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Learned representations are essential in modern ML systems, but often struggle to adapt to the re-
quired capacity of various downstream tasks. In this thesis, we propose € Matryoshka Represen-
tation Learning (MRL) [64] to address this challenge, which learns coarse-to-fine representations
with minimal overhead to existing representation learning frameworks at no additional training or
inference cost. MRL achieves accuracy and robustness comparable to low-dimensional represen-
tations, with benefits like up to 14x smaller ImageNet-1K embeddings and 14 x speed-ups for
large-scale retrieval. It extends seamlessly to web-scale datasets (ImageNet, JFT) across Vision
(ResNet, ViT), Language (BERT), and V+L (ALIGN) modalities. In modern web-scale search
systems, rigid high-dimensional representations are learned via a deep encoder and hooked into an
approximate nearest neighbor search (ANNS) pipeline to retrieve similar data points. Using these
rigid representations is computationally expensive and inflexible to compute-constrained environ-
ments. To overcome this, we introduce the novel AAANNS framework [92] to leverage the flexi-
bility of Matryoshka Representations at each stage of the ANNS pipeline and provide compute-
aware elastic search. We demonstrate state-of-the-art accuracy-compute trade-offs using novel
AdANNS-based key ANNS building blocks like search data structures (AdANNS-IVF) [102]
and quantization (AdANNS-OPQ) [29]. For example on ImageNet retrieval, AAANNS-IVF is



up to 1.5% more accurate than the rigid representations-based IVF [102] at the same compute
budget; and matches accuracy while being up to 90x faster in wall-clock time. For Natural
Questions, 32-byte AAANNS-OPQ matches the accuracy of the 64-byte OPQ baseline [29] con-
structed using rigid representations — same accuracy at half the cost! We further show that the
gains from AdANNS translate to modern-day composite ANNS indices that combine search struc-
tures and quantization. Finally, we demonstrate that AAANNS can enable inference-time adap-
tivity for compute-aware search on ANNS indices built non-adaptively on matryoshka represen-
tations. The code is open-sourced at https://github.com/RAIVNLab/MRL and https:

//github.com/RAIVNLab/AJANNS.


https://github.com/RAIVNLab/MRL
https://github.com/RAIVNLab/AdANNS
https://github.com/RAIVNLab/AdANNS
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GLOSSARY

MRL: Matryoshka Representation Learning, a training paradigm for adaptive deployment of
deep learning models. Also interchangeably used for a deep encoder trained with Ma-
tryoshka Loss.

MR: Matryoshka Representation, an embedding from a deep encoder trained with MRL with
information packed in a nested logarithmic manner.

FF:.  Fixed Feature, an independently trained baseline encoder trained without nested Ma-
tryoshka Loss.

RR: Rigid Representation, an embedding from an independently trained Fixed Feature en-
coder with information diffused across it.

RETRIEVAL: the task of retrieving the nearest neighbors of a given query from an indexed
database. This is done via a semantic search by embedding the database and queryset in

d-dimensional latent space via an MRL or FF encoder.

ANNS: Approximate Nearest Neighbor Search, to retrieve the “approximate” nearest neighbors
of a given query from a database without exhaustively searching all items.

AdANNS: Adaptive ANNS, a framework to decouple the building blocks of ANNS and provide
flexible accuracy-compute tradeoff.
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Chapter 1

INTRODUCTION

Learned representations [70] are fundamental building blocks of real-world ML systems [83,
111]. Trained once and frozen, d-dimensional representations encode rich information and can
be used to perform multiple downstream tasks [5]. The deployment of deep representations has
two steps: (1) an expensive yet constant-cost forward pass to compute the representation [40] and
(2) utilization of the representation for downstream applications [59, 109]. Compute costs for the
latter part of the pipeline scale with the embedding dimensionality as well as the data size (N) and
label space (L). At web-scale [19, 105] this utilization cost overshadows the feature computation
cost. The rigidity in these representations forces the use of high-dimensional embedding vectors

across multiple tasks despite the varying resource and accuracy constraints that require flexibility.

Human perception of the natural world has a naturally coarse-to-fine granularity [36, 41].
However, perhaps due to the inductive bias of gradient-based training [104], deep learning mod-
els tend to diffuse “information™ across the entire representation vector. The desired elasticity
is usually enabled in the existing flat and fixed representations either through training multiple
low-dimensional models [40], jointly optimizing sub-networks of varying capacity [12, 122] or
post-hoc compression [45, 74]. Each of these techniques struggle to meet the requirements for
adaptive large-scale deployment either due to training/maintenance overhead, numerous expensive
forward passes through all of the data, storage and memory cost for multiple copies of encoded
data, expensive on-the-fly feature selection or a significant drop in accuracy. By encoding coarse-
to-fine-grained representations, which are as accurate as the independently trained counterparts,
we learn with minimal overhead a representation that can be deployed adaptively at no additional

cost during inference.

We introduce & Matryoshka Representation Learning (MRL) to induce flexibility in the
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Figure 1.1: & Matryoshka Representation Learning is adaptable to any representation learning
setup and begets a Matryoshka Representation z by optimizing the original loss £(.) at O(log(d))
chosen representation sizes. Matryoshka Representation can be utilized effectively for adaptive

deployment across environments and downstream tasks.

learned representation. MRL learns representations of varying capacities within the same high-
dimensional vector through explicit optimization of O(log(d)) lower-dimensional vectors in a
nested fashion, hence the name Matryoshka. MRL can be adapted to any existing representation
pipeline and is easily extended to many standard tasks in computer vision and natural language
processing. Figure 1.1 illustrates the core idea of Matryoshka Representation Learning (MRL)
and the adaptive deployment settings of the learned Matryoshka Representations (MRs).

The first m-dimensions, m € [d], of the Matryoshka Representation is an information-rich
low-dimensional vector, at no additional training cost, that is as accurate as an independently
trained m-dimensional representation. The information within the Matryoshka Representation
increases with the dimensionality creating a coarse-to-fine grained representation, all without sig-
nificant training or additional deployment overhead. MRL equips the representation vector with
the desired flexibility and multifidelity that can ensure a near-optimal accuracy-vs-compute trade-
off. With these advantages, MRL enables adaptive deployment based on accuracy and compute
constraints.

The MRs improve efficiency for large-scale classification and retrieval without any significant



loss of accuracy. While there are potentially several applications of coarse-to-fine MRs, in this
work we focus on two key building blocks of real-world ML systems: large-scale classification and
retrieval. For classification, we use adaptive cascades with the variable-size representations from a
model trained with MRL, significantly reducing the average dimension of embeddings needed to
achieve a particular accuracy. For example, on ImageNet-1K, MRL + adaptive classification results
inup to a 14 x smaller representation size at the same accuracy as baselines (Section 4.3). Similarly,
we use MRL in a simple adaptive retrieval system. Given a query, we shortlist retrieval candidates
using the first few dimensions of the query embedding, and then successively use more dimensions
to re-rank the retrieved set. A simple implementation of this approach leads to 128 x theoretical
(in terms of FLOPS) and 14 x wall-clock time speedups compared to a single-shot retrieval system
that uses a standard embedding vector; note that MRL’s retrieval accuracy is comparable to that of
single-shot retrieval (Section 4.5). Finally, as MRL explicitly learns coarse-to-fine representation
vectors, it can also be used as method to analyze hardness of classification among instances and

information bottlenecks.

1.1 AdANNS Framework

Semantic search [54] on learned representations [83, 84, 111] is a major component in retrieval
pipelines [9, 19]. In its simplest form, semantic search methods learn a neural network to embed
queries as well as a large number (V) of data points in a d-dimensional vector space. For a given
query, the nearest (in embedding space) point is retrieved using either an exact search or using
approximate nearest neighbor search (ANNS) [49] which is now indispensable for real-time large-
scale retrieval.

Existing semantic search methods learn fixed or rigid representations (RRs) which are used as
is in all the stages of ANNS. That is, while ANNS indices allow a variety of parameters for search-
ing the design space to optimize the accuracy-compute trade-off, the provided data dimensionality
is typically assumed to be an immutable parameter. To make it concrete, let us consider inverted
file index (IVF) [102], a popular web-scale ANNS technique [33]. IVF has two stages (Figure 1.2)

during inference: (a) cluster mapping: mapping the query to a cluster of data points [76], and



ANNS ANNS
Constructio/ ¢:X - R® Inference
Database \ Query

= Const, Y

r==--.__ton ruct Clysterg wi Clust

------ th Rd. st
: ~~~~~~~~~~ ® -———_ gelect Clos®
! S~~L_  TTm===C
1 Se~o. o TTmm=—
v - -
K cee Hi eoe Hic

XeC XeG XeCy
Linear Top k
Scan with Relevant
Rds Data Points

Figure 1.2: The schematic of inverted file index (IVF) outlaying the construction and inference
(cluster mapping followed by linear scan) phases. Adaptive representations can be utilized ef-
fectively in the decoupled components of clustering and searching for a better accuracy-compute

trade-off (AdANNS-IVEF, Section 5.1).

(b) linear scan: distance computation w.r.t all points in the retrieved cluster to find the nearest
neighbor (NN). Standard IVF utilizes the same high-dimensional RR for both phases, which can
be sub-optimal.

The proposed Matryoshka Representations (MRs) satisfy the specifications for adaptive rep-
resentations due to their hierarchical nested information packing. This allows us to deploy MRs
in two major and novel ways as part of ANNS: (a) low-dimensional representations for accuracy-
compute optimal clustering and quantization, and (b) high-dimensional representations for precise
re-ranking when feasible.

To this effort, we introduce AAANNS %, a novel design framework for semantic search that
uses matryoshka representation-based adaptive representations across different stages of ANNS to
ensure significantly better accuracy-compute trade-off than the state-of-the-art baselines. Typical
ANNS systems have two key components: (a) search data structure to store datapoints, (b) distance
computation to map a given query to points in the data structure. Through AdANNS, we address

both these components and significantly improve their performance.



While MR already has multi-granular representations, careful integration with ANNS building
blocks is critical to obtain a practical method and is our main contribution. We compare AAANNS
to our simple adaptive retrieval setup (Section 4.5) that uses smaller-dimensional MR for shortlist-
ing in retrieval followed by precise re-ranking with a higher-dimensional MR. Such techniques,
unfortunately, cannot be scaled to industrial systems as they require forming a new index for ev-
ery shortlisting provided by low-dimensional MR. Ensuring that the method aligns well with the
modern-day ANNS pipelines is important as they already have mechanisms to handle real-world
constraints like load-balancing [33] and random access from disk [51]. So, AAANNS is a step

towards making the abstraction of adaptive search and retrieval feasible at the web-scale.
1.2 Summary of Research Contributions

The key contributions of this thesis are:

e We introduce ¢ Matryoshka Representation Learning (MRL) to obtain flexible representa-
tions (Matryoshka Representations) for adaptive deployment (Section 3.1).

e We also introduce AAANNS %, a novel framework for semantic search that leverages
Matryoshka Representations for designing ANNS systems with better accuracy-compute trade-
offs (Section 3.2).

» Up to 14 x faster yet accurate large-scale classification and retrieval using MRL (Section 4).

* Seamless adaptation of MRL across modalities (vision - ResNet & ViT, vision + language -
ALIGN, language - BERT) and to web-scale data (ImageNet-1K/4K, JFT-300M and ALIGN
data).

* AdANNS powered search data structure (AdANNS-IVF, Section 5.1) and quantization (AdANNS-
OP, Section 5.2) show a significant improvement in accuracy-compute tradeoff compared to ex-
isting solutions.

* Further analysis of MRL’s representations in the context of other downstream tasks (Section 6.1).

* AdANNS generalizes to modern-day composite ANNS indices and can also enable compute-

aware elastic search during inference with no modifications (Section 6.2).



1.3 Thesis Outline

Chapter 2 provides an overview of the related work in representation learning, classification,
retrieval and large scale approximate nearest neighbor search (ANNS).

Chapter 3 formalizes Matryoshka Representation Learning and the AAANNS framework in
the context of representation learning and ANNS.

In Chapter 4 we discuss MRL as a representation learning paradigm (Section 4.1) and its ap-
plication for downstream Classification (Section 4.2) and Retrieval (Section 4.4) tasks. We also
discuss a natural extension of MRL to adaptive classification using cascades (Section 4.3). Finally,
we discuss a precursor to the AAANNS framework via a simple shortlist+rerank adaptive retrieval
setup using MRs (Section 4.5).

In Chapter 5, we propose AAANNS-IVF (Section 5.1) which tackles the first component of
ANNS systems. AAANNS-IVF uses standard full-precision computations but uses adaptive repre-
sentations for different IVF stages. We then propose AAANNS-OPQ (Section 5.2) which addresses
the second component by using AdANNS-based quantization (OPQ [29]) — here we use exhaus-
tive search overall points. Finally, we combine the two techniques to obtain AdAANNS-IVFOPQ
(Section 5.3). To demonstrate generality of our technique, we adapt AAANNS to Disk ANN [51]
which provides interesting accuracy-compute tradeoff; see Table 5.1. Through extensive experi-
mentation, we also show that AAANNS generalizes across search data structures, distance approx-
imations, modalities (text & image), and encoders (CNNs & Transformers) while still translating
the theoretical gains to latency reductions in deployment. While we have mainly focused on IVF
and OPQ-based ANNS in this work, AAANNS also blends well with other ANNS pipelines.

In Chapter 6, we perform a thorough analysis of MRs and their applicability (Section 6.1).
We also show that AAANNS can enable compute-aware elastic search on prebuilt indices without
making any modifications (Section 6.2). We provide an extensive analysis on the alignment of
matryoshka representation for better semantic search (Section 6.3) and current limitations of MRL
and AAANNS (Section 6.4). Lastly, Chapter 7 provides several exciting possible future research

directions.



Chapter 2
RELATED WORK

2.1 Representation Learning.

Large-scale datasets like ImageNet [21, 95] and JFT [105] enabled the learning of general purpose
representations for computer vision [5, 120]. These representations are typically learned through
supervised and un/self-supervised learning paradigms. Supervised pretraining [40, 62, 101] casts
representation learning as a multi-class/label classification problem, while un/self-supervised learn-
ing learns representation via proxy tasks like instance classification [119] and reconstruction [38,
81]. Recent advances [15, 39] in contrastive learning [35] enabled learning from web-scale data [25]
that powers large-capacity cross-modal models [22, 53, 88, 123]. Similarly, natural language ap-
plications are built [47] on large language models [10] that are pretrained [86, 94] in a un/self-
supervised fashion with masked language modelling [23] or autoregressive training [89].

& Matryoshka Representation Learning (MRL) is complementary to all these setups and can
be adapted with minimal overhead (Section 3.1). MRL equips representations with multifidelity at

no additional cost which enables adaptive deployment based on the data and task (Section 4).
2.2 Efficient Classification and Retrieval.

Efficiency in classification and retrieval during inference can be studied with respect to the high
yet constant deep featurization costs or the search cost which scales with the size of the label space
and data. Efficient neural networks address the first issue through a variety of algorithms [30, 65]
and design choices [46, 66, 107]. However, with a strong featurizer, most of the issues with scale
are due to the linear dependence on number of labels (L), size of the data (V') and representation
size (d), stressing RAM, disk and processor all at the same time.

The sub-linear complexity dependence on number of labels has been well studied in context of



compute [4, 50, 87] and memory [24] using Approximate Nearest Neighbor Search (ANNS) [79]
or leveraging the underlying hierarchy [20, 67]. In case of the representation size, often dimen-
sionality reduction [96, 108], hashing techniques [18, 63, 97] and feature selection [82] help in
alleviating selective aspects of the O(d) scaling at a cost of significant drops in accuracy.

MRL tackles the linear dependence on embedding size, d, by learning multifidelity
Matryoshka Representations. Lower-dimensional MRs are as accurate as independently trained
counterparts without the multiple expensive forward passes. MRs provide an intermediate ab-
straction between high-dimensional vectors and their efficient ANNS indices through the adaptive
embeddings nested within the original representation vector, which power Adaptive ANNS and our
proposed AdANNS framework (Section 5). All other aforementioned efficiency techniques are
complementary and can be readily applied to the learned MRs obtained from MRL.

Several works in efficient neural network literature [12, 112, 122] aim at packing neural net-
works of varying capacity within the same larger network. However, the weights for each pro-
gressively smaller network can be different and often require distinct forward passes to isolate the
final representations. This is detrimental for adaptive inference due to the need for re-encoding
the entire retrieval database with expensive sub-net forward passes of varying capacities. Finally,
ordered representations proposed by Rippel et al. [93] use nested dropout in the context of au-
toencoders to learn nested representations. MRL differentiates itself in formulation by optimizing
only for O(log(d)) nesting dimensions instead of O(d). Despite this, MRL diffuses information to
intermediate dimensions interpolating between the optimized Matryoshka Representation sizes

accurately (Figure 4.4); making web-scale feasible.
2.3 Approximate Nearest Neighbors Search

Most real-world search systems [13, 19] are often powered by large-scale embedding based re-
trieval [14, 83] that scales in cost with the ever increasing web-data. While categorization [109,
121] clusters similar things together, it is imperative to be equipped with retrieval capabilities that
can bring forward every instance [9]. Approximate nearest neighbour search (ANNS) is a paradigm

to come as close as possible [17] to retrieving the “true” nearest neighbor (NN) without the exor-



bitant search costs associated with exhaustive search [49, 116]. ANNS performs this via with
efficient indexing [18] and traversal [6, 8]. The “approximate” nature comes from data pruning as
well as the cheaper distance computation that enable real-time web-scale search. In its naive form,
NN-search has a complexity of O(dN); d is the data dimensionality used for distance computation
and N is the size of the database. ANNS employs each of these approximations to reduce the linear
dependence on the dimensionality (cheaper distance computation) and data points visited during

search (data pruning).

Tackling the sub-optimality of Rigid ANNS. Imagine one needs to partition a dataset into k
clusters for IVF and the dimensionality of the data is d — IVF uses full d representation to partition
into k clusters. However, suppose we have an alternate approach that somehow projects the data
in d/2 dimensions and learns 2k clusters. Note that the storage and computation to find the nearest
cluster remains the same in both cases, i.e., when we have k clusters of d dimensions or 2k clusters
of d/2 dimensions. 2k clusters can provide significantly more refined partitioning, but the distances
computed between queries and clusters could be significantly more inaccurate after projection to
d/2 dimensions.

So, if we can find a mechanism to obtain a d/2-dimensional representation of points that can
accurately approximate the topology/distances of d-dimensional representation, then we can po-
tentially build significantly better ANNS structure that utilizes different capacity representations
for the cluster mapping and linear scan phases of IVF. But how do we find such adaptive rep-
resentations? These desired adaptive representations should be cheap to obtain and still ensure
distance preservation across dimensionality. Post-hoc dimensionality reduction techniques like
SVD [31] and random projections [55] on high-dimensional RRs are potential candidates, but our
experiments indicate that in practice they are highly inaccurate and do not preserve distances well

enough (Figure 5.1).

