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Many enterprise applications such as assortment planning, inventory control and supply

chain management rely on forecasting, optimization and machine learning methodologies.

While many methods have been developed for static deterministic systems there is a need

for methodologies that are dynamic, involve uncertainty and are computationally practical.

Additionally, new methods are needed for online applications that have a constant stream

of new data arriving. Current methods are often unable to handle these online applications

as resolving the entire problem every time new data arrives is intractable.

This dissertation presents new models and algorithms for large-scale dynamic systems.

The new methodology utilizes a framework for dynamic models applicable to online ap-

plications where there is not complete information and streams of new data arrive. The

methodology for dynamic models consists of a probabilistic forecaster and an algorithm for

approximating the solution to nonlinear least squares problems for updating parameters.

The methods are developed to scale well with a large amount of data and to be used in near

real-time applications.

The models and algorithms developed can be applied to an enterprise system. We analyze

the methods developed in this dissertation for the example of demand forecasting. Like many



problems in enterprise systems, demand forecasting problems are dynamic and change over

time and have a great deal of uncertainty. Furthermore demand forecasting problems are

often large, containing either a lot of data or a complex model with many parameters.

Cloud computing is becoming a major computational resource for streaming large scale

data. Cloud computing can be used to increase the effectiveness of shared resources and

solve problems that require a massive amount of data. However, it is not always clear how

to maximize the effectiveness of shared resources on the cloud. A meta-control framework is

proposed to achieve good performance for cloud applications. The measures of performance

for the meta-control are latency, delay, restart and cost. This framework will design rules

to characterize cost, quality of service and other criteria for implementing the meta-control

feedback schema.
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Chapter 1

INTRODUCTION

1.1 Motivation

Enterprise systems contain large scale optimization problems that often need to be solved

quickly as new data arrives. Problems in machine learning [3] and forecasting [13] use regres-

sion analysis, simulation and Markov models for decision making [8, 15, 29]. These problems

are dynamic and change over time, involve uncertainty and may be in an online environ-

ment. These online environments contain data which is arriving periodically as opposed to

the offline scenario where all the information and data is known beforehand. Traditional

models for enterprise systems are frequently based around static optimization models in an

offline environment. With new technology and the era of big data these models are no longer

applicable. Now, dynamic models under uncertainty are needed which can scale well when

all the information may not be known beforehand and arrives periodically.

Applications involving prediction and forecasting are typically dynamic in nature since

the system changes over time. Static models are frequently used to get a snapshot of the state

of the system. Because they are independent of time, static models are often more rigorous

and require less resources to analyze. However static models fail to give any insight into how

a system evolves or changes over time. Despite being more difficult to solve, dynamic models

are more grounded in reality as they can describe how a system changes over time.

Stochastic models are useful for making predictions, deriving information and analyzing

uncertainty. Many stochastic models make assumptions about the probability distributions

of the data or parameters. However this simplification does not always reflect reality. Despite

the difficulties of solving and analyzing stochastic models, there is a need for algorithms to

build the probability distribution over time from data. Doing so allows for more accurate



2

predictions and forecasts to be made.

In some applications, such as online retailing and stock market pricing, new data (in the

form of point-of-sales or transactions) may be occurring every microsecond. Algorithms are

frequently built around a model which assumes that all or enough data is given beforehand.

These algorithms may have difficulty if not enough data is given beforehand. They are also

not tractable when new data is arriving frequently as resolving the entire problem is too

inefficient. Models and algorithms are needed to quickly adapt to the new information as it

becomes available while still using the knowledge gained from the previous solution.

Traditional forecasting techniques use regression analysis, simulation and Markov models

to make predictions. These methods may have problems scaling when the amount of data

increases or if the model function is highly nonlinear and contains a lot of parameters.

Technology has allowed us to store and analyze large quantities of data occurring every

microsecond. Models and algorithms need to be designed to scale up as problems evolve and

grow over time.

1.2 Research Contribution

The contribution of this dissertation is the development of models and algorithms for en-

terprise systems. The first contribution is a generic framework for dynamic models with

uncertainty that is applicable to online problems. This framework can offer scalability as

the problem grows in size and allows for quick solutions to be obtained which is crucial in

many applications. The models and algorithms designed in the rest of this dissertation fit

into this framework. The primary example used to demonstrate this framework is demand

forecasting for retailers.

The second contribution is a probabilistic forecaster which propagates a probability dis-

tribution directly (as opposed to propagating the mean). The forecaster is designed around

the use of increments which are constructive relative to the mean of the state. This formula-

tion is practical for many applications and allows for forecasts to be made without assuming

that the data has a certain probability distribution. For example, in demand forecasting
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knowing the mean and the variance is not enough information for many decisions. The use

of increments also allows forecasts to be made in a timely fashion making use of online data.

The third contribution is a new methodology for approximating solutions to nonlinear

least squares problems using the concept of I-frames and the fast marching algorithm. The

methodology is developed to solve online problems, where new data is constantly arriving.

This methodology benefits from being scalable as the number of parameters increases and

as the amount of data increases. Furthermore, only the gradient of the model function is

required, as opposed to the Hessian matrix. The approach uses the concept of I-frames from

imaging and animation to divide the problem into smaller optimization problems that reduce

the overall computation while still providing a good approximation.

The rest of the dissertation is organized as follows. Chapter 2 examines some of the ways

cloud computing is being used to solve optimization problems. We also review parameter

estimation and algorithms for solving nonlinear least squares problems. Chapter 3 presents

a generic framework for dynamic models applicable to cloud environments. In Chapter 4 we

present an incremental probability forecaster applicable to demand forecasting. Finally in

Chapter 5 we present an algorithm for solving nonlinear least squares problems using the

concept of I-frames from imaging and animation. We conclude in Chapter 6 and explain

potential future work.
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Chapter 2

LITERATURE REVIEW AND BACKGROUND

This chapter reviews the current literature and provides some background on the problems

that are addressed in later chapters. We start by reviewing cloud computing and meta-

control. The work developed in Chapters 3, 4 and 5 can be applied to cloud computing

environments. Then we review forecasting, parameter estimation and nonlinear least squares

problems. Chapter 4 develops a new, incremental probability forecaster and Chapter 5

presents a new methodology for solving nonlinear least squares problems.

2.1 Cloud Computing

Scheduling workflow applications in a cloud environment to optimize cost and completion

time has been examined using particle swarm optimization [49] and simulated annealing [24].

These models examine the tradeoffs between the cost of using the cloud and computation

time. However these models are only considered for static cases where the demand for

resource requirements are known ahead of time. That is, there is complete information

about the demand, what jobs need to be completed and how long the jobs will take to

complete.

The INFORMS 2015 conference provided over two dozen talks about how the cloud can

be utilized for operations research and optimization [21]. Many of these talks focused on the

business decision of switching to the cloud. However there is little work on the operational

decisions to be made once the cloud is already being used.

Provisioning resources from the perspective of the owner of the cloud is studied in [45]

and [18]. These papers use dynamic programming and optimal control to allocate virtual

machines or processors in the cloud based on the fluctuations in demand. However, the work
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contributed only examines resource allocation from the cloud perspective. It is unclear how

the user should best allocate the cloud resources to solve their problems in the cloud.

It is an open question of how to best utilize the resources in the cloud for solving problems

which are occurring in real-time. Often, there is very little information about these problems,

how long they will take to solve and how many resources are required to solve them in an

efficient manner. There is a need to develop a framework or architecture to handle such a

situation. This framework needs to account for all the variability in using the cloud: latency,

delay, restart and cost while still providing a quality solution in a short amount of time.

Furthermore, this framework should take advantage of the inherent structure of the cloud

by utilizing its resources to the fullest potential. For example, we should be able to acquire

and release resources on demand based on the expected amount of work to be done.

In Chapter 3, we present a framework for dynamic models which may be tailored to solve

these problems in a cloud environment.

2.2 Meta-Control

Meta-control was introduced in 2006 as a generic methodology to iteratively determine algo-

rithm parameters that optimize the performance of a deterministic optimization algorithm

[28]. The meta-control methodology was extended to control stochastic optimization al-

gorithms in [44]. This meta-control was used to control the temperature parameter of a

simulated annealing type algorithm [43]. Meta-control was also used for solving binary inte-

ger problems in continuous time in [58], and in discrete time in [63].

The main idea is to solve a continuous time optimal control problem and get a feedback

signal on the parameters based on the current state of the algorithm. This concept can be

summarized in four basic steps:

1. Given an algorithm, find a dynamic operator that approximates the algorithm’s be-

havior.

2. Identify the parameters of the algorithm to control.
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3. Formulate and solve a control problem to determine a feedback signal on the parameters

according to the desired performance metrics and updated data.

4. Implement the algorithm with the adjusted parameters and continuously provide data

to the control problem.

Meta-control is discussed further in Section 3.3 for implementation in the cloud.

2.3 Dynamic Models for Forecasting and Parameter Estimation

Enterprise systems contain many forecasting problems to aid in decision-making, such as

assortment planning, inventory control and supply chain management [13]. These decisions

may be essential to the enterprise system and often involve a great deal of risk and uncer-

tainty. It is crucial that forecasts are made with the highest degree of accuracy possible while

still reflecting reality.

To make a forecast, the user needs to determine a model that can incorporate all of the

known data to make an accurate prediction about the future. Ideally, the model should be

dynamic, involve uncertainty, able to handle streams data and offer scalability. This poses a

variety of challenges as developing an efficient model or system to contain these elements is

not always easy or computationally practical.

Many forecasting models are based on an autoregressive moving-average (ARMA) model

[13, 29]. ARMA models are reliable in some applications but it is often hard to interpret the

coefficients. Sometimes the coefficients are hard to find and there is a danger of overfitting.

Furthermore ARMA models are imposed with constraints to assume the process is stationary.

This makes it easier to interpret the data, but it is not realistic. Some also assume that the

noise in the system is Gaussian.

Probabilistic forecasts make predictions that are given with certain levels of uncertainty.

However most probabilistic forecasts propagate the mean and the covariance directly, which

assumes that the data follows a certain distribution. Maximum likelihood and Kalman filters

have well-developed algorithms to use. However these methods assume the data follows a
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certain probability distribution (e.g., Gaussian). There is a need for a forecaster that is

dynamic without assuming a probability distribution.

In Chapter 4 we develop a probabilistic forecaster based on the use of increments around

the mean of the state. This forecaster is applicable in many fields and benefits from not

assuming a probability distribution while being computationally practical in online environ-

ments.

2.4 Nonlinear Least Squares

Regression analysis is a statistical tool for investigating the relationship between variables.

For example in demand forecasting we might be interested in how changing price affects

the demand, or if the demand is affected by the weather. Usually there is a model, given

by a predictor function, that explains how the data affects the prediction. Knowing the

relationship between the data and the prediction is crucial as an accurate prediction can be

made should new data arise, either in practice or in theory. These predictor functions have

a set of parameters (or coefficients) which need to be estimated from the data. A predictor

function can be linear or nonlinear with respect to the parameters. Sometimes, such as in

exponentially weighted models, these parameters have constraints imposed on them as well.

The standard approach to estimate these parameters is the method of least squares, which

finds a solution that minimizes the sum of the squares of the errors made in the results of

the model function.

Many fields, such as robotics [56], optics [12] and machine learning [3] use a nonlinear

least squares problem to estimate parameters of a complex model that fit the data well.

Determining the parameters or coefficients of the model function provides the ability to

predict future behavior. This is needed for forecasting a variety of things such as stock

prices, item demands and weather [60].

Many model functions are chosen to be linear with respect to the explanatory (or in-

dependent) variables. Linear model functions are computationally easy to fit to the data

because the linear least squares problem has a closed form solution that can be solved in a
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finite number of standard operations [5]. However many systems are not well approximated

by a linear function and it is necessary to solve the more difficult nonlinear least squares

problem. Furthermore, while many traditional methods for solving one instance of a non-

linear least squares problem exist, these methods often do not scale well as the number of

parameters increases nor as the amount of data increases [39, 47].

While solving one instance of a least squares problem has been studied extensively, some

online applications require the problem to be repeatedly resolved as new data points arrive.

For machine learning and demand forecasting, data points may be arriving multiple times

each second and resolving the entire problem with each new point is not practical or efficient

[52]. New methods are needed to efficiently solve the nonlinear least squares problem while

taking advantage of the sequential nature of the data.

Formally, consider a set of m data points, (x1, y1), . . . , (xm, ym), and a model function

y = f(x,P). This model function depends on the variable x as well as a set of n parameters,

P = (P1, . . . ,Pn), with m ≥ n. Note that x is not limited to a single value and may instead

be a vector of points. For example, in demand forecasting the model function may include

point of sale (POS) data, order amounts, weather and promotional sales. All these items

may affect the forecast and thus x is a vector containing all these values. Then y, which is

the observed output associated with the input x, would be the estimated demand.

The goal is to find the vector P of parameters such that the model best fits the given

data in the least squares sense. Let r, commonly called the residual, be a vector function,

r : Rn → Rm with m components ri, i = 1, . . . ,m. Each of the m components measures the

error made in the results of the model function, ri = yi−f(xi,P). In the example of demand

forecasting, ri would be the difference (or error) between the observed demand at time i and

the forecasted demand. In this dissertation, the model function is the same across the m

data points. This is usually the case for demand forecasting, however some applications in

imaging and machine learning do not have this form.

