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Abstract

Learning in Structured Multi-agent Systems with Provable Guarantees

Qiwen Cui

Chair of the Supervisory Committee:
Simon S. Du
Computer Science & Engineering

Multi-agent systems enable decentralized decision-making and interaction in complex envi-
ronments, with applications ranging from traffic networks to robotics and economics. This
thesis develops algorithms with provable theoretical guarantees, exploiting the structural
properties of multi-agent systems to enhance scalability and efficiency.

In offline multi-agent reinforcement learning, we introduce unilateral coverage assump-
tion and design the first efficient algorithms for two-player zero-sum and general-sum Markov
games based on the principle of pessimism. We propose a novel strategy-wise concentration
technique to reduce sample complexity, overcoming the challenges of joint action spaces.

In online multi-agent reinforcement learning, we propose the independent linear Markov
game framework, enabling scalable algorithms that break the curse of multiagents by lever-
aging individual agent function approximation. We also design the first algorithm that can
address non-stationary environments, improving sample complexity guarantees for learning
correlated and Nash equilibria.

In congestion games, we design the first algorithm for Nash equilibrium learning and
optimal tax learning. By exploiting the game’s structure, we achieve scalable performance
with sample complexity independent of large action spaces. For tax design, we propose an
equilibrium feedback framework and develop an efficient method for approximating socially
optimal taxes.

This work advances the theoretical and practical understanding of multi-agent learning,



with implications for diverse real-world applications.
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Chapter 1
INTRODUCTION

The advent of multi-agent systems has profoundly transformed various domains, en-
abling decentralized decision-making and collaborative/competitive behaviors in complex
environments. These systems are ubiquitous, with applications ranging from traffic network
optimization to autonomous robotics, distributed sensor networks, and economic systems.
However, the inherent complexity and diversity of multi-agent interactions pose significant
challenges for algorithm design.

This thesis addresses the problem of designing algorithms for multi-agent systems with
provable theoretical guarantees. While generic algorithms have broad applicability, they
often fail to fully leverage the unique structures of specific systems, leading to suboptimal
performance. Task-specific algorithms, by contrast, can harness these structures to achieve

superior efficiency and effectiveness. For example:

e Markov Games: These are a foundational framework in multi-agent reinforcement
learning, where state transitions exhibit Markovian dynamics. This structure elimi-
nates the dependence on long-term histories, simplifying both analysis and computa-

tion.

e Congestion Games: Here, agents share facilities, and their utilities depend on fa-
cility congestion levels. Exploiting this shared-resource structure can significantly

enhance algorithmic design and performance.

The overarching goal of this thesis is to bridge the gap between theoretical rigor and
practical applicability by developing algorithms tailored to the unique characteristics of
multi-agent systems.

Part I: Provably Efficient Offline Multi-agent Reinforcement Learning



We study what dataset assumption permits solving offline two-player zero-sum Markov
games. In stark contrast to the offline single-agent Markov decision process, we show that
the single strategy concentration assumption is insufficient for learning the Nash equilib-
rium (NE) strategy in offline two-player zero-sum Markov games. On the other hand, we
propose a new assumption named unilateral concentration and design a pessimism-type
algorithm that is provably efficient under this assumption. In addition, we show that the
unilateral concentration assumption is necessary for learning an NE strategy. Furthermore,
our algorithm can achieve minimax sample complexity without any modification for two
widely studied settings: dataset with uniform concentration assumption and turn-based
Markov games. Our work serves as an important initial step towards understanding offline
multi-agent reinforcement learning.

For the next step, we study offline multi-player general-sum Markov games. We propose
the strategy-wise concentration principle which directly builds a confidence interval for the
joint strategy, in contrast to the point-wise concentration principle that builds a confidence
interval for each point in the joint action space. For two-player zero-sum Markov games, by
exploiting the convexity of the strategy-wise bonus, we propose a computationally efficient
algorithm whose sample complexity enjoys a better dependency on the number of actions
than the prior methods based on the point-wise bonus. Furthermore, for offline multi-
agent general-sum Markov games, based on the strategy-wise bonus and a novel surrogate
function, we give the first algorithm whose sample complexity only scales > /" A; where A;
is the action size of the i-th player and m is the number of players. In sharp contrast, the
sample complexity of methods based on the point-wise bonus would scale with the size of
the joint action space I, A; due to the curse of multiagents. Lastly, all of our algorithms
can naturally take a pre-specified strategy class II as input and output a strategy that is
close to the best strategy in II. In this setting, the sample complexity only scales with
log |TI| instead of > /%, A;.

Part II: Provably Efficient Online Multi-agent Reinforcement Learning

We propose a new model, independent linear Markov game, for multi-agent reinforce-

ment learning with a large state space and a large number of agents. This is a class of

Markov games with independent linear function approximation, where each agent has its



own function approximation for the state-action value functions that are marginalized by
other players’ policies. We design new algorithms for learning the Markov coarse correlated
equilibria (CCE) and Markov correlated equilibria (CE) with sample complexity bounds
that only scale polynomially with each agent’s own function class complexity, thus break-
ing the curse of multiagents. In contrast, existing works for Markov games with function
approximation have sample complexity bounds scale with the size of the joint action space
when specialized to the canonical tabular Markov game setting, which is exponentially large
in the number of agents. Our algorithms rely on two key technical innovations: (1) uti-
lizing policy replay to tackle mon-stationarity incurred by multiple agents and the use of
function approximation; (2) separating learning Markov equilibria and exploration in the
Markov games, which allows us to use the full-information no-regret learning oracle instead
of the stronger bandit-feedback no-regret learning oracle used in the tabular setting. Fur-
thermore, we propose an iterative-best-response type algorithm that can learn pure Markov
Nash equilibria in independent linear Markov potential games, with applications in learning
in congestion games. In the tabular case, by adapting the policy replay mechanism for
independent linear Markov games, we propose an algorithm with 6(6_2) sample complexity
to learn Markov CCE, which improves the state-of-the-art result O(e=3) in Daskalakis et al.
[2022], where € is the desired accuracy, and also significantly improves other problem pa-
rameters. Furthermore, we design the first provably efficient algorithm for learning Markov

CE that breaks the curse of multiagents.

We also investigate learning the equilibria in non-stationary multi-agent systems and
address the challenges that differentiate multi-agent learning from single-agent learning.
Specifically, we focus on games with bandit feedback, where testing an equilibrium can result
in substantial regret even when the gap to be tested is small, and the existence of multiple
optimal solutions (equilibria) in stationary games poses extra challenges. To overcome these
obstacles, we propose a versatile black-box approach applicable to a broad spectrum of
problems, such as general-sum games, potential games, and Markov games, when equipped
with appropriate learning and testing oracles for stationary environments. Our algorithms

can achieve O (Al/ 4T3/ 4) regret when the degree of nonstationarity, as measured by total



variation A, is known, and O (Al/ s/ 5) regret when A is unknown, where T is the number
of rounds. Meanwhile, our algorithm inherits the favorable dependence on number of agents
from the oracles. As a side contribution that may be independent of interest, we show how
to test for various types of equilibria by a black-box reduction to single-agent learning,

which includes Nash equilibria, correlated equilibria, and coarse correlated equilibria.
Part III: Provably Efficient Learning in Congestion Game

For the first part, we investigate Nash-regret minimization in congestion games, a class
of games with benign theoretical structure and broad real-world applications. We first
propose a centralized algorithm based on the optimism in the face of uncertainty principle for
congestion games with (semi-)bandit feedback, and obtain finite-sample guarantees. Then
we propose a decentralized algorithm via a novel combination of the Frank-Wolfe method
and G-optimal design. By exploiting the structure of the congestion game, we show the
sample complexity of both algorithms depends only polynomially on the number of players
and the number of facilities, but not the size of the action set, which can be exponentially
large in terms of the number of facilities. We further define a new problem class, Markov
congestion games, which allows us to model the non-stationarity in congestion games. We
propose a centralized algorithm for Markov congestion games, whose sample complexity
again has only polynomial dependence on all relevant problem parameters, but not the size

of the action set.

For the second part, we investigate optimal tax learning in congestion games. In multi-
player games, self-interested behavior among the players can harm the social welfare. Tax
mechanisms are a common method to alleviate this issue and induce socially optimal be-
havior. In this work, we take the initial step of learning the optimal tax that can maximize
social welfare with limited feedback in congestion games. We propose a new type of feedback
named equilibrium feedback, where the tax designer can only observe the Nash equilibrium
after deploying a tax plan. Existing algorithms are not applicable due to the exponentially
large tax function space, nonexistence of the gradient, and nonconvexity of the objective.
To tackle these challenges, we design a computationally efficient algorithm that leverages

several novel components: (1) a piece-wise linear tax to approximate the optimal tax; (2)



extra linear terms to guarantee a strongly convex potential function; (3) an efficient sub-
routine to find the exploratory tax that can provide critical information about the game.
The algorithm can find an e-optimal tax with O(3F?/¢) sample complexity, where 3 is the

smoothness of the cost function and F' is the number of facilities.



Part I

PROVABLY EFFICIENT OFFLINE MULTI-AGENT
REINFORCEMENT LEARNING



Chapter 2

OFFLINE TWO-PLAYER ZERO-SUM MARKOV GAMES

This chapter is based on Cui and Du [2022a], with Simon S. Du.

2.1 Introduction

Promising empirical advances have been achieved in reinforcement learning (RL), including
mastering the game of Go [Silver et al., 2016], Poker [Brown et al., 2017], real-time strategy
games [Vinyals et al., 2019a] and robotic control [Kober et al., 2013]. Notably, many of these
successes lie in the domain of multi-agent reinforcement learning (MARL). MARL is about
multiple agents interacting in a shared environment, and each of them aims to maximize its
own long-term reward. During the learning process, each agent not only needs to identify
the environment dynamic but also needs to compete/cooperate with other agents. One
important subarea of MARL is offline MARL. In many practical scenarios, we only have
access to the offline data or it is too expensive to frequently change the policy [Zhang et al.,
2021a]. While there are plenty of empirical works on offline MARL [Pan et al., 2021, Jiang
and Lu, 2021}, the theoretical understanding is still very limited. In this work, we take an
initial step towards understanding when offline MARL is provably solvable.

We consider two-player zero-sum Markov games, where two players simultaneously select
actions over multiple time steps in a Markovian environment and the first player aims to
maximize the total reward while the second player aims to minimize it. In the offline setting,
we have access to a fixed dataset collected by a (possibly unknown) exploration policy and
the target is to find a (near-)Nash equilibrium (NE) strategy of the underlying two-player
zero-sum Markov game.

One of the main difficulties in offline RL is distribution shift, i.e., the dataset distri-
bution is different from the distribution induced by the optimal policy. It is important to

understand what is the minimal dataset distribution assumption that permits offline RL.



For single-agent offline RL, it is shown that the pessimism principle allows policy optimiza-
tion with single policy concentration, i.e. the dataset only covers the optimal policy [Jin
et al., 2021e, Zanette et al., 2021c, Yin and Wang, 2021b, Rashidinejad et al., 2021b]. This
assumption is necessary as it is impossible to learn the optimal policy if it is not covered by
the dataset. However, the dataset coverage assumption for MARL is still far from clear. In

this work, we want to answer the following question:

What is the minimal dataset coverage assumption that permits learning an NE strategy in

offline two-player zero-sum Markov games?

Generally speaking, MARL is much more difficult than single-agent RL due to the fol-
lowing two reasons. First, MARL is known to suffer from the non-stationary property, i.e.
agents will affect the others during the learning process [Zhang et al., 2021a]. Specifically,
the performance may decline if each agent simultaneously tries to improve its own policy
depending on others’ current policies. In addition, multiple agents incur complicated statis-
tical dependence that makes the theoretical analysis difficult. A line of works study Markov
games with online sampling oracle [Bai et al., 2020, Bai and Jin, 2020b, Liu et al., 2021D)]
or generative model oracle [Sidford et al., 2020, Zhang et al., 2020b, Cui and Yang, 2020],
where specialized techniques are developed to tackle the above difficulties. In this paper,

we give the first analysis on offline Markov games in the fundamental tabular setting.

2.1.1 Main Contributions

e First, we propose an assumption named unilateral concentration, which posits that for
all strategies p, v, strategy pairs (u*,v) and (u,v*) are covered by the dataset, where p
is the strategy for the first (max) player, v is the strategy for the second (min) player,
and (p*,v*) is an NE strategy. In Section 2.3, we prove that NE strategy is not learnable
even if this assumption is only slightly violated. The intuition behind the hardness result
is that to identify an NE strategy, the algorithm has to compare it with strategy pairs that
one player uses any other strategies as a reference. This result also implies that the single
strategy concentration, which is sufficient for offline single-agent RL, is not sufficient for

offline MARL.



e Second, we provide positive results showing that NE strategy is PAC learnable under
the unilateral concentration assumption. Combined with the hardness results above, we
conclude that unilateral concentration assumption is the necessary and sufficient dataset
coverage assumption for solving offline zero-sum Markov games. Our algorithm is based on
the pessimism principle that we maintain pessimistic estimates for both players, respectively.
We show that our algorithm achieves 6(\/0"‘SA—BH3/71) performance gap under unilateral
concentration assumption, where C* quantifies the coverage of the dataset, S is the number
of states, A is the number of the max player’s actions, B is the number of the min player’s

actions, H is the horizon and n is the number of samples.

e Third, we show that our algorithm is minimax optimal when the dataset satisfies a
stronger assumption, uniform concentration, or the Markov game is turn-based. These are
two widely studied settings in the RL community. Uniform concentration assumes that all
state-action pairs are covered by the dataset and turn-based Markov game is a variant of
zero-sum Markov games where two players select actions in turns instead of simultaneously.
Although uniform concentration is about the dataset structure and turn-based Markov
games are about the environment structure, our algorithm can adapt to both of them

without any modification and achieves minimax sample complexity.

Main Techniques. Our algorithm is motivated by the Bernstein-type bonus and refer-
ence advantage function techniques in Xie et al. [2021b] while we make novel adaptations,
namely monotonic update and a self-bounding technique, to realize them in Markov games.
The Monotonic update allows a sandwich-type argument that bounds the reference func-
tion and further bounds the variance term. The self-bounding technique is utilized to bound
the performance gap by itself and then solve the inequality to derive the final bound on

performance gap.

To summarize, (1) we identify the minimal dataset coverage assumption that allows
learning the NE strategy in Markov games; (2) we propose a pessimism-based algorithm
that achieves polynomial sample complexity based on novel Markov game techniques; and
(3) we further show the algorithm is minimax optimal under the uniform concentration

assumption or in turn-based Markov games.
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2.1.2 Related Work

Here we focus on the theoretical works on two-player zero-sum Markov games and offline

RL.

Two-player zero-sum Markov games. Zero-sum Markov games have been widely stud-
ied since the seminal work [Shapley, 1953]. When the transition kernel is unknown, differ-
ent sampling oracles are utilized to acquire samples, including online sampling [Bai and
Jin, 2020b, Xie et al., 2020b, Liu et al., 2021b, Bai et al., 2020, Jin et al., 2021b, Song
et al., 2021a], generative model sampling [Sidford et al., 2020, Cui and Yang, 2020, Zhang
et al., 2020b, Jia et al., 2019]. For offline sampling oracle, Zhang et al. [2021b] and Abe
and Kaneko [2020] consider decentralized algorithm with network communication and of-
fline policy evaluation, both under the uniform concentration assumption. One concurrent
work [Zhong et al., 2022] considers zero-sum Markov games with linear function approxi-
mation. They also show the single policy coverage is not sufficient and propose a similar
unilateral concentration assumption under which they give a provably efficient algorithm.
On the other hand, under the unilateral concentration assumption, their sample complexity
is worse than ours when specialized to tabular setting because they did not use Bernstein
bonus. They show it is impossible to learn in all instances without unilateral concentration.
However, they do not show that any assumption weaker than unilateral concentration makes
learning impossible, which is a negative result proven in our paper. Lastly, our algorithm
is minimax optimal for uniform concentration setting and turn-based Markov games while

their algorithms are not.

Offline single-agent RL. Theoretical analysis of offline RL can be traced back to Szepesvari
and Munos [2005], under the uniform concentration assumption (analogue to Assump-
tion 2.2.3). This assumption has been extensively investigated [Xie and Jiang, 2021b,
Xie et al., 2020c, Yin et al., 2020b, 2021b, Ren et al., 2021b]. Recently, a line of works
showed that the pessimism principle allows offline policy optimization under a much weaker
assumption, single policy concentration, both in tabular case and with function approxima-

tion [Rashidinejad et al., 2021b, Yin and Wang, 2021b, Xie et al., 2021b, Jin et al., 2021e,
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Uehara and Sun, 2021b, Uehara et al., 2021, Zanette et al., 2021c, Xie et al., 2021a]. One
closely related work is Xie et al. [2021b], which utilizes the reference advantage function
technique and Bernstein-type bonus to show a minimax sample complexity 6(SC*H 3/n)
in finite-horizon MDP. We show that the counterpart of single policy concentration in zero-
sum Markov games is insufficient for NE strategy learning and use the pessimism principle

to design algorithm that works under the unilateral concentration assumption.

2.2 Preliminaries

2.2.1 Two-Player Zero-sum Markov Games

Zero-sum Markov games (MG) generalize single-agent MDP to two-agent case where one
agent aims to maximize the total reward while the other one aims to minimize it. A tabular
finite-horizon zero-sum Markov game is described by the tuple G = (S, A, B, P,r, H), where
S is the state space, A is the action space of the first (max) player, B is the action space of the
second (min) player, P = (Py, P, -+, Py), P, € RISIMIBIXISI v, ¢ [H] is the (unknown)
transition probability matrix for time step h, r = (11,79, -+ ,rg), ), € [0,1]SIMIBl vh € [H]
is the (unknown) deterministic reward vector and H is the horizon length.” This paper
focuses on the tabular setting where |S|,|.A|,and |B| are finite. At each timestep h and
state sy, if the max player chooses action a; and the min player chooses action by, then
the next state at timestep h + 1 follows the distribution spy11 ~ Py(:|sp,ap,bp) and both
players receive a reward 7p,(sp, ap, by). Both players sequentially choose H actions and at
each timestep, the action is chosen simultaneously and then it is revealed to both players.
We assume that we have a fixed initial state s; and it is straightforward to generalize our
results to the case where the initial state is sampled from a fixed distribution.
Turn-based Markov games are an important subclass of (simultaneous-move) Markov

games, where the max player takes action first and the min player can take action after

*Tt is straightforward to generalize our results to stochastic rewards because the major difficulty is in
learning the transitions rather than learning the rewards.
fStochastic initial state is equivalent to an MDP with deterministic initial state by creating a dummy

initial state which transits to the next state following that initial state distribution.
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observing the opponent’s action. It is a widely studied setting [Sidford et al., 2020, Cui and
Yang, 2020, Bai and Jin, 2020b] and we will provide minimax sample complexity result for
this setting in Section 2.4.3.

We denote a strategy pair as m = (u, /), where p = (py, fio, - -+ pomg)s fin = S — AA VA €
[H] is the strategy of the first player and v = (v1,vs,--- ,vy), v, : S — AB Vh € [H] is the
strategy of the second player, where A% is the probability simplex on the finite set X. A
deterministic strategy is a strategy that maps state to a single point distribution. We define
the state value function and state-action value function for a strategy pair 7 similarly as in

single-agent MDP:

H H
Vhﬂ—(sh) =K ZT(St,at,bt)|7T,Sh 7QZ(5h,ahabh) =E ZT‘(St,(It,bt)‘Tf, Shvahabh .
t=h t=h

If the second player’s strategy v is fixed, then the MG degenerates to an MDP and we call
the optimal policy in this MDP as the best response strategy bri(v). Similarly, we can
define the bry(u) as the best response for the second player. We will ignore the subscript
in br; and bry when it is clear in the context. While the best response may not be unique,

the best response value is always unique. For all h € [H], s, € S, we define
* b , y 5k 7b s )
Vi (sn) 1= V" (sn) = max Vi (), Vi (sn) 1= Vi (1) = min V2" (s).

It is well known that Nash equilibrium (NE) strategy 7* = (u*,v*), i.e., a strategy pair
such that no player can benefit from switching its own strategy, exists for zero-sum Markov
games with a unique value function [Shapley, 1953]. In other words, pu* and v* are the best
responses to each other. We define V;* := V}/* Y forall h € [H]. The following weak duality

property holds for all strategy pairs (u,v) in MG:
VIt <V <V Vhoe [H).
For a strategy pair m = (u, ), we can then define the corresponding duality gap as
Gap(m) = V™" (s1) = V{""(s1).

The duality gap is always non-negative and the NE strategy has zero duality gap Gap(n*) =
0. Duality gap measures how well a strategy pair approximates the NE. We say a strategy

pair 7 is an e-approximate NE if Gap(w) < e.
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2.2.2  Offtine Two-Player Zero-Sum Game

he[H]

and we cannot
TE[n]

In offline RL, we are given an offline dataset D = {(sj,, aj, b}, 77, 57,,1)}
do any further sampling [Kakade, 2003]. We assume that the dataset is sampled from some
exploration policy p = (p1,p2,-- ,pH), pn : S — A*B Vh € [H]."} The target of offline
MG is to find an approximate NE with a small duality gap by utilizing the given dataset D.
We use dj (s, a,b) to denote the probability of s,a,b appears at timestep h in the trajectory
generated by strategy 7 for all h € [H]|. The dataset distribution d}(s,a,b) is defined
similarly. A state-action pair (s,a,b) at timestep h is covered by strategy = if and only if
dp(s,a,b) > 0. Strategy = is covered by dataset generated by exploration strategy p if and
only if for all (s,a,b) covered by m, it is covered by p. In other words, we have

d7(s,a,b)

m<0®,v}l€[H],(S,Chb)ESXAXB. (21)
h\2 %

The sample complexity guarantee will depend on this ratio.
Dataset Coverage Assumptions. Below we list three different dataset coverage

assumptions for Markov games.

Assumption 2.2.1. (Single strategy concentration) One NE strategy (u*,v*) is covered
by the dataset.

Assumption 2.2.2. (Unilateral concentration) For all strategies p and v, (i, v*) and (u*, v)

are covered by the dataset, where (u*, v*) is one NE strategy.

Assumption 2.2.3. (Uniform concentration) For all h € [H] and (s,a,b) € S x A x B,

(s,a,b) at timestep h is covered by the dataset.

Assumption 2.2.1 is the weakest assumption and is the most straightforward extension of
the single policy concentration in single-agent RL [Rashidinejad et al., 2021b]. Assumption
2.2.3 generalizes the uniform policy concentration in single-agent RL [Yin et al., 2020b].

Assumption 2.2.2 is sandwiched by Assumption 2.2.1 and Assumption 2.2.3 as Assumption

tFor simplicity we assume the exploration policy is Markovian. However, our analysis can be directly
generalized to arbitrary dataset distribution. See Jin et al. [2021e] for discussions on dataset-dependent

bounds.
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2.2.2 implies Assumption 2.2.1 and Assumption 2.2.3 implies Assumption 2.2.2. In this
work, we will show that Assumption 2.2.2 is the minimal dataset coverage assumption that
allows NE learning and we provide sample complexity bounds that depends on the density
ratio (2.1).5

Notations. We use Varp(, 44 (V) to denote the variance of the random variable V'(s')
where ' ~ P(-|s,a,b) and Varp(V) € R¥4E to denote a vector whose (s,a,b) component is
Varp(s .5 (V). We define a V b := max{a,b} and a A b := min{a,b}. In addition, if a is a
vector and b is a scalar, the operation is taken on each element of a: [a V b]; = a; V b. For

a a;

two vector a € R™, b € R™, we use § € R" to denote the element-wise division: [§], = 7*.

N

In addition, if a is scalar, we still use § € R" to denote the element-wise division: [“]l =

b
We use S, A, B to denote |S|, |A|, |B|.

e

2.3 Impossibility Results

In this section, we show that no assumption weaker than the unilateral concentration as-
sumption (Assumption 2.2.2), which includes single strategy concentration (Assumption
2.2.1), allows learning the NE strategy. To begin with, we consider the deterministic uni-

lateral concentration assumption.

Assumption 2.3.1. (Deterministic unilateral concentration) For all deterministic strategy

wand v, (u,v*) and (u*,v) are covered by the dataset, where (u*,v*) is one NE strategy.

Immediately we can tell that Assumption 2.3.1 is satisfied under Assumption 2.2.2.
These two assumptions are equivalent, which is shown by Proposition 2.3.2, because any

stochastic strategy can be viewed as a combination of several deterministic strategies.

Proposition 2.3.2. If for all deterministic strategy p and v, (u,v*) and (u*,v) are covered
by the dataset, then we have for all (possibly stochastic) strategy p' and v', (1/,v*) and
(u*, V") are covered by the dataset.

For the hardness examples, we consider bandit games, i.e., Markov games with horizon

H = 1. The result can be generalized to arbitrary horizon by setting the reward to be 0

$Note that there could be different minimal assumptions as the assumption set is a partially ordered set.

Here ‘minimal’ means Assumption 2.2.2 allows NE learning while no weaker assumption allows doing so.
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in horizons other than h = 1. We consider a class of bandit games and datasets such that
Assumption 2.3.1 is almost satisfied while no algorithm can identify the NE strategy for all
bandit games and datasets in this class. As Assumption 2.2.2 and Assumption 2.3.1 are
equivalent, no assumption weaker than Assumption 2.2.2 allows NE strategy learning. A
direct corollary is that single strategy concentration (Assumption 2.2.1) is not sufficient for

NE learning.

Theorem 2.3.3. Define a class X of bandit game M and exploration strategy p that consists
of all M and p pairs satisfying that there exists at most one deterministic strateqy | or
one deterministic strategy v such that (u,v*) or (u*,v) is not covered and for all other

deterministic strategies p', V', the density ratio is bounded

dj " (s,a.0) d " (s,a.b)
df(s,a,b) df(s,a,b)

for all h € [H]. For any algorithm ALG, there exists (M,p) € X such that the output of

<24+ 2B, <24+ 2B,

the algorithm ALG is at most a 0.25-approrimate NE strategy mo matter how many data

are collected.

Proof. We consider bandit games with two actions for each player here. The action set is
A = {a1, a2} for the first (max) player and B = {b1, b2} for the second (min) player. We

construct the following two bandit games with deterministic rewards.

r(al,bl) =0.25 T(al,bg) =05
T(ag,bl) =0 T((Ig,bQ) =0.75

Bandit Game 1

r(al,bl) =0.25 T(al,bg) =0.5
T(ag,bl) =1 T(ag,bQ) =0.75

Bandit Game 2

Then the (unique) NE of the first bandit game is (ai,b;) and the (unique) NE of the

second bandit game is (az, b2). Now we set the exploration strategy p to be uniform distribu-
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tion on {(a1,b1), (a1, b2), (az,b2)}. We can verify that both bandit games with exploration
strategy p is in the class defined in Theorem 2.3.3. Note that the dataset contains data on
(a1,b1), (a1,b2), (az,b2) and no data on (ag, by). It is impossible for an algorithm to distin-
guish between these two bandit games as they are consistent on the given dataset and they
all satisfy the dataset coverage assumption that only one action pair is not covered. With
some calculations, we can show that the output of ALG is at most a 0.25-approximate NE

for one of the instances, which proves the theorem. O

Remark 2.3.4. We can easily extend this instance to arbitrary action space by setting
(a;,b5) = 0 for all ¢ ¢ {1,2},7 € {1,2}, and (a;,b;) = 1 for all j ¢ {1,2},i € {1,2},
and the exploration strategy p to be the uniform distribution on (a;,b;) such that (i,5) €
{(i,5) i €{1,2} or j € {1,2}, (4, 5) # (2,1)}.

Remark 2.3.5. It is straightforward to verify that the hard instance in Theorem 2.3.3 also
holds for turn-based Markov games. As a result, no assumption weaker than Assumption

2.2.2 is sufficient for NE learning in turn-based Markov games.

2.4 Provably Efficient Algorithm under Unilateral Concentration

In this section, we show that it is indeed possible to learn the NE with the unilateral concen-
tration assumption. We propose a novel algorithm called Pessimistic Nash Value Iteration
(PNVI), which adapts the pessimism principle in single-agent RL to Markov games. Our
sample complexity result depends on the following quantity named unilateral concentrabil-

ity:

Definition 2.4.1. (Unilateral concentrability) For Nash equilibrium 7*, we define

C*:= min max
W*:(“*’V*) h,(S,CL,b),,u,,l/

d‘}:*’y(s, a,b) d‘}:’y* (s,a,b)
di(s,a,b) * d(s,a,b) |’
By definition, C* is finite if Assumption 2.2.2 is satisfied. For the rest of the paper, 7*
denotes the Nash equilibrium that achieves the minimum here. Note that C* is not provided

to the algorithm.
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2.4.1 Hoeffding-type Algorithm with Data Splitting

To illustrate our main algorithm design ideas, we first propose an algorithm with Hoeffding-
H

type bonus and random data splitting. Given a dataset D = {(sﬁ, aﬁ, bE, r,’i, sﬁﬂ)}: ey Ve

denote ny(s,a,b) =Y 1 ;1 ((sz, af,bf) = (s, a, b)) to be the number of times that (s, a,b)

is visited at timestep h. We set the empirical reward and the empirical transition kernel as

oo ((sf, 0, b shy) = (s,0,b, )
Sia (s af 0) = (s,a.0))

if np(s,a,b) > 1, and 7(s,a,b) = 0, ﬁh(s’\s,a, b) = 1/S otherwise. In addition, we use

n(s,a,b) = rp(s,a,b), Py(s'|s, a,b) =

(2.2)

np, € R94B to denote a vector such that Mh]s.ab = nu(s,a,b).

Now we explain Algorithm 1 in detail. First, we split the dataset D into H small datasets
{Dh}thl with the same size. Then we use Dj, to estimate the reward and the transition
matrix at timestep h. The data splitting scheme is to remove the dependence between each
timestep. Then the value function is estimated via a value-iteration-type algorithm. At
each timestep, we maintain both optimistic and pessimistic estimates by adding/minusing
a Hoeffding-type bonus. We use the following Hoeffding-type bonus:

H?%

_ 2.
np(s,a,b) v 1’ (2:3)

b (shy ans br) = bu(sn, an, by) =4
where « = log(HSAB/§). Then we compute the pessimistic estimate @ and Q:
Q, = (?h + Py Vi) —bh) V0,Q, = <?h + (P Vig) +5h) ANH-h+1). (24)

Pessimistic estimate @, is for the max player, which mimics the pessimism in single-agent
RL. @), using a positive bonus is for the min player, which is also a kind of pessimism as
the min player’s target is to minimize the reward. We compute the NE strategy of the
matrix game Q(s,-,-) and Q(s, -, ) respectively and use the NE value to be the state value
V(s) and V(s). Note that we only solve a zero-sum matrix game, which is computationally

efficient [Chen and Deng, 2006].

Remark 2.4.2. If we compute an exg/H-approximate NE of the matrix game Q(s,-,-) and

Q(s,-,-) at each timestep, then the performance gap will only be enlarged by O(eng).
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Algorithm 1 Pessimistic Nash Value Iteration (PNVI)

1: Input: Offline dataset D = {(sﬁ, a’fL, b’;’b, rﬁ, Sﬁ“)}::::l; Failure Probability 0
2: Initialization: Set vy, 1(-) =Ug4i1(-) =0

3: Randomly split the dataset D into {Dy,}L | with |Dy| =n/H

4: Set 7y, Py, by, and by, as (2.2) and (2.3) using the dataset Dy, for all h € [H]
5: forh=H,H—1,...,1do

6: Set g, (,+,-) and gy (,,-) as (2.4)

7 Compute the NE of g, (-, ) as (m(-), n4(+))

8: Compute vy, (") = Equm,, b, 4, (5 @ b)

9: Compute the NE of G, (-, -, ) as (m(+), 7n(+))

10: Compute T (-) = Eqmy, bom, n (5 @5 b)
11: end for
12: Output: m = (my,my,...,myg), 7 = (W1, N2, ..., NH), {Qh}le, {ﬁh}thl

Theorem 2.4.3. Suppose Assumption 2.2.2 holds. For any 0 < § < 1 and strateqy u,v,
with probability 1 — &, the pessimistic values V., and V', of Algorithm 1 satisfy

By [V (sn) — Vi (s0)] < O (\/O*SABHE’J /n) By [Va(sn) = Vit(sn)] <O (\/O*SABHE’J /n) :

for all h € [H], where s, is sampled from the trajectory following the strategy in the expec-

tation.

Proof Sketch. For simplicity, we only show the guarantee for the strategy p of the max
player. First, we show that under good concentration event, the pessimistic value V, is

always smaller than the best response value of y, i.e.
Vi(s) < VE'(s),Yh e [H],s € S.
Second, we show that the performance gap of p is bounded by the expected sum of bonus

under the strategy u*,v, i.e.

H
Vir(s) = ViE7(s) < Vi 2 (sn) — Vi (sn) < 2Epn > by(se,ap, by)|sp = s| -
—h

Finally, we define a concatenated strategy v/ := (v1,- -+ ,vp_1,Vp, -+ ,vp) and then we have

H
]EM*,V [V;:(Sh) - Kh(sh)] < QE}L*,I/ th(sty at, bt)
t=h
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As Assumption 2.2.2 suggests that (u*, 1) is well covered by the exploration strategy p, the

expected sum of bonus can be bounded. See Appendix A.2 for details. O

Theorem 2.4.3 provides polynomial bounds on the error of the value estimates in Algo-
rithm 1. It can directly imply the following performance gap bound. In addition, it provides

guarantees for the reference function that will be utilized in the next section.

Corollary 2.4.4. Suppose Assumption 2.2.2 holds. For any 0 < § < 1, with probability
1 -9, the output policy m = (u,7) of Algorithm 1 satisfies Gap(m) < O (x/C’*SABH5/n) .

Theorem 2.4.4 shows that the output strategy of Algorithm 1 is an O (\/C’*SABH5/n)—
approximate NE. The parameter C* measures how the exploration strategy p covers the

unilateral strategies (u*,v) and (u,v*) for all u and v.

2.4.2 Bernstein-type Algorithm with Reference Advantage Function Decomposition

In this section, we will derive an improved performance gap bound O <\/C*SA—BH3/n) . The
extra H? is shaved by using Bernstein-type bonus and reference advantage decomposition
technique motivated from Xie et al. [2021b]. However, we want to emphasize that zero-sum
Markov games are substantially different from MDP and require novel adaptation, which
we will describe later.

Due to the space constraint, we put Algorithm 16 in Appendix A.1. Algorithm 16 is
different from Algorithm 1 in two aspects. First, we use the reference advantage decompo-
sition to remove an H factor. The dataset is split into three subset with equal size Dy, Dy,
Dy, and D; is further split into H subset with equal size {Dh,l}thl- We run algorithm 1 on
dataset D,cr and we can obtain pessimistic value estimate Vs and Vet with guarantees by
Theorem 2.4.3. Then we use dataset Dy to estimate thﬁffrl and dataset Dj, 1 to estimate

PV —72‘3{1). Second, we use a Bernstein-type bonus to remove another H factor. Our

updating formulas of @, and Q), are

QO

p = @V Fro + (Pro- Vi) = buo + (Pug - (Vo = ViEL)) = bual, (25)

—ref

— yef . ~ _ P —vef _
Qn=Qn ANFno+ Pro-Vii1) +bno+ Py (Vi — Vir)) + bial, (2.6)
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where we truncate by the reference function to ensure monotonic update so that @, and
@h are more accurate pessimistic/optimistic estimate compared with the reference function

Qzef and Qzef. The bonus functions are defined as

—ref

Var]’a\}ho(vh+1)b H.
Nho V 1 Nho V 1

£
Varg (Vii)e @y
' +
Nho V 1 Nho V 1

buo=c Bho=c (27)

—ref

ref v
b, Varg  (Vpp1 = Vi) H E Varg  (Viir = Vi) L H
(8] 17k, 1 np1 V1 np1 V1

Np1 V 1 Np1 V 1
(2.8)

where ¢ is some universal constant and Varlgho(V), Varlgh (V), npo, np1 are all SAB-
s 71 K b

dimension vectors and the operations are element-wise.

Theorem 2.4.5. Suppose Assumption 2.2.2 holds. For any 0 < 6 < 1 andn > C*SABH*,
with probability 1 — 5, the output policy @ = (u,v) of Algorithm 16 satisfies Gap(m) <

O (VC*SABH/n).

Remark 2.4.6. n > C*SABH?* serves as the burn-in cost, which is standard in the literature.

See a more detailed discussion in Li et al. [2021].

Proof of Sketch. For simplicity we only show the guarantee for the strategy p of the max
player. First we show that under good concentration event, the pessimistic value V, is

always sandwiched by the reference value K};ef and the best response value of p, i.e.,

Vicl(s) < Vi (s) < V' (s),Vh € [H],s € S.

Second, we show that the performance gap of u is bounded by the expected sum of bonus

under the strategy u*,v, i.e.,

H

Vi'(s1) = Vi (1) < V(1) = V(1) < 2By 3 (b 0(Shs s bn) + by (s ans b)| -
h=1

Then we bound the first term by

H
E.xy thp(sh,ahabh) < O <\/C*SABH3/7L + \/C*SABHB/n\/Vl“*’Z(Sl) —V1(51)) :
h=1
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where \/ %8 "(s1) — V,(s1) is the square root of the term we want to bound. The second
term can be bounded similarly. Finally solving the self-bounding inequality for V] *’Z(sl) —

V(s1) and we have

Ve (s1) = VE (1) <VI%(s1) — Vi (s1) < O (,/C*SABH?)/n) .

We utilizes Theorem 2.4.3 to provide guarantee for the error of the reference function and
Viet(s) < V(s) < Vhﬁ’*(s) to bound the variance of the estimation error. See Appendix

A .3 for details. O

As MDP are degenerated Markov games with one player having a fixed action, Markov
games inherit the lower bounds of MDP. Comparing with the lower bound Q (\/m)
[Xie et al., 2021Db], our bound is already tight in C*, S, H. The extra AB factor is from
the Cauchy-Schwarz inequality and the fact that the NE of zero-sum Markov games can be
a mixed strategy while deterministic optimal policy always exists for MDP. It is unknown

whether the AB factor is removable and we leave it to future work.

2.4.8 Minimaz Optimal Sample Complexity Bounds

In this section, we show that Algorithm 16 directly adapts to two popular settings, i.e.
Assumption 2.2.3 (uniform concentration assumption) and turn-based Markov games. In
addition, minimax sample complexity can be achieved under both settings. The proof is

deferred to Appendix A.4.

Theorem 2.4.7. Set d,,, = min {d}(s,a,b) : h € [H],(s,a,b) € S x Ax B}. Suppose As-
sumption 2.2.3 holds. For any 0 < & < 1 andn > H*/d,,, with probability 1 — 6, the output
policy m = (pu,7) of Algorithm 106 satisfies Gap(m) < 0] (\/H3/(ndm)) .

This bound has no explicit dependence on AB because the Cauchy-Schwarz inequality
can be applied on dZ* * instead of d‘,z*’k (See the proof of Theorem A.4.1). As the lower
bound € ( H3/ (ndm)) for MDP [Yin and Wang, 2021b] is the lower bound for Markov

games, Algorithm 16 achieves minimax sample complexity under assumption 2.2.3.
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Theorem 2.4.8. Suppose Assumption 2.2.2 holds for a turn-based Markov games. For any
0<6<1andn>C*SH?*, with probability 1 — &, the output policy ™ = () of Algorithm

16 satisfies Gap(w) < O (\/C*SH?’/n) .

As the lower bound is Q (\/ C*SH?3 /n) [Xie et al., 2021b], Algorithm 16 can achieve
the minimax sample complexity for turn-based Markov games under assumption 2.2.2. The
difference is due to turn-based Markov games always have pure NE strategies (See the proof

of Theorem A.4.6).
2.5 Conclusion

In this work, we study the minimal dataset coverage assumption for NE learning in two-
player zero-sum Markov games. We show that single strategy concentration is not enough
for NE learning. Instead, we find a minimal coverage assumption for NE learning and
design an algorithm with sample complexity tight in C*, S, H under such assumption based
on novel techniques. In addition, the algorithm can achieve minimax sample complexity in
certain settings. We believe this work can shed new light on offline MARL.

Here we list several open problems for future work. One direction is to find the minimax
sample complexity of offline Markov games under the unilateral concentration. Importantly,
it is unclear whether AB factor can be reduced [Bai et al., 2020]. Another direction is to
design efficient algorithms for offline MARL with a large number of agents without sample

complexity scales exponentially with the number of agents.
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Chapter 3

OFFLINE MULTI-PLAYER GENERAL-SUM MARKOV GAMES

This chapter is based on Cui and Du [2022b], with Simon S. Du.

3.1 Introduction

Multi-agent reinforcement learning (MARL) is about decision making in a multi-agent sys-
tem under uncertainty, which has achieved significant success in solving a wide range of tasks
such as GO [Silver et al., 2017], Poker [Brown and Sandholm, 2019] and autonomous deriving
[Shalev-Shwartz et al., 2016]. One standard setting in MARL is multi-player general-sum
Markov games where each player deploys a policy to maximize its own total reward while
the evolution of the environment depends on the policies of all the players [Zhang et al.,
2021a]. During the learning process, each player needs to identify the environment dynamics
as well as compete/cooperate with other agents.

One emerging subarea is offline MARL, where plenty of empirical works have been done
while the theoretical understanding is still largely missing [Pan et al., 2021, Jiang and Lu,
2021, Meng et al., 2021]. Offline RL has received tremendous attention because in various
practical scenarios, it is expensive to acquire online data while offline log data is accessible.

The offline single-agent RL is well studied in the literature. Researchers have identified
the minimal dataset coverage assumption, single policy coverage (the dataset only needs
to cover an optimal policy), under which one can learn a near-optimal policy efficiently.
Furthermore, they have developed algorithms with minimax sample complexity [Xie et al.,
2021b, Li et al., 2022b]. For offline MARL, recent works showed that single policy coverage
is not sufficient and wunilateral coverage is necessary for learning a Nash equilibrium (NE)
strategy, i.e., the dataset covers all the joint strategies that only differ from an NE at one
player [Cui and Du, 2022a, Zhong et al., 2022]. This condition is also sufficient for two-

player zero-sum Markov games with sample complexity O(AB) (ignoring other quantities),
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where A, B are the number of actions for each player [Cui and Du, 2022a]. However, it is
still unclear if it is sufficient for multi-player general-sum Markov game.

One major challenge in MARL is the curse of multiagents [Jin et al., 2021b]. Suppose
the number of actions for player j is A; and there are m players. Then the joint action space
is of size [];¢[m) 4j, which grows exponentially with the number of players m. As a result,
any algorithm that depends linearly on the cardinality of the joint action space can hardly
be applied to real-world scenarios. In online MARL, Jin et al. [2021b] and Song et al. [2021a]
show that finding the coarse correlated equilibrium, which is a weaker equilibrium notion
than NE, only requires 6(maxje[m} A;) samples, thus breaking the curse of multiagents. In

this paper, we study the following question:

Can we find NE in offline m-player general-sum Markov game with unilateral coverage

and without the exponential dependence on the number of players?

In this paper, we answer this question in the affirmative. We highlight our contributions

below.

3.1.1 Main Novelties and Contributions

1. Strategy-wise concentration principle. We propose the strategy-wise concentration
principle. Point-wise concentration is a standard technique in computing the confidence
interval for each state-action pair [Azar et al., 2017, Liu et al., 2021a, Xie et al., 2021b,
Cui and Du, 2022a]. However, the straightforward extension to MARL suffers from the
curse of multiagents as the NE can be a mixed strategy. Different from the point-wise
concentration technique, strategy-wise concentration directly estimates each strategy, which
allows a tighter confidence interval that can avoid the dependence on the joint action space.
We give a technical overview in Section 3.1.2. In addition, we show that the strategy-wise
confidence bound is always a convex function so that the empirical best response strategy
can always be a deterministic strategy, which is critical to the computational efficiency.

2. Improved algorithm for offline two-player zero-sum Markov games. For
offline two-player zero-sum Markov games, we utilize its special structure to develop a

maximin-optimization-type algorithm. Though the nonlinear strategy-wise bonus breaks
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the bilinear structure of the zero-sum game, we show that by solving a maximin optimization
problem we can still output a good strategy. In addition, we can solve it efficiently using any
black-box algorithms for Lipschitz-continuous convex optimization. Our sample complexity

improves the AB factor in Cui and Du [2022a] to (A + B).

3. The first algorithm for offline multi-player general-sum Markov games. For
multi-player general-sum Markov games, we develop a surrogate function to approximate
performance gap and then show that the minimizer of the surrogate function approximates
NE well. The surrogate function is constructed by optimistic best response values and
pessimistic values. Interestingly, to our knowledge, this is the first time that optimism has
been used in offline RL algorithms. Our result validates that unilateral coverage is sufficient
for general-sum Markov games and our sample complexity rate scales with 6(2}":1 Aj)
(ignoring other parameters), thus breaking the curse of multiagents.

4. Incorporating pre-specified strategy class. Lastly, our algorithm allows ex-
ploiting the prior knowledge about the NE strategy with an adaptive sample complexity
bound. Pre-specified policy class has been widely used in empirical works where the policy
class is parameterized by neural networks (e.g., Mnih et al. [2016], Haarnoja et al. [2018],
Lowe et al. [2017]), and single-agent RL theory as well (e.g., Auer et al. [2002], Agarwal
et al. [2021]), but has not been investigated in MARL theory. In this paper, we take a
step to incorporate prior knowledge in the MARL setting. Our performance guarantee only
depends on the logarithmic covering number of the pre-specified strategy class, which is
always upper bounded by Zje[m} Aj, but can be smaller. To the best of our knowledge, this
is the first paper that considers a pre-specified strategy class in MARL theory.

3.1.2  Technical Overview of Strateqy-wise Concentration

To give some intuition about this technique, let us consider a toy problem. Suppose there are
m random variables {z° i, and we want to obtain a pessimistic estimate of their average
T = D ic(m] z'/m. We have n/m observations for each x°. The point-wise concentration
estimate corresponds to estimating each x* and then aggregating the results. The pessimistic

estimate of 2 would be # — O(y/m/n) where Z is the empirical mean, and the aggregated
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mean of these pessimistic estimates would be  — 6(\/m7/n) where 7 is the empirical mean
of all data. The strategy-wise concentration estimate corresponds to directly using all
the samples to estimate the average of {«}!"; and obtain the pessimistic estimate as T —
O(1/+/n). This example shows that the point-wise estimate will lead to an extra m factor.
In MARL, m is the cardinality of the joint action space, which implies that point-wise
concentration can be exponentially worse than strategy-wise concentration. Note that this
is not an issue in single-agent MDP as the optimal policy is always deterministic but leads

to severe suboptimality in the multi-agent case where NE can be a mixed strategy.

3.1.83 Related Work

Online Multi-agent RL. Markov games can be solved via dynamic programming when
the rewards and transition dynamics are given [Hansen et al.; 2013, Perolat et al., 2015]. If
the environment is unknown, reinforcement learning algorithms are applied with different
sampling oracles. One particular line of research is online Markov games, including two-
player zero-sum Markov games [Liu et al., 2021a, Dou et al., 2021, Xie et al., 2020a, Bai
et al., 2020, Huang et al., 2021] and multi-player general-sum Markov games [Zhong et al.,
2021, Mao et al., 2021a, Jin et al., 2021b, Song et al., 2021a]. Rubinstein [2016] proves an
exponential (in the number of players) lower bound for learning the NE strategy in m-player
general-sum game while others show that the correlated equilibrium and coarse correlated
equilibrium admit poly(m, max;ef,, Aj, H,S)-sample complexity algorithms [Mao et al.,
2021a, Jin et al., 2021b, Song et al., 2021a]. Our upper bounds for m-player general-
sum games depend polynomially on all parameters, which do not contradict the hardness
result in Rubinstein [2016] because the assumptions on the offline dataset provide additional

information about the NE.

Offline Single-agent RL. The simplest dataset assumption for offline RL is uniform
coverage, i.e., the dataset covers all the state-action pairs. This assumption dates back
to Szepesvari and Munos [2005]. The minimax sample complexity has been well studied
for both tabular case and function approximation [Xie and Jiang, 2021a, Yin et al., 2020a,

2021a, Ren et al., 2021a]. Recently it has been shown that only covering the optimal policy
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is sufficient for offline RL under different settings [Rashidinejad et al., 2021a, Yin and Wang,
2021a, Xie et al., 2021b, Jin et al., 2021d, Uehara and Sun, 2021a, Zanette et al., 2021b,
Xie et al., 2021a]. These works design provably efficient algorithms based on the principle
of pessimism.

Offline Multi-agent RL. Offline MARL theory is still at a primary stage. Previous
works mostly focused on uniform coverage assumption, i.e. all state-action pairs or all
policies are covered [Sidford et al., 2020, Cui and Yang, 2021, Zhang et al., 2020a, 2021b,
Abe and Kaneko, 2020, Subramanian et al., 2021]. Recently, Cui and Du [2022a] and Zhong
et al. [2022] show that the unilateral coverage assumption is the minimal dataset coverage
assumption for learning NE in Markov games. In addition, [Cui and Du, 2022a] proposes
a pessimism-type algorithm with G(SABH 3C(n*)/€?) sample complexity for tabular two-
player zero-sum Markov game and [Zhong et al., 2022] provides a similar algorithm for linear

two-player zero-sum Markov games.
3.2 Preliminaries

Notations. We use D(X) to denote the single point distributions over the finite set X'. For
example, D(A) to represent the policies that deterministically choose one of the actions in
A. We use 77, € A(A;) as a concise notation of m;,(-|s) and P,(s,a) to denote P,(:|s,a),
which will be defined in the following section. We use —j in subscript to denote all the
players except player j. We use bold letter to denote vectors, e.g. a is a vector and a;
is the j-th element of a. We let O(-) hide absolute constants and O(-) hide polylog terms
as well. The L1 norm of a vector in R? is ||al|; = S>%, |a;|. We denote the projection as
pProji () := max{a, min{b, x}}.

Multi-player General-sum Markov Game. A multi-player general-sum Markov
game is described by a tuple G = (S, A = [];cp Aj: P, R, H), where S is the state space
with cardinality .S, m is the number of players, A; is the action space of player j with cardi-
nality A;, P = (P1, Ps,---, Pg) with P, € RSXHiG[m] AixS being the (unknown) transition
matrix at timestep h € [H|, R = {Ry(-|sn,an)}_, with Ry(:|sn,an) being a distribution
on [0,1]™ with mean rp(sp,ap) € [0,1]™ as the (unknown) reward distribution at timestep

h. At timestep h, all players choose their actions simultaneously and a reward vector is
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sampled from the reward distribution ry ~ Ry (+|sp,ap), where s, is the current state and
an = (ap1,an2, -+ ,anm) is the joint action. Each player j receives its own reward Th,j
with support on [0, 1] and mean 74 j(sp,ap). The state then transits to s, following the
distribution of Py (- | sp,ap). The game terminates at timestep H + 1. We assume that the
initial state sp is fixed because for a stochastic initial state, one can add sg as the initial
state instead and it transits to s; following the initial distribution.

We denote a joint strategy as m = (w1, 72, -+ ,Tp,), where m; = (7 j, 725, ,7p ;) and
mhy : S = A(A;) is the strategy of player j at timestep h where A(A;) is the probability
simplex over A;. We use I to denote the set of all the possible joint strategies. We define

the state value function and state-action value function under strategy m for each player

j € [m]:

Viii(sn) :==Eqg lzrm St ar) Sh] ,QF i(sn,ap) = Eq [Zm St,at) Sh,ah] ;

where the expectation is over the randomness of the environment and the joint strategy
w. For a fixed player j, if all the other player’s strategies are fixed, then player j can
play the best response strategy to maximize its own total reward. We define m_; to be the
strategy for all players except player j and define the best response value to be V; ’;Lj (sp) ==
maxy; Vh” I (sp).

It is well-known that Nash equilibrium strategy exists for general-sum Markov games.
Note that there could be multiple NE strategies with different value functions. We use the
following performance gap to evaluate a strategy m: Gap(m) := 3 cjm) [V* T (1) — ij(sl)} :
This metric is always non-negative and we say 7 is an e-approximate NE if and only if
Gap(m) < €

Two-player Zero-sum Markov Game. A general-sum Markov game becomes a
two-player zero-sum Markov game if there are only two players and the reward rj, ~
Ry (+|s,a1,a2) always satisfies rj, 1 +rp2 = 0 for all h € [H], s € S, a1 € A; and ay € As.
Following the literatures on two-player zero-sum Markov games, we use slightly different
notations for this setting. There is only one reward function r shared by both players, which
is the reward function {rj1}L, for player 1 and the target of player 2 is to minimize the

total reward. We denote p = 71 and v = ms to be the strategy for each player, a = a; and
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b = ay to be the action for each player, II™®* = II; and IT™" = II, to be the strategy class
for each player to remove extra subscripts. One can derive the performance gap under the
new notations for two-player zero-sum Markov games: Gap(r) := V;""(s1) — V{""(s1).

Offline Markov Game. In offline RL, the dataset is collected beforehand and no
further sampling is allowed. Here we consider offline multi-player general-sum Markov
game. The framework for offline two-player zero-sum Markov game is similar with the
slightly different notations as we mentioned.

We assume that the algorithm has access to an offline dataset D = {(sF,alf, rF, s§ 1) hH,kn:171
that satisfies Assumption 3.2.1. The assumption states that the dataset is independently
generated from the underlying Markov game, which is used in [Jin et al., 2021d, Zhong et al.,
2022]. The target of offline Markov game is to find a strategy 7 with as small performance
gap as possible by utilizing the dataset D. One closely related assumption is that the dataset
is generated from some behavior strategy [Xie et al., 2021b, Cui and Du, 2022a]. Though
this kind of dataset does not satisfy Assumption 3.2.1 directly due to the dependence within
the trajectory, we can construct a compliant dataset by using the subsampling technique in

Li et al. [2022b] while the number of samples is still of the same order.
Assumption 3.2.1. The dataset D is compliant with the multi-player general-sum markov
game, i.e.,
Pp(shi1 = s | sh,an) = Pa(sar1 = s | sn = i, an = ap),
Pp(rj = r|sj;, a}) = Ru(ry = rls, = sj, an = af),¥j € [m],

for all h € [H] and k € [n]. In addition, all tuples (sf,af,r, s}, ) are independent.

Pre-specified Policy Class. We also consider the case when we know that the NE is
possibly in a given subset of II'!. We denote this subset as IT and our target is to find the
best strategy in II. Note that we do not assume NE is indeed in II. In addition, by choosing

T = IT™! we can recover the standard setting. To measure the complexity of II, we use the

covering number.

Definition 3.2.2. (Covering Number) For any error level €qover and strategy class 11, we
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define
N(H, Ecover) = Z H |C(Hh,j(5)7 6cover)’ 5

s€S,he[H] j€[m]
where 1IIj, j(s) = {77{1(|3) : € II} is a subset of A(A;) and C(IIj (), €cover) 1S an €cover-

covering of IIj, ;(s) with respect to the L1 norm || - ||;.

Our performance guarantee will only have logarithm dependence on N (II, €cover). As
I, (s) is a subset of A(A;), we always have log(N (I, €cover)) < 6(2je[m] Ajlog(1/€ecover))
and if IT is a finite set, we have log(N (IL, €cover)) < log(SH|II|) (see Appendix B.2.1 for the
proof). In this paper we will choose €cover = W, which only leads to logarithm
dependence on these quantities. In later sections, we will omit €oyver to simplify the notation.

For any joint strategy m, we call (7}, 7—;) for any strategy 7’ and j € [m] as a unilateral
strategy of m. Previous works show that only covering an NE is not sufficient, and covering
all the unilateral strategies of an NE is necessary for learning the NE in Markov games
[Cui and Du, 2022a, Zhong et al., 2022]. We use unilateral coefficient to quantify how the
dataset covers all the unilateral strategies of a strategy m. If we assume that the dataset is

sampled from some (unknown) distribution, i.e. (sp,an) ~ dy(:,-) for all h € [H], we can

define the population unilateral coefficient.

Definition 3.2.3. For any strategy m, the population unilateral coefficient is defined as

T g
dh (sh 7ah)
dp,(sh.an)

C(Tr) = maxhyjﬂrlrshvah
Cui and Du [2022a] provide a sample complexity result for zero-sum Markov games
with dependence on C'(7*). We can also define the empirical unilateral coefficient using the

empirical distribution.

Definition 3.2.4. Define the empirical dataset distribution as d(s,a) = ny(s,a)/n, for

all h € [H],s € S,a € A, where ny(s,a) is the number of times that (s,a) appears in the

dataset for timestep h. For any strategy =, the empirical unilateral coefficient is defined as
" (span)

C(7) := maxy, ; b
() hog. s an dp(sh.an)

The empirical unilateral coefficient can lead to dataset-dependent bound that has no

dependence on the underlying distribution of the dataset. In addition, C () can be bounded
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by 2C () (Proposition 3.2.5) so results based on C(r) directly transfer to C(7). Note that
C (r) and C(7) are both unknown to the algorithm and only appear in the analysis and

theorems.

Pmin

Proposition 3.2.5. Suppose pmin = ming a n{dx(s,a) : dy(s,a) > 0}. Ifn >

7

with probability 1 — &, for all strategy 7, we have 2C(rr) > C ().
3.3 An Improved Algorithm for Offline Two-player Zero-sum Markov Game

In this section, we propose a new algorithm for offline zero-sum Markov game based on
two novel techniques, i.e., strategy-wise concentration and maximin-optimization-based al-
gorithm. We then show that this algorithm is computationally efficient and can (almost)
find the best strategy in strategy class II with favorable sample complexity.

Let us first define some notations. Given a dataset D = {(sﬁ,aﬁ,bk,rﬁ,sﬁﬂ) Z:le,

we denote np(s,a,b) = > 41 ((sﬁ,afb,bfb) = (s,a,b)) and KCpn(s) = {(a,b) € A X B :
nn(s,a,b) # 0}, If ny(s,a,b) # 0, we set

Sioa i ((shs af, b)) = (s.,0))

Th(s,a,b) = 3.1
Th(57a7 ) nh(s’a’ b) ) ( )
B ZZLZI 1 ((Sﬁaaﬁabﬁ,sﬁ+1) = (S,CL, b, S,))
Py(s']s, a,b) = 3.2
n(s']s,a,b) (s, a,b) , (3.2)
otherwise we have
Th(s,a,b) =0, ﬁh(8/|s, a,b) = 0. (3.3)

Based on this empirical Markov game, we can perform value-iteration-type algorithm. Here
we describe our algorithm for player 1. For each timestep h, we first compute the the

state-action values based on the estimates at timestep h + 1:

Q,(5,a,b) = a(s,a,b) + (Pi(s,a,b), Vi1 ) (34)

Then instead of adding the bonus on state-action estimates directly to ensure pessimism
as used in Cui and Du [2022a] and Zhong et al. [2022], we first estimate the state value

functions for strategy 7, v} and then add the bonus on them instead.

Virh(s) = Eqmps brvs @, (8, a,b) — b (s, iy, v7), (3.5)
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Algorithm 2 Strategy-wise Bonus + MaxiMin Optimization (SBMM)
1: Input: Offline dataset D

2: Initialization: vy, (s) =Ug4i1(s) =0forallse S
3: forh=H,H—-1,...,1do
4: # Player 1

5: Approximately solve

s . “s’ys
mjp = argmax min v, "(s)

uz‘enli’?ax(s) l/fLGD(B)
where y’,:?“yi (s) is defined by (3.4) and (3.5) and mj, satisfies (3.10).
6: Solve

. mS l/S
ny = argminv, " " (s)

vy €D(B)

and set
Up(8) = Projjo, g—h1] (th’“ﬂh(s))
7 # Player 2

8: Approximately solve

s . 7“5’113
mj; = argmin  max T," "(s)

v; €Imin(s) 15, €D(A)

where @Z’S”V’SL (s) is defined by (3.8) and (3.9) and 7} satisfies (3.11).

9: Solve
mj = argmax EZ’“ﬁh(s)
ui€D(A)
and set
_ . _ms as
Un(s) = PIOJ[0,H—h+1] (Uh " h(S))
10: end for

11: Output: 7P = (m, )

where

bh<s,uz,uz>=HJ s O o e+ vifn, (3.

(a,b)EKH(s) nh(s’ a, b)

with ¢« = 321log(2ABSHn/J). We also present the bonus from point-wise concentration used
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in Cui and Du [2022a] to better compare them, b (s, u5, v§) = H S anyekn(s) 1 (@) (b) \/%
As a concrete example, if 417 and v} are uniform distribution on A and B, then by, (s, 3, v}))

is smaller than bgomt(s, p5, v for an order of v/AB. Finally to obtain the pessimistic value

estimate, we solve the following optimization problem

V,(s) = in_ VIRVR(s). 7
V() iy I, i Vo (s) (3.7)

Here recall that D(B) represents all the deterministic strategies in B. Our algorthm is

similar for player 2 with the following @ and V estimation:

(s, a,b) = (s, a,b) + <13h(s, a, b),Vh+1> + H1{(a,b) & Kp(s)}, (3.8)
Vi (5) = B 12 Qs a,0) + by (s, 15, 17). (3.9)

The additional H1{(a,b) ¢ Kx(s)} term in (3.8) compared with (3.4) is to compensate the

underestimate by (3.3).

