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In genetic association studies, it is typically thought that important insights will
be obtained through joint modeling of genetic variants and environmental variables.
However, weak effect of gene-environment interactions, and imprecise measurement
of the environment make it hard to identify statistically significant interaction effects.

We propose two different modeling techniques. First, for regression problems in
which the main effects are already established, as is the case with many diseases or
their estimation is not a priority, we propose the use of dedicated boosting. Dedi-
cated boosting is a variation to the usual /5 boosting procedure which focuses on the
interaction search in contrast to most boosting methods which address overall model
prediction or classification. We compare the performance of dedicated boosting to
other competing methods in the WHI data and a simulation study.

Secondly, we use the idea of a structured interaction model form together with
penalized regression to limit model complexity in regression problems where we be-
lieve interactions might behave in a similar way. We propose the directed LASSO,
a regression modeling strategy using a pairwise fused LASSO penalty to encourage

interaction model simplicity through fusion.
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Chapter 1

INTRODUCTION
1.1 The search for interactions in high-dimensional data

In genetic association studies, it is typically thought that important insights will
be obtained through joint modeling of genetic variants and environmental variables.
However, weak effect of gene-environment interactions, and imprecise measurement of
the environment make it hard to identify “statistically significant” interaction effects.
While these issues typically reduce the power to identify interactions, there are some
situations in which we have some prior information (or suspicion) about the form of
the interaction. For these situations we can try to design approaches that are more
powerful than generic methods.

One such example is the situation in which a combination of the measured envi-
ronmental variables interacts with a particular gene, either because these measured
variables are all imprecise surrogates for the actual underlying factor that interacts
with the gene, or because multiple environmental factors each trigger the same bi-
ological mechanism. Traditional methods to identify gene-environment interactions
typically consider only one measured environmental variable at a time. As a conse-
quence, the power to identify such interactions is then very limited. Another setting
of interest is the identification of interactions between a treatment and genetic (or
environmental) factors. When the main effects for both the drug and the other factors
are already established, the main interest lies in estimating effect modifications.

This work is focused on developing methods for identification of effect modifiers
with multiple components such as in the above examples. A method should be able

to preserve heredity constraints by only allowing interactions to enter the model once



both of the relevant main effects have been included. This significantly improves the
interpretability of the results. Such a method should also be able to treat the set
of interactions separately from the main effects, and incorporate other information
about what interactions may be expected to look like. Typically, we assume we are
dealing with already established main effects and interactions that often will be so
small that these interactions could easily be masked by main effects if all predictors are
considered symmetrically in the model. Thus, separate treatment of the interactions
should improve the power to detect them. We are also interested in methods which
allow flexibility for the form of the environmental factors and the interactions.

In this dissertation, we develop new variations of boosting and the LASSO for these
types of problems. Over the last 20 years many adaptive regression methods have
been developed that are specifically designed to identify interactions [22, 9, 40, 26].
These methods, however, typically do not make use of the type of information about
the form of the interaction as is available in the situations above. During the last
few years regression penalization methods have been developed that are well suited to
incorporate such types of information into the modeling [44, 10, 45]. These methods,
however, have not been widely applied to the estimation of interactions. A common
theme of the examples above is that we are interested in the interactions, but are less
interested in the main effects. In this situation, it is attractive to use established main
effect associations to aid in the search of interactions, thus significantly reducing the
number of potential variables to be considered.

In Chapter 2, we propose a dedicated boosting algorithm, which conditions out the
main effects and then works in a space “perpendicular” to these main effects, similar
to the idea of added variable plots [15]. This simple adjustment is able to both
enforce the heredity constraint and focus on the interaction terms, thereby improving
the ability to detect them.

Because we are working with interactions with small effects compared to the main

effects, and because we are using already identified genetic variables, such as SNPs,



we want to treat the group of interactions separately from the main effects. In the
notation below, the vector G and the columns of the matrix F are the single genetic
and multiple environmental effects, respectively. The length of the vector denotes
the number of observations in the training data set. The form of the environmental
factors is left unspecified. Since we are particularly interested in the interaction term,
we would like to treat the group consisting of the interaction terms separately from
the main effects,

Y =a+ G+ f1(E) + fo( E) x G. (1.1)

To this end we first consider conditioning out the main effects G and fi(FE). This
reduces the dimension of the problem and improves our ability to estimate the in-
teraction term fo(FE). In this setting the boosting algorithm can then be applied to
select an appropriate basis for the interactions. We refer to this as dedicated boosting,
discussed in further detail in Chapter 2.

Secondly, most off-the-shelf techniques deal with both main effects and interaction
variables in the same way. We propose to instead enforce a particular structure on
the model by fusing the main effects with the interactions. The idea is to use a new
set of basis functions, which restrict the form of the interaction to be based on the
form of the main effects. In particular, using the above notation, one such set of
basis functions is [1, G, (14 hG) x E]. Using this basis keeps the coefficients the same
for the main effects and the interaction. Using a similar notation as above for the

dedicated boosting, this is similar to fitting the model
Y =a+ G+ fi(E)+ hfi(E) X G. (1.2)

If a term is selected to be in the model then both the main effect and the interaction
are simultaneously included. A second parameter, h, identifies the strength and
direction of the interaction compared to the main effect. Enforcing this structure
on the interaction reduces the variance of the model and potentially simplifies its

interpretation. The simplest model involves a single h parameter, while the most



flexible one has a separate h for each interaction term. Grouping the h’s increases
the interpretability of the results.

The approach described above is similar to applying the fused LASSO [45] to
problem (1.2), where the sum of the differences of coefficients between the main
effects and the interaction terms are penalized. This would achieve sparseness in
the differences between a given main effect and its corresponding interaction term,
resulting in similar values for the interaction coefficient. We discuss this further in
Chapter 3.

Before we describe the two methods introduced above in more detail, we give some
background information. First, we discuss two data sets and the scientific questions
that we would like to address. Next, we describe other approaches to the posed
problems and competing methods. Finally, we summarize the LASSO and boosting

techniques, the building blocks of this work.
1.2 DMotivating data sets

We have available for analysis the WHI-PAGE (Women’s Health Initiative Popula-
tion Architecture, using Genomics and Epidemiology) data on obesity consisting of
11 SNPs previously identified, mostly in GWAS studies, to be associated with obe-
sity. Genotype, demographic, and environmental data assumed to be associated with
obesity and collected at recruitment are available on 17,049 women. See Section 2.3
for details. The response is measured BMI (weight in kilograms divided by height in
meters squared). The study design is described in detail in [20].

We want to investigate the possibility of effect modification of the association
between each of the SNPs and BMI by some of the environmental and demographic
variables. Because the magnitude of the effect modification is likely to be small, the
dedicated boosting algorithm that we propose in this dissertation is a good candidate
method of analysis. The particular composition of the group of environmental and

demographic variables that modify the SNP effect is only intended to provide an



illustration of our methodology: we consider this a group of predictors that may be
associated with BMI and that could be interacting with the SNP effect on BMI.

A data set based on patients with Diffuse Large B-cell lymphoma, a non-Hodgkin
lymphoma, was also available for analysis [39]. This lymphoma data set contains gene
expression data and treatment information. Approximately half of the patients were
treated with standard CHOP (a multi-drug chemotherapy regiment) chemotherapy
and half were treated with CHOP plus antibody therapy (Rituxan, a monoclonal
antibody that is now widely used in the treatment of non-Hodgkin lymphoma) for a
total of 209 patients. Previous publications had identified 36 gene expression mea-
surements some of which were prognostic. We are interested in determining whether
therapy influences the prognostic performance of the profiles based on these genes.
We will apply the directed LASSO method to this set of data in order to identify gene

expression profiles associated with the therapeutic impact of Rituxan.
1.3 Gene-environment interactions

Traditional methods to identify gene-environment interactions typically consider only
one measured environmental variable at a time. The power to identify such variables
is then very limited. Chatterjee at al. use Tukey’s one degree of freedom model
to combine multiple levels of environmental factors but not multiple environmental
factors [13]. Thomas mentions multiple relevant susceptibility factors (environmental
factors) as one of the future challenges in identifying gene-environment interactions
[43].

A popular approach in working with GWAS data is to do initial univariate analyses
to identify individual SNPs associated with the disease or outcome of interest [32].
Once a first round of preselection has been performed, there is an array of methods
which could be applied to look for interactions among the SNPs, or the SNPs and
environmental factors. For instance, multivariate adaptive regression splines (MARS)

have been used in such genetic association studies [22]. Model selection methods like



MARS, however, are restricted by the number of parameters the data can “support”,
and the types of interactions typically need to be specified in advance.

Different approaches are needed for dealing with GWAS studies. Approaches
need to be suitable for the initial selection from large numbers of SNPs. For exam-
ple, random forests have been used for detection of interactions between gene and
environmental factors and gene-gene interactions when the main effects of these are
supposed to be small [34, 31]. Other examples of methods investigated on large sets
of SNPs are Monte Carlo logic regression, and generalized boosted regression which
employs single node trees as the base procedure [35].

This dissertation focuses on methods which are applied to a more restricted set
of predictors. These methods could be applied to confirmatory studies of already
preselected groups of gene expression variables. While these methods can still be
applied to large data sets, they cannot be applied to data on the scale of GWAS

studies.
1.4 Techniques for high-dimensional regression

Penalized regression methods are regression methods that impose some type of com-
plexity constraint on the model. An example of penalized regression are shrinkage
methods like ridge regression and the LASSO, the coefficients in which minimize a
penalized residual sum of squares. In this section we will introduce the LASSO and
some of its decendents.

Using penalized regression methods for detection of complex interactions is ex-
pected to have better performance than least squares because this will help select
important predictors and interaction terms to include in the model while estimating
the coefficients. When the number of potential predictors is large, penalized regression
methods can improve model performance by penalizing the estimated coefficients in
some fashion. Thus they exchange a small amount of acquired bias by shrinking coef-

ficients for a decrease in variance, which often leads to better prediction performance



on an independent data set.

1.4.1 Convex approaches

The LASSO (least absolute shrinkage and classification), initially proposed by Tib-
shirani [44], minimizes the residual sum of squares under the condition that the sum
of the absolute values of the coefficients are less than a constant A. This is referred
to as an f; penalty. The )\ parameter is a non-negative tuning parameter chosen
through cross-validation (though approximations based on criteria like the AIC have
also been used). It controls the amount of shrinkage applied to the coefficients. The
appeal of the LASSO penalty lies in its ability to perform shrinkage of the coefficients
and variable selection at the same time. This sets it apart from Ridge regression [30)]
where the /5 penalty is used. Ridge regression gives as good prediction results as the
LASSO, but the model contains far more predictors. In the LASSO, variable selec-
tion is an artifact of some of the coefficients being shrunken all the way to zero and
excluded from the final model. The LASSO can be applied even when the number
of predictors p far exceeds the number of observations N. In this case, at most N
predictors would be nonzero in the resulting model [46].

The LASSO estimates is defined as

p p
B(LASSO) = argmin ly — > ;3 + A _|5l.

B j=1 j=1
The LASSO has been established as a successful model selection procedure when
the number of potential predictors is large. Through the shrinkage parameter the
LASSO has improved prediction accuracy by trading off an increase in bias with a

decrease in variance.

Forward stage-wise linear regression, a version of boosting, when using small step

sizes has been shown to produce solutions approximately equivalent to that of the

LASSO [28].



Next we discuss another appeal of the LASSO. Least Angle Regression (LARS),
a version of Forward Stagewise Linear Regression, is a computationally efficient algo-
rithm that can be used to obtain the entire solution path of the LASSO. The procedure
starts with all coefficients in the model equal to 0 and finds the predictor which is
most highly correlated with the outcome variable. It takes the largest step possible
in that direction until a second predictor is as correlated with the current residual
vector. At this point LARS continues in a direction which is equiangular between
the two predictors until a third one becomes equally as correlated and so forth. A
small modification of the LARS algorithm implements the LASSO and calculates all
possible estimates for the regression problem. This lends to making the LASSO a
very fast and computationally attractive procedure.

Coordinate descent is another algorithm proposed by Friedman et al. for esti-
mation of generalized linear models with convex penalties [25]. The algorithm uses
cyclical coordinate descent which estimates even faster than competing methods the
regularization paths for generalized linear models with ¢; and ¢, penalties. The R
package “glmnet” which we make use of for solving LASSO problems in this work
employs coordinate descent for optimization.

Since the LASSO’s introduction, many modifications to improve performance for
specific problems have been proposed. For example, the fused LASSO [45] penalizes
both coefficients themselves and differences between consecutive coefficients, thus
taking into account a natural ordering of predictors. The fused LASSO penalty can

be written as
p P
MY 1B+ A2 D 1B — Biaal.
j=1 j=2

It induces sparseness in the difference between coefficients, grouping predictors to-
gether. The fused LASSO method is appropriate when the number of predictors is
much larger than the sample size and when a natural ordering of predictors exists.

Tibshirani et al. [45] show that analogous asymptotic results to those for the LASSO



also hold for the fused LASSO when the number of predictors is fixed and sample size
tends to infinity [27]. Analogously to the LASSO, the authors show that the fused
LASSO, under some non-redundency conditions, will have a unique solution for which
the number of sequences of identical non-zero coefficients is smaller than the sample
size (assuming more predictors than samples are available).

The fused LASSO is also a quadratic programming problem and computation
becomes harder for larger data sets. The authors propose the use of an algorithm for
solving quadratic problems specifically with sparse linear constraints. An exhaustive
search over a grid of values for A\; and )\, is possible for moderately sized problems.

The pairwise fused LASSO further extends the original fused LASSO problem
[38]. It includes penalties for all pairwise differences between coefficients and can be
used when no natural ordering of the predictors is available. The penalty term has

the form

MY 1B+ XD Y 18— Bl
. —
For a linear model, the authoi"s propose a]re—parametrization which transforms the
problem into a LASSO problem and allows the use of the usual LARS or coordinate
descent algorithm, an attractive feature from a computational standpoint.

Another recent procedure proposed by Zou [52] is the adaptive LASSO, a variation
of the usual LASSO algorithm. The adaptive LASSO gives different weights to the
A penalty applied to each coefficient. The weights are data dependent in that they
are the inverse of, for instance, the OLS coefficients raised to a power greater than
zero. Thus parameters with bigger OLS coefficients receive smaller penalty. For

w =1/ |BA|V, where 3 is a root-n-consistent estimator of the true coefficient, with

~v > 0, the adaptive LASSO estimates are defined as
p P
g = argﬂmin ly =Y " wiBill> + A iy,
j=1 j=1

The adaptive LASSO is a convex optimization problem with an ¢; constraint, and

thus can be solved by the same algorithm as the LASSO. This makes the adaptive
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LASSO easy to implement and computationally competitive. And since it is a convex
optimization problem it does not suffer from multiple minima issues and the global
minimizer can be solved efficiently.

One of the main complaints about the LASSO is its tendency to bias downwards
(shrink) larger coefficients, because it is set up to force all coefficients to be equally
penalized. One way around this is the use of weights as in the adaptive LASSO. Larger
coefficients receive smaller penalization through the use of weights which alleviates
the bias and improves predictive performance. Zou [52] points out that the success
of the procedure is in the data dependency of the weights. With increase of sample
size the zero-coeflicient weights increase, while the weights for the nonzero coefficients
converge to a finite constant. Thus the procedure estimates asymptotically unbiasedly
large coefficients as well as small threshold estimates which set other coefficients to
zZero.

Two-dimensional cross-validation is needed to tune the adaptive LASSO. An op-
timal pair (v, A,) can be found by first searching for each 7 for an optimal A, and
cross-validating to find the optimal pair. An alternative is to search over a grid of
values for both tuning parameters simultaneously or to set v a priori. Zou [52] sug-
gests the use of the least squares estimates for 5 when the number of parameters p is
less than the number of observations n and collinearity is not a concern.

