to one. If f is irreducible, then for a generic

element v € SLy(R)", 0%(y - f) is irreducible for every S C [n].

Proof. For each S C [n], the set of v € SLy(R)™ for which 9°(vy - f) is irreducible is Zariski-
open. Therefore it suffices to show that this set is nonempty for each S C [n]. Then the
intersection of these nonempty, Zariski-open sets will be nonempty and Zariski open.

We will proceed by induction on |S|. For |S| = 0, this is immediate, so suppose that
|S| > 1andlet i € S. Note that 9%(f) = 9; (0°\% f). By induction, for generic v € SLy(R)",
O\ (. f) is irreducible. Moreover, its coefficient of [] je(in)\s)ugiy Li s nonzero. Therefore,
up to a scalar multiple, 9°\{"}( - f) satisfies the hypothesis of Lemma , and hence for
generic 7 € SLy(R) acting on the ith coordinate,

0 F- M y-N))=0F -7 f)
is irreducible. Here we use that 7 commutes with the differential operator 9°\%, since 7

acts as the identity in the coordinates indexed by elements of S\{i}. It follows that for a
generic element v € SLy(R)™, 9% (7 - f) is irreducible. O

Lemma 3.6.2. If g = azx?+ bz, + ¢ is nonnegative on R™ where a,b, ¢ € Rlxy, ..., x|, then

the polynomial a is nonnegative on R™1,

Proof. Fix p € R™! and consider the specialization g(x,p) = a(p)z? + b(p)x; + ¢(p) in
RJz;]. Since g is globally nonnegative on R™, g(xy, p) is nonnegative on R and so its leading

coefficient a(p) must be nonnegative. O

Lemma 3.6.3. Suppose g, h € Clay, ..., x,] are multiaffine in a1, ..., x, and 0™g and 0™ h
are nonzero polynomials in 11, ...,%, of total degree at most one. If the product g - h has
real coefficients and is nonnegative as a function on R™, then h is a positive scalar multiple

of g, i.e. h = \g for some A € R..

Proof. (n = 0) Let ¢ = a+ 1b and h = ¢ + id for some a,b,c,d € Rlxy,...,z,]. Since
g-h € Rlxy,...,z,], we see that ad = —bc. Note that if b = 0, then d = 0 and so both g
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and h are real. In order for g - h to be nonnegative on R", we must have h = A - g for some
A € Ryy. The case d = 0 follows similarly.

Otherwise, since g and h are linear and thus irreducible, either a = Ab and ¢ = —\d
or a = Ac and b = —\d for some nonzero A € R. In the first case, g = (A + 1)b and
h=(-A+1)d=(\—1)(—d) and thus g- h = (\>+1)(=b-d) > 0 on R". Thus —d = ub for
some i € Ryg. It follows that A = (A —1)(ub) = pg. The second case gives g = Ah. Since
g - h = Ah-g is nonnegative on RY;, we conclude A > 0, as desired.

(n > 1) Now suppose n > 1 and write g = ¢,x, + ¢" and h = h,x, + h". Since g - h
is real and nonnegative, so is its coefficient of 2, g, - h,. In particular, g,, h, satisfy the
hypothesis of the theorem and so by induction, h, = Ag, for some A\ € R.y. Moreover, for
every a € R™! with g,(a) # 0, the roots (in z,) of the specialization of g - h at x = a
come in complex conjugate pairs. It follows that —h"/h,, = —g" /g, as rational functions in
C(xy : k # n). Together with h,, = A\g,,, this gives that h = A\g. Moreover, since g-h = \-¢g-g

is nonnegative on R", we see that A\ > 0. O

Theorem 3.6.4. Let f € Rlzy,...,x,] be stable and complex determinantal, i.e.

f =det (diag(xl, ce X)) F Z Ajx; + AO)

j=n+1
for some n xn complex matrices A;. Then there exists Hermitian matrices By, Byt1, ..., Bp

for which f = det (diag(zl, @) + Y0 By + BO> :

Proof. First suppose f is irreducible. By Lemma [3.6.1 there is v € SLy(R)™, such that
9%(v - f) is irreducible for all S C [n]. By Corollary [3.3.5 we can replace f by 7 - f, and
thereby assume that all the coefficients of er[n]\ (i} z3 in the polynomials A (y - f) are

non-zero. To see this, notice that by induction on n, we can prove that

coeff | Ay;(f), H i | = Ay (a[n}\{i,j}(f)).
ke[n\{i.j}

If this coefficient is zero, then Lemma implies that O"\%7}(£) is reducible.
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Let i < j € [n]. Since f is determinantal, by Theorem , the polynomial A;;(f)
factors as g¢;; - g;i where g;;, g;; are multiaffine in {z} : & € [n]\{4,j}} and has total degree
< n — 1. In particular, the coefficient of er[n]\{i,j} xy in both g;; and g¢;; has degree < 1
in x,41,...,%,. By the arguments above we can assume this coefficient is nonzero. Since
[ is real stable, Ay;(f) is also globally nonnegative on R™ [I3]. Therefore by Lemma [3.6.3]
gji = Agij for some g;;. It follows that A;;(f) factors as a Hermitian square h;; - h_” where
hij = \/Xgij. Theorem then gives the desired Hermitian determinantal representation.

Now suppose f is reducible, say f = f; --- f, where each factor f; is irreducible and mul-
tiaffine in the variables z; for i € I, C [n]. Each factor is stable. Moreover, by Lemma m,
A;;i(fx) is either zero or factors as a product of two polynomials that are multiaffine in
{z¢: ¢ € I} and with total degree < |I;| — 1. Since f is irreducible, the arguments above
show that for every i,j € I, A;;(fx) is a Hermitian square, from which it follows that
Aij(f) = Aij(f) - Tlps /7 is a Hermitian square. Theorem then gives the desired

Hermitian determinantal representation. O

Remark 3.6.5. Theorem [3.6.4] cannot hold for arbitrary real stable polynomials. For ex-
ample, consider f to be the basis generating polynomial of the Vadmos matriod, defined in
[15]. It was shown by Wagner and Wei [73] that f is stable. By the theory of matrix fac-
torizations, some power f" of f has a complex linear determinantal representation (see [69,
§3.3]). This power is necessarily stable, but as shown by Brandén [15], f" does not have a

definite Hermitian determinantal representation.

When f is reducible, one can easily construct determinantal representations of f that are

not Hermitian by taking block upper triangular representations. For example, x;x5 equals

ry 1
det [ . However, when f is irreducible and real stable, we see that all complex linear
0 i)

determinantal representations are Hermitian, up to conjugation by diagonal matrices.

Theorem 3.6.6. Let f € Rlxy,...,x,] be stable, irreducible, and complex determinantal,
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1.6.

f=det (diag(ml, ) Y Ayt AO)

j=n+1
for some n x n complex matrices A;. Then there exists a real diagonal matriz D € R"*"

such that D™'A;D 1is Hermitian for all j.

Proof. By Lemmal3.6.1] there is v € SLy(R)", such that 9%(y- f) is irreducible for all S C [n].
By Corollary [3.3.5], we can replace f by 7 - f, and thereby assume that all the coefficients of
er{n]\ (i} r7 in the polynomials A;(vy - f) are non-zero, as in the proof of Theorem .

Let A(z) = ZZL”H Az + A and let a;; € Clapyq, ..., 2y denote the (4, j)th entry of
A(x). Then the coefficient of [T, iy z% in A f is a;;aj;. Since f is stable, the polynomial
A;;(f) is nonnegative on R™. Then by Lemma , it follows that the coefficient a;;a;; of
er[n]\ (i} x3 in Ay(f) is nonnegative on R"™™. By Lemma we can conclude that for
each 1 <17 < j < n, there is some \;; € Ry such that a;; = A\;;aj;.

We claim that the scalars A satisfy \j; = A\jgAg; forall 1 <@ < k < j < n. For simplicity,
we show this for i = 1, k = 2, 5 = 3 and the proof in general is identical. By the arguments

above, the starting determinantal representation of f has the form

T+ an a2 a3 e A1pn
A2l Tg + Qg a23
diag(zy,...,x,) + A(x) = A13013 Aogla3 T3 + as3
/\1na1n Tn, + Qnn

Recall that by Dodgson condensation, the polynomial A;;( f) factors as det(M [, j])-det(M[j, 7])
where MTi, j| is the matrix obtained from M = diag(xy,...,z,) + A(z) by removing the ith

row and jth column. These polynomials are affine in z, for k € [n]\{4,j}. In particular,

g = a[n]\{l,Z,S} det(M[B, 1]) = Q12093 — G13<£L'2 + agg), and

h = 8["]\{1’2’3} det(M[l, 3]) = )\12)\23&12&23 — /\1361_13(332 + agz).
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These polynomials satisfy the hypotheses of Lemma and so there is some p € Ry
for which h = pg. Since a;; is nonzero for all 7, j and a9 is invariant under conjugation, we
see that AigAe3 = = A\i3. More generally A\;; = gy, for any ¢ < k < j.

