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Determinantal Point Processes (DPPs) are probability distributions on subsets of a collec-

tion of points that tend to generate diverse configurations of points. This feature makes

them suitable as a probabilistic model of diversity. Recently this idea has been exploited

extensively in subset selection problems, where given a large set of items such as images,

documents, or any other form of collected data, the goal is to select a small, yet diverse

and representative subset. However, with the rapid growth of datasets size, in order

to utilize DPPs for real-world tasks, we need to design new primitives and inference

algorithms that can be run efficiently in these settings.

This thesis focuses on two inference tasks for DPPs: In the first part, we study sampling

algorithms for DPPs and offer efficient MCMC based algorithms which can be applied

in both discrete and continuous domains. In the second part, we consider the problem

of determinant maximization which is equivalent to the Maximum a Posteriori encoding

for DPPs, and present scalable algorithms in a distributed setting which assumes the



input data are arbitrarily split among numerous nodes.
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Chapter 1

INTRODUCTION

Determinantal Point Processes (DPPs) are probabilistic models of repulsion which were

first introduced in quantum physics to model negative interactions among particles [87];

in this context, they represent a probability distribution on the configuration of particles

in the space with higher probabilities assigned to states that points are spread out all over

the the space. There has been a lot of efforts over last decades to understand the math-

ematical properties of DPPs, e.g. see [85, 86, 114, 112]. Most importantly to us, Lyons

[85] shows that this family of distributions fulfill negative correlation, and its stronger

form negative association which roughly explains why diverse subsets are more probable

under DPPs. Moreover, polynomial time (approximate) algorithms were developed for

several basic inference tasks of DPPs in different settings including sampling, learning,

marginalization, maximum a posteriori (MAP) inference, etc., see [72] for more details.

Given these algorithmic advances, and the better understanding of DPPs repulsive char-

acteristics, researchers in the ML community initiated studying them as probabilistic

models of diversity and fairness. In particular, DPPs gained a lot of attention for the task

of diverse subset selection; given a large collection of items, the goal is to choose a small

representative subset. In this context, the main quality for a representative subset is its

diversity. To get a better sense of this task, consider the following simplified scenario

for online shopping: Retailers with a large inventory should pick a small subset of their

items which are more likely to engage their customers. To maximize this likelihood,
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especially in the lack of adequate knowledge of customers’ needs, this selected subset

not only should contain highly rated products, but also needs to be diverse to attract a

wide range of users. There is long line of work using DPPs to capture diversity in sub-

set selection problems, started by the work of Taskar and Kuelsza [69], who used DPPs

for more accurate pose estimation. Since then, DPPs have found many applications in

variety of practical applications including video summarization [93, 52], document sum-

marization [72, 71, 27], diverse image annotation [118], tweet timeline generation [119],

neural network learning [121, 42], object detection [79], and several others.

In order to utilize DPPs in the aforementioned applications, we need efficient primitives

for their basic inference tasks, including learning, sampling, computing marginal prob-

abilities, etc. Although as stated for many of these tasks polynomial time methods are

already developed, their computational complexity makes them inefficient in many real

world situations that we are dealing with huge inputs. Moreover with persistent growth

in data sizes centralized algorithms are no longer suitable choices for many tasks in

machine learning. To overcome these challenges, we need to develop techniques and

methods which are scalable in distributed settings.

In the first part of this thesis we study the problem of sampling from variations of DPPs.

In particular, we focus on k-DPPs, which are DPPs restricted to subsets of a certain size.

We present efficient MCMC sampling algorithms that can be applied in discrete and

continuous domains.

In the second part we visit the Maximum A Posteriori (MAP) decoding of DPPs. In

this problem which is also known as determinant maximization, the goal is to find the

most probable (diverse) subset under a DPP distribution. We offer a practically efficient

and nearly optimal algorithm in the framework of composable core-sets; In this setting

the data is distributed across several units, and the algorithm should first independently

summarize each part of the data to shrink the size significantly, and then solve the
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problem on the union of these summaries in a centralized fashion.

1.1 Determinantal Point Processes and Diversity

Formally, a discrete point process is a distribution on the subsets of a ground set, known

as the domain. There are multiple alternative formulations for determinantal point pro-

cesses. We mainly refer to the following definition:

Definition 1.1. A point process on domain [n] = {1, . . . , n} is determinantal if there is a

positive semi-definite (PSD) matrix L ∈ Rn×n such that for each S ⊆ [n],

P(S) ∝ det(LS),

where LS is the submatrix of L whose rows and columns are indexed by S. Matrix L is

known as the ensemble matrix of the DPP.

To see how diverse subsets of items are more probable under DPPs, however, it is more

instructive to look at their geometric interpretation which follows from the following

elementary fact.

Fact 2. Let S be the k-dimensional parallelepiped created by rows of matrix V ∈ Rk×d. Then

VOL(S)2 = det(VV⊺).

Therefore, let V = {v1, . . . , vn} be a set of vectors. A DPP with respect to set V is a prob-

ability distribution supported on the subsets of the set {1, . . . , n} where the probability

assigned to every subset S is proportional to

VOL(parallelepiped formed by{vi}i∈S)
2.

So the probability of choosing a single element S = {i} under this distribution is pro-

portional to ‖vi‖2, and for a pair of elements {i, j} this probability is proportional to the

squared of the area of the parallelogram formed by vi and vj. So intuitively, this volume

is higher for subsets of vectors that
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1. have higher norms.

2. are directionally far from each other. In particular, with fixing the lengths, the

highest volume is achieved by a set of orthogonal vectors.

In applications, each v ∈ V is representing an item in a feature space, e.g. a product in

our online shopping example. In this space, the similarity between two items is captured

by the dot product between their corresponding vectors. Also, the length of a vector can

be thought of the “quality” of the item, i.e. the chance that the product engages a user.

In this settings, high quality and diverse subsets of items are more preferred since item 1

ensures high quality items are picked, item 2 gives higher chance to diverse subsets.

Therefore, the model balances the diversity of a set versus the quality of its elements, as

desired.

1.1.1 Sampling from k-DPPs

To capture real world restrictions, several variation of DPPs with additional constraints

are introduced. A cardinality constraint on the returned set is such a required restriction

in many settings. For example, for using DPPs for diversifying search results the size of

the returned subset is expected to be in a certain range, whereas in standard DPPs, there

is no guarantee on the size of the sampled set. A well-known extension of DPPs which

allows an explicit control over the size is k-DPP.

Definition 1.3. For an integer k and a DPP µ defined on 2[n], the truncation of µ to

subsets of size k is called a k-DPP, i.e. denoting this k-DPP by µk for any S ⊂ [n], we have

µk(S)

 = 0 if|S| 6= k

∝ µ(S) otherwise.

In the first part of the thesis we focus on sampling algorithms from k-DPPs. Most of the

previous work on sampling from k-DPPs is focused on spectral methods. However, these
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method typically need matrix V in the input, which makes them inefficient when the tar-

get DPP is represented by the ensemble matrix L1. Given this restriction, [35] suggested

using Markov chain techniques, which are very appealing in this context because of their

simplicity and efficiency. In chapter 4, we devise an efficient MCMC based algorithm

in the discrete case. Next, in chapter 5, we extend our ideas to continuous domain and

design MCMC based algorithms for specific families of k-DPPs on continuous domains.

1.1.2 Our Contributions

Sampling from discrete k-DPPs and k-homogeneous strongly Rayleigh measures

A natural Markov Chain Monte Carlo (MCMC) algorithm for the problem is given by the

Metropolis-Hasting method. Let π be a k-DPP given by an ensemble matrix L ∈ Rn×n.

The resulting algorithm is a Markov chain which denoted by Mπ can be described as

follows. The state space of Mπ is supp{π}, i.e. subsets of [n] of size k with non-zero

probability under µ. If S is the current state of the chain, the chain moves as below: first

choose an element i ∈ S and j /∈ S uniformly and independently at random. Then letting

T = S \ {i} ∪ {j},

i) If T ∈ supp{π}, move to T with probability 1
2 min{1, π(T)/π(S)};

ii) Otherwise, stay in S.

From classical results on Markov chain, it turns out that starting from any subset S(|S| =

k the chain distribution on states converges to π. To show it is efficient, one needs to

upper bound this convergence rate, widely known as the mixing time of the chain. There

has been several attempts [65, 83, 109] to upper bound the mixing time of Mπ for a

given k-DPP π and partial results are obtained; but, to the best of our knowledge this

question is still open for arbitrary k-DPPs.

1In this case, first a Cholesky decomposition has to be carried out which runs in time w(n2).
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In the main result of chapter 4 we upper bound the total variation mixing time of π (see

definition 2.10 for formal definition).

Theorem 1.4. For any k-DPP distribution µ : 2[n] → R+, and any starting state S ∈ supp{µ},

the mixing time of the chain started at S is bounded by Õ(kn) · log 1
π(S) .2

To prove the above theorem, we appeal to properties of a broader family of probability

distributions known as Strongly Rayleigh (SR) measures. These generalization of DPPs,

are introduced and deeply studied in the work of [20]. Most importantly to us it is

shown in [20] that

1. unlike DPPs, SR measures are closed under truncation.

2. similar to DPPs, they satisfy the strongest form of negative dependence, a.k.a. neg-

ative association.

In fact, using them (crucially item 2), we are able to prove theorem 1.4 for the broader

family of k-homogeneous SR measures, i.e. truncation of SR measures to subsets of size k.

In order to useMπ to efficiently draw an approximate sample from the k-homogeneous

SR measure π, we also need a “proper” starting state and an oracle to compute ratio π(S)
π(T)

for adjacent pair of states to simulate the chain. These oracles can be straight-forwardly

obtained for k-DPPs; the time complexity of the resulting method for k-DPPs is then

given by the following theorem.

Theorem 1.5. Given an ensemble matrix L of a k-DPP π, there is an algorithm that generates

an approximate sample of π with Õ(nk4) arithmetic operations.

2The Õ notation indicates that some log factors are hidden in the bound.
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Sampling from Continuous k-DPPs

So far we only considered DPPs defined on finite sets, but they can also be extended to

continuous spaces. In fact, DPPs were originally introduced to model physical particles

in continuous spaces. Given C ⊆ Rd and positive semi-definite kernel function L : C ×

C → Rd (under some mild conditions), the DPP defined by L is a probability distribution

over finite subsets of C that the probability density function for every such subset S ⊂ C

is proportional to det(LS) where LS denotes a |S| × |S| matrix defined by L(x, y) for

x, y ∈ S. Similar to the discrete case, a continuous k-DPP is a truncation of a continuous

DPP.

An analogy of the geometric insight explained for the discrete case also holds here; the

samples generated from a continuous DPPs tends to be more uniformly spread in the

space. This is also illustrated in figure section 1.1.2 where 40 points drawn from a

uniform distribution are visualized against same number of points generated by a DPP

with a Gaussian kernel. This feature makes these distributions an appealing probabilistic

model of diversity in continuous domains, for example samples from continuous DPPs

can be employed in learning of generative mixture models [54, 107, 74]. In [2] they are

used for the initialization step of k-means clustering, and more recently they have found

applications in tuning the hyper-parameters of deep networks [42]. Also, see [75] for

their applications in statistics and [17] for connections to repulsive systems.

On the algorithmic side, however, there has been less positive results due to the compu-

tational challenges arising in continuous domains. In chapter 5, we study the problem

of sampling from continuous k-DPPs. The previous efforts has been mostly focused on

approximating the continuous kernel by a finite (low) rank, then extending the spectral

sampling algorithms for discrete DPPs to continuous domains. Although the idea can

yield practical heuristics, as we explain in chapter 5 there are major obstacles to obtain

provable guarantees.
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(a) Uniform samples (b) Points Sampled from a DPP

Figure 1.1: Diversity of points sampled from a DPP with a Gaussian kernel versus

uniform samples (samples from a Poisson process).

Our result leads to the first class of rigorously analyzed efficient algorithms to generate

random samples of continuous k-DPPs. We again follow an MCMC approach, and ana-

lyze a Gibbs sampling algorithm for k-DPPs, which was suggested as an efficient heuris-

tic for the problem by [54]. Let π be continuous k-DPP defined by a kernel L : C ×C → R.

If the current state of the Gibbs sampler is {x1, . . . , xk}, the next state will be determined

as follows: A point xi ∈ {x1, . . . xk} is chosen uniformly at random, and is replaced by

y ∈ C sampled from the conditional distribution whose PDF is defined by

f (y) ∝ det
L
(x1, . . . , xi−1, y, xi+1, . . . , xk),

which is the determinant of the k× k matrix obtained by restricting L to points

{x1 . . . , xi−1, y, xi+1, . . . , xk}.

Note that the same chain can be defined for discrete settings as well.
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Our main contribution is that the chain, for both discrete and continuous k-DPPs, mixes

rapidly in time which is only a function of k and independent of the domain.

Theorem 1.6. If we run the Gibbs sampler for a k-DPP π, starting from an arbitrary distribution

µ0, then the chain mixes after

Cµ0 · Õ(k4)

steps where the constant Cµ0 only depends on µ0 and π.

In the discrete case, this constant can be easily bounded to get a polynomial time sam-

pling algorithm. Although the final running time turns out suboptimal with respect to

the algorithm of chapter 4, the method seems more suitable for distributed models. In

this setting, the Gibbs sampler can yield a sub-linear (in terms of domain size) sampling

algorithm.

Corollary 1.7. Given access to nδ processors for some δ > 0, the Gibbs sampler can be used to

generate an approximate sample of a k-DPP defined on domain of size n in time O(n1−δ) · poly(k).

On the other hand, to extend this result onto a polynomial time algorithm for continuous

k-DPPs, we need to find a proper starting distribution and also an oracle to run the chain,

i.e. a polynomial time method which given any state can take one step of the chain. We

are not able to address this step in full generality; instead, we analyze a natural rejection

sampler for this task; we analyze the number of generated samples and show that when

the spectrum of the eigenvalues of the kernel is not concentrated on the largest k values,

the method is efficient. Putting the pieces together, we obtain an efficient algorithm

for sampling from k-DPPs defined by spherical Gaussians, a.k.a RBF kernels which are

widely popular in practice.

Theorem 1.8. Let G be a spherical Gaussian with standard deviation σ = O(1) on the unit

sphere given by Gσ(x, y) = exp(‖x− y‖2/2σ2). Also let k ≤ exp(d/4), then an approximate

sample of the continuous k-DPP defined by Gσ can be obtained using poly(d, k) operations.
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1.2 Determinant Maximization

In part II, we consider the MAP encoding problem for DPPs and k-DPPs which is known

as determinant maximization; given a DPP defined by ensemble matrix L, the goal is to

find the principal submatrix with the highest determinant. Given fact 4, the problem can

also be phrased as a volume maximization problem, stated below.

Definition 1.9 ( k-volume (k-determinant) maximization). Given a set of vectors V =

{v1, . . . , vn} ⊂ Rd and an integer k ≤ d, find a subset S ⊂ V of size k which maximizes

the k-dimensional volume of the parallelogram formed by these vectors.

Recall that the parallelogram defined by v1, . . . , vk is the set {∑k
i=1 αivi | 0 ≤ αi ≤ 1}.

On the hardness side, it is proved that even approximating the optimum value for de-

terminant maximization up to an exponential factor of 2−ck, for some constant c > 0

is NP-hard [32]. On the other hand, this lower bound was matched qualitatively by a

recent paper of [99], who gave an algorithm with ek-approximation guarantee.

This problem is also releted the well-known submodular maximization problem as the vol-

ume function is a submodular objective in the following sense. Define f : 2[n] → R+

by f (S) = VOL(Parallelogram(S)). Then, one can observe that log f is a sub-modular

function. There is a long line of research on approximation algorithms for submodu-

lar maximization, started with the seminal work of [98], who shows a simple greedy

procedure achieves a constant factor approximation solution. However, since only the

logarithm of the volume is a submodular objective, these results do not directly translate

into multiplicative bounds for the determinant maximization. Therefore, to design opti-

mal approximation algorithms with multiplicative gaurantees for volume maximization,

relying on the submodularity property is not sufficient.

In part II of the thesis we present our work on determinant maximization in a distributed

computing framework known as composable core-sets.



11

1.2.1 Composable Core-sets

In many practical applications of DPPs, the input data is huge and the processing can

not be executed on a single machine; this necessities studying algorithms in distributed,

streaming, and parallel models of computation One popular such framework in this

context is composable core-sets introduced in [61], is essentially a variation of the MAP

reduced model which allows the processing units to work independently without any

need to additional communication during their computations.

Definition 1.10. (composable core-sets) A function c(V) that maps any V ⊆ Rd into its

subset is called a core-set function. This core-set function is an α-composable core-set of

size t for the function f (.)3 [61, 4], if for any collection of sets V1, . . . , Vp ⊂ Rd, we have

f (c(V1) ∪ . . . ∪ c(Vp)) ≥
1
α
· f (V1 ∪ . . . ∪Vp).

Suppose that we want to solve an optimization problem on a large data set distributed

across several computing units; in the first step of this framework, each machine inde-

pendently runs the core-set method which produce a small “representative” of its data.

Next this procedure then can be repeated for the union of the core-sets, until the data

is small enough for a centralized machine to carry out the final algorithm on the entire

set and outputs the final value. To formulate determinant maximization in the above

language, we assume input vectors are distributed across machines, and for S ⊂ Rd the

value f (S) indicates the optimum of determinant maximization on S.

1.2.2 Our Contributions

Composable core-sets for determinant maximization has not been studied before, but

there has been several efforts for the family of sub-modular functions, which as men-

tioned earlier also includes the log det function. In particular, [95] showed that a simple

3In this setting, function f can indicate the optimum of a maximization problem, e.g. determinant
maximization in our problem.
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greedy method generates core-sets that guarantee an approximation factor of min(k, m)

for m being the number of chunks of the data, and k being the target cardinality. It is also

shown in [61] that under the general assumption of submodularity, this bound can not

be improved beyond
√

k
log k . Chapter 7 examines two well-known heuristics, greedy and

local-search methods to construct core-sets, and analyzes their approximation guarantee.

Analyzing Greedy and Local Search Heuristics

Greedy approaches are very appealing in sub-modular maximization problems and lead

to constant factor approximation in many settings; so one might expect them to perform

well for the determinant maximization, too. In particular, consider the following greedy

algorithm: start with an empty set S, and for k iterations, chose an element i /∈ S that

maximizes det(LS∪i). This method has been previously analyzed by [31], who shows

its approximation factor is k!. We analyze this method to generate composable core-sets,

i.e. each machine uses this method to pick a subset of size k of its input, and prove the

following.

Theorem 1.11. The greedy method outputs 2O(k2)-composable core-sets for k-determinant maxi-

mization.

Next, we analyze a local-search algorithm. Let S be the output of the greedy algorithm.

This algorithm start with S and iteratively does the following: if there exists i ∈ S and

j /∈ S that swapping them increases the volume with a constant factor, swap them, and

terminate if no such a pair can be found. We show this method gives a significant

improvement over the greedy method.

Theorem 1.12. The local-search methods gives O(22k)-composable core-sets for k-determinant

maximization.
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Optimal Composable Core-sets via Spectral Spanner

Chapter 6 studies the problem from a more theoretical perspective, and aims to find

optimal bounds for the composable core-sets for determinant maximization. In fact, To

achieve that, we introduce the notion of spectral k-spanners, based on a generalization of

the PSD relationship on symmetric matrices; For two d× d symmetric matrices A, B, we

write A �k B iff the sum of the smallest d− k + 1 eigenvalues of B− A is nonnegative.

In particular, note that for k = d, we recover the well-known notion of �, and for k < d

we get a weaker relation on A and B, i.e. A � B implies A �k B but the other direction

does not necessarily hold.

Definition 1.13 (spectral k-spanner). For a set of vectors V ⊂ Rd, we say a set U ⊂ V is

an α-spectral k-spanner, for k ≤ d if for all v ∈ V there is a probability distribution µv

supported on U such that

vv⊺ �k α ·Eu∼µv [uu⊺] .

We show that spectral spanners can be directly used as composable core-sets for the

(k)-determinant maximization. Indeed, it turns out they produce almost optimal com-

posable core-sets for a broader family of spectral optimization programs including vari-

ations of the experimental design task. For determinant maximization, we achieve the

following bound.

Theorem 1.14. Spectral spanners can produce O(k)k-composable core-sets for k-determinant

maximization of size k.

We also provide an almost matching information theoretic lower-bound, and show that

with linear size core-sets, the exponent k in this bound can not be improved asymptoti-

cally.

Finally, we present a polynomial time algorithm to find optimal spectral k-spanners, and

hence optimal compsoable core-sets for (k)-determinant maximization.
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1.3 Organization

In chapter 2 we give a quick overview of main probabilistic and linear algebraic tools

that are used throughout the thesis. As alluded to, the primary objects of study in this

thesis are determinantal point processes; Chapter 3 formally introduces DPPs, strongly

Rayleigh measures and their basic properties. Part I deals with MCMC based sampling

algorithms from k-DPPs; in chapter 4, we present our sampling method for discrete k-

DPPs and homogeneous strongly Rayleigh measures. Next, in chapter 5 we study the

problem for continuous k-DPPs. The subject of the second part of the thesis is the prob-

lem of determinant maximization in the framework of composable core-sets. Although,

we defined the problem in the context of DPPs, this part is self-contained and no prior

knowledge of DPPs is needed to read that; in chapter 6, we offer an almost theoretically

optimal construction of composable core-sets that can also be applied to a wider range

of optimization problems. Next, in chapter 7, we visit two popular efficient heuristics

for the problem and rigorously analyze them. In particular, we present a local-search

method that can be executed very efficiently in practice and its theoretical bound is very

close the optimal bound obtained in chapter 6.
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Chapter 2

PRELIMINARIES

2.1 Linear Algebra

Let Rd denote the d-dimensional Euclidian space. Throughout this manuscript, all vec-

tors that we consider are column based and sitting in Rd, unless otherwise specified. For

a vector v, we use notation v(i) to denote its ith coordinate and use ‖v‖ to denote its ℓ2

norm, i.e. ‖v‖ = ∑d
i=1 v(i)2. Vector v is called a unit vector if ‖v‖ = 1. We use e1, . . . , ed

to denote standard unit vectors, that is for any i, ei is a vector whose ith coordinate is

1 and its other coordinates are zero. For two vectors u, v, we use 〈u, v〉 to denote their

inner-product which is given by ∑d
i=1 u(i)v(i). u, v are orthogonal if 〈u, v〉 = 0. Vectors

v1, . . . , vk are called orthonormal if for any i, ‖vi‖ = 1, and for any i 6= j, 〈vi, vj〉 = 0.

For a set of vectors V, we let 〈V〉 denote the linear subspace spanned by vectors of V.

We also use S⊥ to denote the linear subspace orthogonal to S, for a linear subspace S, i.e.

S⊥ = {a| ∀v ∈ S, 〈v, a〉 = 0}.

Notation 〈, 〉 is used to denote Frobenius inner product of matrices, for matrices A, B ∈

Rd×d

〈A, B〉 =
d

∑
i=1

d

∑
j=1

Ai,jBi,j = tr(AB⊺)

where Ai,j denotes the entry of matrix A in row i and column j and tr denotes the trace

operator which for a matrix A is defined by tr(A)∑d
i=1 Ai,i.

A matrix A ∈ Rd×d is symmetric if for any 1 ≤ i, j ≤ d, we have Aij = Aji. The set



16

of all symmetric d × d matrices is denoted by Sd. Matrix A is a Positive Semi-definite

(PSD) matrix denoted by A � 0 if it is symmetric and for any vector v, we have v⊺Av =

〈A, vv⊺〉 ≥ 0. For PSD matrices A, B we write A � B if B− A � 0. We also denote the

set of d× d PSD matrices by S+
d .

2.1.1 Eigenvalues

Let A ∈ Rd×d and let λ1 . . . , λd be its eigenvalues with corresponding eigen-vectors

v1, . . . , vd, i.e. for any i, Avi = λivi. If A is a symmetric matrix, its eigenvalues are real

values, and can be characterized by the following theorem, knows as min-max character-

ization of eigenvalues.

Theorem 2.1 (Min-max Characterization of Eigenvalues). Let A ∈ Sd with eigenvalues

λ1 ≥ λ2 ≥ . . . ≥ λd. Then

λk = max{min
x∈U

x⊺Ax
‖x‖2 | U is a k-dimensional linear subspace},

or

λk = min{max
x∈U

x⊺Ax
‖x‖2 | U is a (d− k + 1)-dimensional linear subspace},

The following theorem known as Cauchy interlacing theorem shows the relation between

eigenvalues of a symmetric matrix and eigenvalues of its submatrices.

Theorem 2.2 (Cauchy Interlacing Theorem). Let A ∈ Sd be a symmetric matrix, and B be an

m×m principal submatrix of A, i.e. B is obtained by picking out the elements of A in rows and

columns both indexed by a subset S of size m. Then for any 1 ≤ i ≤ m, we have

λd−m+i(A) ≤ λi(B) ≤ λi(A)

We also use the following lemma which is an easy implication of min-max characteri-

zation to bound eigenvalues of summation of two matrices in terms of the summation

their eigenvalues.
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Lemma 2.3. Let A, B ∈ Sd be two symmetric matrices. Then λi+j−d(A + B) ≥ λi(A) + λj(B)

for any i, j with i + j− d > 0.

Proof. Following the min-max characterization of eigenvalues, let SA and SB be two i-

dimensional and j-dimensional linear subspaces for which we have

λi(A) = minx∈SA
x⊺Ax
‖x‖2 and λj(B) = minx∈SB

x⊺Bx
‖x‖2

Then let S = SA ∩ SB. The dimension of S is at least i + j− d, and by min-max character-

ization of eigenvalues we have

λi+j−d(A + B) ≥ min
x∈S

x⊺(A + B)x
‖x‖2 ≥ min

x∈SA

x⊺Ax
‖x‖2 + min

x∈SB

x⊺Bx
‖x‖2 = λi(A) + λj(B),

hence the proof is complete.

2.1.2 Determinant

There are several ways to define the notion of determinant. Let A ∈ Rd×d be a square ma-

trix with rows a1, . . . , ad. A textbook definition of determinant is as follows: Determinant

of d × d matrices is a function det : Rd ×Rd . . . Rd(d A tuple of d vectors of Rd) → R

with the following three properties:

1. det is multilinear, meaning that fixing all rows except one , the det function is linear

with respect to the changing row, i.e. for any i and for any vector r ∈ Rd,

det(a1, . . . , ai + r, . . . , ad) = det(a1, . . . , ai, . . . , ad) + det(a1, . . . , r, . . . , ad).

2. Swapping any pair of rows only negates the value of the determinant, i.e. for any

1 ≤ i, j ≤ d,

det(. . . , ai, . . . aj, . . . ) = −det(. . . , aj, . . . , ai, . . . ).

3. The value of the determinant for the identity matrix is +1, i.e. letting e1, . . . , ed be

the standard basis vectors we have det(e1, . . . , ed) = 1.
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We use the notion of determinant of a subset of vectors as a measure of their diversity.

This is more clear from a geometric point of view; in particular, we use the following

fact which relates determinant to the more geometric concept of volume.

Fact 4. Let V ∈ Rk×d and let v1, . . . , vk denote the rows. Then det(VV⊺) is equal to the square

of the k-dimensional volume of the parallelepiped spanned by vectors v1, . . . , vk which is the set

{∑k
i=1 αivi | ∀i, 0 ≤ αi ≤ 1}.

So for example, for two vectors u and v, the area of the parallelepiped formed by u and

v is equal to the root squared of ∣∣∣∣∣∣det

 ‖u‖2 〈u, v〉

〈v, u〉 ‖v‖2

∣∣∣∣∣∣
Note that when k = d, we have that det(VV⊺) = det(V⊺V) where the second term

can also be written as det(∑d
i=1 viv

⊺
i ). For k < d, this clearly does not hold as the second

determinant is zero; the Cauchy-Binet identity can be used to generalize the above in this

regime. For S, T ⊆ [d], Let AS,T denote the |S| × |T| submatrix formed by intersecting

the rows and columns corresponding to S, T respectively.

Fact 5 (Cauchy-Binet identity). For any integer k ≤ d, B ∈ Rk×d, and C ∈ Rd×k,

det(BC) = ∑
S∈([d]k )

det(B[k],SCS,[k]), (2.1)

When setting B = C = V, each term in the RHS of (2.1) corresponds to a k× k submatrix

of V⊺V. For a d× d matrix A, define detk(A) as the summation of the determinant of

k× k principal submatrices of A, i.e.

det
k
(A) = ∑

S∈([d]k )

det AS,S.
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Then, the Cauchy-Binet identity indicates that for vectors v1, . . . , vk ∈ Rd, detk(∑k
i=1 vv⊺i )

is equal to the square of the k-dimensional volume of the parallelepiped spanned by

v1, . . . , vk.

Determinant can also be expressed in terms of eigenvalues for symmetric matrices.

Fact 6. Let A be a d× d symmetric matrix with eigenvalues λ1, . . . , λd, then

det(A) =
d

∏
i=1

λi.

For specific family of matrices, there are easier formulas to compute determinant. In

particular, we use the following formula for the determinant of lower-triangular matrices.

Fact 7. Let A ∈ Rd × d be a lower-triangular matrix, i.e. for any j > i, Aij = 0. Then

det(A) =
d

∏
i=1

Aii.

2.1.3 Matrix Norms

Throughout the thesis, we work with different norms for matrices. The ℓ2-norm of matrix

A, denoted by ‖A‖2 or just ‖A‖ denotes max‖x‖2=1 ‖Ax‖2. For symmetric matrices, it is

straight-forward that the ℓ2-norm is equal to the largest eigenvalue.

The Frobenius norm A is denoted by ‖A‖F and is defined by

‖A‖F =
√

∑
i

∑
j

A2
ij.

For two matrices A, B, if we define the inner-product 〈A, B〉 as ∑d
i=1 ∑d

j=1 AijBij, then

‖A‖F =
√
〈A, A〉. We also use the following identity which relates Frobenius norm to

singular values.
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Fact 8. For any matrix A ∈ Rd×d,

‖A‖2
F =

d

∑
i=1

σi(A)2.

Finally, ‖A‖∞ = maxi,j
∣∣Ai,j

∣∣ denotes the ℓ∞ norm of matrix A.

2.2 Markov Chain on Finite Spaces

In this section we give a high level overview of Markov chains defined on finite spaces

and their mixing times. We refer readers to [82, 97] for more details. A Markov chain

M can be specified by a triplet (Ω, P, π) where Ω denotes the state space of the chain,

and P : Ω ×Ω → R+ is called its transition kernel, i.e. P(x, y) is the probability that

chain moves to state y if its current state is x. So by definition for any x ∈ Ω, we have

∑y∈Ω P(x, y) = 1. It is also referred to as the transition matrix of the chain, i.e. P can be

identified by an Ω×Ω matrix where Pxy denotes P(x, y). Finally π : Ω → R+ is called

the stationary measure of the chain.

Let µ0 be a probability distribution on Ω. If we start M from a state sampled from

µ0 and take one step of the chain, the next state is a random variable with distribution

µ0P. Similarly for any integer m, the resulting state after taking m steps of the chain

has distribution µm = µ0Pm. It is guaranteed that under some mild conditions starting

the chain from any step and taking sufficiently large number of steps, the resulting

distribution on the states converges to the unique stationary measure of the chain. Due

to this property, Markov chains are widely used to generate samples from probability

distributions.

The chain M is said to be an irreducible chain if any pair of states x, y ∈ Ω there exists

an integer t so that Pt
xy > 0. Moreover, an irreducible chain is an aperiodic chain if for

any pair of states x, y there exists integer t so that for any integer m ≥ t, we have Pm
xy > 0.

The following theorem formalizes the previous paragraph.
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Theorem 2.9 (Convergence Theorem [82]). IfM is an irreducible and aperiodic Markov chain

with stationary measure π, then there exists constants 0 < α < 1 and C > 0 such that for any

starting distribution µ0,

‖µ0Pt − π‖(TV) ≤ Cαt.

In the above for two probability distributions µ, ν : Ω→ R+, the total variation distance

between µ and ν is defined as

‖µ− ν‖(TV) =
1
2
· ‖µ− ν‖(1) =

1
2
· ∑

x∈Ω
|µ(x)− ν(x)|.

2.2.1 Mixing Time

In order to use Markov chains as efficient algorithms for sampling, one needs to bound

the number of steps before convergence of the chain, a.k.a. mixing time.

Definition 2.10 (Mixing Time). For a state x ∈ Ω and ϵ > 0, the total variation mixing

time of a chain started at x with transition probability matrix P and stationary distribu-

tion π is defined as follows:

τx(ϵ) := min{t : ‖1xPt − π‖(TV) ≤ ϵ}

where 1xPt shows the distribution of the chain started at state x at time t.

Note that in general the mixing can be defined for a starting distribution, rather than a

single starting state.

A Markov chainM = (Ω, P, π) is reversible if for any pair of states x, y ∈ Ω, π(x)P(x, y) =

π(y)P(y, x) which is also known as the detailed balanced condition. The chain M is said

to be a lazy chain if for any state x ∈ Ω, P(x, x) ≥ 1
2 . We equip the space of all functions

f : Ω→ R with the standard inner product for L2(π),

〈 f , g〉π := Eπ [ f · g] = ∑
x∈Ω

π(x) f (x)g(x).
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In particular, ‖ f ‖π =
√
〈 f , f 〉π. For a function f ∈ L2(π), the Dirichlet form Eπ( f , f ) is

defined as follows

Eπ( f , f ) :=
1
2 ∑

x,y∈Ω
( f (x)− f (y))2P(x, y)π(x),

and the Variance of f is

varπ( f ) := ‖ f −Eπ [ f ] ‖2
π = ∑

x∈Ω
( f (x)−Eπ [ f ])2π(x).

Next, we overview classical spectral techniques to upper bound the mixing time of

Markov chains.

Definition 2.11 (Poincaré Constant). The Poincaré constant of the chain is defined as the

largest constant λ which satisfies the following,

λ · varπ( f ) ≤ Eπ( f , f ),

for all functions f : Ω→ R.

We will use the following result by Diaconis and Stroock [41] to bound the mixing time

of M. The following classical result shows that if π(.) is a uniform distribution, the

chain mixes in time log(Ω)/λ.

