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Department of Applied Mathematics

The brain’s prowess in learning and adapting remains an enigma, particularly in its approach
to the temporal credit assignment’ problem. How do neural circuits determine which specific
states and connections contribute to future outcomes, and subsequently adjust these for
enhanced learning” My thesis addresses this by combining insights from the latest large-scale
neuroscience data and recent deep learning theoretical tools.

The first two projects introduce novel learning rules inspired by the Allen Institute’s
transcriptomics data, which revealed widespread and intricate cell-type-specific interactions
among neuromodulatory molecules. This rule enables neurons to propagate credit information
efficiently, enhancing learning performance beyond that of biologically plausible predecessors.
Extensive computational experiments confirm the significant role of local neuromodulatory
signals in learning, offering new perspectives on neural information processing.

My third project assesses the generalization capabilities of bio-plausible learning rules
through the lens of deep learning theory, particularly focusing on the curvature of the loss
landscape via the loss’ Hessian eigenspectrum. Our findings reveal that these rules often settle
in high-curvature regions of the loss landscape, indicating suboptimal generalization. This
analysis led to a mathematical theorem linking synaptic weight update dynamics to landscape
curvature, proposing neuromodulator-driven adjustments as a potential enhancement for
learning rule performance.

Given how initial conditions can greatly influence a system’s future trajectory, the fourth



project delves into the impact of initial connectivity structures on learning dynamics in
neural circuits. By examining various connectivity patterns derived from neuroscience data,
including recent electron microscopy data, we analyze how these structures influence learning
regimes, implicating metabolic costs and risks of catastrophic forgetting. Our findings
suggest that high-rank initializations utilize pre-existing high-dimensional input expansion
to facilitate input decoding, leading to minimal changes post-training and increasing the
propensity for lazy learning. These specific initializations thus predispose networks toward

certain learning behaviors, critically affecting their ability to adapt and generalize.
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[2.1 Multidigraph learning (MDGL) network schema. a) Six diametrically

paired circles (labeled A-F) represent six types of spiking neurons, each defin-

ing a population of units on the basis of differential synaptic and modulatory

connection and affinity statistics. Inhibitory and excitatory synaptic connec-

tions are cartooned here by faint curving lines, while both top-down and local

modulatory connections are indicated by arrow-spray glyphs representing se-

cretion of top-down and local modulatory ligands and activation of modulatory

GPCRs, all differentially color coded as captioned. Learning tasks are defined

by temporal patterns of the indicated spike inputs and outputs as described in

main text. b) Six cell types based on excitatory vs. inhibitory synaptic actions,

regular vs. adaptive spiking and internal-only vs. output connectivity. Excita-

tory and imhibitory cells are further distinguished by which neuropeptide-like

modulators they secrete, while only output cells are directly responsive to

the dopamine-like top-down modulator (TD). ¢) Cell-type-specific channels of

local modulatory signaling established by activity-dependent secretion of two

different modulatory ligands and two differentially selective receptors. d) An

error /reward-encoding T'D signal impacts target neurons and synapses both

(1) directly via activity-dependent secretion of TD ligand and (2) indirectly

via activity-dependent secretion of local modulatory ligands. | . . . . . . . ..

iii



R.2

Modulator-based neo-Hebbian local learning rules. a) A conventional

three-factor local learning rule models action of a “third”, top-down (TD)

GPCR-activating ligand (e.g. dopamine) that governs synapse re-weighting

(Aw) in proportion to temporal coincidence of the two Hebbian factors (presy-

naptic and postsynaptic activity). Such models generally require a lingering

“eligibility trace” (ET) to sustain information about Hebbian coincidence until

arrival of the TD signal. b) Embracing new genetic evidence for local GPCR-

based modulatory machinery, the MDGL theory introduces additional tactors

that allow spike-dependent secretion of neuropeptide-like local modulators

(LM, from excitatory neurons and LM; from inhibitory neurons) to participate

in governing synapse re-weighting (Aw) [35[. As indicated here and in Fig. 1,

the present MDGL model comprises both directly TD-recipient cells (types

D-F, left) and non-TD-recipient cells (types A-C, right). Synapse re-weighting

requires combined GPCR activation with a persistent E'T for all cell types,

but GPCRs are activated on non-TD-recipient cells only by the local modula-

tory ligands. ¢) Propagation of TD error/reward signal via spike-dependent

secretion of local modulators from both excitatory and inhibitory cell types

to cells lacking direct access to T'D modulatory signal. For simplicity, this

schema represents only the four subscripted synapses/weights, while the full

model represents many more synaptic inputs percell. | . . . .. ...

23

Cell-type-specific neuromodulation guides learning across multiple

tasks. a) Learning to produce a time-resolved target output pattern. b) A

delayed match to sample task, where two cue alternatives are represented by

the presence/absence of input spikes. ¢) An evidence accumulation task [1,

9]. Bottom row: Addition of cell-type-specific modulatory signals improves

learning outcomes across tasks. In line with these results, Figure 52 shows

that gradients approximated by MDGL are more similar to the exact gradients

than those approximated by e-prop.| . . . .. ... ... ... ... ......

B

Spatiotemporal characteristics of local neuromodulation. a-c) Power

spectra of modulatory (Mod.input; total cell-type-specific modulatory signal

detected by each cell — Eq.[2.21)) and synaptic inputs (Syn.input; total input

received through synaptic connections by each cell — Eq. [2.22]) are compared

after learning for all tasks. Solid lines denote the average and shaded regions

show the standard deviation of power spectrum across recurrent cells. Raw

input traces are included in Figure S10. d-f) Performance degrades when

neighborhood specificity of modulatory signaling (NL-MDGL) is removed so

that cell-type-specific modulatory signals diffuse to all cells in the network

without attenuation. Learning with spatially non-specific modulation still

outperforms that without modulatory signaling (e-prop). | . . . . .. ... ..
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R5

Cartoon summary of learning rules explored in this work. a) the

exact gradient: updating weight w,,, the synaptic connection strength from

presynaptic neuron ¢ to postsynaptic neuron p, involves nonlocal information

inaccessible to neural circuits, i.e. the knowledge of activity (e.g., voltage s)

for all distant neurons 7 and [ in the network. This is because w,,, affects the

activities of many other cells through indirect connections, which will then

affect the network output at subsequent time steps (Eq. [2.17]in Methods).

b) E-prop, a state-of-the-art biologically plausible learning rule, restricts

welght update to depend only on pre- and post-synaptic activity and top-down

learning signal, as in a three-factor learning rule (Figure[2.2h). ¢) We allow the

welght update to capture dependencies within one connection step, which are

omitted in e-prop. The activity of neuron j could be delivered to p through

local modulatory signaling. d) For the signaling in ¢) to be cell-type-specific,

as consistent with experimental observation in [3] and biologically plausible

mechanisms, we approximate the cell-specific gain with cell-type-specific gain

(Eq. [2.23)), which leads to our multi-digraph learning rule (MDGL). Effect of

this cell-type approximation is explored in Figure S9. e) A nonlocal version

of MDGL (NL-MDGL), where modulatory signal diffuses to all cells in the

network without attenuation. (See Figure [2.4] and Spatial extent of cell-type-

specific modulatory signaling, Methods.)| . . . . . .. ... ... ... .....

26

Computational graph and gradient propagation. a) Schematic illustra-

tion of the recurrent neural network used in this study. b) The mathematical

dependencies of input x, state s, neuron spikes z and loss function £ un-

wrapped across time. c¢) The dependencies of state s and neuron spikes z

unwrapped across time and cells. d) The computational flow of d s/ d wy, is

illustrated for (di) exact gradients computed using exact calculation (Eq.[2.17)),

(dii) e-prop and (diii) our truncation in Eq.[2.18 where dependency within one

connection step has been captured. Black arrows denote the computational

flow of network states, output and the loss; tor instance, the forward arrows

from z; and s going to spy1 are due to the neuronal dynamics equation in

| Eq. 2.2 Green arrows denote the computational flow of d s/ d wy, for various

learning rules.|. . . . . . .

23

521

Checking e-prop implementation — recovering ignored terms recovers

the performance of BPTT. As a sanity check, learning curves are plotted

for e-prop plus all the truncated terms (see Eq.[2.17) to verify that the resulting

learning rule recovers the performance of BPTT. The check is applied to a)

pattern generation, b) delayed match to sample and c) evidence accumulation

tasks. Solid lines show the mean averaged across five runs and shaded regions

show the standard deviation. For all tasks, the learning curves do not difter

significantly, suggesting the e-prop implementation is accurate.| . . . . . . ..




522

Alignment angle comparison shows that gradients approximated

by MDGL are more similar (than e-prop) to the exact gradients.

We quantify the similarity between approximated and exact gradients via

the alignment angle, which describes the similarity in the direction ot the

two update vectors (Supplementary Note [S2.3|) for a) pattern generation, b)

delayed match to sample and c) evidence accumulation tasks. In all top-panels

(ai, bi, ci), the alignment angles between MDGL variants and BPTT are all

less than 90°, which indicate that the approximated gradients are aligned with

the exact gradient, despite the high-dimensionality of the update vectors. All

bottom panel plots (aii, bii, cii) suggest that MDGL variants achieve smaller

alignment angle (hence better alignment) with BPTT than e-prop does. To

ensure a fair comparison, we examine the statistics of pairwise difterence,

so that the point on the loss landscape - where the comparison is done - is

matched. This is achieved by training the network using BP'T'T across five

different runs and sampling the approximated gradient once every 50 training

iterations. Alignment analysis illustrated here 1s for recurrent weight gradients,

and similar trends are observed for the input weights as well. | . . . . . . . ..

[>52.3

Network dynamics across multiple tasks investigated in Figure [2.3]

a) Dynamics of the input, output and recurrent units are shown after 1, 100

and 500 1terations of training for the pattern generation task in Figure|2.3p

using the MDGL method. Raster plots are shown for 50 selected sample

cells, and E cells and I cells are color coded using black and red, respectively.

All recurrent units have fixed thresholds for this task. Recurrent unit spikes

are irregular throughout training. Network output approaches the target as

training progresses. b) Network dynamics of an example trial after 100 and

2000 iterations of training for the delayed match to sample task in Figure[2.3b

using MDGL. To emphasize the change in dynamics over training iterations,

we used the same cue pattern for the illustrations. Again, E cells and |

cells are color coded using black and red, respectively. For this task, both

recurrent units with adaptive threshold (labeled as A) and without (labeled

as R) are involved [4]. Threshold dynamics of sample neurons are illustrated.

The network makes the correct prediction with greater confidence as training

progresses. ¢) Network dynamics (Input spikes, recurrent unit spikes and

readout) of an example trial after 100 and 2000 iterations of training for the

evidence accumulation task in Figure 2.3 using MDGL. The network makes

the correct prediction with greater confidence as training progresses. For all

methods, results were obtained without using stochastic rewiring, which would

allow for random formation of new synapses in each experience (Deep R) 5] .|

vi

40



524

No significant degradation in performance observed for the online

approximation of MDGL in Eq. [S2.3] The naive implementation of

activity dependent modulatory emission (Eq.[2.24]in Figures [2.3[{2.4] depends

on tuture errors, as explained in Supplementary Note [S2.1] when the read-

out is leaky (depends on past output value). Therefore, we introduce an

approximation m Eq. [S2.3] for online implementation of MDGL. To check it

this approximation leads to significant degradation in performance, learning

curves are plotted for a) pattern generation, b) delayed match to sample and

c¢) evidence accumulation tasks. For all tasks, there is no significant deviation

in learning curves between MDGL and our proposed online approximation

OnMDGL)] - . . . . . ... . . . . ..o

52.5

Similar observations for alternative task parameters in the task of

Figure[2.3b. The delayed match to sample task in Figure[2.3b is repeated

here, but with nonzero firing rates tfor the second cue alternative. As betore,

two input populations take on two different firing statistics to represent the two

cue alternatives, and the agent i1s tasked with determining it the cue presented

betore and after the delay period correspond to the same cue alternative. The

rates of these two populations are provided in Supplementary Note [52.3. The

plotting conventions are the same as those ot Figure[2.3[and Figure|52.3] except

that a larger network is used (Supplementary Note [S2.3[), and 50 units are

selected for the raster plots. The same conclusions as Figure 2.0p and [S2.0b

are observed here: comparing the performance of e-prop with the MDGL

method suggests that the addition of cell-type-specific modulatory signals

mmproves learning outcomes; the network makes the correct prediction with

greater confidence as training progresses. | . . . . . . . . . ... ... ... ..

52.6

Threshold adaptation analysis for the evidence accumulation task

in Figure [2.3c. a) Both threshold adaptation and recurrence are needed for

successtul completion of the task. MDGL trained on a network without ALIF

cells (red) or with recurrent connections removed (blue) shows little decrease

in loss over training iterations. b) Simulating with 70 LIF to 30 ALIF cells

(R70A30) as well as 30 LIF to 70 ALIF cells (R30A70) led to similar ordering

of performance for different learning methods as the default (50 LIF to 50

ALIF cells).| . . . . o o oo
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[52.7

Comparing the learning curves for default MDGL versus MDGL

with random fixed cell-type-specific receptor effcacies. As explained

in Methods (Eq. [2.23), cell-type-specific receptor affinities were taken to

be average connection weights. To explore the sensitivity of the learning

performance to imprecise receptor aflinities, here, the magnitude ot each

receptor affinity wyg (for o € {I, E}, p € {I, E}) is taken as the absolute

value of a Gaussian random variable with zero mean and variance of \/LN (N is

the number of neurons), while the sign is kept as the neuron sign of type 3; w,z

is randomized upon each initialization and fixed throughout the training. We

observe a relatively mild degradation in performance for the pattern generation

task and delayed match to sample task using this fixed random w,g (labeled

as MDGL fixWab in each panel). For the evidence accumulation task, we

did not observe any degradation even when the randomly generated w,s was

multiplied by a factor of 10 (labeled as MDGL fixWab10x). A factor of 100

(labeled as MDGL fixWab100x) pushes the network outside of an efficient

operating range for the evidence accumulation task, suggesting that difterent

tasks exhibit different degrees of tolerance to deviations in receptor affinities.

This comparison is done for a) pattern generation, b) delayed match to sample

and c) evidence accumulation tasks. | . . . . ... ..o

52.8

Advantage of MDGL disappears when the readout projection is

dense. Through the paper, we instantiate the network with sparse connectivity

to resemble neuronal circuits. Here, we repeat the tasks using networks with

a dense connection to the readout (while keeping connections sparse within

the recurrent network), and we find the competitive advantage of MDGL goes

away. However, neurons are rarely fully connected to the readout in biological

neural circuits. When the readout layer is sparse, not all neurons receive

top-down learning signals in the e-prop formulation, and MDGL allows these

neurons to receive learning signals as well. | . . . . . ... ... 0000,

529

Effectiveness of minimal cell-type discretization. MDGL-bcta: MDGL

before cell type approximation. In Methods, we defined the cell-type-specific

receptor afhinities to be average connection weights between cell types, 1.e.

Was =< Wip >jcapep (EQ.[2.23)); we considered a minimal implementation of

modulatory types mapped to the two main cell classes (o, 5 € {E,1}). We

compare 1ts learning performance to MDGL betore cell type approximation as

in Figure [2.5 (MDGL-bcta), which does not involve cell-type approximation,

i.e. wag = wj, (each cell is its own type). A cartoon illustration of MDGL-

bcta can be found in Figure [2.5c. This comparison is applied to a) pattern

generation, b) delayed match to sample and c) evidence accumulation tasks.

The proximity of learning curves for MDGL-bcta and MDGL illustrates the

effectiveness of such cell-type discretization. | . . . . ... .. ... ... ...
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[52.10Slowness in modulatory signaling for the online approximation of

MDGL. As explained in Figure [52.4] we proposed and tested an online

implementation of activity-dependent modulatory release in Eq. [S2.3] a) We

repeat the spectral analysis in Figure |2.4h-c for this online implementation,

i.e. replace a;; in Mod.input, (Eq. [2.21) with online activity-dependent

modulatory release a;, defined in Eq.[S2.3[ The observations here match those

of Figure [2.4] where modulatory input is significantly slower than synaptic

input. We note that the analysis here is done on the pattern generation task

only, because for the other two tasks, the error signal is not available until

the end of the trial, making the modulatory input too short (see Eq. [S2.3|)

for any meaningful spectral analysis. Phenomenologically, the “slowness” of

modulatory signaling can be explained by the modulatory imput being a

weighted summation ot slow changing leaky outputs and low-pass filtered

activity (Eq.[S2.3). Raw synaptic and modulatory input (across time steps

and cells) used for the frequency analysis are included beneath the frequency

analysis plot. b) Raw synaptic and modulatory input traces for the frequency

analysis in Figure [2.4h-c for i) pattern generation, ii) delayed match to sample

and iii) evidence accumulation tasks. | . . . . ... ... 0oL L.

[52.11Cell-type-specific modulatory signaling level decreases over training

iterations. Box plots for absolute cell-type-specific modulatory input distri-

bution across cells show that modulatory signalling level drops over training

iterations for ai) pattern generation, b) delayed match to sample and ¢) evi-

dence accumulation tasks. aii) The target for the pattern generation task was

changed after 5000 iterations, which resulted in a rapid increase in modulatory

mput immediately after the change, and a progressive decrease as training

continued. This agrees with the prediction of our learning rule (Eq. [2.20] [2.24]

and Supplementary Note [S2.2)) that cell-type-specific signaling carries informa-

tion pertaining to top-down learning signals so that their levels can reflect the

learning progress. To capture the magnitude of the signaling level, the absolute

modulatory mput for each cell p is defined similar to Syn.input, in kq.[2.21}

but with the absolute value of each factor; ) o [Wapl D icnpyj |t (@1

defined in Eq. [S2.3)] - - - . . . . . . . . . .. ... ... .. ...
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[52.12Average connection weight between types drifts slowly over training.

Four average synaptic connection weight values (E to E, E to I, I to E and [ to

I) are illustrated in solid lines for the three tasks investigated. Several sample

individual weights with large changes are illustrated in faint dashed lines,

which can deviate significantly from the type averages. As explained earlier

in Methods (Eq. [2.23]) as well as Figure [S2.9] these four average connection

welghts are used as our minimal implementation of cell-type-specific receptor

affinities, wap with o, 5 € {E, I} (see Eq. [2.23| and Eq. [2.20). How tightly

the mdividual synaptic weights and cell-type-specific receptor athinities co-

adapt may be explored in future work. Figure [52.7|suggests that the eftect of

imprecise GPCR affinities on the performance is task-dependent.| . . . . . . .

[52.13The performance of MGDL degrades when the delay period length is

increased beyond a certain point. Here, the delay period is parametrically

modulated for the delayed match to sample task. In a), the delay period is

increased by 1000ms to 1750ms, and the network can still learn via MDGL.

In b), the delay period is increased by 2000ms to 2750ms, and the network

struggles to learn with MDGL while 1t still learns via BPT'T. All other

parameters (notably threshold adaptation time constant) are fixed in these

simulations. It is interesting to note that worsened learning performance with

increased delay period has previously been observed in animal experiments [6]. | 50

B

Biologically-plausible temporal credit assignment via modulatory

and synaptic message passing. In addition to established biological

learning ingredients (eligibility traces and a top-down learning signal |7, 1§]),

synapse-type-specific local modulatory networks may also be involved in weight

updates [3]. Our learning rule, ModProp, conceives the action of participating

modulators on receiving cells as a convolution of the eligibility trace with

causal, time-invariant, cell-type-specific filters. Each circle represents a neuron

and the synaptic weight of interest 1s W,,,; we 1llustrate the cellular processes

of postsynaptic neuron p. Our derivation (Supp. Section [S3.1|and Theorem 1)

predicts that the modulatory signal each neuron receives can represent a filtered

credit signal regarding how its past firings (arbitrary steps back) contribute to

the task outcome. | . . . . . . . ..




B2

Local modulatory signaling for gradient estimation. A) A spatial

view of learning rules for updating weight W,,. (i) Hebbian learning, where

weight update depends only on pre-/post-synaptic activities. (ii) Three-factor

learning |4, [7, 9], which updates weights using additional top-down learning

signals, severely truncates the exact gradient. (iiil) ModProp also accounts

for (filtered) distant feedback information delivered through synapse-type-

specific neuromodulation; (iv) BPTT computes the exact gradient: weight

update involves nonlocal information, i.e. activities ot indirectly connected

units. B) A temporal view. Bi) BPTT propagates the precise intercellular

dependencies in an acausal manner. Bii) Three-factor learning rule neglects all

the intercellular dependencies in the temporal propagation of the credit signal.

Biii) ModProp approximates such spatiotemporal dependencies through

local neuromodulatory signals (Eq. [3.6]). ModProp approximates the exact

gradient by assuming similar connectivity among cells of the same type, and

filtering the indirect effects on loss from neurons that are potentially many

synapses away. Figure |3.6] provides a summary of approximations made by

ModProp. | . . . . .

[3.3

Modulatory signaling of credit information on long-term recurrent

interactions can improve learning outcomes. ModProp improves the

learning performance over existing bio-plausible rules. This experiment exam-

ines the performance due to Approximation 1 (Eq.|3.3)) before any cell-type

approximation of modulatory weights (Eq. [3.5). A) Learning to produce a

time-resolved target output pattern. B) A delayed XOR task, where the

network determines it two cue alternatives — the presence or absence of iput

represented by 1 or 0 — match or mismatch after a delay, requiring memory

via recurrent activity. c¢) Pixel-by-pixel MNIST task [10]. Note that this task

is unlikely to be solved effectively by humans. (See text.) Consistent with the

original MDGL paper [I1], we also find that MDGL confers little advantage

over the three-factor rule (e-prop) under dense connectivity. Solid lines/shaded

regions: mean/standard deviation of loss curves across five runs.| . . . . . . .

B

Efficient learning with type-specific modulatory weights. In addition

to Approximation 1 studied in Figure|3.3] this figure investigates the effect

of Approximation 2 (labeled as ModProp Wab), which uses type-specific,

rather than synapse-specific teedback weights for signaling credit information

(Eq. [3.5). Here, ModProp Wab uses only two modulatory types mapped to

the two main cell classes. The cell type approximation does not result in any

significant performance degradation in A) the pattern generation task and B)

the delayed XOR task. This analysis is not done for the sequential MNIST

task, where neurons were not divided into E and I types. Solid lines/shaded

regions: mean /standard deviation of loss curves across five runs.| . . . . . ..

X1



[3.9

Superior performance of ModProp in an online learning setting. We

investigate an online learning version of the pattern generation task, where

weights are updated either A) every 100 time steps or B) every single step.

Here, ModProp uses the efficient online learning implementation derived in

Proposition |1 Plotting conventions follow those of previous figures. | . . . . .

[3.6

ModProp brings two approximations to the nonlocal gradient terms.

First, ModProp uses type-specific feedback weights (modulatory weights),

rather than cell-specific feedback weights (Eq. |3.3). Second, ModProp approx-

imates the activation derivative (Eq.[3.5). Similar to feedback alignment for

feedforward networks [12], different weights are used during the backward pass

than the torward pass due to the well-known weight transport problem. This,

however, won't be adequate for RNN settings. On top of the type-specific

feedback weights approximation, time-invariant activation derivative approxi-

mation was also applied for time-invariant filtering (as explained in the texts

surrounding Eq. [3.4]and Eq.[3.6). Any unspecified symbols in the illustration

were defined 1n Figure3.20 | . . . .. ...

53.1

Effective learning is achievable with fixed random synapse-type-

specific modulatory weights. Figure|3.4|computes type-specific modulatory

welghts by averaging forward weight entries in the corresponding pre- and

postsynaptic cell group. This assumes that modulatory weights co-adapt with

synaptic weights. To what extent they are linked in the brain 1s unclear.

Thus, to test the generality of our learning rule, we re-train using fixed

random type-specific modulatory weights and show that leads to negligible

performance degradation. Note, sequential MNIST task is not considered in

figures that involve synapse-type-specific modulatory weights, as cell types

were not considered in that task. Plotting convention follows that of previous

figures. | . . . . ..

532

Restoring neuron specificity in the activation derivative does not

lead to significant improvements. Here, ModProp global is the basic

form of ModProp investigated in the main text, where the activation derivative

exhibited no spatiotemporal specificity. ModProp nSpecific (Eq. [S3.26|) takes

into account the neuron specificity of the activation derivative and only averages

across time steps. This comparison is done for the A) pattern generation task,

B) delayed XOR task and C) sequential MNIST task. Plotting convention

follows that of previous figures. |. . . . . . . . . ... .. 0oL

xii



[53.3

Delayed XOR task with a longer delay period. We simulate the delayed

XOR task with 1.5 times the delay period used in Figure [3.3B. Although

ModProp (with cell-type approximation) still outperforms other bio-plausible

learning rules, the performance degrades (compared to ModProp Wab in

Figure [3.4B). Moreover, we found all rules (including BPTT) struggle to learn

1f we 1ncreased the delay period to twice of that in Figure[3.3] without changing

other task or network parameters (e.g. cue width and intensity). This connects

nicely to our discussion point on the limitation of ModProp in addressing

very long temporal credit assignment problems in the absence of a long-term

memory mechanism. Solid lines/shaded regions: mean/standard deviation of

loss curves across fiveruns. | . . . . . . . .

[53.4

Copy task with fixed random synapse-type-specific modulatory

weights. Sequences of binary cues are presented to an RNN. For each

sequence, once the full sequence has been presented, the network should out-

put the original sequence (with the same value and duration) without any

further information [13]. A) Examples of input/output pairs at different

sequence lengths. Instead of having each cue lasting just 1 step, we have each

cue lasting 100 steps (100ms) to mimic the duration of a quick cue flash in

biological settings. Superior pertormance of ModProp even with fixed and

random modulatory weights (compared to other biologically plausible rules) is

demonstrated for the copy task with a sequence length of B) five cues (nc = 5)

and C) seven cues (nc = 7). Average loss denotes the binary cross entropy

loss computed on target and actual output averaged across time steps. Solid

lines/shaded regions: mean/standard deviation of loss curves across five runs.

| 76

535

Alignment angle comparison shows that gradients approximated

by ModProp (with or without type-specific modulatory weights)

are more similar (than MDGL) to the exact gradients. We quantify

the similarity between approximated and exact gradients via the alignment

angle, which describes the similarity in the direction of the two update vectors

(Appendix [S3.6) for various tasks. In all top-panels, the alignment angles

between approximate rules and BP1T'T are less than 90°, which indicate that

the approximated gradients are aligned with the exact gradient, despite the

high-dimensionality of the update vectors. All bottom panel plots show that

ModProp variants achieve smaller alignment angles (hence better alignment)

with BPTT than MDGL does. To ensure a fair comparison, we examine the

statistics of pairwise differences, so that the point on the loss landscape —

where the comparison 1s done — 1s matched. This 1s achieved by training the

network using BP'I"T" across seven different runs and sampling the approximated

gradient once every 50 training iterations. Alignment analysis illustrated here

is for recurrent weight gradients, and similar trends are observed for the input

weightsaswell. | . . . . . . . . .




1

Setup. A) Illustration of an RNN trained to minimize error/loss function

L (left). Existing bio-plausible proposals for RNNs estimate the gradient by

neglecting dependencies that are biologically implausible to compute (right).

B) Low training error/loss can be achieved by partially following a gradient

(right), but the preference for converging to minima with certain generalization

properties remains underexamined for these learning rules (left). C) Minima

flatness matters: 1-D loss landscape illustration with two solutions that equally

minimize loss L, but exhibit drastically difterent generalization properties: the

narrower minima are more sensitive to perturbation. |. . . . . . . ... .. L.

12

Bio-plausible temporal credit assignment rules show worse and

more variable generalization gap, which can be informed by loss

landscape curvature. A-C) Generalization gap distributions computed at

the end of training across different random weight initializations for several well-

known neuroscience and machine learning tasks. The higher the generalization

gap, the worse the generalization performance. BPTT (black), bio-plausible

alternatives (magenta, yellow and green). D-F) Scatter plots showing the

trend of generalization gap v.s. leading loss Hessian eigenvalue across many

runs; each point corresponds to a single run of the same runs as in A-C.|. . .

93

13

Bio-plausible gradient approximations tend to approach high curva-

ture regions in loss landscape. Dominant Hessian eigenvalues are plotted

throughout training for bio-plausible learning rules and BPT'T'. This analy-

sis is done for A) sequential MNIST, B) pattern generation and C) delayed

match-to-sample tasks. Solid lines/shaded regions: mean/standard deviation

of dominant Hessian eigenvalue curves across five independent runs. | . . . . .

i}

Preference for high curvature regions connected to worse gradient

alignment under certain conditions. A) An arbitrary gradient approxi-

mation, g, its component along the gradient direction, pg, and orthogonal to

the gradient € (Eq. |4.6)). The scalar p represents the relative step length along

the gradient direction. B) Illustration for Theorem [2} if gradient ¢ is aligned

with the sharpest directions but error € is not (see Appendix Figure [S4.6)),

smaller step length along the gradient direction can make it harder to step over

narrow minima. C-E) Leading loss Hessian eigenvalue v.s. training iteration

for the three-factor rule, BPT'T, and modified BPT'T' (three-factor, theory).

For the latter, step length along the gradient direction of BPT'T" was matched

to three-factor rule by multiplying BPI'T update with a factor of p, which

recovers curvature trends of the three-factor rule. | . . . . . . . . .. ... ..

Xiv



511

Learning rate modulation as a possible remedy of the problem.

We increased the learning rate at the beginning ot training to prevent the

three-factor rule trom stabilizing in sharp minima prematurely, tollowed by

a gradual decay to prevent instability. The top panels show this strategy

helps to reduce the curvature ot the converged solution. The bottom panels

show this leads to a slight improvement in the generalization gap (vertical

lines denote distribution mean). However, it is important to note that this

strategy does not correct the problem:; the gap still exists compared to BPTT

suggesting room for turther research. Plotting conventions tollow that ot the

previous figures. | . . . . . . L L e e e

512

Modified BPTT (three-factor, theory) resulted in worse and more

variable generalization performance. Here, we follow the convention of

previous generalization gap histogram plots and investigated the generalization

performance of modified BPTT (three-factor, theory) in Figure|4.4l | . . . . .

513

Loss’ Hessian eigenspectrum for the three-factor rule exhibits sig-

nificantly steeper power-law decay compared to that of BPTT. We

fit a power-law function to the top 200 eigenvalues at the end of training and

measure the decay parameter. Fitting to the top 50 or 100 eigenvalues resulted

in similar trends. Solid lines/shaded regions: mean/standard deviation of

elgenspectrum obtained at the end of training across five independent runs. | .

118

514

Curvature preference behavior corroborated using relative flatness

measure [14]. Here, the trend is consistent with that of Figure[4.3] Note that

the relative flatness measure can be computationally intensive for recurrent

weights, so we computed it for readout weights. Plotting conventions follow

that of previous figures. |. . . . . . . ... L o

515

Approaching high curvature regions seems to be a shared problem

for temporal truncations of the gradient. We repeat the analysis in

Figure [4.3[ for truncated BPTT (TBPTT). Here, "Trunc X" means X time

steps are truncated during the gradient calculation. We observe that TBP'T'T

tends to converge to high curvature regions. Plotting conventions follow that

of previous figures. |. . . . . . . ..

51.6

Truncation error vector (compared to the gradient) is significantly

less aligned with the top Hessian eigenvector subspace. Following [15],

we compute the cosine similarity between the error vector (of the three-factor

rule) and a top Hessian eigenvector (averaged over the top 5 eigenvectors). The

absolute value of the cosine similarity was taken. We observe weak alignment of

the approximation error vector € with the leading Hessian eigenvectors. Similar

trends were attained had we averaged over the leading 10 or 20 eigenvectors.

Plotting conventions follow that of previous figures. | . . . . . . ... ... ..

XV



[54.7 Curvature convergence behavior also holds for Adam optimizer. As

explained in Methods, we used SGD optimizer due to confounding factors in

Adam optimizer that could convolute our matching step length analysis in

Figure 4.4, We observe similar trends as in Figure [4.3] Plotting conventions

follow that of previous figures. | . . . . . . . . . ... . . ... ...

54.8 We repeat the generalization gap vs leading Hessian eigenvalue scatter plot

in Figure [4.2] with the learning rule fixed for A) BPTT and B) the three-

factor rule. As expected, a significant correlation between the generalization

gap and leading Hessian eigenvalue 1s observed. Unlike Figure 2, where

the hyperparameters were fixed for each rule (tuned using the procedure in

Appendix[S4.1.3)), the learning rate is varied here in order to get a wide enough

curvature range to observe the correlation. C) The matching step experiments

in Figure |4.4] were repeated here with the learning rate increased by three

times for all rules, and the observation agrees with that in Figure|4.4. Plotting

convention follows that of previous figures. | . . . . . . .. ... ... ... ..

51

Low-rank initial recurrent weights, generated using SVD, lead to

greater changes (or effectively richer learning) in the recurrent

neural network. A) Schematic of RNN training setup. B) Measurements of

effective richness vs laziness of learning (metrics as defined in Section [5.2.2)),

for RNN trained on several cognitive tasks in Neurogym [16] as well as the

sequential MNIST task (sMNIST). For details on SVD weight creation, see

Appendix [55.3] Fewer rank points were used for sSMNIST due to computational

time. Fach dot represents a single training run, with each run using a different

random initialization (10 runs total for each setting). | . . . . . ... ... ..

52

Low-rank initial weight structures, inspired by biological examples,

lead to effectively richer learning. We present the eigenspectrum and

the relative effective rank of connectivity in A) structures with cell-type-

specific statistics, B) structures derived from EM data, C) structures obeying

Dale’s law, and D) structures with an over-representation of chain motifs;

we also present the etfective learning laziness for networks initialized with

these connectivity structures. These structures exhibit a lower effective rank

compared to standard random Gaussian initialization (null). We plotted

the magnitude of the eigenvalues (Eigval mag) — scaled by the dominant

eigenvalue’s magnitude — against their indices normalized by the network

size N (Eigval index). We apply the effective laziness measures described

in Section [5.2.2] to compare the eftective laziness of experimentally-driven

initial connectivity versus standard random Gaussian initialization (null). See

Appendix [55.3|tor details on network initialization. The boxplots are generated

from 10 independent runs with different initialization seeds. Due to space

constraints, we include only the 2AF task here, but Appendix Figures [55.2]

xvi



5.3

Low-rank initializations can still achieve high alignment for specific

tasks (see Proposition [2). A) The student-teacher two-layer linear network

setup as described 1n Section [5.2.3] but with feature anisotropy controlled by a

feature modulation matrix F', i.e. 2 = F'x. The condition number of /' dictates

the relative feature strength. We set the top half of the singular values of /" are

set to x, while the bottom halt are set to 1, where s represents the condition

number of F'. B) The aligned initialization (green) is achieved by setting W}

as described in Proposition [2] (with f = w! F, w is as illustrated), so that

the initialization aligns with the task statistics. The partial alignment (blue)

mirrors the aligned case, but F' is substituted with its rank-(d/2) truncation,

causing the network to align only with the dominant features. We observe

that a considerably higher alignment can be achieved when the

initialization aligns solely with the dominant features, especially

when the relative strength of these dominant features is high. C)

The analysis from B) is replicated for RNNs learning the sSMNIST task. As the

ground truth network function is elusive, we use a teacher network with pre-

trained weights. Once again, we replace F' with its rank-(d/2) truncation for

partial alignment. Details on the input/output definitions and initializations,

as well as other simulation specifics, are available in Appendix [55.3l We note

that in all scenarios presented here, the mitial errors are high since the readout

welghts are initialized randomly, rendering 1t a valid learning problem. |. . . .

[55.1

As predicted by the theoretical results, higher rank random initial-

1zation leads to effectively lazier learning in two-layer linear network.

A) We use the student-teacher two-layer linear network setup described in

Section [5.2.3] B) a non-idealized setting: two-layer feedforward network with

ReLU activation and 300 hidden units trained on the MNIS'T dataset. Plotting

convention follows that ot Figure|s.1l | . . . . . . .. ... ... ... ... ..

