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Department of Biostatistics

Risk prediction models are sometimes used to guide clinical decisions. Specifically,
a patient may decide for or against an intervention based on whether his/her estimated
risk falls above or below a critical threshold. When a risk model is used to make deci-
sions in this way, it is especially important that the predicted risks are well calibrated.
Miscalibrated risks are misleading and, moreover, reduce the clinical utility of risk-based
decision-making to the patient population. Risk model miscalibration can occur due to
overfitting or when a risk model is developed in one population and applied to another
population. Recalibration methods can be used to address risk model miscalibration,
but most methods do not account for how the risk model will be applied. We propose
a new method of recalibration that is designed for risk models that will be used for
risk-based decision-making. The method uses splines with a single, strategically placed
knot to add flexibility and target good calibration where it is most important: at the
critical threshold used for decision-making. We present simulation studies that compare
our proposed recalibration method to existing methods and demonstrate our method’s

ability to improve the clinical utility of risk models in a variety of settings.
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Chapter 1
INTRODUCTION

Risk prediction models that accurately estimate the probability of a binary health
outcome or event are valuable in medical settings and sometimes guide clinical decisions.
When deciding whether or not a specific intervention (e.g., a medical procedure, treat-
ment, or screening) is advisable, the decision may be informed by the patient’s predicted
risk of a negative event absent the intervention. A clinician or patient may opt for the
intervention when a risk model assigns a high predicted risk of the negative outcome.
Conversely, a patient may forego a certain medical procedure or intervention when the
predicted risk is low.

The magnitude of risk that merits intervention depends on the specific clinical con-
text and the consequences of the intervention itself. Based on such knowledge, experts
may establish a risk threshold across which different decisions are made. Specifically, pa-
tients with risks above the risk threshold are recommended to receive the intervention,
while patients whose risks fall below the threshold are advised to forego it. A classic
result from decision theory is that the risk threshold is directly connected to the relative
misclassification costs [Pauker and Kassirer, 1975, 1980]. A risk threshold of 50%, for
example, implies the consequences of either type of misclassification error - initiating an
intervention when it is unnecessary to the patient or foregoing an intervention when it
could benefit the patient - are equal. It would be unusual in a clinical context for the
two types of errors to have the same severity.

As an example, the American College of Cardiology (ACC) defined a threshold
of 7.5% for recommending statin therapy when considering 10-year atherosclerotic car-
diovascular disease (ASCVD) risk [Goff et al., 2014]. The 7.5% risk threshold implies

the benefit from giving statins to someone who would develop ASCVD is much greater



100-7.5

== = 12.3 times greater) than the harms or burdens of giving statins to

(specifically,
someone who will not have ASCVD. We provide further details of this relationship and

calculation in Section 2.4.

When risk predictions are combined with a risk threshold to make clinical decisions,
it is especially critical that the risks are well calibrated. Calibration means the predicted
risks align with event rates, i.e., among the individuals with a predicted risk of X%,
X% will have the clinical event without intervention. Miscalibrated risk scores mislead
clinicians and patients and lessen the value of risk-based decision-making [Baker et al.,
2012; Mishra, 2019; Van Calster and Vickers, 2015; Van Calster et al., 2019]. For
example, suppose a risk model for 10-year ASCVD risk systematically overestimates
risks such that among all those assigned a risk score of 10%, only 6% would have an
ASCVD event in 10 years even without any statin therapy. Presenting the score of 10%
misleads these individuals about their risk, perhaps producing undue worry and resulting
in excessive precautions. If following the ACC guidelines, these individuals would all
receive statin therapy. However, assuming the 7.5% threshold accurately represents
the benefits and burdens of statin therapy, treating these individuals is inappropriate.
Making risk-based treatment decisions using the overestimated risks lessens the value of

the risk-based treatment policy to the patient population.

One way miscalibration can occur is when a risk model is developed in one popu-
lation and then applied to another population, such as an ethnic group not represented
in the original population. In principle it may be ideal to develop a risk model espe-
cially for every population, but this is not always feasible and may be undesirable if the
original risk model is well-established. Another option is risk model recalibration. Recal-
ibration methods adjust the original (miscalibrated) risk scores to better reflect the new
population. Cox’s logistic recalibration [Cox, 1958] is the most common recalibration
method. However, logistic recalibration and most other recalibration methods are ag-
nostic about the way predicted risks will be used. When predicted risks will be compared

to a fixed risk threshold to make clinical decisions, we care most about calibration at the



risk threshold. As far as we know, the only recalibration methods tailored specifically
to this setting are weighted recalibration and constrained recalibration [Mishra, 2019].
In this work we provide another approach to risk model recalibration that incorporates
knowledge of the risk threshold to target good calibration in this most critical area.

In Chapter 2, we give an overview of calibration and existing recalibration methods.
Chapter 3 describes a new recalibration method for settings with a pre-established risk
threshold. Chapter 4 describes simulations for examining performance of this method
compared to other methods, the results of which are provided in Chapter 5. Finally, we

provide discussion in Chapter 6.



Chapter 2

BACKGROUND

2.1 Notation and set-up

Let RS denote a risk model for a binary outcome Y (e.g., death or ASCVD) based on
some predictor(s) X. Then RS = P(Y = 1|X) and we denote an individual’s risk score
as RS; = P(Y; = 1|X;) for patient 7. We use the terms “risk score” and “predicted risk”
interchangeably when referring to these predictions or estimated risks.

We refer to individuals who experience the outcome or event of interest (Y = 1)
as “cases” and those who do not (Y = 0) as “controls.” It is also helpful to define Z
= logit(RS) here, since recalibration methods often operate using the logit-transformed
risk scores rather than the risk scores on the probability scale.

