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Abstract

Investigation of Properties of Materials with Negative Permittivity and Permeability:
Negative Refraction

John Rhodes Thomas

Chair of the Supervisory Committee:
Professor Emeritus Akira Ishimaru
Department of Electrical Engineering

This thesis provides a study of electromagnetic wave properties of a uniform
isotropic material with negative permittivity and permeability. No natural material has
been found with this property, and none is expected. However, artificial materials
made of periodic metallic structure have been shown to exhibit this behavior and have
motivated much of this study. The acronym NIM for negative index medium is often
used to denote such a metamaterial.

Chapter 2 provides interpretation of the meaning of permittivity and
permeability in terms of measured values of reflection and transmission coefficients
through a planar slab of an arbitrary homogeneous isotropic medium. Permittivity and
permeability are frequency dependent. Consequently, this chapter and much of what
follows are in the frequency domain.

Chapter 3 provides a comprehensive categorization of wave types at the
boundary of a lossless normal dielectric with a half space of arbitrary permittivity and
permeability in the low-loss limit. New wave types of backward surface waves and
backward lateral waves are found for certain NIM combinations of permittivity and
permeability.

Chapter 4 calculates the negative refraction expected at the interface with a
NIM. The plane wave result given by Snell’s law is shown to extend to a beam wave
(a wave packet in the time domain) if the dominant beam wave frequencies are within
a band in which the NIM is not too dispersive. Both an analytic approximate solution
and numerical examples calculated from exact Fourier transform solutions are
obtained.



Chapter 5 presents details of the phenomenon of negative index focusing by a
planar NIM layer when the relative permittivity and permeability of the layer are both
close to —1. Both an analytic approximation, based on expansions and asymptotics,
and numerical results based on exact Fourier transform solutions are derived. Results
of both approaches show good agreement in the appropriate parameter ranges.

Chapter 6 documents an approach to calculating reflection and transmission
from a periodic layer of cylinders. This approach was not found to be useful for the
challenge of calculating the properties of a metamaterial, nor in fact for any 3-
dimensional structure.
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1. Introduction

This research started out to investigate the properties of what has been called
photonic crystals(Joannopoulos, Meade et al 1995); that is, to understand the
properties of a periodic structure of dielectric elements. As an approach to this
problem, we made some preliminary calculations for a planar array of infinite
conductive strips with the help of Floquet’s theorem and MoM methods. Two papers
(Yasumoto & Kushta 2000), (Yasumoto & Yoshitomi 1999), each with Professor
Yasumoto of Kyushu University as one of two authors, presented an interesting idea
for calculating the scattering from a layer of infinitely long cylinders (not just circular
cylinders, but the more general definition of a cylinder). Their calculations were based
on types of cylinders for which Yasumoto and his associates could calculate
analytically the T-matrix for scattering off of an individual cylinder. This is a 2-
dimensional theory, but we had hopes that the concept of separating the problem into
one part that characterized the scattering from an individual object in the array and a
second part that involved only the lattice geometry could be generalized to a 3-D
problem. However, neither we nor others have been able to find a 3-D generalization
of this separation. Hence, this approach does not appear helpful for 3-D cases.
Chapter 6 presents a summary of our approach and results for a dielectric case.

At about this point in our studies, John B. Pendry published a paper (Pendry
2000) on the (somewhat amazing) possibility of obtaining perfect focusing from a
layer of material with relative permittivity £, and relative permeability 4, both equal
to —1. At about the same time, an experimental group that works with Pendry
published results (Smith, Padilla et a/ 2000) of an experiment on arrays of slit rings
and short wires. They showed it is possible to create a periodic structure of conducting

elements (a metamaterial) that behaves as though it had both &, and x, negative over



a small band of frequencies. These two papers created a “torrent” of interest, and a
new “hot topic” was established. Developments in (Pendry 2000) and (Thomas &
Ishimaru 2002) were an outgrowth from the work of (Pendry, Holden ez a/ 1999) that
showed how an artificial material such as an array of metallic coiled sheets or split
rings could resonate with the electric and magnetic fields to produce a material with
negative effective permeability over a limited band of frequencies. All of the recent
work on material with both ¢, and x4, negative to some extent evolves from an almost
overlooked paper by the Russian physicist Veselago (Veselago 1968).

In recent years there has been an increasing interest in development of new
materials whose characteristics may not be found in nature (Veselago 1968) (Pendry,
| Holden et al 1999) (Smith, Padilla et a/ 2000) (Pendry 2000) (Ziolkowski & Heyman
2001) (Ishimaru, Lee et al 2003) (Ishimaru, Jaruwatanadilok er a/ 2005). Examples
are metamaterials, in particular negative index materials (NIM), chiral media, photonic
(PBGQG) or electromagnetic (EBG) band gap materials, and composite materials. A
broad range of applications has been suggested including artificial dielectrics,
lenses(Greegor, Parazzoli et al 2005, Parazzoli, Greegor et al 2003, Parazzoli, Greegor
et al 2004), absorbers, antenna structures optical and microwave components, sensors
and frequency selective surfaces.

Related work has become the main topic of my research. Chapters 3 through 5
concern what would be the properties of an ideal uniform isotropic material with
negative £, and u, with some consideration of cases with arbitrary ¢, and 4, .

We verified that Pendry’s mathematical limit for transmission through a layer
in which both &, and u, approach —1 is correct. This limit predicts a plane of perfect
focusing when the sum of the distance from the source to the incident side plus the

distance from the exit side to the image is equal to the slab thickness. We wondered



just how such focusing occurs in the sense of how the limit was approached as losses
and other deviations from —1 were taken into account. As a quick overview, one can
state that the limit of both &, and u, equal to —1 is a highly singular point for the
reflection and transmission coefficients. Of course, ¢, and u, both equal to +1 is the
vacuum state, and all physical problems can approach this limit in a smooth and well-
known fashion as the density of the medium approaches zero.

Negative ¢, and u, is a very different situation. Chapters 3 and 4 examine the
behavior of electromagnetic waves at the plane boundary between a half space of free
space (vacuum) and a half space of idealized metamaterial with both &, and 4,
negative. Such a metamaterial has been called double negative (acronym DNG),
(Ziolkowski & Engheta 2003) (Ziolkowski & Heyman 2001), negative index material
(NIM), (Valanju, Walser et al 2002) and originally by (Veselago 1968) a left-handed
medium (LHM). The latter term was chosen because the triad of
vectors, (E, H, k ) which is right handed in ordinary material, becomes left handed in a
NIM. Although many authors, especially the physicists, continue to use the term
LHM, we do not prefer this because it may be confused with left handed chiral media.

A DNG material must be a NIM. This fact is a fundamental point in
establishing the existence of negative refraction. Chapter 3 will present a short proof
based on the requirements of a passive material. Chapter 3 includes many portions of
our paper (Ishimaru, Thomas et a/ 2005). In this chapter the source is taken in a free
space or lossless region. The solution consists of a reflected wave in this source
region and a transmitted wave in the other region, which is taken to have arbitrary ¢,
and y,. Incident waves are taken as plane waves or the Fourier superposition of plane

waves to create a 2-D line source. The types of reflected and transmitted waves are



classified. Backward surface waves and backward lateral waves are derived and
discussed.

Chapter 4 provides details of negative refraction at the boundary of a half space
of negative index material. This chapter investigates the transmission of a beam wave
(a packet) into the NIM and shows that the beam is refracted negatively according to
Snell’s law, but its shape and orientation change and it propagates at a group velocity
given by the known formula. We derive an analytic asymptotic expression that shows
negative refraction and we present numerical calculations of exact solutions that verify
the asymptotic theory. From calculations for cases with incidence beyond the critical
angle we find phenomena identified as backward lateral waves and a negative Goos-
Hinchen shift. This chapter is based on our paper “Wave Packet Incident on
Negative-Index Media” (Thomas & Ishimaru 2005)

Chapter 5 gives detailed calculations of the transmission and focusing through
a half-wavelength-thick layer of material with £, and u, both close to —-1. We
consider pure real deviations, pure imaginary deviations, and complex deviations.
Some properties (such as a sharp peak in the transmission coefficient) varied
considerably, but the basic limitation on focusing can be expressed by equations
(5.30), (5.31) and (5.35) as described in Chapter 5. We show that focusing in the
transverse direction has subwavelength size limited by the deviations of ¢, and 4,
from —1. But the focusing in the propagation direction is not subwavelength in size.
The work described in Chapter 5 has been presented in three papers. One (Thomas &
Ishimaru 2002) has an 8-page written version published in the SPIE Proceedings of
that conference. The second is an oral paper (Ishimaru & Thomas 2002) and the third

and most detailed is our paper “Evaluation of Focal Spot Widths for a Planar Slab with



Negative Index close to —1” submitted to the Transactions of the Antennas and
Propagation Society.

Chapter 2 provides a description of a method to determine the dielectric
constant of a planar layer. In a sense, it provides a bridge between measured
properties of a metamaterial or properties that may be calculated with methods
discussed in Chapter 6 and the idealized DNG ¢, and u, of Chapters 3 and 4. The
main purpose is to consider what the effective dielectric constant of a metamaterial
would be when that interpretation must be made in terms of measurements of the
waves scattered off a layer of the metamaterial. Chapter 2 shows that measurements of
R and T at two angles of incidence almost uniquely determine the values of &, and
M, . Presumably an additional measurement (at another angle, or possibly a very
nearby frequency) would resolve the ambiguity.

Chapter 6 presents some of our first work based on the approach of Yasumoto
et al. These calculations demonstrate an interesting technique, but we did not find a
useful way to apply them to determine properties of metamaterials that are candidate
NIM. Recently (Jia & Yasumoto 2004) published a paper on the scattering from a
single periodic 2-D layer of metallic cylinders. They used a somewhat similar method
where they apply Floquet’s theorem to the periodic structure and use standard
boundary conditions just above and below the layer. The layer is divided into a finite
number of periodic sublayers. Reflection and transmission coefficients are derived for
each sublayer by treating the fields in the regions between rectangular metallic rods as
composed of waveguide modes. Then, the overall reflection and transmission
coefficients of the layer are calculated by recursion. The results are rearranged as
double sums over the P rectangular metal objects in the periodic structure and an

infinite inner sum that (Jia & Yasumoto 2004) find to be rapidly convergent for the



cases of circular cylinders sliced into 30 layers and an inner and outer rectangular
double C that may be regarded as an approximation to the split ring structures to be
discussed later. As our Chapter 2 shows, the R and T of this layer may be used to
determine the epsilon and mu and they find a behavior of T with frequency
characteristic of a negative index material.

We also summarize some of the other approaches to finding metamaterial
structures with DNG property.

Chapter 7 summarizes what we conclude from our research so far and proposes

several studies to clarify questions that have been raised by this completed work.
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2. Issues in determining € and p from measured values of
Reflection and Transmission

2.1 Meaning of an effective y and ¢and a gedanken experiment to
measure them.

For an ordinary uniform homogeneous substance, permittivity & and
permeability 4 can be defined in the basic cavity definitions on a fine scale, or
measured by various experiments. There are well-known equations (Ishimaru 1991)
pp. 43-45 (Chew 1990) pp. 49-53, that give the reflection coefficient R and
transmission coefficient T from a planar layer of thickness d of this material. For an

incident plane wave, these equations can be written in the following form:

j[é——é}anwﬁd)
R - Z] Z2

7 7 (2.1)
2+ _7(72 + Z—IJ tan(k,,d)

1 2
and

2 2sec(k,,d)

T = =
1Z, Z/ ). {Z, Z
2cos(k,,d) + j (72 + —Zi) sin(k,,d) 2+ (—Z—j + Z—:] tan(k,,d)

2.2)

1 2

where Z, and Z, are the wave impedances of medium 1 (free space for this example)
and a general medium 2. For a plane wave of p-polarization (that is the electric field
direction is in the plane of incidence) the wave impedance in medium 2 propagating at
an angle @ with respect to the Z axis (axis normal to the interface) is defined

asZ, = k,, /(we,), and the same for medium 1 by change of subscripts from 2 to 1.
However, we will choose material 1 as free space, so its permittivity is ¢, and

permeability is g, . In this definition @ is the angular frequency of the plane wave
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and £, is the component of the propagation constant in the Z direction. Specifically in

medium 2

k,, =k, (€, 14, cOs0,
with k, = w/c and c being the speed of light in free space. The quantity
n, = m is defined as the index of refraction, the ratio of the speed of phase
propagation in medium 2 to that in free space. We have to choose the square root such
that its imaginary part is negative (in our engineer’s convention of time dependence
proportional to exp(jax)) to correspond to a passive medium. Further, to be explicit,

the relative permittivity and permeability are defined as
€2r = 82 /80 and ﬂ2r = ,uz /:uo'
To complete the formulation, we need Snell’s law to relate 8, to 6,. That is

n,sind, =n, sinf, =sind,.

With these equations it is well known that, given the parameters of the incident wave
(polarization, frequency @, and incident angle ,) and the parameters of the layer
(thickness d and constants £, and u, ), then R and T are determined.

However, the question of whether a measurement of R and T determines &,
and u, is not so simple. There are indeed two equations in two unknowns, and in
many ordinary cases equations (2.1) and (2.2) can be used in an inverse fashion.
There is an explicit inverse set of equations, which are rather tricky to derive. First,
one can see that there are really two variable combinations in equations (2.1) and (2.2)

that depend on ¢, and u,. Ishall call them g and y, where

Jni —sin’ g, 2.3)

&, cos b,

1
W =kd = k,d\/n2 —sin’ 6, (2.4)

_Z2_
g=-r=
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If we can solve for g and y, then easily we find

v
= 2.5
For g(k,dcosé,) (23)

and
ty, = g° cos’ Bg,, +sin’ b, /&, (2.6)

I found by algebraic trial and various rearrangements that equations (2.1) and

(2.2) yield one equation in which y has been eliminated in the form

2_1+R2"T2+2R
I 1+R-T 2R

@2.7)

To show that (2.7) is correct is rather lengthy (Appendix A). This form has a typical
ambiguity in determining g in that the square root has two values. It seems to be
necessary in general to consider the consequences of both choices. There is a higher
multi-valued function that then determines . Substitution of a solution of (2.7) for g
back into equation (2.1) yields

2jR
R(g+1/9)-(9-1/9)

Equation (2.8) will yield a countable infinity of values for y, which differ by integer

tany = (2.8)

multiples of 7. Numerically, I compute a sequence of these values for both solutions
for g. Each one of these (g, )solutions then yields a unique (g,,,4,, ) pair. At this
point I apply the requirement of a passive material in which the imaginary part of ¢,,
and u,, must be negative. In cases of layers that are only the order of a wavelength
thick, I found that there are then only a relatively small number of solutions.
Furthermore, as the integer multiples of 7 deviate by larger and larger quantities from
the allowed set, the imaginary parts of one or the other of ¢,, and u,, will trend offin

a positive direction.
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2.2 Some numerical examples
The first point of these numerical examples is to show that, for a homogeneous
uniform material with some values for ¢,, and u,,, if one can then measure R and T
with sufficient accuracy, the values of ¢,, and u,, can be determined from equations
(2.5) through (2.8). The solution would seem to be unique for a thin layer, but multi-
valued for a thick layer. There are various practical problems with this experiment.
For example, a thin layer of some materials may create very small reflection and thus
make accurate measurements difficult.
To study these issues from a numerical viewpoint, I created small MATLAB
programs to calculate:
(1) R and T for given values of &,,, u,,, thickness in wavelengths
(or equivalently k.,d), and angle of incidence, & This function program is
RfITransGenMultin(mu2rel,ep2rel,kod,thetainc).
(2) Another one to evaluate equations (2.7) and (2.8) and then plug into (2.5)
and (2.6) to give multiple values of ¢,, and wu,, for selected values of R
and 7. This function program is

EffConstsMultiPM(Rm,Tm,kod,thinc,Nt).

The input variable N, specifies the multiplicity of soiutions examined.
Specifically, there is an equation for the arc tangent of the right-hand side of equation
(2.8). MATLARB produces a principal value with real part x between —7/2 and
7 /2. This EffConsts program then generates internal values
{x -N,*z, x=(N,-D)*z..,x,.x+ N, * ﬂ'}. It calculates a solution for each one of
these. That is, it calculates 2* N, +1 solutions for each square root involved in

equation (2.7). Thus, the second program produces 4 * N, +2 solutions.
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As a simple test we studied the cases shown in Table 2.1. We deliberately
chose to include the double negative case and all combinations of positive with

negative in the real part.

Table 2.1 Four cases in four quadrants of Re(¢) vs. Re(u)

Parameter Case #1 Case #2 Case #3 Case #4
&, 2-0.1j 2-0.1j -2-0.1j -2-0.1j
Uy, 3-0.2j -3-0.2j 3-0.2j -3-0.2

We started at N, =5 with a 1/8™ wavelength thickness and normal incidence.
Some results of the calculations are displayed in Figures 2.1 through 2.5. Figure 2.1
shows 11 solutions for all four cases. The other 11 solutions corresponding to the
negative-real-part square root of equation (2.7) did not yield any solutions that had
physical (passive) values of &,, and u,,. The dots in each figure are solution values
corresponding to the value n between — N, and N, given along the abscissa. Physical
solutions (looking across any row of figures) occur when for a given value n of N,,
both the Imag( ¢,, ) and Imag( ,, ) are negative. Also I have plotted a horizontal line
at the value for which the R and T were calculated as input to the EffConsts program.
In all of these cases the line does intersect some point and thus that point represents
the recovered Case parameter.

One important feature of Figure 2.1 is that the values of Imag( u,,) follow a
slope of opposite sign compared to the values of Imag( ¢,, ). Hence, there must be at
most a finite number of physical solutions. If we go far enough to the left, the one
with a negative slope must have positive values of imaginary part, and then when we
go far enough to the right, the other one will have positive imaginary part. From the
first row (first Case, this is a more or less normal magnetic and dielectric material) of
Figure 2.1, we see that Imag( ,, ) becomes negative for values of n > -3 and

Imag( ¢,,) is negative for n < 4.
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@

&
0 § =15 degrees

@

Figure 2.2 Material of Case 1. There are 8 physical solutions for £ and y at either
normal (0 degrees) or 15 degrees for angle of incidence given accurate values of R and
T. The horizontal line is at the constant of the original material. The imaginary parts
agree only for one value of n (n=1). Thus, we have a proposed method for
recovering the original values.
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Figure 2.3 Material of Case 2. There is exactly one solution at normal or 15 degrees
angle of incidence given accurate values of R and 7. The solution is for n = 0. It does
occur at the original material constants indicated by the horizontal lines.
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x 8 =0 degrees

&

0 §=15 degrees

Figure 2.4 Material of Case 3. There is exactly one solution at normal or 15 degrees
angle of incidence given accurate values of R and T. The solution is for n = 0. It does
occur at the original material constants indicated by the horizontal lines. This is
symmetric to Case 2 because changing the sign of the real parts of both ¢ and u

corresponds to the complex conjugates of R and T.
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@
@

Figure 2.5 Material of Case 4. This is symmetric to Case 1. There are 8 physical
solutions for £ and u at either normal (0 degrees) or 15 degrees for angle of
incidence given accurate values of R and 7. The horizontal line is at the constant of
the original material. The imaginary parts agree only for one value of n (n=-1).
Thus, we have a proposed method for recovering the original values.
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Hence, there are 8 passive-material solutions (corresponding to the integers —3
through +4 inclusive). The one corresponding to n =1 recovers the original material.
This is quite reasonable because for an index of refraction equal to V23 =2.449, one
probably would expect, through a 1/8™ wavelength layer, a phase shift in the right-
hand side of equation (2.8) that exceeds 7/2.

Figures 2.2 through 2.5 show more details for these same four cases, with
Figure 2.2 applying to Case 1, Figure 2.3 to Case 2, and so on. On each subfigure,
only the physical (passive) cases are plotted. But the same set of calculations was
redone for an incident angle of 15 degrees. The points plotted with an x correspond to
the results of our gedanken experimént at normal incidence, and the points with an o to
the experiment at 15 degrees. We note that the real parts do not appear to change, but
the imaginary parts have increased slope magnitude as the angle of incidence goes off
normal. Thus, we could use this as a method to select the correct (original) material
constants as being the point where both experiments yield the same values.

There are a couple of other results that may be noted from these graphs. First,
the change from Case 1 to Case 4 or the change from Case 2 to Case 3 leads to R and
T changing as complex conjugates; that is, by the changing of the imaginary parts of R
and 7. Note that the interchange of Case 1 to Case 4 or Case 2 to Case 3 corresponds
to changing the signs of the real parts of both £ and . This is an interesting general
property and should be true for the inverse calculation. Secondly, as the angle of
incidence increases from 0 to 15 degrees, the real part of the reflection coefficient
increases and the real part of the transmission coefficient decreases for all the cases.
This result is well known for the normal Case 1, but it is interesting to see that it holds

for all these different cases.
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2.3  Sensitivity to small changes in R and T

Unfortunately, the method proposed above of finding a unique solution for ¢
and y is not very stable numerically. It is quite sensitive to small changes in the
(thought-experimental) values of R and 7. Also, Figures 2.2 through 2.5 show cases in
which the number of physical solutions is the same for both normal incidence and
incidence at an angle of 15 degrees (n/12). In more difficult cases (Thicker layers and
more oblique incidence yield more phase shift.) to find the solution in which the
imaginary parts of the calculated &£ and u are the same requires comparison between
sets of values of different length. This complicates the calculation. I developed a
program (TestSensitivemueps) that works for cases that I have tried. The test runs have
been done for the four cases of Table 2.1. As input, I calculated exact R and T, then
approximated R by rounding up and down at 4 significant figures, and interpolating
linearly with 100 values. Thus, these inaccurate values are not very inaccurate, but
since the real part and imaginary part are generally not the same distance from the
round-up and the round-down, these sets of values do not include the exact value.
These calculations and roundings are done for both zero (normal) and 15-degree
angles of incidence. Hence, the inverse solutions for the zero case will not be exactly
the same as for the 15-degree case. Furthermore, there are now two different
solutions, one obtained by finding the minimum difference between the imaginary
parts of u (i.e., difference between the zero case and the 15-degree case) and one by
finding the minimum difference between imaginary parts of &. Icalled the former
solution, solution a and the latter solution b.

In general, if we were trying to determine the solution for an unknown
material, both would be acceptable and we would presumably need to make

measurements at additional angles or perhaps at other nearby frequencies to resolve
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the ambiguity. However, since in this case I am trying to recover values that are close
to a known value, I found that solution b was much closer than solution a for cases 1
and 4 of Table 2.1. The solutions for case 1 are shown in Figure 2.6 and Figure 2.7.
We can see from Figure 2.6 that solution b for the imaginary part of x4 is within about
2% of the starting value even though the differences in the rounded R are of the order
0f0.01%. The real part of u for this approximate R is within about 1.5% of the
starting value. Although the scale of the plots in Figure 2.7 does not allow one to read
the values accurately enough to find these percentages, they are very close to the same
for £. The results for Case 4, the double negative case, are equivalent to case 1. This
follows because of the symmetry mentioned earlier involving change of sign. Cases 2
and 3 have only one physical value of £ and u for each approximate value of R and
@, but the accuracy of the retrieval is not any better. Difference in the real part is
about the same; difference in the imaginary part is worse, about 10%.