Now define D = diag(1, v A1z, - .-, vV An). For i < j, A1; = Ai;\ij we calculate the (4, j)th
and (j,1)th entries of D™'A(z)D as

VAL oW
(D™ A(x)D)y; = )\1] a;; = /Ajai; and  (D7'A(z)D)j = —/\h)\ija_ij =V Aijltij.-
VAL VA1)

]

3.7 Defining the set of factoring multiquadratic polynomials and the image
of the principal minor map

In this section we give a complete characterization of the image of the principal minor
map of Hermitian matrices using the characterization of Hermitian multiaffine determinantal
polynomials from Section and the characterization of multiquadratic polynomials that
are Hermitian squares. This set is invariant under the action of SLy(R)™ x S,, and we derive
the defining equations and numerical conditions as the orbit of a finite set under the action
of this group, where R is a unique factorization domain. In this section, we will restrict to

rings and fields of characteristic # 2.

Lemma 3.7.1. Let g = az® + bx + ¢ € R[z]. The polynomial g factors in to two linear

factors in R[zx] if and only if its discriminant Discr,(g) is a square in R.

Proof. (=) If g factors, then it has a root in the fraction field of R. By the quadratic formula,
this implies that the discriminant is a square in frac(R), and hence in R.

(<) Suppose that b* —4ac = ¢* for some ¢ € R. We can rewrite this as (b—q)(b+q) = 4dac.
Since R is a unique factorization domain, there is some choice of factorization of a = ajas
and ¢ = ¢1¢9 so that b — ¢ = 2a1¢; and b+ g = 2ascy. If a = 0, then g factors as 1 - (bx + ¢),

so we can assume a # 0. We can then write g as

—b+ —b— c c
g:a(x_ 5 q) (x_ - q):m (+_) (x+a_j>:<a2m+cl><alx+c2>.
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O

This lemma does not hold over rings of characteristic two. See [21], Section 2.4, Exercise 6]
for further discussion. Note that for g € Rz, y|uq, Discr,(g) is a polynomial of degree 4 in

y whose coefficients are quadratic in the coefficients of g.

Lemma 3.7.2. Let h(z) = Z?:o bz’ € R[z|y a univariate quartic. Then h is a square in
Rz] if and only if by, by and h(1) = Zj b; are squares in R and the point (by, by, ba, bs, by)

satisfies

byb? — b3by = 0, b3 — 4bybsby + 8b3by = 0, b} — 4bgbyby + 8b2bs = 0 (3.6)

bgbg — 4b§b4 + 261()3()4 + 1660[)421 = 0, and b%bg — 4b0bg + 2b0blbg + 16bgb4 = 0.

Proof. (=) If h(z) is a square in R[z], then h(z) = Y1 bz’ = (ax® + fx + §)? for some
a, 3,0 € R. We see that by = a?, by = §%, and Z?:o b; = (a+ 3+ 0)? are all squares in R.
Each of the coefficients b; is a polynomial in «, 3, 0 and one can quickly check that all the
cubics in (3.6) vanish identically on this parametrization.

(<) Let by = a2, by = 6%, and Zj b; = A? for some «, d, A € R. From byb3 = bjby, we see
that dbs = £b;«, and replacing o with —« if necessary, we can take dbs = bia.

If b3 is nonzero, we see from the second equation that by, and hence «, must also be
nonzero. Define 8 = b3/(2a) € frac(R). Tt follows immediately that by = 62, by = 250,
by = 2Ba, and by = o?. If by # 0, the second equation implies that

1

1
=0 (b3 +8byb3) = (88%a* + 1658 = 2 + 26,
3V4

-~ 8fBa3
from which we conclude that (az? + Bz + §)? = h(x). Similarly, if b; is nonzero then so

are by and §. We can define 8 = b;/(20) and use 4bobiby = b? + 8b2b3 to conclude that

by

(ax? + Bx + 6)* = h(x). In either case, evaluating at x = 1 gives that a + 3+ § = £\, and
B=4A—a—6€R

If by = by = 0, the equations simplify to 4b(b3 — 4boby) = 0 and 4by(b3 — 4bobs) = 0. If by
or by is nonzero, then by = +da and h(z) is (az? £ §)2. Otherwise by = by = b3 = by, = 0, in

which case by = A\? and h(x) = (Az)>. O
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Corollary 3.7.3. A quartic h(x) = Zj:o b’ is a square in R[z] if and only if for all v in
SLy({0,£1}), (7 h)azo is a square in R and By(y - h) = Cy(y - h) = Dy(v-h) =0, where

By (h) = byb>—b2by, Cy(h) = b5 —dbobiby+8b2bs, and Dy (h) = b2by—Abob2+2bobybs +16b2bs.

Proof. 1t suffices to show that we can recover the conditions in Lemma [3.7.2] which we can

0 1 11
do this with three elements of SLy({0, £1}): the identity, v, = and yo = :
-1 0 01

representing the fractional linear transformations x — —1/x and = — x + 1, respectively.
Note that (y1 - h)(0) = by and (y2 - h)(0) = k(1) = >_; b;, so from (i), we recover that all of
these are squares in R. The element ~; induces the transposition by — (—1)kb4,k for each

k. One can quickly check that we recover the two missing cubics from this action of v,. [

Remark 3.7.4. The ideal generated by the five cubics in Lemma[3.7.2]is not saturated with
respect to the ideal (by,...,bs). Its saturation is minimally generated by these five cubics

together with —blbg + 4()1[)2()4 - 8b0b3b4 and —b%bg, + 4b0b2b3 - 8b0b1b4.

Note that the coefficients of Discr,(y - g) have degree two in the coefficients ¢, of g, and

so the polynomials listed in (ii) above have degree six. For example,

Bx(DiSCI"y(’}/ . g)) = 4(601011 — 2(610002 + 000012))2<C§1 — 4C20622)

- 4(031 - 4000002)(011021 - 2(020012 + 010022))2-

Theorem 3.7.5. Let R be a unique factorization domain with char(R) # 2 and |R| > 13. A
polynomial g =3 ,c1o1.2yn CaX® € R[X] is the product of multiaffine polynomials if and only
if for all v € SLy(R)™ % Sy,

(z') Discr,, (7 : g)|z2:-_,:$n:0 =- (C%O — 4000020) 18 a square in R,

(i1) the sextic polynomials in c given by specializing By, (Discr,, (7 g)), Cy,(Discry, (77 g))

and Dy, (Discry, (v - g)) to x3 = ... =z, =0 are all zero.



78

Proof. We can express g = Zﬂe{0,1,2}2 gﬁxfl x§2 where g3 € R[zs,...,%,|<2. The polynomial
B,,(Discr,, (¢g)) has degree six in the coefficients gg and so degree < 12 in each variable x;.

Consider I C R with [I| = 13. For \y = Ay = 0 and A3,...,\, € I, consider the
element v = ((; Af)) ~in SLy(R)". For any polynomial F' € R[x| the evaluation of - F
at x = 0 equals the eveiluation of Frat x = (A1,...,A,). In particular, (ii) implies that the
polynomials B,,(Discr,, (v-g)), Cs,(Discry, (7-g)) and D,,(Discr,, (v-g)) vanish at the point
x = (M1,...,\,) for every choice of A\; € I. Since these polynomials have degree < 12 in
each variable z; and |I| > 13, it follows that each of these polynomials is identically zero,
using [?, Lemma 4.1].

We can now proceed by induction on n. The n = 1 case is the content of Lemma [3.7.1
together with the observation that the discriminant is invariant under the action of SLy(R),
so we suppose n > 2. Let h = Discry, (g) € S[z2] where S = R|xs, ..., x,]. By induction, for
every v € SLy(R) acting on the variable za, (7 - g)|s,=0 factors into multiaffine polynomials
and 8o (7 - h)|z,=0 = Discry, ((7 - 9)|zp=0) is a square in S = R[zs, ..., x,].

By Corollary [3.7.3] it follows that Discr,, (¢) is a square in S[z5]. Then by Lemma[3.7.1],
g factors into linear factors in z; in the ring S|z, 23] = R[x]. Using the action of S,,, we see

that every irreducible factor of ¢ must have degree < 1 in each variable. O]

Remark 3.7.6. For every choice of i # j € [n] and A € I"3 we obtain three equations by
evaluating B,,(Discry,(g)), Cs,(Discry,(g)) and D, (Discr,,(g)) at the point A, along with
additional two polynomials from the two missing analogous polynomials in Lemma |3.7.2]
which can be recovered from the SLy-action on z;. This gives a total of 5n(n — 1)13"73

sextic equations in the coefficients of g.