When choosing from groups of highly correlated predictors the LASSO tends to
arbitrarily select only a single variable from the group. Interpretation of the resulting
prediction model is hard since highly predictive variables are left out of the model.
Bondell and Reich point this out and propose a new method which builds on the idea
of the LASSO [3]. OSCAR is developed as a tool to discover groups of predictors
which are correlated. The method encourages groups of predictors to all have the
exact same coefficient. This is achieved through the use of combination of the ¢; and
the pairwise (o, norm of the coefficients, as > . |8;[+c¢ >, max{|B;[, |Bx|}. Asin the

LASSO, the ¢; norm is responsible for the sparceness of the resulting model, while the
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pairwise /., norm encourages equality between coefficients, in that it penalizes the
bigger one between each pair. Hence, OSCAR eliminates the unimportant predictors

and at the same time clusters the important ones.

1.4.2 Non-convexr approaches

Fan and Li [19] propose the smoothly clipped absolute deviation (SCAD) family of
penalization functions, which are symmetric, nonconcave on (0, 00), and have singu-
larities at the origin which produce sparse solutions. To reduce bias in estimating
the larger coefficients, the penalty function is bounded by a constant. Such a penalty
function combines the ability to simultaneously perform variable selection and esti-
mation.

The SCAD penalty for a > 2 and 6 > 0 is

ROED) {1(9 <\ + (ad = 9)+1(9 > )\)} .

(a—1)A
It can be viewed as a quadratic spline with knots at A and aA. This penalty function
also reduces the bias for larger coefficients. This is done by not penalizing the larger
coefficients excessively.

Apart from the reduction in bias, the authors also demonstrate superiority over the
LASSO by investigating asymptotic properties of their method. Let 8, = (31, 82,)"
where 3,5, = 0, and let 1(8,) and I;(8,y,0) be the Fisher information matrix in
the general case and when the set of zero coefficients is known. The authors show
that there exists a penalized likelihood estimator that converges at Op(n~'/? 4 a,,)
with a, = max{p) (|Bjo]) : Bjo # 0}, thus for the SCAD family the estimator is
\/n-consistent provided that A\, — 0. Further, they show that the estimator is able to
identify 32 =0 and ,@1 is asymptotically normal with covariance I; ' when n'/2), —
00. The regularity conditions required for these results to hold are of the nature of
the conditions that guarantee asymptotic normality of the MLE’s.

When a model can consistently remove noise terms with probability which goes
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to 1 and the non-zero estimates have the same distribution as they would have if the
true model is known in advance, by the definition of Fan and Li, this is referred to
as the oracle property. Importantly, the authors show that the for the ¢; penalty, the
regularity conditions require that A, = Op(n~'/2) while at the same time \/n\, — oco.
These two conditions cannot be satisfied simultaneously. Thus they show that only

penalties ¢, with ¢ < 1 can have the oracle property.

1.4.3 Boosting

Boosting was initially developed as a classification procedure [21] and has since been
adapted to the regression and general prediction settings. In the original boosting
algorithms, a weak classifier is applied iteratively to re-weighted versions of the data
based on its performance on a training set. The estimated predictions from each
of the classifiers are then averaged to obtain the final estimator. Friedman adapted
boosting to the regression setting as an optimization problem with a squared error
loss function [23]. /5 boosting has been shown to produce consistent estimates in very
high dimensional settings where the number of predictors is exponentially increasing
with sample size [10].

The ¢y boosting procedure iteratively fits a learner, a simple fitting procedure,
to the residuals from the previous model’s fitted values [23]. The learner can be
linear or non-parametric. For example, fitting componentwise smoothing splines as
a base procedure yields an additive model. The number of boosting iterations, k,
is a smoothing parameter generally chosen by cross-validation. Commonly, a second
parameter, step length, is used to shrink the steps taken in the direction of the best fit
at a given iteration. Friedman [23] showed that a small step size is generally a good
idea, as it typically improves and rarely worsens the prediction performance of the final
fitted model. A small step size will slow the computation time, but for most problems
{5 boosting is sufficiently fast that this is not an issue. Because the boosting algorithm

typically stops after a finite number of iterations, the boosting model automatically



13

performs variable selection as not all predictors will be in the model. This is a highly
desirable property, especially in situations with large number of predictors (sometimes
more predictors than observations). Extensions of gradient boosting to likelihood
functions, for instance, appropriate for binary or survival outcomes, have also been
developed.

A similar and broader problem to 1.1 and 1.2 is referred to as “mandatory covari-
ates” and has been recently addressed by Boulesteix and Hothorn [4]. The mandatory
covariates are necessarily included in the model and the aim is to determine the ad-
ditional predictive value of other variables, such as high dimensional molecular data.
In their paper, the authors suggest the utilization of a two stage boosting proce-
dure, implemented in the R package globalboosttest. The mandatory variables are
regressed out of the outcome and then boosting is performed to determine a model
with the additional covariates. While the idea is similar to dedicated boosting, further
considerations need to be taken into account when dealing with interactions.

Since the interactions and the main effects are expected to be correlated, taking the
extra step of regressing out the main effects from the interactions, rather than just the
outcome variable allows for better performance and detection of the interaction effects.
We compare the performance of dedicated boosting to the algorithm globalboosttest

in simulations and a real data example from the WHI study in Chapter 2.

1.4.4 FEuxisting techniques for detecting interactions

In their paper [14], Choi et al. are interested in penalized methods for interactions.
In particular, they develop the strong heredity interaction model (SHIM) algorithm,
an iterative procedure which uses the LASSO at each step to fit a model of the form

g(x) = Po + Z Bixi + Z Z Vi BiB (i)
i i
The penalized regression model the authors consider is

minﬁimizeHy — g(@)|]* + s Z 1Bi] + Ay Z 7i51-

)



14

The interaction terms are based on the main effects forcing the interactions to be
zero when either main effect is zero. Choi et al. showed that their model has the
asymptotic oracle property when n goes to infinity. As the sample size increases
and the number of predictors remains fixed, under some regularity conditions, the
model performs as well as if the true model is known. They showed that the strong
heredity interaction model (SHIM) algorithm has the oracle property. Under further
conditions, the same can be shown for the case when both the sample size and the
number of predictors tend to infinity.

Other recent methods have also been shown to achieve the oracle property of
Fan and Li under certain conditions. For example, for a suitable choice of regula-
tory parameters the adaptive lasso results are consistent in variable selection and are
asymptotically normal ([52]) .

SHIM, like SCAD, is nonconvex. There is no guarantee that the global minimum is
reached rather than a local minimum. To investigate the severity of the problem, Choi
et al. supply different starting values based on least squares estimates of bootstrap
resamples of the data and estimate the difference in the resulting coefficients. They
are evaluating whether the starting values result in different local minima. There is
no guarantee however whether starting values which are far off the truth will result
in good estimates. We have to assume that we are starting with reasonably good
starting values for models like this. In the general case of p < n we can estimate all
of the parameters with a full least squares fit. However, if the number of predictors
is larger then such a model cannot be fit and alternate fitting techniques need to
employed.

On the other hand, it should be noted that the fused LASSO problem is strictly
convex and thus has a unique solution.

Bien et al. propose a LASSO-like procedure [2] that produces sparse estimates for
the main effects and all two-way interactions, while satisfying heredity constraints.

Instead of employing group LASSO penalties, they add a set of convex constraints
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to the LASSO model. A related idea is presented by Yuan et al., who propose non
negative garrote methods that can naturally incorporate hierarchical structural re-
lationships between variables [51]. They incorporate the structural relationships as
linear constraints on the corresponding penalties. This approach allows them to in-

corporate a variety of such structural relationships between predictors.

For the search of gene-gene and gene-environment interactions, Park and Hastie
suggest the use of penalized logistic regression [36]. In particular they employ an /s
penalty which regularizes the coefficients as in ridge regression. The authors argue
that quadratic regularization is a good fit for large models with high-order interac-

tions, as collinearity is not a problem.

Stepwise model building using Akaike Information Criterion (AIC) and Bayesian
Information Criterion (BIC), two closely related procedures, can be adapted to the
search of interactions [1, 41]. Both methods apply a penalty term to the number
of parameters in the model to avoid overfitting. To chose between two models with
BIC, we calculate BIC = —21In(L) + kIn(n) for the likelihood function L, sample size
n and number of parameters k and chose the one with lower BIC value. For AIC
we calculate AIC = —21In(L) + 2k. To apply AIC and BIC to the interaction model
setting we can start with a model consisting of all main effects and build in a forward
stepwise fashion models, considering possible interaction terms to be added to the

model. We note that, when the number of parameters is fixed, BIC is consistent

while AIC is not [6].

An alternative to the methods above is Bayesian model averaging [33]. It is a tech-
nique designed to account for uncertainty inherent in the process of model selection.
It averages over many different models and thus incorporates model uncertainty in the
parameter estimation. One approach to implementing BMA is to average over sets of
parsimonious, data-supported models when an exhaustive search is impractical, one

of several difficulties of this approach.
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1.5 Organization of this Dissertation

The rest of this work is organized as follows. In Chapter 2 we propose the dedicated
boosting algorithm and present results for the WHI data and an array of simulated
scenarios. In Chapter 3 we propose the directed LASSO and investigate its behavior

in simulations. We close in Chapter 4 with a discussion and plans for future work.
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Chapter 2
DEDICATED BOOSTING

In regression problems in which the main effects are already established (as is the
case with risk factors as well as SNPs for many diseases) or in which their estimation
is not a priority, we propose the use of a dedicated boosting algorithm.!

Dedicated boosting is a variation of the usual ¢ boosting procedure which focuses
on the interaction search, in contrast to most boosting methods which address overall
model prediction or classification. To be able to focus on the interaction space,
the main predictors are regressed out of the response variable and the interactions.
The usual ¢ boosting procedure is then applied to the resulting residuals. Because
the effect modifiers may have small signal compared to the main effects, focusing
model selection in a space which is orthogonal to the main predictors allows improved
performance of the algorithm as compared to applying the usual boosting algorithm
which combines both main effects and interactions as learners.

Dedicated boosting is a method to build a model consisting of an ensemble of
interactions with potentially small effects. The group of interactions is treated as
a profile. The individual membership of factors in this profile is considered only
suggestive as the method does not establish significance for the individual interactions
but rather investigates the ensemble as a whole. We expect to have the greatest
improvement in performance in higher dimensional settings with many interactions
and main effects.

The already established marginal effects can be estimated on the data at hand as

described above or prior estimates can be employed.

LA previous version of this chapter is published in Statistics in Medicine [37]
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2.1 /{5, boosting

We first describe the usual ¢35 boosting algorithm with component-wise linear least
squares as the base procedure [12, 10, 11]. The algorithm iteratively refits the residuals
at each step and performs a linear least squares regression against the single best
predictor variable.

For a continuous outcome Y and a potentially large set of predictors X;, the ¢,

boosting algorithm can be summarized as follows (following [11]):

1. Initialize f©© =V and set k = 0, let v be a small fixed number.

2. Iterate the following steps:

(a) Increase k by 1. Compute the vector of residuals R0 =y — flk-D(X)

for all observations 1.

(b) Fit a simple linear regression for each X to the residual vector R*~1 and

set

7" = B, X,

where

b = arg min Z(ng_l) - Binj)z.

1<j<J

(c) Update f® = flk=1) 4 50k
3. Stop when k = kgiqp.

The value kg, is determined via a cross-validation estimate of the mean squared error
of (Y — flk).

The boosting estimator J?(k) =v Zﬁ:o ™) is the sum of the base procedures scaled
by v. The scalar v is a shrinkage parameter, used to avoid over-fitting. In general,

good results are achieved with small v, but the procedure is relatively insensitive to
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the size of v. Of course, smaller v will require the algorithm to use a larger number
of iterations.

In Step 2(b) we select the predictor at iteration k in the simple linear model
setting, which implies that we pick the predictor X; which is most highly correlated
with the residuals R*~Y from iteration k¥ — 1. Note that the predictors X; used
at consecutive steps can be the same or different (thus formally we should add an
additional superscript * to X;, which we omit for simplicity). In the remainder we
assume that the candidates X; are the same at each step; in some applications the
X, are changing during the procedure, for example when splines or regression trees
on the X; are considered.

The fitted function is updated in a linear fashion; as the number of steps of
the algorithm gets large the estimates converge to the least squares solution. The
coefficient estimates are added at each iteration as well; the coefficient associated

with the X, at that step is the only one updated.
2.2 Dedicated boosting

For ease of notation we will assume that we are looking for an environmental inter-
action effect that may depend on multiple environmental variables E; = (Ey, ..., E,)
that modify the effect of a genetic single nucleotide polymorphism (SNP) on a regres-
sion outcome Y .

Let Y be an n x 1 continuous response vector and GG an n x 1 vector be a SNP
of interest. Let E be an n X p matrix of environmental variables. Let the matrix
of potential interactions I = G x E. We refer to M = (G, E, ..., E,) as the set of
main effects and I = (I3, ..., I,) as the set of interactions. We start by standardizing
all continuous environmental variables to mean 0 and variance 1 prior to construct-
ing the matrix of interactions with categorical variables transformed to 0/1. Results
are transformed later back to the original scale. To be able to focus on the interac-

tion space, the main effects are regressed out of both the response variable and the
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interactions upfront. The ¢5 boosting procedure is then applied to the resulting resid-
uals, using the residuals of I as the predictors. In particular, the dedicated boosting

procedure is now:

1. Regress the main effects out of the outcome Y and the interaction terms [

Y = Zp+1 a;M; +res(Y), (2.1)
Il = p+1 ’yle —|—7’€$(Il) (22)
I, = Zfﬂ VipMj + res(ly), (2.3)

where the notation res(Z) is used to indicate the residuals of the regression
model with Z as response and the main effects M as predictors. These models

are fit using ordinary least squares.

2. Apply the ¢5 boosting procedure with outcome res(Y’) and predictor set res(1y),

.,res(1,). In particular, let

res( E res ) + residuals,
=1

and let B (k) be the coefficients from the boosting procedure.

Then the fitted values of the whole boosting algorithm can be retrieved by adding
_ 5 T@S( ;) to (Y —res(Y)), so that the fit of the dedicated boosting solution

can be expressed as

p+1 p+1

We see that the interaction coefficients are identical to the boosting coefficients B (k)

Because we applied boosting to the residuals, the main effect coefficient for M; be-

comes a; + 0, M7,
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Fuvaluating interactions

To assess the fit of an interaction model we propose focusing on the interaction part
directly. We want to focus on the interaction part of the model, since the residual
sums of squares will often be overwhelmed by the main effects and thus the quality
of the interaction fit will not be fairly assessed. Existing methods like the F-test
to evaluate interactions compare the log likelihoods of a model with and without
interactions, to decide if interactions significantly improve the model with only main

effects. We define the measure we use, MIaSE, in Section 2.4.

2.3 WHI data

The Women’s Health Initiative (WHI) is a long-term national health study that fo-
cuses on strategies for preventing chronic diseases, such as heart disease, breast and
colorectal cancer and fracture in postmenopausal women. The WHI consisted of an
observational study of 93,773 postmenopausal women and four clinical trials study-
ing various interventions in 68,035 postmenopausal women [42]. Participants were
recruited between 1992 and 1998. The active intervention of the clinical trials was
stopped between 2002 and 2005 (e.g. [50],[49]). Follow-up of subjects is ongoing.

At time of enrollment in the study, extensive environmental exposure data on
WHI participants were collected. Blood collection also took place. Using the DNA
extracted from this blood collection, a number of genetic studies among WHI partic-
ipants were initiated.