55.2

We repeated Figure [5.2] for the DMS task and observed similar trends: low-

rank 1nitialization, achieved by experimentally-driven initial connectivity in

Figure |5.2] leads to eftectively richer learning. The plotting conventions used

here follow those in Figure [5.2] with panels A-D corresponding to the ones in

that figure. | . . . . . . . o

[55.3

We repeated Figure 5.2 for the CX'T' task and observed similar trends: low-

rank initialization, achieved by experimentally-driven initial connectivity in

Figure [5.2] leads to effectively richer learning. The plotting conventions used

here follow those in Figure [5.2] with panels A-D corresponding to the ones in

that figure. | . . . . . .




[55.4

Consistent trends observed in Figure [5.1] also for Uniform initial-

ization. We replicated the results of Figure[5.1]— where the initial weights

follow a zero-mean Gaussian distribution W;; ~ N(0, g*/N) — but now for

Uniform initialization Wj; ~ U <_\/Lﬁ’ \/iﬁ) Plotting conventions follow that

of Figure|o. 1L |. . . . . . .

555

Consistent trends observed in Figure [5.1| also for "softer" low-rank

weights. Here, instead of the "hard" low-rank weights in Figure [5.1]— where

the i'" weight singular value s; is set to 0 if ¢ > r for rank 7 — we introduce a

smoother decay in singular value, where we replace the singular values with

s; = 51(1 — i/N)* after performing SVD; this means that greater k leads to

lower effective rank. Plotting conventions follow that of Figure[p.1]| . . . . . .

[55.6

Consistent trends observed in Figure [5.1] across various network

sizes (IV). We replicated the results of Figure |5.1| for different values of N,

using the CX'T' task as an illustrative example. However, the observed trend

remains consistent for both the 2AF and DMS tasks. Plotting conventions

follow that of Figurep. 1| | . . . . . . . . .. ... oo

557

Consistent trends observed in Figure |5.1] across various learning

rates (Ir). We replicated the results of Figure [5.1] for different learning rates,

using the CX'T' task as an illustrative example. However, the observed trend

remains consistent for both the 2AF and DMS tasks. Plotting conventions

follow that of Figurelo. 1l | . . . . . . . . . . . ... o

[55.8

Consistent trends observed in Figure [5.1] across various initial gain.

Here, the gain refers to g, as weights are initialized as W;; ~ N(0,9°/N). The

trends hold for most typical range of g from 1.0 to 2.0, but gets weakened

for smaller values, g < 1.0 (a closer examination of the regime bias in such

setting in RNNs is left for future work). We replicated the results of Figure[5.1]

for different learning rates, using the CX'T task as an illustrative example.

However, the observed trend remains consistent for both the 2AF and DMS

tasks. Plotting conventions follow that of Figure[5.1L | . . . . . ... ... ..

[55.9

Trends in Figure [5.1] are also observed In training RNNs with a

fivefold finer time step (dt) and a sequence length extended by five

times. As expected, higher rank mitializations led to a marked increase in

effective laziness. Plotting conventions follows that of Figure|5.1] |. . . . . . .

[55.10Trends in Figure|5.1/are also observed when fixing the leading weight

eigenvalue instead of the Frobenius norm across comparisons. As

expected, higher rank initializations lead to eftectively lazier learning. Plotting

conventions follows that of Figure|5.1[ |. . . . . . . .. ... ... .. ... ..

xviil



[55.11]A-B] The idealized two-layer linear network setting from Fig. 2 in

[17]. A) Examining the KO alignment — the alignment between the kernel

at various training iterations and the initial kernel — reveals that low-rank

random 1nitialization leads to greater changes during training; here, different

curves correspond to different initial weight ranks. B) Despite these greater

changes, networks with low-rank random initialization take longer to align

with the task, as shown by the task kernel alignment metric y' Ky/|y[*TrK

throughout training. We remind the reader that y corresponds to the target

output and K corresponds to the NTK. |[C-D| A non-idealized setting:

the sSMINIST task. C) This panel shows similar trends to A). D) Similar

to B), lower-rank random initializations do not achieve as high task kernel

alignment within the trained iterations. This is measured by the centered

kernel alignment (CKA), which assesses the kernel’s alignment with class

labels (Eq. 7 in [I8]). Although higher CKA values during training could

suggest enhanced feature learning (characteristic of the standard rich regime),

this aligns with our findings on the effective learning regime, which tfocuses on

changes post-training (see Introduction). Our theory in Section [5.2.3] suggests

that lower-rank itializations require greater changes to align with the task,

which would typically require more training iterations, as seen in panel B.

If training is halted prematurely, perhaps due to resource constraints (as in

panel D), these initializations may achieve lower final alignment within the

training period. It remains unclear it extended training would lead to similar

final alignment across different initializations in a wide range of scenarios.

Future research should further investigate the relationship between rankedness

of mitializations and their impact on the converged solution’s representation,

including task kernel alignment, across diverse settings. | . . . . . .. ... ..

[55.12The evolution of the leading N'TK eigenvalue relative to the rest of the

eigenvalues was tracked using an effective rank measure. This measure is

based on the ratio of the kernel trace to the kernel dominant eigenvalue,

i.e., > . \i/A1, which indicates the number of eigenvalues on the order of the

dominant one. We apply this analysis to A) the idealized setting and B) the

sMNIST task, as used in Appendix Figure [55.11] and Figure [5.1], respectively.

These results suggest that the kernel effective rank approaches that of the task

throughout the training process. | . . . . . . . . . . . ... ... ... .....

[55.13Measuring connectivity effective rank based on singular values instead of

eigenvalues led to a similar conclusion as Figure [5.2} these experimentally-

driven connectivity structures exhibit lower eftective rank compared to random

Gaussian initialization (null). The plotting conventions used here follow those

in Figure 5.2] with panels A-D corresponding to the ones in that figure. | . . .

Xix
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[55.14Maintaining the constraint of Dale’s Law during the entire training process,

rather than just at initialization, produced a trend analogous to that observed

in Figure |5.2] Plotting conventions follow that of Figure[5.2[ | . . . . . . . ..

[S5.15Training RNNs on the pattern generation task, as illustrated in Fig. S7 of |19],

showed consistent trends with our conclusion: initializations with higher ranks

resulted in a more pronounced tendency towards eftectively lazier learning.

Plotting conventions follows that of Figure[5.11 |. . . . . .. ... .. ... ..

[55.165huffling the EM connectivity, while maintaining the sparsity struc-

ture, destroys the low-rankedness and the impact on effective lazi-

ness. We repeated the analyses with the EM initial connectivity in Figures|5.2|

but performed random shuffling on the EM connectivity, to see it the low-

rankedness and the impact on etfective laziness 1s due to the sparsity in the

dataset. Performing such shuffling destroys these trends. Plotting conventions

follow that of Figurep.2[|. . . . . . . . . .. ..o
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Chapter 1

INTRODUCTION

1.1 Overview

It remains enigmatic how the brain learns to perform even simple cognitive tasks that involve
processing information over just a few seconds, such as when to press a button or recall a
sequence of objects being presented. It is widely accepted that learning arises from synaptic
plasticity, i.e., the strengthening and weakening of synapses. Various biological learning rules
have been developed to describe the activity-dependent re-weighting of synaptic connections.
However, in silico implementations of these learning rules achieve very limited performance

in challenging cognitive tasks.

On the other hand, training artificial neural networks (ANNs) using gradient descent
learning via backpropagation [20] has achieved stunning success in solving challenging tasks
(e.g., game playing and object recognition), which has tempted many modelers to look for
inspiration from it. However, there are many features of biological neural circuits that gradient
descent learning via backpropagation does not capture accurately, making it problematic
for modeling biological learning. Consequently, there is a surge in interest in developing
biologically plausible alternatives to backpropagation and examining how far one can push

learning performance [9], 12, 21], 22].

Chapter [2 proposes an efficient and bio-inspired approximation of backpropagation; proof-
of-concept simulations demonstrate its advancement from existing biologically plausible rules.
Chapter [3] discusses an extension of this work. Chapter [d] characterizes different learning
rules and specifically investigates their generalization properties. Chapter [5] studies the
role of initialization on learning, particularly how the connectivity structure of ANNs upon

initialization influences the learning regimes.



1.2 A simplified view of neural circuits in the brain

The human cortex consists of billions of interconnected neurons, which are the basic processing
units of the brain. A neuron in the brain consists of a cell body (soma), dendrites, and an
axon. Dendrites receive signals from other neurons via synapses. This information is then
integrated in the soma, and if the signal is strong enough, an action potential (spike) is
generated and travels down the axon. When it reaches the end of the axon, neurotransmitter
release is triggered, passing this information through the synaptic cleft to the dendrites of

another neuron.

It should be stressed that the underlying process of neuronal communication is much more
complicated than the description above. For one, dendritic integration is highly nonlinear
and can yield diverse responses depending on the neuronal morphology. The sophisticated
organization of dendritic branches allows the superposition of only specific incoming pulses
that exhibit spatiotemporal proximity. Additionally, the biophysical properties of the axon
can yield diverse spike waveforms, such as spike frequency adaptation [23]. Moreover, neuro-
modulators and glial cells (brain cells that are not neurons) can impact neuronal excitability
(how likely a neuron will fire an action potential in response to a given input stimulus) [24].
The overwhelming complexity of neural circuits makes it infeasible to capture all biological
details in a single computational model. One of the most classical and fundamental neuronal
models is the Hodgkin-Huxley model [25]. However, detailed biophysical models pose serious
scalability issues: when investigating the behavior of thousands or more interconnected
neurons, it is not only computationally expensive but also infeasible due to the unavailability

of precise parameter values.

A widely adopted simplification is an artificial neuron model that loosely captures the
nonlinear integration of incoming pulses and the generation of an action potential [26]. The
output z; of the j! artificial neuron is produced by combining a nonlinear function f(-) with
a weighted sum of its inputs x by synaptic weights w; such that z; = f(w;x +b). Unlike
the computationally expensive detailed biophysical models [25] and high-level population
dynamic models [27], this model has a resolution in between the two and is a scalable choice

for studying how individual neurons interact to give rise to overall network functions. Most



artificial neural network models can be defined as variants of this model.

One successful variant is recurrent neural networks (RNNs), which have been useful for
processing time series (before the domination of transformers) and popularized for modeling
neural circuits. RNNs consist of recurrently connected units that pass activity signals to each
other, which then influence their firings at the next time step. This “bouncing” of activity
allows information to propagate over time steps. This makes RNNs a natural choice for
modeling neural circuits in this proposed work for the following reasons. First, RNNs are
high-dimensional dynamical systems composed of units that loosely mimic biological neurons.
Second, recurrent connections are highly prominent in the brain. Third, many cognitive
functions performed by the brain require temporal processing (e.g., decision making, language
processing). Task-trained RNNs that match neural data can offer insight into how the brain
solves computational problems [28-30]. These works investigate neural representations that
are formed once a task is learned and have not answered the process of learning itself. We

discuss learning in neural circuits next.
1.3 Biological learning rules

Learning is a high-level cognitive function that can arise from a combination of biological
mechanisms. One way learning occurs, which has received both theoretical and experimental
support, is the re-weighting of synaptic connections in neural circuits. In 1949, Donald
Hebb conjectured a simple re-weighting rule, where the strengthening or weakening of a
given synaptic connection depends on the coincidence of pre- and postsynaptic neuronal
activity [31]. Hebb’s rule is one of the most fundamental learning rules and serves as the
foundation for many modern learning rules.

Actual synaptic plasticity was first discovered in the 1970s, where repeated synchronous
activation of pre- and postsynaptic neurons in the rabbit hippocampus produced synaptic
strengthening [32], which remained potentiated for hours. The primary underlying mechanism
is thought to rely on the special properties of N-methyl-D-aspartate glutamate receptors
(NMDARs), which serve as coincidence detectors for glutamate binding and membrane
potential depolarization [33]. Thus, many forms of synaptic plasticity fall under the correlative

Hebbian category, including spike timing-dependent plasticity (STDP), which refines Hebbian



plasticity by requiring the precise timing of pre- and postsynaptic spikes [34].

Hebbian learning can autonomously detect low-order input statistical structures [35 [36],
but its unsupervised nature makes it difficult to direct the network toward a precise target.
Experimental studies later indicated that synaptic plasticity can also be conditioned on the
presence of neuromodulators, such as dopamine [37, [38], which are strongly correlated with
reward prediction error [II,[39]. This suggests that synaptic updates can be driven by pre- and
postsynaptic activity and a third factor that guides plasticity. Therefore, modern learning
rules incorporate an additional third factor that can parametrically modulate the magnitude
and direction of weight updates [8, 22| [40H42].

A plethora of computational studies have modeled how these mechanisms could support
the learning of complex behaviors [4, O 22, [43], 44], yet the performance of these models on
behavioral tasks still lags significantly compared to machine learning algorithms that rely on
the richer backpropagated error signals [12]. This suggests that these models still lack certain
processes to fully explain biological learning. Chapter [2| proposes a novel form of learning that
achieves closer performance to backpropagation compared to existing biologically plausible

rules.
1.4 Potential inspirations from gradient-descent learning via backpropagation

Adjusting network parameters (synaptic weights) to solve a supervised learning task (learn a
desired input and output mapping) can be thought of as an optimization problem. Here, the
learning objective is to minimize a loss function E, which quantifies the mismatch between the
actual and desired output. In artificial neural networks, the error F is usually a differentiable
function of the parameters, and parameters can be adjusted iteratively using gradient descent
learning. The error gradient indicates the direction in which the parameters should be
adjusted for the steepest descent. By adjusting parameters in that direction by a small
amount (as gradient descent learning is only a first-order method), the loss E is reduced,
reflecting a better match between the actual and desired output. One can compute this error
gradient in ANNs using backpropagation [20], a recursive algorithm that uses the chain rule
to track dependencies between variables in the network.

Due to the stunning success of gradient descent learning via backpropagation, many



modelers who study biological learning have turned to it for inspiration. Although there
is no direct evidence that the brain uses a backprop-like algorithm for learning, a growing
body of work has shown that backprop-trained models can account for observed neural
responses [45H54]. For example, [55] demonstrated that deep neural networks rival the
representation of the primate I'T cortex for core visual object recognition. This work revealed
that multilayer models trained with backprop to classify objects tend to perform better than
other models at matching the representations along the visual ventral stream in primates.
Models not trained with backprop do not perform as well as backprop-optimized networks,
and their representations do not match those in the inferior temporal cortex as well as the
representations discovered by backprop-trained models [56]. To our knowledge, no one in
the machine-learning community has been able to train high-performing deep networks on
difficult tasks, such as classifying the objects in ImageNet photos, using any algorithms other
than backprop.

However, evidence on performance and representational match alone cannot establish
that backprop-like mechanisms are employed by the brain. In fact, backpropagation involves
many biologically implausible features [56, [57], which makes many argue that it is unsuitable
for modeling biological learning. These issues include the weight transport problem [12],
where symmetric feedback weights are required for weight updates, and locality [9], where
the update of individual weights depends on knowing nearly all other weights in the network.
The following chapter explains and focuses on the issue of locality.

Despite its biological implausibility, recent works suggest that there may be more com-
patibilities between biological learning and learning theory in artificial neural networks than
previously appreciated [42], notably how error signals could be propagated in biological
neural networks, such as evidence supporting the encoding of reward prediction error via
dopamine [39] and top-down regulation of dendritic plateaus that play a crucial role in
synaptic plasticity [58]. Moreover, with backprop-trained networks being the only models
with performance and representational match, it is likely that current neuroscience models are
missing something crucial to achieving what ANNs can do in modeling learning and cognition.
This has prompted many to bridge artificial and biological learning by approximating back-

propagation as closely as possible using biologically plausible mechanisms [4, O, 12} 22} 59].



Studies have shown that, in general, algorithms that follow the exact gradient more closely
tend to learn in fewer iterations [60, [6I]. Therefore, the goal of this line of research
is not to outperform backpropagation, but rather to treat it as a gold standard
and see how close one can approach its performance using biologically plausible
processes. We look to continue this line of research and advance biologically plausible

learning in Chapter
1.5 Relevance to the neuroscience and machine learning communities

Our study proposes how biological neural networks may leverage the widespread, cell-
type-specific modulatory signals uncovered by recent experimental studies at the Allen
Institute [3, [62] to solve temporal credit assignment tasks. While multiple studies assign key
roles for local/targeted modulatory signaling in synaptic plasticity, learning in the brain is
typically studied in a network of neurons connected by synapses alone. Our model reveals
a new, joint view of synaptic and modulatory (broadcast) signaling as a multidigraph that
drives network learning. While cell types are a major theme in modern neuroscience, their
roles in computation and learning remain largely unknown. Moreover, the extent to which
cell types can be studied as discrete units versus regions in a continuum is a problem of
practical and conceptual significance. Our results suggest a novel link between cell types,
neuromodulation, and temporal learning. Inspired by recent transcriptomic evidence, we
propose a normative theory that explains both the success of discrete approximations and
the phenotypic variability around class representatives. We demonstrate its utility on three
temporal learning tasks.

The backpropagation algorithm has been a driving force behind the recent, remarkable
advances in machine learning. Yet, bottlenecks in energy consumption, training time, and
reliance on batch updates present significant scaling issues as the community tackles more
complicated tasks. In the training of recurrent neural networks (RNNs), two equivalent
algorithms that use different ways to track the gradient scale poorly either with sequence
length or network size. In real-time recurrent learning (RTRL) [63], the memory scales
as O(N?3) with N being the number of neurons, which is impractical for large networks.

In backpropagation through time (BPTT) [64], the algorithm must remember the entire



time horizon, and the memory scales as O(T'N?) with T being the sequence length, which
is problematic for credit assignment over long sequences. Proof-of-concept simulations
in Chapter [2| show that our learning rule, with O(N?) memory, can offer a lightweight
solution [65]. We also develop an extension in Chapter [3| [66] and investigate learning by
leveraging theoretical deep learning tools in Chapters (4| [67] and [5| [68].



Chapter 2

A SOLUTION TO TEMPORAL CREDIT ASSIGNMENT USING
CELL-TYPE-SPECIFIC MODULATORY SIGNALS

This chapter has been published in [65] (Copyright 2021 National Academy of Sciences).

2.1 Introduction

Mathematical “gradient backpropagation” algorithms [20] [69] now solve the problem of
credit assignment for artificial neural networks effectively enough to have ushered in an
era of shockingly powerful artificial intelligence. Nevertheless, their exact implementation
on advanced tasks can be extremely costly in terms of computation, storage, and circuit
interconnects [70], driving a search for more efficient credit assignment algorithms such as
approximate gradient methods [TIH74] which, e.g., limit temporal contributions to learning [75]
or exploit neuromorphic methods to improve energy efficiency [76, [77]. Neuroscientists
meanwhile recognize that exact gradient backpropagation demands precise but nonlocal
communication that is implausible in the biological brain, and instead propose approximate
learning rules that sidestep the demands. These have shown impressive performance, largely
in feedforward networks [12] 22] 59] [7T8-84] with recent extensions to the more enigmatic
case of recurrently connected networks [4, 0]. This said, biological neural networks feature a
spectacular array of dynamical and signaling mechanisms whose potential contributions to
credit assignment have not yet been considered. Taken together, this creates a remarkable need
and opportunity for bio-inspired network learning algorithms to advance both neuroscience
and computer science research. Here, we follow this path and present evidence for a previously
unrecognized temporal credit assignment mechanism inspired by recent advances in brain
genetics.

Prior efforts to address the biology of synaptic credit assignment have focused on Hebbian
spike-timing-dependent synaptic plasticity and “top-down” signaling by dopamine [37, [79} [85,

86], a monoamine neuromodulator released from axons that ramify extensively throughout



the brain from small midbrain nuclei. All cellular actions of dopamine are exerted by
activation of G protein-coupled receptors (GPCRs), which can strongly modulate the timing-
dependence of Hebbian synaptic plasticity [86H88]. While such actions clearly contribute
to synaptic credit assignment and recent evidence suggests spatiotemporal sculpting of the
dopaminergic signal [T}, [89], biologically plausible models based on these principles significantly
underperform gradient backpropagation algorithms, let alone the brain, and many gaps in
our understanding remain |78, [79].

Transcriptomic studies have now revealed that genes encoding hundreds of other modula-
tory GPCRs, including those selective for serotonin, norepinephrine, acetylcholine, amino
acids and the many neuropeptides, are expressed throughout the brain. Downstream actions
of these other GPCRs on nerve membranes and synapses are similar to those of dopamine
receptors, suggesting that they, too, could participate in credit assignment. Single-cell RNA-
Seq studies now show also, however, that expression of this diverse array of GPCR genes is
highly neuron-type-specific [62]. Furthermore, virtually every neuron expresses one or more
GPCR-targeting neuropeptide ligands, again in highly neuron-type-specific patterns. These
new single-cell transcriptomic data thus suggest the prospect of an interplay between synaptic
and local peptidergic modulatory networks that could help to guide credit assignment.

The new genetic results have led us to formulate a theory of network learning which casts
neuronal networks in terms of interacting synaptic and modulatory connections, with discrete
neuron types as common nodes. To explore this normative theory, we have instantiated
the simplified computational model schematized by Figs. The model comprises
both dopamine-like top-down and neuropeptide-like local modulatory signaling, shown with
a network of arrow-spray glyphs connecting populations of cells, in addition to synaptic
transmission via discrete spikes, shown with a network of lines connecting individual cells
(Figs. ) Our model has multiple neuron types distinguished by both their synaptic
connectivity and differential expression of modulatory ligand-receptor pairs that regulate
Hebbian synaptic plasticity (Fig. ,c). Our proof-of-concept implementation shows
significant improvements over previous literature. The key development is that neurons
utilize modulatory networks to actively broadcast their own contribution to the network

performance to nearby neurons via cell-type-specific local neuromodulation (Fig. and
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Figure 2.1: Multidigraph learning (MDGL) network schema. a) Six diametrically paired circles (labeled A-F)
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impacts target neurons and synapses both (1) directly via activity-dependent secretion of TD ligand and (2) indirectly

via activity-dependent secretion of local modulatory ligands.
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) — specifically, each cell broadcasts its own direct contribution to the overall task “error”
signal. This is a major departure from more global roles for modulators previously proposed,
such as carrying error or reward signals. From a neuroscience perspective, our study proposes
a new model of cortical learning shaped by the interplay of local modulatory signaling
carrying credit assignment information and synaptic transmission, and potentially brings
us closer to understanding biological intelligence. From a computer science perspective,
our method offers significantly smaller number of interconnects for on-chip neuro-inspired

artificial intelligence.

2.2 Results

2.2.1 Querview of multidigraph learning in recurrent spiking neural networks

Gradient descent on the task error (or negative reward) E can iteratively adjust synaptic
weights to learn the task. However, computing the error gradient in a recurrent network
requires unwrapping the dynamics over time because weights influence future activity in
synaptically far-away neurons. The Backpropagation Through Time (BPTT) and Real-Time
Recurrent Learning (RTRL) algorithms calculate this error gradient by allowing cell-specific,
nonlocal communication among synapses in adjusting their weights; for example, in Fig. 2.Th,
the synapse between the uppermost cells labeled C and E would receive information about
the many synaptic weights and cell activities downstream of that cell E. They also require
either non-causal dependencies (BPTT) or infeasible memory scalability (RTRL) (detailed
in Methods, Eq. and Fig. [2.6). Faced with this, a key step in state-of-the-art
rate-based [9] and spike-based [4], “e-prop”] biologically plausible learning algorithms is to drop
the nonlocal terms so that the activities of only the pre- and post-synaptic neurons would be
needed to update the weight of the synapse between them. As illustrated in Fig. 2:2h, the
resulting three-factor local learning rules represent this pre- and post-synaptic information as
a time-dependent eligibility trace (ET), and combine it with top-down (TD) signals to update
the weight Aw of each synapse [8, 38, 142, [90] (detailed further in Methods Figs., [2.5p, [2.6Hii;
see also [74]).

We propose a novel role for cell-type-based modulatory signals in recovering a key part of
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Figure 2.2: Modulator-based neo-Hebbian local learning rules. a) A conventional three-factor local learning

rule models action of a “third”, top-down (TD) GPCR-activating ligand (e.g. dopamine) that governs synapse re-

weighting (Aw) in proportion to temporal coincidence of the two Hebbian factors (presynaptic and postsynaptic

activity). Such models generally require a lingering “eligibility trace” (ET) to sustain information about Hebbian

coincidence until arrival of the TD signal. b) Embracing new genetic evidence for local GPCR-based modulatory

machinery, the MDGL theory introduces additional factors that allow spike-dependent secretion of neuropeptide-like

local modulators (LM, from excitatory neurons and LM; from inhibitory neurons) to participate in governing synapse

re-weighting (Aw) [35]. As indicated here and in Fig. 1, the present MDGL model comprises both directly TD-recipient

cells (types D-F, left) and non-TD-recipient cells (types A-C, right). Synapse re-weighting requires combined GPCR

activation with a persistent ET for all cell types, but GPCRs are activated on non-TD-recipient cells only by the local

modulatory ligands. ¢) Propagation of TD error/reward signal via spike-dependent secretion of local modulators from

both excitatory and inhibitory cell types to cells lacking direct access to TD modulatory signal. For simplicity, this

schema represents only the four subscripted synapses/weights, while the full model represents many more synaptic

inputs per cell.
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the error gradient information that is lost by dropping nonlocal terms in such conventional
three-factor rules. We describe this in terms of the update Aw to a synapse p|g from neuron
q to neuron p with strength w. To begin, we consider the contributions to the error gradient
of those neurons that are one synapse away from the post-synaptic site (i.e., neurons j
such that synapse j|p exists) (illustrated in Methods Figure ) We find that this set of
contributions can be realized by activity-dependent signals emitted by neurons j and the ET
for the synapse p|q (Eq. . Intriguingly, this signal is precisely neuron j’s contribution to
the task error, thereby taking into account the indirect contribution of the synapse plq to
the network performance via neurons j for more accurate synaptic credit assignment.

This initial form, however, still requires the knowledge of cell-specific signals from cells j
not participating in the synapse of interest. We further make the key observation that when
just the contributions from cells up to two synapses away are considered, those terms only
appear under a sum: the mechanism updating the synapse p|g does not need to know the
contributions from individual “indirect” neurons j, as their sum suffices. This observation is
critical in elucidating a role for diffusive neuromodulatory signalling in carrying this summed,
indirect signal and thus serving as an additional factor in synaptic plasticity.

To fully remove cell-specific dependencies in the indirect signal, we further approximate the
cell-specific weights w;, that it contains with the cell-type-specific terms wag = (Wjp) jea,pes
when postsynaptic cell j belongs to type a and presynaptic cell p belongs to type 8. We
postulate that w,g represents the affinity of GPCRs expressed by cells of type 3 to peptides
secreted by cells of type « (Fig. , and Methods Eq. and Fig. ) and this cell-type-
specific variable is genetically determined. The local diffusion assumption [91] suggests a
further idealization, where this type of signaling is registered only by local synaptic partners
and therefore preserves the connectivity structure of wj, (Eq. . It is also worth noting
the rich set of ligand and receptor types with different downstream actions [62] can support
that w,g is a signed term.

Bringing these together, we have the new learning rule illustrated in Fig.[2:2b. The weight

update is given as

Awp, o (TDP +> LMaﬁ) x BTy,

aeC
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LMo = (affinity wag) x > TD; x (activity j) (2.1)
Jjea,p = j

modulatory signal j

where neuron j is of type « and neuron p is of type 8, p — j denotes that synapse j|p exists,
C denotes the set of neuronal cell types, TD, denotes the top-down signal received by p,
ET),, denotes the eligibility trace for p|q, affinity w,s denotes the effect of ligands secreted by
class o neurons on class 3 receptors and LM, denotes the contribution of local modulation
to synaptic plasticity that has been ignored so far. Thus, our update rule suggests a set of
new modulatory terms that combine with the eligibility trace in order to more accurately
assign credit across a network when updating its synapses. Neurons that receive top-down
feedback regarding their role on the circuit goals propagate this information to nearby
synaptic partners via cell-type-specific local modulatory signals (Figure , see also Eq.
for details). Specifically, the modulatory signal j in Eq. is precisely the contribution of
cell j to the task error, as measured by the (partial) derivative of the error with respect
to cell j’s membrane potential. Moreover, this framework proposes that cell-type-specific
GPCR affinities allow these local signals to be informative without the need to know precise
synaptic weights. The ability to assess the indirect impact of neurons on the overall loss via
such communication is critical to accurate synaptic re-weighting and improved performance
over existing biologically plausible rules as we demonstrate next (Figure Supplementary
Figure S2).

In summary, we have proposed a new rule for updating a synapse wyq, which we refer to as
the multidigraph learning rule or MDGL, where the Hebbian eligibility trace is compounded
not only with top-down learning signals — as in modern biologically plausible learning

rules [8, [42] — but also with cell-type-specific, diffuse modulatory signals.

2.2.2  Simulation framework for testing multidigraph learning in recurrent spiking neural

networks

To test the MDGL formulation, we study its performance in recurrent spiking neural networks
(RSNNs) learning well-known tasks involving temporal processing: pattern generation, delayed

match to sample, and evidence accumulation. We use two main cell classes, inhibitory (I)
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and excitatory (E) cells, and obey experimentally observed constraints (e.g., refractoriness,
synaptic delay, connection sparsity). We further endow a fraction of the E cells with threshold
adaptation [92]. This mimics the hierarchical structure of cell types [93] through the simple
example of two main cell types, one of which has two subtypes (E cells with and without
threshold adaptation). The existence/lack of synaptic connections to output neurons further
divides each population into two, thus bringing the cell type tally to 6 in our conceptual
model (Figure . Our implementation does not involve rapid and random formation of

new synapses after each experience [5], further increasing its biological plausibility.

We compare the learning performance of MDGL (Fig. 2.2p) with the state-of-the-art
biologically plausible learning rule (e-prop [4]), Figures 2.2h, S1. As a three-factor rule,
e-prop does not involve local cell-type-specific signaling and restricts the update to depend
only on pre- and postsynaptic activity as well as a top-down instructive signal. To provide a
lower bound on task error, we also compare performance with BPTT (Figure ), which

uses exact error gradients to update weights. These learning rules are further illustrated in

Methods Figure 2:5h,b.d.

2.2.83 Multidigraph learning guides temporal credit assignment in benchmark tasks

We first study pattern generation with RSNNs, where the aim is to produce a one-dimensional
target output, generated from the sum of five sinusoids, given a fixed Poisson input realiza-
tion [94]. We change the target output and the Poisson input along with the initial weights
for different training runs (Figure S3a), and illustrate the learning curve in Figures 7 Sda
across five such runs. We observe that MDGL performs significantly better than e-prop.
Next, to study how RSNNs can learn to process discrete cues that impact delayed
rewards, we consider a delayed match to sample task [95]. Here, two cue alternatives are
encoded by the presence/absence of input spikes. The RSNN is trained to remember the
first cue and learn to compare it with the second cue delivered at a later time (Figure S3b).
Figures 2:3p, S4b, S5 display the learning curve for novel inputs. We observe that the same
general conclusions as for the pattern generation task hold; introducing cell-type-specific

neuromodulation significantly improves learning outcomes.
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Figure 2.3: Cell-type-specific neuromodulation guides learning across multiple tasks. a) Learning to
produce a time-resolved target output pattern. b) A delayed match to sample task, where two cue alternatives are
represented by the presence/absence of input spikes. ¢) An evidence accumulation task [I} [2]. Bottom row: Addition of
cell-type-specific modulatory signals improves learning outcomes across tasks. In line with these results, Figure S2
shows that gradients approximated by MDGL are more similar to the exact gradients than those approximated by

e-prop.

Solid lines/shaded regions: mean/standard deviation of loss curves across runs (Methods).

Finally, we study an evidence accumulation task [I], which involves integration of several
cues to produce the desired output at a later time: a simulated agent moves along a path
while encountering a series of sensory cues presented either on the right or left side of a track
(Figures , S4c, S3c). When it reaches a T-junction, it decides if more cues were received
on the left or right. We test our learning rule to see if the addition of diffuse modulatory
signals can indeed bring the learning curve closer to BPTT, without relying on rapid and
random rewiring [5]. Figure demonstrates that the performance trends of the previous
two experiments continue to hold. Figure S6 illustrates that without threshold adaptation
and recurrent connectivity, the network cannot significantly decrease loss and thus is unable
to learn this task. In line with these experiments, gradients approximated by MDGL are
more similar to the exact gradients (Figure S2), shedding light on its superior performance.
We also observe that MDGL’s performance depends only weakly on the hypothesized link
(Eq. between abstract cell type-based connectivities and modulatory receptor affinities

(Figure S7), enabling flexible implementations in-vivo and in-silico.
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We conducted further studies to better quantify how a model’s network architectures
impact the performance of MDGL relative to other learning rules. First, as depicted in
Figures and recall that only output projecting neurons receive top-down (TD) signals,
which is a consequence of gradient-based learning [4], and only these neurons secrete local
neuromodulators (i.e., non-zero LM in Eq. . Consistent with this, we found that MDGL
is most advantageous relative to e-prop in cases where relatively small fractions of recurrently
connected neurons are output projecting, as we may expect in many biological networks
(Figure S8). In these “sparse-output” cases, while many neurons do not receive learning
signals in the e-prop formulation, MDGL still allows these neurons to receive such signals via
local modulation. The result is more accurate approximation of gradients and more efficient
learning. Next, Figure S9 demonstrates the effectiveness of using the cell-type-specific, rather
than more precise cell-specific, weights the modulatory signals within the MGDL framework.
We find that the cell-type based approximation does degrade performance, but that this
effect is relatively minor.

Finally, we note that while our proof-of-concept implementation assumes symmetric feed-
back weights for the output connections (i.e. the same output projection weight is used during
the computation of top-down feedback signal), the random feedback alignment approach [12]
or approximating the feedback weights using the same cell-type-based calculations in Eq. [2.23]
both offer improved biological plausibility for this single-layer feedforward problem.

2.2.4 Spatiotemporal extent of multidigraph learning

Owing both to extracellular ligand diffusion biophysics and the complex metabolic nature of
GPCR-based signal transduction, neuromodulation time scales are generally much longer
than those of conventional synaptic transmission [3]. Since our model does not explicitly limit
the communication bandwidths of either channels, comparing the frequency content offers
an important check for biological plausibility. It also provides a test of our approximation
that the summation over cells in Eq. acts as a smoothing operation. Figures 2.4h-c, S10
demonstrate that the modulatory input indeed has significantly lower frequency content than

the synaptic input, for all three tasks.
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Figure 2.4: Spatiotemporal characteristics of local neuromodulation. a-c) Power spectra of modulatory
(Mod.input; total cell-type-specific modulatory signal detected by each cell — Eq. and synaptic inputs (Syn.input;
total input received through synaptic connections by each cell — Eq. are compared after learning for all tasks.
Solid lines denote the average and shaded regions show the standard deviation of power spectrum across recurrent cells.
Raw input traces are included in Figure S10. d-f) Performance degrades when neighborhood specificity of modulatory
signaling (NL-MDGL) is removed so that cell-type-specific modulatory signals diffuse to all cells in the network without
attenuation. Learning with spatially non-specific modulation still outperforms that without modulatory signaling

(e-prop).

