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Abstract

Learning in Structured Multi-agent Systems with Provable Guarantees

Qiwen Cui

Chair of the Supervisory Committee:
Simon S. Du

Computer Science & Engineering

Multi-agent systems enable decentralized decision-making and interaction in complex envi-

ronments, with applications ranging from traffic networks to robotics and economics. This

thesis develops algorithms with provable theoretical guarantees, exploiting the structural

properties of multi-agent systems to enhance scalability and efficiency.

In offline multi-agent reinforcement learning, we introduce unilateral coverage assump-

tion and design the first efficient algorithms for two-player zero-sum and general-sum Markov

games based on the principle of pessimism. We propose a novel strategy-wise concentration

technique to reduce sample complexity, overcoming the challenges of joint action spaces.

In online multi-agent reinforcement learning, we propose the independent linear Markov

game framework, enabling scalable algorithms that break the curse of multiagents by lever-

aging individual agent function approximation. We also design the first algorithm that can

address non-stationary environments, improving sample complexity guarantees for learning

correlated and Nash equilibria.

In congestion games, we design the first algorithm for Nash equilibrium learning and

optimal tax learning. By exploiting the game’s structure, we achieve scalable performance

with sample complexity independent of large action spaces. For tax design, we propose an

equilibrium feedback framework and develop an efficient method for approximating socially

optimal taxes.

This work advances the theoretical and practical understanding of multi-agent learning,



with implications for diverse real-world applications.
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Chapter 1

INTRODUCTION

The advent of multi-agent systems has profoundly transformed various domains, en-

abling decentralized decision-making and collaborative/competitive behaviors in complex

environments. These systems are ubiquitous, with applications ranging from traffic network

optimization to autonomous robotics, distributed sensor networks, and economic systems.

However, the inherent complexity and diversity of multi-agent interactions pose significant

challenges for algorithm design.

This thesis addresses the problem of designing algorithms for multi-agent systems with

provable theoretical guarantees. While generic algorithms have broad applicability, they

often fail to fully leverage the unique structures of specific systems, leading to suboptimal

performance. Task-specific algorithms, by contrast, can harness these structures to achieve

superior efficiency and effectiveness. For example:

• Markov Games: These are a foundational framework in multi-agent reinforcement

learning, where state transitions exhibit Markovian dynamics. This structure elimi-

nates the dependence on long-term histories, simplifying both analysis and computa-

tion.

• Congestion Games: Here, agents share facilities, and their utilities depend on fa-

cility congestion levels. Exploiting this shared-resource structure can significantly

enhance algorithmic design and performance.

The overarching goal of this thesis is to bridge the gap between theoretical rigor and

practical applicability by developing algorithms tailored to the unique characteristics of

multi-agent systems.

Part I: Provably Efficient Offline Multi-agent Reinforcement Learning
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We study what dataset assumption permits solving offline two-player zero-sum Markov

games. In stark contrast to the offline single-agent Markov decision process, we show that

the single strategy concentration assumption is insufficient for learning the Nash equilib-

rium (NE) strategy in offline two-player zero-sum Markov games. On the other hand, we

propose a new assumption named unilateral concentration and design a pessimism-type

algorithm that is provably efficient under this assumption. In addition, we show that the

unilateral concentration assumption is necessary for learning an NE strategy. Furthermore,

our algorithm can achieve minimax sample complexity without any modification for two

widely studied settings: dataset with uniform concentration assumption and turn-based

Markov games. Our work serves as an important initial step towards understanding offline

multi-agent reinforcement learning.

For the next step, we study offline multi-player general-sum Markov games. We propose

the strategy-wise concentration principle which directly builds a confidence interval for the

joint strategy, in contrast to the point-wise concentration principle that builds a confidence

interval for each point in the joint action space. For two-player zero-sum Markov games, by

exploiting the convexity of the strategy-wise bonus, we propose a computationally efficient

algorithm whose sample complexity enjoys a better dependency on the number of actions

than the prior methods based on the point-wise bonus. Furthermore, for offline multi-

agent general-sum Markov games, based on the strategy-wise bonus and a novel surrogate

function, we give the first algorithm whose sample complexity only scales
∑m
i=1Ai where Ai

is the action size of the i-th player and m is the number of players. In sharp contrast, the

sample complexity of methods based on the point-wise bonus would scale with the size of

the joint action space Πm
i=1Ai due to the curse of multiagents. Lastly, all of our algorithms

can naturally take a pre-specified strategy class Π as input and output a strategy that is

close to the best strategy in Π. In this setting, the sample complexity only scales with

log |Π| instead of
∑m
i=1Ai.

Part II: Provably Efficient Online Multi-agent Reinforcement Learning

We propose a new model, independent linear Markov game, for multi-agent reinforce-

ment learning with a large state space and a large number of agents. This is a class of

Markov games with independent linear function approximation, where each agent has its
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own function approximation for the state-action value functions that are marginalized by

other players’ policies. We design new algorithms for learning the Markov coarse correlated

equilibria (CCE) and Markov correlated equilibria (CE) with sample complexity bounds

that only scale polynomially with each agent’s own function class complexity, thus break-

ing the curse of multiagents. In contrast, existing works for Markov games with function

approximation have sample complexity bounds scale with the size of the joint action space

when specialized to the canonical tabular Markov game setting, which is exponentially large

in the number of agents. Our algorithms rely on two key technical innovations: (1) uti-

lizing policy replay to tackle non-stationarity incurred by multiple agents and the use of

function approximation; (2) separating learning Markov equilibria and exploration in the

Markov games, which allows us to use the full-information no-regret learning oracle instead

of the stronger bandit-feedback no-regret learning oracle used in the tabular setting. Fur-

thermore, we propose an iterative-best-response type algorithm that can learn pure Markov

Nash equilibria in independent linear Markov potential games, with applications in learning

in congestion games. In the tabular case, by adapting the policy replay mechanism for

independent linear Markov games, we propose an algorithm with Õ(ϵ−2) sample complexity

to learn Markov CCE, which improves the state-of-the-art result Õ(ϵ−3) in Daskalakis et al.

[2022], where ϵ is the desired accuracy, and also significantly improves other problem pa-

rameters. Furthermore, we design the first provably efficient algorithm for learning Markov

CE that breaks the curse of multiagents.

We also investigate learning the equilibria in non-stationary multi-agent systems and

address the challenges that differentiate multi-agent learning from single-agent learning.

Specifically, we focus on games with bandit feedback, where testing an equilibrium can result

in substantial regret even when the gap to be tested is small, and the existence of multiple

optimal solutions (equilibria) in stationary games poses extra challenges. To overcome these

obstacles, we propose a versatile black-box approach applicable to a broad spectrum of

problems, such as general-sum games, potential games, and Markov games, when equipped

with appropriate learning and testing oracles for stationary environments. Our algorithms

can achieve Õ
(
∆1/4T 3/4

)
regret when the degree of nonstationarity, as measured by total
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variation ∆, is known, and Õ
(
∆1/5T 4/5

)
regret when ∆ is unknown, where T is the number

of rounds. Meanwhile, our algorithm inherits the favorable dependence on number of agents

from the oracles. As a side contribution that may be independent of interest, we show how

to test for various types of equilibria by a black-box reduction to single-agent learning,

which includes Nash equilibria, correlated equilibria, and coarse correlated equilibria.

Part III: Provably Efficient Learning in Congestion Game

For the first part, we investigate Nash-regret minimization in congestion games, a class

of games with benign theoretical structure and broad real-world applications. We first

propose a centralized algorithm based on the optimism in the face of uncertainty principle for

congestion games with (semi-)bandit feedback, and obtain finite-sample guarantees. Then

we propose a decentralized algorithm via a novel combination of the Frank-Wolfe method

and G-optimal design. By exploiting the structure of the congestion game, we show the

sample complexity of both algorithms depends only polynomially on the number of players

and the number of facilities, but not the size of the action set, which can be exponentially

large in terms of the number of facilities. We further define a new problem class, Markov

congestion games, which allows us to model the non-stationarity in congestion games. We

propose a centralized algorithm for Markov congestion games, whose sample complexity

again has only polynomial dependence on all relevant problem parameters, but not the size

of the action set.

For the second part, we investigate optimal tax learning in congestion games. In multi-

player games, self-interested behavior among the players can harm the social welfare. Tax

mechanisms are a common method to alleviate this issue and induce socially optimal be-

havior. In this work, we take the initial step of learning the optimal tax that can maximize

social welfare with limited feedback in congestion games. We propose a new type of feedback

named equilibrium feedback, where the tax designer can only observe the Nash equilibrium

after deploying a tax plan. Existing algorithms are not applicable due to the exponentially

large tax function space, nonexistence of the gradient, and nonconvexity of the objective.

To tackle these challenges, we design a computationally efficient algorithm that leverages

several novel components: (1) a piece-wise linear tax to approximate the optimal tax; (2)



5

extra linear terms to guarantee a strongly convex potential function; (3) an efficient sub-

routine to find the exploratory tax that can provide critical information about the game.

The algorithm can find an ϵ-optimal tax with O(βF 2/ϵ) sample complexity, where β is the

smoothness of the cost function and F is the number of facilities.
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Part I

PROVABLY EFFICIENT OFFLINE MULTI-AGENT
REINFORCEMENT LEARNING



7

Chapter 2

OFFLINE TWO-PLAYER ZERO-SUM MARKOV GAMES

This chapter is based on Cui and Du [2022a], with Simon S. Du.

2.1 Introduction

Promising empirical advances have been achieved in reinforcement learning (RL), including

mastering the game of Go [Silver et al., 2016], Poker [Brown et al., 2017], real-time strategy

games [Vinyals et al., 2019a] and robotic control [Kober et al., 2013]. Notably, many of these

successes lie in the domain of multi-agent reinforcement learning (MARL). MARL is about

multiple agents interacting in a shared environment, and each of them aims to maximize its

own long-term reward. During the learning process, each agent not only needs to identify

the environment dynamic but also needs to compete/cooperate with other agents. One

important subarea of MARL is offline MARL. In many practical scenarios, we only have

access to the offline data or it is too expensive to frequently change the policy [Zhang et al.,

2021a]. While there are plenty of empirical works on offline MARL [Pan et al., 2021, Jiang

and Lu, 2021], the theoretical understanding is still very limited. In this work, we take an

initial step towards understanding when offline MARL is provably solvable.

We consider two-player zero-sum Markov games, where two players simultaneously select

actions over multiple time steps in a Markovian environment and the first player aims to

maximize the total reward while the second player aims to minimize it. In the offline setting,

we have access to a fixed dataset collected by a (possibly unknown) exploration policy and

the target is to find a (near-)Nash equilibrium (NE) strategy of the underlying two-player

zero-sum Markov game.

One of the main difficulties in offline RL is distribution shift, i.e., the dataset distri-

bution is different from the distribution induced by the optimal policy. It is important to

understand what is the minimal dataset distribution assumption that permits offline RL.
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For single-agent offline RL, it is shown that the pessimism principle allows policy optimiza-

tion with single policy concentration, i.e. the dataset only covers the optimal policy [Jin

et al., 2021e, Zanette et al., 2021c, Yin and Wang, 2021b, Rashidinejad et al., 2021b]. This

assumption is necessary as it is impossible to learn the optimal policy if it is not covered by

the dataset. However, the dataset coverage assumption for MARL is still far from clear. In

this work, we want to answer the following question:

What is the minimal dataset coverage assumption that permits learning an NE strategy in

offline two-player zero-sum Markov games?

Generally speaking, MARL is much more difficult than single-agent RL due to the fol-

lowing two reasons. First, MARL is known to suffer from the non-stationary property, i.e.

agents will affect the others during the learning process [Zhang et al., 2021a]. Specifically,

the performance may decline if each agent simultaneously tries to improve its own policy

depending on others’ current policies. In addition, multiple agents incur complicated statis-

tical dependence that makes the theoretical analysis difficult. A line of works study Markov

games with online sampling oracle [Bai et al., 2020, Bai and Jin, 2020b, Liu et al., 2021b]

or generative model oracle [Sidford et al., 2020, Zhang et al., 2020b, Cui and Yang, 2020],

where specialized techniques are developed to tackle the above difficulties. In this paper,

we give the first analysis on offline Markov games in the fundamental tabular setting.

2.1.1 Main Contributions

• First, we propose an assumption named unilateral concentration, which posits that for

all strategies µ, ν, strategy pairs (µ∗, ν) and (µ, ν∗) are covered by the dataset, where µ

is the strategy for the first (max) player, ν is the strategy for the second (min) player,

and (µ∗, ν∗) is an NE strategy. In Section 2.3, we prove that NE strategy is not learnable

even if this assumption is only slightly violated. The intuition behind the hardness result

is that to identify an NE strategy, the algorithm has to compare it with strategy pairs that

one player uses any other strategies as a reference. This result also implies that the single

strategy concentration, which is sufficient for offline single-agent RL, is not sufficient for

offline MARL.
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• Second, we provide positive results showing that NE strategy is PAC learnable under

the unilateral concentration assumption. Combined with the hardness results above, we

conclude that unilateral concentration assumption is the necessary and sufficient dataset

coverage assumption for solving offline zero-sum Markov games. Our algorithm is based on

the pessimism principle that we maintain pessimistic estimates for both players, respectively.

We show that our algorithm achieves Õ(
√
C∗SABH3/n) performance gap under unilateral

concentration assumption, where C∗ quantifies the coverage of the dataset, S is the number

of states, A is the number of the max player’s actions, B is the number of the min player’s

actions, H is the horizon and n is the number of samples.

• Third, we show that our algorithm is minimax optimal when the dataset satisfies a

stronger assumption, uniform concentration, or the Markov game is turn-based. These are

two widely studied settings in the RL community. Uniform concentration assumes that all

state-action pairs are covered by the dataset and turn-based Markov game is a variant of

zero-sum Markov games where two players select actions in turns instead of simultaneously.

Although uniform concentration is about the dataset structure and turn-based Markov

games are about the environment structure, our algorithm can adapt to both of them

without any modification and achieves minimax sample complexity.

Main Techniques. Our algorithm is motivated by the Bernstein-type bonus and refer-

ence advantage function techniques in Xie et al. [2021b] while we make novel adaptations,

namely monotonic update and a self-bounding technique, to realize them in Markov games.

The Monotonic update allows a sandwich-type argument that bounds the reference func-

tion and further bounds the variance term. The self-bounding technique is utilized to bound

the performance gap by itself and then solve the inequality to derive the final bound on

performance gap.

To summarize, (1) we identify the minimal dataset coverage assumption that allows

learning the NE strategy in Markov games; (2) we propose a pessimism-based algorithm

that achieves polynomial sample complexity based on novel Markov game techniques; and

(3) we further show the algorithm is minimax optimal under the uniform concentration

assumption or in turn-based Markov games.
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2.1.2 Related Work

Here we focus on the theoretical works on two-player zero-sum Markov games and offline

RL.

Two-player zero-sum Markov games. Zero-sum Markov games have been widely stud-

ied since the seminal work [Shapley, 1953]. When the transition kernel is unknown, differ-

ent sampling oracles are utilized to acquire samples, including online sampling [Bai and

Jin, 2020b, Xie et al., 2020b, Liu et al., 2021b, Bai et al., 2020, Jin et al., 2021b, Song

et al., 2021a], generative model sampling [Sidford et al., 2020, Cui and Yang, 2020, Zhang

et al., 2020b, Jia et al., 2019]. For offline sampling oracle, Zhang et al. [2021b] and Abe

and Kaneko [2020] consider decentralized algorithm with network communication and of-

fline policy evaluation, both under the uniform concentration assumption. One concurrent

work [Zhong et al., 2022] considers zero-sum Markov games with linear function approxi-

mation. They also show the single policy coverage is not sufficient and propose a similar

unilateral concentration assumption under which they give a provably efficient algorithm.

On the other hand, under the unilateral concentration assumption, their sample complexity

is worse than ours when specialized to tabular setting because they did not use Bernstein

bonus. They show it is impossible to learn in all instances without unilateral concentration.

However, they do not show that any assumption weaker than unilateral concentration makes

learning impossible, which is a negative result proven in our paper. Lastly, our algorithm

is minimax optimal for uniform concentration setting and turn-based Markov games while

their algorithms are not.

Offline single-agent RL. Theoretical analysis of offline RL can be traced back to Szepesvári

and Munos [2005], under the uniform concentration assumption (analogue to Assump-

tion 2.2.3). This assumption has been extensively investigated [Xie and Jiang, 2021b,

Xie et al., 2020c, Yin et al., 2020b, 2021b, Ren et al., 2021b]. Recently, a line of works

showed that the pessimism principle allows offline policy optimization under a much weaker

assumption, single policy concentration, both in tabular case and with function approxima-

tion [Rashidinejad et al., 2021b, Yin and Wang, 2021b, Xie et al., 2021b, Jin et al., 2021e,



11

Uehara and Sun, 2021b, Uehara et al., 2021, Zanette et al., 2021c, Xie et al., 2021a]. One

closely related work is Xie et al. [2021b], which utilizes the reference advantage function

technique and Bernstein-type bonus to show a minimax sample complexity Õ(SC∗H3/n)

in finite-horizon MDP. We show that the counterpart of single policy concentration in zero-

sum Markov games is insufficient for NE strategy learning and use the pessimism principle

to design algorithm that works under the unilateral concentration assumption.

2.2 Preliminaries

2.2.1 Two-Player Zero-sum Markov Games

Zero-sum Markov games (MG) generalize single-agent MDP to two-agent case where one

agent aims to maximize the total reward while the other one aims to minimize it. A tabular

finite-horizon zero-sum Markov game is described by the tuple G = (S,A,B, P, r,H), where

S is the state space, A is the action space of the first (max) player, B is the action space of the

second (min) player, P = (P1, P2, · · · , PH), Ph ∈ R|S||A||B|×|S|, ∀h ∈ [H] is the (unknown)

transition probability matrix for time step h, r = (r1, r2, · · · , rH), rh ∈ [0, 1]|S||A||B|,∀h ∈ [H]

is the (unknown) deterministic reward vector and H is the horizon length.∗ This paper

focuses on the tabular setting where |S|,|A|,and |B| are finite. At each timestep h and

state sh, if the max player chooses action ah and the min player chooses action bh, then

the next state at timestep h + 1 follows the distribution sh+1 ∼ Ph(·|sh, ah, bh) and both

players receive a reward rh(sh, ah, bh). Both players sequentially choose H actions and at

each timestep, the action is chosen simultaneously and then it is revealed to both players.

We assume that we have a fixed initial state s1 and it is straightforward to generalize our

results to the case where the initial state is sampled from a fixed distribution.†

Turn-based Markov games are an important subclass of (simultaneous-move) Markov

games, where the max player takes action first and the min player can take action after

∗It is straightforward to generalize our results to stochastic rewards because the major difficulty is in

learning the transitions rather than learning the rewards.
†Stochastic initial state is equivalent to an MDP with deterministic initial state by creating a dummy

initial state which transits to the next state following that initial state distribution.
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observing the opponent’s action. It is a widely studied setting [Sidford et al., 2020, Cui and

Yang, 2020, Bai and Jin, 2020b] and we will provide minimax sample complexity result for

this setting in Section 2.4.3.

We denote a strategy pair as π = (µ, ν), where µ = (µ1, µ2, · · · , µH), µh : S → ∆A, ∀h ∈

[H] is the strategy of the first player and ν = (ν1, ν2, · · · , νH), νh : S → ∆B,∀h ∈ [H] is the

strategy of the second player, where ∆X is the probability simplex on the finite set X . A

deterministic strategy is a strategy that maps state to a single point distribution. We define

the state value function and state-action value function for a strategy pair π similarly as in

single-agent MDP:

V π
h (sh) := E

[
H∑
t=h

r(st, at, bt)|π, sh

]
, Qπh(sh, ah, bh) := E

[
H∑
t=h

r(st, at, bt)|π, sh, ah, bh

]
.

If the second player’s strategy ν is fixed, then the MG degenerates to an MDP and we call

the optimal policy in this MDP as the best response strategy br1(ν). Similarly, we can

define the br2(µ) as the best response for the second player. We will ignore the subscript

in br1 and br2 when it is clear in the context. While the best response may not be unique,

the best response value is always unique. For all h ∈ [H], sh ∈ S, we define

V ∗,ν
h (sh) := V

br(ν),ν
h (sh) = max

µ
V µ,ν
h (sh), V µ,∗

h (sh) := V
µ,br(µ)
h (sh) = min

ν
V µ,ν
h (sh).

It is well known that Nash equilibrium (NE) strategy π∗ = (µ∗, ν∗), i.e., a strategy pair

such that no player can benefit from switching its own strategy, exists for zero-sum Markov

games with a unique value function [Shapley, 1953]. In other words, µ∗ and ν∗ are the best

responses to each other. We define V ∗
h := V µ∗,ν∗

h for all h ∈ [H]. The following weak duality

property holds for all strategy pairs (µ, ν) in MG:

V µ,∗
h ≤ V ∗

h ≤ V
∗,ν
h , ∀h ∈ [H].

For a strategy pair π = (µ, ν), we can then define the corresponding duality gap as

Gap(π) = V ∗,ν
1 (s1)− V µ,∗

1 (s1).

The duality gap is always non-negative and the NE strategy has zero duality gap Gap(π∗) =

0. Duality gap measures how well a strategy pair approximates the NE. We say a strategy

pair π is an ϵ-approximate NE if Gap(π) ≤ ϵ.
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2.2.2 Offline Two-Player Zero-Sum Game

In offline RL, we are given an offline dataset D = {(sτh, aτh, bτh, rτh, sτh+1)}h∈[H]
τ∈[n] and we cannot

do any further sampling [Kakade, 2003]. We assume that the dataset is sampled from some

exploration policy ρ = (ρ1, ρ2, · · · , ρH), ρh : S → ∆A×B,∀h ∈ [H].‡ The target of offline

MG is to find an approximate NE with a small duality gap by utilizing the given dataset D.

We use dπh(s, a, b) to denote the probability of s, a, b appears at timestep h in the trajectory

generated by strategy π for all h ∈ [H]. The dataset distribution dρh(s, a, b) is defined

similarly. A state-action pair (s, a, b) at timestep h is covered by strategy π if and only if

dπh(s, a, b) > 0. Strategy π is covered by dataset generated by exploration strategy ρ if and

only if for all (s, a, b) covered by π, it is covered by ρ. In other words, we have

dπh(s, a, b)
dρh(s, a, b) <∞, ∀h ∈ [H], (s, a, b) ∈ S ×A× B. (2.1)

The sample complexity guarantee will depend on this ratio.

Dataset Coverage Assumptions. Below we list three different dataset coverage

assumptions for Markov games.

Assumption 2.2.1. (Single strategy concentration) One NE strategy (µ∗, ν∗) is covered

by the dataset.

Assumption 2.2.2. (Unilateral concentration) For all strategies µ and ν, (µ, ν∗) and (µ∗, ν)

are covered by the dataset, where (µ∗, ν∗) is one NE strategy.

Assumption 2.2.3. (Uniform concentration) For all h ∈ [H] and (s, a, b) ∈ S × A × B,

(s, a, b) at timestep h is covered by the dataset.

Assumption 2.2.1 is the weakest assumption and is the most straightforward extension of

the single policy concentration in single-agent RL [Rashidinejad et al., 2021b]. Assumption

2.2.3 generalizes the uniform policy concentration in single-agent RL [Yin et al., 2020b].

Assumption 2.2.2 is sandwiched by Assumption 2.2.1 and Assumption 2.2.3 as Assumption

‡For simplicity we assume the exploration policy is Markovian. However, our analysis can be directly

generalized to arbitrary dataset distribution. See Jin et al. [2021e] for discussions on dataset-dependent

bounds.
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2.2.2 implies Assumption 2.2.1 and Assumption 2.2.3 implies Assumption 2.2.2. In this

work, we will show that Assumption 2.2.2 is the minimal dataset coverage assumption that

allows NE learning and we provide sample complexity bounds that depends on the density

ratio (2.1).§

Notations. We use VarP (s,a,b)(V ) to denote the variance of the random variable V (s′)

where s′ ∼ P (·|s, a, b) and VarP (V ) ∈ RSAB to denote a vector whose (s, a, b) component is

VarP (s,a,b)(V ). We define a ∨ b := max{a, b} and a ∧ b := min{a, b}. In addition, if a is a

vector and b is a scalar, the operation is taken on each element of a: [a ∨ b]i = ai ∨ b. For

two vector a ∈ Rn, b ∈ Rn, we use a
b ∈ Rn to denote the element-wise division:

[
a
b

]
i

= ai
bi

.

In addition, if a is scalar, we still use a
b ∈ Rn to denote the element-wise division:

[
a
b

]
i

= a
bi

.

We use S,A,B to denote |S|, |A|, |B|.

2.3 Impossibility Results

In this section, we show that no assumption weaker than the unilateral concentration as-

sumption (Assumption 2.2.2), which includes single strategy concentration (Assumption

2.2.1), allows learning the NE strategy. To begin with, we consider the deterministic uni-

lateral concentration assumption.

Assumption 2.3.1. (Deterministic unilateral concentration) For all deterministic strategy

µ and ν, (µ, ν∗) and (µ∗, ν) are covered by the dataset, where (µ∗, ν∗) is one NE strategy.

Immediately we can tell that Assumption 2.3.1 is satisfied under Assumption 2.2.2.

These two assumptions are equivalent, which is shown by Proposition 2.3.2, because any

stochastic strategy can be viewed as a combination of several deterministic strategies.

Proposition 2.3.2. If for all deterministic strategy µ and ν, (µ, ν∗) and (µ∗, ν) are covered

by the dataset, then we have for all (possibly stochastic) strategy µ′ and ν ′, (µ′, ν∗) and

(µ∗, ν ′) are covered by the dataset.

For the hardness examples, we consider bandit games, i.e., Markov games with horizon

H = 1. The result can be generalized to arbitrary horizon by setting the reward to be 0

§Note that there could be different minimal assumptions as the assumption set is a partially ordered set.

Here ‘minimal’ means Assumption 2.2.2 allows NE learning while no weaker assumption allows doing so.
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in horizons other than h = 1. We consider a class of bandit games and datasets such that

Assumption 2.3.1 is almost satisfied while no algorithm can identify the NE strategy for all

bandit games and datasets in this class. As Assumption 2.2.2 and Assumption 2.3.1 are

equivalent, no assumption weaker than Assumption 2.2.2 allows NE strategy learning. A

direct corollary is that single strategy concentration (Assumption 2.2.1) is not sufficient for

NE learning.

Theorem 2.3.3. Define a class X of bandit game M and exploration strategy ρ that consists

of all M and ρ pairs satisfying that there exists at most one deterministic strategy µ or

one deterministic strategy ν such that (µ, ν∗) or (µ∗, ν) is not covered and for all other

deterministic strategies µ′, ν ′, the density ratio is bounded

dµ
∗,ν′

h (s, a, b)
dρh(s, a, b) ≤ 2A+ 2B, d

µ′,ν∗

h (s, a, b)
dρh(s, a, b) ≤ 2A+ 2B,

for all h ∈ [H]. For any algorithm ALG, there exists (M,ρ) ∈ X such that the output of

the algorithm ALG is at most a 0.25-approximate NE strategy no matter how many data

are collected.

Proof. We consider bandit games with two actions for each player here. The action set is

A = {a1, a2} for the first (max) player and B = {b1, b2} for the second (min) player. We

construct the following two bandit games with deterministic rewards.

r(a1, b1) = 0.25 r(a1, b2) = 0.5

r(a2, b1) = 0 r(a2, b2) = 0.75

Bandit Game 1

r(a1, b1) = 0.25 r(a1, b2) = 0.5

r(a2, b1) = 1 r(a2, b2) = 0.75

Bandit Game 2

Then the (unique) NE of the first bandit game is (a1, b1) and the (unique) NE of the

second bandit game is (a2, b2). Now we set the exploration strategy ρ to be uniform distribu-
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tion on {(a1, b1), (a1, b2), (a2, b2)}. We can verify that both bandit games with exploration

strategy ρ is in the class defined in Theorem 2.3.3. Note that the dataset contains data on

(a1, b1), (a1, b2), (a2, b2) and no data on (a2, b1). It is impossible for an algorithm to distin-

guish between these two bandit games as they are consistent on the given dataset and they

all satisfy the dataset coverage assumption that only one action pair is not covered. With

some calculations, we can show that the output of ALG is at most a 0.25-approximate NE

for one of the instances, which proves the theorem.

Remark 2.3.4. We can easily extend this instance to arbitrary action space by setting

(ai, bj) = 0 for all i /∈ {1, 2}, j ∈ {1, 2}, and (ai, bj) = 1 for all j /∈ {1, 2}, i ∈ {1, 2},

and the exploration strategy ρ to be the uniform distribution on (ai, bj) such that (i, j) ∈

{(i, j) : i ∈ {1, 2} or j ∈ {1, 2}, (i, j) ̸= (2, 1)}.

Remark 2.3.5. It is straightforward to verify that the hard instance in Theorem 2.3.3 also

holds for turn-based Markov games. As a result, no assumption weaker than Assumption

2.2.2 is sufficient for NE learning in turn-based Markov games.

2.4 Provably Efficient Algorithm under Unilateral Concentration

In this section, we show that it is indeed possible to learn the NE with the unilateral concen-

tration assumption. We propose a novel algorithm called Pessimistic Nash Value Iteration

(PNVI), which adapts the pessimism principle in single-agent RL to Markov games. Our

sample complexity result depends on the following quantity named unilateral concentrabil-

ity:

Definition 2.4.1. (Unilateral concentrability) For Nash equilibrium π∗, we define

C∗ := min
π∗=(µ∗,ν∗)

max
h,(s,a,b),µ,ν

{
dµ

∗,ν
h (s, a, b)
dρh(s, a, b) ,

dµ,ν
∗

h (s, a, b)
dρh(s, a, b)

}
.

By definition, C∗ is finite if Assumption 2.2.2 is satisfied. For the rest of the paper, π∗

denotes the Nash equilibrium that achieves the minimum here. Note that C∗ is not provided

to the algorithm.
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2.4.1 Hoeffding-type Algorithm with Data Splitting

To illustrate our main algorithm design ideas, we first propose an algorithm with Hoeffding-

type bonus and random data splitting. Given a dataset D =
{

(skh, akh, bkh, rkh, skh+1)
}n,H
k,h=1

, we

denote nh(s, a, b) =
∑n
k=1 1

(
(skh, akh, bkh) = (s, a, b)

)
to be the number of times that (s, a, b)

is visited at timestep h. We set the empirical reward and the empirical transition kernel as

r̂h(s, a, b) = rh(s, a, b), P̂h(s′|s, a, b) =
∑n
k=1 1

(
(skh, akh, bkh, skh+1) = (s, a, b, s′)

)
∑n
k=1 1

(
(skh, akh, bkh) = (s, a, b)

) , (2.2)

if nh(s, a, b) ≥ 1, and r̂h(s, a, b) = 0, P̂h(s′|s, a, b) = 1/S otherwise. In addition, we use

nh ∈ RSAB to denote a vector such that [nh]s,a,b = nh(s, a, b).

Now we explain Algorithm 1 in detail. First, we split the dataset D into H small datasets

{Dh}Hh=1 with the same size. Then we use Dh to estimate the reward and the transition

matrix at timestep h. The data splitting scheme is to remove the dependence between each

timestep. Then the value function is estimated via a value-iteration-type algorithm. At

each timestep, we maintain both optimistic and pessimistic estimates by adding/minusing

a Hoeffding-type bonus. We use the following Hoeffding-type bonus:

bh(sh, ah, bh) = bh(sh, ah, bh) = 4
√

H2ι

nh(s, a, b) ∨ 1 , (2.3)

where ι = log(HSAB/δ). Then we compute the pessimistic estimate Q and Q:

Q
h

=
(
r̂h + (P̂h · V h+1)− bh

)
∨ 0, Qh =

(
r̂h + (P̂h · V h+1) + bh

)
∧ (H − h+ 1). (2.4)

Pessimistic estimate Q
h

is for the max player, which mimics the pessimism in single-agent

RL. Qh using a positive bonus is for the min player, which is also a kind of pessimism as

the min player’s target is to minimize the reward. We compute the NE strategy of the

matrix game Q(s, ·, ·) and Q(s, ·, ·) respectively and use the NE value to be the state value

V (s) and V (s). Note that we only solve a zero-sum matrix game, which is computationally

efficient [Chen and Deng, 2006].

Remark 2.4.2. If we compute an ϵNE/H-approximate NE of the matrix game Q(s, ·, ·) and

Q(s, ·, ·) at each timestep, then the performance gap will only be enlarged by Õ(ϵNE).
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Algorithm 1 Pessimistic Nash Value Iteration (PNVI)

1: Input: Offline dataset D =
{

(skh, akh, bkh, rkh, skh+1)
}n,H
k,h=1

; Failure Probability δ

2: Initialization: Set vH+1(·) = vH+1(·) = 0

3: Randomly split the dataset D into {Dh}Hh=1 with |Dh| = n/H

4: Set r̂h, P̂h, bh, and bh as (2.2) and (2.3) using the dataset Dh for all h ∈ [H]

5: for h = H,H − 1, . . . , 1 do

6: Set q
h
(·, ·, ·) and qh(·, ·, ·) as (2.4)

7: Compute the NE of q
h
(·, ·, ·) as (mh(·), nh(·))

8: Compute vh(·) = Ea∼mh,b∼nh
q
h
(·, a, b)

9: Compute the NE of qh(·, ·, ·) as (mh(·), nh(·))

10: Compute vh(·) = Ea∼mh,b∼nh
qh(·, a, b)

11: end for

12: Output: m = (m1,m2, . . . ,mH), n = (n1, n2, . . . , nH), {vh}Hh=1, {vh}Hh=1

Theorem 2.4.3. Suppose Assumption 2.2.2 holds. For any 0 < δ < 1 and strategy µ, ν,
with probability 1− δ, the pessimistic values V h and V h of Algorithm 1 satisfy

Eµ∗,ν [V ∗
h (sh)− V h(sh)] ≤ Õ

(√
C∗SABH5/n

)
,Eµ,ν∗

[
V h(sh)− V ∗

h (sh)
]
≤ Õ

(√
C∗SABH5/n

)
,

for all h ∈ [H], where sh is sampled from the trajectory following the strategy in the expec-

tation.

Proof Sketch. For simplicity, we only show the guarantee for the strategy µ of the max

player. First, we show that under good concentration event, the pessimistic value V h is

always smaller than the best response value of µ, i.e.

V h(s) ≤ V µ,∗
h (s), ∀h ∈ [H], s ∈ S.

Second, we show that the performance gap of µ is bounded by the expected sum of bonus

under the strategy µ∗, ν, i.e.

V ∗
h (s)− V µ,∗

h (s) ≤ V µ∗,ν
h (sh)− V h(sh) ≤ 2Eµ∗,ν

[
H∑
t=h

bt(st, at, bt)|sh = s

]
.

Finally, we define a concatenated strategy ν ′ := (ν1, · · · , νh−1, νh, · · · , νH) and then we have

Eµ∗,ν [V ∗
h (sh)− V h(sh)] ≤ 2Eµ∗,ν′

H∑
t=h

bt(st, at, bt).
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As Assumption 2.2.2 suggests that (µ∗, ν ′) is well covered by the exploration strategy ρ, the

expected sum of bonus can be bounded. See Appendix A.2 for details.

Theorem 2.4.3 provides polynomial bounds on the error of the value estimates in Algo-

rithm 1. It can directly imply the following performance gap bound. In addition, it provides

guarantees for the reference function that will be utilized in the next section.

Corollary 2.4.4. Suppose Assumption 2.2.2 holds. For any 0 < δ < 1, with probability

1− δ, the output policy π = (µ, ν) of Algorithm 1 satisfies Gap(π) ≤ Õ
(√

C∗SABH5/n
)
.

Theorem 2.4.4 shows that the output strategy of Algorithm 1 is an Õ
(√

C∗SABH5/n
)
-

approximate NE. The parameter C∗ measures how the exploration strategy ρ covers the

unilateral strategies (µ∗, ν) and (µ, ν∗) for all µ and ν.

2.4.2 Bernstein-type Algorithm with Reference Advantage Function Decomposition

In this section, we will derive an improved performance gap bound Õ
(√

C∗SABH3/n
)
. The

extra H2 is shaved by using Bernstein-type bonus and reference advantage decomposition

technique motivated from Xie et al. [2021b]. However, we want to emphasize that zero-sum

Markov games are substantially different from MDP and require novel adaptation, which

we will describe later.

Due to the space constraint, we put Algorithm 16 in Appendix A.1. Algorithm 16 is

different from Algorithm 1 in two aspects. First, we use the reference advantage decompo-

sition to remove an H factor. The dataset is split into three subset with equal size Dref , D0,

D1, and D1 is further split into H subset with equal size {Dh,1}Hh=1. We run algorithm 1 on

dataset Dref and we can obtain pessimistic value estimate V ref and V ref with guarantees by

Theorem 2.4.3. Then we use dataset D0 to estimate PhV ref
h+1 and dataset Dh,1 to estimate

Ph(V h+1−V ref
h+1). Second, we use a Bernstein-type bonus to remove another H factor. Our

updating formulas of Q
h

and Qh are

Q
h

= Qref
h
∨ [r̂h,0 + (P̂h,0 · V ref

h+1)− bh,0 + (P̂h,1 · (V h+1 − V ref
h+1))− bh,1], (2.5)

Qh = Q
ref
h ∧ [r̂h,0 + (P̂h,0 · V

ref
h+1) + bh,0 + (P̂h,1 · (V h+1 − V

ref
h+1)) + bh,1], (2.6)
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where we truncate by the reference function to ensure monotonic update so that Q
h

and
Qh are more accurate pessimistic/optimistic estimate compared with the reference function
Qref
h

and Q
ref
h . The bonus functions are defined as

bh,0 = c


√√√√Var

P̂h,0
(V ref

h+1)ι
nh,0 ∨ 1 + Hι

nh,0 ∨ 1

 , bh,0 = c


√√√√Var

P̂h,0
(V ref

h+1)ι
nh,0 ∨ 1 + Hι

nh,0 ∨ 1

 , (2.7)

bh,1 = c


√√√√Var

P̂h,1
(V h+1 − V

ref
h+1)ι

nh,1 ∨ 1 + Hι

nh,1 ∨ 1

 , bh,1 = c


√√√√Var

P̂h,1
(V h+1 − V

ref
h+1)ι

nh,1 ∨ 1 + Hι

nh,1 ∨ 1

 ,

(2.8)

where c is some universal constant and Var
P̂h,0

(V ), Var
P̂h,1

(V ), nh,0, nh,1 are all SAB-

dimension vectors and the operations are element-wise.

Theorem 2.4.5. Suppose Assumption 2.2.2 holds. For any 0 < δ < 1 and n ≥ C∗SABH4,

with probability 1 − δ, the output policy π = (µ, ν) of Algorithm 16 satisfies Gap(π) ≤

Õ
(√

C∗SABH3/n
)
.

Remark 2.4.6. n ≥ C∗SABH4 serves as the burn-in cost, which is standard in the literature.

See a more detailed discussion in Li et al. [2021].

Proof of Sketch. For simplicity we only show the guarantee for the strategy µ of the max

player. First we show that under good concentration event, the pessimistic value V h is

always sandwiched by the reference value V ref
h and the best response value of µ, i.e.,

V ref
h (s) ≤ V h(s) ≤ V µ,∗

h (s),∀h ∈ [H], s ∈ S.

Second, we show that the performance gap of µ is bounded by the expected sum of bonus

under the strategy µ∗, ν, i.e.,

V ∗
1 (s1)− V µ,∗

1 (s1) ≤ V µ∗,ν
1 (s1)− V 1(s1) ≤ 2Eµ∗,ν

H∑
h=1

[
bh,0(sh, ah, bh) + bh,1(sh, ah, bh)

]
.

Then we bound the first term by

Eµ∗,ν

H∑
h=1

bh,0(sh, ah, bh) ≤ Õ
(√

C∗SABH3/n+
√
C∗SABH3/n

√
V
µ∗,ν

1 (s1)− V 1(s1)
)
,
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where
√
V
µ∗,ν

1 (s1)− V 1(s1) is the square root of the term we want to bound. The second

term can be bounded similarly. Finally solving the self-bounding inequality for V µ∗,ν
1 (s1)−

V 1(s1) and we have

V ∗
1 (s1)− V µ,∗

1 (s1) ≤V µ∗,ν
1 (s1)− V 1(s1) ≤ Õ

(√
C∗SABH3/n

)
.

We utilizes Theorem 2.4.3 to provide guarantee for the error of the reference function and

V ref
h (s) ≤ V h(s) ≤ V

µ,∗
h (s) to bound the variance of the estimation error. See Appendix

A.3 for details.

As MDP are degenerated Markov games with one player having a fixed action, Markov

games inherit the lower bounds of MDP. Comparing with the lower bound Ω̃
(√

C∗SH3/n
)

[Xie et al., 2021b], our bound is already tight in C∗, S, H. The extra AB factor is from

the Cauchy-Schwarz inequality and the fact that the NE of zero-sum Markov games can be

a mixed strategy while deterministic optimal policy always exists for MDP. It is unknown

whether the AB factor is removable and we leave it to future work.

2.4.3 Minimax Optimal Sample Complexity Bounds

In this section, we show that Algorithm 16 directly adapts to two popular settings, i.e.

Assumption 2.2.3 (uniform concentration assumption) and turn-based Markov games. In

addition, minimax sample complexity can be achieved under both settings. The proof is

deferred to Appendix A.4.

Theorem 2.4.7. Set dm = min
{
dρh(s, a, b) : h ∈ [H], (s, a, b) ∈ S ×A× B

}
. Suppose As-

sumption 2.2.3 holds. For any 0 < δ < 1 and n ≥ H4/dm, with probability 1− δ, the output

policy π = (µ, ν) of Algorithm 16 satisfies Gap(π) ≤ Õ
(√

H3/(ndm)
)
.

This bound has no explicit dependence on AB because the Cauchy-Schwarz inequality

can be applied on d
µ∗,ν
h instead of

√
d
µ∗,ν
h (See the proof of Theorem A.4.1). As the lower

bound Ω̃
(√

H3/(ndm)
)

for MDP [Yin and Wang, 2021b] is the lower bound for Markov

games, Algorithm 16 achieves minimax sample complexity under assumption 2.2.3.
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Theorem 2.4.8. Suppose Assumption 2.2.2 holds for a turn-based Markov games. For any

0 < δ < 1 and n ≥ C∗SH4, with probability 1− δ, the output policy π = (µ, ν) of Algorithm

16 satisfies Gap(π) ≤ Õ
(√

C∗SH3/n
)
.

As the lower bound is Ω̃
(√

C∗SH3/n
)

[Xie et al., 2021b], Algorithm 16 can achieve

the minimax sample complexity for turn-based Markov games under assumption 2.2.2. The

difference is due to turn-based Markov games always have pure NE strategies (See the proof

of Theorem A.4.6).

2.5 Conclusion

In this work, we study the minimal dataset coverage assumption for NE learning in two-

player zero-sum Markov games. We show that single strategy concentration is not enough

for NE learning. Instead, we find a minimal coverage assumption for NE learning and

design an algorithm with sample complexity tight in C∗,S, H under such assumption based

on novel techniques. In addition, the algorithm can achieve minimax sample complexity in

certain settings. We believe this work can shed new light on offline MARL.

Here we list several open problems for future work. One direction is to find the minimax

sample complexity of offline Markov games under the unilateral concentration. Importantly,

it is unclear whether AB factor can be reduced [Bai et al., 2020]. Another direction is to

design efficient algorithms for offline MARL with a large number of agents without sample

complexity scales exponentially with the number of agents.
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Chapter 3

OFFLINE MULTI-PLAYER GENERAL-SUM MARKOV GAMES

This chapter is based on Cui and Du [2022b], with Simon S. Du.

3.1 Introduction

Multi-agent reinforcement learning (MARL) is about decision making in a multi-agent sys-

tem under uncertainty, which has achieved significant success in solving a wide range of tasks

such as GO [Silver et al., 2017], Poker [Brown and Sandholm, 2019] and autonomous deriving

[Shalev-Shwartz et al., 2016]. One standard setting in MARL is multi-player general-sum

Markov games where each player deploys a policy to maximize its own total reward while

the evolution of the environment depends on the policies of all the players [Zhang et al.,

2021a]. During the learning process, each player needs to identify the environment dynamics

as well as compete/cooperate with other agents.

One emerging subarea is offline MARL, where plenty of empirical works have been done

while the theoretical understanding is still largely missing [Pan et al., 2021, Jiang and Lu,

2021, Meng et al., 2021]. Offline RL has received tremendous attention because in various

practical scenarios, it is expensive to acquire online data while offline log data is accessible.

The offline single-agent RL is well studied in the literature. Researchers have identified

the minimal dataset coverage assumption, single policy coverage (the dataset only needs

to cover an optimal policy), under which one can learn a near-optimal policy efficiently.

Furthermore, they have developed algorithms with minimax sample complexity [Xie et al.,

2021b, Li et al., 2022b]. For offline MARL, recent works showed that single policy coverage

is not sufficient and unilateral coverage is necessary for learning a Nash equilibrium (NE)

strategy, i.e., the dataset covers all the joint strategies that only differ from an NE at one

player [Cui and Du, 2022a, Zhong et al., 2022]. This condition is also sufficient for two-

player zero-sum Markov games with sample complexity Õ(AB) (ignoring other quantities),
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where A, B are the number of actions for each player [Cui and Du, 2022a]. However, it is

still unclear if it is sufficient for multi-player general-sum Markov game.

One major challenge in MARL is the curse of multiagents [Jin et al., 2021b]. Suppose

the number of actions for player j is Aj and there are m players. Then the joint action space

is of size
∏
j∈[m]Aj , which grows exponentially with the number of players m. As a result,

any algorithm that depends linearly on the cardinality of the joint action space can hardly

be applied to real-world scenarios. In online MARL, Jin et al. [2021b] and Song et al. [2021a]

show that finding the coarse correlated equilibrium, which is a weaker equilibrium notion

than NE, only requires Õ(maxj∈[m]Aj) samples, thus breaking the curse of multiagents. In

this paper, we study the following question:

Can we find NE in offline m-player general-sum Markov game with unilateral coverage

and without the exponential dependence on the number of players?

In this paper, we answer this question in the affirmative. We highlight our contributions

below.

3.1.1 Main Novelties and Contributions

1. Strategy-wise concentration principle. We propose the strategy-wise concentration

principle. Point-wise concentration is a standard technique in computing the confidence

interval for each state-action pair [Azar et al., 2017, Liu et al., 2021a, Xie et al., 2021b,

Cui and Du, 2022a]. However, the straightforward extension to MARL suffers from the

curse of multiagents as the NE can be a mixed strategy. Different from the point-wise

concentration technique, strategy-wise concentration directly estimates each strategy, which

allows a tighter confidence interval that can avoid the dependence on the joint action space.

We give a technical overview in Section 3.1.2. In addition, we show that the strategy-wise

confidence bound is always a convex function so that the empirical best response strategy

can always be a deterministic strategy, which is critical to the computational efficiency.

2. Improved algorithm for offline two-player zero-sum Markov games. For

offline two-player zero-sum Markov games, we utilize its special structure to develop a

maximin-optimization-type algorithm. Though the nonlinear strategy-wise bonus breaks
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the bilinear structure of the zero-sum game, we show that by solving a maximin optimization

problem we can still output a good strategy. In addition, we can solve it efficiently using any

black-box algorithms for Lipschitz-continuous convex optimization. Our sample complexity

improves the AB factor in Cui and Du [2022a] to (A+B).

3. The first algorithm for offline multi-player general-sum Markov games. For

multi-player general-sum Markov games, we develop a surrogate function to approximate

performance gap and then show that the minimizer of the surrogate function approximates

NE well. The surrogate function is constructed by optimistic best response values and

pessimistic values. Interestingly, to our knowledge, this is the first time that optimism has

been used in offline RL algorithms. Our result validates that unilateral coverage is sufficient

for general-sum Markov games and our sample complexity rate scales with Õ(
∑m
j=1Aj)

(ignoring other parameters), thus breaking the curse of multiagents.

4. Incorporating pre-specified strategy class. Lastly, our algorithm allows ex-

ploiting the prior knowledge about the NE strategy with an adaptive sample complexity

bound. Pre-specified policy class has been widely used in empirical works where the policy

class is parameterized by neural networks (e.g., Mnih et al. [2016], Haarnoja et al. [2018],

Lowe et al. [2017]), and single-agent RL theory as well (e.g., Auer et al. [2002], Agarwal

et al. [2021]), but has not been investigated in MARL theory. In this paper, we take a

step to incorporate prior knowledge in the MARL setting. Our performance guarantee only

depends on the logarithmic covering number of the pre-specified strategy class, which is

always upper bounded by
∑
j∈[m]Aj , but can be smaller. To the best of our knowledge, this

is the first paper that considers a pre-specified strategy class in MARL theory.

3.1.2 Technical Overview of Strategy-wise Concentration

To give some intuition about this technique, let us consider a toy problem. Suppose there are

m random variables {xi}mi=1 and we want to obtain a pessimistic estimate of their average

x =
∑
i∈[m] x

i/m. We have n/m observations for each xi. The point-wise concentration

estimate corresponds to estimating each xi and then aggregating the results. The pessimistic

estimate of xi would be x̂i− Õ(
√
m/n) where x̂i is the empirical mean, and the aggregated
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mean of these pessimistic estimates would be x̂− Õ(
√
m/n) where x̂ is the empirical mean

of all data. The strategy-wise concentration estimate corresponds to directly using all

the samples to estimate the average of {x}mi=1 and obtain the pessimistic estimate as x̂ −

Õ(1/
√
n). This example shows that the point-wise estimate will lead to an extra m factor.

In MARL, m is the cardinality of the joint action space, which implies that point-wise

concentration can be exponentially worse than strategy-wise concentration. Note that this

is not an issue in single-agent MDP as the optimal policy is always deterministic but leads

to severe suboptimality in the multi-agent case where NE can be a mixed strategy.

3.1.3 Related Work

Online Multi-agent RL. Markov games can be solved via dynamic programming when

the rewards and transition dynamics are given [Hansen et al., 2013, Perolat et al., 2015]. If

the environment is unknown, reinforcement learning algorithms are applied with different

sampling oracles. One particular line of research is online Markov games, including two-

player zero-sum Markov games [Liu et al., 2021a, Dou et al., 2021, Xie et al., 2020a, Bai

et al., 2020, Huang et al., 2021] and multi-player general-sum Markov games [Zhong et al.,

2021, Mao et al., 2021a, Jin et al., 2021b, Song et al., 2021a]. Rubinstein [2016] proves an

exponential (in the number of players) lower bound for learning the NE strategy in m-player

general-sum game while others show that the correlated equilibrium and coarse correlated

equilibrium admit poly(m,maxj∈[m]Aj , H, S)-sample complexity algorithms [Mao et al.,

2021a, Jin et al., 2021b, Song et al., 2021a]. Our upper bounds for m-player general-

sum games depend polynomially on all parameters, which do not contradict the hardness

result in Rubinstein [2016] because the assumptions on the offline dataset provide additional

information about the NE.

Offline Single-agent RL. The simplest dataset assumption for offline RL is uniform

coverage, i.e., the dataset covers all the state-action pairs. This assumption dates back

to Szepesvári and Munos [2005]. The minimax sample complexity has been well studied

for both tabular case and function approximation [Xie and Jiang, 2021a, Yin et al., 2020a,

2021a, Ren et al., 2021a]. Recently it has been shown that only covering the optimal policy
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is sufficient for offline RL under different settings [Rashidinejad et al., 2021a, Yin and Wang,

2021a, Xie et al., 2021b, Jin et al., 2021d, Uehara and Sun, 2021a, Zanette et al., 2021b,

Xie et al., 2021a]. These works design provably efficient algorithms based on the principle

of pessimism.

Offline Multi-agent RL. Offline MARL theory is still at a primary stage. Previous

works mostly focused on uniform coverage assumption, i.e. all state-action pairs or all

policies are covered [Sidford et al., 2020, Cui and Yang, 2021, Zhang et al., 2020a, 2021b,

Abe and Kaneko, 2020, Subramanian et al., 2021]. Recently, Cui and Du [2022a] and Zhong

et al. [2022] show that the unilateral coverage assumption is the minimal dataset coverage

assumption for learning NE in Markov games. In addition, [Cui and Du, 2022a] proposes

a pessimism-type algorithm with Õ(SABH3C(π∗)/ϵ2) sample complexity for tabular two-

player zero-sum Markov game and [Zhong et al., 2022] provides a similar algorithm for linear

two-player zero-sum Markov games.

3.2 Preliminaries

Notations. We use D(X ) to denote the single point distributions over the finite set X . For

example, D(A) to represent the policies that deterministically choose one of the actions in

A. We use πsj,h ∈ ∆(Aj) as a concise notation of πj,h(·|s) and Ph(s,a) to denote Ph(·|s,a),

which will be defined in the following section. We use −j in subscript to denote all the

players except player j. We use bold letter to denote vectors, e.g. a is a vector and aj

is the j-th element of a. We let O(·) hide absolute constants and Õ(·) hide polylog terms

as well. The L1 norm of a vector in Rd is ∥a∥1 =
∑d
i=1 |ai|. We denote the projection as

proj[a,b](x) := max{a,min{b, x}}.

Multi-player General-sum Markov Game. A multi-player general-sum Markov

game is described by a tuple G = (S,A =
∏
j∈[m]Aj , P,R,H), where S is the state space

with cardinality S, m is the number of players, Aj is the action space of player j with cardi-

nality Aj , P = (P1, P2, · · · , PH) with Ph ∈ RS×
∏

i∈[m] Ai×S being the (unknown) transition

matrix at timestep h ∈ [H], R = {Rh(·|sh,ah)}Hh=1 with Rh(·|sh,ah) being a distribution

on [0, 1]m with mean rh(sh,ah) ∈ [0, 1]m as the (unknown) reward distribution at timestep

h. At timestep h, all players choose their actions simultaneously and a reward vector is
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sampled from the reward distribution rh ∼ Rh(·|sh,ah), where sh is the current state and

ah = (ah,1, ah,2, · · · , ah,m) is the joint action. Each player j receives its own reward rh,j

with support on [0, 1] and mean rh,j(sh,ah). The state then transits to sh+1 following the

distribution of Ph(· | sh,ah). The game terminates at timestep H + 1. We assume that the

initial state s1 is fixed because for a stochastic initial state, one can add s0 as the initial

state instead and it transits to s1 following the initial distribution.

We denote a joint strategy as π = (π1, π2, · · · , πm), where πj = (π1,j , π2,j , · · · , πH,j) and

πh,j : S → ∆(Aj) is the strategy of player j at timestep h where ∆(Aj) is the probability

simplex over Aj . We use Πfull to denote the set of all the possible joint strategies. We define

the state value function and state-action value function under strategy π for each player

j ∈ [m]:

V π
h,j(sh) := Eπ

[
H∑
t=h

rt,j(st,at)
∣∣∣∣∣ sh

]
, Qπh,j(sh,ah) := Eπ

[
H∑
t=h

rt,j(st,at)
∣∣∣∣∣ sh,ah

]
,

where the expectation is over the randomness of the environment and the joint strategy

π. For a fixed player j, if all the other player’s strategies are fixed, then player j can

play the best response strategy to maximize its own total reward. We define π−j to be the

strategy for all players except player j and define the best response value to be V ∗,π−j

h,j (sh) :=

maxπj V
πj ,π−j

h,j (sh).

It is well-known that Nash equilibrium strategy exists for general-sum Markov games.

Note that there could be multiple NE strategies with different value functions. We use the

following performance gap to evaluate a strategy π: Gap(π) :=
∑
j∈[m]

[
V

∗,π−j

1,j (s1)− V π
1,j(s1)

]
.

This metric is always non-negative and we say π is an ϵ-approximate NE if and only if

Gap(π) ≤ ϵ.

Two-player Zero-sum Markov Game. A general-sum Markov game becomes a

two-player zero-sum Markov game if there are only two players and the reward rh ∼

Rh(·|s, a1, a2) always satisfies rh,1 + rh,2 = 0 for all h ∈ [H], s ∈ S, a1 ∈ A1 and a2 ∈ A2.

Following the literatures on two-player zero-sum Markov games, we use slightly different

notations for this setting. There is only one reward function r shared by both players, which

is the reward function {rh,1}Hh=1 for player 1 and the target of player 2 is to minimize the

total reward. We denote µ = π1 and ν = π2 to be the strategy for each player, a = a1 and
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b = a2 to be the action for each player, Πmax = Π1 and Πmin = Π2 to be the strategy class

for each player to remove extra subscripts. One can derive the performance gap under the

new notations for two-player zero-sum Markov games: Gap(π) := V ∗,ν
1 (s1)− V µ,∗

1 (s1).

Offline Markov Game. In offline RL, the dataset is collected beforehand and no

further sampling is allowed. Here we consider offline multi-player general-sum Markov

game. The framework for offline two-player zero-sum Markov game is similar with the

slightly different notations as we mentioned.

We assume that the algorithm has access to an offline datasetD = {(skh,akh, rkh, skh+1)}H,nh,k=1,1

that satisfies Assumption 3.2.1. The assumption states that the dataset is independently

generated from the underlying Markov game, which is used in [Jin et al., 2021d, Zhong et al.,

2022]. The target of offline Markov game is to find a strategy π with as small performance

gap as possible by utilizing the dataset D. One closely related assumption is that the dataset

is generated from some behavior strategy [Xie et al., 2021b, Cui and Du, 2022a]. Though

this kind of dataset does not satisfy Assumption 3.2.1 directly due to the dependence within

the trajectory, we can construct a compliant dataset by using the subsampling technique in

Li et al. [2022b] while the number of samples is still of the same order.

Assumption 3.2.1. The dataset D is compliant with the multi-player general-sum markov

game, i.e.,

PD(skh+1 = s | skh,akh) = Ph(sh+1 = s | sh = skh,ah = akh),

PD(rkh = r|skh,akh) = Rh(rh = r|sh = skh, ah = akh), ∀j ∈ [m],

for all h ∈ [H] and k ∈ [n]. In addition, all tuples (skh,akh, rkh, skh+1) are independent.

Pre-specified Policy Class. We also consider the case when we know that the NE is

possibly in a given subset of Πfull. We denote this subset as Π and our target is to find the

best strategy in Π. Note that we do not assume NE is indeed in Π. In addition, by choosing

Π = Πfull we can recover the standard setting. To measure the complexity of Π, we use the

covering number.

Definition 3.2.2. (Covering Number) For any error level ϵcover and strategy class Π, we
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define

N (Π, ϵcover) :=
∑

s∈S,h∈[H]

∏
j∈[m]

|C(Πh,j(s), ϵcover)| ,

where Πh,j(s) = {πjh(·|s) : π ∈ Π} is a subset of ∆(Ai) and C(Πh,j(s), ϵcover) is an ϵcover-

covering of Πh,j(s) with respect to the L1 norm ∥ · ∥1.

Our performance guarantee will only have logarithm dependence on N (Π, ϵcover). As

Πh,j(s) is a subset of ∆(Aj), we always have log(N (Π, ϵcover)) ≤ Õ(
∑
j∈[m]Aj log(1/ϵcover))

and if Π is a finite set, we have log(N (Π, ϵcover)) ≤ log(SH|Π|) (see Appendix B.2.1 for the

proof). In this paper we will choose ϵcover = 1∑
j∈[m] AjmH2n2 , which only leads to logarithm

dependence on these quantities. In later sections, we will omit ϵcover to simplify the notation.

For any joint strategy π, we call (π′
j , π−j) for any strategy π′ and j ∈ [m] as a unilateral

strategy of π. Previous works show that only covering an NE is not sufficient, and covering

all the unilateral strategies of an NE is necessary for learning the NE in Markov games

[Cui and Du, 2022a, Zhong et al., 2022]. We use unilateral coefficient to quantify how the

dataset covers all the unilateral strategies of a strategy π. If we assume that the dataset is

sampled from some (unknown) distribution, i.e. (sh,ah) ∼ dh(·, ·) for all h ∈ [H], we can

define the population unilateral coefficient.

Definition 3.2.3. For any strategy π, the population unilateral coefficient is defined as

C(π) := maxh,j,π′,sh,ah

d
π′

j
,π−j

h
(sh,ah)

dh(sh,ah) .

Cui and Du [2022a] provide a sample complexity result for zero-sum Markov games

with dependence on C(π∗). We can also define the empirical unilateral coefficient using the

empirical distribution.

Definition 3.2.4. Define the empirical dataset distribution as d̂h(s,a) = nh(s,a)/n, for

all h ∈ [H], s ∈ S,a ∈ A, where nh(s,a) is the number of times that (s,a) appears in the

dataset for timestep h. For any strategy π, the empirical unilateral coefficient is defined as

Ĉ(π) := maxh,j,π′,sh,ah

d
π′

j
,π−j

h
(sh,ah)

d̂h(sh,ah)
.

The empirical unilateral coefficient can lead to dataset-dependent bound that has no

dependence on the underlying distribution of the dataset. In addition, Ĉ(π) can be bounded
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by 2C(π) (Proposition 3.2.5) so results based on Ĉ(π) directly transfer to C(π). Note that

Ĉ(π) and C(π) are both unknown to the algorithm and only appear in the analysis and

theorems.

Proposition 3.2.5. Suppose pmin = mins,a,h{dh(s,a) : dh(s,a) > 0}. If n ≥ 8 log(SΠj∈[m]AjH/δ)
pmin

,

with probability 1− δ, for all strategy π, we have 2C(π) ≥ Ĉ(π).

3.3 An Improved Algorithm for Offline Two-player Zero-sum Markov Game

In this section, we propose a new algorithm for offline zero-sum Markov game based on

two novel techniques, i.e., strategy-wise concentration and maximin-optimization-based al-

gorithm. We then show that this algorithm is computationally efficient and can (almost)

find the best strategy in strategy class Π with favorable sample complexity.

Let us first define some notations. Given a dataset D = {(skh, akh, bkh, rkh, skh+1)}n,Hk,h=1,

we denote nh(s, a, b) =
∑n
k=1 1

(
(skh, akh, bkh) = (s, a, b)

)
and Kh(s) = {(a, b) ∈ A × B :

nh(s, a, b) ̸= 0}. If nh(s, a, b) ̸= 0, we set

r̂h(s, a, b) =
∑n
k=1 r

k
h1
(
(skh, akh, bkh) = (s, a, b)

)
nh(s, a, b) , (3.1)

P̂h(s′|s, a, b) =
∑n
k=1 1

(
(skh, akh, bkh, skh+1) = (s, a, b, s′)

)
nh(s, a, b) , (3.2)

otherwise we have

r̂h(s, a, b) = 0, P̂h(s′|s, a, b) = 0. (3.3)

Based on this empirical Markov game, we can perform value-iteration-type algorithm. Here

we describe our algorithm for player 1. For each timestep h, we first compute the the

state-action values based on the estimates at timestep h+ 1:

Q
h
(s, a, b) = r̂h(s, a, b) +

〈
P̂h(s, a, b), V h+1

〉
, (3.4)

Then instead of adding the bonus on state-action estimates directly to ensure pessimism

as used in Cui and Du [2022a] and Zhong et al. [2022], we first estimate the state value

functions for strategy µsh, νsh and then add the bonus on them instead.

V
µs

h,ν
s
h

h (s) = Ea∼µs
h
,b∼νs

h
Q
h
(s, a, b)− bh(s, µsh, νsh), (3.5)
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Algorithm 2 Strategy-wise Bonus + MaxiMin Optimization (SBMM)
1: Input: Offline dataset D

2: Initialization: vH+1(s) = vH+1(s) = 0 for all s ∈ S

3: for h = H,H − 1, . . . , 1 do

4: # Player 1

5: Approximately solve

ms
h = argmax

µs
h

∈Πmax
h

(s)
min

νs
h

∈D(B)
v
µs

h,ν
s
h

h (s)

where vµ
s
h,ν

s
h

h (s) is defined by (3.4) and (3.5) and ms
h satisfies (3.10).

6: Solve

nsh = argmin
νs

h
∈D(B)

v
ms

h,ν
s
h

h (s)

and set

vh(s) = proj[0,H−h+1]
(
v
ms

h,n
s
h

h (s)
)

7: # Player 2

8: Approximately solve

nsh = argmin
νs

h
∈Πmin

h
(s)

max
µs

h
∈D(A)

v
µs

h,ν
s
h

h (s)

where vµ
s
h,ν

s
h

h (s) is defined by (3.8) and (3.9) and nsh satisfies (3.11).

9: Solve

ms
h = argmax

µs
h

∈D(A)
v
µs

h,n
s
h

h (s)

and set

vh(s) = proj[0,H−h+1]
(
v
ms

h,n
s
h

h (s)
)

10: end for

11: Output: πoutput = (m,n)

where

bh(s, µsh, νsh) = H

√√√√ ∑
(a,b)∈Kh(s)

µsh(a)2νsh(b)2

nh(s, a, b) log(N (Π))ι+
√
ι/n, (3.6)

with ι = 32 log(2ABSHn/δ). We also present the bonus from point-wise concentration used
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in Cui and Du [2022a] to better compare them, bpoint
h (s, µsh, νsh) = H

∑
(a,b)∈Kh(s) µ

s
h(a)νsh(b)

√
ι

nh(s,a,b) .

As a concrete example, if µsh and νsh are uniform distribution onA and B, then bh(s, µsh, νsh)

is smaller than bpoint
h (s, µsh, νsh) for an order of

√
AB. Finally to obtain the pessimistic value

estimate, we solve the following optimization problem

V h(s) = max
µs

h
∈Πmax

h
(s)

min
νs

h
∈D(B)

V
µs

h,ν
s
h

h (s). (3.7)

Here recall that D(B) represents all the deterministic strategies in B. Our algorthm is

similar for player 2 with the following Q and V estimation:

Qh(s, a, b) = r̂h(s, a, b) +
〈
P̂h(s, a, b), V h+1

〉
+H1{(a, b) /∈ Kh(s)}, (3.8)

V
µs

h,ν
s
h

h (s) = Eµs
h
,νs

h
Qh(s, a, b) + bh(s, µsh, νsh). (3.9)

The additional H1{(a, b) /∈ Kh(s)} term in (3.8) compared with (3.4) is to compensate the

underestimate by (3.3).

3.3.1 Computational Efficiency

For computational efficiency, we start with the following characterization about our bonus.

Proposition 3.3.1. V µs
h,ν

s
h

h (s) is concave and V µs
h,ν

s
h

h (s) is convex w.r.t. µsh and νsh respec-

tively.

Proposition 3.3.1 explains why the inner minimization in (3.7) is over the deterministic

strategy class as the minimum of a concave function over the probability simplex is achieved

at the vertexes, i.e. deterministic strategies. The proof of Proposition 3.3.1 is provided in

Appendix B.2.2.

Previous works solve the NE (saddle point) of V µs
h,ν

s
h

h (s) as the point-wise bonus main-

tains the bilinear structure [Cui and Du, 2022a, Zhong et al., 2022]. Though here V µs
h,ν

s
h

h (s)

no longer enjoys the strong duality, we will show that solving the maximin problem is enough

to obtain a good strategy for player 1. As the inner minimization is only on a feasible set of

size B, this problem can be solved efficiently by using projected gradient descent [Bubeck
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et al., 2015]. We assume that we solve the maximin and the minimax optimization problem

to ϵopt-optimality, i.e.

min
νs

h
∈D(B)

V
µs

h
,νs

h

h (s) ≥ max
µs

h
∈Πmax

h
(s)

min
νs

h
∈D(B)

V
µs

h,ν
s
h

h (s)− ϵopt, (3.10)

max
µs

h
∈D(A)

V
µs

h,ν
s
h

h (s) ≤ min
νs

h
∈Πmin

h
(s)

max
µs

h
∈D(A)

V
µs

h,ν
s
h

h (s) + ϵopt. (3.11)

In Appendix B.2.2 we show that projected gradient descent can output an ϵopt-minimizer

with (H +H
√

log(N (Π))ι)/ϵ2opt iterations, where each iteration consists of a gradient com-

putation and a projection onto the probability simplex. We note that if we set ϵopt to 1√
n

,

then the optimization error is always of a smaller order term compared to the statistical

error.

3.3.2 Sample Complexity Guarantees for SBMM

For the statistical guarantee, we will first provide assumption-free bounds in the sense that

it holds for arbitrary compliant dataset [Jin et al., 2021d, Yin and Wang, 2021a]. We define

the uncertainty at timestep h and state s under strategy µsh and νsh:

b̂h(s, µsh, νsh) := 2bh(s, µsh, νsh) +H
∑

(a,b)/∈Kh(s)
µsh(a)νsh(b)

.

Proposition 3.3.2. Suppose πoutput is the output of Algorithm 2. With probability 1 − δ,
we have

Gap(πoutput) ≤

min
π=(µ,ν)∈Π

max
π′=(µ′,ν′)∈Πdet

[
Gap(π) + Eµ,ν′

H∑
h=1

b̂h(sh, µ
sh
h , ν

′sh
h ) +Eµ′,ν

H∑
h=1

b̂h(sh, µ
′sh
h , νh)

]
+ 2Hϵopt.

Proposition 3.3.2 shows that our algorithm can find the best strategy in Π with an

additional error of the expected total uncertainty under some unilateral strategies and an

extra optimization error term 2Hϵopt. Then we derive bounds with unilateral coefficients.

Theorem 3.3.3. Suppose πoutput is the output of Algorithm 2. With probability 1− δ, we

have

Gap(πoutput) ≤ min
π∈Π

[
Gap(π) + 4H2

√
S log(N (Π))Ĉ(π)ι/n

]
+ 2Hϵopt.



35

Theorem 3.3.3 directly implies the following corollary.

Corollary 3.3.4. If Π = Πfull, then with probability 1 − δ, we have Gap(πoutput) =

Õ(
√
H4S(A+B)Ĉ(π∗)/n) + 2Hϵopt. If π∗ ∈ Π, then with probability 1 − δ, we have

Gap(πoutput) = Õ(
√
H4S log(N (Π))Ĉ(π∗)/n) + 2Hϵopt.

Since Ĉ(π) can be bounded using C(π) (Proposition 3.2.5), we have the following theo-

rem.

Theorem 3.3.5. Suppose πoutput is the output of Algorithm 2. With probability 1− δ, we

have

Gap(πoutput) ≤ min
π∈Π

[
Gap(π) + 4H2

√
S log(N (Π))C(π)ι2/n+HS(A+B)C(π)/n

]
+2Hϵopt.

In addition, suppose pmin = mins,a,b,h{dρh(s, a, b) : dρh(s, a, b) > 0} and if n ≥ 8 log(SABH/δ)
pmin

,

we have Gap(π) ≤ minπ∈Π
[
Gap(π) + 8H2√S log(N (Π))C(π)ι2/n

]
+ 2Hϵopt.

Theorem 3.3.5 shows that there will be an additional lower order term S(A+B)C(π)/n,

which can be interpreted as the rate of the empirical dataset distribution converges to the

population distribution. In addition, for large enough n ≥ 8 log(SABH/δ)
pmin

, there is no lower

order term. Here n ≥ 8 log(SABH/δ)
pmin

serves as a warm-up cost so that the empirical support

is the same as the true support of dh. A similar analysis is used in Yin and Wang [2021a].

With a refined analysis, we can show that there is no lower order term for the standard

settings Π = Πfull in two-player zero-sum Markov games and Π = Πdet for turn-based

Markov games. Note that turn-based Markov games always have a deterministic NE.

Corollary 3.3.6. If Π = Πfull, then with probability 1 − δ, we have Gap(πoutput) =

Õ(
√
H4S(A+B)C(π∗)/n)+2Hϵopt. In addition, for turn-based two-player zero-sum Markov

games, we can set Π = Πdet and we have Gap(πoutput) = Õ(
√
H4SC(π∗)/n) + 2Hϵopt.

Corollary 3.3.6 improves the AB dependence in the previous zero-sum Markov games

result [Cui and Du, 2022a] and matches the result for turn-based Markov games [Cui and

Du, 2022a] up to an extra
√
H factor. The additional H factor is due to the Hoeffding-type

bonus and we believe it can be removed with a more sophisticated Bernstein-type bonus.
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3.4 Algorithms and Analyses for Multi-player General-sum Markov Game

In this section, we propose the first provably efficient algorithm for offline multi-player

general-sum Markov game. We will use the strategy-wise bonus to achieve a sample com-

plexity that does not scale with
∏
j∈[m]Aj . However, in general-sum games there is no

saddle point structure, so we can no longer use the maximin-optimization-type algorithm.

Instead, our algorithm utilizes a novel surrogate function to approximately minimize the

performance gap.

Given a datasetD = {(skh,akh, rkh, skh+1)}n,Hk,h=1, we denote nh(s,a) =
∑n
k=1 1

(
(skh,akh) = (s,a)

)
and Kh(s) = {a : nh(s,a) ̸= 0}. If nh(s,a) > 0, we set

r̂h,j(s,a) =
∑n
k=1 r

k
h,j1

(
(skh,akh) = (s,a)

)
nh(s,a) , P̂h(s′|s,a) =

∑n
k=1 1

(
(skh,akh, skh+1) = (s,a, s′)

)
nh(s,a) ,

(3.12)

otherwise we have r̂h,j(s,a) = 0, P̂h(s′|s,a) = 0.

Based on this empirical multi-player Markov game, we can estimate the value of arbitrary

strategy π via policy evaluation (Algorithm 17 in Appendix). We describe Algorithm 17 for

the pessimistic estimate. For a player j, strategy π and timestep h, we first compute the

state-action value estimates:

Qπ
h,j

(s,a) = r̂h,j(s,a) +
〈
P̂h(s,a), V π

h+1,j
〉
, (3.13)

Then we estimate the state value functions and add the strategy-wise bonus to ensure

pessimism.

V π
h,j(s) = proj[0,H−h+1]

{
Ea∼πh(·|s)Q

π
h,j

(s,a)− bh(s, πsh)
}
, (3.14)

where bh(s, πsh) =H

√√√√ ∑
a∈Kh(s)

∏
j∈[m] π

s
h,j(aj)2

nh(s,a) S log(N (Π))ι+
√
ι/n, (3.15)

with ι = 32 log(16
∏
j∈[m]AjmSHn/δ). Here the strategy-wise pessimism can remove the∏

j∈[m]Aj dependence as explained in the previous section. By dynamic programming from

timestep H to timestep 1 we can obtain the pessimistic estimate V π
1,j(s1). Compared with

the bonus function (3.6) in zero-sum Markov game, there is an extra S factor in (3.15)

because here we need to perform concentration on
〈
P̂h(s,a), V π

h+1,j

〉
for all π while in
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(3.4) we only need to analyze
〈
P̂h(s, a, b), V h+1

〉
for a single V h+1. We use an additional

ϵ-covering on RS which leads to the extra S.

We use Algorithm 18 (in Appendix) to compute the optimistic value of the best response

strategy. For a given player j, strategy π−j used by all the other player and timestep h, we

first compute the optimistic state-action value estimate:

Q
∗,π−j

h,j (s,a) = r̂h,j(s,a) +
〈
P̂h(s,a), V ∗,π−j

h+1,j

〉
+H1{a /∈ Kh(s)}. (3.16)

Then we compute the optimistic value for deterministic strategies for player j:

V h,j(s, aj) =Ea−j∼πh,−j(·|s)Q
∗,π−j

h,j (s, aj ,a−j) + bh(s, aj , πsh,−j). (3.17)

Here with a slight abuse of the notation, we use aj to denote the deterministic strategy of

player j that chooses action aj at state s and timestep h. Finally we use the maximum

over all the deterministic strategies to be the best response value function:V ∗,π−j

h,j (s) =

proj[0,H−h+1]
{

maxaj∈Aj V h,j(s, aj)
}
.