Lemma 3.7.7. Let S be a unique factorization domain with char(S) # 2 and an automorphic
involution a — @ and let R be the fized ring under this involution. The polynomial g =
ax?® + bx + ¢ € R|z] is a Hermitian square in S|x] if and only if a and ¢ are Hermitian

squares in S and the discriminant Discr,(g) = ¢* with ¢ € S[z] and § = —q.
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Proof. (=) If g factors into two conjugates (sx + t)(5z + t), then a = s5 and ¢ = ¢t and
Disc,(g) = b*> — 4ac = (st + t3)* — 4s5tt = (st — 15)?

which satisfies the desired property.
(<) Assume that b*> — 4ac = ¢ such that § = —¢. If a = 0, then b = +¢ and thus
b= —b. Since b € R, then b = 0 and g = c is a Hermitian square as desired. If a # 0, then
b—q)(b+q) = (b—q)(b—7q) = 4ac = 4sstt, where a = s5 and ¢ = tt. Thus, after relabeling

if needed, we may assume that b — g = 2st. Thus, we can write g as
—b+7q —b t t _
g=a (x— 2;|—q) <x— 2Zq) :s§(x+§> <m+g> = (s +t)(5x +1).

Theorem 3.7.8. Let S be a unique factorization domain with char(S) # 2 and an automor-

]

phic involution a — @. Let R be the fized ring of this automorphism with |R| > 13. The poly-
nomial g = 3 ,cro1.0yn CaX” in R[X]nq is a Hermitian square if and only if (7 - )|zy=..=z,=0

is a Hermitian square in S[xy,xs] for all v € SLa(R)™ % S,.

Proof. 1f for all v € SLo(R)™ x S, the polynomial (7 - ¢)|zs=.. =z, =0 is a Hermitian square
in S[xy, o], then by Lemma [3.7.1 Discry, (7 - g)|as=.=s,=0 15 a square in Sfzo] . Using
Corollary we see that the two conditions of Theorem |3.7.5] are satisfied and hence we
deduce that g is a product of multiaffine polynomials in S[x]. To prove that g is a Hermitian
square, we will proceed by induction on n. The case n = 2 is trivially satisfied. For the
inductive step, write g as g = pyx? + p1x1 + po for some po, Py, Py € R = Rlxa, ...,z
By induction we see that ps and py are both Hermitian squares and as ¢ is a product of
multiaffine polynomials, then by Lemma , we see that Disc,, (g) = p? — 4papy = ¢* for
some q € S[za,...,x,]. Since p? — 4dpypy € R, then ¢ € R and so ¢ = —g or ¢ = q. In the
former case, Lemma [3.7.7] implies that ¢ is a Hermitian square and we are done. Otherwise
we get (- q)lx—o = (7 - q)|x=o for all 4 € SLy(R)"!. Notice that by induction on the other

hand, (7 - ¢)|x=o is a Hermitian square and hence

Disc,, (7 - 9)x=0) = (v (0] — 4p2m0)) ,_o = (7 - @20 With (v @)|x=0 = —(7 - ¢)|x=0-
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Thus we conclude that (v - q)|x=o = 0 for all v € SLy(R)""!. Consider v = (7;)a<i<, Where
Vi = ((1) Al) for A\; € R. Notice that v - ¢|(zy=-=2,=0) = ¢|(z2=A,....en=2,) = 0. Since |R| > 3,
[7, Lemma 4.1] implies that ¢ = 0 and thus ¢ = —g and we apply Lemma again to

deduce that ¢ is a Hermitian square. O]

Let F be a field of char(F) # 2 with |F| > 13 and K be a degree two extension field. Let §
denote the square root of the discriminant of the minimal polynomial of this field extension.
Then K = F(§) and the involution § — & = —§ extends to an automorphism of K with

fixed field F.
Remark 3.7.9. In the field K, § = —q is equivalent to requiring ¢ = dr for some r € F.

Lemma 3.7.10. Let g = 206{07172}2 coX® € Flzy, 22)pq. The polynomial g is a Hermitian
square in Klxy, x5] if and only if for all v € SLy({0, £1})% x Sy

(i) v - co) 95 a Hermitian square in K.
(it) 35Discry, (v - g) is a square in Flzs)].

Proof. Write g as g = pox? + p171 + po where py, p1 and pg are quadratics in Flz,]. Using
Lemma [3.7.7, we see that ¢ is a product of two conjugate factors if and only if py and pg
are product of two conjugates in K[z,] and Disc,, g = ¢*> where § = —q for some ¢ € K|[xs].
Notice that by Remark [3.7.9] this condition is equivalent to ¢ = 67 where r € F[z,] and thus
requiring that E%Discml g is a square in F[z;]. Using Lemma W, p2 and pg are conjugates
if and only if ¢(; ;) is a product of two conjugates for 7, j € {0,2} and (S%Discrx2 (7 9)]zy=0 18

a square for v € SLy(IF) and this gives the desired equivalence. O

Theorem 3.7.11. A polynomial g = 3_ ,c (0123 CaX® € F[X] is a Hermitian square in K[x]
if and only if for all v € SLy(F)™ x S,

(i) (v-co) is a Hermitian square in K,

(i1) %Diserxl(fy /) | P (5%(0%0 - 4000020)) is a square in I,
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(iii) the sextic polynomials in ¢ given by specializing By, (Discry, (v - g)), Ca, (Discry, (7 - 9))

and D,, (Discry, (v - g)) to xg = ... =z, =0 are all zero.

Proof. Using Lemmal[3.7.8] ¢ is a Hermitian square in K[x] if and only if for all v € SLy(F)" x
Sny (7 9)|zs=..=2,,=0 is @ Hermitian square in K[z, 25]. Now Lemma |3.7.10, shows that this
is equivalent to 7 - o is a product of two conjugates and 55 Discry, (- g) is a square in Flz)],

which is equivalent to conditions (ii) and (iii) above using Corollary [3.7.3] O

Now we are ready to give a complete characterization of the image of the principal minor
map of Hermitian matrices using the characterization of Hermitian multiaffine determinantal
polynomials from Section [3.5] and the characterization of multiquadratic polynomials that
are Hermitian squares.

Recall that to each element a = (ag)gscpy) in F2" we associate the multiaffine polynomial

fam 3 asxhs,

SC[n]

For n = 3, the discriminant of the Rayleigh difference Aj5(f) with respect to z3 is Cayley’s
2 X 2 x 2 hyperdeterminant

2
Hpret(a) = (CL1G23 + aza13 — aszayp — (I(Z)CL123) - 4(a1a2 - a®a12>(a13a23 - CL:’)Chz:a)
2 2 2 2 2 2 2 2
= apajes + ajasg + azajs + azajy — 2apa1az3a123 — 209020130123 — 2093120123

— 2a1a2a13023 — 20103012023 — 20203012013 + 4agazzaizaiz + 4ai23a;iaza;3.

This quartic polynomial therefore appears in the arithmetic conditions on the image of the

principal minor map.

Theorem 3.7.12. Let a = (ag)sciy € F*" with ag = 1. There exists a Hermitian matriz

over K with principal minors a if and only if for every v € SLy(F)™ x S,,:
(1) v - (araz — apaia) is a Hermitian square in K,

(ii) s HypDet(y - a) is a square in F, and
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(iii) v - a satisfies the degree-12 polynomials given by specializing By, (Discry, (v - Ajafa)),
Cy, (Discry, (7 - A12fa)) and D, (Discry, (v - A12fa)) to x5 = ... = x, = 0.

Here the operators B,, C,, D, are defined in Corollary [3.7.3]

Proof of Theorem [3.7.13. By Theoremwith n=m,a= (ag)scp € F* is in the image
of the principal minor map if and only if A;;(fa) is a Hermitian square for all i,j € [n],
which according to Theorem [3.7.8] is satisfied if and only if for all v € SLy(F)" x S,
v - Asy(fa)les=..=z,—0 is a Hermitian square in Kz, z5]. This is equivalent to the three
hypothesis of Theorem which in turn is equivalent to the three hypotheses of the

theorem. O
Taking K = C with the action complex conjugation then gives the following.