3.3.1 Computational Efficiency

For computational efficiency, we start with the following characterization about our bonus.

.. 57,/5 . . 57,/5 .
Proposition 3.3.1. V""" (s) is concave and V,*" " (s) is convex w.r.t. u§ and vj respec-

tively.

Proposition 3.3.1 explains why the inner minimization in (3.7) is over the deterministic
strategy class as the minimum of a concave function over the probability simplex is achieved
at the vertexes, i.e. deterministic strategies. The proof of Proposition 3.3.1 is provided in
Appendix B.2.2.

Previous works solve the NE (saddle point) of KZZ’VZ(S) as the point-wise bonus main-
tains the bilinear structure [Cui and Du, 2022a, Zhong et al., 2022]. Though here ZZZ’VZ(S)
no longer enjoys the strong duality, we will show that solving the maximin problem is enough
to obtain a good strategy for player 1. As the inner minimization is only on a feasible set of

size B, this problem can be solved efficiently by using projected gradient descent [Bubeck
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et al., 2015]. We assume that we solve the maximin and the minimax optimization problem

to eopt-optimality, i.e.

) I 2o Ky sV
min V7" "(s) > max min V" €opts 3.10
vseD(B) " (s) 2 5 €T (5) vs € D(B) ( ) — copt (3.10)
max V“h’ s) < min max Vﬂ’“ ~+ €opt- 3.11
S Hs) < oo, ) B () + €opt (3.11)

In Appendix B.2.2 we show that projected gradient descent can output an €,p¢-minimizer
with (H + H+/log(N(I)).)/ egpt iterations, where each iteration consists of a gradient com-
putation and a projection onto the probability simplex. We note that if we set eypt to %,
then the optimization error is always of a smaller order term compared to the statistical

error.

3.8.2 Sample Complexity Guarantees for SBMM

For the statistical guarantee, we will first provide assumption-free bounds in the sense that
it holds for arbitrary compliant dataset [Jin et al., 2021d, Yin and Wang, 2021a]. We define

the uncertainty at timestep h and state s under strategy uj and vy:

bn(s, 155 i) o= 2bn(s, i vi) + H D0 i (a)vi(b)
(a.0)#Kn ()

Proposition 3.3.2. Suppose m°%PU js the output of Algorithm 2. With probability 1 — 6,

we have

Gap(ﬂ_output) <

H H
w:fﬁ,igen A e Gap(m) + E, ./ ;bh(%uih,vg ; (sno " vn) | + 2H€op.-
Proposition 3.3.2 shows that our algorithm can find the best strategy in Il with an
additional error of the expected total uncertainty under some unilateral strategies and an

extra optimization error term 2Heqp. Then we derive bounds with unilateral coefficients.

Theorem 3.3.3. Suppose w°"PU s the output of Algorithm 2. With probability 1 — &, we

have

Gap(rouPut) < Hlelll_[l [Gap(ﬂ) + 4H? \/S log(N (T1))C()e/n| + 2Heops.
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Theorem 3.3.3 directly implies the following corollary.

Corollary 3.3.4. If IT = "' then with probability 1 — §, we have Gap(r°UPut) =
6(\/H4S(A+B)C’(W*)/n) + 2Heopt. If m* € 10, then with probability 1 — 6, we have
Gap(rP1t) = O(\/ HAS log(N (1) /(%) /) + 2Heops.

Since C () can be bounded using C () (Proposition 3.2.5), we have the following theo-

rem.

Theorem 3.3.5. Suppose %P s the output of Algorithm 2. With probability 1 — &, we

have

Gap(m°"Put) < grnellr% [Gap(w) + 4H? \/S log(NV(IT))C'(m)e?/n+ HS(A + B)C(w)/n} +2H €qpt.-

8log(SABH/6)

Pmin

In addition, suppose pmin = ming qp p{d} (s,a,b) : dy(s,a,b) > 0} and if n >
we have Gap(m) < minger {Gap(w) +8H?2\/S 10g(N(H))C’(7r)L2/n} + 2H eqpt .-

)

Theorem 3.3.5 shows that there will be an additional lower order term S(A+ B)C(w)/n,
which can be interpreted as the rate of the empirical dataset distribution converges to the

(SABH/ 5), there is no lower

Pmin

population distribution. In addition, for large enough n > 8log
8log(SABH/0)

Pmin

order term. Here n > serves as a warm-up cost so that the empirical support
is the same as the true support of dj. A similar analysis is used in Yin and Wang [2021a].
With a refined analysis, we can show that there is no lower order term for the standard
settings IT = ™! in two-player zero-sum Markov games and II = I for turn-based

Markov games. Note that turn-based Markov games always have a deterministic NE.

Corollary 3.3.6. If II = O™ then with probability 1 — §, we have Gap(r°™Put) —=
O(HAS(A+ B)C(n%)/n)+2Heops. In addition, for turn-based two-player zero-sum Markov
games, we can set T1 = 119 and we have Gap(r®™*P") = O(\/HESC(7%)/n) + 2Heopt.-

Corollary 3.3.6 improves the AB dependence in the previous zero-sum Markov games
result [Cui and Du, 2022a] and matches the result for turn-based Markov games [Cui and
Du, 2022a] up to an extra /H factor. The additional H factor is due to the Hoeffding-type

bonus and we believe it can be removed with a more sophisticated Bernstein-type bonus.
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3.4 Algorithms and Analyses for Multi-player General-sum Markov Game

In this section, we propose the first provably efficient algorithm for offline multi-player
general-sum Markov game. We will use the strategy-wise bonus to achieve a sample com-
plexity that does not scale with Hje[m] Aj. However, in general-sum games there is no
saddle point structure, so we can no longer use the maximin-optimization-type algorithm.
Instead, our algorithm utilizes a novel surrogate function to approximately minimize the

performance gap.

k

Given a dataset D = {(sF,al, r¥, sﬁﬂ)}z:,?:l, we denote np(s,a) = > 141 ((sh, al) = (s, a))

and KCp(s) = {a : ny(s,a) # 0}. If ny(s,a) > 0, we set

Skl ((shaf) = (s,2))

P /
nh(s,a) h(S |S7 a)

dor=11 ((Shaaha Sﬁ+1) = (s,a, S,))

np(s,a)

Thji(s,a) = ,
(3.12)
otherwise we have 7}, j(s,a) = 0, Py(s|s,a) = 0.

Based on this empirical multi-player Markov game, we can estimate the value of arbitrary
strategy 7 via policy evaluation (Algorithm 17 in Appendix). We describe Algorithm 17 for

the pessimistic estimate. For a player j, strategy 7 and timestep h, we first compute the

state-action value estimates:

h](s a) =7y (s,a)+ <13h(s,a),KZ+1,j>, (3.13)

Then we estimate the state value functions and add the strategy-wise bonus to ensure

pessimism.
V7 3(5) = projjo sr— s { Barermy (10 @y (5:2) = b, 73) | (3.14)
s (aq)?
where by, (s, 7},) :HJ Z HJE[:](:’;; ) Slog(N(I))e + /t/n, (3.15)
acly(s) hA®>

with ¢ = 321log(16 [] ;[ AjmSHn/S). Here the strategy-wise pessimism can remove the

jelm
Hje[m] A; dependence as explained in the previous section. By dynamic programming from
timestep H to timestep 1 we can obtain the pessimistic estimate Kij(sl). Compared with
the bonus function (3.6) in zero-sum Markov game, there is an extra S factor in (3.15)

because here we need to perform concentration on <ﬁh(s,a),zz +1,j> for all 7 while in



37

(3.4) we only need to analyze <f’h(s,a, b),Kh+1> for a single V;, 1. We use an additional
e-covering on R® which leads to the extra S.

We use Algorithm 18 (in Appendix) to compute the optimistic value of the best response
strategy. For a given player j, strategy m_; used by all the other player and timestep h, we

first compute the optimistic state-action value estimate:

Q15 (s,a) =T (s,a) + (Pals,a), VT ) + Hifa ¢ Ki(s)}. (3.16)
Then we compute the optimistic value for deterministic strategies for player j:

Vhj(s,aj) =Eqs_ P QZ;_J(S aj,a_j) +bu(s,aj, T, _;). (3.17)

Here with a slight abuse of the notation, we use a; to denote the deterministic strategy of
player j that chooses action a; at state s and timestep h. Finally we use the maximum
over all the deterministic strategies to be the best response value function:VZ’g*j (s) =
PrOjj0, H—h+1] {ma‘xa]’EA]’ Vs, @j)} :

By dynamic programming we can obtain the optimistic estimate V?}r—j (s1) at the initial
state. Note that we only consider the deterministic strategies for player j. Thanks to
the convexity of the bonus by (s,7;), the best response with respect to V;j(s) is also in
the deterministic strategy class as in zero-sum Markov games. The following proposition

connects Algorithm 17 and Algorithm 18:

Proposition 3.4.1. For any strategy m_; € Hfu“ h € [H] and s € S, we have Vh 7T”( ) =

maXy, Vh”w_] (s).

Based on Algorithm 17 and Algorithm 18, we propose a surrogate minimization algo-
rithm for multi-player general-sum Markov game. Suppose V7T ;(s1) and V?;*j(sl) are
pessimistic and optimistic estimates, then we have

Gap(m) = Y Vi (s1) = W(s1) < > VY7 (s1) = VT (s1).
j€lm] j€lm]
The RHS can serve as the surrogate function and SBSM (Algorithm 19 in Appendix)
outputs the minimizer of it in II. From the computational perspective, Algorithm 17 and

Algorithm 18 are both efficient while Algorithm 19 needs to enumerate II for the worst
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case. This computational hardness agrees with the PPAD-hardness for computing approx-
imate NE even in full information general-sum game [Daskalakis, 2013]. However, if II is
well structured, Algorithm 19 may be computationally efficient and we leave it to future

output

work. Here we assume 7 is an exact solution while it is straightforward to incorporate

optimization error as in the previous section.

3.4.1 Sample Complexity Guarantees for SBSM

We still begin with assumption-free bound as in the previous section. We define the uncer-

tainty at timestep  and state s under strategy m: by (s, ) = 2bp (s, ™) +H agic, (s) Th(@)-

Proposition 3.4.2. Suppose P is the output of Algorithm 19. With probability 1 — 6,

we have

H H
Gap(™"'"™) < min [Gapw) o 37 B Y Bl mi,) + mEe Y buon, wff)] .
j€[m] h=1 h=1
Proposition 3.4.2 has a similar structure as Proposition 3.3.2 with a slight difference in

the expected uncertainty terms. Then we will bound using the unilateral coefficients.

Theorem 3.4.3. Suppose 7P js the output of Algorithm 19. With probability 1 —§, we

have

Gap(*"™") < min |Gap(n) + AmH28\/ O () log(N (I1))1/n| .

Theorem 3.4.3 directly implies the following corollary, which shows that the sample
complexity of offline multi-agent RL only scales linearly with respect to the number of the

players.

Corollary 3.4.4. IfT1 = I with probability 1—3, we have Gap(rotPut) = 5(\/H452 > jelm] AjCA'(W*)/n).
If m* € 11, then with probability 1—4, we have Gap(m° 1) = 6(\/1{452 log(N(IT))C(7%) /n).

Similarly we have the following theorem and corollary for the population unilateral

coefficient.

8log (ST cm)A; H/9)

Pmin

with probability 1—4, we have Gap(m°®"*u%) < min ¢ {Gap(ﬂ) +4mH?S/2C () log(J\/'(H))L/n} .

Theorem 3.4.5. Suppose w°"PU js the output of Algorithm 19. If n >

)
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8 log(SHJe[m] AJH/5

Corollary 3.4.6. Suppose n > - ). If I = 1M with probability 1 — 6, we
have Gap(woutPut) = 6(\/H4S2 Y jeim) A;C(m*)/n). If 7 € 11, then with probability 1 — 4,

we have Gap(m®""") = O(\/H*5%log(N (I))C'(7*) /n).

jE[M

3.5 Conclusion

In this work, we studied offline MARL. With a novel strategy-wise bonus, we remove the
exponential dependence on the number of players. We use different algorithm frameworks
for zero-sum Markov games and general-sum Markov games due to their different properties.

Here we list several open problems for future work. One direction is to find the mini-
max sample complexity for offline Markov games, i.e., if the log(N(II)) term is necessary.
Another direction is to design computationally efficient algorithms for finding (coarse) cor-
related equilibrium in general-sum Markov games. Lastly, we only focus on the tabular
setting serving as a start point. It is important to study MARL with reasonable function

approximation.
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Part II

PROVABLY EFFICIENT ONLINE MULTI-AGENT
REINFORCEMENT LEARNING
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Chapter 4

ONLINE MARKOV GAMES WITH INDEPENDENT LINEAR
FUNCTION APPROXIMATION

This chapter is based on Cui et al. [2023], with Kaiqing Zhang and Simon S. Du.

4.1 Introduction

Decision-making under uncertainty in a multi-agent system has shown its potential to ap-
proach artificial intelligence, with superhuman performance in Go games [Silver et al., 2017],
Poker [Brown and Sandholm, 2019], and real-time strategy games [Vinyals et al., 2019b],
etc. All these successes can be generally viewed as examples of multi-agent reinforcement
learning (MARL), a generalization of single-agent reinforcement learning (RL) [Sutton and
Barto, 2018] where multiple RL agents interact and make sequential decisions in a com-
mon environment [Zhang et al., 2021a]. Despite the impressive empirical achievements of
MARL, the theoretical understanding of MARL is still far from complete due to the complex
interactions among agents.

One of the most prominent challenges in RL is the curse of large state-action spaces.
In real-world applications, the number of states and actions is exponentially large so that

3361 potential states

the tabular RL algorithms are not applicable. For example, there are
in Go games, and it is impossible to enumerate all of them. In single-agent RL, plenty of
works attempt to tackle this issue via function approximation so that the sample complexity
only depends on the complexity of the function class, thus successfully breaking the curse
of large state-action spaces [Wen and Van Roy, 2017, Jiang et al., 2017, Yang and Wang,
2020, Du et al., 2019, Jin et al., 2020, Weisz et al., 2021, Wang et al., 2020, Zanette et al.,
2020, Wang et al., 2021, Jin et al., 2021a, Du et al., 2021, Foster et al., 2021].

However, it is still unclear what is the proper function approximation model for multi-

agent RL. The existing theoretical analyses in MARL exclusively focus on a global func-

tion approximation paradigm, i.e., a function class capturing the state-joint-action value
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Qi(s,a1,- -+ ,ay) where s is the state and a; is the action of player i € [m] [Xie et al., 2020a,
Huang et al., 2021, Chen et al., 2021b, Jin et al., 2022, Chen et al., 2022, Ni et al., 2022].
Unfortunately, these algorithms would suffer from the curse of multiagents when specialized
to tabular Markov games, one of the most canonical models in MARL. Specifically, the sam-
ple complexity depends on the number of joint actions Hie[m} A;, where A; is the number
of actions for player i, which is exponentially worse than the best algorithms specified to
the tabular Markov game whose sample complexity only depends on max;e[,,, 4i [Jin et al.,
2021b, Song et al., 2021a, Mao et al., 2022, Daskalakis et al., 2022].

On the other hand, empirical algorithms with independent function approximation such
as Independent PPO have surprisingly good performance, where only the independent state-
individual-action value function Q;(s, a;) is modeled [de Witt et al., 2020a, Yu et al., 2021].
This is very surprising due to the fact that the independent state-action value function
Qi(s,a;) does not reflect the change of other players’ policies, a.k.a. the non-stationarity
from multiple agents, which should fail to allow learning at first glance. In addition, single-
agent RL with function approximation already suffers from the non-stationarity of applying
function approximation [Baird, 1995], making it even harder for MARL. This gap between

theoretical and empirical research leads to the following question:

Can we design provably efficient MARL algorithms for Markov games

with independent function approximation that can break the curse of multiagents?

In this paper, we provide an affirmative answer to the above question. We highlight our

contributions and technical novelties below.

4.1.1  Main Contributions and Technical Novelties

1. Multi-player general-sum Markov games with independent linear function
approximation. We propose independent linear Markov games, which is the first prov-
ably efficient model in MARL that allows each agent to have its own independent function
approximation. We show that independent linear Markov games capture several important
instances, namely tabular Markov games [Shapley, 1953], linear Markov decision processes

(MDP) [Jin et al., 2020], and congestion games [Rosenthal, 1973]. Then we provide the
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first provably efficient algorithm in MARL that breaks the curse of multiagents and the
curse of large state and action spaces at the same time, i.e., the sample complexity only
has polynomial dependence on the complexity of the independent function class complexity.
See Table 4.1 for comparisons between our work and prior works.

Our algorithm design relies on two high-level technical ideas which we detail here:

e Policy replay to tackle non-stationarity. Different from experience replay that
incrementally adds new on-policy data to a dataset, policy replay maintains a policy
set and completely renews the dataset at each episode by collecting fresh data using
the policy set. We propose a new policy replay mechanism for learning equilibria in
independent linear Markov games, which allows efficient exploration while adapting
to the non-stationarity induced by both multiple agents and function approximation

at the same time.

e Separating exploration and learning Markov equilibria. States and actions
in independent linear Markov games are correlated through the feature map, so we
can no longer resort to adversarial bandit oracles as in algorithms for tabular Markov
games [Jin et al., 2021b, Song et al., 2021a, Mao et al., 2022, Daskalakis et al., 2022].
In particular, the adversarial contextual linear bandit oracles would be a potential
substitute, while the existence of such oracles remains largely an open problem (see
Section 29.4 in Lattimore and Szepesvari [2020]). To tackle this issue, we exploit
the fact that under the self-play setting, other players are not adversarial but under
control, so we can sample multiple i.i.d. feedback to derive an accurate estimate instead
of just a single bandit feedback. We separate the exploration in Markov games from
learning equilibria so that any no-regret algorithms with full-information feedback are
sufficient for our MARL algorithm, which is significantly weaker than the adversarial
bandit oracle used in all the previous works that break the curse of multiagents in the

tabular setting.

2. Learning Nash equilibria in Linear Markov potential games. We provide an

algorithm to learn Markov Nash equilibria (NE) when the underlying independent linear
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Markov game is also a Markov potential game. The algorithm is based on the reduction
from learning NE in independent linear Markov potential games to learning the optimal
policy in linear MDPs. In addition, the result directly implies a provable efficient decentral-
ized algorithm for learning NE in congestion games, which has better sample complexity

compared with the previous state-of-the-art result in Cui and Du [2022b].

3. Improved sample complexity for tabular multi-player general-sum Markov
games. Aside from our contributions to Markov games with function approximation, we
design an algorithm for tabular Markov games with improved sample complexity for learn-
ing Markov CCE by adapting the policy replay mechanism we proposed for the independent
linear Markov games. Our sample complexity for learning Markov CCE is 6(H 652 Apaxe %),
which significantly improves the prior state-of-the-art result 6(H .63 Appaxe™3) in Daskalakis
et al. [2022], where H is the time horizon, S is the number of the states, Amax = max;cpm,) 4;
is the maximum action space and ¢ is the desired accuracy.” Furthermore, our analysis is
simpler. In addition, we provide the first provably efficient algorithm for learning Markov
CE with sample complexity 6(H652A2 €2).

max

4.1.2  Related Work

Tabular Markov games. Markov games, also known as stochastic games, are introduced
in the seminal work Shapley [1953]. We first discuss works that consider bandit feedback as
in our paper. Bai and Jin [2020a] provide the first provably sample-efficient MARL algorithm
for two-player zero-sum Markov games, which is later improved in Bai et al. [2020]. For
multi-player general-sum Markov games, Liu et al. [2021a] provide the first provably efficient
algorithm with sample complexity depending on the size of joint action space Hie[m] A;. Jin
et al. [2021Db], Song et al. [2021a], Mao et al. [2022] utilize a decentralized algorithm to break
the curse of multiagents. However, the output policy therein is non-Markov. Recently,
Daskalakis et al. [2022] provide the first algorithm that can learn Markov CCE and break

the curse of multiagents at the same time. Several other lines of research consider full-

*We use 5() to omit logarithmic dependence on all the parameters.



45

information feedback setting in Markov games and have attempted to prove convergence
to NE/CE/CCE and/or sublinear individual regret [Sayin et al., 2021, Zhang et al., 2022b,
Cen et al., 2022b, Yang and Ma, 2022, Erez et al., 2022, Ding et al., 2022], and offline
learning setting where a dataset is given and no further interaction with the environment is
permitted [Cui and Du, 2022a, Zhong et al., 2022, Yan et al., 2022, Xiong et al., 2022, Cui
and Du, 2022b].

Markov games with function approximation. To tackle the curse of large state and
action spaces, it is natural to incorporate existing function approximation frameworks for
single-agent RL into MARL algorithms. Xie et al. [2020a], Chen et al. [2021b] consider
linear function approximation in two-player zero-sum Markov games, which originate from
linear MDP and linear mixture MDP in single-agent RL, respectively [Jin et al., 2020, Yang
and Wang, 2020]. Huang et al. [2021], Jin et al. [2022], Chen et al. [2022], Ni et al. [2022]
consider different kinds of general function approximation, which also originate from single-
agent RL literature [Jiang et al., 2017, Du et al., 2019, Agarwal et al., 2020c, Wang et al.,
2020, Zanette et al., 2020, Jin et al., 2021a, Foster et al., 2021, Du et al., 2021]. It is notable
that all of these frameworks are based on global function approximation, which is centralized

and suffers from the curse of multiagents when applied to tabular Markov games.

Markov potential games. Markov potential games incorporate Markovian state tran-
sition to potential games [Monderer and Shapley, 1996]. Most existing results consider
full-information feedback or well-explored setting and prove fast convergence of policy gra-
dient methods to NE [Leonardos et al., 2021, Zhang et al., 2021c, Ding et al., 2022]. Song
et al. [2021a] provide a best-response type algorithm that can explore in tabular Markov
potential games. One important class of potential games is congestion games [Rosenthal,
1973]. Cui et al. [2022] give the first non-asymptotic analysis for general congestion games
with bandit feedback. We refer the readers to Cui et al. [2022] for a more detailed back-
ground about learning in potential/congestion games. It is worth noting that for congestion
games, each player is in a combinatorial bandit if other players’ policies are fixed, which

can be directly handled by our independent linear Markov games model, while applying po-
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tential game results lead to polynomial dependence on Ap.x, which could be exponentially

large in the number of facilities in congestion games.

Comparison with Wang et al. [2023]. Shortly after we submitted our work to arXiv,
we became aware of a concurrent and independent work Wang et al. [2023]. The two works
share quite a bit of results, e.g., the use of a similar function approximation model, sim-
ilar algorithm design and sample complexity results for learning Markov CCE in tabular
Markov games, similar discussions on the improved result by using additional communica-
tion among agents, etc. Here we highlight several differences in learning Markov CCE with
linear function approximation. First, they utilize a novel second-order regret oracle and
Bernstein-type concentration bounds, so that they can leverage the single-sample estimate
instead of the batched estimate in our algorithm, which results in better dependence on
dmax, € and H compared with our sample complexity. On the other hand, our result has no
dependence on the number of actions, which is aligned with the single-agent linear MDP
sample complexity, while theirs has a polynomial dependence on Apay.” This difference is
because they use a uniform policy to sample at the last step while we always use the on-
policy samples. In fact, neither of the sample complexity bounds is strictly better than the
other one and is not directly comparable as the assumptions are not the same. Second, our
algorithm can use arbitrary full-information no-regret learning oracles while their results
are specialized to the Expected Follow-the-Perturbed-Leader (E-FTPL) oracle [Hazan and
Minasyan, 2020], which makes the policy class I1®%ma% therein the linear argmax policy
class. Our IT®"™at€ jg induced by the full-information oracle being used, and the result is in
this sense more agnostic. On the other hand, if we use E-FTPL, the induced II®*™mat¢ hag
a more complicated form than the linear argmax policy class. This is because we use the
optimistic estimation of the @ function in our algorithm. Third, our algorithm can work
with agnostic model misspecification which is not considered in Wang et al. [2023]. Besides
the differences in linear function approximation results mentioned above and the similar

algorithms and sample complexity for the tabular case, we also have results for learning NE

'In Theorem 4.4.3, there is a log(Amax) factor, which can be replaced by dmax by using a covering

argument as in adversarial linear bandits [Bubeck et al., 2012].
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in Markov potential games, as well as learning Markov CE in general-sum Markov games,
while they provide a policy mirror-descent-type algorithm for other function approximation
settings, such as linear quadratic games and the settings with low Eluder dimension, with

a weaker version of CCE called policy-class-restricted CCE.

Notation. For a finite set X, we use A(X) to denote the space of distributions over X. For
n € NT, we use [n] to denote {1,2,--- ,n}. We use ||-|| to denote the Euclidean norm ||-||, and
(,+) to denote the Euclidean inner product. We define projy, 5 (z) := min{max{z, a}, b} and

xVy := max{x,y}. Anarbitrary tie-breaking rule can be used for determining argmax, f(x).

4.2 Preliminaries

Multi-player general-sum Markov games are defined by the tuple (S, {A4;}", H, P, {ri}I",),
where S is the state space with |S| = S, m is the number of the players, A; is the action space
for player i with |A;| = A;, H is the length of the horizon, P = {Pp, },¢ (g is the collection
of the transition kernels such that P, (- | s,a) gives the distribution of the next state given
the current state s and joint action a = (a1,az2, -+ ,am) at step h, and r; = {rpi}nein
is the collection of random reward functions for each player such that rp ;(s,a) € [0,1] is
the random reward with mean Ry, ;(s,a) for player i given the current state s and the joint
action a at step h. We use A = A; x As X --- x A, to denote the joint action space, rj, =
(Th,1,Th2, " s Thm) to denote the joint reward profile at step h, and Ayax = max;c(m) Ai- In
the rest of the paper, we will simplify “multi-player general-sum Markov games” to “Markov
games” when it is clear from the context.

Markov games will start at a fixed initial state s; for each episode.’ At each step h € [H],
each player ¢ will observe the current state s; and choose some action aj ; simultaneously,
and receive their own reward realization 7, ; ~ 74 (s, an) where ap = (ap1,an2, -, Ghm)-
Then the state will transition according to sp11 ~ Pp(- | sp,an). The game will terminate
when state spy1 is reached and the goal of each player is to maximize their own expected

total reward E [Ethl Fh’i} . We consider the bandit-feedback setting where only the reward

1t is straightforward to generalize to stochastic initial state si ~ p1(+) by adding a dummy state so

instead, which will transition to s1 ~ p1(-) no matter what action is chosen.
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for the chosen action is revealed, and there is no simulator and thus exploration is necessary.

Policy. A Markov joint policy is denoted by 7 = {m,}}L| where each 7, : & — A(A) is
the joint policy at step h. We say that a Markov joint policy is a Markov product policy
if there are policies {m;}I"; such that my(a | s) = [[i% msi(a; | s) for each h € [H], where
T = {Wh,i}hzl is the collection of Markov policies 7, ; : S — A(A;) for player 7. In other
words, a Markov product policy means that the policies of each player are not correlated.
For a Markov joint policy 7, we use m_; to denote the Markov joint policy for all the players
except player i. We will simplify the terminology by using “policy” instead of “Markov joint

policy” when it is clear from the context as we will only focus on Markov policies.

Value function. For a policy 7, it can induce a random trajectory (s1,a1,r1, 82, " ,SH, &, TH, SH+1)
such that ap ~ m,(- | sp), th ~ rp(sp,ap), and spy1 ~ Pp(- | sp,ay) for all h € [H]. For
simplicity, we will denote Ex[-] = E (4, a, r1 50, sm.amrm,smin)~rl]- We define the state value

function under policy 7 for each player i € [m] to be

Vhl Sh lzrtl Staat

Sh‘| ,Vsp € S,

which is the expected total reward for player i if all the players are following policy 7 starting

from state sp at step h.

Best response and strategy modification. Suppose all the players except player ¢ are
playing according to a fixed policy m_;, then the best response of player 7 is the policy that
can achieve the highest total reward for player i. Concretely, m; is the best response to m_;

7r7r2

if m; = argmax,scyy, Vii (s1), where II; consists of all the possible policies for player 4.

‘(s) for all h € [H],

We will use V,"~*(s) to denote the best-response value MaX /ey, V,Zr e

i€ [m]and s € S and E; »_,[-] to be the expectation over the corresponding best-response
policy. Note that if all the other players are playing a fixed policy, then player ¢ is in
an MDP and the best response is the corresponding optimal policy, which can always be

‘(s) for all h € [H] and s € S

deterministic and achieve the optimal value max,/ e[y, V,Zr e

simultaneously.
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A strategy modification 1; = {15 ;}1L_, for player i is a collection of maps ¢, ; : S x A; —
A;, which will map the action chosen at any state to another action.® For a Markov joint

policy m, we use 9; ¢ 7 to denote the modified Markov joint policy such that

(Yiomp(als) = Z m(a’ | s).

a’upy i(aj|s)=ai,a’_=a_;
In words, if the policy 7, assigns action a; to player i at state s, it will be modified to action
Yni(a; | s). We use U; to denote all the possible strategy modifications for player i. As ¥;
contains all the constant modifications, we have

) L .
max VI (s1) > max V™ (s1) = VT (s0),
k2 k3 .

K3

which means that strategy modification is always stronger than the best response.

Notions of equilibria. A Markov Nash equilibrium is a Markov product policy where

no player can increase their total reward by changing their own policy.

Definition 4.2.1. (Markov Nash equilibrium) A Markov product policy 7 is an e-approximate

Nash equilibrium if
NashGap(r) := m[aﬁ (fo‘i(sl) — Vfri(sl)) <e.
Ze ™m ) )

In general, it is intractable to compute Nash equilibrium even in normal-form general-
sum games, which are Markov games with H = 1 and S = 1 [Daskalakis et al., 2009, Chen
et al., 2009]. In this paper, we will focus on the following two relaxed equilibrium notions,

which allow computationally efficient learning.

Definition 4.2.2. (Markov Coarse Correlated Equilibrium) A Markov joint policy 7 is a

Markov coarse correlated equilibrium if

CCEGap(7) := max (V;’f‘i(sl) - Vfi(sl)) <e

i€[m]

SWe only consider deterministic strategy modification as it is known that the optimal strategy modifi-

cation can always be deterministic [Jin et al., 2021b].
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Definition 4.2.3. (Markov Correlated Equilibrium) A Markov joint policy 7 is a Markov
correlated equilibrium if

CEGap(r) := AT >< .
ap(r) = ma ( mae V() = V(o)) < e

It is known that every Markov NE is a Markov CE and every Markov CE is a Markov
CCE, and in two-player zero-sum Markov games, these three notions are equivalent. In
this work, we will focus on Markov equilibria, which are more refined compared with non-
Markov equilibria considered in Jin et al. [2021b], Song et al. [2021a], Mao et al. [2022].
For a detailed discussion regarding the difference, we refer the readers to Daskalakis et al.
[2022].

Two important special cases of Markov games are two-player zero-sum Markov games
and Markov potential games, which have computationally efficient algorithms for learning
Markov NE. Two-player zero-sum Markov games are Markov games with the number of
players m = 2 and reward function satisfying rp 1(s,a) +rp2(s,a) =0 for all (s,a) € S x A
and h € [H]. Markov potential games are Markov games with a potential function ® : IT —
[0, Pryax], where IT is the set of all possible Markov product policies 71 X g« -+ X 7y, such
that for any player i € [m], two policies 7;, 7} of player ¢ and policy m_; for the other players,
we have

/ .
-

VI (s1) = Vi (1) = @(mi, i) — @(xf, ).

Immediately, we have &, < mH by varying m; for each player ¢ for one time. One special
case of Markov potential games is Markov cooperative games, where all the players share

the same reward function.
4.3 MARL with Independent Linear Function Approximation

In this section, we will introduce the independent linear Markov game model and demon-
strate the advantage of this model over existing Markov games with function approximation.
Intuitively, independent linear Markov games assume that if other players are following some
fixed Markov product policies, then player ¢ is approximately in a linear MDP [Jin et al.,

2020]. This is fundamentally different from previous global function approximation formu-
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lations, which basically assume that the Markov game is a big linear MDP where the action

is the joint action a = (a1, a9, - ,am).

Feature and independent linear function class. For each player ¢, they have access

to their own feature map ¢; : S x A; — R% and we assume that

sup  ||di(s, ai)l[ < 1.
(s,a;)ESXA;

For player i, given parameters 6; = (614, --,0m,), the corresponding linear state-action
value function for player i would be f¢ = ( fli’i, gzi’i, e Iefil) where fg’;’i(s,ai) = (¢i(s,a;), 0n.)

for all (s,a;) € S x A;. We consider the following linear state-action value function class
for player i:

Qi = { £ | 0nll, < HVA, vh € [H]} .

We also define the state value function class
V={(V1, -, Vis1) | Va(s) € [0,H +1—h],Yh € [H +1],s € S}.

Given the state value function V' € V and other players’ policies m_;, we can define the

independent state-action value function for all h € [H| and (sp,ap;) € S x A; as:

LV
Qni” (shyani) = Bay i _ilsp) [Phi(Shs ahis an—i) + Vi1 (sne)] -

Now we formally define Markov games with independent linear function approximation.
This definition generalizes the misspecified MDPs with linear function approximation model

proposed in Zanette and Wainwright [2022] to the Markov games setting.

Definition 4.3.1. For any player i, feature map ¢; is v-misspecified with policy set ITestimate

if for any rollout policy 7, target policy 7, we have for any V € V,

max <v

ﬂ-eHcstimatc ’

H
. T,V -5,V
> Ex [prOJ[O,H+1—h] (<¢i(5h>ah7i)7927r >) —Qns (Shaah,i)]
h=1
where ITestmate jg the collection of Markov product policies that need to be evaluated and

T,V . i,V 2
0 = argmin Ez (<¢i(3ha ani), 0) — Qp;"" (shs ah,i)) (4.1)
6I|I<HVd
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is the parameter for the best linear function fit to QZ?’V under rollout policy 7. We say
a multi-player general-sum Markov game with features {@; };c[s, is a v-misspecified linear

[1estimate if for any player 4, the feature map ¢; is v-misspecified with

Markov game with
[1estimate " Ty addition, we define dpay := MAaX;e ] d; as the complexity measure of the linear

Markov game.

[1estimate consists of policies that need to be estimated in the

The policy estimation set
algorithm, which reflects the inductive bias of the algorithm. We emphasize that all of
our algorithms do not require any knowledge of the policy estimation set ITestmate op the
misspecification error v, which is known as the agnostic setting [Agarwal et al., 2020e,a].

Here we give some concrete examples to serve as the special cases of the independent linear

Markov game.

Ezample 1. (Tabular Markov games) Let d; = SA; and set ¢;(s, a;) = €(, 4,) be the canonical
basis in R% for all i € [m]. Then we recover tabular Markov game with misspecification

error v = 0.

Ezample 2. (State abstraction Markov games) Suppose we have an abstraction function
Y : S — Z for all h € [H|, where Z is a finite set as the “state abstractions” such that
states with the same images have similar properties. The model misspecification is defined

as

eh(z) = {|Th,i(5’a) - rh,i(3/7a)| ’ H]P)h(‘ | s,a) - ]Ph(' ‘ S/’a)Hl} Vz e Z.

max
s,8"p(s)=1(s")=z;i€[m|,h€[H],ac A

We define v-misspecified state abstraction Markov games to satisfy that for any policy ,

we have

S,

"
> B [en(¥(sn))]
h=1

which means the misspecification error is small under any policy .

Proposition 4.3.2. v-misspecified state abstraction Markov games (Example 2) are Hv-
misspecified independent linear Markov games with TI2PStaction — Lo |y (1| 5) = 7, (- | 8'), 9 (s) = ¥ (s')},

di = |Z|A; for all i € [m] and feature ¢;(s, ai) = ey(s).q, to e the canonical basis in R%
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Ezample 3. (Congestion games) Congestion games are normal-form general-sum games
defined by the tuple (F,{A4;}™,,{r/};cr), where F is the facility set with F = |F]|,
A; C 27 is the action set for player i € [m], and rf(n) € [0,1/F] is a random re-
ward function with mean Rf(n) for all n € [m]. For a joint action a = (a1,--- ,am),
n/(a) = 31", 1{f € a;} is the number of players choosing facility f and the reward col-
lected for player i is ri(a) = - fc,, rf(nf(a)), which is sum of the reward from the facilities

they choose.

Proposition 4.3.3. Congestion games (Example 3) are independent linear Markov games

with S =1, H=1 and d; = F for all i € [m| and misspecification error v = 0.

The proofs for Proposition 4.3.2 and Proposition 4.3.3 are deferred to Appendix C.1.
These examples demonstrate the generality of the linear Markov games we defined. We want
to emphasize that the complexity of tabular Markov games would be d = S [];g}n Ai if we
apply the global function approximation models in Chen et al. [2022], Ni et al. [2022], which
is exponentially larger than dmax = Smax;ecp,) 4i, as in the tabular setting when model-
based approaches are used [Bai and Jin, 2020a, Zhang et al., 2020a, Liu et al., 2021a]. See

Table 4.1 for a detailed comparison.
4.4 Algorithms and Analyses for Linear Markov Games

4.4.1 Experience Replay and Policy Replay

Before getting into the details of our algorithm, we will first review two popular exploration
paradigms in single-agent RL, namely experience replay and policy replay. Experience replay
is utilized in most empirical and theoretical algorithms, which adds new on-policy data to
a dataset and then uses the dataset to retrain a new policy [Mnih et al., 2013, Azar et al.,
2017, Jin et al., 2020]. By carefully designing how to train the new policy to strategically
explore the underlying MDP, the dataset will contain more and more information about the
MDP and thus we can learn the optimal policy without any simulator.

Another popular approach is called policy replay, which is also known as policy cover.

Instead of incrementally maintaining a dataset, the algorithm will maintain a policy set,
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and at each episode renew the dataset by drawing fresh samples using the policies in this
policy set. As the dataset is completely refreshed at each episode, policy replay is able to
tackle non-stationarity and enjoy better robustness in many different settings. In Agarwal
et al. [2020a], it is used to address the “catastrophic forgetting” problem in policy gradient
methods while being robust to the so-called transfer error. In Zanette and Wainwright
[2022], Daskalakis et al. [2022], it is used to tackle the non-stationarity in Q-learning with
function approximation and non-stationarity of multiple agents in tabular Markov games,

respectively.

In independent linear Markov games, non-stationarity comes from both multiple agents
and function approximation. In particular, the change in other players’ policies will lead to a
different independent state-action value function to estimate, and the change in the next-step
value function estimate will lead to changing targets for regression. In our algorithm, we will
show that policy replay can tackle both types of non-stationarity at the same time as we use
it to create a stationary environment with fixed regression targets, which leads to provably
efficient algorithms for independent linear Markov games. Policy replay also guarantees
that if each player has a misspecified feature, the final guarantee will only have a linear
dependence on the misspecification error. In addition, we will provide a carefully designed
policy-replay-type algorithm for tabular Markov games which has significant improvement

over Daskalakis et al. [2022] in Section 4.6.

4.4.2  Algorithm

One technical difficulty in designing algorithms for linear Markov games is that we can no
longer resort to adversarial bandits oracles, which is utilized in all algorithms that can break
the curse of multiagents [Jin et al., 2021b, Song et al., 2021a, Mao et al., 2022, Daskalakis
et al., 2020]. This is because adversarial contextual linear bandits oracle is necessary to
avoid dependence on S and A;. However, to the best of our knowledge, the only relevant
result considering i.i.d. context with known covariance is Neu and Olkhovskaya [2020],
which can not fit into Markov games. Indeed, adversarial linear bandits with changing

action set is still an open problem (See Section 29.4 in Lattimore and Szepesvari [2020]).
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Protocol 1 No-regret Learning Algorithm

Initialize: Action set B, and p; to be the uniform distribution over B.
fort=1,2,...,7 do

Adversary chooses loss I;.

Observe loss [;.

Update p;y1 + NO_REGRET_UPDATE(l;).

end for

Perhaps surprisingly, our algorithms only require no-regret learning with full-information
feedback oracle (Protocol 1). This oracle is considerably easier than the previous (weighted)
high-probability adversarial bandit with noisy bandit feedback oracles [Jin et al., 2021b,
Daskalakis et al., 2022]. The intuition is that as all the players are using the same algorithm,
the environment is not completely adversarial and we can take multiple i.i.d. samples so

that the full-information feedback can be constructed with the batched data.

No_Regret_Update subroutine. Consider the expert problem with B experts [Freund
and Schapire, 1997]. We use B to denote the action set with |B| = B, and the policy
p € A(B). At round ¢, the adversary chooses some loss l; (also known as the “expert
advice”). Then the learner observes the loss [; and updates the policy to p;y1, which is
denoted as py+1 < NO_REGRET_UPDATE(l;).

For learning CCE and CE, the no-regret learning oracle needs to satisfy the following
no-external-regret and no-swap-regret properties, respectively. We will use the minimax op-
timal no-external-regret and no-swap-regret algorithms while any other no-regret algorithms
are eligible. Assumption 4.4.1 and Assumption 4.4.2 can be achieved by EXP3 [Freund and
Schapire, 1997] and BM-EXP3 [Blum and Mansour, 2007], respectively.

Assumption 4.4.1. (No-external-regret with full-information feedback) For any loss se-
quence l1,...,lr € R® bounded between [0,1], the no-regret learning oracle (Protocol 1)
enjoys external-regret [Freund and Schapire, 1997]:

T
max > _ ({pe,lr) — 1¢(b)) < Reg(T) := O(y/log(B)T).

beB =1
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Assumption 4.4.2. (No-swap-regret with full-information feedback) For any loss sequence
l1,...,l7 € RP bounded between [0, 1], the no-regret learning oracle (Protocol 1) enjoys

swap-regret [Blum and Mansour, 2007, Ito, 2020]:

~

max ((pt; 1) — (Yo pr, 1)) < SwapReg(T) := O(\/ Blog(B)T),

vev i

where ¥ denote the set {1 : B — B} which consists of all possible strategy modifications.

We will explain the algorithm for learning Markov CCE and the only difference in
learning Markov CE is to use the no-swap-regret oracle to replace the no-external-regret one.
The algorithm has two main components: learning Markov CCE with policy cover and policy
cover update. For the first part, given a policy cover II, we will compute an approximate
optimistic CCE under the distribution induced by the policy cover. Specifically, we use a
value-iteration-type algorithm that computes the CCE and the corresponding value function
from step H to 1 (Line 5). At each step h, each player will run a no-regret algorithm for T’
steps (Line 8). In this inner loop, we will generate a dataset by using policies in the policy
cover concatenated with the current policies from the no-regret oracle (Line 11). Then we
compute an optimistic local Q function @Zﬁ via constrained least squares and feed it into
the no-regret algorithm as the full-information feedback (Line 19 and Line 23). At the end
of the no-regret loop, we will compute the optimistic value function, which will be an upper
bound of the best response value with high probability (Line 26).

For the policy cover update part, we utilize a lazy update to ensure that the algorithm
will end within K < Kax := 5(mH dmax) episodes with high probability, which can signif-
icantly improve the final sample complexity bound, similar to the single-agent MDP case
studied in Zanette and Wainwright [2022]. We maintain a counter T}, ; for each player i at
each step h, which estimates the information gained by adding the current policy 7% to the
existing policy cover (Line 38). Whenever there is a counter satisfying T}, ; > Tryig for some
carefully chosen parameter Tmy,, we will add (%, n*) to the policy cover, where n* is the
number of times that 7% should be repeated in data collection. In addition, the algorithm
will terminate when the dataset size reaches N (Line 42 and Line 29) so that the sample

complexity is always upper bounded by O(mHT Kpax V).



o7

Algorithm 3 Policy Reply with Full Information Oracle in Independent Linear Markov

Games (PReFI)
1: Input: €, 57 dmax» /\’ By TTrig7 KrnaXy T, N

2: Initialization: Policy Cover II = ). n** = 0.
3: for episode k =1,2,..., Kihax do

—k
4 Set Vi () = V() =0, 0% = 0.

5: for h=H,H—-1,...,1do > Retrain policy with the current policy cover
6: Initialize F}Izll to be uniform policy for all player 4. Initialize Vl;;i(-) = Klli,i(') = 0.
T Each player i initializes a no-regret learning instance (Protocol 1) at each state

s € S and step h € [H], for which we will use NO_LREGRET_UPDATE}, ; <(-) to denote

the update.
8: fort=1,2,...,7 do
9: for i € [m| do
10: Set Dataset D,’jf = 0.
11: forl:1,2,...,2§;11nj do
12: Sample 7t € IT = {77 ?;11 with probability n!/ f;ll n’
13: Draw a joint trajectory (s},al, rll’l-, oo, stal rﬁm-, stq) from 7, o

(Wﬁm,ﬂi:t_i), which is the policy that follows 7! for the first h — 1 steps and follows

7r§m,7ri”t_i for step h.
14: Add (Slh’aél,ivrz,ivséwrl) to Dif
15: end for
k:
16: Set Eh; = A+ Z(s,a,r,s')eDZﬁ 9ils,a)u(s, a)T,
—k,t . —k 2
17: Set 0 = argminyg <y /o= (g o 5)eDh (<¢z’(5, a),0) —r— Vh—l—l,i(sl)) :
k,zt . k 2
18: Set 0); = argmin gy /g— E(S,am/)epzf (<¢i(37 a),0) —r— Kh—i—l,i(s/)) .
k.t . —kt
19: Set Qy(++) = Projio r11-4] <<¢z‘('7 s 9h,i> + Bl ')|[gl}?§]_1)-
. k.t
20: Set Qi’i(, ) = prOJ[Q,H+]_—h] <<¢z(7 ')’Qh,i> - ﬁ ”¢Z(7 )‘[22121—1) .
21: Update me(s) — %Vﬁl(s) + 130 e, Wﬁf(@AS)@ii(s, a) for all s € S.
22: Update beﬂi(s) — %Kfm(s) + 13 hea, ﬂif(@JS)Qii(s, a) for all s € S.
23: Update the no-regret learning instance for all state s at step h: AL
h,i

s) <~ NO_REGRET_UPDATEy, ; 4(1 — @’2:';(3, )/ H).
24: end for

25: end for
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Algorithm 4 Policy Reply with Full Information Oracle in Independent Linear Markov
Games (PReFI) (Part 2)

26: Set V;i(s) < Projio,m11-4 (sz(s) + % . (Swap)Reg(T)) for all i € [m] and
seS.

27: end for

28: Set 7 to be the Markov joint policy such that 7} (a|s) = & S [Licpm) ﬂ}lif(aﬁs)

29: if n** = N then

30: Output 7oUPuE — k™ ghere foutput — argming ¢ ) MaxX;em) V’f:i(sﬂ -
Klf:i(sl)-

31: end if

32: Set Tj; =0, for all h € [H|,i € [m].

33: repeat > Update policy cover
34: Reset to s = s1, n¥ = nF 4+ 1, ntot = ptot 41,

35: for h=1,2,...,H do

36: Play a = ¥ (-|s).

37: for i € [m| do

38: Thi — Thi+ || ¢i(s, “i)H[QEZ*H*'

39: end for |

40: Get next state s’, s — 5.

41: end for

42: until 3k € [H],i € [m] such that Tj; > Tyig or n'°* = N.
43: Update IT « ITU{ (7%, n*)}.

44: end for
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We also have a policy certification part, where similar ideas have been utilized in Dann
et al. [2019], Liu et al. [2021a], Ni et al. [2022] to convert regret-based analysis to sample
complexity. Specifically, we maintain a pessimistic value estimate K’fﬂ-(sl), which satisfies
K’fﬂ-(sl) < Vfik(sl) with high probability (Line 22). Thus the output policy is the best
approximation of Markov CCE in the policy cover. This technique can be applied to most
no-regret algorithms in RL to transform regret bounds to sample complexity bounds with

a better dependence on the failure probability 6.9

4.4.3 Decentralized Implementation
Now we discuss the implementation details of the algorithm. Our algorithm can be imple-
mented in a decentralized manner as specified below:

1. All players know the input parameters of the algorithm.

2. Each player only knows their own features ¢;(-,-) and observes the states, individual

actions, and individual rewards in each sample trajectory.

3. All players have shared random seeds to sample from the output Markov joint policy

7.‘.output .

4. All players have shared random seeds to sample from the Markov joint policy 7*,

which is the policy learned at episode k.
5. All players can communicate O(1) bit at each episode k € [K].

V-learning [Jin et al., 2021b, Song et al., 2021a, Mao et al., 2022] can be implemented
with (1), (2) and (3), and SPoOCMAR [Daskalakis et al., 2022] can be implemented with
(1), (2), (3) and (4). Similar to the algorithm proposed in Daskalakis et al. [2022], our

algorithm can be implemented in a decentralized way with shared random seeds to enable

YIn Jin et al. [2018], they show how to transform regret bounds to sample complexity bounds while the

dependence on failure probability becomes 1/§. This technique can improve it to log(1/4).
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k. In details, when the players want to sample

sampling from the Markov joint policy w
an~mhal|s) =450, [Licpm ﬂ,’jzf(ai | s), each player samples ¢ ~ Unif(7) with the
shared random seed and then independently samples a; ~ wi:ﬁ(ai | s). Our algorithm also
requires O(1) communication for broadcasting the policy cover update (Line 42) and the
output policy (Line 30) at each episode.| The total communication complexity is bounded
by O(Kmax) = 6(mH dmax) with only polylog dependence on the accuracy e.

In Appendix C.3, we present another algorithm for MARL in independent linear Markov
games without communication, which can be implemented with (1), (2), (3) and (4). To
remove communication, we utilize agile policy cover update and the number of episodes
becomes K = O(m?H*d2, e 2). As a result, the final sample complexity will be worse

than Algorithm 3. It would be an interesting future direction to study this tradeoff between

communication and sample complexity.

4.4.4  Guarantees

Our algorithm, PReFI, has the following guarantees for learning Markov CCE and Markov
CE in linear Markov games. The sample complexity only has polynomial dependence on
dmax, Which exponentially improves all the previous results for Markov games with func-
tion approximation. Note that the 6() notation here only hide polylog dependence on
m, H, dpax, €,0, and the log(Amax) factor in the bound can be replaced by dpax as in adver-

sarial linear bandits [Bubeck et al., 2012].

Theorem 4.4.3. Suppose Algorithm 3 is instantiated with no-regret learning oracles sat-
isfying Assumption /./.1. Then for v-misspecified independent linear Markov games with
[estimate — {Wk’t}klf;il’l, with probability at least 1 — ¢, Algorithm 3 will output an (e + 4v)-
approzimate Markov CCE. The sample complexity is

O(MHT Koy N) = O(m*HYdE  log(Amax)e ),

where dmax = IMAaX;e ] d; and Ampax = MAX;¢ ] A;.

ILine 30 can be implemented with O(1) communication at each episode by maintaining the best index

and corresponding value up to the current episode k.
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Theorem 4.4.4. Suppose Algorithm 3 is instantiated with no-regret learning oracles sat-
isfying Assumption 4.4.2. Then for v-misspecified independent linear Markov games with
[estimate — {Wk’t}ﬁ;zm, with probability at least 1 —§, Algorithm 3 will output an (e + 4v)-
approximate Markov CE. The sample complexity is

O(MHT KypaxN) = O(m*HYd} | Analog(Amax)e ).

The choice of input parameters and the proofs are deferred to Appendix C.2. As Markov
CCE is equivalent to Markov NE in two-player zero-sum Markov games, we directly have

the following Corollary.

Corollary 4.4.5. Suppose Algorithm 3 is instantiated with no-regret learning oracles sat-
isfying Assumption 4.4.1. Then for v-misspecified independent linear two-player zero-sum
Markov games with T1estimate — {Wk’t}ﬁiim; with probability at least 1 —§, Algorithm 3 will
output an (e + 4v)-approxzimate Markov NE. The sample complezity is O(mHT KpaxN) =

O(m*HYdE | log(Amax)e™ ).

By Proposition 4.3.2, we have the following corollary for state abstraction Markov games.
Note that the feature is the same ¢;(s, a;) = ¢;(s', a;) if 1(s) = ¥(s'), so 7kt ¢ [Jabstraction
for all (k,t) € [K] x [T] as the full-information feedback would be the same for s and s’

mapped to the same abstraction and then the policy would be same as well.

Corollary 4.4.6. Suppose Algorithm 3 is instantiated with no-regret learning oracles sat-
isfying Assumption J.J.1. Then for v-misspecified state abstraction Markov games, with
probability at least 1 — &, Algorithm 3 will output an (e + 4Hv)-approximate Markov NE.
The sample complexity is O(mHTKyaxN) = O(m*H'0|Z|1 AL . log(Amax)e ™).

max

4.5 Learning Markov NE in Independent Linear Markov Potential Games

In this section, we will focus on a special class of independent linear Markov games, namely
independent linear Markov potential games. The existence of the potential function guar-
antees that the stationary points of the potential function are NE [Leonardos et al., 2021],
which means the iterative best-response dynamic can converge to NE as it is similar to coor-

dinate descent [Durand, 2018]. Specifically, we will provide an iterative best-response-type



62

algorithm that can learn pure Markov NE in independent linear Markov potential games,
which generalizes the algorithm for tabular Markov potential games in Song et al. [2021a].

As when the other players are fixed, player i € [m] will be in an approximate linear
MDP, existing algorithms for misspecified linear MDP can all serve as the best-response
oracle. The algorithm will use the following oracle LINEARMDP_SOLVER that can solve
misspecified linear MDPs. Here misspecified linear MDPs are the degenerated cases of
misspecified independent linear Markov games with only one player and thus no IJestimate

is included, which is similar to the model in Zanette and Wainwright [2022].

Definition 4.5.1. Feature map ¢ : S x A — R? is v-misspecified if for any rollout policy

T, target policy w, we have for any V € V,

<v

— 9

H
> E; [proj[O,H+1—h] (<¢(8h> an), QZ’V>) — @k (sn, ah)]

h=1

_ 2
07" = afgmi\nfEﬁ (<¢(Sh, an),0) — Qy (sn, ah)) L QY (snyan) = E [r(shy an) + Vi1 (snt1)] -
16| <HVd

We say a Markov decision process with feature ¢ is a v-misspecified linear MDP if the

feature map ¢ is v-misspecified.

Assumption 4.5.2. For any v-misspecified linear MDP with feature ¢(s,a) € R? for all
(s,a) € S x A, LINEARMDP_SOLVER takes features ¢(-,-) as input and can interact with
the underlying linear MDP. Then it can output an (e + O(v))-approximate optimal policy
with sample complexity LinearMDP_SC(e, 6, d) with probability at least 1 —d. Without loss

of generality, we assume that LinearMDP_SC(e, 9, d) is non-decreasing w.r.t. d.

In Appendix C.4, we will adapt Algorithm 3 to the single-agent case to serve as LINEARMDP _SOLVER
with LinearMDP_SC(e, §,d) = O(HSd*¢~2) and output an (e + 4v)-optimal policy (See Al-
gorithm 22). With the best-response oracle, we provide our MARL algorithm for linear
Markov potential games (Algorithm 5). It is easy to see that Algorithm 5 can be im-
plemented in the same decentralized way as Algorithm 3. Below we provide the sample

complexity guarantees.
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Algorithm 5 Nash Coordinate Ascent for Independent Linear Markov Potential Games
(Lin-Nash-CA)
1: Input: ¢, 6, K = 5mHe!

2: Initialization: 7! to be an arbitrary deterministic policy.

3: for episode £k =1,2,...,K do

4: Execute policy 7% for 6(H 2¢72) episodes and obtain ‘71”5 (s1) as the empirical average
of the total reward for all player i € [m].

5: for i € [m| do

6: Fix all the players except player i to follow policy 7" ; and player 7 runs
LINEARMDP SOLVER with feature ¢;(-,-), accuracy €/8 and failure probability

5/(2mK). Set ¥t to be the output of LINEARMDP_SOLVER.

7: Execute policy (78, 7%.) for O(H?e72) episodes and obtain Vfgﬂmﬁi(sl) as
the empirical average of the total reward.
TR k. ok
8: Set Aj <= Vi; "7 (s1) = VT (s1).
9: end for
10: if max;cp,, A; > €/2 then
11: Set 7kl . wf“ = ﬂ'zk,ﬂ'erl = ﬁf for i # j and j = argmax;cp, Ai.
12: else
13: Output routPut — 7k,

14: end if

15: end for

Theorem 4.5.3. For v-misspecified independent linear Markov potential games with ITestmate —
{7k}, with probability at least 1 — &, Algorithm 5 will output an (e + O(v))-approzimate
pure Markov NE. The sample complexity is

O(m*He ! - LinearMDP_SC(¢/8,5/(10m*He ™), dinax))-

As the congestion game is a special case of linear Markov potential game (Proposition
4.3.3), we have the following corollary if we replace the linear MDP solver with a linear

bandit solver with LinearBandit_SC(e, , d)) sample complexity.
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Corollary 4.5.4. For congestion games, with probability at least 1 — §, Algorithm 5 will

output an e-approrimate pure NE. The sample complexity is
O(m?e™! - LinearBandit_SC(e/8,5/(10m*He™ '), F)).

If we use Algorithm 22 as the oracle, the sample complexity for linear Markov potential
games would be O(m2H"d%, e3). For linear bandits, it is easy to adapt the O(dvVK)
algorithm in Abbasi-Yadkori et al. [2011] to sample complexity O(d2e~2), which leads to
O(m2F2e3) sample complexity for congestion games.” Our algorithm significantly im-

proves the previous result for the decentralized algorithm, which has sample complexity

O(m"2F8¢=0) [Cui et al., 2022].
4.6 Improved Sample Complexity in Tabular Case

In this section, we will present an algorithm specialized to tabular Markov games based
on the policy cover technique in Algorithm 3. The sample complexity for learning an e-
approximate Markov CCE is 6(H 652 Apmaxe?), which significantly improves the previous
state-of-the-art result O(H™ 83 Apace ) [Daskalakis et al., 2022], and is only worse than
learning an e-approximate non-Markov CCE by a factor of HS [Jin et al., 2021b]. In
addition, our algorithm can learn an e-approximate Markov CE with 5(H 65242 e2)

sample complexity, which is the first provably efficient result for learning Markov CE in

tabular Markov games.

Adv_Bandit_Update subroutine. Consider the adversarial multi-armed bandit prob-
lem with B arms. At round ¢, the adversary chooses some loss I; and the learner chooses some
action by ~ p;, where p; € A(B) is the policy at round ¢. Then the learner observes a noisy
bandit-feedback Iy (b;) € [0, 1] such that E[l;(b;) | I, b;] = l;(b;). The player will update the
policy to p+1 for round ¢ + 1, which is denoted as pyy; < ADV_BANDIT_UPDATE(b;, Tt(bt))

For learning CCE and CE, the adversarial bandit algorithm (Protocol 2) needs to satisfy

the following no-external-regret and no-swap-regret properties, respectively. The following

“*E.g., we can use policy certification as in Algorithm 3 to find the best policy among all the policies

played with no additional sample complexity.
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Protocol 2 Adversarial Bandit Algorithm

Initialize: Action set B, and p; to be the uniform distribution over B.

fort=1,2,...,7 do

Adversary chooses loss I;.
Player take action b; ~ p; and observe noisy bandit-feedback E(bt).
Update pi1 < ADV_BANDIT_UPDATE(by, I (by)).

end for

two assumptions can be achieved by leveraging the results in Neu [2015] and Blum and

Mansour [2007], which is shown in Jin et al. [2021b].1T

Assumption 4.6.1. (No-external-regret with bandit-feedback) For any loss sequence I, ... T €
RZ bounded between [0, 1], the adversarial bandit oracle satisfies that with probability at
least 1 — ¢, for all ¢t < T,

t
max » ((ps,l;) — (b)) < BReg(t) := O (@log(Bt/é)) .

beB i1

Assumption 4.6.2. (No-swap-regret with bandit-feedback) For any loss sequence 11, ..., 1T €
R? bounded between [0, 1], the adversarial bandit oracle satisfies that with probability at
least 1 — 6, for all ¢t < T,

max > ((pisli) = (¥ o pi, i) < BSwapReg(t) := O (B\/ilog(Bt/@) :
=1

where W denotes the set {1 : B — B} which consist of all possible strategy modifications.

Here we emphasize several major differences between Algorithm 6 and Algorithm 3. The

choice of input parameters and the proofs are deferred to Appendix C.6.

1. The states and actions are no longer entangled through the feature map as in inde-
pendent linear Markov games. As a result, we can use the adversarial bandit oracle
to explore individual action space while using policy cover to explore the shared state
space. Then there will be no inner loop for estimating the full-information feedback

and saving O(e~2) factors.

T They proved a stronger version for weighted regret while we only require the unweighted version.
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Algorithm 6 Policy Reply with Bandit Oracle in Tabular Markov Games (PReBO)

L: Input: €, 6, 3, Tryig, Kmaxs NVmax

2: Initialization: Policy Cover II = ). n'°t = 0.

3: for episode k =1,2,..., Ky.x do

4: Set V];I+17i(-) = K'IC{HJ-(-) =0,n" =0, nf(s)=0forall h € [H] and s € S.

