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Quantum chemistry traditionally focuses on solving the non-relativistic Schrödinger equa-

tion to model chemical systems. Although the Schrödinger equation can be quite accurate

for systems composed of light atoms, special relativity must be considered in the presence

of heavy elements where electrons approach the speed of light or in spin-driven processes.

While many-body methods developed for the Schrödinger equation have been adapted for the

Dirac equation, solving the latter is more computationally demanding. To mitigate this chal-

lenge, approximations have been introduced to reduce the complexity of the Dirac problem.

Additionally, Dirac-derived perturbative corrections to the Schrödinger equation have been

developed to selectively account for key relativistic effects. This Thesis explores the motiva-

tions behind different approximations to the many-body Dirac equation. In particular, the

state interaction method for approximating vector relativity is examined within configura-

tion interaction and linear response time-dependent density functional theory. A benchmark

study comparing state interaction and fully variational treatments of vector relativity is also

presented. Beyond exploring the theoretical foundations and performance of these methods,

this Thesis highlights the chemical relevance of relativistic effects. Specifically, it presents the

application of relativistic methods to elucidate the UV-vis spectra of Au25 nanoparticles. Ad-

ditionally, it investigates the intersystem crossing mechanism of an organic photosensitizer,

underscoring the necessity of special relativity even for light elements.
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1

Chapter 1

OVERVIEW OF ELECTRONIC STRUCTURE METHODS

“The underlying physical laws necessary for the mathematical theory of a large

part of physics and the whole of chemistry are thus completely known, and the

difficulty is only that the exact application of these laws leads to equations much too

complicated to be soluble. It therefore becomes desirable that approximate practical

methods of applying quantum mechanics should be developed, which can lead to

an explanation of the main features of complex atomic systems without too much

computation.”

– Paul Dirac

When asked about my profession, I say that I am a theoretical chemist specializing in

quantum chemistry. The person asking typically gives one of two responses. One response is

eye-widening fascination, envisioning a world of magician-scientists who develop multiverse

teleportation devices and vibranium-powered super-armor that can deflect a nuclear warhead.

The other response is an eye roll, seeing me as lost in the ivory tower, preoccupied with trivial

and esoteric pursuits disconnected with the real world. The latter reaction usually comes

from my family and experimentalists. In reality, quantum chemistry is simply applying

quantum mechanics to solve chemical problems.

The development of quantum mechanics was driven by the pursuit of understanding

spectroscopic phenomena and systems of atomic scale or smaller. It is only natural to apply

quantum mechanics to chemistry as all chemical systems are essentially interacting electrons

and nuclei. The governing equations for these systems have been known exactly for nearly a

century. However, these equations are too complex to be solved exactly in an efficient and

timely manner. Therefore, it is essential to seek approximations to extract meaning from
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these equations.

Quantum mechanics hinges on the Schrödinger equation

ĤΨ(t) = iℏ
∂

∂t
Ψ(t) (1.1)

where Ψ(t) is the wave function of the system at time t and Ĥ is the Hamiltonian which

describes the energy of the system. In its time-independent form, the Schrödinger equation

is written as

ĤΨ = EΨ (1.2)

where E is the energy of the system at a state described by Ψ. There are infinite but

countable possibilities of states Ψ for a Hamiltonian of a bound system. The ground state is

described by the lowest energy wave function whereas other higher energy states are called

excited states. The Hamiltonian for a general molecule is

Ĥ = −
∑
A

ℏ2

2mA

∇2
RA

−
∑
i

ℏ2

2me

∇2
ri
−
∑
iA

ZA

4πϵ0riA
+
∑
i<j

1

4πϵ0rij
+
∑
A<B

ZAZB

4πϵ0RAB

(1.3)

where mA is the mass of nucleus A, me is the mass of the electron, ZA is the charge of nucleus

A, RA is the position of nucleus A, rij is the distance between electrons i and j, riA is the

distance between the electron i and nucleus A, and rAB is the distance between atoms A and

B. From here on, this Thesis will use atomic units (ℏ = me = 4πϵ0 = 1). Because the nuclear

mass is much larger than the electron mass, it is typically acceptable to invoke the Born-

Oppenheimer approximation and solve the Hamiltonian in terms of electronic coordinates

while fixing nuclear positions. This Hamiltonian is called the electronic Hamiltonian Ĥe.

Ĥe(r;R) = −
∑
i

1

2
∇2

ri
−
∑
iA

ZA

riA
+
∑
i<j

1

rij
+
∑
A<B

ZAZB

RAB

(1.4)

The electronic problem can be solved at various nuclear positions to construct a potential

energy surface V̂N that can be used to solve the remaining nuclear portion of the Schrödinger
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equation.

ĤN(R) = −
∑
A

ℏ2

2mA

∇2
RA

+ V̂N(R) (1.5)

This Thesis mainly focuses on solving the electronic Schrödinger equation. The subscript

indicating the electronic Hamiltonian is dropped for brevity. Because the nuclear-nuclear

interaction term is a constant in the electronic Hamiltonian, it is omitted when solving the

electronic Schrödinger equation as it only provides a constant shift to the electronic energies.

The equations governing a general molecule are exactly known. Even with the Born-

Oppenheimer approximation, the Schrödinger equation does not have known analytical so-

lutions for systems with more than one electron. Solving the Schrödinger equation on a

numerical grid also becomes unfeasible as the dimensionality grows exponentially with the

number of electrons. Any practical application of quantum chemistry relies on approxima-

tions. Over the years, a wealth of techniques have been developed to approximately solve the

electronic Schrödinger equation. Each technique possesses its advantages and disadvantages

and is chosen based on the characteristics of the system, desired accuracy, and properties of

interest.

Most ground state techniques utilize the variational principle, which states that mini-

mizing the energy expectation value of some function with respect to its parameters results

in the closest approximation to the ground state wave function within that functional form.

This function is also known as the trial wave function. Application of the variational prin-

ciple manifests in a multitude of forms. In spectral methods, where the Hamiltonian is

represented by a matrix within a finite basis, the trial wave function is a linear combination

of basis functions where the linear combination coefficients are the variational parameters.

Minimizing the energy with respect to these coefficients through the Lagrange undetermined

multiplier method culminates in a generalized eigenvalue problem

HC = SCE (1.6)
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where H is the matrix representation of the Hamiltonian, S is the basis overlap matrix, C

is the matrix of eigenvectors which represent solutions to the Schrödinger equation, and E

is the diagonal matrix of eigenvalues corresponding to the energy of the states represented

in C.

1.1 Hartree-Fock Approximation

The Hartree-Fock approximation reduces the many-body problem into an effective one-body

problem by approximating the molecule as a system of non-interacting electrons where each

electron only experiences an averaged potential from all other electrons. This approximate

Hamiltonian is called the Fock operator

F̂ =
∑
i

f̂i = −
∑
i

1

2
∇2

ri
−
∑
iA

ZA

riA
+
∑
i

V̄i =
∑
i

ĥi +
∑
i

V̄i (1.7)

where V̄i is the Hartree-Fock potential experienced by electron i. The operator ĥi is called the

core Hamiltonian, which encompasses the kinetic energy operator and all interactions apart

from electron-electron interactions. The Fock operator does not have coupling terms between

different electrons, allowing the Fock operator to be separated into a sum of one-electron

Fock operators. The resulting one-electron Schrödinger equations, called one-electron Fock

equations, can be solved independently, yielding one-electron wave functions called an orbital

ϕ(xi) with a corresponding orbital energy ϵi. Though spin is not a parameter of the Hamilto-

nian, spin must be included a posteriori to satisfy the fermionic nature of the electron. Thus

two spin orbitals {χα, χβ} arise for each orbital solution to the one-electron Fock equation.

{ϕ(xi)} → {ϕ(xi)α(i), ϕ(xi)β(i)} = {χα(xi), χ
β(xi)} (1.8)

Since each electron is indistinguishable, it suffices to only solve one of the one-electron Fock

equations. The solution to the many-body Fock equation is an anti-symmetrized product of
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spin orbitals called a Slater determinant,

|χ1 . . . χN⟩ =

∣∣∣∣∣∣∣∣∣
χ1(x1) . . . χN(x1)

...
...

χ1(xN) . . . χN(xN)

∣∣∣∣∣∣∣∣∣ (1.9)

where N is the number of electrons. The orbitals included in the Slater determinant are

said to be occupied. The Pauli exclusion principle only allows one electron to occupy each

spin orbital. The ground state Slater determinant is constructed by occupying the N -lowest

energy spin orbitals. The Slater determinant is an exact solution to the Fock Hamiltonian.

Because the Fock Hamiltonian does not actually describe the system of interest and only

used to obtain an approximate wave function, the Slater determinant expectation value of

the actual Hamiltonian is defined as the Hartree-Fock ground state energy.

The one-electron Fock equation is solved using the spectral method within a basis repre-

sentation.

FC = SCE (1.10)

A popular choice of basis functions is a set of real-valued atom-centered functions that are

products between a Gaussian and a solid harmonic. The basis functions are often referred

to as the atomic orbitals (AOs). This basis is not necessarily orthonormal, resulting in a

non-unity overlap.

Sµν = ⟨µ|ν⟩ (1.11)

Eigenstates of the Fock operator are called molecular orbitals (MOs) and are expressed as a

linear combination of basis functions with the coefficients given by C.

|p⟩ =
∑
µ

Cpµ|µ⟩ (1.12)
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The Fock matrix elements can be written as

Fµν = ⟨µ|ĥ|ν⟩ +
∑
λκ

Pλκ[(µν|λκ) − (µλ|κν)] (1.13)

where Pµν is the density matrix.

Pλκ =
N∑
i=1

CiλCiκ (1.14)

Since the Fock matrix and MO coefficients are mutually dependent, Equation (1.10) is not

a simple generalized eigenvalue problem. Instead, the Hartree-Fock problem is a non-linear

eigenvalue problem in which the coefficients must be solved iteratively, with the Fock matrix

updated at each iteration using the new coefficients, until self-consistency is achieved.4,5

The Hartree-Fock approximation seldomly models molecules well. Hartree-Fock theory

predicts unphysical degeneracy breaking of Kramers pairs since the majority spin experiences

greater stabilization from exchange. This can be avoided with a Kramers-restricted formalism

but this approximation is still far from adequate for describing most open-shell systems.

The energy missing from the inadequate treatment of electron correlation by the Hartree–

Fock approximation is called the correlation energy.4,5 Electron correlation can roughly be

categorized as dynamic or static. Dynamic correlation arises from the dynamic interaction

between electrons through the Coulomb interaction and the Pauli exclusion principle. Static

correlation arises from deficiencies in the wave function ansatz. The Slater determinant

ansatz is unable to treat mixing between different configurations arising from degenerate

ground states and the presence of near-degenerate excited states. Such systems are said

to be multi-reference, as opposed to single-reference. Both the missing dynamic and static

correlation can be remedied by moving to an ansatz where the wave function is a linear

combination of Slater determinants. If static correlation is not an issue, dynamic correlation

can be treated by replacing some Hartree-Fock exchange with an empirically parameterized

exchange-correlation functional Vxc. The resulting method is called Kohn-Sham density

functional theory (DFT).6 The Hartree-Fock approximation and Kohn-Sham DFT have very
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different theoretical underpinnings, but are practically more-or-less the same. Both methods

reduce the many-body electronic Schrödinger equation to a one-body non-linear eigenvalue

problem with a Slater determinant wave function ansatz, which is why both methods are

referred to as self-consistent field (SCF) methods. Equation (1.13) can be rewritten to

encompass both methods

Fµν = ⟨µ|ĥ|ν⟩ + Pλκ[(µν|λκ) − 1

2
(1 − x)(µλ|κν)] + x⟨µ|Vxc|ν⟩ (1.15)

where x = 1 if Vxc is a pure functional, x ∈ (0, 1) if Vxc is a hybrid functional, or x = 0

for the Hartree-Fock approximation. Further discussion is required to fully encompass the

complexities of DFT. However, the scope of the Thesis only demands an introduction to

Kohn-Sham DFT and the exchange-correlation functional. Further discussions of DFT can

be found in Koch and Holthausen.6

Both Hartree-Fock and Kohn-Sham DFT poorly captures excited states. In both meth-

ods, excited states are Slater determinants representing configurations other than the ground

state configuration. Because the Hartree-Fock and Kohn-Sham potentials are constructed

with respect to the ground state configuration, electrons in any other configuration still

experience the same ground state-derived potential. This is problematic because each con-

figuration manifests a different Hartree-Fock/Kohn-Sham potential.4

Despite these shortcomings, both methods serve as the gateway to better approximations

to the electronic Schrödinger equation. As previously mentioned, electron correlation can

be captured by taking linear combinations of Slater determinants. This simply arrives from

seeking a spectral solution of the many-body Schrödinger equation in a Slater determinant

basis.

1.2 Second Quantization

Second quantization is a convenient language to express many-body quantum mechanics. In

this language, Slater determinants are mapped onto a Fock state, a vector of occupation
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numbers ordered by the orbital indexing,

|I⟩ = |n1 . . . np . . . nN⟩ (1.16)

where np is the occupation number for orbital p. Slater determinants and their Fock states

are written interchangeably as |I⟩ with their interpretation inferred from context. The inner

product between Fock states are defined as

⟨I|J⟩ =
∏
p

δnI
pn

J
p

(1.17)

where nI
p is the occupation number for orbital p in Slater determinant |I⟩, assuming that

the Slater determinants share the same underlying orbitals. The two cornerstones of second

quantization are the creation a†n and annihilation an operators.

a†p|n1 . . . np . . . nN⟩ = (−1)Pp |n1 . . . np + 1 . . . nN⟩δnp0 (1.18)

ap|n1 . . . np . . . nN⟩ = (−1)Pp |n1 . . . np − 1 . . . nN⟩δnp1 (1.19)

Pp =

p−1∑
i=1

ni (1.20)

Creation and annihilation operators of the same orbital are adjoint to each other. They

observe the anti-commutation relationships

a†paq + aqa
†
p = δpq (1.21)

a†pa
†
q + a†qa

†
p = 0 (1.22)

apaq + aqap = 0 (1.23)

The language of second quantization establishes a link between the Slater determinant basis

and the orbital basis. A many-body operator Ω̂ written a sum of one-body operators Ôi
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acting on electrons i can be expressed as

Ω̂1 =
∑
i

Ôi =
∑
pq

Opqa
†
paq (1.24)

Similarly, a many-body operator Ω̂ written a sum of two-body operators Ôij acting on

electron i and j can be expressed as

Ω̂2 =
∑
i<j

Ôij =
∑
pqrs

Opqrsa
†
pa

†
rasaq (1.25)

A Slater determinant basis matrix element of a many-body operator of the forms shown in

Equation (1.24) and Equation (1.25) can be written as

⟨I|Ω̂1|J⟩ =
∑
pq

Opq⟨I|a†paq|J⟩ (1.26)

⟨I|Ω̂2|J⟩ =
∑
pqrs

Opqrs⟨I|a†pa†rasaq|J⟩ (1.27)

Given that states ΨA and ΨB are linear combinations of Slater determinants,

|ΨA⟩ =
∑
I

CAI |I⟩ (1.28)

|ΨB⟩ =
∑
J

CBJ |J⟩ (1.29)

a matrix element between the two states is written as

⟨ΨA|Ω̂1|ΨB⟩ =
∑
pq

Opqγpq = Tr(Oγ) (1.30)

⟨ΨA|Ω̂2|ΨB⟩ =
∑
pqrs

OpqrsΓpqrs = Tr(OΓ) (1.31)
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where γ and Γ are the one-particle and two-particle transition density matrices (TDM) if

A ̸= B and particle density matrices (PDM) if A = B.

γpq =
∑
IJ

⟨I|a†paq|J⟩ (1.32)

γpqrs =
∑
IJ

⟨I|a†pa†rasaq|J⟩ (1.33)

The density matrix that appears in the Hartree-Fock/Kohn-Sham equations, shown in Equa-

tion (1.14), is the 1PDM for the ground state Slater determinant in the AO basis.5,7

1.3 Configuration Interaction

Solving the many-body electronic Schrödinger equation using the spectral method in a Slater

determinant basis is known as configuration interaction (CI). Some approaches to CI prefer

to use a basis of configuration state function (CSFs), which are eigenstates of the squared

spin angular momentum operator (Ŝ2) and the azimuthal spin angular momentum operator

(Ŝz). As long as the Slater determinants are constructed from the same set of orthonormal

orbitals with respect to a metric, the Slater determinant, or CSF, basis is orthonormal with

respect to a unity metric. The CI problem is a straightforward matrix eigenvalue problem.4,5

HC = CE (1.34)

|Ψ⟩ =
∑
I

CI |I⟩ (1.35)

The core equation of the CI problem may be simple, however, the complexity of CI arises

from the exponential scaling of the matrix size. The total number of Slater determinants

Ndet is equal to

Ndet =

(
Norb

Nocc

)
(1.36)
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where Norb is the total number of spin orbitals and Nocc is the total number of occupied spin

orbitals. Even for a small basis, the full CI problem become unfeasible. For this reason,

approximations have been devised to reduce the size of the problem. The truncated CI

approximation only considers Slater determinants that arise from a certain number of orbital

excitations. For example, CI singles and doubles (CISD) only considers the ground state,

singly-excited, and doubly-excited determinants. The Slater determinant basis can also be

truncated by defining sets of orbitals called active spaces and limiting excitations between

the active spaces. Complete active space CI (CASCI) defines a single active space and only

considers Slater determinants generated by excitations within the active space. Restricted

active space CI (RASCI) defines three active spaces where only Slater determinants generated

by excitations within or between the active spaces while abiding to certain restrictions are

considered.8 Generalizations of RASCI, such as generalized (GASCI)9 and direct active space

CI (DASCI),10 have been developed to handle an arbitrary number of active spaces, each

with its own restrictions.

Full CI is invariant to unitary transformations of the underlying orbitals that form the

Slater determinant basis.4,5 However, it may require a Slater determinant basis generated

from a large number different orbital excitations and high-order excitations to span the

states of interest, making it difficult to approximate using the previously discussed trunca-

tion methods. It is helpful to start with a set of orbitals that are somewhat optimized for

the molecule of interest, such as Hartree-Fock or Kohn-Sham orbitals. Truncation of the

Slater determinant basis is only feasible if there is a concise subspace spanned by a subset of

Slater determinants that encompasses the states of interest. Hartree-Fock and Kohn-Sham

orbitals frequently suffice for single-reference systems but not for multi-reference systems.

The single-determinant ansatz biases the orbitals away from concisely spanning the multi-

reference ground state. Capturing multi-reference character in a manageable basis size re-

quires optimizing the orbitals for the states of interest while solving for the CI coefficients.

This is usually done in conjunction with truncated CI and/or active space truncations leading

to the CASSCF and RASSCF.5,11,12 CI coefficients and orbitals can be optimized simultane-
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ously or separately, with first-order or second-order optimization techniques. Nevertheless,

unitary transformations are applied to the orbitals to follow an energy gradient downward.

