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Plasma photonic crystals (PPCs) have the potential to significantly expand the capabil-
ities of current submillimeter wave technologies by providing high speed (microsecond time
scale) control of energy transmission characteristics in the GHz through low THz range.
Furthermore, plasma-based devices can be used in higher power applications than their
solid-state counterparts without experiencing significant changes in function or incurring
damage. PPC studies on the unique conditions present in high power applications are few.
Furthermore, the construction of THz PPC experimental devices requires lattice sizes on
the order of microns, plasma densities exceeding 10*2 m™3, and high power THz sources,
all of which sit at the limit (or outside) of the capabilities of current technology. Analyt-
ical and numerical exploration of THz PPCs is therefore strongly motivated, allowing for
advancements in understanding as hardware capabilities grow.

In support of the use of plasma-based photonic crystals for high power THz wave applica-
tions, three complementary lines of research amenable to theoretical or numerical treatment
are developed that account for plasma’s unique properties. Plasmas do not have discontin-
uous density profiles; therefore, assumptions used for dielectric PCs are not valid and a new

analysis is necessary. In the first line of investigation the effect of smooth versus discon-



tinuous density profiles in PPCs on transmission characteristics is explored using a linear
analytical model and group velocity band gap maps. Plasmas can deform in response to
large electromagnetic fields. In the second line of investigation a two-dimensional plasma-
vacuum photonic crystal is simulated using a high-fidelity plasma model, implemented in the
discontinuous Galerkin finite element code WARPXM, and the plasma’s response to high
amplitude fields is observed. When the plasma in the PPC used for high power applications
is partially ionized, changes in plasma density can occur due to energy absorption and ioniza-
tion. In the final line of investigation, a reacting 5-moment multi-fluid model is implemented

and applied to capture collisions and reactions for partially ionized THz plasmas.
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6.8 Ionization rates as a function of electron temperature calculated with the four
approximations outlined in Sec. 6.3.5. Electron densities and drift velocities
are indicated on each panel. At high electron density and zero drift veloc-
ity (top left) all methods give similar ionization rates. The ETA method
(orange) is unreliable at even moderate drift velocities (middle panels e, =
0.5meue = Fip /100, lower panels €, = 0.5meu. =~ FEj,,/50). Surprisingly,
the SMA method (blue) proves to be a reasonable approximation, despite
it’s simplicity, until ¢, = 0.5m.u. ~ Ej,/10 (not shown). At low density
ne = 1012 (right panels), Gr > 1 and the plasma is no longer in LTE, and
the DFTA+K, ionization rate departs significantly from the other three for
T, < 5 eV, even at zero drift velocity (top right). For non-LTE plasmas,
the correction to the ionization rate of the DFTA+4Kg, is non-negligible and
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Chapter 1

INTRODUCTION

High power communications and radar equipment have long been plagued by atmospheric
breakdown. In fact, breakdown mitigation in high altitude aircraft was a major driver of
the incipient fields of electrical discharges and low temperature plasmas[1, 2]. It was quickly
recognized that the strong coupling of atmospheric plasmas to micro- and millimeter waves
could be used intentionally. Plasma based power limiters were developed as early as the

1930s[3] and continue to be an active area of research[4, 5, 6, 7].

Recently, as communication bandwidths have become crowded and requirements for wire-
less data transfer speeds are pushing into the gigabits per second, terahertz (THz) radiation
has gained attention[8, 9]. As a traditionally underutilized area of the spectrum, few devices
exist for the creation, detection, or manipulation of sub-millimeter waves. Plasmas have a
natural electrostatic oscillation frequency (or plasma frequency) from the MHz to high THz,

depending on density, making them an attractive material for THz devices[10, 11].

Photonic crystals (PCs) are manufactured periodic structures of dielectric or con-
ducting materials where the spacing and crystalline structure determine the frequency and
direction that light can propagate (or not propagate). Plasma photonic crystals (PPCs)
combine the designer dispersion characteristics of photonic crystals with the tunability and

resistance to high power electromagnetic radiation of plasmas.



PPCs have four main characteristics that make them especially attractive in high power

THz applications:

Strong tendency to self organize. Collective response is a key property of plasma.

e Resilience to high powers and temperatures. Once ionized, gas properties do not change

abruptly with additional heating (no phase change).

e Fust (us) control. Plasmas can be ignited, extinguished, and modified on the time

scales needed for data transmission up to THz frequencies.

e Passive amplitude response. Devices can be designed to have predictable amplitude

dependent changes in transmission characteristics, in addition to frequency.

As the larger field of photonic crystals is relatively new, the study of PPCs is still in its
infancy. Plasma photonic crystals and metamaterials were added only in 2017 to the Institute
of Physics (IOP) Plasma Roadmap: Low temperature plasmas science and technology[12] and
no articles appear with the term “plasma photonic crystal” in the title before the seminal
paper by Hojo and Mase in 2004[13]. PPC studies on the unique conditions present in high
power applications are few. Furthermore, the construction of THz PPC experimental devices
requires lattice sizes on the order of microns, plasma densities exceeding 10?2 m~3, and high
power THz sources, all of which sit at the limit of, or outside, the capabilities of current
technology. Analytical and numerical exploration of the THz PPCs is therefore strongly
motivated, allowing for advancements in understanding as hardware capabilities grow.

In order to better understand how the attributes particular to theoretical PPCs in high
power THz applications impact transmission characteristics, three complementary lines of
research are identified that both account for plasma’s unique properties, and are amenable

to theoretical and computational treatment. Specifically, this work addresses the presence



of density gradients in PPCs, non-ideal and nonlinear effects due to finite photonic crystal

size and the presence of strong fields, and plasma formation due to high power THz waves.
1.1 Parametric study of PPCs with smooth and discontinuous density profiles

Due to plasma’s diffuse nature, PPCs cannot support steep gradients in density. Despite
this fact most theoretical work in PPCs is based on solid state photonic crystal methods,
and assumes constant material properties with abrupt changes at material interfaces. In
Chapters 3 and 4 a linear model is derived for one- and two-dimensional cold-plasma photonic
crystal with an arbitrary density profile. The model is validated against a discontinuous
Galerkin (DG) method numerical solution of the same device configuration. Band gap maps
are then created from derived group velocity data to elucidate the operating regime of a
theoretical PPC device. The band gap maps are compared for PPCs with both smooth and
discontinuous density profiles. This study finds that band gap behavior is strongly correlated
with density profile Fourier content, and that density profile shapes can be engineered to

produce specific transmission characteristics.

1.2 Response of fully ionized plasma-vacuum photonic crystal to high power
microwaves

To be useful in high power applications, plasma photonic crystals must respond predictably
to EM waves of given frequency, polarization, and amplitude. Frequency and orientation
dependent responses can be well characterized by traditional linear methods of dispersion
relation calculation. Amplitude dependent responses generally require techniques that evolve
material properties self-consistently with the electromagnetic fields.

In Chapter 5, a high fidelity two fluid (electron-ion) 5-moment plasma model[14] is solved
with the discontinuous Galerkin (DG) finite element method on unstructured grids to analyze
the response of a fully ionized two-dimensional plasma-vacuum photonic crystal to non-ideal

and non-linear effects including: finite PPC size, finite temperature, density gradients, and



the presence of strong electric fields. Results are then compared to those of other software

(ANSYS HFSS) and experiment.

1.3 Modeling plasma formation in a THz plasma photonic crystal passive
power modulation device

While the preceding investigations in this thesis deal exclusively with fully ionized PPC,
many of the proposed PPC devices involve partially ionized plasmas. At sufficiently high
power, ionization of the surrounding gas is inevitable, leading to changes in absorption,
refraction, and reflection of the THz waves. Furthermore, solid state photonic crystals can
be functionalized with self-initiated plasmas in resonant defects to provide passive power
modulation. Understanding the plasma’s formation, as well its interaction with the EM
fields, is necessary to the design of high power THz devices.

Self-consistent modeling of THz breakdown is challenging as it covers many orders of
magnitude in speed (light speed to the neutral thermal speed) and ionization fraction (neu-
tral gas to near full ionization). Models typically used in low temperature and process plasma
simulations rely on reaction rate and transport coefficients calculated by third-party Boltz-
mann solvers. Self-consistent solution of the Boltzmann equation is often necessary in low
temperature plasmas as the electron velocity distribution function (EVDF) departs from a
Maxwellian, with significant impact on reactions and transport. The EVDF is a function
of interaction cross sections, electric field strength, electric field oscillation frequency, gas
temperature, ionization fraction, and temporal and spatial gradients. In order to simplify
calculations, all but one variable is held constant, in both time and space. In contrast, in
fully ionized plasmas at atmospheric densities and low temperatures, the Coulomb collision
frequency becomes dominant, driving the EVDF towards a Maxwellian. The plasma can
then be reliably modeled by fluid moment models with well established closures (isotropic
pressure or Braginskii). Maxwellian EVDFs also allow for reaction rates to become functions

of only electron temperature and relative velocity.



THz plasmas fall in a transitional regime between local thermal equilibrium (LTE) where
Maxwellian electron distribution can be assumed, and non-LTE where reaction and trans-
port rates must be calculated through self-consistent solution of the Boltzmann equation.
Chapter 6 extends a reacting three-species (electron-ion-neutral atom) 5-moment model de-
veloped by Meier and Shumlak[15] for modeling THz plasma formation in the transitional
LTE regime. A PPC passive power modulation device[16] is used as a benchmark, as it has
been well explored experimentally and theoretically for the low- to mid-GHz range. The

model is then validated against the electron Boltzmann equation solver Bolsig+[17].



Chapter 2

CONTEXT AND BACKGROUND

Plasma photonic crystals combine the designer dispersion characteristics of photonic crys-
tals with the tunability and resistance to high power electromagnetic radiation of plasmas.
Their study benefits from the techniques and concepts used in both fields. In this chap-
ter the major ideas in photonic crystals, metamaterials, plasmonic photonic crystals are
summarized (Sec. 2.1), and brief overview is given of the small subfield of plasma photonic
crystals (Sec. 2.2). Finally, the analytical and numerical methods used to study the disper-
sion and transmission characteristics of EM waves in periodic media is introduced and their

application to photonic crystals is discussed (Sec. 2.3).

2.1 Photonic crystals, metamaterials & plasmonic photonic crystals

For centuries the field of optics was dominated by geometry. The shape of a lens or mirror

was the only controllable variable: dispersion was determined by nature.

With the discovery of semiconductors, and the ability to control electron dispersion within
a doped crystal lattice, the electromagnetic analog was apparent to many[18, 19]. With the
maturation of micro-manufacturing and materials science, designer optical dispersion became

a reality. The fields of photonic crystals and optical metamaterials are the result.



2.1.1 Photonic crystals

“A photonic crystal is the optical analogy to a crystal lattice, where atoms or
molecules are periodically arranged and the periodic potential introduces gaps

into the energy band structure of the crystal.”

-V. Schmidt, Laser-based micro- and nano-fabrication of photonic structures,

2012

Photonic crystals are manufactured periodic structures of dielectric materials where the
spacing and crystalline structure determine the frequency and direction that light can prop-
agate (or not propagate). One-, two-, and three- dimensional structures can exhibit the
characteristics of a photonic crystal (see Fig. 2.1), with each new dimension adding possibil-
ity of new symmetries and propagation modes.

From a geometric perspective, photonic crystals work by action of constructive and de-

structive interference of successive reflections off changes in the index of refraction.

1D 2D

Figure 2.1: Examples of one-, two-, and three-dimensional photonic crystals[20].



The simplest case of a photonic crystal is the Bragg reflector. Forbidden frequencies, or
bandgaps, are determined by layer thickness and contrast of the index of refraction between
layers. For example, the mid-gap frequency w,, and gap width Aw for a quarter-wave stack

is

m

ny +ny 27mc Aw 4 . | (|n1—nel
= -——, and — =~ —sin e
ny + N9

(2.1)
4ning a W, T

where a is the periodicity, n; and ny are the refractive indices of each layer, and c¢ is the
speed of light. (Note: for a quarter-wave stack each layer thickness is exactly a quarter wave

at the mid gap frequency, 4d; = 2wc/njwy,, and 4dy = 27c/now,y,).

Symmetry, the reciprocal lattice, and Brillouin zones

Crystals are characterized by their symmetry. In the case of atomic lattices, primary defini-
tions of symmetry are translational, and are described by lattice vectors a; (see Fig. 2.3).
One-dimensional crystals will have at least one lattice vector, two-dimensions will have at
least two a1 and as, etc. The unit cell in physical space can be infinitely repeated by any

integer combination of the lattice vectors and remain the same

F(r)=F (r + Z niai> , (2.2)

i=1,N
where n; are relative integers. As calculations are done in frequency space (both temporal
w and spatial k), it is more useful to define the lattice in its reciprocal space as well. The

reciprocal lattice vectors G; are defined such that
a; - Gj = 271'5@‘, (23)

where 0;; is the Kronecker delta symbol. For example, in a 1D lattice G = 27 /aZ.
The unit cell in reciprocal space is the Brillouin zone, and constitutes the smallest unit
of translational symmetry. The corresponding Brillouin zones for common physical lattices

are shown in Fig. 2.3 in yellow.
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Figure 2.2: (Top) Photonic band structures of three Bragg reflectors, or 1D photonic crystals,
for a bulk material (left), permittivity ratio of €;/e5 = 12/13 (center), and a 1/13 (right)
respectively. (Bottom) Electric field amplitude and energy density for bands n =1 and 2 for

the large contrast case[21].

Translational symmetry is not the only form of symmetry a lattice may have. As wave
propagation properties will share their symmetry with the lattice (translational, rotational,
or reflected), redundancy can be eliminated by identifying the irreducible Brillouin zone,
outlined in red in Fig. 2.3. In the next section the irreducible Brillouin zone will be key in

identifying where to sample k space in constructing a band diagram.
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k€ [0, +mx/a]

Figure 2.3: One-, two-, and three-dimensional crystals (left) with their corresponding recip-

rocal lattices (center) and irreducible Brillouin zones (right)[20].

Dispersion in photonic crystals: bands, bandgaps, and the band diagram

Photonic bands, like conduction and valence bands for electrons in a semiconductor, define

the allowable modes. When plotted in w — k space, important dispersion features like phase
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velocity v, = w/k, group velocity v, = dw/dk, and bandgaps become readily apparent.

Band gaps are discontinuities in the photonic band structure, constituting a frequency
range in a certain direction where propagation is not possible, and are a key feature of
wave propagation in periodic structures. Complete band gaps occur when propagation is
not possible at a range of frequencies in any direction, and only occur in certain types of
three-dimensional lattice structures.

The dispersion of any wave (electron, photon, phonon, etc.) in a periodic structure will
share symmetries with that structure. In the case of a one-dimensional crystal, like that
derived for a layered plasma-dielectric by Hojo and Mase[13] shown at the right in Fig. 2.12,
bandgaps form at k values that are integer multiples of the reciprocal lattice vector. In band
diagrams k space is folded back on to itself at symmetry points so that all the bands are
stacked.

In a two- or three- dimensional crystals, the bands become surfaces and volumes, respec-
tively. Representing these higher dimensional surfaces is challenging. Three-demensional
surface plots, and two-dimensional contour plot projections are options (see Fig. 2.4), but
can only effectively show one or two bands at a time and gradients are hard to discern.

The least and greatest dispersion gradients, as well as band intersections and gaps, all
occur along planes of symmetry that correspond to the reciprocal lattice vectors. Not coin-
cidentally, these are the same surfaces that define the irreducible Brillouin zone. Therefore
the standard format for band diagrams in two or three dimensions is to plot slices through &
space at the boundaries of the irreducible Brillouin zone, the vertices of which have developed

standard naming conventions (see Fig. 2.5).

2.1.2  Electromagnetic metamaterials

Metamaterials are any material with engineered properties that cannot by found in nature.

Electromagnetic metamaterials generally refer to ordered arrays of electromagnetic os-
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Figure 2.4: (a) and (c) are 3D plots of first conduction band and valence band of a graphene

super lattice. (b) and (d) show the corresponding contour plots of the conduction band[22].

cillators arranged on a sub-wavelength scale. Both permittivity and permeability can be
controlled, occasionally independently, and can lead to exotic effects like a negative refrac-
tive index (phase velocity opposite to Poynting flux). These “Left-handed materials” have
been used to improve performance of antennas[23|, create superlenses with focal lengths

beyond the diffraction limit[24, 25|, and achieve object cloaking[26] (see Fig. 2.6).

Plasmonic metamaterials take advantage of natural surface plasmon resonances on

conductor-dielectric interfaces as the resonant component. They have proposed uses in cancer
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Figure 2.5: A band diagram for a 2D triangular lattice of air columns. The Brillouin zone
is shown outlined in black, with the irreducible Brillouin zone shaded in blue, along with
conventional labeling of vertices I', M and K. A complete photonic band gap is shown in

yellow[21].

treatment[29], signal amplification[30], spectroscopy, and high efficiency photovoltaics[31].
Field energy is absorbed into localized plasma oscillations that form at the surface of the
metal/dielectric interface. On closed surfaces (cylinder in 2D, sphere in 3D) surface plasmons
are stationary, and accumulate energy, producing fields many times larger than the driving

wave.

For cylindrical rods the surface plasmon resonant frequency falls between wy./ V3 and

Wpe/V/2, and is a function of fill fraction and mode number (see Fig. 2.8). Each mode has a



14

Figure 2.6: (Left) Split ring resonator array metamaterial[27].

and 3D negative index cloaking material|28]

550 800
wavelength A/nm

Figure 2.7: (Left) sketch of a surface plasmon, Wikipedia. (Right) surface plasmons on gold

nanoparticles.[29]

magnetic field arrangement as shown at the right.

2.1.8 Plasmonic photonic crystals

Plasmonic photonic crystals combine the properties of photonic crystals and plasmonic
metamaterials. Plasmon resonant frequency and oscillator spacing are chosen to coincide,
creating anomalous dispersion characteristics.

In plasmonic photonic crystals, the frequency dependency of the permittivity becomes
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Figure 2.8: Mode frequencies and spacial configuration of modes for surface plasmon polari-

tons on a conducting rod[32].

important

ep(r,w) =1 (“"pzfr)) 1_j<1ym L (2.4)

where w, is the electron plasma frequency, and v, is the collision frequency.
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Figure 2.9: Band diagram for PC with @ = 2.5 mm, r = 0.5 mm, and n, = 10%cm3.

Flat-bands due to surface plasmons are circled in red[33].
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When w < wye, €, becomes negative, surface plasmons can form and the crystal enters a
plasmonic regime[32]. When confined to a closed surface (cylindrical in 2D and spherical in
3D) these plasmons are non-propagating, and present as “flat bands” in the band diagram
(see Fig. 2.9), and result in regions of decreased transmission.

When the frequency of the surface plasmon falls within a bandgap, anomalous transmis-
sion can occur, as was seen in a 2D plasma photonic crystal by Righetti et al.[34]. Resonant
coupling between adjacent plasma filled columns acted as a transmission line in a region that

propagation should not normally occur.
2.2 Plasma photonic crystals

In their simplest form, plasma photonic crystals, or PPCs, are theoretically identical to
metallic plasmonic photonic crystals, already a rich field with many potential applications.

Additionally, plasmas have many advantages over their solid state counterparts:

e Plasmas can access the high GHz and THZ frequency band. Plasmon reso-
nances can occur in the THz range, an underutilized portion of the electromagnetic

spectrum.

e Fast control of photonic crystal properties. Plasmas are created when needed,

with lifetimes in the us, for fast reconfiguration of lattice characteristics.

e Fast control of plasmonic properties. Plasma resonant frequencies can be con-

trolled through application of external EM fields.

e High energy applications. Absorption can be controlled through collisionality. Plas-

mas are not subject to phase-change at high temperatures.

e Self organization. Plasmas can produce stable (in the time scales of interest) periodic
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Figure 2.10: (Left) Plasma photonic crystal created by augmenting a traditional photonic
crystals[35]. (Center) A microplasma discharge array[36]. (Right) Plasma photonic crystals

where plasma forms the principal material[37].

structures. Potential devices could take advantage of naturally occurring periodicity

from plasma instabilities.

They can be formed either by augmenting traditional photonic crystals made of dialectics
or metals, or as one of the primary materials (see Fig. 2.10). Plasmas with regular periodic
density perturbations can also occur naturally as a result of plasma instabilities and self

organization (see Fig. 2.11).

As the larger field of photonic crystals is a relatively new field, the study of PPCs is
still in its infancy. Plasma photonic crystals and metamaterials were added only in 2017 to
the IOP Plasma Roadmap: Low temperature plasmas science and technology[12]. No articles
appear with the term “plasma photonic crystal” in the title before the seminal paper by
Hojo and Mase in 2004[13], and current literature is dominated by a handful of authors. The
only review paper to date was done by Sakai et al. in 2012[40]. Plenty of work remains for

plasma photonic crystals to become a mature field that produces useful applications.
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Figure 2.11: (Left) Simulation of the lower hybrid drift instability in a plasma forming a
planar current sheet[38]. (Right) Dielectric barrier discharge 2D PPC[39]

2.3 Analytical and numerical methods for EM waves in periodic media

In this section, various analytical and numerical techniques used in understanding EM wave
propagation through periodic media are described. They lay the groundwork for the theo-
retical and computational tools developed in later chapters.

The methods have been sub-classified into two major categories by the properties they

alm to describe:

1. Dispersion. Methods that result in a dispersion function that establishes the rela-

tionship between frequency and wavenumber
D(w, k) = 0. (2.5)

Dispersion functions describe what is happening within the material: allowable modes,

propagation direction, phase velocity and energy flux.

2. Transmission. Transmission or scattering methods use a black box approach. Given

an electromagnetic wave at a certain frequency, how much is transmitted through, and
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how much is reflected back out?

2.3.1 Dispersion properties of infinite crystals

Infinite crystals do not exist in nature, but as in many other problems, studying the ideal
case can lead to valuable insights about the important underlying physics. In the study of
photonic crystals, copious amounts of inherent symmetry can be harnessed to create tractable
problems.

In the following methods, all begin with Maxwell’s equations with a spatially varying

permittivity (and occasionally permeability)

0B
VxE= ~ 5 (2.6)
VxB= u(r)a(’r)aa—? + p(r)d, (2.7)
. — Pe
V-B= 5 (2.8)
V-B =0, (2.9)

and some variation on Bloch (or Floquet) theorem, which states that if a wave is moving

through a periodic medium, it has the form
F(r) = e* ug(r), (2.10)
where uy has the same periodicity as the crystal such that
ug(r) =u(r +n-a), (2.11)

where mn is an array of integers, and a is a lattice vector of the crystal.

The analytical dispersion relation

Exact solutions for dispersion relations of Bragg gratings and photonic crystals are few. From

the point of view of engineering optical devices finite crystals are by far more prevalent,
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and reflectance and transmittance far more useful[20]. Furthermore, sudden changes in the
permittivity require a large number of terms and can prove intractable. Therefore, numerical
methods dominate in both the calculation of band diagrams for infinite photonic crystals as
well as the transmission/reflection characteristics of finite crystals.

That being said, the further a solution can be taken analytically, the more that can be
understood about the physical characteristics important to the problem. A valuable outcome
of existing analytical solutions are exact expressions for top and bottom frequencies of band
gaps.

Yariv and Yeh[18] first derive a dispersion relation for electromagnetic waves in a general
periodic dielectric medium. The function takes the form of an infinite set of coupled equations

that must be solved for each wave vector k. For a one-dimensional perturbation
KAK) —w’n> Ak —lg) =0, (2.12)
!

where A(k) are the Fourier components of the electric field E = [ A(k)e *®d3k, &, for
the dielectric tensor e(x) = >, g %7, a is the perturbation period, and g = 27/a is the

reciprocal lattice vector. A direct solution of the first two coupled equations for k = %G

gives the frequencies of the first band gap edges

72 /a?
pi(go £ [ea])
In 2016, Lehmann et al. adapts the idea for a laser-driven plasma photonic crystal[41, 42].

Wi = (2.13)

Beginning with the time harmonic wave equation for the electric field, and assuming a 1D

plasma density perturbation with the form

. 1 [@ ,
Ne = Zme’”gx, where 1, = —/ ne(z)e™*dr, (2.14)
1 0

a

where n(x) is taken from a Particle in Cell (PIC) simulation. The final dispersion relation

for an incoming wave with oblique incidence to the perturbation takes the form of

A {— (ks +19)* — k2 + (Eﬂ _ <%e>2 > m_vAr =0. (2.15)

C C
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Adapted Kronig-Penny model

The Kronig-Penny model in quantum mechanics is used to describe the idealized propagation
of a particle in a periodic rectangular potential well. Hojo and Mase[13] adapted the model
for EM waves in plasma-dielectric 1D photonic crystal. They start with a 1D stationary

wave equation for the electric field
52
{@ + k'oE(Z):| E(Z) = O, (2.16)

where kg = w/c and the permittivity is defined as
e(z) = e - (2.17)
<
and

e(zt L(1+d)) =e€lz].
As the permittivity is periodic, the solution for F(z) must also be. This results in the
following constraints on E and it’s derivative E’
E(L) = AE(—Ld),
E'(L) = AE'(—Ld),
where
A = exp[ikL(1 + d)].

Assuming a similar solution to the standard Kronig-Penny model, and solving for coeffi-

cients, they obtain the following dispersion relations for w < wp.

2 ]{32
cos[kL(1+d)] = n +k; = sin(k,, L) sinh(k Ld) 4 cos(k,, L) cosh(kLd) (2.18)
RRm
and for w > wp,
K2+ k2 .
cos[kL(1 + d)] = 2—"sin(k,,L) sinh(k,Ld) + cos(k,,L) cosh(k,Ld) (2.19)

2k ki,
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Figure 2.12: Schematic for a 1D plasma-dielectric photonic crystal (left), and its dispersion

relation as calculated by Hojo and Mase using an adapted Kronig-Penny model (right).

where k, = koy/1 — (wpe/w)?, kK = ko/ (wpe/w)? — 1, and ky, = ko/Em.-
Despite the initial dissimilarity in appearance to the dispersion relations found in the
previous section, when solved numerically for w and k they take on the same familiar form

(see Fig. 2.12).

Plane Wave Expansion Method

The plane wave expansion method (PWEM) takes advantaged of Bloch waves and Floquet
theory and reduces the time and space harmonic Maxwell equations to an eigenvalue problem.
Frequencies and spatial field distributions of allowed modes can be found by using any
numerical eigenvalue solution method. Its disadvantages are the loss of physical meaning in
the equation set (the analytical progression stops at the wave equation), and it is slow to
converge with sharp changes in permittivity.