Corollary 3.7.13. Let a = (ag)scly € R*" with ag = 1. There exists a Hermitian matriz

over C with principal minors a if and only if for every v € SLy(R)"™ x S,
(i1) 7y - (a1a — agasz) >0,
(i) HypDet(y-a) <0, and

(it) v - a satisfies the three degree-12 equations given by restricting By, (Discry, (A12fy.a)),
Cy, (Discryy (A2 fy.a)) and Dy, (Discry, (Arafya)) to s = ... =z, =0.

3.8 A family of counterexamples

Let F be a field and for n > 2, consider the multiaffine polynomial fo,11 € Flxy, ..., xo,11]
given by
fonsr = 21+ [ [(@2j120i02 + 1) + [ [(22j22j51 + 1) (3.7)
j=1 j=1

where we take x9, 9 = x5. We show that this polynomial is not determinantal, i.e. its vector
of coefficients do not belong to the image of the principal minor map, but is determinantal

after specializing any one variable:
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Theorem 3.8.1. There is no finite set of equations whose orbit under SLy(F)™ xS, set-

theoretically cuts out the image of the principal minor map for all n.

Let I,, C Flas : S C [n]] be the homogeneous ideal of polynomials vanishing on the image
of n x n matrices under the principal minor map in P?*"~*(F). There is a natural inclusion

of I, into Flag : S C [n + 1]].

Theorem 3.8.2. The coefficient vector of the polynomial fo,11 belongs to the variety of
polynomials in the orbit (SLy(F)* 1 % So,iy) - In, but not the variety of Iy, .

The proof of this theorem relies on the fact that the coefficient of any generic specialization
of fo,41 lies in the image of the principal minor map, up to scaling. One key observation
is that the Rayleigh differences of f5,,1 do not all factor as the product of two multiaffine
polynomials, but do have such factorizations after specializing anyone variable. We show

this explicitly by writing down the determinantal representations of these specializations.

Lemma 3.8.3. The rational function ﬁj‘}nﬂ can be written as det(diag(xs, . . ., Topi1)+A)
where for 2 < 1,7 <2n+1,
(
1/(1+ ) if 1 is odd, j is even, and i > j,

—x1/(L+ ) ifiis odd, j is even, and i < j,

-1 if v 1s even, j =1+ 1,
Aij -

1 if i 1s even, j =1 —1,

—T ifi=2,7=2n+1, and

0 otherwise.

\

Proof. Let D denote the determinant of the matrix M = det(diag(za, ..., To,41) + A). By

definition, D is a polynomial in ,T1,Ta,...,T,. Moreover the entries for which z; + 1

1
1+xzq

appears in the denominator form a square submatrix whose rows correspond to odd indices
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and whose columns correspond to even ones. It has the form

1 —-—rr —Irr ... —I
1 1 —rr ... —I
1 1
1+l‘1 1+x1
1 1 . —x
1 1 1 1

where J is the all ones matrix and U is an upper triangular matrix with U;; = 1 for ¢ < j
and U;; = 0 otherwise. Since J has rank one, the exponent of 1 4 z; appearing in the
denominator of any minor of this matrix is at most one. This also shows that despite the
many appearances of z; in numerator of this matrix, it does not appear in the numerator of
any minor. There is only one other entry in M containing z;, and so the determinant D can
be written as (z1 + 1)7'p; + po where p; and p, are multiaffine in x4, ..., Z9,,1. Moreover,
the only term in the Laplace expansion of the determinant of M avoiding this submatrix is
the product of the diagonal Hffgl x;. Therefore we can write D as (x; + 1)'p where p is
multiaffine in zq,...,x2,,1. Therefore to show that p = f5,1 it suffices to show that they

have the same specialization at 1 = 0 and the same coefficient of x;.

When we specialize z; to zero, M becomes a block upper-triangular 1 matrix with diagonal

Ty;  —1 : . e
blocks of the form ! . Its determinant agrees with the specialization of ﬁ foni1
I i

to T = 0.

Consider the rational function g obtained by inverting x; in ﬁ fona1, which is

T 1 n n
1 -1
Ty, T, ..., Tp) = . Toiy1Toip0 + 1) + 21 - To;Toig1 + 1) .
1+ 2, f2n+1( 1 2 n) 1+ (;1:[1( 254142542 ) 1 31:[1< 2j42j+1 ))

Let M’ be the matrix obtained from M by replacing x; by "

and then multiplying the
column indexed by 2 by x;' and the row indexed by 2 by z;. The entries are now rational
functions in x; with only 14, appearing in the denominator. After specializing M’ to z; = 0

and cyclic shifting the rows and columns by one, we find another block upper triangular ma-
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xI9 —1 0 0 0 —X1 xI9 0 0 -1 0 —I
_1 _ 7 _ T _
T L3 T 0 | 0 0 T4 0 1 1 0
0 1 T4 -1 0 0 0 0 6 0 1 -1
~Y
1 1 .z 1 oz __x
a1 0 o\ oz O ZFl w1 o 3 00
_ 1 1 oz
0 0 0 1 Tg 1 7 T | 0 x5 0
1 1 1 1 1 1
o S U B U S T+l w1 w1 0 0

Figure 3.1: The matrix A in Lemma [3.8.3|for 2n + 1 = 7.

To; -1 Top, 1
2 forj=1,...,n—1and 2

1 T2j+2 —1 i)

trix with diagonal blocks of the form

Therefore the determinant of M’ restricted to x; = 0 is given by H?:1($2j+1l'2j+2 +1).

By definition, the determinant of M’ equals D(x" 29,...,7,) = L‘i—lwlp(:vl_l,...,xn).

n

Restricting to 1 = 0 gives the coefficient of x; in p, which must be szl(x2j+1$2j+2 +1).

Therefore p agrees with the polynomial fo, . O]

Lemma 3.8.4. For every m = 2,...,2n + 1, the coefficients of ﬁan_i_l are the principal

minors of a 2n x 2n matriz with entries in {0, £1, 2=}, In particular, the rational function

1
T2an+1

font1 can be written as det(diag(xy, ..., za,) + B) where for 1 <1i,5 < 2n,

)
1 ifj=i+1andi>1or(i,j)=(1,1) or (i,j) = (2,1),

-1 if i is even and j =1 —1 or (i,j) = (2n,1),
Bij = zonia if i odd, i >3, and j =1,
1/zons1  ifi €{1,2} and j is even, and

0 otherwise.

\

Proof. Let M = det(diag(zy,...,22,) + B) and let D denote its determinant. As in the

proof of Lemma [3.8.3] the entries of M with xs,,; appearing in the denominator appear in
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a submatrix of rank-one. The entries with 9,1 appearing in the numerator are contained
in the first column. Moreover, in the Laplace expansion of the determinant, the only terms
avoiding the submatrix of entries x5, ; must include the (1,1) and (2, 2) entries, and so will
not involve any entries with zg,,,. It follows that D can be written as x5, ;p where p is
multiaffine in x1,...,x9,11. Therefore it suffices to check that f;,.; and p have the same
restriction to x; = 0 and same coefficient of ;.

We see that the coefficient of 1 in D is the determinant of the matrix M after removing
the first row and column. This minor is a block matrix with one block of the form (zy +

Tojr1 1

1/29,41) and the rest of the form . Therefore the coefficient of x; in p and

=1 T

Jant1 agree.
bT
The specialization of M to z; = 0 is a matrix has the form . Using Schur
c A

complements, we see that the determinant equals the determinant of A —cb?. One can check

Toj 1
that the matrix A—cb” is a block-lower triangular matrix with diagonal blocks 2

—1 @954
for j=1,...,n—1and x9, + 1/22,41. This shows that the restriction of p to 1 = 0 agrees

with that of fo,11.

For the corresponding statement with arbitrary m # 1, we use the symmetries of fy, 1
under the action of a dihedral group of order n with the cyclic action j — j + 2 (identifying
2n+j = j for j > 2 and reflection n + 1 — j <> n + 2 — j. There is some element of this

group that moves m to 2n + 1, and we can take the image of the representation above. [

To show that f5,,1 does not belong to Is,.1, we will use the following:
Lemma 3.8.5. The set of polynomials
fn = {f < IF{X]MA . fOT all Z,] € [n],Am(f) = Gij * hij fOT some gij, hi]’ S Falg[X]MA}

is Zariski closed in F[x]ya = F2"  where F¥¢ denotes the algebraic closure of IF.

Proof. The set of multiquadratic polynomials in F%[x]y;q that factor as the product of

two multiaffine polynomials is the image of F*2[x|ya x F¥8[x|y\io under (g,h) — g - h.
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1+ 1 = 0 = 0 =+
1 0 0 0
1 as++ 1 L o L .
20 o o 1 z3 0 0 0
- 3
T7 0 z3 1 0 1 0 . . 0
0 0 1 z4 1 0 - ) .
T 0 0 0 xT5 1
é 0 %7 —1 ZC6+%7
-1 0 0 0 -1 =z

Figure 3.2: The matrices B (left) and A — cb” (right) in Lemma [3.8.4|for 2n + 1 = 7.

