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University of Washington
Abstract

AN INVESTIGATION OF STUDENT UNDERSTANDING OF
BASIC CONCEPTS IN SPECIAL RELATIVITY

Rachel Ellen Scherr

Chairpersons of the Supervisory Committee:
Professor Lillian C. McDermott
Assistant Professor Stamatis Vokos
Department of Physics

This dissertation reports on a systematic investigation of student understanding of the
concepts of time and space in special relativity. During the investigation we have
identified persistent difficulties with the definitions of the position and time of an event
and with the concept of a reference frame. Many students do not think of a reference
frame as a system of observers that determine the same position and time for any event.
Instead, they interpret statements of the frame-dependence of the time of an event to mean
that observers at different locations receive signals from events at different times. When
asked to describe measurement procedures for spatial quantities, students do not
spontaneously apply the formalism of a reference frame, but instead tend to associate
events with moving objects in a manner consistent with indiscriminate application of length
contraction. Traditional instruction in relativity appears to have little effect on these ideas,
which are present among students from the introductory to the graduate level in physics.
We have applied the results from this research to guide the design of instructional materials
to address some of the specific difficulties that we identified.
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CHAPTER ONE:
INTRODUCTION TO THE DISSERTATION

I do not define time, place, space, and motion, [because they are| well known to all.

-~ L. Newton'

A. MOTIVATION FOR THE STUDY

There is growing national interest in increasing the exposure of students in
introductory courses to modern physics topics, such as relativity. Proponents of enlarging
the scope of the curriculum argue that in the beginning of the 21* century the content of
introductory classes should reflect some of the major intellectual breakthroughs of the 20"
century. Others hold that the list of topics that must be covered is already too daunting.
Physics education research can play a pivotal role in this debate. Whether students first
encounter modern physics concepts at the introductory level or in advanced courses, it is
important to identify what students can and cannot do after instruction and what steps can
be taken to help deepen their understanding of the material. In addition, analyzing the
ways in which students undergo the transition between understanding phenomena to which
they have immediate access and understanding phenomena that lie outside their everyday
experience can help us identify reasoning skills that are needed for the study of advanced
topics.

This dissertation describes a systematic investigation of student understanding of
basic topics in special relativity. This work is part of an ongoing study by the Physics
Education Group at the University of Washington. Over the last five years, the Group has
been investigating student understanding of key ideas in Galilean, special, and general
relativistic kinematics. Extensive research had already been conducted on student
understanding of non-relativistic kinematics in the laboratory frame.? One of the major



goals of this project was to expand this research base to relativity in order to provide a
guide for the development of instructional materials by ourselves and others.

This investigation began as an effort to identify student difficulties with standard
problems’ in special relativity and evolved into an investigation of student difficulties with
the ideas of time, position, events, and reference frames. This evolution was the result of
the repeated realization that many of the difficulties that students have with ideas from
special relativity, such as length contraction and the relativity of simultaneity, are due in
part to an underlying failure to apply the formalism of a reference frame in determining
the position and time of an event. The structure of individual chapters in the dissertation
reflect this evolution. In each context that we consider, we first describe the difficulties
that students have with standard problems and then examine student understanding of the
fundamental ideas that underlie these difficulties.

The study described here does not extend to student difficulties with energy and
momentum in the context of relativistic collisions. This dissertation also does not address

first-order relativistic corrections (in which relative speed is sufficiently small that y= | but
the spatial separation between events is sufficiently large that v8x/c® is not negligible).

B. OVERVIEW OF DISSERTATION

The main body of the dissertation consists of four chapters that describe the
research, curriculum development, and assessment of curriculum that form the bulk of this
study. Chapter Two reports on student understanding of the concept of time in special
relativity, with an emphasis on the relativity of simultaneity and the role of reference
frames. The results of this research guided the development of instructional materials.
The design and assessment of these materials are described in Chapter Three. Chapter
Four discusses student understanding of spatial measurements, such as measurements of
length and displacement. The design and assessment of instructional materials developed
on the basis of this research are presented in Chapter Five.