In dielectric photonic crystals, the permittivity is only a function of position. Well known

derivations can be found in many texts[21][20] and result in the following problem
2

el [VXE]—%Ezo (2.20)
V x LT(T)V x H} - 5H- (2.21)
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where ¢, is the relative permittivity, ¢ = /gopip and ¢ = ky = i—’orE, with ¢, kg, and g
representing the speed, wave number and wavelength of light in a vacuum. The above

equations take the form of an eigenvalue problem

OF = (%)2 E (2.22)

where the eigenvectors E and H from Egs. (2.20) and (2.21) which are the spatial patterns
of the harmonic modes associated with the with eigenvalues “c’—j This is only solvable if © is
Hermitian. In a purely dielectric material, this is not a problem.

In plasmas, and other conductors, the permittivity is not only a function of space, but
also frequency. © then takes on a w dependence and the natural Hermiticity of the operator
is broken. Kuzmiak and Maradudin[43] find a way overcome the problem. They derive a
modified the plane wave method for two-dimensions with the following Fourier expansion of

the dielectric function
er(r) = D _& (@), (2.23)
G

with the Fourier components

w2
€d — f []‘ — &~ w(wieiumi| ) G” =0

Wae 2J1(G||R ’
/ [1 —&q— w(wfi,,m] é(HRU) ), G| #0

8(Gy) = (2.24)

where G = 27/la for | = 0,41,+£2, ... are the reciprocal lattice vectors, a is the lattice
constant, f = wR?/a® is the fill fraction, J; is a Bessel function, and R is the radius of
plasma column. Substituting this into Eq. (2.20) and Eq. (2.21) and separating terms, they
get a fourth order and third order polynomial, respectively, in w that will not be repeated
here. Combining the four N x N matrices into a single 4N x 4N matrix, they successfully
linearize the problem.

Sakai and Sakaguchi[33] adapt the idea from Kuzmiak for plasmas. Sakai et al. find the

solution of the problem to be slow and computationally expensive. They are also limited to
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a single plasma density profile. Despite this they generate a variety of band diagrams for
collisional and collisionless plasma columns.

For other density profiles, they develop a complex field finite difference time domain
(FDTD) method (see Sec. 2.3.1).

Qi et al.[44] derive a more computationally tractable eigenvalue problem for the magnetic
field B in a collisionless plasma-dielectric photonic crystal. The time harmonic wave equation

is then
2

w
VxVxB= EET('P)B (2.25)

which does not appear to be correct. Since ¢, is a function of space, it cannot be brought

outside the curl differential operator without applying a chain rule. It should be

2

V x LV><B:w—
er(T) c?

B (2.26)
which has a non-trivial solution. Nonetheless, Qi et al. find a solution with the following
array of rectangular dielectric columns in plasma
2 2
1—“—P)+f<sd—1+@>, G=0
4@ = ( . . @
f(ed—1+ pe)P(G), G 40

w

(2.27)

where P(G) = S22 Nuch like the PWEM developed by Sakai, that of Qi et al.

is limited to a single perturbation with period a. Furthermore, Qi did not derive a solution

for TE polarized waves.

Numerical time-domain methods for fixed material properties

Finite Difference Time Domain solvers for band structure analysis of dielectric photonic
crystals are many|[45, 46, 32, 47]. To accomplish the simulation of an infinite periodic domain,
while not restraining the wave modes to only those that are an integer multiple of the
domain length, they rely on pseudo-periodic boundaries that apply a phase shift to EM

waves propagating through boundaries.
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Celuch-Marcysiak et al. were one of the first to develop a complex valued, spatially looped
3D FDTD algorithm for electromagnetic fields with frequency independent permittivity and
permeability. This begins with the application of the Floquet theorem to the electric and

magnetic fields such that the fields can be expressed as

E(r)exp(—ik - r + ¢), (2.28)

o
ﬁ
S~—
!

H(r) = H(r)exp(—ik -7 + ¢) (2.29)
, respectively, where E(r) is complex, E(r) is periodic with period a, and ¢ is some phase

shift. The fields can then be separated into their real and complex parts

E(r)= Ecos(k-r+ ¢) +iEsin(k - r + ¢)

H(r)=Hcos(k-r+¢)+iHsin(k -7+ ¢) (2.30)

and evolved separately (assuming the medium is lossless, and there is no coupling within
the domain). The only coupling that does occur is at that boundaries, where a phase shift

¥ =k - a is applied

E'(r)) = E"(ry)e™, (2.31)

Ei(ry) = E"(r))e", (2.32)

where superscripts ¢ and r denote the real and imaginary parts, and subscripts 1 and 2 are the
adjoining edges of periodic boundaries. Maxwell’s equations are discretized in the standard
way on a Yee grid[45]. A spatial distribution of e(r) and u(r) are set, a wide bandwith
pulse is initialized, and the problem evolved in time until prominent modes emerge. The
frequencies of the allowed modes are found through Fourier analysis of the field amplitudes
in time. A simulation is then run for each wavenumber k of interest to construct a band

diagram (Fig. 2.13).
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Figure 2.13: (Left) Band diagram of TM mode by complex, specially looped FDTD method
per Celuch-Marcysiak et al.[46] for corrugated wave guide with period L = 1.67 cm. (Right)

the spatial distribution of fields for the same case showing the mode corresponding to f =

7.717 GHz and SL = /3.

Time-domain methods for approximating frequency dependent media

As in all previous methods, adding a frequency dependent permittivity imposes challenges.
This is exacerbated by the fact that the calculation is performed in the time domain. Qiu et
al.[48] developed a similar algorithm that discretizes Maxwell’s equations with the current

expressed in terms of a spatially dependent conductivity o and the electric field (by way of

Ohm'’s Law)

OH 1
_at = __Iu(r)v x FE, (233)
oE 1 o(r)

This sidesteps the problem of frequency dependence (assuming the incoming wave fre-
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quency is well below that of the plasma frequency) and uses only steady state conductivity
values.

In the previous section on PWEM solvers (Sec. 2.3.1, Sakai et al.[33] compare their
modified PWEM solver to a finite difference algorithm developed by the author[49]. This

method discretizes the time harmonic wave equation for a complex electric field

2

w
VxVxE-= ger(r)E, (2.35)

where

e(r)=1— (“’”(T)Y — ! (2.36)

w (m/w)

and uses the same looped boundary conditions derived from Bloch-Floquet theorem as

Celuch-Marcysiak et al., expressed in 2D as
E(zg+ a) = E(xo) exp(—ikya), E(yo+ a) = E(yo)exp(—ikya). (2.37)

Similarly to the Celuch-Marcysiak approach, a separate simulation must be run for each
value of k. Additionally, the permittivity is frequency dependent, meaning a separate calcu-
lation must also be run for each frequency and ¢,(k). A band diagram from 0 to 150 GHz, at
1 GHz resolution, resolving 100 values of k would take 15,000 separate calculations. Finally,
a particular k, w pair is determined to be on a branch if power density at that frequency
shows strong peaking in a Fourier analysis of the wave spectrum.

The calculations described by Sakai et al. were performed on a 20x20 grid for both a
uniform density plasma column in vacuum and a plasma column with a .Jy Bessel function
density profile (see Fig 2.14).

Other approaches, such as the Recursive-Convolution Method, use higher order relation-

ships between the the electric and displacement field
t
D(t) = coe E(t) + 50/ E(t—7)x(r)dr. (2.38)
7=0

Details can be found in Taflove and Hagness[45] but will not be covered here.
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Figure 2.14: (a) Band diagram of TE mode by direct solution method developed by Sakai et
al[33] for lattice constant a = 2.5 mm, plasma column diameter d = 1.0 mm, and a uniform
plasma density of n, = 10" m™3. (b) Band diagram of TE mode for same case as (a) but

for a Jy density profile with maximum n, = 10 m™2 and full width at half maximum of

d=1.0 mm.

Time-domain methods with auxiliary differential equations for material dy-

namics

The most straightforward (although computationally heavy) method used to circumvent the
complications of a frequency dependent material response in a time-domain simulation is to

evolve material properties self-consistently in time.
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For conductive materials, the simplest model is the Drude, or cold plasma model, which

describes the evolution of the electron velocity as a function of only the Lorentz force and

collisions
ov e
e:—fveym——E—’Uex.B. 2.39
- < ) (239
This is coupled into Maxwell’s equations through the current J = —en.v,, assuming ions are

stationary. The Drude permittivity is obtained directly from this expression

2

e(w) = e (1 - w’”;) (2.40)

w? 1 —ivy,/w

therefore, all dispersion calculation methods up until this point are physically and math-
ematically (if not numerically) identical. In most cases, the simple Drude model is good
approximation of plasma-EM wave interactions. Trieschmann et al.[50] use a Particle-in-
Cell code to look at the band structure of piecewise constant 1D plasma-dielectric photonic
crystal. Unlike in the Drude model, a Maxwellian distribution function is not assumed.
The resulting band diagrams are compared to models assuming a cold plasma (or Drude
model)[13] and found to coincide exactly (see Fig. 2.15).

While studies like this serve as validations of both simple model assumptions and complex
model validity under similar conditions, the primary advantage of the simultaneous evolution
of the material system is when amplitudes become large enough to change the properties of

the material substantially, and as a consequence alter its dispersion characteristics.

2.3.2  Dispersion properties of infinite crystals with defects

Defects within photonic crystals create propagation of stationary modes where none would
normally exist. Narrow bandpass filters with high Q, lossless waveguiding and bending, and
photonic crystal fibers are some of the many applications of defected photonic crystals. Some

of the common methods are summarized below:
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Figure 2.15: Dispersion relations calculated using PIC simulations[50] in black, and the same

case using the cold plasma model[13] in red.

e In 1D photonic crystals the defect mode has a known resonance condition

w =

nicp
L

(2.41)

where L is the length of the cavity, n; = /1 is the index of refraction of the dielectric

layer formed by the defect, and p is an integer. Fig. 2.16 shows the defect resonances

and field distributions for p = 1, 2, and 3.

e In 2D and 3D crystals, the effect of the defect can be approximated by way of the

Supercell Method. Here the PWEM is used by reimposing the symmetry lost by

creating the defect through the creation of a new, larger unit cell centered on the defect

(see Fig. 2.16). As long as the defects in each unit cell are sufficiently separated, the

results should closely approximate the true case.

e The most commonly used methods are those based on the Tight-binding model

for calculating electronic band structures and impurity levels in solid state physics.
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These methods are beyond the scope of this thesis, and the reader is referred to other

reference for further details[20, 51].
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Figure 2.16: (Left) Band diagram and electric field distribution of 1D photonic crystal with
defect showing stationary modes at 1, 2 and 3. (Right) Example unit cells used in the
Supercell method.

2.3.8  Transmission, reflection, and absorption properties of finite crystals

An infinite crystal will have perfect reflection at frequencies that fall within the bandgap.
Crystals with a finite depth will allow some fraction of the energy to be transmitted. In the
engineering of photonic devices, it is not enough to know only where bandgaps are located,

but also to what degree the signal will be attenuated.
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A variety of methods exist for determining the transmission, reflection, and absorption
of photonic crystals with finite extent. As they are not the primary focus of the research,
they are listed here without further explanation: the transfer matrix methods (TMM), the
Pendry method, the scattering matrix method, multi-pole method, or modal method, and

the time-domain methods[45].
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Chapter 3

PARAMETRIC STUDY OF 1D PLASMA PHOTONIC
CRYSTALS WITH SMOOTH AND DISCONTINUOUS
DENSITY PROFILES

Due to the nature of plasmas, PPCs differ from their solid state counterparts in several
ways. First, the plasma components of a PPC can be created at the time of use and can be
tuned on microsecond timescales. Second, once a plasma is fully ionized it will not undergo
any further phase change, making PPCs resistant to damage in high power applications.
Third, the electron density of atmospheric plasmas (10* — 10%° m™3) implies a target fre-
quency of PPC devices in the GHz to THz range. Finally, plasmas are inherently diffuse.
Instead of the abrupt changes in material properties that occur in solid-state PCs, PPCs
provide more gradual changes in density. Many of the proposed PPC devices have density
gradient scale lengths that are large compared to the unit spacing. Understanding how these

gradients alter transmission properties is essential to predicting PPC behavior.

Several analytical and numerical studies have been undertaken for plasma photonic crys-
tals with non-piecewise constant density profiles. A scattering matrix type method (SMM)
was used to calculate transmission for plasmas with step-function, parabolic, sinusoidal, and
Gaussian densities by Lontano and Lunin in 1991[52, 53]. More recently, articles have been
published on using the plane wave expansion (PWEM), transmission matrix (TMM), and
finite-difference time-domain (FDTD) methods on specific 1D density profiles: sinusoidal[54],
Gaussian[55], exponentially graded[56, 57], and physically informed density profiles[42].

In this chapter a parametric study of 1D PPCs with smooth and discontinuous density

profiles is performed to demonstrate the impact of density gradients on the transmission



34

characteristics. A linear model similar to that used by Lehmann and Spatschek[42] is out-
lined for EM waves in an unmagnetized, collisionless, periodically density modulated plasma.
A systematic comparison of a smooth density modulated plasma, a discontinuous plasma-
vacuum one-dimensional PPC, and two intermediate cases, is conducted. The results are
validated against discontinuous Galerkin (DG) method numerical solutions of the same con-
figurations. Band gap maps are then created from derived group velocity data for a range
of average plasma frequencies and density modulation amplitudes. The effects of smooth
versus discontinuous density profiles on band gap properties are discussed and the origins of
these differences are explored by way of a reduced model. This theoretical framework is then
used to infer the band gap characteristics of other types of density profiles. The implications

for future PPC devices are discussed.

3.1 Propagation of an EM wave in a cold, unmagnetized, 1D periodic plasma

In the cold plasma limit, the propagation of weak EM waves through an infinite peri-
odic plasma can be reasonably approximated by Maxwell’s equations coupled to the Drude
equation[58, 59|, which describes electron motion in a stationary ion lattice (or gas). Solu-

tions to the system can be found through application of Bloch’s theorem|[60].

In this section the Maxwell-Drude system is solved in a method similar to that described
by Lehmann and Spatschek[42] for a one-dimensional, unmagnetized plasma with an arbi-
trary periodic density profile. The result is an inhomogeneous wave equation with a source
term that depends on the current density 5. The equation is linearized in time and space
resulting in an infinite set of linear equations coupled through source terms. In order to
explore the difference between smooth and discontinuous density profiles, specific solutions
are found for two cases: a sinusoidally modulated density profile, and a square wave density

profile.
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3.1.1  The linearized inhomogeneous EM wave equation in an unmagnetized, periodic density

modulated plasma in 1D

The behavior of electromagnetic waves in a plasma are governed by Maxwell’s equations

0B ) OF
VXE:_Wv VXB:/JOJ'F&OMOE
v-E=" v.B=o (3.1)
€0

where 7 is the current density, p. is the charge density, and py and ¢y are the vacuum
permeability and permittivity, respectively. Faraday’s and Ampere’s laws can be combined
to form an inhomogeneous wave equation for F,

O’E 5

V xV x E"—/JLOEOW = —/JJOE

(3.2)

The current density 7 is defined as
J= Z daValla (3'3)

where o denotes the species. A wave equation can also be found for the magnetic field, B,
but has an inhomogeneous part that is a function of V x 7. As plasmas used in PPCs are
generally cold (< 1 eV), and EM frequencies of interest are well above the typical ion plasma
frequency, the time evolution of the plasma current 7 is assumed to be dictated entirely by

electron dynamics, and well approximated by the Drude model[58, 59]

dj _ én(r)

e
— E——jxB-uvj 3.4
5 . d vy, (3.4)

where e is the electron charge, m. is the electron mass, v is the collisional relaxation rate, and
n(r) is the electron density as a function of space. Written in terms of the electron plasma
frequency squared wge = e?n./egm,, and the electron cyclotron frequency w. = eBgy/m.
where By is a constant background magnetic field

93

5 = —gowze(r)E — WeeJ X B/By —vj. (3.5)
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For the case of an unmagnetized PPC w,.. = 0. To understand the impact of density profile
shape as separate from other effects, the collisional relaxation time is assumed to be large
relative to the plasma period, i.e. wy > v. This is not necessarily valid in the case of cold,
high density plasmas like those needed to achieve THz frequencies, therefore the potential
consequences of a finite electron-ion collision frequency are discussed in Sec. 3.4.

As a result of the above assumptions, the contribution of the 2nd and 3rd terms in
Eq. (3.5) are negligible. Substituting the Drude equation, Eq. (3.4), into the wave equation,
Eq. (3.2), results in a final inhomogeneous wave equation that describes temporal and spatial

variations of the electric field E for a spatially varying electron density n(r),

a2E 2
VxVxE+ HoE0—=5 — Moo ¢ n(T) E. (36)
ot? MmeEo

An arbitrary periodic 1D density profile n(z) is approximated by a Fourier series

n(r) =~ n(z) = ng Zﬁgeizg’”, leZ, (3.7)
¢

where ng = a™! ffé 32 n(x)dzx is the average plasma density, g = 27 /a is the magnitude of the

reciprocal lattice vector, a is the lattice period, and the coefficients 7, can be found by

1 1 a/2
Ng =— —/ n(z)dr | =1, (3.8)
o \ 4 J_q)2

. 1 1 a/2 y
ng=— | — n(x)e™dx | . (3.9)
o \ @ J_q)2

As the periodic plasma density is invariant under discrete translation of the primitive lattice
vector such that n(z + ma) = n(z), where m is an integer, Bloch’s theorem[60] states that
the solution to the electric field E takes the form of plane waves modulated by a function
with the same periodicity as the density. Assuming the electric field is perpendicular to the
direction of travel, it can be shown that

E(rt)=> Y Ep el 2 L eR, (3.10)
k l
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Equations (3.7) and (3.10) are combined with the wave equation, Eq. (3.6), and a Fourier
transform is performed in time and space. Rearranging the order of terms for clarity results

in a coupled linear system of equations

(C%/{JZ w + w Ek + w (Z n[Ek lg + Z ngEk @) = 0 (311)

{=—1

where wy = (e*ng/ mego)/? is the electron plasma frequency of the average density, and
co = (pog0)*/? is the vacuum speed of light. Equation 3.11 represents an infinite system
of equations for each value of k. Note that the first term is the dispersion relation for EM
waves in a uniform plasma with plasma frequency wyg, while the second is a series of coupling
terms with plane waves offset by integer multiples of ¢ and magnitudes proportional to wf,oﬁg.
Normalizing Eq. (3.11) by the lattice frequency, w, = 2m¢y/a, results in the following non-

dimensional expression

(K2 — Q>+ Q%) Ex + 9%, (Z B o+ Y mEK_€> =0 (3.12)

=1 =—1
where K = k/g is the lattice normalized wavenumber, 2,y = w,o/w, is the lattice normalized
average plasma frequency, and {2 = w/w, is the lattice normalized EM wave frequency. The
solution is independent of the magnitude of Ej, therefore it will be considered non-dimensional
from here forward.
The following sections explore the form of the coupling terms in Eq. (3.12) for two density
profiles: a sine wave modulation on top of a uniform background density, and a square wave

composed of a finite Fourier series.

3.1.2  Sinusoidally modulated plasma density

A sinusoidal density modulation is chosen for the smooth PPC case,

n(z) = ng[l + xsin(gz)], 0<x <1 (3.13)
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where X = (npaz — M0)/no is the amplitude of the density modulation. Plasmas with a
smooth, sinusoidal density profile are likely to occur through laser-plasma interactions[41, 42]
or instabilities[38, 61]. This density profile is also a first order Fourier approximation of
any periodic profile shape. Fourier coefficients are found by applying Eq. (3.7) to n(z) in
Eq. (3.13),

o =1, 7y = i%. (3.14)

Since n(x) is real valued, the Fourier coefficients n_; and n; are complex conjugates. Sub-
stituting the coefficients into the general equation (Eq. (3.12)) results in the following nor-

malized system of equations for an EM wave in a sinusoidally modulated 1D PPC

02,
(K — 0 4+ Q%)) Ex + XQ—’; (Ex_1— Ex41) =0. (3.15)
Here a single pair of terms couple Ex to modes Ex 1 and Ex.;. While the quantity of
density Fourier coefficients is finite this does not limit the number of coupled equations, only
the number of coupling terms. The number of Ex plane waves is still infinite. In order to

solve the system numerically the system is truncated based on criteria outlined in Sec. 3.2.1.

3.1.3  Discontinuous modulated plasma density

The square wave density profile approximates metal-vacuum photonic crystals with their
abrupt changes in material properties. It also allows for comparison with existing studies
as most assume discontinuous density profiles, despite such profiles being difficult to achieve

with plasmas. The density profile has the form

n(z) = no(1+x), a(l—1/2)<zx<al (3.16)
no(l—x), al<z<all+1/2)

where y is defined as x = (npaz —n0)/no. Fourier coefficients are found by applying Eq. (3.7)

to n(z),
R sin 7w/ X
= —(1— . 1
T — + iwﬁ( cos /) (3.17)
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Written explicitly for terms |[¢| < 5

2
o =1, N4 = i.—X, Mo = 0,
in
R 2x . . 2x
M43 = :]:Z.S_ﬂ_u Nia =0, Nis = iif)_w‘

Note that all even Fourier (j = £2,44,...) terms are zero. Substituting the Fourier coeffi-
cients into Eq. (3.12) results in the following system for a square density profile approximated

by a truncated Fourier series (in this case N = 5)

(K? — *+Q2)) Ex+ (3.18)
5 2X 1 1
oo | (Br-1 = Ecen) + 3 (Ex-3 — Ej3) + R (Ex—5 — Ekys)| = 0.

The magnitude of the Fourier coefficients (and therefore the magnitude of the coupling terms)
fall off like 1/¢. As convergence of the series is slow, even Fourier approximations with large
N have significant error. At N = 50, the [2-norm of the error is still greater than 5%, and
does not fall below 1% until N approaches 2000. The effect of Fourier series truncation on

band gap prediction is discussed in Section 3.2.1.

3.2 Method of numerical solution and validation against WARPXM plasma
code

To solve the linear coupled system described by Eq. (3.12), it is reformulated as an eigen-
value problem and solved for each wavenumber of interest K. As the number of equations
is infinite, even when the number of density Fourier coefficients is finite, the system must
be truncated to be solved numerically. Bounds are set on the minimum convergence of the
solution as a function of system size. Band diagrams are constructed by evaluating the sys-
tem for a range of values of K. The band diagram for a discontinuous density profile case is
validated against solutions found using a cold plasma model solved with the WARPXM Dis-

continuous Galerkin (DG)[62, 63] code on a Bloch periodic domain[64]. In order to compare
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the impacts of smooth versus discontinuous profiles on PPC transmission characteristics,
group velocity band gap maps are constructed from sets of band diagrams where either the

density modulation amplitude or lattice normalized electron plasma frequency is varied.

3.2.1  Numerical solution of the problem

As developed in the previous section, the linearized system for an EM wave in plasma with
a periodic variation in density consists of an infinite set of coupled equations (Eq. (3.12)).

Reformulated as an eigenvalue problem for O?,

N
KB+ Q% Y Bk = QB (3.19)
{=—N

or more compactly as

AE = O°E,

where A is a Hermitian banded matrix, and the eigenvectors E are frequency space solutions
of the electric field for each eigenvalue Q2. To truncate the infinite system, a system size
limit M > N is chosen such that A € RCM+DxEM+1)  The matrix A is then expressed in

index notation as

Aimj = (K +0)* + Q,  Aije = 1, (3.20)
where i,j = [-M, M],[—M, M]. The Fourier coefficients f, can be found analytically for

simple density profiles or numerically for more complex profiles. In index notation the vector
E is

E; = Ex.j. (3.21)
The system is solved numerically for Q2 for a set of K = [0,1]. The square root of the
eigenvalues correspond to the frequencies of allowable modes, while the eigenvectors Ex

correspond to the wavenumber-space structure of the electric field of each mode. When

plotted as a function of K, the frequency corresponding to each eigenvalue form the photonic
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band structure of the PPC (see Fig. 3.1). The spaces between bands where no allowable mode
exists for any value of K are known as band gaps or forbidden regions.

To ensure that the truncated system is fully converged, a method of determining the
minimum acceptable value of M is required. The error increases with increasing band number
for truncated systems. In this work, the region of interest is confined to the first eight bands,
which sets a lower bound on M. Sufficient convergence is defined as the minimum value of
M such that the [>norm of the normalized difference between the M and M — 1 solution
for the eighth band is less than 1079, or

ZK |Q8,M - Q8,M—1|2

AQ) =
1294 TP

<107 (3.22)

3.2.2  Validation of the analytical model with a nonlinear plasma model solved using the

WARPXM code

WARPXM, an unstructured Discontinuous Galerkin multi-physics plasma code developed at

the University of Washington[63], is used to evaluate the equivalent problem as a system of

op. (L 1
n (1Y) oz

normalized hyperbolic PDEs

(A G1Co L R
%_Jf _ _VxE. (3.25)

where p, E, B, and t are normalized by reference values py = m,nocy, £y = coBoy, By =

(ompnocd)t/?, and 7 = L/cy, respectively. The reference density, ng, is chosen based on
typical density values, L is the problem length scale, m, is the proton mass, and ¢y is the
vacuum speed of light. The nondimentional parameters are: d,/L, the normalized proton

skin depth, A. = m./m,, the proton normalized electron mass, and w,7, the normalized
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proton plasma frequency. lons are assumed stationary to be consistent with the analytical
model described in Sec. 3.1.

The WARPXM code computes the evolution of the electron momentum and electric
and magnetic fields by solving Eqgs. (3.23), (3.24), and (3.25). A solution is initialized that
describes a propagating TE, TM, or TEM wave. To simulate an infinitely periodic system,
Bloch boundary conditions[64] are implemented. The WARPXM code applies boundary
conditions by setting the value of virtual nodes at the boundaries. The left and right virtual
boundary nodes, ¢f, and ¢} respectively, are functions of the opposite boundary node value,

qr, and gr, and a phase shift, ¥,

qp = qre", (3.26)

q; = qre'?, (3.27)

where v = ka, and 7 here denotes the unit imaginary number. The boundary conditions allow
for the representation of an infinite periodic plasma with period a, while permitting EM waves
with wavenumbers other than integer multiples of the inverse domain length. Simulations
are performed for each k value of interest. Note that real and imaginary components of the
electric and magnetic fields are needed for the Bloch boundary conditions, so Eqs. (3.23),
(3.24), and (3.25) are complex-valued equations.

