NON-INTERSECTION EXPONENTS FOR BROWNIAN PATHS
PART 1. EXISTENCE AND AN INVARIANCE PRINCIPLE

KRzYsZTOF BURDZY
GREGORY F. LAWLER

ABSTRACT. Let X and Y be independent 3-dimensional Brownian motions, X (0) =
(0,0,0), Y(0) = (1,0,0) and let p, = P(X[0,7] NY[0,7] = @). Then the “non-
intersection exponent” lim,_.o —logp,/logr exists and is equal to a similar “non-
intersection exponent” for random walks. Analogous results hold in R? and for more
than 2 paths.

1. Introduction and main results. Let n =2 or 3 and let X', X2, ... X%
YL Y2 ...,Y™ be independent n-dimensional Brownian motions,
X10)=X%0)=...= X*0) =0,
Y1(0)=Y?0)=...=Y™(0) = (1,0) or (1,0,0).
Let S',82%,...,8% U U?, ... ,U™ be independent n-dimensional simple random
walks on Z",
S1(0) = S%(0) = ... = S*(0) =0,
UY0) =U?0) =...=U™(0) = (1,0) or (1,0,0).

Denote
Tyz(r)=inf{t >0:|Z(t)| > r},

where 7 > 0 and Z may be any of the processes X7,Y7,S7 or U’. Let
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Brownian paths intersect with positive probability in 2 and 3 dimensions (Dvoret-
zky, Erdos and Kakutani (1950)) and, therefore, 0 < p, < 1 and 0 < a, < 1 for
r > 1. Obviously, 0 < ¢, <1land 0 < b, <1 for r > 1.

Theorem 1.1. For everyn =2 or 3,k > 1, m > 1, the limits

(1.1) lim —logpr/logrd:fézf(n,k,m)
and
(1.2) lim —loggq,/logr

exist and are equal.

Theorem 1.2. For everyn =2 or3, k>1, m > 1, we have

lim —loga,/logr = lim —logb,/logr = &/2.

T—00

The constant £/2 was denoted ¢ in other articles on the subject. The proof
of Theorem 1.2 will be omitted since it follows easily from Theorem 1.1 and the
following standard estimate

P(r'=* < Tz(vr) <+ =1 - O(exp(—cr?)),
where £ > 0, ¢ = c¢(£) > 0, a = a(¢) > 0 and Z is any of the processes X7, Y7 57
or U7,

Until now, the limits in (1.1)-(1.2) were known to exist only in the case n = 2
or 3, k=2, m=1 (Lawler (1989)).

It has been conjectured that

(1.3) gr ~crt

or
qr ~ f(r)?ﬂ_5

where f is a slowly varying function. The constants & may be called “non-intersection
exponents” in view of Theorems 1.1-1.2 and (1.3). The asymptotic form (1.3) of
¢ is usually assumed when numerical estimates of the exponent ¢ are sought (Du-
plantier and Kwon (1988), Burdzy, Lawler and Polaski (1989)). Lawler (1989)
proved a result stronger than (1.2) but weaker than (1.3) for n = 2 or 3, k = 2,
m = 1.

Jaime San Martin has pointed out to us that the existence of the limit in (1.1) can
be proved in an alternative way, using properties of subadditive functions. However,
we know of no easy proof that the limit in (1.2) exists or that the two limits are
the same. Our proof makes use of the Harnack principle for random walks (Lawler
(1988)).

Our results will enable us in part II of this paper (Burdzy and Lawler (1988))
to apply to Brownian motion estimates obtained earlier for random walks. We will
derive some new estimates of non-intersection exponents and will apply them to
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estimates of Hausdorff dimension of a fractal and to some local geometric properties
of Brownian paths.

Some non-intersection exponents are known, for example £(2,2,1) = 2 and
€(3,2,1) =1 (Lawler (1989)). This implies that

4—n
2

Sg(n7171)§4_n’ n:2’3

This is the best rigorous bound known for n = 3, but for n = 2 it has been proved
that 1 < £(2,1,1) < 3/2 (Burdzy, Lawler and Polaski (1989)). Duplantier and
Kwon (1988) have given a number of nonrigorous exact values including the con-
jecture £(2,1,1) = 5/4. Monte Carlo simulations suggest that £(3,1,1) ~ .57. The
interest in non-intersection problems stems in part from the relationship between
such problems and the quantum field theory (Aizenman (1982)). For further infor-
mation about random walk intersection problems, the reader is referred to Lawler
(1989).