5: for h=H,H — ,1do > Retrain policy with the current policy cover

6: Initialize 7rh’ to be uniform policy for all player 7. Initialize Vh )= wa() =

T: Each player i initializes an adversarial bandit instance (Protocol 2) at each state

s € S and step h € [H], for which we will use NO_REGRET_UPDATE}, ; 5(-) to denote

the update.
8: fort=1,2,... Zf lln] do
9: Sample 7! € II with probability n'/ Zf;ll n’
10: Draw a joint trajectory (s1,a1,r1,...,Sp,ap, x, Spt1) from Fll:hil owi’t,which

is the policy that follows w! for the first h — 1 steps and follows ﬂ,]f’t for step h.

11: Update nf¥(sy) < n¥(sp) + 1.

12: Update the adversarial bandit instance for player ¢ at step h and state sp:
7r,k; f“ (‘|sn) <= ADV_BANDIT_UPDATE}, ; 5, (ap i, 1 — (Thz + Vh+1 i Sh+1)) JH).

13: Update policy 7Tk tH( |s) « Wﬁ f“( |s) for s # sp.

14: Update Vi, i(sn) ¢ "S5V sn) + ol (s + Vi i(snsn)):

15: Update Vh (sp) nh(s(h) )1V J(sn) + %(r’“‘ + Kﬁﬂ’i(shﬂ)).

16: end for

17: Set V’:w-(s) < PrOj[o, H41-A] (V’Zl(s) + &L . B(Swap)Reg(nf (sp)) + an(s)) for all
i €[m]andse€S.

18: Set Kﬁ}i(s) <= DPIOj[o, H+1—h) (Klfil(s) - ﬁ”ﬂﬂ) for all i € [m] and s € S.

19: end for

20: Set 7F to be the Markov joint policy such that 7F(als)
n(s) kity (339) N . )
nﬁl(s) Z?ils [Licpm) Wh’ihjs (ails), where t§(j;s) is the time t such that state s is

visited for the j-th time in episode k at step h.

21: if max;ep V]ii(sl) vk i(s1) < e then > Policy certification
22: Output: 7oUPY — 7t
23: end if

24: Set TF(s) =0 for all h € [H], s € S.

25: repeat > Update policy cover
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Algorithm 7 Policy Reply with Bandit Oracle in Tabular Markov Games (PReBO)

(Part 2)

26: Reset s = s1, n¥ =nF 4+ 1, n't = ptot 4 1.
27: for i € [m] do

28: for h=1,2,...,H do

29: Play a;, = 7F(-|s).

30: TE(sp) < TF(sp) + 1.

31: Get next state s’, s — s'.

32: end for

33: end for

34: until 3h € [H] such that TF(sp) = nf(sp) V Trvig or n'°" = Nyax.
35: Update I < ITU{(7*, n*)}.

36: end for

2. For independent linear Markov games, each player has its own feature space so that
the exploration progress is different and communication is required to synchronize.
However, in tabular Markov games, all the players explore in the shared state space,
which means the exploration progress is inherently synchronous and no communication
is required. The triggering event is that whenever a state visitation is approximately
doubled, the policy cover will update, which guarantees that with high probability,

the number of episodes is bounded by O(HS).

Theorem 4.6.3. Suppose Algorithm 6 is instantiated with adversarial multi-armed bandit
oracles satisfying Assumption 4.0.1. Then for tabular Markov games, with probability at
least 1 — 6, Algorithm 6 will output an e-approximate Markov CCE. The sample complezity
is O(H K max Nimax) = O(H®S2 Appaxe2).

Theorem 4.6.4. Suppose Algorithm 6 is instantiated with adversarial multi-armed bandit
oracles satisfying Assumption 4.6.2. Then for tabular Markov games, with probability at
least 1 — 0, Algorithm 6 will output an e-approximate Markov CE. The sample complexity
is O(H K max Nmax) = O(HOS2A2_¢2).

max
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4.7 Conclusion

In this paper, we propose the independent function approximation model for Markov games
and provide algorithms for different types of Markov games that can break the curse of
multiagents in a large state space. We hope this work can serve as the first step towards
understanding the empirical success of MARL with independent function approximation.

Below we list some interesting open problems for future research.

1. Sharpen the sample complexity. The sample complexity for independent linear sample
complexity is far from optimal. For example, it would be a significant improvement if

the dependence on € could be improved to the optimal rate of 6(6_2).

2. Incorporate general function approximation. We study independent linear function
approximation as an initial attempt. There is a huge body of general function ap-
proximation results for single-agent RL and it would be interesting to study them in

the context of independent function approximation for Markov games.

3. Different data collection oracles. In this work, we study the online setting where
exploration is necessary. It would be interesting to extend our results to other settings,
such as the offline setting or the simulator setting where specific new challenges might

occur or the tightest sample complexity is preferred.
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Algorithms Game | Equilibrium Sample complexity Sample complexity BCM
(tabular)

[Liu et al., 2021a] MG | NE/CE/CCE HAS? [T, Aje? - X
[Jin et al., 2021b] ZSMG NE HS Appaxe™? - -
[Jin et al., 2021b] MG NM-CCE H?S Apaxe™ - v
[Jin et al., 2021b) MG NM-CE H5SAZ e - v
[Daskalakis et al., 2022] | MG CCE H"™ 5% Apaxe™ - v
[Xie et al., 2020a] ZSMG NE Hid3e2 d=SA Ay -
[Chen et al., 2021b] | ZSMG NE H3d%e™2 d=S5A14, -
[Huang et al., 2021] ZSMG NE H3W?2 Appaxe™2 W = SA; 4, -
[Jin et al., 2022] ZSMG NE H2d%2 d=SA1A, -
[Chen et al., 2022] MG | NE/CE/CCE S3([Tigm) Ai)?H?e? - x
[Ni et al., 2022] MG | NE/CE/CCE | HSd (IT% A;)?1og(|®/[W)e2 | d = S Tl Ai x
[Ni et al., 2022] MG | NE/CE/CCE | miHOa2(L+D? A2L 2 d = S Tlicpm Ai x
Algorithm 3 (PReFI) | MG CCE mAHO Anaxe = S Amax v
Algorithm 3 (PReFI) | MG CE mAHOdL | Ao Amax = SAmax v
Algorithm 6 (PReBO) | MG CCE HYS2%A, 2 - v
Algorithm 6 (PReBO) | MG CE HSS52A2 2 - v

Table 4.1: Comparison of the models and the most related sample complexity results for
MARL in Markov games. S is the number of states, m is the number of players, A; is the
number of actions for player ¢ with Amax = max;ep,) 4i, € is the target accuracy, and d
or W is the complexity of the corresponding function class. We use MG to denote multi-
player general-sum Markov games, ZSMG to denote two-player zero-sum Markov games,
NE/CE/CCE to denote Markov Nash equilibria, Markov correlated equilibria, and Markov
coarse correlated equilibria, respectively. We use the prefix (NM-) to denote non-Markov
equilibria. For algorithms with function approximation, we show the parameters when
applied to the tabular setting and whether breaking the curse of multiagents (BCM) or

not in the last two columns. Polylog dependence on relevant parameters is omitted in the

sample complexity results.
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Algorithms

Game type

Sample complexity

[Leonardos et al., 2021]
[Ding et al., 2022]
[Song et al., 2021a]

[Cui et al., 2022] (Centralized)
[Cui et al., 2022] (Decentralized)
Algorithm 5 (Lin-Nash-CA)
Algorithm 5 (Lin-Nash-CA)

Markov potential game

Markov potential game

Markov potential game
Congestion game

Congestion game

Linear Markov potential game

Congestion game

poly(k,m, Apmax, S, H, €)
poly(k,m, Apmax, d, H, €)
m2HAS Apaxe ™
m2Fe 2
m12 66
m2Hd} €3

m2F2e3

Table 4.2: Comparison of algorithms for learning NE in Markov potential games. & is the

distribution mismatch coefficient, S is the number of states, m is the number of players,

A; is the number of actions for player i, Amax = max;c[y,) A;, F' is the number of facilities

in congestion games, € is accuracy, and dmax i the complexity of the function class. For

Leonardos et al. [2021], Ding et al. [2022], k can be arbitrarily large as no exploration is

considered.
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Chapter 5

NON-STATIONARY MARKOV GAMES

This chapter is based on Jiang et al. [2023], with haozhe Jiang, Zhihan Xiong, Maryam

Fazel and Simon S. Du.

5.1 Introduction

Multi-agent reinforcement learning (MARL) studies the interactions of multiple agents in
an unknown environment with the aim of maximizing their long-term returns [Zhang et al.,
2021a]. This field has applications in diverse areas such as computer games [Vinyals et al.,
2019b], robotics [de Witt et al., 2020b], and smart manufacturing [Kim et al., 2020]. Al-
though various algorithms have been developed for MARL, it is typically assumed that
the underlying repeated game is stationary throughout the entire learning process. How-
ever, this assumption often fails to represent real-world scenarios where the environment is
evolving throughout the learning process.

The task of learning within a non-stationary multi-agent system, while crucial, poses ad-
ditional challenges when attempts are made to generalize non-stationary single-agent rein-
forcement learning (RL), especially for the bandit feedback case where minimal information
is revealed to the agents [Anagnostides et al., 2023]. In addition, the various multi-agent
settings, such as zero-sum, potential, and general-sum games, along with normal-form and
extensive-form games, and fully observable or partially observable Markov games, further
complicate the design of specialized algorithms.

In this work, we take the first step towards understanding non-stationary MARL with
bandit feedback. First, we point out several challenges that differentiate non-stationary
MARL from non-stationary single-agent RL, and bandit feedback from full-information
feedback. Subsequently, we propose black-box algorithms with sub-linear dynamic regret

in arbitrary non-stationary games, provided there is access to learning algorithms in the
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corresponding (near-)stationary environment. This versatile approach allows us to leverage
existing algorithms for various stationary games, while facilitating seamless adaptation to

future algorithms that may offer improved guarantees.

5.1.1 Main Contributions and Novelties

1. Identifying challenges in non-stationary games with bandit feedback (Section
5.3). First, we point out that bandit feedback is incompatible with online-learning based
algorithms as the gradient of reward is hard to estimate. Then, we show that bandit
feedback complicates the application of test-based algorithms as testing an arbitrary small
gap can incur O(1) regret each term. Non-uniqueness of equilibria makes replay-based test
difficult as well. Additionally, we point out that it is non-trivial to generalize an algorithm
for non-stationary Markov games to a parameter-free version since the objective for games
is very different from that of multi-armed bandits.

2. Generic black-box approach for non-stationary games. Our approach is a black-
box reduction that can transform any base algorithm designed for (near-)stationary games
into an algorithm capable of learning in a non-stationary environment. This approach
inherits favorable properties of the base algorithm, like breaking the curse of multi-agents,
and directly adapts to future algorithmic advances.

3. Restart-based algorithm when non-stationarity budget is known (Section
5.4). When we know a bound on the degree of non-stationarity, often measured by number
of switches or total variation (which from here on, we refer to as the “nonstationarity bud-
get”), we design a simple restart-based algorithm achieving sublinear dynamic equilibrium
regret of O (L1/4T3/4) or O (A1/4T3/4), where L is the switching number and A is the total
variation non-stationarity budget. In words, this result implies that all the players follow a
near-equilibrium strategy in most episodes.

4. Multi-scale testing algorithm when non-stationarity budget is unknown (Sec-
tion 5.5). We also propose a multi-scale testing algorithm to optimize the regret when the
non-stationarity budget is unknown, which can adaptively avoid the strategy deviating from

equilibrium for too many rounds. The algorithm achieves the same O (Ll/ 473/ 4) regret for
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unknown switching number L, and a marginally higher 9] (Al/ 54/ 5) regret for unknown
total variation budget A. The testing algorithms are newly designed and the scheduling is
specially designed for the PAC assumptions, which is different from that in Wei and Luo
[2021] where regret assumptions are made.

While the ultimate goal is to design no-regret algorithms for each agent, i.e. achieving no-
regret no matter what policy other players adopt (like Panageas et al. [2023]), our setting
is already applicable in various real-world cases even without yet achieving this desired
property, this is discussed with a concrete example below. We leave the problem of finding
no-regret algorithms for each individual for future work.

Example (traffic routing with navigation). In traffic routing using navigation appli-
cations (Guo et al. [2023]), being able to track Nash Equilibrium is advantageous. Assume
all drivers use the same navigation application which runs our algorithm. It is reasonable
to assume that drivers adhere to the application’s suggestions. After following the route
recommended by the application, the drivers all find that their routes are not improvable
because all drivers are committing to the equilibrium; this makes drivers satisfied with the

algorithm’s recommendation.

5.1.2 Related Work

(Stationary) Multi-agent reinforcement learning. Numerous works have been de-
voted to learning equilibria in (stationary) multi-agent systems, including zero-sum Markov
games [Bai et al., 2020, Liu et al., 2021a], general-sum Markov games [Jin et al., 2021b,
Mao et al., 2022, Song et al., 2021a, Daskalakis et al., 2022, Wang et al., 2023, Cui et al.,
2023], Markov potential games [Leonardos et al., 2021, Song et al., 2021a, Ding et al., 2022,
Cui et al., 2023], congestion games [Cui et al., 2022], extensive-form games [Kozuno et al.,
2021, Bai et al., 2022, Song et al., 2022], and partially observable Markov games [Liu et al.,
2022b]. These works aim to learn equilibria with bandit feedback efficiently, measured by
either regret or sample complexity. There also exists a rich literature on asymptotic conver-
gence of different learning dynamics in known games and non-asymptotic convergence with

full-information feedback, which are not listed here due to space limitations.
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Non-stationary (single-agent) reinforcement learning. The study of non-stationary
reinforcement learning originated from non-stationary bandits [Auer et al., 2002, Besbes
et al., 2014, Chen et al., 2019, Zhao et al., 2020, Wei and Luo, 2021, Cheung et al., 2022,
Garivier and Moulines, 2011]. Auer et al. [2019b] and Chen et al. [2019] first achieve
near-optimal dynamic regret without knowing the non-stationary budget for bandits. The
most relevant work is Wei and Luo [2021], which also proposes a black-box approach with
multi-scale testing and achieves optimal regret in various single-agent settings. We refer
readers to Wei and Luo [2021] for a more comprehensive literature review on non-stationary
reinforcement learning.

Non-stationary multi-agent reinforcement learning. Most of the previous works have
been focused on the full-information feedback setting, which is considerably easier than the
bandit feedback setting as testing becomes unnecessary [Cardoso et al., 2019, Zhang et al.,
2022a, Anagnostides et al., 2023, Duvocelle et al., 2022, Poveda et al., 2022]. For two-player
zero-sum matrix games, Zhang et al. [2022a] proposes a meta-algorithm over a group of
base algorithms to tackle with unknown parameters. Anagnostides et al. [2023] studies the
convergence of no-regret learning dynamics in non-stationary matrix games, including zero-
sum, general-sum and potential games, and shares a similar dynamic regret notion as ours.
Notably, Cardoso et al. [2019] also studies the bandit feedback case and aims to minimize
NE-regret, while the regret is comparing with the best NE in hindsight instead of a dynamic

regret.
5.2 Preliminaries

We consider the multi-player general-sum Markov games framework, which covers a wide
range of problems. A multi-agent general-sum Markov game is described by the tuple
M= (S5, A=A x--- x A, H P, {r;}",), where S is the state space with cardinality 5,
m is the number of the players, A; is the action space for player ¢ with cardinality A;, H
is the length of the horizon, P = {P,}/_, is the collection of the transition kernels such
that Pp(- | s,a) is the next state distribution given the current state s and joint action
a=(ai, - ,any) at step h, and ; = {ry; }L | is the collection of random reward functions

for player i with support [0,1] and mean {Ry;}HL,.
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At the beginning of each episode, the players start at a fixed initial state s1.* At each step
h € [H], each player observes the current state s, and chooses action aj; simultaneously.
Then player ¢ € [m] will receive her own reward realization 7y, ; ~ rp ;(sp,ay) where aj, =
(an1,--+ ,anm) and the state will transition according to sp41 ~ Py(- | sp,ap). The game
terminates when h = H +1. We consider the bandit feedback setting where only the reward

of the chosen action is revealed to the player.

Here we discuss the generality of Markov games. When the horizon H = 1, multi-player
general-sum Markov games degenerate to multi-player general-sum matrix games, which
include zero-sum games, potential games, congestion games, etc [Nisan et al., 2007b]. If we
posit different assumptions on the Markov game structure, we can obtain zero-sum Markov
games [Bai et al., 2020], Markov potential games [Leonardos et al., 2021], extensive-form
games [Kozuno et al., 2021]. If the state sj is not directly observable, the Markov games are
modeled by partially observable Markov games [Liu et al., 2022b]. A detailed preliminary
for different games is deferred to the appendix.

Policy. A Markov joint policy is defined by 7 = {m,}fL, where 7, : S — A(A) is the
policy at step h. We will use m_; to denote that all players except player ¢ are following
policy w. A special case of Markov joint policy is Markov product policy, which satifies
that there exist policies {m;}/; such that for all h € [H| and (s,a) € S x A, we have
mh(a | s) = [ mhi(a; | s), where m; = {m;}L, is the collection of Markov policies
Thi © S = A(A;) for player i. In words, a Markov product policy can be factorized into

individual policies such that they are uncorrelated.

Value function. Given a Markov game M € M and a policy m, the value function for
player i is defined as VM (1) := E, [25:1 Thi(Sh,an) | M}, where the expectation is over
the randomness in both the policy and the environment.

Best response and strategy modification. Given a policy m and model M, the best
response value for player i is VM (f,7_;) = maX ey, VM (x!, m_;), which is the maximum

achievable expected return for player ¢ if all the other players are following 7_;. Equivalently,

*Tt is straightforward to generalize to stochastic initial state by adding a dummy state so that transition

to the random initial state.
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best response is the optimal policy in the induced Markov decision process (MDP), i.e.,
Markov games with only one player.

A strategy modification 1; = {15,111, is a collection of mappings ¥y, ; : S x A; — A;
that maps the joint state-action space to the action space.! For policy 7, 1; ¢ 7 is the
modified policy such that

(Yiom)n(a|s) = > m(a’ | s).
a’upy i(aj]s)=ai,al =a_;
In other words, 1; o m is a policy such that if 7 assigns each player j a random action a;
at state s and step h, then 1); o w assigns action ¢, ;(a; | s) to player ¢ while all the other
players are following the action assigned by policy. We will use ¥; to denote all the possible
strategy modifications for player i. As W¥; contains all the constant strategy modifications,

we have

max VM (i o m) 2 max VM (), mi) = VY (F, 7).
i€V, :

which means that the best strategy modification is always no worse than the best response.

Notions of equilibria.

Definition 5.2.1. For Markov game M, policy 7 is an e-approximate Nash equilibrium
(NE) if it is a product policy and
NEGap" (r) = max (VM (,7) - VM () <e.
i€[m]
Learning Nash equilibrium (NE) is neither computationally nor statistically efficient for
general-sum normal-form games [Chen et al., 2009], while it is tractable for games with
special structures, such as potential games [Monderer and Shapley, 1996] and two-player

zero-sum games [Adler, 2013].

Definition 5.2.2. For Markov game M, policy 7 is an e-approximate coarse correlated

equilibrium (CCE) if

CCEGap™ (7) = max (ViM(T, T_;) — VZM(T(’)) <e.

1€[m]

tWe only consider deterministic strategy modification as the optimal strategy modification can always

be deterministic [Jin et al., 2021b].
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The only difference between CCE and NE is that CCE is not required to be a product

policy. This relaxation allows tractable algorithms for learning CCE.

Definition 5.2.3. For Markov game M, policy 7 is an e-approximate correlated equilibrium
(CE) if

CEGap™ (1) = max (max VM (o) — V;M(TF)> <e.
i€[m] \¥;€VY;

Correlated equilibrium generalizes the best response used in CCE to best strategy mod-
ification. It is known that each NE is a CE and each CE is a CCE. For conciseness, we use
e-EQ to denote e-approximate NE/CE/CCE.

Non-stationarity measure. Here we formalize the non-stationary Markov game. There
are T total episodes and at each episode t, the players follow some policy 7! an unknown
Markov game M?. The non-stationarity degree of the environment is measured by the

cumulative difference between two consecutive models, defined as follows.

Definition 5.2.4. The non-stationarity degree of Markov games (M*, M2, --- , M7T) is mea-

sured by total variation A or number of switches L, which are respectively defined as
= t+1 t = t t+1
A ;HM MHl, L ;]l[M £ M.
Here, the total variation distance between two Markov games is defined as

)

H
Jar =2y += 3 (e

| =R

We also define
ta—1 to—1
Ay = D0 ||MF = M| Ly = Y UM £ M,
t=t1 t=t1

Dynamic regret. We generalize the standard dynamic regret in non-stationary single-

agent RL to non-stationary MARL.
Definition 5.2.5. The dynamic equilibrium regret is defined as

T
Regret(T) = Z Gap™' (7h),
t=1

where M? is the Markov game at episode ¢, 7! is the policy at episode ¢ and Gap(-) can be
NEGap, CCEGap or CEGap.
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A small dynamic regret implies that for most episodes ¢t € [T, the policy «! is an
approximate equilibrium for model M?. The same dynamic regret is used in Anagnostides
et al. [2023] for matrix games. In the literature, Cardoso et al. [2019] and Zhang et al.
[2022a] propose NE-regret and dynamic NE-regret for two-player zero-sum games where
the comparator is the best NE value in hindsight and the best dynamic NE value. However,
these regret notions can not be generalized to general-sum games as the NE/CE/CCE
values become non-unique. Zhang et al. [2022a] also considers duality gap as a performance
measure, which coincides with our dynamic regret where Gap is NEGap.

Base algorithms. Our algorithm uses black-box oracles that can learn and test equilibria

in (near-)stationary environments. Details of the base algorithms are shown in Appendix.

Assumption 5.2.6. (PAC guarantee for learning equilibrium) We assume that we have
access to an oracle LEARN_EQ such that with probability 1 — 4, in an environment with
non-stationarity A as defined in Definition 5.2.4, it can output an (e + cfA) -EQ of a game

with at most C(e,d) samples.

Assumption 5.2.7. (PAC guarantee for testing equilibrium) We assume that we have
access to an oracle TEST_EQ such that given a policy m, with probability 1 — §, in an
environment with non-stationarity A as defined in Definition 5.2.4, it outputs False when w
isnot a (2¢+c5A)-EQ for all t = 1,...,Ca(e,§) and outputs True when 7 is an (e —cb )—
EQ forallt =1,...,C5(e, ).

There exist various algorithms (see Table 5.1) providing PAC guarantees for learning
equilibrium in stationary games, which satisfies Assumption 5.2.6 when non-stationarity
degree A = 0. We will show that most of these algorithms enjoy an additive error w.r.t.
non-stationarity degree A in the appendix and discuss how to construct oracles satisfying
Assumption 5.2.7 in Section 5.5.1. For simplicity, We will omit ¢ in Cj(e,d) and Ca(e, d)
as they only have polylogarithmic dependence on § for all the oracle realizations in this
work. Furthermore, since the dependence of C(¢), C2(€) on € are all polynomial, we denote
C1(€) = c1€®,Ca(€) = cae 2. Here cq, ¢y does not depend on € and « is a constant depending

on the oracle algorithm. In Table 5.1, « = —2 or a = —3, where « is the exponent in C(e).
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Types of Games LEARN_EQ TeST_EQ Dynamic Regret
Zero-sum (NE) (A+ B)e? (A+ B)e? ((A+ B)A)V/4T3/4
General-sum (CCE) Apaxe 2 MApax€ > (ApmaxA)/4T3/4
General-sum (CE) AZ 2 mA2, e 2 (A2, A)/AT3/4
Potential (NE) m? Apax€ > MmAmax€ (mQAmaXA)l/ S4/5
Congestion (NE) m2F3e? mEF2?e? (m3F*A)/AT3/4
Zero-sum Markov (NE) H°S(A+ B)e 2 | H3S(A+ B)e™? | (H'S(A + B)A)Y/AT3/4
General-sum Markov (CCE) | H0S2A e 2 MmH3S Apaxe™2 | (HTS3 ApaxA) 1/43/4
General-sum Markov (CE) | H%5%2A42 2 mH3SA2, e 2 | (H7S3A2, A)V/AT3/4
Markov Potential (NE) m2H*S Apaxe ™3 | mH3SApaxe 2 | (m2HOS ApaxA) 1/54/5

Table 5.1: A, B are the size of action spaces for two-player zero-sum games. X; and A;

are the number of information sets and actions for player i. Apa.x = max

Aj. S is

J€[m]

the size of the state space, H is the horizon of the Markov games and 7' is the number of

episodes. The second and third column is the sample complexity for learning and testing an

equilibrium in a stationary game. The last column shows the regret bounds for Algorithm

8.
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5.3 Challenges in Non-Stationary Games

In this section, we discuss the major difficulties generalizing single-agent non-stationary
algorithms to non-stationary Markov games. There are two major lines of work in the
single-agent setting. The first line of work uses online learning techniques to tackle non-
stationarity. There exist works generalizing online learning algorithms to the multi-agent
setting. However all of them apply only to the full-information setting. In the bandit
feedback setting, it is hard to estimate the gradient of the objective function. The other
line of work uses explicit tests to determine notable changes of the environment and restart
the whole algorithm accordingly. This paper also adpots this paradigm.

The first type of test is to play a sub-optimal action a consecutively to determine whether
it has become optimal [Auer et al., 2019b, Chen et al., 2019]. For simplicity, let us think
of learning NE in the environment with abrupt changes (switching number as the non-
stationary measure). In order to assure a has not become a new optimal action, one needs
to spend 1/D? steps to play a and secure its value up to D confidence bound where D is
the suboptimality. The regret incurred in this testing process is D -1/D? = 1/D. In the
multi-agent setting, if one wants to repeat the process by testing (a},a—;) to assure a is a
NE, the timesteps needed is still 1/D? where D is the empirical reward difference of (a, a_;)
and a. However, the gap of (a},a_;) depends on its own unilateral deviations, which can
be O(1) in general. Hence the regret incurred can be 1/D? sabotaging the test process
(example in Figure 5.1).

The second type of test restarts the learning algorithm for a small amount of time and
checks for abnormality in the replay [Wei and Luo, 2021]. In the multi-agent setting, since
equilibrium is not unique in all games, different runs of the same algorithm can converge to
different equilibria even in a stationary environment. Hence test of this type fails to detect
abnormality in the base algorithm.

Another method worth mentioning was invented in Garivier and Moulines [2011]. This
method proposes to forget old history through putting a discount weight on old feedback
or imposing a sliding window based on which we calculate the empirical estimate of value

of actions. There is no obvious obstacle in generalizing it to the multi-agent setting but
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a b
a 1 0
b 0 £

Figure 5.1: Consider a two-player cooperative game. Both players have access to action
space {a,b} and the corresponding rewards are shown in the picture. Assume we have
found NE (b,b). If we want to make sure (a,b) has not become a best response for player
1, we have to play (a,b) for 1/ times. However the regret of (a,b) is 1, so this process

induces 1/£2 regret.

it is hard to derive a parameter-free version. Cheung et al. [2020] uses the Bandit-Over-
RL technique to get a parameter-free version for the single-agent setting based on the
sliding-window idea. However, the Bandit-Over-RL technique does not generalize to the
multi-agent setting as the learning objectives are totally different. A more detailed version

of the challanges mentioned is presented in the Appendix D.1.

5.4 Warm-Up: Known Non-Stationary Budget

We first present an algorithm for MARL against non-stationary environments with known

non-stationarity budget to serve as a starting point.

Algorithm 8 Restarted Explore-then-Commit for Non-stationary MARL

1: Input: number of episodes T'; non-stationarity budget A; confidence level §; parameter

Ty
2: while episode T is not reached do
3: Run LEARN_EQ with accuracy e and confidence level 9, and receive the output 7.
4: Execute 7 for 17 episodes.

5. end while

Initially, the algorithm starts a LEARN_EQ algorithm, intending to learn an e-EQ policy

7. After that, it commits to 7w for 77 episodes. Subsequently, the algorithm repeats this



82

learn-then-commit pattern until the end. The restart mechanism guarantees that the non-
stationarity in the environment can at most affect T} episodes. By carefully tuning T3, we

can achieve a sublinear regret. This algorithm admits a performance guarantee as follows.

Proposition 5.4.1. With probability 1 — T3, the regret of Algorithm 8 satisfies

AT C (e)

Regret(T) < T

+ T'e 4 2max {clA, H}TlA.

Remark 5.4.2. Let us look at the meaning of each term in this bound. The first term comes

from all LEARN_EQ. The second and third terms come from committing to the learned
policy.
Corollary 5.4.3. With probability 1 — TS, the regret of Algorithm 8 satisfies

13 (Aclmax {cf,H})lM T34 o= -2,

Regret(T) < 13 (Aqmax {C1A7 H}>1/5 Y5, o= -3,

by setting

_— TCy(e) B (Aclmax {clA, H}/T) 1/4, o= -2,
! J max {clA,H}A ’ (Aclmax {clA,H}/T)l/S, o= -3.

Example 4. As a concrete example, for learning CCE in general-sum Markov games, Al-
gorithm 8 achieves O (Arlr{;‘XAl/ 43/ 4) regret. We can see that this algorithm breaks the
curse of multi-agents (dependence on the number of players) which is a nice property inher-
ited from the base algorithm. In addition, as long as the base algorithm is decentralized,

Algorithm 8 will also be decentralized.
5.5 Unknown Non-Stationarity Budget

In this section, we generalize Algorithm 8 to a parameter-free version, which achieves a
similar regret bound without the knowledge of the non-stationarity budget and the time
horizon T'. If the non-stationarity budget is unknown, we cannot determine the appropriate
rate to restart in advance as in Algorithm 8. Hence, we use multi-scale testing to monitor

the performance of the committed policy and restart adaptively.
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5.5.1 Black-box Algorithms for Testing Fquilibria

In this section, we present the construction of the testing algorithms TEST_EQ that satisfies
Assumption 5.2.7 by a black-box reduction to single-agent algorithms, which is able to test
whether a policy is an equilibrium in a (near-)stationary game. We make the following

assumption on the single-agent learning oracle.

Assumption 5.5.1. (PAC guarantee for single-agent RL) We assume that we have access
to an oracle LEARN_OP such that with probability 1—4, in a single-agent environment with

non-stationarity A, it can output an (e + c?)AA) -optimal policy with C5(e, d) samples.

The construction of TEST_EQ is described in Protocol 3. We first illustrate how Protocol
3 test NE/CCE in a stationary environment. Note that here we only consider Markov
policies and the best response to a Markov policy is the optimal policy in the induced
single-agent MDP. First, we sample O (6_2) trajectories following 7 to get an estimate of
Vi(r) for all 7 up to an error bound of €/6 by standard concentration inequalities. Then, for
each player i, we run LEARN_OP and by Assumption 5.5.1, 7} is an €/6-optimal policy in the
MDP induced by other players following 7_;. In other words, =} is an €/6-best response to
m_;. After that we run (7}, 7_;) for 8] (¢72) episodes and estimate the policy value 171(7?;, T_;)
for players i up to €/6 error bound. Finally the algorithm decides the output according to
the empirical estimate of the gap. If the policy is not a 2¢-EQ, with high probability the
empirical gap is larger than 3e/2, which leads to a False output. Meanwhile, if the policy
is an e-EQ , with high probability the empirical gap is smaller than 3e/2, which leads to a
True output.

To test a CE, we need to learn the best strategy modification in the induced MDP.
While there are many algorithms in prior works that can serve as LEARN_OP, no algorithm
is designed for learning the best strategy modification as far as we know. Interestingly, by
constructing an MDP with an extended state space, we can reduce learning the best strategy
modification to learning the optimal policy in the new MDP. Specifically, here we design an
MDP M’ such that learning the best strategy modification with random recommendation
policy m in MDP M = (S, A, P,r,H) is equivalent to learning the optimal policy in M’,

where the randomness in 7 could be correlated with the transition. In M’, the state space
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is &’ = § x A, the action space is A, the transition is P} ((sp+1,bn+1) | (Sn,0n),an) =
Py(sht1 | Sh,mh(sh) = bn,an) - The1(bps1 | Spt1) and the reward is 77,(- | (sp,bp),an) =
ri( | Sh,mh(sn) = bp,an). The following proposition shows that learning the best strategy
modification to recommendation policy 7w in MDP M is equivalent to learning the optimal

policy in MDP M’.

Proposition 5.5.2. Suppose MDP M’ is induced by MDP M and recommendation policy
m. Then the optimal policy in MDP M’ corresponds to a best strateqy modification to

recommendation policy ™ in MDP M.

Note that the state space in M’ is enlarged by a factor of A, which means the sample
complexity for testing CE is A times larger than CCE, which coincides with the fact that

the minimax swap regret is v/A times larger than the minimax external regret [Ito, 2020].

Proposition 5.5.3. As long as LEARN_OP satisfies Assumption 5.5.1, Protocol 3 satisfies

Assumption 5.2.7.

5.5.2  Multi-scale Test Scheduling

In this section, we introduce how to schedule TEST_EQ during the committing phase. The
scheduling is motivated by MALG in Wei and Luo [2021], with modifications to the multi-
agent setting.

We consider a block with length 2" for some integer n. The block starts with a
LEARN_EQ with ¢ = 27/4 and is followed by the committing phase. During the com-
mitting phase, TEST_EQ starts randomly for different gaps with different probabilities at
each step. That is, we intend to test larger changes more quickly by testing for them more
frequently (by setting the probability higher) so that the detection is adaptive to the sever-
ity of changes. Denote the episode index in this block by 7. In the committing phase, if 7
is an integer multiple of 27 for some ¢ € {0,1,--- ,Q}, with probability p(q) = 1/(e(q)27/2)
we start a test for gap €(q) = \/c2/27 so that the length of test is 29, where the value of ¢z

comes from the testing oracle and @), ¢ are defined as

@ = min { {log2 (022”/2*1” ,n— c}+ ,C= [1 + log, max {5\/5, 2log ;H .
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Protocol 3 TeEsT_EQ
1: Input: Joint Markov policy m, failure probability ¢, tolerance e.

2: Run 7 for O(e2) episodes and estimate the policy value Vj(7) with confidence level €/6
for all players i € [m)].

3: fori=1,2,...,m do

4: Let players [m]/{i} follow w_; and player ¢ run LEARN_OP with ¢ and ¢/6. Receive
best reponse policy 7} or best strategy modification 1); o 7 for (NE,CCE) or CE.

5: Run (7}, 7_;) or ¢; o w for 6(6*2) episodes and estimate the best response value
@(Wg,w,i) or the best strategy modification value V;(1; o 7) with confidence level €/6
for players 1.

6: end for

7 if max;epy (17,;(7@’»,#,2-) - YZ(W)) < 3¢/2 or maxgy, (17,(1% om) — ‘Z(ﬂ‘)) < 3¢/2 then

8: return True

9: else

10: return False

11: end if

The gaps we intend to test are approximately {\/ie, 2¢,2v/2€, - - - } It is possible that
TesT_EQ for different €(q) are overlapped. In this case, we prioritize the running of
TEST_-EQ for larger ¢(q) and pause those for smaller €(q). After the shorter TEST_-EQ
ends, we resume the longer ones until they are completed. In addition, if a TEST_EQ for
€(q) spans for more than 2¢7¢ episodes, it is aborted. To better illustrate the scheduling, we
construct an example shown in Figure 5.2. It can be proved that with high probability no
TEST_-EQ is aborted (Lemma D.3.2), i.e. the 2¢ multiplication in length reserves enough
space for all TEST_EQ. Note that the original MALG (Wei and Luo [2021]) does not work
here because the length of each scheduled TEST_EQ can be reduced greatly and there is
no guarantee how a TEST_EQ with reduced length would work. The scheduling is formally

stated in Protocol 5.
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Lemma 5.5.4. With probability 1 — 3QTJ, the regret inside this block

~ 1/3 1/2
Regret = O (23"/4 + co min {22"/3 (5" Ap,m,) 7 g (82,5, / } +27/26)% + 2—a"/401)
(5.1)

Remark 5.5.5. The common way to bound the regret with total variation is to divide the
block into several near-stationary intervals [C(€)+1,2"] = ZyUZoU- - -UZ. In each interval
the near-stationarity ensure all TEST_EQ to work properly and hence the regret is bounded.
This is because if the regret is to big for a long time TEST_EQ would detect it. After that
we bound K and finally bound the regret of a block using Holder’s inequality. While prior
works [Chen et al., 2019] partition the intervals according to Az, = O (|Ik|71/ 2), we set
Az, = O (max {]Ik]_l/ 2 o/ 4}). This greatly change the subsequent calculations and

makes the regret better in our case, please refer to the appendix for more details.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

. |
commit | { { { { { { ! ! { { { { { { { {
g=2 | } *
= |
_ | —
q=1 \ F \ \ ‘

o | = = = =

Figure 5.2: This is an example of the scheduling for committing phase with length 16, Q) =
2,c = 1. The horizontal lines represent the scheduled TEST_EQ except for the black line on
the top which represent the time horizon. Different colors represent TEST_EQ for different
€(q). The bold parts of a line represent the active parts and the other parts are the paused
parts. The colored vertical lines represent the possible starting points of TEST_EQ for
each level. The cross at the last episode indicates the TEST_EQ) is aborted because it spans
2¢T4 = 8 episodes but has only run 3 < 29 episodes. The bold part of the black line indicates

that at this episode we commit to the learned policy and there is no TEST_EQ running.
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5.5.8 Main Algorithm

The main algorithm consists of blocks with doubling lengths. The first block is the shortest
block that can accomodate a whole LEARN_EQ in it. The doubling structure is not only
important to making the algorithm parameter free of A, but also to that of T' (see Appendix
for more details). The performance guarantee of this algorithm is stated in Theorem 5.5.6.

For simplicity, let A 7 =c>Az and A J = max {clA, cQA} Ag

Algorithm 9 Multi-scale Testing for Non-stationary MARL
1: Input: failure probability §.

2 N« min{n| 2" > Cy(2"/?)}
3: forn=N,N+1,--- do

4: Schedule a block sized 2™ according to Section 5.5.2.

5: Run LEARN_EQ with accuracy € = 2~/ and receive .

6: Run the committing phase according to the schedule. If any TEST_EQ returns False,
go to Line 2 immediately.

7. end for

Theorem 5.5.6. With probability 1 — 3QT46, the regret of Algorithm 9 is

N o) O (A1/5T4/5 + ¢omin {£1/3T2/3’£1/2T5/8} + (Cl + Cg/2> A2/5T3/5> =2
egre =
g O <01A1/5T4/5 + ¢ min {51/3T2/3, 51/2T5/8} + 03/2A2/5T3/5> a=—3

Remark 5.5.7. The main idea of the proof is as follows. The restarts divide the whole time
horizon into consecutive segments [1,7] = J; U Jo U---U J;. In each segment J; between

restarts, the regret can be bounded by adding up Formula 5.1 for all blocks as
Regret (7;) = O (|7;** + comin {|751° A2, |71/ A2+ &2 |17 + ea | 751774

It can be proved that the number of segments is bounded by J = O (Tl/ 5AY 5). Using

Hoélder’s inequality, we get the conclusion.

Meanwhile, the following theorem can be obtained if we only consider L, the number of

switches.
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Theorem 5.5.8. With probability 1 — 3QT4d, the regret of Algorithm 9 is

O (LVAT 4 (o1 + &%) LAT12) o = —2

Regret(T') =
gret(T) O (01L1/4T3/4 + cg/le/QTl/Q) a—= -3

Remark 5.5.9. Algorithm 9 breaks the curse of multi-agent as long as the base algorithms
do. If the base algorithm is decentralized, all players are informed to restart when a change
is detected and no further communication is needed. In this sense very few extra commu-

nications are needed in Algorithm 9.
5.6 Conclusions

In this work, we propose black-box reduction approaches for learning the equilibria in
non-stationary multi-agent reinforcement learning, both with and without knowledge of
parameters. These algorithms offer favorable performance guarantees in terms of the non-
stationarity measure, while preserving the advantages of breaking curse of multi-agent and
decentralization found in the base algorithms. We conclude this paper by posing two open
questions. Firstly, we assume that all oracles with PAC guarantees may have regret as large
as O(1) in the proofs. However, it remains unknown how to design algorithms such that
the oracles themselves are also no-regret, which would further minimize the regret in learn-
ing. Secondly, the lower bound of regret for learning in non-stationary multi-agent systems
is currently unknown, despite extensive investigations into lower bounds for single-agent

systems [Besbes et al., 2014, Garivier and Moulines, 2011].
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Chapter 6

LEARNING EQUILIBRIUM IN CONGESTION GAMES

This chapter is based on Cui et al. [2022], with Zhihan Xiong, Maryam Fazel and Simon
S. Du.

6.1 Introduction

Nash equilibrium (NE) is a widely adopted concept in game theory community, used to
describe the behavior of multi-agent systems with selfish players [Roughgarden, 2010]. At
the Nash equilibrium, no player has the incentive to change its own strategy unilaterally,
which implies it is a steady state of the game dynamics. For a general-sum game, com-
puting the Nash equilibrium is PPAD-hard [Daskalakis, 2013] and the query complexity is
exponential in the number of players [Rubinstein, 2016]. To help address these issues, a
natural approach is to consider games with special structures. In this paper, we focus on
congestion games.

Congestion games are general-sum games with facilities (resources) shared among non-
cooperative players [Rosenthal, 1973]. During the game, each player will decide what com-
bination of facilities to utilize, and popular facilities will become congested, which results
in a possibly higher cost on each user. One example of congestion game is the routing game
[Fotakis et al., 2002], where each player needs to travel from a given starting point to a des-
tination point through some shared routes. These routes are represented as a traffic graph
and the facilities are the edges. Each player will decide her path to go, and the more players
use the same edge, the longer the edge travel time will be. Congestion games also have
wide applications in electrical grids [Ibars et al., 2010], internet routing [Al-Kashoash et al.,
2017] and rate allocation [Johari and Tsitsiklis, 2004]. In many real-world scenarios, players
can only have (semi-)bandit feedback, i.e., players know only the payoff of the facilities they

choose. This kind of learning under uncertainty has been widely studied in bandits and in
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reinforcement learning for the single-agent setting, while theoretical understanding for the
multi-agent case is still largely missing.

There are two types of algorithms in multi-agent systems, namely centralized algorithms
and decentralized algorithms. For centralized algorithms, there exists a central authority
that can control and receive feedback from all players in the game. As we have global coordi-
nation, centralized algorithms usually have favorable performance. On the other hand, such
a central authority may not always be available in practice, and thus people turn to decen-
tralized algorithms, i.e., each player makes decisions individually and can only observe her
own feedback. However, decentralized algorithms are vulnerable to nonstationarity because
each player is making decisions in a nonstationary environment as others’ strategies are
changing [Zhang et al., 2021a]. In this paper, we will study both centralized and decentral-
ized algorithms in congestion games with bandit feedback, and we will provide motivating
scenarios for both algorithms in Section 6.1.2.

The main challenge in designing algorithms for m-player congestion games with bandit
feedback is the curse of exponential action set, i.e., the number of actions can be exponential
in the number of facilities F' because every subset of facilities can be an action. As a result,
an efficient algorithm should have sample complexity polynomial in m and F' and has no
dependence on the size of the action space. One closely related type of general-sum game
is the potential game, in which each individual’s payoff changes, resulting from strategy
modification, can be quantified by a common potential function. It is well-known that all
congestion games are potential games, and each potential game has an equivalent congestion
game formulation [Monderer and Shapley, 1996]. However, existing algorithms designed for
potential games all have sample complexity scaling at least linearly in the number of actions
[Leonardos et al., 2021, Ding et al., 2022], which is inefficient for congestion games. This

motivates the following question:

Can we design provably sample-efficient centralized and decentralized learning algorithms

for congestion games with bandit feedback?

We provide an affirmative answer to this question. To be precise, we use Nash-regret

minimization (formally defined in Section 6.3) as our objective for learning in congestion
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games. This regret-like objective commonly appears in the literature of online learning and
reinforcement learning [Orabona, 2019, Ding et al., 2022, Liu et al., 2021a], which focuses on
finite-time analysis and accumulative rewards throughout the learning process instead of the
asymptotic behavior. In general, a sublinear Nash regret implies a best-iterate convergence,
meaning that the algorithm has reached the approximate Nash equilibrium at least once,

while the converse does not hold.

We highlight our contributions below and compare our results with previous algorithms
in Table 6.1. Our algorithms are shaded and we prove sublinear Nash regrets for all of
them. In Table 6.1, sample complexity refers to the number of samples required to reach
best-iterate convergence to an e-approximate Nash equilibrium and the results are obtained

by standard online-to-batch conversion as in Section 3.1 of [Jin et al., 2018].

6.1.1 Main Novelties and Contributions

1. Centralized algorithm for congestion game. We adapt the principle of optimism
in the face of uncertainty in stochastic bandits to ensure sufficient exploration in congestion
games. We begin with congestion games with semi-bandit feedback, in which each player can
observe the reward of every facility in the action. Instead of estimating the action reward as
in stochastic multi-armed bandits, we estimate the facility rewards directly, which removes
the dependence on the size of action space. Furthermore, we consider congestion games
with bandit feedback, in which each player can only observe the overall reward. In this
setting, we borrow ideas from linear bandits to estimate the reward function and analyze

the algorithm. The algorithm is provably sample efficient in both cases.

2. Decentralized algorithm for congestion game. Our decentralized algorithm is a
Frank-Wolfe method with exploration, in which each player only observes her own actions
and rewards. To efficiently explore in the congestion game, we utilize G-optimal design
allocation for bandit feedback and a specific distribution for semi-bandit feedback. As a
result, the sample complexity does not depend on the number of actions. In addition,
the L7 smoothness parameter of the potential function does not depend on the number of

actions, which is exploited by the Frank-Wolfe method. With the help of these two specific
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Table 6.1: Comparison of algorithms for congestion games in terms of sample complexity
and Nash regret, where “IPPG” stands for “independent projected policy gradient”, “IPGA”
stands for “independent policy gradient ascent”, “I” represents the setting of semi-bandit
feedback and “II” represents the setting of bandit feedback. Bandit feedback is assumed
for algorithms from previous work. Here, A; is the size of player i’s action space, m is the
number of players, Amax = maxX;e[,,) 4i, £ is the number of facilities and 7" is the number

of samples collected. Our algorithms are shaded.

Algorithms Sample complexity Nash regret Decentralized
Nash-VI [Liu et al., 2021a] (TT™, Ay F/é (IIix, A)FT No
V-learning [Jin et al., 2021b] AmaxF /€2 (CCE) NA Yes
IPPG [Leonardos et al., 2021] AmaxmF/e® NA Yes
IPGA [Ding et al., 2022] Az mPF®/ed mEY3 /A T4 Yes
Nash-UCB I mF? /e F/'mT No
Nash-UCB IT m2F3 /e mE3/2\T No
Frank-Wolfe with Exploration I m2F? /b m2F3/275/6 Yes
Frank-Wolfe with Exploration II mi2F12 /e m2F2T5/6 Yes

algorithmic designs for congestion games, we give the first decentralized algorithm for both
semi-bandit feedback and bandit feedback that has no dependence on the size of the action

space in congestion games.

3. Centralized algorithm for independent Markov congestion game. We extend
the formulation of congestion game into a Markov setting and propose the independent
Markov congestion game (IMCG), in which each facility has its own internal state and
state transition happens independently among all the facilities. In Section 6.1.2, we give
some examples that fit in this model. By utilizing techniques from factored MDPs, we
extend our centralized algorithms for congestion games to efficiently solve IMCGs, with

both semi-bandit and bandit feedback.
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6.1.2 Motivating Examples

We provide an exmple here to motivate our proposed models. See Section 6.3 for the formal
definition of (semi-)bandit feedback and (Markov) congestion games and Appendix E.1 for

additional examples.

Ezample 5 (Routing Games). For a routing game, there are multiple players in a traffic
graph travelling from starting points to destination points, and the facilities are the edges
(roads). The cost of each edge is the waiting time, which depends on the number of players
using that edge.

e Centralized algorithm for routing games: Imagine each player is using Google Maps
to navigate. Then Google Maps can serve as a center that knows the starting points and the
destination points, as well as the real-time feedback of the waiting time on each edge of all
the players. Google Maps itself also has the incentive to assign paths according to the Nash
equilibrium strategy as then each player will find out that deviating from the navigation
has no benefit and thus sticks to the app.

e Decentralized algorithm for routing games: Consider the case where players are still
using Google Maps but due to privacy concerns or limited bandwidth, they only use the
offline version, which has access only to the information of each single user. Then Google
Maps needs to use decentralized algorithms so that it can still assign Nash equilibrium
strategy to each user after repeated plays.

e Markov routing games: For Markov routing games, the time cost on each edge will
change between different timesteps, which is a more accurate model of the real-world. For
instance, some roads are prone to car accidents, which will result in an increasing cost on the
next timestep, and the chance of accidents also depends on the number of players using that
edge currently. This is modeled by the Markovian facility state transition in independent

Markov congestion games.
6.2 Related Work

Potential Games. Potential games are general-sum games that admit a common poten-

tial function to quantify the changes in individual’s payoff [Monderer and Shapley, 1996].



95

Algorithmic game theory community has studied how different dynamics converge to the
Nash equilibium, e.g., best response dynamics [Durand, 2018, Swenson et al., 2018a] and
no-regret dynamics [Heliou et al., 2017b, Cheung and Piliouras, 2020], while usually they
provide only asymptotic convergence, with either full information setting or bandit feedback
setting. Recently, reinforcement learning community studied Markov potential games with
bandit feedback, which can be applied to standard potential games. See the Markov Games
part below for more details.

Congestion Games. Congestion games are developed in the seminal work [Rosenthal,
1973], and later Monderer and Shapley [1996] builds a close connection between congestion
games and potential games. Congestion games are divided into atomic and non-atomic
congestion games depending on whether each player is separable. Many papers consider non-
atomic congestion games with non-decreasing cost function, which implies a convex potential
function [Roughgarden and Tardos, 2004]. We consider the more difficult atomic congestion
game where the potential function can be non-convex. For online non-atomic case, [Krichene
et al., 2015] considers partial information setting while they provide convergence in the
sense of Cesaro means. [Kleinberg et al., 2009, Krichene et al., 2014] show that some
no-regret online learning algorithms asymptotically converges to Nash equilibrium. [Chen
and Lu, 2015, 2016] are two closely related works that consider bandit feedback in atomic
congestion games and provide non-asymptotic convergence. However, they still assume a
convex potential function and the sample complexity has exponential dependence on the
number of facilities, which is far from ideal.

Markov Games. Markov games are widely studied since the seminal work [Shapley,
1953]. Recently, the topic has received much attention due to advances in reinforcement
learning theory. Liu et al. [2021a] provides a centralized algorithm for learning the Nash
equilibrium in general-sum Markov games, and [Jin et al., 2021b, Song et al., 2021a] provide
decentralized algorithms for learning the (coarse) correlated equilibrium. One closely related
line of research is on Markov potential games [Leonardos et al., 2021, Zhang et al., 2021c,
Fox et al., 2021, Cen et al., 2022a, Ding et al., 2022]. However, applying their algorithms
to congestion games leads to explicit dependence on the number of actions, which would be

exponentially worse than our algorithms. See Table 6.1 for comparisons. Our independent
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Markov congestion game is motivated by the state-based potential games studied in Marden
[2012] and Macua et al. [2018], and its transition kernel is closely related to the factored
MDPs, for which single agent algorithms are studied in [Osband and Van Roy, 2014, Chen
et al., 2020, Xu and Tewari, 2020, Tian et al., 2020, Rosenberg and Mansour, 2021].

Learning in Games. Different from our paper, learning in games in traditional literature
of game theory mainly considers players’ asymptotic behavior [Leslie and Collins, 2005,
Cominetti et al., 2010, Coucheney et al., 2015]. In early literature, Leslie [2004] investigates
actor-critic learning and ()-learning algorithms in games with bandit feedback and their
connection to best-response dynamics. Leslie and Collins [2005] proposes individual Q-
learning algorithm and shows that it converges to the NE almost surely in two-player zero-
sum game and Leslie and Collins [2006] studies learning the NE from the perspective of a
fictitious play-like process. Later, Cominetti et al. [2010] considers payoff-based learning
rules and shows convergence to NE in traffic games, while another payoff-based learning
model for continuous games is developed in Bervoets et al. [2020]. Coucheney et al. [2015]
derives a new penalty-regulated dynamics and proposes a corresponding learning algorithms
that converges to NE in potential games with bandit feedback. Bravo et al. [2018] proposes
that in monotone games with bandit feedback, as long as all players are using some no-
regret learning algorithm, the dynamics will converge to the NE, and an improved analysis
of the same derivative-free algorithm is given in Drusvyatskiy et al. [2022]. In contrast, our
learning objective focuses on finite-time cumulative rewards, which is more widely used in

current multi-agent reinforcement learning literature [Ding et al., 2022, Liu et al., 2021a).
6.3 Preliminaries

General-sum Matrix Games. We consider the model of general-sum matrix games,
defined by the tuple G = ({A;}%; , R), where m is the number of players, A; is the action
space of player ¢ and R(-|a) is the reward distribution on [0, 7max]™ with mean r(a). Let
A = A; x---x A, be the whole action space and denote an element as a = (aq,...,an) € A.
After all players take actions a € A, a reward vector is sampled r ~ R(-|a) and player i will
receive reward 7; € [0, rpax] with mean r;(a). Each player’s objective is to maximize her

own reward.
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A general policy 7 is defined as a vector in A(A), the probability simplex over the action
space A. A product policy m = (m1,...,my) is defined as a tuple in A(A;) X - x A(Ap),
in which a = (ay,...,a;) ~ 7 represents a; i m;. The value of policy « for player i is
VT = Ea~r[ri(a)].

Nash Equilibrium and Nash Regret. Given a general policy 7, let 7_; be the marginal

joint policy of players 1,...,4¢ — 1,4+ 1,...,m. Then, the best response of player ¢ under

, . fr
policy 7 is 7riT = argmax,ca(4,) Vi“ " and the corresponding value is V;T’LZ = sz e

Our goal is to find the approximate Nash equilibrium of the matrix game, which is defined

below.

Definition 6.3.1. A product policy 7 is an e-approximate Nash equilibrium if maxi(ViTm’i —

V) <.

An e-approximate Nash equilibrium can be obtained by achieving a sublinear Nash
regret, which is defined below. See Section 3 in Ding et al. [2022] for a more detailed

discussion.

Definition 6.3.2. With 7* being the policy at k-th episode, the Nash regret after K
episodes is define as

K 7k k

Nash-Regret(K) = max (VZ A ) .

i1 i€[m)]
Remark 6.3.3. Here, if we replace max;c[y, by >2;“ in the definition of Nash regret, the
single-step Nash regret at episode k will become the Nikaido-Isoda (NI) function evaluated
at 7%, which is a popular objective for equilibrium computation [Nikaidd and Isoda, 1955,
Raghunathan et al., 2019]. Replacing max;¢,) by i, will multiply our regret bounds by

a factor of m, while our conclusion will not be affected.

Potential Games. A potential game is a general-sum game such that there exists a

potential function ® : A(A) — [0, Ppax] such that for any player ¢ € [m] and policies m;, 7/

17
w_;, it satisfies
Ly )

O(m, i) — P(ml, ;) = | AR |2

7
We can immediately see that a policy that maximizes the potential function is a Nash

equilibrium.
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Congestion Games. A congestion game is defined by G = (F, {A;}/%, , {Rf}fef)’ where
F = [F] is called the facility set and R/(-|n) € [0,1] is the reward distribution for facility
f with mean 7f(n), where n € [m]. Each action a; € A; is a subset of F (i.e., a; C F).
Suppose the joint action chosen by all the players is a € A, then a random reward is
sampled r/ ~ R/(-|n/(a)) for each facility f, where n/(a) = 37", 1{f € a;} is the number
of players using facility f. The reward collected by player i is r; = > ¢, r/ with mean
ri(@) = ¥ pea, v (0 (a)) € [0, F].

Connection to Potential Games [Monderer and Shapley, 1996]. As a special class of

f
potential game, all congestion games have the potential function: ®(a) =" r Z?zga) rf(4).

To see this, we can easily verify that ®(a;,a_;) — ®(a},a—;) = ri(a;,a_;) — ri(al,a_;)
holds. Then, by defining ®(r) = Eawr[®(a)], we can have ®(m;,7_;) — ®(nl, m_;) =
AL Vﬂ'{'JLi

Types of feedback. There are in general two types of reward feedback for the conges-
tion games, semi-bandit feedback and bandit feedback, both of which are reasonable under
different scenarios. In semi-bandit feedback, after taking the action, player ¢ will receive
reward information 7/ for each f € a;; in bandit feedback, after taking the action, player i
will only receive the reward r; = - s, r/ with no knowledge about each /. In this paper,
we will address both of them, with more focus on the bandit feedback, which can be directly

generalized to semi-bandit feedback.

6.4 Centralized Algorithms for Congestion Games

In this section, we introduce two centralized algorithms for congestion games — one for the
semi-bandit feedback and one for the bandit feedback. We will see that both of them can

achieve sublinear Nash regret with polynomial dependence on both m and F.

6.4.1 Algorithm for Semi-bandit Feedback

Summarized in Algorithm 10, Nash upper confidence bound (Nash-UCB) for congestion
games is developed based on optimism in the face of uncertainty. In particular, the algorithm

estimates the reward matrices optimistically in line 4, computes its Nash equilibrium policy
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in line 6 and then follows this policy.

For convenience, we define the empirical counter N*/(n) = Y28 _, 1 {nf (a¥) = n} and
T =2log(4(m + 1)K/§). Then, the reward estimator for f and the bonus term are defined

as

B Sk {nf(ak/) = n}

Nkf(n)Vv1 ) bf’r(a) = J;i Nk'vf(nfb(a)) V1 (6.1)

fkf(n)

where 7%/ € [0,1] is the random reward realization of r/(nf(a*)). Naturally, the reward

estimator for player i is #¥(a) = > fea; o (nf(a)).

Algorithm 10 Nash-UCB for Congestion Games

1: Input: €, accuracy parameter for Nash equilibrium computation

2: for episode k =1,..., K do

3: for player i =1,...,m do
4: Compute Qf(a) — 7¥(a) + bf’r(a) foralla € A
5: end for

6: Compute 7% < e—NASH(@If(-), e ,@fn()) (Algorithm 11)

7 Take action a* ~ 7% and observe reward %/
8: Update reward estimators 7% and bonus term bf’r
9: end for

Algorithm 10 is motivated by the Nash-VI algorithm in [Liu et al., 2021a] plus a delib-
erate utilization of the special reward structure in the congestion games. Moreover, notice
that a matrix game with reward functions @]f(), . ,@fn() forms a potential game (see
Lemma E.2.1). As a result, in line 6, we can efficiently compute the e-approximate Nash
equilibrium 7% for that matrix game by utilizing Algorithm 11, (see Lemma E.2.2). It is
a simple greedy algorithm such that in each round, it modifies one player’s policy whose
modification can increase the potential function most. In addition, Algorithm 11 always

outputs a deterministic product policy.
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Algorithm 11 e-approximate Nash Equilibrium for Potential Games

1: Input: €, accuracy parameter; full information potential game {(A;);~, , (r;);~,} such

that 7; € [0, rmax] for all i € [m)]

1

2: Initialize: 7! = al, arbitrary deterministic product policy

3: for round k =1,..., [Mmax] do

4: for player i =1,...,m do

5: A; < maxgea, 7i(ai, Wﬁl) — ri(7F)

6: aftl argmax ¢ 4, ri(ai, 7;) — ri(7*)
7 end for

8: if max;cp, A; < € then

9: return 7*

10: end if

11: J 4 argmax;ci, A;

12:  Update 7¢F1(5) « a?“ and 781 (7) « 7% (i) for all i # j
13: end for

6.4.2 Algorithm for Bandit Feedback

When the players can only receive bandit feedback, estimating #%7/ directly for each f € F
is no longer feasible. However, notice that the reward function r;(a) = 3" ¢, rf(nf(a)) can
be seen as an inner product between vectors characterized by action a and reward function
rf(-). Therefore, under bandit feedback, we can treat it as a linear bandit and use ridge
regression to build the reward estimator ff and corresponding bonus term %", whose index
1 is dropped since it is the same for all players. The new algorithm will use these two terms
to replace #¥ and bf’r in line 4 of Algorithm 10.

In particular, define 6 € [0, 1}“7 with d = mF to be the vector such that r/(n) =
Ontm(f—1)- Meanwhile, for player i € [m], define A; : A — {0, l}J to be the vector-valued

function such that
[Ai(a)]; :]l{j:n—i—m(f—l),fGai,n:nf(a)}.