Electric and magnetic field values are sampled at regular time intervals for several points
in the domain that do not fall on any axis of symmetry. This sampling strategy mitigates
inadvertently sampling values at or near field nulls which could lead to weak detection of
particular modes. A fast Fourier transform (FFT) algorithm is then applied to the data, and
the spectra are averaged over all sampled points.

Band diagrams are assembled by running simulations with different wavenumbers £k in
the range of interest. Plotting the logarithm of the spectral intensity produces the band
diagram from the nonlinear plasma simulations, as is shown in Figs. 3.1 and 3.2, using the

real component of the electric field. The band diagram using the imaginary component gives
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a similar result. A total of 41 simulations, each with a different value of k, adequately resolve
the wavenumber space. Simulations to generate a complete band diagram take approximately
five hours using a single core on a modest workstation.
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Figure 3.1: Comparison of band diagrams generated by solving the nonlinear plasma system,
Egs. (3.23)-(3.25), using WARPXM (color contours indicate magnitude of spectra) and the
analytical model described in Sec. 3.1 (dashed lines) for a sine plasma density profile with
Q0 = 0.5 (left), Q2,0 = 1 (middle), and Q,9 = 2 (right). Note that the scale of the y-axis is

different for each panel.

The analytical and numerical band diagrams are compared for each band and the /2-norm

of the relative difference is calculated for each band ¢,

7 Z ana. num|2
[|AQ|, = \/kaISI? E (3.28)

Calculated errors for five different density profile cases are shown in Table 3.1. In all cases

there is good agreement as the error is on the order of the frequency resolution of the
simulation. Large plasma frequencies to lattice frequency ratios €1,, and square density
profiles generally produce larger errors. This is also reflected in the increase in system size

needed to sufficiently resolve the problem.
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Figure 3.2: Comparison of band diagrams generated by solving the nonlinear plasma system,
Egs. (3.23)-(3.25), using WARPXM (color contours indicate magnitude of spectra) and the
analytical model described in Sec. 3.1 (dashed lines) for a sine plasma density profile with

Q0 =1 and X = (Nmax — Navg)/Navg = 1 (left), and for a square profile with 2,0 = 1 (right).

3.2.8  Construction of velocity band gap maps

One of the key advantages of plasma photonic crystals over solid state PCs is their tunability.
Where parametric studies are useful for device design in dielectric or metal PCs, for plasma
PCs they can also be used to describe the operational regime of a single device. As the
band gap is generally the most important characteristics of a PC, band gap maps[21] are a

convenient representation of a PC’s performance.

In solid state PCs, the unitless design parameters most used are the dielectric contrast,



45

Table 3.1: The [>-norm of the relative difference between the analytical and WARPXM
results for the first five bands, |JAQ!||; (see Eq. (3.28)). In all cases the absolute difference
is on the order of the simulation frequency resolution, wyes/w, = a/ceT = 0.25 X 1072, where

T is the simulation total run time. System size is chosen by the condition in Eq. (3.22).

Solution difference, ||AQ||s x 1072
Density profile System Size Band 1 Band 2 Band 3 Band 4 Band 5
Sine!, Q,0 = 0.5 13 x 13 0.30 0.31 0.13 0.10 0.06
Sine, (2,0 = 1.0 13 x 13 0.39 0.25 0.16 0.08 0.07
Sine, (2,0 = 2.0 17 x 17 0.87 0.36 0.05 0.12 0.09
Square?, Q,0 = 1.0 21 x 21 0.60 0.94 0.07 0.09 0.05
Square, €2, = 2.0 25 x 25 0.76 0.77 1.18 0.20 0.41

Ehigh © €low, and the fill fraction f = dy;gn/a, where dyign is the width of high dielectric constant
layer, and a is the lattice spacing. In plasma PCs the plasma density is most often the easiest
and fastest tunable parameter, whereas fill fraction is either fixed or a secondary effect that
is not easy to control independently of plasma density. For the study of plasma PCs, the
primary unitless parameters of interest are chosen to be density modulation amplitude,
X = (Nmax — Navg)/Nave, and the lattice normalized electron plasma frequency of the average
density, 2,0 = Wpeo/Wa-

Photonic crystal band gap maps are traditionally formed by plotting band gap edges as
a function of either fill fraction or dielectric contrast. Band gap edges can be found either
through dispersion data[21] or transmission spectra[65], though density of states contours
have also been used[66, 67]. In this work, band gap maps are created by calculating the
group velocity for individual bands, which has the added benefit of including more useful

information on transmission properties around the band gap edges.
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Band gap maps are generated by calculating a series of band diagrams (as in Fig. 3.3),
with each band diagram changing the parameter of choice by some small amount. Each
band gap map presented in Sec. 3.3 is constructed from 200 band diagrams. Group velocity,
v, = 0Q2/OK, is found by calculating the slope at each value of K from 0 to 1/2 using the
central difference operator for interior K values and one-sided difference operators at the
boundaries. The calculated slopes are binned by frequency 2. In forbidden regions where no
slope exists the bin is assigned to NaN. Group velocities are normalized to the speed of light
and plotted as color contours, and band gaps appear as blank spaces, as seen in Figs. 3.4, 3.5,

and 3.8.
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Figure 3.3: Band diagram for a sinusoidally modulated density profile with lattice averaged

plasma frequency €2, = 1 and modulation amplitude varying from y =0 — 1.
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Figure 3.4: (Top) Group velocity for a smooth, sinusoidally modulated density profile with
modulation amplitudes varying from 0 to 1, calculated from band diagrams in Fig. 3.3.
(Bottom) Contours of group velocity for the same case, which provide a band gap map, which
facilitates interpretation of the effects of modulation amplitude on band gaps. Normalized
average plasma frequency 2,0 = 1 for all cases. Vertical dashed lines indicate locations of
band diagrams in Fig. 3.3 and left panel at K = 0.25, 0.5, and 0.75 respectively, and orange
dashed-dotted lines indicate locations of plasma frequencies at minimum and maximum

densities. Band gaps extend well beyond the maximum plasma frequency.
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3.3 Band gap map comparison of smooth and discontinuous density profiles

Group velocity band gap maps are created for the smooth and discontinuous density profiles
using the procedures described in Sec. 3.2. The area of interest is confined to lattice nor-
malized average density plasma frequencies between 2,0 = 0 — 3 and lattice normalized EM
wave frequencies of 2 = 0 — 4, as this region is sufficient for capturing the dominate band
gap features. In this section, the smooth, sinusoidally modulated density profile is explored
by varying both x and €2,9. The smooth density profile band gap maps are then contrasted
with the band gap maps of the discontinuous density profile. The origins of these differences

are explored in Sec. 3.4.

3.3.1 Sinusoidally modulated density profile

By plotting contours of the group velocity for a sinusoidally modulated density profile with
modulation amplitudes varying from x = 0 to 1, and €2,y = 1, a band gap map is produced
in Fig. 3.4 that facilitates understanding of the impact of modulation amplitude on photonic
bands. The blank contour indicates the absence of bands, or band gaps. The left boundary of
the plot, at x = 0, represents the dispersion of a uniform plasma. The orange dash-dot lines
represent the plasma frequency of the maximum and minimum density regions, respectively.
As the modulation amplitude increases, the first band gap appears just above the plasma
frequency at 2 ~ 1.1. A second and third band gap appear by y = 0.5, at Q2 ~ 1.4 and
1.8 respectively. At x = 1 the dispersion of the density modulated plasma has deviated
significantly from the dispersion of a uniform plasma (y = 0). Note that all band gaps begin
above the plasma frequency of the maximum density.

The gap map in Fig. 3.5 shows the effect of varying the plasma frequency of the average
density €2, for two density profiles. Color contours indicate a sinusoidally modulated density
profile with a maximum modulation amplitude (x = 1) and gray shading indicates a uniform

plasma (x = 0) with the same €,9. The orange dashed-dotted line in Fig. 3.5 indicates the
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plasma frequency of the maximum density for the sinusoidally modulated density profile.

The minimum density and plasma frequency are zero for all cases.
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Figure 3.5: Contours of group velocity as a function of the plasma frequency of the average
density €2, for a sinusoidally modulated (color contours) and uniform plasma (gray contours),
or x = 1 and x = 0, respectively. The color bar indicates group velocity normalized by c¢.
Plasma frequency of the maximum density for the sinusoidally modulated plasma is indicated
by the dashed-dotted orange line. Band gaps for the sinusoidally modulated plasma extend

well above the maximum plasma frequency.
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Several differences between the density modulated and uniform plasma profiles can be
readily identified. Despite having the same average plasma frequency, forbidden regions in
the density modulated case extend above not only the average plasma frequency, but also
above the plasma frequency of the maximum density (upper orange dashed-dotted line). The
band gap map provides clues to the origin of individual band gaps: when extrapolated to the
left axis, each band gap can be seen to start at half lattice frequency intervals, corresponding
to band diagram intersections at K = 0 and 0.5. These band gaps continue for EM wave

frequencies many times the lattice frequency.

3.3.2  Dirichlet-type density profile

A Dirichlet kernel density profile (see left panel of Fig. 3.6) is the superposition of a finite
number of sinusoidal density profiles with the same amplitude. While not necessarily a
physically motivated case, the profile is smooth, and the density Fourier content demonstrates
an edge case (constant valued Fourier coefficients). In the right panel of Fig. 3.6, a gap map
is constructed for a Dirichlet-type density profile with six Fourier coefficients with constant
value 7y = ng/3. In contrast to the gap map for the sinusoidally modulated case (Fig. 3.5),
the first six band gaps start at low values of average plasma frequency, while the seventh band
gap starts at much higher values of average plasma frequency. The lower band gaps expand
uniformly with increasing plasma frequency and track closely with the uniform plasma cutoff

(gray contours).

3.3.83 Sawtooth density profile

A sawtooth density profile (see left panel of Fig. 3.7) combines both a linearly increasing
plasma density region, and a discontinuity. Like the Dirichlet-type density profile, the saw-
tooth profile is not physically motivated, but contains interesting Fourier content (coefficients

of the density profile fall off like 7, oc 1/¢). The gap map in Fig. 3.7 is constructed from a
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finite Fourier approximation of sawtooth density profile with N = 5 and xy = 1. In this case,
the first five band gaps start at lower values average plasma frequency than the sinusoidal
case, but higher than the Dirichlet case. Also, lower band gaps expand faster than higher
band gaps. Overall, the shares similarities with both the sinusoidal and Dirichlet-type cases,

and sits between the two in both starting band gap plasma frequency an band gap width.
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Figure 3.6: (Top) A Dirichlet-type density profile with 1, 2, 3, and 10 finite Fourier terms. In
each case, all Fourier terms have the same magnitude |ry| = 1/3. (Bottom) Contours of group
velocity as a function of the plasma frequency of the average density {2,y for a Dirichlet-type
density profile with N = 6 (color contours) and uniform plasma (gray contours). The color

bar indicates group velocity normalized by the vacuume speed of light .



54

2.5
— 0Orig
—— N=1, err=0.240
—— N=2, err=0.177
2.0

—— N=3, err=0.140
N=5, err=0.095
N=10, err=0.000

NNawg

0.90

0.75

0.60

glico

Wiz

0.45 =

0.30

0.15

0.0 T T T
0.0 0.5 1.0 15 2.0 2.5 3.0

T T 0.00

Wpe/tdz

Figure 3.7: (Top) A sawtooth density profile approximated with 1, 2, 3, 5, and 10 finite
Fourier terms. Fourier coefficients of the density profile fall off like n, o< 1/¢. (Bottom)
Contours of group velocity as a function of the plasma frequency of the average density €2
for a finite Fourier approximation of a sawtooth density profile with N = 5 (color contours)
and uniform plasma (gray contours). The color bar indicates group velocity normalized by

the vacuume speed of light c¢.
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3.8.4  Discontinuous, square density profile

The square density profile, as described in Sec. 3.1.3, represents the fully discontinuous case
with not finite density gradients. The dispersion of a discontinuous and smooth density
profile are compared in the band gap map in Fig. 3.8. The discontinuous density profile gap
map (color contours) is overlayed on the smooth density profile gap map from Fig. 3.5 (gray
shading). Both profiles have the same modulation amplitude x = 1 and a filling fraction of

f = dpiasma/a = 0.5, corresponding to equal width regions of low and high density.

There are notable similarities between the band gap maps for both cases. The same
number of band gaps are present in both the discontinuous and smooth cases, and the band
gaps begin at similar frequencies. In fact, the first band gap, beginning at 2 = 0.5, is almost

identical for €2, < 0.5.

Despite the band gap maps for the discontinuous and smooth density profiles having a
similar general structure, major difference are evident. The first significant difference is the
appearance of forbidden islands in the discontinuous case at large €). The origin of these
islands will be explored in Sec. 3.4. Furthermore, the forbidden islands alternate in size and
extent, whereas the band gaps in the smooth density profile case all have a similar size and
shape. The second major difference are the widths and central frequencies of band gaps
at large €,0. While the band gaps for the smooth density profile continue to increase in
(2 with increasing 1,9, the band gaps for the discontinuous profile appear to asymptote.
This can be explained by understanding that the narrow bands between band gaps at large
2,0 correspond to stationary modes trapped in density troughs. Similar to an electron in a
potential well, the frequency of the trapped modes is a strong function of potential well shape.
Rectangular potential wells have stationary mode frequencies independent of potential well
depth beyond a minimum. In contrast, the sides of shaped wells steepen with increasing

depth, causing trapped mode frequencies to change.

Just as the smoothly modulated plasma is not well approximated by a homogeneous
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plasma of the same average density, the discontinuous density profile plasma is not well
approximated by a smoothly modulated plasma with the same minimum and maximum
densities. This is especially true at higher frequencies. In the next section, the origins of

these differences is explored.

3.4 Understanding the origins of band gaps through a reduced model

Many of the differences between the band gap characteristics of the smooth and discontinuous
density profiles can be explored through studying the interaction of pairs of electromagnetic
wave modes. The infinite system in Eq. (3.12) is truncated to include only two waves: E
and Fk_;, where j > 1 and indicates the number of the band gap of interest. All other modes

are set to zero, reducing the system to two coupled equations
(K? = Q%+ Q) Ex + 12 Ex.; = 0,
(K —34) = Q%+ Q) Ex.j +n,;QEx = 0. (3.29)

In the case of a uniform plasma, n; = n_; = 0, the equations become decoupled (see the
blue line in Fig. 3.9). The first equation is the dispersion relation for EM waves traveling
in a cold, homogeneous plasma. The second is the same dispersion relation, shifted in K
by j. The two dispersion relations intersect at K = j/2 where the Ex wave has a positive
group velocity, and the Ey_; wave’s group velocity is negative. The two waves are counter
propagating, but not interacting.

For non-zero values of n4;, the system is coupled and the counter propagating waves
begin to interact. In Fig. 3.9, the orange, green, and red lines show the reduced model
solution for y = 0.1, 0.5 and 1, respectively. Even at small modulation amplitude coupling
between forward and backward propagating modes leads to a band gap in the vicinity of the
band intersection. Physically, this translates to reflection of all frequencies within the band
gap. With increasing modulation amplitude this reflection band increases dramatically, and

distorts the two original bands from the unmodulated case.
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Figure 3.8: Contours of group velocity for a discontinuous and smooth density profile. The
discontinuous density profile gap map (color contours) is overlayed on the smooth density
profile gap map from Fig. 3.5 (gray shading). Both profiles have the same modulation
amplitude y = 1 and a filling fraction of f = dpjusme/a = 0.5. The plasma frequency of
the average density, €1,, is shown in the x-axis. Contour colors indicate group velocity
normalized by ¢g. The band gap maps for discontinuous and smooth density profiles differ

significantly.
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Figure 3.9: Band diagram given by the reduced model for a uniform plasma (blue) and
sinusoidally modulated plasma with modulation amplitudes of y = 0.1 (orange), xy = 0.5
(green) and x = 1 (red). Lattice normalized plasma frequency of ©,0 = 1 for all cases.
Increased density modulation amplitude leads to increased mode coupling around the band

intersection at K = 0.5, generating, and then expanding the band gap at {2 ~ 1.1.
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The upper and lower bounds of the band gap can be found analytically given the system
in Eq. (3.29). Solving for Q at K = j/2, and using the fact that that n_; is the complex

conjugate of 7y, results in two values for (2,

Oy = /(1 £ |7]) — (5/2)? (3.30)

where 2, ; and €)_; indicate the normalized frequency of the upper and lower bounds of the
jth band gap, respectively. Each band gap j is a function of €2,y and the magnitude of the
jth density Fourier coefficient, |n;|.

In Fig. 3.10, the reduced model predictions of the cut-off region (blue) and band gaps
(orange) for the smooth density profile are compared against the converged numerical solution
(gray). At low normalized plasma frequencies, €2, < 0.5, the two solutions are very similar,
indicating two-mode wave coupling is dominant in this region.

As the lattice normalized plasma frequency increases, the solutions increasingly diverge.
Not only does the reduced model over predict the width and average frequency of band gaps
at these higher frequencies, but it fails to predict higher band gaps entirely. This can be
understood from the dependence of Eq. (3.30) on |7;|. The sinusoidally modulated case has
only non-zero values for n4q, resulting in the reduced model predicting only one band gap.
In reality, more than two modes are present and interact through higher order coupling. In
the band gap map, this higher order coupling appears as harmonics of the first band gap
repeated at integer multiples of half the lattice frequency €,/2.

Figure 3.11 compares the reduced model and converged solution for the discontinuous
density profile. In contrast to the smooth density profile case, some (but not all) of the
higher band gaps are predicted by the reduced model. This is expected as the discontinuous
density profile has non-zero density Fourier coefficients for odd values of j; therefore, the
reduced model predicts finite odd band gaps. Reduced models of the Dirichlet and sawtooth
density profiles (not shown) support this conclusion as band gaps associated with non-zero

Fourier coefficients are predicted.
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Figure 3.10: The smooth density profile gap map (gray) is overlaid with predictions by the
two-mode reduced model for the cut-off region (blue) and first band gap (orange). Models
agree well for {2,y < 0.5, but depart with increasing €2,0. Higher band gaps are not predicted

by the reduced model as they result from higher order coupling effects.

The reduced model again well approximates the converged model for smaller values of
0, but diverges with increasing 2,. Also like the smooth case, not all band gaps are
predicted by the reduced model. These unpredicted band gaps are all even (band gaps 2, 4,
and 6 in Fig. 3.11), and are distinguishable from the predicted band gaps by beginning later,
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at higher values of €,0. Again, these unpredicted band gaps can be understood as harmonics

that results from higher order coupling.

The most prominent difference between the smooth and discontinuous profile band gap
maps, the forbidden islands, are not predicted by the two-mode reduced model. Therefore
the band gap islands appear to be the result of interactions between first-order mode coupling
and higher order harmonics. Interestingly, when density profiles have both even and odd non-
zero density Fourier content (such as Gaussian or saw-tooth profiles) no forbidden islands

are formed.

The sinusoidally modulated and discontinuous density profiles represent useful limits of
possible density profiles, while the Dirichlet and sawtooth profiles represent intermediate
cases with predictable Fourier content. Many proposed PPC devices include both gradual
changes in density and abrupt changes due to dielectric components or barriers. Given that
the Fourier content of the density profile is the ultimate origin of band gap features, choices
can be made in advance to achieve desirable transmission characteristics. In cases where only
the first band gap is of interest, sinusoidal density profiles are sufficient. Where higher band
gaps are desired in order to target frequencies well beyond achievable lattice spacing and
plasma frequencies, dielectric barriers or low fill fraction density profiles may be necessary

in order to introduce higher Fourier content.

Dissipative effects have not been included in this study, though they are likely to be non-
negligible in THz plasmas. Prior work on dissipation in both metallic and plasma PCs[43, 68|
have shown that absorption of EM wave energy by a dissipative material peaks at frequencies
with a slow group velocity. The physical interpretation is that slow moving waves have more
time to interact and transfer energy than fast moving waves. As a result, increasing the
electron relaxation rate does not lead to a change in the band structure per se, but does
increase absorption around band gap edges leading to the appearance of a wider band gap

in transmission spectra.
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Figure 3.11: Discontinuous density profile gap map (gray) is overlaid with predictions of the
two-mode reduced model. This includes the cut-off region (blue), and the first (orange),
third (green), fifth (red), and seventh (purple) band gaps. As in the smooth density profile
case, models agree well only for €2,y < 0.5. The formation of forbidden islands in the band
gap map is not predicted by the reduced model, and is a result of the interaction of three
or more modes. The even-numbered band gaps are also not predicted as they result from

higher order coupling effects not captured by the reduced model.
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3.5 Conclusions

PPCs have a smoothly varying density structure as compared to solid state PCs which have
discontinuous changes in material properties. A systematic understanding of the effect of
smooth and discontinuous density profiles on transmission properties of PPCs is important
to understanding and designing future PPC devices.

In this work, two one-dimensional density profiles are chosen that represent the limiting
cases of smooth and discontinuous PPCs. Band diagrams are constructed for each assuming
an un-magnetized, non-dissipative, cold plasma with stationary ions. Group velocity band
gap maps are then assembled from sets of band diagrams for a range of modulation am-
plitudes and lattice normalized plasma frequencies, and compared for both density profiles.
The results are further examined through a reduced model to elucidate the origins of major
band gap features.

Several general trends are identified. First, two profiles with the same lattice constant and
average, maximum, and minimum densities can have different band gap behavior. Second,
the width of higher-order band gaps is strongly correlated with density profile Fourier content.
Stated more explicitly, the frequency and width of the j-th band gap are a function of
the lattice normalized plasma frequency and the magnitude of the j-th Fourier component.
Third, high-order interactions of band gaps can lead to complex effects like forbidden islands,
where band gaps open and close with increasing plasma frequency.

These results have interesting implications for the design of future PPC devices. Density
profile shape becomes yet another parameter that can be tuned to achieve desired results.
By designing the Fourier content of a density profile, through finer control of plasma shape or
inserting solid components to create discontinuities, higher order band gaps can be directly
controlled.

Group velocity band gap maps prove to be a powerful technique in both PPC design

and understanding the operating regime of a single device. While the system linearization
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technique used in this study to generate band diagrams is optimized for cold, un-magnetized,
and non-dissipative plasmas, the group velocity band gap map is agnostic to calculation
method. Group velocity band gap maps can either be generated directly for PPCs that
include additional physics, or single band diagrams can be compared to these results for a
deeper understanding in cases where computations are too costly.

This technique is also applicable to PPCs of higher dimensions. In the next chapter, the

transmission properties of smooth and discontinuous two-dimensional PPCs is explored.
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Chapter 4

PARAMETRIC STUDY OF 2D PLASMA PHOTONIC
CRYSTALS WITH SMOOTH AND DISCONTINUOUS
DENSITY PROFILES

In Chapter 3 a linear model is derived for a one-dimensional cold-plasma photonic crys-
tal with an arbitrary density profile and is used to elucidate the impact of smooth versus
discontinuous density profiles on 1D PPCs. In this chapter, the same model is extended to

two-dimensional PPCs with arbitrary density profiles for both TM and TE polarization.

Two-dimensional PPCs differ from their one-dimensional counterparts in a number of
ways. First, dispersion characteristics are a strong function of EM wave polarization. As a
result, complete band gaps (forbidden transmission regions for all polarizations and propa-
gation directions) are rare. Second, TE polarized waves excite trapped plasma modes on the
surface of plasma columns leading to absorption bands near the plasma frequency. These

plasmon resonances can couple with spatial modes and lead to enhanced attenuation[34].

Previous work on 2D PPCs with non-uniform density profiles was conducted by Sakai et
al.[33] using a FDTD method to compare PPCs with uniform density columns and plasma
columns with a Jy Bessel function density profile. Band diagrams were generated for plasmas
with a peak density n, = 10 m~2, a column space of @ = 2.5 mm, and a column radius
of d = 1.0 mm (see Fig. 2.14). Both PPCs have a lattice frequency of w,/2m = ¢/a = 120
GHz, a maximum electron plasma frequency of wyma./27 = (e2n./eom.)"? = 28.5 GHz,
and a fill fraction of f = 7r?/a* = 0.126. Sakai found that for TE polarization the smooth
density profile had a flat-band region (due to plasmon resonances) that was wider than for the

discontinuous case. This increase in the flat-band region width was attributed to the density
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gradient exposing more plasma densities, and therefore more plasmon resonance frequencies,
to interact with the TE wave. Sakai did not see any noticeable difference in the dispersion
characteristics at frequencies above Wymqz-

The work in the previous chapter revealed that density gradients have a strong impact
on band gap characteristics when the plasma frequency approaches or exceeds the lattice
frequency. As the Sakai work only considered a PPC with plasma frequency to lattice
frequency ratio of wymaes/w, < 1/4, impacts of density gradients on band gap behavior would
not be expected. This work explores the impact of density gradients for a high plasma
frequency to lattice frequency ratios for 2D PPCs.

4.1 The linearized inhomogeneous EM wave equation in an unmagnetized,
two-dimensional periodic density modulated plasma

An electromagnetic wave propagating in an unmagnetized, cold, dissipationless, density-
varying plasma takes the form of the following inhomogeneous wave equation, as derived in

Chap. 3

82E 2
VxVxE+ Ho€o—=5 = Moo ¢ n(?‘) E, (41)
ot? MmeEo

where E is the electric field, e and m, are the charge and mass of an electron, and pg and ¢
are the vacuum permeability and permittivity. The electron number density n(r) is assumed
an arbitrary, periodic 2D function of space, with periodicity defined by a set of lattice vectors

R such that

n(r+ R) =n(r) (4.2)

where R({) = {1a1 + {2a9, {15 are integers, and aq o are the primitive lattice vectors. This
representation differs from similar methods by Kuzmiak[43] and others in that plasma elec-
tromagnetic properties are captured through the electron density dependent right hand side,

and not through a spatially varying dielectric function. As it is periodic, the density can be
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expanded in a infinite Fourier series

=ny Z nge'@ R (4.3)

G

where ng is an average plasma density, G(h) = h1by + habs are the reciprocal vectors, and

are related to the primary lattice vectors by
a; - bj = 271'51‘?]' (44)

The coefficients ng can be found by

:alc //cn(R)dC’ (4.5)
B :nio (ai / /C n(R)dC) ~1 (4.6)
RG20 :nio (ai / /C n(R)eiG'RdO) (4.7)

where C' is the surface defined by the primitive unit cell and ac = |a; X as| is its area.