The distance ranges of diffusive modulatory signals remain uncertain [96]. For most of the
simulations described here (those according to Eq. modulatory signaling was limited
to synaptically-coupled pairs (a token of anatomic proximity), representing an idealization
of the short-range signaling case. We also examined the opposite extreme case, where
modulatory signals extend to all cells (independent of any anatomic proximity), referring to
this nonlocal form of MDGL as NL-MDGL. This would make w,g a worse approximation
to wjp, presumably degrading the quality of the gradient estimate. Indeed, removing the
locality of modulatory signals degrades performance while remaining superior to that in the
absence of modulatory signaling (Figure —f) — suggesting that the biophysics of diffusive

modulatory signaling may condition the efficiency of synaptic learning.
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2.3 Discussion

Here we have presented a novel multidigraph theory and instantiated simple models based
on this theory that explicitly represent diverse neuron types classified by their synaptic
and neuromodulatory connections. Simulations based on these simple models show that
diverse signaling modes can facilitate credit assignment and enhance learning. A wealth
of new genetic data provide strong support for the biological plausibility of this array of
signaling modes, and furthermore argue strongly that most or all modern eumetazoans (all
multicellular animals except sponges) comprise numbers of cell types and modulatory signals
far in excess of those represented in our simulations [96]. We believe therefore that conceiving
of neuronal networks as multidigraphs, involving multiple modulatory and synaptic signals,
integrated by discrete cell-type nodes, may offer fruitful new paths toward the understanding
of synaptic credit assignment in biological neuronal networks. This multidigraph theory may
also lead to new, more computationally efficient local learning rules for neural-network-based

artificial intelligence.

In addition to established elements of Hebbian plasticity, eligibility traces and reward
feedback signals, our normative theory posits important roles for neuronal cell type diversity
and local neuromodulatory communication in enabling efficient synaptic credit assignment.
In particular, our findings predict that neurons secrete information about top-down feedback
signals they receive to nearby neurons in an activity-dependent and cell-type-specific manner
using local modulation. As a consequence, levels of local modulatory signals may reflect the
learning process. Indeed, our computational experiments imply that the level of modulatory
input decreases over training and sharply rises in response to changes in task condition
(Figure S11). It is also interesting to note that phylogenomic studies now suggest that
peptidergic neuromodulation may evolutionarily predate dopamine signaling [96] and thus
may have actually provided the foundation upon which dopaminergic top-down signaling

evolved.
The nature of “intermediate” cells [93], whose phenotypes appear to be a mixture of “pure”
cell types is a key problem in cell types research. Our findings may explain the existence

of such phenotypes from a connectivity perspective: while average connectivities between
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types remain relatively constant during training, connectivities of individual cells can deviate
significantly from those averages (Figure S12). We hypothesize a link between abstract cell
type-based connectivities and modulatory receptor affinities, where the average synaptic
connection weights between types are taken to be the cell-type-specific modulatory receptor
affinities (Eq. . How tightly the individual synaptic weights and cell-type-specific
receptor affinities should be coupled may be explored in future work. Figure S2 indicates
that even with imprecise GPCR affinities, MDGL can still improve gradient approximation
while Figure S7 suggests that the effect of imprecise GPCR affinities on the performance is
task-dependent.

Learning rules often explicitly minimize a loss function, and the error gradient, if available,
tells exactly how much each network parameter should be adjusted to reduce this loss function.
Rules that follow this gradient, real time recurrent learning (RTRL) and backpropagation
through time (BPTT), are well established, but are not biologically plausible and have
unmanageably vast memory storage demands. However, a growing body of studies have
demonstrated that learning rules that only partially follow the gradient, while alleviating
some of these problems of the exact rules, can still lead to desirable outcomes [61, O7]. An
example is the seminal concept of feedback alignment [12], which rivals backpropagation on
a variety of tasks even using random feedback weights for credit assignment. In addition,
approximations to RTRL have been proposed [9, [TIH76] for efficient online learning in RNNss.
Our learning rule has O(N?) complexity, where N is the number of neurons, which is less
expensive than SnAp-2 that has a storage cost of O(N?3) [75] (for simplicity, connection
sparsity factor is neglected here). It also outperforms biological learning rules with similar
complexity scale [4, [9]. Thus, our model further advances approximated gradient-based
learning methods and continues the line of research in energy-efficient on-chip learning
through spike-based communications [77, [98]. Such efficient approximations of the gradient
computation can be especially important as artificial networks become ever larger and are
used to tackle ever more complex tasks under both time and energy efficiency constraints.

Examination of the learning capability of MDGL under a broader range of tasks and
conditions represents a valuable future avenue. For instance, our preliminary simulations

on modulating the delay period in the match to sample task (Figure S13) suggests such
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studies can help reveal the reasons underpinning the observed animal behavior [6] as well as
limitations of MDGL. In addition, brain cells are extremely diverse [93] [99] with a matching
diversity in the expression of peptidergic genes [62]. Further studies can also investigate the
interplay of task complexity and cell diversity. A starting point for that could be further
dividing inhibitory cells into subtypes with and without threshold adaptation.

Our work suggests that multiple cell-type-specific, diffuse and relatively slow modulatory
signals should be considered as possible bases for credit assignment computations. Though
inspiration for the present work came primarily from new transcriptomic data on local NP
signaling in neocortex [3 [62], it is quite possible that other cell-type-specific neuromodulators
could likewise contribute to credit assignment. Many of these alternative agents act, as do
NPs, via GPCRs (e.g., the monoamines, amino acids, acetylcholine, endocannabinoids), but
our multidigraph template might even apply to other neuronally secreted neuromodulators,
such as the neurotrophins and cytokines, that act via different classes of receptor [100], 10T].
While experimental tests of such hypotheses have not seemed feasible up until now, emerging
methods for genetically addressed measurement of various neuromodulatory signals in specific

cell types [62] [102] are now bringing the necessary critical tests within reach (e.g. [103]).

2.4 DMethods

Visual summary of learning rules:

An overview of our network model and the mathematical basis of the learning rules
used in this work is given in the beginning of Results. Here, we first present an additional,
more detailed visual illustration of these learning rules in Fig. beginning with the exact
gradient update (panel (a)), as for BPTT, and leading from its dramatic truncation in the
e-prop rule (panel (b)), to MGDL (panels (c-e)), which partially recovers gradient information
lost in this truncation.

Spiking neuron Model: We consider a discrete-time implementation of recurrent spiking
neural networks (RSNNs). The model, as shown in Figure , denotes the observable states,
i.e. spikes, as z; at time ¢, and the corresponding hidden states as s;. For leaky integrate-

and-fire (LIF) cells, the state s; corresponds to membrane potential and the dynamics of
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Figure 2.5: Cartoon summary of learning rules explored in this work. a) the exact gradient: updating
weight wpq, the synaptic connection strength from presynaptic neuron g to postsynaptic neuron p, involves nonlocal
information inaccessible to neural circuits, i.e. the knowledge of activity (e.g., voltage s) for all distant neurons j and
l in the network. This is because wpq affects the activities of many other cells through indirect connections, which
will then affect the network output at subsequent time steps (Eq. in Methods). b) E-prop, a state-of-the-art
biologically plausible learning rule, restricts weight update to depend only on pre- and post-synaptic activity and
top-down learning signal, as in a three-factor learning rule (Figure ) c) We allow the weight update to capture
dependencies within one connection step, which are omitted in e-prop. The activity of neuron j could be delivered to p
through local modulatory signaling. d) For the signaling in c¢) to be cell-type-specific, as consistent with experimental
observation in [3] and biologically plausible mechanisms, we approximate the cell-specific gain with cell-type-specific
gain (Eq. , which leads to our multi-digraph learning rule (MDGL). Effect of this cell-type approximation is
explored in Figure S9. e) A nonlocal version of MDGL (NL-MDGL), where modulatory signal diffuses to all cells in the
network without attenuation. (See Figureand Spatial extent of cell-type-specific modulatory signaling, Methods.)

those states are governed by
zje = H(sj¢ — vin)

Sjrr =i+ (L=n) [ D wjizie+ Y wiy, Tmer1 | = 2t vin (2.2)
1 m

where s;; denotes the membrane potential for neuron j at time ¢, vy, denotes the spiking
threshold potential, n = e~4/™ denotes the leak factor for simulation time step dt and
membrane time constant 7, w;; denotes the weight of the synaptic connection from neuron

j tol, w}l;ln denotes the strength of the connection between the input neuron m and neuron
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7, ¢ denotes the external input spike at time ¢ and H denotes the Heaviside step function.

Figure 2.6: Computational graph and gradient propagation. a) Schematic illustration of the recurrent neural
network used in this study. b) The mathematical dependencies of input , state s, neuron spikes z and loss function F
unwrapped across time. c) The dependencies of state s and neuron spikes z unwrapped across time and cells. d) The
computational flow of d s/ d wpq is illustrated for (di) exact gradients computed using exact calculation (Eq. , (dii)
e-prop and (diii) our truncation in Eq. where dependency within one connection step has been captured. Black
arrows denote the computational flow of network states, output and the loss; for instance, the forward arrows from z¢
and s¢ going to s¢41 are due to the neuronal dynamics equation in Eq. Green arrows denote the computational

flow of d s/ dwypg for various learning rules.

Following [4], which implemented adaptive threshold LIF (ALIF) units [92] and observed
that this neuron model improves computing capabilities of RSNNs relative to networks with
LIF neurons only, we also include ALIF cells in our model. In addition to the membrane
potential, ALIF cells have a second hidden variable, b;, governing the adaptive threshold.
The spiking dynamics of both LIF and ALIF cells can be characterized by the following set

of equations:

sjtrl = N8+ (1— 77)(2 wji 21 + Z Wi, T t41) = Zj.t Vth (2.3)
I#] P

zjg = H(sjr— Aji) (2.4)

Ajr = vm+ Bbjy (2.5)

bje = pbji—1+ (1 —p)zj-1, (2.6)

where the voltage dynamics in Eq. is the same as Eq. A spike is generated when the
voltage s;; exceeds the dynamic threshold A;;. Parameter  controls how much adaptation
affects the threshold and state b;; denotes the variable component of the dynamic threshold.
The decay factor p is given by e~ %/™ for simulation time step dt and adaptation time
constant 7, which is typically chosen on the behavioral task time scale. For regular LIF
neurons without adaptive threshold, one can simply set 8 = 0.

Network output and loss function: Dynamics of leaky, graded readout neurons is

implemented as

Ykt = KYkt—1 + (1 — k) Z wi Tz + bRV, (2.7)
J
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where w,?jUT denotes the strength of the connection from neuron j to output neuron k, bgUT
denotes the bias of the k-th output neuron, xk € (0,1) defines the leak and xk = e~ dt/TouT for
output membrane time constant Toyr.

We quantify how well the network output matches the desired target using error function
E:

3kt — yre)?, for regression tasks

E = (2.8)

— Zk,t 7T;:7tlog71'k7t, for classification tasks
where y; ; is the time-dependent target, szt is the one-hot encoded target and m; =
softmaxy (Y1,¢, - -, YNoyr,t) = €XP(Yk,t)/ D €xXP(Yr +) is the predicted category probability.
We provide all simulation and training parameters in Supplementary Note 3.

While the tasks involving time-delayed rewards studied in this manuscript can be labeled
as regression and classification tasks due to the nature of the objective function, we note
that the theoretical development is general and applies to all loss functions whose partial
derivative with respect to spiking activity can be expressed as

OF /
=> . (2.9)

0z;
Jvt tth

As an important example, our derivation is immediately applicable to the actor-critic
reinforcement learning framework [4]. For the regression task,

Giw = (1= 8) Y (Unw — i)Wy (2.10)
k

and for the classification task,
Giw = (1= k)Y mipmiw > (Wi T —wid ™) explywp — yrw)- (2.11)
k k!
One can see that when the leak & is not 0, the error derivative will depend on future errors,
which seemingly poses an obstacle to online learning. We provide the online implementation
for this readout convention in Supplementary Note 1. In addition to accuracy optimization
described above, we added a firing rate regularization term Eycg = 3Creg 3 S = frareety2 g,

J

the loss function to ensure sparse firing [4]. Here, f;arget and fV = + 5", zj are the desired

and actual average firing rate for cell j, respectively, and ceg is a positive coefficient that

controls the strength of the regularization.
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Notation for Derivatives: Following the notation in [4], there are two types of
computational dependencies in RSNNs; direct and indirect dependencies. For example,
variable wy, can impact state s,; directly through Eq. as well as indirectly via its
influence through other cells in the network. We distinguish direct dependencies versus all
dependencies (including indirect ones) using partial derivatives (9) versus total derivatives
(d).

Gradient descent learning in RSNNs: We study iterative adjustment of all synaptic

weights (input weights w!®, recurrent weights w and output weights wUT) using gradient
g g g g gg

descent on loss E:

Wpgnew = Wpgold — AMAWpq,
dFE
A - 2.12
Wpq dWpqoid ) ( )

where A denotes the learning rate, and the gradient of the error with respect to the synaptic
weights must be calculated. This error gradient can be calculated with classical machine
learning algorithms, backpropagation through time (BPTT) and real time recurrent learning
(RTRL), by unwrapping the RSNN dynamics over time (Figure ) While these two algo-
rithms yield equivalent results, their bookkeeping for chain rule differs. Gradient calculations
in BPTT depend on future activity, which poses an obstacle for online learning and biological
plausibility. Our learning rule derivation follows the RTRL factorization because it is causal.

Therefore, we focus our analysis on RTRL and factor the error gradient across time and

space as
d wpg " 0zj1 dwpg’
d Zj’t _ 82:]'715 d Sj,t (2 14)
dwpg 0sj+ dwpg’ ’

OF in Eq.[2.13|is related to the

following the derivative notation explained above. The factor 92,0

top-down learning signal Lj; := ) kajUT(yk,t —y,’;’t) [4]. Supplementary Notes 1, 2 show that
the leak term of the output neurons makes these two terms different, and derives an online
implementation that uses L;;. We thus take top-down learning signals to be cell-specific

rather than global, which is justified in part by recent reports that dopamine signals [T, 89]
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and error-related neural firing [104] can be specific to a population of neurons [4]. Moreover,
approximating the sum in L;; as in our main derivation below following the argument on
cognate receptors or using the random feedback alignment theory [12] (on only the outgoing
connections between spiking neurons and output units) suggest further biologically plausible

implementations.

dz—j’;. This is expanded into two factors

We now discuss the second factor in Eq.[2.13] i.e. T,

in Eq.|[2.14] The first factor, hj; := gzz is problematic to compute for spiking neurons due

to the discontinuous step function H in Eq. 23] whose derivative is not defined at 0 and
is 0 everywhere else. We overcome this issue by approximating the decay of the derivative
using a piece-wise linear function [4} [77, 98| 105]. Here, the pseudoderivative hj; is defined

as follows:

dZ't
hiy = —= 2.1
A
~ ~max (0,1— 5””) (2.16)
Uth

The dampening factor v (typically set to 0.3) dampens the increase of backpropagated errors
in order to improve the stability of training very deep (unrolled) RSNNs [4]. Throughout
this study, neuronal firing displays refractoriness, where h;; and z;; are fixed at 0 after each

spike of neuron j (See Supplementary Note 3).

Key problems that RTRL poses to biological plausibility and computational cost reside in

the factor ci%z that arises during the factorization of the gradient (Eq.[2.13|and Eq. [2.14]).

The factor gi}j’t keeps track of all direct and indirect dependencies of neuron state j on weight
pq

Wpq- In other words, this factor accounts for both the spatial and temporal dependencies in
RSNNs: state dependencies across time t, as explained above, result from unwrapping the
temporal dependencies illustrated in Figure [2.6p; state dependencies across space, however,

are due to the indirect dependencies (of all z; on w and all zy (¢ < t)) arising from recurrent

d Sj4,t
dwpq

connections (Figure ) These recurrent dependencies are all accounted for in the
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factor, which can be obtained recursively as follows:
dS]’,t . aSj,t Z asjt dslt 1
dwp,  Owpyg 0s14—1 dwp

_ Osj 35j,t dsji-1
Qwpg ~ Osjr—1 duwpg

4 ZZ;&j 8Zl t—1 dSl t—1 . (2.17)

]lasl t—1 dwpgq

depends on all weights wj;

Thus, the factor 355;22 is a memory trace of all inter-cellular dependencies (Figures i),
requires O(N?3) memory and O(N*) computations. This makes RTRL expensive to implement
for large networks. Moreover, this last factor poses a serious problem for biological plausibility:
it involves nonlocal terms, so that knowledge of all other weights in the network is required
in order to update the weight wy,.

To address this, Murray [9] and Bellec et al. [4] (“e-prop”) dropped the nonlocal terms
so that the updates to weight w,, would only depend on pre- and post-synaptic activity
(Figures ii, ), and applied this truncation to train rate-based and spiking neural
networks, respectively. While both works succeed in improving over previous biologically
plausible learning rules, a significant performance gap with respect to the full BPTT/RTRL
algorithms remains.

Derivation of multidigraph learning in RSNNs: We continue from the previous
section in giving a detailed derivation of our learning rule. To reveal a potential role
for cell-type-based modulatory signals in synaptic plasticity as well as improve upon the
aforementioned biologically plausible gradient descent approximations, we begin by partially
restoring non-local dependencies between cells — those within one connection step. This is the

truncated RTRL framework (Figures iii, ), and the memory trace term gfv]:; becomes

88jyt 8zp,t,1 d8p7t71 — . 8zp,t,1 dspytfl # .

dsj,t Ozp,t—1 Osp,i—1 dwpg JPOsp,p—1 dwpg ’ p7J (2 18)
dwpq st-,t 853-@ dsj,t—l .
wjg  Isj—1 dwjq p=J

t o 055t | Osj dsje-n
8’qu 6sjt 1 dw‘

Thus, when j = p, our truncation 1mplements T °p. , which coincides

with e-prop. Eq.[2.18/adds the case when p # j, for Wthh was simply set to 0 in e-prop.

We note that the truncation in Eq. @ resembles the n—step RTRL approximation recently

proposed in
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influences the activity of unit j within n time steps. The computations of SnAp-n converge
to those of RTRL as n increases, resonating with our improved performance when more
terms of the exact gradient are included. Our truncation in Eq. is similar to SnAp-n
with n = 2 with two differences: (i) we apply it to spiking neural networks, (ii) we drop

. . . dsj_ . . .
the previous time step’s Jacobian term C‘f{f L which would necessitate the maintenance of
pq

a rank-three (“3-d”) tensor with costly storage demands (O(N?)) and for which no known
biological mechanisms exist. Thus, the truncation in Eq. requires the maintenance of
only a rank-two (“2-d”) tensor specific to synapse p|q, which can be realized via an eligibility
trace as we explain next.

By substituting equation Eq. into Eq. and Eq. we approximate the overall

gradient as

EE\ Z oE 827,715 d Sp,t oF 6Zj’t 821,715_1 d Sp,t—l
o "y
d wpq O0zpt 0p s dwpyg o 0z 05t P Ospi—1 dwpyg
= Z Ly tepqt + Zj AjtWipCpq,t—1, (2.19)
t ——
Z:qu’t

where L,; = ai—i is the top-down learning signal to cell p, a;; (Eq. denotes the
activity-dependent modulatory signal emitted by neuron j at time t and ep, ¢ (Eq. is
the eligibility trace maintained by postsynaptic cell p to keep a memory of the preceding
activity of presynaptic cell ¢ and postsynaptic cell p. In Eq. @, the first term Ly tepq ¢
alone gives exactly the e-prop synaptic update rule. The second term, which we define as
1?;,5, is a synaptically non-local term due to contributions from local modulatory signals.
As seen in Eq. our truncation requires maintaining a {p, ¢}-dependent double tensor
(for epq+) instead of a triple one, thereby reducing the memory cost of RTRL from O(N3) to
O(N?).

Importantly, we observe that, for the update to synapse wp, in Eq. @7 the terms that
depend on cells j only appear under a sum. Therefore, the mechanism updating the synapse
p|q does not need to know the individual terms indexed by j. Rather, only their sum suffices.

While it is tempting to consider the first factors in F/p;t, a;+Wjp, as the modulatory signal

emitted by neuron j, the involvement of the synapse from neuron p via wj, and a lack of
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known mechanisms in calculating this neuron-specific composite signal suggest that this is
unlikely to be a biological solution. Instead, inspired by the cell-type-specific (rather than
neuron-specific) affinities for peptidergic neuromodulation [3], 62], we propose to approximate
the signaling gain wj, in Eq. by the average value w,g across its pre- and postsynaptic
cell types. More specifically, when postsynaptic cell j belongs to type a and presynaptic
cell p belongs to type 3, we approximate neuron-specific weight w;, with cell-type-specific
gain weg =< Wjp >jeapes- We hypothesize that w,g represents the affinity of the G-protein
coupled receptors expressed by cells of type 5 to the modulators secreted by cells of type a.
(See Cell-type-specific receptor affinities below.)

Thus, the gradient estimate at time ¢ due to our learning rule involves compounding
eligibility trace with both top-down and local modulatory signals, thereby recovering the

general form introduced in Eq. 2.1}

dFE
d wp,

~ Lptepgt + Upgyt,
t, MDGL

Lpgt = Zwaﬁ Z ajt | €pgt—1, (2.20)

aeC JjEa,p—]

where neuron p is of type B, C' denotes the set of neuronal cell types, p — j denotes that
there is a synaptic connection from neuron p to j, and I',, ; approximates the second term in
Eq. 219 with cell-type-specific weight averages.

In summary, cell p receives local modulatory input Mod.input, that gets combined with

the eligibility trace (as per Eq.[2.20)) in addition to synaptic input Syn.input, (as per Eq. :

Mod.input, = Z Wa Z aj (2.21)
ael Jea,p—j

Syn.input, = Z Wyl 21,4 + Z wg;ln Tom,t41- (2.22)
l#p p

It may be instructive to note the dichotomy in the functions of these two different inputs: the

cell uses Mod.input, to regulate its synaptic plasticity but not to change its internal state,

and it uses Syn.input, to change its internal state but not to regulate synaptic plasticity.
Hence, our update rule suggests a new additive term to compute the plasticity update at

synapse plq at time ¢, I, ¢, which calculates multiplicative contributions of the modulatory
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signal a;; secreted by neuron j, the affinity of receptors of cell type 3 to ligands of type «,
wag, and the eligibility trace at the synapse plq, epq:. The following two sections explain how
two main components of I', cell-type-specific signals and eligibility trace, can be implemented.

Cell-type-specific receptor affinities: We explain cell-type-specific signaling imple-
mentation, notably how type-specific receptor affinity w,g is defined. As introduced in our
learning rule derivation, wag is an approximation of gain wj, (Eq. and Eq. , and
we proposed to define w,g as the weight average across its pre- and postsynaptic cell types:

Wap, P ]

wip ~ (2.23)

0, otherwise
where p — j denotes that there is a synaptic connection from neuron p to j, motivated by
the local diffusion assumption discussed in [91], in which this type of signaling is registered
only by local synaptic partners and therefore preserves the connectivity structure of wj,.
One obvious variant of this receptor affinity definition is one with a different spatial extent,
for which we examine the opposite extreme in Figure 2.4d-f, where modulatory signals
diffuse to all cells in the network. More specifically, the signaling gain w,g is replaced by
wfoL =< Wjp >jea,pep even for wj, = 0 so that modulatory signals diffuse to all cells with
the same strength in the network.

For a proof of concept, we implemented MDGL with modulatory types mapped to the
two main cell classes; i.e. cell-type-specific signaling gain, wo.g =< wjp >jcapep With
a, B € {E,I}. We demonstrate the effectiveness of this cell-type discretization by comparing
its learning performance to the case without cell type discretization (w3 = wjp, i.e. each
cell is its own type) and observed little difference in performance (Figure S9. On the other
hand, increasing the number of modulatory types involved in the cell type discretization
could be key to realizing the potential of MDGL in more complicated tasks, suggesting an
explanation for the observed diversity of cell types in the brain.

We implemented receptor affinities as weight averages across types, but how tightly
coupled are those modulatory gains and synaptic weights is a subject for future investigation.
Figure S7 explores the sensitivity of the learning performance to imprecise receptor affinities.

Activity-dependent modulatory emission implementation: As introduced in
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Eq. 2:20] activity-dependent modulatory signal emitted by neuron j at time ¢, an important
component of MDGL, is defined as

o 8E 8Zj7t
N 82’]',15 88]'7,5 '

(2.24)

a]7t

As defined, a4, is a package of two components: aaz—Et, which is referred to as the top-down
Js

signal 4], and h;; = 0zj4/0s;, which is the pseudo-derivative of spiking activity as a
function of cell j’s membrane potential explained above. While Eq. suggests an “online”
implementation with the update at ¢, the factor a;; cannot be calculated causally unless the
output is not leaky. Supplementary Note 1 derives an online update for the more general
case, which has the same form as Eq.

Eligibility trace implementation: As introduced in Eq. [2:20] eligibility trace, another

important component of MDGL, is defined as

8Zp t d Sp,t
— 9%t 5, 2.25
Epq,t B3¢ d g’ ( )
dSp,t . 8817715 6Sp’t d Sp,t—l (2 26)

- 9
dwpg  Owpg — Ispr—1 dwpyg

d

where Eq. [2.26 follows directly from Eq. [2.18] dfu—pp’; can be obtained recursively and is

referred to as the eligibility vector [4]. e, keeps a fading memory of activity pertaining to
presynaptic cell ¢ and postsynaptic cell p. A discussion on interpreting eligibility traces as
derivatives can be found in [4]. Here, we briefly explain its implementation by expanding the
factors in Eqgs. and for both LIF and ALIF cells.

For LIF cells, there is no adaptive threshold so the hidden state consists only of the

membrane potential. Thus, we have factors gzzz = hyp+ with pseudo-derivative h,; defined

in Eq. [2.15], % = 2zg4—1 and 6227;?1 =1 — vgnhy following Eq.

For ALIF cells, there are two hidden variables so the eligibility vector is now a two

. . dsp;  (dsh, dsb, 221 L. .

dimensional vector - = [ Tos dwpq] € R**" pertaining to membrane potential v,; and

. . . Ozpt _ 102pt Ozpyt
adaptive threshold state b, ;. Following Eq. one can obtain factors Tspt — [ Bope? 8bp,t]
- 122 Ospt _ 21 Dspt s -
= [hpt, —Bhpy] € R, W’;q = [24,t-1,0] € R*** and 8Spi_l is now a 2-by-2 matrix:

Ovp,t up,t —
Ospt | Bopuy Topus | _ | 1 Vinhpe vyt € R**2 (2.27)

ob. ob.
0spi—1 Dt 6bp2f1 (1-— P)hp,t p—(1— p)ﬂhpﬂg

8Up,tfl
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Thus, the eligibility trace ey, ; is scalar valued regardless of the dimension of the eligibility

vector.
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S2.1 Online modulatory signaling for leaky output

As mentioned in Methods, we allow leaky outputs

Ykt = KYkt—1+ Z w;%Usz,t + YT,
J
where the output at the current step depends on the previous time step through the leak
constant k.
Based on this leaky output and loss E'= 3, ,(y;, — Yk.+)?, we have the following partial

derivative that appears in the naive implementation of modulatory emission (Eq. [2.24)):

ZwkUTZ Uik — yra)E (52.1)

which is dependent on future errors (and problematic for online learning).

Consider the two additive components of our learning rule in Eq. The first term,

ddwE = Ly tepqt, is implementable online following a simple change of summation
P4 le—prop

order [4] (derivation can be generalized to the classification task with a simple replacement

of (yzt — Ykt) by (Wz,t — Tht)):

dE N OF
dwpq e—prop aZ t/ pq
—ZwkUTZ Ykt — Ykt)E - tefaq
k,t! >t/
our oy
= wi (Wi = vet) Yy 5 ey, (S2.2)
N——
]:”(e;q)

where the order of summations was changed in the last line, and operator F,, denotes low-pass
filtering with Fy(z) = kFx(xt—1) +2¢ In our actual implementation, we used an exponential
smoothing with Fy(x¢) = kFk(xi—1) + (1 — K)x¢, but dropped the factor (1 — k) in writing
for readability.

We again apply the change of summation order trick to the second term of our learning

rule (Eq. , I'pgt, and assume that activity of neuron j is not correlated with the eligibility
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trace of synapse pq:
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where (a) changes the summation order; (b) assumes uncorrelatedness between activity h;;
and mt*t/egl such that Ey<; |k { —t' h;, tet 1] ~ Ey<i [hj) Ep< [nt*t/ez’;;l}; (c) approximates
the temporal average of h;; using an exponential filter Ey<; [hj ] = F(hj); (d) is a simple
change of summation order. We test the validity of the above approximation in Figure [S2.4]

and observe no significant performance degradation due to this approximation.
S2.2 Detailed Breakdown of MDGL’s Components

In the main text, we stated that our MDGL learning rule combines the eligibility trace with
both top-down learning signals and cell-type-specific weighted summation of secreted, diffuse
modulators. We so far only expressed these components as derivatives (see Methods). With
the derivation of the online implementation for MDGL in Eq. [S2.3] we are now ready to
provide the detailed expressions for each of these components. Combining Eq. [S2:3] with

Eq. and rearranging the summation order gives the following component breakdown for
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our online approximation to MDGL:

dFE
d wp,

~ Z(y:—l,k - ytfl,k) wl?pUT + Z Wap Z kajUTfli(hj,t—l) Fi (epq,t—l)-
k acC JEa

Addition due to local modulatory signals/ |
(S2.4)

The non-neuron-specific error signal (yfk — yr k) is passed to cells through neuron-specific
feedback weights kajUT, thereby forming neuron-specific learning signal at the receiving end
Lit =3 w,%UT(y;k — Yy ). Here, we took top-down learning signals to be cell-specific
rather than global, which is justified in part by recent reports that dopamine signals [I]
and error-related neural firing [104] can be specific to a population of neurons [4]. On the
other hand, loosening this neuron-specificity of learning signal can be achieved through
approximations to the feedback weights, such as cell-type-specific approximations as in
Eq. Upon receipt, neuron j multiplies L;; with Fi(h;;), its low-pass filtered activity,
and sends the packaged signal aj; = L;jFi(hj:). In updating wyg, our addition allows
postsynaptic cell p to collect information regarding the activities and learning signals of other
cells through cell-type-specific gain w,g, and combine the received modulatory input with its

low-pass filtered eligibility trace.
S2.3 Analysis and Simulation Details

Throughout this study, we used alignment angle to quantify the similarity between two
vectors. The alignment angle 8 between two vectors, a and b, was computed by 6 =
acos(|la™d||/||a||||b]]). The alignment between two 2D matrices was computed by flattening
the matrices into vectors. For spectral analysis, we first performed root mean square
normalization on the signal and then computed the power spectral density using Welch’s
method [106].

For the pattern generation task in Figure 2.3h, our network consisted of 400 LIF neurons.
All neurons had a membrane time constant of 7,,, = 30ms, a baseline threshold of vy, = 0.01
and a refractory period of 2ms. Input to this network was provided by 100 Poisson spiking

neurons with a rate of 10Hz. The fixed target signal had a duration of 2000ms and given
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by the sum of five sinusoids, with fixed frequencies of 0.5Hz, 1Hz, 2Hz, 3Hz and 4Hz. For
learning, we used mean squared loss function and for visualization, we used normalized mean
squared error NMSE = %W for zero-mean target output yj ,. All weight updates
were implemented using Adan’l W{th default parameters [I07] and a learning rate of 1 x 1073,
In addition, we applied firing rate regularization with ¢;eg = 10 and %8t = 10H z.

For the delayed match to sample task in Figure 2.3p, our implementation of the task
began with a brief fixation period (no cues) followed by two sequential cues, each lasting
0.15s and separated by a 0.75s delay (Figure ) A cue of value 1 was represented by
40Hz Poisson spiking input, whereas a cue of value 0 was represented by the absence of input
spiking. The network was trained to output 1 (resp. 0) when the two cues have matching
(resp. non-matching) values. Our network consisted of 50 LIF neurons and 50 ALIF neurons
(100 LIF neurons and 80 ALIF neurons for the alternative setup in Figure . All neurons
had a membrane time constant of 7,,, = 20ms, a baseline threshold of v, = 0.01 and a
refractory period of bms. The time constant of threshold adaptation was set to 7, = 1400ms,
and its impact on the threshold was set to = 1.8. Input to this network was provided by
three populations, as illustrated in Figure . The first (resp. second) population consisted
of 20 units and produced Poisson spike trains with a rate of 40Hz when the first (resp. second)
cue takes a value of 1, otherwise it stays quiescent. The last input population of 10 units
produced Poisson spike trans of 10Hz throughout the trial in order to prevent the network
from being quiescent during the delay. For the alternative setup in Figure [S2.5] the first
(resp. second) input population produced Poisson spike trains with a rate of 40Hz when cue 1
(resp. cue 2) is presented, otherwise it fires at 10Hz. For learning, we used cross-entropy loss
function and the target corresponding to the correct output was given at the end of the trial.
As done in the evidence accumulation task, a weight update was applied once every 64 trials
and the gradients were accumulated during those trials additively. All weight updates were
implemented using Adam with default parameters [I07] and a learning rate of 2.5 x 1073, In
addition, we applied firing rate regularization with cyee = 0.1 and frareet — 10Hz.

For the evidence accumulation task in Figure 2.3, our network consisted of 50 LIF
neurons and 50 ALIF neurons. All neurons had a membrane time constant of 7,,, = 20ms,

a baseline threshold of vy, = 0.01 and a refractory period of 5ms. The time constant of
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threshold adaptation was set to 7, = 2000ms, and its impact on the threshold was set to
8 = 1.8. Input to this network was provided by four populations of 10 neurons each, as
illustrated in Figure 2:3k. Each cue is represented by 40 Hz Poisson spiking input for 100ms
and cues are separated by 50ms. The first (resp. the second) population produced Poisson
spike trains with a rate of 40Hz when a cue was presented on the left (resp. right) side of the
track. The third input population spiked randomly through the decision period with a firing
rate of 40Hz and was silent otherwise. The last input population produced Poisson spike
trains with a rate of 10Hz throughout the trial in order to prevent the network from being
quiescent during the delay. For learning, we used the cross-entropy loss function and the
target corresponding to the correct output was given at the end of the trial. A weight update
was applied once every 64 trials and the gradients were accumulated during those trials
additively. All weight updates were implemented using Adam with default parameters [107]
and a learning rate of 2.5 x 1073, In addition, we applied firing rate regularization with
Creg = 0.1 and f%'8°" = 10Hz. In the main text, all simulated tasks are constrained at
10% sparsity. This connection sparsity is maintained by fixing inactive synapses with zero
weights. Cells have synapses that are sign constrained with 80% of the population being
excitatory and the rest inhibitory. For a proof of concept, we implement MDGL with
modulatory types mapped to the two main cell classes, thus obtaining four cell-type-specific
gain values (Cell-type-specific receptor affinities, Methods). The same learning rate is used
for all methods within a given task. We also compared the methods at their best learning
rate within {le — 3,2e — 3,5e — 3, le — 2,2e — 2,5e — 2} and the trend still holds: BPTT
learns the fastest, whereas MDGL leads to faster loss reduction over training iterations than
e-prop. For all simulations, we used a time step of 1ms. We also assumed a synaptic delay of
1ms for all synapses.