Theorem 2.12 ([40]). For any reversible irreducible lazy Markov chain (Ω, P, π) with Poincarë

constant λ and ϵ > 0,

τ(ϵ) ≤ 1
λ
· log

(
1

ϵ · πmin

)
,

where πmin := minx∈Ω π(x).

The above bound is not strong enough for our particular application in sampling from

a k-DPP or a strongly Rayleigh distribution in chapter 4. This is because πmin can be

arbitrarily smaller than the probability of the starting state. Instead, we use the following

slight generalization of the above theorem.



23

Theorem 2.13 ([41, Prop 3]). For any reversible irreducible lazy Markov chain (Ω, P, π) with

Poincaré constant λ, for any ϵ > 0, and any state x ∈ Ω,

τx(ϵ) ≤
1
λ
· log

(
1

ϵ · π(x)

)

It is easy to see that for any transition probability matrix P, the second largest eigenvalue

of P is 1− λ. If P is a lazy chain, then 1− λ is also the second largest eigenvalue of P in

absolute value.

2.3 Markov Chain on General State Spaces

Markov chains can also be defined on continuous domains, rather than a finite state

space. Here, we give a short overview, but for a complete account we refer to [84]. Let

(Ω,B) be a measurable space; in the most general setting, a Markov chain is defined by

the triple (Ω,B, {Px}x∈Ω), where for every x ∈ Ω, Px : B → R+ is a probability measure

on (Ω,B). Also, for every fixed B ∈ B, Px(B) is a measurable function in terms of x. In

this setting starting from a distribution µ0, after one step the distribution µ1 would be

given by

µ1(B) =
∫

Ω
Px(B)dµ0(x), ∀B ∈ B.

From now on, assume Ω ⊂ Rk and B is the standard Borel σ-algebra. In our setting, we

can assume the transition probabilities are given by a kernel transition kernel P : Ω×Ω→

R+ where for any measurable A ⊂ Ω, we can write

Px(A) =
∫

A
P(x, y)dy.

In this notation, we use P(x, B) and Px(B) interchangeably. Pn(x, .) would also denote

the probability distribution of the states after n steps of the chain started at x. Similar

to the discrete setting, we can define the stationary measure for the chain. A probability

distribution π on Ω is stationary if and only if for every measurable set B, we have

π(B) =
∫

Ω

∫
B

P(x, y)dydπ(x).
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We call M ϕ-irreducible for a probability measure ϕ if for any set B ∈ B with ϕ(B) > 0,

and any state x, there is t ∈ N such that Pt(x, B) > 0. It is called strongly ϕ-irreducible if

for any B ⊆ Ω with non-zero measure and x ∈ Ω, there exists t ∈ N such that for any

m ≥ t, Pm(x, B) > 0. We say M is reversible with respect to a measure π if for any two

sets A and B we have∫
B

∫
A

P(y, x)dxdπ(y) =
∫

A

∫
B

P(x, y)dydπ(x).

In particular, reversibility with respect to a measure, implies it is a stationary measure.

The following lemma also shows π is the unique stationary measure, and as the number

of steps increases, the chain approaches to the unique stationary measure.

Lemma 2.14 ([39]). If π is a stationary measure ofM, andM is strongly π-irreducible. Then

for any other distribution µ which is absolutely continuous with respect to π, limn→∞ |Pn(µ, .)−

π|TV = 0.

2.3.1 Mixing Time

From now on, assumeM = (Ω, P, π) is a chain with state space Ω, probability transition

function P, and a unique stationary measure π. Let us describe some results about

mixing time in the Markov chains defined on continuous spaces. But before that we

need to setup some notation. Let L2(Ω, π) be the space of functions on Ω with finite

ℓ2-norm with respect to π, i.e.
∫

Ω | f (x)| dπ(x) < ∞. The inner product in this space is

defined as

〈 f , g〉π =
∫

Ω
f (x)g(x)dπ(x).

Then P is an operator that for any function f ∈ L2(Ω, π) and x ∈ Ω,

(P f )(x) =
∫

Ω
P(x, y) f (y)dy.

In particular,M being reversible is equivalent to P being self-adjoint, i.e. for any pair of

functions f , g, 〈Pg, f 〉π = 〈P f , g〉π. For a reversible chainM and a function f ∈ L2(Ω, π),
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the Dirichlet form EP( f , f ) is defined as

EP( f , f ) =
1
2

∫
Ω

∫
Ω
( f (x)− f (y))2P(x, y)dπ(x)dy.

We also define the Variance of f with respect to π as

varπ( f ) :=
∫

Ω
( f (x)−Eπ( f ))2dπ(x).

We may drop the subscript if the underlying stationary distribution is clear in the context.

Similar to the discrete case, one way for upperbounding the mixing time of a chain on

a continuous state space is to use is to its spectral gap which is also known as Poincaré

Constant.

Definition 2.15 (Poincaré Constant). . The Poincaré constant of the chain the largest

value of λ > 0 for which the following holds

λ · var( f ) ≤ EP( f , f )

for any function f ∈ L2(Ω, π).

In chapter 5 , we use the following theorem to upperbound the mixing time of the chain

relevant to us.

Theorem 2.16 ([67]). For any lazy, reversible, strongly π-irreducible Markov chain M =

(Ω, P, π), if λ > 0, then the distribution of the chain started from µ (which is absolute con-

tinuous with respect to π) is

‖Pt(µ, .)− π‖TV ≤
1
2
(1− λ)t

√
var

(
fµ

fπ

)
.

For the sake of completeness, we include a proof of the above theorem which is an

extension of the proof of the analogous discrete result in [48]. We need the following

simple lemma known as Mihail’s identity.
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Lemma 2.17 (Mihail’s identity, [48]). For any reversible irreducible Markov chain M =

(Ω, P, π), and any function f in L2(π),

var( f ) = var(P f ) + EP2( f , f ).

Proof of Theorem 2.16. First of all, one can easily verify that if a chain is lazy and irre-

ducible, then it is strongly-irreducible. Combining it with Lemma 2.14 would guarantee

the uniqueness of the stationary measure. Let µ0 = µ be the starting distribution and

define µt = Pt(µ, .) be the distribution at time t. For distributions µt and π, let fµt and

fπ denote the density functions of the distribution, and set ft := fµt
fπ

, we have

(P ft)(x) =
∫

Ω
P(x, y)

fµt(y)
fπ(y)

dy =
∫

Ω

P(y, x) fµt(y)
fπ(x)

dy =
fµt+1

fπ
(x) = ft+1(x)

which implies

var(P ft) = var( ft+1) (2.2)

So applying Mihail’s identity on fµn
fπ

and using (2.2) , we conclude

var( ft) = var( ft+1) + EP2( ft, ft). (2.3)

Now, note that P2 has the same stationary distribution π, so its Poincaré constant is at

most

λ(P2) ≤ EP2( ft, ft)

var( ft)
.

Combining this with (2.3), and using induction we can deduce

var( ft) ≤ (1− λ(P2))t var( f0).

Note that, since P is the kernel for a lazy chain, it has no negative values in its spectrum,

implying 1− λ(P2) = (1− λ(P))2. So in order to complete the proof it is enough show

4‖µt − π‖2
TV ≤ var( ft).
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This can be seen using an application of Cauchy-Schwarz’s inequality. We have

4‖µt − π‖2
TV =

(∫
Ω
| fµt(x)− fπ(x)|dx

)2

=

(∫
Ω

fπ(x)
∣∣∣∣ fµt(x)

fπ(x)
− 1
∣∣∣∣ dx

)2

≤
∫

Ω
fπ(x)

∣∣∣∣ fµt(x)
fπ(x)

− 1
∣∣∣∣2 dx = var(

fµt

fπ
)

The last identity uses that EEEπ
fµt
fπ

= 1. This completes the proof.

In order to take advantage of Theorem 2.16, we need to lowerbound the Poicaré constant

of our chain. This can be done by lowerbounding the Ergodic Flow of the chain.

Definition 2.18 (Ergodic Flow). For a chain M = (Ω, P, π), the ergodic flow Q : B →

[0, 1] is defined by

Q(B) =
∫

B

∫
Ω\B

P(u, v)dv fπ(u)du.

The conductance of a set B is defined by, ϕ(B) := Q(B)
π(B) , and the conductance of the chain

is

ϕ(M) = min
0<π(B)≤ 1

2

ϕ(B).

The following theorem which is an extension of the Cheeger’s inequality for the Markov

chains on a continuous space, relates the spectral gap to conductance.

Theorem 2.19 ([77]). For a chain M defined on a general state space with spectral gap λ we

have
ϕ(M)2

8
≤ λ ≤ 2ϕ(M).



28

Chapter 3

DETERMINANAL POINT PROCESSES: DEFINITION AND BASIC
PROPERTIES

Determinantal Point Processes (DPPs) are central objects of study in this thesis. In this

chapter, we formally define these probability distributions and their variants, and de-

scribe their basic properties.

Let Y be a mathematical space such as the real line, a ball or a discrete set. A point

process on domain Y defines a probability distribution on collection of points located on

Y . For simplicity, we first focus on the discrete case where Y is a discrete and finite set

of elements. A point process on such Y represents a probability distribution over 2Y ,

which denotes the set of subsets of Y . In this case, we sometimes refer to elements of Y

as items.

3.1 Discrete Determinantal Point Processes

Without loss of generality assume Y = [N] = {1, 2, . . . , N}. A discrete DPP can be

defined as follows.

Definition 3.1 (Discrete DPP). A discrete DPP on the set of elements [N] is a point

process µ that can be identified by a PSD matrix L ∈ RN×N such that for every S ⊆ [N],

µ(S) ∝ det(LS) (3.1)

where LS = [Lij]i,j∈S is the principal submatrix of L indexed by S. The set [N] is referred

to as the domain of µ, and the matrix L is also called the ensemble matrix for µ. Sometimes

it is also referred to as its kernel.
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Note that, we need L to be PSD to ensure all probabilities, which are proportional to

principal minors, are non-negative and the distribution is well-defined. To obtain the

probability of each subset with the above characterization, one also needs to obtain the

normalization constant of eq. (3.1), i.e. ∑S⊆[N] det(LS). This constant can be easily com-

puted as follows

∑
S⊆[N]

det(LS) = det(L + I).

In the above I denotes the N × N identity matrix. So if µ is a DPP defined by kernel L,

then for any subset S of elements, the probability of choosing S is equal to det(LS)
det(L+I) .

In this manuscript, we stick to definition 3.1 for DPPs. However, there is an alternative

formulation of DPPs, sometimes used in the literature that we include as well to give

more context to readers.

3.1.1 An Alternative Formulation by Marginal Kernels

DPPs can be described in terms of marginal probabilities of items. Let S ⊆ [N] denote a

random subset drawn according to a point process µ. One can use eq. (3.1) to show that

µ is a DPP if and only if there is a PSD matrix K ∈ RN×N � I such that for every subset

A of elements, we have

Pµ [A ⊆ S] = det(KA). (3.2)

This matrix K is called the marginalization kernel for µ. Note that, The condition K � I

is essential to guarantee that marginal probabilities are at most 1. So in this formulation,

the probability that an element i ∈ [N] is selected in the DPP sample is equal to the

corresponding diagonal element of Kii. The kernel of µ, L, and K are related by the

following formula: K = L(L + I)−1. For a complete account of this formulation, see [72].
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3.1.2 DPPs and Diversity

As alluded to in the introduction, determinants, and in particular DPPs in machine

learning are mostly used to model diversity. As we saw, the relationship between the

volume and determinant can illustrate this tendency of DPPs toward diverse subsets of

items; in summary, let µ be a DPP defined over set [N] via kernel L. Since L is a PSD

matrix, it follows from elementary linear algebra that it can be written as L = VV⊺ for

some matrix V. In this setting, each row of V can be viewed as a feature vector, and the

probability assigned by µ to each subset of items is proportional to the squared of the

volume of the corresponding feature vectors. So samples generated from µ tend to span

larger volumes, thus achieve higher probabilities.

A more systematic way to formalize diversity is through the notion of negative correlation.

Negative Correlation

Let i, j ∈ [N] be two elements of the domain. We say they are negatively correlated with

respect to a point process µ, if

PS ∼ µ [i, j ∈ S] ≤ PS ∼ µ [i ∈ S] ·PS ∼ µ [j ∈ S] (3.3)

Or equivalently for a set S sampled from distribution µ, the probability of having j in S

is smaller that its conditional probability when i is present in S. The above formalizes a

repulsive relation between these two elements. As it turns out, when µ is determinantal

point processes, this relation holds for any pair of elements.

Fact 2 (Pairwise Negative Correlation in DPPs). Let µ be a DPP defined on domain [N].

Then, any pair of elements are negatively correlated, i.e. eq. (3.3) holds for any pair i, j ∈ [N].

Proof. To verify that eq. (3.3) holds for all pairs, we use the representation of µ by its

marginal kernel. Let K denote the marginal kernel. The followings for an arbitrary pair
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i, j ∈ [N] are immediate from eq. (3.2).

PS ∼ µ [i ∈ S] = Ki,i

PS ∼ µ [j ∈ S] = Kj,j
and

PS ∼ µ [i, j ∈ S] = det

 Ki,i Ki,j

Ki,j Kj,j

 = Ki,iKj,j − K2
i,j

Now, it is easy to verify eq. (3.3) for i and j as replacing the RHS of above equations in

eq. (3.3), it reduces to

PS ∼ µ [i ∈ S] ·PS ∼ µ [j ∈ S]−PS ∼ µ [i, j ∈ S] = K2
i,j ≥ 0,

which completes the proof.

Therefore, in a DPP, all pairs of elements prefer not to be selected together, which resem-

bles a notion of diversity among items.

3.1.3 Basic Primitives for DPPs

DPPs are not the only family of probabilistic models which can theoretically characterize

the notion of diversity, but they are one of the most popular ones. A key factor which

makes them widely used is practice is that several basic operations and inference tasks

for these family of probability distributions are tractable, and admit efficient polynomial

time algorithm. We give a short introduction of a few of basic tasks for DPPs.

Marginalization. Given a probability distribution µ, and a subset A of the sample space,

the marginal property of A, is the probability that it is contained in a sample generated

from µ, i.e. PS ∼ µ [A ⊂ S]. As explained in the previous section, marginal probabilities

of a DPP defined by kernel L can be expressed as principal minors of another PSD matrix

defined by K = L(L + I)−1. In other words, for any set A, the marginal probability of A

is proportional to det(KA) which suggests that given the DPP kernel, marginals can be

computed in time required to perform a matrix inversion.
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Conditioning. For a point process µ on domain [N] and a subset A of the domain,

conditioning of µ on subset A, defines a new point process on domain [N] \ A that

for any subset B ⊂ [N] \ A is defined by PS ∼ µ [S = B ∪ A|A ∈ S]. We denote this

distribution by µ
∣∣

A. A nice structural property of determinantal point processes is that

they are closed under conditioning. In fact as we will explain later, this in fact holds for

a more general family of probability distributions known as strongly Rayleigh measures.

For DPPs, this can be understood more simply from a geometric point of view.

As stated, letting L = VV⊺ implies that the probability that the DPP defined by L as-

signed to each subset is proportional to the square of the volume spanned by the paral-

lelepiped formed by the corresponding rows of V. For any subset S ∈ [N] let VS denotes

rows of V indexed by S. Also, for any set of vectors U, let VOL(U) indicate the volume of

the spanned parallelepiped. We ignore the formal proof here, but it is straight-forward

to verify the following: for any set S ⊂ [N] \ A,

µ
∣∣

A(S) ∝ µ(S ∪ A) ∝ VOL(VA) ·VOL({Π〈VA〉⊥(v)}v∈VS).

A formal proof This implies that µ
∣∣

A is in fact the DPP defined by the projection of the

vectors in [N] \ A onto the space orthogonal to A.

3.2 k-DPPs

DPPs are probabilistic models which are widely used in practice to generate a diverse

sample of items. A limitation of DPPs in practice is that they can assign a non-zero

probability to every subset of items, and they do not offer any way to control the size of

the sampled set. For example, in order to use DPPs to select a diverse subset of results

to display on a search engine, the cardinality of the returned subset needs to be fixed.

Moreover, the way the diversity of subsets of items with different sizes is compared in

DPPs, is not what one naturally expect in the following sense: As we discussed, from

a geometric perspective, the diversity in DPPs is measured in terms of the notion of

volume; For two subset of items represented by sets of vectors A and B, the correspond-
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ing DPP assigns a higher probability to A if it spans a larger volume in the underlying

space. When A and B contain the same number of items, this seems a reasonable cri-

teria for diversity. However, it might not be a good candidate for comparing diversity

when these subsets have very different number of elements. To see that, |A| > |B| and

VOL(A) > VOL(B), thus the DPP assigns a higher probability to A. Now let see what

happens when we scale all the feature vectors by factor of α < 1; the volume of a subset

of size k, scales with a factor of αk which implies the volume of the subsets of larger

reduces by a larger factor. As a result, in the new DPP, B might have a higher probability.

This seems an undesirable property of the model, as one not expect that the relative

diversity changes with a scaling of feature vectors.

These observations suggest that to improve DPPs for modeling diversity, we need to add

some form of normalization or untangle the notion of size and diversity of a set. In [70],

they take the latter approach and introduce the notion of k-DPPs by conditioning a DPP

on returning subsets of size k.

Definition 3.3 (k-DPPs). For an integer k < n, and a DPP µ, the k-DPP µk can be defined

as a probability distributions over subsets of size k S of the domain we have:

µk(S) ∝

 µ(S) |S| = k

0 |S| 6= k
In other words, µk is a k-DPP defined by kernel L if for every subset S,

µk(S) =


det(LS)

∑S′ :|S′ |=k det(LS′ )
|S| = k

0 |S| 6= k

Despite the fact that, k-DPPs are obtained from DPPs by imposing a simple cardinality

constraint, their mathematical properties can be very different. In particular, note that

a k-DPP is not an instance of DPPs, and one can observe that even the uniform distri-

bution on subsets of size k which is a very elementary k-DPP can not be expressed as a

DPP. Therefore, in order to be able to use k-DPPs in practice, we at least need to have

algorithms for the basic tasks. In the next part, we review some of the basic primitives
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for k-DPPs. For more details we refer readers to [72].

3.2.1 Algorithms for Basic Tasks for k-DPPs

Normalization: To compute the normalization constant of a k-DPP distribution, we need

to compute

∑
S′ :|S′|=k

det(LS′).

This can be done by examining the characteristic polynomial of L which is a uni-variate

polynomial defined by

pL(t) = det(tI − L) =
n

∏
i=1

(t− λi), (3.4)

where λ1 . . . λn are eigenvalues of L. On the other hand, by definition of the determinant,

one can see that,

det(tI − L) =
n

∑
i=0

tn−i(−1)i ∑
S∈([N]

i )

det(LS). (3.5)

Setting the coefficient of tn−k equal eq. (3.4) and eq. (3.5), one can see

∑
S′ :|S′|=k

det(LS′) = ∑
S∈([N]

k )
∏
i∈S

λi,

which is also known as the elementary symmetric polynomial of degree k Now, as shown

in [70], given the eigen-decomposition of L, one can compute the above in time O(Nk +

k2).

Marginalization. Fix a subset A with |A| < k. We are interested in computing PS ∼

µk [A ⊂ S] which is the probability that a sample generated from our k-DPP µk contains

elements of A. If we denote the normalization constant of µk by Zk, by definition of µk

we can write this probability as

PS ∼ µk [A ⊂ S] =
1

Zk
· ∑

Y∈([N]\A
k−|A|)

det(LA∪Y) (3.6)

=
det(L + I)

Zk
· ∑

Y∈([N]\A
k−|A|)

PS ∼ µ [S = A ∪Y] , (3.7)
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where the second equality holds as the normalizer of the DPP µ is det(L + I) as ex-

plained. Now, as we explained, the distribution of µ conditioning of containing A can

be represented as another DPP, and the kernel of this projected DPP can be computed

by essentially a matrix inversion. Let µA denote this distribution. We can compute

section 3.2.1 using the following equation

∑
Y∈([N]\A

k−|A|)

PS ∼ µ [S = A ∪Y] = ∑
Y∈([N]\A

k−|A|)

PS ∼ µA [S = Y]

Now, one can easily see the RHS of the above can be computed by computing the nor-

malizer of µA and also the normalizer of the (k− |A|)-DPP obtained from µA.

3.3 Strongly Rayleigh Measures

As alluded to, the key property of DPPs and k-DPPs which makes them plausible proba-

bilistic models to capture diversity is negative correlation, and its strongest form, negative

association. DPPs inherit this property from a more general family of distributions known

as Strongly Rayleigh (SR) distributions, which were first introduced and deeply studied

in the work of [20]. In this part, we define these distributions, and review their properties

which are useful to us in studying DPPs and k-DPPs. In order to define SR measures,

we first need to introduce the notion of generating polynomial for a point process.

Definition 3.4. Let µ be a discrete point process on a domain with n elements. The

generating polynomial associated with µ is a multi-affine polynomial pµ over n variables

z1, . . . , zn which is defined as

pµ(z1, . . . , zn) = ∑
S∈supp{µ}

µ(S)zS

where we use the notation zS to denote ∏i∈S zi. We also say pµ is homogeneous polynomial

of degree k if each monomial is of degree k, i.e. any set in the support of µ has exactly k

elements.

SR measures are defined as point processes whose generating polynomials belong to

a specific family of polynomials called real stable polynomials. For a complex number



36

z ∈ C let Im(z) show its imaginary part. A polynomial p with real-valued coefficients

defined over variables z1, . . . , zn is called a real stable polynomial if whenever for all

values of zi for 1 ≤ i ≤ n, we have Im(zi) > 0, then we can deduce p(z1, . . . , zn) 6= 0. For

example the polynomial p(z) = ∑n
i=1 pizi for pi ∈ R+ is real stable. This can be easily

verified by noting that Im(p(z)) > 0, if Im(zi) > 0 for all i. With this algebraic notion,

SR measures can be formally defined as:

Definition 3.5 (Strongly Rayleigh distribution). A point process µ is a strongly Rayleigh

(SR) measure if and only if its generating polynomial pµ is a real stable polynomial.

Similar to the way we instantiate k-DPPs from DPPs, we can define k-homogeneous SR

measures as point processes whose generating polynomial is real stable and also homo-

geneous of degree k.

Perhaps the simplest examples of SR measures are product distributions which can be

defined as follows:

Product measures. Let [N] be a ground space and for each i ∈ [N] consider an indepen-

dent Bernoulli distribution with probability qi ∈ [0, 1]. That is the probability assigned

to each subset S ⊆ [N] is µ(S) = ∏i∈S qi ∏j/∈S(1− qj).

Verifying that a product measure is an SR measures is straight-forward: Note that in

this case the generating polynomial is given by pµ(z1, . . . , zn) = ∏i∈[N](qizi + (1− qi),

and this is a real stable polynomial as for any root of this polynomial we should have

qizi + (1− qi) = 0 for some i which implies Im(zi) should be zero. However, for more

complex distributions such as DPPs, it might seem a very hard task to check whether

it is an SR measure by verifying the above criteria for real stability of its generating

polynomial. However, it turns out that this complex criteria for multivariate polynomials

can be reduced to a much simpler one for single variable polynomials. In particular, the

following alternative criteria for real stability is given in [20].

Lemma 3.6 ([20]). A polynomial p(z1, . . . , zn) with real coefficients is real stable if and only if
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for any e ∈ Rn
>0 with positive coordinates and x ∈ Rn, the univariate polynomial p(x + te) has

only real roots.

The above characterization can be used to conclude that DPPs are also belong to the

family of SR measures.

Theorem 3.7 ([20]). Any DPP is an SR measure.

They also show that SR measures are closed under truncation. Combining that with the

above, we get that k-DPPs are also instances of SR measures.

Corollary 3.8 ([20]). Any k-DPP is an SR measure.

This already shows the advantage of considering DPPs as SR measures for us, as it

allows us to apply SR properties for k-DPPs. On the other hand, the above is not true

for DPPs, that is to say k-DPPs can not be viewed as a DPP, and we can not extend DPPs

properties directly to k-DPPs. In the rest of this section, we describe some properties of

SR measures which are more important for us. We begin with negative association and,

then explain some closure properties of SR measures. In the rest of section, let µ : 2[N]

be an SR measure whose generating polynomial is pµ.

3.3.1 Negative Association

Earlier, we defined negative correlation for point processes and observe that DPPs satisfy

this condition. Negative association is a stronger form of negative correlation which was

introduced in [89]. We say an event A ⊆ 2[N] is increasing if it is closed upward under

containment, i.e., if S ∈ A, and S ⊂ T then T ∈ A. Moreover, we say a function

f : 2[N] → R+ is increasing if it is the indicator function of an increasing event. We say

µ is negatively associated if for any pair of increasing functions f , g : 2[N] → R+ which

are depending on disjoint sets of coordinates, we have

Eµ [ f ] ·Eµ [g] ≥ Eµ [ f · g] .
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To see negative association implies negative correlation for any pair of elements i, j ∈

[N], set f and g as functions indicating whether i and j belong to the set, respectively.

It is straight-forward to see these two are closed upward under containment and also

Eµ [ f ] = Pµ [i ∈ S] and Eµ [g] = Pµ [j ∈ S] which completes the proof. Building on [89],

[20] proved that any strongly Rayleigh distribution is negatively associated.

Theorem 3.9 ([20]). Any strongly Rayleigh probability distribution is negatively associated.

This immediately implies DPPs and k-DPPs also satisfy negative association which is

their main property that we exploit to develop our sampling algorithm in chapter 4 and

chapter 5.

3.3.2 Closure Properties

In a brilliant sequence of papers Borcea and Brändén introduced a complete characteri-

zation of operators which preserve real stability of polynomials [19, 18]. Some instances

of these operators can be naturally explained as actions on the corresponding SR mea-

sure. Here we focus on those operators and state the resulting closure properties for SR

measures.

Conditioning. For any 1 ≤ i ≤ n, let Xi be the random variable indicating whether i is

in a sample of µ. We use µ
∣∣
i := {µ |Xi = 1} to denote the conditional measure on sets

that contain i and µ
∣∣
i := {µ |Xi = 0}, to denote the conditional measure on sets that

do not contain i. It is shown that that strongly Rayleigh distributions are closed under

conditioning.

Theorem 3.10 (Theorem 2.5 of [20]). . For any SR distribution µ and any 1 ≤ i ≤ n, µ
∣∣
i and

µ
∣∣
i are also SR.

Projection. For a subset S ⊆ [N] define the projection of µ S, µ
∣∣
S as measure on 2S which
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the probability that assigns to any A ⊆ S is

µ
∣∣
S(A) = ∑

B⊆[N]:B∩S=A
µ(B).

From the properties of real stable polynomials, it is easy to see that µ
∣∣
S is also SR.

Truncation. For an integer 1 ≤ m ≤ N, the truncation of µ to subsets of size m is the

conditional measure on subsets of size m. In other words, if we denote it by µm, for any

S ⊆ [N] we have

µm(S) ∝

 0 |S| 6= m

µ(S) otherwise

3.4 DPPs on a Continuous Domain

Recall that, discrete k-DPPs are in fact random processes that select a subset of k points

from a finite ground set, each with probability proportional to the determinant of the cor-

responding sub-matrix of the kernel. Similarly, continuous k-DPPs can be defined over

a continuous domain via a PSD operator under some conditions which are covered in

section 3.4.1. In order to give a mathematically precise definition of continuous k-DPPs,

we need to introduce some operator theory nuances that we ignore, since the following

simpler definition of continuous k-DPPs suffices to understand this thesis. Interested

readers can found more details about continuous DPPs in [57].

Definition 3.11 (continuous k-DPP). Let Λ ⊆ Rd be a closed subset of the d-dimensional

euclidian space, and let L : Λ×Λ→ R be a PSD operator defined on this domain. Con-

tinuous k-DPP defined on the ground set Λ by the ensemble kernel L is a distribution π

supported on set of k-points in Λ that satisfies the following condition: For any mutually

disjoint family of compact subsets D1, . . . , Dk ⊆ Λ,

Pπ [one point is selected from each Di] ∝
∫

D1

· · ·
∫

Dk

det
L
(x1, . . . , xk)dx1 . . . dxk

where detL(x1, . . . , xk) refers to the determinant of the k× k matrix given by {L(xi, xj}1≤i,j≤k.

Examples. Here, we present some of the PSD operators which are commonly used as
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kernels.

• Gaussian quality and similarity kernel: Let ϕ(x) = exp(−‖x−a‖2

σ2 ) be a multi-variate

Gaussian distribution with mean a ∈ Rd and variance σ > 0. Also let K : Rd ×

Rd be a Gaussian kernel defined by K(x, y) = exp(−‖x−y‖2

ν2 ). Then one can use

L(x, y) = ϕ(x)K(x, y)ϕ(y) to define a k-DPP over any subset of Rd. Intuitively

speaking, here ϕ gives a quality score to each point based on its distance from the

center a and K captures diversity of selected points in the k-DPP. This is why ϕ is

called the quality kernel and K is the similarity kernel.

• Polynomial kernel: Another widely used family of kernels are polynomial kernels.

For an integer ℓ, the polynomial kernel of degree ℓ is defined by

P(x, y) = (1 + 〈x, y〉)ℓ.

More generally, in the next part we describe minimal requirements for a function to

define a k-DPP on a continuous domain.

3.4.1 Necessary Conditions for a Continuous DPP Kernel

Let L : Λ× Λ → R be a continuous function, and let TL be its corresponding Hilbert-

Schmidt integral operator which for any function f ∈ L2(Λ) is given by

TL( f )(x) =
∫

C
L(x, y) f (y)dy.

We may abuse the notation and use L to also represent the corresponding integral oper-

ator. Function L needs to satisfy the following to define a DPP.

1. L is a symmetric function, i.e. for any x, y, L(x, y) = L(y, x). This also implies L is

self-adjoint which means for any f , g ∈ L2(Λ), we have 〈L f , g〉 = 〈 f , Lg〉.

2. TL is a Hilbert-Schmidt kernel which means
∫

Λ

∫
Λ ‖L(x, y)‖2dxdy < ∞. And most

importantly
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3. L satisfies Mercer’s condition: Any restriction of L to a finite domain gives a PSD

matrix, i.e. for any n, and x1, . . . , xn ∈ Λ and any set of values c1, . . . , cn ∈ R, we

have ∑n
i,j=1 L(xi, xj)cicj ≥ 0. This along with continuity of L implies that TL is a

PSD operator. Therefore, there is a function f that maps any point in Λ to some

Hilbert space such that for any x, y ∈ Λ:

L(x, y) = 〈 f (x), f (y)〉.

One important consequence of the above conditions is the Mercer’s theorem which es-

sentially is a generalization of the eigenvalue decomposition for PSD matrices in the

continuous domain.

Theorem 3.12 (Mercer’s theorem). For any functions L satisfying the conditions (1)-(3) there

is a countable system of eigenspaces and eigenvalues, i.e. there are non-negative eigenvalues

λ1, λ2 . . . , and {ϕi}∞
i=1 ⊂ L2(Λ) where for any x and y

L =
∞

∑
i=1

λiϕi(x)ϕi(y).
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Part I

SAMPLING FROM K-DPPS AND SR MEASURES
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Chapter 4

MCMC ALGORITHMS FOR SAMPLING FROM DISCRETE K-DPPS
AND HOMOGENEOUS SR MEASURES

4.1 Introduction

Although, k-DPP are obtained from DPPs by a simple truncation operation, in contrast

to DPPs, mathematics of k-DPP can be very different. In particular, it turns out that a

k-DPP distribution may not be representable as a DPP. Perhaps, the simplest example is

the k-uniform distribution over a set of n elements. Although the uniform distribution

over n elements is a DPP, for any 2 ≤ k ≤ n− 2, the corresponding k-DPP is not a DPP

[72, Section 5]. To study sampling algorithms for k-DPPs, we appeal to properties of a

broader family of probability distributions known as Strongly Rayleigh (SR) measures

(see definition 3.5 for the definition). These generalization of DPPs, are introduced and

deeply studied in the work of [20]. Most importantly to us it is shown in [20] that

1. unlike DPPs, SR measures are closed under truncation.

2. similar to DPPs, they satisfy strongest form of negative dependence, a.k.a. negative

association.

These negative dependence properties were recently exploited to design approximation

algorithms [102, 105, 7].

We use these properties (crucially item 2) to study sampling algorithms for k-homogeneous
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SR measures1, which are a generalization of k-DPPs. We prove that the “natural” Metropolis-

Hastings Markov Chain defined on the support of these distributions mixes rapidly. Let

π be k-homogeneous SR measure on domain [N], i.e. π is the truncation of a SR measure

to subsets of size k from [N]. We analyze the mixing time of the following Markov chain:

The state space ofMπ is supp(π) and the transition probability kernel Pπ is defined as

follows. We may drop the subscript if π is clear from the context. For a set S ⊆ [N] and

i ∈ [N], let

S− i = S \ {i},

S + i = S ∪ {i}.

In any state S, choose an element i ∈ S and j /∈ S uniformly and independently at

random, and let T = S− i + j; then

i) If T ∈ supp{π}, move to T with probability 1
2 min{1, π(T)/π(S)};

ii) Otherwise, stay in S.

Our main contribution is to analyze the mixing time of the above chain.

4.1.1 Sampling from Discrete k-DPPs

Generating a sample from a k-DPP is a fundamental computational task with many

practical applications [66, 35, 72]. Moreover, as pointed out, DPPs can have geometric

interpretation as well: Given a set of vectors, the probability that a k-DPP assign to a

subset of vectors size k is proportional to the volume of k-dimensional parallelogram

formed by them. With this terminology, the problem of sampling from k-DPPs is also

known as the k-volume sampling.

Definition 4.1 (k-volume Sampling). We are given a matrix V ∈ Rn×m, an integer k,

and we want to choose a set S ⊆ [n] of k rows of X with probability proportional to

1As explained, these are truncation of SR measures to subsets of size k.
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det(VS,[m], V⊺
S,[m]

), where VS,[m] is the submatrix of V with rows indexed by elements of

S.

Therefore, if L is the ensemble matrix of a given k-DPP π, and L = VV⊺ is the Cholesky

decomposition of L, then the k-volume sampling problem on X is equivalent to the

problem of generating a random sample of π. This is a well-studied problem due to

its connections to low-rank approximations of matrices, e.g. see [66, 23, 35, 36, 37]; it

is shown in [35] that generating a sample of k rows of V from this distribution and

projecting all other rows of onto their span gives a (k + 1)-approximation to the nearest

rank-k matrix to V under the Frobenius norm.