A good set of coefficients for the predictor function is a set that minimizes the sum of
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the squares of the errors. This leads to the following optimization problem:

min
P
G(P) (2.1)

where G(P) =
1

2

m∑
i=1

(
ri(P)

)2

=
1

2
r(P)T r(P),

where P is the set of parameters (or coefficients) that need to be estimated.

As an example, consider the following model function which gives the amount of a com-

ponent in a chemical reaction over time (see [17]),

f(x,P) = P1 + P2e
−P3x.

Given some observations of the component amount, y1, . . . , ym at times x1, . . . , xm the ob-

jective is to minimize the sum of the residuals at each time point,

min
P

1

2

m∑
i=1

(ri(P))2

where ri(P) = yi − P1 − P2e
−P3xi .

Note that this is a nonlinear least squares problem as each ri cannot be expressed as a linear

combination of the parameters, P . The rest of the dissertation assumes that r is a nonlinear

function as many efficient algorithms exist for the case where r is linear with respect to P

[5, 39, 47].

Problem (2.1) is called the offline nonlinear least squares problem. For this offline prob-

lem, all of the data is known beforehand. An online least squares problem refers to the

situation where data is arriving sequentially and the least squares problem needs to be up-

dated with each new data point. Traditionally, this leads to solving a sequence of least

squares minimization problems. However this is computationally expensive and does not

exploit the sequential structure of the overarching problem. This is limiting in real-time

applications where speed is crucial [52].

Because Problem (2.1) does not have a closed form solution, iterative methods are used

to find a solution [5]. These iterative methods are typically based on Newton’s method for
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optimization. One Newton-based method is the Gauss-Newton method which is a well-known

algorithm for solving Problem (2.1). This method is derived by linearly approximating the

components of r in the neighborhood of P [39].

The Gauss-Newton method is appealing upfront: the Hessian does not need to be cal-

culated (and in many situations it is closely approximated). However the Gauss-Newton

method can only guarantee linear convergence when the Jacobian matrix, J , is full rank. If

J is not full rank then the algorithm cannot guarantee convergence [16]. Furthermore, when

n and m are both large and J is dense then solving for the step direction can become quite

expensive.

The Levenberg-Marquardt method is similar to the Gauss-Newton method except the

line search is replaced with a strategy analogous to a trust-region. This avoids one of the

weaknesses of the Gauss-Newton method when J is rank-deficient. There is a damping

parameter, µ, which influences both the direction and the size of the search step, reducing

the need to perform a specific line search. While the Levenberg-Marquardt method is more

robust than the Gauss-Newton method (it performs well even if it starts far away from a

minimum) these two algorithms can only guarantee a linear convergence rate when J is full

rank. However if the solution is close to the minimum then the convergence rate is quadratic.

Solving for the step direction can present some problems as inverting a large matrix

(usually done by solving a system of linear equations) can be costly. A Quasi-Newton method

is any method that approximates the inverse of the Hessian directly. One of the most well-

known approximations is the Broyden-Fletcher-Goldfarb-Shanno (BFGS) algorithm which

has gained widespread use in many applications [47].

A hybrid method which combines the Levenberg-Marquardt method with a Quasi-Newton

method was proposed in 1988 [37]. The iteration starts with a series of steps with the

Levenberg-Marquardt method (since the Quasi-Newton method does not perform well when

it is far away from a minimum). Then, if the performance indicates that G(P) has improved

to a significant level then the algorithm switches to the Quasi-Newton method. This hybrid

method has the benefit of an overall faster convergence time since the Quasi-Newton method
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guarantees superlinear performance and the algorithm only uses the Levenberg-Marquardt

method for the case where its convergence is quadratic.

However the Quasi-Newton method is based on having an approximation to the Hessian

at the current iterate. In practice the BFGS update has worked the best and in many cases

guarantees superlinear convergence [16, 47]. For general, nonconvex predictor functions the

BFGS update has not been shown to converge. Furthermore, implementing an algorithm

with a BFGS update can be difficult due to the need to store a dense, possibly large Hessian

matrix. This issue has been overcome with the advent of the limited-memory BFGS (L-

BFGS) algorithm which only requires a linear amount of memory. The L-BFGS algorithm

only stores a few vectors that implicitly approximate the Hessian matrix. These vectors are

used to do operations requiring the Hessian matrix. For some machine learning problems

these algorithms have shown promise [40].

A secant version of the Levenberg-Marquardt algorithm can be implemented for the

situation where the Jacobian matrix is unavailable (e.g., see [39]). These implementations

require approximating the Jacobian matrix by finite differencing. The resulting algorithms

are often very costly in terms of computation since finite differencing is performed at every

iteration in order to ensure that the approximation to the Jacobian is close enough to the

real Jacobian.

While all the algorithms discussed so far are able to solve some set of problems efficiently,

difficulties arise when n and m are both very large. Often, these algorithms do not solve such

large problems in a time efficient manner and the amount of memory required to perform

the necessary computation is substantial. For many applications, ri(P) depends only on a

few of the elements in P and the resulting Jacobian matrix is sparse [39]. Many algorithms

exist for exploiting sparse Jacobians [46] but this simplification is not always possible. Thus

there is a need for an algorithm to solve large scale nonlinear least squares problem where

storing and computing a Hessian matrix can be avoided without assuming a sparse Jacobian

matrix.

Recent advances of online nonlinear least squares algorithms have achieved superlinear
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convergence rates for problems with a sparse Jacobian matrix [22, 52]. While sparsity of the

Jacobian frequently occurs in some applications such as bundle adjustment [57], many fields

such as robotics [56] and price forecasting [35] do not have this simplification. An algorithm

for online nonlinear least squares is needed for these applications where sparsity cannot be

assumed.

Chapter 5 develops a new methodology for solving online nonlinear least squares prob-

lems. First, we present a generic framework for dynamic models. This framework can

offer scalability and allows for solutions to be obtained when data is being streamed. This

framework can be utilized in a cloud environment to improve performance and the methods

developed in Chapters 4 and 5 fit into this framework.
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Chapter 3

A FRAMEWORK FOR DYNAMIC MODELS IN CLOUD
ENVIRONMENTS

3.1 Introduction

Enterprise systems contain many online applications where streams of information arrive

over time. These applications often have problems, such as inventory control and forecasting,

where quick decisions need to be made. With the advent of new technology companies have

access to large amounts of data and the models to solve these problems are very complex.

Current methods and algorithms to solve these online problems were developed for static

systems where all the information is known beforehand. To use these methods we would

have to resolve the entire problem every time new information is obtained. This is no longer

practical as new data may be arriving every second or the model is too complex to solve

in a reasonable amount of time. Instead we need to adjust our models and algorithms to

accommodate the large amount of data arriving over time.

This chapter presents a generic framework for dynamic models to solve online problems

well-suited to handle many applications in enterprise systems. We present the framework

in Section 3.2 and in Section 3.3 we discuss how cloud computing and meta-control can be

used to aid in the solution process. The methodologies and algorithms in Chapters 4 and 5

are designed to fit into this framework.

3.2 A Generic Framework for Dynamic Models

The framework is designed around two main ideas. First, when new data arrives we should

be able to use the knowledge from the previously obtained model to get a new model. This

is highly beneficial as data may be arriving on the order of microseconds and treating every
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instance of the problem as separate is not efficient. For example, if we are using a model

to forecast demand and need to adjust it (by modifying the parameters of the model) to

better match new data, we can use the old parameters as a starting point. This is likely to

save computation time because if we discarded the old solution (i.e., the parameter values)

entirely we would have to search the solution space all over again to find a good set of

parameters.

Second, as long as a model is good enough we should continue to use it instead of wasting

time finding the best or perfect model. Many models are complex so that finding the optimal

model is too time consuming or resource consuming. Some problems may be NP-hard and it

might be too difficult to prove that the model we have is optimal. For example, in demand

forecasting if the model is correctly predicting sales for an item there is no need to adjust

the model. We should continue to use the model to predict sales until it is no longer making

accurate predictions, regardless of how long ago the model was adjusted.

A design of this framework is given in Figure 3.1. Given a model and possibly some

historical data, the framework evaluates how close the model prediction is to reality. If the

model is good then we keep using it until new data arrives. If the model is not good, then

the framework adjusts it to better match reality.

Note that the model is only adjusted when the comparison indicates the model is no

longer accurate and not every time new data arrives. This presents a tradeoff between

model accuracy and computation time. If the criterion for an accurate model is very strict,

the framework will need to adjust the model often which costs resources and time.

An example of this process for forecasting is illustrated in Figure 3.2. The initial forecast

found at time t = 1 is fairly close to the observations at t = 2 and t = 3. However, the

observation at t = 4 is quite far away from the initial forecast. We decide that our initial

forecast is no longer performing well and calculate a new forecast at t = 4. We also use part

of the data from the initial forecast in obtaining a new forecast.

As illustrated in Figure 3.2, this framework is well-suited for handling online problems

in enterprise applications, particularly forecasting. However there are decisions to be made
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Figure 3.1: Given a model and historical data, the framework compares the model to reality.

If the model is not sufficiently close to the data, then the model is adjusted. As new data

arrives the model is again compared to the data.

Figure 3.2: Framework for online forecasting. The dark x’s represent data points (observa-

tions). Given an initial forecast each new data point is compared to the forecast. At time

t = 4 the difference between the data point and the initial forecast is large enough that a

new forecast is generated.
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when using this framework: evaluating how well the model reflects reality and how to update

the model if necessary. Usually it is up to the user to decide a threshold level between the

model forecast and the real observations that initiates a model update. This decision may

depend on a lot of factors: the problem we are trying to solve, what type of model we are

using, constraints on our solution, etc. Updating the model can be a simpler process as we

may already have the necessary algorithms to adjust our model. However these algorithms

may be costly to perform.

The contributions in Chapters 4 and 5 of this dissertation fit into this framework. In

Chapter 4 a probabilistic forecaster is developed which is adept at performing online forecasts

and can quickly update when new data is obtained. Then in Chapter 5 an iterative algorithm

for solving nonlinear least squares is developed which only updates if the solution deviates

from reality. Next we discuss how cloud computing and meta-control can be useful tools for

this framework.

3.3 Implementing the Framework in a Cloud Environment

Many online problems in enterprise applications need to solved or updated continuously. For

example in demand forecasting it may be the case that thousands or even millions of items

need to be forecasted every day. For some companies, such as online retailers, forecasts

may need to be done multiple times a day. Ideally, a forecast should be recomputed every

time a new sale is made. However, this proposes an immediate problem in scalability as

online transactions may be happening on the order of microseconds. This leads to solving

an enormous number of forecasting problems with very little time to do so.

A cloud implementation of the framework developed in Section 3.2 is used to help address

these challenges. The cloud has access to streams of data in real-time and can store and

access large amounts of data efficiently. Furthermore, the cloud has access to on-demand

resources, useful when many problems need to be solved at the same time. Taking advantage

of the cloud while utilizing the sequential nature of the framework in Section 3.2 allows for

the enormous amount of computation to become tractable.
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Since there is a nominal and opportunity cost of using the cloud the implementation

will be parallelized to ensure a quality solution while minimizing the resources and time

used in the cloud. Furthermore, decisions need to be made on how best to acquire and

release resources based on how much computation is required. Thus a meta-control will be

established over the resources of the cloud and the computation required of the framework.

This meta-control will decide how and when to acquire and release processors in the cloud

which are performing the computation. Meta-control is discussed in more detail in Section

3.4. First, implementing the generic framework for dynamic models in the cloud is presented.

The implementation is built around four key metrics of using the cloud:

1. Latency - time interval between cloud processors communicating with data storage or

other processors based on the mechanics of the system (such as the speed of light and

the medium being used, fiber optic cables, wireless, etc.)

2. Delay - time interval that exists when a processor performs a function (dependent upon

the processing power of the processor itself).

3. Restart - time interval to stop a processor performing a function and having the pro-

cessor restart the function.

4. Cost - monetary cost of using the cloud, dependent on how many resources are being

used and the schematics of the resources being used (processing power, memory, etc.)

The cloud implementation assumes that evaluating the model and updating the model in

Figure 3.1 are given as separate “black-boxes”. That is, one inputs the model and the data

and the black-box will output either a decision on whether to adjust the model or to continue

to use the model. For simple models, explicit equations for these black-boxes may be known.

For example, if we are using an ARMA model to forecast demand the decision on whether

to adjust the model may be based on simply comparing the model’s output to reality for the

most recent day. If the comparison exceeds a certain threshold then the model is adjusted.
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The black-box for updating the ARMA model may solve a nonlinear least squares problem

to update the parameters of the ARMA model.

The model adjustment black-box in Figure 3.1 may be costly in terms of computation

time or resources. If our model is really complex then evaluating it and comparing it to

reality may be time consuming. Updating the model may take a lot of time if we are using

a complex algorithm that does not run in polynomial time. In the best case scenario, the

model update uses the information from the previous model to adjust itself quickly. If this

is not possible we can run multiple instances of the model update in the cloud to improve

the accuracy of the model.

Note that restarting computation on black-boxes may use the same processors. Acquiring

and releasing a processor is time consuming and often variable. Instead, if a processor is

performing a calculation that is determined to be not worthwhile, the processor will restart in

one of two ways. The first way is to restart the calculation the processor started performing.