Population Architecture using Genomics and Epidemiology (PAGE) is a National
Human Genome Research Institute (NHGRI) funded consortium that includes WHI,
the Multi Ethnic Cohort, Causal Variants Across the Life Course (CALiCo, a consor-
tium of five cardiovascular cohorts), and Epidemiologic Architecture for Genes Linked
to Environment (EAGLE, which studies the NHANES cohort). As part of PAGE tens

of thousands of subjects are genotyped for SNPs that were identified as genome-wide
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significant in other studies (“putative causal SNPs”) to study the genetic architecture
of the phenotypes for which the SNPs were identified. Each of the four PAGE groups
genotyped a number of SNPs associated with obesity or body mass index (BMI).

We analyze the WHI-PAGE data on obesity. This consists of 11 SNPs previously
identified, mostly in GWAS studies, to be associated with obesity. Genotype, demo-
graphic, and environmental data assumed to be associated with obesity and collected
at recruitment are available on 17,049 women. These data include age, current exer-
cise (expressed as METs/week, a continuous variable), whether the subject exercised
at each of age 18, 35, and 50 years (binary), education (eleven levels, treated as con-
tinuous), ever smoking (binary), current smoking (binary) and alcohol consumption
(five levels, treated as continuous), ethnicity (Caucasian, African American, Hispanic,
Asian/Pacific Islander, American Indian), region (three levels corresponding to North-
South, as a surrogate for sun (vitamin D) exposure), and estimated percent of calories
from fat, protein, and carbohydrates based on food-frequency questionnaires. The re-
sponse is measured BMI (weight in kilograms divided by height in meters squared).

We present results for linear regression, stepwise model building using AIC and
BIC model selection (described below), the LASSO, globalboosttest, and dedicated
boosting. The data are randomly divided into a training set with 13,049 subjects
and a test set with 4,000 subjects. For each of the 11 SNPs, each method is applied
to the training data set which contains a specific SNP, all the environmental and
demographic variables, and the interactions between the SNP and the other variables.
We reserve the test set for evaluating the performance of the models. With the
exception of the three SNPs located at the FTO gene, the linkage disequilibrium as
measured by the absolute value of the correlations between the SNPs is less than 0.12.
The three F'TO SNPs are in high linkage disequilibrium with correlations between 0.78
and 0.89.

To ensure comparability across methods, the main effects of all variables are in-

cluded (unpenalized) in each method. The AIC and BIC model selection is done in
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a forward fashion starting with the main effects model and adding the interaction
effects one at a time. A penalization for the LASSO is applied only to the interaction
terms, ensuring that all main effects are included in the final model. For dedicated
boosting and LASSO we standardize the continuous predictors to mean zero and
variance one. All results are back-transformed and presented on the original scale.
For the simulations presented in Section 2.4, we also apply an AIC procedure which
honors model heredity constraints. In other words, interactions are considered only
once both main effects have been selected by the stepwise algorithm to be included
in the model. Results for BIC with heredity constraint procedure are not presented
since very rarely was an interaction term selected.

Based on our initial experiments we concluded that, like for the regular boosting
algorithm, the value of v is mostly irrelevant, as long as it is small enough. Therefore,
we took v = 0.1 throughout.

We started our analysis by applying the dedicated boosting algorithm for each of
the SNPs, as well as to versions of the data with the response permuted. We use the
number of steps is a surrogate for the complexity of the model and the amount of
signal in the data. When comparing the number of steps that the dedicated boosting
algorithm took on the real data, as selected with cross-validation, with the number of
steps it took on the permuted data, it appeared that for SNP rs10938397 in the GN-
PDA2 gene there was evidence of some possible interactions. For SNP rs17782313 in
the MC4R gene there were maybe some interactions, but these interactions appeared
to be weaker. In our analysis we focus on these two SNPs, providing some limited
results for the other nine SNPs.

The interactions found by the dedicated boosting algorithm between rs10938397
and age, current exercise and exercise at 18, and Asian/Pacific Islander ethnicity (see
Table 2.1) have a negative association with BMI, while the interactions with percent
calories from protein in the diet, education, smoking, and Hispanic, African American

and American Indian ethnicity have a positive association. For exercise at 18, educa-
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tion level, Hispanic and American Indian ethnicities, the interactions are in the oppo-
site direction of the main effects, while the rest of the selected interactions strengthen
the corresponding main effects. We note that the magnitudes of the coefficients from
the dedicated boosting algorithm are smaller than those from (unpenalized) linear
regression and stepwise model selection using AIC. The LASSO coefficients are nei-
ther consistently smaller nor bigger than those of the boosting algorithm. The BIC
method selects no interactions for this data set while the globalboosttest algorithm
selects only one interaction term.

In Table 2.2 we present results for SNP rs17782313. We again note that for those
variables where AIC and boosting selected the same terms, the boosting coefficients
are smaller than the AIC coefficients. For this SNP, the group of variables selected by
dedicated boosting include age, current exercise, exercise at 18 and 35 years of age,
percent calories from carbohydrates in the diet, smoking, and Hispanic and African
American ethnicity. Of these, smoking and African American ethnicity are in the
opposite direction of the corresponding main effects.

Table 2.3 summarizes for each of the 11 SNPs the performance of each of the
models. It also includes the minor allele frequencies of each of the SNPs included in
the study. We compute the vector U = Z;il @-res([ ;), where B\ is the set of estimated
interaction terms for the model and res(/;) are the residuals left from regressing the
main effects out of interaction term I; in the test data set (see (2.2)-(2.3)). We
compute res(Y) (2.1), the test set BMI residual vector after regressing out the main
effects, and the residual sums of squares RSS = S 100 (res(Y;) — U;)%. We report
RSS — RSS,4in, the residual sums of squares less the residual sums of squares of the
main effects model. We compute this quantity for a random split of the data in a
test set of 4,000 subjects and a training set of 13,049 subjects and nine random splits
with the same division and average the resulting RSS — RS S,,4in Over all ten splits.

As far as test set RSS is concerned, globalboosttest and dedicated boosting
have the best performance (Table 2.3), but dedicated boosting identifies slightly more
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interactions that appear real. globalboosttest identifies some interactions but also
misses some. In fact, we will see later in the simulation study that globalboosttest
has fewer true positives and fewer false positives. For SNP rs17782313, the lowest
error is achieved with the BIC model selection, which selected no interactions for
any of the splits. This would signify that even though we have some evidence that
dedicated boosting is selecting interaction terms that are associated with the outcome,
these interactions are not strong enough to improve the predictive properties of the

model.
2.4 Permutation Test

Next we discuss the results of a permutation test for SNPs rs10938397 and rs17782313.
We permuted the response variable BMI 1000 times after the main effects were re-
gressed out to generate data under the null hypothesis of no interaction effects. Each
time we applied the dedicated boosting algorithm using the permutation of BMI as re-
sponse variable. Note that this is not a typical global permutation test, as we are only
removing the interactions, rather than removing both main effects and interactions.

Table 2.4 summarizes the results for SNP rs10938397. For each of the covariates
that were selected by the dedicated boosting algorithm in the original analysis, we
count how often the variable is selected during the 1000 permutations, and, if it is
selected, whether the absolute value of the coefficient 3 is at least as large in the
permuted data as in the original version. We do the same for the variables that were
not selected, except that here if a variable is selected during the permutations, its
coefficient is larger in magnitude than the original analysis, since in that case the
coefficient was zero.

With the exception of Hispanic ethnicity, the number of permutation models which
included a larger coefficient than the original coefficient were less than or equal to
50. The Hispanic ethnicity interaction term had a larger coefficient in 121 of the

permuted data samples. This suggests that if there were no true interactions for this



26

SNP, as is the case for the permuted data sets, results from the dedicated boosting
model would be unlikely to be observed for all covariates that were selected except for
Hispanic ethnicity. On the other hand, for all the covariates that were not selected in
the original model, the analysis of the permuted data sets frequently selected a larger
coeflicient.

We also note that in none of the 1000 permutations the boosting algorithm took
as many steps as the algorithm took on the original data. This suggests that the
dedicated boosting algorithm indeed found a “signal” that is beyond noise.

Table 2.5 presents the permutation results for SNP rs17782313, organized the
same way as Table 2.4. The interactions for exercise and exercise at age 35 resulted
in coefficients more extreme than the original in more than 50 of the permutations,
suggesting that these covariates may have ended up by chance in the original model.
The rest of the interactions had coefficients large enough to make them unlikely if
there were truly no effect modifications present for this SNP.

In 14 out of the 1000 permutations the dedicated boosting algorithm took as many
steps or more as the algorithm took on the real data. This suggests that there likely
is a true interaction effect for this data, but that the signal is not as strong as for

rs10938397.
2.5 Simulation study

We conducted a simulation study to further examine the performance of dedicated
boosting based on the WHI data. In particular, we simulate only a new response
variable based on the main effects and interaction coefficients estimated with dedi-
cated boosting for the outcome BMI. We use the original data set for the prediction
variables.

Results are presented for the full least squares model without model selection, and
AIC and BIC based forward stepwise model selection of interactions starting with the

main effects model. For the LASSO, regularization is applied to the interaction terms
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Table 2.2: rs17782313: Comparison of interaction terms chosen by the five methods. The dedicated boosting algorithm
took 63 steps. Cells that are labeled “-” mean that a particular approach did not select that variable. Each approach
first fits (the same) main effects; “Full” refers to fitting all interaction terms using a linear model; “GlobalB” is the
globallboosttest algorithm; “Boosting” is the dedicated boosting algorithm.

Main Effects Coefficients for Interaction Effects

Estimate  Std. Error  p-value Full AIC BIC LASSO GlobalB Boosting
(Intercept) 40.730 1.927 < 0.001
rs17782313 0.185 0.094 0.049
Age —0.195 0.008 < 0.001 —0.034 —0.035 - - - —0.018
Amount of exercise —0.066 0.005 < 0.001 —0.009 - - - - —0.004
Exercise at 18 1.382 0.138 < 0.001 0.218 0.327 - - - 0.123
Exercise at 35 0.352 0.147 0.017 0.166 - - - - 0.075
Exercise at 50 —0.517 0.134 < 0.001 0.048 - - - - -
% Calories from carbo. —0.008 0.017 0.656 —0.010 —0.019 - - - —0.010
% Calories form protein 0.183 0.024 < 0.001 0.015 - - - - -
% Calories from fat 0.096 0.019 < 0.001 0.006 - - - - -
Education level —0.360 0.030 < 0.001 —0.021 - - - - -
Ever smoking 0.398 0.121 0.001 —0.572  —0.558 - - - —0.368
Current smoking —3.157 0.218 < 0.001 0.234 - - - - -
Alcohol —0.611 0.055 < 0.001 —0.010 - - - - -
Hispanic —0.320 0.216 0.139 —-0.861 —0.811 - - - —0.352
African American 2.440 0.157 < 0.001 —-0.473 —-0.441 - - 0.058 —0.152
Asian/Pacific Islander —3.984 0.274 < 0.001 0.165 - - - - -
American Indian —0.610 0.565 0.280 —0.066 - - - - -
Region middle —0.316 0.144 0.028 —0.003 - - - - -
Region south —0.361 0.137 0.008 0.026 - - - - -
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Table 2.3: (RSS — RSS,4in) for the 11 SNPs from the WHI-PAGE data based
on the 5 examined approaches. Results are averages of ten random test sets with
4000 subjects that were not used in any aspect of the model building or selection;
“Full” refers to fitting all interaction terms using a linear model; “GlobalB” is the
globallboosttest algorithm; “Boosting” is the dedicated boosting algorithm. In bold

is the best performing method for each SNP.

Nearest Gene SNP Minor allele freq. Full AIC BIC LASSO GlobalB  Boosting
MTCH?2 rs10838738 0.297 0.0272 0.0130 0.0000  —0.0006 0.0005 —0.0017
GNPDA2 rs10938397 0.387 0.0100 0.0019 0.0096 0.0182 —0.0015 0.0013
KCTD15 rs11084753 0.355 0.0058 0.0012 0.0091  —0.0029 0.0030 —0.0108
MC4R rs17782313 0.236 0.0677 0.0534 0.0000 0.0010 0.0001 0.0124
NEGR1 rs2815752 0.367 0.0805 0.0551 0.0000 0.0017 —0.0018 0.0060
CTNNBL1 rs6013029 0.093 0.0762 0.0433 0.0000 0.0000 —0.0020 0.0049
TMEM18 rs6548238 0.155 0.0613 0.0533  0.0000 0.0072 0.0026 0.0095
SH2B1 rs7498665 0.355 0.0440 0.0062 0.0128  —0.0003 —0.0011 —0.0095
FTO rs3751812 0.327 0.0360 0.0440 0.0110 0.0085 0.0039 0.0050
FTO rs8050136 0.394 0.0054  —0.0048 0.0000  —0.0049 0.0050 —0.0051
FTO rs9930506 0.378 0.0605 0.0328 0.0000 0.0000 0.0046 —0.0023

only while the main effects are left unpenalized. We also investigate AIC with heredity

constraints, that is, we start with a null model considering only main effects, and only

once both main effects are included in the model is the interaction term associated

with them added to the set of active predictors to be considered. Finally we fit

globalboosttest and dedicated boosting.

We consider the model

19 18
Y=70+71G+Z%Ei+25i (E; x G) +¢

=2 i=1
N g N
v VvV

main effect interaction

J

[via dedicated boosting]

where

e ~ N(0,6.42%);

note that 6.42 is the residual standard variation in the WHI data.
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Table 2.4: rs10938397: Results for permutation study based on 1000 permutations of
the null. While the dedicated boosting algorithm on the original data took 92 steps,
only 95 out of the 1000 permutations had number of steps greater than or equal to
20 and none had number of steps larger than 85.

Coef Selected  Larger coef  Smaller coef
Age —0.014 122 14 108
Amount of exercise —0.010 126 4 122
Exercise at age 18 —0.215 119 8 111
% Calories from protein 0.016 126 43 83
Education level 0.060 115 5 110
Ever smoking 0.164 120 20 100
Hispanic 0.019 121 121 0
African American 0.362 127 4 123
Asian/Pacific Islander —0.229 144 50 94
American Indian 0.816 123 20 103
Exercise at age 35 105 105 -
Exercise at age 50 131 131 -
% Calories from carbo. 67 67 -
% Calories from fat 100 100 -
Current smoking 129 129 -
Alcohol 107 107 -
Region middle 127 127 -
Region south 116 116 -

The  coefficients were taken from the dedicated boosting results applied to the
outcome BMI and the ~ coefficients are the main effects for BMI from a model which
includes simultaneously all predictors from Table 2.6. For the interactions there are
10 non-zero coefficients and 8 zero coefficients. In particular, the non-zero coefficients

were
p = (—0.014,—0.010, —0.215,0.016, 0.060, 0.164, 0.019, 0.362, —0.229, 0.816),

for age, amount of exercise, exercise at 18, % of calories from protein, education level,
ever smoking, Hispanic, African American, and American Indian ethnicity, and region
middle, respectively. The random error is based on the residual variance of the same

model.



31

Table 2.5: rs17782313: Results for permutation study based on 1000 permutations.
On the original data, the dedicated boosting algorithm took 63 steps; 14 permutation
runs had number of steps greater than or equal to 63.