4.1.1  TM polarized plane waves

Transverse magnetic polarization requires that the magnetic field be out of plane of the
density modulation, which in this case is chosen to be the xy plane. Therefore the electric

field takes on the form of system of plane waves in 2
E(R) =) E.(k,G)'*@) Rty (4.8)

where k = k, 24k, 7 is the 2D wave vector. Substituting the above into the general dispersion
relation (Eq 4.1), and Fourier transforming the complete expression, results in the following
linearized equation

(lk+ G +w* —wy) E(G) —wiy > #(G - G)E(G) =0 (4.9)
G'£G
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where G’ € G, W;%o = % is the average electron plasma frequency squared, and ¢ = pio&o.
The above represents an infinite system of equations for each value of k. Note that the first
term in Eq. 4.9 is the dispersion relation for EM waves in a uniform plasma, while the second
is a series of coupling terms with plane waves offset by G and magnitudes proportional to

2 A

4.1.2  TFE polarized plane waves

Transverse electric polarization requires that the electric field be out of plane. Therefore the
electric field takes on the form of system of plane waves in & and 7.
E(R)=Y (E(k G)i + B, (k, G)g) ¢k +G)-Riwt (4.10)
G
where k = k,2 + k,y is the 2D wave vector as in the TM formulation. Substituting the
above into the general dispersion relation (Eq 4.1), and Fourier transforming the complete

expression, results in two sets of coupled linearized equations

Zio (Bky + ho)? — W) EL(G) 4 (ky + ha)(ky + ho) By (G)+

wi > W(G)E(G—G) =0 (4.11)
=
g: (Rlky +h)? = w?2)Ey(G) + (ks + hn) (ky + ha) EL(G)+
wh > WMG)E(G - G') =0 (4.12)
T

where h; and hy are the components of the reciprocal lattice vector G, the summation is

over vectors G’ € G, the plasma frequency of the average plasma density is defined as

e2ng
Me€Q ’

Wpo = and ¢ = poeo is the vacuum speed of light squared. Like the system for TM
plane waves, the above represents an infinite system of equations for each value of k. While
slightly more complicated, the system is still Hermitian and results in a standard eigenvalue

problem as shown in the next section.
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The following sections explore the form of these terms for two density profiles: a 2D
sine wave modulation on top of a uniform background density, and a rectangular lattice of

uniform density plasma rods in vacuum.

4.1.3  Two-dimensional sinusoidally modulated density profile

A two-dimensional sinusoidally modulated plasma (see Fig. 4.1) represents a smooth den-
sity profile, similar to what could be created by two perpendicular laser induced Bragg
gratings[41]

n(r) = ng (1 + gCOS(Gl) + %cos(G&)) (4.13)

where X = (Nmaz — M0)/M0, and ng is the average plasma density. The Fourier coefficients

found through application of Eqs. (4.5) are

R 1 for G=(0,0),
iy = (4.14)
x/4 for G = (+27/a,0) and (0, £27/a).

All other ng values are zero.

4.1.4  Circular plasma columns in vacuum

Uniform density plasma columns in vacuum (see Fig. 4.2 top left) represent the solid state,
discontinuous limit, and are indistinguishable from metal cylinders with the same electron
density.

n(r) = ne H(re — |r|) (4.15)

where n.y is the electron density in the column, H(z) is the Heaviside function, and r. is
the column radius. The average density is ng = erncol /a.. The Fourier coefficients found

through application of Eqgs. (4.5) are

1 for G = (0,0),
2J1(Gr.)/Gr. for G # (0,0),
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Figure 4.1: A two-dimensional sinusoidally modulated density profile with density normalized

such that 7(r) = n(r)/ne. The modulation amplitudes x = 0.5 (left) and x =1 (right).

where Ji(z) is a Bessel function of the first kind, and G = |G|. Fourier representations can
be truncated at some number M, where G = (27a/a, 273 /a) for integers o, B € [—M, M].
When M = 1, the Fourier reconstruction is a periodic array of Jy, Bessel functions (see

Fig. 4.2, bottom right).

4.2 Method of numerical solution and validation against WARPXM plasma
code

To solve the linear coupled systems described in Eqgs. (4.9) and (4.11), they are reformulated
as eigenvalue problems and solved for each wave number of interest k. A subset of cases
are compared with solutions found using a cold plasma model solved with an discontinuous

Galerkin (DG) finite element method (FEM) on a Bloch-Floquet periodic domain.
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Figure 4.2: A circular column density profile normalized such that n(r) = n(r)/ny (top left)

and normalized column radius r./a = 1/4. Finite Fourier reconstructions of the same profile

for M =5 (top right), M = 3 (bottom left), and M =1 (bottom right)



4.2.1  Numerical solution of the problem.
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In contrast to the one-dimensional problem solved in Ch. 3, the two-dimensional solution

requires the assembly of a large block diagonal system where each block has size (2M + 1) x

(2M +1) for TM and (4M +1) x (4M +1) for TE, and M < N, where 2N +1 is the number

of block diagonals,

A(k)E

WE,

where for TM, the matrices A and E is defined in index notation as

Ay Dy

Dy

D_n Dy Ay

Each diagonal block A; and sub-vector FE;

where

Qj=f=M

Aj=k+1

_aj=k+M

Qj=f = (Kz + Z>2 + (Ky + J)Q + onﬁ((L 0)7

aj:]gfl

Cljk

Aj=k4+1

ngaoﬁ(GO,ﬁ)

Aj—k—p =

0

Aj=k—M

Aj=k—1

aj:k:_M_

for e [-N,N]
for ¢ [—N,N]

Enr

Eij=m

Eij=o

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)
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The off-diagonal blocks D,, are defined as

02i(Gap)  for B €[-N,N]

(4.22)
0 for (B¢ [—N,N]

(Da)pzq—b’ =

where Gop = ahiby + BhQZA)Q.
The TE polarization problem is similar, except that each block A;, D,, and E; are

composed of sub-blocks

Efi-n
EBY._
B ( G 0 WI=N
A = . D, = . E = : (4.23)
C BY| 0 G
' Eii— n
By
where
(B)j=r = (K, + j)* + 22,7(0,0), (4.24)
(BY)j=r = (K, +1)* + Q25n(0,0), (4.25)

02i(Gop)  for B€[-N,N]

(BY)j=k—p = (B}) j=k—p = : (4.26)
0 for B¢ [—N,N]
Off diagonal sub-blocks C; and G, are defined as
(Ci)jmi = (Ko + )2 (K, + )%, (4.27)
Q%0 (G, for fe[-N,N
(Ga)p:qu’ = 7 ( IB) ) [ ] , a#0. (4-28)

0 for B¢ [—N,N]

The systems are solved for each wavevector k of interest. As the wavenumber space is
two-dimensional, values of k are chosen along axes of symmetry, which correspond to points
along the reciprocal lattice vectors G. These slices are traditionally named by the vertices
they connect. Vertices for PCs with rectangular symmetry are denoted as I, X and M (see

Fig. 2.3).
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4.2.2  Validation of the analytical model with a plasma model solved using the WARPXM

code

To validate the model, the equivalent problem is solved with the WARPXM code, an un-
structured Discontinuous Galerkin multi-physics plasma code developed at the University of

Washington[63]. For details on problem set up and boundary conditions, see Sec. 5.3.

Simulations are run for the sinusoidally perturbed plasma and the plasma column for both
TM and TE polarizations and compared with results for the analytical method in Figs. 4.3
and 4.4, respectively. Agreement is good for all cases, except for the width of the flat-band
region in the plasma column with TE polarization. The analytical model predicts that the
flat-band region will extend from w = 0 to the maximum plasma frequency w4z, Whereas

in the simulation the flat-band region is confined to w = 0.5wWp ez — Wp,maz-

The flat-bands are due to surface plasma resonances, stationary modes on the surface
of the plasma column (see Sec. 2.1.3 and Fig. 2.8). The frequency of these flat bands is a
function of plasma frequency and the ratio of plasma column radius to column spacing r./a.
As was shown by Sakai et al.[33], introducing gradients in the plasma density increases the
variety of plasmon surface resonances, widening the flat-band region. The analytical model
requires the Fourier representation of the density be truncated, therefore the density profile
will never be truly discontinuous (see the finite Fourier approximations of plasma columns
in Fig. 4.2). Furthermore, low and high density regions are “bumpy”, and could give rise
to their own plasmon resonances. This indicates a possible limitation to the utility of the

analytical model when dealing with discontinuous density profiles.
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Figure 4.3: Comparison of band diagrams for a 2D sine density profile, generated by solving
the plasma system, using WARPXM (color contours indicate magnitude of spectra) and the
analytical model described in Sec. 3.1 (dashed lines) with x = (Nmaz — Navg)/Navg = 1 for
both TE (top) and TM (bottom) polarization, and 2,0 = wpo/w, = 0.5 (left) and Q0 = 1
(right).
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Figure 4.4: Comparison of band diagrams for a plasma column in vacuum, generated by
solving the plasma system, using WARPXM (color contours indicate magnitude of spectra)
and the analytical model described in Sec. 3.1 (dashed lines) with r./a = 1/4, for both TE
(top) and TM (bottom) polarization, and Qe = Wpmaz/we = 0.5 (left) and €0, = 1.5
(right). €, = 0.22 and 0.67, respectively. Convergence with the simulation was achieved
with a finite Fourier representation of M = 5 for the analytical model. The analytical model
agrees with the simulation, except in the width of the flat-band band region in TE polarized

waves that is an artifact of the finite Fourier representation.
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4.3 Impacts of smooth and discontinuous plasma density on dispersion char-
acteristics

The impacts of smooth and discontinuous density profiles on dispersion characteristics are
explored though band diagrams generated with the analytical model developed in Sec. 4.1.
Each figure overlays the band diagrams of a specific PPC configuration with one variable
characteristic (modulation amplitude for the 2D sinusoidally modulated case, or number of
density Fourier terms in the plasma column case). Broadening of bands indicates the degree
of impact of modulation amplitude or number of Fourier terms on dispersion. Band deflection
or curving near band intersections indicates mode coupling and the possible formation of
band gaps. When bands maintain a constant trajectory through an intersection, even if
broadening is present in one of the intersecting bands, indicates that modes are not being
coupled.

In the following sections, the sinusoidally modulated and plasma column density profiles

are explored in the presence of TM and TE polarization for a variety of parameters.

4.8.1 TM polarization

An electromagnetic wave in TM polarization will have a magnetic field in the plane of
density variation, and an electric field perpendicular to that plane. The electric field causes
electrons to oscillate up and down in the infinite dimension, as they would in a homogeneous
plasma. As a result, TM wave dispersion in a 2D photonic crystal shares many similarities
to dispersion in a 1D PPC: a cutoff region exists below the plasma frequency, and band gaps
appear and broaden with increasing modulation amplitude and lattice normalized plasma
frequency.

In Fig. 4.5, a sinusoidally modulated plasma with the lattice normalized average plasma
frequency Q0 = wyo/w, = 0.5 and 1, is plotted for a range of modulation amplitudes

X = (Mmaz — Navg)/Mavg- The broadening of bands with increasing modulation amplitude
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indicates the separation of modes that are degenerate in a homogeneous plasma. Mode
coupling is indicated by the diverging of bands at intersections, and possibly the formation
of a band gap. The cut off region is evident below (1,9, and similar to the 1D sinusoidally
modulated PPC, a slow band migrates into the cut off region with increasing modulation

amplitude and €.

Unlike in the 1D sinusoidally modulated case, some bands remain relatively unaffected
by modulation amplitude, while others at the same frequency change dramatically. Also,
mode coupling does not occur at all intersections of similar frequency. This is likely due to
the symmetry of the density perturbation in relation to the symmetry of the spatial mode
associated with the band. In the 2D sinusoidally modulated case, density Fourier modes only
exist in two directions. In the plasma column case (see Fig. 4.6) density Fourier modes exist
in more directions (though some with more amplitude than others due to the symmetry of

the crystal), and mode coupling occurs at more intersections.

The band diagrams in Fig. 4.6 are for the plasma column in vacuum density profile with
finite Fourier representations of M = 1, a .Jy Bessel function, and M = 5, which is considered
a fully converged approximation for the discontinuous profile for the frequency range of
interest. Bands with different solutions for the M = 1 and 5 finite Fourier approximations
are bands that are sensitive to the presence of discontinuities. The plasma frequency of the
average density {1,y is the same as for the sinusoidally modulated cases, but the maximum
plasma frequency is higher: Q00 = Wpmaz/We = 1.1 and 2.2, compared to 0.7 and 1.4,

respectively.

The primary difference between the sinusoidally modulated and the plasma column cases
is the complexity of the bands. More band intersections display signs of coupling, and more
degenerate bands are separated. The complexity increases with increasing discontinuity and
with plasma frequency €2,. This is in agreement with the differences between 1D smooth

and discontinuous density profiles.
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An additional difference predicted by the 1D PPC study is that the cut off region is
much smaller for the plasma column case, and remains relatively constant despite increasing
plasma density. The shape of the low density region in the discontinuous cases is constant in
shape and density, whereas the smooth profiles have low density regions that steepen with
increasing plasma density, changing the frequency of allowed modes.

TM polarization in a 2D PPC shares much in common, both physically and dispersion-
wise, with the 1D PPC, albeit more complex. Next, the same density profiles are examined

for TE polarized EM waves.

4.3.2  TFE polarization

Electromagnetic waves that are TE polarized have electric fields transverse to the plane of
density variation, and a magnetic field orthogonal to that plane. Where TM electric fields
accelerated electrons in the homogeneous dimension, TE electric fields accelerate electrons
against spatial density gradients. Electrons deform away from background ion density pro-
files, electric fields are generated, and surface plasmons are excited. As discussed in Sec. 2.1.3,
the frequency of these modes is a function of the plasma frequency and the plasma radius
to lattice constant ratio, and mode number. Since the different mode numbers will have
slightly different resonant frequencies, the surface plasmons appear in the band diagrams as
a band of flat-bands. The greater the spread of radii and plasmas frequencies, the wider the
flat-band region.

The analytical model in this work uses a finite Fourier representation of the plasma
density. As the Fourier representation is finite, there will always be finite density gradients,
especially in the vicinity of discontinuities. This leads the model to over-predict the width
and density of flat-band regions, as discussed in the validation section. Despite this limitation
when it comes to truly discontinuous density profiles in TE polarized EM waves, for smooth

density profiles like those found in plasmas, the model agrees very well with simulation (see
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Figure 4.5: Comparison of band diagrams for a 2D sine density profile the analytical model
described in Sec. 3.1 with TM polarization and a range of modulation amplitudes y =
(Mmaz — Navg)/Mavg for Qpo = wpo/w, = 0.5 (left) and Q9 = 1 (right). Broadening of bands
indicates the impact of modulation amplitude on dispersion. Band deflection at intersections

indicates mode coupling.

Fig. 4.3).

In Fig. 4.7, the band diagrams for a 2D sinusoidally modulated plasma with varying
modulation amplitude are compared for TE polarized EM waves. The expected flat bands
are present from a low frequency up to €2, ;e = 0.7 and 1.4, for the 2,0 = 0.5 and 1 cases,
respectively. There are no allowable propagation modes below the flat-band region, which
is consistent with the simulation, and with the fact that all low density regions are isolated,

and not continuously connected, leading to density wells and trapped modes.
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Figure 4.6: Comparison of band diagrams for a plasma column in vacuum calculated with the
analytical model described in Sec. 3.1 for TM polarization and finite Fourier representations
M =1, a Jy Bessel function, and M = 5, which is considered a fully converged approximation
for the discontinuous profile for the frequency range of interest. A low density, with lattice
averaged plasma frequency 2,0 = 0.5 (left) and high density Q2,0 = 1 (right), with €, e =
Wpmaz/We = 1.1 and 2.2, respectively. Bands with divergent solutions for the M =1 and 5

finite Fourier approximations are bands that are sensitive to the presence of discontinuities.

The band diagrams for plasma column in vacuum in Fig. 4.8 demonstrate the overabun-
dance of predicted flat bands. As the peak plasma density is higher, the flat band region
now extends even beyond the maximum plasma frequencies 2,4, = 1.1 and 2.2 (for the
Q0 = 0.5 and 1 cases, respectively) due to Gibbs phenomenon creating density overshoots

around discontinuities. Bands with non-zero group velocities can be faintly seen through the
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flat bands at low frequencies, and it is known from experiment and simulation that there is

no cutoff region.

The potential impacts of TE flat-bands and surface plasmons on real PPC devices will

be discussed in the next section.
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Figure 4.7: Comparison of band diagrams for a 2D sine density profile the analytical
model described in Sec. 3.1 with TE polarization and a range of modulation amplitudes
X = (Munaz — Mavg)/Mavg for Qpo = wyo/w, = 0.5 (left) and Q,9 = 1 (right). Broadening of
bands indicates the impact of modulation amplitude on dispersion. Band deflection at inter-
sections indicates mode coupling. The flat-band region broadens with diverging minimum

and maximum plasma densities.
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Figure 4.8: Comparison of band diagrams for a plasma column in vacuum calculated with the
analytical model described in Sec. 3.1 for TE polarization and finite Fourier representations
M =1, a Jy Bessel function, and M = 5, which is considered a fully converged approximation
for the discontinuous profile for the frequency range of interest. A low density, with lattice
averaged plasma frequency €,0 = 0.5 (left) and high density 2,0 = 1 (right), with Qe =
Wpmaz/Wa = 1.1 and 2.2, respectively. Bands with different solutions for the M =1 and 5

finite Fourier approximations are bands that are sensitive to the presence of discontinuities.

4.4 Implications of density profile shape on 2D plasma photonic crystals

The intention of this study is to elucidate the impacts of smooth density gradients in two-
dimensional plasma photonic crystals as compared to their discontinuous solid-state counter

parts. A two-dimensional sinusoidal plasma modulation serves as both an analog to the one-
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dimensional sinusoidally modulated plasma, but also represents potential devices formed
through perpendicular laser Bragg gratings. In TM polarized waves, the dispersion behaves
very much like the 1D case. In TE polarized waves, the presence of flat-bands due electric
fields transverse to density gradients adds an extra layer of complexity. Flat-bands due to
surface plasmons create stop-band regions at all frequencies below the maximum plasma
frequency, as compared TM polarization where the cutoff region extends to the average

plasma frequency only.

Plasma columns in vacuum are analogous to metal rods in vacuum. Finite Fourier rep-
resentations of the plasma columns approximate density profiles of plasmas in many ex-
perimental PPC devices. In agreement with previous work by Sakai et al., PPCs with a

< 0.5, the absence or presence of

~J

small lattice normalized average plasma frequency, 2,0
discontinuities has only slight impacts on dispersion characteristics of plasma column style
dispersion relations. But when the lattice normalized plasma frequency is large 2,0 2 0.5,
the importance of discontinuities becomes significant, and leads to mode coupling and band
gaps at higher band intersections than a smooth density profile. This was predicted by the
work in the previous chapter in 1D smooth and discontinuous PPCs, and evidently holds
true in higher dimensions. Future work will involve assembling band gap maps to study the

specific characteristics of complete and partial band gaps as a function of gradients.

Ultimately, flat-bands in TE polarized waves are the biggest difference between 1D and
2D PPCs. Gradients have a large impact on the width of the flat-band region. If a low
frequency TE pass band is desired, dielectric barriers are necessary to avoid gradients at low
density. It may also be possible to introduce gradients intentionally in order to overlay a
photonic band gap with flat bands to create a Fano-like resonance, as described by Righetti
et al.[34].

In an experiment by Wang et al.[37], a two-dimensional plasma photonic crystal formed

from a rectangular array of plasma filled quartz discharge tubes, the measured transmission
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spectra for TE polarized GHz waves proved to be far more complex than a simulated spectra
by a HFSS model assuming uniform plasma density, especially in cases where the assumed
average plasma frequency approached the lattice frequency (see Fig. 5.5). The broadening
of the band gap region associated with surface plasmon resonances as compared to the
simulation is a likely indicator of the presence of density gradients, while the smaller but still
significant band gaps at higher frequencies suggests that discontinuities in density due to
the quartz tube are also important. In summary, the combination of finite density gradients
and discontinuities can lead to complex transmission spectra not well approximated by only

smooth, or only discontinuous, models.

4.5 Conclusion

PPCs have a smoothly varying density structure as compared to solid state PCs which have
discontinuous changes in material properties. In Chaps. 3 and 4, smooth and discontinuous
density profiles in one and two dimensions were explored with a linear dispersion model. Band
diagrams and group velocity band gap maps were used to develop a systematic understanding
of the impact of density gradients on dispersion, and ultimately transmission, characteristics.

The primary conclusion resulting from the investigation is that density profile shape has a
significant impact on transmission characteristics when the plasma frequency is comparable
to the lattice frequency of the crystal. More specifically, each Fourier mode of the density
profile can be related directly to a specific band gap. Density Fourier content can be modified
through the introduction of discontinuities in the form of dielectric lattices or barriers to
access higher band gaps, extending the operational frequency range of a device well beyond
its lattice frequency. This is particularly useful in accessing THz frequencies that would
otherwise require micron scale lattices.

In the specific context of two-dimensional PPCs, gradients expand flat-band regions in

TE polarized waves. Discontinuities broaden traditional photonic band gaps at higher fre-
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quencies. Both gradients and discontinuities can exist simultaneously to create complex
transmission spectra not well represented by models that assume only smooth or discontin-
uous profiles. In the pursuit of THz PPC devices that push the boundaries of current PPC
sizes and densities, a thorough understanding of the interplay of these effects is crucial. With
a sophisticated understanding of these effects, density profile shape can become yet another
knob in the already rich space of PPC design parameters.

In the next chapter, the impact of other non-ideal and non-linear aspects of PPCs are

explored with a finite two-dimensional plasma simulation code.
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Chapter 5

FULLY IONIZED PPC RESPONSE TO HIGH POWER
MICROWAVES

Most existing PPC modeling efforts use methods adapted from, or directly intended for,
metal PCs. These models use a Drude model picture of electron transport and assume
uniform and static material properties. Plasma models allow for intrinsic dynamics, such as
plasma heating and plasma deformation in response to strong fields. Once validated, these
plasma models can push into regimes hard to access with current experiments. Plasma fluid
models can also approximate some of the complexities of physical embodiments, like finite
size, or diagnostic configurations, versus ideal analytical or theoretical models that look at
the ideal case. Furthermore, models can explore real time plasma and field dynamics allowing

for a greater intuitive understanding of plasma-field interactions.

In this section, a high fidelity two-fluid (electron-ion) 5-moment plasma model is solved
with the discontinuous Galerkin (DG) finite element method on unstructured grids to analyze
the response of a fully ionized two-dimensional plasma-vacuum photonic crystal. Simulation
results are compared to those of standard PC software (ANSYS HFSS) and to experimental
results from a GHz plasma photonic crystal and the effects of changes in PPC configuration
are explored. Finally, a THz laser plasma photonic crystal is explored numerically for non-
ideal and non-linear effects including: finite PPC size, finite temperature, density gradients,

and the presence of strong electric fields.
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5.1 Two-fluid, 5-moment plasma model

A two-fluid (ions and electrons) 5-moment plasma model[63] is chosen for this work due to its
versatility. As the system is written below it can capture electromagnetic waves and their self
consistent interaction with charged fluid species, ion dynamics, a finite electron mass, as well
as finite temperature effects. With relatively little difficulty, inter- and intra-species collisions,
diffusion, and reactions can also be included (see Chap. 6). Small deviations from Maxwellian
and non-isotropic pressures can be included through Braginskii type closure terms[69]. Large
deviations from Maxwellian particle distributions cannot be captured, therefore applicability
is limited to plasmas with Knudsen numbers much less one (Kn = \,.f,/L < 1).

Additionally, terms can be dropped in order to approximate more simple models, as was
done in Chaps. 3 and 4 in order to validate an analytical model based on the Drude model
of electron transport. The following conservative, normalized form of 5-moment equations is
used for the work in this chapter. In certain cases in this chapter some terms are dropped,
but are made clear in the text.

The 5-moment model evolves each species « (ions and electrons) through the conservation

of mass density

momentum density

Opa, o o > L Z,
gt +V- (mwﬂal) — (-) <—> (paE + po x B),

and energy density

coupled with Maxwell’s equations

%_f = (w,7)? [(5—5)2v x B+ (%) j] : (5.3)
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0B
E = -V x E, (54)

where p, p, E, B, and t are normalized by reference values myng, po = mpnoco, Eo = coBo,
By = (uomynocd)/?, and 7 = L/cy, respectively. The energy density is a sum of both internal

and kinetic energy
1 1
o= P, 2 5.5
T e T g 535)

where 7, is the ratio of specific heats, P, is the isotropic pressure, and total current j is

defined as

. Za
The reference density, ng, is chosen based on typical density values, L is the problem length
scale, m,, is the proton mass, and ¢y is the vacuum speed of light. The nondimentional pa-

rameters are: d,/L, the normalized proton skin depth, A, = m,/m,, the proton normalized

particle mass, and w,7, the normalized proton plasma frequency.
5.2 WARPXM computational framework

The above 5-moment model is solved in WARPXM, an unstructured discontinuous Galerkin
(UDG) multi-physics plasma code developed at the University of Washington[63]. The code
is a collaborative effort, built off of the work of many current and former students. The
5-moment model, Maxwell’s equations, as well as spatial and temporal integrators had all
been implemented and expanded by others[14, 63, 70, 71, 72, 73, 74, 75] prior to this work.

The WARPXM framework is a powerful tool for looking at non-linear effects in plasma
photonic crystals for several reasons. Modular implementation of arbitrary hyperbolic and
parabolic equations allows for flexible physics. The unstructured mesh permits modeling
complex geometries. Furthermore, the domain can be decomposed in subdomains where
different equation sets (and therefore different physics) can be evolved. An inherent feature

of the UDG method is that it is highly parallelizable, allowing the code to take advantage
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Figure 5.1: (Left) Example unit cell crystal domain shortly after initialization. Contours are

Real lattice

real electric field magnitude. (Right) The Brillouin Zone (smallest unit of symmetry) for a
rectangular crystal lattice, with lines of symmetry and symmetry points used for determining

important k wave vectors[21].

of high performance computing resource.
Finally, the modularity of the code allows for the implementation of advanced boundary
conditions. In this work, both virtual (BCs between subdomains) and real (BCs at domain

boundaries) are implemented and used. See Appxs. A and B for further details.