In other words, A;(a) is a 0-1 vector with element 1 only at indices corresponding to those

in 6 that represents 7/ (n) for f € a; and n = nf(a). Now, with these definitions, the reward
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function can be written as r;(a) = (4;(a),#). Then, we build the reward estimator and
the bonus term through ridge regression and corresponding confidence bound, which are

defined as the following:
) = (A ), B7(a) = ma 4@l VA, (6.2)

Ny _1 ! ! ! !
where 0¢ = (VF) SR S A@¥)eF, VE = 14 SR SR Aial) 4y(@M) T and

’/Bk =Vd+ \/Fcilog (1 + mgF) + Fi. Note that we cannot bound the sum of this bonus

terms by directly applying the elliptical potential lemma. We instead prove its variant in

Lemma E.3.2.

6.4.3 Regret Analysis

The Nash regret bounds for the two versions of Algorithm 10 are formally presented in

Theorem 6.4.1. The proof details are deferred to Appendix E.3.

Theorem 6.4.1. Let e = 1/K. For congestion games with semi-bandit feedback, by running
Algorithm 10 with reward estimator and bonus term in (6.1), with probability at least 1 — 4,

we can achieve that

Nash-Regret(K) < O (F\/ mK) .

Furthermore, if we only have bandit feedback, then by running Algorithm 10 with reward

estimator and bonus term in (6.2), with probability at least 1 — &, we can achieve that
Nash-Regret(K) < O (mF3/2\/E> :

Remark 6.4.2. Since each action is a subset of F, the size of each player’s action space can
be 2. As a result, directly applying Nash-VI in [Liu et al., 2021a] leads to a regret bound

exponential in F'.

Remark 6.4.3. Note that we assume r/ € [0,1], which implies 7; € [0, F] for each player

i€ [m].
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6.5 Decentralized Algorithms for Congestion Games

In this section, we present a decentralized algorithm for congestion games. Due to limited
space, we only introduce the version of bandit feedback as in Section 6.4.2. The algorithmic
details for the semi-bandit feedback setting are deferred into Appendix E.4.3. We will
show that under both settings, even though each player can only observe her own actions
and rewards, our decentralized algorithm still enjoys sublinear Nash regret with polynomial

dependence on m and F.

We first define the vector-valued function ¢; : A; — {0,1}% to be the feature map of
player i such that [¢;(a;)]; = 1{f € a;} for a; € A; and f € U, e, ai- Here, F; is the size

of Uy,eq, @ € F and we can immediately see that F; < F' for any i € [m].

The core idea of our algorithm is that the Nash equilibrium can be found by reaching the
stationary points of the potential function since all congestion games are potential games.
Here, the UCB-like algorithms used in the centralized setting are not applicable because
their policy computation requires value functions for all players (e.g., line 6 of Algorithm
10), which are not available in the decentralized setting. Summarized in Algorithm 12,
the decentralized algorithm is developed based on the Frank-Wolfe method and has the

following three major components.

Gradient Estimator. In line 8, the algorithm builds the estimator @f@ defined in (6.4)
by using the 7 reward samples collected from line 5. Here, §f<b estimates the gradient of
potential function ® with respect to the policy 7rf3 . Recall that for a congestion game, we
have ®(a) =3 ;cr Z;ﬁa) /(i) and ®(7) = Eanr [®(2)]. Then we can define V;® := V. &
as a vector of dimension |4;|. For the component indexed by some a; € A;, we can see
that ®(m) = mi(a;))Eq_,~r_, [ri(ai,a—;)] + const, where const does not depend on ;(a;).

Therefore, we have

Vi®(a;) = Eq_jmn_; [ri(ai,a—i)] = Eq_jur_; [Z Tf("f(ai,a—z‘))} = (¢i(ai), 0:(m)), (6.3)

fe€a;
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Algorithm 12 Frank-Wolfe with Exploration for Congestion Game

1: Input: v, v, mixture weights; 7TZ~1, initial policy
2: Initialize: p;, the G-optimal design for player i, defined in (6.5)
3: for episode k=1,...,K do

4: for round t=1,...,7 do
5: Fach player takes action af’t ~ Wf , observes reward rf’t
6: end for
7 for player i = 1,...,m do
8: Compute V¥®(a;) by the formula in (6.4) for all a; € A;
9: Compute 71 argmax . ca(A4,) (i, Vi)
10: Update
mi e (1) (v 4+ (L= k) £
11: end for
12: end for

where [0;(7)]f = Eq_;on_, {rf(nf(a_i) + 1)} Meanwhile, the mean of the ¢-th reward that
player i received at episode k satisfies
E[rf [ab] =ri@) = 3 /(0! @) = (aila}"), 0 (a2)),

fea?

k3

where [Qk o™ t)]f = rf(nf (a" ") +1) and its mean is [0;(7%)]. Therefore, we can use linear
koot

regression to estimate #;(7*). In particular, we have §f(7r’“) =17, (Zf) oi(a kt) T,
with the covariance matrix Y¥ = E, ~orch [gbz(a,)qﬁz(az) } Then, we have the unbiased gra-

dient estimate

Vie(a:) = (#ilai), O (7)) = Z@ ()" (25) " gulal )k, (6.4)

Remark 6.5.1. One difference between Algorithm 12 (decentralized) and Algorithm 10 (cen-
tralized) is that in the decentralized algorithm, each player is required to play the same
policy for 7 times before an update can be applied. An episode is thus defined for conve-

nience as the time period during which the players’ policies are fixed. We make this artificial



104

design mainly for controlling the variance of the gradient estimator @f@(ai). However, we
conjecture that with more careful design and analysis, it should be possible to improve

Algorithm 12 so that only one sample is required per episode [Zhang et al., 2020c].

G-optimal Design. In line 9 and 10, the algorithm performs standard Frank-Wolfe up-
date and mixes the updated policy with an exploration policy p;, which is defined as the

G-optimal allocation for features {¢i(a;)},.c 4,- To be specific, we have

. 2
_ (a; o 6.5
pi iﬁir&gggﬁ||¢>z(a1)HE%NA[@(%)@(QDT] ! (6.5)

Here p; guarantees that X% is invertible and the variance of VF®(a;) = <¢i(ai),§f(7rk)>
depends only on F' instead of the size of action space (Lemma E.4.3) because by the fa-

mous Kiefer-Wolfowitz theorem, we have maxg, e, ||¢i(ai) A =F<F

2
HEQ;NM [pi(al)pi(al)T]
[Lattimore and Szepesvari, 2020].

Frank-Wolfe Update. Finally, we emphasize that it is crucial to use Frank-Wolfe update
because it is compatible with L norm and we can show that ® is mF'-smooth with respect
to the L; norm (Lemma E.4.5). In contrast, its smoothness for Lo norm will depend on the
size of the action space.

Before the game starts, each player ¢ can compute her p; based on her own action set
A;. During the game, all players only have access to their own actions and rewards, which
means that Algorithm 12 is fully decentralized. The Nash regret bound for this algorithm
is formally stated in Theorem 6.5.2 and the proof details are given in Appendix E.4.1 and
E.4.2.

Theorem 6.5.2. Let T' = K. For congestion game with bandit feedback, by running
Algorithm 12 with gradient estimator V¥® in (6.4) and exploration distribution p; in (6.5),
if K> %, then with probability at least 1 — §, we have
K k -
Nash-Regret(T) = 2 7-%2% <V;’“i _ Vf’“) <O (m2F2T5/6 + m3F3T2/3) .
For congestion game with semi-bandit feedback, by running Algorithm 12 with gradient esti-

mator %fq)(ai) and exploration distribution p; defined in Appendix E.4.3, if K > %, then
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with probability at least 1 — §, we have

Nash-Regret(T) < O (m2F3/2T5/6 + m3F2T2/3) .
6.6 Extension to Independent Markov Congestion Games

In this section, we propose and analyze a Markov extension of the congestion games, called

the independent Markov congestion games (IMCGs).

6.6.1 Problem Formulation

General-sum Markov Games. A finite-horizon time-inhomogeneous tabular general-
sum Markov game is defined by M = {S,{A;};~, , H, P, R, so}, where S is the state space,
m is the number of players, A; is the action space of player i, A = Ay x - - - X A, is the whole
action space, H is the time horizon, s is the initial state*, P = (Py, P3,--- , Py) with Py, €
[0, 1]5%4%5 as the transition kernel at timestep h, R = {Rp(-|sp, an) }L | with Ry (:|sp,ap) as
the reward distribution on [0, 7max]™ with mean ry,(sp, ap) € [0, rmax|™ at timestep h € [H].
At timestep h, all players choose their actions simultaneously and a reward vector is sampled
ry, ~ Rp(-|sh,an), where s, is the current state and a, = (ap1,an2, -, @hm) is the joint
action. Each player i receives reward 5, ; and the state transits to sp41 ~ Pp(-|sp,ap). The
objective for each player is to maximize her own total reward. We assume that the initial
state s1 is fixed.

A (Markov) policy 7 is a collection of H functions {m, : S — A(A)}1_,, each of which
maps a state to a distribution over the action space. 7 is a product policy if m,(- | s) is a
product policy for each (h,s) € [H] x S. The value function and @-value function of player

i at timestep h under policy 7 are defined as

H H

Vili(s) = Ex Zrhf,i<sh/,ah/>|sh—s1, QFi(s,a) = Ex [Zrhuxsmah/)|sh—s7ah—a :

h'=h h'=h

The best responses and Nash regret can be defined similarly as those for matrix games. In

particular, given a policy m, player i’s best response policy is Tr}TL (- | 8) = argmax, c a4, VI (s)

and the corresponding value function is denoted as VJ Zr -

*An episode is defined as running H steps from the initial state so, which is common for the episodic

MDP.
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Definition 6.6.1. With 7% being the policy at kth episode, the Nash regret after K episodes
is define as

K k

Nash-Regret(K) = » max (V;;ﬂ‘i - Vf;) (s1).

p=1 €M\
Independent Markov Congestion Game. A general-sum Markov game is an indepen-
dent Markov congestion game (IMCG) if there exists a facility set F such that a; C F for
any a; € A;, a state space S = [[;cr S !, a set of facility reward distributions {Rﬁ} he[H], feF
such that if the joint action at sj, is a, we have r4; = 3" ¢, 7“}]:, where r,{ ~ R,{(-|sh, n'(a))
with support on [0, 1] and mean rﬁ(sh, n'(a)), and a set of transition matrices {P}{}he[H],fe}‘
such that P (s'|s,a) = [[ e P,{(s’f|sf, n’(a)). In other words, at each timestep h and state
s € 8, the players are in a congestion game. Meanwhile, each facility has its own state and
independent state transition, which only depends on its current state and number of play-
ers using that facility. This transition kernel can be viewed as a special case of that in
factored MDPs. The IMCG also admits two types of feedback, semi-bandit feedback and
bandit feedback, just like the congestion game. In this paper, we will consider both types

of feedback.

6.6.2 Theoretical Guarantee

Summarized in Algorithm 25, our centralized algorithm for IMCGs is naturally extended
from the Nash-UCB (Algorithm 10) by incorporating transition kernel estimators, corre-
sponding bonus terms and Bellman backward update. The key idea is to utilize the inde-
pendent transition structure to remove the dependence on the exponential size of the state
space S = []ser Sf. We tackle this issue by adapting technique from factored MDP [Chen
et al., 2020]. The algorithmic details for both types of feedback are deferred into Appendix
E.5. The Nash regret bounds for the two versions of Algorithm 25 are stated in Theorem

6.6.2 and the proof details are deferred to Appendix E.6.

Theorem 6.6.2. For independent Markov congestion game with semi-bandit feedback, by

running the centralized Algorithm 25, with probability at least 1 — §, we can achieve that

Nash-Regret(K) < O (Z FSs? m) +0 (m2 H’FY (Sf Sf’)2) .

feF f£f
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Furthermore, if we only have bandit feedback, then by running Algorithm 25 with reward
estimator and bonus term in (E.7) and (E.8), with probability at least 1 — &, we can achieve

that

~ ~ N 2
Nash-Regret(K) < O (Z Fst \/m2H3T) +0 (mQHQF > (sfsf) ) :
fer I#r

The regret bound in [Liu et al., 2021a] is 6(\/H3SQ(H§’;1Ai)T), where both A; and
S =11 fer 57 can be exponential in F. Our bounds have polynomial dependence on all the

parameters.
6.7 Conclusion

In this paper, we study sample-efficient learning in congestion games by utilizing the special
reward structure. We propose both centralized and decentralized algorithms for congestion
games with two types of feedback, all achieving sample complexities only polynomial in the
number of facilities. To the best of our knowledge, each one of them is the first sample-
efficient learning algorithm for congestion games in its own setting. We further define the
independent Markov congestion game (IMCG) as a natural extension of the congestion game
into the Markov setting together with a sample-efficient centralized algorithm for both types
of feedback.

One promising future direction is to find a sample-efficient decentralized algorithm such
that from each player’s own perspective, the algorithm is still no-regret. In other words,
diminishing regret is guaranteed for the player by running this algorithm even though other
players may use policies from different algorithms. Another important future direction
is to find sample-efficient centralized/decentralized algorithms that can explicitly find an

approximate Nash equilibrium policy.
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Chapter 7

LEARNING OPTIMAL TAX DESIGN IN CONGESTION GAMES

This chapter is based on Cui et al. [2024], with Maryam Fazel and Simon S. Du.

7.1 Introduction

In modern society, large-scale systems often consist of many self-interested players with
shared resources, such as transportation and communication networks. Importantly, the
objectives of individual players are not always aligned with the system efficiency, and the
system designer should take this into consideration. A widely known example is Braess’s
paradox, where adding more roads to a network can make the network more congested
[Braess, 1968]. Price of anarchy is a notion that measures the inefficiency caused by self-
ish behavior compared with optimal centralized behavior [Koutsoupias and Papadimitriou,
1999]. Characterizing such inefficiency has been an active research area with applications in
resource allocation [Marden and Roughgarden, 2014], traffic congestion [Roughgarden and
Tardos, 2004], and others. The inefficiency motivates research on how to design mechanisms
to improve performance even when the players are still behaving selfishly.

Tax mechanisms are a standard approach to resolving the inefficiency issue, which are
widely studied in economics, operations research, and game theory. The goal of tax mecha-
nisms is to incentivize self-interested players to follow socially optimal behavior by applying
tax/subsidy. Congestion game is a widely studied class of game theory models characteriz-
ing the interactions between players sharing facilities, where the cost of each facility depends
on the “congestion” level [Wardrop, 1952, Rosenthal, 1973]. As a motivating example, in
traffic routing games, each facility corresponds to an edge in a network, and each player
chooses a path that connects her source node and target node. The cost of each facility
corresponds to the latency of each edge, which depends on the number of players using

that edge. Then, the tax can be interpreted as the toll collected by the road owner or the
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government to improve overall traffic efficiency [Bergendorff et al., 1997].

Most existing works on congestion game tax design focus on the computation complexity
of the optimal tax [Nisan et al., 2007a, Caragiannis et al., 2010]. They assume the tax de-
signer has full knowledge of the underlying game, which is unrealistic in many applications.
As Nash equilibrium is the only stable state of the system, we study a partial information
feedback setting named “equilibrium feedback”, where the tax designer can only observe
information about the Nash equilibrium. The limited feedback information brings new
challenges to the tax designer, and strategic exploration is necessary to learn or design the
optimal tax. In this work, we aim to take the first step in learning optimal tax design for

congestion games, and we study the following problem:
How can we learn the optimal tax design in congestion games with equilibrium feedback?

Below we highlight our contributions.

7.1.1  Main Contributions and Technical Novelties

1. The first algorithm for learning optimal tax design in congestion games. To
the best of our knowledge, this is the first result for learning optimal tax in congestion games
with partial information feedback. Our algorithm enjoys O(F?3/e) sample complexity for
learning an e-optimal tax, where F' is the number of facilities and 5 is the smoothness
coefficient of the cost function. The sample complexity has no dependence on the number of
actions, which could be exponential in F'. In addition, we provide an efficient implementation
for network congestion games with 5(poly(V, E,€)) computational complexity, where V' and
FE are the numbers of the vertexes and edges in the network. Due to space limitation, we
defer the computation analysis and experiments to Appendix F.3 and Appendix F.5.

2. Piece-wise linear function approximation. We only assume the cost functions
are smooth and make no parameterization assumptions as they are too strong to be satisfied
in real-world applications. To tackle this challenge, we use piece-wise linear functions to
approximate the optimal tax function. While only the values of the cost functions can be
observed, we show that a carefully designed piece-wise linear function can approximate the

unobservable optimal tax function well.
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3. Strongly convex potential function. One challenge in tax design is controlling
the sensitivity of Nash equilibrium w.r.t. tax perturbation. We always enforce tax functions
with subgradient lower bounded by some positive value, which leads to a strongly convex
potential function. As a result, the Nash equilibrium will be unique and Lipschitz with
respect to tax perturbation. As the potential function for optimal tax is not necessarily
strongly convex, we carefully choose the strong-convexity coefficient to balance the induced
bias.

4. Exploratory tax design. Given the equilibrium feedback, the tax designer can
only indirectly query the cost function by applying tax. Consequently, exploration in tax
design becomes much more difficult than that in standard bandit problems where the player
can directly query the value of an action [Lattimore and Szepesvari, 2020]. We design an
exploratory tax that pushes the equilibrium to the “boundary”, where an additional tax
perturbation will change the equilibrium and reveal information about at least one unknown
facility.

In this work, we focus on the well-known nonatomic congestion games. We hope our
algorithm and analysis provide new insight on the intriguing structure of nonatomic con-
gestion games. In addition, the tax design algorithm might find applications in real-world
problems such as toll design in traffic networks. Due to space limitation, most proofs are
deferred to the appendix.

Notations. [m] = {1,2,---,m}. For a set of real numbers K and a real number
z: min{K} < 2 < max{K}, we define [z} := minyex.y>, y and [z] = maxyexy<q y. The
clip operation clip(a,l,r) := min{max{a,l},r} clips a into the interval [I,7]. We use O(-)
to hide absolute constants and 6() to hide polylog terms as well. A function f: X — R is
a-strongly convex if f(y) > f(z) + Vf(z)"(y —x) + ¢ |ly — z|]3,Vz,y € X. f is B-smooth
if [Vf(z) = Vil <Bllz—ylly,Vo,y e X.

7.2 Related Work
Learning in congestion games. We refer the readers to the textbook [Nisan et al.,

2007a] for a general introduction to congestion games, the price of anarchy and tax mech-

anisms. Nonatomic congestion games were first studied in [Pigou, 1912] and formalized
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by [Wardrop, 1952]. Atomic congestion games were introduced by [Rosenthal, 1973] and
the connection with potential games is developed by [Monderer and Shapley, 1996]. In
contrast to general-sum games without structures, (approximate) Nash equilibrium can be
computed efficiently in congestion games due to the existence of the potential function. Re-
cently, various algorithms are developed to learn the Nash equilibrium in congestion games
with different feedback oracles [Krichene et al., 2015, Chen and Lu, 2016, Cui et al., 2022,
Jiang et al., 2022, Panageas et al., 2023, Dong et al., 2023, Dadi et al., 2024]. These algo-
rithms are derived from the perspective of the players in the system, while our algorithm is

essentially different in that it is utilized by the system designer to induce better equilibrium.

Optimal tax design in congestion games. For nonatomic congestion games, optimal
tax design has a closed-form solution known as the marginal cost mechanism [Nisan et al.,
2007a]. For atomic congestion games, the marginal cost mechanism can no longer improve
the efficiency [Paccagnan et al., 2021]. Instead, other mechanisms are proposed for optimal
local/global and congestion dependent/independent tax in atomic congestion games [Cara-
giannis et al., 2010, Bilo and Vinci, 2019, Paccagnan et al., 2021, Paccagnan and Gairing,
2021, Harks et al., 2015]. Notably, all of these mechanisms assume full knowledge of the

game while we consider learning with partial information feedback.

Stackelberg games. Stackelberg game [Von Stackelberg, 2010] models the interactions
between leaders and followers such that leaders take actions first and the followers make
decisions after observing leaders’ actions. Tax design can be formulated as a Stackelberg
game where the designer is the leader and the game players are the followers. Equipped
with a best response oracle to predict followers’ actions, Letchford et al. [2009], Blum
et al. [2014], Peng et al. [2019] propose algorithms for learning Stackelberg equilibrium.
Recently, Bai et al. [2021], Zhong et al. [2021], Zhao et al. [2023] generalize these results
to learning Skackelberg equilibrium with bandit feedback, under finite actions or linear
function approximation assumptions. For tax design, the search space is an exponentially
large function space with complicated dependence on the objective. Consequently, existing

results for Stackelberg games become vacuous when specialized to our problem.
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Mathematical programming under equilibrium constraint. Tax design can be for-
mulated as minimizing social cost with respect to tax under the constraint that players
are following the equilibrium. This is known as mathematical programs with equilibrium
constraints (MPEC). MPEC is a bilevel optimization problem and is NP-hard in general
[Luo et al., 1996]. Existing approaches use specific inner loop algorithms to approach the
equilibrium so that the gradient can be propagated to the outer loop [Li et al., 2020, Liu
et al., 2022a, Li et al., 2022c, Maheshwari et al., 2023, Li et al., 2023, Grontas et al., 2024],
relying on a unique and differentiable equilibrium [Colson et al., 2007]. However, such an
approach requires many strong assumptions, such as the tax designer can control the algo-
rithm of the agents, convex objective function and parameterized tax function. In contrast,

our results make none of these assumptions.

7.3 Preliminaries

Nonatomic congestion games. A weighted nonatomic congestion game (congestion
game) is described by the tuple (F, Apy,), Wy, cF), where F is the set of facilities with
cardinality F', m is the number of commodities, A; is the action set for commodity i € [m],
w; € [0, 1] is the weight for commodity i € [m] such that 3,1,y wi = 1, and ¢y : [0, 1] = [0, 1]
is the cost function for facility f € F. Each commodity consists of infinite number of
infinitesimal players with a total load to be w;. Each individual player is self-interested and

has a negligible effect on the game.

In congestion games, action a € A;,i € [m] is a subset of F, i.e. a C F, which denotes
the facilities utilized by action a. For commodity ¢ € [m], we use strategy z; = (Z,q)aca; €
[0, wi]|Ai| with constraint ) o A; Tig = w; to denote how the load is distributed over all the
actions. The joint strategy for the game is represented by z = (21,22, -+ ,Zn) € [0,1]4,

where A =37,c,,) [Ail. We use X' to denote the set of all feasible strategies.

A decentralized perspective of strategy x; for commodity i is that each self-interested
infinitesimal player follows a randomized strategy that chooses a € A; with probability

proportional to x; .. With the law of large number, the load on action a would be z; 4.
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Cost function. For astrategy z, the cost of a facility is cf (I (z)), where lf(z) = Y icm) 2Zac A, fea Tia
is the load on facility f. The cost of an action a is the sum of the facility cost that a utilizes:
ca(®) ==Y pea crllp(@)).

We make the following assumption on the cost function. Monotonicity is a standard
congestion game assumption, which is also observed in many real-world applications as
more players sharing one facility, each player will have less gain or more cost [Nisan et al.,

2007a]. Smoothness is a standard technical assumption for analysis.

Assumption 7.3.1. We assume the cost function satisfies:

1. Monotonicity: cf(-) is non-decreasing for all f € F,
2. Smoothness: cf(-) is f-smooth for all f € F.

Nash equilibrium. Nash equilibrium in nonatomic congestion games, also known as the
Wardrop equilibrium [Wardrop, 1952], is the strategy that no player has the incentive to
deviate from its strategy as formalized in Definition 7.3.2. In other words, Nash equilibrium

is a stable state for a system with selfish players.

Definition 7.3.2. A Nash equilibrium strategy x is a joint strategy such that each player

is choosing the best action: for any commodity ¢ € [m] and actions a,da’ € A;, we have
co() < co (), if 244 > 0.
Similarly, an e-approximate Nash equilibrium x satisfies that
Vi € [m],a,a’ € Aj,co(z) < co(z) + 6, if 254 > 0.

For a strategy x and commodity ¢, actions a € A; such that z;, > 0 are named as
the “in-support” actions and the others are “off-support” actions. For a Nash equilibrium,
in-support actions must all have the same cost and off-support actions are no better than
in-support actions. It is well known that Nash equilibrium always exists in congestion games

[Beckmann et al., 1956].
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Potential Function. An important concept in congestion games is the potential function:

Ly (x)
O(x) = zf:/o cr(u)du.

If Assumption 7.3.1 is satisfied, then ®(x) is a convex function and Nash equilibrium is

equivalent to the minimizer of the potential function [Beckmann et al., 1956].

Network congestion games. Network congestion games are congestion games with mul-
ticommodity network structure, which are also known as the selfish routing games [Rough-
garden, 2005]. A multicommodity network is described by a directed graph (V, &) where
V is the vertex set and & is the edge (facility) set. In addition, each commodity i € [m]
corresponds to a pair of source and target vertex (s;,t;), and actions are all feasible paths

connecting s; and t;. Each edge is associated with a nondecreasing cost (latency) function.

7.4 Tax Design for Congestion Games

In this section, we introduce tax design in congestion games. Before we get into the details,

we will first introduce some notions to simplify the problem.

7.4.1 Polytope Description for Congestion Games

For a strategy 2; € Rl the dimension |A4;| can be as large as 2. Instead, it would be
convenient to consider the facility load y; € R such that Yif = 2 acA;:fea Tia- 10 addition,
we define y = > ;e ¥i € R to be the total facility load. We use ¢()(+) to denote the

reparameterization mapping:
P(x) =y, ¢i(xi) = yi, Vi € [m],

and we set ¥ = {y € RF' : 32 € X,y = ¢(z)} to be the set of all feasible loads. Note that
¢ is not necessarily a bijection, i.e., there could exist multiple strategies sharing the same
load. We use ¢~ 1(y) := {z € X : ¢(x) = y} to denote the set of strategies that are mapped

to load y. The potential function can be defined after the repameterization as well:

prere(y) = 3 /Oyf ¢f(u)du = ®(x), Yz € B (y).
f
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Importantly, ®"P*(y) does not depend on the choice of strategy = € ¢~'(y). For the
reparameterized potential function, we have the following lemma showing that it is almost
equivalent to the original potential function. When it is clear from the context, we will

simplify ®'°P? as .

Lemma 7.4.1. ®*P* is convex under Assumption 7.5.1. If y* = argmin,, OrPa(y), then for

any x € ¢~ (y*), x is a Nash equilibrium.

For any Nash equilibrium strategy z, we call y = ¢(z) the Nash equilibrium load (Nash
load).

7.4.2  Optimal Tax for Congestion Games

Nash equilibrium is a stable state for a system with self-interested players, as no player has
the incentive to deviate unilaterally. However, Nash equilibrium does not efficiently utilize

the facilities, which is measured by the social cost:
U(y) == yrer(yy).
!

Price of anarchy is a concept that measures the efficiency of selfish agents in a system,
defined as the ratio between the worst-case social cost for equilibria and the optimal social

cost:
PoA — mMaXy is a Nash equilibrium load \Il(y)
mingcy ¥(y)

For example, in nonatomic congestion games with polynomial cost functions, the price of
anarchy grows as ©(d/Ind) where d is the degree of the polynomials [Nisan et al., 2007a].
To reduce the price of anarchy, one standard approach is to enforce a tax on each facility
to change the behavior of the self-interested players. Formally, a taxed congestion game is
described by (F, Afp), Wi, ¢F, T7) with an additional tax function 7¢ : [0, 1] — R on facility
[ € F. The cost of facility f with load u under tax becomes cf(u)+7¢(u). Correspondingly,

we define the potential function with tax 7 as

B(yir) = 3 [ lesw) + 7w du,
f
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and the Nash load would satisfy y* € argmin, ®(y; 7).
The optimal tax is defined as the tax that can induce optimal social behavior for self-
interested players. We want to note that tax is not included in social cost following the

convention in tax design.

Definition 7.4.2. A tax 7 is an optimal tax if all Nash equilibria under tax 7 can minimize
the social cost:

argmin @ (y; 7) C argmin ¥(y).
yey yey

In addition, a tax 7 is an e-optimal tax if we have
U(y) < min U(y') + ¢, Vy € argmin ®(y"; 7).
y’Gy y//ey

The marginal cost tax is defined as
T Tf(u) = ucp(u),Vf € F.

As ®(y; 7*) = ¥(y), the Nash equilibrium under tax 7* will minimize the social cost and 7*
is an optimal tax [Nisan et al., 2007a]. We will make the following assumption so that the
cost combined with tax ¢+ 7* is still non-decreasing. In many real world problems, ¢/ (u) is
non-decreasing due to the law of diminishing marginal utility, which guarantees Assumption

7.4.3.

Assumption 7.4.3. Marginal cost tax 7} (u) = uc;(u) is non-decreasing for all f € F.

7.4.8 Tax Design for Congestion Games

In this paper, we consider the case where the system designer (e.g. government) wants
to enforce an (approximate) optimal tax to induce optimal social behavior and maximize
social welfare. However, the cost function is unknown so the optimal tax function cannot
be computed directly via the marginal cost mechanism. On the other hand, the designer
can enforce several taxes and observe the feedback. As Nash equilibrium is the stable state
of the system, we assume the designer can observe the equilibrium feedback.

Formally, tax design is formulated as an online learning problem as shown in Protocol 4.

At round ¢, the designer can choose a tax 7¢ and observe the corresponding Nash equilibrium
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Protocol 4 Online Tax Design for Congestion Games

Initialize: Facility set F.
fort=1,2,...,7 do
Designer chooses tax 7°.
Designer observes Nash load y* = argmin, ¢y ®(y;7) and Nash cost ¢' = [Cf(y})] fer
for f € F.

end for

load 3* € RF and Nash equilibrium cost ¢! € RY. The sample complexity of a tax design
algorithm is the number of rounds for designing an e-optimal tax.

A naive approach is the designer first enumerates all of the e-approximations of 7*
and chooses the tax with minimal social cost. However, such an approach would require
O((1/€)FP/¢) samples as the complexity of using piece-wise linear function to approximate
77 (a B-smooth function) with € error is O((1/€)P/€), resulting in exponential dependence
on the parameters 3, 1/e and F'.

Another approach is applying algorithms for mathematical programming under equilib-
rium constraints. Specifically, we can formulate tax design as solving

min ¥ (y(7)), s.t. y(7) = argmin ®(y; 7).
T yeY
However, y(7) can be non-differentiable or even discontinuous w.r.t. 7, and ¥(y(7)) can
be non-convex w.r.t. 7 (Lemma F.1.2). As a result, previous results do not apply to our
problem as they apply gradient-based methods and make convexity assumptions [Li et al.,

2020, Liu et al., 2022a).
7.5 Learning Optimal Tax in Nonatomic Congestion Games

In this section, we describe our algorithm that can learn an e-optimal tax with O(F23/e)
samples. First, we introduce piece-wise linear functions as a nonparametric way to approx-

imate the marginal cost tax 7* [Takezawa, 2005].

Definition 7.5.1. (Piece-wise Linear Function) We use a dictionary” d = {(x1,y1), - , (Tn,Yn)}

*In this dictionary, key is x; and value is y;. For readers unfamiliar with the dictionary data structure,

it can be regarded as a set with a special update operation.
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for x; # x;,Vi # j (w.lo.g. welet 1 < x2 < --- < ) to represent a piece-wise linear
function d(-) on [z1, ;] such that

T — Tj41 Ty — &
d(z) = yi + Yit1, VT € [24, Tip1].
Ti — Ti41 Ti — Ti+1

In addition, we use |J to represent the update method for dictionary. L.e., d{J(z,y) is the
piece-wise linear function interpolating one more point (z,y) if (x, d(z)) is not already in d,

otherwise it will update d(z) to y.

We will maintain the piece-wise function on a grid L = {0,A,2A,--- | KA = 1} with
K = [?W and A = 1/K. The time complexity for computing d(z) is O(log K) for any
x € [0,1].

7.5.1 Main Algorithm

In this section, we introduce our main algorithm. At each round ¢, we will maintain a known
index set IC? C L where the marginal cost tax can be accurately estimated (Lemma F.2.2),
and use a piece-wise linear function to approximate the tax function by interpolating the
values at the known indexes. The piece-wise linear function takes the form 7‘} ={(zt,y") };
and the known index set K} satisfies {z{}; = K} U{1} and K} C L. Here 1 is a special
case as it is not in the known index set initially but it is needed as the boundary for the
piece-wise linear function T}. Initially, the tax is set to be T}(U) = {(0,0),(1,5 4+ ¢)} and
the auxiliary tax is ?} = {(0,0),(1,8)} for f € F (Line 2). Here we set ?}(1) = [ as [ is
always an upper bound on T}“(l). The auxiliary tax ?} is a non-decreasing piece-wice linear
approximation of 77 and we always set tax T} (u) = ?}(u) + eu to ensure that the subgradient
of the tax enforced is lower bounded by e.

At round ¢, after observing Nash equilibrium load 3* € R and Nash equilibrium cost

¢t € R, the facilities are split into two sets: known facilities and unknown facilities.

Definition 7.5.2. For each round t, facility f is known if the Nash load y;i € [0, 1] satisfies

[y;]i € K% and [y}]i € K%. Otherwise, facility f is unknown for round t.

For a known facility f, the Nash load is either in the known index set or sandwiched

by two consecutive known indexes. As a result, the tax estimate for the Nash load T]’i(y;)
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Algorithm 13 Tax Design for Congestion Game

1: Imnitialize: Facility set F, number of rounds 7', tolerance ¢, smoothness 3, perturbation
§ = eA?/8.

2: Set initial tax 7! : T} = {(0,0),(1,8+¢)} for all f € F. Set IC]lc to be {0} for all f € F.

3: fort=1,2,...,T do

4: Observe Nash load y* € R and Nash cost ¢! € R under tax 7t.

5: Set F to be the unknown facility set (Definition 7.5.2).

6 Set Iy = Th(lyfle) + elwf — W) and vy = Tyl o) + )~ Wil yay)
for each f € F.

t

7. Run Algorithm 14 with input ¢, ¢!, 7 = [} (y%)]y, F and [y, 7f] ;e 7-

8: if Algorithm 14 return False then

t

9: return 7

10: else

11: Algorithm 14 return 7 € RF, f € F,sign € {~1,1}.

12: Apply tax 7t : 7";%: T%U(y?, ?va) +sign - § and 7} = 75 U(y}, 7f) for f # f.
13: Observe 3!, ¢t € RF as the Nash load and the Nash cost of each facility.
14: Update 7441 and K41 according to (7.1).

15: end if

16: end for

will be close to the true optimal tax 77 (y}) with error 2¢ (Lemma F.2.3). We will apply
Algorithm 14 to find the exploratory tax to gather information about unknown facilities

(Line 7).

Proposition 7.5.3. If Algorithm 1/ return False at round t, then tazx T is an 6eF-optimal
tazx. If Algorithm 1/ output 7°, ft,signt at round t, then we have

t

"f"t <A.

o<l -

If Algorithm 14 output 7¢, ft,sign’ at round ¢, we update the tax and the known index

set by the following rule. For u € {[y?t]i, [yj;t]i}\leﬁ (this set is not empty as f* is an
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unknown facility), we set

t

C~ — C~
~t+l ot ; R A A= S EN= S e e
7t 7L U (w lip o, ,Tftuyft]%),Tftayft],%Um))), (7.1)
/ngl :K% {u}- (7.2)

and ?}H = ?}, IC?'H = IC; for f # f'. Then we set T;fl(u) = ?}H(u) +eu for all f € F and

u € [0,1].
ct. —ct
In words, we clip the two-point estimate w - {t_y{t on the left and right known index
R

of ?}% (u) so that ?}t{l(u) is still a non-decreasing piece-wise linear approximation of the

marginal cost tax T}‘ . 7'}“ is added with an extra linear term to guarantee a strongly

convex potential function (Lemma 7.5.7). As 0 < ‘y} — y}’ < A, the two point estimate

. ct,—ét
of the gradient y{ —
Y5

is accurate enough for ¢;(u) such that

T}jl(u) —7f(u)| < € (Lemma
F.2.1).

As \IC%\ increases by 1 at round ¢ and there are F' such sets with size bounded by
O(B/¢), Algorithm 14 will output False within at most O(F3/¢) rounds, which implies 7°
is an eF-optimal tax (Proposition 7.5.3). With proper rescaling, the sample complexity for

learning e-optimal tax is O(F?3/e).

Theorem 7.5.4. Under Assumption 7.5.1 and Assumption 7.4.3, Algorithm 13 will output a

6eF tax within T < 2F (/e rounds. In addition, each round has at most two tazx realizations.

Remark 7.5.5. To uniformly approximate a S-smooth function, we have to know its value
at O(B/e) points [Takezawa, 2005]. For an e-optimal tax, we need to estimate 77 with ¢/F
accuracy as the error accumulates with all the facilities. As a result, we conjecture that

O(F?B/¢) sample complexity is tight and we leave the lower bound to future work.

Remark 7.5.6. Our algorithm can be easily adapted to the case where we have feedback
other than only the equilibrium feedback. Specifically, when the tax designer obtain a
non-equilibrium feedback, she can still update the optimal tax estimate if the feedback
provides new information. It is possible for our algorithm to find the optimal tax even if
no equilibrium feedback is provided. In addition, as long as the equilibrium can be reached

after applying a tax, the algorithm can always find the optimal tax.
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7.5.2  Subroutine for Finding Ezxploratory Tax

In this section, we describe Algorithm 14, which can find an exploratory tax that satisfies
Proposition 7.5.3. The idea is we can observe another similar but different Nash equilibrium

load by perturbing the tax. However, there are two challenges:

1. Perturbing the tax might change the Nash equilibrium load drastically.

2. Perturbing the tax might not change the Nash equilibrium load at all.

To resolve the first issue, we always apply taxes that have (sub)gradient lower bounded
by € > 0. The feasible range [lf, 7] for updating tax TJE with (y}, -) guarantees that the
updated tax still maintains the subgradient lower bound. By Lemma 7.5.7, the potential
function is always e-strongly convex. As a result, the Nash load for any feasible tax is unique
and Lipschitz w.r.t. tax perturbation. To resolve the second issue, we find the tax that
makes the current Nash equilibrium on the “boundary”. I.e., an additional perturbation will
make the Nash equilibrium change. Intuitively, this is similar to removing the slackness in
a constrained optimization problem. By Lemma 7.5.8, we can observe a different Nash load

on f if we make the additional perturbation.

Lemma 7.5.7. If the subgradient of the cost function cy is lower bounded by € > 0 for
all f € F, then the potential function ® P?(y) is e-strongly conver. However, ®(x) is not

necessarily strongly conve.

Lemma 7.5.8. If two taxes 7 and 7 only differ in facility f and the Nash loads y and
are different, then y; # yy.

Definition 7.5.9. The gap for a strategy € X with cost ¢ € RF is defined as
Gap,(z,c) = a:glinzo Z cr — a:{g%};ﬁo cy. (7.3)
’ f:fea ’ f:f€a
In the algorithm, we use Gap;(z,c) to measure the cost gap between in-support actions
and off-support actions for commodity ¢ and strategy x. If x is a Nash equilibrium and

c is the Nash cost, then all of the in-support actions have the same minimal cost and
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Algorithm 14 Test Tax Design (Part 1)

1: Initialize: Nash flow y € RY, tax 7 € R, cost ¢ € R, unknown facility set F,
unknown facility range [I7,7¢] for f € F.

2: Set strategy = € ¢~!(y). Compute commodity load y; = ¢;(x;) € RF for i € [m].

3: Set I = False.

4: if Exists f € F and i € [m] such that 0 < y;(f) < w; then

5: return 7, f, 1.

6: end if

7. for Commodity i € [m] do

8: Let 73 = {f € F: Y g pca®ia =wit and F] = {f € F: 3 4. pcq Tia = 0}

9: Set 7: Tz = TESTE = l}i{’%}'\(ﬁiU]}{) = TE\(E | F)-
10: if Gap;(z,c+7) <0 then

11: Set I = True.

12: break

13: end if

14: end for

15: if I = False then

16: return False.

17: end if

18: Set 7' =171

19: for f € F; do

20: Set 7 : T = u, ?}é\{f} = T}\{f}.
21: Set u = argmax{u : Gap,(z,c+7") > 0,Vj}.
22: if u <ry then

23: return 7%, f, 1.

24: end if

25: Set 7/ =77,

26: end for

27: for f € F! do

28: Set 7" : 7§ = u, ?}f-\{f} = T}:\{f}.

29: Set u = argmin{u : Gap,(z,c+7") > 0,Vj}.




123

Algorithm 15 Test Tax Design (Part 2)
30: if u >y then

31: return 7%, f, —1.
32: end if

33 Set 7/ =7V,

34: end for

Gap;(z,c) > 0 holds. Informally, “boundary” tax 7 means that Gap,(z,c+ 7) = 0 for a
Nash equilibrium z and perturbing 7 results in Gap;(z,c+ 7) < 0, so the Nash equilibrium
under the perturbed tax will be different from x.

Now we discuss how Algorithm 14 finds the “boundary” tax in detail. The input to the
algorithm is the Nash flow y, the Nash cost ¢, the Nash tax 7, the unknown facility set F
and the feasible tax range [l¢,7¢] for each unknown facility f € F. We emphasize that here
the Nash cost/tax are the values of the cost/tax function on the Nash load and they are
vectors in R instead of functions. [If, 7] is the feasible range for the perturbed tax value
at facility f. By the definition of I; and rf, current tax 7} updated with (y,u), u € [Iy, 7]
is still a tax with subgradient lower bounded by e.

For the first step, the algorithm will compute strategy x € ¢~ !(y) as the Nash equilib-
rium strategy (Line 2). If there exists an unknown facility f and commodity i such that
not all load of commodity ¢ is using f or not using f (Line 4), then perturbing the tax at
facility f will make x not longer a Nash equilibrium as in-support actions have different
costs.

Otherwise, for each unknown facility f and commodity ¢, either all of the load is using
f or all of the load is not using f. As a result, in-support actions always have the same
cost after perturbing the tax. For the next step, we verify if there exists a tax within the
feasible ranges for unknown facilities that makes x not a Nash equilibrium. However, there
does not exist a universal worst-case tax that can verify if = is always a Nash equilibrium
or not.

Fortunately, the worst-case tax has a closed form for each commodity separately: the
taxes for facilities used by all of the Nash load would be the upper bound r and the taxes

for facilities used by none of the Nash load would be the lower bound [y, thus maximizing



124

the cost for in-support actions and minimizing the cost for off-support actions (Line 9). For
each commodity 4, we apply the corresponding worst-case tax and check if the in-support
actions are still the optimal actions (Line 10). If for all commodities, the in-support actions
are optimal under the worst-case tax, then for any tax within the feasible range, y is the
Nash load and the algorithm will output False (Line 16). As 7* is approximately within the
range, y' approximately minimizes the social cost (Lemma F.2.5).

Otherwise, the algorithm finds commodity ¢ such that x is not the Nash equilibrium
under the worst-case tax (Line 11). For the last step, we gradually transform the initial tax
to this worst-case tax and stop when x is not the Nash equilibrium for some commodity.
Specifically, the algorithm iteratively changes the tax in the unknown facility set F =
FiUF! (Line 19 and Line 27) to the worst-case tax.

For facility f € F;, the algorithm finds the boundary tax for facility f that satisfies
u = argmax{u : Gap;(z,c+7") > 0,Vj € [m]}.
u

If u < ry, we will output 7%, f, 1. By the definition of u, if we further increase u, one of the
gaps will become negative and x is no longer the Nash equilibrium. Otherwise, all feasible
taxes for f have a nonnegative gap for all commodities, which means x is still the Nash
equilibrium, and we continue for the next facility. After enumerating all the facilities in F;,
we enumerate ]:"i’ in the same way. Eventually, the tax is transformed into the worst-case
tax with negative gap for commodity ¢, so this process will end and output 7, f, sign such

that 7% is the tax that makes the Nash equilibrium on the boundary, f is the facility to

perturb and sign is the direction to perturb the tax at f.

7.6 Conclusion

We proposed the first algorithm with polynomial sample complexity for learning optimal
tax in nonatomic congestion games. The algorithm leverages several novel designs to exploit
the special structure of congestion games, which can also be implemented efficiently. Below

we list a few potential future research directions:

1. Relaxing the Nash equilibrium assumption to players following no-regret dynamics or

quantal response equilibrium.
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2. Design algorithms that do not require prior knowledge of the smoothess coefficient.

3. Generalize the algorithm to atomic congestion games.
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Appendix A
DEFERRED CONTENTS FROM CHAPTER 7?7

.1 Algorithm

Algorithm 16 Pessimistic Nash Value Iteration with Reference Advantage Decomposition

10:

11:

12:

13:

14:

15:

16:

17

n,H

et Failure Probability ¢
Initialization: Randomly split the dataset D into Dy, Dy, and {Dh,l}thl with |Dye| =
n/3, |Do| = n/3, |Dp1| =n/(3H) for all h € [H]

: Input: Dataset D = {(sﬁ,aﬁ,bﬁ,rfb, SZH)}

Set QH—&-l = UH+1 =0

Learn the reference value function v,,, Tre = PNVI(Dye) (Algorithm 1)

Set ]3h70 and 75,0 as (2.2) using the dataset Dy for all h € [H]
Set ﬁhJ and 75,1 as (2.2) using the dataset Dy, ; for all h € [H]
Set by, o and byo as (2.7) using the dataset Dy for all h € [H]
forh=H,H—-1,...,1do

Set by, 1 and b1 as (2.8) using the dataset Dy

Set g, (+,-,-) as (2.5)

Compute the NE of g, (-, ) as (my(+), 2 (+))

Compute v, (-) = Equm, bon, 4, (s @, )

Set gy, (-, -, ) as (2.6)

Compute the NE of g, (-, -, -) as (M (-), n(+))

Compute vy, (+) = Equmm, pomy Gn (5 @, b)
end for

: Output: m = (my,mq,...,mpy), 7= (T1,72,...,7H)
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A.2 Proofs in Section 2.4.1
Lemma A.2.1. (Concentration) With probability 1 — 0, we have
‘Th(sa a, b) - ?h(sa a, b) + <Ph('|57 a, b) - f)h('|57 a, b),Kh+1(')>’ < bh(sa a, b)?

1 (s,a,b) = Fiu(s, @, 0) + (Pu(-ls,a,0) = Pa(ls,a,0), Vasa ()] < Bu(s.a,b),

1 < 8H.
np(s,a,b) V1 = ndy(s,a,b)’

holds for all h € [H], s € S, a € A and b € B. We define this as the good event G.

Proof. We provide the proof for the first argument and the proof for the second argument
holds similarly. For all s, a, b, h, we have

1

b) —7 | <H,| ————
’Th(svaﬂ ) rh(s,a, )| = nh(s,a, b)\/l

)

as whenever np(s,a,b) > 1, 7p(s,a,b) = rp(s,a,b). For the concentration on
<]3(~|5,a,b),zh+1(~)>, note that V., only depends on the dataset {D;}/Z, , while
ﬁh(-]s, a,b) only depends on the dataset Dy, which means they are independent and then
Hoeffding’s inequality can be applied:

H2,

<Ph('|57a7 b) — Py(-|s,a, b),Kh+1(')> <2 N PPRORVER

The second argument holds similarly. For the third argument, the proof is from Lemma B.1

in Xie et al. [2021b]. O

Lemma A.2.2. (Pessimism) Under the good event G, we have that V;,(s) < Vhﬁ’*(s) and
Vi(s) > V;"¥(s) hold for all h € [H] and s € S.

Proof. We prove this lemma by induction. The inequalities trivially hold for h = H + 1. If
the inequalities hold for timestep h + 1, now we consider timestep h. By the definition of

Q;,(s,a,b), we have

Q,(5,0,0) = (Fu(s,0,b) + (P - Vi i1)(s,0,b) = by (s,0,0)) V0

< <r(s,a, b)+ (P - Vh%:;)(s, a, b)) VO



160

=r(s,a,b) + (P - Vhﬂﬁ)(s,a, b)
=Q (s,a.b),

where the inequality is from Lemma A.2.1. With the pessimism on the state-action value

function, we can prove the pessimism on the state value function.

Kh(s) :Egh,zhgh(sa a, b)
SEﬁh,br(ﬁh)Qh(sa a, b)
SEﬁhvbr(ﬁh)Q%’ (87 a, b)

L
:V}: (87 a, b)a
where the first inequality is from the definition of NE and the second inequality is from the

pessimism of the state-action value function. The arguments for V}, hold similarly. Then

by mathematical induction we can prove the lemma. O

Lemma A.2.3. Under the good event G, for all h € [H] and s, € S, we have

- H -

Vit (sn) — Vi (sn) < V) “E(sp) = Vilsn) < 2Eue | Y bi(se, ai,be)lsn|
Lt=h J
—_— I p— * i H _ 1
V:’”(sh) —Vii(sn) < Vi(sp) — Vh“’y (sp) < 2Eg - th(st,at,btﬂsh
Lt=h i

Proof. We prove the first argument and the second argument can be proven similarly. By
the definition of NE, we have V" < V}f "L Combined with Lemma A.2.2, we have the first

inequality. For the second inequality, we have

Vi (sn) = Valsn)
:E%thZ*%(sh, an,bn) = Eu v, @, (51, an, bp)
SEM;,ZhQZ*’Z(Sh, an, bn) — Epuz v, @, (Sh, an, bn)
=Eus 0, {QZ*’H(sh, an, bn) — Q(sn, an, bh)}

=Eu: v, [Th(Sh, ap,by) + <Ph('|5h7 an,by), V}fﬂ:’f(‘)> — 71 (sh, an, bp)
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—< h(-[8hy ans bn), Vi ( )> +bh(3haah7bh)}
<Epux v, [<Ph(-|8h, an, by), Vlf;’lﬂ() — Kh+1(.)> + 2by,(sp, ap, bh)} (Lemma A.2.1)
[

:E*

uhvzh

<E,-, [Z by, (st az, bt)lSh] :

t=h

Vie1(8h+1) = Vi (sha1)[sn] + 2E e ve by (shs an, bp)

O]

Theorem A.2.4. Suppose Assumption 2.2.2 holds. For any 0 < § < 1, with probability
1 — 9, the output policy m = (u,7) of Algorithm 1 satisfies

. C*SABH®2 _ - i} C*SABH5.2
Vi(s1) — Vi (1) < 64 S VT (s) = V(1) S 6y

. * 5
ot <0 |22 ).

Proof. By Lemma A.2.3, with probability at least 1 — d, we have

As a result, we have

VI (s1) = Vi (s1)
H
<2 Eu- by (sh, an, bn)
h=1

H
H?,
=2 E,«, |4/ ———
Z “’V[ ny(s,a,b) V1

H3.2
h 1
H3,2
=2 (s, a,b) |32
hzl(s% [ (e

§64Z > [\/ dﬁ*’”(s,a,b)C*H%?]

h=1 (s,a,b) "

H WY
_ d s,a,b)C*H3,2
<64V SABH - \/Zh_l Zsa B " ) (Cauchy-Schwarz Inequality)

n
*S ABH5,2
_gu, | CTSABHE
n
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Similarly we have

T . C*SABH?®,2
Vi7(s1) = Vi(s1) < 64| -,
As a result, we have
Gap(p, 7) < Vi (s1) = Vi'(s1) + VI *(s1) = Vi (s1) < O (\/ n) :

Theorem A.2.5. Suppose Assumption 2.2.2 holds. For any 0 < § < 1 and strategy u,v,

O]

with probability 1 — &, the pessimistic values V;, and V1, of Algorithm 1 satisfy

* C*SABH®2

Ep o Vi (sn) — Vi(sn)] < 64ﬁ’
v * C*SABHb5.?

K- [Vh(sh) -V, (Sh)] < 64\/T’

where sy, is sampled from the trajectory following the strategy in the expectation at timestep

h.

Proof. We prove the first argument and the second argument can be proven similarly. By

Lemma A.2.3, under good event G for all state s we have
. f%
Vii(s) = Vi (s)

H
<2 By [by (51, az, be)|sn = s] .

t=h
We define v/ = (v1,- -+ ,Up—1,Vp, - ,p). Then we have
H
Eu o [Vi (sn) = Vi (sn)] <Epr QZEM*’Z [y (5t az, be)|sn = 8] |s

t=h

H

=2 By [by (52, a1, b1)] -
t=h

Then following the proof of Theorem A.2.4, we can prove the argument.
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A.3 Proofs in Section 2.4.2
For simplicity, we only provide the guarantee for the max player and the guarantee for the
min player can be proven in a similar manner.

Lemma A.3.1. (Concentration) There exists some absolute constant ¢ > 0 such that the

concentration event G' holds with probability at least 1 — 9, i.e.,

h7 (s,a,b) —rpo(s,a,b) + {(ﬁho Ph) h+1] (s,a,b)‘

Va

f
rphosab)(VZil) H.

nho(s,a,b) V1 +nh70(s,a,b)\/1

]3 ) (Vh—i-l Z?fil)] (87 a, b)‘
VarPh 1(s,a,b) Vh‘H Vzeil) 4 H.
npi(s,a,b) V1 npi(s,a,b)v1]’

L 1 H.
<c < .
nhyo(s,a, byv1— nd'Z(s, a,b)’ npa(s,a,b)v1 — CndZ(s, a,b)

Proof. The proof is a direct application of Lemma C.1 in Xie et al. [2021b] with s, a replaced
by s, a,b. ]

Lemma A.3.2. For all h € [H] and s € S, we have V,(s) > V3¢l (s).

Proof. By the update rule (2.5), we have @, (s,a,b) > Qzef(s,a, b) for h € [H] and s,a,b €
S x A x B. Then by the definition of NE, we have

Kh(s) = Eﬁhﬂhgh(sa a, b) > Eﬁzef,zhgh(sv a, b) > Eﬁzef,ghgief(sv a, b) > Eﬁzef’zzefgzef(& a, b) = Kzef(s)'
]

Lemma A.3.3. (Pessimism) Under the good event G', we have that V;(s) < Vhﬁ’*(s) holds
for allh € [H] and s € S.

Proof. We prove this lemma by induction. The inequalities trivially hold for h = H + 1. If

the inequalities hold for h + 1, now we consider h.

Q, (s, a,b)
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= {Fno(s,0,0) + (Pho - Vil 1)(s,0,0) = by, 0,8) + (Put - (Vir — Viek1))(s,0,8) = by (5,0,b) }
\/Q’;Lef(s, a,b)
ref ref ref
< max {Th(& a, b) + (Ph ’ fh+1)(37 a, b) + (Ph ) (Kthl - Kthl)) (37 a, b)’Qh (37 a, b)}
= max {r(5, 0,0) + (Py - Vi 11)(5, 0,0), @ (5,0,0) |

< max {Th(sva’ b) + (Ph : Kh—‘rl)(‘g?a) b),’l"h(S, (l,b) + (Ph ' K;f—ff—l)(sv a, b)} (Lemma A22)

<ru(s,a,0) + (P Viyi1)(s,a,0) (Lemma A.3.2)
<rp(s,a,b) + (Pp - Vhﬁfl)(s, a,b) (Induction hypothesis)
:Q%’*(s, a,b).

Then by the definition of NE, we have

Vi(s) =B, 1, @, (5 a,b)
SEﬁybr(ﬁh)Qh(s’ a,b)
<Ey, o )@ (5,0,0)
:VIZH’*(S).

With mathematical induction we can prove the lemma. ]

Lemma A.3.4. Under the good event G', we have

H H
Vi ’2(51) —Vi(s1) < 2E i+ Z bh,o(sh» an, bp) + 2E i+ v Z bh,l(shv an,bp)
h=1 h=1

Proof.

VI (s1) = Vi (s1)
:Eu;,le’f*’Z(Sl, ap,b) — By v, Q,(s1,01,b1)
<Eps Q4 ¥ (s1,a1,b1) — Eur v, Q(s1,01,b1)
=E: 0, {Qﬁi*#(sljal,bl) —Ql(sl,al,bl)}
=Eur v, {7’1(817 ai,bi) + <P1(‘\817 at,by), ‘/QM*,Z(')> — V(s v {?1,0(81,(11, b1)

+(PLoVET) (s1,a1,b1) — by o(s1, a1,b1) + (PLa(Vy — VET)) (s1,a1,b1) — by 1 (51, a1, bl)}]
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By, [(Pi(cls1,a1,b0), VI 4() = V(1)) + 2byo(s1, a1, br) + 2by 1 (s1, a1, b))
(Lemma A.3.1)

:E,uf,zl [VQH 12(52) - KE(SQ)} + QEM}‘7z1‘b170(51> a1, b1) + 2Eu{,z’{bl,1(517 ai, br)

H H
<OByr Y b o(shy any bn) + 2Bye Y by 1 (sh, an, bi),
h=1 h=1

where the last inequality is from telescoping the timestep H. ]

Lemma A.3.5. For any strategy v, we have

H
> i (sah) Var (V) <H.
h=1 (s,a,b) Pn(s,0,0)

Proof. This is the standard total variance lemma.

H
Z Z dﬁ:*’”(s,a,b Var (Vh“*’”)

(5,0.0) Py (s,a,b)

h=1
H
= Z By v [Var [Vl{kﬂ(shﬂ)‘sh’ Qn, bh”

h=1
A 2
=" Eur [E [(Virya (sna) + 7a(sns ansbu) = Vil (1) [sns ans b
h=1
al 2
=3 By [(Vitea(snin) + 7o ans bw) = Vi (sn)]
h=1
H 2
=E,~, (Z Vi1 (She1) + ru(sn, an, bp) — V;(%))) ]
h=1

2
Th Sh,ah,bh) - Vl*(51)> ]
h

H
= Var ( rh(Sh, ap, bh)>
M 71/ h:l

<H?.

H
=E,, (Z

Il
—

O]

Lemma A.3.6. The output strategy m = (u,7) and the pessimistic estimate V. of Algorithm
1 satisfy

Vl *,Z(Sl) —K1(51) > Eu*,z {Vh *’K(Sh) —Kh(sh)] .
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Proof. We prove the argument for h = 2 first.

V¥ (s1) = Vi (s1)
>Eye  [QF E(s1,a1,b1) — @, (s1,a1,b1)]
>Eux [7“1 s1,a1,b1) + <P1 ‘|s1,a1,b1), Vg ()>] — Ky [?1,0(81,611,51) + (ﬁl,ozgef)(slaahbl)
~bi (51, a1,01) + (Pra(Vy — VD)) (s1,a1,b1) — b1,1($1,a1»b1)}
>Byey [r1(s1,01,b1) + (Pi(cJst,an,00), VE5(0))] = By [ra(s1,a1,01) + (Pr(:[st, a1, b1), V()]

=B, [V4¥(52) = Va(s2)]

We can prove the lemma for arbitrary h by telescoping the argument to timestep h.

Lemma A.3.7. Forn > C*SABH?, we have

H
C*SABH3 ~ C*SABH?3
By > bo(snsanbn) < O (F Nors wsﬂ) L0 (ﬁ)
h=1

Proof.

H

Eus v Y byo(shs an, bn)
h=1
f
:CE * i Varﬁh,O(syavb) (V;‘le"l‘l) + HL
s = npo(s,a,b) V1 nho(s,a,b) V1

B EHI cVarpsan (Vi) cHo  cHi
- R = ndy (s, a,b) ndy (s,a,b)  ndl(s,a,b)

- ref
3 g Varp, (s 0 (V. Y
202 Z dZ ’7(37 a, b) \l rPh( s ,b)( h+]_)[’ I L

h=1 (s,a,b) ndy (s, a,b) ndf (s, a,b)
C*d" (s, a,b) Vi et :

<C2Z > (\/ o (8,a,b) Varp, (s a0 (Vi) N C HL)
1 (s,a,b) n n

Cru 3 d¥ 2 (s, a,b) Varp, (sqp (V2L 2 .
? SABH-\/ 2oh=12(s.a) B " ) Ph(wb)(—h-f—l)_’_CSABC Hy.

n n

Zthl Eu*,g [VarPh(s,a,b) (K;Le—&f—l)} " 2SABC*H.

n n

AVC*SABH. - J
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ZH: E v Val"P s,a,b (VM*7H)+2H[PH(VN*£_Kref )](S’a’ b) 2SABC*H
2VE AR, . h=1tp ,[ h(8:a,0)\V b1 h+1 h+1 ]+c SABC*H.
n n
(Lemma A.5.4)
H2 + 2H L By (VI E(snr1) = VI (sh41) 2SABC*H
2V O*SABH. . h=1 u,[h-i-l h+1 }_FCS C*H.
n n
(Lemma A.3.5)
H24+2HSH Ee ) (VF 2 (spi1) — Ve (Shat) + Ve (shat) — VL (spa
:Cg C*SABH. - h=1 u,,[ h+1( +) h+1( +) h+1( +) h+1( +)}
n
2SABC*H.
L—
H2—|—2H2(V“*7Z(31 —V + 128 H C*SABH5.2 2 ABC*H
2O SABH: - 1 ) n( 1)) \/ Tref +cS nC L

(Lemma A.3.6 and Theorem A.2.5)

02\/C*SABH3L \/ 384C*SABH?V/C*SABH5:2 N C\/QC’*SABH3 \/V

Vn n3/4 Vi(s1)
2S’ABC*HL
*SABH3 ~ *S ABH?3
(,/ ¢s v Vl(sl)) 40 (\/C“Q’n) . (n > C*SABH?)
O

Lemma A.3.8. Forn > C*SABH?*, we have

H
= C*SABH?
Eu*,zzbh,l(smah,bh) <0 (\/T) _
h=1

Proof.