Since this map is bilinear, it follows from the projective elimination theorem that the set
{q € F¥¢[x]|\iq : ¢ = g - h for some g, h € F*¢[x]\a} is Zariski-closed in F*8[x]yq.

Pulling back by the map A;;, it follows that for each ¢,j € [n], the set of polynomials
[ € F8[x|ya for which A;;(f) factors as the product of two multiaffine polynomials is
Zariski-closed, as is their intersection over all i, j € [n]. It follows that its intersection with

F[x]ma is Zariski-closed F[x]ya- O

Theorem implies that the image of F"*" under the principal minor map is a subset
of the variety F,,, although as Example [3.3.2| shows, this containment can be strict. In order
to show that f5,,1 does not belong to the variety of I, 1, it suffices to show that fs,,1 does
not belong to Fo,41.

Recall that for f =5 SCln] asx™\5 the coefficient vector of f is defined to be
coeff(f) = (as)scp € F2.

Proof of Theorem|[3.8.2. For convenience, let f = f5,.1. Let P € Iy, be a homogenous
polynomial vanishing on the image of F?"*?" under the principal minor map. Let () denote
the image of P under inclusion into Flas : S C [2n + 1]]. Note that @ only involves ag with
2n+1 ¢ S. Since our indexing of coefficients is inclusion reversing, we see that the evaluation

of @ at the coefficient vector of f depends only on coefficients of monomials containing xo,, 1.
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In particular, its evaluation at the coefficient vector of f equals the evaluation of P at the

coefficient vector of derivative of f with respect to xg,.1, i.e.

Q(coeff(f)) = P(coeft (Of /0xani1)). (3.8)

If F is finite, it suffices to replace it with any infinite field extension, such as F(t) or
Fale. Let (y,7) € SLy(F)* ™! % So,41, with v generic, where F#& denote the (necessarily
infinite) algebraic closure of F. We can write (v, 7) as the composition of elements (7, 7) in
SLy(F)*™ x Sy, and (Yon41,0), where Yo, 11 = (Z Z) € SLy(F) acts on z9,.1 and o is the

transposition o = (m(2n + 1)) € Sap41. Then

aTnt1+0

3 s m+41, y L2ny Lm
CTopy1 +d )

(Yont1,0) - f = (cxops1 +d) f ($17 con sy Tm—1

By the genericity of v, ¢ # 0 and
0

ax2n+1

((onr,0) 1) = ef|(a,, = a/e, 2anss = wm}

Call this polynomial g. The coefficient A of Hf:l z;in gisa+cform =1 and a for m > 1.
In either case, we can assume it is nonzero by the genericity of ~.

By Lemma for m = 1 and Lemma for m > 1, the polynomial % g is determi-
nantal and its coefficient vector belongs to the image of the principal minor map. Since the

image of the principal minor map is invariant under the action of (SLy(F)?" x Sa,), by (3.8)),

0 = P(coeff(g)) = P(coeff((7,7) - g)) = Q(coeft((y,m) - f)).

This shows that the coefficient vector of f belongs to the variety of (SLy(IF)?" ™ x1 Sop,41) - Iop.
On the other hand, we calculate that

2n

Aa(f) = (z3 — 2041) H(xile +1).

=3
These form a cycle of length 2n — 1 of irreducible bivariate factors, which cannot be factored
as the product of two multiaffine polynomials. It follows that f does not belong to the variety

Font1 from Lemma [3.8.5 which, by Theorem [3.3.1], contains the variety of Ip,. O



89

The polynomial fy, 1 shows that the orbit of the ideal I, under (SLy(F)?" ™! x So,,1)
is not enough to cut out the set of polynomials f € F[xy,...,z2,41] all of whose Rayleigh
differences factor as the product of two multiaffine polynomials. As Example shows,

even this is not enough to cut out the image of the principal minor map.
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Chapter 4

A GENERALIZATION OF THE SPACE OF COMPLETE
QUADRICS

This chapter is joint work with Mario Kummer and Miruna-Stefana Sorea appearing in

Matematiche (Catania) [3].

4.1 Introduction

Let h € R|xy, ..., z,] be a homogeneous polynomial of degree d. We will always assume that
there is no invertible linear change of coordinates T" such that h(Tx) € Rlz1,...,x5_1]. The

gradient map of h is the rational map

0 0

Vh:P* ! s P 2 [Vh(2)] = [a—xlh(w) Deee axnh(:c)]

It is a regular map on the open subset U C P"! of all points where h does not vanish.

Its graph T, is the Zariski closure of all pairs (z, VAi(z)) in P! x P"~! with z € U. In
this chapter we will study resolutions of singularities of I'j, for certain h and thereby address

Question 43 in [60]:

Question 43. Can we define a generalization of the space of complete quadrics where the
role of the symmetric determinant is played by an arbitrary hyperbolic polynomial h? Such

a manifold could be a canonical resolution of the graph of the gradient map of h.

One motivation for this questions is the study of so-called hyperbolic exponential families
in [52] where the gradient map plays a prominent role. While the construction we present
in this article is motivated by the theory of hyperbolic polynomials, hyperbolicity plays a
subordinate role in the rest of the paper. Instead, other properties such as M-convexity will

matter.
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In the case when h = det(X) is the determinant of the n x n generic symmetric matrix
X, such a resolution of singularities is given by the space of complete quadrics. For any
integer 0 < ¢ < n and any symmetric matrix A € S™ we denote by A'A € s(1) the repre-
senting matrix of the linear map A‘R™ — A'R™ induced by A. Note that A’A is nonzero if
det(A) # 0. Now the space of complete quadrics Qqe x is the Zariski closure of all tuples
([A], [N2A], ..., [N A4]) in P(S™) x P(S(3)) x -+ - x P(S(:22)) x P(S") with A invertible. The
projection of 4. x onto the first and the last coordinate is a birational map onto I'get(x)-
Moreover it was shown for example in [49] that Q4e x is smooth.

Here we will define a variety 2, for an arbitrary homogeneous polynomial h € Rz, ..., ;)]
together with a regular and birational map to I'j, which agrees with the space of complete

quadrics when h = det(X) is the determinant of the generic symmetric matrix. Before we

give the definition of €2, we recall the definition of a hyperbolic polynomial.

Definition 4.1.1. A homogeneous polynomial h € R[zy, ..., x,] is hyperbolic with respect
to e € R™ if the univariate polynomial h(te — v) € RJt] has only real zeros for all v € R™.

The hyperbolicity cone of h at e is
Ac(h) = {v € R": h(te — v) has only nonnegative roots}.

The prototype of a hyperbolic polynomial is the determinant of the generic symmetric
matrix det(X). Indeed, since a real symmetric matrix has only real eigenvalues, the polyno-
mial det(X) is hyperbolic with respect to the identity matrix I. The hyperbolicity cone of
det(X) at I is the cone of positive semidefinite matrices.

The entries of AF1X cut out the variety of symmetric matrices with rank at most k. For
a real symmetric matrix A the algebraic and geometric multiplicity of an eigenvalue agree.
Thus the rank of A equals to the degree of the univariate polynomial det(t/ + A). In fact
the same holds true when we replace I by any positive definite matrix. This shows that we
can express the degeneracy locus of the rational map P(S") --» P(S(kil)), [A] — [AMT1A] in
terms of the hyperbolic rank function of det(X):
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Definition 4.1.2. Let h € Rz, ..., x,] be hyperbolic with respect to e € R™. The hyperbolic

rank function of h is defined as
rank, . : R" — N, v — deg(h(e + tv)).

It was shown in [I5, Lemma 4.4] that rank, . = rank;, for any a € int(A.(h)). We let

d = deg(h), 0 < k < d and v € R". Then we have rank; .(v) < d — k — 1 if and only if all

*h

0z

kth order partial derivatives o7, Mk

— of h vanish in v. Lets denote by D¥, ... D* a basis
ik

of the span of all kth order partial derivatives of h. We consider the rational map
Ah P s Pl e

(@] = ([Di() - Dy (@), [D (@) 20 DREY (2)]).

mq—1

We define the variety €2, to be the normalisation of the image of this rational map. The
projection on the first and the last coordinate gives a birational morphism wy : €, — I'j.
Moreover, when h = det(X) is the determinant of the generic symmetric matrix, then Qqeq(x)
is isomorphic to the space of complete quadrics as defined above and thus €ge(x) is smooth
in that case.