Cheaper distance computation. From a bird’s eye view, cheaper distance computation is always

obtained through dimensionality reduction (quantization included). PCA and SVD [31, 56] can re-



10

duce dimensionality and preserve distances only to a limited extent without sacrificing accuracy.
On the other hand, quantization-based techniques [16, 32] like (optimized) product quantization
((O)PQ) [29, 52] have proved extremely crucial for relatively accurate yet cheap distance compu-
tation and simultaneously reduce the memory overhead significantly. Another naive solution is to
independently train the representation function with varying low-dimensional information bottle-

necks [64] which is rarely used due to the costs of maintaining multiple models and databases.

Data pruning. Enabled by various data structures, data pruning reduces the number of data
points visited as part of the search. This is often achieved through hashing [18, 97], trees [7,
28, 33, 102] and graphs [51, 78]. For example, the widely adopted HNSW [79] (O(dlog(N)))
is as accurate as exact retrieval (O(dN)) at the cost of a graph-based index overhead for RAM
and disk [51]. More recently there have been efforts towards end-to-end learning of the search
data structures [34, 61, 67]. However, web-scale ANNS indices are often constructed on rigid
d-dimensional real vectors using the aforementioned data structures that assist with the real-time

search. For a more comprehensive review of ANNS structures please refer to [11, 73, 114].

Composite indices. ANNS pipelines often benefit from the complementary nature of various
building blocks [54, 88]. In practice, often the data structures (coarse-quantizer) like IVF [102]
and HNSW [80] are combined with cheaper distance alternatives like PQ [52] (fine-quantizer)
for massive speed-ups in web-scale search. While the data structures are built on d-dimensional
real vectors, past works consistently show that PQ can be safely used for distance computation
during search time. As evident in modern web-scale ANNS systems like DiskANN [51], the data
structures are built on d-dimensional real vectors but work with PQ vectors (32 — 64-byte) for fast

distance computations.

ANNS benchmark datasets. Despite the Herculean advances in representation learning [40, 88],
ANNS progress is often only benchmarked on fixed representation vectors provided for about a

dozen million to billion scale datasets [2, 100] with limited access to the raw data. This resulted
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in the improvement of algorithmic design for rigid representations (RRs) that are often not specif-
ically designed for search. All the existing ANNS methods work with the assumption of using
the provided d-dimensional representation which might not be Pareto-optimal for the accuracy-
compute trade-off in the first place. Note that the lack of raw-image and text-based benchmarks
led us to using ImageNet-1K [95] (1.3M images, SOK queries) and Natural Questions [68] (21M
passages, 3.6K queries) for experimentation. While not billion-scale, the results observed on Im-
ageNet often translate to real-world progress [60], and Natural Questions is one of the largest
question answering datasets benchmarked for dense passage retrieval [58], making our results gen-
eralizable and widely applicable.

In this work, we investigate the utility of adaptive representations — embeddings of different di-
mensionalities having similar semantic information — in improving the design of ANNS algorithms.
This helps in transitioning out of restricted construction and inference on rigid representations for
ANNS. To this end, we extensively use Matryoshka Representations (MRs) which have desired
adaptive properties in-built. To the best of our knowledge, this is the first work that improves
accuracy-compute trade-off in ANNS by leveraging adaptive representations on different phases

of construction and inference for ANNS data structures.
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Chapter 3
PRELIMINARIES

This chapter describes the problem setup and summarizes the technical background required
to follow this thesis. This chapter is organized as follows. Section 3.1 provides a detailed descrip-
tion of the problem setup for Matryoshka Representation Learning for a supervised learning task
on ImageNet-1K with ResNet50, and a discussion of its adaptation to learning frameworks. Sec-
tion 3.2 formalizes the AJANNS framework in the context of Approximate Nearest Neighbor
Search and describes how flexible representations can be used to decouple the fundamental build-
ing blocks of ANNS to provide state-of-the-art accuracy-compute tradeoff for retrieval and search.
Finally, metrics to evaluate the effectiveness of Matryoshka Representations for AAANNS are

discussed in Section 3.2 and in more detail in Appendix D.

3.1 Matryoshka Representation Learning

For d € N, consider a set M C [d] of representation sizes. For a datapoint z in the input do-
main X, our goal is to learn a d-dimensional representation vector = € R%. For every m € M,
Matryoshka Representation Learning (MRL) enables each of the first m dimensions of the em-
bedding vector, z1.,,, € R™ to be independently capable of being a transferable and general purpose
representation of the datapoint x. We obtain z using a deep neural network F'(-;0r): X — R< pa-
rameterized by learnable weights 0, i.e., z .= F'(x; 0r). The multi-granularity is captured through
the set of the chosen dimensions M, that contains less than log(d) elements, i.e., |[M| < [log(d)].
The usual set M consists of consistent halving until the representation size hits a low informa-
tion bottleneck. We discuss the design choices in Section 4 for each of the representation learning
settings.

For the ease of exposition, we present the formulation for fully supervised representation learn-
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ing via multi-class classification. Matryoshka Representation Learning modifies the typical set-
ting to become a multi-scale representation learning problem on the same task. For example, we
train ResNet50 [40] on ImageNet-1K [95] which embeds a 224 x 224 pixel image into a d = 2048
representation vector and then passed through a linear classifier to make a prediction, § among the
L = 1000 labels. For MRL, we choose M = {8, 16, ...,1024, 2048} as the nesting dimensions.

Suppose we are given a labelled dataset D = {(x1,41), ..., (zn,yn)} where z; € X is an input
point and y; € [L] is the label of z; for all i € [N]. MRL optimizes the multi-class classification
loss for each of the nested dimension m € M using standard empirical risk minimization using
a separate linear classifier, parameterized by W™ < RZ*™_ All the losses are aggregated after
scaling with their relative importance (c,, > 0),, ., respectively. That is, we solve

min % Z Z Cm + L (W(m) cF(x50F)1m ; ?Jz) ) 3.1

{W(m)}me./\/l’ Or i€[N] meM

where £: RY x [L] — R, is the multi-class softmax cross-entropy loss function. This is a stan-
dard optimization problem that can be solved using sub-gradient descent methods. We set all the
importance scales, ¢,, = 1 for all m € M; see Appendix M.1 for ablations. Lastly, despite only
optimizing for O(log(d)) nested dimensions, MRL results in accurate representations, that inter-
polate, for dimensions that fall between the chosen granularity of the representations (Section 4.2).

We call this formulation as Matryoshka Representation Learning (MRL). A natural way
to make this efficient is through weight-tying across all the linear classifiers, i.e., by defining
W) = W, for a set of common weights W € RF *d_This would reduce the memory cost due
to the linear classifiers by almost half, which would be crucial in cases of extremely large output
spaces [109, 121]. This variant is called Efficient Matryoshka Representation Learning (MRL-E).
Refer to Alg 1 and Alg 2 in Appendix A for the building blocks of MRL.

Adaptation to Learning Frameworks. MRL can be adapted seamlessly to most representation
learning frameworks at web-scale with minimal modifications (Section 4.1). For example, MRL’s
adaptation to masked language modelling reduces to MRL-E due to the weight-tying between the

input embedding matrix and the linear classifier. For contrastive learning, both in context of vision
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& vision + language, MRL is applied to both the embeddings that are being contrasted with each
other. The presence of normalization on the representation needs to be handled independently for

each of the nesting dimension for best results (see Appendix C for more details).
3.2 AdANNS

The problem setup of approximate nearest neighbor search (ANNS) [49] consists of a database
of N data points, 1,22, ..., zy]|, and a query, ¢, where the goal is to “approximately” retrieve
the nearest data point to the query. Both the database and query are embedded to R using a
representation function ¢ : X — RY, often a neural network that can be learned through various

representation learning paradigms [5, 40, 39, 83, 88].

Inverted File Index (IVF). IVF [102] is an ANNS data structure used in web-scale search sys-
tems [33] owing to its simplicity, minimal compute overhead, and high accuracy. IVF construction
involves clustering (coarse quantization through k-means) [76] on d-dimensional representation
that results in an inverted file list [117] of all the data points in each cluster. During search, d-
dimensional query representation is assigned to the most relevant cluster (C;; i € [k]) by finding
the closest centroid (x;) using an appropriate distance metric (Lo or cosine). This is followed by
an exhaustive linear search across all data points in the cluster which gives the closest NN (see
Figure 1.2 in Appendix A for IVF overview). Lastly, IVF can scale to web-scale by utilizing a hi-
erarchical IVF structure within each cluster [33]. Table H.1 in Appendix A describes the retrieval

formula for multiple variants of IVF.

Optimized Product Quantization (OPQ). Product Quantization (PQ) [52] works by splitting a
d-dimensional real vector into m sub-vectors and quantizing each sub-vector with an independent
2% length codebook across the database. After PQ, each d-dimensional vector can be represented by
a compact m X b bit vector; we make each vector m bytes long by fixing b = 8. During search time,
distance computation between the query vector and PQ database is extremely efficient with only m

codebook lookups. The generality of PQ encompasses scalar/vector quantization [32, 76] as special
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cases. However, PQ can be further improved by rotating the d-dimensional space appropriately to
maximize distance preservation after PQ. Optimized Product Quantization (OPQ) [29] achieves
this by learning an orthonormal projection matrix R that rotates the d-dimensional space to be
more amenable to PQ. OPQ shows consistent gains over PQ across a variety of ANNS tasks and

has become the default choice in standard composite indices [51, 54].

Datasets. We evaluate the ANNS algorithms while changing the representations used for the
search thus making it impossible to evaluate on the usual benchmarks [2]. Hence we experiment
with two public datasets: (a) ImageNet-1K [95] dataset on the task of image retrieval — where the
goal is to retrieve images from a database (1.3M image train set) belonging to the same class as the
query image (50K image validation set) and (b) Natural Questions (NQ) [68] dataset on the task
of question answering through dense passage retrieval — where the goal is to retrieve the relevant

passage from a database (21M Wikipedia passages) for a query (3.6K questions).

Metrics Performance of ANNS is often measured using recall score [51], k-recall@ N — recall
of the exact NN across search complexities which denotes the recall of k£ “true” NN when N data
points are retrieved. However, the presence of labels allows us to compute 1-NN (top-1) accuracy.
Top-1 accuracy is a harder and more fine-grained metric that correlates well with typical retrieval
metrics like recall and mean average precision (mAP@F£). Even though we report top-1 accuracy
by default during experimentation, we discuss other metrics in Appendix D. Finally, we measure
the compute overhead of ANNS using MFLOPS/query and also provide wall-clock times (see
Appendix C.2).

Encoders. For ImageNet, we encode both the database and query set using a ResNet50 (¢;) [40]
trained on ImageNet-1K. For NQ, we encode both the passages in the database and the ques-
tions in the query set using a BERT-Base (¢y) [23] model fine-tuned on NQ for dense passage
retrieval [58].

We use the trained RR-ResNet50 models with varying representation sizes (d = [8, 16, . .., 2048];
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default being 2048) as described in Section 3.1 alongside the MR-ResNet50 models trained with
MRL for the same dimensionalities. The RR and MR models are trained to ensure the super-
vised one-vs-all classification accuracy across all data dimensionalities is nearly the same — 1-NN
accuracy of 2048-d RR and MR models are 71.19% and 70.97% respectively on ImageNet-1K.
Independently trained models, (,bIRR(d), output d = [8,16...,2048] dimensional RRs while a sin-
gle MRL-ResNet50 model, (ﬁl}AR(d), outputs a d = 2048-dimensional MR that contains all the 9
granularities.

We also train BERT-Base models in a similar vein as the aforementioned ResNet50 mod-
els. The key difference is that we take a pre-trained BERT-Base model and fine-tune on NQ
as suggested by Karpukhin et al. [58] with varying (5) representation sizes (bottlenecks) (d =
(48,96, ..., 768]; default being 768) to obtain gb];VR(d) that creates RRs for the NQ dataset. To
get the MRL-BERT-Base model, we fine-tune a pre-trained BERT-Base encoder on the NQ train
dataset using the MRL objective with the same granularities as RRs to obtain ¢%R(d) which con-
tains all five granularities. Akin to ResNet50 models, the RR and MR BERT-Base models on NQ
are built to have similar 1-NN accuracy for 768-d of 52.2% and 51.5% respectively. More imple-
mentation details can be found in Appendix C and additional experiment-specific information is

provided at the appropriate places.
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Chapter 4

MRL — MATRYOSHKA REPRESENTATION LEARNING

In this section, we discuss Matryoshka Representation Learning (MRL) for a diverse set of

applications along with an extensive evaluation of the learned multifidelity representations. Fur-

ther, we showcase the downstream applications of the learned Matryoshka Representations for

flexible large-scale deployment through (a) Adaptive Classification (AC) and (b) Adaptive Re-

trieval (AR).
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4.1 Representation Learning

We adapt Matryoshka Representation Learning (MRL) to various representation learning setups
(a) Supervised learning for vision: ResNet50 [40] on ImageNet-1K [95] and ViT-B/16 [26] on JFT-
300M [105], (b) Contrastive learning for vision + language: ALIGN model with ViT-B/16 vision
encoder and BERT language encoder on ALIGN data [53] and (c¢) Masked language modelling:
BERT [23] on English Wikipedia and BooksCorpus [124]. Please refer to Appendices B and C for
details regarding the model architectures, datasets and training specifics.

We do not search for best hyper-parameters for all MRL experiments but use the same hyper-
parameters as the independently trained baselines. ResNet50 outputs a 2048-dimensional represen-
tation while ViT-B/16 and BERT-Base output 768-dimensional embeddings for each data point. We
use M = {8, 16, 32,64, 128, 256,512, 1024, 2048} and M = {12, 24,48, 96, 192, 384, 768} as the
explicitly optimized nested dimensions respectively. Lastly, we extensively compare the MRL and
MRL~E models to independently trained low-dimensional (fixed feature) representations (FF), di-
mensionality reduction (SVD), sub-net method (slimmable networks [122]) and randomly selected
features of the highest capacity FF model.

In section 4.2, we evaluate the quality and capacity of the learned representations through linear
classification/probe (LP) and 1-nearest neighbour (1-NN) accuracy. Experiments show that MRL
models remove the dependence on | M| resource-intensive independently trained models for the
coarse-to-fine representations while being as accurate. Lastly, we show that despite optimizing
only for | M| dimensions, MRL models diffuse the information, in an interpolative fashion, across

all the d dimensions providing the finest granularity required for adaptive deployment.

4.2 Classification

Figure 4.1 compares the linear classification accuracy of ResNet50 models trained and evaluated
on ImageNet-1K. ResNet50-MRL model is at least as accurate as each FF model at every rep-
resentation size in M while MRL-E is within 1% starting from 16-dim. Similarly, Figure 4.2

showcases the comparison of learned representation quality through 1-NN accuracy on ImageNet-
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part of ALIGN. MRL scales seamlessly to ~ B/16 models; the accuracy in the intermediate

web-scale with minimal training overhead. dimensions shows interpolating behaviour.

1K (trainset with 1.3M samples as the database and validation set with 50K samples as the queries).
Matryoshka Representations are up to 2% more accurate than their fixed-feature counterparts for
the lower-dimensions while being as accurate elsewhere. 1-NN accuracy is an excellent proxy, at
no additional training cost, to gauge the utility of learned representations in the downstream tasks.

We also evaluate the quality of the representations from training ViT-B/16 on JFT-300M along-
side the ViT-B/16 vision encoder of the ALIGN model — two web-scale setups. Due to the ex-
pensive nature of these experiments, we only train the highest capacity fixed feature model and
choose random features for evaluation in lower-dimensions. Web-scale is a compelling setting for
MRL due to its relatively inexpensive training overhead while providing multifidelity represen-
tations for downstream tasks. Figure 4.3, evaluated with 1-NN on ImageNet-1K, shows that all
the MRL models for JFT and ALIGN are highly accurate while providing an excellent cost-vs-
accuracy trade-off at lower-dimensions. These experiments show that MRL seamlessly scales to
large-scale models and web-scale datasets while providing the otherwise prohibitively expensive
multi-granularity in the process. We also have similar observations when pretraining BERT; please

see Appendix E.2 for more details. Our experiments also show that post-hoc compression (SVD),
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linear probe on random features, and sub-net style slimmable networks drastically lose accuracy
compared to MRL as the representation size decreases. Finally, Figure 4.4 shows that, while MRL
explicitly optimizes O(log(d)) nested representations — removing the O(d) dependence [93] —,
the coarse-to-fine grained information is interpolated across all d dimensions providing highest

flexibility for adaptive deployment.

4.3 Adaptive Classification

The flexibility and coarse-to-fine granularity within Matryoshka Representations allows model
cascades [110] for Adaptive Classification (AC) [36]. Unlike standard model cascades [115], MRL
does not require multiple expensive neural network forward passes. To perform AC with an MRL
trained model, we learn thresholds on the maximum softmax probability [43] for each nested clas-
sifier on a holdout validation set. We then use these thresholds to decide when to transition to the
higher dimensional representation (e.g 8 — 16 — 32) of the MRL model. Appendix E.1 dis-
cusses the implementation and learning of thresholds for cascades used for adaptive classification

in detail.

Figure 4.5 shows the comparison between cascaded MRL representations (MRL-AC) and in-
dependently trained fixed feature (FF) models on ImageNet-1K with ResNet50. We computed the
expected representation size for MRL—AC based on the final dimensionality used in the cascade.
We observed that MRL-AC was as accurate, 76.30%), as a 512-dimensional FF model but required
an expected dimensionality of ~ 37 while being only 0.8% lower than the 2048-dimensional FF
baseline. Note that all MRL-AC models are significantly more accurate than the FF baselines at
comparable representation sizes. MRL—AC uses up to ~ 14 x smaller representation size for the
same accuracy which affords computational efficiency as the label space grows [109]. Lastly, our
results with MRL—-AC indicate that instances and classes vary in difficulty which we analyze in

Section 6.1 and Appendix L.



21

4.4 Retrieval

Nearest neighbour search with learned representations powers a plethora of retrieval and search
applications [19, 111, 13, 83]. In this section, we discuss the image retrieval performance of
the pretrained ResNet50 models (Section 4.1) on two large-scale datasets ImageNet-1K [95] and
ImageNet-4K. ImageNet-1K has a database size of ~1.3M and a query set of 50K samples uni-
formly spanning 1000 classes. We also introduce ImageNet-4K which has a database size of
~4.2M and query set of ~200K samples uniformly spanning 4202 classes (see Appendix B for de-
tails). A single forward pass on ResNet50 costs 4 GFLOPs while exact retrieval costs 2.6 GFLOPs
per query for ImageNet-1K. Although retrieval overhead is 40% of the total cost, retrieval cost
grows linearly with the size of the database. ImageNet-4K presents a retrieval benchmark where
the exact search cost becomes the computational bottleneck (8.6 GFLOPs per query). In both these
settings, the memory and disk usage are also often bottlenecked by the large databases. However, in
most real-world applications exact search, O(dN), is replaced with an approximate nearest neigh-
bor search (ANNS) method like HNSW [79], O(dlog(NV)), with minimal accuracy drop at the cost

of additional memory overhead.