The first type of algorithms developed for sampling from discrete k-DPPs are spectral

methods, e.g. see [58, 35, 72]. These methods can generate exact samples from the

distribution. However, they are only efficient when this matrix V is known, otherwise a

time consuming preprocess is required to decompose L- especially for high rank matrices

- and obtain V which makes them inefficient in terms of time and memory for many DPP

applications. In particular, when the input k-DPP is given by its ensemble kernel L, the

spectral method of [35] needs O(knmω log n), for ω ≈ 2.37 being the constant for matrix

multiplication, to execute2.

Given the limitation of spectral techniques, it was asked by [35] to generate random

samples of a k-DPP using Markov chain techniques. Markov chain techniques are very

appealing in this context because of their simplicity and efficiency.

There has been several attempts [65, 83, 109] to upper bound the mixing time of the

Markov chainMπ for a k-DPP π; but, to the best of our knowledge this question is still

open3. Here, we design the first rigorously analyzed MCMC algorithms for sampling

2We remark that the algorithms in [35] are almost linear in n when V is given.
3We remark that [65] claimed to have a proof of the rapid mixing time of a similar Markov chain. As it is

pointed out in [109] the coupling argument of [65] is ill-defined. To be more precise, the chain specified
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from discrete k-DPPs by upper-bounding the mixing time ofMπ.

4.1.2 Results

It is straight-forward to see thatMπ is reversible and π(.) is the stationary distribution

of the chain. In addition, Brändén showed that the support of a (homogeneous) strongly

Rayleigh distribution is the set of bases of a matroid [24, Cor 3.4]; so Mπ is irreducible.

Lastly, since we stay in each state S with probability at least 1/2,Mπ is a lazy chain.

In our main theorem, we analyze the “spectral gap” of Mπ and combining with the

above facts conclude that for any state S ∈ supp(π), if we start Mπ from a state S,

then after poly(N, k, log( 1
ϵ·π(S))) steps we obtain an ϵ-approximate sample of the input

homogeneous SR distribution. Formally we prove the following theorem.

Theorem 4.2. For any strongly Rayleigh k-homogeneous probability distribution π : 2[N] →

R+, S ∈ supp{π} and ϵ > 0,

τS(ϵ) ≤
1

Cπ
· log

(
1

ϵ · π(S)

)
,

where Pt
π(S, .) be the distribution ofMπ started at S at time t and

Cπ := min
S,T: P(S,T)>0

max(P(S, T), P(T, S)) (4.1)

is at least 1
2kn by construction.

See section 2.2 for the definition of mixing time. We remark that the homogeneity as-

sumption is necessary for the above theorem. The mixing time of Markov chain is closely

related to their Poincaré constant and the relationship is given by the classical theorem

theorem 2.13 of Diaconis and Stroock. Using that, to prove theorem 4.2 we only need to

prove the following theorem.

Theorem 4.3. For any k-homogeneous strongly Rayleigh distribution π : 2[N] → R+, the

in Algorithm 1 of [65] may not mix in a polynomial time of n. The chain specified in Algorithm 2 of
[65] is similar to Mπ , but the statement of Theorem 2 which upper bounds its mixing time is clearly
incorrect even when k = 1.
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Poincaré constant of the chainMπ is at least

λ ≥ Cπ.

Discrete k-DPPs are special cases of k-homogeneous SR measures. So, we get the follow-

ing corollary.

Corollary 4.4. For any k-DPP π, S ∈ supp(π) and ϵ > 0,

τS(ϵ) ≤
1

Cπ
· log

(
1

ϵ · π(S)

)
.

Suppose we have access to a set S ∈ supp{π} such that π(S) ≥ exp(−n). In addition,

we are given an oracle such that for any set T ∈ (N
k ), it returns π(T) if T ∈ supp(π) and

zero otherwise. Then, by the above theorem we can generate an ϵ-approximate sample

of k-homogeneous SR measures with at most poly(N, k, log(1/ϵ)) oracle calls. For k-

DPPs, we provide these oracles and concludeMπ can be used to efficiently generate an

approximate sample of π. More precisely we prove the following theorem.

Theorem 4.5. Given kernel L of a k-DPP π, for any ϵ > 0, there is an algorithm that generates

an ϵ-approximate sample of π in time poly(k)O(n log(n/ϵ)).

Note that in order to run the Markov chainMπ, it is only enough to have an algorithm

that given any pair of subsets T, S ∈ ([N]
k ), computes the ratio π(T)

π(S) . For k-DPPs it only

requires computing the determinant of two k × k matrices which can be done in time

O(k3). Therefore, to obtain an actual algorithm and prove theorem 4.5 it remains to

design an oracle to find a proper starting state; We need to generate a set S ∈ supp(π)

such that π(S) is bounded away from zero, perhaps by an exponentially small function

of n, k. We use the greedy algorithm 4.1 to find such a set, and we show that, in time

O(n)poly(k), it returns a set S such that

π(S) ≥ 1
k!|supp{π}| ≥ n−2k. (4.2)
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Algorithm 4.1 Greedy Algorithm for Selecting the Starting State ofMπ

1: S← ∅

2: for i = 1 to k do

3: Among all elements j /∈ S pick the one maximizing det(LS+j) and let S← S + j.

4: end for

5: Return S.

It remains to analyze Algorithm 4.1. This problem is already studied by [31] in the

context of maximum volume submatrix problem. In the maximum volume submatrix

problem, given a matrix X ∈ Rn×m, we want to choose a subset S of k rows of X max-

imizing det(XS,[m]X
⊺
S,[m]

). Equivalently, given a matrix L = XX⊺, we want to choose

S ⊆ [n] of size k maximizing det(LS). Note that if L is an ensemble matrix of a k-DPP π,

then

max
|S|=k

π(S) =
max|S|=k det(LS)

∑|S|=k det(LS)
≥ 1
|supp(π)| ≥ n−k.

The maximum volume submatrix problem is NP-hard to approximate within a factor

ck for some constant c > 1 [32]. Numerous approximation algorithm are given for this

problem [31, 32, 99]. It was shown in [31, Thm 11] that choosing the rows of X greedily

gives a k! approximation to the maximum volume submatrix problem. Algorithm 4.1

is equivalent to the greedy algorithm of [31]; it is only described in the language of

ensemble matrix L. Therefore, it returns a set S such that

π(S) ≥
max|T|=k det(LT)

k! ∑|T|=k det(LT)
≥ 1

k!|supp(π)| ,

which establishes eq. (4.2). The complete algorithm can be summarized as follows:
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Algorithm 4.2 An MCMC algorithm to generate approximate samples from k-DPPs

1: Input: A k-DPP π on [N] defined by kernel L ∈ RN×N.

2: Use algorithm 4.1 to find a starting subset S.

3: for i = 1 to τS(ϵ) = O(nk log 1
ϵ ) do Choose an element i ∈ S and j /∈ S uniformly

and independently at random, and let T = S− i + j; then

i) If T ∈ supp(π), move to T, i.e. set S ← T, with probability
1
2 min{1, π(T)/π(S)}.

ii) Otherwise, stay in S.

4: end for

5: Return S.

Overall Running Time. Note that the number of steps as bounded by corollary 3.8 is

O(nk log 1
ϵ ), and the complexity of each step is O(k3). So the total running time of the

algorithm to generate an ϵ-approximate sample is O(nk4 log 1
ϵ ).

4.1.3 Proof Overview

In the rest of the paper we prove theorem 4.2. To prove theorem 4.2, we lower bound

the spectral gap, a.k.a. the Poincaré constant of the chainMπ and prove theorem 4.3. To

lower bound the spectral gap, we use an extension of the seminal work of [47]. Feder

and Mihail showed that the bases exchange graph of the bases of a balanced matroid is

an expander. This directly lower bounds the spectral gap by Cheeger’s inequality. A

matroid is called balanced if the matroid and all of its minors satisfy the property that

the uniform distribution of the bases is negatively associated (see section 3.3.1 for the

definition).

Our proof can be seen as a weighted variant of [47]. As we mentioned earlier, the support

of a homogeneous strongly Rayleigh distribution corresponds to the bases of a matroid.

Our proof shows that if a distribution µ over the bases of a matroid and all of its con-
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ditional measures are negatively associated, then the MCMC algorithm mixes rapidly.

To show that µ satisfies the aforementioned property we simply appeal to the negative

dependence theory of strongly Rayleigh distributions developed in [20]. Although our

proof can be written in the language of [47], we work with the more advanced chain de-

composition idea of [63] to prove a tight bound on the Poincaré constant; see section 4.2

for the details.

We remark that the decomposition idea of [63] can be used to lower bound the log-Sobolev

constant of Mµ. However, it turns out that in our case, the log-Sobolev constant may

be no larger than 1
− log(minS∈supp{µ} µ(S)) . Since the latter quantity is not necessarily lower-

bounded as a function of k, n, the L2 mixing time of the chain may be unbounded.

4.2 Decomposable Markov Chains

LetM be a Markov chain on a finite space identified by (Ω, P, π) which respectively de-

note the state space, transition probability matrix, and the stationary distribution. Recall

that a M is reversible if for any pair of states x, y ∈ Ω, π(x)P(x, y) = π(y)P(y, x). In

this chapter we only work with reversible Markov chains.

Our main tool to lower bound the Poincaré constant ofMπ is the decomposable Markov

chain technique due to Jerrum, Son, Tetali and Vigoda [63]. Roughly speaking, they con-

sider Markov chains that can be decomposed into “projection” and “restriction” chains.

They lower bound the Poincaré constant of the original chain assuming certain properties

of these projection/restriction chains.

Let Ω0 ∪Ω1 be a decomposition of the state space of a Markov chain (Ω, P, π) into two

disjoint sets4. For i ∈ {0, 1} let

π̄(i) = ∑
x∈Ωi

π(x),

4Here, we only focus on decomposition into two disjoint sets, although the technique of [63] is more
general.
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and let P̄ ∈ R2×2 be

P̄(i, j) = π̄(i)−1 ∑
x∈Ωi,y∈Ωj

π(x)P(x, y).

The Markov chain ({0, 1}, P̄, π̄) is called a projection chain. Let λ̄ be the Poincaré con-

stant of this chain.

We can also define a restriction Markov chain on each Ωi as follows. For each i ∈ {0, 1},

Pi(x, y) =

P(x, y) if x 6= y,

P(x, x) + ∑z/∈Ωi
P(x, z) if x = y.

In other words, for any transition from x to a state outside of Ωi, we remain in x. Ob-

serve that in the stationary distribution of the restriction chain, the probability of x is

proportional to π(x). Let λi be the Poincaré constant of the chain (Ωi, Pi, .). Now, we are

ready to explain the main result of [63].

Theorem 4.6 ([63, Cor 3]). If for any distinct i, j ∈ {0, 1}, and any x ∈ Ωi,

P̄(i, j) = ∑
y∈Ωj

P(x, y), (4.3)

then the Poincaré constant of (Ω, P, π) is at least min{λ̄, λ0, λ1}.

Note that the projection chain in this case is a Markov chain with only two states. The

spectral gap of Markov chains with two states can be easily calculated. In particular, we

use the following.

Fact 7. The Poincaré constant of any reversible two state chain with Ω = 0, 1 and P(0, 1) =

c · π(1) is c.

Proof. Consider any function f . Since var( f ) is shift-invariant, we can assume Eπ [ f ] = 0,

i.e., π(0) f (0) = −π(1) f (1). Since Eπ( f , f )
varπ( f ) is invariant under the scaling of f , we can

assume f (0) = π(1) and f (1) = −π(0). Since the chain is reversible P(1, 0) = c · π(0).

Plugging this unique f into the ratio we obtain λ = c.
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4.3 Inductive Argument

In this section we prove theorem 4.3. Throughout this section we fix a strongly Rayleigh

distribution π, and we let Ω, P be the state space and the transition probability matrix of

Mπ.

We prove theorem 4.3 by induction on |supp(π)|. If |supp(π)| = 1, then there is nothing

to prove. To do the induction step, we will use theorem 4.6. So, let us first start by

defining the restriction chains. Without loss of generality, perhaps after renaming, let n

be an element such that 0 < PS ∼ π [n ∈ S] < 1. Let Ω0 = {S ∈ supp(π) : n /∈ S}

and Ω1 = {S ∈ supp(π) : n ∈ S}. Note that both of these sets are nonempty. Observe

that the restricted chain (Ω0, P0, .) is the same as Mπ|n and (Ω1, P1, .) is the same as

Mπ|n . In addition, by theorem 3.10, π|n and π|n are strongly Rayleigh, and also clearly

Cπ|n , Cπ|n ≥ Cπ. So, we can use the induction hypothesis to lower bound λ0, λ1 ≥ Cπ.

It remains to lower bound the Poincaré constant of the projection chain and to prove

equation (4.3). Unfortunately, P does not satisfy (4.3). So, we use an idea of [63]. We

construct a new Markov kernel P̂ satisfying (4.3) such that (i) P̂ has the same stationary

distribution. (ii) The Poincaré constant of P̂, λ̂ lower-bounds λ. Then we use theorem 4.6

to lower bound λ̂.

To make sure that P̂ satisfies (i), (ii), it is enough that for all distinct states x, y ∈ Ω,

π(x)P̂(x, y) = π(y)P̂(y, x), (4.4)

P̂(x, y) ≤ P(x, y). (4.5)

Equation (4.4) implies (i), i.e., that π is also the stationary distribution of P̂. By an

application of the comparison method [40] (i) together with (4.5) implies (ii), i.e.,

λ̂ ≤ λ. (4.6)

So, to prove the induction step, it is enough to show that

λ̂ ≥ Cπ. (4.7)
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Lemma 4.8. There is a transition probability matrix P̂ : Ω×Ω→ R+ such that

1) P̂ satisfies (4.4), (4.5).

2) For any i ∈ {0, 1} and any distinct states x, y ∈ Ωi, P̂(x, y) = P(x, y).

3) The Poincaré constant of the chain (Ω, P̂, π) projected onto Ω0, Ω1 is at least ¯̂λ ≥ Cπ,

4) For any state x ∈ supp(π) and distinct i, j ∈ {0, 1},
¯̂P(i, j) = ∑

y∈Ωj

P̂(x, y).

Before proving the above lemma, we use it to finish the proof of the induction. By part

(2), P̂ agrees with P on the projection chains. Therefore, the Poincaré constants of the

chains (Ω0, P̂0, .) and (Ω1, P̂1, .) are at least λ̂0, λ̂1 ≥ Cπ. So, by parts (3) and (4) we can

invoke theorem 4.6 for P̂ and we get that

λ̂ ≥ min{ ¯̂λ, λ̂0, λ̂1} ≥ Cπ.

This proves (4.7). As we discussed earlier, part (1) implies (4.6) which completes the

induction.

4.3.1 Proof of lemma 4.8

In the rest of this section we prove lemma 4.8. Note that the main challenge in proving

the lemma is part (4). The transition probability matrix P already satisfies part (1)-(3).

The key to proving part (4) is to construct a fractional perfect matching between the states

of Ω0 and Ω1; see the following lemma for the formal definition. This idea originally

was used in [47] and it was later extended in [62].

Lemma 4.9. There is a function w : {{x, y} : x ∈ Ω0, y ∈ Ω1} → R+ such that w{x,y} > 0
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only if P(x, y) > 0 and

∑
y∈Ω1

w{x,y} =
π(x)

π(Ω0)
∀x ∈ Ω0,

∑
x∈Ω0

w{x,y} =
π(y)

π(Ω1)
∀y ∈ Ω1.

(4.8)

We use the negative association property of the strongly Rayleigh distributions to prove

the above lemma. But before that let us prove lemma 4.8.

Proof of lemma 4.8. We use w to construct P̂. For any i, j ∈ {0, 1} and x ∈ Ωi and y ∈ Ωj

where x 6= y, we let

P̂(x, y) =


Cπ

π(x)π(Ωi)π(Ωj)w{x,y} if i 6= j,

P(x, y) otherwise.

We also set P̂(x, x) = 1−∑y 6=x∈Ω P̂(x, y) for any x ∈ Ω. Note that by definition part (2)

is satisfied. First we verify part (1). If i 6= j, then

P̂(x, y)π(x) = Cππ(Ωi)π(Ωj)w{x,y} = P̂(y, x)π(y),

and if i = j the same identity holds because P̂(x, y) = P(x, y). This proves (4.4). To see

(4.5), let x ∈ Ωi, y ∈ Ωj be two distinct states. First note that WLOG we can assume i 6= j

and P(x, y) 6= 0; otherwise clearly P̂(x, y) = P(x, y). So we have

P̂(x, y) =
Cπ

π(x)
· π(Ω0)π(Ω1)w{x,y}

≤ max(P(x, y), P(y, x))
π(x)

π(Ωi)π(Ωj)w{x,y}

≤ max(P(x, y), P(y, x)) · min(π(x), π(y))
π(x)

≤ P(x, y).

The first inequality follows by the definition of Cπ (see (4.1)), and the second inequality

follows by the fact that w{x,y} ≤
π(x)

π(Ω0)
and w{x,y} ≤

π(y)
π(Ω1)

, and the last inequality follows

by the detailed balanced condition. This completes the proof of part (1).
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Next, we prove part (3). By the definition of P̂, for distinct i, j ∈ {0, 1} we have
¯̂P(i, j) =

1
π(Ωi)

∑
x∈Ωi,y∈Ωj

π(x)P̂(x, y)

=
Cπ

π(Ωi)
∑

x∈Ωi,y∈Ωj

π(Ωi)π(Ωj)w(x, y)

= Cπ · π(Ωj) ∑
x∈Ωi

π(x)
π(Ωi)

= Cπ · π(Ωj),

where the second to last equality follows by (4.8). By Fact 7, the Poincaré constant of
¯̂P = Cπ. This proves part (3).

Finally we prove part (4). Fix distinct i, j ∈ {0, 1} and z ∈ Ωi. We have,

∑
y∈Ωj

P̂(z, y) =
Cπ

π(z)
π(Ωi)π(Ωj) ∑

y∈Ωj

w{z,y} = Cπ · π(Ωj),

where we used (4.8). On the other hand, by the definition of P̂ we know that
¯̂P(i, j) =

1
π(Ωi)

∑
x∈Ωi,y∈Ωj

π(x) ¯̂P(x, y) = Cπ · π(Ωj) ∑
x∈Ωi

π(x)
π(Ωi)

= Cπ · π(Ωj),

where the second equality follows by (4.8). This completes the proof of part (4) and

lemma 4.8.

It remains to prove lemma 4.9. For a set A ⊆ Ω let

N(A) = {y ∈ Ω \ A : ∃x ∈ A, P(x, y) > 0 }.

To prove lemma 4.9 we use a maximum flow-minimum cut argument. To prove the claim

we need to show that the support graph of the transition probability matrix Pπ satisfies

Hall’s condition. This is proved in the following lemma using the negative association

property of strongly Rayleigh measures. The proof is simply an extension of the proof

of [47, Lem 3.1].

Lemma 4.10. For any A ⊆ Ω1,
π(N(A))

π(Ω0)
≥ π(A)

π(Ω1)
.

Proof. Let R ∼ π be a random set. Recall that Ω0 = {S ∈ supp{π} : n /∈ S} and

Ω1 = {S ∈ supp{π} : n ∈ S}. Let g be a random variable indicating whether n ∈ R. Let
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f be an indicator random variable which is 1 if there exists T ∈ A such that R ⊇ T \ {n}.

It is easy to see that f and g are two increasing functions which depend on two disjoint

sets of elements. By the negative association property, theorem 3.9, we can write

Pπ [ f (R) = 1|g(R) = 0] ≥ Pπ [ f (R) = 1|g(R) = 1] .

The lemma follows by the fact that the LHS of the above inequality is π(N(A))
π(Ω0)

and the

RHS is π(A)
π(Ω1)

.

Proof of lemma 4.9. Let G be a bipartite graph on Ω0 ∪Ω1 where there is an edge between

x ∈ Ω1 and y ∈ Ω0 if P(x, y) > 0. We prove the lemma by showing there is a unit flow

from Ω1 to Ω0 such that the amount of flow going out of any x ∈ Ω1 is π(x)
π(Ω1)

, and the

incoming flow to any y ∈ Ω0 is π(y)
π(Ω0)

. Then, we simply let w{x,y} be the flow on the edge

connecting x to y.

Add a source s and a sink t. For any x ∈ Ω1 add an arc (s, x) with capacity cs,x =

π(x)/π(Ω1). Similarly, for any y ∈ Ω0 add an arc (y, t) with capacity cy,t = π(y)/π(Ω0).

Let the capacity of any other edge in the graph be ∞. Since the sum of the capacities of

all edges leaving s is 1, to prove the lemma, it is enough to show that the maximum flow

is 1. Equivalently, by the max-flow min-cut theorem, it suffices to show that the value

of the minimum cut separating s and t is at least 1. Let B, B be an arbitrary s-t cut, and

assume that s ∈ B and t ∈ B. Let B0 = Ω0 ∩ B and B1 = Ω1 ∩ B. For disjoint X, Y ⊆ Ω,

let c(X, Y) = ∑x∈X,y∈Y cx,y. We have

c(B, B) ≥ c(s, Ω1 \ B1) + c(B0, t)

=
π(Ω1 \ B1)

π(Ω1)
+

π(B0)

π(Ω0)

= 1− π(B1)

π(Ω1)
+

π(B0)

π(Ω0)
≥ 1− π(N(B1))

π(Ω0)
+

π(B0)

π(Ω0)
, (4.9)

where the inequality follows by lemma 4.9. If there are any edge from B1 to Ω0 \ B0, then

c(B, B) = ∞ and we are done. Otherwise, N(B1) ⊆ B0. Therefore, π(N(B1)) ≤ π(B0),

and the RHS of the above inequality is at least 1. So, c(B, B) ≥ 1 as desired.
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Chapter 5

A POLYNOMIAL TIME MCMC METHOD FOR SAMPLING FROM
CONTINUOUS K-DPPS

In this chapter, we study the Gibbs sampling algorithm for discrete and continuous

k-DPPs. We show that in both cases, the spectral gap of the chain is bounded by a

polynomial of k and it is independent of the size of the domain. As an immediate

corollary, we obtain sublinear time algorithms for sampling from discrete k-DPPs given

access to polynomially many processors. In the continuous setting, our result leads to

the first class of rigorously analyzed efficient algorithms to generate random samples

of continuous k-DPPs. We achieve this by showing that the Gibbs sampler for a large

family of continuous k- DPPs can be simulated efficiently when the spectrum is not

concentrated on the top k eigenvalues.

5.1 Introduction

The exact definition of continuous DPPs was presented in section 3.4; as stated, the major

difference with discrete DPPs is that these distributions are defined on a subset of Rd

via a PSD integral operator instead of a PSD matrix. A simple and widely used example

of such kernels is symmetric Gaussian also known as radial basis function (RBF) kernel.

For a parameter σ > 0, a symmetric Gaussian kernel gσ : Rd ×Rd → R is defined by

gσ(x, y) = exp(−‖x−y‖2

2σ2 ).

Continuous DPPs naturally arise in several areas of Physics and Math; To name a few ex-

amples, eigenvalues of random matrices [88, 50], zero-set of Gaussian analytic functions
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[106] are families of DPPs; also, see [75] for applications in statistics and [17] for connec-

tions to repulsive systems. However, their applications is not limited to just theoretical

fields. Recently they have found several applications in machine learning as well; In [2],

approximate samples from continuous k-DPPs are drawn to generate initial seeds for the

k-means clustering algorithm. As they observed the diversity of DPP samples leads to

better recovery of the underlying ground truth clusters. They have also been used for

learning and tuning parameters of different learning models, e.g. learning parameters

of generative mixture models [107, 74], tuning the hyper-parameters of a deep network

[42].

The wide range of applications of continuous DPPs and k-DPPs motivates designing

efficient learning and inference primitives for them. As explained in the previous chapter,

in the discrete setting several efficient algorithms have been discovered for sampling

[57, 83, 37, 6], marginalization [21], conditioning [72], and many other inference tasks.

On the other hand, in the continuous domain, despite previous efforts [111, 76, 54, 56],

there has been much less progress. In this work we study sampling algorithms for

continuous k-DPPs. The sampling task for these distribution can be formally formulated

as follows:

Sampling from continuous k-DPPs. Let π be a continuous k-DPP on domain C ⊆ Rd

with kernel L. Recall that µ is a distribution on the subsets of size k of C, that we

call k-points of C and a sample x1, . . . , xk ∈ C is generated from π if for any collection

of non-overlapping sets B1, . . . , Bk ⊂ C, the probability that there exists a permutation

σ : {1, . . . , k} → {1, . . . , k} that for any 1 ≤ i ≤ k, xi ∈ Bσ(i) is proportional to∫
B1

· · ·
∫

Bk

det
L
(z1, . . . , zk)dz1 . . . dzk.

Here we do not need to find the normalizer of this distribution, as we are only interested

in (approximate) samples from the distribution. Note that, devising such algorithms in

full generality is not well-defined, since such an algorithm would depend on how the
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input kernel L is represented. Therefore, the main question is that, in what settings the

sampling can be done efficiently. We propose an MCMC based approach by analyzing

the so-called Gibbs sampler chain for continuous k-DPPs. Our main contribution is to

show that this chain mixes in polynomial time in total variation distance, which implies

simulating it yields a polynomial time algorithm for sampling from continuous k-DPPs.

Next, we show that, given a “conditional sampling oracle” for a kernel L (definition 5.3),

one can simulate the chain efficiently. Finally, we suggest that a simple rejection sampler

can be used as the oracle to run the chain efficiently for several kernels of interest.

5.1.1 previous work

As explained in the previous section, the first type of sampling algorithms proposed for

the discrete DPPs were spectral algorithms. The basic idea is introduced by [57] which

given the eigen-decomposition of the kernel leads to a two-step sampling algorithm:

Firstly, a set of eigen-vectors of the kernel is generated from a probability distribution

driven from the eigenvalues. In the second step, a subset of points in the domain is

sampled recursively based on selected eigen-vectors in the previous step. Although, a

natural generalization of this scheme provides a theoretically correct and exact sampling

method for continuous DPPs, there are several challenges to turn it into a practical

algorithm:

1. A general continuous kernel does not have a finite eigen-decomposition representa-

tion. As suggested by [76] and [54], a heuristic is to find a finite rank approximation

of the original kernel. [54] applies Nyström method, and random Fourier feature

transform to find a low rank approximation of the kernel. However, to the best of

our knowledge, there is no universal bound on the total variation distance of the

approximated kernel and true underlying DPP kernel, because generally speaking,

to project the DPP kernel onto a lower dimensional space, these methods minimize

the error with respect to a matrix norm, rather than the DPP distribution.
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2. Even given a proper low rank approximation of the kernel with small error, im-

plementing the second phase of the algorithm is not tractable in general, as it

requires computationally integrating certain functionals of the eigenvectors over

a continuous space. To bypass this, [54] suggests an analytical approach which

first computes a dual kernel by analytically integrating the functionals. Such a

method can only be employed if the eigenvectors of the approximated kernel are

well-understood and integrable.

Another type of algorithms which give fast, and practical sampling algorithms for dis-

crete DPPs and k-DPPs are MCMC based methods. In the previous chapter, we show

how a Metropolis-Hastings algorithm can be used to generate approximate samples from

discrete k-DPPs in time O(n)poly(k), where n is the size of the domain, However, prior

to this work, such an MCMC algorithm with a provable guarantee is not known for the

continuous setting; in an attempt [57] provides empirical evidence that Gibbs sampling

is an efficient algorithm to generate samples from continuous k-DPPs in many cases.

However, they do not provide any rigorous justification.

It is also worth mentioning that [56] claims to devise an algorithm to generate exact

samples for specific kernels (including Gaussian), yet a careful look at their method

would reveal a major flaw in their argument 1.

5.1.2 Our Results

First, we formally define the lazy Gibbs sampler chain that we use for sampling from

continuous k-DPPs. Let π be a k-DPP defined by a kernel L : C × C → R for C ∈ Rd.

Given a state {x1, . . . , xk}, the Gibbs samplerM at each step evolves mas follows: With

probability half stays at the current state. Otherwise, a point xi ∈ {x1, . . . , xk} is chosen

uniformly at random, and is replaced by y ∈ C sampled from the conditional distribution

1The distribution that they consider as the conditional distribution of the k-DPP is in fact equivalent to
our notion of conditional distribution of the kernel (see Definition 5.3)
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whose PDF, f , is defined by

f (y) ∝ det
L
(x1, . . . , xi−1, y, xi+1, . . . , xk).

Our main contribution is that the above-defined Gibbs sampler mixes rapidly in a time

which is only a function of k, in both discrete and continuous settings.

We prove the following bound on the mixing time of the Gibbs sampler for continuous

k-DPPs and, its analogue for discrete k-DPPs.

Theorem 5.1. LetM be the Gibbs sampler for a k-DPP π. If we run the chain starting from an

arbitrary distribution µ0, for any ϵ > 0 we have

τµ0(ϵ) ≤ O(k4) · log

varπ(
fµ0
fπ
)

ϵ

 .

In the above theorem, fπ and fµ0 refer to the probability density functions for π and

µ0, respectively. Moreover, τµ0(ϵ) denotes the mixing time for the chain started from µ0.

To prove this theorem, we analyze the conductance of the Gibbs samplers k-DPPs (see

theorems 5.6 and 5.11), and apply the well-known connection between the conductance

and mixing time.

Applications for Discrete k-DPPs. In this case, to find a proper starting state of the

chain, we can use the greedy algorithm for determinant maximization (algorithm 4.1)

which returns a state, a subset of C of size k S, where π(S) ≥ 1
k! ; starting from such

state S, the chain generates ϵ-approximate samples after Õ(k5) steps. Moreover, for a

k-DPP over N elements, one can note that to simulate one step of the chain, it is enough

to compute the determinant of at most N k× k submatrices. Therefore, using the Gibbs

sampler, approximate samples from a k-DPP can be generated in time O(N) · poly(k).

As a sequential algorithm, this algorithm does not improve the running time of the

Metropolis-Hastings algorithm presented in chapter 4. However, since the mixing time

is independent of N, it can lead to sublinear time sampling algorithms in distributed

models of computation. The following corollary is an immediate naive consequence of
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this fact.

Corollary 5.2. Given access to Nδ processors for some δ > 0, an approximate sample of a k-DPP

defined on domain of size N can be generated in time O(N1−δ) · poly(k).

On the other hand, for continuous k-DPPs, to turn the above result into an efficient

algorithm, finding a good starting distribution µ0 which makes the log variance term in

the bound of theorem 5.1 polynomially small is more elusive. We also need to have an

algorithm to simulate the Gibbs sampler. To do both of these, we require the DPP kernel

to be presented to us by a conditional sampling oracle, defined as follows.

Definition 5.3. For a kernel L : C × C → R and a subset S ⊂ C, we define (S, L)-

conditional distribution to be a distribution on C defined by the PDF function f : C → R+

given by

f (x) ∝ det
L
(S ∪ x}),

and zero if x ∈ S. We denote this distribution by CDL(S). We say an algorithm is an

CDL(i) oracle for an integer i, if given any S ⊂ C (|S| = i), it returns a sample from the

CDL(S).

It is straight-forward to see that taking a step of the Gibbs sampler of the k-DPP from

the state x1, . . . , xk defined by L is equivalent to removing a point xi, for some 1 ≤ i ≤ k,

and generating a sample from CDL({x1, . . . , xi−1, xi+1, . . . , xk}). Therefore simulating the

chain can be done by a CDL(k− 1) oracle call. We also show these oracles are enough to

find a proper starting distribution to get an algorithm with the following guarantee. We

prove the following.

Theorem 5.4. Let π be a k-DPP defined by a kernel L : Rd ×Rd → R. Given CDL(i) oracles

for all 0 ≤ i ≤ k− 1, we can generate ϵ-approximate samples from π with

O(k5 log
k
ϵ
).

oracle calls.
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Therefore, the task of sampling from a continuous k-DPP boils down to sampling from

conditional 1-DPPs (CDL(.) distributions), which seems a simpler problem.

Applications for Continuous k-DPPs. To construct the conditional sampling oracles,

we use a simple rejection sampler similar to the one suggested at [76], with uniform

distribution on the domain as the proposal distribution. Analyzing the rejection sampler

and combining that with theorem 5.4, we get the following.

Theorem 5.5. Let L be a kernel on a bounded closed domain C, and suppose that we have access

to an oracle which can generate uniform samples from C. For any integer k and any ϵ > 0, an

ϵ-approximate sample from the k-DPP defined by L can be generated by

O(k5 log
1
ϵ
)

M ·VOL(C)
∑∞

i=k λi
(5.1)

oracle calls in expectation where λ0 ≥ λ1 ≥ · · · are eigen-values of L and M = supx L(x, x).

For some of the widely used kernels such as a Gaussian kernel, the L(x, x) is a constant

for all x and so tr(L) =
∫

C L(x, x) ∝ VOL(C) and the numerator in eq. (5.1) becomes

proportional to tr(C). Therefore in this setting, we get an efficient algorithm for sampling

from k-DPPs with “moderately decaying” spectrum. We further analyze the running

time for Gaussian kernels defined on a sphere. The details can be found in section 5.5.2.

5.1.3 Techniques

Our first contribution is to analyze the Gibbs sampler chain in the discrete setting. We

prove for a k-DPP defined on N points, the spectral gap of the Gibbs sampler chain is

a polynomial in 1/k and independent of N. So, up to logarithmic factors in N, the chain

mixes in time polynomial in k. This result on its own could be of interest in designing

distributed algorithms for sampling from discrete k-DPPs. This is because given access

to m processors, one can generate the next step of the Gibbs sampler in time O(N/m).

Secondly, we lift the above proof to the continuous setting using a natural discretization
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of the underlying space. To prove the mixing time, we need to make sure that the loga-

rithm of the variance of the starting distribution with respect to the stationary distribu-

tion of the chain, i.e., the k-DPP, is polynomially small in k and the dimension of the ambi-

ent space. We use a simple randomized greedy algorithm for this task: We start from the

empty set; assuming we have chosen x1, . . . , xi we sample xi+1 from CDL({x1, . . . , xi}),

where as usual L is the underlying kernel. We show that the distribution governing the

state output by this algorithm is our desired starting distribution.