The energy gradient is
∂E

∂xpq

= 2(Fpq − Fqp) (1.37)

where Fpq is the generalized Fock matrix element

Fpq =
∑
r

γprhqr +
∑
rst

Γprstgqrst (1.38)

and xpq are the orbital parameters dictating the unitary transformation U.

U = exp (x) (1.39)

The mutual dependence between the gradient, orbital parameters, and CI coefficients re-

quires the problem to be solved iteratively. Whether the calculation converges or converges

to the global minimum strongly depends on the choice of active space. The active space

must contain orbitals that generate Slater determinants that span the states of interest. Un-

fortunately, active space selection is more of an art relying on chemical intuition, rather than

a science. A well-defined active space selection technique is a topic of ongoing research.13–16

1.4 Linear Response Time-Dependent Hartree-Fock and DFT

For single-reference systems, CI is typically excessive as dynamic correlation is captured far

more efficiently through an exchange-correlation functional. Nevertheless, Kohn–Sham DFT

is only reliable for finding the ground state. Excited states can be obtained from truncated CI

within an active space using Kohn–Sham orbitals, but this risks potentially double counting

electron correlation.17 Alternatively, excited state information can be obtained from the

density response due to an external time-dependent perturbation. The density response can
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be written in terms of response functions (⟨⟨ρ;Vext(t)⟩⟩, ⟨⟨ρ;V (ω1), V (ω2)⟩⟩, . . .)

⟨ρ(t)⟩ − ⟨Ψ0|ρ|Ψ0⟩ =

∞∫
−∞

exp (−iω1t)⟨⟨ρ;Vext(t)⟩⟩dω1

+
1

2

∞∫
−∞

exp−i(ω1 + ω2)t⟨⟨ρ;V (ω1), V (ω2)⟩⟩dω1dω2 + . . .

(1.40)

where ρ is the density operator. Linear response time-dependent DFT (TDDFT) truncates

the response expansion at first order. The resonant frequencies of the density correspond to

excitation energies and are identified as the poles of the response function in the frequency

domain.18–21 Applying this theory in the context of the Hartree–Fock approximation or

Kohn–Sham DFT culminates in a non-Hermitian eigenvalue problemA B

B∗ A∗

X

Y

 =

1 0

0 −1

X

Y

ω

−ω

 (1.41)

where X are the excitation amplitudes, Y are the de-excitation amplitudes, the eigenvalues

ω are the excitation energies. The non-Hermitian matrix is the energy Hessian with respect

to the orbital parameters

Aiajb = δijδab(Ea − Ei) + (ia|bj) − x(ij|ab) + (1 − x)(ia|VXC |bj) (1.42)

Biajb = (ia|jb) − x(ib|aj) + (1 − x)(ia|VXC |jb) (1.43)

where Ep is the orbital energy of MO p and x modulates the amount of exchange-correlation

obtained from Hartree-Fock exchange or the exchange-correlation functional. Both A and

B are Hermitian matrices of dimensions NoccNvirt ×NoccNvirt. Pairs of occupied and virtual

indices are compounded into a single index. For an entirely real-valued Hessian, which is

usually the case for a non-relativistic problem, the eigenvalue problem can be reduced to a
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halved-dimension form.

(A−B)(A + B)Z = Zω2 (1.44)

Z = X + Y (1.45)

It has been shown that neglecting B and only solving for X is an appropriate approximation

for many systems.22,23 This approximation is known as the Tamm–Dancoff approximation

(TDA),21,24

AX = Xω (1.46)

which lowers the computational cost by reducing the amount of terms to construct matrix

and allowing the eigenvalue problem to be solved using Hermitian-optimized eigensolvers.

This approximation also offers a convenient interpretation of the eigenvectors. The excitation

amplitudes given by Xia,I is interpreted as the contribution to excited state I from the orbital

excitation i → a. In other words, the TDA solutions map neatly onto a CIS wave function.21

|I⟩ =
1

|X|
∑
ia

Xia,I |Φa
i ⟩ (1.47)

Without TDA, TDDFT yields solutions with eigenvalues ω and −ω. Solutions corre-

sponding to ω represent excited states and possess a small Y relative to X. The com-

plementary set of solutions are ignored as they also represent the same excited states but

possess a small X relative to Y. The presence of non-zero de-excitation amplitudes make the

interpretation of the solutions ambiguous. The solutions of the halved-dimensioned TDDFT

problem in Equation (1.45) may suggest the mapping

X + Y 7→ 1

|X + Y|
∑
ia

(Xia,I + Yia,I)|Φa
i ⟩ (1.48)

but another valid halved-dimension form can be written where the solutions are X − Y.

In this Thesis, Yia,I is interpreted as representing the same orbital excitation as Xia,I , but

from the perspective of a hole excitation rather than a particle excitation. This leads to
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the adoption of the Casida ansatz shown in Equation (1.48). These approximate CIS wave

functions are called auxiliary many-electron wave functions (AMEW) and have been widely

used to compute excited state properties.25
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Chapter 2

RELATIVISTIC QUANTUM MECHANICS

The speed of light is the universal speed limit. Properties of a moving particle and

spacetime itself change to ensure its speed does not exceed the speed of light. Some ways

the universe enforces this speed limit include time dilation, space contraction, and increasing

mass. In chemical systems, electrons approach the speed of light as nuclear charges increase.

The radial speed of a 1s electron is26

⟨vr⟩ ≈
Zc

137
(2.1)

For perspective, a 1s electron in a Hg atom travels at 58% the speed of light, resulting in

a 23% increase in mass, a 23% dilation in time, and a 19% contraction of length in the

direction of travel in the particle frame of reference. These effects are consequential in chem-

istry, being responsible for the yellow color of metallic gold, the liquid phase of mercury at

standard temperature and pressure, and 83% of the voltage in a lead-acid battery.26–29 The

Schrödinger equation does not recognize this speed limit. Accurate treatment of core elec-

trons and systems containing heavy elements require the adoption of a relativistic quantum

wave equation.

The relativistic quantum wave equation governing fermions is the Dirac equation,

(cα · p̂ + βc2 + V )Ψ = EΨ (2.2)
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where α and β are the Dirac matrices.

α =

(σx 0

0 σx

 ,

σy 0

0 σy

 ,

σz 0

0 σz

) (2.3)

β =

1 0

0 −1

 (2.4)

The energy and wave function are eigenpairs of the Dirac Hamiltonian. Unlike the Schrödinger

equation, the wave functions are four-component spinors

Ψ =


ΨLα

ΨLβ

ΨSα

ΨSβ

 (2.5)

where L and S are the “large” and “small” components, and α and β indicate the spin. Notice

that spin arises naturally from the Dirac equation and solutions can possess non-collinear

spin, that is, exist as a linear combination of α and β spin.30,31

It is sometimes convenient to expand Equation (2.2) explicitly in terms of the large and

small components.

ĤΨ = EΨ

=

 V c(σ · p̂)

c(σ · p̂) V − 2c2

ΨL

ΨS

 = E

ΨL

ΨS

 (2.6)

Solutions to the Dirac equation for a free electron comes in a set of four four-spinor wave

functions. The two large-dominant solutions correspond to electronic solutions. The other

two solutions are small-dominant and correspond to positronic solutions. The energies of the

electronic and positronic free-particle solutions are positive and negative-valued, respectively.
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For this reason, the electronic and positronic solutions are also referred to as positive and

negative energy solutions even though both electronic and positronic energies are negative-

valued for bound states. Nevertheless, the electronic and positronic solutions are always

separated by an energy gap of 2c2.30,31

At the non-relativistic limit, electrostatic interactions between particles are seen as in-

stantaneous. As particles approach the speed of light, this assumption breaks down. Accord-

ing to quantum electrodynamics, electrostatic interactions are mediated by the exchange of

virtual photons, causing a non-trivial delayed interaction when the particles are moving at

similar speeds. A genuine relativistic potential must be constructed from these principles. In

most chemical systems, electrons hardly approach speeds that experience significant delays.

Constructing an electron-electron interaction potential from quantum electrodynamics at the

low-delay limit still provides corrections to the Coulomb operator in the form of the Breit

operator,

Vee =
1

rij
− αi ·αj

2rij
+

(αi · rij)(αj · rij)
2r3ij

= VC + VGaunt + VGauge = VC + VB (2.7)

where VBreit is comprised of the VGaunt and VGauge terms. In the Born-Oppenheimer approx-

imation, nuclei are treated as stationary classical particles, keeping the nuclear-electronic

potential simply Coulombic.30–32

The electronic structure methods introduced in Chapter 1 have been adapted for the Dirac

equation. At its purest form, eigenvalues of the Dirac Hamiltonian is unbounded from below

due to the presence of positronic solutions. This pathological property of the Dirac equation

is called the Brown–Ravenhall disease. The no-pair approximation avoids variational collapse

by neglecting positronic contributions to the many-body wave function. In the language of

second quantization, the no-pair approximation restricts creation and annihilation operators

to only electronic indices. Albeit a straightforward concept, the no-pair Hamiltonians do not

contain “no-pair terms” but is implicitly handled within the context of the algorithm. In

Dirac-Hartree-Fock, the no-pair approximation is applied by only summing over electronic
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orbitals when constructing the density.31

Expanding Equation (2.2) into a system of two equations reveals that the L and S com-

ponents must satisfy the kinetic balance condition to arrive at the correct non-relativistic

limit.

lim
c→∞

2cΨS = (σ · p̂)ΨL (2.8)

Large and small component basis functions must satisfy the kinetic balance condition when

applying spectral methods to the Dirac equation. There has not been extensive work on

developing basis sets that satisfy kinetic balance. This is because it is possible to utilize

the same basis set for both the large and small components by shifting the kinetic balance

condition to the Hamiltonian while applying an approximate kinetic balance condition to

the basis set.

|µS⟩ =
(σ · p̂)

2c
|µL′⟩ (2.9)

where |µL′⟩ is the pseudo-large basis function. The pseudo-large basis set is the same basis

set as the large component, but must be distinguished as it describes the small component.

Taking a matrix element between four-spinor basis functions arrives at a Hamiltonian that

absorbs the burden of kinetic balance, allowing both large and small components to be

expressed by the same basis set.

⟨µ|Ĥ|ν⟩ =
(
⟨µL| ⟨µS|

) V c(σ · p̂)

c(σ · p̂) V − 2c2

 |νL⟩

|⟨νS⟩


=
(
⟨µL| 1

2c
⟨µL′|(σ · p̂)

) V c(σ · p̂)

c(σ · p̂) V − 2c2

 |νL⟩
1
2c

(σ · p̂)|νL′⟩


=
(
⟨µL| ⟨µL′|

)V T̂

T̂ Ŵ − T̂

 |νL⟩

|νL′⟩


(2.10)

Ŵ =
1

4c2
(σ · p̂)V (σ · p̂) (2.11)
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This kinetic-balance-infused Hamiltonian is called the modified Dirac Hamiltonian and is

typically the Hamiltonian of choice in modern four-component relativistic quantum chemical

calculations.30–34

Ĥmod =

V T̂

T̂ Ŵ − T̂

 (2.12)

The operator Ŵ can be separated into two terms using the Dirac relation

Ŵ = Ĥsr + Ĥvr =
1

4c2
(p̂V · p̂ + iσ · p̂V × p̂) =

1

4c2
(p̂V · p̂ + σ · (∇V ) × p̂) (2.13)

where Ĥsf carries scalar relativistic effects and Ĥvr carries vector relativistic effects.30,31,33,35

Wave functions retain their non-relativistic symmetries when only scalar relativity is in-

troduced. The most prevalent example of scalar relativity is the change in orbital radial

distribution. Vector relativistic effects are also known as angular momenta coupling (spin-

orbit, spin-spin, orbit-orbit). The type of angular momenta coupling included depends on

the interactions included in the potential. The nuclear-electronic potential gives rise to

one-electron spin-same-orbit coupling, representing the interaction between the electron spin

magnetic moment and the magnetic field generated by its own orbit. The Coulomb term is

responsible for two-electron spin-same-orbit coupling, accounting for the correction to the

orbital-generated magnetic field from deviations to one-electron orbit due to electron repul-

sion. The Gaunt term gives rise to two-electron spin-other-orbit coupling, representing the

interaction between the electron spin magnetic moment and the magnetic field generated

by another electron, as well as spin-spin coupling and some contribution to spin-same-orbit

coupling. The Gauge term is responsible for orbit-orbit coupling.

For atomic systems under spin–orbit coupling, the angular momentum of N -electron wave

functions cannot be described by N -electron spin and orbital angular momentum quantum

numbers separately. Instead, N -electron angular momentum must be described by the N -

electron total angular momentum quantum number. Molecules under spin–orbit coupling

must incorporate SU(2) symmetry into the symmetry group, leading to what is known as
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double group symmetry. Consequently, degenerate manifolds based on spin and spatial

symmetry is broken into degenerate manifolds based on total angular momentum or double

group irreducible representations.30–32 This is discussed in greater detail in Section 2.3.

2.1 Decoupling Transformations

The Foldy-Wouthuysen transformation is a unitary transformation that block-diagonalizes

the Dirac Hamiltonian

Ĥ ′ = ÛFW ĤÛ †
FW =

Ĥ+ 0

0 Ĥ−

 (2.14)

where solutions to the electronic Hamiltonian Ĥ+ are only the electronic solutions and the

solutions to the positronic Hamiltonian Ĥ− are only the positronic solutions. In quantum

chemistry, it is typically the electronic solutions that are of interest. The Foldy-Wouthuysen

transformation isolates an electron-only Hamiltonian, halving the size of the problem. The

transformation ÛFW has the form

ÛFW =

 1√
1+X̂†X̂

1√
1+X̂†X̂

X̂†

− 1√
1+X̂X̂†

X̂ 1√
1+X̂X̂†

 =

 R̂ R̂X̂†

−R̂SX̂ R̂S

 (2.15)

where X̂ is called the decoupling operator and R̂ is the renormalization operator. Since the

transformation is unitary, it can also be generally parameterized as an exponentiation of a

Hermitian operator Ŷ .30,31

ÛFW = exp(−iŶ ) (2.16)

An exact transformation exists for a free-particle Hamiltonian

ÛFPFW = Â(1 + βR̂) (2.17)
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where Â, R̂, Êp, and D̂ are the kinematic factors.

Â =

√
Êp + c2

2Êp

(2.18)

R̂ = D̂cα · p̂ (2.19)

Êp =
√
p̂2c2 + c4 (2.20)

D̂ =
1

Êp + c2
(2.21)

Under a potential, an exact transformation cannot be guaranteed. Nevertheless, an ap-

proximate transformation can still be found, and numerous decoupling schemes have been

developed over the past decades.30,31,36–47

2.1.1 Pauli Hamiltonian

The exponential parametrization allows Equation (2.14) to be expanded in a Baker-Campbell-

Hausdorff series.30,31

Ĥ ′ = Ĥ + i[Ŷ , Ĥ] − 1

2
[Ŷ , [Ŷ , Ĥ]] − i

3!
[Ŷ , [Ŷ , [Ŷ , Ĥ]]] + . . . (2.22)

Ŷ is chosen such that the commutators cancel off-diagonal blocks of the Dirac Hamiltonian

at some order of an expansion parameter. A choice of Ŷ is

Ŷ = − 1

2c
β(α · p̂) (2.23)

where the expansion parameter is p̂/c. Truncation at second-order arrives at the Pauli

Hamiltonian.

Ĥ
(2)
+ = β

(
c2 +

1

2
p̂2 − 1

8c2
p̂4

)
+ V +

∇2V

8c2
+

1

4c2
σ · (∇V ) × p̂ (2.24)
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Because powers of the momentum operator greater than two are unbounded, the Pauli

Hamiltonian faces variational collapse and can only be used as a perturbative correction.30,31

Scalar relativity is represented by the first and third terms. The last term is equivalent

to the vector relativistic term in Equation (2.13). The vector relativistic term with the

Breit Hamiltonian inserted yields the Breit–Pauli Hamiltonian. Most quantum chemistry

calculations typically only go as far as including the spin-orbit couplings as spin-spin and

orbit-orbit couplings are minuscule for most systems. Thus, the Breit–Pauli Hamiltonian

often refers to its truncation at the spin-orbit terms.48–52 Equation (2.25) is the spin-orbit

Breit–Pauli Hamiltonian

ĤBP =
1

2c2

(∑
iA

ZA

r3iA
l̂i · ŝi −

∑
i

∑
j ̸=i

1

r3ij
l̂ij · (ŝi + 2ŝj)

)
(2.25)

where l̂i is the angular momentum operator for electron i with respect to the nucleus, l̂ij

is the angular momentum operator for electron i with respect to electron j, and ŝi is the

spin angular momentum operator of electron i. The Breit–Pauli Hamiltonian also suffers

from variational collapse as the 1/r3 terms are unbounded from below.48,49 Notice that the

vector relativistic term is equivalent to the vector relativistic term in the modified Dirac

Hamiltonian in Equation (2.13), which does not include the no-pair approximation. The

variational collapse suffered by Breit–Pauli Hamiltonian can be attributed to the Brown–

Ravenhall disease.48

2.1.2 Douglas–Kroll–Hess Hamiltonian

To arrive at a decoupling transformation suitable for variational treatment, the expansion

parameter must not contain p̂. The Douglas–Kroll–Hess (DKH) transformation utilizes the

potential energy V as the expansion parameter. This is achieved by applying successive

unitary transformations to the Dirac Hamiltonian up to some order. The order is defined

based on the number of unitary transformations and the order of expansion of the unitary
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transformations.30–32,36,40,43,44,53

ĤDKHn =

(∏
m=0

Ûm

)
Ĥ

(∏
m=0

Ûm

)†

(2.26)

The first-order DKH transformation is simply the free-particle Foldy-Wouthuysen transfor-

mation.

ĤDKH1 = Û0ĤÛ †
0 = ÛFPFW ĤÛ †

FPFW (2.27)

The first-order DKH electronic Hamiltonian is

Ĥ+
DKH1 = Êp + ÂV Â + c2ÂD̂[p̂V · p̂ + σ · (∇V ) × p̂]D̂Â (2.28)

The relativistic potential terms are now dampened by the kinematic factors, making the

spin-orbit operator variationally stable.48,54 The no-pair approximation is implicitly applied

when isolating the electronic Hamiltonian while using the kinematic factors. Derivations of

higher-order DKH Hamiltonians can be found in work by Nakajima and Hirao40 as well as

Wolf, Reiher, and Hess.43

2.1.3 Exact Two-Component Hamiltonian

In the presence of a general potential, Foldy-Wouthuysen transformations previously dis-

cussed have been approximate to some order with respect to an expansion parameter. Sur-

prisingly, an exact Foldy-Wouthuysen transformation can be achieved for a general one-

particle potential in a one-particle basis representation of the modified Dirac equation. This

exact transformation is called the exact two-component (X2C) transformation.46,47 Conve-

niently, the problem is already cast into a form suitable for the X2C transformation in the

Dirac-Hartree-Fock approximation. Consider the basis representation of the Dirac-Hartree-
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Fock equation,V T

T W −T

CL+ CL−

CS+ CS−

 =

S 0

0 1
2c2

T

CL+ CL−

CS+ CS−

ϵ+ 0

0 ϵ−

 (2.29)

where C(L/S)(+/−) are the large/small component basis coefficients for the electronic/positronic

solutions. The Dirac-Fock operator is derived from the modified Dirac equation. The X2C

transformation takes the form of Equation (2.15).