Lastly, we note that while input, recurrent and output weights are all being trained,
biologically plausible learning rules (i.e. e-prop and MDGL) only apply to input and recurrent
weights. All approaches update the output weights using backpropagation, as output weights
do not suffer the aforementioned nonlocality issue. (For updating the weights of a single
output layer, random feedback alignment [12] has also been shown to be an effective and

biologically plausible solution.)
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Supplementary Figures
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Figure S2.1: Checking e-prop implementation — recovering ignored terms recovers the performance of
BPTT. As a sanity check, learning curves are plotted for e-prop plus all the truncated terms (see Eq. to verify
that the resulting learning rule recovers the performance of BPTT. The check is applied to a) pattern generation, b)
delayed match to sample and c¢) evidence accumulation tasks. Solid lines show the mean averaged across five runs and
shaded regions show the standard deviation. For all tasks, the learning curves do not differ significantly, suggesting the

e-prop implementation is accurate.
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Figure S2.2: Alignment angle comparison shows that gradients approximated by MDGL are more similar

(than e-prop) to the exact gradients. We quantify the similarity between approximated and exact gradients via the

alignment angle, which describes the similarity in the direction of the two update vectors (Supplementary Note
for a) pattern generation, b) delayed match to sample and c) evidence accumulation tasks. In all top-panels (ai, bi, ci),
the alignment angles between MDGL variants and BPTT are all less than 90°, which indicate that the approximated
gradients are aligned with the exact gradient, despite the high-dimensionality of the update vectors. All bottom panel
plots (aii, bii, cii) suggest that MDGL variants achieve smaller alignment angle (hence better alignment) with BPTT
than e-prop does. To ensure a fair comparison, we examine the statistics of pairwise difference, so that the point on
the loss landscape - where the comparison is done - is matched. This is achieved by training the network using BPTT
across five different runs and sampling the approximated gradient once every 50 training iterations. Alignment analysis

illustrated here is for recurrent weight gradients, and similar trends are observed for the input weights as well.
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Figure S2.3: Network dynamics across multiple tasks investigated in Figure@ a) Dynamics of the input,
output and recurrent units are shown after 1, 100 and 500 iterations of training for the pattern generation task in
Figure@ using the MDGL method. Raster plots are shown for 50 selected sample cells, and E cells and I cells are color
coded using black and red, respectively. All recurrent units have fixed thresholds for this task. Recurrent unit spikes
are irregular throughout training. Network output approaches the target as training progresses. b) Network dynamics
of an example trial after 100 and 2000 iterations of training for the delayed match to sample task in Figure@)
using MDGL. To emphasize the change in dynamics over training iterations, we used the same cue pattern for the
illustrations. Again, E cells and I cells are color coded using black and red, respectively. For this task, both recurrent
units with adaptive threshold (labeled as A) and without (labeled as R) are involved [4]. Threshold dynamics of sample
neurons are illustrated. The network makes the correct prediction with greater confidence as training progresses. c)
Network dynamics (Input spikes, recurrent unit spikes and readout) of an example trial after 100 and 2000 iterations of
training for the evidence accumulation task in Figurem using MDGL. The network makes the correct prediction with
greater confidence as training progresses. For all methods, results were obtained without using stochastic rewiring,

which would allow for random formation of new synapses in each experience (Deep R) [5].



Loss

Loss

Pattern Generation

—— MDGL
On-MDGL
0.8
0.6 1
0.4
0.2
———
—— ~

0.0

0 100 200 300 400

Training Iterations
Evidence Accumulation
071~ —— MDGL
\ On-MDGL
0.6
0.5
0.4 \/\
0.34 Uy
LAVN A
e A VN

0.2

0 250 500 750 1000 1250 1500 1750 2000

Training Iterations

Loss

41

Delayed Match to Sample

0.7

0.6

0.5

0.4

0.3

0.2 1

—— MDGL
On-MDGL

T
]

T
250

T T T T T T T
500 750 1000 1250 1500 1750 2000

Training Iterations

Figure S2.4: No significant degradation in performance observed for the online approximation of MDGL

in Eq. @ The naive implementation of activity dependent modulatory emission (Eq.
depends on future errors, as explained in Supplementary Note

value). Therefore, we introduce an approximation in Eq. |S

4] in Figures

when the readout is leaky (depends on past output
for online implementation of MDGL. To check if this

approximation leads to significant degradation in performance, learning curves are plotted for a) pattern generation, b)

delayed match to sample and c¢) evidence accumulation tasks. For all tasks, there is no significant deviation in learning

curves between MDGL and our proposed online approximation (On-MDGL).



42

(750ms) Fop2

Pop 2

Noise

Cue Cue
a ! Delay 02 Iteration: 500, Target: 0 - Mismatch
- < -:

4
A

(I B
Input

Match:
b o«
Delayed Match to Sample
0.6
<<
n <
2 0.4 5.
a3 B
5
@
0.21 — BPTT o
1=
—— MDGL =
—— e-prop %
g
0 500 1000 1500 2000 3
Trainina Iterations
600 800 1000
time (ms)
C1 pon1 Iteration: 100, Target: O - Mismatch C3 pon1 Iteration: 2000, Target: 0 - Mismatch
op - op —
‘g‘_ Pop 2 : ‘g_ Pop 2
=] =
Noise . Noise
1
o (- 4
50
" g
< <
< <
G - G-
@ s
= b}
] S
2 2
a m
[ [
£ £
> >
g g
5 E
o o
400 600 800 600 800
time (ms) time (ms)

Figure S2.5: Similar observations for alternative task parameters in the task of Figure @a The delayed
match to sample task in Figure@) is repeated here, but with nonzero firing rates for the second cue alternative.
As before, two input populations take on two different firing statistics to represent the two cue alternatives, and the
agent is tasked with determining if the cue presented before and after the delay period correspond to the same cue
alternative. The rates of these two populations are provided in Supplementary Notem The plotting conventions are
the same as those of Figuremand Figure [S2.3] except that a larger network is used (Supplementary Note, and
50 units are selected for the raster plots. The same conclusions as Figure@a andm are observed here: comparing
the performance of e-prop with the MDGL method suggests that the addition of cell-type-specific modulatory signals

improves learning outcomes; the network makes the correct prediction with greater confidence as training progresses.



Loss

Evidence Accumulation

0.7 A
0.6
0.5 A
0.4
0.3 1

—— norec_MDGL
024 — noadapt_MDGL

—— e-prop
014 — BPTT
: —— MDGL

0 250 500 750 1000 1250 1500 1750 2000

Training Iterations

Loss

Evidence Accumulation

0.3 A

0.2

0.1

0.0

R30A70_Eprop
R30A70_BPTT
R30A70_MDGL
R70A30_Eprop
R70A30_BPTT
R70A30_MDGL

PN

o4

2_;70 560 7_")0 10‘00 12‘50 15‘00 17‘50 20‘00
Training lterations

Figure S2.6: Threshold adaptation analysis for the evidence accumulation task in Figure @: a) Both

threshold adaptation and recurrence are needed for successful completion of the task. MDGL trained on a network

without ALIF cells (red) or with recurrent connections removed (blue) shows little decrease in loss over training

iterations. b) Simulating with 70 LIF to 30 ALIF cells (R70A30) as well as 30 LIF to 70 ALIF cells (R30A70) led to

similar ordering of performance for different learning methods as the default (50 LIF to 50 ALIF cells).
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Figure S2.7: Comparing the learning curves for default MDGL versus MDGL with random fixed cell-
type-specific receptor effcacies. As explained in Methods (Eq.

), cell-type-specific receptor affinities were
taken to be average connection weights. To explore the sensitivity of the learning performance to imprecise receptor
affinities, here, the magnitude of each receptor affinity wq,g (for a € {I, E}, B € {I, E}) is taken as the absolute value
of a Gaussian random variable with zero mean and variance of \/—L (N is the number of neurons), while the sign is
kept as the neuron sign of type B; w,g is randomized upon each initialization and fixed throughout the training. We
observe a relatively mild degradation in performance for the pattern generation task and delayed match to sample
task using this fixed random wqg (labeled as MDGL _fixWab in each panel). For the evidence accumulation task, we
did not observe any degradation even when the randomly generated w,g was multiplied by a factor of 10 (labeled
as MDGL_ fixWab10x). A factor of 100 (labeled as MDGL_ fixWab100x) pushes the network outside of an efficient
operating range for the evidence accumulation task, suggesting that different tasks exhibit different degrees of tolerance
to deviations in receptor affinities. This comparison is done for a) pattern generation, b) delayed match to sample and

c) evidence accumulation tasks.
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Figure S2.8: Advantage of MDGL disappears when the readout projection is dense. Through the paper,

we instantiate the network with sparse connectivity to resemble neuronal circuits. Here, we repeat the tasks using

networks with a dense connection to the readout (while keeping connections sparse within the recurrent network), and

we find the competitive advantage of MDGL goes away. However, neurons are rarely fully connected to the readout in

biological neural circuits. When the readout layer is sparse, not all neurons receive top-down learning signals in the

e-prop formulation, and MDGL allows these neurons to receive learning signals as well.
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Figure S2.9: Effectiveness of minimal cell-type discretization. MDGL-bcta: MDGL before cell type approx-
imation. In Methods, we defined the cell-type-specific receptor affinities to be average connection weights between

); we considered a minimal implementation of modulatory types

cell types, i.e. wag =< wjp >jca,peps (Ba.
mapped to the two main cell classes («, 8 € {E, I}). We compare its learning performance to MDGL before cell type
approximation as in Figure (MDGL-bcta), which does not involve cell-type approximation, i.e. Wap = Wip (each
cell is its own type). A cartoon illustration of MDGL-bcta can be found in Figure A This comparison is applied to
a) pattern generation, b) delayed match to sample and c) evidence accumulation tasks. The proximity of learning

curves for MDGL-bcta and MDGL illustrates the effectiveness of such cell-type discretization.
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Figure S2.10: Slowness in modulatory signaling for the online approximation of MDGL. As explained in
Figure@ we proposed and tested an online implementation of activity-dependent modulatory release in Eq.@
a) We repeat the spectral analysis in Figure
(Egq.
those of Figurem where modulatory input is significantly slower than synaptic input. We note that the analysis

~c for this online implementation, i.e. replace a; ¢ in Mod.inputy

with online activity-dependent modulatory release a; ¢ defined in Eq. The observations here match

here is done on the pattern generation task only, because for the other two tasks, the error signal is not available
until the end of the trial, making the modulatory input too short (see Eq. for any meaningful spectral analysis.
Phenomenologically, the “slowness” of modulatory signaling can be explained by the modulatory input being a weighted
summation of slow changing leaky outputs and low-pass filtered activity (Eq.[S2.3)). Raw synaptic and modulatory
input (across time steps and cells) used for the frequency analysis are included beneath the frequency analysis plot. b)
Raw synaptic and modulatory input traces for the frequency analysis in Figure —c for i) pattern generation, ii)

delayed match to sample and iii) evidence accumulation tasks.
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Figure S2.11: Cell-type-specific modulatory signaling level decreases over training iterations. Box plots for
absolute cell-type-specific modulatory input distribution across cells show that modulatory signalling level drops over
training iterations for ai) pattern generation, b) delayed match to sample and c) evidence accumulation tasks. aii)
The target for the pattern generation task was changed after 5000 iterations, which resulted in a rapid increase in
modulatory input immediately after the change, and a progressive decrease as training continued. This agrees with the
nand Supplementary Notc that cell-type-specific signaling carries

information pertaining to top-down learning signals so that their levels can reflect the learning progress. To capture

prediction of our learning rule (Eq.

the magnitude of the signaling level, the absolute modulatory input for each cell p is defined similar to Syn.input, in

but with the absolute value of each factor; 32, cc |wapgl X jca,p—; 184,t] (@;,¢ defined in Eq.[S2.3).




a Pattern Generation b Delayed Match to Sample
] — Wii o 15— Wi
_-5, 021 — wie -g, — Wie
g 01_—Wei g 1.04 — Wei
E — Wee o 8 — Wee
o 0.01 o 05
o o
o T e e CaP At ¢ o00{ =
o ° —_—
g g
2 -0.2 £-05
b e
T —0.31 D -
S g -10
0 100 200 300 400 500 0 250 500 750 1000 1250 1500 1750 2000
Training Iteractions Training Iteractions
C Evidence Accumulation
il 0.8 — Wii
£ )
° 06{ Wie
g — Wei
0.4

8 Wee
g 0.2
g - .
5 0.0
®
b 0 = =
S -0.44
el
T —0.6
o

—0.8

0 250 500 750 1000 1250 1500 1750 2000
Training Iteractions

Figure S2.12: Average connection weight between types drifts slowly over training. Four average synaptic

connection weight values (E to E, E to I, I to E and I to I) are illustrated in solid lines for the three tasks investigated.

Several sample individual weights with large changes are illustrated in faint dashed lines, which can deviate significantly

from the type averages. As explained earlier in Methods (Eq. ) as well as Figure these four average connection

weights are used as our minimal implementation of cell-type-specific receptor affinities, wng with o, 8 € {E, I} (see

and Eq.

. How tightly the individual synaptic weights and cell-type-specific receptor affinities co-adapt
may be explored in future work. Figuremsuggests that the effect of imprecise GPCR affinities on the performance
is task-dependent.
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Figure S2.13: The performance of MGDL degrades when the delay period length is increased beyond a

certain point. Here, the delay period is parametrically modulated for the delayed match to sample task. In a), the

delay period is increased by 1000ms to 1750ms, and the network can still learn via MDGL. In b), the delay period is
increased by 2000ms to 2750ms, and the network struggles to learn with MDGL while it still learns via BPTT. All other

parameters (notably threshold adaptation time constant) are fixed in these simulations. It is interesting to note that

worsened learning performance with increased delay period has previously been observed in animal experiments [6].
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Chapter 3

BIOLOGICALLY-PLAUSIBLE BACKPROPAGATION THROUGH
ARBITRARY TIMESPANS VIA LOCAL NEUROMODULATORS

3.1 Introduction

Recurrent connectivity is a hallmark of neuronal circuits. While this feature enables rich
and flexible computation, mechanisms enabling efficient task learning in large circuits remain
a central problem in neuroscience and artificial intelligence research. Fundamentally, the
problem stems from the fact that potentially all history of all neurons, including synaptically
far away ones, can affect neuronal activity and contribute to task output. Motivated by the
success of gradient descent learning, several biological learning models approximate the exact
gradient in recurrent neural networks using known biological processes and gain insights into

computational principles of how the brain might learn [4] @, [IT].

By ignoring dependencies beyond a few recurrent steps — thus severely truncating
the gradient computational graph — these existing models succeed in representing their
approximate gradient-based update rule as a combination of terms that resemble known
synaptic physiological processes: "eligibility trace", which maintains a fading memory of
coincidental activation of presynaptic and postsynaptic neurons [8, [38], 42}, 108, 109], combined
with a third “modulatory” factor — top-down learning or “reward” signals [37, [79] 85, 86],
for which dopamine is a prominent candidate [I10]. Despite the impressive performance of
such approximations on a variety of tasks, truncating relevant credit information results
in a significant performance gap compared to algorithms using exact gradient information;

backpropagation-through-time (BPTT) and real time recurrent learning (RTRL) [4, 9} 1], [71].

How might neural circuits account for long-term recurrent interactions to assign credit
(or blame) to neuronal firing that happened arbitrary steps before the presentation of
reward? Given the rich repertoire of dynamical and signaling elements in the brain, one

avenue could be to examine biological processes that have been underexplored in existing
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models. Dopamine — whose cellular actions are exerted by activation of G protein-coupled
receptors (GPCRs), which can greatly impact STDP — is not the only neuromodulator
involved in learning [I11IHI14]. More recently, transcriptomic studies have uncovered strong
evidence for many other neuromodulatory pathways throughout the brain that also act via
the activation of GPCRs, leading to similar downstream actions as dopamine [62], [93]. This
suggests that, similar to dopamine, they could also play a role in shaping synaptic credit
assignment. A conspicuous family within these pathways is neuropeptide signaling because
peptidergic genes are densely and abundantly expressed in the forebrains of divergent species,
including the human, in a cell-type-specific fashion [115], suggesting widespread interaction
between synaptic and peptidergic modulatory networks for synaptic credit assignment [3], [IT].
Moreover, intra-cortical expression allows neuropeptides to potentially carry information
local to the cortical network, cell type specificity enables sculpted signals for different
recipient cells, and their diffusive nature could enable communication between neurons that
are not synaptically connected. Finally, peptidergic signals have timescales much longer than
the time scales for axonal propagation of action potentials or synaptic delays [91]. Taken
together, these properties make cell-type-specific local neuromodulation seem promising for
propagating credit signal over multiple recurrent steps. Developing explicit computational
principles of how these local modulatory elements could propagate credit signal over arbitrary
recurrent steps could advance our understanding of biological learning and may inspire more
efficient low-complexity bio-inspired learning rules.

Motivated by the question above as well as shortcomings of gradient approximations
based on severe temporal truncations, we investigate how biological credit signals could be
propagated through arbitrary recurrent steps via widespread cell-type-specific neuropeptider-
gic signaling [3, 62]. While Ref. [I1] recently introduced a framework exploiting properties
of neuropeptidergic signaling for temporal credit assignment, similar to [9] and [4], their
approach performs severe temporal truncation of the error gradient and does not consider
credit propagation beyond disynaptic connections. Our main contributions are summarized

as follows:

e We derive a theory that provides mechanism and intuition for the effectiveness of
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synapse-type-specific modulatory backpropagation (through time) weights (Theorem [1)).

e We develop a model predicting how modulatory signaling could be the basis for biological
backpropagation through arbitrary time spans (Figures and . Unlike temporal
truncation-based approximations [4, [9, [I1], our model enables each neuron to receive
filtered (rather than precise) credit signals regarding its contribution to the outcome

via neuromodulation.

e We demonstrate the effectiveness of modulatory signaling via synapse-type-specific,
rather than synapse-specific, modulatory weights on learning tasks that involve temporal
credit assignment (Figure. In particular, we demonstrate an online learning setting

where weights are updated causally and in real-time (Figure .

e We also derive a low-complexity in silico implementation of our algorithm suitable for

online learning (Proposition .
3.2 Related works

Neuromodulatory factors in synaptic plasticity: One of the most fundamental learn-
ing rules, Hebbian plasticity, attributes lasting changes in synaptic strength and memory
formation to correlations of spike timing between particular presynaptic and postsynap-
tic neurons [116], 117]. However, multiple experimental and theoretical investigations now
indicate that the Hebbian rule alone is insufficient. First, there have been numerous sug-
gestions that some persistent “eligibility trace” must exist to bridge the temporal gap
between correlated firings at millisecond timescales and behavioral timescales lasting sec-
onds [8, 38, 42} 90} 108, T18]. Moreover, impacts of correlated spike timing must be augmented
by one or more additional modulatory factors to steer weight updates toward desired out-
come [8, 22, 40, 42, 56, 59, 86, 110, TT9HI23]. This is commonly known as learning with three
factors. A prominent candidate for such a modulatory factor is dopamine [37]. Dopamine
influences receiving neurons via activation of G protein-coupled receptors (GPCRs), which

can regulate membrane excitability and key parameters of synaptic plasticity rules.
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Besides dopamine, recent transcriptomic evidence has uncovered genes encoding a plethora
of other neuromodulatory pathways throughout the brain, including neuropeptide signaling
genes that are abundantly expressed in the forebrains of tetrapods, including the human [62,
115]. Like dopamine, their cellular actions are exerted by the activation of G protein-coupled
receptors (GPCRs), which can persistently modulate Hebbian synaptic plasticity [S86H88].
This suggests that they too, could play a role in shaping cortical learning and synaptic
credit assignment. Moreover, nearly all neurons express one or more neuropeptide signaling
gene [62], which suggests a dense interplay between synaptic and peptidergic modulatory

networks to shape synaptic credit assignment [3].

Approximate gradient descent learning: Standard algorithms for gradient descent
learning in recurrent neural networks (RNNs), real time recurrent learning (RTRL) and
backpropagation through time (BPTT), are not biologically-plausible [78] and have vast
computational and storage demands [70]. However, multiple studies have shown that learning
algorithms that approximate the gradient, while mitigating some of the problems of exact
gradient computation, can lead to satisfactory learning outcomes [12] [78] [97]. In feedforward
networks, plenty of biologically-plausible learning rules have been proposed and demonstrated

impressive performance that rival backpropagation on many different tasks [12] 22} 59] [78-84].

For efficient online learning in RNNs, approximations to RTRL have been proposed [9] [71}-
76]. For instance, a recent influential study [4] conceived how the three-factor learning frame-
work could approximate the gradient. Among the biologically-plausible proposals |4} 9] [11],
approximations have mainly been based on temporal truncations of the gradient computation
graph and because of that, their ability to learn dependencies across arbitrary recurrent steps
has been limited. Lastly, non-truncation-based approximations have been proposed outside

of bio-plausible research [72 [73]. For further discussions on related algorithms, please refer

to Appendix
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Figure 3.1: Biologically-plausible temporal credit assignment via modulatory and synaptic message passing.
In addition to established biological learning ingredients (eligibility traces and a top-down learning signal [7} [8]),
synapse-type-specific local modulatory networks may also be involved in weight updates [3]. Our learning rule, ModProp,
conceives the action of participating modulators on receiving cells as a convolution of the eligibility trace with causal,
time-invariant, cell-type-specific filters. Each circle represents a neuron and the synaptic weight of interest is Wpq; we
illustrate the cellular processes of postsynaptic neuron p. Our derivation (Supp. Section and Theorem predicts
that the modulatory signal each neuron receives can represent a filtered credit signal regarding how its past firings

(arbitrary steps back) contribute to the task outcome.

3.3 Results

3.8.1 Learning rule overview

Biological plausibility is a guiding principle in developing our model. Hence, the model
choices are based either on established constraints of neurobiology such as the locality of
synaptic transmission, causality, and Dale’s Law, or on emerging evidence from large-scale
datasets, such as the cell-type-specificity of certain neuromodulators [62] or the hierarchical
organization of cell types [93]. We consider a discrete-time rate-based RNN similar to the form
in [124] with observable states, i.e. firing rates, as z; at time ¢, and the corresponding internal
states as s;. W denotes the recurrent weight matrix with (pg)'" entry W), representing the

synaptic connection strength between presynaptic neuron ¢ and postsynaptic neuron p. See

Supp. Section for the neuron model.



56

Spatial view
No feedback Feedback on direct influence Feedback on direct and indirect influence

Ai  Hebbian Aii Three-factor rule Al ModProp Aiii Backpropagation through time

LA
ey

@
Temporal view
Bi Exact gradient, precise and Bi  truncated gradient (three-factor rule) Bill Fjjtered gradient (ModProp)

nonlocal communications
E
—

o
e (T
O

E Loss Z, Hidden state —>» Flow of (exact) —> Flow of computation for eligibility trace

gradient computation . . .
> Signals for gradient BIO'OgICal Iearnmg

ion (indi . . = Top-down signal Eligibility Local modulatory
----4Forward propagation (indirect) computation (indirect) ingredients: reception C lacee signaling (within the RNN)

Aw,, depends on activity of
cellsq, p, j, i, ki ji ...

—<Forward propagation (direct)

Figure 3.2: Local modulatory signaling for gradient estimation. A) A spatial view of learning rules for updating
weight Wpq. (i) Hebbian learning, where weight update depends only on pre-/post-synaptic activities. (ii) Three-factor
learning [4} [7), [9], which updates weights using additional top-down learning signals, severely truncates the exact
gradient. (iii) ModProp also accounts for (filtered) distant feedback information delivered through synapse-type-specific
neuromodulation; (iv) BPTT computes the exact gradient: weight update involves nonlocal information, i.e. activities
of indirectly connected units. B) A temporal view. Bi) BPTT propagates the precise intercellular dependencies in an
acausal manner. Bii) Three-factor learning rule neglects all the intercellular dependencies in the temporal propagation
of the credit signal. Biii) ModProp approximates such spatiotemporal dependencies through local neuromodulatory
signals (Eq. . ModProp approximates the exact gradient by assuming similar connectivity among cells of the
same type, and filtering the indirect effects on loss from neurons that are potentially many synapses away. Figure

provides a summary of approximations made by ModProp.

Gradient descent learning in RNNs: RNNs are typically trained by gradient descent
learning on the task error (or negative reward) E. However, the two equivalent factorizations
of error gradient in RNNs, BPTT and RTRL, both involve nonlocal information that is
inaccessible to neural circuits. This is due to recurrent connectivity: a synaptic weight W,
can affect loss E through many other neurons in the other network in addition to its pre-

and postsynaptic neurons. To see this more concretely, the following is the exact gradient at
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time ¢ using RTRL factorization, on which we base our approximation for online learning:

dE OF ds;
Tl =2 ae aw, (3.1)
Pq 5 985t ¢ W
dsje _ Osjs Osju dsie—1 _ Osju | Osju dsji-1 Y Wy St dste
AWy OWpy 7 0101 dWpg  IWpg  Osjp1 AWy i Ot AW

depends on all weights Wy
(3.2)

where 0 denotes direct dependency and d accounts for all (direct and indirect) dependencies,
following the notation in [4]. (See Appendix [S3.1.2| for further details on the notation.)

While ;’S—i, which considers only the direct contribution of the internal state of neuron j at

dsje
dWopq

time t to the loss, is easy to compute, the factor is a memory trace of all inter-cellular

dependencies and requires O(N?3) memory and O(N*) computations. This makes RTRL

. . ds; .
expensive to implement for large networks. Moreover, the last factor d{j&’t poses a serious
pq

problem for biological plausibility: the nonlocal terms in Eq. requires knowledge of
all other weights in the network to update the weight W,,. Existing biologically-plausible
solutions to this problem apply severe truncations: references [9] and [4] completely ignore the
third nonlocal term (Figure , whereas reference [11] restores terms within one recurrent
step through local modulatory signaling but truncates further terms.

ModProp approximation overview: Derivation of gradient descent-based weight
updates involving neuromodulatory signaling from Eq. suggests two approximations to
Eq. and to move beyond severe truncations of the exact gradient while retaining

biological plausibility. Approximation 1 replaces the activation derivative with a constant:
=0~y (approximation 1), (3.3)

where p represents the average activity of neurons in a ReL U network. This approximation
assumes stationarity in neuron activity and uncorrelatedness of such activity with a small
subset of synaptic weights, as explained in derivations leading up to Appendix Eq. and
Eq. (Methods in Appendix . While neuronal activity and synaptic weights are not
necessarily uncorrelated, considering that a single neuron may have thousands of synaptic

partners, the activity of the neuron or its time derivative is typically weakly correlated to
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any one synaptic weight. This also indicates that such approximation might work better
for large networks with many neurons and synaptic partners for each neuron, as is the case
for biological neural networks. We take advantage of this phenomenon in our model and
ignore these weak correlations. This approximation enables the filter taps (Eq. to be
time-invariant, a property likely required for biological plausibility. We also define S,
the arbitrary number of credit propagation steps, and it will become clear later that this
corresponds to the number of modulatory filter taps. With this, the estimated gradient

becomes:

s
8E S S—
5,4 Z(W )jp K ! Epg,t—s (3.4)
s=1

d Wy O0zp,

)

dF oE
|t ~ €pq,t T E ,
t -
J

where e, ~ g;v—pl’; (epg,t is defined precisely in Appendix Eq. [2.25)) can be interpreted as

a persistent Hebbian “eligibility trace” [8, [38, [I08] that keeps a fading memory of past
coincidental pre- and postsynaptic activity [4]. Here, (W*),, represents the (jp)'® entry of
W#, W raised to the power of s, and (Wl)jp = Wjp. Details of the derivation can be found
in Appendix

It is important to note that Approximation 1 is applied only to the nonlocal gradient
terms, i.e. exact activation derivative is used during the computation of the eligibility trace
that is local to the pre- and postsynaptic neurons. Also, we treat u as a hyperparameter
in our simulations and explain how this is tuned in Appendix [S3.6] One should note that
tuning the hyperparameter p properly is important, because the estimated gradient can
explode when p is too large and ModProp approaches the three-factor rule when p is too
small. Future work involves improving ModProp with an adaptive u for better numerical
stability and accuracy.

Approximation 2 replaces synapse-specific feedback weights with type-specific
weights:

(W#)jp = (W?)ap (approximation 2). (3.5)

Here, cell j belongs to type «, cell p is of type 5 and C denotes the set of cell types. (e.g.,

Was = Ejeapes[Wipl, o, € C.) This approximation is due to the type-specific nature
of modulatory channels [62]. We call these modulatory weights synapse-type-specific (as
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opposed to cell-type-specific) to emphasize the connectivity-based grouping. Details of how

these modulatory weights were obtained can be found in Appendix [S3-1]

ModProp: filtering credit signals via local neuromodulation: Substituting
Approximation 1 and Approximation 2 into Eq. and leads to the ModProp

update:

AWpal prodprop % Lp X €pg + (Z <Z L; activityj> X Fa5> * €pg,s

aceC *jea

Foc,B,s = MS_I(WS)aﬁv (36)

where L and e denote top-down learning signal and eligibility trace, respectively. We
postulate that Fi 3 represents type-specific filter taps of GPCRs expressed by cells of type
[ to precursors secreted by cells of type «; * is the convolution operation with S as the
number of filter taps. Note that the matrix powers (W?*),5 appearing in the values of
different filter taps Fy s could be genetically pre-determined as part of the cell identity and
optimized over evolutionary time scales. (Appendix Figure shows successful learning
using fixed modulatory weights.) Details of a biological interpretation of Eq. can be found
in Appendix . Briefly, the secretion of top-down (TD) learning signals can selectively
activate a biochemical process at the post-synaptic neuron, which can then act as a temporal

filter on the eligibility trace.

Observing that neurons of the same type demonstrate consistent properties across a range
of features (e.g. connectivity, physiology, gene expression) [62, [99], we use two cell types with
consistent wiring, neuromodulation, and type of synaptic action (excitatory/inhibitory) in

our relatively simple models.

In summary, we propose a synaptic weight update rule, where the eligibility trace is
compounded not only with top-down learning signals — as in modern biologically-plausible
learning rules [8], 42] — but also with local modulatory pathways through convolution (Fig-
ure [3.1)). This modulatory mechanism allows the propagation of credit signals through an

arbitrary number of recurrent steps.
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3.3.2  Properties of ModProp

Remark. The biologically plausible implementation (Eq. @ of ModProp complexity scales
as O(SN?) per time step t.

Here, N and S denote the number of recurrent units and the number of filter taps. As
seen in Eq. the number of filter taps corresponds to the number of recurrent steps for
which the credit information is propagated. We also present an alternative implementation
with potentially lower cost later in Proposition [I} Details for cost analysis and biological
interpretation can be found in Appendix [S3.4.1]

We next show through Theorem [1| that learning with synapse-type-specific weights leads
to loss reduction at every step on average. The mechanistic intuition behind Theorem [1} is
that, in the presence of a statistical connection between synaptic weights (forward path) and
modulatory weights (feedback path), the modulatory feedback signal each neuron receives can
be a good estimate of how its activity contributes to the overall task error, which can be used
for effective tuning of incoming synaptic weights to reduce the error. Figure [S3.5] compares
the angle with the exact gradient across different learning algorithms to demonstrate that
the direction of the approximate gradient computed by ModProp is similar to (aligned with)
the direction of the exact gradient, thereby reducing the loss.

In the following, we define the “residual weights” away from the cell-type averages as
€ij = Wij — Wag and (€5)i5 := (W?*)i5 — (W?)ap, where i € o, j € B, a, f € C. We consider
these terms as stochastic so that the circuit output and the eligibility traces are also stochastic,
as functions of €;. We consider the cell type averages and the output connection strengths as
deterministic. (Merely modifying the uncorrelatedness assumption below would extend our
results to stochastic output connection strengths.) Below, E is short for E., AE|, denotes

the change in the task error at time ¢ and AE| . denotes the contribution of the synapse

pg,t

(pq) to it.
Theorem 1. Consider linecar RNNs N, N with weight matrices W, /W, respectively and
identical architectures. Let /VIZ-j = Wap, Vi € o, j € B. Assume a small enough learning rate

such that the remainder of the first-order Taylor expansion of loss is negligible. For network

N, ifEleij] =0, (€5)ix and exj are uncorrelated fori # j, and €5 and (yr — ;)2 epq 1 €pgi—s are
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uncorrelated for any s,t,t', then E[AE|, ,] <0 and E[AE,] < 0. Moreover, E[AE|,] <0 if
gradient descent is possible for network N. (Proof is in Appendiz )

Note that the uncorrelatedness assumption above is relatively mild because any single

connection strength is typically a very poor predictor of network activity, especially as the

network size grows. Note also that gradient update can introduce a drift in residual weights,

requiring a similar drift in cell-type averages for the strict inequality to be applicable over

multiple update steps.

3.8.8  Simulation results
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Figure 3.3: Modulatory signaling of credit information on long-term recurrent interactions can improve

learning outcomes. ModProp improves the learning performance over existing bio-plausible rules. This experiment

examines the performance due to Approximation 1 (Eq.[3.3) before any cell-type approximation of modulatory weights
(Eq. [3.5). A) Learning to produce a time-resolved target output pattern. B) A delayed XOR task, where the network

determines if two cue alternatives — the presence or absence of input represented by 1 or 0 — match or mismatch after

a delay, requiring memory via recurrent activity. c) Pixel-by-pixel MNIST task [10].

Note that this task is unlikely

to be solved effectively by humans. (See text.) Consistent with the original MDGL paper [1I], we also find that

MDGL confers little advantage over the three-factor rule (e-prop) under dense connectivity. Solid lines/shaded regions:

mean/standard deviation of loss curves across five runs.

To test the ModProp formulation, we study its performance in well-known tasks involving

temporal processing: pattern generation, delayed XOR, and sequential MNIST. We compare

the learning performance of ModProp with the state-of-the-art biologically-plausible learning
rules (MDGL [11] and e-prop [4] (labeled as “three-factor”), as well as BPTT to provide a

lower bound on task error. Note, BPTT and RTRL both compute the exact gradient, so they
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Figure 3.4: Efficient learning with type-specific modulatory weights. In addition to Approximation 1 studied in
Figure this figure investigates the effect of Approximation 2 (labeled as ModProp_ Wab), which uses type-specific,

rather than synapse-specific feedback weights for signaling credit information (Eq.|3.5). Here, ModProp_Wab uses

only two modulatory types mapped to the two main cell classes. The cell type approximation does not result in any
significant performance degradation in A) the pattern generation task and B) the delayed XOR task. This analysis
is not done for the sequential MNIST task, where neurons were not divided into E and I types. Solid lines/shaded

regions: mean/standard deviation of loss curves across five runs.

should be identical in terms of performance. Here, we chose BPTT due to computational
efficiency. Consistent with [I1], we also found MDGL to confer little advantage over e-prop
when all neurons are connected to the readout (Figure , so we focus our analysis on that

case.

We first study pattern generation with RNNs, where the aim is to produce a one-
dimensional target output, generated from the sum of five sinusoids, given a fixed Gaussian
input realization. We change the target output and the random input along with initial
weights for different training runs, and show the learning curve in Figure [3-3JA across seven
such runs. By using a densely connected network, we observe that MDGL confers little
advantage over the three-factor rule (e-prop), as reported in the original paper [11]. Moreover,
communicating longer indirect effects, despite being filtered, leads to improved learning

outcomes, as demonstrated by the superior performance of ModProp over MDGL.

Next, to study how RNNs learn to process discrete cues that impact delayed outcomes, we
consider a delayed XOR task: two cue alternatives, 1 or 0, are encoded by the presence /absence
of input. The network is trained to remember the first cue and learn to compare it with
the second cue delivered at a later time to determine if the two cues match. Figure [3.3B

illustrates the learning curves for this task. We observe the same general conclusion as the
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previous task. Some learning curves have a standard deviation, which indicates that the
network struggled to learn the task with these rules for some seeds; based on the standard
deviation of the curves, it seems possible for ModProp to perform similarly as three-factor
for some seeds, but the focus here is to examine performance across many runs. In Appendix
Figure [S3.3] we also examined the learning performance of the same set of learning rules for
a longer delay period. Interestingly, the performance of ModProp approaches that of BPTT
for this task and the previous one, further closing the gap between artificial network training
and biological learning mechanisms in performing credit assignment over a long period.

Finally, we study the pixel-by-pixel MNIST [10] task, which is a popular machine learning
benchmark. Although it is not a task that the brain would solve well (i.e., humans would
struggle to predict the digit with only one pixel presented at a time), we investigate it to
test the limits of spatiotemporally filtered credit signals for tasks that demand temporally
precise input integration. Figure [3.3[C illustrates the learning curves for this task. While
the performance ordering of learning rules is still the same as in previous tasks, we observe
a wider gap between ModProp and BPTT. Since the time-invariant filter approximation
(Eq restricts the spatiotemporal resolution of the credit signal, this is in line with our
expectation that ModProp will struggle with tasks that demand highly precise spatiotemporal
integration, such as the pixel-by-pixel MNIST task that even the brain would struggle to
solve.

