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Abstract

Inverse Transport with Angularly Averaged Measurements

Jan Langmore

Chair of the Supervisory Committee:
Professor Gunther Uhlmann
Mathematics

The inverse problem in radiative transfer is considered. The measurement setup involves
controlling incoming radiation at the boundary of a convex domain in R™ and measuring the
outgoing radiation in an attempt to reconstruct (actually, prove uniqueness and stability
theorems about the reconstruction of) the total cross section and scattering coefficients.
Varying degrees of radiation production/measurement accuracy lead to different results.
Assuming the index of refraction is constant, if the incoming radiation is directionally de-
pendent, and the outgoing radiation is averaged over angle, then the total cross section is
determined. With an additional smallness on the scattering kernel, these measurements also
determine the scattering kernel (assuming we know a-priori its angular dependence). These
results are generalized to the case of a spatially varying, though possibly anisotropic, index
of refraction. Finally, we consider the case where the incoming radiation is isotropic, and
the measurements are averaged over angle. In this setup, the contribution to the measure-
ment is an integral of the scattering kernel against a product of harmonic functions, plus
an additional term that is small when absorption and scattering are small. The linearized
problem is severely ill-posed. We construct a regularized inverse that allows for reconstruc-
tion of the low frequency content of the scattering kernel, up to quadratic error, from the
nonlinear map. An iterative scheme is used to improve this error so that it is small when

the high frequency content of the scattering kernel is small.
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Chapter 1

INTRODUCTION AND SUMMARY OF PREVIOUS RESULTS
1.1 Motivation for this Work and Historical Introduction

Around the time I arrived at the University of Washington, I decided that I wanted to
work in some area that would help make renewable energy our primary source of power.
After sending out lots and lots of emails, I realized that any technique that would improve
weather measurements would make weather prediction better, and in turn that would help
make the economics of wind and solar energy more attractive. After a few more emails, I
decided that imaging of weather systems sounded like something that I could work into a
nice inverse problem. Gunther told me that the transport equation was used as a model for

wave propagation through the atmosphere. It is for that reason that I studied transport.

The reason for studying it in the context of medical imaging was my advisor’s member-
ship in the Focused Research Group (FRG) on “Inverse Problems in Radiative Transfer.”
This group consists of Guillaume Bal (Columbia), Arnold Kim (University of California,
Merced), Steve McDowall (Western Washington), John Schotland (University of Pennsyl-
vania), Plamen Stefanov (Purdue), and Gunther Uhlmann (UW). It was formed to study
transport problems with angularly averaged measurements, and the intended application

was medical imaging.

Discussions with FRG group members, in Banff Canada and Rio de Janerio Brasil, led
to the work presented in chapter 2. This work has been published in Inverse Problems [24].
A natural extension of this work is to include a background metric that models a varying
index of refraction, see chapter 3. That work has been submitted to Communications
in PDE jointly with Stephen McDowall. Later, I spent a Spring in New York working

with Guillaume Bal. He presented to me the problem of isotropic sources and averaged



measurements. Working jointly with him and Francois Monard, the work that appears in

chapter 4 was done. This work has been published in Inverse Problems in Imaging, [11].

1.2 Background, Physical Measurement Setup, and Motivation

Linear transport equations are used in many applications such as the propagation of the en-
ergy density of waves in heterogeneous media [8, 18, 38, 50}, neutrons in nuclear reactors [32],
and more recently, near-infra-red photons in tissues and its application in optical tomogra-
phy, a medical imaging modality [5, 17, 34]. The equation we consider here (1.1) models the
phase space propagation of energy density in one of the above mentioned forms. This model
is valid only under certain assumptions. The validity of this model will not be considered
here, though the interested reader may consult [10]. Here we give a heuristic explanation.
As flux (of electromagnetic energy for example) passes through point z in direction v, it is
being absorbed by the surrounding medium at a rate o,(z)u(z,v), and is being scattered
off into different directions v” at a rate u(z,v)k(z,v,v”). This gives another energy loss
term u(z,v) g1 k(z,v,v") dv”. Some flux passing through  in direction v’ is scattered
into direction v at a rate u(z,v')k(z,v’,v), giving a gain term [g.—; u(z,v)k(z,v',v)dv'.
Assuming [g., k(z,v,v") dv” depends only on z (call it then o,), and that the system has
reached a steady-state, we have |

v+ Vau(z,v) = —04(z)u(z,v) — os(z)u(wv) +/

- uw(z, v )k(z,v',v) dv'.
Defining the total cross section ¢ := ¢4 + 05 we now have (1.1).

Inverse transport theory for (1.1) consists of reconstructing ¢ and & from various mea-
surements. In this chapter we only consider measurements of the following type: A scientist
controls the energy flux entering a bounded domain in R™, and measures the outgoing flux.
Various restrictions on flux-production/measurement ability results in different reconstruc-
tion results.

While, as mentioned, inverse transport has a variety of applications, this work is mo-
tivated by optical tomography (OT) in medical imaging. While the exact form of OT
measurements will change as new technology is introduced, it is clear that some form of

directional averaging will be present for some time [5]. By this, we mean that it is unreal-



istic to expect a measurement apparatus to produce and detect flux as a function of both

position and direction. Current measurements are closer to the form

/ u(z,v)|vg - v| dv,
§n-1

where u(z, v) is the energy density at position z in direction v, and v, is the outward normal
at z. In this case, we are measuring the outgoing current flux. The type of incoming flux
one wishes to produce may also vary, see chapter 4.

The main contribution of this thesis is to consider two such averaged measurement
setups. In the first case, incoming flux is directional, and outgoing flux is averaged, see
chapter 2. In the second, both incoming and outgoing are non-directional, see chapter 4.
The first case is also further explored with flux propogating on a Riemannian manifold in
chapter 3. We will have to formulate the forward and inverse problem separately in all three
cases. However, for the time being it is helpful to make the following general formulation:
Let X C R" be an open, bounded, and strictly convex domain with C* boundary, for some
k > 1. Define the incoming and outgoing bundles 8+5X by 8:5X := {(z,v) € X xS} :
v, - v > 0}. Let us denote by u the solution (if it exists) to the following boundary value
problem for the stationary linear transport (Boltzmann) equation:

v Vgu(z,v) + o(z)u(z,v) = /Sn-1 k(z,v,v)u(z,v')dS’ L)

ulo_sx = U-.

We then use some knowledge of u,. := u|s, sx in an attempt to recover o, k.
1.3 Previous Results

The problem of reconstructing o,k is not new. Typically this inverse problem is done
numerically or under strong assumptions such as homogeneity of the coefficients [3, 4, 7,
27, 46]. By “done numerically”, we mean that o,k are found as optimal parameters that
minimize some “modeled vs. measured” penalty function.

Optimization based optical tomography has been used successfully, for example, in the

identification of joints affected by rheumatoid arthritis [33]. It has also been used for imaging



in small animals [14, 36]. Optical tomography is an attractive medical imaging alternative,
especially due to its low cost and portability.

It should be pointed out that these results have been obtained using the diffusion ap-
prozimation to transport. If scattering is high enough, then the transport equation may be

approximated with the following diffusion equation

V-D(z)VU(z) + pe(z)U(z) =0 in X
U(z) + 3eLzv(z) - D(z)VU(z) = A(f)(z), on 0X.

The symmetric diffusion tensor D is related to o and k, as is y,. The operator A maps the
incoming angular distribution f = f(z,v) to a real number, A(f)(x). L3 is the extrapolation
length in this Robin-type boundary condition. The transport mean free path € is a small
parameter that measures the average distance photons travel before they are significantly
deflected from their original path. In the limit € — 0, the error between U(z) and [ u(z, v) dv
is O(€?) [21]. The diffusion approximation is useful because the equation is solved in three
spacial dimensions as opposed to three spacial and (at least) two angular dimensions, as
is the case for transport. It should be pointed out that scattering of infrared light is
very high in living tissue, and as a result the diffusion approximation is reasonable here.
When compared to transport based tomography, diffusion based tomography is less accurate,
although the differences are negligible when the noise levels are high [35]. Figure 1.1 shows
values for an absorption coefficient in a three dimensional (simulated) body. Assuming
the scattering coefficient is known, diffusion and transport based optical tomography is
used to reconstruct this inclusion, see figure 1.2. One can see that the transport based
reconstruction (on the left) is more accurate than the diffusion based reconstruction (center).
Both of these figures are reprinted with permission from [35]. We also point out that
neither reconstruction is particularly accurate. This lack of resolution is due to the fact
that the incoming flux does not have angular dependence, and the outgoing flux is angularly
averaged. The results in chapter 4 show that this inversion is severely ill-posed. Note that
this (non-ideal) type of measurement is the type available in practice. We note here that

when using transport-based inversion, one usually assumes that the transport kernel has



the form k(z,v’,v) = f(z)g(v-v'), where the Henyey-Greenstein phase function
gv-v) =1 =a®)(1+a? - 2av-v)"3/?2

. Here a € [0, 1] is the anisotropy factor [52]. For more information about optical tomogra-

phy, see http://www.optical-tomography.net.

Figure 1.1: XZ (at y=0) and XY (at z=1) cross sections of the computational domain

Results on inverse transport through the atmosphere and underwater are plentiful. In
these situations, it is more or less valid to assume the medium of interest has a one dimen-
sional structure. In the aforementioned applications, the o and & vary only in the vertical
direction. Here (as in optical tomography) one often assumes that the scattering kernel
has a form k(z,v',v) = f(z)©(v - v'), with © known. One is able then to obtain inversion
formulas (as opposed to optimization based inversions) [28].

Inverse transport in the atmosphere is typically used to determine concentrations of
molecules such as aerosols, Rayleigh molecules, ozone, and nitrogen dioxide [26]. Measure-
ments are typically passive. In this case, measurements are made of reflected or transmitted
sunlight, or transmitted radiation of some other form (e.g. the earth emits infrared radiation
due to its nonzero temperature). Some measurements are active and measure backscattered
laser and microwave radiation emitted from (typically ground based) sources [26].

A passive imaging technique was studied in [12]. Here, vertical profiles of ozone con-
centration was reconstructed using an optimization scheme. An inversion formula was also

found, and shown to be severely ill-posed.



258

Figure 1.2: Cross sections of the reconstructed absorption coefficients in domain of small size.
Top row: XZ cross section at y=0 for transport reconstruction (left), diffusion reconstruction
(middle), and their difference (right). Bottom row: Corresponding XY cross sections at z=1.
Reconstructions are done with noise-free data.

It is desirable to obtain results assuming only enough so that the forward problem is well-
posed. The first main results along these lines were based on full phase-space measurements.
What we mean by “full-phase space measurements” is the following. Particle densities
depend on their position z and their direction v, which in this paper we assume is normalized
to |[v| = 1. Phase space measurements mean that u(z,v) can be arbitrarily chosen and
measured at the domain’s boundary as a function of its phase-space variables (z,v) in
n+ (n—1) dimensions for n—dimensional problems. This means having 4(n — 1) dimensions
of available data to reconstruct the optical parameters.

Given these measurements, and assumptions guaranteeing a unique solution to (1.1), it

makes sense to consider the albedo operator defined as
Au_(z,v) := us(z,v) (1.2)

given that u4 = uls, sx and u satisfies (1.1). It is then shown that knowledge of A uniquely
determines ¢ and k under mild assumptions in dimensions three and higher [25, 40, 20] ,

and under a smallness assumption on % in dimension two [41]. We will now outline these



results and the techniques used to obtain them.
First, under mild assumptions o, k, such as ¢ € L, [k~ < diam(X)Vol(S*~!), the

solution to (1.1) is decomposed as

wi=I~-K) Wu_ =Ju_ + KJu_+ (I - K) ' K?Ju_
where we have defined

Ju-(y,v) = E(z-(y,v),y)u-(z-(y,v),v),
K f(z,v) = - (zz’)(x, r—tv) | k(z—tv)f(z —tv,v)dS(V)dt,
0 $n-1

E(z,y) :=exp <— /Oly_z! a(:c + ,5 : 2|s>ds) .

The term Ju_ represents flux that enters the boundary, is attenuated, and exits without

scattering. The term K Ju_ enters, is attenuated along its path, and exits after scattering
once.

This decomposition leads to a similar decomposition of A into
A=oap+ a1 +oa

so that knowledge of o is equivalent to knowledge of {(u—,Ju_) : u_ € L1(6_8X)}. We
also have oy corresponding to K Ju_ and oy corresponding with (I — K)"!K2Ju_ in a
similar fashion.

One notices that knowledge of the function E(z,y) for z,y € X is equivalent to knowing
the X-ray transform of . So to recover o, one needs to separate ag from a1, as. As shown
in [20] this can be done in dimensions two and higher since aq is a delta distribution
more singular than a3 and as. Similarly, knowledge of a; would allow one to recover
k. In dimensions three and higher, «; is a delta distribution, whereas s is not, and a
limiting argument shows that recover of o is possible. In two dimensions, both kernels
are locally integrable, so a different argument is needed. The argument used is of the
following type: Let B be a Banach space, and suppose f : B — B and we can decompose

f(k) = Tk + g(k) where T is linear with a bounded inverse and g comes with the estimate



lg(k) — g(k)I| < |k — E[|(||k]| + ||k])). Continuing, suppose f(k) = f(k), then we have
Ik — k|| < CIITk — Tk|| = Cllg(k) — g(k)|| < C'llk — EIl(Ik]| + &)

So, under the a-priori assumption |||, || < (2C")~! we must then have k = k.

The model (1.1) says that in the absence of scattering, flux propagates in straight lines.
Clearly this model cannot hold in medium with varying index of refraction. When the
refractive index is non-constant, Fermat’s principle says that light bends (in the absence of
scattering, and in the short wavelength limit) in order to minimize the action

B
/ n(z(t), &(t)) dt.

A
Here n is the refractive index, and z(¢) is the position of the wavefront at time ¢. This model
can be extrapolated to derive a transport equation valid when refractive index varies, see
chapter 3.1. Assuming the metric is simple, and given bounds on curvature, it may be
shown that the albedo operator determines ¢ in dimensions n > 2, and k in dimensions

n > 3 [29], and k& in dimension two with an additional smallness assumption on & [30].



Chapter 2

DIRECTIONAL SOURCES AND AVERAGED MEASUREMENTS,
EUCLIDEAN CASE

2.1 Introduction

If the refractive index is constant, then, in the absence of scattering light travels in straight
lines. The content of this chapter is inverse transport in this setup. The presence of angularly
averaged measurements means that the Schwartz kernel corresponding to single-scattering
is then seen to be an invertible weighted ray transform. This realization, which was pointed
out to me by Plamen Stefanov after numerous discussions between members of the Focused
Research Group on radiative transfer, forms the basis of this work.

We formulate this mathematically as follows. Let X C R™,n > 2 be an open bounded
convex set with C! boundary 8X Define 6:5X = {(z,v) € 80X x S*™! : v, - v > 0},
where v, is the outer normal to 8X at z € 8X. For (z,v) € X x S*1, let 7y(x,v) be
the distance from z to 80X traveling in the direction of +v. We give 85X the measure
dé(z,v) = |vg - v|dp(z)dS(v), where du, dS are the volume forms on 8X,S™! respectively.
We also define 74 (z, v) as the “travel time to” to X starting at point z, headed in direction
v. So z + 71(x,v)v € 0:5X. Let us denote by the solution (if it exists) to the following
boundary value problem for the stationary linear transport (Boltzmann) equation:

v - Vau(z,v) + o(z)u(z,v) = - O(z, ', v)u(z,v')ds’

ulo_sx = u-.

Since o and © are separated mathematically, we treat them as separate functions in this
paper, but keep in mind the following caveat: In practice, assumptions made about ¢ imply
assumptions about © and vice versa. Notice we assume o depends only on position, and
v € S, This slightly restrictive (but physically realistic) assumption on o is necessary:

If © = 0, this problem reduces to the usual X-ray transform. One can then show that if
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o depends on the direction v (as opposed to |v]), no boundary measurement can uniquely
determine o (see the introduction of [20]). The “monochromatic” assumption v € S*~!
greatly simplifies the problem, and is commonly used.

Solving the forward problem requires some assumptions such as
0<0,0€L®, [u,0(z,v)dS <o(x)

This assumption is physically reasonable, since it means flux production is less than flux
elimination. Alternatively, the forward problem is also well posed if @ is small enough.
Since the main results of this chapter (actually, in this whole paper) require small enough
©, we stick with this assumption only, see [20]. We will also assume ©,0 € L* are bounded
functions.

In this chapter, we work with the following type of measurement of the outgoing flux:

Definition 2.1.1. Given nonvanishing m € C(8;5X) with m(z,v)|vy-v|™! € L®(045X),
we define the angularly averaged albedo operator, M : LY(0_8X,d¢) — L'(0X) (the map-
ping properties will be verified later) by

Mu_(z) :=/ u(z,v)m(z,v) dS, (2.1)
vz v>0
where u satisfies (1).

Mu_(z) corresponds to a measurement at £ € §X with incoming boundary condition
u—. If for example, m(z,v) = vy - v, then we are measuring the power/area flowing out
through the point z. In general, m corresponds to some limited aperture of our measuring
device. Our “full” measurement set is {(u—,Mu_) : u_ € L}(8-SX)}. These are (a
continuous version of) measurements available in practice, see [5].

Similar to [20], we decompose the Schwarz kernel of M into terms of varying singularity.
The most singular term corresponds to the ballistic (no scattering) part of the solution.
From this we are able to reconstruct o. With additional assumptions, these measurements
uniquely reconstruct the unknown part of ©. To be more specific, we assume © has the
special form ©(z,v,v’) = k(z)g(z,v,v') where g € C* is a, positive, a-priori known phase-

function, and the scattering kernel k£ € L* is small and supported away from the boundary.
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We also assume that o,g are close to some real analytic coefficients in a manner to be
made precise later. These assumptions kill the (weak) blow-up of the single scattering term
in the decomposition, and allow us to view this within the framework established in [23].
In particular, the single scattering (linear in k) term is a weighted X-ray transform of k.
This transform is injective. The smallness assumption made on % allows us then to prove
injectivity of the nonlinear map k +— M. The assumption on supp(k) is reasonable, since
in practice the measurement apparatus can always be placed some non-zero distance from
the scattering body. The assumption © = k(z)g(z,v,v’) is also of practical interest. For
example, in atmospheric science it is common to assume a phase function g(v,v') = 1+(v-v')?
corresponding to Rayleigh scattering [?]. In the case of wave propagation in tissues, it is
common to assume the Henyey-Greenstein phase function g(v,v') = (1 — a?)(1 + a2 —
2av - v')~%/2, where a € [0,1] is the anisotropy factor [52]. The choice of phase function
corresponds to an assumption on the underlying scattering mechanism at the measurement

frequency/velocity. Note that these scattering phase functions make g real analytic.

2.2 Statement of the main results

As we will see, the “full” measurement set {(u—, Mu_) : u_ € L}(0_-SX)} is well defined.
However, we do not need nearly so much information to recover o, k.

In all theorems below, (o,k) are coeflicients in (1.1) with ©(z,v',v) = k(z)g(z,?,v),
with g known. Also, M, m are as in definition (2.1.1). Given H C 8-SX, we define the set
of lines I'(H) = {xo + tovo : (0, v0) € H,to € [0, 7+ (0, v0)]}

Theorem 2.2.1 (Uniqueness result for o). Assume, 0 < o € L, and
1Oz < (Vol(S"1)diam(X))™ L. Let H, C 8_SX be open. If the X-ray transform over all
lines in T'(H,) is injective, then o is uniquely determined by {(u—, Mu_) : u_ € LY(H,)}

Fixing D > 0, and making the definition
KP := {k € L®(X) : dist(supp(k),0X) > D, ||k||z < €}

, we have the following uniqueness result for k.
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Theorem 2.2.2 (Uniqueness result for k). Suppose © has the form © = k(z)g(z,v',v), with
(g,m) both non-vanishing, and (g,m,c) known real analytic functions. Let Hy C 8_SX be
open, and assume that for every (z,v) € X x S*~1 there exists v € I'(Hy) passing through
z in direction vy perpendicular to v. Then there exits € > 0 small enough so that for a.e.
z € 80X, knowledge of {(u—, Mu_(z)) : u— € L*(Hi)} uniquely determines k over the class
of all k € KD.

Moreover, € may be chosen such that the result holds in some C*® neighborhood of g,

and a C? neighborhood of (m, o).

Remark. We will find a solution to (1.1) in terms of a Neumann series. Estimates derived
from this series require £ < (diam(X)vol(S"~})||g||z=)~* (proposition 2.5.3). € also depends
upon the coefficients m, and ¢. As mentioned earlier, the Schwarz kernel term linear in
k is a weighted X-ray transform. To “invert” the weighted transform, one uses the open
mapping theorem. This results in a coefficient (and thus a smallness requirement for k),
depending upon (g, m, o), that we cannot calculate explicitly. We take ¢ > 0 small enough
to meet both of these requirements. Since real analytic functions are dense, we have a
uniqueness result for an open and dense set of (g,m, o).

In every dimension, I'(H)) must include lines passing through every point of supp(k). If
n = 2, then these lines must pass through every point in 1/2 of the possible directions (only
one of the directions +v and —v is necessary). If n > 3, we may omit some directions. For
example, we could choose directions confined to any great circle C C S*~!. See sections 4,

5 for details.