The dissertation includes several appendices. The first of these describes a particular
representation (the “event diagram”) that is used in the curriculum developed in this
study. This appendix includes a discussion of the relationship of the event diagram to
better-known representations in special relativity, such as Minkowski (spacetime) diagrams.



The remaining appendices contain versions of the research tasks and the curriculum that
are discussed in the body of the dissertation.

C. FOCUS OF THE RESEARCH

A major goal of the investigation was to determine the extent to which students, after
instruction, are able to apply basic ideas of special relativity to simple physical situations.
The context is one spatial dimension. The concepts probed are summarized below.

1. Events and reference frames

The construct of a reference frame is at the heart of relative motion. Most courses in
special relativity begin with a discussion of a reference frame as a system of observers (or
devices) by which the positions and times of events are determined. Understanding the
concept of a reference frame forms the foundation for understanding any topic in special
relativity. It provides the basis for the determination of all kinematical (and other
physical) quantities and serves as the framework for relating measurements made by
different observers. The concept of a reference frame presupposes an understanding of
more basic measurement procedures. For clarity in the chapters that follow, we review the
basic operational definitions associated with reference frames, i.e., the determination of the
position and time of an event and the conditions under which two events are treated as
simultaneous.*

An event in special relativity is associated with a single location in space and a single
instant in time. The position of an event is defined to be the coordinate label at the
location of the event on a rigid ruler. The ruler is envisioned to extend indefinitely from
some chosen origin.’ The time of an event is most naturally defined as the reading on a
clock located at the event’s position at the instant at which the event occurs. The rulers
and clocks used by any observer are at rest relative to the observer.

All observers in special relativity are assumed to be “intelligent observers” who use
synchronized clocks. To determine the time of a distant event, an observer corrects for the
travel time of a signal originating at the event.*’ Inertial observers at rest relative to one
another determine the same positions and times for events (and hence the same relative
ordering of events). Such observers are said to be in the same reference frame.*



2. Simultaneity

The temporal separation between two events (I and 2) in a certain reference frame
(A) is defined as 8, = £, — . That the time of an event is a concept that requires
definition is itself a new idea to many students.” The definition cited in most texts rests on
a primitive notion of simultaneous events: the event in question is simultaneous with the
event of the nearby clock reading a certain time. Local simultaneity is a “primitive”
concept in the sense that no alternative definition is usually considered.

Simultaneity for distant events, in contrast, must be carefully defined. Events are
defined to be simultaneous in a given frame if their corresponding time readings are
identical, according to the definition of the time of an event discussed above. A judgment
of the simultaneity of widely separated events necessarily includes the idea of “spreading
time over space,”" that is, synchronizing clocks at distant locations. Einstein’s original
article describing the special theory of relativity begins with these ideas. Einstein
considered defining the time of an event as the time at which an observer sees the event,
but rejected this definition since the time then depends on observer location.'""

The special theory of relativity is based on Einstein's two postulates: first, that the
laws of nature and the results of all experiments performed in a given frame of reference
are independent of the translational motion of the system as a whole, and second, that the
speed of light is finite and independent of the motion of its source.” These two postulates
have an inevitable and unsettling implication. Two events at different locations that occur
at the same time in a given frame are not simultaneous in any other frame. The relativity
of simultaneity is among the key results of special relativity and one that is particularly
difficult to grasp, as evidenced by the numerous “paradoxes™ that arise from it. It is not
reasonable to expect that students (even those facile with mathematical formalism) will
master all the intricacies of the counterintuitive results that follow from the operational
definition of simultaneity. In this study, we considered a meaningful understanding of
relativistic simultaneity to include the ability to identify relevant events, to determine the
time at which an event occurs (by correcting for signal travel time), and to recognize that
the time interval between two events is not invariant but depends on the reference frame.
Other aspects of student ideas about time and reference frames are not discussed (e.g.,
synchronization of clocks in relative motion, spatial measurements via a latticework of
rods, differences between inertial and non-inertial frames).