UX2C =

 R RX†

−RSX RS

 (2.30)

X must be chosen to completely block diagonalizes the Dirac-Fock operator while keeping

UX2C unitary.

UX2C

V T

T W −T

U†
X2C =

H+
X2C 0

0 H−
X2C

 (2.31)

One such choice of X and R is

X = CS+(CL+)−1 (2.32)

R = (1 + X†X)−1/2 (2.33)

The electronic X2C Hamiltonian is only dependent on X and R.

H+
X2C = RVR† + RTXR† + RX†TR† +

1

4c2
RX†WXR† −RX†TXR† (2.34)

Recall that the Hartree-Fock equation must be iteratively solved with the MO coefficients

and the Hartree-Fock potential updated at each iteration. Because X depends on C, the X2C

transformation must be updated at each iteration, requiring the diagonalization of the four-

component Dirac-Fock matrix. Since the four-component Dirac-Fock matrix is diagonalized

anyways, there is no reason to pursue the X2C transformation as the cost of four-component
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Dirac-Hartree-Fock is already paid. For this reason, the X2C transformation is only applied

to the one-electron Fock matrix since it is constant throughout the calculation. Doing so

yields a two-component relativistic one-electron Fock matrix, where the components corre-

spond to α or β spin. The non-relativistic Hartree-Fock potential is added to the one-electron

X2C electronic Hamiltonian to account for the electron-electron mean-field

H+
X2C,1e = RV1eR

† + RTXR† + RX†TR† +
1

4c2
RX†W1eXR† −RX†TXR† + G (2.35)

where G is the non-relativistic Hartree-Fock potential. Because the two-electron interactions

are treated non-relativistically, this approximation neglects two-electron angular momenta

coupling. Spin-orbit interactions can be vastly overestimated without two-electron spin-orbit

coupling. These effects can be accounted for using the screened-nuclear spin-orbit (SNSO)

approximation which scales the one-electron spin-orbit integrals by a factor parameterized

from Dirac-Hartree-Fock calculations.55,56 The integrals are scaled in the AO basis based on

orbital angular momentum, thus retaining the Hamiltonian symmetry. Similar to the DKH

transformation, the no-spin approximation applied when applying the X2C transformation

and isolating the electronic Hamiltonian.

2.2 Relativistic Effective Core Potentials

The valence interaction between atoms is the primary area of focus for much of the chemical

sciences. As electrons move further from the nucleus, the nuclear-electronic potential weak-

ens with distance and is further reduced by shielding from core electrons. The weakened

potential reduces the speed of the electron, therefore weakening relativistic effects. Though

the probability distribution of valence electrons mostly lie further from the nucleus, valence

electrons still possess some probability density near the nucleus, experiencing stronger rel-

ativistic effects than expected. Furthermore, valence electrons are indirectly affected by

relativistic effects due to the orthogonality condition and correlation with core electrons.

Changes to core orbitals due to relativity must be met with changes to valence orbitals to
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Figure 2.1: Radial distribution function of the Hg 6s orbital with (orange) and without scalar
relativity (orange).

maintain orthogonality.27 Figure 2.1 shows the radial distribution of the 6s electron com-

puted with and without scalar relativity. A notable amount of electron density can be seen

less than a Bohr radius away from the nucleus. More significantly, scalar relativity contracts

the radial distribution of the 6s orbital by over 25%.

The strong electron correlation and large amount of electrons in late-row elements make

simulations extremely expensive, especially in large system with many late-row atoms. The

additional cost of indispensable relativistic effects adds further cost onto these simulations.

Effective core potentials (ECPs) offer an efficient way to reduce computational cost by re-

placing localized core electrons with a potential. In the past several decades, numerous

ECPs have been developed to include scalar relativistic effects. A few potentials even offer

an additional term for spin–orbit coupling.

The Schrödinger equation suffices when including relativistic effects using ECPs. The

ECP is simply an additional operator in the Hamiltonian. At the time of development,

different families of ECPs may have different functional forms and parameters. Most software

packages to adhere to a single ECP functional form. This Thesis will introduce the Kahn-type

ECP57 implemented in the Gaussian electronic structure software package. An electronic
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Hamiltonian with an ECP is written as

Ĥ = −1

2

Nval∑
i

∇2
i −

Nval∑
i

∑
A

ZA −N core
A

riA
+

Nval∑
i<j

1

rij
+

Nval∑
i

V̂ECP (ri) (2.36)

where Nval is the number of valence electrons, N core
A is the number of core electrons on atom

A, and V̂ECP is the ECP operator. The one-electron Fock operator with an ECP is written

as

f̂i = −1

2
∇2

i −
∑
A

ZA −N core
A

riA
+ V̄i + V̂ECP (ri) (2.37)

The Kahn-type ECPs were originally developed to be non-relativistic and were later adapted

to include relativistic effects. Adaptation to scalar relativity only requires a refitting of

the ECP parameter. However, spin–orbit coupling requires an entirely new operator.58,59

Averaged relativistic ECPs (AREPs) opt for an averaged inclusion of spin–orbit coupling by

fitting to an average between j = l± 1/2 orbital energies, providing some energy corrections

from spin–orbit coupling without resolving fine-structure splitting. Some families of AREPs

still offer parameters for the spin–orbit operator to resolve fine-structure splitting.60,61

The ECP operator is a one-electron operator consisting of two parts: the original Kahn-

type ECP operator V̂ Kahn and the spin–orbit operator ĤSO.

V̂ECP = V̂ Kahn + ĤSO (2.38)

The Kahn-type ECP operator is written as

V̂ Kahn = UKahn
L +

L∑
l=0

l∑
ml=−l

(UKahn
l − UKahn

L )|lml⟩⟨lml| (2.39)

where UKahn
l is the l orbital angular momentum effective potential fitted to the form

UKahn
l =

1

r2

∑
k

Clkr
nlk exp (−ζlkr

2) (2.40)
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with fitting parameters Clk, nlk, and ζlk.57,60,61 The functional form of the potential is chosen

to be a linear combination of Gaussian functions for efficient computation. The maximum

orbital angular momentum of the ECP L must be at least one higher than the largest core

orbital angular momentum.57 Notice that UKahn
l is purely a radial operator, yet has orbital

angular momentum as a descriptor. The operator only distinguishes orbital angular mo-

mentum through the projection operator, which is accompanied by a radial potential where

UKahn
L is subtracted out. The potential UKahn

l − UKahn
L represents core-valence interactions

between orbitals with l orbital angular momentum and UKahn
L represents core-valence inter-

actions across different orbital angular momenta. The parameters for UKahn
l − UKahn

L are

typically published instead of UKahn
l parameters for l < L.60

Though AREPs include an averaged spin–orbit coupling, it does not resolve fine-structure

splitting. The ECP spin–orbit operator acts as a correction to the AREP operator to recover

fine-structure splitting. The ECP spin–orbit operator is written as58–61

ĤSO = ŝ ·
L∑
l=1

2

l
USO
l

l∑
ml=−l

l∑
m′

l=−l

|lml⟩⟨lml |̂l|lm′
l⟩⟨lm′

l| (2.41)

The spin–orbit potentials USO
l are fitted to the same form as Equation (2.40), typically

sharing the same exponents. One must be cautious of different fitting conventions between

families of ECPs. One notable difference is that the published coefficients for the CRENBL

ECPs are consistent with Equation (2.41) while the 2/l factor is absorbed into the Stuttgart

ECP coefficients.60,61

2.3 Spin–Orbit Coupling

The central term in spin–orbit operators is the coupling between spin and orbital angular

momentum of an individual electron,

ĥSO = λ̂l · ŝ (2.42)
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where λ is a pre-factor that depends on the choice of spin–orbit Hamiltonian. This coupling

term can be written as

l̂ · ŝ =
1

2
(̂j2 − l̂2 − ŝ2) (2.43)

where j is the total angular momentum operator.

ĵ = l̂ + ŝ (2.44)

In an N -electron system, the spin–orbit operator is a sum of one-electron spin–orbit opera-

tors.

ĤSO =
∑
i

λ(xi)̂l(xi) · ŝ(xi) (2.45)

Angular momentum operators can also be constructed for N -electron systems by summing

the angular momenta over individual electrons.

L̂ =
∑
i

l̂(xi) (2.46)

Ŝ =
∑
i

ŝ(xi) (2.47)

Ĵ =
∑
i

ĵ(xi) (2.48)

2.3.1 Spin–Orbit Coupling in Atoms – LS and jj-Coupling

In non-relativistic quantum mechanics, the one-electron atomic Hamiltonian commutes with

l̂2 and ŝ2, resulting in a shared set of eigenstates for these operators. As a result, atomic

states are described by two quantum numbers: s, representing spin angular momentum, and

l, representing orbital angular momentum. Extending this to an N -electron system, the

atomic Hamiltonian commutes with the N -electron squared angular momentum operators

L̂2 and Ŝ2. Each N -electron atomic state is described by a term symbol, 2S+1Lp, where S

is the N -electron spin quantum number and L is the N -electron orbital quantum number.
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The L quantum number is conventionally expressed using spectroscopic notation: L = 0 (S),

L = 1 (P ), L = 2 (D), and so on. The superscript denotes the parity of the wave function,

with p = o for an odd wave function and omitted for an even wave function.

The emergence of spin–orbit coupling in the one-electron atomic Hamiltonian gives rise

to a new quantum number, j, corresponding to eigenstates of ĵ2. Since the squared angular

momentum operators commute with each other as well as the one-electron Hamiltonian,

s, l, and j remain as good quantum numbers. However, in the N -electron case, only Ĵ2

commutes with the N -electron spin–orbit Hamiltonian, meaning that L and S are no longer

good quantum numbers.

The fact that L̂2 and Ŝ2 no longer commute with the Hamiltonian allows for mixing

between states with different L and S, as long as the states share the same J . This mixing

of different L and S states leads to the degradation of L and S as good quantum numbers.

The degree of this degradation depends on the strength of spin–orbit coupling. At the weak

coupling limit, systems tend to mostly retain L and S as good quantum numbers. For

example, the ground state of the neutral carbon atom is J = 0, but still consists of 98% 3P

character.62,63 In these cases, it is fair to describe the state with a term symbol that includes

all three quantum numbers, 2S+1Lp
J . A case where this description is inappropriate is the

ground state of the neutral cerium atom, which is J = 4 but consists of 55% 1Go
4 character

and 29% 3Ho
4 character.63,64

Spin–orbit coupling is traditionally described using two schemes: LS-coupling and jj-

coupling.65–69 In the LS-coupling scheme, as discussed above, 2S+1Lp states are first formed

before coupling L and S to obtain 2S+1Lp
J states. The coupling is explicitly achieved by taking

linear combinations of L and S microstates. The mixing of microstates within the same

2S+1Lp manifold under the spin–orbit Hamiltonian is the primary source of fine-structure

splitting at the weak coupling limit. It is typically taught that LS-coupling is only valid

when spin–orbit coupling is much weaker than electrostatic interactions. The reasoning

behind this claim is that the electrostatic interaction is responsible for the emergence of

the L quantum number, and its dominance preserves the L-purity of the J-state. When
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comparable to the electrostatic interaction, strong spin–orbit coupling can significantly alter

the wave function, causing it to deviate substantially from its non-relativistic solution and

lose L-purity.64,70 This can be captured by mixing states outside of a given 2S+1Lp manifold,

as shown previously for the ground state of the neutral cerium atom. LS-coupling does not

typically account for the mixing between different 2S+1Lp manifold, making it unsuitable for

strong spin–orbit coupling.

The preferred coupling scheme for strong spin–orbit coupling is jj-coupling, where l and

s for individual orbitals are coupled to obtain j-orbitals before coupling individual electrons

into N -electron J-states. These J-states are not guaranteed to have well-defined L and S

values and can more compactly describe spin–orbit coupling than taking linear combinations

of 2S+1Lp.

Spin–orbit coupling is not typically seen through the lens of LS and jj-coupling in ab

initio relativistic electronic structure theory, but some methods bear strong resemblance to

these coupling schemes. The fully variational treatment of spin–orbit coupling mirrors jj-

coupling while state interaction mirrors LS-coupling. This is discussed in greater detail in

Section 3.2.4

2.3.2 Spin–Orbit Coupling in Atoms – Double Group Theory

A wealth of information about a molecule can be deduced from its symmetry. Molecular

symmetry is described by a symmetry group, a collection of operations that leave molecular

geometry unchanged. These operations are called symmetry operations and collectively form

a mathematical object called a group. Group theory is a branch of mathematics that studies

groups. Its findings are routinely used in non-relativistic quantum chemistry to deduce

molecular properties without explicit calculation.65,66,68

All quantum states of a molecule and canonical SCF orbitals can be described by an

irreducible representation (irrep) of the symmetry group. Along with describing how a state

transforms under symmetry operations, the irrep also indicates the degeneracy of the state.

Moreover, operators can also be described by an irrep. Determining whether a molecular



33

property is non-zero requires determining whether its underlying integrals are non-zero. An

integral is non-zero only if the direct product of the irreps representing the operator and the

states involved contain the totally symmetric irrep Γ(1).65,66,68 Direct products of irreps are

tabulated in various texts.68,71

The introduction of spin–orbit coupling splits non-relativistic degeneracies, implying

spin–orbit coupling breaks symmetry. Non-relativistic group theory is blindsided by spin–

orbit coupling because it only considers spatial symmetry. An accurate description of rela-

tivistic symmetry must consider the spin symmetry described by the Lie group SU(2) along

with the spatial symmetry described by subgroups of O(3).30,31,72 Skipping through the dense

mathematics, each spatial symmetry group arrives at a relativistic counterpart which we call

the double symmetry group. Group theory analysis within double group theory is the same

as non-relativistic group theory with a few additions. Double symmetry groups contain

two sets of irreps: bosonic and fermionic. Bosonic irreps are exactly the same as the non-

relativistic irreps. Direct products of irreps in double group theory are expanded to include

bosonic-fermionic and fermionic-fermionic products, which are tabulated in Altmann and

Herzig.71

When spin is considered in non-relativistic group theory, it is an a posteriori descriptor

on top of the spatial irrep. The non-relativistic irrep is transformed to the double group

irrep by a direct product between the spatial irrep and the spin irrep.

2S+1Γ 7→ Γ(S) ⊗ Γ (2.49)

In centrosymmetric groups, spin irreps are always gerade.30,31,72

Figure 2.2 illustrates the fine-structure splitting of orbitals in terms of double group

theory. Without spin–orbit coupling, the ligand field splits the d-orbitals into a six-fold

degenerate t2 manifold and a four-fold degenerate e manifold. We also include a set of non-

bonding t1 ligand p-orbitals in this example. To incorporate spin symmetry, a direct product

is taken between these spatial irreps and their spin irrep.48,73 Since orbitals are one-electron
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Figure 2.2: Fine-structure splitting of orbitals in a Td ligand field.

states, the spin irrep is e1/2 describing s = 1/2. The non-relativistic t2 splits into a four-fold

degenerate f3/2 manifold and two-fold degenerate e5/2 manifold, revealing the fine-structure

splitting pattern. Spin–orbit coupling also facilitates the mixing of spatial orbitals. Because

all three spatial irreps transform or split into f3/2, the d-orbitals and ligand non-bonding p-

orbitals are allowed to mix in the f3/2 manifolds, further deviating from the non-relativistic

spatial symmetry. After coupling spin and spatial irreps at the orbital level, occupied orbitals

can be coupled in a manner akin to non-relativistic group theory to obtain N -electron state

irreps. This coupling scheme to arrive at N -electron wave functions is the molecular analog

to jj-coupling.

It is also valid to first form non-relativistic N -electron states and then couple the N -

electron spatial irrep with N -electron spin irrep. This coupling scheme is the molecular

analogue of LS-coupling. Nevertheless, both coupling schemes arrive at the same double

double groups irreps.



35

Chapter 3

STATE INTERACTION

Suppose the Hamiltonian can be partitioned into two parts: a zeroth-order Hamiltonian

H0 and a perturbing Hamiltonian H1,

H = H0 + H1 (3.1)

where solutions to the zeroth-order Hamiltonian H0 can be found more easily than the full

Hamiltonian H. By first solving for the eigenstates of H0, the eigenstates can be used as

a basis to construct H1 and subsequently H. The basis of zeroth-order states is called the

interaction space. Diagonalizing H in the interaction space yields eigenstates of the full

Hamiltonian as linear combinations of the zeroth-order states. This approach to solving

the full eigenvalue problem is called state interaction.74 At the limit where the interaction

space encompasses all zeroth-order states, H1 is treated at the same level of theory as H0.

In practice, only a subset of zeroth-order states can be feasibly computed, leading to an

approximate treatment of H1 at a smaller basis. The interaction space must be carefully

selected to sufficiently span H1 while maintaining reasonable cost.

The previous sections have shown that relativistic Hamiltonians can be partitioned into

a scalar relativistic and a vector relativistic part.

H = Hsr + Hvr (3.2)

Even after reducing the Dirac equation to an approximate two-component form, the rela-

tivistic eigenvalue problem is still much more expensive than its non-relativistic or scalar

relativistic counterpart. The fully variational treatment of vector relativity requires the
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non-collinear optimization of spin orbitals.30,31,75–82 This limits the relativistic wave function

ansatz to contain at least two independent α and β spin components. Moreover, the wave

function must be complex to thoroughly capture the SU(2) symmetry inherent to total (and

spin) angular momentum. Not only do the extra components double the dimension of the

problem, complex arithmetic also doubles the memory requirement, increases the floating-

point operation (FLOP) count by eight-fold, and slows the convergence of iterative methods.

Neglecting vector relativity allows for the reduction of the relativistic Hamiltonian to a one-

component form since the scalar relativistic Hamiltonian preserves spin as a good quantum

number. Mathematically, this is reflected in Hsr being block-diagonal with respect to αα

and ββ blocks with each block being identical. The two-component Hamiltonian can be

reduced to one-component by using only one spin block. Just as in non-relativistic quantum

mechanics, spin is added a posteriori. The non-variational treatment of spin allows the scalar

relativistic problem to be entirely real-valued. Scalar relativity is much stronger than vector

relativity, manifesting earlier in the periodic table. Vector relativity can be neglected in

modeling many properties for systems involving elements towards the middle of the periodic

table, leaving a scalar relativistic problem with nearly the same cost as a non-relativistic

problem.83–86

For systems where vector relativity cannot be neglected, state interaction is a cost-

effective method for the including vector relativity without completely bearing the heavy

cost of complex multi-component wave functions.52,87–95 By assigning Hsr as the zeroth-order

Hamiltonian, expensive iterative electronic structure methods can be entirely one-component

and real-valued. Spin can be added a posteriori to the one-component zeroth-order wave

functions and projected to two-component form. Complex arithmetic is only necessary when

constructing and diagonalizing the full relativistic Hamiltonian in the interaction space.