To prove theorems 2.2.1 and 2.2.2 we decompose the Schwarz kernel of the operator
M into an infinite sum Y ;o) a;. The individual terms o; € D'(8X x 0_-SX), are each
associated with ¢ scattering events. o is a singular distribution, so our measurements
enable us to access it separately from the less singular part > 2, @;. Since knowledge of

{(u, Mu_) : u_ € L (H)} is equivalent to knowledge of Y i) o we work with the

IBXX'H’
latter in proving our theorems.
We also prove a stability estimate for the inverse problem. Suppose that (%, l~c), (0,6) are

two pairs of possibly different coefficients giving rise to averaged albedo operators (M, ./\;t),
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weight functions (w, @), and kernels (o, &;). Let Ak =k — k, Aq; = s — & and so on.
For any fixed z € 0X, let S := || 3232, Aoy(z,-,)|lH1(a_sx). As we will see in the
proof of lemma 2.6.2, Y0, Aai(z,-,-) € H'. Since for every i, oy(z,-,") € C? we
have S < 0o. Now if u_ € H1(8_5X), to contribution to AMu_ due to scattering is
[ Y21 fo_sx Aos(, o, vo)u— (o, vo) d€(xo, v0)| < Slu_|lg-1. We also define a(xo,v0) :=
Iy +(zo,v0) o(xo + tovo) dto, and & similarly. Our measurements directly give e2. To recover
o, we take the logarithm, then invert an X-ray transform. We measure this difference a — a
as A := |la — @l g1 (s_sx)- Estimates involving .4 are standard when dealing with X-ray

transforms. They are not directly related to error in the measured data. They are however

related to error coming from processing of the data a, or discretization effects.

Theorem 2.2.3 (Stability). Suppose © has the form © = k(z)g(z,v',v), with (g, m) both
non-vanishing, and (g,m,c) known real analytic functions. Assume k,l;: € né’ for e small
enough so that theorem 2.1 holds with coefficients (g, m,0). Also suppose ||o||gs, ||G||lge <
M < oo, for some s > n/2 + 2. Then there exits C depending on (M,D,s, X, m,g,¢,0)
such that

| Akl 2 < C(S + e Al 4+n)/(2s) 4 5A2(1~(4+n)/(28)))

and

1A0| 1o < CAI-(HR)/(29),

with the inequality holding in a C™ neighborhood of g, and a C? neighborhood of (m, o) (so
long as ||lo||gz < M).

Remark. The author knows of no other stability result dealing with angularly averaged
measurements in transport. The closest result is known only in two dimensions, and with

angularly dependent measurements, see [41].

The dependence of C' on ¢ can be stated as C < (1 — (¢]|g||Vol(S*!)diam(X)))~!. The
dependence of C' on ¢ comes about for the same reason that € depended on ¢ in theorem

2.2.2.
As our uniqueness result requires knowledge of (Mu_,u_) only for u_ € L!(Hy), one ex-

pects that a stability estimate involving || 3 72) Aaul|y1(n,) is possible. In proving theorem
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2.2.3 we obtain something of this sort by using a cutoff, 8 € C*°(9_-SX). We only require
8 # 0 on Hg. It should be noted that 3 is also needed for theorem 2.2.2. This results in a
more complicated version of theorem 2.2.3 which depends on Sg := [|83 32, cillg1(a_sx)-

The resultant estimate for & is then changed to
|AK| g1 < Cp(Sp + e AL-(Hn)/28 | ¢ 201 (44n)/20)y (2.2)
Here C3 depends also on 3. Now theorem 2.2.3 is a special case.

2.3 Decomposition of the averaged albedo operator

Here we show that M as a distribution on 0_SX has a kernel with one singular term
representing the solution in the absence of scattering (the ballistic solution), and a series
of terms corresponding to integer numbers of scattering. This decomposition is essential
since it reduces the problem to that where the input source is a delta distribution in both
position and angle. This leads to a highly simplified way of viewing the problem. See figure
2.1. It will also allow us to use theorems from integral geometry to recover the scattering

kernel k. First, we will need the following theorem from [20].

Lemma 2.3.1 (Change of Variables). Assume that f € L}(X x S*~1). Then

Ti(I,U)
/ f(z,v)dzdS = / / f(zo £ tv,v) dtd€.
X x§n-1 0:5x Jo

Here we recall how the forward problem can be solved: First, u solves (1.1) if and only if

for all ¢,

0 = e Joole—sv)ds ((v -V +o)u(z — tv,v) —

=- %e" o sl@—sv)dsy (g — tv,v) — €~ Jg o(e—sv)ds O(z — tv, v, v)u(z — tv,v’) dS.
§n—1

Oz — tv,v', v)u(z — tv,v') dS)
§n-1

Next, integrate from 0 to 7_(z,v) to obtain the following.
(I - K)u = Ju_, with

Ju- (ya U) = E(y - T- (ya ’U)’U, y)'ll,_ (y - T- (ya ’U)’U, 'U),
(2.3)

7—(z,v)
K f(z,v) = /0 E(z,z — tv) s O(z — tv,v',v) f(z — tv,v") dS'dt.

E(a,b):=¢" G = s)ds.
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It can be shown that the solution to (2.3) defines a distributional solution to (1.1). Under
our assumptions, the integral equation can be solved with a Neumann series in the space
LY(X x S*1,r=1dzdS), where 7(x,v) = 7—(z,v) + 74+ (z,v). For details see proposition
2.3 in [20]. Since the solution solves (2.3) in an L! sense, ¢ — u(z + tv,v) need not be
differentiable. If it is, then the solution we have found is a classical solution. If not, then it
must be interpreted in the sense of distributions. If t — u(z + tv,v) is not differentiable for
any v in the function class associated with the solution to (2.3), then no classical solution

exists. In all cases we do have the following, which is useful in proving the trace lemma

2.3.3.

Lemma 2.3.2 (Lipshitz Continuity Along Lines). Suppose u_ € L>®(9_SX) is a bounded
function. Then for every (z,v) € X x S}, the map t — u(x —tv,v) is Lipshitz continuous

with Lipshitz constant depending only on ||©||Le, |||z, |u=||L>, and X.

Proof. First, for every bounded function f € L®(X x §*~1), (z,v) € X x S*~1, the integral

|K f(z,v)] < Vol(S"1)diam(X)||©| || f|lz~. Now proposition 2.3 in [20] shows that the

solution u(z,v) = Y3°; K*Ju_(z,v), for (z,v) € X xS*~1. Therefore, using our assumption

8]z < (Vol(S*"1)diam(X))~!, we have that the solution u is bounded inside X x §*~L.
Next, for [ € R such that z,z + lv € X we consider

lu(z + lv,v) — u(z,v)| (2.4)

The top line of (2.3) shows that for (z,v) € X x S*~1,

T—(z,v)
u(z,v) = / E(z,z —tv) 1 O(z — tv,v', v)u(z,v') dS'dt + E(zo, z)u_(zo,v)
0 Sn-

zo =z — 7—(x, V)V

(2.5)

For simplicity, extend © to be zero outside of X then take the limit of the integral in ¢ to
be 0o. We can write u(z +tv,v) in a similar manner, then break the integral over ¢ into the
intervals [0,!] and [/, 00]. This nets two integrals, the second of which is almost identical to

the integral defining u(z,v) (after a change of variables t — ¢ — ). The result is that (2.4)
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is bounded by
!
/ E(z + v,z + v —tv) O(z + lv — tv, v, v)u(z + lv — tv,v") dS'dt
0 sn-1

o0
+ / [E(z + v,z — tv) — E(z,z — tv)] O(z — tv,v', v)u(z — tv,v") dS'dt
0 §n—-1

+ [E(zg, z + lv) — E(zg, z)] u—(zo,v)
Now use the inequality
|E(a,b) = E(a,b+ )] < Lo 10
to see that (2.4) is bounded by
L[Ill|ul Vol(s™~)diam(X) + o[ Vol(S™ ) |©lillull + llo[lu-1]-

Where all norms are L,

O

As stated, since © is small enough we may solve the forward problem with an Neu-

mann series. A-priori, this solves the forward problem only in X x S*~1. In other words

u(z,v) = 325 KiJu_(z,v) for (z,v) € X x S"~!. As our measurements are on 0;5X,

we must restrict this result to 9;5X. Call this restriction operator R. The result is the

albedo operator A : L'(8_SX) — L'(0,SX), defined by Au_ = RY 2, K'Ju_. In [20]

proposition 2.3 they build upon [?, ?] and show that this restriction is well defined and

continuous. We prove slightly more below.

Lemma 2.3.3. For (z,v) € 045X, u_ € L*®(8_-SX) a bounded function, we have

o0
Au_(z,v) = ulo,sx = ZKiJu_(a:,'u).
i=0

Where K'Ju_(z,v) is given by the formula (2.8), and the series converges in L(8_SX).

Moreover, the series extends uniquely to a continuous operator : L'(0_SX,d¢) —

LY(8:+5X, de).

Remark. Given this, we write our solution at the boundary from now on as Y o, K*Ju_.
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Proof. First suppose u_ is bounded. Let B denote the operator defined by the expression
Bu_(z,v) = Y2, KiJu_(z,v), for (z,v) € X x §"7L, or (z,v) € 8;5X, and u_ €
LY(8_SX). The proof of proposition 2.3 in [20] shows that inside X x S"~!, Bu_ gives the
solution to (2.3).

Now extend X slightly to a new convex domain Y (extending ©,0 to be zero outside
of X) still small enough so that ||©||z= < (diam(Y)Vol(S*~1))~!. We extend the incoming
boundary data u_(z,v) back in the direction v to give us 4— € 0-SY. We then have a
solution to the transport problem given by @(z,v) = 3 1o Kijw_ (z,v), with the operators
K, J defined analogously to K,J. Since X is convex, once flux enters Y \ X it will not
return to X. Also, no scattering or flux extinction occurs in Y\ X. Therefore, the solution
i to the transport problem on our new domain, when restricted to X, should not differ
from u. Indeed, consider the integral K f(z,v), (z,v) € X x §*~1. Since © is zero outside
of X, we could take the line integral to be from 0 to 7—(z, v), with 7_(z, v) being either the
distance to X or to Y. Also, our definition of %_ ensures that Ju_(z,v) = Ji—(z,v).
Therefore, for (z,v) € X x S*1, B(z,v) = Y52, Ju_(z,v) = Yoo, KiJi_(z,v). Now
inside Y, @ will satisfy lemma 2.3.2 if u_ is bounded. Therefore Bu_ satisfies lemma 2.3.2
for (z,v) € X x S"1.

This means that Bu_(z,v), (z,v) € 8+SX gives a function on 9;+SX corresponding to
the flux leaving X. We now show that this function is a continuous restriction of u = Bu_
to the boundary. This proof depends upon the boundedness of 7_(z,v)"!Bu_(z,v) in
LY(X xS™1), and the absolute continuity of ¢ — Bu_(z —tv,v). For convienence we define

the following norm and corresponding space

Ifllw = llv - Vi xexsn-1) + 1771 Fll o xessn-r)-

Now suppose g is absolutely continuous on [0, a] for some a > 0. Then g’ € L! is defined

a.e. (see [37]), and

t
mm=—Ad@w+mw

From this we obtain

901 = [ lo@Ids < gl + 3ol (2.6
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Since Lipshitz continuity implies absolute continuity (see [37] p.112), t — Bu_(z — tv,v) is

absolutely continuous for (z,v) € X x $"~!, this implies that for 2’ € X,
¢

Bu_(z',v) = —/ OsBu_(z' — sv,v)ds + Bu_(z' — tv,v).
0

Where the derivative dsBu_(z’ — sv,v) = (v VBu_)(2' — tv,v) exists a.e. Using (2.6) we

see that
T (z'v) 1 T_(z',v)
|Bu_(z',v)| < / |(v- VBu_)(z' - tv,v)|dt + —,—/ |Bu_(z' — tv,v)| dt.
0 T-(z',v) Jo
Integrating over 0_SX and using lemma 2.3.1 we finally obtain

[ Bu-|l1(o_sx,4¢) < | Bu—[lw

< Cxoellu-llrio_sx.de)-

Where Cx 0 is a constant depending only on X, 7,©. The last inequality comes from the
proof of proposition 2.3 in [20]. Therefore the expression Bu_, thought of as a function in
LY(8+5X,d€) gives a continuous restriction of Bu_, thought of as a function in W. The
last inequality, and the fact that bounded functions are dense in L'(0_SX, d¢), shows that
B extends to a continuous operator B : L'(8_SX, d¢) — L*(8,5X, d¢). 0

Figure 2.1: Double Scattering
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We now write the decomposition of M. Specifically, we decompose the linear functional
LY(0-5X) 3 u~ — Mu_(z) for a fixed z € 0X into a series of Schwartz kernels. The
first term is a singular distribution that will be useful for recovering . The next term
is a weighted line integral of &£ that will be shown to be injective. The other terms are
quadradic in k, and can be shown not to destroy the injectivity. Later, we will need to work
with a fixed measurement point z € JX, and therefore prove pointwise convergence of the

decomposition. See the paragraph after definition 2.5.3.

Theorem 2.3.1 (Kernel Decomposition). Suppose {|©|L= < (diam(X) Vol(S*~1))~1. Then
M LYO_SX,dE) — LY(BX) continuously and for a.e. z € X, and is given by the integral

Il

Mu_(z) i/ K'Ju_(z,v)m(z,v)dS

‘i 2z >0
=0 (2.7)

o0
= Z/ ai(max0700)u—(‘r07vo)d&(m07v0)’
i=0 0_-8X
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with

ap(z,,+) is a singular distribution,

supported on a manifold of dimension n — 1,

‘r+(a:o,v0)
01(17,1170,’00) :=/ @(.’ZZ]_,’UO,U)E(ZEO,(I?l,Q?)(tl)l_nm(m,'U) dto,
0
7+ (z0,v0)
ag(z, o, vo) :=/ /@(:cl,vo,vl)@(:vz,vl,v)E(mo,xl,mg,x)(tltz)l'"m(z,v) dzadty,
0 X

T+(z0,v0)
ai(waan’UO) :=/ / / @(1'1,'00,1)1)'"@(.’L‘z‘,vi_l,v)E(wo,...,xi,x)
0 X X
X (1) "m(z, v) dz; - - - dzadto
where,

x1 = xg + tovo,

|b—a]| —~a
E(a,b) =g o U(a+ rg_a‘s)ds’
E(alv "’am) = E(al" .. aam—l)E(am—laam)’
tm = |Tmt1 — Zm), (M <i-=1), t:=|z—z,

Um = (Tma1 — Tm)tml, U= (T —zi)t] .

Proof. Note that lemma (2.3.3) shows the map L}(0_SX, d€) 3 u_ — uls, sx € L1(8+5X,d€)
is well defined and continuous. Since m(z,v)|v; - v|™! is bounded, the map u_ — Mu_ €
LY(0X) is continuous, i.e. [Mu_|119x) < Cllu-llz21(s_sx). In particular, this holds if
u- € C*°(0-58X). In this special case, using lemma 2.3.3, the solution decomposes as
ula,5x = Do K tJu_. Since each term preserves non-negative functions, each represents

a bounded map, i.e.,

1K Ju_|l 16, 5%) < Cllu-llr26-sx)-
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Consider now the function

Miu_(z) == / K'Ju_(z,v)m(z,v)dS,

vz -v>0

which obeys

Moo < [ [ 1K u (e 0)lm(e,v) dSdu(e)
60X Jugv>0

m(z,v ,
SSUP{ ( )}HKUU—||L1(6+SX,d§)

vz - v

m(z,v
<sup { B Ol oo

Since m(z,v)|vz - v| is bounded, so is M®. Now, for every i, M’ is bounded as a map from

C>®(8-8X) — D'(8+5X). Indeed, if u- — 0 in C*®, then in particular u— — 0 in L', and

therefore [ Miu_¢du(x) — 0 for any ¢ € C*®°(8X). Therefore, we may write

/ KJu_(z,v)m(z,v)dv = / a; (2, 2o, vo)u—(z0, vo) dé(zo,v0), (1=10,1,2...),
vz v>0 X

(2.8)
for some set of Schwartz kernels «;.
Momentarily we will show that each kernel is as stated in the theorem. Assuming this,

and denoting by u the solution to (1.1) we have

oo . (2.9)
= Z/ K'Ju_(z,v)m(z,v)dS

i=0 ¥ Va'v>0
= Z/ a;(z, T, vo)u—(Zo, vo) d€.

= Jo_sx

The third equality comes from the fact that 3 ;o0 K*Ju. € L}(84+5X,d€), which combined
with the boundedness of m(z,v)|v; - v|™! gives us m - Y22, KiJu_ € L'(0;8X,dSdy).
Therefore, for a.e. € X, we have Y i0q K*Ju_(z, )m(z,-) € L}({v € S* 1 : vy - v > 0}).
Indeed, if the integral fyz,woZKiJu_(w,'u)m(x,v)dS was infinite for a set of z € X

with positive measure, then |m- Y. K*Ju_|| 11(8,5x) would be too. Since K and J preserve
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non-negativity, we may use monotone convergence to switch the order of differentiation and
integration. This will prove theorem 2.3.1.

We now show (2.8). For every fixed z, ag(z, -, ) is a singular distribution. For example,
let Fyp := {(zo, ) € 0-SX : zy = x — 7—(z,v0)w0}, and U, C F; be open. Now suppose
that a sequence {u;} C C*°(0-SX) converges pointwise to the characteristic function of the
set Uz. Suppose further that for every j, uj(@o,vo) = 1 for (zg,v0) € Uy, and 0 < u; < 1,
then

/ ag(z, zo, vo)u;(xo, vo) d€ = Ju;(z,v)m(z,v)dS

8_SX Vg v>0

>

/ E(z — 7—(z,v)v,z)m(z,v) dS
{vi(z—7-(z,v)v,0)EU}

£0

for every j. Now u; — 0 in every LP(0_SX) space, p € [1,00], so ag ¢ LP for every
p € [1,00]. Therefore the n — 1 dimensional submanifold F, C supp(ag(z,-,-)). Similarly
we can show that ap(z,-,-) = 0 when restricted to the compilment of F,. Therefore the

support of ag has dimension n — 1. Heuristically, ap can be written

m(z, vo)
leo - v

ao((l?, Zo, UO) = E((L‘o, x)é{m—T_ (z,vo)vo}($0)

When i =1,
/ KJu_(z,v)m(z,v)dS
vev>0
T—(z,v)
= / / E(z,z —t1v) O(z — t1v, vg, v)Ju—(z — t1v, vg) dSpdtim(z, v)dS
vz v>0 st
r_(z,v)
= / / E(z,z — t1v) O(z — t1v, vo, v)u_(z — t1v — 7—(x — t1v,vp)vo, Vo)
vz v>0 J0 Sn-1

X E(z — t1v — 7—(z — t1v, vo)vo, o) dSodtym(z, v)dS

/ O (1,0, v)u—(z1 — 7 (21, v0)v0, v0) E(z1 — T (1, v0)v0, 21, 2)t1 " "m(z, v) dSodz1
sn— 1
7+(Z0,v0)
= / / u—(xo,v0)E (o, 1, 2)O(z0 + tovo, Vo, v)t%'"m(m, v) dtodé.
6-SX Jo

= / a1(z, To, vo)u-~ (2o, vo) d€.
6_SX

(2.10)
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Where we first changed variables 1 = z — tjv, dz; = t’f‘ldtldS, then made the change
zo = 21— 7-(Z1,v0)vo and used lemma 2.3.1. This proves the case i = 1. Next, an inductive

argument shows that when ¢ > 2,

) 7 (z,v)
K'h(z,v) = / / / / E(z,z — tv,zi—1,Ti—2,...,21)0O(T — t;v,vi-1,v)
0 X X Jsn-1
X O(Ti-1, Vie2, Vio1) - .. O(21,0,v1)(t1, . . ., tic1) T"h(w1,v0) dSodey . .. di1dt;.

(2.11)

This formula is put into(2.7) with A = Ju_, and handled in a manner similar to the case
i = 1. Le., we first change variables z; = = — t;v, dz; = t?"ldtidS, then make the change

xo = 1 — 7— (21, vp)vo and use lemma 2.3.1. O
2.4 Recovering the absorption

We prove proposition 2.4.2, which shows that M determines the X-Ray transform of ¢.
This of course determines ¢ in the manner specified by theorem 2.2.1. The proof relies on
the fact that o is a singular distribution, and we may therefore separate it from the rest
of the terms in our expansion (2.7) since they obey a certain boundedness property. See
proposition 2.4.1.

We will need to work with the following moment of the Riesz potential, defined as an

operator T': LI(X) — LI(X).

Tf(y) :='/X—Mdy. (2.12)

|z —y|mt

For any ¢ € [1,00], we have |Tf|lLe < Vol(S* )diam(X)| f|lz«. See proposition 5.1 in
appendix A of [?]. Note that forevery0 <e<n,y € R*, z— [z—y|!™" € L("‘e)/(”‘l)(X).
Choose 0 <e < 1,and put p= (n—¢)/(n—1),¢=(1-1/p)"L, and Cp, = supyeax]||ly —
T ey

Under the assumptions of theorem 2.2.1, (as opposed to theorems 2.2.2, or 2.2.3) the
operator Y ooy o 1 LY(0_SX,d¢) — L'(8X) is not smoothing. The chance that k is nonzero
at the boundary prevents this. More importantly, it prevents us from obtaining L? estimates

on Y .2, ;. However, we still do have the following property.
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Proposition 2.4.1. Let (0,0, m, X) satisfy the conditions of theorem 2.2.1, then for (p,q)

as above, there exists C > 0 such that for a.e. z € X (wherever theorem 2.3.1 holds),

Z/ ai(z, z0,v0) f (€0, v0) d€ SH@HLmeHLprC/ 1F (- = 7 (- vo)vo, v0)l| Lax) dS
i=1 9-8X §n-1

< 18]z |ml| 2= CoC [Vol (S V)P diam(X) | £l Loco_sx.de)-

Proof. The second inequality follows from the first, Holder’s inequality, and lemma 2.3.1.

We now show the first inequality when ¢ = 1.