3. Length and the spatial separation between events

The spatial separation between two events (1 and 2) in a certain reference frame (A)
is defined as 8x,," = x,¥ - x,"¥), i.e.,, the signed distance between the positions at which the
events occur. The displacement of a rigid object is defined operationally as the spatial
separation between events occurring at the same point on the object. The length of an
object is defined operationally as the magnitude of the spatial separation between two
simultaneous events, one occurring at each end of the object. If the length measurement is
conducted in a frame in which the object is not moving, the events need not be
simultaneous for the spatial separation to equal the length of the object. Note that this
measurement procedure for object length does not depend on previous knowledge of the
velocity of the object.

The phenomenon of length contraction (or Lorentz contraction) is among the most
striking and memorable relativistic effects. One common derivation of length contraction
is based on the fact that the spatial separation between two events is a frame-dependent
quantity, as expressed by the Lorentz transformation &x,," = y (8x, — v8t,,). Suppose
events 1 and 2 occur (not necessarily at the same time) at either end of an object at rest in
the primed frame. In the primed frame, the spatial separation between events | and 2 will
equal the length of the object. If events 1 and 2 are simultaneous in the unprimed frame,
then the spatial separation between events 1 and 2 will equal the length of the object in the
unprimed frame. Using the Lorentz transformation with &x,,=L, &x,,"=L", and &t,,=0,
we find that the length of the object is greater in the frame in which it is at rest by a factor
of gamma.

To illustrate some questions in this dissertation, we use diagrams that we refer to as
event diagrams. In an event diagram, the events of interest are shown at the locations and
times at which they occur. Later instants are drawn below earlier instants, and the location
of each event is indicated in the appropriate picture (i.e., at the appropriate instant). Event
diagrams for different reference frames are displayed separately. An example is given
below in Figure 1-1, which shows an event diagram illustrating the measurement of the
length of an object by means of events, as described in the previous paragraph.



(@) (b)

Figure 1-1: Event diagrams representing events with a spatial separation
equal to the length of an object. (a) In general, the length of an
object (in this case, a rod) is defined as the spatial separation
between two events (in this case, explosions) that occur
simultaneously at the ends of the object. (b) In a frame in which
the object is at rest, the spatial separation between the events is
equal to the length of the object even if the events are not
simultaneous.

D. REVIEW OF PREVIOUS RESEARCH

There is currently only a small body of research on student understanding of
relativity, mostly in Galilean contexts (in particular, relative motion). Below we summarize
relevant results from both Galilean and special relativity. Details of previous research
relevant to the issues of individual chapters are reviewed within those chapters.

1. Related research on student understanding of Galilean relativity

In earlier investigations conducted among physics undergraduates in India by Panse,
Ramadas, and Kumar have identified the belief that reference frames have limited physical
extent.” In their responses to multiple-choice questions, students claimed that objects can
“emerge from a reference frame” by leaving the vicinity of the object associated with that
frame, as a cannonball may leave the deck of a boat. The authors further noted the
apparent belief that the speed, size, or trajectory of an object in a given frame of reference
is not unique but depends on the perception of the viewer. The muitiple-choice questions
were designed by limited use of interviews and open-ended questions. However, the
reasoning behind specific choices by the students was not assessed. Results from this
investigation that may be related to the results of Panse et al. are discussed in Chapter Two.



An investigation by Saltiel and Malgrange identified difficulties with relative motion
among eleven-year-old-children and first- and fourth-year university students in France."
The investigation found little difference in performance among the different groups, all of
which tended to identify motion as intrinsic to an object, not a quantity that is measured
relative to a reference frame. Students tended to make a distinction between “real”
motion, which has a dynamical cause, and “apparent” motion, which is an optical illusion.
For example, a poster on an airport wall may appear to be moving for observers on a
motorized walkway, but this motion does not have any physical reality. These results are
relevant to the research presented in Chapter Four.