For this paper, we assume there is some pre-existing risk model RS we wish to
recalibrate. We also assume there is a dataset on a sample of patients who did not
receive the intervention. The data contain patients’ risk scores and whether or not they
had the clinical event. Since our focus is recalibration, we are not concerned with the
details underlying risk model RS or its mechanism of estimating risks. However, we do
assume RS is “monotone” such that higher risk scores imply higher probability of the

outcome: RS; > RS; = P[Y; = 1|RS;| > P[Y; = 1|RS}].

2.2 Calibration

There are different notions of risk model calibration. In this paper, we say a risk model
is calibrated if it has “calibration in the moderate sense” as defined by Van Calster et al.
(2016). Calibration in the moderate sense means predicted risks agree with population

event rates. Mathematically, if risk model RS is calibrated at risk r, then P(Y = 1|RS =



r) = r. Calibration at r = 15%, for example, means among the subset of the population
assigned a risk score of 15%, the event should occur for 15% of them. If a risk model is
calibrated at all r, then we simply say that RS is calibrated.

If a clinical decision depends on patients’ predicted risks, it is desirable that these
predictions are calibrated, i.e., reliable and reflecting the observed rates of the outcome.
Miscalibration might manifest as systematically overestimated or underestimated risks.
One cause of miscalibration is heterogeneity between the setting used to develop a risk
model and the setting where it will be applied. Differences in prevalence, demographics,
changes over time, etc. might all lead to risk model miscalibration. For example, the
ACC ASCVD risk model showed a strong tendency overestimate risks when applied to
a Dutch (Rotterdam Study) cohort [Kavousi et al., 2014] and the MESA (Multi-Ethnic
Study of Atherosclerosis) cohort [DeFilippis et al., 2015]. Alternatively, a risk model
that is overfit may be miscalibrated in a different way, giving predicted risks that are too
low for patients at low risk and too high for patients at high risk [Harrell, 2015; Pepe et
al., 2015].

We can assess a risk model’s degree and nature of miscalibration with a calibration
curve that plots the observed event rate (vertical axis) across the predicted risk scores
(horizontal axis). The observed binary events are 0/1-valued, but estimated event rates
between 0 and 1 can be obtained by smoothing or averaging the outcomes by groups
with similar predicted risks. A loess (locally weighted least squares regression) smoother
is often chosen to obtain a calibration curve [Austin and Steyerberg, 2014; Harrell, 2015],
and we use loess smoothers to make calibration curves for examples in this paper. We
can compare a risk model’s calibration curve to the diagonal line with slope 1 to assess
miscalibration. Coincidence with the diagonal indicates calibration while deviations from
the diagonal indicate miscalibration.

When poor calibration is observed or suspected for a risk model in a certain popu-
lation, one approach is to develop or refit a new risk model. However, this may not be

feasible without sufficient data and resources. It is possible to instead retain the original



risk model - which may already be well-established and familiar to clinical users - but use
a method to correct or adjust the predicted risks to be better calibrated. This approach,

called “recalibration,” is described below.

2.3 Recalibration methods

A recalibration RS’ of a risk model RS transforms the risk scores by a monotone non-
decreasing function f : [0,1] — [0,1]: RS’ = f(RS). Requiring this monotonicity of f
guarantees the recalibrated risk scores maintain the same rank ordering as the original
risk scores. We would consider a non-monotone transformation that re-orders predicted
risks to result in a fundamentally different risk model, not a “recalibration” of RS.
The most prominent method of recalibration is Cox’s logistic recalibration [Cox,

1958], where the mapping from original to recalibrated risk scores follows

f(Z) = expit(ag + an Z).

We will refer to this method as “logistic recalibration” or sometimes “standard logistic
recalibration” to differentiate it from extensions of this method. As the name suggests,
the « coefficients are estimated from logistic regression of the outcome Y on the logit-
transformed risk scores Z = logit(RS). Thus, we obtain newly recalibrated scores by
scaling and shifting the original (logit-transformed) scores Z by &; and &y, respectively,
then acquiring the recalibrated risk scores via the expit transformation (inverse of the
logit). This mapping will be monotone non-decreasing - thus, a valid recalibration - when
ap > 0.

Another recalibration method is Beta recalibration, proposed by Kull et al. (2017).
Whereas logistic recalibration has one location and one scale parameter, Beta recalibra-
tion has one location and two scale parameters. This parameterization allows for more
flexibility beyond the familiar sigmoid shape of the logistic recalibration map; the Beta
recalibration map produces both symmetric and assymmetric shapes. In particular, the

Beta mapping from original to recalibrated risk scores follows



f(Wl, Wg) = expit(ao + a1W1 + OCQWQ)

where W) = log(RS) and Wy = —log(1—RS). The coefficients are estimated from logistic
regression of the outcome Y on W; and W5. The mapping is monotone non-decreasing
when both a;,as > 0. Note that when a; = as, the Beta recalibration method reduces
to standard logistic recalibration.

More flexible recalibration techniques exist, including non-parametric methods. Too
much flexibility, however, runs the risk of overfitting. Moreover, more flexible methods
may violate the monotonicity requirement. We are interested in parsimonious methods
where we can also ensure monotonicity of the transformation, such as the above logistic
and Beta methods. However, neither logistic nor Beta recalibration account for the
application of the risk model to clinical decision-making.

To our knowledge, the only recalibration methods tailored to this application are
Mishra’s “constrained logistic” recalibration and “weighted logistic” recalibration [Mishra,
2019], extensions of standard logistic recalibration. The constrained logistic method uses
the logistic recalibration map but estimates the intercept and slope parameters over a
constrained parameter space restricted to only those which produce “high” sN B, stan-
dardized Net Benefit (a measure of clinical utility: see Section 2.4 below). If standard
logistic recalibration produces a recalibrated model with high s/N B, the standard and
constrained logistic solutions can coincide. The following section provides more detail
regarding the clinical utility of risk models for deciding for or against an intervention

and how this relates to calibration.