Further investigation of this method is needed before it would be practical to
use. However, truly practical methods involve measurements of R and T inside a

section of waveguide or transmission line.
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Two solutions of u,, for “measured” values of R, Case 1, u,, =3-0.2j

— Solution a
— - Solution b
---- Original W of case #1

— Solution a
— - Solution b
---- Original W of case #1

k: & IR = RHLT

Figure 2.6 Two solutions of u,, for “measured” values of R, Case 1, u,, =3-0.2;.
The two solutions appear to be independent of the small difference between the
hypothetical measured R and the R, of the exact original material. However, a plot of
any one of these solutions alone reveals that there is a slope to each line, where the
changes in u are about the same in magnitude as the Difference on the abscissa. Note
that Solution b is fairly close to the original, while Solution a has opposite sign of the
real part and a larger difference from the original imaginary part. In the general
problem, one would not know whether the material is of DNG type.
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—— Solution a
— - Solution b
---- Qriginal | of case #1

Ll o I N ol e L ks R L WOy Ry PR RN Ry o e el

— Solution a
— - Solution b
---- Original W of case #1

Figure 2.7 Two solutions of ¢&,, for “measured” values of R, Case 1, ¢,, =2-0.1;.
As in Error! Reference source not found., the two solutions appear to be
independent of the small difference between the hypothetical measured R and the R, of
the exact original material. However, a plot of any one of these solutions alone

reveals that there is a slope to each line, where the changes in y are about the same in
magnitude as the Difference on the abscissa. Again Solution b is fairly close to the
original, while Solution a has opposite sign of the real part and a larger difference

from the original imaginary part. Hence, if a third measurement were made to pick

out the correct one of these two, it would appear to work for both 4 and ¢.
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2.4  Considerations concerning a metamaterial

We were motivated to consider this layer reflection/transmission method of
determining £ and y because we worked on computing the electromagnetic field
propagation through a 2-dimensional periodic structure of infinite cylinders (in a
layer). I shall return to the periodic structure in Chapter 6. Our computations were
based on a T-matrix approach (Yasumoto & Kushta 2000), (Thomas & Ishimaru
2001), which seems to be limited to the 2-D case. In this approach, one finds that the
reflected waves and transmitted waves at a distance (large compared to structure size
within the artificial layered material) resolve into a sum of plane-wave modes that are
Floquet modes for the period of the structure. Floquet’s theorem applies to any
periodic structure, so these considerations are more general than for a 2-D structure,
but we use just one periodicity. The propagation constant parallel to the surface for

the nth mode is given by

k, =—k, cosgd,+2nz [ h (2.9)
where ¢, = 7/2 -6, is the complement of the angle of incidence we used above and A
is the spatial period of the structure parallel to the surface. In Floquet’s theorem, n
ranges over all integers, positive, negative and 0.

We are considering a layer that is embedded on both sides in free space. Thus,
by the phase matching requirement k&, is the same for the transmitted wave as the
incident wave, and equal in magnitude and of opposite sign for the reflected wave.
Inside the periodic structure, generally all the Floquet modes will contribute to the
solution. However for the transmitted and reflected waves, only modes in which &,
is real will propagate. The longitudinal cbmponent (i.e., the Z-component in our

coordinate system) of the propagation vector is given by
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k, =k -k, = ko\/l - (—cos(¢,.) + %) (2.10)

where the sign of the square root must be chosen correctly to give attenuation in the

outgoing wave direction if £, > k.

Modes will propagate away from (normal to) the surface if k,, is real. For
small values of # (measured in wavelength units), there will be only one propagating
Floquet mode corresponding to n = 0. This would certainly be the case for radio
waves on molecular crystals and it is true forany A< A,/2. For 1/2<h/4, <1
(lattice spacing between 2 and 1 wavelength) the propagating modes of reflection and
transmission are limited to the n = 0 mode within a range of angles around normal
incidence. If we let A/ A, = f that range is given by cos(g;) > (1—- f)/ f for positive
nand cos(@;) <—(1- f)/ f for negative n. In other words, to exclude all positive and
negative n modes, cos(g;) must be outside the interval

—(1-f)/ f<cosg, <(1-f)/f.

As the lattice spacing f = &/ A, increases to become larger than 1, at least one
other Floquet mode will propagate for all angles of incidence. Moreover, when f is
large, a large number of Floquet modes will propagate.

To obtain unusual propagation effects, we are considering metamaterials with
lattice structure and spacing of the order of a wavelength, because that provides a
possibility of interesting resonant interactions. To maintain a correspondence with
dielectric and magnetic materials, we may limit the lattice spacing to maximum of one
wavelength, so that around normal incidence there will be a unique reflected and
transmitted wave, which can then be used to calculate ¢ and g according to the
previous sections of this chapter. This motivation also led to keeping the off-normal

“measured” values within 15 degrees of normal.
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3. Electromagnetic Waves over a Half Space of Arbitrary
Permittivity and Permeability

This chapter is based to a large extent on our paper (Ishimaru, Thomas et a/
2005) and includes numerous paragraphs and figures from that paper. Recent interest
in metamaterials necessitates the study of wave characteristics in media with arbitrary
permittivity and permeability whose real parts can be positive or negative.
Metamaterials are artificial materials, made to be relatively homogeneous on the scale
of a wavelength or so, with characteristics that may not be found in natural materials
(Veselago 1968), (Pendry, Holden et al 1999), (Smith, Padilla et al 2000), (Pendry
2000), (Ziolkowski & Heyman 2001), (Ishimaru, Lee et a/ 2003), (Ishimaru,
Jaruwatanadilok et al 2005). Examples include negative index materials (NIM), chiral
media, and composite materials.

In the development of these materials there are at least four questions that need
to be investigated: How do electromagnetic waves behave in metamaterials? What
characteristics may be useful for practical applications? How does one construct a
metamaterial with specified properties, particularly permittivity and permeability?
What new applications can be identified to utilize the new wave characteristics?
Treatments in this thesis deal primarily with the first of the above questions.

This chapter presents analysis of wave characteristics on semi-infinite
metamaterials. Waves are excited by electric or magnetic line sources, and the
problem is separated into the p (TM) and the s (TE) polarization, showing symmetries.
The Fourier spectra of the reflection and transmission coefficients are examined and
the poles, branch points, and zeros are shown in the Real(x)—Real(&) diagram. We
clarify the location of poles in proper and improper Riemann Surfaces, and the

excitation of forward and backward surface waves, forward and backward Lateral
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waves, and Zenneck waves, and the relations between Brewster's angle and
Sommerfeld poles. This problem has been studied extensively for ordinary materials
with z# =1. Since the permeability is no longer limited to 1 here, many new waves
and new phenomena emerge. We include the behaviors of the backward surface
waves and the temporal backward Lateral waves.

We first show that a material with negative real parts of permittivity and
permeability must have negative real part of the index of refraction n. In our
engineering convention of continuous wave time dependence derived from the real
part of exp(jax), the permittivity and permeability of a passive material must have
negative imaginary parts and the index of refraction must have a negative imaginary
part to insure convergent outgoing waves. Let the relative permittivity and
permeability be & and u. respectively. In the calculation of n = m , the correct
sign of the square root must be chosen to yield a negative imaginary part. Constitutive
parameters with negative real part must both lie in the third quadrant of the complex
plane. On multiplication the sum &, of the polar angles (modulo 27) will lie in the
first or second quadrant (polar angle 6,, between 0 and 7). The square root then lies in
either the first quadrant (half of the polar angle &,) or the negative of this choice,
which will be in the third quadrant. To meet the requirement of a negative imaginary
part, only the third quadrant choice is possible. Hence, the Real(n) is negative.

Next we present a comprehensive analysis of all CW wave types. New wave
types such as backward surface waves and backward lateral waves are discussed and
the relationship between Brewster's angle and the Zenneck wave is clarified. Our
analysis is limited to 2-D problems with isotropic metamaterials. In general, however,

metamaterials are anisotropic and highly dispersive, requiring further investigation
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(Ziolkowéki & Heyman 2001), (Ishimaru, Lee e al 2003), (Ishimaru, Jaruwatanadilok
et al 2005), (Ishimaru & Thomas 2004), (Ziolkowski & Engheta 2003).

3.1 Line Source over a semi-infinite metamaterial

We consider an electric or a magnetic line source located over a metamaterial

as shown in Figure 3.1.

medium 1

medium 2 ky=kn,=km &, u

E=E/6,, = Hfpy, n=nfn,

Figure 3.1 Diagram of coordinate system for 2-media arrangement with line source.
Medium 1 is ordinary lossless material. Both & and y; are real and positive. Medium
2 is metamaterial with complex & and . &, y, and n are normalized with respect to
medium 1. Line sourceisatx=0andz=h.

For the p-polarization (TM), we have

o &
(ﬁ st k2 ) H, =—(-jwel,)5(2)8(z—h)

3.1
kiz = k:/uigi

where I is the magnetic line current and we use the normalization —jwe I, =1, k,is
free space wavenumber, 4 and & are relative permeability and permittivity (i = 1,2 for

medium 1 or 2).
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Using the boundary condition that H, and (1/£)(6/0z)H, are continuous at
z =0, we get the well known Fourier representation of the incident (H,,), the reflected

(H,») and the transmitted (H,,) fields (Ishimaru 1991).

Hw' ___L exp(_]kzl |Z"‘h I —]szl:) de
27 27k,

Hr =L R(kz)CXP(—szl(Z.'f'h)—]kzl') dkz (32)

v oz | 2jk,

Hyt =L T(kz)exp(_JkZlh+]kZZZ_]kzm) dkz

27 27k,
where k, = k2 ~k?
ReyB Bt g W 2%y e 1
Y,+Y, Z+Z, Y,+Y, Z,+Z, k. Z,

Z; and Y; are the wave impedance and the wave admittance, respectively. First we note
that for the s-polarization (TE), we have the same equation for E, with the
replacement of (—jwe, I,) by (—jou,I =1). The boundary condition at z = 0 is the
continuity of E, and (1/ u4)(8/02)E, . Therefore, the field for the s-polarization is
identical to the field for the p-polarization with the interchange of 4, and &; in both

media and the interchange of the E and H fields.

3.2 Surface waves and lateral waves

As a preliminary to this analysis, we need to pay close attention to the square
root of various quantities. In the beginning of this chapter we noted that for a passive
medium with our exp(jwt) time dependence the imaginary parts of the constitutive
parameters must be negative and that the imaginary part of the index of refraction

must be negative for convergent outgoing waves. It follows that the characteristic
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impedance Z,; and admittance Y,; must have positive real parts (like resistance and

conductance) where

Next, k;;, which is expressed as a square root, needs to be chosen carefully. From the
branch points at k, =&, in the complex £; plane, we draw the branch cuts along
Im(k,)=0. Then, in the top surface of the &, plane, Im(k,) <0 and the wave
attenuates as | z | . Thus, this is called the proper Riemann surface. Even though
the branch cuts can be drawn in other ways, the above choice is most common (Felsen
& Marcuvitz 1994). In the improper Riemann surfaces, one or both Im(k,;) become
positive (Ishimaru 1991).

Let us examine the reflection coefficient R(k,)

= (ky/&)=(k,y /&)
(k,/8)+(k, /&)

R(k,) 33)

The zero and pole are given by

By g k_ where + Brewster's zero (3.4)
— Zenneck wave pole

Solving for k,, we get the pole at k, =k, .

22
ETR L e=h ple 3.5)
e -1 g n

k =kS, § =

In order to determine whether the pole is in the proper Riemann surface, we first

obtain

k=K. (3.6)
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The square root is taken such that Im(k,,) <0. We then use (3.4) to calculate

L S S (3.7)
&, £

If Im(k,,) < 0, the pole is in the proper Riemann surface (I), and if Im(k,,) >0, the
pole is in an improper Riemann surface (II). See (Ishimaru 1991).

Note that S? in (3.5) corresponds to both zero and pole in (3.3). Brewster’s
angle occurs when the reflection coefficient is zero, and therefore the classification as
pole or zero is based on (3.4). We shall discuss this further in the next subsection.

Let us now examine the location of the pole in the k.-plane. Forreal eand 4, S
is pure real or pure imaginary so the pole & =S lies on the real or imaginary axis in
the k.-plane. Figure 3.2 then shows the regions in the &'— 4’ plane where different
wave types can exist. We write

e=¢'-j¢" and u=puy' -ju’ (3.8)
to denote the real and imaginary parts of £and x in a conventional fashion where &”

and u4" are positive quantities.

$
4 Ko /
13
3 A \ / 4
\
2 B |\ / F
1 , [
io i b &
A B,
-  ©
2 1 /
b a
3
¢ |
-4 4 \
|
.6-5 o] 5
Real(s)

Figure 3.2 Regionsin &' — 4’ plane to categorize poles and zeros of reflection

coefficient. (a) region of % >1 (gray), 1> 5% >0 (black) where Zenneck waves or
Brewster zeros occur, and S* <0 (white). (b) Regionsin &' — 4’ plane per Table 3.1.
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If 8% >1, forward or backward surface waves can exist. If S >1, there may be
Zenneck waves or a Brewster zero, and if S* <0, the poles are on the imaginary axis
and the Wave may be exponentially decaying along the surface. However, this is not
sufficient to describe the wave types. We also need to examine whether these poles
are in the proper or improper Riemann surfaces by examining whether Im(k,,) is
negative or positive with Im(k,,) <0. However, this depends greatly upon the ratio of
the imaginary parts of ¢and x. We show in Figure 3.3 five cases where the
ratiog”/ u" = 10,2, 1, 0.5, 0.1. We have found by many computations that the
Riemann surface (or wave type) classification depends approximately only on the ratio
"/ yu" if 4" and &" are both small, <0.01.

In Figure 3.2, there are four regions where S >1 and surface waves can exist.
However, as shown in Figure 3.3, the two regions (a and D in Figure 3.2(b)) with
S? >1on the right side (&' > 0) of Figure 3.2(b) are in the improper Riemann surface.
Hence, the surface wave can exist only in the region &' <0 where the poles are in the
proper Riemann surface. In fact, we will show that the forward and backward surface
waves exist in the two regions shown in Figure 3.4(a). We also note the forward L"
and the backward L~ lateral waves can existinregion 1>n>0 and 0>n>-1,

respectively. See Figure 3.4(b).
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(a) Im(e)im(u) =10 (b) Im()Im(y) = 2

proper

_Real()

1 2 3 4

4 3 2 -

1 2

? -1 [ 0
Real(c) Real(e)

(¢} Im(e)Iim(u) =1 (d) Im(e)/im(p) = 0.5

proper 3 proper

%0 %o
c, &,
-2
-3
-4
% 2 o 1 2 %3 s 2 o 1 2 3
Real(e) Real(e)
\ (e) Im(e)/im(u) = 0.1
4
3 proper
2
A1
30
I:I:_1
2
3
4
S < 3 2z 4 12 8 4 5

0
Real(e)

Figure 3.3 Regions in the Real(¢) — Real(u) plane where Im(,,) <0 (pole in proper
Riemann surface) and Im(k,,) > 0 (pole in improper Riemann surface) for five values
of the ratio &£"/ 4" . The plots are calculated with 4" =0.001, but apply to small

e, u.
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swh
ey ———

KRS
2k
SW°
3 L L .
-1 0 1 2 3

Real(e) ) Real(s)

Figure 3.4 (a) Regions in the Real(u) — Real(¢) plane of forward surface waves
(S W+) and backward surface waves (SW ™). (b) Regions of forward lateral waves

(L+ ) and backward lateral waves (L ). NIM correspond to points in the third
quadrant.

3.3 Brewster’s angle and Zenneck wave

It has been known that Brewster's angle and Zenneck wave are closely related.
However their relationship is often not clearly explained. We first note that at
Brewster's angle, the reflection coefficient is zero while at the Zenneck wave pole
(sometimes called the Sommerfeld pole), the reflection coefficient is infinite.
Brewster's angle is normally defined for plane wave incidence on lossless dielectric
material, but here, we generalized it to include a lossy medium and complex angle,

and call it Brewster's zero. This terminology was included in (3.4).

Now at the Zenneck wave pole, we have
Im(k,)) <0 and Im(k,)<0 3.9)
on Riemann surface I. At Brewster’s zeros, we have
Im(k,)>0 and Im(k,,) <0 (3.10)

on Riemann surface II.
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In the &, or S plane (k, =,S ; S may be regarded as a mnemonic for the sine of
the polar angle between the & vector and the ; direction.), both pole and zero are at the
same point, but these two are on two different Riemann surfaces as shown in Figure
3.5. The upper part of Figure 3.5 shows a view looking down on the £, plane with all
four Riemann surfaces visible as though transparent. The dashed lines in the lower
paft of Figure 3.5 represent an end view of the 4 Riemann sheets, separated slightly as
L II, IIT and IV. The branch cuts to the branch points at k; and &; are drawn along the
conventional Im(k,) paths as mentioned above. These paths are hyperbolas. The
dashed and dotted lines indicate connections to the respective Riemann surfaces in
which the different branches and poles appear. The branch points &; and k; are the end
points of the two branch cuts, and the point plotted with an x or an o represents the
Sommerfeld pole or Brewster’s zero. For a typical air-earth interface, the pole is on
Riemann surface I, as shown, and represents the Zenneck wave in asymptotic analysis.

Physically, the spectral factors associated with the reflected wave in (3.2) have
the same propagation constant along the surface at Brewster's zero and the Zenneck
pole, but the phase front and the attenuation directions are different (Ishimaru 1991).

The exponential form of the spectrum can be written as

exp(-jk, 2 — jk,x) = exp(=jK, -7 -G F) (3.11)

where K . and @ represent the phase front propagation and the attenuation direction
respectively, as shown in Figure 3.6. From the defining equation k7, + &2 =&} it
follows that K, -@ = Re(n,)Im(n,) =n,/'n,” and, hence, K, as drawn in Figure 3.6 is

perpendicular to @ if medium 1 is lossless.-
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k. plane
L
| i
{ £ | Riemann Surface |
oS /M 1
If /%\i 1]
A v

Figure 3.5 Zenneck wave pole at x and Brewster’s zero at o with relation to branch
cuts. Riemann surface I: Im(k,) <0, Im(k,,) <0; II: Im(k,) >0, Im(k,,) <0; IIL:

Im(k,) <0, Im(k,,)>0; IV: Im(k,)) >0, Im(k,,)>0.

The pole and the zero in Figure 3.5 are for a typical Sommerfeld problem of
wave propagation over a conducting earth. For metamaterials, we need to reexamine
Figure 3.5.

We label different regions shown in Figure 3.2(a) as in Figure 3.2(b). Then,
from Figure 3.2(a), we note that 1> 5> >0 in Regions C, F, ¢, and f. However, we
shall see in the next section that the Zenneck wave occurs only in regions F and f. The
boundaries of the regions shown in Figure 3.2(b) represent the limits for £” - 0 and
4" — 0. In computations for a large sample of cases covering Figure 3.2(b), we have

observed that for small imaginary parts these boundaries depend primarily on the ratio

”

ey,



38

0: same angle in (a) and (b)

Figure 3.6 Propagation %, constant at (a) Brewster’s zero and (b) Zenneck wave

pole. Note that K. is perpendicular to & .

The wave type in F and f depends on the ratio &/ 4" . In Figure 3.7, we show
that Zenneck wave poles exist for Fjo (¢"/ 4" =10)and f5; (&"/ 4" =0.1), but not for
Fo1(&"/ 4" =0.1)and fjp (¢"/ 4" =10). In Figure 3.7 through Figure 3.11, to reduce
crowded lines, we do not show the branch cut from § = (1,0) to (0,0) to (0, —0), which
is the cut from ; shown in Figure 3.5. We have used the notation § =S5, + 35, in
Figure 3.7 through Figure 3.11; that is S, = Re(S) and S, =Im(S). In the legend, the
symbol x or o denotes a pole or zero of S, respectively. The diamond represents the
branch point at § =n. The symmetric branch cuts and branch points in the upper half

of the k, plane are not shown.
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Figure 3.7 Complex S plane (S =k, / k) plot of pole or zero and branch cut to n for
four cases as labeled.

3.4 Wave Types in ¢ - /) Diagram—Examples

We have computed proper pole positions and branch cuts that determine the
listed wave types for a large number of cases of (4, £). We have explored the
variation with real parts as shown by regions in the &' — x4’ diagram, and we have
explored variations with small negative imaginary parts. Our first calculations
considered imaginary parts of the order of 10" and we expanded to about 0.1. We
noted that the boundary between regions of different wave type could change (e.g.,
region d expands with increasing &” to include a small part of region e where &' is
less than —1). We conclude that in the limit &"— 0 and 4" — 0, the boundaries are

as shown in Figure 3.2(b), and the wave types by region are given in Table 3.1.
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Region label(s) Wave Type Abbreviation
A forward surface wave sw’
B evanescent wave E
D and E improper mode Im
F Zenneck wave or improper mode
A’ backward lateral wave L

or forward surface wave sw
B’ backward lateral wave L
aand b improper mode Im
c backward lateral wave L
d backward surface wave SW~
e improper mode Im
f improper mode or Zenneck wave
C,a' b’ forward lateral wave rr

We now show examples of various wave types for selected parts (not F nor f)

of the &' — 4’ diagram (Figure 3.2(b)). These examples, shown in Figure 3.8 through

Figure 3.11, are for the case of £”"=0.1 and x" =0.01. We use these rather large

values for small quantities so that the branch-cut curves and poles lie far enough away

from the axes to be readily visible. The choice of ¢" as larger than 4" is partly
motivated by our determination that &" is the controlling loss for our p-polarization
(TM) case. However, the same wave type by region was found for other values that
explored the range 0.1<¢&"/ 4" <10 and beyond. In each of these figures, we also

show schematically the behaviors of the primary waves v, , reflected waves v/,

surface waves ¥, , and lateral waves y, in their asymptotic forms at large distance.
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Case C: £ =0.2-0.1j, u

in proper Riemann Surf.

p

¢ Branch pointatn

X
Hyberbola Re(S)*Im(S) = Re(n)*Im(n)

x Poleatk

P

I R

k. / k) plots of pole and branch cut to n for (&, 1)

cases in regions A and C of Figure 3.2(b) with illustration of asymptotic wave types.

Figure 3.8 Complex S plane (S
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Figure 3.9 Complex S plane (S =k_/k ) plots of pole and branch cut to » for (¢, 1)
cases in regions A'and B’ of Figure 3.2(b) with illustration of asymptotic wave types.
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The usual dielectric range that produces Zenneck waves in Region F was
illustrated in Figure 3.7(a). The well known surface wave (plasmon) for Region A is
illustrated in Figure 3.8 case A. The forward lateral wave that occurs in conventional
electromagnetics with propagation from a medium of higher refractive index to one of
lower index is illustrated in Figure 3.9 case A’, Figure 3.11 case a’ and Figure 3.11
case b’.

The notation and diagram scheme of Figure 3.8 through Figure 3.11 deserves
further explanation. In the inset diagrams, the interface at z = 0 between a lossless
medium of index n; (z > 0) and the arbitrary medium of index »; (z < 0) is shown as a
heavy horizontal line. As mentioned above, the symbols y and y stand for the
primary (direct) wave and reflected wave, respectively. The symbols y; and y,,
stand for a lateral wave and a surface wave, respectively. The additional + or — in the
subscript with the L or SW indicates whether the wave is of the previously well known
positive type or the new negative type (negative phase velocity) we have found
associated with negative index media.

The reflected waves are shown at the specular angle and the lateral waves are
shown at the critical angle. The surface waves are shown propagating only parallel to
the interface with an amplitude that decreases exponentially away from the surface (in
the Z direction) represented by a series of decreasing short lines at two locations just
above the surface. A surface wave on a lossless medium does not change amplitude in
its propagation direction (X direction in the inset) and this idea is suggested by making

the line series the same at both locations.



