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Multigroup data is a common data type in fields such as biology, the environmental sciences
and the social sciences. This dissertation focuses on developing new statistical methodologies
for multigroup data analysis. When data across groups are independent of each other, si-
multaneous statistical inferences for each group are often performed to analyze the data. We
first present an adaptive multigroup confidence interval procedure. We construct confidence
intervals that make use of information about across-group heterogeneity, resulting in con-
stant coverage intervals that are narrower than standard t-intervals across groups. Then we
present adaptive procedures for sign error control. We present a procedure that guarantees
to control the sign error rate under a desired threshold, and another more powerful proce-
dure that approximately controls the sign error rate under certain assumptions. When data
across groups are dependent on each other, it is often of interest to capture the dependence
relationships among groups. For the second part of the dissertation, we develop methodolo-
gies for such data type with a focus on phylogenetic tree inferences. We first present simple
and consistent algorithms for the tree topology recovery and parameter estimation, and then
present an iterative structural EM algorithm which improves the results from the simple

algorithms.
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Chapter 1
INTRODUCTION

In this introductory chapter, we begin with the motivation for new statistical inference
procedures for multigroup data and introduce relevant notation. Then we will introduce
some graphical modeling terminologies and relevant background for phylogenetics. We finish

this chapter with an outline of the dissertation.
1.1 Estimation and Inference with Multivariate Gaussian Distribution
Consider a p-variate random vector Y with a multivariate Gaussian distribution

Y ~ N,(6,0%]) (1.1)

with an unknown mean vector @ and known variance o2. The statistical tasks of interest are
estimation and inference on the parameter 8 based on an observation y of Y. Without loss
of generality, we assume o2 = 1 in this chapter.

One straightforward estimator for 6, is the maximum likelihood estimator Orr = Y,
which is also referred to as the least square estimator. This is an unbiased estimator of the
parameter @, and has the minimum variance among all unbiased estimators of 8. However,
Stein| (1956) and |James and Stein| (1961a) shocked the statistical world by showing that 6y,
is inadmissible when p > 2. The estimator proposed by them is usually referred to as the

James-Stein estimator and takes the form

~ p—2
65— (1 _ _2) y.
[lyll3

This estimator has a mean squared error lower than Oy James-Stein estimator played

an important role in the development of high-dimensional statistics analysis and empirical



Bayes approaches. The empirical Bayes interpretation of James-Stein estimator can be seen
by first assuming

0 ~ N(0,721). (1.2)

The Bayes estimator of @ is then

N 1
OBayes = (1 - ) Yy, (13)

7241

which is the estimator that minimizes the expected squared error given y. Since 72 is actually
an unknown parameter, in light of empirical Bayes theories, we estimate this parameter from
the data y. Observe that the marginal distribution of y is
y ~ N(0,(r* +1)I). (1.4)
This implies that
Iy[I* ~ (72 + 1)x;,

and we have

-2 1
E[p }: .

yl?]  m+1
p—2

—— in equation (1.3)) with its unbiased estimator B, we

By replacing the unknown term -~

obtained the empirical Bayes estimator of 8, which is of the exactly same form as 8 5. Note
that 1/(72+1) < 1, we have that ] Bayes 18 closer to 0 than y is. Hence we also call ] Bayes and
65 the shrinkage estimators. The technique of shrinkage estimation has a wide application

in high-dimensional statistics analysis.

1.2 Simultaneous Confidence Intervals

Although there is a great amount of literature studying the empirical Bayes point estimators
or shrinkage type estimators, the application of this idea to the confidence set or interval
development is significantly less. In spite of its importance, the technical difficulty has been
one of the major reason for this. A confidence procedure for a single parameter of interest 6

with 1 — « frequentist coverage is defined as a region C such that

Pr(f € C|0) =1 — a V6. (1.5)



For multivariate case, i.e. the parameter of interest @ is a p-variate vector, either simultaneous
intervals in R can be constructed individually for each entry of 8, or a set C' in RP can be
constructed for the @ as a whole. The former is usually referred to as the confidence interval,
and the latter is usually referred to as the confidence set. We focus on confidence interval
construction in this dissertation.

Under the model in ([1.1)), the usual confidence interval for 6; is a z-confidence interval
{0ty — 210 <0 <yi+ 210}

where z1_, is the 1 — o quantile of the standard normal distribution. This confidence inter-
val has an exactly 1 — « frequentist coverage with a width of 2z1_,, and it is the narrowest
interval among all unbiased intervals. This usual confidence interval is constructed based
on the estimator §; = y; of 6;. The fact that the shrinkage estimator dominates the usual
maximum likelihood estimator inspired the technique of constructing confidence procedures
based on shrinkage estimators, hoping to develop intervals with narrower width. This leads
to the development of the empirical Bayes confidence intervals. The classic empirical Bayes
confidence interval utilizes the Bayes estimator directly in constructing the confidence inter-
val, and then plugs in an estimate of the unknown parameter. By , we can construct a

confidence interval for 6; based on the Bayes estimator when 72 is known

72 T2 T2 \/T
92':—2'— —a —<9i<—z‘ o\ T—/—= ¢ - 1.6
{ 1—|—T2y Al 14 72 1+T2y+z1 1+ 72 (1.6)

Then we can replace the unknown term that involves 72 with its estimate and the resulting
interval will be a classic empirical Bayes confidence interval. The confidence interval in ((1.6)

achieves a 1 — a Bayes coverage, which is defined as
Pr(f e C) = /Pr(0 e ClOm(0)dd =1 — «

for a confidence interval C' of § with 7(6) being the prior distribution of 6 (Morris, [1983b)).
Note that compared to the frequentist coverage in (1.5)), € is integrated out in this Bayes

coverage probability. Hence exact frequentist coverage guarantees exact Bayes coverage, but



not the other way around. This means that although a confidence interval procedure C' has
a Bayes coverage 1 — «, the coverage is possibly not 1 — « for a specific parameter 6. To see
this, we perform a simple simulation study. We simulate a 8 vector with 100 entries from
N(0,1). Then we simulate a data vector y from N (0, I), and construct the classic empirical
Bayes confidence intervals for entries of 8 simultaneously at the level 0.95. We repeat this
procedure 1,000 times to get the empirical coverage of this confidence procedure, and the

results are summarized in Figure 1.1}
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Figure 1.1: Coverage of CI for each 6; value. The points shows the empirical estimate of the
coverage probability and the solid bars are the related monte carlo error bars. The horizontal

line is at 0.95.

As we can see, the classical empirical Bayes confidence interval procedure over-covers
the parameter 6; when 6; is relatively close to 0, and under-covers the parameter 6; when
0; is relatively far away from 0. As a result, the coverage averaged across all the 6;s are

around 0.95, but the coverage for each of the 6;s varies. One advantage of constructing



confidence intervals instead of a confidence set in such analyses is that confidence intervals
do inferences on each of the #;s individually simultaneously. Hence the fact that the classic
empirical Bayes confidence interval can not guarantee the coverage for each of the ;s is
undesirable. A lot of work has been done in modifying the classic procedure trying to get
better coverage property. Notable work in empirical Bayes confidence interval includes |Laird
and Louis| (1987)), |He| (1992) and Hwang et al.| (2009), to name a few. Among them, |Laird and
Louis (1987)) proposed a bootstrap interval procedure based on the construction of [Morris
(1983b)). [He| (1992)) proposed a Bayes confidence interval procedure obtained by choosing

the Bayes rule against the loss
L(6,C)=k|C|— 10 eC)

under a prior m(#), where k is a constant that needs to be properly chosen to achieve the
Bayes coverage. Then the empirical Bayes counterpart is obtained by approximating the
unknown parameters with their estimators. |[Hwang et al.| (2009) proposed a confidence
interval procedure that not only shrinks the means but also shrink the variances. However,
these procedures can not guarantee the exact frequentist coverage. In Chapter 2, we will
keep pursuing this goal of deriving a confidence interval procedure with exact frequentist

coverage while having narrower width than the usual confidence procedure.
1.3 Simultaneous Tests

When analyzing multigroup data, other than constructing confidence intervals simultane-
ously, another commonly used statistical inference procedure is simultaneous hypothesis
testing. Especially in modern statistical applications, testing procedure for high throughput
experiments is desired, which may involve thousands or even millions of hypotheses. For
example, in genome science, scientists need to identify which genes’ expression levels asso-
ciate significantly with the phenotype of interest. This is usually done by simultaneously
testing the hypothesis that there is no association between the phenotype level and gene’s

expression level for each gene.



Suppose there are p hypotheses, and for each hypothesis, there is a parameter of interest
0;, where 1 = 1,...,p. We are interested in making inferences on the 6;s simultaneously. For
one single test, usually researchers specify a type I error rate threshold « first, which will
be the probability of rejecting the null hypothesis when it is actually true. However, when
p hypotheses are tested simultaneously, if we still use the same threshold « again for each
of the hypothesis, the probability of making a type I error will no longer be a. In fact, in
multiple testing situation, the probability of rejecting at least one true null hypothesis is
called the familywise error rate (FWER). The classic procedure for controlling the FWER
is the Bonferroni correction, which uses a/p instead of a as the level of the test for each
hypothesis in order to control the FWER below «a.

However, FWER is sometimes considered as a conservative quantity to control in multiple
testing situation. In some applications, controlling the FWER leads to very few or even no
discoveries. As an alternative, False Discovery Rate (FDR) has been popular since the
innovative paper by Benjamini and Hochberg (1995)). Suppose among the p hypotheses we
make R rejections, and V' of those are true nulls. We also call a rejection that is actually a

true null a false discovery. The the FDR is defined as

FDR = E[-X-|64, ....6,).

RV
Hence unlike the FWER that only allows for at most one false discovery, the FDR may
allow for certain number of false discoveries. As a result, controlling the FDR can be a more
powerful way to identify more discoveries while still controlling the proportion of the false
discoveries. The Benjamini-Hochberg (BH) procedure is one classic approach to control the
FDR. Let qq), ..., q() be the ordered p-values from small to large for the p hypotheses. For
a desired FDR level «, the BH procedure finds the i,, such that it is the largest ¢ for which

qi S —Q, (17)

and reject the hypotheses with p-values smaller than ¢; . Other than the BH procedure, a
large amount of work has been done on controlling the FDR, see Efron (2012)), [Benjamini

(2010)), \Genovese and Wasserman| (2004]), [Storey| (2002)), Storey| (2007)).



FWER or FDR control procedures control the number of discoveries that are actually
nulls, i.e. 8 = 0. However, usually in real world, the parameter of interest # can never be
exactly 0. For example, Tukey (1991) argued that asking whether the difference between
effects of A and B is zero is “foolish”, since the effects of A and B are always different in
some decimal place. In situation like this, the control of FDR might not be appropriate since
there is actually no “true nulls”. As argued by Tukey| (1962), the more meaningful question
would be to judge whether there is enough evidence to support a correct sign instead of a

“discovery”.

However, in the usual context of testing a null hypothesis Hy : § = 0 for a parameter
of interest €, when we reject Hj, the sign of # is usually inferred at the same time. For
example, suppose 6 > 0 is an estimate of 0, and the test based on 6 indicates significance, we
would conclude that the true 6 is positive. The usually used 0.05 level is only a threshold for
type I error. The probability of claiming a wrong sign of 6 is not quantified in the standard
hypothesis testing procedure, and researchers are usually not aware of the probability of it.

We now use a small simulated example to illustrate this issue. Suppose the observation
y is sampled from N(0,4). A standard z-test will reject Hy if |y| > 221_4/2. Suppose we
claim 6 to be the same sign as y if Hj is rejected. We calculate the ratio of the number
of times of claiming the true signs to the number of rejections. We repeat this procedure
1,000 times, and do it for different 6 values. Figure 1 shows the results. When the true
effect size is relatively large, the probability of claiming a wrong sign is small. However,
when the true effect size is small, the chance of claiming a wrong sign is very large. In this
example, when the true effect is 0.01, if we estimate the sign when the observation indicates
significance at level 0.05, we are getting the wrong sign around 50% of the time. This is
similar to randomly guessing the sign of the true effect. In applications, so-called “significant
positive associations” could actually be negative associations with a high probability, and
vice-versa. The potential high probability of drawing conclusion that is opposite of the truth,

even though the type I error is controlled, could lead to serious consequence in applications

(Gelman and Carlin|, 2014).
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Figure 1.2: The top plot gives all the sampled y values against their corresponding 6 values.
The y values outside the two solid lines are rejected. The bottom plot gives empirical estimate
of the probability of claiming a wrong sign for each 6 value, based on 1,000 replications. The

f values we choose here are 0.01, 0.1, 0.2, ..., 2.

We call the error of claiming a wrong sign of 6 a sign error. However, the probability of
a sign error usually depends on the unknown value of the parameter ¢, making it difficult
to estimate. |Gelman and Tuerlinckx (2000)) defined type S error rate as the probability
of making a sign error conditional on rejection. They suggested that using hierarchical
Bayesian credible interval would lead to less sign errors. |Gelman and Carlin (2014) suggested
that researchers should use external information to come up with reasonable estimates of
plausible effect sizes, and use these to assess the potential type S error rate. |(Owen| (2016)
suggested that the type S error rate can be controlled using a two-stage inference procedure,
where the claim for significance and the claim for sign should be separated. For multi-group
data setting, Benjamini and Yekutieli (2005) defined the mixed directional FDR as the
expected proportion of discoveries in which a nonpositive parameter is declared positive or

a nonnegative parameter is declared negative. They proposed to implement the Benjamini-



Hochberg algorithm directly to control the mixed directional FDR, and showed it will be
controlled under a desired threshold. Following this framework, Zhao et al. (2015]) used
weighted p-value methods to control the mixed directional FDR, and |Guo et al.| (2010)
extended the idea to the problem of multidimensional directional decisions. Stephens| (2016)
also studied the control of sign error, where the focus there was the control of local sign error
instead of the sign error rate across groups. In Chapter 3, we will keep studying the sign

error issue in hypothesis testing and propose new procedures that control the sign error rate.
1.4 Graphical Models and Phylogenetic Trees

A phylogenetic tree is a tree-structure graph that describes the evolutionary relationships
among various organisms which are considered to have one common ancestor. Over time,
the ancestral lineage splits due to stochastic genetic changes, creating new organisms. Fig-
ure shows an example of a well-known phylogenetic tree of commonly seen organisms
(University of California Museum of Paleontology, 2018). From top to bottom, it describes
the evolutionary process over time. The root node represents the common ancestor of all
considered animals. The internal nodes represent the divergence events, and the leaf nodes
are the contemporary organisms. Species that share more common ancestors together in the
tree are considered more genetically related. The application of phylogenetic trees is not
limited to describing the evolution of organisms. There are broader applications in areas like
public health (Ou et al.| [1992)), forensic science (Scaduto et al., 2010 and medicine (Amenta
et al., 2015)).

A graphical model is a statistical model associated with a graph that captures the de-
pendencies among random variables (Lauritzen, 1996). Specifically, each random variable is
associated with a vertex in the graph, and the edges in the graph encode conditional indepen-
dence constraints. For a phylogenetic tree, the random variables that are represented by the
leaf nodes can either be discrete or continuous, depending on the application. For example,
DNA or protein sequence data are often recorded as discrete data while gene expression data

or gene frequency data are usually continuous. Here we focus on the setting of continuous
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Figure 1.3: An example of a phylogenetic tree.

observations for which we assume a continuous stochastic process over a tree. |Felsenstein
(1973)) proposed a Brownian motion tree model as phylogenetic model for the analysis of
the evolution of continuous characters. This Brownian motion model has since been widely
used in inferring phylogenetic trees, and our tree inferences procedure will be based on this

model.

In the Brownian motion model, the character evolution is assumed to follow a Brownian
motion process with mean 0 and variance o2 per unit time along the phylogenetic tree.
Under this model, the net change along a branch after ¢ unit of time is drawn from a normal
distribution with mean 0 and variance o%t. In the event of splitting, two direct descendants
start to evolve by independent continuation of the Brownian motion process. The most
commonly used tree type in phylogenetics is the bifurcating tree, which is a tree structure
such that every internal node has exactly two descendants. The tree in Figure [1.3] is an
example of a bifurcating tree. For a bifurcating tree with p leaf nodes, there are p — 1

internal nodes and 2p — 1 branches. In applications, we usually only have observations from
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the p leaf nodes. With the observed data from the leaf nodes, the two main inference tasks
are inferring the topology of the tree and estimating the branch lengths.

Simple clustering method like the Neighbor-Joining approach (Saitou and Nei|, [1987)) are
popular methods in reconstruction of the phylogenetic tree. We will propose two alterna-
tive clustering methods for the phylogenetic tree reconstruction. We then seek to improve
these simple methods through use of likelihood. However Roch| (2006) has shown that the
maximum likelihood estimation of the tree topology under Brownian motion models is “NP
hard”. When p is very small, we can enumerate all possible tree topologies and evaluate
them with the observed data. However, the number of tree topology grows in a factorial
speed as p grows. For example, when p = 20, there are around 5 x 10? phylogenetic tree
topologies. Hence any exhaustive method would not work for applications with large number
of leaf nodes. In Chapter 4, we propose a Structural EM algorithm for the reconstruction of

the maximum likelihood phylogenetic tree with continuous data.
1.5 Summary of Our Contributions

In Chapter 2, we construct confidence intervals that have a constant frequentist coverage rate
and that make use of information about across-group heterogeneity, resulting in constant-
coverage intervals that are narrower than standard ¢-intervals across groups. Such intervals
are constructed by inverting biased tests for the mean of a normal population. Given a prior
distribution on the mean, Bayes-optimal biased tests can be inverted to form Bayes-optimal
confidence intervals with frequentist coverage that is constant as a function of the mean. In
the context of multiple groups, the prior distribution is replaced by a model of across-group
heterogeneity. The parameters for this model can be estimated using data from all of the
groups, and used to obtain confidence intervals with constant group-specific coverage that
adapt to information about the distribution of group means.

In Chapter 3, we propose two procedures for adaptively selecting an experimentwise
significance threshold in order to control the sign error rate. The first controls the sign error

rate conservatively, without any distributional assumption on the parameters of interest. The
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second is an empirical Bayes procedure, and achieves optimal performance asymptotically
when a model for the distribution of the parameters is correctly specified. We also discuss
an adaptive procedure to minimize the sign error rate when the experimentwise type I error
rate is held fixed.

In Chapter 4, we consider the problem of learning the tree topology in phylogenetic anal-
ysis of continuous data. The models we treat assume that the evaluation of the continuous
characters along the phylogenetic tree follows a Brownian motion process. We propose and
compare three methods for recovery of the tree structure. The first is based on independence
tests, and the second is based on the size of sample covariances. As a third option, we derive
a Structural EM algorithm for searching the tree structure and corresponding parameter
estimates that maximize the likelihood of the observed data. We examine the performance

of our methods using simulated data sets and gene expression data.



13

Chapter 2

ADAPTIVE MULTIGROUP CONFIDENCE INTERVALS
WITH CONSTANT COVERAGE

This work is published in Biometrika (Yu and Hoff, 2018).
2.1 Introduction

A commonly used experimental design is the one-way layout, in which a random sample
Yij,-.., Yy, is obtained from each of several related groups j € {1,...,p}. The standard
normal-theory model for data from such a design is that Yy ;,...,Y, ; ~ iid. N(6;,0?),
independently across groups. Inference for the 6;’s typically proceeds in one of two ways.
The “classical” approach is to use the unbiased sample mean ¥; as an estimator of ¢;, and to
construct a confidence interval for §; by inverting the appropriate uniformly most powerful
unbiased (UMPU) test, that is, constructing the standard ¢-interval. Such an approach
essentially makes inference for each 6; using only data from group j (although a pooled-
sample estimate of o2 is often used). The estimator of each 6; is unbiased, and the confidence
interval for each 6; has the desired coverage rate.

An alternative approach is to utilize data from all of the groups to infer each individual
;. This is typically done by invoking a hierarchical model, that is, a statistical model
that describes the heterogeneity across groups. The standard one-way random effects model
posits that 6q,...,0, are a random sample from a normal population, so that 6;,...,6, ~
i.i.d. N(u,72). In this case, shrinkage estimators of the form

i _ T A gm0
S VB

are often used, where (ji,72,62%) are estimated using data from all of the groups. This

estimator has a lower variance than the sample mean, but is generally biased. Confidence
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intervals based on these shrinkage estimators are often derived from the hierarchical model:
Letting éj be defined as

i p/72 + gyng/o’
! /12 +njjo?

then E[(8; —6,)?] = (1/72+n;/0®)~", where the expectation integrates over both the normal
model for the observed data and the normal model representing heterogeneity across the
groups. This quantity is also the conditional variance of 6; given data from group j, which
suggests an empirical Bayes posterior interval for §; of the form éj +ti_a/2/ \/W,

where ¢, denotes the y-quantile of the appropriate ¢-distribution. Compared to the classical ¢-

interval §; 2t _q/2+/62/n;, this interval is narrower by a factor of \/72/(72 + 62/n). However,
its coverage rate is not 1 — « for all groups. While the rate tends to be near the nominal
level on average across all groups, the rate for a specific group j will depend on the value of
¢;. Specifically, the coverage rate will be too low for 6;’s far from the overall average §-value,
and too high for 6;’s that are close to this average (see, for example, [Snijders and Bosker
(2012, Section 4.8)). Other types of empirical Bayes posterior intervals have been developed
by Morris| (1983a), Laird and Louis (1987), He (1992) and Hwang et al.| (2009)). Like the
interval obtained from the hierarchical normal model, these intervals are narrower than the

standard t-interval but fail to have the target coverage rate for each group.