When i = 2,

’/ a1(x, 2o, vo) f (o, vo) dEl
_SX
7+(@0,v0) | f(zo,v0)]
< O]z mllz= /a . /0 e dediy
< 1) = fIm / @ =@l s

X x§n-1 |CE - xlln_l

<l1@lzelml=Cy [ 15 = 7-C,00)00) o, dS:

/ az(:c,xo,vo)f(mo,vo>df]
6-SX

0 7+ (zo,v0)
< O | / / F(o + tovo)
0_-8X JO

X/lefvz—(

1 1
dzodtod
zo + tovg) "~ |og — z|n1 T2dtodt

1 1

_ ol2 N 3
= [|0]|z ImllL /Sn_1 /X f(z1 T—(xhvo)vo,vo)/x P T | P T dzodz1dS

1

= [Ollimlm [ [ £ = 7@, ) (T ) (o) dends

<@l elmlz=ITIC, [ 17 =7-C,0)tn, 00l .
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For i > 2,

/ ai(w,wo,vo)f(zo,vo)ﬁl
8-8X

1
a1

<Ol tmlom [ [ 5@~ town, )7 (

< [8llze Imllze (€] TI"" C; /Sn_1 1F( = 7 (s v0)vo, vo) [l La(x) dS.

) (1:1) dz1dS

Taking into account ||T'|| < Vol(S™~!)diam(X), our smallness assumption on © ensures that

the sum converges and has the appropriate bound. O

Proposition 2.4.2. Suppose theorem 2.8.1 holds at fized (z,v) € X x S™1 (this hap-
pens a.e). Let (0,0,m,X) satisfy the conditions of theorem 2.2.1. Choose 0 < ¢ €
CP(R),p(0) = 1. Put ¢"(xq) = ¢ ( Z_T‘(ﬁ’]”)”_m"'). Let 0 < 6] € C™ be an approgi-
mation of the delta distribution on S*~! concentrated at v (lim,—o6y = 6, in D'(S*1)).

Define uy € LY(0-SX) by uy(zo,v0) = ¢"(20)84 (vo)m(z,v). Then

limpoMug(z) = E(z — 7_(z,v)v, )

Proof. We have Mu, = 372, [5 oy @uy. One can verify that limy_g f; gy coundé =
limy, o fuz-v>0 Jug(z,vo)m(z,v0) dS = E(z —7_(z,v)v,z). Lastly, as a result of proposition
2.4.1,

e e}
Z/ ai(mammUO)u'fl(mOaUO) dg
i=1 _SX

<c /S B0l 7 (- v0)e0)l zecx) 4
1/q
= C/ 5’:}’(00) {/ |Son(.’1,‘ — 7'_(1}, ’UO)UO)lq dm} dS
sn-1 X

7+ (zo,v0) /q
- / 57(wo) / / 19" (@0)|? [tz - vo] dtodiu(zo) b dS
§n-1 86X JO

< /sn-l 5g(vo)diam(X)1/11”9077““(6){) S 0asn—0.

The last equality comes from a change of variables £ = =g + tgvg. The Jacobian for this is

|l/m0 ~'l)0]. 0O
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2.5 Recovering the scattering kernel

In this section we prove that our measurements uniquely determine the scattering kernel.
This is done by way of proposition 2.5.1, and 2.5.3. Together these show that if two a-
priori different scattering kernels k, k give the same measurements, we have the inequality
|k — k|2 < Cellk — k|| 2. For small enough e the kernels must then be equal. To do
this, we only need to take measurements at one point. Fixing this measurement point
z € 80X, we henceforth drop the explicit dependence of ; on z, and abuse notation writing
a;(z, 20, v9) = o;(xo,vp). Recall also that we assume ©(z,v,v') = k(z)g(z,v,v’) for some
known function g, and dist(supp(k),8X) > D > 0.

Our uniqueness proof will require knowledge of Y o0 a; (2o, vo) for all (g, vo) € Hi. We
obtain this from our measurements in the following fashion. First, it is easy to show that
fori>1,

lellzoe < diam(X) DY Im | oo |1 (Kl oo llgll o).

Therefore, for small enough ||k, ||3;2; o]}« < 0o. Since we assume we know o, we in
turn know ap, and therefore 3 i, a;.

Suppose 8 € C®(_S5X), with Bls;, # 0. Then knowledge of 33 52, o is equivalent to
knowledge of Efil a,-IHk. We assume that this is our data. This formulation will allow us

to obtain the necessary estimates.

2.5.1 SINGLE SCATTERING AS AN INTEGRAL TRANSFORM

In this section we use the main results of [23] to prove proposition 2.5.1.

Definition 2.5.1. Given 8 € C®(0_-5X), n: X x S" ! — R, we define the weighted X-ray

transform.
74 (zo,v0)
Inf (2o, v0) := B(Zo, v0) /o n(zo + tovo, vo) f(zo + tovo) dto.
We also have the L? adjoint

I} sh(z) :== Ln_l n(z,v)B(z — 7—(z, v)v,v)h(z — 7—(z, v)v,v) dS.
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Remark. If § = 1, then I, g f gives us the (weighted) line integrals of f over all lines passing
through X. In the general case, 3 restricts the number of lines we have access to.

Given appropriate assumptions, the single scattering term «; is in fact a weighted X-ray
transform of the unknown term k. It is natural then to ask if this transform is injective.
We will use the following results in integral geometry, developed in a much more general
setting in [23], which builds upon work developed for the boundary rigidity problem of
compact Riemannian manifolds, {42, 43, 44]. We have adapted the theorems and definitions

to appear more simply in our specific case.

Definition 2.5.2. We say T is a regular family of lines if for any (z,¢) € X x 8”1, there

exists v € I" through x normal to (.

Theorem 2.5.1. Let f§ € C*(0_-SX), H C {(zo,v0) : B(zo,v0) # 0} C _SX be open.
Suppose T'(H) is a regular family of lines in X, and n is real analytic and non-vanishing in

U, where U CU C X. Then I, is injective on D'(U).

This is a direct consequence of the fact (proven in [23]) that if supp(f) € U, and f,y f=0
for all v € neigh(vp), then N*y N WF4(f) = 0. N*v is the conormal bundle of vy, and
WF4f is the (real) analytic wavefront set of f. See [48] for a definition of the analytic
wavefront set. Therefore f is real analytic in X and has compact support, hence f = 0.

Note that injectivity of weighted transforms is a nontrivial matter. As a counterexample
to injectivity Boman [15] gives a smooth positive weight function w such that I, is not
injective when X is the closed unit disk.

We will also require the following estimate, valid whenever I, 5 is injective, e.g. if ['(H)

is an injective family of lines. Note that the hypothesis for 8,7 are weaker here:

Theorem 2.5.2. Let U be as in theorem 2.5.1. Suppose n € C*, and B € C®(0-SX).

(a) If I, s is injective on L*(U), then we have C > 0 such that

I fllL2@wy/C < W gInsfllmxy < Clfll ey

(b) There exists a C? neighborhood of (n,3) on which the above estimate remains true

with a uniform constant C.
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Part (a) is proved by first showing that the operator N,s := I} 51,5 is an elliptic
classical ¥DQO of order -1. Therefore there exists a classical YDO @ of order 1 such
that QN,sf = f + Kf with K having C3° Schwarz kernel. This immediately leads to
the estimate | f|| 2y < C|| Ny f | a1(x) + Cs |l fll s (x) for every s. Using proposition 6.7 in
appendix A of [47], we then have that N, 5 has closed range. Since I, 5 is injective on L2(U),
Ny : L*(U) — H'(X) is injective. Ny is therefore a bijection between L*(U) and its
range. The open mapping theorem then gives us the estimate (a). Part (b) is a consequence
of the C? continuity properties (w.r.t. (n,8)) of the operator N, g. In proposition 2.5.2 we
prove something slightly different, which gives the same result.

Let us now apply these results to our problem. In our setup, we suppose k, k are two
a-priori different scattering coefficients in (1.1), each of the form © = k(z)g(z,v',v). We
assume k, k € KP. These give rise to averaged albedo operators M and M, and Schwarz
kernels «; and &;. Set Ak = k — I~c, and Aw; = a; — &;. We will view the decomposition
of M as a series of weighted X-ray transforms. In particular, oy = I,1k, with w defined

below.

Definition 2.5.3. Let x € CP(X) with x =1 on {y € X : dist(y,0X) > D}. For our
fixed z € X, and any =1 € X,vp € S*7}, put v = (z — z1)|z — z1|!. We then define the

weight function w by

g(z1,v0,v) E(z0, 71, )m(T, V)
|:L‘ — 1‘1|n‘1

w(z,vg) 1= x(z1)-

Note that E(zg,z1,z) = E(xo,z1)E(z1,z). We can extend o to be defined on R™ by
extending it to be 0 outside of X. Then E(xzo,z1) = exp{ ;" o(z1 — svo)ds}. Also recall
that = is fixed. Therefore w is a proper weight function, depending only on (z1,vp). If
mo, go,ao| x are real analytic (with myg, go non-vanishing), then the corresponding weight
function wy is real analytic and non-vanishing on {z € X : dist(z,0X) > D}. Theorem 5.1
gives us that I, g is injective on D'({x € X : dist(z,0X) > D}), and then using theorem
5.2 we have thereby proved

Lemma 2.5.1. Suppose 3 € C*(9-5X), Hi C {(zo,v0) : B(xo,v0) # 0} C O_SX is open
with T'(Hy) regular. Suppose further that fited (m, g,o0) are real analytic. Then there exists
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C > 0 such that
Akl L2(xy < CliLy glw,s Ak H1(x)>
with the inequality holding in a C? neighborhood of (m,g,0).
Proposition 2.5.1. Suppose 3 € C®(8_SX), Hi C {(zo,v0) : B(zo,v0) # 0} C 6_SX
is open with T(Hy) regular. Fiz real analytic (m,g,0) and suppose that {(u—, Mu_(z)) :

u- € L'(Hi)} = {(u—, Mu_(z)) : u_ € L*(Hx)}. Then there exits C > 0, independent of
k,k € KP such that

I;,ﬂﬂ i Aai

=2

|AkllL2xy < ClI plw s Ak 1 (xy = CliLy gBAc || pri(xy =

3

HY(X)

with the inequality holding in a C* neighborhood of (m, g,0).

Proof. The first inequality has already been proved. The first equality is a result of our
definition of w and the relation 81,1 = I, g. Since 0 = &, we have op = &. The agreement

of M, M then gives us 8 Yoo, Aa; = 0, which gives the last equality. O

2.5.2 THE SMALL NON-LINEARITY

In this section we bound ||} 583 2, Acsl| i (x) from above by eC||Ak| 12(x). Combined
with proposition 2.5.1 and the assumption that ¢ is small enough, this proves theorem 2.2.2.
We will estimate the H'! norm of every term separately by writing Aa; as a sum of weighted
integral transforms, see definition (2.5.1). We will then apply proposition 2.5.2, which is
very similar to proposition 4 in [23]. However, to use that result here we would need to

assume that n and 3 were both small.

Proposition 2.5.2. There exists C > 0, depending only on X such that
153,61 In22 F L err < ClimllerlIBrller Im2ll ezl B2ller 1 £ 2

Where all norms are over the space X.

Proof. After a re-parametrization, we have

T4 (z,v)
In1,ﬁ1 n2.82f /sn 1/ Az, r,v)f(z + rv) drdS,

7—(z,v)
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with
A(z,r,v) = m(z,v)ne(z + rv,v)B1(z — 7—(z,v)v,v) Ba(x — 7— (2, V)V, V). (2.13)

If A is odd with respect to v, the integral vanishes. Therefore, we may change kernels to

Aeven(z,r,v) = 1/2(A(x, r,v) + A(z, 7, —v)). Changing variables y = z + rv we then have

z\ _f) .
:L’I) |y — :Z:|"‘1 dy =: Aevenf(w).

y —
I;;l,mInz,ﬂzf(m) = 2/ Acven (:E, ly — z|, ly —
X Y
Expanding Acven in a taylor series, we have
Aeven(my T, 'U) = Aeven,O(xa U) + rAeven,l(x, 7y U)a

with Aeyen,0; Aeven,1 € C'. The resultant operator Aeven,1 has a singularity of order rn—2
in its kernel. We are therefore justified differentiating inside the integral and using the

mapping properties of Riesz potentials (see 2.12) to get

[Aeven1f it < CllAcvenllrlflizz < ClimllerlBilicr Izl liBzller 1 2

We now consider the operator 8jAeyen0. This type of operator is handled in [31], chapter
11, §11, theorem 11.1. See also chapter 9, §7. We sketch the result here.

Formally differentiating, we see that the operator ;. Aeven,0 should consist of an operator
with a weak singularity 71~", and one with a strong 7~™ one. The weak singularity is
handled in a manner similar to above. As for the strong one, it can be shown that the
kernel has mean value = 0 in the v variable. The result (formally at least) is a principle
value distribution. The L? norm of the principle-value type operator is bounded by the
L norm of its kernel. Being more careful, one can show that this formal differentiation is

justified, up to an operator bounded in L? by | Aeven,0l|e. Hence,

[Aeven,0fllzr1 < CllAevenolict [ fllizz < CllmlerllBilicrinzlicr liBallea 1] e
a

To write Aa; as a sum of weighted integral transforms, we need to separate one instance
of the scattering phase function g (appearing in Acq;) into a sum of terms that look like

weighting functions. The following lemma will be useful.
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Lemma 2.5.2. Let f € C®(K x S*!) where K C R" is compact. Then there ewist

functions @; and constant C, uniform in a C* neighborhood of f, such that
<
6) = fi(@)e;(6), with
3=0

llesllize <1,

I fillez <

1452

Proof. For fixed z, we expand f (or some derivative of f, call it 82 f) in spherical harmonics.
f(z,8) = 312, fi(2)p;(6), with f; and its first two derivatives bounded by C(z)(1 + j%)~?
(in fact rapidly decreasing). The coefficients f;(z) are given in terms of an explicit integral,

and from this integral we see that C(z) depends continuously on z. In fact,

C(z) <

< 1+]2H( YNo2f ()l Lasn-1y

where c, v depends only on n and some large enough /N. Since K is compact we have the

desired result. ]

Proposition 2.5.3. Fiz (m,g,0), with g € C*®, m € C?(8;8X), 0 € C*(X). Suppose
k,k € KP, and B € C®(8_5X), and ||k||z= < [||g]|ze diam(X) Vol(S*=1)]=1. Then there
exists C > 0 such that

o0
123,68 Acill g (xy < Cel|Ak||2(x),
i

with the inequality holding in a C*° neighborhood of g, and a C? neighborhood of m and o.
Proof. Applying the relation ab — b = (a — @)b + a(b — b) inductively we have
k(z1) - k(z;) — k(z1) Zk z1) - k(1) Ak(z)k(@141) - - k().

Therefore Ac; is a sum of terms having the exact same form as a; except for the replacement

of some k's with &, and a Ak in the [t position. For example,
T+ (z0,v0) -
Aas(xg,vp) = / E(zg,zo + tovo)/ [Ak(.’l:o + tovo)k(x2) + k(zo + to’Uo)Ak(:L‘z)]
0 X

x g(zo + tovo, vo, v1)g(z2, v1,v2) E(zo + tovo,wz,z)(tltg)l‘"m(x,v) dzadty.

(2.14)
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We will now write (2.14) in the form of a weighted X-ray transform. Since ¢ = 0 outside
of X, we may define £(x;,v) := elo o(@1-sv0)ds = E(zg,z1). Then, using lemma 2.5.2 we

have (formally)

Aog(zo,v0) =

7+ (20,v0)
Z/ 95 (o + tovo, vo)€(zo + tovo, vo)
=~ Jo

X / [Ak(zo + tovo)k(z2) + k(zo + tovo) Ak(z2)]
X
X ;(v1)g(z2, v1,v2) E(20 + tovo, T2, z)(tltz)l""m(w, v) dzadty

7+(zo,v0)
= Z/ g; (2o + tovo, vo)E(zo + tovo, vo) [\I/z,l,j (zo + tovo) + Yo 2,5(z0 + to’Uo)] dty

= Z Ige.1[ W21, + ¥2,2,5] (o, v0).
J
(2.15)
The above expansion, and more to follow will be justified by the final result showing H!
convergence. In the above equation, we have implicitly defined ¥5; ; and ¥25 ;. We now
define the general function ¥;; ;, which corresponds to the ith scattering kernel, Ak being

integrated as a function of z;, and the j** term in the expansion of g(z1,vg,v1). For

jeN2<4,1<1<1, wehave

W; 1,5 (1) / / k(z1) - - k(zi—1) Ak(z)k(zis1) - k(i)

X @;(v1)g(T2,v1,v2) - - 9(@i, Vi1, v) E(@1, . ., 30, ) (b1 -+ 1) 7" m(z, ) dai . . . da.
(2.16)
Which leads to
Aoy anUO) ZZIgJE\I/zl,J anUO) (2'17)
=1 j=1

And using the relation 8ly,¢,1 = Iy;e 5,

.

M8

o0
LB Aaillmx) <

=2

1 ,81g;6,6%i0,5 | rr(x
(2.18)

.

Mg L[]8
T

M8 i

=

IA

L(X)

.
||

N

o~

—_
o,
Il

—
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We now need an L? estimate for ¥;;; in terms of ||Ak|| 12(x)- We first pull the L* norms
of (m,g) out of 2.16. Likewise, ||E|lz= < 1, and ;™™ < dist(supp(k), 6X)1"" < D',
Substituting tx = |Tx — Zx+1| into (2.16), and recalling the operator T'f(y) = [ f(z)(|z -
y|* ™) dz see (2.12), we may then write

NWiaillz2cy < llmllzee D" ||gllL oo™

/ 1 / 1 / Ak(z)
x| —z2mt Jx e — 21t Sx oo — @ rl

1 1
X PP S ﬁn_—ldxi...dl?
x |z — x4 m x |Ti-1— @il

= [l DY (gl )T Ak - T | 1o (2.19)

X

L3(X)

< Ce(llgllze) 2| T" " (Ak - T1)) a2

< Ce(llglleee) 2T | Ak - T 2

< Ce(llgllzee) ITIIH AR L2 | T2 oo
< Ce(llgll=ellT|)* 2|1 Ak] .

Whence
© i C
aﬂZAazHHl(x <M Zl+ Wil L2x)
i=2 i=2 [=1 j=1 J
oo i o0 C
SZZZH_ se(llgllell TI) 2 AR L2cx)
J
i=2 =1 j=1
w .
< eCllAk]Lax) Y i+ (llgllzeoelT]) 2
§=2
The series converging for small enough ¢. a

Proof of theorem 2.2.2. First, fix real analytic (m,g,0). Given the hypothesis of theorem
2.2.2 we are ensured that both propositions 2.5.1 and 2.5.3 hold. We therefore have a new
constant C' > 0, such that

Akl L2(xy < Cell Akl L2(x)

Moreover, the inequality holds, with the same C, in some C* neighborhood of g, and a C?

neighborhood of m and o. For ¢ < C~! we must therefore have Ak = 0. ]
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Proof of theorem 2.2. First, fix real analytic (m, g,0). Given the hypothesis of theorem 2.2
we are ensured that both propositions 5.1 and 5.3 hold. We therefore have a new constant

C > 0, such that
Akl L2x) < Cel| Akl 2 (x,

Moreover, the inequality holds, with the same C, in some C*™ neighborhood of g, and a C?

neighborhood of m and o. For ¢ < C™! we must therefore have Ak = 0. O

2.6 The stability estimate

We first prove the following two lemmas:

Lemma 2.6.1. Let X C R” be a bounded domain with C' boundary. Let j = 0 or 1.
Assumen € HI(X xS*1), and 8 € C*(8_5SX). Then I, 5: HI(X) — HI(0_SX,d) and
v HI(0-SX,d€) — HI(X), both continuously.

Proof. Since I gf = BI,1f, and I;;’Bh = I} 10h, it will suffice to prove the lemma for 8 = 1.

For (zo,v0) € 0-8X, ty € [0,diam(X)], put F(zo,v0,t0) = n{wo + tovo,vo) f(zo + tovo)).
Then,

diam(x)
[ In,1f|l2(0-5x,de) = /o F(-,- 1), dto

L2(8_5X,d¢)

diam(x)
< /0 1F (- to)ll 220 sx.46) do
diam(x)
< VE R [ 1P sxa do
X
— \/@am(X) / / / In(zo + tovo, v0) f (o + tovo) 2 dédto
0 sn-1 /86X

= \/diam(X)\//X Gt In(z,vo) f()|? dzdS
< Vdiam(X)||nll oo (x xsn-1)V Vol (S" )| fll L2(x),

Where we have used the continuous Minkowskii and Cauchy-Shwartz inequalities, as well

as lemma 2.3.1. This proves the H® = L? boundedness of both Iny and I}, which must

have the same norm.
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The proof of the H! mapping properties of I} | requires a bit more care. First let (U, k)
be a finite coordinate cover of 8_SX with cutoff functions yx. For h : 0_SX — R, the
pullback (not adjoint) of xxh, (cp,:l)*xkh : R?"~2 5 R. We then define the Sobolev norm

Il o sxaey = D I(@k ) Xkl men-2)- (2.20)
P

One may check that the resultant topology is invariant under a change of coordinates.
To prove I}, : H'(0-SX,d§) — H'(X), it will therefore suffice to consider I} for A
supported in one coordinate chart (U, ), to which we give coordinate functions (3%, u™).
Put zo(z,v) = ¢(z — 7—(z,v)v,v). Our boundary regularity implies that zo(z,v) € C1(X x
S"~1,8_8X). We then write

Ip h(z) = _/n—-l n(z,v)h(z — 7—(z,v)v,v)dS
= [ (@)@ h(aofa,v)) dS
Then if §; := 8/827, n,h € C*,

* 1)*h BZL‘O
OiIn 1 h(z) = I3 1 h(z +Z/ ——ézzr—(xo(z,v))@(z,v) ds

. 3(@’1
= I}, 1h(z +ZI,,M, )™h

From which it follows that

) haxo

) 0
10; 15,11l z2 < CllOmliLelihlize + C“””L”” = By 9z7

< Clnlica 1”l] -

This defines the bilinear map (n,h) — 8;I; 1h € L*(X) on a dense subset of C}(X x
S* 1) x HY(0-5X,d¢). We therefore have a unique continuous extension to the whole
space, bounded by the same constant. Obtaining the H! norm is now easy. The proof for

I)1 is done similarly. O

Lemma 2.6.2. Define Sg := ||B3°52; aullmi(o_sx,d¢). Suppose © has the form © =
k(x)g(z,v',v), with (g,m) both non-vanishing, and (g, m,o) known real analytic functions.