The next section contains notation (somewhat different from the above one) and
a review of some useful results. Theorem 1.1 will be rephrased and proved in Section
3. We will treat only the case n =3, k =1, m = 1. Thecase k > 1orm > 1
poses no new problems but requires more complicated notation and, therefore, is
omitted. The case n = 2 is not different from n = 3; our proofs remain valid in the
2-dimensional space.

We would like to thank the referee for the most useful comments.

2. Preliminaries. In order to save space, we will limit ourselves to introducing
notation without any discussion of the concepts. The reader is advised to consult
Doob (1984) and Williams (1979) concerning Brownian motion, h-processes, etc.

The symbols R(R;.) and Z(Z, ) will stand for the sets of all real (non-negative)
numbers and (non-negative) integers.

0=(0,0,0),1=(1,0,0),

B(a,r) ={y e R®: [z —y| <r},

B(r) = B(0,r),

K(z,r)={yeR®: |z; —y;| <r,j=1,23},

Kz(z,r) = K(x,r)NZ3,

K(r)=K(0,r),

KZ(T) = KZ(07 T)?

0Kz(xz,r) ={y € Kz(x,r) : maxj—123 |x; —y;| =r}.

We will always tacitly assume that € Z3 and r € Z when using the notation
Kz (x,r), Kz(r), etc.
_ For a subset A of R3, its closure, boundary and complement will be denoted
A, 0A and A¢. The usual distance between sets (or a set and a point) in R? will be
denoted dist( -, ).

Let 2 be the space of all paths w : [0,00) — R? U {6} such that w is continuous
on [0, R) and equal to § otherwise. The “lifetime” R = R(w) may be infinite. The
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state § is an isolated trap in R3 U {6}. We will often define processes on a finite
interval only; it is understood that they are equal to ¢ for the remaining values of
the time parameter.

The canonical process will be defined by X!(t) = X1 (t) = w(t) for all w and t.
We will use an identical copy of X!, denoted X?, so that (X!, X?) will be defined
on the product space.

We will need several measures on 2 and Q2. Under P°, X! will be a Brownian
motion with variance parameter 1/3 (i.e. the limiting process for n~/2S[nt] where
S is a three dimensional simple random walk). The P-distribution of X! 4z will be
denoted P*. We note that the non-intersection exponents £ under P are the same
as for a standard Brownian motion. All h-processes (i.e. conditioned Brownian
motions) and killed Brownian motions will be defined relative to P rather than
standard Brownian distributions. The symbol P’ will stand for the distribution of
an h-process starting from x, for a positive superharmonic function A defined in
some Greenian domain D C R?. The measure P, —on Q* will make X' and X?
independent, with distributions P and P} . The symbols P}, Pyl 1", where 1, 11
and jio are measures on R3, will be interpreted in the usual way.

Let ©; be the space of paths w : Z; — Z3 U {§}, such that w(t) € Z3 for
t < R and w(t) = ¢ otherwise. The lifetime R = R(w) may be infinite. Let
St(t) = S1(t) = w(t). The process S? will be an identical copy of S?.

Under Q*, S' will be a simple random walk on Z3 starting from z.

A function h defined on D C Z3 will be called harmonic if for each x € D, h(z)
is the average of its values at the 6 adjacent points y (i.e. |x —y| =1).

The symbol Q7 will denote the distribution of the random walk conditioned by
h; such a process jumps from = to one of its nearest neighbors y (|z —y| = 1) with
probability $h(y)/h(z). The symbols Q1 hy Qhilhes ete, will have the meaning
analogous to Py, . P/ etc.

For a continuous time process Z we will write

Tz(A) =inf{t >0: 11T1% Z(s) € A},

and for a discrete time process Z,
Tz(A) =min{t > 0: Z(t) € A}.
The uniform probability measure on dB(r) will be denoted o;..
vr(dr) = PY(XY(Tx:1 (0K (r))) € d),

nr(A) = Q°(S' (Ts1 (0Kz(r))) € A),
0 =01,V="V1,N1="N1.

