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Department of Mathematics

We prove a variant of the welding zipper algorithm converges for curves v C HU {0} that

¢

have Loewner driving functions & € C®?2*¢. Convergence holds whether one “zips up”
with straight line segments, circular arc segments orthogonal to R, or either of two energy-
minimizing curve families, or any combination of these. One of the energy-minimizing fam-
ilies is new, and we also prove some new properties of the known minimizing family. We
furthermore show the Loewner energy of a curve can be computed by means of the conformal
welding through the zipper welding energy. Lastly, we generalize a result of Bishop from T5

Weil-Petersson quasicircles to the p-integrable Teichmiiller space T, showing v € T, if and

only if v has p-summable S-numbers, for p > 2.
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Chapter 1
INTRODUCTION

While two components €2, * of the complement @\7 of a Jordan curve v = 02 = 90Q* are
conformally equivalent to the unit disk by Riemann’s famous theorem, the conformal maps
are rarely explicitly computable. Numerical approximations can be important in practice,
and the zipper algorithm is an umbrella term for two such computational methods. Both
give an approximate conformal map f : D — ; one through a discretization {z,..., 2,} of
7 itself, and the other through a discretization {(xz;, ¢(z;)} of the conformal welding ¢ of .
We call these the domain zipper and welding zipper, respectively.

This thesis presents a partial proof of the convergence of the welding zipper algorithm [
We consider the problem from the point of view of the Loewner differential equation and
prove that a small variation of the algorithm convergences for curves v C H U {0} with
Loewner driving function & € C%?t¢. In what follows, we explain the welding zipper in
§1.1 and then describe our convergence result and proof strategy in §1.2l We outline the
remaining results in the thesis in §1.3]

1.1 The welding zipper

Consider a welding ¢ determined by a finite Jordan arc v C HU {0}|f| , discretized at the

N(n)

nth stage into pairs {(2nj, Ynj) }j=1 > Where yn; = o(2,;) and

Tn,N(n) < Tn,N(n)—1 << Ty <0< Ynl < Yn2 < -+ < Yn,N(n)-

*Marshall and Rohde have convergence results for the domain zipper. Since our focus is exclusively on
the welding zipper, we do not discuss their work here, but refer the reader to [2§].

fThe usual context for conformal welding is S!, but we formulate the problem in H because it is a natural
setting for programming the algorithm. Weldings on the circle can be approximated in this way by first
transferring them to the real line.
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Figure 1.1: One zipper step with the straight slit family; the two intervals on either side of the
origin are welded together to a single line segment, with the data points x,1,y,1 joined at the
origin. The process is then repeated for the next closest points to zero. See Figure for other

curve options for a single zip.

How can you construct a curve ¢ such that 7¢’s welding ¢f satisfies ¢¢ (z,,) = yn; for all
1 <7 < N(n)? The welding zipper algorithm, invented by Don Marshall in collaboration
with Lennart Carleson in the early 1980’s, answers this by iteratively “zipping up” pairs
of data points. The idea is to fix a family of curves, such as straight line segments, and
begin with the pair z,; < 0 < y,,; closest to zero. “Zip up” the interval [z,1, y,1] with the
line segment 7,; that welds x,; to y,; together at 0 and sends 0 to the tip, by means of
applying the corresponding conformal map F,; : H — H\#,;. This welds the interval [z, 0]
to [0, yn1], taking them to the left- and right-sides of the curve, respectively, as in Figure .

After applying F,; to the data there are new points closest to the origin. Now repeat,
zipping up the next pair F,j(z,2) < 0 < F,1(yn2) with the curve which welds these together.
Iterate these zips to form a conformal map F) := F, yn) © -+ o Fj1 to the complement of
the constructed curve ;.

As the mesh {(x,;, yn;)} is refined as n increases, do the v; converge to v7 By construc-
tion, the computed weldings ¢, agree with the true welding ¢ at all z,,;, and since they

are also monotonic, it immediately follows that the ¢¢ converge uniformly to ¢; this much



e

U

fi

s

Figure 1.2: A curve constructed with a zipper-like process converging to a set with non-empty

interior.

is trivial. Numerical examples, however, show that this need not imply that «; converges
to 7. The question of convergence is basically whether or not the errors in ¢ spiral out of
control, leading to extreme oscillations and sub-sequential limits with non-empty interior,
as in Figure [1.2] The question of how to handle these errors is vexing, and up to this point
there have been scant convergence results for the welding zipper, even though it behaves

extremely well numerically.

1.2 Convergence result and the low of the argument

Our approach is to broaden the viewpoint and also consider the Loewner driving functions
of ¢ and -, not just their weldings. Using tools from the Loewner theory, we prove that the
welding zipper algorithm converges when run from a careful perturbation of the data which
replaces the welding discretization {(w,,yn;)} with shifted points {(zn; + &5}, Ynj + 055)

which we call the equilibria points.

Theorem 1.1. Let v be a finite Jordan arc in HU {0} with welding ¢ : [—a,0] — [0,b] and



driving function & € C***<([0,T]) for some ¢ > 0. Let

{Pn - (xn,N(n)v Ln,N(n)=1, - - 7];”1)}3021

be any sequence of partitions of [—a,0] that become finer and finer, in the sense that the

half-plane capacities of the corresponding curve segments satisfy
nh_)rgo zér%ajtvx(n) heap. (Tpj, Tnj-1) = 0. (1.1)

N(n
J=1

N(n)
j=1

There exists a small perturbation {(2,;+05;, Ynj+05;) } ) of the discretization {(@nj, ynj) }
of the welding ¢ such that the welding zipper algorithm run on the perturbed points con-
verges, in the sense that the constructed curves v, converge uniformly to v in their capacity
parametrizations on compact subsets of [0,T).

Convergence holds whether one zips up with straight line segments, circular arcs, either

of the two energy-minimizing curve families, or any combination of these curve families.

See Chapter [2| for unexplained terminology and notation. The idea behind the equilibria
points is to nudge the data so that the constructed driving function & on each zipper
increment has the same ending value as the driver ¢ for the true curve on the corresponding
increment. We explain the intuition behind this choice and how to carefully construct the
shifts 07,0, at the start of Chapter @ It follows almost immediately that running the
zipper from these shifted points builds curves 7 whose drivers £, converge to the true
driving function &, as we also show in Chapter [6] This is more data in our hand than mere
welding convergence. In fact, we prove in Chapter [4] that driver convergence is stronger than
welding convergence, a result we have jointly with V. Margarint and Y. Yuan. Combined
with tools from quasiconformal mappings and known results in Loewner theory, we show
in Chapter [7] that the convergence £ — & is robust enough to yield convergence of the
constructed curves ¢ — ~y, completing the proof of Theorem [I.1]

The organization of the rest of the thesis is as follows. We lay introductory groundwork in
Chapter [3]by giving infinitesimal expansions for the points welded by £ at time ¢+¢ in terms of

&(t). These receive heavy use, and enable us to precisely describe the equilibria shifts O (5Zj.
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Figure 1.3: The four curve families in Theorem welding the same points z < 0 < y. From left

to right in the lower picture: the EMW family, the circular arc family, the Wang minimizers, and

the straight slit family. See Chapter

In Chapter [5] we discuss the four curve families appearing in the statement of Theorem [I.1]
which are illustrated in Figure [[.3] In particular, we offer deterministic proofs for some
known properties of the curve from 0 to a point z € H which minimizes Loewner energy
among all such curves, the Wang minimizer, and prove several new properties, including
explicitly calculating its driving function; see Theorem [5.2] We also introduce a new family
and prove the existence and uniqueness of the curve which minimizes the Loewner energy
among all curves welding x < 0 < y, the EMW curve. We compute its energy and show that
all such curves, up to scaling and reflection, come from a single planar curve; see Theorem
and Figure[5.3] We also show in Lemma [5.7] that the orthogonal circular arc is, curiously,
a factor of exactly 9/8 away from the energy usage of both the above minimizing families.
We close Chapter [5] in by discussing the slowest and fastest ways to weld x < 0 < y
with a monotonic driver, which yields some interesting and open questions about what curve

families produce a convergent zipper algorithm.



1.3 Other results

This thesis also includes several auxiliary results. In Chapter [§| we introduce two ways to
compute the Loewner energy of a curve through the zipper algorithm, which we call welding
energies. We show in Theorems and that the ¢*-deviation from 1/2 of the “zipping
angle” y_ix of the next two equilibria points z + 9 < 0 < y+ d to be zipped up, what we call
the zipper welding energy, converges to a multiple of the Loewner energy. In Chapter [9] we
consider regularity of quasicircles «y in the p-integrable Teichmiiller space T},, and show that
v € T, if and only if the S-numbers for v are in ¢, for p > 2. This generalizes a result of

Bishop [5] from the case p = 2.



Chapter 2
PRELIMINARIES AND NOTATION

In this chapter we discuss the background material of conformal welding, the Loewner
equation, driving functions, Loewner energy, quasiconformal mappings and C"™“-classes. This
provides introductory explanation for the non-expert, establishes our notation, and sets the
stage for chapters [3] to [§] Because Chapter [J]is thematically distinct and uses notation not
found elsewhere in the thesis, we begin that chapter by reviewing pertinent background and

notation rather than including that material here.
2.1 Conformal welding

Consider a (closed) Jordan curve I' C C, dividing the plane into a bounded component (2
and an unbounded component €2*. These domains are simply-connected regions in C, and
hence have associated Riemann maps f : D — Q and g : D* — Q*, where D* := @\ﬁ
Because I' is Jordan both f and ¢ extend to be homeomorphisms of T := 0D onto I', and
so one may define the conformal welding associated to I' as the increasing homeomorphism
h: T — T given by g~! o f. Of course without further restrictions A is not unique: for any

two Mobius maps ¢1, @2 € Aut(D) = Aut(D*),

prlog tofop (2.1)
is another welding associated to I'. But if one fixes a normalization on both sides, such as
f(0)=w e Q, f/(0) >0 and g(co) = 00, ¢'(00) > 0, then all degrees of freedom in Riemann
maps, and hence the welding, are removed.

An intuitive way to think about the welding h is as an equivalence relation between

the boundaries of two copies of . Or, in the older, more picturesque vocabulary, a way



of “sewing” the disks together. When you “sew” along h, the resulting topological space
X := D][D/ ~y is a real 2-manifold homeomorphic to S?. But the fact that h arose
from conformal boundary data yields consistent complex coordinates on X, i.e. X is also a
Riemann surface. Indeed, the coordinates are obvious on the interior of either disk, and for
a point ¢ ~ h(¢) on the boundary, pull back a small disk D around f(¢) = g(h(¢)) into a
piece B := f~Y(QN D) and B* := ¢g~*(Q* N D). Then B]] B*/ ~}, is the neighborhood of
¢ ~ h(¢). Being a simply-connected, compact Riemann surface, X is thus conformally the
sphere, and the uniformization map ¢ : X — C draws a conformal image of ' as (0D).
More poetically, 1) smooths out the “wrinkles and folds” caused by sewing via h, yielding

the conformally-embedded version of the curve I' = ¢(T).

Mouving between weldings and curves

The association between I and h is rich merits further reflection. In the direction of I — h,
it is worth noting that, even after modding out by Md&bius maps as in , the map is not
one-to-one. See [44], for example, for discussion of some of the subtleties of this question.
In the other direction, moving from h to I', a deep question is what homeomorphisms h of
T arise from weldings. In other words, for which & is there a Jordan curve I" and Riemann
maps f, g from D to the two components of @\F such that h = ¢! o f? It is not possible
for every h. However, the “Sewing Theorem” of Lehto-Virtanen and Pfluger, for instance,
states that it suffices for h to be quasisymmetric. But this is not necessary. In fact, Bishop
[6] has shown that every orientation-preserving homeomorphism h of T is almost a welding,
in that it agrees with a welding on subsets of T of measure arbitrarily close to 2. The actual
statement is slightly stronger: there is a sequence of welding homeomorphisms {H, } such
that H, and H ' converge in measure to h and h™!, respectively. Or, put probabilistically, H,,
and H ;! both converge to h and h™! in probability, with respect to the uniform distribution
on T. Hence welding homeomorphisms are dense in measure among all homeomorphisms,

and perhaps this suggests that there is no clean way to characterize them.



Curve weldings

There is a similar notion of welding for Jordan arcs. Consider a simple (finite) curve v =
v([0,T]) € HU{0} with yNOH = {0}. Then H\~ is simply connected, so there is a conformal
map f : H\y — H with f(co) = oo and f(y(T")) = 0, unique up to dilation, which “opens
up” 7 onto two intervals about zero. More precisely, since  is locally connected, f~! extends
to be continuous on R, and there are two intervals I = [a,0] and I = [0,b] with a <0 < b
such that f~1(I;) = f~!(I3) = v, and each point of v has exactly two pre-images, one in [a, 0]
and one in [0, b], with the exception of «(7"), whose only preimage is zero. This establishes
a decreasing homeomorphism h of [a, b] defined via h(z) = y if and only if f~(z) = f~!(y).
Furthermore, h is idempotent and has zero as a unique fixed point. We will call such a
homeomorphism h a curve welding, or, when the context is clear, simply a welding.

The situation is similar for an infinite Jordan arc v C HU {0,000}, y N H = {0, 00} (a
situation we subsequently abbreviate by writing “y is a curve in (H,0,00)”). Just take a
Riemann map ¢ : @\7 — H which fixes 0 and co. As above, this will “open up” or “unzip”
7 into two halves, but now corresponding to the infinite intervals [—oo, 0] and [0, co], and

the resulting homeomorphism A is defined on all of R.

From a welding on T to a welding on R

Note that after approximation we may always consider ourselves to be in the case of a welding
on R as above, even starting with a welding on T. The idea is just to transfer the welding
h to R via Mobius maps. Indeed, pick two nearby points 6,6 € T and let A; and As be
the associated arcs A; := {e? : 0, < 0 < 6}, Ay == {e? : h(6) < 6 < h(h)}. Find
conformal maps f : D — H and g : C\D — —H such that f(4;) = g(43) = Rso. The
original welding h now gives an identification between the two copies of R belonging to H
and —H. Now isometrically weld (the images of) A; to Ay by replacing this with the identity
map between the two copies of Rsg. Then apply iy/z, arg(z) € (—m, 7], to open up the

identification on the copies of R<y to one between Ry and R>,. This gives a decreasing
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idempotent homeomorphism of R, just as in the case of the “curve welding” above. The
price paid is the isometric welding approximation on A; — As, which now corresponds to
the imaginary axis.

Another equivalent approach to this transferring is the following: given a (closed) Jordan
curve I' C C, approximate a small piece by a line segment, yielding a new closed curve T,
and then map the two components of the complement @\f to H and —HI, with the image of
the line segment going to R>q in both cases. Then apply i+/z.

The point is that, so long as a small approximation is acceptable, we may always consider
ourselves to be in the case of a welding ~A on R: a decreasing, idempotent map with a unique

fixed point at zero.

2.2 The Loewner equation, driving functions and Loewner energy

The Loewner equation and the correspondence between driving functions and simple curves
v C HU {z}, = € R is fundamental for our approach, and the story begins by considering
the Riemann map ¢ : H\y — H which fixes co. Note that since v C HU {x}, H\7 is simply-
connected and many such maps exist. Schwartz-reflecting across R yields a map which we
can view as defined on the Riemann sphere C save v and its conjugation v* := {z : z € v},
and which thus has a Taylor series at z = co. Because g maps R to R and is injective, we

obtain
aq 1
g(z):a_lz+ao+—+0<—2>, z — 00,
z 2

for some a; € R. We have two degrees of freedom in g if our only stipulation is that
g(00) = 00, and by post-composing by an appropriate Mébius map 1T'(z) = az+b € Aut(H) =
PSL,(R) that fixes oo, we obtain the unique hydrodynamically-normalized g, : H\y — H

that has expansion

g-(2) :z+—+0<—>, Z — 00, (2.2)
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for some b; € R. Note that g, is the unique element of the coset Auty(H) o g that satisfies

lim ¢,(2) — 2z =0,

Z—00

where Auto(H) = {T" € Aut(H) : T'(c0) = oo}, ie. all complex-affine maps with real

coeflicients.

2.2.1 Half-plane capacity
We define the coefficient b; in (2.2)) as the half-plane capacity hcap(y) of v. This is a
measurement of the size of v within H, “as seen from infinity,” in the sense that

heap(y) = lim z(g,(2) — 2),

Z—00

and in several other senses that we will see below. The half-plane capacity is strictly mono-
tonic: if 3 C 79, then heap(v;) < heap(yz2) [15, §A.4], and this allows us to parametrize our

curve 7 so that

heap(7([0,1])) = 2¢, (2:3)

which we call the Loewner- or half-plane-capacity-parametrization of v. Whenever we deal
with a curve and its driving function, defined below, we assume that it is thus parametrized
by capacity, and if we refer to the “time” or “Loewner time” or “capacity time” of a curve,
we mean ¢ in this parametrization. Note the Loewner time of ([0, ]) is  hcap(v([0,¢])) by
the normalization choice .

We sometimes wish to specify the half-plane capacity corresponding to a segment of the

welding ¢ : [a,0] — [0, ] of a curve 7. If [x1,25] C [a, 0], we write
hcap7($17,f2) = t2 — tl,

where when we weld by ¢ to create the curve 7y, xo corresponds to (t2) and x; corresponds

to ().
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It is simple but important to note how capacity changes under conformal maps T &

Auto(H). If b € R, we see from (2.2)) that the hydrodynamically-normalized map is

gr+(2) = g,(z = b) + b,
and so hcap(y + b) = hcap(y). If a > 0, we similarly have g,,(z) = ag,(z/a), and so

hecap(ay) = a® heap(7).
We mention in passing two other interesting expressions for hcap(«y) that can be derived

from ([2.2)). First, the Poisson integral formula yields

R
hcap(’y) = ;/_Oo Img'y (x)d.fl"
see [15, §A.4]. There is also a probabilistic interpretation from Lawler [I7, Prop. 3.41], which
says
heap(y) = lim yE¥(Im(B,)), (2.4)
Y—00

where E% (Im(B,)) is the expected value of the imaginary part of a two-dimensional Brownian
motion, started at iy, y > 0, and stopped at the first time 7 it leaves the domain H\~. Note
that this equivalently says

EY(Im(B,)) = hcan(y) +o(y™), y — o0. (2.5)

We give a similar stochastic interpretation of the driving function below in Lemma [2.2]
Compare and with and , respectively.

There are also purely geometric interpretations of half-plane capacity. Rohde and Wong
proved, for instance, that hcap(y) is comparable to the Euclidean area of the hyperbolic
neighborhood of v of radius one, and this leads to several other equivalent geometric de-
scriptions, see [34].

While there are other notions of capacity in complex analysis, in this thesis we always
mean “half-plane capacity” when referring to capacity unless we explicitly state otherwise.
Half-plane capacity can also be defined by for any compact H-hull K, that is, a bounded
set K C H that is relatively closed in H with H\K simply connected. It can be further
generalized for sets where H\ K is not simply connected through .
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Figure 2.1: The driving function A(t) of v([0,¢]) is where the attached hyperbolic geodesic “hangs
from infinity.” See Lemma

2.2.2  Three viewpoints on the driving function

When v is parametrized by capacity, we define g; := g,(o,) as the conformal map which
“maps down” the first part v([0,t]) of v in the hydrodynamic normalization. The driving
function A(t) of 7 is the image of the tip of the curve under g,

A(t) == lim g:(2). (2.6)

z—y(t)
z€H\y

When ~ : [0,7] — HU{z} is a simple curve, this is a well-defined, real-valued and continuous
function on [0, 7] with A(0) = z [I7, Lemma 4.2]. The driving function encodes 7 as a real-
valued function, as we will see below. While the most natural and intuitive definition of the
driver is as the image of the tip of the curve , we also present two other viewpoints.
The first is as the z-coordinate of how ~([0,¢]) “hyperbolically hangs from infinity.” The
idea is the following: enlarge ([0, t]) by attaching the hyperbolic geodesic I' in H\~v([0, t])
from ~(t) to co. Then A(t) is the asymptotic z-value of I" as you head to oo, as formalized
in the following Lemma and pictured in Figure 2.1} This was observed independently by the
author and by Rohde and Wang [33] Lemma 2.8]. Parametrize the curve v UT" by capacity.
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Lemma 2.1. lim, . Re(I'(s)) = A;.

Proof. Since g, is the identity at z = oo to order 2!,

lim Re(I'(s)) = lim Re(g:(I'(s))).

§—00 §—00
Note, however, that ¢;(I') is the hyperbolic geodesic in H from ¢;(y(¢)) = A(t) to oo, which
is simply the vertical line {Re(z) = A(¢)}. O

Our third viewpoint on the driving function is a stochastic interpretation paralleling .
This is implicit in Lawler’s work [I7, Prop. 3.43], but we explicitly work out the details.
We note that from the point of view of the conformal map f; := g, * : H — H\~([0,]), v =
7([0, ¢]) has two sides, corresponding to the two adjacent intervals [a(t), A(t)], [A(t),b(¢)] C R
that the boundary extension of f; maps onto . We call these the left- and right-hand sides
of v, respectively, and write them as vy_(t) and v, ().

Lemma 2.2. The hitting probability of the set v, (t)U[y(0), 00) of two-dimensional Brownian
motion By started at iy, y > 0, and stopped upon leaving H\y([0,t]) at time T satisfies

PY(B, €140 UB(0)00) =~ 2 o),y 27)
In other words,
A0) = lim (5~ PY(B, € 74(1) U (0), 00)). (2.8)

We thus see A(t) > 0 if Brownian motion is more likely to hit the left side of ¥ UR than
the right when started high up on the imaginary axis. Note also that the complementary

event yields the equivalent limit

Mt) = lim 7y (BY(B, € (~o0,7(0)] U7 (1) — 3 ).

Yy—00 2

Note also that the probability in (2.7)) is precisely the harmonic measure

w(iy, 7+ (t) U [7(0), 00), H)
of v+ (t) U [v(0),00) in H as seen from iy. Compare these formulas with the parallel results
for half-plane capacity in (2.4) and ({2.5).
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Proof. Let g be the hitting time of the real line. Using conformal invariance and the

hydrodynamic normalization ({2.2)) of g;, we have

P¥(B, is in the RHS of y UR) = P*@) (B, € [\(t), 0))
=P (B € [A(t) — Re(gi(iy)), 00))

= PO (B e [\¢) + O(1/y2), 0))
A(t) +O(1/y?)

=P (B,, € ,
(5 < [y oum )
1 1 A(t) + O(1/y?)
—Q—Warctan< y+O0(1/y) )
We obtain (2.8) by multiplying and taking the limit. ]

Example 2.3. The simplest example of a driving function is for the vertical line segment

vy = [0,7y], y > 0, where a map H\~, — H which fixes infinity is

2
2
\/zz—l—y?:z—i—y/ +0(z7%), Z — 00.

z

Hence the capacity parametrization for the imaginary axis is v(t) = 2iv/t, and the driving
function is A(f) = 0. Note that the vanishing of the driving function is clear without any

calculation from both Lemmas 2.1l and 2.2

See [I7, §4.1] for some more elementary examples of driving functions. We discuss the
driving function for an energy-minimizing curve family, circular arcs orthogonal to R, and
straight line segments in Chapter 5]

It is also helpful to consider how the driving function changes under the action of v —
T(v) for T € Aut(H). Let g; be the family of maps for the curve v : [0,7] — HU {z} with
driver \. If b € R, then the maps for v + b are g,(z — b) + b, and so the driver for v + b is
A+ b. If a > 0, the maps for a7y are ag,2;(2/a), and so we have to re-scale time by 1/a? to

maintain capacity parametrization, yielding the driver

t > aX(t/a?). (2.9)
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Hence drivers exhibit Brownian scaling; this plays an important role when the driving func-
tion is 1-dimensional standard Brownian motion.

Lastly, it is not known how the driving function changes under inversion v — —1/~ (if
~([0, T]) is not an infinite curve, first make it so by attaching the hyperbolic geodesic from
¥(T) to o0). The map v — A is very non-linear, as is the reciprocation map, and it is not
known how the original driver “spreads out” when the original curve is reciprocated. The

only thing known is a result of Wang [42] that the L2norm of A does not change under this
inversion, see below in §2.2.4

2.2.8 The Loewner equation and its variants

As mentioned above, the driver A encodes its curve v as a real-valued function. The mech-

anism for this is the Loewner differential equation, which says the time derivative ¢, of the
maps ¢; : H\7v([0,¢]) — H in (2.2)) satisfy
9(2) = ————, go(z) = z. (2.10)
gi(z) = At)
An intuitive approach to (2.10) is to consider mapping down infinitesimal slits using maps
similar to those in Example . Indeed, if our curve currently has its base at A(t), note that

the hydrodynamically-normalized map which maps down the slit [0, A(¢) + iAt] is

2AL (At)3
A0 +O<(z - A(t))3)’

V(z=A1)2 +4At+ \t) = 2z + z = 00,

which shows the time derivative . Thus we can view the Loewner flow generated by

as the composition of mapping down many infinitesimal slits. This is not a proof of

the Loewner equation, but it is a helpful intuition. See [I7, Ch.4] for an actual derivation.
Writing ¢g; = 2(t) + iy(t) in terms of its real and imaginary parts, we expand to

see

—2y(t)
x(t) — At))? +y(t)*’

&(t) = 5 and  y(t) = ( (2.11)

*I am indebted to Tao, [40], for this point of view.
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and so the flow of the image point z(t) +iy(t) as we map more and more of the curve down is
horizontally away from the line {Re(z) = A(¢)} and always vertically downwards. Far away
from the singularity there is very little movement, as we expect from .
Reversing the direction of the flow is achieved by the h; maps which satisfy
9
T h(z) =€)

where £(t) := A(T —t) is the reversed driving function. The following lemma makes precise

hi(2) ho(z) = z, (2.12)

what we mean by “reversing the flow” in the h; maps.

Lemma 2.4. Fiz T > 0. Then for any 0 <t < T,
hyt o gr_ = gr. (2.13)

Proof. Note that (2.13) holds when ¢ = 0. Differentiating the left-hand side with respect to
t yields a%(ht_ Yo gr_y) =0, and so (2.13)) actually holds for all ¢. O

So if we flow up with the h; map, the resulting curve segment in H is the partially-mapped-
down curve gr_¢(y([T'—t,T]). We will frequently re-center the reversed driver, and take £(t)
as AN(T'—t) — A(T") so that £(0) = 0. If this shifting matters, which version we use will be
clear from the context.

We will also need the centered versions of these flows. The centered downwards flow is

defined by

Gi(2) = gi(2) — A1) (2.14)
while the centered upwards flow by

Hi(z) :== hy(z) — £(1). (2.15)

Under ¢; and hy, infinity is fixed and there is local translation around the base of the curve
given by the driving function. For GG; and H; we subtract off that translation and hence fix

the base of the curve and “translate infinity,” meaning there is now a shift in the expansion
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(2.2). At points of differentiability of A and £ these become differentiable, and we see from
(2.10) and (2.12) that their differential equations are

Ci(z) = Gf(z) — A (2.16)
and
() = H:é) —£() (2.17)

When regularity is an issue, and are easier to work with because they do not
assume any regularity. When we have differentiability, and can be convenient,
especially as they mirror the zipper process of welding two points x < 0 < y together at the
origin.