Coef Selected  Larger coef  Smaller coef

Age -0.018 122 6 116
Amount of exercise -0.004 132 59 73
Exercise at age 18 0.123 139 47 92
Exercise at age 35 0.075 122 63 59
% Calories from carbo. -0.010 93 18 75
Ever smoking -0.368 134 2 132
Hispanic -0.352 124 27 97
African American -0.152 130 43 87
Exercise at age 50 130 130 -
% Calories from protein 148 148 -
% Calories from fat 100 100 -
Education level 149 149 -
Current smoking 153 153 -
Alcohol 126 126 -
Asian/Pacific Islander 152 152 -
American Indian 146 146 -
Region middle 135 135 -
Region south 137 137 -

To compare the five methods we compute
18
U= Bres(T)
j=1
and compare it to the true linear combination (TLC) of the interactions

18
TLC =) Bjres(l)),
j=1

where res(I) represent the residuals from the linear regression models of the main

effects on the interaction terms. We report the
MIaSE = n~' Y (TLC —U)?, (2.4)

an overall measure of the distance between the true and fitted coeflicients for each

model.
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Table 2.6 presents the results from 1000 replications of the simulation model. We
note that the dedicated boosting algorithm has the best performance out of all the
methods with respect to RSS. For the 10 terms with non-zero 3’s we report on
average how many times the model correctly assigned non-zero coefficients (“True
positive”). The dedicated boosting algorithm has the highest proportion of true posi-
tives averaged over the 1000 runs. The procedure assigned a non-zero coefficient to the
Hispanic variable only 21% of the time. The row “False positive” counts how often one
of the eight covariates with zero coefficients was selected. Not surprisingly, the BIC
model, which rarely picked any interactions, has the best false positive performance.
Dedicated boosting has fewer false positives than the LASSO, but slightly more than
AIC. Globalboosttest performs similarly to BIC, with very few false positives and
very few true positives.

Further, we investigate the performance of the dedicated boosting algorithm in a
range of scenarios, varying from very weak to very strong interaction effects. Figure
2.1 presents the MIaSE based on the same simulation setup as above. However, all
of the interaction coefficients are multiplied by a factor between 0.1 and 5. Thus, the
coefficients in these models are af; where a is between 0.1 and 5, and the 3; are the
same as above. For these models still a fixed number of the environmental factors
(but not all) have interactions. The strength of these interactions varies between
very weak and very strong. Results are based on 50 simulations. As expected the
BIC model performs very well when the interaction terms are very small, as it in
general rarely selects interactions for inclusion in the model. All methods perform
very similarly once the interaction effects are large, as essentially every method finds
the right model. Boosting outperforms the other methods for a range of values of the
multiplier a between 0.75 and 3, which importantly contains @ = 1 which corresponds

to the interaction effects seen in the real data.
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Figure 2.1: Simulation study results based on 50 replications for varying magnitude
of interaction terms. “Full” refers to fitting all interaction terms using a linear model;
“Boosting” is the dedicated boosting algorithm.

2.6 Extensions

2.6.1 Non-linear functions

A natural extension of the above is to consider non-linear functions in addition to
linear functions of the environmental factors. This adds flexibility in modeling pa-
rameters and results in an additive model. A further extension would allow adaptive
estimation of the basis functions added during the boosting algorithm, such as step-

wise selection of regression spline functions. The form of the nonlinear function of a
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Table 2.6: Simulation study results based on 1000 replications. Table presents fraction
of coefficients from simulation study that are non-zero. “Full” refers to fitting all
interaction terms using a linear model; “GlobalB” is the globallboosttest algorithm;
“HAIC” is the heredity constraints AIC model; “Boosting” is the dedicated boosting
algorithm.

Full AIC HAIC BIC LASSO GlobalB  Boosting

Non-zero coefficients

Age 1.00 0.46 0.14 0.09 0.09 0.00 0.57
Amount of exercise 1.00 0.49 0.11 0.05 0.47 0.18 0.53
Exercise at age 18 1.00 0.42 0.11 0.02 0.40 0.12 0.44
% Calories from protein 1.00 0.25 0.06 0.01 0.11 0.00 0.28
Education level 1.00 0.50 0.13 0.03 0.22 0.00 0.50
Ever smoking 1.00 0.33 0.08 0.03 0.41 0.10 0.42
Hispanic 1.00 0.16 0.02 0.00 0.29 0.04 0.21
African American 1.00 0.60 0.16 0.11 0.66 0.53 0.66
Asian/Pacific Islander 1.00 0.23 0.06 0.01 0.39 0.13 0.30
American Indian 1.00 0.38 0.01 0.02 0.46 0.19 0.43

Zero coefficients

Exercise at age 35 1.00 0.22 0.04 0.00 0.25 0.03 0.22
Exercise at age 50 1.00 0.17 0.04 0.00 0.28 0.05 0.24
% Calories from carbo. 1.00 0.26 0.03 0.00 0.06 0.00 0.19
% Calories from fat 1.00 0.26 0.03 0.00 0.10 0.00 0.17
Current smoking 1.00 0.17 0.04 0.01 0.32 0.06 0.23
Alcohol 1.00 0.20 0.05 0.00 0.21 0.01 0.24
Region middle 1.00 0.16 0.02 0.00 0.29 0.03 0.23
Region south 1.00 0.15 0.03 0.00 0.26 0.02 0.22
Overall summary

MIaSE 0.0570 0.0532 0.0440 0.0456 0.0380 0.0395 0.0312
True Positive 1.0000 0.3819 0.0879 0.0369 0.3492 0.1293 0.4337
False Positive 1.0000 0.1979 0.0331 0.0033 0.2218 0.0249 0.2172

predictor is not pre-specified but is chosen by the boosting algorithm.

2.6.2 Bootstrap confidence intervals for the interaction terms

In this section we propose bootstrap confidence intervals for each of the interaction

coefficients in a profile as well as the number of steps. The merit of assessing the
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significance of the number of steps comes from our supposition that interactions are
likely small and thus on their own might not reach significance. We also investigate
the coverage of the bootstrap confidence intervals in select simulation scenarios.

We construct bootstrap confidence intervals for the coefficients of the dedicated
boosting model. The idea of bootstrapping a coefficient was introduced by Efron in
a 1979 paper ([16]). To construct them we draw a sample of size n with replacement
from the original data B times. We apply the dedicated boosting algorithm to each
new data set and collect the interaction terms 7™ selected for each bootstrap sample.
This yields us a sample of B coefficients. We construct 95% confidence intervals
using the /2 and 1 — /2 quantiles of the the bootstrap samples. The confidence
interval (CI) has the form Cy, = (13,2, T(p(1—a)/2))- Note that this interval is not
symmetrical. There are bias-correction methods for percentile bootstrap confidence
intervals ([17]), but for our purposes we will employ the simple percentile bootstrap
intervals.

Note that we are constructing bootstrap samples by resampling from the data in
its original form and we are regressing the main effects for each sample separately
rather than resampling from the original data with the main effects regressed out.
This is done so that the independence of main effects and interactions is preserved in
each bootstrap sample.

Tables 2.7 and 2.8 present the bootstrap 95% CI for SNP rs10938397 and SNP
rs17782313. For all of the interactions, the confidence intervals include 0. This
reinforces our original assertion that dedicated boosting identifies a group of envi-
ronmental factors that is jointly associated with the outcome, but that none of the
individual components are associated with the outcome.

Next, we consider bootstrap confidence intervals for the number of steps taken.
We develop a bootstrap based 95% percentile CI for the number of steps h and check
whether they contain 0. If the CI does not contain 0 we have evidence that dedicated

boosting is picking up on signal in the data. We notice that for all the originally
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selected interactions, the intervals are bound by zero while for the interactions the
method did not select the intervals straddle zero. As we expect, none of the effects
are big enough to be significant on their own. For SNPs rs10938397, the number of
steps the dedicated boosting algorithm took on the original data set h was 92 and
the 95% bootstrap CI for h is (11,148). For SNPs rs17782313 the original number
of steps h is 63 and the 95% bootstrap CI for h is (9,148). This provides further

evidence that there is an interaction effect for these SNPs.

Table 2.7: SNPs rs10938397 dedicated boosting interaction effects and 95% bootstrap
confidence intervals.

Int. Coef [95% CI]
Age —0.01  [~0.03, 0.00]
Amount of exercise —0.01  [-0.02, 0.00]
Exercise at 18 —0.21  [-0.52, 0.00]
Exercise at 35 0.00 [—0.23, 0.24]
Exercise at 50 0.00 [-0.34, 0.13]
% Calories from carbo. 0.00 [-0.01, 0.01]
% Calories fro protein 0.02 [0.00, 0.06]
% Calories from fat 0.00 [-0.02, 0.01]
Education level 0.06 [0.00, 0.14]
Ever smoking 0.16 [0.00, 0.51]
Current smoking 0.00 [—0.44, 0.28]
Alcohol 0.00 [-0.07, 0.08]
Hispanic 0.02 [-0.18, 0.67]
African American 0.36 [0.00, 0.89]
Asian/Pacific Islander —0.22  [-0.74, 0.00]
American Indian 0.80 [0.00, 2.17]
Region middle 0.00 [-0.29, 0.15]

Region south 0.00 [-0.29, 0.17]
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Table 2.8: SNPs rs17782313 dedicated boosting interaction effects and 95% bootstrap

confidence intervals.

2.6.3 Paired t-tests for stopping criteria

Int. Coef [95% CT1]
Age ~0.02  [-0.05, 0.00]
Amount of exercise 0.00 [-0.02, 0.00]
Exercise at 18 0.12 [0.00, 0.52]
Exercise at 35 0.06 [0.00, 0.47]
Exercise at 50 0.00 [-0.21, 0.28]
% Calories from carbo. —0.01  [-0.03, 0.00]
% Calories fro protein 0.00 [-0.01, 0.06]
% Calories from fat 0.00 [0.00, 0.03]
Education level 0.00 [—0.08, 0.04]
Ever smoking —0.37  [—0.80, 0.00]
Current smoking 0.00 [-0.16, 0.59]
Alcohol 0.00 [-0.09, 0.05]
Hispanic —-0.32  [-1.28, 0.00]
African American —0.13  [-0.67, 0.00]
Asian/Pacific Islander 0.00 [-0.06, 0.60]
American Indian 0.00 [-1.13,1.19]
Region middle 0.00 [-0.31, 0.22]
Region south 0.00 [-0.24, 0.30]

When investigating the behavior of our algorithm based on simulating the null hy-

pothesis we notice that the RSS curves are rather flat and the number of steps which

minimize the average of the cross-validated curves would be too away from zero. The

particular location of the minimum would be based on random noise in the data.

To be able to distinguish better between actual minimums and random bumps we

propose a different summary of the curves which takes into account the difference

between all preceding steps and the minimum. We calibrate it under a few different

null scenarios where we vary the number of effects, the strength of main effects and

the random noise in the simulated data sets.

The usual approach is to look at the minimum of each 10-fold cross-validation set



38

40

35

25

20
|

0 50 100 150

Figure 2.2: Cross-validated curves. The x-axis is the number of steps and the y-axis
is the MIaSE for the test set. The cross shows the minimum of the average curves.
The solid point shows the t-test selected stopping criteria.

and average it over the 10 runs. For ¢ =1, ..., 10 repetitions and j =1, ..., 10 cross-
validation runs, let R;;(k) be the residual sums of squares for a particular number of
steps k in the j** cross-validation set in the i** repetition. Thus, we would choose

step k as follows:
L L
o Z(argkmin 0 > Ri;(k). (2.5)
i=1 j=1
The 10 repetitions of 10-fold cross validation are used to help reduce variation due to

the random nature of the cross-validation splits.

We describe a different way to select the stopping criteria, motivated by the one
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standard error rule in CART ([8]). Instead of the algorithm described above, we
propose to take the value of each of the cross-validated curves at the minimum of the
average of the curves, which we call the k*. We compute the paired t-test statistic
between the values of the 10 curves at £* and the values at each of the previous steps.
If the test statistic exceeds a pre-specified value T we select the largest step which
is significant at the level we have chosen. We choose T* = 1.83 as the usual t-test
cutoff for a test at a = 0.05.

The algorithm for selecting stopping criterion takes the following form:

1. kf = argmin, 231'11 R;;(k)

2. Ty(k) = ——2Bu®)—Ri; (k"))
(%) V/var(Rij(k)—Ri;(k*))/v/10

3. K; = ming{k: T;(k) < 1.83}
10
4. K == %021':1 KZ

When applying the t-test stopping criterion to the original data set, as expected,
the same interactions are selected by the boosting method as with the usual approach
(equation 2.5). However, the size of the coefficients is a bit smaller because usually
fewer steps are taken by the algorithm. Table 2.9 displays the coefficients for SNPs
rs10938397 and rs17782313. These can be compared the the last column of Tables
2.1 and 2.2.

2.7 Extended simulations

In this section, we further investigate the performance of dedicated boosting under a
wider range of simulated scenarios. We vary the sample size, the amount of random
error, the strength, and number of interactions.

For s = 10, let the environmental factors be distributed as

Ei...E,~MVN((0...0),%)),
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Table 2.9: SNPs rs10938397 and rs17782313 dedicated boosting interaction coeffi-
cients using the t-test stopping criterion.

rs10938397  rs17782313

Age —0.011 —0.012
Amount of exercise —0.007 —0.003
Exercise at 18 —0.135 0.104
Exercise at 35 - 0.042
Exercise at 50 -

% Calories from carbo. - —0.009
% Calories fro protein 0.006 -

% Calories from fat - -

Education level 0.036 -
Ever smoking 0.094 —0.315
Current smoking - -
Alcohol - -
Hispanic - —0.183
African American 0.267 —0.049
Asian/Pacific Islander —0.050 -
American Indian 0.419

Region middle B -

Region south - -

with ¥ specified below, and let the gene effect G have minor allele frequency 0.3 and be
in Hardy-Weinberg equilibrium: P(y = 0) = 0.49, P(y = 1) = 0.42, P(y = 2) = 0.09.

We generate data from the model

Y =aG + B'E + +TEG + oe,

with e = N(0,1) and 0 = 6 or 0 = 15.

The sample size is either N = 100 or 1000. The coefficients and correlations are as
follows: a = 2;

Br.x=(7,2,1,1,1,0,...,0)7;

Model A: v = (2,2,2,1,1,0,...,0)T; Model B: v = (2,-2,2,—1,1,0,...,0)T; Model
Civy=(7,2,2,1,1,0,...,0)T; Model D: v = (14,4,4,2,2,0,...,0)7;
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Model E: v = (14,—4,4,—2,2,0,...,0)T. The correlation between environmental

predictors is defined as

1 04...04 0...0
Ysxs = | 04...04 1 0...0
0...0 0...0 1
or Iyys.

Boxplots 4.1 through 4.12 present the results over 1000 replications of the sim-
ulated scenarios as a visual representation of the summaries in Tables 2.10 through
2.15. On the y-axis we have plotted the MIaSE measure, as defined in Section 2.4.
Through these simulations we use the t-test stopping criterion to determine the num-
ber of steps for our model. We note that dedicated boosting performs better with
smaller sample size and smaller interaction effects, which are harder to capture for
the other methods. However, as expected, when the sample size is big or the effects
are big the performance is not better, since all methods identify the interactions.
There is not much difference between the results of Models A and B and the results
of Models D and E. In the latter models where a large effect is combined with a large
sample size, the best performance is obtained by the AIC and BIC model selection
procedures.

When the interaction effects are large we expect that both boosting and the
LASSO will not perform well. This is due to the fact that both of these methods
shrink the larger coefficients. Thus some bias is introduced when large coefficients
are involved in the true underlying model. In such cases (Model D and E) all meth-
ods perform similarly. A better approach, however, would be a method which allows
different weights for the different coefficients, for example a method based on the
adaptive LASSO.