For example, if a processor is updating a model that requires a random starting point and

convergence criteria are not met within a certain time frame, then the processor will restart

the calculation with a new random starting value. The second way is to restart with an

entirely new calculation. If a processor is failing to update a model the processor will stop

the calculation and pick up a new job.

The implementation for the generic framework in the cloud is shown in Figure 3.3. The

implementation includes a director, who makes all the decisions regarding the performance;

data storage, which represents the state of the system; and a collection of workers who per-

form a set of tasks. The director is responsible for making the key decisions: whether to

add or remove workers (processors), when to restart a processor or a task should a failure

occur and monitoring the overall state of the algorithm. Note that the director only com-

municates with the data storage. No direct communication is passed between the director

and the workers nor is communication passed between workers. Instead, the director and the

workers read and write from data storage only, which minimizes the horizontal and vertical

communication (which is highly variable and time consuming).
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Figure 3.3: Implementation of the generic framework presented in Section 3.2 in the cloud.

The director makes all the decisions regarding the agents, which perform the necessary cal-

culations. The director and the agents only communicate with the data storage to minimize

the horizontal and vertical communication.
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The data storage contains two queues, one for model evaluation (and comparison) and

one for model updating. Likewise there are two types of workers, one performs the model

evaluations and the other performs the model updating. These workers look to their respec-

tive queue for jobs to do. When there is a job they remove it from the queue and write

to the data storage that the job is being processed (which includes a time stamp). After

finishing their job they write the results back to the data storage as well as changing the

job status. If necessary, they will also write to other queues for more jobs to be completed

(for example, after finishing a model evaluation the worker may write to the model update

queue to indicate that the model needs to be updated).

Special considerations can also be made using the flexible data storage in the Microsoft

Cloud. Since blobs and tables do not have a strict structure which must be adhered to, data

may be stored in a way that pertains to the design. This will allow the director to make a

more-informed decision in a faster amount of time. For example, it might be desirable to

record the average run time it takes for the black-boxes to update a model. A traditional

approach to recording this information would be to have a big table which contains several

columns of information, for example, two columns with the start and end time stamps and a

third column with the difference between the two. However, this is not a practical approach

of storage it terms of scalability. Instead, the Microsoft Cloud allows the user to break data

down into a format of their choosing. For this example, data can be broken down by item

(a unique number assigned to the model) and then timestamps. Then, there may be an

aggregate data set which includes all the time stamps. It is important to distinguish these

two methods of accessing and storing data. In the first, traditional method, accessing data

involves going to the table, then finding the relevant rows or columns in the table and looking

at the values. In the second method, data is accessed by first specifying a model number,

then specifying that start and end time stamps are needed, then specifying to subtract the

two values. The cloud is designed in this way for scalability, as other data can be accessed

in the same way, by first specifying a model number, then asking for the relevant data. By

breaking the data down in this format, space is saved while still allowing for data to be



21

combined for aggregate analysis.

Note that in this implementation the director may be a bottleneck for computation, as

the director must make decisions based on the results of all the workers. To help address

this issue, the director will make decisions at regular time intervals instead of evaluating a

stream of data and making decisions every microsecond.

This implementation in the cloud is very generic and any optimization algorithm can be

implemented in this way. Population-based algorithms benefit the most from this framework

as these algorithms are not only parallelized but have their population controlled to ensure

computation is not wasted. Section 3.4 describes a meta-control framework for general

optimization in the cloud.

3.4 A Meta-Control Framework for Cloud Computing

In the previous section, an implementation of the framework in Section 3.2 in the cloud was

discussed. This section generalizes the implementation for solving optimization problems in

the cloud using meta-control. The meta-control framework starts by generalizing the tasks

to be solved in the cloud and implementing meta-control similar to the previous section.

First, some tasks arrive in the cloud that need to be fulfilled. The framework assumes

that the tasks arrive with instructions on what needs to be done. The tasks can be specified

hierarchically, for example, executing a subroutine, updating a database, solving a numerical

problem. For example, in the scenario of demand forecasting, a specific task might be to

forecast tomorrow’s demand for a hundred different SKUs. This could be decomposed into

a hundred separate forecasts or one processor could run all SKUs at once. Another example

is to find a good set of parameters for a demand forecast model for a hundred different

SKUs. This example would contain subtasks for initial parameter estimation, executing the

forecaster and updating the parameters as new data arrives. Another example is to run

three different forecasters for the same SKU and evaluate which forecaster is performing the

best. The internal workings and design of each individual forecaster are unknown and may

be treated as a black-box. Black-boxes can be modularized or hierarchical or combined in
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many different ways.

The framework is modeled as an abstract state machine as shown in Figure 3.4. Some

tasks arrive and the initial decision is how many processors to allocate to execute these tasks.

The tasks may come with instructions on how to parallelize the individual components. If

the tasks have been performed before, any metric associated with those tasks may be used

in the initial allocation decision (e.g., average run time or storage space required). The

tasks are then allocated and the processors begin performing their tasks. At some regular

time intervals the processors report back their status. If a task has been completed then

the solution is extracted, otherwise processors are examined and possibly restarted based on

their current results.

Figure 3.4 provides a general framework as any task can be implemented with this design.

For example, suppose the problem has three different forecasters (A, B, and C) which are run

for the same SKU with the goal of determining which produces the most accurate forecast. In

this example a processor is dedicated to each forecaster and each processor may report back

its intermediate status. For example, a processor may report back that the first component

of forecaster A is completed and is currently evaluating the second component. However

a different processor might have reported back that its forecast algorithm B has already

completed while the processor executing forecaster C is stalled. At this point a decision

would be made whether to continue running the first forecaster A (at the expense of time

and money), restart C or replace C with B in the hopes a better solution can be found.

With this design, a processor is not limited to strictly being a director or worker. That

is, a processor may be a worker for a problem with many tasks but be its own director for

a smaller sub-problem. In the example of demand forecasting, a task might arrive to find

parameters for ten different SKUs. The meta-control may choose to initially allocate this

problem by assigning one processor for each SKU. Each individual processor now has the

task of finding parameters for one SKU, perhaps using the I-frame methodology presented

in Chapter 5. These processors may then become their own director, as they assign the

necessary computation to other processors.
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Figure 3.4: Framework for completing tasks in the cloud.
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This framework allows one to utilize the resources in the cloud to their fullest extent.

Many algorithms can be parallelized at once and each component of the algorithm can also

be parallelized. The user is then focused on the results and does not have to worry about

the intricacies of each algorithm or how the cloud is operating. In this way the user is able

to make a better decision by using the cloud.

3.5 Summary

This chapter presented a generic framework for dynamic models. This framework is very

practical as it accounts for a large amount of data, complex models and data arriving over

time. The cloud is well-suited for implementing this framework due to its flexibility, access to

on-demand resources and ability to store and quickly access a large amount of data. Using

meta-control we can solve any optimization problem efficiently in the cloud. Chapter 4

presents a probabilistic forecaster which is apt for problems where data is arriving over time.

Then, Chapter 5 presents an algorithm for approximating nonlinear least squares problems

which is applicable for online problems.
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Chapter 4

AN INCREMENTAL PROBABILITY FORECASTER

4.1 Introduction

We present an incremental probability forecaster that combines historical data and new data

as it becomes available. The form of the probability distribution (e.g., Gaussian) does not

need to be assumed. Our incremental model constructs probabilities relative to the nominal

(or mean) of the state which is allowed to change over time. The user is able to choose the

number of increments. Using increments provides a computationally efficient approximation

to the large scale propagator problem.

The method is based on the Chapman-Kolmogorov equations for a continuous-time

Markov process. This describes the evolution of the transition probability P
(
(x, t)|(x′, t′)

)
where x, x′ are in the state space Rn, x′ is the state at time t′ and similarly x is the state

at time t with t > t′. One benefit of the Kolmogorov equations is that an underlying dis-

tribution of the state does not need to be assumed. However propagating the transition

probabilities using just the Chapman-Kolmogorov equations is computationally intractable.

To address this issue, we use the Fokker-Planck equation which is a linearized form of the

Chapman-Kolmogorov equations.

However, the Fokker-Planck equation is a second-order, partial differential equation that

may not always be easy to work with. To address this issue we discretize the Fokker-Planck

equation with respect to state and time. This only serves as an approximation but allows

the transition probabilities to be in a finite space in finite time as a Markov chain. The

discrete time transition probabilities have parameters that explain how the system changes

over time. These parameters need to be estimated as well as frequently updated when new

data arrives.
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Estimating these parameters may require a lot of computational time, especially if the

state space is large. Our approach to create a computationally efficient algorithm is to

formulate the Fokker-Planck equation relative to the mean of the state. This creates a

finite set of transition probabilities which depend on the difference between the current

state and the mean. The state space is then divided up into mutually exclusive intervals

called the incremental levels. The model predicts the future incremental level instead of just

calculating the expected value. The mean of the state is allowed to change over time as new

data is obtained, and as a result the incremental levels may change as well. The dynamically

changing levels allow the predictions to change over time in accordance with the new data.

It is also possible to interpolate the resulting probabilities to approximate a distribution.

Section 4.2 presents an incremental probability model based around the mean of the

state. This probability model is a Markov chain which is defined for the incremental state.

In Section 4.3 we show the necessary conditions on the Markov chain to approximate the

Fokker-Planck equation. Section 4.4 presents a parameter estimation problem which uses

historical data to find the parameters for the incremental probability model. The parameter

estimation problem, however, is not computationally feasible to use in practice. Thus, in

Section 4.5 we approximate the incremental probability model borrowing ideas from mean

field theory. This reduces the parameter estimation problem to a computationally feasible

problem. The chapter concludes in Section 4.6.

4.2 An Incremental Probability Model Around the Mean

Our incremental model is based around the mean of the state instead of using the state

directly. This may be an arithmetic mean, geometric mean or a weighted moving average

mean. We assume that we already have the mean and that we can update it with each new

data point that is obtained or observed. We let xt be the mean of the state at time t and ∆xt

be the difference between the current state and the mean of the state at time t, ∆xt = xt−xt.

Note that ∆xt is a vector with n components. The model is originally constructed from the
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differential Chapman-Kolmogorov equation for the incremental state,

∂P
(
(∆xt, t)|(∆x′t′ , t′)

)
∂t

= A(t)P ((∆xt, t)|(∆x′t′ , t′)) , (4.1)

where P
(
(∆xt, t)|(∆x′t′ , t′)

)
is the probability that at time t the system will have the in-

cremental state ∆xt having observed the incremental state ∆x′t′ at a previous time t′. We

assume that xt = xt′ for small ∆xt. The operator A(t) determines how the transition prob-

abilities change with time. In general, A(t) propagates any function ρ(x) in the following

manner:

A(t)ρ(x) = lim
∆t→0

1

∆t

∫
dx′
(
P
(
(x, t+ ∆t)|(x′, t′)

)
− P

(
(x, t)|(x′, t′)

))
ρ(x′).

The Chapman-Kolmogorov equations in (4.1) generate a generic probability distribution.

However these equations may be impractical to compute for near real-time applications.

To address this issue, we use the Fokker-Planck equation which is a linearized form of the

Chapman-Kolmogorov propagator (see [32]). The Fokker-Planck equation is

∂P
(
(∆xt, t)|(∆x′t′ , t′)

)
∂t

=
n∑
i=1

n∑
j=1

∂2

∂xi∂xj

[
aij(∆xt, t)P

(
(∆xt, t)|(∆x′t′ , t′)

)]
−

n∑
k=1

∂

∂xk

[
bk(∆xt, t)P

(
(∆xt, t)|(∆x′t′ , t′)

)]
(4.2)

where aij(∆xt, t) is the (i, j) element of the symmetric, incremental diffusion matrix and

bk(∆xt, t) is the kth element of the drift vector with a known initial distribution of the state

at time 0. See Appendix A for the derivation of the Fokker-Planck equation.

Equation (4.2) is a useful approximation to the Chapman-Kolmogorov equations, however

it is not always practical to use this equation as it is a second-order partial differential

equation. To address this issue we discretize (4.2) using a finite difference approximation

with respect to state and time to obtain our incremental probability model. This leads to a

discrete-time, finite state Markov chain (see [31]).

We formulate the concept of incremental levels, which divides up the state space into three

mutually exclusive levels (low, medium and high levels). Note it is possible to create more
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levels at the cost of increased computation. Our model finds the probability of transitioning

between the incremental levels, as opposed to calculating the transition probabilities for

every state change. These incremental levels are constructed relative to the mean of the

state. (Thus, it is helpful to think of the medium incremental level as being close to the

mean, the low incremental level being far below the mean, and the high incremental level

being far above the mean). See Figure 4.1.

Figure 4.1: An example of incremental levels for a state with one component. The mean, xt,

is tracked as data is observed. Note that ∆xt is the distance between the observation and

the mean. The figure on the left represents a classical modeling approach where transition

probabilities need to be calculated for every possible state change. On the right, the state

space is divided into three mutually exclusive levels and the transition probabilities are only

calculated for transitioning between incremental levels.

Using incremental levels is practical in applications that involve making a decision involv-

ing uncertainty around a mean value, such as price forecasting [13, 35] game theory [2, 33]

and protein structure prediction [25]. A common approach is to propagate the mean and

the covariance as a way of capturing the uncertainty [13, 60]. However doing so assumes

that the distribution of the data is known, which may not reflect reality. Since the model is
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derived by propagating the transition probabilities no assumption about the distribution of

data is made.