By dynamic programming we can obtain the optimistic estimate V ∗,π−j

1,j (s1) at the initial

state. Note that we only consider the deterministic strategies for player j. Thanks to

the convexity of the bonus bh(s, πsh), the best response with respect to V
π
h,j(s) is also in

the deterministic strategy class as in zero-sum Markov games. The following proposition

connects Algorithm 17 and Algorithm 18:

Proposition 3.4.1. For any strategy π−j ∈ Πfull
−j ,h ∈ [H] and s ∈ S, we have V ∗,π−j

h,j (s) =

maxπj V
πj ,π−j

h,j (s).

Based on Algorithm 17 and Algorithm 18, we propose a surrogate minimization algo-

rithm for multi-player general-sum Markov game. Suppose V π
1,j(s1) and V

∗,π−j

1,j (s1) are

pessimistic and optimistic estimates, then we have

Gap(π) =
∑
j∈[m]

V
∗,π−j

1,j (s1)− V π
1,j(s1) ≤

∑
j∈[m]

V
∗,π−j

1,j (s1)− V π
1,j(s1).

The RHS can serve as the surrogate function and SBSM (Algorithm 19 in Appendix)

outputs the minimizer of it in Π. From the computational perspective, Algorithm 17 and

Algorithm 18 are both efficient while Algorithm 19 needs to enumerate Π for the worst
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case. This computational hardness agrees with the PPAD-hardness for computing approx-

imate NE even in full information general-sum game [Daskalakis, 2013]. However, if Π is

well structured, Algorithm 19 may be computationally efficient and we leave it to future

work. Here we assume πoutput is an exact solution while it is straightforward to incorporate

optimization error as in the previous section.

3.4.1 Sample Complexity Guarantees for SBSM

We still begin with assumption-free bound as in the previous section. We define the uncer-

tainty at timestep h and state s under strategy π: b̂h(s, πsh) = 2bh(s, πsh)+H
∑

a/∈Kh(s) π
s
h(a).

Proposition 3.4.2. Suppose πoutput is the output of Algorithm 19. With probability 1− δ,
we have

Gap(πoutput) ≤ min
π∈Π

Gap(π) + max
π′∈Πdet

∑
j∈[m]

Eπ′
j
,π∗

−j

H∑
h=1

b̂h(sh, π
′sh

h,j , π
sh

h,−j) +mEπ

H∑
h=1

b̂h(sh, π
sh

h )

 .
Proposition 3.4.2 has a similar structure as Proposition 3.3.2 with a slight difference in

the expected uncertainty terms. Then we will bound using the unilateral coefficients.

Theorem 3.4.3. Suppose πoutput is the output of Algorithm 19. With probability 1− δ, we

have

Gap(πoutput) ≤ min
π∈Π

[
Gap(π) + 4mH2S

√
Ĉ(π) log(N (Π))ι/n

]
.

Theorem 3.4.3 directly implies the following corollary, which shows that the sample

complexity of offline multi-agent RL only scales linearly with respect to the number of the

players.

Corollary 3.4.4. If Π = Πfull, with probability 1−δ, we have Gap(πoutput) = Õ(
√
H4S2∑

j∈[m]AjĈ(π∗)/n).

If π∗ ∈ Π, then with probability 1−δ, we have Gap(πoutput) = Õ(
√
H4S2 log(N (Π))Ĉ(π∗)/n).

Similarly we have the following theorem and corollary for the population unilateral

coefficient.

Theorem 3.4.5. Suppose πoutput is the output of Algorithm 19. If n ≥ 8 log(SΠj∈[m]AjH/δ)
pmin

,

with probability 1−δ, we have Gap(πoutput) ≤ minπ∈Π
[
Gap(π) + 4mH2S

√
2C(π) log(N (Π))ι/n

]
.
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Corollary 3.4.6. Suppose n ≥ 8 log(SΠj∈[m]AjH/δ)
pmin

. If Π = Πfull, with probability 1 − δ, we

have Gap(πoutput) = Õ(
√
H4S2∑

j∈[m]AjC(π∗)/n). If π∗ ∈ Π, then with probability 1− δ,

we have Gap(πoutput) = Õ(
√
H4S2 log(N (Π))C(π∗)/n).

3.5 Conclusion

In this work, we studied offline MARL. With a novel strategy-wise bonus, we remove the

exponential dependence on the number of players. We use different algorithm frameworks

for zero-sum Markov games and general-sum Markov games due to their different properties.

Here we list several open problems for future work. One direction is to find the mini-

max sample complexity for offline Markov games, i.e., if the log(N (Π)) term is necessary.

Another direction is to design computationally efficient algorithms for finding (coarse) cor-

related equilibrium in general-sum Markov games. Lastly, we only focus on the tabular

setting serving as a start point. It is important to study MARL with reasonable function

approximation.
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Part II

PROVABLY EFFICIENT ONLINE MULTI-AGENT
REINFORCEMENT LEARNING
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Chapter 4

ONLINE MARKOV GAMES WITH INDEPENDENT LINEAR
FUNCTION APPROXIMATION

This chapter is based on Cui et al. [2023], with Kaiqing Zhang and Simon S. Du.

4.1 Introduction

Decision-making under uncertainty in a multi-agent system has shown its potential to ap-

proach artificial intelligence, with superhuman performance in Go games [Silver et al., 2017],

Poker [Brown and Sandholm, 2019], and real-time strategy games [Vinyals et al., 2019b],

etc. All these successes can be generally viewed as examples of multi-agent reinforcement

learning (MARL), a generalization of single-agent reinforcement learning (RL) [Sutton and

Barto, 2018] where multiple RL agents interact and make sequential decisions in a com-

mon environment [Zhang et al., 2021a]. Despite the impressive empirical achievements of

MARL, the theoretical understanding of MARL is still far from complete due to the complex

interactions among agents.

One of the most prominent challenges in RL is the curse of large state-action spaces.

In real-world applications, the number of states and actions is exponentially large so that

the tabular RL algorithms are not applicable. For example, there are 3361 potential states

in Go games, and it is impossible to enumerate all of them. In single-agent RL, plenty of

works attempt to tackle this issue via function approximation so that the sample complexity

only depends on the complexity of the function class, thus successfully breaking the curse

of large state-action spaces [Wen and Van Roy, 2017, Jiang et al., 2017, Yang and Wang,

2020, Du et al., 2019, Jin et al., 2020, Weisz et al., 2021, Wang et al., 2020, Zanette et al.,

2020, Wang et al., 2021, Jin et al., 2021a, Du et al., 2021, Foster et al., 2021].

However, it is still unclear what is the proper function approximation model for multi-

agent RL. The existing theoretical analyses in MARL exclusively focus on a global func-

tion approximation paradigm, i.e., a function class capturing the state-joint-action value
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Qi(s, a1, · · · , am) where s is the state and ai is the action of player i ∈ [m] [Xie et al., 2020a,

Huang et al., 2021, Chen et al., 2021b, Jin et al., 2022, Chen et al., 2022, Ni et al., 2022].

Unfortunately, these algorithms would suffer from the curse of multiagents when specialized

to tabular Markov games, one of the most canonical models in MARL. Specifically, the sam-

ple complexity depends on the number of joint actions
∏
i∈[m]Ai, where Ai is the number

of actions for player i, which is exponentially worse than the best algorithms specified to

the tabular Markov game whose sample complexity only depends on maxi∈[m]Ai [Jin et al.,

2021b, Song et al., 2021a, Mao et al., 2022, Daskalakis et al., 2022].

On the other hand, empirical algorithms with independent function approximation such

as Independent PPO have surprisingly good performance, where only the independent state-

individual-action value function Qi(s, ai) is modeled [de Witt et al., 2020a, Yu et al., 2021].

This is very surprising due to the fact that the independent state-action value function

Qi(s, ai) does not reflect the change of other players’ policies, a.k.a. the non-stationarity

from multiple agents, which should fail to allow learning at first glance. In addition, single-

agent RL with function approximation already suffers from the non-stationarity of applying

function approximation [Baird, 1995], making it even harder for MARL. This gap between

theoretical and empirical research leads to the following question:

Can we design provably efficient MARL algorithms for Markov games

with independent function approximation that can break the curse of multiagents?

In this paper, we provide an affirmative answer to the above question. We highlight our

contributions and technical novelties below.

4.1.1 Main Contributions and Technical Novelties

1. Multi-player general-sum Markov games with independent linear function

approximation. We propose independent linear Markov games, which is the first prov-

ably efficient model in MARL that allows each agent to have its own independent function

approximation. We show that independent linear Markov games capture several important

instances, namely tabular Markov games [Shapley, 1953], linear Markov decision processes

(MDP) [Jin et al., 2020], and congestion games [Rosenthal, 1973]. Then we provide the
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first provably efficient algorithm in MARL that breaks the curse of multiagents and the

curse of large state and action spaces at the same time, i.e., the sample complexity only

has polynomial dependence on the complexity of the independent function class complexity.

See Table 4.1 for comparisons between our work and prior works.

Our algorithm design relies on two high-level technical ideas which we detail here:

• Policy replay to tackle non-stationarity. Different from experience replay that

incrementally adds new on-policy data to a dataset, policy replay maintains a policy

set and completely renews the dataset at each episode by collecting fresh data using

the policy set. We propose a new policy replay mechanism for learning equilibria in

independent linear Markov games, which allows efficient exploration while adapting

to the non-stationarity induced by both multiple agents and function approximation

at the same time.

• Separating exploration and learning Markov equilibria. States and actions

in independent linear Markov games are correlated through the feature map, so we

can no longer resort to adversarial bandit oracles as in algorithms for tabular Markov

games [Jin et al., 2021b, Song et al., 2021a, Mao et al., 2022, Daskalakis et al., 2022].

In particular, the adversarial contextual linear bandit oracles would be a potential

substitute, while the existence of such oracles remains largely an open problem (see

Section 29.4 in Lattimore and Szepesvári [2020]). To tackle this issue, we exploit

the fact that under the self-play setting, other players are not adversarial but under

control, so we can sample multiple i.i.d. feedback to derive an accurate estimate instead

of just a single bandit feedback. We separate the exploration in Markov games from

learning equilibria so that any no-regret algorithms with full-information feedback are

sufficient for our MARL algorithm, which is significantly weaker than the adversarial

bandit oracle used in all the previous works that break the curse of multiagents in the

tabular setting.

2. Learning Nash equilibria in Linear Markov potential games. We provide an

algorithm to learn Markov Nash equilibria (NE) when the underlying independent linear
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Markov game is also a Markov potential game. The algorithm is based on the reduction

from learning NE in independent linear Markov potential games to learning the optimal

policy in linear MDPs. In addition, the result directly implies a provable efficient decentral-

ized algorithm for learning NE in congestion games, which has better sample complexity

compared with the previous state-of-the-art result in Cui and Du [2022b].

3. Improved sample complexity for tabular multi-player general-sum Markov

games. Aside from our contributions to Markov games with function approximation, we

design an algorithm for tabular Markov games with improved sample complexity for learn-

ing Markov CCE by adapting the policy replay mechanism we proposed for the independent

linear Markov games. Our sample complexity for learning Markov CCE is Õ(H6S2Amaxϵ−2),

which significantly improves the prior state-of-the-art result Õ(H11S3Amaxϵ−3) in Daskalakis

et al. [2022], where H is the time horizon, S is the number of the states, Amax = maxi∈[m]Ai

is the maximum action space and ϵ is the desired accuracy.∗ Furthermore, our analysis is

simpler. In addition, we provide the first provably efficient algorithm for learning Markov

CE with sample complexity Õ(H6S2A2
maxϵ

−2).

4.1.2 Related Work

Tabular Markov games. Markov games, also known as stochastic games, are introduced

in the seminal work Shapley [1953]. We first discuss works that consider bandit feedback as

in our paper. Bai and Jin [2020a] provide the first provably sample-efficient MARL algorithm

for two-player zero-sum Markov games, which is later improved in Bai et al. [2020]. For

multi-player general-sum Markov games, Liu et al. [2021a] provide the first provably efficient

algorithm with sample complexity depending on the size of joint action space
∏
i∈[m]Ai. Jin

et al. [2021b], Song et al. [2021a], Mao et al. [2022] utilize a decentralized algorithm to break

the curse of multiagents. However, the output policy therein is non-Markov. Recently,

Daskalakis et al. [2022] provide the first algorithm that can learn Markov CCE and break

the curse of multiagents at the same time. Several other lines of research consider full-

∗We use Õ(·) to omit logarithmic dependence on all the parameters.



45

information feedback setting in Markov games and have attempted to prove convergence

to NE/CE/CCE and/or sublinear individual regret [Sayin et al., 2021, Zhang et al., 2022b,

Cen et al., 2022b, Yang and Ma, 2022, Erez et al., 2022, Ding et al., 2022], and offline

learning setting where a dataset is given and no further interaction with the environment is

permitted [Cui and Du, 2022a, Zhong et al., 2022, Yan et al., 2022, Xiong et al., 2022, Cui

and Du, 2022b].

Markov games with function approximation. To tackle the curse of large state and

action spaces, it is natural to incorporate existing function approximation frameworks for

single-agent RL into MARL algorithms. Xie et al. [2020a], Chen et al. [2021b] consider

linear function approximation in two-player zero-sum Markov games, which originate from

linear MDP and linear mixture MDP in single-agent RL, respectively [Jin et al., 2020, Yang

and Wang, 2020]. Huang et al. [2021], Jin et al. [2022], Chen et al. [2022], Ni et al. [2022]

consider different kinds of general function approximation, which also originate from single-

agent RL literature [Jiang et al., 2017, Du et al., 2019, Agarwal et al., 2020c, Wang et al.,

2020, Zanette et al., 2020, Jin et al., 2021a, Foster et al., 2021, Du et al., 2021]. It is notable

that all of these frameworks are based on global function approximation, which is centralized

and suffers from the curse of multiagents when applied to tabular Markov games.

Markov potential games. Markov potential games incorporate Markovian state tran-

sition to potential games [Monderer and Shapley, 1996]. Most existing results consider

full-information feedback or well-explored setting and prove fast convergence of policy gra-

dient methods to NE [Leonardos et al., 2021, Zhang et al., 2021c, Ding et al., 2022]. Song

et al. [2021a] provide a best-response type algorithm that can explore in tabular Markov

potential games. One important class of potential games is congestion games [Rosenthal,

1973]. Cui et al. [2022] give the first non-asymptotic analysis for general congestion games

with bandit feedback. We refer the readers to Cui et al. [2022] for a more detailed back-

ground about learning in potential/congestion games. It is worth noting that for congestion

games, each player is in a combinatorial bandit if other players’ policies are fixed, which

can be directly handled by our independent linear Markov games model, while applying po-
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tential game results lead to polynomial dependence on Amax, which could be exponentially

large in the number of facilities in congestion games.

Comparison with Wang et al. [2023]. Shortly after we submitted our work to arXiv,

we became aware of a concurrent and independent work Wang et al. [2023]. The two works

share quite a bit of results, e.g., the use of a similar function approximation model, sim-

ilar algorithm design and sample complexity results for learning Markov CCE in tabular

Markov games, similar discussions on the improved result by using additional communica-

tion among agents, etc. Here we highlight several differences in learning Markov CCE with

linear function approximation. First, they utilize a novel second-order regret oracle and

Bernstein-type concentration bounds, so that they can leverage the single-sample estimate

instead of the batched estimate in our algorithm, which results in better dependence on

dmax, ϵ and H compared with our sample complexity. On the other hand, our result has no

dependence on the number of actions, which is aligned with the single-agent linear MDP

sample complexity, while theirs has a polynomial dependence on Amax.† This difference is

because they use a uniform policy to sample at the last step while we always use the on-

policy samples. In fact, neither of the sample complexity bounds is strictly better than the

other one and is not directly comparable as the assumptions are not the same. Second, our

algorithm can use arbitrary full-information no-regret learning oracles while their results

are specialized to the Expected Follow-the-Perturbed-Leader (E-FTPL) oracle [Hazan and

Minasyan, 2020], which makes the policy class Πestimate therein the linear argmax policy

class. Our Πestimate is induced by the full-information oracle being used, and the result is in

this sense more agnostic. On the other hand, if we use E-FTPL, the induced Πestimate has

a more complicated form than the linear argmax policy class. This is because we use the

optimistic estimation of the Q function in our algorithm. Third, our algorithm can work

with agnostic model misspecification which is not considered in Wang et al. [2023]. Besides

the differences in linear function approximation results mentioned above and the similar

algorithms and sample complexity for the tabular case, we also have results for learning NE

†In Theorem 4.4.3, there is a log(Amax) factor, which can be replaced by dmax by using a covering

argument as in adversarial linear bandits [Bubeck et al., 2012].
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in Markov potential games, as well as learning Markov CE in general-sum Markov games,

while they provide a policy mirror-descent-type algorithm for other function approximation

settings, such as linear quadratic games and the settings with low Eluder dimension, with

a weaker version of CCE called policy-class-restricted CCE.

Notation. For a finite set X, we use ∆(X) to denote the space of distributions over X. For

n ∈ N+, we use [n] to denote {1, 2, · · · , n}. We use ∥·∥ to denote the Euclidean norm ∥·∥2 and

⟨·, ·⟩ to denote the Euclidean inner product. We define proj[a,b](x) := min{max{x, a}, b} and

x∨y := max{x, y}. An arbitrary tie-breaking rule can be used for determining argmaxx f(x).

4.2 Preliminaries

Multi-player general-sum Markov games are defined by the tuple (S, {Ai}mi=1, H,P, {ri}mi=1),

where S is the state space with |S| = S, m is the number of the players, Ai is the action space

for player i with |Ai| = Ai, H is the length of the horizon, P = {Ph}h∈[H] is the collection

of the transition kernels such that Ph(· | s,a) gives the distribution of the next state given

the current state s and joint action a = (a1, a2, · · · , am) at step h, and ri = {rh,i}h∈[H]

is the collection of random reward functions for each player such that rh,i(s,a) ∈ [0, 1] is

the random reward with mean Rh,i(s,a) for player i given the current state s and the joint

action a at step h. We use A = A1 ×A2 × · · · × Am to denote the joint action space, rh =

(rh,1, rh,2, · · · , rh,m) to denote the joint reward profile at step h, and Amax = maxi∈[m]Ai. In

the rest of the paper, we will simplify “multi-player general-sum Markov games” to “Markov

games” when it is clear from the context.

Markov games will start at a fixed initial state s1 for each episode.‡ At each step h ∈ [H],

each player i will observe the current state sh and choose some action ah,i simultaneously,

and receive their own reward realization r̃h,i ∼ rh,i(sh,ah) where ah = (ah,1, ah,2, · · · , ah,m).

Then the state will transition according to sh+1 ∼ Ph(· | sh,ah). The game will terminate

when state sH+1 is reached and the goal of each player is to maximize their own expected

total reward E
[∑H

h=1 r̃h,i
]
. We consider the bandit-feedback setting where only the reward

‡It is straightforward to generalize to stochastic initial state s1 ∼ p1(·) by adding a dummy state s0

instead, which will transition to s1 ∼ p1(·) no matter what action is chosen.
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for the chosen action is revealed, and there is no simulator and thus exploration is necessary.

Policy. A Markov joint policy is denoted by π = {πh}Hh=1 where each πh : S → ∆(A) is

the joint policy at step h. We say that a Markov joint policy is a Markov product policy

if there are policies {πi}mi=1 such that πh(a | s) =
∏m
i=1 πh,i(ai | s) for each h ∈ [H], where

πi = {πh,i}Hh=1 is the collection of Markov policies πh,i : S → ∆(Ai) for player i. In other

words, a Markov product policy means that the policies of each player are not correlated.

For a Markov joint policy π, we use π−i to denote the Markov joint policy for all the players

except player i. We will simplify the terminology by using “policy” instead of “Markov joint

policy” when it is clear from the context as we will only focus on Markov policies.

Value function. For a policy π, it can induce a random trajectory (s1,a1, r1, s2, · · · , sH ,aH , rH , sH+1)

such that ah ∼ πh(· | sh), rh ∼ rh(sh,ah), and sh+1 ∼ Ph(· | sh,ah) for all h ∈ [H]. For

simplicity, we will denote Eπ[·] = E(s1,a1,r1,s2,··· ,sH ,aH ,rH ,sH+1)∼π[·]. We define the state value

function under policy π for each player i ∈ [m] to be

V π
h,i(sh) := Eπ

[
H∑
t=h

rt,i(st,at)
∣∣∣∣∣ sh

]
,∀sh ∈ S,

which is the expected total reward for player i if all the players are following policy π starting

from state sh at step h.

Best response and strategy modification. Suppose all the players except player i are

playing according to a fixed policy π−i, then the best response of player i is the policy that

can achieve the highest total reward for player i. Concretely, πi is the best response to π−i

if πi = argmaxπ′
i∈Πi

V
π′

i,π−i

1,i (s1), where Πi consists of all the possible policies for player i.

We will use V †,π−i

h,i (s) to denote the best-response value maxπ′
i∈Πi

V
π′

i,π−i

h,i (s) for all h ∈ [H],

i ∈ [m] and s ∈ S and E†,π−i
[·] to be the expectation over the corresponding best-response

policy. Note that if all the other players are playing a fixed policy, then player i is in

an MDP and the best response is the corresponding optimal policy, which can always be

deterministic and achieve the optimal value maxπ′
i∈Πi

V
π′

i,π−i

h,i (s) for all h ∈ [H] and s ∈ S

simultaneously.
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A strategy modification ψi = {ψh,i}Hh=1 for player i is a collection of maps ψh,i : S×Ai →

Ai, which will map the action chosen at any state to another action.§ For a Markov joint

policy π, we use ψi ⋄ π to denote the modified Markov joint policy such that

(ψi ⋄ π)h(a | s) =
∑

a′:ψh,i(a′
i|s)=ai,a′

−i=a−i

πh(a′ | s).

In words, if the policy πh assigns action ai to player i at state s, it will be modified to action

ψh,i(ai | s). We use Ψi to denote all the possible strategy modifications for player i. As Ψi

contains all the constant modifications, we have

max
ψi∈Ψi

V ψi⋄π
1,i (s1) ≥ max

π′
i

V
π′

i,π−i

1,i (s1) = V
†,π−i

1,i (s1),

which means that strategy modification is always stronger than the best response.

Notions of equilibria. A Markov Nash equilibrium is a Markov product policy where

no player can increase their total reward by changing their own policy.

Definition 4.2.1. (Markov Nash equilibrium) A Markov product policy π is an ϵ-approximate

Nash equilibrium if

NashGap(π) := max
i∈[m]

(
V

†,π−i

1,i (s1)− V π
1,i(s1)

)
≤ ϵ.

In general, it is intractable to compute Nash equilibrium even in normal-form general-

sum games, which are Markov games with H = 1 and S = 1 [Daskalakis et al., 2009, Chen

et al., 2009]. In this paper, we will focus on the following two relaxed equilibrium notions,

which allow computationally efficient learning.

Definition 4.2.2. (Markov Coarse Correlated Equilibrium) A Markov joint policy π is a

Markov coarse correlated equilibrium if

CCEGap(π) := max
i∈[m]

(
V

†,π−i

1,i (s1)− V π
1,i(s1)

)
≤ ϵ.

§We only consider deterministic strategy modification as it is known that the optimal strategy modifi-

cation can always be deterministic [Jin et al., 2021b].
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Definition 4.2.3. (Markov Correlated Equilibrium) A Markov joint policy π is a Markov

correlated equilibrium if

CEGap(π) := max
i∈[m]

(
max
ψi∈Ψi

V ψi⋄π
1,i (s1)− V π

1,i(s1)
)
≤ ϵ.

It is known that every Markov NE is a Markov CE and every Markov CE is a Markov

CCE, and in two-player zero-sum Markov games, these three notions are equivalent. In

this work, we will focus on Markov equilibria, which are more refined compared with non-

Markov equilibria considered in Jin et al. [2021b], Song et al. [2021a], Mao et al. [2022].

For a detailed discussion regarding the difference, we refer the readers to Daskalakis et al.

[2022].

Two important special cases of Markov games are two-player zero-sum Markov games

and Markov potential games, which have computationally efficient algorithms for learning

Markov NE. Two-player zero-sum Markov games are Markov games with the number of

players m = 2 and reward function satisfying rh,1(s,a) + rh,2(s,a) = 0 for all (s,a) ∈ S ×A

and h ∈ [H]. Markov potential games are Markov games with a potential function Φ : Π→

[0,Φmax], where Π is the set of all possible Markov product policies π1 × π2 · · · × πm, such

that for any player i ∈ [m], two policies πi, π′
i of player i and policy π−i for the other players,

we have

V
πi,π−i

1,i (s1)− V π′
i,π−i

1,i (s1) = Φ(πi, π−i)− Φ(π′
i, π−i).

Immediately, we have Φmax ≤ mH by varying πi for each player i for one time. One special

case of Markov potential games is Markov cooperative games, where all the players share

the same reward function.

4.3 MARL with Independent Linear Function Approximation

In this section, we will introduce the independent linear Markov game model and demon-

strate the advantage of this model over existing Markov games with function approximation.

Intuitively, independent linear Markov games assume that if other players are following some

fixed Markov product policies, then player i is approximately in a linear MDP [Jin et al.,

2020]. This is fundamentally different from previous global function approximation formu-
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lations, which basically assume that the Markov game is a big linear MDP where the action

is the joint action a = (a1, a2, · · · , am).

Feature and independent linear function class. For each player i, they have access

to their own feature map ϕi : S ×Ai → Rdi and we assume that

sup
(s,ai)∈S×Ai

∥ϕi(s, ai)∥2 ≤ 1.

For player i, given parameters θi = (θ1,i, · · · , θH,i), the corresponding linear state-action

value function for player i would be fθi = (fθ1,i

1,i , f
θ2,i

2,i , · · · , f
θH,i

H,i ) where fθh,i

h,i (s, ai) = ⟨ϕi(s, ai), θh,i⟩

for all (s, ai) ∈ S × Ai. We consider the following linear state-action value function class

for player i:

Qlin
i =

{
fθi
i | ∥θh,i∥2 ≤ H

√
d,∀h ∈ [H]

}
.

We also define the state value function class

V = {(V1, · · · , VH+1) | Vh(s) ∈ [0, H + 1− h],∀h ∈ [H + 1], s ∈ S} .

Given the state value function V ∈ V and other players’ policies π−i, we can define the

independent state-action value function for all h ∈ [H] and (sh, ah,i) ∈ S ×Ai as:

Q
π−i,V
h,i (sh, ah,i) = Eah,−i∼πh,−i(·|sh) [rh,i(sh, ah,i, ah,−i) + Vh+1(sh+1)] .

Now we formally define Markov games with independent linear function approximation.

This definition generalizes the misspecified MDPs with linear function approximation model

proposed in Zanette and Wainwright [2022] to the Markov games setting.

Definition 4.3.1. For any player i, feature map ϕi is ν-misspecified with policy set Πestimate

if for any rollout policy π, target policy π̃, we have for any V ∈ V,

max
π∈Πestimate

∣∣∣∣∣
H∑
h=1

Eπ̃
[
proj[0,H+1−h]

(〈
ϕi(sh, ah,i), θ

π,π−i,V
h

〉)
−Qπ−i,V

h,i (sh, ah,i)
]∣∣∣∣∣ ≤ ν,

where Πestimate is the collection of Markov product policies that need to be evaluated and

θ
π,π−i,V
h = argmin

∥θ∥≤H
√
d

Eπ
(
⟨ϕi(sh, ah,i), θ⟩ −Q

π−i,V
h,i (sh, ah,i)

)2
(4.1)
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is the parameter for the best linear function fit to Qπ−i,V
h,i under rollout policy π. We say

a multi-player general-sum Markov game with features {ϕi}i∈[m] is a ν-misspecified linear

Markov game with Πestimate if for any player i, the feature map ϕi is ν-misspecified with

Πestimate. In addition, we define dmax := maxi∈[m] di as the complexity measure of the linear

Markov game.

The policy estimation set Πestimate consists of policies that need to be estimated in the

algorithm, which reflects the inductive bias of the algorithm. We emphasize that all of

our algorithms do not require any knowledge of the policy estimation set Πestimate or the

misspecification error ν, which is known as the agnostic setting [Agarwal et al., 2020e,a].

Here we give some concrete examples to serve as the special cases of the independent linear

Markov game.

Example 1. (Tabular Markov games) Let di = SAi and set ϕi(s, ai) = e(s,ai) be the canonical

basis in Rdi for all i ∈ [m]. Then we recover tabular Markov game with misspecification

error ν = 0.

Example 2. (State abstraction Markov games) Suppose we have an abstraction function

ψ : S → Z for all h ∈ [H], where Z is a finite set as the “state abstractions” such that

states with the same images have similar properties. The model misspecification is defined

as

ϵh(z) := max
s,s′:ψ(s)=ψ(s′)=z;i∈[m],h∈[H],a∈A

{∣∣rh,i(s,a)− rh,i(s′,a)
∣∣ , ∥∥Ph(· | s,a)− Ph(· | s′,a)

∥∥
1
}
, ∀z ∈ Z.

We define ν-misspecified state abstraction Markov games to satisfy that for any policy π,

we have ∣∣∣∣∣
H∑
h=1

Eπ [ϵh(ψ(sh))]
∣∣∣∣∣ ≤ ν,

which means the misspecification error is small under any policy π.

Proposition 4.3.2. ν-misspecified state abstraction Markov games (Example 2) are Hν-

misspecified independent linear Markov games with Πabstraction = {π | πh(· | s) = πh(· | s′), ψ(s) = ψ(s′)},

di = |Z|Ai for all i ∈ [m] and feature ϕi(s, ai) = eψ(s),ai
to be the canonical basis in Rdi.
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Example 3. (Congestion games) Congestion games are normal-form general-sum games

defined by the tuple (F , {Ai}mi=1, {rf}f∈F ), where F is the facility set with F = |F|,

Ai ⊆ 2F is the action set for player i ∈ [m], and rf (n) ∈ [0, 1/F ] is a random re-

ward function with mean Rf (n) for all n ∈ [m]. For a joint action a = (a1, · · · , am),

nf (a) =
∑m
i=1 1{f ∈ ai} is the number of players choosing facility f and the reward col-

lected for player i is ri(a) =
∑
f∈ai

rf (nf (a)), which is sum of the reward from the facilities

they choose.

Proposition 4.3.3. Congestion games (Example 3) are independent linear Markov games

with S = 1, H = 1 and di = F for all i ∈ [m] and misspecification error ν = 0.

The proofs for Proposition 4.3.2 and Proposition 4.3.3 are deferred to Appendix C.1.

These examples demonstrate the generality of the linear Markov games we defined. We want

to emphasize that the complexity of tabular Markov games would be d = S
∏
i∈[m]Ai if we

apply the global function approximation models in Chen et al. [2022], Ni et al. [2022], which

is exponentially larger than dmax = Smaxi∈[m]Ai, as in the tabular setting when model-

based approaches are used [Bai and Jin, 2020a, Zhang et al., 2020a, Liu et al., 2021a]. See

Table 4.1 for a detailed comparison.

4.4 Algorithms and Analyses for Linear Markov Games

4.4.1 Experience Replay and Policy Replay

Before getting into the details of our algorithm, we will first review two popular exploration

paradigms in single-agent RL, namely experience replay and policy replay. Experience replay

is utilized in most empirical and theoretical algorithms, which adds new on-policy data to

a dataset and then uses the dataset to retrain a new policy [Mnih et al., 2013, Azar et al.,

2017, Jin et al., 2020]. By carefully designing how to train the new policy to strategically

explore the underlying MDP, the dataset will contain more and more information about the

MDP and thus we can learn the optimal policy without any simulator.

Another popular approach is called policy replay, which is also known as policy cover.

Instead of incrementally maintaining a dataset, the algorithm will maintain a policy set,
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and at each episode renew the dataset by drawing fresh samples using the policies in this

policy set. As the dataset is completely refreshed at each episode, policy replay is able to

tackle non-stationarity and enjoy better robustness in many different settings. In Agarwal

et al. [2020a], it is used to address the “catastrophic forgetting” problem in policy gradient

methods while being robust to the so-called transfer error. In Zanette and Wainwright

[2022], Daskalakis et al. [2022], it is used to tackle the non-stationarity in Q-learning with

function approximation and non-stationarity of multiple agents in tabular Markov games,

respectively.

In independent linear Markov games, non-stationarity comes from both multiple agents

and function approximation. In particular, the change in other players’ policies will lead to a

different independent state-action value function to estimate, and the change in the next-step

value function estimate will lead to changing targets for regression. In our algorithm, we will

show that policy replay can tackle both types of non-stationarity at the same time as we use

it to create a stationary environment with fixed regression targets, which leads to provably

efficient algorithms for independent linear Markov games. Policy replay also guarantees

that if each player has a misspecified feature, the final guarantee will only have a linear

dependence on the misspecification error. In addition, we will provide a carefully designed

policy-replay-type algorithm for tabular Markov games which has significant improvement

over Daskalakis et al. [2022] in Section 4.6.

4.4.2 Algorithm

One technical difficulty in designing algorithms for linear Markov games is that we can no

longer resort to adversarial bandits oracles, which is utilized in all algorithms that can break

the curse of multiagents [Jin et al., 2021b, Song et al., 2021a, Mao et al., 2022, Daskalakis

et al., 2020]. This is because adversarial contextual linear bandits oracle is necessary to

avoid dependence on S and Ai. However, to the best of our knowledge, the only relevant

result considering i.i.d. context with known covariance is Neu and Olkhovskaya [2020],

which can not fit into Markov games. Indeed, adversarial linear bandits with changing

action set is still an open problem (See Section 29.4 in Lattimore and Szepesvári [2020]).
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Protocol 1 No-regret Learning Algorithm
Initialize: Action set B, and p1 to be the uniform distribution over B.

for t = 1, 2, . . . , T do

Adversary chooses loss lt.

Observe loss lt.

Update pt+1 ← No Regret Update(lt).

end for
Perhaps surprisingly, our algorithms only require no-regret learning with full-information

feedback oracle (Protocol 1). This oracle is considerably easier than the previous (weighted)

high-probability adversarial bandit with noisy bandit feedback oracles [Jin et al., 2021b,

Daskalakis et al., 2022]. The intuition is that as all the players are using the same algorithm,

the environment is not completely adversarial and we can take multiple i.i.d. samples so

that the full-information feedback can be constructed with the batched data.

No Regret Update subroutine. Consider the expert problem with B experts [Freund

and Schapire, 1997]. We use B to denote the action set with |B| = B, and the policy

p ∈ ∆(B). At round t, the adversary chooses some loss lt (also known as the “expert

advice”). Then the learner observes the loss lt and updates the policy to pt+1, which is

denoted as pt+1 ← No Regret Update(lt).

For learning CCE and CE, the no-regret learning oracle needs to satisfy the following

no-external-regret and no-swap-regret properties, respectively. We will use the minimax op-

timal no-external-regret and no-swap-regret algorithms while any other no-regret algorithms

are eligible. Assumption 4.4.1 and Assumption 4.4.2 can be achieved by EXP3 [Freund and

Schapire, 1997] and BM-EXP3 [Blum and Mansour, 2007], respectively.

Assumption 4.4.1. (No-external-regret with full-information feedback) For any loss se-

quence l1, . . . , lT ∈ RB bounded between [0, 1], the no-regret learning oracle (Protocol 1)

enjoys external-regret [Freund and Schapire, 1997]:

max
b∈B

T∑
t=1

(⟨pt, lt⟩ − lt(b)) ≤ Reg(T ) := O(
√

log(B)T ).
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Assumption 4.4.2. (No-swap-regret with full-information feedback) For any loss sequence

l1, . . . , lT ∈ RB bounded between [0, 1], the no-regret learning oracle (Protocol 1) enjoys

swap-regret [Blum and Mansour, 2007, Ito, 2020]:

max
ψ∈Ψ

T∑
t=1

(⟨pt, lt⟩ − ⟨ψ ⋄ pt, lt⟩) ≤ SwapReg(T ) := O(
√
B log(B)T ),

where Ψ denote the set {ψ : B → B} which consists of all possible strategy modifications.

We will explain the algorithm for learning Markov CCE and the only difference in

learning Markov CE is to use the no-swap-regret oracle to replace the no-external-regret one.

The algorithm has two main components: learning Markov CCE with policy cover and policy

cover update. For the first part, given a policy cover Π, we will compute an approximate

optimistic CCE under the distribution induced by the policy cover. Specifically, we use a

value-iteration-type algorithm that computes the CCE and the corresponding value function

from step H to 1 (Line 5). At each step h, each player will run a no-regret algorithm for T

steps (Line 8). In this inner loop, we will generate a dataset by using policies in the policy

cover concatenated with the current policies from the no-regret oracle (Line 11). Then we

compute an optimistic local Q function Q
k,t
h,i via constrained least squares and feed it into

the no-regret algorithm as the full-information feedback (Line 19 and Line 23). At the end

of the no-regret loop, we will compute the optimistic value function, which will be an upper

bound of the best response value with high probability (Line 26).

For the policy cover update part, we utilize a lazy update to ensure that the algorithm

will end within K ≤ Kmax := Õ(mHdmax) episodes with high probability, which can signif-

icantly improve the final sample complexity bound, similar to the single-agent MDP case

studied in Zanette and Wainwright [2022]. We maintain a counter Th,i for each player i at

each step h, which estimates the information gained by adding the current policy πk to the

existing policy cover (Line 38). Whenever there is a counter satisfying Th,i ≥ TTrig for some

carefully chosen parameter TTrig, we will add (πk, nk) to the policy cover, where nk is the

number of times that πk should be repeated in data collection. In addition, the algorithm

will terminate when the dataset size reaches N (Line 42 and Line 29) so that the sample

complexity is always upper bounded by O(mHTKmaxN).
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Algorithm 3 Policy Reply with Full Information Oracle in Independent Linear Markov

Games (PReFI)
1: Input: ϵ, δ, dmax, λ, β, TTrig, Kmax, T , N

2: Initialization: Policy Cover Π = ∅. ntot = 0.

3: for episode k = 1, 2, . . . ,Kmax do

4: Set V k
H+1,i(·) = V k

H+1,i(·) = 0, nk = 0.

5: for h = H,H − 1, . . . , 1 do ▷ Retrain policy with the current policy cover

6: Initialize πk,1h,i to be uniform policy for all player i. Initialize V k
h,i(·) = V k

h,i(·) = 0.

7: Each player i initializes a no-regret learning instance (Protocol 1) at each state

s ∈ S and step h ∈ [H], for which we will use No Regret Updateh,i,s(·) to denote

the update.

8: for t = 1, 2, . . . , T do

9: for i ∈ [m] do

10: Set Dataset Dk,th,i = ∅.

11: for l = 1, 2, . . . ,
∑k−1
j=1 n

j do

12: Sample πl ∈ Π = {πj}k−1
j=1 with probability nl/

∑k−1
j=1 n

j .

13: Draw a joint trajectory (sl1,al1, rl1,i, . . . , slh,alh, rlh,i, slh+1) from πl1:h−1 ◦(
πlh,i, π

k,t
h,−i

)
, which is the policy that follows πl for the first h − 1 steps and follows

πlh,i, π
k,t
h,−i for step h.

14: Add (slh, alh,i, rlh,i, slh+1) to Dk,th,i.

15: end for

16: Set Σk,t
h,i = λI +

∑
(s,a,r,s′)∈Dk,t

h,i
ϕi(s, a)ϕi(s, a)⊤.

17: Set θk,th,i = argmin∥θ∥≤H
√
dmax

∑
(s,a,r,s′)∈Dk,t

h,i

(
⟨ϕi(s, a), θ⟩ − r − V k

h+1,i(s′)
)2

.

18: Set θk,th,i = argmin∥θ∥≤H
√
dmax

∑
(s,a,r,s′)∈Dk,t

h,i

(
⟨ϕi(s, a), θ⟩ − r − V k

h+1,i(s′)
)2

.

19: Set Qk,th,i(·, ·) = proj[0,H+1−h]

(〈
ϕi(·, ·), θ

k,t
h,i

〉
+ β ∥ϕi(·, ·)∥[Σk,t

h,i
]−1

)
.

20: Set Qk,t
h,i

(·, ·) = proj[0,H+1−h]

(〈
ϕi(·, ·), θk,th,i

〉
− β ∥ϕi(·, ·)∥[Σk,t

h,i
]−1

)
.

21: Update V k
h,i(s)← t−1

t V
k
h,i(s) + 1

t

∑
ai∈Ai

πk,th,i(ai|s)Q
k,t
h,i(s, a) for all s ∈ S.

22: Update V k
h,i(s)← t−1

t V
k
h,i(s) + 1

t

∑
ai∈Ai

πk,th,i(ai|s)Q
k,t
h,i

(s, a) for all s ∈ S.

23: Update the no-regret learning instance for all state s at step h: πk,t+1
h,i (· |

s)← No Regret Updateh,i,s(1−Q
k,t
h,i(s, ·)/H).

24: end for

25: end for
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Algorithm 4 Policy Reply with Full Information Oracle in Independent Linear Markov

Games (PReFI) (Part 2)

26: Set V k
h,i(s) ← proj[0,H+1−h]

(
V
k
h,i(s) + H

T · (Swap)Reg(T )
)

for all i ∈ [m] and

s ∈ S.

27: end for

28: Set πk to be the Markov joint policy such that πkh(a|s) = 1
T

∑T
t=1

∏
i∈[m] π

k,t
h,i(ai|s).

29: if ntot = N then

30: Output πoutput = πk
output , where koutput = argmink′∈[k] maxi∈[m] V

k′

1,i(s1) −

V k′
1,i(s1).

31: end if

32: Set Th,i = 0, for all h ∈ [H], i ∈ [m].

33: repeat ▷ Update policy cover

34: Reset to s = s1, nk = nk + 1, ntot = ntot + 1.

35: for h = 1, 2, . . . ,H do

36: Play a = πkh(·|s).

37: for i ∈ [m] do

38: Th,i → Th,i + ∥ϕi(s, ai)∥2[Σk,1
h,i

]−1 .

39: end for

40: Get next state s′, s→ s′.

41: end for

42: until ∃h ∈ [H], i ∈ [m] such that Th,i ≥ TTrig or ntot = N .

43: Update Π← Π
⋃
{(πk, nk)}.

44: end for
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We also have a policy certification part, where similar ideas have been utilized in Dann

et al. [2019], Liu et al. [2021a], Ni et al. [2022] to convert regret-based analysis to sample

complexity. Specifically, we maintain a pessimistic value estimate V k
1,i(s1), which satisfies

V k
1,i(s1) ≤ V πk

1,i (s1) with high probability (Line 22). Thus the output policy is the best

approximation of Markov CCE in the policy cover. This technique can be applied to most

no-regret algorithms in RL to transform regret bounds to sample complexity bounds with

a better dependence on the failure probability δ.¶

4.4.3 Decentralized Implementation

Now we discuss the implementation details of the algorithm. Our algorithm can be imple-

mented in a decentralized manner as specified below:

1. All players know the input parameters of the algorithm.

2. Each player only knows their own features ϕi(·, ·) and observes the states, individual

actions, and individual rewards in each sample trajectory.

3. All players have shared random seeds to sample from the output Markov joint policy

πoutput.

4. All players have shared random seeds to sample from the Markov joint policy πk,

which is the policy learned at episode k.

5. All players can communicate O(1) bit at each episode k ∈ [K].

V-learning [Jin et al., 2021b, Song et al., 2021a, Mao et al., 2022] can be implemented

with (1), (2) and (3), and SPoCMAR [Daskalakis et al., 2022] can be implemented with

(1), (2), (3) and (4). Similar to the algorithm proposed in Daskalakis et al. [2022], our

algorithm can be implemented in a decentralized way with shared random seeds to enable

¶In Jin et al. [2018], they show how to transform regret bounds to sample complexity bounds while the

dependence on failure probability becomes 1/δ. This technique can improve it to log(1/δ).
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sampling from the Markov joint policy πk. In details, when the players want to sample

a ∼ πkh(a | s) = 1
T

∑T
t=1

∏
i∈[m] π

k,t
h,i(ai | s), each player samples t ∼ Unif(T ) with the

shared random seed and then independently samples ai ∼ πk,th,i(ai | s). Our algorithm also

requires O(1) communication for broadcasting the policy cover update (Line 42) and the

output policy (Line 30) at each episode.‖ The total communication complexity is bounded

by O(Kmax) = Õ(mHdmax) with only polylog dependence on the accuracy ϵ.

In Appendix C.3, we present another algorithm for MARL in independent linear Markov

games without communication, which can be implemented with (1), (2), (3) and (4). To

remove communication, we utilize agile policy cover update and the number of episodes

becomes K = Õ(m2H4d2
maxϵ

−2). As a result, the final sample complexity will be worse

than Algorithm 3. It would be an interesting future direction to study this tradeoff between

communication and sample complexity.

4.4.4 Guarantees

Our algorithm, PReFI, has the following guarantees for learning Markov CCE and Markov

CE in linear Markov games. The sample complexity only has polynomial dependence on

dmax, which exponentially improves all the previous results for Markov games with func-

tion approximation. Note that the Õ(·) notation here only hide polylog dependence on

m,H, dmax, ϵ, δ, and the log(Amax) factor in the bound can be replaced by dmax as in adver-

sarial linear bandits [Bubeck et al., 2012].

Theorem 4.4.3. Suppose Algorithm 3 is instantiated with no-regret learning oracles sat-

isfying Assumption 4.4.1. Then for ν-misspecified independent linear Markov games with

Πestimate = {πk,t}K,Tk,t=1,1, with probability at least 1− δ, Algorithm 3 will output an (ϵ+ 4ν)-

approximate Markov CCE. The sample complexity is

O(mHTKmaxN) = Õ(m4H10d4
max log(Amax)ϵ−4),

where dmax = maxi∈[m] di and Amax = maxi∈[m]Ai.

‖Line 30 can be implemented with O(1) communication at each episode by maintaining the best index

and corresponding value up to the current episode k.
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Theorem 4.4.4. Suppose Algorithm 3 is instantiated with no-regret learning oracles sat-

isfying Assumption 4.4.2. Then for ν-misspecified independent linear Markov games with

Πestimate = {πk,t}K,Tk,t=1,1, with probability at least 1− δ, Algorithm 3 will output an (ϵ+ 4ν)-

approximate Markov CE. The sample complexity is

O(mHTKmaxN) = Õ(m4H10d4
maxAmax log(Amax)ϵ−4).

The choice of input parameters and the proofs are deferred to Appendix C.2. As Markov

CCE is equivalent to Markov NE in two-player zero-sum Markov games, we directly have

the following Corollary.

Corollary 4.4.5. Suppose Algorithm 3 is instantiated with no-regret learning oracles sat-

isfying Assumption 4.4.1. Then for ν-misspecified independent linear two-player zero-sum

Markov games with Πestimate = {πk,t}K,Tk,t=1,1, with probability at least 1− δ, Algorithm 3 will

output an (ϵ + 4ν)-approximate Markov NE. The sample complexity is O(mHTKmaxN) =

Õ(m4H10d4
max log(Amax)ϵ−4).

By Proposition 4.3.2, we have the following corollary for state abstraction Markov games.

Note that the feature is the same ϕi(s, ai) = ϕi(s′, ai) if ψ(s) = ψ(s′), so πk,t ∈ Πabstraction

for all (k, t) ∈ [K] × [T ] as the full-information feedback would be the same for s and s′

mapped to the same abstraction and then the policy would be same as well.

Corollary 4.4.6. Suppose Algorithm 3 is instantiated with no-regret learning oracles sat-

isfying Assumption 4.4.1. Then for ν-misspecified state abstraction Markov games, with

probability at least 1 − δ, Algorithm 3 will output an (ϵ + 4Hν)-approximate Markov NE.

The sample complexity is O(mHTKmaxN) = Õ(m4H10|Z|4A4
max log(Amax)ϵ−4).

4.5 Learning Markov NE in Independent Linear Markov Potential Games

In this section, we will focus on a special class of independent linear Markov games, namely

independent linear Markov potential games. The existence of the potential function guar-

antees that the stationary points of the potential function are NE [Leonardos et al., 2021],

which means the iterative best-response dynamic can converge to NE as it is similar to coor-

dinate descent [Durand, 2018]. Specifically, we will provide an iterative best-response-type
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algorithm that can learn pure Markov NE in independent linear Markov potential games,

which generalizes the algorithm for tabular Markov potential games in Song et al. [2021a].

As when the other players are fixed, player i ∈ [m] will be in an approximate linear

MDP, existing algorithms for misspecified linear MDP can all serve as the best-response

oracle. The algorithm will use the following oracle LinearMDP Solver that can solve

misspecified linear MDPs. Here misspecified linear MDPs are the degenerated cases of

misspecified independent linear Markov games with only one player and thus no Πestimate

is included, which is similar to the model in Zanette and Wainwright [2022].

Definition 4.5.1. Feature map ϕ : S × A → Rd is ν-misspecified if for any rollout policy

π, target policy π̃, we have for any V ∈ V,∣∣∣∣∣
H∑
h=1

Eπ̃
[
proj[0,H+1−h]

(〈
ϕ(sh, ah), θπ,Vh

〉)
−QVh (sh, ah)

]∣∣∣∣∣ ≤ ν,
where

θπ,Vh = argmin
∥θ∥≤H

√
d

Eπ
(
⟨ϕ(sh, ah), θ⟩ −QVh (sh, ah)

)2
, QVh (sh, ah) = E [rh(sh, ah) + Vh+1(sh+1)] .

We say a Markov decision process with feature ϕ is a ν-misspecified linear MDP if the

feature map ϕ is ν-misspecified.

Assumption 4.5.2. For any ν-misspecified linear MDP with feature ϕ(s, a) ∈ Rd for all

(s, a) ∈ S × A, LinearMDP Solver takes features ϕ(·, ·) as input and can interact with

the underlying linear MDP. Then it can output an (ϵ + O(ν))-approximate optimal policy

with sample complexity LinearMDP SC(ϵ, δ, d) with probability at least 1−δ. Without loss

of generality, we assume that LinearMDP SC(ϵ, δ, d) is non-decreasing w.r.t. d.

In Appendix C.4, we will adapt Algorithm 3 to the single-agent case to serve as LinearMDP Solver

with LinearMDP SC(ϵ, δ, d) = Õ(H6d4ϵ−2) and output an (ϵ+ 4ν)-optimal policy (See Al-

gorithm 22). With the best-response oracle, we provide our MARL algorithm for linear

Markov potential games (Algorithm 5). It is easy to see that Algorithm 5 can be im-

plemented in the same decentralized way as Algorithm 3. Below we provide the sample

complexity guarantees.
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Algorithm 5 Nash Coordinate Ascent for Independent Linear Markov Potential Games

(Lin-Nash-CA)
1: Input: ϵ, δ, K = 5mHϵ−1

2: Initialization: π1 to be an arbitrary deterministic policy.

3: for episode k = 1, 2, . . . ,K do

4: Execute policy πk for Õ(H2ϵ−2) episodes and obtain V̂ πk

1,i (s1) as the empirical average

of the total reward for all player i ∈ [m].

5: for i ∈ [m] do

6: Fix all the players except player i to follow policy πk−i and player i runs

LinearMDP Solver with feature ϕi(·, ·), accuracy ϵ/8 and failure probability

δ/(2mK). Set π̂k+1
i to be the output of LinearMDP Solver.

7: Execute policy (π̂k+1
i , πk−i) for Õ(H2ϵ−2) episodes and obtain V̂

π̂k+1
i ,πk

−i

1,i (s1) as

the empirical average of the total reward.

8: Set ∆i ← V̂
π̂k+1

i ,πk
−i

1,i (s1)− V̂ πk

1,i (s1).

9: end for

10: if maxi∈[m] ∆i > ϵ/2 then

11: Set πk+1 : πk+1
i = πki , π

k+1
j = π̂kj for i ̸= j and j = argmaxi∈[m] ∆i.

12: else

13: Output πoutput = πk.

14: end if

15: end for
Theorem 4.5.3. For ν-misspecified independent linear Markov potential games with Πestimate =

{πk}Kk=1, with probability at least 1− δ, Algorithm 5 will output an (ϵ+O(ν))-approximate

pure Markov NE. The sample complexity is

O(m2Hϵ−1 · LinearMDP SC(ϵ/8, δ/(10m2Hϵ−1), dmax)).

As the congestion game is a special case of linear Markov potential game (Proposition

4.3.3), we have the following corollary if we replace the linear MDP solver with a linear

bandit solver with LinearBandit SC(ϵ, δ, d)) sample complexity.
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Corollary 4.5.4. For congestion games, with probability at least 1 − δ, Algorithm 5 will

output an ϵ-approximate pure NE. The sample complexity is

O(m2ϵ−1 · LinearBandit SC(ϵ/8, δ/(10m2Hϵ−1), F )).

If we use Algorithm 22 as the oracle, the sample complexity for linear Markov potential

games would be Õ(m2H7d4
maxϵ

−3). For linear bandits, it is easy to adapt the Õ(d
√
K)

algorithm in Abbasi-Yadkori et al. [2011] to sample complexity Õ(d2ϵ−2), which leads to

Õ(m2F 2ϵ−3) sample complexity for congestion games.∗∗ Our algorithm significantly im-

proves the previous result for the decentralized algorithm, which has sample complexity

Õ(m12F 6ϵ−6) [Cui et al., 2022].

4.6 Improved Sample Complexity in Tabular Case

In this section, we will present an algorithm specialized to tabular Markov games based

on the policy cover technique in Algorithm 3. The sample complexity for learning an ϵ-

approximate Markov CCE is Õ(H6S2Amaxϵ−2), which significantly improves the previous

state-of-the-art result Õ(H11S3Amaxϵ−3) [Daskalakis et al., 2022], and is only worse than

learning an ϵ-approximate non-Markov CCE by a factor of HS [Jin et al., 2021b]. In

addition, our algorithm can learn an ϵ-approximate Markov CE with Õ(H6S2A2
maxϵ

−2)

sample complexity, which is the first provably efficient result for learning Markov CE in

tabular Markov games.

Adv Bandit Update subroutine. Consider the adversarial multi-armed bandit prob-

lem withB arms. At round t, the adversary chooses some loss lt and the learner chooses some

action bt ∼ pt, where pt ∈ ∆(B) is the policy at round t. Then the learner observes a noisy

bandit-feedback l̃t(bt) ∈ [0, 1] such that E[l̃t(bt) | lt, bt] = lt(bt). The player will update the

policy to pt+1 for round t+ 1, which is denoted as pt+1 ← Adv Bandit Update(bt, l̃t(bt)).

For learning CCE and CE, the adversarial bandit algorithm (Protocol 2) needs to satisfy

the following no-external-regret and no-swap-regret properties, respectively. The following

∗∗E.g., we can use policy certification as in Algorithm 3 to find the best policy among all the policies

played with no additional sample complexity.
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Protocol 2 Adversarial Bandit Algorithm
Initialize: Action set B, and p1 to be the uniform distribution over B.

for t = 1, 2, . . . , T do

Adversary chooses loss lt.

Player take action bt ∼ pt and observe noisy bandit-feedback l̃t(bt).

Update pt+1 ← Adv Bandit Update(bt, l̃t(bt)).

end for
two assumptions can be achieved by leveraging the results in Neu [2015] and Blum and

Mansour [2007], which is shown in Jin et al. [2021b].††

Assumption 4.6.1. (No-external-regret with bandit-feedback) For any loss sequence l1, . . . , lT ∈

RB bounded between [0, 1], the adversarial bandit oracle satisfies that with probability at

least 1− δ, for all t ≤ T ,

max
b∈B

t∑
i=1

(⟨pi, li⟩ − li(b)) ≤ BReg(t) := O
(√

Bt log(Bt/δ)
)
.

Assumption 4.6.2. (No-swap-regret with bandit-feedback) For any loss sequence l1, . . . , lT ∈

RB bounded between [0, 1], the adversarial bandit oracle satisfies that with probability at

least 1− δ, for all t ≤ T ,

max
ψ∈Ψ

t∑
i=1

(⟨pi, li⟩ − ⟨ψ ⋄ pi, li⟩) ≤ BSwapReg(t) := O
(
B
√
t log(Bt/δ)

)
.

where Ψ denotes the set {ψ : B → B} which consist of all possible strategy modifications.

Here we emphasize several major differences between Algorithm 6 and Algorithm 3. The

choice of input parameters and the proofs are deferred to Appendix C.6.

1. The states and actions are no longer entangled through the feature map as in inde-

pendent linear Markov games. As a result, we can use the adversarial bandit oracle

to explore individual action space while using policy cover to explore the shared state

space. Then there will be no inner loop for estimating the full-information feedback

and saving Õ(ϵ−2) factors.

††They proved a stronger version for weighted regret while we only require the unweighted version.
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Algorithm 6 Policy Reply with Bandit Oracle in Tabular Markov Games (PReBO)
1: Input: ϵ, δ, β, TTrig, Kmax, Nmax

2: Initialization: Policy Cover Π = ∅. ntot = 0.

3: for episode k = 1, 2, . . . ,Kmax do

4: Set V k
H+1,i(·) = V k

H+1,i(·) = 0, nk = 0, nkh(s) = 0 for all h ∈ [H] and s ∈ S.

5: for h = H,H − 1, . . . , 1 do ▷ Retrain policy with the current policy cover

6: Initialize πk,1h,i to be uniform policy for all player i. Initialize V k
h,i(·) = V k

h,i(·) = 0.

7: Each player i initializes an adversarial bandit instance (Protocol 2) at each state

s ∈ S and step h ∈ [H], for which we will use No Regret Updateh,i,s(·) to denote

the update.

8: for t = 1, 2, . . . ,
∑k−1
j=1 n

j do

9: Sample πl ∈ Π with probability nl/
∑k−1
j=1 n

j .

10: Draw a joint trajectory (s1,a1, r1, . . . , sh,ah, rh, sh+1) from πl1:h−1◦π
k,t
h ,which

is the policy that follows πl for the first h− 1 steps and follows πk,th for step h.

11: Update nkh(sh)← nkh(sh) + 1.

12: Update the adversarial bandit instance for player i at step h and state sh:

πk,t+1
h,i (·|sh)← Adv Bandit Updateh,i,sh

(ah,i, 1−
(
rh,i + V

k
h+1,i(sh+1)

)
/H).

13: Update policy πk,t+1
h,i (·|s)← πk,t+1

h,i (·|s) for s ̸= sh.

14: Update V k
h,i(sh)← nk

h(sh)−1
nk

h
(sh) V

k
h,i(sh) + 1

nk
h

(sh)(rh,i + V
k
h+1,i(sh+1)).

15: Update V k
h,i(sh)← nk

h(sh)−1
nk

h
(sh) V k

h,i(sh) + 1
nk

h
(sh)(rh,i + V k

h+1,i(sh+1)).

16: end for

17: Set V k
h,i(s) ← proj[0,H+1−h]

(
V
k
h,i(s) + H

T · B(Swap)Reg(nkh(sh)) + βnk
h

(s)

)
for all

i ∈ [m] and s ∈ S.

18: Set V k
h,i(s)← proj[0,H+1−h]

(
V k
h,i(s)− βnk

h
(s)

)
for all i ∈ [m] and s ∈ S.

19: end for

20: Set πk to be the Markov joint policy such that πkh(a|s) =
1

nk
h

(s)
∑nk

h(s)
j=1

∏
i∈[m] π

k,tkh(j;s)
h,i (ai|s), where tkh(j; s) is the time t such that state s is

visited for the j-th time in episode k at step h.

21: if maxi∈[m] V
k
1,i(s1)− V k

1,i(s1) ≤ ϵ then ▷ Policy certification

22: Output: πoutput = πt.

23: end if

24: Set T kh (s) = 0 for all h ∈ [H], s ∈ S.

25: repeat ▷ Update policy cover
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Algorithm 7 Policy Reply with Bandit Oracle in Tabular Markov Games (PReBO)

(Part 2)
26: Reset s = s1, nk = nk + 1, ntot = ntot + 1.

27: for i ∈ [m] do

28: for h = 1, 2, . . . ,H do

29: Play ah = πkh(·|s).

30: T kh (sh)← T kh (sh) + 1.

31: Get next state s′, s→ s′.

32: end for

33: end for

34: until ∃h ∈ [H] such that T kh (sh) = nkh(sh) ∨ TTrig or ntot = Nmax.

35: Update Π← Π
⋃
{(πk, nk)}.

36: end for
2. For independent linear Markov games, each player has its own feature space so that

the exploration progress is different and communication is required to synchronize.

However, in tabular Markov games, all the players explore in the shared state space,

which means the exploration progress is inherently synchronous and no communication

is required. The triggering event is that whenever a state visitation is approximately

doubled, the policy cover will update, which guarantees that with high probability,

the number of episodes is bounded by Õ(HS).

Theorem 4.6.3. Suppose Algorithm 6 is instantiated with adversarial multi-armed bandit

oracles satisfying Assumption 4.6.1. Then for tabular Markov games, with probability at

least 1− δ, Algorithm 6 will output an ϵ-approximate Markov CCE. The sample complexity

is Õ(HKmaxNmax) = Õ(H6S2Amaxϵ−2).

Theorem 4.6.4. Suppose Algorithm 6 is instantiated with adversarial multi-armed bandit

oracles satisfying Assumption 4.6.2. Then for tabular Markov games, with probability at

least 1 − δ, Algorithm 6 will output an ϵ-approximate Markov CE. The sample complexity

is Õ(HKmaxNmax) = Õ(H6S2A2
maxϵ

−2).
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4.7 Conclusion

In this paper, we propose the independent function approximation model for Markov games

and provide algorithms for different types of Markov games that can break the curse of

multiagents in a large state space. We hope this work can serve as the first step towards

understanding the empirical success of MARL with independent function approximation.

Below we list some interesting open problems for future research.

1. Sharpen the sample complexity. The sample complexity for independent linear sample

complexity is far from optimal. For example, it would be a significant improvement if

the dependence on ϵ could be improved to the optimal rate of Õ(ϵ−2).

2. Incorporate general function approximation. We study independent linear function

approximation as an initial attempt. There is a huge body of general function ap-

proximation results for single-agent RL and it would be interesting to study them in

the context of independent function approximation for Markov games.

3. Different data collection oracles. In this work, we study the online setting where

exploration is necessary. It would be interesting to extend our results to other settings,

such as the offline setting or the simulator setting where specific new challenges might

occur or the tightest sample complexity is preferred.
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Algorithms Game Equilibrium Sample complexity
Sample complexity

(tabular)
BCM

[Liu et al., 2021a] MG NE/CE/CCE H4S2∏m
i=1Aiϵ

−2 - ×

[Jin et al., 2021b] ZSMG NE H5SAmaxϵ−2 - -

[Jin et al., 2021b] MG NM-CCE H5SAmaxϵ−2 - ✓

[Jin et al., 2021b] MG NM-CE H5SA2
maxϵ

−2 - ✓

[Daskalakis et al., 2022] MG CCE H11S3Amaxϵ−3 - ✓

[Xie et al., 2020a] ZSMG NE H4d3ϵ−2 d = SA1A2 -

[Chen et al., 2021b] ZSMG NE H3d2ϵ−2 d = SA1A2 -

[Huang et al., 2021] ZSMG NE H3W 2Amaxϵ−2 W = SA1A2 -

[Jin et al., 2022] ZSMG NE H2d2ϵ−2 d = SA1A2 -

[Chen et al., 2022] MG NE/CE/CCE S3(
∏
i∈[m]Ai)2H3ϵ−2 - ×

[Ni et al., 2022] MG NE/CE/CCE H6d4(
∏m
i=1Ai)2 log(|Φ||Ψ|)ϵ−2 d = S

∏
i∈[m]Ai ×

[Ni et al., 2022] MG NE/CE/CCE m4H6d2(L+1)2
A

2(L+1)
max ϵ−2 d = S

∏
i∈[m]Ai ×

Algorithm 3 (PReFI) MG CCE m4H10d4
maxϵ

−4 dmax = SAmax ✓

Algorithm 3 (PReFI) MG CE m4H10d4
maxAmaxϵ−4 dmax = SAmax ✓

Algorithm 6 (PReBO) MG CCE H6S2Amaxϵ−2 - ✓

Algorithm 6 (PReBO) MG CE H6S2A2
maxϵ

−2 - ✓

Table 4.1: Comparison of the models and the most related sample complexity results for

MARL in Markov games. S is the number of states, m is the number of players, Ai is the

number of actions for player i with Amax = maxi∈[m]Ai, ϵ is the target accuracy, and d

or W is the complexity of the corresponding function class. We use MG to denote multi-

player general-sum Markov games, ZSMG to denote two-player zero-sum Markov games,

NE/CE/CCE to denote Markov Nash equilibria, Markov correlated equilibria, and Markov

coarse correlated equilibria, respectively. We use the prefix (NM-) to denote non-Markov

equilibria. For algorithms with function approximation, we show the parameters when

applied to the tabular setting and whether breaking the curse of multiagents (BCM) or

not in the last two columns. Polylog dependence on relevant parameters is omitted in the

sample complexity results.
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Algorithms Game type Sample complexity

[Leonardos et al., 2021] Markov potential game poly(κ,m,Amax, S,H, ϵ)

[Ding et al., 2022] Markov potential game poly(κ,m,Amax, d,H, ϵ)

[Song et al., 2021a] Markov potential game m2H4SAmaxϵ−3

[Cui et al., 2022] (Centralized) Congestion game m2Fϵ−2

[Cui et al., 2022] (Decentralized) Congestion game m12F 6ϵ−6

Algorithm 5 (Lin-Nash-CA) Linear Markov potential game m2H7d4
maxϵ

−3

Algorithm 5 (Lin-Nash-CA) Congestion game m2F 2ϵ−3

Table 4.2: Comparison of algorithms for learning NE in Markov potential games. κ is the

distribution mismatch coefficient, S is the number of states, m is the number of players,

Ai is the number of actions for player i, Amax = maxi∈[m]Ai, F is the number of facilities

in congestion games, ϵ is accuracy, and dmax is the complexity of the function class. For

Leonardos et al. [2021], Ding et al. [2022], κ can be arbitrarily large as no exploration is

considered.
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Chapter 5

NON-STATIONARY MARKOV GAMES

This chapter is based on Jiang et al. [2023], with haozhe Jiang, Zhihan Xiong, Maryam

Fazel and Simon S. Du.

5.1 Introduction

Multi-agent reinforcement learning (MARL) studies the interactions of multiple agents in

an unknown environment with the aim of maximizing their long-term returns [Zhang et al.,

2021a]. This field has applications in diverse areas such as computer games [Vinyals et al.,

2019b], robotics [de Witt et al., 2020b], and smart manufacturing [Kim et al., 2020]. Al-

though various algorithms have been developed for MARL, it is typically assumed that

the underlying repeated game is stationary throughout the entire learning process. How-

ever, this assumption often fails to represent real-world scenarios where the environment is

evolving throughout the learning process.

The task of learning within a non-stationary multi-agent system, while crucial, poses ad-

ditional challenges when attempts are made to generalize non-stationary single-agent rein-

forcement learning (RL), especially for the bandit feedback case where minimal information

is revealed to the agents [Anagnostides et al., 2023]. In addition, the various multi-agent

settings, such as zero-sum, potential, and general-sum games, along with normal-form and

extensive-form games, and fully observable or partially observable Markov games, further

complicate the design of specialized algorithms.

In this work, we take the first step towards understanding non-stationary MARL with

bandit feedback. First, we point out several challenges that differentiate non-stationary

MARL from non-stationary single-agent RL, and bandit feedback from full-information

feedback. Subsequently, we propose black-box algorithms with sub-linear dynamic regret

in arbitrary non-stationary games, provided there is access to learning algorithms in the
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corresponding (near-)stationary environment. This versatile approach allows us to leverage

existing algorithms for various stationary games, while facilitating seamless adaptation to

future algorithms that may offer improved guarantees.

5.1.1 Main Contributions and Novelties

1. Identifying challenges in non-stationary games with bandit feedback (Section

5.3). First, we point out that bandit feedback is incompatible with online-learning based

algorithms as the gradient of reward is hard to estimate. Then, we show that bandit

feedback complicates the application of test-based algorithms as testing an arbitrary small

gap can incur O(1) regret each term. Non-uniqueness of equilibria makes replay-based test

difficult as well. Additionally, we point out that it is non-trivial to generalize an algorithm

for non-stationary Markov games to a parameter-free version since the objective for games

is very different from that of multi-armed bandits.

2. Generic black-box approach for non-stationary games. Our approach is a black-

box reduction that can transform any base algorithm designed for (near-)stationary games

into an algorithm capable of learning in a non-stationary environment. This approach

inherits favorable properties of the base algorithm, like breaking the curse of multi-agents,

and directly adapts to future algorithmic advances.

3. Restart-based algorithm when non-stationarity budget is known (Section

5.4). When we know a bound on the degree of non-stationarity, often measured by number

of switches or total variation (which from here on, we refer to as the “nonstationarity bud-

get”), we design a simple restart-based algorithm achieving sublinear dynamic equilibrium

regret of Õ
(
L1/4T 3/4

)
or Õ

(
∆1/4T 3/4

)
, where L is the switching number and ∆ is the total

variation non-stationarity budget. In words, this result implies that all the players follow a

near-equilibrium strategy in most episodes.

4. Multi-scale testing algorithm when non-stationarity budget is unknown (Sec-

tion 5.5). We also propose a multi-scale testing algorithm to optimize the regret when the

non-stationarity budget is unknown, which can adaptively avoid the strategy deviating from

equilibrium for too many rounds. The algorithm achieves the same Õ
(
L1/4T 3/4

)
regret for
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unknown switching number L, and a marginally higher Õ
(
∆1/5T 4/5

)
regret for unknown

total variation budget ∆. The testing algorithms are newly designed and the scheduling is

specially designed for the PAC assumptions, which is different from that in Wei and Luo

[2021] where regret assumptions are made.

While the ultimate goal is to design no-regret algorithms for each agent, i.e. achieving no-

regret no matter what policy other players adopt (like Panageas et al. [2023]), our setting

is already applicable in various real-world cases even without yet achieving this desired

property, this is discussed with a concrete example below. We leave the problem of finding

no-regret algorithms for each individual for future work.

Example (traffic routing with navigation). In traffic routing using navigation appli-

cations (Guo et al. [2023]), being able to track Nash Equilibrium is advantageous. Assume

all drivers use the same navigation application which runs our algorithm. It is reasonable

to assume that drivers adhere to the application’s suggestions. After following the route

recommended by the application, the drivers all find that their routes are not improvable

because all drivers are committing to the equilibrium; this makes drivers satisfied with the

algorithm’s recommendation.

5.1.2 Related Work

(Stationary) Multi-agent reinforcement learning. Numerous works have been de-

voted to learning equilibria in (stationary) multi-agent systems, including zero-sum Markov

games [Bai et al., 2020, Liu et al., 2021a], general-sum Markov games [Jin et al., 2021b,

Mao et al., 2022, Song et al., 2021a, Daskalakis et al., 2022, Wang et al., 2023, Cui et al.,

2023], Markov potential games [Leonardos et al., 2021, Song et al., 2021a, Ding et al., 2022,

Cui et al., 2023], congestion games [Cui et al., 2022], extensive-form games [Kozuno et al.,

2021, Bai et al., 2022, Song et al., 2022], and partially observable Markov games [Liu et al.,

2022b]. These works aim to learn equilibria with bandit feedback efficiently, measured by

either regret or sample complexity. There also exists a rich literature on asymptotic conver-

gence of different learning dynamics in known games and non-asymptotic convergence with

full-information feedback, which are not listed here due to space limitations.
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Non-stationary (single-agent) reinforcement learning. The study of non-stationary

reinforcement learning originated from non-stationary bandits [Auer et al., 2002, Besbes

et al., 2014, Chen et al., 2019, Zhao et al., 2020, Wei and Luo, 2021, Cheung et al., 2022,

Garivier and Moulines, 2011]. Auer et al. [2019b] and Chen et al. [2019] first achieve

near-optimal dynamic regret without knowing the non-stationary budget for bandits. The

most relevant work is Wei and Luo [2021], which also proposes a black-box approach with

multi-scale testing and achieves optimal regret in various single-agent settings. We refer

readers to Wei and Luo [2021] for a more comprehensive literature review on non-stationary

reinforcement learning.

Non-stationary multi-agent reinforcement learning. Most of the previous works have

been focused on the full-information feedback setting, which is considerably easier than the

bandit feedback setting as testing becomes unnecessary [Cardoso et al., 2019, Zhang et al.,

2022a, Anagnostides et al., 2023, Duvocelle et al., 2022, Poveda et al., 2022]. For two-player

zero-sum matrix games, Zhang et al. [2022a] proposes a meta-algorithm over a group of

base algorithms to tackle with unknown parameters. Anagnostides et al. [2023] studies the

convergence of no-regret learning dynamics in non-stationary matrix games, including zero-

sum, general-sum and potential games, and shares a similar dynamic regret notion as ours.

Notably, Cardoso et al. [2019] also studies the bandit feedback case and aims to minimize

NE-regret, while the regret is comparing with the best NE in hindsight instead of a dynamic

regret.

5.2 Preliminaries

We consider the multi-player general-sum Markov games framework, which covers a wide

range of problems. A multi-agent general-sum Markov game is described by the tuple

M = (S,A = A1 × · · · × Am, H,P, {ri}mi=1), where S is the state space with cardinality S,

m is the number of the players, Ai is the action space for player i with cardinality Ai, H

is the length of the horizon, P = {Ph}Hh=1 is the collection of the transition kernels such

that Ph(· | s,a) is the next state distribution given the current state s and joint action

a = (a1, · · · , am) at step h, and ri = {rh,i}Hh=1 is the collection of random reward functions

for player i with support [0, 1] and mean {Rh,i}Hh=1.
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At the beginning of each episode, the players start at a fixed initial state s1.∗ At each step

h ∈ [H], each player observes the current state sh and chooses action ah,i simultaneously.

Then player i ∈ [m] will receive her own reward realization r̃h,i ∼ rh,i(sh,ah) where ah =

(ah,1, · · · , ah,m) and the state will transition according to sh+1 ∼ Ph(· | sh,ah). The game

terminates when h = H+1. We consider the bandit feedback setting where only the reward

of the chosen action is revealed to the player.

Here we discuss the generality of Markov games. When the horizon H = 1, multi-player

general-sum Markov games degenerate to multi-player general-sum matrix games, which

include zero-sum games, potential games, congestion games, etc [Nisan et al., 2007b]. If we

posit different assumptions on the Markov game structure, we can obtain zero-sum Markov

games [Bai et al., 2020], Markov potential games [Leonardos et al., 2021], extensive-form

games [Kozuno et al., 2021]. If the state sh is not directly observable, the Markov games are

modeled by partially observable Markov games [Liu et al., 2022b]. A detailed preliminary

for different games is deferred to the appendix.

Policy. A Markov joint policy is defined by π = {πh}Hh=1 where πh : S → ∆(A) is the

policy at step h. We will use π−i to denote that all players except player i are following

policy π. A special case of Markov joint policy is Markov product policy, which satifies

that there exist policies {πi}mi=1 such that for all h ∈ [H] and (s,a) ∈ S × A, we have

πh(a | s) =
∏m
i=1 πh,i(ai | s), where πi = {πh,i}Hh=1 is the collection of Markov policies

πh,i : S → ∆(Ai) for player i. In words, a Markov product policy can be factorized into

individual policies such that they are uncorrelated.

Value function. Given a Markov game M ∈ M and a policy π, the value function for

player i is defined as VM
i (π) := Eπ

[∑H
h=1 rh,i(sh,ah) |M

]
, where the expectation is over

the randomness in both the policy and the environment.

Best response and strategy modification. Given a policy π and model M , the best

response value for player i is VM
i (†, π−i) := maxπ′

i∈Πi
VM
i (π′

i, π−i), which is the maximum

achievable expected return for player i if all the other players are following π−i. Equivalently,

∗It is straightforward to generalize to stochastic initial state by adding a dummy state s0 that transition

to the random initial state.
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best response is the optimal policy in the induced Markov decision process (MDP), i.e.,

Markov games with only one player.

A strategy modification ψi = {ψh,i}Hh=1 is a collection of mappings ψh,i : S × Ai → Ai
that maps the joint state-action space to the action space.† For policy π, ψi ⋄ π is the

modified policy such that

(ψi ⋄ π)h(a | s) =
∑

a′:ψh,i(a′
i|s)=ai,a′

−i=a−i

πh(a′ | s).