The Loewner equation goes back to a 1923 paper of Carl Loewner (or Karl Léwner) [25],
where a parallel to was developed for the setting of the unit disk instead of H. Lowner
was working on Bieberbach’s 1916 conjecture that if f : D — 2 is a normalized conformal

map
f(Z) =z+ Zanzna
n=2

then |a,| < n for all n > 2. He used the disk Loewner equation for prove this for the third
coefficient, |az| < 3 (see the account in [9, §3.5]). The Loewner equation was also a crucial
tool used by de Branges when he finally proved the conjecture in 1984. The chordal equation
took on new importance when Oded Schramm used it as the setting for Stochastic
Loewner Evolution SLE, now usually called Schramm Loewner FEvolution in his honor, which
uses scaled Brownian motion y/kB; as the driver A(t) [35]. Among many other consequences,
SLE theory led to the first rigorous proofs for the conformal invariance of scaling limits of

several famous two-dimensional models in statistical physics [18].

2.2.4 Loewner energy

The Loewner energy is a measurement of the regularity of a curve v, and curves with finite

Loewner energy have “local curvature which is square integrable.” We will not make that
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statement precise, but refer the reader to [5] for geometric characterizations of finite-energy
curves which give this statement justiﬁcationm The Loewner energy is the sup over all
partitions of a certain difference quotient. A partition P of [0,T] is a list P = (to,t1,...,ts)
such that

O=ty<ti1i <---<t,=T.
Let I1]0, 7] be the collection of all partitions of [0, 7.

Definition 2.1. The Loewner energy I(y) = Ir(y) of a curve v on [0,7] with upwards

driving function ¢ is

I():= sup Z t_t]:;)). (2.18)

PEN0,T]

We may alternatively write I(&) for I(7y), or even I(\), as it is evident that the supremum in
is not changed if we replace the reversed driver £ in the sum with the usual driver .
The factor of 2 in the denominator in is a normalization choice by Wang [42] in order
to match the large deviations good-rate function for Brownian motion. We choose to follow
this convention. Observe that the sum in is monotonic in the partition: if P D P is

a refinement of P, then

N ) 2 t/' _ t/ 2
3 (6(t;) = (1)) _ > ((75 )/ 6(/] ) (2.19)
2(t; —tj-1) o 20—t )
It is also a fact from analysis that a driver £ with I7(§) < oo belongs to the Dirichlet space

on [0, T], which is to say & is absolutely continuous, £ € L2([0,T]) and

= %/OTé(t)th.

Example 2.5. Let ¢ : [0,1] — [0,1] be the Cantor function. We claim that I(§) = oo,

See, for instance, [29] §1.4].

which is easy to see from the iterative construction &, for £. At stage 1, divide [0, 1] into 3

fSee also Chapter |§| where we discuss and extend one of these characterizations.
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equal sub-intervals, and define &; to be linear on [0,1/3], constant on [1/3,2/3] and linear
on [1/3,2/3], with

&(1/3) —&1(0) = & (1) — &(2/3) = 1

For &, divide the two intervals on which & was not constant into three equal sub-intervals,

with & constant on each of the middle of these sub-intervals and

) - &f

for the k defining the four non-middle sub-intervals. Continuing with such subdivisions, at

&2

2k —1
5 »

2k—2>_ 1

stage n with have 2" intervals where &, is not constant and where

§n<2k3_ 1) _€n<2k3— 2) _ i (2.20)

n n 2n

for the appropriate k generating the 2™ new “non-middle” sub-intervals. Furthermore, all &,
for m > n agree with &, at the endpoints of these intervals, and hence we may get a lower
bound for (2.18]) with each &,, choosing our partition P, to be exactly the endpoints of these
intervals where &, is not constant. On each such interval the change (2.20)) is the same, and

SO our sum is

A

SRS T

— t—t ) 2.3 2\2

Let v UH U {0} be a curve from 0 to oo. It is a non-trivial fact that I(T'(~)) = I(7)
for any 7" € Aut(H) which fixes oo or exchanges 0 and oco. Invariance under Aut,,(H) is,
however, elementary: since shifting the curve v — ~ + b shifts the driver, its derivative does
not change and the energy is the same. We saw in that the scaling v — av yields a

new driver a\(t/a?), and hence the new energy is

%Aw1 /a2 %waw%t

The non-trivial invariance is that I(—1/7v) = I(7y), and Wang proved this using the reversibil-

ity of SLE and the fact that the Loewner energy is the large deviations rate function for
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Brownian motion [42]. An open question is how to deterministically prove this “reversibil-
ity” using the driving function \. Wang has subsequently given formulas for 7(y) in terms
of conformal maps which give purely deterministic proofs of reversibility [43] (but these do
not use the driving function).

Aside from conformal invariance, another crux of the theory is lower semi-continuity: If
&, — & uniformly on [0, 7], then

n—o0

as follows from the difference quotient expression , see [42]. So the energy can decrease
in the limit, but not increase. A surprising amount of the theory regarding minimizers is
built upon the foundation of (2.21)).

Another important property is that bounded-energy drivers are uniformly Hoélder -1/2

continuous. Indeed, for a constant C, set
Ir(C):={¢: [0, T]| =R : Ir(§) <C}.

Then for any £ € I7(C),

et - ol < [ Iolar < ( / ) " ( / é(ra) RPN N e

t1
In particular, the family I7(C) is bounded and equicontinuous on [0, 7], and so by Arzela-
Ascoli is precompact in the uniform norm on [0, 7]. However, by lower semi-continuity, any
subsequential limit also belongs to I7(C), and so I7(C) is compact. This is another valuable
property that we will use repeatedly.

The Loewner energy has been generalized to loops by Rohde and Wang [33].
2.3 Quasiconformal mappings

In this section recall a useful properties about planar quasiconformal mappings. For proofs

and more details, we refer the reader to the accounts in [2], [19] and [20].
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A K-quasiconformal map f : Q1 — s is an orientation-preserving homeomorphism
which is absolutely continuous on a.e. line parallel to the axes and differentiable at Lebesgue-

almost every z € €y, and whose “complex directional derivatives”

flz+re) — f(2)

Ouf(2) = lli% s
satisfy
max |0, f(2)] < Kmin |0, f(2)] (2.22)

at points z of differentiability. More succinctly, f is K-quasiconformal if f € VVéf(Ql) with
derivatives satisfying almost everywhere. Conformal maps are K-quasiconformal with
K = 1. Quasiconformal maps are a powerful generalization of conformal maps, however,
because they are more flexible but still have enough structure for a robust theory. For

example, we have the following useful normality property.

Proposition 2.6. [19, Thm. 2.1] A family F of K-quasiconformal mappings of Q3 C C
is mormal in the spherical metric if for three distinct points zy, 20,23 € €)1, the spherical

distances dg (25, z) are uniformly bounded away from zero, j # k, j,k =1,2,3.

Furthermore, the subsequential locally-uniform limits are also either K-quasiconformal or

constant, a generalization of the Hurwitz theorem for conformal mapping.

Proposition 2.7. [79, Thm. 2.2, 2.3] Let f, : Q1 — Qo be a sequence of K-quasiconformal
maps which converges locally uniformly to f. Then f is either K-quasiconformal or f maps

all of Q1 to a single boundary point of {2s.

Another helpful characterization of quasiconformal maps is in terms of infinitesimal cir-
cles and ellipses. From the derivative bound , the a.e.-defined differential Df of a
quasiconformal maps takes circles in the tangent space to ellipses of bounded eccentricity
(instead of circles, as for conformal maps). A nice framework for describing this is the
complez dilatation p(z). Write 0.f := 3(fs —if,) and 0:f = 3(f, + if,) for the stan-
dard z and Z derivatives. Then one can show max, |0,f(2)] = [0.f(2)| + |0:f(2)| and
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min, |0, f(2)| = [0.f(2)] — |0:f(2)|, and hence the ratio of the semi-major to semi-minor

axis of an infinitesimal circle under f is

maxa [0 f] _ |0:f(2)| +10:/(2)

|
D:(z) := — = < K.
M g 0]~ 107)] — 10:1(2)
Re-arranging the inequality on the right-hand side yields
K—-1
. < — ) 2.2
0:4(2)] < T 10: ()] (2:23)

Since f is orientation preserving, we further have 0 < J; = |9, f|*— |05 f|?, yielding |0, f(z)| >
|0-f(2)|. We may thus divide by |0, f] in (2.23]) to obtain

— 10:f(2)] < K—-1
-0 f(2)] T K +1

[1(2)]

<1,

where p(2) := 0:f/0. f is the complex dilatation of f. Thus at points of differentiability, we

see that a K-quasiconformal map satisfies the Beltrami equation

0z f(2) = n(2)0:f(2) (2.24)

where yu(2) is uniformly bounded by (K —1)/(K +1) < 1. Furthermore, (2.24) characterizes

quasiconformal maps.

Proposition 2.8. [79, Thm. 4.1] A homeomorphism f : Q — ' is K-quasiconformal if and
only if f is a Wl’Z(Q) solution to (2.24)) for some measurable map p : Q@ — C with ||p||, < 1.

loc

Note from (2.24) that f is conformal iff u(z) = 0; this is just the Cauchy-Riemann

equations 0;f(z) = 0. Quasiconformal maps thus satisfy the “generalized Cauchy-Riemann

equations” ([2.24)).
We will discuss other aspects of quasiconformal maps in the body of the thesis as the

need arises.

2.4 Other notation

The length of an interval I = [a,b] is b — a =: |I|. B(z,r) is the open ball centered at z of

radius r.
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Let I an interval on R and 0 < o < 1. We say a function ¢ : I — R is a-Holder

continuous on I if

sup [&(t2) = &(t)) <M < oo. (2.25)

ty,to€l |t2 - t1|a

t1#t2
In this case we write |¢|, to be the infimum over all such M, and call this the a-Hdlder
seminorm of &, and we have [£(t1) — &(ta)| < [€|alta — t1]* for all £, € 1.

We say & € C™(I) if € and each of its first n derivatives are continuous on I and if £

is a-Holder continuous on I. The C™%norm is

n

[€llcna = [[€llenem = Zsuf,’ €D @]+ 17 ..

k=0 te
For 1 < s ¢ N, C° := Cls}s~ls] where |z] is the greatest integer n < x. We write C;"® for
the subset of £ € C™* such that £(0) = 0.
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Chapter 3
ESTIMATES AND TAYLOR EXPANSIONS

To prove Theorem we need some machinery to control the distance between points
that are welded at the same time by different drivers, in terms of the supremum distance
between the drivers. This is the content of Lemmas and [3.2l We do an explicit expansion
for the points x(t) < 0 < y(t) welded together by a linear driver as ¢ — 0" in Lemmal[3.3] and
then use the preceding estimates and the Taylor-error control of Lemma to conclude the
same expansion holds for any C3/2+¢ driver in Theorem the main result of this section.
This is the welding parallel of the expansion of the curve 7(¢) for small ¢ in terms of the
driver A\ at t = 0 given in [22] and [24].

Lemma 3.1. Let I =[0,T] and let A : I — R and n: I — R be driving functions for simple
curves ¥, " C HU{0} with A\(0) = n(0) = 0. Let g} and g/ be the associated mapping down

functions for the un-centered downward Loewner flow generated by \ and n, respectively.

Then for any t € [0,T] and x € R\{0},

192(2) = ¢/ ()] < A = nllzpomy- (3.1)
In particular,
192(0+) = g/ (00| < A = nllz=porp  and (3.2)
197 (0=) = ¢/ (0=)| < []A = nllzejory. (3.3)
Proof. Suppose that x < 0; the positive case is similar. Set s := ||A — n||zepm. We first

observe that if A < 7 are drivers for simple curves in H and x < \(0), then g} (z) < ¢/ (),
as follows from the Loewner equation (2.10]). Since the Loewner flow ¢;'(z) is monotonic in

x, we therefore have

9 (@) = g (x = 5) = g/ (= 5) = g/ (2) — s,
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and so g/ (z) — g3 (z) < s. Exchanging the roles of A and 7 yields the other direction, proving
(3.1). (Note that the assumption on v* and " ensures g}(x) and g/ (x) are well defined.)
Since 4 and 4" are simple curves in H U {0}, the the downward flow maps g, extend to be

continuous on either side of 0. Hence we may take one-sided limits in (3.1)) to obtain ((3.2)
and (3.3)). O

Now we switch viewpoints to consider the upward flow driven by some ¢ with £(0) = 0.
We say a point = € R “hits the singularity at time ¢,” if the image x(¢y) of x under the un-
centered upwards flow generated by & after ¢, units of time is identical to £(to), z(to) = £(to).
We can use Lemma [3.1] to conclude that the map (£, 7) — z, where z is a point whose hitting
time under &’s upward flow is 7, is Lipschitz continuous with respect to &, when we equip

continuous functions £ on [0, 7] with the supremum norm.

Lemma 3.2. Suppose x1,x5 < 0 both hit the singularity at the same time T under the
upwards Loewner flow generated by drivers & and &, respectively, where & (0) = &(0) =0
and the &; generate simple curves in HHU {&;(7)}. Then

w1 — @2| < 3|& — &l L, (3.4)
This bound also holds for 0 < y; with the same hitting time T under &;, j =1, 2.

Proof. 1f hfj are the upwards flow maps (2.12)) for the &;, then our assumption KS (z;) = &;(7),

7 =1,2, is the same as saying

929 (&(1)=) = = (3.5)

for the downward flow maps g, under the reversed drivers \;(t) := &;(7 — t). If we recenter

these via \;(t) — &;(7), Lemma then yields
g1~ (0=) — g2~ (=) < ||\ — Ao + Eo(7) — (M) e < 20160 = &2llzospo,n-
Noting by that
5 = &(1) = g (&(m) =) = &(r) = g5 (0-),
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we thus have

|21 — @2| = |g2 9 (0-) — g2 2(0-) + &1(7) — &(7)] < 3]1é — &lrjo.q)- O

Our next lemma gives Taylor expansions for the points 1 < 0 < y; which the linear driver
£(t) = ct welds together. The expansions for a general C3/2+¢ driver £(t) = ct + O(t3/%+¢)

must be similar by the Lipschitz property of Lemma [3.2]

Lemma 3.3. The points x(t) < 0 < y(t) welded together at time t by the upward Loewner

flow generated by £(t) = ct, ¢ € R, are real-analytic functions of V't with expansions

2 1 1
z(t) = —2Vt + §Ct 2 B ()(755/2)7

13 135 26
(t) =2Vt + LY. LR 312 4 0(t°?) 0
g\ = T 135¢

at t = 0+. In particular, there exists to > 0 such that for any ¢ # 0 and t < to/c?,

?

2 1 3
y(t) = (2VE+ Set + —02t3/2)|} <y (3.7)

2 1
max{’x(t) — (=2Vt + §Ct — ) = <

18

Proof. 1If ¢ = 0, then holds for all time ¢t by explicit calculation. So we may assume
c# 0.

Note that if x(7) hits the singularity £(7) at time 7, this is equivalent to saying the

upward flow map h satisfies hé(z(7)) = £(7), or that the downward flow map g satisfies
g2 (&—) = x(7), where \(t) := &(7 — t) is the reversed driver. Thus

(1) = g} (&) — &(T) +£(1) = g2~ (0—) +&(7).
If £(t) = ct, then A(t) — e = —ct, and so note that
g50(0-) + €(r) = 500-) — (r — € () = GO (0-),

the downward centered Loewner map. So we begin by finding the image of 04 under the
centered downward flow, first considering the case of ¢ = —1 and A(t) — e¢7 = ¢ =: n(t).

Explicit computations in [16, §3] show G”(x) satisfies

G} (z) 4+ 2log(2 — G} (z)) = v+ 2log(2 — x) — ¢,



28

and so sending z — 0=+ yields
u+2log(2 —u) = 2log(2) — ¢

for either u = x(t) or u = y(t). Hence, for ¢ such that |z(t)| < 2 and |y(¢)| < 2, both u = z(t)

and u = y(t) are solutions to

t f: L= (hut 2 (u)®
— u = —U —U —U P = u
2 nTy 2" 12" T g8 A
where ¢ is real-analytic with ¢/(0) > 0, and hence has inverse ¢~ !(u) = 37 | axu* in some

neighborhood of zero. Therefore

2 1 1

and

2 1 1
t) = -1 t) = 2Vt — —t _t3/2 t2 t5/2
y(t) = (V) =2V 3 +18 +135 +0(t"?)

are real-analytic functions of v/¢ for small ¢. Writing RZ = z(t) — >r_, ar(—Vt)* and
similarly for the error RY for y(t), we have, in particular, some ¢, > 0 such that 0 <t < ¢,
implies

1
T IRYIV < 42, .
ma{ | R3], [RY[} < o (33)

For the general driver £(t) = ct, we recall that scaling a curve v — 7y for r > 0 transforms
the driver according to A(t) +— rA(t/r?), and reflecting the curve over the imaginary axis
v — —7 reflects the driver A(t) — —A(t). Thus to obtain A(t) = dt, d > 0, we scale by

r = 1/d, and our expressions become

1 2 1 1
z4(t) = <a(d?t) = =2Vt — Zdt — —d*t** + —d*t> + O(t*?),
d 3 18 135 (3.9)
1 2 1 1 '
t) == ~y(d*t) = 2Vt — =dt + —d*t3/* + —d*t? /2.
ya(t) = y(dt) = 2Vt — Sdt + o d 4 e 1 O(7)

If d is negative, we reflect and our z-value becomes —y_4(t), and our y-value becomes —x_4(t),
which give the same formulas as z4(t) and y4(t) above, respectively. So holds for all
d € R. Since £(t) = ct corresponds to A(t) = —ct, setting d = —c in (3.9) gives (3.6). The
error bound follows from by replacing ¢~ !(£+/t) with égp‘l(:l:\/@). O
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The following is a standard lemma about Taylor approximation for Hélder functions (see

[22, Proposition 2.1], for instance). We include the elementary proof for completeness.

Lemma 3.4. If § € C™*(I) for some n € N and o € (0,1) with ||{||cneaqy < M, then the

remainder in the nth Taylor approximation for & satisfies

< C|h|™*e (3.10)

" e(k)
Et+h) =Y &) k'(t) ¥
k=0 )

whenever t,t + h € I, where C = C(n,a, M) = % with (n + a)! := (n + a)(n + a —
1) (a+1).

Proof. For the base case of induction we have

. t+h ‘ t+h M
€t + h) — £(t) — E(t)h] < / €(s) — £(1)||ds| < M / s = °lds| = T [h]"+e

Now suppose ((3.10) holds for some n > 1, and let h > 0 (the case h < 0 is similar). The

integral form of the Taylor error yields

€t h) — ”Z“é%) i " (1) hk> )

a5

| |
k=0 k! k=0 (’TL + 1)
1 t+h 1 t+h
_ L / (t+ B — 8)"€™HD) (g)ds — — / €Y (t + h — s)ds
n! J, n! J,
1 t+h
S| ) = EI@IE + b —s)ds
cJt
M t+h
< 1 (s —t)*(t+h—s)"ds
- Jt
M t+h M
(n+a)! /), n+1+a)
where the second-to-last equality comes from integrating by parts n times. O]

The previous three lemmas immediately give the following Taylor expansions for the
points z(t) < 0 < y(t) welded by a general driver & € C3/27¢, The expressions are identical

to those in Lemma 3.3
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Theorem 3.5. Let & € C¥*<([0,T]) for some € > 0 and T > 0, with with ||| gs2+cqo.17) =
M. Then ast — 0, the points x(t) < 0 < y(t) welded together at time t by the upward

Loewner flow generated by & have expansions

o) = -2Vt + 5( )t~ 85(0) 2 4+ 0(1°77), (3.11)

y(t) = 2Vt + 55(0)15 + E5<0)2t3/2 + O(t3/**), (3.12)

where the O(t3/ 2T¢)_term in either expansion has the same quantitative bound for allt < t; =

t(M).

Note that by “quantitative bound,” we mean that the version of the max in (3.7)) which
uses the coefficients in the above expansions is bounded by C|t|*/?+¢ whenever ¢ < t;, where

C=C(M).

Proof. Let &(t) = £(0)t be the first-order Taylor approximation of &. Since the driving
functions & and £ both have local Hélder-1/2 norm less than 4, they generate simple curves
[27, 23]. By Lemma and Lemma the points x(t) = 2°(¢t) and 2% (t) which hit the

singularity at time ¢ under £ and &7, respectively, satisfy
[a5(t) —a* (1)] < Cht?/2He

for any t € I. Sending t — 07 shows z*(¢) must have the identical first three terms of Taylor

expansion as 2% (t) in Lemma, , which gives (3.11)) and (3.12)). To quantify the error, we
apply (3.7) to obtain

[74(6) — (= 2V + €O E(07)]
< 5(0) — (0] + 2% (1) — (— 2VF + SE(O0) — T E(077)

< O37%e 4 Out? < 1.50,3/%¢

for all t <ty =t;(M). The same argument, with the same constants, also holds for y(¢). [
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Chapter 4
ON THE TOPOLOGY OF DRIVERS AND WELDINGS

In this section we prove that locally uniform convergence of drivers &, — £ implies locally
uniform convergence of the corresponding welding homeomorphisms, given that the &, and &
all generate simple curves (and hence their weldings are all defined). The idea, inspired from
[3], is to transfer the problem to the hitting times 7(z) of points z € R under £. Combined
with an estimate for the hitting times of nearby points under different drivers from [41],
we obtain this result; see Theorem .5l We use Theorem in in our proof of the
existence of a driver & which minimizes the Loewner energy among all drivers which weld
given x < 0 < y. This chapter is joint work with Vlad Margarint and Yizheng Yuan.

Our setting is that £ : [0,00) — R is a (continuous) driving function with £(0) = 0. We
consider the upward flow generated by £(¢), described by (2.12)), and write x(t) := hy(z) for

the image of a point € H under this flow after ¢ units of time.

Lemma 4.1. Suppose the driving function & generates a simple curve v in H. Then the
hitting time function x — 7(x) is continuous. It is strictly increasing for x > 0 and strictly

decreasing for x < 0.

Our notation for 7 will be as follows. We write 7_ := 7|,<¢ and 74 := 7|,>0, and if there
are multiple drivers £ in consideration, 7(-; ) specifies that the times come from &.
Lemma [4.1]is a simple consequence of the Loewner equation ([2.12) and the fact that our

conformal maps h; have nice extensions to 0H.

Proof. By symmetry it suffices to consider points = > 0. Let z;(¢) be the image of a point
z; = x;(0) after ¢ units of time of the upwards Loewner flow (2.12) generated by £. Note
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that if 0 < 2y < x5 and ¢ < 7(x1),

L CXUR0)
ai (72t = 1) = o ) — €0)

> 0,

where x1(t) and z5(t) are the images of 1 and x5 under the un-centered upwards Loewner
flow generated by £. Hence at t = 7(x1), we have z1(7(z1)) = £(7(x1)) < z2(7(z1)). Since &
is continuous, 7(z1) < 7(z2), and we see x — 7(z) is strictly increasing.

In particular, 7 can only have jump discontinuities. To see this actually does not happen,
pick 0 < 27 < w3 arbitrarily and let to € (7(z1),7(x3)). We show there exists z, with
T(x2) = ta. Indeed, map up with hy,. Since the curve 7, generated by £([0,s]) is simple,
the boundary point £(t5) of H\~,, corresponds to exactly two pre-images yo < 0 and x5 > 0

under the extension of h,. Since

huy (2) = €(t2), (4.1)

T(.ﬁlﬁ'g) S tQ.

Suppose that xs’s hitting time is actually earlier, i.e.
7(zg) =: ty < ta. (4.2)

During the interval [t}, to], £ generates the curve segment 74, ([0, t2 —t5]) of half-plane capacity
2(ty—t5) > 0. In particular, I' := 74, ([0, 2 —t}]) is a non-degenerate continuum in HU{&(¢2) }.
The “right half” T'" of this Jordan arc is homeomorphic under the boundary extension of
hi, to an interval [z4, z5] C R.o, where the right end-point is 25 by (4.1).

Now, starting at time t,, flown down by t — t, units of time. This is equivalent to
applying the map hy, o ht_;. Then the curve segment I' is completely mapped down to R,
and as hy o ht’; has a homeomorphic extension to the “right side” v of v, the image of I'*

is the non-degenerate interval [£(t)),£(t5) + ¢] C R. But note
[€(t5), (1) + ] = Ty © b (D) = hyy ([, w2]),

and recall by (4.2) that hy (z2) = £(t5). This says ¢ = 0 and hence I' is homeomorphic to a

point, a contradiction. Therefore 7(x) = t2, and 7 has no jump discontinuities. O
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We borrow the following lemma from [41, Lemma 5.1].

Lemma 4.2. Given & and 6 > 0, we have that for all & with ||€ — €|s < 0 and x > 0 that
if T(x;6) > T, then T(x + 5;5) >T.

By sending T' 7 7(x; &), we note Lemma gives
T(z:6) < 7(x + 0; €). (4.3)

Lemma 4.3. Suppose £ generates a simple curve, and £" — & uniformly. Then 7(x;&") —

T(x;&) for all x.

Proof. By symmetry it suffices to consider x > 0. Fix x > 0 and let € > 0. By the continuity
of 7(+;&) we can find 0 > 0 such that |7(2";&) — 7(x;§)| < e for |2/ — x| < 6.
For large n, two applications of (4.3)) yields

T(x —8;8) < 7(2;:€") < (2 + 6;),
and hence the claim. O

Lemma 4.4. Let f,,f: R — R be continuous and strictly increasing. Suppose f, — f

point-wise. Then f 1 — f~1 point-wise.

Proof. Let y € R and z = f~!(y). By the monotonicity of f we have f(x —¢) < f(z) <
flx+¢e). Let 0 := |f(x) — f(z —¢)| V|f(z) — f(x + ¢)|. Let n be large enough such
that |f(z £¢) — fa(x £€)| <6 . Then f,(x —¢) < f(x) < fu.(x + ¢), and consequently
fYy) € (x — g, + €) by monotonicity of f,. O

n

Theorem 4.5. Suppose & and & generate simple curves, and " — & locally uniformly.

Then the corresponding welding homeomorphisms converge locally uniformly.

Proof. Note that the welding ¢, associated to a driver A can be defined as

oa(x) =7 (5N ) o (23 ), 2 <0,
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and so Lemmas and [£.4] immediately give

e, (7) = pe() (4.4)

for each z < 0. In our setting, this is enough: recall Dini’s Theorem states that point-wise
convergence on a compact set of monotonic functions to a continuous limit implies uniform

convergence. Hence the convergence (4.4]) is actually locally uniform. O]



35

Chapter 5
FAMILIES OF CURVES

5.1 Overview

Each step of the zipper algorithm welds the next two data points x < 0 < y to the base of the
constructed curve. Many different curve families can do this, as in Figure [5.1, For instance,
we could always use straight slit segments, or hyperbolic geodesic segments (orthogonal
circular arcs), or curves that minimize the Loewner energy in some way.