2.4 Clinical Utility of Risk Models

Measures of clinical utility quantify how useful a risk model is to the relevant population
for making clinical decisions, taking into account the decisions’ costs and benefits. The
measure of clinical utility we use in this paper is standardized Net Benefit (sN B), which

incorporates the costs and benefits associated with a clinical decision as a weighted



average of true and false positive rates [Vickers and Elkin, 2006; Pepe et al., 2015; Kerr
et al., 2016; Vickers et al., 2016].

Suppose for outcome Y, we use risk model RS with risk threshold R to decide for
or against a clinical action (an intervention such as further screening, treatment, etc.).
Standardized Net Benefit is defined as

R 1—7

NB =TPRp — ——
5 R 1-R =«

FPRp (2.1)

where 7 is the prevalence of Y in the relevant population and T PR and FFPRg
are the true and false positive rates, respectively, associated with using the risk model
RS with risk threshold R.

As mentioned earlier, if the risk threshold R has been rationally selected, there is a
relationship between R and the cost and benefit of the intervention [Pauker and Kassirer,
1975, 1980; Vickers and Elkin, 2006]. In particular, for a cost C' of incorrectly intervening

R c

on a control and benefit B of correctly intervening on a case, the relation is 75 = %.

Thus, we can rewrite (1) with,

C1-
sNB=TPRp— -~ "FPRy (2.2)
B n
As an example, a risk threshold R of 10% implies % = é, i.e., the expected benefit to

a case of receiving the intervention is 9 times the expected cost or burden to a control of
receiving the intervention. Note the key quantity is the ratio % rather than the absolute
values of C' and B individually.

Notice that the highest possible value of sN B is 1 and would be obtained for a risk
model that perfectly discriminates between cases and controls. Therefore, sN B is often

considered on a percent scale. For example, a risk model with sNB = 0.5 = 50% means



that the model attains half the clinical utility of a perfect risk model. For reference, a
treat-none policy (foregoing intervention for everyone, uniformly) has sN B of 0.

It has been shown both empirically and theoretically that the clinical utility of a
risk model is closely related to its calibration. Simulations by Van Calster and Vickers
(2015) illustrate that miscalibration leads to lower clinical utility. Baker et al. (2012)
established theoretical results underlying the relationship between clinical utility and

calibration. Mishra (2019) expresses the theoretical connection in the following corollary:

Corollary 1 (sN B of risk-based treatment policies and calibration of RS at R):
Let RS be a monotone risk model for binary outcome Y. Suppose RS 1is used to select
individuals for an intervention based on RS > R, where R is a pre-specified risk threshold
that represents the benefits and harms of the intervention. Then RS has mazximum sN B

among all recalibrated versions of RS if and only if RS is calibrated at R.

Corollary 1 implies that it is important to have good calibration of the risk model
RS at the decision threshold R if the goal is to optimize clinical utility. Or conversely, a
method of recalibration that optimizes s/N B can be expected to yield a recalibrated risk
model that is calibrated at R.

In the next section, we propose a new approach to risk model recalibration that
focuses on good calibration at the clinically important risk threshold. The simple idea
is to add more flexibility compared to standard logistic recalibration and to target this

additional flexibility at the clinically important risk threshold R.
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Chapter 3
TARGETED SPLINE RECALIBRATION METHOD

We present a new method for risk model recalibration extending Cox’s logistic recal-
ibration to incorporate knowledge of the clinically important risk threshold R. Specifi-
cally, we propose fitting a linear spline with a single knot, where the known risk threshold
informs the knot’s placement. The overarching goal of the method is to improve the sN B
of the risk model. The method leverages the relationship between clinical utility and cal-
ibration at the risk threshold (Corollary 1) to accomplish this.

We begin with an overview of the relevant details regarding splines.
3.1 Splines

In general, a spline is a function formed by polynomial segments of degree D (order
D + 1) pieced together at ‘knots’ such that the function is continuous and, for higher
order splines, differentiable. Our proposed method will employ linear splines (degree
D = 1, order 2) which are composed of connected linear segments. In our method, a
single knot ‘k’ is specified so that the spline function is composed of two linear segments
meeting at ‘k.’

We use the spline basis known as the “truncated polynomial basis.” For a linear
spline with predictor z, outcome y, and a single knot k£ € (0, 1), this basis consists of

{s0, 51, $2} where:

80:1
S1 =T

§2= (¢ = k) X Ljazpy = (¢ = k)4
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Using this basis, the resulting spline has the form:

y = Bo + iz + [as2

Note that 31 gives the slope over the interval (0, k) and f; + B2 gives the slope over
the interval (k, 1).

3.2 Recalibration with Monotone Single-knot Linear Splines

The proposed method extends standard logistic recalibration, incorporating a single knot
for added flexibility. In Section 3.3, we describe our method for choosing the knot’s
location, but for now assume the knot’s location is known.

For a (logit-)linear spline with a single knot at k, we have the mapping

f(Z) = f(51(2),52(2)) = expit(Bo + f151(Z) + B252(Z))

from original to recalibrated risk scores, where s;(Z) = Z = logit(RS) and
$9(Z) = (Z — k) x liz>ky = (Z — k)4. This is similar to logistic recalibration, but addi-
tional flexibility is afforded by the knot. Logistic regression of outcome Y on s; = Z and
o 18 used to estimate the recalibration parameters (fy, 81, and [3). Thus, the mapping
f specifies that we obtain recalibrated scores by scaling the original (logit-transformed)
scores Z by Bl or Bl + Bg and shifting by Bo, followed by an expit transformation. (The
scaling factor Bl applies to Z < k, i.e., Z left of the knot and Bl + 52 applies to Z > k,
i.e., Z right of the knot.) This recalibration mapping is monotone when both B, and
By + By are > 0.