For a (Greenian) domain D C R3, its Green function will be denoted Gp (-, -).
The trace of a process will be denoted as

X1(s,t] = {x € R®: Ju € (s,t] such that X (u) =z},

and X?[s, ], S1[s,t), etc. will have a similar interpretation.
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Lemma 2.1. (Brownian scaling) Suppose that h is a superharmonic and positive
function in a Greenian domain D C R®, x € D and A C Q. Denote

DCZ{QGRBIEIZGDsuch that cz = y},

he(2) = h(z/c),
Ac={weN:Jw; € AVt cwi(t) =w(c*t)}.
Then Pg*(Ac:) = P (A).
Proof. The lemma follows immediately from the scaling properties of Brownian

motion and the definition of an h-process (Doob (1984)). O

Lemma 2.2. (Discrete Harnack principle; Lawler (1988)) There exist ¢ > 0 such
that for all positive harmonic functions h in Kz(2n) and all z,y € Kz(n) we have

h(z)/h(y) >c. O

Standard methods allow to generalize the discrete Harnack principle to domains
different from Kz (n) and Kz(2n).

We will use repeatedly h-processes and, therefore, we present here a short review
of some of their properties. The proofs may be found in Doob (1984) and Meyer,
Smyth and Walsh (1972).

Let D C R? be a Greenian domain and h be a positive superharmonic function
in D. Let pP(x,y) be the transition density for Brownian motion killed at T'x1 (D®)

and
P} (z,y) = pP (z,y)h(y)/h(z).

Any process with the p/-transition densities will be called an h-process (conditioned
Brownian motion).
Suppose that M is a closed subset of D and let

L=sup{t<R:X'(t) € M}

be the last exist time from M. Denote
Yi(h) = Xl( ), te [0, T (M)),
V2(t) = X' (Tx1 (M) +1t), te€0,R—Tx:i(M)),
Y3(t) = X1(¢t), te€l0,L),
Y4(t)= X (L +t), te[0,R-1L),
Y3(t)= XY (R—1t), te(0,R).

Under P}, each process Y* is an hj-process in a domain Dj,.
Dy =Dy=D\M,

Dy =D3=D5=D.

hy = ho = h.

hs is a potential supported by OM.

h4 has the boundary values 0 on OM and the same boundary values as h on
OD\OM.
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hs is the Green function Gp(z, -) if z € D or a harmonic function with a pole
at z if x € OD.

The initial distributions of Y'! and Y3 are concentrated on {x}. For the remaining
initial distributions see Doob (1984).
If pu(dy) is the P*-distribution of

X(inf{t < Tx1(D°) : X*(t) € M})
then the Pf-distribution of this random variable is p(dy)h(y)/h(z). We will use

the last fact not only in the context of Brownian motion but random walk as well.

3. Proofs. First we will rephrase Theorem 1.1. Recall that we plan to discuss
only the case of 2 paths in 3 dimensions. Denote

pr = PON (X0, Tx1(B(r))] N X?[0, Tx2(B(r))] = 0),
gr = Q¥ (S0, Ts1 (B(r))] N S?[0, Ts=(B(r))] = 0),
§o = liminf —logp, /logr,

&1 = limsup — log p,./ log r.

rT—00

Theorem 3.1.

(3.1) lim sup — log ¢,/ logr < &,
(3.2) liminf —log g,/ logr > & .

It is obvious that (3.1) and (3.2) imply
lim —logp,/logr = lim —loggq,/logr;

in particular, both limits exist. The proof of Theorem 3.1 will consist of several
lemmas.

Lemma 3.1. Let h be the harmonic function in B(1)\B(r) which has the boundary
values 1 on OB(1) and 0 on OB(r). Denote

a1 = dist(X1]0, Tx1(8B(1))), X2(Tx2(0B(1)))),
as = dist(X2[0, Tx2(dB(1))), X (Tx1(0B(1)))),
a = min(ay, az).

For every p > 0 there exists € > 0 such that for allr < 1/4 and all x,y € 0B(1/2)
we have
Pril(a<e) <p.

Proof. The P%Y-distributions of X!(Tx1(0B(1))) and X?(Tx2(0B(1))) (i.e. o and

o) are non-atomic so, by independence,

I XY (Tx1(0B(1))) — X?(Tx2(0B(1)))| >0 P%%-as.