In this chapter we discuss six such curve families. Three of these - the straight slit family,
the orthogonal circular arc family, and the Wang minimizer family - are already known. We
shed some new light on the Wang minimizers, though, by giving a new deterministic proof
for their existence, uniqueness, and energy formula, and we also explicitly compute their
driving function. See Theorem [5.2]

We also introduce three new families. The energy-minimizers for welding (EMW) family
minimizes the Loewner energy among all curves which weld given points z < 0 < y. We
prove such a minimizer exists, is unique, is smooth, and we give a formula for the minimal
energy to weld = to y. We also show that as x < 0 < y vary, the minimizing curves can all
be obtained from a single curve in H by truncating it at an appropriate point and re-scaling.
See Theorem [5.5

We also discuss the relationship between the Wang and EMW families, and show that
the circular arc family, perhaps surprisingly, is always “nearby” both families in a precise
energy sense. See Lemma and . We also show in Theorem and Theorem
that all curves driven by sufficiently-smooth drivers are asymptotically nearby the
Wang and EMW families in exactly the same sense.

We close with a consideration of the slow and fast drivers, which give our two other new
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8
—
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Figure 5.1: Welding the same points x < 0 < y with the EMW family, the circular arc family, the

Wang minimizers, and the straight slit family, from left to right in the lower picture. Compare the

first column of Table

families. These are only curve families in an extended sense, as they are extremal cases
with respect to half-plane capacity and have discontinuous driving functions. We will see
in Corollary that they give us sharp lower and upper bounds for how long a monotone
driver can take to weld given points * < 0 < y, and we will also see that the zipper
algorithm numerically diverges when run with the fast driver, even when using smooth data.
This appears to be the first known example of divergence for the zipper, although it is not
a zipper in the sense of creating a simple curve. It suggests, however, that the family of all
monotone drivers is too large to always guarantee a convergent zipper. See the example and
discussion in

Tables 5.1 and [5.2] summarize some of the properties of our families which are relevant for
our zipper convergence arguments[| The chapter begins in by setting out a framework

for curve families which will be amenable for the zipper. Subsequent sections discuss the

*As an aside we remark that the tables also show elegant similarities for several functionals between the
different curve families; the reason for these similarities is not understood.
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Wang minimizers, the EMW family, the circular arc family, the straight slit family, and then

lastly the slow and fast drivers.

5.2 Clurve families and tractable curve families

For us, a curve family is a systematic procedure of welding x < 0 < y to the base of a
simple curve segment in H. The following definition is based on the curve families we will
use and provides a framework where we can apply our convergence arguments for the zipper.
Intuitively, a tractable curve family is a collection of curves whose drivers are monotone and

have controlled movement in terms of the starting points x and y.

Definition 5.1. A tractable curve family C is a collection of simple curves in HU{0} indexed

by # < 0 < y with upwards Loewner driving functions D = D(C) = {{} such that:

(1) For every x < 0 < y, there exists a unique curve v € C whose conformal map h; : H —
H\~ welds [z, 0] and [0,y] to its two sides, taking z and y to the base of the curve and
0 to its tip. In terms of its driver £ = £(C,z,y), £(0) = 0 and £ welds x to y at some

time 7 = 7(C, z,y).
(73) £ is non-decreasing if —z < y while non-increasing if y < —z.

(7i1) The terminal value of the driver £(7) is a continuous function of z and y and satisfies

£(r) = et + )+ 0 5.1)

L with quantitative control on the error. That is,

for some constant ¢ > 0 as - — 3,

Yy—x
there exists constants 6 = 6(C) and C' = C(C) such that whenever ‘y—Lw — 1| <6, the

driver ¢ for x and y satisfies

£(r) — ez +y)| < CH. (5.2)

Note that it follows from that £(7) = 0 if and only if y = —z. Three of our four main
curve families satisfy (5.1) with error of zero (see Table [5.1), but allowing a quantitative
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error gives us more flexibility and does not dramatically affect our arguments. The error

expression in ([5.1)) is admittedly ad-hoc, and is based on the behavior of the Wang minimizers,

see Theorem .

5.3 The Wang minimizer family

A natural question for Loewner energy is whether an energy minimizing curve from 0 to
a given point z; € H exists, and if so, whether it is unique. From scaling invariance, it
suffices to consider z; = ¢*. Both questions were answered in the affirmative by Wang
[42], who furthermore showed that the minimal energy is exactly I(vy) = —8log(sin(6)) [42,
Proposition 3.1]. Although this is a deterministic statement, her argument uses an SLE
formula from Schramm [36], thus invoking substantial probabilistic machinery.

In this section we give an entirely deterministic proof of Wang’s result through Lemma 5.1
and Theorem [5.2] and we furthermore explicitly compute the associated driving function Ay
and discuss several other of their properties. See Theorem [5.2] Our approach is elementary
and similar to one we take for our other minimizing family, the “EMW?” family, in below
(where Theorem is the counterpart to Theorem [5.2)). The EMW family is in some sense
“dual” to this family; see the discussion in Remark [5.6]in §5.4]

Several analysis results help us obtain existence of minimizing curves both in this section

and below in §5.4] First, recall that we have the continuous inclusion
Wh2([0,7]) = CV2([0,17) (5.3)

by Morrey’s inequality [0, §4.5.3], in the sense that f € W?'2([0,T]) has a continuous
equivalence-class representative f in C/2([0,7]). Hence continuous driver families with
controlled W12([0, T])-norm are bounded and equicontinuous and therefore precompact in
C(]0,T]) by the Arzela-Ascoli theorem.

To state the same thing in more pedestrian language, if 7 is an absolutely-continuous

driver with fOTf](t)%lt = M < oo, then

it~ ) < [ Vil < VATV E 54

t1
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by the Cauchy-Schwarz inequality. Hence a sequence of drivers {n;}, all with 7;(0) = 0
and energy less than M on [0,77], is bounded and equicontinuous on [0, 7], and so {n;} has
uniform subsequential limits.

Our first lemma says that when mapping down a finite-energy curve, the tip tends to the

imaginary axis.

Lemma 5.1. Suppose A is the driver for the simple curve v : [0, T] — HU{0} with I(7y) < co.
Then under the centered downward Loewner flow generated by X, the image z := Gy(y(T))
of the tip of the curve satisfies

lim arg(z) = (5.5)

t—T~ 2

The idea for the proof is simple: if fOT A(t)%dt < oo, then lim,_p- fTT A(t)%dt = 0 and so
IA(t1) — A(t2)] < ey/[t1 — to| for all ¢, ¢, close to T by Cauchy-Schwarz, as in (5.4). Thus
A is close to the constant driver for ¢ near T', which means it cannot “capture” points with

argument bounded away from 7 /2. That is the idea; we carefully write out the details below.

Proof. Suppose there exists € > 0 and a sequence of times ¢,, — T~ such that
i
Jarg(a(ta) — 2| > ¢

for all n. Take a subsequence which is always on one side of the imaginary axis; by symmetry
we may suppose arg(z(t,)) < 7/2, and we show that having 7/2 — arg(z(¢,)) > € for all n
requires infinite energy.

Counsider first the case where
arg(z(t,)) < arctan(1/2) (5.6)

for all large n. Fix n such that ¢, € [T, T), where T is a time close to T to be specified

below. Re-scale the picture by r = m to move the tip to dID; for our new time parameter

s :=t/r? the corresponding time is now s := r%t,, € [r*T,72T) and the tip of our curve is at

Z(s9) = cos(by) + isin(6y),
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where y(so) < %x(so) by (5.6). Choose T large enough so that whenever t,,t, > T,

M(0) — M| < SO 1)
V3
where cos(6y) — sin(6y) € (0,1) by (5.6) again. By the invariance of the Hélder -1/2 semi-

norm |Al; 2 under the scaling transformation A(-) — rA(-/r?), (5.7) also holds for our re-scaled

driver A(s). We may assume \(so) = 0, and we now let Z(s) be the image of Z(so) under the
uncentered downward flow (2.10)) generated by X, with z(s) := Re(2(s)) and y(s) := Im(3(s)).

We claim that for all s > s,
z(s) — A(s) > sin(fg) > 0. (5.8)

If true, then ) is bounded away from Z(s) and so that point will never hit the singularity, a

contradiction. We prove (5.8)) by working in s-time intervals of length 3. For s € [sq, so + 3],

yields
IA(s)| < cos(fy) — sin(fy) < cos(by) = z(s0) < x(s) (5.9)
by the Loewner equation (2.11]), yielding for s € [sg, so+3]. We furthermore claim that
(s + 3) — A(sg + 3) > cos(bp). (5.10)

If so, then we may repeat the same analysis, obtaining ([5.8]) on [sq + 3, s¢ + 6], and similarly
by induction for all s > sy. To see (5.10)), we note from the Loewner equation (2.11)) that

i:ﬂ(s) 2@ — NP2y
d\ (2= N2 4 y2)?

and so %:t > 0 if # — A > y. This holds in our case for s € [so, 5o + 3], since
2(s) = A = sin(bo) = y(s0) > y(s)
by (2.11). Therefore, writing m = m(6y) := cos(y) — sin(fp) and noting

y(s)* < x(s)* < (2(s) +m)?
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by (5.6) and (2.11)), we have
2(x +m) S 1

z(s) >
() 2 (x+m)2+y? ~ z+m
by (5.9)). The equality case @ = u—O—;m has solution

u(s) = —m + /2(s — s0) + (u(s0) +m)2, (5.11)

and hence by comparison

z(s) > sin(6y) — cos(6y) + /2(s — so) + (2 cos(fy) — sin(6y))2. (5.12)

In particular,

(s + 3) — A(sg + 3) > 2sin(6y) — 2cos(fp) + /6 + (2cos(f) — sin(6y))2 > cos(6y),
(5.13)

where the last inequality follows by calculus for 6, € [0,7/4]. Hence we have as
claimed. We may iterate this argument, since our lower bound grows in the initial
value u(sp), and so will continue to hold by (5.10), yielding at the end of
subsequent intervals.

This contradiction shows cannot hold, and so suppose arctan(1/2) < arg(z(t,)) <
w/2 —e. If for all t > t,, A(t) = A(t,) were constant, then the explicit mapping down
function would be \/m , and it is not hard to see that the image of z(¢,) under
this map eventually has arbitrarily-small argument. By continuity of solutions to ODE’s,
drivers sufficiently close to constant and bounded away from Re(z(t,))/2, say, will map z(¢,)
to similarly-small argument eventually, putting us in the context of again. We have

this for A for times sufficiently close to T, yielding a contradiction. O

Our main collection of results about the Wang minimizers are in the following theorem.
The statement of (i) is from Wang but the remainder is original to our work. The point of

including part (i), again, is because of our alternative deterministic proof.

Theorem 5.2. Let 6 € (0, 7).



(4)

(i)

(iid)

(iv)
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[42, Proposition 3.1] There exists a unique vy C H from 0 to € which minimizes the

Loewner energy among all such curves. Furthermore,

I(v9) = —8log(sin(h)). (5.14)

For 0 < 0 < 7/2, the downward Loewner driving function \g for 7y is monotonic,

C*>([0,79)) and is explicitly

Ap(t) =

3/2

3(0)3 3f<“>+\/f 07+ o) f<e,t>—\/f<e,t>z+i;§§§ ,

where f(0,t) =1—6t— 1 cos(20) and 0 < t < £(1—35cos(20)) =: 79. Form/2 <0 <,

the driver is —X\,_g.

For any points © < 0 < y, there exists a unique Wang minimizer v which welds x to
y at the base of v. The capacity time 7 for v and the terminal driving function value

A(T) satisfy

_32—&¥<2 1272 — 64
TT o 32 _ 372

(x+y)4>,

:By+y2>+0<<y_x)2

A7) = —%(az +y)+ o(%)

as the ratio ﬁ — % The errors in both expressions have quantitative control.

If v is any curve driven by A € C*([0,T)) with A(0) # 0, then as t — 07, 4([0,t]) uses

an asymptotic factor of 9/8 of the energy of the energy-minimizing curve from 0 to

v(t).

We call this family of curves the Wang minimizers.

Remark 5.3. When we map down an initial portion 74(]0,¢]) of a Wang minimizer, the

remainder Gy(7([t, 79])) is the Wang minimizer for the angle of G¢(e'), since if not, we could
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replace Gi(7s([t, 79])) with the minimizer and lower the energy. We see below in that if
0 #0, Mo # 0, and so part (iv) in particular applies to the Wang minimizers themselves, and
so the initial portion v4([0,¢]) of a Wang minimizer is not also a Wang minimizer. Hence the
symmetry of the Wang family is with respect to the “top,” or the portion remaining after
mapping down, not with respect to the “base” or the portion mapped down. This is the
opposite of what we will see for the EMW family, where what we map down is an EMW
curve, but what remains is not. Compare Theorem with Theorem and see
Remark [5.61

Proof. For (i), we begin by giving a standard argument for the existence of minimizers
based on the lower semi-continuity of energy . Afterwards we show that the driver of
a minimizer must satisfy a given differential equation at all points of differentiability, which
will give uniqueness and the formula .

The orthogonal circular arc segment from 0 to e has some energy 0 < Cp < oo (which
we explicitly compute to be —9log(sin(f)) in below). Let I'y be the collection of all
Jordan arcs g C HU {0} from 0 to € with I(v5) < Cp. By [42, Prop. 2.1], each v € [y is a
K-quasislit halfplane for some fixed K = K (Cy)[]] That is, there exists a K-quasiconformal
self-map ¢ of H fixing 0 and oo with ¢([0,4]) = . Now, let {7,} be a sequence such that

I(v,) — inf I(y) =: L

€Ty
and let {¢,} be corresponding K-quasiconformal maps. The family {g,} is normal in the
spherical metric and any limiting function is either identically a point in OxH or a K-
quasiconformal self-map of H [19] §2.2f]. The former cannot happen because all ¢, map ¢ to
e and hence, by moving to a subsequence, which we relabel as ¢, again, we have a locally

uniform limit ¢, — ¢ in H and a limiting curve v := ¢([0, 1]) ]

fWhile we are quoting Wang’s paper, this result is independent of her proof of (5.14), and so our
deterministic proof is still independent of her stochastic argument.

#While the convergence is locally uniform in H, and hence not on all of [0, 4], we may reflect over R and

regard the family ¢, as normal on @, as the three points 0,7 and co have images bounded away from each
other (indeed, fixed). Thus ¢, ([0, ]) — ¢([0,4]) uniformly.
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In particular, v and all the {~,} are K-quasiarcs, and so by the 3-point condition of
Ahlfors we have some M = M (K) such that, for 5 € {v, 7.},

8(0) = B(t)| = [B(t)] < M|B(0) — B(Tp)| = M

for each 0 < t < T}, the capacity time of 3. By monotonicity of half-plane capacity, we thus

have
heap(8) < heap(Bay (0) N H) = M2

for all . It follows that we can consider all our curves to be defined on the same finite
interval [0, T] of capacity time, as we can extend f3, if necessary, by an appropriate-length
segment of the hyperbolic geodesic from e to oo in H\B. (This is the same as extending
the driver n for 5 by the constant function 7(t) = n(1p) for T <t <T).

By the proof of Theorem 4.1 in [21], the modulus of continuity of a K-quasiarc in its
capacity parametrization depends only upon K, and hence {~,,7} is a bounded and equicon-
tinuous family, and so by moving to a further subsequence, if needed, we have v, — =~
uniformly on [0,7] by Arzela-Ascoli.

Since the associated drivers A, also satisfy the equicontinuity , by passing to another
subsequence we have that A\, — A\ uniformly on [0,7]. A priori, A has no relation to v, but
since both v, — v and A\, — X uniformly on [0,7], by [21, Lemma 4.2] we have that v is

driven by A. The lower semicontinuity of energy then yields

I(y) < liminf I(~,) = inf I1(5),

n—00 BeTy

and as € € 7, we have I(7) equals the infimum and thus minimizers exist.
Let A be any minimizing driver, and let z(t) = x(t) + iy(t) := G(e?) be the image of

¢ under the centered downwards flow generated by A. Since I(\) < oo, A is absolutely

continuous and so differentiable for a.e. . We claim that at for a.e. ¢,

At) = : (5.15)
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By scale invariance the energy depends only on the angle, and by Lemma the angle
0(t) := arg(z(t)) must tend towards 7/2 if A\ minimizes energy. And indeed, it must move
strictly monotonically: if the angle ever decreases and then returns to the same value, energy
is wasted, while if the angle is constant over some interval, then A cannot be constant and
we have also wasted energy. Hence z(t) should traverse through the angles as efficiently as
possible; the change in angle to the change in energy, df/dl, must be optimal. That is,
df/dI must be maximized when 6 < 7/2 and minimized when 6 > 7/2.

Suppose first that A is right-differentiable at ¢ = 0 and that ¢ = 0 is a Lebesgue point for
A2. Then the energy expelled on a small interval [0, At] is 2A\2(0)At + o(At). Furthermore,

6 is right-differentiable at ¢ = 0, and
AG = 6(0)At + o(At) = Im (%) At + o(At) = (—42(0)y(0) + A(0)y(0)) At + o(At)

by the Loewner equation and the fact that |z(0)] = 1. We thus have
A0 (—4xy + Ay)At + o(At) R —?my N 2y

AT 132At 4 o(Al) A A

as At — 0, where z, y and \ are evaluated at ¢ = 0, and )\(0) is the right derivative of A\. This
expression is optimized with respect to A when A(0) = 82(0), which yields a local max when
z > 0 and a local min when z < 0, as needed. Thus any minimizer for which A(0) exists and
where ¢ = 0 is a Lebesgue point of A> must satisfy at t =0 (recall |2(0)| = 1).

More generally, let ¢, be a point of differentiability of A and a Lebesgue point of A2. Note
that the remaining curve 4 := Gy, (y([to, 7])) must be an energy minimizer through z(ty), as
discussed above in Remark [5.3] Thus 7/|z(t)| is a minimizer as in the previous paragraph,
and so its driver A has initial right derivative 8%(0) = 8z(t)/|2(to)|- Recalling the scaling
relation ([2.9)), we therefore have

8x(to)
REO
as in . Since A is differentiable at a.e. t and a.e. t is a Lebesgue point of the inte-
grable function A2, holds as claimed. We note that we obtain the same answer if we

(1) A(to) = A(0)

immediately optimize df/dI with respect to \.
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By ([2.16]) we thus obtain the system of differential equations

8x . —6x —2y

- )= ———— () = — =2
e S0 i) = s

At) =
() l‘2+y27

(5.16)

for which the triple (A, z,y) generated by A is an a.e.-t solution, and where each component
is absolutely continuous. Since we can thus recover each of A,z and y through integration
and the three right-hand sides in (5.16)) are continuous, we have that actually holds
for all t, and hence each of \, z and y is C'! on [0, 79). By bootstrapping in , then, they
are all C%, and continuing, they are all C>([0,75)).

Classical solutions to are also unique: starting at any point (z, o), both z(t),
y(t) are bounded away from 0 on a small time interval, and so the function f(t,\,z,y) =
(8z(x? + y*) 7, —6z(2? + y?)~', —2y(a? + y*)™') is Lipschitz. Thus we have smoothness,
uniqueness, as well as monotonicity of A from .

For the energy formula (5.14)), write m(6) for energy of the curve through e?. If we flow
down starting from a fixed § = 0(0), we know the remaining curve is always the minimizer

for the angle

0(t) = arg(z(t)), (5.17)

the argument of the image of the tip (see the remark before the proof). Hence through the
composition m(0(t)) we may regard m as a function of ¢, and we find

d j —1a
am-_m _ ’ 2 = ¥ =g cot(0),
N I y

and therefore

/2
m(r/2) — m(6o) = —m(fo) = /9 _8cot(8)d0 = 8log(sin(f)),

as claimed, completing the proof of (7).
Our formulas in (i7) for Ay and the capacity time now are exercises in ODE. We note
from ((5.16|) that x is monotonically decreasing (recall we are assuming 0 < § < 7/2), and so

we may reparametrize A as a function of z and note 2 = —2 from (5.16), and hence

A(t) = Ma(t)) — Mz(0)) = %COS(Q) - %x(t). (5.18)
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To determine x(t), we note from ([5.16)) that

dx x , , cos(0) , .4
— =3— 1 1) = ——yl(t 5.19
on mlving () = S5 (5.19)
since (2(0),y(0)) = (cos(#),sin(d)). Writing a = a(f) := s‘;i%(g;) and substituting back into
the equation for ¢(t) yields
—2
A —
10 = s,
which has implicit solution
2
a 6, L o L L.
@ Syt = —2t 4 - - .
5 y(t)” + 2y(t) t+ 5 cos 0) + 5 Sin (0)
We thus see that u(t) := y(t)? satisfies the cubic
.6 .6
3 . sin°(6) sin® () I, 1., 3
= 2t — — 0) — = 6)) =: :
O=u +30052(9)u+6cos2(0)( 6003() 25111()) u’ 4+ pu+q

As the discriminant 4p® + 27¢? is manifestly positive, by Cardano’s cubic formula [7] the real

root is

» | sin’(f) sin'?(0) , , sin'®(0)
ylt)” = COSQ(Q)f(07t) + \/0084(9) 0.0+ cosb(0)

5| sin®(0) B sin'?() , , sin'®(0)
* COSQ(O)f(Q’t) \/0084(0) f6.7 + cosb(6)

The claimed formula then follows from pulling out the trig functions and substituting back

into ((5.19)), and then into (/5.18]).

For the terminal Loewner-time formula

1 1
Ty = 6(1 —3 cos(260)), (5.20)

note that we can regard 7y as a function of ¢ through the composition 7y = %hcap(yg(t)),

with 6(t) given by (5.17). That is, 7y is the capacity time of the minimizing segment 7

from 0 to ) (not the capacity time of the remaining curve), where the 1/2-factor is because
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the half-plane capacity is twice the Loewner time. We claim that 74 is differentiable in ¢

and satisfies

d
%Tg(t) =—-1+ 4T9(t)(1 + 2 COSz(G)). (5.21)

Indeed, if we map a small portion ([0, At]) of 79 down, we have

Tg—At

To(At) = w (5.22)

because the remaining curve is the minimizer through #(At); the denominator is because of

the scaling property hcap(ry) = 72 hcap(v). From ([5.16)),

d s —122% — 4y? 9
and so |2(At)]? =1 —4(1 4 2cos?(0)) At + o(At) as At — 0. Plugging this into (5.22)) yields
Toeary — To —At +41y(1 + 2 cos?(0)) At + o(At)
At At(1— (14 2cos?(0))At + o(At))

yielding (5.21)) in the limit. Since 6(t) is differentiable with respect to ¢ with

dxy

R 4 cos(f) sin(0) (5.23)

i) = & Tm(lo(=(1))) =

at t = 0, we have

dTg . 7",9 . -1 +4T9<1+2C082(9)>

a9 § 4 cos(f) sin(0)

This ODE has explicit solution

sin®(#)

=0 cos(0)

1 1
+ 6(1 ~ 5 cos(26)).

In order to have 7y bounded as § — 57, we must have C' = 0, which yields (5.20)). Note that

this formula also extends to § = 0, where the minimizer v, ,, = [0, 7] satisfies

(1- 1cos(7r)).

heap([0,i]) = % = 5

W
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For (iii), we note that the welding ¢y : [xg, 0] — [0, yp] for 75 has been explicitly computed
in [26], and when normalized to produce our vy with tip at e, the interval endpoints are

explicitly

.. 3 1 a3
sin®(6) sin” ()
o \/sin(H) — 6 cos(h) an Yo \/sin(@) — B cos(0) + mcos(h) (5:24)
By inspection, the ratio y;j—gxe monotonically increases from 0 to 1 as 6 increases from 0
to /2, which by symmetry gives a unique energy-minimizer for welding any two points
r<0<y.
We begin by computing 7y and Ag(7y) for € close to m/2 where the welding interval has

been normalized to have width 1; the formulas in then follow by appropriate scaling.
As 6 — /2, (5.24) yields

1
Qg = Yo = -+
Yo —xg 2

ool N
—
e
|
=
~—
4
@)
—
e
|
Do |
~—

w

and inverting this expansion gives

T 8 1 1\*
(9—5"‘%(&—5)—}-0(0&—5). (525)

—— i 634(32—37#) (9_g>2+0<(0—g>4> (5.26)

yields that the capacity time of the minimizer which has welding interval width 1 and ratio

a is
Ty 1 16 3 1\? 1\*
—_— = — — == - = Ola—=] .
(Yo — w9)? 0=0(c) 16 - (3772 4) (CY 2) i <04 2)
Noting o — % = %, we scale up to interval width y — x to obtain
) 1 2 4 3 2 (z +y)*
pumy —_— — = — — —— — O —
= aP M = -2+ (g gg) @00 (),

which is the same as the claimed expression.
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The procedure is similar for the driver. We have explicitly Ag(7g) = 5 cos(6), and so by
(5.25) and an expansion similar to ([5.26)), the terminal driver for the minimizer with welding

interval of width 1 is

1 4 7r+8 1 0 1\* 16 1 +O< 1>3
c—cos | =+ — — = — = = —— — = — =
Yo — g 3 2 TR \" T3 ) 3r \¢ 7 2 “73)

yielding the general terminal value

A7) = (y — 2) <—%(a—1) +o(a—1)3) _ Sty +o <M)

2 2 3 (y — x)?

Given these are expansions of smooth functions, we have quantitative control in both formulas

(z4y)* (z4y)3
(= 20d (-

For , the energy used by ([0, ¢]) for small ¢ is %X(O)Qt +o(t). To determine arg(~(t)),

in terms of the sizes of

and hence the minimal energy possible for a curve through «y(¢), we recall the expansion

2. i . 4 . 1 .
t) = 2ivVt + = A(0)t — —\(0)%*? (—A —\ 3>t2 t5/2
() = 2iViE+ gAM0)t = 22 A0)7 + (7 A0) + 52A(0)7 )7 + O(°)
for the capacity parametrization of 7 in terms of A at ¢ = 0 (see [24, Prop. 3.3] and [22]

Prop. 6.2]). By symmetry we may assume A(0) > 0, and thus

; Re(y(t))

arg(v(t)) — 5 — arctan <m>
(B0 1y V2
=5 t <2\/1_f+0(t3/2)> 2 3)\(0>\/Z+O(t/ )

The minimal-energy curve through this angle has energy

—8log <sin (g - %A(ow% + O(t3/2))> = g)\(o)% +O(t*?),

yielding the ratio ‘

13(0)2t + o(t)
IN0)2t + O(t3/2)

9

— = [
8

5.4 The energy minimizer for weldings (EMW) family

From the welding point of view, the most natural energy minimizers are not those of Wang,

but rather those that minimize the energy among all curves which weld a fixed x < 0 to
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a fixed 0 < y. In this section we establish the existence and uniqueness of this family and
discuss some of its properties. We will see that these curves are “dual” to Wang’s in some
sense; if the latter are the energy minimizers for flowing down in the Loewner equation, these
are the minimizers for flowing up. See Remark below. We are thankful for the excellent
idea from Steffen Rohde to investigate these curves.