Tables 2.16 through 2.21 show the average true positive and false positive for each
of the algorithms in each of the simulated scenarios. Tables 2.10 through 2.15 show

the performance of the methods in all scenarios as captured by MIaSE. In all these
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Table 2.10: MIaSE (SE) for Null Model over 1000 replications. “Full” refers to
fitting all interaction terms using a linear model; “Boost” is the dedicated boosting

algorithm.
Full AIC BIC  LASSO Boost
n = 100
I,o=6 4.82 2.89 1.13 0.47 0.28
(0.091) (0.081) (0.063) (0.041) (0.023)
I.o=15 2977  18.70 7.27 3.43 1.74
(0.564) (0.518) (0.369) (0.303) (0.143)
¥,0=56 4.64 2.91 1.19 0.42 0.28
(0.085) (0.080) (0.060) (0.035) (0.021)
Y,0=15 2979  18.71 8.06 3.34 1.80
(0.565) (0.511) (0.423) (0.301) (0.150)
n = 1000
I.o=6 0.37 0.21 0.03 0.04 0.01
(0.005) (0.006) (0.003) (0.003) (0.001)
I,o=15 229 1.29 0.18 0.23 0.07
(0.033) (0.034) (0.019) (0.018) (0.007)
Y,0=06 0.38 0.23 0.03 0.04 0.02
(0.006) (0.006) (0.003) (0.003) (0.002)
Y,o=15 229 1.35 0.17 0.26 0.09
(0.034) (0.035) (0.019) (0.019) (0.009)

tables the bold value is the best performing method. In the null model (Table 2.16)

the dedicated boosting algorithm does not have the lowest number of false positives

however it has the best predictive error (Table 2.10). As expected, the BIC models

consistently have the lowest false positive rates and when the number of observations
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Table 2.11: MIaSE (SE) for Model A over 1000 replications. “Full” refers to fitting all
interaction terms using a linear model; “Boost” is the dedicated boosting algorithm.

Full AIC BIC  LASSO Boost
n = 100
I,o=6 4.68 4.56 4.76 3.43 3.12
(0.090) (0.093) (0.083) (0.058) (0.048)
I,o0=15 30.52 22.50 12.84 7.59 6.18
(0.600) (0.554) (0.397) (0.250) (0.140)
¥,0=06 4.74 4.57 4.69 2.94 3.69
(0.089) (0.090) (0.083) (0.065) (0.080)
Yoo=15 30.26 23.14 16.64 10.82 9.57
(0.621) (0.551) (0.443) (0.290) (0.168)
n = 1000
I,o=6 0.37 0.31 0.35 0.34 0.40
(0.005) (0.006) (0.008) (0.005) (0.007)
I,o0=15 2.28 2.26 3.67 2.04 2.30
(0.032) (0.037) (0.045) (0.035) (0.038)
Y,0=6 0.36 0.31 0.38 0.29 0.40
(0.006) (0.006) (0.007) (0.005) (0.008)
Yoo=15 232 2.35 3.26 1.71 2.37
(0.033) (0.038) (0.041) (0.030) (0.048)

is large (n1=1000) they have extremely few false positives.

We show the solution path for the dedicated boosting algorithm, the LASSO and

AIC and BIC model selecting procedures for one data set simulated under Model B.

Figures 2.3 - 2.5 present the results. We would like to point out that there are two as-
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Table 2.12: MIaSE (SE) for Model B over 1000 replications. “Full” refers to fitting all
interaction terms using a linear model; “Boost” is the dedicated boosting algorithm.

Full AIC BIC LASSO Boost

n = 100
[,o=6 480 466 480 344  3.16
(0.087) (0.090) (0.080) (0.060) (0.048)
I[,o=15 2934 2153 1253 780  6.17
(0.538) (0.518) (0.402) (0.262) (0.140)
S,0=6 467 431 400 310  2.77
(0.086) (0.083) (0.072) (0.054) (0.040)
S,0=15 3034 2188 1207 678  5.49
(0.602) (0.551) (0.425) (0.277) (0.170)
n = 1000
I[,e=6 037 030 035 033  0.38
(0.006) (0.006) (0.009) (0.006) (0.007)
I,o=15 232 234 362 204 224
(0.033) (0.040) (0.047) (0.036) (0.037)
S,0=6 036 031 042 034 041
(0.005) (0.006) (0.008) (0.005) (0.007)
S,0=15 233 234 305 213 211
(0.032) (0.036) (0.031) (0.031) (0.030)

pects to performance of the methods in simulations. Firstly, there is the performance
of the method in fitting the simulated data set. Apart from that, the performance on
a test set is also dependent on the choice of tuning parameter. We note that difference

between performance seen in our simulations could be due to poor choice of tuning
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Table 2.13: MIaSE for Model C (SE) over 1000 replications. “Full” refers to fitting all
interaction terms using a linear model; “Boost” is the dedicated boosting algorithm.

parameters.

Full AIC BIC  LASSO Boost
n = 100
I,o=6 4.73 4.36 4.07 3.57 3.94
(0.091) (0.089) (0.076) (0.074) (0.089)
I,o=15 30.22 2358 17.73 14.67  13.58
(0.594) (0.592) (0.510) (0.371) (0.264)
Yoo=6 4.92 4.47 4.27 3.08 4.51
(0.090) (0.089) (0.084) (0.067) (0.121)
Y,o=15 3021 23.70 18.38 13.51  17.03
(0.566) (0.542) (0.498) (0.337) (0.346)
n = 1000
I,o=6 0.37 0.30 0.35 0.33 0.43
(0.006) (0.006) (0.008) (0.005) (0.008)
I,o0=15 2.34 2.27 2.98 2.03 2.37
(0.033) (0.038) (0.039) (0.033) (0.042)
Y,0=6 0.37 0.32 0.39 0.30 0.43
(0.006) (0.006) (0.007) (0.006) (0.009)
Yoo=15 231 2.21 2.69 1.69 2.38
(0.033) (0.037) (0.038) (0.030) (0.047)
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Table 2.14: MIaSE (SE) for Model D over 1000 replications. “Full” refers to fitting all
interaction terms using a linear model; “Boost” is the dedicated boosting algorithm.

Full AlIC BIC LASSO Boost

n = 100
I,o0=6 4.65 4.36 4.53 4.01 5.24
(0.087) (0.093) (0.108) (0.082) (0.129)
I,o=15 29.15 25.64 22.06 19.42 21.57
(0.534) (0.507) (0.422) (0.427) (0.485)
Yo=6 4.58 4.31 4.41 3.42 5.69
(0.086) (0.093) (0.100) (0.072) (0.167)
Y,o=15 29.61 25.64 23.00 17.53  25.19
(0.568) (0.549) (0.510) (0.403) (0.630)
n = 1000
I,o=6 0.37 0.29 0.20 0.32 0.52
(0.005) (0.005) (0.004) (0.005) (0.010)
I,o0=15 2.38 2.10 2.68 2.16 2.58
(0.036) (0.041) (0.050) (0.036) (0.045)
Y,0=6 0.37 0.29 0.19 0.29 0.51
(0.005) (0.005) (0.004) (0.005) (0.013)
Y,yo=15  2.28 2.04 2.54 1.83 2.55
(0.034) (0.039) (0.041) (0.033) (0.053)
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Table 2.15: MIaSE (SE) for Model E over 1000 replications. “Full” refers to fitting all
interaction terms using a linear model; “Boost” is the dedicated boosting algorithm.

Full AIC BIC LASSO  Boost

n = 100
I,0=56 4.74 4.40 4.61 4.20 5.31
(0.092) (0.096) (0.106) (0.090) (0.125)
I,o0=15 29.51 25.98 22,67 19.34 21.57
(0.551) (0.525) (0.460) (0.410) (0.496)
Yo=6 4.86 4.48 4.52 4.35 5.34
(0.092) (0.094) (0.096) (0.091) (0.118)
Y,0=15 29.97 24.92 19.50 18.99 21.15
(0.544) (0.527) (0.471) (0.436) (0.497)

n = 1000
I,o=6 0.37 0.29 0.19 0.33 0.54
(0.005) (0.005) (0.004) (0.005) (0.011)
I,o0 =15 2.33 2.00 2.57 2.06 2.45
(0.033) (0.039) (0.044) (0.032) (0.041)
¥,0=06 0.37 0.29 0.20 0.34 0.66
(0.005) (0.005) (0.005) (0.005) (0.011)
Yoo=15 2.34 2.10 2.63 2.17 2.59
(0.033) (0.038) (0.043) (0.034) (0.041)




48

v _|
™ Oo
o
o
[e XN
o
e
v _|
N o
w
7]
@& o
S o 7
o
o o
- %
o
K cof
%o
[¢)
o | % 5 P
A Oooo
o, oo
I I I I I
0 20 40 60 80

Number of steps

Figure 2.3: Solution path for the dedicated boosting algorithm. The red point shows
the number of steps as selected through cross-validation.
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with BIC and the green point shows the model with all interactions (“Full”).
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Table 2.16: Average number of times a coefficient is selected for the Null Model. “TP”
is average true positive over the true non-zero coefficients over 1000 simulations. “FP”

is average false positive over the true zero coefficients over 1000 simulations.

Full AIC BIC LASSO Boost

n = 100
I,o=6 FP 1000 217.0 53.6 112.5 134.6
I,o0=15 FP 1000 218.4 54.9 127.2  135.8
»,0=6 FP 1000 218.1 57.7 104.5 132.3
Y,0 =15 FP 1000 2229 58.8 112.3  125.8

n = 1000
I,o=6 FP 1000 160.7 8.6 102.2 787
I,oc =15 FP 1000 157.0 9.3 96.3  67.1
Y,o=6 FP 1000 173.2 10.2 105.8  83.7
¥,0=15 FP 1000 170.8 9.1 109.6  87.9
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Table 2.17: Average number of times a coefficient is selected for Model A. “TP” is
average true positive over the true non-zero coefficients over 1000 simulations. “FP”
is average false positive over the true zero coefficients over 1000 simulations.

Full AIC BIC LASSO Boost

n =100
I,o= TP 1000 585.2 350.6 577.6  579.8
FP 1000 2164 62.6 320.0 265.8
I,0 =15 TP 1000 308.6 102.4 192.0 218.0
FP 1000 223.2 53.8 141.0 163.8
Y,0=6 TP 1000 554.0 406.8 786.0 678.6
FP 1000 2252 70.6 336.4  215.0
,0 =15 TP 1000 331.0 164.8 331.0 282.8
FP 1000 2272 64.0 197.6  166.4

n = 1000
l,0= TP 1000 988.8 914.6 999.2  995.2
FP 1000 162.4 8.4 290.4  355.0
I,o =15 TP 1000 726.8 359.0 831.2 757.2
FP 1000 154.4 9.6 464.8  283.6
Y,0=6 TP 1000 969.8 854.2 996.8  992.8
FP 1000 157.8 9.4 389.0  208.0
2,0 =15 TP 1000 688.2 446.6 908.0 829.6
FP 1000 1734 114 365.8 185.8
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Table 2.18: Average number of times a coefficient is selected for Model B. “TP” is
average true positive over the true non-zero coefficients over 1000 simulations. “FP”
is average false positive over the true zero coefficients over 1000 simulations.

Full AIC BIC LASSO Boost

n = 100
l,0= TP 1000 578.8 3494 598.0  592.2
FP 1000 2272 67.0 350.6  281.6
I,o =15 TP 1000 300.0 94.8 193.0 215.0
FP 1000 218.4 52.6 152.0 154.8
2,0 =6 TP 1000 503.8 2834 440.8 4454
FP 1000 2122 66.0 289.0 263.4
Y,o=15 TP 1000 291.2 100.6 162.8  190.8
FpP 1000 224.6 578 151.2  176.2

n = 1000
l,0= TP 1000 989.8 912.6 998.2  996.0
FP 1000 164.0 9.2 590.4  347.8
I,o =15 TP 1000 729.4 362.0 846.6 773.0
FP 1000 167.2 9.8 476.4 2974
Y,0=6 TP 1000 967.8 805.2 991.0 981.4
FP 1000 156.6 9.8 678.0 397.6
Y,0=15 TP 1000 635.6 252.4 692.4 647.0
FP 1000 169.6 7.4 462.8 327.6
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Table 2.19: Average number of times a coefficient is selected for Model C. “TP” is
average true positive over the true non-zero coefficients over 1000 simulations. “FP”
is average false positive over the true zero coefficients over 1000 simulations.

Full AIC BIC LASSO Boost

n =100
I,o= TP 1000 638.4 458.4 7154  653.6
FP 1000 2152 54.0 396.4 2744
I,0 =15 TP 1000 416.8 231.4 398.0 370.4
FP 1000 215.8 584 237.0 198.8
Y,0=6 TP 1000 617.8 474.0 819.2 T718.6
FP 1000 2284 66.2 353.6  201.6
,0 =15 TP 1000 4154 271.0 530.4  428.2
FP 1000 2184 54.6 264.2 176.0

n = 1000
I, 0= TP 1000 990.0 909.8 999.0 995.2
FP 1000 167.2 10.0 606.8  346.0
I,o0 =15 TP 1000 749.6 455.6 872.2 T795.4
FP 1000 164.2 104 481.6 291.6
Y,0=6 TP 1000 968.4 850.8 997.2 9924
FP 1000 160.8 8.2 375.8 203.2
2,0 =15 TP 1000 709.2 506.6 906.4 833.4
FP 1000 166.6 9.6 356.6 177.8
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Table 2.20: Average number of times a coefficient is selected for Model D. “TP” is
average true positive over the true non-zero coefficients over 1000 simulations. “FP”

is average false positive over the true zero coefficients over 1000 simulations.

Full AIC BIC LASSO Boost

n = 100
I,o=6 TP 1000 875.8 763.0 937.8  905.6
FP 1000 214.8 60.6 547.4 3554
I,o =15 TP 1000 5714 396.4 650.8  569.2
FP 1000 213.8 61.4 358.8  254.2
,0=6 TP 1000 840.8 731.2 954.8  928.2
FP 1000 222.6 57.6 394.6  239.0
Y,o=15 TP 1000 547.8 410.2 754.4  639.8
FP 1000 218.2 67.8 335.6  191.2

n = 1000
I,c =6 TP 1000 1000.0 1000.0 1000.0 1000.0
FP 1000 158.8 9.0 606.4  284.0
I,o=15 TP 1000 956.4 810.0 989.8  978.8
FP 1000 171.8 11.0 588.4  354.2
Y,0=6 TP 1000 1000.0 999.6 1000.0 1000.0
FP 1000 161.0 8.0 398.2  203.6
,0=15 TP 1000 927.4 775.0 990.0  980.6
FP 1000 1584 9.6 373.6  196.6
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Table 2.21: Average number of times a coefficient is selected for Model E. “TP” is
average true positive over the true non-zero coefficients over 1000 simulations. “FP”
is average false positive over the true zero coefficients over 1000 simulations.

Full AIC BIC LASSO Boost

n = 100
l,0= TP 1000 872.6  760.6 937.4  906.2
FP 1000 218.4 64.2 557.6  375.2
I,0 =15 TP 1000 569.4 392.6 629.2  563.8
FP 1000  223.2 62.8 345.2  259.8
Y,0=6 TP 1000 821.4 685.8 881.6  842.6
FP 1000  215.8 59.2 080.2  409.2
Y,0=15 TP 1000 531.0 3504 550.4 5074
FP 1000 215.6 58.0 354.2  273.0

n = 1000
I,o =6 TP 1000 1000.0 1000.0 1000.0 1000.0
FP 1000 1574 9.0 611.0 2824
I,o=15 TP 1000 9614 8164 990.6  979.6
FP 1000 163.2 9.8 603.2  361.2
Y,0=6 TP 1000 1000.0 999.6 1000.0 1000.0
FP 1000 165.4 12.6 690.8  253.4
Y,0=15 TP 1000 918.8 718.6 967.0  939.6
FP 1000 164.6 9.4 667.2  403.0
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Chapter 3

DIRECTED LASSO: LASSO WITH STRUCTURED
INTERACTIONS

A common aspect of studying complex genetic associations, and specifically inter-
actions, is that the power to detect them is usually limited. We believe that using a
controlled specification of the interaction models, e.g. forcing a particular functional
form, increases the power to test such associations. The idea is to use a structured
interaction model, together with penalized regression, in order to limit the model
complexity.