H

Eurw > b (shs an, bn)
h=1
ref
=cE i Varﬁhyo(saavb) Wni1 = Vi e + H.
ne h=1 np,1(s,a,b) V1 np1(s,a,b) V1

- h=1 ndfl(&avb) ndZ(S,G,b) ndZ(s,a, b)
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e, 3 $ H [PV~ VELP] bl g
SC * v
g h=1 ndZ(Sv a, b) ndi(s, a, b)
_ 2 i Z du*,z( b) H {Ph(zh-i-l - Kzeil)2:| (8, a, b)L N H2L
- h=1 (s,a,b) " n ndz(s7a7b) ndZ(s,a,b)

CHHA “(5,09) [PuVhir ~VEL)| (b 2c

ni ni

@3y J

h=1 (s,a,b)

(Cauchy-Schwarz Inequality)

CH Y S gapy dy 2(s,0,0) [Pa(Vpyy — VIEE)2] (s,a,0) 2 30

<& SABHL\ h=1 2(s,a,b) Ch ( n) [ Vhsa hi1) } ( ) n c SABnH C*

CHHLS ) S sy @ 2(5,0,0) | Pu(Viiyy = Vieh)?| (s,a,b)  2c*SABHS

<2JSABIL h=1 2-(s,a,b) Ch [ h+1 h+1 } +cCS L
n n

£
Vit 2V 2 Vi)

v V H2C* S S, dy ) (Vi (s) ~ VI () | ECrSABHY

n n

H20*64 /C*SABH5.,2 2 ABH3 %
<V SABHLJ - Tref + & S - A (Theorem A.2.5)
o, \/ 1920°SABHS/C*SABH™? | C*SABH*
- n3/2 n

_( [c*saBr?
5 (,/CS). (0> CSABHY
n

O

Theorem A.3.9. Suppose Assumption 2.2.2 holds. For any0 < § < 1 andn > C*SABH*,

with probability 1 — &, the output policy ™ = (u, V) of Algorithm 1 satisfies

o ~ C*SABH?3
Vi(s1) = Vi (s1) <O (\/ — ) 7
D . ~ [ |C*SABH3
‘/17(51)_V1(81)§O( 771 )
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As a result, we have

~ *SABH?
Gap(p,7) < O (\/csn) .

VI (s1) = Vi(s1)
H H

gQEu*’Z Z bh70(8h, ap, bh) + QE“*’Z Z bh71(8h, ap, bh) (Lemma A34)
h=1 h=1

<0 <\/C*5 ABH v () —v1<s1>) +0 (\/C*S fﬁBHS)

(Lemma A.3.7 and Lemma A.3.8)

- * 3 . * 3
&5 ( [c+sABH ) 5 (c SABH > (Lomma A.5.5)
n n
[ [c*saBH?
_5 (/CS) |

By the definition of NE, we have

* v ~ C*SABH3
Vi(s1) = Vi (s1) < VI %(s1) = Vi(s1) < O (ﬁ) ‘

The second argument can be proven in a similar manner. Combining these two argument

- * 3
Gap(p,7) < O (x/ Csf”H) .

A.4 Proofs in Section 2.4.3

Proof.

and we can prove that

A.4.1 Uniform Coverage

Theorem A.4.1. Suppose d,, = min {d}(s,a,b): h € [H],(s,a,b) € S x Ax B} and As-
sumption 2.2.2 holds. For any 0 < 0 < 1, with probability 1 -6, the output policy m = (p,7)
of Algorithm 1 satisfies

. e H5,2 . . H5,2
Vif(s1) = Vi (s1) < 64 mﬂvl7 (51) = Vi"(s1) < 64 nd
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As a result, we have

N~ | H®
Gap(p,7) <O ( W) .

Proof. By Lemma A.2.3, with probability 1 — ¢ we have

*

VI (s1) = Vi (1)
H

<2 By by (sh, an, by)
h=1

H
H?,
:2 E * 4 —_—
h2=:1 “’Vl nh(s,a,b)vll

H
H3.2
SQ Z EH*’Z |:32 nd’o(sab)‘| (Lemma A21)
h 1

2 0 (s, a,0) |32,
_ZZ (s,0,0)13 ndp(sab)

h=1 (s,a,b)

H - 3,2
§64Z Z dy *=(s,a,b) —

h=1 (s,a,b)
H * Hi d/.l*’z 57 a,b C*H3L2
§64 Z Z dl}‘; 72(57 a,b) . \l Zh*l Z(s,a,b) hd ( )
h=1 (s,a,b) Ndm
(Cauchy-Schwarz Inequality)
4,2
=VH - t
ndm,
H5,2
=64
ndy,

O]

Theorem A.4.2. Suppose d,, = min{d}(s,a,b): h € [H],(s,a,b) € S x Ax B} and As-
sumption 2.2.2 holds. For any 0 < § < 1 and strategy p,v, with probability 1 — &, the

pessimistic value V., and optimistic estimate V), of Algorithm 1 satisfies

. H5,2 — . H5,2
Eye o (Vi (50) = Vi(sn)] < 64/~ By [Valsn) = Vir (s)] < 643/

m nm

where sy, is sampled from the trajectory following the strategy in the expectation at timestep

h.
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Proof. By Lemma A.2.3, under good event G for all state s we have

H
Vii(s) = Vi (5) <23 Epuey [0 (51, ar, by 53, = 8]
t=h

We define v/ = (vq,-++ ,vp_1,Vp, - , V). Then we have
H
By Vi (sn) = Vi(sn)] <Bpe o |2 B by (50, a0, b) s = 5] |5
t=h

H
=2 Z B v [by(5t, at, be)] -
t=h

Then following the proof of Theorem A.4.1, we can prove the argument.

O]

Lemma A.4.3. Suppose d,, = min{d}(s,a,b): h € [H],(s,a,b) € S x Ax B} and As-
sumption 2.5.1 holds. For n > H®/d,,, we have

H
| H3 v H3
E,u*,szh,O Sh, h, bp) < 0] ( \/Vlﬂ (s1) V1(81)) +0 (\/;)
h=1

Proof.

H

By Y bo(Shs an,by)
h=1
f
=cE,, i Varﬁh’o(s’a’b)(‘/zil) + He
e h=1 nho(s,a,b) V1 npo(s,a,b) V1

<cE i ¢ Varph(s%b) (Kl;zefrl)b cH. n cH.
SCLpr P ndy (s, a,b) ndy (s,a,b)  ndy(s,a,b)

Var Vet e Hy
< 2 d,u 11 b \/ Py, (s,a,b) \Vp41)¢
oSS ( .0

1 (s,a,b) ndm

ul * v Zh 1 Z(s a,b) dh (S a, b) VarPh(s a,b) (Vlfuze—if-l) H.
Z Z d (5,,) nd + nd
h=1 (s,a,b) m m

(Cauchy-Schwarz inequality)

H I8N ref
_ d ,a,b) Vi sabn(V 2
N J LY h=1 Z(s,a,b) h (Zda ) arp, (s, ,b)( hp1) n Cnfb
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Zthl Eu v [Varph(s a,b) (K}"fil)} 2H,
< 2 /H i — Ehad]
=¢ ‘ ndy, + ndy,
H v v ref
§02 T, Yon=1 Ep oy [VarPh(s,a,b)(Vh“HV) + 2H[Ph(V]f’+1V _Kh%rl)](s,a, b)} N 2H.
(Lemma A.5.4)
H2 4+ 2H Y By (VI (sh41) = Vihy (sni) | 2
<c*VHu- L 7[ as ! } e (Lemma A.3.5)
) H2+2H YL Byey {V}iﬁriz(shﬂ) — Vi (sha1) + Vi (sha1) — K;zei1(3h+1)} 2H.
=c*vVHi- +
ndm, ndm,
H? 4+ 2H? (V] (s1) =V, (s1)) + 128H, [ L2 2y,
<cVHyu- m
<c L nd.. + nd,

(Lemma A.3.6 and Theorem A.4.2)

2\/H3 \/384H2L\/H5 2 C\/2H L 2Hy
\/ V1(51)

3/4 nd,,

(\/:f \/ V1(31)> +0 ( Tgﬂ) . (n> H3/d,,)

Lemma A.4.4. For n > H*/d,,, we have

H N E
By Y bpa(sn.an,by) <O |/ —— |-

Py ndy,

Proof.

H
Eu v th,l(shﬂlha bn)
h=1

ref
—(F. . i Varﬁh,o(s,a,b)(zhﬂ - Vi) N H.
e h=1 np1(s,a,b) V1 np1(s,a,b) V1
H
HV s,a,b) (V. v H? 2
SCEM*,KZ cH Varp, (s, }?)(fh-i-l h+1) n pc L 4 pc L
h=1 ndy, (s, a,b) ndy(s,a,b)  ndj(s,a,b)
<2E i H [Ph(zh+1 —Kff‘il)z] (s,a,b)t . H2,
e h=1 ndp, (s, a,b) ndy (s, a,b)
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H * H [Ph<zh+1 - Kf—f-l)ﬂ (3’ a, b)‘ H?%,
<c? Z Z dy *=(s,a,b) J
21 (aad) ndy, ndm,
H . >h 2 (s,a.) Hdly *(s,a,b) | Py(Viyr — V3e5y)2| (5,000 pr2,
<c? Z Z dj, *=(s,a,b) J nd[ } + 7
h=1 (s,a,b) m m
(Cauchy-Schwarz Inequality)
HeS S an @25, 0,0) [ Po(Vigy — V)] (s,0,0)  2pp3
§c2\/ﬁ$ h=1 2.(s,a,b) ®h ( nzl{ ( h+1 h+1) }( )+ cnsl L
H ;UJ*vZ * _ ref 2
<2V Huy b1 2 (s,00) A, (Saa,:;)l {Ph(vhﬂ Vi) } (s,a,b) N cjfj?n

£
Vi1 2 Vi 2 Vi)

H v * re
_ 2V H2S M S dZ_H (szi(VhH(s) — 7hfr1(s)) N 025%
Ny, nam

H264 _H%.2 2 3
<cAVH. Prerdm | €22 ¢ (Theorem A.4.2)
ndy, ndy,

_2 192H3v H5.1? N cAH3,
B (nd,,)3/2 ndy,

gé(dif). (n> H*/dy,)

O]

Theorem A.4.5. Suppose d,, = min{d}(s,a,b): h € [H],(s,a,b) € S x Ax B} and As-
sumption 2.3.1 holds. For any 0 < & < 1 andn > H*/d,,, with probability 1 — &, the output

policy m = (p,7) of Algorithm 16 satisfies

* * A H3 *,U % ~ o3
V(1) = VE (1) < O (@) V7 (s1) — Vi) < O (\/Tdm) |
As a result, we have
- 3
o\ < 7
Gap(p,7) <O (\/;)

Proof.

Vi (s1) — Vi (s1)
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H H

§2EM*,Z Z bh,O(Sh’ ap, bh) + 2EM*»Z Z bh,l(sha ap,, bh) (Lemma A.3.4)
h=1

h=1
~ ([ [ H3 o ~( | H3 :
<0 %\/VI’J Y(sy) — V1(31)> +0 ( mlm) (Lemma A.4.3 and Lemma A.4.4)
- H3 . H3
SO\ ——|+O0|— (Lemma A.5.5)
ndmy, ndy,
o [F3

By the definition of NE, we have

Vi(s1) - ‘/’1&7*(31) <V *ﬂ(sl) —Vi(s1) <O (\/5) )

The second argument can be proven in a similar manner. Combining two arguments together
| [ 3
Ga 7)< 0 — .

A.4.2 Turn-based Markov Games

and we can derive that

For turn-based Markov games, there always exists a pure (deterministic) NE equilibrium

strategy. As a result, we can have that u*, v*, u, v, fi, 7 are all pure strategy.

Theorem A.4.6. Suppose Assumption 2.2.2 holds. For any 0 < 6 < 1, with probability
1 — 4, the output policy m = (u,7) of Algorithm 1 satisfies

. " C*SH%2 _ .5 . C*SHb5.2
Vi(s1) = Vi7" (s1) < 644/ = V(1) = V' (51) < 6y [ =

As a result, we have

n

- * G 5
Gwmmgo<05 ).

Proof. By Lemma A.2.3, with probability 1 — ¢ we have

*

VI (s1) — Vi (1)
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H

<2 Z ]Eu*,zbh(sh7 ah, bh)
h=1

H
H?,
:2 ]E* 4 —_—
Z “’Vl np(s,a,b) V1

[ H3.2
h 1

— 0 (s a,0) |32,
ZZ (5,0,6)13 ndp(sab)

1 (s,a,b)

<64Z Z [\/d“ (s, anb)C'*H3L2]

h=1 (s,a,b)

H ey
d * C*H3 2
=64 Z Z [\/ G (8);11/(8)) ‘ ] (u*,v are deterministic strategy.)

h=1seS8S

(Cauchy-Schwarz Inequality)

<64V/SH - \/ZhH:l Saes diy (s, 1 (s),1(s)) C*H3:2

n
* H5 2
g, | CTSHE
n

O]

Theorem A.4.7. Suppose Assumption 2.2.2 holds. For any 0 < § < 1 and policy u, v, with

probability 1 — &, the pessimistic value V;, of Algorithm 1 satisfies

* C*SH?>.?

By Vi (sn) = Vi(sn)] < 64ﬁ,
\/ * C*SH?>,2

Eu,u* |:Vh(5h) — Vh (Sh):| < 64ﬁ,

where sp, is sampled from the trajectory following the strategy in the expectation at timestep

Proof. By Lemma A.2.3, under good event G for all state s we have

Vi(s) = Vi (s)

H
§2ZE#*£ [by, (¢, as, be)|sp = ]
t=h
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We define v/ = (vq,--+ ,vp_1,Vp, - , V). Then we have
H
Eue o [Vi (sn) = Vi (sn)] <Bue o (2D By [b (51, az, be)|sn = ] |s
t=h

H
=2 By [by (51, a0, b1)] -
i=h

Then following the proof of Theorem A.4.6, we can prove the argument.

Lemma A.4.8. Forn > C*SH3, we have

H
~ C*SH3 m— ~ C*SH3
Euw > byo(sh, an, bp) < O (\/ n \/V1“ “(s1) —V1(81)) +0 ( - ) :
h=1

Proof.

H
Eu*,g Z bh,()(sfh Qp, bh)

h=1
=cE < Varﬁh,o(sya,b)(*zeil)b H.
- M*’th::l nho(s,a,b) V1 + npo(s,a,b) V1

H ref
V; s,a 1% H H

SCEH*»ZZ ¢ arPhE), ,b)( h+1>L pc L n pc .

el ndy, (s, a,b) ndy (s,a,b)  ndp(s,a,b)

Qi ST A (s, 1 (), () Varp, (s, (9).(s) Vit 1)t N Hi
=¢ (s (s),uis = -
e ndf, (s, p*(s),v(s)) ndf) (s, 1i*(s), (s))

n n

H * *72 * ref *
SC2 Z Z (\/C d/}t (Sa/'L (5)32(5))VarPh(s,u*(s),g(s))(Kh+1)l/ i C HL)
h=1seS

(1*, v are deterministic strategies.)

<V/SH - \/C*ngz1 Caes di (s 1(8), () Varp, o 0 () o) (Viths) | *SC*Hu

n n
ZH: E ‘y Var sa Kref 2 %
<o T B | et ) e
H A 4 ref
<2VO*SH: - S B [Vare, o (Vi )ZQH PL(Vis = Vit )l(s,a,b)] £ &5 Z*HL

(Lemma A.5.4)
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ST H24+ 20 L K-y [Vfﬁriz(shﬂ) - Kliﬁf-l(sh-&-l)] N 2SC*H,
n n
(Lemma A.3.5)
H2 4+ 2H S By [V;fﬂr’lz(shﬂ) = Vi (sne1) + Vi (She1) — Kffrﬂshﬂ)} 2SC*Hi
C*SH. - + -
H?+ 2H2(V1M*7Z(31) —Vy(s1)) + 128H %H:ﬁ c2SC*H.
C*SH. re +
n n
(Lemma A.3.6 and Theorem A.4.7)
02\/C*SH3L \/ 384C*SH2\/C*SH52 C\/2C*SH3 \/ v 2SC*HL
Vn n n
_ * S H3 V * G [T3
go(,/cs VI (o) — V(s ))+o( Ci ) (n > C*SH
O
Lemma A.4.9. Forn > C*SH?*, we have
H
~ C*SH?
Euw > bpi(shan,bp) <O .
h=1 "
Proof.
H
Eup Z bh,l(sha an, by)
h=1
_E i VALB, y(siaty Wnt — Vi) SR
By = np1(s,a,b) V1 np1(s,a,b) V1
< iE.. i cH Varp, (5 4.5 Vi — Kzeil)b N cH?, n cH?,
=] ndy (s, a,b) ndy(s,a,b)  ndf(s,a,b)
I J H [PV - VEL ] (s0be g2
~C * v
a et ndy (s, a,b) ndy (s, a,b)
230 S o, () 46) J AW~ V] (oo (@) 2
=c “(s, 1" (s),v(s ” -
22 w5, (), 1(9)) w5, (), 19))
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<3y

h=1seS

i J C=Hd), (s, 1°(5), 1(5)) [ Pa(Vir = Vi )2] (5, 17 (s), v(5))e | PO

ni n

(Cauchy-Schwarz Inequality)

) CHH YRy Yaes dfy (s, 17 (),1(9)) | Pa(Vigs = VIEE)?] (s, (s). () 25H3C™
<c*VSH. 4
n n
C*H. H_ ca d,ll,*,z s, a, » P (V*  — Vref 2 s,a, b 9 v 3
<2V/SH. 2h=1 X (sap) n) [ (Vi = Vi) } ( ) G C:H L

f
Vi1 2 Vo 2 Vi)

:#2@mwﬂ%”ZﬁﬁLﬁﬂﬁmﬁﬁﬁ—Vﬁﬁm+§C%H%

n n
H20*64\/M 2SH3O*
<c? SHLJ met 4 © SHTC (Theorem A.4.7)
n n
5 [192C*SH3WC*SH??  2C*SH3.
- n3/2 * n
- * H3
gO( ¢S ) (n > C*SH?)
n

O]

Theorem A.4.10. Suppose Assumption 2.2.2 holds for a turn-based Markov game and
n > C*SH*. For any 0 < § < 1, with probability 1 — §, the output policy ™ = (n,7) of
Algorithm 1 satisfies

n

. ~( |C*SH3
W@%Wf@ﬁs0< ),

As a result, we have

Proof.

VI (s1) = Vi (s1)
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H H

S2EH*7Z Z bh,O(Sha ap, bh) + QEM*ﬂ Z bh,l(S}U ap, bh) (Lemma A.3.4)
h=1

h=1
~ C*SH3 - ~ C*SH?3
<0 (\/ - \/Vlu ~(s1) —V1(81)) +0 ( - )

(Lemma A.4.8 and Lemma A.4.9)

- * 3 . * 3
<0 ( CS5H ) +0 (C SH ) (Lemma A.5.5)

n n

_ * 3
—o( CSH).
n

By the definition of NE, we have

,* * 1 ~ C*SH3
Vi(s1) = Vi (s1) < VI H(s1) = Vy(s1) < O ( - ) :

The second argument can be proven in a similar manner. Combining these two arguments

— * Q3
Gap(u,V)éO( &5 )

and we can derive that

n

A.5 Auxiliary Lemmas

Lemma A.5.1. (Multiplicative Chernoff bound). Let X be a binomial random variable with

parameter p, n. For any 1 > 60 > 0, we have that
2pn

P(1-6)pn < X < (1+0)pn| < 2e~ %"

Lemma A.5.2. For all (sh,an,bn) € Ky, and any ||V < H, with probability 1 — 6 we

have
L
\Y/ V) < V. \% H | ————.
\/]31 ar (V) < \/PT ar (V) +e ndj, (sn, an, by)
Sh»>atsbp Sh»2h,bh
Proof. The is a direct application of Lemma A.5.3 with a union bound. O

Lemma A.5.3. (Empirical Berstein Inequality [Maurer and Pontil, 2009]) Let n > 2 and

V € RS be any functions with |V < H, P be any S-dimensional distribution and P be
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its empirical version using n samples. Then with probability 1 — 6,

n—1
/V]%r(V) -1/ - Vgr(V)

Lemma A.5.4. For 0 <V <V’ < H, we have

< opy,/18(2/9)

n—1

Var (V)< Var (V')+2H[P,(V' —=V)](s,a,b).

Ph(S,CL,b) Ph(S,CL,b)

Proof.

Var (V) — Var (V')
Py (s,a,b) Py (s,a,b)

< [PV)? = (BV) = PV + (BV)] (s,0.0)
= [Po(V+ V)V = V') + [P(V' = V)][Pr(v" 4+ v)]] (s,a,b)

<2H[P,(V' = V)](s,a,b).

Lemma A.5.5. If v < a\/x +b for a,b> 0, then we have

z < 24’ + 20.
Proof. We have
(Va- S <het
27 = 4

If \/z < §, the argument holds directly. Otherwise we have

a a? a
— —<3g/b+ —<Vb+ —.
VI =g <ybt o < Vbt

So we have \/z < Vb + a, which implies 2 < 2(a? + b).
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Appendix B
DEFERRED CONTENTS FROM CHAPTER ??

B.1 Algorithms

Algorithm 17 Value Estimation

1: Input: Offline dataset D, player index j, and strategy m
2: Initialization: v, ;(s) =07, ;(s) =0forall s €S

3: forh=H,H—-1,...,1do

4: Set
ay ;(s,8) = Th(s,) + (Pa(s,), 011 ;)

5: Set

vp, ;(8) = Projio g_p1) (anwh(.|5)g;j(s, a) — by (s, W;))
6: Set

Th(5:2) = (s ) + (Puls,2), W) + H1da # Kils)}

T: Set

Up, j(8) = Projjo, g—p41] (anh(,|s)gg’j(57 a) + ba(s, Wﬁ))
8: end for

9: Output: of ;(s1) and o7 ;(s1)

B.2 Technical Lemmas

B.2.1 Covering Number of Strategy Classes

Lemma B.2.1. For the no prior knowledge setting (I1 = TI™), we have

IOgN(H) = 6 ( Z Aj log(l/Gcover)) .

JE[m]
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Algorithm 18 Best Response Estimation

1: Input: Offline dataset D, player index j, and strategy m_;
2: Initialization: U}}i‘f j(8)=0forallseS

3: forh=H,H—-1,...,1do

4: Set
077 (5,) = 7ini(s,) + (Pa(s,0),7,77%) + H1{a ¢ Ki(s)}
5: Set
Up,j(s,a;) = Ea_jNWhy_j(.\s)GZ’g*j(s, a) + by (s, aj, ™ ;)

6: Set

kT . B

Ung  (8) = Projjo, i —h 1) (ar?eaj\(j Uh,j (5, aj)>
7. end for
8: Output: @?}r‘j (s1)

Algorithm 19 Strategy-wise Bonus + Surrogate Minimization (SBSM)

1: Input: Offline dataset D

2: Compute

qoutput _ argmin Z @?}Li (s1) — Q{j(sl)
e jelm)

where W?}Lj (s1) and v ;(s1) are computed via Algorithm 18 and Algorithm 17.

3: Qutput: routPut
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Proof. If I = I by Lemma B.5.1 we have

log N (IT) =log ( Z H |C(Hh7j(s),ecover)|)

sES,he[H] j€[m]

:]Og (SH H |C(A(Aj)7€cover)|>

JE€[m]

= Y 10g(C(A(A)); cover)) +log(SH)

J€[m]

< Z Ajlog (3A;/€cover) + log(SH) (Lemma B.5.1)

J€[m]

—~0( 3 A;log(1/cconer))

J€[m]

Lemma B.2.2. If1II is a finite set, we have

log(A(IT)) < mlog([TI]) + log(SH).
Proof. We have |C(II;_;(s), €cover)| < | ;(s)| < || for all h € [H] and j € [m]. Plug it into
the definition of A/(II) and we can prove the argument. O

B.2.2  Convezxity in Two-player Zero-sum Games

In this section, we prove that K;fh’yh (s) is concave and VZH’V;L(S) is convex for both pf and

vj. In addition, we show that (3.10) and (3.11) can be achieved efficiently.

Lemma B.2.3. For any coefficient c(a;,bj) s.t. c(a;,bj) > 0 for all a; € A and bj € B,
function f(p,v) = \/ZaieA,bjeB c(ai, bj)p(a;)?v(b;)? defined on p € A(A) and v € A(B) is

a convex function and \/ZaieA Zb]-eB c(a;, bj)-Lipschitz continuous function with respect to

v. In addition, it is conver and \/EaieA ijeg c(a;, bj)-Lipschitz continuous with respect

to p by symmetry.

Proof. We use the convention that % = 0. We first compute the first-order derivatives

of _ Y asen clai, b p(ai)v(b;)? .
Wbs) ¥, apen clai bular)2v(b)?

(B.1)
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By Cauchy-Schwarz inequality, we have

af _ Yaeaclai by)pai)v(b;)?
) aseaves clas, b(a) 2 (b)?
ZaleAC(au ) i(ai)v(b;)
T/ Caeaclas byp(a;)?v(b;)?

< / Z azv
a; €A

of
61/2_

Then we have

which implies f(u,-) is \/ZaieA b, e ¢(ai, bj)-Lipschitz continuous.

> > claisby),

a;eA bj eB

The second-order derivatives are

*f (ZaieAC(aia bj)u(ai)v(bj)Q) : (Zaie ac(ai, bk)u(ai)y(bk)Q) .
v (b;)ov(by) (ZaieA,bjeB C(aiabj)ﬂ(ai)2y(bj)2)3/2 ] 7K,
an Speaclanbv®?  (Seeaclanbute)v;)?)
(O (b \/Zal Ap,es clai, bj)p(ai)?v(b;)? (ZaieA’bﬁB C(ai,bj)H(az‘)QV(bj)2>3/2'

Then for arbitrary € R, we have

0% f
Z x]xk ov(b;)ov(by)

j,k€[B
-y 23 Y g.enclai,by)v(b;)?

jelB) \/ZaiGA,bjEB c(ai, bj)p(ai)?v(b;)?

5 (Zuseaclai bi)u(@)v(b)?) - (Sa,en clas bi)u(a)v(be)?)
ket (Suscanenelasb)ua)?w(b,)?)”"
>_jelB] (37? Yaseaclai, bj)l/(bj)Q) Yaseap;en c(ai, bj)p(ai)?v(b;)?
(Serennen clasbu(a)?v(v)?)””

- (Ziem @ (Carea C(aivbj)/l(dz‘)l/(bj)QD2

(Serenn,cs clai bua)Pv(;)?)™”




185

Ve (73 Xaea @i b)v(5;)?) - Sa e an e i by)las) v (b;)?
: (Susean e clairbyular)u(b)?) "
- (Zjes 25 (Caenclas, bj)ﬂ(az‘)'/(bj)Q)f
(Sevenn,en clanbuta)v(v,?)™”

By Cauchy-Schwarz’s inequality, we have

> (w?Zdai,bj)v(bj)Z) S clai by)ulaq) v (b;)?
]

J€E[B a; €A a;,€Ab;eB

= X «ve)* 3 c<ai,bj>) : (Z v(b)* 3 c<ai,bj>u<ai>2)

JE[B] a;€A j€[B] a;€A

2

>\ D ww®)? [ Y claiby) Y C(%bj)u(az')2>

JE[B] a; €A a;€EA

2

> >0 (b)Y C(aubj)ﬂ(ai))

Jj€[B] a;€A

>0.

Thus for arbitrary z € R?, we have

which implies f is convex with respect to v.

Proposition B.2.4. For allh € [H] and s € S, KZZ’VZ is concave and H~+ H+/log(N(II))¢-
Lipschitz with respect to uj and vy. Similarly, Vﬁ’u’i is convex with respect to uj and vy .
As a result, (3.10) and (3.11) can be achieved with (H + H/log(N'(II)))?/€2; iterations

by projected gradient descent.

Proof. Recall that

VI (8) = Barpg 1 Q, (5, 0.D) — H J S @O v i,

(a,b)ELH(S) np(s,a,b)
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The first term is linear with respect to u7, The second term is convex by Lemma B.2.3 and
the last term is a constant. As a result, th’yh is concave with respect to ;. By symmetry,
it is also concave with respect to v;. The proof for V’,ﬁ’“yh is the same. The Lipschitz
constant is a direct implication of Lemma B.2.3. The iteration complexity of projected

gradient descent is from Section 3.1 in Bubeck et al. [2015]. Note that in each iteration we

only need to compute the gradient (B.1) and a projection onto the probability simplex. [

B.2.3  Convexity in Multi-player General-sum Games

In this section, we will show that the bonus by (s, 77) in multi-player general-sum game is

also convex with respect to 7} ; for all j € [m].
Lemma B.2.5. For any h € [H] and s € S, by(s,}) is conver with respect to Th -

Proof. Recall that

br(s,m}) = H\l Z () log(N(I1))e + /1 /n.

ackn(s) na(s; a)

As we have

Z 75 (a)? _ Z Z 7rl§,j(%‘)2772,7]'(51—3‘)27

ackn(s) np(s,a) afeh; a5 (aym)eKn(s) np(s,a)

by Lemma B.2.3 we have that by, (s, 7;) is convex with respect to mj, ;. O

One direction implication is that maxq: V;;j(s) can be achieved by a deterministic

strategy mj, ; € D(A;), which will be utilized in Appendix B.4.

B.3 Proofs in Section 3.3

Lemma B.3.1. Fiz h € [H] and s € S, p,(-|s) € A(A), v;,(:|s) € A(B), with probability

1 — 6 we have

> wilals)vhbls) (ra(s, a,b) + (Pa(s,a,6), Vipsr) = (s, a,b) — (Pa(s,a,b), Vi ))
(a,b)EKH(s)

) HJ y xR
(a,b

o (s) np(s,a,b)
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> wnlals)vg(bls) (Th(saa’ b) + <Ph(5aa’ b)vvh+1> —Th(s,a,b) — <]3h(3aa7 b)7Vh+1>)

(a,b)EXh(s)

/ 20 (bls)2

<H |2 ¥ p(als) ”h(b 19 1og 2/5).
(abjekn(s)  h(5:@:0)

Proof. We use ki (s,a,b) to denote the index of (s, a,b) appears in the dataset at timestep

h for ¢th time. We prove the first argument and the second argument holds similarly. With

probability 1 — 4, we have

Z :u;z(a|s)yi,z(b‘s) (Th(sv a, b) + <Ph($7 a, b)vzh+1> - ?h(“;? a, b) - <13h(57 a, b)’zh+1>> |
(a,b)EKL(s)

nh(sya7b !/ .
_ Mh al s)vp(b]s) ( Ki(s.ab) )
= > Gab) U ra(s,a,b)

(a,b)G’Ch(S) 1=

a l/ bls ki (s,a,b

SJ; Z u%(a\ 5203 (bls)? | g(2/5)+HJ; DG DN

(a,b)€Kh (5) na (s, a,b)

/ 2/ (bls)2
<H |2 Z Mh(a|3) v, (0]s) log(2/6),
(a,b ’
where the first inequality is from Hoeffding’s inequality and the fact that V,,; has no

dependence on the dataset at timestep h. O

Lemma B.3.2. With probability 1 — 0, for all h € [H|,s € S, u; € I (s), v; € D(B),

we have

> i@ (d) (ra(sa.b) + (Pu(sa.b), Viyy) = Fa(s, a,b) - <ﬁh<s,a,b>,vhﬂ>)|

< bh(S, Mfw V?L)a

and for i € D(A), v; € TN (s), we have

Z MZ(Q)VfL(b) (Th(S, a, b) + <Ph(57 a, b),Vh+1> - ?h(sa a, b) - <ﬁh(55 a, b),Vh+1>) ‘
(a,b)eh(s)
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S bh(s7 :u?w V}Sz)
Denote this event as G.

Proof. We prove the first argument and the second argument holds similarly. First, using
a union bound for all h € [H],s € S, ¥ € C(IIP**(s)), v;* € D(B) on Lemma B.3.1, with

probability 1 — §, we have

> wi@wg®) (rals,a,b) + (Pa(s,a,b), Vir) = F(s,a,5) = (Pls,a,5), Vi )
(a,b)EK(s)

u;ls(a)QV;Ls(b)2 max min
<H |2 Z mlog(z Z [(C(IT*(s))| B + [C(ITR""(s))|A) /9)
(@b)ekp(s) T seS,he(H]

PROR0E
<H 2 ) h—hb log(2N (IT)ABSHJ). (See Definition 3.2.2)
(hiern(s h(%a:0)

Note that (s, a,b) + (Py(s,a,b),Vy1) — Th(s,a,b) — <f’h(s,a,b),zh+1> is bounded
in [-H, H| as m,(s,a,b) € [0,1] and V. € [0,H — h]. For any pu(-|s) € II"**(s) and
vp(-ls) € D(B), there exists i} (-|s) € C(IIP**(s)) and v (-|s) € D(B) such that |up(-|s) —

13, (-19)]| < €cover and ||lvp(-|s) — 14, (¢|s)]| = 0 < €cover- So with Lemma B.5.2, we have

> wilals)vibls) (ra(s, a,b) + (Pa(s, a,6), Vipsr) = (s, a,b) — (Pa(s,a,b), Viia ))
(a,b)EKH(s)

= > mlals)mn(bls) (rals, a,b) + (Pa(s, 0,6), Viyr) — (s, a,0) — (Pals,a,0), Vi1 ))
(a,b)EKH(s)

<2€coverH.

By Lemma B.5.3, we have

N > uz(a|s>zyg<brs)2—J > HnlalsPvnls)®| o o
(a)b

jkn(sy  a(sa:0) (@bekn(s)  h(5:0:D)

Combining all these parts together and then with probability 1 — §, we have

Z :U“h(a‘s)yh(bLS) (Th(S, a, b) + <Ph(37 a, b)>zh+1> - ?h(S, a, b) - <13h(31 a, b)azh+1>)
(a,b)eK(s)
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2 2
<H |2 Y pn(als)vi (bls) log(2N(I1, €cover ABS H /6) + 2¢cover H
@hjeka(s (5 ®D)

+ 2H \/2ecover 108 (2N (I1, €cover) ABSH /6).

Set €cover = m and with some algebra we can get

> mnlals)vn(ls) (rals,a,b) + (Pus,a,b), V1) = Fals,a,b) = (Pa(s,a,b), Viyr )
(a,b)EK(s)

2 2
<H |2 pn(als)?vn(bls) log(2N' (I) ABSHn /6) + /32 log(2ABS Hn 6) /n
\ (a,b)EKR(s) ny(s, a,b)

<H Z Mh(a|5)27/h(b|5)2 log(N(H))L—i-\ﬂ/n,

(a,b)EKH(s) nh(s’ a, b)

where ¢ = 321og(2ABSHn/9). O

Lemma B.3.3. Under event G, for all s € S, h € [H], pp(-|s) € IIP*(s) and vp(-|s) €
D(B), we have

VAR () < Banpy (o) o) (5 0,8) + {Pas,a,0), V)]
and for i € D(A), v; € TIMY(s), we have
Vii(s) > Earpin (18),b~vn(-]s) {Th(svav b) + <Ph(57a= b)avh+1>] .
Proof. Under the good event G, we have
Vi (s)

:anuh(~|s),b~uh(~|s)gh(37 a, b) - bh(87 ﬂi? VZ)

= > mlals)vnbls) (Fals a,b) + ( Pals,a,0), Viyr ) ) = bils, 1 i)
(a,b)EKH(s)

< Z pn(als)vp(bls) (1h(s,a,b) + (Pr(s,a,b), V1)) (Lemma B.3.2)
(a,b)eX(s)

< Z :U'h<a‘5)yh(b’8) (rh(&a? b) + <Ph(87 a, b)7zh+1>) (Kh+1 > 0)
acAbeB

:Ear\zph(-|s),b~uh(-|s) [Th(‘S’ a, b) + <Ph(57 a, b))£h+1>] :
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Similarly we have
Vi (s)
Eam,uh( |8),b~vp (- Qh(s a b) + bh(s :U’lw Vh)
= > mlals)nls) (Fuls,a,b) + (Pals,a,0), Vasr) )+ H > pn(als)vn(bls)

(a.b)EK(S) (@b EKn(s)
+ bn(s, i, vi)
> > pn(als)vn(bls) (ra(s,a,b) + (Pals,a,0), Vaer)) + H > pn(als)vn(bls)

(a,b)EKA(s) (a,b) KR (s)
(Lemma B.3.2)
> wnlals)vabls) (ra(s, a,b) + (Pu(s, a,0), Vg ) (Vi1 < H = h)
acA,beB

=Earpp (-|s) brovn (-]3) {rh(s, a,b) + <Ph(s, a, b),VhHﬂ :
O

Lemma B.3.4. Under event G, for all s € S and h € [H|, with probability 1 — §, we have
Vi(s) < Vi (5). Vi(s) 2 Vi (s):

Proof. We prove the first argument and the second argument holds similarly. We prove this
argument by induction. It holds trivially for h = H 4+ 1 as both sides are equal to zero.

Suppose the argument holds for timestep h + 1. Then for any s € S, we have
:u‘ U,
Vas) =proo -y {15 (9}

N’ sV
= Projjo, i — h+1]{ Srer%n V" h(8>}

< proj [0,H—h+1] min awuh( |s),b~vp (+]s) [T’h(S, a, b) + <Ph(s7 a, b)vvh+1>]}

vpeD(B

(Lemma B.3.3)
'LL,*
< PrOjjo,H—h+1] { sre%n Eanin (1) 0w (-]5) {Th(sya, b) + <Ph(37a, b)th+1>}}

(Induction hypothesis)

= PIojjo, H—h+1] {Vhﬁ’*(s)} (There always exists a best response in D(B))
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1%
=V, (s).
By induction, the argument holds for all h € [H]. The proof for V,(s) is the same. O
For any pj € A(A), with a slight abuse of notation, we define

. S,VS
vy (uf) := argmin ZZ” m
vpeD(B)

Note that vj = vj(p;). We use v(u) € [Tmindet t6 denote a strategy for player 2 such that

she use v} (p7) at state s and timestep h.

Lemma B.3.5. Under the good event G, for any fi € I and v € II™®, we have

B H
VI (s1) — VE (s1) < B Gy O bu(sns " vy (")) + Heop,
h=1

p— -~ H -
Vi¥(s1) = Vi7" (s1) < By 5 D bulsno 15 (7)) + Heope.
h=1

Proof. We prove the first argument and the second argument holds similarly. By Lemma

B.3.4, we have

*

Vi (s1) = Vi (s1) < V§**(s1) — Vi (s1).-

Now we work on the difference between the NE value and the pessimistic estimate.
VI (s1) = Vi (s1)

. m . pit vyt
=minEge o Q) (s1,a1,b1) = projpo,pj {V11 ' (31)}
1

< min B~ o by) — v VA (61) < H by (3.4) and (3.5
<min #ilal’lel (s1,a1,b1) — V7 (s1) (V3 (s1) < y (3.4) and (3.5))
1%

1
~7* ﬁ517z‘51(ﬁ )
<o o ey @1 (51,01, b1) = V45 (1) + eop
=B o) | Q1 (s1,@1,51) = Q, (s1,a1,b0)] 4 b (s1. 35", 14" (B3)) + cope

:EﬁilaZil(ﬁil) {Tl(sl, ai, bl) + <P1(81, ag, bl)a VQM’*> - 7/"\1(31a at, bl) - <]31(317 ai, bl)szH
+ b1 (s1, 17" v (7)) + €opt
B e oy (VA (52) = Vp(s2)] + 21 (s, 77 2 (7))

+H Z A7t (an) vt (154) (b1) + €opt (Lemma B.3.2)
(a1,b1)¢K1(s1)
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H

S ujy(u Z (2bh 3h>,Uh Y (ﬁzh)) +H Z /]Zh(ah)yzh(ﬁzh)(bh)) + Heopt,

(an,bn)¢Kn(sn)

where the last inequality is from telescoping from h =1 to h = H. O
Proposition B.3.6. Under the good event G, we have

Gap (ﬂ_output) <

H
min max Gap(m) + By S b (s, i3, 1) 4B, S b (s, U +2He
ﬂ(W/)eHw’(w,u’)endet[ p() " }; n(sn 135 4" W hZ:l PASh Mh )1 opt:
Proof. This is a direct deduction of Lemma B.3.5. Note that (v(f), fi(¥)) € 19t O

B.3.1 Dataset-dependent Bound

Lemma B.3.7. Suppose é(u, v) is finite. For any h € [H| and strateqy p' and v', we have

b (sn, 7, V) < 2H1/ S og (W (ID)C (1, v)e /m,

By b (s, 1%, v3%) < 2H /S log(N (D) C (g1, v)e/m.

Proof. We prove the first argument and the second argument holds similarly.

O CT T VALY
Sh 2,,/5h 2
=E, . H\J Z Wlogo\/(ﬂ)ﬂ—i— ﬁ
(aub)e’ch(s) nhis,a, n
4 (spyanbp)? | i
=3 H\/log(N (1)) $ W (s an bn)? |V
h€S (an,bn)EKXH(sh) nh(Sh, an, bp) n
du,u’(sh a bh)2 \ﬂ
5hES \/7 (an,br)ELK(sn) n- dh(sh, ap, bh) n
> H\/log(N(H))L > i (sny an, b)C(p,v) /n + i
sheS (an,br)EKH (sh)

SH\/S log(N () C (1, v)e/n + \f
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Lemma B.3.8. Suppose @(u, v) is finite. For any h € [H] and strategy p' and v', we have

E,u,z/ Z Mih (ah)V]Ijh (bh) = 07
(an,bn)¢Kn(sn)

E,u/,y Z N;fh (ah)V}SLh (bh) =0.
(an,bn) Kk (sn)

Proof. We prove the first argument and the second argument holds similarly.

E,u,l/’ Z M;h (ah)y;fh (bh)
(an,br)¢Kn(sn)

:E,u,y’ Z :U'Zh (ah)y;fh (bh)

(an,br):dn (sh,an,bp)=0

= Z d‘;:’yl(sh, ap,, bh)

(anbn):dn (sn,an,br)=0

< > C (") (sn, an, bn)

(an,bn):dn(sh,an,br)=0

=0.

Lemma B.3.9. For any strategy (u,v) € 11, we have

H H
7 Sh /sp N Isp Sh
/ Ilgllnéli,i}n{,det By Z b (sh, wy", vy ") + /erélrnaaxx,det By Z bn(sns k" vp")
Ve h=1 a h=1

< 4H2\/$ log (N (I0) ) (11, v)1 /.

Proof. If C (1, v) is infinite, the argument holds immediately. Otherwise we can prove it by

Lemma B.3.7 and Lemma B.3.8. OJ

Theorem B.3.10. Suppose w°"PUt is the output of Algorithm 2. With probability 1 — 3§, we

have

Gap(m°"Put) < (HIH; " [Gap(ﬂ) + 4H2\/S log(N (I1))C(7)e/n .
T=(u,V)e

Proof. This can be derived from Lemma B.3.5, Lemma B.3.9 directly. O
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B.3.2 Dataset-independent Bound

Lemma B.3.11. With probability 1 — §, for all h,s,a,b, we have

nh(s,a, b) > (1 B \/210g(SABH/5)> ndh(s,a, b)

NPmin

8log(SABH/¢

As a result, if n > ), for any strategy m we have

Pmin
20(w) > C(m).
Proof. For a fixed s, a, b, h, for any € > 0 we have

2 2 .
P(np(s,a,b) < (1 e)ndy(s, a,b)) < exp (—”dh;b)) < exp (—E ”§m1“> .

With a union bound, we have

2 .
P(3h,s,a,b: P(ny(s,a,b) < (1 —€)ndy(s,a,b))) < SABH exp (_e ngmm> .

The RHS is smaller than ¢ if we set

o \/ 2log(SABH /)

NPmin

If n> 8log(SABH/9)

Pmin

, we have

TLh(S, a, b) > dh(S, a, b)

Jh(S,G,b) = n _ 2

By Definition 3.2.4 and Definition 3.2.3, we have
20 () > C().
O

The following Lemma is from Lemma A.1 in Xie et al. [2021b]. For completeness we

provide a proof here.

Lemma B.3.12. With probability at least 1 — &, for allh € [H], s€ S, a € A and b € B,

we have
nn(s,a,b) v 1> "dn(5:0:8)
L
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Proof. For fixed h € [H], s€ S, a € Aand b € B, ny(s,a,b) is a binomial random variable
following Bin(n, dj (s, a,b)). We show that with probability 1 — §, we have
ndp(s,a,b)
byvl> ——~,
(a0 V12 1)
If dp(s,a,b) < 8log(1/d)/n, the argument holds directly. Otherwise by the multiplicative

Chernoff bound, we have
P(np(s,a,b) < ndp(s,a,b)/2) < exp(—ndp(s,a,b)/8) <.

So with probability 1—4d, we have ny(s,a,b) > ndp(s,a,b)/2 > ndp(s,a,b)/8log(1/5). Then

with union bound we can prove the lemma. ]

Lemma B.3.13. With probability 1 — § for any h € [H] we have

Eu,z/bh(sha MZh’ V;LSh) < 2H\/S log(N(H))C(Ma V)Lz/na

By bn(sn, 1, vi) < 2H /S log(N (1)) C (1, v)i2 /.

Proof. From Lemma B.3.12, with probability 1 — 9, for all h, s, a, b, we have

d b
np(s,a,b) V1> nh(i’a’).

For (a,b) € Ku(s), we have ny(s,a,b) > 1 and thus ny(s, a, b) > 2dn(sab)

L

S /s
Eu,u’bh(shv Mhha v, h)

=By

HJ S RO vy V!
(a,b

Seon(s) nn(s,a,b) n

=3 H\/log(N (1)) Z Ay (s, an,bn)* \f

np (S, ap, b
spES (an,bn)EKR(sh) n(Sh @h bn)

-3 gy |y, S lmonb)? S

spES (an,bn)EH(sR) e dh(Sh, Ahs bh)

<Y mflosume [ d (s b

L
n
shES (an,bn)EL (sn)

<H\/S log(N (I1))C*¢2 /n + ‘:



196

§2H\/S log(N(IT))C*i2 /n.
0

Lemma B.3.14. With probability 1 — § for any p' € TI™adet )/ ¢ [rmindet ' c [H] and
t € [0,1] we have

B, > gy (ap)vi (bg) < (SAC(u,v)e/n)",
(an,bn)¢EKn (sn)

Eww Do iy (an)vy" (bs) < (SBO(u,v)e/n)"
(an,bn)¢Kh (sn)

In addition, if € TI™@%det gnd p e TI™ndet e have

E,u,z/ Z Mzh (ah)l/llls}l (bh) < (SC(:Uv V)/’/n>t )

(an,bn)¢Kn(sn)

W S (an)vy(be) < (SC(p,v)e/n)".
(an,bn)¢Kn (sn)

E

Proof. We prove the first argument and the second one holds similarly. From Lemma B.3.12,

with probability 1 — ¢, for all h, s, a, b, we have

np(s,a,b) V1> M.
L

For (a,b) ¢ Kn(s), we have np(s,a,b) = 0 and thus ¢ > ndy(s,a,b). Then for any t € [0, 1],

we have

E, . Z Mih (ah)V;LSh (bn)
(an,bn) &L (sn)
> gy (an) vy (by )

(ndp(sh, an, bp))t

t

SEu,V/
(ap,bp)EAXB

=> X dp” (sn, an, bn)1!
(ndp(sh, an, by))t

sh€S ap, GA,thV;L (sn)

Ct t , —
< Z Z ('Z’ty)L (d’g’” (sh,ah,bh))l t

Sh€S ap€Abp=v} (ap)

< (SAC(u,v)e/n)". (Cauchy-Schwarz Inequality)



197

If we have € M9t then we have

Eu,l/’ Z :uih (ah)y;fh (bn)
(an,bn)EKn(sn)

Ct t o _
<3 T (ks V) (a (3h7ah7bh))1 ¢

nt
SRES an=pn(sn)bn=v} (sn)

< (SC(u,v)e/n)". (Cauchy-Schwarz Inequality)
O

Theorem B.3.15. With probability 1 — §, we have

Gap(7°"P") < min
w=(p,v)€Il

Gap(r) + 4H\/S1og(N (ID)C(x):2/n + 2HC(m)S(A + B)L/n} .

In additon, if n > w, we have

Pmin

Gap(mo"Put) < w:{ﬁ,iSGH [Gap(ﬂ) + 8H2\/S log(N(H))C(W)LZ/n] :

Proof. The first argument can be derived by Lemma B.3.13 and Lemma B.3.14 with ¢ = 1.

The second argument can be derived by Theorem B.3.10 and Lemma B.3.11. O

Corollary B.3.16. IfII = I then with probability 1 — & we have

Gap(r"™t) = O(/ HYS(A + B)C(x*) /n).

In addition, for turn-based two-player zero-sum Markov games, we can set II = I19¢ and

Gap(7°UPu) = O(\/HASC(7*) /n).

Proof. The first argument can be derived by Lemma B.2.1 and Theorem B.3.15 with ¢ = 1/2.

we have

The second argument can be derived by Lemma B.2.2, Lemma B.3.13 and Lemma B.3.14

with ¢ = 1/2. O
B.4 Proofs in Section 3.4
Lemma B.4.1. For any strategy m € II, h € [H] and s, € S, we have

Vi (sn) = max Vij(sn)-
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Proof. We prove this argument by induction. It holds trivially for H + 1 as V}l]] j(s) =
maxy; VT;IH,J-(S) = 0 for any s € S. Suppose the argument holds for 2 4+ 1 and now we
consider h.

Consider function

’ ,\ =~ —k, T
f(ﬂ-if,j) :Eajwﬂ;f,].,a,jwﬂi’_jrh,j(S> aj, a*j) + Eajwﬂ’;f’j,a,jwﬂ'i’_j Ph(37 ag, a*j) : Vh+1,]]'

+bh(8577;zs,j’7rfsz,—j) +H Z ﬂ-}sz,—j(a*j)'
a_j:(aj,a—;)¢K(s)

Lemma B.2.5 shows that by (s, W;ij, 7r,sl7_j) is convex with respect to W;ij, while all the other

terms are linear with respect to m;° I As a result, f(m}} j) is a convex function and thus we

have
/s /s
max Ty ) = max T ).
“if’,]-eA(Aj)f( h’]) w;;jjeD(Aj)f( ’W>
Then we have
max V i\S,a;
;e A, h,J( ) J)
/s
= max Ty
w;;jeD(Aj)f( i)
/s
== max Ty
w;;jeA(Aj)f( i)
o~ ) 7*771—_
= max  Bone ajomy Thi(s:058-5) + Bojnne o jnmy  Pu(s,05,8-5) - Vi)

s .
nps €A(Ay) T

+bh(8377;ij77ri,—j) +H Z 71'27_]»(&,]‘)
a_j:(aj,a_;)¢K(s)

= max ]Eajwr;ls!]

o~ N 7T
. (s, a;,a_; max[E . Py (s,a;,a_;) - .
W;LS-GA(-AJ‘) aa—JNWZY,j h,]( » ] J) + 7 aJNﬂ—;lS,j’a_JNTriL,fj h( s Ujy j) Vh+1,]
»J

+ bn(s, ;o ;) + H Z mh —j(a—j) (Induction hypothesis)
a_ji(aj,a—;)¢K(s)

~ 35 I
:H}S‘X]Eajwﬂ;fyj,a_jmﬂfhijrh,j(87 aj,a_j) + Eajwﬂﬁj,a_ijiﬁjPh(s, aj,a—j) - Vyi;

+bh(877T;f,j77Tii,fj) +H Z Trlsl,fj(a_j)'
a_ji(a;,a—;)¢K(s)

yTT—3j
5]

definition of both quantities) O

So we have V77 (s,) = maxg, Vi.i(sn). (See Algorithm 17 and Algorithm 18 for the
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Lemma B.4.2. Fiz ' € II,j € [m],h € [H] and s € S, with probability 1 — § we have

Z m,(als) (rw(s, a) + <Ph(s,a),K}{l+17j> — 7hj(s,a) — <ﬁh7j(s, a),VZ:r17j>)|

acky(s)

<HJ2 S Th(2 '2 log(4/5),

acky(s) nh(s’ )

and

> mh(als) (ray(s,a) + <Ph(s,a),ﬁ,;’+1,j> — (s, a) — <13h(.s, a),ﬂ'ﬂﬂ.»‘

ae’Ch(S)

< H\J 2 Z ) 10g(4/5)

aEICh(s)

Proof. We use ki (s,a,b) to denote the index of (s, a,b) appears in the dataset at timestep
h for ith time. With probability 1 — §, we have

Z 5, (als) (rh’j(s,a) + <Ph(3, a),Z};lH,j> — Th,j(s,a) — <13h(s,a),7,{,+17j>)‘
(a)ekn(s)
np(s,a) ;
= > WAGID) (r,’zi}(s’a) —rh,j(s,a)>
aEICh(s) i=1 nh(s? a)

np(s,a)
™ (als ! k s,a ud
N Z Z n(als) (Vh+1,]( h+(1 )) — <Ph(s,a),Vh+Lj>>‘

(a)ekn(s) i=1 na(s, )

ackr(s) h(5:2) acky(s) (5:2)

é\ll 3 Wlog(Q/é)%—HJ; > Wlog@/&

aEKh ( )

<H\J2 S ”’1 10g(2/6)

where the first inequality is from Hoeffding’s inequality and the fact that V., ; has no
dependence on the dataset at timestep h. The second argument holds similarly. Rescaling

0 to 0/2 and with an union bound we can prove the lemma. O

Lemma B.4.3. With probability 1 — 0, for all w € I1,j € [m],h € [H],s € S, we have

> mulals) (rng(s,a) + (Pals,a), Vi ;) = agls,a) = (Pa(s.a), Vi) )| < bals,mh),
acly(s)
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~

> mnlals) (ra(s.a) + (Pu(s,a), Vi) = Fj(s,2) = (Pa(s,2), Vi) )| < bals mh)-
aeky(s)

Denote this event as Gmarl-
Proof. We prove the argument for V7, ; and the argument for th +1,; holds similarly. Sup-
pose V is a ecover-covering of [0, H]® with respect to L-co norm and |V| < (1 + HS/ecover)”.

First, using a union bound for all j € [m],h € [H],s € S,m;; € C(II pmr( ))s Vhe1 € V on

Lemma B.4.2, with probability 1 — § we have
, R ~
> m(als) (Th,j(saa) + (Pi(s,a), Vihy1) — Thj(s,a) — <Ph(5,a)avh+1>)
aEICh(s)

<H |4 Y = 10g<4m ST T 1y ()1 + HS/ecover) 3 /5)
ackp(s ) s€S,h€[H] j€[m)]

<H |8 3 ”h Slog(8mN( )SH /€coverd).-
aE’Ch()

Note that rp, (s, a) + <Ph(s,a),zg+17j> — T (s,a) — <]3h(s,a),zg+1,j> is bounded in
[—H, H]| as rpj(s,a) € [0,1] and V7, ; € [0,H — h]. There exists V;11 € V such that

1Vh+1; — Varilloo < €cover, which implies

> wh(als) (rals,a) + (Pu(s,a), Vi) — Fa(s,a) — (Pals, ), Vh+1>)‘

aeky(s)

_ Z 77, (als) (rh(s,a) + <Ph(s,a),KZ+1,j> —7p(s,a) — <f’h(s,a),V;;+Lj>>‘
acky(s)

<L2€cover-

For any mj, ; € Il j(s), there exists m’; € C(IIy,;(s)) such that |[7,;(-[s) — 7, ;(-[s)[l1 <

€cover for all j € [m] and s € S. So with Lemma B.5.2, we have

>° whals) (rag(s,a) + (Puls,a), Vi) = Fry(sa) = (Pals.a), Viya ;)

aElCh(S)
— Z mn(als) (rh(s,a) + <Ph(s,a),KZ+17j> —Th,j(s,a) — <ﬁh(saa)7zz+l,j>)
acly(s)

<MmeécoverH.
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By Lemma B.5.3, we have

N 5 ﬂl(amld s~ mlal?

acln(s) nh(s’a) acky(s)

< V2meécover-

Combining all these parts together and then with probability 1 — 4, we have

>° muals) (rag(s,a) + (Puls,a), Vi ;) = Fry(sa) = (Puls.a), Vi)

aElCh(s)

mh(als)?
<H |8 > ———_Slog(8mN(IL, €cover) SHE) + 2€cover + Mecover H
acki(s) "h(5:2)

+ H\/8mecover 10g(8mN (IL, écover) SH/6).

By Lemma B.5.1, we have

N(H, 6cover) :Si Z H ‘C(Hh,j(s)a 6cover)|

s€S,he[H] je[m]

< H (3Aj/ecover)Aj

J€[m]

3( Z Aj)/ecover)zjelm] Aj_

J€m]

1 - .
Set €cover = Zje[m] AT’ and with some calculations we can get

> mials) (m(s,a) + (Pa(s.a), Vi j) = Prg(s,2) = (Pals.a), Vi)

acly(s)

<H |8 Z ﬂh Slog(SmN( )SHn/5)—|—\/3210g(16 H A;mSHn/d)/n

aeky (s ) 5a J€[m]

mh(als)?
<H | Y Slog(N(I))e + /t/n.

aE’Ch(S) nh(S, a)

Lemma B.4.4. Under event Gmay, for all j € [m], h € [H], m €Il and s € S, we have

V7 () S Vili(s) < Vi 5(9).
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Proof. We prove this argument by induction. It holds for h = H + 1 as Vi, ,(s) =

VHW—&-l,j(S) =

V5 i(s) =

= proj [0,H—

= proj [0,H—

> PIrojjo, -

> Projjo, i —

2 PIojjo, -

= proj [0,H—

Vi +1,(8). Suppose the argument holds for i + 1 and we consider h.

~

= Projjo, g—h+1] \ Ea~my(1s)7hi(5:2) + Eacr, () Pr(s,8) - Vi *bh(s,ﬂi)}

= Projjo i _n 1] { mh(als) (7ni(s,a) + (Pu(s,a), Vi1, ) —bh(s,wi)}

aclly(s)

(Lemma B.4.3)

< Proj(o, r—h+1]

< Projjo,H—h+1] { mh(als) (T’h,j(&a) + <Ph(3’a)vVZ+17j>)}
acly(s)

= i i)+ (1)

aEICh(s

(Induction hypothesis)

< PrOjj0, g —h+1] {Z mh(a rh] s,a) + <Ph(s’a)’vhﬂ+1’j>)}
{

acA

< projjo,g—n+1] { Vi ()

=V (

he) § E

agK(s)

acky(s) agk(s)

h+1]

h+1{ > mulals) (Frg(s,a) + (Pa(s,a). Vigr ) +bals,mi) + H Y milals)
{ > ml(als) <7"h,j(saa)+<Ph<3aa)7v;zr+1,j>)+H > Fh(afs)}

ackn (s agK(s)
(Lemma B.4.3)

h+1] 7Th rh](s a)+ <Ph (s,a) Vh+1j>)}

acA
=T

hi1j(s) < H —hforall s € S)

acA

s
Vh J

v
h+1] {Z mh(a rhj s,a) + <Ph s,a), Vi ) (Induction hypothesis)
!

a9 (5:8) + Bar, () Ph(5,8) - Vippq s +ba(s,m) + H 7Th(3|8)}

}
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=Vi(s).

Lemma B.4.5. Under event Guman, for any policy w € 11, we have

Gap(m Z Vi (s) = Vi(s).
[m]

In addition, we have

output : T T
Gap(ro"P) < min 2 {Vld i(s )—Kw(s)} .
jE[mM

Proof. By Lemma B.4.4, we have

M

Gap(m = max Z Vl7T L] = V(s) < max Z V;r
[m] j€lm]

(s) = Vi ;(s)-

Combined with Lemma B.4.1 we can prove the first argument. For the second argument,

note that mouipus is the minimizer of the RHS, so we have

output 6 T— T
Gap(x™™) < mip 32 V37 (0) = V()
J

Lemma B.4.6. Under event Guay, for any strategy m € 11, we have
Vi;(s1) > Vi(s1) — Eg Z gh(shaﬂislh)a W,j(sl) < V(s1) + Ex Z Eh(shﬂffbh)-
he[H] he[H]

Proof. We prove the first argument and the second argument holds similarly.

ij(sl) - KT,j(Sl)

=Earm (|s1) [Tl,j(sl»a) + Pi(s1,a) - sz] Earm (1) {?1,1'(51,&) + Pi(s1,a) 'K%} + b1 (s1,77")

~

=Er, {‘/27?]‘(32) VQJ 52 } +Er, {T (s1,a) + Pi(s1,a) 'Kg—,j - 7/"\1,]'(51,3) — Pi(s1,a) 'K72r7j:| + bl(slaﬂ-fl)

<Er, [Vi(s2) = VEj(s2)| + > milalsy) (ray(si,a) + Pi(si,a) - Vi = Fi(si,a) — Pi(si,a) - Vi)

aeICh(s1

+ Z a|51 H-I—bl(sl,ﬂ'l )
agln(s1)
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<En, [‘%(82) _Kg,j(SQ)} + Y mi(als)H +20i(s1, 7"
a¢kp(s1)

~

=Er, |V5(s2) = V5 ;(s2)| +bu(s1, 7).
By telescoping we can prove the first argument. O

Lemma B.4.7. Under good event Gumay, for any strategy m € 11, we have

3 Vi ) - V(o) <Gaple) + g 3 B[S o it i)

H
N Sh
7/ eI1det + Ml Z {bh(sh’ Th )} ’
JE[m] J€[m] h=1

h=1

Proof. Set T = argmax /¢ 3 jem] foﬁj (s1) = V7 ,(s1). Lemma B.4.1 shows that there

always exists a deterministic strategy 7 € 119, which is used by Algorithm 18.