The goal of image retrieval is to find images that belong to the same class as the query using
representations obtained from a pretrained model. In this section, we compare retrieval perfor-
mance using mean Average Precision @ 10 (mAP@10) which comprehensively captures the setup
of relevant image retrieval at scale. We measure the cost per query using exact search in MFLOPs.
All embeddings are unit normalized and retrieved using the L2 distance metric. Lastly, we report
an extensive set of metrics spanning mAP@Fk and P@F for k = {10, 25,50, 100} and real-world

wall-clock times for exact search and HNSW. See Appendices F and F.1 for more details.

Figure 4.6 compares the mAP@ 10 performance of ResNet50 representations on ImageNet-1K
across dimensionalities for MRL, MRL-E, FF, slimmable networks along with post-hoc compres-
sion of vectors using SVD and random feature selection. Matryoshka Representations are often
the most accurate while being up to 3% better than the FF baselines. Similar to classification, post-

hoc compression and slimmable network baselines suffer from significant drop-off in retrieval
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ResNet50 using cascades results in 14x  ImageNet-1K with ResNet50. MRL consis-

smaller representation size for the same level of  tently produces better retrieval performance

accuracy on ImageNet-1K (~ 37 vs 512 dims  over the baselines across all the representation

for 76.3%). sizes.

mAP@10 with < 256 dimensions. Appendix F discusses the mAP@10 of the same models on
ImageNet-4K.

MRL models are capable of performing accurate retrieval at various granularities without the
additional expense of multiple model forward passes for the web-scale databases. FF models
also generate independent databases which become prohibitively expense to store and switch in
between. Matryoshka Representations enable adaptive retrieval (AR) which alleviates the need
to use full-capacity representations, d = 2048, for all data and downstream tasks. Lastly, all the
vector compression techniques [74, 52] used as part of the ANNS pipelines are complimentary to

Matryoshka Representations and can further improve the efficiency-vs-accuracy trade-off.

4.5 Adaptive Retrieval

We benchmark MRL in the adaptive retrieval setting (AR) [59]. For a given query image, we ob-

tained a shortlist, K = 200, of images from the database using a lower-dimensional representation,
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Figure 4.7: The trade-off between mAP@10 vs MFLOPs/Query for Adaptive Retrieval (AR) on
ImageNet-1K (left) and ImageNet-4K (right). Every combination of D, & D, falls above the
Pareto line (orange dots) of single-shot retrieval with a fixed representation size while having con-
figurations that are as accurate while being up to 14x faster in real-world deployment. Funnel
retrieval is almost as accurate as the baseline while alleviating some of the parameter choices of

Adaptive Retrieval.

e.g. Dy = 16 followed by reranking with a higher capacity representation, e.g. D, = 2048. In
real-world scenarios where top ranking performance is the key objective, measured with mAP@#F
where k covers a limited yet crucial real-estate, AR provides significant compute and memory
gains over single-shot retrieval with representations of fixed dimensionality. Finally, the most ex-
pensive part of AR, as with any retrieval pipeline, is the nearest neighbour search for shortlisting.
For example, even naive re-ranking of 200 images with 2048 dimensions only costs 400 KFLOPs.
While we report exact search cost per query for all AR experiments, the shortlisting component
of the pipeline can be sped-up using ANNS, such as IVF, HNSW and DiskANN. Appendix C.1
has a detailed discussion on compute cost for exact search, memory overhead of HNSW indices
and wall-clock times for both implementations. We note that using HNSW with 32 neighbours for

shortlisting does not decrease accuracy during retrieval.

Figure 4.7 showcases the compute-vs-accuracy trade-off for adaptive retrieval using MRs com-
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pared to single-shot using fixed features with ResNet50 on ImageNet-1K. We observed that all AR
settings lied above the Pareto frontier of single-shot retrieval with varying representation sizes. In
particular for ImageNet-1K, we show that the AR model with Dy = 16 & D, = 2048 is as ac-
curate as single-shot retrieval with d = 2048 while being ~ 128 x more efficient in theory and
~ 14 x faster in practice (compared using HNSW on the same hardware). We show similar trends
with ImageNet-4K, but note that we require Dy = 64 given the increased difficulty of the dataset.
This results in ~ 32x and ~ 6x theoretical and in-practice speedups respectively. Lastly, while
K = 200 works well for our adaptive retrieval experiments, we ablated over the shortlist size k in
Appendix M.2 and found that the accuracy gains stopped after a point, further strengthening the
use-case for Matryoshka Representation Learning and adaptive retrieval.

Even with adaptive retrieval, it is hard to determine the choice of D & D,. In order to alleviate
this issue to an extent, we propose Funnel Retrieval, a consistent cascade for adaptive retrieval.
Funnel thins out the initial shortlist by a repeated re-ranking and shortlisting with a series of in-
creasing capacity representations. Funnel halves the shortlist size and doubles the representation
size at every step of re-ranking. For example on ImageNet-1K, a funnel with the shortlist progres-
sion of 200 — 100 — 50 — 25 — 10 with the cascade of 16 — 32 — 64 — 128 — 256 — 2048
representation sizes within Matryoshka Representation is as accurate as the single-shot 2048-dim
retrieval while being ~ 128 x more efficient theoretically (see Appendix F.1 for more results).

While the gains provided by AR and Funnel Retrieval over vanilla single-shot retrieval show-
case the potential of MRL for large-scale multi-stage search systems [19], AR requires forming
a new index for every shortlisting provided by low-dimensional MR. The AdANNS framework
allows adaptive nearest neighbors search across compute budgets with a single index, and is thus a

step towards making AR feasible at web-scale.
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Chapter 5
ADANNS - ADAPTIVE ANNS

In this section, we present our proposed AAANNS % framework that exploits the inherent
flexibility of matryoshka representations to improve the accuracy-compute trade-off for semantic
search components. Standard ANNS pipeline can be split into two key components: (a) search
data structure that indexes and stores data points, (b) query-point computation method that outputs
(approximate) distance between a given query and data point. For example, standard IVFOPQ [54]
method uses an IVF structure to index points on full-precision vectors and then relies on OPQ for
more efficient distance computation between the query and the data points during the linear scan.

Below, we show that AAANNS can be applied to both the above-mentioned ANNS compo-
nents and provides significant gains on the computation-accuracy tradeoff curve. In particular, we
present AAANNS-IVF which is AAANNS version of the standard IVF index structure [102], and
the closely related ScaNN structure [33]. We also present AAANNS-OPQ which introduces repre-
sentation adaptivity in the OPQ, an industry-default quantization. Then, in Section 5.3 we further
demonstrate the combination of the two techniques to get AAANNS-IVFOPQ — an AdANNS ver-
sion of IVFOPQ [54] — and AdANNS-DiskANN, a similar variant of DiskANN [51]. Overall, our
experiments show that AAANNS-IVF is significantly more accuracy-compute optimal compared
to the IVF indices built on RRs and AAANNS-OPQ is as accurate as the OPQ on RRs while being

significantly cheaper.

5.1 AdANNS-IVF

Recall from Section 1 that IVF has a clustering and a linear scan phase, where both phase use
same dimensional rigid representation. Now, AAANNS-IVF allows the clustering phase to use the

first d. dimensions of the given matryoshka representation (MR). Similarly, the linear scan within
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Figure 5.1: 1-NN accuracy on ImageNet retrieval shows that AAANNS-IVF achieves near-optimal
accuracy-compute trade-off compared across various rigid and adaptive baselines. Both adaptive
variants of MR and RR significantly outperform their rigid counterparts (IVF-XX) while post-hoc

compression on RR using SVD for adaptivity falls short.

each cluster uses ds dimensions, where again d; represents top ds coordinates from MR. Note
that setting d. = d, results in non-adaptive regular IVF. Intuitively, we would set d. < dg, so that
instead of clustering with a high-dimensional representation, we can approximate it accurately with
a low-dimensional embedding of size d. followed by a linear scan with a higher ds-dimensional
representation. Intuitively, this helps in the smooth search of design space for state-of-the-art
accuracy-compute trade-off. Furthermore, this can provide a precise operating point on accuracy-

compute tradeoff curve which is critical in several practical settings.

Our experiments on regular IVF with MRs and RRs (IVF-MR & IVF-RR) of varying di-
mensionalities and IVF configurations (# clusters, # probes) show that (Figure 5.1) matryoshka

representations result in a significantly better accuracy-compute trade-off. We further studied and
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found that learned lower-dimensional representations offer better accuracy-compute trade-offs for

IVF than higher-dimensional embeddings (see Appendix H for more results).

AdANNS utilizes d-dimensional matryoshka representation to get accurate d. and d, dimen-
sional vectors at no extra compute cost. The resulting AdANNS-IVF provides a much better
accuracy-compute trade-off (Figure 5.1) on ImageNet-1K retrieval compared to IVF-MR, IVF-RR,
and MG-IVF-RR - multi-granular IVF with rigid representations (akin to AAANNS without MR)
— a strong baseline that uses d. and d; dimensional RRs. Finally, we exhaustively search the design
space of IVF by varying d.., d, € [8,16, ... ,2048] and the number of clusters k € [8,16, . ..,2048|.
Please see Appendix H for more details. For IVF experiments on the NQ dataset, please refer to

Appendix J.

Empirical results. Figure 5.1 shows that AAANNS-IVF outperforms the baselines across all
accuracy-compute settings for ImageNet-1K retrieval. AdANNS-IVF results in 10x lower com-
pute for the best accuracy of the extremely expensive MG-IVF-RR and non-adaptive IVF-MR.
Specifically, as shown in Figure 5.2a, AAANNS-IVF is up to 1.5% more accurate for the same
compute and has up to 100x lesser FLOPS/query (90x real-world speed-up!) than the status
quo ANNS on rigid representations (IVF-RR). We filter out points for the sake of presentation
and encourage the reader to check out Figure H.1 in Appendix H for an expansive plot of all the

configurations searched.

The advantage of AAANNS for construction of search structures is evident from the improve-
ments in IVF (AdANNS-IVF) and can be easily extended to other ANNS structures like ScaNN [33]
and HNSW [78]. For example, HNSW consists of multiple layers with graphs of NSW graphs [80]
of increasing complexity. AAANNS can be adopted to HNSW, where the construction of each level
can be powered by appropriate dimensionalities for an optimal accuracy-compute trade-off. In gen-
eral, AAANNS provides fine-grained control over compute overhead (storage, working memory,
inference, and construction cost) during construction and inference while providing the best possi-

ble accuracy.
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Figure 5.2: AdANNS helps design search data structures and quantization methods with better
accuracy-compute trade-offs than the existing solutions. In particular, (a) AAANNS-IVF im-
proves on standard IVF by up to 1.5% in accuracy while being 90x faster in deployment and
(b) AAANNS-OPQ is as accurate as the baseline at half the cost! Rigid-IVF and Rigid-OPQ are
standard techniques that are built on rigid representations (RRs) while AAANNS uses matryoshka

representations (MRs) [64].

5.2 AJdANNS-OPQ

Standard Product Quantization (PQ) essentially performs block-wise vector quantization via clus-
tering. For example, suppose we need 32-byte PQ compressed vectors from the given 2048 dimen-
sional representations. Then, we can chunk the representations in 32 equal blocks/sub-vectors of
64-d each, and each sub-vector space is clustered into 2% = 256 partitions. That is, the representa-
tion of each point is essentially cluster-id for each block. Optimized PQ (OPQ) [29] further refines
this idea, by first rotating the representations using a learned orthogonal matrix, and then applying
PQ on top of the rotated representations. In ANNS, OPQ is used extensively to compress vec-

tors and improves approximate distance computation primarily due to significantly lower memory



29

overhead than storing full-precision data points IVF.

AdANNS-OPQ utilizes MR representations to apply OPQ on lower-dimensional representa-
tions. That is, for a given quantization budget, AANNS allows using top ds < d dimensions
from MR and then computing clusters with ds/B-dimensional blocks where B is the number of
blocks. Depending on d, and B, we have further flexibility of trading-oft dimensionality/capacity
for increasing the number of clusters to meet the given quantization budget. AAANNS-OPQ tries
multiple dg, B, and number of clusters for a fixed quantization budget to obtain the best performing
configuration.

We experimented with 8 — 128 byte OPQ budgets for both ImageNet and Natural Questions
retrieval with an exhaustive search on the quantized vectors. We compare AdANNS-OPQ which
uses MRs of varying granularities to the baseline OPQ built on the highest dimensional RRs. We
also evaluate OPQ vectors obtained projection using SVD [31] on top of the highest-dimensional

RRs.

Empirical results. Figures 5.3 and 5.2b show that AAANNS-OPQ significantly outperforms —
up to 4% accuracy gain — the baselines (OPQ on RRs) across compute budgets on both ImageNet
and NQ. In particular, AAANNS-OPQ tends to match the accuracy of a 64-byte (a typical choice
in ANNS) OPQ baseline with only a 32-byte budget. This results in a 2 x reduction in both storage
and compute FLOPS which translates to significant gains in real-world web-scale deployment (see
Appendix G).

We only report the best AAANNS-OPQ for each budget typically obtained through a much
lower-dimensional MR, (128 & 192; much faster to build as well) than the highest-dimensional
MR (2048 & 768) for ImageNet and NQ respectively (see Appendix J for more details). At the
same time, we note that building compressed OPQ vectors on projected RRs using SVD to the
smaller dimensions (or using low-dimensional RRs, see Appendix G) as the optimal AdANNS-
OPQ does not help in improving the accuracy. The significant gains we observe in AAANNS-OPQ
are purely due to better information packing in MRs — we hypothesize that packing the most

important information in the initial coordinates results in a better PQ quantization than RRs where
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the information is uniformly distributed across all the dimensions [64, 104]. See Appendix G for

more details and experiments.

5.3 AdANNS for Composite Indices

We now extend AAANNS to composite indices [54] which put together two main ANNS building
blocks — search structures and quantization — together to obtain efficient web-scale ANNS indices
used in practice. A simple instantiation of a composite index would be the combination of IVF
and OPQ — IVFOPQ — where the clustering in IVF happens with full-precision real vectors but
the linear scan within each cluster is approximated using OPQ-compressed variants of the repre-

sentation — since often the full-precision vectors of the database cannot fit in RAM. Contemporary
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Table 5.1: AdANNS-DiskANN using a 16-d MR + re-ranking with the 2048-d MR outperforms
DiskANN built on 2048-d RR at half the compute cost on ImageNet retrieval.

RR-2048 AdANNS

PQ Budget (Bytes) 32 16
Top-1 Accuracy (%) 70.37 70.56
mAP@10 (%) 62.46 64.70

Precision@40 (%) 65.65 68.25

ANNS indices like DiskANN [51] make this a default choice where they build the search graph
with a full-precision vector and approximate the distance computations during search with an OPQ-
compressed vector to obtain a very small shortlist of retrieved datapoints. In DiskANN, the shortlist
of data points is then re-ranked to form the final list using their full-precision vectors fetched from
the disk. AdANNS is naturally suited to this shortlist-rerank framework: we use a low-d MR
for forming index, where we could tune AAANNS parameters according to the accuracy-compute

trade-off of the graph and OPQ vectors. We then use a high-d MR for re-ranking.

Empirical results. Figure 5.4 shows that AAANNS-IVFOPQ is 1 — 4% better than the baseline
at all the PQ compute budgets. Furthermore, AAANNS-IVFOPQ has the same accuracy as the
baselines at 8x lower overhead. With DiskANN, AdANNS accelerates shortlist generation by
using low-dimensional representations and recoups the accuracy by re-ranking with the highest-
dimensional MR at negligible cost. Table 5.1 shows that AAANNS-DiskANN is more accurate
than the baseline for both 1-NN and ranking performance at only half the cost. Using low-
dimensional representations further speeds up inference in AAANNS-Disk ANN (see Appendix I).

These results show the generality of AAANNS and its broad applicability across a variety of
ANNS indices built on top of the base building blocks. Currently, AAANNS piggybacks on typical

ANNS pipelines for their inherent accounting of the real-world system constraints [33, 51, 55].
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However, we believe that AAANNS’s flexibility and significantly better accuracy-compute trade-
off can be further informed by real-world deployment constraints. We leave this high-potential line

of work that requires extensive study to future research.
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Chapter 6
FURTHER ANALYSIS AND DISCUSSION

6.1 Matryoshka Representation Learning

Robustness. We evaluate the robustness of the MRL models trained on ImageNet-1K on out-of-
domain datasets, ImageNetV2/R/A/Sketch [91, 42, 44, 113], and compare them to the FF baselines.
Table K.1 in Appendix K demonstrates that Matryoshka Representations for classification are at
least as robust as the original representation while improving the performance on ImageNet-A by
0.6% — a 20% relative improvement. We also study the robustness in the context of retrieval by
using ImageNetV2 as the query set for ImageNet-1K database. Table F.2 in Appendix F shows
that MRL models have more robust retrieval compared to the FF baselines by having up to 3%
higher mAP@10 performance. This observation also suggests the need for further investigation
into robustness using nearest neighbour based classification and retrieval instead of the standard
linear probing setup. We also find that the zero-shot robustness of ALIGN-MRL (Table K.2 in
Appendix K) agrees with the observations made by Wortsman et al. [118]. Lastly, Table E.6 in
Appendix E.2 shows that MRL also improves the cosine similarity span between positive and

random image-text pairs.