Assume k, k € 62 fore < (diam(X)vol(§"1)||gll=)"1. Also suppose ||o||gs, ||5]gs < M <
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00, for some s > n/2+2. Then there exists C > 0, depending only on (M, D, s, X, m,g,¢€,0)

such that for small enough ¢,
1Ak L2 < C(1+ M)Sp + Ce(L+ M?)(|Ac ez + [ AcZe),

with the estimate holding in a C™ neighborhood of g and a C? neighborhood of (m,a) (so
long as |o|lg2 < M).

Proof. In this proof, C denotes different constants. One can check that the dependence of
C is as stated in the lemma.
First write Aa1 = Iy1Ak + Iaw,1k. We then multiply by 8, apply I, 5 to both sides,

and use lemma (2.5.1), which yields
1Ak L2 < C I, gL, s AK] 12

< ClL plawskl g + CllIy pBA |

s o0
= C||I;, gIawsklm + C |15 s8> Do — I 58 Aoy (2.21)
i=1 i=2 H1
o 0
< Ol plawsklle +C | I s8> Acill  +C |15 58 Aoy
=1 H! =2 1

The following three claims prove lemma 2.6.2.

Claim 1. |1 g Tauwgkllmn < C(L+ M2)(|Adllca + |Aa]2s) Kl za

We prove this by using proposition 2.5.2 to obtain || I} sIaw,gkl g < Cllwllcz [|Aw| 2|k z2-
Then, we note that ||o||c2 < C|jo||gs < CM due to the continuous embedding H™/2+2 c C?,
and our a-priori assumption on ¢. Similarly ||§]|c2 < CM. So we have C > 0 such that
lwllcr < C(1+|loflcr) < C(1+ M). As for Aw, we use the inequality |e*! —e®2?| < |s1 — 82},
valid for s1, sz > 0 to obtain ||Aw| L~ < C||Ac| L. The derivatives are similar, and make
use of the relation ab — @b = (a — @)b + a(b — b). The result is |Aw|jcz < C(1 + M +
M||Ac]|z=)]|Ac| ce-

Claim 2. |1, 4852, Acill i < C(1+ M)|IBEZ, Aaill g = O(1+ M),

This is a consequence of lemma 2.6.1

Claim 3. ||I} 583 sog Acu|lg < Cel| Akl 2 + Cel(1+ M) (| Acller + ||Ac]Zy).

1=2

This may be proved in a manner similar to proposition 2.5.3, except in this case we have



both Ak and Ac to contend with. Not to worry, we will make repeated use of ab — b =
(a — @)b+ a(b — b) to get estimates involving Ak and Ac. Consider Ac;. It looks like oy,

except it has the factor

k(z1) - k(z:)E(xo,...,z) — k(x1) - k(z:) E(zo, ..., x)
k(z;) — k( 1) --I::(mi)]E(xo,...,x)+l~c(z1)-'-l}(xi)[E(mo,...,z)—E(:L‘o,...,:c)]
k(z;) — E(zy) - I}(mi)]E(mo,xl)E(:cl, )
+k(z1) - - k(z:) [E(z0, 1) — E(20,71)] E(21,. .., 7)
k(e )E(:Eo,:z;l)[E(zl, ) —E(ml,...,m)]
Where we have taken special care to separate the terms E(zg, z1), E (2o, 1) since they will
appear as (1, v0), £(21,v0) in the weight function (see the paragraph after (2.14)). Recall
in the proof of theorem 2.2.2, we also encountered Ac;. At that point, we were assumed

o = &. Here, we denote that special case by A|,=zc;. Therefore, expanding g(z1,vo,v1)

using lemma 2.5.2

o0 o
Aoy = Alg=goy + Z Ig;nen g + Z Ig,-é,lAAi»J"
j=1 Jj=1

We define the A’s below.
Aij(z1) / / k (x1) a:z Jp;(v1)g(ze, v1,v2) - - - g(@s, vi—1, vi)
x E(xy,...,z)(t1 ) "m(z, v)de; - - - da.
A j(z1) / / k(z1) - k(z:)pj(v1)g(za, v1,v2) - - - 9(@3y V-1, V)

x [E(zy,...,z) — E(xy,.. m)](tl---ti)l_"m(w,v)dwi~'-dmz.

(2.22)

We will need L? estimates for A;j, AA,; ;.

Claim 4. ||Ai ;L2 < Ce2(ellgll = T])* 2.

This is proved in a manner similar to (2.19), except rather than pulling out a ||Ak| 2, we
pull out another €.

Claim 5. |AAi;lir2 < Ce2(ellgll eI T|) 2] Ao L.

This is proved in a manner similar to claim 4, except rather than pulling out || E(z1, ..., 2s, )|z <
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1, we first write E(z1,...,%;,2) = eavp{f7 o}, E(zy,. .., 2,1) = exp{fv G}, where v is the
piecewise linear path connecting (21, ..., s, ). Next, we use the inequality e ?—e ™| < |a—
b|, valid for a,b > 0. This yeilds sup|E(z1,. ..,z z)—E(z1, . .., i, z)| < diam(X)i||Ac| zeo.

The result now follows.

Claims 4, 5, propositions 2.5.2, 2.5.3, and lemma 2.5.2 now yield the following, which

proves claim 3.

o0 (e 0]
115,68 Acillzn =115 2 > Aakil|

=2 i=2
o
< Z“ I, g2 Alo=s0ul m +ZZ” ;88,104 51 i1
=2 i=2 j=1
o0 [ o]
ZZ 125, g2 1,0 DA 12

< Celkls + 05 1S fyagicunsglus + 1Blce1anislie

'—2_] 1

< Ce| Ak|lz2 + C’Z {@+ M) (| Aclce + [|AcllZa)l|Aigllze + M2 DA ] 2}
1=2

< Cel Akl 2 + C(1+ M) (|Acllcz + | Ac||Za)e? + CM3e?(|Ad]| 1o
< Ce|| Akl 12C(1 + M?)(|Ac|ce + [|Ac|E2)e?

Where we have estimated | A€ ||c2 < C(1+M)(|Aollc2+]|Ac||%2) using the same technique

as in claim 1.

O
We are now in a position to prove theorem 2.2.3.
Proof. Lemma 2.6.2 gives us
|AKllz2 < C(S +ellAdlics + &l Ao(Z2). (223)

Letting || - ||s denote norm in H?¥, the interpolation inequality

£ Ixsss+rass S NFISHIAIRE, A +de =1, % 20,
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along with the continuous embedding H™?*2? < C? allow us to write
1Ac]ic2 < CllAnj242 < CllAGF ] Acl| 5 7.
The above being valid for (n + 2)/(2s) < g < 1 —1/s. By a result of Mukhometov [?],
Aoz < CA. (2.24)
This, along with (2.23) gives us
1Ak L2 < C(Sp + e AL~ (428 4 g 20 (0tn)/28))

Setting G = 1 gives us first statement in the theorem.
As for the second statement, we use (2.24) and the interpolation inequality to show that

for n/(2s) < p < 1—1/s we have

1Ac]z < CllAclins2 < CllAG|Y*+ | Acl|;;'/*™ < Cl| A|l/+# A= 1/4,
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Chapter 3

DIRECTIONAL SOURCES AND AVERAGED MEASUREMENTS,
RIEMANNIAN CASE

3.1 Introduction

When the index of refraction is nonconstant, the situation is more complicated. The case
of light propagating in medium with variable index of refraction, but without scattering
or absorption, gives rise to geometrical optics in the high frequency limit. These results
imply light travels along geodesics, and leads us to the model (3.1), which may be shown to
correspond with a rigorous transport model. Starting here, we extend the results of chapter
2.

Let X C R™ be an open bounded set with smooth boundary 8X and let g be a smooth
Riemannian metric on X. We shall make geometric assumptions on the Riemannian man-
ifold (X, g) in due course. If u(z,v) represents the density of particles at position z with
velocity v in the unit tangent sphere at z, 2; X, then the stationary linear transport equation
is

Tu(z,v) = —=Du(z,v) — o(z,v)u(z,v) +/ k(z,v',v)u(z,v') dv' = 0. (3.1)

x

The operator D is the derivative along the geodesic flow (see (3.2) below) which in the case
of g being Euclidean is simply Du(z,v) = v- Vzu(z,v). The measure dv’ is the volume form
on ,X induced from the Euclidean volume form on T, X determined by g at x; here T, X
is the full tangent space to X at z.

The case of a Euclidean metric corresponds to transport in material with a constant
index of refraction. Though this is easier to study, in practice it is always an approxima-
tion. Derivation of the transport equation in case of an inhomogeneous, yet still isotropic,
refractive index was studied in [9]. Examination of this result shows that our model (3.1)

2

with conformally Euclidean metric g;;(z) = cj*n(z)24;; correctly describes energy density

propagation in isotropic material. Here ¢y is the speed of light in a vacuum, and n is the
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refractive index. This should not be surprising when one considers Fermat’s principle, which
states that (in the absence of absorption or scattering) light traveling from point A to point

B will take a path which is a stationary point of the action

B
I(s) = /A n(zs(t), s (£)) dt.

It is a classical result that stationary points of this action are geodesics of the metric
gij = n28;;. As obvious as this may make the model (3.1) seem, quite a few incorrect
models have seen publication! See [9] for further discussion. Motivated by this success with
the conformally Euclidean metric, we allow (3.1) with an anisotropic metric g;; to model
transport with an anisotropic index of refraction n;;. In other words, g;; = ¢y 2 2ok NikNkj-
Showing the equivalence between the results in [9] (specifically equation (17) and (3.1) in
this chapter) with a conformally Euclidean metric is somewhat non-trivial. For that reason
we sketch the procedure here: The transport equation (17) in [9] is written in Euclidean
coordinates and describes the propagation of phase space energy density, which has units of
Joules per unit of solid angle. This energy density is a function of position z and direction
o = v(3(v%)?)~1/2 (note that in [9] this is called Q). To compare these two models we
need to write (3.1) in terms of 4(z,?) := u(z, [v|?). This is done by substituting i(z, 0(v))
into (3.1) and then finding the Christoffel symbols in terms of the metric. If one chooses
the metric to be gi;(z) = c52n(z)?8;; the expressions are seen to be equivalent.

Define the “incoming” and “outgoing” bundles
'y ={(z,v) : z€ X, and = (v,vy) >0}

where v is the unit outer normal vector to the boundary 0X at z and (-,-) is the inner
product, each with respect to g at z.

Given an incoming flux of particles u_ defined on I'_, let u be the solution, should it
exist, to Tu = 0 with the boundary condition “'1“_ = u._. The albedo operator is defined
tobe A:u_ — “'F+‘ We will assume knowledge of an average over outgoing directions of

u at z € 0X. To be more precise, for z € X, define

OEX ={ve QX : +(v,v;) >0}
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(and so T'x are the disjoint unions of the QX over z € 8X). We will also use the somewhat

unconventional notation
QX = {(z,v,w) : z€ X, v,w € X}

We shall denote by 7! the solution operator to the boundary value problem Tu = 0, ulp_ =

u_, that is, u = T lu_.

Definition 3.1.1. The data of which we will be assuming knowledge consists of angularly
averaged measurements on 90X, weighted with respect to a prescribed function m(z,v).
Specifically, given u_ on I'_ and u = T~ 'u_ we define M : L}(T'_,du) — L*(8X) by (the
mapping properties will be verified later)
Mu_(z,v) := / u(z, v)m(z,v) dv.
of x

We require that both m € L!(I';) and that m~! is bounded on I';.

The function m corresponds to the limitations of the measurement apparatus. It may
represent a limited aperture or, for example, when m(z,v) = (v,v;), the measurement is
power flux exiting the boundary. As X is strictly convex, this choice of m is indeed bounded
below.

When the ambient metric is Euclidean, this problem was introduced and studied in
[24] where an analysis of a singular decomposition of the Schwarz kernel of M (into an
infinite series) is performed. From the most singular term, corresponding to the ballistic
particles which do not scatter, the extinction coeflicient o(z) is recovered. To recover k,
additional assumptions (on o,m and k) are made that allow one to view the term linear
in k as a weighted X-ray transform and apply results from [23] to show injectivity of this
map. Under a smallness assumption on k, injectivity of the full nonlinear map (as well as
stability) is then proved. The precise formulation is very similar to what will be presented
in the present article where we obtain analogous results when the background metric is
Riemannian.

Here we state our basic assumptions on the coefficients in (3.1). First, notice that

we assume o depends only on position. This slightly restrictive (but physically realistic)
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assumption on o is necessary: If k = 0, and ¢ is Euclidean, then this problem reduces to
the usual X-ray transform. One can then show that if o depends on the direction v (as
opposed to [v]), no boundary measurement can uniquely determine ¢ (see the introduction
of [20]). The “monochromatic” assumption |v|; = 1 greatly simplifies the problem, and is
commonly used. We will also assume that 0 < ¢ € L®(X), k € L®(Q2X) are bounded
functions. Solution to the forward problem also requires some sort of bound on energy
production (and therefore k), which is sometimes given in relation to o, [?]. Here we
assume ||k[z~ < (|]S*!|diam(X))~!. Unique recovery of the scattering kernel requires
the assumption that it takes the form k(z)©(z,v’,v) for some known function © (this is
not assumed for recovery of o). This assumption is reasonable (and quite common) and
© can model the known underlying scattering process, whereas k models the density of
scattering objects. Both of our main results require additional smallness assumptions on k,
Our uniqueness theorem for k requires that m, o, and g are all close to real analytic. These
last two assumptions will be made precise in the statement of theorems 3.2.1, and 3.2.2.
As in the Euclidean case, chapter 2, smoothness assumptions about ¢ imply smoothness
assumptions about k& and vice-versa.

We must also place restrictions on the geometry of (X,g). Recovery of both o and k
relies on injectivity of the (weighted) geodesic x-ray transform. It is for this reason that we

assume the metric is “simple” (assumption X3 below).

X1. For every z € X and for every 2-plane II in T, X, the sectional curvature « of (X, g)

satisfies km < (1) < Kpg.
X2. If kp > 0 then the diameter of (X, g) satisfles diamX < 7/,/Rar.

X3. (X,g) is simple: for any z € X the exponential map exp, : exp;(X) — X is a
diffeomorphism (and consequently X is diffeomorphic to a ball).

To state the precise results it is necessary to introduce the volume forms on Q,X and I'.
On X we have the naturally defined volume form of the metric. At any z € X, the volume

form dv on Q,X is the form induced from the Euclidean volume on T, X defined by the
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metric g at . The resulting form on QX is the Liouville form and is preserved under the
geodesic flow of g. We denote by du the induced volume form on I'x which has the property
that dt du(z’,v’) is the pull-back of the Liouville form by the geodesic flow. Equivalently,
we have the induced volume form of 8X included in X; if  are local coordinates for 8X

and dz is this volume form on 8X, then it holds that
du(z,v) = [(v,v,)| dv dz.

When not explicitly stated otherwise, measures on (for example) 8X and X will be the
volume forms defined by the metric g. Thus we shall write, for example, L!'(6X) and
L}(X) without further reference to the measures on these spaces. Similarly, for example,

LY(2X) is with respect to the Liouville form, and L}(T'+) is with respect to dp.

3.2 Statement of the main results

If H C T_, then by I'(H) we mean the set of geodesics with initial data in H:
T(H) = {1ww () : (@/,v) €H, 0<t < (a,0)}.

Our curvature bounds (X1) result in the appearance of two constants Cy,, and Cy,, which

reflect bounds on the possible size of Jacobi fields. See Lemma 3.4.4.
Theorem 3.2.1 (Recovery of o). Suppose that
|kl zee < min {[(Cr,,Crepy )" diamX|S™ 7|72, [diamX|S™ Y71},

and that Hy C T— is such that the geodesic z-ray transform restricted to I'(H,) is injective.

Then o is uniquely determined by {(u—, Mu_): u_ € L'(H,)}.
Fixing D > 0 and making the definition
KD = {k € L®(X) : dist(supp(k),0X) > D, || k| 1=~ < €}
we also have the following uniqueness result for k.

Theorem 3.2.2 (Recovery of k). Suppose the scattering kernel has the form k(z)©(z,v',v),

with m and © both non-vanishing and with (g,m,o,0) known and real analytic. Let Hy C
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0_SX be open, and assume that for every (z,v) € TX \ {0}, there exists v € T'(Hy) through

z and normal to v at x. Then there exits € sufficiently small that for a.e. x € 80X, knowledge

of {(u_, Mu_(z)) : u_ € L*(Hx)} uniquely determines k within the class K2.
Furthermore, € may be chosen such that this result holds in some C? neighborhood of

(m,o) and a C* neighborhood of (O, g).

Remark. For Theorem 3.2.2 to hold, we at least require £ < [||G)||LoodialeS"“1]]_1. As
mentioned earlier, the Schwarz kernel term linear in k is a weighted X-ray transform. To
“invert” the transform, one uses the open mapping theorem. This results in a constant
(and therefore a smallness requirement on ¢) that cannot be calculated explicitly. We take
€ small enough to meet both of these requirements. The smoothness requirements on ©
and g could be relaxed to C¥ for some N < oo. Since real analytic functions are dense, we

have a uniqueness result for an open and dense set of (m, g,0,0).

3.3 The forward problem

Given (z,v) € QX we denote by v(;)(-) the geodesic uniquely determined by (5 4)(0) =
T, Y(z,v)(0) = v. We will use the shorthand notation

:Y‘(z,v)(t) = (7(z,v)(t),'y(m,v)(t))'
Define the “distance to boundary” functions
Tx(z,v) = min{t > 0 : 7, (£t) € 0X}.

Since (X, g) is simple, these functions are well-defined and finite. The operator D in (3.1)

is the derivative along the geodesic flow and is defined by

Du(z,0) = | ulan®): Hem (). (32)

Given two points z, y € X there is a unique geodesic from z to y; let d(z,y) = dy(z,y) be
the geodesic distance between z and y and let v(z, y) be the tangent vector to this geodesic

at z. Define

d(z,y)
E(CL‘,y) = eXp{_\/O U('Y(w,v(z,y))(t)) dt}



46

Note, using the fact v(y,v(y,)) (A(¥: T) = ) = V(z,v(z,y))(8) We have

E(z,y) = E(y, z).

We define the following operators which arise naturally from (3.1). When k = 0, the solution

operator to Tu =0, u|. = u_ is

JU_(:L‘,’U) = E((II,’Y(I,U)(—T_(.’E,U)))U_ (;);(:c,v)(_T—(x’U)))'

Define

Tyf(z,v): = / ke, o, 0) (o) dv

T

and
T (z,v)
Kf(z,v): = /0 E (2, V)t = 7 (2,0)))Tof (o)t = - () dt

7 (2,v)
= /0 E(m, Y(z,v) (t —1-(=, 'U)))
X / k(Y0 (t = 7= (2, ), V', Y(zw) (E — 7= (2, V)))
gy =7 @)X
X f(')/(m,v) (t - T- ((L', U))v vl) dv’ dt.
The solution to the boundary value problem Tu = 0, uIF_ = u_ then satisfies

(I-K)u=Ju-_.

If u_ € L®(T'_) then clearly ||Ju—| zo@x) < lu-|lzeo(r_). Further, if f € L%°(QX) then

7—(z,v)
K £ @0 < Ilzwen fliwan| [ [ v
< (diamX)|S™[l] o= @)L ll =01

Thus, our assumptions on ||k||z=(q2x) guarantee that K : L®(QX) — L*°(QX) with

operator norm || K| < 1 and so

(o)
v=T"lu_ =Y K'Ju_ € L®QX).
=0
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3.4 The averaged albedo operator

The goal of this section is to establish Theorem 3.4.1 where we show that the averaged albedo
operator M can be expressed as the infinite sum of the operators M; (see Definition 3.4.1),
and where we calculate the Schwartz kernels for each M;. We first obtain a series expansion
for the albedo operator A (see Lemma 3.4.3) for boundary fluxes u_ € L>®(I'_,du). The
definition of the measure on I'_ makes immediate the following lemma which facilitates a

useful and repeatedly used change of variables in integration.

Lemma 38.4.1 (Change of Variables). If u € L}(QX) then

Tmp (2’ V')
/ / u(z,v) dug dv = / / (Yo ) )y Yt ) (B)) dt dps(’, ).
X z X 'y Jo

Lemma 3.4.2. Let u_ € L>®(T-,du) and u = T~ lu_; for every (z,v) € QX, the map

t = u(¥(z,v)(t)) s Lipschitz continuous with constant uniform in (x,v).

Proof. Since (I — K)u = Ju_, for any 0 <! < 7 (z,v) we may write

T—(z,v)+!
u(’?(z,v) (l)) = A E(’Y(m,v)(”a Y(zw) (t - T- (:L‘, U)))

<[ k(Yo (¢ = 7 (@ 0)), Vs e = 7 (2,0)))
gy t=7— @)X

Qu

x u(')/(m,'u)(t - T_(m,'u)),v’) dv' dt

+ E(')'(z,v) (l)a Y(z,v) (_T— (:L'a v)))u_ (_‘(m,v) (—T— (1:7 U))) .