Lastly, we use our main theorem to generate samples from a k-DPP defined on a spherical

Gaussian kernel on Sd−1. To run the above algorithm we need to construct the CDL(i)

oracles for all 0 ≤ i ≤ k− 1. Given the point {x1, . . . , xi}, we use the classical rejection

sampling algorithm to choose xi+1; namely, we generate a uniformly random point on

the unit sphere and we accept it with probability detL(x1,...,xi+1)
detL(x1,...,xi)

. We use the distribution

of the eigenvalues of the spherical Gaussian kernel [90] to bound the expected number

of proposals in the rejection sampler.

5.2 Notaions

Let Rd denote the d-dimensional euclidean space. Whenever, we consider C ⊂ Rd as

measurable space, our measure is the standard Lebesgue measure. The VOL(C) de-

notes the d-dimensional volume of C with respect to the standard measure. Throughout

the chapter, we only consider k-DPPs which are defined by continuous Hilbert-Schmidt

kernels which satisfy the properties stated in section 3.4.1. If π is a probability distribu-

tion, we use fπ to refer to the corresponding probability density function (PDF). We use

small letters to refer to elements of C and small bold letters to refer to its subsets, e.g.

x = {x1, . . . , xk} indicates a state of the Gibbs sampler for a k-DPP. For y ∈ Rd and a

finite subset S ∈ Rd, we may use S + y to indicate S ∪ {y} and S− y to indicate S \ {y}.

Moreover, for S = {x1, . . . , xm} we use detL(x1, . . . , xm) or detL(S) to refer to determinant

of the m × m submatrix where the ijth entry is L(xi, xj). Whenever, the kernel is clear
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from the context, we may drop the subscript. For two expression A and B, we write

A ≲ B to denote A ≤ O(B).

5.3 Gibbs Sampling for Discrete k-DPP

In this section we analyze the conductance of the Gibbs sampler for a discrete k-DPP,

and show that it is bounded by Ω
(

1
k2

)
. Recall that the conductance of a time reversible

chainM = (Ω, P, π) is defined by

Φ(M) = min
S⊂Ω:π(S)≤ 1

2

Q(S, S)
π(S)

,

where for x, y ∈ Ω, Q(y, x) = Q(x, y) = π(x)P(x, y) and Q(S, S) = ∑x∈S
y/∈S

Q(x, y). We

prove the following.

Theorem 5.6. Let M be the Gibbs sampler chain for an arbitrary discrete k-DPP, then for a

constant C < 20 we have

ϕ(M) ≥ 1
Ck2

In the rest of this section, we fix M = (Ω, P, π) to be the Gibbs-sampler chain on a

k-DPP defined on a set of N elements.

Before discussing the details of the proof let us first fix a notation and recall fundamental

properties of k-DPPs. For any element 1 ≤ i ≤ N, define Ωi, Ωi be the set of all states in Ω

that contain, do not contain i, respectively. Also define πi and πi to be the corresponding

conditional distribution (stationary distribution of the restricted chains). i.e. for

πi := {π| i is chosen }, i.e. πi(x) =
π(x)

π(Ωi)
, ∀x ∈ Ωi

πi := {π| i is not chosen }, i.e. πi(x) =
π(x)

π(Ωi)
, ∀x ∈ Ωi

.

As explained in section 3.3.2, πi, πi can be identified with a (k− 1)-DPP, k-DPP supported

on Ωi, Ωi, respectively. We defineMi = (Ωi, Pi, πi),Mi = (Ωi, Pi, πi) to be the restricted

Gibbs samplers. So, it is straightforward to see that for any x, y ∈ Ωi we get Pi(x, y) =
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k
k−1 · P(x, y). and consequently for Qi defined as Q forMi, we get

Qi(x, y) =
Q(x, y)
π(Ωi)

. (5.2)

Unlike Pi, Pi is not obtained from scaling a restriction of P. In particular, Let x, y ∈ Ωi so

that Pi(x, y) > 0 (which implies |x ∩ y| = k− 1). Then, setting I = x ∩ y and with a bit

abuse of notation π(I) = ∑j∈[n]\I π(I + j), i.e. π(I) = Pz∼π[I ⊂ z], we have

Pi(x, y) =
1
k
· π(y)

π(I)− π(i + I)
(5.3)

whereas P(x, y) = π(y)
k·π(I) . For any x ∈ Ωi, define Ni(x) be the set of its neighbours in Ωi,

i.e.

Ni(x) = {y ∈ Ωi|P(x, y) > 0}.

We use the following lemma to relate Qi to Q.

Lemma 5.7. Let A ⊂ Ωi be an arbitrary subset. For a state x ∈ Ωi, consider the following

partitioning of Ni(x): NA = Ni(x) ∩ A and NA = Ni(x) ∩ (Ωi \ A). Then we have

Q(x, NA) + Q(NA, NA) ≥ π(Ωi) ·Qi(NA, NA). (5.4)

Proof. Note that x ∪ NA ∪ NA is the set of all states containing elements in x− i. So by

definition of Q and Qi, we have

Q(x, NA) + Q(NA, NA) =
1
k
· π(x)π(NA)

π(x) + π(NA) + π(NA)
+

1
k
·

π(NA)π(NA)

π(x) + π(NA) + π(NA)

(5.5)

=
π(NA)

k
·

π(x) + π(NA)

π(x) + π(NA) + π(NA)
≥ π(NA)

k
·

π(NA)

π(NA) + π(NA)

(5.6)

= π(Ωi) ·Qi(NA, NA) (5.7)

where the inequality follows simply because π(NA) ≥ 0.

High level idea of the proof of Theorem 5.6. We follow a proof strategy similar to [89],

which obtains analogue of our result in an unweighted setting and for the Metropolis-
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Ωn ΩnSn Sn

Figure 5.1: A schematic view of the restriction chains.

yellow, red, blue, and green edges correspond to

Q(Sn, Ωn \ Sn), Q(Sn, Ωn \ Sn), Q(Sn, Ωn \Ωn \ Sn), and Q(Sn, Ωn \ Sn), respectively

Hastings samplers. We use an inductive argument to prove the theorem. We need to

prove Q(S, S) ≥ π(S)
Ck2 for a subset S ∈ Ω with π(S) ≤ 1

2 . Letting Sn = S ∩ Ωn and

Sn = S ∩Ωn, we have

Q(S, S) = Q(Sn, Ωn \ Sn) + Q(Sn, Ωn \ Sn) + Q(Sn, Ωn \ Sn) + Q(Sn, Ωn \ Sn). (5.8)

We carry out the induction step by lowerbounding the RHS of the above term by term.

In order to bound Q(Sn, Ωn \ Sn) we use induction hypothesis on Mn. To bound

Q(Sn, Ωn \ Sn), we combine the induction hypothesis on Mn with Lemma 5.7. It re-

mains to bound the other two terms which correspond to the contribution of the edge

across (Ωn, Ωn). To do that, we crucially use negative association of π. In particular,

we use lemma 4.10. For any set A ∈ Ωn, let Nn(A) = {y ∈ Ωn : ∃x ∈ A, P(x, y) > 0}

denote the set of neighbors of A in Ωn. The following restates that lemma.

Lemma 5.8. For any subset A ⊆ Ωn,

πn(Nn(A)) ≥ πn(A).

The lemma lower bounds the vertex expansion of Sn in Ωn and similarly vertex expan-

sion of Sn in Ωn. Later we show how to use it to bound the edge expansion which is our

quantity of interest.
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Proof of Theorem 5.6. We induct on k + n. So, assume, the conductance of the Gibbs

sampler for any (k− 1)-DPP over n− 1 elements is at most 1
C(k−1)2 and the conductance

is at most 1
Ck2 for any k-DPP over any n− 1 elements.

Fix a set S ⊂ Ω where π(S) ≤ 1
2 . We need to show Q(S, S) ≥ π(S)

Ck2 . First, consider

a simple case where πn(S) ≤ 1
2 and πn(S) ≤ 1

2 . By induction hypothesis we have

Qn(Sn, Ωn \ Sn) ≥ πn(Sn)
c(k−1)2 . Moreover, by adding up (5.2) for the edges across the cut

(Sn, Ωn \ Sn), we get Q(Sn, Ωn \ Sn) =
(k−1)π(Ωn)

k ·Qn(Sn, Ωn \ Sn). So combining them

we have

Q(Sn, Ωn \ Sn) ≥
π(Sn)

Ck2 . (5.9)

Now, we use induction onMn along with Lemma 5.7. The induction hypothesis implies

Qn(Sn, Ωn \ Sn) ≥
πn(Sn)

ck2 =
π(Sn)

π(Ωn) · ck2

So to prove the theorem in this case, it is enough to show the following and add it up

with (5.9).

Q(Sn, Ωn \ Sn) + Q(Sn, Ωn \ Sn) + Q(Sn, Ωn \ Sn) ≥ π(Ωn) ·Qn(Sn, Ωn \ Sn). (5.10)

To see that, it is enough to apply Lemma 5.7 and add up (5.4) for all x ∈ Ωn, where

subset A ⊂ Ωn in the lemma is determined as follows: if x ∈ Sn then set A = Sn,

otherwise set A = Ωn \ Sn. Note that, doing that the RHS of the result will be exactly

π(Ωn) · Qn(Sn, Ωn \ Ωn), because any edge yz of that will only show up in (5.4) by

having x = y ∩ z + n.

So we focus on the case max{πn(Sn), πn(Sn)} > 1
2 . Since π(S) ≤ 1

2 , we have min{πn(Sn), πn(Sn)} ≤
1
2 . So, without loss of generality, perhaps by considering S instead of S, we may assume

πn(Sn) >
1
2 and πn(S) ≤ 1

2 . Our goal is to prove

Q(S, S) ≥ 1
Ck2 ·min{1− π(S), π(S)} (5.11)

For every x ∈ Ωn, let Nn,S(x) := Nn(x) ∩ Sn, and Nn,S(x) := Nn(x) ∩ (Ωn \ Sn) be a

partitioning of Nn(x), so for every subset T ∈ Nn(x) we have

Q(x, T) =
1
2k
· π(x)π(T)

π(x) + π(Nn,S(x)) + π(Nn,S(x))
(5.12)
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Now, define Sleave ⊂ Sn to be

Sleave = {x ∈ Sn : π(x) + π(Nn,S(x)) < π(Nn,S(x))},

in other words, Sleave ∈ Sn is the subset of states so that, if the chain takes one step

from Sleave by removing and resampling element n, then with probability at least 1
2 it

leaves S and enters Nn,S(x). We also let Sstay = Sn \ Sleave. On the other hand, starting

from Sstay and by resampling n, the chain with probability at least half stays in S. It is

straight-forward to see

Q(Sleave, Ωn \ Sn) ≥
π(Sleave)

4k
(5.13)

To see that, note that definition of Sleave and setting T = Ωn \ Sn in (5.12) implies that for

any x ∈ Sleave, we have Q(x, Ωn \ Sn) ≥ π(x)
4k . To get (5.13), it suffices to sum up this over

all states of Sleave. The bound (5.13) shows that Q(Sleave, S)� π(Sleave)
k2 . So roughly speak-

ing, to prove the theorem, it suffices to show ϕ(Sstay) ∪ Sn) ≥ 1
Ck2 . consider two cases: if

πn(Sstay) ⪅ 1
2 , we essentially use the same argument as in the case πn(Sn), πn(Sn) ≤ 1

2 .

Otherwise we combine the induction with Lemma 5.8 to bound the expansion.

• Case 1: πn(Sstay) ≤ 1
2 + 1

4k . We show Q(S, S) ≥ π(S)
Ck2 . To do that, we use the

induction hypothesis onMn, and the following claim which is the stronger version

of (5.10).

Claim 5.9.

Q(Sn, S) + Q(Sn, Ωn \ Sn)−
1
2

Q(Sleave, Ωn \ Sn) ≥ π(Ωn) ·Qn(Sn, Ωn \ Sn) (5.14)

Proof. The claim is implied by combining the summation of (5.15),(5.16), and (5.17)

over Ωn \ Sn, Sstay and Sleave, respectively. Let x ∈ Ωn \ Sn. Then by applying

Lemma 5.7 for x and A = Sn, we get

Q(Nn,S(x), {x} ∪ Nn,S(x)) ≥ π(Ωn) ·Qn(Nn,S(x), Nn,S(x)) (5.15)

Similarly if x ∈ Sn, by applying Lemma 5.7 for x and A = Ωn \ Sn, we have

Q(x ∪ Nn,S(x, Nn,S(x)) ≥ π(Ωn) ·Qn(Nn,S(x), Nn,S(x)). (5.16)
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Finally, for x ∈ Sleave, we can show

Q(Nn,S(x), Nn,S(x)) +
1
2

Q(x, Nn,S(x)) ≥ π(Ωn) ·Qn(Nn,S(x), Nn,S(x)). (5.17)

To see that, first note that the LHS is equal to
π(Nn,S(x))

2k · (π(x) + π(Nn,S(x)) + π(Nn,S(x)))
·
(

π(Nn,S(x)) +
π(x)

2

)
which since π(x) +π(Nn,S(x)) < π(Nn,S(x)) for x ∈ Sleave, we get the lower-bound

of
1
2k
·

π(Nn,S(x))π(Nn,S(x))
π(Nn,S(x)) + π(Nn,S(x))

π(Ωn) = π(Ωn) ·Qn(Nn,S(x), Nn,S(x))

for the LHS.

In particular, we use the above claim to get

Q(S, S) = Q(Sn, Ωn \ Sn) + Q(Sn, Ωn \ Sn) + Q(Sn, Ωn \ Sn) + Q(Sn, Ωn \ Sn)

≥ Q(Sn, Ωn \ Sn) +
1
2

Q(Sleave + Ωn \ Sn) + π(Ωn)Qn(Sn, Sn) By Claim 5.9

≥ π(Ωn)− π(Sn)

Ck(k− 1)
+

1
2

Q(Sleave, Ωn \ Sn) +
π(Sn)

Ck2 induction Hyp. onMn andMn

≥
π(Ωn)− π(Sleave)− π(Sstay)

Ck(k− 1)
+

π(Sleave)

8k
+

π(Sn)

Ck2

(5.18)

where the last inequality follows by (5.13) and the fact that Sn = Sleave ∪ Sstay.

To finish the proof, we need to show the RHS of the above is at least π(S)
Ck2 . To

see that note that since π(Sleave)
8k ≥ π(Sleave) ·

(
1

Ck2 +
1

Ck(k−1)

)
for sufficiently large

k, it suffices to show π(Ωn)−π(Sstay)

Ck(k−1) ≥ π(Sstay)

Ck2 , which can be directly verified for

πn(Sstay) ≤ 1
2 +

1
4k .

• Case 2: πn(Sstay) >
1
2 +

1
4k . We prove

Q(S, S̄) ≥ 1− π(S)
Ck2 .

Lemma 5.8 states that the vertex expansion of Sstay is proportional to πn(Sstay)−

πn(Sn)( which is positive in this case by the assumption). We use it to bound

Q(S, S) by relating vertex expansion of Sstay to Q(S, S). In particular, we show the
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following claim.

Claim 5.10.

Q(Sstay, Ωn \ Sn) + Q(Sn, Ωn \ Sn) ≥
π(Ωn)

2k
·
(
πn(Sstay)− πn(Sn)

)
Proof. Note that for any x ∈ Sstay, since π(Nn,S(x)) ≤ π(x) + π(Nn,S(x)), we have

Q(x, Nn,S(x))+Q(Nn,S(x), Nn,S(x)) =
1
2k
·

π(Nn,S(x)) · [π(x) + π(Nn,S(x))]
π(x) + π(Nn,S(x)) + π(Nn,S(x))

≥ 1
2k
·

π(Nn,S(x))
2

,

To complete the proof, it is enough to sum up the above over Sstay to get the

following

Q(Sstay, Ωn \ Sn) + Q(Sn, Ωn \ Sn) ≥ ∑
x∈Sstay

π(Nn,S(x))
4k

≥ π

 ⋃
x∈Sstay

Nn,S(x)

 .

≥ π(Nn(Sstay))− π(Sn)

≥ π(Ωn) ·
(
πn(Sstay)− πn(Sn)

)
By Lemma 5.8

Claim 5.10 and (5.18) implies Q(S, S) ≥ max{L1, L2} defined as above

L1 :=
π(S1)

8k
+

π(Ωn)− π(Sleave)− π(Sstay)

Ck(k− 1)
+

π(Sn)

Ck2 By (5.18)

L2 :=
π(Ωn)

4k
·
(
πn(Sstay)− πn(Sn)

)
By Claim 5.10.

So we need to prove max{L1, L2} ≥ 1−π(S)
Ck2 . To prove that, we show that L1 +

L2
k−1 ≥

(1 + 1
k−1) ·

1−π(S)
Ck2 . Replacing values of L1 and L2 in the above and simplifying the

resulting inequality, we need to show
π(Sleave)

8k
+

π(Sn)

Ck2 +
π(Ωn)

4k(k− 1)
·
(
πn(Sstay)− πn(Sn)

)
≥ π(Ωn)− π(Sn)

Ck(k− 1)
.

Ignoring the π(S1)
8k term and rearranging the other terms, it is enough to show

π(Ωn)

4k(k− 1)
· (πn(Sstay)− πn(Sn)) ≥

π(Ωn)

Ck(k− 1)
· (1− 2k− 1

k
· πn(Sn)).

The above can be verified for C > 16, by noting that by assumption πn(Sstay) ≥
1
2 +

1
4k and πn(Sn) ≤ 1

2 .
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5.4 Gibbs Sampling for Continuous k-DPP

In this section we analyze the mixing time of Gibbs samplers for continuous k-DPPs. Let

M be the Gibbs sampler for a k-DPP defined by a continuous kernel L. In section 5.4.1,

we show ϕ(M) ≳ 1
k2 . Therefore, Gibbs sampling is an efficient method to generate

samples from a continuous k-DPP provided that: We have access to an CDL(k− 1) oracle

to simulate the chain, and we can find a proper starting distribution. In subsection 5.4.2,

we show access to conditional oracles sampling is also enough to find the proper starting

distributions.

As alluded to before, throughout the section L : Rd × Rd → R is a continuous ker-

nel which satisfies the Mercer’s condition and also
∫ ∫
|L(x, y)|2dxdy < ∞ which also

implies the partition function Z =
∫
· · ·
∫

detL(x1, . . . , xk)dxk . . . dx1 < ∞.

5.4.1 Conductance ofM

Theorem 5.11. LetM be the Gibbs sampler for a k-DPP defined by kernel L, then

ϕ(M) ≳ 1
k2 . (5.19)

Proof. Recall that by Theorem 5.6 the conductance of a Gibbs sampler for any discrete

k-DPP is at least Ω( 1
k2 ). The key observation is that this bound is independent of the

number of states. Therefore, we can obtain this bound for arbitrarily fine discretizations

ofM, and with a limiting argument extend it toM.

For simplicity, we assume d = 1. It is straight-forward to extend the argument to higher

dimensions. Let us denote the state space by Ω. Fix a measurable subset S ⊂ Ω with

π(S) ≤ 1
2 . Our goal is to prove ϕ(S) = Q(S,S)

π(S) ≥ Ω( 1
k2 ). Without loss of generality, we

can only consider restriction of Ω and S to a bounded set. To see that, note that if we

set Ωn = ([−n,n]
k ), then clearly, limn→∞

Q(S∩Ωn,S∩Ωn)
π(S∩Ωn)

= ϕ(S), and so for large values of

n, Q(S∩Ωn,S)
π(S∩Ωn)

= Θ(ϕ(S)). So suppose that Ω = ([0,1]
k ). For an integer n, we consider a
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discretization Mn of M defined as follows. We use n in subscript to denote quantities

related to Mn. We partition [0, 1] into intervals of length 1
n , and identify each interval

with an element in the ground set of Mn, so Ωn = ([n]k ). Mn is defined by a kernel

Ln characterized below. For i ∈ [n] let Ii = [ i−1
n , i

n ]. For any i, j ∈ [n], we define

Ln(i, j) =
∫
Ii

∫
Ij

L(u, v)dudv, be the accumulative value of L over Ii × Ij. One can easily

see Ln is a PSD matrix, as L is a PSD operator. Moreover, L and consequently detL is a

continuous function on a closed domain, so it is uniform continuous, implying for any

ϵ > 0, there exists an integer n(ϵ) so that for all n > n(ϵ) and any two states {x1, . . . , xk}

and {y1, . . . , yk} with |yi − xi| ≤ 1
n , we have |detL(x1, . . . , xk) − detL(y1, . . . , yk)| ≤ ϵ.

Now, note that fπ(y1, . . . , yk) = detL(y1,...,yk)
1
k!

∫
detL(x1,...,xk)dx1...dxk

. So, using the simple fact that for

any two sequences of numbers {an} and {bn},(
lim

n→∞
an = a

)
∧
(

lim
n→∞

bn = b 6= 0
)

=⇒ lim
n→∞

an

bn
=

a
b

(5.20)

we get that for any ϵ > 0, there exists an integer m(ϵ), where m(ϵ) depends on n(ϵ),

such that

∀n ≥ m(ϵ), ∀{t1, . . . , tk} ∈
(
[n]
k

)
:

∣∣∣∣∣πn(t1, . . . , tk)− π(
k

∏
i=1

Iti)

∣∣∣∣∣ ≤ ϵ

nk (5.21)

We define a set Sn ⊂ Ωn corresponding to S for any n, so that

lim
n→∞

ϕn(Sn) = ϕ(S). (5.22)

Clearly, the above proves the theorem as by Theorem 5.6, we know that ϕn(Sn) ≳ 1
k2 for

any n. In what follows, we use A ⊂ B to denote both of A− B and B− A have Lebesgue

measure zero. Also, define

Sn =

{
{t1, . . . , tk} ∈

(
[n]
k

) ∣∣∣∣ It1 × · · · × Itk ⊂ S
}

.

Following (5.20), to prove (5.22), it is enough to argue that limn→∞ Qn(Sn, Sn) = Q(S, S),

and limn→∞ πn(Sn) = π(S). We first show the latter. This follows by (5.21) and that

lim
n→∞

µ

(
∪{t1,...,tk}∈Sn

k

∏
i=1

Iti

)
= µ(S) (5.23)

for µ being the Lebesgue measure.

It remains to see limn→∞ Qn(Sn, Sn) = Q(S, S). First, note that [0, 1]k−1 is a closed set, so
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for any δ > 0 and ϵ > 0, there exists an integer n(δ, ϵ) so that for any n > n(δ, ϵ), and

points x1, . . . , xk, xk+1 and y1, . . . , yk, yk+1 with |xi− yi| ≤ 1
n , and

∫ 1
0 detL(x1, . . . , xk−1, τ)dτ ≥

δ, we have∣∣∣∣∣detL(x1, . . . , xk)detL(x1, . . . , xk−1, xk+1)∫ 1
0 detL(x1, . . . , xk−1, τ)dτ

− detL(y1, . . . , yk)detL(y1, . . . , yk−1, yk+1)∫ 1
0 detL(y1, . . . , yk−1, τ)dτ

∣∣∣∣∣ ≤ ϵ.

Therefore, similar to the case for πn, it follows that for any ϵ, δ > 0, there exists integer

m(δ, ϵ) depending on n(δ, ϵ) so that for any n ≥ m(δ, ϵ) and for all t1, . . . , tk−1, s, t ∈ ( [n]
k+1)

with ∑n
i=1 πn(t1, . . . , i) ≥ δ

nk−1∣∣∣∣∣Qn({t1, . . . , tk−1, t}, {t1, . . . , tk−1, s})−Q(It ×
k−1

∏
i=1

Iti , Is ×
k−1

∏
i=1

Iti)

∣∣∣∣∣ ≤ ϵ

nk+1 . (5.24)

Now, combining the above equation with (5.23), and noting ϵ and δ can be chosen

arbitrary close to zero, we obtain limn→∞ Qn(Sn, Sn) = Q(S, S), which completes the

proof.

Combining the theorem with Theorem 2.19, we get that λM ≳ 1
k4 , where λM is the

poincarë constant of M. Moreover, clearly the above argument implies the chain is

π-strongly irreducible as well. So we can apply Theorem 2.16 to obtain the following

corollary.

Corollary 5.12. Let π be the k-DPP defined by L. If µ is an arbitrary starting distribution, then

τµ(ϵ) ≤ O(k4) · log

varπ(
fµ

fπ
)

ϵ

 .

5.4.2 Finding a Warm Start

In this subsection we propose a simple greedy algorithm that given access to CDL(i)

oracles for a kernel L and any 0 ≤ i ≤ k − 1, returns a proper starting state such

that starting the corresponding Gibbs sampler yields the guarantee of theorem 5.4. The

algorithm is described in algorithm 5.3 which is essentially the continuous version of a

greedy algorithm analyzed at [37] for approximate volume sampling. We can prove the

following guarantee for the distribution of the output of the algorithm.



75

Algorithm 5.3 Choosing a starting state

Input: CDL(i) oracles of L for 0 ≤ i ≤ k− 1.

1: Let S = ∅.

2: for i from 0 to k− 1 do

3: Use the CDL(i) oracle to generate a sample xi and add xi to S.

4: end for

return S.

Lemma 5.13. Let µ0 be the probability distribution of the output of Algorithm 5.3. Also let fµ0

and fπ denote the PDF for µ0 and π. Then for any {x1, . . . , xk} ⊂ Ω,

fµ0({x1, . . . , xk}) ≤ (k!)2 fπ({x1, . . . , xk}).

The proof essentially is a continuous extension of the argument appeared in [37].

Proof. For any x ∈ Rd, let fx be the corresponding feature map, i.e. fx : H → R for

some Hilbert space H and for any x, y ∈ Rd, L(x, y) = 〈 fx, fy〉. Fix x = {x1, . . . , xk}, and

let Sk be the set of all permutations of {x1, . . . , xk}. Also, for any σ ∈ Sk and for any

1 ≤ i ≤ k− 1, define Hi
σ = 〈 fσ(1), . . . , fσ(i)〉. By definition of algorithm 5.3 we have

fν(x) = ∑
σ∈Sk

[
‖ fσ(1)‖2∫
‖ fy‖2dy

·
d( fσ(2), H1

σ)
2∫

d( fy, H1
σ)

2dx
. . .

d( fσ(k), Hk−1
σ )2∫

d( fy, Hk−1
σ )2dy

]
.

In the above the range of all integrals is Rd. Note that they are well-defined since our

kernel is continuous. For any 1 ≤ i ≤ k− 1, let Hi
∗ = arg minH=〈 fy1 ,..., fyi 〉

∫
d( fy, H)2dy,

where y1 . . . , yi range over Rd. Note that, the minimum of the quantity is defined since

L is continuous on a closed set. Combining with the above, and noting that for any σ,

det(x1, . . . , xk) = ‖ fσ(1)‖2 · d( fσ(2), H1
σ)

2 . . . d( fσ(k), Hk−1
σ )2, we obtain

fν(x) ≤ k! · det(x1, . . . , xk)∫
‖ fy‖2dy ·

∫
d( fy, H1

∗)
2dy ·

∫
d( fy, Hk−1

∗ dy

≤ k! ·
fπ(x) ·

∫
· · ·
∫

C det(y1, . . . , yk)dyk . . . dy1

k! ·
∫
‖ fy‖2dy ·

∫
d( fy, H1

∗)
2dx· · ·

∫
d( fy, Hk−1

∗ )2dy
.
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So, rearranging the above to show fν(x)
fπ(x) ≤ (k!)2, it suffices to show∫

· · ·
∫

det(y1, . . . , yk)dyk . . . dy1∫
‖ fy‖2dy ·

∫
d( fy, H1

∗)
2dx· · ·

∫
d( fy, Hk−1

∗ )2dy
≤ (k!)2. (5.25)

To proof the above, we use induction on k. For k = 1, the statement is obvious as for any

y ∈ Rd, det(y) = L(y, y) = ‖ fy‖2. It is straight-forward to see, applying the above claim

will prove the induction step, and completes the proof.

Claim 5.14.∫
· · ·

∫
det(y1, . . . , yk)dyk . . . dy1 ≤ k2

(∫
d( fy, Hk−1

∗ )2dy
)(∫

· · ·
∫

det(y1, . . . , yk−1)dyk−1 . . . dy1

)
(5.26)

Proof of Claim 5.14. For any y = {y1, . . . , yk} ⊂ Rd, let Gy be a (k− 1)-dimensional linear

subspace of 〈 fy1 . . . , fyk〉 which contains the projection of H(k−1)
∗ onto 〈 fy1 . . . , fyk〉. Now,

for any y, we apply the following lemma.

Lemma 5.15 (Lemma 2 of [37]). Let S be a set of k vectors, and H be any (k− 1)-dimesnsional

subspace of 〈S〉. Then

VOL(S) ≤ ∑
v∈S

d(v, H)VOL(S− v),

where volume of a set of vectors, refer to the volume of the parallelopiped spanned by them.

Using the above lemma, and noting for a set of points V ⊂ Rd, detL(V) = VOL({ fv}v∈V)

we can get

det(y) ≤
(

k

∑
i=1

d( fyi , Gy)
√

det(y− yi)

)2

≤ k

(
k

∑
i=1

d( fyi , Gy)
2 det(y− yi)

)
Cauchy-Schwarz Inequality.
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By integrating the above over Rd ×Rd . . . Rd (k times), we get∫
· · ·

∫
det(y)dy ≤ k

∫
Rd
· · ·

∫ k

∑
i=1

d( fyi , Gy)
2 det(y− yi)dy

≤ k2
∫

y∈Rd

∫
z1∈Rd

· · ·
∫

zk−1∈Rd
d( fy, Gz+y)

2 det(z)dzdy (setting z = {z1, . . . , zk−1})

≤
∫

y∈Rd

∫
z1∈Rd

· · ·
∫

zk−1∈Rd
d( fy, Hk−1

∗ )2 det(z)dzdy

=

(∫
d( fy, Hk−1

∗ )2dy
)(∫

z1∈Rd
· · ·

∫
zk−1∈Rd

det(z)dz
)

,

where in the third inequality, the fact d( fy, Gz+y) ≤ d( fy, Hk−1
∗ ) holds because fy ∈

〈 fz1 , . . . , fzk−1 , fy〉, and Gz+y contains the projection of Hk−1
∗ onto this space. Thus, the

proof of the claim and the lemma is complete.

We use this lemma to bound varπ(
fµ0
fπ
) which appears in our bound for the mixing time.

In particular, we use it to prove the following.

Corollary 5.16. LetM be the Gibbs sampler for the k-DPP defined by kernel L : Rd×Rd → R.

Given access to CDL(i) oracles all 0 ≤ i ≤ k − 1, algorithm 5.3 returns a state of M from a

distribution µ0 where

log varπ(
fµ0

fπ
) ≤ O(k log k) (5.27)

Moreover, the algorithm only uses k oracle accesses.

Proof. First of all, clearly the algorithm use each CDL(i) oracle for 1 ≤ i ≤ k− 1 once. So

letting µ0 be the distribution of the output of the algorithm. The proof straight-forwardly

follows by applying Lemma 5.15. More precisely,

varπ(
fµ0

fπ
) = Eπ

[(
fµ0(x)
fπ(x)

)2
]
− 1 ≤ (k!)4 ·Eπ [1] = (k!)4

, which implies eq. (5.27) after applying logarithm to both sides.

To prove theorem 5.4, it is enough to combine the above corollary and corollary 5.12: The
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resulting algorithm is to first find a starting state using algorithm 5.3 and then run the

chain for O(k5 log k) steps using the given CDL(k− 1) oracle.

Remark 17. It is straight-forward to use a similar discretization argument to prove Theo-

rem 5.11, and consequently corollary 5.12 when the domain of the kernel is restricted to

a closed subset C ⊂ Rd which can be nicely discretized as in Theorem 5.11. In particular,

we assume C is an sphere in the next section. More precisely, C could be any closed

subset which its interior has also the same measure.

5.5 A Simple Conditional Sampler

theorem 5.4 reduces sampling from the continuous k-DPPs to having access to condi-

tional samplers CDL(i) (for 0 ≤ i ≤ k− 1). To implement these conditional samplers, we

consider a simple rejection sampler described in algorithm 5.4. Let C be the domain of

the k-DPP. The algorithm assumes that C is bounded and we have an oracle to generate

uniform samples from C.

Algorithm 5.4 An Algorithm for Conditional Sampling

Input: A set of k points x1, . . . , xk ∈ C.

Output: A sample from CDL({x1, . . . , xk}).

1: Let M be a number such that M > supz∈C L(z, z).

2: while A sample is accepted. do

3: Draw a uniform sample x from C and a uniform number u from [0, 1].

4: If u ≤ detL(x1,...,xk,x)
M·detL(x1,...,xk)

, accept and return x.

5: end while

Correctness of the algorithm. We want to show that algorithm 5.4 generate a sample

of CDL({x1, . . . , xk}). Let Φ denote the distribution of the output and fϕ be its PDF. It

suffices to show that for any z ∈ C, fϕ(z) ∝ detL(x1, . . . , xk, z). By the definition of the



79

algorithm, it is enough to verify detL(x1,...,xk,z)
M·detL(x1,...,xk)

≤ 1 which follows from detL(x1,...,xk,z)
detL(x1,...,xk)

≤

L(z, z) and M > L(z, z). The former holds, since if we write the PSD matrix given by

restricting L to x1, . . . , xk, z as the inner product of a set of k+ 1 vectors, then by definition

L(z, z) is the norm squared of the vector corresponding to z and the ratio detL(x1,...,xk,z)
detL(x1,...,xk)

is equal to the squared of distance of that vector from the plane spanned by vectors

corresponding to x1, x2, . . . , xk.

Therefore, it remains to analyze the running time,

5.5.1 Analyzing the Running Time of algorithm 5.4

Let T be a random variable which indicates the expected number of uniform samples

generated from C until the algorithm terminates. Our goal is to bound E[T]. As we

saw in the preliminaries, for the kernels that we are considering, the associated integral

operator has a discrete spectrum of eigenvalues. So, let λ0 ≥ λ1 ≥ . . . be eigenvalues of

L. The following relates E[T] to the eigenvalues.

Lemma 5.18. For any set of points x1, . . . , xk as the input of algorithm 5.4, we have

E[T] ≤ M ·VOL(C)
∑∞

i=k λi
.