As a proof-of-concept study, we initially focused our analysis on the approximation
performance by imposing time-invariant filter taps (Eq. . Next, in Figure we
investigate the learning performance using type-specific rather than synapse-specific feedback
modulatory weights (Eq. . These type-specific weights were calculated using weight
averages as in [I1]. Later, we repeat these simulations using fixed random modulatory
weights in Appendix Figure we also demonstrate the superior performance of ModProp
with fixed random modulatory weights for the “copy task” [13] in Appendix Figure
Little performance degradation is observed for only two modulatory types mapped onto the
two main cell classes, indicating the effectiveness of cell-type discretization. Other than the
sequential MNIST task, cells are divided into two main cell classes — with 80% of the cells

being excitatory (E) and 20% being inhibitory (I) — and obeyed connection sign constraints.
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Figure 3.5: Superior performance of ModProp in an online learning setting. We investigate an online learning
version of the pattern generation task, where weights are updated either A) every 100 time steps or B) every single

step. Here, ModProp uses the efficient online learning implementation derived in Proposition Plotting conventions

follow those of previous figures.

Lastly, we demonstrate the advantage of our weight update rule in an online learning
setting of the pattern generation task, where weights are updated in real time (Figure [3.5)).
For that, we also derive a cost and storage efficient in silico implementation of ModProp in

Proposition [T}

Proposition 1. ModProp has an online in-silico (not necessarily biologically-plausible)

implementation with O(CN?) storage and O(C*N?) computational complexity, where C' is
the number of cell types. (Proof is in Appendiz|S3.4.2.)

3.4 Discussion

A central question in the study of biological and artificial intelligence is how the temporal
credit assignment problem is solved in neuronal circuits [57]. Motivated by recent genomic
evidence on the widespread presence of local modulatory networks [62] [115], we demonstrated
how such signaling could complement Hebbian learning and global neuromodulation (e.g., via
dopamine) to achieve biologically plausible propagation of the credit signal through arbitrary
time steps. Going beyond the scalar feedback provided by global top-down modulation, our
study proposes how detailed vector feedback information [56] can be delivered in neuronal
circuits. Instead of the severe temporal truncations of the gradient information proposed by
the state-of-the-art [4, [, [11], ModProp offers a framework where the full temporal feedback

signal can be received, albeit via low-pass filtering at the post-synaptic neuron due to
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specificity at the level of neuronal types, and not individual neurons. Moreover, predictions
generated by ModProp on the role of a family of signaling molecules (e.g. neuropeptides) could
potentially be tested experimentally: physiology of multiple individual cells can be monitored
in modern neurobiology experiments [3, [103]. Blocking certain peptidergic receptors of the
neurons that are involved with learning a task and comparing the performance to that
without blocking can provide a test for the role of peptidergic communication.

While feedback alignment [12] addresses the weight transport problem in feedforward
networks, it is not clear in RNNs which biological pathways would implement temporal
feedback. Our model suggests that such pathways could come from synapse-type-specific
local neuromodulation. In addition to improved performance compared to the state-of-the-art
across all of our simulations, our theoretical and experimental results show that ModProp
can be implemented efficiently for online learning. Figure briefly mentions some of
the connections of ModProp to feedback alignment. Together, these findings suggest that
synapse-type-specific local modulatory signaling could be a neural mechanism for propagating
credit information over more than just a few recurrent steps.

Among the many future directions, a natural extension could be to investigate the
performance of ModProp across a broader range of tasks. This could include situations
where the assumptions in deriving the rule (e.g., stationarity of activity) are severely violated.
This might improve the approximations introduced here. Similarly, we observed a significant
gap between ModProp and BPTT for the pixel-by-pixel MNIST task that demands precise
temporal integration of input (Figure ), but we discussed earlier that this is a challenging
task for the brain. Additionally, this study focuses on dense networks with ReLLU activation;
future directions include investigating two biologically relevant paradigms: sparse connectivity
and a diverse set of activation functions (spike-based in particular). Although ModProp
can be applied in theory to temporal credit assignment over an arbitrary duration, the
presented learning rule accounts for dependencies at every single step (as for BPTT). This
means that, similar to BPTT, it is ill-suited for very long-term credit assignment [125].
An interesting line of research attends to the issue of extracting relevant, rather than full,
memories [125, [126]. Investigating how our approximations could potentially be combined

with memory sparsification techniques to perform very long-term biologically-plausible credit
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assignment can be fruitful [125].

While our paper advances the basic science of learning and we do not foresee immediate
societal impacts of our work, its benefits to both neuroscience and deep learning research could
have long-term (positive or negative) societal impacts. It is hard to overstate the philosophical
implications of understanding how the brain works (and, in particular, learns). Moreover,
such understanding could guide us toward curing certain diseases of the brain [127, [12§].
Nevertheless, in the same vein, such future tools could also enable abuse if left unregulated,
particularly raising concerns regarding information privacy [129, [I130] from potential brain
hacking. On the machine learning side, our method can be considered a low-cost alternative to
the ubiquitous BPTT algorithm. In this sense, our algorithm or a future method that builds
on it can make tasks that are currently approachable by just a few wealthy entities available
to many more practitioners. On the flip side, as with many other capable machine learning
tools, such entities are also capable of utilizing low-cost learning to conquer even harder
tasks, which is potentially a reason for concern. Finally, data-driven tools will ultimately

reflect the various biases in their training data and our method is no exception.

Exact gradient ModProp

% , P , , PR , , , ,
*) WioZ Wi Z ke ) WioZ WiiZ 1 Wi it (%) WioZ Wi Z 1 Wi Z s Wi

Filter Taps: (*) (Bz)mpz (**) (B3)Jpp3 (**%) (B")qu“
B.=<W> —— > Equivalent backward computation (direct)
i ieajep L _____ » Equivalent backward computation (indirect)

Figure 3.6: ModProp brings two approximations to the nonlocal gradient terms. First, ModProp uses type-
specific feedback weights (modulatory weights), rather than cell-specific feedback weights (Eq. [3.3). Second, ModProp
approximates the activation derivative (Eq.[3.5). Similar to feedback alignment for feedforward networks [12], different
weights are used during the backward pass than the forward pass due to the well-known weight transport problem.
This, however, won’t be adequate for RNN settings. On top of the type-specific feedback weights approximation,
time-invariant activation derivative approximation was also applied for time-invariant filtering (as explained in the

texts surrounding Eq. and Eq. . Any unspecified symbols in the illustration were defined in Figure
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S3.1 Methods

S3.1.1 Network Model

We consider a discrete-time implementation of a rate-based recurrent neural network (RNN)
similar to the form in [124]. We denote the observable states, i.e. firing rates, as z; at time ¢,

and the corresponding internal states as s;. The dynamics of those states are governed by

Sjt+1 = NS5t + (1 — 77) Z le 21+ Z WJI}:I% Lo, t4+1
I#5 P

zj1 = ReLU(sj4), (S3.1)

—dt/Tm Jenotes the leak factor for simulation time step dt and membrane time

where n = e
constant 7,, Wi; denotes the weight of the synaptic connection from neuron j to [, W;}i
denotes the strength of the connection between the m!* external input and neuron j and z;
denotes the external input at time ¢. Threshold adaptation is not used here in order to focus
on capacity of the temporal credit propagation mechanism. We focused on ReLLU activation
due to its wide adoption in both deep learning and computational neuroscience communities;
as discussed, we leave extension to other activation functions (spike-based in particular) for

future work.

The readout y is a linear transformation of the hidden state

Ykt = Z W]?jUTZj,t +bPUT, (S3.2)
J

where WkOjUT denotes the strength of the connection from neuron j to output neuron k, kaUT
denotes the bias of the k-th output neuron.

We quantify how well the network output matches the desired target using loss function
E:

% > i (Ur, — ykt)?, for regression tasks

E= (93.3)

— > it Trilogmiy, for classification tasks

where g7, is the time-dependent target, 77, is the one-hot encoded target and m; =

softmaxy (Y16, - -, UNoyr.t) = €XP(Wkt)/ Y €xP(yrr ) is the predicted category probability.
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S58.1.2  Gradient descent learning in RNNs

Notation for Derivatives: There are two types of computational dependencies in RNNs;
direct and indirect dependencies. We distinguish direct dependencies versus all dependencies

(including indirect ones) using partial derivatives () versus total derivatives (d), respectively.

Without loss of generality, consider a function f(x,y), where y itself may depend on x.

The partial derivative 9 of f at xg considers y as a constant, and evaluates as 8f(f(9§’y) |0,9(20)

i.e. the derivative calculation only considers how x directly affects f. The total derivative d,

on the other hand, may not treat y as a constant and evaluates as % = %’xo,y(m) +

of gzl’y) |20,4(z0) %Luo; i.e. the derivative calculation also takes into account how x can indirectly

affect f through y.

As an example in our network, variable W), can impact state s,; directly through

Eq.|S3.1} i.e. 8;,—’;; = (1 —n)zg¢—1. On the other hand, W), can also impact s, indirectly

through other cells in the network: i.e. the dependence of s,; on W), and all s;, (' < t,
Jj €{1,...,N}) affected by W), are taken into account for the derivative calculation, which

leads to the recursive equation in Eq.

Exact gradient computation and locality issue: In gradient descent learning, all
weight parameters (input weights W', recurrent weights W and output weights WUT) are
adjusted iteratively according to the error gradient. This error gradient can be calculated
with classical machine learning algorithms, backpropagation through time (BPTT) and real
time recurrent learning (RTRL) [70], which uses different factorization but yield equivalent
results. However, the BPTT factorization depend on future activity, which poses an obstacle
for online learning and biological plausibility. Our learning rule derivation follows the RTRL

factorization because it is causal.
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RTRL factors the error gradient across time and space as

oF dé’jt
S3.4
deq Z D554 d Wy (83.4)
det d 8th
to_p here h : $3.5
AWpy ”dwpq WHEEE Rt = g (83.5)
0s it
ijq = 8;p(1 = n)2g-1 (S3.6)
8Sjt n, ] =1
LA S3.7
asl,tfl aSjt 021 ¢-1 ( )

gay s om = L= Wihig1, J#1
de,t 68375 Z 8331& dSlt 1

AWy W, 08141 deq
_ 0sjy d Sjt=1 | Drte 1 dsian
B aVqu K deq ( )Zbé] Jlas“ 1 dWpq ° (838)

depends on all weights Wy

following the derivative notation explained above. The factor 887Et in Eq. [S3.4] can be
7

interpreted as the top-down learning signal, which is defined as Lj; := ), W,gUT(yk,t —Yry)

for regression tasks [4]. It is straightforward to compute. However, the triple tensor f&}pﬁz
requires O(N?) memory and O(N?) computation costs. It keeps track of all the paths that
zj¢ can affect Wy, (for every j,p,q). Moreover, it poses a significant challenge to biological
plausibility: updating each weight W), requires knowing all other weights W, (for every j
and [) in the network, and that information should be inaccessible to neural circuits.

To address this, references [9] and [4] dropped the problematic terms so that the updates to
weight W, would only depend on pre- and post-synaptic activity, and applied this truncation
to train rate- and spike-based networks, respectively. However, such truncation results in

limited performance.

S58.1.8 Deriwation of ModProp

We ask how intercellular neuromodulation might communicate the expensive spatiotemporal

oF )
vj,t as tOp—

dependency in the factor d “.t  Along with the interpretation of L =
down learning signal, let e;q¢ denote the eligibility trace of coincidental activation between

presynaptic cell ¢ and postsynaptic cell p [4]. The following derivation leads to our learning
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rule. The leak factor is omitted in the derivation below (n = 0) for readability, and we

substitute Eq. into Eq. [S3.4] and repeatedly expand the expensive -3 1w factor using

Eq.

dE OF dsii
7|t = 7]7,‘7,5 0inZ, t—1 + W'lhl,t—l . (839)
AW, — 0z T\ Zl: ! dWpq
OF oOFE dsii—1
=——h _ —h,; Wihyi— : S3.10

—8E LE d Sk,t—2
= azpyt Epq,t + : aZj,t hj,t Zl: lehl,t—l <5lp2q,t—2 + Zk: Wlkhk,t—Q q qu )

(S3.11)

B, 0B OF
d Wy, b Dzpyt Pa;t - 3Zj,t

hjtWip | epgt—1+

Z 82’ ] t Z Z Wﬂl Wlﬂz Wisflphiht—l s hisflat_s"‘lep‘Lt_S (83-12)
,t

§=2 101, is—1

@ OB OF
Pa;t 82]‘715

8Zp7t

h;tWip | epgt—1

S
1
+Z@z Z Ws)Jpepqvt SNs—1 Z hiyt—1hiy -2 - 7;5717t_5+(183'13)
75t s=2

11 5ensls—1

S
9o et T Z az T D (W) H(t,s) epg—ss (S3.14)
> s=1

11,t 1h227t 2. hi5717t_5+1 for s = 1, PN ,S and

where H(t,1) =1, H(t,s) = Ns N Dy
S, as explained later, is the number of filter taps. Again, we neglected the leak factor in the
derivation for readability but included in the actual simulations. The only approximation
step above, (a), is made by using a point estimate assuming that the W and h chains are
uncorrelated and the central limit theorem applies. We note that in a linear network, all the
activation derivatives h would be 1, making the approximation exact.

We expand on our explanation for step (a) approximation. We define a W-chain (of
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length [) as
!
I Wi (S3.15)
¢=1

for any indices i1, ...,441 € {1,..., N}. Similarly, we define an h-chain (of length !’) as

l/
H h’jei—@a (S3.16)
0=1

for any indices ji,...,jr € {1,...,N}. With these definitions, we call the W-chain
Wi1,.--,isf1 = Wji1 Wi1i2 ce Wisflp and the h—chain hi17...’z‘571 = hil,t—l Ce hiS,ht—s—&-l uncorre-

lated if
Ei1,m,i571Wi1,m,isf1hil,wisfl = Eilym,isflWil,n-,isflEilymvisflhil,n-»isfl' <83~17)

Considering W, . ;._, and h;, ;. _, as random i.i.d. samples indexed by 41,...,%,—1, the

central limit theorem states that

Z Wi17-~~7is—1hi1,~.,i571 ~ N(Ns_lE[Wilwwisflhilym,isfl]’ Ns_lva‘r(Wilw-wisflhil,n-,isfl))
7"17""1'8—1

(S3.18)
as the sum tends to infinity. Here, we simply use the i.i.d. assumption even though stronger
versions of the Central Limit Theorem need weaker assumptions than i.i.d. When the W-
and h-chains are uncorrelated, we take the mean of this distribution as a point estimate

(note, however, the growing variance) to arrive at the following approximation:

E . . . . s—1 . . . . — ns—1 . . . .
W'Lla--wzsflhllr--alsfl ~ N EW117---,ls—1hn,---ﬂsfl =N EWHa---ﬂsflEhlla---ﬂ/sfl'

11 5sls—1
(S3.19)
Since EW;, i, , = w21 (W?®)jp (by the same application of central limit theorem as
above) when i1, ...,is_1 are distributed uniformly over valid index ranges, we conclude that
1
Z Wiy, isa i i & (Ws)jpﬁ Z iyt (S3.20)
U1yeensls—1 11 5ensls—1

where the expectation of the h-chain is replaced by its empirical estimate.
To put this derivation in terms of biological components, we make the following further

approximations. First, we link modulatory weights to type-specific GPCR efficacies, which
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means they are type-specific, i.e. (W?#);, = (W?®),s, for type-indices o and 3 in a set of
possible classes C. Second, H(t,s) should be time-invariant, i.e. H(t,s) = H(s), since

biological filter properties should not vary rapidly across time.

Interestingly, we observe that H(s) is an average of activation history across time and
cells (Eq. . In particular, when the activation function is ReLU, one can think of H(s)
as approximating the number of activation chains with length s (divided by the total number
of possible chains). Thus, a crude starting point would be to assume first-order stationarity,

i.e., assume the average activity level remains invariant (% Y, ki 1= pty ~ p, Vt). Then

H(t,s) Ns v Z hiyp—1-- iy p-st1

115yl —1

thl,t 17 th,t 2. Zhis,l,t—sﬂ

2'5,1

ST (S3.21)

where p is a scalar constant and represents global average neuron activation. (a) is because in
the case of ReLU activation (where activation derivative h is binary), total number of different

activation chain combinations, Zil hiyt—1 ... hi,_, t—s+1, would equal to the product

yeemals—1
of number of activation at each time step, Zil hiy -1 Zh Rigt—2 ... Zz‘s,1 hi, 1 t—s+1. This
is because to choose a chain of activated neurons from all possible combinations, the number
of possible indices to choose from for each step is equal to the number of activated neuron at
that step. Indeed, intercellular signaling level is activity-dependent [91]. For implementation,
1 can be treated as a hyperparameter or adapted on a separate timescale. It is also important
to note that this activation derivative approximation is only applied to the term (in the

equation below) additional to the e-prop term, %ep%t, for which the exact activation
P,

derivative is still used.

By substituting these further approximations into Eq. the approximated gradient

becomes:

S
dE .
W |t ep‘Lt + § : § . E aﬁ 1% ! epq7t—s7 (8322)
d Wy, Ozpt

acC an s=1
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and this leads to the ModProp update:

AWP‘I|M0dPT0p o Lp X epg + (Z ZLjhj X Fopg) * epq,

aeC \ jea

Fags =1 (W*)ag, (S3.23)

where cell j is of type «, cell p is of type S and C denotes the set of cell types. L and
e denote top-down learning signal and eligibility trace, respectively. Again, activation
derivative h; is closely linked to activity level of neuron j. F' represents the modulatory filter,
Fogxepg = Zle Fo8,s€pq,t—s is the convolution operation with S as the number of filter taps,
and scaling factor p is a hyperparameter. For calculating the modulatory weights, the weights
were calculated using matrix powers for s > 1. (See beginning of Theorem 1| proof.) For s =1,
we first examined Wiﬁ =< lep > jca,pep in the main text. This assumes modulatory weights
and synaptic weights co-adapt throughout training and to what extent they co-adapt in
neural circuits is unclear. Thus, we also set modulatory weights to fixed random type-specific
values and demonstrate the resulting learning performance in Appendix Figure [S3.1] These
fixed random type-specific modulatory weights were generated randomly from the distribution
of averages of random initial weights. Thus, these fixed random type-specific modulatory
weights would be close to the initial synaptic weight averages and could stay close depending
on how much these synaptic weight averages change throughout training.

Eligibility trace implementation: We here explain the implementation of eligibility

trace epg.¢:

€pgt = Kp’tepq,tv (S3.24)
p?

8817775 88p7t
Owpg — Ospi—

€pq,t = €pg,t—1) (S3.25)

which tracks the coincidence of postsynaptic activity hy,; = gz”: and a low pass filtering
D,

of presynaptic activity stored in epq (;‘Z—’;’(’; = 2441 and %’;tl = 7 following Eq. |S3.1)).

Reference [4] provides a comprehensive discussion on how eligibility traces can be interpreted

as derivatives.
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S3.2 Additional simulations
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Figure S3.1: Effective learning is achievable with fixed random synapse-type-specific modulatory weights.
Figure@computes type-specific modulatory weights by averaging forward weight entries in the corresponding pre-
and postsynaptic cell group. This assumes that modulatory weights co-adapt with synaptic weights. To what extent
they are linked in the brain is unclear. Thus, to test the generality of our learning rule, we re-train using fixed random
type-specific modulatory weights and show that leads to negligible performance degradation. Note, sequential MNIST
task is not considered in figures that involve synapse-type-specific modulatory weights, as cell types were not considered

in that task. Plotting convention follows that of previous figures.
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Figure S3.2: Restoring neuron specificity in the activation derivative does not lead to significant
improvements. Here, ModProp_ global is the basic form of ModProp investigated in the main text, where the

activation derivative exhibited no spatiotemporal specificity. ModProp nSpecific (Eq ) takes into account the

neuron specificity of the activation derivative and only averages across time steps. This comparison is done for the A)
pattern generation task, B) delayed XOR task and C) sequential MNIST task. Plotting convention follows that of

previous figures.

We discussed how the basic form of ModProp completely neglects any spatiotemporal

specificity in the activation derivative. We ask how much performance gain could we get if we
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Delayed XOR - increased delay
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Figure S3.3: Delayed XOR task with a longer delay period. We simulate the delayed XOR task with 1.5
times the delay period used in Figure|3.3B. Although ModProp (with cell-type approximation) still outperforms other
bio-plausible learning rules, the performance degrades (compared to ModProp_Wab in Figure ) Moreover, we
found all rules (including BPTT) struggle to learn if we increased the delay period to twice of that in Figurewithout
changing other task or network parameters (e.g. cue width and intensity). This connects nicely to our discussion
point on the limitation of ModProp in addressing very long temporal credit assignment problems in the absence of a

long-term memory mechanism. Solid lines/shaded regions: mean/standard deviation of loss curves across five runs.

lose only temporal specificity, i.e. only average activation derivative across time points. This
would see different neurons as having different average activity. To put this more concretely,

we approximate the corresponding factor in Eq. as

E Wiiihis =1 Wirislhigt—2 .. Wi _iphi | t—s41
115esls—1

~ Wi hiy Wiyiyhiy - .. Wi, phi,_, = (W)5 (83.26)

Jp’
where W := W ® h with h — a 1 — by — N vector with each entry corresponding to a
neuron-specific mean activation — broadcasted for the element-wise multiplication with
W. In other words, this restores spatial specificity and the only approximation being made
here is to remove temporal specificity of activation derivative. As a practical note, by the
famous AM-GM inequality, the estimation (ILshs ~ h) would yield an upper bound of the
actual. Thus, we multiply a dampening factor u to every W for stability, and treat p as
a hyperparameter. We name this variant of ModProp as "ModProp nSpecific", and the
most basic form we investigated in the main text as "ModProp_ global". Figure [S3.2] shows

that this restoration of neuron-specificity in activation derivative did not lead to significant
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Average loss
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Figure S3.4: Copy task with fixed random synapse-type-specific modulatory weights. Sequences of binary
cues are presented to an RNN. For each sequence, once the full sequence has been presented, the network should
output the original sequence (with the same value and duration) without any further information [I3]. A) Examples of
input/output pairs at different sequence lengths. Instead of having each cue lasting just 1 step, we have each cue lasting
100 steps (100ms) to mimic the duration of a quick cue flash in biological settings. Superior performance of ModProp
even with fixed and random modulatory weights (compared to other biologically plausible rules) is demonstrated for

the copy task with a sequence length of B) five cues (nc = 5) and C) seven cues (nc = 7). Average loss denotes the

binary cross entropy loss computed on target and actual output averaged across time steps. Solid lines/shaded regions:

mean/standard deviation of loss curves across five runs.

performance improvement.
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S3.3 Further discussion on related algorithms

For efficient online learning in RNNs, approximations to RTRL have been proposed [9, [T1H76].
For biological realism (use only local information for local updates) and reduced computational
cost, e-prop [4] and RFLO [9] proposes severe truncation such that the weight update
would only depend on pre- and postsynptic neuron activity as well as a top-down error
signal that only tells how a neuron directly contributes to the overall network outcome.
MDGL [I1], 131] proposes a less severe truncation than e-prop and RFLO, but it only
addresses the contributions to the task error of neurons that are at most 2 synapses away
(note, Ref [II] can be considered as a special case of our work, where the filter length is
constrained to a single tap). ModProp shows a way of removing this significant limitation
and enables the communication and calculation of credit from neurons that can be arbitrarily

many synapses away. It also experimentally demonstrates the benefit of this key contribution.

Along the approach of truncations, reference [75] proposed the SnAp-n algorithm that

allows the user to customize the amount of truncation by deciding on n. SnAP-n stores

g;];; (seen in Eq. [2.17)) only for j such that parameter w,, influences the activity of unit

j within n time steps. SnAp-1 is closely related to e-prop/RFLO (assuming no autapses).

de’t

However, starting at n = 2 (SnAp-2), Tors will be stored for every {j,p, ¢} such that wy,

influences j in two steps. This would require the storage of kN3 traces, where k is a constant
that equals the connection density squared. To our knowledge, there is no evidence on how
neural circuits can accommodate such O(kN?) storage. Therefore, SnAp-n (n > 2) still poses
a significant biological plausibility issue while SnAp-1 reduces to e-prop/RFLO in certain

circumstances.

Moving from temporal truncation, KeRNL [74] approximates long term dependencies
by assuming the dependency to be first order low-pass and learn the parameters using node
perturbation. However, the algorithm poses significant implementation and biologically
plausibility issues: (1) it uses node perturbation to find the meta-parameters (e.g. the first
order decay constant), which is not scalable; (2) meta-parameters are updated per step
on the same timescale as synaptic weight update. Their idea of approximating long term

dependencies by assuming it follows a certain structure rather than truncating it is what
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partially inspired our rule. Unlike KeRNL, our approximation can lead to successful learning

with fixed meta parameters that are likely updated on the evolutionary timescale in biology

(Figure [S3.1)).
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S3.4 Cost analysis and biological implementation

S8.4.1 Cost and interpretation for biologically-plausible implementation of ModProp in
Eq.

Recall for ModProp, the eligibility trace is combined with total modulatory signals
detected:

AWpg o ETpg x TD, + ETpg % > LMag

aeC
S
ETp* Y LMag=> ETpes—s x Y LMgg,
acC s=1 acC
LMqg,s = (affinity W5g) x Y TD; x (activity j). (S3.27)

JjEa ~— ]
modulatory signal j

We see that the eligibility trace (ET) is brought outside of the double summation of local
modulatory (LM) signals. A biological interpretation is that secretion of top-down (TD)
learning signals can selectively activate a biochemical process at the post-synaptic neuron,
which can then act as a temporal filter on the eligibility trace. The number of filter taps for
the underlying biochemical process, S, determines the number of steps for credit information
propagation.

Here is the computational cost breakdown for Remark
e aj; =TD; x (activity j) for all j =1,.., N has O(N) operations.

. Zan aj for j =1,..., Ny has O(N,) operations (assuming a;; already available, from

the last step), where N, is the number of cells in type «a.

® LMgs = > 0ecWas(Xjeaajt) for all o, = 1,...C and s = 1,..., S has O(5C?)
operations. Note, this step is the modulatory communication step, where type-specific-

approximation of weights can reduce the cost.
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° ZSS:1 ETpgt—s x LMg for all p,g =1,..., N has N? element-wise multiplications per
s=1,...,8, leading to a total of O(SN?). Since 3 can be determined from p, there is

no need to loop over § in this step.
Since the cost of the last item dominates, the computational cost scales as O(SN?). For

storage cost, ModProp stores epqt—g, ... epq ¢ for every (pg), leading to a storage cost of

O(SN?).

S58.4.2  Cost for biologically-implausible implementation of ModProp

We prove Proposition [I] next, where we discussed a potentially biologically-implausible
in silico implementation with lower computational and storage costs than the biologically-

plausible version above.

Proof. Let us first introduce the following notations:

N, denotes the number of cells in type «

[(W#)as] € RN*Ns is a matrix repeating the value of scalar (W*),s

Thus, (W) ey ] [(W)5] = [Ny (W) ar (W*).4]

.\t -1
Gfx,pq = ZS:I(WS)QB K epg,t—s
By properties of block matrix product:

(W agl = DI [(W*)56] = [D Ny (W*)ary (W*)4]
Y Y

= (W )05 = Ny(WH)an (W*)5. (S3.28)
Y
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Now, let’s find a recursive expression to calculate Z% online:

t+1

Gtoz+p1q = Z(Ws)aﬁ pe! €pq,t+1—s
s=1

t
= Z(Wsﬂ)aﬂ 1 epg,t—s
s=0

t
- Z(WSH)M 1 epgt—s + (W) agepq,
s=1

- Z Z Ny (W) ary(W?)45) 17 €pg,t—s + (Wl)aﬁei’q’t

= Z Ny (Whayp Z(WS)%B 1 epgi—s + (W) apepg
= Z N’V(Wl)avﬂth,pq + (Wl)aﬂepq,t (53.29)
And the overall update is:

Aqu‘MOdPT‘Op Z epqt + Z Ga .pq 8 hj,t (8330)

JjE€a gt

The second term dominates the cost, for which we need to store G?

a,pq for every a, p, . This

t+1

apg We need O(C') summations

amounts to O(C N?) storage cost. To update and attain G
and multplications per Gg*z,lq, which amounts to O(C?N?) computational cost. The final

step of combining G and ) hj,t, requires O(CN?) computational cost, which does

jEQ 8z o+
not dominate the cost.

We note that the specific implementation outlined in the proof of Proposition [I| can
significantly reduce the implementation cost, but is likely biologically-implausible, because
each synaptic weight update requires the knowledge of all modulatory weights in the network
(Appendix. Moreover, it reduces the cost compared to RTRL (O(N3) storage and O(N?)
computational complexity) as well as SnAP-2 (O(d?>N?) storage and O(d?N*) computational
complexity for connection density d) [75] significantly if only a few cell types are used. In
this work, we used only two cell types (C' = 2) that map onto the two main cell classes:

excitatory and inhibitory. However, ModProp is more expensive (by a constant factor)

than e-prop, RFLO and MDGL, which all have O(N?) storage and O(N?) computational
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complexity. However, as mentioned, the performance of these rules are limited due to their

severe temporal truncation.
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S3.5 Unreasonable effectiveness of synapse-type-specific modulatory backprop-
agation (through time) weights

We provide the proof for Theorem [I] below:

Proof. We first show that E[(es);;] = 0 for all s > 1. Note (W?)as = 3_, Ny (W), W
and (W#);; = >, (W3 1), Wy, can be calculated recursively.

The base case s = 1 is already given in the condition. Suppose E[(es)i;] = 0, for s + 1:

El(es1)i] = E[(W*H) i — (W) 5]

=E Z(Ws)ikwkj _ZN’Y(WS)QWW’YB
L & Y
=E 22D 0V e+ (@l Vo )| = 3NV
L 7 kev
B SLTUSMINS 3 e (AUSNS 3) USRS
v v kExy v key
+ Z ZE[(Es)ikEkj] - Z Noy(W?) o, Wos
v key Y
_ZZE €s)ik] 75+ZZ av ek] JrZZE €s)ik|E Gk]
v key v key v key
=0. (S3.31)

We now prove the Theorem statement for the scalar output case. The extension to

multiple output signals follows identically. Consider the loss decrement after one update,
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under the (locally) first order loss assumption:

dE  dE
AW,y AW,

(ye — y:)Q [WpOUTepq,t + Z Z WJ'OUT(WS)aBBPq,tS]

S,x ]EOC

X [WPOUTepq,t + Z Z WJQUT[(WU)M,B + (Eu)j’p]emi—uu

u,a’ j'ea’

E|AE|,,| = —nE

= _E[qu] - WE

(e — ;) {WSUTQMJ + Z Z WJQUT(WS)aBemJ—S}

S, jEa
”rOUT
X [E: }: i’ (fu)j’pepq,t—U]

u,a j'ea’

= _E[F?)q] - 772 Z W]'(/)UTWpOUTE [(Eu)j’p(yt - y:)erqiepq,t*U]

u,o j'ea’

-1 Z Z (Ws)a,BWgQUTWjC')UTE [(Eu)j’p(yt - yzﬁ)%pq,t—semi—u]

s,u,o,0f jeEa,j'€a’

(i) —E[qu] —-n Z Z WJQUTWEUTE [(ﬁu)j'p] E [(yt - y:)zepq,tepq,t—U]

u,a j'ea’

=0 Y Y (W)asWPYTWRVTE [(u)jrp] E [y — 47) engt-sepat—]

s,u,a,0 jEa,j €a’

=

where (a) follows from the uncorrelatedness condition and (b) follows from the result of (S3.31)).
Here, we defined T'pq := n(y: — yf) [WIE)UTequt +2 2620 Xica W]QUT(WS)aBequ_S} . Then,

E[AE|,] = —nE [ﬁTVE} =Y E <0. ($3.33)

Moreover, if gradient descent is possible for a network N with weight W;; = Weg,
Vi€ a,j€ B, then E[} ) T'pg] <0 by definition and E[AE],] <O0.
O

We note that with the linear RNN assumption in Theorem [I] Approximation 1 becomes
exact when = 1 because the activation derivative is a constant 1 for linear networks. Thus,

the proof only only examines the effect of Approximation 2 (type-specific feedback weight
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approximation). Also, the Theorem assumes uncorrelatedness for residual weights €, which
may not be the case for networks that are not Erdés—Rényi [I32]. Despite that, ModProp still
leads to performance improvement over existing rules for the tasks examined. Nevertheless,

it is important to investigate ModProp across a broad range of tasks in the future.

A Pattern generation B Delayed XOR

Distribution of alignment angle with BPTT Distribution of alignment angle with BPTT

J L L T J 10 1
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Figure S3.5: Alignment angle comparison shows that gradients approximated by ModProp (with or
without type-specific modulatory weights) are more similar (than MDGL) to the exact gradients. We
quantify the similarity between approximated and exact gradients via the alignment angle, which describes the similarity
in the direction of the two update vectors (Appendix for various tasks. In all top-panels, the alignment angles
between approximate rules and BPTT are less than 90°, which indicate that the approximated gradients are aligned
with the exact gradient, despite the high-dimensionality of the update vectors. All bottom panel plots show that
ModProp variants achieve smaller alignment angles (hence better alignment) with BPTT than MDGL does. To ensure
a fair comparison, we examine the statistics of pairwise differences, so that the point on the loss landscape where
the comparison is done — is matched. This is achieved by training the network using BPTT across seven different runs
and sampling the approximated gradient once every 50 training iterations. Alignment analysis illustrated here is for

recurrent weight gradients, and similar trends are observed for the input weights as well.
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S3.6 Simulation details

All weight updates were implemented using Adam with default parameters [I07]. All Adam
learning rates are optimized by picking the best one within {5e — 5,1e — 4,2e — 4,5e —
4,1e — 3,2e — 3,5e — 3} for every learning rule and task. For ModProp, the best value of
hyperparameter u (Eq. was picked within {0.2,0.25,0.3,0.35,0.4,0.45,0.5}. For every
learning rule and task, we removed the worst performing run quantified by area under the
learning curve. We note that while input, recurrent and output weights are all being trained,
the nonlocality issue (Eq. only applies to training input and recurrent weights. Thus,
all approaches update output weights using backpropagation, and approximations apply to
training input and recurrent weights. As stated, we repeated runs with different random

initialization to quantify uncertainty and weights were initialized similarly as in [21].

We used alignment angle to quantify the similarity between two vectors. The alignment
angle @ between two vectors, a and b, was computed by § = acos(||a”b||/||al|||b]|). The

alignment between two 2D matrices was computed by flattening the matrices into vectors.

For the pattern generation task, our network consisted of 400 neurons described in
Eq. All neurons had a membrane time constant of 7,,, = 30ms. Input to this network
was provided by 50 units each producing a different random Gaussian input. The fixed target
signal had a duration of 2000ms and given by the sum of five sinusoids, with fixed frequencies
of 0.5Hz, 1Hz, 2Hz, 3Hz and 4Hz. For learning, we used mean squared loss function and for
visualization, we used normalized mean squared error NMSE = %W for zero-mean
target output y,j,t. For the delayed XOR task, our implementation o,f tﬁe task involved the
presentation of two sequential cues, each lasting 100ms and separated by a 700ms delay.
There was only one input unit involved and two cue alternatives were presented by setting
the input unit to 1 or 0, and the unit was set to to 0 during the delay period. In addition, a
Gaussian noise with o = 0.01 was added to the input. The network was trained to output
1 (resp. 0) at the last time step when the two cues have matching (resp. non-matching)
values. Our network consisted of 120 neurons. All neurons had a membrane time constant of

T = 100ms. For learning, we used cross-entropy loss function and the target corresponding

to the correct output was given at the end of the trial. A batch size of 32 was used and the
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gradients were accumulated during those trials additively.

For the copy task, we presented a input sequence of seven binary cues (taking on the
value of 0 or 1) on one set of runs and five cues on another. Each cue lasts 100ms to mimic
duration of a quick cue flash in biological setting. After the full sequence presentation, the
network is tasked to output the same sequence (same value and duration) without further
instruction. Our network consisted of 120 neurons. All neurons had a membrane time
constant of 7,,, = 100ms. For learning, we used cross-entropy loss function and the target
corresponding to the correct output was given at the end of the trial. We used full batch
training: a batch size of 8 (resp. 128) was used for the three (resp. seven) cue sequence runs
due to 8 (resp. 128) possible permutations.