Disagreement across Dimensions. The information packing in Matryoshka Representations
often results in gradual increase of accuracy with increase in capacity. However, we observed
that this trend was not ubiquitous and certain instances and classes were more accurate when
evaluated with lower-dimensions (Figure L.1 in Appendix L). With perfect routing of instances to
appropriate dimension, MRL can gain up to 4.6% classification accuracy. At the same time, the
low-dimensional models are less accurate either due to confusion within the same superclass [27]

of the ImageNet hierarchy or presence of multiple objects of interest. Figure 6.1 showcases 2
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Figure 6.1: Grad-CAM [98] progression of predictions in MRL model across 8, 16, 32 and 2048
dimensions. (a) 8-dimensional representation confuses due to presence of other relevant objects
(with a larger field of view) in the scene and predicts “shower cap” ; (b) 8-dim model confuses
within the same super-class of “boa” ; (c¢) 8 and 16-dim models incorrectly focus on the eyes of the
doll (’sunglasses”) and not the ’sweatshirt” which is correctly in focus at higher dimensions; MRL

fails gracefully in these scenarios and shows potential use cases of disagreement across dimensions.

such examples for 8-dimensional representation. These results along with Appendix L put forward
the potential for MRL to be a systematic framework for analyzing the utility and efficiency of

information bottlenecks.
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Superclass Accuracy. As the information bottleneck becomes smaller, the overall accuracy on
fine-grained classes decreases rapidly (Figure 4.2). However, the drop-off is not as significant when
evaluated at a superclass level (Table L.3 in Appendix L). Figure 6.2 presents that this phenomenon
occurs with both MRL and FF models; MRL is more accurate across dimensions. This shows that
tight information bottlenecks while not highly accurate for fine-grained classification, do capture
required semantic information for coarser classification that could be leveraged for adaptive routing
for retrieval and classification. Mutifidelity of Matryoshka Representation naturally captures the
underlying hierarchy of the class labels with one single model. Lastly, Figure 6.3 showcases the
accuracy trends per superclass with MRL. The utility of additional dimensions in distinguishing
a class from others within the same superclass is evident for “garment” which has up to 11%
improvement for 8 — 16 dimensional representation transition. We also observed that superclasses
such as “oscine (songbird)” had a clear visual distinction between the object and background and

thus predictions using 8 dimensions also led to a good inter-class separability within the superclass.
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MRL Ablations Table M.1 in Appendix M presents that Matryoshka Representations can be
enabled within off-the-shelf pretrained models with inexpensive partial finetuning thus paving a
way for ubiquitous adoption of MRL. At the same time, Table M.2 in Appendix C indicates
that with optimal weighting of the nested losses we could improve accuracy of lower-dimensions
representations without accuracy loss. Tables M.3 and M.4 in Appendix C ablate over the choice
of initial granularity and spacing of the granularites. Table M.3 reaffirms the design choice to shun
extremely low dimensions that have poor classification accuracy as initial granularity for MRL
while Table M.4 confirms the effectiveness of logarthmic granularity spacing inspired from the
behaviour of accuracy saturation across dimensions over uniform. Lastly, Tables M.5 and M.6 in
Appendix M.2 show that the retrieval performance saturates after a certain shortlist dimension and

length depending on the complexity of the dataset.

6.2 Compute-aware Elastic Search During Inference

AdANNS search structures cater to many specific large-scale use scenarios that need to satisfy
precise resource constraints during construction as well as inference. However, in many cases,
construction and storage of the indices are not the bottlenecks or the user is unable to search the de-
sign space. In these settings, AAANNS-D enables adaptive inference through accurate yet cheaper
distance computation using the low-dimensional prefix of matryoshka representation. Akin to com-
posite indices (Section 5.3) that use PQ vectors for cheaper distance computation, we can use the
low-dimensional MR for faster distance computation on ANNS structure built non-adaptively with

a high-dimensional MR without any modifications to the existing index.

Empirical results. Figure 5.1 shows that for a given compute budget using IVF on ImageNet-
1K retrieval, AANNS-IVF is better than AAANNS-IVFE-D due to the explicit control during the
building of the ANNS structure which is expected. However, the interesting observation is that
AdANNS-D matches or outperforms the IVF indices built with MRs of varying capacities for
ImageNet retrieval.

However, these methods are applicable in specific scenarios of deployment. Obtaining optimal
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AdANNS search structure (highly accurate) or even the best IVF-MR index relies on a relatively
expensive design search but delivers indices that fit the storage, memory, compute, and accuracy
constraints all at once. On the other hand AAANNS-D does not require a precisely built ANNS
index but can enable compute-aware search during inference. AdAANNS-D is a great choice for
setups that can afford only one single database/index but need to cater to varying deployment
constraints, e.g., one task requires 70% accuracy while another task has a compute budget of 1

MFLOPS/query.
6.3 Why MRs over RRs?

Quite a few of the gains from AdANNS are owing to the quality and capabilities of matryoshka
representations. So, we conducted extensive analysis to understand why matryoshka representa-
tions seem to be more aligned for semantic search than the status-quo rigid representations.

Difficulty of NN search. Relative contrast (C).) [37] is inversely proportional to the difficulty of
nearest neighbor search on a given database. On ImageNet-1K, Figure M.5 shows that MRs have
better C,. than RRs across dimensionalities, further supporting that matryoshka representations
are more aligned (easier) for NN search than existing rigid representations for the same accuracy.
More details and analysis about this experiment can be found in Appendix M.5.

Clustering distributions. We also investigate the potential deviation in clustering distributions
for MRs across dimensionalities compared to RRs. Unlike the RRs where the information is uni-
formly diffused across dimensions [104], MRs have hierarchical information packing. Figure M.2
in Appendix M.3 shows that matryoshka representations result in clusters similar (measured by to-
tal variation distance [72]) to that of rigid representations and do not result in any unusual artifacts.

Robustness. Figure K.1 shows that MRs continue to be better than RRs even for out-of-
distribution (OOD) image queries (ImageNetV2 [91]) using ANNS. It also shows that the highest
data dimensionality need not always be the most robust which is further supported by the higher
recall using lower dimensions. Further details about this experiment can be found in Appendix K.2.

Generality across encoders. IVF-MR consistently has higher accuracy than IVF-RR across

dimensionalities despite having similar accuracies with exact NN search (for ResNet50 on Ima-
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geNet and BERT-Base on NQ). We find that our observations on better alignment of MRs for NN
search hold across neural network architectures, ResNet18/34/101 [40] and ConvNeXt-Tiny [75].
Appendix M.6 delves deep into the experimentation done using various neural architectures on
ImageNet-1K.

Recall score analysis. Analysis of recall score (see Appendix D) in Appendix M.4 shows
that for a similar top-1 accuracy, lower-dimensional representations have better 1-Recall@1 across
search complexities for IVF and HNSW on ImageNet-1K. Across the board, MRs have higher re-
call scores and top-1 accuracy pointing to easier “searchability” and thus suitability of matryoshka
representations for ANNS. Larger-scale experiments and further analysis can be found in Ap-
pendix M.

Through these analyses, we argue that matryoshka representations are better suited for semantic

search than rigid representations, thus making them an ideal choice for AAANNS.

6.4 Limitations

MRL. The results in Section 6.1 reveal interesting weaknesses of MRL that would be logical
directions for future work. (1) Optimizing the weightings of the nested losses to obtain a Pareto
optimal accuracy-vs-efficiency trade-off — a potential solution could emerge from adaptive loss
balancing aspects of anytime neural networks [48]. (2) Using different losses at various fidelities
aimed at solving a specific aspect of adaptive deployment — e.g. high recall for 8-dimension and
robustness for 2048-dimension. (3) Learning a search data-structure, like differentiable k-d tree,
on top of Matryoshka Representation to enable dataset and representation aware retrieval. (4)
Finally, the joint optimization of multi-objective MRL combined with end-to-end learnable search

data-structure to have data-driven adaptive large-scale retrieval for web-scale search applications.

AdANNS. AdANNS’s core focus is to improve the design of the existing ANNS pipelines. To
use AdANNS on a corpus, we need to back-fill [90] the MRs of the data — a significant yet a
one-time overhead. We also notice that high-dimensional MRs start to degrade in performance

when optimizing also for an extremely low-dimensional granularity (e.g., < 24-d for NQ) — other-
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wise is it quite easy to have comparable accuracies with both RRs and MRs. Lastly, the existing
dense representations can only in theory be converted to MRs with an auto-encoder-style non-

linear transformation. We believe most of these limitations form excellent future work to improve

AdANNS further.
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Chapter 7
CONCLUSIONS AND FUTURE DIRECTIONS

In conclusion, we presented € Matryoshka Representation Learning (MRL), a flexible rep-
resentation learning approach that encodes information at multiple granularities in a single embed-
ding vector. This enables the MRL to adapt to a downstream task’s statistical complexity as well
as the available compute resources. We demonstrate that MRL can be used for large-scale adaptive
classification as well as adaptive retrieval. On standard benchmarks, MRL matches the accuracy
of the fixed-feature baseline despite using 14 x smaller representation size on average. Further-
more, the Matryoshka Representation based adaptive shortlisting and re-ranking system ensures
comparable mAP@10 to the baseline while being 128 x cheaper in FLOPs and 14 x faster in wall-
clock time. In addition, most of the efficiency techniques for model inference and vector search are
complementary to MRL € further assisting in deployment at the compute-extreme environments.

This adaptability of MRL to all real-world compute budgets motivated our proposed novel
framework, AAANNS %, that leverages adaptive representations for different phases of ANNS
pipelines to improve the accuracy-compute tradeoff. AdANNS utilizes the inherent flexibility
of Matryoshka Representations to design better ANNS building blocks than the standard ones
which use the rigid representation in each phase. AdANNS achieves SOTA accuracy-compute
trade-off for the two main ANNS building blocks: search data structures (AdANNS-IVF) and
quantization (AdANNS-OPQ). Finally, the combination of AdANNS-based building blocks leads
to the construction of better real-world composite ANNS indices — with as much as 8 x reduction in

cost at the same accuracy as strong baselines — while also enabling compute-aware elastic search.
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Algorithm 1 Pytorch code for Matryoshka Cross-Entropy Loss

class Matryoshka_CE_Loss (nn.Module) :
def __init__ (self, relative_importance, *xkwargs):
super (Matryoshka_CE_Loss, self)._ _init_ ()
self.criterion = nn.CrossEntropyLoss (xxkwargs)
self.relative_importance = relative_importance # usually set to

all ones

def forward(self, output, target):
loss=0
for 1 in range(len (output)) :
loss+= self.relative_importance[i] * self.criterion(output[i],
target)

return loss
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Algorithm 2 Pytorch code for MRL Linear Layer

class MRL_Linear_Layer (nn.Module) :
def __init__ (self, nesting_list: List, num_classes=1000, efficient=False
, *xkwargs) :
super (MRL_Linear_ Layer, self).__init__ ()
self.nesting_list=nesting_list # set of m in M (Eg. 1)
self.num_classes=num_classes

self.is_efficient=efficient # flag for MRL-E

if not is_efficient:
for i, num_feat in enumerate(self.nesting list):
setattr(self, f"nesting classifier_{i}", nn.Linear (num_feat,
self.num_classes, *xkwargs))
else:
setattr(self, "nesting_classifier_0", nn.Linear (self.nesting_list
[-1], self.num_classes, #*+*kwargs)) # Instantiating one nn.

Linear layer for MRL-E

def forward(self, x):
nesting_logits = ()
for i, num_feat in enumerate(self.nesting_ list):
if (self.is_efficient):
efficient_logit = torch.matmul (x[:, :num_feat], (self.
nesting_classifier O.weight[:, :num_feat]) .t ())
else:
nesting_logits.append (getattr(self, £"

nesting_classifier {i}") (x[:, :num_feat]))

if(self.is_efficient):

nesting_logits.append(efficient_logit)

return nesting_logits
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Algorithm 3 AAANNS-IVF Psuedocode

# Index database to construct clusters and build inverted file system

def adannsConstruction (database, d_cluster, num_clusters):
# Slice database with cluster construction dim (d_cluster)
xb = database[:d_cluster]

cluster_centroids = constructClusters (xb, num_clusters)

return cluster_centroids

def adannsInference (queries, centroids, d_shortlist, d_search, num_probes, k):
# Slice queries and centroids with cluster shortlist dim (d_shortlist)
xq = queries[:d_shortlist]

xc = centroids[:d_shortlist]

for g in queries:
# compute distance of query from each cluster centroid
candidate_distances = computeDistances (g, xc)
# sort cluster candidates by distance and choose small number to probe
cluster_candidates = sortAscending(candidate_distances) [:num_probes]
database_candidates = getClusterMembers (cluster_candidates)
# Linear Scan all shortlisted clusters with search dim (d_search)

k_nearest_neighbors|[g] = linearScan (g, database_candidates, d_search, k)

return k_nearest_neighbors
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Appendix B
DATASETS

ImageNet-1K [95] contains 1,281,167 labeled train images, and 50,000 labelled validation
images across 1,000 classes. The images were transformed with standard procedures detailed by
FFCV [69].

ImageNet-4K dataset' was constructed by selecting 4,202 classes, non-overlapping with
ImageNet-1K, from ImageNet-21K [21] with 1,050 or more examples. The train set contains
1,000 examples and the query/validation set contains 50 examples per class totalling to ~4.2M and
~200K respectively.

JFT-300M [105] is a large-scale multi-label dataset with 300M images labelled across 18,291
categories.

ALIGN [53] utilizes a large scale noisy image-text dataset containing 1.8B image-text pairs.

ImageNetV2 [91] is a collection of 10K images sampled a decade after the original con-
struction of ImageNet [21]. ImageNetV2 contains 10 examples each from the 1,000 classes of
ImageNet-1K.

ImageNet-A [44] contains 7.5K real-world adversarially filtered images from 200 ImageNet-
1K classes.

ImageNet-R [42] contains 30K artistic image renditions for 200 of the original ImageNet-
1K classes.

ImageNet-Sketch [113] contains 50K sketches, evenly distributed over all 1,000 ImageNet-
1K classes.

ObjectNet [3] contains 50K images across 313 object classes, each containing ~160 images

each.

"More details can be found at https://github.com/RAIVNLab/MRL/tree/main/imagenet-4k
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Appendix C
MODEL TRAINING AND COMPUTE COSTS

We trained all ResNetS0—MRL models using the efficient dataloaders of FFCV [69]. We uti-
lized the rn50_40_epochs.yaml configuration file of FFCV to train all MRL models defined

below:
* MRL: ResNet50 model with the fc layer replaced by MRL_Linear_Layer (efficient=False)
* MRL-E: ResNet50 model with the fc layer replaced by MRL_Linear_Layer (efficient=True)

* FF—k: ResNet50 model with the fc layer replaced by torch.nn.Linear (k, num_classes),
where k € [8,16, 32,64, 128, 256, 512, 1024, 2048]. We will henceforth refer to these models as

simply FF, with the k value denoting representation size.

We trained all ResNet50 models with a learning rate of 0.475 with a cyclic learning rate sched-
ule [103]. This was after appropriate scaling (0.25x) of the learning rate specified in the config-
uration file to accommodate for 2xA100 NVIDIA GPUs available for training, compared to the
8xA100 GPUs utilized in the FFCV benchmarks. We trained with a batch size of 256 per GPU,
momentum [106] of 0.9, and an SGD optimizer with a weight decay of 1e-4.

Our code (Appendix A) makes minimal modifications to the training pipeline provided by
FFCV to learn Matryoshka Representations. As MRL makes minimal modifications to the
ResNet50 model in the final fc layer via multiple heads for representations at various scales, it
has only an 8MB storage overhead when compared to a standard ResNet50 model. MRL-E has
no storage overhead as it has a shared head for logits at the final fc layer.

We trained ViT-B/16 models for JFT-300M on a 8x8 cloud TPU pod [57] using Tensorflow [1]

with a batchsize of 128 and trained for 300K steps. Similarly, ALIGN models were trained using


rn50_40_epochs.yaml
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Tensorflow on 8x8 cloud TPU pod for 1M steps with a batchsize of 64 per TPU. Both these models
were trained with adafactor optimizer [99] with a linear learning rate decay starting at le-3.

Lastly, we trained a BERT-Base model on English Wikipedia and BookCorpus. We trained
our models in Tensorflow using a 4x4 cloud TPU pod with a total batchsize of 1024. We used
AdamW [77] optimizer with a linear learning rate decay starting at le-4 and trained for 450K
steps.

In each configuration/case, if the final representation was normalized in the FF implementation,
MRL models adopted the same for each nested dimension for a fair comparison. All MRL code is

available at https://github.com/RAIVNLab/MRL.

Table C.1: Retrieval k-NN wall clock search times (s) over the entire validation (query) set of

ImageNet-1K and ImageNet-4K, containing S0K and 200K samples respectively.

ImageNet-1K ImageNet-4K
Rep. Size
ExactL2 HNSW32 | ExactL2 HNSW32
8 0.60 0.14 35.70 1.17
16 0.57 0.18 36.16 1.65
32 0.60 0.20 36.77 1.75
64 0.66 0.24 27.88 221
128 0.86 0.32 30.10 4.15
256 1.29 0.46 34.97 3.39
512 2.17 0.68 46.97 4.83
1024 3.89 1.05 70.59 7.14
2048 7.31 2.05 117.78 13.43

C.1 Retrieval Experimentation and Costs

A bulk of our retrieval experimentation was written with Faiss [54], a library for efficient similar-

ity search and clustering. More implementation details for retrieval are provided in Appendix F.
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AdANNS was implemented from scratch due to difficulty in decoupling clustering and linear scan
with Faiss, with code available at https://github.com/RAIVNLab/AdJANNS. We also
provide a version of AAANNS with Faiss optimizations with the restriction that D. > Dy as a
limitation of the current implementation. All ANNS experiments (AdANNS-IVF, MG-IVF-RR,
IVE-MR, IVF-RR, HNSW, HNSWOPQ, IVFOPQ) were run on an Intel Xeon 2.20GHz CPU with
12 cores. Exact Search experiments (Flat L2, PQ, OPQ) were run with CUDA 11.0 on a A100-
SXM4 NVIDIA GPU with 40G RAM. The wall-clock inference times quoted in Figure 5.2a are
reported on CPU with Faiss optimizations, and are averaged over three inference runs. Note that
Exact search has a search time complexity of O(dkN), and HNSW has a search time complexity
of O(dklog(N)), where N is the database size, d is the representation size, and k is the shortlist
length. To examine real-world performance, we tabulated wall clock search time for every query

in the ImageNet-1K and ImageNet-4K validation sets over all representation sizes d in Table C.1

Table C.2: FAISS [54] index size and build times for exact k-NN search with L2 Distance metric
and approximate k-NN search with HNSW32 [79].

‘ Exact Search ‘ HNSW32
Rep. Size ‘ ImageNet-1K ImageNet-4K ‘ ImageNet-1K ImageNet-4K
Index Size Index Build | Index Size Index Build | Index Size Index Build | Index Size Index Build

(MB) Time (s) (MB) Time (s) (MB) Time (s) (MB) Time (s)

8 40 0.04 131 0.33 381 4.87 1248 24.04
16 80 0.08 263 0.27 421 6.15 1379 33.31
32 160 0.16 525 0.52 501 6.80 1642 37.41
64 320 0.38 1051 1.05 661 8.31 2167 47.23
128 641 0.64 2101 2.10 981 11.73 3218 89.87
256 1281 1.27 4202 4.20 1622 17.70 5319 102.84
512 2562 2.52 8404 8.39 2903 27.95 9521 158.47
1024 5125 5.10 16808 17.20 5465 44.02 17925 236.30
2048 10249 10.36 33616 41.05 10590 86.15 34733 468.18
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for both Exact Search and HNSW32, and ablated wall clock query time over shortlist length £ on
the ImageNet-1K validation set in Table C.3. The wall clock time to build the index and the index

size is also shown in Table C.2.

Table C.3: Retrieval k-NN wall clock search times (s) over entire validation (query) set of

ImageNet-1K over various shortlist lengths £.