O’Brien-Pride has investigated student understanding of measurement procedures
for speed with a small number of university students.' Her interviews were similar in form
to some described in Chapter Four. While most of the students she interviewed were able
to describe correct measurement procedures, they lacked facility with changes in reference
frame (e.g., measuring the speed of the ground from a moving train.)

2. Related research on student understanding of special relativity

Villani and Pacca have demonstrated that the spontaneous reasoning of university
students in relativistic contexts is similar to that observed by Saltiel and Malgrange in
Galilean contexts.” Student difficulties with Galilean relativity, especially the belief in
absolute motion, are identified as major obstacles to progress in the study of special
relativity for both undergraduate and graduate students in physics. Chapter Four presents
results related to this research.

A case study by Hewson with a single physics graduate student illustrated the effect
of his belief that time is absolute on his understanding of special relativity.® Such
"metaphysical beliefs" led him to classify certain relativistic effects (including length
contraction) as distortions of perception. Posner et al. reported similar results in interviews
with introductory students and their instructors.”” These findings are consistent with those
discussed in Chapter Two.

O’Brien-Pride, working with colleagues in the Physics Education Group at the
University of Washington, conducted interviews and administered early versions of some
of the research tasks described here in which university students appear to believe that the



order of events depends on observer location.” Her preliminary results provided impetus
for the investigation detailed in Chapter Two.

Few researchers have documented the effectiveness of particular instructional
strategies designed to address known student difficulties with special relativity. O’Brien-
Pride designed and tested a tutorial on the relativity of simultaneity that shares some
features with tutorials described in Chapter Three.? She observed modest improvement
on research tasks similar to those described in that chapter. Horowitz and Taylor describe
computer simulation software (“RelLab™) that illustrates relativistic phenomena.”? In a
classroom test with 40 high-school students, students used the software to construct and

“ ”

run” classic relativity paradoxes. The software was used to supplement traditional
instruction. In a post-test, the researchers observed good performance on one of the tasks

shown by Villani and Pacca to be difficult for physics graduate students.

E. RESEARCH METHODS

The research methods that have been used in this study are similar to those described
in other studies conducted by our group. We use a variety of methods in order to
maximize our understanding of the nature and prevalence of student difficulties. The
research has primarily been performed with university students who are currently enrolled
in physics courses or have recently completed such courses.

1. Individual student interviews

In-depth knowledge of student understanding is obtained through individual student
interviews. Each interview lasts for about one hour. One or more investigators meet with
the student and pose a series of tasks about a particular physical situation. Students are
asked to think aloud as they respond to the tasks and, in particular, to articulate the
reasoning they are using to arrive at their responses. The interviews typically have a
predetermined protocol, with a series of specific questions that are asked of all volunteers.
However, the interviews are open-ended, in that the interviewer is free to ask additional
questions to probe certain ideas more deeply. In some cases, the interviews include
questions that we plan to incorporate into instructional materials. Student responses are
analyzed to determine the effectiveness of the questions. The interviews are videotaped for



later transcription and analysis. The students who participate in individual interviews
volunteer to do so and tend to be from the top half of the class.

2. Written questions

We have designed written questions for use in a variety of contexts. Pretest
questions are usually used to determine the prevalence and persistence of conceptual and
reasoning difficulties that have been identified previously in the research (usually through
interviews or other written questions). The questions are usually qualitative in nature.
When particular difficulties are already known, the questions are designed so that the
difficulties lead to specific incorrect responses. Pretest questions are often administered
after traditional instruction and before research-based instruction, but may also be
administered before there has been any instruction. Examination questions are posed after
traditional or research-based instruction in order to assess the effectiveness of that
instruction. In these cases, we work with the course instructor to ensure that the problems
are representative of the material covered in the course.

3. Informal methods

Like many instructors, we have informal discussions with students in order to gain
insight into their understanding of the subject matter. Questions posed by students during
instruction or in office hours, responses given by students on homework assignments, and
conversations among students are rich sources for the initial stages of formulating research
questions. These questions are then investigated more systematically by the formal
methods described above.