We can construct the incremental levels using the maximum and minimum of the data.

The high incremental level would be the range of values from the midpoint of the mean and

the maximum value of the data up to the maximum value of the data. However in practice

the incremental levels are constructed based on the application. In the stock market and

demand forecasting it is usually known empirically what constitutes as the high incremental

level (far above the mean). Note that the incremental levels can also dynamically adjust

based on recent data. An example of this is illustrated in Figure 4.2.

Figure 4.2: An example of dynamically adjusting the incremental levels. The incremental

levels are initialized at time t = 1. At time t = 6 the levels are expanded to reflect the

scattered data. At time t = 13 the incremental levels shrink to reflect the recent stability of

the data.

The probability model is expressed as follows. Let P h,δ
t (∆xt+δ|∆xt) be the probability

of the incremental state ∆xt+δ occurring given that ∆xt was observed. The time step is

represented by δ which is how often observations occur and the scalar h is the discretization
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level of the state. For our model, the transition probabilities are only nonzero when either

one or two components of the incremental state change. This is analogous to a stochastic

process (such as a birth-death process) assuming that arrivals do not happen simultaneously.

The model is given by the following equations:

P h,δ
t (∆xt+δ|∆xt) =



1− δ

h2

[
2
∑
i

aii(∆xt, t) + Y

]
if no component changes, that is,

∆xt = ∆xt+δ

δ

h2
[aii(∆xt, t) + Z]

if one component of the state

changes

δ

h2

[
a−ij(∆xt, t)

] if one component of the state

increases and another decreases

δ

h2

[
a+
ij(∆xt, t)

] if two components of the state

both increase or both decrease.

0 otherwise,

(4.3)

where aij(∆xt, t) is the n× n diffusion matrix, a−ij(∆xt, t) and a+
ij(∆xt, t) are defined as

a−ij(∆xt, t) = max [0,−aij(∆xt, t),−aji(∆xt, t)]

a+
ij(∆xt, t) = max [0, aij(∆xt, t), aji(∆xt, t)]

and

Y = −
∑
j
i 6=j

|aij(∆xt, t)|+ h
∑
i

|bi(∆xt, t)|
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Z = −
∑
j
i 6=j

|aij(∆xt, t)|+ hbi(∆xt, t),

where bi(∆xt, t) is the ith entry of the n×1 drift vector. Note that the transition probabilities

are only nonzero when one or two of the components change. In the simplified case where

aij and bi do not depend on t then the chain is homogenous. We assume that for all x and t,

aii(∆xt, t)−
∑
j
i 6=j

|aij(∆xt, t)| ≥ 0, i = 1, . . . , n

which ensures the transition probabilities are nonnegative.

Note that the probability model in (4.3) is defined for the incremental state and not

for the specific discretization values of the state. For example if we had a state with two

components then we could find the probability of going from incremental state {Low, Low}

to the incremental state {Low, Medium} (using the second line of (4.3)). Also recall that

these incremental levels are based around the mean of the state.

This probability model can be used to forecast the next incremental level. Since the

incremental levels are constructed relative to the mean, this gives a forecast relative to the

mean. However this only forecasts the incremental level and not the exact value of the state

(or component of the state). Should we wish to forecast the exact value we can use a second

order spline interpolation on the incremental levels to get an approximation [4, 50].

We can see that the probability model in (4.3) is directly dependent upon the diffusion

matrix, aij, and the drift vector, bk, in the Fokker-Planck equation in (4.2). Thus if the

diffusion matrix and drift vector are known, we can construct the Markov chain in (4.3)

which explains how the incremental state evolves over time and allows us to make predictions

for the future. Similarly, if the dynamics of the Markov chain are known we can determine

the values of the diffusion matrix and drift vector. Section 4.3 derives necessary conditions

on the diffusion matrix and drift vector to show that the Markov chain in (4.3) is a good

approximation to the Fokker-Planck equation. Then, Section 4.4 formulates an optimization

problem to find the diffusion matrix and drift vector given historical data.
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4.3 Necessary Conditions for the Incremental Probability Model

We now derive the necessary conditions to show that the Markov chain given in (4.3) is a

good approximation to the Fokker-Planck equation. To do this, we use Euler’s approximation

for an ordinary differential equation for a twice differentiable function f(x),

df(x)

dx
≈ f(x+ ∆x)− f(x)

∆x
. (4.4)

The second derivative can be approximated using this formula as well:

d2f(x)

dx2
≈

f(x+2∆x)−f(x+∆x)
∆x

− f(x+∆x)−f(x)
∆x

∆x

=
f(x+ 2∆x)− 2f(x+ ∆x) + f(x)

(∆x)2
. (4.5)

For any Markov chain where Pk(t) is the probability we are in the kth state at time t we

can write the discrete space Chapman-Kolmogorov equation as

Pk+1(t)− Pk(t) =
∑
m

Amk(t)Pm(t)− Akm(t)Pk(t) (4.6)

where Amk(t) is the transition rate from state m to state k at time t. Our Markov chain

that we are considering is the incremental probabilistic forecaster represented in (4.3).

To use (4.6) for the incremental model, we need to impose three conditions on the Markov

chain.

1.
∑
k

∑
m

Amk(t)Pm(t)− Akm(t)Pk(t) = 0 for any time t

2.
∑
k

Pk(t) = 1 for any time t

3. When Pk(t) = 0 then
dPk(t)

dt

∣∣∣∣
Pk(t)=0

=
∑
m

Amk(t)Pm(t) ≥ 0

The first condition says that at any time t, the rate entering all the states must equal the

rate exiting all the states (rate in equals rate out). The second condition states that at any
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time t the system must be in one of the states. The last condition says that if at a certain

time t, the probability of residing in a state is zero, then it is only possible that things are

leaving that state.

We have now defined the tools and restrictions to derive the necessary conditions for our

incremental Markov chain. We first consider the scenario where our Markov process follows

from a pure, symmetric diffusion master equation. This is a simpler version of the problem

which will aid in forming the procedure necessary for the general transition diffusion master

equation (the Fokker-Planck equation).

For the case of pure, symmetric diffusion the master equation is given by

dPk(t)

dt
= A(t)Pk−1(t) + A(t)Pk+1(t)− 2A(t)Pk(t).

This reads, the rate we enter state k (at time t) equals the rate we enter k from k − 1 plus

the rate we enter k from k+ 1 minus the rate we leave k to either k− 1 or k+ 1. Here, A(t)

represents the transition rate.

Suppose that the process follows from a pure diffusion equation given by

∂P
(
(x, t)|(x′, t′)

)
∂t

= aij(x, t)
∂2P

(
(x, t)|(x′, t′)

)
∂x2

, (4.7)

where aij(x, t) is the symmetric diffusion matrix. Note that aij and A(t) are closely related

but not exactly the same. The aij matrix represents the diffusion rate for the propagator

and A(t) represents the transition rates for the master equation. We expand (4.7) using the

Euler approximation in (4.4) on space (not time) to obtain

dPk(t)

dt
≈ (∆x)2A(t)Pk−1(t) + A(t)Pk+1(t)− 2A(t)Pk(t)

(∆x)2
.

Because we are looking for the parameters of the model, we must have lim∆x→0A(t)∆x =

aij(x, t) which is finite. Note that A(t) → ∞ as ∆x → 0 for any fixed t. This is saying

that as the discrete mesh gets smaller (∆x → 0) then the transition rates A(t) must be

getting bigger. The condition that A(t)∆x = aij(x, t) is finite means that ∂Pk(t)
∂t

is a good

approximation to the pure diffusion equation.
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Now we are ready to explore the scenario of general transition diffusion where the transi-

tion rates are not symmetric. The process will be the same as the pure diffusion derivation.

First we write the diffusion master equation, then we will approximate the Fokker-Planck

equation with the Euler approximation. This will then lead to necessary conditions so that

∂Pk(t)
∂t

is a good approximation to the Fokker-Planck equation.

The general transition diffusion master equation is given by

∂Pk(t)

∂t
= Ak−1,k(t)Pk−1(t) + Ak+1,k(t)Pk+1(t)−

(
Ak,k−1(t) + Ak,k+1(t)

)
Pk(t),

where Ak−1,k(t) is the transition rate from k − 1 to k at time t.

Recall the Fokker-Planck equation given in (4.2),

∂P
(
(x, t)|(x′, t′)

)
∂t

=
n∑
i=1

n∑
j=1

∂2

∂xi∂xj

[
aij(x, t)P

(
(x, t)|(x′, t′)

)]
−

n∑
k=1

∂

∂xk

[
bk(x, t)P

(
(x, t)|(x′, t′)

)]
.

Approximating the Fokker-Planck equation with the Euler approximation in (4.5) leads to

∂Pk(t)

∂t
≈ ak−1(t)Pk−1(t)− 2ak(t)Pk(t) + ak+1(t)Pk+1(t)

(∆x)2
+
bk+1(t)Pk+1(t)− bk−1(t)Pk−1(t)

2∆x
.

(4.8)

This gives the necessary conditions on the Markov chain:

1. aij(∆x, t) = ak(∆x, t) =
(∆x)2

2
[Ak,k−1(t) + Ak,k+1(t)]

2. bk(∆x, t) = ∆x [Ak,k−1(t)− Ak,k+1(t)]

To see this, substitute the two conditions into (4.8). Leaving out the dependency on t to

save space, this gives

∂Pk(t)

∂t
≈ (∆x)2

2
[Ak−1,k−2 + Ak−1,k]

Pk−1

(∆x)2
− 2

(∆x)2

2
[Ak,k−1 + Ak,k+1]

Pk
(∆x)2

+
(∆x)2

2
[Ak+1,k + Ak+1,k+2]

Pk+1

(∆x)2
+ ∆x [Ak+1,k − Ak+1,k+2]

Pk+1

2∆x

−∆x [Ak−1,k−2 − Ak−1,k]
Pk−1

2∆x
.
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Cancelling terms leaves

∂Pk(t)

∂t
= Ak−1,k(t)Pk−1(t) + Ak+1,k(t)Pk+1(t)−

(
Ak,k−1(t) + Ak,k+1(t)

)
Pk(t)

which is the general transition diffusion master equation.

This shows that as long as the conditions on aij and bk are satisfied then ∂Pk(t)
∂t

is a good

approximation to the Fokker-Planck equation and that the choice of incremental discretiza-

tion is not arbitrary. If aij and bk (the diffusion matrix and drift vector) are known then we

can find the transition rates A using historical data to represent Pk. Similarly, we can use

historical data to estimate A and construct a parameter estimation problem to find aij and

bk. Section 4.4 discusses a parameter optimization problem in more detail. In Section 4.5 we

examine how mean field theory is used to simplify the model to be computationally feasible.

4.4 A Parameter Estimation Problem

We develop the framework for estimating the parameters of the incremental forecaster in

(4.3) using historical data. This involves formulating a maximum likelihood problem into a

simpler optimization problem. In practice, this optimization problem may be too difficult

to solve in full form, so simplifying assumptions may need need to be made. We formulate

the optimization problem with regards to all the parameters in (4.3). Section 4.5 explains

how the mean-field can be used to reduce the number of parameters to a computationally

efficient level.

The parameters that need to be estimated are: aij(∆xt, t), a
−
ij(∆xt, t), a

+
ij(∆xt, t) and

bi(∆xt, t). The approach is to use historical data to estimate the dynamics of the Markov

chain in (4.3). Using these dynamics an optimization problem is constructed which gives us

values of the parameters (the diffusion matrix and drift vector). Recall that knowing the

diffusion matrix and drift vector in (4.2) allows us to make predictions for the future.

We assume the incremental probabilistic model in (4.3) is continuously differentiable with

respect to the parameters. Note that the parameters are dependent upon the incremental
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state and the time t. We use a linear model to regress for these parameters:

aij(∆xt, t) = aij0 + aij1∆xt + aij2t

bi(∆xt, t) = bi0 + bi1∆xt + bi1t.

Since ∆xt is an n× 1 vector, we define aij1 and bi1 as 1× n vectors. Let Θ be the set of all

parameters that need to be estimated.

To optimize the parameters for the probability equations, we construct a maximum like-

lihood optimization problem. Finding these parameters will allow us to make future predic-

tions about the change in the state as well as analyze the state trajectory over time. The

goal is to solve the following optimization problem,

max
Θ

logP

(
Θ
∣∣∣ (P h,δ

t (∆xt+δ|∆xt)
))

. (4.9)

Using Bayes’ theorem we can rewrite the probability in (4.9) as

P

(
Θ
∣∣∣ (P h,δ

t (∆xt+δ|∆xt)
))

=
P
(
P h,δ
t (∆xt+δ|∆xt)

∣∣∣Θ)P (Θ)

P h,δ
t (∆xt+δ|∆xt)

. (4.10)

P (Θ) is assumed to be a uniform distribution over the bounds of the parameters. P h,δ
t is

estimated using historical data so that this does not affect the optimization problem. The

probability P
(
P h,δ
t (∆xt+δ|∆xt)

∣∣∣Θ) is given by the incremental forecaster, (4.3).