In other words, ψi ⋄ π is a policy such that if π assigns each player j a random action aj

at state s and step h, then ψi ⋄ π assigns action ψh,i(ai | s) to player i while all the other

players are following the action assigned by policy. We will use Ψi to denote all the possible

strategy modifications for player i. As Ψi contains all the constant strategy modifications,

we have

max
ψi∈Ψi

VM
i (ψi ⋄ π) ≥ max

π′
i

VM
i (π′

i, π−i) = VM
i (†, π−i),

which means that the best strategy modification is always no worse than the best response.

Notions of equilibria.

Definition 5.2.1. For Markov game M , policy π is an ϵ-approximate Nash equilibrium

(NE) if it is a product policy and

NEGapM (π) = max
i∈[m]

(
VM
i (†, π−i)− VM

i (π)
)
≤ ϵ.

Learning Nash equilibrium (NE) is neither computationally nor statistically efficient for

general-sum normal-form games [Chen et al., 2009], while it is tractable for games with

special structures, such as potential games [Monderer and Shapley, 1996] and two-player

zero-sum games [Adler, 2013].

Definition 5.2.2. For Markov game M , policy π is an ϵ-approximate coarse correlated

equilibrium (CCE) if

CCEGapM (π) = max
i∈[m]

(
VM
i (†, π−i)− VM

i (π)
)
≤ ϵ.

†We only consider deterministic strategy modification as the optimal strategy modification can always

be deterministic [Jin et al., 2021b].
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The only difference between CCE and NE is that CCE is not required to be a product

policy. This relaxation allows tractable algorithms for learning CCE.

Definition 5.2.3. For Markov game M , policy π is an ϵ-approximate correlated equilibrium

(CE) if

CEGapM (π) = max
i∈[m]

(
max
ψi∈Ψi

VM
i (ψi ⋄ π)− VM

i (π)
)
≤ ϵ.

Correlated equilibrium generalizes the best response used in CCE to best strategy mod-

ification. It is known that each NE is a CE and each CE is a CCE. For conciseness, we use

ϵ-EQ to denote ϵ-approximate NE/CE/CCE.

Non-stationarity measure. Here we formalize the non-stationary Markov game. There

are T total episodes and at each episode t, the players follow some policy πt an unknown

Markov game M t. The non-stationarity degree of the environment is measured by the

cumulative difference between two consecutive models, defined as follows.

Definition 5.2.4. The non-stationarity degree of Markov games (M1,M2, · · · ,MT ) is mea-

sured by total variation ∆ or number of switches L, which are respectively defined as

∆ =
T−1∑
t=1

∥∥∥M t+1 −M t
∥∥∥

1
, L =

T−1∑
t=1

1[M t ̸= M t+1].

Here, the total variation distance between two Markov games is defined as

∥∥M −M ′∥∥
1 :=

H∑
h=1

(∥∥∥PMh − PM
′

h

∥∥∥
1

+
∥∥∥RMh −RM ′

h

∥∥∥
1

)
.

We also define

∆[t1,t2] =
t2−1∑
t=t1

∥∥∥M t+1 −M t
∥∥∥

1
, L[t1,t2] =

t2−1∑
t=t1

1[M t ̸= M t+1].

Dynamic regret. We generalize the standard dynamic regret in non-stationary single-

agent RL to non-stationary MARL.

Definition 5.2.5. The dynamic equilibrium regret is defined as

Regret(T ) =
T∑
t=1

GapMt(πt),

where M t is the Markov game at episode t, πt is the policy at episode t and Gap(·) can be

NEGap, CCEGap or CEGap.
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A small dynamic regret implies that for most episodes t ∈ [T ], the policy πt is an

approximate equilibrium for model M t. The same dynamic regret is used in Anagnostides

et al. [2023] for matrix games. In the literature, Cardoso et al. [2019] and Zhang et al.

[2022a] propose NE-regret and dynamic NE-regret for two-player zero-sum games where

the comparator is the best NE value in hindsight and the best dynamic NE value. However,

these regret notions can not be generalized to general-sum games as the NE/CE/CCE

values become non-unique. Zhang et al. [2022a] also considers duality gap as a performance

measure, which coincides with our dynamic regret where Gap is NEGap.

Base algorithms. Our algorithm uses black-box oracles that can learn and test equilibria

in (near-)stationary environments. Details of the base algorithms are shown in Appendix.

Assumption 5.2.6. (PAC guarantee for learning equilibrium) We assume that we have

access to an oracle Learn EQ such that with probability 1 − δ, in an environment with

non-stationarity ∆ as defined in Definition 5.2.4, it can output an
(
ϵ+ c∆

1 ∆
)
-EQ of a game

with at most C1(ϵ, δ) samples.

Assumption 5.2.7. (PAC guarantee for testing equilibrium) We assume that we have

access to an oracle Test EQ such that given a policy π, with probability 1 − δ, in an

environment with non-stationarity ∆ as defined in Definition 5.2.4, it outputs False when π

is not a (2ϵ+ c∆
2 ∆)-EQ for all t = 1, . . . , C2(ϵ, δ) and outputs True when π is an

(
ϵ− c∆

2 ∆
)
-

EQ for all t = 1, . . . , C2(ϵ, δ).

There exist various algorithms (see Table 5.1) providing PAC guarantees for learning

equilibrium in stationary games, which satisfies Assumption 5.2.6 when non-stationarity

degree ∆ = 0. We will show that most of these algorithms enjoy an additive error w.r.t.

non-stationarity degree ∆ in the appendix and discuss how to construct oracles satisfying

Assumption 5.2.7 in Section 5.5.1. For simplicity, We will omit δ in C1(ϵ, δ) and C2(ϵ, δ)

as they only have polylogarithmic dependence on δ for all the oracle realizations in this

work. Furthermore, since the dependence of C1(ϵ), C2(ϵ) on ϵ are all polynomial, we denote

C1(ϵ) = c1ϵα, C2(ϵ) = c2ϵ−2. Here c1, c2 does not depend on ϵ and α is a constant depending

on the oracle algorithm. In Table 5.1, α = −2 or α = −3, where α is the exponent in C1(ϵ).
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Types of Games Learn EQ Test EQ Dynamic Regret

Zero-sum (NE) (A+B)ϵ−2 (A+B)ϵ−2 ((A+B)∆)1/4T 3/4

General-sum (CCE) Amaxϵ−2 mAmaxϵ−2 (Amax∆)1/4T 3/4

General-sum (CE) A2
maxϵ

−2 mA2
maxϵ

−2 (A2
max∆)1/4T 3/4

Potential (NE) m2Amaxϵ−3 mAmaxϵ−2 (m2Amax∆)1/5T 4/5

Congestion (NE) m2F 3ϵ−2 mF 2ϵ−2 (m3F 4∆)1/4T 3/4

Zero-sum Markov (NE) H5S(A+B)ϵ−2 H3S(A+B)ϵ−2 (H7S(A+B)∆)1/4T 3/4

General-sum Markov (CCE) H6S2Amaxϵ−2 mH3SAmaxϵ−2 (H7S3Amax∆)1/4T 3/4

General-sum Markov (CE) H6S2A2
maxϵ

−2 mH3SA2
maxϵ

−2 (H7S3A2
max∆)1/4T 3/4

Markov Potential (NE) m2H4SAmaxϵ−3 mH3SAmaxϵ−2 (m2H6SAmax∆)1/5T 4/5

Table 5.1: A,B are the size of action spaces for two-player zero-sum games. Xi and Ai

are the number of information sets and actions for player i. Amax = maxj∈[m]Aj . S is

the size of the state space, H is the horizon of the Markov games and T is the number of

episodes. The second and third column is the sample complexity for learning and testing an

equilibrium in a stationary game. The last column shows the regret bounds for Algorithm

8.
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5.3 Challenges in Non-Stationary Games

In this section, we discuss the major difficulties generalizing single-agent non-stationary

algorithms to non-stationary Markov games. There are two major lines of work in the

single-agent setting. The first line of work uses online learning techniques to tackle non-

stationarity. There exist works generalizing online learning algorithms to the multi-agent

setting. However all of them apply only to the full-information setting. In the bandit

feedback setting, it is hard to estimate the gradient of the objective function. The other

line of work uses explicit tests to determine notable changes of the environment and restart

the whole algorithm accordingly. This paper also adpots this paradigm.

The first type of test is to play a sub-optimal action a consecutively to determine whether

it has become optimal [Auer et al., 2019b, Chen et al., 2019]. For simplicity, let us think

of learning NE in the environment with abrupt changes (switching number as the non-

stationary measure). In order to assure a has not become a new optimal action, one needs

to spend 1/D2 steps to play a and secure its value up to D confidence bound where D is

the suboptimality. The regret incurred in this testing process is D · 1/D2 = 1/D. In the

multi-agent setting, if one wants to repeat the process by testing (a′
i, a−i) to assure a is a

NE, the timesteps needed is still 1/D2 where D is the empirical reward difference of (a′
i, a−i)

and a. However, the gap of (a′
i, a−i) depends on its own unilateral deviations, which can

be O(1) in general. Hence the regret incurred can be 1/D2, sabotaging the test process

(example in Figure 5.1).

The second type of test restarts the learning algorithm for a small amount of time and

checks for abnormality in the replay [Wei and Luo, 2021]. In the multi-agent setting, since

equilibrium is not unique in all games, different runs of the same algorithm can converge to

different equilibria even in a stationary environment. Hence test of this type fails to detect

abnormality in the base algorithm.

Another method worth mentioning was invented in Garivier and Moulines [2011]. This

method proposes to forget old history through putting a discount weight on old feedback

or imposing a sliding window based on which we calculate the empirical estimate of value

of actions. There is no obvious obstacle in generalizing it to the multi-agent setting but
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Figure 5.1: Consider a two-player cooperative game. Both players have access to action

space {a, b} and the corresponding rewards are shown in the picture. Assume we have

found NE (b, b). If we want to make sure (a, b) has not become a best response for player

1, we have to play (a, b) for 1/ε2 times. However the regret of (a, b) is 1, so this process

induces 1/ε2 regret.

it is hard to derive a parameter-free version. Cheung et al. [2020] uses the Bandit-Over-

RL technique to get a parameter-free version for the single-agent setting based on the

sliding-window idea. However, the Bandit-Over-RL technique does not generalize to the

multi-agent setting as the learning objectives are totally different. A more detailed version

of the challanges mentioned is presented in the Appendix D.1.

5.4 Warm-Up: Known Non-Stationary Budget

We first present an algorithm for MARL against non-stationary environments with known

non-stationarity budget to serve as a starting point.

Algorithm 8 Restarted Explore-then-Commit for Non-stationary MARL
1: Input: number of episodes T ; non-stationarity budget ∆; confidence level δ; parameter

T1

2: while episode T is not reached do

3: Run Learn EQ with accuracy ϵ and confidence level δ, and receive the output π.

4: Execute π for T1 episodes.

5: end while

Initially, the algorithm starts a Learn EQ algorithm, intending to learn an ϵ-EQ policy

π. After that, it commits to π for T1 episodes. Subsequently, the algorithm repeats this
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learn-then-commit pattern until the end. The restart mechanism guarantees that the non-

stationarity in the environment can at most affect T1 episodes. By carefully tuning T1, we

can achieve a sublinear regret. This algorithm admits a performance guarantee as follows.

Proposition 5.4.1. With probability 1− Tδ, the regret of Algorithm 8 satisfies

Regret(T ) ≤ 4TC1(ϵ)
T1

+ Tϵ+ 2max
{
c∆

1 , H
}
T1∆.

Remark 5.4.2. Let us look at the meaning of each term in this bound. The first term comes

from all Learn EQ. The second and third terms come from committing to the learned

policy.

Corollary 5.4.3. With probability 1− Tδ, the regret of Algorithm 8 satisfies

Regret(T ) ≤

 13
(
∆c1max

{
c∆

1 , H
})1/4

T 3/4, α = −2,

13
(
∆c1max

{
c∆

1 , H
})1/5

T 4/5, α = −3,

by setting

T1 =


√√√√ TC1(ϵ)

max
{
c∆

1 , H
}

∆

 , ϵ =


(
∆c1max

{
c∆

1 , H
}
/T
)1/4

, α = −2,(
∆c1max

{
c∆

1 , H
}
/T
)1/5

, α = −3.

Example 4. As a concrete example, for learning CCE in general-sum Markov games, Al-

gorithm 8 achieves O
(
A

1/4
max∆1/4T 3/4

)
regret. We can see that this algorithm breaks the

curse of multi-agents (dependence on the number of players) which is a nice property inher-

ited from the base algorithm. In addition, as long as the base algorithm is decentralized,

Algorithm 8 will also be decentralized.

5.5 Unknown Non-Stationarity Budget

In this section, we generalize Algorithm 8 to a parameter-free version, which achieves a

similar regret bound without the knowledge of the non-stationarity budget and the time

horizon T . If the non-stationarity budget is unknown, we cannot determine the appropriate

rate to restart in advance as in Algorithm 8. Hence, we use multi-scale testing to monitor

the performance of the committed policy and restart adaptively.
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5.5.1 Black-box Algorithms for Testing Equilibria

In this section, we present the construction of the testing algorithms Test EQ that satisfies

Assumption 5.2.7 by a black-box reduction to single-agent algorithms, which is able to test

whether a policy is an equilibrium in a (near-)stationary game. We make the following

assumption on the single-agent learning oracle.

Assumption 5.5.1. (PAC guarantee for single-agent RL) We assume that we have access

to an oracle Learn OP such that with probability 1−δ, in a single-agent environment with

non-stationarity ∆, it can output an
(
ϵ+ c∆

3 ∆
)
-optimal policy with C3(ϵ, δ) samples.

The construction of Test EQ is described in Protocol 3. We first illustrate how Protocol

3 test NE/CCE in a stationary environment. Note that here we only consider Markov

policies and the best response to a Markov policy is the optimal policy in the induced

single-agent MDP. First, we sample Õ
(
ϵ−2) trajectories following π to get an estimate of

Vi(π) for all i up to an error bound of ϵ/6 by standard concentration inequalities. Then, for

each player i, we run Learn OP and by Assumption 5.5.1, π′
i is an ϵ/6-optimal policy in the

MDP induced by other players following π−i. In other words, π′
i is an ϵ/6-best response to

π−i. After that we run (π′
i, π−i) for Õ

(
ϵ−2) episodes and estimate the policy value V̂i(π′

i, π−i)

for players i up to ϵ/6 error bound. Finally the algorithm decides the output according to

the empirical estimate of the gap. If the policy is not a 2ϵ-EQ, with high probability the

empirical gap is larger than 3ϵ/2, which leads to a False output. Meanwhile, if the policy

is an ϵ-EQ , with high probability the empirical gap is smaller than 3ϵ/2, which leads to a

True output.

To test a CE, we need to learn the best strategy modification in the induced MDP.

While there are many algorithms in prior works that can serve as Learn OP, no algorithm

is designed for learning the best strategy modification as far as we know. Interestingly, by

constructing an MDP with an extended state space, we can reduce learning the best strategy

modification to learning the optimal policy in the new MDP. Specifically, here we design an

MDP M ′ such that learning the best strategy modification with random recommendation

policy π in MDP M = (S,A, P, r,H) is equivalent to learning the optimal policy in M ′,

where the randomness in π could be correlated with the transition. In M ′, the state space
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is S ′ = S × A, the action space is A, the transition is P ′
h((sh+1, bh+1) | (sh, bh), ah) =

Ph(sh+1 | sh, πh(sh) = bh, ah) · πh+1(bh+1 | sh+1) and the reward is r′
h(· | (sh, bh), ah) =

rh(· | sh, πh(sh) = bh, ah). The following proposition shows that learning the best strategy

modification to recommendation policy π in MDP M is equivalent to learning the optimal

policy in MDP M ′.

Proposition 5.5.2. Suppose MDP M ′ is induced by MDP M and recommendation policy

π. Then the optimal policy in MDP M ′ corresponds to a best strategy modification to

recommendation policy π in MDP M .

Note that the state space in M ′ is enlarged by a factor of A, which means the sample

complexity for testing CE is A times larger than CCE, which coincides with the fact that

the minimax swap regret is
√
A times larger than the minimax external regret [Ito, 2020].

Proposition 5.5.3. As long as Learn OP satisfies Assumption 5.5.1, Protocol 3 satisfies

Assumption 5.2.7.

5.5.2 Multi-scale Test Scheduling

In this section, we introduce how to schedule Test EQ during the committing phase. The

scheduling is motivated by MALG in Wei and Luo [2021], with modifications to the multi-

agent setting.

We consider a block with length 2n for some integer n. The block starts with a

Learn EQ with ϵ = 2−n/4 and is followed by the committing phase. During the com-

mitting phase, Test EQ starts randomly for different gaps with different probabilities at

each step. That is, we intend to test larger changes more quickly by testing for them more

frequently (by setting the probability higher) so that the detection is adaptive to the sever-

ity of changes. Denote the episode index in this block by τ . In the committing phase, if τ

is an integer multiple of 2c+q for some q ∈ {0, 1, · · · , Q}, with probability p(q) = 1/(ϵ(q)2n/2)

we start a test for gap ϵ(q) =
√
c2/2q so that the length of test is 2q, where the value of c2

comes from the testing oracle and Q, c are defined as

Q = min
{⌊

log2
(
c22n/2−1

)⌋
, n− c

}
+
, c =

⌈
1 + log2 max

{
5
√
c2, 2 log 1

δ

}⌉
.
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Protocol 3 Test EQ
1: Input: Joint Markov policy π, failure probability δ, tolerance ϵ.

2: Run π for Õ(ϵ−2) episodes and estimate the policy value V̂i(π) with confidence level ϵ/6

for all players i ∈ [m].

3: for i = 1, 2, . . . ,m do

4: Let players [m]/{i} follow π−i and player i run Learn OP with δ and ϵ/6. Receive

best reponse policy π′
i or best strategy modification ψi ⋄ π for (NE,CCE) or CE.

5: Run (π′
i, π−i) or ψi ⋄ π for Õ(ϵ−2) episodes and estimate the best response value

V̂i(π′
i, π−i) or the best strategy modification value V̂i(ψi ⋄ π) with confidence level ϵ/6

for players i.

6: end for

7: if maxi∈[m]
(
V̂i(π′

i, π−i)− V̂i(π)
)
≤ 3ϵ/2 or maxi∈[m]

(
V̂i(ψi ⋄ π)− V̂i(π)

)
≤ 3ϵ/2 then

8: return True

9: else

10: return False

11: end if

The gaps we intend to test are approximately
{√

2ϵ, 2ϵ, 2
√

2ϵ, · · ·
}

. It is possible that

Test EQ for different ϵ(q) are overlapped. In this case, we prioritize the running of

Test EQ for larger ϵ(q) and pause those for smaller ϵ(q). After the shorter Test EQ

ends, we resume the longer ones until they are completed. In addition, if a Test EQ for

ϵ(q) spans for more than 2c+q episodes, it is aborted. To better illustrate the scheduling, we

construct an example shown in Figure 5.2. It can be proved that with high probability no

Test EQ is aborted (Lemma D.3.2), i.e. the 2c multiplication in length reserves enough

space for all Test EQ. Note that the original MALG (Wei and Luo [2021]) does not work

here because the length of each scheduled Test EQ can be reduced greatly and there is

no guarantee how a Test EQ with reduced length would work. The scheduling is formally

stated in Protocol 5.
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Lemma 5.5.4. With probability 1− 3QTδ, the regret inside this block

Regret = Õ

(
23n/4 + c2 min

{
22n/3

(
c∆

2 ∆[1,En]
)1/3

, 25n/8
(
c∆

2 ∆[1,En]
)1/2

}
+ 2n/2c

3/2
2 + 2−αn/4c1

)
(5.1)

Remark 5.5.5. The common way to bound the regret with total variation is to divide the

block into several near-stationary intervals [C1(ϵ)+1, 2n] = I1∪I2∪· · ·∪IK . In each interval

the near-stationarity ensure all Test EQ to work properly and hence the regret is bounded.

This is because if the regret is to big for a long time Test EQ would detect it. After that

we bound K and finally bound the regret of a block using Hölder’s inequality. While prior

works [Chen et al., 2019] partition the intervals according to ∆Ik
= O

(
|Ik|−1/2

)
, we set

∆Ik
= O

(
max

{
|Ik|−1/2 , 2−n/4

})
. This greatly change the subsequent calculations and

makes the regret better in our case, please refer to the appendix for more details.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

𝑞 = 0

𝑞 = 1

𝑞 = 2

commit

Figure 5.2: This is an example of the scheduling for committing phase with length 16, Q =

2, c = 1. The horizontal lines represent the scheduled Test EQ except for the black line on

the top which represent the time horizon. Different colors represent Test EQ for different

ϵ(q). The bold parts of a line represent the active parts and the other parts are the paused

parts. The colored vertical lines represent the possible starting points of Test EQ for

each level. The cross at the last episode indicates the Test EQ is aborted because it spans

2c+q = 8 episodes but has only run 3 < 2q episodes. The bold part of the black line indicates

that at this episode we commit to the learned policy and there is no Test EQ running.
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5.5.3 Main Algorithm

The main algorithm consists of blocks with doubling lengths. The first block is the shortest

block that can accomodate a whole Learn EQ in it. The doubling structure is not only

important to making the algorithm parameter free of ∆, but also to that of T (see Appendix

for more details). The performance guarantee of this algorithm is stated in Theorem 5.5.6.

For simplicity, let ∆̃J = c∆
2 ∆J and ∆̌J = max

{
c∆

1 , c
∆
2
}

∆J

Algorithm 9 Multi-scale Testing for Non-stationary MARL
1: Input: failure probability δ.

2: N ← min
{
n | 2n ≥ C1(2n/2)

}
3: for n = N,N + 1, · · · do

4: Schedule a block sized 2n according to Section 5.5.2.

5: Run Learn EQ with accuracy ϵ = 2−n/4 and receive π.

6: Run the committing phase according to the schedule. If any Test EQ returns False,

go to Line 2 immediately.

7: end for

Theorem 5.5.6. With probability 1− 3QTδ, the regret of Algorithm 9 is

Regret(T ) =

 Õ
(
∆̌1/5T 4/5 + c2 min

{
∆̃1/3T 2/3, ∆̃1/2T 5/8

}
+
(
c1 + c

3/2
2

)
∆̌2/5T 3/5

)
α = −2

Õ
(
c1∆̌1/5T 4/5 + c2 min

{
∆̃1/3T 2/3, ∆̃1/2T 5/8

}
+ c

3/2
2 ∆̌2/5T 3/5

)
α = −3

Remark 5.5.7. The main idea of the proof is as follows. The restarts divide the whole time

horizon into consecutive segments [1, T ] = J1 ∪ J2 ∪ · · · ∪ JJ . In each segment Jj between

restarts, the regret can be bounded by adding up Formula 5.1 for all blocks as

Regret (Jj) = Õ
(
|Jj |3/4 + c2 min

{
|Jj |2/3 ∆̃1/3

Jj
, |Jj |5/8 ∆̃1/2

Jj

}
+ c

3/2
2 |Jj |1/2 + c1 |Jj |−α/4

)
.

It can be proved that the number of segments is bounded by J = O
(
T 1/5∆̌4/5

)
. Using

Hölder’s inequality, we get the conclusion.

Meanwhile, the following theorem can be obtained if we only consider L, the number of

switches.
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Theorem 5.5.8. With probability 1− 3QTδ, the regret of Algorithm 9 is

Regret(T ) =

 Õ
(
L1/4T 3/4 +

(
c1 + c

3/2
2

)
L1/2T 1/2

)
α = −2

Õ
(
c1L1/4T 3/4 + c

3/2
2 L1/2T 1/2

)
α = −3

Remark 5.5.9. Algorithm 9 breaks the curse of multi-agent as long as the base algorithms

do. If the base algorithm is decentralized, all players are informed to restart when a change

is detected and no further communication is needed. In this sense very few extra commu-

nications are needed in Algorithm 9.

5.6 Conclusions

In this work, we propose black-box reduction approaches for learning the equilibria in

non-stationary multi-agent reinforcement learning, both with and without knowledge of

parameters. These algorithms offer favorable performance guarantees in terms of the non-

stationarity measure, while preserving the advantages of breaking curse of multi-agent and

decentralization found in the base algorithms. We conclude this paper by posing two open

questions. Firstly, we assume that all oracles with PAC guarantees may have regret as large

as O(1) in the proofs. However, it remains unknown how to design algorithms such that

the oracles themselves are also no-regret, which would further minimize the regret in learn-

ing. Secondly, the lower bound of regret for learning in non-stationary multi-agent systems

is currently unknown, despite extensive investigations into lower bounds for single-agent

systems [Besbes et al., 2014, Garivier and Moulines, 2011].
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Part III

PROVABLY EFFICIENT LEARNING IN CONGESTION GAMES
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Chapter 6

LEARNING EQUILIBRIUM IN CONGESTION GAMES

This chapter is based on Cui et al. [2022], with Zhihan Xiong, Maryam Fazel and Simon

S. Du.

6.1 Introduction

Nash equilibrium (NE) is a widely adopted concept in game theory community, used to

describe the behavior of multi-agent systems with selfish players [Roughgarden, 2010]. At

the Nash equilibrium, no player has the incentive to change its own strategy unilaterally,

which implies it is a steady state of the game dynamics. For a general-sum game, com-

puting the Nash equilibrium is PPAD-hard [Daskalakis, 2013] and the query complexity is

exponential in the number of players [Rubinstein, 2016]. To help address these issues, a

natural approach is to consider games with special structures. In this paper, we focus on

congestion games.

Congestion games are general-sum games with facilities (resources) shared among non-

cooperative players [Rosenthal, 1973]. During the game, each player will decide what com-

bination of facilities to utilize, and popular facilities will become congested, which results

in a possibly higher cost on each user. One example of congestion game is the routing game

[Fotakis et al., 2002], where each player needs to travel from a given starting point to a des-

tination point through some shared routes. These routes are represented as a traffic graph

and the facilities are the edges. Each player will decide her path to go, and the more players

use the same edge, the longer the edge travel time will be. Congestion games also have

wide applications in electrical grids [Ibars et al., 2010], internet routing [Al-Kashoash et al.,

2017] and rate allocation [Johari and Tsitsiklis, 2004]. In many real-world scenarios, players

can only have (semi-)bandit feedback, i.e., players know only the payoff of the facilities they

choose. This kind of learning under uncertainty has been widely studied in bandits and in
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reinforcement learning for the single-agent setting, while theoretical understanding for the

multi-agent case is still largely missing.

There are two types of algorithms in multi-agent systems, namely centralized algorithms

and decentralized algorithms. For centralized algorithms, there exists a central authority

that can control and receive feedback from all players in the game. As we have global coordi-

nation, centralized algorithms usually have favorable performance. On the other hand, such

a central authority may not always be available in practice, and thus people turn to decen-

tralized algorithms, i.e., each player makes decisions individually and can only observe her

own feedback. However, decentralized algorithms are vulnerable to nonstationarity because

each player is making decisions in a nonstationary environment as others’ strategies are

changing [Zhang et al., 2021a]. In this paper, we will study both centralized and decentral-

ized algorithms in congestion games with bandit feedback, and we will provide motivating

scenarios for both algorithms in Section 6.1.2.

The main challenge in designing algorithms for m-player congestion games with bandit

feedback is the curse of exponential action set, i.e., the number of actions can be exponential

in the number of facilities F because every subset of facilities can be an action. As a result,

an efficient algorithm should have sample complexity polynomial in m and F and has no

dependence on the size of the action space. One closely related type of general-sum game

is the potential game, in which each individual’s payoff changes, resulting from strategy

modification, can be quantified by a common potential function. It is well-known that all

congestion games are potential games, and each potential game has an equivalent congestion

game formulation [Monderer and Shapley, 1996]. However, existing algorithms designed for

potential games all have sample complexity scaling at least linearly in the number of actions

[Leonardos et al., 2021, Ding et al., 2022], which is inefficient for congestion games. This

motivates the following question:

Can we design provably sample-efficient centralized and decentralized learning algorithms

for congestion games with bandit feedback?

We provide an affirmative answer to this question. To be precise, we use Nash-regret

minimization (formally defined in Section 6.3) as our objective for learning in congestion
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games. This regret-like objective commonly appears in the literature of online learning and

reinforcement learning [Orabona, 2019, Ding et al., 2022, Liu et al., 2021a], which focuses on

finite-time analysis and accumulative rewards throughout the learning process instead of the

asymptotic behavior. In general, a sublinear Nash regret implies a best-iterate convergence,

meaning that the algorithm has reached the approximate Nash equilibrium at least once,

while the converse does not hold.

We highlight our contributions below and compare our results with previous algorithms

in Table 6.1. Our algorithms are shaded and we prove sublinear Nash regrets for all of

them. In Table 6.1, sample complexity refers to the number of samples required to reach

best-iterate convergence to an ϵ-approximate Nash equilibrium and the results are obtained

by standard online-to-batch conversion as in Section 3.1 of [Jin et al., 2018].

6.1.1 Main Novelties and Contributions

1. Centralized algorithm for congestion game. We adapt the principle of optimism

in the face of uncertainty in stochastic bandits to ensure sufficient exploration in congestion

games. We begin with congestion games with semi-bandit feedback, in which each player can

observe the reward of every facility in the action. Instead of estimating the action reward as

in stochastic multi-armed bandits, we estimate the facility rewards directly, which removes

the dependence on the size of action space. Furthermore, we consider congestion games

with bandit feedback, in which each player can only observe the overall reward. In this

setting, we borrow ideas from linear bandits to estimate the reward function and analyze

the algorithm. The algorithm is provably sample efficient in both cases.

2. Decentralized algorithm for congestion game. Our decentralized algorithm is a

Frank-Wolfe method with exploration, in which each player only observes her own actions

and rewards. To efficiently explore in the congestion game, we utilize G-optimal design

allocation for bandit feedback and a specific distribution for semi-bandit feedback. As a

result, the sample complexity does not depend on the number of actions. In addition,

the L1 smoothness parameter of the potential function does not depend on the number of

actions, which is exploited by the Frank-Wolfe method. With the help of these two specific
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Table 6.1: Comparison of algorithms for congestion games in terms of sample complexity

and Nash regret, where “IPPG” stands for “independent projected policy gradient”, “IPGA”

stands for “independent policy gradient ascent”, “I” represents the setting of semi-bandit

feedback and “II” represents the setting of bandit feedback. Bandit feedback is assumed

for algorithms from previous work. Here, Ai is the size of player i’s action space, m is the

number of players, Amax = maxi∈[m]Ai, F is the number of facilities and T is the number

of samples collected. Our algorithms are shaded.

Algorithms Sample complexity Nash regret Decentralized

Nash-VI [Liu et al., 2021a] (
∏m
i=1Ai)F/ϵ2

√
(
∏m
i=1Ai)FT No

V-learning [Jin et al., 2021b] AmaxF/ϵ2 (CCE) NA Yes

IPPG [Leonardos et al., 2021] AmaxmF/ϵ6 NA Yes

IPGA [Ding et al., 2022] A2
maxm

3F 5/ϵ5 mF 4/3√AmaxT 4/5 Yes

Nash-UCB I mF 2/ϵ2 F
√
mT No

Nash-UCB II m2F 3/ϵ2 mF 3/2√T No

Frank-Wolfe with Exploration I m12F 9/ϵ6 m2F 3/2T 5/6 Yes

Frank-Wolfe with Exploration II m12F 12/ϵ6 m2F 2T 5/6 Yes

algorithmic designs for congestion games, we give the first decentralized algorithm for both

semi-bandit feedback and bandit feedback that has no dependence on the size of the action

space in congestion games.

3. Centralized algorithm for independent Markov congestion game. We extend

the formulation of congestion game into a Markov setting and propose the independent

Markov congestion game (IMCG), in which each facility has its own internal state and

state transition happens independently among all the facilities. In Section 6.1.2, we give

some examples that fit in this model. By utilizing techniques from factored MDPs, we

extend our centralized algorithms for congestion games to efficiently solve IMCGs, with

both semi-bandit and bandit feedback.
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6.1.2 Motivating Examples

We provide an exmple here to motivate our proposed models. See Section 6.3 for the formal

definition of (semi-)bandit feedback and (Markov) congestion games and Appendix E.1 for

additional examples.

Example 5 (Routing Games). For a routing game, there are multiple players in a traffic

graph travelling from starting points to destination points, and the facilities are the edges

(roads). The cost of each edge is the waiting time, which depends on the number of players

using that edge.

• Centralized algorithm for routing games: Imagine each player is using Google Maps

to navigate. Then Google Maps can serve as a center that knows the starting points and the

destination points, as well as the real-time feedback of the waiting time on each edge of all

the players. Google Maps itself also has the incentive to assign paths according to the Nash

equilibrium strategy as then each player will find out that deviating from the navigation

has no benefit and thus sticks to the app.

•Decentralized algorithm for routing games: Consider the case where players are still

using Google Maps but due to privacy concerns or limited bandwidth, they only use the

offline version, which has access only to the information of each single user. Then Google

Maps needs to use decentralized algorithms so that it can still assign Nash equilibrium

strategy to each user after repeated plays.

• Markov routing games: For Markov routing games, the time cost on each edge will

change between different timesteps, which is a more accurate model of the real-world. For

instance, some roads are prone to car accidents, which will result in an increasing cost on the

next timestep, and the chance of accidents also depends on the number of players using that

edge currently. This is modeled by the Markovian facility state transition in independent

Markov congestion games.

6.2 Related Work

Potential Games. Potential games are general-sum games that admit a common poten-

tial function to quantify the changes in individual’s payoff [Monderer and Shapley, 1996].
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Algorithmic game theory community has studied how different dynamics converge to the

Nash equilibium, e.g., best response dynamics [Durand, 2018, Swenson et al., 2018a] and

no-regret dynamics [Heliou et al., 2017b, Cheung and Piliouras, 2020], while usually they

provide only asymptotic convergence, with either full information setting or bandit feedback

setting. Recently, reinforcement learning community studied Markov potential games with

bandit feedback, which can be applied to standard potential games. See the Markov Games

part below for more details.

Congestion Games. Congestion games are developed in the seminal work [Rosenthal,

1973], and later Monderer and Shapley [1996] builds a close connection between congestion

games and potential games. Congestion games are divided into atomic and non-atomic

congestion games depending on whether each player is separable. Many papers consider non-

atomic congestion games with non-decreasing cost function, which implies a convex potential

function [Roughgarden and Tardos, 2004]. We consider the more difficult atomic congestion

game where the potential function can be non-convex. For online non-atomic case, [Krichene

et al., 2015] considers partial information setting while they provide convergence in the

sense of Cesaro means. [Kleinberg et al., 2009, Krichene et al., 2014] show that some

no-regret online learning algorithms asymptotically converges to Nash equilibrium. [Chen

and Lu, 2015, 2016] are two closely related works that consider bandit feedback in atomic

congestion games and provide non-asymptotic convergence. However, they still assume a

convex potential function and the sample complexity has exponential dependence on the

number of facilities, which is far from ideal.

Markov Games. Markov games are widely studied since the seminal work [Shapley,

1953]. Recently, the topic has received much attention due to advances in reinforcement

learning theory. Liu et al. [2021a] provides a centralized algorithm for learning the Nash

equilibrium in general-sum Markov games, and [Jin et al., 2021b, Song et al., 2021a] provide

decentralized algorithms for learning the (coarse) correlated equilibrium. One closely related

line of research is on Markov potential games [Leonardos et al., 2021, Zhang et al., 2021c,

Fox et al., 2021, Cen et al., 2022a, Ding et al., 2022]. However, applying their algorithms

to congestion games leads to explicit dependence on the number of actions, which would be

exponentially worse than our algorithms. See Table 6.1 for comparisons. Our independent
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Markov congestion game is motivated by the state-based potential games studied in Marden

[2012] and Macua et al. [2018], and its transition kernel is closely related to the factored

MDPs, for which single agent algorithms are studied in [Osband and Van Roy, 2014, Chen

et al., 2020, Xu and Tewari, 2020, Tian et al., 2020, Rosenberg and Mansour, 2021].

Learning in Games. Different from our paper, learning in games in traditional literature

of game theory mainly considers players’ asymptotic behavior [Leslie and Collins, 2005,

Cominetti et al., 2010, Coucheney et al., 2015]. In early literature, Leslie [2004] investigates

actor-critic learning and Q-learning algorithms in games with bandit feedback and their

connection to best-response dynamics. Leslie and Collins [2005] proposes individual Q-

learning algorithm and shows that it converges to the NE almost surely in two-player zero-

sum game and Leslie and Collins [2006] studies learning the NE from the perspective of a

fictitious play-like process. Later, Cominetti et al. [2010] considers payoff-based learning

rules and shows convergence to NE in traffic games, while another payoff-based learning

model for continuous games is developed in Bervoets et al. [2020]. Coucheney et al. [2015]

derives a new penalty-regulated dynamics and proposes a corresponding learning algorithms

that converges to NE in potential games with bandit feedback. Bravo et al. [2018] proposes

that in monotone games with bandit feedback, as long as all players are using some no-

regret learning algorithm, the dynamics will converge to the NE, and an improved analysis

of the same derivative-free algorithm is given in Drusvyatskiy et al. [2022]. In contrast, our

learning objective focuses on finite-time cumulative rewards, which is more widely used in

current multi-agent reinforcement learning literature [Ding et al., 2022, Liu et al., 2021a].

6.3 Preliminaries

General-sum Matrix Games. We consider the model of general-sum matrix games,

defined by the tuple G = ({Ai}mi=1 , R), where m is the number of players, Ai is the action

space of player i and R(·|a) is the reward distribution on [0, rmax]m with mean r(a). Let

A = A1×· · ·×Am be the whole action space and denote an element as a = (a1, . . . , am) ∈ A.

After all players take actions a ∈ A, a reward vector is sampled r ∼ R(·|a) and player i will

receive reward ri ∈ [0, rmax] with mean ri(a). Each player’s objective is to maximize her

own reward.
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A general policy π is defined as a vector in ∆(A), the probability simplex over the action

space A. A product policy π = (π1, . . . , πm) is defined as a tuple in ∆(A1)× · · · ×∆(Am),

in which a = (a1, . . . , am) ∼ π represents ai
i.i.d.∼ πi. The value of policy π for player i is

V π
i = Ea∼π[ri(a)].

Nash Equilibrium and Nash Regret. Given a general policy π, let π−i be the marginal

joint policy of players 1, . . . , i − 1, i + 1, . . . ,m. Then, the best response of player i under

policy π is π†
i = argmaxµ∈∆(Ai) V

µ,π−i

i and the corresponding value is V †,π−i

i := V
π†

i ,π−i

i .

Our goal is to find the approximate Nash equilibrium of the matrix game, which is defined

below.

Definition 6.3.1. A product policy π is an ϵ-approximate Nash equilibrium if maxi(V †,π−i

i −

V π
i ) ≤ ϵ.

An ϵ-approximate Nash equilibrium can be obtained by achieving a sublinear Nash

regret, which is defined below. See Section 3 in Ding et al. [2022] for a more detailed

discussion.

Definition 6.3.2. With πk being the policy at k-th episode, the Nash regret after K

episodes is define as

Nash-Regret(K) =
K∑
k=1

max
i∈[m]

(
V

†,πk
−i

i − V πk

i

)
.

Remark 6.3.3. Here, if we replace maxi∈[m] by
∑m
i=1 in the definition of Nash regret, the

single-step Nash regret at episode k will become the Nikaido-Isoda (NI) function evaluated

at πk, which is a popular objective for equilibrium computation [Nikaidô and Isoda, 1955,

Raghunathan et al., 2019]. Replacing maxi∈[m] by
∑m
i=1 will multiply our regret bounds by

a factor of m, while our conclusion will not be affected.

Potential Games. A potential game is a general-sum game such that there exists a

potential function Φ : ∆(A)→ [0,Φmax] such that for any player i ∈ [m] and policies πi, π′
i,

π−i, it satisfies

Φ(πi, π−i)− Φ(π′
i, π−i) = V

πi,π−i

i − V π′
i,π−i

i .

We can immediately see that a policy that maximizes the potential function is a Nash

equilibrium.



98

Congestion Games. A congestion game is defined by G = (F , {Ai}mi=1 ,
{
Rf
}
f∈F

), where

F = [F ] is called the facility set and Rf (·|n) ∈ [0, 1] is the reward distribution for facility

f with mean rf (n), where n ∈ [m]. Each action ai ∈ Ai is a subset of F (i.e., ai ⊆ F).

Suppose the joint action chosen by all the players is a ∈ A, then a random reward is

sampled rf ∼ Rf (·|nf (a)) for each facility f , where nf (a) =
∑m
i=1 1 {f ∈ ai} is the number

of players using facility f . The reward collected by player i is ri =
∑
f∈ai

rf with mean

ri(a) =
∑
f∈ai

rf (nf (a)) ∈ [0, F ].

Connection to Potential Games [Monderer and Shapley, 1996]. As a special class of

potential game, all congestion games have the potential function: Φ(a) =
∑
f∈F

∑nf (a)
i=1 rf (i).

To see this, we can easily verify that Φ(ai, a−i) − Φ(a′
i, a−i) = ri(ai, a−i) − ri(a′

i, a−i)

holds. Then, by defining Φ(π) = Ea∼π[Φ(a)], we can have Φ(πi, π−i) − Φ(π′
i, π−i) =

V
πi,π−i

i − V π′
i,π−i

i .

Types of feedback. There are in general two types of reward feedback for the conges-

tion games, semi-bandit feedback and bandit feedback, both of which are reasonable under

different scenarios. In semi-bandit feedback, after taking the action, player i will receive

reward information rf for each f ∈ ai; in bandit feedback, after taking the action, player i

will only receive the reward ri =
∑
f∈ai

rf with no knowledge about each rf . In this paper,

we will address both of them, with more focus on the bandit feedback, which can be directly

generalized to semi-bandit feedback.

6.4 Centralized Algorithms for Congestion Games

In this section, we introduce two centralized algorithms for congestion games – one for the

semi-bandit feedback and one for the bandit feedback. We will see that both of them can

achieve sublinear Nash regret with polynomial dependence on both m and F .

6.4.1 Algorithm for Semi-bandit Feedback

Summarized in Algorithm 10, Nash upper confidence bound (Nash-UCB) for congestion

games is developed based on optimism in the face of uncertainty. In particular, the algorithm

estimates the reward matrices optimistically in line 4, computes its Nash equilibrium policy
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in line 6 and then follows this policy.

For convenience, we define the empirical counter Nk,f (n) =
∑k
k′=1 1

{
nf (ak′) = n

}
and

ι̃ = 2 log(4(m+ 1)K/δ). Then, the reward estimator for f and the bonus term are defined

as

r̂k,f (n) =
∑k
k′=1 r

k′,f1
{
nf (ak′) = n

}
Nk,f (n) ∨ 1 , bk,ri (a) =

∑
f∈ai

√
ι̃

Nk,f (nf (a)) ∨ 1 , (6.1)

where rk,f ∈ [0, 1] is the random reward realization of rf (nf (ak)). Naturally, the reward

estimator for player i is r̂ki (a) =
∑
f∈ai

r̂k,f (nf (a)).

Algorithm 10 Nash-UCB for Congestion Games
1: Input: ϵ, accuracy parameter for Nash equilibrium computation

2: for episode k = 1, . . . ,K do

3: for player i = 1, . . . ,m do

4: Compute Qki (a)← r̂ki (a) + bk,ri (a) for all a ∈ A

5: end for

6: Compute πk ← ϵ-Nash(Qk1(·), . . . , Qkm(·)) (Algorithm 11)

7: Take action ak ∼ πk and observe reward rk,f

8: Update reward estimators r̂ki and bonus term bk,ri

9: end for

Algorithm 10 is motivated by the Nash-VI algorithm in [Liu et al., 2021a] plus a delib-

erate utilization of the special reward structure in the congestion games. Moreover, notice

that a matrix game with reward functions Qk1(·), . . . , Qkm(·) forms a potential game (see

Lemma E.2.1). As a result, in line 6, we can efficiently compute the ϵ-approximate Nash

equilibrium πk for that matrix game by utilizing Algorithm 11, (see Lemma E.2.2). It is

a simple greedy algorithm such that in each round, it modifies one player’s policy whose

modification can increase the potential function most. In addition, Algorithm 11 always

outputs a deterministic product policy.
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Algorithm 11 ϵ-approximate Nash Equilibrium for Potential Games
1: Input: ϵ, accuracy parameter; full information potential game {(Ai)mi=1 , (ri)

m
i=1} such

that ri ∈ [0, rmax] for all i ∈ [m]

2: Initialize: π1 = a1, arbitrary deterministic product policy

3: for round k = 1, . . . ,
⌈mrmax

ϵ

⌉
do

4: for player i = 1, . . . ,m do

5: ∆i ← maxai∈Ai ri(ai, πk−i)− ri(πk)

6: ak+1
i ← argmaxa∈Ai

ri(ai, πk−i)− ri(πk)

7: end for

8: if maxi∈[m] ∆i ≤ ϵ then

9: return πk

10: end if

11: j ← argmaxi∈[m] ∆i

12: Update πk+1(j)← ak+1
j and πk+1(i)← πk(i) for all i ̸= j

13: end for
6.4.2 Algorithm for Bandit Feedback

When the players can only receive bandit feedback, estimating r̂k,f directly for each f ∈ F

is no longer feasible. However, notice that the reward function ri(a) =
∑
f∈ai

rf (nf (a)) can

be seen as an inner product between vectors characterized by action a and reward function

rf (·). Therefore, under bandit feedback, we can treat it as a linear bandit and use ridge

regression to build the reward estimator r̃ki and corresponding bonus term b̃k,r, whose index

i is dropped since it is the same for all players. The new algorithm will use these two terms

to replace r̂ki and bk,ri in line 4 of Algorithm 10.

In particular, define θ ∈ [0, 1]d̃ with d̃ = mF to be the vector such that rf (n) =

θn+m(f−1). Meanwhile, for player i ∈ [m], define Ai : A 7→ {0, 1}d̃ to be the vector-valued

function such that

[Ai(a)]j = 1
{
j = n+m(f − 1), f ∈ ai, n = nf (a)

}
.

In other words, Ai(a) is a 0-1 vector with element 1 only at indices corresponding to those

in θ that represents rf (n) for f ∈ ai and n = nf (a). Now, with these definitions, the reward
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function can be written as ri(a) = ⟨Ai(a), θ⟩. Then, we build the reward estimator and

the bonus term through ridge regression and corresponding confidence bound, which are

defined as the following:

r̃ki (a) =
〈
Ai(a), θ̂k

〉
, b̃k,r(a) = max

i∈[m]
∥Ai(a)∥(V k)−1

√
β̃k, (6.2)

where θ̂k =
(
V k
)−1∑k−1

k′=1
∑m
i=1Ai(ak

′)rk′
i , V k = I +

∑k−1
k′=1

∑m
i=1Ai(ak

′)Ai(ak
′)⊤ and√

β̃k =
√
d̃+

√
F d̃ log

(
1 + mkF

d̃

)
+ F ι̃. Note that we cannot bound the sum of this bonus

terms by directly applying the elliptical potential lemma. We instead prove its variant in

Lemma E.3.2.

6.4.3 Regret Analysis

The Nash regret bounds for the two versions of Algorithm 10 are formally presented in

Theorem 6.4.1. The proof details are deferred to Appendix E.3.

Theorem 6.4.1. Let ϵ = 1/K. For congestion games with semi-bandit feedback, by running

Algorithm 10 with reward estimator and bonus term in (6.1), with probability at least 1− δ,

we can achieve that

Nash-Regret(K) ≤ Õ
(
F
√
mK

)
.

Furthermore, if we only have bandit feedback, then by running Algorithm 10 with reward

estimator and bonus term in (6.2), with probability at least 1− δ, we can achieve that

Nash-Regret(K) ≤ Õ
(
mF 3/2√K

)
.

Remark 6.4.2. Since each action is a subset of F , the size of each player’s action space can

be 2F . As a result, directly applying Nash-VI in [Liu et al., 2021a] leads to a regret bound

exponential in F .

Remark 6.4.3. Note that we assume rf ∈ [0, 1], which implies ri ∈ [0, F ] for each player

i ∈ [m].
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6.5 Decentralized Algorithms for Congestion Games

In this section, we present a decentralized algorithm for congestion games. Due to limited

space, we only introduce the version of bandit feedback as in Section 6.4.2. The algorithmic

details for the semi-bandit feedback setting are deferred into Appendix E.4.3. We will

show that under both settings, even though each player can only observe her own actions

and rewards, our decentralized algorithm still enjoys sublinear Nash regret with polynomial

dependence on m and F .

We first define the vector-valued function ϕi : Ai 7→ {0, 1}Fi to be the feature map of

player i such that [ϕi(ai)]f = 1 {f ∈ ai} for ai ∈ Ai and f ∈
⋃
ai∈Ai

ai. Here, Fi is the size

of
⋃
ai∈Ai

ai ⊆ F and we can immediately see that Fi ≤ F for any i ∈ [m].

The core idea of our algorithm is that the Nash equilibrium can be found by reaching the

stationary points of the potential function since all congestion games are potential games.

Here, the UCB-like algorithms used in the centralized setting are not applicable because

their policy computation requires value functions for all players (e.g., line 6 of Algorithm

10), which are not available in the decentralized setting. Summarized in Algorithm 12,

the decentralized algorithm is developed based on the Frank-Wolfe method and has the

following three major components.

Gradient Estimator. In line 8, the algorithm builds the estimator ∇̂ki Φ defined in (6.4)

by using the τ reward samples collected from line 5. Here, ∇̂ki Φ estimates the gradient of

potential function Φ with respect to the policy πki . Recall that for a congestion game, we

have Φ(a) =
∑
f∈F

∑nf (a)
i=1 rf (i) and Φ(π) = Ea∼π [Φ(a)]. Then we can define ∇iΦ := ∇πiΦ

as a vector of dimension |Ai|. For the component indexed by some ai ∈ Ai, we can see

that Φ(π) = πi(ai)Ea−i∼π−i [ri(ai, a−i)] + const, where const does not depend on πi(ai).

Therefore, we have

∇iΦ(ai) = Ea−i∼π−i [ri(ai, a−i)] = Ea−i∼π−i

∑
f∈ai

rf (nf (ai, a−i))

 = ⟨ϕi(ai), θi(π)⟩ , (6.3)
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Algorithm 12 Frank-Wolfe with Exploration for Congestion Game
1: Input: γ, ν, mixture weights; π1

i , initial policy

2: Initialize: ρi, the G-optimal design for player i, defined in (6.5)

3: for episode k = 1, . . . ,K do

4: for round t = 1, . . . , τ do

5: Each player takes action ak,ti ∼ πki , observes reward rk,ti

6: end for

7: for player i = 1, . . . ,m do

8: Compute ∇̂ki Φ(ai) by the formula in (6.4) for all ai ∈ Ai
9: Compute π̃k+1

i ← argmaxπi∈∆(Ai)⟨πi, ∇̂
k
i Φ⟩

10: Update

πk+1
i ← (1− γ)

(
νπ̃k+1

i + (1− ν)πki
)

+ γρi

11: end for

12: end for

where [θi(π)]f = Ea−i∼π−i

[
rf (nf (a−i) + 1)

]
. Meanwhile, the mean of the t-th reward that

player i received at episode k satisfies

E
[
rk,ti | a

k,t
]

= ri(ak,t) =
∑
f∈ak,t

i

rf (nf (ak,t)) =
〈
ϕi(ak,ti ), θk,ti (ak,t−i)

〉
,

where [θk,ti (ak,t−i)]f = rf (nf (ak,t−i) + 1) and its mean is [θi(πk)]f . Therefore, we can use linear

regression to estimate θi(πk). In particular, we have θ̂ki (πk) = 1
τ

∑τ
t=1

(
Σk
i

)−1
ϕi(ak,ti )rk,ti ,

with the covariance matrix Σk
i = Eai∼πk

i

[
ϕi(ai)ϕi(ai)⊤

]
. Then, we have the unbiased gra-

dient estimate

∇̂ki Φ(ai) =
〈
ϕi(ai), θ̂ki (πk)

〉
= 1
τ

τ∑
t=1

ϕi(ai)⊤
(
Σk
i

)−1
ϕi(ak,ti )rk,ti . (6.4)

Remark 6.5.1. One difference between Algorithm 12 (decentralized) and Algorithm 10 (cen-

tralized) is that in the decentralized algorithm, each player is required to play the same

policy for τ times before an update can be applied. An episode is thus defined for conve-

nience as the time period during which the players’ policies are fixed. We make this artificial
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design mainly for controlling the variance of the gradient estimator ∇̂ki Φ(ai). However, we

conjecture that with more careful design and analysis, it should be possible to improve

Algorithm 12 so that only one sample is required per episode [Zhang et al., 2020c].

G-optimal Design. In line 9 and 10, the algorithm performs standard Frank-Wolfe up-

date and mixes the updated policy with an exploration policy ρi, which is defined as the

G-optimal allocation for features {ϕi(ai)}ai∈Ai
. To be specific, we have

ρi = argmin
λ∈∆(Ai)

max
ai∈Ai

∥ϕi(ai)∥2Ea′
i
∼λ[ϕi(a′

i)ϕi(a′
i)⊤]−1 . (6.5)

Here ρi guarantees that Σk
i is invertible and the variance of ∇̂ki Φ(ai) =

〈
ϕi(ai), θ̂ki (πk)

〉
depends only on F instead of the size of action space (Lemma E.4.3) because by the fa-

mous Kiefer-Wolfowitz theorem, we have maxai∈Ai ∥ϕi(ai)∥
2
Ea′

i
∼ρi

[ϕi(a′
i)ϕi(a′

i)⊤]−1 = Fi ≤ F

[Lattimore and Szepesvári, 2020].

Frank-Wolfe Update. Finally, we emphasize that it is crucial to use Frank-Wolfe update

because it is compatible with L1 norm and we can show that Φ is mF -smooth with respect

to the L1 norm (Lemma E.4.5). In contrast, its smoothness for L2 norm will depend on the

size of the action space.

Before the game starts, each player i can compute her ρi based on her own action set

Ai. During the game, all players only have access to their own actions and rewards, which

means that Algorithm 12 is fully decentralized. The Nash regret bound for this algorithm

is formally stated in Theorem 6.5.2 and the proof details are given in Appendix E.4.1 and

E.4.2.

Theorem 6.5.2. Let T = Kτ . For congestion game with bandit feedback, by running

Algorithm 12 with gradient estimator ∇̂ki Φ in (6.4) and exploration distribution ρi in (6.5),

if K ≥ 2F
m , then with probability at least 1− δ, we have

Nash-Regret(T ) :=
K∑
k=1

τ max
i∈[m]

(
V

†,πk
−i

i − V πk

i

)
≤ Õ

(
m2F 2T 5/6 +m3F 3T 2/3

)
.

For congestion game with semi-bandit feedback, by running Algorithm 12 with gradient esti-

mator ∇̃ki Φ(ai) and exploration distribution ρ̃i defined in Appendix E.4.3, if K ≥ 2
√
F

m , then
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with probability at least 1− δ, we have

Nash-Regret(T ) ≤ Õ
(
m2F 3/2T 5/6 +m3F 2T 2/3

)
.

6.6 Extension to Independent Markov Congestion Games

In this section, we propose and analyze a Markov extension of the congestion games, called

the independent Markov congestion games (IMCGs).

6.6.1 Problem Formulation

General-sum Markov Games. A finite-horizon time-inhomogeneous tabular general-

sum Markov game is defined by M = {S, {Ai}mi=1 , H, P,R, s0}, where S is the state space,

m is the number of players, Ai is the action space of player i, A = A1×· · ·×Am is the whole

action space, H is the time horizon, s0 is the initial state∗, P = (P1, P2, · · · , PH) with Ph ∈

[0, 1]S×A×S as the transition kernel at timestep h, R = {Rh(·|sh,ah)}Hh=1 with Rh(·|sh,ah) as

the reward distribution on [0, rmax]m with mean rh(sh, ah) ∈ [0, rmax]m at timestep h ∈ [H].

At timestep h, all players choose their actions simultaneously and a reward vector is sampled

rh ∼ Rh(·|sh,ah), where sh is the current state and ah = (ah,1, ah,2, · · · , ah,m) is the joint

action. Each player i receives reward rh,i and the state transits to sh+1 ∼ Ph(·|sh,ah). The

objective for each player is to maximize her own total reward. We assume that the initial

state s1 is fixed.

A (Markov) policy π is a collection of H functions {πh : S 7→ ∆(A)}Hh=1, each of which

maps a state to a distribution over the action space. π is a product policy if πh(· | s) is a

product policy for each (h, s) ∈ [H]×S. The value function and Q-value function of player

i at timestep h under policy π are defined as

V π
h,i(s) = Eπ

[
H∑

h′=h

rh′,i(sh′ , ah′ ) | sh = s

]
, Qπ

h,i(s, a) = Eπ

[
H∑

h′=h

rh′,i(sh′ , ah′ ) | sh = s, ah = a

]
.

The best responses and Nash regret can be defined similarly as those for matrix games. In

particular, given a policy π, player i’s best response policy is π†
h,i(· | s) = argmaxµ∈∆(Ai) V

µ,π−i

h,i (s)

and the corresponding value function is denoted as V †,π−i

h,i .

∗An episode is defined as running H steps from the initial state s0, which is common for the episodic

MDP.
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Definition 6.6.1. With πk being the policy at kth episode, the Nash regret after K episodes

is define as

Nash-Regret(K) =
K∑
k=1

max
i∈[m]

(
V

†,πk
−i

1,i − V πk

1,i

)
(s1).

Independent Markov Congestion Game. A general-sum Markov game is an indepen-

dent Markov congestion game (IMCG) if there exists a facility set F such that ai ⊆ F for

any ai ∈ Ai, a state space S =
∏
f∈F Sf , a set of facility reward distributions {Rfh}h∈[H],f∈F

such that if the joint action at sh is a, we have rh,i =
∑
f∈ai

rfh, where rfh ∼ R
f
h(·|sh, nf (a))

with support on [0, 1] and mean rfh(sh, nf (a)), and a set of transition matrices {P fh }h∈[H],f∈F

such that Ph(s′|s,a) =
∏
f∈F P

f
h (s′f |sf , nf (a)). In other words, at each timestep h and state

s ∈ S, the players are in a congestion game. Meanwhile, each facility has its own state and

independent state transition, which only depends on its current state and number of play-

ers using that facility. This transition kernel can be viewed as a special case of that in

factored MDPs. The IMCG also admits two types of feedback, semi-bandit feedback and

bandit feedback, just like the congestion game. In this paper, we will consider both types

of feedback.

6.6.2 Theoretical Guarantee

Summarized in Algorithm 25, our centralized algorithm for IMCGs is naturally extended

from the Nash-UCB (Algorithm 10) by incorporating transition kernel estimators, corre-

sponding bonus terms and Bellman backward update. The key idea is to utilize the inde-

pendent transition structure to remove the dependence on the exponential size of the state

space S =
∏
f∈F S

f . We tackle this issue by adapting technique from factored MDP [Chen

et al., 2020]. The algorithmic details for both types of feedback are deferred into Appendix

E.5. The Nash regret bounds for the two versions of Algorithm 25 are stated in Theorem

6.6.2 and the proof details are deferred to Appendix E.6.

Theorem 6.6.2. For independent Markov congestion game with semi-bandit feedback, by

running the centralized Algorithm 25, with probability at least 1− δ, we can achieve that

Nash-Regret(K) ≤ Õ

∑
f∈F

FSf
√
mH3T

+ Õ

m2H2F
∑
f ̸=f ′

(
SfSf

′)2
 .
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Furthermore, if we only have bandit feedback, then by running Algorithm 25 with reward

estimator and bonus term in (E.7) and (E.8), with probability at least 1− δ, we can achieve

that

Nash-Regret(K) ≤ Õ

∑
f∈F

FSf
√
m2H3T

+ Õ

m2H2F
∑
f ̸=f ′

(
SfSf

′)2
 .

The regret bound in [Liu et al., 2021a] is Õ(
√
H3S2(Πm

i=1Ai)T ), where both Ai and

S =
∏
f∈F S

f can be exponential in F . Our bounds have polynomial dependence on all the

parameters.

6.7 Conclusion

In this paper, we study sample-efficient learning in congestion games by utilizing the special

reward structure. We propose both centralized and decentralized algorithms for congestion

games with two types of feedback, all achieving sample complexities only polynomial in the

number of facilities. To the best of our knowledge, each one of them is the first sample-

efficient learning algorithm for congestion games in its own setting. We further define the

independent Markov congestion game (IMCG) as a natural extension of the congestion game

into the Markov setting together with a sample-efficient centralized algorithm for both types

of feedback.

One promising future direction is to find a sample-efficient decentralized algorithm such

that from each player’s own perspective, the algorithm is still no-regret. In other words,

diminishing regret is guaranteed for the player by running this algorithm even though other

players may use policies from different algorithms. Another important future direction

is to find sample-efficient centralized/decentralized algorithms that can explicitly find an

approximate Nash equilibrium policy.
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Chapter 7

LEARNING OPTIMAL TAX DESIGN IN CONGESTION GAMES

This chapter is based on Cui et al. [2024], with Maryam Fazel and Simon S. Du.

7.1 Introduction

In modern society, large-scale systems often consist of many self-interested players with

shared resources, such as transportation and communication networks. Importantly, the

objectives of individual players are not always aligned with the system efficiency, and the

system designer should take this into consideration. A widely known example is Braess’s

paradox, where adding more roads to a network can make the network more congested

[Braess, 1968]. Price of anarchy is a notion that measures the inefficiency caused by self-

ish behavior compared with optimal centralized behavior [Koutsoupias and Papadimitriou,

1999]. Characterizing such inefficiency has been an active research area with applications in

resource allocation [Marden and Roughgarden, 2014], traffic congestion [Roughgarden and

Tardos, 2004], and others. The inefficiency motivates research on how to design mechanisms

to improve performance even when the players are still behaving selfishly.

Tax mechanisms are a standard approach to resolving the inefficiency issue, which are

widely studied in economics, operations research, and game theory. The goal of tax mecha-

nisms is to incentivize self-interested players to follow socially optimal behavior by applying

tax/subsidy. Congestion game is a widely studied class of game theory models characteriz-

ing the interactions between players sharing facilities, where the cost of each facility depends

on the “congestion” level [Wardrop, 1952, Rosenthal, 1973]. As a motivating example, in

traffic routing games, each facility corresponds to an edge in a network, and each player

chooses a path that connects her source node and target node. The cost of each facility

corresponds to the latency of each edge, which depends on the number of players using

that edge. Then, the tax can be interpreted as the toll collected by the road owner or the
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government to improve overall traffic efficiency [Bergendorff et al., 1997].

Most existing works on congestion game tax design focus on the computation complexity

of the optimal tax [Nisan et al., 2007a, Caragiannis et al., 2010]. They assume the tax de-

signer has full knowledge of the underlying game, which is unrealistic in many applications.

As Nash equilibrium is the only stable state of the system, we study a partial information

feedback setting named “equilibrium feedback”, where the tax designer can only observe

information about the Nash equilibrium. The limited feedback information brings new

challenges to the tax designer, and strategic exploration is necessary to learn or design the

optimal tax. In this work, we aim to take the first step in learning optimal tax design for

congestion games, and we study the following problem:

How can we learn the optimal tax design in congestion games with equilibrium feedback?

Below we highlight our contributions.

7.1.1 Main Contributions and Technical Novelties

1. The first algorithm for learning optimal tax design in congestion games. To

the best of our knowledge, this is the first result for learning optimal tax in congestion games

with partial information feedback. Our algorithm enjoys O(F 2β/ϵ) sample complexity for

learning an ϵ-optimal tax, where F is the number of facilities and β is the smoothness

coefficient of the cost function. The sample complexity has no dependence on the number of

actions, which could be exponential in F . In addition, we provide an efficient implementation

for network congestion games with Õ(poly(V,E, ϵ)) computational complexity, where V and

E are the numbers of the vertexes and edges in the network. Due to space limitation, we

defer the computation analysis and experiments to Appendix F.3 and Appendix F.5.

2. Piece-wise linear function approximation. We only assume the cost functions

are smooth and make no parameterization assumptions as they are too strong to be satisfied

in real-world applications. To tackle this challenge, we use piece-wise linear functions to

approximate the optimal tax function. While only the values of the cost functions can be

observed, we show that a carefully designed piece-wise linear function can approximate the

unobservable optimal tax function well.
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3. Strongly convex potential function. One challenge in tax design is controlling

the sensitivity of Nash equilibrium w.r.t. tax perturbation. We always enforce tax functions

with subgradient lower bounded by some positive value, which leads to a strongly convex

potential function. As a result, the Nash equilibrium will be unique and Lipschitz with

respect to tax perturbation. As the potential function for optimal tax is not necessarily

strongly convex, we carefully choose the strong-convexity coefficient to balance the induced

bias.

4. Exploratory tax design. Given the equilibrium feedback, the tax designer can

only indirectly query the cost function by applying tax. Consequently, exploration in tax

design becomes much more difficult than that in standard bandit problems where the player

can directly query the value of an action [Lattimore and Szepesvári, 2020]. We design an

exploratory tax that pushes the equilibrium to the “boundary”, where an additional tax

perturbation will change the equilibrium and reveal information about at least one unknown

facility.

In this work, we focus on the well-known nonatomic congestion games. We hope our

algorithm and analysis provide new insight on the intriguing structure of nonatomic con-

gestion games. In addition, the tax design algorithm might find applications in real-world

problems such as toll design in traffic networks. Due to space limitation, most proofs are

deferred to the appendix.

Notations. [m] = {1, 2, · · · ,m}. For a set of real numbers K and a real number

x : min{K} ≤ x ≤ max{K}, we define [x]+K := miny∈K:y≥x y and [x]−K := maxy∈K:y≤x y. The

clip operation clip(a, l, r) := min{max{a, l}, r} clips a into the interval [l, r]. We use O(·)

to hide absolute constants and Õ(·) to hide polylog terms as well. A function f : X 7→ R is

α-strongly convex if f(y) ≥ f(x) +∇f(x)⊤(y − x) + α
2 ∥y − x∥

2
2 ,∀x, y ∈ X . f is β-smooth

if ∥∇f(x)−∇f(y)∥2 ≤ β ∥x− y∥2 ,∀x, y ∈ X .

7.2 Related Work

Learning in congestion games. We refer the readers to the textbook [Nisan et al.,

2007a] for a general introduction to congestion games, the price of anarchy and tax mech-

anisms. Nonatomic congestion games were first studied in [Pigou, 1912] and formalized
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by [Wardrop, 1952]. Atomic congestion games were introduced by [Rosenthal, 1973] and

the connection with potential games is developed by [Monderer and Shapley, 1996]. In

contrast to general-sum games without structures, (approximate) Nash equilibrium can be

computed efficiently in congestion games due to the existence of the potential function. Re-

cently, various algorithms are developed to learn the Nash equilibrium in congestion games

with different feedback oracles [Krichene et al., 2015, Chen and Lu, 2016, Cui et al., 2022,

Jiang et al., 2022, Panageas et al., 2023, Dong et al., 2023, Dadi et al., 2024]. These algo-

rithms are derived from the perspective of the players in the system, while our algorithm is

essentially different in that it is utilized by the system designer to induce better equilibrium.

Optimal tax design in congestion games. For nonatomic congestion games, optimal

tax design has a closed-form solution known as the marginal cost mechanism [Nisan et al.,

2007a]. For atomic congestion games, the marginal cost mechanism can no longer improve

the efficiency [Paccagnan et al., 2021]. Instead, other mechanisms are proposed for optimal

local/global and congestion dependent/independent tax in atomic congestion games [Cara-

giannis et al., 2010, Bilò and Vinci, 2019, Paccagnan et al., 2021, Paccagnan and Gairing,

2021, Harks et al., 2015]. Notably, all of these mechanisms assume full knowledge of the

game while we consider learning with partial information feedback.

Stackelberg games. Stackelberg game [Von Stackelberg, 2010] models the interactions

between leaders and followers such that leaders take actions first and the followers make

decisions after observing leaders’ actions. Tax design can be formulated as a Stackelberg

game where the designer is the leader and the game players are the followers. Equipped

with a best response oracle to predict followers’ actions, Letchford et al. [2009], Blum

et al. [2014], Peng et al. [2019] propose algorithms for learning Stackelberg equilibrium.

Recently, Bai et al. [2021], Zhong et al. [2021], Zhao et al. [2023] generalize these results

to learning Skackelberg equilibrium with bandit feedback, under finite actions or linear

function approximation assumptions. For tax design, the search space is an exponentially

large function space with complicated dependence on the objective. Consequently, existing

results for Stackelberg games become vacuous when specialized to our problem.
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Mathematical programming under equilibrium constraint. Tax design can be for-

mulated as minimizing social cost with respect to tax under the constraint that players

are following the equilibrium. This is known as mathematical programs with equilibrium

constraints (MPEC). MPEC is a bilevel optimization problem and is NP-hard in general

[Luo et al., 1996]. Existing approaches use specific inner loop algorithms to approach the

equilibrium so that the gradient can be propagated to the outer loop [Li et al., 2020, Liu

et al., 2022a, Li et al., 2022c, Maheshwari et al., 2023, Li et al., 2023, Grontas et al., 2024],

relying on a unique and differentiable equilibrium [Colson et al., 2007]. However, such an

approach requires many strong assumptions, such as the tax designer can control the algo-

rithm of the agents, convex objective function and parameterized tax function. In contrast,

our results make none of these assumptions.

7.3 Preliminaries

Nonatomic congestion games. A weighted nonatomic congestion game (congestion

game) is described by the tuple (F ,A[m], w[m], cF ), where F is the set of facilities with

cardinality F , m is the number of commodities, Ai is the action set for commodity i ∈ [m],

wi ∈ [0, 1] is the weight for commodity i ∈ [m] such that
∑
i∈[m]wi = 1, and cf : [0, 1] 7→ [0, 1]

is the cost function for facility f ∈ F . Each commodity consists of infinite number of

infinitesimal players with a total load to be wi. Each individual player is self-interested and

has a negligible effect on the game.

In congestion games, action a ∈ Ai, i ∈ [m] is a subset of F , i.e. a ⊆ F , which denotes

the facilities utilized by action a. For commodity i ∈ [m], we use strategy xi = (xi,a)a∈Ai ∈

[0, wi]|Ai| with constraint
∑
a∈Ai

xi,a = wi to denote how the load is distributed over all the

actions. The joint strategy for the game is represented by x = (x1, x2, · · · , xm) ∈ [0, 1]A,

where A =
∑
i∈[m] |Ai|. We use X to denote the set of all feasible strategies.

A decentralized perspective of strategy xi for commodity i is that each self-interested

infinitesimal player follows a randomized strategy that chooses a ∈ Ai with probability

proportional to xi,a. With the law of large number, the load on action a would be xi,a.
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Cost function. For a strategy x, the cost of a facility is cf (lf (x)), where lf (x) =
∑
i∈[m]

∑
a∈Ai:f∈a xi,a

is the load on facility f . The cost of an action a is the sum of the facility cost that a utilizes:

ca(x) :=
∑
f∈a cf (lf (x)).

We make the following assumption on the cost function. Monotonicity is a standard

congestion game assumption, which is also observed in many real-world applications as

more players sharing one facility, each player will have less gain or more cost [Nisan et al.,

2007a]. Smoothness is a standard technical assumption for analysis.

Assumption 7.3.1. We assume the cost function satisfies:

1. Monotonicity: cf (·) is non-decreasing for all f ∈ F ,

2. Smoothness: cf (·) is β-smooth for all f ∈ F .

Nash equilibrium. Nash equilibrium in nonatomic congestion games, also known as the

Wardrop equilibrium [Wardrop, 1952], is the strategy that no player has the incentive to

deviate from its strategy as formalized in Definition 7.3.2. In other words, Nash equilibrium

is a stable state for a system with selfish players.

Definition 7.3.2. A Nash equilibrium strategy x is a joint strategy such that each player

is choosing the best action: for any commodity i ∈ [m] and actions a, a′ ∈ Ai, we have

ca(x) ≤ ca′(x), if xi,a > 0.

Similarly, an ϵ-approximate Nash equilibrium x satisfies that

∀i ∈ [m], a, a′ ∈ Ai, ca(x) ≤ ca′(x) + ϵ, if xi,a > 0.

For a strategy x and commodity i, actions a ∈ Ai such that xi,a > 0 are named as

the “in-support” actions and the others are “off-support” actions. For a Nash equilibrium,

in-support actions must all have the same cost and off-support actions are no better than

in-support actions. It is well known that Nash equilibrium always exists in congestion games

[Beckmann et al., 1956].
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Potential Function. An important concept in congestion games is the potential function:

Φ(x) :=
∑
f

∫ lf (x)

0
cf (u)du.

If Assumption 7.3.1 is satisfied, then Φ(x) is a convex function and Nash equilibrium is

equivalent to the minimizer of the potential function [Beckmann et al., 1956].

Network congestion games. Network congestion games are congestion games with mul-

ticommodity network structure, which are also known as the selfish routing games [Rough-

garden, 2005]. A multicommodity network is described by a directed graph (V, E) where

V is the vertex set and E is the edge (facility) set. In addition, each commodity i ∈ [m]

corresponds to a pair of source and target vertex (si, ti), and actions are all feasible paths

connecting si and ti. Each edge is associated with a nondecreasing cost (latency) function.

7.4 Tax Design for Congestion Games

In this section, we introduce tax design in congestion games. Before we get into the details,

we will first introduce some notions to simplify the problem.

7.4.1 Polytope Description for Congestion Games

For a strategy xi ∈ R|Ai|, the dimension |Ai| can be as large as 2F . Instead, it would be

convenient to consider the facility load yi ∈ RF such that yi,f =
∑
a∈Ai:f∈a xi,a. In addition,

we define y =
∑
i∈[m] yi ∈ RF to be the total facility load. We use ϕ(i)(·) to denote the

reparameterization mapping:

ϕ(x) = y, ϕi(xi) = yi,∀i ∈ [m],

and we set Y = {y ∈ RF : ∃x ∈ X , y = ϕ(x)} to be the set of all feasible loads. Note that

ϕ is not necessarily a bijection, i.e., there could exist multiple strategies sharing the same

load. We use ϕ−1(y) := {x ∈ X : ϕ(x) = y} to denote the set of strategies that are mapped

to load y. The potential function can be defined after the repameterization as well:

Φrepa(y) :=
∑
f

∫ yf

0
cf (u)du = Φ(x), ∀x ∈ Φ−1(y).
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Importantly, Φrepa(y) does not depend on the choice of strategy x ∈ ϕ−1(y). For the

reparameterized potential function, we have the following lemma showing that it is almost

equivalent to the original potential function. When it is clear from the context, we will

simplify Φrepa as Φ.

Lemma 7.4.1. Φrepa is convex under Assumption 7.3.1. If y∗ = argminy Φrepa(y), then for

any x ∈ ϕ−1(y∗), x is a Nash equilibrium.

For any Nash equilibrium strategy x, we call y = ϕ(x) the Nash equilibrium load (Nash

load).

7.4.2 Optimal Tax for Congestion Games

Nash equilibrium is a stable state for a system with self-interested players, as no player has

the incentive to deviate unilaterally. However, Nash equilibrium does not efficiently utilize

the facilities, which is measured by the social cost:

Ψ(y) :=
∑
f

yfcf (yf ).

Price of anarchy is a concept that measures the efficiency of selfish agents in a system,

defined as the ratio between the worst-case social cost for equilibria and the optimal social

cost:

PoA = maxy is a Nash equilibrium load Ψ(y)
miny∈Y Ψ(y)

For example, in nonatomic congestion games with polynomial cost functions, the price of

anarchy grows as Θ(d/ ln d) where d is the degree of the polynomials [Nisan et al., 2007a].