F. DEVELOPMENT OF CURRICULUM

Work by the Physics Education Group and other researchers in identifying student
conceptual difficulties has demonstrated that instruction in which students are passive
learners often fails to address the conceptual difficulties with which many students enter
the course and can contribute to the development of new misconceptions.® Results have
shown that, for many qualitative problems, student performance is essentially the same
before and after instruction that consists primarily of lecture and textbook exercises.” In
contrast, instruction in which students are actively engaged in the construction of ideas can
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lead to significant improvements in conceptual understanding.” This dissertation
describes examples of such instruction in detail in Chapters Three and Five. Below is an
overview of the approach taken by the Physics Education Group in developing
instructional materials.

Essential to the development of effective curriculum is systematic assessment with
the population of students for whom it is intended. In this study, as in others carried out
by our group, this assessment is primarily based on the analysis of the results of student
responses to written problems. When possible, we compare the performance on these
problems of students who have completed standard (lecture and textbook) instruction in a
topic and of students who have also completed instruction using the curriculum that we
have developed. In some cases, we also compare the performance of students before
instruction to that after instruction. By analyzing student performance before and after
use of the curriculum, we can determine to what extent the curriculum has helped students
to develop the ability to answer conceptual questions. This analysis suggests that the
curriculum either has successfully addressed the student difficulties or that it needs
modification. We go through an iterative cycle of research, development of curriculum,
testing of curriculum, further research, and further development of curriculum. Using this
iterative process, the Physics Education Group has developed curricular materials that are
designed to develop conceptual understanding, address student difficulties, and improve
reasoning skills. Two primary curriculum development projects result from this work,
Physics by Inquiry® and Tutorials in Introductory Physics.” The curriculum described in
this dissertation is part of the Tutorials project.”

The preliminary edition of the Tutorials is designed to supplement a traditional
textbook in a large lecture-based introductory course.® The work described in this
dissertation is part of an effort to extend the use of Tutorials to more advanced contexts.
The curriculum is composed of a series of tutorial sequences. The instructional method
used in many of these sequences can be characterized by the terms elicit-confront-
resolve.® Each tutorial sequence includes a pretest, a tutorial worksheet, tutorial
homework, and a post-test. The pretest is a short qualitative written problem that tests
student understanding on the topic of the tutorial (see also research methods, above) and
serves to elicit student difficulties by having students commit to a written response. The
tutorial worksheets are a series of carefully structured written and experimental tasks that
guide students through the reasoning necessary to develop a sound conceptual
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understanding of a topic. As they progress through the tutorial worksheets, students,
working together in groups of four, typically confront the conceptual difficulties elicited
by the pretest. They are then guided to resolve contradictions. Tutorial instructors do not
lecture but rather engage students in semi-Socratic dialogues intended to guide them in
answering their own questions. Tutorial homework helps students to extend, reflect upon,
and generalize the concepts studied in the tutorial worksheets. In all cases, questions based
on the tutorials are covered on course examinations.

G. STUDENT POPULATIONS

This investigation was conducted over a period of five years at the University of
Washington and at three other large research universities. Fourteen instructors at the
University of Washington and one faculty member at each of the other universities have
cooperated with the Physics Education Group in this study.

Most of the research was conducted at the University of Washington in courses that
include special relativity. The study has involved about 800 students from about 30
sections of various courses. The populations include: non-physics students (in the
descriptive liberal arts physics course); introductory students (in the introductory calculus-
based honors course and in the sophomore-level course on modern physics); advanced
undergraduate students (in the junior-level course on electricity and magnetism and in an
elective course on relativity and gravitation); and students in our upper-division course for
prospective high school physics teachers.” We also present results from physics graduate
students at the University of Washington who participated in interviews and others who
were given a written question on a graduate qualifying examination. In addition, the
investigation includes students in the honors section of the calculus-based course at two of
the other research universities (the Massachusetts Institute of Technology and Oregon
State University) and advanced undergraduate students from the other collaborating
university (The Ohio State University). We found that student performance from all three
universities was similar. The results, therefore, have been combined.?