For the pixel-by-pixel MNIST task [10], our network consisted of 200 neurons. All neurons
had a membrane time constant of 7,,, = 20ms. Input to this network was provided by a single
unit that represented the grey-scaled value of a single pixel, with a total of 784 steps and
the network prediction was made at the last step. For learning, we used the cross-entropy
loss function and the target corresponding to the correct output was given at the end of the
trial. A batch size of 256 was used and the gradients were accumulated during those trials
additively.

We used TensorFlow [I33] version 1.14 and based it on top of [21]. [[] We performed
simulations on a computer server with x2 6-core Intel Xeon E5-2640, 2.5GHz, 32 GB RAM.
Regardless of the learning rule, our implementation takes approximately one hour to complete
one run of pattern generation or delayed XOR task training (for Figures and on the

server.

'Our code is available: https://github.com/Helena- Yuhan-Liu/ModProp!


https://github.com/Helena-Yuhan-Liu/ModProp
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Chapter 4

BEYOND ACCURACY: GENERALIZATION PROPERTIES OF
BIO-PLAUSIBLE TEMPORAL CREDIT ASSIGNMENT RULES

4.1 Introduction

A longstanding question in neuroscience is how animals excel at learning complex behavior
involving temporal dependencies across multiple timescales and thereafter generalize this
learned behavior to unseen data. This requires solving the temporal credit assignment
problem: how to assign the contribution of past neural states to future outcomes. To address
this, neuroscientists are increasingly turning to the mathematical framework provided by
recurrent neural networks (RNNs) to model learning mechanisms in the brain [120, 134].
Temporal credit assignment in RNNs is typically achieved by backpropagation through
time (BPTT), or other gradient descent-based optimization algorithms, none of which are
biologically-plausible (or bio-plausible for short). Therefore, the use of RNNs as a framework
to understand the computational principles of learning in the brain has motivated an influx

of bio-plausible learning rules that approximate gradient descent [711, 126, 134].

The performance of such rules is typically quantified by accuracy. Although the accuracy
achieved by these rules is often comparable to true gradient descent, little is known about
the breadth of the emergent solutions, namely how well they generalize. Broadly speaking,
generalization refers to a trained model’s ability to adapt to previously unseen data, and is
typically measured by the so-called generalization gap: the difference between training and
testing error. This is especially important when learning complex tasks with nonlinear RNNs
where the loss landscape is non-convex, and therefore, many solutions with comparable train-
ing accuracy can exist. These solutions, characterized as (local) minima in the loss landscape,
can nonetheless exhibit drastically different levels of generalization (Figure . It is not
clear if gradient-based methods like BPTT and the existing bio-plausible alternatives have a

different tendency to converge to loss minima that provide better or worse generalization.
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While the search for better predictors of the generalization performance remains an open
issue in deep learning research [I35], recent extensive studies identify flatness of the loss
landscape at the solution point as a promising predictor for generalization [14], [136HI39)].
Leveraging these empirical and theoretical findings, we ask: how do proposed biologically-
motivated gradient approximations affect the flatness of the converged solution on loss
landscape, and thereby, generalization?

Our overarching goal is to investigate generalization trends for existing bio-plausible
temporal credit assignment rules, and in particular, examine how truncation-based bio-
plausible gradient approximations can affect such trends. Specifically, our contributions

are summarized as follows:

e In numerical experiments, we demonstrate across several well-known neuroscience and
machine learning benchmark tasks that state-of-the-art (SoTA) bio-plausible learning
rules for training RNNs exhibit worse and more variable generalization gaps, compared

to true (stochastic) gradient descent (Figure [1.2A-C).

e Using the same experiments, we show that bio-plausible learning rules tend to approach
high-curvature regions in synaptic weight space as measured by the loss’ Hessian
eigenspectrum (Figure —F). Further, we verify that this correlates with worse
generalization (Figure -F and , which is consistent with the literature.

e We present a theorem to explain this phenomenon by examining the weight update
equation as a discrete dynamical system, which sheds light on a potential connection

between gradient alignment and the preference over converging to narrower minima

(Theorem [2] Figure [4.4).

Given the core components in designing artificial neural networks: data, objective functions,
learning rules and architectures [61], we investigate different learning rules while holding the
data, objective function and architecture constant. SOTA RNN learning rules investigated
include a three-factor rule with symmetric feedback (symmetric e-prop [4]), a three-factor rule

using random feedback weights (RFLO [140]) and a multi-factor rule using local modulatory
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signaling (MDGL) [11]. For an in-depth explanation of how these rules are implemented and
why they are bio-plausible, please refer to Appendix [S4.1.2] We also encourage the reader to
visit Appendix B for Theorem [2| proof and discussion on loss landscape geometry. In the last
paragraph of the Discussion section, we discuss potential remedies implemented by the brain
and provide preliminary results (Appendix Figure [S4.1). To our knowledge, our analysis
is the first to highlight and quantitatively provide a mechanistic explanation of the reason
for this gap in solution quality between artificial and bio-plausible learning rules for RNNs;

thereby motivating further investigations into how the brain learns solutions that generalize.
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Figure 4.1: Setup. A) Illustration of an RNN trained to minimize error/loss function L (left). Existing bio-plausible
proposals for RNNs estimate the gradient by neglecting dependencies that are biologically implausible to compute
(right). B) Low training error/loss can be achieved by partially following a gradient (right), but the preference for
converging to minima with certain generalization properties remains underexamined for these learning rules (left). C)
Minima flatness matters: 1-D loss landscape illustration with two solutions that equally minimize loss L, but exhibit

drastically different generalization properties: the narrower minima are more sensitive to perturbation.
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4.2 Related works

4.2.1 Bio-plausible gradient approrimations

Investigating bio-plausible learning rules is of interest both to identify more efficient training
strategies for artificial networks and to better understand learning in the brain |71 [134] 141
170]. In order for learning to reach a certain goal quantified by an objective, learning
algorithms often minimize a loss function [6I]. The error gradient, if available, tells us
how each parameter should be adjusted in order to have the steepest local descent. For
training RNNs, which are widely used as a model for neural circuits |30, I7IHI89], standard
algorithms that follow this gradient — real time recurrent learning (RTRL) and BPTT —
are not bio-plausible and have overwhelming memory storage demands [70} [7T]. However,
learning rules that only approximate the true gradient can sometimes be as effective as
those that follow the gradient exactly [6I, O7]. Because of that, bio-plausible learning
rules that approximate the gradient using known properties of real neurons have been
proposed and led to successful learning outcomes across many different tasks in feedforward
networks [22, 56, 59, [79-84], [126], 190], with recent extensions to recurrently connected
networks |4} [I1], [140]. These existing bio-plausible rules for training RNNs [4 [I1], [140] are
truncation-based (which is the focus of this study), so that the untruncated gradient terms can
be assigned with putative identities to known biological learning ingredients: eligibility traces,
which maintain preceding activity on the molecular levels |8 38| 42 90, 108, [109], combined
with top-down instructive signaling [8, 40}, [42], 44} [86, 110, 119] 120} 122] as well as local
cell-to-cell modulatory signaling within the network [11} 1911, [192]. For efficient online learning
in RNNs, other approximations (not necessarily bio-plausible) to RTRL [13] [75] [76], 193-195]
have also demonstrated to produce a good performance. Given the impressive accuracy
achieved by these approximate rules, several studies began to investigate their convergence
properties [196], e.g. for random backpropagation weights in feedforward networks [197, [198].
However, the trend of generalization capabilities of these rules, especially in RNNs, is

underexamined.
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4.2.2  Loss landscape curvature and generalization performance

Given the central importance of understanding how neural networks perform in situations
unseen during training [18, 135, [199-204], the deep learning community has made tremendous
efforts to develop tools for understanding generalization that we leverage here. That flat
minima could lead to better generalization was observed more than two decades ago [205].
Intuitively, under the same amount of perturbation € in parameter space (e.g. loss landscape
changes due to the addition of new data) worse performance degradation will be seen around
the narrower minima (see Figure ) We note that perturbations in parameter space can be
linked to that in the input space [14]. Recently, many empirical studies have consistently sup-
ported the usefulness of this predictor [206H213]. In particular, the authors of [136] performed
an extensive study and found that flatness-based measures have a higher correlation with
generalization than other alternatives. Motivated by this, several studies have characterized
properties of the loss functions’s Hessian — whose eigenspectrum carries information about
curvature [214H218]. Connections between flatness and generalization performance have shed
light on the reason for greater generalization gaps in large batch training [209, 219-H222],
and also have inspired optimization methods to favor flatter minima [206], 207, 223H230].
Despite the criticism of scale-dependence of flatness [231], where parameter rescaling can
drastically change flatness but not always generalization quality, flatness — with parameter
scales taken into account [232] 233] — are connected to PAC-Bayesian generalization error
bounds [I37HI39]. Moreover, a recent theoretical study rigorously connects the flatness of
the loss surface to generalization in classification tasks under the assumption that labels are
(approximately) locally constant [I4]. Leveraging the great progress from the deep learning
community, we aim to study the generalization properties of bio-plausible learning rules from

a geometric perspective.

4.3 Results

In this section, we first describe the network and learning setup we use (Figure ) Next, we
present a number of numerical experiments where we compute the generalization gap directly

on three commonly used ML and neuroscience tasks (Figure —C), for truncation-based
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bio-plausible gradient approximations. For the same experiments, we also quantify loss
landscape curvature along learning trajectories, and connect these quantities to generalization
behavior (Figures -F and . Finally, we provide theoretical arguments and a theorem
that explains how gradient alignment in bio-plausible gradient approximations can affect
curvature preference (Theorem , Figure and thus, generalization. Through additional
experiments, we verify the predictive power of our theory. We conclude with discussions on

potential remedies used by the brain (Appendix Figure [S4.1)) and future directions.

Generalization gap historgrams
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Figure 4.2: Bio-plausible temporal credit assignment rules show worse and more variable generalization

gap, which can be informed by loss landscape curvature. A-C) Generalization gap distributions computed at the

end of training across different random weight initializations for several well-known neuroscience and machine learning

tasks. The higher the generalization gap, the worse the generalization performance. BPTT (black), bio-plausible

alternatives (magenta, yellow and green). D-F) Scatter plots showing the trend of generalization gap v.s. leading loss

Hessian eigenvalue across many runs; each point corresponds to a single run of the same runs as in A-C.

4.83.1 Network and learning setup

The detailed governing equations of our setup can be found in Methods (Appendix [S4.1)). We
consider a RNN with NV, input units, N hidden units and Ny,; readout units (Figure )
We verified that trends hold for different network sizes and refer the reader to Appendix
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for more details. The update formula for by € RY (the hidden state at time ¢) is governed by:
hiv1 = d(Whf(he), Weay), (4.1)

where ¢(-) : RY — R¥ is the hidden state update function, f(-) : RV — R¥ is the activation
function, W), € RV*N (resp. W, € R¥in*N) is the recurrent (resp. input) weight matrix
and x € RN is the input. For ¢, we consider a discrete-time implementation of a rate-based
recurrent neural network (RNN) similar to the form in [124] (details in Appendix [S4.1)).

Readout § € RNewt | with readout weights w € RNewt*N s defined as

g = (w, f(he)). (4.2)

We performed experiments on three tasks: sequential MNIST [10], pattern generation [234]
and delayed match-to-sample tasks [235]. The objective is to minimize scalar loss L € R,
which is defined as

2TB Zl 1Zt 1ENO“t( 1 y,(ji)z, for regression tasks (43)
’ 3

L(Wp) =
5T Zgw{ . tlogw,g 1, for classification tasks

given target readout y € R™eut task duration 7' € R and batch size B € R. Tk € R is the
one-hot encoded target for readout unit k& at time ¢ and 7, = softmaxy (Y14, - - ., UNoyr.t) =
exp(Uk.t)/ D exp(Yrr+) is the predicted category probability.

Different learning algorithms examined in this work are BPTT (our benchmark), which

update weights by computing the exact gradient (VL(W,) € RV*XN).
p g Y p g g h

AW}L = —T]VL(W}L), (4.4)
and three SoTA bio-plausible learning rules that update weights using approximate gradient:
AW, = =V L(Wh), (4.5)

where @L(Wh) € RVXN denotes a gradient approximation and 1 € R denotes the learning
rate. These three learning rules are explained further in Appendix (Methods) but we
note that these bio-plausible learning rules are based on truncations of dependency paths

— on the computational graph for the exact gradient— that are biologically implausible to
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compute (Figure ) In all figures, learning rules are labeled as "Three-factor" (symmetric
e-prop), "RF Three-factor" (RFLO) and "MDGL", respectively. We remark that the focus
here is on comparing artificial to bio-plausible learning rules, rather than between biological
rules. Finally, we note that tasks were learned with mostly comparable training accuracies
for all learning rules, and that generalization gaps reflect a testing departure from these

values. We refer the reader to the Appendix for more details (Appendix [S4.1.3)).

4.3.2  Generalization gap and loss landscape curvature

To study generalization performance, our first step is to compute the generalization gap
empirically. Generalization gap is defined as train accuracy minus test accuracy; the larger
the generalization gap, the worse the generalization performance. For various learning rules,
we plot the generalization gap histogram at the end of training across runs with distinct
initializations; different colors represent different learning rules (Figure -C). Notice that
these bio-plausible rules achieve worse and more variable generalization performance than
their machine learning counterpart (BPTT).

We now investigate if the generalization gap behavior described above correlates well
with Loss landscape curvature. We use the leading eigenvalue of the loss’ Hessian (where
derivatives are taken with respect to model parameters) as a measure for curvature following
previous practice [219] and note that it is practical for both empirical [216] and theoretical
analyses (Theorem. There exist other measures for flatness and due to the scale-dependence
issue of Hessian spectrum [231], we also test using parameter scale-independent measures (see
Appendix Figures and . When we plot generalization gap points from Figure —C
against the corresponding leading Hessian eigenvalue, a statistically significant correlation is
observed (Figure —F). We also observed such correlation across runs with the learning
rule fixed (Appendix Figure . We note that we did not expect this relationship to be
very tight since in addition to the worse generalization gap on average, bio-plausible learning
rules exhibit increased variance. This is an important and consistent trend we observed but

might have been overlooked in previous studies.

So far, we investigated the endpoints of optimization trajectories, where training per-
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Figure 4.3: Bio-plausible gradient approximations tend to approach high curvature regions in loss
landscape. Dominant Hessian eigenvalues are plotted throughout training for bio-plausible learning rules and BPTT.
This analysis is done for A) sequential MNIST, B) pattern generation and C) delayed match-to-sample tasks. Solid

lines/shaded regions: mean/standard deviation of dominant Hessian eigenvalue curves across five independent runs.

formance has converged. Now, we visualize the whole training trajectory. This done is
for two reasons: 1) account for early stopping that can halt training anywhere along the
trajectory due to time constraints; 2) flatness during training could give indications of
avoiding or escaping high-curvature regions. We observe that the biologically motivated
gradient approximations tend to rapidly approach high-curvature regions compared to their
machine learning counterpart (Figure . Together, these results demonstrate a clear trend
and a link between the generalization gap and loss landscape curvature: both being increased
and more variable for bio-plausible rules. We also stopped BPTT early to match the test
accuracy of the three-factor rule, and observed similar trends as in the main text (Appendix
Table . We also note that the curvature convergence behavior seems to be a shared
problem of temporal truncations of the gradient (Appendix Figure , which is what the
existing bio-plausible gradient approximations for RNNs are based on. Next, we provide
a theoretical argument as to why truncated temporal credit assignment rules favor high

curvature regions of the loss landscape.

4.8.8  Theoretical analysis: link between curvature and gradient approzimation error

We discussed how generalization can be linked to curvature, and we now examine the
link between curvature and gradient alignment during learning dynamics. We represent
approximate gradients in a rule-agnostic manner, where an arbitrary approximation is

represented in terms of its component along the gradient direction plus an arbitrary orthogonal
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vector (Figure [4.4A):
s (4.6)

@y

where § := VL(W}) € RN * and 5 € RN are the exact and approximate gradients, respectively
(we reshaped VL(W},) into a vector here); & € RV’ is an arbitrary orthogonal vector to g.
Here, scalar p € R represents the relative step length along the gradient direction that the

approximate rule is making. As we will see in Theorem [2| p is an important quantity in our

g

-

SS]

analysis. One can easily compute p from ¢ and Ef by p =

Q
3

We express weight updates as discrete dynamical systems (with weights W}, as the state

variables):

W,k « W, + F(W, ) =W, —nVL(W, ), for BPTT (4.7)

W« W, + F(W,") =W, —nVL(W, ), for an approximate rule, (4.8)

where 77 is the learning rate, V is an approximate gradient, and F : RY P RV (resp.
F RN 5 RV 2) denotes the map defined by BPTT (resp. an approximate) weight update
rule. Notation W and W~ denotes W at the next and current step, respectively. We note in
passing that dynamical systems view of weight updates have been used previously [236], 237].

We introduce additional notations before presenting Theorem J € RN*xN? (resp.
J € RN?xN 2) is the Jacobian of the dynamical system of BPTT (resp. an approximate rule)
in Eq. (resp. Eq. . A € R (resp. X? € R) is the leading eigenvalue for BPTT (resp.
an approximate rule) Jacobian. A € R is the leading eigenvalue of the loss’ Hessian matrix.
Wk € RV*N (resp. W € RVXN) is the final fixed point for BPTT (resp. an approximate

rule). We now present Theorem [2]

Theorem 2. Consider an RNN defined in Eq. with a single scalar output § and least
squares loss as in Eq.[{.3 presented only at the last time step T, and weights are updated
according to the difference equation for BPTT (resp. an approzimate rule@ on a single
example (stochastic gradient descent) using learning rate ng (resp. me). In the limit of stable

fized point convergence with zero training error, the dominant loss’ Hessian eigenvalue attained

by BPTT (resp. approzimate rule) is bounded by |NT(W}3)| < 7%3 (resp. |MNT(WF)| < m)

Proof. Full proof is in Appendix Here is a summary of the main steps involved:
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1. The Jacobian of BPTT dynamical system (Eq. is the loss’ Hessian scaled by a

constant;

2. Using the above relationship, we can bound |[A| from |A{| < 1, which is the condition

for a discrete-time dynamical system to converge to a fixed point

3. However, the link between the Jacobian of an approximate update rule and the loss’

Hessian is less obvious. Thus, we derive a link between |A{| and |\{|, and then apply

the step above

O

The consequence of the upper bound derived in Theorem [2|is that truncated gradient
rules can converge to minima with a higher dominant Hessian eigenvalue than BPTT, with
the leading eigenvalue bound inversely proportional to |p| (|p| < 1 usually). In practice, p can
vary depending on task settings and in our setup, we observed it to be somewhere between
0.02 and 0.3. We remark that this higher upper bound is consistent with the increased spread
of curvature and generalization observed for bio-plausible rules in experiments. Theorem
highlights scalar p (Eq. , relative step length along the gradient direction, as an important
factor in the curvature bound. To test that, we eliminate the factor of p by reducing the
learning rule of BPTT such that its step length is matched to that of the three-factor
rule. This resulted in the blue curves in Figure [£.4] which is still trained using BPTT but
with the update scaled by a factor of p. By matching the step length of BPTT and a
three-factor rule along the gradient direction, similar convergence behaviors were observed.
Similar observations were also made when the matching step experiment was repeated at
three times the learning rate for all rules (Appendix Figure ) This result then
attributes the curvature preference behavior to relative step length along the
gradient direction, and thereby indicating a link between curvature and gradient
alignment under certain conditions. Consistent with earlier results, when the step

length of BPTT is matched to that of a three-factor rule, its generalization performance also

worsened (Appendix Figure |S4.2)).
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A. Rule agnostic setup B. Intuition for Theorem 1
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Figure 4.4: Preference for high curvature regions connected to worse gradient alignment under certain
conditions. A) An arbitrary gradient approximation, 5, its component along the gradient direction, pg, and orthogonal
to the gradient € (Eq.[4.6). The scalar p represents the relative step length along the gradient direction. B) Illustration
for Theorem if gradient § is aligned with the sharpest directions but error € is not (see Appendix Figure ,
smaller step length along the gradient direction can make it harder to step over narrow minima. C-E) Leading loss
Hessian eigenvalue v.s. training iteration for the three-factor rule, BPTT, and modified BPTT (three-factor, theory).
For the latter, step length along the gradient direction of BPTT was matched to three-factor rule by multiplying BPTT

update with a factor of p, which recovers curvature trends of the three-factor rule.

We make a few more remarks regarding Theorem [2] p is usually less than 1 because
otherwise the additional orthogonal component € would imply a larger update size for the
approximate rule compared to BPTT. This would make the approximate rule more prone to
numerical instabilities (Eq. and would require a change in solver hyperparameters such
as overall learning rate which in turn, influence the update size. In our experiments, when the
three-factor rule was scaled up to match the along-gradient update sizes of BPTT, we quickly
ran into numerical overflow (values of NaNs in the network), which is expected for a very
large learning rate. The exact point for when this numerical instability is reached depends
on many factors such as the model, task, numerical precision as well as the consistency of
update direction. We have also equated numerical instabilities in simulations as a proxy
for situations problematic for the brain in Discussion. Curiously, € did not seem to play a

helpful role in finding flatter minima; this could be due to that approximation error € is not
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well aligned with the sharpest directions (Appendix Figure . In fact, € being orthogonal
to the leading Hessian eigenvectors is a consequence of the assumptions behind Theorem [2]
Despite making assumptions including scalar output, MSE loss and loss available at the
last step, our empirical results indicate that our conclusions also extend to other setups:
vector output, cross-entropy loss and loss that accumulates over time steps (Figure . In
Appendix we discuss the generality of Theorem [2| by using quadratic expansion of the

loss function and assuming that € is orthogonal to the leading Hessian eigenvectors.

One might assume increasing the learning rate of the approximate rules could compensate
for the reduced step length due to p. However, this can raise other issues. Suppose AW = —ng
for the exact gradient and we increase the learning rate of the approximate update until

—

AW = —ng — né’ (magnitude of € is scaled accordingly), and because § L é:
IAWI? = 5?1 +2l|e)® > n?[lgl* = [|AW]f? (4.9)

In other words, if approximate updates AW make the same amount of progress as BPTT along
the gradient direction, AW would have a larger magnitude due to the orthogonal component
¢, and large update magnitude can be very problematic for numerical stability [238]. Thus,
the magnitude of € limits the learning rate that can be used. Because of the numerical
issues associated with increasing the learning rate for approximate rules (due
to €), the differences in generalization and curvature convergence between rules
cannot be reduced by increasing the learning rate for approximate rules. To
balance between this numerical stability issue and the potential benefit of large learning
rates, one can consider using a large learning rate early in training to prevent premature
stabilization in sharp minima followed by gradual decay to mitigate the stability issue (see
Appendix Figure .

Taken together, Theorem [2| and Eq. connect gradient alignment with the curvature of
the converged solution under certain conditions. For an approximation that is aligned
poorly with the exact gradient, large orthogonal approximation error vector &
limit the step length for numerical stability reasons (Eq. and small relative

step length p correspond to a larger curvature bound (Theorem .
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4.4 Conclusion

While developing bio-plausible learning rules is of interest for both answering neuroscience
questions and searching for more efficient training strategies for artificial networks, the gener-
alization properties of solutions found by these rules are severely underexamined. Through
various well-known machine learning and working memory tasks, we first demonstrate empir-
ically that existing bio-plausible temporal credit assignment rules attain worse generalization
performance, which is consistent with their tendency to converge to high-curvature regions
in loss landscape. Second, our theoretical analysis offers an explanation for this preference
for high curvature regions based on worse alignment to the true gradient. This regime
corresponds to the situation where the step length along the gradient direction is small and
the approximation error vector is large. Finally, we test this theory empirically by matching

the relative step length along the gradient direction resulting in similar convergence behavior

(Figure [4.4).
4.5 Discussion

Our study — a stepping stone toward understanding biological generalization using deep
learning methods — raises many exciting questions for future investigations, both on the

front of stronger deep learning theory and more sophisticated biological ingredients.

Deep learning theory and its implications: In this study, we investigate generalization
properties using loss landscape flatness, a promising predictor with recent rigorous connection
to generalization gap [14]. Yet, to what extent can flatness explain generalization is still an
open question in deep learning. For instance, curvature is a local measure, which means
that its informativeness of robustness against global perturbation is limited. Moreover, the
theoretical association between flatness and generalization is provided in the form of upper
bound [14} [139] and the bound may not always be tight, which is consistent with more
variability in the generalization gap for bio-plausible learning rules but offers less predictive
power. Despite observing a significant correlation between the generalization gap and a

curvature-based measure in Figure [£.2] the relationship appears to be messy, suggesting
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other factors involved in explaining generalization. Given that developing better predictors
of generalization is still a work in progress [I35], we anticipate stronger theoretical tools to
be applied for studying biological generalization in the future. Our results are also consistent
with existing findings linking learning rate to loss landscape curvature in deep networks [221].
In the case of bio-plausible gradient approximations, small step length along the gradient
direction cannot be compensated by increasing the learning rate, as that would inadvertently
increase the error vector, causing numerical issues (Eq. . Curiously, the approximation
error vector € did not seem to play a role other than restricting the learning rate. While it
is well-known that stochastic gradient noise (SGN) can help with finding flat minima due
to the alignment of SGN covariance and Hessian near minima [220, 239-241], that may not
apply to approximation error vector € resulting primarily from temporal truncation of the
gradient (see Figure and Appendix Figure . This indicates that noise with different
properties (e.g. different directions) could affect generalization differently, thereby motivating
future investigations into how a broad range of biological noises — which may differ from

noise in ML optimization (e.g. SGN) — can impact generalization.

Moreover, our results are closely related to a series of studies that examined the "cata-
pulting" behavior in learning [242H246]. This can happen when the second order Taylor term
of the loss function would dominate over the first, which would cause learning to cross the
threshold for step size stability and "catapult" into a flatter region that can accommodate
the step size. If the truncation noise is only aligned with the eigendirections associated with
negligible eigenvalues, then it can only have limited contributions to the second-order Taylor
term. On top of that, the orthogonal noise term would require a smaller learning rate to be
used to avoid numerical issues, as explained earlier. Overall, these would lead to a weaker
second-order Taylor term relative to the first for bio-plausible temporal credit assignment
rules, which would then increase the threshold for step size stability. This increased stability
is closely tied to the greater dynamical stability (for the weight update difference equation) of
approximation rules predicted by Theorem 2] due to the correspondence between loss’ Hessian
matrix and the Jacobian matrix of the weight update difference equation (the correspondence

is explained in Theorem [2[ proof in Appendix [S4.2)).
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Toward more detailed biological mechanisms: On the front of more sophisticated
biological ingredients that may improve generalization performance, we see two lines of
approaches: 1- develop bio-plausible learning rules that align better with the gradient, as
suggested by our rule-agnostic analysis (Theorem [2| Figure ; and 2- instead of studying
learning rules in isolation, consider also other neural circuit components [247H255] that could
interact with the learning rule. An important component would be the architecture, including
connectivity structure and neuron model, found through evolution [252] (see also [256]). To
address our main question, this study varies learning rules while holding data, objective
function and architecture constant (see [61]). However, these different components can
interact, and more sophisticated architecture can facilitate task learning [125, 256-262].
Given the exploding parameter space resulting from such interactions, we believe it requires
careful future analysis and is outside of the scope for this one paper.

Additionally, learning rate modulation [263] [264] could be one of many possible remedies
employed by the brain. We conjecture that neuromodulatory mechanisms could be coupled
with these learning rules to improve the convergence behavior through our scheduled learning
rate experiments (Appendix Figure , where an initial high learning rate could prevent
the learning trajectory from settling in sharp minima prematurely followed by gradual decay
to avoid instabilities. One possible way to realize such learning rate modulation could be
through serotonin neurons via uncertainty tracking, where the learning rate is high when the
reward prediction error is high (this can happen at the beginning of learning) [265]. Since the
authors of [265] showed that inhibiting serotonin led to failure in learning rate modulation,
we conjecture that such inhibition might have an impact on the generalization performance of
learning outcomes. On the topic of balancing numerical instabilities and potential advantages
of large learning rates, while the analog nature of biology may seem to avoid finite precision
representation in digital computers that give rise to numerical instabilities, the same problems
that lead to numerical instabilities in digital computers, such as big ranges between quantities
added or multiplied, remains an issue for biology since quantities must be stored in noisy
activity patterns of neurotransmitter release. Future investigations could investigate potential
homeostatic mechanisms that regulate biological quantities to avoid such instabilities, thereby

enabling larger "learning rates” to be used so as to find flatter minima. Other ingredients
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for future investigations could include intrinsic noise with certain structures [249, 266}, 267]
(including directions and bias/variance properties) that would make them more favorable
for generalization. Taken together, we hope to see follow-up investigations — riding on the
rapid advancements both at the front of deep learning theory and sophisticated biological

mechanisms — into how the brain attains solutions that generalize.
S4.1 Methods

S4.1.1 Hessian eigenspectrum analysis

As mentioned, we focus on the leading Hessian eigenvalue because it has been used previ-
ously [I5, 219] and is very feasible for both empirical [216], 268] and theoretical analyses
(Theorem . The leading Hessian eigenvalue can be computed by performing power iterations
on the Hessian vector product without knowing the full Hessian matrix (Algorithm 2 in [216]).
To find multiple top eigenvalues, e.g. top 200 eigenvalues, one can use the generalized power
method via QR decomposition [269]. We focused on the loss” Hessian for recurrent weights
but observed a similar trend for input weights as well. We set the tolerance for stopping to
le — 6.

Due to the scale-dependence issue of Hessian spectrum [231], we also used scale-independent
measures. For instance, we examined the power-law decay coefficient for the Hessian eigen-
values (Figure in Appendix). We also looked at the recently proposed relative flatness
measure [14] (Figure in Appendix). We used the code in [270] to fit a power-law
distribution to the top 200 eigenvalues. We found similar results had we chosen the top 50 or
100 eigenvalues instead, and 200 was chosen mainly due to computational load. We note
that the link of power-law decay to generalization has also been examined in some recent

studies [218], 271, 272].

S54.1.2 Network setup and learning rule implementations

Neuron Model: We consider a discrete-time implementation of a rate-based recurrent
neural network (RNN) similar to the form in [I24]. The model denotes the internal hidden

state as hy and the observable states, i.e. firing rates, as f(h;) at time ¢, and we use ReLU
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activation for f. The dynamics of those states are governed by

ht+1 = ah; + (1 — Oé) (th(ht) + WQ;ZL‘t) R (841)

—dt/Tm denotes the leak factor for simulation time step dt and membrane time

where a = e
constant 7,,, Wy denotes the weight of the recurrent synaptic connection, W, denotes the
strength of the input synaptic connection and x; denotes the external input at time ¢. we use
subscripts to represent indices of neurons and time steps. For instance, h;; represents the

)" entry of recurrent weight

hidden activity h of neuron ¢ at time ¢. W}, ;; represents the (ij
matrix Wj. Model in Eq. was used for the sequential MNIST and pattern generation
tasks.

We mention in passing that the choice of ReLU activation, which has a discontinuous
first derivative, means that the loss Hessian matrix is not guaranteed to be symmetric. A
real matrix that is not symmetric can have complex eigenvalues come in conjugate pairs, and
if they were amongst the top eigenvalues, power iterations may not converge. However, all
iterations have converged in our experiments as mentioned above. Also, because of potential
technical issues resulting from non-symmetric Hessian matrices, we foresee challenges in
applying our methodology to spiking neural networks (SNNs), which have discontinuous
activation functions. Due to the energy efficiency and biological realism of SNNs |76}, 273-H282],
we believe extending to SNNs is an important future direction.

For the delayed match to sample task, which is a working memory task, it was found
in [11] and [4] that units with an adaptive threshold as an additional hidden variable can play
an important role in the computing capabilities of RNNs. Thus, we implemented adaptive
threshold neuron units [260] for that task. In our rate-based implementation, this turns out
to be a simple addition of a second hidden variable b; that represents the dynamic threshold

component:

ht+1 = ahy + (1 — Oé) (th(ht — bt) + Wgc:L‘t) ,

bip1 = Bby + (1 — B) f(he — by), (54.2)

where b;; denotes the dynamic threshold that adapts based on past neuron activity. The

decay factor 8 is given by e~%/™ for simulation time step dt and adaptation time constant
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Tp, which is typically chosen on the behavioral task time scale [11].
Network output and loss function:

Readout g is defined as
g = (w, f(h)) (54.3)

for readout weights w.
We quantify how well the network output § matches the desired target y using loss

function L, which is defined as

Nou 3
QTB ZZ 1 Zt D (yk 7 921)2’ for regression tasks

L(W,) = (S4.4)

D S Sriak T}, 1[097%,(;1, for classification tasks

for target output y, task duration 7', Ny, output neurons and batch size B. m; is the
one-hot encoded target and 7y, = softmaxg (91,4, .- -, UNoyr,t) = €XP(Ukt)/ D eXP(Ur ¢) is
the predicted category probability.

Biological gradient approximations (truncation-based)

The goal of this subsection is to explain where the approximation happens for each of the
bio-plausible learning rules. For full details regarding these rules, we encourage the reader to
refer to the respective references. We start by writing down the gradient in terms of real-time

recurrent learning (RTRL) factorization:

Z aL 8hl7t (84 5)

8Wh if Ohyy OWp, 45

Key problems that RTRL poses to biological plausibility and computational cost reside in

the second factor a?/v that arises during the factorization of the gradient (Eq.|S4.5)). The

factor 8?/1/ keeps track of all recursive dependencies of h;; on weight W, ;; arising from

recurrent Connections. These recurrent dependencies can be obtained recursively as follows:

Oy _ Ohjs  ~ s Ohmicy
6Wh,i]- N OW}M'J‘ ™ 8hm,t71 8Wh,ij
Ohy ¢ Ohiy Ohyy—1

= d > LA W, m / hm _ 6hm,t,1. 846
aWh,ij + 8h[’t_1 aWh’ij t Zm;ﬁl h,l f( ,t 1) Wh ( )

depends on all weights W, ;,
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Thus, the factor 8(19/1];:;]- poses a serious problem for biological plausibility: it involves nonlocal
terms that should be inaccessible to neural circuits, i.e. that knowledge of all other weights
in the network is required in order to update the weight W7, ;;.

RFLO [140] (labeled as "RF Three-factor") and symmetric e-prop [4] (labeled as
"Three-factor") seek to address this by truncating the expensive nonlocal terms in Eq.

so that the updates to weight W}, ;; would only depend on pre- and post-synaptic activity:

—_ Bhi,t 8]11',,5 (%: o
ahl,l‘, _ OWh ij Ohi 1 OWh 45 =1 (84 7)
Wi 0, I+
which results in a much simpler factor than the triple tensor in Eq. [2.17]
After the truncation, RFLO and e-prop implement:
oL OL Ohiy
- = Y e (84.8)
OW;W 7 ahz,t aWh,zg
Dhiy Oh; Ohiy Ohig;
it _ 7,1 + it i,t—1 ) (849)
OWh 45 OWhij  Ohis—1 OWhj

The main difference between symmetric e-prop and RFLO implementation is that sym-
metric feedback is used for symmetric e-prop, i.e. output weight w is used as the feedback
weight for the %—f, whereas RFLO uses fixed random feedback weights [I90] for greater
biological plausibility. We note in passing that the authors of e-prop have tested their
formulation with fixed random feedback weights as well. MDGL [I1] also truncates RTRL,
but it restores some of the non-local dependencies — those within one connection step — that
could potentially be communicated via mechanisms similar to the abundant cell-type-specific
local modulatory signaling unveiled by recent transcriptomics data [191], [192]. With that,
the expensive memory trace term in Eq. becomes

—

Oh; +— .
Ohy Whiif' (hig—1) Jl’ i
il b (S4.10)
h,ij Oh; ¢ Ohi,t Ohi—1

1=1

BWh,ij 8hi,t,1 Bwij ’
MDGL involves one additional approximation: replace Wj,;; with type-specific weights
Wp to mimic the cell-type-specific nature of local modulatory signaling (for cell ¢ in group

a and cell j in group b, where a,b € C for a total of C cell groups). For simplicity, we



108

just used Wy, = Wy, i.e. without cell-type approximation. This results in overall MDGL

implementation as

8L ahzt 871‘1‘\—1 8L
; Wi 1 S4.11
8Wh o Z iy Wiy | Wiy > Wha i, (S4.11)

Interpretation of the above update rule in terms of biological processes can be found in the
MDGL paper |11}, [131].