To reduce the price of anarchy, one standard approach is to enforce a tax on each facility

to change the behavior of the self-interested players. Formally, a taxed congestion game is

described by (F ,A[m], w[m], cF , τF ) with an additional tax function τf : [0, 1]→ R on facility

f ∈ F . The cost of facility f with load u under tax becomes cf (u)+τf (u). Correspondingly,

we define the potential function with tax τ as

Φ(y; τ) :=
∑
f

∫ yf

0
[cf (u) + τf (u)] du,
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and the Nash load would satisfy y∗ ∈ argminy Φ(y; τ).

The optimal tax is defined as the tax that can induce optimal social behavior for self-

interested players. We want to note that tax is not included in social cost following the

convention in tax design.

Definition 7.4.2. A tax τ is an optimal tax if all Nash equilibria under tax τ can minimize

the social cost:

argmin
y∈Y

Φ(y; τ) ⊆ argmin
y∈Y

Ψ(y).

In addition, a tax τ is an ϵ-optimal tax if we have

Ψ(y) ≤ min
y′∈Y

Ψ(y′) + ϵ,∀y ∈ argmin
y′′∈Y

Φ(y′′; τ).

The marginal cost tax is defined as

τ∗ : τ∗
f (u) = uc′

f (u),∀f ∈ F .

As Φ(y; τ∗) = Ψ(y), the Nash equilibrium under tax τ∗ will minimize the social cost and τ∗

is an optimal tax [Nisan et al., 2007a]. We will make the following assumption so that the

cost combined with tax c+ τ∗ is still non-decreasing. In many real world problems, c′
f (u) is

non-decreasing due to the law of diminishing marginal utility, which guarantees Assumption

7.4.3.

Assumption 7.4.3. Marginal cost tax τ∗
f (u) = uc′

f (u) is non-decreasing for all f ∈ F .

7.4.3 Tax Design for Congestion Games

In this paper, we consider the case where the system designer (e.g. government) wants

to enforce an (approximate) optimal tax to induce optimal social behavior and maximize

social welfare. However, the cost function is unknown so the optimal tax function cannot

be computed directly via the marginal cost mechanism. On the other hand, the designer

can enforce several taxes and observe the feedback. As Nash equilibrium is the stable state

of the system, we assume the designer can observe the equilibrium feedback.

Formally, tax design is formulated as an online learning problem as shown in Protocol 4.

At round t, the designer can choose a tax τ t and observe the corresponding Nash equilibrium
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Protocol 4 Online Tax Design for Congestion Games
Initialize: Facility set F .

for t = 1, 2, . . . , T do

Designer chooses tax τ t.

Designer observes Nash load yt = argminy∈Y Φ(y; τ) and Nash cost ct = [cf (ytf )]f∈F

for f ∈ F .

end for
load yt ∈ RF and Nash equilibrium cost ct ∈ RF . The sample complexity of a tax design

algorithm is the number of rounds for designing an ϵ-optimal tax.

A naive approach is the designer first enumerates all of the ϵ-approximations of τ∗

and chooses the tax with minimal social cost. However, such an approach would require

O((1/ϵ)Fβ/ϵ) samples as the complexity of using piece-wise linear function to approximate

τ∗
f (a β-smooth function) with ϵ error is O((1/ϵ)β/ϵ), resulting in exponential dependence

on the parameters β, 1/ϵ and F .

Another approach is applying algorithms for mathematical programming under equilib-

rium constraints. Specifically, we can formulate tax design as solving

min
τ

Ψ(y(τ)), s.t. y(τ) = argmin
y∈Y

Φ(y; τ).

However, y(τ) can be non-differentiable or even discontinuous w.r.t. τ , and Ψ(y(τ)) can

be non-convex w.r.t. τ (Lemma F.1.2). As a result, previous results do not apply to our

problem as they apply gradient-based methods and make convexity assumptions [Li et al.,

2020, Liu et al., 2022a].

7.5 Learning Optimal Tax in Nonatomic Congestion Games

In this section, we describe our algorithm that can learn an ϵ-optimal tax with O(F 2β/ϵ)

samples. First, we introduce piece-wise linear functions as a nonparametric way to approx-

imate the marginal cost tax τ∗ [Takezawa, 2005].

Definition 7.5.1. (Piece-wise Linear Function) We use a dictionary∗ d = {(x1, y1), · · · , (xn, yn)}

∗In this dictionary, key is xi and value is yi. For readers unfamiliar with the dictionary data structure,

it can be regarded as a set with a special update operation.
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for xi ̸= xj , ∀i ̸= j (w.l.o.g. we let x1 < x2 < · · · < xn) to represent a piece-wise linear

function d(·) on [x1, xn] such that

d(x) = x− xi+1
xi − xi+1

yi + xi − x
xi − xi+1

yi+1,∀x ∈ [xi, xi+1].

In addition, we use
⋃

to represent the update method for dictionary. I.e., d
⋃

(x, y) is the

piece-wise linear function interpolating one more point (x, y) if (x, d(x)) is not already in d,

otherwise it will update d(x) to y.

We will maintain the piece-wise function on a grid  L = {0,∆, 2∆, · · · ,K∆ = 1} with

K =
⌈

2β
ϵ

⌉
and ∆ = 1/K. The time complexity for computing d(x) is O(logK) for any

x ∈ [0, 1].

7.5.1 Main Algorithm

In this section, we introduce our main algorithm. At each round t, we will maintain a known

index set Ktf ⊆  L where the marginal cost tax can be accurately estimated (Lemma F.2.2),

and use a piece-wise linear function to approximate the tax function by interpolating the

values at the known indexes. The piece-wise linear function takes the form τ tf = {(xti, yti)}i
and the known index set Ktf satisfies {xti}i = Ktf

⋃
{1} and Ktf ⊆  L. Here 1 is a special

case as it is not in the known index set initially but it is needed as the boundary for the

piece-wise linear function τ tf . Initially, the tax is set to be τ1
f (u) = {(0, 0), (1, β + ϵ)} and

the auxiliary tax is τ̂1
f = {(0, 0), (1, β)} for f ∈ F (Line 2). Here we set τ̂1

f (1) = β as β is

always an upper bound on τ∗
f (1). The auxiliary tax τ̂ tf is a non-decreasing piece-wice linear

approximation of τ∗
f and we always set tax τ tf (u) = τ̂ tf (u)+ϵu to ensure that the subgradient

of the tax enforced is lower bounded by ϵ.

At round t, after observing Nash equilibrium load yt ∈ RF and Nash equilibrium cost

ct ∈ RF , the facilities are split into two sets: known facilities and unknown facilities.

Definition 7.5.2. For each round t, facility f is known if the Nash load ytf ∈ [0, 1] satisfies

[ytf ]− L ∈ K
t
f and [ytf ]+ L ∈ K

t
f . Otherwise, facility f is unknown for round t.

For a known facility f , the Nash load is either in the known index set or sandwiched

by two consecutive known indexes. As a result, the tax estimate for the Nash load τ tf (ytf )
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Algorithm 13 Tax Design for Congestion Game
1: Initialize: Facility set F , number of rounds T , tolerance ϵ, smoothness β, perturbation

δ = ϵ∆2/8.

2: Set initial tax τ1 : τ1
f = {(0, 0), (1, β + ϵ)} for all f ∈ F . Set K1

f to be {0} for all f ∈ F .

3: for t = 1, 2, . . . , T do

4: Observe Nash load yt ∈ RF and Nash cost ct ∈ RF under tax τ t.

5: Set F̄ to be the unknown facility set (Definition 7.5.2).

6: Set lf = τ tf ([ytf ]−Kt
f
) + ϵ(ytf − [ytf ]−Kt

f
) and rf = τ tf ([ytf ]+Kt

f

⋃
{1}) + ϵ(ytf − [ytf ]+Kt

f

⋃
{1})

for each f ∈ F̄ .

7: Run Algorithm 14 with input yt, ct, τ t = [τ tf (ytf )]f , F̄ and [lf , rf ]f∈F̄ .

8: if Algorithm 14 return False then

9: return τ t

10: else

11: Algorithm 14 return τ̃ ∈ RF , f̃ ∈ F̄ , sign ∈ {−1, 1}.

12: Apply tax τ̇ t : τ̇ t
f̃

= τ t
f̃

⋃
(yt
f̃
, τ̃ t
f̃
) + sign · δ and τ̇ tf = τ tf

⋃
(ytf , τ̃ tf ) for f ̸= f̃ .

13: Observe ẏt, ċt ∈ RF as the Nash load and the Nash cost of each facility.

14: Update τt+1 and Kt+1 according to (7.1).

15: end if

16: end for
will be close to the true optimal tax τ∗

f (ytf ) with error 2ϵ (Lemma F.2.3). We will apply

Algorithm 14 to find the exploratory tax to gather information about unknown facilities

(Line 7).

Proposition 7.5.3. If Algorithm 14 return False at round t, then tax τ t is an 6ϵF -optimal

tax. If Algorithm 14 output τ̃ t, f̃ t, signt at round t, then we have

0 <
∣∣∣yt
f̃ t
− ẏt

f̃ t

∣∣∣ ≤ ∆.

If Algorithm 14 output τ̃ t, f̃ t, signt at round t, we update the tax and the known index

set by the following rule. For u ∈ {[yt
f̃ t

]+ L, [y
t

f̃ t
]− L}\K

t

f̃ t
(this set is not empty as f̃ t is an
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unknown facility), we set

τ̂ t+1
f̃ t

=τ̂ t
f̃ t

⋃(
u, clip

(
u ·

ct
f̃ t
− ċt

f̃ t

yt
f̃ t
− ẏt

f̃ t

, τ̂ t
f̃ t

([yt
f̃ t

]−Kt

f̃t

), τ̂ t
f̃ t

([yt
f̃ t

]+Kt

f̃t

⋃
{1})

))
, (7.1)

Kt+1
f̃ t

=Kt
f̃ t

⋃
{u}. (7.2)

and τ̂ t+1
f = τ̂ tf ,K

t+1
f = Ktf for f ̸= f̃ t. Then we set τ t+1

f (u) = τ̂ t+1
f (u) + ϵu for all f ∈ F and

u ∈ [0, 1].

In words, we clip the two-point estimate u ·
ct

f̃t
−ċt

f̃t

yt

f̃t
−ẏt

f̃t

on the left and right known index

of τ̂ t
f̃ t

(u) so that τ̂ t+1
f̃ t

(u) is still a non-decreasing piece-wise linear approximation of the

marginal cost tax τ∗
f . τ t+1

f is added with an extra linear term to guarantee a strongly

convex potential function (Lemma 7.5.7). As 0 <
∣∣∣ytf − ẏtf ∣∣∣ ≤ ∆, the two point estimate

of the gradient ct
f −ċt

f

yt
f

−ẏt
f

is accurate enough for c′
f (u) such that

∣∣∣∣τ t+1
f̃ t

(u)− τf (u)
∣∣∣∣ ≤ ϵ (Lemma

F.2.1).

As |Kt
f̃ t
| increases by 1 at round t and there are F such sets with size bounded by

O(β/ϵ), Algorithm 14 will output False within at most O(Fβ/ϵ) rounds, which implies τ t

is an ϵF -optimal tax (Proposition 7.5.3). With proper rescaling, the sample complexity for

learning ϵ-optimal tax is O(F 2β/ϵ).

Theorem 7.5.4. Under Assumption 7.3.1 and Assumption 7.4.3, Algorithm 13 will output a

6ϵF tax within T ≤ 2Fβ/ϵ rounds. In addition, each round has at most two tax realizations.

Remark 7.5.5. To uniformly approximate a β-smooth function, we have to know its value

at O(β/ϵ) points [Takezawa, 2005]. For an ϵ-optimal tax, we need to estimate τ∗
f with ϵ/F

accuracy as the error accumulates with all the facilities. As a result, we conjecture that

O(F 2β/ϵ) sample complexity is tight and we leave the lower bound to future work.

Remark 7.5.6. Our algorithm can be easily adapted to the case where we have feedback

other than only the equilibrium feedback. Specifically, when the tax designer obtain a

non-equilibrium feedback, she can still update the optimal tax estimate if the feedback

provides new information. It is possible for our algorithm to find the optimal tax even if

no equilibrium feedback is provided. In addition, as long as the equilibrium can be reached

after applying a tax, the algorithm can always find the optimal tax.
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7.5.2 Subroutine for Finding Exploratory Tax

In this section, we describe Algorithm 14, which can find an exploratory tax that satisfies

Proposition 7.5.3. The idea is we can observe another similar but different Nash equilibrium

load by perturbing the tax. However, there are two challenges:

1. Perturbing the tax might change the Nash equilibrium load drastically.

2. Perturbing the tax might not change the Nash equilibrium load at all.

To resolve the first issue, we always apply taxes that have (sub)gradient lower bounded

by ϵ > 0. The feasible range [lf , rf ] for updating tax τ tf with (ytf , ·) guarantees that the

updated tax still maintains the subgradient lower bound. By Lemma 7.5.7, the potential

function is always ϵ-strongly convex. As a result, the Nash load for any feasible tax is unique

and Lipschitz w.r.t. tax perturbation. To resolve the second issue, we find the tax that

makes the current Nash equilibrium on the “boundary”. I.e., an additional perturbation will

make the Nash equilibrium change. Intuitively, this is similar to removing the slackness in

a constrained optimization problem. By Lemma 7.5.8, we can observe a different Nash load

on f if we make the additional perturbation.

Lemma 7.5.7. If the subgradient of the cost function cf is lower bounded by ϵ > 0 for

all f ∈ F , then the potential function Φrepa(y) is ϵ-strongly convex. However, Φ(x) is not

necessarily strongly convex.

Lemma 7.5.8. If two taxes τ and τ̇ only differ in facility f and the Nash loads y and ẏ

are different, then yf ̸= ẏf .

Definition 7.5.9. The gap for a strategy x ∈ X with cost c ∈ RF is defined as

Gapi(x, c) = min
a:xi,a=0

∑
f :f∈a

cf − max
a:xi,a ̸=0

∑
f :f∈a

cf . (7.3)

In the algorithm, we use Gapi(x, c) to measure the cost gap between in-support actions

and off-support actions for commodity i and strategy x. If x is a Nash equilibrium and

c is the Nash cost, then all of the in-support actions have the same minimal cost and
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Algorithm 14 Test Tax Design (Part 1)

1: Initialize: Nash flow y ∈ RF , tax τ ∈ RF , cost c ∈ RF , unknown facility set F̄ ,

unknown facility range [lf , rf ] for f ∈ F̄ .

2: Set strategy x ∈ ϕ−1(y). Compute commodity load yi = ϕi(xi) ∈ RF for i ∈ [m].

3: Set I = False.

4: if Exists f ∈ F̄ and i ∈ [m] such that 0 < yi(f) < wi then

5: return τ, f, 1.

6: end if

7: for Commodity i ∈ [m] do

8: Let F̄i = {f ∈ F̄ :
∑
a:f∈a xi,a = wi} and F̄ ′

i = {f ∈ F̄ :
∑
a:f∈a xi,a = 0}.

9: Set τ̄ : τ̄F̄i
= rF̄i

, τ̄F̄ ′
i

= lF̄ ′
i
, τ̄F\(F̄i

⋃
F̄ ′

i) = τF\(F̄i

⋃
F̄ ′

i).

10: if Gapi(x, c+ τ̄) < 0 then

11: Set I = True.

12: break

13: end if

14: end for

15: if I = False then

16: return False.

17: end if

18: Set τ ′ = τ

19: for f ∈ F̄i do

20: Set τ̃u : τ̃uf = u, τ̃uF\{f} = τ ′
F\{f}.

21: Set u = argmax{u : Gapj(x, c+ τ̃u) ≥ 0, ∀j}.

22: if u ≤ rf then

23: return τ̃u, f, 1.

24: end if

25: Set τ ′ = τ̃ rf .

26: end for

27: for f ∈ F̄ ′
i do

28: Set τ̃u : τ̃uf = u, τ̃uF\{f} = τ ′
F\{f}.

29: Set u = argmin{u : Gapj(x, c+ τ̃u) ≥ 0,∀j}.
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Algorithm 15 Test Tax Design (Part 2)
30: if u ≥ lf then

31: return τ̃u, f,−1.

32: end if

33: Set τ ′ = τ̃ lf .

34: end for
Gapi(x, c) ≥ 0 holds. Informally, “boundary” tax τ means that Gapi(x, c + τ) = 0 for a

Nash equilibrium x and perturbing τ results in Gapi(x, c+ τ) < 0, so the Nash equilibrium

under the perturbed tax will be different from x.

Now we discuss how Algorithm 14 finds the “boundary” tax in detail. The input to the

algorithm is the Nash flow y, the Nash cost c, the Nash tax τ , the unknown facility set F̄

and the feasible tax range [lf , rf ] for each unknown facility f ∈ F̄ . We emphasize that here

the Nash cost/tax are the values of the cost/tax function on the Nash load and they are

vectors in RF instead of functions. [lf , rf ] is the feasible range for the perturbed tax value

at facility f . By the definition of lf and rf , current tax τ tf updated with (ytf , u), u ∈ [lf , rf ]

is still a tax with subgradient lower bounded by ϵ.

For the first step, the algorithm will compute strategy x ∈ ϕ−1(y) as the Nash equilib-

rium strategy (Line 2). If there exists an unknown facility f and commodity i such that

not all load of commodity i is using f or not using f (Line 4), then perturbing the tax at

facility f will make x not longer a Nash equilibrium as in-support actions have different

costs.

Otherwise, for each unknown facility f and commodity i, either all of the load is using

f or all of the load is not using f . As a result, in-support actions always have the same

cost after perturbing the tax. For the next step, we verify if there exists a tax within the

feasible ranges for unknown facilities that makes x not a Nash equilibrium. However, there

does not exist a universal worst-case tax that can verify if x is always a Nash equilibrium

or not.

Fortunately, the worst-case tax has a closed form for each commodity separately: the

taxes for facilities used by all of the Nash load would be the upper bound rf and the taxes

for facilities used by none of the Nash load would be the lower bound lf , thus maximizing
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the cost for in-support actions and minimizing the cost for off-support actions (Line 9). For

each commodity i, we apply the corresponding worst-case tax and check if the in-support

actions are still the optimal actions (Line 10). If for all commodities, the in-support actions

are optimal under the worst-case tax, then for any tax within the feasible range, y is the

Nash load and the algorithm will output False (Line 16). As τ∗ is approximately within the

range, yt approximately minimizes the social cost (Lemma F.2.5).

Otherwise, the algorithm finds commodity i such that x is not the Nash equilibrium

under the worst-case tax (Line 11). For the last step, we gradually transform the initial tax

to this worst-case tax and stop when x is not the Nash equilibrium for some commodity.

Specifically, the algorithm iteratively changes the tax in the unknown facility set F̄ =

F̄i
⋃
F̄ ′
i (Line 19 and Line 27) to the worst-case tax.

For facility f ∈ F̄i, the algorithm finds the boundary tax for facility f that satisfies

u = argmax
u
{u : Gapj(x, c+ τ̃u) ≥ 0, ∀j ∈ [m]}.

If u ≤ rf , we will output τ̃u, f, 1. By the definition of u, if we further increase u, one of the

gaps will become negative and x is no longer the Nash equilibrium. Otherwise, all feasible

taxes for f have a nonnegative gap for all commodities, which means x is still the Nash

equilibrium, and we continue for the next facility. After enumerating all the facilities in F̄i,

we enumerate F̄ ′
i in the same way. Eventually, the tax is transformed into the worst-case

tax with negative gap for commodity i, so this process will end and output τ̃u, f, sign such

that τ̃u is the tax that makes the Nash equilibrium on the boundary, f is the facility to

perturb and sign is the direction to perturb the tax at f .

7.6 Conclusion

We proposed the first algorithm with polynomial sample complexity for learning optimal

tax in nonatomic congestion games. The algorithm leverages several novel designs to exploit

the special structure of congestion games, which can also be implemented efficiently. Below

we list a few potential future research directions:

1. Relaxing the Nash equilibrium assumption to players following no-regret dynamics or

quantal response equilibrium.
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2. Design algorithms that do not require prior knowledge of the smoothess coefficient.

3. Generalize the algorithm to atomic congestion games.
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Amélie Heliou, Johanne Cohen, and Panayotis Mertikopoulos. Learning with bandit feed-

back in potential games. Advances in Neural Information Processing Systems, 30, 2017b.

Yu-Guan Hsieh, Kimon Antonakopoulos, Volkan Cevher, and Panayotis Mertikopoulos. No-

regret learning in games with noisy feedback: Faster rates and adaptivity via learning

rate separation. arXiv preprint arXiv:2206.06015, 2022.

Baihe Huang, Jason D Lee, Zhaoran Wang, and Zhuoran Yang. Towards general function

approximation in zero-sum markov games. arXiv preprint arXiv:2107.14702, 2021.

Jiawei Huang and Nan Jiang. From Importance Sampling to Doubly Robust Policy Gradi-

https://proceedings.neurips.cc/paper_files/paper/2017/file/39ae2ed11b14a4ccb41d35e9d1ba5d11-Paper.pdf
https://proceedings.neurips.cc/paper_files/paper/2017/file/39ae2ed11b14a4ccb41d35e9d1ba5d11-Paper.pdf


138

ent. arXiv:1910.09066 [cs, stat], June 2020. URL http://arxiv.org/abs/1910.09066.

arXiv: 1910.09066.

Christian Ibars, Monica Navarro, and Lorenza Giupponi. Distributed demand management

in smart grid with a congestion game. In 2010 First IEEE International Conference on

Smart Grid Communications, pages 495–500. IEEE, 2010.

Shinji Ito. A tight lower bound and efficient reduction for swap regret. Advances in Neural

Information Processing Systems, 33:18550–18559, 2020.

Zeyu Jia, Lin F Yang, and Mengdi Wang. Feature-based q-learning for two-player stochastic

games. arXiv preprint arXiv:1906.00423, 2019.

Haozhe Jiang, Qiwen Cui, Zhihan Xiong, Maryam Fazel, and Simon S Du. Offline con-

gestion games: How feedback type affects data coverage requirement. arXiv preprint

arXiv:2210.13396, 2022.

Haozhe Jiang, Qiwen Cui, Zhihan Xiong, Maryam Fazel, and Simon S Du. A black-

box approach for non-stationary multi-agent reinforcement learning. arXiv preprint

arXiv:2306.07465, 2023.

Jiechuan Jiang and Zongqing Lu. Offline decentralized multi-agent reinforcement learning.

arXiv preprint arXiv:2108.01832, 2021.

Nan Jiang and Jiawei Huang. Minimax Value Interval for Off-Policy Evaluation and Policy

Optimization. arXiv:2002.02081 [cs, math, stat], November 2020. URL http://arxiv.

org/abs/2002.02081. arXiv: 2002.02081.

Nan Jiang and Lihong Li. Doubly Robust Off-policy Value Evaluation for Reinforcement

Learning. arXiv:1511.03722 [cs, stat], May 2016. URL http://arxiv.org/abs/1511.

03722. arXiv: 1511.03722.

Nan Jiang, Akshay Krishnamurthy, Alekh Agarwal, John Langford, and Robert E Schapire.

Contextual decision processes with low bellman rank are pac-learnable. In International

Conference on Machine Learning, pages 1704–1713. PMLR, 2017.

http://arxiv.org/abs/1910.09066
http://arxiv.org/abs/2002.02081
http://arxiv.org/abs/2002.02081
http://arxiv.org/abs/1511.03722
http://arxiv.org/abs/1511.03722


139

Chi Jin, Zeyuan Allen-Zhu, Sebastien Bubeck, and Michael I Jordan. Is q-learning provably

efficient? Advances in neural information processing systems, 31, 2018.

Chi Jin, Zhuoran Yang, Zhaoran Wang, and Michael I Jordan. Provably efficient reinforce-

ment learning with linear function approximation. In Conference on Learning Theory,

pages 2137–2143. PMLR, 2020.

Chi Jin, Qinghua Liu, and Sobhan Miryoosefi. Bellman eluder dimension: New rich classes

of rl problems, and sample-efficient algorithms. Advances in neural information processing

systems, 34:13406–13418, 2021a.

Chi Jin, Qinghua Liu, Yuanhao Wang, and Tiancheng Yu. V-learning–a simple, efficient,

decentralized algorithm for multiagent rl. arXiv preprint arXiv:2110.14555, 2021b.

Chi Jin, Qinghua Liu, Yuanhao Wang, and Tiancheng Yu. V-learning – a simple, efficient,

decentralized algorithm for multiagent rl, 2021c.

Chi Jin, Qinghua Liu, and Tiancheng Yu. The power of exploiter: Provable multi-agent rl in

large state spaces. In International Conference on Machine Learning, pages 10251–10279.

PMLR, 2022.

Ying Jin, Zhuoran Yang, and Zhaoran Wang. Is pessimism provably efficient for offline rl?

In International Conference on Machine Learning, pages 5084–5096. PMLR, 2021d.

Ying Jin, Zhuoran Yang, and Zhaoran Wang. Is Pessimism Provably Efficient for Offline

RL? arXiv:2012.15085 [cs, math, stat], May 2021e. URL http://arxiv.org/abs/2012.

15085. arXiv: 2012.15085.

Ramesh Johari and John N Tsitsiklis. Efficiency loss in a network resource allocation game.

Mathematics of Operations Research, 29(3):407–435, 2004.

Gregory Kahn, Pieter Abbeel, and Sergey Levine. Badgr: An autonomous self-supervised

learning-based navigation system. IEEE Robotics and Automation Letters, 6(2):1312–

1319, 2021. Publisher: IEEE.

http://arxiv.org/abs/2012.15085
http://arxiv.org/abs/2012.15085


140

Sham Machandranath Kakade. On the sample complexity of reinforcement learning. Uni-

versity of London, University College London (United Kingdom), 2003.

Dmitry Kalashnikov, Alex Irpan, Peter Pastor, Julian Ibarz, Alexander Herzog, Eric Jang,

Deirdre Quillen, Ethan Holly, Mrinal Kalakrishnan, Vincent Vanhoucke, and others. Scal-

able deep reinforcement learning for vision-based robotic manipulation. In Conference on

Robot Learning, pages 651–673. PMLR, 2018.

Yun Geon Kim, Seokgi Lee, Jiyeon Son, Heechul Bae, and Byung Do Chung. Multi-agent

system and reinforcement learning approach for distributed intelligence in a flexible smart

manufacturing system. Journal of Manufacturing Systems, 57:440–450, 2020.
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Appendix A

DEFERRED CONTENTS FROM CHAPTER ??

A.1 Algorithm

Algorithm 16 Pessimistic Nash Value Iteration with Reference Advantage Decomposition

1: Input: Dataset D =
{

(skh, akh, bkh, rkh, skh+1)
}n,H
k,h=1

; Failure Probability δ

2: Initialization: Randomly split the dataset D into Dre, D0, and {Dh,1}Hh=1 with |Dre| =

n/3, |D0| = n/3, |Dh,1| = n/(3H) for all h ∈ [H]

3: Set vH+1 = vH+1 = 0

4: Learn the reference value function vre, vre ← PNVI(Dre) (Algorithm 1)

5: Set P̂h,0 and r̂h,0 as (2.2) using the dataset D0 for all h ∈ [H]

6: Set P̂h,1 and r̂h,1 as (2.2) using the dataset Dh,1 for all h ∈ [H]

7: Set bh,0 and bh,0 as (2.7) using the dataset D0 for all h ∈ [H]

8: for h = H,H − 1, . . . , 1 do

9: Set bh,1 and bh,1 as (2.8) using the dataset Dh,1
10: Set q

h
(·, ·, ·) as (2.5)

11: Compute the NE of q
h
(·, ·, ·) as (mh(·), nh(·))

12: Compute vh(·) = Ea∼mh,b∼nh
q
h
(·, a, b)

13: Set qh(·, ·, ·) as (2.6)

14: Compute the NE of qh(·, ·, ·) as (mh(·), nh(·))

15: Compute vh(·) = Ea∼mh,b∼nh
qh(·, a, b)

16: end for

17: Output: m = (m1,m2, . . . ,mH), n = (n1, n2, . . . , nH)
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A.2 Proofs in Section 2.4.1

Lemma A.2.1. (Concentration) With probability 1− δ, we have

∣∣∣rh(s, a, b)− r̂h(s, a, b) +
〈
Ph(·|s, a, b)− P̂h(·|s, a, b), V h+1(·)

〉∣∣∣ ≤ bh(s, a, b),

∣∣∣rh(s, a, b)− r̂h(s, a, b) +
〈
Ph(·|s, a, b)− P̂h(·|s, a, b), V h+1(·)

〉∣∣∣ ≤ bh(s, a, b),

1
nh(s, a, b) ∨ 1 ≤

8Hι
ndρh(s, a, b) .

holds for all h ∈ [H], s ∈ S, a ∈ A and b ∈ B. We define this as the good event G.

Proof. We provide the proof for the first argument and the proof for the second argument

holds similarly. For all s, a, b, h, we have

|rh(s, a, b)− r̂h(s, a, b)| ≤H
√

1
nh(s, a, b) ∨ 1 ,

as whenever nh(s, a, b) ≥ 1, r̂h(s, a, b) = rh(s, a, b). For the concentration on〈
P̂ (·|s, a, b), V h+1(·)

〉
, note that V h+1 only depends on the dataset {Dt}Ht=h+1 while

P̂h(·|s, a, b) only depends on the dataset Dh, which means they are independent and then

Hoeffding’s inequality can be applied:

〈
Ph(·|s, a, b)− P̂h(·|s, a, b), V h+1(·)

〉
≤2
√

H2ι

nh(s, a, b) ∨ 1 .

The second argument holds similarly. For the third argument, the proof is from Lemma B.1

in Xie et al. [2021b].

Lemma A.2.2. (Pessimism) Under the good event G, we have that V h(s) ≤ V
µ,∗
h (s) and

V h(s) ≥ V ∗,ν
h (s) hold for all h ∈ [H] and s ∈ S.

Proof. We prove this lemma by induction. The inequalities trivially hold for h = H + 1. If

the inequalities hold for timestep h + 1, now we consider timestep h. By the definition of

Qh(s, a, b), we have

Q
h
(s, a, b) =

(
r̂h(s, a, b) + (P̂h · V h+1)(s, a, b)− bh(s, a, b)

)
∨ 0

≤
(
r(s, a, b) + (P · V µ,∗

h+1)(s, a, b)
)
∨ 0
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=r(s, a, b) + (P · V µ,∗
h+1)(s, a, b)

=Qµ,∗h (s, a, b),

where the inequality is from Lemma A.2.1. With the pessimism on the state-action value

function, we can prove the pessimism on the state value function.

V h(s) =Eµ
h
,νh
Q
h
(s, a, b)

≤Eµ
h
,br(µ

h
)Qh(s, a, b)

≤Eµ
h
,br(µ

h
)Q

µ,∗
h (s, a, b)

=V µ,∗
h (s, a, b),

where the first inequality is from the definition of NE and the second inequality is from the

pessimism of the state-action value function. The arguments for V h hold similarly. Then

by mathematical induction we can prove the lemma.

Lemma A.2.3. Under the good event G, for all h ∈ [H] and sh ∈ S, we have

V ∗
h (sh)− V µ,∗

h (sh) ≤ V µ∗,ν
h (sh)− V h(sh) ≤ 2Eµ∗,ν

[
H∑
t=h

bt(st, at, bt)|sh

]
,

V ∗,ν
h (sh)− V ∗

h (sh) ≤ V h(sh)− V µ,ν∗

h (sh) ≤ 2Eµ,ν∗

[
H∑
t=h

bt(st, at, bt)|sh

]
.

Proof. We prove the first argument and the second argument can be proven similarly. By

the definition of NE, we have V ∗
h ≤ V

µ∗,ν
h . Combined with Lemma A.2.2, we have the first

inequality. For the second inequality, we have

V
µ∗,ν
h (sh)− V h(sh)

=Eµ∗
h
,νh
Q
µ∗,ν
h (sh, ah, bh)− Eµ

h
,νh
Q
h
(sh, ah, bh)

≤Eµ∗
h
,νh
Q
µ∗,ν
h (sh, ah, bh)− Eµ∗

h
,νh
Q
h
(sh, ah, bh)

=Eµ∗
h
,νh

[
Q
µ∗,ν
h (sh, ah, bh)−Q(sh, ah, bh)

]
=Eµ∗

h
,νh

[
rh(sh, ah, bh) +

〈
Ph(·|sh, ah, bh), V µ∗,ν

h+1 (·)
〉
− r̂h(sh, ah, bh)
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−
〈
P̂h(·|sh, ah, bh), V h+1(·)

〉
+ bh(sh, ah, bh)

]
≤Eµ∗

h
,νh

[〈
Ph(·|sh, ah, bh), V µ∗,ν

h+1 (·)− V h+1(·)
〉

+ 2bh(sh, ah, bh)
]

(Lemma A.2.1)

=Eµ∗
h
,νh

[
V ∗
h+1(sh+1)− V ∗

h+1(sh+1)|sh
]

+ 2Eµ∗
h
,ν∗

h
bh(sh, ah, bh)

≤2Eµ∗,ν

[
H∑
t=h

bh(st, at, bt)|sh

]
.

Theorem A.2.4. Suppose Assumption 2.2.2 holds. For any 0 < δ < 1, with probability

1− δ, the output policy π = (µ, ν) of Algorithm 1 satisfies

V ∗
1 (s1)− V µ,∗

1 (s1) ≤ 64

√
C∗SABH5ι2

n
, V ∗,ν

1 (s1)− V ∗
1 (s1) ≤ 64

√
C∗SABH5ι2

n
.

As a result, we have

Gap(µ, ν) ≤ Õ

√C∗SABH5

n

 .
Proof. By Lemma A.2.3, with probability at least 1− δ, we have

V µ∗,∗
1 (s1)− V µ,∗

1 (s1)

≤2
H∑
h=1

Eµ∗,νbh(sh, ah,bh)

=2
H∑
h=1

Eµ∗,ν

[
4
√

H2ι

nh(s, a, b) ∨ 1

]

≤2
H∑
h=1

Eµ∗,ν

[
32
√

H3ι2

ndρh(s, a, b)

]
(Lemma A.2.1)

=2
H∑
h=1

∑
(s,a,b)

d
µ∗,ν
h (s, a, b)

[
32
√

H3ι2

ndρh(s, a, b)

]

≤64
H∑
h=1

∑
(s,a,b)


√
d
µ∗,ν
h (s, a, b)C∗H3ι2

n


≤64
√
SABH ·

√∑H
h=1

∑
(s,a,b) d

µ∗,ν
h (s, a, b)C∗H3ι2

n
(Cauchy-Schwarz Inequality)

=64

√
C∗SABH5ι2

n
.
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Similarly we have

V ∗,ν
1 (s1)− V ∗

1 (s1) ≤ 64

√
C∗SABH5ι2

n
.

As a result, we have

Gap(µ, ν) ≤ V ∗,ν
1 (s1)− V ∗

1 (s1) + V µ∗,∗
1 (s1)− V µ,∗

1 (s1) ≤ Õ

√C∗SABH5

n

 .

Theorem A.2.5. Suppose Assumption 2.2.2 holds. For any 0 < δ < 1 and strategy µ, ν,

with probability 1− δ, the pessimistic values V h and V h of Algorithm 1 satisfy

Eµ∗,ν [V ∗
h (sh)− V h(sh)] ≤ 64

√
C∗SABH5ι2

n
,

Eµ,ν∗

[
V h(sh)− V ∗

h (sh)
]
≤ 64

√
C∗SABH5ι2

n
,

where sh is sampled from the trajectory following the strategy in the expectation at timestep

h.

Proof. We prove the first argument and the second argument can be proven similarly. By

Lemma A.2.3, under good event G for all state s we have

V ∗
h (s)− V µ,∗

h (s)

≤2
H∑
t=h

Eµ∗,ν [bh(st, at, bt)|sh = s] .

We define ν ′ = (ν1, · · · , νh−1, νh, · · · , νH). Then we have

Eµ∗,ν [V ∗
h (sh)− V h(sh)] ≤Eµ∗,ν

[
2
H∑
t=h

Eµ∗,ν [bh(st, at, bt)|sh = s] |s
]

=2
H∑
t=h

Eµ∗,ν′ [bh(st, at, bt)] .

Then following the proof of Theorem A.2.4, we can prove the argument.
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A.3 Proofs in Section 2.4.2

For simplicity, we only provide the guarantee for the max player and the guarantee for the

min player can be proven in a similar manner.

Lemma A.3.1. (Concentration) There exists some absolute constant c > 0 such that the

concentration event G′ holds with probability at least 1− δ, i.e.,∣∣∣r̂h,0(s, a, b)− rh,0(s, a, b) +
[(
P̂h,0 − Ph

)
V ref
h+1

]
(s, a, b)

∣∣∣
≤c


√√√√Var

P̂h,0(s,a,b)(V
ref
h+1)ι

nh,0(s, a, b) ∨ 1 + Hι

nh,0(s, a, b) ∨ 1

 ,
∣∣∣[(P̂h,1 − Ph) (V h+1 − V ref

h+1
)]

(s, a, b)
∣∣∣

≤c


√√√√Var

P̂h,1(s,a,b)(V h+1 − V ref
h+1)ι

nh,1(s, a, b) ∨ 1 + Hι

nh,1(s, a, b) ∨ 1

 ,
1

nh,0(s, a, b) ∨ 1 ≤ c
ι

ndρh(s, a, b) ,
1

nh,1(s, a, b) ∨ 1 ≤ c
Hι

ndρh(s, a, b) .

Proof. The proof is a direct application of Lemma C.1 in Xie et al. [2021b] with s, a replaced

by s, a, b.

Lemma A.3.2. For all h ∈ [H] and s ∈ S, we have V h(s) ≥ V ref
h (s).

Proof. By the update rule (2.5), we have Q
h
(s, a, b) ≥ Qref

h
(s, a, b) for h ∈ [H] and s, a, b ∈

S ×A× B. Then by the definition of NE, we have

V h(s) = Eµ
h
,νh
Q
h
(s, a, b) ≥ Eµref

h
,νh
Q
h
(s, a, b) ≥ Eµref

h
,νh
Qref
h

(s, a, b) ≥ Eµref
h
,νref

h
Qref
h

(s, a, b) = V ref
h (s).

Lemma A.3.3. (Pessimism) Under the good event G′, we have that V h(s) ≤ V µ,∗
h (s) holds

for all h ∈ [H] and s ∈ S.

Proof. We prove this lemma by induction. The inequalities trivially hold for h = H + 1. If

the inequalities hold for h+ 1, now we consider h.

Q
h
(s, a, b)
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=
{
r̂h,0(s, a, b) + (P̂h,0 · V ref

h+1)(s, a, b)− bh,0(s, a, b) + (P̂h,1 · (V h+1 − V ref
h+1))(s, a, b)− bh,1(s, a, b)

}
∨Qref

h
(s, a, b)

≤max
{
rh(s, a, b) + (Ph · V ref

h+1)(s, a, b) +
(
Ph ·

(
V h+1 − V ref

h+1
))

(s, a, b), Qref
h

(s, a, b)
}

= max
{
rh(s, a, b) + (Ph · V h+1)(s, a, b), Qref

h
(s, a, b)

}
≤max

{
rh(s, a, b) + (Ph · V h+1)(s, a, b), rh(s, a, b) + (Ph · V ref

h+1)(s, a, b)
}

(Lemma A.2.2)

≤rh(s, a, b) + (Ph · V h+1)(s, a, b) (Lemma A.3.2)

≤rh(s, a, b) + (Ph · V
µ,∗
h+1)(s, a, b) (Induction hypothesis)

=Qµ,∗h (s, a, b).

Then by the definition of NE, we have

V h(s) =Eµ
h
,νh
Q
h
(s, a, b)

≤Eµ
h
,br(µ

h
)Qh(s, a, b)

≤Eµ
h
,br(µ

h
)Q

µ,∗
h (s, a, b)

=V µ,∗
h (s).

With mathematical induction we can prove the lemma.

Lemma A.3.4. Under the good event G′, we have

V
µ∗,ν

1 (s1)− V 1(s1) ≤ 2Eµ∗,ν

H∑
h=1

bh,0(sh, ah, bh) + 2Eµ∗,ν

H∑
h=1

bh,1(sh, ah, bh)

Proof.

V
µ∗,ν

1 (s1)− V 1(s1)

=Eµ∗
1,ν1

Q
µ∗,ν
1 (s1, a1, b1)− Eµ1,ν1

Q1(s1, a1, b1)

≤Eµ∗
1,ν1

Q
µ∗,ν
1 (s1, a1, b1)− Eµ∗

1,ν1
Q1(s1, a1, b1)

=Eµ∗
1,ν1

[
Q
µ∗,ν
1 (s1, a1, b1)−Q1(s1, a1, b1)

]
=Eµ∗

1,ν1

[
r1(s1, a1, b1) +

〈
P1(·|s1, a1, b1), V µ∗,ν

2 (·)
〉
− V ref

1 (s1) ∨
{
r̂1,0(s1, a1, b1)

+(P̂1,0V
ref
2 )(s1, a1, b1)− b1,0(s1, a1, b1) + (P̂1,1(V 2 − V ref

2 ))(s1, a1, b1)− b1,1(s1, a1, b1)
}]
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≤Eµ∗
1,ν1

[〈
P1(·|s1, a1, b1), V µ∗,ν

2 (·)− V 2(·)
〉

+ 2b1,0(s1, a1, b1) + 2b1,1(s1, a1, b1)
]

(Lemma A.3.1)

=Eµ∗
1,ν1

[
V
µ∗,ν

2 (s2)− V ∗
2(s2)

]
+ 2Eµ∗

1,ν
∗
1
b1,0(s1, a1, b1) + 2Eµ∗

1,ν
∗
1
b1,1(s1, a1, b1)

≤2Eµ∗,ν

H∑
h=1

bh,0(sh, ah, bh) + 2Eµ∗,ν

H∑
h=1

bh,1(sh, ah, bh),

where the last inequality is from telescoping the timestep H.

Lemma A.3.5. For any strategy ν, we have
H∑
h=1

∑
(s,a,b)

dµ
∗,ν
h (s, a, b) Var

Ph(s,a,b)
(V µ∗,ν
h+1 ) ≤ H2.

Proof. This is the standard total variance lemma.
H∑
h=1

∑
(s,a,b)

dµ
∗,ν
h (s, a, b) Var

Ph(s,a,b)
(V µ∗,ν
h )

=
H∑
h=1

Eµ∗,ν
[
Var

[
V ∗
h+1(sh+1)|sh, ah, bh

]]
=

H∑
h=1

Eµ∗,ν

[
E
[(
V ∗
h+1(sh+1) + rh(sh, ah, bh)− V ∗

h (sh)
)2 |sh, ah, bh]]

=
H∑
h=1

Eµ∗,ν

[(
V ∗
h+1(sh+1) + rh(sh, ah, bh)− V ∗

h (sh)
)2]

=Eµ∗,ν

( H∑
h=1

(
V ∗
h+1(sh+1) + rh(sh, ah, bh)− V ∗

h (sh)
))2

=Eµ∗,ν

( H∑
h=1

rh(sh, ah, bh)− V ∗
1 (s1)

)2
= Var
µ∗,ν

(
H∑
h=1

rh(sh, ah, bh)
)

≤H2.

Lemma A.3.6. The output strategy π = (µ, ν) and the pessimistic estimate V of Algorithm

1 satisfy

V
µ∗,ν

1 (s1)− V 1(s1) ≥ Eµ∗,ν

[
V
µ∗,ν
h (sh)− V h(sh)

]
.
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Proof. We prove the argument for h = 2 first.

V
µ∗,ν

1 (s1)− V 1(s1)

≥Eµ∗,ν [Qµ
∗,ν

1 (s1, a1, b1)−Q1(s1, a1, b1)]

≥Eµ∗,ν

[
r1(s1, a1, b1) +

〈
P1(·|s1, a1, b1), V µ∗,ν

2 (·)
〉]
− Eµ∗,ν

[
r̂1,0(s1, a1, b1) + (P̂1,0V

ref
2 )(s1, a1, b1)

−b1,0(s1, a1, b1) + (P̂1,1(V 2 − V ref
2 ))(s1, a1, b1)− b1,1(s1, a1, b1)

]
≥Eµ∗,ν

[
r1(s1, a1, b1) +

〈
P1(·|s1, a1, b1), V µ∗,ν

2 (·)
〉]
− Eµ∗,ν [r1(s1, a1, b1) + ⟨P1(·|s1, a1, b1), V 2(·)⟩]

=Eµ∗,ν

[
V
µ∗,ν

2 (s2)− V 2(s2)
]
.

We can prove the lemma for arbitrary h by telescoping the argument to timestep h.

Lemma A.3.7. For n ≥ C∗SABH3, we have

Eµ∗,ν

H∑
h=1

bh,0(sh, ah, bh) ≤ Õ

√C∗SABH3

n

√
V
µ∗,ν

1 (s1)− V 1(s1)

+ Õ

√C∗SABH3

n

 .
Proof.

Eµ∗,ν

H∑
h=1

bh,0(sh, ah, bh)

=cEµ∗,ν

H∑
h=1


√√√√Var

P̂h,0(s,a,b)(V
ref
h+1)ι

nh,0(s, a, b) ∨ 1 + Hι

nh,0(s, a, b) ∨ 1


≤cEµ∗,ν

H∑
h=1


√√√√cVarPh(s,a,b)(V ref

h+1)ι
ndρh(s, a, b) + cHι

ndρh(s, a, b) + cHι

ndρh(s, a, b)


=c2

H∑
h=1

∑
(s,a,b)

d
µ∗,ν
h (s, a, b)


√√√√VarPh(s,a,b)(V ref

h+1)ι
ndρh(s, a, b) + Hι

ndρh(s, a, b)


≤c2

H∑
h=1

∑
(s,a,b)


√
C∗d

µ∗,ν
h (s, a, b) VarPh(s,a,b)(V ref

h+1)ι
n

+ C∗Hι

n


≤c2√SABH ·

√
C∗ι

∑H
h=1

∑
(s,a,b) d

µ∗,ν
h (s, a, b) VarPh(s,a,b)(V ref

h+1)
n

+ c2SABC∗Hι

n

≤c2√C∗SABHι ·

√√√√∑H
h=1 Eµ∗,ν

[
VarPh(s,a,b)(V ref

h+1)
]

n
+ c2SABC∗Hι

n
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≤c2√C∗SABHι ·

√√√√∑H
h=1 Eµ∗,ν

[
VarPh(s,a,b)(V

µ∗,ν
h+1 ) + 2H[Ph(V µ∗,ν

h+1 − V
ref
h+1)](s, a, b)

]
n

+ c2SABC∗Hι

n

(Lemma A.5.4)

≤c2√C∗SABHι ·

√√√√H2 + 2H
∑H
h=1 Eµ∗,ν

[
V
µ∗,ν
h+1 (sh+1)− V ref

h+1(sh+1)
]

n
+ c2SABC∗Hι

n

(Lemma A.3.5)

=c2√C∗SABHι ·

√√√√H2 + 2H
∑H
h=1 Eµ∗,ν

[
V
µ∗,ν
h+1 (sh+1)− V ∗

h+1(sh+1) + V ∗
h+1(sh+1)− V ref

h+1(sh+1)
]

n

+ c2SABC∗Hι

n

≤c2√C∗SABHι ·

√√√√H2 + 2H2(V µ∗,ν
1 (s1)− V 1(s1)) + 128H

√
C∗SABH5ι2

nref

n
+ c2SABC∗Hι

n

(Lemma A.3.6 and Theorem A.2.5)

≤c
2
√
C∗SABH3ι√

n
+
c2
√

384C∗SABH2ι
√
C∗SABH5ι2

n3/4 + c
√

2C∗SABH3ι√
n

√
V
µ∗,ν

1 (s1)− V 1(s1)

+ c2SABC∗Hι

n

≤Õ

√C∗SABH3

n

√
V
µ∗,ν

1 (s1)− V 1(s1)

+ Õ

√C∗SABH3

n

 . (n ≥ C∗SABH3)

Lemma A.3.8. For n ≥ C∗SABH4, we have

Eµ∗,ν

H∑
h=1

bh,1(sh, ah, bh) ≤ Õ

√C∗SABH3

n

 .
Proof.

Eµ∗,ν

H∑
h=1

bh,1(sh, ah, bh)

=cEµ∗,ν

H∑
h=1


√√√√Var

P̂h,0(s,a,b)(V h+1 − V ref
h+1)ι

nh,1(s, a, b) ∨ 1 + Hι

nh,1(s, a, b) ∨ 1


≤cEµ∗,ν

H∑
h=1


√√√√cH VarPh(s,a,b)(V h+1 − V ref

h+1)ι
ndρh(s, a, b) + cH2ι

ndρh(s, a, b) + cH2ι

ndρh(s, a, b)


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≤c2Eµ∗,ν

H∑
h=1


√√√√H

[
Ph(V h+1 − V ref

h+1)2
]

(s, a, b)ι
ndρh(s, a, b) + H2ι

ndρh(s, a, b)


=c2

H∑
h=1

∑
(s,a,b)

d
µ∗,ν
h (s, a, b)


√√√√H

[
Ph(V h+1 − V ref

h+1)2
]

(s, a, b)ι
ndρh(s, a, b) + H2ι

ndρh(s, a, b)



≤c2
H∑
h=1

∑
(s,a,b)


√√√√C∗Hd

µ∗,ν
h (s, a, b)

[
Ph(V h+1 − V ref

h+1)2
]

(s, a, b)ι
n1

+ H2C∗ι

n1


(Cauchy-Schwarz Inequality)

≤c2√SABHι

√√√√C∗H
∑H
h=1

∑
(s,a,b) d

µ∗,ν
h (s, a, b)

[
Ph(V h+1 − V ref

h+1)2
]

(s, a, b)
n

+ c2SABH3C∗ι

n

≤c2√SABHι

√√√√C∗Hι
∑H
h=1

∑
(s,a,b) d

µ∗,ν
h (s, a, b)

[
Ph(V ∗

h+1 − V
ref
h+1)2

]
(s, a, b)

n
+ c2C∗SABH3ι

n

(V ∗
h+1 ≥ V h+1 ≥ V ref

h+1)

=c2√SABHι

√
H2C∗∑H

h=1
∑
s d

µ∗,ν
h+1(s)(V ∗

h+1(s)− V ref
h+1(s))

n
+ c2C∗SABH3ι

n

≤c2√SABHι

√√√√H2C∗64
√

C∗SABH5ι2

nref

n
+ c2SABH3C∗ι

n
(Theorem A.2.5)

=c2

√
192C∗SABH3ι

√
C∗SABH5ι2

n3/2 + c2C∗SABH3ι

n

≤Õ

√C∗SABH3

n

 . (n ≥ C∗SABH4)

Theorem A.3.9. Suppose Assumption 2.2.2 holds. For any 0 < δ < 1 and n ≥ C∗SABH4,

with probability 1− δ, the output policy π = (µ, ν) of Algorithm 1 satisfies

V ∗
1 (s1)− V µ,∗

1 (s1) ≤ Õ

√C∗SABH3

n

 ,

V ∗,ν
1 (s1)− V ∗

1 (s1) ≤ Õ

√C∗SABH3

n

 .
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As a result, we have

Gap(µ, ν) ≤ Õ

√C∗SABH3

n

 .
Proof.

V
µ∗,ν

1 (s1)− V 1(s1)

≤2Eµ∗,ν

H∑
h=1

bh,0(sh, ah, bh) + 2Eµ∗,ν

H∑
h=1

bh,1(sh, ah, bh) (Lemma A.3.4)

≤Õ

√C∗SABH3

n

√
V
µ∗,ν

1 (s1)− V 1(s1)

+ Õ

√C∗SABH3

n


(Lemma A.3.7 and Lemma A.3.8)

≤Õ

√C∗SABH3

n

+ Õ

(
C∗SABH3

n

)
(Lemma A.5.5)

=Õ

√C∗SABH3

n

 .
By the definition of NE, we have

V ∗
1 (s1)− V µ,∗

1 (s1) ≤ V µ∗,ν
1 (s1)− V 1(s1) ≤ Õ

√C∗SABH3

n

 .
The second argument can be proven in a similar manner. Combining these two argument

and we can prove that

Gap(µ, ν) ≤ Õ

√C∗SABH3

n

 .

A.4 Proofs in Section 2.4.3

A.4.1 Uniform Coverage

Theorem A.4.1. Suppose dm = min
{
dρh(s, a, b) : h ∈ [H], (s, a, b) ∈ S ×A× B

}
and As-

sumption 2.2.2 holds. For any 0 < δ < 1, with probability 1− δ, the output policy π = (µ, ν)

of Algorithm 1 satisfies

V ∗
1 (s1)− V µ,∗

1 (s1) ≤ 64

√
H5ι2

ndm
, V ∗,ν

1 (s1)− V ∗
1 (s1) ≤ 64

√
H5ι2

ndm
.
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As a result, we have

Gap(µ, ν) ≤ Õ

√ H5

ndm

 .
Proof. By Lemma A.2.3, with probability 1− δ we have

V µ∗,∗
1 (s1)− V µ,∗

1 (s1)

≤2
H∑
h=1

Eµ∗,νbh(sh, ah,bh)

=2
H∑
h=1

Eµ∗,ν

[
4
√

H2ι

nh(s, a, b) ∨ 1

]

≤2
H∑
h=1

Eµ∗,ν

[
32
√

H3ι2

ndρh(s, a, b)

]
(Lemma A.2.1)

=2
H∑
h=1

∑
(s,a,b)

d
µ∗,ν
h (s, a, b)

[
32
√

H3ι2

ndρh(s, a, b)

]

≤64
H∑
h=1

∑
(s,a,b)

d
µ∗,ν
h (s, a, b)

√H3ι2

ndm



≤64

√√√√√ H∑
h=1

∑
(s,a,b)

d
µ∗,ν
h (s, a, b) ·

√√√√∑H
h=1

∑
(s,a,b) d

µ∗,ν
h (s, a, b)C∗H3ι2

ndm

(Cauchy-Schwarz Inequality)

=
√
H ·

√
H4ι2

ndm

=64

√
H5ι2

ndm
.

Theorem A.4.2. Suppose dm = min
{
dρh(s, a, b) : h ∈ [H], (s, a, b) ∈ S ×A× B

}
and As-

sumption 2.2.2 holds. For any 0 < δ < 1 and strategy µ, ν, with probability 1 − δ, the

pessimistic value V h and optimistic estimate V h of Algorithm 1 satisfies

Eµ∗,ν [V ∗
h (sh)− V h(sh)] ≤ 64

√
H5ι2

ndm
,Eµ,ν∗

[
V h(sh)− V ∗

h (sh)
]
≤ 64

√
H5ι2

ndm
,

where sh is sampled from the trajectory following the strategy in the expectation at timestep

h.
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Proof. By Lemma A.2.3, under good event G for all state s we have

V ∗
h (s)− V µ,∗

h (s) ≤ 2
H∑
t=h

Eµ∗,ν [bh(st, at, bt)|sh = s]

We define ν ′ = (ν1, · · · , νh−1, νh, · · · , νH). Then we have

Eµ∗,ν [V ∗
h (sh)− V h(sh)] ≤Eµ∗,ν

[
2
H∑
t=h

Eµ∗,ν [bh(st, at, bt)|sh = s] |s
]

=2
H∑
t=h

Eµ∗,ν′ [bh(st, at, bt)] .

Then following the proof of Theorem A.4.1, we can prove the argument.

Lemma A.4.3. Suppose dm = min
{
dρh(s, a, b) : h ∈ [H], (s, a, b) ∈ S ×A× B

}
and As-

sumption 2.3.1 holds. For n ≥ H3/dm, we have

Eµ∗,ν

H∑
h=1

bh,0(sh, ah, bh) ≤ Õ

√ H3

ndm

√
V
µ∗,ν

1 (s1)− V 1(s1)

+ Õ

√ H3

ndm

 .
Proof.

Eµ∗,ν

H∑
h=1

bh,0(sh, ah, bh)

=cEµ∗,ν

H∑
h=1


√√√√Var

P̂h,0(s,a,b)(V
ref
h+1)ι

nh,0(s, a, b) ∨ 1 + Hι

nh,0(s, a, b) ∨ 1


≤cEµ∗,ν

H∑
h=1


√√√√cVarPh(s,a,b)(V ref

h+1)ι
ndρh(s, a, b) + cHι

ndρh(s, a, b) + cHι

ndρh(s, a, b)


≤c2

H∑
h=1

∑
(s,a,b)

d
µ∗,ν
h (s, a, b)

√VarPh(s,a,b)(V ref
h+1)ι

ndm
+ Hι

ndm



≤c2

√√√√√ H∑
h=1

∑
(s,a,b)

d
µ∗,ν
h (s, a, b)


√√√√∑H

h=1
∑

(s,a,b) d
µ∗,ν
h (s, a, b) VarPh(s,a,b)(V ref

h+1)ι
ndm

+ Hι

ndm


(Cauchy-Schwarz inequality)

≤c2√H ·

√√√√ ι
∑H
h=1

∑
(s,a,b) d

µ∗,ν
h (s, a, b) VarPh(s,a,b)(V ref

h+1)
ndm

+ c2Hι

ndm
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≤c2√Hι ·

√√√√∑H
h=1 Eµ∗,ν

[
VarPh(s,a,b)(V ref

h+1)
]

ndm
+ c2Hι

ndm

≤c2√Hι ·

√√√√∑H
h=1 Eµ∗,ν

[
VarPh(s,a,b)(V

µ∗,ν
h+1 ) + 2H[Ph(V µ∗,ν

h+1 − V
ref
h+1)](s, a, b)

]
ndm

+ c2Hι

ndm

(Lemma A.5.4)

≤c2√Hι ·

√√√√H2 + 2H
∑H
h=1 Eµ∗,ν

[
V
µ∗,ν
h+1 (sh+1)− V ref

h+1(sh+1)
]

ndm
+ c2Hι

ndm
(Lemma A.3.5)

=c2√Hι ·

√√√√H2 + 2H
∑H
h=1 Eµ∗,ν

[
V
µ∗,ν
h+1 (sh+1)− V ∗

h+1(sh+1) + V ∗
h+1(sh+1)− V ref

h+1(sh+1)
]

ndm
+ c2Hι

ndm

≤c2√Hι ·

√√√√H2 + 2H2(V µ∗,ν
1 (s1)− V 1(s1)) + 128H

√
H5ι2

nrefdm

ndm
+ c2Hι

ndm

(Lemma A.3.6 and Theorem A.4.2)

≤c
2
√
H3ι√
ndm

+
c2
√

384H2ι
√
H5ι2

(ndm)3/4 + c
√

2H3ι√
ndm

√
V
µ∗,ν

1 (s1)− V 1(s1) + c2Hι

ndm

≤Õ

√ H3

ndm

√
V
µ∗,ν

1 (s1)− V 1(s1)

+ Õ

√ H3

ndm

 . (n ≥ H3/dm)

Lemma A.4.4. For n ≥ H4/dm, we have

Eµ∗,ν

H∑
h=1

bh,1(sh, ah, bh) ≤ Õ

√ H3

ndm

 .
Proof.

Eµ∗,ν

H∑
h=1

bh,1(sh, ah, bh)

=cEµ∗,ν

H∑
h=1


√√√√Var

P̂h,0(s,a,b)(V h+1 − V ref
h+1)ι

nh,1(s, a, b) ∨ 1 + Hι

nh,1(s, a, b) ∨ 1


≤cEµ∗,ν

H∑
h=1


√√√√cH VarPh(s,a,b)(V h+1 − V ref

h+1)ι
ndρh(s, a, b) + cH2ι

ndρh(s, a, b) + cH2ι

ndρh(s, a, b)


≤c2Eµ∗,ν

H∑
h=1


√√√√H

[
Ph(V h+1 − V ref

h+1)2
]

(s, a, b)ι
ndρh(s, a, b) + H2ι

ndρh(s, a, b)


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≤c2
H∑
h=1

∑
(s,a,b)

d
µ∗,ν
h (s, a, b)


√√√√H

[
Ph(V h+1 − V ref

h+1)2
]

(s, a, b)ι
ndm

+ H2ι

ndm



≤c2

√√√√√ H∑
h=1

∑
(s,a,b)

d
µ∗,ν
h (s, a, b)


√√√√∑H

h=1
∑

(s,a,b)Hd
µ∗,ν
h (s, a, b)

[
Ph(V h+1 − V ref

h+1)2
]

(s, a, b)ι
ndm

+ H2ι

ndm


(Cauchy-Schwarz Inequality)

≤c2√H

√√√√Hι
∑H
h=1

∑
(s,a,b) d

µ∗,ν
h (s, a, b)

[
Ph(V h+1 − V ref

h+1)2
]

(s, a, b)
ndm

+ c2H3ι

ndm

≤c2√Hι

√√√√Hι
∑H
h=1

∑
(s,a,b) d

µ∗,ν
h (s, a, b)

[
Ph(V ∗

h+1 − V
ref
h+1)2

]
(s, a, b)

ndm
+ c2H3ι

ndm

(V ∗
h+1 ≥ V h+1 ≥ V ref

h+1)

=c2√Hι

√√√√H2∑H
h=1

∑
s d

µ∗,ν
h+1(s)(V ∗

h+1(s)− V ref
h+1(s))

ndm
+ c2H3ι

ndm

≤c2√Hι

√√√√H264
√

H5ι2

nrefdm

ndm
+ c2H3ι

ndm
(Theorem A.4.2)

=c2

√√√√192H3ι
√
H5ι2

(ndm)3/2 + c2H3ι

ndm

≤Õ

√ H3

ndm

 . (n ≥ H4/dm)

Theorem A.4.5. Suppose dm = min
{
dρh(s, a, b) : h ∈ [H], (s, a, b) ∈ S ×A× B

}
and As-

sumption 2.3.1 holds. For any 0 < δ < 1 and n ≥ H4/dm, with probability 1− δ, the output

policy π = (µ, ν) of Algorithm 16 satisfies

V ∗
1 (s1)− V µ,∗

1 (s1) ≤ Õ

√ H3

ndm

 , V ∗,ν
1 (s1)− V ∗

1 (s1) ≤ Õ

√ H3

ndm

 .
As a result, we have

Gap(µ, ν) ≤ Õ

√ H3

ndm

 .
Proof.

V
µ∗,ν

1 (s1)− V 1(s1)
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≤2Eµ∗,ν

H∑
h=1

bh,0(sh, ah, bh) + 2Eµ∗,ν

H∑
h=1

bh,1(sh, ah, bh) (Lemma A.3.4)

≤Õ

√ H3

ndm

√
V
µ∗,ν

1 (s1)− V 1(s1)

+ Õ

√ H3

ndm

 (Lemma A.4.3 and Lemma A.4.4)

≤Õ

√ H3

ndm

+ Õ

(
H3

ndm

)
(Lemma A.5.5)

=Õ

√ H3

ndm

 .
By the definition of NE, we have

V ∗
1 (s1)− V µ,∗

1 (s1) ≤ V µ∗,ν
1 (s1)− V 1(s1) ≤ Õ

√ H3

ndm

 .
The second argument can be proven in a similar manner. Combining two arguments together

and we can derive that

Gap(µ, ν) ≤ Õ

√ H3

ndm

 .

A.4.2 Turn-based Markov Games

For turn-based Markov games, there always exists a pure (deterministic) NE equilibrium

strategy. As a result, we can have that µ∗, ν∗, µ, ν, µ, ν are all pure strategy.

Theorem A.4.6. Suppose Assumption 2.2.2 holds. For any 0 < δ < 1, with probability

1− δ, the output policy π = (µ, ν) of Algorithm 1 satisfies

V ∗
1 (s1)− V µ,∗

1 (s1) ≤ 64

√
C∗SH5ι2

n
, V ∗,ν

1 (s1)− V ∗
1 (s1) ≤ 64

√
C∗SH5ι2

n
.

As a result, we have

Gap(µ, ν) ≤ Õ

√C∗SH5

n

 .
Proof. By Lemma A.2.3, with probability 1− δ we have

V µ∗,∗
1 (s1)− V µ,∗

1 (s1)
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≤2
H∑
h=1

Eµ∗,νbh(sh, ah,bh)

=2
H∑
h=1

Eµ∗,ν

[
4
√

H2ι

nh(s, a, b) ∨ 1

]

≤2
H∑
h=1

Eµ∗,ν

[
32
√

H3ι2

ndρh(s, a, b)

]
(Lemma A.2.1)

=2
H∑
h=1

∑
(s,a,b)

d
µ∗,ν
h (s, a, b)

[
32
√

H3ι2

ndρh(s, a, b)

]

≤64
H∑
h=1

∑
(s,a,b)


√
d
µ∗,ν
h (s, a, b)C∗H3ι2

n


=64

H∑
h=1

∑
s∈S


√
d
µ∗,ν
h (s, µ∗(s), ν(s))C∗H3ι2

n

 (µ∗,ν are deterministic strategy.)

≤64
√
SH ·

√∑H
h=1

∑
s∈S d

µ∗,ν
h (s, µ∗(s), ν(s))C∗H3ι2

n
(Cauchy-Schwarz Inequality)

=64

√
C∗SH5ι2

n
.

Theorem A.4.7. Suppose Assumption 2.2.2 holds. For any 0 < δ < 1 and policy µ, ν, with

probability 1− δ, the pessimistic value V h of Algorithm 1 satisfies

Eµ∗,ν [V ∗
h (sh)− V h(sh)] ≤ 64

√
C∗SH5ι2

n
,

Eµ,ν∗

[
V h(sh)− V ∗

h (sh)
]
≤ 64

√
C∗SH5ι2

n
,

where sh is sampled from the trajectory following the strategy in the expectation at timestep

h.

Proof. By Lemma A.2.3, under good event G for all state s we have

V ∗
h (s)− V µ,∗

h (s)

≤2
H∑
t=h

Eµ∗,ν [bh(st, at, bt)|sh = s]
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We define ν ′ = (ν1, · · · , νh−1, νh, · · · , νH). Then we have

Eµ∗,ν [V ∗
h (sh)− V h(sh)] ≤Eµ∗,ν

[
2
H∑
t=h

Eµ∗,ν [bh(st, at, bt)|sh = s] |s
]

=2
H∑
t=h

Eµ∗,ν′ [bh(st, at, bt)] .

Then following the proof of Theorem A.4.6, we can prove the argument.

Lemma A.4.8. For n ≥ C∗SH3, we have

Eµ∗,ν

H∑
h=1

bh,0(sh, ah, bh) ≤ Õ

√C∗SH3

n

√
V
µ∗,ν

1 (s1)− V 1(s1)

+ Õ

√C∗SH3

n

 .
Proof.

Eµ∗,ν

H∑
h=1

bh,0(sh, ah, bh)

=cEµ∗,ν

H∑
h=1


√√√√Var

P̂h,0(s,a,b)(V
ref
h+1)ι

nh,0(s, a, b) ∨ 1 + Hι

nh,0(s, a, b) ∨ 1


≤cEµ∗,ν

H∑
h=1


√√√√cVarPh(s,a,b)(V ref

h+1)ι
ndρh(s, a, b) + cHι

ndρh(s, a, b) + cHι

ndρh(s, a, b)


=c2

H∑
h=1

∑
s∈S

d
µ∗,ν
h (s, µ∗(s), ν(s))


√√√√VarPh(s,µ∗(s),ν(s))(V ref

h+1)ι
ndρh(s, µ∗(s), ν(s)) + Hι

ndρh(s, µ∗(s), ν(s))


≤c2

H∑
h=1

∑
s∈S


√
C∗d

µ∗,ν
h (s, µ∗(s), ν(s)) VarPh(s,µ∗(s),ν(s))(V ref

h+1)ι
n

+ C∗Hι

n


(µ∗, ν are deterministic strategies.)

≤c2√SH ·

√
C∗ι

∑H
h=1

∑
s∈S d

µ∗,ν
h (s, µ∗(s), ν(s)) VarPh(s,µ∗(s),ν(s))(V ref

h+1)
n

+ c2SC∗Hι

n

≤c2√C∗SHι ·

√√√√∑H
h=1 Eµ∗,ν

[
VarPh(s,a,b)(V ref

h+1)
]

n
+ c2SC∗Hι

n

≤c2√C∗SHι ·

√√√√∑H
h=1 Eµ∗,ν

[
VarPh(s,a,b)(V

µ∗,ν
h+1 ) + 2H[Ph(V µ∗,ν

h+1 − V
ref
h+1)](s, a, b)

]
n

+ c2SC∗Hι

n

(Lemma A.5.4)
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≤c2√C∗SHι ·

√√√√H2 + 2H
∑H
h=1 Eµ∗,ν

[
V
µ∗,ν
h+1 (sh+1)− V ref

h+1(sh+1)
]

n
+ c2SC∗Hι

n

(Lemma A.3.5)

=c2√C∗SHι ·

√√√√H2 + 2H
∑H
h=1 Eµ∗,ν

[
V
µ∗,ν
h+1 (sh+1)− V ∗

h+1(sh+1) + V ∗
h+1(sh+1)− V ref

h+1(sh+1)
]

n
+ c2SC∗Hι

n

≤c2√C∗SHι ·

√√√√H2 + 2H2(V µ∗,ν
1 (s1)− V 1(s1)) + 128H

√
C∗SH5ι2

nref

n
+ c2SC∗Hι

n

(Lemma A.3.6 and Theorem A.4.7)

≤c
2
√
C∗SH3ι√
n

+
c2
√

384C∗SH2ι
√
C∗SH5ι2

n3/4 + c
√

2C∗SH3ι√
n

√
V
µ∗,ν

1 (s1)− V 1(s1) + c2SC∗Hι

n

≤Õ

√C∗SH3

n

√
V
µ∗,ν

1 (s1)− V 1(s1)

+ Õ

√C∗SH3

n

 . (n ≥ C∗SH3)

Lemma A.4.9. For n ≥ C∗SH4, we have

Eµ∗,ν

H∑
h=1

bh,1(sh, ah, bh) ≤ Õ

√C∗SH3

n

 .
Proof.

Eµ∗,ν

H∑
h=1

bh,1(sh, ah, bh)

=cEµ∗,ν

H∑
h=1


√√√√Var

P̂h,0(s,a,b)(V h+1 − V ref
h+1)ι

nh,1(s, a, b) ∨ 1 + Hι

nh,1(s, a, b) ∨ 1


≤cEµ∗,ν

H∑
h=1


√√√√cH VarPh(s,a,b)(V h+1 − V ref

h+1)ι
ndρh(s, a, b) + cH2ι

ndρh(s, a, b) + cH2ι

ndρh(s, a, b)


≤c2Eµ∗,ν

H∑
h=1


√√√√H

[
Ph(V h+1 − V ref

h+1)2
]

(s, a, b)ι
ndρh(s, a, b) + H2ι

ndρh(s, a, b)


=c2

H∑
h=1

∑
s∈S

d
µ∗,ν
h (s, µ∗(s), ν(s))


√√√√H

[
Ph(V h+1 − V ref

h+1)2
]

(s, µ∗(s), ν(s))ι
ndρh(s, µ∗(s), ν(s)) + H2ι

ndρh(s, µ∗(s), ν(s))


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≤c2
H∑
h=1

∑
s∈S


√√√√C∗Hd

µ∗,ν
h (s, µ∗(s), ν(s))

[
Ph(V h+1 − V ref

h+1)2
]

(s, µ∗(s), ν(s))ι
n1

+ H2C∗ι

n1


(Cauchy-Schwarz Inequality)

≤c2√SHι

√√√√C∗H
∑H
h=1

∑
s∈S d

µ∗,ν
h (s, µ∗(s), ν(s))

[
Ph(V h+1 − V ref

h+1)2
]

(s, µ∗(s), ν(s))
n

+ c2SH3C∗ι

n

≤c2√SHι

√√√√C∗Hι
∑H
h=1

∑
(s,a,b) d

µ∗,ν
h (s, a, b)

[
Ph(V ∗

h+1 − V
ref
h+1)2

]
(s, a, b)

n
+ c2C∗SH3ι

n

(V ∗
h+1 ≥ V h+1 ≥ V ref

h+1)

=c2√SHι

√
H2C∗∑H

h=1
∑
s d

µ∗,ν
h+1(s)(V ∗

h+1(s)− V ref
h+1(s))

n
+ c2C∗SH3ι

n

≤c2√SHι

√√√√H2C∗64
√

C∗SH5ι2

nref

n
+ c2SH3C∗ι

n
(Theorem A.4.7)

=c2

√
192C∗SH3ι

√
C∗SH5ι2

n3/2 + c2C∗SH3ι

n

≤Õ

√C∗SH3

n

 . (n ≥ C∗SH4)

Theorem A.4.10. Suppose Assumption 2.2.2 holds for a turn-based Markov game and

n ≥ C∗SH4. For any 0 < δ < 1, with probability 1 − δ, the output policy π = (µ, ν) of

Algorithm 1 satisfies

V ∗
1 (s1)− V µ,∗

1 (s1) ≤ Õ

√C∗SH3

n

 ,
V ∗,ν

1 (s1)− V ∗
1 (s1) ≤ Õ

√C∗SH3

n

 .
As a result, we have

Gap(µ, ν) ≤ Õ

√C∗SH3

n

 .
Proof.

V
µ∗,ν

1 (s1)− V 1(s1)
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≤2Eµ∗,ν

H∑
h=1

bh,0(sh, ah, bh) + 2Eµ∗,ν

H∑
h=1

bh,1(sh, ah, bh) (Lemma A.3.4)

≤Õ

√C∗SH3

n

√
V
µ∗,ν

1 (s1)− V 1(s1)

+ Õ

√C∗SH3

n


(Lemma A.4.8 and Lemma A.4.9)

≤Õ

√C∗SH3

n

+ Õ

(
C∗SH3

n

)
(Lemma A.5.5)

=Õ

√C∗SH3

n

 .
By the definition of NE, we have

V ∗
1 (s1)− V µ,∗

1 (s1) ≤ V µ∗,ν
1 (s1)− V 1(s1) ≤ Õ

√C∗SH3

n

 .
The second argument can be proven in a similar manner. Combining these two arguments

and we can derive that

Gap(µ, ν) ≤ Õ

√C∗SH3

n

 .

A.5 Auxiliary Lemmas

Lemma A.5.1. (Multiplicative Chernoff bound). Let X be a binomial random variable with

parameter p, n. For any 1 ≥ θ > 0, we have that

P[(1− θ)pn < X < (1 + θ)pn] < 2e− θ2pn
2

Lemma A.5.2. For all (sh, ah, bh) ∈ Kh and any ∥V ∥∞ ≤ H, with probability 1 − δ we

have √
Var

P̂ †
sh,ah,bh

(V ) ≤
√

Var
P †

sh,ah,bh

(V ) + cH

√
ι

ndµh(sh, ah,bh) .

Proof. The is a direct application of Lemma A.5.3 with a union bound.

Lemma A.5.3. (Empirical Berstein Inequality [Maurer and Pontil, 2009]) Let n ≥ 2 and

V ∈ RS be any functions with ∥V ∥∞ ≤ H, P be any S-dimensional distribution and P̂ be
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its empirical version using n samples. Then with probability 1− δ,∣∣∣∣∣∣
√

Var
P̂

(V )−
√
n− 1
n

Var
P

(V )

∣∣∣∣∣∣ ≤ 2H

√
log(2/δ)
n− 1 .

Lemma A.5.4. For 0 ≤ V ≤ V ′ ≤ H, we have

Var
Ph(s,a,b)

(V ) ≤ Var
Ph(s,a,b)

(V ′) + 2H[Ph(V ′ − V )](s, a, b).

Proof.

Var
Ph(s,a,b)

(V )− Var
Ph(s,a,b)

(V ′)

≤
[
Ph(V )2 − (PhV )2 − Ph(V ′)2 + (PhV ′)2

]
(s, a, b)

=
[
Ph(V + V ′)(V − V ′) + [Ph(V ′ − V )][Ph(v′ + v)]

]
(s, a, b)

≤2H[Ph(V ′ − V )](s, a, b).

Lemma A.5.5. If x ≤ a
√
x+ b for a, b > 0, then we have

x ≤ 2a2 + 2b.

Proof. We have

(
√
x− a

2)2 ≤ b+ a2

4 .

If
√
x < a

2 , the argument holds directly. Otherwise we have

√
x− a

2 ≤

√
b+ a2

4 ≤
√
b+ a

2 .