1. Non-physics students

At the University of Washington, special relativity is included in several courses for
non-physics majors. This study includes results from the Liberal Arts Physics course, in
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which students spend about two weeks on special relativity. The text used in the quarter in
which we were involved was Physics: A world view by Kirkpatrick and Wheeler.® We refer
to the students from this course as *“non-physics students.”

2. Introductory students

The majority of students who engage in formal coursework in special relativity at the
University of Washington first encounter this topic in either the honors section of the
introductory calculus-based course or the sophomore modern physics course, which is the
final course in the five-quarter introductory sequence. Only a small number of students
take both courses. Each of these courses devotes about two weeks of instruction to special
relativity; the texts are Resnick, Halliday, and Walker* and Tipler’s Modern Physics.”
Students who are taking (or have taken) one or the other of these courses, but not more
advanced courses, will be referred to as “introductory students” in this dissertation.

3. Advanced undergraduate students

Special relativity is typically covered in some detail in two upper-division physics
courses at the University of Washington: the junior electricity and magnetism course and a
junior elective in special and general relativity. Students in these courses have typically
taken the sophomore modern physics course, and therefore have previously studied special
relativity. We refer to these students as “advanced undergraduate students.”

The electricity and magnetism course typically devotes about a week to relativistic
kinematics, following Griffiths’ text.® The elective relativity course spends four to five
weeks exploring the same topics in greater depth and uses Taylor and Wheeler’s
Spacetime Physics.” In cases in which we combine results from these two groups of
students, the relevant questions were administered after equivalent instruction.

4. Graduate students

Graduate students in physics at the University of Washington have typically had
some instruction in special relativity during their undergraduate study. They receive
additional instruction in special relativity as part of the graduate course in electrodynamics
typically taken in the first year of graduate school. The course uses the text by Jackson.®
Most of the graduate student participants in our study were first-year students who had
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already studied special relativity in the graduate course; a few were more advanced
graduate students who had taken the course in the past. We refer to these students
collectively as “graduate students.”
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and L.C. Mcdermott, “An investigation of student understanding of the real image formed by a
converging lens or concave mirror,” Am. J. Phys. 55, 108 (1987). Students in an introductory
optics course were shown a lens that was producing a real image of the filament of a light bulb on a
screen. Many students predicted that covering the top half of the lens would remove half of the
image, often citing the principal rays algorithm that is typically taught in the class.

* For evidence in support of this statement, see, for example, L.C. McDermott and P.S. Shaffer,
“Research as a guide for curriculum development: An example from introductory electricity, Part I:
Investigation of student understanding,” Am. J. Phys. 60, 994 (1992); Printer’s erratum to Part I,
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CHAPTER TWO:
STUDENT UNDERSTANDING OF TIME IN SPECIAL RELATIVITY:
SIMULTANEITY AND REFERENCE FRAMES

“What time is it, Casey?"”
“You mean right now?"”

— Casey Stengel’

A. INTRODUCTION

This chapter reports on an investigation of student understanding of time in special
relativity. The emphasis is on the relativity of simultaneity and the role of reference
frames. We found that students have serious difficulties with determining the time at which
an event occurs, recognizing the equivalence of observers at rest relative to one another,
and applying the definition of simultaneity. In the following discussion we describe how
we gradually obtained a detailed picture of student thinking by the design and successive
refinement of a set of research tasks.

A version of this chapter has been accepted for publication in Physics Education
Research, supplement to the American Journal of Physics.

B. REVIEW OF PREVIOUS RESEARCH

There is a small body of research on student understanding of reference frames that
is relevant to the findings reported in this chapter. Studies reporting students’ belief that
reference frames have limited physical extent (in the sense that objects may enter and leave
them) may be relevant to aspects of this research.” The results we will report are consistent
with studies reporting the importance of students’ “metaphysical beliefs” (e.g., time is
absolute) to their understanding of special relativity.?
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O’Brien-Pride has conducted a small number of interviews related to the Spacecraft
and Seismologist questions described in section C.* Her results are suggestive of the
results detailed in section E. O’Brien-Pride also gave preliminary versions of the location-
specific Spacecraft and Seismologist questions to 48 introductory students. Their
performance was consistent with that described below.