Casec: g,=-02-0.1j, u,= -2-0.01j

1.5 T T 1 1 T T T
O Zero at kxp in proper Riemann Surf.
T ¢ Branch pointatn N
— Hyperbola Re(S)*Im(S) = Re(n)*Im(n)
O.8F - i e R, e

a‘; ...........................................................................
k=3
]
E I
Z -
v, |
X
l’U'l.- : ;
1 2 3 4 5
Real(S)
Cased: ¢,=-0.8 -0.1], M, = -2 -0.01]
1-5 1 T T 1 | 1 ]
x  Pole at kxp in proper Riemann Surf.
TP ¢ Branch point atn N
‘ — Hyperbola Re(S)*Im(S) = Re(n)*Im(n)
05_ ......... ......... e S, o
@ e -
(=)
]
E S I
z
/S B
Db : /é o
— — X
25 ....... AT
RGN
_3 1 i i i i i i
-3 -2 -1 0 1 2 3 4 5
Real(S)

Figure 3.10 Complex S plane (S =k_/k,) plots of branch cut to n for (¢, 4) with zero

or pole in proper Riemannn surface for cases in regions c and d of Figure 3.2(b) with
illustration of asymptotic wave types.
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Figure 3.11 Complex S plane (S =k,_/k,) plots of zero and branch cut to » for (¢, )
cases in regions a’ and b’ of Figure 3.2(b) with illustration of asymptotic wave types.
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The wave types in Figure 3.7 through Figure 3.11 are detemined by the
topology of the pole locations relative to the branch cuts. Calculations to characterize
the regions and determine the boundaries of the regions listed in Table 3.1 for the
particular loss case of Im(g,, ) = —=0.001 and Im(u,, ) = O were carried out in a
MATLAB program kz2pPropRiembyRegion.m. A jagged overlay plot of the
boundary of the regions for this particular loss case were then created with a program
GenrtBoundPlotsFS0toF77.m. Figure 3.12 shows how the boundaries of the regions
listed in Table 3.1 change for this finite loss case. It is necessary to look at Figure
3.2(b) to see where the boundaries are without loss. The change in boundary may look
large on this scale, but, in total, the plane extends to infinity and these boundary

changes are small in that overall sense.

5

Imag(e,,) = -0.001
4rimag(u, ) =0

3 -
2 A B
1 -
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2 b i
X2 =1
-3
€y = +1
-4 €y = -1
5 — —X%= 0,i.e, €y = Uo,
-5 0 5
ReaI(SZr)

Figure 3.12 Regions for classification of asymptotic wave types to be compared with
Figure 3.2(b) and Table 3.1.
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3.5 Backward surface waves

We have found a slow-wave pole (pole with Re(S,) < —1) occurs in region d
of Figure 3.2(b) (also SW  in Figure 3.4(2)). An example of the pole and branch cut
configuration is shown in Figure 3.10 case d. For lossless cases, the phase velocity is
in the negative x direction. However the Poynting vectors in medium 2 and medium 1
are pointed in +z and —z direction, respectively and the total power is pointed in +z

direction. The Poynting vector in the x direction is given by

=1 fi dium 1
P kS |H,,|2 {z 1 for medium 1, (3.12)

* T 2weg, i=2 for medium 2.

Since S <-1, ¢ isreal and positive, and ~1< &, <0 inmedium 2, P, <0 in
medium 1 and P, >0 in medium 2. Furthermore, the total power in +z direction is

given by

Tdoss Yool ¢

which becomes positive as expected as shown in Figure 3.13.

Z

(.S_ <}:Px

(—S—r:J>PX

Figure 3.13 Backward surface wave diagram. S is normalized value of k_, and is

X

therefore continuous across the boundary. The x component of Poynting vector P; has
opposite signs in the different media and is of different magnitude as discussed in text.
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3.6 Backward lateral wave and temporal wave packet

In Figure 3.2(b) and Figure 3.8 through Figure 3.11, the backward lateral wave
is shown as occurring in NIM regions A’, B’ and c. A conventional forward lateral
wave, which occurs in region C, a’, and b’ of Figure 3.8 and Figure 3.11 is pictured in

Figure 3.14.

Figure 3.14 Conventional forward lateral wave.

The forward lateral wave is given by

H, o« exp(=jk L = jk, L, - jk Ly) (3.14)

and 6, is the critical angle (= sin'l(Re(n))). The backward lateral wave is given by
the same expression, but k, =kn, 0>n>-1,and 6, <0. This is pictured in Figure
3.15(a).

As illustrated in Figure 3.14 and Figure 3.15(a), the lateral wave is created by
rays propagating from the source to medium 2 at the critical angle 8, along the path
shown as L;. Then the lateral wave travels along the surface to where it radiates from
medium 2 at angle 6, to reach the observation point shown at the end of the path L;.
With a NIM the phase velocity in medium 2 is negative (i.e., opposite the X

component of the incident wave). It should, however, be noted that NIM is highly
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dispersive and therefore the wave in NIM over L, propagates with group velocity
rather than phase velocity. If a wave packet is incident on NIM, the wave packet
propagates as shown in Figure 3.15(b). In this figure, the backward lateral wave
emerges from a source point that travels along the X-axis at group velocity v, as
shown. The lateral wave radiates into medium 1 (shown as freespace) at the critical
angle 8, . Then, 6, represents the angle between the front of the lateral wave packet

and the X-axis.

9C
Ly
> X X
L-g (negative phase velocity)
Figure 3.15 Backward lateral wave (a) and wave packet (b).
The group refractive index n, is given by
n, =% =L (3.15)
Ow v,
The law of sines applied to the triangle in Figure 3.15(b) then gives (Ishimaru &
Thomas 2004)
2 1 _ 2
sin? g, = —2 (1-nf) (3.16)

2
1+2ng In| +n;

Exact numerical calculation of the space-time wave packet confirms this behavior of

the backward lateral wave (Ishimaru & Thomas 2004).
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4. Negative refraction: Beam wave packet incident on NIM

This chapter presents calculations of the refraction and reflection of a wave
packet in time and space at the plane boundary between free space and a negative
index medium (NIM). Most of this chapter has been published in (Thomas, Ishimaru
2005b). When a single-frequency (CW) plane wave is incident on NIM, the wave is
refracted negatively according to Snell’s law, a direct consequence of phase matching.
It has also been shown that the group front of a plane wave refracts positively, but a
modulated Gaussian beam refracts negatively (Smith, Schurig et al 2002). So, there
has been controversy regarding the refraction of finite packets.

Consequently, in this work we use a space-time domain approach to clarify the
refraction, causal requirements, and dispersion that apply to a space-time beam wave
packet. In so doing we discuss the refraction of a beam packet for cases when the
incident angle is less or greater than the critical angle. This approach leads to a study
of the Goos-Hinchen effect and to confirmation of a new wave, the “backward lateral
wave,” which we predicted in Chapter 3 and our paper (Ishimaru, Thomas et al 2005).

We study the propagation of a space-time wave packet (a pulsed beam wave)
that has nearly planar properties near the middle of the beam and nearly cw properties
near the mid-point in time of the pulse. We treat here a 2-D Gaussian beam wave
modulated with a Gaussian time dependence. In free space this wave packet has
negligible change in cross section or time-domain envelope for distances such thét
A,z' << nW} where A, is the wavelength at the central frequency of the pulse, z'is
distance along the direction of propagation of the central direction of the beam, and W,
is the beam cross section. For example, if W, =104, then the beam wave will retain
its coherence for several 10’s of wavelengths. We will show that this packet, incident

on a planar boundary of a NIM, exhibits negative refraction plus a skewing and
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distortion of the elliptical cross section of the incident pulse. The skewing effect is
due to the positive refraction of what we call the wavefront normal, but which is also
identified as the interference front normal by (Smith, Schurig ez a/ 2002). We have
obtained an analytic first-order aéymptotic approximation that shows the roles of the
group velocity, the phase velocity and the wave fronts of the beam. From this
expression, we find that the center of the wave packet refracts negatively according to
Snell’s law and propagates with the group velocity. However, the wave normal,
which is a vector normal to the wave front, refracts positively and propagates with a
velocity different from the group velocity. We will use a p-polarized wave packet, but
the results apply equally to the s-polarized packet.

We have implemented numerical calculations to confirm the approximations
and to show smaller second-order effects. This numerical calculation has also been
applied to a case for which we predicted the existence of a backward lateral wave.

The backward lateral wave occurs in a NIM when the angle of incidence is beyond the
critical angle. With incidence from free space on a lossless NIM, existence of a

critical angle (Ishimaru, Thomas et al 2005) requires -1 <n < 0.

4.1 Analytical formulation

We consider the interface between a half space of a NIM and free space, with
the normal direction to the boundary plane being the Z direction, positive into the
NIM. The incident wave packet is taken as p-polarized, completely determined by one
component of the magnetic field, which we take to be in the Y direction. The incident

wave packet in free space (E, E,, Hy) is then given by H (x,z,t) = Rey;,(x,z,¢) with

) z' (t _ z'/c)2 1;12
l//i = eXP[on(t - :) - T2 - W2

[4 o

(4.1)
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where a, = carrier frequency, ¢ = speed of light, T, = 2/Aw, Aw = frequency band, and
W, is the half width of the packet at 1/e of its peak amplitude in the z' direction. As
shown in Figure 4.1, the incident packet propagates along the 2’ direction coordinate,
and z' is the transverse coordinate of the packet. The (z',2") coordinates are related
to (z,z) through rotation by the angle of incidence &, of the beam centerline. The
electric field is obtained as E = (1/(jwe,))V x (H ’ f). This is a collimated wave packet
applicable when W, >> 4 and Aw << a,. To obtain the analytical expression for the
packet in the medium, we first rotate the coordinate system from (z’,z’) to (z,z) and
take a double Fourier transform with respect to direction x and time ¢ at z= 0.

o

7,(k,,0,0) = [ [w,(z,2,t)exp(-jot + jk,z)dtdz

o
Wi | @-ayr G-Zseyw] ¢
— —#exp — [] o —- c 2
cosf, 4 4cos“ G,

To obtain the field in the NIM where z > 0 (medium 2), we multiply i; by the
transmission coefficient 7{(kx,w) and the propagation factor exp(—jk,,z), and then take

the inverse Fourier transform. We obtain

Wt(m’ 2, t) = (_2'1_)'2" '[ J.T(kz’a’)'/z‘(kmoa w) eXp(_jkz2z - szx + jwt)dkzdw (4.3)
7 —0 =0 )

where
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free space

—r
o
o

[61]
o

transverse coordinate in wavelengths

- "ok ".
-100f ° \ 1

X

-100 -50 0 50 100
Z, coordinate normal to surface in wavelengths

Figure 4.1 Wave packet incident on negative refractive index medium. Wave packets
are shown as heavy contour lines of | H | at a level of 1/e from the peak. The incident
packet is shown at time —57, and the refracted packet at time 57, relative to time of
incidence of the peak. The wave packet propagates with the group velocity v, in the

direction 8 = —| @ |. The wave front (WF) propagates with the wavefront velocity
v,s in the direction of the wave normal N (6y). The phase front (PF) propagates with
the phase velocity v, in the direction opposite to the group velocity.

In the computation of &;; and &, care must be taken to choose the square root
which corresponds to attenuation of the outgoing wave; that is a negative imaginary
part for the exp(+jax) convention used here. Similarly the reflected wave is obtained
by multiplying by the reflection coefficient R(ky,w) and a propagation factor
exp(tjk,z) for a negative-going wave in the free-space medium. Thus, in the time

domain
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v, (z,21) = ﬁ [[R(k,,0)7,(k,,0,0) exp(+k,2 - k.3 + jot)dkdo (4.4)

Assuming that T(ky, ) is a slowly varying function of &, and @, we can
evaluate (4.3) by an approximation method that is essentially an application of the
method of steepest descent. The approximation is asymptotic in the large parameters
W, and T,. Noting that i, in (4.2) is highly peaked near @, and Ze sin 6, , we expand

c
k,2 and keep the first-order terms.

kzz = kzo + kz' ?lcﬁ_ + w’aiﬁ_ (45)
ok, ow
where kx' =k, — @ sind,, &' = w-a,,and ak_ﬂ and ak—” are evaluated at @, and
c ok, ow

®,) the inner integral on k; is a straight-

o~ x0?

k, = —a)cisin 6,. With T(k,w)=T(k
forward example of completing the square in (&, — linear shift term) and finding the
remaining term that is independent of &, times a known definite integral that gives a
factor of 247 cos(d,)/W,. Then, the outer integral on @ can be done by the same
method. This second integral has many terms, and requires considerable manipulation
to reduce it to obtain this final analytical expression for v, (z,2,t).

vi(@,2,t) = T(k,,0,) *FF,

p=k,z+k,z~at

[ ok, * cos? g,
F,=exp|-|z+ ok, z W (4.6)
(¢t-N-7)
E =exp|- T2

where the vector N is defined as
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. s 2
sing, . . 1 (nn, —sin 90)22

N = 2 2
¢ C\/n —-sin” 6,

and the other subsidiary quantities are

k,=2sin0 =2%nsing, , k =2
c c c
k, = Jk'n® = k2 =k n’ —sin’ @, = k,ncosé,
Ok, =—-—2 =—tanb,
ak$ 20
n, = group refractive index = @ 4.7
w

Derivation of the group refractive index' in (4.7) has been presented by many
classic authors including (Brillouin 1960) and (Born & Wolf 1989). From the
equations following (4.6) until Section 4.2 we will use short notation that n = n(w,)

and

n(w) =n+ M (4.8)

)

[

O(an)
@

of a packet made up of sine waves of two frequencies wt+dw and @ - da, for which the wave numbers
in the direction of propagation are k+dk and k—dk. If two waves of equal amplitude are added, the result

is a modulated wave with carrier frequency @ and modulation frequency A@ proportional to
sin(kz — ax)cos(Ak -z — Aw+t) . The pure sine wave of the form sin(kz — ax) = Sin(k(z - vpt))

' The formula ng = is well known. It follows from the basic derivation of the group velocity

has evident velocity (the phase velocity of the complex wave) of v, = @ / k , and similarly the pure
cosine modulation has evident velocity of v, = Aw/ Ak . The group velocity is the limit as
Ak —0,ie., v, =0w/0k. The medium in which the wave propagates determines the function

@ = w(k), but, at least over limited ranges in which the inverse relation is not double valued, this may
also be regarded as an inverse function X = k(@) . It is a well known theorem that 1/v, =0k /0w .

Thus, n, =c/v, =0(kc)/ 0w . But with the phase velocity as expressed above and the definition of

index of refractionas n=c/v P then kc = wn , and we obtain (4.7). This derivation has been
presented by many classic authors, including (Brillouin 1953) and (Born & Wolf 1989).
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This first-order approximation is used in the analytic asymptotic approximation and
also later in what we call the linear model.

The angle & is the angle of refraction given by Snell’s law for incidence at the

central angle &, of the packet. The indexes # and ng as well as Ok, are to be evaluated
at a, and kx,. The square root choice for £, is now well understogd. It is plus or
minus for n plus or minus, respectively. More rigorously, it is chosen so that
Imk,, <0 and that Im £<0 and Im £ < 0. Also note that since » is negative, the
phase velocity v, = c/n is negative. However, the group refractive index ng and the
group velocity v; are positive. These are consistent with (Smith, Schurig ez al 2002).
We note that this approximation applies when the transmitted wave is not
evanescent, that is when there is no critical angle for total reflection or when the
incident angle is hot greater than this critical angle. We shall return to incidence at
angles beyond the critical angle in Section 4.3.
The equation for the reflected field can be evaluated by the same method as
described for the transmitted wave. If one makes only the approximation that

R(k, ) = R(k

xo0?

@,) , the resulting reflected field is the specular reflection of the
incident wave with all frequency components having this central reflection coefficient.
Thus, that approximation would correspond to a beam wave propagating coherently
for distances small compared to z%’ / A, and then showing dispersion. However, if
the further approximation is made as to k,; = W , then the elliptical beam cross
section will just move uniformly outwards at the specular reflection angle with speed
of light c.

Equation (4.6) and the following term definitions show three features of wave
propagation in the NIM due to the product of three functions. (1) The phase term

exp(—j@) = exp(~ jnk,[cos8,z +sin8,x — (c/n)t]) shows phase progression according
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to Snell’s law with nsin 8, =sind,. Thus, the angle of refraction 6 and the phase
velocity are negative because the index of refraction is negative. (2) The factor F,
clearly shows that the peak of the transmitted packet follows the line x = ztané, .
That is, the energy associated with the E and H fields of the packet is refracted
negatively. (3) The factor F, exhibits planar fronts given by

-

t-N.7 = constant. (4.9)

The transmitted packet's skewed oval amplitude contour results from the
product of the factors F}, and F,. The vector N is in the direction of the normal to the
fronts of F,. In connection with analysis of a modulated plane wave these fronts have
been called interference fronts by other authors (Smith, Schurig et a/ 2002), (Pendry &
Smith 2003) and also group fronts (Zhang & Park 2004). The angle 8, between the
vector N and the Z-axis is given by (Figure 4.1)

. 2 )
N, sing,yn" —sin" g,

= 4.10
N nn, — sin’ @, 4.10)

tané, =

Here, we need to choose the correct sign for the square root, which comes from
the occurrence of k,,, = k,/n’ —sin’ 8, . This propagation factor must have a
negative imaginary part for é.ttenuation of the outward going wave. To have
transmission into the NIM and not total reflection, we must have n’ >sin” §,. For
completeness we now consider the cases of both positive and negative index. For
positive n the square root must be positive in its dominant real part, and we expect the
group velocity to be smaller than the phase velocity, so n, >n. Thus, the numerator
and denominator of the fraction in (4.10) are positive and 8y is positive. For negative
n, kx2o and the square root must be negative in its (dominant) real part. Since the

group index must be positive and greater than 1 for causal signal propagation
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(Brillouin 1960), the fraction on the right of equation (4.10) is positive and again 6 is
positive.

Figure 4.1 illustrates these asymptotic-approximation results for a case
n =-0.75 and n, = 3.735. These index values are chosen in a somewhat arbitrary
way. We have chosen to study negative indexes somewhere near —1. With the choice
of n = -0.75, the group index of 3.735 corresponds to that of a Drude-Lorentz model
discussed below. The angle of incidence is chosen as 30 degrees, well below the
critical angle of approximately 48.6 degrees. The beam wave packet of (4.1) is chosen
to have a transverse half-width #, = 10 4 and a half-length along the direction of
propagation of ¢T, = 204. The width and length are taken to the 1/e amplitude
relative to the peak, and this choice of 7, amounts to a bandwidth Af to the 1/e
amplitude in frequency Af/ f, =0.05z . This is a reasonably narrow bandwidth and
the choice of ng as a constant across the integral in equation (4.4) is a reasonable
approximation. Any material (metamaterial) with negative index of refraction will
have strong dispersion. Variations with frequency may be modeled with a Drude
(plasmonic) model (Drude 1900), a Drude-Lorentz model, or possibly a still more
complex model. However, a Drude-Lorentz model, also referred to as a Lorentz model
or Lorentz medium, provides what we may call a physical model with 3 parameters for
permittivity. As also considered by (Ziolkowski & Heyman 2001), we shall use the
same form to characterize the negative permeability. In the next section we shall .
consider cases that correspond to a Lorentz model, and carry out numerical solutions
of the exact integral equations (4.3) and (4.4) for a single-resonance Drude-Lorentz
behavior of both permittivity and permeability. To show the generality of the

approach, £ and u are taken to be somewhat different.
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The term Drude-Lorentz (or Lorentz) model refers to a classical model for
electrons, bound with a simple-harmonic-oscillator potential, interacting with a cw
electromagnetic field. The relative permittivity of such a medium has the form

0)2

£ =1+ be 4.11
' ! - &® + jaT, @10

where o is the plasma frequency of the electrons, @, is the harmonic oscillator
frequency, and I, the collision frequency. In the low-loss case I', << @,,. We also
use this frequency variation with assigned parameters for the relative permeability 4. .
For the low-loss case the real part of (4.11) has a negative minimum at a frequency
slightly above @, given by »’ = @,(@, +T,) . This minimum is

w2 1)
min (real(er)) =1- pe =~ 1 — —F¢ wpe
20, +T° 2w, T,

Since w,, >>T, and o, is typically of the same order as @

e » it 15 possible to set ¢,

equal to any reasonable negative value at some frequency in the normal dispersion
region slightly above this minimum.
4.2 Numerical solutions: Cases without a critical angle 6. or with

angle of incidence less than 6,

We have calculated solutions to (4.3) and (4.4) with brute-force numerical
integrations. The standard computations are based on a grid of 2066 values of &, by
1811 values of w. It is a variable-step grid with finer steps near the central peak of the
Gaussian and coarser steps out towards the edge of the rectangular integration area.
The integration method is trapezoidal. We note that (4.3) and (4.4) could be
considered as scaling in frequency relative to center frequency @, and x component of

wavenumber relative to the center k,, = (@, /c)siné, = k, sin@, if
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o the Gaussian widths are expressed in wavelengths, thatis W, = W 4 and

cT, =T A with 4, =2z /k, and the subscript n denoting normalized,;

o the permittivity and index of refraction are scaled as functions of frequency

relative to this normalized frequency.

This result essentially follows from the electrodynamic similitude of Maxwell's
equations (Stratton 1941). We carried out computations for a specific center
frequency f, = 10" Hz, but we show results plotted in wavelength units for x and z,
which would then apply to any center frequency so long as the index of refraction and
permittivity are scaled correspondingly.

We consistently computed cases with W, =104, and ¢T, = 204, as in Figure
4.1. With these fairly rapid Gaussian cutoffs, we found that we could obtain good
results with a grid where (k, — k)W, /(2cos8,) extends from —14 to +16 and where
(@ — @,)T, /2 extends from —13 to +13. These choices make the Gaussian factors
become exp(-14%) = 7.6 107, exp(-16’) = 6.6 - 10", and exp(-13’) ~ 4.0-10™
on the outer edges along the center lines of the other variable, respectively. We found
these limits and the grid fineness by trial and error where we required that the main
parts of the transmitted and reflected fields change by less than 1 part in 10° as we
went to a next test with larger limits or finer grids.

We limited our computations to times such that ct < 104,, where ¢ = 0 is the
time when the incident pulse is centered at the origin, per equation (4.1). Hence, the
maximum values of x and z where the pulse is of interest in the cases we examined is
limited to about 2004,. Finer grids would be required for larger values of x and z.
Also, a finer grid is required for some small-amplitude fields considered in the last

section on backward lateral waves.



62

We present a selection of cases to illustrate the following features of reflection

from and refraction in a NIM.

e The asymptotic approximation gives a very accurate description of the
motion of the peak of the transmitted wave. The peak follows the line at
the Snell's law angle of the center frequency, and it moves with the speed
of the group velocity of the center frequency. The peak amplitudes are
fairly close to the approximate prediction.

e The elliptical amplitude distribution is skewed and rotated in coarse
agreement with the asymptotic approximation. The size of the contour at
1/e of the peak is quite close to that predicted by the asymptotic
approximation.

e As expected, the reflected wave is well predicted by specular reflection of
the pulse with the reflection coefficient of the center frequency.

o The curved variation of index of refraction in a Lorentz model provides
some asymmetry to the transmitted pulse, but still leads to a pulse that
reasonably follows the asymptotic approximation.

Figure 4.2 and Figure 4.3 show comparisons of numerical solutions to the exact
Fourier integral equations (4.3) and (4.4) for cases corresponding to the asymptotic
solution shown in Figure 4.1. Because the reflection and transmission coefficients R
and T depend on ¢,, as well as n,, it is necessary to specify this additional quantity at
the band center as well as functions to determined their variation across the frequency
band of integration. We chose a band-center value ¢&,,, = —0.8 —0.0025 . Then, the
band-center value of relative permeability is g, = nJ /&, = -0.70312 - 0.000117;.
To specify the variation of n and £ across the band we consider two cases. They are:

() a single-resonance Lorentz model for ¢,, and x4, and (b) a linear model for &,,
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and n,. We include just one linear model calculation. It shows that the transmitted
pulse in the NIM is relatively insensitive to details of the variation of » and &, about
the center frequency if the relatively wide-band condition applies.