5.3 Infinite crystal

The infinite crystal is useful as it can provide information about propagation bands and band
gaps. For this model, a two-dimensional mesh of a single crystal unit cell is used. Bloch
periodic boundary conditions (see Appx. A) are imposed on all boundaries. A plasma, or
other material model, is initialized and evolved in the center subdomain. A complex field is
evolved everywhere through two sets of Maxwell field equations (real and imaginary). The
plasma and field are coupled through source terms.

A radial sinc function is initialized in the real field in order to excite a broad range of

wave numbers in all directions. A series of simulations are run, each having a different k
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vector applied on the Bloch boundary conditions that corresponds to reciprocal points on
crystal lines of symmetry. The region defined by this region on the reciprocal lattice is the
Brillouin Zone.

The simulation is run long enough to allow for the emergence of constructively interfering
modes. A Fourier analysis is performed on data collected at specific points in space to
determine the frequency of these modes. Modes are then plotted per k to construct a band
diagram. A single unit cell (see Fig. 5.1), with Bloch-Floquet boundary conditions, is used

to simulate the infinite plasma
E'(x) = Efi(x)e’, Ef(x)=Ef(x)e¥, where ¢ =k-a. (5.7)

See Appendix A for a detailed description of the boundary condition implementation. The

Bloch periodic boundary conditions are used in the simulations presented in Chaps. 3 and 4.
5.4 2D GHz plasma photonic crystal

As THz PPCs are still difficult to manufacture, a GHz PPC is chosen as a bench mark
case for the numerical model. The experiment chosen is a regular array of plasma discharge
tubes by Wang and Cappelli[37] at Stanford. The discharge tube array is chosen due to
its geometric simplicity, the existence of quality experimental transmission spectra, and
previous comparison to a simulation from ANSYS. The WARPXM simulation results are
benchmarked against the experimental results, and then expanded to explore a wider range

of radiation frequencies, as well as a variety of plasma column arrangements.

5.4.1 FExperimental GHz PPC parameters

The two-dimensional PPC experiment consists of a 7x7 array of plasma discharge tubes|37,
76] (see Fig. 5.2). The discharge tubes contain an argon gas seeded with mercury. The quartz

tubes have a lattice spacing of a = 38.1mm, and an inner radius of » = 6.5 mm, which results
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in a lattice frequency of f, = co/a = 7.9 GHz. Variable amperage applied to the plasma
discharge tubes is the primary control of plasma parameters. Three amperages are chosen
that correspond with an estimated plasma density of n, = 1.1, 5.8, and 7.8 x 10*7 m~3
(fpe = 3.0, ,6.9, and 8.0 GHz, with plasma frequency to lattice frequency ratio f,./(co/a) =
0.4—1.0.). The measured spectra published in Ref. [76] are compared with HFSS simulations
of a semi-infinite seven row crystal, with a 1 mm quartz envelope (¢ = 3.8) and uniform
density plasma with » = 4.6 mm. Collision frequency is assumed to be v = 1.0 GHz for the

HFSS ANSYS simulation.
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Figure 5.2: Stanford plasma photonic crystal experimental setup[37]. Quartz discharge tubes

contain an argon gas seeded with mercury. Lattice spacing a = 38.1 mm, r = 7.5 mm.

5.4.2 WARPXM simulation parameters

The simulated domain consists of an array of regular, fully ionized, hydrogen plasma filled
columns in a vacuum, with a uniform plasma density (see Fig. 5.3). A microwave source
is initialized on the left side of the domain with a sinc function plane wave (the Fourier
transform of band limited rectangular function) with a frequency range of 1-75 GHz. The
electric and magnetic fields are sampled at probe locations to the right of the PPC region.

The plasma is evolved using the two-fluid (ion and electron) 5-moment model coupled with
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Figure 5.3: The WARPXM simulation domain consists of a reflection region (left), an EM
wave initialization region where a sinc waveform is initialized with a right facing Poynting
vector (center left), a plasma column region (center right), and a detection region where the
EM fields are sampled at several locations (right). The domain is periodic in both z and
y, and is made sufficiently to prevent EM waves transiting the periodic boundary in either
direction and effecting the detection region. Maxwell’s equations are evolved everywhere
(Egs. (5.3) and (5.4)), and the complete two-fluid plasma model (Egs. (5.1)-(5.2)) are solved

in the plasma columns only.

full Maxwell equations, implemented on a 2D, unstructured mesh. The density profile in
columns is uniform to match the ANSYS HFSS simulation, with the same lattice constant
and plasma column radius. Unlike the HF'SS simulation, the quartz envelope is not included

and collisional effects are not modeled.

5.4.3 Comparison of WARPXM with experimental transmission spectra

Transmission spectra are calculated for the WARPXM simulations and overlayed on trans-
mission spectra found experimentally and with ANSYS HFSS in Fig. 5.5. The experimental
spectra tend to be broader, and shallower. The impact non-uniform density profiles was al-

ready examined in Chaps. 3 and 4, and found that density gradients broaden both photonic
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Figure 5.4: The simulation domain described in Fig. 5.3 overlayed with contours of £, for
four simulation times: in descending order, t = 0, 0.5, 1, and 1.5 ns. Locations of plasma
columns are indicated in pink. The sinc waveform interacts with the plasma array causing

certain wave lengths to be reflected, while most pass through unaffected.

bands and plasmon resonance related bands in TE mode EM waves. The effect of finite
arrays, and the impact of non-uniform density profiles on transmission spectra specifically
(not captured by either simulation) on band gap width and depth are discussed in the fol-
lowing sections. The HFSS spectra (dashed lines) show a narrow band gap at 9 GHz that
do not appear in either the experimental or WARPXM spectra, and is likely due to the
quartz envelope. A narrow, sharp feature occurs at ~ 3, 6, and 9 GHz in the HFSS spectra
which does not seem to be heavily dependent on plasma density and is likely due to bands
associated with the quartz envelope. As there is possible reflection of some of the narrow
bands in the experimental data, but none in the WARPXM spectra, these bands are likely
due to photonic band gaps associated with the quartz tubes. A WARPXM simulation with

the quartz tube and non-uniform profile would be necessary to determine if this is the case.

In other ways, the WARPXM results show good agreement with experiment. Locations
of all major features in the experimental results are reflected in the WARPXM spectra,

especially at higher frequencies, where they are not all captured with HFSS. With a baseline
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validation of and understanding of the transmission spectra provided by the 2D WARPXM
simulations, several numerical studies of plasma densities and configurations not covered by

the experiment are taken in the following sections.

5.4.4 Plasma frequency dependence of transmission characteristics

Control of electron plasma frequency (f,e) is the primary real-time tunable parameter for
the control of transmission in a plasma based photonic crystal. As can be seen from the
experimental spectra in Fig. 5.5 (as well as supported by the gap map analysis in Chaps. 3
and 4) the band gaps are more complex as the plasma frequency approaches, and exceeds
the lattice frequency f,. The GHz PPC experiment did not explore plasma frequencies any
greater than f,. = f,. In this section, the plasma frequency is varied to > 4f, in order
to elucidate the impact of large plasma frequencies on transmission spectra. In Fig. 5.6
simulations using a four row semi-infinite crystal with plasma radius and spacing the same as
the experimental configuration (configuration A in Fig. 5.8) are run to generate transmission
spectra for plasma frequencies ranging from 10-25 GHz (f,. = 1.1f, — 2.5f,).

With increasing plasma frequency, the dominant band gaps also increase in frequency
and width, as expected from the band diagram analysis in Chap. 4. The depth of band gaps
is not as easy to infer from dispersion information of infinite crystals. Examining the band
diagrams in Fig. 4.4 for uniform plasma columns, the flat band region due to surface plasmon
resonances covers a wide band between f = 0.5fp — fpe. The transmission spectra reflect
this fact with broad band gaps occurring in the same regions for a given plasma frequency.
The photonic band gaps (forbidden regions) for wave vectors in the v — X orientation (far
right on the dispersion relations in Fig. 4.4) appear at certain band intersections both above
and below the flat band region. In the transmission spectra, this is reflected in the narrow
band gaps with relatively constant frequencies (see gap at ~ 7 GHz). What cannot be seen

in the band diagram is the photonic bands obscured within the flat band region. These
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Figure 5.5: Transmission spectra of E, for TE microwaves from the experiment (solid thick

lines), ANSYS HFSS Drude model simulation (dashed), and WARPXM semi-infinite 5-

moment fluid model (solid dark blue). In both simulations, plasma density is assumed to be

uniform within the tube. Electron density is n, = 5.8 x 10" and 7.8x10"m=3

respectively.
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Figure 5.6: Transmission spectra in £, for TE polarized fields with f,.=10.5-23.9 GHz. With

increasing plasma frequency, the dominant band gaps also increase in frequency and width,

as expected from the band gap map analysis.

obscured photonic band gaps appear as troughs within the flat band attenuation bands,
adding complexity. This complexity only increases with plasma frequencies much larger

than the lattice frequency (see Fig. 5.7).

5.4.5  Array configuration dependence of transmission characteristics

In order to understand how specific transmission features are effected by the physical con-
figuration of the array, a series of simulations are compared for several array configurations
(see Fig. 5.8). The first configuration variation is in the spacing of rows in the direction of

wave propagation (configuration B in Fig. 5.8). The horizontal spacing between columns
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Figure 5.7: Transmission spectra in £, for TE polarized fields with f,.=25.3-38.6 GHz. The
stationary photonic band gap persists at ~ 7 GHz (obscured behind the legend), while the
flat-band band gap shifts to higher frequencies with increasing plasma frequency. Complex

interactions between flat-band and photonic band gaps can be seen above 30 GHz.

was increased by 25% to 2.5 cm from the experimental configuration (configuration A in
Fig. 5.8). The transmission spectra are compared in Fig. 5.9. As the large plasma frequency
space holds the most complexity, and is the least explored, plasma frequencies f,. ~ 3f, and
4f, are considered. The large flat-band band gaps (between 0.5 f,. and f,.) remain relatively
unchanged, while the narrow photonic band gaps both outside of, and within the flat-band
region see considerable variation. This is understandable, as the flat-band frequency is de-
pendent only on the plasma frequency, and the photonic band gaps are also functions of the

lattice parameters.
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a) Config A: 4 rows, a = 2.0 cm, r = 0.5 cm. b) Config B: 4 rows, a = 2.5 cm, r = 0.5 cm.
¢) Config C: 5 rows, a = 2.0 cm, r = 0.5 cm. d) Config D: 4 rows, a = 2.0 cm, r = 0.375 cm.

Figure 5.8: Simulation domain configurations used in Sec. 5.4 to examine array configuration

impacts on transmission characteristics.

The next configuration parameter varied is the quantity of rows of plasma columns (4
in configuration A, and 5 in B). While the overall array length similar to configuration B
(9 and 8.5 cm respectively), the effect on transmission spectra is much less pronounced (see
Fig. 5.10). Low frequency spectra (< 15 GHz) are almost identical between the two cases,
while there is more variation in the shallow, high frequency band gaps. A 25% increase
in small scale spacing has a much larger effect than a 25% increase in column quantity, or
overall array length. This also indicates that for some low frequency features, 4 rows of
plasma columns is likely sufficient to approximate transmission characteristics of an array

with any arbitrarily larger number of rows.

Finally, the plasma radius is varied relative to the lattice spacing. Configuration D (see
Fig. 5.8) decreases the plasma column radius by 25% to 0.375 c¢m relative to configuration A
(a 44% decrease in cross sectional area). Transmission spectra is compared for two plasma
frequency cases in Fig. 5.11. While the lower band gaps (at 7 and 20 GHz) remain at the

same frequencies, if somewhat less prominent, the higher frequency band gaps shift to lower
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Figure 5.9: Transmission spectra for plasma column spacing at 2 cm (black) and 2.5 cm
(red) in direction of wave propagation (configurations A and B in Fig. 5.8) for two different
plasma frequencies. The large flat-band band gaps (between 0.5f,. and f,.) remain relatively
unchanged, while the narrow photonic band gaps both outside of, and within the flat-band

region see considerable variation.



101

10

0 -

—

e8]

©

—_—

- -10

K

o

E =20

T

B

S -30

S

Q

w _0 — W, = 28.2GHz

No. of rows = 4
— w,= 282 GHz
No. of rows = 5
_50 \ . . T
o] 10 20 30 40 50

Frequency, f [GHz]

Figure 5.10: Transmission spectra for plasma column spacing at 2 cm and 4 (black) and 5
(red) plasma column rows (configurations A and C in Fig. 5.8) for f,. ~ 3f, = 28.2 GHz.
Low frequency spectra (< 15 GHz) are unaffected by number of rows, while there is more

variation in the shallow, high frequency band gaps.

frequencies by as much as 5 GHz.

5.4.6  Discussion and conclusions

In this section, the spectra generated by WARPXM simulations of a GHz plasma discharge
tube PPC are compared to experimental results and are found to agree within expectations,
with differences explainable by non-uniform density profiles in the real PPC and the existance
of the quartz tube. Previous work in this dissertation had suggested that more intersting
band gap behaviour would be exhibited when plasma frequencies are large compared to the
lattice frequency, while the experiment was confined to f,. < f,. A series of simulations was
undertaken to explore the regime of high f,./ f, ratios (up to f,./f. = 4). Array configuration

was also varied by 25% in array horrizontal spacing, number of columns, and column radius
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Figure 5.11: Transmission spectra for plasma column radii of 0.500 ¢cm (black) and 0.375
cm (red) (configurations A and D in Fig. 5.8). Higher frequency band gaps shift to lower

frequencies by as much as 5 GHz with a 25% change in column radius.

in order to understand the effects of physical configuration on high f,./f, PPCs. Band gaps
associated with flat-bands and surface plasmon resonances are found to be least effected by

changes in array configuration, while photonic band gaps are the most effected.
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Next, the findings in this section are be extended to a 2D THz plasma photonic crystal,
and various non-ideal and non-linear phenomenon are studied: finite array extent, finite

plasma temperature and non-uniform density profiles.

5.5 2D THz plasma photonic crystal

The GHz PPC explored in the previous section provided a basis for understanding the
transmission spectra of 2D plasma photonic crystals, and how simulated spectra relate to
experimental spectra of physical devices. It also allowed for an exploration of high f,./f,
PPCs and an understanding of how array configuration can effect higher frequency band
gaps.

In order to expand this understanding to THz plasma photonic crystals, a similar PPC
(rectangular 2D plasma column array) based on a cesium vapor plasma photonic crystal
investigated by Righetti and Cappelli[77] is chosen as reference case. The lattice spacing of
this device is @ = 500 pum (f, = 0.6 THz), and measured peak densities of n > 10?° m~—3
(fpe = 0.1 THz). As the peak densities in the experiment are limited to well below the
plasma frequency, the experimental parameters are used as a starting point for exploration
of higher density, and therefore higher plasma frequency, theoretical PPC device. In this
section, the 2D THz PPC is subjected to various non-ideal and non-linear phenomenon

(finite array extent, finite plasma temperature, and non-uniform density profiles) and the

effect on transmission spectra is explored.

5.5.1 THz PPC experimental parameters

The 2D THz PPC used as a reference configuration for the work in this section was created
by Righetti and Cappelli[78, 77] by passing a TiSap constant wave laser through a microlense
array, splitting the beam into a regularly spaced array (see Fig. 5.12). The laser array was

then directed through a heated cesium filled cell. The laser excites a 6.5/, — 6/, transition
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at 852 nm that results in laser ionization based on resonace saturation (LIBORS). The
process can achieve plasma densities of n > 10%° m~3 at input total laser power of 2.5 W,
achieving filiment spaceings of @ = 500 pum, column radii of » = 75 — 100 pm, total array
diameter of d ~ 4 mm. Tranmission was measured for electromagnetic waves from 50 GHz

to 0.6 THz in both TE and TM polarization.

Microlens

Variable beam
expander

array

TiSap CW Laser

* Left: Plasma filament array
formed with a microlens
array and laser tuned in
the vicinity of the 852 nm
resonance transition

* Right: Laser tuned to the
resonant quasi-resonant vicinity of the 761 nm

quasi-resonant transition

Figure 5.12: Cesium vapor plasma photonic crystal experimental set up (top), and visible
light images of laser produced plasma filaments within the cesium cell for two different laser

wavelengths[78].

5.5.2  Simulation parameters

The simulation effort looks to tackle several non-ideal aspects of the THz PPC: finite array
size, non-uniform density profiles, finite temperature plasma, and plasma deformation in
the presense of strong fields. Each of these aspects are explored independently in order to
understand the impact of each. For all cases, the high f,./f. is the region of interest.

The reference case is identical to that used to model the GHz PPC in Sec. 5.4: a semi-
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infinite PPC (infinite perpendicular to the direction of wave propagation), with a cold,
uniform density plasma columns in vacuum. lons are assumed stationary for all cases, and
collisional effects are not include. Modifications to the reference case are described in each

section.

5.5.8  Cold, semi-infinite, uniform plasma PPC

The cold, semi-infinite, uniform plasma PPC is used as a base case against which non-ideal
and non-linear PPC transmission characteristics are compared. In all “cold” plasma models,
the full two-fluid model is reduced to the Drude-type model described in Egs. (3.23), (3.24),
and (3.25). As collisionless photonic crystals are scale indepent, the primary features of
the THz PPC are identical to that of the GHz PPC the same fill fraction f = 7r?/a® and
plasma frequency to lattice frequency ratio f,./f,. In Fig. 5.13 the transmission spectra for
a range of plasma frequencies (f,e = 0.25f, — 2.2f,) are presented. The complex interplay
of plasmon and photonic band gaps is clear. The large band gaps at frequencies above the
lattice frequency for large f,. = 2.2f, (purple) are even more obvious in this particular
spectra example.

As the radius of the plasma filaments is not known with certainty, two different radii are
compared in Fig. 5.14 for a subset of plasma frequencies. Similar to the radius comparison
in Fig. 5.11 for the GHz PPC, the smaller radius shifts the band gaps of plasma frequen-
cies below f,/2 to higher frequencies, and those above to lower frequencies. The depth of

attenuation is generally lower for the smaller radii, though not universal.

5.5.4  Cold, semi-infinite, non-uniform plasma PPC

Non-uniform density profiles are ubiquitous in plasmas, as discussed in Chaps. 3 and 4.
Both the GHz and THz experimental PPCs have gradients in density, with the latter having

only smooth profiles and no discontinuities. Additionally, large plasma deformations due to
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Figure 5.13: Transmission spectra in TE for the cold, semi-infinite, uniform plasma density
THz PPC (4 rows, a = 500 pm, r = 100 pm) for a range of plasma frequencies (fp =
0.25f, — 2.2f,). As in the GHz case, large band gaps exist at frequencies above the lattice

frequency for large f,. = 2.2f, (purple).

strong fields also cause non-uniform profiles. While the effect of non-uniform density profiles
has been explored in this disseration through dispersion and band gap maps, the impact
on transmission spectra has not yet been discussed. To understand how non-uniform pro-
files effect transmission spectra, a series of simulations is performed with inverted parabolic

density profiles of increasing order (see Fig. 5.15).

Two plasma frequencies are chosen to demonstrate the impact of density gradients on
plasmon resonance band gaps and band gaps that contain both plasmon and photonic effects.
The first case (left panel Fig. 5.15) maintains a maximum plasma frequency is f,. = f,/6 =
100 GHz. The band gap is due to plasmon resonances only and expands to lower frequencies

with increasing gradients, as was shown in Chap. 4. What cannot be seen from dispersion
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Figure 5.14: Transmission spectra in TE for the cold, semi-infinite, uniform plasma density
THz PPC (4 rows, a = 500 um) for two plasma radii, » = 100 pum (solid) and r = 100 pm
(dashed) for a range of plasma frequencies (fp = 0.25f, — 1.25f,).

information is how not all parts of the flat band region attenuate equally, and that even
though the overall width of the band gap remains constant for all cases with gradients, the

frequency of the maximum attentuation shifts to lower and lower frequencies.

In the second case (right panel Fig. 5.15), the maximum frequency is f,. = 2f,/3 =
400 GHz. Wiggles in spectra are due to simulation spatial resolution and are not physical.
In this case the band gap is a combination of photonic and plasmonic effects. The narrow
photonic band gap (~ 300 GHz) creates a Fano-type resonance, as described by Righetti et

al.[34]. As the density gradients become more pronounced, the resonance becomes less so.

Overall, the transmission spectra created with the semi-finite PPC simulation support
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the findings with the infinite model in the previous chapter, as well as further support the
analysis of the experimental versus simulation spectra. Density gradients cause band gaps
to both become more broad, and more shallow, as well as soften the effect of sharp Fano-
type resonant features. Sharp gradients enforced by quartz tubes could sharpen the Fano
resonance type features (of which there is some evidence in the experimental GHz spectra).

On the other hand, the THz PPC should have little or no Fano-type resonance activity.

5.5.5  Cold, finite, uniform plasma PPC

Real world photonic crystals are finite in all dimensions. Understanding the impact of finite
array extent is therefore also important in interpreting and predicting the performance of
potential devices. In this section, the simulation domain is modified to contain a finite 2D
PPC array surounded by vacuum (see Fig. 5.16). As the domain is much larger in the y
direction than the semi-infinite case, the relfection and detection regions are trunkated, and
replaced with a lacuna based open boundary condition implemented for this purpose (see
Appx. B).

The transmission spectra are compared with semi-inifinite PPC spectra with the same
quantity of rows in Fig. 5.17. The most interesting difference occurs at low f,. band gaps
where diffraction around crystal edges cause constructive interference for wavelengths on the
order of the total crystal size (A = 1 —3 mm, or f = 100 —300 GHz). Otherwise array extent
perpendicular to the direction of propegation does not significantly impact the location and

shape of the transmission spectra.

5.5.6 Warm, semi-infinite, uniform plasma PPC

All simulations presented thus far in this dissertation have assumed cold plasma, and have
reduced the plasma model to the Drude model for electron transport. The model choice is

a common one, and was shown earlier in this chapter to agree fairly well with experiment.
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Figure 5.15: Transmission spectra for the cold, semi-infinite THz PPC with parabolic density
profiles (bottom). (Left) Maximum plasma frequency is f,. = f./6 = 100 GHz, the band
gap is due to plasmon resonances only, which expands with increasing gradients as shown
in Chap. 4. (Right) Maximum frequency is f,e = 2f,/3 = 400 GHz, and the band gap is
a combination of photonic and plasmonic effects. Wiggles in spectra are due to simulation
spatial resolution and are not physical. The Fano-type resonance at ~ 300 GHz, becomes

less sharp with increasing gradients.
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Figure 5.16: A finite 2D PPC simulation domain for a 5x5 array. Background contours (blue-
red) are electric field magnitude. Column contours (purple-green) are electron momentum

in y.

In high power PPCs, plasmas may absorb energy from the incident THz waves and can no
longer be assumed to be cold. In this section, the full electron fluid model described in
Egs. (5.1)-(5.2) is evolved and compared with the Drude-type model transmission spectra
for the same case (see Fig. 5.18). The warm plasma is set at T, = 100 eV. As is clear from
the comparison, plasma temperature has almost no effect on transmission characteristics.

This can be understood from the effective permittivity of the plasma, on which the
transmission properties depend

OJ2

off =1 — e 0.8
celf w2 (1 + vy, /w) (58)

where v, is the electron momentum-transfer collision frequency. In this work, the collision

frequency is assumed to be much less than the plasma frequency (v, < wp.). While not
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Figure 5.17: Transmission spectra for the cold THz PPC with semi-infinite 3 row (solid) and

finite 3x3 (dashed) plasma column arrays. The low band gaps are reduced in intensity, and

are proceeded by a greater than unity transmission region due to lensing around the crystal.

strictly true for the plasmas of interest, the effect of dissipation on PPC transmission char-

acteristics has been well characterized[43, 54, and is not the primary objective of this study.

Neglecting collisions removes any direct dependence of €.4 on temperature. Furthermore,

vy in a full ionized plasma is due to Couloumb collisions, which is an inverse function of

temperature. It is therefore not expected that plasma temperature should have a signifi-

cant impact on transmission spectra of fully ionized plasmas, except to decrease the collision

frequency and lessen absorption.
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Figure 5.18: Transmission spectra at two different temperatures: 0.028 eV (solid) and 100
eV (dashed).

5.5.7  Warm, uniform plasma in the the presence of strong fields

In this last section, the presence of strong fields in a fully ionized THz PPC is explored. These
high amplitude fields can be due to high power incident THz radiation, but can also arise from
resonances within the PPC that accumulate energy over time. One example is defects created
in PPCs by removing a single element within the array. The cavity accumulates EM wave
energy to the point of breakdown (see Chap. 6 for a further discussion). Surface plasmons
can also accumulate energy within the plasma columns when subject to EM frequencies
close to the surface plasmon frequency. As discussed in Chap. 2, surface plasmons have
frequencies that are a function of plasma frequency, fill fraction, and mode number (see
Fig. 5.19). Surface plasmons in PPC arrays couple with neighboring plasmons constructively

or destructively, depending on spacing. In Fig. 5.20, neighbooring columns continue to
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oscillate after a broad band THz pulse has passed by.

n=>0 n=1 n=2 n=3 n=4

cos nf
N

B,

sin 10

+ +
+ +
ae
- +
n =
+| -

E B,

field.B Z

2.187e-11

1.2718e-11
6.358%e-12

Z3.570e-12

Figure 5.19: (Top) Surface plasmon polariton mode configuration for modes n = 0 through
4[32]. (Bottom) A snapshot of four plasma columns in a WARPXM simulation showing

surface plasmons with mode numbers 1 and 3. Contours in B,.

In order to understand how the plasma may deform in the presence of these strong fields
and plasma oscillations, a high resolution simulation was run for a single column subject to a
large amplitude electric field in y. In Fig. 5.21, contours in normalized mass density (relative
to the proton mass) after four plasma oscillation periods, showing density deformation on

the top and bottom, and density waves propegating into the interior of the column.

While the deformation amplitude may be large in strong fields, barring non-linear effects,
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Figure 5.20: Close up of WARPXM simulation domain showing electric field magnitude
(contours) and orientation (arrows) after a broad band THz pulse has passed through. The

plasma columns continue to oscillate, and the fields in neighboring columns interact.

the length scale of the deformations is expected to be on the order of the Debye length

e ne?
Ap =4/ T (5.9)

At 100 eV for a n = 10*! m™® plasma (f,e ~ 300 GHz) the Debye length is less than a

micron, barring non-linear effects fluid deformation is not likely to have a large impact on
transmission spectra. What is more plausable is that the plasma is not fully ionized, and
high amplitude EM THz waves will drive ionization. In the next chapter, plasma formation

and interaction with THz waves in the context of PPC devices is explored.