Our approach and proof strategy runs parallel to §5.3} here Lemma [5.4] corresponds to
Lemma 5.1} in and our main results are collected in Theorem [5.5] this section’s version

of Theorem [5.2] We conclude the section with some numerical simulations and observations.

Lemma 5.4. Suppose £ has £(0) = 0 and 1(§) < oo. Let x(t) and y(t) be the positions of
some xg < 0 < yo under the centered upwards flow (2.15) generated by &. If at time T we

have
z(r) =0=y(7), (5.27)

then y(tz)’fi(t) —Jast— 1.

In words, if £ welds ¢ to yo using finite energy, then x(¢) and y(¢) must “evenly” approach
to the singularity. This is the upward flow parallel to the property in Lemma for the
downward flow. Put together, Lemmas [5.1] and state that points welded by finite-energy
¢ “evenly” approach ¢ and then move up into H perpendicularly from the real line. Note

that the conclusion of the lemma is equivalent to saying r(t) := —z(t)/y(t) — 1.

Proof. We claim that there is a positive lower bound m(r) for the energy to weld points with
ratio r = r(0) = —xo/yo # 1 that is strictly increasing in |r — 1|. Suppose momentarily that
this holds. Then as 1 [ £(s)%ds — 0 as ¢ — 7, we must have m(r(t)) = m(—2(t)/y(t)) — 0
and so r(t) — 1, as claimed.

We can give an explicit, albeit coarse, formula for m(r). Switch to ’s uncentered flow,
writing u(t) and v(t) to be the images of xy and yo, respectively, under this flow after ¢ units
of time. By (2.12)), the average A(t) := 3(u(t) 4+ v(t)) satisfies

. A(t) — £(1)
Alt) = 2(5(75) —u(t))(v(t) — £(¢))
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and so A(t) > 0 whenever £(t) < A(t). Thus if A(0) > 0 and £(7) < A(0), then &(7) <
A(1) < y(1), a contradiction. The case A(0) < 0 is similar, showing £ travels at least to
A(0).

Suppose r(0) < 1 (as again, the other case follows). If £ was instantaneously at A, and

then remained stationary, u(t) would hit Ay at time

1 2 (550 - 90)2 .
Z—l(l'o - A(O)) = 1—6 =.170-

Therefore £ must reach Ay before this time, as otherwise we would have the collision z(t) =
£(t) < A(0) < A(t) < y(t). As Dirichlet energy is minimized by harmonic functions, the

minimal-energy driver that reaches A(0) in time 7y is the linear function n(t) = 75 ' A(0)t,

and I(n) = 5-A(0)*. We conclude

(zo + yo)? 1—r\°
(&) >1(n) =2 =2 =: >0 0.28
© = 1) =220~ (357) =i (5.28)
when r # 1. By calculus, m(r) is strictly increasing in |r — 1| for r € (0, 00). O

Again, our lower bound m(r) in is rather coarse. In the next theorem, we give
a formula for a sharp bound for each r that is attained by a unique, smooth driver.
See Figure [5.2] We call the curves these minimizing drivers generate the energy minimizer
for welding (EMW) curves. Similarly, the driving function is the EMW driver. As a way of
welding any xo < 0 < ¥, they give us the EMW curve family.

Theorem 5.5. For fized vo < 0 < yo, there ezists a unique driving function & with £(0) =0
and which welds xy to yo and minimizes the Loewner energy among all such drivers. Fur-

thermore, £ satisfies the following:
(i) For any 0 <t < T, the hitting time of xo and yo under &,

: 1 1
525:—4(——{——), 5.29
=G0 2
where z(t) and y(t) are the images of o and yo under the centered upwards flow gen-

erated by &. Furthermore, £ € C*([0,7)).
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PR O S S RO S SR
1.5 20 25 3.0

Figure 5.2: Lower bounds on the energy needed to weld zyp < 0 < yp in terms of the ratio
r = —x0/yo € (0,00). The blue is the coarse bound m(b) from Lemma and the orange is the
sharp formula (5.30). Near 7 = 1, the latter has expansion (r — 1)? + O(r — 1)3.

(i1) & is monotonic, T = 55 (x} — dxoyo + y3) and E(T) = (o + Yo).

(vit) If a = yoifwo is the “zipping angle” of xo and yo, and r := —xo/yo their ratio, the

Loewner energy of £ is

L[ 4r
16 =3 /0 £(t)%dt = —Alog(4a(l — a)) = —dlog (m) (5.30)
(iv) Asa — 1/2, € uses an asymptotic factor of w2 /16 of the energy of the Wang minimizer

which welds xq to yo.

(v) Letn € C32+<([0,T)) be any driver with 171(0) # 0, and 7; the curve generated by n on
0,¢], and u(t) < 0 < v(t) the points welded by n to the base of ¥ at time t. Ast — 0,

A uses asymptotically 9/8 of the energy of the EMW curve which welds u(t) to v(t).

(vi) There exists a single curve T' : (1,00) — H such that for each ratio r € (1,00), the
segment I'((1,7)) is an EMW curve which welds points with ratio r to its base. We can

reflect I' across the imaginary azis to get the same statement for ratios r € (0,1).
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Remark 5.6. Parts (74) and (v) show that the EMW family is distinct from the Wang
minimizers.

Note that the formula in part is invariant under scaling z — cz, reflection across the
imaginary axis z — —z, and inversion z — —1/z. Does this shed any light on reversibility
of the Loewner energy? Part shows that, up to scaling and reflection in the imaginary
axis, the entire EMW family comes from a single fixed curve I'. The exact identity of I' is
not currently known, and although it bears similarities with the curve driven by 4+v/%, it is
distinct. See Figure |5.3

Fix ¢ < 0 < yo with —xg # yo, and flow up with the corresponding EMW driver ¢ for
some time ¢ < 7. Part shows that this initial “Loewner portion” of the curve is not itself
an EMW curve, as we may take n = £&. However, the remaining curve that £ generates on
[t, 7] must be: if not, then we could replace & with the corresponding EMW driver for x((t)
and 7(t) and lower the energy. Hence the symmetry of the EMW family is with respect
to the “base,” or what remains to flow up, rather than with respect to the “top,” or the
curve segment already flown up in H. This is the opposite of what we saw with the Wang
minimizers, where the “base” did not correspond to another Wang minimizer, but the “top”

always did, and it is in this sense that we say the EMW family is dual to the Wang family.

Compare Theorem .

Proof. Let W be the family of all drivers n which weld z, to yo and satisfy n(0) = 0. First
note all hitting times 7, for zy and yo under n € W are bounded, as any curve 7”7 generated
by n € W has diam(y") < yo — zo [I7, top of p.74], and so there exists R > 0 such that
4" C Bgr(0) NH for all n, implying

hcap(y") < heap(Bg(0) NH) = R* hcap(B;(0) N H) = R?.
So if {n,} is a sequence such that

I(n,) — 771élva I(n)=:1, (5.31)
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then by flowing upwards, if necessary, with the constant driver 7, (7) from the moment that
x and y are welded together, we may assume that each 7, is defined on the same interval
[0, T]. Hence {n,} is a bounded subset of W'%([0,T]), and so by and the subsequent
discussion, is precompact in C([0,T]). If n,, — & is any uniform sub-sequential limit, by the
lower semicontinuity of the Loewner energy

L =liminf I(n,,) > I(§),

n—o0

and so I(§) = L if £ € W. We just have to ensure that £ welds zg to y, and this follows
from Theorem , as uniform convergence of the drivers n,, — & implies locally uniform
convergence of the associated weldings ¢, — ¢. Hence yo = ¢y, (z0) — ¢©(xp). We conclude
¢ is an energy minimizer.

Since I(§) = L < oo, & is absolutely continuous. We first show holds at all times ¢
where ¢ exists and where ¢ is a Lebesgue point of £2. By Lemma , r(t) == —z(t)/y(t) — 1,
and since £ minimizes energy, r must (strictly) monotonically approach 1. Indeed, if r(tg) = 1
for some ty < 7, then we must have r(t) = 1 for all t, <t < 7. If 1 # r(t;) = r(t) for some
t1 < tg, then £ cannot be constant on [t1, t5], because a ratio distinct from 1 changes under
the constant driver. So energy would be unnecessarily wasted on [¢,t5], and we conclude
that the claimed monotonicity holds.

To be a minimizer, £ must expel as little energy as possible to move the ratio to 1. For
I(t) = %fotf(s)%ls, we thus need to optimize dr/dI, in the sense of maximizing it when
r < 1 and minimizing it when r > 1.

Suppose first that £ is right-differentiable at ¢t = 0 and that t = 0 is a Lebesgue point for
€2. Then the energy expelled on a small interval [0, At] is %fQ(O)At + o(At). Furthermore,
r is right-differentiable at ¢t = 0, and

2(y* — ?)

Ar = 7(0)At + o(At) = ( i

¢
+ E(y — x))At + o(At)

by the Loewener equation (2.17)), where z,y and 5 are all evaluated at t = 0, and 5 is the
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right derivative of £. We thus have

Ar Ayt —a?) | 20y - )
Al E2ay? 3%

as At — 0. This expression is optimized with respect to f when f (0) satisfies at
t =0, in the sense of yielding a local max if (0) < 1 and a local min if 7(0) > 1. Thus any
minimizer for which & (0) exists and where t = 0 is a Lebesgue point of €2 must satisfy
at t = 0.

More generally, let ¢, be a point of differentiability of € and a Lebesgue point of £2. Note
that the remaining driver |y, -y must be an energy minimizer for welding z(to) to y(to), as
noted above in Remark . By the previous paragraph, we see § (to) satisfies . Since
¢ is differentiable at a.e. ¢ and a.e. ¢ is a Lebesgue point of the integrable function £2, we
have at a.e. t.

Plugging this formula into yields that £(t), z(t) and y(t) are absolutely continuous

a.e. solutions to the system of differential equations

TR SR B SN SN 3
0 v O T Tty 6

with £(0) = 2(0) — 29 = y(0) —yo = 0, 0 < ¢t < 7. Since each function is absolutely

§(t) = -

continuous, replacing the derivatives with these continuous expressions for all ¢ does not
change the values of the functions, and we see that each function is actually C*. Then each
of the right-hand sides in (5.32)) is C', and so &, and y are at least C?. Continuing to
bootstrap yields that each of these is C*° on [0,7) (where we use one-sided derivatives at
t=0).

Note also that classical solutions to are unique: by scale invariance we may as-
sume min{—zg,y} = 1, and for small times 0 < ¢t < tg, |z(t)| and |y(t)| are therefore
both bounded below since ¢ is v/L-Hélder -1/2 continuous. Hence the map f(t, €, x,y) =
(—4(z ' +y™ 1), 227 +4y~ ! 4o~ +2y71) is Lipschitz in (€, x,y) on [0, ], giving uniqueness.
Note that uniqueness also gives that if 7(0) # 1, r(¢) # 1 for all ¢ < 7, and so (5.29) also

shows that £ is strictly monotone.
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For the formulas in (ii), observe from ([5.32) that

(1) — (1) — 20(0)(1)) = 24

and so integrating from 0 to 7 — € and sending € — 0 yields
0 — (yo — o) + 2xoyo = —24T,

which yields the claimed expression. Also, if A(t) = (z(t) + y(t))/2, we find A(t) = —%é(t)

and hence

0— %(mo + 1) = —25(7’) -0,

as claimed.
For (7i7), we see how energy is expelled as r approaches 1, and note we have the ODE

dI 4y z+y 4 1—-r 4 8

dr  x xz—-vy r 14+r r r+1

and therefore

I(r(t)) — 0 =4log (@> — 8log <r(t) i 1).

r r+1
Since r(t) — 1, sending ¢t — 7~ yields (5.30)).
For (iv), by explicit computations in [26], we have that the welding ¢y of the Wang

minimizer through e satisfies @y : [2g, 0] — [0, 3], where

o sin®(9) o B sin?(9)
o= \/sin(@) — 0 cos(0) d v = \/sin(@) — 6 cos(0) + mwcos(6)

Using this, we can expand the angle a/(f) = ygyj’xe in a series around 6 = 7/2, which we can

then locally invert to find
T 8 1 13
O
(o) 5 - —lo—3 + 0« 5
as o — 1/2. Plugging this into the energy formula —8log(sin(f)) yields that the energy

Iy () for the Wang curve satisfies

Iy (@) = %@—%)ZO@—%)% (5.33)
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On the other hand,
2 4
~ 4log(4a(l — o)) = 16(a - —) n O(a - —) (5.34)

as a — 1/2, which gives the claimed ratio.

For (v), we use the expansions in Theorem [3.5| to see that the angle a(t) := TOETORS
1 1 . 1+4e€
a(t) = 5 + cn(0)VE+ O™,
Hence from ((5.34)), the minimal energy to weld w(t) to v(t) is

SEOP 4 0(7)

while the actual energy used is %5 (0)%t 4 o(t), yielding the claimed ratio.

Lastly, for (vi), we note that if we have two ratios 1 < r; < ro and we flow up with an
energy-minimizing driver & for 7o (defined uniquely up to scaling), the ratio —z(t)/y(t) of
its welding endpoints will monotonically approach 1 and hence be r; at some time t;. At this
point, as argued in the paragraph preceding the proof, the remaining curve v, generated by
& on [t1, 7] is the energy-minimizing curve for r; (again, defined uniquely up to scaling).
Thus the curve 7,, for ry contains v,, as a subcurve, and we similarly form a simple curve
I' :== U,>; ¥ where v, is a curve generated by an EMW driver £ which welding endpoints
with ratio r, and where 7,, C 7,, whenever r, < ry. This I' has the desired property. If

r < 1, we reflect I" over the imaginary axis. O]

Figure has several numerical simulations of both £ and the resulting curves v for
different initial angles o. An interesting question is the nature of the limiting curve as
a — 17 (or, equivalently, a — 07); that is, the identity of I" in part above. The
numerical simulations suggest that the “initial portion” of the driver converges to 4v/%,
suggesting some connection to the curve created by \(t) = 4y/1 —t — 4. The simulations
also make it clear, however, that I' is not identical to this curve. Informally speaking, the

curve driven by A(t) = 44/1 —t — 4 moves horizontally too quickly and expends too much
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energy in the process; the EMW curves expel less energy by moving higher in H to reach
the same horizontal displacement. However, it may be the case that I' also intersects R
tangentially. Is I' a variety, or the zero-set of a polynomial equation in z and y? What is I"’s

driving function?
5.5 The circular arc family

Zipping up with segments of hyperbolic geodesics in Hl, or circular arcs orthogonal to R, is
another nice option for the zipper algorithm. It was this curve family, in fact, that yielded the
main convergence result thus far for the zipper: Marshall and Rohde proved the “opposite
direction” of the algorithm converges when using the circular arc family, as the hyperbolic
geometry yields control on the boundary of the constructed region via Jgrgensen’s Lemma,
given mild assumptions on the input data [28]. The circular arc family is our nicest curve
family, in the sense of giving the best approximation to smooth curves. Surprisingly, it is
also a factor of 9/8 away from being an energy minimizer for both welding two given points
x < 0 < y together, and for reaching a given point e € H; see parts and of the

following lemma.

Lemma 5.7. For any x < 0 < y there exists a unique driver § : [0, 7] — R with £(0) = 0

which welds x to y and generates a circular arc segment orthogonal to R. Furthermore,

(i) &€ C=([0,7]) and is explicitly

&) = Z(x +y) — %ﬁ ((y —2)% — /1622y + 32t(x + y)2>. (5.35)

(i1) 7= 35(2® — 6zy + y?) and £(7) = 3(z +y).

(vit) If a = yoy_oxo is the “zipping angle” of xo and yo, and r = —x¢/yo their ratio, the

Loewner energy of £ is

1) = %/OTf(t)th =~ log(4a(1 — a)) = — log ((L) (5.36)
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(a) The EMW driving functions for initial (b) The corresponding curves 7 in H. The

angles a = yo?f)xo = %, k = 6,7,8,9,9.9, dashed lines illustrate Theorem :
with normalized welding interval yg — zg = 1. all of these curves, up to scaling, are ini-
Higher k£ corresponds to a higher graph, and tial portions of one fixed curve (in this
the dashed line is y = 4./. case the purple curve for a = 0.99).

Figure 5.3: Numerical simulations of the EMW drivers and their resulting curves.
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(i) If y # —x, & uses exactly 9/8th the energy of the EMW curve which welds x < 0 < y.

0

(v) If 0 # /2, the orthogonal circular arc to zy := re" uses exactly 9/8th of the energy of

the Wang minimizer to z.

Note that when a = % or ¢ = 7, the circular arc is a segment of the imaginary axis and
hence expends zero energy, thus coinciding with both the EMW and Wang curves.

Parts and should be compared with Theorem and Theorem [5.2|[iv), re-
spectively. In the latter two, we saw that sufficiently-smooth curves asymptotically use 9/8
of the energy of the minimizing families. Parts and state that the 9/8 ratio always

holds for the circular arc family.

Proof. For (i), we start with the downwards driving function A\; for the orthogonal circular
arc from 0 to x = 1. This has already been computed by Lind [23] p.5] as

M) = S(1-VIT8), o0<t<

- (5.37)

1
5
It is similarly possible (“although unpleasant,” to quote Lind) to compute that the welding
for the portion of the curve up to time ¢ € (0,1/8) is explicitly ¢y : [x4,0] — [0, y] for

vV1—8tx
@t(x):——
v1—8t—2x

with

r=—14+vV1-8—4/1—v1-8 and y,=—-1++V1-8+1/1—+1—-8t (5.38)

By inspection, the welding endpoint ratio a; = ytzfxt is monotonically decreasing from 1/2

to 0 as t ranges over (0,1/8), which shows there is a unique circular arc curve which welds

a given ratio o = _#= (if o € (1/2,1), we use the circle reflected over the imaginary axis).

Suppose y < —z. We can then re-scale (5.37) to obtain the downwards driver \ for

welding = to y. From (5.38) we can compute oy = _#— and invert to find the time t()

needed to obtain a given ratio « on the circular arc is

1 1 229
t(a) = i 20%(1 — a)? = 8 ot (5.39)
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Yy—x
Yr—x¢’

as we want a = . Our scaling factor is then r = and hence our desired driver is

A

y—x
A(t) = 1A (t/r?) for 0 <t < r?*t(a). Doing the computations yields
3 1

O =130 (-2 - Viy=2 = 32@+yP), )

1
= ﬁ<x2 — 62y + y?).

(5.40)

Noting that the desired £ is thus £(t) = A\(7 —t) — A\(7) for 7 = r?t(a), we obtain the formula
in ().

If —x¢ < yo, we just need to reflect the circular arc with ratio 1 — ag over the imaginary
axis and take its driver; this is accomplished through replacing  and y with —y, and —xy,
respectively, and then taking —¢ for our & in for —yo and —xg. This gives the same
formula.

We have already shown the capacity time formula for 7 in (5.40). Evaluating A(7) in
yields A(T) = —3(z + y), which gives the claimed formula for (7).

For (iii), by scaling invariance it suffices to work with A; on 0 < ¢t < #(«), and we compute

t(a)
%/0 2(t)dt = —Zlog(l ~ 8t(a)) = —§1og(4a(1 —a) (5.41)

by (5:39).
Part (iv) immediately follows, then, by ((5.30)).
For (v) we can explicitly compute (“although unpleasant”) that the parametrization of

the circular arc from 0 to 1 is

1
() =1—V1—8t+iv1—8t\/1—+1-—8t, ogtgg,

and so the angle at time ¢ is

V1I=8tyv1—+1-— 8t>
1—+1-—8t

We then see from (5.41)) that the energy expelled to attain an angle 6 is

0(t) = arctan ( t(0) = %(2 cos?(6) sin®(0) + cos*(6)).

_g log ((1 — cos?(6))?) = —9log(sin(9)),

in contrast to ([5.14]). [
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Curve family (1) T

Slow driver* t(z+y) (2 = 2zy + y?)
EMW 2r+y) a1 (2% — day + 4?)

Circular arc Sz +y) 3 (2 — 6xy + y?)

4
2472 T 32—3n2 (y >

Wang minimizer %(I + y) + O((x+y)3) 32372 (I2 1272 —64 Ty 4 y2) +0 <(xir3;32

Straight slit r+y —}lxy

Table 5.1: Terminal values of the driving function and capacity times for welding z < 0 < y under
our various curve families. Compare Figure Note that the slow zipper does not represent an
actual curve family because its driving function £ is not continuous, and so it does not generate

simple curves in H. However, we can closely approximate it with a continuous driver generating a

simple curve. See :

5.6 The straight-slit family

The straight-slit family welds x < 0 < y to the base of a straight line segment. The angle of

the slit from the positive reals is ma, where

and this is the reason we informally speak of this ratio as the welding “angle” (this turns
out to be a useful concept and is related to the Loewner energy; see §8| below).

The straight-slit family is the poorest-behaved family among our zipper options (although
it is still a “tractable family” in the sense of definition . If —x #£ y, the Loewner energy
of the zip is infinite, and the driving function is not smooth at one of the endpoints.

We proceed to derive properties of this family, akin to what we saw for the previous

families in Theorems [5.2] [5.5] and Lemma Nothing here rises even to the level of lemma;
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Curve family Energy to weld v < 0 < y with ratio o = y%ﬂ
Slow zipper %)
EMW —4log(4a(l — a))
Circular arc —2log(4a(1 — )
Wang minimizer — 5 log(4a(l — @) + O(a — %)4
Straight slit o0

Table 5.2: The energy used by our curve families to weld two given points together. See Theorem
.5 and Lemma for the EMW and circular arc formulas, respectively. The formula for the
Wang minimizers is from Theorem and , and holds as a« — 1/2. The straight slit uses
infinite energy whenever a # 1/2. When « = 1/2, all the families coincide and use zero energy.

Note 64/7% = 6.48.

we simply use known formulas to justify the expressions in Table [5.1]
Fix x < 0 < y, and set
1 1 z+4+vy

di=——a=—= :
2 2 y—=x

A conformal map for welding = < 0 < y to the base of a straight slit, sending zero to the tip

of the slit, is

zy 1 1
z—(m+y)+7;+0<§>, Z — 00.

See [28, “The Slit Algorithm”] for a derivation. It follows that the hydrodynamically-
normalized centered mapping down function for the slit is

1 1
G(z):F_l(z):z+(x+y)—%;—l—0<z—2>, z — 00,
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from which we can read off that 7 = =¥ and A\(7) = x + y. The driving function is

46 T +y
At) = Vi=—2 Vit
( JE-0G+9) Vo

[T7], or, in terms of the upwards flow, £(t) = A7 — t) — A(7),

5(t):(x+y)<1—,/1+;1—2), ogtg—%.

5.7 The slow and fast drivers

One commonality of the preceding four curve families is that their driving functions are
monotonic: given any x < 0 < y, any of the drivers is strictly increasing if —z < y and strictly
decreasing if y < —z. A naive idea for proving zipper convergence is then the following:
show that the algorithm converges for the worst-possible monotonic cases, the slowest and
the fastest, and then conclude that it therefore works for all the others. Unfortunately
this approach fails, but for a noteworthy reason that appears to be a new observation: it
appears not all families with monotonic drivers produce a convergent algorithm. We provide
numerical evidence along these lines in §5.7.4] but we do not give any proofs of divergence;

we hope to further investigate this phenomenon in future work.

5.7.1 Overview

In this section we define the slow driver and fast driver. These discontinuous driving func-
tions represent limiting cases of very slow and very fast ways to weld r < 0 < y with a
continuous monotonic driver . The slow driver is actually the universally slowest way, even
if non-monotonic continuous drivers are allowed, as we show in Lemma [5.8, In contrast,
Lemma says that there is no fastest way to weld x < 0 < y among all continuous
drivers. Together the two lemmas give sharp upper and lower bounds on the welding time
for z < 0 < y under a monotone continuous driver; see Corollary [5.10]

We close with a numerical example where we run the slow and fast drivers on actual

welding data, as in the zipper algorithm. Neither driver creates a simple curve, however,
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owing to their discontinuities, and so this is not a zipper algorithm in the standard sense.
The results, nonetheless, are surprising: the slow zipper generates a driving function which
rapidly converges to the true driver, while the fast zipper’s constructed driving function

diverges. We hope to investigate this phenomenon further in future work.

5.7.2 The slow driver

To weld x < 0 < y, the slow driver & starts with &(0) = 0 and immediately jumps to ”C—;y,
where it waits (patiently) for x and y to flow to itself.
Lemma 5.8. Let & be the “slow driving function” given by
0 t=20
&,(t) = (5.42)

r1+y1 (361*7;1)2

Then the upward flow generated by & welds xy to yy at time 7, == (x1 — y1)?/16. If € is any

continuous driving function with £(0) = 0 which welds x1 < 0 < y; at time T, then

T — )2
T < %, (5.43)
with equality possible iff y1 = —x1. Furthermore, for any € > 0, there exists a driver & that
welds x1 to y, at time 7., where
El%ﬂf—e<n. (5.44)
Put another way, the lemma says
(z1 —y1)*

sup{ 7 : 3 cont. driver £ such that £(0) = 0,& welds z; to y; at time 7} = TR

and that this supremum is attained if and only if y; = —x;. We also see from (5.42)) that

the curve segment constructed by & is a vertical line segment with base at (z; 4+ y1)/2 and

tip at @z
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Proof. First note that the hitting time under & is as claimed: the explicit solution to the
Loewner equation
-2

hi(z) = ) = @ T2 t>0, ho(z) = = (5.45)

is hy(z) = \/(z — —mlgyl)z — 4t + —xlgyl for z € HUR> and hy(x) = —\/(m — _leerl)z — 4t +

xlgﬂ for x < 0. Under this flow, both x; and y; hit the singularity “;ryl at the same time
Tg — (.Tl — y1>2/16
Now suppose ¢ is a driver starting from 0 that welds z; to y; at time 7. Let x(t), y(t) be

the flow of x1,y; under &, and z4(t), ys(t) the flow of xq,y; under &. Let £(t) := y(t) — z(t)
and /4(t) := ys(t) — x5(t) be the interval lengths between these points. Note that the hitting
times 7, 7 are the first times that ¢ and ¢, vanish, respectively.

The (non-centered) Loewner equation gives

—20(t) _ -8
(y(t) = E@))(EE) —x(t) — )

z(t)+y(?)
2

0t) = (5.46)

0 <t < 7, with equality if and only if £(¢) =
(y(t) — 2)(z — x(t)). We also have

, as follows from maximizing z

0y(t) = (5.47)

for 0 <t < (z; —y1)?/16.