We have chosen a single-resonance Lorentz model for several reasons. It has
only 3 parameters for the permittivity and another 3 for the permeability. Also, the

Lorentz model has been considered as a simple physical example by several
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X, transverse coordinate in wavelengths
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Figure 4.2 Contour plots of | H | for Lorentz model with n,, = —0.75 — 0.001; at
time = 5T, for transmitted and reflected fields. The incident contour is at time —57.
From exact theory numerical field calculations, the transmitted contours are at levels
0f 0.9, 0.6, 1/e, 0.4*1/e, and 0.1*1/e relative to the peak of 0.8855 and reflected
contours at 0.9, 0.6, and 1/e relative to this peak of 0.1085. For the analytic asymptotic

approximation only the 1/e contours of the incident and transmitted wave are shown
(in black). (Incident peak = 1.0, transmitted peak = 0.9358.
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other researchers in the study of NIM; e.g., (Ziolkowski & Heyman 2001), (Smith,
Schurig et al 2002). Two of the three conditions to determine these parameters are set
by the choice of real and imaginary parts of ¢, and n,, (which determine 4, ). The
third condition we shall take arbitrarily is a moderately wide-band condition.

Thus, we take ¢,(w) as given by (4.11). The analogous Lorentz form of the

permeability is taken as

g =1+ L (4.12)
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Figure 4.3 A close comparison of transmitted (refracted) pulses. Comparison is of
Lorentz model variation of n, and &, versus a model with linear variation of n, and

€, with matching n, and ¢, at central frequency. Contour levels are 0.9, 0.6, 1/e,
0.4*1/e, 0.1*1/e relative to the respective peaks.
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We have chosen a wide-band condition w,, /@, = @, / ®,, =2.5. The larger
the choice of this ratio, the wider the band of the resonance. The limit of this ratio
approaching infinity leads to a pure Drude (plasma) model.

The group index at frequency @, is given by

L @)1 0e) | 1 deu)] _ (@)

grg Iurg
42
‘ 2 |e o oy oo 2 e 4

(4.13)

where the term in square brackets is evaluated at @,. We define the group relative
permittivity by analogy as &,, = d(we,)/ 0w and similarly for permeability. In the
linear model, the group index matches the slope of n(®) at @, . For our case of
n,, =-0.75-0.001j, &, = —0.8 =0.0025, u,, = n, /&, and the wide-band
condition as stated, then n,,, = 3.7352 + 0.003309; . The linear model also requires
the value of the linear fit to¢,, at @ = @, given by &, , which from (4.11) and (4.13)
is

0,20, - iT.)

Ey0 = Eppp| 1+ e
N " [ (a)2 - wz - Ja)ore )2 821'0

€

:| = 3.8368 + 0.006304 (4.14)

The Lorentz model gives a positive imaginary part for ¢,,, and n,. This is evident
from classic Lorentz model dispersion curves—in the normal dispersion region above
the resonant frequency, the magnitude of the imaginary part of (@) is decreasing.
However, this result will not violate the outgoing radiation condition within our band
of approximation. In this band n(w) is given by (4.8) and

£(0) = &@,) + (&, — 6(@,)) (@ - @,)/ @,
If Im{e} = &" and &"(w,) = —A, where A, is a small positive quantity, then

&,, = A, where A, is a positive quantity of the order of A, and

g = -A, + (A2 + Al)(w — wo) (4.15)
(1)

[
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within our band of integration. In other words, (4.15) shows that even though the
Im{e,,, } is positive, Im{&} is negative. The same reasoning applies to Im{n}.

Figure 4.2 shows the numerically calculated contours of the magnitude of the
transmitted field and reflected field at a time ¢ = 5T, as in Figure 4.1. Figure 4.2 also
shows black contours at 1/e of the peak for the incident wave at time ¢ = =57, and for
the asymptotic approximation for the transmitted wave at 57, . The third numerical
contour at 1/e of the transmitted peak is very close to the black 1/e contour from the
analytic approximation. This illustrates that the asymptotic approximation works well
for the Lorentz model with incidence not beyond the critical angle. We want to
emphasize this point since the asymptotic approximation utilizes only the linear
variation as given by (4.13) and is given analytically by (4.6) and (4.7).

There are several significant points concerning these calculations.

The peak of the numerical integral calculation for the transmitted wave follows
very closely along the Snell's angle line at the group velocity. The “x” in Figure 4.2 at
the location of the transmitted peak has coordinates z /A4, = -17.67 and
z /A, =19.65. The asymptotic approximation has its peak at
X, /A, =(5cT, /n,)sin6, = -17.85 and Z, / 4, = (5¢T, / n,)cos 6, =19.95. With
an incident peak normalized to 1, the amplitude of the peak from numerical integration
is 0.831, as compared to the asymptotic approximation value of 0.936. In general, we
find the magnitude of the transmitted asymptotic peak to agree only within about 10%
of the result found by numerical integration. The numerical integration depends on
the value and variation of the relative permittivity &, , whereas the asymptotic
approximation does not.

The time duration of the pulse (as measured by the length of the 1/e contour

along the direction of propagation, the line at angle 6, is very close to that of the
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asymptotic approximation. However, the width (minor axis) of the numerically
integrated peak is somewhat greater than that of the asymptotic approximation. Also,
the contours are slightly egg-shaped with a little more width farther from the origin
than closer relative to a symmetric shape. But the slope of the major and minor axes
of the contours, predicted by the interaction of the factors F; and F, in (4.6), appears
to be in good agreement.

The reflected pulse, as expected, is very close to symmetric with the incident
pulse. The reflected peak is at z /Ao = 50.14 and 2/ A, = —86.38 as compared to
specular values 100 - sin(z /6) = 50 and —100 - cos(z /6) = —86.6. The magnitude
of the reflected peak computed from inverse transform is 0.1057 compared to the
asymptotic approximation of 0.1069. In summary for this case, the asymptotic
approximation gives a qualitatively and heuristically satisfactory explanation of the
refracted and reflected waves.

Figure 4.1 and Figure 4.2 show that the wave in the Lorentz model medium,
with n, = 3.735, is moving much more slowly than the wave in free space because
the transmitted contours are visibly much closer to the origin and the length to the 1/e
contour is much smaller. In addition, the reflected peak shows better agreement
between the asymptotic specular reflection and the numerical integration. In Figure 4.2
the peaks as found from numerical integration (on a grid of 0.014, by 0.014)) are
plotted as an “x” in the ceﬁter of the contours.

Figure 4.3 shows details of the comparison of the Lorentz model results of
Figure 4.2 with a numerical integration of the case of constant
n, = 3.7352 + 0.003309; and constant &g = 3.8368 + 0.006304 7, which we call a
linear model. Figure 4.3 presents an enlargement of the fourth quadrant region of

Figure 4.2, but with comparison of two numerical integration solutions. There is at
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least as much difference between these two numerical solutions as between the
asymptotic approximation and the Lorentz model solution. The Lorentz model
solution has a higher peak, by about 6%, and has more asymmetry than the linear
model, but qualitatively the solutions are similar.

We have calculated reflected and transmitted waves for the case of a medium
with n,, =-1.25-0.001; and with various positive values of n, and we find similar
results. The asymptotic solution provides a good qualitative understanding and
prediction of the velocity of the transmitted peak and the approximate size and
orientation of the 1/e contour. If n, < ~1, there is no critical angle, and the
asymptotic approximation given by (4.6) is valid for all angles of incidence.

4.3 Incidence beyond the critical angle: the backward lateral wave
and Goos-Hdnchen effect

For two positive-index dielectric materials with a planar boundary, with
incidence from a medium of larger positive index onto one of smaller index, there is a
critical angle for total internal reflection. At angles slightly larger than this critical
angle, there are two known, yet somewhat unusual, phenomena known as the lateral
wave and the Goos-Hénchen shift (Ishimaru 1991). We consider here a backward
lateral wave and find numerical solutions that demonstrate this behavior for the case of
incidence from free space to NIM of index between -1 and 0, specifically for
n,, = —0.75-0.001; as considered in the previous section. There is a critical angle

6, = sin™'(| Re{n,,} |) = 48.59°.

We present here results for §, = 5z /16 radians = 56.25°. In this solution
the small transmitted-wave peak moves backwards along the surface (compared to the
usual positive index case) and causes a small amplitude lateral wave on this backwards

side of the main reflected pulse. We call this the backward lateral wave (BWLW).
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The lateral wave is separated from the radiated-wave term in an asymptotic
expansion as the part of the complex integral contributed by the path around a branch
point. When incidence is not beyond the critical angle, the branch point lies in a part
of the complex plane of integration that does not come close to the steepest-descent
curve and thus does not make a significant contribution. The standard theory of these
asymptotic expansions is done in terms of single-frequency (cw) waves. From a study
of continuous waves at the interface of a normal dielectric and a NIM, we predicted in
Chapter 3 the existence of backward lateral waves and other asymptotic phenomena
(Ishimaru, Thomas et al 2005). The numerical case presented here shows the features
of a backward lateral wave examined in a region fairly close to the origin, that is, the
(2-D) point of incidence of the center of the pulse.

Figures 4.4 through 4.6 show contour plots of the reflected and transmitted
waves (the transverse component H, ) at times ¢ = 3T, ,6T, and 97, respectively,
after the peak of the incident pulse (same width and duration as in previous section)
arrives at the origin. To illustrate the scale, the incident 1/e contour is shown at time
= —t. Recall that ¢T, = 204, so that at ¢ = 3T, the reflected peak is about 604, from
the origin, and the reflected wave has taken its elliptic shape quite accurately within

1/e of its peak. However, the outer contours are still forming in Figure 4.4.
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Figure 4.4 First step in the progression of a backward lateral wave for a Lorentz
model with n, = —0.75 - 0.0015. The contours shown are of the transverse field |H|.

Transmitted and reflected wave contours are shown at time= 37, . One incident wave
contour is shown at time= -37, .

In all three of these figures, the reflected contours are at 0.9, 0.65, 1/e, 0.1*1/e,
0.02*1/e, and 0.01*1/e of reflected peak. The transmitted contours are at 0.9, 0.65, 1/e,
and 0.2*1/e of peak at x in the NIM, and the incident contour is at 1/e of the incident
peak. Heavy contours denote the 1/e levels.

The asymptotic theory has a heuristic interpretation for this low-amplitude
transmitted wave propagating near the surface as the source of the backward lateral
wave, which shows up as the asymmetric tails in Figures 4.4 through 4.6. The surface

source point moves in the backwards direction at approximately the group
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Figure 4.5 Second step in the progression of a backward lateral wave for a Lorentz
model with n, = -0.75 - 0.001;5. The contours shown are of the transverse field |H].

Transmitted and reflected wave contours are shown at time= 67, . One incident wave
contour is shown at time= —67, .

o

velocity for the dispersive NIM. Asymptotically, the BWLW radiates outwards from

the surface source point at an angle to the normal equal to the critical angle. Thus, the
similar triangles shown in Figure 4.7 lead to the result (Ishimaru, Thomas et a/ 2005)
that the asymptotic BWLW will create a wave front emerging at an angle 6,. The law
of sines applied to this triangle gives, for our Lorentz case with n = —0.75 and

n, =3.735

ns(1-[n )
1+2ng | + ”3

sin’*(4,) = i thus, 6 ~33°. (4.16)
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Figure 4.6 Third (last) step in the progression of a backward lateral wave for a
Lorentz model with n, = —-0.75 - 0.0015. The contours shown are of the transverse

field |H,|. Transmitted and reflected wave contours are shown at time= 97, . One
incident wave contour is shown at time= 97T .

Equation (4.16) provides an approximate explanation of the angle of the asymmetric

tails in Figures 4.4 through 4.6, as one may read off these true-angle plots.

We compile in Table 4.1 a summary concerning the peaks in Figures 4.4
through 4.6. The peak locations (X and Z) are given in wavelength units (taken as
c /10" in our computations), the time is given in terms of the 1/e time duration of the
Gaussian pulse (7, =2-107" s) and the amplitudes are all normalized to the unit

incident H =1 A/m. The BWLW contour is taken from a judgment of the appearance
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Figure 4.7 Angle of the backward lateral wave. The small transmitted peak travels
down the X axis and radiates at each point at the angle 8, relative to the surface

normal.

of the plots as the 0.02*(1/e)*(Peak) contour level. It is qualitatively the highest

contour where the extended tail appears.

Table 4.1 Progression of Peaks in Time

Time' 3T, 6T, 9T,
Xt (4,) -13.007 -28.885 -44.209

Z: (4,) 2.5215 5.2335 7.923
Amplitude 0.090569 0.058165 0.042926
X (4,) 44.724 94.610 144.491

Z (4,) -30.789 -64.019 -97.290
Amplitude 0.941092 0.918465 0.885763
BWLW contour 0.00692 0.00676 0.00652
level

" The first three rows refer to the transmitted peak, the next three refer to the reflected
peak, and the last row is the approximate BWLW amplitude.
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Figure 4.8 Goos Hinchen shift of reflected peaks. The shift is towards the negative x
direction by slightly less than a wavelength. The calculated peaks lag behind the P.O.
peaks by about 5 wavelengths.

Least-mean-square linear fits to the three transmitted peak points give constant
x and z components of velocity V, = -7.7951 10" m/s and V, = 1.3494 - 10" ms that
fit the data very closely. The resulting index n, =¢/+/V} +V; = 3.7896 is
satisfactorily close to 3.7352 with allowance for the second-order dispersion effects.

In Figure 4.8 we plot the location of the points (Z, , X, ) compared to the
straight line of the ideal physical optics reflection of the center of the incident pulse.
The points where the physical optics peak would be at times ¢ = 3T, , 6T, and 97, are
denoted by an x on the straight line, and the calculated points are shown by a small

circle. The vertical displacement for large t between these two positions is interpreted
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as the Goos-Hénchen shift of the NIM, with the shift being in the negative X direction

(Lakhtakia 2004), (Qing & Chen 2004). The delay involved in the shift accounts for

the calculated pulse lagging behind the instantaneous physical optics points.

4.4 Concluding remarks regarding negative refraction, BWLW, and
negative Goos-Hiinchen shift

We have demonstrated that an asymptotic analytic first-order approximation to
the calculation of transmission and reflection at a plane boundary between free space
and a NIM gives a good estimate of the negative refraction that occurs. We have
provided an exact calculation of the negative refraction phenomenon for a pulse in
time and 2-D space. We have also calculated a case that demonstrates the
phenomenon of a backward lateral wave (as predicted on general theoretical grounds
(Ishimaru, Thomas et a/ 2005)) and also a small negative displacement of the peak of
the reflected wave that we interpret as a Goos-Hénchen shift.

The criterion for validity of the asymptotic approximation may be stated as: n,
and ¢, must not change greatly over the band of integration. The assumed choice of
a Lorentz model with @,, / @, = 2.5 met this criterion for our particular choice of a
time pulse with 20 cycles from maximum sinusoidal peak to the sinusoidal peak with
amplitude 1/e of the maximum. However, when we look at what metamaterial
designers may have achieved so far, we find considerably narrower bandwidths. For
example, if we try to characterize roughly the resonances found by (Ishimaru, Lee et
al 2003), we find that the resonances would have @,, /@, ~ 0.5. Then, the
asymptotic approximation would not work at all for our pulse. On the other hand, a
more monochromatic pulse with at least 300 cycles from maximum sinusoid to the 1/e
amplitude sinusoid would satisfy the condition for validity of the asymptotic

approximation. This narrower-band pulse would again exhibit negative refraction
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with propagation at the speed given by the group index. The calculational method
should go through as in our simpler case, but the number of intervals would increase
and consequently the computation time, too.

An important related conclusion is that we need to find methods to make
wider-band metamaterials for practical use with pulses that are not extremely narrow
band. In other words we need to find a way to increase the plasma frequency relative
to the resonant frequency (for both electric and magnetic Lorentz models). That
statement does not have an obvious practical solution, but it has some interpretation in
that the plasma frequency of a natural material is related to its electron density,

whereas the resonant frequency is typically an atomic or molecular property.
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S. Transmission and focusing by a planar slab with index
close to -1

We calculate in considerable detail the transmission and focusing through a
planar slab of metamaterial with relative permittivity and relative permeability both
close to —1. As shown at the beginning of Chapter 3, the index of refraction will then
also be negative, and close to —1. We start with a treatment of plane waves in the
spatial Fourier domain and proceed to calculate the focusing of a 2-D line source.

As has been shown (Pendry 2000), (Thomas & Ishimaru 2002) in the limit of
&, = -1 and y, — -1 the transfer function of a negative-index planar slab
provides amplification of the evanescent spectral components from a finite or point
source such that the mathematical limit yields a perfect image in the image plane
z = 2d, — d, shown geometrically in Figure 5.1. However, as pointed out by several
authors (Thomas & Ishimaru 2002), (Ziolkowski & Heyman 2001), (Smith, Schurig ez
al 2003), (Chew 2004), (Podolskiy & Narimanov 2005), loss terms or any deviations
from the singular case with ¢,, = x4, = -1 limit the focal spot width.

We treat the transmission of a delta-function line source through a layer with
classical continuous-wave reflection and transmission formulas. This source includes
all spatial wave numbers. For this 2-D problem, the electromagnetic propagation can
be completely separated into a p-polarization (incident E field parallel to the plane of
incidence) and s-polarization (incident E field perpendicular (senkrecht) to the plane
of incidence). As in Chapters 3 and 4, we analyze the case of p-polarization and note
that the s-polarization solution can be obtained by interchanging & and u, which is
possible in principle with a metamaterial.

We shall show that a delta-function line source has one field component that

images to a delta function in the specified limit. The longitudinal component %; of the



79

propagation vector normal to the surface assumes values that are negative real
(corresponding to all angles from normal to grazing) and imaginary for the evanescent
modes. Transmission in a medium of &, = y, = ~1 amplifies the Fourier components
for imaginary k; and, thus, restores the evanescent waves and bypasses the usual
diffraction limit of an ordinary lens. However, for slight deviations from the limit, the
magnitude of the transmission coefficient for the evanescent spectrum peaks and then
starts to fall off exponentially (instead of continuing its exponential rise).

A 2-dimensional magnetic current line source provides the p-polarized incident
E field and corresponds to a delta function in the transverse E field in the source plane.
In other words, for the incident field it is equivalent to slot source of infinitesimal
width with E field across the slot. We denote this transverse component as E, . The
exact calculations include details of the side lobes in this transverse direction. Also,
we have obtained analytic approximations for the spatial amplitude function of E, in
and near the focal plane and for the resulting peak widths at half maximum. We
present some numerical results for the other components in terms of Poynting vectors
and energy densities but have not obtained similar analytic asymptotic approximations.

Figure 5.1, a ray-image diagram following (Pendry 2000), is helpful for
visualizing how a metamaterial planar slab of index of refraction n, = —1 focuses
ordinary rays as shown. We present exact numerical solutions for several slab
thicknesses covering a fairly densely sampled range of real parts of &,, and u, from
—0.9 to —1.1. We have derived analytic approximations that allow estimates of focal
width for any small deviations from the mathematically singular case with
&, = M, =-1. We concentrate mostly on cases with Re{n,} = -1, but we consider

briefly the effect of a change in this real part in Section 5.6.
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Figure 5.1 Illustration of geometric focusing for n, = —1 and coordinate system for
following calculations.

Variations in &,, and x,, such that Re{n,} deviates from —1 destroy the
geometric ray image focus in unusual ways, with an appearance of focusing at
distances different from 2 = 2d, — d,. To introduce the concept of how the focal
limiting is produced we studied an analytic asymptotic approximation to the solution.
We have limited our investigations to the 2-dimensional case because then the s and p
polarizations (TE and TM as classified by incident field vectors) have independent
solutions. The 3-D case has a similar limit to the transfer function, which produces a
perfect focusing limit, but the polarization separation only applies to a dipole with

orientation normal to the surface of the slab.
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5.1.  Formulation of the analysis

For the 2-D case the CW transmission coefficient T'(k,) of a slab of thickness

d, (also given by (2.2)) is

_ 1
B cos(kﬂd?) + (j/2)(Z2 /Zl + 2, /ZQ)Sin(kz2d2)

T(k.) (.1
where k,, = W and the square root must be chosen such that the imaginary
part is negative to satisfy the outgoing radiation condition. (We use ¢’ time
variation.) Z, and Z, are the wave impedances in medium 1 (free space) and medium
2 (the slab of negative index), respectively. Equation (5.1) is derived from standard
boundary conditions providing continuity of tangential electric field E and magnetic
field H. There is a symmetry between the cases of s and p polarization because of the
term Z, / Z, + Z, | Z, so we have chosen to evaluate p polarization. In this case
Z, =k, [(we,) for media ¢ =1,2. (The equivalent formula for s polarization is
Z,=awp, | k;.) Wedefine §, =n2 -1, 5, =¢, +1,and &, = ,, +1. All three of
these will be considered small magnitude quantities in this chapter. When ¢, and u,,
are close to —1 in the complex plane and J, and J,, are of the same order, then
nd = u, &, isclose to +1 in complex value and &, will be of the same order as the
other two J’s.

The coefficients giving the amplitudes of the other waves created from the
incident wave in this finite slab problem, namely R for the reflected wave and 4 and B
for the forward- and backward-going waves in medium 2, have formulas related to

(5.1). If we let D = the denominator, so T' =1/ D, then
A=Q1/2)Q+ 2,/ 2,)exp(jk,qd)/ D, B =(1/2)(1- 2, | Z,)exp(-jk,,d,)/ D, and

R=1- cos(k,,d,) + j(ZB/ZQ)sin(szdz) .
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Thus, all the wave components have the same denominator, and, therefore, the same
poles. These poles may be called plasmons or polaritons or discrete modes in the
Fourier spectrum (Chew 2004) (Yannopapas & Moroz 2005). If the poles have small
imaginary parts so they are close to the real axis, they are realized as surface waves.
As (Lu, Grzegorczyk et al 2005) have noted, this D leads to a countably infinite set of
poles in the upper Riemann sheet, but with small J ’s, only one is close to the
Sommerfeld Integration Path (along the real %, axis in our numerical calculations). In
the following analysis we find a k£, where the denominator is nearly a minimum and
thus are finding approximately where this pole occurs along the real axis.

We have calculated power series expansions of (5.1) in two separate regions
along the real &, line: (2) | k, |[< k, and | k, | / k, is small enough that a power series
expansion in &, /[1 — (k, / k,)’] converges fairly rapidly, and limiting the expansion to
second order is reasonable. (b) | k, [> k, and | k, | / k, is large enough that a power
series expansion ind, /[(k, / k,)* — 1] converges fairly rapidly, and limiting the
expansion to second order is reasonable. Obviously what is small enough or large
enough for k. / k, depends on &,, but as J, gets small enough, the upper limit of
validity of case (a) approaches the lower limit of validity of case (b). The result of
these expansions is that (Z, /Z, + Z, / Z,) =2+ R, inregiona and
(Z,/Z,+ 2,/ Z,) =-2- R, inregion b, where R, and R, are small quantities of
second order in &, and &,. For this presentation we assume &, and o, are of the same
order in deciding what to call second order, third order and so forth. Note that the first
order terms cancel in these expansions.

Thus, we obtain to third order

2
1 6k 1 6k 1 &k
Raz(5e+§k2_k2] +(5e+5k2_k2j(53—5m (5.2)
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1 6k Y 1 8K 1 &%
~| 8, - 2ot 5, =l ||l g2 =D | 5.3
& [ 2k:-sz ( 2k:—k3J(f 2 (&~ &Y -3

Formally, these expressions are identical, but the first applies where | &, |< k, and the
second where | k, |> k,. Then the transfer function has the following forms that lead
to the asymptotic approximations that follow.
. A )
T 1+ (R, [2)sin(d K — k) exp(-jdy ks ~ k)
T(k,) = exP(dz\ka _k22)
1- (R, /4)(expd,k: - &) - 1)

where k, = n,k, and the sign of \/k; — k? must be chosen to give a negative

inregion (a) (5.4)

in region (b) (5.5)

imaginary part, which turns out to mean —\/Ef_—k_f if the usual (e.g., MATLAB)
convention is used that picks the square root with a positive real part. In region (b) the
requirement for negative imaginary part of this same square root leads to the result
that the \/Ef_—_k? is transparent in that the conventional positive real part square root
is the proper choice.