—7’1'71']

ﬂ,rg%ﬁn ' Vi T(s1) = Vi (s1)
JElm]
Z Vﬂ']’ﬂ—_] Vl](sl)
jelm
< Z VI (s0) = V() 4 Bx o S Blsn w4 Ee Y Bh(sh,ﬂih)]
helH] he[H)
(Lemma B.4.6)
gy H H
< maﬁiet |:V1 7 J( ) ‘/l] 81 :| + Z Eﬂj,ﬂ,] [Z bh<3h77~rz7ja7r}ssz—j) +mE7rZ [bh(shaﬂvih)}
mell J€[m] j€lm] h=1 h—1
H R H %
<Gap(r) + max 37 By le (s )|+ mBe > [ba(sn, mih)]
7T €
j€lm] h=1 h=1

B.4.1 Dataset-dependent Bound

Lemma B.4.8. Suppose C(r) is finite. For any strategy « € II, h € [H] and j € [m], we

have

Eﬂ;_,,L bh(Sh,W;fZ,Wh ) < ZHS\/C ) log(N(IT))e/n.
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Proof.

ISh Sh
Ert m_On(shs Ty T 5)

:Eﬂ;_mjﬂ\l > (Wﬁ,jvWh,—j)(a|8h)2510g(N(H))L+ﬁ/n

aeky(sp) ni(s,2)

7r§.,7r,j , 9
dy’ " (sn)(my, 5, mh,—j)(alsk)
nh(sh,a)

Slog(N(IT))e + vt/n

SAIDS

spES aclly (sp)

:ZH

ShES aEICh(Sh)

7r;.,7r,j 9
MSlog(N(H))L +Vi/n
ndp(sp, a)

<Y H| Y Omdy ™ (sa)S oM (I)/n 4 vi/n
spES \ acky(sp)

SH\/S26’(W) log(N(I))e/n + v/t/n (Cauchy-Schwarz inequality)
<2H5\/C () log(N (1)) /1.

O]

Lemma B.4.9. Suppose C(r) is finite. For any strategy « € II, h € [H] and j € [m], we

have
Ew;.,ﬂ-,j Z (W;L,jaﬂ'h,—j)(aﬂsh) = 0.
apEkn(sn)

Proof. Similar to Lemma B.3.8, we have
Eﬂ’;,ﬂ'_]' Z (W;L,j7 Wh:—j) (ah "Sh)
ané¢ln(sn)

=B m_; > (T Th—j)(@nlsh)

an:d (sn.an)=0

7r’.,7T,'
= Z dhj ! (Sh, ah)



206

Lemma B.4.10. For any strategy m € 11 and j € [m], we have

< 20251/ C () log(N (I1))1/n.

mabXIEW/7r ; [Z bi( Sh,ﬂ'h],ﬂ'h )

Proof. 1f é(ﬂ') is infinite, the argument holds directly. Otherwise it can be derived from
Lemma B.4.8 and Lemma B.4.9. O

Theorem B.4.11. With probability 1 — §, we have

Gap(m°"Put) < InEll[[l Gap(m) + 4mH25\/é(ﬂ) log(N(IT))e/n| .

Proof. This can be derived from Lemma B.4.10, Lemma B.4.5 and Lemma B.4.7. O

B.4.2 Dataset-independent Bound

Lemma B.4.12. Suppose pmin = ming » p{d},(s,a) : d}(s,a) > 0}. With probability 1 — 4,

for all h,s,a, we have

nn(s,8) > (1 B \/210g(SHj€[m]AjH/5)) ndy(s,2),

N Pmin

810g(SHje[m]AjH/5)

Pmin

As a result, if n >

, for all strategy , we have
2C(mr) > C(r).

Proof. For a fixed s, a, h, for any € > 0 we have

e2ndy (s, a Enmo:
P(np(s,a) < (1 —€)ndp(s,a)) < exp <dhz(’)> < exp ( ]29mm> ‘

With a union bound, we have

2 .
P(3h,s,a,b: P(np(s,a,b) < (1 —e)ndp(s,a,b))) < STl AjH exp (—6 ng”“) .
The RHS is smaller than ¢ if we set

c— \/QIOg(SHje[m}AjH/(S)

NPmin

8log(STL;cm)A; H/9)

Pmin

If n >

, we have dj,(s,a) = na(sa) dh( a), By Definition 3.2.4 and

n

Definition 3.2.3, we have

20() > C().
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8 log(SHJE[m] AJH/(;)

Pmin

Theorem B.4.13. Ifn >

, with probability 1 — &, we have

Gap(7°"P") < min |Gap(7) + 4mH25\/2C’(7r) log(N(IT)e/n| .

mell

Proof. This can be derived by Lemma B.4.12 and Theorem B.4.11. O
B.5 Technical Lemmas

Lemma B.5.1. (L-1 covering number of probability simplex) For probability simplex A(A)
and A = | A|, there exists a subset A'(A) C A(A) such that for any p € A(A), there exists
p' € (A) such that ||p—p'||; <e. In addition,

IA'(A)] < (?’A>A.

€
Proof. We construct €’-net for €/2 < € < € such that 1/¢ is integer. Then this ¢-net is
directly a e-net as € < e. Define D(A) = {(n1€/,na€, - ,nae), X2, =L n;€[0,1/€]} C

e

A(A). For p = (p1,p2, -+ ,pa) € A(A), suppose
kie' < pi < (ki +1)€,

for some non-negative integers {k;}. Set k = -4, k; Then we have 1/ — A < k < 1/¢.
Now we construct p’ = (n1€/,nae’,- -+ ,na€’) € D(A) such that

ni=ki+1, i€[l/e —k]

n; = ki, otherwise.

Then we have |p; — p;| < € for all i € [A], which implies
lp =]l < A€,

14€ A 3\4 . :
So |D(A)| < (—,) < (E) is an Ae-net of A(A). We can prove the lemma by rescaling

€

€. ]

Lemma B.5.2. Suppose mj,7; € A(A;) such that H?‘(‘j -
function f(a) € [-H, H], we have

, < e for all j € [m]. For any

IEpr f(a) — Eawn f(a)] < meH.
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Proof.

|Ea~7rf(a) - Earwr’f(a)|

=Y T ymi(ay) f(a) = YT mi(a) f(a)

Y Y mmen, e Y (mla) - i) fa)

7=1 a_jGHi¢in a]'E.A]'

m
<> Y Woimi(a)L () eH
jzla_jEHi¢in

—meH.

O]

Lemma B.5.3. Suppose m;, 7 € A(A;) such that HT(j - 7r'-H1 < e for all j € [m]. For any

J

set K C jgpm)Aj and function n(a) > 1 we have

Proof.

IN

IN

m(a)? m(a)?| _ 5
2 @) T 2 iy | S VT

ackl ackl

m j—1 m
>0 I I #2) Y (73a)) - 72(ay)) 1(a € K) /n(a)

i=la_je[],,, Aii=1 i=j+1 a;EA;

m j—1 m
> > II#e) I #P(a)2e

i=la_;e]],,; A =1 i=j+1

2me.
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Appendix C
DEFERRED CONTENTS FROM CHAPTER 7?7

C.1 Properties of Independent Linear Markov Games

Proposition  4.3.2. v-misspecified state abstraction Markov games (Example
2) are Huv-misspecified independent linear Markov games with IJabstraction
{m | 7n(- | s) =mn(- | §),0(s) =v(s)}, di = |Z|A; for all i € [m] and feature

Gi(8,a;) = €y(s),a; t0 be the canonical basis in R%

Proof. For all player i, we will let d; = |Z]A; and ¢;(s, a;) = €(y(s),qa,) D€ the canonical basis
in R%. For any policy 7 € II®stimate fy the definition of QZ’W"“V (See Equation (4.1)), we

have B v
Es:d)(s):z dZ(s)Qh,_i“ (87 ai)
Zs:w(s):z dg(s)

where d7(-) is the distribution over S induced by following policy 7 till step h. Thus we

0™V (2, a;) = c[0,H+1—hl,
h

have

; T,V —i,V
Proj(o, +1-h] (<¢5i(5h7@h,i),927r >) — Q" (shyang)
3 T,T—i,V _i,V
= PrO){o, H+1-h] (HZLW (¢(Sh)7ah,i)) - Qz,i (Sh, an,i)
T, —i7V _i,V
=0, (Y(sn)s ang) — Qps" (snyanyi)

T T,V T,V
Zszw(s)zw(sh) dp(s) (Qh,i (s,an:) — Qh,i (Shs ah,z’))
Lsab(s)=u(sn) T (5)

On the other hand, for any z = 9(sp) = ¥(s},), i € [m], h € [H], V € V and & € [I*timate,

we have

—i,V —i,V
Q5 (snans) = Q" (s ans)

= Bay, _imm_iClsn) [Thi(Shs @hsis @h,—i) + Vit (8h1)] = Bay oy _i(1sh) [Thii(Shs Qhsis @n,—) + Vh+1(3h+1)]‘

<Eq, _immn_iClsn) Urh,z'(b’h,ah,i) — h,i(Shy @n,i) | + |Esy i nBy (lsmoan.) Vi1 (8041 = B, by (s a0 Vi (

(For 7 € II*stimate " we have m, _;(- | sp) = mh—i(- | 8},))
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<E > (Pulshet | shrani) — Palshat | $hrani) Vit (she1)

Sh+1 €S

SEq,, _jmmn,—i(-lsn) [€n(2) + (H = h)en(2)]

—(H — h+ Den(2).

6h(z) +

ap,—i~mh,—i(-|sn)

|

Thus we have

H
> Ex {PYOJ[O,HHfh] (

(o
(o

< i B~ le"oj[O,H—i—l—h] (

—i,V —i,V )
(Shani), 05" >>—Q27i (Sh,an,;)

(sh,ani), 0 ™" >) Qhii oV (Sh, an,:)

—

h=1
_ EH: E; Zs:d)(S)ZdJ(Sh i( ) (QZ; (3; C;h,z) Qh_“ (Sh, ahﬂ')) 1
h=1 Zs:d}(s):z dh( ) |

<Y T EZ[(H — h+ Den(¥(sp))]

where the last inequality is by the definition of r-misspecified state abstraction Markov

games. O

Proposition 4.3.3. Congestion games (Example 3) are independent linear Markov games

with S =1, H=1 and d; = F for all i € [m] and misspecification error v = 0.

Proof. As S =1 and H = 1, we will ignore s and h in the notation. For all player i and
action a; € A;, we set ¢;(a;) € {0,1}F such that
1, Vfeaq
[¢iai)]y =
07 \V/f ¢ a;.

We only need to construct 6 * such that |[|6]

< F and <¢)Z(CL1), 0:-71> =
Eq_,~x_; [Ri(a)] € [0,1] for all policy 7 and then we will have

E,z, [Projjo.y (#i(ai), 07 ") = Ea_inn_, [Ri(a)]| = 0

for all 7.
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For any player ¢ and product policy 7_;, we can set
(07" = Ba_yor, [RI (' (ai) + 1)] ¥F € F,

where we use n/(a_;) to denote the number of players except i using facility f. As each

< v/F. In addition, we have

element in 6] * is bounded between [0, 1], we have |6

> (R (nf(a—) + 1))

f€a;

<¢i(ai)7 9?7i> = Eafi"’ﬂ'fi

=Ea i,

3 Rf(nf(a))] =Eo or , [Rila)].

fea;

which concludes the proof. O
C.2 Proofs for Section 4.4

We will set the parameters for Algorithm 3 to be

A\ = 21og(16dmaxmNHT /)
- log(36/35)

b W:H\/dmax

o B=16(W + H)\/A + dmax 10g(32WN (W + H)) + 4log(8mKmax HT'/3)

Tig = 64log(8mHN?/§)

2Hmdmax log(N+)\) N}
10g(1+TTrig/4) ’

Kmax = min{

T = 6([—[4 log(Amax)e 2) for Markov CCE and T = 6(H4Amax log(Amay)e?2) for
Markov CE

o N=0(m*H*d?, 2.

max

We will use subscript k, t to denote the variables in episode k£ and inner loop ¢, and subscript
h,i to denote the variables at step h and for player . We will use K to denote the episode
that the Algorithm 3 ends (n** = N or K = Kpax) . Immediately we have K < Kyax < N.

By the definition of the no-regret learning oracle (Assumption 4.4.1 and Assumption

4.4.2), we have the following two lemmas.
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Lemma C.2.1. Suppose Algorithm 3 is instantiated with no-regret learning oracles satis-
fying Assumption /4.J.1. For allk € [K], t € [T], h € [H], i € [m] and s € S we have
H
72 Z Trhz a’"‘thz<3 a2)>maxizQ ?Reg(T)

t la;€A; aiedi T (=

Lemma C.2.2. Suppose Algorithm 3 is instantiated with no-regret learning oracles satis-

fying Assumption 4.4.2. For allk € [K], t € [T], h € [H], i € [m] and s € S we have

72 Z 77}” a; | s th(s a;) > max —Z Z Tr,” a; | s th( s Up(a; | s))—%-SWapReg(T).

t=1a;€A; Vi€V Tt la;€A;
C.2.1 Concentration

The population covariance matrix for episode k, inner loop t, step h and player ¢ is defined

as
k—1
Shei=E [ = A+ 'S,
=1

where Zgi =E & [gbi(sh, ani)di(sh, ah,i)—r}. Note that slh, aﬁm is sampled following the same
policy for each inner loop t, so the expected covariance is the same for different ¢.
We define %%V to be the mixture policy of the policy cover IT¥, where policy 7! is given

weight /probability —“+—. Then we define the on-policy population fit to be

j=1

2
kit . 7k
gh,i = %ﬁ?&? E(sh,ah,i)wﬂ'kﬁcov {<¢i(8h7 ah,i)? 0) — Eah,—i“’wﬁiiﬂs) {Th,i(sfh ap) + Vh+1,i(sl)} } )

2
Ot i angmin B, g, koo { O1(m000).0) < B a1 [rmatonsan) + V)]

’ lo<w ot
Lemma C.2.3. (Concentration) With probability at least 1 —0/2, for all k € [K], h € [H],

t € [T], i € [m], we have

[0 = Bt < 8OV + H)\ A+ dilog(32W N (W + H)) + d10g(8momax HT/0) < 5/2,
h,i
(C.1)
ok — o g SV H)\/A+ dilog(32WN (W + H)) + 4log(8m Kuax HT/6) < /2,
’ (C.2)

w

1
Lokt <sp, < Sgh ©3)

[\)
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Proof. By applying Lemma C.7.8 with Yj,ax = H and union bound, (C.1) and (C.2) holds

with probability at least 1 — §/4. For (C.3), we can prove it holds with probability at least

16d;m K max HT/5)

Tog(36/35) and union bound. O

1 —4/4 by applying Lemma C.7.9 with A > 2log(

Lemma C.2.4. With probability at least 1 — /2, the following two events hold:

» Suppose at episode k, Line 42: Ty, ; > Tryig is triggered, then we have

T
k11—l = Tr;fgj
[Eh’,z‘] 2n

i Sh ’ahz

E._ H@(Smah,i)\ﬁzh 125 F Z’

where j denotes the j-th trajectory collected in the policy cover update (Line 33).

o For any k € [Knax), h € [H], i € [m], we have

2TTrig
nk

. . 2
E & ”@Z)z(shaahﬂ)n [E,}?’Hq <

Proof Note that if at episode k, T}, ; > Tryig is triggered, we will have n* < N as otherwise

k’
i Sh aahi)

and Tryig > 64log(8mH KyaxN/§), we have that the argument holds Wlth probability at

= N will be triggered. By Lemma C.7.2 with X; = ‘

Elk —1y NMmax = N

least 1 — 0/(2mKpaxH) for any fixed k € [Kyax|, h € [H] and i € [m]. Then we can prove

the lemma by applying union bound. O

We denote G to be the good event where the arguments in Lemma C.2.3 and Lemma
C.2.4 hold, which is with probability at least 1 — ¢ by Lemma C.2.3 and Lemma C.2.4.

We define the misspecification error to be
—k,t . ~k,
Ah,i(svai) = E,L Nﬂh t.(ls) [Thz(s a) + Vh+1 i(s )} — PrOJ[0,H+1-h) (<¢>i(s,az~),9h,§>) )

éﬁfz(sa a;) =K, i~ () [rm(s,a) +Kﬁ+1,i(5,)] — P00, H41-h] (<¢i(57 a;), 52:» :

Then by the definition of v-misspecified linear Markov games, we have the following lemma.

Lemma C.2.5. For any policy 7, we have

H
S Er (A (sa)]

h=1

{Ahz S az)] <v <.

I
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C.2.2  Proofs for Markov CCE

Lemma C.2.6. Under the good event G, for all k € [K], t € [T], h € [H], i€ [m],s€ S

and a; € A; we have
—k,t —k,t —k —kt
_Ah,i(S)ai) < Qh,z’(sv ai)— {Ea NWfL o (s) [Th,i<57a) + Vh+1,¢(SI)H < 38| i(s, ai)H[E’;‘i}*l_Ah,i(Sa ai),

i~ (1) {T’“(S’a) +VZ+1,¢(5,)H < —AVi(s,ai).

—1

=38 615, a) g - —Ay(s,ai) < Qpt(s,ai)— [Ea

Proof. We only prove the first argument and the second one holds similarly.

By Lemma C.2.3, for any s € S, a; € A;, h € [H], i € [m], k € [K], we have

Akt pkit
Ohi — O

(15, 00), 045 — 031

< 1165, ai) g 1o g < B/2l0u(s 0y

where the first inequality is from Cauchy-Schwarz inequality. As a result, we have
Qi (s, a1) = projjo 1 (<¢i<s,ai>,e§?$> +810i(s.a)l gy )
>PTOJ[0 H+1-h] ( ¢z 5,a;) th + 5”@(5 az)H[zk J- 1) (Lemma C.2.3)
2 Proj(o, fr41-h] (<¢z s, a;), >>

—k,t
=K [Th,z s,a) + Vh—‘,—lz( )} - Ah,i(svai)

a_ 1~7r

and

(6:5,02),015)
<¢Z s,a;),0 :>+25 llpi (s, ai)l| =k _1) (Lemma C.2.3)
(651 a),07:5)

—k —k,t
:Ea,iwﬂﬁ’t_iﬂs) {Th,i(S, a) + Vh+1,i(5/)] - Ah,i(su a’i) + 3ﬁ ”(Z%(S, ai)H[EIfL,i}71 5

which concludes the proof. O

Lemma C.2.7. (Optimism) Under the good event G, for all k € [K], i € [m], we have

Tk,
= V1,z‘7r (51) —

H

—k tok

Vl,i(sl) 2 V1,z'7r (s1) — E :ET,wiji [ E Ahz Shy Qh,i)
h=1



215

Proof. For any k € [K], i € [m], under the good event G, we have
—k T,ﬂ'lil-
Vii(s1) = Vi 7' (s1)

T
H fok
—PI"OJOH ( Z 7T11 a; | s1 le(shall)—’_? Reg(T )) _Vm (s1)

t=1 azeAz
> Projjo, a] ( ?}%ﬁl = tz:Ql (51,01, ) — Vf’;ﬂﬁi(sl) (Lemma C.2.1)
1 & —k —kt ok,
2wy 73 (B ontt oy [P1i65:2) + V5] = Bl an) f = VT Go0)
(Lemma C.2.6)
>Ey lrl i(s1,a1) + V2 (s —= Z Al i (s1, a1 ] _ VlT,;ﬂlii(sl)

7k 77{
:Emﬁi [VQ,i(SQ) sz 32 - *ZAU 51,014 ]

>R [i ZAmsh,am]

h=1

> —v, (Lemma C.2.5)
where we use ETJF’L to denote EW&W'L such that 7/ is a best response of 7% . O

Lemma C.2.8. (Pessimism) Under the good event G, for all k € [K], i € [m], we have

VE i (s1) < VT (s1) ZE [Z Apt(snaang)| < VG (s1) +v

t=1

Proof. For any k € [K], i € [m], under the good event G, we have

k
=72 2 m(ani | s)@QY (s1,010) = VI (s1)
t=1a€cA;
1 & k kot k
t
T X w0 (B ke [ratonan + Y (s0)] - Ak Gsra)]| - W (1)
t=1a;;€A,; , o

(Lemma C.2.6)

||M%

_]Eal"’“l( ‘51) |fj 2(51731) + V22 82 ékt Sl?a@ ] - ‘/17:’;(81)

T
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:]Ealmﬂr’fﬂsl) [Vg,i(52) ‘/21 52) Z Slaaz

e [y ]

h=1

<v

—"

(Lemma C.2.5)
which concludes the proof. O

Lemma C.2.9. Under the good event G, for all k € [K] and i € [m], we have

v (1) VI (s1) =20 < V1 i(s1)—VE (1) < 6B Z 16i(sns ani)lise 1- 1+ Reg( )+2v.
h=1

Proof. The first inequality is from Lemma C.2.7 and Lemma C.2.8. Now we prove the

second argument. Under the good event G, for all k € [K] and ¢ € [m], we have

—k
Vii(s1) = Vi,(s1)
1 —k, H 1 &
ST 2 my (| s1) Q1 (s1,a0) + 7 Reg(T) — 7 > i (an | 51)QF ! (s1,a14)
t=1a;€A; t=1ay €A )
1 & k —k —k,t
ST Z 7717’;(@171' | 51) <|:Eal 7iNﬂ_ic,t (|s) [Th,i(sla al) + V27i(52)H + 3,8 Hgf)i(sl, CLLZ')H[EIIc 1-1 — Al:z (5’ al,i))
t=1lay;€A; ’ =t r
_ T Z Z 771”1' (al,i ‘ 51) <|:Ea1 ﬂ‘Nﬂ'lf’t (Is1) [Th,i(Slaal) +V272-(52)}:| — 3/6 Hqﬁi(sl, alﬂl)H[E’f i]71 — Al:z (3’ al,i))
t=1a zeAz ' o ’
H g
+ T Reg(T) (Lemma C.2.6)
1 & k
17 k
Sf t; [Ealwﬁ]f’t(.|51) [V2,¢(52) - KZ,@'(S2)H
1 &, H
+Eau~w’f’§(-\sl [65 | @i(s1,a1)]] 01 ZAI i(s1,a1,) — - Zé 7;(51,(11,1') + = Reg(T)
:Eﬂlf [VQ,i(‘S?) - Kg’i(82)} + Eal,i’vﬂf’;(~‘81) 6,8 ||¢i(317 al,i)”[zlf’i]—l - T tzzl Al,i (317 aLi) - T ;él,i (317 CLLi)
H
+ T Reg(T)
H T H2
<6/8E7rk’ Z H¢Z Sh7a’hz)” Ek -1 = Z Z(Ahl Sh,ahz +Ah2(8h,ahz)) +? Reg(T)
h 1 h=1" t=1

H2
<608 3" ox(on ) w1 T2+ o Reg(T),
h=1
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which completes the proof. O

Lemma C.2.10. Under the good event G, for all i € [m], we have

S ) N
N E k|| @i (shy an _1 < 4Tyied; 10g< > .
S B (onsanilfy | ; o

Proof. First, by the triggering condition, we have

Z‘ 2 | ]

where j denotes the j-th trajectory collected in the policy cover update (Line 33). By

2
[=hi]

k k
bi(sh s ap;) 1 S Tmg + 1,

4]

¢z Sh,ahz ¢z Shvahl

Lemma C.2.4, we have

nFE_ ||¢i(sh,ah7i)H2[ ] L <2nPE_ ||¢,,(sh,ahl)H[ ] 1 < 4Ty

Then by Lemma C.7.6, we have

det(XFH1)
k 2 h,i
n"E i(Sh, Gpi 1 < ATy log ———F—.
e oo anlifgy 1o < 4Tralog ga oS
Thus we have
K det(Xr 1)
B || ¢ (sn, an, NP, -1 <Y dTnelog —— 2t~
e ot nly - Z TS
det(EhKH)
R det(n],)

< 4TTrig

d; log (W) —d; log(/\)}

)

N
=4Trvigd; log ( d»A) ,

where we utilized the fact that

trace(DE ! ' N
o (51 < dto (L) < 1o (41N

and complete the proof. O

Lemma C.2.11. Under the good event G, we have

i i N\ H2N
n fg[zz{] (V1 i(s1) — Ku(sl)) < 6mH By [AN (Tryig + 1)dmax log (1 + X + T ‘Reg(T)+2vN.
k=1
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Proof. By Lemma C.2.12, under the good event G, we have Zk | P =n = N. Thus we

have

—|— — Z n*Reg(T) 4+ 2vN (Lemma C.2.9)

K
<> nk max [GBEW Z 19i(sn; ani)lliss -

S 5 HQN
<64 ZZTLEﬂk\/Hﬁbi(Smah,i)H[gﬁJﬂ‘f‘ 7 Reg(T) + 20N

LA H2N
<66 ZZn’“\/ i 1655, an ) gy -1 + =7 Reg(T) + 2vN

(Concavity of f(z) = )

H K H2N
<68 > |20 Zn’“E k 1| (sny ang)|I7 w1+ g - Reg(T) + 20N

k=1

(Cauchy—Schwarz inequality)

N H2N ,
<68 > Z N4(Tryg + 1)d; log (1 o ) + —5— - Reg(T )+2vN  (Lemma C.2.10)
i€[m] h=1

H?N
T

N
§6ﬁmH\/N4(TTrig + 1)dmax log (1 + )\> + -Reg(T) + 2vN.

Lemma C.2.12. Under the good event G, we have

2Hmdmax log(N + \)
log(1 4 Tryig/4)

which means K < Kuax and Algorithm 3 ends due to Line /2 (n*°® = Npax ).

Proof. By Lemma C.2.4, for any player ¢ and h € [H|, whenever T, }’fz > Tmyig is triggered,
with probability at least 1 — § we have

1
nk}Eﬂk Hd)i(shvah,i)HQ[Zﬁ V]—l 2§nkE”k \|¢i(sh,ah7i)||2[zzyln]71 (Lemma C23)

1
=
7j=1
> Tig
- 4

(Lemma C.2.4)

i(sh, a;l,,i)

=il
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Then by Lemma C.7.6, we have

det(Eﬁl)
det(Eﬁ’i)

Ty
>1+4+ nkEﬂ.k ||¢i(8h7ah,i)H2[Ek ]_1 =1+ 4rlg'
hyi

Suppose sp; is the number of triggering T,’fﬂ- > Tryig at level h and player 7, then we have

det (2K H Tros \ Shyi
( hiz ) > (1+ Trlg) ]
det(X, ;) 4

In addition, we have

2K+1

trace i di\
log(det(2},;)) = dilog(\), log det((25 1)) < dilog (W) < d;log (;) :
which gives
d;log(N/d; + \)
Shi < .
' log(1 4 Trrvig /4)
Thus, the total number of triggering is bounded by
2mH dmax log(N + A

I I

i€[m] he[H) 0g(1 + Trvig/4)
where the additional 1 is from the event n'* = N. O

Theorem 4.4.3. Suppose Algorithm 3 is instantiated with no-regret learning oracles sat-
isfying Assumption j.4.1. Then for v-misspecified independent linear Markov games with
[estimate — {7Tk7t}£(72£1’1, with probability at least 1 —§, Algorithm 3 will output an (e + 4v)-
approzimate Markov CCE. The sample complexity is

O(MHT KpaxN) = O(m*HWYd! | log(Amax)e ™),
where dmax = MaX;e[y, di and Apax = MaX;e m] A;.

Proof. Under the good event G, by Lemma (.2.12, the algorithm ends by n*** = N. By
Lemma C.2.11, under the good event G, which happens with probability at least 1 — ¢

(Lemma C.2.3 and Lemma C.2.4), we have

. —k k
REIR) i€m) (Vo) = V(o)
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N H?
<6mH By |4(Trvig + 1)dumax log (1 + A) /N + - Reg(T) + 2.

By setting N = O(m2H*d3,, e 2) and T = O(H*10g(Amax)e 2), we can have
v v <e+ 2.
ihin max ( 1i(s1) — 7171(51)) <e+2v

Then by Lemma C.2.9 we have

_I_ 7.‘_output output Joutput koutput
max(VM (s1) =V (s )><max<V“ (s1) = V7 (1))+21/

1€ [m} 1€ [m]

- % vk, 2
= [nin Ig[éggj( Lils1) - VEi(s1)) +2v
<e—+4v,

which completes the proof. O

C.2.8 Proofs for Markov CE

Lemma C.2.13. (Optimism) Let ¢f = argmax,, fo’fﬂk(sl) for all k € [K] and i € [m].
Under the good event G, for all k € [K] and i € [m], we have

Vii(s1) > max VI (s1) Z Eykonk l ZA;” Shy Oh,i ] 2 max Ve (s1) - .
Proof. Under the good event G, for all k € [K], h € [H], i € [m], s1 € S, we have

Vi i(s1) — max V7, U (s1)
T H ok
= Projo, ] Z Z {(a1i | s1 Q“(sl,au) 7 - SwapReg(T) | — Vi~ (s1)
=1 aieA;

T
3 T’ﬂ—ii
> Proj[o, ] (max > > mi(a | s1)@Qy s (51,01 | 81))) = Vi; (s1)

L t=1a;€A;

(Lemma C.2.1)
—~ k.t Tvﬂ'ii
= Ifﬂllax T Z ay~ipy jomt ! (-[s1) [7"1 i(s1,a1) + V2 i(82) — Ay (s1, al,i)} -Vi; (s1)
(Lemma C.2.6)

Taﬂ—ii
2By ok [le(Shal) +Vs4(s ZAU (51,01, ] - Vi '(s1)
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T
—k Tﬂ'rlii 1 fk,t
:Ew'f ok [V2,i(52) V2,i (s2) — T ZALz‘(Sl,al,i)]
' t=1

> — Ewkoﬂ.k [Z ZA;” (Shsan ]

>—v (Lemma C.2.5)

which concludes the proof. O

Lemma C.2.14. Under the good event G, for all k € [K] and i € [m], we have

H 2
ok H
n}bax fo’i’o (51)—V7 (31) v < Vl i(s1)— Vl i(51) < 6BE Z Il ( sh,ahz)H[Zk - 1+ -SwapReg(7T)+2v.
¢ h=1

Proof. The first inequality is from Lemma C.2.13 and Lemma C.2.8. Now we prove the

second inequality. Under the good event G, for all k € [K] and i € [m], we have

1 —k H 1 &
<=3 wia | )@ i (s1,a1,) + = - SwapReg(T) — — Y myiasi | s1)QM (51, a1,4)
Ti= 7 ’ T T ’ u
=1laj;€EA; t=1a;;€A;
1 T —k —k,t
<X X bt o) ([B,, b g [rastonan) + Vhiton)] | + 38 10itsr )l gy -0 - Bisn,a
t=1a;;€A; 7 b "
1 k k
3 5wt ([Ey st [rrstonan) + V0] | - 38 101,01 sy -+ — ARG
t=1a;,;€A; o o
H
+ - SwapReg(7T) (Lemma C.2.6)
1< k k,t
=7 152221 <Ea1~7r1 (1) [V21(32) Vs 2(52)} +E ~rl ([s1) [65 [¢i(s1, a1 z)H[zk -1 — Ay(s1,a14) — Ar(
H
+ T SwapReg(T)
—k kit H
=E [VQ;L'(SZ) - Kg,z’(SQ)} +Eqp nk {65 I9i(s1; ar) e 31 = Ari(s1,a1,) = AYi(s1,a14)| + T+ Swapk
Ll LIy ot H?
<6BE w3 1035 ani)ll g -1~ Exe Y- (BpiCons ana) + Aji(sn ani)) + 5 - SwapReg(T)
h 1 h=1
H2
<6LEx Z [ ( 5h7ahz)”[z}k g1+ - SwapReg(T)) + 2.
h=1
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Lemma C.2.15. Under the good event G, we have

i N\ H2N
n¥ max (V“(sl) K1,i(31)) < 6mH By [AN (Tryig + 1)dmax log [ 1+ 3 + E -SwapReg(T)+2v.

1€[m]

Proof. The proof is similar to the proof for Lemma C.2.11, where the only difference is that

we replace Lemma C.2.11 with Lemma C.2.14 in the proof. O

Theorem 4.4.4. Suppose Algorithm 3 is instantiated with no-regret learning oracles sat-
isfying Assumption /./.2. Then for v-misspecified independent linear Markov games with
[Jestimate — £k, t}k 1—1,1; with probability at least 1 — 6, Algorithm 3 will output an (e+4v)-

approximate Markov CE. The sample complexity is
O(MHT Kyax N) = O(m* H'Od} . Armax 10g(Amax)e ).

Proof. Under the good event G, by Lemma (.2.12, the algorithm ends by n'** = N. By
Lemma C.2.15, under the good event G, which happens with probability at least 1 — §
(Lemma C.2.3 and Lemma C.2.4), we have

k
152[1?1%% (V“(Sl) V(o)

N H?
SGmHﬁ\/AL(TTrig + 1)dmax log (1 + )\) /N + - SwapReg(T) + 2v.
By setting N = O(m2H*d3, e2) and T = O(H* Apax 10g(Amax )€ 2), we can have

< .
klg[m} ?El[fir}ﬁ (V1 (s1) = V¥ 1(81)) <e+2v

Then by Lemma C.2.14, we have

k,output

max <max pr;wmput( 1) =V zoucput( 1)) < max (VlZ (s1) — Vkoutput( 1)> + 2

i€[m] i€[m]

(3

k
= 174 vk, 2
krg[III(l] nel[a}ﬁ ( 1a(1) = I’Z(Sl)) i

<e+4v,

which thus completes the proof. ]
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C.3 Algorithms for Learning Markov CCE/CE without Communication

In this section, we present a communication-free algorithm for independent linear Markov
games. The key difference is that we leverage an agile policy cover update scheme, i.e., the
policy cover is updated whenever a new 7* is learned (Line 25), and the policy certification
is replaced by a uniform sampling procedure (Line 27).

We will set the parameters for Algorithm 21 to be

)\ = 21og(16dmaxmKHT/9)
- log(36/35)

b W:H\/dmax

e B=16(W + H)\/A+ dmax 10g(32WN (W + H)) + 41og(8mKmax HT/3)

T = 6(H4 log(Amax)e~2) for Markov CCE and T = 6(H4AmLX log(Amax)e™?2) for
Markov CE

o K =0(m?H4d?, e2).

max

C.3.1 Concentration

The population covariance matrix for episode k, inner loop t, step h and player ¢ is defined
as
koot L
k S b
Sho=E[SH] = A+ Y 57
=1

where Egi =E & {qbl-(sh, ani)Pi(Sh, ah,i)T}. Note that sﬁl, alm is sampled following the same
policy for each inner loop ¢, so the expected covariance is the same for different ¢.

We define 7%V to be the mixture policy in ITF = {Trl}fz_ll, where policy 7! is given
weight /probability ﬁ, and also define

2
kit . . 7k
Ol = %ﬁ?vlvn E (spap i) ~mkscov {(@-(sh, an,i),0) — B o, inmt (19) {Th,z'(Shv ap) + Vh+1,i(sl)} }

~

k7t «-— 3
OM := argmin }E(Sh’ah’i),\/ﬁk,cov {(gf)i(sh, api),0) — Eah it

2
o] <w Kt ()s) [rh,i(shaah) +V;§+1’i(s’)” )
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Algorithm 20 Communication-free Policy Reply with Full Information Oracle in Inde-

pendent Linear Markov Games (Communication-free PReFI) (Part 1)
1: Input: A\, 5, K, T

2: Initialization: Policy Cover II = ().
3: for episode £k =1,2,...,K do

—k
4: Set Viy1:(-) = KIIZ!—i—Li(') =0.

5: forh=H,H—-1,...,1do > Retrain policy with the current policy cover
6: Initialize W}llf to be uniform policy for all player 7. Initialize me-(-) = wa() =0.
7 Each player i initializes a no-regret learning instance (Protocol 1) at each state

s € S and step h € [H], for which we will use NO_REGRET_UPDATE}, ; 5(-) to denote

the update.
8: fort=1,2,...,7 do
9: for i € [m| do
10: Set Dataset Dif =0
11: fori=1,2,...,k—1do
12: Draw a joint trajectory (s},al, rlLi, o shal rﬁm-, st ) fromml, ;o

(71';171-, Tr,IjL), where 7t is the policy learned at episode [ stored in policy cover II.

13: Add (s}, aﬁm,rﬁl’i, S%H) to fo

14: end for

15: Set s = M+ X, g ryeppt 915, @)9i(s,a)

16: Set ?i:ﬁ = argming g, g /g Z(S,ams/)epzjz ((@(s, a),0) —r— Viﬂyi(s’))?

17 Set Qpi(-+) = Projjo, 11 (<<Z>z'(-, ')792:§> + 8¢l ')||[z’;;)j]1>'

18: Update V;i(s) — 2V0(s) + %ZaieAi wﬁf(aﬁs)@ii(s, a) for all s € S.

19: Update the no-regret learning instance at step h and state s: 71',]2;—’-1(' |
s) <~ NO_REGRET_UPDATE}, ; (1 — @ﬁ:ﬁ(s, )/H) for all s € S.

20: end for

21: end for

22: Set Vi,i(s) < DIojjo, 41— (V:Z(s) + 4. (Swap)Reg(T)) for all i € [m] and
seS.

23: end for
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Algorithm 21 Communication-free Policy Reply with Full Information Oracle in Inde-

pendent Linear Markov Games (Communication-free PReFI) (Part 2)

24: Set m* to be the Markov joint policy such that 7f(als) = £ s [Licm W}]j’f(ai]s).
25: Update II < T Y{r*}. > Policy cover update
26: end for

27: Sample k ~ Unif(K) and output 7ouPu = 7k,

Lemma C.3.1. (Concentration) With probability at least 1 —0/2, for all k € [K], h € [H],
t € [T], i € [m], we have

(o g S8V H) VA + dilog(32WK (W + H)) + 4log(8mK HT/8) < /2,
(C.4)

[ < 8(W + H)\/A+ di log(32WK (W + H)) + 4log(8mK HT/6) < B/2,
(C.5)
;zﬁj_z 522’” (C.6)
Proof. The proof is the same as the proof for Lemma C.2.3. O

With a slight abuse of the notation, we will still denote the high probability event in

Lemma C.3.1 as G Now we define

B (0100 =Byt g [rna52) 4 P (6] — rodigen ({6(ova0) B22)).

Api(s,a) =B, ke (1 [mais:a) + VE(s)] — projosa-n ((#1(s.a:).077))

Lemma C.3.2. Under good event G, for all k € [K], t € [T], h € [H], i € [m], s €S and

e A; we have

h,—1

—k,t —k,t —k —kt
*Ah,z’(sv a;) < Qh,i(s’ ai)— [anﬂk’t (]s) {Th,i(sva) + Vh+1,z‘(3,)H < 38 ||pi(s, ai)||[2;:hi],1—Ah7i(s, ai),

a— ZNTI'h i

-smmwﬂmm%w—A%@ﬂnSQ%@ﬂ»{E mcgvmwamwiﬂxﬂﬂs—A%@w»

Proof. The proof is the same as the proof for Lemma C.2.6. O



226

C.3.2 Proofs for Learning Markov CCE with Algorithm 21
Lemma C.3.3. Under the good event G, for all k € [K] and i € [m], we have

H

ot i —k . H

Vi (51)—V1’,;k(51)—u < Vl’i(Sl)_VLf(Sl) < 3BE x Z lpi(sh, ah,i)”[zﬁ _}_1+?-Reg(T)+V.
h=1 *

Proof. The first inequality is from Lemma C.2.7. Now we prove the second argument:

7k T
Via(s1) = VT (s1)
1 k.t — ko t H ok
<7 oY milar | 1)@ i(s1,a1,) + 7 - Reg(T) = Vi (s1)
t=1lay;€A;
1 7 —k k.t
ST Z Ty (al,z’ | 51) Ealﬁwﬂff,t__(,m) {T‘h,z‘(Sl,al) + V2,i(82)} + 308 ”@f’i(sl’al,i)”[zifi]A - Al,z'(slv aLi)
t=1 al,iEAz ! '
H
+ 7 - Reg(T) — Vi (s1) (Lemma C.3.2)
1 & k — k.t
T B bt gony [V2i(52) = VAT (52) | 4By by, 381011 ar)ligg -0 = Byi(s1,an)
H
—k k 1 T —k,t H
<Eqx [V2,1(82) — V3 (82)} F By ik (o) l35 1951, ari)lliss -1 = 7 ZlA1:i(317 aiq)| + 7 - Reg(T)
t=
H H 1 T kit HQ
<3BE.x Y _ [ldi(sh, ah,l’)”[z’z 11— Enn > T > AYi(shang) + o Reg(T)
h=1 o h=1" t=1
<3BEx Y 65, ani)ll s -1 + 7 Reg(T) +v. (Lemma C.2.5)
h=1 *
O]

Lemma C.3.4. Under the good event G, we have

K 2 K
kZ::lek \I@(sh,ah,i)ﬂ[zg‘irl < dilog(1 + diA)'

Proof. As Hqﬁi(sh,ah,i)H[zzk j-1 <1, by Lemma C.7.6 we have
h,i

det(z;jjgl)

Bt |193(5n: ana) gy -2 < lo8 Grmm -
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Thus we have
K det(ElfLJ;l)
g det E’fm)

ZE kHQZ)Z Shs
k=1

det(Ethl)
o8 det(E,lm)

K
<d;1 1 ,
<d;log(1 + di)\)

where we utilized the fact that

trace(LK 1 I\ K
w7 < s (5GE) (1),

Lemma C.3.5. Under the good event G, we have

K 2
K H°K
m[aﬁ (Vl J(s1) — Vf’f (31)) < SmHB\/KdmaX log (1 + )\) + 7 Reg(T) + vK.
el i€lm ’
Proof.
K k
Zg% (Vl i(51) — Vl,i (31))

k=

H 92 K
H
<3p E ?ElaXEﬂk E H¢i(8h70h,i)\|[z§ gt T E Reg(T) + vK (Lemma C.3.3)
=1 ’ k=1

7 & H2K
=3p Z ZZ \/HQbZ Shaahz)H[gk g1 + —— Reg(T) + vK
ze[m] =1k=1
H K _HQK
<38 > ZZ¢ o 1i(sns an ) s -1+ 7= - Reg(T) + VK
i€[m] h=1k=1

(Concavity of f(z) = /x)

H K ) H2K
<3p Z Z KZEwk H(bi(shaah,’i)H[Elﬁyi}fl + T . Reg(T) +vK

i€[m] h=1 k=1

(Cauchy—Schwarz inequality)

H’K
) + T -Reg(T) + vK (Lemma C.2.10)

<38 ) Z Kd;log <1+

i€[m] h=1

iA

K H2K
§3mHB\/KdmaX log <1 + )\> + T -Reg(T) + VK.
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Theorem C.3.6. Suppose Algorithm 21 is instantiated with mo-regret learning oracles
satisfying Assumption 4.4.1. Then for v-misspecified linear Markov games, with proba-
bility 0.9, Algorithm 21 will output an (e + 2v)-approximate Markov CCE. The sample
complexity is O(mHTK?) = O(mPHSdS,_log(Amax)e %), where dmax = max;cpy, di and

Amax = maxl-e[m] A,

Proof. By Lemma C.3.5, under the good event G, which happens with probability at least
— ¢ (Lemma C.2.3), we have

=

1 & k.
— ) max <V1Tl “i(s1) — V1 i (51 > max (Vl ;(s1) Vfrf (81)) +v

— ze[m

(Lemma C.2.7)

K H?
<3mH [ dmax log (1 + )\) /K + T Reg(T') + 2v.
(Lemma C.3.5)

By Markov’s inequality, we set K = 6( 2g4a3

max

“2) and T = O(H*log(Amax)e2), with
probability 0.9 we have

qutput ou u
max <V1; o (s) - WG (s 1)) <e+2v.

1€[m]
O
C.3.3 Proofs for Learning Markov CE with Algorithm 21
Lemma C.3.7. Under the good event G, for all k € [K] and i € [m], we have
H

H}p&X Viﬁiﬁm (81) Vl ) (81) v < Vl z(sl) Vlz (51) < 36E7Tk Z HQSZ Shsy Qh 2)”[2}’C - 1+ SW&pReg( )

! h=1
Proof. The first inequality is from Lemma C.2.13. Now we prove the second argument.

—k ok

Vl,i(sl) - Vl,i (s1)

1 T k —k.t H k
<= Z Z Trlf(alﬂ? | 5)Q1;(s,a1:) + — - SwapReg(T') — V{; (s1)

T — ’ ’ T )

t=1lay;€A;
1 & k k k.t
.t I/ AN

<2 2wt o) ([ ot g [rastonmn) + V5s0)] | + 38 10n(s1,01.) oy -+ = BEisn.a1,)
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H
+ T SwapReg(T") — Vl"f(sl) (Lemma C.3.2)
1 T —k k —k,t
<7 ; ([Ealwﬂ'lf’t(~|51) [V5i(s2) = Vi (s2)]| + OB, bt o) 19i(8: a1l -1 — Bai(sn, al,z‘))
H
+ T SwapReg(T)
— L ok H
<Ep [Vai(s2) = V3G (52)] +Bay omt 1oy 38100051, a10) e o0 = ZA“ (s1,a1) | + - - SwapReg(1

2

H
<3BE Z | pi(sn, an Z)H[Zk g K, x Z ZA}” Sh7ah1, 7 - SwapReg(T)

h=1
H H2

<3BE x Z || ( sh,ahl)H[Zk gt - SwapReg(T) + v, (Lemma C.2.5)
h=1

which completes the proof. O

Lemma C.3.8. Under the good event G, we have

2

K
K H
max (V1 i(s1) — fo(ﬁ)) < 3mH6\/Kdmax log (1 + A) + - SwapReg(T) + v.

— ze[m] T

Proof. The proof is the same as the proof for Lemma C.3.5 where we replace Lemma C.3.3

with Lemma C.3.7 in the proof. O

Theorem C.3.9. Suppose Algorithm 21 is instantiated with no-regret learning oracles sat-
isfying Assumption /.4.2. Then for v-misspecified linear Markov games, with probability
0.9, Algorithm 21 will output an (e + 2v)-approzimate Markov CCE. The sample com-
plexity is O(mHTK?) = O( SHBAS , Amax 10g(Amax )€ 0), where dmax = maXe(y, d; and

Amax = maxX;e(m) A;.

Proof. By Lemma C.3.8, under the good event G, which happens with probability at least
— 0 (Lemma C.3.1), we have

1 & i 1 & "
— ) max (max Vw‘ (s1) =V (31)) SE Z max (Vl i(s1) = Vi (sl)) +v

K kz i€[m)] - Ze[m]

(Lemma C.2.13)

2

K H
§3mH6\/ dinax log <1 + A) /K + ™ SwapReg(T) + 2v.

(Lemma C.3.8)



230

By Markov’s inequality, we set K = O(m?H*d3,, e 2) and T = O(H* Apax 10g(Amax )€ 2),

max

with probability 0.9, we have

ooutput output
max max (pr; B (s1) — V[
i€lm] s ’ ’

(Sl)) S €,
which completes the proof. O

C.4 Algorithms for Learning Optimal Policies in Misspecified Linear MDP

In this section, we adapt Algorithm 3 to the linear MDP setting. As the single-agent
degeneration of independent linear Markov games, we can remove the no-regret learning
loop in Algorithm 3 and achieve better sample complexity. The analysis is almost the same
as the analysis for Algorithm 3 in Appendix C.2 with T'=1 and m = 1.

We will set the parameters for Algorithm 3 to be

o« \— 2log(16dNH/6)
—  log(36/35)

o W=HVd

e B=16(W + H)\/X+ dlog(32W (W + H)) + 410g(8Kmax H/0)

o Trig = 6410g(8HN?/6)

2Hdlog(N+\) }

o Kinax = mlH{m’

e N =O(Hd%?).

We will use K to denote the episode that Algorithm 22 ends (n'°® = N or K = Kpax)-
Immediately we have K < Kpax < N.

The population covariance matrix for episode k, step h is defined as

k—1
Shi=E[Sh] = AT+ > on'sf,
=1

where ng =E & [qﬁ(sh,ah)qﬁ(sh,ah)w.



231

Algorithm 22 Policy Replay for Misspecified MDP with linear function approximation

(Part 1)
1: Input: €, 6, A, 5, Trvig, Kmax, N
2: Initialization: Policy Cover II = (). n*°* = 0.
3: for episode k =1,2,..., Kihax do
4 Set Vi () =VE () =0,nF =0
5: for h=H,H—-1,...,1do > Retrain policy with the current policy cover
6: Initialize VZ() =Vvk() =
7: Set Dataset DF = ().
8: fori=1,2,... f 1n3 do
9: Sample 7! with probability n'/ Z;";ll n’
10: Draw a joint trajectory (s}, al,rl,... st aly,rly, 89{4_1) from 7.
11: Add (s, alhﬂ-,rﬁl,i, st_.1) to DY.
12: end for
13: Set SF = AT + 2(57(1’7,75,)61)5 o(s,a)p(s,a)’.
14: Set ?Z = argming g,y 5> (s ars) Dk ( o(s, T—VZH(S’))Z.
15: Set 0f = argming g,y /g 2 (s,a,ms) )eDk ( o(s, —r— KQH(S/))Q.
6 Set@h(s) = projo st ((90).85) + 8 ||[Ek )
m Set @) = projoan (90 0.85) — B0, gy )
18: Set Vh( -) = maxgec A Qh( a).
10 Set Vi() = Q8 argmax, 4 O (-, a)
20: end for
21: Set 7* to be the policy such that 7% (s) = argmax,¢ 4 @IZ(S, a) for all (h,s) € [H] xS.
22: if n'°* = N then
23: Set k°UtPUt — argminy, (V]f(sl) - K’f(sﬂ).
24: Output 7outPut — o,
25: end if

26: Set Tp; =0, for all h € [H],i € [m].

27 repeat

28: Reset to s = s1, n* = nF + 1, ntot

> Update policy cover
— ntot + 1.
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Algorithm 23 Policy Replay for Misspecified MDP with linear function approximation

(Part 2)

29: for h=1,2,...,H do

30: Play a = 7 (-|s).

31: T, — Tj, + H¢(s,a)u[2§ﬁ],l.
32: Get next state s’, s — 5.
33: end for

34: until 3k € [H]| such that T}, > Tryig or n'* = N.
35: Update IT « T U{ (7%, n*)}.

36: end for

We define 7%V to be the mixture policy in IT* = {(x!, n!) ;:11, where policy 7! is given

,c”iflj. Then we define the on-policy population fit to be

weight /probability ST,
=1

ok . 7k NAE
O += argmin By ko { (05, @0), 0) = B [r(ons an) + Via ()]}

ok - NAG
O = ia‘b‘l;%glvl;lE(sh,ah)wk,cov {<¢(3h,ah)v 0) —E {Th(sh, an) + Vi1 (s )]} :

We define the misspecification error to be

Zﬁ(s, a) :=E [rh(s,a) +VZ+1(S,)} — PrOj[0, F41—h] (<d>(s, a), §,I§>> ,

Afi(s,0) == [r(s,a) + Vi1 ()] = projig srea—ny ((#(s, ), 0F)) -

Lemma C.4.1. (Concentration) With probability at least 1 —0/2, for all k € [K], h € [H],

we have

7]{: ~
o - 9§HE§ < 8(W + H)\/A + dlog(32WN(W + H)) + 4log(8Kmax H/3) < 5/2, (C.7)

e H)\/A +dlog(32WN (W + H)) + 41og(8KmaxH/6) < /2, (C.8)
h
1~ N
sk <wh < Os (C.9)
2 2
Proof. The proof is the same as the proof for Lemma C.2.3. O

Lemma C.4.2. With probability at least 1 — /2, the following two events hold:
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o Suppose at episode k, Line 3/: Ty > Tmig is triggered, then we have

L - k.j 2 > TTrig
B |6(sns an)lTgy - ,@Hqs LA AR

where j denotes the j-th trajectory collected in the policy cover update (Line 27).

o For any k € [Kmax), h € [H], we have

2TTrig
nk

B (o, an)l -+ <

Proof. The proof is the same as the proof for Lemma C.2.4. ]

We denote G to be the good event where the arguments in Lemma C.4.1 and Lemma

(C.4.2 hold, which holds with probability at least 1 — § by Lemma C.4.1 and Lemma C.4.2.
Lemma C.4.3. Under good event G, for all k € [K], h € [H], s € S and a € A, we have
—By(s,a) < Qnls,a) = [E [ra(s,a) + Vi ()] | <38116(5,0) g1 — By(s, ),
=38 |6(s, 0) g1 — Afi(s,a) < Qf(s,0) = [E [r(s,0) + Vi (+)]] < —Af(s.0).
Proof. The proof is the same as the proof for Lemma C.2.6. O

Lemma C.4.4. (Optimism) Under the good event G, for all k € [K], we have
V1(51 ) > Vi'(s1) ZE [Ah sh,ah)] > Vi(s1) —
Proof. Under the good event G, for all k € [K], we have

Vi(s1) — Vi'(s1)

= maﬁ@’f(sh a1) — Vi'(s1)

@ (51,7 (1)) = Qi (1,7 (51))
>E [r1(s1, 77 (1) + Vi (s2)] = B(s1, 7 (s0)) = Qf(s1.7f (1) (Lemma C.4.3)

=B [Vy(s2) = V5 (2)] = By (s1, 71 (s1))

H 4
— Eqn- lz Ay (sh, ah)]
he1
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>—v (Lemma C.2.5)
0
Lemma C.4.5. (Pessimism) Under the good event G, for all k € [K]|, we have
k Ll k
VE(s1) SV (1) = 3 Be [Afi(snoan)| < VI (s1) + v
h=1
Proof. Under the good event G, for all k € [K], we have
Vi(s1) = Vi¥ (s1)
=Q} (s1, 7} (1)) = Vi" (1)
SE oy —rk(s) [7“1(81,&1) +V5(s2) — élf(sbal)] ~ Vi (s1) (Lemma C.4.3)
ﬂ_k
=t (or) [VE(52) = VF (52) — Al(s1,a1)]
H
S - ]Eﬂ'k lz éi(shv ah)]
h=1
<v. (Lemma C.2.5)
O
Lemma C.4.6. Under the good event G, for all k € [K|, we have
H
* k Tk k
Vi'(s1) = VI (s1) = 2v < Vi(s1) = Vi(s1) < 68Em D [|¢(sn, an)l g1 + 20
h=1
Proof. The proof is the same as the proof for Lemma C.2.9. ]
Lemma C.4.7. Under the good event G, we have
K ) N
5 Bk [(ons a1 < AT log (1+35):
Proof. The proof is the same as the proof for Lemma C.2.10. O

Lemma C.4.8. Under the good event G, we have

K
> nF (V’f(sl) - Klf(sl)) < 6H/6’\/4N(ng + 1)dlog (1 + JD + 2vN.
k=1
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Proof. The proof is the same as the proof for Lemma C.2.11. 0

Lemma C.4.9. Under the good event G, we have

2Hdlog(N + \)
- log(l + TTrig/4) ’

which means K < Kpnax and Algorithm 22 ends due to n*** = Npax.

Proof. The proof is the same as the proof for Lemma C.2.12. 0

Theorem C.4.10. For v-misspecified linear MDP, with probability at least 1 — 6, Algo-
rithm 22 will output an (e + 4v)-approximate optimal policy. The sample complexity is

O(HK paxN) = O(HSd*e2).

Proof. Under the good event G, by Lemma C.4.9, the algorithm ends by n'°* = N. By

Lemma C.4.8, we have

i (Vilsn) = Vi) < li F(Vis) - VA ))<6Hﬁ\/ T + 1)d1 ( N)/N+2
krg[l% 1(51 Vils1 N 2 1(s1 1(s1 Trlg og \ ”

By setting N = O(H4d3¢2), we have

. 7k k
Vv -V < 2v.
krél[l% 1(s1) = Vi(s1) <e+2v

Then by Lemma C.4.6, we have

k;output

(s1) <V

output

Vi (s1) — V" (s1) = VE"™" (s1) + 20 = min (Vi(s1) = Vi(s1)) + 20 < e+ v,

O
C.5 Proofs for Learning in Markov Potential Games
C.5.1 Proofs for Learning Markov NE with Algorithm 5
We will set the parameter for Algorithm 5 to be
o K=>5mHe !

Lemma C.5.1. With probability at least 1 — /2, for all k € [K] and i € [m], ¥ is an

(e/8+O(v))-approximate optimal policy in the v-misspecified linear MDP induced by all the

players except player i following policy 7T]ii
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Proof. The argument follows from the property of LINEARMDP_SOLVER (Assumption

4.5.2) and a union bound. O

Lemma C.5.2. Suppose for all k € [K] and i € [m], we execute policy 7 and (7, 7% )

for 6(H26*2) episodes, With probability at least 1 — 6/2, for all k € [K] and i € [m], we

have
~ ok ok € PN AR Rk L €
Vi (s0) = Vi (s)] < 5. Vi T e -V T en| < 5
Proof. The argument follows directly by Hoeffding’s inequality and a union bound. O

We will denote the event in Lemma C.5.1 and Lemma C.5.2 to be the good event G.

Lemma C.5.3. Under the good event G, for any k € [K], if max;cpy AF > ¢/2 and

j = argmax ]A’-“ we have

1€[m] =i

VI (s1) = Vi (s1) = /4.
And if maxep, Ak < ¢/2, we have
T’ﬂ'lii wh
m[mﬁ (VU (1) — Vi (31)) S e
e|m

Proof. Under the good event G, if max;cpy, AF > ¢/2 and j = argmax;e ] Ak we have

k k ~Th Lk ~ k
Vi (s1) — VT (s1) 2V, (s1) — ¢/8 — V{7, (s1) — ¢/8 (Lemma C.5.2)
>e/4.

On the other hand, if max;ep, AF = max;epy) (VLZ’ i (sy) — Vf’f(sl)) < €/2, for all
i € [m] we have

.y ' ARt ¢ .
Vig ~(s1) = Vil (s1) Vi 77 (s1) + g + O(v) = Vi (1)
ey ; .
<Vi; ’1(81)+§+O(V)+6/8—Vfi (s1) +¢€/8

(Lemma C.5.1 and Lemma C.5.2)

<e+O(v),

completing the proof. O
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Theorem 4.5.3. For v-misspecified independent linear Markov potential games with
[Iestimate — SRV K apith probability at least 1 — &, Algorithm 5 will output an (e + O(v))-

approzimate pure Markov NE. The sample complexity is
O(m?He ' - LinearMDP _SC(¢/8,6/(10m>*He ™), dmay)).

Proof. Suppose Algorithm 5 does not output a policy, then it ends due to k = K. Then
under the good event G, by the first argument of Lemma C.5.3, for all k¥ € [K], and
§F = argmax;c AF we have

k
sk

(e ) — B(a*) = Vi (s1) = ViTu(s1) = e/4.

As we set K = 5mH /e, we have ®(751) > mH > @y, which is a contradiction. So
Algorithm 5 will output a policy 7°%*P", As the LINEARMDP_SOLVER always outputs

output

a deterministic policy, 7 is a deterministic policy. Then by the second argument of

Lemma C.5.3, when Algorithm 5 terminates, it will output an e-approximate pure NE

7.[.output' ]
C.6 Proofs for Section 4.6

We will set the parameters for Algorithm 6 to be

Trvig = 1210g(8 KmaxH S/0)

Kax = 9H S'1og(Nmax)

Npax = 6(H45Amaxe_2) for Markov CCE and Nja.x = 6(H4SA12naXe_2) for Markov
CE

ﬁ . 8H2Tryig log(2m Kmax HS/5)
n nVTTrig

We will use subscript k, t to denote the variables in episode k£ and inner loop ¢, and subscript
h,i to denote the variables at step h and for player . We will use K to denote the episode
that the Algorithm 6 ends (Line 30 is triggered or n' = Npux or K = Kpax) and N to

denote n*°* when Algorithm 6 ends. Immediately we have K < Kax < Npax-
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By the definition of the adversarial multi-armed bandit oracles (Assumption 4.6.1 and

Assumption 4.6.2), we have the following two lemmas.