Index k=50 k=100 k=200 k=500 k=1000 k=2048

ExactL2 0.4406 0.4605 0.5736 0.6060 1.2781 2.7047
HNSW32 0.1193 0.1455 0.1833 0.2145  0.2333 0.2670

DPR [58] on NQ [68]. We follow the setup on the DPR repo!: the Wikipedia corpus has 21
million passages and Natural Questions dataset for open-domain QA settings. The training set
contains 79,168 question and answer pairs, the dev set has 8,757 pairs and the test set has 3,610

pairs.
C.2 AdANNS Inference Compute Cost

We evaluate inference compute costs for IVF in MegaFLOPS per query (MFLOPS/query) as shown
in Figures 5.1, M.1a, and H.1 as follows:

d,N
C = dgk+ 25D

where d.. is the cluster construction embedding dimensionality, d, is the embedding dim used for
linear scan within each probed cluster, which is controlled by # of search probes n,. Finally, &
is the number of clusters |C;| indexed over database of size Np. The default setting in this work,
unless otherwise stated, is n, = 1, £ = 1024, Np = 1281167 (ImageNet-1K trainset). Vanilla
IVF supports only d. = d,, while AAANNS-IVF-C provides flexibility via decoupling clustering

'"https://github.com/facebookresearch/DPR
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and search (Section 5). AAANNS-IVF-D is a special case of AAANNS-IVF-C with the flexibility

restricted to inference, i.e., d. is a fixed high-dimensional MR.
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Appendix D
EVALUATION METRICS

In this work, we primarily use top-1 accuracy (i.e. 1-Nearest Neighbor), recall @k, corrected
mean average precision (mMAP@k) [67] and k-Recall @N (recall score), which are defined over all

queries () over indexed database of size N as:

> o correct_pred@1

top-1 =

Q)
recall @k — > correct_predQk § num_classes
Q ol
correct_predQk
precision@k = 20 p

QI &

where correct_pred@F is the number of k-NN with correctly predicted labels for a given query. As
noted in Section 3, k-Recall@N is the overlap between k exact search nearest neighbors (consid-
ered as ground truth) and the top N retrieved documents. As Faiss [54] supports a maximum of
2048-NN while searching the indexed database, we report 40-Recall@2048 in Figures M.3 and
M.4. Also note that for ImageNet-1K, which constitutes a bulk of the experimentation in this
work, |Q| = 50000, |Np| = 1281167 and num_classes = 1000. For ImageNetv2, |Q| = 10000
and num_classes = 1000, and for ImageNet-4K, |Q| = 210100, |Np| = 4202000 and num_classes
= 4202.
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Table E.1: Top-1 classification accuracy (%) for ResNet50 MRL and baseline models on

ImageNet-1K.

Rep. Size | Rand. LP SVD  FF  Slim. Net MRL MRL-E
8 4.56 234 65.29 0.42 66.63  56.66
16 11.29 7.17  72.85 0.96 73.53  71.94
32 27.21 20.46 74.60 2.27 75.03  74.48
64 4947  48.10 75.27 5.59 75.82 7535
128 65.70 6724 7529 14.15 7630  75.80
256 72.43 7459 7571 3842 7647 76.22
512 7494  76.78 76.18  69.80  76.65 76.36
1024 76.10  76.87 76.63 74.61 76.76  76.48
2048 76.87 - 7687 7626  76.80 76.51

We show the top-1 classification accuracy of ResNet50-MRL models on ImageNet-1K in Ta-

ble E.1 and Figure 4.1. We compare the performance of MRL models (MRL, MRL-E) to several

baselines:

* FF: We utilize the FF-k models described in Appendix C for k € {8, ...2048}.

* SVD: We performed a low rank approximation of the 1000-way classification layer of FF-2048,

with rank = 1000.

* Rand. LP: We compared against a linear classifier fit on randomly selected features [39].
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* Slim. Net: We take pretrained slimmable neural networks [122] which are trained with a flexible
width backbone (25%, 50%, 75% and full width). For each representation size, we consider the
first £ dimensions for classification. Note that training of slimmable neural networks becomes
unstable when trained below 25% width due to the hardness in optimization and low complexity

of the model.

At lower dimensions ( d < 128), MRL outperforms all baselines significantly, which indicates
that pretrained models lack the multifidelity of Matryoshka Representations and are incapable of

fitting an accurate linear classifier at low representation sizes.

Table E.2: 1-NN accuracy (%) on ImageNet-1K for various ResNet50 models.

Rep. Size | Rand. FS SVD JL FF  Slimmable MRL MRL-E

8 2.36 19.14 0.11 58.93 1.00 62.19 5745

16 12.06  46.02 0.09 66.77 5.12 6791  67.05

32 3291 60.78 0.06 68.84 16.95 69.46 68.6

64 49.91 67.04 0.05 6941 35.60 70.17  69.61
128 60.91 69.63 0.06 69.35 51.16 70.52  70.12
256 65.75 70.67 0.04 69.72 60.61 70.62  70.36
512 68.77  71.06 0.03 70.18 65.82 70.82  70.74
1024 70.41 7122 - 70.34 67.19 70.89  71.07
2048 71.19  71.21 - 71.19 66.10 70.97  71.21

We compared the performance of MRL models at various representation sizes via 1-nearest
neighbors (1-NN) image classification accuracy on ImageNet-1K in Table E.2 and Figure 4.2. We
provide detailed information regarding the k-NN search pipeline in Appendix F. We compared
against a baseline of attempting to enforce nesting to a FF-2048 model by 1) Random Feature
Selection (Rand. FS): considering the first m dimensions of FF-2048 for NN lookup, and 2) FF

+SVD: performing SVD on the FF-2048 representations at the specified representation size, 3)
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FF +JL: performing random projection according to the Johnson-Lindenstrauss lemma [55] on the
FF-2048 representations at the specified representation size. We also compared against the 1-NN
accuracy of slimmable neural nets [122] as an additional baseline. We observed these baseline
models to perform very poorly at lower dimensions, as they were not explicitly trained to learn

Matryoshka Representations.

E.1 Adaptive Classification (MRL-AC)

Table E.3: Threshold-based adaptive classification performance of ResNet50 MRL on a 40K sized
held-out subset of the ImageNet-1K validation set. Results are averaged over 30 random held-out

subsets.

Expected Rep. Size ~ Accuracy

1343 £ 0.81 73.79 £0.10
18.32 £ 1.36 75.25 £0.11
25.87 £ 241 76.05 £ 0.15
36.26 £ 4.78 76.28 £0.16
48.00 + 8.24 76.43 £0.18
64.39 £ 12.55 76.53 £0.19
90.22 £+ 20.88 76.55 £ 0.20
118.85 +£33.37  76.56 £ 0.20

In an attempt to use the smallest representation that works well for classification for every im-
age in the ImageNet-1K validation set, we learned a policy to increase the representation size from
m; to m,;,1 using a 10K sized subset of the ImageNet-1K validation set. This policy is based on
whether the prediction confidence p; using representation size m, exceeds a learned threshold ¢}. If
p; > 17, we used predictions from representation size m; otherwise, we increased to representation
size m;41. To learn the optimal threshold ¢7, we performed a grid search between 0 and 1 (100

samples). For each threshold ¢;, we computed the classification accuracy over our 10K image sub-
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set. We set ¢} equal to the smallest threshold ¢, that gave the best accuracy. We use this procedure
to obtain thresholds for successive models, i.e., {t; | j € {8,16,32,64,...,2048}}. To improve
reliability of threshold based greedy policy, we use test time augmentation which has been used
successfully in the past [101].

For inference, we used the remaining held-out 40K samples from the ImageNet-1K validation
set. We began with smallest sized representation (m = 8) and compared the computed prediction
confidence pg to learned optimal threshold t5. If pg < t3, then we increased m = 16, and repeated
this procedure until m = d = 2048. To compute the expected dimensions, we performed early
stopping at m = {16,32,64,...2048} and computed the expectation using the distribution of
representation sizes. As shown in Table E.3 and Figure 4.5, we observed that in expectation, we
only needed a ~ 37 sized representation to achieve 76.3% classification accuracy on ImageNet-1K,
which was roughly 14 x smaller than the FF-512 baseline. Even if we computed the expectation
as a weighted average over the cumulative sum of representation sizes {8,24, 56, . ..}, due to the
nature of multiple linear heads for MRL, we ended up with an expected size of 62 that still provided
aroughly 8.2x efficient representation than the FF-512 baseline. However, MRL-E alleviates this

extra compute with a minimal drop in accuracy.
E.2 JFT, ALIGN and BERT

We examine the k-NN classification accuracy of learned Matryoshka Representations via
ALIGN-MRL and JFT-ViT-MRL in Table E.4. For ALIGN [53], we observed that learning
Matryoshka Representations via ALIGN-MRL improved classification accuracy at nearly all di-
mensions when compared to ALIGN. We observed a similar trend when training ViT-B/16 [26]
for JFT-300M [105] classification, where learning Matryoshka Representations via MRL and
MRL-E on top of JFT-ViT improved classification accuracy for nearly all dimensions, and sig-
nificantly for lower ones. This demonstrates that training to learn Matryoshka Representations
is feasible and extendable even for extremely large scale datasets. We also demonstrate that
Matryoshka Representations are learned at interpolated dimensions for both ALIGN and JFT-

ViT, as shown in Table E.5, despite not being trained explicitly at these dimensions. Lastly, Ta-



70

ble E.6 shows that MRL training leads to a increase in the cosine similarity span between positive

and random image-text pairs.

Table E.4: ViT-B/16 and ViT-B/16-MRL top-1 and top-5 k-NN accuracy (%) for ALIGN and JFT.

Top-1 entries where MRL-E and MRL outperform baselines are bolded for both ALIGN and JFT-

ViT.
ALIGN ALIGN-MRL JFT-ViT JFT-ViT-MRL JFT-ViT-MRL-E
Rep. Size

Top-1 Top-5 Top-1 Top-5 | Top-1 Top-5 Top-1 Top-5 Top-1 Top-5
12 1190 28.05 43.57 6736 | 27.07 48.57 53.61 7530 51.54 73.94
24 33.35 5558 56.44 78.19 | 48.64 70.20 62.80 81.51 62.40 81.36
48 51.32 73.15 6233 8230 | 63.58 81.80 67.24 8437 66.89 83.80
96 61.82 8197 65.72 84.61 | 68.56 85.13 69.74 85.86 68.80 85.13
192 66.71 8527 67.00 8536 | 71.32 86.21 71.34 86.62 70.41 86.01
384 67.65 85.70 67.70 85.73 | 71.67 86.98 71.73 87.08 71.18 86.46
768 68.00 86.10 67.85 85.85 | 72.10 8720 71.85 86.92 71.31 86.62

We also evaluated the capability of Matryoshka Representations to extend to other nat-

ural language processing via masked language modeling (MLM) with BERT [23], whose

results are tabulated in Table E.7.

Without any hyper-parameter tuning, we observed

Matryoshka Representations to be within 0.5% of FF representations for BERT MLM valida-

tion accuracy. This is a promising initial result that could help with large-scale adaptive document

retrieval using BERT-MRL.
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Table E.5: Examining top-1 and top-5 k-NN accuracy (%) at interpolated hidden dimensions for

ALIGN and JFT. This indicates that MRL is able to scale classification accuracy as hidden dimen-

sions increase even at dimensions that were not explicitly considered during training.

Interpolated | ALIGN-MRL JFT-ViT-MRL
Rep. Size Top-1 Top-5 | Top-1  Top-5
16 49.06 72.26 | 58.35  78.55

32 58.64 79.96 | 6498 82.89

64 63.90 83.39 | 68.19 84.85

128 66.63 85.00 | 70.35 86.24
256 67.10 85.30 | 71.57 86.77
512 67.64 85.72 | 71.55 86.67

Table E.6: Cosine similarity between embeddings

Avg. Cosine Similarity

ALIGN ALIGN-MRL

Positive Text to Image

Random Text to Image

Random Image to Image

Random Text to Text

0.27
8e-3
0.10
0.22

0.49
-4e-03
0.08
0.07
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Table E.7: Masked Language Modelling (MLM) accuracy(%) of FF and MRL models on the

validation set.

Rep. Size | BERT-FF BERT-MRL
12 60.12 59.92
24 62.49 62.05
48 63.85 63.40
96 64.32 64.15
192 64.70 64.58
384 65.03 64.81
768 65.54 65.00
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Appendix F
MRL IMAGE RETRIEVAL

We evaluated the strength of Matryoshka Representations via image retrieval on ImageNet-
1K (the training distribution), as well as on out-of-domain datasets ImageNetV2 and ImageNet-
4K for all MRL ResNet50 models. We generated the database and query sets, containing /N and
(2 samples respectively, with a standard PyTorch [85] forward pass on each dataset. We specify
the representation size at which we retrieve a shortlist of k-nearest neighbors (k-NN) by D;. The
database is a thus a [N, D] array, the query set is a [(), D;] array, and the neighbors set is a [(), k]
array. For metrics, we utilized corrected mean average precision (mAP@Xk) [67] and precision@k
(Appendix D).

We performed retrieval with FAISS [54], a library for efficient similarity search. To obtain
a shortlist of k-NN, we built an index to search the database. We performed an exhaustive NN
search with the L2 distance metric with faiss.IndexFlatL2, as well as an approximate NN search
(ANNS) via HNSW [54] with faiss.IndexHNswFlat. We used HNSW with M = 32 unless
otherwise mentioned, and henceforth referred to as HNSW32. The exact search index was moved
to the GPU for fast k-NN search computation, whereas the HNSW index was kept on the CPU as
it currently lacks GPU support. We show the wall clock times for building the index as well as the
index size in Table C.2. We observed exact search to have a smaller index size which was faster
to build when compared to HNSW, which trades off a larger index footprint for fast NN search
(discussed in more detail in Appendix M). The database and query vectors are normalized with
faiss.normalize_L2 before building the index and performing search.

Retrieval performance on ImageNet-1K, i.e. the training distribution, is shown in Table F.1.
MRL outperforms FF models for nearly all representation size for both top-1 and mAP@ 10, and

especially at low representation size (Ds; < 32). MRL-E loses out to FF significantly only at
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D, = 8. This indicates that training ResNet50 models via the MRL training paradigm improves
retrieval at low representation size over models explicitly trained at those representation size (FF-
8...2048).

We carried out all retrieval experiments at D, € {8,16,32,64,128,256,512,1024, 2048},
as these were the representation sizes which were a part of the nesting 1list at which
losses were added during training, as seen in Algorithm 1, Appendix A. To examine whether
MRL is able to learn Matryoshka Representations at dimensions in between the representa-
tion size for which it was trained, we also tabulate the performance of MRL at interpolated
Dy € {12,24,48,96,192, 384,768, 1536} as MRL-Interpolated and MRL-E-Interpolated (see
Table F.1). We observed that performance scaled nearly monotonically between the original repre-
sentation size and the interpolated representation size as we increase g, which demonstrates that
MRL is able to learn Matryoshka Representations at nearly all representation size m € [8, 2048]
despite optimizing only for | M| nested representation sizes.

We examined the robustness of MRL for retrieval on out-of-domain datasets ImageNetV2
and ImageNet-4K, as shown in Table F.2 and Table F.3 respectively. On ImageNetV2, we ob-
served that MRL outperformed FF at all D, on top-1 Accuracy and mAP@10, and MRL-E
outperformed FF at all D, except D; = 8. This demonstrates the robustness of the learned

Matryoshka Representations for out-of-domain image retrieval.
F.1 Adaptive Retrieval

The time complexity of retrieving a shortlist of k-NN often scales as O(d), where d =D, for a fixed
k and N. We thus will have a theoretical 256 x higher cost for Dy = 2048 over D, = 8. We discuss
search complexity in more detail in Appendix C.1. In an attempt to replicate performance at higher
D, while using less FLOPs, we perform adaptive retrieval via retrieving a k-NN shortlist with
representation size Dy, and then re-ranking the shortlist with representations of size D,.. Adaptive
retrieval for a shortlist length £ = 200 is shown in Table F.4 for ImageNet-1K, and in Table F.6 for
ImageNet-4K. On ImageNet-1K, we are able to achieve comparable performance to retrieval with

D, = 2048 (from Table F.1) with Dy = 16 at 128x less MFLOPs/Query (used interchangeably
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with MFLOPs). Similarly, on ImageNet-4K, we are able to achieve comparable performance to
retrieval with D, = 2048 (from Table F.3) with Dy = 64 on ImageNet-1K and ImageNet-4K, at
32x less MFLOPs. This demonstrates the value of intelligent routing techniques which utilize

appropriately sized Matryoshka Representations for retrieval.

Funnel Retrieval. We also designed a simple cascade policy which we call funnel retrieval to
successively improve and refine the k-NN shortlist at increasing D,. This was an attempt to remove
the dependence on manual choice of D, & D,. We retrieved a shortlist at D, and then re-ranked
the shortlist five times while simultaneously increasing D), (rerank cascade) and decreasing the
shortlist length (shortlist cascade), which resembles a funnel structure. We tabulate the perfor-
mance of funnel retrieval in various configurations in Table F.5 on ImageNet-1K, and in Table E.7
on ImageNet-4K. With funnel retrieval on ImageNet-1K, we were able to achieve top-1 accuracy
within 0.1% of retrieval with D, = 2048 (as in Table F.1) with a funnel with D, = 16, with 128 x
less MFLOPs. Similarly, we are able to achieve equivalent top-1 accuracy within 0.15% of re-
trieval at D, = 2048 (as in Table F.3) with funnel retrieval at D, = 32 on ImageNet-4K, with 64 x
less MFLOPs. This demonstrates that with funnel retrieval, we can emulate the performance of

retrieval with D, = 2048 with a fraction of the MFLOPs.
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Table F.1: Retrieve a shortlist of 200-NN with D, sized representations on ImageNet-1K via exact
search with L2 distance metric. Top-1 and mAP@ 10 entries (%) where MRL—E and MRL outper-

form FF at their respective representation sizes are bolded.