The optimization problem is the following,

max
Θ

∑
∆x

logP
(
P h,δ
t (∆xt+δ|∆xt)

∣∣∣Θ) (4.11)

s.t. 0 ≤ P h,δ
t ≤ 1 for all t∑

∆x

P h,δ
t = 1 for all t.

The first condition ensures that all probabilities are between 0 and 1 inclusive, and the second

condition ensures that at any time t the system is in one of the states. Solving this problem

will give the entire set of parameters Θ (composed of ai,j, a
−
i,j, a

+
i,j and bi in (4.3)) so that

forecasts can be made.
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The optimization problem in (4.11) can be reformulated into an unconstrained optimiza-

tion problem using Lagrange multipliers. The problem becomes

max
Θ

∑
∆x

logP
(
P h,δ
t (∆xt+δ|∆xt)

∣∣∣Θ)− λ(1−
∑
∆x

P h,δ
t

)2

− µ(1− P h,δ
t ), (4.12)

where λ and µ are Lagrange multipliers and thus are additional parameters to optimize.

Note that there are multiple Lagrange multipliers in the problem, one corresponding to each

state, as the sum of the transition probabilities for each state needs to sum to one. In

practice solving (4.12) can be very time consuming, so additional assumptions need to be

made to simplify the problem. For example, the sum constraints can be removed from the

optimization problem. After the parameters have been calculated, the probabilities can be

normalized to sum to one when performing forecasts.

4.5 An Approximation Model using Mean Field

The parameters for our model that need to be estimated are aij(∆xt, t), a
−
ij(∆xt, t), a

+
ij(∆xt, t)

and bi(∆xt, t). Since our model is designed around three increments for each component of

the state there are a total of 3n states. Note that all the parameters are dependent on ∆xt,

the current value of the incremental state. Thus the number of parameters is O(3n). It may

take a considerable amount of computation time to calculate the parameters. We address

this concern by using a mean-field approach to decouple the parameters, reducing the number

that need to be computed. The mean-field will approximate the coupling (analogous to a

covariance matrix) between the parameters.

We first make a simplifying assumption that a component of the state can only move up

or down one incremental level at a time. Thus a component cannot jump directly from a low

level to a high level (and vice versa). Instead, a component would jump from low to medium

and then immediately (in the next time step) jump from medium to high. This assumption

is made as it decreases the number of possible transitions.

To illustrate how the mean-field is used we consider a simple example where the state

has two components, n = 2. The transitions are illustrated in Figure (4.3). Note that in
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this diagram we make a further simplification that only one component is allowed to change

with each time step. This simplification will be discussed in further detail below.

Figure 4.3: The Markov chain diagram for a state with two components, x1 and x2. The

state is only allowed to move up or down one incremental level at a time. The time step is

small enough that only one component changes between each time step.

Note that h1 and h2 are given the subscripts 1 and 2 to indicate which component they are

changing. Since each component is divided into the same number of incremental levels in the

same way, h1 and h2 are both the same from a computational standpoint. In implementation,

hi would be set to 1 for all i ∈ 1, . . . , n and we differentiate between moving up or down in

incremental level by adding and subtracting hi respectively.

First we will write out the transition probabilities into matrix form. We will write the

matrix in a certain way so it can be broken down into blocks. We will then illustrate which

blocks will be considered by the incremental model and which will be approximated with the

mean field.
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We write the transition probabilities in matrix form as

Pt+∆ = APt (4.13)

where Pt is a 3n × 1 vector representing each of the incremental states and A is a 3n × 3n

transition probability matrix (the rows of A must sum to one). For example if the state only

has one component, n = 1, the matrix equation in (4.13) is
xt+∆

1

xt+∆
1 + h1

xt+∆
1 − h1

 =


A11 A12 A13

A21 A22 A23

A31 A32 A33



xt1

xt1 + h1

xt1 − h1

 .
The first equation of this matrix would be written as

P (xt+∆
1 ) = A11P (xt1) + A12P (xt1 + h1) + A13P (xt1 − h1) (4.14)

which we interpret as the probability we are in state x1 at time t+∆ is equal to the probability

we were in state x1 at time t and did not change incremental level, plus the probability we

were in state x1 + h1 at time t and decreased one incremental level, plus the probability we

were in state x1−h1 at time t and increased one incremental level. In general, we can define

the ith row of (4.13) by

P i
t+∆ =

m∑
j=1

AijPt (4.15)

where m = 3n.

We write (4.13) for the situation where the state has two components in block form,
P 1
t+∆

P 2
t+∆

P 3
t+∆

 =


A11 A12 A13

A21 A22 A23

A31 A32 A33



P 1
t

P 2
t

P 3
t


where P 1 contains all the transitions where x1 is fixed, P 2 contains all the transitions where

x1 increases by h1 and P 3 contains all the transitions where x1 decreases by h1. Each Aij is

a 3× 3 matrix. We then have three equations of the following form:

P 1
t+∆ = A11P

1
t + A12P

2
t + A13P

3
t . (4.16)
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We approximate (4.16) using

P 1
t+∆ = A11P

1
t +K1. (4.17)

where K1 is a coupling term which approximates the other transition probabilities (in this

case, A12P
2
t + A13P

3
t ). There will be two other equations like this for the other two rows of

the block matrix in (4.16). This K1 will be approximated using the mean-field. Note that

A11 contains all the transition probabilities where x1 is fixed. Thus if we expanded out the

first row in (4.17) we would get (remembering that A11 is a 3× 3 matrix),

P (x1, x2)t+∆ = a1111P (x1, x2)t + a1112P (x1, x2 + h2)t + a1113P (x1, x2 − h2)t +K1

which is similar to (4.14) with the added coupling K1.

By doing this, the A matrix has simplified to a tridiagonal matrix (two of these entries in

each 3× 3 block are also zero given the assumption that an incremental state cannot jump

from low to high and vice versa). This leads to 21 entries in the A matrix that need to be

determined (as opposed to the full matrix which contains 81). However the entries we have

found only represent the second component x2 changing. Thus these 21 entries would give a

good approximation to the behavior of x2 but not say much about x1. This process would

need to be repeated for x1 (switching the two components in the above calculations). This

has reduced the number of parameters considerably but it is still exponential in n, O(n3n−1).

We further simplify this model by treating each component of the state as independent

from the others in our parameter calculations (we can allow this with the assumption that

our time step δ is small enough that only one component of the state is allowed to change

within each time step). For example, this means that the probability of component x1

increasing from the medium level to the high level is the same no matter what state the

other components, x2, x3, . . . , xn, are in. This reduces the number of parameters to being

linear in n.

We now return to our row matrix form in (4.15) to examine how to formulate the coupling

Ki. As described above, instead of using (4.15) directly we use (4.17) for each component i,

P̃ i
t+∆ = AiiP̃

i
t +Ki. (4.18)
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We use P̃t to denote the mean-field approximation. We define Ki as a random variable,

Ki ∼ N(k̂i, σi) (4.19)

where

k̂i =
m∑
j=1
j 6=i

AjjP̃
j
t

and σi is an estimate of the square of the other transition rates Aij for j 6= i. The mean of Ki

is found by summing all the mean-field estimates of the transitions of the other components

multiplied by their estimated transition rate. The variance, σi, is initially chosen to be large.

As the mean-field is updated and new data arrives, the variance can be adjusted (decreased)

when a better estimate of the interactions is known. In many applications an initial σi will

be known empirically. Since each component i contains three rows of the matrix formulation

in (4.18) the random variable Ki can be sampled three times, or the same sample can be

used for each of the three rows.

Note that a correction term may need to be added to Ki to ensure that the probabilities

are between 0 and 1. If Ki is sampled and is too small (Ki << 0) then the probability P̃ i
t+∆

is corrected to 0. This means the mean-field estimates the transition rate to be zero at the

current time. If Ki is sampled and is too large the probability is corrected to 1.

We now look at the impact this has on the incremental model in (4.3). Since the tran-

sition probabilities in (4.17) only contain instances where at most one component changes,

we do need to find the parameters for a−ij(∆xt, t) and a+
ij(∆xt, t) (as the interactions from

these parameters are approximated by the mean field). For each component of the state,

aij(∆xt, t) and bi(∆xt, t) need to be found but these parameters are only dependent upon

that component. The number of parameters that need to be found is now 10n.

The implementation process is as follows. Use historical data to find each Aii in (4.13)

which is equivalent to solving the parameter estimation problem for the 10n parameters in

the incremental model. This means treating each component of the state as independent

and estimating the transition rates for changing incremental levels, finding aij(∆xt, t) and
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bi(∆xt, t) to satisfy the Markov chain given in (4.3). Start with a best guess of Pt which can

be obtained analytically but in most applications a good estimate will be known empirically.

Randomly pick a component to update using the mean-field. Calculate P̃ i
t+∆ by sampling

Ki and correcting if needed. Randomly pick a new component to update and repeat the

process. Note that the mean when sampling Ki changes at each iteration as one component

of P̃t will have changed.

4.6 Summary

A probabilistic forecaster is constructed based around the idea of incremental levels which

is practical for many applications. This forecaster is represented by a Markov chain which

has parameters that need to be estimated. In order to estimate these parameters efficiently,

simplifying assumptions are made and the mean-field is used. This allows for forecasts to be

made and for the state of the overall system to be analyzed.

The incremental forecaster fits into the general framework presented in Chapter 3. The

mean and the incremental levels can quickly update as new data arrives. The mean field

coupling and the parameter estimation only need to be performed when the model is doing

poorly. The incremental forecaster would benefit from a cloud implementation as data can

be easily accessed and stored, and different parts of the computation can be distributed (the

spline interpolation, the mean field coupling and the parameter estimation).
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Chapter 5

AN I-FRAME METHODOLOGY FOR APPROXIMATING
NONLINEAR LEAST SQUARES

5.1 Introduction

We present a new methodology to efficiently solve the nonlinear least squares problem defined

in Section 2.4 that addresses the sequential nature of the data without computing a Hessian

matrix. This methodology is designed to accommodate large nonlinear least squares problems

in the sense that there may be a large number of parameters, a large amount of data or both.

The methodology for approximating a solution to the nonlinear least squares problem is

inspired by a technique in video compression and animation called I-frames or key-frames [61].

This approach reduces computation time by only doing expensive computation occasionally,

at I-frame intervals (called the I-frame optimization). In between the I-frames a simple,

continuous procedure called the incremental optimization is performed. The incremental

optimization defines how the parameters change in between the I-frames.

The methodology is constructed with the intent that the user has to solve many nonlinear

least squares problems in a short amount of time. For example, an online retailer may need to

solve a nonlinear least squares problem in order to make a prediction, or forecast, about the

demand for an item. However, transactions may be occurring on the order of microseconds,

twenty-four hours a day, every day of the year. In this example, the user cannot afford

to spend hours calculating a forecast because many transactions may have occurred in the

time between the start and finish of the forecast calculation. Instead the user may benefit

more from a timely, less accurate forecast calculation since waiting a long time to get a very

accurate result is not beneficial. Existing methods do not apply well for this problem as they

lack any sort of control over the accuracy of the solution and the computation required.
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In Section 5.2 an I-frame methodology with a modified fast marching algorithm is pre-

sented for efficiently solving nonlinear least squares problems. Section 5.3 includes a proof

relating the criterion for generating I-frames to the average squared error of the final solution.

Then, Section 5.4 provides some numerical results and the chapter concludes in Section 5.5.

5.2 A Fast Marching Algorithm with I-frames

Recall from Section 2.4 the offline nonlinear least squares problem:

min
P
G(P) (5.1)

where G(P) =
1

2

m∑
i=1

(
ri(P)

)2

=
1

2
r(P)T r(P),

where P is the vector of parameters that need to be estimated. Note that zero is a lower

bound on G(P) because G(P) is a sum of squares.

Solving Problem (5.1) directly can prove troublesome for large m and n. One often has

to compute and store a large Jacobian and Hessian matrix (and continually update these as

the algorithm progresses). Many algorithms have been developed that assume the Jacobian

matrix is sparse. A Jacobian matrix for Problem (5.1) is sparse if not all of the summands

(the ri’s) depend on all of the n parameters. We develop an algorithm to solve Problem

(5.1) that does not need a sparse Jacobian or a Hessian matrix. To do this, we solve a

continualized version of Problem (5.1) based on Newton’s descent method.

To continualize Problem (5.1), we modify a fast marching algorithm, based on the work

in [48] and [53]. The algorithm uses a modified Newton’s descent method, which solves the

optimization problem (5.1) based on the following sequence, for iteration k, k = 0, 1, . . . ,

Pk+1 = Pk − α
(
∂2G(Pk)
∂P2

)−1
∂G(P)

∂P
(5.2)

given an initial starting point P0 and some α with 0 < α ≤ 1. The iteration step in (5.2) is

continualized by replacing the iterate Pk with the parameter function P̃(t) to obtain

dP̃(t)

dt
= −α

 ∇G
(
P̃(t)

)
||∇G

(
P̃(t)

)
||

 (5.3)
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where t is a continuous time associated with the algorithm and ∇G(P) = ∂G(P)
∂P and

||∇G
(
P̃(t)

)
|| = max

i=1,...,n

∂G
(
P̃(t)

)
∂P̃i(t)

 .