NON-INTERSECTION EXPONENTS FOR BROWNIAN PATHS. PART I 7

This and the continuity of paths imply that for every p; > 0 there is an € > 0 such
that
PYY(a <) < py.

Denote
L; = sup{t < Tx; (0B(1)) : X’(t) € B(r)},

YI(t) = XI(T; +1t), tel0,Txi(0B(1))—Ty),
A 20'3/4.

The process (Y'!,Y?) has the distribution P,f" ,;\ . Since the paths of Y'’s are
subsets of the paths of X’s, we have

(3.3) Prta<e) <pi

Let p(x) denote the Pf-distribution of X'(T'x1(8B(3/4))). Obviously, we may
limit ourselves to e < 1/4. Then the event {a < ¢} is determined by the parts of
the paths in B(1)\B(3/4) and, therefore,

Pri(a<e) =P (a < e)

for z,y € 0B(1/2).

An easy application of the Harnack principle in B(5/8)\B(3/8) shows that the
density of p(x) with respect to A is in an interval (c71,¢), ¢ < oo, for all » < 1/4
and x € 9B(1/2). Thus, the Radon-Nikodym derivative dP}’ (};T)’“ W) alP,j:hA is less
or equal to ¢?. This combined with (3.3) yields

P,ﬁ(hx)’“(y)(a <e)=P(a<e) <pic

Now take p; = p/c? and the proof is complete. O

Lemma 3.2. Suppose that h is a harmonic function in B(r)\B(1) with the bound-
ary values 1 on OB(1) and 0 on 0B(r). Let a be defined as in Lemma 3.1. Then
for every p > 0 there exists € > 0 such that for all r > 4 and all z,y € 0B(2) we
have

Prila<e)<p. O

We omit the proof of the above lemma as it is completely analogous to that of
Lemma 3.1. We will apply the last two lemmas in the spirit of “Brownian scaling”
(see Section 2).

Lemma 3.3. Let h be harmonic in B(r)\B(1) with the boundary values 1 on OB(r)
and 0 on 0B(1). Denote

A(r) = {X1[0, Tx1 (0B(r))] N X?[0, Tx=(0B(r))] = 0}.

Then if v, = P;;’Z(A("f’));
— log v,

lim inf
r—00 ogr

< &o-
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Proof. Let x = (1/2,0,0). Then, by Brownian scaling,
(3.4) PO (A(r)) = par-
Let '
L; =sup{t < Tx,;(0B(r)): X’(t) € B(1)}, j =1,2,

and let pu; X po be the distribution of (X'(L;), X?(Ly)) under P%®. Note that
w1 = o. Under P%* the process

(XYL, +1t), te€0,Tx1(0B(r)) — L)}

has the distribution P/* and a similar statement holds for X2. In view of (3.4) we
have

P2 (Alr) = B2 (A(r)) = par.

It is easy to see that the density of us with respect to o is less than some ¢; < 0o
and, therefore,

Py (A(r)) > par/e,
from which the lemma follows. O

Lemma 3.4. Let h and A(r) be as in Lemma 3.3. Denote

A5 (r) = {dist(X*(0), X2

(X7(0)
dist(X?(0),
dist (X! (T
dist (X ?(Tx>

[0, Tx=2(9B(r)))) > &,

10, Tx: (0B(r)))) > ,

0B(r))), X*[0, Tx2(9B(r)))) > er,
0B(r))), X*[0, Tx1(0B(1)))) > er}.

X
X
(
(
There exists € > 0 such that if u; = P,y (A(r) N A§(r)),
— log us.

(3.5) lim inf

T—00 ogr

= < &.

Proof. Take any & > &;. By the previous lemma, for each ry < oo we can find
r > rg with

(3.6) v > 175,

First we will show that for each ry < oo there is r > ry such that

(3.7) v, < 2450y,
and
(3.8) var > (47) 7

Note that r — v, is a non-increasing function. If

(3.9) Upoak > (7”04’6)_g
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is satisfied for only a finite number of k¥ € Z, then Lemma 3.3 is contradicted.
Thus, (3.9) holds for infinitely many k.
Now suppose that

(3.10) Upgar—1 < 245 v, 4

holds for no k& > 1. Then, again, the function r — v, would decay faster than r—¢
(use its monotonicity) which contradicts (3.6). It follows that (3.10) holds for some
k>1.