Thus

u(:i(a:,v)(l)) - u('?(z,v) (0))

7 (z,v)
= ./0 {E(7(z,v) (l)7 Y(z,v) (t - T- (x’ 'U))) - E(:I,‘, Y(z,v) (t - 7- (1" ’U)))}

X k()u(-) dv' dt
Qg 0y G- (@) X

)
n /0 E (o) O Vo)t — 7—(2,0)) / k()u() do' dt

ey @X

+ {E('y(w,v) @, 7(z,v)(_7'— (z, v))) - E(CL‘» ’Y(z,u)(—T— (z, U))) }U— (’)’(z,v)(—T_ (z, v)))
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and so

|U(F(a0) (D) = u(F(z,0)(0))] < H{|S™H|(diamX [|o|| oo (x) + D) Il| oo 2y 1l oo %)

+ ol Loy lu—ll Loy }-
(]

Lemma 3.4.3. Let k satisfy ||kl Lo (a2x) < (lS”‘lldiamX)_l. If u_ € L®(I'_,du) then
the albedo operator A has the expression
(-1 _ i 1
Au-(e 1) = (M), = 3 K u-(@o)], € LT di)
and the series for A extends uniquely to a continuous operator A : LY(T'_, du) — LY (T4, du).
Proof. We extend the metric g to §, defined on a domain X slightly larger than X, and so

that ()~( ,§) is again strictly convex and simple. Extend o and k to be zero outside X. For

every (x,v) € I'_ define

U— ('?(x,v)(_%— (:L‘, U))) = U- (:Z:, U)
and 4(%,9) = 0 if (Z,7) # Y(z)(—7-(z,v)) for any (z,v) € I'—. This defines % on I'_ by
“back-propagating” u_ from I'_. One has, for all (z,v) € QX,

Kf(z,v) = Kf(z,v), and Ju_(z,v) = Ju_(z,v).

Since 4- € L®(T_), 4 = 32, K'Ji- € L®(QX) and by Lemma 3.4.2 the map t —
@(Y(z,v)(t)) is Lipschitz continuous on QX and hence on QX. Thus we may define the

restriction of T-!u_ to I'y by, for (z,v) € T4,

o (o]

u—(z,v) = Zkijﬂ_(a:,v) = ZKiJu_(w,v).
i=0 i=0

It remains to show that this restriction is a continuous map. We use the ideas of [CS2] (see

also [M1] and [L]). Define the function space W via the norm

I fllw = IDFlraxy + (e +7-) " fll L2 ax)-
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Since u_ € L®(I'-) ¢ LY(T'-), Proposition 2.6 of [M1] (together with the proof given
there) yields u = T"lu_ € W, with [[ullw < Cxorllu-llprr_y £ O gxllu-llzee_)- For
any z € X, v € Qf X, since h(t) = u(y(ss)(—t)) is absolutely continuous on [0, 7_(z,v)],
r' € LY([0, 7—(z,v)]) and so h(0) = — fg h'(s) ds + h(t). It follows that

- (z,v) 1 7 (z,v)
< - _ b - _ .
|u(z, 'U)I = ‘/0 IDSU('Y(z,v)( S))‘ ds + T (:L‘,’U) A ‘u(’Y(z,v)( 3))| ds
Thus, upon utilizing Lemma 3.4.1 and integrating over I'y,

uley |,y < lulw < Cllu-llzee(r_).

Finally, since L®(T'..) is dense in L'(I'-) we have the claim of the lemma. O

In order to simplify the presentation of what follows, we introduce some notation. If

,...,T; are points in X, then
j—1
E(z1,22,...,7;) = E(z1,22)E(z2,23) - - E(zjo1,35) = [ | Blwi, zig1).  (3.3)
i=1

If y € X, consider z = 2,(t,v) = 7(y)(t) defined from the “polar” coordinates (t,v) €
R x Q,X. Let Jy(z) denote the Jacobian determinant |det 8z/8(t,v)|~! of this change of
variables. For a given z, let (¢,v) be its polar coordinate expression, and let {v!,...,v™} be
an orthonormal basis for T, X with v! = v. Let Y} .; be the Jacobi field along 7(y,,)(-) with
initial data Yy ,;(0) = 0, Yy i = v, 2 <4 < n. Then J,(2) is given by the expression
n
Jy(z) = H le,z,i(d(y, Z))rl- (3'4)
i=2
The notation is chosen to remind the reader that J, comes from “geodesic” polar coordinates
based at y. We will frequently need products of such change of volume elements and so
introduce the notation
i
T Wy ¥i) = [ Ju(wima)- (3.5)
i=2
Lemma 3.4.4. Let the sectional curvature & of (X,g) satisfy &m < k(I) < K for all
2-planes Il in Ty X, for ally € X. Then

(3.6)
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where
rwdiamXx
c. = J sa(yrmdiamx)y M >0,
KM =
1, kp < 0.

Further, if Y is any Jacobi field along a geodesic () with Y(0) = 0 and Y (0) € 41(0) €
QW(O)X’ then

sinh(v/—rm diamx)

Y(t - , km <0,

I i )‘ S CK,m — \/—nmd’tamX m (3.7)
1 Km 20

for all 0 < ¢ < 71.(7(0),4(0)).

Proof. Let Y; be a Jacobi field of the form described in the second part of the lemma. From

the upper bound for s, Rauch comparison gives

\/'];_IV-I Sin(\/"‘7M d(y’z))a Ky > Oa
[Yi(d(y, 2))| > d(y, 2), kpm =0,

\/:'Hc—M sinh(v/—kar d(y,2)), &m <O0.
If kpr > 0, since diamX < 7/ /K,
sin(y/Kas d) S sin(y/Kar diamX)
vVeEmMd T /Ky diamX
for 0 < d < diamX. If kp < O then sinh(v/=kar d(y,2)) > vV—kn d(y,2). Given the
expression (3.4) for Jy(2), these estimates yield (3.6).

For (3.7), Theorem 4.5.2 of [?] gives

\/;_m sin(y/Km t), Km > 0,
Y(®) <<t Km =0,
7_%? sinh(v/—=6m t), &m <0
which, as above, in turn implies (3.7). a

Definition 3.4.1. For each i > 1 we define the operator M, : L}(T'-) — L*(8X) by

Mu_(z) = K'Ju_(z,v)m(z,v) dv.
Qix



51

Theorem 3.4.1. Let ||k||pq2x) < (lS"‘lldiamX)—l. Then M : L}YT—,du) — L'(8X)

continuously, and for almost every x € 0X has the expansion

o0
Mu_(z) = KIiJu_(z,v)m(z,v) dv
@=L [, KT om)

o0
= Z/ oj(z, ', v u-(2',v") du(z’,v')
=0T~

where ag(z,-,-) is a distribution supported on a manifold of dimension n—1, and for j > 1,

aj(z, ', v") are the following Schwartz kernels: when j =1,

T4 (z' V')
al(xaml,vl) =/0 k('?(:n’,v’)(t)awl)E(mI"Y(m’,v’)(t)vx)m(wvwl)‘]w('ﬂz’,v’)(t)) dt (3'8)

where Wy, W1 are the initial and final tangent vectors of the geodesic from g . (t) to ,

and E and J, are defined in (8.3), and (3.4); for j > 2,

T+ (z' ) J
aj(x,x',vf)=A A...Ak(’_)"(m/,v/)(t),wl)Hk(yi,@i_l,ﬂ_}i)

=2

E($Ia7($’,v’)(t)7y2a <o Ygy l‘)j m(x, 'lf)j) dyj cee dyg dt (39)

where:

e W1, W1 are the initial and final tangent vectors of the geodesic joining (g v (t) to ya,

e W;, W; are the initial and final tangent vectors of the geodesic joining y; to Y41 for

i=2,...,5—-1,
o W;, W; are the initial and final tangent vectors of the geodesic joining y; to z, and

o T =T aw(t), 2, Y5 T)-

Proof. First, if u— € LY(I'—, du) then since m(z,v)|(v,vz)| ™! € L®(T'y),

IMuton < [ [ Lu ol EZ o ) v do
m(z

%)
K%%HM%&)

<| vz
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and so by Lemma 3.4.3, M : L' (I'_,du) — L'(6X) continuously.
Next by Lemma 3.4.3,

Mu_(z): = iy Au_(z,v)m(z,v) dv = /mx inJu_ (z,v)m(z,v) dv.

Now

o0 ) o0 )
“j;oKJJu_m LY(T 4 ,dvy dz) = HJZ:%KJJU_RU,mTQHI LY(T,dp)
< Hm(w,v)

(v, vz)] “L“’(FH

Au_[|Ly(r, )

and so for almost every z € 0X, 332 o K Ju_(z, )m(z, ) € L}(QF X). Thus, since K and
J preserve non-negativity, we may use monotone convergence to interchange the integration
with the summation in the above to obtain
)
Z K1 Ju_(z,v)m(z,v) dv=ZMju_(:c).
of X =0
We let this last inequality define the operator M;.
Next, for each j, we claim that M; is a bounded map C(I'~) — D'(6X) and so has a
Schwarz kernel o;(z,z’,v') € D'(8X x '), that is

Mju_(x) =/ aj(z, ', v ) u_(2’,v') dp.

To see this for j > 1, let u™ — 0 in CX(I'_) (as n — o0); for any ¢ € CX(0X)

(Mjul, ) =/ K7 Ju™ (z,v)m(z,v) dv o(z) dx
ax Jarx

- / K9 (0,0) T2 0) diz, )

H[ (Vg v ” (p+)”KjJquL1(F+,du) —0

since 4 — 0 in C®(I'_) implies that u® — 0 in L'(I'-), which in turn implies that
KiJu® — 0 in L}(T'}) by Lemma 3.4.3.

When j = 0, for fixed z € 80X, ap(z,2’,v’) is a singular distribution. To see this, let
F={\v)el_ : yuw((2,v)) =z}, let U C F be open in F, and let u, be a

sequence of smooth functions on I'_ such that un| = 1 and up, — xv as n — oo (in o
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norm), where xy is the characteristic function of U. Note that F' is an n — 1 dimensional
sub-manifold lying in the 2n — 2 dimensional I'_. Then
/ ao(z, o', v Yun (2’ v') du = / Jun(z, v)m(z,v) dv

_ QFx

= /Q+X E('T’ 7(1«‘,11)(—7-* (CL" ’U)))'U,n (’?(z:,v)(_'r— (.’l’, U)))m(z, ‘U) dv

v

/ B (@, (a1 (- (@, ) m(z, ) dv
{'UGQ:X : '-Y‘(z:,v) (=7- (.’ZJ,U))EU}

0

RN

for every n. Now u, — 0 in every LP(I'_), 1 < p < oo and so ag & LP(T'_) for every such p.
The above also shows that the support of ag(z, -, ) is at least F; further, if ¢ € C®(I'-) is
such that supp@ N F = ( then, as above,

/ ao(z, 7', v')p(@',v') di = 0

and so supp op(z,-,-) = F.
We now derive the expressions (3.8) and (3.9). When 5 = 1, let ¢_ be a function on I'_.
We have

Mig_(z) = /mX KJ¢_(z,v) dv
T—(z,v)
- /m X /0 E(2, V)t = - (2,9))) T1J - (V2 (t — T—(z,v)) dt m(z,v) dv

T_(z,v)
=/(;){A E(.’L‘,')’(z’v)(t—T._(.’E,'l))))
x /Q I A )

X & (g~ (3, ) dib db m(z,v) dv
where (y, ) = Viaw) (t = 7-(z,v))

= /X/ny E(z,y, Yy (=7 (4, ©))) k(y, ©, ©1)d— (T ) (— 7= (y, ®))) dab

x m(z,w1)Jz(y) dy
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where w;, w; are the initial and final tangent vectors (respectively) of the geodesic from y

to z,

T4+ (2' ')
B / sx/o k(e vy (8, B E (', Yo ) (8), @)@, 01) T2 (Vo ) (2) di
x ¢-(',v) du(a’,v").

This proves (3.8).
For brevity of exposition, we shall cease to write out the arguments of the functions E
writing simply E(-) (recall also the convention (3.3)). Toward deriving the result for j = 2,

we first compute
TiKJ¢_(y2, w2)

7 (y2,91)
= [ kwone) [ E()TJ - (Tyn.m) (1 — - (v2, 81))) dta diby
0y, X 0
. 7'_(’!/271111) N - A 2 1
- / k(y%wla w?)/ / k(yl’ w,wl)E(')QS_(’y(ylyw)(_T_ (yl’w)) dw dt1 d’LUl
Quy X 0 Oy, X
where (y1,01) = F(y,,u1)(t1 — 7 (y2, 1))
= / / E()k(y2, 01, D2)k(y1, W, 01)d— (Fy;,0) (—T- (Y1, 0))) dibd Jy, (y1) dyn.
xJa, x
Now,

T—(z,v)
Mao_(z) = / . /0 E(TLK Jb_(ya, @) dtz m(z, v) dv

Q
where (y2) 11_12) = ’?(:t,v) (t2 - 7T- (CZ?, ’U)),
=/XE(')TIKJ¢—(.U2,wz)Jz(yz)m(m,wg) dys
:/ / / E(:)k(yz, 1, Da)k(y1, D, ©1)¢- (Vg 0 (=7- (41, ®))) dd
xJx Ja, x
X Jy, dy1Jz(y2)m(z, 02) dyo
4@ )
=/ / /E(')kﬁ(zxv/)(t),'Lﬁl)k(yz,whwz)J('y(xgv/)(t),yz,x)
_sx Jo x

x m(z,W2) dya dte—(z',v") du(z',v').
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This proves (3.9) for j = 2.

An inductive argument on j first shows that

J
TlKj‘1J¢_(yj,wj)=/ // E()k(yy, @, 1) | | *(ws, i1, @1)
x  JxJo,x Fales
X - (T ) (—7= (1, ®))) T (W1, - . ., y5) did dyy -+ dyj—1

where ;, 1; are the initial and final tangent vectors of the geodesic joining y; to y;4+; for
i=1,...,5 — 1, and where J is as in (3.5). Combining this with an inductive argument

based on the above proof of (3.9) when j = 2 yields (3.9) for arbitrary j > 2. O
3.5 Recovering the extinction coefficient

We recall some definitions relevant to this section. The open set H, C I'- is such that
the geodesic x-ray transform restricted to the set of geodesics with initial data in H, is
injective. The notation indicates that this is the subset of geodesics which is used in the
recovery of the extinction coefficient ¢. The weight function m is assumed to be bounded
away from zero on Iy, and m € L*(H,). The main result of this section is Theorem 3.5.1
which shows that, due to the singular nature of ag, we can use an approximate identity
as our prescribed flux to obtain the extinction coefficient in a limiting process. The key
estimate used in the proof of Theorem 3.5.1 is that of Proposition 3.5.1 which enables us to
show that the contribution due to o; for j > 1 tends to zero.

LetO<pu<landsetp=(n—-p)/(n—1),¢=(1-1/p)~ L

Lemma 3.5.1. It holds that d(z, )" ! € LP(X) with

|

1/p
< R .
. OF (3.10)

Proof. We compute

1 d zv’) i,
/X d(z, )P y_/ d(ac )" /QX/ Iz (Va0 (8)) 7 di
T+(z,v')
< (Cop)™! / [ e s o, o

by (3.7). | d
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Definition 8.5.1. Let 7 be the operator with kernel d(z,-)"!, that is

THa) = [ g dy

Lemma 3.5.1 (with p = 1) shows that 7 : LP(X) — LP(X) continuously, 1 < p < oo with
I 7] < (Ck,, )" 1|S*|diamX (see [T], Prop. 5.1, Appendix A).

We also define the analogous operator 7,

- / £(4)J,() dy. (3.11)
X

74 (z,v)
/ Jy(z) dy = / / dt dv < |S"!|diamX, (3.12)
X QX JO

Since

T:LP(X) » LP(X), 1 < p < oo, with || 7| < |S*!|diamX.

Proposition 3.5.1. Letp = (n—u)/(n—l), 0<pu<l, g=(1-1/p)7", and |k peo(ex) <
[(Ctra Crpg )™~ diamX |S™ 1|] , where Cy.,Ck,, are as defined in Lemma 8.4.4. Then for
almost every x € 0X,

’Z/r aj(z, 2’ V) f(@' V) du(e’, )| < CollfllLa_ du (8.13)
j=14T-

where Cy > 0 depends on km, kur, |lklLe=@2x)s IMmllLe@x) and diamX.

Proof. When j =1,

I/F_ ay(z,z’,v') f(@',v)

7'+(sz)
-|[ ] (2 ) EC)m(z, 1) Ja(er ) (1)) dt (2, dpu(a, )
< Elloolimlloo(Cra)™™* / | oA ’*’”; yT;“i’ sy ey 39)

< G tlolimlo | mdvdy)p

X ( / | () (== (@, v))) |* dv dy> by Hélder’s inequality
ax

< (Croad)" MKl ool mlloo|S™ PO P (diamX) V9| fll Lo gy by (3.10)
= ClkloolImlloo (diamX ) /9| £l Loqr_ 4y, S2Y-
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The terms for j > 2 are slightly different from the above; first when j = 2,

’/L a(z,2’, V) f(2',v) du(g;’,v')l
’A_ / _/ m( Jyz('Y(z/ )( ))Jz(y2) dt f(:v’,v’) du(m',v’)’
(CKM)Zn 2“m“°o“k“2 / /Q / |f Vg on) (7= ( yl,vl)))l dy dvn diy

d(y1,y2)" Yd(ya, z)m 1

= (Cong ™2 oo KI% /X /Q 7 G-I don
where h(yz) = d(yg, )",

< o™ rllllZe ([ (TR don )’

X (‘/Qx|f("(y1 oy (== (g1, v1)))|* dun dy1> ! by Holder’s inequality,
< (Cra)*" 2 mlloo |kl 2 IS™ VP T Al 1o 0y (diamX) Y2 £ | or_ )
< (wa)2n_2||m“oo”k“go|5n_l|1/pu(Cnm)n_l|Sn—1|(diamX)Cclz/p

x (diamX)9|| |l pa(r_ ap)

by (3.10). Finally, for any j > 2,

[ ei@a’ o)1) duta'v)

'/_/ /,U’)/ / VIR T (Vo) ) 925 - -5 95s )

m(-) dy; -+ dy2 dt f(z',v

< (Crp )V Imlloo 1K1,

F (Fys 0 T—(y y V1))
// / / | (:111 - ) = W5 dy2 dvy dyy
le X d y]a d(ylvyl+1)

= (Cope ™ Voo Kl /X /Q 1 (tgn oy (=7 (51, 90)) [ (T R) 31) oy s
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where h(y) = d(y,x)! ™,

< (Craag Y™V [ m ool K 16 8™ M2 T9 1B o )
1
([ 1 Gl (7=, 00) [ o )
< (Cop VMool kIl [(Cron )™ (diamX)|S™ L) C5/P
x (diamX)9| £l Lar_ au)

= C[|1kllo0(Creps Crom )™ (diamX)[S™ 11 ™ H| Fll o a

where C = [C’;/p(diamX)l/‘I(C’,W)”_1 [m|sol|klloc]- Our smallness assumption on k ensures

that the sum converges, and we have the claim of the proposition. O

Before proceeding to Theorem 3.5.1 we must construct an appropriate approximate
identity to use as our in-going boundary flux. Let z € X be fixed; QX is the unit sphere
in T; X with respect to the metric g(z) on T, X. Endow ,X with the metric induced from
the inner product on T X. Fix v € ;X and let exp, : T,Q2; X — QX be the exponential
map for Q,X based at v. If & = W(w) = exp; ' (w) let J(z,) (@) be the determinant of the
Jacobian of this change of variables.

Let ¢ € C°(T§2; X ) be such that 0 < ¢ <1, ¢(0) =1, ©(w) = 0 for || > & (go fixed
and sufficiently small), and [z.-; (@) dib = 1. Define ¢, : QX — R by

(1) = nnl_lgo(expi?l(w))'

Note that if f: ;X — R is continuous at v then

A~

Ay dw= [ e, (5) e (@) di

- f(eva(O))j(z,v) (0) = f('U)

Rn-1

as 7 — 0. Now we will use such functions to construct f, € L*(I'~). Fix a point (z*,v*) €

T+. Define tge 5 : 5. X — R by

() = nnl_1 (p(expi}(v))'
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Let p € C°(R) be such that 0 < p < 1, p(0) =1, and p(t) = 0 for |t| > &p; for A > g—1
define x, : X — R by

dox (z,x*
xo(e) = o L)
n
where dgx(z,y) is distance in the boundary of X. Now if we denote by P(v;z,z*) the
parallel translation of v along the geodesic (in X) joining z to z*, then we can define

Yzt QX — R by

1//'31:,77(“) = ¢z*,n(P(U§ z,z*)).

This is simply a smooth way of extending the definition of ¢+ , from Q%L X to Q,X for z
near z*. Finally, define f, € L}(I'_) by

1
m (:);(z',v’) (T+ (xla 'U/) ))

fn(.’lfl’ 'U/) = Xn ("y(zl’v/) (T+ (:L‘/’ v/))) w"/(z’,u’) (ro (' ) (")’(z/’v/) (T+ (.’E” U’))) .

(3.14)

In the following theorem we show that M determines the integral of o along any given
geodesic of (X, g) with data in H,, and hence the geodesic x-ray transform of o, restricted
to these geodesics. By definition of H,, this uniquely determines the function o, and proves

Theorem 3.2.1.