In the related problem of confidence region construction for a vector of normal means,
several authors have pursued procedures that dominate those based on UMPU test inversion
(Berger|, 1980; (Casella and Hwangj, 1986)). In particular, Tseng and Brown| (1997) obtain
a modified empirical Bayes confidence region that has exact frequentist coverage but is
also uniformly smaller than the usual procedure. In this chapter we pursue similar results
for the problem of multigroup confidence interval construction. Specifically, we develop a
confidence interval procedure that has the desired coverage rate for every group, but also
adapts to the heterogeneity across groups, thereby achieving shorter confidence intervals
than the classical approach on average across groups. More precisely, our goal is to obtain a

multigroup confidence interval procedure {C'(Y),...,C?(Y )}, based on data Y from all of
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the groups, that attains the target frequentist coverage rate for each group and all values of

0 = (01,...,0,), so that
Pr(0; e C7/(Y)|0)=1—-a VOER?, Vje{l,...,p}, (2.1)
and is also more efficient than the standard ¢-interval on average across groups, so that
E[|[CU(Y)]] < 2ti-as2, (2.2)

where |C| denotes the width of an interval C, and the expectation is with respect to an
unknown distribution describing the across-group heterogeneity of the 6;’s. The interval
procedures we propose satisfy the constant coverage property exactly. Property
will hold approximately, depending on what the across-group distribution is and how well it
is estimated.

The intuition behind our procedure is as follows: While the standard t-interval for a
single group is uniformly most accurate among unbiased interval procedures (UMAU), it is
not uniformly most accurate among all procedures. We define classes of biased hypothesis
tests for a normal mean, inversion of which generates 1 — « frequentist ¢-intervals that are
more accurate than the standard UMAU t-interval for some values of the parameter space,
but less accurate elsewhere. The class of tests can be chosen to minimize an expected width
with respect to a prior distribution for the population mean, yielding the confidence interval
procedure (CIP) that is Bayes-optimal among all CIPs that have 1 — « frequentist coverage.
We call the Bayes-optimal frequentist procedure a “frequentist assisted by Bayes” (FAB)
interval procedure. In a multigroup setting, the “prior” for the population mean is replaced
by a model for across-group heterogeneity. The parameters in this model can be estimated
using data from all of the groups, yielding an empirical FAB confidence interval procedure
that maintains a coverage rate that is constant as a function of the group means.

Several authors have studied constant coverage CIPs in the single-group case that differ
from the UMAU procedure. Such procedures generally make use of some sort of prior

knowledge about the population mean. In particular, our work builds upon that of |Pratt
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(1963), who studied the Bayes-optimal z-interval for the case that o2 is known. Other related
work includes Farchione and Kabaila| (2008)) and Kabaila and Tisseral (2014)), who developed
procedures that make use of non-probabilistic prior knowledge that the mean is near a pre-
specified parameter value (e.g. zero). Their procedures have shorter expected widths near
this special value, but revert to the UMAU procedures when the data are far from this point.
Evans et al. (2005) obtained minimax CIPs for cases where prior knowledge takes the form
of bounds on the parameter values.

The FAB t-interval we construct is a straightforward extension of the Bayes-optimal z-
interval developed by Pratt| (1963). In the next section, we review the FAB z-interval of Pratt
and extend the idea to construct a FAB t-interval for the case that o2 is unknown. In Section
2.3] we use the FAB t-interval procedure to obtain group-specific confidence intervals that
have constant coverage rates for all groups and all values of @, and are also asymptotically
optimal as the number of groups increases. In Section we illustrate the use of the FAB
interval procedure with an example dataset, and compare its performance to that of the
UMAU and empirical Bayes procedures often used for multigroup data. Then we examine
the robustness of the proposed confidence interval procedure. A discussion follows in Section

. Proofs are given in Appendix.
2.2 FAB confidence intervals

Consider a model for a random variable Y that is indexed by a single unknown scalar
parameter § € R. A 1 — « confidence region procedure (CRP) for 6 based on Y is a set-
valued function C(y) such that Pr(6 € C(Y)]|#) = 1 — « for all § € R. As is well-known, a
CRP can be constructed by inversion of a collection of hypothesis tests. For each 6 € R, let
A(0) be the acceptance region of an a-level test of Hy : Y ~ Py versus Ky : Y ~ Py, 0 # 0.
Then C(y) ={6:y € A(d)} is a 1 —a CRP. We take the risk R(0,C) of a 1 —a CRP to be

its expected Lebesgue measure

R(0,C) = / / 1y € A(0')) d0' Py(dy).
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For our model of current interest, ¥ ~ N(f,0?) with o known, there does not exist a
CRP that uniformly minimizes this risk over all values of . However, there exist optimal
CRPs within certain subclasses of procedures. For example, the standard z-interval, given
by C.(y) = (Y + 02aj2,y + 021_a/2), minimizes the risk among all unbiased CRPs derived by
inversion of unbiased tests of Hy versus Ky, and so is the uniformly most accurate unbiased
(UMAU) CRP.

That the interval is unbiased means Pr(6’ € C,(Y)|f) <1 — «a for all § and ¢, and that
it is UMAU means R(0,C.) = 2021_q/2 < R(0, C’) for any other unbiased CRP C and every
6. But while C, is best among unbiased CRPs, the lack of a UMP test of Hy versus Kjy
means there will be CRPs corresponding to collections of biased level-a tests that have lower
risks than C, for some values of #. This suggests that if we have prior information that 6
is likely to be near some value p, we may be willing to incur larger risks for #-values far
from p in exchange for small risks near p. With this in mind, we consider the Bayes risk
R(m,C) = [ R(#,C) m(df), where 7 is a prior distribution that describes how close 6 is likely
to be to u. This Bayes risk may be related to the marginal (Bayes) probability of accepting

Hy as follows:

R(r,C) = / R(6,C) x(6)df = / / / 1(y € A(8))d6' Py(dy) ()
~ [ [ [ 1w e a@)rutagnias) as
_ / Pr(Y € A(0))) d0.

The Bayes-optimal 1 — o CRP is obtained by choosing A(f) to minimize Pr(y € A(9))
for each 6 € R, or equivalently, to maximize the probability that Hy is rejected under the
prior predictive (marginal) distribution P, for Y that is induced by m. This means that the
optimal A(#) is the acceptance region of the most powerful test of the simple hypothesis
Hy : Y ~ P, versus the simple hypothesis K : Y ~ P,. The confidence region obtained by
inversion of this collection of acceptance regions is Bayes optimal among all CRPs having

1 — « frequentist coverage. We describe such a procedure as “frequentist, assisted by Bayes”,
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or FAB.

Using this logic, [Pratt| (1963)) obtained and studied the Bayes-optimal optimal CRP for
the model Y ~ N(6,0?%) with 0% known and prior distribution § ~ N(u,7%). Under this
distribution for #, the marginal distribution for Y is N(u,7? + ¢?). The Bayes-optimal
CRP is therefore given by inverting acceptance regions A(f) of the most powerful tests of
Hy : Y ~ N(0,0%) versus K, : Y ~ N(pu,7* + 0?) for each . This optimal CRP is an
interval, the endpoints of which may be obtained by solving two nonlinear equations. We
refer to this CRP as Pratt’s FAB z-interval.

The procedure used to obtain the FAB z-interval, and the form used by Pratt, are not
immediately extendable to the more realistic situation in which Y; ... Y, ~ iid N(0,0?)
where both 6 and 02 are unknown. The primary reason is that in this case the Bayes-optimal
acceptance region depends on the unknown value of o2, or to put it another way, the null
hypothesis Hy is composite. However, the situation is not too difficult to remedy: Below we
re-express Pratt’s z-interval in terms of a function that controls where the type I error is
“spent”. We then define a class of t-intervals based on such functions, from which we obtain

the Bayes-optimal t-interval for the case that o2 is unknown.

2.2.1 The Bayes-optimal w-function

For the model {Y ~ N(6,0?), § € R} we may limit consideration of CRPs to those obtained

by inverting collections of two-sided tests:

Lemma 2.2.1. Suppose the distribution of Y belongs to a one-parameter exponential family
with parameter § € R. For any confidence region procedure C' there exists a procedure C,
obtained by inverting a collection of two-sided tests, that has the same coverage as C and a

risk less than or equal to that of C.

For the normal model of interest, an interval A(6) = (0 —ou, 0 —ol) will be the acceptance
region of a two-sided level-a test if and only if u and [ satisfy ®(u) — ®(I) = 1 — «, or

equivalently, if u = 21_q, and | = z4(1_y) for some value of w € (0,1), where ® is the
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standard normal CDF and z, = ®'(v). It is important to note that the value of w, and
thus | and u, can vary with 6 and still yield a 1 — a confidence region: Let w : R — (0,1)
and define

Aw(e) = (9 — le,aw(g), 0 — UZa(l,w(g))). (23)

Then for each 0, A, () is the acceptance region of a level-a test of Hy versus Kjy. Inversion

of A, (0) yields a 1 — a CRP given by

Cow(y) =10 1 y+ 02a0-wo) <0 <Y+ 021_auw©)} (2.4)

This confidence region can be seen as a generalization of the usual UMAU z-interval, given
by Ci2(y) = {6 :y+ O2q2 < 0 < y+ O'Zl_a/g}, corresponding to a constant w-function
of w(f) = 1/2. Given a prior distribution for 6, the Bayes-optimal w-function corresponds
to the Bayes-optimal CRP. For the prior distribution 6 ~ N(u,72) considered by Pratt, the

optimal w-function depends on ¢ = (u, 7%,0%) and is given as follows:

Proposition 2.2.1. Let Y ~ N(0,0%), § ~ N(u,7?) and let w : R — (0,1). Then
R, Cy,) < R(1h, Cy) where wy(0) is given by wy(0) = g~ (20(0 — p)/7%) with g(w) =
P aw) — D Ha(l — w)). The function wy(0) is a continuous strictly increasing function

of 0.

As stated in Pratt (1963) but not proven, Cy, (y) is actually an interval for each y € R,
and so Cy, is a confidence interval procedure (CIP). In fact, a CRP C, will be a CIP as

long as the w-function is continuous and nondecreasing:

Lemma 2.2.2. Let w : R — (0,1) be a continuous nondecreasing function. Then the set
Co(y) = {0 : Y+ 02aq-wo) < 0 < Y+ 021_quwe)} s an interval and can be written as

(0%,0Y), where 0% and 0V are solutions to 0% =y + 024 (1—wer)) and 0V =y + 021 _gu(ev)-

A bit of algebra shows that Pratt’s FAB z-interval can be expressed as C,, = (6L, 0Y),
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where 0% and 0Y solve

T S T
- 1+ 202%/72 #1+202/72
oL y+0®*1(0z—<b(—9L;y)) N 202 /72
- 1+ 20%/72 /L1+20'2/T2.

Solutions to these equations can be found with a zero-finding algorithm, and noting the fact

that 07 < y+ 0z, and y + 02, < 0Y.

Some aspects of the FAB z-interval procedure are displayed graphically in Figure[2.1] The
left panel gives the w-functions corresponding to the Bayes-optimal 95% CIPs for o2 = 1,
p =0 and 72 € {1/4,1,4}. At varying rates depending on 72, the w-functions approach
zero or one as ) moves towards —oo and oo, respectively. The level-a tests corresponding to
these w-functions are “spending” more of their type I error on y-values that are likely under
the N(u, 02+ 72) prior predictive distribution of Y. This makes the intervals narrower than
the usual interval when y is near u, and wider when y is far from pu, as shown in the middle
panel of the figure. In particular, at y = u, the 95% FAB z-interval with 72 = 1/4 has a
width of 3.29, which is about 84% of that of the UMAU interval. Average performance across
y-values is given by risk, or expected confidence interval width, displayed in the top right
plot. Expected widths of the FAB z-intervals are lower than those of the UMAU intervals for
values of 0 near p (15% lower for @ =y and 72 = 1/4), but can be much higher for -values
far away from s, particularly for small values of 72. Relative to small values of 72, the larger
value of 72 = 4 enjoys better performance than the UMAU interval over a wider range of
O-values, but the improvement is not as large near pu. Additional calculations (available from
the replication code for this chapter) show that the performance of the FAB interval near p
improves as « increases, as compared to the UMAU interval. For example, with 72 = 1/4
and o = 0.50, the width of the FAB interval at y = p is about 25% of that of the UMAU
interval, and its risk at 6 = p is 60% that of the UMAU interval.
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Figure 2.1: Descriptions of the FAB z-procedure. The left plot gives Bayes-optimal w-
functions for three values of 72, at level o = 0.05. The middle plot gives the corresponding
confidence interval procedures, with the UMAU procedure given by dashed lines. The top
plot on the right gives the risk functions (expected widths) of the 95% FAB z-intervals for

the three values of 72, with the corresponding prior densities plotted below.

2.2.2 FAB t-intervals

Adoption of Pratt’s z-interval has been limited, possibly due to two factors: First, in most
applications the population variance is unknown, and second, the prior distribution for 6
must be specified. We now address this first issue by developing a FAB t-interval. Suppose
we have a sample Y7,...,Y, ~ iid. N(,0?), with sufficient statistics (Y, S?), the sample

mean and (unbiased) sample variance. The standard UMAU ¢-interval is given by
{09+ Ttaj2 <0 <y+ \/iﬁtl_a/Q}. (2.5)

This interval is symmetric around g, with the same tail-area probability («/2) defining the
lower and upper endpoints. The development of the w-function described in the previous
subsection suggests viewing the UMAU t-interval as belonging to the larger class of CRPs,
given by

&
—~
<
w
(]
N—
Il
~
D
N
+
Sm

Trta-we) <0 <¥+ Jmli—auwe)}; (2.6)
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for some w : R — (0,1). Any procedure thus defined satisfies Pr(0 € C,(Y,S?)|0) =1 — «
for any value of 6, and the standard t-interval in (2.5 is a special case when w = 1/2.

Additionally, C, is a CIP as long as w is a continuous nondecreasing function:

Lemma 2.2.3. Let w : R — (0,1) be a continuous nondecreasing function. Then the set
Cu(y,8*) =10 : 9+ ftau wo) <0 <y+ ftl,aw o)} is an interval and can be written as
(01,69, where 0% and 6V are solutions to OF = 3+ fta(l —w(ory) and v = i+ \/iﬁtl_aw(ng).

For a given w-function, the endpoints of the interval can be reéxpressed as

F y=07N _ aw(8Y) (2.7)
s/v/n
F (y’;/——\/_H:> =1-a(l—w(d")), (2.8)

where F'is the CDF of the ¢,_; distribution. Using the same logic as at the beginning of
Section , the Bayes risk of a CRP for a prior distribution 7 on # and o2 is

R(r,C) = / Pr((V,$2) € A(®)) o, (2.9)

where Pr((Y,S?) € A(¢)) is the prior predictive (marginal) probability of (Y, S?) being in
the acceptance region A(6’) under the prior distribution 7. Given a prior 7 that corresponds
to a continuous, nondecreasing w-function, the Bayes-optimal FAB interval can be obtained
numerically by using an iterative algorithm to solve and . However, this requires
computation of the w-function, which for each @ is the minimizer in w of Pr((Y, S?) € A,(0)),

where
Au(0) =3 (5,8 : t <u<t (2.10)
w ’ - baw S/\/ﬁ 1—a(l—w) ( - .
Obtaining the optimal w-function will generally involve numerical integration. Consider

a N(u,72) prior on 6 and so conditionally on ¢ we have Y ~ N(u,0%/n + 7%) and
(n — 1)5%/0% ~ x?_,. From this we can show that C(Y — 6)/(S/y/n) has a noncentral

t,—1 distribution with noncentrality parameter A = c£—= /\f’ where ¢ = \/o2/n/+\/02/n + 2.
Therefore, the probability of the event {(Y, S?) € A(#)}, conditional on o2, can be written
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as

Pr({Y, 5%} € A(0)|0?) = Fi(cti—a(—w) — Fr(ctaw),

where F)\ is the CDF of the noncentral t,_; distribution with parameter A = 05’770%. The

Bayes-optimal w-function is therefore given by

wy(0) = arg mul)n/ (F,\(ctl,a(l,w)) — F,\(ctoéw)) pr(0?) do?, (2.11)

where p,(0?) is the prior density over o2.

In the replication material for this chapter we provide R-code for obtaining w, () and the
corresponding Bayes-optimal ¢-interval Cy (7, s) for the class of priors where § and ¢ are a
priori independently distributed as normal and inverse-gamma random variables. Here, we
provide some descriptions of this FAB t-interval procedure for some parameter values that
make the interval comparable to the z-interval from Section [2.2.1] Specifically, we consider
the case that n = 10, 1/0? ~ gamma(1, 10) and 6 ~ N(0,72) for 72 € {1/4,1,4}. This makes
the prior median of o2 near 10, and the variance of Y near 1 (and so the variance of Y here
is comparable to the variance of Y in Section . The left panel of Figure gives the
w-functions, which are very similar to those of the FAB z-procedure displayed in Figure [2.1],
but with somewhat larger derivatives near u. The second panel gives the FAB t-intervals
as functions of §, with s? fixed at 10. Again, the intervals resemble the corresponding z-
intervals, but are slightly wider due to the use of t-quantiles instead of z-quantiles. The

2 is more noticeable in the plot of the risk functions, given in the

effect of not knowing o
right-upper plot. While the shapes of the risk functions are similar to those of the analogous
z-intervals, the risks (expected widths) are larger due to the fact that the width of a ¢-interval

is dependent on S?, which is proportional to a x3 random variable having non-trivial skew.
2.3 Empirical FAB intervals for multigroup data

A potential obstacle to the adoption of FAB confidence intervals is the aversion that many
researchers have to specifying a distribution over . However, in multigroup data settings,

probabilistic information about the mean 6; of one group is may be obtained from data of
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Figure 2.2: Descriptions of the FAB t¢-procedure. The left plot gives Bayes-optimal w-
functions for three values of 72, at level o = 0.05. The middle plot gives the corresponding
confidence interval procedures with s? fixed at 10. The top plot on the right gives the
expected widths of the 95% FAB t-intervals for the three values of 72, with the corresponding

prior densities plotted below.

the other groups. This information can be used to specify a probability distribution 7 for
the likely values of 6;, from which an empirical FAB interval may be constructed. Such an
interval will have exact 1 — o coverage for every value of 6;, but a shorter expected width for
values that are deemed likely by 7. For the usual homoscedastic hierarchical normal model
having a common within-group variance, we develop such a procedure that may be used in
practice, and show that it is risk-optimal asymptotically in the number of groups. We also

develop a similar procedure for the case of heteroscedastic groups.

2.3.1 Asymptotically optimal procedure for homoscedastic groups

Consider the case of p normal populations with means 6y, ..., 6, and common variance and
sample size, so that Vi ;,...Y,; ~ iid. N(6;,0?) independently across groups (common
sample sizes are used here solely to simplify notation). The standard hierarchical normal

model posits that the heterogeneity across groups can be described by a normal distribution,
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so that 6y,...,0, ~ iid. N(u,7%). In the multigroup setting, this normal distribution is
not considered to be a prior distribution for a single 6;, but instead is a statistical model
for the across-group heterogeneity of 6¢,,...,60,. The parameters describing the across- and
within-group heterogeneity are v = (u, 72, 02).

For each group j let C? be a 1 — a CRP for 6; that possibly depends on data from all
of the other groups. Letting C = {C',...,CP} we define the risk of such a multigroup

confidence procedure as
1< .
Y) ==Y E[C/(Y
p =

where Y is the data from all of the groups and the expectation is over both Y and
01,...,0,. Under the hierarchical normal model, the risk at a value of ¢ is minimized
by letting each C7 be equal to C,, (), the FAB z-interval defined in Section but with
Y = (u,72,0%/n), since Var[Y;|0;] = 0?/n. The oracle multigroup confidence procedure is

then Cy, = {Cu,(71), ..., Cu,(¥p)}, which has risk

waﬂb ZE |wa E[|Cw¢(g)|];

where § ~ N(6,0%/n) and 0 ~ N(u, T ) While this oracle procedure is generally unavailable
in practice, estimates of ¢) may be obtained from the data and used to construct a multigroup
CIP that achieves the oracle risk asymptotically as p — oco. To show how to do this, we first
construct a 1 — a CIP for a single § based on Y ~ N(#,0%/n) and independent estimates
S? and 1& of 0% and ). We show how the risk of this CIP converges to the oracle risk as
52 2% 52 and ¢ 23 ¢, and then show how to use this fact to construct an asymptotically
optimal multigroup CIP.