Suppose first that y; # —x;. By continuity, there is a small time e where |£(1)] <

|(z(t) + y(t)]/2 for 0 < t < ¢, and so by (5.46) and (5.47)) we have
0 < l(e) <Uls(e) — 6§ < Ls(e)
for some § = d(¢,&) > 0. It follows that there is some ¢’ > 0 such that

0(t) < U4(t) — 6" < 4(t) < 0

for all subsequent time ¢ (until the hitting times). In words, ¢ is monotonically decreasing
faster than /. Therefore ¢ reaches 0 first, which says 7 < 75, and hence gives strict inequality

in (5.43).
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Suppose that y; = —z;. We attain the bound (x; — y;)?/16 = y?/4 in (5.43) with the
driver £(t) = 0. If £(t) # 0, once & leaves 0 we can apply essentially the same argument as
above: if {(t) # 0, the interval length ¢(t) begins contracting faster compared to ¢4(t), and

then continues that way for all subsequent time by and . Hence 7 < 7, in this
case too. This proves and the characterization of when equality is possible.

For , take the driver & = 0 when y; = —x;. If y; # —zq, start £ by moving
extremely fast, say in some small time §, to the average (x1(d) + y1(9))/2, and then remain

at that point. From the smoothness of ¢(t) = (y(t) — x(t))/2 given by (5.46)),
05(6) — € < U(6) < £5(0) (5.48)

if § is small enough. Subsequently, ¢ satisfies £(t) = —8/¢(t), which one may solve explicitly
to find that the hitting time 7 for £ is 7 = £(§)?/16 + §. The hitting time for &, is similarly
7o = £4(8)?/16 + 6. Hence, for small enough ¢ in (5.43),

Ts — €< T,

giving (5.44). O

5.7.8 The fast driver

While the slow driver immediately jumps to the average %, the fast driver waits at the

origin until the nearer of  and y hits, and then immediately jumps to “capture” the other

point.

Lemma 5.9. Fiz 1 <0 <y, and let £ be the “fast driving function” given by

§r(t) == (5.49)

if jhn < —x1 and
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if —xy < 1. If € is any continuous monotonic driving function with £(0) = 0 which welds
r1 <0<y, at time 7, then

min{ai yi} _

4
with equality iff —xy = yy. Furthermore, for any € > 0, there exist continuous drivers & and
& that weld x1 to yy at times T and T9, respectively, where & is monotonic and

mm{:vl, }

THT—€ ————
! 4

and where 5 < €.

Put another way, the lemma says

inf{7 : 3 cont. monotonic driver £ such that £(0) =0, £ welds z; to y; at time 7}

_ minfa?, 47}
= —

and that this infimum is attained if and only if y; = —z1, and that furthermore

inf{7 : 3 cont. driver £ such that £(0) = 0, & welds x; to y; at time 7} = 0.

We also see from ((5.49)) that the curve segment constructed by £; is a vertical line segment

with base at 0 and tip at min{|z|, v }i.

Proof. We prove 0 < y < —ux; the argument in the other case is similar. Note that under
&r, y1 moves according to () = —yli(t), whose explicit solution is y;(t) = 1/y1(0)? — 4t.

This gives the claimed hitting time 7; = y1(0)?/4, and solving the same ODE for z; yields

x1(7y) \/xl —y1(0)2, as claimed.
Now let & be any monotonic driver welding x; to y; at time 7. To accomplish this welding,

M, where z1(t) and y;(t) are

¢ must move monotonically towards the average A(t) =
the images of x; and y; under the uncentered upwards flow generated by &. Hence € is

non-increasing, and so

Ui(t) = > — = 11,7(t),
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the speed of y; under the fast zipper. Thus y; has further to travel and moves slower (less

vt
ot

negatively) under ¢ compared to &y, yielding 7 > Equality cannot occur, however,
because £ is continuous. Drivers £ do exist, though, which come arbitrarily close: the idea is
to wait at the origin for a time 7_ very close to y?/4. Then y;(7_) is very close to the origin
with large negative derivative, and so by moving very fast to capture x; we can weld both
points at time y?/4 + €/2.

If we relax the monotonicity requirement and admit any driver £, then our time may be
arbitrarily close to 0: start by moving in a very small time § to very close to y;. Then ()
is very large negatively, and so both £ and y; can proceed to move very rapidly towards x;.

z1(H)+y1 (1)
2

Stop ¢ when it reaches the average , and let both points weld. Moving sufficiently

fast yields 7 < e. O]

Lemmas [5.8 and [5.9] combine to yield the following.

Corollary 5.10. If £ is a continuous, monotonic driver welding x1 < 0 < y; at time T, then

min{et,yi} o (@-p)®
4 -~ 16

Both inequalities are strict and sharp if —x1 # y1, and both become equality if —x1 = y;.

5.7.4 A numerical example

For an example, we run a slow driver and fast driver “zipper algorithm” on welding data
from the orthogonal circular arc segment illustrated in Figure [5.41 That is, we start with
a discretization of welding in Figure [5.4D] and flow up step-by-step with the uncentered
Loewner flow generated by the slow driver {; and the fast driver ;. In either case the idea
is simple. For &, we always begin a new “zip” by jumping to the average of the next two
data points and waiting there until they both weld together. For {;, we start by waiting for
the nearest of the next two data points to hit the driver, and then move immediately to the

position of the other data point. The scare quotes in “zipper algorithm” and “zip” reflect
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(c¢) The reversed driver £(t) = A\(T —t) — A(7)

Figure 5.4: The true curve, welding and driving function for a numerical test for “zipper

algorithms” generated by the slow and fast drivers.
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Figure 5.5: Running the slow and fast driver “zipper algorithms” on partitions of the welding

in Figure consisting of 8, 16 and 32 data points.

the fact that these drivers do not produce simple curves, as they are discontinuous, and so

do not yield a zipper algorithm in the standard sense of the term.

For our numerical experiment we consider the behavior of the constructed driving func-
tions (not directly the constructed curves themselves). In Figure [5.5 we see the constructed
drivers for partitioning the welding interval [—a, 0] into 8, 16 and 32 equal segments, with
corresponding plots in blue, orange and green, respectively. We plot the (horizontal) t-axis
with the same range of values as for the true driver in Figure [5.4d It is apparent that the
slow driver quickly gives a good approximation to the true driver £, while this is far from the
case for the fast driver, which uses much less time and has much larger jump discontinuities
(the vertical lines). As we add in finer meshes with 64 and 128 data points in Figure [5.6]
we see the same pattern continue: the slow driver yields even better approximations to the
true driver (cf. Figure , while the fast driver has slightly larger jumps and takes even
less time. This suggests that the entire (not-pictured) curve constructed by the fast driver
stays very close to the real line, as its capacity time is very small, and that in the limit, the

fast driver “zipper” diverges. We note that since this is not an actual zipper algorithm that
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Figure 5.6: Adding in two finer meshes.

welds the data with a simple curve, this is not a (numerical) example of zipper divergence.
However, it may be possible to closely approximate the fast-driver “zipper” with an actual
zipper which produces simple curves and also diverges. We hope to further investigate this
in future work. Note that we will prove that the slow driver “zipper” produces a convergent
driving function when run from the “equilibria points” in the following chapter, see Corollary

0.0l

A natural question that the fast driver generates is the location of the cutoff between
monotonic drivers that yield a convergent algorithm and those that do not. This may be
related to how far the driving function moves in welding = to y, the values in the first
column in Table Note that the fast zipper moves as far as possible for a monotonic
driver: while waiting at the origin for the closer of z,y, the further point is moving as slow
as possible for a monotonic driver, and it moves for the shortest amount of time possible
(Lemma [5.9)). If we consider the true points x(t),y(t) given by the expansions in Theorem
3.5, then &;(77) = O(t¥*) = O(x(t) +y(t))*/* as t — 0, whereas all our other curves families
have £(7¢) = O(t) = O(z(t) + y(t)). Does any curve family with £¢(7¢) = O(¢'°) yield a

divergent zipper?
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Figure 5.7: Zooming in on Figure [5.6a The true driver is in black.

Problem 5.11. Determine the threshold for when a monotonic curve family no longer yields

a convergent welding zipper algorithm.
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Chapter 6

EQUILIBRIA POINTS AND CONVERGENCE OF THE
CONSTRUCTED DRIVERS

6.1 Introduction

One step of the zipper algorithm welds the next two data points to the origin. The images of
the remaining data points under this conformal map become the updated data points, and

the subsequent step takes the next pair of these and welds them together at the origin.

x1 Y1

Figure 6.1: One zipper step with the straight slit family. The two intervals surrounding the origin
are welded to either side of a single line segment, with the data points x1, y; joined together at the
origin. (Note that in the bottom picture a new data point is visible on the left and two of the right

data points are pushed out of the frame.)

From the point of view of the Loewner equation, this is the centered upwards flow ([2.15]).
One could also consider a single zip in two sub-steps, however, by first flowing up with the
uncentered flow of (2.12). Then the next data points are welded together at the location of

the terminal value of the upwards driving function for this increment, rather than at zero.
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The overall zip is then completed by re-centering the entire picture back at the origin by

subtracting off this driving function value. See Figure [6.2]

Figure 6.2: One zipper step viewed in two sub-steps: first, an un-centered upwards flow from the

constructed driver £ to weld the data points at £(7¢), and then a translation back to the origin.

While this difference in viewpoint may seem cumbersome or irrelevant at best, it is
actually insightful for analyzing the accumulation of errors in the remaining data points.
That is, after one full zip, how far are the remaining data points from where they would be if
we had zipped up with the true curve? Numerical simulations suggest that most of the error
comes from the shifting in the second sub-step described above. That is, the error between
the true and constructed drivers during the uncentered upwards flow is not “communicated”
very much to the remaining points because of the local nature of the Loewner equation.
However, when we finish the zip by re-centering around zero, the difference between the
terminal values of the true and constructed drivers is transferred to the remaining data
points, greatly accentuating the error. See Figure [6.3]

Our variation of the zipper algorithm eliminates the error when shifting back to zero.

We achieve this by perturbing the initial data points so that the terminal values of the con-
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Figure 6.3: Welding the same segment together with both a zipper step and the true curve. We
see in the second and third images that although the terminal values of the constructed and true
drivers substantially differ, the remaining data points are still close. However, when we re-center

and shift back to zero, this error {(7) — £°(7¢) is conferred to all the remaining data points.

structed and true drivers always agree. In this chapter we describe this in detail and explain
the consequences for the constructed driving function. We begin in by constructing
these perturbations to form the equilibria points. We give the local expansion of the per-
turbations in §6.3) and then show in that when we run the zipper from the equilibria

points, the constructed driving function & converges to the true driver {. (We will show
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later in Chapter [7] that the actual constructed curves 7 also converge to the true curve 7,

as claimed in Theorem )

6.2 The equilibria points and our variation of the zipper algorithm

We define the equilibria points as a perturbation { (&, + 0%, Ynk + Szk)},ivz(?of the true data
points { (., ynk)}g:(? such that the terminal value of the constructed driver on each segment
is identical to the value of the true driver for that segment. That is, we shift our initial data

points so that

& (Tax) = &(Tar) (6.1)

for all n and k. In this section we describe how we generate these equilibria shifts Sﬁk, ~Zk.
For ease of reading, we subsequently drop the subscript n in most of the notation in sections
6.2 and [6.3] The n refers to the current partition P,, and hence we focus on a single mesh
{(xkz»yk)}szl'

The construction of the equilibria points is inductive. Suppose the true upwards driving
function ¢ welds the first two data points z; < 0 < y; together under its uncentered flow
at £(m1) in time 71. To construct the first equilibria points, shift both z; and y; by the
same amount d; so that, for one zipper step from the tractable curve family C on the points
z1+ 61 < 0 < y1 + &1, the constructed driver £¢ has terminal value £°({) = &(m1)[] See
Figure [6.4] This shift 6; is determined by the curve family C. This is obvious for the curve
families in Table where there is no error term in the expansion of £(7), and we handle
the general case below in Lemma [6.1 Note that while the driver values are the same, the
constructed time 7{ will in general not be identical to 7.

So after one uncentered step both the true driver and the constructed drivers have welded

xy and y; together at &(m) = £°(77). Re-center the remaining true data points around zero

*Recall from Definition H that given any x < 0 < y, there exists a unique member of our tractable
curve family which welds these together.
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T Y1 £(r) &(7)

1+ 01 Y1+ 61 &%) = &(7)

Figure 6.4: Constructing the equilibria points. In the top row, we take one uncentered zipper step,
displaying the true curve in the background for reference. To construct the equilibria points, we
shift both x1 and y; by the same amount d; so that our constructed driver ends the zipper step

with the same value as the true driver, as shown in the second row.

by subtracting £(71), and consider the next two true data points o(m) and ya()[] We
again shift both xo(7) and y»(71) by the same amount d5 so that our next zip from the curve
family C run from z5(m) + 0y < 0 < y2(71) + 02 has identical driver increment as the true

driver,
§(13) — &°(r1) = £(Tz) — &(m),

where 75 = 77 + 75 and 15 = 71 + 7». In this way we continue to construct the equilibria
points zy(Typ_1) + Sk,yk(Tk,l) + 05 in each zip stage k. After we have done this N times
for our zipper partition P, we flow down the constructed driver £¢. The images of the
points zx(Ty_1) + Ok, Yp(Te—1) + 6, we used to zip up the curve become some perturbations

x4+ 6%,y + 071V, of the original data points, and these are the equilibria points. Note
k k) k=1

fThese are hence the images of the original data points x5 and y, under the centered upwards Loewner
flow (2.15]) generated by the true driver £ for 71 units of time.
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that while we shifted both z(Tx_1) and yx(Tx_1) by the same amount 05, when we flow back
down with &¢ there is no reason the shift for z; and y; will be the same, and hence we have
both 67 and 4;.

Our variation of the zipper algorithm is thus to use the data {(z;+67, yx+067) }Y_, instead
of {(zx, yr) H,. That is, we make this shift to each of the data points, and then proceed with
the algorithm exactly as usual, using our curve family C to zip up at each step. We again
recall that the key property of the equilibria points is that they yield by construction
for all n and all k.

Definition 6.1. The equilibria points for zipper data {(xy,yx)}i_, are the points {(x; +

Z.yk + 0p) 3L, constructed above. Sometimes we will also refer to the images of these
perturbed data points under the upwards centered flow generated by the constructed driver
as the equilibria points, particularly when they are the next points zy(Ty_1) + o < 0 <
Yre(Te—1) + or to be zipped together. The meaning we have in mind should be clear from the
context. We refer to the zipper run on the equilibria points as the equilibria zipper algorithm
or the C-equilibria zipper algorithm if we wish to emphasize what tractable curve family we

are using. We refer to both the 67, §7 and the by as the equilibria shifts.
6.3 Properties of the equilibria points

We need some basic properties of the equilibria points in order to prove driver convergence.

For instance, it is not at the outset obvious that
xk(kal) + Sk <0< yk(Tk,l) + Sk,

as we have previously asserted. Lemma addresses this, explicitly solving for the shifts Ok
under a curve family C. Lemma and Corollary show that when we run the algorithm
from the equilibria points, the constructed drivers converge to the true driver.

For calculating the 8,5, we lose no generality in assuming that the next points to be

zipped up are, in fact, the first, that the current time is ¢ = 0, and that the true driver &



81

begins at zero. We will always build our constructed curve with zips from tractable curve

families in the sense of Definition [5.1], which we recall satisfy

) = clo+ )+ O({ %) (6.2

when zipping x < 0 < y. The error is as yf—x — % and is quantitative in the sense of (5.2)).

Lemma 6.1. If £ € 03/2“ welds points x1 < 0 < y; together at time T, the corresponding

equilibria points for the constructed curve with family C are z1 + 6 and y1 + 8, where

5= (5~ 2)EO)T + 0(7%) (6.3)

as T — 0F. The constant is the ¢ determined by the curve family in (6.2), and there erists

a constant 1 = 11(C, ||€||cs/2+¢) such that whenever 7 < 7,
x1+5<0<y1—|—5 (64)

and furthermore we have the quantitative control

’5 — (% — ;)f(O)T‘ < O73/2e (6.5)

in the error for (6.3)), where C' = C(C, ||¢||cs/2+c) is a constant.

Our expansions in Theoremshow that x1 = O(y/7) = y1, whereas says 0 = O(T).
That is, the equilibria points are extremely close to x; and y; when 7 is small. This is the
crux of why the equilibria points have any value: they are a useful perturbation because
they dispense with the thorny problem of dealing with the accumulation of errors in the
algorithm, but they are small enough that they still yield an algorithm whose constructed

curves 7¢ converge to the true curve (as we finish arguing below in Chapter [7)).

Proof. Suppose first that there is no error-term in (6.2)) for our curve family (as is the case

for three of the four of our families in Chapter [5). Then we want some shift 6 so that

(1) = c(my +y1 +26) = &(7) = £(0)7 + O(7%/*7) (6.6)
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by Lemma Noting from Theorem that 1 = z1(7) and y; = y1(7) satisfy
4. _
r1 Yy +20 = 55(0)7 + 20 4+ O(73/2+9), (6.7)

solving for ¢ in yields

5 (% _ g)g‘(o)f b O3/, (6.8)

Given the control on the O(73/2%¢)-terms in (6.6) and from Lemma [3.4) and Theorem
, respectively, we have the claimed control in (6.5)).

In the presence of the error term in , we begin by dropping that and solving as above,
obtaining the expression in as our initial guess &' for 0. We claim that we only have to
add a term which is quantitatively O(73/27¢) to obtain the true equilibria point 6. Indeed,
first note that, from the expansions in Theorem again,

yr+ 0 1 27+ iS(O)T—FO(Tg/?) 1
Y+ —(x+8) 2 4y/T 4+ O(7%/2) 2
for all 7 sufficiently small, where 6(C) is from part of Definition [.1] Note that if we

replace & by the translate § +rr3/ite = § = 5(7“) where r < Cy for some constant Cs, this

= LEOVT+O() < 6(0)

inequality remains true provided 7 < 1 = 75(C%, |[£]|cs/24+¢). Thus for any such 6 and 7, we
have by (5.2) that the terminal driver value £°(8,7¢) for welding the points 1 + 0 and y; +0
with the family C satisfies

- . L
1£°(8,7¢) — (a1 + 11 + 20)| < 03\331 + 1+ 20 o ‘%O)T + O(3/2+)
) - ’yl—fl?ﬂz ‘4\/?_'_0(7_3/2”2

where Cy = C4(C, Ca, ||€]|cs/2+< ), and the inequality holds for all 7 < 74 = 74(C, Cy, ||€||ca/24e)-

Cy?, (6.9)

By making 74 even smaller, if necessary, we also have
o L s
047' < 5027'

when 7 < 74,. When r = 0, we have 5= 5’, and recall that by construction, c(z; +y; + 25’) =

&(1), and so says

(1) — Cs7% < £°(8,7°) < &(7) + Cs7? (6.10)



83

for C5 = C5(C, ||€||cs/2+e) and for all 7 < 75 = 75(C, ||€||s/2+<). Note that there is no
dependence upon Cs now because we are not using any shift of 5. Inequality says
that £4(&,7°) is in a very narrow window around &(7), while says that as we vary &’
by replacing it with the translates 6 = ¢’ + r73/2%¢ the resulting driver £°(9, 1) stays very
close to ¢(xy + y1 + 24). Since the magnitude of change in ¢(x; + y, + 25) as we translate
is of order 73/2*¢, while the magnitude of proximity in both and is order 72, by
choosing large enough r and restricting to small enough time we can “drag” 50(5 , 7¢) outside

of being within distance C572 of £(7). For instance, we explicitly show we can make
E(T) 4 Cs7? < £9(6,7°) (6.11)

by translating enough in 6 =& + rr3/2t and restricting to small-enough times. Indeed, set

Cy = 1. Inequality yields
§C((§, 7°) > —Cym* +c(xy +y1 + 20" + 27’7'3/2+E) = —Cym? +£&(1) + 2crr3/te
by construction of ¢, for r < 1. So combined with we see it suffices to show
Cs7? < —Cy1? + 20173/ & 2%(04 + 05)71/2_6 <,

which is true for small 7.

As we translate by r, fc(g, 7¢) varies continuously by assumption in Definition ,
and so there is a value of r we can choose so that £4(8, 7¢) = £(7). This selection yields
and again for new constants 7, and C'.

Lastly, follows immediately from the expansions for 1 = x;(7) and y; = y;(7) in
Theorem and the expression we now have for J in , where we shrink 7, if necessary.

O

Table gives the shifts 6 and corresponding capacity times for our several curve families.
As an example, we work out the straight slit family computations in detail. We have from
Table that the driver £¢(7¢) for welding together x < 0 < y satisfies

1
gc(Tc) =+ Y, T¢ = _ny
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Curve family Equilibria shift O T¢ for equilibria pts
Slow driver* §(Tk 7 4+ O(7 3/2+€> e+ é(Tk 1) Tk Y O(r 2+E)
EMW 12€(Tk )7+ O(7, 3/2+E) Tk + (?;61 i + O(7¢+)
Circular arc 0(7—]?/ ) T+ O(r2+9)
Wang minimizer | (35 — 2){(Tio1)m + O™ | 7+ (£ = 350 €(Ti0)*72 + O(77F)
Straight slit (T )7 + O(7 /2% e — £(T1k441 72 4 O(r2)

Table 6.1: Equilibria shifts and welding times for our curve families. Here T)_1 is the time elapsed
for the true curve through (k —1) true zips; 7y, is the true time for the next increment, and 7 is the
time for the constructed zipper segment. The 8;’s are calculated from Lemma and the 7 from
Table 6, and Theorem All errors are quantitative. Note that running the zipper with the

slow driver £ does not yield a simple curve, as & is discontinuous.

Hence ¢ =1 in (6.2)) with no error term, and so
- 1.
0= —ég(to)T + 0(7'3/2+E),

with the quantitative control |§ + %5 (to)7| < Cor3/?*< for all 7 < ¢y, for the ¢; of Theorem

. The welding time 7¢ for these equilibria points 2 + 6 < 0 < y + 0 is therefore

— (2T o)~ (1o r + O )) (2T + )+ - E(1)7 7+ 0(92+)

_T—mf( 0)’7% + O(7%*),

with quantitative control on the O(727¢)-term for small 7 in terms of £ ().
6.4 Convergence of the constructed drivers

We give broad conditions on curve families for when their zipper curves, constructed from

their equilibria points, have drivers which converge to the true driving function.
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Lemma 6.2 (Convergence of the constructed drivers). Let C be a curve family satisfying:

(1) For any x <0 <y, the curve in C which welds x to y has monotonic driving function.

(i1) For a curve v driven by a C*/*>¢ driver £, there exists 6 > 0 such that the welding time
7¢ for the equilibria points u < 0 < v corresponding to the true data points v < 0 < y

welded by & at time T satisfies
|T¢ — 7| < O (6.12)
whenever T < 1 = 11(C, ||£]|cs/24< ), for some constant C' = C(C, ||€||cs/2+)-

Then, in the setting of Theorem the C-zipper algorithm run from the equilibria points
on the data P, has driving function £ which converge locally uniformly to & on [0,T) as

n — oQ.

Note that we cannot guarantee convergence on all of [0,7], since if T¢ is the time of the
constructed curve in the nth stage, we might have T)¢ < 7' for all n. Our proof below shows,
though, that 7)Y — T'.

The proof is an elementary consequence of Lemma since the values £°(75,) and &(Tx)
are identical, £&¢ and & are well-behaved, and 75, is uniformly close to 7,;, we have that &°

and ¢ are always close. We proceed with the details.

Proof. The kth zip for the constructed curve has capacity time 7, which is close to the time
Tak for the kth interval on the actual curve. We define o, as the increasing, piece-wise linear
perturbation of time which corrects this discrepancy. That is, if T, = Z?Zl Tyj 18 the total

elapsed time after k£ zips of the constructed curve, and T, = Z?Zl Tn; that for the true

curve, then

on(t) = T + 2L (4 — T, (6.13)
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for t € Ity = [T, T, + 75 1) We first observe & o o' converges uniformly to & on [0, 77.

nk»
Indeed, at a time ¢ in an arbitrary interval ¢t = T, + h € Ly := [Tk, Tok + Tng+1), Lemma
yields

6(6) — £ 0 0 ()] < [6(t) — E(Tuk) — T )| + 1E(To) + ETui)h — €5 0 0, (1)
< OWY> 4 max {J€(Tu) b, 1E(To) + ETu)h — ETnin)]}

by monotonicity of £ o a~!. Furthermore,

1§(Tour) +§( Toi)h — &E(Tnpr1)| < 1E(Tak) +§( Toi)Togetr — E(Dnger1)| + |€(Tnk>’(7-n,k+1 —h)

< O+ T e,
by Lemma [3.4] again, and so we obtain
65 = & 0. (O] < 2077 + max (1) eer 0

uniformly by assumption on the partitions P,,.

Next, we note that «,, converges uniformly to the identity on [0, 7], where T := T5 N
is the total time of the constructed curve at stage n. Indeed, the slopes of linear segments
of «, are of the form

Tn,k+1 o 1
To k41 C1+0(7 2 k1)

uniformly as n — oo by assumption on the curve family C, the true driver &, and the

—1

partitions P,. Thus
(1 =€)t < an(t) < (1+e)t, (6.14)
for some sequence €, — 0 as n — oco. For large n, T is close to the true time 7, as
—T|§Z|T§k—7'nk|§0ir;,j‘s§0 maXT,C Z’Tnk— maXTk)T—>0

(6.15)
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and so ([6.14]) yields that v, (t) — t uniformly on [0, 7], and hence that ;' (¢) — t uniformly

on [0,T7]. Therefore, writing || - || = || - || ze[o,7)n0,7¢], We have

lgn — &l < 1165 — & o ag 'l + llgn 0 o™ — ¢l

We know [|£¢ o a;t — £]| is small when n is large, and we note

lgn — &noan I =M€ oast) o an — & ooy | (6.16)

The uniformly-convergent sequence {£€ o a1} is uniformly equicontinuous on compact sets,

and since «a,, converges uniformly to the identity, we conclude (6.16) is likewise small. O

Since the errors in the constructed times 7¢ in Table|6.1]are controlled by &(t), Lemma
immediately yields that these families produce convergent drivers. The lemma also applies if
we switch between our four families as we zip up, “mixing and matching” between different
curve families for different zips, as both conditions are still satisfied: (i) holds since all the
families are tractable, and hence monotonic on each zip, and (iz) holds since we can take as

C' the maximum of the four C’s for the four families, and 7 the minimum of the four 7’s.

Corollary 6.3. For driver & and partitions P, as in the statement of Theorem the
equilibria-point zipper algorithm for any of the curve families in Table[6.1], or any combination
of these families on individual zips, constructs drivers £ which converge uniformly to & on

compact subsets of [0,T).
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Chapter 7

FROM DRIVER CONVERGENCE TO CURVE
CONVERGENCE

7.1 Introduction

We have that when we run the zipper from the equilibria points, the constructed drivers £¢
converge to the true driver £&. Driving function convergence is weaker than convergence of
actual curves, as a counter-example of Lawler shows [17, E.g.4.49]. Using the nature of our
curve families and more refined information about our driver convergence, however, allows us
to conclude that the actual curves 7¢ converge. And not only to some curve 7, but to the true
curve 7. Our preceding work already nearly proves this; we only lack compactness for the
constructed curves ¢ and a link between driver convergence and curve convergence. Lind,
Marshall and Rohde [2I] have furnished all the necessary tools to complete the argument;
we show in this chapter how the pieces fit together.