Proof. Let µ be the uniform distribution on C and x = {x1, . . . , xk}. We also use x + z to

denote {x1, . . . , xk, z}. The probability that the algorithm accepts and outputs the sample

generated in the current step is

P z∼µ
u∼[0,1]

[
u ≤ detL(x + z)

M · detL(x)

]
= Ez∼µ

[
detL(x + z)
M · detL(x)

]
.

So T forms a geometric distribution and E[T] = M·detL(x)
Ey∼µ[detL(x+y)] . Since x is fixed, it is

enough to show Ey∼µ

[
detL(x+y)

detL(x)

]
≥ ∑∞

i=k λi(L)
VOL(C) to prove the lemma. By Mercer theorem,

for any x ∈ C, there exists a function (feature map) fx : C → R such that for any y ∈ C,

L(x, y) = 〈 fx, fy〉. Now, for any y ∈ C, define E(y) = Π〈 fx1 ,..., fxk 〉
⊥( fy), be the projection of

fy onto the space orthogonal to functions corresponding to x1, . . . , xk. Then, by definition
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detL(x+y)
detL(x) = ‖E(y)‖2, where recall that x = {x1, . . . , xk}. It implies

Ey∼µ

[
detL(x + y)

detL(x)

]
= Ey∼µ

[
‖E(y)‖2

]
=

tr(E)
VOL(C)

(5.28)

for the kernel E : C× C → R defined by E(x, y) = 〈E(x), E(y)〉. Now, note that, tr(E) =

∑∞
i=0 λi(E). Moreover, it follows from the definition of E that, L− E is associated to an

PSD operator of rank at most k. So tr(E) ≥ ∑∞
j=k λj(L) which completes the proof.

Using this algorithm as CDL(., 1) oracles for L and combining that with theorem 5.4

immediately implies theorem 5.5. Next, we analyze the bound of lemma 5.18 more

precisely for special kernels defined on a sphere, and show it gives an efficient sampling

algorithm for k-DPPs defined by spherical Gaussian.

5.5.2 Complexity of algorithm 5.4 for Spherical Kernels

Let Sd−1 denote the (d− 1)-dimensional unit sphere, and let f : [−1, 1] → R be a con-

tinuous function. Consider a kernel K f : Sd−1 × Sd−1 → R which can be defined by

K f (x, y) = f (〈x, y〉) for any x, y ∈ Sd−1. For example, consider a spherical Gaussian

kernel (a.k.a RBF kernel) defined by G(x, y) = exp(− ‖x−y‖2

2σ2 ) for some scalar σ. In our

setting, it is generated by taking f (u) = exp((−1 + 2u)/σ2). As an another example,

consider the polynomial kernel which is defined by P(x, y) = (1+ 〈x, y〉)b, where b is an

integer known as the degree of the kernel. It is obtained by letting f (u) = (1 + u)b. The

eigenvalues and eigen-functions of such kernels has been studied before, e.g. see [90].

Theorem 5.19 ([90]). Let K be a kernel defined on Sd−1 × Sd−1 defined as above. Then for

any ℓ ≥ 0, the associated operator to K has an eigenvalue λℓ with multiplicity N(d, ℓ) =

(2ℓ+d−2)(ℓ+d−3)!
ℓ!(d−2)! given by

λℓ = VOL(Sd−2)

1∫
−1

f (τ)Pℓ(d; τ)(1− τ2)
d−3

2 dτ

where Pℓ(; .) is the Legendre polynomial of degree ℓ in dimension d.

The above integral formula for eigenvalues turns out to be computable or easy to bound
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for several kernels. In particular, [90] gives explicit formula for spherical Gaussians.

The following lemma states its implication for bounding the complexity of Algorithm

algorithm 5.4. Note that generating a uniform sample from a d-dimensional sphere can

be done in O(d) time, so combining the lemma with theorem 5.5 yields an efficient

algorithm for sampling from spherical Gaussians on a sphere. Recall that T denotes the

number of samples generated from C in a run of Algorithm algorithm 5.4, we prove the

following.

Lemma 5.20. Let Gσ be a spherical Gaussian kernel on the unit sphere given by Gσ(x, y) =

exp(−‖x− y‖2/2σ2) for x, y ∈ Sd−1. Also let k ≤ exp( d
4 ), and set t to be the smallest integer

that dt

t! ≥ 2k . Then for any set of k points as the input of algorithm 5.4, we have

E[T] ≤ e
2

σ2 · σ2t · t!.

Moreover, if σ ≲ 1√
log k

, then E[T] = O(1).

To prove the above we use the following special instance of theorem 5.19.

Lemma 5.21 ([90]). Let Gσ be the Gaussian kernel with variance σ2 restricted to the unit sphere

with the uniform measure, i.e. for any x, y ∈ Sd−1 : we have Gσ(x, y) = exp(−‖x−y‖2/σ2)
VOL(Sd−1)

. For

any integer k ≥ 0, Gσ has an eigenvalue µk with multiplicity N(d, k) = (2k+d−2)(k+d−3)!
k!(d−2)! where(

2e
σ2

)k
· A1

(2k + d− 2)k+ d−1
2
≤ µk ≤

(
2e
σ2

)k
· A2

(2k + d− 2)k+ d−1
2

, (5.29)

for A1 = e−
2

σ2−
1
12 1√

π
(2e)

d
2−1Γ

(
d
2

)
and A2 = A1 · e

1
12+

1
σ4 .

Proof of lemma 5.20. Let λ0 ≥ λ1 . . . be eigenvalues of Gσ. Note that Gσ(x, x) = 1 for all

x. Combining that with Lemma 5.1 and the fact that we are considering the kernel with

respect to the uniform measure 2 we get

E[T] ≤ 1
∑∞

j=k λj
.

2The kernel, we are considering in the paper is not normalized by the uniform measure. Note that,
after normalizing the volume term cancels out.
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We first prove the second part by showing if σ ≤ 1
2
√

log k
, then ∑∞

j=k λj ≥ Ω(1). Using

the Cauchy-Schwarz inequality we have k ·∑k−1
i=0 λ2

i ≥
(

∑k−1
i=0 λi

)2
=
(

1−∑∞
j=k λj

)2
. We

show ∑k−1
i=0 λ2

i ≤
1
k2 which implies ∑∞

j=k λj ≥ (1− 1/
√

k) which completes the proof. To

see that, note that
k−1

∑
i=0

λ2
i ≤ tr(G2

σ) = Ex,y∼µ

[
e−‖x−y‖2/2σ2

]
,

where µ is the uniform measure on the sphere. Fix x ∈ Sd−1. It follows from basic con-

centration inequalities for Gaussian measures that Ey∼µ

[
e−‖x−y‖2/2σ2

]
≤ e−1/2σ2

which

implies the bound on the trace and finishes the proof of this case.

So from now on, we only need to prove for any σ
∞

∑
j=k

λj ≳
e
−2
σ2

t! · σ2t . (5.30)

Let µ0 > µ1 > . . . be distinct eigenvalues of the kernel given by lemma 5.21 where for

any j, the multiplicity of µj is nj = N(d, j). It suffices to show ntµt
2 ≥

e
−2
σ2

t!·σ2t where we are

using the fact that for any j, nj ≥ dj

j! , and so nt ≥ 2k. Now using nt ≥ dt

t! , and the bound

on µt by Lemma 5.21, we get

ntµt ≳
dt

t!
·

e
−2
σ2 (2e)t+ d

2 Γ( d
2 )

σ2t · (2t + d)t+ d+1
2

≳ dt

t!
· e

−2
σ2 (2e)t · d d+1

2

σ2t(2t + d)t+ d+1
2

Sterling’s approximation

≥ e
−2
σ2 (2e)t

σ2t · t! · (1 + 2t
d )

t+ d+1
2

≳ e
−2
σ2 2t

σ2t · t! · e 2t2
d

by (1 + 2t/d) ≤ e2t/d.

Noting that k ≤ exp(d/4) implies t ≤ d
4 and exp(2t/d) ≤ 2, completes the proof of

(5.30).

Note that a direct consequence of the above lemma is that in the case k = poly(d) and

σ = Ω(1), the running time of the algorithm is polynomial in terms of σ, d.
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Our final algorithm for sampling from continuous k-DPPs is described in algorithm 5.5.

As explained, it assumes that we have an oracle that generate uniform samples from the

domain.

Algorithm 5.5 Gibbs Sampler for Continuous k-DPPs

Input: A kernel L : C× C → R along with an oracle which generates uniform samples

form C.

1: Let S = ∅.

2: Let M be a number such that M > supz∈C L(z, z)3 .

3: for i from 0 to k− 1 do

4: while A sample is accepted do

5: Draw a uniform sample x from C and a uniform number u from [0, 1].

6: If u ≤ detL(S∪x)
M·detL(S)

, accept x and set S = S ∪ x.

7: end while

8: end for

9: Let τ = Õ(k5 log 1
ϵ ).

10: for τ iterations do

11: Let S = {x1, . . . , xk} and pick an uniform random integer 0 ≤ i ≤ k − 1. Set

S = S− xi

12: while A sample is accepted do

13: Draw a uniform sample x from C and a uniform number u from [0, 1].

14: If u ≤ detL(S∪x)
M·detL(S)

, accept x and set S = S ∪ x.

15: end while

16: end for

return S.

Combining lemma 5.20 and theorem 5.4, we obtain the following guarantee for Gaussian

kernels.
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5.6 Experimental Results

We implement our algorithm and evaluate the mixing time for various kernels and pa-

rameters to empirically confirm our results. In particular, we consider the two family of

kernels:

1. Spherical Gaussian given by L(x, y) = exp(−‖x− y‖2/σ2) for parameter σ. In all

experiments, we let the domain be the d-dimensional unit ball.

2. Polynomial kernel defined by K(x, y) = (1 + 〈x, y〉)b for some parameter b which

is also known as the degree of the kernel. In our experiments, we let the domain

be the unit hypercube in Rd.

Simulation Setup: For a fixed kernel, we use the rejection sampler described in algo-

rithm 5.4 as the conditional sampler of the kernel. To do the sampling from the con-

tinuous k-DPP defined by the kernel, we first run algorithm 5.3 to find a starting state.

Then we start simulating the chain; At each step, one of the k current points is chosen

uniformly and replaced by the point returned by the rejection sampler. The pseudo-code

of the method is presented in Algorithm algorithm 5.5. Finally, to evaluate the mixing

time, we use the following criteria.

Empirical Mixing: We employ the multivariate extension of the Gelman and Rubin

multiple sequence method [25]. To be consistent with that, instead of k-subsets, we

work with k-tuples as the state space by randomly labeling points in each step. So each

state can be represented by a k × d matrix. We run m = 10 copies of our algorithm

independently. We consider each column separately as the projection of the state onto

a coordinate of the ambient space, and at each step compute its associated multivariate

Potential Scale Reduction Factor (PSRF) over these m runs. We set the first time that the

average of these d PSRF values drops below α = 1.1, as our empirical measure for the

mixing time. For any fixed kernel, we repeat this process 10 times and report the average
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as the (empirical) mixing time.

Experiments: We use the above criteria to evaluate the empirical mixing time of the chain

for the Gaussian and polynomial kernels, defined on the unit ball and unit hypercube,

respectively. The results are demonstrated in Figure 5.2 and Figure 5.3. In the first exper-

iment, we investigate the change of mixing time with respect to size parameter k; k varies

from 5 to 40, and other parameters are fixed, d = 40, σ = 1, b = 5. As stated, our theoret-

ical results guarantees an O(k4) dependency. However, our experiments demonstrated

in Figure 5.2, shows a much smaller bound (roughly O(k2)).

In the second experiment, we fix number of points k = 10, and values σ = 1 (b = 5)

for the Gaussian (Polynomial) kernel, and vary the dimension from 5 to 50. As illus-

trated in Figure 5.3, the mixing time is quite unchanged with small fluctuations which

corroborates independence of the mixing time from these parameters.

Finally, we look at the impact of b and σ on the mixing time. As shown in Figure 5.3, for

fixed values of k = 10 and d = 40, the change in mixing time with respect to changes in

σ and b seems negligible, as expected by our theoretical findings.
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Figure 5.2: Empirical mixing time for different values of k while dimension and other

parameters are fixed (d = 40, σ = 1 and b = 5)

.
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Figure 5.3: Plots of the empirical mixing time for a fixed k and varying σ (middle plot),

b (bottom plot), and d (top plot).
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Part II

COMPOSABLE CORE-SETS FOR DETERMINANT MAXIMIZATION
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Chapter 6

OPTIMAL COMPOSABLE CORE-SETS FOR DETERMINANT
MAXIMIZATION PROBLEMS VIA SPECTRAL SPANNERS

In this chapter, we study a generalization of classical combinatorial graph spanners to

the spectral setting. Given a set of vectors V ⊆ Rd, we say a set U ⊆ V is an α-spectral

k-spanner, for k ≤ d, if for all v ∈ V there is a probability distribution µv supported on

U such that

vv⊺ �k α ·Eu∼µv [uu⊺] ,

where for two matrices A, B ∈ Rd×d we write A �k B iff the sum of the bottom d− k + 1

eigenvalues of B− A is nonnegative. In particular, A �d B iff A � B. We show that any

set V has an Õ(k)-spectral spanner of size Õ(k) and this bound is almost optimal in the

worst case.

We use spectral spanners to study composable core-sets for spectral problems. We show

that for many objective functions one can use a spectral spanner, independent of the

underlying function, as a core-set and obtain almost optimal composable core-sets. For

example, for the k-determinant maximization problem, we obtain an Õ(k)k-composable

core-set, and we show that this is almost optimal in the worst case.

Our algorithm is a spectral analogue of the classical greedy algorithm for finding (combi-

natorial) spanners in graphs. We expect that our spanners find many other applications

in distributed or parallel models of computation. Our proof is spectral. As a side result

of our techniques, we show that the rank of diagonally dominant lower-triangular matri-

ces are robust under “small perturbations” which could be of independent interests.
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6.1 Introduction

6.1.1 Spectral Spanners

Given a graph G with n vertices {1, . . . , n}, we say a subgraph H is a α-(combinatorial)

spanner if for every pair of vertices u, v of G,

distH(u, v) ≤ α · distG(u, v),

where distG(u, v) is the shortest path distance between u, v in G. It has been shown that

for any α, G has an α-spanner with only n1+O(1)/α many edges and that can be found

efficiently [46]. Such a spanner can be found by a simple algorithm which repeatedly

finds and adds an edge f = (u, v) where distH(u, v) > α. Combinatorial spanners have

many applications in distributed computing [104, 49, 68], optimization [43, 9], etc.

We define and study a spectral generalization of this property. Given a set of vectors

V ⊆ Rd, we say a set U ⊆ V is an α-spectral d-spanner of V if for any vector v ∈ V, there

exists a probability distribution µv on the vectors in U such that

vv⊺ � α ·Eu∼µv [uu⊺] equiv 〈x, v〉2 ≤ α ·Eu∼µv

[
〈x, u〉2

]
, ∀x ∈ Rd.

To see that this is a generalization of the graph case, let bu,v = eu − ev be the vector

corresponding to an edge {u, v} of G, where eu is the indicator vector of the vertex u. It

is an exercise to show that for V = {be}e∈E(G) and for any α-combinatorial spanner H of

G, the set U = {be}e∈E(H) is an α2-spectral spanner of V.

The following theorem is a special case of our main theorem.

Theorem 6.1 (Main theorem for k = d). There is an algorithm that for any set of vectors

V ⊆ Rd finds an Õ(d)-spectral d-spanner of size Õ(d) in time polynomial in d and size of |V| 1.

Our algorithm is a spectral generalization of the greedy algorithm mentioned above for

finding combinatorial spanners.

1The asymptotic notation Õ( f (n)) hides logarithmic factors in f (n).
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We further study generalizations of our spectral spanners to weaker forms of PSD in-

equalities. For two matrices A, B we write A �k B if for every projection matrix Π onto

a d− k + 1 dimensional linear subspace, 〈A, Π〉 ≤ 〈B, Π〉. For example, if A �k B, then

sum of the top k eigenvalues of A is at most the sum of the top k eigenvalues of B.

Analogously, we say U ⊆ V is an α-spectral k-spanner of V, if for any v ∈ V, there is a

distribution µv on U such that vv⊺ �k α ·Eu∼µv uu⊺. In our main theorem we generalize

the above statement to all k ≤ d and we show that to construct an Õ(k) spectral k-spanner

we only need to use Õ(k) many vectors independent of the ambient dimension of the

space.

Theorem 6.2 (Main). There is an algorithm that for any set of vectors V ⊆ Rd finds an Õ(k)-

spectral k-spanner of size Õ(k).

Furthermore, for any ϵ > 0 and k ≤ d, there exists a set V ⊆ Rd of size eΩ(kϵ) such that any

k1−ϵ-spectral spanner of V must have all vectors of V.

6.1.2 Composable core-sets

“Composable core-sets” are an efficient framework for solving optimization problems in

massive data models. Our main application of spectral spanners is to design (compos-

able) core-sets for spectral problems. A function c(V) that maps V ⊆ Rd into its subset is

called an α-composable core-set of size t for the function f (·) [4, 61], if for any collection

of sets V1, . . . , Vp ⊂ Rd, we have

f (c(V1) ∪ . . . ∪ c(Vp)) ≥
1
α
· f (V1 ∪ . . . ∪Vp)

and |c(Vi)| ≤ t for any Vi. A composable core-set of a small size immediately yields a

communication-efficient distributed approximation algorithm: if each set Vi is stored on

a separate machine, then all machines can compute and transmit core-sets, c(Vi)’s, to a

central server, which can then perform the final computation over the union. Similarly,

core-sets make it possible to design a streaming algorithm which processes N vectors in
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one pass using only
√

Nt storage. This is achieved by dividing the stream of data into

blocks of size
√

Nt, computing and storing a core-set for each block, and then performing

the computation over the union.

We show that, for a given set Vi ∈ Rd, an α-spectral spanner of Vi for a proper value

of α provides a good core-set of Vis. Specifically, we show that for many (spectral)

optimization problems, such as determinant maximization, D-optimal design or min-

eigenvalue maximization, this approach leads to almost the best possible composable

core-set in the worst case.

In what follows we discuss a specific application, to determinant maximization, in more

detail.

Composable Core-sets for Determinant Maximization. Recall that given a set of vec-

tors V = {v1, . . . , vn} and a parameter k, the k-DPP defined by these vectors is a distribu-

tion over subsets of V of size k that to any subset S with k elements assigns the following

probability

P(S) ∼ det
k
(∑

v∈S
vvT)

As discussed in chapter 3, this distribution formalizes a notion of diversity, as sets of

vectors that are “substantially different” from each other are assigned higher probability.

One can then find the “most diverse" k-subset in P by computing S that maximizes P(S),

i.e., solving the maximum a posteriori (MAP) decoding problem:

max
S⊂P,|S|=k

P(S).

This problem is also known as k-determinant maximization.

Here we use our results on spectral spanners to construct an almost optimal composable

core-set for MAP problem. Before mentioning our result let us briefly discuss relevant

previous work on this problem. The MAP problem is hard to approximate up to a factor

of 2−ck for some constant c > 0, unless P=NP. [31, 32]. This lower bound was matched
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qualitatively by a recent paper of [99], who gave an algorithm with ek-approximation

guarantee. Since the data sets in the aforementioned applications can be large, there has

been a considerable effort on developing efficient algorithms in distributed, streaming

or parallel models of computation [93, 117, 103, 94, 91, 14]. All of these algorithms

relied on the fact that the logarithm of the volume is a submodular function, which

makes it possible to obtain multiplicative factor approximation algorithms (assuming

some lower bound on the volume, as otherwise the logarithm of the volume can be

negative). See Section 6.1.4 for an overview. However, this generality comes at a price,

as multiplicative approximation guarantees for the logarithm of the volume translates

into "exponential" guarantees for the volume, and necessitates the aforementioned extra

lower bound assumptions. As a result, to the best of our knowledge, no multiplicative

approximation factor algorithms were known before for this problem, for streaming,

distributed or parallel models of computation.

We present the first (composable) core-set construction for the determinant maximization

problem. Our main contributions are:

Theorem 6.3. There exists a polynomial time algorithm for computing an Õ(k)k-composable

core-set of size Õ(k), for the k-determinant maximization problem.

Let us discuss the proof of the above theorem for the case k = d using our main theo-

rem 6.1. Given sets of vectors V1, . . . , Vm let U1, . . . , Um be their Õ(d)-spectral spanners

respectively. Let

S = argmaxS⊆∪iVi :|S|=d P(S).

Consider the matrix A = ∑v∈S Eu∼µv

[
uuT], that is we substitute each vector v in S by

a convex combination of the vectors in the spectral spanner(s). Then, by definition of

spectral spanner,
1
α ∑

v∈S
vvT � A.

Since determinant is a monotone function with respect to the Loewner order of PSD
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matrices,
1
αd P(S) = det

(
1
α ∑

v∈S
vvT

)
≤ det(A).

The matrix A can be seen as a fractional solution to the determinant maximization prob-

lem. In fact [99] showed that A can be rounded to a set T of size |T| = d such that

det(A) ≤ ed det(T). Therefore, we obtain an (eα)d approximation for determinant maxi-

mization (see section 6.6.1 for more details).

The technique that we discussed above can be applied to many optimization prob-

lems. In general, if instead of the determinant, we wanted to maximize any function

f : Rd×d → R+, that is monotone on the Loewner order of PSD matrices, we can use the

above approach to construct a fractional solution A supported on the spectral spanners

such that f (A) is at least the optimum (up to a loss that depends on α). Then, we can

use randomized rounding ideas to round the the matrix A to an integral solution of f .

See section 6.6.2 for further examples.

We complement the above theorem by showing the above guarantee is essentially the

best possible.

Theorem 6.4. Any composable core-sets of size at most kβ for the k-determinant maximization

problem must incur an approximation factor of at least ( k
β )

k(1−o(1)), for any β ≥ 1.

Note that our lower bound of ( k
β )

k(1−o(1)) for the approximation factor achievable by

composable core-sets is substantially higher than the approximation factor ek of the best

off-line algorithm, demonstrating a large gap between these two models.

6.1.3 Overview of the Techniques

In this part, we give a high level overview of the proof of theorem 6.2. Our proof has

two steps: First, we solve the “full dimensional version of the problem, i.e., we construct

an Õ(d)-spectral d-spanner of size Õ(d) for a given set of vectors in Rd as promised in
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theorem 6.1. Then, we reduce the “low dimensional” version of the problem, i.e., finding

k-spanners for k < d, to the full dimensional version in a Õ(k)-dimensional space.

Step 1: Our high-level plan is to “augment” the classical greedy algorithm for finding

combinatorial spanners in graphs to the spectral setting. First, we rewrite the combina-

torial algorithm in spectral language.

Let G be a graph with vertex set V(G) and edge set E(G). Recall that for any edge e =

{u, v} ∈ E(G) be = eu − ev. As alluded to in the introduction, if H is an α-combinatorial

spanner of G, then U = {be}e∈E(H) is an α2-spectral spanner of {be}e∈E(G). The following

algorithm gives an α-combinatorial spanner with n1+O(1)/α edges: Start with an empty

graph H. While there is an edge f = {u, v} in G where distH(u, v) > α, add it to

H. One can observe that distH(u, v) > α iff, for any distribution µ on E(H), b f bT
f 6�

α2Ee∼µ

[
bebT

e
]
.

This observation suggests a natural algorithm in the spectral setting: At each step find

a vector v ∈ V such that for all µ supported on the set of vectors already chosen in

the spanner, vvT 6� α · Eu∼µ [uu⊺], and add it to the spanner. We can implement such

an algorithm in polynomial time, but we cannot directly bound the size of the spectral

spanner that such an algorithm constructs using our current techniques.

So, we take a detour. First, we solve a seemingly easier problem by changing the order

of quantifiers in the definition of the spectral spanner. For V ⊆ Rd, a subset U ⊆ V is a

weak α-spectral spanner of V, if for all v ∈ V and x ∈ Rd there is a distribution µv,x on

U such that

〈v, x〉2 ≤ α ·Eu∼µv,x

[
〈u, x〉2

]
equiv 〈v, x〉2 ≤ α ·max

u∈U
〈u, x〉2.

To find a weak spectral spanner, we use the analogue of the greedy algorithm: Let U be

the set of vectors already chosen; while there is a vector v ∈ V and x ∈ Rd such that

〈x, v〉2 > α ·maxu∈U〈u, x〉2 we add argmaxv〈x, v〉2 to U.
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We prove that for α = Õ(d) the above algorithm stops in Õ(d) steps. Suppose that the al-

gorithm finds vectors u1, . . . , um together with corresponding “bad” directions x1, . . . , xm,

where xi being a bad direction for ui means that

〈ui, xi〉2 > α〈uj, xi〉2, ∀1 ≤ i ≤ m, ∀1 ≤ j < i. (6.1)

We need to show that m = Õ(d). We consider the matrix M ∈ Rm×m where Mi,j = 〈ui, xj〉.

By the above constraints M is diagonally dominant and approximately lower triangular

matrix. But since M has rank at most d as it is the inner product matrix of vectors lying

in Rd, we conclude that m = Õ(d). Note that in the extreme case, where M is truly lower

triangular the latter fact obviously holds because then rank(M) = m. As a side result, we

also show that the rank of lower triangular matrices is robust under small perturbations,

(see lemma 6.17).

The above argument shows that the spectral greedy algorithm gives a weak spectral

spanner for α = Õ(d) of size Õ(d). To finish the proof of theorem 6.1 we need to find a

(strong) α-spectral spanner from our weak spanner. We use a duality argument to show

that any weak spectral spanner is indeed an α-spectral spanner. Let U be a weak spectral

spanner. To verify that U is an α-spectral spanner, we need to find a distribution µv

for any v ∈ V supported on U such that vvT � α · Eu∼µv [uu⊺]. We can find the best

distribution µv using an SDP with variables pu for all u ∈ U denoting Pµv(u). Instead of

directly bounding the primal, we write down the dual of the SDP and use hyperplane

separating theorem to show that indeed such a distribution exists.

It was pointed to us by an anonymous reviewer that one can use approximate John’s

ellipsoid [13] to find an O(d)-weak-spectral d-spanner of size Õ(d). This improves the

guarantees of our algorithm by a log d factor. We discuss the details at the end of Section

6.4.1. Let us briefly mention the advantages of our algorithm over the John’s ellipsoid

method: First, in finding the weak spanner one can tune the value of α in (6.1) based on

the structure of the given data points and the ideal size of the core-set. We also expect

that in many real world applications, one can use our algorithm to obtain polylog(d)-
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spectral d-spanners of size Õ(d). Secondly, to implement our algorithm we only need

to solve linear programs with O(d) many variables. This requires polynomially smaller

amount of memory compared to the SDP solvers one needs to use to solve the John’s

ellipsoid. Lastly, our algorithm is easier to parallelize.

Step 2: To reduce the k-spanner problem to the “full dimensional” case, we use the

greedy algorithm of [31] to find a set of vectors W ⊂ V of size Õ(k) such that for any

v ∈ V,

v〈W〉⊥v⊺〈W〉⊥ �k O(1) ·Ew [ww⊺] (6.2)

where the expectation is over the uniform distribution on W, and v〈W〉⊥ represents the

projection of v onto the space orthogonal to the linear subspace spanned by W. Then, we

project all vectors in V onto the space 〈W〉, and we solve the full dimensional version,

i.e., we find U ⊆ V of size Õ(|W|) such that for any v ∈ V, there exists a distribution µv

supported on U which satisfies

v〈W〉v
⊺
〈W〉 � Õ(k) ·Eu∼µv

[
u〈W〉u

⊺
〈W〉

]
. (6.3)

Ideally on the RHS of the above, we need to have uu⊺ instead of u〈W〉u
⊺
〈W〉 which can

be achieved by incurring an extra constant factor by applying (6.2). It is not hard to see

from the above two equations that U ∪W is an Õ(k)-spectral k-spanner for V.

It remains to find the set W ⊆ V satisfying (6.2). We use the following algorithm: Let

W = ∅. For i = 1, . . . , Õ(k), add argmaxv∈V ‖v〈U〉⊥‖ to W. Intuitively, we greedily

choose a set of vectors of size Õ(k) to minimize the projection of the remaining vectors

in the orthogonal space of 〈W〉.

To prove (6.2), we need to show

v〈W〉⊥v⊺〈W〉⊥ �k O(1) ·Ew∼µ [ww⊺] .

Equivalently, after choosing the worst projection matrix onto a d− k + 1 linear subspace,
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it is enough to show

‖v〈W〉⊥‖2 ≤ O(1) ·
d

∑
i=k

λi(Ew∼µ [ww⊺]). (6.4)

To prove the above inequality, we use properties of the greedy algorithm to study singu-

lar values of the matrix obtained by applying the Gram-Schmidt process on the vectors

in W.

Lower bounds. As we discussed in the intro, it is not hard to prove that the guarantee

of theorem 6.1 is tight in the worst case. However, one might wonder if it is possible

to design better composable core-sets for determinant maximization and related spectral

problems. We show that for many such problems we obtain the best possible composable

core-set in the worst case. Let us discuss the main ideas of theorem 6.4.

We consider the case k = d for simplicity of exposition. For a set V ⊆ Rd and a linear

transformation Q ∈ Rd×d, define QV = {Qv}v∈V . Choose a set V ⊆ Rd of unit vectors

such that for any distinct u, v ∈ V, 〈u, v〉2 ≤ 1/d1−o(1). This can be achieved with high

probability by selecting points in V independently and uniformly at random from the

unit sphere. Recall that the set V can have exponentially (in d) large number of vectors.

Consider sets A1, . . . , Ad and B1, . . . , Bd−1 in a (2d− 1)-dimensional space such that:

• For each 1 ≤ i ≤ d, let Ai = RiV where Ri is a rotation matrix which maps Rd to

〈e1, e2, . . . ed−1, e(d−1)+i〉 and it maps a uniformly randomly chosen vector of V to

e(d−1)+i.

• For each 1 ≤ i ≤ d− 1, Bi = {Mei}, where M is a “large” number.

Our instance of determinant maximization is simply QA1, . . . , QAd, QB1, . . . , QBd−1 for

a random rotation matrix Q ∈ R(2d−1)×(2d−1).

Observe that the optimal set of 2d− 1 vectors contains Qe(d−1)+i’s from QAi’s and QMei’s

from Bi’s, and has value equal to (Md−1)2. However, since Q is a random rotation, the
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core-set function cannot determine which vector in QAi was aligned with Qe(d−1)+i. Re-

call that the core-set algorithm must find a core-set of Ai by only observing the vectors

in Ai. Thus unless core-sets are exponentially large in d, there is a good probability that,

for all i, the core-set for QAi does not contain Qe(d−1)+i. For a sufficiently large M, all

vectors QMei from QBi must be included in any solution with a non-trivial approxima-

tion factor. It follows that, with a constant probability, any core-set-induced solution is

sub-optimal by at least a factor of dΘ(d).

Organization. In section 6.3, we formally define spectral (d)-spanners and their gener-

alization “spectral k-spanners”. In section 6.4, we introduce our algorithm for finding

spectral spanners and prove theorem 6.1. Then, in section 6.5, we generalize the re-

sult of theorem 6.1 for spectral k-spanners and show the reduction from k < d to the

full dimensional case of k = d, proving theorem 6.2. We mention applications of spectral

spanners for designing composable core-sets for several optimization problems including

k-determinant maximization in section 6.6. In particular we prove theorem 6.3. Finally

in section 6.7, we present our lower bound results and prove theorem 6.4.

6.1.4 Related work

As mentioned earlier, multiple papers developed composable core-sets (or similar con-

structions) when the objective function is equal to the logarithm of the volume. In particu-

lar, [94] showed that core-sets obtained via a greedy algorithm guarantee an approxima-

tion factor of min(k, n). The approximation ratio can be further improved to a constant

if the input points are assigned to set Vi uniformly at random [91, 14]. However, these

guarantees do not translate into a multiplicative approximation factor for the volume

objective function.2

2It is possible to show that the greedy method achieves composable core-sets with multiplicative ap-
proximation factor of 2O(k2). Since this bound is substantially larger than our bound obtained by spectral
spanners, we do not include the proof in this paper.
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Core-sets constructions are known for a wide variety of geometric and metric problems,

and several algorithms have found practical applications. Some of those constructions

are relevant in our context. In particular, core-sets for approximating the directional

width [3] have functionality that is similar to weak spanners. However, the aforemen-

tioned paper considered this problem for low-dimensional points, and as a result, the

core-sets size was exponential in the dimension. Another line of research [1, 61, 26]

considered core-sets for maximizing metric diversity measures, such as the minimum

inter-point distance. Those measures rely only on relationships between pairs of points,

and thus have quite different properties from the volume-induced measure considered

in this paper.

We also remark that one can consider generalizations of our problem to settings were

we want to maximize the volume under additional constraints. Over the last few years

several extensions were studied extensively and many new algorithmic ideas were devel-

oped [100, 8, 115, 44]. In this paper, we study composable core-sets for the basic version

of the determinant maximization problem where no additional constraints are present.

6.2 Preliminaries

6.2.1 Linear Algebra

Throughout the section, all vectors that we consider are column based and sitting in

Rd, unless otherwise specified. For a vector v, we use notation v(i) to denote its ith

coordinate and use ‖v‖ to denote its ℓ2 norm. Vectors v1, . . . , vk are called orthonormal

if for any i, ‖vi‖ = 1, and for any i 6= j, 〈vi, vj〉 = 0. For a set of vectors V, we let 〈V〉

denote the linear subspace spanned by vectors of V. We also use S⊥ to denote the linear

subspace orthogonal to S, for a linear subspace S.

Notation 〈, 〉 is used to denote Frobenius inner product of matrices, for matrices A, B ∈
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Rd×d

〈A, B〉 =
d

∑
i=1

d

∑
j=1

Ai,jBi,j = tr(AB⊺)

where Ai,j denotes the entry of matrix A in row i and column j.

Projection Matrices. A matrix Π ∈ Rd×d is a projection matrix if Π2 = Π. It is also

easy to see that for any v ∈ Rd,

〈vv⊺, Π〉 = v⊺Πv = 〈Πv, Πv〉 = ‖Πv‖2.