Model ‘ Dy ‘ MFlops ‘ Top-1 Top-5 Top-10 ‘ mAP@10 mAP@25 mAP@50 mAP@100 | P@10 P@25 P@50 P@100
8 10 58.93 7576 80.25 53.42 52.29 51.84 51.57 59.32 59.28 59.25 5921

16 20 66.77 80.88 84.40 61.63 60.51 59.98 59.62 66.76  66.58 66.43  66.27

32 41 68.84 82.58 86.14 63.35 62.08 61.36 60.76 6843 68.13 67.83 6748

64 82 69.41 83.56 8733 63.26 61.64 60.63 59.67 6849 6791 6738 66.74

FF 128 164 69.35 84.23 8324 62.30 60.16 58.73 57.29 67.84 66.83 6596 6492
256 328 69.72 8471 88.54 61.47 58.85 57.02 55.13 67.19 6582 64.64 6324

512 656 70.18 85.04 8391 61.37 58.41 56.26 53.98 67.12 6549 64.07 6235

1024 | 1312 | 70.34 8538 89.19 61.13 57.87 55.47 52.90 66.93 65.08 6343 6145

2048 | 2624 | 71.19 85.66 89.17 62.90 60.06 57.99 55.76 6846 669 6552 63.83

8 10 57.39 7418 79.16 51.80 50.41 49.60 48.86 57.50 57.16 56.81 56.36

16 20 67.08 81.38 85.15 61.60 60.36 59.66 59.04 66.79 66.53 6624  65.87

32 41 68.62 8292 86.44 63.34 61.97 61.14 60.39 6849 68.06 67.65 67.17

64 82 69.56 83.49 86.85 63.84 62.33 61.43 60.57 6893 684 6796 67.38

MRL-E 128 164 70.13 83.63 87.07 64.15 62.58 61.61 60.70 69.19 68.62 68.11 67.50
256 328 70.39 838 8728 64.35 62.76 61.76 60.82 69.36  68.79 6826 67.63

512 656 70.74 8391 8733 64.69 63.05 62.06 61.14 69.63 69.00 68.50 67.88

1024 | 1312 | 71.05 84.13 87.46 64.85 63.22 62.19 61.26 69.78 69.16 68.60 67.99

2048 | 2624 | 71.17 8427 87.67 64.99 63.33 62.29 61.33 69.90 69.24 68.68 68.05

12 15 64.25 79.21 8329 58.83 57.50 56.71 56.02 64.10 63.78 63.42 63.02

24 31 68.28 82.31 85.89 62.75 61.41 60.62 59.92 67.89 6749 67.11 66.69

48 61 69.20 83.15 86.67 63.58 62.12 61.23 60.42 68.71 68.19 67.75 6722

MRL-E 96 123 70.05 83.63 87.11 64.04 62.46 61.52 60.63 69.10 68.51 68.04 6745
Interpolated | 192 246 70.36 83.72 8721 64.26 62.65 61.65 60.72 69.26 68.67 68.15 67.53
384 492 70.54 83.88 87.28 64.55 62.94 61.93 61.01 69.51 68.92 6840 67.78

768 984 70.96 84.05 87.44 64.79 63.15 62.15 61.22 69.72  69.10 68.56 67.95

1536 | 1968 | 71.19 84.17 87.57 64.94 63.29 62.26 61.32 69.85 69.21 68.66 68.04

8 10 62.19 77.05 8134 56.74 55.47 54.76 54.12 62.06 61.81 61.54 61.17

16 20 67.91 81.44 85.00 62.94 61.79 61.16 60.64 6793 67.71 67.48 67.20

32 41 69.46 83.01 86.30 64.21 62.96 62.22 61.58 69.18 68.87 68.54 68.17

64 82 70.17 83.53  86.95 64.69 63.33 62.53 61.80 69.67 69.25 68.89 68.42

MRL 128 164 70.52 83.98 8725 64.94 63.50 62.63 61.83 69.93 6944 69.02 68.50
256 328 70.62 84.17 8738 65.04 63.56 62.66 61.81 70.02  69.52 69.07 68.50

512 656 70.82 8431 8755 65.14 63.57 62.62 61.73 70.12  69.53 69.04 68.45

1024 | 1312 | 70.89 84.44 87.68 65.16 63.58 62.60 61.68 70.14  69.54 69.01 68.41

2048 | 2624 | 70.97 8441 8774 65.20 63.57 62.56 61.60 70.18 69.52 6898  68.35

12 15 65.89 80.04 83.68 60.84 59.66 58.98 58.37 65.94 6572 6545 65.08

24 31 68.76 82.48 85.87 63.64 62.42 61.74 61.13 68.64 6835 68.07 67.71

48 61 69.96 83.40 86.65 64.58 63.2 62.42 61.72 69.53 69.10 68.75 68.32

MRL 96 123 70.40 83.83 87.04 64.86 63.46 62.62 61.84 69.82 69.38 6898 68.48
Interpolated | 192 246 70.64 84.09 87.37 65.00 63.53 62.66 61.83 69.98 69.49 69.05 68.50
384 492 70.69 84.25 87.41 65.09 63.56 62.64 61.76 70.05 69.51 69.04 68.46

768 984 70.84 84.40 87.63 65.16 63.59 62.62 61.71 70.14  69.55 69.03 68.44

1536 | 1968 | 70.88 84.39 87.71 65.18 63.59 62.58 61.64 70.16  69.54 68.99 68.38
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Table F.2: Retrieve a shortlist of 200-NN with D, sized representations on ImageNetV2 via exact
search with L2 distance metric. Top-1 and mAP@10 entries (%) where MRL-E outperforms
FF are bolded. MRL outperforms FF at all D, and is thus not bolded.

Config ‘ D, ‘ MFLOPs ‘ Top-1 Top-5 Top-10 | mAP@10 mAP@25 mAP@50 mAP@100 ‘ P@10 P@25 P@50 P@100
8 10 48.79 6470 69.72 43.04 41.89 41.42 41.17 48.43 48.27 4825 48.19
16 20 55.08 69.50 74.08 49.63 48.53 48.06 47.75 5476 54.64 5453 54.39
32 41 56.69 71.10 76.47 51.11 49.85 49.17 48.65 56.23 5596 55.71 55.42
64 82 5737 7271 77.48 51.28 49.75 48.85 47.99 56.65 56.14 5571 55.15
FF 128 164 57.17 7331 78.64 50.07 48.09 46.79 45.58 55775 5489 54.12 53.28
256 328 57.09 74.04 79.24 49.11 46.66 44.99 43.35 55.02 53.77 5274 51.53
512 656 57.12 7391 79.32 48.95 46.25 44.37 42.42 5488 5349 5229 50.83
1024 1312 57.53 7417 79.55 48.27 45.41 43.36 41.26 5431 52.84 5149 49.87
2048 2624 57.84 7459 7945 49.99 47.47 45.66 43.87 55.89 54.63 5345 52.12
8 10 47.05 6253 67.60 40.79 39.47 38.78 38.16 46.03 45777 4554 45.17
16 20 55.73 70.54 74.86 49.86 48.57 47.84 47.26 5497 5471 5444 54.10
32 41 57.33 71.61 76.64 51.26 49.92 49.09 48.42 5646 56.11 55.70  55.30
64 82 5790 7255 77.44 51.89 50.29 49.34 48.53 57.06 5645 5597 5543
MRL-E | 128 164 5773 7279 77.28 52.02 50.38 49.49 48.62 57.13  56.58 56.15  55.58
256 328 58.22 72777 77.67 52.16 50.61 49.67 48.81 5730 56.79 56.33  55.77
512 656 5846 73.00 77.88 52.52 50.97 50.02 49.16 57.65 57.10 56.64 56.08
1024 1312 58.71 7329 78.00 52.70 51.13 50.17 49.30 57.83 5726 56.77 56.20
2048 2624 58.86 73.17 78.00 52.88 51.25 50.26 49.36 5795 5735 56.85 56.25
8 10 5041 6556 70.27 45.51 44.38 43.71 43.17 50.55 50.44 50.17 4991
16 20 56.64 70.19 74.61 50.98 49.76 49.16 48.69 5590 55.66 5552 55.29
32 41 57.96 71.88 76.41 52.06 50.78 50.09 49.54 57.18 56.83 56.57 56.27
64 82 58.94 7274 T77.17 52.65 51.24 50.44 49.76 5772 5729 5694 56.52
MRL 128 164 59.13 73.07 77.49 52.94 51.42 50.53 49.74 58.00 5747 57.05 56.55
256 328 59.18 73.64 77.5 52.96 51.45 50.52 49.70 58.01 57.53 57.06 56.54
512 656 5940 7385 7797 53.01 51.39 50.46 49.61 58.11 57.49 57.04 56.48
1024 1312 5911 73.77 7792 52.98 51.37 50.40 49.54 58.13 5751 57.00 56.45
2048 2624 59.63 73.84 7797 52.96 51.34 50.34 49.44 58.07 57.48 5695 56.36
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Table F.3: Retrieve a shortlist of 200-NN with D sized representations on ImageNet-4K via exact
search with L2 distance metric. MRL-E and FF models are omitted for clarity and compute/in-

ference time costs. All entries are in %.

Config ‘ D, ‘MFLOPS‘Top—l Top-5 Top—lO‘mAP@lO mAP@25 mAP@50 mAP@lOO‘P@lO P@25 P@50 P@100

8 34 10.60 26.23 35.57 5.32 4.29 3.76 3.36 9.13 877 846 8.13

16 67 16.74 3691 47.28 8.64 6.83 5.84 5.05 13.82 12779 12.04 13.27

32 134 21.54 4375 54.11 11.36 8.88 7.47 6.31 1725 15.67 1447 1327

64 269 25.00 47.97 5825 13.38 10.40 8.67 7.23 19.68 17.64 16.14 14.65

MRL 128 538 27.27 5035 60.47 14.77 11.47 9.53 791 2125 1895 1726 1559
256 1076 28.53 5195 61.90 15.66 12.19 10.12 8.38 2228 19.81 18.01 1622

512 2151 29.46 53.03 6281 16.29 12.70 10.55 8.72 2296 2042 1854 16.68

1024 4303 30.23 53.72  63.45 16.76 13.08 10.86 8.97 2348 20.88 1893 17.00

2048 8606 30.87 54.32 64.02 17.20 13.43 11.14 9.19 2397 2128 1928 17.30

12 50 14.04 3256 4271 7.16 5.70 4.92 4.32 11.81 11.08 10.52 9.94

24 101 19.49 40.82 51.26 10.17 7.98 6.75 5.75 1576 1443 1342 1240

48 202 2351 4623  56.56 12.49 9.72 8.13 6.81 18.62 16.75 1539 14.04

MRL- 96 403 26.25 4932 5948 14.15 11.00 9.15 7.61 20.55 1836 16.78 15.17
Interpolated | 192 807 2794 5132 6132 15.29 11.89 9.88 8.18 21.86 1946 17.71 1596
384 1614 29.03 5253  62.45 15.99 12.46 10.35 8.56 22.64 20.14 1829 1647

768 3227 29.87 5336 63.13 16.54 12.90 10.71 8.85 2323 20.67 1875 16.85

1536 6454 30.52 54.02  63.79 16.99 13.27 11.01 9.08 23.73 21.09 19.12 17.16
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Table F.4: Retrieve a shortlist of k-NN with D, sized representations on ImageNet-1K with
MRL representations, and then re-order the neighbors shortlist with L2 distances using D, sized
representations. Top-1 and mAP@ 10 entries (%) that are within 0.1% of the maximum value

achievable without reranking on MRL representations, as seen in Table F.1, are bolded.

‘ D, ‘ D, ‘MFLOPS

Top-1 ‘mAP@]O mAP@25 mAP@50 mAP@lOO‘P@]O P@25 P@50 P@100

16 68.21 63.35 62.25 61.70 61.19 68.32 68.14 6796 67.65

32 69.42 64.12 62.81 62.03 61.32 69.04 68.63 6822 67.71

64 70.05 64.46 63.03 62.14 61.29 69.37 68.83 6832 67.66

128 70.34 64.68 63.16 62.21 61.27 69.59 68.96 6838  67.65

s 256 10 70.40 64.77 63.21 62.23 61.26 69.66 69.02 6841 67.65
512 70.60 64.86 63.22 62.21 61.22 69.74 69.02 6839 67.62

1024 70.71 64.88 63.23 62.20 61.20 69.76  69.01 6839 67.60

2048 70.81 64.90 63.22 62.17 61.16 69.77 68.99 6836 67.57

32 69.47 64.27 63.04 62.36 61.75 69.21 6890 68.58 68.12

64 70.16 64.74 63.42 62.66 61.94 69.66 6922 68.81 6822

128 70.52 65.00 63.60 62.77 61.98 6991 69.36 68.89 68.24

16 256 21 70.55 65.10 63.67 62.82 62.01 69.98 69.43 6892 68.25
512 70.74 65.21 63.70 62.83 62.00 70.08 69.43 6892 68.24

1024 70.83 65.23 63.72 62.83 61.99 70.08 69.45 6892 68.23

§ 2048 70.90 65.27 63.73 62.82 61.97 70.10 69.44 6890 68.21
;_:_[ 64 70.16 64.69 63.35 62.57 61.93 69.68 69.26 6892 68.51
ED 128 70.52 64.97 63.54 62.73 62.04 69.95 69.47 69.06 68.59
% 256 70.63 65.07 63.63 62.79 62.07 70.04 69.55 69.12 68.61
g 2 512 “ 70.82 65.17 63.66 62.80 62.06 70.11  69.57 69.12  68.60
1024 70.89 65.20 63.68 62.80 62.04 70.15 69.59 69.12  68.59

2048 70.97 65.24 63.70 62.79 62.02 70.19  69.59 69.10 68.56

128 70.51 64.94 63.50 62.64 61.88 69.94 69.44 69.02 68.54

256 70.63 65.04 63.57 62.69 61.91 70.02 69.52 69.08 68.57

64 512 82 70.83 65.14 63.59 62.67 61.87 70.12  69.54 69.06 68.54
1024 70.89 65.16 63.59 62.65 61.85 70.15 69.54 69.05 68.52

2048 70.97 65.20 63.59 62.63 61.82 70.18 69.53 69.03  68.49

256 70.63 65.04 63.56 62.66 61.82 70.02 69.52 69.07 68.51

512 70.82 65.14 63.58 62.63 61.77 70.11  69.54 69.04 68.47

128 1024 104 70.89 65.16 63.58 62.60 61.73 70.14  69.54 69.02 68.45
2048 70.97 65.20 63.57 62.57 61.68 70.18 69.52 68.99 68.41

512 70.82 65.14 63.57 62.62 61.74 70.12  69.53 69.04 68.45

256 | 1024 328 70.88 65.16 63.58 62.60 61.69 70.14  69.54 69.01 68.41
2048 70.97 65.20 63.56 62.56 61.62 70.18 69.52 6898  68.37

1024 70.90 65.16 63.58 62.60 61.68 70.14  69.54 69.01 68.41

o1 2048 63 70.98 65.20 63.57 62.56 61.60 70.18 69.52 6898  68.35

1024 ‘ 2048 ‘ 1312

70.97‘ 65.20 63.57 62.56 61.60 70.18 69.52 6898  68.35
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Table F.5: Retrieve a shortlist of k-NN with D, sized representations on ImageNet-1K with MRL.

This shortlist is then reranked with funnel retrieval, which uses a rerank cascade with a one-to-

one mapping with a monotonically decreasing shortlist length as shown in the shortlist cascade.

Top-1 and mAP@10 entries (%) within 0.1% of the maximum achievable without reranking on

MRL representations, as seen in Table F.1, are bolded.

Dy Rerank Cascade Shortlist Cascade ‘ MFLOPs ‘ Top-1 Top-5 Top-10 mAP@10 P@10
200—100—50—25—10 10.28 70.22 82.63 85.49 64.06 68.65

8 16—32—64—128—2048 400—200—50—25—10 10.29 70.46 83.13 86.08 64.43 69.10

800—400—200—50—10 10.31 70.58 83.54 86.53 64.62 69.37

200—100—50—25—10 | 20.54 7090 83.96 86.85 65.19 69.97

16 | 32—64—128—256—2048 | 400—200—50—25—10 | 20.56 70.95 84.05 87.04 65.18 70.00
800—400—200—50—10 | 20.61 70.96 84.18 87.22 65.14 70.01

200—100—50—25—10 | 41.07 7096 84.32 87.47 65.21 70.11

32 | 64—128—256—512—2048 | 400—200—50—25—10 | 41.09 70.97 8432 8747 65.19 70.11
800—400—200—50—10 | 41.20 70.97 8436 87.53 65.18 70.11
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Table F.6: Retrieve a shortlist of k-NN with D; sized representations on ImageNet-4K with MRL repre-
sentations, and then re-order the neighbors shortlist with L2 distances using D, sized representations. Top-1
and mAP@10 entries (%) that are within 0.1% of the maximum value achievable without reranking on

MRL representations, as seen in Table F.3, are bolded.

‘ D, ‘ D, ‘MFLOPS‘TOP—I‘IHAP@]O mAP@25 mAP@50 mAP@I100 | P@10 P@25 P@50 P@100

16 16.84 8.70 6.88 5.88 5.08 13.86 1280 11.98 11.10

32 20.73 10.66 8.19 6.77 5.61 16.18 1439 13.02 11.61

64 23.11 11.91 9.03 7.36 6.00 17.56 1534 13.67 11.99

128 24.63 12.71 9.59 7.76 6.25 18.42 1594 14.08 1222

§ 256 . 25.5 13.24 9.96 8.03 6.42 19.00 1635 1436 1237

512 26.07 13.59 10.21 8.20 6.53 1937 16.62 14.54 1246

1024 26.52 13.85 10.40 8.34 6.61 19.65 16.80 14.68 12.53

2048 26.94 14.11 10.57 8.45 6.68 1992 1698 1479 12.58

32 21.44 11.24 8.72 7.26 6.02 17.02 1530 13.92 1241

64 24.36 12.78 9.75 7.96 6.43 1872 1641 14.63 12.74

128 26.08 13.70 10.39 8.39 6.69 19.68 17.07 15.05 12.94

16 256 67 26.99 14.27 10.79 8.67 6.85 20.27 17.48 1531 13.07

512 27.60 14.66 11.06 8.86 6.97 20.67 17.75 1550 13.16

1024 28.12 14.94 11.26 8.99 7.05 2096 1795 15.62 1322

§ 2048 28.56 15.21 11.43 9.11 7.12 21.23 1813 15.73 13.27
;:_I' 64 24.99 13.35 10.35 8.59 7.09 19.61 17.52 1592 14.21
%D 128 27.17 14.61 11.27 9.26 7.51 2099 1852 16.62 14.59
g 256 28.33 15.37 11.83 9.67 777 21.80 19.12 17.05 14.81
E 2 512 13 29.12 15.88 12.20 9.94 7.93 2233 1951 17.32 1494
1024 29.78 16.25 12.47 10.13 8.05 22771 1979 175 15.03

2048 30.33 16.59 12.72 10.30 8.16 23.07 20.05 17.66 15.11

128 27.27 14.76 11.47 9.51 7.85 21.25 1892 17.20 1540

256 28.54 15.64 12.15 10.05 8.21 2224 1971 1781 15.76

64 512 269 29.45 16.25 12.62 10.40 8.44 22.88 2024 1820 15.97

1024 30.19 16.69 12.96 10.66 8.60 2335 20.61 1846 16.10

2048 30.81 17.10 13.27 10.88 8.74 23779 2093 18.69 16.21

256 28.54 15.66 12.19 10.12 8.36 2228 19.81 18.00 16.16

512 29.45 16.29 12.69 10.53 8.66 2296 2041 1850 16.48

12 1024 >3 30.22 16.76 13.07 10.83 8.86 23.47 20.84 18.83 16.68

2048 30.86 17.19 13.41 11.09 9.03 2395 2122 19.12 16.84

512 29.45 16.29 12.70 10.55 8.71 2297 2042 1854 16.66

256 | 1024 1076 30.21 16.76 13.08 10.86 8.95 23.48 2087 1892 16.94
2048 30.85 17.20 13.43 11.14 9.15 2397 2127 19.26 17.16

1024 30.22 16.76 13.08 10.86 8.97 23.48 20.88 1893 17.00

o 2048 212 30.87 17.20 13.43 11.14 9.19 2397 21.28 19.28 17.28

1024 ‘ 2048 ‘ 4303 ‘ 30.87 ‘ 17.20 13.43 11.15 9.19 2397 2128 19.28 17.29
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Table F.7: Retrieve a shortlist of k-NN with D, sized representations on ImageNet-4K with MRL.