If (3.9) holds for all £ > 1 then (3.7) and (3.8) are satisfied by 7 = rg4*~1, where
k satisfies (3.10). If (3.9) does not hold for all k£ > 1, then choose a k so that (3.9)
is satisfied by k& but not by k — 1. Then (3.7) and (3.8) hold for r = ro4*~1. This
completes the proof of (3.7)—(3.8).

Choose r > 79, r > 4, such that it satisfies (3.7) and (3.8). Let D; = B(4r)\B(1),
Dy = B(2r)\B(2), D3 = B(4r)\B(2). Denote by hj, the harmonic function in Dy,
with the boundary values 1 on

0B(1) for k =1,
0B(2r) for k = 2,
0B(4r) for k = 3,

and 0 elsewhere. Let hy be harmonic in Dy with the boundary values 1 on 0B (4r)
and 0 elsewhere. Denote for j =1, 2,

L; = sup{t < Tx; (0B(4r)) : X7 (t)
T; =inf{t > L; : XI(t) € 0B(2r)},
Y () = XI(L; —t), te(0Ly),
Yi ()= XI(L;+1t), te(0,T;—Ly),

Yi(t) = XI(Tj +1t), te(0,Tx;(dB(4r)) —T;).

€ 9B(2)},

By the strong Markov property, last exit decomposition and time reversal, the
processes (Y1, Y7), (Yy', Y5') and (Y3, Y7?) are independent under Py% = given X*(L1), X?(Ly),
XY(Ty) and X?(Ty) and their distributions are ngff, P2y and Pg;:};:”. It fol-
lows that given an event F in the o-field o(Yy,Ys), the processes (Y, Y?) and
(Y3, Y3) have distributions P}/ and P}}** for some measures yy and iy on
0B(2) and p3 and py on 8B(2r) Using Lemmas 3.1 and 3.2 (and Brownian scal-
ing), we see that, given any F' € o(Yy,Ys), the P;% -probability of (Af(4r))° i

less than (47¢/2/2)2, for a suitable ¢ > 0. Now let
F = {Y5(0,Ty; (0B(2r))) N Y5 (0, Ty2(0B(2r))) = 0}.
Then, by (3.7) and Brownian scaling,
Py, (Aldr) N (AT (4r))) < P75, (F N (A7 (4r))°)

< P (A2r)a=¢/4
e ,UT' . 4_'5/4
< 245,47 /4
S 'U4r/2-
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Since Py % (A(4r)) = v4r, we have by (3.8),

Py (Aldr) N AT(4r)) = var — v4r/2

= U4r/2
> (4r)7%/2,
and the lemma follows. O
Lemma 3.5. Let
As(r) = {X[0, Tx:1(0B(r))] N B(1) € B(X'(0),¢/8),
X2[0, Tx2(0B(r))] N B(1) € B(X?(0),¢/8),

<
~—
l\.’)

> Eer,

)
) >er}.

)
)

dlSt( (Txl 8B( [0, TX2 ( r
(

(0B(r))), X B(r))]
dist(X?(Tx2(0B(r))), X [0, Tx1(0B(r))]
There exists € > 0 such that for every & > &y and ro < oo there exists r > ro such
that for all z,y € 0B(1) with |x — y| > /4 we have

(3.11) PTY(A(r) N Ay(r)) > r~¢.

Proof. Let h be harmonic in B(r)\B(2) with boundary values 1 on dB(r) and 0
otherwise. Denote for j =1, 2,

L; = sup{t < Tx; (0B(r)) : X7(t) € B(2)},

Y (1) = X(t), telo,Ly),

Yi () = XI(L; +1t), t€(0,Txs(dB(r)) — Ly).

Let u(x) x u(y) be the distribution of (X*(L;), X?(L2)) under P®¥. Then the
distribution of (Y3}, YZ3) is P,’j’ (hx)’“ W 1t is easy to see that the Radon-Nikodym
derivative of p(x) x p(y) with respect to oo x oy is bounded below by ¢ > 0,
uniformly for all z,y € 9B(1).