Suppose that there is a linear combination of genetic or environmental variables
which puts an individual at high or low risk of disease. It would be beneficial to model
all of the interactions using a pre-specified model which accounts for the fact that this

group of variables modifies the risk in a similar fashion compared to the main effects.

We propose the directed LASSO, a regression modeling strategy using a fused
set of basis functions. Let G be a single genetic effect and let £ be a matrix in
which each column is an environmental factor. We fuse each main effect E and the
interaction term G E of this effect with a specific effect modifier into a single basis
function. The most restrictive case allows no deviations from the product interaction
model, this amounts to the set basis functions [1,G, (1 + hG)E]. Using such fused
basis functions then decreases the dimensionality of the model. Under the assumption
of multiplicative interactions, the parameter h estimates the strength and direction
of the interactions in the model relative to the main effects. Note that in this initial
formulation, h is global for all the interactions estimated in the model. This is a

rather restrictive specification of the model, which we will relax later.
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3.1 Motivating Example

We have available data on 208 Diffuse Large B-cell lymphoma patients. Complete
data, however, is available only for 161 subjects. The data contains 32 gene expres-
sion measurements and treatment information for each patient. We are interested in
assessing the possibility of effect modification of the prognostic performance of the
genes by the treatment assignment. We would like to find groupings of genetic factors
which modify the treatment effect in a similar way.

The outcome of interest is relapse-free survival. As a first step we will consider a
yes/no outcome of whether the patient had a relapse for the time followed. We use

logistic regression for this outcome.
3.2 Directed LASSO Algorithm

Let Y be a n x 1 continuous response vector, and let the n x 1 binary vector G be a
SNP or treatment of interest. Let E be an n X p matrix of continuous environmental
variables which might modify the effect of G on Y. We want to model the interaction
terms G x E relative to the estimated main effects of E. The most restrictive form of
the directed LASSO assumes that all the elements of E interact with G in the same
way. Only a single parameter h estimates the relationship between the main effects
and the interaction effects. This leads to the following algorithm.

First, for a range of values of h we construct a set of basis functions [1,G, (1 +
hG) x E]. For each h, the LASSO algorithm is applied to the set of basis functions.
The directed LASSO estimates can be defined as

A

p p
B(directed LASSO) = argmin||Y — $,G = > B;(1+ hPG)E;||> + XY |8,
B j=2 7j=2

where h? is the “optimal” value of h. This method has two tuning parameters (h, \).
We select both through cross-validation. We use the fact that for each h any algorithm

the fits a LASSO will compute estimates for every single A in a single run. We choose
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an optimal A for a given h by 10-fold cross-validation and then choose an optimal
h through another level of cross-validation, effectively performing a two-dimensional
grid search over h and A. (A computationally cheaper approach would select one or
both tuning parameters using AIC.) We discuss fitting directed LASSO models in
Section 3.7.5.

For a given j, the main effect £ is estimated by ; and the interaction G' x Ej;
is estimated by hf;. To ensure that the model satisfies heredity constraints, the
coefficient for G is not penalized, and as a result is always included in the final
model. The interaction effect is defined in a single basis with the corresponding main
effect. Therefore, if the ; for the basis function is set to 0, both the main effect
and the interaction effect are excluded from the model, guaranteeing the heredity
constraints with respect to E; are satisfied. Through the ¢; penalty, the LASSO
performs simultaneous regularization and variable selection. Some of the 3;’s are set
to zero, which excludes the entire basis function, resulting in exclusion of both main

effect £}, and interaction term G x E; .

3.3 Directed Adaptive LASSO

As an alternative to the directed LASSO we also study the properties of the directed
adaptive LASSO. To achieve better performance, we apply the idea of the directed
LASSO to the adaptive LASSO algorithm. The adaptive LASSO alleviates the bias
in larger coefficients and we expect it to have better performance in the scenarios we

investigate. The model for the directed adaptive LASSO then becomes

p p
B(directed adaptive LASSO) = arg min HY—ﬁlG—Z ﬂj(1+hBG)Ej\\2+)\2wj|5j],
B — T
Jj=2 =2
where w; = 1/|3;]” and f’s are root-n-consistent estimates of the true #’s. The set
of parameters to be estimated is now (h,7,\). One could perform three levels of

cross-validation to choose the set of parameters, however, this would be very time

consuming. A common practice is to set the v parameter equal to 1, since the size of
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v has not been found to be of major importance. We adopt this practice as well. We

choose the h and A\ parameters using the procedure described above for the directed

LASSO.

3.4 Simulation

We investigate the performance of the directed LASSO and the directed adaptive
LASSO as compared to the regular LASSO algorithm in a variety of scenarios.

We simulate training and test data sets of 50 predictors and 1000 observations
each with varying number and strength of interaction effects. The 50 predictors we
denote with F are independent random N(0,1). The effect G is Binomial(n,0.6),

independent of FE.

101

51
Y =B+ MG+ BiE+ Y B (B xG)+e
j=2 j=52

-~ -~

J/

main effect interaction

where

e~ N(0,1).

The particular interaction models are described in Table 3.1. We investigate sparse
models where between one and three interaction effects out of the 50 are non-zero.

The training sets are used to tune the model parameters and build the directed
LASSO model, and the test sets are used to test the performance of the model. Ta-
ble 3.2 presents preliminary results based on 50 replications of the simulation models.
The performance of the directed LASSO is compared to the LASSO, the adaptive
LASSO and the directed adaptive LASSO. The mean squared error (MSE) on the
test set is reported for each method.

For Models 1, 3, and 4, the performance of the adaptive LASSO and the directed

adaptive LASSO is very similar, and the best from all the methods compared. Model
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Table 3.1: Simulation setup: Model coefficients

Intercept G Main Effects Int. Effects
Bo B B2 B Pa Bs2  Bss Psa
Model 1 1.5 02 02 02 0.2 0.05 0.05 0.05
Model 2 1.5 0.2 02 02 0.2 0.2 02 0.2
Model 3 1.5 0.2 02 02 0.2 0.1 0 0
Model 4 1.5 02 02 02 02 0.05 0 0

Table 3.2: Simulation results: MSE based on 50 replication. “A. LASSO” is the
adaptive LASSO; “D. LASSO” is the directed LASSO; “D.A. LASSO” is the directed

adaptive LASSO.

LASSO A.LASSO D.LASSO D.A.LASSO

Interaction model satisfied

Model 1 0.020 0.014 0.018 0.015
Model 2 0.024 0.019 0.018 0.013
Interaction model not satisfied

Model 3 0.021 0.015 0.019 0.014
Model 4  0.020 0.014 0.019 0.015

1 fits a scenario where our model should perform well, however it has small interaction

effects and all methods perform comparably. In Model 2, when the interaction effects

are much bigger, the directed adaptive LASSO outperforms the other methods.

In models 3 and 4, the underlying interaction structure does not fit the assumed

form in the directed adaptive LASSO model. However, the directed adaptive LASSO

still performs on par with the adaptive LASSO and outperforms the regular LASSO
and the directed LASSO.
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3.5 Extensions

The amount of flexibility in the interaction model can be increased with the expan-
sion of the basis set to include additional interaction terms. The basis function then
becomes [1,G, (1 + hG) x E,G x E]. The interaction terms in the unfused basis re-
ceive higher penalization to encourage simpler models. This higher penalization can
be achieved by incorporating a weighted penalty function such that weights corre-
sponding to the unfused basis functions are higher than the fused ones. This results
in some of the coefficients being the same for the main effects and the interactions,
which aids both interpretation and variance reduction, while others are allowed to

differ.

A different approach to allow for deviations from the product interaction model
would be to apply a separate penalty such as the ¢y penalty to the unfused basis
functions. The ¢y penalty directly penalizes the number of nonzero coefficients and
thus will help reduce the number of interactions which deviate from the controlled

model.

Thus far we have only considered a single h parameter. It is plausible that there
are several groups of variables which modify the risk in similar ways. A second way to
allow more flexibility is to assign each of these groups a different h parameter which
describes the direction and strength of the effect modification for the particular set
of variables. We can start with a single h for each variable and then cluster them in
groups, thus discovering groupings of variables with similar behavior. The rest of the
variables for which effect modification is not present will be clustered in a group with

h = 0. These groupings may be being useful in the interpretation of the model.

In the following sections we propose a different way to specify the model and add

flexibility to the form of the interactions.
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3.6 More flexible specification

In this and the following sections we explore more flexible formulations of the model.
In particular, we allow multiple h parameters, or in other words multiple groups of
factors which modify the treatment effect in a similar manner. We let each interaction
differ from its corresponding main effect by a factor of A where there are as many h
parameters as there are interactions. We apply a penalty term that groups some of
the h’s together by penalizing differences between h parameters. This extra penalty
encourages natural groupings between interactions which modify the genetic effect G
in a similar way.

We use the method described by Choi et al. to estimate the multiple A’s together
with the rest of the unknown parameters in the model ([14]). In their model SHIM,
the authors do not distinguish between types of predictors and consider all two-way
interactions between all predictors X. The SHIM model with all pairwise interactions

can be expressed in the following form

minimize||Y—g(X)||2+)\BZ|@-| +)\h2|hij| (3.1)

where
9(X) =B+ E BiXi + E E hijﬁiﬁj(xi X Xj)-
i i g

The interaction coefficient is broken down in three parts, so that the coefficient for
(X, x X;) is h;8;8; and is the product of the main effect coefficients for X; and X, and
a factor h;. Since the interaction terms are based on the main effects, interactions
can be nonzero only when the main effect is nonzero.

To apply this idea to our scenario, consider again the specific genetic effect G
and the set of environmental variables . We are not going to consider all pairwise
interactions but only interactions between G and each component of E. Thus the
interaction term between G and F; will look like h;(; and not on the coefficient for

the main effect of GG. Specifics of the model are presented in Section 3.7.
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We split the model in two parts, each of which is a LASSO type problem, and
alternate between minimizing each of them to reach an optimal solution. Each of the
problems is convex and the two together are bi-convex, thus any solution we reach is
not guaranteed to be a global minimum. We estimate the main effects in one step and
the interaction effects, or rather the hA’s in a second step. We propose an additional
step to speed up convergence which is added after each time both sets of parameters
have been optimized.

The model we present in this work differs from SHIM in that we add an additional
penalty term to encourage a structure to the interactions estimated in the model (see

Section 3.71 for details).
3.7 Algorithm for fitting a single group of interactions

We begin by applying the idea to a model with a single group of interaction effects
estimated with a single h parameter. For simplicity, assuming the response is contin-
uous, with a single group for all interactions, the linear regression model we propose

is
. K K K
¢ = aﬁrggni}fl 1Y = 51G = BE; =Y hBGE+Xs > 18|+ Mlbl  (3:2)
1---Pk; j=2 j=2 Jj=2

for ¢ = (B1,. .., Bk, h). This is the strictest constraint we can impose on the form of
the interaction effects and it is reasonable in very few models. For example, if there
are a lot of potential interactions to be evaluated but only a few are non-zero, then
this method estimates an h very close to 0 and will not perform well compared to
regular LASSO. However, in the unlikely scenario that all interactions act in the same
way, then this approach outperforms the LASSO. We again use this simple and very
restrictive model as a building block to more flexible models.

To avoid the use of cross-validation or other computationally intensive methods
for the estimation of the h parameter, we use an alternative model specification. We

estimate it together with the other slope parameters 5. Also note, that unlike the A,
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tuning parameter, h does not control model complexity, so it is natural to estimate
it in the same way as other model parameters rather than as a tuning parameter.
To solve problem 3.2, we iterate through the following steps until a convergence

criterion is satisfied.

1. Hold f; ..., fixed and solve for h using the LASSO.

2. Hold h fixed and solve for (... [, using the LASSO.

In (3.2), the h parameter is simultaneously estimated with the variable coefficients
B ... Bg. Since the objective function is reduced at each step, convergence to a local
minimum is guaranteed. As LASSO algorithms are fast and typically convergence is

achieved in just a few iterations between the two steps, this is a very fast algorithm.
3.8 Algorithm for fitting multiple groups of interactions

Next, we would like to allow multiple groups of interactions in our model. We can
express that by allowing each interaction effect to have its own h which relates it to
the main effect, in that it is the ratio of the interaction effect to the main effect.

A less restrictive model for a single gene effect G can be formulated as

o= argmin ||V —~1G— ZBkEk—thﬁkGEkH +)\hZ|hk|+/\BZ|ﬁk (3.3)

Y,B1--Brsh1- P 1

where ¢ = (v, 1, .., Bk, b1, - - ., hy) is the set of all parameters.

As for the previous example, we formulate this model for linear regression. Logistic
regression is discussed in Section 3.7.3.

Note that if all h;’s are different this would be the traditional saturated model in
which all interaction terms are included, but the A penalty will shrink some interac-

tions away.

1. Initialize 5© and A(®
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2. Iterate between the following two steps:

(a) Fix the ’s and v and estimate the hy’s, by solving

~

K K K
h = arg min 1Y =9G = BrEr) = Y h(BGEIP + A > [hal.
1 k=1 k=1 k=1

. hy

This is a standard LASSO problem with response Y — vG — Zle B Ex
and predictors 0.GE}.

(b) Estimate the §’s and the v for fixed hx’s by solving

K K
B =argmin||Y —~G — Zﬁk(Ek + WG ER)|)? + Mg Z | Bk-

V,B81---Br k=1 k=1

This is again a standard LASSO problem.

3. Stop when
B M(gb(j*l)) _ M(¢(J’))
T M)

is less then a set small number, where

diff

K

K K K
M) =|IY =7G = BuBr =Y hBGE + M D il + A5 Y |54l
k=1

k=1 k=1 k=1

is the fitted model for ¢ = (v, B1, ..., Bk, h1, ..., hy).

For a fixed set of parameters (Ag, A\s) in Step 1 we start with the ordinary least
squares (generalized linear model) estimates as the initial values for all the coefficients.
Note, that in the above equations, the intercept has been omitted from the penalty
term. We standardize all predictors to mean zero and variance one so that the inter-

cept can be estimated by >, Y;/n.

3.8.1 Directed LASSO with pairwise fused LASSO penalty

To apply the above model to our structured interactions scheme, we add in the pair-

wise fused LASSO penalty to the difference between h’s [38]. This penalty term will
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control the number of groups of interactions. When we use the same idea as Equation
3.3 and estimate the h’s together with the main effects we are able to avoid having
to pre-specify the number of groups or group membership in the model. Instead, the
penalty we add controls the differences between h’s and thus naturally encourages the
formation of groups of interactions.

Following is the same model as Equation 3.3, but with additional penalization for
the difference between h parameters. Let ¢ = (v, 51, ..., Bk, b1, ..., hy) and gzg be the
minimizer of the following equation

K K
(% = arg min ||Y - ’)/G — Z ﬁkEk - Z hkﬁkGEk’F
=1

VsB1yees B Py

<a22|hk—h |+Z|hk>+>\52|ﬁk|. (3.4)
k=1

k=1 j=1
Here « is a pre-specified constant. To solve it we can again split the model in two

parts and iterate between minimizing each until a solution is reached.
1. Initialize 3© and h©®
2. Iterate between the following two steps:

(a) Fix the ’s and ~ and estimate the hx’s by solving

K
h = argmin ||(Y — G — ZﬁkEk th(ﬁkGEk)W
PP k=1 k=1
(azzmk—h ]+Z|hk ) (3.5)
k=1 j=1

(b) Estimate the £’s and the ~ for fixed hy’s by solving

B—azgm}}nHY vG — Zﬁk Ek+thEkH2+)\BZ|Bk
Y5P1s--5Pk

3. Stop when the relative difference between two consecutive steps is small.



68

In step 2(a) the response is Y — 7G — Zszl BrEy and the predictors are [yGEj}.
Because of the extra penalty on differences between parameters this is not a standard
LASSO problem. Step 2(b) however is a LASSO problem with predictors Ey+ hyG E.