For a linear subspace S, we let ΠS denote the matrix projecting vectors from Rd onto S

which means for any vector v, (ΠS)v is the projection of v onto S. If S is k-dimensional

and v1, . . . , vk form an arbitrary orthonormal basis of S, then one can see that ΠS =(
∑k

i=1 viv
⊺
i

)
. We also represent the set of all projection matrices onto k-dimensional

subspaces by Pk.

Fact 5. For any vectors u, v ∈ Rd and any projection matrix Π ∈ Rd×d

〈(u + v)(u + v)⊺, Π〉 ≤ 2〈uu⊺ + vv⊺, Π〉.

Proof. Let a = Πu and b = Πv. Then since Π2 = Π, we have 〈uu⊺, Π〉 = ‖a‖2, 〈vv⊺, Π〉 =

‖b‖2, and 〈(u + v)(u + v)⊺, Π〉 = ‖a + b‖2. Now, the assertion is equivalent to

‖a + b‖2 ≤ 2(‖a‖2 + ‖b‖2)

which follows by Cauchy-Schwarz inequality, 〈a, b〉 ≤ ‖a‖‖b‖ ≤ (‖a‖2 + ‖b‖2)/2.

For a symmetric Matrix A, λ1(A) ≥ . . . ≥ λd(A) denotes the eigenvalues of A. We take

advantage of the following simple lemma which is also known as extremal partial trace.

A proof of it can be found in [116].

Lemma 6.6. Let L ∈ Rd×d be a symmetric matrix. Then for any integer n ≤ d,

min
Π∈Pn

〈Π, L〉 =
d

∑
d−n+1

λi(L).



102

In particular, we use it to conclude that if x1, . . . , xn ∈ Rd are orthonormal vectors, then
n

∑
i=1

x⊺i Lxi ≥
d

∑
d−n+1

λi(L).

For a matrix A, we use σ1(A) ≥ . . . ≥ σd(A) ≥ 0 to denote singular values of A (for sym-

metric matrices they are the same as eigenvalues). Given a matrix, we use the following

simple lemma to construct a symmetric matrix whose eigenvalues are the singular values

of the input matrix and their negations.

Many of the matrices that we work with in this paper are not symmetric. Define a

symmetrization operator Sd : Rd×d → R2d×2d where for any matrix A ∈ Rd×d,

Sd(A) =

 0 A

A⊺ 0

 .

When the dimension is clear in the context, we may drop the subscript d. The following

fact is immediate.

Fact 7. For any matrix A ∈ Rd×d, S(A) has eigenvalues σ1(A) ≥ . . . ≥ σd(A) ≥ −σd(A) . . . ≥

−σ1(A).

Proof. Let u1, . . . , ud and v1, . . . , vd be right and left singular vectors of A, respectively.

Then we have Aui = σivi and A⊺vi = σiui for any 1 ≤ i ≤ m. Now, it is easy to

see [vi ui] and [−vi ui] are eigenvectors for S(A) with eigenvalues σi and −σi for any

1 ≤ i ≤ m.

Determinant Maximization Problem. We use the notion of determinant of a subset of

vectors as a measure of their diversity. From a geometric point of view, for a subset of

vectors V = {v1, . . . , vd} ⊂ Rd, det(∑d
i=1 viv

⊺
i ) is equal to the square of the volume of

the parallelepiped spanned by V. For S, T ⊆ [d], Let AS,T denote the |S| × |T| submatrix

formed by intersecting the rows and columns corresponding to S, T respectively. The
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notation detk is a generalization of determinant and is defined by

det
k
(A) = ∑

S∈([d]k )

det AS,S.

In particular, for vectors v1, . . . , vk ∈ Rd, detk(∑k
i=1 vv⊺i ) is equal to the square of the

k-dimensional volume of the parallelepiped spanned by v1, . . . , vk. The problem of k-

determinant maximization is defined as follows.

Definition 6.8 (k-Determinant Maximization). Let V = {v1, . . . , vn} ⊂ Rd be a set of

vectors, and let M ∈ Rn×n be the Gram matrix obtained from A, i.e., Mi,j = 〈vi, vj〉. For

an integer k ≤ d, the goal of the k-determinant maximization problem is to choose a

subset S ⊆ V such that |S| = k and the determinant of MS,S is maximized.

For any S ⊂ [n](|S| = k), if we let VS ∈ Rk×d be the matrix with {vi}i∈S as its rows, then

we have

det(MS,S) = det(VSV⊺
S ) = det(V⊺

S VS) = det
k
(∑

v∈S
vv⊺), (6.5)

where the last equality uses the Cauchy-Binet identity. The k-determinant maximization

is also known as maximum volume k-simplex since detk(∑v∈S vv⊺) is equal to the square of

the volume spanned by {vi}i∈S. We also use the following identity which can be derived

from the Cauchy-Binet formula (see fact 5) when the columns of B ∈ Rd×n are vis and

C = B⊺.

det(
n

∑
i=1

viv
⊺
i ) = ∑

S∈([n]d )

det(∑
i∈S

viv
⊺
i ). (6.6)

We use it to deduce the following simple lemma

Lemma 6.9. For any set of vectors v1, . . . , vn ∈ Rd and any integer 1 ≤ k ≤ d,

det
k

(
n

∑
i=1

viv
⊺
i

)
= ∑

S∈([n]k )

det
k

(
∑
i∈S

viv
⊺
i

)

Proof. For a set T ⊂ [d] and any 1 ≤ i ≤ n, let vi,T ∈ Rk denote the restriction of vi to its
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coordinates in T. The proof can be derived as follows

det
k

(
n

∑
i=1

viv
⊺
i

)
= ∑

T∈([d]k )

det

(
n

∑
i=1

vi,Tv⊺i,T

)
By definition of det

k

= ∑
T∈([d]k )

∑
S∈([n]k )

det

(
∑
i∈S

vi,Tv⊺i,T

)
By (6.6)

= ∑
S∈([n]k )

 ∑
T∈([d]k )

det

(
∑
i∈S

vi,Tv⊺i,T

) = ∑
S∈([n]k )

det
k

(
∑
i∈S

viv
⊺
i

)
By definition of det

k

We also use the following identities about the determinant of matrices. For a d× d matrix

A, we have

det(A) =
d

∏
i=1

σi(A).

If A is lower(upper) triangular, i.e. Ai,j = 0 for j > i(j < i), we have det(A) = Πd
i=1Ai,i.

6.2.2 Core-sets

The notion of core-sets has been introduced in [3]. Informally, a core-set for an opti-

mization problem is a subset of the data with the property that solving the underlying

problem on the core-set gives an approximate solution for the original data. This notion

is somewhat generic, and many variations of core-sets exist.

The specific notion of composable core-sets was explicitly formulated in [61].

Definition 6.10 (α-Composable Core-sets). A function c(V) that maps the input set V ⊂

Rd into one of its subsets is called an α-composable core-set for a maximization problem

with respect to a function f : 2Rd → R if, for any collection of sets V1, · · · , Vm ⊂ Rd, we

have

f (c(V1) ∪ · · · ∪ c(Vm)) ≥
1
α

f (V1 ∪ · · · ∪Vm)
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For simplicity, we will often refer to the set c(P) as the core-set for P and use the term

“core-set function” with respect to c(·). The size of c(·) is defined as the smallest number

t such that c(P) ≤ t for all sets P (assuming it exists). Unless otherwise stated, whenever

we use the term “core-set”, we mean a composable core-set.

6.3 Spectral Spanners

In this section we introduce the notion of spectral spanners and review their properties.

In the following, we define the special case of spectral spanners. Later in Definition 6.14,

we introduce its generalization, spectral k-spanners.

Definition 6.11 (Spectral Spanner). Let V ⊂ Rd be a set of vectors. We say U ⊆ V is an

α-spectral d-spanner for V if for any v ∈ V, there exists a probability distribution µv on

the vectors in U so that

vv⊺ � α ·Eu∼µv [uu⊺] . (6.7)

We study spectral spanners in Section 6.4, and propose polynomial time algorithms for

finding Õ(d)-spectral spanners of size d. Considering (6.7) for all v ∈ V implies that if

U ⊆ V is an α-spectral spanner of V, then for any probability distribution µ : V → R+,

there exists a distribution µ̃ : U → R+ such that

Ev∼µ [vv⊺] � α ·Eu∼µ̃ [uu⊺] . (6.8)

We crucially take advantage of this property in Section 6.6 to develop core-sets for

the experimental design problem. Let f : S+d → R+ be a monotone function such that

f (A) ≤ f (B) if A � B. Roughly speaking, we use monotonicity of f along (6.8) to re-

duce optimizing f on the set of all matrices of the form Ev∼µ [vv⊺] for some distribution

µ, to optimizing it on distributions which are only supported on the small set U. A wide

range of matrix functions used in practice lie in the category of monotone functions, e.g.

determinant, trace. More generally one can see λi(.) for any i is a monotone function,

and consequently the same holds for any elementary symmetric polynomial of the eigen-
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values. For polynomial functions of the lower-degree, e.g. trace, detk, the monotonicity

can be guaranteed by weaker constraints. Therefore, one should expect to find smaller

core-sets with better guarantees for those functions. Motivated by this, we introduce the

notion of spectral k-spanners. Let us first define the notation �k to generalize �.

Definition 6.12 (�k notation). For two matrices A, B ∈ Rd×d , we say A �k B if for any

Π ∈ Pd−k+1, we have 〈A, Π〉 ≤ 〈B, Π〉.

In particular note that A �d B is equivalent to A � B and A �1 B is the same as

tr(A) ≤ tr(B), since P1 = Rd and Pd = I. More generally, the following lemma can be

used to check if A �k B.

Lemma 6.13. Let A, B ∈ Rd×d be two symmetric matrices. Then A �k B if and only if

∑d
i=k λi(B− A) ≥ 0.

Proof. Suppose that A �k B. Then by definition for any Π ∈ Pd−k+1, 〈B− A, Π〉 ≥ 0, so

combining with Lemma 6.6, we get

0 ≤ min
Π∈Pd−k+1

〈B− A, Π〉 =
d

∑
i=k

λi(B− A).

The other side can also be verified in the exactly reverse order.

Now, we are ready to define spectral k-spanners.

Definition 6.14 (Spectral k-Spanner). Let V ⊂ Rd be a set of vectors. We say U ⊆ V is an

α-spectral k-spanner for V if for any v ∈ V, there exists a probability distribution µv on

the vectors in U so that

vv⊺ �k α ·Eu∼µv [uu⊺] . (6.9)

We may drop k, whenever it is clear from the context. Finally, we remark that spectral

k-spanners have the composability property: If U1, U2 are α-spectral spanners of V1, V2
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respectively, then U1∪U2 is an α-spectral spanner of V1∪V2. This property will be useful

to construct composable core-sets.

We will prove the first part of Theorem 6.2 in Section 6.5. The second part of the theorem

shows almost optimality of our results: We cannot get better than an Ω(d)-spectral

spanner in the worst case unless the spectral spanner has size exponential in d. Next, here

we prove the second part of the theorem.

First, let us prove the claim for k = d. Let V be a set of 1
2 edϵ/8 independently chosen

random ±1 vectors in Rd. By Azuma-Hoeffding inequality and the union bound, we get

that

P

[
∀u, v ∈ V : |〈u, v〉| ≤

√
1
2

d1+ϵ

]
≥ 1− |V|2e−dϵ/4 ≥ 1/2.

So, let V be a set where for all u, v ∈ V, 〈u, v〉2 ≤ 1
2 d1+ϵ. We claim that any d1−ϵ-spectral

spanner of V must have all V. Let U be such a spanner and suppose v ∈ V is not in u.

We observe that vv⊺ 6� d1−ϵEu∼µ [uu⊺] for any µ supported on U. This is because for any

µ supported on U,

Eu∼µ

[
〈v, u〉2

]
≤ Eu∼µ

[
1
2

d1+ϵ

]
≤ 1

2
d1+ϵ =

1
2d1−ϵ

d2 =
1

2d1−ϵ
〈v, v〉2

as desired.

Now, let us extend the above proof to k < d. Firstly, we construct a set V ⊆ Rk of
1
2 ekϵ/8 independently chosen random ±1 vectors in Rk. By above argument V has no

k1−ϵ-spectral k-spanner. Now define V′ ⊆ Rd by appending d− k zeros to each vector in

V. It is not hard to see that any α-spectral k-spanner of V is also an α-spectral k-spanner

of V′. Therefore, any k1−ϵ-spectral k-spanner of V′ has all vectors of V′.

6.4 Spectral Spanners in Full Dimensional Case

In this section we prove theorem 6.2 for the case k = d. In this case we have a slightly

better bound. So, indeed we will prove theorem 6.1. As alluded to in the introduction we

design a greedy algorithm that can be seen as a spectral analogue of the classical greedy



108

algorithms for finding combinatorial spanners in graphs. The details of our algorithm is

in Algorithm algorithm 6.6.

Algorithm 6.6 Spectral d-spanner(V,α): Finds an α-spectral d-spanner

Input: A set of vectors V ⊂ Rd.

Output: A subset U ⊆ V which is α-spectral d-spanners of V.

1: Let U = ∅.

2: repeat

3: For any v ∈ V, define a polytope

Pv = {x| ∀u ∈ U, 〈x, v〉 >
√

α|〈x, u〉|}

.

4: Find a vector v such that Pv is nonempty and let x be any point in Pv.

5: Add argmaxu∈V〈u, x〉2 to U.

6: until There exists v such that Pv is nonempty

7: Output U.

Note that for any vector v we can test whether Pv is empty using a linear program.

Therefore, the above algorithm runs in time polynomial in |V| and d.

As alluded to in section 6.1.3, we first prove that our algorithm constructs a weak Õ(d)-

spectral spanner. Let us recall the definition of weak spectral spanner.

Definition 6.15 (Weak Spectral Spanner). A subset U ⊆ V ⊂ Rd is a weak α-spectral

spanner of V, if for all v ∈ V and x ∈ Rd there is a probability distribution µv,x on U

such that

〈v, x〉2 ≤ α ·Eu∼µv,x

[
〈u, x〉2

]
equiv 〈v, x〉2 ≤ α ·max

u∈U
〈u, x〉2

In the rest of this section, we may call spectral spanners strong to emphasize its difference



109

from weak spectral spanners defined above. The rest of this section is organized as

follows: In section 6.4.1 we prove that the output of the algorithm is a weak α-spectral

spanner of size O(d log d) for α = Ω(d log2 d). Then, in section 6.4.2 we prove that for

any α, any weak α-spectral spanner is a strong α-spectral spanner.

6.4.1 Construction of a Weak Spectral Spanner

In this section we show that algorithm 6.6 returns an α-spectral d-spanner when α is suf-

ficiently larger than d. At the end of this section we discuss an alternative algorithm for

finding a weak spanner that achieves slightly better approximation guarantee. However,

we believe that this algorithm is simpler to implement, easier to parallelize and can be

tuned for practical applications.

Proposition 16. There is a universal constant C > 0 such that for α ≥ C · d log2 d, Algorithm

algorithm 6.6 returns a weak α-spectral spanner of size O(d log d).

First, we observe that for any α, the output of the algorithm is a weak α-spectral spanner.

For the sake of contradiction, suppose the output set U is not a weak α-spectral spanner.

So, there is a vector v ∈ V and x ∈ Rd such that

〈x, v〉2 > α ·max
u∈U
〈x, u〉2 (6.10)

We show that Pv is non-empty, which implies U cannot be the output. We can assume

〈x, v〉 > 0, perhaps by multiplying x by a −1. So the above equation is equivalent to

〈x, v〉 >
√

α ·maxu∈U |〈u, x〉| , which implies x ∈ Pv.

It remains to bound the size of the output set U. As alluded to in the introduction, the

main technical part of the proof is to show that the rank of lower triangular matrices

is robust under small perturbations. To bound the size of U we will construct such a

matrix and we will use lemma 6.17 (see below) to bound its rank. Let u1, u2, . . . , um be

the sequence of vectors added to our spectral spanner in the algorithm, i.e., ui is the i-th

vector added to the set U. By Step 2 of the algorithm for any ui there exists a “bad”
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vector xi ∈ Rd such that

〈ui, xi〉2 > α · max
1≤j<i

〈uj, xi〉2,

Furthermore, by construction, ui is the vector with largest projection onto xi, i.e., ui =

argmaxu∈V〈xi, u〉2. Define inner product matrix M ∈ Rm×m

Mij = 〈ui, xj〉.

By the above conditions on the vectors ui, xj, M is diagonally dominant and for all 1 ≤

i ≤ m and 1 ≤ j < i we have Mj,i ≤
Mi,i√

α
. So the assertion of the lemma 6.17 holds for M

and ϵ = 1√
α

. By the lemma,

rank(M) ≥ C ·min

{
4α

log2 α
,

m
log m

}
,

where C for some constant C > 0. But, it turns out that rank(M) ≤ d as it can be

written as the product of an m× d matrix and a d×m matrix. Setting α =
d log2 d

C , implies

|U| = m ≤ 2d log d
C for large enough d, as desired. It remains to prove the following

lemma.

Lemma 6.17. Let M ∈ Rm×m be a diagonally dominant and approximately lower triangular

matrix in the following sense

Mj,i ≤ ϵ ·Mi,i, ∀ 1 ≤ j < i ≤ m, (6.11)

Then, there is a universal constant C > 0 such that we have rank(M) ≥ C ·min

{(
1

ϵ log 1
ϵ

)2

, m
log m

}
.

Proof. Without loss of generality, perhaps after scaling each column of M by its diagonal

entry, we assume Mi,i = 1 for all i. Note that rank and (6.11) is invariant under scaling,

so it is enough to prove the statement for such a matrix. Let Ms denote the top left s× s

principal submatrix of M for some integer s ≤ m that we specify later. Note that rank is

monotonically decreasing under taking principal sub-matrices, so this operations does

not increase the rank and showing the assertion of the lemma on rank(Ms) proves the

lemma. Furthermore, (6.11) is closed under taking principal sub-matrices. We can write

Ms = L + E such that
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• L ∈ Rs×s is a lower triangular matrix where Li,i = 1 and
∣∣Li,j

∣∣ ≤ 1, for any 1 ≤ j ≤

i ≤ s. In particular, ‖L‖∞ = 1.

• ‖E‖∞ ≤ ϵ (note that we may further assume E is upper triangular, but we do not

use it in our proof).

Let σ1(Ms) ≥ . . . ≥ σs(Ms) denote singular values of Ms. Obviously, σi(Ms) > 0 implies

rank(Ms) ≥ i for any 1 ≤ i ≤ s. Considering this fact, let us give some intuition on why

Ms has a large rank. Since L is lower-triangular with non-zero entries on the diagonal, it

is a full rank matrix. Moreover, entries of E are much smaller than (diagonal) entries of L.

Singular values of E are on average much smaller than those of L, so adding E to L can

only make a small fraction of singular values of L vanish. This implies that Ms = L + E

must have a high rank. Now we make the argument rigorous.

Let S(Ms),S(L),S(E) be the symmetrized versions of Ms, L and E respectively (see

section 6.2.1). By fact 7, to show σi(Ms) > 0 for some i, we can equivalently prove

λi(S(Ms)) > 0. We use Lemma lemma 2.3: Setting A = S(L) and B = S(E), for any

pair of integers ℓ < k ≤ s such that

λk(S(L)) + λ2s−ℓ(S(E)) > 0 (6.12)

we have λk−ℓ(S(Ms)) > 0. So to prove the lemma, it suffices to find s, k and ℓ satisfying

the above and k− ℓ ≥ C ·min

{(
1

ϵ log 1
ϵ

)2

, m
log m

}
for some constant C.

To find proper values of k and ℓ, we use the following two claims.

Claim 6.18. For any ℓ ≤ s,

λ2s−ℓ(S(E)) ≥ λ2s−ℓ+1(S(E)) = −σℓ(E) ≥ −‖E‖F√
ℓ
≥ −ϵ · s√

ℓ
.

Claim 6.19. For any k < s
2 ,

λk(S(L)) = σk(L) ≥
(

k− 1
s2

) k−1
s

.
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Therefore, to show (6.12) it is enough to show

s log

√
ℓ

ϵs
> (k− 1) log

s2

k− 1
, (6.13)

for k, ℓ ≤ s
2 . We analyze the above in two cases. If m log m ≤ 1

ϵ2 , then one can see that for

s = m, k = b m
4 log mc and ℓ = b m

8 log mc, and large enough m, (6.13) holds. It implies that in

this case rank(Ms) ≥ k− ℓ ≥ m
8 log m , thus we are done. Now suppose that 1

ϵ2 ≤ m log m.

We set s < m to be the largest integer such that s log s ≤ 1
16ϵ2 . Next, we let ℓ = b4ϵ2s2c.

Note that s log s ≤ 1
16ϵ2 implies ℓ ≤ s

4 log s . Now applying ℓ = b4ϵ2s2c into (6.13) turns it

into

s > (k− 1) log
s2

k− 1
.

So, for k = b s
2 log sc, the above is satisfied. Furthermore, in this case k − ℓ = b s

2 log sc −

b4ϵ2s2c ≥ s
4 log s ≥

1
256ϵ2 log2 1

ϵ

, as s is the largest number such that s log s ≤ 1
16ϵ2 and

log s ≤ 2 log 1
ϵ . So the lemma holds for C ≥ 1

256 .

Proof of Claim 6.18. By Fact fact 8 we know that
s

∑
i=1

σi(E)2 = ‖E‖2
F ≤ ‖E‖2

∞ · s2 ≤ ϵ2 · s2.

Now, by Markov inequality we get σℓ(E)2 ≤ ϵ2s2

ℓ . Therefore, the claim is proved.

Proof of Claim 6.19. Since L is lower-triangular, we have that
s

∏
i=1

σi(L) = det L =
s

∏
i=1

Li,i = 1, (6.14)

It follows that for any k ≤ s,
k−1

∏
i=1

σi(L) =
1

∏s
j=k σj(L)

≥ 1
σk(L)s−k+1 . (6.15)

Now, we use the Frobenius norm to prove an upper bound on the first k − 1 singular

values. By Fact fact 8,
s

∑
i=1

σi(L)2 = ‖L‖2
F ≤ ‖L‖∞ · s2 = s2, (6.16)
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By AM-GM inequality we get
k−1

∏
i=1

σi(L) ≤
(

∑k−1
i=1 σi(L)2

k− 1

) k−1
2

≤
(
‖L‖2

F
k− 1

) k−1
2

≤
(

s2

k− 1

) k−1
2

.

The above together with (6.15) proves σk(L) ≥
(

k−1
s2

) k−1
2(s−k+1) . Noting that for k ≤ s

2 ,

2(s− k + 1) ≥ s completes the proof of the claim.

We would like to thank an anonymous reviewer for suggesting an alternative algorithm

for finding weak spanners. It offers slightly better guarantees, and finds a weak d-

spectral spanner of size O(d log d). However, as we argue, our algorithm can be made

more efficient in practice, and in particular in a distributed setting.

An alternative Algorithm. For a subset V ∈ Rd, define sym(V) to be the symmetric set

sym(V) = V ∪ {−x|x ∈ V}. A direct application of the separating hyperplane theorem

shows that a subset U ⊆ V is a weak α-spectral spanner of V, if conv(sym(V)) ⊆
√

α · conv(sym(U)) where conv refers to the convex hull of the set. Knowing this, we

can apply the celebrated result of F. John [13] to get a weak d-spectral spanner. Letting

the notation MVEE of a set denote the minimum volume ellipsoid enclosing the set,

it implies that there exists a subset U ⊂ V of size O(d2) and an ellipsoid E where

E = MVEE(sym(U)) = MVEE(sym(V)) and E√
d
⊆ conv(sym(U)). Therefore, U is a

weak d-spectral spanner of V with size O(d2). Moreover, the size of U can be reduced

by using the result of [110] on approximating John’s ellipsoids. In our case, it implies

choosing a random set of O(d log d) points of U gives a weak d-spectral spanner of V

with high probability.

Although, the approximation guarantee can be improved by a log factor in this algo-

rithm, this improvement comes at a cost. First of all, finding the John’s ellipsoid requires

solving a semidefinite program with O(d2) variables whereas in Algorithm algorithm 6.6,

we only need to solve linear programs with O(d) many variables. This requires polyno-

mially smaller amount of memory. Furthermore, note that the main computational task
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of each step of algorithm 6.6 is to solve |V| feasibility LPs where each of them has Õ(d)

variables and constraints. These LPs can be solved in parallel: having access to O(|V|)

many processors, our greedy algorithm runs in poly(d) time in PRAM model of compu-

tation. This extreme parallelism cannot be achieved using the above approach. Finally,

in finding the weak spanner one can tune the value of α in (6.1) based on the structure

of the given data points and the ideal size of the core-set, making the algorithm more

suitable for applications.

6.4.2 From Weak Spectral Spanners to Strong Spectral Spanners

In this section, we prove that if U is a weak α-spectral spanner of V, then it is a strong

α-spectral spanner of V. Combining with proposition 16 it proves theorem 6.1.

Lemma 6.20. For any set of vectors V ⊂ Rd, any weak α-spectral spanner of V is a strong

α-spectral spanner of V.

Proof. Let U be a weak α-spectral spanner of V. Fix a vector v ∈ V, we write a program

to find a probability distribution µv : U → R+ such that vvT � 1
δ · Eu∼µv

[
uuT], for

the largest possible δ. It turns out that this is a semi-definite program, where we have a

variable pu = Pµv(u) to denote the probability of each vector u ∈ U, see (6.17) for details.

max δ

s.t δ · vvT � Eu∼µv

[
uuT

]
µv is a distribution on U

(6.17)

To prove the lemma, it suffices to show the optimal of the program is at least 1
α . To do

that, we analyze the dual of the program. We first show the set of feasible solutions of

the program has a non-empty interior; this implies that the Slater condition is satisfied,

and the duality gap is zero. Then we show any solution of the dual has value at least

1/α.
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To see the first assertion, we let µv be equal to the uniform distribution on U and δ ≤ 1
α|U| .

It is not hard to see that this is a feasible solution of the program since U is a weak α-

spectral spanner.

Next, we prove the second statement. First we write down the dual.

min λ

s.t. uTXu ≤ λ, ∀u ∈ U

vTXv ≥ 1

X � 0

Let (X, λ) be a feasible solution of the dual. Our goal is to show λ ≥ 1
α . Let E = {x ∈

Rd | xTXx ≤ λ} be an ellipsoid of radius
√

λ defined by X. The set E has the following

properties:

• Convexity,

• Symmetry: If x ∈ E, then −x ∈ E,

• U ⊆ E: By the dual constraints u⊺Xu ≤ λ for all u ∈ U.

Let v̄ = v/
√

α. We claim that v̄ ∈ E. Note that if v̄ ∈ E we obtain

λ ≥ v̄⊺Xv̄ ≥ 1
α

,

which completes the proof.

For the sake of contradiction suppose v̄ /∈ E. We show that U is not a weak α-spectral

spanner. By convexity of E there is a hyperplane separating v̄ from E. So there is a vector

e ∈ Rd such that

〈v, e〉 =
√

α · 〈v̄, e〉 ≥
√

α and ∀x ∈ E, 〈x, e〉 < 1.

Moreover, by symmetry of E, for any x ∈ E,

〈x, e〉2 ≤ max{〈x, e〉, 〈−x, e〉}2 < 1

Finally, since U ⊂ E, we obtain maxu∈U〈u, e〉2 < 1. Therefore, 〈v, e〉2 6≤ α maxu∈U〈u, e〉2
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which implies U is not a weak α-spectral spanner.

6.5 Construction of Spectral k-Spanners

In this section we extend our proof on spectral d-spanner to spectral k-spanners for k < d,

this proves our main theorem 6.2. Here is our high-level plan of proof: First we use the

greedy algorithm of [31] for volume maximization to find an Õ(k)-dimensional linear

subspace of Rd onto which input vectors have a “large” projection. Next, we apply

theorem 6.1 to this Õ(k)-dimensional space to obtain the desired spectral k-spanner.

6.5.1 Greedy Algorithm for Volume Maximization

In this subsection, we prove the following statement.

Proposition 21. For any set of vectors V ⊂ Rd, and any k < d and m > 2k, there is a set

U ⊆ V of size m such that for all v ∈ V we have

vU⊥v⊺U⊥ �k 2m( 2k
m ) ·Eu∼µ [uu⊺] , (6.18)

where vU⊥ = Π〈U〉⊥(v) is the projection of v on the space orthogonal to the span of U and µ is

the uniform distribution on the set U.

As we will see in the next subsection, for m = Θ(k log k), the set U promised above

will be a part of our spectral k-spanner. Roughly speaking, to obtain a spectral spanner

of V, it is enough to additionally add a spectral spanner of {Π〈U〉(v)}v∈V . In the next

subsection, will use theorem 6.1 for the latter part.

First, we will describe an algorithm to find the set U promised in the proposition. Then,

we will prove the correctness. We use the greedy algorithm of [31] for volume maxi-

mization to find the set U. The algorithm is described as algorithm 6.7. Given a set of

vectors V ⊂ Rd and an integer t ≤ d, the goal of this greedy algorithm is to find a subset

S(|S| = t) of vectors such that the volume of the t- dimensional parallelepiped spanned
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by them is approximately maximized among all subsets of size t 3. Let U = {u1, . . . , um}

Algorithm 6.7 Volume Maximization(V,m)

1: Let U = ∅

2: while |U| < m do

3: add argmaxv∈V ‖Π〈U〉⊥(v)‖ to U

4: end while

return U.

be the output of the algorithm and suppose ui is the i-th vector added to the set, and µ

be a uniform distribution on U. Fix a vector v ∈ V for which we will verify the assertion

of the proposition. Note that if v ∈ U the statement obviously holds. So, assume v /∈ U.

Fix a Π ∈ Πd−k+1. Observe that 〈vU⊥v⊺U⊥ , Π〉 ≤ ‖Π〈U〉⊥(v)‖2. On the other hand, by

lemma 6.6,
〈
Eu∼µ [uu⊺] , Π

〉
≥ ∑d

i=k λi where λ1 ≥ λ2 ≥ . . . ≥ λd are eigenvalues of

Eu∼µ [uu⊺]. Therefore, to prove (6.18), it suffices to prove

‖Π〈U〉⊥(v)‖2 ≤ 2m
2k
m ·

d

∑
i=k

λi. (6.19)

Define û1, û2, . . . , ûm to be an orthonormal basis of 〈U〉 obtained by the Gram-Schmidt

process on u1, . . . , um, i.e., û1 = u1
‖u1‖

, û2 =
Π〈u1〉⊥

(u2)

‖Π〈u1〉⊥
(u2)‖

and so on. Define M ∈ Rm to be a

matrix where the ith column is the representation of ui in the orthonormal basis formed

by {û1, . . . , ûm}, i.e., for all 1 ≤ i, j ≤ m,

Mi,j = 〈uj, ûi〉.

Note that Eu∼µ [uu⊺] is the same as 1
m MM⊺ up to a rotation of the space. In other words,

both matrices have the same set of non-zero eigenvalues. Since eigenvalues of 1
m MM⊺

are the squares of the singular values of 1√
m M, to prove (6.19) it is enough to show

‖Π〈U〉⊥(v)‖2 ≤ 2m
2k
m ·

m

∑
i=k

σ2
i (m

−1/2M). (6.20)

3The approximation factor is roughly 1
t!
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Since v ∈ V and v /∈ U we get ‖Π〈U〉⊥(v)‖2 ≤ ‖Π〈û1,...,ûm−1〉⊥(um)‖2 = M2
m,m. So to prove

(6.20), it suffices to show

M2
m,m ≤ 2m

2k
m ·

m

∑
i=k

σ2
i (m

−1/2M) (6.21)

Note that the above inequality can be seen just as a property of the matrix M. First, let

us discuss properties of M that we will use to prove the above:

I) M is upper-triangular as ui ∈ 〈û1, . . . , ûi〉.

II) By description of the algorithm, for any i < j ≤ m we have

M2
i,i = ‖Π〈û1,...,ûi−1〉⊥(ui)‖2 ≥ ‖Π〈û1,...,ûi−1〉⊥(uj)‖2 =

j

∑
ℓ=i

M2
ℓ,j (6.22)

The following lemma completes the proof of proposition 21.

Lemma 6.22. Let M ∈ Rm×m satisfying (i) and (ii). For any k < m/2, we have

M2
m,m ≤ 2m

2k
m

m

∑
i=k

1
m

σ2
i (M).

Proof. Here is the main idea of the proof. First, we use Cauchy-Interlacing theorem along

with property (ii) to deduce σi cannot be much larger than Mi,i. Then, we combine it with

the fact that M is upper triangular and so det(M) = ∏m
i=1 Mi,i = ∏m

i=1 σi, to upper-bound

M2
m,m by a multiple of ∑m

i=k σ2
i (M).

First, we show for all 1 ≤ i ≤ m,

σ2
i (M) ≤ (m− i + 1)M2

i,i. (6.23)

Define Mi to be the (m− i + 1)× (m− i + 1) matrix obtained by removing the first i− 1

rows and columns of M. First, Cauchy interlacing theorem tells us σi(M) ≤ σ1(Mi).

Secondly, by Fact 8 and property (ii) we have

σ1(Mi)
2 ≤

m−i+1

∑
j=1

σj(Mi)
2 = ‖Mi‖2

F ≤ (m− i + 1)M2
i,i.
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This proves (6.23). Since M is upper-triangular,

det(M)2 =
m

∏
i=1

M2
i,i =

m

∏
i=1

σ2
i (M) ≤

(
∑m

j=k σj(M)2

m− k + 1

)m−k+1 k−1

∏
i=1

σ2
i =: β

k−1

∏
i=1

σ2
i

where the inequality follows by the AM-GM inequality and β = (
∑m

j=k σj(M)2

m−k+1 )m−k+1. By

(6.23),
m

∏
i=1

σ2
i (M) ≤ β

k−1

∏
i=1

(m− i + 1)M2
i,i ≤ mkβ

k−1

∏
i=1

M2
i,i. (6.24)

Using ∏m
i=1 σ2

i = ∏m
i=1 M2

i,i again, we get
m

∏
i=k

M2
i,i ≤ mkβ.

Using property (ii) again, we have M2
i,i ≥ M2

m,m for all i. Therefore, ∏m
i=k M2

i,i ≥ M2(m−k+1)
m,m ,

we get

M2(m−k+1)
m,m ≤ mkβ

The lemma follows by raising both sides to 1/(m− k+ 1) and using that m− k+ 1 ≥ m/2

since k < m/2.