We note that input, recurrent and output weights were all being trained. This section
illustrates the approximate gradient for updating recurrent weights W}, and similar expres-
sions were obtained for updating input weights W,. The approximations, however, did not

apply to output weights, as the gradient for that would not violate the aforementioned issue

of nonlocality (Eq.2.17)).

S4.1.8  Simulation details

We used TensorFlow [I33] version 1.14 and based it on top of [283]. We modified the
code for rate-based neurons (Eq. and . E| We used the code in [270] for the
power-law analysis (Figure in Appendix). SGD optimizer was used to study the effect
of gradient approximation in isolation without the complication of additional factors, as
Adam optimizer with adaptive learning rate could convolute our matching step length
experiments in Figure That said, we verified that the curvature convergence behavior is
also observed for Adam optimizer (Figure in Appendix. Learning rates were optimized
by picking within {3e — 4,1e — 3,3e — 3,1e — 2,3e — 2, 1e — 1} for each algorithm. For the
sequential MNIST task, we explored batch sizes within {64, 256,1024}. For the sequential
MNIST task, these hyperparameters were optimized based on validation performance (the
validation set loaded using tensor flow.exzamples.tutorials.mnist). For the two other tasks,
these hyperparameters were optimized based on the training performance, but we also tried
optimizing on the test set and observed similar trends. Trainings were stopped when both
the loss and leading Hessian eigenvalue stabilized. As stated, we repeated runs with different

random initialization to quantify uncertainty and weights were initialized similarly as in [140].

'Our code is available: https://github.com/Helena-Yuhan-Liu/BiolHessRNN.


https://github.com/Helena-Yuhan-Liu/BiolHessRNN
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Simulations were completed on a computer server with x2 20-core Intel(R) Xeon(R) CPU
E5-2698 v4 at 2.20GHz. The average time to complete one run of sequential MNIST, pattern
generation and delayed match to sample tasks in Figure 4.3| were approximately 2 hours,
1 hour and 1 hour, respectively. Since the computation of second order gradient becomes
prohibitively expensive as sequence length T" becomes large, all tasks involved no more than
50 time steps. For instance, this was achieved for the sequential MNIST task using the
row-by-row implementation. Using fewer time steps, however, should not affect the general
trend as the gradient truncation effects were still significant. Because of the use of fewer

steps, we dropped the leak factor a in Eq. (i.e. set a =0).

For the matching step length experiments (Figure , we simply obtained p = ng for
the three-factor learning rule and scaled BPTT updates by that amount. For scheduled
learning rate experiments (Figure , the additional hyperparameters included initial
learning rate, decay percentage and decay frequency. We used an initial learning rate that
was three times the uniform rate (used in other figures) and decay the learning rate by 80%
every X iterations, where X was roughly the total number of training iterations (used in
other figures) divided by 30. Since the point of that figure was to show that learning rate
scheduling could lead to flatter minima than using a fixed learning rate, we did not search
extensively across these additional hyperparameters as the first set of hyperparameters we
tried was enough to demonstrate that point.

For the pattern generation task, our network consisted of N = 30 neurons described in
Eq. . Input to this network was provided by a random Gaussian input (N, = 1). The
fixed target signal had a duration of 50 steps and was given by the sum of four sinusoids,
with a fixed period of 10, 40, 70 and 100 steps. For learning, we used the mean squared loss
function. Training for this task used full batch. For testing, we perturbed the input with
additive zero-mean Gaussian noise (with o picked uniformly between 0 and 0.2 across runs),
to mimic the situation where the agent had to faithfully produce the desired pattern even
under perturbations. Unlike the other tasks, this task measures accuracy by mean squared
error, for which the lower the better. To maintain the convention of a higher generalization
gap being worse, the generalization gap for this task was computed by test error minus train

error.
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For the delayed match to sample task, our network consisted of N = 100 neurons, which
include 50 neurons with (Eq. and 50 neurons without (Eq. threshold adaptation.
The task involved the presentation of two sequential cues, each taking on a binary value,
lasting 2 steps and separated by a delay of 16 steps. Input to this network was provided by
Nin = 2 neurons. The first (resp. second) input neuron sent a value of 1 when the presented
cue took on a value of 1 (resp. cue 0), and 0 otherwise. The network was trained to output 1
(resp. 0) when the two cues have matching (resp. non-matching) values. For learning, we
used the cross-entropy loss function and the target corresponding to the correct output was
given at the end of the trial. Training for this task used full batch. For testing, we tested
on increased delay, with the period picked uniformly between the training delay period and
twice the training delay period, to mimic situations where the animal has to hold the memory
longer than it did during the learning phase.

For the sequential MNIST task [10], our network consisted of N = 128 neurons described
in Eq. [S41] Input to this network was provided by N;, = 28 units that represented the
grey-scaled value of a single row, totaling 28 steps and the network prediction was made at the
last step. For learning, we used the cross-entropy loss function and the target corresponding
to the correct output was given at the end of the trial. For testing, we used the existing
MNIST test set [10] with additive zero-mean Gaussian input noise. As mentioned, this task
did not train with a full batch but we found the trend to hold across different batch sizes.

Finally, we note that comparisons between BPTT and approximate rules were done at
comparable training accuracies for the pattern generation and delayed match to sample tasks.
For the sequential MNIST task, the three-factor rule achieved only around 70% training
accuracy, but the training accuracy did not explain the curvature convergence behavior. To
see this, while three-factor theory (blue in Fig 4), which corresponds to BPTT with reduced
step length, achieves an accuracy of > 95% but still attains similar curvature convergence to

that of the three-factor rule.
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S4.2 Theorem

S4.2.1  Proof of Theorem |3

Proof. First, we note that the Jacobian of the dynamical system for BPTT update (Eq.
is simply the loss Hessian scaled by —». This implies that

I | = nglAT), (54.12)

where we remind the reader that A\{ € R (resp. X? € R) is the leading eigenvalue for BPTT
(resp. an approximate rule) Jacobian; A € R is the leading eigenvalue of the loss’ Hessian
matrix.

Second, with the assumption of a single output g, loss presented only at the last time step
T and stochastic gradient descent (updates on a single data example as opposed to batch

updates), least squares loss in Eq. can be simplified to:
1.
L(Wh) = 55 = v)*, (S4.13)

resulting in the following difference equations for discrete dynamical systems defined by

BPTT (Eq. and an approximate rule (Eq. :

AWhplgprr = F(Wh) = —n8(§ — y)V1, (S4.14)

AI/Vh|approximate = F(Wh) = _776(3) - y)@?), (8415)

where we remind the reader that V is the notation for an approximate gradient.

We then compute the Jacobian of the difference equations above:
J =—np (ViVi' + (§ —y)V?§) (for BPTT) (S4.16)

J=—n, (V@@@T + (g — y)V@g)) (for an approximate rule). (S4.17)

In the limit of zero error (y — §) = 0, i.e. close to an optimum, the term involving (y — )

becomes negligible. That simplifies the Jacobian to

J ~ —npVivy"

J~ Vvl (S4.18)
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In this case, J and J are rank-1 matrices. A rank-1 square matrix has only one nonzero

eigenvalue, and by inspection, that one eigenvalue is

For J: | (W3)| = nngTvy}Wg (S4.19)
S ) B g = viT Vg (54.20)

For J : IN (W = ne|@§TV§|’W*

@ T
= nepVi Vil

1’ *

= |pneAT (W), (54.21)

where equality (a) is explained as follows. We first remind the reader that p is defined such
that 5 = pg+ € (Eq. . For the case of a scalar output g, 5 = g—g?g} and § = %V@. So if
we divide both sides of § = pg + € by % we get Vi = pVi + 5/%. Since we have € 1 g by
definition, then &' V§ = 0 because § is just a scaled V4§ when the output is a scalar. This

leads to V§T'V§ = (pV§ + €/52) Vi = pViT V.

Since we assume the gradient descent dynamical system converges to an optimum, this

corresponds to an asymptotic stable fixed point. Hence, |A{| < 1 and |A{| < 1, which implies:

. t» X X 1
I (W) < 1 e M (WE)| <1 — M (Wg)| < - (54.22)
ST ik " * *
M (W) <1 lome T (W) < 1= M (W)| < olne. (54.23)
O

S4.2.2  Discussion on tightness of the bound

Following the derivation, it is clear that the tightness of the bound will depend on how close
the magnitude of leading Jacobian eigenvalue is to 1 upon convergence. That is related to
the distribution of minima flatness along the loss landscape, which impacts the probability
of a rule converging to a minima with flatness in a certain range. Such distribution is likely
problem dependent. If the loss were convex, there would just be one minimum and the

question of minima preference would become irrelevant.
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S4.2.3  Discussion on generality of Theorem[3

The proof above examines a special case where the Jacobian of weight update equations
becomes rank-1. We remind the reader that for the case of multivariate loss, higher rank
cases or batch updates, we would not have arrived at the rank-1 Jacobian step (Eq. .
For many tasks considered in neuroscience, the rank 1 case can apply, which explains the
validity of Theorem [2] We also note in passing that for the case of stochastic gradient
descent, the Hessian Jacobian correspondence (Eq. would point to loss’ Hessian matrix
evaluated on a single example, which could reflect the robustness against perturbing that
particular example. Moreover, simulation results show our conclusion holds in higher rank
cases (Figure . The challenge of generalizing the proof to higher Jacobian rank case is
that we are no longer guaranteed that the leading eigenvectors of BPTT Jacobian coincide
with the leading eigenvectors of an approximate rule Jacobian. Thus, it becomes much harder
to relate \X\{| and |\{|. Rather than providing further proof, we provide an intuition for why
our conclusion — where the convergence behavior between rules differs by their step length

along the gradient direction — can hold in higher rank cases under Assumption [I}

Assumption 1. Approximation error vector € (but not §) lies orthogonal to the subspace
spanned by the leading Hessian eigenvectors. Here, leading Hessian eigenvectors refer to
the eigenvectors corresponding to the outlier Hessian eigenvalues in light of the well-known
observation that there exists only a few large (outlier) eigenvalues and the rest are near

zero [217), (215, [268]).

The ramification of Assumption |1|is that € will lie in the subspace spanned by eigenvectors
corresponding to tiny eigenvalues, making Hé tiny. In the extreme scenario where € lies in
the null space of H, He would be 0. We verify this assumption numerically in Figure
We saw from the proof above that this assumption is automatically satisfied in the rank-1
Jacobian case. We remark that this assumption should not hold for stochastic gradient
noise (SGN), as the SGN covariance matrix is well aligned with the Hessian matrix near a
minima [220]. This could be why €, unlike stochastic gradient noise, does not seem to be

contributing much to escaping narrow minima.
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We consider the case of small enough weight updates such that the loss surface can be
approximated using second-order Taylor expansion. Thus, the loss change after one update

becomes:

1
AL~ AWTg+ 5AWTHAW

1
= —npjl g+ 577}23§TH§, (for exact rule) (S4.24)
— ——~T 1 —7  —
AL~ AW g+ ;AW HAW
1 -
= g G+ §nz§THQ (for an approximate rule) (S4.25)

We next focus on the first- and second-order Taylor terms (77 and 7%) for the exact rule

as well as the terms (/T\l and 1/“\2) for an approximate rule:

Ty >, Lo gppom 1 ozp =
Ty =g .10 = neg" 5. Ty == 5npg" Hg. Ty = upg" Hy,
and we note that first and second Taylor terms can determine how likely the update will be

trapped in a local minimum:

AL < 0 (enables descend) — T7 > T

AL > 0 (restricts convergence) — T7 < Tb
AL <0 (enables descend) — 7/’\1 > @
(

AL > 0 (restricts convergence) — T < Ts. (S4.26)

Given their central role in determining convergence, we compare these terms between
exact gradient descent learning and an approximate rule. For the first Taylor term (T1), it is

easy to see that:

T

a'g=pg"

g
For the second Taylor term (T2) and if H is symmetric:

A S T 115, 25T 172
g Hg=p"g  Hj+2pg" He + p°e” He
~0 ~ 0, Assumption

~ p* " H§. (S4.27)
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To match the convergence behavior between exact gradient descent and an approximate
rule (Eq. on a (locally) second-order loss surface, we can make (77,75) approximately
equal to (ﬁ, @) by setting ng = pne, which predicts our numerical results (Figure . We
note that if Assumption [I] were not satisfied, then the above might not hold. We note in
passing that if we can satisfy Assumption [I] without being near an optimum, then we may

not need the negligible training error assumption.
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S4.3 Additional Simulations

In the last paragraph in Discussion, we discussed how learning rate modulation could be one
of the potential remedies used by the brain. We also explained how learning rate modulation
could serve as a balance between the potential benefits of a large learning rate and the
numerical stability issue mentioned shortly after the presentation of Figure 1.4 and Theorem [2]
in Results. In Appendix Figure we used a large learning rate early in training to prevent
premature stabilization in sharp minima followed by gradual decay to mitigate the stability
issue. With this remedy, we observed a reduction in the curvature of the converged solution
and an improvement in generalization performance. This result also connects with the finding
that sensory depletion during critical periods in training deep networks, which can be related
to a small learning rate early in training, can impair learning and yield convergence to
sharp minima [284]. However, it is important to note that this strategy does not correct the

problem; the gap still exists compared to BPTT, suggesting room for further research.

A 1e3 Pattern generation B 1e3 Sequential MNIST C Delayed match-to-sample
e e lel
81 6
— —— Three-factor, no LR schedule — —— Three-factor, no LR schedule — 8 —— Three-factor, no LR schedule
© ) © | ) © )
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Figure S4.1: Learning rate modulation as a possible remedy of the problem. We increased the learning rate
at the beginning of training to prevent the three-factor rule from stabilizing in sharp minima prematurely, followed by
a gradual decay to prevent instability. The top panels show this strategy helps to reduce the curvature of the converged
solution. The bottom panels show this leads to a slight improvement in the generalization gap (vertical lines denote
distribution mean). However, it is important to note that this strategy does not correct the problem; the gap still exists

compared to BPTT, suggesting room for further research. Plotting conventions follow that of the previous figures.
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We present additional simulations referred to in the main text. In Figure[d.4] we attributed
the convergence to high curvature regions to reduced along-gradient step length. In Appendix
Figure we confirm that such high curvature convergence indeed corresponds to worsened
generalization performance, thereby linking reduced along-gradient step length to worsened
generalization performance. As mentioned in the main text, due to the scale-dependence
issue of Hessian spectrum [231], we also used scale-independent measures. For instance, we
examined the power-law decay coefficient for the Hessian eigenvalues (Appendix Figure .
We also looked at the recently proposed relative flatness measure [14] (Appendix Figure .
These additional measures support the trends observed before: BPTT converges to lower
curvature regions compared to the three-factor rule. We also observe that the tendency to

approach high curvature regions seems to be a shared problem for temporal truncations of

the gradient (Appendix Figure [S4.5)).

Generalization gap historgrams
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Figure S4.2: Modified BPTT (three-factor, theory) resulted in worse and more variable generalization
performance. Here, we follow the convention of previous generalization gap histogram plots and investigated the

generalization performance of modified BPTT (three-factor, theory) in Figure

In response to our discussion on the potential impact of noise direction (see explanation
shortly after the presentation of Theorem [2| Discussion section and Appendix , we
confirm that the error vector €'is significantly less aligned with the leading Hessian eigenvectors
relative to the gradient vector § (Appendix Figure . As explained in Methods, we
used SGD optimizer due to confounding factors in Adam optimizer that could convolute
our matching step length analysis in Figure [£.4, We observe similar curvature convergence

trends as in Figure [£.3] when we repeated the experiments with Adam optimizer in Appendix
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Figure S4.3: Loss’ Hessian eigenspectrum for the three-factor rule exhibits significantly steeper power-law
decay compared to that of BPTT. We fit a power-law function to the top 200 eigenvalues at the end of training and
measure the decay parameter. Fitting to the top 50 or 100 eigenvalues resulted in similar trends. Solid lines/shaded
regions: mean/standard deviation of eigenspectrum obtained at the end of training across five independent runs.
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Figure S4.4: Curvature preference behavior corroborated using relative flatness measure [14]. Here, the
trend is consistent with that of Figure@ Note that the relative flatness measure can be computationally intensive for

recurrent weights, so we computed it for readout weights. Plotting conventions follow that of previous figures.

Figure [S4.7
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Figure S4.5: Approaching high curvature regions seems to be a shared problem for temporal truncations
of the gradient. We repeat the analysis in Figure for truncated BPTT (TBPTT). Here, "Trunc X" means X time
steps are truncated during the gradient calculation. We observe that TBPTT tends to converge to high curvature

regions. Plotting conventions follow that of previous figures.
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Figure S4.6: Truncation error vector (compared to the gradient) is significantly less aligned with the
top Hessian eigenvector subspace. Following [I5], we compute the cosine similarity between the error vector (of
the three-factor rule) and a top Hessian eigenvector (averaged over the top 5 eigenvectors). The absolute value of the
cosine similarity was taken. We observe weak alignment of the approximation error vector € with the leading Hessian
eigenvectors. Similar trends were attained had we averaged over the leading 10 or 20 eigenvectors. Plotting conventions

follow that of previous figures.

Finally, to further examine the correlation between leading Hessian eigenvalue and
generalization performance (observed in Figure , we also observed such correlation
correlation for runs with the learning rule fixed (Appendix Figure . For the matching
step experiment in Figure [£.4] similar observations were also made when we repeated the
experiment at three times the learning rate (Appendix Figure ) Moreover, we stopped

BPTT early to match the test accuracy of the three-factor rule, and observed similar curvature
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Figure S4.7: Curvature convergence behavior also holds for Adam optimizer. As explained in Methods, we
used SGD optimizer due to confounding factors in Adam optimizer that could convolute our matching step length

analysis in Figure@ ‘We observe similar trends as in Figure Plotting conventions follow that of previous figures.

convergence and generalization performance trends as previously (Appendix Table .
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Figure S4.8: We repeat the generalization gap vs leading Hessian eigenvalue scatter plot in Figurewith the
learning rule fixed for A) BPTT and B) the three-factor rule. As expected, a significant correlation between the
generalization gap and leading Hessian eigenvalue is observed. Unlike Figure 2, where the hyperparameters were fixed

for each rule (tuned using the procedure in Appendix“

the learning rate is varied here in order to get a wide
enough curvature range to observe the correlation. C) The matching step experiments in Figurcmwcrc repeated
here with the learning rate increased by three times for all rules, and the observation agrees with that in Figure@

Plotting convention follows that of previous figures.
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Learning Leading Hessian eigenvalue Generalization gap
Three-factor 2550 +£490 0.5£0.3
BPTT, early stopping 316 £+ 84 0.2+0.1

Table S4.1: BPTT stopped early to match the test accuracy of the three-factor rule for the sequential MNIST task.
Higher generalization gap and leading Hessian eigenvalue is again observed for the three-factor rule, as expected. Each

rule is repeated for five runs with different random weight initialization.
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Chapter 5

HOW CONNECTIVITY STRUCTURE SHAPES RICH AND LAZY
LEARNING IN NEURAL CIRCUITS

5.1 Introduction

Structural variations can significantly impact learning dynamics in theoretical neuroscience
studies of animals. For instance, studies have revealed that specific neural connectivity
patterns can facilitate faster learning of certain tasks [285-291]. In deep learning, structure,
encompassing architecture and initial connectivity, crucially dictates learning speed and

effectiveness [61], 252], 285, 292].

A key structural aspect is the initial connectivity prior to training. Specifically, the initial
connection weight magnitude can significantly bias learning dynamics, pushing them towards
either rich or lazy regimes [293] 294]. Lazy learning often induces minor changes in the
network during the learning process. Such minimal adjustments are advantageous given that
plasticity is metabolically costly [295, [296], and significant changes in representations might
lead to issues like catastrophic forgetting [297, 298]. On the other hand, the rich learning
regime can significantly adapt the network’s internal representations to task statistics, which
can be advantageous for task feature acquisition and has implications for generalization
[294] 299]. Most research on initial weight magnitude’s role in learning dynamics has focused
on random Gaussian or Uniform initializations [285] 294] 300]. These patterns stand in
contrast to the connectivity structures observed in biological neural circuits, which could
exhibit a more pronounced low-rank eigenstructure [30I]. This divergence prompts a pivotal
question: how does the initial weight structure, given a fixed initial weight magnitude, bias
the learning regime?

This study examines how initial weight structure, particularly the effective rank, modulates
the effective richness or laziness of task learning within the standard training regime. We note

that rich and lazy learning regimes have well established meanings in deep learning theory. The
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latter being defined as a situation where the Neural Tangent Kernel (NTK) stays stationary
during training, while the former refers to the case where the NTK changes. In this work, we
slightly extend these definitions and introduce effective learning richness/laziness. Unlike
the traditional definition, which is based upon initialization, effective learning richness/laziness
is defined in terms of post-training adjustment measurements. From this perspective, a
learning process is deemed effectively "lazy" if the measured NTK movement is small. For
example, consider a network whose initialization puts it in standard rich regime, but for a
given task, its NTK moves very little during training. We define learning for this specific
situation as effectively lazy. In other words, while the standard regime definition informs us
(prior to training) whether the network can adapt significantly to task training or not, our

"effective" definition lies in the post-training effects.

5.1.1 Contributions

Our main contributions and findings can be summarized as follows:

e Through theoretical derivation in two-layer feedforward linear network, we demonstrate
that higher-rank initialization results in effectively lazier learning on average across
tasks (Theorem . We note that the emphasis of the theorem is on the expectation

across tasks.

e We validate our theoretical findings in recurrent neural networks (RNNs) through
numerical experiments on well-known neuroscience tasks (Figure and demonstrate

the applicability to different initial connectivity structures extracted from neuroscience

data (Figure [5.2).

e We identify scenarios where certain low-rank initial weights still result in effectively
lazier learning for specific tasks (Proposition |2l and Figure . We postulate that such
patterns emerge when a neural circuit is predisposed — perhaps due to evolutionary
factors or post-development — to certain tasks, ingraining specific inductive biases in

neural circuits.
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5.1.2 Related works

An extended discussion on related works can also be found in Appendix

Theoretical Foundations of Neural Network Regimes and Implications for
Neural Circuits: The deep learning community has made tremendous strides in developing
theoretical groundings for artificial neural networks [17], 201], 202, [302H305]. A focal point is
the 'rich’ and ’lazy’ learning regimes dichotomy, which have distinct impacts on representation
and generalization [293] 2941 299 [300], B06H3TT]. The ’lazy’ regime results in minimal weight
changes, while the 'rich’ regime fosters task-specific adaptations. The transition between these

is influenced by various factors, including initial weight scale and network width [293] [306].

Deep learning theories increasingly inform studies of biological neural network learning
dynamics [67, 285, B12H317]. For the rich/lazy regime theory, the existence of diverse
learning regimes in neural systems is evident through the resource-intensive plasticity-driven
transformations prevalent in developmental phases, followed by more subdued adjustments
[318], and previous investigations characterized neural network behaviors under distinct
regimes [312] B19] and discerning which mode yields solutions mimicking neural data [294].

Our work extends these studies by examining how initial weight structures affect learning.

Neural circuit initialization, connectivity patterns and learning: Extensive
research has explored the influence of various random initializations on deep network learning
[320H324]. The literature predominantly focuses on random initialization, but actual neural
structures exhibit markedly different connectivity patterns, such as Dale’s law and enriched
cell-type-specific connectivity motifs [325H329]. Motivated by existing evidence of low-
rankedness in the brain [330] and the overrepresentation of local motifs in neural circuits [301],
which could be indicative of low-rank structures due to their influence on the eigenspectrum
[328], [331], our study explores the impact of connectivity effective rank on learning regimes.
This focus is driven by the plausible presence of such low-rank structures in the brain,
potentially revealed through these local motifs. With emerging connectivity data [332H336],

future work is poised to encompass rich additional features of connectivity.
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5.2 Setup and Theoretical Findings

5.2.1 RNN setup

We examine recurrent neural networks (RNNs) because they are commonly adopted for
modeling neural circuits [337, 338]. We consider a RNN with N, input units, N hidden
units and Ny, readout units (Figure ) The update formula for h; € RY (the hidden
state at time t) is governed by [16], [124]:

by = phe + (1 = p) (Wi f(he) + Womy), (5.1)

where an exponential Euler approximation is made with p = e~/ ¢ R denoting the
leak factor for simulation time step dt and 7, denoting the membrane time constant;
f() : RY — R¥ is the activation function, for which we use ReLU; W}, € RY*N (resp.
W, € RV*Nin) is the recurrent (resp. input) weight matrix and z; € RV is the input at

time step t. Readout ¢, € RNeut with readout weights w € RNewt*N is defined as

G = (w, f(he)). (5.2)

The objective is to minimize scalar loss L € R, for which we use the cross-entropy loss for
classification tasks and mean squared error for regression tasks. L is minimized by updating

the parameters using variants of gradient descent:
AW = —nVwL, (5.3)

for learning rate n € R and W = [W), W, w’] € RN*WNintN+Now) contains all the

trainable parameters. Details of parameter settings can be found in Appendix [S5.3

5.2.2  Effective laziness measures

As mentioned above, we introduce effective richness and laziness, with effectively lazier (resp.
richer) learning corresponding to less (resp. greater) network change over the course of
learning. To quantify network change, we adopt the following three measures that have been

previously [299]. We note that these measures can be sensitive to other architectural aspects
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that bias learning regimes, such as network width, so throughout we hold these variables
constant when making the comparisons.
Weight change norm quantifies the vector norm of change in W. Effectively lazier

learning should result in a lower weight change norm, and it is quantified as:
AW | := W — WO, (5.4)

where || - || = || - |7; WO (resp. W) are the weights before (resp. after) training.
Representation alignment (RA) quantifies the directional change in a representational
similarity matrix (RSM) before and after training. RSM focuses on the similarity between
how two pairs of input are represented by computing the Gram matrix R of last step hidden
activity. Greater representation alignment indicates effectively lazier learning in the network,

and it is obtained by

Tr(RYRO)
(f) pO)y._ LrUT L) T
RA(RY) RO .= IROTTRO| where R := H' H, (5.5)

where H € RV*™ ig the hidden activity at the last time step; R and R() € R™*™ are the
initial and final RSM, respectively; m is the batch size.

Tangent kernel alignment (KA) quantifies the directional change in the neural tangent
kernel (NTK) before and after training; effectively lazier learning should result in higher
tangent kernel alignment. The NTK computes the Gram matrix K of the output gradient.
Greater tangent kernel alignment points to effectively lazier learning, and it is obtained by

TT‘(K(f)K(O))

N (0) SRR
RARS D) = g ofao|

where K := Vyi! Vg (5.6)

where K(© and K(f) ¢ Rmxm (for the Ny = 1 case) denote the initial and final NTK,

respectively.

5.2.8 Theoretical findings

This subsection derives the theoretical impact of initial weight effective rank on tangent kernel
alignment. First, Theorem [I] focuses on task-agnostic settings, treating task definition as

random variables and computing the expected tangent kernel alignment across tasks. With
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some assumptions, tangent kernel alignment is maximized when the initial weight singular
values are distributed across all dimensions (i.e. high-rank initialization).

In this section, our theoretical results are framed in a simplified feedforward setting, as
we use a two-layer network with linear activations. However, we return to RNNs (Eq.
for the rest of the paper, and verify the generality of our theoretical findings with numerical
experiments for both feedforward and recurrent architectures. Our choice is motivated by
the need for theoretical tractability. While research on RNN learning in the NTK regime
exists [302, B05, B39], we are not aware of any studies featuring the final converged NTK
that could serve as a basis for our comparison of the initial and final kernel. Consequently,
we have chosen to focus on RNNs for neural circuit modeling and employ linear feedforward
networks for theoretical derivations, a strategy also adopted by [315]; numerous other studies,
including references [314], [17], [324], and [285], have similarly concentrated on extracting
theoretical insights from linear feedforward networks.

For a two-layer linear network with input data X € R¥™>™ W; € RV*? and Wy € RPN

as weights for layers 1 and 2, respectively, the NTK throughout training, K, is:
K = XTWIWy + [Wa?1)X. (5.7)

Without the loss of generality, suppose the output target Y € R ™ is generated from a
linear teacher network as Y = 7 X, for some Gaussian vector 3 € RY, with 3; ~ N(0,1/d).

Theorem 1. (Informal) Consider the network above with its corresponding NTK in Eq.
trained under MSFE loss with small initialization and whitened data. The expected kernel
alignment across tasks is maximized with high-rank initialization, i.e. the singular values of

Wl(o) are distributed across all dimensions. (Formal statement and proof are in Appendz’x

The intuition of Theorem [I] result is that, when two random vectors are drawn in high-
dimensional spaces, corresponding to the low-rank initial network and the task, the probability
of them being nearly orthogonal is very high; this then necessitates greater movement to
eventually learn the task direction. We emphasize again that Theorem [I] is task-agnostic,
i.e. it focuses on the expected tangent kernel alignment across input-output definitions.

This is in contrast to task-specific settings (e.g. [300]) that focus on a given task. In such
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task-specific settings, certain low-rank initializations can in fact lead to lazier learning. The
following proposition predicts that if the task structure is known, low-rank initialization
that is already aligned with the task statistics (input/output covariance) can lead to kernel
alignment. We revisit this proposition again in Figure [5.3] We remark that initializing this

way can still have high initial error because of randomized WQ(O).

Proposition 2. (Informal) Following the setup and assumptions in Theorem rank-1

initializations of the form Wl(o) = o[BT/18 O .. 0] leads to a high tangent kernel
alignment. (Formal statement and proof are in Appendiz

Above, we state technical results in terms of one metric of the effective laziness of learning
— based on the NTK; our proof in Appendix easily extends also to the representation
alignment metric. The impact on weight change is also assessed in Appendix Proposition [3]
This is in line with our simulations with RNNs, which will show similar trends for all three

of the metrics introduced in Section [5.2.2]).
5.3 Simulation results

In this section we empirically illustrate and verify our main theoretical results, which are: (1)
on average, high-rank initialization leads to effectively lazier learning (Theorem ; (2) it is
still possible for certain low-rank initializations that are already aligned to the task statistics
to achieve effectively lazier learning (Proposition .

Impact on effective laziness by low-rank initialization via SVD in RNNs: As a
proof-of-concept, we start in Figure [.1] with low-rank initialization in RNNs by truncating an
initial Gaussian random matrix via Singular Value Decomposition (SVD), which enables us
to precisely control the rank, and rescale it to ensure that the comparison is across the same
weight magnitude [I74]. Additionally, all comparisons were made after training was completed,
and all these training sessions achieved comparable losses. For our investigations, we applied
this initialization scheme across a variety of cognitive tasks — including two-alternative
forced choice (2AF), delayed-match-to-sample (DMS), context-dependent decision-making
(CXT) tasks — implemented with Neurogym [16] and the well-known machine learning
benchmark sequential MNIST (sMNIST). Figure indicates that low-rank initial weights
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Figure 5.1: Low-rank initial recurrent weights, generated using SVD, lead to greater changes (or effectively

richer learning) in the recurrent neural network. A) Schematic of RNN training setup. B) Measurements of
effective richness vs laziness of learning (metrics as defined in Section , for RNN trained on several cognitive
tasks in Neurogym as well as the sequential MNIST task (sMNIST). For details on SVD weight creation, see
Appendix@ Fewer rank points were used for sSsMNIST due to computational time. Each dot represents a single

training run, with each run using a different random initialization (10 runs total for each setting).

result in effectively richer learning and greater network changes.

These numerical trends are in line with Theorem (1} which focused on an idealized setting

of a two-layer linear network with numerical results in Appendix Figure [S5.1]A. We also

demonstrated this trend for a non-idealized feedforward setting in Appendix Figure [S5.1]B,

and more explorations in feedforward settings and across a broader range of architecture is

left for future exploration due to our focus on RNNs. In the Appendix, we show the main
trends observed in Figure also hold for Uniform initialization (Figure , soft initial
weight rank (Figure , various network sizes (Figure , learning rates (Figure ,
gains (Figure , and finer time step dt (Figure . We note that, in addition to

fixing the weight magnitude across comparisons, the dynamical regime might also confound

learning regimes [340]. A common method for controlling the dynamical regime is through
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Figure 5.2: Low-rank initial weight structures, inspired by biological examples, lead to effectively richer
learning. We present the eigenspectrum and the relative effective rank of connectivity in A) structures with cell-
type-specific statistics, B) structures derived from EM data, C) structures obeying Dale’s law, and D) structures with
an over-representation of chain motifs; we also present the effective learning laziness for networks initialized with
these connectivity structures. These structures exhibit a lower effective rank compared to standard random Gaussian
initialization (null). We plotted the magnitude of the eigenvalues (Eigval mag) — scaled by the dominant eigenvalue’s
magnitude — against their indices normalized by the network size N (Eigval index). We apply the effective laziness
measures described in Sectionmto compare the effective laziness of experimentally-driven initial connectivity versus
standard random Gaussian initialization (null). See Appendixfor details on network initialization. The boxplots
are generated from 10 independent runs with different initialization seeds. Due to space constraints, we include only

the 2AF task here, but Appendix Figures@and@show that similar trends hold for the DMS and CXT tasks.

the leading weight eigenvalue, which affects the top Lyapunov exponent. Controlling in this
manner led to similar trends (Appendix Figure . Investigating the relationship between
learning regimes and various concepts of dynamical regimes further is a promising direction
for future work. Moreover, since our emphasis is on the effective learning regime, which is

based on post-training changes, we concentrated on the laziness measures computed from



131

A Two layer linear net B Aligned initialization, C Aligned initialization,
feature1 two layer linear net RNN
feature 2 _
v B) I;)
8 e — 2]
fawed B3 - :
eature -g ; f‘zo" 3 X )7=RNN(X)
zZ — X Gs g <
%"g 215 :: S
¢W1 ‘T 5 ] . .
w = 10° 10! 10? 7.5 a
- Condition number w
w, =T G 5.0
y 8} Lo I
¥ £s 2 Sos 5 o
© _
> c I\.—-
Teacher net Student net ST £o05{ 4 randomranicrini 004, , ,
= = —#— aligned ini 10° 10! 102
l‘, E % —#— partially aligned ini 2 Condition number
Q. S.0.0 +r v v g
Ani . f [l 87 % 10! 102 £ 1.0
nlSOtrOpIC eatures e~ - Condition number % 2 E :
- — 5 [=3
5 3 £ 1.0 '% 0.5+ —#— random rank-1 ini
l i E § 'r—g‘: c —#— aligned ini
c ; o % —#— partially aligned ini
D5 £ 051 5 0.0 +v - -
=L ¢ g7 e 10! 10?
2 g é - Condition number
v 20,0 4 . . g
£ :I-'Ii e 100 10t 102 €10/ - = u
g - Condition number %'
I i diti berx Zos
ncreasing condition number k . €054
Aligned W, ©: x \T\,—)W% -2
——> Dominant feature §, 0.0
20,0+ - -
Other feature . e 10° 10! 102
Partial W1(0)2 X \L;_> W o i Condition number

Figure 5.3: Low-rank initializations can still achieve high alignment for specific tasks (see Proposition Eb
A) The student-teacher two-layer linear network setup as described in Section but with feature anisotropy
controlled by a feature modulation matrix F, i.e. z = Fz. The condition number of F dictates the relative feature
strength. We set the top half of the singular values of F are set to k, while the bottom half are set to 1, where s
represents the condition number of F. B) The aligned initialization (green) is achieved by setting W as described in
Proposition (with 8 = wTF, w is as illustrated), so that the initialization aligns with the task statistics. The partial
alignment (blue) mirrors the aligned case, but F' is substituted with its rank-(d/2) truncation, causing the network
to align only with the dominant features. We observe that a considerably higher alignment can be achieved
when the initialization aligns solely with the dominant features, especially when the relative strength of
these dominant features is high. C) The analysis from B) is replicated for RNNs learning the sMNIST task. As the
ground truth network function is elusive, we use a teacher network with pre-trained weights. Once again, we replace F
with its rank-(d/2) truncation for partial alignment. Details on the input/output definitions and initializations, as well
as other simulation specifics, are available in Appendix@ ‘We note that in all scenarios presented here, the initial

errors are high since the readout weights are initialized randomly, rendering it a valid learning problem.

networks after training, rather than during the learning process. However, we also tracked
the alignment with the initial kernel and task kernel alignment during training (Appendix

Figure [S5.11)). We also examined how the kernel’s effective rank evolves throughout the
training period (Appendix Figure [S5.12]).