3.3 Knot Placement

Recall that Corollary 1 implies that we care most about good calibration at the risk
threshold R when we care about the sNB of the risk model. By definition, RS is
calibrated at R if P(Y = 1|RS = R) = R. Since our goal is to achieve the best possible

calibration at R, our method aims to place a single knot based on the location R* such
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that P(Y = 1|RS = R*) = R. In other words, to place the knot, we need to identify the
risk score of the miscalibrated risk model RS corresponding to event rate R. By virtue of
RS being miscalibrated, we do not expect to place the knot at R, i.e., we expect R* # R.

Figure 3.1 illustrates why we choose to place the knot according to R*. Risk score
RS is miscalibrated; in particular, at the critical risk threshold of 30% the event rate
is nearly 60%. The figure shows that the group with RS = 12% has event rate 30%.

Therefore, our method places a knot corresponding to R* = 12%.

0.8 1.0

0.6

Event Rate

02 = 0.4

0.0

I i I I I I I
00 R¥02 04 06 08 10

Risk Score (RS)

Figure 3.1: Calibration curve for risk score RS and choice of knot for targeted recali-
bration. The curve shows the rate of the clinical event by predicted risk RS. The group
with risk score RS = 12% has event rate equal to the critical risk threshold R = 30%.
Targeted spline recalibration chooses a knot corresponding to R* = 12%.

We estimate R* by considering a smoothing of the observed event rate in the dataset.
This smoothing can be achieved via LOESS regression of the outcomes Y; on the RS;.
In practice, we use the loess() function in R with the default smoothing span of 0.75

and polynomial degree option set to 1. We denote the smoothed event rate as o(RS;),
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following the notation of Mishra (2019). Then, our spline recalibration method’s choice
of knot corresponds to the R* that minimizes |o(R*) — R|. To compute R*, we first
find the risk score RS; in our data giving minimal |o(RS;) — R|. We can then search a
neighborhood of general values around this initial RS, to potentially obtain a R* that
further minimizes |o(R*) — R)|.

After estimating R*, we proceed to fit the linear spline as described in Section 3.2
with the knot k& = logit(R*), specifically. Since regression is on the logit-transformed
risk scores, we similarly transform R* to logit(f%*). Identifying R* utilizes knowledge of
the critical risk threshold R. By using this knowledge to place the knot, our single-knot
spline recalibration affords extra flexibility of the recalibration function in the critical

region.
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Chapter 4
SIMULATION STUDIES

4.1 Comparator Recalibration Methods

We will present the performance of our targeted single-knot spline recalibration method
compared with three existing parsimonious recalibration methods: standard logistic,
constrained logistic, and Beta recalibration.

In addition, we compare our method to single-knot spline recalibrations with dif-
ferent criteria for placement of the knot. The purpose of showing these alternative
single-knot recalibrations is to demonstrate that the advantages of our method do not
simply result from using a more flexible recalibration function. In other words, we wish
to demonstrate the importance of strategic knot placement that is informed by the goal

of using the risk model for a clinical decision. The alternative knot placements are:
1. The median risk score.
2. The median risk score among cases only.
3. The risk score equal to R.
4. The risk score corresponding to event rate equal to the prevalence.

For (1), the median of all the original risks RS; is taken as the knot location.
Similarly, for (2), this is done only among cases (those with the event, Y = 1). For (3),
we emphasize that this is where the original miscalibrated risk score equals R and not
where the observed event rate is R (which is our proposed method). For (4), we estimate
the prevalence of the outcome Y and use the same smoothing o(RS;) to estimate where

the observed event rate equals the prevalence. Note that (3) is the only knot location
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of the four that uses the clinically relevant risk threshold R, although it is not a very
sensible use of R since the risk score is miscalibrated.

For each method, we find the maximum likelihood estimates of the recalibration pa-
rameters over a constrained parameter space that guarantees the resulting recalibration
is monotone non-decreasing. For example, for the spline recalibrations, the parameter
constraint space is 1, 51+ 52 > 0. For estimation, we use the BFGS (Broyden, Fletcher,
Goldfarb, Shanno) algorithm for optimization along with a logarithmic barrier that en-
forces the constraints by penalizing values near the boundaries. This is implemented

with the constrOptim() function in R.

4.2 Simulation procedure

We simulate data across eight different settings exhibiting varying miscalibration behav-
ior and risk distributions. The data simulation procedure is adopted from Mishra (2019).
We first specify a mixture Beta distribution (3 sub-distributions) to generate true risks
pi- Then we generate outcomes Y; following Bernoulli(p;). We apply a monotone piece-
wise polynomial function g : [0,1] — [0, 1] to the true risks p; to obtain miscalibrated
predicted risks. Different “miscalibration functions” g produce different types of miscal-

ibration.

4.3 Simulation settings

We present eight examples. Four settings (Examples 1-4) are used in conjunction with
critical risk threshold R = 0.30. Each exhibits a different type of miscalibration. The first
setting (Example 1) is characterized by underestimated risk scores near the risk threshold
and overestimated risk scores elsewhere. Conversely, the third setting (Example 3) is
characterized by overestimated risks near the risk threshold and underestimated risks
elsewhere. The second setting (Example 2) illustrates overall underestimation of risk
and the fourth (Example 4) setting illustrates overall overestimation of risk.

The remaining four examples use critical risk threshold R = 0.075. Examples 5 and
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6 use the same miscalibration function and are characterized by overestimation of most
risks including slight overestimation near the risk threshold. Examples 5 and 6 differ
in the underlying Beta mixture distributions of the p;. Examples 7 and 8 also share a
miscalibration function and are characterized by underestimation at very low risks and
overestimation elsewhere, starting near the risk threshold. Examples 7 and 8 differ in
the underlying Beta mixture distributions for the p;.