This shortlist is then reranked with funnel retrieval, which uses a rerank cascade with a one-to-

one mapping with a monotonically decreasing shortlist length as shown in the shortlist cascade.

Top-1 and mAP@ 10 entries (%) within 0.15% of the maximum achievable without reranking on

MRL representations, as seen in Table F.3, are bolded.

D, Rerank Cascade Shortlist Cascade ‘ MFLOPs ‘ Top-1 Top-5 Top-10 mAP@10 P@10
200—100—50—25—10 33.65 | 2620 4645 54.12 12.79 17.85

8 16—32—64—128—2048 400—200—50—25—10 33.66 | 26.55 47.02 54.72 13.02 18.15

800—400—200—50—10 33.68 | 26.83 47.54 55.35 13.24 18.44

200—100—50—25—10 67.28 | 29.51 5144 59.56 15.27 21.03

16 32—64—128—256—2048 400—200—50—25—10 67.29 |29.66 51.71 59.88 15.42 21.22
800—400—200—50—10 67.34 | 29.79 52.00 60.25 15.55 21.41

200—100—50—25—10 | 134.54 | 30.64 53.52 62.16 16.45 22.64

32 | 64—128—256—512—2048 400—200—50—25—10 | 134.56 | 30.69 53.65 62.31 16.51 22.73
800—400—200—50—10 | 134.66 | 30.72 53.78 6243 16.55 22.79

200—100—50—25—10 | 269.05 | 30.81 54.06 63.15 16.87 23.34

64 | 128—256—512—1024—2048 | 400—200—50—25—10 | 269.10 | 30.84 54.20 63.31 16.92 23.42
800—400—200—50—10 | 269.31 | 30.87 5427 63.42 16.95 23.46
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Appendix G
ADANNS-OPQ

In this section, we take a deeper dive into the quantization characteristics of MR. In this work,
we restrict our focus to optimized product quantization (OPQ) [29], which adds a learned space
rotation and dimensionality permutation to PQ’s sub-vector quantization to learn more optimal PQ
codes.

We perform a study of composite OPQ m x b indices on ImageNet-1K across compression com-
pute budgets m (where b = 8, i.e. 1 Byte), i.e. Exact Search with OPQ, IVF+OPQ, HNSW+OPQ,

and DiskANN+OPQ, as seen in Figure G.1. It is evident from these results:

1. Learning OPQ codebooks with AAANNS (Figure G.1a) provides a 1-5% gain in top-1 accuracy
over rigid representations at low compute budgets (< 32 Bytes). AAANNS-OPQ saturates to

Rigid-OPQ performance at low compression (> 64 Bytes).

2. For IVF, learning clusters with MRs instead of RRs (Figure G.1b) provides substantial gains
(1-4%). In contrast to Exact-OPQ, using AdANNS for learning OPQ codebooks does not pro-
vide substantial top-1 accuracy gains over MR with d = 2048 (highest), though it is still slightly
better or equal to MR-2048 at all compute budgets. This further supports that IVF performance
generally scales with embedding dimensionality, which is consistent with our findings on Ima-

geNet across robustness variants and encoders (See Figures K.1 and M.6 respectively).

3. Note that in contrast to Exact, IVF, and HNSW coarse quantizers, Disk ANN inherently re-
ranks the retrieved shortlist with high-precision embeddings (d = 2048), which is reflected
in its high top-1 accuracy. We find that AAANNS with 8-byte OPQ (Figure G.1c) matches
the top-1 accuracy of rigid representations using 32-byte OPQ, for a 4x cost reduction for

the same accuracy. Also note that using AAANNS provides large gains over using MR-2048 at
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Figure G.1: Top-1 Accuracy of AAANNS composite indices with OPQ distance computation com-

pared to MR and Rigid baselines models on ImageNet-1K and Natural Questions.

high compression (1.5%), highlighting the necessity of AAANNS’s flexibility for high-precision

retrieval at low compute budgets.

4. Our findings on the HNSW-OPQ composite index (Figure G.1d) are consistent with all other
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indices, i.e. HNSW graphs constructed with AAANNS OPQ codebooks provide significant
gains over RR and MR, especially at high compression (< 32 Bytes).

OPQ on NQ dataset
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(a) Exact Search + OPQ on Natural Questions (b) IVF + OPQ on Natural Questions

Figure G.2: Top-1 Accuracy of AAANNS composite indices with OPQ distance computation com-

pared to MR and Rigid baselines models on Natural Questions.

Our observations on ImageNet with ResNet-50 MR across search structures also extend to the
Natural Questions dataset with Dense Passage Retriever (DPR with BERT-Base MR embeddings).
We note that AAANNS provides gains over RR-768 embeddings for both Exact Search and IVF
with OPQ (Figure G.2a and G.2b). We find that similar to ImageNet (Figure M.6) IVF performance
on Natural Questions generally scales with dimensionality. AdANNS thus reduces to MR-768

performance for M > 16. See Appendix J for a more in-depth discussion of AAANNS with DPR

on Natural Questions.
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Appendix H
ADANNS-IVF
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Figure H.1: Top-1 accuracy vs compute cost per query of AAANNS-IVF-C compared to IVF-MR,
IVF-RR and MG-IVF-RR baselines on ImageNet-1K.

Inverted file index (IVF) [102] is a simple yet powerful ANNS data structure used in web-scale
search systems [33]. IVF construction involves clustering (coarse quantization often through k-
means) [76] on d-dimensional representation that results in an inverted file list [117] of all the data
points in each cluster. During search, the d-dimensional query representation is first assigned to
the closest clusters (# probes, typically set to 1) and then an exhaustive linear scan happens within

each cluster to obtain the nearest neighbors.
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Our proposed adaptive variant of IVF, AAANNS-IVF-C, decouples the clustering, with d.
dimensions, and the linear scan within each cluster, with d,; dimensions — setting d. = d; re-
sults in non-adaptive vanilla IVFE. This helps in the smooth search of design space for the optimal
accuracy-compute trade-off. A naive instantiation yet strong baseline would be to use explicitly
trained d. and d, dimensional rigid representations (called MG-IVF-RR, for multi-granular IVF
with rigid representations). We also examine the setting of adaptively choosing low-dimensional
MR to linear scan the shortlisted clusters built with high-dimensional MR, i.e. AdANNS-IVF-
D, as seen in Table K.3. We discuss the inference compute for these settings in Appendix C.2.

As seen in Figure H.1, AAANNS-IVF-C provides pareto-optimal accuracy-compute tradeoff

Table H.1: Mathematical formulae of the retrieval phase across various methods built on IVFE. See

Section 3 for notations.

Method Retrieval Formula during Inference
IVF-RR argmin;cq, [|6R@(q) — R ()], s.t. h(g) = argmin, "R (q) — <
1 A ¢ a A~ 3 d
IVEMR argmin | [VR () — PRO(z,)]|, 8. h(q) = argmin, MR (g) — |
AdANNS-IVF-C arg minjec, [|MR(s) () — QMR (2)||, s.t. h(q) = arg miny, || pMRE) () — R
. . de
MG-IVF-RR argmin;cq, - [|6RR@) (g) — gRRE)(z))|, s.t. h(q) = arg miny, [|gRRE) (g) — |
. o 5 . 7 MR(d 7
AdANNS-IVE-D | argmince, [|¢MR@(q)[1: d] — 9RO ()1 : d][, s.t. h(q) = argmin, |pMRD (q)[1 : d] — ;" V[1 - d]|
IVFOPQ argminjec, [|pPQmD) (g) — PR (3:,)||, s.t. h(q) = argminy, ||¢(q) — ]|

across inference compute. This figure is a more exhaustive indication of AdANNS-IVF-C be-
havior compared to baselines than Figures 5.2a and 5.1. AdANNS-IVF-C is evaluated for all
possible tuples of d..,d, k = |C| € {8,16,...,2048}. MG-IVF-RR configurations are evaluated
ford. € {8,...,ds}, ds € {32,...,2048} and k = 1024 clusters. A study over additional % values
is omitted due to high compute cost. Finally, IVF-MR and IVF-RR configurations are evaluated
for d. = d, € {8,16,...,2048} and k € {256, ...,8192}. Note that for a fair comparison, we use

n, = 1 across all configurations.
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ADANNS-DISKANN
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Table 1.1: Wall clock search latency (us) of AAANNS-DiskANN across graph construction

dimensionality d € {8,16,...,2048} and compute budget in terms of OPQ budget M &

{8,16, 32,48, 64}. Search latency is fairly consistent across fixed embedding dimensionality D.

d ‘M:S M=16 M=32 M=48 M=64
8 | 495 - - -

16 | 555 571 - -

32 | 669 655 653 - -

64 | 864 855 843 844 848
128 | 1182 1311 1156 1161 2011
256 | 1923 1779 1744 2849 1818
512 | 2802 3272 3423 2780 3171
1024 | 5127 5456 5724 4683 5087
2048 | 9907 9833 10205 10183 9329

DiskANN is a state-of-the-art graph-based ANNS index capable of serving queries from both

RAM and SSD. DiskANN builds a greedy best-first graph with OPQ distance computation, with

compressed vectors stored in memory. The index and full-precision vectors are stored on the SSD.

During search, when a query’s neighbor shortlist is fetched from the SSD, its full-precision vector

is also fetched in a single disk read. This enables efficient and fast distance computation with PQ

on a large initial shortlist of candidate nearest neighbors in RAM followed by a high-precision

re-ranking with full-precision vectors fetched from the SSD on a much smaller shortlist. The
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Figure I.1: DiskANN-MR with SSD indices for compute budgets Mgy = My € {32,48,64}
across graph construction and OPQ dimensionalities d € {32,...,1024}. Note that this does not

use any re-ranking after obtaining OPQ based shortlist.

experiments carried out in this work primarily utilize a Disk ANN graph index built in-memory!
with OPQ distance computation.

As with IVF, DiskANN is also well suited to the flexibility provided by AAANNS as we demon-
strate on both ImageNet and NQ that the optimal PQ codebook for a given compute budget is learnt
with a smaller embedding dimensionality d (see Figures G.1c and G.2a). We demonstrate the ca-
pability of AAANNS-DiskANN with a compute budget of M € {32,64} in Table 5.1. We tabulate
the search time latency of AAANNS-DiskANN in microseconds (xs) in Table 1.1, which grows lin-
early with graph construction dimensionality d. We also examine Disk ANN-MR with SSD graph
indices across OPQ budgets for distance computation M, € {32,48,64}, as seen in Figure L.1.
With SSD indices, we store PQ-compressed vectors on disk with M;,. = M., which essentially
disables DiskANN’s implicit high-precision re-ranking. We observe similar trends to other com-
posite ANNS indices on ImageNet, where the optimal dim for fixed OPQ budget is not the highest
dim (d = 1024 with fp32 embeddings is current highest dim supported by Disk ANN which stores

'nttps://github.com/microsoft/DiskANN
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vectors in 4KB sectors on disk). This provides further motivation for AAANNS-DiskANN, which
leverages MRs to provide flexible access to the optimal dim for quantization and thus enables

similar Top-1 accuracy to Rigid DiskANN for up to 1/4 the cost (Figure G.1c).
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Appendix J
ADANNS ON NATURAL QUESTIONS

In addition to image retrieval on ImageNet, we also experiment with dense passage retrieval
(DPR) on Natural Questions. As shown in Figure G.1, MR representations are 1 — 10% more
accurate than their RR counterparts across PQ compute budgets with Exact Search + OPQ
on NQ. We also demonstrate that IVF-MR is 1 — 2.5% better than IVF-RR for Precision@F,
k € {1,5,20,100,200}. Note that on NQ, IVF loses ~ 10% accuracy compared to exact search,
even with the RR-768 baseline. We hypothesize the weak performance of IVF owing to poor
clusterability of the BERT-Base embeddings fine-tuned on the NQ dataset. A more thorough ex-

ploration of AAANNS-IVF on NQ is an immediate future work and is in progress.
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Appendix K
ROBUSTNESS

Table K.1: Top-1 classification accuracy (%) on out-of-domain datasets (ImageNet-
V2/R/A/Sketch) to examine robustness of Matryoshka Representation Learning. Note that these

results are without any fine tuning on these datasets.

‘ ImageNet-V1 ‘ ImageNet-V2 ‘ ImageNet-R ‘ ImageNet-A ‘ ImageNet-Sketch

Rep. Size‘ FF MRL-E MRL | FF MRL-E MRL‘ FF MRL-E MRL‘ FF MRL-E MRL‘ FF MRL-E MRL

8 65.86 5692 67.46 | 5405 4740 5559 |24.60 2298 23.57 | 2.92 3.63 339 | 17.73  15.07 17.98
16 73.10 7238 73.80 | 60.52 60.48 61.71 | 2851 2845 28.85| 3.00 3.55 359 | 21.70 2038  21.77
32 74.68 7480 7526 | 6224 6223 63.05|31.28 30.79 31.47 | 2.60 3.65 3.57 | 22.03 21.87 2248
64 7545 7548 76.17 | 63.51  63.15 6399|3296 32.13 33.39 | 2.87 3.99 3.76 | 22.13 2256 2343
128 7547 76.05 7646 | 63.67 63.52 64.69 | 3393 3348 34.54 | 2.81 3.71 373 | 2273 2273 2370
256 75.78 7631 76.66 | 64.13  63.80 64.71 | 34.80 3391  34.85 | 2.77 3.65 3.60 | 22.63 22.88  23.59
512 7630 7648  76.82 | 64.11 64.09 64.78 | 3553 3420 34.97 | 2.37 3.57 359 | 2341 2289  23.67
1024 76.74  76.60 7693 | 6443 6420 6495 | 36.06 3422 3499 | 2.53 3.56 3.68 | 2344 2298 2372
2048 77.10 76.65 7695 | 64.69 64.17 6493 37.10 3429 35.07 | 2.93 3.49 359 | 24.05 23.01 2370

K.1 MRL models

We evaluated the robustness of MR L models on out-of-domain datasets (ImageNetV2/R/A/Sketch)
and compared them to the FF baseline. Each of these datasets is described in Appendix B. The
results in Table K.1 demonstrate that learning Matryoshka Representations does not hurt out-of-
domain generalization relative to FF models, and Matryoshka Representations in fact improve
the performance on ImageNet-A. For a ALIGN-MRL model, we examine the the robustness via

zero-shot retrieval on out-of-domain datasets, including ObjectNet, in Table K.2.
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Table K.2: Zero-shot top-1 image classification accuracy (%) of a ALIGN-MRL model on
ImageNet-V1/V2/R/A and ObjectNet.

Rep. Size | V1 V2 A R ObjectNet
12 30.57 2398 14.59 24.24 25.52
24 45.64 3771 22775 46.40 35.89
48 53.84 46.16 28.88 60.71 42.76
96 58.31 51.34 3321 70.12 45.20
192 60.95 53.56 36.10 74.41 48.24
384 62.06 54.77 3795 76.51 49.10
768 62.26 55.15 37.84 76.73 49.26
Baseline | 66.39 59.57 39.97 80.49 51.60

K.2 IVF-MR

As shown in Figure K.1, we examined the clustering capabilities of MRs on both in-distribution

(ID) queries via ImageNet-1K and out-of-distribution (OOD) queries via ImageNetV2 [91], as well
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Figure K.1: Top-1 Accuracy variation of IVF-MR of ImageNet 1K, ImageNetV2 and ImageNet-

4K. RR baselines are omitted on ImageNet-4K due to high compute cost.
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as on larger-scale ImageNet-4K [64]. For ID queries on ImageNet-1K (Figure K.1a), IVF-MR is
at least as accurate as Exact-RR for d < 256 with a single search probe, demonstrating the quality
of in-distribution low-d clustering with MR. On OOD queries (Figure K.1b), we observe that
IVF-MR is on average 2% more robust than IVF-RR across all cluster construction and linear scan
dimensionalities d. It is also notable that clustering with MRs followed by linear scan with # probes
= 1 is more robust than exact search with RR embeddings across all d < 2048, indicating the
adaptability of MRs to distribution shifts during inference. As seen in Table K.3, on ImageNetV2
AdANNS-IVF-D is the best configuration for d < 16, and is similarly accurate to IVF-MR at all
other d. AAANNGS-IVF-D with d = 128 is able to match its own accuracy with d = 2048, a 16x
compute gain during inference. This demonstrates the potential of AAANNS to adaptively search
pre-indexed clustering structures.

On 4-million scale ImageNet-4K (Figure K.1c), we observe similar accuracy trends of IVF-
MR compared to Exact-MR as in ImageNet-1K (Figure K.la) and ImageNetV2 (Figure K.1b).

We omit baseline IVF-RR and Exact-RR experiments due to high compute cost at larger scale.

Table K.3: Top-1 Accuracy of AAANNS-IVF-D on out-of-distribution queries from ImageNetV2
compared to both IVF and Exact Search with MR and RR embeddings. Note that for AAANNS-
IVE-D, the dimensionality used to build clusters d. = 2048.

d AdANNS-IVF-D | IVF-MR Exact-MR | IVF-RR  Exact-RR

8 53.51 50.44 50.41 49.03 48.79
16 57.32 56.35 56.64 55.04 55.08
32 57.32 57.64 57.96 56.06 56.69
64 57.85 58.01 58.94 56.84 57.37
128 58.02 58.09 59.13 56.14 57.17
256 58.01 58.33 59.18 55.60 57.09
512 58.03 57.84 59.40 55.46 57.12

1024 57.66 57.58 59.11 54.80 57.53
2048 58.04 58.04 59.63 56.17 57.84
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Appendix L
ANALYSIS OF MODEL DISAGREEMENT

Class Trends Does increasing representation size necessarily help improve classification perfor-
mance across all classes in ImageNet-1K? We studied this question by examining trends in perfor-
mance with increasing representation size from d = 8§, ...2048. For MRL models, we observed that
244 classes showed a monotonic improvement in performance with increasing d, 177 classes first
improved but then observed a slight dip (one or two misclassifications per class), 49 classes showed
a decline first and then an improvement, and the remaining classes did not show a clear trend. When
we repeated this experiment with independently trained FF models, we noticed that 950 classes did
not show a clear trend. This motivated us to leverage the disagreement as well as gradual im-
provement of accuracy at different representation sizes by training Matryoshka Representations.
Figure L.1 showcases the progression of relative per-class accuracy distribution compared to the
MRL-2048 dimensional model. This also showed that some instances and classes could benefit

from lower-dimensional representations.