C. RESEARCH TASKS AND PRIOR INSTRUCTION

In this section we describe the questions we have used to probe student
understanding of simultaneity and the measurement of the time of an event. We also
discuss the student populations to which each question was posed, the prior instruction
students had when answering these questions, and the format for administering each
question (written, interview, etc.)

To obtain an increasingly deeper understanding of how students apply the concepts
of simultaneity and reference frame, we used variants of three questions: the Spacecraft
question (four versions), the Explosions question, and the Seismologist question. All
involve two observers with a given relative motion. Students are told the time ordering of
the events for one observer and asked about the time ordering of the events for the second
observer. These questions and their solutions are described below.

Each research question was posed in at least two ways, with a different physical
context and/or slight changes in wording. In general, we found that such changes had little
effect on student performance. Therefore, in this paper we present only a representative
description of each question. A complete set of the research questions for this chapter
appears in Appendix B.

In order to minimize distraction, some student responses that originally referred to
one context have been “standardized” to refer to the context used in this chapter. Any
modifications to student quotes are explicitly noted where they appear.
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1. Spacecraft question

a. Description of the question

Results from four versions of the Spacecraft question are discussed in this paper. All
involve two volcanoes, Mt. Rainier and Mt. Hood, that erupt simultaneously according to
an observer at rest on the ground, midway between the volcanoes. A spacecraft moves at
a given relativistic velocity from Mt. Rainier to Mt. Hood.® Students are asked questions
that probe their beliefs about the order of the eruptions in the moving frame.

b. Correct response

A correct answer to all versions can be obtained by qualitative or quantitative
reasoning or from a spacetime diagram. The following is an example of a qualitative
argument that we would have accepted as correct.” In the spacecraft frame, light from the
two eruptions moves outward at the speed of light in spherical wavefronts from two points
that are stationary. In that frame, the observer on the ground, who receives both signals
simultaneously, is moving backward (i.e., in the direction of an arrow pointing from the
front of the spacecraft toward the rear). According to the spacecraft observer, the ground-
based observer is closer to the center of the signal from Mt. Rainier at the instant that
observer receives both signals. The spacecraft observer therefore concludes that Mt. Hood
erupted first since its signal travels farther in order to reach the ground-based observer at
the same time as the signal from Mt. Rainier.

A correct answer can also be obtained using the Lorentz transformation for time:
8t = y(8t - vdx/c’), Y= (1 - 0*/c*)"™. In this context, 8t"=1," — 1" and St =1, — t; are the
elapsed times between the eruptions at Hood and Rainier in the spacecraft frame and the
ground frame respectively, v is the velocity of the spacecraft relative to the ground, and
dx = xy — xz is the spatial coordinate separation between the eruptions in the ground
frame.® Taking the positive direction to be directed from Rainier to Hood, then v > 0 and
8x> 0. Since 8¢ = 0 (simultaneous eruptions in the ground frame), then 8:" < 0.

c. Versions of the question

At each stage of our study, we tried to determine whether student responses truly
reflected their understanding of the material. For instance, we wanted to determine the
extent to which specific difficulties are linguistic or conceptual and the extent to which
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mistaken beliefs are easily addressed or deeply held. To this end, we continually refined
the research tasks. Results from earlier tasks guided us in designing new questions that
would enable us to probe student thinking more thoroughly.

Four versions of the Spacecraft question will be presented in this chapter. As we will
describe in sections D and E, student responses to the four versions were considerably
different. Since each new version was motivated by student responses to an earlier version
of the question, we will describe the different versions here only briefly along with a
summary of their administration to different student populations. Detailed discussions of
the different versions appear in sections D and E.

i. Undirected version

We refer to the first version of the Spacecraft question as undirected. We were
interested in finding out whether or not students would recognize, without prompting, that
simultaneity is relative and, if not, the degree of prompting that is necessary for them to
apply the relativity of simultaneity.