Another important example for hyperbolic polynomials are the elementary symmetric

polynomials.

Theorem 4.1.3. Let 04, be the elementary symmetric polynomial of degree d in n variables.

Then Qg, . s a smooth toric variety.

It is well-known that o4, is hyperbolic with respect to every point in the positive orthant.
Such polynomials are called stable. The theory of stable polynomials connects nicely to

discrete convex analysis [54]. We denote by d; € Z" the kth unit vector.

Definition 4.1.4. A nonempty set of integer points B C Z" is called M -convex if for all
x,y € B and every index ¢ with x; > y;, there exists an index j with z; < y; such that

.:1:—(5l+(5]€Bandy+5l—5]€B
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Theorem 4.1.5 (Theorem 3.2 in [13]). Let h € Rxy,...,z,] be a homogeneous stable poly-

nomial. Then the support of h is M-convex.

In Section 4.5| we will give a sufficient criterion for 2, being smooth when the support of
h is M-convex. We will apply this criterion for proving Theorem [4.1.3] However, there are

also stable (and thus hyperbolic) polynomials h for which €, is not smooth.
Example 4.1.6. Consider the polynomial
h=w2x + 4y + 7z) (4 + 2y + 72)

+a3 4+ 112%y + 1lay® + y3 + 15222 + 46xyz + 1592 + 37222 + 37y2* + 2125

One can check that h is stable. Further, using the the computer algebra system Macaulay?2 [33],

one checks that €2, is not smooth.
4.2 A simple polymatroid

In this section we prepare the proof of Theorem [4.1.3] Recall that a polymatroid on the

ground set [n] = {1,...,n} is a function r : 2"l — Z-, such that for all S,T C [n] we have:
L r(S)<r(T)if SCT,
2. r(SUT)+r(SNT) <r(S)+r(T), and
3. r(0) = 0.

If further r({i}) < 1 for all ¢ € [n], then r is called a matroid. The second property is usually
called submodularity. We call the number d = r([n]) the rank of r. See [74, Chapter 18] for

a general reference on the theory of polymatroids.

Example 4.2.1. Let h € R[zy, ..., x,] be hyperbolic with respect to e € R". The function
that sends S C [n] to rank; (D ;.4 d;) is a polymatroid [15, Proposition 3.2].
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For all 0 < k < d the kth truncation ry is the polymatroid defined by
r,(S) = min(d — k,7(S5))

for all S C [n]. It follows directly from the definition that the sum of polymatroids is again

a polymatroid. We define the following polymatroid
r=7r9+...+1rg.
To every polymatroid r one associates the independence polytope
P(r)={z € (Rso)": le < r(S) for all S C [n]}.
ics
The goal of this section is to show that for every polymatroid r on [n] the polytope P(T)

is simple. A characterization of polymatroids, whose independence polytope is simple, was

given in [32, Theorem 2|. The following lemma will enable us to apply this criterion.

Definition 4.2.2. Let r be a polymatroid on [n]. We say that a subset S C [n] is r-

inseparable if for every two disjoint and nonempty subsets 51, Sy C [n] with S = 5, U Sy we

have r(S) < r(Sy) + r(S2).
Remark 4.2.3. If |S| < 1, then S is r-inseparable for every polymatroid r.

Lemma 4.2.4. Let r,r’ be polymatroids on [n]. If S C [n] is r-inseparable, then S is (r+r')-

inseparable.

Proof. Assume that S is not (r + 7/)-inseparable. Let () # S;,S3 C [n] such that S is the
disjoint union of Sy and Sy. If r(S) + r'(S) > r(S1) + r'(S1) + r(S2) + 7'(Sz2), then by
submodularity of " we get r(S) > r(S1) +7(S2) which shows that S is not r-inseparable. [

Remark 4.2.5. Let |S| > 2 and let 2 € [n] be a loop of r,i.e. r({z}) =0. If z € S, then S
is not r-inseparable: r(S) = r(S\ {z}) + r({z}).

Lemma 4.2.6. Let S C [n] with |S| > 2 and r a polymatroid on [n|. Then S is F-inseparable

if and only if S does not contain a loop of r.
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Proof. We first observe that = € [n] is a loop of r if and only if z is a loop of all truncations ry,
and thus of 7. Now the “only if” direction follows from Remark |4.2.5] For the “if” direction
assume that S does not contain any loop of r. By Lemma it suffices to show that S is

rq_i1-inseparable. This is clear since
Tdfl(S) =1<2= T’d,1<Sl> -+ T’d,1<82)
for all nonempty subsets Sy, S; C S. H

Lemma 4.2.7. Let r be a polymatroid on [n] of rank d. Let S,T C [n] such that
1.SNT#0,S¢T, T¢S,
2. 7(SNT) <7(S), 7(SNT) <7(T), and
3. the sets S, T, S UT are T-inseparable.

ThenF(SNT)+7(SUT) <7(S)+7(T).

Proof. We proceed by induction on d. We first show that for d < 1 there are no subsets
S, T C [n] satisfying (1), (2),(3). If d = 0, then r and 7 are both the zero function. Thus
there are no subsets S,T" C [n] satisfying (2). If d = 1, we still have r = 7. Condition
(1) implies that |S| > 2. Thus (3) and Lemma imply that S contains no loop of r.
Therefore, we have r(S) = r(SNT) =1 contradicting (2).

Now let d > 1 and assume that the claim is true for the polymatroid ry of rank d — 1.
We assume for the sake of a contradiction that S, T C [n] satisfy (1), (2),(3) but 7(SNT) +
T(SUT) =7(5) +7(T). Again (1) implies that |S| > 2. So by (3) and Lemma [4.2.6| the set
S UT contains no loop of r. Since d > 1, this implies that S U T contains no loop of r; as
well. Thus again by Lemma the sets S,T,S UT are Ti-inseparable. By submodularity

and because ¥ = r + 7] we have

r(S)+r(T)=r(SNT)+r(SUT) and 7(S) + 7 (T) =71(SNT)+ 7 (SUT).
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So by induction hypothesis we have without loss of generality that 77(SN7T) = 71(S), which
implies 71 (S NT) = r(S), and 7(SNT) < r(S). Thus we must have r(S) = d and the
equation

d+r(T)=r(S)+r(T)=r(SNT)+r(SUT)=r(SNT)+d
implies that r(7") = r(SNT). This in turn shows that 7(T") = 7(SNT) contradicting (2). O

Lemma 4.2.8. Let r be a polymatroid on [n| of rank d. Let k > 2 and S,,..., S, C [n]
nonempty and pairwise disjoint. Let S C [n] T-inseparable with U¥_|S; C S and 7(UF_,S;) =
7(S). Then 7(UE,S;) < S5 7(S,).

Proof. We first observe that since |S| > 2 and S is T-inseparable, Lemma implies that
S contains no loop of r. Thus each S; also contains no loop of 7.
We proceed again by induction on d. If d = 0, then there every element is a loop

contradicting the assumptions. If d = 1, then we have
k
PULS) =1<2<k=> T(5)
i=1

Now let d > 1. Then because S contains no loop of r, it also contains no loop of r;
which shows that S is T-inseparable. Further UF_,S; C S and 7(UF_,S;) = 7(S) imply that
71(UE_,S;) = 77(S). By induction hypothesis we have 71(UE_, S;) < S2F_ 77(S;) which implies

the claim because r = rq is submodular. O
Theorem 4.2.9. Let r be a polymatroid on [n|. Then the polytope P(F) is simple.

Proof. A characterization of simple independence polytopes of polymatroids was given in
[32, Theorem 2|. It says that the polytope P(7) is simple if and only if the conclusion of the
two preceding Lemmas [4.2.7| and [4.2.8| holds. [

We will be interested in the base polytope of a polymatroid rather than in its independent
polytope. If r : 2"l — R is a submodular function, then its base polytope B(r) is defined as

B(r) ={z € (Rxo)": > x; < r(S) for all S C [n] and Zx = r([n])}.

i€S
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Corollary 4.2.10. Let r be a polymatroid on [n|. Then the polytope B(T) is simple.

Proof. Clearly, the base polytope is a face of the independence polytope. Thus the claim
follows from Theorem [£.2.9 ]

Remark 4.2.11. Taking the sum of submodular functions is compatible with taking the
Minkowski sum of their base polytopes [54, Theorem 4.23(1)]. Thus if 7 is a polymatroid on
[n] of rank d. Then we have that B(F) = B(rg) + ... + B(rq).

We end this section with describing the polytope B(7F) explicitely when r is the rank

function of a matroid. We start with the following easy lemma.