The appendix provides more detail, including each setting’s underlying Beta distri-
bution (mixing and hyperparameters) and the functions ¢ used to induce miscalibration

of the risk scores.

4.4 FEvaluation

For each recalibration method, recalibration parameters (including knots when applica-
ble) are estimated from a simulated “training” dataset of size 500 or 1000. Performance
is always evaluated on an independent “test” dataset of size 10 million simulated from
the same data-generating mechanism. We use a large independent test set to essentially
eliminate small sample variability from our assessment of the methods’ performances, as
we are interested in the performance of the recalibrated risk model in the population.
Each recalibration function estimated from a training dataset is applied to the test
dataset’s miscalibrated predicted risks to produce recalibrated risks and calculate a cor-
responding sN B. Note that we calculate sINB based on a risk threshold of R = 0.30 for
Examples 1-4 and R = 0.075 for Examples 5-8. We also present illustrative calibration
curves (based on a single simulation for each example) to graphically compare calibration

of the original and recalibrated risk models.
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Chapter 5
RESULTS

We compare the clinical utility (s/NB) of recalibrated risk models produced by our
targeted spline method and by other recalibration methods. For each simulation set-
ting and recalibration method, we report mean (SD) of sNB over 1000 independent
simulations. The sN B values are reported in percent units (%).

For the spline recalibration methods, certain knot placements can result in the
situation where all individuals with risk scores below the knot are controls (Y = 0). That
is, there may be no cases to the left of the knot. This is most likely when the knot is close
to 0. In this situation, it does not make sense to fit a spline and estimate a slope over the
pre-knot region. If this happened in practice, we anticipate that one would choose not to
use a knot, which means reverting to standard logistic recalibration (estimating a single
slope parameter). Thus, whenever this situation arose, we substituted standard logistic
recalibration for the more flexible spline recalibration. When reporting results, we note
the number of instances out of 1000 simulations that a method reverted to standard

logistic recalibration.
5.1 Simulation Results

Tables 5.1 and 5.2 summarize the sN B of the recalibrated risk models for Examples 1
through 4 using training datasets with sample size N = 500 and 1000, respectively, and
R =0.3.

For Example 1, the original miscalibrated risk scores are underestimated where the
event rate is R = 0.3 and otherwise overestimated (see Figure A.1 for details). Figure
5.1 shows some illustrative calibration curves for a single simulation. The sN B of the

original risk model before any recalibration is 43.3%. We see that every recalibration
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method improves the sN B but targeted spline recalibration produces recalibrated risk
scores with the highest sN B on average. For either training set size, the average sINB
from targeted spline recalibration is about 51%, an absolute improvement of about 7%.
Standard logistic and constrained logistic recalibration perform similarly to one another
and only increase sN B by about 1-2% when N=500 and 2-3% when N=1000.

In Example 2, all original miscalibrated risks are underestimated (see Figure A.2
for details). Figure 5.2 shows calibration curves for a single simulation. The sNB of
the original risk model before any recalibration is 48.7%. Every recalibration method
improves the s/N B but targeted spline recalibration produces the best result, giving an
average sIN B over 53% with either size training set.

For Example 3, the original miscalibrated risk scores are overestimated near the risk
threshold R = 0.3 and underestimated elsewhere (see Figure A.3 for details). Figure
5.3 shows calibration curves for a single simulation. The s/N B of the original risk model
before any recalibration is 43.7%. Every recalibration method improves the sN B but
targeted spline recalibration produces the highest s N B, averaging about 51% with either
size training set.

In Example 4, all original miscalibrated risks are overestimated (see Figure A.4 for
details). Figure 5.4 shows calibration curves for a single simulation. The sN B of the
original risk model before any recalibration is 28.8%, a low starting value compared to
Examples 1-3. All recalibration methods increase the sNB by 12% or more on average,
including standard logistic recalibration. Targeted spline recalibration improves s/N B
the most, a couple percent beyond the improvement from using standard or constrained
logistic recalibration.

Tables 5.3 and 5.4 summarize sN B for simulation Examples 5 through 8 using
training datasets with sample size N = 500 and 1000, respectively, and R = 0.075.

For Example 5, all original miscalibrated risks are overestimated, including slight
overestimation near R = 0.075 (see Figure A.5 for details). Figure 5.5 shows calibration

curves for a single simulation. The sNB of the original risk model is 50.9%. Every
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recalibration method improves the sV B. Standard and constrained logistic recalibration
give very similar improvements with resulting sN B between 53% and 54% on average.
Targeted spline recalibration gives sN B near 58% for either sample size. The method
using a knot based on the prevalence slightly outperforms targeted spline recalibration
with an average sN B between 58% and 59%, the best performance of all the recalibration
methods for this example.

Example 6 has the same miscalibration behavior as in Example 5, where risks are
overestimated including slight overestimation near R = 0.075 (see Figure A.5 for details).
Figure 5.6 shows calibration curves for a single simulation. The sN B of the original risk
model is 56.8%. Every recalibration method improves upon this sNB by at least 7%.
Standard and constrained logistic recalibration both result in sNB of about 64% on
average. Targeted spline recalibration gives even greater sN B around 66-67% for either
sample size. The method using a knot based on the prevalence has the best performance
of all the recalibration methods, slightly outperforming targeted spline recalibration but
by less than half a percent sNB on average.

In Example 7, original miscalibrated risks are underestimated at very low values
and overestimated elsewhere starting near R = 0.075 (see Figure A.6 for details). Figure
5.7 shows calibration curves for a single simulation. The s/N B of the original risk model
is 59%. In this setting, we see standard and constrained logistic recalibration provide
virtually no improvement in sNB. Targeted spline recalibration improves the original
sN B by about one percent, with slightly larger improvement with more training data
(N=1000 versus 500). Several of the other recalibration methods produce results very
similar to the targeted spline recalibration method (Beta, knot based on prevalence, knot
at R).