The ingredients of our FAB CIP for a single population mean 6 are as follows: Let

Y ~ N(#,0%/n) and ¢S? /0 ~ x2 be independent. Consider the 1 — o CRP for 6 given by

Cw(gj, 32) = {0 Y+ \/iﬁta(l—w(m) <f0<y+ \/iﬁtl—aw(H)}v (2'12)

where the t-quantiles are those of the t,-distribution. As described in Section this

procedure has 1 — « coverage for every value of § and is an interval if w : R — (0,1)



26

is a continuous nondecreasing function. This holds for non-random w-functions as well as
for random w-functions that are independent of Y and S2. In particular, suppose we have
estimates 1) = (i, 72,62/n) that are independent of ¥ and S2. We can then let w = wg,
the w-function of the Bayes optimal z-interval assuming a prior distribution 6 ~ N (i, 72)
and that Var[Y|d] = 62/n. Note that we are not assuming (u,72,02/n) actually equals
(f1,72,6%/n), we are just using these values to approximate the optimal w-function by wy,
and the optimal CIP by C’%.

The random interval C', (Y, S?) differs from the optimal interval C,,,(Y') in three ways:
First, the former uses S? instead of 02 to scale the endpoints of the interval. Second, the
former uses t-quantiles instead of standard normal quantiles. Third, the former uses 1/3 to

define the w-function, instead of ¥. Now as ¢ increases, S? %% o2

and the t-quantiles in
1) converge to the corresponding z-quantiles. If we are also in a scenario where 12} can be
indexed by ¢ and zﬂ 2% 4, then we expect that w,; converges to wy, and that the risk of C%

converges to the oracle risk:

Proposition 2.3.1. Let Y ~ N(6,0%/n), ¢S?/0? ~ X3> and v be independent for each value

of q, with 7,& %4 as g — co. Then

1. C’% defined in 1s a 1 —a CIP for each value of 0 and q;
2. E[|Cu,l] = El|Cu, ] as ¢ — oo

We now return to the problem of constructing an asymptotically optimal multigroup
procedure. Let Y; and sz be the sample mean and variance for a given group j. Divide the
remaining groups into two sets, with p; — 1 in the first set and po = p—p; in the second. Pool
the group-specific sample variances of the first set of groups with sz to obtain an estimate

S? of 0%, so that

(n—1) &2 2
P55 ™~ Xpy(n1)-

From the remaining groups, obtain a strongly consistent estimate 1/A)j of ¢ (such as the MLE

or a moment-based estimate). Then Yj, S’JQ and ﬁj are independent for each value of p.
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Therefore, a 1 — a CIP for 6; is given by
de;j (ﬂj, 53) = {93 CyY; + \S/_%ta(l—wd;j(ej)) < Gj <yY;+ j—%tl_aw%(gj)}, (2.13)

where the quantiles are those of the ¢, ,—1) distribution. If p; is chosen so that it remains a
fixed fraction of p as p increases, then 5’32 and 1[{7 converge to o2 and v respectively, and the
t-quantiles converge to the corresponding standard normal quantiles. By Proposition [2.3.1],
the risk of this interval converges to that of the oracle risk. Repeating this construction for
each group j results in a multigroup confidence procedure that has 1 — « coverage for each
group conditional on (64,...,0,), but is also asymptotically optimal on average across the
N(u,7?) population of f-values.

In practice for finite p, different choices of p; and p, will affect the resulting confidence
intervals. Since the minimal width of each interval is directly tied to the degrees of freedom
p1(n — 1) of the variance estimate gf, we suggest choosing p; to ensure that the quantiles
of the ¢, (,—1) distribution are reasonably close to those of the standard normal distribution.
If either p or n are large, this can be done while still allowing p, to be large enough for

(f1,72,62/n) to be useful.

2.3.2 A procedure for heteroscedastic groups

If a researcher is unwilling to assume a common within-group variance, constant 1 — «

group-specific coverage can still be ensured by using intervals of the form

ij (gj, 83) = {9j LYt \j—r%toé(lfwj(%)) < Qj <y;+ \j—?%tlfawj(gj)}, (2.14)

where w; is an estimate of the Bayes-optimal w-function discussed at the end of Section
2.2.2, estimated with data from groups other than j. We recommend obtaining w; from a
hierarchical model for both the group-specific means and variances, as this allows across-
group sharing of information about both of these quantities. For example, the replication

material for this chapter provides code to obtain estimates of the w-function that is optimal
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for the following model of across-group heterogeneity:

01,...,0, ~iid. N(u,7%) (2.15)

1/07,...,1/o) ~iid. gamma(a,b).

We estimate the across-group heterogeneity parameters (1, 72, a, b) as follows: For each group
7 let
2 o\ 2 2.2
Xj = Z(Y;J —Y;)" ~ O Xn;—1-

7

If 1/07 ~ gamma(a, b) independently for each j then the marginal density of X7,..., X? can

be shown to be

p
I'(a+ (n; —1)/2)b°

p(z1, ..., 2%a,b) | | c(z?) paw ——

1 P ]1;[1 J F(a)(b+x?/2) +(n;—1)/2

where ¢ is a function that does not depend on a or b. This quantity can be maximized to

obtain marginal maximum likelihood estimates of a and b. Now if o, ... ,aﬁ were known,
then a maximum likelihood estimate of (11, 7%) could be obtained based on the fact that under
the hierarchical model, Y; ~ N(u,0%/n; + 72) independently across groups. Since the o%’s
are not known we use empirical Bayes estimates, given by 67 = (b+ x3/2)/(a+ (n; —1)/2),

to obtain the “plug-in” marginal likelihood estimates (i, 72):

(,7%) = avgmax | | —= S S i
T 003 g AT ,/ajz/nj%—T?
where ¢ is the standard normal probability density function.

To create a FAB t-interval for a given group j, we obtain estimates (fi;, %]2, aj, ZAJJ) using
the procedure described above with data from all groups except group j. The w-function w;
for group j is taken to be the Bayes-optimal w-function defined by Equation under the
estimated prior 0; ~ N(ji;, 77) and 1/0% ~ gamma(d;, b;). The independence of (Y;, S%) and
(115, %]-2, aj, Z)J) ensures that the resulting FAB t-interval has exact 1 — « coverage, conditional
onfy,...,0, and of,... 070
We speculate that this procedure enjoys similar optimality properties to those of the

approach for homoscedastic groups described in Section [2.3.1} If the hierarchical model given
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by is correct, then as the number p of groups increases, the estimates (ji;, AJZ, aj, I;]) will
converge to (i, 72, a,b) and the interval for a given group will converge to the corresponding
Bayes-optimal interval. So far we have been unable to prove this, the primary difficulty
being that the Bayes-optimal w function given by Equation is a non-standard integral

involving the non-central ¢-distribution, and is not easily studied analytically.
2.4 Radon data example

A study by the U.S. Environmental Protection Agency measured radon levels in a random
sample of homes. |[Price et al.| (1996) use a subsample of these data to estimate county-
specific mean radon levels (on a log scale) in the state of Minnesota. This dataset consists
of log radon values measured in 919 homes, each being located in one of p = 85 counties.
County-specific sample sizes ranged from 1 to 116 homes. In this section we obtain a 95%
FAB confidence interval for each county-specific mean radon level, based on data from all of
the counties, and compare these intervals to the corresponding UMAU intervals. Also, in a
simulation study based on these data, we compare the expected widths of these two types
of intervals to empirical Bayes posterior intervals, and show how the latter do not provide

constant coverage across values of the county-specific means.

2.4.1 County-specific confidence intervals

Letting Y; ; be the radon measurement for home 7 in county j, we assume throughout this
section that Yy ;..., Y, ; ~ iid. N(Gj,ajz) and that the data are independently sampled
across counties. Under the assumptions of a constant across-county variance and the normal
hierarchical model 6y,...,6, ~ iid. N(u,7?), the maximum likelihood estimates of 2, u
and 72 are 62 = 0.637, i = 1.313 and 72 = 0.096. The estimate of the across-county
variability is substantially smaller than the estimate of within-county variability, suggesting
that there is useful information to be shared across the groups. However, Levene’s test
of heteroscedasticity (an F-test using the absolute difference between the data and group-

specific medians) rejects the null of homoscedasticity with a p-value of 0.011. For this reason,
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we use the FAB t-interval procedure described in Section for each group, having the

form {9] : gj + 8?/71]‘ X toz(l—wj(é‘-)) < 6]' < gj + S?/n]’ X tl—awj(ej)}a where o = 05, gj

J

2

and Cr

are the sample mean and variance from county j, and w; is the optimal w-function
assuming 60; ~ N(fi;,77) and 1/07 ~ gamma(&j,i)j), where fi;,77,a; and l;j are estimated
from the counties other than county j. Such intervals have 95% coverage for each county,
assuming only within-group normality.

We constructed FAB and UMAU intervals for each county that had a sample size greater
than one, i.e. counties for which we could obtain an unbiased within-sample variance estimate.
Intervals for counties with sample sizes greater than two are displayed in Figure (intervals
based on a sample size of two were excluded from the figure because their widths make smaller
intervals difficult to visualize). The UMAU intervals are wider than the FAB intervals for 77
of the 82 counties having a sample size greater than 1, and are 30% wider on average across
counties. Generally speaking, the counties for which the FAB intervals provide the biggest
improvement are those with smaller sample sizes and sample means near the across-group
average. Conversely, the five counties for which the UMAU intervals are narrower than the

FAB interval are those with moderate to large sample sizes, and sample means somewhat

distant from the across-group average.

2.4.2  Risk performance and comparison to posterior intervals

Assuming within-group normality, the FAB interval procedure described above has 95% cov-
erage for each group j and for all values of 0y, ..., 6,. Furthermore, the procedure is designed
to approximately minimize the expected risk under the hierarchical model 6y, ...,6, ~ ii.d.
N(u,7?), among all 95% CRPs. However, one may wonder how well the FAB procedure
works for fixed values of 6y, ...,6,. This question is particularly relevant in cases where the
hierarchical model is misspecified, or if a hierarchical model is not appropriate (e.g., if the
groups are not sampled). We investigate this for the radon data with a simulation study in
which we take the county-specific sample means and variances as the true county-specific val-

ues, that is, we set 0, = ; and 0]2 = s? for each county j. We then simulate n; observations
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y

Figure 2.3: FAB and UMAU 95% confidence intervals for the radon dataset. The UMAU
intervals are plotted as wide gray lines, the FAB intervals as narrow black lines. Vertical
and horizontal dashed lines are drawn at ) ¢;/p, and the other dashed gray line is the line

of y =6.
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for each county j from the model Yy j,...,Y,, ; ~ iid. N(0;, 0]2).

We generated 10,000 such simulated datasets. For each dataset, we computed the widths
of the 95% FAB and UMAU confidence intervals for each county having a sample size greater
than one. Additionally, for comparison we also computed empirical Bayes posterior intervals,
which are often used in hierarchical modeling. The posterior interval for group j is given by
0; £ t1_aso x (1/7% +n;/32)7/2, where 0; is the empirical Bayes estimator given by

s T gm/s
T 1/%2+nj/sj2- ’

and ty_n/ is the 1 — a/2 quantile of the ¢, _;-distribution. As discussed in the Introduction,
such intervals are always narrower than the corresponding UMAU intervals but will not
have 1 — a frequentist coverage for each group. Instead, such intervals generally have 1 — «
coverage on average, or in expectation with respect to the hierarchical model over the 6;’s.

The results of this simulation study are displayed in Figure [2.4l The left panel of the
figure gives the expected widths of the FAB and Bayes procedures relative to those of the
UMAU procedure. Based on the 10,000 simulated datasets, the estimated expected widths
across counties were about 2.28, 1.60 and 1.61, respectively for the UMAU, FAB and Bayes
procedures respectively. As with the actual interval widths for the non-simulated data,
expected widths of the FAB intervals are smaller than those of the UMAU intervals for
most counties (79 out of 82). The Bayes intervals are always narrower than the UMAU
intervals for all groups by construction. However, while they tend to be narrower than the
FAB intervals for 6,’s far from § = >~ 0, /p, near this average they are often wider than the
FAB intervals. This is not too surprising - the FAB intervals are at their narrowest near
this overall average, while the Bayes intervals tend to over-cover here. This latter issue is
illustrated in the right panel of the figure, which shows how the Bayes credible intervals do
not have constant coverage across groups. This is because the Bayes intervals are centered
around biased estimates that are shrunk towards the estimated overall mean 6. If 0; is
far from @ then the bias is high and the coverage is too low, whereas if 6; is near 6 the

coverage is too high since the variability of the shrinkage estimate éj is lower than that of
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yj. The group-specific coverage rates of the Bayes intervals vary from about 91% to 98%,
although the average coverage rate across groups is approximately 95%. In summary, the
UMAU procedure provides constant 1 — « coverage across groups, but wider intervals than
those obtained from the FAB and Bayes procedures. The Bayes procedure provides narrower
intervals but non-constant coverage. The FAB procedure provides both narrower intervals

and constant coverage.
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Figure 2.4: Simulation results. The left panel gives relative expected interval widths of the
FAB and Bayes procedures relative to the UMAU procedure. The right panel indicates how
coverage rates of Bayes posterior intervals are not constant across groups. Points are cover-
age rates based on 10,000 simulated datasets, and vertical lines are nominal 95% intervals

representing Monte Carlo standard error. Vertical lines are drawn at ) 6;/p in each panel.

2.5 Robustness of the FAB Confidence Interval

In this section, we examine the robustness of the FAB confidence interval procedure C,, .
We first discuss what happens if the parameter 72 that describes the variance of the prior is

misspecifided. Then we examine the performance of the Bayes-optimal confidence interval
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when the distribution of the parameter of interest is not Gaussian. Note that the coverage
of the Bayes-optimal confidence is always guaranteed. Hence we only examine the width of

the confidence interval here. In this discussion, we focus on the FAB z-interval.

2.5.1 Bayes risk of the Bayes-optimal Confidence Interval Under Misspecified Priors

Previously, under the prior of § ~ N(0,7%), we have shown that C,,, is Bayes-optimal with
exact frequentist coverage 1 — .. Now suppose two Bayesians, Bayesian A and Bayesian B,
have different prior information. Bayesian A’s prior w4 is N(0,73) and used this prior to
construct the confidence interval procedure (CIP) Cy,, which will be denoted as C74 in this
section. Bayesian B’s prior 7 is N(0,73) where 75 does not equal to 75. Now using Bayes
risk as a criterion, Bayesian B examines the performance of C™4 constructed by Bayesian
A, specifically as compared to 5, which will be denoted as C*° in this section. From the
perspective of Bayesian B, C™4 will not be Bayes-optimal, but it still may be better than
C® in terms of its Bayes risk.

First, the frequentist coverage of CT4 still maintains the exact frequentist coverage rate
regardless of the distribution of 6. For the width of CTi averaged over the distribution
N(0,73), we will show that as long as 73 is greater than some value s(73), the Bayes width
of C4 will be shorter than C*. Here, s(72) is a function of only 73 when the level « is
fixed. We will also show that this condition is easy to achieve as s(73) is much smaller than
7% itself. Thus Bayesian B will consider C74 be a better procedure than C'*°, unless 73 is
much smaller than 73.

First, it can be shown, with the help of the following lemma, that s(73) = 0 when 73 is

within some range.

Lemma 2.5.1. For any 75 > 0,

P11 —a)

o1 — )

Vi

R(rp, C™4) < 207 1(1 — ) ®( )+ 21/1 + 726( ). (2.16)
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If we let the right side of < 2971(1—a/2), we can identify a critical point 72, such
that when 73 < 7*2, r(mp,C™) < 207'(1 — a/2). In this case, for any 73 > 0, r(7p, C4)
is less than r(mp, C), i.e. s(73) = 0. For example, when a = 0.05, 7*2 = 4.2. Thus, if the
prior variance of Bayesian B is less than 4.2, she/he will consider C74 as a better CIP than
the UMAU one, for any 73 used by Bayesian A.

When 73 is greater than 7°%) s(73) is no longer 0, but we will numerically show that
s(72) is much smaller than 73 itself. For a fixed o, the Bayes risk (75, C74) is determined
by the values of 7% and 73. Thus for a given 73 value, we can identify the value of s(73)
numerically.

Figure 2.5 gives the curve of s(73) as a function of 73. As we can see from the figure, s(73)
is much smaller than 73. For example, when 73 = 6, s(73) = 0.87. This means although
Bayesian B has prior variance 6, she/he will favor C74 over C™ as long as 75 is greater than
0.87. In summary, Bayesian B will prefer Bayesian A’s optimal CIP to the UMAU CIP as
long as the prior variance of Bayesian A is not dramatically smaller than that of Bayesian

B.

2.5.2  Model Misspecification

Previously, we evaluate the FAB CI under the assumption that the distribution of  is normal.
However, in applications the true distribution of the parameter 6 is often unknown, and it is
likely to be non-normal. In this section, we examine the FAB CI when 7(f) is not normal.
Suppose we still have observations of Y, with Y ~ N(6, 1) and 6 ~ 7 without assuming 7 is
normal. We still construct the FAB CI as in previous section, but will evaluate it under a
non-normal distribution 7 ().

Without loss of generality, we assume 7 to be a mean 0 distribution. In Section [2.5.1],
we have discussed the misspecification of the prior, where we assume the true distribution

of # is normal but the variance 72

may be misspecified. For empirical Bayes case, we do not
pre-specify 72, instead we estimate it from the observations. Asymptotically, we can get the

accurate 72 value from the observations. So in that case, evaluating the Bayes risk of de; is
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Figure 2.5: The solid line in the graph on the left shows the curve of s(75); the dashed line
is a 45" line through the origin. The graph on the right shows AW (0, 72) as a function of 72
for different fixed 6 values; the dashed line represents the width of the UMAU procedure.

equivalent to evaluating the Bayes risk of C,,, with the variance of the prior 7 is correctly
specified but the distribution of 7 is not necessarily normal. Our speculation is that the
Bayes risk of C,, is lower than that of (', regardless of the distribution of 6, as long as we
have an accurate estimate of the variance. To show this speculation holds for all distribution
families, a lemma is introduced below to simplify the target from all families to one specific

family:.

Lemma 2.5.2. Suppose
OIA ~ f(B|A)

and the distribution function of 0 is a mixture of f

n(6) = / F(6INg(dN).
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If we have
R(f(017), C1) < R(f(0]N), Cs)

for all \, then
R(?T, Cl) S R(ﬂ', CQ)

Thus if we can find a class of distributions with variance 72, under which the Bayes risk
of Cy, is lower than that of ('3, then under a mixture of distributions from this class, C,,,
will still has lower Bayes risk than C/,. Moreover, if any distribution with mean zero and
variance 72 can be expressed as the mixture of distributions from this particular class, then
our speculation is proved. One such class is the class of two-point distributions with mean

zero and variance 72. This distribution family can be parameterized as

Pr(f =z) = elilehé(x =0p) + el%h(;(x =0)).

Since we require E[f] = 0 and Var[f] = 72, together we can solve that:
Gléh = 7'2.

Thus the distribution can be written as:

2 02

Pr(0 =z) = T;TGZ(S(x =0) + #5@ =0)).
Recall the expected width of our CI at 0 is:
2 1y o1 2t
EW(o.7%) = [ @012 (g ()a)

2t

72

DO —t+ (1 — g7 (2))a))dL.

Thus the expected width averaged with respect to the two-point distribution prior, i.e. the

Bayes risk, is

7_2 (92
AW (0, 72) = TQ—WEW(Q;“TQ) + Jj eiEW(TQ/Gh,TQ).
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The shape of AW (0, 72) is described in Figure . As we can see from the graph, when
fixing 6, values, AW (6}, 7?) is monotonically increasing in 72. As we have explained before,
lim,2_,oo EW (0, 72) = 2071 (1—a/2), thus lim,2_,o, AW (0}, 72) = 20~ (1—a/2). Therefore
AW (0, 7?) < 2®71(1 — «/2). Thus for the two-point distributions, the average width is less
than or equal to the width of the UMAU procedure. Together with Lemma[2.5.2] we see that
FAB confidence interval could work for any distribution that can be written as the mixture
of the class of two-points distributions. These support the speculation that C',, always has a
better Bayes risk than '/, though more theoretical work are needed in the future to prove

this rigorously.
2.6 Discussion

Standard analyses of multilevel data utilize multigroup confidence interval procedures that
either have constant coverage but do not share information across groups, or share informa-
tion across groups but lack constant coverage. These latter procedures typically do maintain
a pre-specified coverage rate on average across groups, but the value of this property is un-
clear if one wants to make group-specific inferences. The FAB procedures developed in this
chapter have coverage rates that are constant in the mean parameter, and so maintain con-
stant coverage for each group selected into the dataset, while also making use of across-group
information. The FAB procedures are approximately optimal among constant coverage pro-
cedures if the across-group heterogeneity is well-represented by a normal hierarchical model.