We minimize the objective function with respect to either the set of 5’s or h’s and
hence the objective function decreases at each step. The value of the objective function
is then guaranteed to converge since it is bounded below. However, convergence to the
global optimum is not guaranteed. The difficult part of solving 3.4 is the minimization
in step 2(a) (Equation 3.5).

A simple way to speed up a two step alternating algorithm is to consider the
complete parameter vector © = (v, f1, ..., Bp, h1, ..., hy). Let ©g be the vector before
the first step, and let ©; be the vector after the second step. We add in a third step
to the algorithm to perform a linesearch along the direction of ©; — ©g, and we find
the value 7 so that ©y70; — Oy optimizes our objective. As our objective functions
are all fast to evaluate, such a simple one-dimensional line-search is quick to carry
out, and could reduce the number of times we need to carry out Steps 2(a) and 2(b)

of our algorithm considerably in every situation.

3.8.2  Estimating the pairwise fused LASSO problem

Next we discuss two algorithms for implementing Step 2(a), i.e. minimizing Equa-
tion 3.5. Due to the presence of a pairwise fused LASSO penalty term, we cannot
simply apply a LARS algorithm to the problem. However, a re-parameterization of
the problem turns the optimization of step 2(a) (equation 3.5) into a LASSO-type
problem. The idea mimics the approach taken for the elastic net [53]. Here we follow
a technical report on the pairwise fused lasso [38].

Consider the following setup. Let 6, = |h; — hy| and let 8o = |hy|, with the
additional constraint on the 6’s that 0;;, = 0,0 — Oko,1 < kK < 7 < p. Then the
parameter vector becomes 6 = (610, ..., 050,021, - .., Opp—1))" of length p+ (5) and the

expanded design matrix is (X\Opx(g)) where OPX@) is a matrix of zeros. Let Y be
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the continuous centered response. The constraint is included as a penalty term with

a high penalty parameter ~:

A~

0 = argmin |[Y — (X|Opx(p/2))0|[*
V81 Brshi..hy

K-1 K K

+ An <Oéz Z 10| +Z|9k0|>

=1 k=jt1 k=1
p

p—1
7> D (O =0 —6h)’

j=1 k=j+1

Now the problem can be written as an ¢;-penalized regression. A similar strategy

is employed by the authors of the elastic net ([53]). We re-write the minimization
problem and incorporate the extra penalty terms in the predictor matrix X.

Let Yo = (Y, 0(§>)T be the outcome augmented by a vector of zeros. The design

matrix can be rewritten as

5 [ X0
JAC
with the p x ((§) + p) matrix C accounting for the restriction 6, = 00 — 0,1 < k <

j < p, as follows:

Opp-1) T3
with 4, a p-dimentional row vector of zeros with —1 at the kth position and 1 at the

Jth position. And 7, is a (}) row vector of zeros with —1 at the Ith position.
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Putting the above components together we have

B = argmin ||Y_f)0||2+)‘h< Z Z |ka|+2|9k|> (3.6)

YV,B1--Br b1 hy =1 k=j+1

Equation 3.6 is a LASSO problem with an extended design matrix D. Thus we have
reconstructed the problem to fit into the LASSO set-up. We can use this to perform
Step 2(a).

Note that this algorithm only works for a linear response. For a binary (logistic)

response we discuss an alternate algorithm in Section 3.7.3.

3.8.3 Binary outcome

For a binary outcome, the binomial log likelihood can be written as

(8) = 3 ("~ log(1 + 7)) (3.7

i=1
for a vector 8 = (By, B, - - -, Be)T, for a model without an intercept. For the binomial

log likelihood, our penalized model can be written as

n

K K
~ 1
¢ — argmin — E [_Y;(BO + VG + E BkElc + E hkﬁkGEk)
) k=1 k=1

'YuBk:’hk n

+ 10g<1 + eﬁoJr’YGJerK:l BeEr+>h—y hkﬁkGEk)]
K k-1
SN % SIS SI1%) FES o{EY
k=2 j=1
As in the linear model, we begin by standardizing the predictors, and the intercept
term is not penalized. We also exclude the ~ coefficient from the penalization.
To solve this we again split the problem into two estimation steps between which

we iterate until a solution is reached.
1. Initialize 5© and h(®

2. Iterate between the following two steps:
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(a) Fix the ’s and ~ and estimate the hx’s by solving

n

K K
1
h = arg min — Z(—K<ﬂo + ’YG + Z BkEk + Z hkﬁkGEk)

VB P n i k=1 k=1
+ log(l+€ﬁo+WG+ZkK:15kEk+ZkK:1 hkﬁkGEk))

K k-1 K
+ Ay <a22|hk_hj|+ |hk|>
k=2 j=1 k=1

(b) Estimate the §’s and the v for fixed hy’s by solving

n K K
B = arg min l Z[—Yz(ﬁg + ’}/G + Z ﬁkEk + Z hkﬁkGEk)
VBt T k=1 k=1
+ 1Og(1 + eﬂoJr’YGJerK:l BrEr+Y 1y hkﬁkGEk)]
K
+ s Z | Bk
k=1

3. Stop when the relative difference between two consecutive steps is small.

As before, we have a non-convex problem and though the objective function is
guaranteed to converge no guarantee can be made about reaching the global minimum.
In Step 2(a) of the algorithm, the model is fit with an offset value for the vG +
Zle BB, term for which no coefficient is estimated.

Again, we have a more complicated Step 2(a) with multiple penalty functions
while Step 2(b) is a straightforward LASSO problem. However, the fitting method
we outlined Section 3.7.2 for Step 2(a) does not work for generalized linear functions.
We instead employ a strategy first developed by Ulbricht [47] and then adapted to
the pairwise fused lasso penalty function by Petry et al [38].

3.8.4 Local quadratic approrimation

The procedure is referred to as Local Quadratic Approximation (LQA). The algorithm

fits a penalized generalized linear model by minimizing the log likelihood

mbin —L(b) + P(\, B). (3.8)
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The penalty term is in the form P(X, ) = - pa;(|a] 8]), where a; is a known vector
of constants. There is a lot of flexibility in the types of penalty functions that can be
expressed in this form. The sum of all the penalty functions represents the penalty
region and the number of total penalties does not need to depend on the number of
regressors. In other words, a single parameter can be involved in multiple penalty
terms, as is the case for the fused LASSO penalty. The penalty functions in the sum
and their corresponding A’s need not be the same.

The pairwise fused LASSO penalty, which has the form

p j—1
Pprr(A, A2, B )\12%’ + A2 D 18— Bel,

7j=1 k=1

fits the above equation form using

p+p
Pprr(A, A2, B Zp/\,] ]a Al
Here p = (4), and
prj = Ailal B

forj=1,...,pwitha; = (0,...,0,1,0,...,0)" with the one at the jth position, and

p)\,] )\2|a /6‘

forj=p+1,....p+p with a; = (0,...,0,—1,0,...,0,1,0,...,0)7 with one at the
kth position and negative one at the (th.

For the penalty term part of (3.8) Ulbricht [47] developed a quadratic approxi-
mation based on which Newton type algorithms can be applied. The first part of
equation 3.8 is the negative log-likelihood and the second part contains the ¢;-norm
terms. Commonly convex optimization problems are approximated with a quadratic
function and iterative Newton type algorithms are applied if the objective function
is twice continuously differentiable. To get around this problem, Ulbricht proposes a

quadratic approximation to the penalty term.
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We follow Ulbricht [47] and Petry’s [38] layout of the algorithm. For u; = |a] 3]

and
o dp)\yj

pA,J du )
J

Ulbricht shows that the gradient of the jth penalty function is

817,\,'
Vpr; = aﬁj = ph;(u;)sgn(a; B)a;. (3.9)
And when fy) is close to 3 we can approximate
alp
sgn(al B,) ~ ———. (3.10)
TP af By

To avoid the restriction of \ajrﬁ(k)\ # (0 when the term appears in the denominator it

is replaced by the approximation
|3]T5(k)| ~ o/ (a] Byy)? +c

with ¢ being a small positive number.

Using simple arithmetic one can show that
1 1
a?ﬁajr(,@ - 5(@) = 5[3?(,3 - 5(@)]2 + 5(5Taja;"rﬁ - Ba)ajafﬂ(k)). (3.11)

When the 8, Newton-type approximation is close to S the first term is close to zero

and so we can use the approximation

(B"aja] B — Binaja; Bu)- (3.12)

N | —

al Bal (B — By) ~

The first order Taylor expansion of the jth penalty function using the two approx-

imations above can be expressed as

L 1 (T B
2

p/\,j(|ajT,3D ~ PA,j(|a]T5(k)’) -
(2 Bwy)? +¢

(BTaja]Tﬁ - ﬁa) ajajrﬁ(k))a

which is a quadratic function in 8. Summing over all J penalties yields



74

J
> pallalBl) ~ ZPM (Iaj B ( BT ANB — By ABu),
j=1

where

J
p//\ ,J ( k) ‘) T
= /—T a;a; -
Jj=1 (a] /6 k))
To accommodate the intercept in the model, the penalty matrix is extended with zero

vectors to

0 07
A% = (3.13)
0 A,

The algorithm starts with an initial step b(). Using the second order Taylor
expansion of the negative log-likelihood at by = (5o, k), B k))T and the approximation
of the penalty term the next steps to update the Newton-type algorithm look like

b(k+1) = b(k) — (F(b(k)) + A*,\)_l(—s(b(k)) + A*)\b(k)), (314)

where s is the score function and F (b)) is the Fisher information. The algorithm
iterates until the relative distance taken between steps is less than some small € > 0.

Ulbricht published an R package LQA (][48]) which allows the user to define their
own penalty function as long as it can be written in the above form. We define the
pairwise fused penalty as described above and use the LQA approximation to estimate
the h’s in step 1.

In our experience, the LQA algorithm converges fairly well for problems that
are not too large, although it is somewhat sensistive to good starting values. A
disadvantage of the LQA algorithm is that the A parameters are not put exactly equal
(or exactly equal to 0) by the LQA algorithm, so that some mild post-processing of
the results is needed. We also note that the LQA package ([48]), as available from
CRAN, did not include a working offset option, which we ended up adding to the
package.
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3.8.5  Tuning parameter selection

We have three tuning parameters (A, Ag, @) in problem 3.5. An exhaustive grid search
is an onerous task. We instead propose to treat « as a user-chosen constant, as it is
only a scaling parameter of how much more penalization is applied to the differences
between parameters than to the parameters themselves. In our experience, using

a = 2 gives satisfactory results.

3.8.6 Alternate estimation: ADMM

An alternate approach to minimizing the problem in Equation 3.5 is to use the Al-
ternating Directions Method of Multipliers algorithm (ADMM) ([5]). The methods
were developed in the 1970s and is closely related to other methods, such as dual
decomposition ([18]) and method of multipliers ([29]).
The algorithm solves problems of the form

minimize(f(z) + g(2))
subject to Ax + Bz = ¢. Where z € R" and z € R™ with A € R”*" and B € R"*™.
We assume that both f and g are convex. The augmented Lagrangian is formed as

Ly(z,2,y) = f(z) + 9(2) +y" (Az + Bz — c) + (p/2)|| Az + BZ — c|f3.

Then the algorithm consists of iterating between the following three steps; until con-

vergence,
2" = argmin L,(z, 2F, y)
= argmin L, (2", 2, 4%)
4
uk+1 — yk +p(A£Ck+l + szJrl . 1)

with p > 0 chosen a priori.

Applying the ADMM algorithm to the LASSO problem takes the form

(1/2)]|Az = blf5 + Al]|l:
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where A > 0. This can be translated in the ADMM problem as
minimize  f(x) + g(2)
subject to =z —2 =10

where f(z) = (1/2)||Ax — b||3 and g(z) = M||z||;. The steps of the algorithm are as

follows:

P = (ATA 4 ) (AT + p(F — b))
J S N S}\/p(xk—o—l + k)
uk+1 — uk 4 karl _ Zk+1.

We are interested in applying the ADMM algorithm to the pairwise fused LASSO

problem. We want to solve the following

o1
mlmhmlze§||Y—Xh||g+)\h(zk:|hk|+oz > |k —hyl). (3.15)

1<k<j<K

Instead of doing a grid search, we can simplify the search of optimal parameters by
re-parameterizing the penalty as A1 ) |hg| + A2 Y |y — hj| so that the penalty for
the differences which was expressed as a\y, in (3.16) is not tied to the penalty for the
absolute value of the h’s. Friedman [24] has shown that instead of solving for a grid
of A1 and Ay values you can set Ay = 0 and search over a grid of A\; values. Then
soft-thresholding solve for all possible \y’s. So we focus on the first penalty term only.
Let F be a (§) x p matrix representation of the all the pairwise differences between

the elements of A. Thus here

-1 1 0 0 0...0
-1 0 1 0 ... 0

o ... 0 0 -1 1
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Then we are minimizing the following
o1 9
mmlhmlze§||Y — Xh||5 + M||Fh]],
which in ADMM form looks like
| 2
mm}imlzej\Y — Xhl||5+ M|zl

subject to FFh — z = 0.

The three steps in the algorithm which we iterate between are then

R = (XTX + pFTF)Y " Y(XTY + pFT(2F — u*))
ZkJrl = S)\/p(Fhk+1 + uk)
R R o N S

where the soft thresholding operator Sy, is interpreted elementwise.
3.9 Further simulations and data analysis

3.9.1 Note on comparisons

We choose to estimate overall prediction error for the directed LASSO, unlike the
dedicated boosting algorithm, in which case performance was based on ability of the
model to pick out the correct interaction terms. Even though with this model we are
still focusing on the search of interactions we believe that since the estimation of the
main effects and the interaction is tied together, the best estimate of performance
will take into account the whole fitted model.

For the linear model we report residual sums of squares (RSS) based on a test
set and the number of true positive (TP) and false positive (FP) interaction terms
selected by the model. The model is tuned on a training set, and optimal parameters
are chosen based on performance on a validation set. The test set is finally used to

measure performance.
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We compare the performance of directed LASSO to the SHIM model, the LASSO,
and a full unpenalized model. The LASSO model was fit in two different ways. First
we fit the LASSO without any restrictions allowing all main effects and interactions
to be included. This often results in fitted models that do not satisfy the heredity
constraints. We also fit the LASSO model, with the restriction that no penalty
is applied to the main effects, forcing all of them in the model and automatically
satisfying the heredity constraint.

Computations for the LQA algorithm are on the order of magnitude of O(s[np?*+
up3]), where p is the number of predictors, n is the sample size, s is the number of steps
the algorithm takes, and w is the number of updates of the Newton-type algorithm
needs before converging. The computation for ADMM is on the order of O(s[pn+p?])
and thus using ADMM would improve computation time. LQA is readily available for
use in R which ADMM is not. However, at this stage we will use the LQA algorithm

in our simulations.

3.9.2 WHI data example

We apply the linear directed LASSO to the WHI example for SNP rs10938397 for
which we found evidence for interaction effects with the dedicated boosting algorithm
(See Section 2.3). We applied the directed LASSO using the LQA algorithm to fit
the model and used 10-fold cross-validation on a random training sample of 7000
observations. The remaining 10049 samples were left as a test sample.

Note that we used a different, smaller training set than in Section 2.3 because of
limitations with the LQA algorithm not being able to allocate a data set larger than
10000 observations. So to be able to compare it to the boosting algorithm, we re-ran
the boosting algorithm on this smaller sample.

Table 3.3 is a comparison of the coefficients as estimated by dedicated boosting
and the directed LASSO with o = 2 and the corresponding h parameters.