3.1 State Interaction in CI Methods

The workflow of a typical CI calculation is shown in Figure 3.1. Starting from an AO

basis, MOs are generated using Kohn–Sham DFT or the Hartree–Fock approximation. The
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Figure 3.1: Comparison between fully variational and state interaction spin–orbit coupling.

many-body Hamiltonian is represented in a Slater determinant basis formed from these

MOs. This Hamiltonian is diagonalized to yield CI wave functions as linear combinations of

Slater determinants. Sufficiently capturing static correlation in a Slater determinant basis

built from Kohn–Sham or Hartree–Fock MOs can require a large number of determinants.

MCSCF is typically used to optimize a set of MOs so that the determinant expansion of

the multi-configurational states can be more compact, reducing the dimensionality of the CI

problem. Nevertheless, an MCSCF wave function is still a CI wave function.

Vector relativity and static correlation become increasingly prevalent towards the bottom

of the periodic table. In addition to partially filled degeneracies frequently seen in metal com-

plexes, f -block complexes have been notorious for possessing multi-configurational ground

states.63,64,70,96 This makes MCSCF an indispensable tool for exploring f -block and late tran-

sition metal chemistry. State interaction provides substantial cost reduction to relativistic

MCSCF. Along with the advantages of a one-component real-valued wave function discussed

previously, one-component scalar relativistic MCSCF requires fewer CI solutions at each

iteration since it is unnecessary to resolve spin microstates to capture static correlation.

State interaction within relativistic CI uses an interaction space of scalar relativistic CI

wave functions. Because the interaction space is a subset of the eigenbasis of the scalar
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relativistic CI Hamiltonian, Hsr is a diagonal matrix of CI energies.

Hsr =


ω0

ω1

. . .

 (3.3)

Matrix elements of the one-electron vector relativistic Hamiltonian between states I and

J can be formed by contracting the one-particle transition density matrix γIJ with the

underlying one-electron vector relativistic Hamiltonian hvr,1e.

HIJ
vr = ⟨I|Ĥvr|J⟩ =

∑
pq

γIJ
pq h

pq
vr,1e (3.4)

Two-electron vector relativity can be included beyond the screened-nuclear spin-orbit ap-

proximation in a similar manner by flattening the two-electron operator to a one-electron

operator via the mean-field approximation. Keep in mind that the underlying orbitals used

in this mean-field approximation are not optimized self-consistently in the presence of two-

electron vector relativity in state interaction.

There is one caveat that must be addressed if one chooses to flatten the zeroth-order

problem to one-component. If the one-component CI calculation does not include spin-flip

excitations,97 only one MS state is yielded, thus insufficiently spanning the vector relativis-

tic operator. Previous implementations of state interaction overcome this by invoking the

Wigner-Eckart theorem, which takes advantage symmetries inherent to angular momentum

to deduce the density matrices involving other MS states. In our implementation, the one-

component CASSCF orbital basis was projected into a two-component spinor basis before

solving one last CI problem to yield the complete MS manifold.95

3.1.1 Atomic Fine-Structure Splitting

In this section, the accuracy of three methods for including both scalar relativity and spin–

orbit coupling are assessed by comparing excitation energies of J-manifolds arising from
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the lowest term due to fine-structure splitting. The three methods being compared are

the X2C-CASSCF and srX2C-CASSCF-SO methods implemented on a developmental ver-

sion of Gaussian,76,95,98 and the CASSCF-SO method available in OpenMolCAS.99 X2C-

CASSCF treats both scalar relativity and spin-orbit coupling on the same footing by us-

ing the one-electron X2C Hamiltonian with the Dirac–Coulomb–Breit-parameterized SNSO

approximation in the CASSCF calculation.55,56,76 Both srX2C-CASSCF-SO and CASSCF-

SO treat spin–orbit coupling via state interaction, but differ on the choice of relativistic

Hamiltonian. In srX2C-CASSCF-SO, the zeroth-order Hamiltonian is the scalar relativis-

tic one-electron X2C Hamiltonian and the perturbing Hamiltonian is the vector relativis-

tic one-electron X2C Hamiltonian with the Dirac–Coulomb–Breit-parameterized SNSO ap-

proximation.55,56,95 In CASSCF-SO, the scalar relativistic DKH2 Hamiltonian is the zeroth-

order Hamiltonian.74,87,99 The perturbing Hamiltonian is the one-electron DKH spin–orbit

Hamiltonian along with the atomic-mean-field two-electron Breit–Pauli spin–orbit Hamilto-

nian.54,100

All systems used in the benchmark have a partially-filled valence subshell configuration.

For each term, the active space comprised of all valence orbitals. For example, Pr is in the

4f -block and has a partially-filled valence subshell configuration of 4f 3. The active space

for Pr comprises of 14 orbitals (7 α-orbitals and 7 β-orbitals) and 3 electrons where all 14

orbitals were 4f orbitals. All CASSCF states arising from the active space were included in

the interaction space. Experimental results were obtained from the NIST Atomic Spectra

Database.63,64

Table 3.1 shows the mean and maximum absolute errors of each method with respect to

blocks of the periodic table. The error for each method increases along with atomic number.

The difference in accuracy between the two state interaction methods is small, in the range

of 1-27 meV, with CASSCF-SO being more accurate. Calculations without the consideration

of two-electron spin–orbit coupling show that the difference is mainly due to different two-

electron spin–orbit approximations. For atomic fine-structure splitting, the benchmark shows

that the atomic-mean-field approximation is more accurate than the SNSO approximation.
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Table 3.1: Mean and maximum absolute error of atomic excitation energies (in eV) for
CASSCF-SO, srX2C-CASSCF-SO, and X2C-CASSCF. The table is divided into blocks of
the periodic table (4d, 5d, 5p, etc.). Errors for the 5d block with Os and Ir omitted are
place in parentheses. The average experimental splitting is defined as the average energy
difference between adjacent J-states. All calculations were performed using the ANO-RCC
basis set.2,3 Absolute error (AE) is defined as the unsigned difference between the computed
value and the experimental value.

Mean AE Max AE Average Exp Splitting

4d (Y, Zr, Nb, Ru, Rh) 0.083
CASSCF-SOa 0.008 0.034
srX2C-CASSCF-SOb 0.012 0.041
X2C-CASSCFb 0.011 0.030
5d (Hf, Ta, W, Os, Ir) 0.223
CASSCF-SO 0.144 (0.042) 0.778 (0.114)
srX2C-CASSCF-SO 0.149 (0.053) 0.790 (0.095)
X2C-CASSCF 0.141 (0.066) 0.711 (0.094)
5p (In, Sn, Te, I) 0.372
CASSCF-SO 0.047 0.080
srX2C-CASSCF-SO 0.048 0.083
X2C-CASSCF 0.034 0.053
6p (Tl, Pb, Po) 0.875
CASSCF-SO 0.195 0.309
srX2C-CASSCF-SO 0.212 0.346
X2C-CASSCF 0.187 0.340
4f (Pr, Nd, Pm, Sm, Dy, Ho, Tm) 0.233
CASSCF-SO 0.034 0.110
srX2C-CASSCF-SO 0.043 0.126
X2C-CASSCF 0.014 0.076
5f (U3+, Np3+, Pu3+) 0.215
CASSCF-SO 0.219 0.666
srX2C-CASSCF-SO 0.246 0.644
X2C-CASSCFc 0.208 0.614

a Atomic-mean-field two-electron integrals are used.
b Dirac–Coulomb–Breit-parameterized row-dependent screened-nuclear spin-orbit scaling is used.

c State-averaged over the first J-manifold.
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Figure 3.2: Mean absolute error (eV) of the ground state fine structure splitting for the
4f -block using srX2C-CASSCF-SO and X2C-CASSCF was plotted as a function of basis set
ζ.

X2C-CASSCF outperformed the state interaction methods in mean absolute error in

all blocks besides the 4d-block. The errors between X2C-CASSCF and srX2C-CASSCF-SO

differ on the range of 1-38 meV. Errors are significantly higher for the 5d, 6p, and 5f -blocks for

all three methods. These errors have been previously observed in both fully variational and

state interaction methods and have been shown to improve with more dynamic correlation.

Omitting highly correlated cases in the 5d block where the breaking of Hund’s rule is observed

(Ir and Os) significantly reduced the mean and max absolute errors.

Figure 3.2 shows the mean absolute error of ground state fine-structure splitting for the

4f -block computed using srX2C-CASSCF-SO and X2C-CASSCF as these methods approach

the basis set limit. Basis set convergence behavior has been studied in the previous work for

state interaction spin–orbit coupling but has not been compared to a fully variational spin–

orbit approach.101 Improvement was seen in both srX2C-CASSCF-SO and X2C-CASSCF

when improving the basis past VDZP-quality from the minimal basis (MB) to double-zeta

(VDZP). Improving the basis had negligible effect on srX2C-CASSCF-SO results whereas

X2C-CASSCF showed systematic improvement. In the fully variational treatment of spin–

orbit coupling, the spin–orbit operator is represented in the entire orbital basis. In state
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interaction, the spin–orbit operator is represented in the interaction space which is limited

by the active space. The initial improvement in both methods was due to the improved

description of the 4f orbitals. However, increasing the basis set size past VDZP-quality did

not significantly improve the description of the 4f orbitals. Because the spin–orbit operator

is only represented within the active space of only 4f orbital in state interaction, without

improvement of the 4f orbitals, increasing basis size minimally affected the state interaction

results. Conversely, the fully variational result continues to improve since the spin–orbit

operator is not restricted by the active space.

3.1.2 Dependence of Fine-Structure Splitting of NdO+ on Interaction Space

At the full CI limit, when the interaction space encompasses all zeroth-order states, the fully

variational and state interaction methods should be identical. Within the CASSCF level

of theory, the best representation of the spin–orbit Hamiltonian for a given active space is

constructed from an interaction space that encompasses all zeroth-order CASSCF states.

The results of the atomic benchmark was somewhat misleading in the sense that we only

show the ideal cases where we can afford to utilize the maximum interaction space. In this

section, we explore the behavior of state interaction spin–orbit coupling as a function of

interaction space.

At the CASSCF level of theory, low-lying excited states of NdO+ exist in a dense manifold

of 52 states.102 A spin-free treatment of these states yield a set of multiplets spanning ∼0.17

eV. With spin–orbit coupling in consideration, these multiplets split into degenerate Kramers

pairs spanning ∼1.00 eV. The bond length of NdO+ was set to 1.742 Å, which was optimized

at the CASSCF level of theory in previous work.102 The active space was chosen to be

3 electrons and 14 spin orbitals for srX2C-CASSCF-SO and X2C-CASSCF. Orbitals with

majority 4f character were chosen to be in the active space. Calculations were state averaged

over the lowest 52 states, which were all included in the interaction space. The ANO-RCC-

VQZP basis set was used in these calculations.2,3

Table 3.2 shows excitation energies for low-lying states of NdO+ calculated using srX2C-



43

Table 3.2: Excitation energies (in eV) for low-lying excited states of NdO+ for various inter-
action spaces of size N . Absolute error (AE) in this table is defined as the unsigned difference
between the perturbative srX2C-CASSCF-SO result and X2C-CASSCF. The ground state
error was omitted from the mean AE.

Ja Ω
srX2C-CASSCF-SO

X2C-CASSCF Exp.
N = 22 N = 36 N = 52 N = 68 N = 86 N = 364

4.5 4.5 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
4.5 3.5 0.174 0.144 0.118 0.161 0.115 0.115 0.115 0.159
4.5 2.5 0.281 0.219 0.156 0.199 0.152 0.151 0.151 0.191
4.5 1.5 0.368 0.243 0.159 0.201 0.154 0.154 0.154 0.201
4.5 0.5 0.453 0.341 0.161 0.203 0.156 0.156 0.155 0.213
5.5 5.5 0.530 0.367 0.224 0.250 0.252 0.252 0.251 0.228
5.5 4.5 0.608 0.378 0.322 0.365 0.348 0.349 0.348 0.366
5.5 3.5 0.690 0.517 0.359 0.401 0.385 0.385 0.384 0.401
5.5 2.5 0.701 0.563 0.373 0.416 0.399 0.400 0.399
5.5 1.5 0.749 0.596 0.376 0.419 0.402 0.403 0.403
5.5 0.5 0.793 0.609 0.377 0.419 0.403 0.403 0.403

Mean AE 0.235 0.110 0.016 0.025 0.000 0.000
Max AE 0.390 0.206 0.027 0.048 0.001 0.001

CASSCF-SO and X2C-CASSCF as well as their experimental excitation energies. States

are denoted as (Ja, Ω) where Ja is the total electronic angular momentum of the atomic ion

and Ω labels the unsigned projection of Ja on the internuclear axis. We define the absolute

error (AE) to be the unsigned difference between the srX2C-CASSCF-SO and X2C-CASSCF

results for each computed state. Mean and maximum AEs are also recorded in Table 3.2.

The lowest few experimentally observed states were included as a reference. Results with

interaction spaces of sizes 86 < N < 364 can be found in the Supporting Information of the

original work.95

We begin with the minimum interaction space required to recover the first two Ja man-

ifolds, N = 22. We increase the interaction space by adding states in energetic order. The

maximum interaction space size is N = 364 states. To recover excitation energies that rival

the accuracy of X2C-CASSCF, the interaction space must encompass at least the 86 lowest

spin-free states.

In Table 3.2, only interaction spaces that preserve the Kramers degeneracy of (Ja, Ω)
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Table 3.3: Excitation energies (in eV) for low-lying excited states of NdO+ for various
inadequate interaction spaces that lead to unphysical degeneracy breaking. Kramers pairs
with degeneracy breaking greater than 1 meV are in bold.

Ja Ω N = 24 N = 34 N = 51

4.5 4.5 0.000 0.000 0.000
0.000 0.000 0.000

4.5 3.5 0.179 0.141 0.118
0.179 0.141 0.119

4.5 2.5 0.291 0.214 0.156
0.291 0.224 0.156

4.5 1.5 0.382 0.224 0.159
0.382 0.307 0.160

4.5 0.5 0.470 0.326 0.161
0.470 0.326 0.196

5.5 5.5 0.559 0.346 0.224
0.561 0.346 0.224

5.5 4.5 0.564 0.361 0.322
0.567 0.364 0.322

5.5 3.5 0.654 0.475 0.359
0.654 0.475 0.363

5.5 2.5 0.740 0.531 0.373
0.740 0.559 0.373

5.5 1.5 0.762 0.559 0.376
0.762 0.568 0.376

5.5 0.5 0.804 0.568 0.377
0.804 0.633 0.475
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manifolds were shown. Table 3.3 shows state interaction results resulting from inadequate

interaction spaces. Interaction spaces where degenerate manifolds are partially included yield

solutions with unphysical degeneracy breaking.

The low-lying Ja manifolds of NdO+ are Ja = 4.5, 5.5, 6.5, 7.5 where each Ja manifold

has 10, 12, 14, and 16 microstates respectively. An interaction space of 34 omits two states

from the Ja = 6.5 manifold as well as two states from an eight-fold spin-free degeneracy.

This caused degeneracy breaking between Kramers pairs in the Ja = 4.5 manifold on the

order of 10 meV. Kramers degeneracy breaking was observed on the order of 1 meV in the

Ja = 6.5 manifold when using an interaction sapce of N = 24, which includes only two

states from the Ja = 6.5 manifold without the partial inclusion of spin-free degeneracies.

Kramers degeneracy breaking was not observed for the N = 22 interaction space, where

no states were excluded from Ja manifolds and two states were excluded from an eight-fold

spin-free degeneracy. Furthermore, excluding a single complement to a Kramers pair also

yields degeneracy breaking up to 98 meV, as demonstrated by the interaction space N = 51.

Our analysis shows that an appropriate interaction space is imperative for sound results.

Not only does an incomplete interaction space yield erroneous energies, it can misrepresent

the physics of the systems. One must be cautious when employing state interaction and en-

sure the interaction space have reached convergence, or at the very least, cover the symmetry

of the system.

3.1.3 Four-Component State Interaction

Traditionally, state interaction has only been applied to decoupled electronic relativistic

Hamiltonians which have been spin-separated into a scalar relativistic term and a spin–orbit

term.33 Two-electron spin–orbit coupling has typically been treated in state interaction using

the two-electron Breit–Pauli spin–orbit Hamiltonian or the Dirac–Coulomb(–Gaunt/Breit)

operator under a mean-field approximation.54,82,100 It is possible to include spin–spin and

orbit–orbit coupling via state interaction, given that the Breit–Pauli Hamiltonian contains

theses terms are explicitly, but this has yet to be done. With the advent of scalar Coulomb
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and Breit operators, we move towards efficiently incorporating all aspects of the Dirac-

Coulomb-Breit Hamiltonian via state interaction.35

Note that spin-separation of the term involving the nuclear-electronic potential via the

Dirac relation gives rise to the scalar-vector partitioning where spin–orbit coupling is the only

vector relativistic effect. The scalar Hamiltonian from this partitioning does not include the

spin operator, hence, the scalar and vector relativistic terms are often referred to as the

spin-free and spin-dependent terms. We must be careful by acknowledging that the scalar

relativistic Breit operator consists of the spin operator. Thus, the partitioning of the Breit

operator cannot be referred to as spin-separation nor can the scalar relativistic Breit operator

be called spin-free despite also arising from the Dirac relation.

Presently, reduction of the scalar Breit operator to one or two-component form has yet to

be achieved, requiring a four-spinor wave function. Nevertheless, the scalar Dirac-Coulomb-

Breit Hamiltonian is entirely real-valued and requires significantly fewer integral evaluations

and contractions than the full Hamiltonian. Benchmarks have shown that the scalar Hamil-

tonian captures 99.99% of the ground state Hartree-Fock energy with only 10% of the cost of

the full Hamiltonian, making it a suitable zeroth-order Hamiltonian for state interaction.35,103

Unlike the traditional state interaction approach, the zeroth-order Hamiltonian does not nec-

essarily have to be entirely scalar. The nuclear-electronic potential, Coulomb, Gaunt, and

Gauge terms are all partitioned into scalar and vector relativistic parts. A choice can be

made to include any of these vector relativistic terms in the zeroth-order Hamiltonian.94

Given a choice of a zeroth-order Hamiltonian, the perturbing Hamiltonian is written as

H1 = HDCB −H0 (3.5)

Defining the perturbing Hamiltonian in this manner allows for an easier and more general im-

plementation due to the different possibilities of zeroth-order Hamiltonians. Matrix elements
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Table 3.4: Zeroth-Order Hamiltonian H0 studied in this work.

srDC(B)- variational scalar-relativistic (sr) Dirac–Coulomb(–Breit)

srD∗C(B)-
variational scalar-relativistic (sr) Dirac–Coulomb(–Breit) augmented with
one-electron vector-relativistic contributions

srD∗C∗B-
variational scalar-relativistic (sr) Dirac–Coulomb–Breit augmented with
one-electron and two-electron Coulomb vector-relativistic contributions

Table 3.5: Perturbations H1 studied in this work.