So we have
√
x ≤
√
b+ a, which implies x ≤ 2(a2 + b).
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Appendix B

DEFERRED CONTENTS FROM CHAPTER ??

B.1 Algorithms

Algorithm 17 Value Estimation
1: Input: Offline dataset D, player index j, and strategy π

2: Initialization: vπH+1,j(s) = vπH+1,j(s) = 0 for all s ∈ S

3: for h = H,H − 1, . . . , 1 do

4: Set

qπ
h,j

(s,a) = r̂h,j(s,a) + ⟨P̂h(s,a), vπh+1,j⟩

5: Set

vπh,j(s) = proj[0,H−h+1]
(
Ea∼πh(·|s)q

π
h,j

(s,a)− bh(s, πsh)
)

6: Set

qπh,j(s,a) = r̂h,j(s,a) + ⟨P̂h(s,a), vπh+1,j⟩+H1{a /∈ Kh(s)}

7: Set

vπh,j(s) = proj[0,H−h+1]
(
Ea∼πh(·|s)q

π
h,j(s,a) + bh(s, πsh)

)
8: end for

9: Output: vπ1,j(s1) and vπ1,j(s1)

B.2 Technical Lemmas

B.2.1 Covering Number of Strategy Classes

Lemma B.2.1. For the no prior knowledge setting (Π = Πfull), we have

logN (Π) = Õ

 ∑
j∈[m]

Aj log(1/ϵcover)

 .
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Algorithm 18 Best Response Estimation
1: Input: Offline dataset D, player index j, and strategy π−j

2: Initialization: v∗,π−j

H+1,j(s) = 0 for all s ∈ S

3: for h = H,H − 1, . . . , 1 do

4: Set

q
∗,π−j

h,j (s,a) = r̂h,j(s,a) + ⟨P̂h(s,a), v∗,π−j

h+1,j⟩+H1{a /∈ Kh(s)}

5: Set

vh,j(s, aj) = Ea−j∼πh,−j(·|s)q
∗,π−j

h,j (s,a) + bh(s, aj , πsh,−j)

6: Set

v
∗,π−j

h,j (s) = proj[0,H−h+1]

(
max
aj∈Aj

vh,j(s, aj)
)

7: end for

8: Output: v∗,π−j

1,j (s1)

Algorithm 19 Strategy-wise Bonus + Surrogate Minimization (SBSM)
1: Input: Offline dataset D

2: Compute

πoutput = argmin
π∈Π

∑
j∈[m]

v
∗,π−j

1,j (s1)− vπ1,j(s1)

where v∗,π−j

1,j (s1) and vπ1,j(s1) are computed via Algorithm 18 and Algorithm 17.

3: Output: πoutput
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Proof. If Π = Πfull, by Lemma B.5.1 we have

logN (Π) = log

 ∑
s∈S,h∈[H]

∏
j∈[m]

|C(Πh,j(s), ϵcover)|


= log

SH ∏
j∈[m]

|C(∆(Aj), ϵcover)|


=
∑
j∈[m]

log (C(∆(Aj), ϵcover)) + log(SH)

≤
∑
j∈[m]

Aj log (3Aj/ϵcover) + log(SH) (Lemma B.5.1)

=Õ(
∑
j∈[m]

Aj log(1/ϵcover)).

Lemma B.2.2. If Π is a finite set, we have

log(N (Π)) ≤ m log(|Π|) + log(SH).

Proof. We have |C(Πh,j(s), ϵcover)| ≤ |Πh,j(s)| ≤ |Π| for all h ∈ [H] and j ∈ [m]. Plug it into

the definition of N (Π) and we can prove the argument.

B.2.2 Convexity in Two-player Zero-sum Games

In this section, we prove that V µs
h,ν

s
h

h (s) is concave and V µs
h,ν

s
h

h (s) is convex for both µsh and

νsh. In addition, we show that (3.10) and (3.11) can be achieved efficiently.

Lemma B.2.3. For any coefficient c(ai, bj) s.t. c(ai, bj) ≥ 0 for all ai ∈ A and bj ∈ B,

function f(µ, ν) =
√∑

ai∈A,bj∈B c(ai, bj)µ(ai)2ν(bj)2 defined on µ ∈ ∆(A) and ν ∈ ∆(B) is

a convex function and
√∑

ai∈A
∑
bj∈B c(ai, bj)-Lipschitz continuous function with respect to

ν. In addition, it is convex and
√∑

ai∈A
∑
bj∈B c(ai, bj)-Lipschitz continuous with respect

to µ by symmetry.

Proof. We use the convention that 0
0 = 0. We first compute the first-order derivatives

∂f

∂ν(bj)
=

∑
ai∈A c(ai, bj)µ(ai)ν(bj)2√∑
ai∈A,b∈B c(ai, b)µ(ai)2ν(b)2

. (B.1)
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By Cauchy-Schwarz inequality, we have

∂f

∂ν(bj)
=

∑
ai∈A c(ai, bj)µ(ai)ν(bj)2√∑
ai∈A,b∈B c(ai, b)µ(ai)2ν(b)2

≤
∑
ai∈A c(ai, bj)µ(ai)ν(bj)√∑
ai∈A c(ai, bj)µ(ai)2ν(bj)2

≤
√∑
ai∈A

c(ai, bj).

Then we have ∥∥∥∥∂f∂ν
∥∥∥∥

2
≤
√∑
ai∈A

∑
bj∈B

c(ai, bj),

which implies f(µ, ·) is
√∑

ai∈A
∑
bj∈B c(ai, bj)-Lipschitz continuous.

The second-order derivatives are

∂2f

∂ν(bj)∂ν(bk)
= −

(∑
ai∈A c(ai, bj)µ(ai)ν(bj)2

)
·
(∑

ai∈A c(ai, bk)µ(ai)ν(bk)2
)

(∑
ai∈A,bj∈B c(ai, bj)µ(ai)2ν(bj)2

)3/2 , j ̸= k,

∂2f

(∂ν(bj))2 =
∑
ai∈A c(ai, bj)ν(bj)2√∑

ai∈A,bj∈B c(ai, bj)µ(ai)2ν(bj)2
−

(∑
ai∈A c(ai, bj)µ(ai)ν(bj)2

)2

(∑
ai∈A,bj∈B c(ai, bj)µ(ai)2ν(bj)2

)3/2 .

Then for arbitrary x ∈ RB, we have

∑
j,k∈[B]

xjxk
∂2f

∂ν(bj)∂ν(bk)

=
∑
j∈[B]

x2
j

∑
ai∈A c(ai, bj)ν(bj)2√∑

ai∈A,bj∈B c(ai, bj)µ(ai)2ν(bj)2

−
∑

j,k∈[B]

xjxk
(∑

ai∈A c(ai, bj)µ(ai)ν(bj)2
)
·
(∑

ai∈A c(ai, bk)µ(ai)ν(bk)2
)

(∑
ai∈A,bj∈B c(ai, bj)µ(ai)2ν(bj)2

)3/2

=
∑
j∈[B]

(
x2
j

∑
ai∈A c(ai, bj)ν(bj)2

)
·
∑
ai∈A,bj∈B c(ai, bj)µ(ai)2ν(bj)2(∑

ai∈A,bj∈B c(ai, bj)µ(ai)2ν(bj)2
)3/2

−

(∑
j∈[B] xj

(∑
ai∈A c(ai, bj)µ(ai)ν(bj)2

))2

(∑
ai∈A,bj∈B c(ai, bj)µ(ai)2ν(bj)2

)3/2
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=
∑
j∈[B]

(
x2
j

∑
ai∈A c(ai, bj)ν(bj)2

)
·
∑
ai∈A,bj∈B c(ai, bj)µ(ai)2ν(bj)2(∑

ai∈A,bj∈B c(ai, bj)µ(ai)2ν(bj)2
)3/2

−

(∑
j∈[B] xj

(∑
ai∈A c(ai, bj)µ(ai)ν(bj)2

))2

(∑
ai∈A,bj∈B c(ai, bj)µ(ai)2ν(bj)2

)3/2 .

By Cauchy-Schwarz’s inequality, we have

∑
j∈[B]

x2
j

∑
ai∈A

c(ai, bj)ν(bj)2

 · ∑
ai∈A,bj∈B

c(ai, bj)µ(ai)2ν(bj)2

=

∑
j∈[B]

x2
jν(bj)2 ∑

ai∈A
c(ai, bj)

 ·
∑
j∈[B]

ν(bj)2 ∑
ai∈A

c(ai, bj)µ(ai)2


≥

∑
j∈[B]

xjν(bj)2
√∑
ai∈A

c(ai, bj)
∑
ai∈A

c(ai, bj)µ(ai)2

2

≥

∑
j∈[B]

xjν(bj)2 ∑
ai∈A

c(ai, bj)µ(ai)

2

≥0.

Thus for arbitrary x ∈ RB, we have

∑
j,k∈[B]

xjxk
∂2f

∂ν(bj)∂ν(bk)
≥ 0,

which implies f is convex with respect to ν.

Proposition B.2.4. For all h ∈ [H] and s ∈ S, V µs
h,ν

s
h

h is concave and H+H
√

log(N (Π))ι-

Lipschitz with respect to µsh and νsh. Similarly, V µs
h,ν

s
h

h is convex with respect to µsh and νsh.

As a result, (3.10) and (3.11) can be achieved with (H + H
√

log(N (Π))ι)2/ϵ2opt iterations

by projected gradient descent.

Proof. Recall that

V
µs

h,ν
s
h

h (s) = Ea∼µs
h
,b∼νs

h
Q
h
(s, a, b)−H

√√√√ ∑
(a,b)∈Kh(s)

µsh(a)2νsh(b)2

nh(s, a, b) log(N (Π))ι−
√
ι/n.
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The first term is linear with respect to µsh, The second term is convex by Lemma B.2.3 and

the last term is a constant. As a result, V µs
h,ν

s
h

h is concave with respect to µsh. By symmetry,

it is also concave with respect to νsh. The proof for V µs
h,ν

s
h

h is the same. The Lipschitz

constant is a direct implication of Lemma B.2.3. The iteration complexity of projected

gradient descent is from Section 3.1 in Bubeck et al. [2015]. Note that in each iteration we

only need to compute the gradient (B.1) and a projection onto the probability simplex.

B.2.3 Convexity in Multi-player General-sum Games

In this section, we will show that the bonus bh(s, πsh) in multi-player general-sum game is

also convex with respect to πsh,j for all j ∈ [m].

Lemma B.2.5. For any h ∈ [H] and s ∈ S, bh(s, πsh) is convex with respect to πsh,j.

Proof. Recall that

bh(s, πsh) = H

√√√√ ∑
a∈Kh(s)

πsh(a)2

nh(s,a) log(N (Π))ι+
√
ι/n.

As we have

∑
a∈Kh(s)

πsh(a)2

nh(s,a) =
∑
aj∈Aj

∑
a−j :(aj ,a−j)∈Kh(s)

πsh,j(aj)2πsh,−j(a−j)2

nh(s,a) ,

by Lemma B.2.3 we have that bh(s, πsh) is convex with respect to πsh,j .

One direction implication is that maxπs
h,j
V
π
h,j(s) can be achieved by a deterministic

strategy πsh,j ∈ D(Aj), which will be utilized in Appendix B.4.

B.3 Proofs in Section 3.3

Lemma B.3.1. Fix h ∈ [H] and s ∈ S, µ′
h(·|s) ∈ ∆(A), ν ′

h(·|s) ∈ ∆(B), with probability

1− δ we have∣∣∣∣∣∣
∑

(a,b)∈Kh(s)
µ′
h(a|s)ν ′

h(b|s)
(
rh(s, a, b) + ⟨Ph(s, a, b), V h+1⟩ − r̂h(s, a, b)−

〈
P̂h(s, a, b), V h+1

〉)∣∣∣∣∣∣
≤ H

√√√√2
∑

(a,b)∈Kh(s)

µ′
h(a|s)2ν ′

h(b|s)2

nh(s, a, b) log(2/δ),
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∣∣∣∣∣∣
∑

(a,b)∈Kh(s)
µ′
h(a|s)ν ′

h(b|s)
(
rh(s, a, b) +

〈
Ph(s, a, b), V h+1

〉
− r̂h(s, a, b)−

〈
P̂h(s, a, b), V h+1

〉)∣∣∣∣∣∣
≤ H

√√√√2
∑

(a,b)∈Kh(s)

µ′
h(a|s)2ν ′

h(b|s)2

nh(s, a, b) log(2/δ).

Proof. We use kih(s, a, b) to denote the index of (s, a, b) appears in the dataset at timestep

h for ith time. We prove the first argument and the second argument holds similarly. With

probability 1− δ, we have∣∣∣∣∣∣
∑

(a,b)∈Kh(s)
µ′
h(a|s)ν ′

h(b|s)
(
rh(s, a, b) + ⟨Ph(s, a, b), V h+1⟩ − r̂h(s, a, b)−

〈
P̂h(s, a, b), V h+1

〉)∣∣∣∣∣∣
=

∣∣∣∣∣∣
∑

(a,b)∈Kh(s)

nh(s,a,b)∑
i=1

µ′
h(a|s)ν ′

h(b|s)
nh(s, a, b)

(
r
ki

h(s,a,b)
h − rh(s, a, b)

)

+
∑

(a,b)∈Kh(s)

nh(s,a,b)∑
i=1

µ′
h(a|s)ν ′

h(b|s)
nh(s, a, b)

(
V h+1(sk

i
h(s,a,b)
h+1 )− ⟨Ph(s, a, b), V h+1⟩

)∣∣∣∣∣∣
≤
√√√√1

2
∑

(a,b)∈Kh(s)

µ′
h(a|s)2ν ′

h(b|s)2

nh(s, a, b) log(2/δ) +H

√√√√1
2

∑
(a,b)∈Kh(s)

µ′
h(a|s)2ν ′

h(b|s)2

nh(s, a, b) log(2/δ)

≤H
√√√√2

∑
(a,b)∈Kh(s)

µ′
h(a|s)2ν ′

h(b|s)2

nh(s, a, b) log(2/δ),

where the first inequality is from Hoeffding’s inequality and the fact that V h+1 has no

dependence on the dataset at timestep h.

Lemma B.3.2. With probability 1 − δ, for all h ∈ [H], s ∈ S, µsh ∈ Πmax
h (s), νsh ∈ D(B),

we have∣∣∣∣∣∣
∑

(a,b)∈Kh(s)
µsh(a)νsh(b)

(
rh(s, a, b) + ⟨Ph(s, a, b), V h+1⟩ − r̂h(s, a, b)−

〈
P̂h(s, a, b), V h+1

〉)∣∣∣∣∣∣
≤ bh(s, µsh, νsh),

and for µsh ∈ D(A), νsh ∈ Πmin
h (s), we have∣∣∣∣∣∣

∑
(a,b)∈Kh(s)

µsh(a)νsh(b)
(
rh(s, a, b) +

〈
Ph(s, a, b), V h+1

〉
− r̂h(s, a, b)−

〈
P̂h(s, a, b), V h+1

〉)∣∣∣∣∣∣
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≤ bh(s, µsh, νsh).

Denote this event as G.

Proof. We prove the first argument and the second argument holds similarly. First, using

a union bound for all h ∈ [H], s ∈ S, µ′s
h ∈ C(Πmax

h (s)), ν ′s
h ∈ D(B) on Lemma B.3.1, with

probability 1− δ, we have∣∣∣∣∣∣
∑

(a,b)∈Kh(s)
µ′s
h (a)ν ′s

h (b)
(
rh(s, a, b) + ⟨Ph(s, a, b), V h+1⟩ − r̂h(s, a, b)−

〈
P̂h(s, a, b), V h+1

〉)∣∣∣∣∣∣
≤H

√√√√2
∑

(a,b)∈Kh(s)

µ′s
h (a)2ν ′s

h (b)2

nh(s, a, b) log(2
∑

s∈S,h∈[H]
|(C(Πmax

h (s))|B + |C(Πmin
h (s))|A)/δ)

≤H
√√√√2

∑
(a,b)∈Kh(s)

µ′s
h (a)2ν ′s

h (b)2

nh(s, a, b) log(2N (Π)ABSHδ). (See Definition 3.2.2)

Note that rh(s, a, b) + ⟨Ph(s, a, b), V h+1⟩ − r̂h(s, a, b) −
〈
P̂h(s, a, b), V h+1

〉
is bounded

in [−H,H] as rh(s, a, b) ∈ [0, 1] and V h+1 ∈ [0, H − h]. For any µh(·|s) ∈ Πmax
h (s) and

νh(·|s) ∈ D(B), there exists µ′
h(·|s) ∈ C(Πmax

h (s)) and ν ′
h(·|s) ∈ D(B) such that ∥µh(·|s) −

µ′
h(·|s)∥ ≤ ϵcover and ∥νh(·|s)− ν ′

h(·|s)∥ = 0 ≤ ϵcover. So with Lemma B.5.2, we have∣∣∣∣∣∣
∑

(a,b)∈Kh(s)
µ′
h(a|s)ν ′

h(b|s)
(
rh(s, a, b) + ⟨Ph(s, a, b), V h+1⟩ − r̂h(s, a, b)−

〈
P̂h(s, a, b), V h+1

〉)

−
∑

(a,b)∈Kh(s)
µh(a|s)νh(b|s)

(
rh(s, a, b) + ⟨Ph(s, a, b), V h+1⟩ − r̂h(s, a, b)−

〈
P̂h(s, a, b), V h+1

〉)∣∣∣∣∣∣
≤2ϵcoverH.

By Lemma B.5.3, we have∣∣∣∣∣∣
√√√√ ∑

(a,b)∈Kh(s)

µ′
h(a|s)2ν ′

h(b|s)2

nh(s, a, b) −
√√√√ ∑

(a,b)∈Kh(s)

µh(a|s)2νh(b|s)2

nh(s, a, b)

∣∣∣∣∣∣ ≤ 2
√
ϵcover.

Combining all these parts together and then with probability 1− δ, we have∣∣∣∣∣∣
∑

(a,b)∈Kh(s)
µh(a|s)νh(b|s)

(
rh(s, a, b) + ⟨Ph(s, a, b), V h+1⟩ − r̂h(s, a, b)−

〈
P̂h(s, a, b), V h+1

〉)∣∣∣∣∣∣
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≤H
√√√√2

∑
(a,b)∈Kh(s)

µh(a|s)2νh(b|s)2

nh(s, a, b) log(2N (Π, ϵcover)ABSH/δ) + 2ϵcoverH

+ 2H
√

2ϵcover log(2N (Π, ϵcover)ABSH/δ).

Set ϵcover = 1
(A+B)H2n2 and with some algebra we can get∣∣∣∣∣∣

∑
(a,b)∈Kh(s)

µh(a|s)νh(b|s)
(
rh(s, a, b) + ⟨Ph(s, a, b), V h+1⟩ − r̂h(s, a, b)−

〈
P̂h(s, a, b), V h+1

〉)∣∣∣∣∣∣
≤H

√√√√2
∑

(a,b)∈Kh(s)

µh(a|s)2νh(b|s)2

nh(s, a, b) log(2N (Π)ABSHn/δ) +
√

32 log(2ABSHn/δ)/n

≤H
√√√√ ∑

(a,b)∈Kh(s)

µh(a|s)2νh(b|s)2

nh(s, a, b) log(N (Π))ι+
√
ι/n,

where ι = 32 log(2ABSHn/δ).

Lemma B.3.3. Under event G, for all s ∈ S, h ∈ [H], µh(·|s) ∈ Πmax
h (s) and νh(·|s) ∈

D(B), we have

V
µs

h,ν
s
h

h (s) ≤ Ea∼µh(·|s),b∼νh(·|s) [rh(s, a, b) + ⟨Ph(s, a, b), V h+1⟩] ,

and for µsh ∈ D(A), νsh ∈ Πmin
h (s), we have

V
µs

h,ν
s
h

h (s) ≥ Ea∼µh(·|s),b∼νh(·|s)
[
rh(s, a, b) +

〈
Ph(s, a, b), V h+1

〉]
.

Proof. Under the good event G, we have

V
µs

h,ν
s
h

h (s)

=Ea∼µh(·|s),b∼νh(·|s)Qh(s, a, b)− bh(s, µsh, νsh)

=
∑

(a,b)∈Kh(s)
µh(a|s)νh(b|s)

(
r̂h(s, a, b) +

〈
P̂h(s, a, b), V h+1

〉)
− bh(s, µsh, νsh)

≤
∑

(a,b)∈Kh(s)
µh(a|s)νh(b|s) (rh(s, a, b) + ⟨Ph(s, a, b), V h+1⟩) (Lemma B.3.2)

≤
∑

a∈A,b∈B
µh(a|s)νh(b|s) (rh(s, a, b) + ⟨Ph(s, a, b), V h+1⟩) (V h+1 ≥ 0)

=Ea∼µh(·|s),b∼νh(·|s) [rh(s, a, b) + ⟨Ph(s, a, b), V h+1⟩] .
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Similarly we have

V
µs

h,ν
s
h

h (s)

=Ea∼µh(·|s),b∼νh(·|s)Qh(s, a, b) + bh(s, µsh, νsh)

=
∑

(a,b)∈Kh(s)
µh(a|s)νh(b|s)

(
r̂h(s, a, b) +

〈
P̂h(s, a, b), V h+1

〉)
+H

∑
(a,b)/∈Kh(s)

µh(a|s)νh(b|s)

+ bh(s, µsh, νsh)

≥
∑

(a,b)∈Kh(s)
µh(a|s)νh(b|s)

(
rh(s, a, b) +

〈
Ph(s, a, b), V h+1

〉)
+H

∑
(a,b)/∈Kh(s)

µh(a|s)νh(b|s)

(Lemma B.3.2)

≥
∑

a∈A,b∈B
µh(a|s)νh(b|s)

(
rh(s, a, b) +

〈
Ph(s, a, b), V h+1

〉)
(V h+1 ≤ H − h)

=Ea∼µh(·|s),b∼νh(·|s)
[
rh(s, a, b) +

〈
Ph(s, a, b), V h+1

〉]
.

Lemma B.3.4. Under event G, for all s ∈ S and h ∈ [H], with probability 1− δ, we have

V h(s) ≤ V µ,∗
h (s), V h(s) ≥ V ∗,ν

h (s).

Proof. We prove the first argument and the second argument holds similarly. We prove this

argument by induction. It holds trivially for h = H + 1 as both sides are equal to zero.

Suppose the argument holds for timestep h+ 1. Then for any s ∈ S, we have

V h(s) = proj[0,H−h+1]

{
V
µs

h
,νs

h

h (s)
}

= proj[0,H−h+1]

{
min

νs
h

∈D(B)
V
µs

h
,νs

h

h (s)
}

≤proj[0,H−h+1]

{
min

νs
h

∈D(B)
Ea∼µh(·|s),b∼νh(·|s) [rh(s, a, b) + ⟨Ph(s, a, b), V h+1⟩]

}
(Lemma B.3.3)

≤proj[0,H−h+1]

{
min

νs
h

∈D(B)
Ea∼µh(·|s),b∼νh(·|s)

[
rh(s, a, b) +

〈
Ph(s, a, b), V µ,∗

h+1

〉]}
(Induction hypothesis)

= proj[0,H−h+1]
{
V
µ,∗
h (s)

}
(There always exists a best response in D(B))
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=V µ,∗
h (s).

By induction, the argument holds for all h ∈ [H]. The proof for V h(s) is the same.

For any µsh ∈ ∆(A), with a slight abuse of notation, we define

νsh(µsh) := argmin
νs

h
∈D(B)

V
µs

h,ν
s
h

h .

Note that νsh = νsh(µs
h
). We use ν(µ) ∈ Πmin,det to denote a strategy for player 2 such that

she use νsh(µsh) at state s and timestep h.

Lemma B.3.5. Under the good event G, for any µ̃ ∈ Πmax and ν̃ ∈ Πmin, we have

V µ̃,∗
1 (s1)− V µ,∗

1 (s1) ≤ Eµ̃,ν(µ̃)

H∑
h=1

b̂h(sh, µ̃sh
h , ν

sh
h (µ̃sh

h )) +Hϵopt,

V ∗,ν
1 (s1)− V ∗,ν̃

1 (s1) ≤ Eµ(ν̃),ν̃

H∑
h=1

b̂h(sh, µsh
h (ν̃sh

h ), ν̃sh
h ) +Hϵopt.

Proof. We prove the first argument and the second argument holds similarly. By Lemma

B.3.4, we have

V µ̃,∗
1 (s1)− V µ,∗

1 (s1) ≤ V µ̃,∗
1 (s1)− V 1(s1).

Now we work on the difference between the NE value and the pessimistic estimate.

V µ̃,∗
1 (s1)− V 1(s1)

= min
ν

s1
1

Eµ̃s1
1 ,ν

s1
1
Qµ̃,∗1 (s1, a1, b1)− proj[0,H]

{
V
µ

s1
1 ,ν

s1
1

1 (s1)
}

≤min
ν

s1
1

Eµ̃s1
1 ,ν

s1
1
Qµ̃,∗1 (s1, a1, b1)− V µ

s1
1 ,ν

s1
1

1 (s1) (V µ
s1
1 ,ν

s1
1

1 (s1) ≤ H by (3.4) and (3.5))

≤Eµ̃s1
1 ,ν

s1
1 (µ̃s1

1 )Q
µ̃,∗
1 (s1, a1, b1)− V µ̃

s1
1 ,ν

s1
1 (µ̃1)

1 (s1) + ϵopt

=Eµ̃s1
1 ,ν

s1
1 (µ̃1)

[
Qµ̃,∗1 (s1, a1, b1)−Q1(s1, a1, b1)

]
+ b1(s1, µ̃

s1
1 , ν

s1
1 (µ̃s1

1 )) + ϵopt

=Eµ̃s1
1 ,ν

s1
1 (µ̃s1

1 )

[
r1(s1, a1, b1) +

〈
P1(s1, a1, b1), V µ̃,∗

2

〉
− r̂1(s1, a1, b1)−

〈
P̂1(s1, a1, b1), V 2

〉]
+ b1(s1, µ̃

s1
1 , ν

s1
1 (µ̃s1

1 )) + ϵopt

≤Eµ̃s1
1 ,ν

s1
1 (µ̃s1

1 )

[
V µ̃,∗

2 (s2)− V 2(s2)
]

+ 2b1(s1, µ̃
s1
1 , ν

s1
1 (µ̃s1

1 ))

+H
∑

(a1,b1)/∈K1(s1)
µ̃s1

1 (a1)νs1
1 (µ̃s1

1 )(b1) + ϵopt (Lemma B.3.2)
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≤Eµ̃,ν(µ̃)

H∑
h=1

2bh(sh, µ̃sh
h , ν

sh
h (µ̃sh

h )) +H
∑

(ah,bh)/∈Kh(sh)
µ̃sh
h (ah)νsh

h (µ̃sh
h )(bh)

+Hϵopt,

where the last inequality is from telescoping from h = 1 to h = H.

Proposition B.3.6. Under the good event G, we have

Gap(πoutput) ≤

min
π=(µ,ν)∈Π

max
π′=(µ′,ν′)∈Πdet

[
Gap(π) + Eµ,ν′

H∑
h=1

b̂h(sh, µsh
h , ν

′sh
h ) +Eµ′,ν

H∑
h=1

b̂h(sh, µ′sh
h , νsh

h )
]

+ 2Hϵopt.

Proof. This is a direct deduction of Lemma B.3.5. Note that (ν(µ̃), µ(ν̃)) ∈ Πdet.

B.3.1 Dataset-dependent Bound

Lemma B.3.7. Suppose Ĉ(µ, ν) is finite. For any h ∈ [H] and strategy µ′ and ν ′, we have

Eµ,ν′bh(sh, µsh
h , ν

′sh
h ) ≤ 2H

√
S log(N (Π))Ĉ(µ, ν)ι/n,

Eµ′,νbh(sh, µ′sh
h , νsh

h ) ≤ 2H
√
S log(N (Π))Ĉ(µ, ν)ι/n.

Proof. We prove the first argument and the second argument holds similarly.

Eµ,ν′bh(sh, µsh
h , ν

′sh
h )

=Eµ,ν′

H
√√√√ ∑

(a,b)∈Kh(s)

µsh
h (a)2ν ′sh

h (b)2

nh(s, a, b) log(N (Π))ι+
√
ι

n


=
∑
sh∈S

H
√

log(N (Π))ι

√√√√√ ∑
(ah,bh)∈Kh(sh)

dµ,ν
′

h (sh, ah, bh)2

nh(sh, ah, bh) +
√
ι

n

=
∑
sh∈S

H
√

log(N (Π))ι

√√√√√ ∑
(ah,bh)∈Kh(sh)

dµ,ν
′

h (sh, ah, bh)2

n · d̂h(sh, ah, bh)
+
√
ι

n

≤
∑
sh∈S

H
√

log(N (Π))ι
√ ∑

(ah,bh)∈Kh(sh)
dµ,ν

′

h (sh, ah, bh)Ĉ(µ, ν)/n+
√
ι

n

≤H
√
S log(N (Π))Ĉ(µ, ν)ι/n+

√
ι

n

≤2H
√
S log(N (Π))Ĉ(µ, ν)ι/n.
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Lemma B.3.8. Suppose Ĉ(µ, ν) is finite. For any h ∈ [H] and strategy µ′ and ν ′, we have

Eµ,ν′
∑

(ah,bh)/∈Kh(sh)
µsh
h (ah)ν ′sh

h (bh) = 0,

Eµ′,ν

∑
(ah,bh)/∈Kh(sh)

µ′sh
h (ah)νsh

h (bh) = 0.

Proof. We prove the first argument and the second argument holds similarly.

Eµ,ν′
∑

(ah,bh)/∈Kh(sh)
µsh
h (ah)ν ′sh

h (bh)

=Eµ,ν′
∑

(ah,bh):d̂h(sh,ah,bh)=0

µsh
h (ah)ν ′sh

h (bh)

=
∑

(ah,bh):d̂h(sh,ah,bh)=0

dµ,ν
′

h (sh, ah, bh)

≤
∑

(ah,bh):d̂h(sh,ah,bh)=0

C(µ, ν ′)d̂h(sh, ah, bh)

=0.

Lemma B.3.9. For any strategy (µ, ν) ∈ Π, we have

max
ν′∈Πmin,det

Eµ,ν′

H∑
h=1

b̂h(sh, µsh
h , ν

′sh
h ) + max

µ′∈Πmax,det
Eµ′,ν

H∑
h=1

b̂h(sh, µ′sh
h , νsh

h )

≤ 4H2
√
S log(|N (Π)|)Ĉ(µ, ν)ι/n.

Proof. If Ĉ(µ, ν) is infinite, the argument holds immediately. Otherwise we can prove it by

Lemma B.3.7 and Lemma B.3.8.

Theorem B.3.10. Suppose πoutput is the output of Algorithm 2. With probability 1− δ, we

have

Gap(πoutput) ≤ min
π=(µ,ν)∈Π

[
Gap(π) + 4H2

√
S log(N (Π))Ĉ(π)ι/n

]
.

Proof. This can be derived from Lemma B.3.5, Lemma B.3.9 directly.
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B.3.2 Dataset-independent Bound

Lemma B.3.11. With probability 1− δ, for all h, s, a, b, we have

nh(s, a, b) ≥
(

1−
√

2 log(SABH/δ)
npmin

)
ndh(s, a, b).

As a result, if n ≥ 8 log(SABH/δ)
pmin

, for any strategy π we have

2C(π) ≥ Ĉ(π).

Proof. For a fixed s, a, b, h, for any ϵ > 0 we have

P(nh(s, a, b) < (1− ϵ)ndh(s, a, b)) ≤ exp
(
−ϵ

2ndh(s, a, b)
2

)
≤ exp

(
−ϵ

2npmin
2

)
.

With a union bound, we have

P(∃h, s, a, b : P(nh(s, a, b) < (1− ϵ)ndh(s, a, b))) ≤ SABH exp
(
−ϵ

2npmin
2

)
.

The RHS is smaller than δ if we set

ϵ =
√

2 log(SABH/δ)
npmin

.

If n ≥ 8 log(SABH/δ)
pmin

, we have

d̂h(s, a, b) = nh(s, a, b)
n

≥ dh(s, a, b)
2 .

By Definition 3.2.4 and Definition 3.2.3, we have

2C(π) ≥ Ĉ(π).

The following Lemma is from Lemma A.1 in Xie et al. [2021b]. For completeness we

provide a proof here.

Lemma B.3.12. With probability at least 1− δ, for all h ∈ [H], s ∈ S, a ∈ A and b ∈ B,

we have

nh(s, a, b) ∨ 1 ≥ ndh(s, a, b)
ι

.
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Proof. For fixed h ∈ [H], s ∈ S, a ∈ A and b ∈ B, nh(s, a, b) is a binomial random variable

following Bin(n, dh(s, a, b)). We show that with probability 1− δ, we have

nh(s, a, b) ∨ 1 ≥ ndh(s, a, b)
8 log(1/δ) .

If dh(s, a, b) ≤ 8 log(1/δ)/n, the argument holds directly. Otherwise by the multiplicative

Chernoff bound, we have

P (nh(s, a, b) < ndh(s, a, b)/2) ≤ exp(−ndh(s, a, b)/8) ≤ δ.

So with probability 1−δ, we have nh(s, a, b) ≥ ndh(s, a, b)/2 ≥ ndh(s, a, b)/8 log(1/δ). Then

with union bound we can prove the lemma.

Lemma B.3.13. With probability 1− δ for any h ∈ [H] we have

Eµ,ν′bh(sh, µsh
h , ν

′sh
h ) ≤ 2H

√
S log(N (Π))C(µ, ν)ι2/n,

Eµ′,νbh(sh, µ′sh
h , νsh

h ) ≤ 2H
√
S log(N (Π))C(µ, ν)ι2/n.

Proof. From Lemma B.3.12, with probability 1− δ, for all h, s, a, b, we have

nh(s, a, b) ∨ 1 ≥ ndh(s, a, b)
ι

.

For (a, b) ∈ Kh(s), we have nh(s, a, b) ≥ 1 and thus nh(s, a, b) ≥ ndh(s,a,b)
ι .

Eµ,ν′bh(sh, µsh
h , ν

′sh
h )

=Eµ,ν′

H
√√√√ ∑

(a,b)∈Kh(s)

µsh
h (a)2ν ′sh

h (b)2

nh(s, a, b) log(N (Π))ι+
√
ι

n


=
∑
sh∈S

H
√

log(N (Π))ι

√√√√√ ∑
(ah,bh)∈Kh(sh)

dµ,ν
′

h (sh, ah, bh)2

nh(sh, ah, bh) +
√
ι

n

=
∑
sh∈S

H
√

log(N (Π))ι2

√√√√√ ∑
(ah,bh)∈Kh(sh)

dµ,ν
′

h (sh, ah, bh)2

n · dh(sh, ah, bh) +
√
ι

n

≤
∑
sh∈S

H
√

log(N (Π))ι2
√ ∑

(ah,bh)∈Kh(sh)
d
µ∗,ν(µ∗)
h (sh, ah, bh)C∗/n+

√
ι

n

≤H
√
S log(N (Π))C∗ι2/n+

√
ι

n
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≤2H
√
S log(N (Π))C∗ι2/n.

Lemma B.3.14. With probability 1 − δ for any µ′ ∈ Πmax,det, ν ′ ∈ Πmin,det, h ∈ [H] and

t ∈ [0, 1] we have

Eµ,ν′
∑

(ah,bh)/∈Kh(sh)
µsh
h (ah)ν ′sh

h (bh) ≤ (SAC(µ, ν)ι/n)t ,

Eµ′,ν

∑
(ah,bh)/∈Kh(sh)

µ′sh
h (ah)νsh

h (bh) ≤ (SBC(µ, ν)ι/n)t .

In addition, if µ ∈ Πmax,det and ν ∈ Πmin,det, we have

Eµ,ν′
∑

(ah,bh)/∈Kh(sh)
µsh
h (ah)ν ′sh

h (bh) ≤ (SC(µ, ν)ι/n)t ,

Eµ′,ν

∑
(ah,bh)/∈Kh(sh)

µ′sh
h (ah)νsh

h (bh) ≤ (SC(µ, ν)ι/n)t .

Proof. We prove the first argument and the second one holds similarly. From Lemma B.3.12,

with probability 1− δ, for all h, s, a, b, we have

nh(s, a, b) ∨ 1 ≥ ndh(s, a, b)
ι

.

For (a, b) /∈ Kh(s), we have nh(s, a, b) = 0 and thus ι ≥ ndh(s, a, b). Then for any t ∈ [0, 1],

we have

Eµ,ν′
∑

(ah,bh)/∈Kh(sh)
µsh
h (ah)ν ′sh

h (bh)

≤Eµ,ν′
∑

(ah,bh)∈A×B

µsh
h (ah)ν ′sh

h (bh)ιt

(ndh(sh, ah, bh))t

=
∑
sh∈S

∑
ah∈A,bh=ν′

h
(sh)

dµ,ν
′

h (sh, ah, bh)ιt

(ndh(sh, ah, bh))t

≤
∑
sh∈S

∑
ah∈A,bh=ν′

h
(ah)

Ct(µ, ν)ιt

nt

(
dµ,ν

′

h (sh, ah, bh)
)1−t

≤ (SAC(µ, ν)ι/n)t . (Cauchy-Schwarz Inequality)
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If we have µ ∈Mdet, then we have

Eµ,ν′
∑

(ah,bh)/∈Kh(sh)
µsh
h (ah)ν ′sh

h (bh)

≤
∑
sh∈S

∑
ah=µh(sh),bh=ν′

h
(sh)

Ct(µ, ν)ιt

nt

(
dµ,ν

′

h (sh, ah, bh)
)1−t

≤ (SC(µ, ν)ι/n)t . (Cauchy-Schwarz Inequality)

Theorem B.3.15. With probability 1− δ, we have

Gap(πoutput) ≤ min
π=(µ,ν)∈Π

[
Gap(π) + 4H2

√
S log(N (Π))C(π)ι2/n+ 2HC(π)S(A+B)ι/n

]
.

In additon, if n ≥ 8 log(SABH/δ)
pmin

, we have

Gap(πoutput) ≤ min
π=(µ,ν)∈Π

[
Gap(π) + 8H2

√
S log(N (Π))C(π)ι2/n

]
.

Proof. The first argument can be derived by Lemma B.3.13 and Lemma B.3.14 with t = 1.

The second argument can be derived by Theorem B.3.10 and Lemma B.3.11.

Corollary B.3.16. If Π = Πfull, then with probability 1− δ we have

Gap(πoutput) = Õ(
√
H4S(A+B)C(π∗)/n).

In addition, for turn-based two-player zero-sum Markov games, we can set Π = Πdet and

we have

Gap(πoutput) = Õ(
√
H4SC(π∗)/n).

Proof. The first argument can be derived by Lemma B.2.1 and Theorem B.3.15 with t = 1/2.

The second argument can be derived by Lemma B.2.2, Lemma B.3.13 and Lemma B.3.14

with t = 1/2.

B.4 Proofs in Section 3.4

Lemma B.4.1. For any strategy π ∈ Π, h ∈ [H] and sh ∈ S, we have

V
∗,π−j

h,j (sh) = max
πj

V
π
h,j(sh).



198

Proof. We prove this argument by induction. It holds trivially for H + 1 as V ∗,π−j

H+1,j(s) =

maxπj V
π
H+1,j(s) = 0 for any s ∈ S. Suppose the argument holds for h + 1 and now we

consider h.

Consider function

f(π′s
h,j) =Eaj∼π′s

h,j
,a−j∼πs

h,−j
r̂h,j(s, aj ,a−j) + Eaj∼π′s

h,j
,a−j∼πs

h,−j
P̂h(s, aj ,a−j) · V

∗,π−j

h+1,j

+ bh(s, π′s
h,j , π

s
h,−j) +H

∑
a−j :(aj ,a−j)/∈K(s)

πsh,−j(a−j).

Lemma B.2.5 shows that bh(s, π′s
h,j , π

s
h,−j) is convex with respect to π′s

h,j , while all the other

terms are linear with respect to π′s
h,j . As a result, f(π′s

h,j) is a convex function and thus we

have

max
π′s

h,j
∈∆(Aj)

f(π′s
h,j) = max

π′s
h,j

∈D(Aj)
f(π′s

h,j).

Then we have

max
aj∈Aj

V h,j(s, aj)

= max
π′s

h,j
∈D(Aj)

f(π′s
h,j)

= max
π′s

h,j
∈∆(Aj)

f(π′s
h,j)

= max
π′s

h,j
∈∆(Aj)

Eaj∼π′s
h,j
,a−j∼πs

h,−j
r̂h,j(s, aj ,a−j) + Eaj∼π′s

h,j
,a−j∼πs

h,−j
P̂h(s, aj ,a−j) · V

∗,π−j

h+1,j

+ bh(s, π′s
h,j , π

s
h,−j) +H

∑
a−j :(aj ,a−j)/∈K(s)

πsh,−j(a−j)

= max
π′s

h,j
∈∆(Aj)

Eaj∼π′s
h,j
,a−j∼πs

h,−j
r̂h,j(s, aj ,a−j) + max

πj
Eaj∼π′s

h,j
,a−j∼πs

h,−j
P̂h(s, aj ,a−j) · V

π
h+1,j

+ bh(s, π′s
h,j , π

s
h,−j) +H

∑
a−j :(aj ,a−j)/∈K(s)

πsh,−j(a−j) (Induction hypothesis)

= max
πj

Eaj∼π′s
h,j
,a−j∼πs

h,−j
r̂h,j(s, aj ,a−j) + Eaj∼π′s

h,j
,a−j∼πs

h,−j
P̂h(s, aj ,a−j) · V

π
h+1,j

+ bh(s, π′s
h,j , π

s
h,−j) +H

∑
a−j :(aj ,a−j)/∈K(s)

πsh,−j(a−j).

So we have V
∗,π−j

h,j (sh) = maxπj V
π
h,j(sh). (See Algorithm 17 and Algorithm 18 for the

definition of both quantities)
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Lemma B.4.2. Fix π′ ∈ Π, j ∈ [m], h ∈ [H] and s ∈ S, with probability 1− δ we have∣∣∣∣∣∣
∑

a∈Kh(s)
π′
h(a|s)

(
rh,j(s,a) +

〈
Ph(s,a), V π′

h+1,j
〉
− r̂h,j(s,a)−

〈
P̂h,j(s,a), V π′

h+1,j
〉)∣∣∣∣∣∣

≤ H
√√√√2

∑
a∈Kh(s)

π′
h(a|s)2

nh(s,a) log(4/δ),

and ∣∣∣∣∣∣
∑

a∈Kh(s)
π′
h(a|s)

(
rh,j(s,a) +

〈
Ph(s,a), V π′

h+1,j
〉
− r̂h,j(s,a)−

〈
P̂h(s,a), V π′

h+1,j
〉)∣∣∣∣∣∣

≤ H
√√√√2

∑
a∈Kh(s)

π′
h(a|s)2

nh(s,a) log(4/δ).

Proof. We use kih(s, a, b) to denote the index of (s, a, b) appears in the dataset at timestep

h for ith time. With probability 1− δ, we have∣∣∣∣∣∣
∑

(a)∈Kh(s)
π′
h(a|s)

(
rh,j(s,a) +

〈
Ph(s,a), V π′

h+1,j
〉
− r̂h,j(s,a)−

〈
P̂h(s,a), V π′

h+1,j
〉)∣∣∣∣∣∣

=

∣∣∣∣∣∣
∑

a∈Kh(s)

nh(s,a)∑
i=1

π′
h(a|s)

nh(s,a)

(
r
ki

h(s,a)
h,j − rh,j(s,a)

)

+
∑

(a)∈Kh(s)

nh(s,a)∑
i=1

π′
h(a|s)

nh(s,a)

(
V π′
h+1,j(s

ki
h(s,a)
h+1 )−

〈
Ph(s,a), V π′

h+1,j
〉)∣∣∣∣∣∣

≤
√√√√1

2
∑

a∈Kh(s)

π′
h(a|s)2

nh(s,a) log(2/δ) +H

√√√√1
2

∑
a∈Kh(s)

π′
h(a|s)2

nh(s,a) log(2/δ)

≤H
√√√√2

∑
a∈Kh(s)

π′
h(a|s)2

nh(s,a) log(2/δ),

where the first inequality is from Hoeffding’s inequality and the fact that V h+1,j has no

dependence on the dataset at timestep h. The second argument holds similarly. Rescaling

δ to δ/2 and with an union bound we can prove the lemma.

Lemma B.4.3. With probability 1− δ, for all π ∈ Π, j ∈ [m], h ∈ [H], s ∈ S, we have∣∣∣∣∣∣
∑

a∈Kh(s)
πh(a|s)

(
rh,j(s,a) +

〈
Ph(s,a), V π

h+1,j
〉
− r̂h,j(s,a)−

〈
P̂h(s,a), V π

h+1,j
〉)∣∣∣∣∣∣ ≤ bh(s, πsh),
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∣∣∣∣∣∣
∑

a∈Kh(s)
πh(a|s)

(
rh,j(s,a) +

〈
Ph(s,a), V π

h+1,j
〉
− r̂h,j(s,a)−

〈
P̂h(s,a), V π

h+1,j
〉)∣∣∣∣∣∣ ≤ bh(s, πsh).

Denote this event as Gmarl.

Proof. We prove the argument for V π
h+1,j and the argument for V π

h+1,j holds similarly. Sup-

pose V is a ϵcover-covering of [0, H]S with respect to L-∞ norm and |V| ≤ (1 +HS/ϵcover)S .

First, using a union bound for all j ∈ [m], h ∈ [H], s ∈ S, π′s
h,j ∈ C(Π

prior
h,j (s)), Vh+1 ∈ V on

Lemma B.4.2, with probability 1− δ we have∣∣∣∣∣∣
∑

a∈Kh(s)
π′
h(a|s)

(
rh,j(s,a) + ⟨Ph(s,a), Vh+1⟩ − r̂h,j(s,a)−

〈
P̂h(s,a), Vh+1

〉)∣∣∣∣∣∣
≤H

√√√√4
∑

a∈Kh(s)

π′
h(a|s)2

nh(s,a) log(4m
∑

s∈S,h∈[H]

∏
j∈[m]

|C(Πh,j(s))|(1 +HS/ϵcover)S/δ)

≤H
√√√√8

∑
a∈Kh(s)

π′
h(a|s)2

nh(s,a) S log(8mN (Π)SH/ϵcoverδ).

Note that rh,j(s,a) +
〈
Ph(s,a), V π

h+1,j

〉
− r̂h,j(s,a) −

〈
P̂h(s,a), V π

h+1,j

〉
is bounded in

[−H,H] as rh,j(s,a) ∈ [0, 1] and V π
h+1,j ∈ [0, H − h]. There exists Vh+1 ∈ V such that

∥V π
h+1,j − Vh+1∥∞ ≤ ϵcover, which implies∣∣∣∣∣∣

∑
a∈Kh(s)

π′
h(a|s)

(
rh(s,a) + ⟨Ph(s,a), Vh+1⟩ − r̂h(s,a)−

〈
P̂h(s,a), Vh+1

〉)∣∣∣∣∣∣
−

∣∣∣∣∣∣
∑

a∈Kh(s)
π′
h(a|s)

(
rh(s,a) +

〈
Ph(s,a), V π

h+1,j
〉
− r̂h(s,a)−

〈
P̂h(s,a), V π

h+1,j
〉)∣∣∣∣∣∣

≤2ϵcover.

For any πsh,j ∈ Πh,j(s), there exists π′s
h,j ∈ C(Πh,j(s)) such that ∥πh,j(·|s)− π′

h,j(·|s)∥1 ≤

ϵcover for all j ∈ [m] and s ∈ S. So with Lemma B.5.2, we have∣∣∣∣∣∣
∑

a∈Kh(s)
π′
h(a|s)

(
rh,j(s,a) +

〈
Ph(s,a), V π

h+1,j
〉
− r̂h,j(s,a)−

〈
P̂h(s,a), V π

h+1,j
〉)

−
∑

a∈Kh(s)
πh(a|s)

(
rh(s,a) +

〈
Ph(s,a), V π

h+1,j
〉
− r̂h,j(s,a)−

〈
P̂h(s,a), V π

h+1,j
〉)∣∣∣∣∣∣

≤mϵcoverH.
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By Lemma B.5.3, we have∣∣∣∣∣∣
√√√√ ∑

a∈Kh(s)

π′
h(a|s)2

nh(s,a) −
√√√√ ∑

a∈Kh(s)

πh(a|s)2

nh(s,a)

∣∣∣∣∣∣ ≤ √2mϵcover.

Combining all these parts together and then with probability 1− δ, we have∣∣∣∣∣∣
∑

a∈Kh(s)
πh(a|s)

(
rh,j(s,a) +

〈
Ph(s,a), V π

h+1,j
〉
− r̂h,j(s,a)−

〈
P̂h(s,a), V π

h+1,j
〉)∣∣∣∣∣∣

≤H
√√√√8

∑
a∈Kh(s)

πh(a|s)2

nh(s,a) S log(8mN (Π, ϵcover)SHδ) + 2ϵcover +mϵcoverH

+H
√

8mϵcover log(8mN (Π, ϵcover)SH/δ).

By Lemma B.5.1, we have

N (Π, ϵcover) = 1
SH

∑
s∈S,h∈[H]

∏
j∈[m]

|C(Πh,j(s), ϵcover)|

≤
∏
j∈[m]

(3Aj/ϵcover)Aj

≤(3(
∑
j∈[m]

Aj)/ϵcover)
∑

j∈[m] Aj .

Set ϵcover = 1∑
j∈[m] AjmH2n2 and with some calculations we can get

∣∣∣∣∣∣
∑

a∈Kh(s)
πh(a|s)

(
rh(s,a) +

〈
Ph(s,a), V π

h+1,j
〉
− r̂h,j(s,a)−

〈
P̂h(s,a), V π

h+1,j
〉)∣∣∣∣∣∣

≤H
√√√√8

∑
a∈Kh(s)

πh(a|s)2

nh(s,a) S log(8mN (Π)SHn/δ) +
√

32 log(16
∏
j∈[m]

AjmSHn/δ)/n

≤H
√√√√ ∑

a∈Kh(s)

πh(a|s)2

nh(s,a) S log(N (Π))ι+
√
ι/n.

Lemma B.4.4. Under event Gmarl, for all j ∈ [m], h ∈ [H], π ∈ Π and s ∈ S, we have

V π
h,j(s) ≤ V π

h,j(s) ≤ V
π
h,j(s).
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Proof. We prove this argument by induction. It holds for h = H + 1 as V π
H+1,j(s) =

V π
H+1,j(s) = V

π
H+1,j(s). Suppose the argument holds for h+ 1 and we consider h.

V π
h,j(s) = proj[0,H−h+1]

{
Ea∼πh(·|s)r̂h,j(s,a) + Ea∼πh(·|s)P̂h(s,a) · V π

h+1,j − bh(s, πsh)
}

= proj[0,H−h+1]

 ∑
a∈Kh(s)

πh(a|s)
(
r̂h,j(s,a) +

〈
P̂h(s,a), V π

h+1,j
〉)
− bh(s, πsh)


≤proj[0,H−h+1]

 ∑
a∈Kh(s)

πh(a|s)
(
rh,j(s,a) +

〈
Ph(s,a), V π

h+1,j
〉)

(Lemma B.4.3)

≤proj[0,H−h+1]

 ∑
a∈Kh(s)

πh(a|s)
(
rh,j(s,a) +

〈
Ph(s,a), V π

h+1,j
〉)

(Induction hypothesis)

≤proj[0,H−h+1]

{∑
a∈A

πh(a|s)
(
rh,j(s,a) +

〈
Ph(s,a), V π

h+1,j
〉)}

≤proj[0,H−h+1]
{
V π
h,j(s)

}
=V π

h,j(s).

V
π
h,j(s)

= proj[0,H−h+1]

Ea∼πh(·|s)r̂h,j(s,a) + Ea∼πh(·|s)P̂h(s,a) · V π
h+1,j + bh(s, πsh) +H

∑
a/∈K(s)

πh(a|s)


= proj[0,H−h+1]

 ∑
a∈Kh(s)

πh(a|s)
(
r̂h,j(s,a) +

〈
P̂h(s,a), V π

h+1,j
〉)

+ bh(s, πsh) +H
∑

a/∈K(s)
πh(a|s)


≥proj[0,H−h+1]

 ∑
a∈Kh(s)

πh(a|s)
(
rh,j(s,a) +

〈
Ph(s,a), V π

h+1,j
〉)

+H
∑

a/∈K(s)
πh(a|s)


(Lemma B.4.3)

≥proj[0,H−h+1]

{∑
a∈A

πh(a|s)
(
rh,j(s,a) +

〈
Ph(s,a), V π

h+1,j
〉)}
(V π

h+1,j(s) ≤ H − h for all s ∈ S)

≥proj[0,H−h+1]

{∑
a∈A

πh(a|s)
(
rh,j(s,a) +

〈
Ph(s,a), V π

h+1,j
〉)}

(Induction hypothesis)

= proj[0,H−h+1]
{
V π
h,j(s)

}
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=V π
h,j(s).

Lemma B.4.5. Under event Gmarl, for any policy π ∈ Π, we have

Gap(π) ≤
∑
j∈[m]

V
∗,π−j

1,j (s)− V π
1,j(s).

In addition, we have

Gap(πoutput) ≤ min
π∈Π

∑
j∈[m]

[
V

∗,π−j

1,j (s)− V π
1,j(s)

]
.

Proof. By Lemma B.4.4, we have

Gap(π) = max
π′

∑
j∈[m]

V
π′

j ,π−j

1,j (s)− V π
1,j(s) ≤ max

π′

∑
j∈[m]

V
π′

j ,π−j

1,j (s)− V π
1,j(s).

Combined with Lemma B.4.1 we can prove the first argument. For the second argument,

note that πoutput is the minimizer of the RHS, so we have

Gap(πoutput) ≤ min
π∈Π

∑
j∈[m]

V
∗,π−j

1,j (s)− V π
1,j(s).

Lemma B.4.6. Under event Gmarl, for any strategy π ∈ Π, we have

V π
1,j(s1) ≥ V π

1,j(s1)− Eπ
∑
h∈[H]

b̂h(sh, πsh
h ), V π

1,j(s1) ≤ V π
1,j(s1) + Eπ

∑
h∈[H]

b̂h(sh, πsh
h ).

Proof. We prove the first argument and the second argument holds similarly.

V π
1,j(s1)− V π

1,j(s1)

=Ea∼π1(·|s1)
[
r1,j(s1,a) + P1(s1,a) · V π

2,j
]
− Ea∼π1(·|s1)

[
r̂1,j(s1,a) + P̂1(s1,a) · V π

2,j
]

+ b1(s1, π
s1
1 )

=Eπ1

[
V π

2,j(s2)− V π
2,j(s2)

]
+ Eπ1

[
r1,j(s1,a) + P1(s1,a) · V π

2,j − r̂1,j(s1,a)− P̂1(s1,a) · V π
2,j
]

+ b1(s1, π
s1
1 )

≤Eπ1

[
V π

2,j(s2)− V π
2,j(s2)

]
+

∑
a∈Kh(s1)

π1(a|s1)
(
r1,j(s1,a) + P1(s1,a) · V π

2,j − r̂1,j(s1,a)− P̂1(s1,a) · V π
2,j
)

+
∑

a/∈Kh(s1)
π(a|s1)H + b1(s1, π

s1
1 )
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≤Eπ1

[
V π

2,j(s2)− V π
2,j(s2)

]
+

∑
a/∈Kh(s1)

π1(a|s1)H + 2b1(s1, π
s1
1 )

=Eπ1

[
V π

2,j(s2)− V π
2,j(s2)

]
+ b̂1(s1, π

s1
1 ).

By telescoping we can prove the first argument.

Lemma B.4.7. Under good event Gmarl, for any strategy π ∈ Π, we have

∑
j∈[m]

V
∗,π−j

1,j (s1)− V π
1,j(s1) ≤Gap(π) + max

π′∈Πdet

∑
j∈[m]

Eπ′
j ,π−j

[
H∑
h=1

b̂h(sh, π′sh
h,j , π

sh
h,−j)

]
+mEπ

H∑
h=1

[
b̂h(sh, πsh

h )
]
.

Proof. Set π̃ = argmaxπ′∈Πfull
∑
j∈[m] V

π′
j ,π−j

1,j (s1)−V π
1,j(s1). Lemma B.4.1 shows that there

always exists a deterministic strategy π̃ ∈ Πdet, which is used by Algorithm 18.

max
π′∈Πfull

∑
j∈[m]

V
π′

j ,π−j

1,j (s1)− V π
1,j(s1)

=
∑
j∈[m]

V
π̃j ,π−j

1,j (s1)− V π
1,j(s1)

≤
∑
j∈[m]

V π̃j ,π−j

1,j (s1)− V π
1,j(s1) + Eπ̃j ,π−j

∑
h∈[H]

b̂h(sh, π̃sh
h,j , π

sh
h,−j) + Eπ

∑
h∈[H]

b̂h(sh, πsh
h )


(Lemma B.4.6)

≤ max
π′∈Πdet

∑
j∈[m]

[
V
π′

j ,π−j

1,j (s1)− V π
1,j(s1)

]
+
∑
j∈[m]

Eπ̃j ,π−j

[
H∑
h=1

b̂h(sh, π̃sh
h,j , π

sh
h,−j)

]
+mEπ

H∑
h=1

[
b̂h(sh, πsh

h )
]

≤Gap(π) + max
π′∈Πdet

∑
j∈[m]

Eπ′
j ,π−j

[
H∑
h=1

b̂h(sh, π′sh
h,j , π

sh
h,−j)

]
+mEπ

H∑
h=1

[
b̂h(sh, πsh

h )
]
.

B.4.1 Dataset-dependent Bound

Lemma B.4.8. Suppose Ĉ(π) is finite. For any strategy π′ ∈ Π, h ∈ [H] and j ∈ [m], we

have

Eπ′
j ,π−j

bh(sh, π′sh
h,j , π

sh
h,−j) ≤ 2HS

√
Ĉ(π) log(N (Π))ι/n.
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Proof.

Eπ′
j ,π−j

bh(sh, π′sh
h,j , π

sh
h,−j)

=Eπ′
j ,π−j

H

√√√√ ∑
a∈Kh(sh)

(π′
h,j , πh,−j)(a|sh)2

nh(s,a) S log(N (Π))ι+
√
ι/n

=
∑
sh∈S

H

√√√√√ ∑
a∈Kh(sh)

d
π′

j ,π−j

h (sh)(π′
h,j , πh,−j)(a|sh)2

nh(sh,a) S log(N (Π))ι+
√
ι/n

=
∑
sh∈S

H

√√√√√ ∑
a∈Kh(sh)

d
π′

j ,π−j

h (sh,a)2

nd̂h(sh,a)
S log(N (Π))ι+

√
ι/n

≤
∑
sh∈S

H

√√√√ ∑
a∈Kh(sh)

Ĉ(π)d
π′

j ,π−j

h (sh,a)S log(N (Π))ι/n+
√
ι/n

≤H
√
S2Ĉ(π) log(N (Π))ι/n+

√
ι/n (Cauchy-Schwarz inequality)

≤2HS
√
Ĉ(π) log(N (Π))ι/n.

Lemma B.4.9. Suppose Ĉ(π) is finite. For any strategy π′ ∈ Π, h ∈ [H] and j ∈ [m], we

have

Eπ′
j ,π−j

∑
ah /∈Kh(sh)

(π′
h,j , πh,−j)(ah|sh) = 0.

Proof. Similar to Lemma B.3.8, we have

Eπ′
j ,π−j

∑
ah /∈Kh(sh)

(π′
h,j , πh,−j)(ah|sh)

=Eπ′
j ,π−j

∑
ah:d̂h(sh,ah)=0

(π′
h,j , πh,−j)(ah|sh)

=
∑

a:d̂h(sh,ah)=0

d
π′

j ,π−j

h (sh,ah)

≤Ĉ(π)
∑

a:d̂h(sh,ah)=0

d̂h(sh,ah)

=0.
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Lemma B.4.10. For any strategy π ∈ Π and j ∈ [m], we have

max
π′

Eπ′
j ,π−j

[
H∑
h=1

b̂h(sh, π′sh
h,j , π

sh
h,−j)

]
≤ 2H2S

√
Ĉ(π) log(N (Π))ι/n.

Proof. If Ĉ(π) is infinite, the argument holds directly. Otherwise it can be derived from

Lemma B.4.8 and Lemma B.4.9.

Theorem B.4.11. With probability 1− δ, we have

Gap(πoutput) ≤ min
π∈Π

[
Gap(π) + 4mH2S

√
Ĉ(π) log(N (Π))ι/n

]
.

Proof. This can be derived from Lemma B.4.10, Lemma B.4.5 and Lemma B.4.7.

B.4.2 Dataset-independent Bound

Lemma B.4.12. Suppose pmin = mins,a,h{dρh(s,a) : dρh(s,a) > 0}. With probability 1 − δ,

for all h, s,a, we have

nh(s,a) ≥

1−

√
2 log(SΠj∈[m]AjH/δ)

npmin

ndh(s,a).

As a result, if n ≥ 8 log(SΠj∈[m]AjH/δ)
pmin

, for all strategy π, we have

2C(π) ≥ Ĉ(π).

Proof. For a fixed s,a, h, for any ϵ > 0 we have

P(nh(s,a) < (1− ϵ)ndh(s,a)) ≤ exp
(
−ϵ

2ndh(s,a)
2

)
≤ exp

(
−ϵ

2npmin
2

)
.

With a union bound, we have

P(∃h, s, a, b : P(nh(s, a, b) < (1− ϵ)ndh(s, a, b))) ≤ SΠj∈[m]AjH exp
(
−ϵ

2npmin
2

)
.

The RHS is smaller than δ if we set

ϵ =

√
2 log(SΠj∈[m]AjH/δ)

npmin
.

If n ≥ 8 log(SΠj∈[m]AjH/δ)
pmin

, we have d̂h(s,a) = nh(s,a)
n ≥ dh(s,a)

2 . By Definition 3.2.4 and

Definition 3.2.3, we have

2C(π) ≥ Ĉ(π).



207

Theorem B.4.13. If n ≥ 8 log(SΠj∈[m]AjH/δ)
pmin

, with probability 1− δ, we have

Gap(πoutput) ≤ min
π∈Π

[
Gap(π) + 4mH2S

√
2C(π) log(N (Π)ι/n

]
.

Proof. This can be derived by Lemma B.4.12 and Theorem B.4.11.

B.5 Technical Lemmas

Lemma B.5.1. (L-1 covering number of probability simplex) For probability simplex ∆(A)

and A = |A|, there exists a subset ∆′(A) ⊂ ∆(A) such that for any p ∈ ∆(A), there exists

p′ ∈ (A) such that ∥p− p′∥1 ≤ ϵ. In addition,

|∆′(A)| ≤
(3A
ϵ

)A
.

Proof. We construct ϵ′-net for ϵ/2 < ϵ′ ≤ ϵ such that 1/ϵ′ is integer. Then this ϵ′-net is

directly a ϵ-net as ϵ′ ≤ ϵ. Define D(A) = {(n1ϵ′, n2ϵ′, · · · , nAϵ′),
∑A
i=1 = 1

ϵ′ , ni ∈ [0, 1/ϵ′]} ⊂

∆(A). For p = (p1, p2, · · · , pA) ∈ ∆(A), suppose

kiϵ
′ ≤ pi < (ki + 1)ϵ′,

for some non-negative integers {ki}. Set k =
∑A
i=1 ki Then we have 1/ϵ′ − A < k ≤ 1/ϵ′.

Now we construct p′ = (n1ϵ′, n2ϵ′, · · · , nAϵ′) ∈ D(A) such that
ni = ki + 1, i ∈ [1/ϵ′ − k]

ni = ki, otherwise.

Then we have |pi − p′
i| ≤ ϵ′ for all i ∈ [A], which implies

∥p− p′∥ ≤ Aϵ′.

So |D(A)| ≤
(

1+ϵ′
ϵ′

)A
≤
(

3
ϵ

)A
is an Aϵ-net of ∆(A). We can prove the lemma by rescaling

ϵ.

Lemma B.5.2. Suppose πj , π′
j ∈ ∆(Aj) such that

∥∥∥πj − π′
j

∥∥∥
1
≤ ϵ for all j ∈ [m]. For any

function f(a) ∈ [−H,H], we have

|Ea∼πf(a)− Ea∼π′f(a)| ≤ mϵH.
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Proof.

|Ea∼πf(a)− Ea∼π′f(a)|

=
∣∣∣∣∣∑a Πm

j=1πj(aj)f(a)−
∑

a
Πm
j=1π

′
j(aj)f(a)

∣∣∣∣∣
=

∣∣∣∣∣∣
m∑
j=1

∑
a−j∈Πi ̸=jAi

Πj−1
i=1πi(ai)Π

m
i=j+1π

′
i(ai)

∑
aj∈Aj

(
πj(aj)− π′

j(aj)
)
f(a)

∣∣∣∣∣∣
≤

∣∣∣∣∣∣
m∑
j=1

∑
a−j∈Πi ̸=jAi

Πj−1
i=1πi(ai)Π

m
i=j+1π

′
i(ai)ϵH

∣∣∣∣∣∣
=mϵH.

Lemma B.5.3. Suppose πj , π′
j ∈ ∆(Aj) such that

∥∥∥πj − π′
j

∥∥∥
1
≤ ϵ for all j ∈ [m]. For any

set K ⊂ Πj∈[m]Aj and function n(a) ≥ 1 we have∣∣∣∣∣∣
√√√√∑

a∈K

π(a)2

n(a) −

√√√√∑
a∈K

π′(a)2

n(a)

∣∣∣∣∣∣ ≤
√

2mϵ.

Proof. ∣∣∣∣∣∣
√√√√∑

a∈K

π(a)2

n(a) −

√√√√∑
a∈K

π′(a)2

n(a)

∣∣∣∣∣∣
≤

√√√√∣∣∣∣∣∑
a∈K

π(a)2 − π′(a)2

n(a)

∣∣∣∣∣
=

√√√√√√
∣∣∣∣∣∣∣
m∑
j=1

∑
a−j∈

∏
i ̸=j

Ai

j−1∏
i=1

π2
i (ai)

m∏
i=j+1

π′2
i (ai)

∑
aj∈Aj

(
π2
j (aj)− π′2

j (aj)
)

1(a ∈ K)/n(a)

∣∣∣∣∣∣∣
≤

√√√√√√
∣∣∣∣∣∣∣
m∑
j=1

∑
a−j∈

∏
i ̸=j

Ai

j−1∏
i=1

π2
i (ai)

m∏
i=j+1

π′2
i (ai)2ϵ

∣∣∣∣∣∣∣
≤
√

2mϵ.
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Appendix C

DEFERRED CONTENTS FROM CHAPTER ??

C.1 Properties of Independent Linear Markov Games

Proposition 4.3.2. ν-misspecified state abstraction Markov games (Example

2) are Hν-misspecified independent linear Markov games with Πabstraction =

{π | πh(· | s) = πh(· | s′), ψ(s) = ψ(s′)}, di = |Z|Ai for all i ∈ [m] and feature

ϕi(s, ai) = eψ(s),ai
to be the canonical basis in Rdi.

Proof. For all player i, we will let di = |Z|Ai and ϕi(s, ai) = e(ψ(s),ai) be the canonical basis

in Rdi . For any policy π ∈ Πestimate, by the definition of θπ,π−i,V
h (See Equation (4.1)), we

have

θ
π,π−i,V
h (z, ai) =

∑
s:ψ(s)=z d

π
h(s)Qπ−i,V

h,i (s, ai)∑
s:ψ(s)=z d

π
h(s)

∈ [0, H + 1− h],

where dπh(·) is the distribution over S induced by following policy π till step h. Thus we

have

proj[0,H+1−h]
(〈
ϕi(sh, ah,i), θ

π,π−i,V
h

〉)
−Qπ−i,V

h,i (sh, ah,i)

= proj[0,H+1−h]
(
θ
π,π−i,V
h (ψ(sh), ah,i)

)
−Qπ−i,V

h,i (sh, ah,i)

=θπ,π−i,V
h (ψ(sh), ah,i)−Q

π−i,V
h,i (sh, ah,i)

=
∑
s:ψ(s)=ψ(sh) d

π
h(s)

(
Q
π−i,V
h,i (s, ah,i)−Q

π−i,V
h,i (sh, ah,i)

)
∑
s:ψ(s)=ψ(sh) d

π
h(s)

.

On the other hand, for any z = ψ(sh) = ψ(s′
h), i ∈ [m], h ∈ [H], V ∈ V and π ∈ Πestimate,

we have∣∣∣Qπ−i,V
h,i (sh, ah,i)−Q

π−i,V
h,i (s′

h, ah,i)
∣∣∣

=
∣∣∣Eah,−i∼πh,−i(·|sh) [rh,i(sh, ah,i, ah,−i) + Vh+1(sh+1)]− Eah,−i∼πh,−i(·|s′

h
)
[
rh,i(s′

h, ah,i, ah,−i) + Vh+1(sh+1)
]∣∣∣

≤Eah,−i∼πh,−i(·|sh)
[∣∣rh,i(sh,ah,i)− rh,i(s′

h,ah,i)
∣∣+ ∣∣∣Esh+1∼Ph(·|sh,ah,i) [Vh+1(sh+1)]− Esh+1∼Ph(·|s′

h
,ah,i) [Vh+1(sh+1)]

∣∣∣]
(For π ∈ Πestimate, we have πh,−i(· | sh) = πh,−i(· | s′

h))
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≤Eah,−i∼πh,−i(·|sh)

ϵh(z) +

∣∣∣∣∣∣
∑

sh+1∈S

(
Ph(sh+1 | sh,ah,i)− Ph(sh+1 | s′

h,ah,i)
)
Vh+1(sh+1)

∣∣∣∣∣∣


≤Eah,−i∼πh,−i(·|sh) [ϵh(z) + (H − h)ϵh(z)]

=(H − h+ 1)ϵh(z).

Thus we have∣∣∣∣∣
H∑
h=1

Eπ̃
[
proj[0,H+1−h]

(〈
ϕi(sh, ah,i), θ

π,π−i,V
h

〉)
−Qπ−i,V

h,i (sh, ah,i)
]∣∣∣∣∣

≤
H∑
h=1

Eπ̃
[∣∣∣proj[0,H+1−h]

(〈
ϕi(sh, ah,i), θ

π,π−i,V
h

〉)
−Qπ−i,V

h,i (sh, ah,i)
∣∣∣]

=
H∑
h=1

Eπ̃

∣∣∣∣∣∣
∑
s:ψ(s)=ψ(sh) d

π
h(s)

(
Q
π−i,V
h,i (s, ah,i)−Q

π−i,V
h,i (sh, ah,i)

)
∑
s:ψ(s)=z d

π
h(s)

∣∣∣∣∣∣


≤
H∑
h=1

Eπ̃ [(H − h+ 1)ϵh(ψ(sh))]

≤Hν,

where the last inequality is by the definition of ν-misspecified state abstraction Markov

games.

Proposition 4.3.3. Congestion games (Example 3) are independent linear Markov games

with S = 1, H = 1 and di = F for all i ∈ [m] and misspecification error ν = 0.

Proof. As S = 1 and H = 1, we will ignore s and h in the notation. For all player i and

action ai ∈ Ai, we set ϕi(ai) ∈ {0, 1}F such that

[ϕi(ai)]f =


1, ∀f ∈ ai

0, ∀f /∈ ai.

We only need to construct θ
π−i

i such that
∥∥θπ−i

i

∥∥ ≤
√
F and

〈
ϕi(ai), θπ−i

i

〉
=

Ea−i∼π−i [Ri(a)] ∈ [0, 1] for all policy π and then we will have

Eai∼π̃i

[
proj[0,1]

〈
ϕi(ai), θπ−i

i

〉
− Ea−i∼π−i [Ri(a)]

]
= 0

for all π̃.
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For any player i and product policy π−i, we can set

[
θ
π−i

i

]
f = Ea−i∼π−i

[
Rf (nf (a−i) + 1)

]
, ∀f ∈ F ,

where we use nf (a−i) to denote the number of players except i using facility f . As each

element in θ
π−i

i is bounded between [0, 1], we have
∥∥θπ−i

i

∥∥ ≤ √F . In addition, we have

〈
ϕi(ai), θπ−i

i

〉
= Ea−i∼π−i

∑
f∈ai

(Rf (nf (a−i) + 1))

 = Ea−i∼π−i

∑
f∈ai

Rf (nf (a))

 = Ea−i∼π−i [Ri(a)] ,

which concludes the proof.

C.2 Proofs for Section 4.4

We will set the parameters for Algorithm 3 to be

• λ = 2 log(16dmaxmNHT/δ)
log(36/35)

• W = H
√
dmax

• β = 16(W +H)
√
λ+ dmax log(32WN(W +H)) + 4 log(8mKmaxHT/δ)

• TTrig = 64 log(8mHN2/δ)

• Kmax = min{2Hmdmax log(N+λ)
log(1+TTrig/4) , N}

• T = Õ(H4 log(Amax)ϵ−2) for Markov CCE and T = Õ(H4Amax log(Amax)ϵ−2) for

Markov CE

• N = Õ(m2H4d2
maxϵ

−2).

We will use subscript k, t to denote the variables in episode k and inner loop t, and subscript

h, i to denote the variables at step h and for player i. We will use K to denote the episode

that the Algorithm 3 ends (ntot = N or K = Kmax) . Immediately we have K ≤ Kmax ≤ N .

By the definition of the no-regret learning oracle (Assumption 4.4.1 and Assumption

4.4.2), we have the following two lemmas.
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Lemma C.2.1. Suppose Algorithm 3 is instantiated with no-regret learning oracles satis-

fying Assumption 4.4.1. For all k ∈ [K], t ∈ [T ], h ∈ [H], i ∈ [m] and s ∈ S we have

1
T

T∑
t=1

∑
ai∈Ai

πk,th,i(ai | s)Q
k,t
h,i(s, ai) ≥ max

ai∈Ai

1
T

T∑
t=1

Q
k,t
h,i(s, ai)−

H

T
· Reg(T ).

Lemma C.2.2. Suppose Algorithm 3 is instantiated with no-regret learning oracles satis-

fying Assumption 4.4.2. For all k ∈ [K], t ∈ [T ], h ∈ [H], i ∈ [m] and s ∈ S we have

1
T

T∑
t=1

∑
ai∈Ai

πk,th,i(ai | s)Q
k,t
h,i(s, ai) ≥ max

ψi∈Ψi

1
T

T∑
t=1

∑
ai∈Ai

πk,th,i(ai | s)Q
k,t
h,i(s, ψh(ai | s))−

H

T
·SwapReg(T ).

C.2.1 Concentration

The population covariance matrix for episode k, inner loop t, step h and player i is defined

as

Σk
h,i := E

[
Σk,t
h,i

]
= λI +

k−1∑
l=1

nlΣπl

h,i,

where Σπk

h,i = Eπk

[
ϕi(sh, ah,i)ϕi(sh, ah,i)⊤

]
. Note that slh, alh,i is sampled following the same

policy for each inner loop t, so the expected covariance is the same for different t.

We define πk,cov to be the mixture policy of the policy cover Πk, where policy πl is given

weight/probability nl∑k−1
j=1 n

j
. Then we define the on-policy population fit to be

θ̃k,th,i := argmin
∥θ∥≤W

E(sh,ah,i)∼πk,cov

{
⟨ϕi(sh, ah,i), θ⟩ − E

ah,−i∼πk,t
h,−i

(·|s)

[
rh,i(sh,ah) + V

k
h+1,i(s′)

]}2
,

θ̂k,th,i := argmin
∥θ∥≤W

E(sh,ah,i)∼πk,cov

{
⟨ϕi(sh, ah,i), θ⟩ − E

ah,−i∼πk,t
h,−i

(·|s)

[
rh,i(sh,ah) + V k

h+1,i(s′)
]}2

.