Theorem 3.5.1. Let (o,k,m) satisfy the hypothesis of Theorem 3.2.1. Let z* be such that
Theorem 8.4.1 holds at z* (this happens a.e.), let v* € QL X be fired, and assume that
(z*,v*) € Hy; let f € LY(T') be as defined in (3.14) above. Then

}’i_I}})an(x*) = E(Ygr wm)(~7= (2", %)), 2%).
Proof. From Theorem 3.4.1 we have Mf, = 322, [ a;fydu. When j =0,

A ao(:c*, .’IJ/,'UI)fn((B,,UI) dﬂ
= /Q+X E(w*”y(z')v)(_'r—(x*’U)))fn('s"(m*,u)(—T—(l‘*,U))) dv
- /r;:X B (2", V(e ) (=T (2", ) Xn (2" )0z 1y (v) dv

= E(v@mpn) (7 (2%,0%)), z")
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as 7 — 0. It remains to show that the rest of the series tends to zero. First,

||fn“%g(r_,du) = /I“_ |fn($l’vl)|q dy = /F+ |fn(’7(z,v)(—7'—($,v))lq dp

where we have changed variables to (z,v) = (g, (74(2',v)); it is easy to check that the

volume elements are the same,

(v, va)|
/ax/mx 2 en( i, o 4
q q
< C/ax /Q;rx Xn(%) e, (v)? dv dz

1 expy (P(v; 2, 2%))\¢
— q v
= C/BX xXn(T) /QIX n(n—l)q“’< ” ) dv dz

where we use the fact that 1/m is bounded. In a sufficiently small neighborhood N C 8X of

z*, we shall make the change of variables (z,v) — (z,w;) where (z,v) € Uzen§2: X, defined
by

(z,102) = (z,expt (P(v;z,2%))) € 6X x R*!

where exp,« : Ty=Qzx X — Qg+ X. This is a smooth map and so the Jacobian determinant

is bounded on N by M, say. We thus have

We

1
I fallZar_ aw < CM/ Xn(z)* /Rn—l WQO( . ) iy dz
1
R SRV,
) CM'/ /R"—l n(n-l)(q—l)‘P(w) dw dz

dax (z, %)\ ?
/
S Mo ms 5D /E,X"( ) de
1 . A
m VOlaX({III €o0X: dax(m,m*) < €om })

1
PEDE=D Volgn-1({|z] < eon})

_ M|s™%ep!
n-—1

<M
<M
PAr-D=(n=Dla-1) _, g

as 7 — 0 for any A > ¢ — 1. The last inequality follows from the fact that the curvature
of the boundary is positive and so the volume of a ball of radius r is bounded above by
the volume of a ball of radius r in the constant zero curvature Euclidean space. This is a

corollary to Bishop’s volume comparison theorem. (See [39], Corollary 3.2, Section 4.)
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To complete the proof of the theorem, by Proposition 3.5.1, we have
o
'ZA aj(x’xl’v,)fn(xlav,) du(x',v')’ < COHfT]“L‘?(l"_,du) —0
j=17T-

as  — 0 from the above computation. O
3.6 Recovering the scattering kernel

Throughout this section, the measurement point = will be fixed. We assume here that the
scattering kernel is less general than in the previous section. Precisely, we assume that it
is of the form k(z)©(z, v, v), where ©(z,v',v) is a-priori known. We prove in this setting
that the spatial distribution k(z) is uniquely determined by the averaged albedo operator
M, and in fact prove that this is so from knowledge of measurements at the single fixed

measurement point z.

Definition 3.6.1. Given a complete Riemannian manifold (X, g) with geodesics v(5,4)(%),
and functions n : QX — R, and § € C*°(I'~) we may define the weighted geodesic transform
by, for f: X — R,

T4 {2/ V')
In,ﬁf(w/a U,) = ﬁ(l", U,) -/O f(7(:c’,v’) (t))n(:y‘(m’,v’)(t)) dt. (315)

We also have the L? adjoint, for f: '_ — R,

I of (@) = /Q e (7@ )8 (7@ )@ v) v, (336)

T

Under appropriate assumptions to be stated shortly, the kernel a; which represents
single scattering is a weighted x-ray transform of the unknown function k(x). We make use
of the injectivity results of [23] for such an x-ray transform to prove unique identifiability
of k. The results of [23] require a sufficiently rich set of curves (geodesics in our case) along
which the integral transform is known. The inclusion of the factor 3 in Definition 3.15
essentially serves the purpose of restricting the transform to a (possibly proper) subset of

geodesics. This is made clearer in the following definition:

Definition 3.6.2. We say that I' is a regular family of curves (for the metric g) if for
any (z,v) € T*X\{0} there exists v € I' through z, normal to v, and such that v has no

conjugate points.
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We say that 8 € C*(T'-) is regular if there exists a set H C {(/,') : B(z',v') # 0}
such that I'(H) is a regular family.

Note that in our setting of simplicity of (X, g), all geodesics are without conjugate points.
In dimension n = 2, one must take all geodesics of X in order to satisfy regularity as defined
in Definition 3.6.2; when n > 3, one may take proper subsets of the set of all geodesics and
still satisfy regularity.

The following two theorems are proven (in greater generality) in [23].

Theorem 3.6.1. (/23]) Let B € C®(T-) be a regular function for the real-analytic metric
g, as in Definition 3.6.2. Suppose that n: QX — R is real-analytic and non-vanishing on
U where U C U C X. Then I, 5 is injective on D'(U).

Theorem 3.6.2. ([23]) Let 3 and U be as in Theorem 8.6.1, and let n € C*°(QX). Then

we may find a constant C such that:
(a) If I, g is injective on L2(U), then
1 .
=2y < 15 gInsfllmrxy < Cllfllz2wy-
C

(b) There exists a C* neighborhood of (n,3), and a C™ neighborhood of g on which the

above estimate remains true, with a uniform constant C.

To apply these results to our problem, we first recall that that k(z)©(z,v,v’) and
k(z)O(z,v,v') are two scattering kernels with k,k € KP; ie. dist(supp(k),8X) > D
and ||k||ze(x) < €, and similarly for k. Let M, ./W, and a, & be the averaged albedo
operators and Schwarz kernels associated to k& and k respectively. We set Ak = k — k and
Daj=0;—a;5,j=1,2,....

For an appropriately defined weight w, we have a1 (z,2/,v") = I, 1k(z/,v"). To this end,
let x € CP(X)withx=1on{ye X : dist(y,0X) > D}. If z1 € X, let = 0(x1) € Qp, X
and v = v(z1) € F X be the initial and final tangent vectors, respectively, of the geodesic

joining z1 to z. Then for v; € €, X define the weight function

w(z1,v1) := O(z1,v1, ) E (Yo, u) (—7=(21,01)), 21, ) m{z, v) Jz (z1) X (21). (3.17)
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With this definition, we see from (3.8) and (3.15) that indeed ay(z,a’,v') = Iy 1k(z’, V).
Assuming that the metric g is real-analytic, J; is then real-analytic; if further ©, ¢ and
m are real-analytic, then w is a real-analytic, non-vanishing weight function in {y € X :
dist(y,0X) > D}. If § € C*(T'_) is a regular function for g then Theorems 3.6.1 and 3.6.2

give us:

Lemma 3.6.1. Let (m,©,0,g) be fized and real analytic, and suppose § € C*®(T'_) is a
regular function for g. Then there exits C > 0, independent of k, k € K2 such that

1Akl L2(x) £ Cl Iy glw,s Ak 51(x)s (3.18)

with the above estimate holding in a C? neighborhood of (m,©,0), and a C*® neighborhood
of g.

Proposition 3.6.1. Let (m,©,0,g) be fired and real analytic, and suppose B € C®(T'-) is
a regular function for g. Furthermore, suppose Hy C {(2/,v') : B(a’,v') # 0} be such that
T(Hy) is a regular set of geodesics. Suppose that M = M on LY(Hg,du). Then there exists
C > 0 such that for all k, k € KP

oo
8K z2) < Ol ohus MKy = Cl g0 ) = L8 Y B,
Jj=2

with the above estimate holding in a C? neighborhood of (m,o,©) and a C® neighborhood
of g.

Proof. The first inequality is (3.18); next, 8I,1 = I, 3 and w has been defined so that
Iy 1Ak = Aay; finally, since 0 = &, g = &g and so M = M implies that Z;‘;l Ao; =0
which proves the final equality. d

In order to prove unique identifiability of k& we proceed to prove that [|Ak|z2(x) <
eC||Ak||2(x), and so for sufficiently small &€ > 0, we will have Ak = 0. We begin with
Proposition 3.6.2 which is very similar to Proposition 4 in [23]. However, to use that result

here we would have to assume that (71, 81,72, 32) were all small.
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Proposition 3.6.2. There is C > 0 such that for all f € L*(X) withsuppf C {y € X :
d(z,0X) > D},

155,81 Ina.82 F |l (x) < Climmelleziaxy 18182l c2 0y 1f 1 2y (3.19)
with the above estimate holding in a C* neighborhood of g.

Proof. We will compute in a fixed global coordinate system # = {#!,...,2"} for X. Let
0 ={01,...,0n} = {0z1,...,0zn} be the naturally induced coordinates on T, X. We define
C*® and H® norms with respect to this fixed coordinate system.

We shall also need to change to coordinates in which for a fixed z € X, Q,X is S L. To
this end, let x € X and given v € Q; X and 0 <t < 7y (z,v) let § = §(t,v;x) € R™ be the
coordinate expression for y = exp,(tv). Define w € S"~! by w = w(t,v;z) = (§ — 2)/|§ — 2|
and r = r(t,v;z) > 0 by r = |§ — &|. If 9(v) is the coordinate expression of v, we define
w(0,v) = 9/|0|. We claim that the map (¢,v) — (r,w) is smooth, including at ¢ = 0, and
that for sufficiently small ¢ > 0 it is a diffeomorphism onto its range. We demonstrate this
latter property by showing that at ¢ = 0 the differential is of full rank.

To see that the map is smooth, it is convenient (as in [23]) to define m(t,v;z) =

(g(t,v) — &)/t. Then it holds that
m(0,v; z) := %irré m(t,v;z) =0#0
on 2, X, and further, expanding ¢ in a Taylor series about t = 0,

! (t0 + 2V (t,v;2)) = O+ tY (t,v;2)

m(t,v;z) = %(@(t,v) —-2) = :

with Y (¢,v;z) € C®, and so m(t,v;x) is smooth and never vanishes (at least in a neigh-

borhood of ¢ = 0). It follows that

-2~ [m(t,v;z)|

. £ v
w(t,v;z) = Y z m(t, v; 2)
is smooth, including at ¢ = 0. Again, since m never vanishes, r = t|m(¢,v; )| is smooth,
including at ¢ = 0.

We now demonstrate that at ¢ = 0 (and hence in a neighborhood) the map is of full rank.

In coordinates, the map {3;; digi;(z)9; = 1} 3 9 — w € S*! is given by w := g"/2% where
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for every x, g'/?(z) is a square root of the matrix g(z). We denote by = the differential
of this map, and use the same notation for the (n — 1) X (n — 1) matrix representatlon ina

choice of coordinates. Next,

or
Btle=0 8t'

~

tim(t,v;z)| = |8] + 7:lm(t,v;m)l v = [0

And finally

or 0
%‘t:O - %’t:O

Combining these, in in the (£,?) coordinate system,

5(w,r)’ _[% %
O(v,t) lt=0 0 9]

is full-rank. Thus, |det %(‘;’—’:%I # 0 at t = 0 and there exists €1 () such that for 0 < t < €1(z)

tim(t,v; )] = 0.

the change of variables ¢ : (t,v) — (r,w) is a diffeomorphism onto its range. However, the
domain in R™ described by the polar coordinates (r,w) € %([0,e1(z)) x S*~1) need not be
star-shaped with respect to the origin; or put another way, if (rg,wp) € ¥([0,e1(zx))xS*™1), it
is not necessarily true that the same holds for all 0 < r < rg. But there does exist rm(z) > 0
such that for all w € S*! and 0 < r < rp(z) we have (r,w) € ¥([0,e1(z)) x §*1).
Let 7m(z) be the largest such radius for which this holds. Then it is clear that there
exists 0 < Ry, < rm(z) for all z; indeed, let {B;} be an open cover of the compact set
{z € X : dist(z,0X) > D/2} by balls of radius rm(z), and let R,, be the Lebesgue number
associated with that cover. We then have that any ball of radius < R,, is contained in one
member of this cover, and therefore in a convex neighborhood which is the image of the
diffeomorphism 1.

With these preparations complete, let f be supported as in the statement of the propo-

sition. Then, re-parameterizing in the ¢ variable,

lﬁ*l,mlﬁz,nz] (:I,‘) — A x ﬁl( 7(2:,1))( 1-(.’12, U)))Wl(.’r, U)ﬂ2( )(z,v)( 7—(17’ v)))
8 /T " M2 (Few) (8)) F (4 (t) dt dv
Yz, z,v
7—(z,v) (@) (=)

/ / O ot 0) (o (8) dt v = (1), 5oy,

T—(z,v)
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with
Az, t,v) := m (2, V)12 (Vew) (1)) 81 (T w) (== (2, ))) B2 (F(z,0) (=7 (2, 0))).

If A(z,t,) is odd, then it is easily seen that the integral vanishes and so if Ae(z,t,v) =
A(z,t,v) + Az, t, —v),

/ /_T+(“) e(Z,1,0) f(V(zw) (1)) dt dv
7+ (z, v)
- / / ‘T t U)f(’)/(z,u) (t)) dt dv
7+ (=, v)
/ / e(2: 8, 0) f(V(ew)(t)) dt dv

(z,v)
+/ x/o (1 = x(0)Ae(x, 8, 0) f (Va0 (1)) db dv = (I2) + (I3), say.
Here, x(t) € C*(R), x(0) = 1, and is supported in [0,6) with § < min{R,, D}. Rewriting

(I3) in terms of spatial variables,
(1) = [ (1= x(d(e.4) Al da,0), (2, 0)) 1 0)o(w)
where v(z,y) is the initial tangent vector of the geodesic joining z to y, and J;(y) is the

Jacobian determinant of the change of variables. We trivially have

@)l < sup D |05 A4, d(&,9),0(2,8))Ja(8)

(3.20)
zyeX, d(z9)26 41

Note that the Jacobian J; depends continuously on the magnitude of Jacobi fields, which
in turn depend continuously on one derivative of the Christoffel symbols, which in turn
depend on one derivative of the metric. To treat (I2), we express the integral in terms of
our chosen coordinates. Let § denote the coordinate form of v, ,y(t), d0 be the volume

form dv expressed in these coordinates, and § = {0 : 9tg;;(x)09 = 1} C R™ Then

*4 (2,0)
(I) = /S /O X(®)Ae(2,t,9) £(g) dt dob.

Changing coordinates to transform § to S"~! and letting dw be the standard volume form

on S*~1, we have

(L) = /S I/R'" £,0) (& + rw)Ja(&, 1, 9)
=/n 1/0 Gold,r,w)f(& + rw) dr dw

sn-

dr dw

t=t(2,rw), 0=0(2,rw)
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where
1 . R
G, = 5(G(:L', r,w)+ G(&,r, —w)),
G(jv T w) = X(t)Ae (j3 t’ ﬁ)JQ (i" t’ @) It=t(:i:,’r,w), 1“,:1)(1*;,7-,“;)'

Expanding in a Taylor series, G¢(%,7,w) = Go(&,w) + r G1(&,r,w). We are left needing to
estimate (I2) = (I4) + (Is) where

(I“)=/§n-1 /OooGo(w,w)f(:%+rw) drdw= [ Go(%,

__:f;l _mln 1
and
g-2\_f@ .
(Is) = /S" 1/ Gi(z,r,w)f(&+rw) drdw = / G1 9 =2, B ml)l@—ﬂ"_z dy.

Derivatives of the kernel of (1) yield a non-integrable kernel; however the resulting integral
makes sense as a principal value integral, and the mapping properties of such a singular
integral operator are understood and studied in [31] to which we will refer for all relevant
results. We take care of (I4) in detail after first noticing that (I5) causes no problems. We

may differentiate inside the integral in (I5) obtaining

a .\ 8 f@) F@)@ -y .
57 Is) = /R"((@Gl('))m + Gy (- )ﬁ) dj

from which we have (in a manner similar to our bounds on 7', see definition 3.5.1)

[(Is)ll 1 x) < CliGallcr@x)llf llzax)- (3.21)

Now G consists of derivatives of order one of GG, and hence of A.. From this we obtain the
estimate (3.19) for (I5). Notice that the constant C will exhibit continuous dependence on
g with respect to the C'*° topology.

Toward (I4) we use the notation of [31],

(= [ 5905

rn—1
where r = | — &| and w = (§ — £)/|9 — 2|. Let D} denote differentiation with respect to Z?,
assuming that w and r are independent of &%, and D/ denote differentiation assuming that

only w and r depend on £*. Then

’ Go(%, ) di A z 1) 4
o S22 - [ 011




68

and

Go(&,w)

|pi [ 2222 @ ], < CliGallo I lzacey (3.22)

LX)
Next, by [31] (Theorem 11.1, Section 11, Chapter XI),

Iz [ e @0,
/
<[ [ PR 0]y [ [ 2t (B 10

+ CllGollor@x) 1 1l 22 (x)

R

L¥(X)

By (3.22) the first of these two integrals is bounded by C||Gollc1ax)llfllz2(x). For the

second, we observe that

D;/<G0(i7aw)> - é’o(i?,w)

pn—1 rn
with ||C¥o||co(gx) < CllGoller@x) and fons Go(#,w) dw = 0 (see [31] Section 7, Chapter
IX). Now
|, o) dw < CliGolesax)

so we may apply the Calderon-Zygmund theorem ([31], Theorem 3.1, Chapter XI) to con-
clude that

I L2 () al,

Combining the estimates (3.20), (3.21), (3.22) and (3.23) above, (I1) = (Ig) + (I5) + (I3)

%) < CllGoller@x)ll il zox)- (3.23)

satisfies

I arxy < CUIGoller + 1G1llet) fllzzcxy < ClimBimzBallcz x|l fllzz(x)

O

For each i > 1 we will write Aq; as an infinite sum of weighted x-ray transforms; in order
to have properly defined weights mapping 2X — R we expand one instance of the kernel
© occurring in Aq; in a manner based on spherical harmonic expansions of functions on
S"—1, We present the statement of the lemma demonstrating this expansion and postpone

its proof until after we apply it to prove Proposition 3.6.3.
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Lemma 3.6.2. Let O(z,v',v) € C®(Q%X). There ezist ©;(z,v), ;(z,v) € C®(QX)
such that |

x>
O(z,v,v =Z@] z,v')pi(z,v)
Jj=1
with

19llc2iax) < and  [loj(z,v)]Leoax) < 1,

with above estimate holding in a C*® neighborhood of (©,g).

Proposition 3.6.3. Fiz (m,g,0,0) with m,o € C?, and g,0 € C®. Suppose that ||k|lc <
(1o diamX |SP~1]L, k, k € KP, and B € C®(T-). Then there is C > 0 such that

(o
I g8 Ao < Ce|| Akl r2(x),
=2

HY(X)

with the above estimate holding in a C? neighborhood of (m, ), and a C* neighborhood of
(©,9).

Proof. For (z,v) € QX we define £(x,v) = E(Y(3)(—7-(2,v)),z). From Theorem 3.4.1,
Aag(z, ', v")
4 (z' ') -
= /0 E(&', vz (1)) /X [Ak(Y(e ) () k(Y2) — k(Y (£) Ak(y2)]
X 6(’?(:0’,11’)(7:)7 wl)@(y% Wy, w2)E(7(z’,'u’)(t)a yZ)E(yZ, m)J('y(z’,v') (t)’ Y2, :Z:) dy2 dt
and from Lemma 3.6.2 we have (formally at least),

Aay(z, ', v

)
> T £y ()0 (®)
/[Ak(’Y(z/,u')(t))k(yz)+k(’7 o) () Ak(Y2)] 1 (Yt v7) (B), ©1) O (Y2, W1, T2)
X E(V(a ) () ¥2) E(y2, 2) T (Vo w1y (B), Y2, T)m(2, D2) dy2 dt

oo
Z 051 [Y2,10 + Ua2] (2, 0)
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where

Wasu(e) = [ AR(a)k(ue)iu(z, (2,128 (v, 12, ), Balom 0) Bz, 10) B3, )
x J (2,92, z)m(z, w2(y2, 7)) dy2,

‘1’2,2,1(2)=/Xﬁ(Z)Ak(yz)wz(z,wl(z,yz))@(yz,u?1(z,yz),wz(yzw))E(z,yz)E(yzyw)
x J (2, y2, )m(z, w2(y2, z)) dyo.

In a similar manner, with y1 = v ,/)(t),
Aaj(z, 2, V)
o pr @)
=y / EV @ vy ()OI (V2 w1y (1))
1=170
j ~ ~
[ [ (R B Ak an) - k(w5))orrer o (), 0)
i=1

J
X (H O(yi, Wi-1, W;) E(yi-1, yi)) E(y;, )T (V@ ) (8)s Y25+ - -1 Y5y T)
=2

X m(z,w;) dy; - - - dya dt

o j

Z Z Toe1 W (', 0).

I=1 i=1
Explicitly,

W) = [ - / Bo) - Ryin) Ak(aak(inn) -+~ k()1 a, 01)
(H O (ys, Wi—1, W) E(yi-1, yz‘))E(ij 2)J () m(z, ;) dy; - - - dya.
=2

It is now necessary to estimate ||¥;; 1|/ z2(x). In what follows, ||-||oo is shorthand for ||| oo (z)
where Z is simply the necessary domain of the object for which we are taking the L* norm.

Let X = supp kUsupp k, and D = dist(X,z) > 0, and recall that max{||k||co, [|£]leo} < €.
First, since E < 1 and [|¢illconx) < 1,

MWailzaco < ell@llimles| [ ARE)T Gyt 2) die
k

L2(x)
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Since on Xy d(z,y2) > D, by Lemma 3.4.4,

BRI (2y12,0) din| = 18R] [ Telue) () e

<1ak@I(%50)"™ [ ) do

= [8k()] ()" d1)(e)

s

(see (3.11)). Thus

Crers
D

n—1
1@2.04ll 27 < l@llolmilos (52 )™ (diomX)IS™ || Ak 2 -

The estimate for ¥5 5, is the same although it is derived in a slightly different manner:

195240l z2x) < €1l llmlec| /X Ak(y2) o (2)Jya (2) dy
k

< €[/©/fofimlo (22

< €l|0omlos (21

LA(X)

n—1 .
) |7 Akl 2 x)

n—1
)" (diamX) (S| Ak L2y

For general j when i =1,

1950022y < &IOS Imlo | Ak(2) /X [ T ) duydin
k k

Cir \n-1 -
)" T oo | AR 2 )

D
< (e o(cliamX)I5™)7miloo (<222 A 1 x)

lL’(X)

< O] oo

where C = ||©]|oo(diamX )|{S™!|. For general j and i > 1,

125aali00 < & HNOU mlleo]| [ -+ [ Ab@)T ot 5,7) s die
k k

Crun
D
Cn n-1 . - .