-vrDC(B) perturbative vector-relativistic (vr) Dirac–Coulomb(–Breit)
-vrC(B) perturbative vector-relativistic (vr) Coulomb(–Breit)

-vrB perturbative vector-relativistic (vr) Breit

of the perturbing Hamiltonian in the interaction space is written as

H1
IJ =

∑
pq

γIJ
pq (hpq − h0

pq) +
1

2

∑
pq

ΓIJ
pqrs(gpqrs − g0pqrs) (3.6)

where hpq and gpqrs are the underlying one and two-electron matrix elements of the Dirac–

Coulomb–Breit Hamiltonian, hpq and gpqrs are the underlying one and two-electron matrix

elements of the zeroth-order Hamiltonian, and Γ is the two-particle transition density matrix.

Herein, we assess the accuracy of Dirac–Coulomb–Breit state interaction CASSCF start-

ing from various zeroth-order Hamiltonians. We focus on ground state fine-structure splitting

of late-row atoms. The no-pair approximation in the four-component CASSCF calculations

is applied by ignoring positive-negative-energy orbital rotations.81 A minimal active space

encompassing only the valence subshell was used for atomic species. The calculation was

state-averaged over the lowest non-relativistic term symbol. The maximum interaction space

was used in each state interaction calculation.

The accuracy of the perturbative method is heavily dependent on the quality of the

zeroth-order wave function. In this section, we explore various choices for zeroth-order
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Table 3.6: Fine-structure splitting (in eV) for variational relativistic formalisms with
CASSCF wave functions with corresponding mean unsigned error (MUE) and percent error
(shown in parentheses) relative to experiment. See Tab. 3.4 for definition of Hamiltonians.

srD∗C DC srD∗CB srD∗C∗B DCB Expt.63

Pd+ 2D5/2 → 2D3/2 0.588(33.4) 0.434(1.0) 0.588(33.4) 0.435(0.9) 0.419(4.6) 0.439
Cd3+ 2D5/2 → 2D3/2 0.952(32.1) 0.722(0.2) 0.952(32.1) 0.722(0.2) 0.698(3.2) 0.721

I 2P3/2 → 2P1/2 1.015(7.7) 0.963(2.2) 1.012(7.4) 0.960(1.9) 0.951(0.9) 0.943
Xe+ 2P3/2 → 2P1/2 1.407(7.7) 1.336(2.3) 1.403(7.4) 1.332(2.0) 1.319(1.0) 1.306
Tm 2F7/2 → 2F5/2 2.002(84.1) 1.117(2.7) 2.004(84.3) 1.118(2.8) 1.062(2.4) 1.087

Yb3+ 2F7/2 → 2F5/2 2.296(81.3) 1.299(2.6) 2.298(81.4) 1.301(2.7) 1.238(2.2) 1.266
Lu4+ 2F7/2 → 2F5/2 2.615(78.9) 1.501(2.6) 2.617(79.0) 1.503(2.8) 1.433(2.0) 1.462
Pt+ 2D5/2 → 2D3/2 1.476(41.4) 1.218(16.7) 1.477(41.4) 1.219(16.8) 1.196(14.5) 1.044
Hg3+ 2D5/2 → 2D3/2 2.283(17.4) 1.908(1.9) 2.284(17.5) 1.910(1.8) 1.875(3.6) 1.945
Rn+ 2P3/2 → 2P1/2 4.108(7.3) 3.976(3.8) 4.086(6.7) 3.953(3.2) 3.938(2.8) 3.831

MUE 0.470 0.051 0.468 0.049 0.048

Hamiltonians, as listed in Tab. 3.4, and perturbations, as listed in Table 3.5. To align with

the original motivation of spin-separation, we develop an all scalar-relativistic zeroth-order

Dirac–Coulomb–(Breit) Hamiltonian, srDC(B), which incorporates scalar-relativistic terms

from both one and two-electron contributions. Additionally, we propose two new classes

of zeroth-order Hamiltonians by augmenting the scalar-relativistic Hamiltonian with vector-

relativistic contributions from one-electron and two-electron operators. Note that within the

augmentation naming scheme srD∗C∗(B∗) and DC(B) would be the same Hamiltonians. To

evaluate the quality of these zeroth-order Hamiltonians, we compare the computed atomic

ground-state fine-structure splitting with the variational formalisms they approximate, as

shown in Tab. 3.6. Experimental atomic fine-structure data was obtained from the NIST

Atomic Spectra Database.63

As expected, the most accurate calculation, meaning the calculation with the lowest

MUE, in Table 3.6 is the DCB Hamiltonian. Omitting the Breit interaction only increases

the MUE by 0.003 eV as shown by the DC results. When the zeroth-order Hamiltonian only

contains one-electron vector relativity, namely the srD∗C and srD∗CB Hamiltonians, the

fine-structure splitting shows an overestimation of 0.47 eV. This overestimation arises from



49

Table 3.7: Atomic fine-structure splitting (in eV) for perturbative Dirac–Coulomb-based
relativistic formalisms with CASSCF± wave functions with the mean unsigned error (MUE)
and percent error (shown in parentheses) relative to experiment. See Tabs. 3.4 and 3.5 for
definition of Hamiltonians.

srDC-CASSCF±-vrDC srD∗C-CASSCF±-vrC DC-CASSCF± Expt.63

Pd+ 2D5/2 → 2D3/2 0.447(1.9) 0.431(1.9) 0.434(1.0) 0.439
Cd3+ 2D5/2 → 2D3/2 0.725(0.6) 0.715(0.7) 0.722(0.2) 0.721

I 2P3/2 → 2P1/2 0.880(6.6) 0.962(2.0) 0.963(2.2) 0.943
Xe+ 2P3/2 → 2P1/2 1.224(6.3) 1.335(2.2) 1.336(2.3) 1.306
Tm 2F7/2 → 2F5/2 1.097(0.9) 1.041(4.3) 1.117(2.7) 1.087

Yb3+ 2F7/2 → 2F5/2 1.281(1.1) 1.212(4.3) 1.299(2.6) 1.266
Lu4+ 2F7/2 → 2F5/2 1.477(1.0) 1.402(4.1) 1.501(2.6) 1.462
Pt+ 2D5/2 → 2D3/2 1.349(29.3) 1.197(14.6) 1.218(16.7) 1.044
Hg3+ 2D5/2 → 2D3/2 2.038(4.8) 1.884(3.1) 1.908(1.9) 1.945
Rn+ 2P3/2 → 2P1/2 3.424(10.6) 3.968(3.6) 3.976(3.8) 3.831

MUE 0.100 0.057 0.051

the absence of two-electron spin–orbit coupling which counteracts one-electron spin–orbit

coupling. Significant improvement to the zeroth-order energies can be achieved by includ-

ing both one-electron spin–orbit coupling and two-electron vector relativity. The resulting

srD∗C∗B Hamiltonian yields an error of only 0.001 eV compared to the full DCB Hamil-

tonian. Based on percentage errors, atoms and ions within a same block exhibit similar

behavior. The one exception is in the 5d-block where Pt+ shows a significantly larger per-

cent error for DCB-CASSCF. This discrepancy is likely due to electron correlation as there

exists close-lying s-orbitals omitted from the active space. While including vector relativity

in the zeroth-order wave function enhances the quality of the zeroth-order wave function, it

also significantly increases the computational cost. Now that the quality of the zeroth-order

Hamiltonians are established, we investigate the efficacy of state interaction in recovering the

remainder of the DC or DCB Hamiltonians starting at various zeroth-order Hamiltonians.

Table 3.7 shows the performance of state interaction in recovering DC results starting at

srDC and srD∗C. We find that srDC-CASSCF-vrDC has a significantly larger MUE com-

pared to the fully variational DC-CASSCF. However, when one–electron vector relativity
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Table 3.8: Fine-structure splitting (in eV) for perturbative Dirac–Coulomb–Breit-based rel-
ativistic formalisms with CASSCF wave functions with corresponding mean unsigned error
(MUE) and percent error (shown in parentheses) relative to experiment. The top row denotes
the zeroth-order Hamiltonian and the row below denotes the remaining vector-relativistic
terms that are included perturbatively. See Tabs. 3.4 and 3.5 for definition of Hamiltonians.

srDCB srD∗CB srD∗C∗B
DCB-CASSCF± Expt.63

vrDCB vrCB vrB

Pd+ 2D5/2 → 2D3/2 0.432(1.5) 0.416(5.2) 0.420(4.3) 0.419(4.6) 0.439
Cd3+ 2D5/2 → 2D3/2 0.703(2.5) 0.693(3.8) 0.700(2.9) 0.698(3.2) 0.721

I 2P3/2 → 2P1/2 0.869(7.8) 0.950(0.7) 0.951(0.9) 0.951(0.9) 0.943
Xe+ 2P3/2 → 2P1/2 1.209(7.5) 1.319(1.0) 1.320(1.1) 1.319(1.0) 1.306

Tm 2F7/2 → 2F5/2 1.053(3.2) 0.995(8.5) 1.071(1.5) 1.062(2.4) 1.087
Yb3+ 2F7/2 → 2F5/2 1.230(2.9) 1.161(8.3) 1.250(1.3) 1.238(2.2) 1.266
Lu4+ 2F7/2 → 2F5/2 1.421(2.8) 1.346(7.9) 1.446(1.1) 1.433(2.0) 1.462
Pt+ 2D5/2 → 2D3/2 1.323(26.8) 1.174(12.5) 1.196(14.5) 1.196(14.5) 1.044
Hg3+ 2D5/2 → 2D3/2 1.999(2.8) 1.850(4.9) 1.876(3.6) 1.875(3.6) 1.945
Rn+ 2P3/2 → 2P1/2 3.385(11.6) 3.930(2.6) 3.938(2.8) 3.938(2.8) 3.831

MUE 0.109 0.071 0.044 0.048

is included in the zeroth-order Hamiltonian, the error notably reduced to levels akin to

DC-CASSCF.

Table 3.8 shows the performance of state interaction in recovering DC results starting at

srDCB, srD∗CB, and srD∗C∗B. State interaction calculations using srDCB yields the largest

error. By including one-electron spin–orbit coupling in the zeroth-order Hamiltonian, the

MUE reduces from 0.109 to 0.071 eV. After moving to srD∗C∗B, the MUE only differs from

the fully variational srDCB MUE by 0.004 eV. The large errors starting from the all-scalar-

relativistic zeroth-order Hamiltonian suggests that it may not be the best starting point for

state interaction.
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3.2 State Interaction in Linear Response TDDFT

LR-TDDFT has been the modern day workhorse for computational photochemistry, thanks

to the balance between its predictive power and low computational scaling with respect

to system size. Although very efficient, a fully variational relativistic treatment of large

molecules remains immensely expensive. State interaction can be applied to LR-TDDFT to

attain the same cost-saving advantages as in configuration interaction.89,90 State interaction

is naturally suitable for wave function based methods since the zeroth-order Hamiltonian

eigenstates are explicitly solved, providing an orthonormal basis to construct the full Hamil-

tonian. LR-TDDFT does not solve for Hamiltonian eigenstates, but instead finds excitation

energies by solving for eigenvalues of the orbital Hessian. Because the orbital Hessian is

not Hermitian, the eigenvectors are not necessarily orthogonal. Moreover, the eigenvectors

are not wave function, but are excitation and de-excitation amplitudes. However, under the

Tamm-Dancoff approximation, the orbital Hessian reduces to the CIS Hamiltonian, where

the excitation amplitudes correspond to coefficients of a CIS wave function. Without the

Tamm-Dancoff approximation, CIS-like wave function can be approximated using the Casida

ansatz.

3.2.1 Derivation of TDDFT-SO

Herein, state interaction is adapted for closed-shell LR-TDDFT, which we call TDDFT-

SO, using the scalar relativistic DKH2 Hamiltonian as the zeroth-order Hamiltonian. The

interaction space comprises of approximate CIS wave functions adapted from excitation and

de-excitation amplitudes,

|IS,MS
⟩ =

1

|ZI |
∑
ia

Zia,I |Φa
i ⟩S,MS

(3.7)

Z = X + Y (3.8)

where I is the index of the excited state, i indexes over occupied orbitals, a indexes over

virtual orbitals, and |Φa
i ⟩S,MS

is a configuration state function (CSF) where an electron from
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orbital i is excited to orbital a. Closed-shell LR-TDDFT is only able to capture singlet and

triplet excited states with MS = 0. Excitation amplitudes for triplet MS = ±1 states are

assumed to be equal to the triplet MS = 0 state. Excited CSFs can be written in terms of

creation and annihilation operators acting on the ground state determinant.

Singlet, S = 0,MS = 0 : |Φa
i ⟩0,0 =

1√
2

(a†aαaiα + a†aβaiβ)|0⟩ (3.9)

Triplet, S = 1,MS = −1 : |Φa
i ⟩1,−1 = a†aβaiα|0⟩ (3.10)

Triplet, S = 1,MS = 0 : |Φa
i ⟩1,0 =

1√
2

(a†aαaiα − a†aβaiβ)|0⟩ (3.11)

Triplet, S = 1,MS = +1 : |Φa
i ⟩1,+1 = −a†aαaiβ|0⟩ (3.12)

The screened nuclear spin–orbit Breit-Pauli Hamiltonian is used as the perturbing Hamil-

tonian. The one-electron Breit–Pauli Hamiltonian can be decomposed into its Cartesian

components and written in second quantized form.

ĤBP = Ĥx
BP + Ĥy

BP + Ĥz
BP (3.13)

Ĥx
BP =

1

2

∑
pq

hx
pq(a

†
pαaqβ + a†pβaqα) (3.14)

Ĥy
BP = − i

2

∑
pq

hy
pq(a

†
pαaqβ − a†pβaqα) (3.15)

Ĥz
BP =

1

2

∑
pq

hz
pq(a

†
pαaqα − a†pβaqβ) (3.16)

hk
pq = ⟨p|

∑
A

ZA

2c2r3iA
l̂k|q⟩, k ∈ {x, y, z} (3.17)

The screened nuclear spin–orbit approximation is applied by scaling hk
µν in the AO basis by

an empirical factor,

hk
µν →

(
1 −

√
Q(lµ)Q(lν)

ZµZν

)
hk
µν (3.18)
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where lµ is the orbital angular momentum quantum number of AO µ. Analytical expressions

for spin–orbit matrix elements in the interaction space can be derived using Wick’s theorem.7

These expressions are also written as tensor traces, allowing for efficient parallel computation.

⟨0|ĤBP |J1,±1⟩ = ∓ 1

2|ZJ |
∑
ia

Zia,J(hx
ia ± ihy

ia) (3.19)

⟨0|ĤBP |J1,0⟩ =
1

|ZJ |
√

2

∑
ia

Zia,Jh
z
ia (3.20)

⟨0|ĤBP |J0,0⟩ = 0 (3.21)

⟨I0,0|ĤBP |J1,±1⟩ =
1

2|ZI ||ZJ |
√

2

(∑
ija

Zia,IZja,J(hx
ji ± ihy

ji) −
∑
iab

Zia,IZib,J(hx
ab ± ihy

ab)

)
(3.22)

⟨I0,0|ĤBP |J1,0⟩ = − 1

2|ZI ||ZJ |

(∑
ija

Zia,IZja,Jh
z
ji +

∑
iab

Zia,IZib,Jh
z
ab

)
(3.23)

⟨I1,0|ĤBP |J1,±1⟩ =
1

2|ZI ||ZJ |
√

2

(∑
ija

Zia,IZja,J(hx
ji ± ihy

ji) +
∑
iab

Zia,IZib,J(hx
ab ± ihy

ab)

)
(3.24)

⟨I1,−1|ĤBP |J1,1⟩ = 0 (3.25)

⟨I1,0|ĤBP |J1,0⟩ = 0 (3.26)

⟨I1,±1|ĤBP |J1,±1⟩ = ±

(
1

2

∑
ija

Zia,IZja,Jh
z
ji +

1

2

∑
iab

Zia,IZib,Jh
z
ab

)
(3.27)

The above expressions can also be used with the DKH or X2C spin–orbit operator as the per-

turbing Hamiltonian since these operators differ from the one-electron Breit–Pauli operator

by a transformation.

ĥX2C,k
µν =

i

2c2

(
1 −

√
Q(lµ)Q(lν)

ZµZν

)
⟨µ|R̂X̂†(p̂VNe × p̂)kX̂R̂†|ν⟩ (3.28)
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ĥDKH,k
µν = 2ic2

(
1 −

√
Q(lµ)Q(lν)

ZµZν

)
⟨µ|ÂD̂(p̂VNe × p̂)kD̂Â|ν⟩ (3.29)

3.2.2 Atomic Fine-Structure Splitting

The performance of TDDFT-SO was assessed for atomic cases. Fine structure splitting

in the 3P and 3D excited state manifolds were calculated using TDDFT-SO52 and plotted

against variational X2C-TDDFT results.104 Experimental atomic fine-structure data was

obtained from the NIST Atomic Spectra Database.63 The interaction space included the

entire manifold of interest, including both singlet and triplet states. Additional states beyond

the manifold of interest had negligible effect on atomic fine-structure splitting. For 1S→ 3P

excitations, two types of electronic transitions are considered: s2 → s1p1 and p6 → p5s1,

plotted in Figures 3.3 and 3.4. For the 1S→ 3D excitations, we also plot s2 → s1d1 and

d10 → d9s1 transitions in Figures 3.3 and 3.4.

Figure 3.3: Comparison of excited state fine structure splitting calculated using TDDFT-SO
and X2C-TDDFT for various atomic cases. 1S → 3P and 1S → 3D excitations arising from
s2→s1p1 and s2→s1d1 transitions, respectively, are considered. Calculations were done using
the ANO-RCC-VTZP basis set and the PBE0 functional.
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Figure 3.4: Comparison of excited state fine structure splitting calculated using TDDFT-
SO and X2C-TDDFT for various atomic cases. 1S → 3P and 1S → 3D excitations arising
from p6→p5s1 and d10→d9s1 transitions, respectively, are considered. Calculations were done
using the ANO-RCC-VDZ basis set and the PBE0 functional.

TDDFT-SO is in excellent agreement with X2C-TDDFT for light elements, but tends to

overestimate fine-structure spitting as the atomic number increases. At Z > 56, the number

of cases with an unsigned error greater than 0.10 eV drastically increased whereas for Z ≤ 56,

such errors are only seen for highly charged species close to Z = 56 (Sb3+,Te4+). TDDFT-SO

more accurately predicts 3D fine-structure splitting than 3P . The errors for 3D stayed below

0.10 eV up to Z > 80. Exorbitant errors were observed for excitations involving 6p orbitals,

with Tl+ 3P0/
3P1 and 3P0/

3P1 splittings exhibiting errors of 60% and 84%, respectively.

Large errors in fine-structure splitting involving the 6p shell have been observed in previous

state interaction methods using the Breit–Pauli Hamiltonian.67,89,105 One source for this error

is the overestimation of the spin–orbit interaction close to the nucleus. This is reflected in the

fact that the points mostly lie below the line of equality in Figures 3.3 and 3.4. It has been

shown in previous work that applying the DKH transformation dampens this interaction

and improves agreement with experiment.54,105 Similar behavior is expected for the X2C
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transformation since it is equivalent to the infinite-order one-electron DKH transformation.