Example 8 has the same miscalibration behavior as in Example 7 where very low risks
are underestimated and higher risks are overestimated, including risks near R = 0.075
(see Figure A.6 for details). Figure 5.8 shows calibration curves for a single simula-

tion. The sNB of the original risk model is 66.8%. In this setting, we see standard
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and constrained logistic recalibration provide no improvement in sN B. Targeted spline
recalibration improves the original sN B by over one percent on average. Targeted spline
recalibration yields the highest sNB among the recalibration methods. Several of the
other recalibration methods produce results very similar to the targeted spline recalibra-
tion method (Beta, knot based on prevalence, knot at R).

We also find that the sN B variability (SD) from our proposed method is usually
comparable to that of the other recalibration methods. In fact, for Examples 1-4, the
variability in sNB for targeted spline recalibration is always lower than for the other

methods.
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Table 5.1: Standardized Net Benefit of recalibrated risk scores for Examples 1-4 based

on training dataset of size N=500 and 1000 simulations.

sNB mean (SD)

Miscalibration Setting
Recalibration Method Example 1 Example 2 Example 3 Example 4
Original (uncalibrated) 433 48.7 43.7 28.8
Standard Logistic 45.0 (1.7) 51.4 (0.9) 46.3 (2.2) 41.5 (1.6)
Constrained Logistic 454 (1.9) 51.4 (0.9) 47.1 (2.3) 41.5 (1.6)
Beta calibration 47.6 (1.2) 52.5(1.0) 50.9 (0.7) 42.9 (1.3)
Single Knot Placement at:
Event rate = 0.3 50.9 (0.6) 53.7(0.7) 51.3(0.4) 43.3 (1.0)
(proposed method)
RS=0.3 49.4 (0.8) 52.8 (1.0) 51.0 (0.6) 42.5(1.4)
Median RS (all) 1473 (1.8) 252.2(1.1) 50.1 (1.0) 41.2 (1.9)
Median RS (cases) 48.4 (1.4) 52.2(1.2) 49.7 (2.1) 42.7(1.4)
Event Rate = prevalence 50.2 (1.5) 53.2(1.0) 51.2 (0.5) 42.5(1.6)

Knot placement resulted in zero cases in the pre-knot interval and method reverted to standard logistic recalibration,

out of 1000 simulations:
1) 14 times
2) 1time
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Table 5.2: Standardized Net Benefit of recalibrated risk scores for Examples 1-4 based

on training dataset of size N=1000 and 1000 simulations.

sNB mean (SD)

Miscalibration Setting
Recalibration Method Example 1 Example 2 Example 3 Example 4
Original (uncalibrated) 433 48.7 43.7 28.8
Standard Logistic 45.0 (1.2) 51.3(0.7) 46.2 (1.6) 41.6 (1.2)
Constrained Logistic 46.1 (1.9) 51.3 (0.8) 47.7 (2.0) 41.7 (1.2)
Beta calibration 47.7 (0.8) 52.6 (0.8) 51.0 (0.5) 43.1 (0.8)
Single Knot Placement at:
Event rate = 0.3 51.1(0.4) 53.9(0.5) 51.4(0.2) 43.6 (0.5)
(proposed method)
RS=0.3 49.4 (0.6) 52.9 (0.8) 51.0 (0.4) 42.7 (0.9)
Median RS (all) 1473 (1.3) 52.2(0.9) 50.1 (0.7) 41.3 (1.4)
Median RS (cases) 48.5 (1.0) 52.1(1.0) 50.4 (1.3) 43.1 (0.8)
Event Rate = prevalence 50.5 (1.0) 53.4 (0.7) 51.3(0.3) 42.8 (1.0)

Knot placement resulted in zero cases in the pre-knot interval and method reverted to standard logistic recalibration,

out of 1000 simulations:
1) 1time
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Table 5.3: Standardized Net Benefit of recalibrated risk scores for Examples 5-8 based

on training dataset of size N=500 and 1000 simulations.

sNB mean (SD)
Miscalibration Setting

Recalibration Method Example 5 Example 6 Example 7 Example 8
Original (uncalibrated) 50.9 56.8 59.0 66.8
Standard Logistic 53.4 (3.0) 63.9 (1.1) 59.0 (0.5) 66.7 (0.5)
Constrained Logistic 533 (3.2) 63.9 (1.2) 59.1 (0.5) 66.8 (0.6)
Beta calibration 55.2 (2.4) 65.1 (1.1) 60.0 (0.4) 67.9 (0.5)
Single Knot Placement at:
Event rate = 0.075 157.9 (2.1) 366.3 (1.8) $59.9 (0.8) 1268.0 (0.6)
(proposed method)
RS =0.075 254.4 (3.6) ©64.8 (2.2) 259.9 (0.4) 1368.0 (0.4)
Median RS (all) 3549 (3.1) 764.8 (2.1) 1959.1 (0.7) 1466.9 (0.5)
Median RS (cases) 55.4 (2.8) 64.2 (1.2) 59.1(0.9) 66.8 (0.5)
Event Rate = prevalence 458.4 (1.9) 366.7 (1.5) 1159.9 (0.7) 67.9 (0.6)
Knot placement resulted in zero cases in the pre-knot interval and method reverted to standard logistic recalibration,
out of 1000 simulations:

1) 9 times 8) 10 times

2) 258 times 9) 39 times

3) 175 times
4) 7 times
5) 1time

6) 189 times
7) 199 times

10) 142 times
11) 11 times
12) 3 times
13) 16 times
14) 198 times
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Table 5.4: Standardized Net Benefit of recalibrated risk scores for Examples 5-8 based
on training dataset of size N=1000 and 1000 simulations.