Let A3(r) be defined as A(r)NA; (r) except that X' and X? should be replaced by

Yyt and Y2. Then Lemma 3.4 and Brownian scaling imply that for every & € (&, €),
ro < oo and some r > rg we have for all z,y € 0B(1)

(3.12) P>V (A3(r)) = PP (A(r) 0 Ay (r))
> Py (A(r) N Aa(r))
> o(r/2)"¢

Suppose that z,y € 0B(1),|x — y| > €/4, and assume that (X1, X?) has the dis-
tribution P*¥ conditioned by As(r) and {X(L;) = u', X?(Ls) = u?}; in partic-
ular, |u' —u?| > e. Then the process (Y, Y?) has the distribution Py% = where
gi(-) = Gpm (v, -),j = 1,2. It is easy to see that there is an integer N = N(¢)
such that for all z,y € 0B(1 ), ul,u? € OB(2), |[vr —y| > €/4, |ul — u?| > &, there

exist sequences of balls {B; 1k ity {BJ2 }§11 with the following properties.
Bl = B(xz,¢/8),
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B} = B(z*,¢/8), 2*€dBi |, k>2,
B = B(u',e/8), ki <N,

B} = B(y,¢/8),
B? = B(v*,¢/8), v* € 0B} |, k>2,
B = B(u®,¢/8), ky <N,

kl k2
=B 2= Bk
k=1 k=1
CTnC?=.
A standard argument shows that

(3.13) P%Y (X'[0,Ry) c C', X?[0,Ry) C C%) >p=p(N(e)) >0

g1,92

where R; and Rs are lifetimes of X! and X2 under P*¥_. Note that if Y{'[0, L;) C

g1,92°

CL, Y20, Ly) € C? and As(r) holds then A(r)NAz(r) holds. Thus, by (3.12)—(3.13),
PZY(A(r) N Ag(r)) > c(r/2)"%2p

This implies (3.11) for sufficiently large r, since & < &. O

Lemma 3.6. Denote

Ay(r) = {80, Ts: (B¢ (mr))] N S2[0, T2 (B¢ (mr))] = 0,

There exists € > 0 such that for each &€ > & and ro < oo there exist mg > 0
and r > ro such that for all m > mg and all z,y € Z3 with dist(z,0B(m)) < 1,
dist(y,0B(m)) < 1, |z — y| > me/2, we have

QTY(Ay(r)) > 175,

Proof. Let & € (£o,€). It follows immediately from the invariance principle (see
e.g. its strong version in Csorgé and Révész (1981) Theorem 2.2.1) and Lemma 3.5
that

Q™Y (Ay(r)) > r=&2/2

for large m and z,y, ¢, etc. as specified in the lemma. For large r, the right hand
side is greater than r—¢. O

Proof of (3.1). For k € Z, let Fj be the event

(8 [Tss (BE()), Tsa (B )] 1 82 [T (B(r™)), T (B )] = 0,
S [Tss (B(r*)), Ts (BE(r* )] N B(r* +1) € B(S? (T3 (B(r*))), e /4), j = 1,2,
dist(S7 (Tss (BC(r*1))), 8377 [Tga—s (B¢(r")), Tss—s (B (r* 1)) > rFt1e/2, j=1,2},
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with the special convention when k = 0: Tg; (B¢(r?)) 40 and the middle pair of
conditions is (by definition) always satisfied when k = 0.

Choose any & > &, and r > 0 so that the last lemma is satisfied for large m.
Then, for large k, the Q%!-conditional probability of F}, given ﬂfb;(l) F, is at least

r=¢. It follows that k

lim inf Q*'((1) F)r* > 0.

k—o0
n=0

Note that we have Q%!-a.s.

k
() Fn € {810, Ts: (B°(r*+1))] N 5%[0, T2 (B (r*+1))] = 0}.

n=0
This, and the monotonicity of ¢., prove (3.1). 0O

Now we will present several lemmas in preparation for the proof of (3.2). It will
be more convenient to work with cubes K rather than balls B. Recall the relevant
definitions from Section 2.

Lemma 3.7. Denote
A(r) = {X0, Tx1 (0K (r))] N X2[0, Tx2 (0K (r))] = 0}.