Lemma C.6.1. For all k € [K], h € [H], i € [m] and s € S we have

1 nﬁ(s)
E jss rpi(s,a)+V (s
nﬁ(s) s awwz’tﬁ(” )('|5)( h,z( ) h+1,z< ))
nf (s)
L v ny(s)
> ma, E (s, a +V Y e . BRe & ‘
_Cglejé nl}i(s) ]; a—iNﬂfL:t_ﬁi(Jys)(-\s)(Th’z(s ) h+1,2(5 )) 7 g(nh(s))

Lemma C.6.2. For all k € [K|, h € [H], i € [m] and s € S we have

1 ny, (s) .
E s rhni(s,a) +V, (s
i (s) Jz‘i a1 )(.|5)( hi(5:8) +Vi1(5)
ny; (s)
1 X —k n¥(s)
> max E . rhi(s,a) + Vi .(s)) — 2222 . BSwapReg(nf (s)).
wh,i nﬁ(s) ]gl ar\/z/Jh17:()71';?]5];(J7 )(|S)( h7l( ) h+lvz( )) p g( h( ))

C.6.1 Concentration

Lemma C.6.3. With probability at least 1 — 6/2, for all k € [K], h € [H], i € [m],s € S,

we have
nf (s) nj (s)
1 & kit (jis) | w5k k,tk (5;5) 1 2 —k
TV (s ) — E y rhi(s,a) + V1 .(s)] < ,
nﬁ(s) j:l( h,l h+17Z( h+1 )) nz(s) ]:1 awﬂi,tﬁ(ﬁS)('ls)( h,l( ) h+1’l( )) - /BTL;CL(S)
nf (s) nj (s)
LN RthGs) | ok G 13 .
r T V(s ) — E y rhi(s,a) + Vi ()] < ,
nk(s) j:l( ot Viailond™ ) nk(s) = ij’fﬁ“*“(.m( nils8) + Vig1i($))] < Bugs
where

ﬁ X _ 8H2TTrig log(QmeaxHS/é)
5 (3) nﬁ(s) V TTrig

Proof. If nf(s) < Tryig, we have ﬁn’;(s) > H and the arguments hold directly. If nf(s) >

Tryig, we have

8o \/8H2ng log(2m KmaxH5/0) _ \/8H2 log(2m K max HS/0)
() nﬁ(s) V Tryig - nﬁ(s) ’

and by Hoeffding’s inequality and union bound, we can prove that the arguments hold with

probability at least 1 — d/2. O
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Lemma C.6.4. With probability at least 1—0/2, for allk € [Kpnax], h € [H], i € [m],s € S,

we have

[N

k—1
! k
nIfL(s) V Tyig > <Z nldz (s)) Vv TTrig,nkd;Lr (s) <2 (nlfL(s) Vv TTrig) .
=1

In addition, if TF(s) = nf(s) V Tyg is triggered, we have
k 1
ntdf (s) 2 5 (nf() V T ) -

Proof. nk(s) is the sum of Z;:ll n! independent Bernoulli random variables such that there
are n! random variables with mean dgl (s) for I € [k—1]. By Lemma C.7.3 and union bound,

with probability at least 1 — d/4, for all k € [Kmax], h € [H], s € S, we have
1=,
ni(s) V Trryig > 5 (Z nldz (s)) V Trryig
=1

where Trryig > 1210g(8 Kimax H S/0).

TF(s) is the sum of n* ii.d. Bernoulli random variables with mean nf. For the second
argument, by Lemma C.7.2 and union bound, with probability at least 1 — 6/4, for all
k € [Kmax|, h € [H], s € S, we have

k
n'di (s) < 2(n5,(5) V Trig),
and if TF(s) = nf(s) V Tnig is triggered, we have
k gk
n"dy (s) =

T (s) = (nﬁ(s) v TTrig) .

N =
N | —

O

We denote G to be the good event where the arguments in Lemma C.6.3 and Lemma

C.6.4 hold, which holds with probability at least 1 — §.

C.6.2 Proofs for Learning Markov CCE with Algorithm 6

Lemma C.6.5. Under the good event G, for all k € [K], h € [H], i € [m], s € S, we have

*k T?ﬂ-lii
Vii(s) = Vi ()
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Proof. Under the good event G, for all k € [K], h € [H], i € [m], s € S, we have

—k . 1 itk (4;s) k,th r(538) H
V3,.:(8) =DProjio mr11-n e & (rp" 7+ Vh+1 d(spy177) + E(s) - BReg(nj(s)) + Bk (s)
IS H
2 Projjo,H+1-h) | % E 5 (jis) (rhi(s,2) + Vg ,(s) + == - BReg(nj;(s))
ny(s) j=1 i(s)

(Lemma C.6.3)

(Lemma C.6.1)

T’ —1
>p1"0J[0H+1 h) E ktk(]s)(| )(Th,i(&a) Vh-l—lz( ))

nk (s)
> PTOJ[o, H41-h) (max : h E ot _|S)(7’h,¢(S,a) +V];L+1,i(5/))
e

(Induction basis)
_prOJ[O o (maxE e a)+ VT (s'))>

>Vh i 71

0

Lemma C.6.6. Under the good event G, for all k € [K], h € [H], i € [m], s € S, we have

VE (s) S Vi (s).

Proof. Under the good event G, for all k € [K], h € [H], i € [m], s € S, we have

nf (s)
: 1 3L, kth(s) k,tk (jis)
Vi i(s) =proj g1-n) ) (™7 + Vi (™) = Bk (s)
w\S) i3
1 nf (s)
< proj _ E . rhi(s,a) + VE (s
PTIOJ[0, H+1—h) nfl(s) = aw:,t;j(], )(~|8)( n,i(s,a) h+1,z( )
(Lemma C.6.3)
TL;CL S .
< Projjo, H4+1-h) K E kb (Thi(s,a) + Vi1i(s)
nh ]:1 Th (|S)

(Induction basis)
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Tvﬂ-lii
(1) (Thii(s,@) + Vi (3,))>

—1

= proj [0,H+1—h] (anw,’i

<VF; (s).

Lemma C.6.7. Under the good event G, for all k € [K], i € [m], we have

H
— ~ H2A;Try
v‘ii(a)—v’ii(sQSO@ﬂk [}j T )

hel nh(sh) \Y TTrig
Proof. We bound V’ii(sl) — fo(sl) and foik (s1) — Klfyi(sl) separately.
—k ok
Vl,i(sl) - Vl,z’ (s1)

351)+V21( kth(] 51)))+

ﬂ_k
= Projjo, /1] ( - BReg(n} (1)) +Bn]f(51)> = Vi (1)

= nf(s1)
n¥(s) . - kth (s H -
Z R L TE (s U)o BReg(nf(51)) + Byegey) — VT (51)
n = ny(s1) 1
nlf(sl —k H k
kG, (MLi(sn,an) + Vg (s2)) + ——— BReg(n1(51)) + 2B,k (5,) — V175 (51)
o A~ (1s) nf(s1)

(Lemma C.6.3)

H ok
=B et (s) (r1i(s1,21) + V5 i(s2)) + —— - BReg(nf(s1)) + 2Bpi(sy) — Vi (51)

nfi(s1)

—k ok H
:Eﬂ_llc [VQJ‘(SQ) — ‘/271‘ (82):| + & . BReg(nI{;(Sl)) + 2ﬁn’f(81)
1

nk(s1)
H
=E & lz ki - BReg(nj; (sp)) + 25@@)] ;

where the first inequality is from

n 8

. o k(i H
hgis1) + V;i(sg’thm 1))) + T - BReg(nf(s1)) + Bn'f(Sl) = 0.

t=1

In addition, we have

Vi (s1) = VE (1)

k s) 38
=V17; (81) — Projjo, gr41-n) ( Z 16 +V5 ( Hu )))_/Bnlf(sl))
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ktk(j;s k s
S L vE () 4B
j=1

k ]. n]f(81) k
<V7; (s1) — k . <Eal~ﬂk¢’“<m><<sn(TLi(Shal) +V2»"(52))> * 2Bﬂ’f(sl)

h
1

(Lemma C.6.3)

where the first inequality is from

T o
(ry ! U p vk (s 10 — Butsr) S H +1—h.

Then we have

T H
Vl 1(81) Vl 1(81) <E [Z &
h=1 h(sh)

A H2A, H2Try;

> +1/ 2

= nh sp) V1 ng(sn) V Tryig
( li H A; TTrlg )

= nh (sh) V Tryig

- BReg(nk (s3)) + 4ﬁn’g(8h)]

3

Lemma C.6.8. Under the good event G, for all i € [m], we have

St max (V1(s1) = VIi(51)) < O (H*\/SAmasTragN)

Proof. Under the good event G, for all i € [m], we have

anE k

1
(Sh) \ TTrlg



243

K k 1
k T
=27 dp (s)
REE S o e
K k 2
< an n (5)\/ — (Lemma C.6.4)
s€S k=1 (Z?:ll nldﬂ— ( )) N TTrlg
K
< 32" nkdpt(s) (Lemma C.6.4 and Lemma C.7.7)
seS k=1
K k
<325 nk. (Cses ey nfdl (s) = S iy n¥)
k=1
Plugging it into Lemma C.6.7, we can prove the lemma. O

Lemma C.6.9. Under the good event G, we have
K < 9HSlog(Nmax),

which means K < Kyax and Algorithm ¢ ends due to either Line 21 (max;ciy V’f’i(sl) -
Kfi(sl) <€) or Line 3/ (n*™" = Npax ).

Proof. By Lemma C.6.4, for any h € [H] and s € S, whenever TF(s) = nf(s) V Tryg is

(S

Thus for any h € [H] and s € S, whenever TF(s) = nf(s) V Ty is triggered, we have
k l
Z nld} (s (Z n d7r )
=1

In addition, for any h € [H] and s € S, for the first time T (s) = nf(s) V Ty is triggered,

triggered, we have

k}dﬂ'()

»M»—‘

( ( ) v TTrlg

L\’)M—l

»-lk\Ul

we have

Zn al7r ) > nkal7r (8) > =(nf(s) V Trvig) > Trvig-

| =

As Zle nld”l(s) is non-decreasing and upper bounded by Ny ax, the number of triggering
for any h € [H] and s € S is bounded by log(Nmax/Tvig)/10g(5/4) < 8log(Nmax), and
the total number of triggering is bounded by 8 H S 1og(Nmax) + 1, where 1 is from the last

triggering n'°* = Npax. O
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Theorem 4.6.3. Suppose Algorithm 6 is instantiated with adversarial multi-armed bandit
oracles satisfying Assumption 4.0.1. Then for tabular Markov games, with probability at

least 1 — 6, Algorithm 6 will output an e-approximate Markov CCE. The sample complexity
is O(HK maxNmax) = O(H®52 Apaxe2).

Proof. Suppose under the good event G, the algorithm does not end with Line 21
(max;em) V’f’i(sl) vk i(51) < ¢€). Then by Lemma C.6.9, the algorithm ends by N = Nyax.
By Lemma C.6.8, under the good event G, we have

k k
[nin max (V11(81) Vii(s1) ) < n max (Vu(sn Ku(Sl))

SO (Hz\/SAmaXTTrig/Nmax> .

Let Npax = 6(H4SAmaXe*2) we can have

k
. <
iy ey (Vaston) ~ Vhion) <

which contradicts with Line 21. Thus Algorithm 6 will end at episode k such that

max (V1 i(s1) — Kfi(sl)) <e.

i€[m]

By Lemma C.6.5 and Lemma C.6.6, we have

k
e (V17 o) = Vi (s0) ) < maox (Vo) =V o0)) <

i€[m) i€[m]

completing the proof. O

C.6.8 Proofs for Learning Markov CE with Algorithm 6
Lemma C.6.10. Under the good event G, for all k € [K], h € [H], i € [m], s € S, we have
Vf”( ) > max Vi, lwk(s).

Proof. We prove the lemma by mathematical induction on h. The argument holds for
h = H + 1 as both sides are 0. Suppose the argument holds for h + 1. By the update rule
of Vzi(s), we have

n S

k th(j s — k,th F(538)
+ Vh z(s )) +
Jz::l +1, h+1 TLZ(S)

—k .
Vii(s) =Drojio sry1-n BSwapReg(nj;(5)) + B,k (s)
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TBSWapReg(nfL(s))

> proj _ i ;
= PIO)j0, H+1—h] nk(s) = amr hIY 1) ; nk(s)

(Lemma C.6.3)

—k
E k,tR (4;5) (T.h,i(& a) + Vthl,i(sl))

> Proj(o, H+1—h
[ ] "ph,i ni(s) j=1 a~p 107rh (|8)

(Lemma C.6.2)

. =k
= PrOJjo,H+1-h] ( X Bq oy somb (1) (Thii(5,2) + Vh+1,z'(3/))>
2 PrOJj0,H+1-h] (

max Ea~wh,i<>7r;’i(~ls) (rhi(s,a) + n}pax th/jﬁﬁ (s ))>
(Induction basis)

> max V,jb;fwk (s).

Lemma C.6.11. Under the good event G, for all k € [K], i € [m], we have
H 2 A2
—k k ~ H ATTH
Vii(s1) — Vﬂ-i s1) <O E. x — T8 .
1, ( ) 1, ( ) < |JLZI nZ(Sh) \/ TTrig

Proof. The proof is the same as the proof of Lemma C.6.7 and we replace BReg with
BSwapReg. O

Lemma C.6.12. Under the good event G, for all k € [K], h € [H|, i € [m], s € S, we have

K
Z n” max (VU s1) — K’f;(sl)> <O(H ( SAIQHaXTTrigN> .

1€[m]

Proof. The proof is the same as the proof of Lemma C.6.8 and we replace Lemma C.6.7

with Lemma C.6.11 in the proof. O

Theorem 4.6.4. Suppose Algorithm 6 is instantiated with adversarial multi-armed bandit
oracles satisfying Assumption 4.0.2. Then for tabular Markov games, with probability at
least 1 — 0, Algorithm 6 will output an e-approximate Markov CE. The sample complexity
is O(H K maxNmax) = O(H®52 A2

max _2)
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Proof. Suppose under the good event G, the algorithm does not end with Line 21
(max;em] V’f7i(31)—zlf7i(sl) < €). Then by Lemma C.6.9, the algorithm ends by N = Npax.

By Lemma C.6.12, under the good event G, we have

1
min max (V1 (s1) ~ VA (s1)) ngn max (V1 (s1) — V(o))

< 2\ /S A2, T /Nmax> .

Let Nyax = O(H*SA2_ e

2 <€ 2) we can have

k
. <
iy ey (Vaston) - Vhion) <

which contradicts with Line 21. Thus Algorithm 6 will end at episode k such that

max (V1 i(s1) — K’f,i(&)) <e.

i€[m]

By Lemma C.6.10 and Lemma C.6.6, we have

max (maXV (31) — Vf:(sl)> < max (Vl i(s1) — Z’ii(sl)) <e.

1€[m] i€[m]

C.7 Technical Tools

Lemma C.7.1. (Theorem 4 in Maurer and Pontil [2009]) For n > 2, let Xq,--+, X, be
isi.d. random variables with values in [0,1] and let & > 0. Define X = Ly X, and
= L3 (X — X). Then we have

P ’)Z'—E[X]‘ - 20 log(4/9)  Tlog(4/90) <.
n 3(n—1)
Lemma C.7.2. Consider i.i.d. random variables X1, Xs,... with support in [0,1] and
S, = % i1 Xi. Suppose m = minp{n : 31 X; > Tnig} with Tryig > 641og(4nmax/9).

Then z’fﬁ < Nmax, with probability at least 1 — §, we have

1. 345
5om <E[X] < §Sﬁ
and in addition, for n < min{m, nmax }, we have
2TYTrig

E[X] <

n



247

Proof. Define the empirical variance to be

1 & -

— > (X = Sn)?.
i=1

By Lemma C.7.1, we have that for any fixed n > 2,

p [lén -] < 2t 0 ﬂogmm/é)] SR

n 3(n—1)

Thus we have

P [‘gn B E[X]‘ < \/2log(4nmax/5)an n 7log(4nmw/5)’v2 <n< nmax] S 1o 1) > 1.4,

n 3(n—1)

The empirical variance can be bounded by

1 & s e g .
—1;%_5” _n_1<ZX ) — D Xi <25,

Thus for Tyig > 6410g(4nmax/0), we have ﬁgﬁ > Tyig > 6410g(4nmax/0) and

2log(4ﬁ/5)ﬁﬁ+ 7log 4n/5 [4log 4n/5 7log (4m/96) < %
n 3(m—1) 3m—1) — 2~

Plugging it into (C.10), we can prove the first argument.

For n < min{m, N}, we have > i' | X; < Tryig + 1 < 2T, which means

~ 4Ty
25, < ﬂ‘
n

Plugging it into (C.10), and with Tryie > 64 log(4nmax/J), we can prove the second argu-

ment. O

Lemma C.7.3. Suppose X1, Xo, -, X,, are i.i.d. Bernoulli random variables with E[X] =
pand N =37 X;. For any a > 12log(2/0) with probability at least 1 — §, we have

1
E(N\/a) <npVa<2(NVa).
Proof. By the multiplicative Chernoff bound, we have

1
P ||N —np| > np] < 2exp( 7;]2?)
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Thus if np > 121og(2/0), we have
1
P {an < N< 2np} < 4.

If np < 121log(2/0), by Bernstein inequality, with probability 1 — ¢ we have
t2/2
PN — >t < —— .
Let t = a > np and we have
a?/2

PN > 2a] < _
V> a]_exp( np+a/3

> < exp(—3a/8) < 4.
Note that if N < 2a, we directly have

1
§(N\/a)§np\/a§2(N\/a).

O

Lemma C.7.4. (Lemma 20.1 in Lattimore and Szepesvari [2020]) The Euclidean sphere
St ={z e RY: ||z|a = 1}. There exists a set Cc C R with |Ce| < (3/€)? such that for all

x € ST there exists y € C, with ||z — yl|, < e.

Lemma C.7.5. Let X = Al be a positive definite matrix and M be a positive semidefinite

matriz with eigenvalue upper-bounded by 1. Let X' = X + M. Then we have
log det(¥') > logdet(X) + Tr(X ' M).
Proof.
det(X') =det(X + M)
= det(X) det(I + 27V2Mn~1/2),
Denote A1, ..., \q as the eigenvalues of 2120212 Then we have
2 S22, < HEil/szz =2y 1y < )\71,

which means \; € [0, \7!] for all i € [d]. Thus, we have

d d
log det(3') = log det(X)+) log(1+X;) > logdet(Z)+» 1
i=1 i=1

completing the proof.

i = log det(X)+

A
A+

1

Tr(2~1M),

O]
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Lemma C.7.6. (Lemma 11 in Zanette and Wainwright [2022]) For any random vector

¢ € R?, scalar o > 0 and positive definite matriz ¥, we have

det(Z 4+ aE[po'])
det(X)

«
TElgl5- <log < B [|lf5

whenever o ||¢||%-1 < L for some L > e — 1.

Lemma C.7.7. Let b > 0 and a1, a2, -+ ,a, > 0 such that a1 < c- (Z?;ll a; V b) for all

n > 1 and some constant c. Then we have

Zaz (Zl 1al (c+1) 2::

Proof. Note that for any ¢ > 1 we have

\/1 < \/Hl
(Zl 1al) - (Z%Zl al)\/b'

Let f(z) = /<4 for > 0 and immediately we have f(z) is non-increasing. Then we have

c+1
Zaz\/ v S 2 z;’zlal)vb
_Zazfz
=1

< /0 Rt f(@)

<2 |(c+1) z”: aj.
=1

Lemma C.7.8. (Lemma 4 in Zanette and Wainwright [2022]) Let X € R? be a random

O]

vector and Y be a random variable such that || X||, < 1, |Y] < Yiax, (X,Y) ~ P for some
distribution P. Let {(xi, yi)}i—y be n i.i.d. samples from P. Then we define
/8* = a‘rgminE(X,Y)NP(Y - <X7/8>)27
8ll,<W
—~ 1

= in — i — (x4, B))2.
B ﬁtﬁrinsnvrvln;(y (z;, B))
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Then with probability at least 1 — 8, we have

Lemma C.7.9. (Covariance Concentration) (Proposition 1 in Zanette and Wainwright

/B o 6HnE[XXT]+)\I S S(W + Ymax)\/dlog(32Wn(W + Ymax)) + 10g(1/5) + )\

[2022]) Suppose {Zy}—1x is a sequence of independent, symmetric and positive definite

random matrices of dimension d such that
0 S )\mm(Zk) S )\max(Zk) S 1>Vk S [K]

Let £ = M+SK | 7 and X = E[S] for some A\ > 0. For any é € (0,1) and \ > 2%,

with probability at least 1 — § we have

]

Nal}
A
™
PN
N o

N | =
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Appendix D
DEFERRED CONTENTS FROM CHAPTER ??

D.1 Challenges in Non-stationary Games

In this section, we discuss the challenges in non-stationary games in more detail.

D.1.1 Challenges in Test-based Algorithms

The idea of achieving optimal regret using consecutive testing in a parameter-free fashion
was first proposed in Auer et al. [2019b]. Here we restate the idea as follows. Consider the
multi-armed bandit setting. There are K arms, T episodes and L abrupt changes. The

regret can be decomposed as

e Most of the time, we run the standard UCB algorithm. If we always restart the UCB

algorithm right after each abrupt change, the accumulated regret is upper bounded

by O (VE(T/L)L) = O (VKTL).

o Intending to detect changes on one arm that make the optimal arm incur D regret,
the algorithm starts a test at each step with probability pp = D+/I/KT where I
is the number of changes detected thus far. The test should last np = O(1/D?)
steps to make the confidence bound no larger than D. In expectation, the test incurs
ppITnpA =0 (]% l;g) regret. Here A is the real gap of the detected arm. To cover
all possible A, we may detect for gaps of size D = Dg,2Dg, 4Dy, - --. Dg is the smallest
gap that is worth noticing®. This incurs O ( %K ) =0 ( KT L) regret.

e The expected number of episodes before we start to detect for a change of size D is

D/pp = /KT/I. Summing over all changes, this part incurs O (KTL) regret

*We can take Do = /K /T because even if each step we suffer an extra Do regret, the total regret will

still remain.
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In all, the scheme suffer O (\/ KLT ) regret, which is optimal. In the game setting, however,

the second part can become Dio %K and we will no longer have a no-regret algorithm.

D.1.2 Challenges in Bandit-over-RL Algorithms

The high-level idea of BORL is as follows [Cheung et al., 2020]. First partition the whole
time horizon T into intervals with length H. Each interval is one step for an adversarial
bandit algorithm A. Inside each interval, one instance of the base algorithm is run, with the
tunable parameter selected by A. The arms for A are the possible parameters of the base
algorithm and the reward is the total reward from one interval. Let the action at timestep
t be a; and r(a;) be its expected reward, aj be the optimal action at timestep ¢t and R(w)
be the expected return from one interval if we chooses parameter w. The regret can then
be decomposed as

T T/H
Z r(a;) —r(ay)] |:ZT Z R(w
t=1 h=1

t=1

!

T/H

T
> R(wy) — me]
h=1 t=1

where wy, is the best parameter in interval h. The first term is bounded by the base
algorithm regret upper bound and the second term is bounded by the adversarial bandit
regret guarantee. If we apply the same to minimize, for example, the Nash regret
T
max (VM (1,75) — VM (m))

-1 1€[m]

we easily find the max hinders the same decomposition. Even if we drop the max and focus

on individual regret, the decomposition is

T T/H T/H T
S VM) = VM) = [V () Z R(wp) | + | Rlwy) =S v
t=1 i=1 h=1 t=1

where the first term loses meaning. The fundamental reason is that in MAB, at timestep
t, any action is competing with a fixed action a}, while in a game, a policy 7 is competing
with arg max,, VM (7}, 7_;), which depends on 7 itself. This difficulty can also be seen from

Figure 5.1.



253

D.2 Omitted Proofs in Section 5.4

In this section, we analyze the performance of Algorithm 8. For convenience, we de-

note the intervals corresponding to each LEARN_EQ by 71,75, -+ ,Zx and the commit-

ting phases as J1, Jo, - - , Jx. The committed policy are 7!, 72, .- , ¥ respectively. Here

= [T/(Ci(e) + Th)] and Jx can be empty.
Lemma D.2.1. Ifz > 1, /2 < [z] <z + 1.

Remark D.2.2. Tt is a basic algebraic lemma that will be used very often to get over the

roundings.

Lemma D.2.3. If 7w is an e-EQ of episode t, then it is also an (e + QHA[ti/])—equilibrium

for any episode t' > t.

Proof. To facilitate this proof, we define some more notations. The value function of player

1 at timestep hg, episode t, state s is defined to be

H
V,Z;]y(s) =E, {Z Thi(Sh,an) | M, sp, = 3] ) (D.1)
h=ho

Here M is the model at episode t. We also denote the model at episode ¢’ by M’. We have

the recursion

7, M
V) = Soata 19[S B Wls) Vih )+ R o]
a

Assume

Vet e vkl < B S (R B+ - R,
h=ho+1

then we have
™ M T, M’
Vitl(s) = vt (s)|

<X mals) [Z( ! (s']s.a) - P%’(s's,a>)v,;i”{z<s'>]

8/

+Z (a|s) [th s|s,a (V,;’ﬁ:i(s’)—V,;’ﬁ’i(s’)ﬂ
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+ 2 w(al5) [Ri(5,2) = R (5. a)]

a

<H|[B}] (s/|s.a) =Bl (s]s,a)| + |Vl o(s) = Vinl ()| + | BAS i(s,2) — R i(s,2)

.

Since the assumption holds trivially for hg = H, by induction we get

<i Y (|ei -2, + i - i

=10

‘Vfr’M(S) - VlmM (5)’ < A -
Finally by definition of the equilibria, we get the conclusion. O

Lemma D.2.4. With probability 1 —T5, 7" is (6 + CIAAIk) -approximate equilibrium in the
last episode of Iy, for all k € [K].

Proof. This is by the union bound and K < T O

The following theorem is conditioned on this high-probability event.

Proposition 5.4.1. With probability 1 — T'§, the regret of Algorithm 8 satisfies

4T01 (6)

Regret(T") < T

+ T'e + 2max {cl , }TlA

Proof. According to Assumption 5.2.6, 7% is an (e + clAAIk)-approximate equilibrium for
the last episode of Z;.. Hence it is an (6 + 2 max {cl , } Az U jk) -approximate equilibrium
for any episode in J; according to Lemma D.2.3. In the proof we omit the max with H and
recover it in the conclusion.

K

Regret(T) = Z (‘Ik| + ‘jk| (6 + 201AAIkUJk>)
k=1
<K[Cy(e)] 4 Te+2c2TH A

< AT C(€)

+ Te + 22T A.
Ty

Corollary 5.4.3. With probability 1 — T'§, the regret of Algorithm 8 satisfies

13 (Aclmax {CIA, H})1/4 T34, o= -2,

Regret(T) < 3 (Aclmax {clA,H})l/5 T4, o = -3,
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Protocol 5 Scheduling TEST_EQ in a block with length 27
1: Input: Joint Markov policy m, failure probability ¢, tolerance e.

2: forr=0,1,...,2" — 1 do
3: for q=0,1,--- ,Q do

4: if 7 is a multiple of 279 then
5: With probability p(q), schedule a TEST_EQ for €(q) starting from 7.
6: end if
7 end for
8: end for
by setting

/
- J TCi(c) . { EAclmaX o), an s

{
a max{cf,H}A ’ Acimax {clA,H}/T)l/5, a=-3.

Proof. As before, we omit the max with H in the proof.

A
Regret(T') <8T'C1(e) Tcéi) + Te + 4c A Tcilg)
1

=12/cPTAC (€) + Te

=124/ AT Acye/? + Te

Applying Lemma D.2.1, we get the desired conclusion. O
D.3 Omitted Proofs in Section 5.5

In Section D.3.1 we present the proof for Proposition 5.5.2 and Proposition 5.5.3. In Section
D.3.2 and D.3.3, we analyze the performance of Algorithm 9. We first analyze the perfor-
mance of single block in Section D.3.2 and then present the subsequent proof in Section
D.3.3. For convenience, the episodes in Section D.3.2 refer to 7 and the episodes in Section

D.3.3 refer to ¢.
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D.3.1 Proofs Regarding Construction of TEST_-EQ

Proposition 5.5.2. Suppose MDP M’ is induced by MDP M and recommendation policy
m. Then the optimal policy in MDP M’ corresponds to a best strateqy modification to

recommendation policy w in MDP M.

Proof. To facilitate the proof, we define some notations here. We define the value function

of policy 7 in an MDP M at timestep hg and state s as

H
VoM (s) = Ex [Z Th(shsan) | M, sp, = 5] :

h=hgo

The mean reward from r,(+|s,a) is denoted as Rj,(s,a). Let ©’ be a policy in M, then

VM (5,0) =37 (a | (5,5))

> P (s 6)](5,0),0) VI ((5',1)) + Rz<<s,b>,a>]
(s',0)

Additionally, the Q-function of a state-action pair (s,b) under policy 7 at timestep hg for

agent ¢ in Markov game M is defined as

T, M
Qho i (8, b) = Ex
h=hg

H
> rhilsn.an) | M, spy = s, apg; = b] :

Assume 7’ is a deterministic policy and 1); is a strategy modification such that its choice is

the same as the choice of 7/, then

wiem M (s, (b Z Pu(s'|s, ma(s) = 0,93(0)) i (0 | QT (5", i (b))
/ b/

+ Rp, (s, 9i(b) | mr(s) = b)
by definition of M’ we can directly see that
VoM (5,0)) = Q™M (s, 41(0)) (D.2)

Hence the optimal policy of M’ corresponds to a best strategy modification to recommen-

dation policy. O

Proposition 5.5.3. As long as LEARN_OP satisfies Assumption 5.5.1, Protocol 3 satisfies

Assumption 5.2.7.
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Proof. We first consider the NE and CCE case. The main logic has been stated in the
main text. We restate it here with environmental changes involved. Denote the intervals
that run Line 2, 4, 5 by Z, J, K respectively. Then with high probability, the estimation
of Vi(r) departs from the true value by at most /6 + Az and that of Vj(x},7_;) is at
most €/3 4+ ¢5' A7 4+ Ax. Combine all the error we get the conclusion. In terms of sample
complexity

Cs(e) = O (mCs(e) + %) = O (mCs(e)).

The last equality use the information-theoretic lower bound Cs(€) = Q(e2). Then we
consider the CE case. By Equation D.2 we can prove the correctness of this algorithm using
the same argument as before. In terms of sample complexity, it is the same as before except

that we need to change the size of state space from |S| to |S||A|. Finally, ¢5* = c§ O

By Wei and Luo [2021], we know that we have ¢ = c§ = O(H).

D.3.2 Single Block Analysis

Divide [C}(€) 4+ 1,2"] into Zy UZy U - - - U Zg such that Zy, = [sg,ex],s1 = Ci(€) + 1,ex =

2" e +1 = sg41 and

1

A-Zk < Amax{
C
2

V| Zk|

Intervals with such property are called near-stationary. Let E,, € Z; be the last episode
(The block may be ended due to a failed TEST_EQ). Define €j, = min{Ey, e; },Z;, = [s;, €},].

If k > 1, Z;, = @. For convenience, we denote 7, = C(€) 4+ 1 in the following proof.
Definition D.3.1. For k € [K],q € {0,1,---,Q}, let

Tk(q) = min {7 € ;| 7 is not a 2¢(q)-EQ at 7} ,&(q) = [e — 7(q) +1] .

First, we are going to show that with high probability no TEST_EQ is aborted.

Lemma D.3.2. With probability 1 — 2QTY, for any TEST_-EQ instance testing gap €(q)
maintained from s to e, it returns fail if the policy is not (2¢(q) + c2AA[57e])—NE/CCE for

any T € [s,€e]. In equivalence, e — s < 2°T1 and all TEST_EQ function as desired.



258

Proof. By union bound, the probability all TEST_EQ function as desired is 1 —QT'§. There
are 297" possible starting points for a test occupying 2" episodes. For each of them,
TEST_EQ exists with probability 1/(e(r)27/2). By Bernstein’s inequality, with probability

1 — 6, the number of such tests is upper-bounded by

1 1 1 1
207" — — 2-207"———og - + log =
EESTIE \/ c(r2n2 %85 T8

1
+ 2log —

<2.217T
- )

1
e(r)2n/2
2q—r/2+1

= @Qn/z

By union bound, this inequality holds for all TEST_EQ with probability 1 — QT'6. So the

1
+2log5.

total length of all shorter tests is upper bounded by

q—1 2qfr/2+1 1
STy +2log |27
&\ e T

—1
2% —1 1 1
a+12 7 +2log —(27 — 1)

<
=T VE—1 @ 5
- 1
<5y (27 —1) +log <20+
1
<max {5@, 2log 5} 24
Here we use 27 < 29 < ¢,2™2. Using the union bound, we get the conclusion. O

In subsequent proofs, we condition on the high probability event described in this lemma.

Lemma D.3.3. With probability 1 — Qd, for all r € [Q].
!
1
3 [ertr) - 247, < 24 elr — 29)VaTI0g = 2V,
k=1

Proof. For each r € [Q)].

l

27C77‘+2 Z I:é-k(r) _ 2c+7‘} .

k=1

K
< Z 1 [T € [te(r), e — 26+r_1],r mod 2¢t7 72 = O]
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on

1 [7’ € [re(r), ep — 27771, 7 mod 2772 = 0]

T n

Il
3

IN
M)+

1 [7’ € [m(r), el — 2777, 7 mod 2°7"7? = 0 and there is no test for e(r)/2 starting at any t € [y, 7']]

T

2"L
+ Z 1 [T € [1,E, —2°7"7'] and there is a test for e(r)/2 starting at some ¢ € [Tn,T]]

T=Tn

" log(1/6)
—log(1 — 1/ (e(r — 2)v/27))

] +0 < 2¢(r — 2)v2n log%

The first inequality holds because in an interval of length w, there are at least (w+2—2u)/u
points whose indices are multiples of w. The third inequality holds with probability 1 — §.
The first sum is bounded using the fact the test is started i.i.d. with constant probability
1/ (e(r - 2)\/27> In the second sum, the condition implies that the ending time of the test
is before t +2¢1772 — 1 < ¢; — 267772 _ 1 < ¢; so the test is within Z; and t +2¢t72 — 1 <
74 2¢77=2 _ 1 < E, so the test ends before the block ends. However, the test is for €(r)
and the variation during the test is bounded by Az, < 2-"/* = ¢ < ¢(r), so such TEST_EQ

must return Fail. O

In subsequent proofs, we further condition on the high probability event described in

this lemma.

Lemma D.3.4. The total number of near-stationary intervals
; n/3 (A 2/3 n/4 A
[ <14 2min<?2 <c2 A[l,En]) , 2"y A By (D.3)

Proof. We divide [r,, E,] = Z1 UZy U --- UZ; in such a way that [sk, ex] is near-stationary
but [sk, er + 1] is not near-stationary. Then

-1

A[Tn,En} > Z A[sk,ek—i-l]
k=1

1 — 1 —n/4—1
> > max{———2
3 13 er — S+ 2

-1
1 1
>— max —_(I—1)27V*!
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Hence by Holder’s inequality

1 2/3 ;1.1 1/3
[ <1 4 min { (Z er — Sk + 1) 1/2> <Z(ek — S, + 1)) ’2n/4+1CQAA[Tn7En}}

k=1 k=1

2/3
<1 4+ 2min { (02 A[Tn,En}> / [T, En]|1/3 , 2n/402AA[Tn,En]}

2/3
<1+ 2 min {2”/3 (CQAA[LEH}) / ,2”/402AA[1,E7L]}

Lemma D.3.5. With probability 1 — 3QTd
1
Regret([1, E,]) < 23n/4+4 4 4Q (2"/2+C\/021 + 2‘3+"/202) + ¢y log 52"/2“ 4 e 27on/4

Proof. First we consider the regret generated by TEST_EQ. We need to count the number
of steps all the tests go for. Similar to the calculation in Lemma D.3.3. The number of tests
with length 27 is upper bounded by

on—r/2+1 1

W + 2log 5
So the total length of all TEST_EQ is upper bounded by

ZQ: on—r/2+1 200 1 -
9e 22 T T8

r=0
(292 1
V2 -1 c\/>2”/2

)

<on+t

+21og% (ZQ—l)

Then we consider the regret generated by committing.

Z Gath (Wt)

!
TEIk

<3 (1 [Gap™ (x) < 26(@)] 24(Q)

!
TEL,

r=0

Q-1
+ 301 [26(r + 1) < Gap™* (#') < 26(r)] 2¢(r) + 1 [Gap™” () > €(0)] 1)

<2|T; |e(Q +2Z )& (r + 1) 4+ 2€(0)&(0)
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<2|Z;.|e(Q +4Z

In the second inequaility we use €(0) = \/c2 > 1 and in the third inequality we use €(r) <

2¢(r +1). Summing over all intervals we have

Q 1
Regret([1, En]) < 2"1e(Q) +4) > e(r)&(r)
r=0k=1
Furthermore
! l
> e(r)ér(r) = e(r) min{&,(r), 27} + Z { 2c+r} X
k=1 k=1

<23 Jermin{ey(n zcmz ) [etr) - 2],
k=1

l
§2c Z /02 ’I]£;| + 2C+n/2c2
k=1

The last inequality uses Lemma D.3.3. Hence

l
n c " c+n 5 n n
Regret([1, En]) <2"'e(Q) + 4Q (2 E e2 | Ty ] +2°F /202> + = 5 25/ 4 ¢y log52 /2H L Oy (e)
k=1

l
S23n/4+4+4Q (23 C2[Z|I]l€+2c+n/262) +6210g %2n/2+1+cl270¢n/4
\ k=1

§23n/4+4+4Q (2n/2+c /621+20+n/262) +6210g %2n/2+1+612—an/4
]

To keep the notation clean, from now on we make frequent use of the big-O notation
and hide the dependencies on logarithmic factors on relevant variables. We also assume A

is always large enough so that we can drop the 1 in Inequality D.3.
Lemma 5.5.4. With probability 1 — 3QT, the regret inside this block

A (o93n/4 - Jo2m/3 (A U3 Jsnss (A 1/2 n/2 3/2 | o—an/4
Regret = O | 2 + comin < 2 (62 A[I,En}) , 2 <02 A[I,En]> + 2%y’ + 2 c1

(5.1)

Proof. We may restate the bounds in Lemma D.3.4 and D.3.5 as

lzo(min{zn/?’( A)H{ L2 (CZAAD,EH])})
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Regret([1, B,]) = O (254 4 2"2cyv/1 4 272¢5/%  27om/ ey )
Combine them together we get

~ [ an . n: 1/3 _sn 1/2 n —an
Regret([1, En]) = O (23 M e mln{Q2 /3 (CQAA[LEn]) / ,25m/8 (CQAA[LETL]) / } +2 /262/2 +2 /4c1>

(D.4)

O]

D.3.3  Proof for Theorem 5.5.6

Due to the doubling structure inside each segment, from Formula D.4 we get

- ‘ 1/3 1/2 N
Regret (7)) = O (57" + comin {175 (58,) " 1T (85) 4 &2 72 a4

Lemma D.3.6.
J=0 <T1/5 (max {2} A)4/5> .
Proof. For any segment [Jj,
max {cf,c§ } A, > e(Q) — e 2 (V2 - 1) |75V

since the ending of a segment is caused by a False returned by TEST_EQ. Then by the

same logic as in Lemma D.3.4 we get the conclusion O

Hence by Holder inequality

Regret(T) =0 ((]1/4T3/4 + c2 min {TQ/BZIB, T5/8£1/2} + c‘;’/QJl/QTl/2 + 61J1+a/4T7Q/4)
) (A1/5T4/5 + ¢pmin {&1/3T2/3’£1/2T5/8} i <C1 I 63/2) A2/5T3/5> o= 9

5 <C1A1/5T4/5 + ¢z min {£1/3T2/3’Z1/2T5/8} + 03/2A2/5T3/5> a=—3

D.4 Base Algorithms Satisfying Assumption 5.2.6

In table D.1 we summarize the results of this section.
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Table D.1: Parameters of the Base Algorithms. In this table we only show the magnitude

Types of Games c1 a | cf
Zero-sum (NE) A+ B -2 |1
General-sum (CCE) Amax -2 |1
General-sum (CE) Az -2 |1
Potential (NE) m? Amax -3 11
Congestion (NE) m2F3 -2 | mF
Zero-sum Markov (NE) H°S(A+B) | -2 | H?
General-sum Markov (CCE) | H%S% A ax -2 | HS
General-sum Markov (CE) H6S52A2 -2 | HS
Markov Potential (NE) mZH*S Ak | —3 | H?

D.4.1 Two-Player Zero-Sum Matrix Games (NE)

In this part we consider the following algorithm: each player independently runs an optimal
adversarial multi-armed bandit algorithm (e.g. EXP.3) and finally output the product of
respective average policies of the whole time horizon. We will prove that this algorithm

satisfies Assumption 5.2.6 in terms of learning NE in two-player zero-sum matrix games.

Proof. We adopt some new notations in this proof. Let R’ € [0,1]4*F be the reward matrix
at episode t. The policy of the max and min players are represented by x! € [0, 1}A,yt €
[0,1]B. Each entry represents the probability they choose the corresponding action. The
reward received by the max and min players are respectively xtTRtyt and —fL’tTRtyt. With
probability 1 — § the adversarial MAB algorithms satisfy

1 & 1 &
T Z xtTRtyt — min T Z xtTRty < Caaqv VAT
t=1 vo4ia

T T
1 Tt t 1 tT pt t

—E R ——E Ry < +V BT
mxath:1x Y Tt:1x 1y < Cad
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where c,qy = O(1). The output policy T = .1, 2t/T and 5 = Y.L | 4t /T satisfy
max (T y) + Vl’l{l\l{’l (33 T) = Inax ITRTy + mln QUTRT?J < Cadv VBT + A + cagy VAT + A

By the definition of zero-sum game

NEGAP(z,7) <Vrﬂ§§(Ta 7) — Vrﬁg(’ 7) + VI%HT( 1) — Vr%;[ (Z,7)
2

:angx(Tay)";Vrﬁ/i[n (f>1—) :6( (A+B)T) + 2A.

Hence this algorithm satisfies Assumption 5.2.6 with Cy(€) = O (A + B)e™2?) ,¢f =2. O

D.4.2  Multi-Player General-Sum Matriz Games (CCE)

In this part we consider the following algorithm: each player independently runs an optimal
adversarial multi-armed bandit algorithm (e.g. EXP.3) and finally output the average joint
policy of the whole time horizon. We will prove that this algorithm satisfies Assumption

5.2.6 in terms of learning CCE in multi-player general-sum matrix games.
Proof. We define the loss of player ¢ at episode ¢ by playing a; as
) = 1= By ne [riai,a i) | M|

then with probability 1 — §, the adversarial MAB algorithm satisfies
T

Z<7Tt()vlf()> - mln th az < CadvVAT, Cadgyv = 5(1)

=1 @i €A

For convenience, we denote the reward function at timestep ¢ by 7. Let the output policy

7 =L 7t/T, we have

VM ()
1 T
:anw [TzT(a):| = T ZE%NW _ ﬂ_ti |:7'Z (a“a_z)}
t=1
1 & ; 1T . t
=1 T ZEaiNTrZ? |:li (Qi)] + T Zanw?Ea_ ot [ri (ai,a_;) — ri(as, a,i)}

t=1
1 1 &
>1— T IIllIl Zl (a;) — caav\/ Ai/T + T ZanﬁEaﬂNﬂii [T‘iT(CLi, a_;) —ri(a;, a_i)}
t=1

a;€A;
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1
ZT ;?Eaj\i ; Ea—imrii [Tf(ai’ a*i)} - Cadv\/m - A
1 T
ET aiA; ;Ea*iwf_i [TiT(ai’ a—i)} -A- Cadv\/m —A

SVM (1, 722) — caav/ A/ T — 240

By definition of CCE we know this algorithm satisfies Assumption 5.2.6 with Ci(e) =
O (Amaxe?) =2

D.4.83 Multi-Player General-Sum Matriz Games (CE)

This part is very similar to the last part. Instead of using standard adversarial bandit
algorithms, we use no-swap-regret algorithm for adversarial bandits (for example, Ito [2020])
and the proof is almost the same. We can achieve with probability 1 — 4,

T T

D (. 0) — min (00 7)) < caanAVT st = O1)
where 1); is a strategy modification. By substituting all min, max related terms correspond-

ingly we get the proof for CE and Cj(e) = O (A2, ?)

max

D.4.4 Congestion Games (NE)

In this part we will show the Nash-UCB algorithm proposed in Cui et al. [2022] satisfies
Assumption 5.2.6. We carry out the proof by pointing out the modifications we need to
make in their proof. In their proof, k£ stands for the episode index instead of t and K is the

total episodes instead of T.

Lemma D.4.1. (Modified Lemma 3 in Cui et al. [2022]) With high probability,

(8) < max [ Ai(a) | yx)-1 /B B = O(mF + KmA?)

G
‘ ‘ i€[m]

Proof. We denote the average reward vector by # and the reward vector of the last epsiode

by 7, other notations are similar, then

ff —’I”Z-T

(a)
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<[l As(@) ey

é—eT’

VEk

<Jas@lge (-7, +]7-67],.)

< Ai(@) | iy <H9H2 +1/logdet VF + 7 + @A)

The rest of the proof is carried out with the new Bk and finally the regret becomes
Nash-Regret(K) = O (mF3/2\/E + mFKA) .

Finally this algorithm can be converted into a version with sample complexity guarantee
and C1(e) = m?2F3¢ 2 cf = mF as stated in the original paper using the certified policy

trick from Bai et al. [2020].

D.4.5 Multi-Player General-Sum Markov Games (CCE,CE)

In this part we will show how to adapt the proof in Cui et al. [2023] to the non-stationary
game case. For simplicity, we will follow the proof in Cui et al. [2023] in general and only
point out critical changes. Note that they use k as epoch index while we have been using k
as episode index. For consistency, we will use x as the episode index in this section. As a
reminder, we will use r*, P® and M" to denote the reward function, the transition kernel
and the game at episode k.

We use the superscript x in E*[-] to denote that the underlying game is M*. We further
use nﬁ(j ;8) to denote the episode index when state s is visited for the jth time at step h
and epoch k in the no-regret learning phase (Line 12 in Algorithm 3), and we use &} (j; s)
to denote the episode index when state s is visited for the jth time at step h and epoch k
in the no-regret learning phase (Line 12 in Algorithm 3). We will change the algorithm in
Line 34 where we replace nf(sy) with 3¢~ TF(sp,). We will modify all the lemmas in the

proof below. We use N* to denote S5, n*.

k(;.
First, we will replace E  , ;)  [-] with Enh(]fik(_s) [[] in all the lemmas, which
a~m, B () a~m, 7 (s)

. . . Ktk (5; . .
takes the expectation with the underlying game when 0 s)(- | s) is used. It is easy to

verify that Lemma 35, Lemma 36, Lemma 37 hold after the modification.
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Second, we will replace nf(s) with Z;:ll T}(s) and nkdzk(s) with 27}’;1 d’,;k (s;k,J),
where dzl(s; k,J) is the visiting density for model at epoch k and Jth trajectory sampled
in the policy cover update phase. In addition, we also add the following argument in the

lemma:

1 (=1 Nk-1
()\/Tr1g> ZN,H N 5 (sik,5) |V Trvigs

j=1
where dgl (s; k,j) is the visiting density for model at epoch k and jth trajectory sampled in
the no-regret learning phase. It is easy to verify that Lemma 38 hold after the modification.
Third, we will consider a baseline model M, which can be the game at any episode,
and use Vh’fi(s) to denote the corresponding value function. Now we show that Lemma 39,

Lemma 40 and Lemma 41 holds with an addition tolerance A.

Lemma D.4.2. (Modified Lemma 39 in Cui et al. [2023]) Under the good event G, for all
ke [K], he[H], i€ [m], se€S, we have

H

—k T77TE-L'
Vh,i(s) Z Vh,i (S) — Z Ah.
W =h
Proof. Note that we have
1) ok 0
E" jks,tk(j;s) {rh,i(s, a) + Vh+1,i(sl)} —EM otk () {rh i(s,a) + Vi 4( ’)} < Ay,
a~m, 7 (]s) anvmy, (ls
The rest of the proof follows Cui et al. [2023]. O

Lemma D.4.3. (Modified Lemma 40 in Cui et al. [2025]) Under the good event G, for all

ke [K], he[H], i€ [m], s€S, we have
ZZ ( <th +ZAh

Proof. The proof follows the proof for Lemma D.4.2. O

Lemma D.4.4. (Modified Lemma 41 in Cui et al. [2023]) Under the good event G, for all

k € [K], i € [m], we have

H
1% N HZAZT Ti
Vii(s1) = VEi(s1) <O (Ejﬂ“ [Z AT ) N
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Proof. The proof follows the proof for Lemma D.4.2. O

Lemma D.4.5. (Modified Lemma 42 in Cui et al. [2023]) Under the good event G, for all

i € [m], we have

f: n max (Vl i(s1) — Kﬁ(sl)) < 10) (HZ\/SAmaXTTrigN) .

Proof. By Lemma D.4.4 and the proof in Cui et al. [2023], we only need to bound

Zszl nkE%O W By the definition of A, we can easily prove that
’I’Lh S ig
k Nk nk
ZNZdh (s;k+1,5) — Z skJ < nFA,
seS j=1 J=1
k l NE k—1 nl Nk-1 l

3 Inkdg( Z Zdh (s;k+1,5) — ZN — > dp (s;k,5) || < NFA.
SeS =1 j=1

and we have

(k lNk L S Nk-1 Nk-1

k—1 1
E : § : l 7l . n ol .
se€ l =1

j=1 =1 j=1 j=1

Then we have
1
Z /Ay R —
h(sh) V Tyig

1

k T

dy ()| oo
gg nﬁ(s) V Thyig

u 2
k=1 $ (Zl 1 Nk 1 ZNk ' d;lrl (S; ka .7)) \4 TTrig
(Lemma 38 in Cui et al. [2023])

k lNk k—1 Nk-1
<NKA+ZZ(Z S (s k4 1,5) - )

s€eS k=1 \I=1 j=1 1:1 =

Il
EMN I

MM

2
J@l L SR (s k) V T

<2NKA+ Y 322 Zd’rlsKj
seS = 1

(Lemma 38 and Lemma 53 in Cui et al. [2023])
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<2NKA + v325N.
U

Lemma 43 in Cui et al. [2023] holds directly with the modified update rule. As a result,
following Theorem 4 in Cui et al. [2023], the same sample complexity result holds for learning

an € + O(HSA)-CCE. Hence Cy(€) = H0S?Apae 2, ¢ = HS.

D.4.6 Markov Potential Games (NE)

This setting is rather straightforward. Algorithm 3 in Song et al. [2021a] serves as a base
algorithm. By noticing that any weighted average of the samples of rewards shifts by no
more than O(A) in the non-stationary environment and by the very similar argument we
made in Lemma D.2.3 or proof of Theorem 1 in Mao et al. [2021b] we can see Ci(e) =

m2H*S Amaxe >, clA = O(H?).
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Appendix E
DEFERRED CONTENTS FROM CHAPTER 7?

E.1 Additional Motivating Examples

In this section, we present two additional motivating examples of our proposed models.

Ezample 6 (Web Advertisements). Consider a set of websites as the facility set and
companies who want to advertise their products as the players. Due to budget constraints,
each company may only choose some of these websites to put its product ad. For each
website, the probability that a user will click on a certain ad (and then buy the product)
depends on how many ads are put on the website. If a website receives too many ads, the
probability that a user can see a certain ad will decrease, thus making it congested.” The
reward each company will receive is measured by the amount of products sold during certain

period of time, which is bandit feedback.

Ezample 7 (Server Usage). Consider a set of servers in a company as the facility set
and server users as the players. Each user needs to request several servers to finish her
computation task and the cost triggered from each server depends on the number of users
requesting that server. Each user will try to minimize the total cost incurred from the
servers she requested. As each user can see the cost from all the servers she requested, this

is semi-bandit feedback.

E.2 Compute e-approximate Nash Equilibrium in Potential Games

In this section, we show that the e-NASH(-) operation in Algorithm 10 can be computed
efficiently by using Algorithm 11.
In particular, we first show that the matrix game with reward functions @]f(), e ,@fn( )

used in Algorithm 10 is a potential game in Lemma F.2.1. Then, we show that Algorithm 11

*Although the website’s intelligent recommendation system may more or less mitigate this effect, it can

be considered as a part of the reward function’s property.
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can efficiently compute an e-approximate Nash equilibrium for potential games and output

a product policy as shown in Lemma F.2.2.

Lemma E.2.1. In line 6 of Algorithm 10, the matriz game with reward functions
@]f(), . ,@fn() forms a potential game for both settings of semi-bandit feedback and bandit
feedback.

Proof. In the setting of semi-bandit feedback, since @f(a) = 2 fea; (#FF + vFFr)(a), the
reward functions Qlf(), e ,@’:n() form a congestion game, which we know is a potential
game [Monderer and Shapley, 1996].

In the setting of bandit feedback, notice that by defining 77 (i) = @]Zrm(f_l) for (i, f) €
[m] x F, we can have 7¥(a) = <Ai(a),§k> =2 rea; #f(nf(a)). Therefore, we claim that
the desired potential function is

n! (a)
d*(a) = @F(a) + b""(a), where @F(a)= )" 7 (7).
feF i=

—_

To see this, by referring to the definition of potential function in congestion game [Monderer

and Shapley, 1996], since 7#¥(a) = > fea; 7 (n/(a)), we have that

" (a;,a_;) — ®F(a), a_;) = Fiai, a;) — 7i(ah, ay).

As a result, we have

D*(aj, a_;) — d*(d}, ay)
= (fi(ai, ai) + 0" (as, a%)) - (fi(a;, a—;) + b (al, afi))

—k —k
:Qz (ai> a—i) - Qz (CL;, a—i)7
which means that @If(), . ,@fn() form a potential game. O

Lemma E.2.2. Algorithm 11 can output an e-approximate Nash equilibrium.

k

Proof. Note that if at round k, we have max;c(,) A; < €, then 7" is an e-approximate Nash

equilibrium. So we only need to prove that max;c,,) A; < € is satisfied at some round

ke{l,..., |mmax]}

€
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Suppose the potential game ({A;}}", , {r;};~;) is associated with potential function ® €

[0, Prax]. Set 7% = AIGMAX T A(A)) ® (7). Then for any 7 € [[;¢pn A(Ai), we have

®(n*) = () = D (P(7h, Tirim) — P(TTi 1, Tismn)

1€[m]

*
— V“T:iv“ﬂrl:m V“l:iﬂv”i:m
- % Y

1€[m]

<MTmax-

As a result, we can set ®ax = Mrmax. On the other hand, if j = argmax;c A, for round

k, we have
k+1 k k+1 _k k
O(r" 1) — (r%) =@ (T, 7l ) — (")
kL ok k
vy
:rj(afﬂ, Wlfj) — 7 (%) (7% is deterministic)
—A,
=max A;.
i€[m)]
So there must exist k € {1,..., [™max]} such that max;e), A; < €, otherwise ®(7*) increase
at least € at each round, which contradicts ® € [0, mryax]- O

E.3 Analysis for Algorithm 10

Recall that the update rule in Algorithm 10 is @f (a) =¥ (a) + bf’r(a), where we have

)

b?’r(a) — Z bk’ffr(a), and bk’f’r(a) - \/Nkvf(nfb(a)) 2

f€a;

For proof convenience, we define auxiliary value functions

QF(a) = it (a) - b} (a),
Vi =Ea[Qf(@)] and VF=E, [Q"Ga)).

With these definitions, we now begin to prove Theorem 6.4.1.
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Proof of Theorem 6./.1. Semi-bandit Feedback. By the update rules in Algorithm 10,
in the setting of semi-bandit feedback, with probability at least 1 —§, simultaneously for all
(k,i,a) € [K] x [m] x A, we have
Q@) —rifa) = Y- [P —rf)(@) + 0 (@) 2 0.
f€a;
The second inequality above is obtained by using standard Hoeffding’s inequality and union

bound, Therefore, we have @f (a) > ri(a).

Then, since 7 is the c-approximate Nash equilibrium policy of @lf, e ,@:w we have
Vi =E, [Q;(a)] = ue%%fl )]E [QF (a)]
2 E, _ b
Verg%ﬁz) <V’”Ei)[ri(a>] —Ee=V — €.

Meanwhile, by definition of Qf( ) and Vk, we can similarly show that Qf (a) < ri(a) and
Kf < ka. Therefore, we can have V;;T g ka < Vf — Kf + €.
Now, we define Q*(a) = mMax;e ] Qbf’r(a) and V¥ = E___[Q*(a)]. Then, we can notice
that
max(Q; — Qf)(a) < max 26" (a) = Q" (a),

i€[m]

max(V ~VE<E, ..« [nel[ax](Qf — Qf)(a) <E,_..[Q%@a) =V

1€[m]

We further define M* = E,_ & [@k(a)] —QF(akF) = VF—Q¥(a¥). It is not hard to verify
that MP* is a martingale difference sequence with respect to the history from episode 1 to

k—1. Meanwhile, since ‘bk’r(a)‘ =D fery /m < F+/i. Thus, by Azuma-Hoeffding
inequality, we have Zszl MF=0 (F VK ) Therefore, we have

(47 v)
i€m)

Mx

Nash-Regret(K) =

k=1
K T .
:me max e VZ-W),F
el ze[m]
(Since the value is always bounded by F'.)
K
SZ {max V —Vk) }—}—Ke
el 1€[m]
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IA
M=
=

1n{‘~/k,F} + Ke

=
Il
—

St

(min {@k(ak),F} —i—/\/lk) + Ke

k=1

<0 (F\/E) +2 Z {nel[auﬁ bE (a ’f),F} (By taking e = 1/K.)
(F\/E)'FQ%]; Nkf ))\/1
<O (F\/ mK) (By Lemma E.3.4.)

Bandit Feedback. By using Lemma FE.3.1, which guarantees optimistic estimation, we

can similarly show that

Nash-Regret(K Z MF 4+ Z min { 268 ( } + Ke.

To have an upper bound on M¥ here, recall that b**(a) = MaX;em] ||Ai(a)H(V,€)f1 \/57c
and \/fx = O (VFd) = O(F\/m). Meanwhile, we have 4@l g1 < IAsC@)Il; =
|A;(a)]|, < VF. Thus, we have ’Mk‘ <0 (W), which by Azuma-Hoeffding inequality
implies YK, MF =0 (\/m)

Then the sum of the bonus terms can be bounded by using Lemma F.3.2. In particular,

with e = 1/K, we have

Nash-Regret(K) <O <\/ ) +2 Z min {{2%{ HA H(Vk)’l Br, F}

<O ( mF3K) + 2J Kkz_:lmin {ng% HAi(ak)Hivk),l Bk,Fz}

K
<O ( mF3K) + \l O (mF?K) Zmln {rgax | A (ak)H< vy ,1}
k=1
(Since B, = O (mF?).)
<0 (VmF?K) + O (VmF?K - mF) (By Lemma E.3.2.)

<0 <mF3/2JI?) .
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E.3.1 Lemmas for Bandit Feedback

The following lemma, as a direct corollary of the confidence bound for least square estima-

tors, shows that the reward estimation error can be bounded by the reward bonus term.

Lemma E.3.1. With probability at least 1 — 9§, simultaneously for all (i,k,a), it holds that
((7F —7))(a)] < B**(a), where 7 and b are defined in (6.2).

Proof. By construction, we have

(7% = 1) (@) =|(Ai(a),0 - 0)|
<||4ia)]

(ve)™

< 14iG@)l -1 (101 + y/Flog (@er(vE)) + 7).

where the inequality (i) above holds because of Theorem 20.5 in Lattimore and Szepesvari
[2020] and the fact that the reward noise is v/ F-subGaussian. Since each element in 6 is
bounded in [0, 1] by construction, we have [|0]|, < V. ~

Then, by Lemma F.3.2, we have det (Vk) < (1 + mTkiF)d since by construction
1Ai(a)]l3 < F.

Finally, to make this bound valid for all player i € [m], we only need to take maximization

over i € [m]. Therefore, with probability at least 1 — J, we have

(7 = 12) (2] < mo [ 44(2) |y /e = B ),

i€[m]

where \/BT—\/EZ—F\/FJlog(l—i-mSF)—i—FZ. O

The following is a variant of the famous elliptical potential lemma, which helps bound
the sum of reward bonus under bandit feedback. Here, we apply some techniques from the

proof of Lemma 19.4 in Lattimore and Szepesvari [2020].

/ / T
Lemma E.3.2. Let K, m > 1 be integers. Suppose VF = I—I—Zk/ (om, Ak (Af ) , where
AF e R? and HAf’ H2 < F. Then, it holds that

det (Vk) < (1 + m];F>d, and me {max HAk

lem

KF
v 1,1}§2dlog(1—|—md).
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Proof. For the first upper bound about det (Vk), we have

det Vk ﬁ Aj (A, \g are eigenvalues of V)
j=1
( ( ) (By AM-GM inequality)
( pesiszel)
m’fF) (Since || 4¥[” < )

For the second upper bound. First, we notice that min {1,z} < 2log(1 + z) for any

Vk)‘1> '

x > 0. Thus, we have

Z min {1 max HAk

1€[m]

K
2
<2 log | 1+ max || A
vyt }— 2 g( ms |45,
Then, for k > 2, we can notice that

vyl f;A (at1)"
() (e (o) (S (a)) () ) ()
() (1 () ) () ) ) ()
hreore e v

et (1) =aon (v (1435 (v i) (o)) )

det (vk* ) (1 +maxHAk 1‘

1€[m)|

v

(Ve 1)1> (By Lemma E.3.3.)

k—1
k/
I (e

,)_1> . (Since by definition, V! = I.)