In the formulation of the calculations here we use the coordinate system and
distances shown in Figure 5.1. The magnetic current line source at z = —d;, z =0, is

normalized for convenience as
J, =-26(z)é(z +d,). : (5.6)

The three incident-field components produced by this line source are given in a

solution by Fourier transform with respect to x as

, we, = exp(—jk,a — jk, |2 + d;))
Hmc , [ 0 dk 5'7
] (.’II Z) o J: kzl ‘ ( )

inc 1 . .
E(z,2) = Py J:exp(— jk.x — jk,,

2 +d,|)dk, (5.8)
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inc -1 kz . .
B (e d) = g s exploihe = sha = + d ik, (5.9)

where k,, = \/Ef——kf with the sign of the square root chosen as positive real for the
forward going wave with | &, |< k, and in the form k,, = - jm , with positive
real square root in the region | &, [> &, for the evanescent wave components.

In the source plane where 2z = —d, we recognize that (5.8) becomes an
expression for the delta function. Thatis E™(z,~d,) = §(z). The other components
have singularities in the plane z = —d, , but have significant amplitudes away from
z =0. For example, H,"(z,~d,) = (we, [ 2)H" (k,z) where H is the zero-order
Hankel function of the second kind. |

The transmitted fields are determined from the incident fields by multiplying
incident plane wave components inside the Fourier integrals given in (5.7) through
(5.9) by the transmission coefficient (5.1) and adjusting for a z coordinate origin shift.
That is, T'(k,) is the transmission coefficient for a z coordinate measured from the exit
side of the slab, and to retain z as measured from the origin shown in Figure 5.1 we
have to make the translationz — z—d,. Thus, in the region z > d, the x component

of the electric field is
El = L J: T(k,)exp(— jk,(z—d, +d,)— jk x)dk, . (5.10)
2z

This is the field component that becomes a delta function in the image plane
z=2d,—d, inthe limit as &,, & -1 and u,, = —1. The only place where z and d,
show up in (5.10) is in the exponential as z—d, +d, . This shows that for a fixed slab
thickness d,, the solution has an invariance property as the slab is moved back and
forth between the source and its image. The extent of the solution that corresponds to
the physical space beyond the exit plane of the slab does change, but the transmitted

solution that is in the physical range of z has the same functional form.
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5.2.  Analytical approximations and limiting solutions

With k,_ in region (a) and with the assumptions that |5e| <<1,

8,| <<1 and that
the absorption through the slab as measured by k,d, Im(6,) is fairly small, then with
an error term of the order of R,, T(k,) ~ exp(-jk,,d,) . Further as explained just after
(5.5) in the limit n, - -1, k,, — —k,, in this region, but £,, — k,, in region (b). We
examine the behavior of |T'(k,)| for the case of small &’s. From (5.4) [T'(k,)|~1 in
region (a). Inregion (b), (5.5) shows that |T(k)r )| starts to increase as

lexp(a i -

decreasing behavior approximately equal to ’(4/R,,) exp(—d,\kZ -k2)

for k, just slightly larger than |k,| =|n, |k, , but changes to a

for sufficiently
large k.. As a function of %, the magnitude peaks near where the denominator of
(5.5) is a minimum. We denote the location of the peak as k, = k,. With several

approximations to ignore small terms

k; ~k +—l-1n
d,

2

N

The subscript p is a mnemonic for peak and also for pole, since this is also an

~ k: +—1-1n
d,

2

2}

€

(5.11)

approximation to the real part of the location of the pole in the &, plane.

To illustrate the behavior of |T | we have programmed complete equations for
the transmission coefficient and show the behavior of |T| as a function of k, / k, for
three sequences of ¢,, and x,, in Figure 5.2. All the graphs in Figure 5.2 include the
limit curve for the perfect focusing case, & = 44 =-1. The Figure 5.2(a) graph also
shows the curve that is the result of no layer at all; i.e., where & = 4+ =+1. The
magnitude of the propagating part of the transmitted wave is the same for both of these
cases, but with no layer the evanescent spectrum shows its “standard” (for a point

source) exponentially decreasing amplitude factor in propagation.
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W= -09-0.11 ~_
~
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20| & = -1.1-0.01 S~

}y = 0.8-0.01 ~ .
~._
it p 0 10 2

K/, with k, = 27
Figure 5.2 Transmission coefficient for propagating and evanescent parts of the
spectrum through a half-wavelength layer, p polarization. In 3(a), each case has p, =
&r and deviations from -1 are only in the imaginary part. In 3(b), the deviation in € is
of the form 8(-1-j), and the deviation in y, is of the form §(1-j). In 3(c) the deviation
in g, is of the form 8(-1-0.1j), and the deviation in g, is of the form 8§(1-0.1j). The
small parameter J is positive. The vertical ticks at or near the peaks show the value of
k, along the horizontal axis.
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Figure 5.2 also includes overlays in region b of the approximate T'(k,) given
by (5.5) and (5.3). Further, the location of &, from (5.11) is plotted as a vertical bar
around the peak it locates. Although these logarithmic plots do not have sufficient
resolution to show the details, the agreement of the approximations with the complete
formula is quite good. More details of the comparison of the approximate and
complete formulas are shown in Figure 5.3 through Figure 5.5. These are not
logarithmic plots so the vertical scales of each pane within the figures are significantly
different. In Figure 5.3 corresponding to cases where deviation of ¢,, and of u,,
from -1 is pure imaginary, the real part of the transmission coefficient of the layer is
much larger than the corresponding imaginary part. The approximation formula is
much better for the large (real) part than for the imaginary part. The first pane of
Figure 5.3 shows most drastically the jitter due to loss of significant figures in the
computer calculation of the denominator of (5.1) in the exact formula. In Figure 5.4
where the deviations of &,, and of u,, from —1 have equal real and imaginary parts,
T'(k,) has peaks in the real part and in the imaginary part that are roughly equal. The
agreement of approximation and exact formulas is quite good except for the large
deviation case (magnitude about 0.1) in the region &, fairly close to k,. In this case
the peak is fairly close to k, so the approximation is only fair in the region around the
peak. Finally, in Figure 5.5 the deviations of &,, and of x,, from —1 are mostly real,
the pole of T'(k,) is getting close to the real k, axis and so T'(k,) has noticeable
spikes at k,. In this figure the peaks in the imaginary parts are several times larger
than the peaks in the real parts and the approximation formula agrees better in

imaginary part with the exact formula.
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x 10° Case a of Fig. 5.2
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k /k,, with k_ = 2n
Figure 5.3 Comparison of the approximation formula and the complete formula for

the imaginary and real parts of the transmission coefficient T'(k,) for cases in Figure

5.2(a). The x’s in the upper three panes (real parts) are the absolute value of the
approximation formula (5.5) evaluated at &, as given by (5.11), right-most

approximation. The dots in the lower three panes locate the value of &, along the axis.
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x 10 Case b of Fig. 5.2
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Figure 5.4 Comparison of the approximation formula and the complete formula for

the imaginary and real parts of the transmission coefficient T'(k,) for cases in Figure

5.2(b). The x’s in the upper three panes (real parts) are the absolute value of the
approximation formula (5.5) evaluated at &, as given by (5.11), right-most

approximation. The dots in the lower three panes locate the value of &, along the axis.
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Figure 5.5 Comparison of the approximation formula and the complete formula for
the imaginary and real parts of the transmission coefficient T'(k,) for cases in Figure

5.2(c). The x’s in the upper three panes locate the value of &, along the axis. The

kx/ko, with k 0= 2n

dots in the lower three panes (imaginary parts) are the absolute value of the
approximation formula (5.5) evaluated at &, as given by (5.11), right-most

approximation.
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Cases with pure real values of the deviations &, and J, lead to poles on the
real axis (i.e., infinite spikes). Although the Fourier integrals have finite values per
the Sommerfeld prescription, our brute force integration does not work in these cases.
Table 5.1 summarizes the accuracy of the approximation of T'(k,) from (5.5) and (5.3)
for the peak of |T (k, )| . The entries in Table 5.1 need some explanation. The format
repeats for each of the three subplots a, b and ¢ of Figure 5.2. The first, fourth, and
fifth columns correspond to cases shown in the plots. The second and third columns
correspond to cases that would clutter the plots in between the smallest loss case and
the next case shown. However, the calculations were carried out for all the (¢,,, 4,,)
cases of Table 5.1. The rows labeled a =k, /k, give the value of k, at which the
largest value of IT (k, )| occurred in the fine-mesh grid of &, values for which the
computations were carried out. The rows labeled b=k, /k, give the values of the

quantity k, computed from (5.11), which is approximately at the peak. Then, row

d = max|T| gives the largest value of |T(k,)| and row e =max I;ml gives the

magnitude of the approximation (5.5) evaluated at &, given inrow b. The percentage
differences of the approximation and the value calculated from the complete formula
are shown as indicated. Note that in the first percentage we calculate the lower row
minus the upper row as a percentage of the upper (exact formula) row, whereas in the
second percentage we calculate the upper row minus the lower row as a percentage of
the upper (exact formula) row. This choice was made to make most of the percentages
positive. Finally the trend is for the approximation to get more accurate as the
deviation gets smaller, i.e., as the cases move from the right column towards the left
column. However, for the first (left) column, the computer calculation of the exact
formula is losing significant figures of accuracy and so the per cent difference

increases. In this case the approximation is numerically more accurate.
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Table 5.1 Comparisons of location of peak and magnitude of peak of |T (k, )| for

cases shown in Figure 5.2 plus intermediate cases for each subplot.

Plot 5.2 a
&, -1-1e-7] -1-1e-4] -1-0.001] -1-0.01j -1-0.1j
My, 1-1e-7j -1-1e-4f -1-0.001] -1-0.01j -1-0.1j
a=k,, 'k, 5.44210 3.28340 2.58310 1.90670 1.34450
b=k,/k, 5.44380 3.30720 2.61800 1.96070 1.38180
%diff (b—a) 0.03080 0.72550 1.35000 2.83290 2.77520
d =max |T | 9.94E+06 9.07E+03 8.49E+02 7.20E+01 3.83E+00
e=max|l,.| | ggpE+06 9.07E+03 8.49E+02 7.19E+01 3.74E+00
%diff (d —e) -2.82420 0.00000 -0.00017 -0.02367 -2.31260

Plot5.2 b

-1.0001-1e-

&, -1-1e-7-1e-7j 4 -1,001-0.001j | -1.01-0.01 -1.1-0.1j

“1+1e-7-1e- | -0.9999-1e-
Uy, 7 4 -0.999-0.001j | -0.99-0.01j -0.9-0.1j
A=k /K, 5.33170 3.18950 2.49710 1.83660 1.29820
b=k,/k, 5.33540 3.20220 2.51640 1.86660 1.30810
%diff (b—a) 0.06991 0.39950 0.76955 1.63340 0.75782
d= maxlT | 9.75E+06 9.02E+03 8.41E+02 7.15E+01 4.34E+00
e=max|T,.| | oeepsos | 9026403 | s40E02 | 7.05E+01 | 3.89E+00
%diff (d —e) 1.03520 0.00935 0.11519 1.43050 10.26100

Plot 5.2 ¢

-1.0001-1e-

&, -1-1e-7-1e-8j 5 -1.001-1e-4j | -1.01-0.001j | -1.1-0.01j

-1+1e-7-1e- | -0.0999-1e-
Hy, 8 5 -0.999-1e-4j | -0.99-0.001j | -0.0-0.01%j
a=k,,/k, 5.44210 3.30550 2.61650 1.96080 1.39900
b=k,/k, 5.44230 3.30570 2.61650 1.95930 1.38070
%diff (b —a) 0.00219 0.00571 -0.00051 -0.07451 -1.30740
d = max|T]| 9.71E+07 9.09E+04 8.56E+03 7.56E+02 6.04E+01
e=max|T,.| | geeeior | ooome0s | sssEe0s | 74sEv02 | s22E%01
%diff(d —e) 0.53426 0.00906 0.11083 1.36560 13.56300
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To summarize what is important for following calculations of integrals
involving T'(k,), the approximation is accurate around the peak to within about 1%

for cases with deviations |1 +&,,| and |1+ s,,| both in the range of 10 to 107, and it

is reasonably accurate as shown by Figure 5.3 through Figure 5.5 for &, 2%, +|é’c| .

The accuracy becomes very good for k, large compared to &,.

5.3.  Approximations for transmitted E,. in the space domain

As noted at the beginning of Section 5.2 and illustrated in Figure 5.2 in region
(a) of k, space, T(k,) ~ exp(—jk,,d,) and k,, ~—k, for n, =-1. From (5.10) we

readily identify the Fourier transform of E, in the transmitted region (z > d, ) as
ET =T(k,)exp(-jk,(z—d, +d,)). (5.12)
Hence, in the focal plane defined as z =2d, -4,

E" ~ exp(-jk,,d,)exp(-jk,d,) >1  for k, <k, —

5. (5.13)

For k, >k, + |é‘c| with the approximation of &, = k, in (5.5) we obtain

(- -k (z-2d,+d))
E" = .
-, /4)(exp(2d2,/k3 -kj)-l)

(5.14)

In the focal plane

Etr

1
"I, /4)(exp(2ar2,/k,2 -kj)-l) '

R, is a small quantity, given approximately by (5.3), and it becomes arbitrarily small

(5.15)

as &, = -1 and g, — -1. Thus, for any fixed k, we can make E;’ arbitrarily
close to 1. Hence, in the focal plane the Fourier transform of E, has a limiting value

of 1. In this formal sense E (z =2d, —d,,x) = 6(x) . However, in any physical
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situation, ¢,, and u,, have values with at least some loss that leads to finite
deviations &, and J,, from —1. For k,_ at least moderately large compared to &, the
exponential function in the denominator will make (R, /4)(exp(2a’2 \/ﬁ )) large.
So for k, >k,

Er~ %exp(—zdz,/kj -k2) (5.16)
b

There is a transition region between region (a) where (5.13) is a good
approximation and the region where (5.16) becomes a good approximation. This
transition region contains the interval where the effects of branch points at &, and £,
and the pole near k, cause some sharp variations. In all cases where J, and &, are
small, the interval around the branch points contributes negligibly to the inverse
Fourier transform because the length of the interval is the order of &, and the
integrand is well behaved. T'(k,) vanishes at the branch points with a square root
behavior. If the deviation &, or J, has a moderate loss as the example in Fig 5.6
illustrates, the pole effect is not large. Several other figures illustrating this behavior
were published in (Thomas & Ishimaru 2002).

Figure 5.6 shows the amplitude and phase of the spectrum of the E, field in
the focal plane for a selected low-loss case with d, =2. The solid curves show the
exact solution (5.10), and the dotted curves represent the asymptotic approximation
given by (5.13) and (5.16) with the further approximation that R, (6,)*. The
approximation (5.13) is extended upwards from small &, and the approximation (5.16)
is extended downwards from large k, to the point where they intersect in magnitude.
The value of k, where the magnitudes intersect is &, , the approximation given by the

right-most side of (5.11). Specifically,

kp=,/k3+(M/d2)2 where M =In(2/|8,)) (5.17)
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Figure 5.6 Spectrum of line source at focal plane through a layer of thickness 2
wavelengths, p polarization. (a) and (b) are amplitude plots in dB. (b) is an enlarged
portion of (a) for a region around the interval k, to k,. (c) is phase in degrees. ¢&,,

and u,, related so thatRe(n,) =-1.
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These curves were calculated for a particular case of ¢,, =-1.005-0.001/,
Im(y,,)=-10"" and Re(n,) =-1. This makes Re(y,,) =-0.9950246 and
Im(n,) =-4.9756-10*. The resulting k,/k, is 1.107176. Also, the particular case
assumed the thickness of the slab to be d, =24, with the source at a distance d, = 4,
in front of the slab. The resulting image plane is at a distance A, beyond the slab. The
phase curve of the approximate solution shown in Figure 5.6(c) exhibits a
discontinuity at k,, whereas the exact solution has a sharp dip at the branch point (not
in the approximate solution) and then a fairly rapid transition from zero phase at low
k, to the constant phase of —1/R, ~—1/(8,)? at high frequency.

The major conclusion we draw from Figure 5.6 is that the asymptotic
approximations with connection by extrapolation represent the essential behavior of
the exact spectrum except for a resonant peak and a sharp dip at the &, branch point.
The resonant peak does not occur for cases where 6, and J, are predominantly
imaginary (lossy). Hence, we evaluate analytically (with some further approximation)
the inverse transform of the asymptotic spectrum of E, in the focal plane. The
spectrum given by (5.13) and (5.16) with connection by extrapolation to the point

where the magnitudes intersect is
E =E (k)+E,(k,) (5.18)

where
E(k)=1, E,(k)=0, for |k|<k,

. . | 5.19
E(k)=0, Ez(kx)=%exp(-2d2,/k§—kj) , for |k,|>k, .19

and k,, the wavenumber where the magnitude of E, in the upper interval equals 1, is

given by (5.17). Then
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E()=— [ E, (k) exp(-jk,x)dk, = E,(x) + E;(x) (5.20)
27
where
E(x)=— [ exp(-jk %)k =L sin(k x) (5.21)
! 271 *k PR Yoax P .
E,(x)= ‘542 [ exp(-2a, 2 k2 Re(e ) dk, . (5.22)
TTe . P

Bounds on k2 —k? / k, over the range of the integrand for E, and the mean value
theorem lead to strict bounds on E, in terms of an elementary integral. See Appendix
B. Define A=k, —/k, —k; . Then,

_4F exp(-2k,d,)(2d, cos(k,x) - xsin(k,x))

E,(x)=
:(%) 5’ 4d? + x*

(5.23)

where

1< F Sexp(2d,4). (5.24)

The complex function E,(x) has a constant phase, determined by 6. This
phase is the asymptotic phase that corresponds to large k,. All the other factors are
real, and this real function has a peak at x =0. Consider the x dependence as given by
the dimensionless function

_E,(x) _40’cos X -2XOsinX

“O=F 0 407+ X°

(5.25)

where we have used scaled variables X =k, x and © = k,d, to show the 2-parameter
dependence of e(x) . It is easy to see that e(0) =1, and that this is a relative maximum
in the neighborhood of x=0.

We can show that |e(x)| <1 for all positive © , and the inequality is strict

unless X =0 (Appendix B). Thus, E,(x) can generally be characterized as a
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function which has its maximum absolute value at x =0, has sinusoidal oscillations
with shifting phase, and has decreasing amplitude oscillations as |x| — . The
damping is rapid for small ®, but slow for large ® . Since E,(x) = sin(k,x) /(zx) by
(5.21), then the sum E, = E, + E, has this same general characterization. We now
show that E, (0) << E,(0) for a large set of cases of interest. For this set of cases in the
focal plane close to the focal point at x =0 the transmitted E, is reasonably well
approximated by E, .

The cases for which E,(0) << E,(0) correspond to slab thicknesses that are not
thin compared to a wavelength, or roughly with thickness d, 20.54,. These non-thin
cases are important because they provide for three circumstances that could be
particularly useful. First, the sum of the source distance (as measured on the incident
side) plus the image distance (as measured on the transmitted side) equals the slab
thickness so for cases where the source and image need to be separated by a
wavelength, the slab thickness needs to be 20.54,. Secondly, if the slab is a
metamaterial made of structures small compared to a wavelength, but constructed on a
periodic grid with lattice constant of the order of 0.1 wavelength, then to have at least
5 periods within the structure, the thickness would be about 0.54,. Third, we shall
show that thin layers do not provide focusing in the Z direction (the direction normal
to the slab) but rather exhibit a monotonically decreasing field on axis. So we limit
our considerations in the following analysis to d, >0.54, and put emphasis on

d, 2 4,. We examine
|E,(0)| _ 2F exp(-2k,d;)
|E©)| |83 k.4,

(5.26)

with the bounds on F given by (5.24). Also by (5.17) k, > k, and more so for
smaller d,. From the definitions of A before (5.23) and &, in (5.17) and (5.11) we

use (5.24) to find the maximum F,__ .
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62
Fry. exp(-2k,d,) = exp(-zar2 k2= k2 )=Te (5.27)
)
E,(0
122 Ol - (5.28)
|E0)|  2k,d,
Whereas for the minimum F,,, with use of the quantity M defined in (5.17)
I£,0). exp[—z(,/M2 +(k.d,)’ —M)]
e = , (5.29)
|E,(0)| 2k,d,
The right-hand side of (5.29) clearly expresses that the minimum is less than the
E,(0
maximum given by (5.28). Even for the maximum case % is less than 1/(27)
1

for d, 20.54,.

The important conclusion of this analysis is that £, (x) is reasonably well
approximated (in units of volts per wavelength) as E, (x) = 2(k, / k,)sin(k x)/(k ,x).
The central peak of this field has a full width AW at half maximum of

k,AW =3.790988534. (5.30)

This quantity may be called the 6-dB width, since the dB ratio for a field component is
20log,,(Ratio) = —6 for aratio of 1/2. We shall also consider the 3-dB width AW,

(at 0.70795 of the max). The E, asymptotic approximation gives
k, AW, =2.77869717 . (5.31)

Figure 5.7 illustrates E,, E,, and the sum E, for the case that matches Figure 5.6.
The peak of E, at x =0 is less than the peak of E, by a factor greater than k,d, > 47z
for this case. Our numerical calculations will illustrate that (5.30) gives a reasonable

estimate of AW for many cases of interest. The asymptotic approximation does not
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show any dependence on y,, (including »,) and hence the approximation has
limitations on validity.
We chose the width of |E, (x)| at half maximum as our measure of the width of

the focus because we found that in the cases we calculated with &,, and u,, both very

\ )
1.5+ -

\ Real(E, )
\ ----Imag(E, )

-
T
1

Partial fields E ; and E2 (VI 0)
o
(4.}
/

k px, normalized x coordinate

Figure 5.7 Asymptotic transverse field components in the focal plane for slab
thickness d, =24, and &,, =-1.005-0.001;. E, isreal.

close to —1, then the width at half maximum did not recur in more distant sidelobes.
However, this is not true for widths measured to a lower value, such as the 1/e value.
Also, we chose to concentrate on E, because with the chosen polarization the perfect
focus limit maps the transverse delta function in E, to a transverse delta function, but
not so for the other components. We shall show in a particular case how this makes

the focusing much worse in terms of Poynting vector magnitude or energy density.
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Relation to uncertainty principle

The uncertainty principle relates the rms widths of |E, (x)|2 and |E (k) * about

their respective means, where E, and E, are a Fourier transform pair. This principle

gives the result that

AW AK" 21/2 (5.32)

where
Ak' = rms width of the k, spectrum of the image, and

AW’ = rms width of the field E, (x) of the image .

This uncertainty relation comes from quantum mechanics and the relation
between two canonically conjugate coordinates (e.g., the coordinate x and the
momentum p, = hk, ). The main point is that the momentum representation, say
a(p,), is the Fourier transform of Schrédinger’s wave function y(x) in coordinate
space. The probabilities of the particle (photon) being located at x within dx is
|;z/(x)|2 dx and of having momentum p, within dp, is |a( Px)|2 dp.. So the uncertainty
principle is a result concerning the probability distributions that are the absolute
squares of wave functions.

The uncertainty principle does imply limits on the focal width. However, for
the photon momentum spectrum E, in (5.19) (a uniform distribution over a finite
interval), Ak™ = k, /+/3 and the corresponding coordinate distribution is a damped
sine that does not have a finite mean square value. With the sharp roll off of the
spectrum as shown in Figure 5.6, Ak is only slightly larger than k,/ V3. Sothe
relation (5.32) says that the rms uncertainty of the image position of the exact solution

AW 23 /(2k,)=0.866/k,.