If the across-group heterogeneity is not well-represented by a hierarchical normal model,
then the FAB procedure will still maintain the chosen constant coverage rate but may not be
optimal. We speculate that in such cases, the FAB procedure based on a hierarchical normal
model, while not optimal, will still have better risk than the UMAU procedure when the
across-group heterogeneity corresponds to any probability distribution with a finite second
moment. This is partly because the UMAU procedure is a limiting case of the FAB procedure
as the across-group variance goes to infinity. We have developed an analytical argument of

this and have gathered computational evidence, but a complete proof of the dominance of
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a misspecified FAB procedure over the UMAU procedure is still a work in progress. Of
course, the basic idea behind the FAB procedure could be implemented with alternative
models describing across-group heterogeneity, such as models that allow for sparsity among
the group-level parameters. We have implemented a few such procedures computationally,

but studying them analytically is challenging.

Replication code for this chapter can be found at the following website: pdhoff.github.io.
The multigroup FAB procedures discussed in Sections and are provided by the R-
package fabCI.

Appendix: Proofs

Proof of Lemma[2.2.. This lemma follows from Ferguson (1967, Section 5.3), which says
that for any level-a test of a point null hypothesis for a one-parameter exponential family,
there exists a two-sided test of equal or greater power. Let {¢y(y) : 6 € R}, {A(0) : 6 € R}
be the test functions and acceptance regions corresponding to the CRP C (y). The coverage
of C'is
Pr(Y € A(0)|0) = 1 — E[ge(Y)|6]. (2.17)
By Theorem 2 from [Ferguson| (1967, Section 5.3), for each § € R there exists a two-sided
test ¢g such that
E[¢0(Y)]6] = Elgy(Y)|4]. (2.18)

Denote the acceptance regions corresponding to these two-sided test as {A(f) : 6 € R}.

Inverting these regions gives a CIP C(y). The coverage of C(y) is
Pr(Y € A(0)|0) = 1 — E[¢g(Y)]0]. (2.19)

Hence by (2.17), (2.19), and (2.18), the coverage of C(y) is the same as the coverage of C'(y).
The width of C(y) is:

W) = [ 1t e Conar= [ 1t e Awnae= [ (=g

R
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The expected width of C

R[17]0] — /W o) dy—// 1= 3(y)p(y|0)dydt (2.20)

where p(y|f) is the density of Y given 6. Similarly, the expected width of C(y) is

B[]0 — // 1 — 64(y))p(y|6)dydt. (2.21)

Again, by Theorem 2 from |Ferguson| (1967, Section 5.3), for every 6 € R

/@ p(yl0) dy>/¢ p(y|0)dy

/R (1 — 8u())p(yl6)dy < / (1 — 3u())p(y]0)dy. (2.22)

Therefore by (2.20), (2.21)), (2.22)), we have E[W|0] < E[WW|4]. O

Thus

Proof of Proposition[2.2.1. Without loss of generality, we prove the proposition for the sim-
ple case when 4 = 0 and 0> = 1. Other cases can be obtained by reparametrizing as
Y = (Y —p)/o,0 = (0 —p)/o and 72 = 72/0? so that Y ~ N(0,1) and 6 ~ N(0,72).

The Bayes optimal procedure minimizes the Bayes risk R(y,C,,) = [Pr(Y € A(0)) db,
where Y has the marginal density N (0,1 + 72). For a given w-function, the Bayes risk is

1+ 72 V1i+72 (2.23)
:/(I)(G—q)_l(&(l—w)))_q)(G—CD (1—aw))d0 '

We will show that, as a function of w, the integrand H is minimized at w, () as given in

the proposition statement. First, we obtain the derivative of H with respect to w:

N _1(0—@’1@(1 —w)))? 1 a
T e S e e e — )
—ex (_1(9—@—1(1_0&0))2) 1 a
I e VT2 exp(— L@ (1 aw))?)

Setting this to zero and simplifying shows that a critical point w,, satisfies

20/7* = d H(wa) — (1 — w)a). (2.24)
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Let the right side of be g(w). It’s not difficult to verify that g(w) a continuous and
strictly increasing function of w, with range (—o00, 00). Thus there is a unique solution w ()
to the equation above, wy(8) = ¢g~(20/72), which is a continuous and strictly increasing
function of §. Since H'(w) is continuous on (0, 1) with only one root, and lim, o H'(w) =
—o00, lim,_,; H'(w) = oo, then H(w) is minimized by wy(0). Therefore wy(f) minimizes

the Bayes risk, and C,,, is the Bayes-optimal procedure among all CRPs. O]
Proof of Lemma[2.2.2. C,(y) can be written as
Cuw(y) ={0:y <0 —0l(f) and 0 — ou(h) < y}.

Letting f1(0) = 6 — ou(0), fo(0) = 0 — ol(0), we first prove that C,,(y) can also be written

Culy) ={0: f'(y) <Oand 0 < f;'(y)}.

Note that both ®~! and w(f) are continuous nondecreasing functions. Therefore fi(6) =
6 — & (1 — aw(h)) is a strictly increasing continuous function, with limg_, o 6 — ®~1(1 —
aw(f)) = —co and limg_, ;o0 0 — ®~1(1 — aw(f)) = +oc. Hence, f; ' exists, and is a strictly
increasing continuous function with range (—oo,00). Thus f;(f) < y can also be expressed
as 0 < fi'(y). Similarly, y < f2(f) can also be expressed as f, '(y) < 6. Next, in order to
show that C,(y) is an interval, we need to show that f;'(y) < f;'(y). To see this, we only
need to show

0—od (1 —aw®) <—cd ' (a(l—w(d))),

or that ™! (aw(#)) < (1 —a(l—w(#))). This follows since ®~*(z) is a strictly increasing
function. Thus Cy,(y) = {6 : £, '(y) < 0 < f;*(y)}, which is an interval. O

Proof of Lemma |2.2.5. The proof is basically the same as the proof of Lemma 2.2. We only
need to replace y with ¢, o with s/y/n, and the z-quantiles with t-quantiles, and then use

the same logic as in the proof of Lemma 2.2. m

The proof of Proposition [2.3.1|requires the following lemma that bounds the width of the
FAB t-interval:
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Lemma 2.6.1. The width of Cy,, (7, s*) satisfies

|Cu (7, 87| < 7 = ul + Z=(t(a/2)] + [¢(1 — a/2))), (2.25)
where t-quantiles are those of the t,-distribution.

Proof. For notational convenience, for this proof and the proof of Proposition 3.1, we write

to as t(a). By previous results, the endpoints 0 and 6V of C.,, (7, s*) are solutions to

07 — =t(1— aw,(6V)) = §

(2.26)
0F — =t(a(l —wy(07))) = 3.

Here wy(0) is defined as wy(6) = g’l(Q(fQ—}f)), where g(w) = @1 (aw) — 71 (a(l —w)). At
the upper endpoint, we have wy(0Y) = F((5 — 6Y)/(s/v/n)) /o, where F is the CDF of the
t,-distribution. When 0¥ > p, we have wy(6”) > g7'(0) = 1/2. Thus 0V < g — Z=t(a/2).
Also, gil(w) <1,80 0" > — ==t(a). When 0¥ < p, j — \/iﬁt(a/Z) < 0Y. This implies

T2 /0 vn
that
j— 2=t(a) < 0V < g — =t(a/2) if 0% > p1
§— 2=t(af2) <6V < p if 0¥ < p.
Similarly we have
p<9L<g—\/iﬁt(1—a/2) if 0% > p
J— 2t(1—a/2) < 0% <y— 2=t(1—a) if 0% < p.

Therefore
|Cuy (7, 8)] = 07 = 0" < g — p| + = ([t(e/2)] + [t(1 — a/2)]).
O]

Proof of Proposition|2.3.1. That C“’u} is a 1 — a CIP follows by construction of the interval

and that 1& is independent of Y and S2. To prove the convergence of the risk, we denote the
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endpoints of the oracle CIP C,,, as 6V and 6%, which are the solutions to

oY
o

We first prove that |Cy, | — [Cu, | = (0] —0Y) + (0% — 07) %% 0 as ¢ — oo for each fixed Y.
We can write the upper endpoints as 8V = G(4,Y,0?), and 0 = Go(1, Y, 5%), where G and
G, are continuous functions of their parameters. The difference between G and G is that

the former is obtained based on z-quantiles, while the later is based on t-quantiles. We have

10V — 0] = |Gy(¥, Y, %) — G, Y, 0?)] (2.27)
< |GQ(IZ)a Y, S2) - G(&? }77 82)| + |G(7Z)7 }77 52) - G(¢7 Y7 02)|' (228)

The first term in (2.28)) converges to zero because the convergence of G, — G is uniform, and
the second term converges to zero because (1, S2) ©3 (1, 02). Elaborating on the convergence
of the first term, note that GG, is a monotone sequence of continuous functions: Given g, > ¢,

we have £, (1 — aw) < t, (1 — aw). Hence

0 — Sty (1— awg(0)) >0 — Tt (1 — awg(0)).

Vi Vn

Therefore Gy, (1, Y, 52) < Gy (1,Y,52), and so by Dini’s theorem, G, — G uniformly on
a compact set of (¢, S2) values. Since (1, 5?) ©3 (1, 02), with probability one there is an
integer @ such that when ¢ > Q, [ — 1| < ¢; and |52 — 02| < ¢, for any to positive constants
¢ and co. Thus, GG, converges to G uniformly on this compact set and the first term in ([2.28)
converges to zero.

Now we show the expected width converges to the oracle width by integrating over Y.

This is done by finding a dominating function for |C,, (Y S?)| and applying the dominated
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convergence theorem. By the previous lemma we know that
|Cuy (V, S%)] < [V] + [a] + Z=(1t(e/2)] + [t(1 = a/2)]).
Note that
t(a/2)| + [t(1 — a/2)] < [tr(a/2)] + [t (1 — /2],

where t; is the t-quantile with one degree of freedom. Similar to the argument earlier in
this proof, given two constants c¢i,co > 0, we can find a () such that when ¢ > (), we have

1] < || +c1 and S* < 0% + ¢ a.s.. Now we have an dominating function for |C,, (Y, S?)]

[Cuoy (Y, SH)] < W(Y, 82,00) = V| + |l + e + Y2 ([t (0/2)] + |61 = a/2)).

Since |Y] is a folded normal random variable with finite mean, it’s easy to see that this
dominating function is integrable. Therefore, by dominated convergence theorem we have
limg o0 B[|C, [] = E[|Cu, []-

O

Proof of Lemma . We look at the worst situation for C™4 in this case, i.e. we identify

the 75 value that maximizes the Bayes risk of C™4 with respect to 7. When 6 > 0,

Cw, =97 '(%) € (3,1). By the proof of Prop. [2.2.1| H(w) is maximized when w = 1, which
A

corresponds to the limiting procedure when 75 — 0. Similarly, when 6 < 0, H(w) is also

maximized when 73 — 0. Thus when 75 — 0, the Bayes risk is maximized. Therefore,
0 —1 “+o00 -1
0+ o (1 — 0—o(1—-
R(rp, C™3) </ o2 O‘))d9+/ 1— & L=y
oo V1+73 0 V1+73

:2/+°°(I)(—9+q)_1(1—a))d6

This is an integral form for Gaussian function, by the well-known equality:

/(ID(a +bz)dr = b~ ((a + bz)®(a + bx) + ¢(a + bx)) + C.

we can get rid of the integral,
P11 —a)
1473

11— a)

R(rp, CT4) < 207 1(1 — ) d( )+ 24/1 + 726( ). (2.29)
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This provides a upper bound of the Bayes risk with respect to § ~ N(0,73) for C™ con-

structed using any 73 values. O

Proof of Lemma . We use R(m,C) to represent the Bayes risk of procedure C, and use

R(0,C) to represent the frequentist risk of procedure C at 6.

R(r,C) = / R0, C)r(0)d0

R(6,C) /f0|/\ (d\)d

</R FOIN) de) (d\)

(R(f o|)), C ) (dN).

I
— 53

Therefore if we have

R(f(8|A), C1) < R(f(0]A), Cz)

for all f(0|)\), then
R(m,Cy) < R(m, Cs).
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Chapter 3
ADAPTIVE SIGN ERROR CONTROL

3.1 Introduction
We consider multiparameter inference for the normal means model,
Y|~ N(O,1I), (3.1)

where Y = (Y1,...,Y,,) and @ = (64,...,0,,). Simultaneous inference for 6, ..., 0, often
begins by testing H; : 0; = 0 for each ¢ = 1,...,m at level «, that is, we reject H; if |Yj|
exceeds the 1 — /2 standard normal quantile, z1_,/5. This controls the experimentwise type
I error rate to be equal to a. A popular method for choosing « is the Benjamini Hochberg
(BH) procedure (Benjamini and Hochberg, [1995). The BH procedure is an adaptive method
for selecting a value of o that will bound the false discovery rate (FDR), which is defined as
FDR = E[3561,...,0,], where R is the number of rejections and V' is the number of false
rejections, that is, the number of null hypotheses that are rejected but true. There is a large
literature on FDR control, see Efron (2012), Benjamini (2010)), Genovese and Wasserman
(2004)), Storey (2002) and Storey| (2007). However, in many applications it is likely that none
of the 0;’s are truly equal to exactly zero. For example, in the case where each Y; represents a
difference in sample averages between two treatments, [Tukey| (1991)) argued that evaluating
if 6; = 0 is “foolish” since the effects of two different factors are always different, however
minutely. In such cases, Tukey| (1962)) suggests that a more meaningful task is to judge
whether or not there is enough evidence to infer the sign of ;, instead of whether or not it is
zero. However, if significance tests are used in this way, then FDR control is inappropriate
since it is always zero if there are no true nulls. Instead, the relevant error control is not the

FDR, but a sign error rate (Gelman and Tuerlinckx, [2000; Gelman and Carlin|, 2014} (Owen),
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2016)).

Benjamini and Yekutieli (2005) showed that the Benjamini-Hochberg algorithm can be
used to control the pure directional FDR, defined as the expected proportion of discoveries in
which a positive parameter is declared negative or a negative parameter is declared positive.
We refer to this procedure as the BY procedure in this chapter. Some follow-up work includes
Zhao et al. (2015) who used weighted p-value methods, and |Guo et al.| (2010) who extended
the idea to making multidimensional directional decisions. Weinstein et al. (2013) derived
new selection-adjusted confidence intervals by minimizing an objective function comprised of
the length of the acceptance region and a penalty term for the magnitude of the observation.
They showed in examples that these procedures have correct coverage on selected parameters,
and have more power to determine the sign, but they did not assess the sign error rate directly.
These procedures also do not utilize information across experiments and so are not adaptive.
Stephens| (2016) proposed an empirical Bayes procedure for sign error control to gain more
power. However, the focus there was control of the local sign error instead of the sign error

rate across experiments.

In the next section, we discuss the distribution of the sign error proportion (SEP) under
a hierarchical model for the Y;’s and 6,’s, and relate this to a marginal sign error rate
(MSER). We then propose an adaptive nonparametric procedure that controls the MSER
below a desired threshold regardless of the distribution of the 6,’s. This procedure is more
powerful than BY procedure in terms of the number of rejections made, and therefore in
terms of the number of signs inferred. The power can be further improved if one is willing
to assume a parametric model for the distribution of the #;’s. We show that a model-based
approach to MSER control can achieve an optimal power asymptotically, if a model for the
6,’s is chosen correctly. In Section we numerically compare the nonparametric procedure
and parametric procedures to the BY procedure and an oracle MSER control procedure in a
simulation study. In Section 3.4} we discuss an adaptive procedure for the somewhat different
task of sign inference subject to fixed experimentwise type I error rate. We show how the

acceptance region of a level-a test of each H; may be adaptively chosen to minimize the
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MSER or maximize the power, that is, the number of sign discoveries. A discussion follows

in Section [3.5] Proofs are given in Appendix.
3.2 Sign Error Rate Control Procedures

3.2.1 Marginal Sign Error Rate

We are interested in inferring the sign of each 6; in the normal means model in . We
test H; : 0; = 0 using the usual level-a z-test, and estimate sign(6;) by sign(Y;) if the
test rejects and do not estimate the sign otherwise. We use the pair (R;,S;) to denote the
outcome of this procedure, where R; = 1 if H; is rejected, and R; = 0 otherwise. We use
S; to denote the sign estimate, with possible values 1 (positive), -1 (negative), and 0 (sign
not estimated). Note that S; = 0 if R; = 0. A sign error is made if S; - sign(#;) = —1. Let
E; be the binary indicator of a sign error, so that E; = R;(1 — S; - sign(6;))/2. The results
across experiments are summarized with (R, E), where R = " | R; is the total number of
rejections and E = )" | E; is the total number of sign errors among the m experiments. In
what follows, we assume that none of the 6;’s are truly equal to zero. The properties of our
procedures in cases where there are some true nulls are discussed in Section [3.4]

Define the sign error proportion as
SEP =FE/(RV1). (3.2)

Ideally, we want to keep SEP under a desired threshold. Given a data vector Y and a
experimentwise significance threshold, the number of rejections R is known but the number of
sign errors F is unknown since each E; depends on the unknown true parameter 6;. Therefore,
SEP is an unobserved quantity that depends on the data and the unobserved parameter
values. However, suppose the empirical distribution of 6, ..., 6,, is well-represented by some
distribution G, absolutely continuous with respect to Lebesgue measure (and so G({0}) = 0).

We then assume the following model:

Or,....0m ~ iid. G. (3.3)
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Now (3.1)) and (3.3 specify a hierarchical model. Under this hierarchical model, the proba-
bility of making a sign error for any one experiment, conditional on rejection, can be written

as
PI"(El = 1,R1 = 1)
PI'(Rl = 1)

We call the quantity in (3.4)) the marginal sign error rate (MSER). This quantity does not

MSER = Pr(E; = 1|R; = 1) = (3.4)

depend on Y or 0, just on G and «. It also determines the marginal distribution of the SEP:

Lemma 3.2.1. Under the hierarchical model and , the conditional distribution of
R - SEP given R = r is binomial(r, MSER).

From this lemma it follows that E[SEP] = MSER - Pr(R > 0) < MSER. Thus by
controlling MSER to be below a threshold, we bound the expected SEP under this threshold
as well. Moreover, by the following Proposition, in scenarios where m is large, controlling

MSER gives an accurate control over SEP.

Proposition 3.2.1. Under the hierarchical model and , SEP converges to MSER

wn probability as m — oo.

In the following subsections, we propose two methods to control the MSER under a
prespecified level ag. The first method is called the loose control procedure, which conser-
vatively controls MSER without parametric assumptions. The second method is called tight
control, which estimates the distribution of the 6,’s and adaptively chooses an experiment-
wise type I error rate a to maximize the number of signs estimated while controlling MSER

approximately below level ag.

3.2.2 Loose Control Procedure

In this subsection, we develop a procedure that conservatively controls MSER. It has a good
performance in “spike and slab” scenarios where the sizes of most of the 6;’s are negligible

compared to the measurement error, with only a few 6;’s having large values. However, for
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other distributions of the 6,’s it can have an MSER substantially below the nominal level,
and so we call it the loose control procedure.

The intuition for the loose control procedure is as follows: MSER can be seen as the
expected number of sign errors divided by the expected number of signs inferred. With an
type I error rate of «, in the extreme case where all the 6;’s are very close to zero, we expect
to infer around « - m signs, and expect half of them to be sign errors. Hence the expected
number of sign errors will be approximately «-m/2. On the other hand, the number of signs
we infer is R. Thus intuitively we want (am/2)/R to be smaller than ag, which suggests

the following procedure:

1. Find the largest «; such that a; < 2agR(oy)/m.

2. Infer the sign for ith experiment if |Y;| > 21_q, /2.

Here, R(q) is the number of rejections made if the rejection threshold is z_q,/2. We call

this procedure the loose control procedure (LC). It controls MSER asymptotically in m:

Proposition 3.2.2. For the hierarchical model in and and using the LC proce-

dure, MSER < ag + € with € — 0 in probability as m — oo.

This procedure does not provide guaranteed control of MSER for finite m because in
particular the significance threshold for each experiment i depends to some extent on Y;
through R(cy). For small m we suggest using the following procedure that gives exact,

non-asymptotic control of MSER:

1. For each experiment i, find the largest o} such that o} < 2as((R™* (o) — 1) V 0)/m.

2. Infer the sign for the ith experiment if |Yj| > 2,41 /5.

Here, R™*(c}) is the number of rejections made among all experiments except experiment
1 if the significance threshold is 21 aif2- This procedure is slightly more conservative than
LC procedure since any o] also satisfies of < 2agR(aj)/m. We call this procedure the

non-asymptotic loose control (NLC) procedure.
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Proposition 3.2.3. For the hierarchical model in and and using the non-asymptotic

loose control procedure, MSER < ag.