Then low PYY( A
lim inf — o8 (Ar)

r—00 log r

> &1

Proof. Let
Ax(r) = {X10, Tx: (0B (x,1/2))] N X?[0, Tx2(0B(y,/2))] = 0}.
For large r and all © € 9K (1) we have B(x,r/2) C K(r), so
(3.14) P®Y(A(r)) < P*Y(A1(r))
for x,y € 0K(1) and large r. By scaling,
PHY(AL(r)) = Pr/@la—y))
and, by the monotonicity of r — p,.,
(3.15) P*Y(A1(r)) < prys

for x,y € 0K (1), which completes the proof. O
Lemma 3.8. Let

Ay = {810, Ts1 (0Kz(m))] N 5?0, Tg2 (0Kz(nm))] # 0}.
For each n and k, there exists a p > 0 such that if x € 0Ky (km),

Qo’m (Ag) > Dp.

Proof. The lemma is a version of a result of Erdés and Taylor (1960). See also
Lawler (1989). @O
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Lemma 3.9. For each r > 0, the P¥""-probability of
{3z €R® 3 > 0: B(z,e) N X0, Tx1 (0K ()] N X2[0, Tx2 (0K (r))] = {x}}

18 zero.

Proof. Suppose that M C R3. A point & € M is called irregular if P*(Tx1 (M) >
0) > 0. A set K C R3 is called polar if P*(Tx1(K) < oo) = 0 for all z € R®. The
set of all irregular points of M is polar, by Theorem 2.6.3 of Port and Stone (1978).
The strong Markov property applied at T'x1 (M) shows that

Pe(inf{t > Tx1 (M) : X' (t) € M} = Tx:1(M)) = 1.

In other words, the first hitting time of M is not an isolated point of {t > 0 :
XY(t) € M}. A similar argument applies to every process {X1(t), t € [a,0)}
under P*. It follows that, with P*-probability 1, the first hitting time of M by
{X1(t), t € [a,00)} is not an isolated point of {t € [a,00) : X*(t) € M}, for all
rational a simultaneously. This implies that the set {t > 0: X!(¢t) € M} does not
have isolated points P*-a.s.

The above argument may be applied to almost every set X2[0, T2 (9K (r))] in
place of M. From this, the result follows easily. O

Lemma 3.10. Suppose that y € 0Kz(8m) and v € 0Kz(32m). Let hy be the
harmonic function in Kz(8m) defined by

hy(z) = Q7 (S (Ts1 (0Kz(8m))) = y)
and let h, be defined in Kz(32m) by
hy(z) = Q% (S*(Ts2 (0K z(32m))) = v).

Denote
Az = {810, Ts1 (0Kz(8m))] N S?[0, Ts2 (0Kz(32m))] # 0}.

For some p >0 and all y € 0Kz(8m), v € 0Kz(32m), z € 0Kz(16m), we have

0,
h;hv (Ag) > p.

Proof. Let
Ay = {810, Ts1 (0Kz(m))] N S0, Tg2 (0K7z(20m))] # 0},
H, = {S"(Ts1 (0K7z(8m))) = y},

H, = {5%(Ts:(0Kz(32m))) = v}.

By Lemma 3.8, there exists a p; > 0 such that for z € 0Kz (16m)

Q%% (Ay) > pr1.



14 KRZYSZTOF BURDZY GREGORY F. LAWLER
The Harnack principle (Lemma 2.2) implies for z € Kz(m) and u € K7(20m),

Q™" (Hy N H,)[Q"™*(H, N H,)] ™
= Q"(H,)Q"(H,)[Q"(Hy)Q* (H,)]™"

> cC.

By the Markov property applied at e Tsl (0Kz(m)) and 7,4 Tsz (0K7(20m)),

07 (As) = Q%% (As N H, N H,)[Q"*(H, N H,)] ™"

> Q" (AN H,NH,) Q™ (H, N H,)]™*

= Q"*(A0)Q"*(H, N H, | A9)[Q"*(H, N H,)] ™

= Q"% (A4)Eqo- (Q% ™S )1, 0 H,) | A9)[Q%*(H, N H,)]™!
> p1c,

and the lemma follows. O
Lemma 3.11. Denote
Ax = {XH0, Tx:1 (0K (r))] N X?[0, Tx2(0K (r))] # 0},
s = {50, Ts:1 (0Kz(mr))] N S?[0, Ts2(0Kz(mr))] # 0}.