2 )T Ak T2

D
. neliyie Ci n—-1
< C(el0loo diamX)[S™ )7 2limlloo (<22 )" || ARl 20,

L3(X)

) . n-1 .. . ~
< OIS mlls (S5 ) 17 ART D) zn )

< O Imloo (
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Now, using the relation 8lg,s,1 = lo,s,3, we have

o0 o Jj oo
I&,gﬂjzzgllajl ) S ;;;H wsle;e,8Y50l m(x

o
1+l2H a0l 2ex)

s
MQ.
MS

o,
i
)
-
i
-
-
Il
-

from Proposition 3.6.2 and Lemma 3.6.2,

C/
141

M8
M-
M8

< 5€(€llO oo (diamX) (8"} 2| Akl| 2 (x)

=1

[
|l

)
-
Il

-

0
< eC”|| Akl g2x) Y 3(Ell©] oo (diamX ) S} 2,
ji=2

Note that C depends continuously on the C? norm of (w, €, 3, ©;), and thus the C? norm of
(o,m, B3,0;), as well as the C* norm of the metric g. The metric enters because the weight
w contains the Jacobian, which is written in terms of Jacobi fields. In coordinates, these
fields are solutions to a differential equation with coefficients involving one derivative of the
Christoffel symbols. The C? norm of © is bounded in lemma 3.6.2. This bound is uniform
in a C* neighborhood of g. We may therefore choose C (and thus C”) to remain fixed in
a C? neighborhood of (o, m) and a C* neighborhood of g.

We see that for sufficiently small ¢ this series converges (thus justifying the formal

computations performed above). a

Proof of theorem 3.2.2. First, fix real analytic (m, g, 0, ©). Given the hypothesis of theorem
3.2.2 we are ensured that both Proposition 3.6.1 and Proposition 3.6.3 hold. Combining

them, we have the existence of a constant C such that
Akl L2(x) < Cell Akl L2(x)
and so for 0 < ¢ < C~1, we must have k = k. O

Proof of Lemma 8.6.2. Given a fixed coordinate system for X (and hence for QX), there

is a well defined smooth bijection § = 8, : 2, X — S™!, which is smooth in the z variable
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and depends continuously on g in the C* topology. We define © € C®(QX x §"1)
6(z,v',0) = ©(z,v',v(h)).

We shall make use of expansions in terms of spherical harmonics. If f € Hy, the space of
spherical harmonics of order k, then it can be shown that Agf = —k(k + n — 2)f, where
Ag is the Laplacian on S"~!. Denote by ZF(6) the so-called zonal harmonics for which
f(@) = (f, Z§(0)) L2(sn-1) for all f € Hy. Then one has (see, for example, [?}),

dim(Hy) = di < ca(K"72 +1)
1Z¢ | L2 sn-1y = C;,\/d—k for all z € S*71.

Let {z[;kl};ii , be an L2(S"!) orthonormal basis for Hy and define vy = ”J’kl”i&o (sn—l)d;kl'
Then for each (z,v') € QX,

oo di
:L'v0 Zzeklﬂ?v Yri(0)
k=0 1
with
Oru(z,v') = ||kl oo (sn-1) /Sn_l O(z,v',0) P (6) do
For each 6,

|Dre(0)] = [(Whrt, Z8)] < Ildwall L2(sm-1y | 28 )| L2 (sm-1) = € v/ k.

Next, since ;Zkl € Hy, forany NeNand k > 1,

Oki(z, V)| = I|Ypkill Lo (sn-1)

/sﬂ-l O(z, v, 8) Y (6) d9~
~ ~ N )
= Hwszle(s"-l)}/Sn_l O(z,v,6) (—Ec?ksl- :f”i(g;)N
chVdk

= (~k(k+n—-2))N { ot 7Z)k:l(A.S‘)Né(CL‘, v, 6) d9l

cpk(n2/2 NA,
= (—k(k+n-2))N [(As)™O(z, ', )l L2sn-1y,

|

where ¢}, depends only on the dimension n. Thus for sufficiently large N (in fact N > 2n),
there is ¢, v such that

Cn, A
1Ori(2,v)| < T4 1(85)VO(z, v, ) a(sn-ny.
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Now renumber the collection of coefficient functions and define new basis functions as fol-

lows: with j=do+dy + -+ dg—1 + 1, set

0;(z,v') = O (z,v'), and ;(z,v) := Y (0z(v)).

Then
o)
6((1),’[)’,’0) = ZGj(x,v')cpj(w,v).
j=1
Now
k
FEY dm Sen(k+1)(" 2 +1) < euk™
m=0
o)

cﬂ, ~
052, )| = 18w (@, )] < TN (As) VB (@, v, |za(enn

< SN
~ 1442

1(85)¥O(x, ", ) L2 (sn-1y.

If one applies the same decomposition to 820 (z, v, v), & € N™, one finds that the coefficients

are nothing more than 830;(z,v’) and these satisfy

02052, < T2 I(85)¥028(w, /) paisns.
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Chapter 4

DIFFUSION TYPE MEASUREMENTS

4.1 Introduction

The purpose of this chapter is to consider the reconstruction of optical parameters from
isotropic sources and angularly averaged measurements, i.e., from 2(n—1) dimensional data.
In dimension n = 2, this corresponds to 2-dimensional data sets. The optical pa.rametérs
therefore realistically need be 2-dimensional as well, i.e., may only depend on the spatial
variable z. _

The problem thus resembles that of electrical impedance tomography and of the recon-
struction of diffusion coefficients from Cauchy data [16, 19, 45]. Diffusion equations may
also be used to model solutions of transport equations in highly scattering media [21]. This
explains why diffusion models are very popular in optical tomography [5]. In this chapter,
we are interested in cases where the diffusion approximation does not hold, and yet only
diffusion-type measurements are available.

Our results require somewhat non-practical simplifications. We know in the diffusive
regime that only one of the optical parameters k and ¢ may be reconstructed from Cauchy
data; see e.g. [6]. In this chapter, we are interested in reconstructing the scattering coef-
ficient. The first simplification is thus to assume that o(z) has already been obtained, for
instance by angularly dependent measurements of Radon transform type; see [40]. We also
assume that the scattering coefficient k£ = k(z) is independent of the direction of scattering.
Our techniques do not allow for the reconstruction of scattering coefficients of the form
f(v,v")k(x) (see [40]), even when the phase function f(v,v’) is known. The second sim-
plification is that both the known ¢(z) and the unknown k(z) are sufficiently small. How
small they have to be will be made more explicit in the next section. Smallness is required
because our inversion formula is based on a linearization of the inverse transport problem,

which we can invert explicitly only in the limit & = 0. The nonlinear reconstruction is then



76

based on applying standard fixed point arguments.

Surprisingly enough, the solution of the linearized inverse transport problem is per-
formed by using the same complex geometrical optics (CGO) solutions as in the inverse
diffusion problem treated in its linearized form in [16] and in its full non-linear form in
[45]; see also [49]. As in [16], the main tool used in this inversion is the construction of
harmonic CGOs, which allow us to have access to the Fourier transform of k(z) thanks
to the density of products of harmonic functions. As a result, as in [16], the linearized
inverse generates a severely ill-posed problem with exponential-type stability. These very
negative results should be contrasted with the situation where phase space measurements
are available, which allow us in many settings to obtain much better behaved Holder-type
stability estimates [?, 40, 51].

The rest of the chapter is structured as follows. We state our main hypotheses and
main results in section 4.2. In section 4.3 we describe the forward problem, in particular
the measurements (4.5) and isotropic sources in section 4.3.1. In section 4.3.2, the so-called
half-adjoint operator is introduced. This emerges as a result of our measurements, and is
the reason we are able to use harmonic solutions. In section 4.4, we use the half-adjoint
operator to solve the linearized inverse problem. In section 4.5 we define a regularized

inverse and use it to obtain our main results. Some conclusions are offered in section 4.6.

4.2 Statement of the main results

Let X C R™,n > 2 be an open bounded strictly convex set with C? boundary 8X. Denote
0+5X = {(z,v) € 8X xS*1: Ly, -v > 0}, where v; is the outer normal to 8X at z € 0X.
The stationary linear transport equation for the density u(z,v) we consider in this chapter
is defined as:

v+ Vgu(z,v) + o(z)u(z,v) - k(x)/ u(z,v')dS(v') =0,
§n-t (4.1)

ulo_sx = u-.
Following our discussion in the introduction, we consider the simplified setting of isotropic
scattering k = k(z). An existence theory for (4.1) is recalled in the next section.

We assume that k,0 € L°(X) are bounded functions, extended by 0 outside of X.
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Smallness assumptions on k(x) are necessary for (4.1) to admit a solution. Indeed creation
of particles need be compensated by absorption and leakage of particles at the domain’s
boundary in order for (4.1) to admit a physical solution [21, 32]. Qur inversion algorithm
requires that we make additional smallness assumptions on k(z) and o(z).

Let us define the operator L, as:

e fo”_”' a(z+s|—g:—:r)d3
Loh(s) = [ S —kW)h(y) do (42)

Existence of a solution to (4.1) is guaranteed provided that the spectral radius p(Lsx) < 1
[32], which is always satisfied provided that & is sufficiently small. We also define L, = Ly 1,
where k = 1. We then verify that

e f0|:—y{ o(z+sv)ds
IZol < sup [ e 4 pe(Lod], (43)
T

where || - ||, denotes the norm in L£(LP, LP). The above bound is straightforward to verify
for p = 1 and p = oo and comes for other values of p by the Riesz-Thorin interpolation

theorem [13] (see also lemma 4.3.2 below for a simple proof).

Our first smallness assumption on k& is that
5]l 2o | Lol < 1, (4.4)

where we denote by [|Ls|| = ||Ls|l2. This assumption, which is less optimal than the
condition p(Lsx) < 1, will allow us to write the transport solution as an infinite series
corresponding to increasing orders of scattering and to conveniently estimate the influence
of high orders of scattering. This is the only necessary assumption in our first result, theorem
4.2.1. Additional assumptions will be made explicit in order to prove our non-linear inversion
result in theorem 4.2.2.

Our measurements are constructed as follows. For each isotropic source u-. = f(z) at

the domain’s boundary, we measure the current at point z € 8X given by:

/ u(z, v)vg - vdS(v), (4.5)
vz v>0
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where v is outward the unit normal, and u solves (4.1). After integrating the current over

0X with weight function g(z), we obtain the following type of measurements:
M(f, g) = / o(z) / w(z, v) (v - v) dS(v)du(z). (4.6)
2.4 vz-v>0

The crux of the inversion is to reconstruct k(z) from the contribution in (4.6) that is linear
in k, which corresponds to the single scattering term. When ¢ = 0, we show that this
contribution to our measurement is equivalent to the integral of k& against the product of
two harmonic functions. Under suitable regularity conditions, these harmonic functions are
arbitrary. Borrowing then techniques from the problem of electrical impedance tomography,
we are able to solve this problem with the classical harmonic solutions of Calderén [16]. As
in the Calderdén problem, however, this inversion is severely ill-posed.

Specifically, the recovery of higher frequencies comes with an error growing exponentially
with frequency. We therefore propose a regularized inverse, which attempts to recover Pk

with:

Pki= [ Hex(@ese e

Here x must decay sufficiently fast for large £. In particular, we require

Our error will depend on the bound [|TX|| := ||T%|z2((9x)2)— o0 (x), for an operator T that
will be introduced in (4.41) below. If x is the characteristic function of the ball of radius
M, the result (4.42) gives us

ITX|| < Cx / eléldiam(x) g
le|<M

with Cx depending only on X. In this case, P, is the orthogonal projection of an L?
function onto its low frequency content (|| < M). When computing the Fourier transform
of k, we extend it to be zero outside of X. Since then the support of & is compact, k always
has some high frequency content.

Our main results are the following:



79

Theorem 4.2.1 (Recovery of Py k). Suppose that (4.4) holds. Then there exists a constant
Cx > 0, depending only on X and ||Ly|| such that for all x satisfying (4.7), the measure-
ments {M(f,9),(f,q) : f € L}(6X),g € LY (8X)} determine Pyk up to an error, bounded
n L™ by

Cx|ITX|1%l| e (lollzeo + 1Kl L) -

Using an iterative scheme, and a smallness assumption on k¥ and o, we are able to

improve this result as follows.

Theorem 4.2.2 (Iterative improvement). Suppose that (4.4) holds. Given x satisfying
(4.7), c1 € (0,1), and o such that ||o|jLe < W(ﬁl’ﬁﬂ’ there erists € > 0 such that for
Ikllzo=x) < €, the measurements {M(f,0), (f.9) : f € L*(0X),g & L*(dX)} determine
Pk up to an error bounded in L™ by

1
l—-¢

(I = Pkl oo (x)-

Our iterative method requires a certain constant of contraction in order to converge.
Hence the ¢; constant. The constant € depends on ¢;,0,Cx, |[T%||, though when ||o||f= <
'c?tﬁlffﬂ’ we can approximate this constant with the following expression independent of

llo|lzee:
~ c(l—c1)
2| Lo | (CxITX|[)2 + c1(1 —c1)

The general expression of this constant can be established with equations (4.48) and (4.50).

1

These constants are not necessarily optimal since, while proving the theorem, we look for

sufficient conditions.

4.3 The forward problem

We now return to the forward model (4.1) and present well-known properties that will be
useful in subsequent sections. These properties follow exactly as in chapter 2. We repeat

them here in brief.
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We begin with some notation. For (x,v) € X x S*7!, let 71 (x, v) be the distance from z
to 0X traveling in the direction of v, and z+(z,v) = z £ 74 (z, v)v be the boundary point
encountered when we travel from z in the direction of +v. We also define 7 = 74 + 7_. We
give 0+SX the measure d¢(z,v) = |v - v|du(z)dS(v), where du, dS are the volume forms
on 0X,8" ! respectively.

We first define

Ju_(y,v)

E(z-(y,v), y)u-(z-(y,v),9), (4.8)

7_(z,v)
Kf(z,v) = /0 E(z,z —tv) Sn_llc(:c — tv) f(z — tv,v) dS(v')dt, (4.9)

Py oo (_ /0|y—wla(x+ é:zls)ds) . (4.10)

For future reference, we also define iteratively:

E(a17 v aai+1) = E(a’l, v aa’i)E(ai) ai+1)' (411)

We solve the forward problem with a Neumann series,

u=(I—-K) ' Ju_ = i K™Ju_. (4.12)

m=0

Note that the restriction of v on 'y is well defined in L1(T'y, 7d€).

4.8.1 The surface distribution model

Suppose our incoming flux u_(z,v) = f(z) is independent of the angular variable v. Then,
the contribution due to flux at point y € X due to incoming flux coming directly from 8X
is given by

Jf(z,v) = E(z_(z,v),z) f(z~(z,v)).
We will often need to integrate this flux over all directions v € S*~! and change variables
from v € 8™7! to the boundary point o = z_(z,v) € 8X (at = fixed). The change of

variables from the sphere to the convex boundary 8X is given formally by

IVmo ) U|

dS(v) = d(zo). (4.13)

|£E — ol
The above change of variables is justified in the following result, whose proof is postponed

to the appendix:
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Proposition 4.3.1 (Change of variables from S*~! to 8X). Let S be the C? boundary of a

conver domain in R™.

1. Pick any y enclosed by S. Then for f € L(S),

/ F@) Y g5y = [ fla-(wv)) dS). (4.14)

|z — y|™ §n-1
Here v, is the outward unit normal to S at x, and dS, dS are the volume forms on S,

SP=1 respectively.

2. Moreover, if S is the boundary of a strictly conver domain, we have, for anyy € S

and f € L*®(S),

/Sf(x)w dS(z) = /Wy>0 flz_(y,v))dS(v), (4.15)

m — n
|z — yl i

with the same notation as in (4.14).

Recall that our averaged measurements at point z € 0.X are given by

/ u(z, v)vg - vdS(v),
l/z"U>0

where v is outward the unit normal, and u solves (4.1). We take measurements all along

80X, and compute the weighted average of them with weighting function g. This gives:

/ o) / w(,v)(vs - ) dS (v)duu(z). (4.16)
X vz v>0

Suppose now that u_(zo,vo) = f(zo), i-e., our incoming flux is the same in every direction.

We then obtain the following type of measurement:

M0 = [ @) [ (e, o) dS(o)du(a),

where u solves (4.1) and u(z,v) = f(z) on 8-SX.
The contribution to the outgoing flux density at position z, in direction v, that has not

scattered (a.k.a the ballistic contribution) will be

Ju_(z,v) = Jf(z,v) = E(z_(z,v),z)f(z-(z,v)).
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The ballistic contribution to M(f, g) is therefore,

/ax / T v)lve 0] dS()du(e)
- / o) / Bz (2,v),2)f(z—(2,)) |z - v] dS(v)du(z)
(50,4 ve >0

_ E(x ’x)'Vx"U”V-’Bo ’U]
= [ @ [ e (B2l ) dyar)duco)|

z|™

(4.17)

=

b

E(20,2)|vz - v]|Vay - V]
o — z[*~1

= (To, f ® g)r2(8x)2),  Tolzo, ) :=
where Ty is known since o is. Tj is integrable due to the fact that for z,y € X, [22, Lemma
3.15]

(@ =) vyl < cle -yl (4.18)
so that the ballistic contribution to M(f, g) is defined. The second equality is due to the
change of variables (4.13) or equation (4.15) in proposition 4.3.1.

The contribution to the outgoing flux density at position x, in direction v, that has

scattered once will be KJf(z,v). The single scattering contribution to (4.5) at point z is

then:
/ KJf(z,v)(vg - v1)dS(v1)
vev1>0

T—(z,v1)
/ E (z,z —t1v1) | k(z —tiv1)Jf(z — t1v1,v5) dS(vo)dt(vy - v1) dS(v1)
Ve v1>0 sn-1

(z,v1)
/ / k(z — tiv1)E(z, z — tiv1, ¢ — t1v; — tovp)
vz v1>0 §n-1 (419)

X f(z — t1v1 — tovo)dS(vo)dt(vg - v) dS(v1)
//S" 1 (z1) f(z-(z1,v0))E(z- ($1,Uo),$1,$)| [V - ?L' 7 dS(vo)dzy

= |V - vol| v - 1]
= /x o f(@o) E(zo, T1, T)k(z1) 20— 21, — 2 dz1dp(zo).

The third equality comes from the change of variables 1 = x — t1v1, dz1 = t'l“ldtldS(vl).
The last equality is due to equation (4.14) of proposition 4.3.1.
The total single scattering contribution to M(f, g) is therefore

/ o(2) / (zo / E(zo, o1, 2)k(21) (tot1)"" (vag - 10) (v - v1) derd(z0)dus(z)
BX ax
/ k(z1) / f(zg) E@LZVm0 - W0l oy /6 g(x)M’!’jf;—f’” du(z) da,

]wo—CL‘1|" 1 |.'131 -

(4.20)
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where vp = (z1 — Zo)|z1 — 20|}, and v1 = (z — z1)|z — 21|71

An inductive argument shows that for m > 2,
7_(z,v)
K™h(z,v) = / / E(z,z — tmv, Zm-1,Tm—2,...,21)k(Z — tmv)
0 XxXm-1/§n-1
X k(zm=1) ... k(z1)(t1,... ,tm_l)l—nh(wl, vo) dS(vo)dzy . . . dTm—1dtm.

Following a procedure similar to (4.19), we are able to represent the contribution to our
measurements due to m scattering events in a compact form. To this end, denote by {-,-)
an L? inner product, conjugate linear in the first variable, and linear in the second. We

have the contribution to M(f,g) due to m scattering events equal to
(Tm(k), f ® 9) L2((8x)2)
where we define T}, as follows.

Definition 4.3.1 (mt" scattering kernel).

Tm(k)(z0, 2) :=/ k(:cl)--'k(xm)E(xo""’xm’w)l’/zo 00| |Vs - Vm]

m |zog — 211+ |z — 2|t

dSCl ...dzm-

Note that T (k) is real valued. This leads to

M(f,9) = (To, f ® g2 (oxysy + Y _ (Tm(k), f ® g)12((6)2)- (4.21)

m=1
Note that Tp and T, (k), taken at points z and o, are the measurements given source
f = 6{z0}, and weight g = d(,). Here, dy,) is the distribution on X defined by: [,
o123 (W) f(y)auly) = f(=).
The measurement viewpoint (4.21) will play the dominant role from now on. We will
attempt to find suitable boundary functions f and g to extract the necessary information

on the unknown parameter k(z).

4.3.2 The half-adjoint operator

In this section we introduce the “half-adjoint” operator along with some of its basic prop-

erties. We first recall that the Newton potential, the fundamental solution of AyN(z,y) =



84

0z(y) is given by

1

N(z,y) = PR =

1

(n>2);  —loglz—y| (n=2), (4.22)
2

where
eni=02-n)w, N23); c:=27 (n=2), wy, = Vol(S™1).

Given = € 80X, y € R", one can check that

Vg (‘T - 3/)
<*"nlm _yln

al/zN(m’ y) =

Since the above kernel is central to the following calculations, we recall that:

0, yeR*"-X
/axa,,N(x,y>dz= 1, yex (4.23)
i, yedx

so that care must be taken with boundary values; see the sections on “double layer poten-
tials” in e.g. (2, 22].

We are now ready to define the following.
Definition 4.3.2 (Half-Adjoint Operator). For y € X,

Af(y) == wn (z)E(z,y)0,N(z,y) du(z). (4.24)

8X f

When F = 1, w;!A is a harmonic function called the “double layer potential.” w,Af
is a “moment” of the “double layer potential.” For y ¢ 80X, w,'Af(y) is equal to the
potential at y due to a distribution f of dipoles on 9X.

We now note that:

E(zo,21,)|Vgq * vol|Vz - v1]
= . 4.2
Ti(k) (o, 2) -/X Hz) |zo — 21| Hay — 2! 4 (4:25)

With our definitions of A, T} we may re-write our single-scattering measurement (4.20) as

(T1(k), f ® g)12((ox)2) = (ks Af Ag)r2(x)- (4.26)
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We also have that the resultant contribution to M(f,g) due to two scattering events is:
(Ta(k), f ® 9) 12((8x)2)
= [ [ i) 2 4 (ar)dg(on) dovdes (427)
=/Xk(x)Af(x Lo xAg{z)dz.
and from m scattering events,

(T f®9)L2 (aX) )

/ /X . x2|n 1 zm)E(z1,. . . ,zmz Af(z1)Ag(zm) dzy -+ dm, (4.28)

lwm—l - l'm'n 1

- / k(@) Af(@) LT Ag(a)da
X

The relation (4.26) suggests an inversion based on finding boundary values f and g such
that their products Af Ag are dense. As it turns out, this is possible when o = 0 because the
product of harmonic functions is dense. Proving this requires some facts about double-layer
potentials.