These loose control procedures are closely related to the Benjamini Yekutieli (BY) (Ben-
jamini and Yekutieli, 2005) procedure, which is equivalent to finding the maximal oy, such
that ap, < agR(ag,)/m. It is easy to see that ay, is always smaller than ;. Hence the LC
procedure always infers more signs than the BY procedure. The BY procedure was proposed
for controlling the unconditional sign error rate SER = E[SEP|60], which they called the
“pure directional FDR”. In the case that there are no true nulls, the loose control procedure

also controls SER:

Proposition 3.2.4. Under model , if ; # 0 for alli € {1,...,m} then both the LC
and NLC procedures control the SER below ag.

3.2.8 Model Based Control Procedure

Although the loose control procedure controls MSER without assumptions on G, it can
be conservative in cases where GG does not resemble a spike and slab distribution. In this
subsection, we propose a model-based MSER control procedure that can be more powerful
in terms of the number of sign inferred.

We first discuss the oracle situation where the probability density function G of 6;’s
is known. The acceptance region of our test of H; is A(a) = {V; : & 1(a/2) < V; <
d~ (1 — a/2)}, with ® being the standard normal cumulative density function. We can
write MSER as a function of « as follows:
Pr(E1=1,R; =1)

PI‘(Rl == ].)

Eq[Py,(Ey =1, R, = 1)]
_ 3.6
Eg[Pg, (R1 = 1)] (3.6)
Eg[Po,(S1 = —1, Ry = 1,sign(6y) = 1) + Py, (S1 = 1, Ry = 1, sign(6;) = —1)]

- Eq[Py, (Y1 & A(a))]

(3.5)

MSER(a) =

(3.7)
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_ Eq[Pe, (Y1 <0,Y1 € A())1(01 > 0) 4 Py, (Y1 > 0,Y1 € A())1(01 < 0)] (3.5)
a Eq[Py, (Y1 & A(a))] |
Eg[Bll(Ql > 0) + 321(91 < 0)]

- E¢[B; + B ’ (3.9

where B; = ®(®!(a/2) — 0) and By = ®(®'(a/2) + 6). In this case, we need to find
the value of a such that MSER(a) = ag. We denote this « as «,, and call the resulting
procedure the tight control oracle (TCO) procedure. This procedure maximizes the power
in inferring signs while keeping MSER at ag.

In practice, G is unknown and must be estimated from the data. Suppose we have an
estimate G of G. By replacing G by G in 1} we can obtain an empirical estimate MSER
for each value of «, and in particular, find an «, such that M/Sﬁ{(ae) = ag. We call the
procedure using «, instead of «, the tight control empirical (TCE) procedure.

The task of estimating G from Y based on (3.1]) and is known as deconvolution.
Current nonparametric deconvolution techniques are computationally expensive, and con-
verge to the true G slowly in m, yielding unstable results for small m. As an alternative
to nonparametric deconvolution, we propose using simple parametric models to facilitate
the application of the TCE procedure. The following proposition shows that under certain
assumptions, the TCE procedure converges to the optimal TCO procedure when a correct

parametric model for the 6;’s is used.

Proposition 3.2.5. Suppose 01, ...,0,, ~ i.i.d. G, where G, is a member of a parametric
famaly of distributions indexed by a finite-dimensional parameter vector n with density func-
tion continuous in n. For each m let n be an estimate of n, and let ]\m(a) be the plug-in
estimate of MSER(«) calculated using Gy. If ) 2 1 as m — oo, then ]\m(a) Y MSER(«)

P
and o, — a, as M —> 00.

One useful model for G that we explore in the next section is the family of asymmetric
Laplace distributions (Yu and Zhang, |2005), which have probability density functions of the

form

qo(l—q)

9(0;1,7,9) = -@%ﬂ

xp (— lqg— I(z < p)),
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where 1 € R is the location parameter, 7 > 0 is the scale parameter, and 0 < ¢ < 1 is the

skew parameter. Figure shows the shape of ALD distributions for ¢ € {0.1,0.3,0.5}.

15

1.0

0.5
|

0.0
|

Figure 3.1: Shapes of asymmetric Laplace densities. The black line is the ALD density when
g = 0.5 and 7 = 0.2, the darker grey line is for ¢ = 0.3 and 7 = 0.15, and the lightest grey
line is for ¢ = 0.1 and 7 = 0.05.

The asymmetric Laplace distribution is a flexible model for unimodal distributions with
the Laplace distribution being a special case. It is more peaked at zero than a normal
distribution, but also can reflect the potential skewness of the distribution of true effects
that often exists in applications, for example, in cases where more 6;’s are positive than
negative, or vice versa. For multiple testing problems were we expect that most 6;’s are
close to zero, it is natural to consider only submodels where ;= 0. In this case, method
of moment estimates for the scale and skew parameters may be obtained from the first and

second sample moments of Y. Under the hierarchical model, we have

B[Y] = E[E[Y|6]] = E[§] = H

72(1 — 2q + 2¢%)
(1—q)2¢?

Var[Y] = E[Var[Y'|0]] + Var[E[Y'|0]] = 1 + Var[f] = 1 +
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By setting

Sy n-T
q(1—4q)’
1 72(1 — 24 + 24%)
—— > (YVi—g) =1+ o
( ) (1—-4)*¢*

m—1
we can solve for ¢ and 7 to obtain moment-based estimates of ¢ and 7.

3.3 Simulation Studies

In this section we use several simulation scenarios to compare the performance of Benjamini
and Yekutieli’s procedure (BY), the loose control procedure (LC), and a tight control empir-
ical procedure using an asymmetric Laplace model for the ;s (TCEA). For each simulation
scenario, 1000 datasets were simulated as follows: First, values 64,...,6,, were indepen-
dently simulated from a distribution G, including ALD and “spike and slab” distribution
with different parameter settings. Then an observation vector Y was sampled from a N (0, I)
distribution. For each of these datasets, the sign error proportions and the total numbers of
signs inferred by each procedure were calculated. For all procedures and simulation scenarios
the target level ag was set to be 10%. Simulations were run for ¢ € {0.1,0.3,0.5} and for
five different values of 7 for each level of ¢q. The ranges of the 7 values were chosen so that
SEP ranged between 10% to 30% when the experimentwise type I error rate a = 0.05.

The results for several simulation scenarios with m = 5000 are summarized in Figure
B:2l Overall, the TCEA procedure performs nearly as well as the TCO procedure. Both
procedures control SEP at the prespecified level ag = 0.1, and infer many more signs than
the BY and LC procedures, with BY being the least powerful of the three. The difference
between TCEA and LC or BY becomes larger as 7 increases.

When number of experiments is large, the TCEA procedure is very close to the TCO
procedure as our asymptotic result predicts. However, when m = 100, TCEA and TCO
show some differences. The results for several simulations with m = 100 are summarized in
Figure 3.3 In this situation, TCEA still performs better than BY or LC in terms of the

power to infer signs. Also, we see that for some cases, the SEP of the oracle procedure does
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Figure 3.2: Comparison of the three procedures when m = 5000 and the 6;’s have an

asymmetric Laplace distribution. The skewness parameter g is set to be 0.1 in the left
column, 0.3 in the middle column, and 0.5 in the right column. Vertical bars around each

plotting character correspond to +1.96 Monte Carlo standard errors.

not attain the nominal level of 0.1. This is because tight control procedure is designed to
keep MSER under the nominal level a. As illustrated before, controlling MSER under ag
gives an accurate control over the expected SEP when m is large. When m is small, the
probability of making no rejections across all experiments is non-negligible, and MSER is
slightly larger than expectation of SEP. In this case, instead of keeping the average SEP at

ag, TCO keeps it under ag, making the result slightly conservative.

Finally, we study the situation when G is a spike and slab distribution. The spike is a
unimodal distribution with mean zero and small variance, and the slab is a uniform distribu-
tion. For two asymmetric cases (¢ € {0.1,0.3}) the slab is the uniform distribution on (2,4).
For the symmetric case (¢ = 0.5), the slab is the uniform distribution on (—4, —2) U (2,4).
In each case, the proportion of ,’s that are sampled from the slab is 1%. Comparisons of
the three procedures and TCO are summarized in Figure [3.4 As expected, the LC proce-
dure overall has better performance than the BY and TCEA procedures. As the variance of

the spike grows larger, the differences between the 6-values sampled from the spike and the
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Figure 3.3: Comparison of the four procedures under the same settings as in Figure but
m = 100.

f-values sampled from the slab becomes smaller, and the multimodal spike and slab distri-
bution becomes closer and closer to a unimodal distribution that can be well-represented by
a member of the asymmetric Laplace family. In such scenarios, TCEA does well in terms of

maintaining MSER and inferring signs.

3.4 MSER and MSDR Optimization Subject to Type I Error Control

We have discussed controlling MSER under a prespecified level by choosing an appropriate
significance threshold. In this section, we study the relationship between MSER and the
shape of the acceptance region when the level « for the experimentwise type I error rate is
held fixed. We show how to minimize the MSER while maintaining the experimentwise type
[ error rate. |Storey| (2007)) has proposed a general framework for maximizing the statistical
power of a test while maintaining the experimentwise type I error rate. Wasserman and
Roeder| (2006) and Dobriban et al.| (2015)) studied a weighted Bonferroni method to control
family-wise type I error rate while maximizing the power. As illustrated in |Gelman and
Carlin (2014) and Owen| (2016)), a high sign error rate occurs when the error variance is large

compared to the true effect size. We show that other than the error variance, the shape of
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Figure 3.4: Comparisons of the three procedures when m = 5000 and under a spike and slab
distribution for the 6;’s. From left to right, the spike is sampled from an asymmetric Laplace

distribution with ¢ = 0.1,0.3, 0.5, respectively.

the acceptance region is another crucial factor in determining the sign error rate.
In addition to MSER, we define the Marginal Sign Discovery Rate (MSDR) as MSDR =
Pr(R; = 1). This quantity measures the expected proportion of the number of experiments

with a sign inferred among all of the experiments since

MSDR = Pr(R, = 1) = 2zt DXt =1) _ 300, B = 1]

BIYr, (R =1)] _ Z{E] | §

Both MSER and MSDR are affected by the acceptance region of the test. The usual
acceptance region for each H; is A = (&7 1(a/2),® (1 — a/2)), which corresponds to the
uniformly most accurate unbiased (UMAU) test. Following the ideas of [Yu and Hoff| (2018)),
we can construct a class of acceptance regions that corresponds to all level o two-sided tests
Ala,s) = {Y; : @ Has) < Y; < @11 — a(l — s))}, where s € (0,1) is a constant. Thus
even if the level « is fixed, we can change the acceptance region by varying its endpoints.
When s < 1/2; the acceptance region tends to cover more negative observations and less

positive observations. When s > 1/2, the acceptance region tends to cover more positive
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observations and less negative observations. As s — 0 or 1, the two-sided test converges to
a one-sided test with an acceptance region of either (®7!(a),c0) or (—oco, ®~}(1 — ). We
now examine which s value minimizes MSER and which s value maximizes MSDR when the
experimentwise type I error rate « is held fixed. Similar to (3.9), we can express the MSER
as

E[Bll(ﬁl > 0) + B21<81 < 0)]
E[B; + Bs] ’

MSDR(A(«, s)) = E[By + Bs],

MSER(A(«, s)) =

where B; = ®(®'(as) — ) and By = (P~ (a1 — 5)) + 6).
If we fix a, MSER and MSDR can be seen as function of s. Under our models, we turn
the minimization of MSER and maximization of MSDR into two one-parameter optimization

problems: Denote
sP = argmax MSDR(s)
s¥ = argmin MSER(s).
Interestingly the UMAU procedure, where s = sV = 1/2, does not always maximize the
expected power, and the s that maximizes the MSDR does not necessarily minimizes the
MSER, vice-versa. We use a simple numerical example to illustrate this. Suppose 6;’s are

sampled from a shifted chi-square distribution x3 — 3. By numerical evaluation, the results

are summarized in Table B.11

s value | A(s,0.05) | MSER(%) | MSDR
sV 0.5 (-3.92, 3.92) 3.01 0.189
sP | 0.683 | (-3.65, 4.30) 2.79 0.193
s# | 0829 | (-345,4.80) | 271 | 0.190

Table 3.1: Comparison of the usual acceptance region, the acceptance region that maximizes

MSDR, and the acceptance region that minimizes MSER
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On the other hand, [Storey| (2007) noticed that when 6 ~ N (0, 67), the test that maximizes
expected power is the UMAU test. Here we prove a more general theorem that the UMAU
test actually both maximizes expected power and minimizes MSER when the distribution of

f is symmetric.

Proposition 3.4.1. If G is a distribution that is symmetric with respect to 0, the two-sided
test that mazimizes MSDR and minimizes the MSER is the UMAU test, i.e. s? = s¥ =1/2.

Thus in applications where « is held fixed, if we believe that the distribution of the 6,’s
is symmetric, we should use the usual acceptance region. In situations where we suspect
this distribution to be asymmetric, then using either S? or S¥ can lead to a test with either
higher MSDR or lower MSER. However, identifying S” or S¥ requires G to be known.
Similar to the TCE procedure, in practice we replace G with an estimate G and obtain
empirical estimates MSDR and M/Sﬁ{, and then obtain S” or S¥ by maximizing MSDR or

minimizing MSER.
3.5 Discussion

In this project, we use the MSER as a measure of sign errors in multiple testing settings. We
proposed two types of procedures to control MSER, loose control procedure and tight control
procedure. Loose control procedure can be conservative but is robust to the distribution of
the 60;’s, while the tight control procedure is more powerful but assumes the distribution of
0;’s is a member of a known parametric model.

The loose control procedure proposed in this chapter is closely related to the BY pro-
cedure. Unlike the derivation for the BY procedure, we derive the LC procedure from the
perspective of controlling the MSER, which is a quantity measuring the probability of mak-
ing a sign error under a hierarchical model. We assume that there are no “true nulls” in this
chapter, because in many applications true nulls do not exist. By assuming no true nulls,

the loose control procedure we derived is more powerful than the BY procedure in terms of
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the number of inferred signs. If it is believed that the true nulls do exist, the loose control
procedure can still control the SER, although control over MSER depends on how we define
a sign error when 6; = 0. If we define that when 6; = 0, either claiming 6 is positive or
negative is correct, the loose control procedure stays the same as proposed in this chapter.
If we define that when 6; = 0, either claiming 6 is positive or negative is wrong, then the BY
procedure should be used since it also controls the mixed directional FDR, where any sign
declaration of #; = 0 is considered as a sign error.

We also discussed varying the endpoints of the acceptance region to reduce MSER and
increase MSDR, when the type I error rate is fixed. This can be combined with the tight
control procedure, leading to a new procedure: Choose o and s such that

(e, s) = arg Iaaf)c ]\@R(A(a, s))
such that M/Sﬁ(A(a, s)) < as.

Given an estimate G of G , the solution for (v, s) can be obtained numerically. This procedure
can potentially increase the power in inferring signs. However, the performance of this

procedure is more unstable since the optimization task here is more complicated.
Appendix: Proofs

Proof of Lemma[3.2.1. Note that (Y1,61),..., (Y, 0,) are an ii.d sample from the hierar-
chical model and (3.3). For H;, Vi € {1, ...,m}, given that it is rejected, the probability
of making a sign error is Pr(E; = 1|R; = 1), which is MSER as specified in (3.4). Given
that R = r hypotheses are rejected, the total number of sign errors should follow a binomial

distribution, i.e. E |R =r ~ Bi(r, MSER). Thus R - SEP |R = r ~ Bi(r, MSER). O

Proof of Proposition[3.2.1. We just need to show that SEP — MSER — 0 in probability,
which is to show SEP —E[SEP]+E[SEP]—MSER — 0 in probability. Since E[SEP] = MSER-
Pr(R > 0) = MSER - (1—Pr(R; = 0)™), we have E[SEP] — MSER in probability as m — oo
(note Pr(R; = 0) < 1 in our setting). Now we just need to show that SEP — E[SEP] — 0 in
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probability, which can be done by showing E[(SEP — E[SEP])?] — 0. We have

E[(SEP — E[SEP])?] = Var[SEP] = Var[E[SEP|R]] + E[Var[SEP|R]]

R -MSER(1 — MSER)
RQ

= MSER? - Pr(R > 0)(1 — Pr(R > 0)) + MSER(1 — MSER) - E[%l(R > 0)].

= Var[MSER - 1(R > 0)] + EJ

1(R > 0)]

The first part goes to 0 because Pr(R > 0) — 1 as m — oo. The second part goes to 0

because R follows a binomial distribution Bi(m,Pr(R; = 1)), and

E[%l(R > 0)] < E[RLHMR > 0)] < QE[RLHMR > 0)]

= 2E[R;+1] - 2E[ﬁ1(R =0)]
2 " )
= P = TP =1) 1 —2Pr(R=0) =0

as m — 0o. Therefore, SEP — MSER — 0 in probability. m

Before proving Proposition and Proposition [3.2.3] we first prove the Lemma below.

Lemma 3.5.1. Let A(a,s) ={y: ® Has) <y < ® (1 —-a(l-s)). Let

Y(A(e, s)) = Eg|Bi1(A(a, s))1(0 > 0) + Bs(A(a, s))1(6 < 0)],

we have that y(A(a, s)) < asmy+ a(l — s)(1 — m), where 7y = Pr(6 > 0).

Proof. Under the hierarchical model we have,

(A, 8)) = Eg[®(® ! (as) — 0)1(0 > 0) + &( (a1 — 5)) + 6)1(0 < 0)].

Denote y(A(a, s)) = y1+72 where 71 = Eg[®(®7!(as)—0)1(0 > 0)], and 7o = Eg[®(® 7 (a(1—
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s)) + 0)1(0 < 0)]. Suppose the probability density function of G is g,for 7; we have
N =Eg[®(®7"(as) - 0)1(0 > 0)]
_ / 60+ & (as))g(6)db

=&(—0+ 0 '(as))G 0)|8°+/Ow¢(—9+<b_1(as))G(0)d0

. (3.10)
——as(i=m)+ [ 60+ 87 (as)Gl6)dp
< —as(l —m) + /O T 5(—6+ B (as))db
= —as(1 — m) + as = asm
For 7, we have
1o =Eel®(® 7 (a(1 - 5)) + 6)1(9 < 0)]
_ / (0 + & (a(l - 5)))g(6)do
B0+ & (a1 — s) / 66+ D (a(l— 9GO (3.11)
(1- )1 —m / B0+ B (a(1 - )G (6)df
(1 —s)(1 —mp)
Therefore E(A(a, 5)) = 71 + 72 < asto + a(l — s)(1 — ). O

Proof of Proposition[3.2.3. Denote R' as the total number of rejections. We have

E[R'/m] =E[> 1(R; =1)/m =Y Pr(R; =1)/m =Pr(R; = 1),

where the last step is because of the exchangeability of the model. Again, we write MSER =
v/B, where v = Pr(E; = 1,R; = 1) and 8 = Pr(R; = 1). Since o} is independent of Y;, and
by Lemma and letting s = 1/2, we have

Pr(E; =1,R; = 1]a}) < a}/2 < as((R(a}) — 1) v 0)/m < agR'/m.

Thus v = E[Pr(E; = 1, R; = 1|a})] < asE[R'/m] = agf3. Therefore MSER < ag. O
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Proof of Proposition[3.2.4. This Proposition follows from Benjamini and Yekutieli (2005))
Theorem 1 and Corollary 3. To modify the proof for LC procedure, we should replace the
kg/m in equation (4) in Benjamini and Yekutieli| (2005) with 2kq/m. Then it is easy to see
that the SER can be controlled under ¢, which is the g we have in Chapter 3. Since LC is

more conservative than LC, NLC also controls SER below asg. O

Proof of Proposition[3.2.3. This is implied by Proposition [3.2.4] and Proposition [3.2.1] Let
e = MSER — SER, thus MSER = SER + € < a, + €. According to the proof of Proposition

3.2.1,, we have when m — oo, € — 0 in probability. O

Proof of Proposition[3.2.5 We first show that MSER % MSER. Since

/00 Byg,(0)d0 = B:G / (@ Ha/2) — 0)g,(0)do

—00

/ H(D1(0/2) — 0) g, (0)do,

E[Bi] can be seen as Er[g,(0)], where F has a probability density function ¢(®~(a/2) —6).
Since g,(8) < 1, it is easy to see that lim, _,, Er[g,(0)] = Er[g,(#)]. Thus Eg[g,(8)] is
continuous in 7. Hence E¢[Bj] is continuous in 1. Similarly, we can show that Eg[Bs] is
a continuous function of 7, and Eg[B; + By it is always nonzero. Similarly, Eq[B;1(6 >
0)+ B,1(6 < 0)] is also a continuous function in 7. Therefore, MSER is a continuous function
in 1. Note that the difference between MSER and MSER is that the former uses n and the
later uses 7. If 7 5 7, then we have MSER — MSER by Continuous Mapping Theorem.

Since a, is the unique solution such that MSER(A(a,)) — as = 0, and o€ is the unique
solution such that M/SE%(A(O%)) —a, = 0, we have a, = a, by M-estimator theory (Lemma
5.10, Van der Vaart| (1998)).