Low-rank initialization via biologically motivated connectivity in RNNs: To

establish a closer connection with biological neural circuits, we have tested our predictions
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on low-rank initialization using a variety of biologically motivated structures capable of
resulting in low-rank connectivity. Here are some of the examples: (A) connectivity with
cell-type-specific statistics [329], where each block in the weight matrix corresponds to the
connections between neurons of two distinct cell types, with the variance of these connections
differing from one block to another. In terms of block-specific connectivity statistics, there
are infinite possibilities for defining the blocks, each resulting in a unique eigenspectrum. For
the example provided here, we adopted the setup from Figure S3 in [329], with parameters
set as a = 0.02, v = 10, and 1 — € = 0.8; these correspond to the fraction of hyperexcitable
neurons, gain of hyperexcitable connections and gain of the rest, respectively. We follow this
particular setup because it has been demonstrated to create an outlier leading eigenvalue,
thereby reducing the effective rank. We also consider (B) connectivity matrix derived from
the electron microscopy (EM) data [341], where the synaptic connections between individual
neurons are meticulously mapped to create a detailed and comprehensive representation of
neural circuits. Also, we consider (C) connectivity obeying Dale’s law, where each neuron
is either excitatory or inhibitory, meaning it can only send out one type of signal — either
increasing or decreasing the activity of connected neurons — a principle inspired by the
way neurons behave in biological systems [301]. Additionally, (D) the over-representation
of certain localized connectivity patterns (or network motifs) — such as the chain motif,
where two cells are connected via a third intermediary cell — creates outliers in the weight
eigenspectrum, subsequently lowering the effective rank [132] 328, 342]. Details of these
initial connectivity structures are provided in Appendix [S5.3]

As illustrated in Figure [5.2] these connectivity structures, motivated by known features
of biological neural networks, exhibit a lower effective rank compared to standard random
Gaussian initialization, thereby serving as natural testbeds for our theoretical predictions.
To quantify (relative) effective rank, we used (>, |Ai|)/(JA1]V), which indicates the fraction
of eigenvalues on the order of the dominant one and captures the (scaled) area under the
curve of the eigenspectrum plots. We also tried effective rank based on singular values,
ie. (3;1si)/(|s1|N), in Appendix Figure and observed similar trends. Importantly,
Figure [5.2] show that these different low-rank biologically motivated structures can lead to

effectively richer learning compared to the standard random Gaussian initialization. This
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finding supports our overarching prediction, that lower rank initial weights leads to effectively
richer learning. We note that to test our theoretical predictions based on gradient-descent
learning without specific constraints on the solutions, the structures are enforced only at
initialization and not constrained during training. In Appendix Figure [S5.14] we also
constrained Dale’s Law throughout training and found similar trends.

Low-rank initialization aligned with task statistics: These simulations may be
considered to be within our task-agnostic framework. That is, we have chosen a ‘“random”
battery of tasks that is not directly matched to the initial network connectivity structures.
Thus, our findings that lower rank initializations lead to richer learning are expected from our
theoretical prediction on the task-averaged alignment (Theorem , rather than something
task-specific. However, Proposition 2] also predicts that low-rank initialization can lead to lazy
learning if the initialization is already aligned to the task structure. To test this, we observe
in Figure that a considerably higher alignment can be achieved when the initialization
aligns solely with the dominant task features, especially when the relative strength of these

dominant features is high. We postulate that such alignment may occur in biological settings

if the circuit has evolved to preferentially learn specific tasks.
5.4 Discussion

Our investigation casts light on the nuanced influence of initial weight effective rank on
learning dynamics. Anchored by Theorem [I} our theoretical findings underscore that high-
rank random initialization generally facilitates effectively lazier learning on average across
tasks. This focus on the expectation across tasks can provide insights into the circuit’s
flexibility in learning across a broad range of tasks as well as predict the effective learning
regime when the task structure is uncertain. However, certain low-rank initial weights, when
naturally predisposed to specific tasks, may lead to effectively lazier learning, suggesting an
interesting interplay between evolutionary or developmental biases and learning dynamics
(Proposition . Our numerical experiments on RNNs further validate these theoretical
findings illustrating the impact of initial rank in diverse settings.

Potential implications to neuroscience: We investigate the impact of effective weight

rank on learning regimes due to its relevance in neuroscience. Learning regimes reflect the
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extent of change through learning, implicating metabolic costs and catastrophic forgetting
[295-297]. The presence of different learning regimes is demonstrated in neural systems,
since during developmental phases where neural circuits undergo extensive, plasticity-driven
transformations. In contrast, mature neural circuits exhibit more subtle synaptic adjustments
[318]. We hypothesize that a circuit’s task-specific alignment might be established either
evolutionarily or during early development. The specialization of neural circuits, such as
ventral versus dorsal [343], may arise from engaging in tasks with similar computational
demands. Conversely, circuits with high-rank structures may be less specialized, handling a
wider array of tasks. Our framework could be used to compare connectivities across brain
regions and species in order to predict their function and flexibility, assessing their functional
specialization based on effective connectivity rank. Additionally, our framework predicts that
connectivity rank will affect the degree of change in neural activity during the learning of
new tasks. This hypothesis could be tested through BCI experiments, as shown in [344] and
[345], to explore how learning dynamics vary with connectivity rank.

Regarding deep learning, low-rank initialization is not a common practice, yet adaptations
like low-rank updates have gained popularity in training large models [346]. LoRA, the study
cited, concentrates on parameter updates rather than initializations, but understanding how
update rank affects learning regimes is crucial. Our results offer a starting point for further
exploration in this area. Although different rank initializations are less explored, with some
exceptions like [347], our findings suggest that this area should receive more attention due to
its potential effects on learning regimes and, consequently, on generalization [299].

Limitations and future directions: Our study predominantly focused on the weight
(effective) rank, leaving the exploration of other facets of weight on the effective learning
regime as an open avenue. Also, the ramifications of effective learning regimes on learning
speed — given the known results on kernel alignment and ease of learning [348] and present
mixed findings in the existing literature [294, 299] — warrant further exploration.

Expanding the scope of our study calls for examining a wider variety of tasks, neural
network architectures, and learning rules. Although our work is based on the backpropagation
learning rule, its implications for biologically plausible learning rules remain unexplored. Our

primary criterion for selecting tasks was their relevance to neuroscience, aligning with our
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main objectives. However, given the diverse range of tasks performed by various species,
future research could benefit from exploring a more extensive array of tasks. Exploring
more complex neuroscience tasks, such as those in Mod-Cog [349], could provide valuable
insights. On that note, we tested the pattern generation task from [19], a neuroscience
task differing in structure from the Neurogym tasks, and observed similar trends (refer to
Appendix Figure .

Additionally, we ensured the consistency of outcomes against factors like width, learning
rate, and initial gain (see Appendix , but other factors such as dynamical regime and
noise [310] remain underexamined. On that note, the study’s focus on RNNs with finite
task duration prompts further investigation into the implications for tasks with extended
time steps and how conclusions for feedforward network depth [350, [351] translate to RNN
sequence length. Examining several mechanisms at once is beyond the scope of one paper,
but our theoretical work constitutes the foundation for future investigations.

Moreover, it is crucial to further explore the neuroscientific implications of effective learning
regimes, as well as their diverse impacts on aspects such as representation, including kernel-
task alignment (see Appendix Figure , and generalization capabilities [294) 299, [3T9].
Our current study did not delve into how initial weight rank affects these facets of learning,
representing an essential future direction in connecting weight rank to these theoretical
implications in both biological and artificial neural networks.

Furthermore, while there exists evidence for low-rankedness in the brain [330], the extent
to which the brain uses low-rank structures remains an open question, especially as neural
circuit structures can vary across regions and species. While local connectivity statistics [301]
can offer some predictive insight into the global low-rank structure, this relationship is not
always immediately apparent [33I]. Our theoretical results contribute to understanding the
role of connectivity rank in the brain by linking effective connectivity rank with learning
dynamics.

Lastly, we have primarily examined low-rank tasks and there remains unexplored terrain
regarding the interplay between the number of task classes and weight rank, which is pivotal
to uncovering a more precise relationship between the effective learning regime and the

initial weight rank [352] 353]. Overall, this dynamic area of learning regimes is ripe for many
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explorations, integrating numerous factors; our work contributes to this exciting area with

new tools.
S5.1 Extended discussions on related works

Theoretical Foundations of Neural Network Regimes and Implications for Neu-
ral Circuits: The journey of understanding deep learning systems has borne witness to
unprecedented progress in the mathematical dissection of neural network functionalities
[17, 18, 201, 202, 204, B02H305, [339]. These theoretical findings, until recently confined
predominantly to artificial domains, have embarked upon explorations into biological neu-
ral networks, elucidating the intricate dynamics of learning and computational properties
[67, 285], B12, [313]. Among the vanguard of these theoretical endeavors stands the dichotomy
of ’rich’ and ’lazy’ learning regimes. Both lead to task learning, yet they carry distinct
ramifications for representation and generalization [293, 294, 299] [300) B06H31T]. In the
'lazy’ regime, which is typically associated with large initial weights, learning predominantly
centers on adjusting the readout weights. This leads to minimal alterations in the network
weights and representation, while capitalizing on the expansive dimensionality provided
by the hidden layer’s random projections [294]. In contrast, the ’rich’ regime, defined by
smaller initial weights, fosters the development of highly tailored hidden unit representations
specifically aligned with task demands, resulting in considerable adaptations in weights and
representation. It’s essential to highlight that the transition and dominance between these
regimes are influenced by more than just the initial weight scale. Other factors, ranging from
network width to the output gain (often referred to as the o parameter), play a pivotal role
[293,, [306].

A nexus between deep learning theoretical frameworks and neuroscience has unveiled
applications of the rich/lazy regimes. Previous investigations characterized neural network
behaviors under distinct regimes [312), B19] and discerning which mode yields solutions
mimicking empirical data [294]. It is compelling to observe that the existence of multiple
learning regimes isn’t an isolated phenomenon in artificial systems; analogous learning patterns
echo in neural circuits as well. For instance, while plasticity-driven transformations might

be resource-intensive, they manifest robustly during such developmental phases, followed by
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minor changes afterwards [318]. Building upon these findings, our research delves deeper into
the precursors of these regimes. We examine how inherent factors in the brain, especially
initial weight configurations, influence the inclination towards either rich or lazy learning.
This understanding is crucial for assessing the applicability of regime-specific tools in neural
contexts and for shedding light on the potential benefits of having both learning regimes
coexist in the brain.

Interplay of Neural Learning and structure: Understanding how the brain learns
using its myriad elements is a perennial quest in neuroscience. Addressing this, certain
studies have unveiled biologically plausible learning rules [19] 56, 59, 65 66} 8T, 140}, [354H361],
suggesting potential neural algorithms involving known neural ingredients. Concurrently,
given the three primary components of a neural network’s design — task, learning rule, and
architecture — another avenue of research delves deep into the architectural facet, specifically
focusing on how it interacts with the learning rule to enhance learning [61], 252] 292]. Under
the structural umbrella, the neural unit’s complexity and initial connectivity patterns are
two crucial aspects. Complex neuron models, for instance, have shown the potential in
boosting learning performance by allowing implicit forms of memory and computations at
the single neuron level [362) [363]. Moreover, A large body of work has investigated the effect
of different random initializations on learning in deep networks [320-324]. For instance, the
variance in random initial weights can induce pronounced shifts in network behavior, ranging
from the "lazy" to the "rich" regimes [293] 294]. This introduces unique inductive biases
during the learning process, with distinct preferences for learning certain features [299]. Our
discourse primarily orbits around connectivity and its implications on learning dynamics in
networks with simple rectified units. Our results sit within the purview of these regimes,
with a widely adopted assumption of gradient descent via backpropagation as the learning
rule, while remaining open to encompassing a wider spectrum of rules in future explorations.

Neural circuit connectivity pattern and eigenspectrum: While the importance
of initial weights on function and learning is clear, the impact of specific weight shapes,
apart from weight scale, on rich or lazy dynamics remains less explored. The predominant
focus in the literature has been on random initialization. Yet, neural circuit structures

significantly diverge from this paradigm. Ilustratively, one finds connectivity principles
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or patterns markedly different from what one observes with a mere random initialization
[364], resulting in distinct neural dynamics; these connectivity principles or patterns include
Dale’s law [325H327], an over-representation of higher-order motifs [328] and cell-type-specific
connectivity statistics [329], to name a few. Given the prominence of low-rankedness observed
in neural circuits [301], our study centers on the influence of effective rank on the effective
learning regime. As the next generation of connectivity data becomes available [332-336],

future explorations will broaden the scope to other weight characteristics.
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S5.2 Proofs

S55.2.1  Proofs for main text Theorem and Proposition

Notation Let f(z) = WaWiz denote a two-layer linear network with /N hidden units on
d-dimensional inputs € R?, with weight matrices W; € RY*4 and Wy € RN, We consider
m training inputs x1, - - - ,, and the corresponding data matrix X = [z7 ...zl ] € RIX™ - the
output target is generated from a linear teacher network as Y = 7 X, where $; ~ N(0,1/d).

Since our goal is to investigate how the shape of the initial weights impacts network

change, we will consider a fixed small (Froebenius) norm for these; i.e.,

0 0
WO e = W p =0 <1

We denote by s1,- -, 84 denote the singular values of Wl(o); they satisfy Z?:l s? = o2,
In what follows we focus on the whitened setting, where X has all its non zero singular
values equal to 1. We also assume m > d for simplicity (this assumption can easily be relaxed

in our analysis), so that the whitened data assumption translates as X X7 = I,.

Prior results Our analysis builds on prior results [I7] on the evolution of the NTK for
two-layer linear networks trained by gradient flow of the mean square error. In the above
setting, [I7] show that the final NTK K() (i.e. the asymptotic NTK as the number of

iterations goes to infinity) is given by
KD = |81 X" (38" + 10) X + O(0?). (S5.1)

where (3 := 3/||3]|. We are interested in the expected kernel alignment over the tasks, in the

small initialization regime:

Es[KAKY K©)] .= Eg4

(85.2)

Tr(K(f)K(O))
KON KO r |

Theorem 1. In the above setting, when considering all possible initializations Wl(o) with
small fived norm o, the expected kernel alignment Eg[K A] (defined in Eq. s mazimized
with high-rank isotropic initialization, i.e with Wl(o) that has all its non-zero singular values

equal in absolute value.
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Proof. Let us write KO = XT My X with My := I(O)TWI(O) + 021 Up to O(c*) terms, the
numerator in Eq. [S5.2] takes the form

Te(K D KO) = |8 Te(XT (357 + 1) X X" Mo X)
981 Tr(XT (BT + 1) Mo X)
D)8 (35" + L) Mo X XT)
@181 T (BT + 1) Mo)

9 ||BII(AT Mo + Tr M) (85.3)

where (a) uses XX = I, (b) the cyclicity of the trace, and (c) the fact that 57 MyS is a
scalar.

As for the denominator in Eq. , we have,

KO2, — Ty (K0 g0
F
= Tr(XTMyXXT MyX)
< ()

(S5.4)
and, up to O(o?) terms,

HK(f)H% — Tr(K(f)K(f))
— [18IP T(X" (BB + L) X X" (BB" + 1)
= (181> T(X" (35" + I)X)
<812 TH(BT + L,)°

@181+ 3) (S5.5)

where (@) in these two calculations uses X X7 = I and the cyclicity of the trace; and (b)

notes that the d x d matrix BBT + I; has d — 1 eigenvalues equal to 1 and one equal to 2.

Eq. [S5.4] and [S5.5] yield

KD p | KOlp = 18114/ (d + 3) Tr Mg (S5.6)
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Putting together Eq. , we obtain, up to additive O(c?) terms,

ﬂ M()B + Tr M,

KA, KO) = (d+ 3) Tr M2
0

(S5.7)

Next, averaging over the tasks requires computing the Gaussian average

[ﬁTMoﬁ }
18112
Lemma 1. The map A is invariant under the action of the orthogonal group, i.e A{lUMUT] =

A[M] for all M € R™? and all orthogonal matrices U € R4,

A[Mo] = Eg4 [/3TMOB] _E

Proof. This is a consequence of the invariance of the Gaussian measure under the action of

the orthogonal group. Explicitly, given an orthogonal matrix U,

T ! d g~ 1812/d [»BTUMUTﬁ]
AOMUT) = (s | e EE

I [ [

(2rd) 1Us|?
- /dd5 e/ [ BT M5
(2md)?/? NEIE
— A[M] (S5.8)
where the third equality follows from |det U| =1 and || US| = ||5]|- O

Lemma 2. There is a constant ¢ such that A[M] =cTr(M) for any symmetric matriz M.

Proof. Given a symmetric matrix M, it can be diagonalized as M = UDU” where D =
Diag(p1, - - - pug) is diagonal and U is orthogonal. By rotation invariance from Lemma , we

have A[M] = A[D], and

d d
D)=, [7703] =5 | 3| =3, [W] z% 5.9)
i=1

We conclude by noting that, by invariance of the (isotropic) Gaussian measure under
permutation of the vector components, the coefficients ¢; are independent of j, i.e ¢; = ¢ for
all j. In sum,

AM)=A[D]=c¢TrD =cTr M. (S5.10)

O
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The expected kernel alignment thus takes the form,

1 Tr M,
Ey[KA(KY), k) = 1+ T Mo (S5.11)
(d+3)Tr M2
up to additive O(0?) terms. Finally, we note that
Tr My = Tr(Wl(O)TWl(O) + 0%1y)
= W11} + do?
= (d+1)0? (S5.12)
and
Tr Mg = Te(WOT WO 4 o1,)?
d
= Z(s? + 02)?
j=1
d d
= Zs§+20223?+d04
j=1 j=1
d
=> si+ (d+2)0 (S5.13)
j=1
Substituting into Eq. we have, up to additive O(o?) terms,
1 d+1
E5[KA(KY), K] = dtod+l) (5.14)

d
V(d+3)(d+2+ X0 (5;/0)1)
Finally, we see in Eq [S5.14] that the maximization of Eg[K A] reduces to the following

convex constrained optimization problem:
: 4 : 2 _ 2
mstsj, subject to Z s; =0 (S5.15)
J J

The KKT solutions satisfy s? =02 /dforall j = 1---d. This implies that the expected tangent
kernel alignment is maximized when the initial weight singular values |s;| are distributed

evenly across dimensions, which corresponds to a high-rank initialization. O

Proposition 2. Following the setup and assumptions in Theorem [1], rank-1 initialization
with Wl(o) = U[BT 0 .. 6] leads to mazimal aligment, i.e, KA(K() K©) =1 up to

additive O(c?) terms.
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Proof. We indeed have,

KO = XTI w4 w1

=’ XT (BT + )X (S5.16)
Thus, writing K := X7 (847 + I)X and using Eq. the alignment takes the form

Tr(K(f)K(O))
£ 0)y .
KA K) = RO KO 7

_ Tr(K (K + O(0?))

[K|[F [l + O(?) ]| »
_ Tr(K?)
K%

+ 0(c?)

=1+ 0(c?) (S5.17)

S55.2.2  Learning requirement based on W}EO) rank

The focus of this idea is to show that no changes to hidden weights W}, is not possible (e.g.
reservoir settings) for zero-error when the initial weight rank falls below a certain threshold.

Freezing the hidden weights W}, would be a special case of lazy learning.

Proposition 3. Consider a linear RNN with input at time t as X; € RNX? (for t =
1,...T — 1), target output Y € RNew*d only at the last step, recurrent weight matriz
Wy, € RVN and readout weight matriz w € RNow N Here, N, Ny, d and T are the
number of hidden units, number of classes, number of data points and number of time steps,
respectively, and we assume N,d > Ngyy. Define initial recurrent weight W,EO) and final
recurrent weight W}Ef ) that achieves zero error. Then, for arbitrary input X and target output

Y, W}Ef) = W,EO) s not possible when rank(W,EO)) < Nout-

Proof. We have the following based on the assumption of the RNN structure, if zero-error

learning is achieved:

T-1
Y = wOwP ( W 1Xt> . (S5.18)
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We can prove by contradiction. Suppose W,gf ) = W}EO), then

T-1
Y = w W (Z W,(LO)T‘t‘lXt> : (85.19)
t=1

Since Y is arbitrary, we can have rank(Y) = Ny (by the assumption of N, d > Nyt ).

Applying rcmk:(W,EO)) < Nyyut we have

T-1
rank(Y) = Tank‘(w(f)WéO) (Z W,EO)T l lXt
t=1

)

N——

S
L

(a)

< min(rankz(w(f)),rank‘(W,EO)), < W,EO)T_t_IXt>)

< Nout, (S5.20)

t

I
_

where (a) is because rank(W,EO)) < Nyt so the minimum has to be less than N,,;. This
would contradict an arbitrary Y with rank(Y) = Nyy. Thus, W,Ef ) = W,EO) cannot happen

and recurrent weights have to be adjusted. O
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S5.3 Setup and simulation details

S55.8.1 Initial low-rank weights creation

For the null case, we initialized with random Gaussian distributions where each weight
element W;; ~ N (0, g%/N), with an initial weight variance of g. Unless otherwise mentioned,
we set ¢ = 1.5 and network size N = 300, though we also validated across other parameter
choices (see Appendix . Input and readout weights were initialized similarly as in [365]
(see their EIRN N.ipynb notebook).

To create low-rank weights using SVD, we generated temporary weights Vi/ij ~ N(0,g%/N).
Subsequently, we applied SVD to W and retained the top components based on the desired
rank. To ensure comparisons are made across constant initial weight magnitudes, the resultant
weight matrix was rescaled to match the Frobenius norm of w.

Furthermore, we present details for experimentally-driven low-rank weights. For block-
specific statistics, we followed the setup in Figure S3 of [329], setting parameters as a = 0.02,
v =10, and 1 — € = 0.8. These parameters substantially influence the weight eigenspectrum,
as depicted in Figure S3 of [329]; we selected these values specifically to emphasize the
outliers and achieve a lower effective rank. These parameters represent the fraction of
hyperexcitable neurons (population 1), gain of hyperexcitable connections, and the gain of
remaining connections, respectively. For the creation of a chain motif, we employed the
procedure described in Section S3.10 of [328], setting 7., = 0.03 (and 7cpy, = —0.1 for over-
representation or under-representation of the chain motif, respectively). Here, we set N = 100.
These parameters were chosen to provide enough distinctions from the null case, while still
ensuring stability and effective task learning. The electron microscopy (EM) connectivity
(of the V1 cortical column model) is obtained from [341], which includes dendritic tree
reconstructions and local axonal projections for hundreds of thousands of neurons, detailing
their 0.5 billion synaptic connections. From this, we selected 198 cells, focusing on fully
proofread neurons closest to the midpoint between layers 2/3 and 4. Connectivity strength
for each neuron is determined by summing the volume of each post-synaptic density to target
cells, distinguishing between excitatory and inhibitory cell types. For instance, if cell ’a’

forms 10 synapses with cell 'b’, the connection strength of connection|a,b| represents the
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combined volume of synaptic densities at cell 'b’. Inhibitory connections are assigned a
sign of -1, while excitatory ones receive +1. For the Dale’s law obeying initial connectivity,
balanced initialization was done following the process in [365] with 80% excitatory and 20%
inhibitory neurons (see the notebook EIRN N.ipynb).

It is crucial to highlight that, in testing our Theorem, which examines the effect of the
initial weight rank, all low-rank modifications are not enforced during training (although the
impact of enforcing these structures could be an interesting avenue for future exploration).

Weights are adjusted freely based on gradient descent learning.

S55.8.2  Task and training details

Our code is accessible at https://github.com/Helena-Yuhan-Liu/BioRNN_RichLazy. We
used PyTorch Version 1.10.2 [366]. Simulations were executed on a computer server with
x2 20-core Intel(R) Xeon(R) CPU E5-2698 v4 at 2.20GHz, with the average task training
duration being around 10 minutes. Following the procedure in [299], which delved deeply into
effective laziness metrics, we employed gradient-descent learning with the SGD optimizer.
Unless mentioned otherwise, the learning rate was 3e — 3, but we validated that our findings
remain consistent across various learning rates (see Appendix . For stopping, we trained
the neurogym tasks for 10000 SGD iterations, which led to comparable terminal losses and
accuracies across initializations. For the sMNIST task, we concluded our training upon
reaching 97% accuracy, a criterion informed by both published results and our computational
resources. We also experimented with halving and doubling the training iterations and
observed similar trends. All weights — input, recurrent and readout — were trained. For
statistical analysis and significance tests, we used methods in the SciPy Package [367].

For the neuroscience tasks, we adopted the Neurogym framework [16]. Within this
paper, these tasks are denoted as "2AF", "DMS", and "CXT", mirroring Neurogym settings:
task =' Perceptual DecisionMaking — v0/, task =" DelayM atchSample — v0/, and task =’
ContextDecisionMaking—v0', respectively. To expedite simulations and facilitate numerous
runs, we operated with dt = 7,,, = 100ms and abbreviated task durations: for 2AF, settings

were stimulus = 700ms and decision = 100ms; for DMS, they were sample = 100ms,


https://github.com/Helena-Yuhan-Liu/BioRNN_RichLazy
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delay = 500ms, test = 100ms, and decision = 100ms; for CXT, they comprised stimulus =
200ms, delay = 500ms, and decision = 100ms. For these three tasks, we used a batch size
of 32 and trained for 10000 iterations.

Regarding the sequential MNIST task [10], we employed a row-by-row format to hasten
simulations. Inputs were delivered via N;, = 28 units, each presenting a row’s grey-scaled
value, culminating in 28 steps with network predictions rendered at the final step. Training
hinged on the cross-entropy loss function; targets were provided throughout training for the
neuroscience tasks, as per Neurogym implementation, and targets were provided at only a
trial’s conclusion for the sequential MNIST task. For this task, we used a batch size of 200
and trained for 10000 iterations.

For the student-teacher two-layer linear network simulations in Figure [S5.T]A and Fig-
ure we set N = 1000, d = 2 (also found similar trends for d = 20 and d = 100), z = F'z,
all entries of w (or § when F' = I) to 1 and entries of X are sampled from a uniform
distribution over the interval [—2,2]. We used standard Normal initialization for both W
and Wy with ¢ = 0.001. For Figure F is constructed from SVD, i.e. F =USVT, with U
and V generated from arbitrary orthogonal matrices, and .S is a diagonal matrix consisting
of the singular values with the top half of the singular values set to x and bottom half set
to 1, where « is the condition number of F. For the aligned initialization, W7 is initialized
as given in Proposition [2| with 3 = w” F (w here is illustrated in Figure , and the F'is
replaced by its rank-(d/2) truncation for the partially aligned initialization case. For the
MNIST task shown in Figure [S5.1B, we used a two-layer feedforward network with a ReLU
activation function. The architecture consists of an input layer with 784 units corresponding
to the image pixels, a hidden layer with 300 units, and a linear readout layer with 10 output
units. The weights of the hidden layer and the readout layer were initialized similarly to the

input and readout weights, respectively, used in the RNN settings.
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S5.4 Additional simulations

We perform additional simulations to show the robustness of our main trends, Low-rank initial
recurrent weights lead to greater changes (or effectively richer learning) in RNNs. We show
the main trends observed in Figure holds also for Uniform initialization (Figure ,
soft initial weight rank (Figure , various network sizes (Figure , learning rates
(Figure [S5.7), initial weight gains (Figure and Dale’s Law constraint throughout
training (Figure , finer simulation time step dt (Figure and fixing the leading
initial weight eigenvalue (Figure . The trends in Figure also applies to the DMS
task (Figure and the CXT task (Figure . Also, without the low-rankedness in the
shuffled EM connectivity, the impact on effective laziness also goes away (Figure . In
Figure [S5.0] we confirm that the results, shown in Figure [5.1 and predicted by Theorem
are also observed in a two-layer linear network setup. Again, we find that in situations
where initializations are random, higher rank initialization leads to greater tangent kernel
alignment than lower rank cases. We have also tracked the evolution of kernel task alignment

(Figure |S5.11]) and kernel effective rank over the course of training (Figure [S5.12)).

A student-teacher setup for two layer linear net
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Figure S5.1: As predicted by the theoretical results, higher rank random initialization leads to effectively

lazier learning in two-layer linear network.

A) We use the student-teacher two-layer linear network setup

described in Section|5.2.3}] B) a non-idealized setting: two-layer feedforward network with ReLU activation and 300

hidden units trained on the MNIST dataset. Plotting convention follows that of Figurc
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1| — where the ¢

th

weight singular value s; is set to 0 if ¢« > r for rank r —

we introduce a smoother decay in singular value, where we replace the singular values with s; = s1(1 — z/N)k after

performing SVD; this means that greater k leads to lower effective rank. Plotting conventions follow that of Figure
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Figure S5.8: Consistent trends observed in Figure across various initial gain. Here, the gain refers to

g, as weights are initialized as W;; ~ N(0, gz/N). The trends hold for most typical range of g from 1.0 to 2.0, but

gets weakened for smaller values, g < 1.0 (a closer examination of the regime bias in such setting in RNNs is left for

future work). We replicated the results of Figurefor different learning rates, using the CXT task as an illustrative

example. However, the observed trend remains consistent for both the 2AF and DMS tasks. Plotting conventions follow

that of Figure@
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Figure S5.9: Trends in Figureare also observed In training RNNs with a fivefold finer time step (dt)

and a sequence length extended by five times. As expected, higher rank initializations led to a marked increase

in effective laziness. Plotting conventions follows that of Figure@
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the Frobenius norm across comparisons. As expected, higher rank initializations lead to effectively lazier learning.

Plotting conventions follows that of Figure@
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Figure S5.11: [A-B] The idealized two-layer linear network setting from Fig. 2 in [17]. A) Examining the
KO alignment the alignment between the kernel at various training iterations and the initial kernel reveals that
low-rank random initialization leads to greater changes during training; here, different curves correspond to different
initial weight ranks. B) Despite these greater changes, networks with low-rank random initialization take longer to
align with the task, as shown by the task kernel alignment metric yTKy/|y\2T'rK throughout training. We remind
the reader that y corresponds to the target output and K corresponds to the NTK. [C-D] A non-idealized setting:
the sMINIST task. C) This panel shows similar trends to A). D) Similar to B), lower-rank random initializations
do not achieve as high task kernel alignment within the trained iterations. This is measured by the centered kernel
alignment (CKA), which assesses the kernel’s alignment with class labels (Eq. 7 in [I8]). Although higher CKA values
during training could suggest enhanced feature learning (characteristic of the standard rich regime), this aligns with
our findings on the effective learning regime, which focuses on changes post-training (see Introduction). Our theory
in Section@suggests that lower-rank initializations require greater changes to align with the task, which would
typically require more training iterations, as seen in panel B. If training is halted prematurely, perhaps due to resource
constraints (as in panel D), these initializations may achieve lower final alignment within the training period. It
remains unclear if extended training would lead to similar final alignment across different initializations in a wide range
of scenarios. Future research should further investigate the relationship between rankedness of initializations and their

impact on the converged solution’s representation, including task kernel alignment, across diverse settings.
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Figure S5.12: The evolution of the leading NTK eigenvalue relative to the rest of the eigenvalues was tracked using
an effective rank measure. This measure is based on the ratio of the kernel trace to the kernel dominant eigenvalue,
ie., Zl Ai/A1, which indicates the number of eigenvalues on the order of the dominant one. We apply this analysis

to A) the idealized setting and B) the sMNIST task, as used in Appendix Figure[S5.11|and Figure

respectively.

These results suggest that the kernel effective rank approaches that of the task throughout the training process.
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Figure S5.16: Shuffling the EM connectivity, while maintaining the sparsity structure, destroys the
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Chapter 6

CONCLUSION

This thesis represents a significant stride at the intersection of deep learning and neu-
roscience, specifically in understanding the principles of learning and generalization within
recurrent neural networks (RNNs) used for brain modeling. The research presented here
addresses three pivotal directions: the temporal credit assignment problem, the generalization
properties of biologically plausible learning rules, and the impact of initial connectivity
structures.

First, in tackling the temporal credit assignment problem, this work bridges the gap
between artificial neural networks and biological processes. Traditional methods like back-
propagation through time (BPTT) have proven effective in artificial RNNs but fall short in
biological plausibility. Through a cross-disciplinary collaboration, leveraging transcriptomics
data from the Allen Institute, a new bio-plausible learning rule was proposed. This rule
predicts the role of local modulatory signals in enhancing the performance of temporal
credit assignment, demonstrating improved learning outcomes through extensive numerical
experiments and theoretical derivations.

Second, the exploration into the generalization properties of bio-plausible learning rules
addresses a fundamental question in neuroscience: how do animals learn complex behaviors
with temporal dependencies and generalize this knowledge to novel situations? By collab-
orating with international interdisciplinary groups and applying deep learning theoretical
frameworks, this research uncovered that certain bio-plausible learning rules tend to settle
in high-curvature regions of the loss landscape, leading to suboptimal generalization. This
finding was backed by a mathematical theorem linking the dynamical stability of weight
updates to the loss landscape curvature, and it has opened a constructive discourse on

potential remedies, such as modulating the learning rate using neuromodulators.

Third, this thesis shifts the focus to the impact of initial connectivity structures on
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learning dynamics. Through empirical and theoretical methodologies, the research highlights
the significant influence of initial weight configurations on learning requirements, network
changes, metabolic costs, and risks of catastrophic forgetting. This work underscores the
importance of initial connectivity in shaping learning trajectories and provides a foundation
for optimizing neural network initialization.

In summary, this thesis makes a substantial contribution to the fields of computational
neuroscience and deep learning. By investigating how learning rules and initial connectivity
structures influence learning and generalization in neural systems, it provides a mechanistic
understanding of these processes. Looking forward, much is yet to be done at the intersection
of deep learning and neuroscience. One major direction is the experimental validation of the
predictions generated by our models; such validation is becoming increasingly feasible due to
the recent explosion in neural data availability [368]. I have already initiated several endeavors
in this direction. Another promising avenue is the continued transfer of knowledge from deep
learning systems to inform the role of neural circuit components in learning and generalization.
This area is ripe for exploration, given the wide array of neural elements implicated in the
main aspects of neural networks: architecture, learning rules, and tasks [61), 365]. How do
these elements impact computation? For instance, as discussed in earlier chapters, how would
more realistic neuronal models [260] enhance biologically plausible learning and subsequent
generalization performance? Additionally, given the growing popularity of language models
and the demonstrated effectiveness of transformers, can such models inspire new insights
into biological learning? These models can learn in-context [369)], rather than relying solely
on learning via parameter updates central to this thesis. Is there a biologically plausible
way to achieve effective in-context learning? Owverall, the intersection of deep learning and
neuroscience offers many exciting opportunities due to recent advancements in deep learning
tools and the avalanche of neural data availability. By leveraging the synergy between these
two fields, we can gain a deeper understanding of how the brain efficiently learns tasks, with

the hope of simultaneously advancing both fields.
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