We begin by reproducing, for the convenience of the reader, the key results we will use

from [21].

Proposition 7.1 (Lemma 4.1 [21]). Let & : [0,1] — R be continuous. For every € > 0,
C <4 and D <0 there is § > 0 such that if

&1 — §2HL<>°[0,1} <0
and if
(1) — &) < Clt —t|Y* whenever |t—t| <D, j=1,2, (7.1)
then the hulls vy, v, generated by &1, & are Jordan arcs with

71 — Y20,y < €
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Proposition 7.2 (Lemma 4.2 [21]). Suppose \,, X are drivers on [0,T]| with \, generating
Jordan arcs ~,. If A, — X uniformly on [0,T] and there exists a Jordan arc v such that

Yn — 7y uniformly on [0,T], then v is the curve generated by .

We will also use conclusions from the proof of Proposition in [21I]. Recall that a K-
quasislit half-plane H\~ is the image of H\ |0, 4] under a K-quasiconformal map f: H — H
that fixes oo, and hence, in its boundary extension, takes R to R [23]. The proof of Lemma
4.1 in [21] shows that curves generated by drivers satisfying the local Holder condition

are uniformly K-quasislit half planes.

Proposition 7.3 (From the proof of Lemma 4.1, [21]). The hull vy generated by any contin-
uous function \ satisfying (7.1) on [0,T] is a K-quasislit halfplane, for some K depending
only on C', D and T, and its half-plane capacity parametrization has modulus of continuity

which depends only upon K.

This is very valuable for us, because it affords subsequential limiting curves that are uniform
limits in their capacity parametrizations. Since we know & — £ from Corollary [6.3] Propo-
sition [7.2] will show that the limiting curve is the true curve. We simply need to establish
the local Holder condition . Lemma does this for the case of the straight-slit zipper,
and Lemma handles our other three families. Neither are difficult, but merely require

some careful accounting and an € of patience.

7.2 Holder estimates

Recall our somewhat non-standard notation for the Holder-1/2 seminorm: |g|1/, is the infi-

mum of all M such that
|g(z1) — g(m2)| < M|zy — 29[

for all z1, x».



90

Lemma 7.4. Let f be continuous on an interval I and linear on the subintervals I; =
[z, 254], 1 = U;L:1 I;, having slope m; on the interior of each I;. Let g be the piecewise

square root interpolation of f on the I;’s,

g(x) = f(z;) + f@s) = f<“”j)\/7x —z;, zel (7.2)

Lj+1 = Zj

Then g is Hélder-1/2 continuous on I with Holder seminorm |gli/2 on I satisfying

lgl/2 < max|my[/|1]. (7.3)
We note that while the estimate ([7.3)) is coarse, it will suffice for our purpose.

Proof. The elementary argument proceeds in two steps.
(1) Suppose first that f(z) =z and U;_, I; = [0, 1]. We claim
lgli2 <1, (7.4)

as can be seen by induction. If there are just two subintervals, we have

Vay/x 0<z<a
Vii—avr—a+a a<z<l1

for some 0 < a < 1. Noting that g(z) — g(0) < x —0 for all 0 < z < 1, we have

g(z) =

that starting from any z;, g(x) — g(z1) is always contained in the “envelope” formed
by +/|x — z1|, yielding the claim for two intervals. (We leave the calculus details to
the interested reader.) Note that if we had two intervals on [0, b] instead of [0, 1], still

interpolating f(z) = x, then re-scaling yields |g|;/2 < vb on [0, b].

Suppose ([7.4)) holds when there are n intervals, and consider a square-root interpolation
g of f(z) = x on n + 1 subintervals of [0,1]. Choose 1 < x5 € [0,1]. If they land in

the same interval [;, then as the square-root coefficient for ¢ on this interval is /||,

g(z2) — g(x1) < \/|Lj|Vze — 21 < Vag — 1.
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If they lie in adjacent intervals I}, I; 11, then by the base case

9(x2) — g(z1) < /| U Lija|vVae — 20 < Vg — 2y

If 2y € I; and x5 € I where I; and I; have at least one other interval in-between
themselves, replace g with g, where g = g on [0, 1]\(Zx_1 U I}), but where g is a single
square-root function on I;_; U I instead of the two for g. Then by the inductive

hypothesis,

9(x2) — g(x1) = g(w2) — g(z1) < g(22) — G(71) < V2 — 11
again yielding ((7.4)), and hence proving the claim for n subintervals of [0, 1].

If g is a piecewise square-root interpolation of f(z) = maz + b on n sub-intervals of
I = [c,d], applying the above to the function

_ 1
g(x) = md—0) (g((d — )z +¢) — (me+ b)>

shows

|gl1/2 < mA/I]. (7.5)

(17) Suppose now that f is piecewise linear with slopes my, ..., m,. If we replace f with a
linear function f having constant slope max; [m;| on all of I, and g with the square-root

interpolation § of f on the I;, then
l9(x2) = g(w1)] < 1g(x2) — g(wr)] < max|my| I/ ]z — 2]
by (7.5). 0

For our three smooth curve families, i.e. those with ¢ € C!, we show holds by
uniformly bounding the driver derivatives, yielding a Lipschitz constant. The argument for
each of the three families is essentially the same: for welding ratios « close to 1/2, we can use
convexity to control the derivative on an entire zipping interval with the initial derivative.

Without loss of generality we are at time t = 0.
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Lemma 7.5. Suppose x1 < 0 < y; are the neat points to be welded at time T by & € C3/%Fe,
Let £° be the constructed driver for any of our three smooth curve families on the increment
[0, 7¢] for the equilibria points uy = x1 + d,v1 = y1 + 0. Then there exists positive constants

C and T such that

max
te[0,7¢]

(1)l < Cle(0)] (7.6)

whenever 7¢ < T (where derivatives are one-sided where needed). Here the same C' and T

work for all three curve families.

Proof. We show holds individually for each curve family; take the maximum of the C’s
and the minimum of the 7”s to obtain the claimed result.
The Wang minimizers. It suffices to work with the downwards driver \° = Aj instead of
the reversed £, as max |£°(t)| = max |\°(t)|. By symmetry we may assume 0 < v; < —uy,
yielding that the tip of the constructed curve has argument 6 € (0, 7/2).

We claim that whenever «(0) := - is sufficiently close to 1/2, A° is concave down,

and hence we can control the max in (7.6) by |A°(0)|. Indeed, by (5.16) we have

16x
(.1'2 + y2)3

xe@t) = (32% — ),

where © = z(t) = Re(G¢(e?)) and y = y(t) = Im(Gy(e?)) are the real and imaginary parts
of the image of the tip of the constructed curve under the centered downwards Loewner flow
(2.16). This expression is negative whenever 322 < y? or v/3 < tan(f), and since the angle
(t) of the tip is monotonically increasing as we map down by , A€ is concave down as
claimed: a ratio a(0) close to 1/2 will yield § = 6(0) close to 7/2 by (5.25).

Suppose that u; < 0 < v, are exactly the welding interval endpoints zy < 0 < gy in
that generate the minimizing segment from 0 to €. Then

A9(0) = Ap(0) = 4cos(8) = 4cos(B(a)) = —:jr—2<oz(0) - %) +0(a(0) - %)3 (7.7)

by (5.25). We use Table [6.1] and Theorem (3.5 to compute

Y+ 0 _ 2\/F—|— ?i_g ‘(0)7- + %£<0)273/2 + 0(7_3/2-1-6)
o Ay/T + 1E(0)273/2 + O(73/2+¢)

a(0) =
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= S OO (), (7.8)
and thus
(0) = ~SEO)VT +O(") (7.9)

. V1—u _ Yy1—x :
by (7.7). For the general case, we need to scale by r = i —y;ﬁ; to obtain the correct
welding interval, which transforms A according to A — %/\( /r?). Expanding % using ((5.24)),
(5.25)), Theorem [3.5{ and ([7.8)), we have

Yoro) — Towy _ 2+ (12— ) (a = 1)+ 0 (a -}’

Y1 — T1 4T + 55(0)273/2 + O(73/2+¢)
1 2772 97 \ -\ 1/9+e
BN <4096 - 1152)5(0) VT O,

and thus combining with (7.9)) we have

. 3.

°(0) = ~£(0) + O(r),
and we conclude

max_|€(t)| < |A°(0)] < [£(0)]

te[0,7¢]
whenever 7 < Ty [
The EMW family. We again claim that the max in (7.6) is bounded by [£¢(0)| owing to
the concavity of £°. Suppose first that 0 < —u; < wv;. Theorem then yields that
—uy(t) < vy(t) and €(t) > 0 for all ¢t € [0,7¢), where uy(t) and vy (t) are the images of uy
and vy after ¢ units of time in the un-centered upwards flow under £°. From (5.29)) we see

8 (u3 + 03

uv

£(t) =

u2p?

+2(u—|—v)>,

where we have suppressed subscripts and the t. Hence the inequality fc(t) > ( is equivalent

to

0 < u® 4 2uv + 2uv® +v° = (u +v)* —uv(u +v). (7.10)

*Note that this condition is in terms of 7, not 7€, since our expansions are in terms of the actual time 7.
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or uv < (u + v)?, which is immediate because the left-hand side is negative. The argument
for 0 < v; < —uy is nearly identical; here we find £°(t) < 0 and £°(t) > 0. In either case,
E(t)] < [€4(0)].

Using our expressions in Theorem for z; and y; and our shift § in Table for the
EMW family and , we have

then, max;e(o,re] |§

—4
—2\/7 4 3E(0)7 — BEO)2+ O(72)

—4 — § - 1/2+€
Tt BE(0)T + £E(0)273/2 4 O(3/2+¢) ¢ (0 +0E),

£(0) =

with quantitative control on the O(7/2+¢) term for all sufficiently small 7. Hence

max |£°(t)] < 2/£(0)]

te[0,7¢]
whenever 7 < Tgyw.
Clircular arc family. As with the Wang and EMW families, it is not hard to see that & is
concave down, and so it suffices to control |£¢(0)|. Using the explicit formula (5.35), we
compute

é0) = —3(2+ 1),

Yy
Since our equilibria shift is ¢ = O(73/%%€), our equilibria points are the true points z(7), y(7)

in (3.5) through order 73/2, and hence we compute

_3<i + l) — 5(0) + 0(7_1/2+e)7

Uy U1

with quantitative control. Hence |£4(0)] < 3|£(0)| for 7 < Tea. O

7.3 Proof of Theorem [1.1]

Families of K-quasiconformal mappings f : H — H are precompact with respect to uni-
form convergence in the spherical metric on compact sets, but limit points may be constant
functions. The following lemma will help us avoid the degenerate case when working with

collections of uniformly K-quasislit halfplanes.
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Lemma 7.6. If H\~v is a K-quasislit halfplane, then there exists o € (0,7/2] such that v is

contained in the cone
Co:={z€eH : |arg(z) — /2| <7/2 —a}. (7.11)
Note that the cone C, has angle o from the positive and negative real axis.

Proof. The associated K-quasiconformal map f : H — H fixes R and 0, and so n := f([0, :]U
Rsp) = 7vUR5g is a quasiarc and satisfies Ahlfors’ three-point condition. Namely, there

exists M such that

|77a_77b| S M|77a_776| (7'12)

for any three successive points 7,, M, 7. € 1 (in either orientation). If there is no such cone,
arg(y;) — 0 for some sequence {v;} C 7. Considering the triple 0 < Re(v;),0,v; on 7, (7.12)
becomes Re(v;) < M Im(v;), or 1 < M tan(arg(y;)) — 0, a contradiction. O

We now have all the pieces in place to prove our main theorem about zipper convergence,

Theorem [L.1]

Proof of Theorem[1.1. We establish the equicontinuity for each of our curve families.
For the Wang, EMW and circular arc family, we have that the constructed driver & has
derivative uniformly close to &(t,) on each zipping interval by Lemma [7.5] Hence the £¢ are
continuous, piecewise smooth with bounded derivative on their intervals of differentiability,
and so in particular are absolutely continuous and Lipschitz, yielding .

For the straight-slit family, we view the constructed driver £ as a piecewise square-root
interpolation. It is nearly this for the true driver &, but is not exactly because the constructed
time increments 7,5, are generally not identical with the true ones 7,;. The times 75, and
Tak are quantitatively close, however, and so pre-composing the true driver £ with a small
time dilation on each zipper increment (say, a piecewise affine function where the slopes are
all close to one) yields a function &, for which ¢ is a square root interpolation. Let ¢, (z) be

the corresponding linear interpolation of fn; that is, £, is linear on exactly the same intervals
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on which & is a single square-root function. Since £ is close to linear with controlled error
on small intervals by Lemma [3.4] all the slopes of ¢,, are bounded by some constant 2M for

large-enough n. Hence for ¢; < t5 we have

[€0(t2) = & (1) < [Ea(t2) — Lulta)] + [€n(t2) — bulto)] + [€n(tr) — & (1))
< & (t2) = Lu(t2)| + 2Vt — b1 + [6a(t1) — & (1) (7.13)

for sufficiently small |ty —t1]. If f(z) = max +0b is linear and g is the square-root interpolation

(7.2) of f between some x; < x5, then by calculus we see

max [ f(z) —g(x)| = (w2 —2),

and so, writing 77, as the length of the interval containing ¢;, (7.13) is bounded by

M — M
77-;’“2 t2vh =t 77-12161 < Mmax7,; +2vts —t1 < 3WVia— 1
J

whenever M?(max; 7;)> < ty — t1. For t; —t; < M?*(max; 77;)?, we have by (7.3) that the

Holder seminorm |5 [1 /2 of & restricted to [t1,t,] satisfies
€0]1je < 2M W/t — 11 < 2MPmax 75, < 3
J

for all sufficiently large n. We thus have for the straight-slit family too.

Note that the times T'¢ of the constructed curves converge to the true time 7', as we saw
in in the proof of Lemma

In any of these cases, then, Proposition yields that our constructed curves ~;, are thus
uniformly K-quasislit halfplanes. Since the capacity times T, of the constructed curves are
close to T, the cone condition in Lemma [7.6] yields that diam(v¢) < D for all n. Thus {7£} is
bounded and further equicontinuous by Proposition [7.3] and hence precompact on compact
subintervals of [0,7") by Arzela-Ascoli. Fix such an interval [0,7p] and take a uniformly-
converging subsequence v;, — 7 on [0,7p]. To complete the proof it suffices to show that
7 is identical to v on [0, Tp]. Note that the time interval [0, Tp] for 7¢, the beginning of the

curve, corresponds to concluding time interval [T°¢ — Tp, T for £°.
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First, we claim that this limit is actually a simple curve, i.e. 7 is injective. Let f, be
the associated K-quasiconformal self-maps of H which fix co and satisfy f,,(]0,4]) = 75. The
family {f,} is normal in H with respect to the spherical metric [19, §2.2f]; after extracting
a convergent subsequence and relabelling, we may assume f,, — f locally uniformly in H,
where f is either a constant in JzH or is a K-quasiconformal self-map of H. Since the
capacity times 7T,, are near T', f,,([0,4]) cannot degenerate to 0 or oo, the only options by the
cone condition, showing that f : H — H is K-quasiconformal. Hence 4 C f([0,1]) is, indeed,
a Jordan arc.

By construction of the equilibria points, £5(7},) = £(T') for all n. When we reverse & and
¢ to obtain the downwards drivers X¢(t) = £5(T, — t) — £5(T,) and A(t) = (T —t) — &(T),
therefore, we still have the uniform convergence \¢ — X on [0, Tp]. By Proposition , then,
we have that the driver for 7 is A|j,r,], and hence that 7 is v on [0, Tp], completing the proof.

In this argument we zipped up each time with a fixed curve family, but selecting different
curve families from zip to zip also poses no difficulty. The argument is identical once we
establish the equicontinuity for the constructed drivers & with constants C' and D
independent of the curve family. When we alternate between different families on different
zips, we end up with an “interpolation” of the piecewise linear function ¢,, defined above which
is a square-root function on some intervals and consists of uniformly-Lipschitz, monotonic
functions on the othersm Its Holder constant is comparable to switching everywhere to the
square-root interpolation, which satisfies by the above, and thus we still obtain the

correct limiting curve through the quasiconformal mapping argument, as above. O]

fRecall that the equilibria-point construction does not depend on what we have previously zipped up
with the constructed curve, but only on the true location of the next data points. So switching between
various curve families does not interfere with the analysis. For instance, if we zip up only with one of
the three smooth families, we end up with a globally Lipschitz driver. That same Lipschitz constant thus
works on all the intervals we use that driver for as we “mix and match.”
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Chapter 8
ZIPPER ENERGIES

8.1 Introduction and overview

What is the connection between the Loewner energy

1 [ .
3 /_ . £(t)%dt
of a Jordan curve v C C and its conformal welding ¢ : 0D — 0D? The problem of
characterizing the weldings of finite-energy loops, i.e. those belonging to the Weil-Petersson
class Typ(1), was posed by Takjatan-Teo [39] and solved by Shen [38], who showed that v €
To(1) iff ¢ is absolutely continuous with log(¢') € H'/2. Bishop [5] has recently given other
characterizations of (. It remains to be shown, however, how to compute the Loewner energy
from the welding: while I (vy) < oo iff ¢ is absolutely continuous with || log(¢')|| g2 < oo,
it is not known whether || log(¢’)|| ;12 or any of Bishop’s quantities are a function of I (7).
In this section we show that one can compute the Loewner energy directly from the
welding via the zipper algorithm. The simple idea is based off of the expansions for the
welding points in Theorem [3.5] but uses a quantity that does not assume any regularity,
namely the “zipping angle” a = y_% of the next data points x < 0 < y. We show that
the (2-sum of the deviations of the angles from 1/2, the zipper welding energy, converges
to a multiple of the Loewner energy when the zipper is run from the equilibria points. We
conjecture a similar identity holds when using the actual welding data. See Theorems [8.2
and 8.8, We also offer several instances of numerically computing the welding energy for the
actual data points (not the equilibria points). These suggest a close connection between the
flow of the equilibria points and the actual data points as the algorithm proceeds, and also

suggest the welding energy diverges when the Loewner energy does. Hence the finiteness
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of the welding energy may characterize finite-energy curves, as we hope to settle in future
work. See Examples [8.4] [8.5 and [8.7]

We step back in and ask if the idea behind the welding energy would be able to
classify the various familiar subclasses of Teichmiiller space: quasislit half planes, asymptot-
ically smooth curves, and elements of p-summable Teichmiiller space. This may be the real
significance of the welding energy: it may offer new “zipper-characterizations” of classes of
regularity which conceptually parallel the existing characterizations.

Lastly, in we discuss a “dual” notion of energy, the zipper angle energy, that would
have similar properties as the welding energy, and which we hope to investigate in future
work. This energy may likewise offer new characterizations of familiar sub-classes of the
universal Teichmiiller space, including finite-energy curves. Furthermore, it appears to offer
a purely geometric way to compute the Loewner energy, where “geometric” is interpreted in

the context of the intermediate zipper curves.

8.2 The zipper welding energy

When using the straight-slit curve family, a natural quantity is the angle [ of the kth zip
from R>(. Figure plots ay = [/ for a run of the zipper on smooth data ¢ with one
point xy where ¢'(xg) = 0. When the welding ¢ is C* with slope bounded away from zero,
numerical experiments show that these angles oy tend to 1/2 as the mesh size decreases, as
we see for the zips “away from” where ¢'(z) = 0 in Figure For the straight-slit zipper,

one has the simple formula

s

B =

s—r’
where s < 0 < r are the next data points to be zipped up. Since this expression makes sense

for any curve family, we define the (normalized) zipping angle «y, of the kth zip by

ap = —F e (0,1), (8.1)

S — Tk
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Figure 8.1: A plot (a) of the “angles” ay, for a run of the zipper on data drawn from the welding
¢ in (b), which welds to a line segment. The zero slope of ¢ at x = —2/3 corresponds to where the

oy, have their pronounced deviation from 1/2.

when 7, < 0 < s are the next data points to be zipped up. The quantity |ay — %| is then a
measurement of how “rough” the current zip is; if this is zero for all k, for instance, we have
the most regular-possible curve in terms of f and @, a segment of the imaginary axis.

It is easy to give an explicit expansion for the a;, when our data ¢ is regular and we are
using the equilibria points of a tractable curve family (recall Definition . Without loss
of generality we are on the first zip with £(0) = £(0) = 0.

Lemma 8.1. Fiz a tractable curve family C with constant ¢ in (5.1). If £ € CS’/HE welds
points x1 < 0 < yy together at time T, the angle oy for the equilibria points x1 + ¢ and y, + 0
for C s

1 1. lte
a@ =g + %5(0)\/?4‘ O(r'7) (8.2)

as T — 0T, with quantitative control on the error.
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Proof. Using the formulas in lemmas and , and writing d = %(l — %), we compute
L+ (3 + 9)E(0)y/T + 5£(0)%7 + O(71+)
1+ ££(0)27 4 O(r1+e)

8_ EO)WVT + O('F).

Y1+ 0
y1+(5—(3:1—|—(5)

a1 =

1
2
1
2
As we have quantitative control on the errors in expansions of z; and y; (Theorem ,
control on O((z +y)3/(y — x)?) in (5.1)) gives control on the O(7!7¢)-term. O

Table shows the zipping angle for the equilibria points for our several curve families for
data ¢ € C®?*¢. Notice that the a,, are uniformly close to 1/2 if the true time increments

Tnk are uniformly small.

Definition 8.1. The zipper welding energy Iy (P,C), or welding energy for short, for the
C-zipper run on data P = {(xx, yx) Hh, is

(o — %)2- (8.3)

WE

k=1
Our main theorem in this section is that the welding energy, when run on the equilibria

points, converges to a multiple of the Loewner energy.

Theorem 8.2. Let v and & be as in Theorem[1.1], with {P,}3, a sequence of discretizations
of v’s welding whose x-values satisfy . Fiz a tractable curve family C and let {Q,}02,
be the corresponding equilibria-point partitions, with oy the zipping angle for the kth zip in
Q... Then

N(n)

Jm > (o= 3) = Gz / () 32c2 1), (8.4)

where ¢ is the curve-family constant in ([5.1)).

Note in this theorem that we are using a single curve family for all zips; “mixing and
matching” between different flavors of curves is not allowed. See Table |8.1] for the constants

5 4 —— for our curve families.
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Curve family Zipping angle oy, Limit of Ty (Q,)
EMW % + %é(tk—l)\/ﬁ—i- O(7,™) %8[(7)
Circular arc I+ %é(tk_l)\/ﬁ + O(7) =1(v)
Wang minimizer | 3 + 2% (tho1) /T + O(71) %I(V)
Straight slit | 1+ 1&(ty_1)y/7r + O(mi) 21(7)

Table 8.1: Zipping angles (8.1) for the equilibria points of our several curve families. Here t;_1
is the time elapsed for the true curve through the point corresponding to & — 1 zips, and 73 is the
time corresponding to the kth zip on the true curve. All the O(Tk{“) terms are quantitative. These

are calculated from Theorem and Table

Proof. Using (8.2), we compute

1. 2
Iw(9Q,.C) = (@f(tn,k—l)x/%k + O(ﬂi?))
k=1
1 N W 3/2+
= =5 2 St + O Do), (8.5)
o 1

since we have quantitative control of each O(Ti;e) term, f is bounded, and 7, is uniformly

small for large n. The first term in (8.5 is a (left) Riemann sum which converges to the
desired integral by assumption (|1.1)) on the 7,;. The second term vanishes in the limit, since

3/2 1/2 1/2
< max /Pt E Tk = ( max Tn]/- )T — 0. O
p j 1<j<N(n)

Remark 8.3. The straight-slit curve family satisfies the assumptions in Theorem and
SO we can use its zipper to compute the energy of smooth curves. This is initially surprising,
since the constructed curves ~¢ always have infinite Loewner energy (unless all the angles

are 1/2), owing to the corners between subsequent zips. The welding energy thus offers a
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helpful intermediary between the geometry of an approximating curve and the smoothness

of the limit.

Example 8.4. Consider the Wang minimizer curve through § = 7 /4 in Figure . Recall
from Theorem [5.2| that its Loewner energy is —8log(sin(m/4)) = 4log(2). Hence if Cs; and C,
are the straight-slit and circular-arc curve families, respectively, Theorem yields

[W(QH,CS)%élog(Q) and IW(Qn,CC)%élog(Q)

for equilibria-point data partitions Q,,. The welding for these curves is explicitly computed in
[26], and so we can numerically run the zipper on the true welding points P, and compute the
associated welding energies. Figure [8.2b| shows that the true data points appear to give the
same asymptotic welding energy as the equilibria points for the straight-slit zipper, whereas
we see in Figure that for the circular arc zipper, the true points give asymptotically
twice the welding energy of the equilibria points. The reason for this discrepancy is not
currently understood. In either case, however, we see a close connection between the flow of

the true points P,, compared to the flow of the equilibria points Q,,.

Example 8.5. For a second example, consider the curve v which begins at the origin and
traces a portion of the circular arc of radius 1/2 centered at 1/2, as in Figure [8.3a] One
can explicitly compute that this curve has (forward-time) driver () = 2(1 — /1 — 8t),
0 <t <1/8, and hence Loewner energy

1 [T 36 9
S g = —Tlog(1— 8T
2/0 1-8t 1 loel )

for 0 < T < 1/8. Consider the segment with capacity time 7" = 0.1 and thus energy i—i log(5).
Theorem yields

Iw(Qn,Cs) — —=log(5) and Iw(9Q,,C.) — %log(B).

In Figure|8.3b] we again run the straight-slit zipper on a sequence of true data point meshes

P,., and again see that the welding energies appear to converge to the same multiple of I(~)
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as for the equilibria points. Figure shows that the energy for the circular arc family on

P,, again converges to twice the energy of the Q,,.

These examples suggest a strong connection between the location of the equilibria points
and the true welding points as the curve is zipped up, the full details of which are not
currently understood. We conjecture, however, that a result analogous to Theorem holds

with the actual welding data.

Conjecture 8.6. Let v and & be as in Theorem [1.1], with {P,};2, a sequence of discretiza-

tions of v’s welding whose x-values satisfy (1.1). For a fized tractable curve family C,

lim Iy (P,,C) = / £(t) ( ),
n—oo
where C'= C(C) is a constant which depends only upon the curve family.

One last example suggests that we could define the Loewner energy via (8.4)), in the sense
that the limiting welding energy and the integral are either simultaneously finite and equal

or simultaneously infinite.