Proof of Proposition[3.4.1. We first show that s = 1/2 maximizes the MSDR. The MSDR
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can be written as

o0

MSDR(s) — / (Bu(0, 5) + Bs(6, 5))g(0)d6

—0o0

= | (Bi(6.5) + Ba(0.9)a(0)00 + [ (Ba(6.5) + Balo, ) (0)as

—0o0

Since ¢ is symmetric,
MSDR(s) = /OOO(Bl(—H, s)+ Ba(—0,5s))g(0)d0 + /OOO(BI(H, s)+ Ba(0,s))g(0)do
= /Ooo((Bl(Q, s) + By(0,s) + B1(—0,s) + By(—0,s))g(0)do

Now we prove that the integrand is maximized when s = 1/2, which does not depend on
6. Thus MSDR(s) is maximized when s = 1/2. The integrand can be written as H(s)g(6)

where
H(s) = ®(® (as)—0)+P(® (a(l1—5))+0)+P(d (as)+0) +P(dH(a(1—5))—0) (3.12)

Taking the derivative with respect to s, we have

Hsy — A 09) =0) | 68" as) £0) 9@ (a1 —5) —0) _ 9(# " (a(1 = 5)) +0)
6@ Tas) | G@Nas) @ a(l-9) 6@ (a(l—s))
= o1 (cap(® 7 (as)6) + exp(—0 ! (as)6) — exp(® (a(1 — 8))0) — exp(~0 (a(1 — 5))9))

(3.13)

where ¢; is a positive constant. It’s easy to see that s = 1/2 is one solution to H(s)" = 0.
Now we show that H(s) is actually concave, hence s = 1/2 maximizes H (s) for every 6 > 0.
Therefore s = 1/2 maximizes MSDR(s). By taking derivative of H(s)" with respect to s and

rearrange, we obtain
H(s)" = ca(eap((® (as) +0)*/2) + exp((2 (a(l = s5)) + 0)*/2) — exp((2~" (as) — 0)*/2)
—exp((®™H(a(l - s)) — 0)*/2)),

where ¢, is a positive constant. Since ®~!(as) < 0 and 6 > 0 (the integral is from 0 to o),

we have

(@7 (as) — 0] = [@7 ()| + |6] > |27 (as) + .
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Thus
exp((®(as) + 0)%/2) — exp((® ' (as) — 0)%/2) < 0.

Similarly
exp(D (a1 — 5)) + 6)2/2) — exp((@~ (a(1 — ) — 6)2/2) < 0.

Therefore H(s)” < 0, and s = 1/2 maximizes MSDR(s).

To show MSER is minimized by 1/2; we can first show that s = 1/2 minimizes -, using
the same technique as previous part of this proof. Then by noticing that MSER = ~/MSDR,
we know s = 1/2 minimizes MSER. O
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Chapter 4

PHYLOGENETIC TREE INFERENCE FOR CONTINUOUS
DATA

4.1 Introduction

A phylogenetic tree describes the evolutionary history among a collection of organisms with
the belief that these organisms evolved from a common ancestor. The tree is composed of
nodes and branches, where leaf nodes represent the current-day organisms, internal nodes
represent the divergence events, and branches represent evolutionary lineages changing over
time. In phylogenetics, probabilistic models of the evolution of characters are used to infer
the evolutionary history of a set of current-day organisms/taxa from a common ancestor.
Since the early development of computational molecular biology in the 1960s, inferring phy-
logenetic trees has been one of the major research problems (Sokal and Sneath, 1961} |Camin
and Sokal, 1965]). Early work considered continuous characters comprised of measurements
on morphological traits. Subsequently, focus shifted on genetic information, and a lot of
work has been done regarding the evolutionary models as well as the reconstruction methods
for discrete-valued characters based on sequence data such as DNA, RNA or amino acid
sequences (Friedman et al) 2002). More recently, models for continuous characters have
received renewed attention in problems such as analysis of gene frequencies or gene expres-
sion levels. In this chapter, we are interested in phylogenetic analysis of such quantitative
characters that are measured on a continuous scale.

One widely used model for continuous characters is the Brownian motion model (Felsen-
stein|, 1973, 2004), where the character evolution is assumed to follow a Brownian motion
process with variance o2 per unit time along the phylogenetic tree. Under this model, the

net change along a branch of length ¢ is drawn from a normal distribution with mean 0
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and variance o?t. Thus the length of the branch in the tree describes the time between
two divergence events. The displacements in different branches of a tree are independent,
because the small steps of which they are composed are all independent. Throughout the
chapter, we assume the Brownian motion model for the phylogenetic tree, and as usual in
phylogenetics, we focus on a rooted bifurcating tree, meaning that each internal node has

exactly two descendants.

Learning the phylogenetic tree structure usually includes the tree topology recovery as
well as branch lengths estimation based on observations from the leaf nodes only. One
well-known method is the Neighbor-Joining (NJ) approach (Saitou and Nei, 1987), which
is a bottom-up clustering method based on distances between each pair of leaf nodes. It
is computationally fast and applicable to large data sets, but usually does not provide the
most accurate solution (Bravo et all 2009). In contrast, Felsenstein (1981) proposed the
Maximum Likelihood method for phylogenetic tree recovery, which proved superior to other
methods in terms of accuracy, but it is based on an exhaustive search making it computation-
ally prohibitive for larger trees. Bravo et al. (2009)) proposed a Mixed-Integer Programming
approach that recasts the structure learning problem as a tree-structured covariance estima-
tion problem, which amounts to finding the tree-structured covariance matrix nearest to an
observed sample covariance matrix in a Mixed-Integer program (MIP). The method can be
effective in terms of reliability and scalability, but solving the mixed integer optimization
problem is not a simple task. In practice, MIP solvers require careful choice of tuning pa-
rameters, which can be difficult. Even with tactics for performance tuning, state-of-the-art
hardware and software, some of them can still require hours, or even days, of running time
and are not guaranteed to yield an optimal solution, or any solution at all, because of the
combinatorial nature of MIPs. Other than reconstructing the tree based on observed data,
phylogenetic tree with Brownian motion model is also studied in many other ways. Zwiernik
et al. (2017) gave an efficient method for parameter estimation in Brownian motion tree
model when the underlying tree structure is known. [Pagel (1999) and Blomberg et al. (2003)

proposed procedures to test the phylogenetic signal against a null model of no phylogenetic
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signal, and a more recent comprehensive review of this topic is done by Miunkemiiller et al.
(2012). |O’Meara et al.| (2006) proposed a likelihood-based procedure for testing the change
of the rates of phenotypic evolution, and a follow-up work is done by Revell et al.| (2018)).
A review of methods for phylogeny-aware analyses of microbiome data sets can be found in
Washburne et al.| (2018)).

In this chapter, we explore three alternative reconstruction approaches for phylogenetic
trees under the Brownian motion model. The first approach involves multiple independence
tests to recover the tree topology. It is a bottom-up algorithm that iteratively clusters
leaf nodes that are more likely to form a subtree together based on p-values estimated from
series of independence tests. The second approach is a top-down method based on the sample
covariance matrix, where leaf nodes are split into groups iteratively based on magnitudes of
the sample covariances.

We then consider Maximum Likelihood tree reconstruction, i.e., we aim to find the tree
that maximizes the likelihood based on observations from leaf nodes. Exhaustive search is
usually infeasible due to the complexity of the large tree space. Greedy search algorithms
have been popular in constructing phylogenetic tree using likelihood as a criterion (Adachi
and Hasegawal [1996), though maximum likelihood is not guaranteed. As an alternative, we
propose a Structural Expectation Maximization (EM) algorithm, which is an extension of
the classic EM algorithm to problems involving discrete structure learning. Friedman et al.
(2002) have successfully developed a Structural EM algorithm for discrete characters, where
substitution models were used to describe the evolutionary process. We develop a similar,
yet in details very different algorithm for the Brownian motion model. We evaluate the
performance of our methods in the simulation section, and we apply our methods to gene
expression data. Our results show that the Structural EM algorithm is a reliable, compu-
tationally feasible method for state-of-the-art reconstruction of phylogenetic tree models for
continuous data.

In the remainder of the chapter, we first review the Brownian motion model and some

relevant graph terminologies. In Section 4.3 we propose two fast methods for phylogenetic
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tree reconstruction, i.e., the independence test approach and the sample covariance based
approach. In Section |4.4] we present the Structural EM algorithm for maximum likelihood
phylogenetic tree discovery. Then we use simulations to evaluate the performance of the
proposed methods, and use our methods to analyze the gene expression data in Section [£.5]
We then discuss the estimation error of the EM algorithm on Brownian motion tree model.

A discussion follows in Section 4.8 Proofs are given in Appendix.

4.2 Brownian Motion Model

Phylogenetic tree models are special instances of graphical models (Lauritzen, |1996)). Each
model is associated with a graph that consists of a vertex set V' and an edge set £. In
a directed graph, the edge set E comprises ordered pairs of vertices in V. The pair (a,b)
represents an edge from a to b and is also denoted as a — b. The set pa(b) = {a € V : a — b}
is the set of parents of node b. If a € pa(b), then b is a direct descendant of a. We write
An(b) ={a €V :a=bora— --- — b} for the set of ancestors of b, including b itself. If
a € An(b), then b is a descendant of a. A directed acyclic graph is a directed graphs without
directed cycles, that is, subgraphs of the form a — --- — a do not exist.

A rooted tree is a directed acyclic graph in which every node has at most one parent
and precisely one node, the root, has no parents. The nodes with descendants are the
tree’s internal nodes, and the nodes without descendants are the leaf nodes. We assume the
bifurcating case, in which the root has one direct descendant and every other internal node
has two direct descendants.

Let T be a rooted tree, with p leaves indexed by 1,...,p, a root indexed by 0, and p — 1
internal nodes indexed by p+1,...,2p — 1. Each node and all its descendants together with
the edges connecting them form a subtree 7'. We use 7' C T to denote that 7’ is a subtree
of 7. Associate each node ¢ € V with a random variable X; describing the character state

at this node. The Brownian motion model induced by 7T assumes that

Xi = Xpa(i) + € 1= 1, .. ,2p— 1, (41)
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where the ¢;’s are independent Gaussian random variables that all have mean 0 but generally
different variances d; > 0. The variance d; represents the branch length between ¢ and pa(i);
see Figure for an example with 4 leaves. For the root node, we assume that X, = xg
where z( is an unknown constant. The equations in then imply that the random vector
X =[Xy,... ,Xgp_l]T € R?~! follows a multivariate normal distribution with mean vector
(zg,...,w0)T and a highly structured covariance matrix that reflects the tree topology T and

the branch lengths d = {d; }ic(1,.. 2p-1}- Hence we write the tree model as 7 = (7', d).

Example 4.2.1. Under the Brownian motion model for the tree from Figure[{.1], the marginal

distribution of the leaves [ X1, Xo, X3, X4] is a normal distribution with covariance matrix

4+ ds+d7 s+ ds dr & |
o | drd drdsrds ds ds
ds ds ds+dg+dv do+dy
@ ds do+dr  dy+do+dy

Each covariance is a linear combination of elements in d.

In general, the covariance between node 7 and node j is the sum of branch lengths for
the path starting at the root and ending at the last common ancestor of node ¢ and node j.

So the covariance matrix for the leaf nodes is

¥ = BDBT (4.2)

where the i element of matrix B is 1 if j € An(i), 0 otherwise, and D = diag(d) is the
diagonal matrix with d being the diagonal elements. Here the binary matrix B describes the

tree topology, and for the tree in Figure [4.1] we have

1000101

01 001O0T1
B =

0010011

0001O0T11
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Figure 4.1: A bifurcating tree with four nodes.

Suppose now we have a data set O = {xgk), . ,mék)}}j,:l that consists of N i.i.d. observa-
tions, which are assumed to be drawn from the marginal distribution of p leaf nodes. Some
algorithms reconstruct phylogenetic tree structure from such a data set O using the corre-
lation matrix. For example, it is popular to use the correlation matrix as a distance matrix
that measures how far away two nodes are in the tree, and combining with algorithms like
NJ approach the tree structure is inferred. This method works for unrooted tree recovery
as an unrooted tree topology is identifiable based on correlation matrix (Shiers et al., [2016)).
However, for rooted tree case that we discuss here, the correlation matrix is not enough to
allow inferences of the root location. Moreover, for small number of leaves, specifically when
p = 3, the two tree topologies in Figure 4.2| can not be distinguished. Details of the proof

and more discussion about using correlation matrix to infer rooted trees are in Section [4.7]

Figure 4.2: Two trees T = (T,d) (left) and 7’ = (T",d’) (right) that can not be distinguished

based only on the correlation matrix.
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Likelihood is usually used as a criterion to evaluate how well a model explains the data
generating mechanism. In Section of this chapter, we will propose an algorithm for max-
imum likelihood phylogenetic tree discovery. Sample size is crucial in maximum likelihood
calculation for graphical models. The minimum number N such that for a sample of size
n > N the log-likelihood function is almost surely bounded above is called the mazimum
likelihood threshold (Gross and Sullivant, 2018). In fact, the results from Drton et al. (2018))
implied that for mixed graph models that are closely related to the phylogenetic tree model
we consider here, N needs to be at least as large as the number of nodes in a fully connected
mixed graph. Lauritzen et al|(2017)) showed that under total positivity condition, i.e. d; > 0
for ¢ € V', Brownian motion tree model only requires N = 2 in order to have a bounded max-
imum likelihood. Hence in order to reconstruct the maximum likelihood tree for the model
we consider in this project, we do not require the sample size to be greater than the number

of leaf nodes, making it possible to perform such analyses in high-dimensional scenarios.
4.3 'Tree Recovery Based on Independence Test or Sample Covariance

4.8.1 Independence Test Approach

In this subsection, we propose a method for phylogenetic tree recovery based on independence
tests. This method reconstructs the tree topology based on p-values that evaluates the
hypothesis that two sets of nodes form a subtree together. This method is only for tree
topology recovery, and the branch lengths are not estimated. It is based on the following

properties of phylogenetic Brownian motion model.

Proposition 4.3.1. Let T = (T,d) be a phylogenetic tree with nonzero branch lengths, let
C1,Cy C {1,...,p} be two nonempty and disjoint leaf index sets of two substrees of T. Under
the Brownian motion model, we have: X; — X; 1 Xj, i.e. X; — X; is independent of Xy,
forYie Cy,5 € Coke{l,...,p}\{C1UCs} if and only if the nodes in set Cy and nodes in
set Cy form a subtree of T.

Note that the leaf nodes jointly follow a multivariate Gaussian distribution, hence the
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correlation matrix contains all the independence information of the distribution. In particu-
lar; one can do independence tests of two sets of random variables to learn the independence
relations among the leaf nodes and then infer the topology of the tree. In what follows,
we will write pc, —¢, for the p-value calculated from the independence test between X ¢ ¢,
and X1, pnici,00), Where Xeo_o, = (X — Xy + s € C1,t € ()" is the vector of all
possible pairwise differences between C; and C5. The p-value is calculated based on Wilks’
A-statistic, and the details for such independence test can be found in chapter 7.4 in|Rencher
(2003). Note that this independence test only works for cases when p < n. [Yang et al. (2015)
proposed an independence test procedure for high-dimensional scenarios. However, imple-
menting their approach in our algorithm is computationally inefficient, hence here we only

focus on low dimensional setting.

We now describe in Algorithm [I| the procedure of tree topology reconstruction by in-
dependence tests. This algorithm takes as input the observations from the leaf nodes, then
iteratively groups two sets of leaf nodes with largest p-value together based on independence
tests, until all nodes are combined into one group. Note that the combining of two sets of
nodes at each iteration recovers one branch split of the tree, so the whole tree topology with
p leaf nodes will be recovered from bottom up in such manner with p — 1 iterations. One
example of this topology reconstruction process for a tree with p = 5 leaf nodes is illustrated

in Figure 4.3|

|

3 4 2 5

-

1 3 1 3

1=

=
1

3 4 2 5

Figure 4.3: An example of the topology reconstruction process for a tree with 5 leaf nodes.
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Algorithm 1 Phylogenetic Tree Topology Reconstruction by Independent Test

Require: samples O = {xgk), :cgk), . ,xék)}};:l € RV*? from leaf nodes.
1: Set C; = {i},Vi € {1,...,p}, nodeSet = {1,...,p}, iter = 1, and initialize split(j),Vj €
{1,...,p—1} to 0.
2: repeat
3:  Vi,j € nodeSet, calculate pc, ¢, as stated above.
4:  Find two node sets Cy, C} such that pcy—c, = MaLi; Pc,—c;-
5. Combine nodes in Cy and Cj.
6:  Record the two combining sets of nodes in split(iter).
7. Let Cy = Cy UCy, nodeSet = nodeSet\j', iter = iter + 1.
8: until |nodeSet| = 1.

9: return The record of two combining sets of nodes at each iteration.

4.8.2  Sample Covariance Approach

We now present another algorithm that achieves the tree structure recovery based directly
on the sample covariance matrix of the leaf nodes. Let

Xn:(XUf) - X)I(x® — X) (4.3)
k=1

1
n—1

S:

be the sample covariance matrix where X ® represents the k™ observation of X and X
is the sample mean calculated as %2221 X®) Note that in the Brownian motion model
for phylogenetic trees, the marginal distribution of the leaf nodes is a multivariate normal
distribution with a common mean x,. Hence another way to calculate the sample covariance
matrix is to use jil, instead of X in 1) where [ = % P X is the mean of all the
entries of X. According to our numerical evaluations, these two approaches give very close
results when used in our algorithm. We choose to use to calculate the sample covariance
matrix for convenience and to accommodate the general consistency theory framework that

will be used later.
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Our algorithm is simply based on the following facts:

e In a bifurcating tree, each internal node splits its descendants into two disjoint subtrees.

e For two disjoint subtrees, the covariances between nodes from the same subtree are

larger than the covariances between nodes from different subtrees.

e S is an unbiased, consistent estimate for the true covariance matrix ¥ of the leaf nodes.

The algorithm is summarized in Algorithm [2 If we can correctly specify the covariance
matrix, this algorithm returns the true tree topology and branch lengths of the phylogenetic
tree under the Brownian motion model. In reality, we use the sample covariance matrix as
an estimate of the true covariance matrix and use it as the input of this algorithm. It works
well when the sample size is large and the Brownian motion model reflects the true data
generating mechanism.

Now we examine the error of the tree estimate obtained by the sample covariance matrix
based algorithm. To quantify the parameter estimation error, we first need to find an appro-
priate norm to quantify it. Notice that the usually used L?-norm may not be an appropriate
norm to measure the distance between the estimated branch length d and the true branch
length d* as the L?-norm weights all the entries in a vector the same, making larger entries
in the vector more influential. On the other hand, a ratio is a more natural way to compare
the variance parameters than the difference. To quantify the estimation error for the tree
model we use in this chapter, we propose to use the weighted norm as a measure. For a

vector d, we define the weighted 2-norm as

ld—d*l5e = D I(di—d)/dl” (4.4)

€{1,...,.2p—1}

We also define the weighted maximum norm as

d;
ld = dllocar = _ max [ —1] (4.5)

ie{l,....2p—1} d;
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These two weighted norms are actually measuring the distance between the element-wise
ratio of d to d* to 1. We will work with this type of weighted norms in our later discussions.
The following result gives estimation error bounds for phylogenetic tree estimation with the

sample covariance based method.

Proposition 4.3.2. Suppose there is a positive constant d such that minegi . 2p—1y d; > d.
Then using the sample covariance matrix based method, we have a probability of at least
1—2 exp{log(p(p—1))—nd? /(12800 max;(3;;)?)} to recover the topology of the tree. Moreover,
with the estimated branch length denoted as d= {ch, e ,czgp,l}, conditional on the true tree

topology, we have

ned? > .

Pr(||d — d*[|;ma- <€) >1—8exp <log(2p) ~ 12800 max (5,2
J 27

This result quantifies the estimation error of the sample covariance matrix method in
recovering the tree topology and estimating the branch length for fixed n and p. For example,
when both n and p are large, if \/W is small enough, we can still recover the tree
topology with high probability.

4.4 Structural EM Algorithm

In this section, we consider the maximum likelihood approach for the reconstruction of the
phylogenetic tree based on observations from leaf nodes. In the Brownian motion model
we consider here, observations from the internal nodes are needed to compute the complete
likelihood. For a given tree structure, the EM algorithm yields one approach to obtain
the maximum likelihood estimates for the parameters in the tree model. For unknown tree
structure, [Friedman et al| (2002) presented a Structural EM algorithm for learning ML
phylogenetic tree under substitution model with discrete-valued characters. The Structural
EM framework we establish for the phylogenetic Brownian motion model with quantitative

characters has two main differences: 1) in the substitution model setting, the distribution
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Algorithm 2 Phylogenetic Tree Topology Reconstruction via Sample Covariances

Require: S: Sample covariance matrix of the leaf nodes.