5.6 Conclusions

In this chapter, GHz and THz 2D plasma photonic crystals are explored with a two-fluid
5-moment plasma model. Plasma models allow for intrinsic dynamics, like plasma heating
and plasma deformation in response to strong fields. Once validated, these plasma models

can push into regimes hard to access with current experiments. Plasma models can also
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Figure 5.21: Contours in normalized mass density (relative to the proton mass) of a single
plasma column subject to an oscillating electric field close to the plasmon frequency. Image
is taken after four plasma oscillation periods. Density deformation scale length is on the

order of the Debye length.

approximate some of the complexities of physical embodiments, like finite size, or diagnos-
tic configurations, versus ideal analytical or theoretical models that look at the ideal case.
Furthermore, models can explore real time plasma and field dynamics allowing for a greater

intuitive understanding of plasma-field interactions.

First, the spectra generated by WARPXM simulations of a GHz plasma discharge tube
PPC were compared to experimental results and were found to agree within expectations,
with differences explainable by non-uniform density profiles in the real PPC and the existance
of the quartz tube. Previous work in this dissertation had suggested that more intersting
band gap behaviour would be exhibited when plasma frequencies were large compared to the
lattice frequency, while the experiment was confined to f, < f,. A series of simulations was
undertaken to explore the regime of high f,./ f, ratios (up to f,./f. = 4). Array configuration

was also varied by 25% in array horrizontal spacing, number of columns, and column radius
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in order to understand the effects of physical configuration on high f,./f, PPCs. Band gaps
associated with flat-bands and surface plasmon resonances were found to be least effected
by changes in array configuration, while photonic band gaps were the most effected.

Once the transmission characterstics of the GHz PPC were well characterized, the findings
were extended to a 2D THz plasma photonic crystal using a cesium vapor laser plasma PPC
as reference case. Various non-ideal and non-linear phenomenon were explored.

Transmission spectra of non-uniform semi-finite PPC simulations support the findings
with the infinite model in the previous chapter, as well as further support the analysis of the
experimental versus simulation spectra. Density gradients cause band gaps to both become
more broad, and more shallow, as well as soften the effect of sharp Fano-type resonant
features. Sharp gradients enforced by quartz tubes could sharpen the Fano resonance type
features (of which there is some evidence in the experimental GHz spectra). On the other
hand, the THz PPC should see little or no Fano-type resonance activity.

Finite array extent resulted in diffraction around crystal edges causing constructive
interference for wavelengths on the order of the total crystal size (A = 1 — 3 mm, or
f = 100 — 300 GHz), though otherwise the finite extent did not significantly impact the
location and shape of the transmission spectra. Temperature and strong fields are found to
have almost no impact on the transmission spectra in a dissipationless, fully ionized plasma.

Overall, this study confirms the conclusions of Chaps. 3 and 4 that some of the most
interesting band gap behavior occurs when f,. 2 f,, and that these band gaps are heavily
dependent on the presence (or absence) of gradients in the density profile. On the other hand,
fluid effects like temperature and deformation in the presence in strong fields are not found
to have significant impact when plasmas are fully ionized. This is likely not true when the
plasma is not fully ionized. In the next chapter (Chap. 6), plasma formation and interaction

with THz waves in the context of partially or non-ionized PPC devices are explored.
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Chapter 6

MODELING PLASMA FORMATION IN A THZ PLASMA
PHOTONIC CRYSTAL PASSIVE POWER MODULATION
DEVICE

The previous chapter looked out how fully ionized PPCs respond to the strong fields
present in high power THz systems. Many of the proposed PPC devices involve partially
ionized plasmas. At sufficiently high power, further ionization of the surrounding gas is
inevitable, resulting in a non-linear PPC response. This effect can be harnessed intentionally.
Solid state photonic crystals can be functionalized with self-initiated plasmas in resonant
defects to provide passive power modulation. Understanding the plasma’s formation, as well

its interaction with the EM fields, is necessary to the design of high power THz devices.

Self-consistent modeling of THz breakdown is challenging as it covers many orders of
magnitude in speed (light speed to the neutral thermal speed) and ionization fraction (neu-
tral gas to near full ionization). Models typically used in low temperature and process plasma
simulations rely on reaction rate and transport coefficients calculated by third-party Boltz-
mann solvers. Self-consistent solution of the Boltzmann equation is often necessary in low
temperature plasmas as the electron velocity distribution function (EVDF) departs from a
Maxwellian, with significant impact on reactions and transport. The EVDF is a function
of interaction cross sections, electric field strength, electric field oscillation frequency, gas
temperature, ionization fraction, and temporal and spatial gradients. In order to simplify
calculations, all but one variable is held constant, in both time and space. In contrast, in
fully ionized plasmas at atmospheric densities and low temperatures, the Coulomb collision

frequency becomes dominant, driving the EVDF towards a Maxwellian. The plasma can
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then be reliably modeled by fluid moment models with well established closures (isotropic
pressure or Braginskii). Maxwellian EVDFs also allow for reaction rates to become functions
of only electron temperature and relative velocity.

This chapter explores the validity of using a three-species (electron-ion-neutral atom)
5-moment model developed by Meier and Shumlak[15] for modeling THz plasma formation.
Correction terms to collision and reaction frequencies are proposed to extend the region of
validity. A PPC passive power modulation device[16] is used as a benchmark, as it has been

well explored experimentally and theoretically for the low- to mid-GHz range.

6.1 Passive PPC power limiting device as test case

High power PPC THz devices that will experience ionization can take many forms. In order
to focus modeling efforts, a device is chosen where plasma formation is due to incident THz
radiation only (in contrast to devices where plasmas are preexisting and created through
external means). It is also desirable to have a plasma with simple geometry. To this end, a
PPC passive power limiting device by Parsons et al.[16] for the low-GHz regime is selected
as a test case.

The passive power modulation device consists of a two-dimensional dielectric photonic
crystal in a copper wave guide. The PC has a band-gap, or stop-band, from 35-50 GHz
(see Fig. 6.1). A single rod is removed from the center of the crystal, creating a pass-
band within the stop-band at ~43 GHz. The defect functions as a resonant cavity with
electric field amplitudes reaching > 200 kV/m for an input power of 1.5 W. Under these
conditions, breakdown occurs. As the plasma forms within the defect, the narrow pass-band
is attenuated (see Fig. 6.2).

A similar device with a pass band frequency of 9.5 GHz has been modeled with qualitative
success by Gregoério et al.[79]. The study specifically examines resonant cavity breakdown

at 9.5 GHz in argon. A drift-diffusion model is used to evolve the density and momentum
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Figure 6.1: A passive power modulation device by Parsons et al.[16] that consists of dielectric
photonic crystal in a copper waveguide (left). A rod is removed to create a defect, resulting
in a narrow pass-band within the band gap. The right panel shows simulated (blue) and

measured (black) transmission spectra.

equations for all charged species (electrons, ions Ar™ and Ary, and several grouped excited
states), as well as an energy equation for electrons. The interaction of species is mediated
through 26 reactions. Reaction rates and transport coefficients are calculated through a
combination of analytical models[80] and the Boltzmann solver Bolsig+[17] using the local
mean energy approximation[81].

Peak densities and formation rates were found to generally agree with experiment, barring
experimental imperfections and the difference between a 3D device and a 2D simulation.
Power modulation was also successfully demonstrated.

The device described above has been demonstrated for low-GHz range, with electron
densities not exceeding 101 m=3. A similar device for THz frequencies would require electron

-3

densities as high as 10 m™3, and PC rod spacing on the order of 10s of microns (see

Table 6.1). Current microplasma capabilities are limited in this space, as well as availability of
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Figure 6.2: (Left) visible light images of steady state plasma in PPC defect at 30, 45, 600 and
750 Torr. (Right) transmitted power (Si2) at various pressures for PPC with and without
plasma. Power input is 1.5 W at 43.4 GHz

high power THz sources|82]. Therefore simulation can be a useful tool in exploring theoretical

THz devices.

In order to capture the relevant physics the model will need to capture: 1) electrodynamics
and self-consistent THz wave propagation and interaction with electron and ion species, 2)
plasma and neutral gas dynamics, including density, momentum, and energy transport for
each species, as well as charged particle interaction with fields through the Lorentz force,
and 3) inter-species collisions and reactions (elastic charged particle and neutral particle
scattering, ionization, recombination, and other inelastic processes). In the following section,
the parameter space of the proposed device is characterized by degree to which statistical
models are needed to capture transport and reaction physics. Common modeling approaches

for partially ionized plasmas that apply to this regime are reviewed.
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Figure 6.3: Simulation results of 9.5 GHz passive PPC power modulation device[79]. Color
contours of electron density (m™?) at times ¢t = 0.1 us (top left) and ¢ = 1 ms (bottom left).

Various plasma and field parameters in time (right).

6.2 Selection of modeling approaches for THz plasmas in PPCs

Self-consistent modeling of THz breakdown is challenging as it can involve hundreds of
species and thousands of reactions for even simple molecular gases. Complexity can be
greatly reduced when the gas is in global or local thermal equilibrium. The degree to which
a plasma is in thermal equilibrium is a function of the ratio of diffusive processes that drive
a species towards equilibrium (i.e. particle scattering) and processes that drive the species

away from equilibrium (i.e. spatial gradients and reactions). The ratio of collisional processes
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Table 6.1: Parameter regime of a theoretical THz PPC device as compared to a low GHz

device.
GHz device THz device
Mid-gap frequency 10-40 GHz 1-10 THz
Rod spacing, a 2.8 mm 10-100 microns
Electron density, n. | 10 — 10 m=3 | 1022 — 10** m~3
Neutral gas pressure, p, | 30 — 750 Torr same
Neutral gas density, n, at 300 K | 10** — 2.5 x 10% same
Peak ionization fraction, n./(ne + n,) 1074 ~1
Electron-neutral collision frequency?, ve, 1012 57! ~0
Electron-ion collision frequency!, v 109 st 1013 st
Peak electric field strength?, E,,q» 10°V / m same

1 Collision frequency in peak ionization region.

2 From effective breakdown field assumption Es; = 272(1 + w?/v?) V2 E,0,[17).

to spatial gradient scale lengths is represented by the Knudsen number, Kn = A, s,/L, where
Amjfp is the mean free path and L is the length scale of the plasma. A value of Kn greater
than one indicates that a statistical model for transport is required, whereas values less than
one are sufficiently captured by fluid models that assume normal particle distributions.
The degree to which reaction and excitation processes dominate over scattering collisions
will be approximated here by Gr = ng,/n. where ng, is the Griem[83] electron number

density criterion for complete local thermal equilibrium (LTE)
nar = 102 2T,/ Eion.z)"* m™3 (6.1)

where Z is the degree of ionization, Ej,, . is the Z'™ jonization energy, and T, is in eV.
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Similarly to the Knudsen number, values of Gr greater than one indicate that exited state
populations are not in thermal equilibrium and must be modeled statistically, and values
less than one indicate LTE and equal energy partition between states. Plasma with electron
densities slightly above this criterion may still be in partial LTE, where some states above a
certain energy level are in LTE, and those below are not[83].

The requirements for LTE are in most cases more strict than those for fluid transport
modeling. For example, a 10 micron plasma surrounded by neutral gas with a peak electron
density of 10%° m~3 will have a Kn < 1072 everywhere. The same plasma, assuming elec-
tron temperatures of 0.025 — 15 eV, typical of THz plasmas, Gr is less than one only the
region where electron densities exceed > 10?2 — 10%®* m~3 depending on the temperature. A
fluid model is therefore appropriate for electron transport everywhere, but LTE can only be

assumed for a small region where the plasma is most dense.

6.2.1 The Boltzmann system for non-LTE plasmas-neutral miztures

Modeling non-LTE plasmas requires the solution of the Boltzmann equation for each particle
species, coupled through particle collisions and interactions with collective fields governed
by Maxwell’s equations. Each Boltzmann equation evolves the velocity distribution function
fa = fa(r,v,t) for species « (in a reacting plasmas this includes electrons and excited states

of neutral atoms, ions, and molecules):

dfa Ga dfa
—_— Vofa+ —(FE B) -V, f,=— 2
at oy f i ma( e ) v f ot collisions (6 )
where E and B are evolved through Maxwell’s equations
0B ) OF
VXE:—E, VXB:UOJ"‘&JMOE
v E=" v.B=o, (6.3)

€o
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where 7 is the current density, p. is the charge density, and py and ey are the vacuum
permeability and permittivity, respectively. The RHS of Eq. (6.2) represents the sum of all

elastic and inelastic collisions.

0fa

. Z scat fomfﬁ react fomfﬁ +Z z%awt fa,fﬁ fy) ;eﬂci/ct(fayfﬂ’fW)—'—

(6.4)

collisions

where C? S"’“t is the binary elastic collision operator and C’Q%“t is the binary inelastic, or reacting
collision operator, between species a and (3. Ternary and higher collision operators are
indicated by additional subscripts. Each collision operator is dependent on the distribution
functions of all colliding species, before and after the collision. Binary collisions are by far
the most common, and are described by the classic Boltzmann collision operator for elastic

2-body collisions

d—{ o / / [F(a) f'(v5) = f(va) f(v8)]90as(g, X) Qs (6.5)

where primes denote distribution functions after the collisions, g = |v, — Vj| is the relative
speed between species, ga5(g,x) is the differential cross section at relative speed ¢ and
scattering angle y, and €2 is the differential solid angle. Similar expressions can be derived
for multi-body, inelastic, and reacting collisions.

Solving the 6D (3D3V) Boltzmann equation for each species, along with calculating the
collision operators, constitutes a truly formidable problem. Two major classes of approaches
exist for solving this problem. Particle-in-cell (PIC) represent the distribution function with
a reduced number of “super-particles” that are advected through a physical space grid, inter-
acting both with electromagnetic fields and with each other. The collective electromagnetic
fields are evolved through Poisson or Maxwell’s equations, with charge density and current
density sources calculated through intelligent integration over the super-particle distribu-

tions. Particle collisions and reactions are simplified through the application of Monte Carlo
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methods. See the review by Alves et al.[84] for further reading on PIC methods in partially
ionized non-LTE plasmas.

The Boltzmann system can also be solved in it’s continuous form by applying certain
assumptions about the form of the distribution function. In the next section, several common

methods are reviewed.

6.2.2  Fluid moment models for non-LTFE plasmas

The complexity of the 6D Boltzmann system can be reduced by taking velocity moments of

the Boltzmann equation,

/QZ (8fa v'vxfa+%(E+v X B) 'vvfa) /QZ afoa (66)

o ot

producing an infinite set of equations for the evolution of moment variables. When Q° o v,

the moment variables take on familiar macroscopic quantities

0" moment: n, = /fad'v, (6.7)

1* moment: 1w, = L /'vfad'v, (6.8)
2"moment: I, = —2 /wwfad'v where w = v — u,, (6.9)
3" moment: /'ww fadv, ... (6.10)

Each moment equation is dependent on the next highest moment variable, and collision
operators are still dependent on the full distribution function.

Various assumptions can be made about the distribution function to truncate the mo-
ments and simplify the collision operators. A common approach in non-LTE low temperature
plasmas takes the first two or three moments and closes the electron moment equations with
values calculated by solving a simplified version of the Boltzmann equation (discussed in

more detail later in this section). Heavy species moment equations are closed using common
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fluid assumptions. The equation set in its most general form evolves continuity, momentum,

and energy for each species «, summarized from Alves et al.[84] below

Ong,
. = 11
Y +V - ngve = Sa, (6.11)
Ne OVq Mg B Se,
T + V—a(va -V)vo F ngpaE + DoV, = — (na + —a> Vy, (6.12)
0
a(naaa) + V- [£nacattca B — Do V(eana)] F eE - ngv, + 04 =0, (6.13)

where F and =+ signs depend on particle charge. The following parameters are calculated by
an external Boltzmann solver: the total partical source S,, the effective momentum transfer
frequency v,, the particle mobility u, and energy mobility p.,., the particle diffusion D, and
energy diffusion D.,, and the collisional power loss ©,. The system is coupled with Poisson

or Maxwell’s equations to evolve E.

FElectron Boltzmann equation (EBE) solvers

Electron Boltzmann equation (EBE) solvers are 0D models that reduce the complexity of
solving the complete Boltzmann equation by expanding the electron energy distribution on
some set of functions, and then assuming Maxwellian velocity distribution functions for all
heavy species. The two most common expansions are Legendre polynomials and powers of
spatial gradients of the electron density. In this section the Legendre polynomial expansion
method will be explored, as it is the method employed by several popular open-source EBE
solver projects. The reader is referred to the following references for more detail on density
gradient expansion methods[85, 86].

Legendre polynomial P,(cos 6) expansions approximate the electron distribution function

(EDF) as

f(v,z,t) = Zfl(z,v,t)Pl(cos 9), (6.14)
1=0
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where 6 denotes either the angle to the dominant drift velocity or the background electric
field. In the presence of alternating fields, the temporal component of the EDF may also be

expanded in a Fourier series in time[87]

fo,2,6) =YY" fulz,v,t)Picos e, (6.15)

=0 k=o0
Bolsig+[17] is a popular open-source EBE solver that uses a two-term expansion in Leg-

endre polynomials of the distribution function for DC fields
f(v,co80, z,t) = fo(v, z,t) + fi(v, z,t)cos, (6.16)

where fy is isotropic, and f; is an anisotropic perturbation. Substituting the expansion for f
into the Boltzmann equation, and integrating over cos € results in equations for the evolution

of fo and f;

5 T3 P 3 —§E(€Ef1) =y (6.17)
dfr 1/28J0 1/25J0 1/2
- E = N f 1
; + e " 0 - 4 OmYE 1 (6.18)

1/2 is a constant and € = (v/7)? is the electron energy in electron volts, C

where v = (2¢/m)
is the collection of collision and reaction source terms for the isotropic part, C; is the same
for the anisotropic part, and o, = ), 240, is the total momentum-transfer cross section.
A further assumption is made in order to separate the dependence on time and space from

the dependence on energy;,

1
273

foi(e, z,t) = Foi(e)n(z,t), (6.19)

and £ ; is normalized by
‘/5m%%:L (6.20)
0
The anisotropic part carries the drift velocity such that

w:l/ eF)de. (6.21)
3 Jo
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In the case of constant in space, exponential growth in time, with non-zero Coulomb
collisions, the combined system is nonlinear with respect to integrals over the distribution

functions Fp; and must be solved iteratively|88]

2 j+1
v 0 eE\" xe OFy L 1y < i it A it A
29 [ (BN xE — 2 (e[ pd FIY 4 G FY ) R 6.22
3a€<(N) XM ) = Lo (IR E 4 GIRT ) + B (622
where
N ij+1
Y= —2mi (6.23)
E(0Fy/0e)
is a correction factor to account for the effect of electron-electron Coulomb collisions on Fj
and
R= —%el/zFo (6.24)

is a function of the production frequency 7; and is used to maintain normalization of Fj
despite a changing n. . All other elastic and inelastic collisions are incorporated into C

. C
Co = 2m351/2N—0. (6.25)

e

Due to the fact that the collision term Cj has been divided by the gas and electron densi-
ties, NV and n respectively, makes the term relatively independent of density. Expressions for
all collisions are summarized in Appendix C, and are all functions of experimentally derived
collision cross sections 0. Databases of cross sections have been compiled for use with EBEs
for a wide variety of atomic and molecular species in the LXCat database[89, 90].

Transport coefficients and reaction rates are calculated from moments of the EEDF so-
lutions of the EBE solver. Transport coefficients for mobility

uN = —% /OOO %%ds, (6.26)
and diffusion

DN = 1/ ° Fyde, (6.27)
0

3 Om,
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where 7, is an effective momentum-transfer cross section that includes momentum effects

due to temporal electron growth. The mean energy is
E= /0 h 32 Fyde. (6.28)
Reaction rates for a given process k are defined as
Ry, = kixpyNn, where k= 7/00 o Fyde (6.29)
0

is the reaction coefficient and z; is the mole fraction of the target species.

While EBE solvers are an efficient way to solve the Boltzmann equation, using an EBE
solver to calculate transport and reaction rates for a fluid model has drawbacks. First, the
EBE solver is typically run in advance to generate look-up tables, therefore values can only
be a function of, at most, two variables. If ionization fraction or spatial gradients change
over the duration of the fluid simulation, the EBE solver would need to be rerun. Second,
common EBE solvers like Bolsig+, are targeted to low ionization fraction plasmas and are
slow to converge, or fail to converge completely, at high ionization fractions.

If further simplifying assumptions can be made about the electron distribution function,
both transport and reaction calculations become functions of macroscopic quantities and the

system becomes self contained.

6.2.3 5S5N-Moment models for reacting plasma-neutral miztures

The moment model truncation problem presented in Sec. 6.2.2 can be solved in certain cases
by assuming that the particle distribution functions are Maxwellian, or nearly Maxwellian.
The Meier and Shumlak reacting three-fluid 5-moment model[15] separates the truncation
problem into two parts.

As the left hand side of the Boltzmann equation involves transport, closures for pressure

I, heat flux h tensors, and momentum exchange can be chosen based on the Knudsen
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number of the problem. Closures for magnetized and un-magnetized plasmas are already
well established (i.e. Braginskii).

The reactions on the RHS, especially ionization, are dependent on the presence or absence
of LTE, which is established through the Griem criteria established earlier. The Meier and
Shumlak model as initially proposed assumes LTE and a stationary Maxwellian distribution
function, which allows for analytical calculation of collision integrals, or allows for the use of
established fit functions reaction rates as a function of 7T, alone.

The full system becomes a set of five equations for each of three species (electrons, ions,

and neutral atoms), transcribed below for reference.

Continuity:
One -
" LV - (newe) = T T (6.30)
on; -
82 4V - (nw;) = Dion e (6.31)
ony, .
"V () = T — Tion (6.32)
ot
where " = n.n, (ov),, and ' = n.n,(ov), .. are the ionization and recombination
sources.
Momentum:
0
a(meneve) + V- (menevev, + P,) = (6.33)
gene (B + v, x B) + R — R + T "mv, — I"*m,v,
0
qn; (E +v; x B) + R* + R" + I'"mv,, — I"*m;v; + I'“m;(v, — v;) + R* — R™
0
a(mnnnvn) + V- (mpnpv,v, + P,) = (6.35)

— R™ — R 4+ T"(meve + mw;) — Di"my v, + Tm;(v, — v;) + R — R

where P, = P,I + I, is the pressure tensor, IT, = —&£(Vv + (Vo)) is the stress tensor,
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and Rgﬁ = MaNalas(Va — v3) are the elastic scattering collision friction terms.

Energy:
Oe.
Y +V - (ceve+v.-P.+ h,) = (6.36)

ie en ie en Me on 1 2 on
Ve - (_QeneE - RZ + Re ) + Qe + Qe + Fz Emnvn + Qn
: 1
- onn(bion - F;ec_mevz - Q?e“ec

Eki

] 3 L ; my on 1 on
v (B + R+ RY) + QI+ QN + (PZ- Smav? + Qi )
recl 2 rec cr 1 2 2 cT cT cT cx
_Fn _mivi_Qi +T §ml(vn_vz)+van_lenz+ in ~ ¥ni
ey,

n +V-(epvp +v, P, +h,) = (6.38)

—v, (R + R + Q' + Q7" = (Fio"%mnvi + @Z’”>

1 1 1
+1I7ee (—miv? + —mevz) + QI+ QU+ T —m; (v —v2) +v; - Ry — v, - Ry + QS

2 2 2
where
L p4l 2 (6.39)
Ea = ——P, + —manau :
v—1 2 @
and h,, is the heat flux, Q%% = —%namw#inﬁ (3(Ty — Ts) — mp(ve — v5)?) capture colli-

sional heat exchange, Q" = Ti" kT, Qi = I7¢°3kT;, and Q1 ~ 7“3k T, are the heating
terms associated with ionization and recombination, and ¢;,, is the average energy loss per
ionization.

A gap currently exists in the modeling of high density partially ionized plasmas between
fluid models relying on assuming LTE and Maxwellian distribution functions, and models
with EBE solvers that involve model overhead and assume low ionization fractions. In the
next section, a model is proposed that extends the Meier and Shumlak reacting 5-moment
model into the partial-LTE region for modeling THz and other high density, partially ionized

plasmas.

cr
in
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6.3 Proposed modeling approach: high-fidelity reacting multi-luid 5-moment
model with correction factors for non-LTE plasmas

Finding appropriate correction factors for non-LTE requires understanding the impact of
non-LTE electron distribution functions on electron-neutral and electron-ion interactions.
In this section, approximations for various interaction frequencies are proposed based on
observed effects of degree of ionization and Coulomb collisions on partially ionized argon
plasmas by Hagelaar[91]. These approximations will then be compared to Bolsig+ EBE

solver results for a range of ionization fractions.

6.3.1 Electron-electron Coulomb collisions

Electron-electron Coulomb collisions are the major driver of LTE by repopulating electron
energies where electrons are lost to exciting or ionizing collisions. In Figure 6.6 electron
distribution functions in a marginally LTE plasma are compared for cases with and without
electron-electron collisions. The electron distribution without e-e collisions is highly non-
Maxwellian (a Maxwellian distribution will have constant slope on a logarithmic axis), with
a non-existent high-energy tail. As expected, e-e collisions thermalize the distribution and
repopulate the tail.

Interaction rates needed for fluid models are found by integrating over the cross section
multiplied by the electron distribution function. Assuming thermal heavy particle § with
Ts < T

o0
Lep & neng (oepe) = neng/o oep(e)Fe(e)de (6.40)

where 0,4 is the interaction cross section as a function of the difference in energy between
electron and particle populations, and F, is the normalized distribution function such that
[ Fde = 1. As can be seen in Fig. 6.6, the overlap of the electron distribution function and
all cross sections changes significantly without and with e-e collisions, resulting in different

macroscopic rates. In the case of excitation and ionization rates, without e-e collisions both
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are zero, and with e-e collisions both will have finite values. Reaction rate estimations that
assume Maxwellian distributions for electrons, like those used in the original Meier and
Shumlak reacting 5-moment model, would significantly over predict ionization rates. In the
following sections the severity of this impact is evaluated and corrections proposed for some

reactions.

6.3.2  FElectron-neutral momentum transfer frequency

The electron-neutral momentum transfer cross section is a complex function of electron
energy. Fit functions have been formulated by McEachran and Strauffer[92] to facilitate
the calculation of collision integrals (plotted in Fig. 6.5 against cross sections calculated
with Fortran program, MAGBOLTZ v8.97, S.F. Biagi database, www.lxcat.net, retrieved on
December 26, 202289, 90]).