Example 8.7. Consider the line segment v in H from 0 to v(T) = ae’™3 where a =
(1/3)1/3(2/3)%/3. The centered upwards Loewner map F is F(2) = (z — 1/3)'/3(z + 2/3)/3
(see [17, Example 4.12]), which maps the intervals [—2/3,0] and [0, 1/3] onto either side of
7. Solving F(¢(z)) = F(x) on [—2/3,0] yields the explicit welding

1
—(—=1—2z++V1—-2x—32?) —2/3<x <0,

pla) = 3

which we discretize to form P,,. The driving function for v is

) =+2(1/18—t)—1/3, 0<t<1/18=T

which has infinite Loewner energy. Figure[8.4|plots ¢ and the welding energy for the straight-
slit zipper for divisions of I = [—2/3,0] into 100 - 2*~! equally-spaced intervals, 1 < k < 7.
It thus appears that a partition of n equal sub-intervals of [—2/3,0] yields welding energy
O(log(n)).
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Figure 8.4: An example where (§) = oo and the welding energies likewise appear to diverge.

If we have a C3/?*-driver £ on all of [0, 00) instead of just [0,7], we can also consider

the sum (8.3]) on any sequence of points {(zn, ynk)}fj:(?) welded together by £. If

16) =5 / " é(t)2dt < oo,

¢ expels most of its energy on some compact interval [0,7], and so Theorem suggests
something akin to should hold for the improper integral, so long as we can control
(pr — 1/2)? for zips “many steps out.” We can do so using the EMW family, so long as our
starting data points are reasonable. To this end we introduce “locally fine” discretizations.
If P, = {(xn, ynk)}flv:(?) is a welding discretization, we say a sequence {P,} is locally fine if

for every L < 0, there exists M = M (L) such that x, yny < L for all n > M and

hm ma. hca Ty Lo i — O 86
n—eo [xnjvxn,jfl])é[[/,o}#@ pﬂf( J »J 1) ( )

We say {(zn, ynk)}f:]:(?) is a welding partition for & if & welds each x,; t0 Y.

Theorem 8.8. Let & € C3/2+<([0,00)) with I(£) < oo, and let {Pp = {(Znss Yuie) 1o} be

a sequence of locally fine welding partitions for £&. Fix a tractable curve family C and let
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{Qn}5°, be the corresponding equilibria-point partitions, with o, the angle for the kth zip
i 9,. Then

N(n)

Jim 3 (= 5)" = g = [ dord= 1, (87)
where ¢ is the curve-family constant in ((5.1]).

Proof. For a given 0 < € < 1, choose T' such that

/ T et < e (8.8)

Let 7 < 0 be the point hitting £ at time 7', and for each n let ¢, < N(n) be the largest
index such that [, ¢(n), Tnem)—1] N [27,0] # 0. If £ 4y := Zi(:i Tin 1S the time of the true
curve up to z, ), then we can repeat the computation in the proof of Theorem to see
that Zi’;l (ke — l) is close to =5 fO”“")é’ t)2dt (note by our regularity assumption & is

bounded on [0,00) and so the expansion in is still valid). Since {P,} is locally fine,
applying on the interval [z — 1,0], say, shows that ¢, 4») \ 7', and hence

Ly
Z(a”k 64 2/ 5 dt
k=1
1 2 1 tn,[(n) . 9 1 tn,l(n) . 9
< =) - £2dt| + |—— )2dt| <
—;(O‘k ) "we ), W +64c2/T ) ‘

for all sufficiently large n (we have uniform control on the first term in the second line by
elementary Riemann sum error estimates).
Let €, be the Loewner energy for £ corresponding to the interval [z, k11, Tnk),

1 Ink+1 |
€nk 1= —/ £(t)?dt.
2 tok

n

By (8.9), Z,ZL(ZZH €n < € for each n, and we claim that fo:(?zﬂ (o — %)2 must be small
too. To see this, we recall from Theorem that the Loewner energy E(a) expelled by the

EMW curve for welding two points with angle « is

E(a) = —4log(4a(l — a)), implying

a__‘ :1 1 — e E()/4
2
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So if |, — 1/2| > %\/1 — e~nk/4 then & spends less energy than the energy-minimizing

curve on the corresponding segment, a contradiction, yielding

N(n) 1, N(n) 1 1 N(n) - ¢
=) < S(1 -ty < 2 b e 2
Z (a k 2) = Z 4< ¢ ) < 4 Z 4 16
k=tn+1 k=ln+1 k=ln+1
Altogether, then,
N(n l(n
Z ke — 5 )2dt| < ()(ank 5 2dt+—+e<§e
6402 6402 16
k= k=1
for all large n. m

As Rohde and Wang [33] extended the Loewner energy of a simple curve v C HU {0} to
the energy of a loop on the Riemann sphere C (which ended up having deep connections in
Teichmiiller theory [43]), so we hope in future work to extend the welding energy to a loop
welding energy. Given the close connection between the welding and Loewner energies, we
conjecture the following in the chordal case and hope to extend it to a loop welding energy

on the sphere.

Conjecture 8.9. Let £ be any driving function and {P,, = {(mnk,ynk)}gg)} a sequence of
locally fine welding partitions for £&. Then for a tractable curve family C,

lim Iy (P,,C) = / f

n—oo

where equality takes place in the extended non-negative reals [0, +oo]. Here C' = C(C) is a

constant which depends only upon the curve family.

8.2.1 Discussion and questions

While the welding energy originates from the amiable infinitesimal expansions (3.11)) and
(3.12)), the resulting expression « — 1/2 is defined independent of smoothness. As we suspect
that the finiteness sup,, Y (. —1/2)? characterizes finite-energy curves (Conjecture[8.9)), it is

also natural to ask if (o, —1/2) provides a measure of local curvature which also characterizes
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other familiar classes of regularity. For instance, does boundedness of (v, —1/2) characterize
quasislit half-planes? (Here the a,,x would have to be expanded to include the “angles” for all
the data points, not just the next two to be zipped up.) Is 7 an element of the p-summable

Teichmiiller space (see §9.1)) if and only if for every sequence {P,},

n

N(n) N
su e — =] < o0?
D3 (O‘ k 2) >
k=1
Are asymptotically smooth curves characterized by the vanishing of cv,; —1/2 on small scales,

) 1
lim max (Oénk — —> =07
n—oo 1<k<N(n) 2

Settling these questions is a goal for future work, and may prove relevant for extending our
arguments for zipper convergence to the larger classes of drivers.

8.3 The zipper angle energy

The zipper welding energy arises from our expansions for the welding points in Theorem [3.5]

These are parallel to the expansion for the curve itself

10 = 20/E 4 ZAO) — SAOPE? + (30 + SAOP)R 0 (89)

as t — 0 for sufficiently-smooth v in terms of the driver at zero [24, Prop. 3.3], [22, Prop.
6.2]; the constants are even identical. If A(0) > 0, immediately yields

arg(y(t)) = g — arctan (%) = g - %}\(0)\/{5+ O(t3/?),
and hence
(arg(v(t)) - g)2 = %A(())?t +O0(t%). (8.10)

So if we run the zipper on a sequence of partitions and denote the curve segment in H formed

by the kth zip in the nth stage as 7v,x, we expect, as with the welding energy, that summing
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the square deviations of the angle of tip of v, from 7/2 will converge to a multiple of the
Loewner energy,

N(n)

nhjEO Z (arg(%k(Tnk)) - g)Z — C’/OOO A(t)?dt. (8.11)

Working out the details would parallel our work for the welding energy above, but we have
not pursued this for lack of time. We also may need more terms in our expansions
and to do the infinitesimal analysis. We immediately see from , however, that
if we zip up with the true curve on every increment, we have the convergence in (8.11]
with C' = 1/9. Note that this gives, by means of the zipper, an explicitly geometric way to
compute the Loewner energy.

As with the welding energy, the difference (arg(v,x(7.x)) — 7/2) assumes nothing about
the regularity of v, and we could ask the same questions about this energy as for the weld-
ing energy in §8.2.1] namely, can we use the angle energy to classify quasi-slit halfplanes,
asymptotically conformal curves, finite energy curves, or curves in 7,7

As an aside, we note that the zipper welding energy and the zipper angle energy run

conceptually parallel to the EMW and Wang curve families, respectively.
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Chapter 9
INTEGRABLE TEICHMULLER SPACE AND 3-NUMBERS

In this final chapter we extend a result of Bishop [5] from the class of Weil-Petersson
curves T to the p-integrable Teichmiiller space 7T}, for any 2 < p < co. Bishop showed that

T, curves v are characterized by square summable S-numbers,

> Ba(r)? < oo, (9.1)

QeQ

where Q is the collection of dyadic squares in the plane. See and §9.2)below for definitions
of T}, and the S-numbers, respectively. We show in Theorem that summable S-numbers

also characterize T, for p > 2, but with exponent p replacing the square in (9.1)).

In what follows, we give background on the p-summable Teichmiiller space and the (-

numbers in establish notation in §9.3] and prove Theorem [0.1]in and We

discuss some consequences and questions related to our result in §9.6]

9.1 Background on p-integrable Teichmiiller space

Let v C C be a quasicircle, that is, the image of JD under a quasiconformal mapping
qg:D—D. Let oo, = g—g be the complex dilatation of ¢ on D, and f the conformal map of D
onto the bounded component Q2 of C\7y. For 1 < p < oo, the p-integrable Teichmiiller space
T, is the collection of quasicircles v for which either of the following equivalent conditions

hold:

Pf(2)(1—|2]") € L7(D,dA,) (9.2)
or  Sf(2)(1—|z*)* € L*(D,dA,), (9.3)
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where dA, = (14_‘%%)2 is the hyperbolic area measure in D, Pf = log(f') = J}—/,/ is the pre-

Schwarzian derivative of f and

1 "3 f\2
59 = (PFY - 5(P1Y = 2 - 3(E)
is the Schwarzian derivative of f. Recalling that the Besov space B, consists of those analytic
functions f on D for which f'(2)(1 — |z]?) € L*(D,dA,), we see that T, is equivalently
characterized by log(f’') € B,.

The space Ty was introduced by Cui [8], and Guo generalized to other p in [12]. Guo
defined T, by for 1 < p < oo, and proved the equivalence of and when
1 < p < oo [12, Thm 1]. Jones [14, Lemma 3.2] subsequently showed the conditions are also
equivalent when p = 1. Guo [12, Thm 2| also showed that v € T},, 2 < p < oo, if and only

if there is a quasiconformal map ¢ : D — D taking 0D to v which is conformal on D* and

whose complex dilatation p satisfies
pe LP(D,dA,).

There is also an operator-theoretic characterization from Jones [14] for 1 < p < oo, which
states v € T), if and only if its Grunsky operator I' is in the pth Schatten class, which is to
say the singular values {0;}32, of the Hermitian operator vI'*I" lie in ¢7,

(9]
§ P

Oy, < Q.
n=1

We will not dwell further on the operator theory, other than to note that the philosophy
of T, is clearly “p-summability”. Bishop [B] describes T as those quasicircles having “local
curvature [that is| square integrable over all locations and scales,” and T, appears to be
similar but with 2 replaced by p. Our contribution in this direction is to characterize T},
through a p-summable curvature condition in terms of the S-numbers for the curve v, which

measure the local deviation of « from a straight line in a scale-invariant way.
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Theorem 9.1. A quasicircle v C C is an element of T,, 2 < p < oo, if and only if
{8,(Q)}geo € ?(Q). That is, if and only if

> B(Q) < o0,

QeQ
where the sum is over all dyadic squares Q of the plane.

See below for precise definitions.

9.1.1 Regularity of v € T,

Theorem offers a fresh perspective on what is known regarding regularity 7, quasicircles.
We recall that Guo observed that if p < ¢, T, € T}, and hence regularity in 7, increases as
p decreases [12]. In particular, T}, curves for 1 < p < 2 are finite energy Weil-Petersson T
curves, and hence are asymptotically smooth, as noted in [11]. That is, they are rectifiable
and if wy, wy € v and £, (wy, ws) is the length of the shorter of the arcs of v connecting wy

to Wa,

l
by, ws) —1 as |wy — wy| — 0. (9.4)
|wy — wy]

In particular they have no corners, and furthermore they are chord-arc, in the sense that the
ratio in (9.4]) is uniformly bounded over all wy, wy € 7.

Our results show that T)-quasicircles also do not have corners for p > 2, although this is
deducible from known results. By Lemma[9.4 below, Pf(2)(1—|z|?) — 0 as |2| — 1 (as was
also noted by Guo [12, Remark 2]), and so by Pommerenke’s characterization [31, Thm 1],

T, curves are asymptotically conformal, which is to say

max w1 = w] + |w = w —1 as |wy; — wy| — 0, (9.5)
wey(wy,w2) |w1 — w2|

where y(wy,ws) is the arc of 4 of smaller diameter connecting w; and wy. While this does
not imply rectifiability, it does show 7}, curves lack corners. Note that we also see this from
the S-number characterization: since the 3’s are p-summable, they tend to zero as the scale
goes to zero, and so there cannot be any corners (see Example below). It would be useful

to settle whether T}, curves are rectifiable and chord-arc when p > 2.
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3Q

Figure 9.1: The ’s quantify the deviation of a curve v = E from the locally best-approximating
line L, with diam(Q)S,(Q) being half the width of the thinnest strip containing v N 3Q.

9.2 [(-numbers

The [-numbers were introduced by Peter Jones in his famous characterization of planar
subsets contained in a rectifiable curve, the “travelling salesman theorem,” which says that

the shortest curve v C R? passing through a set E C R? has length /() comparable to
diam(E) + ) Ap(Q) diam(Q),

and hence E is contained in a rectifiable curve v if and only if the above sum is finite [12].
Jones’ theorem has had a significant impact on modern analysis and has been generalized
to R™ [30], Hilbert space [37], and recently sharpened by Bishop [4] in the case where E is
itself a Jordan curve.

The [’s for a set E© C R™ are precisely defined as follows. For a dyadic cube @, let 3Q)

be the concentric dilation of () which has triple the side length, and we set

Be(Q) ::minf{ sup{dist(z,L) : z€3QNE} : Lisaline WithLﬁi’)Q%@},

(9.6)
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if ENQ # 0, while 85(Q) =0 otherwise Note that 0 < fg(Q) < %, and so the §’s give
a scale-invariant way to measure the local curvature, or the local deviation from a straight
line. Loosely speaking, §,((Q) is telling us the diameter-proportion of 3Q) that ~ takes up.
In fact,

2 width of the thinnest strip containing v N 3¢
diam(3Q) '

See Figure [9.1]

Example 9.2. Suppose 7 is a planar curve with one-sided derivatives at y(to) that do not
agree, i.e. v has a corner at y(fp). At fine-enough scales near (), v looks like two line
segments meeting at a corner with angle o # 7m. Hence whenever () is a small square with
v(to) € @, the smallest strip containing v N 3Q in 3¢) will have width that is some definite,

positive proportion of diam(3@Q), showing

BW(Q) >0 = 5(&) >0

for all sufficiently-small squares @). So, for example, since (@) tend to zero at small scales
for finite-energy ~ by Bishop’s characterization {3,(Q)} € (2, we see that finite-energy curves

have no corners.

It will be helpful to have another version of the ’s at our disposal which are defined
directly in terms of the curve, rather than from dyadic squares. If 7; is a subarc of v, let L;
be the line connecting the endpoints of v;. We define the S-number for this subarc as

B(v5) = o sup dist(z, L;). (9.7)

N diam(L;) €

See Figure (9.2 The collection of subarcs we will use form a multi-resolution family for ~,
which is to say they will cover 7 nicely at each scale. The precise definition, from Bishop [5],

is as follows.

*This is Bishop’s definition; Jones defines S as twice this quantity. As our results only involve the
finiteness of the fP-norm of the ’s and not their specific value, the difference is immaterial for us.
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Definition 9.1. A multi-resolution family R(FE) for a set E in a metric space X is a collection
of sets {R;} for which there are constants 1 < M, N < oo and ry > 0 such that the following

three conditions hold.

(1) For each 0 <1 < ry, E is covered by sets in R(E) of diameter between r and M.

(it) Each bounded subset F' of E intersects at most N of the sets R; with diam(F)/M <
diam(R;) < M diam(F).

(73i) Any subset F' of E with 0 < diam(F) < oo is contained in at least one R; with
diam(R;) < M diam(F).

As an example, consider dyadic sub-intervals I;; of 0D of the form
- 2 2
e = { Q—Zkges 2—:(k+1)}

where n € {0,1,...} and k € {0,1,...,2" — 1}. The collection of all I,,; satisfies properties
(i) and (i) of a multi-resolution family for 9D but not (iid), since { e : —e < 6 < €} is not
contained in a single [, of comparable diameter for small e. However, if we augment the
collection by adding in the rotation of all I;;, by a fixed, suitable non-dyadic angle such as
7/3, then the resulting family also satisfies .

Below we work with a finer collection of dyadic sub-intervals and their associated Whitney
squares (defined below), starting with n = 3. Here adding in one rotation will again yield a
family which satisfies for all sufficiently-small sets F'. This will suffice for our purposes,
because we only need to show that the tail of the pth power of the S-numbers is summable,

and so we are only concerned about small scales.

9.3 Notation

In our estimates below, we write A < B if there is a constant C' independent of A and B
such that A < CB,and A < Bif A< B and B < A, in which case we say “A is comparable
to B.”
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Figure 9.2: A version of the S-numbers for subarcs v; of 7. Note |22 — 21|8(7;) is half the width
of the thinnest strip centered on the line L that contains v;. In contrast to 3,(Q), we are not free

to select an optimal line, and we are only concerned about the portion of v between z; and z».

We work with a Whitney decomposition W of D, defined through the dyadic decompo-
sition D of D given by all subarcs I, = {e : 2#2% <6< 27rk2in}, k=0,1,...,2" — 1,

n =3,4,.... For any I € D, the associated Carleson square @) is
lez{zeﬂ):ﬁe[,1—uyg|zy}, (9.8)
z

where || = 57, and |I] is the length of 1. The “top half” of Q; is QF = Q;N{1 —|I| <
2| <1—1]1]}, and Q" is the reflection of @ across OD. Our Whitney decomposition is then
W= B(0,1-m/2)U Unx Q};k, a partition of D into closed sets with disjoint interiors. Each
Whitney square W = Q]*nk has hyperbolic area comparable to 1, Euclidean area comparable
to (1 — |2]?)? for any 2z € W, and diam(W) comparable to d(z,dD) for any z € W. While
we call W a “square,” we note that it is not literally one, although it is asymptotically a
rectangle with side-length ratio 2:1 as || — 0.

For a dyadic interval I, we write rI for the subarc of 0D concentric with I but with length
r|I|. A dyadic cube or equivalently a dyadic square is a set of the form @ = [j27", (j+1)27"] x
(k27" (k41)27"], where j, k € Z and n € N. Its side length is ¢(Q)) := 27", and for A > 0 we
define AQ to be the cube concentric with ¢ but with side length M\(Q) and sides parallel to
the axes. We will mostly use 3¢, which is the union of () and its eight adjacent neighbors.
Note that @ is closed.
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For a (measurable) set C' C D, |C] is the Lebesgue area measure of C, and |C|, is the

hyperbolic area [, (dLly of C.

1—[2[2)?
9.4 Step one: v € TP implies 3,(Q)) € ¥

In this section we take the first step in our argument, proving that 7, quasicircles have

p-summable S-numbers when p > 1.

Theorem 9.3. If a quasicircle v C C is an element of T,,, 1 < p < oo, then {,(Q)}geo €
?(Q). That is,

> By(Q) < o0,

Qe

where the sum is over the collection of dyadic squares Q of the plane.

Our proof generalizes an argument of Bishop in an earlier version of the preprint [5],
which showed that the pre-Schwarzian condition for p = 2 implies Y~ 3,(Q)? < co. We
closely follow Bishop’s logic but adjust to allow for general p.

We break the argument into a series of lemmas; the first says that we can exchange the

pre-Schwarzian condition (9.2)) for Yy, n(W)P < oo, where for W e W,

(L= 12%). (9.9)

Lemma 9.4. Let 1 <p < oo and f: D — Q be conformal. Then

/D PA)P (1~ |22)PdA,(2) < oo

if and only if

> (W) < oo,

wew

where W is the Whitney decomposition of D.
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Proof. For sufficiency, we observe

/D PR (1= 2PdA ) = S / PAE)P (1~ |22)PdA, ()

wew
< Sy [ an) £ S oy
Wwew w wew

as each Whitney square has hyperbolic area comparable to one. For the “only if” direction,
we control n(W)? through integrating |Pf(z)(1 — |z|?)|? over W and a collection of neigh-
boring squares {W}. Indeed, pick W € W and 2, € W, and set By := B(z0, (1 — |20])/2).
Note |Bo| < (1 — |20/*)?. By the mean-value property for the holomorphic function Pf,

Pf(z) = Pf(z)dxdy

[Bol J5,
and hence by Jensen’s inequality, and the fact that 1 — |z]? < 1 — |2|? for any other z € W,

1
(1 — [20]?

PP < g [ 1PSGIPdady S o oz [ IPHEP(L = Py

1
[Bol J5,
As | Bol(1 = |20*)P72 < (1 — |20)?)?, we have

Pf(zo)(1— |2)P < /B PA)P(L — |22 2dudy.

Hence we can control the max n(W)P by integrating the (integrand in the) right-hand
side over W and a bounded number of neighboring Whitney squares W, enough to cover
U.ew Bo(z). When summing over all W € W, each Whitney square is integrated over a
bounded number of times, yielding

W< / |Pf(2)|P(1 — |2|*)P2dwdy < oco. O
WEW

We next recall a version of the Koebe-1/4 theorem, which gives uniform control on the
derivative of a conformal map in terms of distances to the boundary in the image and pre-

image.

Proposition 9.5. [17, Cor.3.19] If ¢ : Q1 C C — Qy is conformal, then for any z €

1d(p(2), ) d(p(2), 02)

< | <
1 dizom) SRS 0

(9.10)
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We also recall Mori’s theorem for the Holder continuity of K-quasiconformal self-maps of D.
Proposition 9.6. [1, Thm.[I1.C] If G : D — D is K -quasiconformal with G(0) = 0,

|G(z1) — G(29)] < 16|21 — Zg’l/K (9.11)
for all 21,2, € D.

We also use the fact that K-quasiconformal maps are also n-quasisymmetric away from the

boundary. Note that this 1 is not to be confused with n(W) from (9.9).

Proposition 9.7. [13, Theorem 11.14] A homeomorphism f: D — D’ between domains in
R", n > 2, is K-quasiconformal if and only if there is n such that f is n-quasisymmetric
in each ball B(zx, %d(x, 0D)), x € D. The statement is quantitative involving K, n, and the

dimension n.

The previous three propositions combine to give us the next lemma, which we will apply

locally to estimate how f distorts arcs close to dD.

Lemma 9.8. Let I C 0D be a dyadic interval with midpoint x,, and let Q1 the corresponding
Carleson square. Suppose f is conformal on D with K-quasiconformal extension to ()5;.
Then there ezists constant C' = C(K) such that for any set J C Qy,

diam(f(J)) < C(diam(])>1/K'

diam(f (1)) diam(7) (9.12)

Proof. We begin by centering the picture at zero and re-scaling, defining the sets

_ QruQr—ay, _: Q151U QT 51 — T QU Q5 — 1y

o1 diam(I) ~ S1s diam(7) and 5 = diam([)
i : ; ) F(Q21UQ%,)
Our normalized version of f is then g : Sy — T (D) defined by
() 1= e f(diam(1)z + )
g9(2) = Gam(F(1)) iam(1)z + ).