However, the uncertainty relation can be used for an order of magnitude
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estimate by considering just the dominant parts of the two conjugate spectra, with the
assumption that a small additional function will bring smoothness and rapid rolloff
beyond the main lobe in both domains. Then, the uncertainty relation may be used to

estimate the width AW from Ak. In addition, there are several well known widths of
this sort. In particular for a rectangular k, spectrum of E, with width k, = 27, which

applies for the case where all real components are focused, but evanescent components

do not contribute,

AW =0.6 (two-significant figure accuracy). (5.33)

Also, the width AW, between the first zeros of E, is given exactly by

k,AW, =2r,
which may be used as a measure of the width of the central peak of E, but is not so
useful for our general case where the E, contribution (or the complete solution) has a
significant effect on the zero location.

There is another Fourier transform pair for which the relation of widths at half
height (the 3-dB width) is often used as an approximation in the estimation of the
transform of a function that has many peaks. This pair consists of the damped
exponential in time and the simple pole in the frequency domain. The prototypical
pair may be taken as

G(t) =exp(-jo,t)e” and g(w)= ——J— (5.34)
o-o,+jT

Since G(¢) is assumed as a causal function starting at ¢ = 0, the width z at half height
of |G(¢)[' is r=In(2)/(2T). The 3-dB width of |g(a)|" about its peak value of 1/

is Aw =2T and thus 7A® =In(2) . However, the uncertainty relation (5.32) does not
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provide a useful estimate here because the probability distribution corresponding to
constlg(a))l2 =(x/ I“)|g(a))|2 has an infinite variance.

From (5.17) the transverse width at half height (6-dB width) can be written as

a 3.791
Jk+[m@ilo)yia, T
This asymptotic formula shows that AW can be made arbitrarily small as

5| =

AW (3.35)

&, +1|— 0. The asymptotic approximation requires that |5, | = |4, +1| be of

the same order as

&, +1|. Equation (5.17) and a less-specific width estimate
comparable to (5.35) were derived in (Thomas & Ishimaru 2002). Similar formulas
have been obtained by (Smith, Schurig et al 2003), (Podolskiy & Narimanov 2005),
and (Lu, Grzegorczyk et al 2005). Also, the approach to small AW is quite slow
because of the logarithmic dependence and because other calculations indicate that to
have a peak in the Z direction (the propagation direction), d, must be somewhat
greater than a wavelength. A thin slab can provide a sharp transverse focus, but the
|Ex |2 pattern will form a ridge along the Z axis with peak falling off gradually with
distance from the slab.

To emphasize the significance of (5.35) we show in Figure 5.8 the transverse
focal width AW versus slab thickness for four values of the parameter |5,|. If the slab
thickness is greater than about 3 wavelengths and |6e| >107*, the transverse focal
width is a substantial fraction of the large thickness limit of 0.6 wavelengths. On the
other hand, if the slab is quite thin in wavelengths, then AW can be small in
wavelengths. We believe this explains certain experimental results, e.g., (Melville &
Blaikie 2005), where a very thin slab of silver was used as a quasistatic approximation
to a negative index medium to obtain subwavelength resolutibn. However, we caution

that the limit d, =0 means there is no slab and the image plane becomes the source
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plane. We have substantiated the asymptotic formula by many exact Fourier
transform calculations. That is, if |8, >|5,,| or both are of the same order, then the
formula (5.35) is a good approximation. If |6,|>>|,|, a rough estimate is obtained

by using 6, =-6, -6, + 6,0, inplace of J,.

0.7 : x ' ‘ : A ‘
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c
2 . ———
s —~
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: "’ |
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s
- J
8
: — 18, = 0.01
R 18, = 0.001 ]
% ........... |Se| = 0.0001
=
..... |5 | =1e-015 -
e
0 4 L ] L L L L L
0 1 2 3 4 5 8 7 8

Slab Thickness, d, (wavelengths)

Figure 5.8 Asymptotic approximation for transverse focal width at half maximum of
|EX| . The larger three deviation parameters J, are estimates of achievable

possibilities. The smallest §, may be a sublime goal.

5.4.  Numerical calculation of E, fields and transverse focal widths

We have evaluated the transmitted E, field accurately for many cases over a
fairly broad region of the 2-D X-Z space. The calculations are limited somewhat in
distance from the subsource line because the oscillations of the integrand become very
rapid for large x or z. We have explored outto z=154 andto x~124,. For the

most part we have explored cases where the imaginary part of ¢,, or u,, is around
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10~ , which keeps the resonance that occurs near k, to be reasonably smooth as we
shall illustrate.

As a first example, Figure 5.9 shows a comparison of the exact solution for the
case corresponding to that shown in Figure 5.6 and Figure 5.7 with a modified plot of
Figure 5.7. Recall that E, is a purely real function and E, is a function with constant
phase. The E, quantity plotted in Figure 5.9 is the E, function multiplied by the
inverse of its constant phase to produce a real quantity (with choice of positive real at
x=0). Figure 5.9 then shows that theRe(E,) is roughly within E, of E, and the
|Im(Ex )| ~ |E2| . This is consistent with the spectral comparisons shown in Figure 5.6.
Further details of E, in the region near the focal point are shown in Figure 5.10. Note

that the scale for x in Figure 5.10 and subsequent figures is in wavelengths.
2.5 T T T T T T
—_— E1
- N (e Phase Shifted E,
2 S (o ReaI(Ex) exact

........... |mag(Ex) exact

I

ymptotic partial fields

X

Exact numerical E_ and as

kpx, normalized x coordinate

Figure 5.9 Comparison of exact (£, ) and asymptotic field (£, and E,) in the focal
plane for slab thickness d, =24, ¢,, =-1.005-0.001;, u,, =-0.99502-1e-007; .
E, isreal.
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For this case where k,/k, =1.10718 and k, =27/ 4,, the conversion factor for Figure

5.9 is to divide k,x by 6.9566. The peak value of |Ex| in the focal planez,,., =14,

is 2.177 V/wavelength and the magnitude of E, reaches half this value at

X,, =0.2752 wavelengths. Since E_ is symmetric in x, the full width at half

maximum is AW =2X, =0.55044,. By (5.30), the asymptotic estimate for the full

width at half maximum is AW =3.791/k, =3.791/(1.10718(27)/ 4,) = 0.54494,,

within 1% of the accurate calculation.

25 T T T T T
\\ th PeakE
2L — 7 -o8 02721 2.169 -
N fromExit 02752 2.177
\\ L—— 0.3077 1.954
\
\ = Zhomeit = 2
T ]
E t
S \
w |
1+ Iy .
i\
! \
IR
.
AN
ATAN
0.5+ A 4
N
\\ /\'/’ ‘\’\\\ _,/,"\,5\ e ,,_b -~ P
N 4 \ N 7 e \\; Lk Sl §\\\_‘/§,"’— -- A\ ______
0 L ! / L | )
0 0.5 1 1.5 2 25

X, distance from sub-source line (wavelengths)

Figure 5.10 Focal tendency for E,. Slab widthis 2 4 . Source distance is 14, in
front of slab. &,, =—1.005-0.0015, g, =-0.99502-10"" ;. The included table gives
values of X, the half width at half height, and of the peak of E, in V/ 4, for the 3

curves in legend order.

Figure 5.10 represents cuts through planes at 0.84_, 1.04, and 1.2 4, from the



107

exit plane, respectively. For this example these correspond to 0.8, 1.0 and 1.2 times
the distance from the exit plane to the focal plane. Figure 5.10 shows that the width of
the central peak at half height is approximately a minimum in the focal plane. Actually
this measure of width is slightly smaller somewhat inwards of (closer to the exit plane
than) the focal plane. But there is deterioration in the quality of focus as measured by
higher sidelobes or by an integral measure of the intensity at greater distances. This
effect can be much more extreme in resonant cases.

More extreme cases occur for our p-polarization when the Im(g,,) =0. All the
loss is associated with the permeability. A case on which we carried out a careful
study to determine the fineness of the grid required for accurate numerical Fourier
transform integrals shows a much more peaked resonance near k,. The parameters of
this case are &,, =-1.0065, u,, =-0.99354-0.001;, and slab thickness d, =14, .
Part of the explanation for this choice is that &, increases with decreasing d, and thus
leads to a higher peak and a larger region where the grid must be fine-meshed. Figure
5.11 shows the spectral peak for this case at about 15 dB compared to a peak at about

5 dB for a medium with the previous values of &,, and 4,, .
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Figure 5.11 Comparison of resonant spectral peaks for slab of thickness d, =14, .

For the resonant case with a pure real ¢,, , Figure 5.12 shows the space domain
plot of E_ in the focal plane. These curves show many features in common with the
asymptotic solution where for this case k, =8.503, or k,/k, =1.3533: The real part
is the dominant part of the solution, and its peak is approximately the peak of E,,
which is 2-k,/k, =2.707 . The imaginary part of E, resembles the function E,. The
full half width AW =2.X,. =0.4529 4, is reasonably close to the asymptotic prediction
of 0.4458 4, given by (5.30).
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Figure 5.12 Transverse cut of E, in the space domain with central peak and
oscillations for slab of 14, thickness and no loss in the permittivity term.

We have calculated transverse widths for many thousands of combinations of
constitutive parameters and slab thickness. One convenient method to summarize the
results is to look at a set of values of ¢,, and ,, that are related so that Re(n,) is a
constant, —1 in most cases to follow. The imaginary parts of ¢,, and u,, are also held
constant. Then ¢, and u, are related by a hyperbolic curve in the Re(s,,) versus
Re(u,,) plane. For cases corresponding to the solid-line curve in Figure 5.12 the
transverse width plotted versus the Re(e,,) is shown in the lower pair of plots in
Figure 5.13. The solid curve is the result of the numerical Fourier transform
calculations and the dotted curve is the asymptotic formula (5.30). The upper pair of

plots show the same transverse focal widths for a slab of thickness d, =54,. The
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b

asymptotic formula is within 1% of the detailed calculation except if |5e| << Ié‘m

where J, =1+¢,,, 6, =1+ u,,. Equation (5.17) and further approximations leading
to (5.23) require more than the general asymptotic approximation; the further
requirement is that |5,| be not small compared to |5,| where &, =-6, -3, +5,5,,.
Analysis of the relationship between ¢,, and u,, required by fixing Re(n,) = -1 and

the imaginary parts of ¢,, and w,, leads to understanding that

5e|z|5m| unless
Re(6,) is small compared to the larger of Im(J,,) or Im(8,). So, in Figure 5.13, the

region where the approximation is not good is where |Re(£2,) + 1| <<1073,
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Figure 5.13 Transverse focal widths through a slab of thickness 14, and 54, with
small loss associated with permittivity.

Figure 5.14 shows the same type of plot for the case where the dominant loss



111

term is associated with permittivity and not with permeability. In this case the
asymptotic approximation is quite accurate across the range of Re(s,,). We have
chosen to show cases with slab thickness d, =14, in Figure 5.13 and Figure 5.14
because we consider these as tight transverse focal distances for reasons given just
before equation (5.26) and also because lack of focusing in the propagation (Z)
direction for thin slabs could make the thin cases less useful. For thicker slabs, the
transverse half width is somewhat greater, as shown by the upper pair of curves in

Figure 5.13 and Figure 5.14. Except for exceedingly small |5e , (5.35) shows that the

transverse focal width for fairly thick slabs (d, 25 4,) becomes close to constant at

3.791/(2* ) ~ 0.6 wavelengths.
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Figure 5.14 Transverse focal widths through slabs of thickness 14, and 54, with
small loss associated with permeability.
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5.5. Zdependence of E, on axis and focal width in the propagation
direction

For thin slabs with n, # -1 we noticed that E, on the Z axis is very strong at
the exit surface of the slab and falls off monotonically with distance z from the slab.
This behavior occurs even though in the transverse direction |Ex| is going from a
wide-spread oscillatory function on the surface to a rather tight transverse focus in the
focal plane and then on to a smooth wide-spread function for large z. On the other
hand, for slabs of thickness greater than about 5 wavelengths, we found that E, peaks
on the Z axis at about the distance of the focal plane and has a width at half height of
about 2 wavelengths, a width that is almost constant, increasing slightly as the slab
thickness increases from 5 to 15 or more wavelengths.

The thin slab case with low loss appears in a contour plot as a sharp ridge with
maximum value at the exit point and peak of the ridge on the Z axis. The width as
measured to the half magnitude point (the 6-dB width) stays approximately constant
out to the (defined) transverse focal plane. Figure 5.15 shows a contour plot based on
num-erical Fourier integrals of the exact solution for a slab thickness d, =0.54, with
small deviations from —1; that is, with &,, =-1.0005-0.0001; and
Uy, ==0.99950025-107" j . The real part of u,, (carried to more significant figures)
is selected to make Re(n,) equal to —1 to machine accuracy. Figure 5.15 shows how
the thin slab case does not provide a spot focus as usually imagined. This ridge focus
is another reason why we have concentrated our calculations on thicker slabs. To
provide data on this thin-slab case for direct comparison to other cases shown in this
Chapter, Figure 5.16 shows exact numerical calculations of E, in the focal plane. In
this plane, the focal width (at the 6-dB level) is significantly less than a wavelength,
with AW =0.108 4, as indicated on the plot. The plot of IEXI on the Z-axis shown in

Figure 5.17 shows in another way that there is no sensible focal width in the
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propagation direction for these thin slab cases.
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Figure 5.15 Contour plot of |Ey| for a typical thin-slab case with
n,=—1-5.025-10"; The peak of the transmitted field occurs at x =z =0 (position
indicated by an ‘x’) with magnitude 79.3 V/wavelength as annotated. The next-to-
lowest contour level is chosen to go through the defined focal plane (z =0.254,) and

the lowest contour is at half of this level. All the contour levels are chosen to increase
by about a factor of 2 as the contours get closer to the exit plane.
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Figure 5.17 Magnitude |E,| on the Z axis in V/ A, for same case as Figure 5.15 and

Figure 5.16.
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We can understand this change in behavior from asymptotic analysis following
somewhat along the developments of Section 5.2. The Fourier transform for the field
on the Z-axis (i.e., at x =0) is the zero-spatial-frequency value of the integral given
by (5.10). The invariance of (5.10) with respect to z—d, +d, in the physical region
z>d, is areason why we concentrated on just the one value of d, =0.5d, for the
distance of the source to the incident plane of the slab, with the symmetric result for
the distance from the exit plane to the focal plane.

An asymptotic evaluation of (5.10) with x =0 again breaks the integral into

two regions. Region (a) will use the approximation (farthest right)

T(k,) ~ exp(—jd,\[k? —k2) ~ exp(jd, [k —k2), (5.36)

and region (b) will use the equations of (5.5) and (5.3). However, the boundary
between (a) and (b) will be at k, =k, (instead of k,) because this choice provides a
good approximation over the full range of z except in a small interval of length J,
about k,. The integrand does not get large in this small interval, but has two branch
points where T'(k,) vanishes so the contribution to the complete integral is small. The

integral over region (a) will be denoted as E, and over (b) will be E,. Thus,

1 =?17; f:o exp(- Nk =k (z-2d, +d,))dk, . (5.37)

To calculate the remaining E, contribution to E, on axis, we use (5.5) with the

replacement \/k? -kl =~ \/ k2 —k? . Since exp(-jk,x) does not occur in the on-axis
integral, the integrand is symmetric in &, and we obtain twice the integral over the

upper range.

E

== 5.38
Y ( )

2 exP(—\/kf_‘kj—(Z—Zdz +d1))
.‘:1—(1{,,/4)[exp(2d2\/k3—_]g)_l:|dkx.
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In numerical calculations we used 4k, for the upper limit because the integrand is
extremely small and decreasing rapidly beyond that point. We recognize that the focal
distance in this z coordinate measured from the incident surface of the slab is

z, =2d, -d,. We can make (5.37) and (5.38) more general by replacing z-2d, -d,
by z—z, so we can now use the exit plane or the image plane for the z coordinate
origin. This form emphasizes the translational invariance of the solution in the sense
that, as the source and image are kept a distance 2d, apart and the slab of thickness
d, is translated parallel to itself in the intervening region, the solution for the
transmitted field remains the same relative to the image point. Only the cutoff of the
transmitted region, or in other words, how far the solution extends from the image
towards the slab, changes.

E, has a very nice form in that it is independent of the constitutive parameters
and of slab thickness except for focal plane location. This “universal” function is
shown in Figure 5.18. The real part is symmetric and the imaginary part is
antisymmetric about the focal distance, so the magnitude is symmetric as shown. It
should be noted that the width of E, about the focal point as measured at the half

maximum level is
AW,=191424,. (5.39)

It is this “universal” width of E, that accounts for the fact that for all fairly thick slabs

the focal width along the Z direction is about 2 4, .
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Figure 5.18 E, is the asymptotic low-spatial-frequency contribution to the
transmitted E, component evaluated on the Z axis. The plot is translated to be

centered on the focal plane. Negative distance is towards the slab. The half maximum
value occurs at D =+0.95707.

To understand when and how E, determines the focal width in these cases, the
contribution of E, must be examined. We evaluated (5.38) with what we call the
third-order approximation (5.3) for R, . Again, we have assumed the symmetric case
with the source at a distance d, =d, /2 away from the incident side of the slab. E, is
largest at the exit plane of the slab and falls off rapidly with distance from the exit
plane. Also, it is much larger when the slab is thin. Figure 5.19 illustrates how
severely E, changes as the slab thickness increases from 14, to 8 4. It is important
to note the change of scale (both vertical and horizontal) for the different slab

thicknesses.
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Figure 5.19 E, is the asymptotic high-spatial-frequency contribution to the
transmitted E, component. The z origin is translated so that z is measured from the
exit plane of the slab. These calculations are for the case &,, =-1.0005-0.001, and

Uy, =—=0.9995-107 ;.

The asymptotic calculation of E (z) = E, + E, on the Z axis then reveals no
peak for thin (approximately d, <1) slabs and a shifting but near constant peak for
thick slabs. Figure 5.20 shows the results for the cases of Figure 5.19. The exact
calculation of E, (z) from numerical integration of (5.10) is shown in Figure 5.21 for
the same cases. The magnitudes are quite close except near the exit plane for the thin
slab with d, =1, where the exact calculation has a peak (not shown in the figure due
to scaling for comparison to Figure 5.20) of 49.36 V/ 4 at the exit plane. In general,
the approximation for E, is somewhat rough because it is used to approximate to

lower spatial frequencies than the derivation indicates to be valid.
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Figure 5.21 Numerical Fourier integral calculation of E, evaluated on the Z axis
translated so that z is measured from the exit plane of the slab. For the case
&,, ==1.0005-0.001; and y, =-0.9995-107;.

To summarize the focusing typical of a thick slab with d, =54, Figure 5.22
shows a contour plot of E, in X-Z space with equal-length axes. The plot data come
from a numerical evaluation of the exact Fourier integral solution. The distance of the

source from the incident plane is d, =d, /2.
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Figure 5.22 Contour plot of |E,|. For the case d, =5, &,, =-1.0005-0.001; and

Uy, ==-0.9995-107 j . The contours are at 0.9, 0.75, 0.5, 0.3 and 0.1 of peak value.

The peak location is at the point plotted with an x. The heavy contour is the Y2-height
contour.

3.6. Variation of focal distance with Re(ny)

We use here the term focal distance for the Z distance from the exit plane to
the point where the maximum of transmitted E, occurs. By symmetry the peak is on
the Z axis. From the discussion of invariance of the transmitted solution with
translation of the slab between source and theoretical #, = —1 image point, the focal
.distance could more generally refer to the distance from the ideal image point inside

medium 2 (at z =d, —d, as measured from the incident plane) to this peak of E, .
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Also, previously in this Chapter we used focal point to mean the theoretical
geometrical focal point of the n, = —1 slab. Since we have computed only cases with
d, =0.5d,, there is just an additive shift of 0.5d, between these two definitions for
our computations.

The program that generates the calculations and plot of Figure 5.23 is very
useful to visualize how the shape and position of the peak of |Ex| change with changes
in the index of refraction and in the constitutive parameters. We find that the focal
distance increases for small increases in Re(n,) from —1 (i.e., decreasing |n2|) and the

focal distance decreases asRe(n,) goes from —1 towards more negative values.
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Figure 5.23 Contour plot of |E,|. For the case n, = &,, = 41,, = -0.98-0.00098 j

with d, =5. Contour levels and peak x as in Figure 5.22. The quantity Z,,, refers to

distance from exit plane to peak at E,,, = max|E,| in V/4.
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Also, as Figure 5.23 and Figure 5.24 show, the half-height contour develops “ears” on
the end in the Z direction towards which the contour is moved relative to the n, = -1
case. This means that small peaks above half height are developing in these ears.
These peaks represent a general trend toward higher side lobes. Our calculations show
that to visible levels the contours in Figure 5.23 and Figure 5.24 depend only on
Re(n,) and not on particular ¢,,, 4, combinations as long as the two are reasonably

close to each other. In Figure 5.23 and Figure 5.24 we chose n, = ¢,, = i, and
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Figure 5.24 Contour plot of |Ex| For the case n, = ¢,, = u,, =—1.02-0.00102
with d, =5. Contour levels and peak x as in Figure 5.22. The quantity Z,,, refers to

distance from exit plane to peak at x. E,, =max(E,)) in V/4.
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set the loss tangent for all of these to be 0.001.
Figure 5.25 summarizes the results of many runs of the types shown in Figure

5.23 and Figure 5.24 and also results for slab thicknesses of 4 and 6 wavelengths.

o
o

X

Distance to peak (1) or Peak |E_| (V/A)

Figure 5.25 Solid curves show Z distance from exit to peak of E,. The dash-dot

curves give the value of the peak. The peak-value curves are inverted in order from
top to bottom relative to the focal distance curves. (Thicker slabs provide more
attenuation.) Calculations for case n, = &,, = 4,,. Loss tangent =0.001. 4, =0.54,.

The small kinks and inflections in the focal length curves in the region n, < -1
(most pronounced for the thinnest slab) were unexpected. For a selected value of slab
thickness d, the curves of peak E, have corresponding inflections at the same values
of n, (barely visible at the scale shown in Figure 5.25. This behavior appears related

to the growth of sidelobes and changing patterns as shown in Figure 5.22 through
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Figure 5.24. The region n, < -1 has greater complexity introduced by the finiteness
of the region into which the higher-amplitude sidelobes are being squeezed and the
fact that all the non-evanescent waves are transmitted through medium 2.

Ifn, =-1+6,, |5n| <<1, n, real, then near axial rays focus geometrically at the point
z,=2d,~d, +6,d, (measured from the origin in the plane of incidence), but farther
from axial rays deviate increasingly more from this point in their axis crossing as the
incident angle @ increases. In contrast, for —1 <n, <0 a portion of the pulse incident
at large angles (angles greater than the critical angle) become evanescent in the

transmission region.

5.7.  Focusing of the Poynting Vector and Energy Densities

These results are from numerical calculations of fields based on (5.10) for E,
and the similar Fourier inverse transforms for the transmitted components H; and
ET . From here on we omit the superscript where we are dealing only with

transmitted components. Explicitly,

o =9 ‘ET(kx) exp[-jk,,(z—d, +d,) - jk.x] dk, (5.40)
Y 2 kzl
-1 k . .
£, =2 [ 10 Bl b, - dy v d)- o1k, (54D
T o= z1

where k,, =/k2 —k and the correct sign of the square root must be chosen to
attenuate outgoing waves.