Conveniently, the electron-neutral collision frequency v,, can be well approximated by
assuming a constant cross section, as will be shown in Sec. 6.4. Therefore in calculations

used in this work the following approximation will be used
Ven = 1—‘en/ne = Ny <Uenv> N NeTenUTe, S_l (641)

where 0,,. ~ 10719 m?.

6.3.3  Electron-ion momentum transfer frequency

For low ionization fraction plasmas, electron-neutral interactions dominate momentum ex-
change. As the ionization fraction increases and electron-ion interactions become dominant,
the Hagelaar study of Coulomb collisions found that momentum transfer frequency agrees
well with the Spitzer-Harm plasma resistivity model for completely ionized gases[93]. Due
to the nature of Coulomb collisions, the resistivity decreases with increasing temperature,

and the high energy tail of the distribution has a reduced impact.
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Figure 6.4: Electron-electron collision frequency drives electron distribution functions to-
wards a Maxwellian. In the figure above, electron distribution functions with and without
electron-electron Coulomb collisions for reduced electric fields E/N =1 Td (a) and E/N =
4,20, and 100 Td (b). Electron-neutral cross sections are plotted against the distribution in

panel (a) (dashed lines, right axis) for reference[91].
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Figure 6.5: Despite the fact that electron-neutral momentum transfer cross sections in argon
are a complex function of electron energy, reasonable collision frequency can be calculated
assuming a constant cross section o;,, ~ 1071, Cross sections generated by the Fortran
program, MAGBOLTZ v8.97, S.F. Biagi database, www.lxcat.net, retrieved on December
26, 2022[89, 90] (red Xs), and a fit function formulated by McEachran and Strauffer[92].
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For this study, in the absence of temperature or density gradients, e-i collision frequency

is assumed to be reasonably approximated by the interaction of Maxwellian distributions[94]

019 n; Z2e* In(A.) (1 + me/m;) .

Vei = 6.09 x 1 3
(2T /m. + 2T;/m;)

(6.42)

where Z; is the degree of ionization.

6.5.4 Attachment frequency

The attachment cross section of argon is small for all electron energies. As there is little
documentation of experimental attachment cross sections for argon in the literature, this
work borrows the assumption of only radiative recombination from Meier et al. and uses the
relation proposed by Annaloro et al.[95] that has reasonable agreement with experimental

and calculated data

[ = nen; (ov),.. = nen; A (T)) e~ T/Te - m=3g71 (6.43)

with T, in degrees Kelvin, and values of A, = 9.41 x 10~*, a,, = 0.368, and T, = —45430

for argon.

6.3.5 lonization frequency

As was shown in Fig. 6.6, the degree of LTE has a strong impact on ionization rates, due
to the fact that ionization cross sections are zero below the ionization threshold energy (for
argon E;,, = 15.6 eV). For cool plasmas with mean energies below the threshold energy,
the ionization rate is entirely dependent on the population of the high energy tail above the
threshold energy. In non-LTE plasmas, this tail is severely depleted, and much higher mean
temperatures are required to achieve a finite ionization rate. In Figure 6.6, the ionization
frequency for plasmas with different ionization fractions (and therefore different Gr numbers)

are compared, as calculated by Bolsig+.
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As the mean energy of the plasma approaches the threshold energy, the ionization rate
of both LTE and non-LTE plasmas converge. This indicates that any proposed correction

must approach the LTE solution at both high temperature and low Gr number.

In this section, four approximations for the ionization rate are proposed. The first assumes
a stationary Maxwellian distribution function and is the current model used in the Meier
and Shumlak reacting 5>-moment model. Each subsequent model includes additional physics,

in order to better approximate the true solution.

Stationary Mazwellian electron distribution approximation (SMA)

The first model is a fit function for ionization rates assuming a stationary Maxwellian dis-

tribution distribution

1+ PU'Y?

X1U Uke ™V, m™3s! (6.44)

" = nine(0V)ion, Where (00)ion ~
where A, P, X, and K are coefficients are tabulated in [96] for the first 28 elements, U =

Eion/kT., and FE,, is the ionization energy

Effective temperature approximation (ETA)

In both DC and AC discharges, electron drift velocities are finite. When the gas is cold, the
ratio of the kinetic to thermal energy may be large, and the mean energy and temperature
of the distribution will no longer be similar. This second approximation incorporate a non-
finite kinetic energy by using a modified effective temperature 7., where k7, = kT, + %mevz.

The effective temperature can then be used in the analytical reaction rate fit function used

in the SMA.
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Figure 6.6: Ionization fraction (a proxy for electron density) has significant impact on elec-

tron mobility and ionization rates. In this figure, electron distribution functions with and

without electron-electron Coulomb collisions for reduced electric fields E/N =1 Td (a) and

E/N =4, 20, and 100 Td (b). Electron-neutral cross sections are plot against the distribu-

tion in panel (a) (dashed lines, right axis)[91]
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Drifting finite temperature approximation (DFTA)

The drifting finite temperature approximation (DFTA) evaluates the collision integral as-

suming a drifting Maxwellian electron distribution
[en = /fn(v’) / Je(0)Tion (Vrer) Urerdvdv’. (6.45)
Given that electron drift velocity v, > vy, > v, the integral reduces to

ion OO v? (U — u6)2 (U + u€)2
T = nnne/o O'ion(’l})m (exp |:—TT61 — exXp [—TR]) dv (646)

where 0;,,(v) is the total ionization cross section. In this work an empirical fit function

adapted from work by Hombourger[97] for K-shell ionization cross section

Ey,

where ny, is the number of electrons in the K shell, ay is the first Bohr radius, Ry is the

Ry\ v
o = npmasG, (_y) Dy (6.47)

Rydberg constant, G, is the Gryzinski relativistic factor[98, 99] (not to be confused with
Griem number Gr), E) is the ionization threshold energy, Dy is the reduced cross section
and Cy is an exponent that is a function of U, the excess energy electron (e./FE}).

The reduced cross section is fit to the following expression

b c \ InU
Dy = —+ — | — A4
v (a+U+U2) U (6.48)
and the exponent Cy
e [
Cv=\(d+=+=]). 6.49
U <+U+U2> (6.49)

Neglecting the relativistic factor G,, and fitting the Hombourger expression to argon
cross section data obtained through LXCat[89] from the S. F. Biagi Fortran program, MAG-
BOLTZ, the following values were found for the fit parameters using a Python Scipy curve
fitting algorithm,

a=11197, b= —-2.1964, c¢=1.0970

d=—6.086, e=6.4349, f=—22.1150 (6.50)
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resulting in a total error of < 2% between 15.8 eV and 1 keV. The curve fit found above is

plotted against one provided by Hombourger, and the Biagi LXCat data in Fig. 6.7.

APFSA TS
10—20 4
o -21
E. 10
=4
2
=
(=]
&
o 10—22_
w £
8 b4
b4
10723 5
X Biagi
—— Hombourger: given fit
Y b4 Hombourger: empirical fit
10 3 : .
102 103

Electron energy [eV]

Figure 6.7: Electron impact total ionization cross sections calculated with Biagi Fortran
code MAGBOLTZ via LXCat[89] (black x’s), the Hombourger K-shell ionization fit function
using coefficients calculated by Hombourger[97] (blue line), and the same fit function using

empirically found coefficients listed in Eq. (6.50) (orange line).

DFTA with Gr and T, dependent correction factor (DFTA+Kg,)

All previous models assume Maxwellian distribution functions, drifting or stationary. As was
shown earlier in this section, in non-LTE plasmas this assumption can greatly over predict
the ionization rate at temperatures below the ionization threshold energy. The DFTA+Gr
model will start with the DFTA model, but multiply it by a correction factor K¢, that is
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function of both the Gr number and the ratio of the electron temperature to the lowest

excitation energy T,/ E.;co. For this comparison, the function is simple and fit by eye
Ker = min (AGr™" + exp (1 — [CE.p0/T.)") 1) (6.51)

where coefficients A, B, C, and D are determined by fitting to Bolsig+ data. In Figs. 6.8,
6.10, and 6.11 the coefficients for the K¢, correction are A = 2, B = 3/2, C' = 2/5, and
D = 4. More complex functions and coefficients calculated through standardized means is
the area of future work.

The four approximations are compared in Fig. 6.8 for several values of Gr. At low den-
sity n. = 10 the DFTA+Kg, ionization rate is significantly lower than the other three for
T. < 5 eV, even at zero drift velocity (top right). With increasing drift velocity, the ETA
ionization rate becomes increasingly large. Surprisingly, despite the considerable difference
in complexity of the SMA and DFTA methods, they remain relatively close for all velocities.
This implies that for high density, LTE plasmas, the SMA method is a reasonable approx-
imation. For non-LTE plasmas, the correction to the ionization rate of the DFTA+Kg, is
non-negligible and cannot be approximated by an LTE method like SMA or ETA. Further-
more, the complexity of the DFTA+Kg, could be reduced by applying the correction factor
to the SMA method instead.

In the next section, the collision and ionization rate approximation described in this

section will be compared with those calculated by Bolsig+.

6.4 Validation of collision and reaction rate approximations for a 0D equilib-
rium in DC fields

In order to establish the validity of the approximations for collision and reaction rates pro-
posed in the previous section, collision and power loss rates are compared with those calcu-
lated by Bolsig+ (see Sec. 6.2.2 for a discussion of the Bolsig+ model) for an atmospheric
density argon gas (n; = n; +n, = 2.5 x 10%) and T;,, = 0.025 eV in a DC electric field.
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Figure 6.8: ITonization rates as a function of electron temperature calculated with the four
approximations outlined in Sec. 6.3.5. Electron densities and drift velocities are indicated
on each panel. At high electron density and zero drift velocity (top left) all methods give
similar ionization rates. The ETA method (orange) is unreliable at even moderate drift
velocities (middle panels e, = 0.5m.u. ~ FE,,/100, lower panels e, = 0.5m.u. ~ Fi,,/50).
Surprisingly, the SMA method (blue) proves to be a reasonable approximation, despite it’s
simplicity, until €, = 0.5mcu. & FEi,/10 (not shown). At low density n. = 109 (right
panels), Gr > 1 and the plasma is no longer in LTE, and the DFTA+Kg, ionization rate
departs significantly from the other three for 7, < 5 eV, even at zero drift velocity (top
right). For non-LTE plasmas, the correction to the ionization rate of the DFTA+Kg, is
non-negligible and cannot be approximated by an LTE method.
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Mean energies and drift velocities used to calculate rates use the Bolsig+ values in order to

provide a direct comparison.

6.4.1 Momentum transfer frequency

In Fig. 6.9 drift velocity, collision frequencies, and power transfer rates are calculated for the
proposed model and compared with Bolsig+ calculated values for an argon gas with n, = 10"
m~? and a low ionization fraction 107 such that electron-neutral collisions dominate and
LTE cannot be assumed. The same equilibrium temperatures and drift velocities are used
in both cases.

Despite the fact that the e-n collision cross section is such a strong function of energy, as-
suming a constant cross section follows the Bolsig+ calculated collision frequency reasonably
well, and only the low temperature end seems to dependent on the ionization fraction. Con-
sidering the minimum in the cross section that occurs around 0.2 eV, a collision frequency
sensitive to the density of high energy tail makes sense. Improved fits that take this into
account would improve the accuracy at low and high temperatures.

The estimated e-i collision frequency approximates the Bolsig+ calculated values to within
much less than an order of magnitude for all ionization fractions. For both types of elas-
tic collisions, the agreement is largely satisfactory considering the reduction in complexity

afforded by the approximations over using an EBE solver.

6.4.2 lonization frequency

The ionization frequency is the strongest function of LTE, and where the approximate models
and the EBE solver are expected to deviate the most. In Fig. 6.10 the ionization rates
predicted by the DFTA+Kg, approximation are compared to those calculated by Bolsig+.
Again, the same equilibrium mean energy and drift velocities are used in both cases.

The selection of correction factor coefficients was not rigorous, but chosen so that the ap-
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Figure 6.9: Electron-neutral momentum transfer frequency calculated with Bolsig+ (colors
solid) and with a constant cross section (black dotted), and electron-ion collision frequen-
cies calculated with Bolsig+ (dashed) and the Hinton (colors dotted). All calculations use
Bolsig+ calculated drift velocities and temperatures. For both types of elastic collisions,
the agreement is largely satisfactory considering the reduction in complexity afforded by the

approximations over using an EBE solver.
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proximated values reflected major characteristics. Considering the simplicity of the function,
the general trends in both ionization fraction and temperature are consistent, and reduce
the absolute difference in frequencies by up to six orders of magnitude in some cases. For

reference, the DFTA without the correction factor would follow the purple dash dotted line.

6.4.3 Power loss rates

The accuracy of power gain and loss rates will determine the accuracy of calculated equi-
librium temperatures. Equilibrium temperatures that depart significantly from expected
temperatures will in turn impact collision and reaction rates, which will effect power loss
rates, etc. It is therefore important that deviations in collision frequencies are small enough
so as to not impact power loss significantly. In Fig. 6.11, the inelastic and elastic power loss
rates are compared for both methods, at several ionization fractions. While there is general
agreement, the low temperatures see power loss rate deviations of up to an order of magni-
tude, consistent with the deviation in the e-n momentum transfer frequency. If deviations
are sufficient to produce incorrect temperatures, corrections to the e-n collision frequency,

like those suggested in Sec. 6.4.1 may be warranted.

6.5 Conclusions

Modeling partially ionized plasmas is complex due to the number of species and reactions,
as well as the fact that many partially ionized plasmas are not in thermal equilibrium. The
assumption of global or local thermal equilibrium greatly simplifies the problem. The high
densities in THz plasmas suggest that simplifications might be made due to near-LTE condi-
tions. The reacting 5-moment model by Meier and Shumlak was modified to include non-LTE
corrections in Sec. 6.3. The approximations were validated against results from Bolsig+, a
popular open-source electron Boltzmann equation solver Sec. 6.4. The approximations were

found to agree reasonably well considering their simplicity. The electron-neutral collision
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Figure 6.10: Argon total ionization frequency calculated with Bolsig+ (solid) and the
DFTA+Kg, method (dash dotted). The DFTA method (not shown) coincides with the dash
dotted purple line. Coefficients for the K¢, correction are A =2, B = 3/2, C' = 2/5, and
D = 4. All calculations use Bolsig+ calculated drift velocities and temperatures. Anomalies
in the Bolsig+ data are left for transparency. The DFTA+Kg, ionization approximation
method follows the general trends in the Bolsig+ results, and reduces error relative the

DFTA method by six orders of magnitude in some cases.
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Figure 6.11: Power loss rates calculated with Bolsig+ (solid) and analytical method (dashed),

compared for elastic e-n and e-i collisions as well as inelastic collisions (ionization and exci-

tation) for n; = n; +n, = 2.5 x 10%® m~3. Tonization fractions are indicated on each panel.

All calculations use Bolsig+ calculated drift velocities and temperatures. Power loss rates

agree fairly well, with some departure at low ionization fraction and low temperature.
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frequency with constant cross section approximates a “best fit” linear approximation of the
Bolsig+ calculated frequencies for all cases, as does the election-ion collision frequency (see
Fig. 6.9). The DFTA+Kg, ionization approximation method also follows the general trends
in the Bolsig+ results, and reduces error relative the DFTA method by six orders of mag-
nitude in some cases (see Fig. 6.10). Finally power loss rates due to elastic and inelastic
collisions are similar enough to suggest that reasonable equilibrium temperatures should be
achievable with proposed model (see Fig. 6.11). Together, these findings imply that near-
LTE modeling may be accessible without electron Boltzmann solvers. Next steps required to

validate the model for AC fields in zero-, one-, and two-dimensions is discussed in Chap. 8.
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Chapter 7
CONCLUSIONS

Plasma photonic crystals are a promising technology for high power THz applications.
The ability to control transmission characteristic on microsecond times scales, the presence
of natural plasma resonances in the high GHz and THz ranges, and resilience in the presence
of high temperatures and high amplitude fields makes plasmas particularly well suited.

The study of plasma photonic crystals is a relatively new field. The investigation of
plasma photonic crystals specifically for high power or THz applications is a narrow subset
of an already small field. Furthermore, the construction of THz PPC experimental devices
requires lattice sizes on the order of microns, plasma densities exceeding 10?2 m~3, and high
power THz sources, all of which sit at the limit of, or outside, the capabilities of current
technology. Analytical and numerical exploration of the THz PPCs is therefore strongly
motivated. In this work, three complementary lines of research amenable to analytical or
numerical treatment were developed to address gaps in the current literature.

Due to plasma’s diffuse nature, PPCs cannot support short density-gradient scale lengths.
A systematic understanding of the effect of smooth and discontinuous density profiles on
transmission properties of PPCs is important to understanding and designing future PPC
devices. In the first line of investigation pursued in Chaps. 3 and 4 the effect of smooth versus
discontinuous density profiles in one- and two-dimensional PPCs on transmission character-
istics was explored using a linear, infinitely periodic analytical model, band diagrams, and
group velocity band gap maps.

In both the one- and two-dimensional cases, the shape of the density profile was found

to have a large impact on certain aspects of the PPC transmission characteristics when the



150

plasma frequency of the average density exceeded half the lattice frequency. Discontinuities,
associated with higher order density profile Fourier content, were found to be strongly cor-
related with the width of higher-order band gaps, and an analytical expression was derived
for estimating these widths in the 1D case. High-order interactions of band gaps were also
observed to lead to complex effects like forbidden islands, where band gaps open and close
with increasing plasma frequency. Smooth density gradients in a two-dimensional PPC in TE
polarized waves leads to large flat-band regions associated with surface plasmon resonances.
The width of the flat-band region can be controlled through enforcing discontinuities with
dielectric barriers or components. In all cases, when the plasma frequency is comparable or
large than the lattice frequency, density profile shape becomes yet another parameter that

can be used to design PPC transmission characteristics.

Analytical models of ideal, infinite PPCs are helpful in understanding the theoretical
basis of device response and performance. Numerical models can extend theory to closer
approximate the imperfections and complexity inherent in the physical world, but in a con-
trolled environment. Real THz PPC devices will not only have gradients in plasma density,
but they will be finite in size, they will absorb energy, and they will deform in the presence

of strong fields.

In the second line of research described in Chap. 5, a two-fluid (electron-ion) 5-moment
model is used to explore the impacts of non-ideal and non-linear effects like density profile
shape, finite crystal size, plasma column radius, temperature, and high amplitude fields
on a two-dimensional fully ionized plasma photonic crystal. The non-discontinuous density
profiles in the finite crystals were found to reflect the findings in the ideal analytical study,
and support interpretation of experimental results. The effects of finite photonic crystal size
further clarified experimental transmission spectra interpretation. Non-linear effects due to
plasma heating and plasma deformation in the presence of strong fields indicate that PPCs

are robust in the presence of high power THz EM waves when the plasma is fully ionized.
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Not all of the proposed PPC devices will involve fully ionized plasmas. At sufficiently high
power, further ionization of the surrounding gas is inevitable, resulting in a non-linear PPC
response. This effect can be an unintended side effect, or it can be harnessed intentionally.
Solid state photonic crystals can be functionalized with self-initiated plasmas in resonant
defects to provide passive power modulation. Understanding the plasma’s formation, as well

its interaction with the EM fields, is necessary to the design of high power THz devices.

Modeling of partially ionized plasmas is a complex problem. Thermal equilibrium often
cannot be assumed, requiring the solution of the kinetic Boltzmann equation for each species
and excited state and evaluating collision integrals for tens or hundreds of reactions. Electron
Boltzmann equation solvers simplify this by calculating transport and reaction rates as a
function of electric field strength or electron mean energy for use in fluid models. THz
plasmas are dense, cool, and highly collisional, but still sit just on the edge of local thermal

equilibrium.

In the final line of research (Chap. 6), a reacting three-fluid (electron-ion-atom) 5-moment
model is extended to address collisions and reactions relevant to THz plasmas in near local
thermal equilibrium. The approximations were validated against results from a Bolsig+, a
popular open-source electron Boltzmann equation solver. The approximations were found to
agree reasonably well, considering their simplicity, and imply that near-LTE modeling may

be accessible without electron Boltzmann solvers.

In summary, the transmission characteristics of high power THz PPCs are complex.
Not only do they encompass the photonic band gap behavior of dielectric PCs, the surface
plasmon resonance characteristic of metallic PCs, and non-ideal effects due to finite sized
PPC arrays, but plasma profile shape must also be considered. High power THz waves can
also cause ionization, intentionally or unintentionally, eliciting a whole variety of non-linear
PPC response. Fortunately, simple corrections to plasma reaction rates used in reacting fluid

models, previously constrained to partially ionized plasmas in local thermal equilibrium, have
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promise to extend modeling capabilities into the THz plasma regime.

This work was successful in elucidating several important characteristics of high power
THz PPC devices. Furthermore, the research presented in this dissertation lays the ground-
work for continued investigation in several areas. The next chapter (Chap. 8) outlines these

areas of research in more detail.
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Chapter 8

FUTURE WORK

While this work outlined in this thesis was successful in elucidating several important
characteristics of potential high power THz PPC devices, groundwork was laid for contin-
ued investigation in several areas. Two topics are particularly complementary to the work
already completed: an exploration of partial and complete band gap characteristics of two-
dimensional smooth and discontinuous PPCs using band gap maps, and the investigation of
a theoretical passive plasma enhanced PPC device using the extended reacting three-fluid

model.

8.1 Band gap maps for smooth and discontinuous density profiles in two-
dimensional PPCs

Group velocity band gap maps proved to be a powerful tool in comparing and contrasting
the band gap behavior of smooth and discontinuous 1D PPCs. Two-dimensional PPCs can
likely benefit from the same treatment, but the complex band structure, and two-dimensional
wavenumber space provides challenges visualizing band gap maps in the same way a 1D
PPCs. One approach is to examine the band gap maps for each principal propagation
axis separately. This highlights the existence of partial as well as complete band gaps.
Partial band gaps can be important to preferential wave guiding and can provide a deeper
understanding of dispersion behavior. Future work might involve designing band gap maps
for smooth and discontinuous two-dimensional PPCs that facilitate a deeper understanding

of density profile shape in band gap behavior.
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8.2 THz breakdown in PPC device

A next step in this work would to validate the model in a time-varying simulation with
AC fields. A multi-term, multi-harmonic Boltzmann solver[87] that has been validated for
high GHz and low THz plasmas may be used as a benchmark. Finally, space-varying fields
may be tested in a two-dimensional simulation and validated against the experimental and
simulation work of Parsons and Gregorio for the low GHz frequencies, before being applied

to theoretical THz devices.
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Appendix A
FLOQUET-BLOCH PERIODIC BOUNDARY CONDITIONS

A.1 DMotivation

In periodic problems, there are many cases where the periodicity of waves propagating
through the domain need not be the same as the spatial periodicity of the medium. For
example, while a rectangular crystal lattice can be represented accurately by a unit cell
with periodic boundaries, the electromagnetic waves propagating through that crystal will
be confined to only those that are integer multiples of the crystal period. To allow for other
wavelengths the entire crystal would need to be simulated, and any advantage gained by the
symmetry of the periodic problem would be lost.

Floquet-Bloch periodic boundary conditions allow for medium and EM wave periodicity
to be different, while still only simulating the unit cell. Phase shifts corresponding to the wave
vector of interest are applied to complex electromagnetic fields at the unit cell boundaries.

A separate simulation must be run for each wave vector.

A.2 Theory

A phase shift ¢ can be applied to a wave as it passes a boundary,

F!(x) = F?(x)e’?, (A.1)
F?(x) = Fl(x)e ¥, (A.2)

where
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w =k- a, (AB)

and F is the field variable, superscript 1 and 2 denote the left and right boundaries,
k = 1/\ is the wave vector of the phase shift, and a is vector of periodic lengths in each
direction.

As these boundary conditions are in effect replicating the same symmetry as Bloch the-
orem, they are commonly referred to as Bloch periodic boundary conditions. Similarly, the
numerical model can also be used to find the eigenvalues and eigenstates of the photonic

crystal. For further reading, please see the article by Celuch-Marcysiak, et al [46].
A.3 Implementation in WARPXM

See the Doxygen for src/apps/general_apps/bloch.

A.4 Using Floquet-Bloch periodic boundaries

A.J.1 Mesh requirements

Enough subdomains so that no subdomain will touch itself across periodic boundaries. This

can generally be accomplished with two.

A.4.2  Special variables and boundary conditions

Separate sets of real and imaginary variables are assigned to each subdomain, including the
fluid variables. The real and imaginary variables will be evolved separately, only coupled at
the Bloch boundary conditions.

Separate field variables in the upper and lower domain are necessary to allow for dis-
continuous solutions at periodic boundaries where the phase shift occurs. Considering this
requirement, one of the vacuum domain variables can be assigned to the plasma domain, so

as to reduce the required number of sets of variables (see Figure A.2).
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Figure A.1: Example of a mesh subdomain division necessary for two sets of Bloch periodic

boundary conditions on a 2D domain.

A.4.8 The “bloch_var” WARPy helper class, and simplified input files

The bloch_var helper class can be used to set up all the variables, boundary conditions, and

flux and source apps across two subdomains. Details on the implementation can be found

in the Doxygen for the warpy.helpers.bloch_var class.

Initializing a bloch_var object for each variable

1 field = warpy.helpers.bloch_var(

2 variable_name=’field’,
3 components=[’Ex’, ’Ey’, ’Ez’
4 sorder=sorder,

5 regionl=left_subdomains,

) 13}{ )

) 1337 )

’Bz’],
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Figure A.2: Unit cell domain showing subdomain division. “Top” and “Plasma” contain one
set of field variables, and “Bottom” has another set. Virtual boundary conditions are then

required to pass the solution across the interior (red) and exterior boundary conditions

6 region2=right_subdomains,
7 regionl_periodic=left_periodic_boundaries,
8 region2_periodic=right_periodic_boundaries,

9 regionl2_interface=interface_boundaries)

Setting initial conditions

Wrapper functions for several initial conditions have been created to facilitate applying initial
conditions across the complex and real parts of each sub-region variable. The methods return
a list of initial condition functions. The va_runner is used to apply the initial condition

functions once they are set up, as usual.
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1 va_ics = []

> va_ics += field.ic_sineld(
3 background_value=0.,

1 pert_amplitude=B_norm,
5 wavelength=1.,

6 components=[’Bz’])

7 va_ics += field.ic_sineld(
8 background_value=0.,

9 pert_amplitude=E_norm,
10 wavelength=1.,

11 components=[’Ey’]

12 ha_ic = warpy.host_actions.va_runner (

13 name=’ha_ic’, variable_adjusters=va_ics)

Initial conditions that have wrappers in bloch_var are:

e ic_maxwell_sinc: A 2D sinc function for Maxwell variables.

e ic_fivemoment_pulse: Creates a 2D rectangular array of identical plasma density

columns with the option for parabolic density profile.

e ic_sineld: A minimalist wrapper on the fourier initial condition.

e ic_fourier_square_1d: Uses the fourier initial condition to make a Fourier approx-

imation of square wave, with specified number of terms.

e ic_sine2d: Minimalist wrapper on the sine2d initial condition function.

e ic_setto: Minimalist wrapper on the setto initial condition function.
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Applying fluz and source applications, spatial solvers

Flux and source wrappers have been created for a few common Maxwell and 5-moment model

applications. The wrapper methods return two lists of applications, one for each sub-region.