Even with DKH kinematic factors applied to the one-electron Briet–Pauli operator and

a mean-field treatment of the two-electron Breit–Pauli operator, state interaction underes-

timates the Tl 6p fine-structure splitting by over 0.12 eV compared to experiment.105 This

arises from the different response of p1/2 and p3/2 orbitals to relativistic effects. With only

scalar relativity, all six p orbitals expand. With both scalar and vector relativity, p1/2 and

p3/2 exhibit very different radial distributions. Similar to s1/2, p1/2 exhibits a spherical den-

sity and a singularity at the nucleus, whereas p3/2 more closely resembles non-relativistic p

orbitals.30,31 If not accounted for at the orbital level, a large interaction space is necessary

to describe the stark difference between the fully relativistic p orbitals, contributing to the

large errors seen for Tl and Tl+.

3.2.3 Limitations of TDDFT-SO

In the presence of strong spin–orbit coupling, TDDFT-SO may not recover X2C-TDDFT

results. TDDFT excitation amplitudes only map onto CIS wave functions, inherently limiting

the interaction space. Higher-order excited determinants that may be necessary to describe

strong spin–orbit effects are left out of the interaction space. This limitation is seen in the

excited state splitting of PtCl2−6 .

Figure 3.5 shows the MO and state energy diagrams of PtCl2−6 . The energy difference

between the non-relativistic t2g and t1g is 0.09 eV whereas the spin–orbit splitting of t2g is

0.39 eV. This indicates that the strength of spin–orbit coupling is comparable to ligand field

effects, sufficient to alter the orbital landscape of the system. Moreover, t1g splits into a

doubly-degenerate e5/2,g and quadruply-degenerate f3/2,g, t2g splits into a doubly-degenerate

e1/2,g and quadruply-degenerate f3/2,g, and eg becomes f3/2,g. In the absence of spin–orbit

coupling, the Cl p (t1g), Pt d (t2g), and Pt d (eg) transform as different irreps and therefore

do not mix. Under spin–orbit coupling, both Cl p and Pt d orbitals spawn sets of f3/2,g,

allowing mixing between these orbitals. Moreover, there exists sets of lower-lying Cl p t1g,

t2g, and eg orbitals that spawn sets of f3/2,g, introducing further mixing.
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Figure 3.5: Left: Molecular orbital (MO) diagram of PtCl2–6 . Each level is a single
spin–orbital, with electrons represented by vertical bars. The MO diagram without SOC
was obtained from the restricted Kohn–Sham reference used in TDDFT-SO. The MO dia-
gram with SOC was obtained from the X2C Kohn–Sham reference used in X2C-TDDFT.
Right: X2C-TDDFT state diagram of PtCl2–6 . Each state is described by its irreducible
representation in G × SU(2), where G is the spatial symmetry group of the molecule.

Table 3.9: Comparison between excitation energies of PtCl2−6 calculated using X2C-TDDFT
and TDDFT-SO with an interaction space of N singlet and N triplet spin-free states. Each
state is described by its irreducible representation in G × SU(2), where G is the spatial
symmetry group of the molecule. States with large singlet-triplet mixing is written as a
direct sum of the singlet and triplet irreducible representations. Notation was adopted
from Altmann and Herzig. The ordering of highlighted states are incorrectly predicted by
TDDFT-SO.

State TDDFT-SO X2C-TDDFT
N = 6 N = 10 N = 15 N = 20 N = 60 N = 100 N = 200

Eg 1.8010 1.7851 1.7835 1.7835 1.7624 1.7624 1.7617 1.8648
T2g 1.8697 1.8584 1.8573 1.8574 1.8334 1.8334 1.8329 1.9492
T1g 1.9167 1.9015 1.9006 1.9006 1.8780 1.8780 1.8775 1.9691
T1g 2.3104 2.3096 2.3082 2.3082 2.2640 2.2640 2.2634 2.3607
A2g 2.3867 2.3542 2.3590 2.3590 2.3358 2.3358 2.3351 2.3646
T2g 2.3727 2.3565 2.3572 2.3573 2.3261 2.3261 2.3255 2.4046
A1g 2.5220 2.5131 2.4966 2.4966 2.4630 2.4427 2.4404 2.4051
Eg 2.3552 2.3578 2.3513 2.3513 2.3180 2.3180 2.3173 2.4121
T1g 2.5832 2.5630 2.5627 2.5627 2.5232 2.5232 2.5224 2.5824
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As discussed in the case of Tl, spin–orbit coupling that results in large changes to the

orbital landscape is difficult to capture at the state interaction level. Capturing these effects

within the restricted interaction space provided by TDDFT may be impossible as higher-

order excited determinants may be needed. For state interaction to capture the spin–orbit

splitting of the d− d excited states, the interaction space must include excitations involving

Cl p to capture the mixing between Cl p and Pt d introduced by spin–orbit coupling. The

excitation energies of the spin–orbit states computed using X2C-TDDFT and TDDFT-SO at

various interaction spaces are shown in Table 3.9. The N -sized interaction space contains the

ground state, the lowest N singlet states, and the lowest N triplet manifolds, resulting in an

interaction space of 4N +1 states. At N = 60, the interaction space have covered most of the

valence excitations involving Cl p, which are expected to strongly couple to the d−d excited

states. Beyond N = 60, the d − d excitation energies have more-or-less converged, with

small changes from weakly-coupled high-lying excited states. Even at N = 200, TDDFT-

SO did not reproduce the excited state ordering computed by X2C-TDDFT. Reproducing

X2C-TDDFT results may require an unmanageably large interaction space or higher-order

excited determinants that are not offered by TDDFT.

3.2.4 Relation to LS and jj-Coupling

The fully variational treatment of spin–orbit coupling is equivalent to jj-coupling. Optimiz-

ing MOs in the presence of spin–orbit coupling implicitly couples spin and orbital angular

momenta into total angular momentum at the MO level. Performing CI with Slater determi-

nants constructed from these MOs yields N -electron wave functions with the total angular

momentum of individual electrons coupled. In this Thesis, the fully variational approach to

spin–orbit coupling will be referred to as jj-coupling.

Assuming that the zeroth-order Hamiltonian does not include spin–orbit coupling, spin

and orbital angular momenta are not coupled at the MO level in state interaction. Solving

for N -electron wave functions using Slater determinants constructed from these orbitals

yields spin-diabatic states with spin and orbital angular momenta coupled across individual
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electrons independently. After obtaining a basis of spin-diabatic N -electron states, spin–

orbit coupling is added to the Hamiltonian and reconstructed in this basis. The presence of

spin–orbit coupling couples spin and orbital angular momenta of the spin-diabatic states to

yield spin–orbit adiabatic states. State interaction strongly parallels LS-coupling. However,

diagonalization of the spin–orbit-included Hamiltonian mixes zeroth-order states of different

spins and non-relativistic irreps as long as the states share the same double group irrep. This

takes state interaction beyond the LS-coupling scheme, making state interaction equivalent

to jj-coupling scheme at the full CI and interaction space limit.

Whether or not the MOs are optimized with spin–orbit coupling, as long as the underlying

AOs are the same, the orbital and N -electron basis spans the same Hilbert space. Because

the Hamiltonian at the state interaction step is the same as the Hamiltonian in the fully

variational approach, both approaches should yield the same results at the full CI and inter-

action space limit. The introduction of an active space will likely lead to mismatching Hilbert

subspaces between the two approaches, yielding different results. Furthermore, the selection

of an interaction space further differentiates the Hilbert subspaces. For weak spin–orbit cou-

pling, especially at the LS-coupling limit where coupling within degenerate spin manifolds

dominate, state interaction is extremely efficient. In the limit of strong spin–orbit coupling,

the fully relativistic wave function may drastically deviate from the non-relativistic or scalar

relativistic wave function. Although state interaction is able to handle these systems, it

may be best to approach these systems via jj-coupling. Such systems may require a large

active space and interaction space, encompassing various spin manifolds and symmetries, to

capture the large changes to the wave function due to spin–orbit coupling.
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Chapter 4

SPIN–ORBIT COUPLING IN CHEMISTRY

It is no exaggeration to say that spin–orbit coupling is a cornerstone of modern chemistry

and is the most prominent vector relativistic effect. Spin–orbit coupling is commonly associ-

ated with one-electron spin–orbit coupling as it is the strongest vector relativistic effect. The

much weaker two-electron spin–orbit coupling is essential to accurately describe spin–orbit

effects. Spin–orbit effects are overestimated in the absence of two-electron contributions,

reaching errors of up to ∼ 1 eV for 4f fine-structure splitting in late lanthanides.95 Though

spin–orbit coupling grows with atomic number, some of its effects have dire consequences

throughout the periodic table and have been exploited in applications throughout the chem-

ical sciences.48,51,106–109 Spin–spin and orbit–orbit couplings are nearly inconsequential for

most chemical applications, mainly playing a role in nuclear magnetic resonance,110 electron

paramagnetic resonance,111 and chemistry involving actinides and superheavy elements.112

4.1 Fine-Structure Splitting of Superatomic Orbitals

The Au25(SR)18 nanocluster is the flagship of atomically precise nanochemistry.113 Over one

thousand papers have been published about it and its derivatives since its identification in

2005114 and structure determination in 2008.113,115–119 However, the influence of spin–orbit

coupling over different oxidation states has not been fully understood, despite being the most

studied cluster in the field and recent attempts.120–123

Figure 4.1 shows the experimental UV-vis absorption spectra of Au25(SR)18 nanoclusters

(abbreviated Au25) at three different oxidation states. The differences among them can

clearly be seen. The low energy region from 1.2 eV to 2.0 eV, known as the fingerprint

band, correspond mainly to transitions between frontier orbitals. Upon oxidations, the
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Figure 4.1: On the left, ball-and-stick and wire frame models of Au25(SR)18 are shown. The
nanocluster can be separated into two regions: the Au13 core and the staple motif layer. In
our computational model, we use R = H to reduce computational cost. On the right, the
experimental UV-vis absorption spectra of Au25(SPET)18 (SPET = 2-phenylethanethiolate:
SCH2CH2Ph) at the −1, 0, and +1 charge states recorded at 78 K is shown. The shaded
region is the “fingerprint” band, which is the focus of this work.

double peak in the anion changes to an asymmetric band in the neutral species with further

blue-shifts in the cation.124–127 The frontier orbitals are well-understood in the absence of

spin–orbit coupling by the superatomic complex model: Au−
25 being an 8-electron system

with a superatomic electron configuration of (1S)2(1P )6, with the 1D orbitals being the

LUMO.128 Although the double peaks of Au−
25 were explained by the fine-structure splitting

of the 1P orbital, the role of SOC in the neutral and cationic spectra remains unexplored.120

Another consideration is the interplay between geometry and electronic structure as a

result of spin–orbit coupling. Jahn-Teller distortion plays a crucial role in the electronic

structure of metal nanoclusters.127,129,130 It is well-known that filling degeneratre or near-

degenerate orbitals with unpaired electrons is met by geometric distortion that lower the

nanocluster symmetry and break orbital degeneracies. Metal nanoclusters tend to not follow

Hund’s rule since the energy lowered by Jahn-Teller distortion can be greater than that by

avoiding Coulombic repulsion from electrons in the same spatial orbital. This perspective

is paramount to understanding the UV-vis fingerprint band with respect to charge. As the
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Figure 4.2: The structure of the Au13 core at the −1, 0, and +1 oxidation states are shown
above. The vertices represent Au atoms. Atoms of the same color share a diagonal that runs
through the center. The diagonal lengths are plotted for each oxidation state in the bottom
chart.

nanocluster oxidizes from anionic (−1), neutral (0), and cationic (+1) states, the superatomic

orbital electron configuration changes from 1P 6 to 1P 5 and 1P 4, respectively, presenting a

clear opportunity for Jahn–Teller distortion to act. Indeed, the Jahn–Teller effects have

been shown to be present in Au25 which can be further manipulated to tune its redox

properties.127,131

Au25(SH)18 was used as a model to reduce computational cost since it has been shown

that optical properties in this energy region are insensitive to ligand choice.124,132,133 All cal-

culations were performed using a developmental version of the Gaussian electronic structure

software package.134 Two-component TDDFT calculations were performed using the PBE0

functional135,136 with the relativistic CRENBL effective core potential with spin–orbit cou-

pling and its complementary basis set for Au and S atoms.3,137–140 For computational detail,

see the Supporting Information in the original work.
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4.1.1 Geometry of Au25

We next correlate the change in the optical absorption spectra to the change in the geometry

of the Au25 nanocluster as the charge is varied, with a focus on the electronic structure under

spin–orbit coupling. We note that Jahn-Teller distortion in the Au25 nanoclusters has been

correlated to experimental optical absorption and voltammograms.127,130,141 Figure 4.2 shows

the change in the nanocluster Au13 core geometry and diagonal lengths for each oxidation

state. The anion core was nearly a perfect iscodahedron. The slight imperfections left the

core with a Th symmetry rather than the Ih symmetry expected of a perfect icosahedron.

Oxidation of the anion to the neutral nanocluster resulted in a distortion of the core, lowering

its symmetry to Ci. The distortion appeared as a tilting of the 10 equatorial triangular faces

of the icosahedron caused by the increase in bond angles between the purple, blue, and

orange diagonals. In addition, every diagonal decreased in length, leading to an overall

shrinking of the core. Much greater distortion was observed when oxidized to the cation.

The symmetry of the cation core remained Ci but the geometry further deviated from an

icosahedron. The equatorial tilting of the icosahedron became much more pronounced as the

bond angles between the purple, blue, and orange diagonals further increased. The length

of each diagonal also increased with most diagonals surpassing their anionic lengths.

4.1.2 Superatomic Orbitals of Au25

One of the most widely used models in studying the electronic structure of metal clusters

treats the valence electrons as a jellium under a spherical potential.142–144 Similar to the

spherical nuclear–electronic potential of an atom, the spherical jellium model also gives

rise to one-particle spherical harmonic solutions described by a principal quantum number

(n), an orbital angular momentum quantum number (l), and an azimuthal quantum number

(ml).
128,143,145 These one-particle states share the same quantum numbers as atomic orbitals,

earning the name superatomic orbitals and designating these clusters as superatoms. One

difference is that the superatomic orbitals do not restrict the orbital angular momentum
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Figure 4.3: MO diagram of Au25(SH)−18 with and without spin–orbit coupling, where each
line is a Kramers pair. Blue and red shaded orbitals denote occupied and unoccupied orbitals,
respectively. Below the superorbitals exists a high density of states region where electron
density delocalized onto the staple motif layer. Images of the orbitals are shown on the right.

based on the principal quantum number (l < n). The fact that superatomic orbitals possess

orbital angular momentum indicate that spin–orbit coupling may affect superatomic orbitals.

Recent advances in computing capabilities allow for more accurate approaches to study

superatoms. Ab initio LCAO approaches align with the jellium model, agreeing that su-

peratomic orbitals emerge from delocalized valence electrons.108,120,146,147 One aspect that

LCAO provides, that the jellium model does not, is the splitting of superatomic orbitals

based on the symmetry of the superatom, similar to the ligand field splitting of atomic or-

bitals. Moreover, the LCAO approach explicitly treats every atom in the superatom, enabling

interactions between superatomic orbitals with core electrons and the ligands.

Figure 4.3 shows the anionic MO diagram calculated with and without spin–orbit coupling

along with visualization of the superatomic orbitals. The HOMO and LUMO are the 1P and

1D, respectively. The 1P orbitals generally have the same appearance but lie on different
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Superorbital s p d
1P1 25.64% 39.86% 34.50%
1P2 24.17% 39.28% 36.55%
1P3 22.92% 38.55% 38.55%
1D1 41.50% 37.92% 20.56%
1D2 40.87% 37.87% 21.25%
1D3 40.22% 34.48% 25.30%
1D4 39.44% 33.14% 27.42%
1D5 40.36% 32.26% 27.38%

Table 4.1: Atomic orbital character of Au25(SC6H13)
−
18 superorbitals from calculation with

SOC. Orbitals are arranged down the table with increasing energy.

axes. The 1D superatomic orbitals were more diverse in appearance including having a dz2

or “four-leaf clover” center. The anion superatomic orbitals split in the same manner as

atomic orbitals in a Th ligand field as shown in Figure 4.3. Without spin–orbit coupling, the

1D splits into tg and eg while the 1P remains degenerate as t1u.

Mulliken analysis of the superatomic orbitals in Table 4.1 shows that their atomic orbital

composition is diverse in orbital angular momentum. Because the superatomic orbitals con-

sist of p and d atomic orbitals, it is reasonable to expect that superatomic orbitals experience

the influence of spin–orbit coupling from the atomic orbital level. With spin–orbit coupling,

the tg manifold splits into a doubly-degenerate ẽ1/2,g and a quadruply-degenerate f̃3/2,g while

the eg manifold remains as a four-fold degeneracy, re-designating to the double group irrep

f̃3/2,g. The t1u manifold splits into a quadruply-degenerate f̃3/2,u and a doubly-degenerate

ẽ1/2,u. The relativistic field splitting was consistent with the predictions of double group

theory, similar to atomic orbitals in a Th ligand field under spin–orbit coupling. Below the

1P is a dense region with orbital delocalized across the staple motif layer. It was observed

that these orbitals do play a key role in the neutral and cationic fingerprint band.

The MO diagram of the neutral and cationic clusters with spin–orbit coupling are shown

in Figure 4.4. The orbital landscape marginally changed under spin–orbit coupling. Under
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Figure 4.4: MO diagram depicting the Jahn-Teller distortion from the neutral Au25(SR)18
to Au25(SR)+18 where each line is a Kramers pair. Orbital transitions responsible for features
β1, β2, β3, and β4 on the neutral spectrum; and γ1, γ2, and γ3 on the cationic spectrum,
are shown. Blue, orange, and red shaded orbitals are doubly-occupied, singly-occupied, and
unoccupied respectively. The double group irrep of the orbitals are shown on the right
and are the same for both oxidation states. The “2” in front of the irrep indicates that the
Kramers pair is a pair of spin-orbitals that transform as the given irrep (e.g., 2ã1/2,u indicates
that two spin-orbitals that transform as ã1/2,u make up the Kramers pair).
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the abelian Ci point group, orbital degeneracies only exist as Kramers pairs, leaving no

manifolds for spin–orbit coupling to split. However, spin–orbit coupling did changes relative

orbital energies slightly. The driver of Jahn-Teller distortion was the removal of electrons

from the former 1P f̃3/2,u manifold that breaks the spherical symmetry of the 1P shell. The

nanocluster symmetry for both oxidation states lowered to Ci to break the partially filled

f̃3/2,u degeneracy. The neutral cluster experienced minor distortion since the destabilized 1P

was still singly occupied. This is reflected in the reminiscence of the large energy gap between

the former 1D f̃3/2,g and ẽ1/2,g manifolds, resembling Th orbital splitting. The distortion was

much greater for the cation since the depopulated 1P can further destabilize without raising

overall energy. The 1D further separate closing the large energy gap. In both oxidation

states, the 1P degeneracy was broken.