Lemma C.2.3. (Concentration) With probability at least 1− δ/2, for all k ∈ [K], h ∈ [H],

t ∈ [T ], i ∈ [m], we have

∥∥∥θk,th,i − θ̃k,th,i∥∥∥Σk
h,i

≤ 8(W +H)
√
λ+ di log(32WN(W +H)) + 4 log(8mKmaxHT/δ) ≤ β/2,

(C.1)∥∥∥θk,th,i − θ̂k,th,i∥∥∥Σk
h,i

≤ 8(W +H)
√
λ+ di log(32WN(W +H)) + 4 log(8mKmaxHT/δ) ≤ β/2,

(C.2)
1
2Σk,t

h,i ⪯ Σk
h,i ⪯

3
2Σk,t

h,i. (C.3)
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Proof. By applying Lemma C.7.8 with Ymax = H and union bound, (C.1) and (C.2) holds

with probability at least 1− δ/4. For (C.3), we can prove it holds with probability at least

1− δ/4 by applying Lemma C.7.9 with λ > 2 log(16dimKmaxHT/δ)
log(36/35) and union bound.

Lemma C.2.4. With probability at least 1− δ/2, the following two events hold:

• Suppose at episode k, Line 42: Th,i ≥ TTrig is triggered, then we have

Eπk ∥ϕi(sh, ah,i)∥2[Σk,1
h,i

]−1 ≥
1

2nk
nk∑
j=1

∥∥∥ϕi(sk,jh , ak,jh,i)
∥∥∥2[

Σk,1
h,i

]−1 ≥
TTrig
2nk ,

where j denotes the j-th trajectory collected in the policy cover update (Line 33).

• For any k ∈ [Kmax], h ∈ [H], i ∈ [m], we have

Eπk ∥ϕi(sh, ah,i)∥2[Σk,1
h,i

]−1 ≤
2TTrig
nk

.

Proof. Note that if at episode k, Th,i ≥ TTrig is triggered, we will have nk ≤ N as otherwise

ntot = N will be triggered. By Lemma C.7.2 with Xj =
∥∥∥ϕi(sk,jh , ak,jh,i)

∥∥∥[
Σ1,k

h,i

]−1 , nmax = N

and TTrig ≥ 64 log(8mHKmaxN/δ), we have that the argument holds with probability at

least 1− δ/(2mKmaxH) for any fixed k ∈ [Kmax], h ∈ [H] and i ∈ [m]. Then we can prove

the lemma by applying union bound.

We denote G to be the good event where the arguments in Lemma C.2.3 and Lemma

C.2.4 hold, which is with probability at least 1− δ by Lemma C.2.3 and Lemma C.2.4.

We define the misspecification error to be

∆k,t
h,i(s, ai) := E

a−i∼πk,t
h,−i

(·|s)

[
rh,i(s,a) + V

k
h+1,i(s′)

]
− proj[0,H+1−h]

(〈
ϕi(s, ai), θ̃k,th,i

〉)
,

∆k,t
h,i(s, ai) := E

a−i∼πk,t
h,−i

(·|s)

[
rh,i(s,a) + V k

h+1,i(s′)
]
− proj[0,H+1−h]

(〈
ϕi(s, ai), θ̂k,th,i

〉)
.

Then by the definition of ν-misspecified linear Markov games, we have the following lemma.

Lemma C.2.5. For any policy π, we have∣∣∣∣∣
H∑
h=1

Eπ
[
∆k,t
h,i(s, ai)

]∣∣∣∣∣ ≤ ν,
∣∣∣∣∣
H∑
h=1

Eπ
[
∆k,t
h,i(s, ai)

]∣∣∣∣∣ ≤ ν.
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C.2.2 Proofs for Markov CCE

Lemma C.2.6. Under the good event G, for all k ∈ [K], t ∈ [T ], h ∈ [H], i ∈ [m], s ∈ S

and ai ∈ Ai we have

−∆k,t
h,i(s, ai) ≤ Q

k,t
h,i(s, ai)−

[
E
a−i∼πk,t

h,−i
(·|s)

[
rh,i(s,a) + V

k
h+1,i(s′)

]]
≤ 3β ∥ϕi(s, ai)∥[Σk

h,i
]−1−∆k,t

h,i(s, ai),

−3β ∥ϕi(s, ai)∥[Σk
h,i

]−1−∆k,t
h,i(s, ai) ≤ Q

k,t
h,i

(s, ai)−
[
E
a−i∼πk,t

h,−i
(·|s)

[
rh,i(s,a) + V k

h+1,i(s′)
]]
≤ −∆k,t

h,i(s, ai).

Proof. We only prove the first argument and the second one holds similarly.

By Lemma C.2.3, for any s ∈ S, ai ∈ Ai, h ∈ [H], i ∈ [m], k ∈ [K], we have∣∣∣〈ϕi(s, ai), θk,th,i − θ̃k,th,i〉∣∣∣ ≤ ∥ϕi(s, ai)∥[Σk
h,i

]−1

∥∥∥θk,th,i − θ̃k,th,i∥∥∥Σk
h,i

≤ β/2 ∥ϕi(s, ai)∥[Σk
h,i

]−1 ,

where the first inequality is from Cauchy-Schwarz inequality. As a result, we have

Q
k,t
h,i(s, ai) = proj[0,H+1−h]

(〈
ϕi(s, ai), θ

k,t
h,i

〉
+ β ∥ϕi(s, ai)∥[Σk,t

h,i
]−1

)
≥proj[0,H+1−h]

(〈
ϕi(s, ai), θ

k,t
h,i

〉
+ 1

2β ∥ϕi(s, ai)∥[Σk
h,i

]−1

)
(Lemma C.2.3)

≥proj[0,H+1−h]
(〈
ϕi(s, ai), θ̃k,th,i

〉)
=E

a−i∼πk,t
h,−i

(·|s)

[
rh,i(s,a) + V

k
h+1,i(s′)

]
−∆k,t

h,i(s, ai)

and

Q
k,t
h,i(s, ai) = proj[0,H+1−h]

(〈
ϕi(s, ai), θ

k,t
h,i

〉
+ β ∥ϕi(s, ai)∥[Σk,t

h,i
]−1

)
≤proj[0,H+1−h]

(〈
ϕi(s, ai), θ

k,t
h,i

〉
+ 2β ∥ϕi(s, ai)∥[Σk

h,i
]−1

)
(Lemma C.2.3)

≤proj[0,H+1−h]

(〈
ϕi(s, ai), θ̃k,th,i

〉
+ 3β ∥ϕi(s, ai)∥[Σk

h,i
]−1

)
≤proj[0,H+1−h]

(〈
ϕi(s, ai), θ̃k,th,i

〉)
+ 3β ∥ϕi(s, ai)∥[Σk

h,i
]−1

=E
a−i∼πk,t

h,−i
(·|s)

[
rh,i(s,a) + V

k
h+1,i(s′)

]
−∆k,t

h,i(s, ai) + 3β ∥ϕi(s, ai)∥[Σk
h,i

]−1 ,

which concludes the proof.

Lemma C.2.7. (Optimism) Under the good event G, for all k ∈ [K], i ∈ [m], we have

V
k
1,i(s1) ≥ V †,πk

−i

1,i (s1)−
H∑
h=1

E†,πk
−i

[
1
T

T∑
t=1

∆k,t
h,i(sh, ah,i)

]
≥ V †,πk

−i

1,i (s1)− ν.
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Proof. For any k ∈ [K], i ∈ [m], under the good event G, we have

V
k
1,i(s1)− V †,πk

−i

1,i (s1)

= proj[0,H]

 1
T

T∑
t=1

∑
ai∈Ai

πk,t1,i (a1,i | s1)Qk,t1,i(s1, a1,i) + H

T
· Reg(T )

− V †,πk
−i

1,i (s1)

≥proj[0,H]

(
max
a1,i∈Ai

1
T

T∑
t=1

Q
k,t
1,i(s1, a1,i)

)
− V †,πk

−i

1,i (s1) (Lemma C.2.1)

≥ max
a1,i∈Ai

1
T

T∑
t=1

{
E
a−i∼πk,t

1,−i(·|s1)

[
r1,i(s,a) + V

k
2,i(s′)

]
−∆k,t

1,i(s1, a1,i)
}
− V †,πk

−i

1,i (s1)

(Lemma C.2.6)

≥E†,πk
−i

[
r1,i(s1,a1) + V

k
2,i(s′)− 1

T

T∑
t=1

∆k,t
1,i(s1, a1,i)

]
− V †,πk

−i

1,i (s1)

=E†,πk
−i

[
V
k
2,i(s2)− V †,πk

−i

2,i (s2)− 1
T

T∑
t=1

∆k,t
1,i(s1, a1,i)

]

≥− E†,πk
−i

[
H∑
h=1

1
T

T∑
t=1

∆k,t
h,i(sh, ah,i)

]

≥− ν, (Lemma C.2.5)

where we use E†,πk
−i

to denote Eπ′
i,π

k
−i

such that π′
i is a best response of πk−i.

Lemma C.2.8. (Pessimism) Under the good event G, for all k ∈ [K], i ∈ [m], we have

V k
1,i(s1) ≤ V πk

1,i (s1)−
H∑
h=1

Eπk

1
T

[
T∑
t=1

∆k,t
h,i(sh, ah,i)

]
≤ V πk

1,i (s1) + ν.

Proof. For any k ∈ [K], i ∈ [m], under the good event G, we have

V k
1,i(s1)− V πk

1,i (s1)

= 1
T

T∑
t=1

∑
a∈Ai

πk,t1,i (a1,i | s1)Qk,t1,i(s1, a1,i)− V πk

1,i (s1)

≤ 1
T

T∑
t=1

∑
a1,i∈Ai

πk,t1,i (a1,i | s1)
[
E
a1,−i∼πk,t

1,−i(·|s1)

[
r1,i(s1,a1) + V k

2,i(s2)
]
−∆k,t

1,i(s1, ai)
]
− V πk

1,i (s1)

(Lemma C.2.6)

=Ea1∼πk
1 (·|s1)

[
r1,i(s1,a1) + V k

2,i(s2)− 1
T

T∑
t=1

∆k,t
1,i(s1, ai)

]
− V πk

1,i (s1)
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=Ea1∼πk
1 (·|s1)

[
V k

2,i(s2)− V πk

2,i (s2)− 1
T

T∑
t=1

∆k,t
1,i(s1, ai)

]

≤−
H∑
h=1

Eπk

[
1
T

T∑
t=1

∆k,t
h,i(sh, ah,i)

]

≤ν, (Lemma C.2.5)

which concludes the proof.

Lemma C.2.9. Under the good event G, for all k ∈ [K] and i ∈ [m], we have

V
†,πk

−i

1,i (s1)−V πk

1,i (s1)−2ν ≤ V k
1,i(s1)−V k

1,i(s1) ≤ 6βEπk

H∑
h=1
∥ϕi(sh, ah,i)∥[Σk

h,i
]−1+H2

T
·Reg(T )+2ν.

Proof. The first inequality is from Lemma C.2.7 and Lemma C.2.8. Now we prove the

second argument. Under the good event G, for all k ∈ [K] and i ∈ [m], we have

V
k
1,i(s1)− V k

1,i(s1)

≤ 1
T

T∑
t=1

∑
ai∈Ai

πk,t1,i (a1,i | s1)Qk,t1,i(s1, a1,i) + H

T
· Reg(T )− 1

T

T∑
t=1

∑
a1,i∈Ai

πk,t1,i (a1,i | s1)Qk,t1,i(s1, a1,i)

≤ 1
T

T∑
t=1

∑
a1,i∈Ai

πk,t1,i (a1,i | s1)
([

E
a1,−i∼πk,t

1,−i(·|s)

[
rh,i(s1,a1) + V

k
2,i(s2)

]]
+ 3β ∥ϕi(s1, a1,i)∥[Σk

1,i]−1 −∆k,t
1,i(s, a1,i)

)

− 1
T

T∑
t=1

∑
a1,i∈Ai

πk,t1,i (a1,i | s1)
([

E
a1,−i∼πk,t

1,−i(·|s1)

[
rh,i(s1,a1) + V k

2,i(s2)
]]
− 3β ∥ϕi(s1, a1,i)∥[Σk

1,i]−1 −∆k,t
1,i(s, a1,i)

)

+ H

T
· Reg(T ) (Lemma C.2.6)

≤ 1
T

T∑
t=1

[
Ea1∼πk,t

1 (·|s1)

[
V
k
2,i(s2)− V k

2,i(s2)
]]

+ E
a1,i∼πk,t

1,i (·|s1)

[
6β ∥ϕi(s1, a1,i)∥[Σk

1,i]−1 −
1
T

T∑
t=1

∆k,t
1,i(s1, a1,i)−

1
T

T∑
t=1

∆k,t
1,i(s1, a1,i)

]
+ H

T
· Reg(T )

=Eπk
1

[
V
k
2,i(s2)− V k

2,i(s2)
]

+ E
a1,i∼πk,t

1,i (·|s1)

[
6β ∥ϕi(s1, a1,i)∥[Σk

1,i]−1 −
1
T

T∑
t=1

∆k,t
1,i(s1, a1,i)−

1
T

T∑
t=1

∆k,t
1,i(s1, a1,i)

]

+ H

T
· Reg(T )

≤6βEπk

H∑
h=1
∥ϕi(sh, ah,i)∥[Σk

h,i
]−1 − Eπk

H∑
h=1

1
T

T∑
t=1

(
∆k,t
h,i(sh, ah,i) + ∆k,t

h,i(sh, ah,i)
)

+ H2

T
· Reg(T )

≤6βEπk

H∑
h=1
∥ϕi(sh, ah,i)∥[Σk

h,i
]−1 + 2ν + H2

T
· Reg(T ),



217

which completes the proof.

Lemma C.2.10. Under the good event G, for all i ∈ [m], we have

K∑
k=1

nkEπk ∥ϕi(sh, ah,i)∥2[Σk
h,i

]−1 ≤ 4TTrigdi log
(

1 + N

diλ

)
.

Proof. First, by the triggering condition, we have

nk∑
j=1

∥∥∥ϕi(sjh, ajh,i)∥∥∥2[
Σk,1

h,i

]−1 =
nk−1∑
j=1

∥∥∥ϕi(sjh, ajh,i)∥∥∥2[
Σk,1

h,i

]−1 +
∥∥∥ϕi(snk

h , a
nk

h,i)
∥∥∥2[

Σk,1
h,i

]−1 ≤ TTrig + 1,

where j denotes the j-th trajectory collected in the policy cover update (Line 33). By

Lemma C.2.4, we have

nkEπk ∥ϕi(sh, ah,i)∥2[Σk
h,i

]−1 ≤2nkEπk ∥ϕi(sh, ah,i)∥2[Σk,1
h,i

]−1 ≤ 4TTrig.

Then by Lemma C.7.6, we have

nkEπk ∥ϕi(sh, ah,i)∥2[Σk
h,i

]−1 ≤ 4TTrig log
det(Σk+1

h,i )
det(Σk

h,i)
.

Thus we have
K∑
k=1

nkEπk ∥ϕi(sh, ah,i)∥2[Σk
h,i

]−1 ≤
K∑
k=1

4TTrig log
det(Σk+1

h,i )
det(Σk

h,i)

=4TTrig log
det(ΣK+1

h,i )
det(Σ1

h,i)

≤4TTrig

[
di log

(
diλ+N

di

)
− di log(λ)

]
=4TTrigdi log

(
1 + N

diλ

)
,

where we utilized the fact that

log det(ΣK+1
h,i ) ≤ di log

(
trace(ΣK+1

h,i )
di

)
≤ di log

(
diλ+N

di

)
,

and complete the proof.

Lemma C.2.11. Under the good event G, we have

K∑
k=1

nk max
i∈[m]

(
V
k
1,i(s1)− V k

1,i(s1)
)
≤ 6mHβ

√
4N(TTrig + 1)dmax log

(
1 + N

λ

)
+H2N

T
·Reg(T )+2νN.
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Proof. By Lemma C.2.12, under the good event G, we have
∑K
k=1 n

k = ntot = N . Thus we

have
K∑
k=1

nk max
i∈[m]

(
V
k
1,i(s1)− V k

1,i(s1)
)

≤
K∑
k=1

nk max
i∈[m]

[
6βEπk

H∑
h=1
∥ϕi(sh, ah,i)∥[Σk

h,i
]−1

]
+ H2

T

K∑
k=1

nkReg(T ) + 2νN (Lemma C.2.9)

≤6β
∑
i∈[m]

H∑
h=1

K∑
k=1

nkEπk

√
∥ϕi(sh, ah,i)∥2[Σk

h,i
]−1 + H2N

T
· Reg(T ) + 2νN

≤6β
∑
i∈[m]

H∑
h=1

K∑
k=1

nk
√
Eπk ∥ϕi(sh, ah,i)∥2[Σk

h,i
]−1 + H2N

T
· Reg(T ) + 2νN

(Concavity of f(x) =
√
x)

≤6β
∑
i∈[m]

H∑
h=1

√√√√ K∑
k=1

nk

√√√√ K∑
k=1

nkEπk ∥ϕi(sh, ah,i)∥2[Σk
h,i

]−1 + H2N

T
· Reg(T ) + 2νN

(Cauchy–Schwarz inequality)

≤6β
∑
i∈[m]

H∑
h=1

√
N4(TTrig + 1)di log

(
1 + N

diλ

)
+ H2N

T
· Reg(T ) + 2νN (Lemma C.2.10)

≤6βmH
√
N4(TTrig + 1)dmax log

(
1 + N

λ

)
+ H2N

T
· Reg(T ) + 2νN.

Lemma C.2.12. Under the good event G, we have

K ≤ 2Hmdmax log(N + λ)
log(1 + TTrig/4) ,

which means K < Kmax and Algorithm 3 ends due to Line 42 (ntot = Nmax).

Proof. By Lemma C.2.4, for any player i and h ∈ [H], whenever T kh,i ≥ TTrig is triggered,

with probability at least 1− δ we have

nkEπk ∥ϕi(sh, ah,i)∥2[Σk
h,i

]−1 ≥
1
2n

kEπk ∥ϕi(sh, ah,i)∥2[Σk,1
h,i

]−1 (Lemma C.2.3)

≥1
4

nk∑
j=1

∥∥∥ϕi(sjh, ajh,i)∥∥∥2[
Σk,1

h,i

]−1 (Lemma C.2.4)

≥TTrig
4 .
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Then by Lemma C.7.6, we have

det(Σk+1
h,i )

det(Σk
h,i)
≥ 1 + nkEπk ∥ϕi(sh, ah,i)∥2[Σk

h,i

]−1 ≥ 1 + TTrig
4 .

Suppose sh,i is the number of triggering T kh,i ≥ TTrig at level h and player i, then we have

det(ΣK+1
h,i )

det(Σ1
h,i)

≥
(

1 + TTrig
4

)sh,i

.

In addition, we have

log(det(Σ1
h,i)) = di log(λ), log det((ΣK+1

h,i )) ≤ di log
(

trace(ΣK+1
h,i )

di

)
≤ di log

(
diλ+N

di

)
,

which gives

sh,i ≤
di log(N/di + λ)
log(1 + TTrig/4) .

Thus, the total number of triggering is bounded by

∑
i∈[m]

∑
h∈[H]

sh,i + 1 ≤ 2mHdmax log(N + λ)
log(1 + TTrig/4) ,

where the additional 1 is from the event ntot = N .

Theorem 4.4.3. Suppose Algorithm 3 is instantiated with no-regret learning oracles sat-

isfying Assumption 4.4.1. Then for ν-misspecified independent linear Markov games with

Πestimate = {πk,t}K,Tk,t=1,1, with probability at least 1− δ, Algorithm 3 will output an (ϵ+ 4ν)-

approximate Markov CCE. The sample complexity is

O(mHTKmaxN) = Õ(m4H10d4
max log(Amax)ϵ−4),

where dmax = maxi∈[m] di and Amax = maxi∈[m]Ai.

Proof. Under the good event G, by Lemma C.2.12, the algorithm ends by ntot = N . By

Lemma C.2.11, under the good event G, which happens with probability at least 1 − δ

(Lemma C.2.3 and Lemma C.2.4), we have

min
k∈[K]

max
i∈[m]

(
V
k
1,i(s1)− V k

1,i(s1)
)

≤ 1
N

K∑
k=1

nk max
i∈[m]

(
V
k
1,i(s1)− V k

1,i(s1)
)
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≤6mHβ
√

4(TTrig + 1)dmax log
(

1 + N

λ

)
/N + H2

T
· Reg(T ) + 2ν.

By setting N = Õ(m2H4d3
maxϵ

−2) and T = Õ(H4 log(Amax)ϵ−2), we can have

min
k∈[K]

max
i∈[m]

(
V
k
1,i(s1)− V k

1,i(s1)
)
≤ ϵ+ 2ν.

Then by Lemma C.2.9 we have

max
i∈[m]

(
V

†,πoutput
−i

1,i (s1)− V πoutput
1,i (s1)

)
≤max
i∈[m]

(
V
koutput

1,i (s1)− V koutput
1,i (s1)

)
+ 2ν

= min
k∈[K]

max
i∈[m]

(
V
k
1,i(s1)− V k

1,i(s1)
)

+ 2ν

≤ϵ+ 4ν,

which completes the proof.

C.2.3 Proofs for Markov CE

Lemma C.2.13. (Optimism) Let ψki = argmaxψi
V ψ⋄πk

1,i (s1) for all k ∈ [K] and i ∈ [m].

Under the good event G, for all k ∈ [K] and i ∈ [m], we have

V
k
1,i(s1) ≥ max

ψi

V ψi⋄πk

1,i (s1)−
H∑
h=1

Eψk
i ⋄πk

[
1
T

T∑
t=1

∆k,t
h,i(sh, ah,i)

]
≥ max

ψi

V ψi⋄πk

1,i (s1)− ν.

Proof. Under the good event G, for all k ∈ [K], h ∈ [H], i ∈ [m], s1 ∈ S, we have

V
k
1,i(s1)−max

ψi

V ψi⋄πk

1,i (s1)

= proj[0,H]

 1
T

T∑
t=1

∑
ai∈Ai

πk,t1,i (a1,i | s1)Qk,t1,i(s1, a1,i) + H

T
· SwapReg(T )

− V †,πk
−i

1,i (s1)

≥proj[0,H]

max
ψ1,i

1
T

T∑
t=1

∑
ai∈Ai

πk,t1,i (a1,i | s1)Qk,t1,i(s1, ψ1(a1,i | s1))

− V †,πk
−i

1,i (s1)

(Lemma C.2.1)

≥max
ψ1,i

1
T

T∑
t=1

Ea1∼ψ1,i⋄πk,t
1 (·|s1)

[
r1,i(s1,a1) + V k

2,i(s2)−∆k,t
1,i(s1, a1,i)

]
− V †,πk

−i

1,i (s1)

(Lemma C.2.6)

≥Eψk
1,i⋄π

k
1

[
r1,i(s1,a1) + V

k
2,i(s′)− 1

T

T∑
t=1

∆k,t
1,i(s1, a1,i)

]
− V †,πk

−i

1,i (s1)
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=Eψk
1,i⋄π

k
1

[
V
k
2,i(s2)− V †,πk

−i

2,i (s2)− 1
T

T∑
t=1

∆k,t
1,i(s1, a1,i)

]

≥− Eψk
i ⋄πk

[
H∑
h=1

1
T

T∑
t=1

∆k,t
h,i(sh, ah,i)

]

≥− ν, (Lemma C.2.5)

which concludes the proof.

Lemma C.2.14. Under the good event G, for all k ∈ [K] and i ∈ [m], we have

max
ψi

V ψi⋄πk

1,i (s1)−V πk

1,i (s1)−2ν ≤ V k
1,i(s1)−V k

1,i(s1) ≤ 6βEπk

H∑
h=1
∥ϕi(sh, ah,i)∥[Σk

h,i
]−1+H2

T
·SwapReg(T )+2ν.

Proof. The first inequality is from Lemma C.2.13 and Lemma C.2.8. Now we prove the

second inequality. Under the good event G, for all k ∈ [K] and i ∈ [m], we have

V
k
1,i(s1)− V k

1,i(s1)

≤ 1
T

T∑
t=1

∑
a1,i∈Ai

πk,t1,i (a1,i | s)Q
k,t
1,i(s1, a1,i) + H

T
· SwapReg(T )− 1

T

T∑
t=1

∑
a1,i∈Ai

πk,t1,i (a1,i | s1)Qk,t1,i(s1, a1,i)

≤ 1
T

T∑
t=1

∑
a1,i∈Ai

πk,t1,i (a1,i | s1)
([

E
a1,−i∼πk,t

1,−i(·|s)

[
r1,i(s1,a1) + V

k
2,i(s2)

]]
+ 3β ∥ϕi(s1, a1,i)∥[Σk

1,i]−1 −∆k,t
1,i(s1, a1,i)

)

− 1
T

T∑
t=1

∑
a1,i∈Ai

πk,t1,i (a1,i | s1)
([

E
a1,−i∼πk,t

1,−i(·|s1)

[
r1,i(s1,a1) + V k

2,i(s2)
]]
− 3β ∥ϕi(s1, a1,i)∥[Σk

1,i]−1 −∆k,t
1,i(s1, a1,i)

)

+ H

T
· SwapReg(T ) (Lemma C.2.6)

= 1
T

T∑
t=1

(
Ea1∼πk,t

1 (·|s1)

[
V
k
2,i(s2)− V k

2,i(s2)
]

+ E
a1,i∼πk,t

1,i (·|s1)

[
6β ∥ϕi(s1, a1,i)∥[Σk

1,i]−1 −∆k,t
1,i(s1, a1,i)−∆k,t

1,i(s1, a1,i)
])

+ H

T
· SwapReg(T )

=Eπk
1

[
V
k
2,i(s2)− V k

2,i(s2)
]

+ Ea1,i∼πk
1,i

[
6β ∥ϕi(s1, a1,i)∥[Σk

1,i]−1 −∆k,t
1,i(s1, a1,i)−∆k,t

1,i(s1, a1,i)
]

+ H

T
· SwapReg(T )

≤6βEπk

H∑
h=1
∥ϕi(sh, ah,i)∥[Σk

h,i
]−1 − Eπk

H∑
h=1

(
∆k,t
h,i(sh, ah,i) + ∆k,t

h,i(sh, ah,i)
)

+ H2

T
· SwapReg(T )

≤6βEπk

H∑
h=1
∥ϕi(sh, ah,i)∥[Σk

h,i
]−1 + H2

T
· SwapReg(T ) + 2ν.
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Lemma C.2.15. Under the good event G, we have

K∑
k=1

nk max
i∈[m]

(
V
k
1,i(s1)− V k

1,i(s1)
)
≤ 6mHβ

√
4N(TTrig + 1)dmax log

(
1 + N

λ

)
+H2N

T
·SwapReg(T )+2ν.

Proof. The proof is similar to the proof for Lemma C.2.11, where the only difference is that

we replace Lemma C.2.11 with Lemma C.2.14 in the proof.

Theorem 4.4.4. Suppose Algorithm 3 is instantiated with no-regret learning oracles sat-

isfying Assumption 4.4.2. Then for ν-misspecified independent linear Markov games with

Πestimate = {πk,t}K,Tk,t=1,1, with probability at least 1− δ, Algorithm 3 will output an (ϵ+ 4ν)-

approximate Markov CE. The sample complexity is

O(mHTKmaxN) = Õ(m4H10d4
maxAmax log(Amax)ϵ−4).

Proof. Under the good event G, by Lemma C.2.12, the algorithm ends by ntot = N . By

Lemma C.2.15, under the good event G, which happens with probability at least 1 − δ

(Lemma C.2.3 and Lemma C.2.4), we have

min
k∈[K]

max
i∈[m]

(
V
k
1,i(s1)− V k

1,i(s1)
)

≤ 1
N

K∑
k=1

nk
∑
i∈[m]

(
V
k
1,i(s1)− V k

1,i(s1)
)

≤6mHβ
√

4(TTrig + 1)dmax log
(

1 + N

λ

)
/N + H2

T
· SwapReg(T ) + 2ν.

By setting N = Õ(m2H4d3
maxϵ

−2) and T = Õ(H4Amax log(Amax)ϵ−2), we can have

min
k∈[K]

max
i∈[m]

(
V
k
1,i(s1)− V k

1,i(s1)
)
≤ ϵ+ 2ν.

Then by Lemma C.2.14, we have

max
i∈[m]

(
max
ψi

V ψi⋄πoutput

1,i (s1)− V πoutput
1,i (s1)

)
≤max
i∈[m]

(
V
koutput

1,i (s1)− V koutput
1,i (s1)

)
+ 2ν

= min
k∈[K]

max
i∈[m]

(
V
k
1,i(s1)− V k

1,i(s1)
)

+ 2ν

≤ϵ+ 4ν,

which thus completes the proof.
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C.3 Algorithms for Learning Markov CCE/CE without Communication

In this section, we present a communication-free algorithm for independent linear Markov

games. The key difference is that we leverage an agile policy cover update scheme, i.e., the

policy cover is updated whenever a new πk is learned (Line 25), and the policy certification

is replaced by a uniform sampling procedure (Line 27).

We will set the parameters for Algorithm 21 to be

• λ = 2 log(16dmaxmKHT/δ)
log(36/35)

• W = H
√
dmax

• β = 16(W +H)
√
λ+ dmax log(32WN(W +H)) + 4 log(8mKmaxHT/δ)

• T = Õ(H4 log(Amax)ϵ−2) for Markov CCE and T = Õ(H4Amax log(Amax)ϵ−2) for

Markov CE

• K = Õ(m2H4d2
maxϵ

−2).

C.3.1 Concentration

The population covariance matrix for episode k, inner loop t, step h and player i is defined

as

Σk
h,i := E

[
Σ̂k,t
h,i

]
= λI +

k−1∑
l=1

Σπl

h,i,

where Σπk

h,i = Eπk

[
ϕi(sh, ah,i)ϕi(sh, ah,i)⊤

]
. Note that slh, alh,i is sampled following the same

policy for each inner loop t, so the expected covariance is the same for different t.

We define πk,cov to be the mixture policy in Πk = {πl}k−1
l=1 , where policy πl is given

weight/probability 1
k−1 , and also define

θ̃k,th,i := argmin
∥θ∥≤W

E(sh,ah,i)∼πk,cov

{
⟨ϕi(sh, ah,i), θ⟩ − E

ah,−i∼πk,t
h,−i

(·|s)

[
rh,i(sh,ah) + V

k
h+1,i(s′)

]}2
,

θ̂k,th,i := argmin
∥θ∥≤W

E(sh,ah,i)∼πk,cov

{
⟨ϕi(sh, ah,i), θ⟩ − E

ah,−i∼πk,t
h,−i

(·|s)

[
rh,i(sh,ah) + V k

h+1,i(s′)
]}2

.
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Algorithm 20 Communication-free Policy Reply with Full Information Oracle in Inde-

pendent Linear Markov Games (Communication-free PReFI) (Part 1)
1: Input: λ, β, K, T

2: Initialization: Policy Cover Π = ∅.

3: for episode k = 1, 2, . . . ,K do

4: Set V k
H+1,i(·) = V k

H+1,i(·) = 0.

5: for h = H,H − 1, . . . , 1 do ▷ Retrain policy with the current policy cover

6: Initialize π1,k
h,i to be uniform policy for all player i. Initialize V k

h,i(·) = V k
h,i(·) = 0.

7: Each player i initializes a no-regret learning instance (Protocol 1) at each state

s ∈ S and step h ∈ [H], for which we will use No Regret Updateh,i,s(·) to denote

the update.

8: for t = 1, 2, . . . , T do

9: for i ∈ [m] do

10: Set Dataset Dk,th,i = ∅

11: for l = 1, 2, . . . , k − 1 do

12: Draw a joint trajectory (sl1,al1, rl1,i, . . . , slh,alh, rlh,i, slh+1) from πl1:h−1 ◦(
πlh,i, π

k,t
h,−i

)
, where πl is the policy learned at episode l stored in policy cover Π.

13: Add (slh, alh,i, rlh,i, slh+1) to Dk,th,i.

14: end for

15: Set Σk,t
h,i = λI +

∑
(s,a,r,s′)∈Dk,t

h,i
ϕi(s, a)ϕi(s, a)⊤.

16: Set θk,th,i = argmin∥θ∥≤H
√
d

∑
(s,a,r,s′)∈Dk,t

h,i

(
⟨ϕi(s, a), θ⟩ − r − V k

h+1,i(s′)
)2

.

17: Set Qk,th,i(·, ·) = proj[0,H+1−h]

(〈
ϕi(·, ·), θ

k,t
h,i

〉
+ β ∥ϕi(·, ·)∥[Σk,t

h,i
]−1

)
.

18: Update V k
h,i(s)← t−1

t V h,i(s) + 1
t

∑
ai∈Ai

πk,th,i(ai|s)Q
k,t
h,i(s, a) for all s ∈ S.

19: Update the no-regret learning instance at step h and state s: πk,t+1
h,i (· |

s)← No Regret Updateh,i,s(1−Q
k,t
h,i(s, ·)/H) for all s ∈ S.

20: end for

21: end for

22: Set V k
h,i(s) ← proj[0,H+1−h]

(
V
k
h,i(s) + H

T · (Swap)Reg(T )
)

for all i ∈ [m] and

s ∈ S.

23: end for
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Algorithm 21 Communication-free Policy Reply with Full Information Oracle in Inde-

pendent Linear Markov Games (Communication-free PReFI) (Part 2)

24: Set πk to be the Markov joint policy such that πkh(a|s) = 1
T

∑T
t=1

∏
i∈[m] π

k,t
h,i(ai|s).

25: Update Π← Π
⋃
{πk}. ▷ Policy cover update

26: end for

27: Sample k ∼ Unif(K) and output πoutput = πk.

Lemma C.3.1. (Concentration) With probability at least 1− δ/2, for all k ∈ [K], h ∈ [H],

t ∈ [T ], i ∈ [m], we have

∥∥∥θk,th,i − θ̃k,th,i∥∥∥Σk
h,i

≤ 8(W +H)
√
λ+ di log(32WK(W +H)) + 4 log(8mKHT/δ) ≤ β/2,

(C.4)∥∥∥θk,th,i − θ̂k,th,i∥∥∥Σk
h,i

≤ 8(W +H)
√
λ+ di log(32WK(W +H)) + 4 log(8mKHT/δ) ≤ β/2,

(C.5)
1
2Σk,t

h,i ⪯ Σk
h,i ⪯

3
2Σk,t

h,i. (C.6)

Proof. The proof is the same as the proof for Lemma C.2.3.

With a slight abuse of the notation, we will still denote the high probability event in

Lemma C.3.1 as G Now we define

∆k,t
h,i(s, ai) = E

a−i∼πk,t
h,−i

(·|s)

[
rh,i(s,a) + V

k
h+1,i(s′)

]
− proj[0,H+1−h]

(〈
ϕi(s, ai), θ̃k,th,i

〉)
,

∆k,t
h,i(s, ai) = E

a−i∼πk,t
h,−i

(·|s)

[
rh,i(s,a) + V k

h+1,i(s′)
]
− proj[0,H+1−h]

(〈
ϕi(s, ai), θ̂k,th,i

〉)
.

Lemma C.3.2. Under good event G, for all k ∈ [K], t ∈ [T ], h ∈ [H], i ∈ [m], s ∈ S and

ai ∈ Ai we have

−∆k,t
h,i(s, ai) ≤ Q

k,t
h,i(s, ai)−

[
E
a−i∼πk,t

h,−i
(·|s)

[
rh,i(s,a) + V

k
h+1,i(s′)

]]
≤ 3β ∥ϕi(s, ai)∥[Σk

h,i
]−1−∆k,t

h,i(s, ai),

−3β ∥ϕi(s, ai)∥[Σk
h,i

]−1−∆k,t
h,i(s, ai) ≤ Q

k,t
h,i

(s, ai)−
[
E
a−i∼πk,t

h,−i
(·|s)

[
rh,i(s,a) + V k

h+1,i(s′)
]]
≤ −∆k,t

h,i(s, ai).

Proof. The proof is the same as the proof for Lemma C.2.6.
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C.3.2 Proofs for Learning Markov CCE with Algorithm 21

Lemma C.3.3. Under the good event G, for all k ∈ [K] and i ∈ [m], we have

V
†,πk

−i

1,i (s1)−V πk

1,i (s1)−ν ≤ V k
1,i(s1)−V πk

1,i (s1) ≤ 3βEπk

H∑
h=1
∥ϕi(sh, ah,i)∥[Σk

h,i
]−1+H

T
·Reg(T )+ν.

Proof. The first inequality is from Lemma C.2.7. Now we prove the second argument:

V
k
1,i(s1)− V πk

1,i (s1)

≤ 1
T

T∑
t=1

∑
a1,i∈Ai

πk,t1,i (a1,i | s1)Qk,t1,i(s1, a1,i) + H

T
· Reg(T )− V πk

1,i (s1)

≤ 1
T

T∑
t=1

∑
a1,i∈Ai

πk,t1,i (a1,i | s1)
([

E
a1,−i∼πk,t

1,−i(·|s1)

[
rh,i(s1,a1) + V

k
2,i(s2)

]]
+ 3β ∥ϕi(s1, a1,i)∥[Σk

1,i]−1 −∆k,t
1,i(s1, a1,i)

)

+ H

T
· Reg(T )− V πk

1,i (s1) (Lemma C.3.2)

≤ 1
T

T∑
t=1

([
Ea1∼πk,t

1 (·|s1)

[
V
k
2,i(s2)− V πk

2,i (s2)
]]

+ E
a1,i∼πk,t

1,i (·|s1)

[
3β ∥ϕi(s1, a1,i)∥[Σk

1,i]−1 −∆k,t
1,i(s1, a1,i)

])
+ H

T
· Reg(T )

≤Eπk
1

[
V
k
2,i(s2)− V πk

2,i (s2)
]

+ Ea1,i∼πk
1,i(·|s1)

[
3β ∥ϕi(s1, a1,i)∥[Σk

1,i]−1 −
1
T

T∑
t=1

∆k,t
1,i(s1, a1,i)

]
+ H

T
· Reg(T )

≤3βEπk

H∑
h=1
∥ϕi(sh, ah,i)∥[Σk

h,i
]−1 − Eπk

H∑
h=1

1
T

T∑
t=1

∆k,t
h,i(sh, ah,i) + H2

T
· Reg(T )

≤3βEπk

H∑
h=1
∥ϕi(sh, ah,i)∥[Σk

h,i
]−1 + H2

T
· Reg(T ) + ν. (Lemma C.2.5)

Lemma C.3.4. Under the good event G, we have

K∑
k=1

Eπk ∥ϕi(sh, ah,i)∥2[Σk
h,i

]−1 ≤ di log(1 + K

diλ
).

Proof. As ∥ϕi(sh, ah,i)∥2[Σk
h,i

]−1 ≤ 1, by Lemma C.7.6 we have

Eπk ∥ϕi(sh, ah,i)∥2[Σk
h,i

]−2 ≤ log
det(Σk+1

h,i )
det(Σk

h,i)
.
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Thus we have
K∑
k=1

Eπk ∥ϕi(sh, ah,i)∥2[Σk
h,i

]−1 ≤
K∑
k=1

log
det(Σk+1

h,i )
det(Σk

h,i)

= log
det(ΣK+1

h,i )
det(Σ1

h,i)

≤di log(1 + K

diλ
),

where we utilized the fact that

log det(ΣK+1
h,i ) ≤ di log

(
trace(ΣK+1

h,i )
di

)
≤ di log

(
diλ+K

di

)
.

Lemma C.3.5. Under the good event G, we have
K∑
k=1

max
i∈[m]

(
V
k
1,i(s1)− V πk

1,i (s1)
)
≤ 3mHβ

√
Kdmax log

(
1 + K

λ

)
+ H2K

T
· Reg(T ) + νK.

Proof.
K∑
k=1

max
i∈[m]

(
V
k
1,i(s1)− V πk

1,i (s1)
)

≤3β
K∑
k=1

max
i∈[m]

Eπk

H∑
h=1
∥ϕi(sh, ah,i)∥[Σk

h,i
]−1 + H2

T

K∑
k=1

Reg(T ) + νK (Lemma C.3.3)

=3β
∑
i∈[m]

H∑
h=1

K∑
k=1

Eπk

√
∥ϕi(sh, ah,i)∥2[Σk

h,i
]−1 + H2K

T
· Reg(T ) + νK

≤3β
∑
i∈[m]

H∑
h=1

K∑
k=1

√
Eπk ∥ϕi(sh, ah,i)∥2[Σk

h,i
]−1 + H2K

T
· Reg(T ) + νK

(Concavity of f(x) =
√
x)

≤3β
∑
i∈[m]

H∑
h=1

√√√√K K∑
k=1

Eπk ∥ϕi(sh, ah,i)∥2[Σk
h,i

]−1 + H2K

T
· Reg(T ) + νK

(Cauchy–Schwarz inequality)

≤3β
∑
i∈[m]

H∑
h=1

√
Kdi log

(
1 + K

diλ

)
+ H2K

T
· Reg(T ) + νK (Lemma C.2.10)

≤3mHβ
√
Kdmax log

(
1 + K

λ

)
+ H2K

T
· Reg(T ) + νK.
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Theorem C.3.6. Suppose Algorithm 21 is instantiated with no-regret learning oracles

satisfying Assumption 4.4.1. Then for ν-misspecified linear Markov games, with proba-

bility 0.9, Algorithm 21 will output an (ϵ + 2ν)-approximate Markov CCE. The sample

complexity is O(mHTK2) = Õ(m5H13d6
max log(Amax)ϵ−6), where dmax = maxi∈[m] di and

Amax = maxi∈[m]Ai.

Proof. By Lemma C.3.5, under the good event G, which happens with probability at least

1− δ (Lemma C.2.3), we have

1
K

K∑
k=1

max
i∈[m]

(
V

†,πk
−i

1,i (s1)− V πk

1,i (s1)
)
≤ 1
K

K∑
k=1

max
i∈[m]

(
V
k
1,i(s1)− V πk

1,i (s1)
)

+ ν

(Lemma C.2.7)

≤3mHβ
√
dmax log

(
1 + K

λ

)
/K + H2

T
· Reg(T ) + 2ν.

(Lemma C.3.5)

By Markov’s inequality, we set K = Õ(m2H4d3
maxϵ

−2) and T = Õ(H4 log(Amax)ϵ−2), with

probability 0.9 we have

max
i∈[m]

(
V

†,πoutput
−i

1,i (s1)− V πoutput
1,i (s1)

)
≤ ϵ+ 2ν.

C.3.3 Proofs for Learning Markov CE with Algorithm 21

Lemma C.3.7. Under the good event G, for all k ∈ [K] and i ∈ [m], we have

max
ψi

V ψi⋄πk

1,i (s1)−V πk

1,i (s1)−ν ≤ V k
1,i(s1)−V πk

1,i (s1) ≤ 3βEπk

H∑
h=1
∥ϕi(sh, ah,i)∥[Σk

h,i
]−1+H

T
·SwapReg(T )+ν.

Proof. The first inequality is from Lemma C.2.13. Now we prove the second argument.

V
k
1,i(s1)− V πk

1,i (s1)

≤ 1
T

T∑
t=1

∑
a1,i∈Ai

πk,t1,i (a1,i | s)Q
k,t
1,i(s, a1,i) + H

T
· SwapReg(T )− V πk

1,i (s1)

≤ 1
T

T∑
t=1

∑
a1,i∈Ai

πk,t1,i (a1,i | s1)
([

E
a1,−i∼πk,t

1,−i(·|s1)

[
r1,i(s1,a1) + V

k
2,i(s2)

]]
+ 3β ∥ϕi(s1, a1,i)∥[Σk

1,i]−1 −∆k,t
1,i(s1, a1,i)

)
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+ H

T
· SwapReg(T )− V πk

1,i (s1) (Lemma C.3.2)

≤ 1
T

T∑
t=1

([
Ea1∼πk,t

1 (·|s1)

[
V
k
2,i(s2)− V πk

2,i (s2)
]]

+ 3βE
a1,i∼πk,t

1,i (·|s1) ∥ϕi(s, a1,i)∥[Σk
1,i]−1 −∆k,t

1,i(s1, a1,i)
)

+ H

T
· SwapReg(T )

≤Eπk
1

[
V
k
2,i(s2)− V πk

2,i (s2)
]

+ Ea1,i∼πk
1,i(·|s1)

[
3β ∥ϕi(s1, a1,i)∥[Σk

1,i]−1 −
1
T

T∑
t=1

∆k,t
1,i(s1, a1,i)

]
+ H

T
· SwapReg(T )

≤3βEπk

H∑
h=1
∥ϕi(sh, ah,i)∥[Σk

h,i
]−1 − Eπk

H∑
h=1

1
T

T∑
t=1

∆k,t
h,i(sh, ah,i) + H2

T
· SwapReg(T )

≤3βEπk

H∑
h=1
∥ϕi(sh, ah,i)∥[Σk

h,i
]−1 + H2

T
· SwapReg(T ) + ν, (Lemma C.2.5)

which completes the proof.

Lemma C.3.8. Under the good event G, we have
K∑
k=1

max
i∈[m]

(
V
k
1,i(s1)− V πk

1,i (s1)
)
≤ 3mHβ

√
Kdmax log

(
1 + K

λ

)
+ H2K

T
· SwapReg(T ) + ν.

Proof. The proof is the same as the proof for Lemma C.3.5 where we replace Lemma C.3.3

with Lemma C.3.7 in the proof.

Theorem C.3.9. Suppose Algorithm 21 is instantiated with no-regret learning oracles sat-

isfying Assumption 4.4.2. Then for ν-misspecified linear Markov games, with probability

0.9, Algorithm 21 will output an (ϵ + 2ν)-approximate Markov CCE. The sample com-

plexity is O(mHTK2) = Õ(m5H13d6
maxAmax log(Amax)ϵ−6), where dmax = maxi∈[m] di and

Amax = maxi∈[m]Ai.

Proof. By Lemma C.3.8, under the good event G, which happens with probability at least

1− δ (Lemma C.3.1), we have

1
K

K∑
k=1

max
i∈[m]

(
max
ψi

V ψi⋄πk

1,i (s1)− V πk

1,i (s1)
)
≤ 1
K

K∑
k=1

max
i∈[m]

(
V
k
1,i(s1)− V πk

1,i (s1)
)

+ ν

(Lemma C.2.13)

≤3mHβ
√
dmax log

(
1 + K

λ

)
/K + mH2

T
· SwapReg(T ) + 2ν.

(Lemma C.3.8)
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By Markov’s inequality, we set K = Õ(m2H4d3
maxϵ

−2) and T = Õ(H4Amax log(Amax)ϵ−2),

with probability 0.9, we have

max
i∈[m]

max
ψi

(
V ψi⋄πoutput

1,i (s1)− V πoutput
1,i (s1)

)
≤ ϵ,

which completes the proof.

C.4 Algorithms for Learning Optimal Policies in Misspecified Linear MDP

In this section, we adapt Algorithm 3 to the linear MDP setting. As the single-agent

degeneration of independent linear Markov games, we can remove the no-regret learning

loop in Algorithm 3 and achieve better sample complexity. The analysis is almost the same

as the analysis for Algorithm 3 in Appendix C.2 with T = 1 and m = 1.

We will set the parameters for Algorithm 3 to be

• λ = 2 log(16dNH/δ)
log(36/35)

• W = H
√
d

• β = 16(W +H)
√
λ+ d log(32W (W +H)) + 4 log(8KmaxH/δ)

• TTrig = 64 log(8HN2/δ)

• Kmax = min{ 2Hd log(N+λ)
log(1+TTrig/4) , N}

• N = Õ(H4d2ϵ−2).

We will use K to denote the episode that Algorithm 22 ends (ntot = N or K = Kmax).

Immediately we have K ≤ Kmax ≤ N .

The population covariance matrix for episode k, step h is defined as

Σk
h := E

[
Σ̂k
h

]
= λI +

k−1∑
l=1

nlΣπl

h ,

where Σπk

h = Eπk

[
ϕ(sh, ah)ϕ(sh, ah)⊤

]
.
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Algorithm 22 Policy Replay for Misspecified MDP with linear function approximation

(Part 1)
1: Input: ϵ, δ, λ, β, TTrig, Kmax, N

2: Initialization: Policy Cover Π = ∅. ntot = 0.

3: for episode k = 1, 2, . . . ,Kmax do

4: Set V k
H+1(·) = V k

H+1(·) = 0, nk = 0.

5: for h = H,H − 1, . . . , 1 do ▷ Retrain policy with the current policy cover

6: Initialize V k
h(·) = V k

h(·) = 0.

7: Set Dataset Dkh = ∅.

8: for l = 1, 2, . . . ,
∑k−1
j=1 n

j do

9: Sample πl with probability nl/
∑k−1
j=1 n

j .

10: Draw a joint trajectory (sl1, al1, rl1, . . . , slH , alH , rlH , slH+1) from πl.

11: Add (slh, alh,i, rlh,i, slh+1) to Dkh.

12: end for

13: Set Σ̂k
h = λI +

∑
(s,a,r,s′)∈Dk

h
ϕ(s, a)ϕ(s, a)⊤.

14: Set θkh = argmin∥θ∥≤H
√
d

∑
(s,a,r,s′)∈Dk

h

(
⟨ϕ(s, a), θ⟩ − r − V k

h+1(s′)
)2

.

15: Set θkh = argmin∥θ∥≤H
√
d

∑
(s,a,r,s′)∈Dk

h

(
⟨ϕ(s, a), θ⟩ − r − V k

h+1(s′)
)2

.

16: Set Qkh(·, ·) = proj[0,H+1−h]

(〈
ϕ(·, ·), θkh

〉
+ β ∥ϕ(·, ·)∥[Σ̂k

h
]−1

)
.

17: Set Qk
h
(·, ·) = proj[0,H+1−h]

(〈
ϕ(·, ·), θkh

〉
− β ∥ϕ(·, ·)∥[Σ̂k

h
]−1

)
.

18: Set V k
h(·) = maxa∈AQ

k
h(·, a).

19: Set V k
h(·) = Qk

h
(·, argmaxa∈AQ

k
h(·, a))

20: end for

21: Set πk to be the policy such that πkh(s) = argmaxa∈AQ
k
h(s, a) for all (h, s) ∈ [H]×S.

22: if ntot = N then

23: Set koutput = argmink
(
V
k
1(s1)− V k

1(s1)
)
.

24: Output πoutput = πk
output .

25: end if

26: Set Th,i = 0, for all h ∈ [H], i ∈ [m].

27: repeat ▷ Update policy cover

28: Reset to s = s1, nk = nk + 1, ntot = ntot + 1.
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Algorithm 23 Policy Replay for Misspecified MDP with linear function approximation

(Part 2)
29: for h = 1, 2, . . . ,H do

30: Play a = πkh(·|s).

31: Th → Th + ∥ϕ(s, a)∥2[Σ̂k
h

]−1 .

32: Get next state s′, s→ s′.

33: end for

34: until ∃h ∈ [H] such that Th ≥ TTrig or ntot = N .

35: Update Π← Π
⋃
{(πk, nk)}.

36: end for
We define πk,cov to be the mixture policy in Πk = {(πl, nl)}k−1

l=1 , where policy πl is given

weight/probability nl∑k−1
j=1 n

j
. Then we define the on-policy population fit to be

θ̃kh := argmin
∥θ∥≤W

E(sh,ah)∼πk,cov

{
⟨ϕ(sh, ah), θ⟩ − E

[
rh(sh, ah) + V

k
h+1(s′)

]}2
,

θ̂kh := argmin
∥θ∥≤W

E(sh,ah)∼πk,cov

{
⟨ϕ(sh, ah), θ⟩ − E

[
rh(sh, ah) + V k

h+1(s′)
]}2

.

We define the misspecification error to be

∆k
h(s, a) := E

[
rh(s, a) + V

k
h+1(s′)

]
− proj[0,H+1−h]

(〈
ϕ(s, a), θ̃kh

〉)
,

∆k
h(s, a) := E

[
rh(s, a) + V k

h+1(s′)
]
− proj[0,H+1−h]

(〈
ϕ(s, a), θ̂kh

〉)
.

Lemma C.4.1. (Concentration) With probability at least 1− δ/2, for all k ∈ [K], h ∈ [H],

we have

∥∥∥θkh − θ̃kh∥∥∥Σk
h

≤ 8(W +H)
√
λ+ d log(32WN(W +H)) + 4 log(8KmaxH/δ) ≤ β/2, (C.7)

∥∥∥θk,th − θ̂kh∥∥∥Σk
h

≤ 8(W +H)
√
λ+ d log(32WN(W +H)) + 4 log(8KmaxH/δ) ≤ β/2, (C.8)

1
2Σ̂k

h ⪯ Σk
h ⪯

3
2Σ̂k

h. (C.9)

Proof. The proof is the same as the proof for Lemma C.2.3.

Lemma C.4.2. With probability at least 1− δ/2, the following two events hold:
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• Suppose at episode k, Line 34: Th ≥ TTrig is triggered, then we have

Eπk ∥ϕ(sh, ah)∥2[
Σ̂k

h

]−1 ≥
1

2nk
nk∑
j=1

∥∥∥ϕ(sk,jh , ak,jh )
∥∥∥2[

Σ̂k
h

]−1 ≥
TTrig
2nk ,

where j denotes the j-th trajectory collected in the policy cover update (Line 27).

• For any k ∈ [Kmax], h ∈ [H], we have

Eπk ∥ϕ(sh, ah)∥2[
Σ̂k

h

]−1 ≤
2TTrig
nk

.

Proof. The proof is the same as the proof for Lemma C.2.4.

We denote G to be the good event where the arguments in Lemma C.4.1 and Lemma

C.4.2 hold, which holds with probability at least 1− δ by Lemma C.4.1 and Lemma C.4.2.

Lemma C.4.3. Under good event G, for all k ∈ [K], h ∈ [H], s ∈ S and a ∈ A, we have

−∆k
h(s, a) ≤ Qkh(s, a)−

[
E
[
rh(s, a) + V

k
h+1(s′)

]]
≤ 3β ∥ϕ(s, a)∥[Σk

h
]−1 −∆k

h(s, a),

−3β ∥ϕ(s, a)∥[Σk
h

]−1 −∆k
h(s, a) ≤ Qk

h
(s, a)−

[
E
[
rh(s, a) + V k

h+1(s′)
]]
≤ −∆k

h(s, a).

Proof. The proof is the same as the proof for Lemma C.2.6.

Lemma C.4.4. (Optimism) Under the good event G, for all k ∈ [K], we have

V
k
1(s1) ≥ V ∗

1 (s1)−
H∑
h=1

Eπ∗

[
∆k
h(sh, ah)

]
≥ V ∗

1 (s1)− ν.

Proof. Under the good event G, for all k ∈ [K], we have

V
k
1(s1)− V ∗

1 (s1)

= max
a1∈A

Q
k
1(s1, a1)− V ∗

1 (s1)

≥Qk1(s1, π
∗
1(s1))−Q∗

1(s1, π
∗
1(s1))

≥E
[
r1(s1, π

∗
1(s1)) + V

k
2(s2)

]
−∆k

1(s1, π
∗
1(s1))−Q∗

1(s1, π
∗
1(s1)) (Lemma C.4.3)

=Eπ∗

[
V
k
2(s2)− V ∗

2 (s2)
]
−∆k

1(s1, π
∗
1(s1))

≥− Eπ∗

[
H∑
h=1

∆k
h(sh, ah)

]
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≥− ν. (Lemma C.2.5)

Lemma C.4.5. (Pessimism) Under the good event G, for all k ∈ [K], we have

V k
1(s1) ≤ V πk

1 (s1)−
H∑
h=1

Eπk

[
∆k
h(sh, ah)

]
≤ V πk

1 (s1) + ν.

Proof. Under the good event G, for all k ∈ [K], we have

V k
1(s1)− V πk

1 (s1)

=Qk1(s1, π
k
1 (s1))− V πk

1 (s1)

≤Ea1=πk
1 (s1)

[
r1(s1, a1) + V k

2(s2)−∆k
1(s1, a1)

]
− V πk

1 (s1) (Lemma C.4.3)

=Ea1=πk
1 (s1)

[
V k

2(s2)− V πk

2 (s2)−∆k
1(s1, a1)

]
≤− Eπk

[
H∑
h=1

∆k
h(sh, ah)

]

≤ν. (Lemma C.2.5)

Lemma C.4.6. Under the good event G, for all k ∈ [K], we have

V ∗
1 (s1)− V πk

1 (s1)− 2ν ≤ V k
1(s1)− V k

1(s1) ≤ 6βEπk

H∑
h=1
∥ϕ(sh, ah)∥[Σk

h
]−1 + 2ν.

Proof. The proof is the same as the proof for Lemma C.2.9.

Lemma C.4.7. Under the good event G, we have

K∑
k=1

nkEπk ∥ϕ(sh, ah)∥2[Σk
h]−1 ≤ 4TTrigd log

(
1 + N

dλ

)
.

Proof. The proof is the same as the proof for Lemma C.2.10.

Lemma C.4.8. Under the good event G, we have

K∑
k=1

nk
(
V
k
1(s1)− V k

1(s1)
)
≤ 6Hβ

√
4N(TTrig + 1)d log

(
1 + N

λ

)
+ 2νN.
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Proof. The proof is the same as the proof for Lemma C.2.11.

Lemma C.4.9. Under the good event G, we have

K ≤ 2Hd log(N + λ)
log(1 + TTrig/4) ,

which means K < Kmax and Algorithm 22 ends due to ntot = Nmax.

Proof. The proof is the same as the proof for Lemma C.2.12.

Theorem C.4.10. For ν-misspecified linear MDP, with probability at least 1 − δ, Algo-

rithm 22 will output an (ϵ + 4ν)-approximate optimal policy. The sample complexity is

O(HKmaxN) = Õ(H6d4ϵ−2).

Proof. Under the good event G, by Lemma C.4.9, the algorithm ends by ntot = N . By

Lemma C.4.8, we have

min
k∈[K]

(
V
k
1(s1)− V k

1(s1)
)
≤ 1
N

K∑
k=1

nk
(
V
k
1(s1)− V k

1(s1)
)
≤ 6Hβ

√
4(TTrig + 1)d log

(
1 + N

λ

)
/N + 2ν.

By setting N = Õ(H4d3ϵ−2), we have

min
k∈[K]

V
k
1(s1)− V k

1(s1) ≤ ϵ+ 2ν.

Then by Lemma C.4.6, we have

V ∗
1 (s1)− V πoutput

1 (s1) ≤V koutput

1 (s1)− V koutput
1 (s1) + 2ν = min

k∈[K]

(
V
k
1(s1)− V k

1(s1)
)

+ 2ν ≤ ϵ+ 4ν.

C.5 Proofs for Learning in Markov Potential Games

C.5.1 Proofs for Learning Markov NE with Algorithm 5

We will set the parameter for Algorithm 5 to be

• K = 5mHϵ−1

Lemma C.5.1. With probability at least 1 − δ/2, for all k ∈ [K] and i ∈ [m], π̂k+1
i is an

(ϵ/8+O(ν))-approximate optimal policy in the ν-misspecified linear MDP induced by all the

players except player i following policy πk−i.
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Proof. The argument follows from the property of LinearMDP Solver (Assumption

4.5.2) and a union bound.

Lemma C.5.2. Suppose for all k ∈ [K] and i ∈ [m], we execute policy πk and (π̂k+1
i , πk−i)

for Õ(H2ϵ−2) episodes, With probability at least 1 − δ/2, for all k ∈ [K] and i ∈ [m], we

have ∣∣∣V̂ πk

1,i (s1)− V πk

1,i (s1)
∣∣∣ ≤ ϵ

8 ,
∣∣∣∣V̂ π̂k+1

i ,πt
−i

1,i (s1)− V π̂k+1
i ,πk

−i

1,i (s1)
∣∣∣∣ ≤ ϵ

8 .

Proof. The argument follows directly by Hoeffding’s inequality and a union bound.

We will denote the event in Lemma C.5.1 and Lemma C.5.2 to be the good event G.

Lemma C.5.3. Under the good event G, for any k ∈ [K], if maxi∈[m] ∆k
i > ϵ/2 and

j = argmaxi∈[m] ∆k
i , we have

V πk+1
1,j (s1)− V πk

1,j (s1) ≥ ϵ/4.

And if maxi∈[m] ∆k
i ≤ ϵ/2, we have

max
i∈[m]

(
V

†,πk
−i

1,i (s1)− V πk

1,i (s1)
)
≤ ϵ.

Proof. Under the good event G, if maxi∈[m] ∆k
i > ϵ/2 and j = argmaxi∈[m] ∆k

i , we have

V πk+1
1,j (s1)− V πk

1,j (s1) ≥V̂
π̂k+1

j ,πk
−i

1,j (s1)− ϵ/8− V̂ πk

1,j (s1)− ϵ/8 (Lemma C.5.2)

≥ϵ/4.

On the other hand, if maxi∈[m] ∆k
i = maxi∈[m]

(
V̂
π̂k+1

i ,πk
−i

1,i (s1)− V̂ πk

1,i (s1)
)
≤ ϵ/2, for all

i ∈ [m] we have

V
†,πk

−i

1,i (s1)− V πk

1,i (s1) ≤V π̂k+1
i ,πt

−i

1,i (s1) + ϵ

8 +O(ν)− V πk

1,i (s1)

≤V̂ π̂k+1
i ,πk

−i

1,i (s1) + ϵ

8 +O(ν) + ϵ/8− V̂ πk

1,i (s1) + ϵ/8

(Lemma C.5.1 and Lemma C.5.2)

≤ϵ+O(ν),

completing the proof.
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Theorem 4.5.3. For ν-misspecified independent linear Markov potential games with

Πestimate = {πk}Kk=1, with probability at least 1− δ, Algorithm 5 will output an (ϵ + O(ν))-

approximate pure Markov NE. The sample complexity is

O(m2Hϵ−1 · LinearMDP SC(ϵ/8, δ/(10m2Hϵ−1), dmax)).

Proof. Suppose Algorithm 5 does not output a policy, then it ends due to k = K. Then

under the good event G, by the first argument of Lemma C.5.3, for all k ∈ [K], and

jk = argmaxi∈[m] ∆k
i , we have

Φ(πk+1)− Φ(πk) = V πk+1

1,jt (s1)− V πk

1,jk(s1) ≥ ϵ/4.

As we set K = 5mH/ϵ, we have Φ(πK+1) > mH ≥ Φmax, which is a contradiction. So

Algorithm 5 will output a policy πoutput. As the LinearMDP Solver always outputs

a deterministic policy, πoutput is a deterministic policy. Then by the second argument of

Lemma C.5.3, when Algorithm 5 terminates, it will output an ϵ-approximate pure NE

πoutput.

C.6 Proofs for Section 4.6

We will set the parameters for Algorithm 6 to be

• TTrig = 12 log(8KmaxHS/δ)

• Kmax = 9HS log(Nmax)

• Nmax = Õ(H4SAmaxϵ−2) for Markov CCE and Nmax = Õ(H4SA2
maxϵ

−2) for Markov

CE

• βn =
√

8H2TTrig log(2mKmaxHS/δ)
n∨TTrig

.

We will use subscript k, t to denote the variables in episode k and inner loop t, and subscript

h, i to denote the variables at step h and for player i. We will use K to denote the episode

that the Algorithm 6 ends (Line 30 is triggered or ntot = Nmax or K = Kmax) and N to

denote ntot when Algorithm 6 ends. Immediately we have K ≤ Kmax ≤ Nmax.
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By the definition of the adversarial multi-armed bandit oracles (Assumption 4.6.1 and

Assumption 4.6.2), we have the following two lemmas.

Lemma C.6.1. For all k ∈ [K], h ∈ [H], i ∈ [m] and s ∈ S we have

1
nkh(s)

nk
h(s)∑
j=1

E
a∼π

k,tk
h

(j;s)
h

(·|s)
(rh,i(s,a) + V

k
h+1,i(s′))

≥ max
ai∈Ai

1
nkh(s)

nk
h(s)∑
j=1

E
a−i∼π

k,tk
h

(j;s)
h,−i

(·|s)
(rh,i(s,a) + V

k
h+1,i(s′))− nkh(s)

H
· BReg(nkh(s)).

Lemma C.6.2. For all k ∈ [K], h ∈ [H], i ∈ [m] and s ∈ S we have

1
nkh(s)

nk
h(s)∑
j=1

E
a∼π

k,tk
h

(j;s)
h

(·|s)
(rh,i(s,a) + V

k
h+1,i(s′))

≥max
ψh,i

1
nkh(s)

nk
h(s)∑
j=1

E
a∼ψh,i⋄π

k,tk
h

(j;s)
h

(·|s)
(rh,i(s,a) + V

k
h+1,i(s′))− nkh(s)

H
· BSwapReg(nkh(s)).

C.6.1 Concentration

Lemma C.6.3. With probability at least 1 − δ/2, for all k ∈ [K], h ∈ [H], i ∈ [m], s ∈ S,

we have∣∣∣∣∣∣∣
1

nkh(s)

nk
h(s)∑
j=1

(rk,t
k
h(j;s)

h,i + V
k
h+1,i(s

k,tkh(j;s)
h+1 ))− 1

nkh(s)

nk
h(s)∑
j=1

E
a∼π

k,tk
h

(j;s)
h

(·|s)
(rh,i(s,a) + V

k
h+1,i(s′))

∣∣∣∣∣∣∣ ≤ βnk
h

(s),

∣∣∣∣∣∣∣
1

nkh(s)

nk
h(s)∑
j=1

(rk,t
k
h(j;s)

h,i + V k
h+1,i(s

k,tkh(j;s)
h+1 ))− 1

nkh(s)

nk
h(s)∑
j=1

E
a∼π

k,tk
h

(j;s)
h

(·|s)
(rh,i(s,a) + V k

h+1,i(s′))

∣∣∣∣∣∣∣ ≤ βnk
h

(s),

where

βnk
h

(s) =
√

8H2TTrig log(2mKmaxHS/δ)
nkh(s) ∨ TTrig

.

Proof. If nkh(s) ≤ TTrig, we have βnk
h

(s) ≥ H and the arguments hold directly. If nkh(s) ≥

TTrig, we have

βnk
h

(s) =
√

8H2TTrig log(2mKmaxHS/δ)
nkh(s) ∨ TTrig

≥
√

8H2 log(2mKmaxHS/δ)
nkh(s)

,

and by Hoeffding’s inequality and union bound, we can prove that the arguments hold with

probability at least 1− δ/2.
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Lemma C.6.4. With probability at least 1−δ/2, for all k ∈ [Kmax], h ∈ [H], i ∈ [m], s ∈ S,

we have

nkh(s) ∨ TTrig ≥
1
2

(
k−1∑
l=1

nldπ
l

h (s)
)
∨ TTrig, n

kdπ
k

h (s) ≤ 2
(
nkh(s) ∨ TTrig

)
.

In addition, if T kh (s) = nkh(s) ∨ TTrig is triggered, we have

nkdπ
k

h (s) ≥ 1
2
(
nkh(s) ∨ TTrig

)
.

Proof. nkh(s) is the sum of
∑k−1
l=1 n

l independent Bernoulli random variables such that there

are nl random variables with mean dπl

h (s) for l ∈ [k−1]. By Lemma C.7.3 and union bound,

with probability at least 1− δ/4, for all k ∈ [Kmax], h ∈ [H], s ∈ S, we have

nkh(s) ∨ TTrig ≥
1
2

(
k−1∑
l=1

nldπ
l

h (s)
)
∨ TTrig,

where TTrig ≥ 12 log(8KmaxHS/δ).

T kh (s) is the sum of nk i.i.d. Bernoulli random variables with mean nkh. For the second

argument, by Lemma C.7.2 and union bound, with probability at least 1 − δ/4, for all

k ∈ [Kmax], h ∈ [H], s ∈ S, we have

nkdπ
k

h (s) ≤ 2(nkh(s) ∨ TTrig),

and if T kh (s) = nkh(s) ∨ TTrig is triggered, we have

nkdπ
k

h (s) ≥ 1
2T

k
h (s) = 1

2
(
nkh(s) ∨ TTrig

)
.

We denote G to be the good event where the arguments in Lemma C.6.3 and Lemma

C.6.4 hold, which holds with probability at least 1− δ.

C.6.2 Proofs for Learning Markov CCE with Algorithm 6

Lemma C.6.5. Under the good event G, for all k ∈ [K], h ∈ [H], i ∈ [m], s ∈ S, we have

V
k
h,i(s) ≥ V

†,πk
−i

h,i (s).
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Proof. Under the good event G, for all k ∈ [K], h ∈ [H], i ∈ [m], s ∈ S, we have

V
k
h,i(s) = proj[0,H+1−h]

 1
nkh(s)

nk
h(s)∑
j=1

(rk,t
k
h(j;s)

h,i + V
k
h+1,i(s

k,tkh(j;s)
h+1 )) + H

nkh(s)
· BReg(nkh(s)) + βnk

h
(s)


≥proj[0,H+1−h]

 1
nkh(s)

nk
h(s)∑
j=1

E
a∼π

k,tk
h

(j;s)
h

(·|s)
(rh,i(s,a) + V

k
h+1,i(s′)) + H

nkh(s)
· BReg(nkh(s))


(Lemma C.6.3)

≥proj[0,H+1−h]

max
ai∈Ai

1
nkh(s)

nk
h(s)∑
j=1

E
a−i∼π

k,tk
h

(j;s)
h,−i

(·|s)
(rh,i(s,a) + V

k
h+1,i(s′))


(Lemma C.6.1)

≥ proj[0,H+1−h]

max
ai∈Ai

1
nkh(s)

nk
h(s)∑
j=1

E
a−i∼π

k,tk
h

(j;s)
h,−i

(·|s)
(rh,i(s,a) + V

†,πk
−i

h+1,i (s
′))


(Induction basis)

= proj[0,H+1−h]

(
max
ai∈Ai

Ea−i∼πk
h,−i

(·|s)(rh,i(s,a) + V
†,πk

−i

h+1,i (s
′))
)

≥V †,πk
−i

h,i (s).

Lemma C.6.6. Under the good event G, for all k ∈ [K], h ∈ [H], i ∈ [m], s ∈ S, we have

V k
h,i(s) ≤ V πk

h,i (s).

Proof. Under the good event G, for all k ∈ [K], h ∈ [H], i ∈ [m], s ∈ S, we have

V k
h,i(s) = proj[0,H+1−h]

 1
nkh(s)

nk
h(s)∑
j=1

(rk,t
k
h(j;s)

h,i + V k
h+1,i(s

k,tkh(j;s)
h+1 ))− βnk

h
(s)


≤proj[0,H+1−h]

 1
nkh(s)

nk
h(s)∑
j=1

E
a∼π

k,tk
h

(j;s)
h

(·|s)
(rh,i(s,a) + V k

h+1,i(s′))


(Lemma C.6.3)

≤proj[0,H+1−h]

 1
nkh(s)

nk
h(s)∑
j=1

E
a∼π

k,tk
h

(j;s)
h

(·|s)
(rh,i(s,a) + V πk

h+1,i(s′))


(Induction basis)
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= proj[0,H+1−h]

(
Ea∼πk

h,−i
(·|s)(rh,i(s,a) + V

†,πk
−i

h+1,i (s
′))
)

≤V πk

h,i (s).

Lemma C.6.7. Under the good event G, for all k ∈ [K], i ∈ [m], we have

V
k
1,i(s1)− V k

1,i(s1) ≤ Õ
(
Eπk

[
H∑
h=1

√
H2AiTTrig

nkh(sh) ∨ TTrig

])
.

Proof. We bound V
k
1,i(s1)− V πk

1,i (s1) and V πk

1,i (s1)− V k
1,i(s1) separately.

V
k
1,i(s1)− V πk

1,i (s1)

= proj[0,H+1−h]

 1
nk1(s1)

nk
1(s1)∑
j=1

(rk,t
k
h(j;s1)

1,i + V
k
2,i(s

k,tkh(j;s1)
2 )) + H

nk1(s1)
· BReg(nk1(s1)) + βnk

1(s1)

− V πk

1,i (s1)

≤ 1
nk1(s1)

nk
1(s)∑
t=1

(rk,t
k
h(j;s1)

1,i + V
k
2,i(s

k,tkh(j;s1)
2 )) + H

nk1(s1)
· BReg(nk1(s1)) + βnk

1(s1) − V
πk

1,i (s1)

≤ 1
nk1(s1)

nk
1(s1)∑
t=1

E
a1∼π

k,tk
h

(j;s1)
1 (·|s)

(r1,i(s1,a1) + V
k
2,i(s2)) + H

nk1(s1)
· BReg(nk1(s1)) + 2βnk

1(s1) − V
πk

1,i (s1)

(Lemma C.6.3)

=Ea1∼πk
1 (·|s)(r1,i(s1,a1) + V

k
2,i(s2)) + H

nk1(s1)
· BReg(nk1(s1)) + 2βnk

1(s1) − V
πk

1,i (s1)

=Eπk
1

[
V
k
2,i(s2)− V πk

2,i (s2)
]

+ H

nk1(s1)
· BReg(nk1(s1)) + 2βnk

1(s1)

=Eπk

[
H∑
h=1

H

nkh(sh)
· BReg(nkh(sh)) + 2βnk

h
(sh)

]
,

where the first inequality is from

1
nk1(s1)

nk
1(s)∑
t=1

(rk,t
k
h(j;s1)

1,i + V
k
2,i(s

k,tkh(j;s1)
2 )) + H

T
· BReg(nk1(s1)) + βnk

1(s1) ≥ 0.

In addition, we have

V πk

1,i (s1)− V k
1,i(s1)

=V πk

1,i (s1)− proj[0,H+1−h]

 1
nk1(s)

nk
1(s1)∑
j=1

(rk,t
k
1(j;s)

1,i + V k
2,i(s

k,tk1(j;s)
2 ))− βnk

1(s1)


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≤V πk

1,i (s1)− 1
nk1(s1)

nk
1(s1)∑
j=1

(rk,t
k
1(j;s)

1,i + V k
2,i(s

k,tk1(j;s)
2 )) + βnk

1(s1)

≤V πk

1,i (s1)− 1
nk1(s1)

nk
1(s1)∑
j=1

(
E

a1∼π
k,tk

h
(j;s1)(·|s1)

1

(r1,i(s1,a1) + V k
2,i(s2))

)
+ 2βnk

1(s1)

(Lemma C.6.3)

=V πk

1,i (s1)− Ea1∼πk
1 (·|s1)(r1,i(s1,a1) + V k

2,i(s2)) + 2βnk
1(s1)

=Ea1∼πk
1
(V πk

2,i (s2)− V k
2,i(s2)) + 2βnk

1(s1)

≤Eπk

[
H∑
h=1

2βnk
h

(sh)

]
,

where the first inequality is from

1
nk1(s)

nk
1(s1)∑
j=1

(rk,t
k
1(j;s)

1,i + V k
2,i(s

k,tk1(j;s)
2 ))− βnk

1(s1) ≤ H + 1− h.

Then we have

V
πk

1,i(s1)− V k
1,i(s1) ≤Eπk

[
H∑
h=1

H

nkh(sh)
· BReg(nkh(sh)) + 4βnk

h
(sh)

]

≤Õ
(
Eπk

[
H∑
h=1

√
H2Ai

nkh(sh) ∨ 1
+
√

H2TTrig
nkh(sh) ∨ TTrig

])

≤Õ
(
Eπk

[
H∑
h=1

√
H2AiTTrig

nkh(sh) ∨ TTrig

])
.

Lemma C.6.8. Under the good event G, for all i ∈ [m], we have

K∑
k=1

nk max
i∈[m]

(
V
k
1,i(s1)− V πk

1,i(s1)
)
≤ Õ

(
H2
√
SAmaxTTrigN

)
.