1: Create a root node. Set {1,...,p} as the descendants of the root node. Let C' =

{{1,...,p}}

2: loop
3 VAeCwith [A] > 1
4:  Denote r as the node whose descendant set is A.
5 Find (i*, j*) = argmin S;; for ¢ # j and ¢,j € A (if this (4%, j*) pair is not unique, we
just pick one of them).
6: Let Ay ={i*} U{k: ke A\{i*, j*} and S;=, > S;«x}, and Ay = A\ A;.
7. if |A;] =1 then
8: Set ¢* as a immediate descendant of node r.
9: else
10: Create a new node, set it as a immediate descendant of node r, and set A; as its
descendants.
11:  end if
12:  Repeat line 7 - 11 for As.
13:  Remove A from C, and add A;, As to C.
14: end loop VA € C we have |A| = 1.
15: Now, we have the topology 1" of the tree. Branch length d can be estimated as follows:
16: Let ag = 0.
17: loop
18:  For internal node j from top to bottom, left to right:
19: 7 split its descendants into two subsets C}; and Cjs.
20:  Let a; = mean(Sy|Vk € Cj1,1 € Cjo).
21:  Let d; = a; — a;, where ¢ is the parent node of j.
22:  For a leaf node j, let d; = Sj; — a;.
23:  Replace all negative branch lengths with a small positive real number.

24: end loop

25: return 7 and d.
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of nodes is invariant to the placement of root, thus it deals with the unrooted tree, while
in our case we assume the root node is an unobserved constant and deal with the rooted
tree; 2) the maximization procedure and the expected sufficient statistics that are used to
summarize the data are different. Our algorithm may be summarized as follows:

We start from an initial tree. For each iteration, we proceed with the following steps.
First, we maximize the expected log-likelihood with respect to both the topology and branch
lengths. The maximization is done by calculating ‘weights’ between any pairs of nodes, and
then finding the maximum spanning tree. Then we modify the tree into a rooted bifurcating
tree without changing the likelihood. Second, we maximize the expected log-likelihood with
respect to the root state. The expected log-likelihood is conditional on the tree at the
previous iteration, and observed data. We iterate this procedure until the change of the
likelihood is under a certain threshold. According to the following theorem, improving the

expected log-likelihood forces an improvement of the actual likelihood.

Theorem 4.4.1. (Friedman et al., |2002) For any T and T°, let Q(T|T°) be the expected
log-likelihood conditional on T°, and I(T) be the objective log-likelihood. Then

QITIT?) = Q(T*IT®) < UT) — I(T").

The choice of initial tree is important for the performance of the algorithm. We suggest
to use the result of our sample covariance matrix based method as the initialization of the
Structural EM algorithm. We show that the Structural EM algorithm is locally contractive
and discuss about the estimation error of the Structural EM algorithm in Section [4.6 We
now describe other components needed for the Structural EM algorithm in the following

subsections.

4.4.1  Log-likelithood of Complete Data

In the complete data scenario, we have samples from the leaf nodes O = {xgk), e ,xl(,k)}}z:l,

and samples from the internal nodes H = {xgi)l, e ,xé’;)_l}}gzl. The log-likelihood function
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of the complete data given (7', d) and root value z is

I(T,d, xy) = Zlogpl :vl ,x2 ey 2p 1|Tdm0)
where p1(-|T, d, xq) is the pdf of joint distribution of
[Xla e aXQp—l] ~ N($012p—17 2)7 (4-6)

where ¥ is determined by (7', d). If we assume that root state is given value z!, then the

log-likelihood function of the complete data, denoted as lfé (T, d), factorizes as

Zlogpl Il 71}2 ,...,l‘g;)_1|T,d,fE0:I6)

2p—1

e k
= Zlog H P[00 ( ‘757(7(1)) ¥n, 2y = )

=Zlog IT px,px 128

(Z J)EE

= Z Zlogpx 1x; ( k)|$§k))~

(i,J)eE k=1

Note that for given T, d and =z}, if i = pa(j), then (X;|X; = ar(k)) ~ N(x(k) d;;). Here

1 )

we use d;; instead of d; to represent the branch length between ¢ and j in this section for

a more clear notation purpose, when the tree topology is unknown. Hence the complete
log-likelihood with given x}) is

n

|
(Td) = Y [— glog o — glog dy = > 5@ =y, (4.7)

(i.j)€E k=1 "

Now we assume that the root state is unknown but (7', d) are given with (7%, d'). The
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complete log-likelihood with given (T, d') becomes

Tldl Zlogpl xl ,x2 . xzp AT =T d=d, )

2p—1

(k k
= Zlog H Pxix, (17 1250)
= Z 10g px,xo (" |0)
k=1

u 1
_ Z (k) 2
- T 51l (xa _‘TO)
k=1 2dy

where a is the immediate descendant of root xy, and irrelevant constants are omitted.

4.4.2  Mazimizing Fxpected Log-likelihood

In phylogenetic applications, we usually only have observations from leaf nodes while ob-
servations from internal nodes are unobserved. Here we use Structural EM algorithm to
reconstruct the maximum likelihood tree iteratively. At each maximization step, instead of
maximizing the complete log-likelihood directly, we maximize the expected log-likelihood.
Assuming that the tree we obtain from the last iteration is 7% = (7%, d', z). By , when
the root state is given with value z), the expected log-likelihood conditional on observed

data and (T, d") is

Qu(T,d) = E[I2(T,d)[0, T'] = [—glog%—glogdij—z E[(X;’“>—X;k>>2|o,ﬂ].
k

(i,j)EE =1
(4.9)
Let
__n n ~ 1 (k) (k)2 1

Wij(dy) = = log 2m — 7 log dij — ; 7 Bl = X0, 7 (4.10)

Maximizing W;;(d;;) with respect to d;;, the solution is

ci =arg HcllaXW” ZE i(k))2\0,7-l]7

N (4.11)

wi; =max Wi;(di;) = Wi;(dy;) = —E(log om 4 logd;; + 1).

ij
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It is easily seen that w;; = w;;. Hence,

n%%XQl(T,d = max Z Wi;(dij) = max Z m(zlixwij(dij)

(i.4)€T (i.)€T (4.12)
= max Z max Wi;(dis) = max Z Wij.
(1.4)€T ] (i.4)€T

Therefore, in the case of complete data with given root value, the problem of finding ML
estimates of (T, d) has been reduced to the problem of finding the tree topology with the

maximum value of E w;;, which is equivalent to finding a maximum spanning tree. This

(i.))eT
maximization problem can then be solved by applying e.g. Kruskal’s algorithm (Kruskal,
1956a). However, the constructed spanning tree is not necessarily a bifurcating tree. We
will show how to transform the spanning tree to a bifurcating tree without changing the
likelihood in next subsection.

Suppose the current tree we have is 7'. By equation (4.8)), the expected log-likelihood

when the root state is unknown is

n

1
Q2(z0) = ) —WE[(XC(LM — 20)’|D, T").
k=1 O,a
Hence the %, that maximizes Qs () is

n (k) 1
S Zk:lE[Xa ’O?T] (413)

Zo
n

By equation (4.11)) and (4.13)), to complete the maximization step, all we need is to
compute the conditional expectation of X; , and X;,,X;4, for 4,5 € {1,...,p — 1} given
observed data O and current tree state 7'. By (4.6)), we have

[Xp+l> ce aXQP—l]THXb S vXp]T ~ N(u’lm Elc)v
where p¢=ah1, 1+ X4, (Zh0) (XY, ..., X,)F —2h1,), (4.14)
X = E%H - Zl11r0<2loo>_12l011
Here ¥ is the current estimate of covariance matrix and we divide it into blocks
Yoo Zou
Sho S

a=
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where we use O to index the observed variables and H to index the hidden variables. Hence it
is easy to obtain the first and second moments of the unobserved random variables conditional

on the observed random variables: Vi,j € {1,...,p— 1}

E[XH'PHXM SR 7XPH = Nfa
E[X7 X0, X)) = (1) + 25,

Bl(Xitp = Xjup)?[[ X1, X = (45 — 1) + (Zii + 55 — 2545).
Maximum spanning bifurcating tree

The maximum spanning tree is found using Kruskal’s algorithm. However, the obtained
maximum spanning tree may not be bifurcating. Fortunately we can obtain an equivalent
likelihood bifurcating tree by using the following procedure which is an adaptation of the
procedure in Friedman et al. (2002).

Let de(i) be the degree of the ith node, which is the number of nodes connected to the ith
node. For a phylogenetic tree, in our setting, each leaf node has degree 1 (connecting to one
internal node), each internal node has degree 3 (connecting to two immediate descendants
and one parent), and the root node has degree 1. Let De(i) be the degree of the ith node in a
bifurcating tree, we have De(i) =1 when 0 < i < p, and De(i) =3 when p+1 <i < 2p—1.

Given a maximum spanning tree, we do the following transformations to turn it into a

likelihood-equivalent bifurcating tree:
e For each internal node j:

— If de(j) = 1, we remove this internal node.

— If de(j) = 2 and (4,7), (j, k) € E, then remove node j and branches (i, ), (j, k).
Then add branch (i, k).

e For each node ¢ with de(i) > De(i), denote 4y, . .., 4e()) as its neighbors:

— Add a new node 7’.
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— Replace the edges (7,ipe(s)), - - -5 (4 Gae()) With (7', ipe@)), - - -, (7' Gae(s))

— Add edge (i,4") with length 0.

Note that in practice, in the last step we usually use a very small number € instead of 0 as a
“pseudo branch” so that in the E-step, the relevant internal nodes are appropriately updated
with “imputed” observations and allow us to distinguish the nodes that are connected by
the “pseudo branch” in the next iteration. By applying this procedure, we can transform

the spanning tree into a bifurcating tree with a negligible change in the likelihood.
4.5 Numerical Results

4.5.1  Simulation Studies

In this subsection, we evaluate the performance of our methods using simulated examples.
We first compare the performance of the independence test method, the sample covariance
matrix based method, and the Structural EM algorithm. Each time, we randomly simulate
a tree. Then data are simulated from the tree. We then use the three methods mentioned to
recover the topology of the tree and compare the recovered topology with the true topology.
The performance is evaluated using topological distance (Penny and Hendy, |1985), which is
the number of edges for which there is no edge in the other tree that gives the same partitions
of leaf nodes. We try both smaller trees (p = 10) and larger trees (p = 50), for different
sample sizes (n = 100, 1000, 10000). All experiments and analyses were carried out in R (R
Core Team, [2018)).

The results are summarized in Figure As we can see, all three approaches have
good performance in recovering the tree topology (note that the average topological distance
between two random trees is 14 for p = 10, and 94 for p = 50). As the sample size grows, the
accuracy increases. The independence test approach and sample covariance matrix based
approach are faster than the Structural EM algorithm. For the case of p = 50, average
running time is 10 seconds for independence test approach, 0.02 seconds for sample covariance

matrix based approach, and 84 seconds for Structural EM algorithm. However, Structural
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EM algorithm has a noticeable improvement over the other two methods, especially when
sample size n is relatively small. When n is large, all three methods perform well in terms

of recovering the true tree topology.
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Figure 4.4: Comparison of the independence test method (IND), the sample covariance
matrix based method (COV), and the Structural EM algorithm based on simulations. This
figure summarizes the results from 100 replications, where the points represent a mean and
the bars are the Monte Carlo error bars. Points are shifted slightly horizontally to avoid

overlaps.

We then look at the likelihood of the estimated trees from the sample covariance matrix
based method and the Structural EM algorithm. We compare the likelihood calculated on a
training data set and a test data set (n = 100, 1000, 10000 for both training and test sets),
and the results are shown in Figure [£.5 and Figure [4.6] As we can see, when sample size n
is relatively small, Structural EM algorithm has a noticeable improvement over the sample
covariance based method. When n is large, both methods perform well in terms of getting

a likelihood that is close to that of the true tree. This is because Structure EM algorithm
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is guaranteed to give higher or equal likelihood than the initial tree on the one hand so we
expect an improvement from using Structural EM algorithm; on the other hand the sample
covariance based method is a consistent method, so when the sample size is large, we expect

it to perform well and the Structural EM algorithm has not much space to improve.

p=10, train p=10, test

A Ccov
<o EM
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log(N) log(N)
Figure 4.5: Comparison in log-likelihood between the sample covariance matrix based method
(COV) and the Structural EM algorithm based on simulations (the difference between the
log-likelihood of the estimated tree and the true tree) when p = 10. This figure summarizes
the results from 100 replications, where the points represent the mean value and the bars

are the Monte Carlo error bars. Note that points are shifted slightly horizontally to avoid

overlaps.

4.5.2  Gene Expression Data Analysis

In this subsection, we analyze the gene expression data from |[Brawand et al. (2011). In
order to understand the dynamics of mammalian transcriptome evolution, the sequencing of

polyadenylated RNA from six organs of ten species was completed. These species represent



36

p=50, train p=50, test

N A cov N
O EM

LL difference
-2

LL difference
2

T T T T T T T T T T
2.0 25 3.0 35 4.0 2.0 25 3.0 35 4.0

log(N) log(N)
Figure 4.6: Comparison between the sample covariance matrix based method (COV) and
Structural EM algorithm based on simulations in log-likelihood (the difference between the
log-likelihood of the estimated tree and the true tree) when p = 50. This figure summarizes
the results from 100 replications, where the points represent the mean value and the bars
are the Monte Carlo error bars. Note that points are shifted slightly horizontally to avoid

overlaps.

all major mammalian lineages and birds, and the organs include brain, cerebellum, heart,
kidney, liver and testis. Each species may include several individuals. They obtained stan-
dard expression values (RPKM), which were normalized across species and tissues with a
median-scaling procedure on the basis of rank-conserved genes. Details about the data can

be found in Brawand et al.| (2011)).

We first reconstruct the phylogenetic tree using gene expression data from the brain.
There are 31 individuals included in this study, with each individual has 5,636 gene expression
levels. We compare the tree constructed by independence test method, sample covariance

matrix based method, Structural EM algorithm and neighbor-joining. Note that neighbor-



87

joining is the method that was used in Brawand et al.| (2011]), where the author used the
Spearman’s correlation matrix as the distance matrix. The results are summarized in Figure
[4.7 As we can see, all four methods successfully separate primates from non-primates. The
independence test method and the sample covariance based method can basically cluster
individuals from the same species together, but both cluster some individuals from different
species together. The Structural EM algorithm improves upon them. The tree estimated
from the Structural EM algorithm is consistent with the known phylogeny of these species
(Brawand et al., 2011): First, the only bird (chicken) is separated from the mammals in the
first divergence event. Then monotreme (platypus) and marsupial (opossum) are separated
from eutherians (the rest) in the second event. Then the two eutherian lineages (primates
and rodents) are separated, and great apes are clustered together with an exclusion of the
macaque, which is a type of monkey from the Old World. Although the neighbor-joining
method gives similar results in terms of clustering the species together, the interpretation is
not as clear as the results from the Structural EM as the tree obtained from the neighbor-
joining method is actually unrooted and the placement of the internal nodes is arbitrary in
the plot.

While usually different phylogenetic trees are reconstructed for different organs, we ex-
periment here with pooling the data of the other five organs together and applying the
Structural EM algorithm to construct the phylogenetic tree. Only primates are included in
this analysis to make the tree smaller. In total, 56 individuals are included. The results are
summarized in Figure [4.8] According to the tree, the events that separates the organs occur
earlier than the divergence events. The testis is separated first, and then the cerebellum.
After that, kidney, heart and liver are separated. Within each subtree of organ, species are

well separated similar to the results from previous analysis.
4.6 Estimation Error of the EM Algorithm

In this section, we discuss the estimation error of the EM algorithm on Brownian motion tree

model. We focus on the case where the true tree topology is known, and the EM algorithm
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Figure 4.7: Comparison of independence test (IND), sample covariance matrix based method
(COV), Structural EM algorithm (Structural EM) and neighbor joining method (NJ) in

reconstructing phylogenetic tree using gene expression data from the brain.

is used to estimate the parameter values. We assume that xq = 0 to simplify the problem.

We study the error bound of the estimate of branch length given by EM algorithm.

The EM algorithm has been one of the most popular approaches in obtaining the max-
imum likelihood estimate for models with latent variables. However, despite its wide appli-
cation and simple implementation, the convergence of the EM algorithm can be complicated
to study. Wu, (1983)) first established general sufficient conditions for the convergence of the
EM algorithm, where he showed the EM algorithm converges if the likelihood is unimodal
and some regularity conditions hold. Other significant work about the convergence of the
EM algorithm includes [T'seng| (2004); McLachlan and Krishnan| (2007); [Wang et al.| (2014);
Balakrishnan et al.| (2017, to name a few. In particular, a recent work from Balakrishnan
et al. (2017) established results about the contractiveness in the steps of the EM algorithm

and about its estimation error, and applied their results on several latent models, including



Testis GorillaM 1

erebellum Gorilla F 1
erebellum Chimpanzee F 1
erebellum Orangutan F 1
erebellum Gorilla M 1
erebellum Macaque F 1
erebellum Macaque M 1
Liver Human M 2

_'Eer Human M 1

iver Chimpanzee M 1
—Liver Bonobo F 1
Liver Bonobo M 1
iver Gorilla F 1
iver GorillaM 1
Liver Macaque F 1
iver Macaque M 1

Liver Chimpanzee F 1
iver Orangutan F 1

Liver Orangutan M 1

eart Human F 1

eart Human M 2

Heart Orangutan M 1
Heart Bonobo F 1
Heart Chimpanzee F 1
eart Chimpanzee M 1
eart Bonobo M 1

Heart Macaque M 1

I:Kidney Macaque F 1

idney Macaque M 1

_'_—KKidney Bonobo F 1
idney Bonobo M 1

idney Chimpanzee F 1

Kidney Chimpanzee M 1

idney Gorilla F 1
Kidney Gorilla M 1

idney Orangutan M 1

Figure 4.8: Phylogenetic tree of different organs of different species.

the symmetric mixture of two Gaussians, the symmetric mixture of two regressions and the

linear regression with covariates missing completely at random. Later in[Wang et al.| (2014]),

the theory is extended to high-dimensional situations with a sparse parameters vector.

Here we first review the framework of Balakrishnan et al.| (2017) and then consider the

problem of extending the framework to phylogenetic tree estimation when both the number of
leaf nodes p and the number of observations n are large. Let Y and Z be random variables

in sample spaces ) and Z, respectively, with a joint density fy-(y,z) that belongs to a

89
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parametric family {fy(y, 2)|6 € Q}. Suppose Z is the latent variable, and let ky(z|y) denote
the conditional density of Z given Y. Our goal is to estimate #*. The sample conditional
likelihood that we maximize in the EM algorithm is

n

Qu(010) = -3 /Z o (zlye) log(fo (4, 2))d)

n <
=1

where 6 is the parameter that we maximize over and ' is the parameter that is conditional
on, i.e., the parameter estimate from last iteration of EM algorithm. We then denote the

population conditional likelihood as

Qo) = /y ( /Z o (2l) Vog(fo (9, 2))d=)go- (y)dy.

This can be seen as the conditional likelihood we would have for an infinite number of

samples. Define the operator M : 2 — €,
_ /
M(0) = arg max Q019").

This operator is the update function for the population version of EM iteration when in-
putting 6, i.e. in the ' step we have ' = M(#'). Balakrishnan et al.| (2017) gave
conditions under which the population EM operator moves the input parameter closer to the

true parameter.

Theorem 4.6.1. (Balakrishnan et al., |2017) Suppose that the function Q(.|6%) is globally
A—strongly concave, and the first-order stability condition holds with parameter v in a ball

By (0, r) with r > 0, i.e.,
IVQ(M(0)]67) — VQ(M(0)0)]]2 < ~[|0 — 67|

If 0 < v < A, we have
||M(0) — 07| < k[|0 — 67|, (4.15)

with k = 3, and we call M a contractive operator with parameter k.
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In applications, we use the sample EM algorithm instead of its population version, and

the sample-based operator is defined as
o /
M, (0) = arg max Q.(0]0").

Ideally we want this sample-based operator to be as close as possible to the population-based
operator. Given ¢ € (0,1), let €(n,d) be the smallest scalar such that with probability at
least 1 — 4,

sup || M,(0) — M(0)||2 < e(n, ).

0EBy (r,0%)

The following theorem gives an error bound for the sample-based EM algorithm.

Theorem 4.6.2. (Balakrishnan et al., |2017) Suppose that the population EM operator is
contractive with parameter x € (0,1) on the ball Bo(6%, 1), and the initial parameter 0° is in
By (0%, 7). If

€(n,d) < (1—rK)r,

then the estimate 0' from the t' iteration satisfies

16" = 0%[]2 < K"16° — 67[]2 +

- He(n, J)

with probability at least 1 — 6.

This theorem tells us that if the number of iterations is large enough, the EM algorithm
achieves a statistical convergence rate of the order of ¢(n,d). For the symmetric mixture
of two Gaussians, the symmetric mixture of two regressions and the linear regression with
covariates missing completely at random, the estimation error are of order \/]%

Ideally we would hope that these results apply to Brownian motion models for phyloge-
netic trees. However, our tree model setting is quiet different from the examples given in
Balakrishnan et al.| (2017) in the sense that we are estimating variance parameters in our tree
model while in their examples mean parameter estimation is the goal. Numerical examples

show that the contractive condition in (4.15) does not hold for the Brownian motion model
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for phylogenetic trees. First we notice that L, norm may not be a appropriate norm to
measure the distance between the estimated branch length d and the true branch length d*
since the Ly norm weights all the entries in a vector the same, making larger entries in the
vector more influential. We suggest to use the weighted norm proposed in Section as

the measure to quantify the error.