4.1.3 Characterization of the Fingerprint Band

Figure 4.5 compares the simulated spectra with the experimental spectra for the three dif-

ferent oxidation states of Au25. The low energy satellite peak at 1.64 eV was labeled as α1

and the main peak at 1.91 eV was labeled as α2 in Figure 4.5a for the anionic cluster. Upon

oxidation of the anion to the neutral nanocluster, the satellite peak lowered in intensity and

was red-shifted by 1.43 eV labeled as β1 in Figure 4.5b. Broadening of the main peak was

observed along with a slight red-shift to 1.82 eV, labeled as β3 in Figure 4.5b. β3 exhibited

a low energy tail with significant intensity at 1.58 eV that connects β1 and β3, labeled as β2

in Figure 4.5b. β3 also exhibited a high energy shoulder, labeled at β4. Further oxidation to

the cationic state resulted in the disappearance of the low energy satellite peak along with

a blue-shift of the main peak to 1.89 eV, labled as γ2 in Figure 4.5c. The low-energy tail

remains at 1.70 eV and is label γ1 in Figure 4.5c. The high energy shoulder of the main

peak is no longer present in the experimental spectrum but remains in the simulated spec-

trum. Overall, one can see and excellent agreement between the simulated and experimental

spectra for the three different charge states.

Since the simulated spectra were computed using 2c-TDDFT with a spin–orbit-optimized
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Figure 4.5: Experimental and computed spectra of Au25(SR)18. The excited states obtained
from 2C-TDDFT are plotted as black lines. Spectra were generated by applying Lorentzian
broadening to the excited states with a half-width at half max of 0.07 eV. The anion spec-
trum (a) is compared to the experimental spectrum of Au25(SCH6H13)

−
18 (SCH6H13: 1-

hexanethiolate), reproduced from data obtained from Ramakrishna et. al.1 The neutral (b)
and cation (c) spectra are compared to experimental spectra of Au25(SR)18 and Au25(SR)+18
respectively. All spectra were recorded at 78 K. The computed neutral spectrum was red-
shifted by 0.11 eV to align with the experimental spectrum.
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MO reference, spin–orbit coupling is viewed from the jj-coupling perspective. The most

straightforward spectrum is the anion spectrum shown in Figure 4.5a. The anion spectrum

consisted of two peaks, α1 and α2. The orbital excitations responsible for α1 and α2 are 1P

ẽ1/2,u → 1D f̃3/2,g and 1P f̃3/2,u → 1D f̃3/2,g, respectively, as depicted in Figure 4.3.

Many more excited states were responsible for the neutral and cation spectrum than

for the anion spectrum. Figure 4.4 shows which orbitals excitations are responsible for the

spectral features labeled in Figure 4.5. The features β1 and β2 were direct consequences of

Jahn-Teller distortion. Recall that Jahn-Teller distortion breaks the f̃3/2,u degeneracy into

a stabilized doubly-occupied 1P and a destabilized singly-occupied 1P . Orbital excitations

from the destabilized singly-occupied 1P to the lowest two 1D gave rise to β1. Orbital

excitations from the stabilized doubly-occupied 1P to the lowest 1D gave rise to β2. Along

with excitations between superatomic orbitals, the vacancy in 1P opened opportunities for

the low-energy orbitals delocalized onto the staple motif layer (SML) to excite into the

core-localized 1P , suggesting possible ligand-metal charge transfer (LMCT) in the fingerprint

region. Mixing of these orbital excitations were pervasive in the excited states throughout the

spectrum. Along with orbital excitations from the lowest 1P to the lowest 1D, SML → 1P

LMCT excitations also contribute to the excited states that form β3. The rise of SML → 1P

LMCT excitations with considerable oscillator strength also led to the broadening of β3 and

the rise of β4. Because ligands in the theoretical model differ from experiment (R = SH as

opposed to SPET), it is reasonable for the simulated spectrum to disagree with experiment

at β4.

With the depletion of the highest 1P , β1 was not present in the cation spectrum, resulting

in a single broad peak labeled γ2, and a low-energy tail, labeled γ1. Excitations between the

middle 1P and the two lowest 1D along with SML → 1P LMCT excitations were observed

in γ1. The high-intensity excited state at 1.82 eV that constitutes γ2 also consists mainly

of excitations between the middle 1P and the two lowest 1D. The rest of the excited states

that constitute γ2 were from orbital excitations between the lowest 1P and the two lowest

1D along with SML → 1P LMCT excitations. The blue-shift of the main peak compared to
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Figure 4.6: UV-Vis spectrum of Au25(SR)−18. Computed spectra are shifted, broadened, and
normalized to align with the large peak at 1.90 eV. Excited states from TDDFT-SO are
indicated by blue sticks, where the height is scaled by the oscillator strength. The full-width
half-max was set to 0.07 eV.

the neutral spectrum arose from the destabilization of the depleted 1P . Such destabilization

increased the energy of the excited states involving SML → 1P LMCT. The lack of high-

intensity excited states at γ3 due to a minimal ligand model caused the theoretical spectrum

to exhibit a high-energy shoulder instead of a single broad peak encompassing both γ2 and

γ3 as seen in experiment.

Consistent with the differences between orbitals with and without spin–orbit coupling, it

is unsurprising that significant changes to the fingerprint band only occurs for the anion. The

changes in relative orbital energies in the neutral and cation nanoclusters under spin–orbit

coupling is reflecting by the small energy shifts of spectral features.

4.1.4 Fingerprint Band from the LS-Coupling Perspective

In the jj-coupling perspective, it is difficult to explain the difference between α1 and α2 in-

tensities. From a density of states argument, α2, coming from a four-fold degeneracy f̃3/2,u,

should have a higher intensity than α1, which arises from a two-fold degeneracy ẽ1/2,u. How-

ever, this is not the case in experiment nor our calculations. The reason for this discrepancy

can be easily seen from the LS-coupling picture.

To view the problem from the LS-coupling, the fingerprint band was computed using
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TDDFT-SO. The TDDFT-SO calculation was performed using the scalar relativistic DKH2

and the Breit–Pauli spin–orbit Hamiltonian under the SNSO approximation. Figure 4.6

presents the TDDFT-SO-computed anion fingerprint band alongside the experimental spec-

trum and the simulated spectrum from Figure 4.5, demonstrating excellent agreement among

all three spectra. In TDDFT-SO, the spin–orbit states are linear combinations of spin-pure

states

|I ′⟩ =
∑

CI′K |K⟩ (4.1)

where I ′ is a spin–orbit state and K is a spin-pure state. The oscillator strength between

two spin–orbit state can be computed as

fI′J ′ =
2

3
∆ωI′J ′|⟨I ′|r|J ′⟩|2 (4.2)

where ωI′J ′ is the energy difference between spin–orbit state I ′ and J ′. The oscillator strength

is dependent on the transition dipole moment can be computed from transition dipole mo-

ments of spin-free states.

⟨I ′|r|J ′⟩ =
∑
KL

C∗
I′KCJ ′L⟨K|r|L⟩ (4.3)

Transition dipole moments between spin-pure states are non-zero only if the states share

the same spin. Ignoring the spatial wave function, oscillator strengths are stronger between

states that share more spin character.

Both α1 and α2 excited states arise from the same orbital excitations in the non-relativistic

picture. Table 4.2 shows that α1 excited states had mostly triplet character and α2 excited

states had mostly singlet character. Given that the ground state is a singlet state, α2 is more

intense than α1.

4.1.5 Conclusion

The relativistic LCAO approach provides much more insight than the spherical jellium model.

The LCAO approach allows a more flexible and thorough description of superatoms. The
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Peak Excited State % Triplet % Singlet
1 74.91% 25.09%

α1 2 67.22% 32.78%
3 76.65% 23.35%
1 34.03% 65.97%

α2 2 26.37% 73.63%
3 37.74% 72.26%

Table 4.2: Percentage of triplet and singlet pure state contribution to excited states respon-
sible for α1 and α2 in the anion spectrum. Excited states are labeled by increasing energy
within a given peak.

explicit treatment of every atom elucidates the effects of molecular geometry on the su-

peratom, showing that superatomic orbitals experience symmetry-driven splitting similar

to ligand field splitting. Moreover, the explicit treatment of every atom shows that the

superatomic structure of Au25 mostly lies on the Au13 core and revealed the presence of

charge transfer excited states between the Au13 core and the staple motif layer in the neutral

and cationic clusters. Without this, the neutral and cation fingerprint band could not be

properly modeled as many features arise from excitations out of the staple motif layer to a

superatomic orbital.

The relativistic aspect of this approach reveals that spin–orbit coupling affects super-

atomic orbitals similar to atomic orbitals. Superatomic orbitals arise from a linear combina-

tion of atomic orbitals with different angular momenta. Even though each orbital angular

momentum experiences spin–orbit coupling differently on the atomic level, spin–orbit cou-

pling splits superatomic orbitals based solely on the collective superorbital angular momen-

tum and the superatomic symmetry. From the jj-coupling perspective, the presence of two

peak in the anion fingerprint band can be seen as fine-structure splitting of the superatomic

1P . However, only from the LS-coupling perspective can the intensity differences between

α1 and α2 be explained. This perspective shows that the α1 excited states are mostly triplet

in character with optical activity granted from singlet mixing due to spin–orbit coupling,



73

whereas the more intense α2 excited states are mostly singlet in character.

4.2 Symmetry-Inhibited Intersystem Crossing in Organic Photosensitizers

Intersystem crossing is the non-radiative transition between electronic states with different

spins. It is has been leveraged to facilitate a variety of chemical processes, including catal-

ysis and photo-induced bond formation,109,148–150 and also plays a key role in excited state

relaxation processes.65,151–155 One process involving intersystem crossing that has attracted

significant attention is photo upconversion.106,156–163 Photo upconversion is the process where

a system absorbs two low-energy photons and emits a high-energy photon. A popular mech-

anism to achieve this is the triplet–triplet annihilation mechanism, which features a two-

component system involving a photosensitizer and an emitter. This process begins with the

photosensitizer absorbing a photon, exciting from a ground state singlet to an excited state

singlet. The photosensitizer undergoes intersystem crossing to a triplet state, followed by

a non-radiative energy and angular momentum transfer to a ground state emitter, exciting

the emitter to an excited triplet state. Two excited triplet emitters undergo a triplet–triplet

annihilation resulting in the relaxation of one emitter to a lower energy singlet and the

excitation of the other emitter to a higher energy singlet. Finally, the high-energy singlet

fluoresces at an energy greater than the absorbed photons.106,156,157,161–163

A particularly useful application of photo upconversion is the development of solar cells

with the potential to exceed the Shockley–Queisser efficiency limit, or at the very least, move

towards meeting this limit.158,160,161,164 The shift towards preovskite-based solar cells have

also made photon upconversion a more attractive approach to enhance efficiency. Many

perovskite-based solar cells outperform silicon-based solar cells by more efficiently absorbing

high energy near-UV–visible photons at the cost of being transparent in the near-infrared.165

Much interest have been directed at developing systems that can upconvert near-infrared

photons into the visible region for harvest.

Triplet–triplet annihilation photon upconversion relies on the ability of the photosensitizer

to undergo fast and efficient intersystem crossing. Because spin–orbit coupling is stronger as
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Figure 4.7: Structure of DBA-TSQ.

atomic number increases, the most efficient photosensitizers tend to be expensive late-row

metal complexes.106,166–169 The cost of using these metal complexes would be economically

intractable if applied to large-area solar installations. Thus, chemists are beginning to seek

low-cost organic alternatives. Attempts at harnessing the heavy-atom effect through halo-

genated organic dyes have been successful, but applications of these dyes have been limited

due to poor photostability.157,170 There has been some success in pushing organic molecules

towards femtosecond intersystem crossing through thionation.171–173 Recently, red-to-yellow

photon upconversion has been achieved using dibutylaniline thiosquarine (DBA-TSQ) as the

photosensitizer.161

DBA-TSQ functioned as an effective photosensitizer because it undergoes fast intersystem

crossing with unity quantum yield.161,171 Despite its seemingly rapid intersystem crossing,

DBA-TSQ is relatively slow, undergoing picosecond intersystem crossing whereas molecules

with a similar chemical composition can achieve it on the femtosecond timescale.172–177 For in-

stance, mono-deprotonated 2,4-dithiopurine has been reported to achieve femtosecond inter-

system crossing with unity quantum yield.173 Though sufficient for this application, studying

its intersystem crossing mechanism could provide valuable insight in photosensitizers design.

4.2.1 Static Approximation of Intersystem Crossing

The inclusion of spin–orbit coupling presents a spin–orbit adiabatic picture where the N -

electron wave function is no longer an eigenstate of the Ŝ2 operator. Because spin–orbit

coupling is always present, electronic states are rarely spin-pure. When spin–orbit coupling
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is weak, electronic states remain nearly spin-pure and are often described as if they were.

This is particularly true for light elements. In these situations, most chemical properties

and processes can be captured without spin–orbit coupling. Regardless of how weak spin–

orbit coupling may be, it cannot be neglected when studying intersystem crossings.48,49,51,178

Without spin–orbit coupling, intersystem crossings are forbidden due to the orthogonality of

the spin wave functions. The mixing of spin states introduced by spin–orbit coupling allows

for intersystem crossings to occur.

In the spin-pure picture, the intersystem crossing rate constant between states I and J

can be statically approximated by Fermi’s golden rule with the spin–orbit operator as the

perturbation.49,51,178

kISC = 2π|⟨I|ĤSO|J⟩|2δ(EJ − EI) (4.4)

Since molecular states are discrete and non-radiative transitions must be isoenergetic, the

density-of-states becomes a Dirac delta function. This description of intersystem crossing is

widely used for organic molecules as they typically lack late-row elements to induce strong

spin–orbit coupling. In the context of triplet–triplet annihilation photon upconversion, the

photosensitizers typically undergo an intersystem crossing from a singlet state to a triplet

state. Equation (4.4) can be rewritten to take into account the triply-degenerate triplet

manifold,

kISC = 2πδ(EJ − EI)
1∑

MS=−1

|⟨I, S = 0|ĤSO|J, S = 1,MS⟩|2 = 2π|HIJ
SO|2δ(EJ − EI) (4.5)

where the spin–orbit matrix elements between singlet and triplet microstates are condensed

into |HIJ
SO|. This quantity is typically referred to as the spin–orbit coupling matrix element,

spin–orbit coupling constant, or simply the “spin–orbit coupling”.

|HIJ
SO| =

√√√√ 1∑
MS=−1

|⟨I, S = 0|ĤSO|J, S = 1,MS⟩|2 (4.6)
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The static approximation of the intersystem crossing rate evaluates Equation (4.6) at the

equilibrium geometry of the outgoing state. The spin–orbit coupling at the equilibrium

geometry is also referred to as direct spin–orbit coupling.

While the spin–orbit coupling matrix element provides a quantitative measure for pre-

dicting intersystem crossing rates, El-Sayed’s rule serves as a qualitative tool for assessing

whether the transition is allowed. El-Sayed’s rule states that an intersystem crossing must

be accompanied by a change in orbital character.51,152,179,180 The change in spin angular

momentum induces a torque onto the electron orbit ensuring the conservation of total an-

gular momentum. The induced orbital torque results in an orbital transition via a spatial

rotation.181,182 An El-Sayed forbidden transition results in a zero or very small spin–orbit

coupling matrix element.183 However, even if an intersystem crossing is El-Sayed allowed, it

may still be symmetry forbidden, or vice versa. In other words, although the intersystem

crossing may conserve angular momentum, the orbital transition may not be possible under

a spatial rotation.

According to previous work, DBA-TSQ exhibits no direct spin–orbit coupling between El-

Sayed allowed singlet-triplet pairs.171 As other molecules with similar chemical compositions

exhibit direct spin–orbit couplings on the order of 10−100 cm−1, this absence may explain the

slow intersystem crossing rate relative to similar molecules.50,174,176 Yet, despite the absence

of direct spin–orbit coupling, DBA-TSQ undergoes a highly efficient and somewhat rapid

intersystem crossing. This raises the question: what is the underlying driving force behind

the DBA-TSQ intersystem crossing?

To address this question, inspiration was drawn from porphine, where the S1 → T1

intersystem crossing also occurs with no direct spin–orbit coupling.51,183 In this case, the

intersystem crossing was driven by spin–vibronic coupling. At the S1 equilibrium geometry,

S1 → T1 is El-Sayed forbidden as both states have a ππ∗ configuration. The intersystem

crossing becomes El-Sayed allowed through a mixing of σ character into π orbitals driven by

out-of-plane vibrations. Previous work has shown that applying out-of-plane distortions to

DBA-TSQ increases the S(nπ∗) → T (ππ∗) spin–orbit coupling.51,183,184 Distortion along an
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out-of-plane mode by kBT increases the spin–orbit coupling to merely 2.03 cm−1, much lower

than spin–orbit couplings for compounds of similar composition.171 Though spin–vibronic

coupling seems to promote intersystem crossing in DBA-TSQ, it undergoes a different mech-

anism than porphine as the DBA-TSQ singlet-triplet pair is already El-Sayed allowed. These

discrepancies warrant further investigation into the spin–vibronic mechanism of DBA-TSQ.

Spin–vibronic contributions to spin–orbit coupling appear when the integral is Taylor

expanded around the equilibrium geometry with respect to normal modes qa.
51

|HIJ
SO(q)| =

∣∣∣∣∣∑
MS

(
⟨I0,0|ĤSO|J1,MS

⟩
∣∣∣
q=0

+
∑
a

∂

∂qa
⟨I0,0|ĤSO|J1,MS

⟩
∣∣∣
q=0

qa

+
1

2

∑
ab

∂2

∂qa∂qb
⟨I0,0|ĤSO|J1,MS

⟩
∣∣∣
q=0

qaqb + . . .

)2∣∣∣∣∣
1/2

(4.7)

Notice that the zeroth-order term in Equation (4.7) is direct spin–orbit coupling.

4.2.2 Computational Details

All DFT calculations were performed using a developmental version of the Gaussian elec-

tronic structure software package.185 The TPSSH functional186,187 was used with the 6-

311+G** basis set.188–192 Dispersion correction was included using the Petersson-Frisch dis-

persion model.193 A toluene solvation environment was simulated using a polarizable con-

tinuum model.194 Ground state geometries were optimized using Kohn-Sham DFT. Excited

state energies were computed using TDDFT. TDDFT was also used in optimizing excited

state geometries. Spin–orbit coupling matrix elements were computed in the same manner

as in TDDFT-SO.52 Normal modes were computed at the same level of theory as above. The

harmonic approximation was used to obtain ground state vibrational wave functions. Irreps

are assigned with the x-axis defined as the horizontal axis, y-axis defined as the vertical

axis, and the z-axis defined as the in-page axis, with respect to the orientation shown in
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Figure 4.8: Simulated (purple) and experimental (orange) UV-vis spectrum of DBA-TSQ.

Figure 4.7.

4.2.3 Experimental Characterization of DBA-TSQ Intersystem Crossing

Figure 4.8 shows the experimental and TDDFT-simulated UV-vis spectrum of DBA-TSQ.

The simulated spectrum was red-shifted by 0.17 eV to align spectral peaks. Despite this

slight overestimation, the experimental and simulated spectra show excellent agreement.