Proof. Under the good event G, for all i ∈ [m], we have

K∑
k=1

nkEπk

√
1

nkh(sh) ∨ TTrig
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=
K∑
k=1

nk
∑
s∈S

dπ
k

h (s)
√

1
nkh(s) ∨ TTrig

≤
∑
s∈S

K∑
k=1

nkdπ
k

h (s)
√

2
(
∑k−1
l=1 n

ldπ
l

h (s)) ∨ TTrig
(Lemma C.6.4)

≤
∑
s∈S

√√√√32
K∑
k=1

nkdπ
k

h (s) (Lemma C.6.4 and Lemma C.7.7)

≤

√√√√32S
K∑
k=1

nk. (
∑
s∈S

∑K
k=1 n

kdπ
k

h (s) = S
∑K
k=1 n

k)

Plugging it into Lemma C.6.7, we can prove the lemma.

Lemma C.6.9. Under the good event G, we have

K ≤ 9HS log(Nmax),

which means K < Kmax and Algorithm 6 ends due to either Line 21 (maxi∈[m] V
k
1,i(s1) −

V k
1,i(s1) ≤ ϵ) or Line 34 (ntot = Nmax).

Proof. By Lemma C.6.4, for any h ∈ [H] and s ∈ S, whenever T kh (s) = nkh(s) ∨ TTrig is

triggered, we have

nkdπ
k

h (s) ≥ 1
2(nkh(s) ∨ TTrig) ≥ 1

4

(
k−1∑
l=1

nldπ
l

h (s)
)
.

Thus for any h ∈ [H] and s ∈ S, whenever T kh (s) = nkh(s) ∨ TTrig is triggered, we have

k∑
l=1

nldπ
l

h (s) ≥ 5
4

(
k−1∑
l=1

nldπ
l

h (s)
)
.

In addition, for any h ∈ [H] and s ∈ S, for the first time T kh (s) = nkh(s) ∨ TTrig is triggered,

we have
k∑
l=1

nldπ
l

h (s) ≥ nkdπk

h (s) ≥ 1
2(nkh(s) ∨ TTrig) ≥ TTrig.

As
∑k
l=1 n

ldπ
l

h (s) is non-decreasing and upper bounded by Nmax, the number of triggering

for any h ∈ [H] and s ∈ S is bounded by log(Nmax/TTrig)/ log(5/4) ≤ 8 log(Nmax), and

the total number of triggering is bounded by 8HS log(Nmax) + 1, where 1 is from the last

triggering ntot = Nmax.
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Theorem 4.6.3. Suppose Algorithm 6 is instantiated with adversarial multi-armed bandit

oracles satisfying Assumption 4.6.1. Then for tabular Markov games, with probability at

least 1− δ, Algorithm 6 will output an ϵ-approximate Markov CCE. The sample complexity

is Õ(HKmaxNmax) = Õ(H6S2Amaxϵ−2).

Proof. Suppose under the good event G, the algorithm does not end with Line 21

(maxi∈[m] V
k
1,i(s1)−V k

1,i(s1) ≤ ϵ). Then by Lemma C.6.9, the algorithm ends by N = Nmax.

By Lemma C.6.8, under the good event G, we have

min
k∈[K]

max
i∈[m]

(
V
k
1,i(s1)− V k

1,i(s1)
)
≤ 1
N

K∑
k=1

nk max
i∈[m]

(
V
k
1,i(s1)− V k

1,i(s1)
)

≤Õ
(
H2
√
SAmaxTTrig/Nmax

)
.

Let Nmax = Õ(H4SAmaxϵ−2) we can have

min
k∈[K]

max
i∈[m]

(
V
k
1,i(s1)− V k

1,i(s1)
)
≤ ϵ,

which contradicts with Line 21. Thus Algorithm 6 will end at episode k such that

max
i∈[m]

(
V
k
1,i(s1)− V k

1,i(s1)
)
≤ ϵ.

By Lemma C.6.5 and Lemma C.6.6, we have

max
i∈[m]

(
V

†,πk
−i

1,i (s1)− V πk

1,i (s1)
)
≤ max

i∈[m]

(
V
k
1,i(s1)− V k

1,i(s1)
)
≤ ϵ,

completing the proof.

C.6.3 Proofs for Learning Markov CE with Algorithm 6

Lemma C.6.10. Under the good event G, for all k ∈ [K], h ∈ [H], i ∈ [m], s ∈ S, we have

V
k
h,i(s) ≥ max

ψi

V ψi⋄πk

h,i (s).

Proof. We prove the lemma by mathematical induction on h. The argument holds for

h = H + 1 as both sides are 0. Suppose the argument holds for h+ 1. By the update rule

of V k
h,i(s), we have

V
k
h,i(s) = proj[0,H+1−h]

 1
nkh(s)

nk
h(s)∑
j=1

(rk,t
k
h(j;s)

h,i + V
k
h+1,i(s

k,tkh(j;s)
h+1 )) + H

nkh(s)
BSwapReg(nkh(s)) + βnk

h
(s)


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≥proj[0,H+1−h]

 1
nkh(s)

nk
h(s)∑
j=1

E
a∼π

k,tk
h

(j;s)
h

(·|s)
(rh,i(s,a) + V

k
h+1,i(s′)) + H

nkh(s)
BSwapReg(nkh(s))


(Lemma C.6.3)

≥proj[0,H+1−h]

max
ψh,i

1
nkh(s)

nk
h(s)∑
j=1

E
a∼ψh,i⋄π

k,tk
h

(j;s)
h

(·|s)
(rh,i(s,a) + V

k
h+1,i(s′))


(Lemma C.6.2)

= proj[0,H+1−h]

(
max
ψh,i

Ea∼ψh,i⋄πk
h

(·|s)(rh,i(s,a) + V
k
h+1,i(s′))

)

≥proj[0,H+1−h]

(
max
ψh,i

Ea∼ψh,i⋄πk
h

(·|s)(rh,i(s,a) + max
ψi

V ψi⋄πk

h+1,i (s′))
)

(Induction basis)

≥max
ψi

V ψi⋄πk

h,i (s).

Lemma C.6.11. Under the good event G, for all k ∈ [K], i ∈ [m], we have

V
k
1,i(s1)− V πk

1,i (s1) ≤ Õ
(
Eπk

[
H∑
h=1

√
H2A2

iTTrig
nkh(sh) ∨ TTrig

])
.

Proof. The proof is the same as the proof of Lemma C.6.7 and we replace BReg with

BSwapReg.

Lemma C.6.12. Under the good event G, for all k ∈ [K], h ∈ [H], i ∈ [m], s ∈ S, we have

K∑
k=1

nk max
i∈[m]

(
V
k
1,i(s1)− V πk

1,i(s1)
)
≤ Õ

(
H2
√
SA2

maxTTrigN

)
.

Proof. The proof is the same as the proof of Lemma C.6.8 and we replace Lemma C.6.7

with Lemma C.6.11 in the proof.

Theorem 4.6.4. Suppose Algorithm 6 is instantiated with adversarial multi-armed bandit

oracles satisfying Assumption 4.6.2. Then for tabular Markov games, with probability at

least 1 − δ, Algorithm 6 will output an ϵ-approximate Markov CE. The sample complexity

is Õ(HKmaxNmax) = Õ(H6S2A2
maxϵ

−2).
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Proof. Suppose under the good event G, the algorithm does not end with Line 21

(maxi∈[m] V
k
1,i(s1)−V k

1,i(s1) ≤ ϵ). Then by Lemma C.6.9, the algorithm ends by N = Nmax.

By Lemma C.6.12, under the good event G, we have

min
k∈[K]

max
i∈[m]

(
V
k
1,i(s1)− V k

1,i(s1)
)
≤ 1
N

K∑
k=1

nk max
i∈[m]

(
V
k
1,i(s1)− V k

1,i(s1)
)

≤Õ
(
H2
√
SA2

maxTTrig/Nmax

)
.

Let Nmax = Õ(H4SA2
maxϵ

−2) we can have

min
k∈[K]

max
i∈[m]

(
V
k
1,i(s1)− V k

1,i(s1)
)
≤ ϵ,

which contradicts with Line 21. Thus Algorithm 6 will end at episode k such that

max
i∈[m]

(
V
k
1,i(s1)− V k

1,i(s1)
)
≤ ϵ.

By Lemma C.6.10 and Lemma C.6.6, we have

max
i∈[m]

(
max
ψi

V ψi⋄πk

1,i (s1)− V πk

1,i (s1)
)
≤ max

i∈[m]

(
V
k
1,i(s1)− V k

1,i(s1)
)
≤ ϵ.

C.7 Technical Tools

Lemma C.7.1. (Theorem 4 in Maurer and Pontil [2009]) For n ≥ 2, let X1, · · · , Xn be

i.i.d. random variables with values in [0, 1] and let δ > 0. Define X̂ = 1
n

∑n
i=1Xi and

σ̂ = 1
n−1

∑n
i=1(Xi − X̂). Then we have

P

∣∣∣X̂ − E[X]
∣∣∣ >

√
2σ̂ log(4/δ)

n
+ 7 log(4/δ)

3(n− 1)

 ≤ δ.
Lemma C.7.2. Consider i.i.d. random variables X1, X2, . . . with support in [0, 1] and

Ŝn = 1
n

∑n
i=1Xi. Suppose n = minn{n :

∑n
i=1Xi ≥ TTrig} with TTrig ≥ 64 log(4nmax/δ).

Then if n ≤ nmax, with probability at least 1− δ, we have

1
2 Ŝn ≤ E[X] ≤ 3

2 Ŝn,

and in addition, for n ≤ min{n, nmax}, we have

E[X] ≤ 2TTrig
n

.
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Proof. Define the empirical variance to be

σ̂n = 1
n− 1

n∑
i=1

(Xi − Ŝn)2.

By Lemma C.7.1, we have that for any fixed n ≥ 2,

P

∣∣∣Ŝn − E[X]
∣∣∣ ≤

√
2 log(4nmax/δ)σ̂n

n
+ 7 log(4nmax/δ)

3(n− 1)

 ≥ 1− δ

nmax
.

Thus we have

P

∣∣∣Ŝn − E[X]
∣∣∣ ≤

√
2 log(4nmax/δ)σ̂n

n
+ 7 log(4nmax/δ)

3(n− 1) , ∀2 ≤ n ≤ nmax

 ≥ 1−
nmax∑
n=2

δ

nmax
≥ 1−δ.

(C.10)

The empirical variance can be bounded by

σ̂n = 1
n− 1

n∑
i=1

(Xi − Ŝn)2 = 1
n− 1

(
n∑
i=1

X2
i − nX̂2

)
≤ 1
n− 1

n∑
i=1

Xi ≤ 2Ŝn.

Thus for TTrig ≥ 64 log(4nmax/δ), we have nŜn ≥ TTrig ≥ 64 log(4nmax/δ) and√
2 log(4n/δ)σ̂n

n
+ 7 log(4n/δ)

3(n− 1) ≤

√
4 log(4n/δ)Ŝn

n
+ 7 log(4n/δ)

3(n− 1) ≤ Ŝn
2 .

Plugging it into (C.10), we can prove the first argument.

For n ≤ min{n,N}, we have
∑n
i=1Xi ≤ TTrig + 1 ≤ 2TTrig, which means

σ̂n ≤ 2Ŝn ≤
4TTrig
n

.

Plugging it into (C.10), and with TTrig ≥ 64 log(4nmax/δ), we can prove the second argu-

ment.

Lemma C.7.3. Suppose X1, X2, · · · , Xn are i.i.d. Bernoulli random variables with E[X] =

p and N =
∑n
i=1Xi. For any a ≥ 12 log(2/δ) with probability at least 1− δ, we have

1
2 (N ∨ a) ≤ np ∨ a ≤ 2 (N ∨ a) .

Proof. By the multiplicative Chernoff bound, we have

P
[
|N − np| ≥ 1

2np
]
≤ 2 exp

(
−np12

)
.
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Thus if np ≥ 12 log(2/δ), we have

P
[1

2np ≤ N ≤ 2np
]
≤ δ.

If np < 12 log(2/δ), by Bernstein inequality, with probability 1− δ we have

P [N − np > t] ≤ exp
(
− t2/2
np+ t/3

)
.

Let t = a ≥ np and we have

P [N > 2a] ≤ exp
(
− a2/2
np+ a/3

)
≤ exp(−3a/8) ≤ δ.

Note that if N ≤ 2a, we directly have

1
2 (N ∨ a) ≤ np ∨ a ≤ 2 (N ∨ a) .

Lemma C.7.4. (Lemma 20.1 in Lattimore and Szepesvári [2020]) The Euclidean sphere

Sd−1 = {x ∈ Rd : ∥x∥2 = 1}. There exists a set Cϵ ⊂ Rd with |Cϵ| ≤ (3/ϵ)d such that for all

x ∈ Sd−1 there exists y ∈ Cϵ with ∥x− y∥2 ≤ ϵ.

Lemma C.7.5. Let Σ ⪰ λI be a positive definite matrix and M be a positive semidefinite

matrix with eigenvalue upper-bounded by 1. Let Σ′ = Σ +M . Then we have

log det(Σ′) ≥ log det(Σ) + Tr(Σ−1M).

Proof.

det(Σ′) = det(Σ +M)

= det(Σ) det(I + Σ−1/2MΣ−1/2).

Denote λ1, . . . , λd as the eigenvalues of Σ−1/2MΣ−1/2. Then we have

x⊤Σ−1/2MΣ−1/2x ≤
∥∥∥Σ−1/2x

∥∥∥2

2
= x⊤Σ−1x ≤ λ−1,

which means λi ∈ [0, λ−1] for all i ∈ [d]. Thus, we have

log det(Σ′) = log det(Σ)+
d∑
i=1

log(1+λi) ≥ log det(Σ)+
d∑
i=1

λ

λ+ 1λi = log det(Σ)+ λ

λ+ 1Tr(Σ−1M),

completing the proof.
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Lemma C.7.6. (Lemma 11 in Zanette and Wainwright [2022]) For any random vector

ϕ ∈ Rd, scalar α > 0 and positive definite matrix Σ, we have

α

L
E ∥ϕ∥2Σ−1 ≤ log det(Σ + αE[ϕϕ⊤])

det(Σ) ≤ αE ∥ϕ∥2Σ−1 ,

whenever αE ∥ϕ∥2Σ−1 ≤ L for some L ≥ e− 1.

Lemma C.7.7. Let b > 0 and a1, a2, · · · , an > 0 such that an+1 ≤ c ·
(∑n−1

l=1 al ∨ b
)

for all

n ≥ 1 and some constant c. Then we have

∞∑
i=1

ai

√
1

(
∑i−1
l=1 al) ∨ b

≤ 2

√√√√(c+ 1)
n∑
l=1

al.

Proof. Note that for any i ≥ 1 we have√
1

(
∑i−1
l=1 al) ∨ b

≤
√

c+ 1
(
∑i
l=1 al) ∨ b

.

Let f(x) =
√

c+1
x∨b for x ≥ 0 and immediately we have f(x) is non-increasing. Then we have

n∑
i=1

ai

√
1

(
∑i−1
l=1 al) ∨ b

≤
∞∑
i=1

ai

√
c+ 1

(
∑i
l=1 al) ∨ b

=
n∑
i=1

aif(
i∑
l=1

al)

≤
∫ ∑n

l=1 al

0
f(x)

≤2

√√√√(c+ 1)
n∑
l=1

al.

Lemma C.7.8. (Lemma 4 in Zanette and Wainwright [2022]) Let X ∈ Rd be a random

vector and Y be a random variable such that ∥X∥2 ≤ 1, |Y | ≤ Ymax, (X,Y ) ∼ P for some

distribution P. Let {(xi, yi)}ni=1 be n i.i.d. samples from P. Then we define

β∗ := argmin
∥β∥2≤W

E(X,Y )∼P(Y − ⟨X,β⟩)2,

β̂ := argmin
∥β∥2≤W

1
n

n∑
i=1

(yi − ⟨xi, β⟩)2.
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Then with probability at least 1− δ, we have

∥∥∥β∗ − β̂
∥∥∥
nE[XX⊤]+λI

≤ 8(W + Ymax)
√
d log(32Wn(W + Ymax)) + log(1/δ) + λ.

Lemma C.7.9. (Covariance Concentration) (Proposition 1 in Zanette and Wainwright

[2022]) Suppose {Zk}k=1K is a sequence of independent, symmetric and positive definite

random matrices of dimension d such that

0 ≤ λmin(Zk) ≤ λmax(Zk) ≤ 1,∀k ∈ [K].

Let Σ̂ = λI+
∑K
k=1 Zk and Σ = E[Σ̂] for some λ ≥ 0. For any δ ∈ (0, 1) and λ > 2 log(2d/δ)

log(36/35) ,

with probability at least 1− δ we have

1
2Σ̂ ⪯ Σ ⪯ 3

2Σ̂.
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Appendix D

DEFERRED CONTENTS FROM CHAPTER ??

D.1 Challenges in Non-stationary Games

In this section, we discuss the challenges in non-stationary games in more detail.

D.1.1 Challenges in Test-based Algorithms

The idea of achieving optimal regret using consecutive testing in a parameter-free fashion

was first proposed in Auer et al. [2019b]. Here we restate the idea as follows. Consider the

multi-armed bandit setting. There are K arms, T episodes and L abrupt changes. The

regret can be decomposed as

• Most of the time, we run the standard UCB algorithm. If we always restart the UCB

algorithm right after each abrupt change, the accumulated regret is upper bounded

by O
(√

K(T/L)L
)

= O
(√

KTL
)
.

• Intending to detect changes on one arm that make the optimal arm incur D regret,

the algorithm starts a test at each step with probability pD = D
√
l/KT where l

is the number of changes detected thus far. The test should last nD = O(1/D2)

steps to make the confidence bound no larger than D. In expectation, the test incurs

pDTnD∆ = O

(
∆
D

√
lT
K

)
regret. Here ∆ is the real gap of the detected arm. To cover

all possible ∆, we may detect for gaps of size D = D0, 2D0, 4D0, · · · . D0 is the smallest

gap that is worth noticing∗. This incurs O
(√

LT
K K

)
= O

(√
KTL

)
regret.

• The expected number of episodes before we start to detect for a change of size D is

D/pD =
√
KT/l. Summing over all changes, this part incurs O (KTL) regret

∗We can take D0 =
√

K/T because even if each step we suffer an extra D0 regret, the total regret will

still remain.
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In all, the scheme suffer O
(√

KLT
)

regret, which is optimal. In the game setting, however,

the second part can become 1
D0

√
lT
KK and we will no longer have a no-regret algorithm.

D.1.2 Challenges in Bandit-over-RL Algorithms

The high-level idea of BORL is as follows [Cheung et al., 2020]. First partition the whole

time horizon T into intervals with length H. Each interval is one step for an adversarial

bandit algorithm A. Inside each interval, one instance of the base algorithm is run, with the

tunable parameter selected by A. The arms for A are the possible parameters of the base

algorithm and the reward is the total reward from one interval. Let the action at timestep

t be at and r(at) be its expected reward, a∗
t be the optimal action at timestep t and R(w)

be the expected return from one interval if we chooses parameter w. The regret can then

be decomposed as

T∑
t=1

[r (a∗
t )− r (at)] =

 T∑
t=1

r (a∗
t )−

T/H∑
h=1

R(wh)

+

T/H∑
h=1

R(wh)−
T∑
t=1

r(at)


where wh is the best parameter in interval h. The first term is bounded by the base

algorithm regret upper bound and the second term is bounded by the adversarial bandit

regret guarantee. If we apply the same to minimize, for example, the Nash regret

T∑
t=1

max
i∈[m]

(
VM
i (†, π−i)− VM

i (π)
)
,

we easily find the max hinders the same decomposition. Even if we drop the max and focus

on individual regret, the decomposition is

T∑
t=1

[
VM
i (†, π−i)− VM

i (π)
]

=

 T∑
i=1

VM
i (†, π−i)−

T/H∑
h=1

R(wh)

+

T/H∑
h=1

R(wh)−
T∑
t=1

VM
i (π)


where the first term loses meaning. The fundamental reason is that in MAB, at timestep

t, any action is competing with a fixed action a∗
t , while in a game, a policy π is competing

with arg maxπ′
i
VM
i (π′

i, π−i), which depends on π itself. This difficulty can also be seen from

Figure 5.1.
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D.2 Omitted Proofs in Section 5.4

In this section, we analyze the performance of Algorithm 8. For convenience, we de-

note the intervals corresponding to each Learn EQ by I1, I2, · · · , IK and the commit-

ting phases as J1,J2, · · · ,JK . The committed policy are π1, π2, · · · , πK respectively. Here

K = ⌈T/(C1(ϵ) + T1)⌉ and JK can be empty.

Lemma D.2.1. If x > 1, x/2 < ⌈x⌉ < x+ 1.

Remark D.2.2. It is a basic algebraic lemma that will be used very often to get over the

roundings.

Lemma D.2.3. If π is an ϵ-EQ of episode t, then it is also an
(
ϵ+ 2H∆[t,t′]

)
-equilibrium

for any episode t′ > t.

Proof. To facilitate this proof, we define some more notations. The value function of player

i at timestep h0, episode t, state s is defined to be

V π,M
h0,i

(s) = Eπ

 H∑
h=h0

rh,i(sh,ah) |M, sh0 = s

 . (D.1)

Here M is the model at episode t. We also denote the model at episode t′ by M ′. We have

the recursion

V π,M
h0,i

(s) =
∑

a
π(a | s)

[∑
s′

PMh0

(
s′|s,a

)
V π,M
h0+1,i(s

′) +RMh0,i(s,a)
]
.

Assume

∣∣∣V π,M
h0+1,i(s)− V

π,M ′

h0+1,i(s)
∣∣∣ ≤ H H∑

h=h0+1

(∥∥∥PMh − PM
′

h

∥∥∥
1

+
∥∥∥RMh −RM ′

h

∥∥∥
1

)
,

then we have

∣∣∣V π,M
h0,i

(s)− V π,M ′

h0,i
(s)
∣∣∣

≤
∑

a
π(a | s)

[∑
s′

(
PMh0

(
s′|s,a

)
− PM

′
h0

(
s′|s,a

))
V π,M ′

h0+1,i(s
′)
]

+
∑

a
π(a | s)

[∑
s′

PMh0

(
s′|s,a

) (
V π,M ′

h0+1,i(s
′)− V π,M

h0+1,i(s
′)
)]
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+
∑

a
π(a | s)

[
RMh0,i(s,a)−RM ′

h0,i(s,a)
]

≤H
∣∣∣PMh0

(
s′|s,a

)
− PM

′
h0

(
s′|s,a

)∣∣∣+ ∣∣∣V π,M
h0+1,i(s)− V

π,M ′

h0+1,i(s)
∣∣∣+ ∣∣∣RMh0,i(s,a)−RM ′

h0,i(s,a)
∣∣∣

≤H
H∑

h=h0

(∥∥∥PMh − PM
′

h

∥∥∥
1

+
∥∥∥RMh −RM ′

h

∥∥∥
1

)
.

Since the assumption holds trivially for h0 = H, by induction we get∣∣∣V π,M
1 (s)− V π,M ′

1 (s)
∣∣∣ ≤ ∆[t,t′] .

Finally by definition of the equilibria, we get the conclusion.

Lemma D.2.4. With probability 1−Tδ, πk is
(
ϵ+ c∆

1 ∆Ik

)
-approximate equilibrium in the

last episode of Ik for all k ∈ [K].

Proof. This is by the union bound and K ≤ T .

The following theorem is conditioned on this high-probability event.

Proposition 5.4.1. With probability 1− Tδ, the regret of Algorithm 8 satisfies

Regret(T ) ≤ 4TC1(ϵ)
T1

+ Tϵ+ 2max
{
c∆

1 , H
}
T1∆.

Proof. According to Assumption 5.2.6, πk is an
(
ϵ+ c∆

1 ∆Ik

)
-approximate equilibrium for

the last episode of Ik. Hence it is an
(
ϵ+ 2 max

{
c∆

1 , H
}

∆Ik∪Jk

)
-approximate equilibrium

for any episode in Jk according to Lemma D.2.3. In the proof we omit the max with H and

recover it in the conclusion.

Regret(T ) =
K∑
k=1

(
|Ik|+ |Jk|

(
ϵ+ 2c∆

1 ∆Ik∪Jk

))
≤K⌈C1(ϵ)⌉+ Tϵ+ 2c∆

1 T1∆

≤4TC1(ϵ)
T1

+ Tϵ+ 2c∆
1 T1∆.

Corollary 5.4.3. With probability 1− Tδ, the regret of Algorithm 8 satisfies

Regret(T ) ≤

 13
(
∆c1max

{
c∆

1 , H
})1/4

T 3/4, α = −2,

13
(
∆c1max

{
c∆

1 , H
})1/5

T 4/5, α = −3,
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Protocol 5 Scheduling Test EQ in a block with length 2n

1: Input: Joint Markov policy π, failure probability δ, tolerance ϵ.

2: for τ = 0, 1, . . . , 2n − 1 do

3: for q = 0, 1, · · · , Q do

4: if τ is a multiple of 2c+q then

5: With probability p(q), schedule a Test EQ for ϵ(q) starting from τ .

6: end if

7: end for

8: end for
by setting

T1 =


√√√√ TC1(ϵ)

max
{
c∆

1 , H
}

∆

 , ϵ =


(
∆c1max

{
c∆

1 , H
}
/T
)1/4

, α = −2,(
∆c1max

{
c∆

1 , H
}
/T
)1/5

, α = −3.

Proof. As before, we omit the max with H in the proof.

Regret(T ) ≤8TC1(ϵ)

√
c∆

1 ∆
TC1(ϵ) + Tϵ+ 4c∆

1 ∆
√
TC1(ϵ)
c∆

1 ∆

=12
√
c∆

1 T∆C1(ϵ) + Tϵ

=12
√
c∆

1 T∆c1ϵ
α/2 + Tϵ

Applying Lemma D.2.1, we get the desired conclusion.

D.3 Omitted Proofs in Section 5.5

In Section D.3.1 we present the proof for Proposition 5.5.2 and Proposition 5.5.3. In Section

D.3.2 and D.3.3, we analyze the performance of Algorithm 9. We first analyze the perfor-

mance of single block in Section D.3.2 and then present the subsequent proof in Section

D.3.3. For convenience, the episodes in Section D.3.2 refer to τ and the episodes in Section

D.3.3 refer to t.
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D.3.1 Proofs Regarding Construction of Test EQ

Proposition 5.5.2. Suppose MDP M ′ is induced by MDP M and recommendation policy

π. Then the optimal policy in MDP M ′ corresponds to a best strategy modification to

recommendation policy π in MDP M .

Proof. To facilitate the proof, we define some notations here. We define the value function

of policy π in an MDP M at timestep h0 and state s as

V π,M
h0

(s) = Eπ

 H∑
h=h0

rh(sh, ah) |M, sh0 = s

 .
The mean reward from rh(·|s, a) is denoted as Rh(s, a). Let π′ be a policy in M , then

V π′,M ′

h ((s, b)) =
∑
a

π′ (a | (s, b))

 ∑
(s′,b′)

P ′
h

(
(s′, b′)|(s, b), a

)
V π′,M ′

h+1
(
(s′, b′)

)
+R′

h((s, b), a)


Additionally, the Q-function of a state-action pair (s, b) under policy π at timestep h0 for

agent i in Markov game M is defined as

Qπ,Mh0,i
(s, b) = Eπ

 H∑
h=h0

rh,i(sh,ah) |M, sh0 = s, ah0,i = b

 .
Assume π′ is a deterministic policy and ψi is a strategy modification such that its choice is

the same as the choice of π′, then

Qψi⋄π,M
h0,i

(s, ψi(b)) =
∑

(s′,b′)
Ph(s′|s, πh(s) = b, ψi(b))πh+1(b′ | s′)Qψi⋄π,M

h0+1,i (s′, ψi(b))

+Rh0(s, ψi(b) | πh(s) = b)

by definition of M ′ we can directly see that

V π′,M ′

h ((s, b)) = Qψi⋄π,M
h,i (s, ψi(b)) (D.2)

Hence the optimal policy of M ′ corresponds to a best strategy modification to recommen-

dation policy.

Proposition 5.5.3. As long as Learn OP satisfies Assumption 5.5.1, Protocol 3 satisfies

Assumption 5.2.7.
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Proof. We first consider the NE and CCE case. The main logic has been stated in the

main text. We restate it here with environmental changes involved. Denote the intervals

that run Line 2, 4, 5 by I,J ,K respectively. Then with high probability, the estimation

of V̂i(π) departs from the true value by at most ϵ/6 + ∆I and that of V̂i(π′
i, π−i) is at

most ϵ/3 + c∆
3 ∆J + ∆K. Combine all the error we get the conclusion. In terms of sample

complexity

C2(ϵ) = Õ
(
mC3(ϵ) + ϵ−2

)
= Õ (mC3(ϵ)) .

The last equality use the information-theoretic lower bound C3(ϵ) = Ω(ϵ−2). Then we

consider the CE case. By Equation D.2 we can prove the correctness of this algorithm using

the same argument as before. In terms of sample complexity, it is the same as before except

that we need to change the size of state space from |S| to |S| |A|. Finally, c∆
2 = c∆

3

By Wei and Luo [2021], we know that we have c∆
2 = c∆

3 = O(H).

D.3.2 Single Block Analysis

Divide [C1(ϵ) + 1, 2n] into I1 ∪ I2 ∪ · · · ∪ IK such that Ik = [sk, ek], s1 = C1(ϵ) + 1, eK =

2n, ek + 1 = sk+1 and

∆Ik
≤ 1
c∆

2
max

{
1√
|Ik|

, 2−n/4−1
}

Intervals with such property are called near-stationary. Let En ∈ Il be the last episode

(The block may be ended due to a failed Test EQ). Define e′
k = min{En, ek}, I ′

k = [si, e′
k].

If k > l, I ′
k = ∅. For convenience, we denote τn = C1(ϵ) + 1 in the following proof.

Definition D.3.1. For k ∈ [K], q ∈ {0, 1, · · · , Q}, let

τk(q) = min
{
τ ∈ I ′

k| π is not a 2ϵ(q)-EQ at τ
}
, ξk(q) =

[
e′
k − τk(q) + 1

]
+ .

First, we are going to show that with high probability no Test EQ is aborted.

Lemma D.3.2. With probability 1 − 2QTδ, for any Test EQ instance testing gap ϵ(q)

maintained from s to e, it returns fail if the policy is not (2ϵ(q) + c∆
2 ∆[s,e])-NE/CCE for

any τ ∈ [s, e]. In equivalence, e− s < 2c+q and all Test EQ function as desired.
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Proof. By union bound, the probability all Test EQ function as desired is 1−QTδ. There

are 2q−r possible starting points for a test occupying 2r episodes. For each of them,

Test EQ exists with probability 1/(ϵ(r)2n/2). By Bernstein’s inequality, with probability

1− δ, the number of such tests is upper-bounded by

2q−r 1
ϵ(r)2n/2 +

√
2 · 2q−r 1

ϵ(r)2n/2 log 1
δ

+ log 1
δ

≤2 · 2q−r 1
ϵ(r)2n/2 + 2 log 1

δ

=2q−r/2+1
√
c22n/2 + 2 log 1

δ
.

By union bound, this inequality holds for all Test EQ with probability 1 − QTδ. So the

total length of all shorter tests is upper bounded by

q−1∑
r=0

(
2q−r/2+1
√
c22n/2 + 2 log 1

δ

)
2r

≤2q+1 2
q−1

2 − 1√
2− 1

1
√
c22n/2 + 2 log 1

δ
(2q − 1)

≤5
√
c2
(
2

q−1
2 − 1

)
+ log 1

δ
2q+1

≤max
{

5
√
c2, 2 log 1

δ

}
2q

Here we use 2q < 2Q < c22n/2. Using the union bound, we get the conclusion.

In subsequent proofs, we condition on the high probability event described in this lemma.

Lemma D.3.3. With probability 1−Qδ, for all r ∈ [Q].

l∑
k=1

[
ξk(r)− 2c+r

]
+
≤ 2c+r−1ϵ(r − 2)

√
2n log 1

δ
= 2c

√
2r+nc2

Proof. For each r ∈ [Q].

2−c−r+2
l∑

k=1

[
ξk(r) − 2c+r

]
+

=2−c−r+2
l∑

k=1

[
e′

k − τk(r) + 1 − 2c+r
]

+

≤
K∑

k=1

∑
τ∈Ik

1

[
τ ∈ [τk(r), e′

k − 2c+r−1], τ mod 2c+r−2 ≡ 0
]
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=
2n∑

τ=τn

1

[
τ ∈ [τk(r), e′

k − 2c+r−1], τ mod 2c+r−2 ≡ 0
]

≤
2n∑

τ=τn

1

[
τ ∈ [τk(r), e′

k − 2c+r−1], τ mod 2c+r−2 ≡ 0 and there is no test for ϵ(r)/2 starting at any t ∈ [τn, τ ]
]

+
2n∑

τ=τn

1

[
τ ∈ [1, En − 2c+r−1] and there is a test for ϵ(r)/2 starting at some t ∈ [τn, τ ]

]
≤

[
1 + log(1/δ)

− log(1 − 1/
(
ϵ(r − 2)

√
2n
)
)

]
+ 0 ≤ 2ϵ(r − 2)

√
2n log 1

δ

The first inequality holds because in an interval of length w, there are at least (w+2−2u)/u

points whose indices are multiples of u. The third inequality holds with probability 1 − δ.

The first sum is bounded using the fact the test is started i.i.d. with constant probability

1/
(
ϵ(r − 2)

√
2n
)
. In the second sum, the condition implies that the ending time of the test

is before t+ 2c+r−2 − 1 ≤ ei − 2c+r−2 − 1 ≤ ei so the test is within Ik and t+ 2c+r−2 − 1 ≤

τ + 2c+r−2 − 1 < En so the test ends before the block ends. However, the test is for ϵ(r)

and the variation during the test is bounded by ∆Ik
< 2−n/4 = ϵ < ϵ(r), so such Test EQ

must return Fail.

In subsequent proofs, we further condition on the high probability event described in

this lemma.

Lemma D.3.4. The total number of near-stationary intervals

l ≤ 1 + 2 min
{

2n/3
(
c∆

2 ∆[1,En]
)2/3

, 2n/4c∆
2 ∆[1,En]

}
(D.3)

Proof. We divide [τn, En] = I1 ∪ I2 ∪ · · · ∪ Il in such a way that [sk, ek] is near-stationary

but [sk, ek + 1] is not near-stationary. Then

∆[τn,En] ≥
l−1∑
k=1

∆[sk,ek+1]

≥ 1
c∆

2

l−1∑
k=1

max
{ 1√

ek − sk + 2
, 2−n/4−1

}

≥ 1
c∆

2
max

{
l−1∑
k=1

1
2
√
ek − sk + 1

, (l − 1)2−n/4−1
}
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Hence by Hölder’s inequality

l ≤1 + min


(
l−1∑
k=1

(ek − sk + 1)−1/2
)2/3( l−1∑

k=1
(ek − sk + 1)

)1/3

, 2n/4+1c∆
2 ∆[τn,En]


≤1 + 2 min

{(
c∆

2 ∆[τn,En]
)2/3
|[τn, En]|1/3 , 2n/4c∆

2 ∆[τn,En]

}
≤1 + 2 min

{
2n/3

(
c∆

2 ∆[1,En]
)2/3

, 2n/4c∆
2 ∆[1,En]

}

Lemma D.3.5. With probability 1− 3QTδ

Regret([1, En]) ≤ 23n/4+4 + 4Q
(
2n/2+c√c2l + 2c+n/2c2

)
+ c2 log 1

δ
2n/2+1 + c12−αn/4

Proof. First we consider the regret generated by Test EQ. We need to count the number

of steps all the tests go for. Similar to the calculation in Lemma D.3.3. The number of tests

with length 2q is upper bounded by

2n−r/2+1

c
√
c22n/2 + 2 log 1

δ
.

So the total length of all Test EQ is upper bounded by
Q∑
r=0

(
2n−r/2+1

2c√c22n/2 + 2 log 1
δ

)
2r

≤2n+1 2Q/2 − 1√
2− 1

1
c
√
c22n/2 + 2 log 1

δ

(
2Q − 1

)
≤ 5

2c 23n/4 + c2 log 1
δ

2n/2+1

Then we consider the regret generated by committing.

∑
τ∈I′

k

GapMt
(
πt
)

≤
∑
τ∈I′

k

(
1

[
GapMt

(
πt
)
≤ 2ϵ(Q)

]
2ϵ(Q)

+
Q−1∑
r=0

1

[
2ϵ(r + 1) ≤ GapMt

(
πt
)
≤ 2ϵ(r)

]
2ϵ(r) + 1

[
GapMt

(
πt
)
> ϵ(0)

]
1


≤2|I ′

k|ϵ(Q) + 2
Q−1∑
r=0

ϵ(r)ξi(r + 1) + 2ϵ(0)ξi(0)
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≤2|I ′
k|ϵ(Q) + 4

Q∑
r=0

ϵ(r)ξi(r)

In the second inequaility we use ϵ(0) = √c2 > 1 and in the third inequality we use ϵ(r) ≤

2ϵ(r + 1). Summing over all intervals we have

Regret([1, En]) ≤ 2n+1ϵ(Q) + 4
Q∑
r=0

l∑
k=1

ϵ(r)ξk(r).

Furthermore
l∑

k=1
ϵ(r)ξk(r) =

l∑
k=1

ϵ(r) min{ξk(r), 2c+r}+
l∑

k=1
ϵ(r)

[
ξk(r)− 2c+r

]
+

≤2c
l∑

k=1

√
c2 min{ξk(r), 2c+r}+

l∑
k=1

ϵ(r)
[
ξk(r)− 2c+r

]
+

≤2c
l∑

k=1

√
c2
∣∣I ′
k

∣∣+ 2c+n/2c2

The last inequality uses Lemma D.3.3. Hence

Regret([1, En]) ≤2n+1ϵ(Q) + 4Q

(
2c

l∑
k=1

√
c2 |I′

k| + 2c+n/2c2

)
+ 5

2c
23n/4 + c2 log 1

δ
2n/2+1 + C1(ϵ)

≤23n/4+4 + 4Q

2c

√√√√c2l

l∑
k=1

|I′
k| + 2c+n/2c2

+ c2 log 1
δ

2n/2+1 + c12−αn/4

≤23n/4+4 + 4Q
(

2n/2+c
√

c2l + 2c+n/2c2

)
+ c2 log 1

δ
2n/2+1 + c12−αn/4

To keep the notation clean, from now on we make frequent use of the big-O notation

and hide the dependencies on logarithmic factors on relevant variables. We also assume ∆

is always large enough so that we can drop the 1 in Inequality D.3.

Lemma 5.5.4. With probability 1− 3QTδ, the regret inside this block

Regret = Õ

(
23n/4 + c2 min

{
22n/3

(
c∆

2 ∆[1,En]
)1/3

, 25n/8
(
c∆

2 ∆[1,En]
)1/2

}
+ 2n/2c

3/2
2 + 2−αn/4c1

)
(5.1)

Proof. We may restate the bounds in Lemma D.3.4 and D.3.5 as

l = O

(
min

{
2n/3

(
c∆

2 ∆
)2/3

[1,En]
, 2n/4

(
c∆

2 ∆[1,En]
)})
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Regret([1, En]) = Õ
(
23n/4 + 2n/2c2

√
l + 2n/2c

3/2
2 + 2−αn/4c1

)
Combine them together we get

Regret([1, En]) = Õ
(

23n/4 + c2 min
{

22n/3 (c∆
2 ∆[1,En]

)1/3
, 25n/8 (c∆

2 ∆[1,En]
)1/2

}
+ 2n/2c

3/2
2 + 2−αn/4c1

)
(D.4)

D.3.3 Proof for Theorem 5.5.6

Due to the doubling structure inside each segment, from Formula D.4 we get

Regret (Jj) = Õ

(
|Jj |3/4 + c2 min

{
|Jj |2/3

(
c∆

2 ∆Jj

)1/3
, |Jj |5/8

(
c∆

2 ∆Jj

)1/2
}

+ c
3/2
2 |Jj |1/2 + c1 |Jj |−α/4

)

Lemma D.3.6.

J = O

(
T 1/5

(
max

{
c∆

1 , c
∆
2
}

∆
)4/5

)
.

Proof. For any segment Jj ,

max
{
c∆

1 , c
∆
2
}

∆Jj ≥ ϵ(Q)− ϵ ≥
(√

2− 1
)
|Jj |−1/4

since the ending of a segment is caused by a False returned by Test EQ. Then by the

same logic as in Lemma D.3.4 we get the conclusion

Hence by Hölder inequality

Regret(T ) =Õ
(

J1/4T 3/4 + c2 min
{

T 2/3∆̃1/3, T 5/8∆̃1/2
}

+ c
3/2
2 J1/2T 1/2 + c1J1+α/4T −α/4

)
=


Õ
(

∆̌1/5T 4/5 + c2 min
{

∆̃1/3T 2/3, ∆̃1/2T 5/8
}

+
(

c1 + c
3/2
2

)
∆̌2/5T 3/5

)
α = −2

Õ
(

c1∆̌1/5T 4/5 + c2 min
{

∆̃1/3T 2/3, ∆̃1/2T 5/8
}

+ c
3/2
2 ∆̌2/5T 3/5

)
α = −3

D.4 Base Algorithms Satisfying Assumption 5.2.6

In table D.1 we summarize the results of this section.
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Table D.1: Parameters of the Base Algorithms. In this table we only show the magnitude

of parameter, with Õ(·) omitted except for the α column.

Types of Games c1 α c∆
1

Zero-sum (NE) A+B −2 1

General-sum (CCE) Amax −2 1

General-sum (CE) A2
max −2 1

Potential (NE) m2Amax −3 1

Congestion (NE) m2F 3 −2 mF

Zero-sum Markov (NE) H5S(A+B) −2 H2

General-sum Markov (CCE) H6S2Amax −2 HS

General-sum Markov (CE) H6S2A2
max −2 HS

Markov Potential (NE) m2H4SAmax −3 H2

D.4.1 Two-Player Zero-Sum Matrix Games (NE)

In this part we consider the following algorithm: each player independently runs an optimal

adversarial multi-armed bandit algorithm (e.g. EXP.3) and finally output the product of

respective average policies of the whole time horizon. We will prove that this algorithm

satisfies Assumption 5.2.6 in terms of learning NE in two-player zero-sum matrix games.

Proof. We adopt some new notations in this proof. Let Rt ∈ [0, 1]A×B be the reward matrix

at episode t. The policy of the max and min players are represented by xt ∈ [0, 1]A, yt ∈

[0, 1]B. Each entry represents the probability they choose the corresponding action. The

reward received by the max and min players are respectively xt⊤Rtyt and −xt⊤Rtyt. With

probability 1− δ the adversarial MAB algorithms satisfy

1
T

T∑
t=1

xt
⊤
Rtyt −min

y

1
T

T∑
t=1

xt
⊤
Rty ≤ cadv

√
AT

max
x

1
T

T∑
t=1

x⊤Rtyt − 1
T

T∑
t=1

xt
⊤
Rtyt ≤ cadv

√
BT
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where cadv = Õ(1). The output policy x =
∑T
t=1 x

t/T and y =
∑T
t=1 y

t/T satisfy

VMT

max (†, y) + VMT

min (x, †) = max
x

x⊤RT y + min
y
x⊤RT y ≤ cadv

√
BT + ∆ + cadv

√
AT + ∆

By the definition of zero-sum game

NEGAP(x, y) ≤V
MT

max (†, y)− VMT

max (x, y) + VMT

min (x, †)− VMT

min (x, y)
2

=VMT

max (†, y) + VMT

min (x, †)
2 = Õ

(√
(A+B)T

)
+ 2∆.

Hence this algorithm satisfies Assumption 5.2.6 with C1(ϵ) = Õ
(
(A+B)ϵ−2) , c∆

1 = 2.

D.4.2 Multi-Player General-Sum Matrix Games (CCE)

In this part we consider the following algorithm: each player independently runs an optimal

adversarial multi-armed bandit algorithm (e.g. EXP.3) and finally output the average joint

policy of the whole time horizon. We will prove that this algorithm satisfies Assumption

5.2.6 in terms of learning CCE in multi-player general-sum matrix games.

Proof. We define the loss of player i at episode t by playing ai as

lti(ai) = 1− Ea−i∼πt
−i

[
ri(ai, a−i) |M t

]
then with probability 1− δ, the adversarial MAB algorithm satisfies

T∑
t=1
⟨πt(·), lti(·)⟩ − min

ai∈Ai

T∑
t=1

lti(ai) ≤ cadv
√
AiT , cadv = Õ(1)

For convenience, we denote the reward function at timestep t by rt. Let the output policy

π =
∑T
t=1 π

t/T , we have

VMT

i (π)

=Ea∼π
[
rTi (a)

]
= 1
T

T∑
t=1

Eai∼πt
i
Ea−i∼πt

−i

[
rTi (ai, a−i)

]

=1− 1
T

T∑
t=1

Eai∼πt
i

[
lti(ai)

]
+ 1
T

T∑
t=1

Eai∼πt
i
Ea−i∼πt

−i

[
rTi (ai, a−i)− rti(ai, a−i)

]

≥1− 1
T

min
ai∈Ai

T∑
t=1

lti(ai)− cadv
√
Ai/T + 1

T

T∑
t=1

Eai∼πt
i
Ea−i∼πt

−i

[
rTi (ai, a−i)− rti(ai, a−i)

]
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≥ 1
T

max
ai∈Ai

T∑
t=1

Ea−i∼πt
−i

[
rti(ai, a−i)

]
− cadv

√
Ai/T −∆

≥ 1
T

max
ai∈Ai

T∑
t=1

Ea−i∼πt
−i

[
rTi (ai, a−i)

]
−∆− cadv

√
Ai/T −∆

≥VMT

i (†, π−i)− cadv
√
Ai/T − 2∆

By definition of CCE we know this algorithm satisfies Assumption 5.2.6 with C1(ϵ) =

Õ
(
Amaxϵ−2) , c∆

1 = 2

D.4.3 Multi-Player General-Sum Matrix Games (CE)

This part is very similar to the last part. Instead of using standard adversarial bandit

algorithms, we use no-swap-regret algorithm for adversarial bandits (for example, Ito [2020])

and the proof is almost the same. We can achieve with probability 1− δ,

T∑
t=1
⟨πt(·), lti(·)⟩ −min

ψi

T∑
t=1
⟨(ψi ⋄ πt)(·), lti(·)⟩ ≤ cadvAi

√
T , cadv = Õ(1)

where ψi is a strategy modification. By substituting all min,max related terms correspond-

ingly we get the proof for CE and C1(ϵ) = Õ
(
A2

maxϵ
−2)

D.4.4 Congestion Games (NE)

In this part we will show the Nash-UCB algorithm proposed in Cui et al. [2022] satisfies

Assumption 5.2.6. We carry out the proof by pointing out the modifications we need to

make in their proof. In their proof, k stands for the episode index instead of t and K is the

total episodes instead of T .

Lemma D.4.1. (Modified Lemma 3 in Cui et al. [2022]) With high probability,

∣∣∣r̃ki − ri∣∣∣ (a) ≤ max
i∈[m]

∥Ai(a)∥(V k)−1

√
β̃k, β̃k = O(mF +Km∆2)

Proof. We denote the average reward vector by θ and the reward vector of the last epsiode

by θT , other notations are similar, then

∣∣∣r̃ki − rTi ∣∣∣ (a)
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≤∥Ai(a)∥(V k)−1

∥∥∥θ̂ − θT ∥∥∥
V k

≤∥Ai(a)∥(V k)−1

(∥∥∥θ̂ − θ∥∥∥
V k

+
∥∥∥θ − θT ∥∥∥

V k

)
≤∥Ai(a)∥(V k)−1

(∥∥∥θ∥∥∥
2

+
√

log detV k + ι̃+
√
Km∆

)

The rest of the proof is carried out with the new β̃k and finally the regret becomes

Nash-Regret(K) = Õ
(
mF 3/2√K +mFK∆

)
.

Finally this algorithm can be converted into a version with sample complexity guarantee

and C1(ϵ) = m2F 3ϵ−2, c∆
1 = mF as stated in the original paper using the certified policy

trick from Bai et al. [2020].

D.4.5 Multi-Player General-Sum Markov Games (CCE,CE)

In this part we will show how to adapt the proof in Cui et al. [2023] to the non-stationary

game case. For simplicity, we will follow the proof in Cui et al. [2023] in general and only

point out critical changes. Note that they use k as epoch index while we have been using k

as episode index. For consistency, we will use κ as the episode index in this section. As a

reminder, we will use rκ, P κ and Mκ to denote the reward function, the transition kernel

and the game at episode κ.

We use the superscript κ in Eκ[·] to denote that the underlying game is Mκ. We further

use κkh(j; s) to denote the episode index when state s is visited for the jth time at step h

and epoch k in the no-regret learning phase (Line 12 in Algorithm 3), and we use κkh(j; s)

to denote the episode index when state s is visited for the jth time at step h and epoch k

in the no-regret learning phase (Line 12 in Algorithm 3). We will change the algorithm in

Line 34 where we replace nkh(sh) with
∑k−1
l=1 T

k
h (sh). We will modify all the lemmas in the

proof below. We use Nk to denote
∑k
l=1 n

k.

First, we will replace E
a∼π

k,tk
h

(j;s)
h

(·|s)
[·] with Eκ

k
h(j;s)

a∼π
k,tk

h
(j;s)

h
(·|s)

[·] in all the lemmas, which

takes the expectation with the underlying game when π
k,tkh(j;s)
h (· | s) is used. It is easy to

verify that Lemma 35, Lemma 36, Lemma 37 hold after the modification.
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Second, we will replace nkh(s) with
∑k−1
l=1 T

l
h(s) and nkdπ

k

h (s) with
∑nk

J=1 d
πk

h (s; k, J),

where dπl

h (s; k, J) is the visiting density for model at epoch k and Jth trajectory sampled

in the policy cover update phase. In addition, we also add the following argument in the

lemma:

nkh(s) ∨ Trig ≥ 1
2

k−1∑
l=1

nl

Nk−1

Nk−1∑
j=1

dπ
l

h (s; k, j)

 ∨ TTrig,

where dπl

h (s; k, j) is the visiting density for model at epoch k and jth trajectory sampled in

the no-regret learning phase. It is easy to verify that Lemma 38 hold after the modification.

Third, we will consider a baseline model M0, which can be the game at any episode,

and use V π
h,i(s) to denote the corresponding value function. Now we show that Lemma 39,

Lemma 40 and Lemma 41 holds with an addition tolerance ∆.

Lemma D.4.2. (Modified Lemma 39 in Cui et al. [2023]) Under the good event G, for all

k ∈ [K], h ∈ [H], i ∈ [m], s ∈ S, we have

V
k
h,i(s) ≥ V

†,πk
−i

h,i (s)−
H∑

h′=h
∆h.

Proof. Note that we have∣∣∣∣∣Eκk
h(j;s)

a∼π
k,tk

h
(j;s)

h
(·|s)

[
rh,i(s,a) + V

k
h+1,i(s′)

]
− EM

0

a∼π
k,tk

h
(j;s)

h
(·|s)

[
rh,i(s,a) + V

k
h+1,i(s′)

]∣∣∣∣∣ ≤ ∆h.

The rest of the proof follows Cui et al. [2023].

Lemma D.4.3. (Modified Lemma 40 in Cui et al. [2023]) Under the good event G, for all

k ∈ [K], h ∈ [H], i ∈ [m], s ∈ S, we have

V k
h,i(s) ≤ V πk

h,i (s) +
H∑

h′=h
∆h.

Proof. The proof follows the proof for Lemma D.4.2.

Lemma D.4.4. (Modified Lemma 41 in Cui et al. [2023]) Under the good event G, for all

k ∈ [K], i ∈ [m], we have

V
k
1,i(s1)− V k

1,i(s1) ≤ Õ
(
EM

0

πk

[
H∑
h=1

√
H2AiTTrig

nkh(sh) ∨ TTrig

])
+ 2∆.
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Proof. The proof follows the proof for Lemma D.4.2.

Lemma D.4.5. (Modified Lemma 42 in Cui et al. [2023]) Under the good event G, for all

i ∈ [m], we have
K∑
k=1

nk max
i∈[m]

(
V
k
1,i(s1)− V πk

1,i(s1)
)
≤ Õ

(
H2
√
SAmaxTTrigN

)
.

Proof. By Lemma D.4.4 and the proof in Cui et al. [2023], we only need to bound∑K
k=1 n

kEM0

πk

√
1

nk
h

(sh)∨TTrig
. By the definition of ∆, we can easily prove that

∑
s∈S

∣∣∣∣∣∣ n
k

Nk

Nk∑
j=1

dπ
k

h (s; k + 1, j)−
nk∑
J=1

dπ
k

h (s; k, J)

∣∣∣∣∣∣ ≤ nk∆,
∑
s∈S

∣∣∣∣∣∣nkdπk

h (s)−

 k∑
l=1

nl

Nk

Nk∑
j=1

dπ
l

h (s; k + 1, j)−
k−1∑
l=1

nl

Nk−1

Nk−1∑
j=1

dπ
l

h (s; k, j)

∣∣∣∣∣∣ ≤ Nk∆.

and we have

∑
s∈S

 k∑
l=1

nl

Nk

Nk∑
j=1

dπ
l

h (s; k + 1, j)−
k−1∑
l=1

nl

Nk−1

Nk−1∑
j=1

dπ
l

h (s; k, j)

−2
k−1∑
l=1

nl

Nk−1

Nk−1∑
j=1

dπ
l

h (s; k, j) ≤ 4Nk∆.

Then we have
K∑
k=1

nkEM
0

πk

√
1

nkh(sh) ∨ TTrig

=
K∑
k=1

nk
∑
s∈S

dπ
k

h (s)
√

1
nkh(s) ∨ TTrig

≤
∑
s∈S

K∑
k=1

nkdπ
k

h (s)
√√√√ 2

(
∑k−1
l=1

nl

Nk−1
∑Nk−1
j=1 dπ

l

h (s; k, j)) ∨ TTrig

(Lemma 38 in Cui et al. [2023])

≤NK∆ +
∑
s∈S

K∑
k=1

 k∑
l=1

nl

Nk

Nk∑
j=1

dπ
l

h (s; k + 1, j)−
k−1∑
l=1

nl

Nk−1

Nk−1∑
j=1

dπ
l

h (s; k, j)


√√√√ 2

(
∑k−1
l=1

nl

Nk−1
∑Nk−1
j=1 dπ

l

h (s; k, j)) ∨ TTrig

≤2NK∆ +
∑
s∈S

√√√√√32
K∑
l=1

nl

NK

NK∑
j=1

dπ
l

h (s;K, j)

(Lemma 38 and Lemma 53 in Cui et al. [2023])
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≤2NK∆ +
√

32SN.

Lemma 43 in Cui et al. [2023] holds directly with the modified update rule. As a result,

following Theorem 4 in Cui et al. [2023], the same sample complexity result holds for learning

an ϵ+ Õ(HS∆)-CCE. Hence C1(ϵ) = H6S2Amaxϵ−2, c∆
1 = HS.

D.4.6 Markov Potential Games (NE)

This setting is rather straightforward. Algorithm 3 in Song et al. [2021a] serves as a base

algorithm. By noticing that any weighted average of the samples of rewards shifts by no

more than O(∆) in the non-stationary environment and by the very similar argument we

made in Lemma D.2.3 or proof of Theorem 1 in Mao et al. [2021b] we can see C1(ϵ) =

m2H4SAmaxϵ−3, c∆
1 = O(H2).
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Appendix E

DEFERRED CONTENTS FROM CHAPTER ??

E.1 Additional Motivating Examples

In this section, we present two additional motivating examples of our proposed models.

Example 6 (Web Advertisements). Consider a set of websites as the facility set and

companies who want to advertise their products as the players. Due to budget constraints,

each company may only choose some of these websites to put its product ad. For each

website, the probability that a user will click on a certain ad (and then buy the product)

depends on how many ads are put on the website. If a website receives too many ads, the

probability that a user can see a certain ad will decrease, thus making it congested.∗ The

reward each company will receive is measured by the amount of products sold during certain

period of time, which is bandit feedback.

Example 7 (Server Usage). Consider a set of servers in a company as the facility set

and server users as the players. Each user needs to request several servers to finish her

computation task and the cost triggered from each server depends on the number of users

requesting that server. Each user will try to minimize the total cost incurred from the

servers she requested. As each user can see the cost from all the servers she requested, this

is semi-bandit feedback.

E.2 Compute ϵ-approximate Nash Equilibrium in Potential Games

In this section, we show that the ϵ-Nash(·) operation in Algorithm 10 can be computed

efficiently by using Algorithm 11.

In particular, we first show that the matrix game with reward functions Qk1(·), . . . , Qkm(·)

used in Algorithm 10 is a potential game in Lemma E.2.1. Then, we show that Algorithm 11

∗Although the website’s intelligent recommendation system may more or less mitigate this effect, it can

be considered as a part of the reward function’s property.
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can efficiently compute an ϵ-approximate Nash equilibrium for potential games and output

a product policy as shown in Lemma E.2.2.

Lemma E.2.1. In line 6 of Algorithm 10, the matrix game with reward functions

Q
k
1(·), . . . , Qkm(·) forms a potential game for both settings of semi-bandit feedback and bandit

feedback.

Proof. In the setting of semi-bandit feedback, since Qki (a) =
∑
f∈ai

(r̂k,f + bk,f,r)(a), the

reward functions Qk1(·), . . . , Qkm(·) form a congestion game, which we know is a potential

game [Monderer and Shapley, 1996].

In the setting of bandit feedback, notice that by defining r̃k,f (i) = θ̂ki+m(f−1) for (i, f) ∈

[m] × F , we can have r̃ki (a) =
〈
Ai(a), θ̂k

〉
=
∑
f∈ai

r̃k,f (nf (a)). Therefore, we claim that

the desired potential function is

Φk(a) = Φ̃k(a) + b̃k,r(a), where Φ̃k(a) =
∑
f∈F

nf (a)∑
i=1

r̃k,f (i).

To see this, by referring to the definition of potential function in congestion game [Monderer

and Shapley, 1996], since r̃ki (a) =
∑
f∈ai

r̃k,f (nf (a)), we have that

Φ̃k(ai, a−i)− Φ̃k(a′
i, a−i) = r̃i(ai, a−i)− r̃i(a′

i, a−i).

As a result, we have

Φk(ai, a−i)− Φk(a′
i, a−i)

=
(
r̃i(ai, a−i) + b̃k,r(ai, a−i)

)
−
(
r̃i(a′

i, a−i) + b̃k,r(a′
i, a−i)

)
=Qki (ai, a−i)−Q

k
i (a′

i, a−i),

which means that Qk1(·), . . . , Qkm(·) form a potential game.

Lemma E.2.2. Algorithm 11 can output an ϵ-approximate Nash equilibrium.

Proof. Note that if at round k, we have maxi∈[m] ∆i ≤ ϵ, then πk is an ϵ-approximate Nash

equilibrium. So we only need to prove that maxi∈[m] ∆i ≤ ϵ is satisfied at some round

k ∈ {1, . . . ,
⌈
mrmax
ϵ

⌉
}.
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Suppose the potential game ({Ai}mi=1 , {ri}
m
i=1) is associated with potential function Φ ∈

[0,Φmax]. Set π∗ = argmaxπ∈
∏

i∈[m] ∆(Ai) Φ(π). Then for any π ∈
∏
i∈[m] ∆(Ai), we have

Φ(π∗)− Φ(π) =
∑
i∈[m]

(
Φ(π∗

1:i, πi+1:m)− Φ(π∗
1:i−1, πi:m)

)
=
∑
i∈[m]

(
V
π∗

1:i,πi+1:m
i − V π∗

1:i−1,πi:m
i

)

≤mrmax.

As a result, we can set Φmax = mrmax. On the other hand, if j = argmaxi∈[m] ∆i for round

k, we have

Φ(πk+1)− Φ(πk) =Φ(πk+1
j , πk−j)− Φ(πk)

=V
πk+1

j ,πk
−j

j − V πk

j

=rj(ak+1
j , πk−j)− rj(πk) (πk is deterministic)

=∆j

= max
i∈[m]

∆i.

So there must exist k ∈ {1, . . . ,
⌈mrmax

ϵ

⌉
} such that maxi∈[m] ∆i ≤ ϵ, otherwise Φ(πk) increase

at least ϵ at each round, which contradicts Φ ∈ [0,mrmax].

E.3 Analysis for Algorithm 10

Recall that the update rule in Algorithm 10 is Qki (a) = r̂ki (a) + bk,ri (a), where we have

bk,ri (a) =
∑
f∈ai

bk,f,r(a), and bk,f,r(a) =
√

ι̃

Nk,f (nf (a)) ∨ 1 .

For proof convenience, we define auxiliary value functions

Qk
i
(a) = r̂ki (a)− bk,ri (a),

V
k
i = Ea∼πk [Qki (a)] and V k

i = Ea∼πk [Qk
i
(a)].

With these definitions, we now begin to prove Theorem 6.4.1.
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Proof of Theorem 6.4.1. Semi-bandit Feedback. By the update rules in Algorithm 10,

in the setting of semi-bandit feedback, with probability at least 1− δ, simultaneously for all

(k, i,a) ∈ [K]× [m]×A, we have

Q
k
i (a)− ri(a) =

∑
f∈ai

[
(r̂k,f − rf )(a) + bk,f,r(a)

]
≥ 0.

The second inequality above is obtained by using standard Hoeffding’s inequality and union

bound, Therefore, we have Qki (a) ≥ ri(a).

Then, since πk is the ϵ-approximate Nash equilibrium policy of Qk1, . . . , Q
k
m, we have

V
k
i = Ea∼πk [Qki (a)] = max

ν∈∆(Ai)
Ea∼(ν,πk

−i)
[Qki (a)]− ϵ

≥ max
ν∈∆(Ai)

Ea∼(ν,πk
−i)

[ri(a)]− ϵ = V
†,πk

−i

i − ϵ.

Meanwhile, by definition of Qk
i
(a) and V k

i , we can similarly show that Qk
i
(a) ≤ ri(a) and

V k
i ≤ V πk

i . Therefore, we can have V †,πk
−i

i − V πk

i ≤ V k
i − V k

i + ϵ.

Now, we define Q̃k(a) = maxi∈[m] 2bk,ri (a) and Ṽ k = Ea∼πk [Q̃k(a)]. Then, we can notice

that

max
i∈[m]

(Qki −Qki )(a) ≤ max
i∈[m]

2bk,ri (a) = Q̃k(a),

max
i∈[m]

(V k
i − V k

i ) ≤ Ea∼πk

[
max
i∈[m]

(Qki −Qki )(a)
]
≤ Ea∼πk [Q̃k(a)] = Ṽ k.

We further defineMk = Ea∼πk

[
Q̃k(a)

]
−Q̃k(ak) = Ṽ k−Q̃k(ak). It is not hard to verify

that Mk is a martingale difference sequence with respect to the history from episode 1 to

k−1. Meanwhile, since
∣∣∣bk,r(a)

∣∣∣ =
∑
f∈F

√
ι̃

Nk,f (nf (a))∨1 ≤ F
√
ι̃. Thus, by Azuma-Hoeffding

inequality, we have
∑K
k=1Mk = Õ

(
F
√
K
)
. Therefore, we have

Nash-Regret(K) =
K∑
k=1

max
i∈[m]

(
V

†,πk
−i

i − V πk

i

)

=
K∑
k=1

min
{

max
i∈[m]

(
V

†,πk
−i

i − V πk

i

)
, F

}
(Since the value is always bounded by F .)

≤
K∑
k=1

min
{

max
i∈[m]

(
V
k
i − V k

i

)
, F

}
+Kϵ
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≤
K∑
k=1

min
{
Ṽ k, F

}
+Kϵ

=
K∑
k=1

(
min

{
Q̃k(ak), F

}
+Mk

)
+Kϵ

≤Õ
(
F
√
K
)

+ 2
K∑
k=1

{
max
i∈[m]

bk,ri (ak), F
}

(By taking ϵ = 1/K.)

≤Õ
(
F
√
K
)

+ 2
∑
f∈F

K∑
k=1

√
ι̃

Nk,f (nf (ak)) ∨ 1

≤Õ
(
F
√
mK

)
(By Lemma E.3.4.)

Bandit Feedback. By using Lemma E.3.1, which guarantees optimistic estimation, we

can similarly show that

Nash-Regret(K) ≤
K∑
k=1
Mk +

K∑
k=1

min
{

2b̃k,r(ak), F
}

+Kϵ.

To have an upper bound on Mk here, recall that b̃k,r(a) = maxi∈[m] ∥Ai(a)∥(V k)−1

√
β̃k

and
√
β̃K = Õ

(√
F d̃
)

= Õ (F
√
m). Meanwhile, we have ∥Ai(a)∥(V k)−1 ≤ ∥Ai(a)∥I =

∥Ai(a)∥2 ≤
√
F . Thus, we have

∣∣∣Mk
∣∣∣ ≤ Õ (√mF 3

)
, which by Azuma-Hoeffding inequality

implies
∑K
k=1Mk = Õ

(√
mF 3K

)
.

Then the sum of the bonus terms can be bounded by using Lemma E.3.2. In particular,

with ϵ = 1/K, we have

Nash-Regret(K) ≤Õ
(√

mF 3K
)

+ 2
K∑
k=1

min
{

max
i∈[m]

∥∥∥Ai(ak)∥∥∥(V k)−1

√
β̃k, F

}

≤Õ
(√

mF 3K
)

+ 2

√√√√K K∑
k=1

min
{

max
i∈[m]

∥Ai(ak)∥2(V k)−1 β̃k, F 2

}

≤Õ
(√

mF 3K
)

+

√√√√Õ (mF 2K)
K∑
k=1

min
{

max
i∈[m]

∥Ai(ak)∥2(V k)−1 , 1
}

(Since β̃k = Õ
(
mF 2).)

≤Õ
(√

mF 3K
)

+ Õ
(√

mF 2K ·mF
)

(By Lemma E.3.2.)

≤Õ
(
mF 3/2√K

)
.



275

E.3.1 Lemmas for Bandit Feedback

The following lemma, as a direct corollary of the confidence bound for least square estima-

tors, shows that the reward estimation error can be bounded by the reward bonus term.

Lemma E.3.1. With probability at least 1− δ, simultaneously for all (i, k,a), it holds that

|(r̃ki − ri)(a)| ≤ b̃k,r(a), where r̃ki and b̃k,r are defined in (6.2).

Proof. By construction, we have

|(r̃ki − ri)(a)| =
∣∣∣〈Ai(a), θ̂ − θ

〉∣∣∣
≤∥Ai(a)∥(V k)−1

∥∥∥θ̂ − θ∥∥∥
V k

(i)
≤∥Ai(a)∥(V k)−1

(
∥θ∥2 +

√
F log (det(V k)) + F ι̃

)
,

where the inequality (i) above holds because of Theorem 20.5 in Lattimore and Szepesvári

[2020] and the fact that the reward noise is
√
F -subGaussian. Since each element in θ is

bounded in [0, 1] by construction, we have ∥θ∥2 ≤
√
d̃.

Then, by Lemma E.3.2, we have det
(
V k
)
≤

(
1 + mkF

d̃

)d̃
since by construction

∥Ai(a)∥22 ≤ F .

Finally, to make this bound valid for all player i ∈ [m], we only need to take maximization

over i ∈ [m]. Therefore, with probability at least 1− δ, we have

|(r̃ki − ri)(a)| ≤ max
i∈[m]

∥Ai(a)∥(V k)−1

√
β̃k = b̃k,r(a),

where
√
β̃k =

√
d̃+

√
F d̃ log

(
1 + mkF

d̃

)
+ F ι̃.

The following is a variant of the famous elliptical potential lemma, which helps bound

the sum of reward bonus under bandit feedback. Here, we apply some techniques from the

proof of Lemma 19.4 in Lattimore and Szepesvári [2020].

Lemma E.3.2. Let K,m ≥ 1 be integers. Suppose V k = I+
∑k−1
k′=1

∑m
i=1A

k′
i

(
Ak

′
i

)⊤
, where

Ak
′
i ∈ Rd and

∥∥∥Ak′
i

∥∥∥2

2
≤ F . Then, it holds that

det
(
V k
)
≤
(

1 + mkF

d

)d
, and

K∑
k=1

min
{

max
i∈[m]

∥∥∥Aki ∥∥∥2

(V k)−1 , 1
}
≤ 2d log

(
1 + mKF

d

)
.
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Proof. For the first upper bound about det
(
V k
)
, we have

det
(
V k
)

=
d∏
j=1

λj (λ1, . . . , λd are eigenvalues of V k)

≤

tr
(
V k
)

d

d (By AM-GM inequality)

=

tr (I) +
∑k−1
k′=1

∑m
i=1

∥∥∥Ak′
i

∥∥∥2

2
d


d

≤
(

1 + mkF

d

)d
. (Since

∥∥∥Ak′
i

∥∥∥2

2
≤ F .)

For the second upper bound. First, we notice that min {1, x} ≤ 2 log(1 + x) for any

x ≥ 0. Thus, we have

K∑
k=1

min
{

1,max
i∈[m]

∥∥∥Aki ∥∥∥2

(V k)−1

}
≤ 2

K∑
k=1

log
(

1 + max
i∈[m]

∥∥∥Aki ∥∥∥2

(V k)−1

)
.

Then, for k ≥ 2, we can notice that

V k =V k−1 +
m∑
i=1

Ak−1
i

(
Ak−1
i

)⊤

=
(
V k−1

)1/2
(
I +

(
V k−1

)−1/2
(

m∑
i=1

Ak−1
i

(
Ak−1
i

)⊤
)(

V k−1
)−1/2

)(
V k−1

)1/2

=
(
V k−1

)1/2
(
I +

m∑
i=1

((
V k−1

)−1/2
Ak−1
i

)((
V k−1

)−1/2
Ak−1
i

)⊤
)(

V k−1
)1/2

.

Therefore, we have

det
(
V k
)

= det
(
V k−1

)
det

(
I +

m∑
i=1

((
V k−1

)−1/2
Ak−1
i

)((
V k−1

)−1/2
Ak−1
i

)⊤
)

≥det
(
V k−1

)(
1 + max

i∈[m]

∥∥∥Ak−1
i

∥∥∥2

(V k−1)−1

)
(By Lemma E.3.3.)

≥
k−1∏
k′=1

(
1 + max

i∈[m]

∥∥∥Ak′
i

∥∥∥2

(V k′)−1

)
. (Since by definition, V 1 = I.)

As a result, we have

K∑
k=1

min
{

max
i∈[m]

∥∥∥Aki ∥∥∥2

(V k)−1 , 1
}
≤2

K∑
k=1

log
(

1 + max
i∈[m]

∥∥∥Aki ∥∥∥2

(V k)−1

)
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≤ 2 log
(
det

(
V K+1

))
≤ 2d log

(
1 + mKF

d

)
.

E.3.2 Technical Lemmas

Lemma E.3.3. Let y1, . . . , ym ∈ Rd be a set of vectors. Then, it holds that

det
(
I +

m∑
i=1

yiy
⊤
i

)
≥ 1 + max

i∈[m]
∥yi∥22 .

Proof. Since I +
∑m
i=1 yiy

⊤
i ⪰ I + yiy

⊤
i for any i ∈ [m], we have det

(
I +

∑m
i=1 yiy

⊤
i

)
≥

det
(
I + yiy

⊤
i

)
for any i ∈ [m]. That is, we have

det
(
I +

m∑
i=1

yiy
⊤
i

)
≥ max

i∈[m]
det

(
I + yiy

⊤
i

)
= 1 + max

i∈[m]
∥yi∥22 .

The last line above holds because the matrix I + yiy
⊤
i has eigenvalues 1 + ∥yi∥22 and 1.

Lemma E.3.4. For any f ∈ F , it holds that

K∑
k=1

√
1

N k,f (nf (ak)) ∨ 1 ≤ Õ
(√

mK
)
.

Proof. Here, we have

K∑
k=1

√
1

Nk,f (nf (ak)) ∨ 1 =
m∑
n=0

NK,f (n)∑
ℓ=1

√
1
ℓ

≤2
m∑
n=0

√
NK,f (n) (By standard technique)

≤2

√√√√(m+ 1)
m∑
n=0

NK,f (n)

=Õ
(√

mK
)
.

The last equality above is based on a pigeon-hold principle argument similar to Lemma

E.6.5.
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E.4 Analysis for Algorithm 12

E.4.1 Exploration Distribution and Smoothness

We choose the exploration distribution to be the G-optimal design and we have the following

properties.

Lemma E.4.1. (Unbiasedness) For any episode k ∈ [K], i ∈ [m] and a ∈ Ai, we have

Ek
[
∇̂ki Φ(a)

]
= ∇ki Φ(a),

where Ek[·] is taken over all the randomness before episode k.

Proof. By the definition of ∇̂ki Φ(a), we have

Ek
[
∇̂ki Φ(a)

]
=Ek

〈
ϕi(a), θ̂ki (πk)

〉
=Ek

[
1
τ

τ∑
t=1

ϕi(a)⊤[Σk
i ]−1ϕi(ak,ti )rk,ti

]

=Ek
[
ϕi(a)⊤[Σk

i ]−1ϕi(ak,1i )rk,1i
]

=Ek
[
ϕi(a)⊤[Σk

i ]−1ϕi(ak,1i )ϕi(ak,1i )⊤θk,1i (πk)
]

=
∑
ak

i ∈Ai

πki (ak,1i )ϕ⊤
i (a)[Σk

i ]−1ϕi(ak,1i )ϕi(ak,1i )⊤θi(πk)

(ak,1i only depends on πki and θk,1i (πk) only depends on πk−i)

=ϕ⊤
i (a)[Σk

i ]−1

 ∑
ak

i ∈Ai

πki (ak,1i )ϕi(ak,1i )ϕi(ak,1i )⊤

 θi(πk)
=ϕ⊤

i (ai)θi(πk)

=∇ki Φ(a).

Lemma E.4.2. For any episode k ∈ [K], i ∈ [m] and a ∈ Ai, we have

∣∣∣ϕi(a)⊤[Σk
i ]−1ϕi(ak,ti )rk,ti

∣∣∣ ≤ F 2

γ
.
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Proof. As πki = (1− γ)(νπ̃ki + (1− γ)πk−1
i ) + γρi, we have

Σk
i =Eai∼πk

i
ϕi(ai)ϕi(ai)⊤ ⪰ γEai∼ρiϕi(ai)ϕi(ai)⊤,

and ρi is the G-optimal design with respect to ϕi(·), for any action a ∈ Ai we have

∥ϕi(a)∥2[Σk
i ]−1 ≤

1
γ
∥ϕi(a)∥2[Eai∼ρiϕi(ai)ϕi(ai)⊤]−1 ≤

F

γ
.

Then for any t ∈ [τ ], since |rk,ti | ≤ F , we have

∣∣∣rk,ti ϕ⊤
i (a)[Σk

i ]−1ϕi(ak,ti )
∣∣∣ ≤ ∣∣∣rk,ti ∣∣∣ ∥ϕi(a)∥[Σk

i ]−1

∥∥∥ϕi(ak,ti )
∥∥∥

[Σk
i ]−1
≤ F 2

γ
.

As a result, we have

∣∣∣∇̂ki Φ(a)
∣∣∣ =

∣∣∣∣∣1τ
τ∑
t=1

ϕi(a)⊤[Σk
i ]−1ϕi(ak,ti )rk,ti

∣∣∣∣∣ ≤ F 2

γ

Lemma E.4.3. For any episode k ∈ [K], i ∈ [m] and a ∈ Ai, we have

Ek
[(
ϕi(a)⊤[Σk

i ]−1ϕi(ak,ti )rk,ti
)2
]
≤ F 3

γ
.

Proof. We first show that for any t ∈ [τ ], we have

Ek
[(
ϕi(a)⊤[Σk

i ]−1ϕi(ak,ti )rk,ti
)2
]

≤F 2Ek
[(
ϕi(a)⊤[Σk

i ]−1ϕi(ak,ti )
)2
]

≤F 2Ek
[
ϕi(a)⊤[Σk

i ]−1ϕi(ak,ti )ϕi(ak,ti )⊤[Σk
i ]−1ϕi(a)⊤

]
=F 2ϕi(a)⊤[Σk

i ]−1ϕi(a)

≤F
3

γ
.