The continualization in (5.3) is appealing because there is no need to calculate the inverse

of a Hessian matrix and sparsity does not need to be assumed. However, the integration

can be time consuming to calculate as the number of parameters or the amount of data

increases. Furthermore, the integration of (5.3) can also be time consuming if the model

function, f(x,P), is costly to evaluate. To address these issues, we construct a methodology

that eases the required computation by only doing costly function evaluations when the

model function with the current parameters is not reflecting the data well.

Our modified fast marching algorithm integrates (5.3) over the interval [0, T ] for some

T . Figure 5.1 illustrates a solution to (5.3). The solution P̃(T ) corresponds to an optimal

solution to (5.1). Note that T is an algorithmic time used for integration and is independent

of the iterative time associated with the data. Once the integration method is finished, our

modified fast marching algorithm checks whether the solution evaluated at the objective

function, G(P̃(T )), is less than a threshold (0.001 in our numerical results in Section 5.4).

If the solution is less than the threshold, the modified fast marching algorithm stops and

returns P̃(T ). If it is not, the modified fast marching algorithm recomputes the gradient

at this new point and starts the integration method with P̃(T ) as the starting point. This

continues until a maximum iteration count is reached (40 in our numerical results).

Figure 5.1: Evolution of P̃(t) using numerical integration.
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A question remains of how often to perform the numerical integration and the fast march-

ing algorithm. The result P̃ (T ) is an approximate solution to (5.1) using all m data points.

To reduce computation, instead of using all m data points to solve the nonlinear least squares

problem, a subset of point is constructed using only some of the m data points. The approach

is to create I-frames for subsets of the data points with small changes in the parameters. This

restricts the large computation to the start of the I-frames and continualizes and linearizes

the “flow information” between I-frames. The algorithm starts with the first data point and

iterates through the data constructing I-frames at various points. These points are added to

the subset and the I-frame optimization solves the nonlinear least squares problem over the

expanding subset of data points.

The I-frame optimization problem is

min
P
GI(P ) (5.4)

where GI(P ) =
1

2

∑
i∈I

(
ri(P )

)2

and I is the set of indices denoting the start of a new I-frame. The fast marching algorithm

is used to solve (5.4) by solving (5.3), and the solution is denoted PC(tk), where the I-frame

starting at time tk is denoted as the kth I-frame. The gradient can be found analytically or

estimated numerically. Note that initial values, or ranges, for the parameters P are needed

to start the fast marching algorithm.

Having solved for PC(tk) in the kth I-frame, the approach next evaluates the residual

at each data point (xi, yi) sequentially for i > tk, ri
(
PC(tk)

)
= yi − f

(
xi, P

C(tk)
)
. If

ri
(
PC(tk)

)2
is greater than a certain threshold ∆, that is,

ri
(
PC(tk)

)2
> ∆ (5.5)

then a new I-frame is created, (i.e., tk+1 = i), and the time i is added to I. If the function

evaluation f is costly, the user may choose to evaluate it only when the data point yi changes

by a user defined value.
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As an example, suppose there are 13 data points (m = 13) and I-frames are generated at

times 1, 4, 10 and 13 (see Fig. 5.2). Thus I = {1, 4, 10, 13}. We denote the time of the kth

I-frame as tk = j, referring to the (xj, yj) datapoint.

Figure 5.2: Illustration of I-frame intervals. The data points are represented by the dark

x’s. The incremental optimization occurs over the I-frame right up to the next I-frame. In

this example, the first I-frame occurs at time t1 = 1, referring to the point (x1, y1), and the

second I-frame occurs at time t2 = 4, referring to the point (x4, y4).

The main idea for this approach is that a set of parameters will be sufficiently good as

long as the model function with the current set of parameters closely matches the data.

Then, if there is a big change in the data, the parameters are modified to incorporate this

change using an I-frame. This is analogous to the use of I-frames in animation as I-frames

represent a fully specified picture while in-between the I-frames only the changes between

frames are recorded. Also note that if an I-frame is created at every data point, then the

index set I will include every data point at the last I-frame. This will result in solving the

original problem (5.1).

Note that the I-frame generation criterion in (5.5) creates I-frames if the residual at the

current data point is too large. This is not the only option one has for creating I-frames.

For example, we can modify the I-frame generation criterion to create a new I-frame if the
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average sum of squares over the entire data set up to the current point exceeds some ∆. This

would create a new I-frame at time M if

1

M

M∑
i=1

ri
(
PC(tk)

)2
> ∆.

This criterion would give a more global perspective on the model function: I-frames are

created if the model function does not accurately reflect the data over the entire data set up

to the current point instead of just the current point. For some problems this may be a more

desirable measurement. The rest of this dissertation uses the I-frame generation criterion in

(5.5).

Recall that to run the fast marching algorithm an initial value of the parameters is needed.

For the kth I-frame, it is possible to use the previous set of parameters found at the k − 1

I-frame, PC(tk−1), as the initial value. However, we can potentially save some computation

in the fast marching algorithm (either in the overall iteration count or in the numerical

integration which solves (5.3)) by constructing an incremental optimization problem. The

incremental optimization adjusts the previously found parameters, PC(tk−1), over the k − 1

I-frame to provide an initial value for the kth I-frame.

To derive the incremental optimization, first the residuals are continualized and approxi-

mated. Then, the nonlinear least squares problem in (5.1) is rewritten as a partial summing

formation, which is then continualized and linearized around the time t. This allows the

continualized approximation to the residuals to be used. Next, a linear control bang-bang

problem is derived which defines how the parameters change in-between I-frames. Finally,

the Hamiltonian and necessary conditions for optimally are constructed to provide the bang-

bang solution.

Denote the I-frame starting at time tk as the kth I-frame and use t as the “time” of an

I-frame, t ≥ 0. The data point at the beginning of the kth I-frame is (xtk , ytk). See Fig. 5.2.

A continualized form of ri on the kth I-frame interval (tk = i), with a linear perturbation of

the model parameters, is defined based on Euler’s integration algorithm,

r̃tk,t

(
ytk ,xtk , P

C(tk), δP̃ (t)
)

= ytk − f
(
xtk , P̃ (t)

)
(5.6)
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where P̃ (t) = PC(tk) + δP̃ (t) for t > tk and δP̃ (t) is the parameter perturbation vector.

The start of the next I-frame is determined by the residual (error) between the model

function, f(xi, P ) and the actual value, yi. Because the residual between the model function

and the actual value is less than the threshold ∆ for i > tk, the variation in data is small

within an I-frame. This justifies approximating r̃2
tk,t

with a first order Taylor series expansion

around the values of the data at the I-frame, denoted r̂. This leads to

r̂2
tk,t

(
ytk ,xtk , P

C(tk), δP̃ (t)
)

= r̃2
tk,tk

(
ytk ,xtk , P

C(tk), δP̃ (tk)
)

+

(
∂r̃2

tk,t

∂P

∣∣∣∣
t=tk

)T

δP̃ (t). (5.7)

For ease of notation, let

Ytk = r̃2
tk,tk

(
ytk ,xtk , P

C(tk), 0
)

(5.8)

and

Ztk =

(
∂r̃2

tk,t

∂P

∣∣∣∣
t=tk

)T

. (5.9)

The partial derivatives can be calculated using (5.6) since f is assumed to be differentiable

with respect to P . Note that Ytk = r̃2
tk,tk

(
ytk ,xtk , P

C(tk), 0
)

= rtk(PC(tk))
2 because δP (tk) is

equal to zero (since tk corresponds to the start of an I-frame). Equation (5.7) is now written

as,

r̂2
tk,t

(
ytk ,xtk , P

C(tk), δP̃ (t)
)

= Ytk + ZtkδP̃ (t). (5.10)

This approximation is linear with respect to δP̃ (t).

In order to make use of the approximation r̂2
tk,t

(
ytk ,xtk , P

C(tk), δP̃ (t)
)

in (5.7), the least

squares problem in (5.1) is rewritten as a partial summing formulation. The optimization

problem in (5.1) is written in the following recursive form,

min
P

Sm (5.11)

s.t. Si+1 = Si + r2
i+1(P ) for i = 0, . . . ,m− 1

with the initial condition S0 = 0. The value Si is the accumulated residual up to the ith data

point.
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We next continualize problem (5.11) to obtain a continuous time approximation on the

current kth I-frame [27]. A continualized form of Si with a linear perturbation of the accu-

mulated residual is defined as

S̃tk(t) = S̃tk(tk) + δS̃tk(t), (5.12)

where S̃tk(tk) = Stk , and δS̃tk(tk) = 0. Taking derivatives of both sides of (5.12) yields

˙̃Stk(t) =
dS̃tk(t)

dt
= 0 + δ ˙̃Stk(t). (5.13)

Now define,

δ ˙̃Stk(t) = βr̂2
tk,t

(
ytk ,xtk , P

C(tk), δP̃ (t)
)

(5.14)

for t ≥ tk. The descent parameter β > 0 in (5.14) normally needs to be estimated using

empirical or learning methods, however this is not necessary as it cancels out later.

From (5.10), (5.13) and (5.14) a linear differential equation with constant coefficients is,

δ ˙̃Stk(t) = β
(
Ytk + ZtkδP̃ (t)

)
.

Now a linear control problem is formulated to find δP̃ (t) in between the I-frames. Recall

that δP̃ (t) approximates how the parameters change between the I-frames. The goal is

to maximize the time between I-frames (which indicates a good set of parameters) while

minimizing the error at the end of the I-frame, δS̃tk(T ), where T denotes the time at the

end of the I-frame. Note that δS̃tk(T ) is always greater than or equal to zero because it is

approximating the squared error r2
i . The linear control problem is

max
δP̃ (t)

∫ T

0

1ds− qδS̃tk(T ) (5.15)

subject to δ ˙̃Stk(t) = β
(
Ytk + ZtkδP̃ (t)

)
δP̃min ≤ δP̃ ≤ δP̃max

where δS̃tk is the state vector, δP̃ (t) is the control vector and q > 0 is a weighting parameter.

The bounds δP̃min and δP̃max can be updated as the algorithm progresses.
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Problem (5.15) is known as a bang-bang problem. To see this, the Hamiltonian is written

and the necessary conditions of optimality are constructed. This will give the values for how

much the parameters change over the I-frame. The Hamiltonian is

H
(
δS̃tk(t), δP̃ , p(t)

)
= −1 + p(t)Tβ

(
Ytk + ZtkδP̃ (t)

)
,

where p(t) is the costate vector. The necessary conditions for optimality are,

δ ˙̃Stk(t) =
∂H

∂p
= β

(
Ytk + ZtkδP̃ (t)

)
ṗ(t) = − ∂H

∂δS̃tk(t)

p(T ) =
∂
(
−qδS̃tk(T )

)
∂δS̃tk

= −q

H∗
(
δS̃∗tk , δP̃

∗(t), p(t)
)
≥ H

(
δS̃∗tk , δP̃ (t), p(t)

)
.

Because H does not depend on δS̃tk(t) and ṗ(t) = 0 we know p(t) is a constant. The third

condition shows that p(t) = −q. The last condition implies that

− 1 + p(t)β
(
Ytk + ZtkδP̃

∗(t)
)
≥ −1 + p(t)β

(
Ytk + ZtkδP̃ (t)

)
. (5.16)

Canceling terms and flipping the inequality since p(t) < 0 yields the following bang-bang

condition,

ZtkδP̃
∗(t) ≤ ZtkδP̃ (t).

If Ztk is greater than zero then the respective variables δP̃ take on their minimum values,

and if Ztk is less than zero then the respective variables take on their maximum values,

yielding the bang-bang solution using (5.9),

δP̃ ∗(t) =


δP̃min if

∂r̃2tk,t

∂P

∣∣∣
t=tk

> 0

δP̃max if
∂r̃2tk,t

∂P

∣∣∣
t=tk

< 0

(5.17)

Once this solution is calculated, the parameters are adjusted by setting P̃ (t) = PC(tk) +

δP̃ ∗(t).

The algorithm is stated as follows for a set of m data points:
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The I-frame Methodology for Nonlinear Least Squares

1. Initialize a starting set of parameters, PC(t0). If initial values are not given, generate

random values over the bounded set [P l, P u]. Set a value of ∆. Set i = 1, k = 0 and

I = ∅.

2. Evaluate the residual ri
(
PC(tk)

)2
.

3. If the evaluated residual in Step 2 is greater than ∆ then go to Step 4. Otherwise set

i = i+ 1 and go to Step 2. If i cannot be incremented because the end of the data has

been reached then stop and output PC(tk) as the final set of parameters.

4. Create a new I-frame at time i by doing the following steps:

(4.1) Perform the incremental optimization by calculating the gradient and adjusting

the set of parameters, PC(tk), setting δP̃min and δP̃max to 1% of PC(tk) and

finding δP̃ ∗(t) as in (5.17). Let P̃ (t) = PC(tk) + δP̃ ∗(t).

(4.2) Set k = k + 1, tk = i and add i to I.

(4.3) Pick an algorithmic time T and solve the minimization problem (5.4) using the

modified fast marching algorithm with the initial set of parameters P̃ (t) for the

integration of (5.3). This determines a new set of parameters PC(tk). Set i = i+1

and go to Step 2.