For every r > 1, we have

lim Q""" (Ag) = P""(Ax).

m—00

Proof. Fix some r > 1 and let § = P (Ax).
The event A% is an increasing limit of the events

{dist(X [0, Tx1 (0K (1))], X2[0, Tx2> (0K (1))]) > €}

and the invariance principle may be applied separately to each of these events, thus
showing that
lim sup Q" (As) < .

m—00

Take any 51 < . By Lemma 3.9, there are no isolated intersection points of
X' and X2. Therefore, for each k > 0 it is possible to find € > 0 such that with
PYV_probability at least 3 there exist points ', z2, ... ,z"* such that

2l € X0, Tx1 (0K (r))] N X?[0, Tx2(0K (r))],

2! — 2™ >¢e for j#n, 1<jn<k.

By the invariance principle, for every €; > ¢ and By < (i, for all large m, it is
possible, with Q7 _probability at least (2, to find some points z', 22, ..., z*

such that

(3.16) |27 — 2| >me /2 forj#n,1<j,n<k,
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(3.17)  dist(2?, S™[0, Tsn (0Kz(mr))]) < me1/32, j=1,2,... .k, n=12.

Denote Uy = 0,
Uj = 1nf{t > Uj—l . Sl(t) € 8KZ(51(Uj_1),m51/32)}, j Z 1,

M = G OK7(SM(U;), me1/16),

Vi =inf{t > 0: S?(t) € M},
V; =inf{t > 0:5%(t) € M\ | J Kz(S*(Vo),me1/8)}, j > 2.

n<j
By (3.16)—(3.17), for large m,
(3.18) Q" (V; < oo forall j < k) > f.
Let j,, be the smallest j such that
S%(V,,) € 0Kz(S*(U;), me1 /16)

and let 3
Vi, = Ts2(0Kz(S'(U;,), me1/8)).

Given {S'(U;),j > 1} and {S2(V}), S?(V}),j > 1}, the processes
{S'(Uj1 +1), te(0,U;=Ujl} J =1,

(SY(V; +1), te[0,V;—V;]}, j>1,

are independent under Q""" and each one is an h-process. Then, conditioning
on {SY(U;),j > 1}, {S%(V;),S%(V;),j > 1}, {Vk < o}, and using Lemma 3.10, we
see that each event

A S{S'U;,, U, 0] 0 S2 [V, V] # 0}

has the Q" -probability at least p, for large m. By the previous remark about
conditional independence, in view of (3.18),

k—1

Qo ( U Ap) > [1—(1—p)F1)p,,

n=1

for large m. By a suitable choice of k the last quantity may be made arbitrarily
close to (33. Since (B3 and (3; are arbitrary numbers smaller than (3, the lemma
follows. O

Proof of (3.2). Fix an arbitrary & < &;. Denote
Uf =Tse(0Kz(r'27Y), j>1, k=12,
VF =To(0Kz(1727)), j>1, k=1,2.
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Choose r according to Lemma 3.7, so that
PV (A%) = PV (A(r)) < r¢2,

Note that Ay, defined in Lemma 3.11, is the complement of A(r), defined in Lemma
3.7.

By the Harnack principle, for each x € 0Kz (r?27~1), the Radon-Nikodym deriva-
tive of the Q*-distribution of S (Ts1(0Kz(r727))) with respect to 1,59 is bounded
from above by ¢; < oo, and a similar statement holds for S2. By the strong
Markov property applied at U f and ij’, and the last lemma, the conditional Q%!-
probability, given S0, Ujl] and S2(0, sz]7 that the paths of S' and S? do not
intersect between ij and U gk+17 is at most 2¢2r—¢2, for large j. It follows that

Q™ (S'[0,U1N S2[0,U7) = 0) < ca(2c3)7r— 7
for some co and all large j. This implies that
Qrini < Co(2c3)Ir—52
for large 7, or, equivalently,

log grigi_ log ey + jlog(2¢f) — &ajlogr
log(ri27) jlogr + jlog2 '

It follows that

U 2
liminf — log Grozi log(2¢7) + &2 logr.
j—oo  log(ri27) logr + log 2

By choosing large r, we may make the last expression arbitrarily close to &;. This
and monotonicity of r — ¢, yields

liminf —log g,/ logr > &,.

Since &5 is an arbitrary number less than &7, (3.2) follows. O
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