Currently, they have to be separated and passed to separate spatial solvers. This may be

simplified in the future.

apps_left = []
apps_right = []

# Apps for the fluid

apps_fluids = electron_fluid.apps_euler_field_source(
field=field,
mass=A_e,
charge=charge_e_norm,
skin_depth_norm=skin_depth_norm)

apps_left += apps_fluids[0]

apps_right += apps_fluids[1]

# Apps for the for fields

apps_fields = field.apps_maxwell_flux(
skin_depth_norm=skin_depth_norm,
omega_p_norm=omega_p_tau,
rel_permittivity=epsilon_r)

apps_left += apps_fields [0]

apps_right += apps_fields[1]

# Spatial solvers
spatial_solver_left = warpy.spatial_solvers.dg(
name="dg_left",

spatial_order=sorder,



171

25 applications=apps_left,

26 on_subdomains=1left_subdomains)

28 spatial_solver_right = warpy.spatial_solvers.dg(
29 name="dg_right",

30 spatial_order=sorder,

31 applications=apps_right,

32 on_subdomains=right_subdomains)

Boundary conditions

Everything associated with the Floquet-Bloch specific boundary conditions happen in a single
function call for each variable. The function returns a list of boundary condition variable

adjusters that can be passed to a temporal solver as usual.

va_bc_bloch = []
va_bc_bloch += field.va_bc_bloch(

o

3 k_vector=bloch_k,

| a_vector=bloch_a)

5 va_bc_bloch += electron_fluid.va_bc_bloch(
6 k_vector=[0.0, 0.0, 0.0],

7 a_vector=bloch_a)

Physical boundary conditions are not currently being handled.

Writing out variables

Until now, the four sub variable created for each variable have not been hidden from the

user. To access these variable for write out purposes, a get_vars method has been created.

I variables_left = field.get_vars(region=’regionl’)
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N

variables_right = field.get_vars(region=’region2’)
3 variables_left += electron_fluid.get_vars(region=’regionl’)

1 variables_right += electron_fluid.get_vars(region=’region2’)

¢ writer = warpy.host_actions.writer(
7 name=’writer’,
8 WriteInterval=1000,

9 ReadVars=variables_left + variables_right)

A.5 Example

In the example user_runs\whitney_thomas\ppc\5_moment\bloch_periodic.py a series of
simulations is run with different wave vectors k. Fourier transforms are performed on probe
field data to extract dominant frequencies for each simulations. These frequencies are then
plotted versus wave number to create a dispersion relation, or band diagram, for the crystal

(see Figure A.3).
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Appendix B

LACUNA BASED OPEN BOUNDARY CONDITION
IMPLEMENTATION IN WARPXM

B.1 DMotivation for open boundary conditions

There are many situations in plasma physics (and in fluid dynamics in general) where the
region of interest is small compared to the distances information can propagate over the
simulation time. Say, when a plasma is being irradiated by microwaves that aren’t entirely
absorbed, or plasma waves produced near a wall from sheath formation propagate into the
bulk plasma, or a hurricane moving in a jet stream. If an artificial wall is simulated at
the edges of the regions of interest, wave energy will be reflected back into the domain,
skewing results. If the domain was made large enough that information could not reach the
boundaries during the simulation, then large amounts of computation time would have to be
spent advancing an effectively useless solution.

To solve this problem, boundary conditions that allow information to pass freely out of
a simulation domain are necessary. While a number of simple open boundary conditions
are adequate over short periods or with linear hyperbolic equations (zero normal derivative
(ZND), or perfectly matched layers (PML)) they will accumulate error over long simulations,
or mixed parabolic-hyperbolic systems.

A lacuna-based open boundary condition (LOBC) is proposed by E.T. Meier, et al, in
[100]. The LOBC works by passing the interior solution to an exterior auxiliary variable
via a source term. The auxiliary solution is then effectively damped out before reaching
the exterior boundary, ensuring that information about the boundary cannot re-enter the

interior domain.
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B.2 Lacuna-based open boundary condition theory

The lacuna-based boundary condition (LOBC) is based on the fact that after a wave has
passed, a fluid will return to its previous state. This quiescent region immediately following
a wave is called a lacuna. The LOBC takes advantage of this idea by assuming that the
lacuna of a wave is in the same state than if that wave had never passed by. In this case, if
an earlier wave were suddenly “deleted” from the history of an auxiliary variable, the later
solution will not be effected, leaving the boundary of the interior domain unchanged.

To see this in practice, we take an arbitrary PDE, written in flux-source form,

X4V Fla) = S(a), (B.1)

where ¢ is the interior variable, I is the flux, and S is the source. An exterior variable w

is advanced with a similar system, except that it includes an extra source term €(q),

ow
a5 V- -F(w)=S(w)+Q(q). (B.2)

The variables w and ¢ are related through a transition variable p, which varies smoothly
from 0 in the interior to 1 in the exterior region (see Figure B.2). The source term functions
to transfer the interior solution to the auxiliary solution so that w = ¢ at the open boundary
(the boundary between the transition and exterior regions). The value of w just outside this
boundary is used as the boundary condition on q.

This set up alone will not prevent information from reflecting off of the exterior boundary
and re-entering the interior domain through the boundary condition on ¢. To prevent this,
the solution on w is periodically reintegrated with source 2(q) = 0 for some period of
time. This effectively erases the leading edge of the wave front. When the reintegration
and quiescent times are chosen appropriately, the wave front will always be erased before

reaching the exterior boundary.
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Figure B.1: LOBC domain schematic [100] (left), and a 2D EM wave pulse propagating into

an LOBC exterior domain and subsequent reintegration [101](right).

B.3 WARPXM implementation details

WARPXM is well suited for efficient implementation of the LOBC. The code is modular:
new boundary conditions, source terms, and equation sets can easily be added without
touching much of the code. Variables and equation sets can be assigned to single or multiple
subdomains, allowing auxiliary variables to only exist and be evolved in auxiliary domains.

Differing slightly from the method described in [100], the auxiliary solution was not rein-
tegrated periodically. Instead, a second auxiliary variable wjeune Was evolved simultaneously
with the source term set to zero for some amount of time following a “reintegration.” At
what would have been a reintegration time, the solution contained in wjeynq is swapped with
that in w. After the swap, the wiseung 1S zeroed. The cycle is repeated over the duration of

the simulation.
Evolving a second auxiliary variable prevents having to store source values and perform
the periodic reintegration, which would require significant modifications to the WARPXM

framework. This also spreads out the load of the reintegration over all time steps. Swapping
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pointers for w and wigeuna, instead of copying further reduces memory usage and time.

The structure of the problem setup is as follows:

A mesh is created the has, at a minimum, an interior and exterior subdomain with a

transition subdomain separating the two.

Interior variables and equation sets are initialized as usual on the interior and transition

subdomains.

Auxiliary variables w and wj,cune and their equation sets are initiated on the transition

and exterior subdomains.

On the transition subdomain alone, the transition variable is initialized and its gradient

calculated.

The gradient, along with the flux application for the interior variable ¢ is passed to
auxiliary variable source term €2 for w and wigeune. The source term for wi,euna also
includes a reintegration and lacuna time period to determine when to set the source

to zero.

A boundary condition on the transition-exterior boundary assigns values of w to the

ghost values of q.

As the simulation advances a reintegration time period, set by the user, triggers w and

Wigeuna t0 be swapped, and then zeros wizcuna -

To implement the LOBC in WARPXM, the following new capabilities were added:

LOBC source term for ©(q).
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e A timed variable swap host action, which takes the place of the auxiliary variable

reintegration.

e Generic virtual boundary condition that copies one variable to the ghost cell of another.

This is used for the open boundary condition on g¢.

e Helper functions to simplify simulation setups that use LOBCs.

B.3.1 The LOBC source application

To find an appropriate expression for the source term €)(q), we can replace all the ws in Eq.

B.2 with the equivalent pug,

9 | ¥ () = S(pa) + ). (.3)

1 is not a function of time, and assuming that I and S are linear functions of ¢, then we

can extract u to get,

Jq

gy TV - uE(a) = pS(a) +Q(a). (B.4)

Performing a vector-scalar product rule, and collecting terms we get

dq

2@ = (G247 Fl@) - S(@) + Fla) - T (B.5)

The expression in parentheses is the evolution equation for ¢, and is equal to zero. What
remains is a simple equation for €2(¢) that depends only on the flux F'(¢) and the gradient

of the transition variable:

Qaq) =F(q) - Vp (B.6)
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In the implementation for WARPXM, an application is created that takes as inputs
the flux application for ¢, as well as the gradient of u ([Op/0x, Ou/dy, On/0z]) calculated
previously. The application is also made time dependent, so that it may be turned off during

the quiescent period in the reintegration variable such that,

Qq,t) = L) F(q) - Vi, (B.7)

where £(t) = 0 for nt,eine < t < Ntreint + tiacuna, m = 1,2, 3, .., and one at all other times.
The flux F'(¢) is the same analytic flux as calculated in the evolution equations for g. To

make the source app general use (regardless of problem being solved), the app is passed a

flux app in the input file.

<w_lobc_source>
Type = application
Kind LOBC_SOURCE

ReintegrationTime = 2.0

LacunaTime = 0.0
ExteriorVariable = [6, 7, 8, 9, 10, 11]
GradientMu = [18, 19, 20]
InteriorVariable = [0, 1, 2, 3, 4, 5]
<q-flux_app>

Type = application

Kind = maxwell

skin_depth_norm = 1.0

omega_p-norm = 1.0

Field = [0, 1, 2, 3, 4, 5]
</q-flux_app >

</w_lobc_source>

When the setup() of the LOBC source (wmapplication_lobc_source.cc) is called

during simulation initialization, the crypt set is searched for an application

std :: vector<std ::string> names = wxc.getNamesOfType(” application”);
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If one is found the cryptset for the flux application block is extracted, and used to create

the WmApplication object _flux_app.

if (names.size()==1)

{
const WxCryptSet& subwxc = wxc.getSet (names[0]);
_flux_app . reset (WxCreatorMap<WmApplication >::getNew (subwxc. get<std :: string >("Kind”)));
_flux_app-—>setup (subwxc);

and finally the setup function for that application is called.

During the simulation the internal_flux () function of the _flux_app is called and used

to calculate the source term at that node

// Calculate the internal flux
std :: vector<std :: vector<real>> internalFlux (pEG—>num_dims,std :: vector<real> (num-_components,0.));

_flux_app-—>internal_flux (q, aux, pEG, internalFlux);

if (std::fmod(t, -reint_time) >= _lacuna_time)

{

for (size_-t i=0; i < num_components;++i)

{

for (size_-t j = 0; j < pEG—>num_dims; —++j)

{

source[i] 4= aux[j] * internalFlux[j][i];

B.3.2  Reintegration: the fill_value and timed_swap host actions

Performed with the £ill_value and timed\_swap host actions.
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B.3.3  Boundary condition at the open boundary

WARPXM treats normal boundary conditions by assigning values to the nodes on ghost
elements (additional elements that WARPXM appends to the element list from the imported
mesh). VBCs differ from normal boundary conditions in WARPXM in that there are no ghost

elements created on these interior subdomain boundaries.

B.4 Using LOBCs in WARPXM

Applying these open boundary conditions are more involved than typical boundary conditions

in WARPXM.

1. Predetermine the boundary condition reintegration and quiescent times based on physics
of the problem B.4.1. Use these times and known wave speeds to determine necessary

size of transition and exterior regions.

2. Create a mesh with two extra subdomains on the open boundary for a transition and

exterior region (Section B.4.2) using sizes calculated in the previous step.
3. Set up the interior problem. This process does not changed.

4. For the open boundary condition extra variables need to be initialized for two sets of

exterior variables, a transition parameter, and the gradient of the transition parameter.

5. Initial conditions applied to exterior physical variables, and an appropriate profile

assigned to the transition variable.

6. Create apps for exterior variable physical fluxes and sources, as well as a transition

region source for passing the interior to the exterior variables.

7. Apply boundary conditions on the interior and exterior physical variables.
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8. Create Variable Adjusters for the transition variable gradient calculation, boundary

conditions, and exterior variable swapping and zeroing.

9. Set up Spatial Solvers and a Time Integrator.

Steps 3-9 have been automated through a WARPy helper class. Its use is described in

Section B.4.3 and further detail on implementation in Section B.5

B.4.1 Choosing reintegration and quiescent time periods

Reintegration and quiescent time periods should be chosen so that the fastest wave speed in
the system will not travel the width of the exterior region (or twice that width if reflection
is allowed) during a reintegration period.

If a is the fastest wave speed, L. and L; are the exterior and transition domain widths,

some advisable bounds on times are

tintegration S Le/a + tquiescent : tquiescent ~ Lt/a- (BS)

B.4.2 Mesh

To run a simulation with an LOBC a mesh file must be created with at least three subdomains

(names of domains listed bellow are suggestions only):

e “interior” - The interior subdomain can either be all of the normal simulation domain
(excepting the transition region) or just the region in the domain adjacent to the

transition region.

e “transition” - The transition subdomain is part of the normal simulation domain and
completely separates the interior from the exterior subdomains. The transition region

should be at minimum 10 elements across.
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e ‘“exterior” - This is the only region that is outside the normal simulation domain. The
only subdomain it shares a boundary with is the transition subdomain. The larger
the exterior domain, the larger the added computational cost, but the less frequent
reintegrations need to occur. As reintegrations add very little to computation time in
this implementation, it is better to have a smaller exterior subdomain. 3 to 4 times

the width of the transition region is sufficient.
And two node sets:
e “transBoundary” - Separates the interior and transition subdomains.

e “openBoundary” - Separates the transition and exterior subdomains. Also constitutes

the normal simulation domain boundary.
e And any physical boundaries on the transition and exterior subdomains.

The WARPy input file is created in the normal way. Variables, initial conditions, apps,

variable adjusters, and spatial solvers can be created for the interior subdomains as usual.

B.4.3 Creating the open boundary condition: the WARPy LOBC' helper object

To facilitate initializing LOBCs in WARPy input files, a helper object was created to au-
tomate the setup of all variables, apps, sources, and boundary conditions on the transition
and exterior domains.

Once the interior problem has been set up, a warpy.helper.lobc object is created for

each interior variable (see below).

lobc_.q = warpy. helpers.lobc(
interior_variable = q,
sorder = sorder,

lacuna_time = lacuna_time ,
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reintegration_time = reintegration_time ,

interior_subdomains = interior_subdomains ,

tran_subdomains = tran_subdomains,

exterior_subdomains = exterior_subdomains ,
interior_to_transition_boundary = interior_to_transition_boundary ,
open_boundary = open_boundary ,

exterior_boundary = exterior_boundary ,

other_tran_subdomain_boundaries = None

The lobc object contains a list of attributes describing the lacuna time, reintegration
time, spatial order, and the names of subdomains and boundaries specific to that LOBC,
as well as a number of functions for creating the host actions associated with the LOBC:
auxiliary variable initial conditions, transition variable gradient calculation, LOBC auxiliary
variable temporal solver, and the reintegrated solution swapping and zeroing.

After the object is created, the following object function calls will execute the setup:

1. Create an initial condition applicator or LOBC specific variables:

ic_applicators_lobc = q_lobc_right.vars_setup (
direction = [1, 0, 0],
center = transition_center ,

transitionwidth = transition_width

2. Create host action for calculating the transition variable gradient before the first time

step:

host_action_lobc_mu = q_lobc_right.calc_dmu ()

3. Create the temporal solver for the transition and exterior domains. This first requires

the user to setup physics fluxes, sources, and boundary conditions for auxiliary vari-
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ables, as these will depend on your particular problem. Several functions have been

created to facilitate the process:

# Setup physics fluxes and sources
app-flux_.w , app_flux_wlacuna = g_lobc_right.apps_flux_maxwell (
skin_depth_norm = skin_depth_norm ,

omega_p_norm = omega_p-norm

# Setup physics boundary condition apps. TODO: make easier.

# if not set, warpxm will assume copyout

Once setup, the physics apps can be passed to the temporal solver creator:

temporal_solver_lobc = q_lobc_right.create_temporal_solver (
torder = torder ,
apps_flux_interior_var [app-flux_q],
apps-source_interior_var = None,
apps-flux_aux_vars = [app-flux_.w, app-flux_wlacuna],
apps-source_aux-vars = None,

apps-bc_physics = None

A separate host action is created that performs the reintegration variable swapping
and zeroing, which must happen before each time step (and therefore requires its own

host action):

host_actions_lobc_pre_ti = q_-lobc_right.create_pre_ti_hostactions ()

Finally, the auxiliary variables can be accessed to include them in any variable write

out host action:

writer = warpy.host_actions. writer (
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name = ’writer ',

ReadVars = [q, lobc_q.w, lobc_q.wlacuna, lobc_q.mu, lobc_q.dmu]

The host actions created can then be passed to the warpy.dg_sim object as follows:

sim = warpy.dg-sim (
name = ’lobc_maxwell_2D 7,
meshes = [mesh],
initial_conditions = ic_applicators + ic_applicators_lobc ,
extra_start_host_actions = [host_action_lobc_mu],
temporal_solvers = [temporal_solver, temporal_solver_lobc],
pre_ti_host_actions = host_actions_lobc_pre_ti ,
writers = [writer],
time = [0, dt_-final],
dt_controller = dt_controller ,
flexible_writeout = False,
write_steps = write_steps ,
verbosity = ’info’

B.5 The LOBC WARPYy helper object

The following are the steps preformed internally by the lobc helper object.

Variables to be initialized:

e Interior variables: These are the simulation variables, and are initialized everywhere

in the normal simulation domain

— Subdomains: “interior”, “transition”
— Virtual subdomains: “exterior”

— Initial condition: what ever is necessary for the problem
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e Exterior variables w and wj,cune: This are the auxiliary variables that the interior

solution is passed to through the source term in the transition region.

— Subdomains: “transition”, “exterior”
— Virtual subdomains: None

— Initial condition: must be consistent with the interior variable such that w = pugq,

where ¢ is the interior variable.

e Transition variables p and Vu: The transition variables only exist in the transition

region
— Subdomains: “transition”

— Virtual subdomains: None

— Explodable: False (This prevents WARPXM from creating copies of the variable

for Runge-Kutta intermediate values.)

— Initial condition: g must be a C' continuous function with the boundary condi-
tions ptlime = 0, ptlexe = 1, and Vo - ffinteae = 0, where 1 is the normal at the

interior or exterior boundary.

— Caution!: When Vy is calculated from a specified p with a gradient variable
adjuster, boundary values of p must be specified. Setting zero Neumann (zero

first derivative) boundary conditions on all physical boundaries is sufficient.

As only Vyu is required, and if it is known can be specified without having to

initialize px and calculate its gradient.

B.5.1 Assigning flux and source applications

Physics apps for fluxes and sources are assigned to the interior and exterior variables alike.
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In addition to the physics apps, an LOBC source (£2(¢q)) is applied only to the exterior

variables, and only in the transition subdomain.

B.5.2  Setting virtual and traditional boundary conditions

e Non-LOBC boundaries are set as usual.

e Physical boundary conditions on the exterior subdomain should not cause backward
propagation of information through the open boundary in the time between reintegra-
tion. Zero Neumann or a continuation of the physical boundary conditions from the

interior domain are good options.

e Boundary condition on p should be zero Neumann (zero gradient) on all transition

subdomain boundaries.

e Boundary condition on “transitionBoundary” for auxiliary variables should be a zero

Dirichlet.

e Boundary condition on “openBoundary” for interior variables will use the virtual

boundary condition.
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B.6 Example: 2D Maxwell equations

The example in Figure B.2 was run using the 2D_maxwell_lobc.py input file. The boundary
conditions in y are conducting wall. A wave train emanates from the right boundary and
passes through transition region to the auxiliary variable. In the last frame, the auxiliary
solution has been reintegrated and wave front has receded from the left wall. The domain is
0.5 X 7 nu, the normalized speed of light is 1, and the quiescent and reintegration times are

4 and 6, respectively

interior transition exterior
region region region

Figure B.2: A 2D EM wave propagating into an LOBC exterior domain and subsequent

reintegration.
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Appendix C

COLLISIONAL OPERATORS FOR VARIOUS PLASMA
MODELS

In this appendix collision operators for elastic and inelastic collisions are reviewed. Start-
ing with the Boltzmann-type collision operators, and then summarizations of corresponding

simplified models used in the Bolsig+ and the Meier reacting 5-moment model.
C.1 Boltzmann-type collision operators

The classic Boltzmann collision operator for elastic 2-body collisions

f / ! 2
_— e Va v — Va v O 5 deU C
. //[f( )1 (vg) = f(va) f(vs)]g0as(g: x) 8 (C.1)

where primes denote distribution functions after the collisions, g = |v, — Vj| is the relative
speed between species, gas(g,x) is the differential cross section at relative speed g and
scattering angle x, and Q is the differential solid angle. Zhdanov [102] expands this to

arbitrary excited, molecular, and atomic species

dfai 4o df
dt +'U-Vfaz+m—a(E+’UXB> Vfaz—dt

4
dt

(C.2)

coll react

where
fai - fa(’r,'v,t,i) (CS)
and ¢ denotes the excited state. The collision integrals, as described by Wang-Chang and

Uhlenbeck(], for binary elastic and inelastic collisions (momentum transfer, excitation, and

de-excitation)
4
dt

Z > T (faiks) (C.4)

coll Gkl
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where ¢ and j are the excited states for species a and /3 before the collision, and k£ and [ are

the excited states after. The collision integral is defined as
Klip ¢\ _ SaiS8j w g o 7 Q C
Jij (fazfﬁ]) - fakf,@k fazfﬁj gaaﬁ(Z]|kl7 g, X)d d’vlﬁ- ( 5)
SakS1p1
Binary reactions of the form [103]
Ay +Ag < A, + A (C.6)

have the following collision integral

df 1 S0iSsi (mams)’
= 55 E // (f’/}’kf(/ieltal xps <m‘1m5> _fcxifﬂj) 90257§(ij|kl,g,X)de'vlﬁ'
1146

react By gkl S’yk Sdeltal
(C.7)

dt
Coulomb collisions theoretically have an infinite interaction potential that falls of like 1/r,

which would require each charge particle interact with every other. Due to Debye shielding,
the interactions of particles through electromagnetic fields is separated into long range, or

collective fields, and short range interactions within the Debye sphere.
C.2 Bolsig+ collision operators

The collision operators in Bolsig+ are separated into two-types: isotropic and anisotropic.
Isotropic collision operators are indicated by a subscript 0. Anisotropic collision operators
are indicated by a subscript 1, and often neglected for simplicity, as their total contribution
is often small. See references [17] and [17] for more details.

Elastic collisions

~ 2m 0 2 kBTk 8F0
=elastic — VI F a9 :
Co, k=elast ka;Mk 9% [5 o ( 0+ P )] (C.8)

where z, M, and T} are the mole fraction, mass, and temperature of target species k,
respectively. This assumes Maxwellian velocity distributions for all target particles.

Ionization for equal sharing of energy between incoming and emitted electrons
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é[),k:ionization = —YTk [€O'k<€)F0(€) — 2(28 + uk)ak(Qa -+ uk)Fo(Zs + uk)] (09)

Here wuy is the threshold energy for the reaction. For primary electron taking all energy

é’o’k:ionizmon = —ka[aak(a)Fo(a)—(£+uk)ak(s+uk)F0(6+uk)]+5(£)7xk/ uog(u) Fo(u)du.
0

(C.10)
The last term deposits secondary electrons at zero energy.
Recombination/Attachment
éO,k:attachment = —YTrETK (€)F0(€) (Cll)

Electron-electron collisions and electron-ion collisions are more complex and are

not repeated here for brevity. Details can be found in [91].

C.3 Collision operators for Meier reacting 5-moment model

In the Meier reacting 5-moment fluid model[15], reacting collision operators for ionization,

recombination and charge exchange are defined as

O:‘zon = _fn/fevrelgion(vrel)dvy (C]_Q)
Cion — _cion _ . / fotretion(vret) s, (C13)
Cgec = _fi/fegarec(vrel)dvy (C14)
Cgﬂec - _fi/fego-rec(vrel)d’v, (015)
077;80 = e fe / figrecvreldv + ﬁfz / fegrecvreldva (016)
my my,
Clcx = fn / fiacxvreldv - fz / fnacxvreldv, (Cl?)

m

cr __
Ct =

ifi/fno-cxvreldv‘i_%fn/fio-cxvreldv, (C18)

My
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C.3.1 Moments of the ionization integral

The Meier model makes the assumption that the electron thermal speed is large compared

to the drift speed vr. > v, and T, > T;, therefore v, =~ w, so the inner integral becomes

/fevrelarec<vrel)dv ~ /fe(w)o-rec(w)dw = TNe <Jionue> (019)
0th Moment
/C’ff”dv ~ T = —neng (Oiontle) = —T1" = —T%", (C.20)
Here I7¢*“! is the reaction source rate for species a.
1st Moment
/mivC’f""dv ~ mv, " (C.21)
2nd Moment
lons:
1 . VA | .
/ S Cidv ~ Zn (I’;‘mémnvi + Q;f”) (C.22)
Electrons:
1 2 rion e z'on1 2 ion on
—mv°C"dv ~ L —mpvs + Q0" | — I Yion (C.23)
2 My, 2
Neutrals:
1 2 rvion ionl 2 ion
MY Ci"dv ~ — | T 5 Mnn + QX (C.24)

where Q" = T"3kT,, is the transfer of internal energy. See Meier paper for derivation

of recombination and charge-exchange.
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