The sample-based EM operator in the EM algorithm for phylogenetic tree is
1 k k
M(dy) = =D BI(XY — X¥)%0,T.d (4.16)
k=1

for any (i,j) € E. Note that generally M, is an operator on the entire d vector, here we
write M, (d;;) as the updated element that replaces d;; after an EM iteration. Similarly, the
population-based EM operator is

M(d;;) = E[E[(X; — X;)*|O, T, d]|d*] (4.17)

for any (i,j) € E.
We first examine whether the population-based EM operator is contractive or not. Our

goal is to show that

[M(d) — d7[|2.4- < 5lld — d"[5,a- (4.18)

for K € (0,1) when d € By 4«(d*, 7). Note that M(d*) = d”, hence by Mean-value Theorem

we have

[|M(d) — d*||a,a- = |[|[M(d) — M(d")||2,q-
(4.19)
< VA|d = d*||2.4--

Here ) is the maximum eigenvalue of D*HT(D?*)"'H with H being the Jacobian matrix

OM(d')

=7 for d’ in the interval between d and d*. Meanwhile, D = diag(d") is the diagonal

matrix with d* being the diagonal elements. Hence if A < 1 at the point d = d*, then 3r > 0
and x € (VA1) such that (4.18) holds in a ball By 4-(d*, 7).
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Now we derive the form of the H matrix. First, by some simplification we have

M (dyj) = di;BEY, ) (50,5, — )B4+ di;,  j is an internal node,

00— 00

M(dij) = Si0X, (S5 S0t — )80 + 55 + Sy — 25,5,15%., j is a leaf node.

oo“~o0 05>

(4.20)

Lemma 4.6.3. The Jacobian matriz H = aM(d for M(d) that is defined in is
H = Igp_l - A oA (421)
with A = DBT(BDBT)™'B, when d = d*. Here o is the Hadamard product operator.

We now show that the algorithm is contractive at the point d*. To do this, we need to

analyze the spectral norm of the following matrix

D?*HT(D*)™'H = D*(I — Ao A)T(D*)™Y(I — Ao A)
= (I —AoA)(I—D*(Ao AT (D)™

= (I — Ao A)(I — D*(AT o AT)(D*)™)

=(I—-AoA)I - (D*BY"(BDB")™'BD) o (BY(BDB")"'BD(D*)™))

—(I—AocA)I— Ao A).

(4.22)

The follows result shows that the spectral norm of (4.22)) is smaller than 1.

Proposition 4.6.1. The spectral norm of D*HT(D?*)™'H is in [0,1), i.e. the EM algorithm
with Brownian motion model is contractive at d*. Here H is defined in Lemmal{.6.5 and D

1s the diagonal matriz with d being the diagonal elements.

Note that the results in Lemma [4.6.3| and Proposition do not assume the tree to be
bifurcating. Here in Example [4.6.1] we show that for a special case of a star tree, we can
derive the contractive coefficient and verify that for any p > 1, this contractive coefficient is

smaller than 1 at d*.
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Figure 4.9: A star tree with four nodes.

Example 4.6.1. A star tree is a tree that has one internal node, and all the leaf nodes
are its descendants. Figure[{.9 shows an example of a star tree with four leaf nodes. The
B matriz for star tree topology is B = (I, 1,). Now using Lemma and assume the

branch lengths are all equal, we have

1
H= - 1)2((229—1- 2)Ipt1 — 1p+11p+1)

Therefore
1 3

H'H = m(lpﬂ - 4(p—+1)1p+1 1)

The eigenvalues for this matriz are GiE and ot )2. Therefore, when p > 1, the largest

+1)
eigenvalue s smaller than 1.

We now discuss the statistical error of the sample-based operator as compared to the

population-based operator as p and n change. For ¢ > 0 we have

Pr(|[Ma(d) = M(d)|lza- > €) =Pr | Y [Ma(dyy) — M(dyj)*/(d};)?

(3,9)EE

< Pr My (dij) — M(dij) 2/ (d5;)? > €
< ”UeEH M (diy)|*/(dy)” > € /p} s

< Z Pr (|My(diy) — M(di;)?/(d};)* > € /p)

<ZPY | Mo (diz) — M(diy)| > edi;//p) -
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Now examine the error bound for |M,,(d;;) — M(d;;)|. Similar to (4.20)), we have
M, (di;) = dingE(jol(SooZo’ol —I)B + d,j, j is an internal node,
M, (dij) = SioXo (SooXnt — 1) X0i + Sj5 + Tii — 255,251S,,5 j is a leaf node.

(4.24)
where S is the sample covariance matrix. Hence by (4.20)) and (4.24)), M, (d;;) — M(d;;) can

be written as a linear combination of elements in ¥} — S,,. We can write

|Mo(di) = M(di)l = | D caSiy — San|

a,be{l,....,p}

with cq’s being constants that depends on d. Therefore by Lemma we have, for e > 0

Pr(|My(dij) — M(dij)] > &) <Pr | > eal|Shy — Sa| > €2

) (4.25)
< p? Pr (|25, — Swl| > 2/(cp?))
nes
< pe — 2
=P e < 3200p'c2 maxi(ZfiV) ’
where ¢ = max, peq1,...p} Cap- Thus by (4.23) we have
nexd?;
Pr (||[My(d) — M(d)||2.a+ > €) < Ap*exp | — .
e > = Y o)
(i,J)eE
ne’d?
< dp'exp | — (4.26)
= e ( 3200p4c? maxl-(Efi)Q)
ne2d>
<Je 4lo — .
=S ( 8P) = S300p1e2 maxi(E;‘i)Q)

Note that this error bound is derived using the ||-||2,4+ norm, which sums all the entry-wise
statistical estimation errors together, while the || - ||oo4+ norm characterizes the entry-wise
statistical estimation error. Hence for the same n, using || - ||2,4+ norm requires larger p to
have the same probability of controlling the error under € as compared to using || - ||oo

norm. However, according to our numerical evaluation, the contractive condition does not
hold for the || - ||oo,q+ norm. A potential reason is that the weighted maximum norm ball is

too big, making it harder for the algorithm to be contractive in such a big ball.
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Although we have shown that the EM algorithm is contractive in a ball By 4+(6*,7) for
fixed n and p, we have not calculated r as a function of p and n. Meanwhile, in order to
further establish the consistency of the EM algorithm in the scenario when both p and n
are growing, more work on how the tree structure changes as p changes is needed. We hope
our discussion here can provide more insight about the consistency of the structural EM

algorithm in high-dimensional scenarios.
4.7 Non-distinguishable Tree Topologies Based on Correlation Matrix

When there are three leaf nodes, the only two possible types of tree topology, 7 and T,

under our settings are shown in Figure f.2] Given a correlation matrix

1 pi2 pi3
R= pi2 1 poas
p13 P23 1

with 0 < p;; < 1 Vi < j,i,5 € {1,2,3}, and the product of any two in {p;;|i < j,i,j €
{1,2,3}} smaller than the third, we can obtain two sets of parameters d = {dy, ds, d3, d4, d5}
and d' = {d},dy, d;, d,,d:} such that both T = (T,d) and T' = (T",d’) give the same
correlation matrix R. To achieve this, we simply pick the two sets of parameterization

according to the following rules

P23 d; P23
di = (ds+d —1), d, = d. 5 —1
1= (s 5)(012/?13 ) ! 5(d'5 +d} pi12p13
P13 P13
dy = (dy + ds)( - 1), d = (d, + d. —1),
2 4 d5 D122 2 ( 4 5)(,012p23 )
P12 P12
ds =d o M2 g d, = (d, + d. —1
° 5(d5 + dy p13p2s ) 3= (dit 5)(,013023 )
ds > P130P23 dfr, > P13P23
ds+dy = pr2 ' di+d, = pi2’

and then 7 and 7' will imply the same correlation matrix R. To be specific, for d, we only

need to pick dy > 0 and ds > 0 such that d;le’CM > pl;’%, and then use these two values to

calculate d;, dy and ds. A similar calculation can be done for d’. For tree with more leaf
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nodes, we can use similar method to show that we can not distinguish different types of
tree topology based on correlation matrix only. For example, when p = 4, the two trees in

Example 4.10| can not be distinguished using correlation matrix only.

Figure 4.10: Two trees T = (T, d) (left) and 7' = (T",d’) (right) that are not distinguishable

only based on correlation matrix.

4.8 Discussion

In this chapter, we present several approaches for phylogenetic tree inferences under the
Brownian motion model. The first approach is based on independence tests. We test the
independence relationships among leaf nodes and then infer the tree topologies based on
that. The second method is based on sample covariances. We use sample covariance matrix
as a distance matrix and use a top-down procedure to reconstruct the tree. These two
methods are simple and fast, especially the sample covariance matrix based method. They
are developed specifically under the Brownian motion model, making them good initial starts
for the Structural EM algorithm.

Our Structural EM algorithm for maximum likelihood phylogenetic tree inferences builds
on the existing algorithm but modifies it for continuous data. Each step of our algorithm
includes maximization over the topology, the branch length and the root state. For appli-

cations, this methods shows good performance in both simulated data and real data. Com-
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paring to our other two simple methods, Structural EM algorithm shows improvements over
them in terms of topological distance to the true tree and likelihood in simulation studies.
The EM algorithm is a popular approach in obtaining the maximum likelihood estimate
for models with latent variables. However, the convergence property of the EM algorithm
is complicated to study. Recently, Balakrishnan et al. (2017) first established the results
about the convergence rate of the EM algorithm and applied their results on several latent
models. We speculate that our Structural EM algorithm is also consistent in the scenario
when both p and n are growing. A simpler but still complicated objective is to show our
algorithm gives consistent estimates for the branch lengths when the tree structure is given.
The estimation error of the EM algorithm output can be decomposed into two major source,
the optimization error and the statistical error. The optimization error will diminish as the
number of iterations grow if the algorithm is contractive, i.e. at each step, the algorithm
improves the accuracy of the estimate. The statistical error measures the stochastic difference
between the output of the algorithm using observations from a finite sample and the output of
the algorithm using the population, which diminishes as a function of p and n. We discussed
this topic in Section [4.6|and established the contractiveness of the EM algorithm in Brownian
tree parameter estimation, which helps us characterize the behavior the EM algorithm for
fixed p and n. We leave the characterization of the behavior of the EM algorithm when both

p and n are growing as future work.
Appendix: Proofs

Proof of Proposition[4.5.1. Suppose nodes in C; U C5 form a subtree of 7. We have that
Vk € {1,...,p}\{C1 U C3}, Cov(X;, X)) = Cov(Xj, X) since both of them are equal to
the covariance between X} and the root of the subtree. Thus Cov(X; — X;, X;) = 0, and
therefore X; — X, L X} since (Xi,...,X,) follows a multivariate Gaussian distribution.
Suppose we have X; —X,; L X forVi e Cy,j € Co,k € {1,...,p}\{C1UC3}. Suppose T*
is the smallest subtree that contains C; U Cy. We now show that Vk € {1,...,p}\{C1UC,},
k & T*. If there is one node k € {1,...,p}\{C; U Cy} in T*, k must be in some subtree
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T** of T* together with some node i € C; U (5, while some node j € C7 U Cy is not
in 7, or 7* will not be the smallest subtree that contains C; U C5. This implies that
Cov(X;, Xi) # Cov(X;, Xi). Thus Vk € {1,...,p}\{C1 U Cs}, k & T*. Therefore nodes in
set C; and nodes in set C, form a subtree of T .

[l
We need the following lemma from Ravikumar et al. (2011) before proving Proposition {4.3.2]

Lemma 4.8.1. (Ravikumar et al., |2011) Consider a zero-mean random vector (Xq,...,X,)
with covariance X* such that each X;/+\/ 23 is sub-Gaussian with parameter o. Given n i.i.d.
samples, the associated sample covariance S satisfies the tail bound

2

. ne
Pr (IS5 = 550 > €) <dexp - ) 2
(2 -yl >e) < eXp( 128(1+402)2maxz-(2;)2) 0

for all € € (0, max;(35)8(1 + 45?)).

Proof of Proposition[{.3.9. We first show that, if we use the population covariance matrix
as input in algorithm [2| we can recover the true tree topology. Essentially, we want to show
that at each iteration, when given a set of leaf nodes A of a subtree T4, algorithm [2| correctly
split them into two disjoint subsets A; and A; that belong to two disjoint subtrees T4,
and Th,. Since in the Brownian motion tree model, the more common ancestors two nodes
share, the larger the covariance between them is. Hence among leaf nodes in A, the smallest
covariance is the covariance between two nodes from two separate subtrees. Therefore for
(i*,7*) = argmin¥;;, ¢* and j* must from two subtrees. For any other node in A, if its
covariance with ¢* is larger than that with 7%, then it is in the same subtree as ¢*, otherwise
it is in the same subtree as j*. Hence by this method, we can split leaf nodes in A into two
disjoint subsets A; and A, that belong to two disjoint subtrees.

In order to recover the tree topology using algorithm [2| with sample covariance compo-
nents, we need the order of the sample covariance components to be the same as that of the

true covariance components, i.e. ¥;; < Xy if and only if S;; < Syjs. Since the smallest
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branch length is greater than d, if we have |S;; —X;;| < d/2 for all i, j € {1,...,p}, then the

order of S;;’s and the order of the ¥;;s are the same. Therefore

.....

i#je{1,....p}
ne2d?
<2p(p—1 -
< 2p(p — 1) exp ( 12800 maxz-(E;"DQ)
ne2d?
_9 1 —1)) - ‘
exp ( og(p(p — 1)) 12800 maxi(E;-Z-)Q)

Similarly, given true tree topology, we have

Pr (ie{llt?z’x;;_l} |d_z — 1] > e) = Pr (Uie{l ,,,,, 2p_1}{|d_i -1 > e})

i€{1,...,2p—1}
< Y P (|ciz- —dy] > ed)
ie{1,...2p—1}

< (2p — 1) Pr({|(Sis — Ski) — (Bss — Sps)| > ed})
< (2p — 1) Pr({|Sii — Zui| + |Ski — Zwi| > €d})

<(2p—1)Pr ({ISii — S| > ed/2} U {|Sh — Sl > ed/2}>

ne>d?
< 8(2p —1)exp (_12800 maXi(E;'kz’)2>
ne>d?

where the third inequality is obtained by considering the worst case of estimation where we

estimate the branch £ — 7 when 7 is a leaf node.



Proof of Lemma[{.6.3 When j is an internal node,

271
=2d; BES (55,5, — )Bj + dijTu(E* Yol — 1B+

00— 00 -J 8d1‘7 00— 00

oM (d;;)
8dij

;)
d3; BLy (2, =22
1] .J OO( 00 8dlj

VB +1,

OM(dij) _ 5 7055 —1 2 Tyt v 00
=d;; B, —> (XY " —1)B,+d;B.% : 20
adkl 175 8dkl ( 00~ 00 ) J + 174,500 ( 00 adkl

\B

g

When 7 is an leaf node,

8M(d,]) ox—1 1 _1 ox—-1 ox-1
) 53, 00 (530 500 — )5+ B S (S )5, — 23, e 5
ods; 5,y Zoi o 5d,, Iy

8M(dw) 821'0271 _1 1 ox1 82”
= 29 (¥r Y -1 Eoi EZ’OE DI — ot
Ody Odyy ( 00~o0 ) + 0o ( 0o Odyy ddy
oyt

0%,
L Dk DUPI)) p iR 3 i
adkl oo —o) adw [o¥]

)z

-2

Now if ¥ = ¥*, we have that (4.28) is simplified to

. —1
aM(d’LJ) — 1 +d?JBT@§]—OoB],

8dij 5 8sz
OM(dij) _ 5 955
T\ 2 gTo%00 b

adkl Y 6’dw 7

and (4.29) is simplified to

8M(dw) ox—1 ox-1
-y, 0 _ 9y, Z7oo y
adij e Gd” ' 861%] o
8M(dw) ¥ 62;01 82;}2 o 2822‘0
Odyy  ddyy ’

— 2%

Z‘OaTkl j adkl ZJOIEOJ‘ + 1(l S An(l))

Note that ¥,, = BDB”, we have

oy ! 0% oD
o — _y 120yl vyl p—— BNyl = _y-4(p,BIYxY L
adkl 00 adkl 00 00 ( adkl ) 00 00 ( j/ .l) 00
By using (4.32) and (4.30]), we have that when j is an internal node
aM(dij) 2 (pTy—1 2
adij =1- dij(B.jZoo BJ’) )
oM (d;;)

_ 2 (pTy—1 2
Od,y - _dij(B.ono B.l) >
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(4.28)

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)
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and by (4.32)) and (4.31]), when j is a leaf node

oM (d;; _ _ _
a; ] ]> = _(21'020018-]')2 + 221'02001(8'3'85)200120]',
ij
OM (d;; 0o 4
OM(dij) _ —(SiXo By 4 25,2 (B B)S 1 — 22— 19, + 1(1 € An(i)).
adkl 8dkl
(4.34)
Furthermore, by observing that
Sio = Sjo — dijBj = B S, — diy B, (4.35)
we have that when j is a leaf node
oM (d;;
OS] o ((BY S — dy B S5 B) 4 2 BY S — dy B)552(B B B0 B,
ij
— (1= dyBTS;)B;)? +2(1 — dy BT, B) (4.36)
=1-d},(BYS, ) B;)*.
Meanwhile, we have
[ -1 -1 T .
— Y Yy =BY  (X0Bj)=1 and B.B;=1  whenl e An(i),
Jdy !
a5 (4.37)
adwE;OIZOj =0 and B'B;=0 when [ ¢ An(q).
kl
Hence, when j is a leaf node and | € An(7), we have
OM (d;;
# = —((BfXe — diyBL)Y,) B1)* 4 2(B5 S0, — digBL)S, (BB )3, Lo By — 1
= —(1—dyBEy,)B,)* +2(1 —d;;BYS, ) By) — 1
— @ (BIS, B
(4.38)
Similarly, when j is a leaf node and | & An(i), we have
OM (d;; _ _ _
acg i) _ —((BE %00 — diyBY)S,) B1)? 4 2(BL S0, — diyBL) S, (BB )3, S0 B,
ki (4.39)

— @ (BIS, B

Therefore, by (4.33)), (4.38) and (4.39), H = [—AoA with A= DBTY. ;!B = DBT(BDB™)"'B.
[l
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Proof of Proposition[4.6.1. By (4.22), we only need to show the eigenvalues of I — Ao A are

in [0,1), which is equivalent to show the eigenvalues of A o A are in (0, 1]. We have

Ao A= (DBY(BDB")™'B)o (DB*(BDB")™'B)
= DD Y((DBY(BDBT)™'B) o (DBY(BDB")"'B))DD™! ”m
— D((DY?B"(BDB")"'BD'?) o (D'/?BT(BDBT)"'BD'/?))D! Ao
= D(PoP)D™,
where P = D'2BT(BDB™)"'BD'/2. Hence, in order to show that the eigenvalues of Ao A
are in (0, 1], we only need to show that the eigenvalues of (P o P) are in (0, 1].
We first show that p(P o P) < 1 with p being the spectral norm operator. Note that P
is a symmetric projection matrix, hence it is positive semidefinite with eigenvalues either 0

or 1. By Theorem 5.3.4 from |Hom and Johnson! (1991), we have
p(Po P) < p(P)p(P) < 1.

In order to show the eigenvalues of P o P are positive, we need to show P o P is positive

definite. Suppose there is a nonzero vector (xy,...,xs,—1) such that
(xlv cee 7x2p71>T(P o P)(Jll, R ,;C2p71) = 0.

This is equivalent to

tr(XPXP) =0,

with X being a diagonal matrix with (xq,...,29,-1) being the diagonal elements. Since P

is a projection matrix, we have
0=tr(XPXP)=tr(XPPXPP)=tr(PXPPXP)=tr(CC),

with C' = PXP. Let C; be the j™ column vector of C, and the j* diagonal element of CC
is actually CJTC]-, which is non-negative. Since the sum of all the diagonal elements of C'C' is
0, this implies that all the diagonal elements of C'C' are 0 and hence all the entries of C; are

0, and therefore C' = 0. Since X is a diagonal matrix, it can be decomposed as Y1Y with YV’
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being a diagonal matrix. Hence PYTY P = 0, which implies PY = 0 by similar arguments
we just used in showing C' = 0. This implies that all the vectors e; with the i*" element being
1 and all the other elements being 0 is orthogonal to all the row vectors of BD'/2, which does
not hold by inspecting the structure of B for a bifurcating tree. Therefore, P o P is positive
definite. Hence the eigenvalues of P o P are in (0, 1] and thus p(D~"*H*DH) € [0, 1).
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