Lemma 4.2.12. Let r = rpq be the rank function of a matroid M of rank d on [n|. There
is a basis B of M such that for all i € [n] we have
. . 1 ifieB
a; :=r([i]) = r(li —1]) =
0  otherwise.
Proof. Since M is a matroid of rank d, we have a; € {0,1} and B = {i € [n] : a; = 1}
has cardinality d. Let k; < --- < k; the elements of B. We show by induction on m that
I, == {k1,... , ky} is independent. Assume that I,,,_; is independent. Since r([kn]) = m
there is an independent subset I of [k,,] of cardinality m. Thus there is an element e € I\ 1,,_;

such that I,,,_1 U {e} is independent. Since r([k,, — 1]) = m — 1, we must have e = k,,. [

Proposition 4.2.13. Let r = rp be the rank function of a matroid M of rank d on [n].
The vertices of the polytope B(TF) are exactly those points v € R™ whose support is a basis of

M and whose nonzero entries comprise the numbers 1, ..., d.

Proof. Let v be a vertex of B(T). Then v is also a vertex of P(7). Then by [74, §18.4,

Theorem 1] there exists an integer 0 < k& < n and a bijection 7 : [n] — [n] such that
Upjy = T({m(1),...,7(j)}) — 7({n(1),...,7(j — 1)}) if j € [k] and vy = O otherwise.

Since v is a vertex of B(F), we can assume without loss of generality that & = n. Further,
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after relabeling, we can assume that 7 is the identity map. Now let B = {k1,...,k;} with
ki < --- < kq be the basis of M as in the preceding lemma. Then we have v; =d —m + 1 if
j =k, and zero if 7 € B. This shows that v is of the desired form.

Conversely, take v € R"™ whose support {i1, ..., 44} is a basis of M such that v;; = d—j+1
for j =1,...,d. Since v;; = 7({i1,...,4;}) —7({i1,...,4-1}) for j = 1,...,d and all other
entries of v are zero, it is a vertex of P(7) by [74, §18.4, Theorem 1]. One checks that
Yo, v; =17([n]), so v is a vertex of B(T). O

Example 4.2.14. For instance when M = U(2,4) is the uniform matroid on 4 elements
of rank 2, then B(r;) is the standard 3-simplex in R* and B(rg) is the octahedron whose
vertices are the permutations of (1,1,0,0) (and thus is not simple). The Minkowski sum
B(T) = B(ry) + B(r1) is simple by Corollary It is the truncated tetrahedron whose

vertices are the permutations of (2,1,0,0).

AN N

Figure 4.1: Lattice polytopes from Example 4.2.14

The figures were created using polymake [7].

4.3 Polynomials with M-convex support

Let h € Rz, ..., 2,] be a homogeneous polynomial of degree d and assume that its support
supp(h) C Z™ is M-convex (see Definition 4.1.4]). Recall that the Newton polytope Newt(h)
of h is defined as the convex hull of supp(h) in R™. The statements in the following theorem

are standard in the literature of polymatroids. Proofs can be found for example in [54] §4.4].
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Theorem 4.3.1. Consider the function py : 2" — Z>q defined by
pn(S) = max{z a; : a € supp(h)}
i€S
for all S C [n]. Then p, is a polymatroid of rank d, Newt(h) = B(pp) and supp(h) =

Remark 4.3.2. If h is stable, then all coefficients of h have the same sign, see e.g. [19]
Lemma 4.3]. This implies that for every e € (R-()" we have that
pn(S) = rankh,e(z )
i€s

as there can be no cancellation of terms.
An intriguing class of polynomials with M-convex support are Lorentzian polynomials.

Definition 4.3.3. Let h € R[zy,...,x,] be a homogeneous polynomial of degree d whose
support is M-convex and all of whose coefficients are nonnegative. Then h is Lorentzian if
for every iq,...,14_2 € [n] the Hessian of the derivative

ad—2

—F—h
8:151-1 s 83%72

has at most one positive eigenvalue.

Remark 4.3.4. Let us clarify the relations between the different classes of polynomials
that appeared so far. Let h € R[z1, ..., z,] be a homogeneous polynomial with nonnegative

coefficients. Then we have the following implications:

h is stable < h is hyperbolic w.r.t. every a € (Rsq)"
= h is Lorentzian
= supp(h) is M-convex
There are Lorentzian polynomials that are not stable [16, Example 2.3]. Furthermore,

not every homogeneous polynomial with M-convex support and nonnegative coefficients

is Lorentzian.
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Theorem 4.3.5 (Theorem 3.10 in [16]). A subset B C (Z>o)" is M-convex if and only if

there is a Lorentzian polynomial h € R[zy, ..., x,] with B = supp(h).

Lemma 4.3.6 (Corollary 2.11 in [16]). Let h € R[z1, ..., z,] be a Lorentzian polynomial and

e € (Rsg)™. The derivative

1s Lorentzian as well. In particular, the support of D.h is M -convex.

Lemma 4.3.7. If h € R[zy,...,x,] is Lorentzian of degree d and e € (R<)", then we have
for all 0 < k < d that (pp)r = Pk

Proof. 1t suffices to prove the claim in the case k = 1 because the general case follows from
an iterative application of this case.

Let S C [n]. Since D.h has degree d — 1, we have pp_(S) < d — 1. If p,(S) = d, then
there is an a € supp(h) such that ), sa; = d. For any j € [n] with o; > 0 we have
o = a—0; € supp(D.h) and thus pp_n(S) > d — 1. Now let p,(S) < d and « € supp(h)
such that ). o a; = pi(S). Since the degree of h is d, there must be an index j € [n]\ S
such that a; > 0. We have o/ = a — 0; € supp(D.h) and thus ppn(S) > pn(S). If
B € supp(D.h) satisfies pp,,(S) = >, Bi, then there is a j € [n] such that 340, € supp(h)
50 pp.n(S) < pr(S). 0

The following lemma connects the polymatroid p, with the variety 2.

Proposition 4.3.8. Let h € Rlxy,...,x,| be homogeneous of degree d with supp(h) being
M -convez. Consider the polymatroid r = py. For each 0 < k < d the set B(ry) NZ"™ agrees
with the set By of all a € Z™ such that the monomial [[_, xi" is in the support of a kth
order partial derivative of h.

Proof. Both 7, and By, only depend on the support of h. Thus we can assume without loss
of generality that h is Lorentzian by Theorem [£.3.5] Then for any e € (R-()" we have that

By, is the support of Dlgh because h has nonnegative coefficients. Thus By is M-convex by

Lemma [£.3.6] and the result follows from Theorem and the preceding lemma. O



101

Remark 4.3.9. Let h € R[zy, ..., z,| be homogeneous of degree d with supp(h) being M-
convex and let By, the set of all & € Z" such that the monomial [[}_, z is in the support

of a kth order partial derivative of h. Then it follows from the previous proposition and

Corollary that the Minkowski sum
B1 + ...+ Bd—l

is the set of lattice points in a smooth polytope. In general, if we drop the assumption of
M-convexity, this is no longer true. Consider for example h = a - ;23 + b - 3 with nonzero

a,b. Then By + By is the set of lattice points in a simple polytope that is not smooth.
4.4 Preliminaries from algebraic and toric geometry

In this section we revisit some notions and results from algebraic geometric that will be used
in the final section. Let A be a nonzero (m + 1) x (n + 1) matrix. Recall that a rational
map 7 : P" --» P of the form [z] — [Az] is called a linear projection and that the centre
of 7 is the linear subspace E of all [x] € P" such that Az = 0. Clearly, the rational map 7
is regular on P™ \ E. Thus if X C P™ is a projective variety with X N E = (), the restriction
f=m|x: X — w(X) is a morphism. This map f is finite, so in particular it has only finite
fibers. See [63], §1.5.3] for the definition and proofs. We will use the following standard facts

on finite morphisms which follow for example from [37, Lemma 14.8].

Lemma 4.4.1. Let f; : X; — Y;, i = 1,2, be finite morphisms of projective varieties. The
product map f1 X fo is also finite. If Y1 = Xo, then fy o fi is finite. If Z C Xy is closed,
then filz : Z — fi(Z) is finite.

Given a projective variety X, a normalisation of X is a normal variety X" with a finite
birational morphism v : X¥ — X. The normalisation is unique up to isomorphism. In
particular, if Y — X is a finite birational morphism from a smooth variety Y, then Y is the
normalisation of X because every smooth variety is normal. See [64, §II.5] for definitions

and proofs.
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We will especially consider toric varieties. The book [23] gives a comprehensive introduc-
tion to toric varieties and we will adopt their notation. For example, given a lattice polytope
P C R™, we denote by Xp the associated toric variety [23, §2.3]. Similarly, for any finite set
A C Z" of lattice points we denote by X4 C PMI=! the image of the monomial map whose
exponents are given by the elements of A. Note that in general X pnz» is not necessarily iso-
morphic to Xp but when P is a smooth polytope this is the case by [23, Proposition 2.4.4]:
A lattice polytope P C R" is called smooth if its associated toric variety Xp is smooth [23]
§2.4]. We further have:

Corollary 4.4.2. Let r be a polymatroid on [n]. Then the polytope B(F) is a smooth lattice
polytope.