To summarize the approach, begin with an initial set of parameters (obtained randomly

if a set is not given) and continue through the data until a new I-frame is required. A new

I-frame is created if ri
(
PC(tk)

)2
> ∆. Use the bang-bang result in (5.17) to update the

parameters at the end of the I-frame and add the point to the subset I. Then, solve the

minimization problem (5.4) at the new I-frame. This continues until the end of the data.

See Fig. 5.3.
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Figure 5.3: Illustration of the I-frame algorithm. The data points are represented by the dark

x’s. The squares represent the model function evaluated at the parameters, f
(
xi, P

C(tk)
)
.

At the first I-frame (t1 = 1 in this example), the fast marching algorithm finds a set of

parameters PC(t1). Just before the next I-frame at time t2 = 4, the incremental optimization

modifies the parameters to obtain P̃ (t). These are used as the starting parameters in the

next fast marching algorithm at the next I-frame.
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The I-frame methodology is well-suited for the online problem where data is arriving

sequentially because the methodology already exploits the sequential nature of the problem.

When a new data point arrives, we perform the same check to see if a new I-frame is created

by evaluating the residual ri
(
PC(tk)

)2
as in Step 2 of our algorithm. Further computation

is only required if this residual is greater than the threshold ∆, in which case we perform

the incremental optimization and run the fast marching algorithm to obtain a new set of

parameters. The fast marching algorithm will solve (5.4) with a subset of points in I instead

of solving (5.1) with all data points. This eliminates the need to resolve the entire nonlinear

least squares problem, which may not be practical in real-time applications where speed is

crucial.

In practice, effective values of ∆ will be known empirically. Note that if ∆ is too small

the I-frame methodology may take a long time to run as a lot of I-frames will be created

which increases the complexity of solving the minimization problem (5.4). If no information

is known about the problem, effective values of ∆ will have to be determined experimentally

by picking a large value and decreasing ∆ until an acceptable value is found. Note that if

∆ is chosen to be too large then the I-frame methodology will not perform any optimization

(as no I-frames will be created). This occurs when the generation criterion in (5.5) is never

satisfied. Thus it is more time efficient to initially pick a large ∆ and decrease it according

to the results.

5.3 Convergence of the I-frame Methodology

The main result in Theorem 5.3.1 relates the criterion of generating I-frames to the averaged

squared error of the final solution. The proof requires Lemma B.0.1 which is proved in the

appendix.

Theorem 5.3.1. Let P ∗ = (P ∗1 , . . . , P
∗
n) be the optimal set of parameters for the nonlinear

least squares problem (5.1). There exists a ∆ such that if I-frames are generated using the

criterion in (5.5) (that is, the squared error at the I-frame is greater than ∆), then the
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I-frame methodology outputs a final solution PC(tk) such that the average squared error is

bounded by ∆, that is,
1

m

m∑
i=1

(
ri
(
PC(tk)

))2

≤ ∆. (5.18)

Proof. Given an initial set of parameters PC(t0) (as in Step 1 of the algorithm), suppose no

I-frames are created. Then at each point the squared residual is less than ∆ and the average

squared error is less than ∆.

Now suppose there is exactly one I-frame created at t1 = i for some 1 ≤ i ≤ m. For every

point from t1 forward we have

1

m− t1

m∑
i=t1+1

(
ri
(
PC(t1)

))2

≤ ∆,

since no new I-frames are generated. It remains to show that the average squared error is

less than ∆ for the points from the start of the data up to the I-frame at t1, that is,

1

t1

t1∑
i=1

(
ri
(
PC(t1)

))2

≤ ∆.

For a proof by contradiction, consider any ∆ > 0 and assume that (5.18) does not hold.

For notational convenience, let

y =
1

m− t1

m∑
i=t1+1

(
ri
(
PC(t1)

))2

and

w =
1

m

m∑
i=1

(
ri
(
PC(t1)

))2

.

Since the first I-frame occurs at t1 and no further I-frames are created we have y ≤ ∆.

By assumption, w > ∆. This means that the average squared error in the points from

the start of the data up to the I-frame is large enough to push the average squared error for

the whole data set greater than ∆. The average error for the points from the start of the

data up to the I-frame can be calculated as

total error for whole data set - total error in I-frame forward

number points in first I-frame

=
wm− y(m− t1)

t1
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From these points, i = 1, . . . , t1, pick the largest squared residual
(
ri
(
PC(t1)

))2

and set ∆

to this new value. Note that this new ∆ is larger than the original ∆ by assumption that

(5.18) is violated. When the I-frame methodology is executed with this new value of ∆ and

same initial PC(t0), one of two things will happen. Either there will be no I-frames or there

will be at least one I-frame. If there are no I-frames then we have reached a contradiction

as we have found a ∆ that satisfies the theorem.

If there is exactly one I-frame again, this I-frame will either be at the same point, tk, or

at a later point (since we have increased ∆). We can use the same technique above to pick

a new ∆. Each new ∆ picked will be greater than the previous ∆. However, this strategy

cannot continue ad infinitum as that would result in an infinitely large ∆. If ∆ is infinitely

large, then so are the residuals that sum up to ∆. This contradicts Lemma B.0.1 that states

there is a finite bound on the residuals. Thus for the situation where there is exactly one

I-frame the theorem holds true.

If there are several I-frames the problem can be broken down by dividing up the I-frames.

Since the data is ordered sequentially, we can apply the reasoning above to the points from the

start of the data up to the second I-frame. This will result in a ∆ that satisfies the theorem

for the points up to the second I-frame. Using this value of ∆ will reduce the number of

I-frames, and the same strategy can be applied for each additional I-frame. Continuing in

this manner will lead to a ∆ that satisfies the theorem.

5.4 Numerical Results

We numerically compared the fast marching algorithm with I-frames against a trust-region

method in Matlab and Powell’s dogleg algorithm. Matlab’s optimization toolbox provides a

function to calculate the solution to a nonlinear least squares problem using a trust-region

algorithm based on an interior-reflective Newton method that requires an initial starting

point [10, 11]. Powell’s dogleg algorithm is described and provided in [39]. The test problems

were taken from [55], a public database that provides reference datasets to evaluate statistical
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algorithms.

The I-frame methodology was run with δP̃min and δP̃max set to 1% of the current pa-

rameter value as in Step 4.1. In Step 4.3, the parameter α = 0.9 was used in (5.3). The

integration step of the fast marching algorithm used the solver ode23s in Matlab [54]. The

threshold in the fast marching algorithm was set to 0.001 (if the objective function evaluated

at the current point is less than this value, then the algorithm stops). The max iteration

count for the fast marching algorithm was set to 40.

The ∆ values in the I-frame methodology were picked by first picking an arbitrarily large

number and then decreasing ∆ until I-frames were created. Recall that if ∆ is very large then

the squared residuals will be less than ∆ at every point, meaning no I-frames are generated.

If this happens then no computation is performed outside of calculating the residuals, and

the algorithm will output the initial parameter values PC(t0) as the final solution. We then

decreased ∆ further to explore how modifying ∆ affects the number of I-frames, the overall

time it takes for the I-frame methodology to output a final solution and the total sum of

squares of the resulting final solution.

We considered two test problems: gauss1, an exponential function with 8 parameters

and ENSO, a sum of trigonometric functions with 9 parameters. These were chosen as

they contained a large number of parameters relative to the other sets available [55]. Each

problem was expanded to include more data points. The problem gauss1 was expanded from

250 to 1000 data points by adding three observations in between the ones given, with the

observation values generated by using the optimal set of parameters on the model function

and adding Gaussian noise. Similarly ENSO was expanded from 168 to 1000 data points.

The trust-region and dogleg methods were each run twenty times using a random starting

point with the upper and lower bounds at ±50% of the optimal solution. The ∆ value in

the I-frame methodology was varied, and each value of ∆ was run twenty times with random

starting points.

Figure 5.4 presents the results on gauss1. The average time (over 20 runs), average

solution, best solution and worst solution are reported for each algorithm (Matlab’s trust
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Figure 5.4: Results for gauss1. The I-frame methodology is able to find a quality solution

with the proper choice of ∆. Decreasing ∆ too much leads to longer computation time.

region, Powell’s dogleg and the I-frame methodology). The optimal function value for this

problem is 6085. The trust-region method was able to find the optimal value in 6 of the 20

runs. None of the other methods obtained the optimal solution in any of the runs.

Powell’s dogleg method performed the fastest on average (at 35 seconds) however the

average solution it found was over a million. Only 3 of the 20 dogleg runs found a solution

under a million. In contrast, the I-frame methodology was also able to find a better solution

no matter the choice of ∆ and also found a better solution on average for all the choices of

∆ except ∆ = 2000. We also see that the trust region method takes a considerable amount

of time to find a solution even though it is able to sometimes find the optimal (6 out of the

20 runs).

As ∆ is increased we see that the average solution time decreases. This is to be expected

as a smaller choice of ∆ is likely to lead to more I-frames, which means performing the

optimization and numerical integration (which can be time consuming). We also note that

decreasing ∆ does not guarantee a better solution. This is shown in the ∆ choice of 1700,

which performed worse than all other choices. This could be explained by the randomness in

choosing initial parameters. Another explanation is that different choices of ∆ will naturally

lead to I-frames at different points. The set of points where I-frames occur may end up
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Figure 5.5: Results for ENSO. The I-frame methodology is always able to outperform the

other two methods in computation time with the proper choice of ∆. Again, as the value of

∆ is decreased the I-frame methodology takes longer to output a solution.

fitting the model function very well or they may be very bad choices. However there is a

range of ∆ choices for which the methodology performs very well (about 1300-1500).

The results for ENSO are reported in Figure 5.5. The optimal function value for this

problem is 3806, which was not obtained by any of the methods.

Matlab’s trust-region method was always able to find a quality solution, however it took

a significantly longer time to do so, averaging about four minutes longer than any of the

other methods. The dogleg algorithm averaged about 41 seconds to find a solution value

which average about 17,000.

Compared to the dogleg method, the I-frame methodology was able to find a better

solution on average in less time for ∆ values of 150 and 175. For ∆ values greater than 200

the I-frame method would frequently not do any optimization at all and output the initial

parameters at the final solution. This means that the individual squared residuals did not

exceed ∆ very often.

From both of these examples we see that the I-frame methodology has local areas where

different choices of ∆ perform very well. For gauss1 this occurred when ∆ was in the 1300-

1500 range and again around 1900. For ENSO this occurred when ∆ was either 150 or

175. Different choices of ∆ will naturally lead to I-frames occurring at different locations.

We theorize that some choices of ∆ lead to a sequence of I-frames occurring at points that
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are a good snapshot for the entire dataset. Optimizing over this sequence produces a more

accurate approximation for the entire problem than for other sequences of points.

5.5 Summary

This chapter constructed a methodology for approximating solutions to the nonlinear least

squares problem using the concept of I-frames from imaging and animation. This method-

ology reduces the computation time needed while still producing a quality solution. Our

algorithm is able to scale well as the amount of data increases with an appropriate I-frame

generation criterion. Furthermore, our algorithm does not require computing a Hessian

matrix or assuming a sparse Jacobian matrix.

This methodology fits into the framework for dynamic models presented in Section 3.2.

The methodology only performs the expensive computation (updating the parameters) when

the model function no longer accurately reflects the data. Furthermore the methodology is

well-suited for handling online nonlinear least squares problems.
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Chapter 6

SUMMARY AND FUTURE WORK

6.1 Summary

Enterprise applications are growing more complex. Technology allows us to collect and store

an abundance of data and access that data quickly, whether it is through the cloud or private

servers. Models are becoming more complex as computational power increases and the cost

of computing decreases. Many models and algorithms are developed and designed for the

static system where there is complete knowledge about the problem and the data. This is

no longer applicable with streams of data arriving in real-time and systems growing more

complex. There is a need for models and algorithms that adjust on the fly as new data

arrives and are able to handle expensive computation when it is required.

This dissertation presents new models and algorithms for large-scale dynamic systems.

Utilizing a generic framework for dynamic models, a probabilistic forecaster is developed

and a new algorithm for nonlinear least squares is presented. Cloud computing and meta-

control can both be used to implement this generic framework, offering storage space and

computational speed for finding a quality solution in minimal time. These models and

algorithms are used for the example of demand forecasting.

6.2 Future Work on Cloud Computing and Meta-control

Regarding implementation, there are a lot of areas to explore with cloud computing. Chapter

3 provides an implementation scheme in the cloud for dynamic models. This implementation

is very generic and allows for any optimization algorithm to efficiently be implemented in the

cloud, taking advantage of the internal design of the cloud. It is believed that population-

based algorithms would benefit the most from this cloud implementation: it is very natural to
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parallelize the population, with the cloud’s resources the population size can be increased to

ensure the search space is sufficiently explored and population points can be easily removed

if they fail or are not performing well without affecting the overall algorithm.

An important metric to analyze would be the amount of time saved by parallelizing a

population-based algorithm in the cloud. Furthermore, how much time is saved using algo-

rithms that are not population-based? Some algorithms, such as the modified fast marching

algorithm in Chapter 5, can benefit from the cloud using the dedicated resources to do expen-

sive computation. This is expected to save time as a single computer needs to perform the

expensive computation and reading and writing data using random access memory (RAM)

simultaneously while these tasks are distributed in the cloud.

Computation time in the cloud can be saved by using the implementation in Section 3.3.