Photo-excitation to the lowest bright state is the gateway to upconversion. For DBA-TSQ,

this is a singlet ππ∗ excited state. Analogous to Kasha’s rule, the molecule is expected to

relax to the lowest singlet excited state before undergoing intersystem crossing. Though

S(ππ∗) is the lowest bright singlet, TDDFT revealed a S(nπ∗) state lower in energy but

dipole-forbidden from the S(π2) ground state. Depictions of these excited states as orbital

excitations are shown in Figure 4.9. Although the Kohn-Sham orbitals show that the π-

orbital is higher in energy than the non-bonding orbital, S(nπ∗) remains lower in energy due

to reduced electron repulsion. TDDFT also revealed that triplet analogs of the ππ∗ and nπ∗

excited states are both energetically lower than S(nπ∗). This leaves two possible intersystem

crossing processes to investigate: S(nπ∗) → T (nπ∗) and S(nπ∗) → T (ππ∗).
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Figure 4.9: Frontier orbitals of DBA-TSQ. Orbitals excitations corresponding to the ππ∗ and
nπ∗ states are shown with green and red arrows, respectively. The ππ∗ is bright while the
nπ∗ is dark. The TDDFT-computed excitation energy is 1.97 eV whereas the experimental
excitation energy is 1.81 eV.

The intersystem crossing time constant was measured using femtosecond transient ab-

sorption (TA) spectroscopy pumped at 700 nm, near the S(ππ∗) excitation energy. Because

previous reports noted near unity triplet yield,171 the singlet lifetime can be approximated

to be the intersystem crossing time constant, found through global analysis of the evolution

of the TA spectrum shown in Figure 4.10a. The change in singlet and triplet populations is

represented by the normalized ∆A of their respective spectral fingerprints. The raw kinetic

trace associated with the singlet decay and triplet absorption are shown in Figure 4.10b. No-

tably, the kinetic trace associated with the singlet decay (blue) does not decay completely,

and similarly the triplet (red) begins its frowth at a non-zero point. This is due to significant

spectral overlap of the singlet and triplet excited state absorption signals. Kinetically resolv-

ing the evolution associated in Figure 4.10c using global analysis allows us to more clearly

observe this overlap and recover the time constants associated with the intersystem crossing

process. Briefly, global analysis deconvolutes the superposition of excited state absorption

spectra as they evolve in time, yielding kinetically resolved TA features. The kinetic trace

recovered via global analysis are shown in Figure 4.10d, revealing a singlet lifetime of 4.48

ps. This singlet decay rate is commensurate with the intersystem crossing time constant

estimated from the triplet EAS growth time of 4.40 ps.
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Figure 4.10: (a) Transient absorption (TA) spectra for DBA-TSQ in dearated toluene over
21.9 ps showing the singlet TA peak at 503 nm and the triplet TA peak at 585 nm. (b)
Kinetic traces corresponding to the singlet decay (blue) and triplet growth (red) for DBA-
TSQ. The singlet decay and triplet growth traces correspond to spectral values averaged over
455-474 nm and 550-582 nm, respectively, as indicated by the corresponding trace labels.
Spectra were collected while exciting at 700 nm. (c) Evolution Associated Spectra (EAS)
corresponding to the singlet ESA (blue) and triplet TA (right). (d) Kinetic traces fit via
global analysis for the ESA singlet decay (blue) and triplet growth (red). The singlet lifetime
was calculated to be 4.48 ps. The triplet generation time constant was calculated to be 4.40
ps.
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Figure 4.11: Antisymmetric b2u C-S (q76) stretching normal mode.

4.2.4 Theoretical Studying of DBA-TSQ Intersystem Crossing

Within the range of the zero-point vibration, the antisymmetric b2u C-S stretching mode (q76,

Figure 4.11) has a strong effect on the magnitude of the spin–orbit coupling for S(nπ∗) →

T (ππ∗), leading to a significant increase of the SOC matrix element from zero to 20.41 cm−1

at the classical turning point. We identify this as a spin–vibronic mechanism that arises

from symmetry-perturbation. This mechanism contrasts with the spin–vibronic-enabled El-

Sayed’s rule previously observed in porphine.

Shown in Figure 4.12 is the computed spin–orbit coupling matrix element for S(nπ∗) →

T (ππ∗) along the antisymmetric b2u C-S stretching mode (q76) with the zero-point energy

and harmonic ground state vibrational wavefunction of S(nπ∗). Figure 4.12 shows that

the spin–orbit coupling is linear along q76 near the equilibrium geometry, indicating that

the linear spin–vibronic terms in Equation (4.7) dominate at small distortions. Figure 4.13

shows potential energy surfaces of low-lying excited states of DBA-TSQ along q76. Using

Equation (4.7), we show the effects of spin–vibronic coupling by calculating the intersystem
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Figure 4.12: Plots of the spin–orbit coupling matrix element (green), the S(nπ∗) potential
energy surface (blue), and the S(nπ∗) ground state vibrational wave function (red) along the
antisymmetric b2u C-S stretching mode q76. The red dotted line is the zero point energy. The
C-S displacement is shown on the top axis. The bottom plot corresponds to the spin–orbit
coupling matrix element between singlet nπ∗ and triplet ππ∗.

Figure 4.13: Potential energy surfaces of low-lying excited states of DBA-TSQ along the
antisymmetric b2u C-S stretching mode q76 starting at the S(nπ∗) equilibrium geometry.
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time crossing time constant at some representative distortions along the normal mode. At

the S(nπ∗) vibrational ground state root-mean-square distortion for each normal mode, the

spin–orbit matrix element is 108.93 cm−1, corresponding to an intersystem crossing time

constant of 15.63 ps. Further from the origin at the classical turning point, the spin–orbit

coupling matrix element is 154.06 cm−1, corresponding to a time constant of 7.81 ps. This

analysis is in close agreement to the experimental time constant of 4.48 ps.

An accurate approximation of the intersystem crossing time constant would evaluate

the spin–orbit coupling at the singlet-triplet minimum energy crossing point (MECP).195

However, the mode shown in Figure 4.12, along with all other normal modes, do not lead to

a singlet–triplet crossing, nor to any significant decrease in the singlet-triplet energy gap up

to qa = ±0.1 Å. A minimum energy crossing point may be found further along low frequency

modes or a linear combination of modes, however, such exploration of the potential energy

surface is unfeasible for a molecule of this size. Moreover, an accurate calculation of the time

constant would account for vibrational wave function overlap, which requires anharmonic

considerations.

The calculations thus far indicate that spin–vibronic coupling can lead to a significant

increase in spin–orbit coupling. To rigorously show whether the normal modes modulate

spin–orbit coupling through the change in orbital angular momentum or through symmetry-

perturbation, we conduct a symmetry analysis.

In the presence of spin–orbit coupling, it is appropriate to approach the problem from

double group symmetry, where spin and spatial degrees of freedom are treated on equal

footing.30,48,68,73 As shown in Figure 4.9, the orbitals involved in ISC lie mostly on the

planar region of DBA-TSQ. The butyl chains are neglected in the symmetry analysis since

they do not participate in this intersystem crossing, leaving a local symmetry of D2h. Based

on Equation (4.6), a non-zero direct spin–orbit coupling requires that the direct product of

the singlet state irrep, triplet state irrep, and the spin–orbit Hamiltonian irrep to consist of

the totally symmetric irrep.

The spin–orbit Hamiltonian used in this study is the Breit–Pauli Hamiltonian under the
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screened-nuclear spin–orbit approximation. Because the screened-nuclear spin–orbit approxi-

mation scales the one-electron Breit–Pauli AO integrals based on orbital angular momentum,

the symmetry of the Breit–Pauli Hamiltonian is preserved. Moreover, the Breit–Pauli Hamil-

tonian is totally symmetric.48,196 Under D2h symmetry, the spatial symmetry of ππ∗ and nπ∗

transforms as B3u and B3g, respectively. The spin symmetry of singlets and triplets transform

as Ag and B1g ⊕B2g ⊕B3g, respectively.71 Note that spin symmetry is always gerade.30,31,72

Whether direct spin–orbit coupling can be non-zero due to symmetry is determined by the

following direct product:

D2h : Γ[S(nπ∗) → T (ππ∗)]

= B3g ⊗ Ag ⊗ Ag ⊗B3u ⊗ (B1g ⊕B2g ⊕B3g)

= B1u ⊕B2u ⊕B3u

(4.8)

The one ungerade irrep causes the direct product to be entirely ungerade, corresponding to

a zero direct spin–orbit coupling.

The first-order spin–vibronic term contains an extra differential operator with respect to

qa, which transforms as the same irrep as its corresponding normal mode Γ(qa). Including this

irrep in the direct product leads to the totally symmetric irrep Ag only if Γ(qa) = b1u, b2u, b3u.

The following direct product demonstrates that the antisymmetric C-S stretch, Γ(q76) = b2u,

is spin-vibronically active.

D2h : Γ[S(nπ∗) → T (ππ∗)] ⊗ Γ(q76)

= (B1u ⊕B2u ⊕B3u) ⊗B2u

= B3g ⊕ Ag ⊕B1g

(4.9)

The symmetry analysis of spin–vibronic coupling can be approached from another per-

spective. The b2u C-S stretching mode lowers the molecular symmetry to C2v. The spatial

symmetry of ππ∗ and nπ∗ now transforms as B2 and B1, respectively. Under the C2v symme-

try, the spin symmetry of singlets and triplets transform as A1 and A2⊕B1⊕B2, respectively.
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At this lower symmetry, the direct product contains the totally symmetric irrep A1, allowing

for non-zero spin–orbit coupling. Notice that from this perspective, spin–vibronic contribu-

tions to spin–orbit coupling are included in the direct spin–orbit coupling at the distorted

geometry.

C2v : Γ[S(nπ∗) → T (ππ∗)]

= B1 ⊗ A1 ⊗ A1 ⊗B2 ⊗ (A2 ⊕B1 ⊕B2)

= A1 ⊕B2 ⊕B1

(4.10)

To further understand the spin–vibronic mechanism, we dissect the spin–orbit integral

into spin and spatial terms for further examination. Since both excited states are described

mostly by a single orbital excitation, the spin–orbit coupling between the singlet and triplet

states given by Equations (3.22) and (3.23) can be written as52

⟨S(nπ∗)|ĤSO|T (ππ∗),MS = ±1⟩ =
1

2
√

2
(hx

πn ± ihi
πn) ∝ ⟨π|l̂x ± il̂y|n⟩ (4.11)

⟨S(nπ∗)|ĤSO|T (ππ∗),MS = 0⟩ =
1

2
hz
πn ∝ ⟨π|l̂z|n⟩ (4.12)

The spin degrees of freedom are eliminated during the derivation of Equations (3.22) and (3.23),

requiring only non-relativistic group theory. The fact that Equations (4.11) and (4.12) de-

pends on spatial orbital symmetry and are not definitively equal to zero indicate that the

spin–orbit coupling is not quenched by spin symmetry. Whether Equations (4.11) and (4.12)

is non-zero is dictated by the following direct products:

D2h : Γ[⟨π|l̂x ± il̂y|n⟩]

= b1u ⊗ (b2g ⊕ b3g) ⊗ b1g

= b2u ⊕ b3u

(4.13)
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D2h : Γ[⟨π|l̂z|n⟩]

= b1u ⊗ b1g ⊗ b1g

= b1u

(4.14)

This suggests that the symmetry quenching of direct spin–orbit coupling is solely due to

spatial symmetry. Although the intersystem crossing is El-Sayed allowed, as the change in

spin angular momentum is accompanied by an n → π orbital transition, the process remains

forbidden because the orbital transition is symmetry forbidden via a spatial rotation due to

rotational symmetry mismatch as well as parity conservation. To overcome these restraints,

an ungerade rotation-odd distortion is required to enable this transition.

The above analysis suggests that any b1u, b2u, and b3u distortion can potentially enhance

spin–orbit coupling between S(nπ∗) and T (ππ∗). We turn to aniline thiosquarine (A-TSQ),

an analog of DBA-TSQ where the butyl groups are replaced by hydrogens, as a simplified

and more centrosymmetric model to investigate the effects of other normal modes. Spin–

orbit coupling between S(nπ∗) and T (ππ∗) was calculated at qa = 0.2 Åalong each normal

mode independently. In Figure 4.14, the spin–orbit coupling was plotted against the squarine

motif contribution to each normal mode. As predicted by group theory, the plot shows that

only b1u, b2u, and b3u normal modes are spin–vibronically active. Spin–vibronic activity

of these modes increases with the amount of squarine contribution to the normal mode,

eventually plateauing at large contributions. No correlation with sulfur, aniline, or hydrogen

was observed. This shows that the spin–vibronic coupling is mainly driven by symmetry-

perturbation of the squarine motif. Moreover, the b2u mode, which corresponds to in-plane

distortions along the y-axis, are the most spin–vibronically active.

Equation (4.7) shows that higher-order (the third term and beyond) spin–vibronic cou-

pling can occur through coupling between different modes or along one mode. Whether

symmetry allows for higher-order spin–vibronic coupling can be determined by including

irreps of the modes involved in the direct product. Symmetry mandates that second-order

spin–vibronic coupling only occurs via coupling between gerade and ungerade modes. For
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Figure 4.14: Plot of spin–orbit coupling between S(nπ∗) → T (ππ∗) vs. “squarine” motif
(atoms highlighted in red) contribution to the normal mode, for each normal mode of A-
TSQ. Each normal mode is marked based on their irrep. Green markers are gerade normal
mode. Blue markers are ungerade normal modes.

example, second-order spin–vibronic coupling involving a b2u mode and an ag mode is al-

lowed since Ag appears in the direct product of these irreps and the irreps in Equation (4.8).

Additionally, third-order spin–vibronic coupling may occur along a single mode, however the

modulus sigmoid shape of the spin–orbit coupling curve in Figure 4.12 suggests that it is a

counteracting correction to first-order spin–vibronic coupling.

In contrast to the S(nπ∗) → T (ππ∗) pathway, which has El-Sayed-allowed but symmetry-

forbidden direct spin–orbit coupling, the S(nπ∗) → T (nπ∗) pathway is both El-Sayed- and

symmetry-forbidden, as shown in Equation (4.15). The symmetry-perturbation mechanism

outlined above could also give rise to non-zero spin–orbit coupling through spin–vibronic

interactions in this case.

D2h : Γ[S(nπ∗) → T (ππ∗)]

= B3g ⊗ Ag ⊗ Ag ⊗B3u ⊗ (B1g ⊕B2g ⊕B3g)

= B1u ⊕B2u ⊕B3u

(4.15)
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Symmetry analysis within the local D2h symmetry indicates that only the b1g, b2g, and

b3g vibrational modes are capable of lifting the relevant symmetry restrictions. However,

computational results reveal that these modes are not spin–vibronically active; that is, spin–

orbit coupling remains negligible along these vibrational modes. This is because, although

the b1g, b2g, and b3g modes can relax symmetry restrictions, they do not promote orbital

mixing and therefore fail to satisfy the El-Sayed criterion. As a result, intersystem crossing

is unlikely to occur via the S(nπ∗) → T (nπ∗) pathway.

4.2.5 Conclusion

As intersystem crossing (ISC) continues to drive advancements in photochemical innova-

tions, there is increasing interest in enhancing, suppressing, or dynamically modulating ISC

processes. Though DBA-TSQ S(nπ∗) → T (ππ∗) conserves total angular momentum and sat-

isfies El-Sayed’s rule, the transition is symmetry-forbidden at the S(nπ∗) equilibrium geom-

etry. Despite these symmetry restrictions, it achieves picosecond ISC through spin–vibronic

coupling facilitated by a symmetry-perturbing mechanism. This work highlights the impor-

tance of considering spin–vibronic-driven symmetry-perturbations alongside atomic number

and electronic structure modulation when designing systems with a propensity for ISC. Sym-

metry arguments have been made to rationalize slow ISC rates in past work, but it is often

overshadowed by El-Sayed’s rule. Additionally, we would like to emphasize that symmetry

restrictions can be somewhat exacerbated in centrosymmetric systems as the introduction of

parity creates further restrictions. To further explore these findings, future work will focus

on the synthesis and ISC measurements of asymmetric DBA-TSQ derivatives.

Our work alone suggests that El-Sayed’s rule must be used in conjunction with sym-

metry selection rules to determine whether zeroth- SOC is non-zero and to identify spin–

vibronically-active vibrational modes. More work is needed in investigating the converse

where the transition is symmetry allowed but El-Sayed forbidden to fully understand the

relationship between these two selection rules.



89

Bibliography

[1] Devadas, M. S.; Bairu, S.; Qian, H.; Sinn, E.; Jinn, R.; Ramakrishna, G. Temperature-

Dependent Optical Absorption Properties of Monolayer-Protected Au25 and Au38 Clus-

ters. J. Phys. Chem. Lett. 2011, 2, 2752–2758.

[2] Roos, B. O.; Lindh, R.; Malmqvist, P.-A.; Veryazov, V.; Widmark, P.-O. Main Group

Atoms and Dimers Studied with a New Relativistic ANO Basis Set. J. Phys. Chem. A

2004, 108, 2851–2858.

[3] Pritchard, B. P.; Altarawy, D.; Didier, B.; Gibson, T. D.; Windus, T. L. New Basis Set

Exchange: An Open, Up-to-Date Resource for the Molecular Sciences Community. J.

Chem. Inf. Model. 2019, 59, 4814–4820.

[4] Szabo, A.; Ostlund, N. S. Modern Quantum Chemistry: Introduction to Advanced

Electronic Structure Theory ; Dover Publications, INC., 1996.

[5] Helgaker, T.; Jørgensen, P. Molecular Electronic-Structure Theory ; John Wiley & Sons

Ltd., 1996.

[6] Koch, W.; Holthausen, M. C. A Chemist’s Guide to Density Functional Theory ; Wiley-

VCH, 2001.

[7] Shavitt, I.; Bartlett, R. J. Many-Body Methods in Chemistry and Physics: MBPT and

Coupled-Cluster Theory ; Cambrdige University Press, 2009.

[8] Olsen, J.; Roos, B. O.; Jørgensen, P.; Jensen, H. J. A. Determinant Based Configuration

Interaction Algorithms for Complete and Restricted Configuration Interaction Spaces.

J. Chem. Phys. 1988, 89, 2185–2192.



90

[9] Fleig, T.; Olsen, J.; Marian, C. M. The Generalized Active Space Concept for the

Relativistic Treatment of Electron Correlation. I. Kramers-Restricted Two-Component

Configuration Interaction. J. Chem. Phys. 2001, 114, 4775–4790.

[10] Hu, H.; Upadhyay, S.; Lu, L.; Jenkins, A. J.; Zhang, T.; Shayit, A.; Knecht, S.; Li, X.

Small Tensor Product Distributed Active Space (STP-DAS) Framework for Relativistic

and Non-Relativistic Multiconfiguration Calculations: Scaling from 109 on a Laptop

to 1012 Determinants on a Supercomputer. Comput. Phys. Rep. 2024, 5, 041404.

[11] Roos, B. O.; Taylor, P. R.; Sigbahn, P. E. M. A Complete Active Space SCF Method

(CASSCF) using a Density Matrix Formulated Super-CI Approach. Chem. Phys. 1980,

48, 157–173.
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