sNB mean (SD)

Miscalibration Setting
Recalibration Method Example 5 Example 6 Example 7 Example 8
Original (uncalibrated) 50.9 56.8 59.0 66.8
Standard Logistic 53.6 (2.0) 64.0 (0.8) 58.9 (0.3) 66.7 (0.4)
Constrained Logistic 53.8(2.4) 64.0 (0.8) 59.0 (0.4) 66.8 (0.5)
Beta calibration 55.5 (1.6) 65.2 (0.8) 60.1 (0.3) 68.0 (0.4)
Single Knot Placement at:
Event rate = 0.075 58.4 (1.7) 67.0 (1.5) 60.1 (0.4) 68.2 (0.3)
(proposed method)
RS =0.075 156.1 (3.1) 365.5 (1.6) 60.0 (0.3) 68.0 (0.3)
Median RS (all) 256.2 (2.5) 465.5 (1.6) 359.1 (0.4) ©66.8 (0.4)
Median RS (cases) 55.8(1.9) 64.2 (0.8) 59.1 (0.3) 66.7 (0.3)
Event Rate = prevalence 58.9 (1.4) 67.2 (1.1) 60.1 (0.4) 68.2 (0.4)

Knot placement resulted in zero cases in the pre-knot interval and method reverted to standard logistic recalibration,

out of 1000 simulations:

1) 91 times 4) 42 times
2) 30 times 5) 29 times
3) 39 times 6) 44 times
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Figure 5.1: Example 1 Calibration Curves and Original Risk Score Distribution from
one simulation (N=1000 observations used for estimating recalibration functions and 1
million independent observations used for constructing calibration curves). Calibration
curves are shown for original (uncalibrated) risk scores and recalibrated risk scores from
standard logistic, constrained logistic, Beta, and targeted single-knot spline recalibration
methods. The diagonal identity line represents perfect calibration and the gray lines mark
the critical risk threshold, 0.30.
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Figure 5.2: Example 2 Calibration Curves and Original Risk Score Distribution from
one simulation (N=1000 observations used for estimating recalibration functions and 1
million independent observations used for constructing calibration curves). Calibration
curves are shown for original (uncalibrated) risk scores and recalibrated risk scores from
standard logistic, constrained logistic, Beta, and targeted single-knot spline recalibration

methods. The diagonal identity line represents perfect calibration and the gray lines mark
the critical risk threshold, 0.30.
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Figure 5.3: Example 3 Calibration Curves and Original Risk Score Distribution from
one simulation (N=1000 observations used for estimating recalibration functions and 1
million independent observations used for constructing calibration curves). Calibration
curves are shown for original (uncalibrated) risk scores and recalibrated risk scores from
standard logistic, constrained logistic, Beta, and targeted single-knot spline recalibration

methods. The diagonal identity line represents perfect calibration and the gray lines mark
the critical risk threshold, 0.30.
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Figure 5.4: Example 4 Calibration Curves and Original Risk Score Distribution from
one simulation (N=1000 observations used for estimating recalibration functions and 1
million independent observations used for constructing calibration curves). Calibration
curves are shown for original (uncalibrated) risk scores and recalibrated risk scores from
standard logistic, constrained logistic, Beta, and targeted single-knot spline recalibration
methods. The diagonal identity line represents perfect calibration and the gray lines mark
the critical risk threshold, 0.30.
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Figure 5.5: Example 5 Calibration Curves and Original Risk Score Distribution from
one simulation (N=1000 observations used for estimating recalibration functions and 1
million independent observations used for constructing calibration curves). Calibration
curves are shown for original (uncalibrated) risk scores and recalibrated risk scores from
standard logistic, constrained logistic, Beta, and targeted single-knot spline recalibration
methods. The diagonal identity line represents perfect calibration and the gray lines mark
the critical risk threshold, 0.075.



30

Calibration Curves

e ] Risk Score .
—— Original (uncalibrated) il
Standard Logistic ‘
© Constrained Logistic -
. —{ —— Beta L7
© —— Targeted single—knot Spline ’
o © _
S o
€
¢ <«
oS
N
o
o |
S -
I I I I I I
0.0 0.2 0.4 0.6 0.8 1.0
predicted risk
Distribution of Risk Scores before Recalibration
o
<
T
g o
5
o
o ——
I I I I
0.4 0.6 0.8 1.0

predicted risk

Figure 5.6: Example 6 Calibration Curves and Original Risk Score Distribution from
one simulation (N=1000 observations used for estimating recalibration functions and 1
million independent observations used for constructing calibration curves). Calibration
curves are shown for original (uncalibrated) risk scores and recalibrated risk scores from
standard logistic, constrained logistic, Beta, and targeted single-knot spline recalibration
methods. The diagonal identity line represents perfect calibration and the gray lines mark
the critical risk threshold, 0.075.
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Figure 5.7: Example 7 Calibration Curves and Original Risk Score Distribution from
one simulation (N=1000 observations used for estimating recalibration functions and 1
million independent observations used for constructing calibration curves). Calibration
curves are shown for original (uncalibrated) risk scores and recalibrated risk scores from
standard logistic, constrained logistic, Beta, and targeted single-knot spline recalibration
methods. The diagonal identity line represents perfect calibration and the gray lines mark
the critical risk threshold, 0.075.
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Figure 5.8: Example 8 Calibration Curves and Original Risk Score Distribution from
one simulation (N=1000 observations used for estimating recalibration functions and 1
million independent observations used for constructing calibration curves). Calibration
curves are shown for original (uncalibrated) risk scores and recalibrated risk scores from
standard logistic, constrained logistic, Beta, and targeted single-knot spline recalibration
methods. The diagonal identity line represents perfect calibration and the gray lines mark
the critical risk threshold, 0.075.
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Chapter 6
DISCUSSION

The evaluation of risk models often focuses on discrimination, but calibration is an
important and distinct aspect of risk model performance. For example, the commonly
used performance measure AUC is a measure of discrimination but not a measure of
calibration or clinical utility; it is agnostic to the benefits and harms of true and false
positives [Vickers and Elkin, 2006]. Regardless of whether a risk model discriminates well
between cases and controls, if it is miscalibrated then it is misleading to clinicians and
patients [Van Calster et al., 2019]. Moreover, if the risk model is miscalibrated at a risk
threshold used for decision-making, then the clinical utility of the model is undermined.