Let ¢ : D — S5 and ¢ : D — g(S15) be conformal with ¢(0) = 0 and ¥(0) = ¢(0). Then

G = Y71 o gopis a quasiconformal self-map of D, fixing zero, and we have the Holder
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S

~~~~~

Figure 9.3: The maps in Lemma

continuity (9.11)). See Figure . Note there exists d;, universal for all dyadic I, such that

z € Sy satisty
0< (51 < d(2,881.5).

By (0.10) we thus have |(¢~')'(2)] < 4+ on S, showing ¢~' is 4/0;-Lipschitz on S;. Thus

whenever z;, zo € Sy,
[ o g(z1) — ¥ o g(z2)] < 16l (21) — @ H(2) VK < Cilz — 2oV (9.13)

for a global constant C.

We wish to apply a similar argument to remove ! in ([9.13). We first note that
d(0g(S1),09(S2)) is bounded above. By compactness and Proposition [9.6, we can cover
S15 with a finite number of balls of the form B(wk,%d(a:k,aSg)), 2, € Sis, on each of
which ¢ is ng-quasisymmetric for some homeomorphism 7, : [0,00) — [0,00). By defining

n(t) := maxy nx(t), we have that g is n-quasisymmetric on S; 5, which is to say

906) = o) < 0 P=2)latw) - ) (9.14)
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for any x,y,z € S15. Here n only depends on K. Write [} = ] m"}), and let y and z be the

endpoints of I;. Noting that diam(g(/;)) = 1, we have that for any x € d¢(S;5),

09(50),09(515)) < lats) = 96 < (P21 )loo) ~ 9(2)| < G- 1

for a universal constant C'3. Thus by Proposition [9.5]

1

W' (2)] S (=, 0D) (9.15)

for z € =1 o g(5)).

We also wish to bound d(z,0D) below, and first note that we also have a lower bound

on d(9g(S1),09(S15)). Indeed, for x € 9S15,y € 05, and z € Sy, n(‘x_z‘) < ¢ for some

|z—y|

¢ = ¢(K) > 0 independent of the dyadic square, and so
l9(z) — g(2)
_ > U\ IV
l9(z) —9(y)| = . > 5
where the last inequality is because diam({g(z)} U g(S1)) > 1. Thus g(Si5)\g(S1) is an
annulus of bounded modulus, and so its image under the conformal map ¢! is an annulus
of the same modulus that has circular outer boundary and the point zero in the bounded
component of its complement. By considering extermal configurations of annuli (see [T
Ch.III]), we conclude d(z,dD) is bounded below for z € ¥~ o g(5}).

By ([9.15), we thus have that 1 is Lipschitz on 1)~! 0 g(S;), and so ¢! satisfies the lower
Lipschitz bound Ms|z; — 25| < [71(21) — ¥~ (22)| on g(S}), and applied to (9.13)) we have

9(21) — g(22)] < Culz1 — 2|VE

. . e ./L'm
for any z1,2, € 51, where Cy is a universal constant. For w; € Qr, z; := dljam( € 51, and

hence the above yields

Fw) = Fn)l .l — wa\ /K
diam(f (1)) SCQ(diam(])) ’

implying (9.12). O
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At the end of the argument for Theorem will we need that the image of a multi-
resolution family of 0D under a nice conformal map is a multi-resolution for the f(9D). We

include this simple observation and its proof for completeness.

Lemma 9.9. If R’ is a multi-resolution family for 0D and f : 1D — Q C C is a conformal

map onto a quasidisk ), then R := {f(R)} rier is a multi-resolution family for v := f(0D).

Proof. Since f maps to a quasidisk, f is quasisymmetric on JD and satisfies with ¢
replaced by f and some homeomorphism 7 : [0,00) — [0,00) which only depends on K,
the quasidisk constant of 2 [32, Thm.5.11]. The lemma readily follows. Start with property
of Definition : for F C 7 of positive diameter, pull back to F' := f~}(F) and
choose R € R' such that F' C R} and diam(R}) < M'diam(F"). Let 21,2, € F”" such that
5 diam(F’) < |z; — z3|. Then for z3 € R}, quasisymmetry yields

|20 — 23]

£(22) = Fla)| < (= ) 1F (1) = (=)

diam(R;)
< )
n(2 diam(F")

|21 — 2]

> diam(F) < n(2M") diam(F).
By choosing z3 such that 3 diam(f(R})) < |f(22) — f(z3)|, we thus have
diam(f(R})) < 2n(2M’) diam(F'),

yielding .

Property () immediately follows: cover v by sets Fj of diameter r. For each F};, we now
have R; € R covering F; with diam(R;) < diam(F}), and these R; form the desired cover
for ~.

For (7)), note that our argument above for (i) only assumed that /' N R} # (), and so we

can also reverse the roles of ' and R} and see that if diam(F') =< diam(R}), then
diam(f(F")) < diam(f(R})). (9.16)

Since f~! is also quasisymmetric [I3, Prop.10.6], if diam(F) =< diam(R;), we also have
diam(f~(F)) =< diam(f~'(R;)) (although the constant of proportionality may be differ-
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Figure 9.4: We show f is approximately linear on I by first showing f(zo) — f(z1) = 20 — z7.

ent than in (9.16)). So if F C v and R; N F # @ with diam(R;) =< diam(F'), we have
diam(f~(R;)) =< diam(f~(F)), and there are only a bounded number N of such sets. [

Proof of Theorem[9.3. As discussed above in §9.1.1], 7 is asymptotically conformal, and hence

the conformal map f from D to the bounded component 2 of C\~v has a quasiconformal
extension to C which satisfies pf(z) = %(z) — 0 as |z] = 17 [32] Thm.11.1(v)]. Hence
for fixed a € (1/p, 1), we may choose an interval width § small enough such that f extends

K := 1/a~quasiconformally on @}, whenever
1] <0, (9.17)

thus yielding for all such dyadic I. We will show that v; := f(I) is approximately a
line segment with small, explicit error, which will enable us to estimate (7).

Let I be one of these intervals, pick z; € I, let ); the corresponding square , and fix
20 € QF =: Wp. Since re-scaling f does not change the 7’s or our estimate , we may
assume f'(zp) = 1. Consider the hyperbolic geodesic p in D from zg to z;, with {W;}2°, the

chain of Whitney squares that p passes through, listed in increasing distance from zy. See
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Figure[9.4l For a square W), in this chain to be determined below and any point zy, € Wy,

we start by showing

M

f(2nr) = f(20) = (20 — 20)| S (W) diam(Wp)e ("o i), (9.18)
k=0

our first “approximately linear” result for f. Start by writing hyperbolic distance as p(, ),
and note that whenever ¢ in (9.17)) is sufficiently small,

p(Wo, W) < nlog(2),
and hence
diam(W,) < diam(W;)2™" < diam(W,)e ?Wo:Wn), (9.19)

Let z, be any point in N W,, and let u, be the portion of y from 2y up to z,. Using the

W) of (9.9), we see
og(r =l < [ |5

Hn

'(2)
7

n

|dz|

=3

n(Wk)
< ————|dz| < n(W)
Z/umwk diam (W, )| S % t)

k=0
The elementary estimate |e” — 1| < eIl — 1 obtained from the series expansion of e* then

yields

| f'(2n) — 1] < exp (Cirﬂ/l@) ~1.

Either >~° o n(Wy) < 1or Y 72 n(Wy) > 1. In the former case, since C' is a global constant

and
e — 15 (9.20)

for x € [0, C], integration along p up to any point z); € Wy, for any square Wy, in the chain

yields

|f(zar) = f(20) = (20 = 20)| =

L () = 1)z
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M

3 / IRCGOERT

<3 / P LAlE

1Wn k—o

< Y diam(W,) Y n(Wi)

=> (W) diam(W,)

A
NE

n(Wy) diam (W), (9.21)

B
Il
o

S n(W;,) diam(Wy)e P WoWe) (9.22)

NE

B
Il
o

< n(W;) diam (W )e@rWo:Wi),

NE

e
Il
o

where we use the fact in (9.21]) that the geometric sum Zank diam(W,,) is bounded by a
multiple of its first term, and in ((9.22)) we use (9.19)), and for the last line we recall o < 1.
Hence we obtain (9.18) when Y2 n(W}) < 1 for any choice of W),. Since the constant in
(9.18) does not depend on M, sending M — oo yields

£ (21) = F(20) = (21 = 20)| S ) diam(Wo)n(Wy)e oo W) (9.23)

k=0

in this case.

We also wish to show (9.23) when Y2 n(W)) > 1, but with the sum terminating at
some finite M, and we start by showing (9.18)). In this case define M to be the first index
where

M

> (W) > 1. (9.24)

k=0
Since n(W) — 0 as W approaches 0D, we may further suppose that 224:1 n(W,) < 2, by
shrinking ¢ in (9.17)), if necessary. Then we still obtain (9.18) upon increasing the O(-)-
constant, if needed, as (9.20]) still holds for x € [0,2C] with a larger constant. To obtain
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our version of ((9.23) here, we also need to estimate |zy; — 27| and |f(za) — f(21)], and we
proceed to show both are O( S diam(Wo)n(Wj,)e~or(Wo.Wi)),

For |zyr — 21|, observe

lzar — 21| S diam(Wyy)

< diam(Wg)e_p(WO’WM)

< diam(Wp) ( 3 n(Wk)> e=P(Wo, W) (9.25)
k=0

n(Wy)e PWoWe),

NE

< diam (W)

B
Il
o

n(Wy)e orivo W), (9.26)

NE

< diam (W)

e
Il
o

where we used (9.24)) in (9.25). For |f(za) — f(21)], we similarly observe, using Lemma
and (9.19) as well, that

diam (W, )\
o))

< diam(f(I))e~oPWo-War) (9.27)

[Fear) = Fzn] S diam(F(1)(

< diam(f (1))

/N
3
—~
S
~—

N——

® |
Q
=
=
S
=

< diam(f(1)) Y n(Wp)e "o, (9.28)
k=0

We furthermore claim that
diam(f (7)) = diam(Wy). (9.29)

For diam(f (7)) < diam(Wjy), we use a harmonic measure estimate and the fact that 02 is a
quasicircle. Indeed, consider the two dyadic arcs I; and I adjacent to I on either side and of

the same generation as /. A result of Pommerenke [32) Cor. 4.18] implies that, for j = 1,2,

d(f(20), F(1j)) < d(f(z), 0Q)e /ol
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where w(zp, [;,D) is the harmonic measure of I; in D as seen from 2. Since w(z, I;,D) is
globally bounded below over all I, and as d(f(zo), 982) < d(29, ) < diam(Wy) by (9.10]) and

the construction of the Whitney squares, we have

d(f(20), f(1;)) S diam(Wp).

Choose z; € I; such that |f(z) — f(2;)| < 2d(f(z0), f(1;)). As f(OD) is a quasicircle, by
Ahlfor’s three-point characterization there exists M such that | f(z1) —w| < M|f(z1) — f(z2)|

whenever w € f(I). Hence for wy,wy € f(I),
jwi — wa| < 2M|f(21) = f(22)] < AMd(f(20), [(I1)) + 4Md(f(20), f(I2)) S diam(Wp),

yielding diam(f (7)) < diam(W)), as claimed.
For the other direction, we again use the 3-point property. Let z; and z, be the left and
right end-points of I. Then the curve formed from the two line segments [z, zo] U [20, 2] is

a K-quasiarc with bounded K, and so we have

diam(Wo) S d(20, 1) S d(f(20),0€) < |f(20) = f(2)] < M|[f(z) = f(z)] < M diam(f(1)),

~Y

as claimed, completing the proof of (9.29)).
Applied to (9.28) we have

M
f(znr) = f(zn)| S diam(Wo) > n(W,)emortWo Ve, (9.30)
k=0

and so in this second case (when >~ n(Wj) > 1) we find

7 Gar) = F(z0) = (21 = 20)| < |f(zan) = F(z0) = (2ar = 20| + £ () = Flean)] + lear = 21
< diam(Wj) Z (W) e=@PWo W)
k=0

by (IT5). (28) and (@30).

Whether or not Y.~ n(Wy) is bounded by one, then, we find that f is approximately

linear on I, with the deviation from linearity controlled by a fixed multiple of
M(z)

sup Z diam(Wo)n(W;,)e~2PWoWi),
zel 0
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where the sum is over the chain C(z) of Whitney squares from a fixed point 2 € Wy = Q7
to z, and M(z) € NU {oo}. Let z; be a point where the sum is within a factor of two of
this supremum. For y; := f(I), we can now estimate the associated 8(7;) defined by (9.7)).
If z, z, are the left- and right-endpoints of I, we have
diam(Wj) < diam(f (1)) <1
[f(z) = f(z)l ™ 1 f () = ()] ™

by (9.29) and the fact that 0 is a quasicircle. For w € I, we note there exists ¢ € [0, 1] such

that
Itz + (1 —t)z, —w| < |I* < diam(W;)?
where W; = Qf = W, and the same constant works for all sufficiently-small I. Therefore

[t (z) + (1 = 1) f(z) — f(w)]

<t f(z) = f(w) = (m —w)[+ (1 =f(z) = f(w) = (zr —w)[ + [tz + (1 = 1)z —
M (z1)
Z diam (W )n(Wy,)e~*WrWe) 4 diam(W;)?
k=0

for small I, and we see

Bou) S max{ Y0 a(Wi)e ), diam(Wi)}.
WeC(zr)

Summing diam(W;)? over all dyadic intervals Z of OD yields ) 2”2% < oo since p > 1,
and so to show {3(vr)} € ¥ we only have to show that the first member in this maximum is

p-summable. Choosing r such that 1 < r < pa, we sum over all small dyadic intervals and

find

> (Z n<w>e<-“+%-W’W>>”
I:|I|<éd WeC(zr)
<Y (X ) (3 €q<a+r/p>p<w1,w>>”/q

L|I|<8  WeC(zr) Wec(zr)
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by Holder’s inequality, where ¢ = p%l. Since p(W;, W) = p(Wy, W) < k as k — oo and

—a+r/p < 0, the second inside sum is dominated by a convergent geometric series, showing

Z ( Z n(W)e*ap(W,,W)>PS Z Z n(W)Pe=mPWr W)

L|I|<6  WeC(zp) I:1|<8 WeC(zp)

— ZH(W)” Z e~ TPWrL,W)
w I:|I|<s,
WeC(zp)
Since r > 1, the sum over all dyadic intervals Y, e ""1W) is bounded by a constant
independent of W, and therefore the sum above is controlled by a multiple of ), n(W)?.
By assumption and Lemma this is finite, and we conclude
> By < .
Iez
The dyadic intervals Z of 0D do not form a multi-resolution family for 0D, but sup-
plementing Z by an appropriate rotated version of itself generates one (see the discussion
following Definition [0.1)). The collective image under f of all these intervals forms a multi-
resolution family for v by Lemma [9.9, and the above argument applies to both the image
of Z under f and the image of the rotated family. We thus have a multi-resolution family
I' = {v;} for v for which >, 8(7;)? < o0.
We conclude by noting that this implies that the sum of the dyadic-square ’s of is

likewise finite,

Z 5,(Q)" < oo

QeQ
Indeed, let Q; be a dyadic square such that 3Q; Ny # (). Since I' is a multi-resolution family,
there exists 7y(;) € I' such that 3Q; Ny C () and

diam(yx(j)) < diam(3Q);). (9.31)
Let Ly(;) be the line connecting the endpoints of yy(;y. If Ly N 3Q; # 0, we have

inf sup d(z,L) < sup d(z, Lig)) < sup d(z, L)), (9.32)
LO3Q]'7£@ Z€3Qjﬂ’y zeBerW ZE’Yk(j)
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and so by (9.31)) we conclude
B:(Q5) < B(k()- (9.33)

If LijyN3Q = 0, the second inequality in still holds, and we may reduce this distance
over z € 3Q); N~y by choosing a line L intersecting 3();, showing that the first inequality also
holds, and so we again have (9.33)). By , this specific v, is chosen as ;) a bounded
number of times, and hence

D B@Q)P S B <Y Bw)P < oo 0

Q;€Q J

9.5 Step two: 3,(Q) € (* implies ;1 € LP(D,dA,)

In the next stage of the argument, we prove that {5,(Q)} € ¢ implies the dilatation condition
pn e LP(D,dA,). We again follow Bishop’s reasoning from an earlier version of [5], although
we fill in many of the details that were omitted. This may frustrate the expert, but we hope

it aids those less familiar with the subject matter.

Theorem 9.10. Suppose v C C is a quasicircle for which

> B(Q) < o0 (9.34)

QeQ
for some 1 < p < 0o. Then there exists a quasiconformal map q : C — C, conformal on D*

and taking 0D to v, whose complex dilatation p satisfies

)l ~
/D—(l—|z|2)2d dy < . (9.35)

In particular, v € T, when p > 2.

The idea for the proof is to define a quasiconformal reflection across v, using the 3, (Q)’s,
which has p-integrable dilatation. More specifically, we start with a triangulation determined
by a Whitney decomposition of dyadic squares, and reflect the triangles in a square () across

an approximating line determined by £, (R) for a nearby dyadic square R which intersects

(see Figures and . The p-summability of g will imply the p-integrability of u.
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Proof. Start with the following Whitney decomposition W of the bounded component €2 of
C\7y. Set Qy to be the collection of dyadic squares Q € Q with side length £(Q) = 27%, and
let Wy be the union of all Q € Qq satisfying 2Q) C € (which may be the empty set). For
Q@ € Qp not satisfying this condition, we subdivide to the next smaller generation and define
W to be the collection of all subsquares @)’ € Q; of @ for which 2Q" C ), where @ is any
element of Qy\W,. Similarly, having constructed W, ..., Wy, we define Wy as the union
of those @ € Qg1 such that 2Q C Q and QT ¢ Wy, where Q7 is the unique element of
Qy, such that @ € Q*. Our decomposition is then the collection of all these dyadic squares,

W = Ukzo W, which possesses the following standard properties:
(i) For any Q € W,

LUQ) < d(Q.7) < 2V2(Q). (9.36)

(17) For any @ € W, either Q™ or one of its eight neighbors of the same generation intersect

v, and any of these nine squares R satisfy @) C 3R.

(7i1) If @1 and Q9 are adjacent in W, then

<

< 4. (9.37)

The proofs are immediate. For (i), since 2Q) € €, the closest v can be is ¢(Q))/2 away
from one of its edges. Since 2(Q") ¢ 2, the extreme case of 7 intersecting the corner of
2(QT) furthest from @ yields the upper bound in (9.36)). For (ii), we note 2(Q1) ¢ Q and
2(QT) cTU U§:1 T, where Q] are the neighbors of @ of the same generation. Lastly,
for (iii), since 201 C €2, there is a “square annulus” around )y of width %E(Ql) contained
in 2. Hence all neighboring squares (), two generations down have 2Q)5 C 2, and so there is
no need to subdivide any further. Thus £(Q2) > $4(Q) and follows by symmetry.
We use W to define a triangulation that we will reflect across v using lines determined by

the 5,(Q)’s. Indeed, triangulate €2 by attaching the center of each @) € W to its four vertices
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Q*

Figure 9.5: Selected squares of the Whitney decomposition and the corresponding triangulation

of Q.

and any other vertices on 9@ from the corners of neighboring squares, as in Figure 9.5 By
(9.37)), adjacent squares have nearby generation, and so all triangles have angles uniformly

bounded above 0 and below 7.

Enumerate the dyadic squares in each W, as Qi; and start with the first square Q;; € W,
where i is the lowest index such that W, # (). By property (i), we know at least one
neighboring square of Q};’s generation intersects 7; let R;; be any of these. Let L;; be a line
in 3R;; which is a minimizer in the definition of 3, (R;), and reflect all the vertices in Q;
across L; (our dyadic squares are closed, and so this is the center of ();; and any vertices

on its boundary). As we proceed to latter @), reflect any vertices in Q)i yet to be reflected

across the line Ly, from Rj,. See Figure

A single triangle T' may have a different reflection line for each of its three vertices, but we
show these lines are O(fr diam(Q);)) apart and intersect at angle O(fr), where @), is any one
of the dyadic squares associated to the vertices of T and (7 is the largest of several local (-
numbers. This will imply that we can paste together the affine reflecting maps T" — T, where

T™ is the triangle whose vertices are the reflections of those of T, and obtain an injective
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@1

Figure 9.6: An example triangle T' and its two associated Whitney squares @1 and Q. Here the vertex
of T at the center of @ is reflected across the best-fitting line Lo for v in 3Rs (along with the other
vertices in (2, in this instance). The other two vertices of T' are reflected across the non-pictured line L; for
3R;. Our proof shows L; and Ly are distance O(fSr diam(Q)1)) apart and intersect at angle O(fSr), where
Br = max{S3,(R1), 8,(R2)}, which implies that the reflecting map 7"+ T has reflection-dilatation O(f5r).

quasiconformal reflection ¢ in a small neighborhood of v whose “reflection-dilatation” is
controlled by C'8r on each triangle T E| We proceed with the details.

Begin by considering a fixed triangle 7" and the squares {Q;};Z,, nr € {1,2,3}, that
generate the reflection of the vertices of 7. Let R; be the square for (); which intersects
7, and L; the line from ,(R;). Our first observation is that when we restrict to dyadic
squares in small neighborhood of v, T is entirely in 2*, the unbounded component of the
complement of 4. Indeed, since L; N 3R; # 0, the distance from each reflected vertex v*
to L; is < diam((Q)q), and thus the distance of v* to v is likewise < diam(()). Since 7 is
a quasicircle, it has an “e-collar” around itself, in the sense that there exists a fixed € > 0
such that B(z,€) N~ is connected for every z € ~ (if not, then v comes arbitrarily-close to

touching back upon itself, violating Ahlfors’ 3-point condition for quasicircles). Hence by

tNote that by “paste together,” we mean define a piecewise function ¢ which is the affine map T'— T*
on each triangle T. Each of these affine maps is unique, and they agree on the common edges between
triangles because the vertices of a shared edge have the same reflections.
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starting with squares (); with C' diam(Q);) < €, we have T* C Q* for every 7.

Next we consider how far apart the different lines L, can be. By moving a bounded
number of generations up from any of the @);, we can find a dyadic square S such that 35
contains U;Zl SQj, and so, in particular, 35 contains 3R; for each j. If L is a minimizing
line for 5, (S), we first note each of the L,’s is close to L. Indeed, for z; € L; N 3R;, let z,

be the closest point on v to z; in 3R;, and z;, the closest point on L to z,. Then
2 — 2Ll < zj = 29| + |2y — 2| < B5(R;) diam(R;) + 5,(5) diam(S) S fr diam(R;),

where fr is the max of the §,(R;)’s and ,(S). Thus L; is contained in a strip of width
Cprdiam(R;) around L inside of 3R;, and so in particular the angle a; between them is

dominated by

Cprdiam(R;)/2
3 diam(R;)/2

) < Br (9.38)

arctan (

when all the 5’s we maximize over for O are sufficiently small. Since diam(S) < diam(R;),
we see that L; is contained in a strip of width < frdiam(3S) < frdiam(Q;) around L in
all of 35, and hence any Lj is similarly contained within a strip of width < pr diam(Q;)
around L; in all of 3S. Furthermore, the angle o, between L; and Ly is S fr by
when the §’s are small.

From elementary linear algebra we can conclude that a fixed vertex v of T has reflections
under any two of the lines L; and Lj that are at most O(fr diam(Q;)) apart. Indeed, if
proj,(v) is the orthogonal projection of v onto a line ¢, then the reflection v} of v across L;
is vf = 2projg, (v) — v, and so |v] —vi| < | proj, (v) — projg, (v)|. Without loss of generality
proj;, (v) = 0. Writing L; = span{u;} + w for some unit vector u; and w L u;, see Figure

9.7, we have
| projy,, (v)| = [(uy, v)u; +w| < |v|| cos(m/2 £ aji)| + CBr diam(Q1) S Sr diam(Q1) (9.39)

by (9.38), when the 5’s are sufficiently small. Note that this implies that the map formed
by gluing together the affine maps 7"+ T™ is injective when we restrict to a neighborhood

of v where the s are very small.
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Figure 9.7: The distance between reflections of the same point in different lines is O(Br diam(Q1)).

This map is a homeomorphism, reflecting a small neighborhood U, of 9f) in ) across
7 to a small neighborhood of 9Q* in Q*. We claim it has reflection-dilatation O(fr). Let
w; = (v;); = 2proj,(v;) — v; be the reflection of v; across L, j = 1,2, 3, where v}, recall,

denotes reflection of a point v across L;. That is, the w; are the vertices of 7. Writing
wi —w; = (v;); — (v); = (vi); = ()i + (v3); — (v3)7,

we see by (9.39)) that

wimwy | |(Uj)i‘ - (Uj%l _ ()7 = ()3 <p (9.40)
(v); — (v3); |(v)} = (v)7] |vi — vy
for small §’s. Also, note
wi — w;| = [2(projy, (vi) — proj, (vs)) + v; — vil

> |vj — v — 2| projy, (vs) — proij(vj)|
2 diam(Q;) — fr diam(Q1)
2 diam(Q1) (9.41)

when the (§’s are sufficiently small.

To bound the distortion of the affine map which extends v; — w;, we first consider the
dilatation of the map taking the triangle with vertices 0,1 and a € H to that with vertices
0,1 and b € H. This linear map is explicitly

M(z) = b—d2+a—b2

a—a a—a
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and hence has dilatation

oM

I

<l|la—b 9.42
HELEL (9.42)

when both triangles have angles bounded above 0 and below 7.

In our case, we compare 7™ with the reflection 77 of T" across L;. By pre- and post-
composing with translations, we may assume w; = 0, and so re-scaling by the second vertex
yields vertices a = 1% and b = (”3)1 Using (9.42)), (9.39)), (9.40) and (9.41)), the linear map
M taking 17 to T thus has dllatatlon

wy (w)i|_ 1| o w o
] e ey AT A e
1 " sl _ W2
< o (hua = il + il 1 - 22

< 1
~ diam(Q)

Our actual affine map of interest o is the reflection taking 7" to T™, and by pre- and post-

(Br diam(@Q1) + diam(Q1)8r ) < Br.

composing by complex-affine maps z — az + b, we see the dilatation of pr is the same as the

[elzint

dilatation of the composition of M and z — z. Hence the “reflection-dilatation” pg, = -

has modulus

a(M(Z))’ _ ‘@M)(E) < Br.

()] ==
e 5|~ lene
Since {3,(Q)} € (P, the 8’s are very small for all small dyadic squares ). Hence by restricting

to a small neighborhood of v, we have |, (2)|P < 7 for all triangles T in this neighborhood,
and since the hyperbolic area of each triangle is comparable to 1 by the Koebe distortion

theorem, we see

[ rtoraa,e < o

T

By moving to an even smaller neighborhood if necessary, we glue these maps together and
obtain an injective quasiconformal reflection defined in a small neighborhood U, C Q of 7 in
2 which satisfies

/m PdA() S S B < oo,

TeU.
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as each square chosen for O can only occur a bounded number of times, and {3,(Q)} €
(P by assumption. Note that we can extend this map quasiconformally to the rest of €.
The underlying reason is that a quasisymmetric mapping ¢ : R — R is extendable to a
quasiconformal map @E : H — H [19, Thm. 5.2], from which it follows that a quasisymmetric
map between quasicircles is extendable to either side of the domain quasicircle. In our case,
draw a quasicircle 4 in U, and observe that our reflection is quasisymmetric on 4 and maps
it to another quasicircle, and hence we can extend our reflection from 4 inwards to all of
2. We thus obtain a quasiconformal reflection ¢ : Q@ — Q* which we can consider as an

involution @ of 2 U Q*,

and which satisfies

| a@prae) <o
QUO*

To obtain (9.35)), take a conformal map f : D* — Q* which fixes infinity, set j(z) := %, and

note the composition ® o f o j: D — Q is quasiconformal with dilatation

hoero ) = |G E 2B 0| = a2 - L0 5| = bia(ras),
and thus
[ aeres(PaA ) = [ alr/2)PaaLe)
[ s Paa, ()
[P <,
where in each case dA, is hyperbolic area in the domain of the given integral. 0

As an aside, we note that this proof never uses the fact that p > 1, and hence Theorem

holds for all positive p. However, p-summability assumption becomes vacuous when
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0 < p <1, as curves 7 which are not straight line segments do not satisfy (9.34) for such
p. For example, it is not hard to see that v = 9D has ), o 8,(Q)P < oo for all p > 1, but

ZQGQ B’y(@) = 00.

Proof of Theorem[9.1. 1f v € T,, 2 < p < 0o, by Theorem we have {3,(Q)}o € ¢, and
hence by Theorem we see 1 € LP(D,dA,). As noted above, it is known that this implies

the pre-Schwarzian condition ({9.2)). [

We note that theorems and together show that p € LP(ID,dA,) is a necessary
condition for membership in 7}, for all p > 1. This appears to be a new result for 1 < p < 2,
and we hope in future work to show that this implies the pre-Schwarzian condition ((9.2)),

thus completing the S-number characterization of 7T}, for all p > 1.
9.6 Corollaries and commentary

9.6.1 T, inR"

As a consequence, we note that we can extend the definition of 7, from the plane to R",
as the f-numbers 3, (Q) are defined exactly as in in any dimension n, with the dyadic

squares replaced by n-dimensional dyadic cubes.

Definition 9.2. A Jordan arc v C R" belongs to the p-summable Teichmiiller space T,,(R"),

2<p<o0,if

> Bo(y)! < 0.

QEeQ

By our characterization this coincides with the usual definition when n = 2.

9.6.2 A T,-Loewner Teichmiiller space

What characterizes the driving function £ of v € T,? By Wang’s work [43], we know
T, corresponds to ffooo f(t)Zdt < 00, and a naive guess for 7T, is that it corresponds to

ffooo f (t)Pdt < oo. However, we can immediately see this is incorrect, as local regularity
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increases as local p-integrability of ¢ increases, whereas regularity decreases as p increases
for T),. A second guess would be ffooo f (t)9dt < oo, where ¢ is dual to p, but this is also wrong.
Indeed, consider a vertical line segment in H which is followed by another line segment making
a corner of any angle o # 7 with the vertical one. The driver £ has derivative in L¢ for any
q < 2, but we know 7}, curves do not have corners for any 1 < p < oo. This suggests the

spaces defined by

/ T édt < oo, (9.43)

are distinct from 7}, for p # 2.

It would be interesting to investigate these spaces and see if they define a “g-summable-
Loewner-Teichmiiller space.” One would have to verify that if holds independent of
the choice of root, much like the process for proving the Loewner loop energy is well defined
in [33]. The numerical value of the “L%Dirichlet norm” in is not well defined, as it is

not invariant under scaling for ¢ # 2, but its finiteness may be.

Problem 9.11. Determine if (9.43)) defines a class of “g-summable-Loewner” quasicircles.

How do these spaces relate to 7,7 What properties characterize their conformal maps?

Problem 9.12. Characterize the driving functions of v € T),, p # 2.
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