Vk)‘1>

As a result, we have

K
kZ::lmin {g% HAi€

2 1 <2§:1 1+ HA’C 2
1, < o max i
(V) Pl W s
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< 2log (det (VKH))

KF
< 2dlog (1 + md) .

E.8.2 Technical Lemmas

Lemma E.3.3. Let yi,...,ym € R? be a set of vectors. Then, it holds that

m
det [ I T >1 112
e ( +;yzyz>_ +g%l!yzllz

Proof. Since I + 37, yy! = I+ yy, for any i € [m], we have det (I+ >y yiy;) >
det (I + vy, ) for any ¢ € [m]. That is, we have

m
det <I+ Zwa) > ma det (I+y) =1 + max lyill -

i=1

The last line above holds because the matrix I + y;y, has eigenvalues 1 + [|y;[|3 and 1. [

Lemma E.3.4. For any f € F, it holds that

K m
> v = LV
= | NEf(nf(ab) vl = = ¢
<2) \/NKS(n) (By standard technique)
n=0
m
<2,|(m+1)) NKS(n)
n=0
= (\/mK)

The last equality above is based on a pigeon-hold principle argument similar to Lemma

E.6.5. O
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E.4 Analysis for Algorithm 12

E.4.1 Exploration Distribution and Smoothness

We choose the exploration distribution to be the G-optimal design and we have the following

properties.

Lemma E.4.1. (Unbiasedness) For any episode k € [K], i € [m] and a € A;, we have
By, [Vi®(a)| = VI(a),
where B[] is taken over all the randomness before episode k.

Proof. By the definition of @f@(a), we have

Ey. |Vi®(a)] =Ex (¢i(a), 05 ("))

—Ey |2 i: ¢z(a)T[2ﬂl¢z‘(af’t)rf,t]
LT =1
—Ey [61(a) T[4 (el
=Ey [9i(a)"[ZF] 7 g0 ) i(ap ) 0 (n")]

= 3" 7F@Phe! (a)[SH eilaf ) gilal ) T (")

a’?eAi

7

(a®! only depends on ¥ and Gf’l(wk) only depends on 7% )

=6 (@)= | D wfalei(al ) gi(ai )T | 0:(x")
akeA;

=; (a;)0;(7")

=VFd(a).

)

Lemma E.4.2. For any episode k € [K], i € [m| and a € A;, we have

F2
<

() "2 g (af | < -




Proof. As wF = (1 —~)(va¥ + (1 — y)7F 1) + vp;, we have
EF =Epnt 0iai)$i(ai) " = Eamp,bi(ai) diai) T

and p; is the G-optimal design with respect to ¢;(+), for any action a € A; we have

1 F
I6i(@)issr < 191 @), -y, putaenteoi < -
Then for any ¢ € [7], since |rf’t] < F, we have
kot T k-1, ¢ kit oot kot F?
ol @il )| < [ sy [ostal ) g0 < =
As a result, we have
Sk IR T ekt (ki kt| o F?
[Vha()| = | 2 3 orla) TISH gutar i <
=1

Lemma E.4.3. For any episode k € [K], i € [m] and a € A;, we have

Ex [(@-(a)T[Eﬂ%(a?t)rf’t)z] < };3

Proof. We first show that for any ¢ € [7], we have

By |(6:0) (=1 ol et )]
<FE, |(6a)T (2 0i(al))
<PEi [éi(a) " [Z8] 7 dula ) di(al) T[] i) ']

=F2¢i(a) " [2F] 7 ps(a)
F3

<.
5

Lemma E.4.4. With probability 1 — 6, for all k € [K], i € [m] and a € A;, we have

‘@’?CD(@) B kab(a)’ <. F*log(mK/9d) n cF3log(mK/§)
! ! =\ YT yT

279
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Proof. Recall that
VED(a;) = Zdﬁ a))[ZF] 7 e,

and (a™ ™) are drawn independently at each ¢ € [r]. Lemma E.4.1 shows that

1 0
VE®(a;) is an unbiased estimate of V¥®(q;) In addition, Lemma E.4.2 shows that
o (a;)[ZF]1r k. “oi(a kt) is bounded by F?/v and Lemma F.4.3 shows that its second mo-
ment is bounded by F3/vy. Then by Bernstein’s inequality, for a fixed k € [K], i € [m] and

a € A;, with probability 1 — §, we have

2F3log(2/6) N 3F?%log(2/6)

VED(a) — VF®(a)| <
VEd () - Vid(a)| < = >

The argument holds by applying the union bound and the fact that |A;| < 2%

]
Lemma E.4.5. ®(-) is mF-Lipschitz and mF-smooth with respect to the L1 norm || - ||1.
Proof. Recall that (1) = E5.®(a) and ®(a) € [0, mF].
O(m) — (1) =Ear®(a) — Epor®(a)
= Z Ealzifl"‘ﬂ-i:i_l7ai:7n"’7ri:7n¢(a) - Ealzi"’ﬂ-i:iaai+1:mN7ri+1:7n¢(a)
i€[m]
<> lmi =il - 12l
1€[m]
< x—
Similarly we have V,®(a;) = E, ,~r_,P(a;,a—;). As a result, we have
[Va® = Vo®|,, <mF || — '], .
O

Definition E.4.6. (Frank Wolfe Gap) The Frank Wolfe gap of a joint strategy 7 for ®(-)
is defined as

G(r) = max (7' — 7, V,®).

Lemma E.4.7. Suppose the Frank Wolfe gap of w is €. Then 7 is an e-Nash policy.
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Proof. For a fixed player i, suppose player i change her strategy to 7.

7I'/- T4

VT SV = (7o) — ()

= <7l'; - 7ri7v7ri¢'>

E.4.2  Analysis for Frank Wolfe in Bandit Feedback

Theorem E.4.8. Let T = K7. For the congestion game with bandit feedback, by running
Algorithm 12 with gradient estimator V¥® in (6.4) and exploration distribution p; in (6.5),
setting parameters v = mi\/?, v = mLK and 7= K2, if K > %, then with probability 1 — ¢,
we have

K
Nash-Regret(T) = Z G(rF) =0 (m2F2T5/6 + m3F3T2/3> .
k=1

Proof. Set VF® = VO(IT¥) € R4 and VF® = VFd(7;) € R4, As we have ®(.) is mF-

smooth w.r.t. |- |1, we have
Bt +) 20(rt) + (VR(rk), w1 — k) - Lkt k2
=0(r*) + (1 —7)v (Ve (rh), 7! —75) + 9 (VFe, p— o)
- B - 202 - )
>®(r*) + (1= ) (VO(r*), 7 — k) — HV’C@HOO = wkHl
mF

= 7 =t 202 o -2t )
>&(7%) + (1 — ) <V¢>(7rk), FhHL ﬂk> — 2ym2F — AmPF(1* + 4?).
(By Lemma E.4.5.)

Define the true target policy at episode k

7F = argmax <7['i, Viq’(ﬂf» ’

Ux
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and the Frank Wolfe gap of joint strategy =

G(m) = max (7' — 7, V&(7)).

7r/

Then we have

<

(Vo(rk), #H1 — 7} = (VER(nh), 741 — 7b) 4 (Vo (rh) — VEo(ah), 741 — o)
> (VER(nh), 741 — b)) 4 (Vo (rh) — VEo(ah), 741 — o)

(VO(rk), #H1 — 7+ (VO(rh) — VFd(rk), 7451 - 7H41)
>G(n*) - 2m |V (r*) - VFa(r )H

2[4 3
> Gk — C\/m Filog(mK/d)  emF”log(mK/9)
T YT

Apply it to the previous bound and we have

O(r* ) >& (7)) + (1 — 4)vG(x*) — c(l_\/’%)y\/m2F4 log(mK/4)
— c(l;:)ymF?’ log(mK/8) — v2m?F — 4m3F(v* 4+ ~%).

Summing over k € [K] and we get

K K+1 1
D - K K
Z ) < (r™ ) (') +c \/m2F4 log(mK/8) + c—mF3log(mK /)
k=1 (]' - FY)V VT T
2m FKy  4(V?2 +y?*)mPFK
(1= (L=
Set v = ﬁ’ v = %, 7 = K? and notice that when K > %, we have 1 —~ > % Since

®(-) is bounded in [0, mF], we can have
ZG ( 2F2K1/2—|—m3F3)

Then by Lemma E.4.7, for T'= K7, we have

K
Nash-Regret(T) =7 G(r*) =0 (7712F2T5/6 + m3F3T2/3) .
k=1
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E. 4.3 Algorithm and Analysis for Semi-bandit Feedback

In the setting of semi-bandit feedback, we will need a different gradient estimator V¥®(a;)
and a different exploration distribution p; to utilize the extra reward information from each
chosen facility.

Based on the analysis in Section 6.5, using (6.3), we have VF®(a;) = > feas [0:(7%)] 1,
where [0;(7*)]; = E, & [rf(nf(a_i) + 1)} Meanwhile, in semi-bandit feedback, the

a_;i~

—1

mean of t-th reward player i received for facility f at episode k is r/(n/ (af’t, a]i’f )). There-

fore, we can use inverse propensity score (IPS) estimator to estimate [0;(7*)]. In particular,

we have

T ~ | {f € af’t}

oF (r* —1 Wb (e where M (rf)) =
Oi)y = 2 B @Oy, where B = — ey

Then, we can naturally have
Vie(a;) = Y (07 (x));- (E.1)
f€a;
Furthermore, by Lemma E.4.11, we can see that by using p; computed by Algorithm 24, for
all players, we have ]P)aiNWf (f € a;) > 5 for all f €U, cq,ai
Properties of the IPS estimator are summarized in Lemma E.4.12. By using these

properties, we can have the following lemma.

Lemma E.4.9. With probability 1 — 0, for all k € [K], i € [m] and a; € A;, we have

~ 3 2
V0 (a) — VED(ar)] < \/ ix log(j;”F K/o) | 2F 10%3:” K/o)

Proof. By Lemma E.4.12 and Bernstein’s inequality, simultaneously for all (i, k, f) € [m] X
[K] x F, with probability at least 1 — §, we have

4F log (2mFK/9) n 2F log(2mF K/9)
T T '

[16F (x*)) = 16:(m") ]| < ¢

Since VE®(a;) = 2 fea [0 (7F)] f, by triangle inequality, we have

_ - )
VED(a;) - Vi (a)| < \/4F 10g(j;nFK/5) L 2F 10g(72;nFK/5)'
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With this more refined gradient estimator, we can now have the following theorem.

Theorem E.4.10. Let T' = K. For the congestion game with semi-bandit feedback, by
running Algorithm 12 with gradient estimator %fq) in (E.1) and exploration distribution p;
in Algorithm 2/, setting parameters v = m—\/f%, v = milfg and T = K?, if K > %, then
with probability 1 — §, we have

K
Nash-Regret(T) = T Z G(rFy =0 (m2F3/2T5/6 + m3F2T2/3) .
k=1

Proof. By following the proof of Theorem E.4.8 and applying the concentration inequality

in Lemma E.4.9, we can have

(k) >0 (xk) + (1 (k) - (1_\/%_)”\/47712173 log(2mE/9)
- 2(17_Tﬁy)ymF2 log(mK /) — v2m?F — 4m3F(y2 + 72)'

Summing over k € [K] and we get

K K41 1
O(rtH) — &(nh) K 2K 5
G(r*) < + 4m?2F3log(mK/6) + —mEF~log(mK /5
> Gl <=y TV (mE/0) + = (mK/3)
2m?FKy  4(2 +y)m3FK
11—y L=y
Set v = %, v = m—‘/lﬁ(, 7 = K? and notice that when K > #, we have 1 —~ > % Thus,

we can have

K
Z G(r*) =0 (1712173/2[(1/2 + m3F2> .
k=1

Then by Lemma E.4.7, for T'= K7, we have

K
Nash-Regret(T) =7 G(r*) =0 (m2F3/2T5/6 + m3F2T2/3) .
k=1

E.4.4 Lemmas for Semi-bandit Feedback

Lemma E.4.11. Let F; = U, c 4, @i- For any player i, if p; is the output of Algorithm 2/
and 7F contains a mivture of p; with weight vy, then we have Py (f €ai) 2 o5 for any

feF.
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Algorithm 24 Compute Exploration Distribution p;

1: Input: A;, player i’s action set

2: Initialize A; < 0

3: for a; € A; do

10:

11:

12:

13:

if 3f € a; such that f ¢ Ua;eﬁi a; then
A — A; U {a;}
end if
if F; = Ua,'.e](i a; then
break L
end if
end for
Assign pi(a;) + % for each a; € A;
Assign remaining probability mass arbitrarily to actions in A; \ A;

return p;

Proof. By Algorithm 24, whenever a new action is added into ji, it contains facility not

appeared in current A;. Then, since there are at most |F;| < F distinct facilities in the

action set A;, the final .,Zl, must satisfy ]./L] < F. Therefore, p; is a valid distribution over

A;.

Since 7

k

 contains a mixture of p; with weight v, for any a; € A;, we have Wf (a;) > vpi(a;).

Thus, we have

Pyjmrt (f € ai) = > i (a)L{f € a;}

a;€A;

>y Y pila)1{f € a;}

aiGAi
>y Y pila)1{f € a;}

aie;ﬁlvi

7oy gl

—_ > L

op 2 M Ear =55
a; €A;

The last inequality above holds since by construction, Aj; contains all facilities contained in

A;.
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Lemma E.4.12. If Wf contains a mixture of p; given in Algorithm 24 with weight vv. Then,
the IPS estimator [gf(ﬂk)]f satisfies

Ex 107 ()] = 0¥, |[5£-“’t<7r’f>]f|sf, and Ey [[@f’tw’fﬂﬂgf.

7

Proof. For the first property, since Eyg [rk’t’f | ak’t} = rf(nf( kit ak”?)) and abt ~ 7F We

have

wrt [P (0] (03,0 ) 1{f € ai} | ai]]

m -Ea,wn’ii {anwf [rf(nf(ai,a—i)) \ a—i, f € az} }P’a ~orch (f € a; | a._ )}

The equality (i) above holds because E . ok {rf(nf(az, a—;)) |a_;, f € az} =rf(nf(a_i)+1)
and f € a; does not depend on a_;.

For the second property, since P, ok v (f € a;) > 5% by Lemma E.4.11 and r**/ € [0, 1],
we can immediately have Hé?’t(ﬂ Nyl < %

For the third property, we have

B |1/ (0! (i, 0_0) 21 {f € a;}]

P(IINT( (f € a)
Earrk [L{f € ai}]
Pa’ww (f € CL)

Pa ~rk (f € al)
]P)a’f\ﬂr’c (f € ai)

2F
<=
Y




287

E.5 Algorithms for Independent Markov Congestion Games

In this section, present missing details of our centralized algorithm for independent Markov
congestion games, which is summarized in Algorithm 25. The proof of its theoretical guar-

antee is given in Appendix E.G.

E.5.1 Algorithm for Semi-bandit Feedback

Under the semi-bandit feedback, the players can receive reward information from all facilities
they choose. Therefore, we can similarly define

Zﬂ{ bl (af) = (s m)

k'=1
K, K, ’
Sharh {0/ (@f) = (s".n)}
NP (sfn) v
Sk 1 {(shihoshlnf(af) = (57,8 m) }
NP (sfn) v .

fﬁ’f(sf, n) =

)

ﬁf’f(s/f | s/, n) =
Then, the estimators for the reward function and transition kernel can be defined as

~k N Dk,
P i(s,a) = > il (sf nf (@), Bi(s'|s,a) = [ PP/ (s | s7.nf(a)) (E.2)
f€a; feF

Then, with ¢ = 2log(4(m +1)(X e r STYT/5), we define the bonus term to be bf (s, a) =

i (s, @) + by (s, @), which is a sum of transition bonus and reward bonus. In particular,

we have
v 4H2F2.S'fL 4H?F? (S181",)°
s =2, NPT (s 0t (a > NG h ol @)INE P @y vl )
FEF F#F h ’
bt (s, a) = \/ _ (E.4)
’ of
fer Ny (st nf V1

For convenience, we define (@]ZV)(S,a) =E, 5 (Js.) [V (s")] with value function V :
S—R.
Remark E.5.1. Unlike Algorithm 10 for congestion game, here, @Z’l(s, Yy ,@Zm(s, -) in
line 6 of Algorithm 25 in general does not form a potential game. Therefore, we cannot use

Algorithm 11 and e-NASH is not always computationally efficient.
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Algorithm 25 Nash-VI for IMCGs

1: Input: €, accuracy parameter for Nash equilibrium computation

2: Initialize: V];HM(S) 0 for all (i,k,s) € [m] x [K] xS
3: for episode k=1,...,K do

4: forsteph=H, H—1,...,1do

5: for player i =1,...,m do

6: Compute
Qk a) < mi Pl —H@ki/k +b¥)(s,a), HF
h,i(sa ) 1 (Th,i hY h41, R (s a),

for all (s,a) € S x A

7 end for
8: for s € S do
9. Compute 74 (- | 5) ¢ &NASH(Qp 1 (5, ), - Qp (s, )
10: for player i =1,...,m do
11: Update
Vii(s) © Eqnt[Qh (s, )
12: end for
13: end for
14: end for

15: for step h=1,...,H do

16: Take action af ~ 7f(- | sF), observe reward rZ’f and next state sy

17: Update reward estimator ﬂfﬂ., transition estimator ]%’f , and bonus term bfL
18: end for

19: end for

E.5.2  Algorithm for Bandit Feedback

In bandit feedback scenario, since players’ observation about state transitions remains unaf-
fected, we only need to modify the reward estimator f}’fl defined in (E.2) and reward bonus
term bi’r(s,a) defined in (E.4).

Similar to the congestion game with bandit feedback introduced in Section 6.4.2, for
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IMCGs, we can also write its reward function as 7y ;(s,a) = (A;(s,a),0), where 6 is
unknown and A;(s,a) is a 0-1 vector.

In particular, define 6, € [0,1]¢ with d = myrer ST to be the vector such that O =
r{(sf,n) for some f € F and (s/,n) € 8 x [m]. Then, we can similarly build estimator

f,’iz through ridge regression as the following.’

k=1 m

design matrix: V;¥ =1+ Z ZA (¥ al ) Ay (s a7, (E.5)
k'=11i=1
N k 1 m .
0), estimator: @ = (Vh) Z ZA st al rhl, (E.6)
k'=11i=1
reward estimator: F,’ii(s,a) = <Az~(s,a),§,]f>, (E.7)
reward bonus: BZ’r(s,a) m[ax | Ai(s, a)H< vt 1V B, (E.8)
1€

where /B = Vd + \/Fdlog (1 + mkF) + Flu.
E.6 Analysis for Algorithm 25

E.6.1 Bellman Equations for Genera-sum Markov Games

Before analyzing Algorithm 25, we first give a brief review of the Bellman equations for
general-sum Markov games. These equations are well-known among the literature Bai and

Jin [2020a], Liu et al. [2021a], Jin et al. [2021c¢].

Fixed policies. Given a fixed policy «, for any (h,,s,a) € [H] x [m] x § x A, it holds
that
Qg,i(sa a) = (Th,i + thffﬂ,i)(sy a), Vhﬁi = Ea/wnh(~\s) [Qz,i(sa a’)} ) (E.9)

where Vi, ;(s) = 0 for any (i,s) € [m] x S.

Best responses. Given a fixed policy m, define the best response value functions for

(2]

player i as QT Ti(s,a) = MAaXr, e A(A;) hlﬂ ‘(s,a) and VJ”ZL"(S) = MaXy,cA(4;) Vﬂ’ﬂ’i(s).

TFor the same reason, we take the regularization parameter in ridge regression to be 1.
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Then, for any (h,i,s,a) € [H] x [m] x S x A, it holds that

QT (s,a) = (rag + PV, ) (s, @),

T,m—i T /
Vai (5) ueA%flz‘) @'~ (v, —i)(:]s) [th’ (s, )] '

(E.10)

where Vgiﬁ(s) =0 for any (7,s) € [m] x S.

E.6.2 Proof of Theorem 6.6.2

Recall that the update rule in Algorithm 25 is
—k . . Sp—k —k —k
Qpi(s,a) < min {(Tfm + Plfivhﬂ,i +b5)(s, a), HF} v Vii(s) « anrg [Q,(s,a)].
Similar to the proof of Theorem 6.4.1, we define auxiliary value functions

Q¢ (s,a) e max {7+ BEVE 1 — )(s.0),0} . VEi(s) © EpuntlQF(s.0)]. (BAD)

We now begin to prove the first part of Theorem 6.6.2.

Proof of Theorem 6.6.2. Step 1. We first consider the setting of semi-bandit feedback.
Assume the result in Lemma F.6.2 holds since it is a high-probability event. Then, for any
(k,s) € [K] x S, it holds that
k —
max (fo‘i - fo) (s) < max (V’fl - Z’fz) (s) + He.
i€[m] ’ ’ i€[m] ’ ’

By the update rules in Algorithm 25, we can notice the following recursive relations
(QZ,z’ - Qz,i)(sa a) < min {@2(724-171‘ - Ki‘iﬂ,i)(s’ a) + 20} (s, a), HF} ;
(Vi = VED() = B [(@hs — QF )(5,2)]
Thus, we define ‘N/}f} 4+1(8) =0 for any s € S and @ﬁ, ‘7,5 recursively as
Qh(s.a) = min { (BLV,1) (s.2) + 20 (s,2), HF | VE(s) = Eampy [Qh(si2)] . (B12)

Obviously, we have max;e[,, (V];” - Kzl)(s) <Vk 4+1- Then, by inductively assuming the

same relation holds for h + 1, we can have

m[mﬁ@’;i ~ Q" )(s.a) =min {max PE(Vhyrs — VEi1)(s,2) + 20 (s, a), HF}
i€lm ’ — e ’ ’

i€[m
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< min {(@Wh’fﬂ)(s, a) + 2bf (s, ), HF}
=Qh(s,a),

flel[aﬁ(‘/hz Vi )(s) <E,, ~ork (1) lg%@hz Q:ﬂi)(&a/)]
<Earonk(s) [@ﬁ(&a')}

:Vh (s)-

Therefore, by induction, for any h € [H]|, we have
max(Qp, — QF )(s,a) < Qf(s,a), max(Vy, — V§,)(s) < VE(s).

1€[m] - i€[m]

As a result, we have

K K
Nash-Regret (K Z max (Vl P Vfr:) Z (s1) + HKe.

Step 2, Semi-bandit Feedback. We define the martingale difference sequences
ME(Q) = Bty |Qh(sh2)| — Qi (sh, a),
Mﬁ( ) = (PthH)(SfLa ah) Vh+1(s’;§+1)

It is not hard to check that M%(Q) and M¥%(V) are both indeed martingale difference
sequences with respect to the history till episode k and time step h.

With these definitions, we can now decompose the regret bound as

th<3;i) :Ealwfnﬁ(‘s’;) {@i(‘gz:a/)} (By (E12))
=ME(Q) + Qj (s}, a)
SMZ(@) + QbZ(s’,f” aﬁ) + (E”Whﬁl)(Sﬁ, al}i) (By (E.12))

(i) ~ -
<MG(Q) + 3bi (s, ar) + (PrVif 1) (s, af)

=ME(Q) + MFE(V) + 3bf (s, af) + Vh+1(3;€1+1)

The above inequality (i) holds by applying Lemma E.6.2 and the fact Vh (s) < HF, which

comes from the definition in (E.12). Then, by unrolling this relation from h =1 to h = H
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and noticing VII} 41 = 0, we can have

K
Nash-Regret(K) < ) VE(s1) + HKe
k=1

K H
<D (MRE(Q) + ME(V) + 36 (sf, af) ) + HEe (E.13)
k=1 h=1

K H
<O (HFVT)+3 3 bfi(sk,af)

k=1h=1

(By Azuma-Hoeffding inequality and taking ¢ = 1/T".)

) K H SfL L

€F k=1 h=1 Sps

+6HFZSfo'§:§\I( = '

kf', kf g1, k. f
P = syl nd (@) N (sl n (@) v 1

2

- - - N2
<O (HFVT)+0 (];HFSJ” \/mHT) +0 (m2H2F f;/ (s7s") )
(By Lemma E.6.5 and E.6.6)

fer £

<0 (Z stm) +0 <m2H2F 3 (sfsf’)z) .

Step 3, Bandit Feedback. In the setting of bandit feedback, we only modify the

Bﬁ’r. Thus, by going through the

reward estimator F,’;i and its corresponding bonus term
proof of Lemma E.6.2, we can notice that to have the same result for bandit feedback, it
suffice to use Lemma E.6.3 to show that the reward estimation error is bounded by the
reward bonus term.

Then, by the inequality (E.13), we can notice that to achieve the final Nash-regret bound,

we only need to bound the summation YK S b 2T (sk, af), which is

Z Z bkr (sF, ab) <\/72 Z max HA s, ﬁ)H(Vf)fl (By definition of I;Z’r in (E.8).)

k=1h=1 k=1h= 1
mKF ~
< <\/& + \/Fdlog (1 + d) + ﬂ) 0] (H\/dFK)

(By definition of 5 and Lemma E.6.4.)

<O (d\/HFQT)
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=0 (Z me\/HFQT). (Since d =m Y ;e S7.)

ferF

Therefore, by (E.13), with e = 1/T, under bandit feedback, we have
Nash—Regret(K )

Z )+ Mﬁ(f/) + Sbfb(sﬁ, aﬁ))

=1 h=1

( Sf\/73T) <m2H2F 3 (sfsf’)g) + i i (sk, af)

5

| /\

O(X;E \/7F+m\/7)5f\f)+(9( 2l f;/(sfsf’f).

E.6.3 Lemmas for Semi-bandit Feedback

The following two lemmas shows that our value function estimations are indeed optimistic.

Lemma E.6.1. With probability at least 1 — 0, simultaneously for arbitrary value function
V € [0, HF)S and any tuple (k, h,s,a), it holds that |(PE — P,)V (s, a)| < by (s,a), where
bi’pv(s,a) is defined in (E.3).

Proof. We define IP’£ to be the operator such that for some value function V7/ : S — R, we
Skf oo
have (ngf)(s,a) = Es'fNP{(-|sf,nf(a)) [Vf(s’f)}. We also define IP’hf similarly. Then, by
definition of our transition kernel, for operators IP;, and I@k, it holds that
P, = [[ P, and Pi=]] B}’
feF feF

Therefore, by Lemma E.1 in Chen et al. [2020], since ||V||, < HF, we have

(PR — (H P/ )
117

+2HF Z errpz’f(s, a) - errpz’f,(s, a),
T#f

(B, —Pu)V(s,a)| < 3 |(

fer

(E.14)

where errp,/ (s, a) = | B/ (- | s, nf (a)) = P/ (- | s, n (a))|1.
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Now, notice that (H FILf Pil) V(s,a) can be seen as some value function from S/ to
[0, HF]. Therefore, by Lemma 12 in Bai and Jin [2020a], with probability at least 1 — %,
simultaneously for any V' and (k, h, s,a), it holds that

(B! —Bf) ( 11 Pi’) V(s,a)

F'#f

Sy
<2HF, |7 ,
N (sF nf(a)) v 1

where ¢ = 2log(4(m + 1)(Xser SHT/§). Meanwhile, by standard Hoeffding’s inequality

and union bound, with probability at least 1 — g, simultaneously for any (k, h, s, a), it holds

that

kf < gf L
e <S5 .
e \/N:J(Sf’nf(a))vl

Finally, by plugging above two concentration inequalities back into (E.14), we can have
™ k,pv
|(Bh —Pn)V (s, @)] < b, (s,a).
O

Lemma E.6.2. With probability at least 1—0, for any (k, h,i,s,a) € [K|x[H]|x[m]xSx A,
it holds that

Qhi(s.0) 2 QLT (s,a) — (H — e, QF(s,a) < QF(s.a), (E.15)

_ Tk
Vias) 2 VT (s) = (H —ht De. VEils) < VT (s) (E.16)
where Qz , and Kfm’ are defined in (E.11).

Proof. The proof is adapted from Liu et al. [2021a] and goes by induction from h = H+1 to
h = 1. We can see that inequalities (E.16) obviously hold when h = H +1 since by definition
we have V’;Hl,i(s) = K’}{H’i(s) = 0 for any (k,1,s). Now, suppose inequalities (E.16) hold
for h+ 1. Then, if we have @Zi(s, a) = HF, it holds trivially that @Zi(s, a) > QL’;TZ(S, a).

Otherwise, by Bellman equations (E.10) and update rule in Algorithm 25, we have

—k frk
Qh,i(sa a) - Qhﬂ' (Sa a)

A Skx7k Tvﬂ"ii
=(Ph; = rni)(s,a) + BV 110)(s,8) — (BaV, [y ) (s,@) + b (s, a)

ks ok,

" ~p o~k ~
= (Tllzz — Th,i)(s,a) +]P);€L(Vh+1,i —Viiii)(s,a)+ (P — Pr)Vii1i)(s,a) +bji (s, a).
(A) (B) (©)
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Now, recall that b (s, a) = by (s, a) + b;" (s, a). By reward definition in congestion game,
we have

(i —rna)(s,a) = > (7 (s7 n (@) = rf (57,0 (a))).
f€a;

Thus, by using standard Hoefding’s inequality and union bound, we can immediately
have |[(A)] < b}""(s,a). Then, since V,i’;rii € [0,HF]®, by Lemma E.6.1, we have
(C)] < blP¥(s,a). That is, we have (A) + (C) + bli(s,a) > 0.

Then, by inductive hypothesis, we know that VZ 12 V,j_:lli; — (H — h)e, which implies
(B) > 0. Therefore, we have @];L’i(s,a) — L’;Ei(s,a) > —(H — h)e.

For V’;;Z- and V,i’;rlii, we notice that in Algorithm 25, 7" is computed as the e-approximate
Nash equilibrium of (@Zl, . ,@Zm). Therefore, it holds that

—k — —
V() = Eqrk(s) [Qh,i(sva)} > Velg%ﬁ)Ea/N(m;g’_i)(ws) {Qh,i(saa/)} — €

By Bellman equations (E.10), we also have

Tvﬂ'lii Tvﬂ'lii
Vii (s) = V&?ﬁv)an(V,wgﬂ)(-m [Qh,i (S>a/)} .

Since @’z’i(s,a) — Qh’;rii(s,a) > —(H — h)e, we immediately have V’;Lﬂ»(s) — VJ:ZFL(S) >
—(H — h+ 1)e. Thus, by induction, we have that @Zi(s, a) > QL’77Z.rlii(s, a) — (H — h)e and
Vi () > VT (s) = (H — b+ 1)e for all h € [H].

The inequalities for Kﬁ,i and Qf” can be proved similarly. O

E.6.4 Additional Lemmas for Bandit Feedback

The following lemma shows that the reward estimation error can be bounded by the reward

bonus term.

Lemma E.6.3. With probability at least 1 — ¢, simultaneously for all (i,k,h,s,a), it holds

that (7} ; — 1) (s,a)| < b (s,a), where Py . and bY" are defined in (E.7) and (E.8).

Proof. The proof is extremely similar to Lemma FE.3.1. By construction, we have

(7% s = ) (s,2)| = [(Ai(s,2), 00— 00|
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<|[lAi(s, a)]]

0nl), 0

)"
< il @)l -+ (1901 + /F log (Aet(VE)) + F ).

(By Theorem 20.5 in Lattimore and Szepesvari [2020].)

Since each element in 6, is bounded in [0, 1] by construction, we have |||, < V/d.

Then, by Lemma E.3.2, we have det (V,f) < (1 + mTkF>d since by construction
|4i(s, )2 < F.

Finally, to make this bound valid for all player i € [m], we only need to take maximization

over i € [m]. Therefore, with probability at least 1 — §, we have

(R = )5, 2)| < max|Ai(s, @)l g 1 VB = B (s, 2),

where ﬁ:ﬂ+\/Fdlog<1 mkF)+FL O

The follow lemma bound the sum of reward bonus under bandit feedback.

Lemma E.6.4. For any h € [H], it holds that

> s, - <O (VarE).

ze[m]
where d = mzfe]_-Sf.

Proof. Flrst since VF = T+ 071 S Ai(sh al ) Ai(s),al )T, we have V¥ = I and thus

(Vh> =< I. Therefore, we have
Ak ab)|| oo < [[Aitshab)]|, = [ Aitshab) |, < VE.
(Vh) I 2

For simplicity, let Af , = A;(sF, af). Then, as a result, we have

kl?el[%{]HAlél Zmln {%%{HA )1,\/F}
< KZmln{mg[auﬁHAi“‘LZ z V)l ,F}
< FKZmln {E%HA (V) ,1}
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g\/QFKd log (1 + deF) (By Lemma E.3.2.)
= 0 (ViFK).
O

E.6.5 Technical Lemmas

Lemma E.6.5. For any f € F, it holds that

i 3 \/ ! <O (VmHSIT).
h h h

NI

sfn)

—

kf, K, = 7
k=1h=1 \/Nh f(Sh fa ”f(a];i)) (2 S sfesfn=0 (=1 ¢
H m

<2y 3> N,f’f(sf, n) (By standard technique)
h=1gfcSf n=0

<2 (m+1)HSf§: 3 iN,f{’f(sf,n)

h=1sfcSf n=0

~0 (\/mHSfT) .

The last line above holds because 11 Y resr Sy N,f(’f(sf, n) = T. This is based on a
pigeon-hole principle argument. In particular, whenever the players take one more action,

for any f € F, the count for some tuple (h, s, n) will increase exactly by 1. O

Lemma E.6.6 (Chen et al. [2020]). For any f, f' € F and f # f', it holds that

i i J ( ! <O (m*Hs!s").

kf, k kS kif 1y ko f
Ny (spf  nd (@) NET (s (@ T)) ) v 1

Proof. We define the joint empirical counter

k
Nllf’f’f (sf,sf/7n, TL/) _ Z 1 {(Slli 7f78;€L f ’nf(a;i/%nf/(aﬁ/)) — (Sf’sf'7n, n/)} .
k'=1
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Obviously, we have N}{’fl(sf7 s/ n,n') < min {N,’f’f(sf, n), N;f’fl(sf/,n’)}, which implies

N;f’f’fl(s,sf n,n') < \/Nkf(sf n) NP (s nh).

Therefore, we have

M =

k

Il
—_

Ll 1
> k. kf, kf o kf
h:l\l (N f(sh ,nf(ay)) N, d (Shf ,nt (ahf ))) V1

1

H
Z k k, k,f! /
i NP (st sl nd (af),n (af)) v L

IA
™=

k

m m Nf’f’f/(sf,sfl,n,n’) 1
)SEDIDIDS >3
1sfeSf sf' esf’ n=0n'=0 =1

-0 (mQHsf sf’) .

p”qm

h
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Appendix F
DEFERRED CONTENTS FROM CHAPTER ??

F.1 Basics about Congestion Games

Lemma F.1.1. If strategy x is an e-NE in a congestion game, then x is an e-minimizer of

the corresponding potential function ®(-).

Proof. Let z* = argmin,cy ®(z) and y = ¢(x). First, we show that

Viab(z vmz/yf
_VMZ/‘W

f€a
= cr(yf)Viayy
f€a
= Z Cf(yf)vi,a Z Tit af
fea i'a’:feal
=>cplyp).
f€a
Then we have
O(x) — O(z") < (z — 2%, VO(x)) (Convexity)
< Z (x; — 2], V;®(x))
i€[m]
< Z Z :UWZCf yr) — mmszch(yf)
i€[m] |a€A; f€a Ai f€a
<D mige
ze[m} acA;
= Z w; €
i€[m]

= €.
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Lemma 7.4.1. ®*P* is convexr under Assumption 7.5.1. If y* = argmin,, orePa(y), then for

any x € ¢~ (y*), x is a Nash equilibrium.

Proof. For y',y?> € ), we have

1 2
repa/, 1 repa/, 2 repa yl +y2 y} y]% yf;ryf
QrPA(yh) 4 PTPA(y%) — 20 (T) :Z ; cr(u)du + A cr(u)du — 2 ; cr(u)du
f
vy

1 2
Now we show that fgf Cf(u)du—i—fé/f cr(u)du—2 [, * cf(u)du is nonnegative for all f € F.

W.lo.g., we assume y} < y]% and we have

. > vptg 2 vptug
Y Yy 2 Yr 2
/ cy(u)du +/ cr(u)du — 2/ cr(u)du = /y1+y2 cp(u)du — / cr(u)du
0 0 0 Lt v}
y};y? y2 — gl
:/1 [Cf(U-F ! f) Cf(u)] du
s

where the last step is from Assumption 7.3.1 (monotonicity). As a result, ®*P? is convex.
Let y* = argmin, ®*P*(y) and = € ¢~ '(y*). If there exists 2’ € X such that ®(z') <
®(x), then we have PP (p(z')) < ®"P?(y*), which contradicts the definition of y*. As a

result, = is the minimizer of ®(-), which means z is a Nash equilibrium. O

Lemma F.1.2. The Nash load under tax T: y(7) = argmin,cy, ®(y;7) is not continuous

w.r.t. 7. In addition, the social welfare V(y(T)) is not conver w.r.t. T.

Proof. For the first part, we construct a congestion game with two facilities fi, fo, one
commodity with action set {f1, fo}, and constant cost ¢; = 1,c9 = 1 — € with € > 0. Then
for tax 7 = 0, we have y(7) = [0, 1]. For constant tax 71 = 0,72 = 2¢, we have y(7) = [1,0].
As € can be arbitrarily small, y(7) is not continuous w.r.t. 7.

For the second part, we construct a congestion game with two facilities f1, fo, one com-
modity with action set {f1, fo}, and cost function ¢; = 1,c2(u) = /u for u € [0,1]. We
apply constant tax 7 : 7 = t, 7o = 0 for ¢t € [~1,0]. The Nash equilibrium under tax 7 is
y(t) = [1 — (1 +t)%, (1 +¢)?]. Then the social cost is ¥(y(7)) = 1 — ¢(1 + ¢)?, which is not

convex on [—1,0]. O
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F.2 Missing Proofs in Section 7.5

Lemma 7.5.7. If the subgradient of the cost function cy is lower bounded by € > 0 for
all f € F, then the potential function ®*P*(y) is e-strongly convex. However, ®(x) is not

necessarily strongly convex.

Proof. First, by the definition of the potential function @, it is easy to show that V®(y) =
[c(ys)] rer- For y,y* € Y, we have

2
(Vo )-Veu) '~y = 3 (erwh) —es ) wp—v) = X elyp—v)” =c[y" =2,
feFr feFr

which implies ®(-) is a e-strongly convex function.

For the second argument, we only need to construct a congestion game such that there
exists two strategy x!, 22 € X such that for ¢(tz' + (1 — t)2?) is a constant for ¢ € [0, 1],
which implies the potential function ®(tx! + (1 — t)z?) = ®*Pa(p(tx! + (1 — t)2?)) is a
constant w.r.t. ¢. However, a strongly convex function cannot be a constant on a line,
which implies ® is not strongly convex.

We construct a congestion game with three facilities f1, fo, f3, three actions a; =
{fi},a2 = {f2},as = {f3s} and three commodities with action set {a1, a2}, {a2, as}, {as,a1}.
Strategy z! : 1 = [1,0,0],23 = [0,1,0,23 = [0,0,1] and 2? : 2} = [0,1,0],23 =
[0,0,1],2%3 = [1,0,0]. Then tz' + (1 — t)a? is a feasible strategy and we have ¢(tz! +
(1—t)2?) = [1,1,1] for all t € [0,1]. O

Lemma 7.5.8. If two taxes T and 7 only differ in facility f and the Nash loads y and v
are different, then yr # yy.

Proof. For simplicity, we consider the equivalent tax-free case that we have two costs c, ¢
with subgradient lower bounded by e and they only differ in facility f. The potential

functions are
Y, ] Y,
B(Y) :Z/O " es(u)du, d(Y) = Z/O " ¢ (u)du.
f f

By Lemma 7.5.7, ® and ® are strongly convex and thus the Nash equilibrium load y and g
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are unique. Suppose y; = y;. Consider any Y € Y such that Y; = y;, we have
4 FYg F=Y5

Yy

BY) — (y) :Z/yf w)du = Z/ wdu+ [ éj(u)du

f rAfY vs

- / = B(Y) — ®(y) > 0.

f#f
As a result, we have ®(y) < ®(y). By the optimality of g, we have y = 3. By contradiction,
if y # 9, we have Yi=1j O
Lemma F.2.1. If |[uy — ug| < A, then for any |us — u1| < A, we have

cr(ur) — cy(ug)
Uy — Uz

- c’f(u;),)‘ <e.

Proof. This is a direct corollary of the g-smoothness. By mean value theorem, we have

w = cy(u) for some u € [u1,ug]. As |u—ug| < Ju—ui| + Juy —ug| < 2A < 53,
we have
cr(ur) — cp(ug)

Uur — u2

- c’f(u;),)‘ <e.

O
Lemma F.2.2. For round t and facility f, if u € IC}, then we have ’T]’i(u) — T}k(u)‘ < 2e.

Proof. By the algorithm design, for each u € K%, T]’i (u) will not change after u is added to
Kr. We will use induction on ¢ to prove ’?}(u) - Tf(u)‘ < e foru € Ith. At round t = 1,
IC} = {0} and ?}(0) = 77(0) = 0 holds.

Suppose at round ¢, we have Ithl lCt - U{u} with u € {[y L }:}\/c%t, and IC;Jrl =

AT
ICt for f # f'. By the induction hypothesis, we only need to prove ’T;H(u) — 7% (u)]| < 2e.

ft
Recall that

t

C~ —
~t+1 s ft ft ~3 ~t t 1+
72 (w) = clip(u - 4——, 75 (W5 ] ), T (V5] )
Tt ( ( ?th y;t ft ft ]Ct ft ft ’CjTt U{l} )

Then we have the following three cases. For simplicity we replace ft with f.

(1) 7 A}“( u) =u- Lemma F.2.6 and Lemma F.2.1, we have

o —ucy(u)] <e
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(SR

where the first inequality is from the induction hypothesis as [yjc]lgt € IC} and the second
L

inequality is from Assumption 7.4.3. In addition, we have

cl}—c”}
?}H(u) > - A > uci(u) —e =75 (u) — e
FYr

et — ¢t
?J'i+1(u) < uyt y{ <uc(u) +e< TH(u) + €
f

If [y}],}f Uy = Land 1¢ KL, we still have

For each of these three cases, the induction holds.

As T}(u) = 7¢(u) + eu for all f € F and u € [0,1], we have ’T}(u) - T}‘(u)‘ < 2e. O

Lemma F.2.3. For round t, if facility f is known, then we have ‘T}(yﬁc) - T}‘(yﬁc)‘ < 3e.

T00]. Y € , we can directly apply Lemma F.2.2. Otherwise, we set u; = |y%|r an
P If;lCt directl ly L F.2.2. Otherwi §”Ld

Uy = [y?]i Then we have uy < y; < ug and uq, us € IC}. There exists A\; € [0,1], \;+A2 =1

such that y} = Auy + Aqug. By Lemma F.2.1, we have ‘T}(uz) — T}‘(uz) < 2e for i € {1, 2}.

Then we have

) = 70|
_ \M;(ul) + Aorh(uz) — (\ug + )\qu)c;c(u)‘
< ‘Aﬁ}(ul) - Alulc'f(u)‘ + ’)\QT}(UQ) - )\gugc}(u)‘

<\ ‘T}(ul) — T}‘(ul)‘ + Aug ‘c'f(ul) - c'f(u)’ + A2 ’T}(uz) — T;(uQ)’ + Aous ’le(UQ) — c’f(u)‘
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<ON1€ 4+ A€+ 2X9€e + Noe (Lemma F.2.1, S-smoothness and |u — wu;| < €/f.)

<3e.
O

Lemma F.2.4. If Algorithm 1/ return False at round t, then for any T € RY such that
Tr = T}(yf) for f € F\F" and 71 € [l},r}“}] for f € Ft, we have Gap;(zt,ct +7) > 0 for all

t

i € [m]. In addition, ' is a Nash equilibrium for tax T.

Proof. For simplicity, we will omit ¢ when there is no confusion. Algorithm 14 return False
if and only if for all i € [m] and tax 7; : Tp, = 15, T = ZFH%F\(EUF.’) = TE\(F | F)> We
have

Gap,(z,c+7) = min > (cy+7y) - e > (ep+77) 20.
e fiea wia?0 (5,

By the definition of Fj, for any f € F; and a : x;, # 0, we have f € a. Similarly, for any
fe Fi' and a: x4 # 0, we have f ¢ a. Thus for any a : z; 4 # 0, we have
Do (ep 7)) = Y (ep+7) =D (rp—7) 20.
fifea f:fea feF;
For any a : z; o = 0, we have
Z (Cf+7_'f) — Z (Cf—i-’Ff) = Z (lf—’?f) <0.
f:féa fif€a fefNa
As a result, we have

t ~ . ~ ~
Gap;(z*,c" +7) = min Z (cr+7f) — a:IxI:iP;O f-fzea(Cf + 7¢)

> i _— .
- a:g-lglzo Z (Cf * Tf) a:{zﬂ-%ﬁo Z (Cf + Tf) >0
| JiJea ' f:f€a

To prove that x! is Nash equilibrium for tax 7, we only need to show that for in-support
actions a : x} , # 0, the action costs Zf:fea(c} + 7¢) are the same. This can be derived by
S (- X (47 = X - Fphvasal, 20,

f:f€a f:f€a fEF;
which is independent of a. As z' is Nash equilibrium for tax 7%, 3. f@l(c; + T]tc) is also

independent of a. O
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Lemma F.2.5. If Algorithm 1/ return False at round t, then tax ° is an 6Fe-optimal taz.

Proof. For known facility f, by Lemma F.2.3, we have ’T}k (y}) — T}(y;)‘ < 3e. By Lemma

F.2.2, for any u € K%, we have ‘7’}‘ (u) — T}(u)’ < 2e. Thus for unknown facility f, we have
ty = T, + e 0 — Wfliy) < (T + 26+ e = ([l ) + B
t ottt t t1+ % ([ E1+ k([ 1t
Ty = Tf([yf};@} U{l}) +e€- (Z'Jf - [yf]@ U{1}> > Tf([yf]lc? U{l}) —2e—€= Tf([yf]lc? U{l}) — 3¢,
As 77 is nondecreasing (Assumption 7.4.3), we have

= 3e < i (lyflis) < 7)) < TF Wil ) < 7+ 3

Thus there exists tax 7' such that ?Jtc(y}) satisfies the condition of Lemma F.2.4 and

‘T}‘(y}) - F}(y?)‘ < 3¢ for all f € F. x! is the Nash equilibrium for tax 7!, we have

Vi € [m],a,d’ € A;, Zcf(y}) + ?}(y}) < Z cf(y;) + ?}(y?), if xf’a > 0.
fé€a fea’
Thus we have
Vi € [m],a,a’ € A;, Z Cf(yjc) + T}“(y}) < Z Cf(y}) + T}‘(yjc) + 6F%e, if xia > 0.

f€a fea’

By Lemma F.1.1, \Ii(ygc) — minyey ¥(y) < 6F. O
Lemma F.2.6. If Algorithm 1/ output 7, ft, sign® at round t, then we have

<A.

¢ ot

0 < |y — 95

t_ gt
Ve~ Vp
(1) Algorithm 14 return at Line 5. As we have 0 < yi(f*) < w;, there exists a,d’ € A;

Proof. First, we prove > (0. We consider the following two cases.

such that z;, > 0,%; , > 0 and ft € a, ft ¢ a'. Suppose y% = y% Then by Lemma 7.5.8,
we have y' = g as 7! and 7! only differ in facility ft. As a result, z! is Nash equilibrium
for tax 7¢. However, 2! is the Nash equilibrium for tax T} implies

STerh) +TEYE) = > ep(yh) + ThHYE).
f€a fea’
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As 7t and 7! only differ in facility f* and f* € a, ' ¢ o, we have

STeplyh) + i £ Y erlyh) + Tk,

f€a fea

t t ot

ft ft
(2) Algorithm 14 return 7%, f, sign at Line 23 or Line 31. As there exists j € [m] such that

which means z' is not the Nash equilibrium for tax 7. By contradiction, we have y

~u+sign-e o

Gap,(z,c+7 ) < 0, z is not a Nash equilibrium under tax 7¢. Let 7! : TJtc = Tjtc U(y}, ?}L)

for f € F. Then 7! and #! only differs in f and z is the Nash equilibrium under tax 7. By

Lo gt

applying Lemma 7.5.8 with 7! and 7%, we have yft = g)ft.
Second, we prove y% — ;vt < A. (1) Algorithm 14 return at Line 5. Suppose we have

’y; - yﬁc‘ > A. By the tax design, the (sub)gradient of the tax (7)'(u) > € for u € [0,1]. As
a result, ®(y,c+ 7') is e-strongly convex by Lemma 7.5.7. As ¢y = argmin, ¢y, ®(y; ¢ + 1),
we have

O(ghic4+ 1) — (Yt e+ 1h) > eA?/2.
However, we have |®(y;c+ 7%) — ®(y; ¢+ 7)| < 6 for all y € Y. Thus we have
Olic+i) -0 < O(ylse+ ) —6/2< Bylie+ 1) < (et < (e + ) + 6.

Comparing to the inequality above, we have 2§ > €A2/2, which is incorrect by the definition
of §. By contradiction, we have ’y} — yﬂ < A.

(2) Algorithm 14 return 7“, f,sign at Line 23 or Line 31. Let # : 7']'3 = T}U(y},?}ﬁ)
for f € F. Then z is the Nash equilibrium under tax 7¢. Let 7 : T}; = 7'} U(y;,?f) for all
[ € F. By the definition of 7' and the feasible range 7 € [ly, 7], the subgradient of %]tc is
lower bounded by €. As a result, ®(-;c + 7!) is e-strongly convex on [0,1]. We can prove
’y; - yﬂ < A by following the analysis for case (1) and replacing ¢ with 7.

O

Proposition 7.5.3. If Algorithm 1/ return False at round t, then tax T is an 6eF-optimal
tax. If Algorithm 1/ output 7, ft, sign® at round t, then we have

< A.

t -t
0< |y~ 95

Proof. This is directly from Lemma F.2.5 and Lemma F.2.6. O
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Lemma F.2.7. Algorithm 13 return False in at most KF rounds.

Proof. By Lemma I.2.6 and the update rule (7.1), if Algorithm 14 return 7¢, f, sign at round
t, then we will have one more known point, i.e., 3 ;e » IC?+1 =Y ter Ki+1. As K% C L for
all f € F and |L| = K + 1, we proved the lemma.

O

Theorem 7.5.4. Under Assumption 7.5.1 and Assumption 7.4.3, Algorithm 13 will output a

6eF tax within T < 2F (/e rounds. In addition, each round has at most two tax realizations.

Proof. The proof is directly from Proposition 7.5.3 and Lemma F.2.7. 0
F.3 Computation Complexity

In this section, we discuss the computation complexity of Algorithm 13 and Algorithm
14. We will show that these two algorithms can be implemented with 6(poly(A, F,m))
complexity for each round. For network congestion games, the computation complexity can
be sharpened to 6(poly(V, E,;m)), avoiding the dependence on A that can be exponential
in V and F.

F.3.1 General Congestion Games

For Algorithm 13, we compute/update the value of the cost/tax function for each facility.
As we use the dictionary data structure, computing value and updating value only have
O(log K) = O(log 3/¢€) complexity. As a result, the complexity of one round in Algorithm
13 is O(F).

For Algorithm 14, x € ¢~ !(y) is a Caratheodory decomposition problem and can be
formulated as a linear program with A variables, F'+m equation constraints and A inequality
constraints (Proposition F.4.1), which can be solved in polynomial time [Cohen et al., 2021b].

The bottleneck is in computing u = argmax,{u : Gap,(z,c +7") > 0,Vj € [m]} for
TV T =, ?%\{f} = T]’:\{f}, f € F;. For simplicity, we use the notation: ¢* = ¢+ 7% as the
cost with tax 7%. By Definition 7.5.9 and the definition of action cost, we have

Gap,;(z,c+7") = a-g-lin—oag - a-?a);éoég' (F.1)
ry,aT Lj,a
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For action cost ci, if f € a, it is a linear function w.r.t. w in the form of u + C for

some constant C. Otherwise, it is a constant w.r.t. u. As a result, we can determine the
function ¢ with O(F') computation as we only need to compute Ezf to decide the constant.
Then we can compute Gap;(z,c + 7") in closed form and compute u; = argmax,{u :
Gap;(z,c+7") > 0} with O(AF) complexity. Finally, u = min;e, u; can be computed
with @(mAF) complexity. Similarly, u = argmin, {u : Gap;(z,c +7") > 0,Vj € [m]} has

O(mAF) computation complexity.

F.3.2 Network Congestion Games

For network congestion games, Algorithm 14 can be implemented by applying shortest path
algorithms on a modified network, thus avoiding the dependence on A. We will apply
Dijkstra’s algorithm with 6(V + E) complexity while other shortest path algorithms can
be used as well.

First, the Caratheodory decomposition = € ¢~'(y) can be done efficiently with O(V E +
E?) steps similar to the decomposition algorithm in [Panageas et al., 2023]. While their
algorithm is for the flow polytopes with one commodity, it can be directly generalized to
the multi-commodity case. We defer the algorithm and analysis to Appendix F.4.

For u = argmax,{u : Gap;(z,c+ 7%) > 0,Vj € [m]}, the computation complexity can
be boosted to O(m(E + V)). To achieve this, we consider how (F.1) changes as u increases
from 7} to ry. By Algorithm 14, we have Gap;(z,c+7") > 0 when u = 7; as otherwise the
algorithm ends at the previous iteration. In addition, facility f either has none of the Nash
load or has all of the Nash load for facility j according to the algorithm design. For the first
case, the in-support action costs will not change as u increases. Gap; (z,c+7%) > 0 always
holds as the off-support action costs are nondecreasing w.r.t. u.

For the second case (all in-support actions use f), the in-support action costs take the
form of u + C' and C can be determined by applying shortest path algorithm with edge

weight ¢ + 7. For off-support action cost, we observe that

min ¢¢ = min{ min
a:Tj qo=0 a:xj =0,f€a

/
c ¢ miné’}, (F.2)

min ¢y} =min{ mi w i
a: a

n
)
a:x5,4=0,f¢a a:xj .=0,f€a

where the second equation is from that the action cost does not depend on v and x;, = 0
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if f ¢ a. The first term in (F.2) grows linearly w.r.t. u as f € a, so it is always larger
than the in-support action cost. The second term in (F.2) is the shortest path length for
commodity j that does not use facility f, which can be computed as the shortest path in the
network after removing edge f. As a result, u; = argmax,{u : Gap;(x,c+7") > 0} can be
computed with O(E + V') complexity. Then the complexity for computing u = min () u;
is O(m(E +V)).

Similarly, u; = argmin, {u : Gap,(z,c+7*) > 0} can be reduced to solving the shortest
path that must use edge f in the network. We consider how (F.1) changes as u decreases
from 7; to ly. Initially, the gap is nonnegative. If f has all of the Nash load, then the
in-support action cost is a linear function u + C and it decreases at least as fast as the first
term. As a result, the gap is always nonnegative. Otherwise, f has none of the Nash load
and in-support action costs remain constant.

We notice the following equation:

7_/

min  ¢%} = min{ min ¥, min &’ F.3
7awﬁa:Qf¢a a} {waa ajwz$aj¢a a }7 ( )

min ¢f
a:x; q=0

U

=min{ min &

a:x;.4=0,f€a
where the second equation is from that f € a implies a is off-support (z;, =0) and f ¢ a
implies ¢¥ is independent of u. The second term in (F.3) is a constant and is always greater
than the in-support action cost. The first term in (F.3) is a linear function u and it can be
determined by computing the shortest path that always uses fand with edge weights c+777.
This subproblem can be solved by applying the shortest path algorithm twice: the first one
is to connect the source node and the starting node of J?, and the second one is to connect
the end node of f and the target node. As a result, the complexity for u = max;cpy,) u;
is 6(m(E + V)) as well. Thus the computation complexity for Algorithm 14 in network
congestion games is O(VE + E%2 + mV +mE).

F.4 Missing Proofs in Section F.3

Proposition F.4.1. Finding x € ¢$~*(y) can be formulated as the following linear program.

min 1
zERA

s.t. y= Z Z T a;0

i€ [m] a;€EA;
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w; = Z Tjq,, Vi € [m]
a;€EA;

Tig; > 0,Vi € m],a; € A

Proof. The second and third constraints guarantees z is a feasible strategy. The first con-
straint indicates y = ¢(x). As a result, any feasible point of the program is a solution of

o~ (y)- 0

Algorithm 26 Efficient Computation of Flow Decomposition (Modified from [Panageas

et al., 2023])
1: Input: A load y € ).

2: x4 =0 for all i € [m] and a € A;.

3: while 3f : y > 0 do

4: Let A={f:yr>0}.

5: Let fumin = argmin g 4 ¥y and ymin = mingea yy-.

6: Let a be a (s;,t;) path of network G(V, A) with fiin € p.
7: Let Zi o = Ymin, Yf = Y5 — Ymin if f € a.

8: end while

Proposition F.4.2. Algorithm 26 can output a Caratheodory decomposition of y within E

steps.

Proof. During the algorithm, load y will always be nonnegative: y; > 0,Vf € F. For each
round, we will have yy . reduced to 0. As a result, the algorithm will end within at most
E rounds.

We only need to prove that path a always exists in Line (6) for each round. First, y
always remains a multi-commodity flow as Line (7) will not affect the law of conservation in
the network. By flow decomposition theorem, there exists simple paths a1, a2, -- ,a, such
that

y= W; Qg ,
]

i€lp
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where w; > 0 are positive flow weights. As yy, . > 0, there exists a; such that fui, € a;.

Then for any f € a;, y; > w; > 0. As a result, path a exists for Line (6). O

F.5 Experiments

We implemented our algorithm and conducted experiments on a classic example known as
the nonlinear variant of Pigou’s example [Nisan et al., 2007a]. Concretely, nonlinear variant
of Pigou’s example is a routing game with one source node s and one target node t. There
are two edges connecting s and ¢. One edge has constant cost co(z) = ¢, Va € [0, 1] for some
¢ € [0,1], and the other edge has polynomial cost c;(x) = zP. One important property of
such games is the price of anarchy grows without bound as p — oo, which urges proper tax
to induce socially optimal behavior.

We apply our algorithm to learn the optimal tax with different ¢y and p. As we can
see, the social welfare quickly converges to the optimal one. Another important observation
is the learned tax function does not uniformly converge to the marginal cost tax, which is
reasonable as accurate estimate is only necessary around the Nash equilibrium induced by

the tax.
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Social welfare

Figure F.1: Social Welfare Curves of the Algorithm for various values of ¢ and p. We can

Social Welfare Curve of the Algorithm ¢=0.2, p=2

—— Algorithm social welfare
Optimal social welfare
0.185
0.180 -
0.175
0.170 4
0.165 1
T T T T T T T T
[} 2 4 6 8 10 12 14
Number of iterations
(a) ¢=0.2, p=2
Social Welfare Curve of the Algorithm c=0.6, p=2
0.50
—— Algorithm social welfare
0.49 1 Optimal social welfare
0.48 4
v 0.47 4
&
2 0.46
©
‘S
2 0.45 4
0.44
0.43 4
0.42 1
0 2 4 6 8 10
Number of iterations
(¢) ¢=0.6, p=2
Social Welfare Curve of the Algorithm c=1, p=2
—— Algorithm social welfare
Optimal social welfare
0.72 4
0.70 4
g
5 0.68
=
©
g
8 0.66 -
0.64
0.62 1
T T T T T T
o 2 4 6 8 10

Number of iterations

(e) C:]-a p:2

Social welfare

Social welfare

Social Welfare Curve of the Algorithm c=0.2, p=4

0.20
—— Algorithm social welfare
Optimal social welfare
0.19 1
0.18 4
0.17 4
0.16 4
0.15 4
0.14 4
0.13 4
T T T T T T T
0 10 20 30 40 50 60
Number of iterations
(b) ¢=0.2, p=4
Saocial Welfare Curve of the Algorithm c=0.6, p=4
—— Algorithm social welfare
0.55 4 Optimal social welfare
0.50 +
0.45 4
0.40
0.35 4
0 10 20 30 40
Number of iterations
(d) ¢=0.6, p=4
Social Welfare Curve of the Algorithm c=1, p=4
—— Algorithm social welfare
0.9+ Optimal social welfare
0.8
o
£
£ 0.7+
o
]
<3
A
0.6
0.5 q
T T T T T T T T
o] 5 10 15 20 25 30 35

Number of iterations

(f) c=1, p=4

observe that the social welfare converges to the optimal one quickly.




Estimated Tax Function at the Last Iteration for c=0.2, p=2
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Figure F.2: Estimated Tax Functions at the Last Iteration for various values of ¢ and p. The

estimation is not uniformly accurate but they are accurate at the induced Nash equilibrium.
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