6.5.2 Main algorithm

In this section we prove Theorem 6.2. The details of our algorithm are described in

algorithm 6.8.

First of all let us analyze the size of the output. By definition, algorithm 6.7 returns

m vectors. Then, by theorem 6.1, algorithm 6.6 has size at most O(m log m). Since

m = O(k log k), the size of the output is |U|+ |W| ≤ O(k log2 k), as desired.

In the rest of this section we prove the correctness. Fix a vector v ∈ V, we need to find a

distribution µv on U ∪W such that vv⊺ �k αEu∼µv [uu⊺] for some α = Õ(k).

First, by fact 5,

vv⊺ �k 2(Π〈U〉⊥(v)Π〈U〉⊥(v)
⊺ + Π〈U〉(v)Π〈U〉(v)

⊺)
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Algorithm 6.8 Spectral-k-Spanner(V,α,k): Finds an α-Spectral k-Spanner

Input: A set of vectors V ⊂ Rd, a parameter α and an integer k ≤ d.

Output: A α-spectral k-spanner of V.

1: Set m, such that m
2k
m = O(1).

2: Run Volume-Maximization(V,m) of algorithm 6.7 and let U be the output, i.e., the

set of vectors satisfying (6.18).

3: Run Spectral-d-Spanner({Π〈U〉(v)}v∈V ,α) of algorithm 6.6 and let W be the output of

the corresponding spectral m-spanner.

return U ∪ {v : Π〈U〉(v) ∈W}.

So, it is enough to prove that

Π〈U〉⊥(v)Π〈U〉⊥(v)
⊺ + Π〈U〉(v)Π〈U〉(v)

⊺ �k (α/2)Eu∼µv [uu⊺] (6.25)

We proceed by upper-bounding the LHS term by term. By proposition 21,

Π〈U〉⊥(v)Π〈U〉⊥(v)
⊺ �k O(1) ·Eu∼µ [uu⊺] (6.26)

where µ is the uniform distribution on U. So, to prove the above, it is enough to find a

distribution µv on U ∪W such that

Π〈U〉(v)Π〈U〉(v)
⊺ �k αEu∼µv [uu⊺] (6.27)

for some α = Õ(k). From now on, for any vector v ∈ V we use v̂ to denote Π〈U〉(v).

By description of the algorithm, {v̂}v∈W is an O(m log2 m)-spectral m-spanner for {v̂}v∈V .

So, there exists a probability distribution νv on W such that

v̂v̂⊺ � O(m log2 m))Ew∼νv [ŵŵ⊺] equiv ∀x ∈ 〈U〉 : 〈x, v̂〉2 ≤ O(m log2 m)) ·Ew∼νv

[
〈ŵ, x〉2

]
(6.28)

In fact the above holds for any x ∈ Rd, as 〈x, û〉 = 〈Π〈U〉(x), û〉 for any vector u ∈ V.

Therefore, for any Π ∈ Πd−k+1, by summing (6.28) up over an orthonormal basis of Π

and noting m = O(k log k), we get

〈Π, v̂v̂⊺〉 ≤ Õ(k) · 〈Ew∼νv [ŵŵ⊺, Π〉] ,
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which by definition implies

v̂v̂⊺ �k Õ(k) ·Ew∼νv [ŵŵ⊺] . (6.29)

Therefore, to show (6.27) for α = Õ(k) it suffices to find a distribution µv on U ∪W such

that

Ew∼νv [ŵŵ⊺] �k O(1) ·Eu∼µv [uu⊺] .

But, observe that for any w ∈W, we can write

ŵŵ⊺ �k 2
(

ww⊺ + Π〈U〉⊥(w)Π〈U〉⊥(w)⊺
)
�k O(1) · (ww⊺ + Eu∼µ [uu⊺])

where µ is the uniform distribution over U. The first inequality follows by fact 5 and the

second inequality follows by equation (6.26) which holds for all vectors v ∈ V. Averaging

out the above inequality with respect to the distribution νv completes the proof.

6.6 Applications

In this section we discuss applications of theorem 6.2 in designing composable core-sets.

As we discussed in the intro, we show that for many problems spectral spanners provide

almost the best possible composable core-set in the worst case. Next, we see that for any

function f that is “monotone” on PSD matrices, spectral spanners provide a composable

core-set for a fractional budgeted minimization problem with respect to f . Later, in

section 6.6.1 and section 6.6.2 we see that for a large class of monotone functions the

optimum of the fractional budgeted minimization problem is within a small factor of the

optimum of the corresponding integral problem. So, spectral spanners provide almost

optimal composable core-sets for several spectral budgeted minimization problems.

Let V ⊂ Rd be a set of vectors. For a function f : S+
d → R+ on PSD matrices and a

positive integer B denoting the budget, the fractional budgeted minimization problem is to

choose a mass B of the vectors of V, i.e., {sv}v∈V where ∑v sv ≤ B, such that f (∑v svvvT)

is minimized. This can be modeled as a continuous optimization problem, see BM for

details.
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inf f

(
∑

v∈V
svvvT

)
.

s.t ∑
v∈V

sv ≤ B

sv ≥ 0, ∀v ∈ V

BM

Definition 6.23 (k-monotone functions). We say a function f : S+
d → R+ is k-monotone

for an integer 1 ≤ k ≤ d, if for all PSD matrices A, B � 0, we have A �k B implies

f (A) ≥ f (B).

We say f is vector k-monotone if for all PSD matrices A, B and all vectors v ∈ Rd, if

vv⊺ �k B, then f (A + vv⊺) ≥ f (A + B). Note that any k-monotone function is obviously

vector k-monotone as A + vv⊺ �k A + B.

We show that an algorithm for finding α-spectral k-spanners give an α-composable core-

set function for the fractional budgeted minimization for any function f that is vector

k-monotone. We emphasize that our composable core-set does not depend on the choice

of f as long as it is vector monotone.

Proposition 24. For any 1 ≤ k ≤ d and any vector k-monotone function f : S+
d → R+,

algorithm 6.8 gives a β( f , Õ(k))-composable core-set of size Õ(k) for the fractional budgeted

minimization problem, BM(V, f ,B), where for any t > 0,

β( f , t) = sup
A∈S+d

f (A)

f (tA)
.

Proof. Let V1, V2, . . . , Vp be p given input sets for an arbitrary integer p, and let
⋃p

i=1 Vi =

V. For each 1 ≤ i ≤ p, let Ui be the output of Spectral k-Spanner(Vi,k,α). By theorem 6.2,

for α = Õ(k), |Ui| ≤ Õ(k). Let U = U1 ∪ · · · ∪Up.

Fix a k-monotone function f and a budget B > 0 and let s = {sv}v∈V be a feasible
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solution of BM(V, f , B). To prove the assertion we need to show that there exists a

feasible solution s̃ of BM(U, f , B) such that

f

(
∑

u∈U
s̃uuuT

)
≤ β( f , α) · f

(
∑

v∈V
svvvT

)
(6.30)

By composability property of spanners, U is an α-spectral k-spanner of V. Therefore, for

any v ∈ V, there exists a probability distribution µv on U such that vvT �k α ·Eu∼µv [uu⊺].

Say V = {v1, . . . , vm}. It follows by vector k-monotonicity of f and by U bein an α-

spectral k-spanner that

f

(
m

∑
i=1

svi viv
⊺
i

)
≥ f

(
αsv1Eu∼µv1

[uu⊺] +
m

∑
i=2

svi viv
⊺
i

)

≥ f

(
2

∑
i=1

αsviEu∼µvi
[uu⊺] +

m

∑
i=3

svi viv
⊺
i

)
≥ · · · ≥ f

(
m

∑
i=1

αsviEu∼µvi
[uu⊺]

)
Now, define s̃ by s̃u = ∑v∈V svPµv [u] for any u ∈ U. It is straight-forward to see that this

is a feasible solution of BM(V, f , B) since ∑u∈U s̃u = ∑v∈V ∑u∈U Pµv [u] = ∑v∈V sv ≤ B.

Therefore,

f

(
∑

v∈V
svvv⊺

)
≥ f

(
∑

v∈V
αsvEu∼µv [uu⊺]

)
= f

(
∑

u∈U
αs̃uuu⊺

)
≥ β( f , α) f

(
∑

u∈U
s̃uuu⊺

)
,

This proves (6.30) as desired.

In general, we may not solve BM efficiently if f is not a convex function. It turns out that

if f is convex and has a certain reciprocal multiplicity property then the integrality gap

of the program is small, so assuming further that f is (vector) k-monotone, by the above

theorem we obtain a composable core-set for the corresponding integral budgeted min-

imization problems. In the next two sections we explain two such families of functions

namely determinant maximization and optimal design.

6.6.1 Determinant Maximization

In this section, we use proposition 24 to prove theorem 6.3. Throughout this section, for

an integer 1 ≤ k ≤ d we let f : S+
d → R+ be the map A 7→ −detk(A)1/k. It follows

from theory of Hyperbolic polynomials that for any 1 ≤ k ≤ d, −detk(A)1/k is a convex
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function [53], so one can solve BM(−det1/k
k , V, k) using convex programming. Further-

more, observe that BM(−det1/k
k , V, k) gives a relaxation of k-determinant maximization

problem. Nikolov [99] showed that any fractional solution can be rounded to an integral

solution incurring only a multiplicative error of e.

Theorem 6.25 ([99]). There is a randomized algorithm that for any set V ⊆ Rd, 1 ≤ k ≤ d, and

any feasible solution x of BM(−det1/k
k , V, k) outputs S ⊂ V of size k such that

det
k

(
∑
v∈S

vv⊺
)
≥ e−k max

T∈(V
k )

det
k

(
∑

u∈T
uu⊺

)
(6.31)

Proof. We include the proof for the sake of completeness. First, we explain the algorithm:

For 1 ≤ i ≤ k, choose a vector v with probability xv
k (with replacement) and call it ui. It

follows that,

E

[
det

k

(
k

∑
i=1

uiu
⊺
i

)]
= ∑

S∈(V
k )

k!
kk Πv∈Sxv det

k
(∑

v∈S
vv⊺) ≥ e−k · ∑

S∈(V
k )

det
k

(
∑
v∈S

xvvv⊺
)

where first equality holds, since we have k! different orderings for selecting a fixed set

S of k vectors, but by Cauchy-Binet identity the RHS is equal to e−k detk(∑v∈V xvvv⊺) as

desired.

Note that the algorithm we discussed in the above proof may have an exponentially

small probability of success but [99] also gives a de-randomization using the conditional

expectation method. From now on, we do not need convexity. To use proposition 24 we

need to verify that −det1/k
k is (vector) k-monotone.

Lemma 6.26. For any integer 1 ≤ k ≤ d, the function −det1/k
k is vector k-monotone.

Proof. Equivalently, we show −detk is vector k-monotone. Fix A � 0, and decompose it

as A = ∑a∈A aa⊺ where we abuse notation and also use A to denote the set of vectors in

the decomposition of A. Also, fix a vector v and suppose vv⊺ �k B for some B � 0. We
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need to show detk(A + vv⊺) ≤ detk(A + B). By lemma 6.9,

det
k
(A + vv⊺)− det

k
(A) = ∑

S∈( A
k−1)

det
k

(
∑
a∈S

aa⊺ + vv⊺
)

= ∑
S∈( A

k−1)

det
k−1

(
∑
a∈S

aa⊺
)
〈vv⊺, Π〈S〉⊥〉.

The second equality follows by the fact that detk(∑a∈S aa⊺+ vv⊺) is the same as the deter-

minant of the k× k inner product matrix of all of these k vectors. Using Gram-Schmidt

orthogonalization process the latter can be re-written as detk−1(∑a∈S aa⊺)〈vv⊺, Π〈S〉⊥〉.

Since vv⊺ �k B for any such S we have 〈vv⊺, Π〈S〉⊥〉 ≤ 〈B, Π〈S〉⊥〉. Therefore,

det
k
(A + vvT) = det

k
(A) + ∑

S∈( A
k−1)

det
k−1

(
∑
a∈S

aa⊺
)
〈vv⊺, Π〈S〉⊥〉

≤ det
k
(A) + ∑

S∈( A
k−1)

det
k−1

(
∑
a∈S

aa⊺
)
〈B, Π〈S〉⊥〉 ≤ det

k
(A + B).

The last inequality follows by another application of Cauchy-Binet identity, lemma 6.9.

Now, we are ready to prove theorem 6.3. Let V ⊆ Rd and suppose we are given p

subsets V1, . . . , Vp such that
⋃p

i=1 Vi = V. First, by proposition 24, spectral spanners

give a β(−det1/k
k , Õ(k))-composable core-set of size Õ(k) for the fractional budgeted

minimization problem BM(−det1/k
k , V, k). Observe that for any t,

β(−det
k
(.)1/k, t) = sup

A∈S+d

−detk(A)1/k

−detk(tA)1/k = sup
A∈S+d

detk(A)1/k

t detk(A)1/k =
1
t

.

So, proposition 24 gives an Õ(k)-composable core-set for BM(−det1/k
k , V, k). But, by

theorem 6.25, the integrality gap of BM(−det1/k
k , V, k) is e. Therefore, proposition 24

gives an Õ(k)k-composable core-set for integral determinant maximization problem. This

completes the proof of theorem 6.3.
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6.6.2 Experimental Design

In this section we discuss another set of applications of proposition 24 to the problem of

experimental design [108] Consider a noisy linear regression problem: Given n data points

v1, v2, . . . , vn ∈ Rd, we are interested in learning a vector w ∈ Rd from observations of

the form yi = 〈vi, w〉+ ηi where the noise values ηi are i.i.d samples from a zero-mean

Gaussian distribution. Suppose we are allowed to learn parameter w by only observing

k � n data points. Letting S be the set of k chosen data points and ŵ be the maximum

likelihood estimation of w, w− ŵ has a d- dimensional zero-mean Gaussian distribution

with covariance matrix (∑i∈S vivT
i )
−1. In the experimental design problem the goal is

to choose k data points where the corresponding covariance matrix minimizes a given

function f : S+
d → R. The formal definition of the problem is as follows.

Definition 6.27 (Experimental Design). For V ⊂ Rd and f : S+
d → R+ and an integer B,

the experimental design is the problem of finding

S∗( f , k) = argminS∈(V
B)

f

(
∑
v∈S

vv⊺
)

,

where S ranges over all multi-sets of size B.

Experimental design problem has applications to linear bandit [38, 59], diversity sam-

pling [72], active learning [28], feature selection and matrix approximation [34, 11], sen-

sor placement in wireless networks [64].

Note that for any function f , BM(V, f , B) is a continuous relaxation to the above problem.

It is shown in [113, 5, 101] that there is a polynomial time algorithm that if f , in addition

to being convex and monotone, has a “ reciprocal multiplicity property”, then for B� d,

the solution of BM(V, f , B) can be rounded to an integer solution losing only a constant

factor in the value.

We say a function f : S+
d → R+ is regular if it is convex, monotone and f (tA) = f (A)/t

for any t > 0 and A � 0. Here are some examples of regular functions: Average
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A 7→ tr(A−1)
d , Determinant A 7→ det(A)−

1
d , Min Eigenvalue A 7→ ‖A−1‖2, Variance,

A 7→ 1
d 〈∑v∈V vv⊺Σ−1〉. They prove the following.

Theorem 6.28 ([5]). There exists a polynomial time algorithm that for any regular function

f : S+
d → R+, ϵ < 1/3 and B ≥ 5d

ϵ2 . outputs a multi-set S such that

f

(
∑
v∈S

vv⊺
)
≤ (1 + 8ϵ)OPT(BM(V, f , B)),

Combining it with proposition 24 for k = d leads to the following corollary.

Corollary 6.29. There exists a polynomial time algorithm which finds an Õ(d)-composable core-

set of size Õ(d) for the experimental design with any regular function and k ≥ Cd where C is a

universal constant.

We simply use proposition 24 and the fact that any regular function is monotone, and

hence vector d-monotone. Since for any regular function f , β( f , t) = 1/t, we obtain

an Õ(d)-composable core-set of size Õ(d) for the fractional version of the experimental

design problem. But then, by theorem 6.28 any α-composable core-set for the fractional

experimental design problem is an O(α)-composable core-set for (integer) experimental

design. Again, we emphasize that given V, B, for any regular function our algorithm

outputs exactly the same composable core-set.

In section 6.7 we show that for many examples of regular functions f , the above bound

is almost optimal.

6.7 Lower Bound

In this section, we study lower-bounds on the approximation ratio and size of the com-

posable core-sets for the k-determinant maximization and the experimental design prob-

lem. In particular, we prove theorem 6.4. We also prove the bound given by corollary 6.29

is optimal up to a logarithmic factor for some of the regular functions.
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Figure 1: A Hard Input for Composable Core-sets

1. Set m = d
log d to have dm/d = O(1).

2. Consider a set G ⊂ Rm+1 of n = dβ+2 vectors such that for every two vectors

p, q ∈ G, we have

〈p, q〉 ≤ O

(√
β log d√

d

)
(6.32)

3. Do the following for any 1 ≤ i ≤ d−m:

Embed G into the space spanned by e1, . . . , em and em+i, and call it Gi. Choose an

index πi ∈ [n] uniformly at random. Construct Xi by rotating Gi using a rotation

R(πi) : Rd → Rd that maps the πi-th vector in Gi to em+i, and that maps the rest of

the vectors in Gi to points in 〈e1, . . . , em, em+i〉.

4. Choose a matrix Q uniformly at random from the Haar measure over the space

of rotations in Rd (i.e., orthogonal d× d matrices).

5. Return QX1, . . . , QXd−m and QY1, . . . , QYm where Yi = Mei for a large enough

scalar M.

6.7.1 Construction of a Hard Input

Here, we describe a distribution over collection of vectors which turns out to be a“hard”

input for composable core-sets in many spectral problems. We use that in the next sub-

section to establish our lower-bound results. The construction of the instance is described

in Figure 1.

To construct the instance we need to start with a set of vectors G satisfying (6.32). The

following lemma guarantees the existence of the set G.

Lemma 6.30 (Implied by [33]). Let G be a set of dβ+2 vectors chosen independently and uni-

formly at random from the (m + 1)-dimensional unit sphere for m = d
log d and β ≥ 1. Then with

with probability at least 1− 1/d3, for every two vectors p, q ∈ G, we have 〈p, q〉 ≤ O(

√
β log d√

d
).
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Proof. Let ϵ =
C1
√

β log d√
d

for some constant C1 that we specify later. For any two random

vectors chosen uniformly at random from the (m + 1)-dimensional unit sphere, their

inner product is distributed as N (0, 1)/
√

m. Using Lemma 2.2 (b) from [33], the proba-

bility that their inner product is more than ϵ, is bounded by e−
ϵ2
3 ·m (note that this uses

the fact that ϵ2m > 27).

Thus, by union bound, the probability that for any pair of points in G, their inner

product is bounded by ϵ, is at least 1 − d2β+4 · e− ϵ2
3 ·m ≥ 1 − d2β+4 · e−

β(C1 log d)2

3d · d
log d ≥

1− d−βC2
1/3+2β+4. Setting C1 = 6, this probability is at least 1− 1/d3.

The main property of the sets generated in Figure 1 that we use is the following.

Lemma 6.31. Let c be an arbitrary core-set function. For any i = 1 . . . d− m, the probability

that the image of em+i under Q is in the core-set for QXi is bounded by |c(Xi)|
|Xi|

, i.e.,

PQ,π[Qem+i ∈ c(QR(πi)Gi)] ≤
|c(Xi)|
|Xi|

Proof. From the right-translation-invariance of Haar measure, it follows that, for any

fixed value of πi, the distribution of QR(πi)Gi is the same as the distribution of QGi.

Therefore, the joint distribution of (πi, QR(πi)Gi) is the same as of (πi, QGi), so it suffices

to bound PQ,π[(Gi)πi ∈ c(QGi)], where (Gi)πi denotes the πi-th vector in Gi. Since πi

and QGi are independent, the bound follows.

6.7.2 Lower-bounds for Composable Core-sets for Spectral Problems

Consider the collection of sets generated by the procedure described in Figure 1. Without

loss of generality we may assume Q = I, as rotation matrices do not change spectral

quantities we are interested in. So let X1, . . . , Xd−m and Y1, . . . , Ym be the output sets.

We are only interested in polynomial size core-sets, so fix a core-set function c that

maps any set in Rd to its subsets of size at most dβ for some constant β ≥ 1. Using
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Lemma 6.31 and union bound, the probability that for at least one 1 ≤ i ≤ d − m we

have em+i ∈ c(Xi), is at most (d−m) · |c(Xi)|
|Xi|

≤ (d−m)dβ

dβ+2 ≤ 1/d. So WLOG we can assume

(Q)em+i = em+i /∈ c(Xi) for any 1 ≤ i ≤ d−m. It implies the following assumption that

we crucially use in the future proofs.

Assumption. For any u ∈ ⋃d−m
i=1 c(Xi),〈

Π〈em+1,...,ed〉, uu⊺
〉
=

d−m

∑
j=1
〈u, em+j〉2 ≤ O

(
β log2 d

d

)
. (6.33)

To see this, suppose u ∈ c(Xi) for some i. Since Xi ⊂ 〈e1, . . . , em, em+i〉 by construction,

we have 〈u, em+j〉 = 0 for j 6= i. Moreover, we assumed em+i /∈ c(Xi), so 〈u, em+i〉 ≤

O(

√
β log d√

d
) by (6.32).

We also define

V =
(⋃d−m

i=1 Xi

)⋃ (⋃m
j=1 Yj

)
and U =

(⋃d−m
i=1 c(Xi)

)⋃ (⋃m
j=1 c(Yj)

)
. (6.34)

In what follows we assume (6.33) holds.

Proof of theorem 6.4. First let us proof the theorem for k = d. Consider the core-set

function c and input sets X1, . . . , Xd−m, Y1, . . . , Ym explained above. Consider the optimal

set of d vectors maximizing the determinant on the union of the input sets, V. It con-

tains em+1, · · · , ed from the sets X1, · · · , Xd−m, respectively, and the points Me1, · · · , Mem

from the sets Y1, · · · , Ym respectively. The value of this solution is equal to (Mm)2.

At the same time, the optimal solution from the union of the core-sets U must con-

tain the m vectors Me1, · · · , Mem from the sets Y1, · · · , Ym, if we set M to be large

enough. Any other set of k − m = d − m vectors must be chosen from the union of

core-sets c(Xi). So by Hadamard inequality we get the optimum is at most (Mm)2 ·

maxu∈U

(
〈Π〈em+1,...,ed〉⊥ , uu⊺〉

)d−m
which results in a value of at most ( Mm

(
√

d/(O(
√

β) log d))d−m )
2 =

M2m(O(
√

β) log d)2(d−m)

dd−m by assumption (6.33). Hence the approximation ratio is at least

(d/(O(
√

β) log d)2)d−m. Noting m = d
log d = o(d) completes the proof for k = d.

To extend the above proof for smaller k, we can consider the same instance in d′ = k



131

dimensions, and then append the vectors with d− d′ zeros. It is straight-forward to see

this gives us the same result for any value of k ≤ d, yielding Theorem 6.4.

Now, we present our lower-bounds on the approximation ratio of composable core-sets

for the experimental design problem. Again, we consider the aforementioned core-set

function c and input sets X1, . . . , Xd−m, Y1, . . . , Ym.

Proposition 32. Composable core-sets of size at most dβ for the experimental design problem

with respect to the function A 7→ ‖A−1‖2 and size parameter B ≥ Cd have an approximation

factor of at least O( d
β log2 d

), for any β ≥ 1 and a universal constant C.

Proof. Note that it is enough to show the same lower-bound for the corresponding

fractional budget minimization problem (BM). Since as pointed out in section 6.6, the

relaxation BM has constant integrality gap when the conditions of theorem 6.28 are

satisfied (which is satisfied for large enough C). Therefore, we show for any B and

f = (A 7→ ‖A−1‖2),

OPT(BM(U, f , B))
OPT(BM(V, f , B))

≥ Ω

(
d

β log2 d

)

where V and U are defined by (6.34). Let us first find an upper bound on the optimal

on V. For simplicity we work with the reciprocal of f (note that for any A ∈ S+
d , 1

f (A)
=

λd(A)). Picking Mei ∈ Bi for any 1 ≤ i ≤ m, and em+i ∈ Ai for any 1 ≤ i ≤ d− m, all

with multiplicity B
d , we can deduce

1
OPT(BM(V, f , B))

≥ λd

(
B
d
·
(

d−m

∑
i=1

em+ie
⊺
m+i +

m

∑
j=1

M2eje
⊺
j

))
≥ B

d
,

for M > 1. So in order to prove the theorem, is suffices to show for any feasible solu-

tion s ∈ RU of BM(U, f , B) (which means ∑u∈U su ≤ B), we have λd (∑u∈U suuu⊺) ≤
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O
(

β·B log2 d
d2

)
. We have

λd

(
∑

u∈U
suuu⊺

)
≤ 1

d−m

d

∑
i=m+1

λi

(
∑

u∈U
suuu⊺

)

≤ 1
d−m

〈
∑

u∈U
suuu⊺, Π〈em+1,...,ed〉

〉
By lemma 6.6

≤ ∑u∈U su

d−m
·O
(

β log2 d
d

)
By (6.33)

which completes the proof, as ∑u∈U su ≤ B.

Proposition 33. Composable core-sets of size at most dβ for the experimental design problem

with respect to the function A 7→ det(A)−1/d and size parameter B ≥ Cd have an approximation

factor of at least O( d
β log2 d

), for any β ≥ 1 and a universal constant C.

Proof. Similar to the previous proposition, it is enough to show that for function f =

A 7→ det−1/d and any B
OPT(BM(U, f , B))
OPT(BM(V, f , B))

≥ Ω

(
d

β log2 d

)
,

where U and V are defined in (6.34). let us first find an upper bound on the optimum

on V (or equivalently a lower-bound on its reciprocal). If we choose em+i from Xi for any

1 ≤ i ≤ d− m and Mej from Yj for any 1 ≤ j ≤ m with equal weights of B/d, we get
1

OPT BM(V, f ,B) ≥
B
d M2m/d. So in order to prove the theorem it suffices to show

1
OPT(BM(U, f , B))

= det

(
∑

u∈U
suuu⊺

)1/d

≤ BM2m/d ·O
(

β log2 d
d2

)
for any feasible solution s ∈ RU, i.e. ∑u∈U s(u) ≤ B. By Cauchy-Binet we know

det (∑u∈U suuu⊺) =
(

∑S∈(U
d)

det(∑u∈S suuu⊺)
)

. Taking M to be large enough implies

the summation is dominated by terms containing all vectors Me1, . . . , Mem. So letting
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H = 〈em+1, . . . , ed〉, we have

det

(
∑

u∈U
suuu⊺

)
= M2m(1 + o(1)) · ∑

S∈( U
d−m)

det

(
m

∑
j=1

sej eje
⊺
j + ∑

u∈S
suuu⊺

)

= M2m(1 + o(1)) ·
m

∏
j=1

sej · ∑
S∈( U

d−m)

det
d−m

(
∑
u∈S

suΠH(ui)ΠH(ui)
⊺
)

Now, note that if p, q ∈ U both belong to the same c(Xi), then the corresponding de-

terminant in the summation is zero as p, q ∈ 〈e1, . . . , em, em+i〉 by construction. So we

have

det

(
∑

u∈U
suuu⊺

)
= M2m(1 + o(1)) ·

m

∏
j=1

sej · ∑
(u1,...,ud−m)

∈
c(X1)×...,×c(Xd−m)

det
d−m

(
d−m

∑
i=1

sui ΠH(ui)ΠH(ui)
⊺
)

≤ M2m(1 + o(1)) ·
m

∏
j=1

sej ·

d−m

∏
i=1

∑
u∈c(Xi)

su

 · max
S∈( U

d−m)
det
d−m

(
∑
u∈S

ΠH(u)ΠH(u)⊺
)

(6.35)

We can further simplify the above by combining Hadamard inequality and (6.33). It

implies

max
S∈( U

d−m)
det
d−m

(
∑
u∈S

ΠH(u)ΠH(u)⊺
)
≤ max

S∈( U
d−m)

∏
u∈S
‖ΠH(u)‖2 ≤ O

(
β log2 d

d

)(d−m)

(6.36)

Furthermore, by AM-GM inequality we get that ∏m
j=1 sej ·

(
∏d−m

i=1 ∑u∈c(Xi)
su

)
≤
(

∑u∈U su
d

)d
≤

Bd

dd . Combining the above with (6.35) and (6.36) proves

det

(
∑

u∈U
suuu⊺

)1/d

≤ M2m/d · B
d
·O
(

β log2 d
d

)(d−m)/d

.

Noting d2m/d = O(1) completes the proof.
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Chapter 7

COMPOSABLE CORE-SETS FOR DETERMINANT MAXIMIZATION:
FROM A PRACTICAL PERSPECTIVE

In the previous chapter, we introduced the notion of spectral spanners and used them to

construct composable core-sets for the determinant maximization problem. Although the

guarantees of the resulting method are theoretically almost optimal, and the algorithm

can be simply implemented and run in polynomial time, it might not be yet efficient

in practice for very large datasets. In this chapter we study construction of composable

core-sets for the determinant maximization problem from a more practical perspective.

In particular, we study two popular heuristics for the problem:

1. The Greedy algorithm that has been previously used in similar contexts for the

submodular maximization problem. We provide a theoretical approximation guar-

antee of O(Ck2
) in the context of composable core-sets.

2. We propose a Local Search based algorithm that while being still practical, achieves

a nearly optimal approximation bound of O(k)2k.

Further, we implement these two proposed methods and compare them with the optimal

method via spectral spanners to show the effectiveness of these methods on standard

datasets.
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7.1 Introduction

Given a set of vectors P ⊂ Rd and an integer 1 ≤ k ≤ d, the goal of the determinant

maximization problem is to find a subset S = {v1, . . . , vk} of P such that the determinant

of the Gram matrix of the vectors in S is maximized. As pointed out before, in the

language of DPPs this problem corresponds to the problem of finding the most diverse

subset in a set of given items; in this context the problem has found several applications

in machine learning over the last few years [72, 93, 52, 119]. Many of these applications

need to handle large amounts of data and consequently the problem has been considered

in massive data models of computation [93, 117, 103, 96, 94, 91, 14]. One strong such

model that we consider, is composable core-set [61] which is an efficient summary of a data

set with the composability property: union of summaries of multiple data sets should

provably result in a good summary for the union of the data sets (see definition 6.10 for

the formal definition). If designed for a task, composable core-sets will further imply

efficient streaming and distributed algorithms for the same task. This has lead to recent

interest in composable core-sets model since its introduction [91, 10, 60].

An almost optimal approximate composable core-set. In the previous chapter, we de-

signed composable core-sets of size O(k log k) with approximation guarantee of Õ(k)k

for the determinant maximization problem. Moreover, we showed that the best approxi-

mation one can achieve is Ω(kk−o(k)) for any polynomial size core-sets, proving that their

algorithm is almost optimal. However, its complexity makes it less appealing in practice.

First of all, the algorithm requires an explicit representation of the point set, which is

not present for many DPP applications; a common case is that the DPP kernel is given

by an oracle which returns the inner product between the points; in this setting, the

algorithm needs to construct the associated gram matrix, and use SVD decomposition to

recover the point set, making the time and memory quadratic in the size of the point-set.

Secondly, even in the point set setting, the algorithm is not efficient for large inputs as it

requires solving O(kn) many linear programs, where n is size of the point set.
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In this chapter, we focus on two simple to implement algorithms which are typically

exploited in practice, namely the Greedy and the Local-Search algorithms. We study

these algorithms from theoretical and experimental points of view for the composable

core-set problem with respect to the determinant maximization objective, and we com-

pare their performance with the algorithm of the previous chapter, which we refer to as

the Spanner-based algorithm.

7.1.1 Our Contributions

Greedy algorithm. The greedy algorithm for determinant maximization has been de-

scribed in algorithm 4.1. The algorithm proceeds in k iterations and at each iteration it

picks the point that maximizes the volume of the parallelepiped formed by the set of

points picked so far. [31] has studied the approximation of the greedy algorithm in the

standard setting. In the context of submodular maximization over large data sets, vari-

ants of this algorithm have been studied [94]. One can view the greedy algorithm as a

heuristic for constructing a core-set of size k. To the best of our knowledge, the previous

analysis of this algorithm does not provide any multiplicative approximation guarantee

in the context of composable core-sets.1

Our first result shows the first multiplicative approximation factor for composable core-

sets on the determinant maximization objective achieved by the Greedy algorithm.

Theorem 7.1. Given a set of points P ⊂ Rd, the Greedy algorithm achieves a O(Ck2
)-composable

coreset of size k for the determinant maximization problem, where C is a constant.

The Local Search algorithm. Our main contribution is to propose to use the Local

Search algorithm for constructing a composable core-set for the task of determinant

maximization. The algorithm starts with the solution of the Greedy algorithm and at

each iteration, swaps in a point that is not in the core-set with a point that is already in the

1For more details, see related work.
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core-set, as long as this operation increases the volume of the set of picked points. While

still being simple, as we show, this algorithm achieves a near-optimal approximation

guarantee.

Theorem 7.2. Given a set of points P ⊂ Rd, the Local Search algorithm achieves an O(k)2k-

composable coreset of size k for the determinant maximization problem.

Directional height. Both of our theoretical results use a modular framework: In Section

7.3, we introduce a new geometric notion defined for a point set called directional height,

which is closely related to the width of a point set defined in [4]. We show that core-sets

for preserving the directional height of a point set in fact provide core-sets for the deter-

minant maximization problem. Finally, we show that running either the Greedy (Section

7.5) or Local Search (Section 7.4) algorithms on a point set obtain composable core-sets

for its directional height. We believe that this new notion might find applications else-

where.

Experimental results. Finally, we implement all three algorithms and compare their

performances on two real data sets: MNIST[78] data set and GENES data set, previously

used in [15, 83] in the context of DPPs. Our empirical results show that in more than 87%

percent of the cases, the solution reported by the Local Search algorithm improves over

the Greedy algorithm. The average improvement varies from 1% to up to 23% depending

on the data set and the settings of other parameters such as k. We further show that

although the Local Search algorithm picks fewer points than the tight approximation

algorithm of [60] (k vs. upto O(k log k)), its performance is better and it runs faster.