We found that our targeted spline approach for risk model recalibration resulted in
improved sN B in a variety of situations. We provided evidence that these improvements
were not simply the result of a more flexible recalibration function, as our method per-
formed similarly to or better than other splines approaches with a single knot. We do not
claim that our method of placing the knot based on R is optimal in every application.
In fact, we discovered situations where other choice of knot offered small improvements
in sINB compared to our method. However, we claim that our method’s knot placement
is strategic. It makes sense to give the recalibration function maximal flexibility in the
area where we care about calibration the most.

We used linear splines in our presentation of targeted spline recalibration, but we
could have used higher order splines, e.g., quadratic or cubic splines. We chose to use
linear splines because our goal is to attain more flexibility than logistic recalibration
while still fitting a parsimonious function. We are primarily concerned with situations
where there is insufficient data to build a new risk model, so there would also be limited

data to fit a highly flexible recalibration function. Limited data mean that overfitting is
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a concern, so parsimony is important.

Our method involves smoothing the event rate across the risk scores RS; € [0,1]
to place the knot. We also explored smoothing the observed event rate on the logit-
transformed risk scores (Z; = logit(RS;)) to place the knot. Smoothing on the logit scale
and on the original, probability scale produced similar sN B results, although using the
probability scale tended to produce very slightly higher sN B of recalibrated risk models
in our examples.

We propose our targeted spline recalibration method when a risk model shows evi-
dence of miscalibration and the intended application is decision-making based on a clini-
cally established risk threshold. Our method extends standard logistic recalibration and
our simulation studies demonstrate it is a viable recalibration approach. Other methods
of recalibration performed similarly to our method in some settings, or better by very
slim margins in some settings. However, no method performed well as consistently as
our targeted method. We conclude that recalibration methods with a similar degree of
flexibility can outperform our method, but this is somewhat by chance. In contrast, the
targeted method uses what is known theoretically, that calibration at R imparts clinical

utility, and we have shown empirically it can indeed improve sN B in a variety of settings.
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Appendix A
SIMULATION SETTING DETAILS

The specific parameters and functions used to simulate true risks and miscalibrated
risk scores for each setting, Examples 1 - 8, are reported here. Table A.1 gives details of

the Beta mixture distributions. Figures A.1-A.6 show the miscalibration functions.
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True Risk
139232 z €10,0.1)
f3(x) =<¢ —0.1279% +0.764 2 €[0.1,0.54)

0.422° + 0.512 z € [0.54, 1]
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(Miscalibrated) Risk Score

1.0

0.6 0.8

0.4

0.2

Figure A.4: Example 4 Miscalibration Function

Example 4
| | | | | |
0.0 0.2 0.4 0.6 0.8 1.0
True Risk
139232 + 0.07 x € [0,0.15)
fa(x) =q —0.1279% +0.869 2 €[0.1,0.54)

0.38225 4 0.62 z € [0.54, 1]
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Figure A.5: Examples 5-6 Miscalibration Function

Examples 5 & 6

(Miscalibrated) Risk Score

True Risk

0.255(2.5x +0.003)%%6 — 0.0425  z € [0,0.04)
fs—6(x) = § 3.825(2.52)*37 4+ 0.09775 z € [0.04,0.24)
—0.17(2.52) %1 +1.02 x € [0.24, 1]
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(Miscalibrated) Risk Score

1.0

0.8

0.6

0.4

0.2

0.0

Figure A.6: Examples 7-8 Miscalibration Function

Examples 7 & 8

| I T 1 | |
0.0 0.2 04 06 0.8 1.0
True Risk
10023 x € 0,0.04)

freg(w) = ¢ 8291 =579 2 €[0.04,0.07)
204 x € [0.07,1]
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Table A.1: Details of Beta mixture distributions for generating true risks.
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Parameters of Beta mixture distributions used to generate true risks p; and the corresponding

overall event rates E (p;).

Mixing Proportion a p

Example 1
Subpopulation 1 0.33 0.6 19.4
Subpopulation 2 0.34 0.5 9.5
Subpopulation 3 0.33 4.0 4.0
E(p)) 19.2%

Example 2
Subpopulation 1 0.34 0.5 9.5
Subpopulation 2 0.33 1.0 8.5
Subpopulation 3 0.33 1.0 1.0
E(p)) 21.7%

Example 3
Subpopulation 1 0.34 1.0 19.0
Subpopulation 2 0.33 1.5 8.5
Subpopulation 3 0.33 1.0 1.0
E(p)) 23.2%

Example 4
Subpopulation 1 0.4 1.0 19.0
Subpopulation 2 0.4 2.0 18.0
Subpopulation 3 0.2 1.0 1.0
E(p)) 16.0%

Examples 5 & 7
Subpopulation 1 0.33 0.6 40.0
Subpopulation 2 0.34 0.5 20.0
Subpopulation 3 0.33 4.0 15.0
E(p)) 8.3%

Examples 6 & 8
Subpopulation 1 0.6 0.6 40.0
Subpopulation 2 0.2 1.0 20.0
Subpopulation 3 0.2 3.0 6.0
E(p)) 11.3%