Discussion of Oracle Accuracy Based on our observed model disagreements for different rep-
resentation sizes d, we defined an optimal oracle accuracy [71] for MRL. We labeled an image as
correctly predicted if classification using any representation size was correct. The percentage of to-
tal samples of ImageNet-1K that were firstly correctly predicted using each representation size d is
shown in Table L.1. This defined an upper bound on the performance of MRL models, as 18.46%
of the ImageNet-1K validation set were incorrectly predicted Vd € {8,16,...,2048}. We show
the oracle performance on MRL models for ImageNet-1K/V2/A/R/Sketch datasets in Table L.2.
In an attempt to derive an optimal routing policy to emulate oracle accuracy, we designed

the adaptive classification via cascading method as discussed in Appendix E.1. This led to an
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Figure L.1: Progression of relative per-class accuracy vs MRL-2048. As the dimensionality in-

creases, the spread shrinks while the class marked (x) (Madagascar cat) loses accuracy.

interesting observation on the expected dimensionality for 76.30% top-1 classification accuracy

being just d ~ 37. We leave the design and learning of a more optimal policy for future work.

Table L.1: Percentage of ImageNet-1K validation set that is first correctly predicted using each
representation size d. We note that 18.46% of the samples cannot be correctly predicted by any

representation size. The remaining 81.54% constitutes the oracle accuracy.

Table L.2: Oracle classification accuracy of various evaluation datasets for ResNet50-MRL model

trained on ImageNet-1K.

Top-1 ‘ ImageNetV1 ImageNetV2 ImageNet-A ImageNet-R ImageNet-Sketch
FF-2048 76.9 64.9 3.6 35.1 23.7
MRL-Oracle 81.5 70.6 8.7 39.8 28.9

Grad-CAM Examples We analyzed the nature of model disagreement across representation

sizes with MRL models with the help of Grad-CAM visualization [98]. We observed there were
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certain classes in ImageNet-1K such as “’tools”, ”vegetables” and “meat cutting knife” which were
occasionally located around multiple objects and a cluttered environment. In such scenarios, we
observed that smaller representation size models would often get confused due to other objects and
fail to extract the object of interest which generated the correct label. We also observed a different
nature of disagreement arising when the models got confused within the same superclass. For ex-
ample, ImageNet-1K has multiple ’snake” classes, and models often confuse a snake image for an

incorrect species of snake.

Superclass Performance We created a 30 superclass subset of the validation set based on word-
net hierarchy (Table L.3) to quantify the performance of MRL model on ImageNet-1K super-

classes. Table L.4 quantifies the performance with different representation size.

Table L.3: 30 Superclasses in ImageNet-1K corresponding to the performance in Table L.4.

insect motor vehicle artiodactyl vegetable game equipment
terrier serpent machine measuring device sheepdog
protective covering  sporting dog  vessel, watercraft building lizard
garment hound monkey home appliance wind instrument
vessel fish nourishment electronic equipment oscine
furniture wading bird tool canine mechanism

Table L.4: Performance of MRL model on 31-way classification (1 extra class is for reject token)

on ImageNet-1K superclasses.

Rep. Size‘ 8 16 32 64 128 256 512 1024 2048

MRL ‘85.57 88.67 89.48 89.82 89.97 90.11 90.18 90.22 90.21
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Matryoshka Representations via Finetuning. To observe if nesting can be induced in mod-

els that were not explicitly trained with nesting from scratch, we loaded a pretrained FF-2048

ResNet50 model and initialized a new MRL layer, as defined in Algorithm 2, Appendix C. We

then unfroze different layers of the backbone to observe how much non-linearity in the form of

unfrozen conv layers needed to be present to enforce nesting into a pretrained FF model. A de-

Table M.1: Top-1 classification accuracy (%) on ImageNet-1K of various ResNet50 models which

are finetuned on pretrained FF-2048 model. We observed that adding more non-linearities is able

to induce nesting to a reasonable extent even if the model was not pretrained with nesting in mind.

Rep. Size fe 4.2 conv3, 4.2 conv2, 4.2 full, All (MRL)
fc conv3, fc fc

8 5.15 36.11 54.78 60.02 66.63
16 13.79 58.42 67.26 70.10 73.53
32 32.52 67.81 71.62 72.84 75.03
64 52.66 72.42 73.61 74.29 75.82
128 64.60 74.41 74.67 75.03 76.30
256 69.29 75.30 75.23 75.38 76.47
512 70.51 75.96 75.47 75.64 76.65
1024 70.19 76.18 75.70 75.75 76.76
2048 69.72 76.44 75.96 75.97 76.80
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scription of these layers can be found in the ResNet50 architecture [40]. All models were finetuned
with the FFCV pipeline, with same training configuration as in the end-to-end training aside from
changing Ir = 0.1 and epochs = 10. We observed that finetuning the linear layer alone was insuf-
ficient to learn Matryoshka Representations at lower dimensionalities. Adding more and more
non-linear conv+ReLU layers steadily improved classification accuracy of d = 8 from 5% to 60%
after finetuning, which was only 6% less than training MRL end-to-end for 40 epochs. This dif-
ference was successively less pronounced as we increased dimensionality past d = 64, to within

1.5% for all larger dimensionalities. The full results of this ablation can be seen in Table M.1.

Table M.2: An ablation over boosting training loss at lower nesting dimensions, with top-1 and

top-5 accuracy (%). The models are described in Appendix M.1.

Model MRL MRL-8boost MRL-8+16boost

Rep. Size | Top-1 Top-5 | Top-1 Top-5 | Top-1 Top-5

8 66.63 84.66 | 69.53 86.19 | 69.24 85.96
16 73.53 89.52 | 73.86 89.44 | 73.91 89.55
32 75.03 91.31 | 75.28 91.21 | 75.10 91.14
64 75.82 92.27 | 75.84 9222 | 75.67 92.06
128 76.30 92.82 | 76.28 92.74 | 76.07 92.52
256 76.47 93.02 | 76.48 9297 | 76.22 92.72
512 76.65 93.13 | 76.56 93.09 | 76.35 92.85
1024 76.776 93.22 | 76.71 93.21 | 76.39 92.98
2048 76.80 93.32 | 76.76 93.28 | 76.52 93.05

Relative Importance. We performed an ablation of MRL over the relative importance, c,,,
of different nesting dimensions m & M, as defined in Sec. 3.1. In an attempt to improve
performance at lower dimensionalities, we boosted the relative importance c,, of training loss

at lower dimensions as in Eq. 3.1 with two models, MRL-8boost and MRL-8+16boost. The
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MRL-8boost model had ¢,eps = [2,1,1,1,1,1,1,1,1] and the MRL-8+16boost model had
Cmem = [2,1.5,1,1,1,1,1,1, 1]. The relative importance list ¢, had a 1-to-1 correspondence
with nesting dimension set M. In Table M.2, we observed that MRL-8boost improves top-1 accu-
racy by 3% at d = 8, and also improves top-1 accuracy of all representation scales from 16 to 256
over MRL, while only hurting the performance at 512 to 2048 representation scales by a maximum
of 0.1%. This suggests that the relative importance ¢,, can be tuned/set for optimal accuracy for

all m € M, but we leave this extension for future work.

Matryoshka Representations at Arbitrary Granularities. To train MRL, we used nested di-
mensions at logarithmic granularities M = {8, 16, ..., 1024, 2048} as detailed in Section 3.1. We
made this choice for two empirically-driven reasons: a) The accuracy improvement with increas-
ing representation size was more logarithmic than linear (as shown by FF models in Figure 4.1).
This indicated that optimizing for granularities increasing in a non-logarithmic fashion would be
sub-optimal both for maximum performance and expected efficiency; b) If we have m arbitrary
granularities, the expected cost of the linear classifier to train MRL scales as O(L * (m?)) while
logarithmic granularities result in O(L * 2log(d)) space and compute costs.

To demonstrate this effect, we learned Matryoshka Representations
with  uniform  (MRL-Uniform)  nesting  dimensions m € M =
{8,212, 416, 620,824, 1028, 1232, 1436, 1640, 1844, 2048}.  We evaluated this model at the
standard (MRL-log) dimensions m € M = {8, 16, 32,64, 128,256,512, 1024, 2048} for ease of
comparison to reported numbers using 1-NN accuracy (%). As shown in Table M.4, we observed
that while performance interpolated, MRL-Uniform suffered at low dimensions as the logarithmic
spacing of MRL-log resulted in tighter packing of information in these initial dimensions. The
higher nesting dimensions of MRL-Uniform did not help in significant accuracy improvement due
to accuracy saturation, which is often logarithmic in representation size as shown by FF models.
Note that the slight improvement at dimensions higher than 512 for MRL-Uniform is due to
multiple granularities around them compared to just three for MRL-log, which are not useful in

practice for efficiency.
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Lower Dimensionality. We experimented with training MRL with smaller nesting dimension

than m = 8, as shown in Table M.3, with two models: MRL-4 and MRL-6. We found that using

lower than 8-dimensions to train MRL, i.e. mg € {4, 6} for MRL-4 and MRL-6 respectively, did

not affect the top-1 accuracy of other granularities significantly. However, granularities smaller

than 8-dimensions had very low accuracy and were often unusable for deployment along with ad-

ditional training difficulty. We also observed a small dip in accuracy at higher dimensions which

Table M.3: An ablation over training with
smaller nesting dimensionalities in terms of
Top-1 accuracy (%). MRL-4 and MRL-6
are variations of the original model (MRL-
8) with mg € {4,6}, where m € M is part

of the nesting_list as seen in Alg 2.

Rep. Size | MRL-4 MRL-6 MRL-8

4 27.25 - -

6 - 58.71 -

8 66.86  67.55  66.63
16 7336  73.10  73.53
32 7482 7449  75.03
64 75.51 7532  75.82

128 7593  75.61 76.30
256 76.08  75.82  76.47
512 76.31 75.93  76.65
1024 76.38  76.04  76.76
2048 76.43  76.12  76.80

Table M.4: An ablation over training MRL
with nesting list at uniformly distributed
granularities. Entries in the MRL-Uniform
column are evaluated at logarithmic dimen-
sions for a fair comparison to MRL-Log

(standard MRL) with 1-NN accuracy (%).

Rep. Size | MRL-Log MRL-Uniform

8 62.19 58.44

16 67.91 61.11

32 69.46 63.82

64 70.17 66.44
128 70.52 68.71
256 70.62 70.06
512 70.82 70.98
1024 70.89 71.37
2048 70.97 71.44
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Table M.5: Adaptive retrieval ablation over shortlist length k£ for Dy, = 16, D, = 2048 on
ImageNet-1K with exact search. Entries with the highest P@1 and mAP@10 across all £ are
in bold.

Shortlist P@l | mAP@10 mAP@25 mAP@50 mAP@100 | P@10 P@25 P@50 P@100
Length
100 | 70.88 65.19 63.62 62.59 61.24 69.96 69.24 68.53 67.20
200 | 70.90 65.27 63.73 62.82 61.97 70.10 69.44 6890 68.21
400 70.94 65.26 63.71 62.81 62.03 70.15 6951 69.02 68.47
800 | 70.96 65.23 63.64 62.69 61.85 70.16 69.52 69.02 68.45
1600 | 70.96 65.20 63.58 62.58 61.66 70.16 695 6897 68.36
2048 | 70.97 65.20 63.57 62.58 61.64 70.16 695 6897 68.35

we attribute to the joint loss that now also included the harder optimization of the smallest dimen-
sion. Lastly, we hypothesize the dimensionality of 8 is an empirically validated design choice due

to the considerable accuracy it provided along with the ease of training.

M.2 MRL Retrieval

Adaptive Retrieval. To examine the effect of increasing shortlist lengths on search time, we
performed a reranking ablation over shortlist lengths for D,= 16 and D,= 2048 over ImageNet-
1K in Table M.5, and over ImageNet-4K in Table M.6. We observed that using a larger shortlist
k saturated ImageNet-1K performance at £=200. But using larger shortlists until £ = 2048, the
maximum value supported by the FAISS framework, steadily improved performance on ImageNet-
4K. This is likely due to the increased database size, but could also indicate a correlation with

ImageNet-4K being slightly out-of-distribution making the task at hand harder.
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Table M.6: Adaptive retrieval ablation over shortlist length k£ for Dy, = 16, D, = 2048 on

ImageNet-4K with exact search.

Shortlist
P@l | mAP@10 mAP@25 mAP@50 mAP@100 | P@10 P@25 P@50 P@100

Length
100 27.70 14.38 10.62 8.26 6.07 20.12 16.87 1429 11.26
200 28.56 15.21 11.43 9.11 7.12 21.23 18.13 1573 13.27
400 29.34 15.83 12.06 9.76 7.79 22.08 19.09 16.83 1454
800 29.86 16.30 12.53 10.23 8.26 2272 19.83 17.65 1545
1600 30.24 16.63 12.86 10.56 8.60 23.18 2036 1823 16.11
2048 30.35 16.73 12.96 10.65 8.69 23.31 2050 1840 16.30

M.3 IVF

As seen in Figure M.1a, IVF-MR can match the accuracy of Exact Search on ImageNet-4K with
~ 100x less compute. We also explored the capability of MRs at retrieving cluster centroids with
low-d compared to a ground truth of 2048-d with k-Recall@N, as seen in Figure M.1b. MRs were
able to saturate to near-perfect 1-Recall@N for d > 32 and N > 4, indicating the potential of

AdANNS at matching exact search performance with less than 10 search probes 7,,.

Clustering Distribution We examined the distribution of learnt clusters across embedding di-
mensionalities d for both MR and RR models, as seen in Figure M.2. We observe IVF-MR to have
less variance than IVF-RR at d € {8, 16}, and slightly higher variance for d > 32, while IVF-MR
outperforms IVF-RR in top-1 across all d (Figure K.1a). This indicates that although MR learns
clusters that are less uniformly distributed than RR at high d, the quality of learnt clustering is
superior to RR across all d. Note that a uniform distribution is N/k data points per cluster, i.e.
~ 1250 for ImageNet-1K with £ = 1024. We quantitatively evaluate the proximity of the MR and

RR clustering distributions with Total Variation Distance [72], which is defined over two discrete
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Figure M.1: Ablations on IVF-MR Clustering: a) Analysis of accuracy-compute tradeoff with
increasing IVF-MR search probes 7, on ImageNet-4K compared to Exact-MR and b) k-Recall@N
on ImageNet-1K cluster centroids across representation sizes d. Cluster centroids retrieved with

highest embedding dim d = 2048 were considered ground-truth centroids.

probability distributions p, ¢ over [n] as follows:

1
drv(p,q) = 3 Z Ipi — qil

i€n]

We also compute dryapis(MR-d) = dry(MR-d, RR-2048), which evaluates the total variation
distance of a given low-d MR from high-d RR-2048. We observe a monotonically decreas-
ing dry204s With increasing d, which demonstrates that MR clustering distributions get closer
to RR-2048 as we increase the embedding dimensionality d. We observe in Figure M.2 that
dry(MR-d,RR-d) ~ Te — 4 for d € {8,256, ...,2048} and ~ 3e — 4 for d € {16,32,64}.
These findings agree with the top-1 improvement of MR over RR as shown in Figure K.1a, where
there are smaller improvements for d € {16,32,64} (smaller dry) and larger improvements for
d € {8,256, ...,2048} (larger dry ). These results demonstrate a correlation between top-1 perfor-
mance of IVF-MR and the quality of clusters learnt with MR.
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n, on ImageNet-1K.

M.4 Recall Score Analysis

In this section we also examine the variation of k-Recall@N with by probing a larger search space
with IVF and HNSW indices. For IVF, search probes represent the number of clusters shortlisted
for linear scan during inference. For HNSW, search quality is controlled by the e f Search param-
eter [78], which represents the closest neighbors to query ¢ at level /. of the graph and is analogous
to number of search probes in IVF. As seen in Figure M.3, general trends show a) an intuitive

increase in recall with increasing search probes n),) for fixed search probes, a decrease in recall
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bedding dimensionalities, HNSW-MR and RR baselines are omitted due to high compute cost. We
observe that trends from ImageNet-1K with increasing d and n, extend to ImageNet-4K, which is

4x larger.

with increasing search dimensionality d. These trends extend from ImageNet-1K to 4x larger

ImageNet-4K, as seen in Figure M.4.
M.5 Relative Contrast

We utilize Relative Contrast [37] to capture the difficulty of nearest neighbors search with IVF-MR
compared to IVF-RR. For a given database X = {z; € R%,i = 1,..., Np}, aquery ¢ € R% and a
distance metric D(.,.) we compute relative contrast C,. as a measure of the difficulty in finding the

I-nearest neighbor (1-NN) for a query ¢ in database X as follows:

1. Compute D} ;. = Enlin D(q, z;), i.e. the distance of query g to its nearest neighbor ¢, € X
2. Compute D¢ .= E,.[D(q,x)] as the average distance of query ¢ from all database points
re X
Di
3. Relative Contrast of a given query C? = —¢=*, which is a measure of how separable the

Dq

min
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Figure M.5: Relative contrast of varying capacity MRs and RRs on ImageNet-1K corroborating
the findings of He at al. [37].

query’s nearest neighbor z¢  is from an average point in the database x

4. Compute an expectation over all queries for Relative Contrast over the entire database as

B[ Dihcan)

mean

E,[D:

C, =

It is evident that C). captures the difficulty of Nearest Neighbor Search in database X, asa C, ~ 1
indicates that for an average query, its nearest neighbor is almost equidistant from a random point
in the database. As demonstrated in Figure M.5, MRs have higher 1. than RR Embeddings for
an Exact Search on ImageNet-1K for all d > 16. This result implies that a portion of MR’s
improvement over RR for 1-NN retrieval across all embedding dimensionalities d [64] is due to a

higher average separability of the MR 1-NN from a random database point.
M.6 Generality across Encoders

We perform an ablation over the representation function ¢ : X — R? learnt via a backbone
neural network (primarily ResNet50 in this work), as detailed in Section 3. We also train MRL

models [64] oM R(d) on ResNet18/34/101 [40] that are as accurate as their independently trained
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Figure M.6: Top-1 Accuracy variation of IVF-MR on ImageNet-1K with different embedding
representation function ¢* (4 (see Section 3), where ¢ € {ResNet18/34/101, ConvNeXt-Tiny}.
We observe similar trends between IVF-MR and Exact-MR on ResNet18/34/101 when compared

to ResNet50 (Figure K.1a) which is the default in all experiments in this work.

RR baseline models ¢ where d is the default max representation size of each architecture.
We also train MRL with a ConvNeXt-Tiny' backbone with [d] = {48,96,192,384,786}. MR-
768 has a top-1 accuracy of 79.45% compared to independently trained publicly available RR-768
baseline with top-1 accuracy 82.1%. We note that this training had no hyperparameter tuning
whatsoever, and this gap can be closed with additional model training effort. We then compare
clustering the MRs via IVF-MR with £ = 2048, n,, = 1 on ImageNet-1K to Exact-MR, which is
shown in Figure M.6. IVF-MR shows similar trends across backbones compared to Exact-MR, 1.e.
a maximum top-1 accuracy drop of ~ 1.6% for a single search probe. This suggests the clustering
capabilities of MR extend beyond an inductive bias of $M#(? < ResNet50, though we leave a

detailed exploration for future work.

"nttps://github.com/facebookresearch/ConvNeXt
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