7.1.2 Related Work

In a broader scope, determinant maximization is an instance of the (non-monotone) sub-

modular maximization where the logarithm of the determinant is the submodular objec-

tive function. There is a long line of work on distributed submodular optimization and
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its variants [30, 12, 96, 73]. In particular, there has been several efforts to design com-

posable core-sets in various settings of the problem [96, 91, 14]; In [96], authors study

the problem for monotone functions, and show the greedy algorithm offers a min(m, k)-

composable core-set for the problem where m is the number of parts. On the other

hand, [61] shows that it is impossible to go beyond an approximation factor of Ω(
√

k
log k )

with polynomial size core-sets. Moreover, [91, 14] consider a variant of the problem

where the data is randomly distributed, and show the greedy algorithm achieves con-

stant factor “randomized” composable core-sets for both monotone and non-monotone

functions. However, one can notice that these results can not be directly compared to the

current work, as a multiplicative approximation for determinant converts to an additive

guarantee for the corresponding submodular function.

As discussed before, the determinant is one way to measure the diversity of a set of items.

Diversity maximization with respect to other measures has been also extensively studied

in the literature, [55, 51, 22, 16]. More recently, the problem has received more attention

in distributed models of computation, and for several diversity measures constant factor

approximation algorithms have been devised [120, 61, 26]. However, these notions are

typically defined by considering only the pairwise dissimilarities between the items; for

example, the summation of the dissimilarities over all pairs of items in a set can define

its diversity.

One can also go further, and study the problem under additional constraints, such as

matroid and knapsack constraints. This has been an active line of research in the past

few years, and several centralized and distributed algorithms have been designed in

this context for submodular optimization [92, 80, 81, 29] and in particular determinant

maximization [45, 100].
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7.2 Preliminaries

Throughout the chapter, we fix d as the dimension of the ambient space and k(k ≤ d) as

the size parameter of the determinant maximization problem. We call a subset of Rd a

point set, and use the term point or vector to refer to an element of a point set. For a set

of points S ⊂ Rd and a point p ∈ Rd, we write S + p to denote the set S ∪ {p}, and for a

point s ∈ S, we write S− p to denote the set S \ {s}.

Let S be a point set of size k. We use VOL(S) to denote the k-dimensional volume of the

parallelepiped spanned by vectors in S. Also, let MS denote a k× d matrix where each

row represents a point of S. Then, the following relates volume to the determinant

det(MSM⊺
S) = VOL2(S).

So the determinant maximization problem can also be phrased as volume maximization.

We use the former, but because of the geometric nature of the arguments, sometimes

we switch to the volume notation. For any point set P, we use MAXDETk to denote

the optimal of determinant maximization for P, i.e. MAXDETk(P) = maxS det(MSM⊺
S),

where S ranges over all subsets of size k. MAXVOLk is also defined similarly.

For a point set P, we use 〈P〉 to refer to the linear subspace spanned by the vectors in P.

We also denote the set of all k-dimensional linear subspaces by Hk. For a point p and a

subspace H, we use dist(p,H) to show the Euclidean distance of p from H.

Greedy algorithm for volume maximization. As pointed out before, a widely used al-

gorithm for determinant maximization in the offline setting is a greedy algorithm which

given a point set P and a parameter k as the input does the following: start with an

empty set C. For k iterations, add argmaxp∈P dist(p, 〈C〉) to C. The result would be a

subset of size k which has the following guarantee.

Theorem 7.3 ([31]). Let P be a point set and C be the output of the greedy algorithm on P. Then

VOL(C) ≥ MAXVOLk(P)
k! .
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7.3 k-Directional Height

As pointed out in the introduction, we introduce a new geometric notion called direc-

tional height, and reduce the task of finding composable core-sets for determinant maxi-

mization to finding core-sets for this new notion.

Definition 7.4 (k-Directional Height). Let P ⊂ Rd be a point set and H ∈ Hk−1 be

a (k − 1)-dimensional subspace. We define the k-directional height of P with respect

to H, denoted by h(P,H), to be the distance of the farthest point in P from H, i.e.,

h(P,H) = maxp∈P dist(p,H).

The notion is an instance of an extent measure defined in [4]. It is also related to the

notion of directional width of a point set previously used in [4], which for a direction

vector v ∈ Rd is defined to be maxp∈P〈v · p〉 −minp∈P〈v · p〉.

Next, we define core-sets with respect to this notion. It is essentially a subset of the point

set that approximately preserves the k-directional height of the point set with respect to

any subspace in Hk.

Definition 7.5 (α-Approximate Core-set for the k-Directional Height). Given a point set

P, a subset C ⊆ P is a α-approximate core-set for the k-directional height of P, if for any

H ∈ Hk−1, we have h(C,H) ≥ h(P,H)/α.

We also say a mapping c(.) which maps any point set in Rd to one of its subsets, is an

α-approximate core-set for the k-directional height problem, if the above relation holds

for any point set P and c(P).

The above notion of core-sets for k-directional height is similar to the notion of ϵ-kernels

defined in [4] for the directional width of a point set.

We connect it to composable core-sets for determinant maximization by the following

lemma.
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Lemma 7.6. Let P1, . . . , Pm ∈ Rd be an arbitrary collection of point sets, and for any i, let c(Pi)

be an α-approximate core-set for the k-directional height for Pi. Then

MAXDETk(
m⋃

i=1

Pi) ≤ α2k ·MAXDETk(
m⋃

i=1

c(Pi)).

Proof. Let W ⊂ ⋃m
i=1 Pi be any subset of size k, and also let w ∈ W \ ⋃m

i=1 c(Pi). We

claim that there is a point q in the union of the core-sets such that α ·VOL(W −w + q) ≥

VOL(W). Note that showing this claim is enough to prove the lemma. Since, one can

start from the optimum solution which achieve the largest volume on
⋃m

i=1 Pi, and for at

most k iterations, replace a point outside
⋃m

i=1 c(Pi) by a point inside, while decreasing

the volume by a factor of at most α.

So it remains to prove the claim. Let W = {w1, . . . , wk}, and let H = 〈w2, . . . , wk〉 ∈ Hk−1

be the plane spanned by w2, . . . , wk. By definition, VOL(W) = dist(w1, H) · VOL(W −

w1). On the other hand, suppose that w1 ∈ Pi. Then by our assumption, there exists

q ∈ c(Pi) so that dist(q, H) ≥ dist(w1,H)
α . Replacing w1 with q, we get

VOL(W − w1 + q) = dist(q, H) ·VOL(W − w1)

≥ dist(w1, H) ·VOL(W − w1)

α
=

VOL(W)

α

which completes the proof.

Corollary 7.7. Any mapping which is an α-approximate core-set for k-directional height, is an

α2k-composable core-set for the determinant maximization.

We employ the above corollary to analyze both greedy and local search algorithms in

Sections 7.4 and 7.5.
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7.4 The Local Search Algorithm

In this section, we describe and analyze the local search algorithm and prove theorem 7.2.

The algorithm is described in algorithm 7.9.

To prove theorem 7.2, we follow a two steps strategy. We first analyze the algorithm for

individual point sets, and show that the output is a (2k)-approximate core-set for the

k-directional height problem, as follows.

Lemma 7.8. Let P be a set of points and c(P) be the result of running the local search algorithm

on P. Then, for any H ∈ Hk−1,

h(c(P),H) ≥ h(P,H)

2k(1 + ϵ)
.

Next, we apply corollary 7.7, which implies that local search gives (2k(1+ ϵ))2k-composable

core-sets for the determinant maximization. Clearly this completes the proof of the the-

orem by setting ϵ to a constant.

So proving theorem 7.2 boils down to showing lemma 7.8. Before, getting into that, we

analyze the running time, and present some remarks about the implementation of the

algorithm.

Running time. Let C0 be the output of the greedy. By theorem 7.3 VOL(C0)
MAXVOLk(P) ≥

1
k! .

The algorithm starts with C0 and by definition, in any iteration increases the volume

by a factor of at least 1 + ϵ, hence the total number of iterations is O(
k log k

log(1+ϵ)
). Finally,

each iteration can be naively executed by iterating over all points in P, forming the

corresponding k × k matrix, and computing the determinant in total time O(|P| · kd ·

k3|P|).

We also remark that unlike the algorithm in [60], our method can also be executed with-

out any changes and additional complexity, when the point set P is not explicitly given

in the input; instead, it is presented by an oracle that given two points of P returns their
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inner product. One can note that in this case the algorithm can be simulated by querying

this oracle for at most O(|P|k) times.

Algorithm 7.9 Local Search Algorithm

Input: A point set P ⊂ Rd, integer k, and ϵ > 0.

Output: A set C ⊂ P of size k.

1: Initialize C = ∅.

2: for i = 1 to k do

3: Add argmaxp∈P\CVOL(C + p) to C.

4: end for

5: repeat

6: If there are points q ∈ P \ C and p ∈ C such that

VOL(C + q− p) ≥ (1 + ϵ)VOL(C)

replace p with q.

7: until No such pair exists.

return C.

7.4.1 Proof of lemma 7.8

With no loss of generality, suppose that ϵ = 0, the proof automatically extends to ϵ 6=

0. Therefore, c(P) has the following property: for any v ∈ P \ c(P) and u ∈ c(P),

VOL(c(P)) ≥ VOL(c(P)− u + v). Fix H ∈ Hk−1, and let p = argmaxp∈P dist(p,H). Our

goal is to show there exists q ∈ c(P) so that dist(q,H) ≥ dist(p,H)
2k .

Let G = 〈c(P)〉 be the k-dimensional linear subspace spanned by the set of points in the

core-set, and let pG be the projection of p onto this subspace. We proceed with proof by

contradiction. Set dist(p,H) = 2x, and suppose to the contrary that for any q ∈ c(P),

dist(q,H) < x
k . With this assumption, we prove the two following lemmas.
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Lemma 7.9. dist(p, pG) < x.

Lemma 7.10. dist(pG ,H) < x.

One can note that, combining the above two lemmas and applying the triangle inequality

implies dist(p,H) ≤ dist(p, pG) + dist(pG ,H) < 2x, which contradicts the assumption

dist(p,H) = 2x and completes the proof.

Therefore, it only remains to prove the above lemmas. Let us first fix some notation. Let

c(P) = {q1, . . . , qk} and for any i, let Gī denote the (k− 1)-dimensional subspace spanned

by points in c(P) \ {qi}.

Proof of lemma 7.9. For 1 ≤ i ≤ k, let q′i be the projection of qi onto H. We prove that there

exists an index j ≤ k such that we can write q′j = ∑i 6=j αiq′i where every αi ≤ 1. Let r be

the rank, i.e., maximum number of independent points of C ′ = {q′i|i ≤ k} and clearly

as H has dimension k − 1, we have r ≤ k − 1. Take a subset S ⊂ C ′ of r independent

points that have the maximum volume and let q′j be a point in C ′ \ S and note that this

point should exist as there are k points in the core-set. Thus we can write q′j = ∑i:q′i∈S αiq′i.

With an idea similar to the one presented in [31], we can prove that the following claim

holds.

Claim 7.11. For any i such that q′i ∈ S, we have |αi| ≤ 1.

Proof. We prove that if the claim is not ture, then S \ {q′i} ∪ {q′j} has a larger volume

than S which contradicts the choice of S. Let F be the linear subspace passing through

S \ {q′i}. It is easy to see that VOL(S)
VOL(S\{q′i}∪{q

′
j})

=
dist(q′i ,F )
dist(q′j,F )

. This means that dist(q′i,F ) ≥

dist(q′j,F ). However, if |αi| > 1 then since q′i is the only point in S which in not in F ,

then dist(q′j,F ) ≥ dist(q′i,F ) which is a contradiction.

Finally, for any q′i /∈ S, set the corresponding coefficient αi = 0. So we get that q′j =
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∑i 6=j αiq′i where every |αi| ≤ 1.

Now take the point q = ∑i 6=j αiqi. Note that, q′j is in fact the projection of q onto H.

Therefore, using triangle inequality, we have

dist(q′j, q) = dist(q,H) ≤∑
i 6=j
|αi|dist(qi,H)

≤ (k− 1)x/k.

(7.1)

Then we get that

dist(p, pG) = dist(p,G)

≤ dist(p,G j̄) as G j̄ ⊂ G

≤ dist(qj,G j̄) by the local search property

≤ dist(qj, q) as q ∈ G j̄

≤ dist(qj, q′j) + dist(q′j, q) by triangle inequality

< x/k + (k− 1)x/k by our assumption and Equation 7.1

= x

Proof of lemma 7.10. Again we prove that we can write pG = ∑k
i=1 αiqi where all |αi| ≤ 1.

We assume that the set of points qi are linearly independent, otherwise the points in P

have rank less than k and thus the volume is 0. Therefore, we can write pG = ∑k
i=1 αiqi.

Note that for any i, we have

dist(pG ,Gī) ≤ dist(p,Gī)

≤ dist(qi,Gī) by the local search property

where the first inequality follows since Gī is a subspace of G and pG is the projection of

p onto G. Again, similar to the proof of Claim 7.11, this means that |αi| ≤ 1. Therefore,

using triangle inequality

dist(pG ,H) = dist(
k

∑
i=1

αiqi,H) ≤
k

∑
i=1
|αi|dist(qi,H)

< k× x/k = x
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7.5 The Greedy Algorithm

In this section we analyze the performance of the greedy algorithm (seesection 7.2) as a

composable core-set function for the determinant maximization and prove theorem 7.1.

Our proof plan is similar to the to the analysis of the local search. We analyze the

guarantee of the greedy as a core-set mapping for k-directional height, and combining

that with corollary 7.7 we achieve the result. We prove the following.

Lemma 7.12. Let P be an arbitrary point set and c(P) denote the output of running greedy on

P. Then, c(P) is a (2k) · 3k-approximate core-set for the k-directional height of P, i.e. for any

H ∈ Hk−1 we have

h(c(P),H) ≥ 1
2k · 3k · h(P,H)

So the greedy is a (2k · 3k)-approximate core-set for k-directional height problem. Com-

bining with corollary 7.7, we conclude it is also a (2k · 3k)2k composable core-set for the

determinant maximization which proves theorem 7.1.

7.5.1 Proof of lemma 7.12

The proof is similar to the proof of lemma 7.8. Let G = 〈c(P)〉 be the k-dimensional

subspace spanned by the output of greedy. Also for a point p ∈ P, define pG to be

its projection onto G. Fix H ∈ Hk−1, let h(c(P),H) = x
k for some number x, which

in particular implies that for any q ∈ c(P), dist(q,H) ≤ x
k . Then, our goal is to prove

h(P,H) ≤ 2 · 3k · x. We show that by proving the following two lemmas.

Lemma 7.13. For any p ∈ P, dist(pG ,H) ≤ 2k−1x.

Lemma 7.14. For any p ∈ P, dist(p, pG) ≤ 3kx.
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Clearly, combining them with triangle inequality, we get that for any p ∈ P, dist(p,H) <

2 · 3kx, which implies h(P,H) ≤ 2 · 3k · x and completes the proof. So it remains to prove

the lemmas.

Let the output of the greedy c(P) be q1, . . . , qk with this order, i.e. q1 is the first vector

selected by the algorithm.

Proof of lemma 7.13. Recall that q1, . . . , qk is the output of greedy. For any p ∈ P and for

any 1 ≤ t ≤ k, let Gt = 〈q1, . . . , qt〉 and define pt to be the projection of p onto Gt. We

prove the lemma by showing the following claim.

Claim 7.15. For any p ∈ P and any 1 ≤ t ≤ k, we can write pt = ∑t
i=1 αiqi so that for each i,

|αi| ≤ 2t−1.

Let us first show how the above claim implies the lemma. It follows that we can write

pG = pk = ∑k
i=1 αiqi where all |αi| ≤ 2k−1. Now since for each i ≤ k, dist(qi,H) ≤ x/k by

assumption, we have that dist(pG ,H) ≤ ∑ αi dist(qi,H) ≤ 2k−1x. Therefore, it suffices to

prove the claim.

Proof of claim 7.15. We use induction on t. To prove the base case of induction, i.e., t = 1,

note that q1 is the vector with largest norm in P. Thus we have that ‖p1‖ ≤ ‖q1‖ and

therefore we can write p1 = α1q1 where |α1| ≤ 1. Now, lets assume that the hypothesis

holds for the first t points; that is, the projection of any point p onto Gt can be written as

∑j≤t αjqj where
∣∣αj
∣∣’s are at most 2t−1.

Now, note that by the definition of the greedy algorithm, qt+1 is the point with far-

thest distance from Gt. Therefore, for any point p ∈ P \ {q1, · · · , qt+1}, we know that

dist(p,Gt) ≤ dist(qt+1,Gt), and thus, dist(pt+1,Gt) ≤ dist(qt+1,Gt). Therefore we can

write

pt+1 = αt+1qt+1 − αt+1qt
t+1 + pt where |αt+1| ≤ 1.
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By the hypothesis, we can write pt = ∑j≤t β jqj, and qt
t+1 = ∑j≤t γjqj, where

∣∣β j
∣∣ ≤ 2t−1,

and
∣∣γj
∣∣ ≤ 2t−1. Since |αt+1| ≤ 1, we can write

pt+1 = αt+1qt+1 + ∑
j≤t

(β j − αt+1γj)qj = ∑
j≤t+1

αjqj

where
∣∣αj
∣∣ ≤ 2t. This completes the proof of the claim and the lemma.

Proof of lemma 7.14. First, note that for any t, we have dist(qt+1,Gt) ≥ dist(p,Gk−1). This

is because the greedy algorithm has chosen qk over p in its k-th round which means that

dist(p,Gk−1) ≤ dist(qk,Gk−1), and by definition of the greedy algorithm for any i < j we

have dist(qi+1,Gi) ≥ dist(qj+1,Gj). So it is enough to prove

∃ 1 ≤ t ≤ k− 1 s.t. dist(qt+1,Gt) ≤ 3kx (7.2)

For 1 ≤ i ≤ k, let q′i be the projection of qi onto H. Recall that, we are assuming that

for any i, dist(qi, q′i) < x/k. To prove (7.2), we use proof by contradiction, so suppose

that for all t, dist(qt+1,Gt) > 3kx. We also define G ′t to be the projection of Gt on H, i.e.,

G ′t = 〈q′1, . . . , q′t〉. Given these assumptions, we prove the following claim.

Claim 7.16. For any 1 ≤ t ≤ k− 1, we can write Π(G ′t)(q′t+1) = ∑i≤t αiq′i where |αi| ≤ 3t,

where for a point q and a subspace A, Π(A)(q) denotes projection of q onto A.

Intuitively, this is similar to claim 7.15. However, instead of looking at the execution

of the algorithm on the points q1, · · · , qk, we look at the execution of the algorithm

on the projected points q′1, · · · , q′k. Since all of these k points are relatively close to

the hyperplane H, the distances are not distorted by much and therefore, we can get

approximately the same bounds. The formal proof is presented at the end of the section.

To finish the proof of the lemma, let us show how it follows from the claim. First, note

that q′1, . . . , q′k are k points in the (k− 1)-dimensional space H, so for some t, q′t+1 should

lie inside G ′t and we have Π(G ′t)(q′t+1) = q′t+1. Fix such t. Define the point qα = ∑i≤t αiqi

where |αi| ≤ 3k are taken from the above claim which means q′t+1 = ∑i≤t αiq′i. Note that
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by definition q′t+1 = Π(H)(qα). Therefore,

dist(q′t+1, qα) = dist(qα,H) (7.3)

≤∑
i≤t

αi dist(qi,H) ≤ 3kt · x/k. (7.4)

Then we get that

dist(qt+1,Gt) ≤ dist(qt+1, qα) as qα ∈ Gt

≤ dist(qt+1, q′t+1) + dist(q′t+1, qα)

≤ x/k + 3kt · x/k ≤ 3kx
where the second inequality holds because of triangle inequality and the last one from

(7.3) and the fact that t ≤ k− 1. This contradicts our assumption that dist(qt+1,Gt) > 3kx,

and proves the lemma.

Proof of claim 7.16.

We prove the claim by induction on t, and show that for any j s.t. j > t, the point

Π(G ′t)(q′j) can be written as the sum ∑i≤t αiq′i such that |αi| ≤ 3t.

Base Case. First, we prove the base case of induction, i.e., t = 1. Recall that by our

assumption, ‖q1‖ > 3kx, and thus by triangle inequality, we have that ‖q′1‖ ≥ ‖q1‖ −

x/k ≥ 3kx − x/k ≥ 2x. Therefore, since q1 is the vector with largest norm in P, using

triangle inequality again, we have that for any j > 1,

‖q′j‖ ≤ ‖qj‖ ≤ ‖q1‖ ≤ ‖q′1‖+ x/k ≤ (1 +
1
2k

)‖q′1‖

Therefore we can write Π(G ′1)(q′j) = α1q′1 where |α1| ≤ 2.

Inductive step. Now, lets assume that the hypothesis holds for G ′t . In particular this

means that we can write Π(G ′t)(q′t+1) = ∑i≤t βiq′i where |βi| ≤ 3t, and that for a given

j > t + 1, we can write Π(G ′t)(q′j) = ∑i≤t γiq′i where |γi|’s are at most 3t. Now let
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ℓ = dist(q′t+1,G ′t). By triangle inequality, we get that

dist(qt+1,Gt) ≤ dist(qt+1, q′t+1) (7.5)

+ dist(q′t+1, Π(G ′t)(q′t+1)+ (7.6)

dist(Π(G ′t)(q′t+1),Gt)

≤ x/k + ℓ+ dist(∑
i≤t

βiq′i, ∑
i≤t

βiqi)

≤ x/k + ℓ+ ∑
i≤t
|βi| x/k

≤ ℓ+ 3tx. (7.7)

Now we consider two case. If ℓ ≤ 3tx then using the above

dist(qt+1,Gt) ≤ 2 · 3tx ≤ 3kx,

which contradicts our assumption of dist(qt+1,Gt) > 3kx. Otherwise,

dist(Π(G ′t+1)(q
′
j),G ′t) ≤ dist(q′j,G ′t) ≤ dist(qj,Gt)

≤ dist(qt+1,Gt) ≤ 2ℓ,
where the last inequality follows from Equation 7.5 . Therefore, we can write Π(G ′t+1)(q

′
j) =

αt+1q′t+1 − αt+1Π(G ′t)(q′t+1) + Π(Gt)(q′j) where αt+1 ≤ 2.

By the hypothesis, we can write Π(G ′t)(q′j) = ∑i≤t γiq′i, where |γi| ≤ 3t. Since |αt+1| ≤ 2,

we can write
Π(G ′t+1)(q

′
j) = αt+1q′t+1 + ∑

i≤t
(γi − αt+1βi)q′i

= ∑
i≤t+1

αiq′i where |αi| ≤ 3t+1.

This completes the proof of the claim.

7.6 Experiments

In this section, we evaluate the effectiveness of our proposed Local Search algorithm

empirically on real data sets. We implement the following three algorithms.
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• The Greedy algorithm of Section section 7.5 (GD).

• The Local Search algorithm of Section section 7.4 with accuracy parameter ϵ = 10−5

(LS).

• The LP-based algorithm of the previous chapter which has almost tight approx-

imation guarantee theoretically (LP). Note that this algorithm might pick up to

O(k log k) points in the core-set.

Data sets. We use two data sets that were also used in [83] in the context of approximat-

ing DPPs over large data sets.

• MNIST [78]: contains a set of 60000 images of hand-written digits, where each

image is of size 28 by 28.

• GENES [15]: contains a set of 10000 genes, where each entry is a feature vector of

a gene. The features correspond to shortest path distances of 330 different hubs in

the BioGRID gene interaction network. This data set was initially used to identify

a diverse set of genes to predict a tumor. Here, we slightly modify it and remove

genes that have an unknown value at any coordinate which gives us a data set of

size ∼ 8000.

Moreover, we apply an RBF kernel on both of these data sets using σ = 6 for MNIST and

σ = 10 for GENES. These are the same values used in the work of [83].

7.6.1 Experiment setup.

We partition the data sets uniformly at random into multiple data sets P1, · · · , Pm. We use

m = 10 for the smaller GENES data set, and for the larger MNIST data set we use m = 50

and also we use m = 10 (equal to the number of digits in the data set). Moreover, since

the partitions are random, we repeat every experiment 10 times and take the average in

our reported results.
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We then use a core-set construction algorithm ALGc to compute core-sets of size k, i.e., S1 =

ALGc(P1, k),· · · ,Sm = ALGc(Pm, k), for ALGc ∈ {GD, LS, LP}. Recall that GD, LS and

LP correspond to the Greedy, Local Search and LP-based algorithm of [60] respectively.

Finally, we take the union of these core-sets UALGc = S1 ∪ · · · ∪ Sm and compute the

solutions for UALGc . Since computing the optimal solution can take exponential time

(∼ nk), we will instead use an aggregation algorithm ALGa (either GD, LS or LP). We

will use the notation ALGa/ALGc to refer to the constructed set of k points, returned

by ALGa(UALGc , k). For example, GD/LS refers to the set of k points returned by the

Greedy algorithm on the union of the core-sets, where each core-set is produced using

the Local Search algorithm.

Finally, we vary the value of k from 3 to 20.

7.6.2 Results

Local Search vs. Greedy as offline algorithms.

Our first set of experiments simply compares the quality of Greedy and Local Search

as centralized algorithms on whole data sets. We perform this experiment to measure

the improvement of Local Search over Greedy in the offline setting. On average over

all values of k, Local Search improves over Greedy by 13% for GENES data set and

5% for MNIST data set. Figure 7.1 shows the improvement ratio of the determinant of

the solution returned by the Local Search algorithm over the determinant of the solution

returned by the Greedy algorithm. On average over all values of k, Local Search improves

over Greedy by 13% for GENES data set and 5% for MNIST data set. Figure 7.2 shows

the ratio of the time it takes to run the Local Search and Greedy algorithms as a function

of k for both data sets. On average, it takes about 6.5 times more to run the Local Search

algorithm.

Intuitively, this improvement upper bounds the improvement one can expect in the core-
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k GENES MNIST
3 1.0003 1.0051
4 1.0017 1.008
5 1.0436 1.012
6 1.0739 1.0159
7 1.0578 1.0196
8 1.057 1.0276
9 1.025 1.0275

10 1.0507 1.0445
11 1.1653 1.0373
12 1.1805 1.0417
13 1.172 1.0581
14 1.16 1.0696
15 1.187 1.0597
16 1.219 1.0908
17 1.2295 1.0648
18 1.2608 1.0857
19 1.2697 1.0912
20 1.2533 1.0932
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Figure 7.1: Average improvement of Local Search over Greedy as a function of k.

k GENES MNIST
3 4.252185014 4.520659
4 3.628135018 5.518008
5 3.912222876 4.002805
6 5.152512352 5.395237
7 5.849152274 5.288874
8 4.828292535 6.615502
9 4.206225084 3.87074

10 5.53964497 5.40507
11 6.181963621 5.473657
12 6.041923838 4.335843
13 5.406760241 8.769056
14 5.216842902 6.972853
15 6.986131002 5.94605
16 8.856555323 12.0629
17 10.7310948 8.706691
18 10.72993578 12.60435
19 11.88349435 6.716885
20 8.440220912 6.78466
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Figure 7.2: Average ratio of the run time of Local Search over Greedy as a function of k.

set setting.
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Local Search vs. Greedy as core-sets.

In our second experiment, we use Greedy algorithm for aggregation, i.e., ALGa = GD,

and compare GD/LS with GD/GD. Figure 7.3 shows the improvement of local search

over greedy as a core-set construction algorithm. The graph is drawn as a function of k,

and for each k, the improvement ratio is an average over all 10 runs, and shown for all

data sets (including GENES, MNIST with partition number m = 10, and MNIST with

m = 50).

On average this improvement is 9.6%, 2.5% and 1.9% for GENES, MNIST10 and MNIST50

respectively. Moreover, in 87% of all 180 runs of this experiment, Local Search performed

better than Greedy, and for some instances, this improvement was up to 58%. Finally,

this improvement comes at a cost of increased running time. Figure 7.4 shows average

ratio of the time to construct core-sets using Local Search vs. Greedy.

k GENES MNIST-10 MNIST-50
3 1.000194 1.003479 1.001885
4 1.005521 1.004642 1.00749
5 1.036231 1.0144 1.005689
6 1.032768 1.011723 1.008064
7 1.06398 1.014276 1.010439
8 1.09823 1.012169 1.01977
9 1.087714 1.01805 1.01114

10 1.067736 1.02087 1.013931
11 1.046544 1.035041 1.016783
12 1.102721 1.027204 1.019066
13 1.13496 1.020826 1.024314
14 1.173495 1.023743 1.027036
15 1.157351 1.03209 1.020481
16 1.130523 1.05138 1.031221
17 1.089536 1.027524 1.019298
18 1.18106 1.028207 1.03196
19 1.2357 1.04914 1.04261
20 1.089619 1.0476 1.024008
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Figure 7.3: Average improvement of Local Search core-set over Greedy core-set as a

function of k.
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k GENES MNIST-10 MNIST-50
3 3.73747 4.38475 3.86649
4 3.84755 4.27594 3.92829
5 4.37303 4.62134 4.31193
6 4.38702 4.57284 4.4227
7 4.51448 4.69427 4.48828
8 4.6806 4.89812 4.62614
9 4.70881 4.93325 4.7406

10 4.75682 5.4794 4.93229
11 5.06356 5.28644 5.56463
12 5.49037 5.64965 5.85102
13 5.30494 5.81666 5.77457
14 5.74853 6.03808 5.9246
15 6.10616 6.21079 6.07948
16 7.28558 7.42259 8.8368
17 7.91365 7.66249 8.84374
18 7.7918 7.40373 8.35701
19 7.75119 8.23935 8.46941
20 7.33111 7.9146 8.07712
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Figure 7.4: Average ratio of the run time of Local Search over Greedy as a function of k.

Local Search vs. Greedy - identical algorithms.

We also consider the setting where the core-set construction algorithm is the same as

the aggregation algorithm. This mimics the approach of [96], who proposed to use the

greedy algorithm on each machine to achieve a small solution; then each machine sends

this solution to a single machine that further runs the greedy algorithm on the union of

these solutions and reports the result.

In this paper show that if instead of Greedy, we use Local Search in both steps, the

solution will improve significantly. Using our notation, here we are comparing LS/LS

vs. GD/GD. Figure 7.5 shows the improvement as a function of k, taken average over all

10 runs.

On average the improvement is 23%, 5.5% and 6.0% for GENES, MNIST10 and MNIST50

respectively. Moreover, in only 1 out of 180 runs the Greedy perfomed better than Local

Search. The improvement could go as high as 67.7%.
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k GENES MNIST-10 MNIST-50
3 1.00038 1.00679 1.004816
4 1.00825 1.01155 1.0139
5 1.06605 1.02156 1.01871
6 1.08368 1.02305 1.02654
7 1.0968 1.02702 1.03494
8 1.15284 1.03589 1.03807
9 1.17544 1.03784 1.04446

10 1.14347 1.04779 1.04836
11 1.19226 1.06291 1.04698
12 1.26892 1.05858 1.05559
13 1.32342 1.05628 1.06886
14 1.40534 1.06039 1.07202
15 1.31914 1.08091 1.07585
16 1.31383 1.08835 1.09425
17 1.3437 1.07632 1.08998
18 1.33159 1.09253 1.12321
19 1.49332 1.09935 1.11266
20 1.43793 1.11094 1.10643
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Figure 7.5: Average improvement of Local Search over Greedy as a function of k, in the

identical algorithms setting.

Comparing Local Search vs. the LP-based algorithm.

Here we compare the performance of the Local Search algorithm and LP as algorithms

for constructing core-sets, i.e. we compare GD/LS with GD/LP. Our experiments show

that the proposed local search algorithm performs better: while picking fewer points in

the core-set, in most cases local search finds a better solution and runs faster.

Figure 7.6 shows how much Local Search improves over the LP-based algorithm. On

average this improvement is 7.3%, 1.8% and 1.4% for GENES, MNIST10 and MNIST50

respectively. Moreover, in 78% of all runs, Local Search performed better than Lp-based

algorithm, and this improvement can go upto 63%. Figure 7.7 shows the average ratio

of the time to construct core-sets using the LP-based algorithm vs. Local Search. As it is

clear from the graphs, our proposed Local Search algorithm performs better than even

the LP-based algorithm which has almost tight approximation guarantees: while picking

fewer points in the core-set, in most cases it finds a better solution and runs faster.
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k GENES MNIST-10 MNIST-50
3 1.000124054 1.001715 1.001806
4 1.003197666 1.004108 1.004867
5 1.024120491 1.011481 1.005427
6 1.024554844 1.01006 1.006916
7 1.048889085 1.012598 1.009603
8 1.075159321 1.00706 1.018686
9 1.068101367 1.008979 1.009526

10 1.052013164 1.005951 1.007937
11 1.013192948 1.023985 1.011816
12 1.068254112 1.020296 1.014486
13 1.093764917 1.013679 1.0179
14 1.152385691 1.021577 1.022474
15 1.118240745 1.028806 1.010807
16 1.115802233 1.03473 1.03248
17 1.043254253 1.024259 1.011253
18 1.195888835 1.024141 1.015632
19 1.214422179 1.040717 1.047187
20 1.010183695 1.037825 1.019219
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Figure 7.6: Average improvement of Local Search over LP-based algorithm for

constructing core-sets as a function of k.

k GENES MNIST-10 MNIST-50
3 47.33821314 30.86994 120.8938
4 26.34109406 17.13871 47.24331
5 17.57559353 11.73645 32.19383
6 14.26120983 8.983629 25.88948
7 11.40078344 7.159142 21.03272
8 10.42236235 5.114151 20.81031
9 8.040940524 6.794177 15.28664

10 7.67089475 4.965756 13.28056
11 6.060403191 4.271216 10.77189
12 4.816823431 3.049642 11.96998
13 4.376154146 2.512919 8.332015
14 4.175234906 2.277239 7.556957
15 3.679920977 2.076699 6.927933
16 2.917858246 2.146268 3.999247
17 2.464225892 2.069627 3.458858
18 2.31127254 1.617301 3.498983
19 2.173437596 1.316572 3.20848
20 2.194894447 1.304353 3.495524
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Figure 7.7: Average ratio of the run time of the optimal algorithm over local search as a

function of k.
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