From a set of a dozen cases for which all the components were calculated and
from them the Poynting vector and energy densities, we have found a few properties
of the focus that are probably general. Since in the limit of &,, = -1 and x,, —> -1
all the components in the theoretical focal plane are restored to their values in the

source plane, the Poynting vector should show a focusing peak near the theoretical
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focus. We find that this Poynting peak of Re({| S |} is

(a) closer to the exit plane than the peak of| E, |. This has meaning only if
there is a peak relative to the Z direction (the propagation direction).

(b) In these cases, the peak of Re{| S |} is tighter than the peak of | E, |. By
this we mean that the half widths at 3 dB and 6 dB below the peak are
smaller in both the transverse (X) and propagation (Z) direction. The dB
measure is taken per the appropriate definition so that, for example, the —6
dB level is about half the peak for | E, | and about one quarter the peak for
Re{| S}

(c) When there is no peak in the Z direction (This corresponds to a case with a
relatively thin negative index layer, thickness less than about 1
wavelength.), the transverse focusing of Re({| S |} is broader (i.e., has
larger 3-dB and 6-dB widths) than that of | E_ | as calculated in the
theoretical focal plane.

We shall now present a series of plots to illustrate cases that are chosen to be
comparable to previous calculations in this chapter, or with variations from these. We
start with results for the case shown in Figure 5.22, where the NIM layer of width
d, =5 has ¢,, =-1.0005-10"j and u, =-0.9995-10"j. (More precisely, the
Re(u,,) is chosen to make Re(n,) =1 to machine accuracy.)

Figure 5.26 is a contour plot of Ref{| S |} for this case with the 2 heavy
contours being at 3 dB and 6 dB below the peak. The one outer contour shown (at 10
dB below the peak) can be interpreted as illustrating that the power is flowing into the
focal point along several paths, but one strong path is at an approximately constant
angle that appears to come from x =5 on the exit plane. This flow accounts for the

extension of the 6-dB contour in this direction. The next figure, Figure 5.27,is a
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Figure 5.26 Contour plot of real part of the Poynting vector, for case with d, =54,
g, =-1.0005-107j and u, =-0.9995-107;.
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Figure 5.27 Contour plot of|E,

, for case with d, =54, &, =-1.0005-107 j and

Uy, =—0.9995-107 j . In both Figure 5.26 and Figure 5.27 the heavy contours are at
3 dB and 6 dB below the peak.
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replot of Figure 5.22 with just the half space in x and z shown, to be comparable to
Figure 5.26, and with contour levels chosen to allow better dB comparison to Figure
5.26 because the heavy contours are also at the level of 3 dB and 6 dB below the peak.
One may easily see that the width of the corresponding contours in Figure 5.27 are
larger as measured along the Z axis and slightly fatter as measured in the transverse
(x) direction along the line through the peak. The numerical values given on the plot
are for the full widths (i.e., in the x direction the symmetric part of the contour in
negative x is included) in wavelengths. In Figure 5.27, further abbreviations of these
widths were used; for example, W3dby refers to the transverse or x direction width 3
dB below the peak. The transverse widths of Re{| S |} are slightly less than 0.9 times
the transverse widths of |Ex| , while the width 6 dB down for Re{| § |} in the Z
direction is only 0.66 times this width of IEx] . This ratio is 0.76 at 3 dB below the
peak. In Table 5.2, to be presented after more detailed considerations, we shall gather
these widths for a number of cases. In Figure 5.27, it is difficult to separate the two
outer contours. The next-to-outer contour at roughly 10 dB below the peak includes
the left-most contour from top to bottom of the figure plus two small closed ovals near
the bottom (left and right of this long contour) plus a short segment about the origin.
Next, Figure 5.28 shows the direction of the flow of Re {S} corresponding to
the magnitudes in Figure 5.26. Figure 5.28 is a MATLAB quiver plot, which plots
vectors with length proportional to Re{| § |} and direction of Re {S} on a rectangular
grid. Upon exiting the NIM at z =0 the Poynting vector flows alternately towards
and away from the Z axis and forms complex patterns to reach a peak magnitude with
direction flowing outwards in the vicinity of the focal point. The details of the
complex pattern change noticeably from case to case, but the general properties

remain.
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The magnetic and electric stored energy densities and the total energy density
also show interesting patterns in contour plots. The time-averaged electric and
magnetic energy densities ¥, and W, in free space (the transmitted-field region) for

the single-frequency cases we are considering in this chapter are given by
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Figure 5.28 Quiver plot of Re{S} for same case with d,=54,,
&, ==1.0005-107; and u, =-0.9995-107";.
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(5.42)

respectively, where £ and H are the vector phasor amplitudes of the electric and

magnetic field in accordance with the notation we have been using. Then, a total

stored energy density may be defined as W =W, +W_ . Since we calculated all the

fields to get the Poynting vector, these densities are evaluated directly from (5.42).

For the same case as shown in Figures 5.26 through 5.28, a contour plot of

W, is shown in Figure 5.29 and of W, in Figure 5.30. Figure 5.29 shows that W,

forms a compact focal pattern about a peak at z=2.44 4 just inwards of the

z (wavelengths)

L max(lel) = 4,1838e-011 at 2 = 2.4375

Contours at: -1 -3 -6-10
dB below peak

I e
m N Transverse width 3 dB below max = 0.35786

N Z width 3 dB below max = 0.84366

. Transverse width 6 dB below max = 0.4835
Z width 6 dB below max = 1.167

| I
0 0.5 1 1.5 2 2.5 3 3.5

x (wavelengths)

Figure 5.29 Contour plot of stored magnetic energy density for d, =5,
&, ==-1.0005-107/, and g, =-0.9995-107 ;. The contours at—3 dB and -6 dB

relative to the peak are shown in heavy line widths. The peak location is indicated
with an x. Note that the widths of the peak at these two levels are somewhat (8% to

10%) smaller than the corresponding levels for Re {S} shown in Figure 5.26.
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theoretical focal point. In contrast W, has a broader pattern and, at the —6 dB level,
the contours show a standing wave pattern that extends beyond x =44 . Hence, we
calculated transverse- and propagation-direction widths for the contours of ,,, but
did not want to make such a choice for the complex pattern of Figure 5.30. One other
interesting feature of these two plots is that the standing-wave pattern (at the -10 dB
level) for W, alternates positions of peaks and valleys compared to the standing wave
pattern (at the —6 dB level) for #,. The peaks of W,, and W, are such that the total
stored energy W shown in Figure 5.31 has long streaming patterns (at the —10 dB
level) that appear to correspond to the regions where the Poynting vector is strongly

carrying energy into the focal zone.

T T T T T T T T T

max(W,|) = 1.7199e-011 at z = 2.5

Contours at: -1 -3 6
dB below peak

z (wavelengths)
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Figure 5.30 Contour plot of stored electric energy density for d, =35,

£,, =—-1.0005-107j, and 4, =-0.9995-107" . Only the contour at -3 dB is

shown in heavy line width. There is a small valley inside the principal -3 dB curve
that extends from about z=1.9 to z =3.1 and there are three peaks above the -3 dB
level exterior to the principal contour.
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The calculations and graphics shown in Figures 5.26 through 5.31 represent a
thick-layer case where the asymptotic approximation of (5.39) gives a close estimate
of the Z-direction width of the peak of |Ex| (at the level of 6 dB below the peak). A
contrasting thin-layer case with d, =0.5 4, will be illustrated in the next three figures.
The characteristic feature of the thin case is what may be called ridge focusing. That
is, there is no relative peak in the Z direction along the Z axis. Along this axis there is

a sharply focused ridge out to the theoretical focal point and somewhat beyond with a
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Figure 5.31 Contour plot of total stored electromagnetic energy density for d, =5,

g,, =—1.0005-107, and u,, =-0.9995-107 j. The contours at -3 dB and -6 dB

relative to the peak are shown in heavy line widths. The peak location is indicated
with an x. Note that the transverse widths are smaller than those of #,, given in

Figure 5.29, but the propagation-direction widths are larger.
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monotonic decline in intensity with increasing z. This ridge feature applies to both

, as noted previously in Sections 5.3 and 5.5, and to Re({| S |}. Further, the

EX

relative steepness of the ridge in the theoretical focal plane is steeper for |Ex| than for
Re{| S |}, which is a reversal compared to the thick-layer case. The contours shown in
Figure 5.32 and Figure 5.33 are not scaled relative to the value at the theoretical focal
point, but rather to the maximum of Re{| S|} or |E,|. In both cases this maximum is
at the origin (the sub-image point in the exit plane of the NIM). Therefore, the
contours that are at —3 dB and — 6 dB relative to this maximum do not give a direct

measure of the width of the peak in the focal plane.
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0.3 max([$,|) = 0.32194 7
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0.25r+ i
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E015r .
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0.05 -
L

0.6
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Figure 5.32 Contour plot of real part of the Poynting vector, for thin slab case with
d,=054,, &, =-1.0005-10"j and u,, =-0.9995-107 .
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The width values have been calculated from our standard complete set of
values of Re{| § |} and |E,| calculated on a fine grid covering for this case the region
outto x=24, and z=1.05d,, where (to reiterate) d, = the slab thickness and the
source is at a distance d, = 0.5d, to the left of the slab; thus, the theoretical image
plane is at z =d, to the right of the slab.

The (theoretical) focal plane for Figure 5.32 is at z=0.25 4,, as indicated by

an x on the z axis. This plot reveals a rather broad ridge focus for Re({| S |} compared

to |E,| as shown in Figure 5.33.
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Figure 5.33 Contour plot of |Ex , for thin slab case with d, =0.54,,
&,, =—1.0005-107j and 4, =-0.9995-107.

For this thin case the widths of the

Ex| peak in the x direction, measured in the
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theoretical focal plane, are significantly smaller than (about 40% of) the values for

Re{| S |}. The |Ex| focus is quite a bit tighter than the limit for a large positive-index

lens, which would correspond to the asymptotic results (5.30) and (5.31) with k, =k,

which give a 3-dB width of 0.442 A and a 6-dB width of 0.603 A.

The Poynting vector flow for this thin slab case is also quite different from the

thick case. Figure 5.34 is a quiver plot of this vector flow. It shows a large amplitude

Poynting vector coming out of the sub-image point in the exit plane and a strong drop

in amplitude with increasing x in any fixed z plane between the exit and the

z (wavelengths)

0.256

0.2

0.15¢

0.1

0.05

0

O T
........................
..................

............................

Yttt s
L
N

LIt trtres,.

Ptrrss..,
W ires.

’,’///////4—~~\\\\\\\\\‘

“““““ NANNNANYANN Y S

= ;;f/////’da“\\\\\\\\\\\\\\ PR

it

?

f/////”dau\\\\\\\\\\\\\\\\\\\\\\\\ RN

/5144,*‘\\\\\\\\\\\‘\“"\\\\\\\\‘\\ R R T T

//// ///M\\\\\\\\\\rr,,r O A AP
/ //L) ! 1 1 L 1

0 0.3 0.4
x (wavelengths)

0.5 0.6 0.7

Figure 5.34 Quiver plot of real part of Poynting vector for thin slab case with
d, =054, &, =-1.0005-10"; and 4, =-0.9995-107" ;.
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theoretical focus at z=0.254,.

The x-dependent behavior is seen much more easily in plots of Re{] S [} versus
x because the quiver plot rapidly loses sensitivity to show variations in Re {S}
wherever the magnitude is less than about 0.2 of the peak. However, we wanted to
show this flow pattern and to note that there are regions along the exit plane where the
flow of real energy appears to go back into the NIM and then reemerge at larger x
values. We have noticed this feature in all of our thin slab cases.

Contour plots of stored energy, electric, magnetic and total, for the thin-slab

case of Figure 5.32 through Figure 5.34 are shown in Figure 5.35 through Figure 5.37.
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Figure 5.35 Contour plot of stored magnetic energy density for case d, =0.54,,

g,, ==1.0005-10"j, u,, =~0.9995-10" j . The heavy contour is at 6 dB below the
maximum.
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These plots all show a broad ridge behavior with a narrow width in the
theoretical focal plane. The electric energy density, Figure 5.36, and the total energy
density, Figure 5.37, have maximum values on the exit plane away from the sub-

image point at z=0.
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Figure 5.36 Contour plot of stored electric energy density for case d, =0.54,,
&, ==1.0005-107j, p, =-0.9995-10"" j. The heavy contour is at 6 dB below the
maximum. The maximum point, denoted by an x, occurs at x = 0.0967 4,.

For all three stored energies, the magnitudes at the theoretical focal point are
roughly 15 to 20 dB down from the maximum in the exit plane. By comparison with

values in Table 5.2 (see following), the transverse widths of these energy densities in
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the focal plane is intermediate between the width of |E,| (narrowest) and that of the

magnitude of the Poynting vector (broadest).
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Figure 5.37 Contour plot of total stored electromagnetic energy density for case
d,=0.54,, &, =-1.0005-10"j, u, =-0.9995-10" j. The heavy contour is at 6

dB below the maximum. The maximum point, denoted by an x, occurs at
x=0.11124,.

Several interesting variations on these patterns can be seen in the 10 other
cases that have been run through the complete calculation of all components and a
large set of plots to show the behavior clearly in all dimensions. One particular
difference is in the gyres, clockwise or counterclockwise, tight or broad, found in the

quiver plots.
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We summarize the focal width behavior for 12 cases in Table 5.2 and Table
5.3. Thickness is given in wavelength units as are the width entries. The column
headings in the second row (third through eighth columns) designate the quantity for
, the full

which the width is calculated; namely, the asymptotic approximation of |Ex
numerical integration calculation of |Ex| , and the calculation of Re {|§ |} from the full
numerical integration calculation of all three field components.

In Table 5.2 the asymptotic widths are calculated from formulas (5.30), (5.31),
and (5.17). This table shows that these formulas provide excellent estimates of the
transverse widths of peaks of |Ex| . The transverse widths of the peaks of Re {|§ |} are
less regular in their dependence on J,. Note that 6, and &, are completely
determined by the conditions that Re(n,) =—1 and Im(y,,)=-10"". However, the
peak widths of Re{|S|} may depend functionally on all these quantities and the layer
thickness.

In Table 5.3 the asymptotic widths are for the thick case only. They are the
“universal” widths of |Ex| on axis in the Z (propagation direction) given by the
function shown in Figure 5.18. The 6-dB half width was given specifically in (5.39).
They are in fact the limits possible without evanescent wave restoration. Note that
there are no entries for the thin case because the ridge focusing does not show a
decrease in |E,| or Re {|S" |} inwards of the theoretical focal plane along the Z axis.

The DNE entry for the intermediate thickness d, =2.5 and
g, =-0.995-107j at 6 dB below the peak stands for Does Not Exist. That is, the

minimum of

Exl between the exit plane and the theoretical focal point on the Z axis is

noticeably more than half of the peak value.



Table 5.2 Transverse Widths of the Focal Peak in Wavelengths

140

At 3 dB below peak At 6 dB below peak
Thickness €2r Asy |Ey| | |Ex] | Real|S| |Asy|Ey|| |Ex| | Real|S|
-1.005-107  ]0.4345 [0.4406 |0.3928 [0.5927 [0.6012 |0.5312
d;=5 [-0.995-10% [0.4345 [0.4408 [0.3915 [0.5927 [0.6015 |0.5293
-1.0005-10% {0.4302 [0.4408 |0.3920 [0.5869 [0.6011 [0.5301
-0.9995-10j [0.4302 |0.4405 [0.3919 [0.5869 [0.6011 [0.5299
-1.005-10% [0.4134 |0.4149 |0.3707 |0.5640 [0.5665 |0.5015
d;=2.5 [-0.995-10% |0.4134 [0.4181 [0.3706 [0.5640 |0.5707 |0.4992
-1.0005-10 [0.3992 {0.4107 |0.3667 |0.5446 [0.5607 [0.4943
-0.9995-10% [0.3992 [0.4111 |0.3663 [0.5446 [0.5614 |0.4938
-1.005-10%j  10.2059 [0.2072 [0.5449 {0.2809 {0.2858 |0.9704
d;=0.5 [-0.995-10% 10.2059 [0.2073 {0.3891 [0.2809 |0.2860 |0.6150
-1.0005-10 [0.1711 {0.1702 |0.4077 |0.2334 {0.2328 |0.6301
-0.9995-10 [0.1711 [0.1702 [0.3856 |0.2334 |0.2328 [0.5739
Table 5.3 Widths in the Propagation Direction
At 3 dB below peak At 6 dB below peak
Thickness €or Asy |[E«| | |Ex] |Real|S| |Asy |Ey|| |Ex [ ReallS|
-1.005-W4j 1.219 1.190 |0.9093 [1.9142 [1.975 |1.3003
d=5 [-0.995-10% [1.219 1.193 |0.9012 [1.9142 {1.982 |1.289
-1.0005-107j {1.219 1.190 }0.9094 [1.9142 |1.975 |1.300
-0.9995-107j {1.219 1.190 |0.9076 [1.9142 [1.977 |1.298
-1.005-107; 0.9914 |0.8564 1.526 |1.237
d;=2.5 [-0.995-107j 0.9388 [0.7767 DNE |[1.124
-1.0005-107 0.9315 |0.8033 1.445 |[1.164
-0.9995-107 0.9216 |0.7896 1.438 |1.145
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5.8.  Comparison to an alternate approach

Recently Grbic and Eleftheriades published an investigation of the focal
limitations of negative-refractive-index transmission-line lenses. They treated a
similar 2-dimensional source with their discrete-type of approximation to a negative-
index medium, and they constructed a square grid of inductors and capacitors to model
their network. Thus, they established the following parameters for the source and
transmitted field regions:

M, =2.539-0.006j , =1.458-0.003; . (5.43)
Then with a conjugate structure in the simulated NIM region, they obtained
u, ==2.539-0.038 g,=-1.456-0.071;. (5.44)

Our Fourier transform methods can be applied to continuous media having these
permittivities and permeabilities with appropriate care in the choice of the &, grid for
the numerical integration. The negative-index focusing property can be derived for
any real index of refraction in a similar fashion to our derivation in Chapter 3 of the
types of waves possible at a planar boundary (Ishimaru, Thomas et al 2005). That
work shows the waves depend only on the ratio of the indexes of refraction of the two
media.

Hence, we calculated the transmitted E, due to our standard line source in the
positive medium (5.43) through a slab of NIM (5.44). The other parameters of the
calculation per (Grbic & Eleftheriades 2005) are:

Frequency f =1GHz
Slab thickness d, =5 cell units = 4.2:107 m
Source distance d, from incident side = theoretical image distance from exit side

d, =0.5d,.
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Derived parameters are then
Index of refraction of the PIM (source region and transmitted region)
n, =1.92402 -0.004253 5
Index of refraction of the slab n, =-1.92298-0.06126
Wavelength in the PIM 4 =Re(27/k,)=0.155815m.
Thus, the thickness of the NIM slab is 0.26955 A4,, which is definitely a thin slab, and

so we expect ridge focusing. Figure 5.38 and Figure 5.39 show results in the focal

plane.

10+ ‘l/' \ .
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kx/k1, where k, = n1*ko is propagation constant of Positive Index Medium

Figure 5.38 Magnitude of Fourier transform of focused field in the theoretical focal
plane. The focal plane is at a distance 0.5d, =0.13478 4, from the exit plane of the

slab. Constitutive parameters for the case of (Grbic & Eleftheriades 2005).
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Figure 5.38 gives the magnitude of the Fourier transform of E,in dB. With a point
source this quantity is conventionally called the Optical Transfer Function. Figure
5.38 is to be compared with Theoretical OTF A of Figure 4 of (Grbic & Eleftheriades
2005) because they derived OTF A for an unbounded slab, whereas their OTF B was
derived to estimate the effect of the finite grid that they had in their experiment. Their
OTF A agrees well with Figure 5.38 because, as they note, their OTF A drops to -6
dB at approximately k /k =3.
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Figure 5.39 The focused field component in the focal plane at
Z pomexie = 0.5d, = 0.13478 4, . This result is the inverse transform of the optical

transfer function, the magnitude of which is shown in Figure 5.38. The field values
correspond to our delta-function magnetic current line source of -2 V.
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Figure 5.39 is to be compared with Figure 5 of (Grbic & Eleftheriades 2005).
However, their experimental source had a finite width (width at half peak estimated to
be about 1.5 cell units = 0.08 4,). Hence, their focal plane curves (experimental and
theoretical) are somewhat wider (roughly 40% to 50%) than ours in Figure 5.39. Also,
our focused peak should be tighter because of the finite size of their slab and because
the continuous-medium approach would be expected to give a result slightly closer to
the NIM limit.

Finally, in Figure 5.40 we illustrate the field variation over the transmitted
region from the exit plane out to about 1.5 times the slab thickness, or 3 times the

focal distance.
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Figure 5.40 Contour plot of |E,| for case u,, =-2.539-0.038;,

&, =—1.456-0.071; and p,, =2.539-0.006/, ¢, =1.458-0.003,;. Heavy contour

is at —6 dB. Max is at exit point (origin) and peak refers to peak field in the focal
plane at z = 2.5 cell units.
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Note that there are two different references for the dB units in Figure 5.40.
The contour levels are calculated with reference to the maximum of |Ex| throughout
the transmitted region, which is noted on the plot as E_,, . However, the 3-dB and 6-
dB widths for the focal plane are relative to the peak in the focal plane, givenas £,
in this figure. Figure 5.40 illustrates quite clearly the ridge nature of the focusing
where the steepness of the ridge in the neighborhood of its crest on the Z axis stays

about the same for 0 <z <0.54d,.

5.9.  Summary and conclusions regarding focusing by a NIM slab

Our asymptotic approximations and supporting exact calculations show that
the transverse focal width of a uniform material with n, very close to —1 and with ¢,,
and y,, fairly close to —1 is somewhat smaller than the limit provided by a large
positive index lens, which can focus all the non-evanescent rays. This conventional
lens limit may be specified by the focal widths at 3 dB and 6 dB below the peak for
the delta-function source field. These widths are 0.442 4, (5.31) and 0.603 4, (5.30)
respectively. The improved focusing results from amplification and focusing of
evanescent rays out to a wave number k, beyond k, given approximately by (5.17).
The transverse focusing improves only logarithmically with the smallness of the
deviations of the relative constitutive parameters from —1 but inversely with the
thickness d, of the slab. So for substantially reduced focal widths, thin slabs are
necessary.

However, we show that thin slabs provide what we call' ridge focusing. That is,
there is no peak in the propagation direction (the Z direction). To obtain a peak in the
Z direction the slab thickness must be greater than about 2 wavelengths because in all
cases where there is a focal peak relative to the Z direction, the focal width in this

direction is approximately 2 A, at half maximum.



146

Many numerical computation of the exact Fourier transform solutions show
that the approximate widths and the computed widths ofabs(E,) are quite close.
Therefore, equation (5.35) and Figure 5.8 provide useful estimates of the transverse
width of |E, | for any case.

In the thick slab cases we investigated numerically, we found that the Poynting
vector magnitude focuses more tightly than the magnitude of E, , the component which
is a delta function in our line source. But the opposite result that the Poynting vector
focusing is broader than the focusing ofabs(£,) holds for thin slabs. The fields out to
the theoretical focal plane of an n, = -1 slab and beyond are near fields relative to the
source for slabs of thickness 54, and even more. Hence, the Poynting vector
behavior differs significantly from the square of |E,|.

The half-peak-level contour moves away from the exit plane if n, increases
from —1 to —0.98 and moves closer to the exit plane if #», decreases from -1 to —1.02.
With the source set at a fixed distance in front of the slab, the distance to the peak of
the transmitted image contours (what we have called the focal distance) moves in and
out withRe(n,) generally as the contours do. The inflections and small peaks in these
computed curves are attributed to the complexities of the changing contour patterns
with development of many sidelobes or subpeaks.