Let Ag be the half-adjoint operator A defined in (4.24) when £ = 1. Now, when
f € LY(6X), the defining property of the Newton potential shows that Agf € C(X) is
harmonic. The main question now is whether any harmonic function in X may be prescribed
as Aof for a suitable boundary term f. That this is possible is based on the following

classical result on the jump conditions of the double layer potential:

podim_ o wn A0 (@) = 37) + et (), (4.20)
where
Ay / £(2)8,. Nz, ) dus(z), (4.30)

where the integral is defined in the usual sense; see [22], (4.18), and the proof of Lemma
4.3.3 below. When X has boundary 8X of class C?, the operator &% is compact on L?*(0X)

and does not admit —% as an eigenvalue [2, §2.2]. This shows that

[ %f + wlanf, is an isomorphism  L?(8X) — L%*(8X). (4.31)
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We have thus obtained that the L2(8X)-valued trace of any harmonic function in, say
H %(X ), may be written as limyxsq/—.ycax Aof(z’) for some f € L2(69). More formally, we

have:

Lemma 4.3.1 (Pseudo-inverse for the Ay operator). The operator defined by

Hi(X) — L*0X
AB:{ (X) (6)

H
u = Afui= (3 +wrlet) T wy tulex)
is continuous and such that AOA(T)u = u|x for all harmonic function u € H 3 (X).

Proof. The above isomorphism (4.31) shows that Ag is a well-posed operator. Now for u
harmonic, for f = Agu, we have Apf harmonic and Apf and u having the same trace on

0X. Thus Agf = u. |

When X = S, we can find an explicit expression for A:'). First, the Poisson kernel on
{z e R": |z| < 1} is given by

1- |y

P@y) = o= p

, £ €8, y € unit ball. (4.32)
If n = 2, we can show (using the fact |z| = 1) that

1
P((L‘,y) + % - 28V1N(m’y)a

which leads to

a0of@) =5 [ Peni@is+; [ j@ds

= n(f(y) + £(0).

(4.33)

Where f satisfies Af = 0 in X, and flsx = f. Here we have used the defining property of
the Poisson kernel, and the mean value theorem for harmonic functions. This analysis tells
us that in this special geometry,

2u{z) — u(0)

, st
o x €

Agu(m) =

We close this section with some properties on the operators A and T; that will be useful

in later sections. First we state and prove the following lemma.



87

Lemma 4.3.2. Suppose that for everyy €Y,
/ |k(z,y)|dz < C1, and for every x € X, / |k(z,y)| dy < Ca.
X Y
Then for1/p+1/g=1, p € [1,00],

H JRECRLELE e LT

Lr(Y)

Proof. The proof is classical and may be found e.g. in [47] when X =Y. For completeness,
we recall it here. First consider the case p € (1,00). The identity ab < a?/p + b?/q applied
to f(z)g(y) shows that

¥ q
’LLk(may)f($)g(y) dwdl}‘ < Cl-l-lizl)l—Li + 02%&.

Now the same computation with f replaced by tf, and g replaced by t~1g, t > 0, and simple

calculus minimization show that

| [ [ k@ ur@oew dsay| < 7€ I s laluscr

This proves the lemma for the case p € (1,00). The special cases p = 1 and p = oo are

easily checked. O
This allows us to prove the following

Lemma 4.3.3 (L? mapping property of half-adjoint operator). There exists Cx depending
on X such that for p € [1,00],

|Afllzexy < Cx Il fllzriax)-

Proof. Recall that the kernel of the integral operator A is (up to some constant) 8y, N (z,y),
with y € 8X, z € X. Since 8X is of class C?, lemma 3.20 from [22] and (4.18) show that
there exists C such that

/ 16,,N(z,9)|dy < C, Vz € X, and / 10,,N(z,3)|dz < C, y € OX.
(7.4 X

The result therefore is a direct application of lemma 4.3.2. O
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Lemma 4.3.4 (Mapping property of T,,). There exists Cx, depending only on X such that

form > 1, we have
T (k)| 2((oxy2) < Cx Nkl Lo | Lowlly ™ < Ox I Too | Ll (4.34)

Proof. When m = 1, the proof follows from (4.26) and lemma 4.3.3. For m > 2, we find
that

(T (k), f ® 9)12((8x)2)l
< |kl o0 / / K@) k(o) AT EIEEL zmAge)

|z1 — 2"t [Ty — |7

= 1Ml [ Af(e)IE Ag(a) do
< bl | Lok lI5~ | Afl 2] Agll 2.
The proof then follows from lemma 4.3.3 and the obvious bound || Ly k[l2 < [|kl[z=||Lell2. O

4.4 The linearized inverse problem

Lemma 4.3.1 and (4.26) motivate an attempt to invert the operator 77 by finding dense
products of harmonic functions. For the disk, one such choice would be (in polar coordinates)

keik®. This choice, along with its stability has been explored in [1]. Here we opt for the

r
more general, and familiar complex geometrical optics (CGO) solutions of Calderén [16].
So let C* 3 p= —3(¢ +in), where {,n €R™, £ =31, &n; =0, and || = |n|. Then the

functions e*®, and 7% are harmonic, and % = %2,
Definition 4.4.1 (Oscillatory boundary values). With p as above, we define

fe(z) = A‘t e**, and ge(z) = Ageiﬁ'x, z € 0X.

Both functions are in L?(8X). Assuming that a coordinate system is chosen such that
lem?| < elidiam(X) _ ¢le/diam(X) from the construction of Ag,, these functions satisfy the
following estimate:

€l 1amgxg
€

I fell 2axys ll9ell L2 (o) < —IBX[ (4.35)
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where ag = [|(3] + w5 #%) || and |8X] is the (Lebesgue) measure of dX.

We have a pseudo-inverse for Ag. However for o # 0, (T1(k), f ® g) # {k, AofAog). We
therefore introduce the following notation to deal with non vanishing absorption, which we
treat as a perturbation.

Let us define:

O k IVmo .’UOHU‘T.vl{ dz
T B0,z / |$o oz —art

(77 (k) (o, 2) = /Xk(zl) (E(z0, z1,7) — 1] % l_yzollnv_o”:j ‘_lelln—l dzy,

so that T1(k) = T?(k) + T¢ (k). We can prove a mapping property of T7, similar to lemma
4.34.

Lemma 4.4.1. There exists Cx, depending only on X such that
ITT (k) 22(ox)2) < CxllofiLe Ikl (4.36)

Proof. The proof is identical to that of lemma 4.3.4, except that we use the relation |[e™® —

1| < a (valid for a > 0) to show that |E(zg, z1,z) — 1| < 2diam(X)||o||Lee. a
This yields a refined version of (4.26):

(Ty(k), f ® 9)r2ax)2) = (T2(K), F ® 9)12((ax)2y + (TY (k), f ® 9) 12((00)2)

(4.37)
= (k, AofAog)r2(x) + (IT (k), f ® 9)r2(x)-
Now setting boundary values equal to f¢ and ge, (4.26) gives
(TP (K), fe ® ge)12((ax)2) = (K, Aofe Aoge)r2(xy = (k€™ 8)) axy = K(€).
Here we are using (¢,y) to denote the dot product. This leads to:
s e 4 iex 96
k = k 15 rT_> / 0 3 .
(ZE) Rn (6)6 (27r)" - <T1 (k), fE ® gE>e (27!')"
We may also define the following operator, whose domain contains the range of T9:
(T9) " h(z / (T9)-Th(g)e= e 5)n
(4.38)

- dE
= h,fe ® e
/Rn( fe ® ge) 12((9x)2) R

This formal inverse operator to TP will be useful in the analysis of the nonlinear inversion

problem.
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4.5 The nonlinear problem

4.5.1 The regularized inverse

Inverting T} is a severely ill-posed problem. To show this, put
L3(X) := {h € L*(X) : dist (supp(h),8X) > D > 0}.

It is easy enough to see that 77 : L4 (X) — H*((8X)?) is bounded for every s. Therefore
T L% — H? is compact for every s. We may then construct a sequence of unit vectors
hn € L?(X) such that TPh, — 0 in H°.

We therefore look for some regularized version of (79)~! that is a bounded operator

from L2((8X)?) — L*®(X). To this end, using the bound (4.35), we notice that

[(h, fe @ ge)l < [IB]l2ox)2) I fell L2 (ox) I gel L2 o)
2 .
< ”h||L2((aX)2)z—glaXlelﬂdmm(x)_
n

Our measurements and knowledge of ¢ give us access to:

M(fes9¢) — (To, fe ® ge) = Y _ (Tm(k), fe ® ge)
m=1
= (TO(K), fe ® g) + (TTk, fe R ) + > (Tm(k), f ® ge) (4.39)
m=2
= k(&) + R(¢),
where
IR(E)| < Cxa3l0X]| ([lo]lzoe k]l zo + [[k][3e0 ) eléldiamx), (4.40)

This bound was obtained by using lemmas 4.3.4 and 4.4.1. To deal with error that will grow
exponentially with frequency, we introduce a cutoff x and define the following regularized

version of T ! in (4.38):

Definition 4.5.1 (Regularized Inverse). We define:

TXh(z) := /Rn(h,fg ® ge) r2((ax)2)X (£)€X® (;jf)n, (4.41)

where we require that:

x({)e'ﬂdiam(x) € Ll (Rn)
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The cut-off x(¢) should be seen as a function equal to 1 for small values of £ correspond-
ing to frequencies that we wish to invert accurately, and equal to O for large values of &
corresponding to frequencies that cannot be reconstructed because of noise in the data. The
simplest example of such a function is the indicatrix function xas equal to 1 for [§] < M
and equal to 0 elsewhere.

The following results are immediate:

TXT{(k) = Pyk, where Puh(z):= | h(E)x(€)e™ de,
R" (4.42)
IT%hllzex) < 310X lx(-)eH BB s o 1] 2oy
We now illustrate a step-by-step procedure for implementing the regularized inverse.

First, set the boundary values to f = f; and g = g¢, with { € R". Our measurement is then

M(fe,9¢) = <T0 + > Twm(k), fe ®gg> : (4.43)

m=1
Subtracting the known contribution (Tp, fe ® g¢), and multiplying by x(&) we have thereby

computed

(Tx > Tm(k)> ©).
m=1

We do the same thing for all £ € supp(x). Then after multiplying by €**¢, and integrating
over supp(x) we have computed

TX (i Tm(k)> = k’x + TX (Tla(k) + io: Tm(k)> s
m=2

m=1

4.44

where (4.44)
ky := Pyk.

We thus obtain from our measurements a reconstruction of P, k, the low-frequency part of

k, up to an error that is formally quadratic in (k,o). In the next section, we make this

statement more precise and prove our main theorems 4.2.1 and 4.2.2.

4.5.2  Proofs of main results

Using this framework, we may prove theorem 4.2.1.
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Proof of theorem 4.2.1. (4.44) shows that our measurements determine &, up to the error

term TX(T7k + Y o _5 Tm(k)). Using lemmas 4.3.4, 4.4.1, and (4.42) we have

TXT? (k) + TX f‘; T (k)

m=2

< Cx|ITX| <”UHL°°”]9“L°° + ||L,,||m‘1||k||’£m> :

L>(X) m=2
Our smallness assumption on k that ||k||co||Ls|| < 1 ensures that the series converges, and

the theorem is proved. 0

Our iterative scheme is motivated by (4.44), and allows us to improve our estimate of

by

Proof of theorem 4.2.2. In this proof, Cx denotes the maximum of the constants from
lemma 4.3.4, and lemma 4.4.1. Each depends only on X. Defining D := TX(} " >_, Tru(k)),

we arrive at our iterative scheme.

0 _
k2 =D,

kytl =T (i Tm(k)> —TX (Tf(k;) + i Tm(k;)) (4.45)

m=1
=D-F(ky) v=0,1,2,...
The idea is that > ,-_; Tm(k) is our measured data, and F is a mapping we are able to
compute since ¢ is known. To show convergence of the scheme, we will use the contraction

mapping principle. To this end, we define the operator
G(ky) == D — F(ky),

and we will show that, under certain conditions on ||k and ||o||r=, we can find a closed
set B C L*°(X), such that G is a contraction mapping on B and G(B) C B. Moreover, if
|lkl|Le is sufficiently small so that D € B, then the iterated scheme (4.45) will converge.

Step 1: Condition for G to be a contraction. We first prove the following estimate:

Lemma 4.5.1. For all ky, l~cx, o € L*(X), the following inequality holds:

1) ~ PRl < IT¥1Cx i ~ e (loll + 2EAC ML) (g

where M = maX(Hkx”Lw: |“~€x||L°°)-
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Proof. We start with the inequality:

> Tinlkx) = Tm(ky)

m=2

1F(kx) = F(By) o < I|T]| (HTi’(kx = ky)llze +

) . (4.47)
L2

Repeated use of the relation ab—ab = (a—a)b+a(b—b) shows that the term T, (k)y —Ton (Ky)
looks like T}, (k), except that instead of k(x1) - - - k(zrm) it has the term

kx(@1) -+ kx(Tm) — kx(21) - - by (2m)
ifc (1) -y (j-1) oy () — by ()] oy (T541) - - b (@),
so we may use lemma 4.3.4 to see that
| Ton(kx) = Ton(kx) 2 < mCx (| Lo ™™ M™ H ky = Kyl

Now since

> ma ——%,M<L

m=

we can sum the last equation for m = 2... 0o provided that M| L,| < 1. The result is the
following inequality:

M||Lo|l(2 = M| Lo |)
1-M|L:[)*

e}
> 1 Tmlky) = T (kx)lize < Cxllky — byl

m=2 (

We then use lemma 4.4.1 and sum the terms in (4.47) to obtain the desired result. a

Since D is constant, we will have exactly the same estimate if we replace F by G. Let

us fix now ¢; € (0,1). G will be a ¢;-contraction as soon as

ML - ML) o
o0 < .
lolle= + =0 357 < Txex

Now we fix |||z < e1([|T*||Cx), and the previous condition becomes

1 -
< = —— oo . .
M < p.,, where p IZaT ( (1 + HTXHC — ol ) ) (4.48)

In other words, if we call B the || - || Loo(x)-ball of radius p., and center 0, then lemma 4.5.1

=

under the condition (4.48) ensures that G is a c;-contraction on B. Let us find now the

condition under which G(B) C B.
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Step 2: condition for B to be G-stable. We look for a bound on ||D{r~ such that B is
G-stable. For any k, € B, provided that F' and G are c;-contractions on B and F'(0) = 0,

we have
|G(kx)llzee < || Dllzee + [ F'(kx)llzee < [|D|zee + c1pc,-
Thus in order to get ||G(ky )|z < pc;, We need that
[Dllzee < (1= c1)pey- (4.49)

Using lemma 4.3.4 and the fact that ||k||z=||Ls|| < 1, we have the following estimate on D

k| Lo
Dl < Cx||TX ”—
“ ”L X” “1__ ”Lo”l|kHL°°
Thus (4.49) will hold if k satisfies

(1- Cl)p61

kllze < '
Ikllz= < T+ = e)palZa]

(4.50)

As a result of the first two steps, lemma 4.5.1, and equation (4.48), we see that the
hypothesis (4.50) ensures G is a contraction mapping on B, and that D € B. Thus in
virtue of the contraction mapping principle, the iterated scheme (4.45) will converge to an

element k; € B such that
k; =D - F(k;) (4.51)

Step 3: Error estimates We now show that the difference between &}, and ky is small if
ki := k — ky is small. If we define Do = TX {2, T;(ky), some straightforward calculations

show that
ky = Do — F(ky), (4.52)

which relies on the fact that

TXTOk, = Poky = ky.
Subtracting (4.51) from (4.52) we have

[Bx — kyllzee < {|Do = Dljze + callky — kyllzeo.
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Since ¢; < 1, we may absorb the second term on the right hand side into the left hand side,

yielding

1 1
— k*||po < ——— |/ Do ~ D[ = ——
llex = Kyllze < 1 _clllDo D= = 7 —

T% S (Tnll) — Tl + )
m=1

Lo

1 x

=1 TX <T1(kx) — Ty (ky + k,f) + Z (Trn(ky) — Trm(kx + ki)))
- = Lo
1 (e o]

=1 T (Tf (kx) = TF (ky + k) + Y (Tn(ky) — Ton(ky + k;i-)))
—C = Lo
1 e

=1 4 | F'(ky) — F(ky + "7;)HLOO < - l[ex [l oo

Here, the third equality comes from the decomposition 71 = TP + T¢ and the property
TXTk = Pyk (see 4.42). O

4.6 Conclusions

We have shown that the reconstruction of the smooth part of the scattering coefficient in
a transport equation could be obtained when arbitrary isotropic sources are used and the
corresponding angularly averaged outgoing currents are measured, i.e., in the setting of
“diffusion-type” measurements. This corresponds to the practical setting in many applica~
tions of inverse transport [5, 34, 53]. The accuracy of the reconstruction is proportional to
the size of the non-smooth part of the scattering coefficient. However, we have assumed
that the total absorption coefficient ¢ could be reconstructed by other means and was suf-
ficiently small. These two hypotheses are very constraining from a practical viewpoint.
Nonetheless, the results we have presented give a realistic theoretical backbone to practical
reconstructions of optical parameters from diffusion-type measurements.

The measurements are similar to what is available in the reconstruction of diffusion
coefficients from boundary measurements, as in the application to electrical impedance to-
mography. [16, 49]. They are thus of the same type as the measurements available in the
diffusion approximation to the transport equation, which arises in the limit of vanishing
mean free path and is overwhelmingly used in optical tomography [5, 21]. Our reconstruc-

tions, however, work for small values of k and o, i.e., in a transport regime where the diffu-
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sion approximation is not valid. It is therefore somewhat surprising that the same complex
geometric optics solutions may be used in both our context and that of the reconstruction
of diffusion coefficients.

We would like to stress that the reconstruction of optical parameters from diffusion-
type measurements is a severely ill-posed problem. More precisely, whenever ¢ is smooth,
the forward map k — Y i, T;k takes k supported inside X to a C*® function on (6X)2.
This explains why the stability estimates we have obtained are of exponential type, as in
Calderdn’s problem [16]. These results are in sharp contrast to the results obtained when
either the source or the measurements (or both) are allowed to depend on the angular
variable. In such instances, better stability estimates of Holder type, which render the

reconstruction a mildly ill-posed problem, are available in many settings [?, 41, 51].
Appendix

Proof of Proposition 4.3.1. Proof of equation (4.14) :
First, assume f € C'(S), and extend it to f € C1(R?\ {y}), where f is constant along rays
originating at y. We can think of S*~! as a spherical surface S"—1, C R", centered at y.

We then show

|z — y|™

/ )2 T V) 4g(a) = [, i st
s sn-1,

The proposition then follows for C! f since f|ls = f, and f(z) = f(z_(y,v)) when v =
(x — y)|z — y|™!. We can extend the result to f € L' by density since for fixed y, z —
vz (2 —y)|z —y|™! is bounded.

Proceeding, we note that
Vi) (x—y)=0. (4.53)
We first prove that for any C! hypersurfaces S; and S; such that S; encloses y and Sy

encloses S, the following equality holds:

e I
Slf(m)wds(iv)— szf(x) T dS(z). (4.54)
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Indeed, if V' denotes the volume between S; and Ss, the divergence theorem applied to the
function f(z)VN(z,y) in the volume V yields

/ V- (F@)VN(,y)) dz = /a (@ VN(@) vz dS(a)
[ F@0. @) aS@) - [ f@)0. V@) dS()

We now show that the left-hand side of the previous equation is zero: After writing

V- (f(@)VN(z,y)) = Vi(2) - VN(z,y) + f(2)AN(2,9),

(all the operators apply on the z variable), we first notice that AN (z,y) = 0 for all = # y,
in particular on V. Second, as N(z,y) is a radial function of z with respect to y then
its gradient is collinear to the vector z — y. Using (4.53), we see that the scalar product
VF(z) - VN(z,y) is zero on V. Finally, since wp8,,N(z,y) = the equality (4.54)
holds.

|:1;y"’

If § is either enclosing or enclosed in SZ‘I, then the proof is done. Otherwise, pick any
hypersurface S’ which encloses both § and SZ‘I then applying the first part of this proof
to S and ', then to S’ and SP~!, yields by transitivity

[faeEas@ = [ fw=EVis@ = [ fast),
s lz —y[" sp-1 lz -y sp-t
hence the result.
Proof of equation (4.15) : As in the proof of equation (4.14), we extend f € C! to f, which
is constant along rays originating at y, and zero on all rays 7 such that 7 v, > 0. The strict
convexity of S allows us to do that. We then show that

[fa= W asw) = [ jwase),
S sn-1,

|z — gl
The corollary then follows for f € C1(S) by the same reasoning as in the proof of equation
(4.14). We may then extend the result for L% f since fory € 80X,z ~ v (z—y)|z~y|™! €
L'(8X) as can be seen using (4.18).
Let B be the ball of radius e centered at y, and S = S — B,. S, is not a closed surface,

so we cannot directly apply proposition 4.3.1 to it. Form a new closed C? surface S’ closin
€ g
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Se in such a way that all but a small part (whose volume is O(¢™)) of S \ S, lies on the
side of the tangent plane to S at y on which f is identically zero. This is possible since the
surface is C2. Call this small part P.. Using the proof of equation (4.14)

- _ (w )
[, fwase) = [ f 0 ase)

- / F@) =2 Y 45z + BE @ 1) gy

Iw— I" |z -y

/ Fla )dS(x>+0(e>

Using (4.18), we see that the integral over S, becomes the integral over the entire boundary

Sase—0. O
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