The directed LASSO rarely sets any coefficient exactly to zero. We believe this is
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due to two factors. On one side, when there are a lot of larger coefficients and less null
coefficients, when we apply the fused LASSO and penalize differences, some of the
zero coefficients will instead be estimated with non-zero estimates. A second reason
is that the LQA algorithm does not set estimates exactly equal to zero. Thus we
find when comparing the interaction coefficients for SNP rs10938397 that the larger
interaction effects are similar, while the interaction effects not selected by dedicated

boosting are estimated with small coefficients by the directed LASSO.

3.9.3 Lymphoma data results

In approaching the Lymphoma data set, we select a random sample of 10 SNPs
to consider in the model. We form the interaction between the 10 SNPs and the
treatment variable. To build the directed LASSO model we perform 10-fold cross-
validation to select optimal penalty factors. We record the interactions and main
effects in the model. We repeat this 100 times and count how many times a certain
interaction effect makes it in the model.

The idea for our approach to the Lymphoma data comes from the well know
method of random forests [7], an ensemble learning method, where a subset of the
predictors are used to estimate the regression coefficients over bootstrap samples of
the observations. These coefficients are aggregated over many runs where a different
sample of predictors is used.

Note that we take this approach because the LQA algorithm did not converge
when presented with all 32 interaction terms. We believe this is a limitation of the
algorithm and plan to execute step 1 of our model with an alternate approach in the
future. The alternative we are considering is ADMM and was described in Section
3.8.

Unfortunately, there is no signal for interactions in this data set. Not a single
interaction term is selected through the 100 runs of the model. In more detail, Table

3.4 summarizes the results. For two different thresholds, we count the average number
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Table 3.3: Interaction coefficients selected by dedicated boosting and directed LASSO

Boost Dir. LASSO (a = 2) h

Age —0.01 —-0.20 0.8
Amount of exercise 0.00 -0.02 0.3
Exercise at 18 —0.29 —-0.52 —-04
Exercise at 35 0.00 0.20 2.8
Exercise at 50 0.00 0.03 0.01
% Calories from carbo. 0.00 —0.08 —5.1
% Calories from protein  0.00 0.00 0.1
% Calories from fat 0.00 —0.10 —-0.8
Education level 0.05 024 0.7
Ever smoking 0.00 0.09 0.6
Current smoking 0.00 —0.47 0.2
Alcohol 0.00 —-0.05 0.1
Hispanic 0.00 —0.17 0.4
African American 0.00 0.24 0.1
Asian/Pacific Islander ~ —2.10 —-1.03 0.3
American Indian 1.08 1.01 —-0.7
Region middle —0.36 —049 —-438
Region south 0.00 0.11 —-04

of times a particular interaction (between the treatment and a SNP) is estimated with
a coefficient larger than the threshold. None of the interaction coefficients reach the
threshold of 0.001. Very few reach the threshold of 0.00001. We present results only
for the SNP that reach that threshold. The omitted interactions were never selected
with a coefficient larger than 0.00001.
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Table 3.4: Results for the Lymphoma Data: Average number of times a coefficient
for a specific SNP is larger than the given threshold.

SNP  Coet > 0.001 Coet > 0.00001

7 0.00 0.08
11 0.00 0.69
16 0.00 0.11
19 0.00 0.42
21 0.00 0.94
23 0.00 0.07
27 0.00 0.30
28 0.00 0.50
31 0.00 0.21

3.9.4  Stmulations: Linear regression

In the linear regression simulation scenarios, we use the LQA algorithm in step 1 of
our algorithm. We found that LQA is faster than the matrix augmentations proposed

in Section 3.71 for the simulation sizes below, while giving very similar results.

y=pg+8Tx+7"xg+e€ (3.16)

We simulate a 100 observations from model 3.16 where x are standard normal uncor-
related continuous predictors, g ~ Bin(0.6) and ¢ ~ N(0,1) with p = 1. The model
coefficients as presented in Table 3.5.

Table 3.6 presents the MSE from the five simulated scenarios. When there are
more predictors in the model (Model B vs. Model C) the directed LASSO performs
the best. It also performs well in the null interactions scenario (Model D). When

the model does not follow the heredity constraint the directed LASSO outperforms
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Table 3.5: Simulation set up: Model coefficients for linear regression.
Bi B Bu m Y6 11

Bs B Bis 5 Y10 V15

Model A 2 2 0 1 0 0
Model A2 2 2 0 025 0 0
Model B 2 1 1 1 0 0
Model B2 2 1 1 025 0 O
Model C 2 1 - 1 0 -
Model C2 2 1 - 02 0 -
Model D 2 0 0 0 0 0
Model E 2 0 0 0 0 1

SHIM, but the LASSO models do the best. We believe this is the case because both
of the models assume the true underlying model does follow the heredity constraint

and do not allow for deviations from that.

To estimate the true positive (TP) coefficients each model selects, we average
the number of true non-zero interaction coefficients that are estimated to be larger
than 0.001 and average this over all simulations. Similarly, false positives (FP) are
the average of the zero interaction coefficients which are estimated to be larger than
0.001 by the model, averaged over all simulation runs for each simulated scenario.

Table 3.8 presents the average true positive and false positive coefficients selected
by all the methods. We note that SHIM does exceptionally well at not selecting any
interactions when the true underlying model is null, however that does not signifi-

cantly improve its performance and directed boosting has smaller MSE.

Interestingly, when the interaction coefficients are much smaller than the main
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effects, as is the case with Model A2, directed LASSO outperforms the other methods
in terms of MSE, but also has perfect TP selection and better FP than the original
LASSO. The restricted LASSO has lower FP but also lower TP and worse overall
MSE performance. The SHIM model is not selecting many interactions. It has both
very low TP and FP rates, and worse MSE performance than directed LASSO.

Table 3.6: Simulation Results: MSE (SE). Uncorrelated predictors. “Full” is the full
regression model that includes all predictors and interactions. “LASSO” is the LASSO
model without any constraints. “Res. LASSO” is the LASSO model where the main
effects are not penalized. “Dir. LASSO” is the directed LASSO. The boldfaced

results are the best for a particular model.

Dir. LASSO SHIM LASSO Res. LASSO  Full

Model A 0.36 0.50  0.35 0.48 0.55
(0.012)  (0.017) (0.012)  (0.016)  (0.019)
Model A2 0.26 030  0.32 0.38 0.51
(0.010)  (0.010) (0.011)  (0.011)  (0.016)
Model B 0.37 0.50 0.5 0.52 0.53
(0.013)  (0.019) (0.018)  (0.022)  (0.022)
Model B2 0.25 0.30  0.40 0.48 0.51
(0.011)  (0.011) (0.016)  (0.018)  (0.019)
Model C 1.06 168 121 1.12 2.89
(0.226)  (0.359) (0.066)  (0.057)  (0.549)
Model C2 0.75 0.67  1.03 0.58 4.26
(0.116)  (0.064) (0.068)  (0.028)  (1.494)
Model D 0.18 022 0.0 0.32 0.53
(0.008)  (0.009) (0.009)  (0.013)  (0.019)
Model E 0.44 0.63  0.29 0.32 0.51

(0.018)  (0.023) (0.013)  (0.014)  (0.018)
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Table 3.7: Simulation Results: MSE (SE). Correlated predictors. “Full” is the full
regression model that includes all predictors and interactions. “LASSO” is the LASSO
model without any constraints. “Res. LASSO” is the LASSO model where the main
effects are not penalized. “Dir. LASSO” is the directed LASSO. The boldfaced

results are the best for a particular model.

Dir. LASSO SHIM LASSO Res. LASSO  Full

Model A 0.33 036 0.30 0.46 0.52
(0.013)  (0.014) (0.013)  (0.015)  (0.019)

Model B 0.36 042 043 0.54 0.53
(0.012)  (0.016) (0.016) (0.02) (0.02)

Model E 0.38 0.56  0.26 0.32 0.50

(0.013)  (0.018) (0.011)  (0.013)  (0.017)

Next we look at performance when the non-zero predictors are correlated. We
simulated random normal predictors with mean zero and variance 1, with correlation
0.4 between predictors following models A, B and E.

Table 3.7 presents the MSE from the simulation study over 100 runs of each model.
As we would expect, the performance of both SHIM and directed LASSO suffers when
the true underlying model does not satisfy the heredity constraint (Model E). In this
situation, while directed LASSO is outperformed by the regular LASSO, it still does
better than SHIM. We believe that this is the case because, even though the model
is not satisfied, there are still groups of interactions which directed LASSO would be
able to pick out and group together more easily.

When there are fewer main effects and fewer interactions (Model A) we note that
the performance of the directed LASSO, SHIM and LASSO is very similar. In the
non-correlated scenario (Table 3.6) the directed LASSO does the best, while in the
correlated scenario the LASSO does slightly better. When there are fewer interactions
than main effects, the directed LASSO model performs best in both the correlated
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Table 3.8: Simulation Results: Average True Positive and False Positive coefficients
for uncorrelated models. “Dir. LASSO” is the directed LASSO.

Dir. LASSO SHIM LASSO Res. LASSO Full

Model A TP 1.00 1.00 1.00 1.00 1.00
FP 0.91 0.52 0.99 0.59 0.99
Model A2 TP 1.00 0.33 1.00 0.89 0.55
FP 0.85 0.14 0.99 0.60 0.99
Model B TP 1.00 1.00 1.00 1.00 1.00
FP 0.97 0.69 1.00 0.71 0.99
Model C TP 1.00 0.90 1.00 0.98 0.87
FP 0.99 0.40 1.00 0.73 0.57
Model D FP 0.61 0.05 0.99 0.41 0.75
Model E TP 1.00 1.00 1.00 1.00 1.00
PT 0.90 0.71 0.99 0.54 0.66

Table 3.9: Simulation Results: Average True Positive and False Positive coefficients
for correlated models. “Dir. LASSO” is the directed LASSO.

Dir. LASSO SHIM LASSO Res. LASSO Full

Model A TP 1.00 1.00 1.00 1.00 1.00
FP 0.89 0.38 1.00 0.45 0.99
Model B TP 1.00 1.00 1.00 1.00 1.00
FP 0.97 0.35 1.00 0.69 0.99
Model E TP 1.00 0.99 1.00 1.00 1.00

FP 0.90 0.65 1.00 0.44 0.60
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and uncorrelated cases (Model B).

3.9.5  Simulations: Binary outcome

We simulate 1000 observations from 20 independent standard normal predictors. The
genetic effect G is again simulates as Bin(0.6), independent of the continuous predic-
tors. Table 3.10 summarizes the logistic regression coefficients used in the different
simulated scenarios. In all cases, the intercept is 0.

Results are based on 100 replications of the simulation scenarios. We report the
deviance as a summary measure in Table 3.11.

When the true underlying model satisfies the heredity constraints (Model 1) the
directed LASSO performs the best out of the models compared. In the second scenario
(Model 2) where we simulate a null interaction situation our model is still able to

outperform the other methods.

Table 3.10: Simulation setup: Model coefficients

G Main Effects Int. Effects

(B2...P12) (P13...0B22) (B23...0B27) (Pog...B32) (B33...B37) (B3s...Pa)

1) 1 2 0 1 1 0 0
2) 1 2 0 0 0 0 0



Table 3.11: Simulation Results: Deviance. Uncorrelated predictors.
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“Full” is the

LS model including all predictors. “LASSO” is the LASSO model without any con-
straints. “Res. LASSO” is the LASSO model where the main effects are not penalized.

“Dir. LASSO” is the directed LASSO.

Dir. LASSO SHIM LASSO Res. LASSO  Full

Model 1 343.16 358.09  356.78 354.29 391.22
(2.97) (3.29)  (2.82) (3.40) (4.64)

Model 2 409.54 423.69  420.57 415.04 448.48
(2.96) (3.17)  (2.81) (3.32) (4.00)
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Chapter 4

DISCUSSION

In this dissertation, we propose two different approaches for detection of interac-
tion with multiple components. They are designed to pick out interactions with small

effects when other off-the-shelf methods may not identify any interaction effects.

In many genetic epidemiological studies, it is not just of interest to identify SNPs
that are associated with particular phenotypes, but it is also of interest to iden-
tify environmental and demographical factors that modify these genetic effects. The
search for such effect modifiers has often had limited success, both because the effect

modifications are small, and because various of the variables are measured with error.

The directed LASSO is designed for instances where we want to link the main
effects and the interactions effects. We can impose constraints on how the interaction
effects are associated with the main effects and control that relation via one or more
penalty parameters. The big advantages of this model are when there are groups
of interactions that modify the main effects in a similar fashion. This is a plausible
scenario when, for example, we have a treatment effect and we are investigating the
interactions between the treatment and a group of SNPs. SNPs that are located on
the same gene or genes that are associated with a similar process are likely to modify
the treatment effect in a similar way. In Chapter 3 we explore the benefits of imposing
such a structure on the interactions. We found that the biggest gains for our model
are found when there is a group of factors with medium to large interaction effects.

When there are no interactions our approach typically does not estimate any.

Dedicated boosting is a variation of 5 boosting which focuses on the search for

effect modifiers. We were interested in developing a method that is able to pick
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out ensembles of weaker effects of covariates that interact with another risk factor,
such as a SNP. Well-known methods such as AIC and BIC model selection with
stepwise model building can be modified to be used for finding interactions. However,
when using these methods, the effect of the interactions needs to be fairly strong for
them to be included in the final model. Penalized regression methods, such as the
lasso and boosting, are well suited for finding solutions which consist of combinations
of weaker effects. Our interest was in adapting such a method for low signal in a
search for interactions. In a simulation study our method outperforms the LASSO,
globalboosttest, AIC, and BIC model selection procedures as having the lowest test
error. In the WHI-PAGE data example the dedicated boosting method was able to
pick out two SNPs for which effect modification appears present. The performance
was evaluated on an independent test set and the results are promising. For most
SNPs no effect modification was detected by any of the methods. In these cases
the performance of dedicated boosting is not markedly different than the rest of the
methods. However, when some effect modification is present dedicated boosting gives
lower error rates on the independent test set, as was the case with SNP rs10938397.

We also compare dedicated boosting to the directed LASSO on the WHI data
looking for interactions with SNP rs10938397. The directed LASSO ends up with
many more small non-zero interaction effects while the dedicated boosting sets those
directly to zero.

We plan to continue working with the directed LASSO model and extend it to
survival responses. We also plan on utilizing the ADMM algorithm to speed up fitting

of the model, as described in Section 3.8.
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Figure 4.1: Simulation study results based on 1000 replications no interactions models
(Null Models, N = 100). “Full” refers to fitting all interaction terms using a linear
model; “Boosting” is the dedicated boosting algorithm.
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Figure 4.2: Simulation study results based on 1000 replications with no interactions
(Null Models, N = 1000). “Full” refers to fitting all interaction terms using a linear
model; “Boosting” is the dedicated boosting algorithm.
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“Full” refers to fitting all interaction terms using a linear model; “Boosting” is the
dedicated boosting algorithm.
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Figure 4.8: Simulation study results based on 1000 replications (Model C, N = 1000).
“Full” refers to fitting all interaction terms using a linear model; “Boosting” is the
dedicated boosting algorithm.
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Figure 4.10: Simulation study results based on 1000 replications (Model D, N =
1000). “Full” refers to fitting all interaction terms using a linear model; “Boosting”
is the dedicated boosting algorithm.
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Figure 4.11: Simulation study results based on 1000 replications (Model E, N = 100).
“Full” refers to fitting all interaction terms using a linear model; “Boosting” is the

dedicated boosting algorithm.
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Figure 4.12: Simulation study results based on 1000 replications (Model E, N = 1000).
“Full” refers to fitting all interaction terms using a linear model; “Boosting” is the
dedicated boosting algorithm.