Lemma E.4.4. With probability 1− δ, for all k ∈ [K], i ∈ [m] and a ∈ Ai, we have

∣∣∣∇̂ki Φ(a)−∇ki Φ(a)
∣∣∣ ≤ c

√
F 4 log(mK/δ)

γτ
+ cF 3 log(mK/δ)

γτ
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Proof. Recall that

∇̂ki Φ(ai) = 1
τ

τ∑
t=1

ϕ⊤
i (ai)[Σk

i ]−1rk,ti ϕi(ak,ti ),

and (ak,ti , rk,ti ) are drawn independently at each t ∈ [τ ]. Lemma E.4.1 shows that

∇̂ki Φ(ai) is an unbiased estimate of ∇ki Φ(ai) In addition, Lemma E.4.2 shows that

ϕ⊤
i (ai)[Σk

i ]−1rk,ti ϕi(ak,ti ) is bounded by F 2/γ and Lemma E.4.3 shows that its second mo-

ment is bounded by F 3/γ. Then by Bernstein’s inequality, for a fixed k ∈ [K], i ∈ [m] and

a ∈ Ai, with probability 1− δ, we have

∣∣∣∇̂ki Φ(a)−∇ki Φ(a)
∣∣∣ ≤

√
2F 3 log(2/δ)

γτ
+ 3F 2 log(2/δ)

2γτ .

The argument holds by applying the union bound and the fact that |Ai| ≤ 2F .

Lemma E.4.5. Φ(·) is mF -Lipschitz and mF -smooth with respect to the L1 norm ∥ · ∥1.

Proof. Recall that Φ(π) = Ea∼πΦ(a) and Φ(a) ∈ [0,mF ].

Φ(π)− Φ(π′) =Ea∼πΦ(a)− Ea∼π′Φ(a)

=
∑
i∈[m]

Ea1:i−1∼π′
1:i−1,ai:m∼πi:mΦ(a)− Ea1:i∼π′

1:i,ai+1:m∼πi+1:mΦ(a)

≤
∑
i∈[m]

∥∥πi − π′
i

∥∥
1 · ∥Φ∥∞

≤mF
∥∥π − π′∥∥

1 .

Similarly we have ∇πΦ(ai) = Ea−i∼π−iΦ(ai, a−i). As a result, we have

∥∇πΦ−∇π′Φ∥∞ ≤ mF
∥∥π − π′∥∥

1 .

Definition E.4.6. (Frank Wolfe Gap) The Frank Wolfe gap of a joint strategy π for Φ(·)

is defined as

G(π) = max
π′

〈
π′ − π,∇πΦ

〉
.

Lemma E.4.7. Suppose the Frank Wolfe gap of π is ϵ. Then π is an ϵ-Nash policy.
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Proof. For a fixed player i, suppose player i change her strategy to π′
i.

V
π′

i,π−i

i − V π
i = Φ(π′

i, π−i)− Φ(π)

=
〈
π′
i − πi,∇πiΦ

〉
≤ max

π′

〈
π′ − π,∇πΦ

〉
≤ ϵ.

E.4.2 Analysis for Frank Wolfe in Bandit Feedback

Theorem E.4.8. Let T = Kτ . For the congestion game with bandit feedback, by running

Algorithm 12 with gradient estimator ∇̂ki Φ in (6.4) and exploration distribution ρi in (6.5),

setting parameters ν = F
m

√
K

, γ = F
mK and τ = K2, if K ≥ 2F

m , then with probability 1− δ,

we have

Nash-Regret(T ) = τ
K∑
k=1

G(πk) = Õ
(
m2F 2T 5/6 +m3F 3T 2/3

)
.

Proof. Set ∇kΦ = ∇Φ(Πk) ∈ RA and ∇ki Φ = ∇kΦ(πi) ∈ RAi . As we have Φ(·) is mF -

smooth w.r.t. ∥ · ∥1, we have

Φ(πk+1) ≥Φ(πk) +
〈
∇Φ(πk), πk+1 − πk

〉
− mF

2 ∥π
k+1 − πk∥21

=Φ(πk) + (1− γ)ν
〈
∇Φ(πk), π̃k+1 − πk

〉
+ γ

〈
∇kΦ, ρ− πk

〉
− mF

2 (2ν2
∥∥∥π̃k − πk∥∥∥2

1
+ 2γ2

∥∥∥ρ− πk∥∥∥2

1
)

≥Φ(πk) + (1− γ)ν
〈
∇Φ(πk), π̃k+1 − πk

〉
− γ

∥∥∥∇kΦ∥∥∥
∞

∥∥∥ρ− πk∥∥∥
1

− mF

2 (2ν2
∥∥∥π̃k − πk∥∥∥2

1
+ 2γ2

∥∥∥ρ− πk∥∥∥2

1
)

≥Φ(πk) + (1− γ)ν
〈
∇Φ(πk), π̃k+1 − πk

〉
− 2γm2F − 4m3F (ν2 + γ2).

(By Lemma E.4.5.)

Define the true target policy at episode k

π̂k+1
i = argmax

πi

〈
πi,∇iΦ(πki )

〉
,
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and the Frank Wolfe gap of joint strategy π

G(π) = max
π′

〈
π′ − π,∇Φ(π)

〉
.

Then we have

〈
∇Φ(πk), π̃k+1 − πk

〉
=
〈
∇̂kΦ(πk), π̃k+1 − πk

〉
+
〈
∇Φ(πk)− ∇̂kΦ(πk), π̃k+1 − πk

〉
≥
〈
∇̂kΦ(πk), π̂k+1 − πk

〉
+
〈
∇Φ(πk)− ∇̂kΦ(πk), π̃k+1 − πk

〉
=
〈
∇Φ(πk), π̂k+1 − πk

〉
+
〈
∇Φ(πk)− ∇̂kΦ(πk), π̃k+1 − π̂k+1

〉
≥G(πk)− 2m

∥∥∥∇Φ(πk)− ∇̂kΦ(πk)
∥∥∥

∞

≥G(πk)− c
√
m2F 4 log(mK/δ)

γτ
− cmF 3 log(mK/δ)

γτ

Apply it to the previous bound and we have

Φ(πk+1) ≥Φ(πk) + (1− γ)νG(πk)− c(1− γ)ν
√
γτ

√
m2F 4 log(mK/δ)

− c(1− γ)ν
γτ

mF 3 log(mK/δ)− γ2m2F − 4m3F (ν2 + γ2).

Summing over k ∈ [K] and we get

K∑
k=1

G(πk) ≤Φ(πK+1)− Φ(π1)
(1− γ)ν + c

K
√
γτ

√
m2F 4 log(mK/δ) + c

K

γτ
mF 3 log(mK/δ)

+ 2m2FKγ

(1− γ)ν + 4(ν2 + γ2)m3FK

(1− γ)ν .

Set ν = F
m

√
K

, γ = F
mK , τ = K2 and notice that when K ≥ 2F

m , we have 1 − γ ≥ 1
2 . Since

Φ(·) is bounded in [0,mF ], we can have

K∑
k=1

G(πk) = Õ
(
m2F 2K1/2 +m3F 3

)
.

Then by Lemma E.4.7, for T = Kτ , we have

Nash-Regret(T ) = τ
K∑
k=1

G(πk) = Õ
(
m2F 2T 5/6 +m3F 3T 2/3

)
.
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E.4.3 Algorithm and Analysis for Semi-bandit Feedback

In the setting of semi-bandit feedback, we will need a different gradient estimator ∇̃ki Φ(ai)

and a different exploration distribution ρ̃i to utilize the extra reward information from each

chosen facility.

Based on the analysis in Section 6.5, using (6.3), we have ∇ki Φ(ai) =
∑
f∈ai

[θi(πk)]f ,

where [θi(πk)]f = Ea−i∼πk
−i

[
rf (nf (a−i) + 1)

]
. Meanwhile, in semi-bandit feedback, the

mean of t-th reward player i received for facility f at episode k is rf (nf (ak,ti , ak,t−i)). There-

fore, we can use inverse propensity score (IPS) estimator to estimate [θi(πk)]f . In particular,

we have

[θ̃ki (πk)]f = 1
τ

τ∑
t=1

[θ̃k,ti (πk)]f , where [θ̃k,ti (πk)]f =
rk,t,f1

{
f ∈ ak,ti

}
Pai∼πk

i
(f ∈ ai)

.

Then, we can naturally have

∇̃ki Φ(ai) =
∑
f∈ai

[θ̃ki (πk)]f . (E.1)

Furthermore, by Lemma E.4.11, we can see that by using ρ̃i computed by Algorithm 24, for

all players, we have Pai∼πk
i

(f ∈ ai) ≥ γ
2F for all f ∈

⋃
ai∈Ai

ai.

Properties of the IPS estimator are summarized in Lemma E.4.12. By using these

properties, we can have the following lemma.

Lemma E.4.9. With probability 1− δ, for all k ∈ [K], i ∈ [m] and ai ∈ Ai, we have

∣∣∣∇̃ki Φ(ai)−∇ki Φ(ai)
∣∣∣ ≤

√
4F 3 log(2mFK/δ)

γτ
+ 2F 2 log(2mFK/δ)

γτ
.

Proof. By Lemma E.4.12 and Bernstein’s inequality, simultaneously for all (i, k, f) ∈ [m]×

[K]×F , with probability at least 1− δ, we have

∣∣∣[θ̃ki (πk)]f − [θi(πk)]f
∣∣∣ ≤

√
4F log (2mFK/δ)

γτ
+ 2F log(2mFK/δ)

γτ
.

Since ∇̃ki Φ(ai) =
∑
f∈ai

[θ̃ki (πk)]f , by triangle inequality, we have

∣∣∣∇̃ki Φ(ai)−∇ki Φ(ai)
∣∣∣ ≤

√
4F 3 log(2mFK/δ)

γτ
+ 2F 2 log(2mFK/δ)

γτ
.
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With this more refined gradient estimator, we can now have the following theorem.

Theorem E.4.10. Let T = Kτ . For the congestion game with semi-bandit feedback, by

running Algorithm 12 with gradient estimator ∇̃ki Φ in (E.1) and exploration distribution ρ̃i

in Algorithm 24, setting parameters ν =
√
F

m
√
K

, γ =
√
F

mK and τ = K2, if K ≥ 2
√
F

m , then

with probability 1− δ, we have

Nash-Regret(T ) = τ
K∑
k=1

G(πk) = Õ
(
m2F 3/2T 5/6 +m3F 2T 2/3

)
.

Proof. By following the proof of Theorem E.4.8 and applying the concentration inequality

in Lemma E.4.9, we can have

Φ(πk+1) ≥Φ(πk) + (1− γ)νG(πk)− (1− γ)ν
√
γτ

√
4m2F 3 log(2mK/δ)

− 2(1− γ)ν
γτ

mF 2 log(mK/δ)− γ2m2F − 4m3F (ν2 + γ2).

Summing over k ∈ [K] and we get

K∑
k=1

G(πk) ≤Φ(πK+1)− Φ(π1)
(1− γ)ν + K

√
γτ

√
4m2F 3 log(mK/δ) + 2K

γτ
mF 2 log(mK/δ)

+ 2m2FKγ

(1− γ)ν + 4(ν2 + γ2)m3FK

(1− γ)ν .

Set ν =
√
F

m
√
K

, γ =
√
F

mK , τ = K2 and notice that when K ≥ 2
√
F

m , we have 1− γ ≥ 1
2 . Thus,

we can have
K∑
k=1

G(πk) = Õ
(
m2F 3/2K1/2 +m3F 2

)
.

Then by Lemma E.4.7, for T = Kτ , we have

Nash-Regret(T ) = τ
K∑
k=1

G(πk) = Õ
(
m2F 3/2T 5/6 +m3F 2T 2/3

)
.

E.4.4 Lemmas for Semi-bandit Feedback

Lemma E.4.11. Let Fi =
⋃
ai∈Ai

ai. For any player i, if ρ̃i is the output of Algorithm 24

and πki contains a mixture of ρ̃i with weight γ, then we have Pai∼πk
i

(f ∈ ai) ≥ γ
2F for any

f ∈ Fi.
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Algorithm 24 Compute Exploration Distribution ρ̃i

1: Input: Ai, player i’s action set

2: Initialize Ãi ← ∅

3: for ai ∈ Ai do

4: if ∃f ∈ ai such that f /∈
⋃
a′

i∈Ãi
a′
i then

5: Ãi ← Ãi ∪ {ai}

6: end if

7: if Fi =
⋃
a′

i∈Ãi
a′
i then

8: break

9: end if

10: end for

11: Assign ρ̃i(ai)← 1
2F for each ai ∈ Ãi

12: Assign remaining probability mass arbitrarily to actions in Ai \ Ãi
13: return ρ̃i

Proof. By Algorithm 24, whenever a new action is added into Ãi, it contains facility not

appeared in current Ãi. Then, since there are at most |Fi| ≤ F distinct facilities in the

action set Ai, the final Ãi must satisfy |Ãi| ≤ F . Therefore, ρ̃i is a valid distribution over

Ai.

Since πki contains a mixture of ρ̃i with weight γ, for any ai ∈ Ai, we have πki (ai) ≥ γρ̃i(ai).

Thus, we have

Pai∼πk
i

(f ∈ ai) =
∑
ai∈Ai

πki (ai)1 {f ∈ ai}

≥γ
∑
ai∈Ai

ρ̃i(ai)1 {f ∈ ai}

≥γ
∑
ai∈Ãi

ρ̃i(ai)1 {f ∈ ai}

= γ

2F
∑
ai∈Ãi

1 {f ∈ ai} ≥
γ

2F .

The last inequality above holds since by construction, Ãi contains all facilities contained in

Ai.
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Lemma E.4.12. If πki contains a mixture of ρ̃i given in Algorithm 24 with weight γ. Then,

the IPS estimator [θ̃ki (πk)]f satisfies

Ek
[
[θ̃k,ti (πk)]f

]
= [θi(πk)]f , |[θ̃k,ti (πk)]f | ≤

2F
γ
, and Ek

[
[θ̃k,ti (πk)]2f

]
≤ 2F

γ
.

Proof. For the first property, since Ek
[
rk,t,f | ak,t

]
= rf (nf (ak,ti , ak,t−i)) and ak,t ∼ πk, We

have

Ek
[
[θ̃k,ti (πk)]f

]
=Ea∼πk

[
rf (nf (ai, a−i))1 {f ∈ ai}

Pa′
i∼π

k
i
(f ∈ a′

i)

]

= 1
Pa′

i∼π
k
i
(f ∈ a′

i)
· Ea−i∼πk

−i

[
Eai∼πk

i

[
rf (nf (ai, a−i))1 {f ∈ ai} | a−i

]]
= 1
Pa′

i∼π
k
i
(f ∈ a′

i)
· Ea−i∼πk

−i

[
Eai∼πk

i

[
rf (nf (ai, a−i)) | a−i, f ∈ ai

]
Pai∼πk

i
(f ∈ ai | a−i)

]
(i)=
Pai∼πk

i
(f ∈ ai)

Pa′
i∼π

k
i
(f ∈ a′

i)
· Ea−i∼πk

−i

[
rf (nf (a−i) + 1)

]
=[θi(πk)]f .

The equality (i) above holds because Eai∼πk
i

[
rf (nf (ai, a−i)) | a−i, f ∈ ai

]
= rf (nf (a−i)+1)

and f ∈ ai does not depend on a−i.

For the second property, since Pai∼πk
i

(f ∈ ai) ≥ γ
2F by Lemma E.4.11 and rk,t,f ∈ [0, 1],

we can immediately have |[θ̃k,ti (πk)]f | ≤ 2F
γ .

For the third property, we have

Ek
[
[θ̃k,ti (πk)]2f

]
=
Ea∼πk

[
rf (nf (ai, a−i))21 {f ∈ ai}

]
Pa′

i∼π
k
i

(f ∈ a′
i)

2

≤Ea∼πk [1 {f ∈ ai}]
Pa′

i∼π
k
i

(f ∈ a′
i)

2

=
Pai∼πk

i
(f ∈ ai)

Pa′
i∼π

k
i

(f ∈ a′
i)

2

≤2F
γ
.
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E.5 Algorithms for Independent Markov Congestion Games

In this section, present missing details of our centralized algorithm for independent Markov

congestion games, which is summarized in Algorithm 25. The proof of its theoretical guar-

antee is given in Appendix E.6.

E.5.1 Algorithm for Semi-bandit Feedback

Under the semi-bandit feedback, the players can receive reward information from all facilities

they choose. Therefore, we can similarly define

Nk,f
h (sf , n) =

k∑
k′=1

1
{

(sk
′,f
h , nf (ak′

h )) = (sf , n)
}
,

r̂k,fh (sf , n) =
∑k
k′=1 r

k′,f
h 1

{
(sk

′,f
h , nf (ak′

h )) = (sf , n)
}

Nk,f
h (sf , n) ∨ 1

,

P̂ k,fh (s′f | sf , n) =
∑k
k′=1 1

{
(sk

′,f
h+1, s

k′,f
h , nf (ak′

h )) = (s′f , sf , n)
}

Nk,f
h (sf , n) ∨ 1

.

Then, the estimators for the reward function and transition kernel can be defined as

r̂kh,i(s,a) =
∑
f∈ai

r̂k,fh (sf , nf (a)), P̂ kh (s′ | s,a) =
∏
f∈F

P̂ k,fh (s′f | sf , nf (a)) (E.2)

Then, with ι = 2 log(4(m+1)(
∑
f∈F S

f )T/δ), we define the bonus term to be bkh(s,a) =

bk,pv
h (s,a) + bk,rh (s,a), which is a sum of transition bonus and reward bonus. In particular,

we have

bk,pv
h (s,a) =

∑
f∈F

√
4H2F 2Sf ι

Nk,f
h (sf , nf (a)) ∨ 1

+
∑
f ̸=f ′

√
4H2F 2 (SfSf ′ι)2

Nk,f
h (sf , nf (a))Nk,f ′

h (sf ′ , nf ′ (a)) ∨ 1
, (E.3)

bk,r
h (s,a) =

∑
f∈F

√
ι

Nk,f
h (sf , nf (a)) ∨ 1

. (E.4)

For convenience, we define (P̂khV )(s,a) = E
s′∼P̂k

h
(·|s,a) [V (s′)] with value function V :

S 7→ R.

Remark E.5.1. Unlike Algorithm 10 for congestion game, here, Qkh,1(s, ·), . . . , Qkh,m(s, ·) in

line 6 of Algorithm 25 in general does not form a potential game. Therefore, we cannot use

Algorithm 11 and ϵ-Nash is not always computationally efficient.



288

Algorithm 25 Nash-VI for IMCGs
1: Input: ϵ, accuracy parameter for Nash equilibrium computation

2: Initialize: V k
H+1,i(s)← 0 for all (i, k, s) ∈ [m]× [K]× S

3: for episode k = 1, . . . ,K do

4: for step h = H,H − 1, . . . , 1 do

5: for player i = 1, . . . ,m do

6: Compute

Q
k
h,i(s,a)← min

(
(r̂kh,i + P̂khV

k
h+1,i + bkh)(s,a), HF

)
for all (s,a) ∈ S ×A

7: end for

8: for s ∈ S do

9: Compute πkh(· | s)← ϵ-Nash(Qkh,1(s, ·), . . . , Qkh,m(s, ·))

10: for player i = 1, . . . ,m do

11: Update

V
k
h,i(s)← Ea∼πk

h
[Qkh,i(s,a)]

12: end for

13: end for

14: end for

15: for step h = 1, . . . ,H do

16: Take action akh ∼ πkh(· | skh), observe reward rk,fh and next state skh+1

17: Update reward estimator r̂kh,i, transition estimator P̂ kh , and bonus term bkh

18: end for

19: end for
E.5.2 Algorithm for Bandit Feedback

In bandit feedback scenario, since players’ observation about state transitions remains unaf-

fected, we only need to modify the reward estimator r̂kh,i defined in (E.2) and reward bonus

term bk,rh (s,a) defined in (E.4).

Similar to the congestion game with bandit feedback introduced in Section 6.4.2, for
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IMCGs, we can also write its reward function as rh,i(s,a) = ⟨Ai(s,a), θh⟩, where θh is

unknown and Ai(s,a) is a 0-1 vector.

In particular, define θh ∈ [0, 1]d with d = m
∑
f∈F S

f to be the vector such that θh,i =

rfh(sf , n) for some f ∈ F and (sf , n) ∈ Sf × [m]. Then, we can similarly build estimator

r̂kh,i through ridge regression as the following.†

design matrix: V k
h = I +

k−1∑
k′=1

m∑
i=1

Ai(sk
′
h ,ak

′
h )Ai(sk

′
h ,ak

′
h )⊤, (E.5)

θh estimator: θ̂kh =
(
V k
h

)−1 k−1∑
k′=1

m∑
i=1

Ai(sk
′
h ,ak

′
h )rk′

h,i, (E.6)

reward estimator: r̃kh,i(s,a) =
〈
Ai(s,a), θ̂kh

〉
, (E.7)

reward bonus: b̃k,rh (s,a) = max
i∈[m]

∥Ai(s,a)∥(V k
h )−1

√
βk, (E.8)

where
√
βk =

√
d+

√
Fd log

(
1 + mkF

d

)
+ Fι.

E.6 Analysis for Algorithm 25

E.6.1 Bellman Equations for Genera-sum Markov Games

Before analyzing Algorithm 25, we first give a brief review of the Bellman equations for

general-sum Markov games. These equations are well-known among the literature Bai and

Jin [2020a], Liu et al. [2021a], Jin et al. [2021c].

Fixed policies. Given a fixed policy π, for any (h, i, s,a) ∈ [H] × [m] × S × A, it holds

that

Qπh,i(s,a) = (rh,i + PhV π
h+1,i)(s,a), V π

h,i = Ea′∼πh(·|s)
[
Qπh,i(s,a′)

]
, (E.9)

where V π
H+1,i(s) = 0 for any (i, s) ∈ [m]× S.

Best responses. Given a fixed policy π, define the best response value functions for

player i as Q†,π−i

h,i (s,a) = maxπi∈∆(Ai)Q
πi,π−i

h,i (s,a) and V †,π−i

h,i (s) = maxπi∈∆(Ai) V
πi,π−i

h,i (s).

†For the same reason, we take the regularization parameter in ridge regression to be 1.
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Then, for any (h, i, s,a) ∈ [H]× [m]× S ×A, it holds that

Q
†,π−i

h,i (s,a) = (rh,i + PhV
†,π−i

h+1,i )(s,a),

V
†,π−i

h,i (s) = max
ν∈∆(Ai)

Ea′∼(ν,πh,−i)(·|s)
[
Q

†,π−i

h,i (s,a′)
]
,

(E.10)

where V †,π−i

H+1,i(s) = 0 for any (i, s) ∈ [m]× S.

E.6.2 Proof of Theorem 6.6.2

Recall that the update rule in Algorithm 25 is

Q
k
h,i(s,a)← min

{
(r̂kh,i + P̂khV

k
h+1,i + bkh)(s,a), HF

}
, V

k
h,i(s)← Ea∼πk

h
[Qkh,i(s,a)].

Similar to the proof of Theorem 6.4.1, we define auxiliary value functions

Qk
h,i

(s,a)← max
{

(r̂kh,i + P̂khV k
h+1,i − bkh)(s,a), 0

}
, V k

h,i(s)← Ea∼πk
h
[Qk

h,i
(s,a)]. (E.11)

We now begin to prove the first part of Theorem 6.6.2.

Proof of Theorem 6.6.2. Step 1. We first consider the setting of semi-bandit feedback.

Assume the result in Lemma E.6.2 holds since it is a high-probability event. Then, for any

(k, s) ∈ [K]× S, it holds that

max
i∈[m]

(
V

†,πk
−i

1,i − V πk

1,i

)
(s) ≤ max

i∈[m]

(
V
k
1,i − V k

1,i
)

(s) +Hϵ.

By the update rules in Algorithm 25, we can notice the following recursive relations

(Qkh,i −Qkh,i)(s,a) ≤ min
{
P̂kh(V k

h+1,i − V k
h+1,i)(s,a) + 2bkh(s,a), HF

}
,

(V k
h,i − V k

h,i)(s) = Ea′∼πk
h

(·|s)

[
(Qkh,i −Qkh,i)(s,a

′)
]
.

Thus, we define Ṽ k
H+1(s) = 0 for any s ∈ S and Q̃kh, Ṽ k

h recursively as

Q̃k
h(s,a) = min

{
(P̂k

hṼ
k

h+1)(s,a) + 2bk
h(s,a), HF

}
, Ṽ k

h (s) = Ea′∼πk
h

(·|s)

[
Q̃k

h(s,a′)
]
. (E.12)

Obviously, we have maxi∈[m](V
k
h,i − V k

h,i)(s) ≤ Ṽ k
H+1. Then, by inductively assuming the

same relation holds for h+ 1, we can have

max
i∈[m]

(Qkh,i −Qkh,i)(s,a) = min
{

max
i∈[m]

P̂kh(V k
h+1,i − V k

h+1,i)(s,a) + 2bkh(s,a), HF
}
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≤min
{

(P̂khṼ k
h+1)(s,a) + 2bkh(s,a), HF

}
=Q̃kh(s,a),

max
i∈[m]

(V k
h,i − V k

h,i)(s) ≤Ea′∼πk
h

(·|s)

[
max
i∈[m]

(Qkh,i −Qkh,i)(s,a
′)
]

≤Ea′∼πk
h

(·|s)

[
Q̃kh(s,a′)

]
=Ṽ k

h (s).

Therefore, by induction, for any h ∈ [H], we have

max
i∈[m]

(Qkh,i −Qkh,i)(s,a) ≤ Q̃kh(s,a), max
i∈[m]

(V k
h,i − V k

h,i)(s) ≤ Ṽ k
h (s).

As a result, we have

Nash-Regret(K) =
K∑
k=1

max
i∈[m]

(
V

†,πk
−i

1,i − V πk

1,i

)
(s) ≤

K∑
k=1

Ṽ k
1 (s1) +HKϵ.

Step 2, Semi-bandit Feedback. We define the martingale difference sequences

Mk
h(Q̃) = Ea′∼πk

h
(·|sk

h
)

[
Q̃kh(skh,a′)

]
− Q̃kh(skh,akh),

Mk
h(Ṽ ) = (PhṼ k

h+1)(skh,akh)− Ṽ k
h+1(skh+1).

It is not hard to check that Mk
h(Q̃) and Mk

h(Ṽ ) are both indeed martingale difference

sequences with respect to the history till episode k and time step h.

With these definitions, we can now decompose the regret bound as

Ṽ k
h (skh) =Ea′∼πk

h
(·|sk

h
)

[
Q̃kh(skh,a′)

]
(By (E.12))

=Mk
h(Q̃) + Q̃kh(skh,akh)

≤Mk
h(Q̃) + 2bkh(skh,akh) + (P̂khṼ k

h+1)(skh,akh) (By (E.12))
(i)
≤Mk

h(Q̃) + 3bkh(skh,akh) + (PhṼ k
h+1)(skh,akh)

=Mk
h(Q̃) +Mk

h(Ṽ ) + 3bkh(skh,akh) + Ṽ k
h+1(skh+1)

The above inequality (i) holds by applying Lemma E.6.2 and the fact Ṽ k
h (s) ≤ HF , which

comes from the definition in (E.12). Then, by unrolling this relation from h = 1 to h = H
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and noticing Ṽ k
H+1 = 0, we can have

Nash-Regret(K) ≤
K∑
k=1

Ṽ k
1 (s1) +HKϵ

≤
K∑
k=1

H∑
h=1

(
Mk

h(Q̃) +Mk
h(Ṽ ) + 3bkh(skh,akh)

)
+HKϵ (E.13)

≤Õ
(
HF
√
T
)

+ 3
K∑
k=1

H∑
h=1

bkh(skh,akh)

(By Azuma-Hoeffding inequality and taking ϵ = 1/T .)

≤Õ
(
HF
√
T
)

+ 6HF
∑
f∈F

K∑
k=1

H∑
h=1

√√√√ Sf ι

Nk,f
h (sk,fh , nf (akh)) ∨ 1

+
√

ι

Nk,f
h (sk,fh , nf (akh)) ∨ 1


+ 6HF

∑
f ̸=f ′

SfSf
′
K∑
k=1

H∑
h=1

√√√√ ι2(
Nk,f
h (sk,fh , nf (akh))Nk,f ′

h (sk,f
′

h , nf ′(ak,f
′

h ))
)
∨ 1

≤Õ
(
HF
√
T
)

+ Õ

∑
f∈F

HFSf
√
mHT

+ Õ

m2H2F
∑
f ̸=f ′

(
SfSf

′)2


(By Lemma E.6.5 and E.6.6)

≤Õ

∑
f∈F

FSf
√
mH3T

+ Õ

m2H2F
∑
f ̸=f ′

(
SfSf

′)2
 .

Step 3, Bandit Feedback. In the setting of bandit feedback, we only modify the

reward estimator r̃kh,i and its corresponding bonus term b̃k,rh . Thus, by going through the

proof of Lemma E.6.2, we can notice that to have the same result for bandit feedback, it

suffice to use Lemma E.6.3 to show that the reward estimation error is bounded by the

reward bonus term.

Then, by the inequality (E.13), we can notice that to achieve the final Nash-regret bound,

we only need to bound the summation
∑K
k=1

∑H
h=1 b̃

k,r
h (skh,akh), which is

K∑
k=1

H∑
h=1

b̃k,rh (skh,akh) ≤
√
βK

K∑
k=1

H∑
h=1

max
i∈[m]

∥∥∥Ai(skh,akh)
∥∥∥(V k

h )−1 (By definition of b̃k,rh in (E.8).)

≤
(
√
d+

√
Fd log

(
1 + mKF

d

)
+ Fι

)
Õ
(
H
√
dFK

)
(By definition of βk and Lemma E.6.4.)

≤Õ
(
d
√
HF 2T

)
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=Õ

∑
f∈F

mSf
√
HF 2T

 . (Since d = m
∑
f∈F S

f .)

Therefore, by (E.13), with ϵ = 1/T , under bandit feedback, we have

Nash-Regret(K)

≤
K∑
k=1

H∑
h=1

(
Mk

h(Q̃) +Mk
h(Ṽ ) + 3bkh(skh,akh)

)

≤Õ

∑
f∈F

FSf
√
mH3T

+ Õ

m2H2F
∑
f ̸=f ′

(
SfSf

′)2
+

K∑
k=1

H∑
h=1

b̃k,rh (skh,akh)

≤Õ

∑
f∈F

(√
mH3F +m

√
HF 2

)
Sf
√
T

+ Õ

m2H2F
∑
f ̸=f ′

(
SfSf

′)2
 .

E.6.3 Lemmas for Semi-bandit Feedback

The following two lemmas shows that our value function estimations are indeed optimistic.

Lemma E.6.1. With probability at least 1− δ, simultaneously for arbitrary value function

V ∈ [0, HF ]S and any tuple (k, h, s,a), it holds that |(P̂kh − Ph)V (s,a)| ≤ bk,pv
h (s,a), where

bk,pv
h (s,a) is defined in (E.3).

Proof. We define Pfh to be the operator such that for some value function V f : Sf 7→ R, we

have (PfhV f )(s,a) = E
s′f ∼P f

h
(·|sf ,nf (a))

[
V f (s′f )

]
. We also define P̂k,fh similarly. Then, by

definition of our transition kernel, for operators Ph and P̂kh, it holds that

Ph =
∏
f∈F

Pfh and P̂kh =
∏
f∈F

P̂k,fh .

Therefore, by Lemma E.1 in Chen et al. [2020], since ∥V ∥∞ ≤ HF , we have

|(P̂kh − Ph)V (s,a)| ≤
∑
f∈F

∣∣∣∣∣∣(P̂k,fh − Pfh)

∏
f ′ ̸=f

Pf
′

h

V (s,a)

∣∣∣∣∣∣
+ 2HF

∑
f ̸=f ′

errpk,fh (s,a) · errpk,f
′

h (s,a),
(E.14)

where errpk,fh (s,a) = ∥P̂ k,fh (· | sf , nf (a))− P fh (· | sf , nf (a))∥1.
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Now, notice that
(∏

f ′ ̸=f P
f ′

h

)
V (s,a) can be seen as some value function from Sf to

[0, HF ]. Therefore, by Lemma 12 in Bai and Jin [2020a], with probability at least 1 − δ
2 ,

simultaneously for any V and (k, h, s,a), it holds that∣∣∣∣∣∣(P̂k,fh − Pfh)

∏
f ′ ̸=f

Pf
′

h

V (s,a)

∣∣∣∣∣∣ ≤ 2HF

√√√√ Sf ι

Nk,f
h (sf , nf (a)) ∨ 1

,

where ι = 2 log(4(m + 1)(
∑
f∈F S

f )T/δ). Meanwhile, by standard Hoeffding’s inequality

and union bound, with probability at least 1− δ
2 , simultaneously for any (k, h, s,a), it holds

that

errpk,fh ≤ Sf
√

ι

Nk,f
h (sf , nf (a)) ∨ 1

.

Finally, by plugging above two concentration inequalities back into (E.14), we can have

|(P̂kh − Ph)V (s,a)| ≤ bk,pv
h (s,a).

Lemma E.6.2. With probability at least 1−δ, for any (k, h, i, s,a) ∈ [K]×[H]×[m]×S×A,

it holds that

Q
k
h,i(s,a) ≥ Q†,πk

−i

h,i (s,a)− (H − h)ϵ, Qk
h,i

(s,a) ≤ Qπk

h,i(s,a), (E.15)

V
k
h,i(s) ≥ V

†,πk
−i

h,i (s)− (H − h+ 1)ϵ, V k
h,i(s) ≤ V πk

h,i (s.), (E.16)

where Qk
h,k

and V k
h,i are defined in (E.11).

Proof. The proof is adapted from Liu et al. [2021a] and goes by induction from h = H+1 to

h = 1. We can see that inequalities (E.16) obviously hold when h = H+1 since by definition

we have V k
H+1,i(s) = V k

H+1,i(s) = 0 for any (k, i, s). Now, suppose inequalities (E.16) hold

for h+ 1. Then, if we have Qkh,i(s,a) = HF , it holds trivially that Qkh,i(s,a) ≥ Q†,πk
−i

h,i (s,a).

Otherwise, by Bellman equations (E.10) and update rule in Algorithm 25, we have

Q
k
h,i(s,a)−Q†,πk

−i

h,i (s,a)

=(r̂kh,i − rh,i)(s,a) + (P̂khV
k
h+1,i)(s,a)− (PhV

†,πk
−i

h+1,i )(s,a) + bkh(s,a)

= (r̂kh,i − rh,i)(s,a)︸ ︷︷ ︸
(A)

+ P̂kh(V k
h+1,i − V

†,πk
−i

h+1,i )(s,a)︸ ︷︷ ︸
(B)

+ ((P̂kh − Ph)V †,πk
−i

h+1,i )(s,a)︸ ︷︷ ︸
(C)

+bkh(s,a).
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Now, recall that bkh(s,a) = bk,pv
h (s,a) + bk,rh (s,a). By reward definition in congestion game,

we have

(r̂kh,i − rh,i)(s,a) =
∑
f∈ai

(r̂k,fh,i (sf , nf (a))− rfh,i(s
f , nf (a))).

Thus, by using standard Hoefding’s inequality and union bound, we can immediately

have |(A)| ≤ bk,rh (s,a). Then, since V
†,πk

−i

h,i ∈ [0, HF ]S , by Lemma E.6.1, we have

|(C)| ≤ bk,pv
h (s,a). That is, we have (A) + (C) + bkh(s,a) ≥ 0.

Then, by inductive hypothesis, we know that V k
h+1,i ≥ V

†,πk
−i

h+1,i − (H − h)ϵ, which implies

(B) ≥ 0. Therefore, we have Qkh,i(s,a)−Q†,πk
−i

h,i (s,a) ≥ −(H − h)ϵ.

For V k
h,i and V †,πk

−i

h,i , we notice that in Algorithm 25, πk is computed as the ϵ-approximate

Nash equilibrium of (Qkh,1, . . . , Q
k
h,m). Therefore, it holds that

V
k
h,i(s) = Ea∼πk

h
(·|s)

[
Q
k
h,i(s,a)

]
≥ max

ν∈∆(Ai)
Ea′∼(ν,πk

h,−i
)(·|s)

[
Q
k
h,i(s,a′)

]
− ϵ.

By Bellman equations (E.10), we also have

V
†,πk

−i

h,i (s) = max
ν∈∆(Ai)

Ea′∼(ν,πk
h,−i

)(·|s)

[
Q

†,πk
−i

h,i (s,a′)
]
.

Since Q
k
h,i(s,a) − Q

†,πk
−i

h,i (s,a) ≥ −(H − h)ϵ, we immediately have V
k
h,i(s) − V

†,πk
−i

h,i (s) ≥

−(H − h+ 1)ϵ. Thus, by induction, we have that Qkh,i(s,a) ≥ Q
†,πk

−i

h,i (s,a)− (H − h)ϵ and

V
k
h,i(s) ≥ V

†,πk
−i

h,i (s)− (H − h+ 1)ϵ for all h ∈ [H].

The inequalities for V k
h,i and Qk

h,i
can be proved similarly.

E.6.4 Additional Lemmas for Bandit Feedback

The following lemma shows that the reward estimation error can be bounded by the reward

bonus term.

Lemma E.6.3. With probability at least 1− δ, simultaneously for all (i, k, h, s,a), it holds

that |(r̃kh,i − rh,i)(s,a)| ≤ b̃k,rh (s,a), where r̃kh,i and b̃k,rh are defined in (E.7) and (E.8).

Proof. The proof is extremely similar to Lemma E.3.1. By construction, we have

|(r̃kh,i − rh,i)(s,a)| =
∣∣∣〈Ai(s,a), θ̂h − θh

〉∣∣∣
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≤∥Ai(s,a)∥(V k
h )−1

∥∥∥θ̂h − θh∥∥∥
V k

h

≤∥Ai(s,a)∥(V k
h )−1

(
∥θh∥2 +

√
F log

(
det(V k

h )
)

+ Fι

)
.

(By Theorem 20.5 in Lattimore and Szepesvári [2020].)

Since each element in θh is bounded in [0, 1] by construction, we have ∥θh∥2 ≤
√
d.

Then, by Lemma E.3.2, we have det
(
V k
h

)
≤

(
1 + mkF

d

)d
since by construction

∥Ai(s,a)∥22 ≤ F .

Finally, to make this bound valid for all player i ∈ [m], we only need to take maximization

over i ∈ [m]. Therefore, with probability at least 1− δ, we have

|(r̃kh,i − rh,i)(s,a)| ≤ max
i∈[m]

∥Ai(s,a)∥(V k
h )−1

√
βk = b̃k,rh (s,a),

where
√
βk =

√
d+

√
Fd log

(
1 + mkF

d

)
+ Fι.

The follow lemma bound the sum of reward bonus under bandit feedback.

Lemma E.6.4. For any h ∈ [H], it holds that

K∑
k=1

max
i∈[m]

∥∥∥Ai(skh,akh)
∥∥∥(V k

h )−1 ≤ Õ
(√

dFK
)
,

where d = m
∑
f∈F S

f .

Proof. First, since V k
h = I +

∑k−1
k′=1

∑m
i=1Ai(sk

′
h ,ak

′
h )Ai(sk

′
h ,ak

′
h )⊤, we have V k

h ⪰ I and thus(
V k
h

)−1
⪯ I. Therefore, we have

∥∥∥Ai(skh,akh)
∥∥∥(V k

h )−1 ≤
∥∥∥Ai(skh,akh)

∥∥∥
I

=
∥∥∥Ai(skh,akh)

∥∥∥
2
≤
√
F .

For simplicity, let Akh,i = Ai(skh,akh). Then, as a result, we have

K∑
k=1

max
i∈[m]

∥∥∥Akh,i∥∥∥(V k
h )−1 =

K∑
k=1

min
{

max
i∈[m]

∥∥∥Akh,i∥∥∥(V k
h )−1 ,

√
F

}

≤

√√√√K K∑
k=1

min
{

max
i∈[m]

∥∥∥Akh,i∥∥∥2

(V k
h )−1 , F

}

≤

√√√√FK K∑
k=1

min
{

max
i∈[m]

∥∥∥Akh,i∥∥∥2

(V k
h )−1 , 1

}
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≤
√

2FKd log
(

1 + mKF

d

)
(By Lemma E.3.2.)

= Õ
(√

dFK
)
.

E.6.5 Technical Lemmas

Lemma E.6.5. For any f ∈ F , it holds that

K∑
k=1

H∑
h=1

√
1

Nk,f
h (sk,fh , nf (akh)) ∨ 1

≤ Õ
(√

mHSfT
)
.

Proof. Here, we have

K∑
k=1

H∑
h=1

√
1

Nk,f
h (sk,fh , nf (akh)) ∨ 1

=
H∑
h=1

∑
sf ∈Sf

m∑
n=0

NK,f
h

(sf ,n)∑
ℓ=1

√
1
ℓ

≤2
H∑
h=1

∑
sf ∈Sf

m∑
n=0

√
NK,f
h (sf , n) (By standard technique)

≤2

√√√√√(m+ 1)HSf
H∑
h=1

∑
sf ∈Sf

m∑
n=0

NK,f
h (sf , n)

=Õ
(√

mHSfT
)
.

The last line above holds because
∑H
h=1

∑
sf ∈Sf

∑m
n=0N

K,f
h (sf , n) = T . This is based on a

pigeon-hole principle argument. In particular, whenever the players take one more action,

for any f ∈ F , the count for some tuple (h, sf , n) will increase exactly by 1.

Lemma E.6.6 (Chen et al. [2020]). For any f, f ′ ∈ F and f ̸= f ′, it holds that

K∑
k=1

H∑
h=1

√√√√ 1(
Nk,f
h (sk,fh , nf (akh))Nk,f ′

h (sk,f
′

h , nf ′(ak,f
′

h ))
)
∨ 1
≤ Õ

(
m2HSfSf

′)
.

Proof. We define the joint empirical counter

Nk,f,f ′

h (sf , sf ′
, n, n′) =

k∑
k′=1

1
{

(sk
′,f
h , sk

′,f ′

h , nf (ak′
h ), nf ′(ak′

n )) = (sf , sf ′
, n, n′)

}
.
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Obviously, we have Nf,f ′

h (sf , sf ′
, n, n′) ≤ min

{
Nk,f
h (sf , n), Nk,f ′

h (sf ′
, n′)

}
, which implies

Nk,f,f ′

h (s, sf ′
, n, n′) ≤

√
Nk,f
h (sf , n)Nk,f ′

h (sf ′ , n′).

Therefore, we have

K∑
k=1

H∑
h=1

√√√√ 1(
Nk,f
h (sk,fh , nf (akh))Nk,f ′

h (sk,f
′

h , nf ′(ak,f
′

h ))
)
∨ 1

≤
K∑
k=1

H∑
h=1

1
Nk,f,f ′

h (sk,fh , sk,f
′

h , nf (akh), nf ′(akh)) ∨ 1

=
H∑
h=1

∑
sf ∈Sf

∑
sf ′ ∈Sf ′

m∑
n=0

m∑
n′=0

NK,f,f ′
h

(sf ,sf ′
,n,n′)∑

ℓ=1

1
ℓ

=Õ
(
m2HSfSf

′)
.
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Appendix F

DEFERRED CONTENTS FROM CHAPTER ??

F.1 Basics about Congestion Games

Lemma F.1.1. If strategy x is an ϵ-NE in a congestion game, then x is an ϵ-minimizer of

the corresponding potential function Φ(·).

Proof. Let x∗ = argminx∈X Φ(x) and y = ϕ(x). First, we show that

∇i,aΦ(x) =∇i,a
∑
f

∫ yf

0
cf (u)du

=∇i,a
∑
f∈a

∫ yf

0
cf (u)du

=
∑
f∈a

cf (yf )∇i,ayf

=
∑
f∈a

cf (yf )∇i,a
∑

i′,a′:f∈a′

xi′,a′

=
∑
f∈a

cf (yf ).

Then we have

Φ(x)− Φ(x∗) ≤ ⟨x− x∗,∇Φ(x)⟩ (Convexity)

≤
∑
i∈[m]

⟨xi − x∗
i ,∇iΦ(x)⟩

≤
∑
i∈[m]

∑
a∈Ai

xi,a
∑
f∈a

cf (yf )− min
a∈Ai

wi
∑
f∈a

cf (yf )


≤
∑
i∈[m]

∑
a∈Ai

xi,aϵ

=
∑
i∈[m]

wiϵ

= ϵ.
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Lemma 7.4.1. Φrepa is convex under Assumption 7.3.1. If y∗ = argminy Φrepa(y), then for

any x ∈ ϕ−1(y∗), x is a Nash equilibrium.

Proof. For y1, y2 ∈ Y, we have

Φrepa(y1) + Φrepa(y2)− 2Φrepa(y
1 + y2

2 ) =
∑
f

∫ y1
f

0
cf (u)du+

∫ y2
f

0
cf (u)du− 2

∫ y1
f

+y2
f

2

0
cf (u)du

 .

Now we show that
∫ y1

f

0 cf (u)du+
∫ y2

f

0 cf (u)du−2
∫ y1

f
+y2

f
2

0 cf (u)du is nonnegative for all f ∈ F .

W.l.o.g., we assume y1
f ≤ y2

f and we have

∫ y1
f

0
cf (u)du+

∫ y2
f

0
cf (u)du− 2

∫ y1
f

+y2
f

2

0
cf (u)du =

∫ y2
f

y1
f

+y2
f

2

cf (u)du−
∫ y1

f
+y2

f
2

y1
f

cf (u)du

=
∫ y1

f
+y2

f
2

y1
f

[
cf (u+

y2
f − y1

f

2 )− cf (u)
]
du

≥0,

where the last step is from Assumption 7.3.1 (monotonicity). As a result, Φrepa is convex.

Let y∗ = argminy Φrepa(y) and x ∈ ϕ−1(y∗). If there exists x′ ∈ X such that Φ(x′) <

Φ(x), then we have Φrepa(ϕ(x′)) < Φrepa(y∗), which contradicts the definition of y∗. As a

result, x is the minimizer of Φ(·), which means x is a Nash equilibrium.

Lemma F.1.2. The Nash load under tax τ : y(τ) = argminy∈Y Φ(y; τ) is not continuous

w.r.t. τ . In addition, the social welfare Ψ(y(τ)) is not convex w.r.t. τ .

Proof. For the first part, we construct a congestion game with two facilities f1, f2, one

commodity with action set {f1, f2}, and constant cost c1 = 1, c2 = 1− ϵ with ϵ > 0. Then

for tax τ = 0, we have y(τ) = [0, 1]. For constant tax τ1 = 0, τ2 = 2ϵ, we have y(τ) = [1, 0].

As ϵ can be arbitrarily small, y(τ) is not continuous w.r.t. τ .

For the second part, we construct a congestion game with two facilities f1, f2, one com-

modity with action set {f1, f2}, and cost function c1 = 1, c2(u) =
√
u for u ∈ [0, 1]. We

apply constant tax τ : τ1 = t, τ2 = 0 for t ∈ [−1, 0]. The Nash equilibrium under tax τ is

y(τ) = [1− (1 + t)2, (1 + t)2]. Then the social cost is Ψ(y(τ)) = 1− t(1 + t)2, which is not

convex on [−1, 0].
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F.2 Missing Proofs in Section 7.5

Lemma 7.5.7. If the subgradient of the cost function cf is lower bounded by ϵ > 0 for

all f ∈ F , then the potential function Φrepa(y) is ϵ-strongly convex. However, Φ(x) is not

necessarily strongly convex.

Proof. First, by the definition of the potential function Φ, it is easy to show that ∇Φ(y) =

[cf (yf )]f∈F . For y1, y2 ∈ Y, we have

(∇Φ(y1)−∇Φ(y2))⊤(y1−y2) =
∑
f∈F

(cf (y1
f )−cf (y2

f ))(y1
f−y2

f ) ≥
∑
f∈F

ϵ(y1
f−y2

f )2 = ϵ
∥∥∥y1 − y2

∥∥∥2

2
,

which implies Φ(·) is a ϵ-strongly convex function.

For the second argument, we only need to construct a congestion game such that there

exists two strategy x1, x2 ∈ X such that for ϕ(tx1 + (1 − t)x2) is a constant for t ∈ [0, 1],

which implies the potential function Φ(tx1 + (1 − t)x2) = Φrepa(ϕ(tx1 + (1 − t)x2)) is a

constant w.r.t. t. However, a strongly convex function cannot be a constant on a line,

which implies Φ is not strongly convex.

We construct a congestion game with three facilities f1, f2, f3, three actions a1 =

{f1}, a2 = {f2}, a3 = {f3} and three commodities with action set {a1, a2}, {a2, a3}, {a3, a1}.

Strategy x1 : x1
1 = [1, 0, 0], x1

2 = [0, 1, 0], x1
3 = [0, 0, 1] and x2 : x2

1 = [0, 1, 0], x2
2 =

[0, 0, 1], x2
3 = [1, 0, 0]. Then tx1 + (1 − t)x2 is a feasible strategy and we have ϕ(tx1 +

(1− t)x2) = [1, 1, 1] for all t ∈ [0, 1].

Lemma 7.5.8. If two taxes τ and τ̇ only differ in facility f and the Nash loads y and ẏ

are different, then yf ̸= ẏf .

Proof. For simplicity, we consider the equivalent tax-free case that we have two costs c, ċ

with subgradient lower bounded by ϵ and they only differ in facility ḟ . The potential

functions are

Φ(Y ) =
∑
f

∫ Yf

0
cf (u)du, Φ̇(Y ) =

∑
f

∫ Yf

0
ċf (u)du.

By Lemma 7.5.7, Φ and Φ̇ are strongly convex and thus the Nash equilibrium load y and ẏ
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are unique. Suppose yḟ = ẏḟ . Consider any Y ∈ Y such that Yḟ = yḟ , we have

Φ̇(Y )− Φ̇(y) =
∑
f

∫ Yf

yf

ċf (u)du =
∑
f ̸=ḟ

∫ Yf

yf

ċf (u)du+
∫ Yḟ

yḟ

ċḟ (u)du

=
∑
f ̸=ḟ

∫ Yf

yf

cf (u)du = Φ(Y )− Φ(y) ≥ 0.

As a result, we have Φ̇(y) ≤ Φ̇(ẏ). By the optimality of ẏ, we have y = ẏ. By contradiction,

if y ̸= ẏ, we have yḟ = ẏḟ .

Lemma F.2.1. If |u1 − u2| ≤ ∆, then for any |u3 − u1| ≤ ∆, we have∣∣∣∣cf (u1)− cf (u2)
u1 − u2

− c′
f (u3)

∣∣∣∣ ≤ ϵ.
Proof. This is a direct corollary of the β-smoothness. By mean value theorem, we have
cf (u1)−cf (u2)

u1−u2
= c′

f (u) for some u ∈ [u1, u2]. As |u− u3| ≤ |u− u1| + |u1 − u3| ≤ 2∆ ≤ ϵ
2β ,

we have ∣∣∣∣cf (u1)− cf (u2)
u1 − u2

− c′
f (u3)

∣∣∣∣ ≤ ϵ.

Lemma F.2.2. For round t and facility f , if u ∈ Ktf , then we have
∣∣∣τ tf (u)− τ∗

f (u)
∣∣∣ ≤ 2ϵ.

Proof. By the algorithm design, for each u ∈ Ktf , τ tf (u) will not change after u is added to

Kf . We will use induction on t to prove
∣∣∣τ̂ tf (u)− τf (u)

∣∣∣ ≤ ϵ for u ∈ Ktf . At round t = 1,

K1
f = {0} and τ̂1

f (0) = τ∗
f (0) = 0 holds.

Suppose at round t, we have Kt+1
f̃ t

= Kt
f̃ t

⋃
{u} with u ∈ {[yt

f̃ t
]+ L, [y

t

f̃ t
]− L}\K

t

f̃ t
, and Kt+1

f =

Ktf for f ̸= f̃ t. By the induction hypothesis, we only need to prove
∣∣∣∣τ̂ t+1
f̃ t

(u)− τ∗
f̃ t

(u)
∣∣∣∣ ≤ 2ϵ.

Recall that

τ̂ t+1
f̃ t

(u) = clip
(
u ·

ct
f̃ t
− ċt

f̃ t

yt
f̃ t
− ẏt

f̃ t

, τ̂ t
f̃ t

([yt
f̃ t

]−Kt

f̃t

), τ̂ t
f̃ t

([yt
f̃ t

]+Kt

f̃t

⋃
{1})

)
.

Then we have the following three cases. For simplicity we replace f̃ t with f .

(1) τ̂ t+1
f (u) = u · c

t
f −ċt

f

yt
f

−ẏt
f
. By Lemma F.2.6 and Lemma F.2.1, we have

∣∣∣τ̂ t+1
f (u)− τ∗

f (u)
∣∣∣ =

∣∣∣∣∣u c
t
f − ċtf
ytf − ẏtf

− uc′
f (u)

∣∣∣∣∣ ≤ ϵ.
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(2) τ̂ t+1
f (u) = τ̂ tf ([ytf ]−Kt

f
) and u · c

t
f −ċt

f

yt
f

−ẏt
f
≤ τ̂ tf ([ytf ]−Kt

f
). Then we have

τ̂ t+1
f (u) = τ̂ tf ([ytf ]−Kt

f
) ≤ τ∗

f ([ytf ]−Kt
f
) + ϵ ≤ τ∗

f (u) + ϵ,

where the first inequality is from the induction hypothesis as [ytf ]−Kt
f
∈ Ktf and the second

inequality is from Assumption 7.4.3. In addition, we have

τ̂ t+1
f (u) ≥ u ·

ctf − ċtf
ytf − ẏtf

≥ uc′
f (u)− ϵ = τ∗

f (u)− ϵ.

(3) τ̂ t+1
f (u) = τ̂ tf ([ytf ]+Kt

f

⋃
{1}) and u · c

t
f −ċt

f

yt
f

−ẏt
f
≥ τ̂ tf ([ytf ]+Kt

f

⋃
{1}). Then we have

τ̂ t+1
f (u) ≤ u

ctf − ċtf
ytf − ẏtf

≤ uc′
f (u) + ϵ ≤ τ∗

f (u) + ϵ.

If [ytf ]+Kt
f

⋃
{1} ∈ K

t
f , then we have

τ̂ tf (u) = τ̂ tf ([ytf ]+Kt
f

⋃
{1}) ≥ τ∗

f ([ytf ]+Kt
f

⋃
{1})− ϵ ≥ τ∗

f (u)− ϵ.

If [ytf ]+Kt
f

⋃
{1} = 1 and 1 /∈ Ktf , we still have

τ̂ tf (u) = β ≥ uc′
f (u) = τ∗

f (u).

For each of these three cases, the induction holds.

As τ tf (u) = τ̂ tf (u) + ϵu for all f ∈ F and u ∈ [0, 1], we have
∣∣∣τ tf (u)− τ∗

f (u)
∣∣∣ ≤ 2ϵ.

Lemma F.2.3. For round t, if facility f is known, then we have
∣∣∣τ tf (ytf )− τ∗

f (ytf )
∣∣∣ ≤ 3ϵ.

Proof. If ytf ∈ Ktf , we can directly apply Lemma F.2.2. Otherwise, we set u1 = [ytf ]− L and

u2 = [ytf ]+ L. Then we have u1 < ytf < u2 and u1, u2 ∈ Ktf . There exists λ1 ∈ [0, 1], λ1+λ2 = 1

such that ytf = λ1u1 + λ2u2. By Lemma F.2.1, we have
∣∣∣τ tf (ui)− τ∗

f (ui)
∣∣∣ ≤ 2ϵ for i ∈ {1, 2}.

Then we have

∣∣∣τ tf (ytf )− τf (ytf )
∣∣∣

=
∣∣∣λ1τ

t
f (u1) + λ2τ

t
f (u2)− (λ1u1 + λ2u2)c′

f (u)
∣∣∣

≤
∣∣∣λ1τ

t
f (u1)− λ1u1c

′
f (u)

∣∣∣+ ∣∣∣λ2τ
t
f (u2)− λ2u2c

′
f (u)

∣∣∣
≤λ1

∣∣∣τ tf (u1)− τ∗
f (u1)

∣∣∣+ λ1u1
∣∣∣c′
f (u1)− c′

f (u)
∣∣∣+ λ2

∣∣∣τ tf (u2)− τ∗
f (u2)

∣∣∣+ λ2u2
∣∣∣c′
f (u2)− c′

f (u)
∣∣∣
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≤2λ1ϵ+ λ1ϵ+ 2λ2ϵ+ λ2ϵ (Lemma F.2.1, β-smoothness and |u− ui| ≤ ϵ/β.)

≤3ϵ.

Lemma F.2.4. If Algorithm 14 return False at round t, then for any τ̃ ∈ RF such that

τ̃f = τ tf (yf ) for f ∈ F\F̄ t and τ̃f ∈ [ltf , rtf ] for f ∈ F̄ t, we have Gapi(xt, ct + τ̃) ≥ 0 for all

i ∈ [m]. In addition, xt is a Nash equilibrium for tax τ̃ .

Proof. For simplicity, we will omit t when there is no confusion. Algorithm 14 return False

if and only if for all i ∈ [m] and tax τ̄i : τ̄F̄i
= rF̄i

, τ̄F̄ ′
i

= lF̄ ′
i
, τ̄F\(F̄i

⋃
F̄ ′

i ) = τF\(F̄i

⋃
F̄ ′

i ), we

have

Gapi(x, c+ τ̄) = min
a:xi,a=0

∑
f :f∈a

(cf + τ̄f )− max
a:xi,a ̸=0

∑
f :f∈a

(cf + τ̄f ) ≥ 0.

By the definition of F̄i, for any f ∈ F̄i and a : xi,a ̸= 0, we have f ∈ a. Similarly, for any

f ∈ F̄ ′
i and a : xi,a ̸= 0, we have f /∈ a. Thus for any a : xi,a ̸= 0, we have

∑
f :f∈a

(cf + τ̄f )−
∑
f :f∈a

(cf + τ̃f ) =
∑
f∈F̄i

(rf − τ̃f ) ≥ 0.

For any a : xi,a = 0, we have

∑
f :f∈a

(cf + τ̄f )−
∑
f :f∈a

(cf + τ̃f ) =
∑

f∈F̄ ′
i

⋂
a

(lf − τ̃f ) ≤ 0.

As a result, we have

Gapi(xt, ct + τ̃) = min
a:xi,a=0

∑
f :f∈a

(cf + τ̃f )− max
a:xi,a ̸=0

∑
f :f∈a

(cf + τ̃f )

≥ min
a:xi,a=0

∑
f :f∈a

(cf + τ̄f )− max
a:xi,a ̸=0

∑
f :f∈a

(cf + τ̄f ) ≥ 0.

To prove that xt is Nash equilibrium for tax τ̃ , we only need to show that for in-support

actions a : xti,a ̸= 0, the action costs
∑
f :f∈a(ctf + τ̃f ) are the same. This can be derived by

∑
f :f∈a

(ctf + τ tf )−
∑
f :f∈a

(ctf + τ̃f ) =
∑
f∈F̄i

(τ tf − τ̃f ),∀a : xti,a ̸= 0,

which is independent of a. As xt is Nash equilibrium for tax τ t,
∑
f :f∈a(ctf + τ tf ) is also

independent of a.
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Lemma F.2.5. If Algorithm 14 return False at round t, then tax τ t is an 6Fϵ-optimal tax.

Proof. For known facility f , by Lemma F.2.3, we have
∣∣∣τ∗
f (ytf )− τ tf (ytf )

∣∣∣ ≤ 3ϵ. By Lemma

F.2.2, for any u ∈ Ktf , we have
∣∣∣τ∗
f (u)− τ tf (u)

∣∣∣ ≤ 2ϵ. Thus for unknown facility f , we have

ltf = τ tf ([ytf ]−Kt
f
) + ϵ · (ytf − [ytf ]−Kt

f
) ≤ τ∗

f ([ytf ]−Kt
f
) + 2ϵ+ ϵ = τ∗

f ([ytf ]−Kt
f
) + 3ϵ,

rtf = τ tf ([ytf ]+Kt
f

⋃
{1}) + ϵ · (ytf − [ytf ]+Kt

f

⋃
{1}) ≥ τ∗

f ([ytf ]+Kt
f

⋃
{1})− 2ϵ− ϵ = τ∗

f ([ytf ]+Kt
f

⋃
{1})− 3ϵ,

As τ∗
f is nondecreasing (Assumption 7.4.3), we have

ltf − 3ϵ ≤ τ∗
f ([ytf ]−Kt

f
) ≤ τ∗

f (ytf ) ≤ τ∗
f ([ytf ]+Kt

f

⋃
{1}) ≤ rtf + 3ϵ.

Thus there exists tax τ̃ t such that τ̃ tf (ytf ) satisfies the condition of Lemma F.2.4 and∣∣∣τ∗
f (ytf )− τ̃ tf (ytf )

∣∣∣ ≤ 3ϵ for all f ∈ F . xt is the Nash equilibrium for tax τ̃ t, we have

∀i ∈ [m], a, a′ ∈ Ai,
∑
f∈a

cf (ytf ) + τ̃ tf (ytf ) ≤
∑
f∈a′

cf (ytf ) + τ̃ tf (ytf ), if xti,a > 0.

Thus we have

∀i ∈ [m], a, a′ ∈ Ai,
∑
f∈a

cf (ytf ) + τ∗
f (ytf ) ≤

∑
f∈a′

cf (ytf ) + τ∗
f (ytf ) + 6Fϵ, if xti,a > 0.

By Lemma F.1.1, Ψ(ytf )−miny∈Y Ψ(y) ≤ 6Fϵ.

Lemma F.2.6. If Algorithm 14 output τ̃ t, f̃ t, signt at round t, then we have

0 <
∣∣∣yt
f̃ t
− ẏt

f̃ t

∣∣∣ ≤ ∆.

Proof. First, we prove
∣∣∣∣ytf̃ t
− ẏt

f̃ t

∣∣∣∣ > 0. We consider the following two cases.

(1) Algorithm 14 return at Line 5. As we have 0 < yi(f̃ t) < wi, there exists a, a′ ∈ Ai

such that xi,a > 0, xi,a′ > 0 and f̃ t ∈ a, f̃ t /∈ a′. Suppose yt
f̃ t

= ẏt
f̃ t

. Then by Lemma 7.5.8,

we have yt = ẏt as τ t and τ̇ t only differ in facility f̃ t. As a result, xt is Nash equilibrium

for tax τ̇ t. However, xt is the Nash equilibrium for tax τ tf implies

∑
f∈a

cf (ytf ) + τ tf (ytf ) =
∑
f∈a′

cf (ytf ) + τ tf (ytf ).
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As τ t and τ̇ t only differ in facility f̃ t and f̃ t ∈ a, f̃ t /∈ a′, we have

∑
f∈a

cf (ytf ) + τ̇ tf (ytf ) ̸=
∑
f∈a′

cf (ytf ) + τ̇ tf (ytf ),

which means xt is not the Nash equilibrium for tax τ̇ . By contradiction, we have yt
f̃ t

= ẏt
f̃ t

.

(2) Algorithm 14 return τ̃u, f̃ , sign at Line 23 or Line 31. As there exists j ∈ [m] such that

Gapj(x, c+τ̃u+sign·ϵ) < 0, x is not a Nash equilibrium under tax τ̇ t. Let τ̈ t : τ̈ tf = τ tf
⋃

(ytf , τ̃uf )

for f ∈ F . Then τ̇ t and τ̈ t only differs in f̃ and x is the Nash equilibrium under tax τ̈ t. By

applying Lemma 7.5.8 with τ̇ t and τ̈u, we have yt
f̃ t

= ẏt
f̃ t

.

Second, we prove
∣∣∣∣ytf̃ t
− ẏt

f̃ t

∣∣∣∣ ≤ ∆. (1) Algorithm 14 return at Line 5. Suppose we have∣∣∣ytf − ẏtf ∣∣∣ > ∆. By the tax design, the (sub)gradient of the tax (τ tf )′(u) ≥ ϵ for u ∈ [0, 1]. As

a result, Φ(y, c+ τ t) is ϵ-strongly convex by Lemma 7.5.7. As yt = argminy∈Y Φ(y; c+ τ t),

we have

Φ(ẏt; c+ τ t)− Φ(yt; c+ τ t) > ϵ∆2/2.

However, we have
∣∣Φ(y; c+ τ t)− Φ(y; c+ τ̇ t)

∣∣ ≤ δ for all y ∈ Y. Thus we have

Φ(ẏt; c+ τ̇ t)− δ ≤ Φ(yt; c+ τ̇ t)− δ/2 ≤ Φ(yt; c+ τ t) ≤ Φ(ẏt; c+ τ t) ≤ Φ(ẏt; c+ τ̇ t) + δ.

Comparing to the inequality above, we have 2δ > ϵ∆2/2, which is incorrect by the definition

of δ. By contradiction, we have
∣∣∣ytf − ẏtf ∣∣∣ ≤ ∆.

(2) Algorithm 14 return τ̃u, f̃ , sign at Line 23 or Line 31. Let τ̈ t : τ̈ tf = τ tf
⋃

(ytf , τ̃uf )

for f ∈ F . Then x is the Nash equilibrium under tax τ̈ t. Let τ̈ : τ̈ tf = τ tf
⋃

(ytf , τ̃f ) for all

f ∈ F . By the definition of τ̈ t and the feasible range τ̃f ∈ [lf , rf ], the subgradient of τ̈ tf is

lower bounded by ϵ. As a result, Φ(·; c + τ̈ t) is ϵ-strongly convex on [0, 1]. We can prove∣∣∣ytf − ẏtf ∣∣∣ ≤ ∆ by following the analysis for case (1) and replacing τ t with τ̈ t.

Proposition 7.5.3. If Algorithm 14 return False at round t, then tax τ t is an 6ϵF -optimal

tax. If Algorithm 14 output τ̃ t, f̃ t, signt at round t, then we have

0 <
∣∣∣yt
f̃ t
− ẏt

f̃ t

∣∣∣ ≤ ∆.

Proof. This is directly from Lemma F.2.5 and Lemma F.2.6.
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Lemma F.2.7. Algorithm 13 return False in at most KF rounds.

Proof. By Lemma F.2.6 and the update rule (7.1), if Algorithm 14 return τ̃ t, f, sign at round

t, then we will have one more known point, i.e.,
∑
f∈F Kt+1

f =
∑
f∈F Ktf + 1. As Ktf ⊆  L for

all f ∈ F and | L| = K + 1, we proved the lemma.

Theorem 7.5.4. Under Assumption 7.3.1 and Assumption 7.4.3, Algorithm 13 will output a

6ϵF tax within T ≤ 2Fβ/ϵ rounds. In addition, each round has at most two tax realizations.

Proof. The proof is directly from Proposition 7.5.3 and Lemma F.2.7.

F.3 Computation Complexity

In this section, we discuss the computation complexity of Algorithm 13 and Algorithm

14. We will show that these two algorithms can be implemented with Õ(poly(A,F,m))

complexity for each round. For network congestion games, the computation complexity can

be sharpened to Õ(poly(V,E,m)), avoiding the dependence on A that can be exponential

in V and E.

F.3.1 General Congestion Games

For Algorithm 13, we compute/update the value of the cost/tax function for each facility.

As we use the dictionary data structure, computing value and updating value only have

O(logK) = O(log β/ϵ) complexity. As a result, the complexity of one round in Algorithm

13 is Õ(F ).

For Algorithm 14, x ∈ ϕ−1(y) is a Caratheodory decomposition problem and can be

formulated as a linear program with A variables, F+m equation constraints and A inequality

constraints (Proposition F.4.1), which can be solved in polynomial time [Cohen et al., 2021b].

The bottleneck is in computing u = argmaxu{u : Gapj(x, c + τ̃u) ≥ 0,∀j ∈ [m]} for

τ̃u : τ̃uf = u, τ̃uF\{f} = τ ′
F\{f}, f ∈ F̄i. For simplicity, we use the notation: c̃u = c+ τ̃u as the

cost with tax τ̃u. By Definition 7.5.9 and the definition of action cost, we have

Gapj(x, c+ τ̃u) = min
a:xj,a=0

c̃ua − max
a:xj,a ̸=0

c̃ua. (F.1)
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For action cost c̃ua, if f ∈ a, it is a linear function w.r.t. u in the form of u + C for

some constant C. Otherwise, it is a constant w.r.t. u. As a result, we can determine the

function c̃ua with O(F ) computation as we only need to compute c̃
τ ′

f
a to decide the constant.

Then we can compute Gapj(x, c + τ̃u) in closed form and compute uj = argmaxu{u :

Gapj(x, c + τ̃u) ≥ 0} with O(AF ) complexity. Finally, u = minj∈[m] uj can be computed

with Ø(mAF ) complexity. Similarly, u = argminu{u : Gapj(x, c + τ̃u) ≥ 0, ∀j ∈ [m]} has

Õ(mAF ) computation complexity.

F.3.2 Network Congestion Games

For network congestion games, Algorithm 14 can be implemented by applying shortest path

algorithms on a modified network, thus avoiding the dependence on A. We will apply

Dijkstra’s algorithm with Õ(V + E) complexity while other shortest path algorithms can

be used as well.

First, the Caratheodory decomposition x ∈ ϕ−1(y) can be done efficiently with O(V E+

E2) steps similar to the decomposition algorithm in [Panageas et al., 2023]. While their

algorithm is for the flow polytopes with one commodity, it can be directly generalized to

the multi-commodity case. We defer the algorithm and analysis to Appendix F.4.

For u = argmaxu{u : Gapj(x, c + τ̃u) ≥ 0,∀j ∈ [m]}, the computation complexity can

be boosted to Õ(m(E + V )). To achieve this, we consider how (F.1) changes as u increases

from τ ′
f to rf . By Algorithm 14, we have Gapj(x, c+ τ̃u) ≥ 0 when u = τ ′

f as otherwise the

algorithm ends at the previous iteration. In addition, facility f either has none of the Nash

load or has all of the Nash load for facility j according to the algorithm design. For the first

case, the in-support action costs will not change as u increases. Gapj(x, c+ τ̃u) ≥ 0 always

holds as the off-support action costs are nondecreasing w.r.t. u.

For the second case (all in-support actions use f), the in-support action costs take the

form of u + C and C can be determined by applying shortest path algorithm with edge

weight c+ τ̃ τ
′
f . For off-support action cost, we observe that

min
a:xj,a=0

c̃ua = min
{

min
a:xj,a=0,f∈a

c̃ua, min
a:xj,a=0,f /∈a

c̃ua
}

= min
{

min
a:xj,a=0,f∈a

c̃ua, min
a:f /∈a

c̃
τ ′

f
a
}
, (F.2)

where the second equation is from that the action cost does not depend on u and xj,a = 0
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if f /∈ a. The first term in (F.2) grows linearly w.r.t. u as f̃ ∈ a, so it is always larger

than the in-support action cost. The second term in (F.2) is the shortest path length for

commodity j that does not use facility f , which can be computed as the shortest path in the

network after removing edge f . As a result, uj = argmaxu{u : Gapj(x, c+ τ̃u) ≥ 0} can be

computed with O(E + V ) complexity. Then the complexity for computing u = minj∈[m] uj

is Õ(m(E + V )).

Similarly, uj = argminu{u : Gapj(x, c+ τ̃u) ≥ 0} can be reduced to solving the shortest

path that must use edge f in the network. We consider how (F.1) changes as u decreases

from τf to lf . Initially, the gap is nonnegative. If f has all of the Nash load, then the

in-support action cost is a linear function u+C and it decreases at least as fast as the first

term. As a result, the gap is always nonnegative. Otherwise, f has none of the Nash load

and in-support action costs remain constant.

We notice the following equation:

min
a:xj,a=0

c̃ua = min
{

min
a:xj,a=0,f∈a

c̃ua, min
a:xj,a=0,f /∈a

c̃ua
}

= min
{

min
a:f∈a

c̃ua, min
a:xj,a,f /∈a

c̃
τ ′

f
a
}
, (F.3)

where the second equation is from that f ∈ a implies a is off-support (xj,a = 0) and f /∈ a

implies c̃ua is independent of u. The second term in (F.3) is a constant and is always greater

than the in-support action cost. The first term in (F.3) is a linear function u and it can be

determined by computing the shortest path that always uses f̃ and with edge weights c+τ̃ τf .

This subproblem can be solved by applying the shortest path algorithm twice: the first one

is to connect the source node and the starting node of f̃ , and the second one is to connect

the end node of f̃ and the target node. As a result, the complexity for u = maxj∈[m] uj

is Õ(m(E + V )) as well. Thus the computation complexity for Algorithm 14 in network

congestion games is O(V E + E2 +mV +mE).

F.4 Missing Proofs in Section F.3

Proposition F.4.1. Finding x ∈ ϕ−1(y) can be formulated as the following linear program.

min
x∈RA

1

s.t. y =
∑
i∈[m]

∑
ai∈Ai

xi,aiai
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wi =
∑
ai∈Ai

xi,ai , ∀i ∈ [m]

xi,ai ≥ 0,∀i ∈ [m], ai ∈ Ai

Proof. The second and third constraints guarantees x is a feasible strategy. The first con-

straint indicates y = ϕ(x). As a result, any feasible point of the program is a solution of

ϕ−1(y).

Algorithm 26 Efficient Computation of Flow Decomposition (Modified from [Panageas

et al., 2023])
1: Input: A load y ∈ Y.

2: xi,a = 0 for all i ∈ [m] and a ∈ Ai.

3: while ∃f : yf > 0 do

4: Let A = {f : yf > 0}.

5: Let fmin = argminf∈A yf and ymin = minf∈A yf .

6: Let a be a (si, ti) path of network G(V,A) with fmin ∈ p.

7: Let xi,a = ymin, yf = yf − ymin if f ∈ a.

8: end while

Proposition F.4.2. Algorithm 26 can output a Caratheodory decomposition of y within E

steps.

Proof. During the algorithm, load y will always be nonnegative: yf ≥ 0, ∀f ∈ F . For each

round, we will have yfmin
reduced to 0. As a result, the algorithm will end within at most

E rounds.

We only need to prove that path a always exists in Line (6) for each round. First, y

always remains a multi-commodity flow as Line (7) will not affect the law of conservation in

the network. By flow decomposition theorem, there exists simple paths a1, a2, · · · , ap such

that

y =
∑
i∈[p]

wiai,
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where wi > 0 are positive flow weights. As yfmin > 0, there exists ai such that fmin ∈ ai.

Then for any f ∈ ai, yf ≥ wi > 0. As a result, path a exists for Line (6).

F.5 Experiments

We implemented our algorithm and conducted experiments on a classic example known as

the nonlinear variant of Pigou’s example [Nisan et al., 2007a]. Concretely, nonlinear variant

of Pigou’s example is a routing game with one source node s and one target node t. There

are two edges connecting s and t. One edge has constant cost c0(x) = c,∀x ∈ [0, 1] for some

c ∈ [0, 1], and the other edge has polynomial cost c1(x) = xp. One important property of

such games is the price of anarchy grows without bound as p→∞, which urges proper tax

to induce socially optimal behavior.

We apply our algorithm to learn the optimal tax with different c0 and p. As we can

see, the social welfare quickly converges to the optimal one. Another important observation

is the learned tax function does not uniformly converge to the marginal cost tax, which is

reasonable as accurate estimate is only necessary around the Nash equilibrium induced by

the tax.
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(a) c=0.2, p=2 (b) c=0.2, p=4

(c) c=0.6, p=2 (d) c=0.6, p=4

(e) c=1, p=2 (f) c=1, p=4

Figure F.1: Social Welfare Curves of the Algorithm for various values of c and p. We can

observe that the social welfare converges to the optimal one quickly.
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(a) c=0.2, p=2 (b) c=0.2, p=4

(c) c=0.6, p=2 (d) c=0.6, p=4

(e) c=1, p=2 (f) c=1, p=4

Figure F.2: Estimated Tax Functions at the Last Iteration for various values of c and p. The

estimation is not uniformly accurate but they are accurate at the induced Nash equilibrium.
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