We have presented cases with minimum deviations of ¢,, or u,, from -1 of
about 107 j to 10 /. Figure 5.8 and (5.35) show that the transverse focal width
could be reduced significantly from 0.6 A, only by use of a thin slab or by making the
logarithm of the deviations noticeably smaller; e.g., to reduce the deviation to =107 ;.
Such a low loss seems improbable with metallic lattice structures. Furthermore, since
source plus image distance (from their respective sides of the slab) equals the slab

thickness, a thin slab implies that the source and image are very close.
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6. Lattice Sum Approach Combined with MoM to calculate
scattering from a periodic layer of cylinders

This investigation was done prior to all the study for the previous chapters. It
provides an interesting method for treating a very special class of 2-D problems, but it
did not lead us to a method for calculating the layer properties of a periodic structure

that could form a negative index media (NIM) structure.

6.1 Review of Yasumoto and Kushta’s Approach

(Yasumoto & Kushta 2000) derived a T-matrix-based method for calculating
the scattering by a periodic array (a single layer) of cylinders. This method provides a
separation of the problem of scattering from the array into two parts. One is the
scattering from an individual cylinder of the array. This solution must be expressed in
transition matrix (T-matrix) form to be used with the second part. The second part is
the lattice sum function of the array. The lattice sum function was originally derived
by Rayleigh, but it was not considered very useful because, in the brute force approach,
this sum is very slowly convergent. However, in a companion paper, (Yasumoto &
Yoshitomi 1999) found an efficient method to calculate these sums as evaluations of a
reasonably convergent contour integral.

One reason that the approach has not led to a 3-D generalization is that it is
based on a scalar wave function, so it is limited to problems that can be described by a
TE or TM solution, with one field component that determines all the others. The T-
matrix approach is based on cylindrical harmonic (2-D) or spherical harmonic (3-D)

representations of the waves. For the 2-D case, if the incident wave is given by

Yoo =2 aid,(kr)e ™ (6.1)
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then the vector a’ = la ;J fully describes the incident wave. For example, a plane wave
is given by a! = exp(jn(d, -7 /2))/(wuk). A general scattered (outgoing) wave is given
in cylindrical harmonics by

¥, = bHP (kr)e ™ 6.2)

where the vector b = [b,, ] fully describes the scattered wave. The T matrix is then
defined as the matrix which produces the scattered wave from the incident wave; that
is b=Ta'. (Yasumoto & Kushta 2000) established the following theorem for a
periodic layer of cylindrical scatterers, with a TE or TM wave so that a scalar wave

function can describe the problem,
b=(I-T-L)" Ta' (6.3)

where L is the lattice sum function. The lattice sum function (matrix) is defined by the

following relations:
L, =S,.,(khd¢")

S, (kh,¢') =D /™ HO (tkh) +(=1)"_ e /™=¢ H® (¢kh)

=1 £=1
Thus, Ly, depends only on the lattice spacing h, or the non-dimensional version of it
which is ki = 22k / A, and the angle of incidence ¢’ relative to the plane of the lattice.
This appears to be a very general formula and it seemed reasonable to hope to
find a 3-D version of this theorem. The proof involves Floquet’s theorem and Graf’s
Addition Theorem for Bessel or Hankel functions. The extra complications of
spherical harmonics with another angular variable seem to lead to a problem that does

not translate to a similar approach.
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In principle, an individual cylinder could be several cylindrical structures lined
up within the cell of the lattice. This feature attracted us to pursue this general method
to solve the problem of scattering (that is, both reflection and transmission) through a
structure that could be of interest in metamaterial studies. The method is limited to 2-
D structures. There was some hope of extension to a 3-D case, but we have not found
that inspiration and Yasumoto, who has continued to work on this, also has not had
success.

I successfully programmed calculations of the lattice sum function and thereby
verified the calculations of (Yasumoto & Yoshitomi 1999). Yasumoto found this
verification helpful. The calculations were based on numerical evaluation of contour

integrals where the integrand has the form

n .
I(t)=[Gn(t)+Gn(—t)]F(t,kh,icos¢) where Gn(t)=(1—*/j+t2) Il 4

—khF,
. 1 .
and F= J2 with F1=eﬂr/4\]j+t2

Fl (1 _e_khFl ejkh cos¢J

The convergence on the variable of integration t is assured by the appearance of F; in
the exponential (along with the 45-degree path). A complication is that G,(—¢) gets

close to — G, (#) when n gets large.

6.2 Calculation of T matrix from MoM calculation of scattered field
Our first application of the method was to a layer of C-shaped dielectric
cylinders with relative permittivity limited to a rather small range. The method of

calculating the scattering from an individual cylinder was an MoM method based on
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the volume integral equation for electric field in terms of polarization current. The
method is detailed in Chapter 12 of (Ishimaru 1991). By comparison of MoM
solutions for circular cylinders and pipes, we found that the MoM method lost
accuracy when &, became as large as 10. (Harrington 1993) makes the comment
regarding this problem that pulse basis functions are not in the domain of the linear
operator from which the Green’s function for this problem is obtained. (Peterson &
Mittra 1998) state that a fictitious surface charge density is introduced between each
cell through the pulse basis functions. In turn, this produces fictitious discontinuities
in the normal E field at each cell boundary.

The MoM method yields a solution for the scattered field as function of
location (R, ¢) of observation point for the scattered wave. This calculation is carried
out for some finite number N; of angles of incidence. We formulated our calculations
in terms of the magnetic Hertz potential specifically for the TE or p-polarization case.

In this case a complete theoretical solution would have the form

E (9,:0) = jouk, Ni b, (p)H? (k,R)e™ (6.4)
n=-N,
for a plane wave incident at angle ¢, , and where the terms would be known for N, as
large as needed. In the numerical computation we obtain £ (R,¢,,¢,) for a fixed
fairly large radial distance R and a plane wave incident at angle ¢,. This numerical
solution has results for the discrete set of scattering angles

{¢, s=1 2,.. 2-Np +1} Let N,=2-N, +1. Then, we numerically compute
solutions for N different values of ¢@,. Probably it is best to use equally spaced values
of ¢; covering the interval 0 to © measured from grazing from the left to grazing from

the right. The values of ¢ should span the range of 0 to 2n. From these solutions we

can find N; Discrete Fourier Transforms (FFT method) such that



152

n=N,

E. (8,.8)= D, CPe (6.5)

n=-N,

By comparison of equations (6.4) and (6.5)

b,#) = C /| jou k HY (k,B)).

Thus for any given ¢; we can then write formally
by @] [a.,@)]

b_(4) a_(¢)

b(8) |=T| a,(4)
b(4) a,(¢)

_pr(¢.')_ _aNp(¢,~)_

where the matrix T is unknown at this stage. Next we can write all the solutions for

the N; different values of ¢; side by side in matrix for to obtain a matrix equation

B=T 4 (6.6)
Then to this N x N; order, T is determined by linear algebra as
T=B-A4" 6.7)

In this procedure we are picking out the central N x N; part of a matrix that is
countably infinite (— o to + o0 ) in both row and column indices. The convergence of

this procedure may need more investigation, particularly for highly non-isotropic cases.
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6.3  Calculations for a dielectric cylinder with & not too large—some
plotted results

I calculated the scattering from a layer of dielectric cylinders of three types.
The simplest type was a hollow circular cylinder; i.e., a pipe. The next was a C-
shaped cylinder, which was constructed by removing a segment from the hollow pipe.
I use a typical gap segment of 72 degrees, although I did explore some other gap sizes
less than 90 degrees. The third cylindrical shape had a hollow square cross section
with elements taken out of one edge, leaving a cross section similar to a Block C.
Figure 6.1 shows MATLAB generated cross sections of these three types. The figure
also shows the approximately square cross section volume basis elements used in the
MoM computation. These elements are exactly square for the Block C.

The calculation of scattering for a pipe (a circular cylindrical ring) was also
carried out exactly by the analytic theory as presented in (Ishimaru 1991), chapter 11.
This object is symmetric in revolution about the axis and so the scattering only
depends on the angle between the incident angle and the scattering angle. That is, its
T matrix is diagonal. But this case provides a useful way to compare to evaluate the
accuracy of the MoM method. Figure 6.2 shows an overlay of the analytic method
and the MoM method for a case with ¢, =2.5— j2.5. The imaginary part of the field
agrees very closely, and this is the dominant part. The real part shows a moderate
difference. The total amplitude is thus fairly close.

Scattering from the split ring C shape is summarized in Figures 6.3 through 6.6.
Because the scattering depends on both the angle of incidence and angle of scattering,
we show only the fractions of power reflected and transmitted for two permittivity
values as a function of angle of incidence to the plane of the array. The angle is
measured from O at grazing incidence. The angle is 0 when incidence is from the

positive X direction.
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The positive X direction is taken as shown in Figure 6.1 relative to the orientation of
the C shape in the lattice.

The derivation of reflected and scattered waves (relative to the lattice) requires
more analysis than summarized above because one has to take into account carefully
the regions in which the lattice sums as formulated converge (as given by the Graf
addition theorem). With these additional derivations, the calculations are
straightforward to program. For a lossless dielectric case the result allows a further
check. That is, the reflected power plus the transmitted power integrated over all
scattering angles should equal the incident power, normalized in this case to unity.

For the case of ¢, = 2.5, the agreement as shown in Figure 6.3 is quite accurate. The
individual cylinders in this case scatter quite weakly. Only within about 20 degrees of
grazing incidence is the scattering from the array noticeable on this scale. However, if
we look at the reflected and transmitted powers only at angles more than 30 degrees
from grazing, as shown in Figure 6.4, there is an interesting asymmetry, which
presumably shows the effect of the chosen orientation of the C shape.

The same plots for the case ¢, = 2.5— j2.5 are shown in Figure 6.5 and Figure
6.6. In this case the array absorbs about 4% of the incident power at normal incidence
and over 30% at angles within about 5 degrees of grazing. There is also a stronger

asymmetry in this case.
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These results were presented in an oral paper (Thomas & Ishimaru 2001) in
2001 and the plots are taken from the computer versions of the transparencies. Many
more cases and details are available, but an improved MoM method is needed to
handle high dielectric constants, roughly such that |¢,|> 5. We started a MoM
calculation with a perfectly conducting (PEC) C shape, based on surface currents. The
scattered fields showed excellent agreement with the analytic solution in the case of a
circular pipe, but the asymmetry introduced by the split ring shape led to a T-matrix
that changed considerably as the dimension increased. I feel that this problem
deserves a bit more study. The possibility of using global basis functions (i.c.,
expansion in cylindrical wave harmonics) would seem to provide a more direct

approach to solving for the T matrix.
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6.4 Notes to Chapter 6
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7. Conclusions and Implicétions for Future Work

We have shown that a negative index medium (NIM) provides many
phenomena that may be called backwards or negative relative to those observed with
natural positive index materials. Examples in this thesis are negative refraction,
backwards surface waves, backward lateral waves and negative Goos-Hinchen shift.
(Veselago 1968) mentions a reversed Doppler shift and a reversed Cerenkov effect.
Our approach has been to study the reflected and transmitted waves from a planar
layer (finite or filling a half space) of the NIM. This 2-dimensional approach
simplifies calculations and analysis in several ways, but the properties of negative
refraction and negative-index focusing should extend directly to 3 dimensional pulses
| and images with some mixing of polarizations.

We investigated how measurements of the reflection and transmission
coefficients from a planar slab of any uniform homogeneous medium could be used to
determine the permittivity £ and permeability z of the medium. At least2
measurements are needed at 2 different angles of incidence. The resulting equations
for ¢ and y are generally multi-valued with fewer solutions for thinner slabs. Some
slabs may yield very little reflection and absorption, and this condition leads to low
accuracy in the calculation of ¢ and . Practical measurements utilize a layer or
sample of material inside a transmission line. However, good measurements require
accurate values for two of the S parameters, say S, and §,,, which in turn imply that
the reflection and transmission coefficients should not be too close to O or 1.

We classified the wave types that arise at the boundary between a lossless
dielectric (a generalization from a free space) and a medium of arbitrary (but nearly
lossless) € and u. We presented a diagram that gives the special wave types in terms

of regions in Re(u) - Re(a) plane. In addition to the usual (forward) surface wave,
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lateral wave, Zenneck wave and evanescent wave, we discovered poles and branch
points that correspond to backward surface waves and backward lateral waves. We
clarified the meaning of the backward surface waves by looking at how the Poynting
vector actually changes sign across the boundary between positive index medium and
NIM. We also found an example of the backward lateral wave in the following
chapter in a study of 2-dimensional beam waves incident from free space onto a NIM.

Our study of the beam wave packet shows primarily how a beam wave refracts
negatively according to Snell’s law. The direction of propagation of the packet
follows Snell’s law for the center frequency of the beam wave. However, the shape of
the packet rotates and stretches in a fashion depending on the dispersion of the NIM.
If the dispersion of the NIM were too great over the bandwidth of the packet, this
coherent description in terms of the center frequency and a refracted distorted packet
would break down. The resulting widely distributed wave would no longer form a
beam wave packet. Our study derives the results from an analytical asymptotic
expansion method and also presents details of an example evaluated exactly by
numerical Fourier transform calculations. This example also shows the backward
lateral wave emerging from an apparent source that corresponds to a negative Goos-
Hinchen shift.

The most detailed part of our study is the investigation in Chapter 5 of negative
index focusing by a slab with index n, close to —1. The remarkable and somewhat
controversial prediction by (Pendry 2000) that a NIM with »n, = ~1 would provide a
perfect focus is what inspired most of the investigations of this thesis. In particular,
the question was how do the evanescent waves (relative to a direction of propagation
normal to a slab) from a point source get amplified in the NIM slab and then
transmitted to yield a perfect image. Part of the answer is that a slab with n, = -1

exactly is impossible because any medium other than the ideal vacuum has at least
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some small loss associated with it; hence, exact perfect focusing is not possible.
However, evanescent components up to some maximum transverse wave number are
amplified by a NIM with »n, close to —1 and make it possible to achieve better
resolution than a large lens of positive index material.

We studied the focusing of a 2-dimensional point source, i.e., a line séurce, by
both an approximate analytical method and a numerical method based on the exact
Fourier integral transform solution for a line source incident on a planar slab. We
found an approximate expansion of the transmission coefficient in transverse-wave-
number k, space for a NIM with permittivity &,, and permeability u,,. This
approximation shows an exponential growth in the transmission coefficient in the
evanescent region &, >k, up to a peak value given approximately (for an s-polarized

incident wave) by

k, =K +(1n(2/8,)/d,)
where d, is the thickness of the slab and &, = ¢,, +1 is the deviation of the
permittivity from —1. This form assumes that the deviation of y,, is of the same order
or smaller than &,, . With a p-polarized source J,, = u,, +1 would replace J, in the
equation for k,. This exponential growth balances the exponential evanescent decay.
Howcver,.at larger values of &, the transmission coefficient rolls off exponentially.
Hence, the decay of the transmitted spectrum in the NIM focal plane for these high
values of k, is at twice the rate of the evanescent decay.

Several investigators have arrived at this wave-number space approximation or
an equivalent. However, we also calculated the widths of the focal peak by
approximate analytic methods and by numerical evaluation of the inverse Fourier
transform integrals that give exact solutions. These methods show excellent
confirmation of the two approaches and show a qualitative feature of the focusing that

has not been noticed (or at least emphasized) by others. As the equation for &, (or for
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the transverse focal width AW as given by (5.30)) indicates, a large improvement in
focusing over the positive lens limit requires thin slabs. But the focusing in the Z
direction, parallel to propagation, has a ridge focus property for thin slabs. That is, in
the plane x =0 the intensity falls off with distance from the exit plane of the NIM slab
and the sharpness of this ridge is approximately constant from about half the focal
distance out to the theoretical focal distance. Chapter 5, Sections 5.5 and 5.7, provide
details and several figures illustrating the ridge focus. For moderately thick slabs,
thicker than about 2 wavelengths, the transverse focal width will not be as small, but a
peak relative to the Z direction develops around the vicinity of the theoretical focal
point and a spot focus develops. This Z-direction focal width at half-magnitude for
the E, field (or the 6-dB level for power or energy) is almost 2 wavelengths.

We carried out numerical calculations (from exact Fourier transform methods)
of all the field components in order to find and demonstrate these focal effects on the
Poynting vector and the stored electric and magnetic energy densities. The resulting
plots show a variety of interesting patterns, but all show the change from the ridge
focusing feature for thin slabs to a spot focus for thicker slabs. Furthermore, the
propagation-direction width of the spot is not smaller than the focal width provided by
a normal lens, from which evanescent waves do not contribute to the focus.

The last topic of this thesis presented in Chapter 6 is a brief investigation of a
possible method for calculating the scattering matrix or the transition matrix of a layer
of (general) cylinders. The method was devised by (Yasumoto & Kushta 2000) and
we combined a numerical MoM approach with it. We found a reasonable result for
nearly transparent cylinders, but did not find a useful beginning point for study of a
layer of conductive cylinders, or even more important, for study of multiple layers.

Therefore, we did not continue with this topic.
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The interesting questions concern what topics should be further investigated
based on the work of this thesis. One significant extension that could be done pretty
much directly with our numerical Fourier transform methods would be to study the
focusing of a 3-dimensional point source, i.e., a dipole. A dipole with moment
directed perpendicular to the plane of incidence on the slab can be reduced to a 2-
dimensional problem by the symmetry in the azimuthal angle. And this case would
have pure TE or TM polarization. Any other orientation will require a 2-dimensional
numerical Fourier transform, but the extent in both directions (&, and £, for
example) would be limited to a maximum of several times &,. Possibly, we could
find some asymptotic analytic approximations that would provide considerable
guidance to the numerical study.

Another interesting extension would be to consider the focusing of a pulse (a
beam wave similar to that used in the study in Chapter 4). This problem also would
require another dimension of Fourier integration, the frequency-time relation. We
need to investigate some wave of this type to find backward surface waves along the
NIM layer.

The biggest problem, and perhaps most related to engineering developments, is
to find ways to design a metamaterial with any given £ and x and especially ones
with both indexes negative. This has been a classical electromagnetics problem.
Powerful fast MoM codes to treat periodic structures of interlinked split rings or small
finite helices appear to be the best starting point for this study. The job would
presumably be a long one, requiring the building of a library of results for many cases
with a study to determine trends. One hint might be useful from our Chapter 4 studies
because most resonances seem to be approximated in their dispersion relation by a
Drude-Lorentz model. This result seems to arise because a resonance involves a

deviation from an equilibrium (resonant) point with a restoration that, near the
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resonance, has a linear restoring term corresponding to a classical harmonic oscillator.
In this model, the objective is to increase the plasma frequency relative to the electron

resonant frequency and the equivalent for the magnetic term.
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Notes to Chapter 7

Pendry JB. 2000. Negative refraction makes a perfect lens. Physical Review Letters
85:3966-9

Veselago VG. 1968. The electrodynamics of substances with simultaneously negative
values of gand u. Soviet Physics USPEKHI 10: 509-14

Yasumoto K, Kushta T. 2000. Efficient Analysis of Scattering by Periodic Arrays of
Gyrotropic Cylinders. Electromagnetic Waves & Electronic Systems 5: 66-74
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Appendix A: Derivation of Equation (2.7)

Recall that we defined subsidiary quantities for the ratio of wave impedances

and for the angle (in radians)

v =k,,d =k,d\nl —sin’4,.

Then equations (2.1) and (2.2) are written more compactly in terms of g andtany as

p=dg-l/g)tany
D

_ 2secy

- D

T
where the denominator D is given by
D=2+ j(g+1/g)tany .

Then with the use of the trigonometric identity sec’ y —tan’y =1,

D*(1+R*-T))=4+4j(g+1/g)tany —(g+1/g)* tan’ v — (g -1/ g)* tan’ w —4sec’
=—4tan’w+4j(g+1/g)tany -2(g* +1/g*)tan’
=4j(g+1/g)tany —2(g+1/g)* tan’ y.

Then,

1+R*-T*+2R =
4j(g+1/g)tany —2(g+1/g)’ tan’ y +2,(g -1/ g)tany[2 + j(g +1/g) tany/]
D2
4jgtany —-2(g+1/g)* tan’ y -2(g* -1/g*)tan’ y
4jgtany - (g’ +Dtan’ y
D’ '
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Similarly,

1+R*-T?-2R =
4j(g+1/g)tany —2(g+1/g)* tan’ y —2,j(g =1/ g)tany[2 + j(g +1/ g) tany]
D2
_4j(1/g)tany —4tan’ p —(4/ g*)tan’ y
- =
_AjQ/g)tany —(1+1/g")tan’ y] _ 4 jgtany —(g° +1)tan’ y/]
D? - g2D2 ’

Thus,

1+R*-T*+2R (1+R}-T*
1+R*-T*-2R  (1-R}?-T*
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Appendix B: Derivations for Section 5.3

To derive bounds on the integrand in (5.22)

E,(x)= 7;;2 J:’ exp(=2d,[k2 -k )Re(e™ ) dk,

We would like to find bounds on W relative to £, so that we can
evaluate an elementary integral of the form I e“dk, . It is evident that \/ﬂ <k,
over the range of the integrand, and where we imply positive square roots in these
cases that are all real. To get a lower bound on +/k> =k we would like a form such
that \/ﬁ >k, —constant. With some algebra we found that this constant should
be A=k, — k. k] .

Proof:
(k, —k‘,)2 = kf —2kxkp +kf, >0
2k .k, < kf + kf,

Change sign and the order of the inequality changes.
-2k .k, 2 —(k2 + kf,)

Multiply by a positive constant & and add a positive term k;k; +k, to both sides.

kK2 2Kk )+ K 2 K2k — (k2 + K22 + k7

The additive term is large enough to change what was an order relationship between

negative quantities into one between positive quantities. Factor each side.

(ke -k2) 2 (k2 -k2)(k2 - 2)
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We are considering an interval where &, 2k, >k, >0. So both factors on the right
side are positive as is the quantity being squared on the right hand side. So we can

take positive square roots and maintain the order relationship as

ke, k2 2 k2 - k2 k2 = &

Multiply both sides by —2 and the order relationship reverses.

2k, +2k? < -2k - k2 [k ~ K

Add k; +k; -2k, to both sides and the order relationship stays the same.

ki =2k k, + k2 k-2 + k2 ~K2 = 2\k2 k2 k2~ K
Remember that we are using positive square roots. Both sides of this inequality can

now be written as squared terms.

(k. ~k,) s(\/kf -k =i -K )2

To maintain the order relationship we take the positive square root of each side. Since

k. 2 k, this procedure gives

ko—k, Sk K2 - k2 - k2.

Or

k—k, + k2 - k2 <\Jk2 -k
Furthermore, it is evident that this inequality becomes an equality at the end of
the interval where k, =k, . Therefore A=k, -k —k; is the smallest quantity (best
bound) that can be subtracted from &, and maintain W 2k, —constant over the

interval of integration.
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To show that e(x) given by (5.25) is not greater than 1 in absolute value

2cos X -2XOsin X
40° + X*?

NLC.

where © is a positive quantity and X is non negative. So all quantities in e(x) are real

and we want toshow

40%cos X —2XOsin X|< 40 + X2

To get rid of dealing with the absolute value, this lemma will be true if the same

inequality applies to the square of each side.

160* cos® X —16 X®’ cos X sin X +4X’@”sin’ X <160* +8X°0* + X*
Subtract 160* +4X’®” from both sides and the order relationship is preserved. Then
apply the identity sin® X +cos’ X =1 in the form —1+cos’ X =-sin’ X for the ®*

term and in the form —1+sin? X =—cos* X for the X’@®? term.
-16@*sin’> X ~16 XQ" cos X sin X —4X°®* cos’* X <4X°0* + X*

Now we recognize the left-hand side as the negative of a square quantity much like the

one of the previous equation; that is

2 2 22 4
—(4® sz+2X®cosX) <4X0*+ X

Here we have a quantity that can be only zero or negative on the left and a
quantity that can be only zero or positive on the right, so this inequality must hold.

Reverse the steps for a proof. Furthermore, the inequality is strict unless X =0.
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