However there are still decisions to be made when using this implementation. For example,

what is the best way to store and access data in the cloud? Since data storage is flexible in the

cloud, different methods of storage may result in different algorithm run times. The obvious

choice is to pick the method that offers the greatest scalability but it is not immediately

clear what this method is.

Decisions also need to be made with regard to acquiring and releasing processors. The

cloud already has plenty of built-in analytic tools to make the decision easier, but there are

a variety of variables to account for that make this a complex problem. For example, the

decision to acquire and release processors should take into an account the time of day (and

the day of the week), the current global demand for processors and the size and the location

of the processor. Furthermore the decision is also problem dependent, as a population-based

algorithm for a global optimization problem may need a lot of processors to effectively explore

the search space.

There is a monetary cost to using the cloud and its resources. In order to justify using the

cloud there needs to be a proper analysis of the tradeoff between the cost of the cloud and

the quality of the solution or the amount of time saved. This analysis would also vary based

on the problem being solved. For an algorithm that can be easily parallelized the decision
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to use the cloud may be easy. For simpler algorithms the decision may be very complex. A

potential user or company seeking to use the cloud also has to factor in extraneous costs:

making the switch to the cloud and integrating it within their company. Since processors

differ in cost based on their size and power, minimizing the cost of using the cloud is a

complex optimization problem with important ramifications.

Implementing meta-control in the cloud can also lead to large cost savings. As described

in Section 3.4 meta-control can be used to not only optimize an individual algorithm but

optimize a collection of algorithms and the overall usage of the cloud. For example, meta-

control can determine which forecaster out of a collection performs the best in a given

situation. This is crucial as it allows the user to focus on the decisions to make rather than

on the internal workings of the cloud and the forecaster being used. It is clear that further

research on the cloud is needed due to the potential the cloud offers. There is great potential

to save money in terms of time and resources. But using the cloud can also lend itself to

the user being decision-focused with the cloud as a great tool to use in the decision making

process.

6.3 Future Work on the Incremental Probability Forecaster

The incremental probabilistic forecaster presented in Chapter 4 propagates a probability

distribution directly and uses incremental levels to generate a practical, computationally

feasible forecaster. This forecaster has seen little in terms of actual implementation and

numerical testing. The incremental forecaster needs to be compared to other forecasters and

would be well-suited for a cloud implementation in order to access historical data with ease

and distribute computation for the mean field. A big concern is how scalable the incremental

forecaster is as the state space increases.

In Section 4.5 ideas from mean field theory are borrowed to create a simplified forecaster

to be used in practice. A simplifying assumption is made that a single component of the state

can only move up or down one incremental level at a time. This is done as it decreases the

number of possible transitions. However it is believed that this simplification is not needed.
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The mean field approximation would need to be redone to account for the added transitions,

but a clever organizing of the transition matrices may lead to very similar results.

The mean field approximation simplified the number of parameters needed to be esti-

mated from O(3n) to O(n). Further analysis may be able to show how good or bad this

simplification is. For example, can we guarantee that this simplification will always be some-

what close to the non-simplified forecaster? Some mean-field techniques may be useful in

answering this question.

The optimization problem for solving for the parameters in the forecaster is difficult to

solve due to the constraints and large number of variables. Simplifying assumptions can be

made to ease the computation but in practice the amount of computation time needed is

still large. Original testing solved the problem using the modified fast marching algorithm

but there may be better algorithm choices.

6.4 Future Work on the I-frame Methodology

Chapter 5 presents a new methodology for approximating solutions to the nonlinear least

squares problems. The main bottleneck for computation is in Step (4.3) of the methodology

listed at the end of Section 5.2, solving the minimization problem using the modified fast

marching algorithm. The modified fast marching algorithm can take a while to find an

optimal solution and may fail to find one if the differential equation is too stiff or ill-posed.

In practice, the choice of which differential equation solver to use can affect the overall

runtime of the algorithm and the quality of the solution. A solver for stiff equations (such

as Rosenbrock’s integration method) is needed for some problems, however quicker solvers

exist for problems which are not stiff. There are inherent difficulties in identifying which

equations are stiff and which solver will work best a priori. Instead, meta-control can be

used to vary the solver as the methodology is running. If one solver is taking a long time

or not outputting a good solution, meta-control can switch to a different solver. This has

the benefit of identifying which problems may lead to stiff differential equations. However

a decision needs to be made on how to switch solvers and identifying when a solver is not



65

performing well.

A population-based fast marching algorithm can be used to better explore the search

space. This would replace Step (4.3) of the methodology with the following steps,

1. Start with M1 initial starting points, denoted PC
1 (t0), . . . , PC

M1
(t0).

2. Apply a numerical method, such as Rosenbrock’s integration method, to each initial

point and integrate (5.3) over [t0, t1] to obtain M1 approximate solutions.

3. Of the M1 approximate solutions, select a subset of M2 solutions with the “best” values

- use the M2 solutions that have the lowest objective function value, G(PC
i (t1)), for

i = 1, . . . ,M1.

4. Treat the M2 solutions as initial points for the numerical integration over [t1, t2] to

obtain M2 approximate solutions. Of these M2 approximate solutions, select a subset

of M3 solutions with the “best” values. Continue in this manner until a stopping

criterion is satisfied and output the final set of parameters, PC(tk).

This population-based fast marching algorithm starts with a population of points which

diminishes in each iteration of the algorithm (Step 3). See Figure 6.1. Different selection

criterion would need to be explored. For example, the population can simply diminish by

10% at each time step, or a subset of the worst points can be moved to a neighborhood

around the best performing point(s). A population-based I-frame methodology would be

well-suited for the cloud implementation presented in Section 3.3.

There is a lot of potential for future work on the convergence properties for the I-frame

methodology. In Section 5.3 a relationship is established between the criterion for generating

I-frames and average squared error of the final solution. This property is beneficial as it is

proven for any differentiable function. However the bound is rather crude and is not of much

practical importance. In practice it has been found that the average squared error of the

final solution never even gets close to this crude bound. There is reason to suspect that an
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Figure 6.1: Population-based fast marching algorithm. After the integration is performed a

subset of the population with the worst objective function values is removed.
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even smaller bound can be obtained. Furthermore, it is believed that a smaller bound can

be obtained if we place stricter conditions on the model function, such as limiting the model

to quasi-convex functions.

It has been clear from practice that the locations of I-frames has an effect on the final

solution. For example, consider the set of data in Figure 6.2. The goal is to fit a sinusoidal

function to this data using the I-frame methodology. Figure 6.3 displays the locations of

the I-frames for two different runs of the I-frame methodology. The top graph in Figure

6.3 is unlikely to produce a function that represents the entire dataset well due to the poor

locations of the I-frames. The bottom graph is likely to give us a good result as most sine

functions are going to closely match the original dataset.

Figure 6.2: A set of data points. The goal is to find a sinusoidal function to the data using

the I-frame methodology.

The example in Figure 6.2 is important in showing that the locations of the I-frames can

have a large effect on the quality of the final solution. Since I-frames are not generated a

priori, this poses a problem as it is possible a bad solution may be obtained due to unlucky

locations of I-frames. For the offline nonlinear least squares problem, it may be possible to

generate I-frames a priori by analyzing the data first. Generating I-frames at local minimums

and maximums or at inflection points may be good choices. However, for the online nonlinear

least squares problem it is difficult to determine where I-frames should be generated unless

there is a large amount of historical data to analyze.
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Figure 6.3: The locations of the I-frames for two separate runs of the I-frame methodology

for the example in Figure 6.2. The top graph is unlikely to find a function that represents

the entire dataset well, while the bottom graph is likely to give us a good result.

Section 5.4 presented some numerical results on the I-frame methodology. Some of these

test problems had their data replicated to test the effect a large amount of data had on each

of the algorithms. However all the test problems had a relatively small number of parameters.

This is due to the difficulty of finding large test problems. It would be beneficial to test the

I-frame methodology on problems with a large number of parameters (at least a hundred)

to see how the I-frame methodology compares to existing methods. It is believed that the

I-frame methodology would perform well due to the sequential nature of the methodology

and the use of I-frames.
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Appendix A

DERIVATION OF THE FOKKER-PLANCK EQUATION

The derivation of the Fokker-Planck equation follows the approach in [6]. The differential

Chapman-Kolmogorov equation is given by:

∂P
(
(x, t)|(x′, t′)

)
∂t

= A(t)P ((x, t)|(x′, t′)) , (A.1)

where P
(
(x, t)|(x′, t′)

)
is the conditional transition probability (referred to as the propagator)

and A is a linear operator which generates infinitesimal time translations on some density

ρ(x),

A(t)ρ(x) = lim
∆t→0

1

∆t

∫
dx′
(
P
(
(x, t+ ∆t)|(x′, t)

)
− δ(x− x′)

)
ρ(x′),

= lim
∆t→0

1

∆t

∫
dx′
(
P
(
(x, t+ ∆t)|(x′, t)

)
ρ(x′)− ρ(x)

)
(A.2)

where δ denotes the Dirac Delta function.

We consider the case where our random variable performs instantaneous jumps, instead

of being a smooth solution of a differential equation. We introduce the transition rates

W (x|x′, t) for the jumps which are defined as follows. The quantity W (x|x′, t)∆t is equal to

the probability density for an instantaneous jump from the state x′ into the state x within

the infinitesimal time interval [t, t+ ∆t] under the condition that the process is in x′ at time

t. We can define the total rate for a jump at time t as

Γ(x′, t) =

∫
dxW (x|x′, t).

And thus Γ(x′, t)∆t is the conditional probability that the process leaves the state x′ at time

t by a jump to some other state.
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We can formulate an appropriate short-term behavior for the propagator and insert this

into (A.2). Putting the result back into (A.1) gives,

∂P
(
(x, t)|(x′, t′)

)
∂t

= A(t)P ((x, t)|(x′, t′))

=

∫
dx′′
[
W (x|x′′, t)P

(
(x′′, t)|(x′, t′)

)
−W (x′′|x, t)P ((x, t)|(x′, t′))

]
,

(A.3)

which is the differential Chapman-Kolmogorov equation for the jump process, also called the

master equation.

We now derive the differential Chapman-Kolmogorov equation for a diffusion process by

investigating a certain limit of the jump process described by (A.3). We write the transition

rate as,

W (x|x′′, t) = f(x′′, y, t)

where y = x − x′′. Thus W is written as a function f of the starting point x′′ with jump

increment y at time t. Inserting this into (A.3) gives

∂P
(
(x, t)|(x′, t′)

)
∂t

=

∫
dy

[
f(x− y, y, t)P

(
(x− y, t)|(x′, t′)

)]
−P
(
(x, t)|(x′, t′)

) ∫
dyf(x, y, t).

(A.4)

The fundamental assumption is that f(x′′, y, t) varies smoothly with x′′ but that it is a

function of y which is sharply peaked around y ≈ 0. We can expand the first term on the

right-hand side of (A.4) to second order in y,

∂P
(
(x, t)|(x′, t′)

)
∂t

=

∫
dyf(x, y, t)P

(
(x, t)|(x′, t′)

)
−

n∑
k=1

∫
dyyk

∂

∂xk

[
f(x, y, t)P

(
(x, t)|(x′, t′)

)]
+

n∑
i=1

n∑
j=1

∫
dy

1

2
yiyj

∂2

∂xi∂xj

[
f(x, y, t)P

(
(x, t)|(x′, t′)

)]
− P

(
(x, t)|(x′, t′)

) ∫
dyf(x, y, t) (A.5)
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We introduce the first and second moment of the jump distribution as,

bi(x, t) =

∫
dyyif(x, y, t), ai,j(x, t) =

∫
dyyiyjf(x, y, t).

Now we arrive at the Fokker-Planck equation,

∂P
(
(x, t)|(x′, t′)

)
∂t

=
n∑
i=1

n∑
j=1

∂2

∂xi∂xj

[
aij(x, t)P

(
(x, t)|(x′, t′)

)]
−

n∑
k=1

∂

∂xk

[
bk(x, t)P

(
(x, t)|(x′, t′)

)]
. (A.6)
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Appendix B

PROOF OF LEMMA B.0.1

Lemma B.0.1. Let P ∗ = (P ∗1 , . . . , P
∗
n) be the optimal set of parameters for the nonlinear

least squares problem (5.1) on m data points. Let PC(tk) be the final solution given from the

I-frame methodology on m data points. There exists a finite ε > 0 such that

G
(
PC(tk)

)
−G(P ∗) =

m∑
i=1

(
ri
(
PC(tk)

))2

−
m∑
i=1

(
ri(P

∗)
)2

≤ ε

Proof. We assume that f
(
xi, P

C(tk)
)

is continuously differentiable over a bounded set of pa-

rameters. This means that f
(
xi, P

C(tk)
)

has a maximum and a minimum over the bounded

set which it attains by the extreme value theorem. Thus P ∗ exists and G(P ∗) is finite. Recall

that we can write G
(
PC(tk)

)
in the following form:

G
(
PC(tk)

)
=

m∑
i=1

(
ri
(
PC(tk)

))2

=
m∑
i=1

(
yi − f

(
xi, P

C(tk)
))2

.

Because PC(tk) is obtained from the algorithm and yi is given for all i,
∣∣yi − f (xi, PC(tk)

)∣∣
has a maximum value (call it rmaxi ). This means the whole sum is bounded and we can pick

our ε to be
∑m

i=1 (rmaxi )2.
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