Proof. By the Corollary to [74, §18.4, Theorem 1] the independence polytope P(F) is a
lattice polytope. Since B(T) is a face of P(F), it is a lattice polytope as well. Corollary
4.2.10| states that B(T) is simple and in [I8, Theorem 1.2] states that B(7) is a so-called

generalized permutohedron. Now the claim follows from [60, Corollary 3.10] which says that

a simple lattice polytope, which is a generalized permutohedron, is smooth. O

4.5 A sufficient criterion for smoothness

Let h € R[zy, ..., z,] be a homogeneous polynomial of degree d whose support is M-convex
with nonnegative coefficients and r = p,. Recall that we denote by D¥, ... ,Dfnk a basis of

the span of all kth order partial derivatives of h. For all 1 < k < d consider the rational map
AFh Pt s P 2] s [DY(2) 1 - - DE ().

By Proposition we can decompose the map A*h as 7, 0 f;, where f;, is the monomial
map associated to the polytope B(r;) (whose image is X g(,)nzn) and 7, the linear projection

given by summing the monomials in each D¥.
Example 4.5.1. Let h = 222y + 1123 + 2323 + 1120973 + ¥373. Then A'h(z) equals:

[201@9 + 23 + 20103 + T3 : TT 4 22179 + 2123 + 20973 © TT 4+ T1Ty + T3
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We further have fi : P? —-» P4 [z : @y @ @3] = [22 : 2129 1 213 23 wox3]. We label the
coordinates on P* by z;; where i and j keep track of the exponent of 1 and x5 respectively.
The image X of f1 is cut out by 210202 — Z112015 R11<210 — 220201 and Z%l — Z220202- Furthermore,

the projection 7y sends [z90 : 211 : 210 @ 202 @ 201] tO
2211 + 202 + 2210 + 201 ¢ 220 + 2211 + 210 + 2201 * 220 + 211 + Z02)-

The centre of 7 is spanned by [0: —1:0:1: 1] and [1: —1:1:0: 0] and is disjoint from

X. Thus m; restricts to a finite morphism X — P2

Proposition 4.5.2. If the centre of the linear projection my is disjoint from Xp,)nzn for
each 1 < k < d, then §y, is smooth. More precisely, it is isomorphic to the smooth toric

variety Xpe)-

Proof. Let P = B(77). By definition , is the normalisation of the image Y C Hd L Pl of
the birational map Ah(x) = (Ath(x),..., A% h(z)). Consider the rational map f : P*~! --»
[T PIBCONZ =1 given by f(x) = (fi(z), ..., fa_1(z)) and let 7 = [[°= 7. By construction

Ah factors as wo f. If we compose f with the Segre embedding of []¢=, PIBranz"I-1

we
obtain the monomial map associated to the Minkowski sum Zf:_ll B(r;) which is P by Remark
4.2.11, Thus the image of f can be identified with Xpnz» and Y is the image of X prz» under
the rational map 7 : []¢Z, PIBCO0Z"=1 __s T[4 P™i~1. Because P is smooth by Corollary
the variety Xpnzn is the smooth toric variety Xp. Letting F; be the centre of m;, this
rational map 7 is regular on U = Hf;ll (PIBUONZI=1\ [, Since the projection of Xp on the
ith factor PIBroNZ" =1 ig X B(ri)nzn, Which is disjoint from Ej; by assumption, it follows that
Xp C U. Thus restricting 7 gives a surjective morphism p = 7|y, : Xp — Y which is finite

is finite and by Lemma . Since Ah = po f is birational and f is

since each m; |XB(”_)QZH

birational, it follows that p is also birational. Thus Xp is the normalisation of Y. O]

Example 4.5.3. Consider the polynomial

h = 2® + 112%y + 11zy® + y® + 152%2 4 46xy2 + 1592 + 37x2% + 37y2% + 2123
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+w(292% + 902y + 29y* + 15022 + 150yz + 13722).

One can check that h is stable. Note that h has the same support as the polynomial in
Example but different coefficients. Using the computer algebra system Macaulay?2 [33],
one checks that conditions of Proposition are fulfilled and thus €2, is smooth. It is the
toric variety associated to the triangular frustum whose vertices are obtained by permuting
the last three entries of (0,3,0,0) and (2,1,0,0). Here the coordinates correspond to the

variables in alphabetic order.
Now let h = 04, be the elementary symmetric polynomial of degree d.

Lemma 4.5.4. The centre of the linear projection my is disjoint from Xp\nz» for each

1<k<d.

Proof. The lattice points of B(ry) are exactly the points v € R™ with d — k entries equal to 1
and all other entries 0. Thus B(ry) is the hypersimplex A;_;. We denote X = Xa, ,nz» C
P(a")~! and we label the coordinates on Pla")~! by zg for S C [n] of size d — k. Every
kth order derivative of o4, is an elementary symmetric polynomial of degree d — k in the
variables indexed by some subset T' C [n] of size n — k. Thus the centre E of 7 is the
common zero set of all linear forms Ly = 3 g7 51—4_, 25 for subsets T' C [n] of size n — k.
The statement of [52, Lemma 6.4] is that X is disjoint from the common zero set E’ of all

linear forms H; = 3 g (i sj=d_k 25 for i € [n]. We have for all i € [n]:

n+k—1-—4d
< 4 )-HZ-: Z L.
TC|

n\{i}, [T|=n—k

This implies £ C E’" and thus X is also disjoint from E. ]

Proof of Theorem[{.1.5 This follows from Lemma [4.5.4] and Proposition [4.5.2 O

Remark 4.5.5. By Proposition 4.2.13| we have that €}, is the smooth toric variety Xp

where P is the convex hull of all permutations of (1,...,d—1,0,...,0) € R™
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Remark 4.5.6. Fix some M-convex S C (Z>o)" and let V' be the vector space of polynomials
h with supp(h) C S. Note that there is an integer d such that any h € V' is homogeneous of
degree d. There are matrices A¥ whose entries depend linearly on the coefficients of h such
that, when supp(h) = S, the centre of 7 is the set of all [x] with A¥x = 0. Consider the

incidence correspondence
S = {([. [2]) € B(V) X Xz = Afz = 0},

This is a projective variety. Thus the projection of ¥, onto the first factor is a closed
subvariety Yy of P(V). By construction the criterion from Proposition applies to a
polynomial h € V with supp(h) = S if and only if [h] is not contained in any of the Y.
Therefore, depending on S, either Proposition |4.5.2] applies to no polynomial with support
S, or to a generic such polynomial. We say that S is torically smoothable if the latter is the
case. The support of the elementary symmetric polynomial o4, is torically smoothable by
Lemma Based on experiments we conjecture that S is torically smoothable at least

when S contains the support of o4,. This condition is empty when d > n.

Remark 4.5.7. If h has nonnegative coefficients, then we can assume the same for each DF.
Then the linear projection m is at least regular on the nonnegative part of Xpg(,,) as there can
be no cancellation of terms. Thus we have at least a regular map on the nonnegative part
of Xp(p) that maps birationally onto the graph I',  of VA restricted to the nonnegative
orthant. In general, even when h is stable, we cannot expect 7 to be regular on all of
XB(r,). Take for instance the stable polynomial from Example 4.1.6, In this case B(ry) is
the triangular frustum whose vertices are obtained by permuting the last three entries of
(0,2,0,0) and (1,1,0,0). Using Macaulay?2 [33] one checks that the centre of my intersects
the toric variety Xp(,) in a real point of the torus orbit corresponding to the face with

vertices (1,1,0,0),(1,0,1,0) and (1,0,0,1).

Remark 4.5.8. Let h € R[zy,...,x,] be hyperbolic with respect to € R™. In the spirit of

the preceding remark one can speculate whether hyperbolicity of h guarantees smoothness
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of Qy, at least at some distinguished subset. To make this more precise let U C P"~! be
the set of all [p] such that p is in the interior of A.(h). Since h does not vanish on U, the
gradient map Vh is regular on U. We can thus consider the subset C' = w;, ' (VA(U)) of .
We think it is reasonable to ask whether the Euclidean closure of C' contains only smooth

points of €2,.
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