The students were asked to draw spacetime diagrams for both the ground and
spacecraft frames. They were told to show the volcanoes, the spacecraft, and the eruption
events. They were not asked explicitly whether the eruption events are simultaneous in the
spacecraft frame. Rather, we inferred their ideas indirectly from their diagrams.

M:t. Rainier and Mt. Hood, which are 300 km apart in their rest frame, suddenly erupt at the same time
in the reference frame of a seismologist at rest in a laboratory midway between the volcanoes. A fast
spaceship flies directly from Rainier toward Hood with constant speed v = 0.8c¢.

Sketch spacetime diagrams for the ground frame and for the spacecraft frame. Explain your
reasoning.

Figure 2-1: Undirected version of the Spacecraft question.

ii. Directed version

In the directed version of the Spacecraft question, students are asked explicitly
whether, in the reference frame of the spacecraft, Mt. Rainier erupts before, after, or at the
same time as Mt. Hood. They are also asked to find the time between the eruptions. The
directed version of the Spacecraft question is shown in Figure 2-2.



21

Mt. Rainier and Mt. Hood, which are 300 km apart in their rest frame (the Earth), suddenly erupt
at the same time as determined by observers on Earth.

1. What is the time interval between the two eruptions as determined by observers in a fast spacecraft
(v=0.8c) flying directly from Rainier toward Hood? Show your work.

2. Which eruption occurs first according to the observers in the spacecraft? Explain.

Figure 2-2: Directed version of the Spacecraft question.

ii. Location-specific version

In the third (location-specific) version of the Spacecraft question, students are told
that the spacecraft, which is flying from Mt. Rainier to Mt. Hood, is over Mt. Rainier at the
instant Mt. Rainier erupts. The eruption events, which are simultaneous in the ground
frame, are explicitly labeled as Event 1 (Mt. Rainier erupts) and Event 2 (Mt. Hood
erupts). Students are to determine whether, in the reference frame of the spacecraft, Event
I occurs before, after, or at the same time as Event 2. Figure 2-3 shows the location-
specific version of the Spacecraft question.

Mt. Rainier and Mt. Hood, which are 300 km apart in their rest frame, suddenly erupt at the same time
in the reference frame of a seismologist at rest in a laboratory midway between the volcanoes. A fast
spacecraft flying with constant speed v = 0.8c from Rainier towards Hood is directly over Mt. Rainier
when it erupts.

Let Event 1 be "Mt. Rainier erupts,” and Event 2 be "Mt. Hood erupts.”

In the reference frame of the spacecraft, does Event | occur before, after, or at the same time as
Event 2? Explain your reasoning.

Figure 2-3: Location-specific version of the Spacecraft question.
iv. Explicit version

In the explicit version of the Spacecraft question, students are told that “observers
are intelligent observers, i.e., they correct for signal travel time in order to determine the
time of events in their reference frame. Each observer has clocks that are synchronized
with those of all other observers in his or her reference frame.” Figure 2-4 shows the
explicit version of the Spacecraft question.
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In this problem, all events and motions occur along a single line in space. Non-inertial effects
on the surface of the Earth may be neglected.

Two volcanoes, Mt. Rainier and Mt. Hood, are 300 km apart in their rest frame. Each erupts
suddenly in a burst of light. A seismologist at rest in a laboratory midway between the
volcanoes receives the light signals from the volcanoes at the same time. The seismologist’s
assistant is at rest in a lab at the base of Mt. Rainier.

Define Event I to be “Mt. Rainier erupts,” and Event 2 to be “Mt. Hood erupts.”

A fast spacecraft flies past Mt. Rainier toward Mt. Hood with constant velocity v = 0.8¢ relative

to the ground (Y= 5/3). At the instant Mt. Rainier erupts, the spacecraft is directly above it and
so the spacecraft pilot receives the light from Mt. Rainier instantaneously.

All observers are intelligent observers, i.e., they correct for signal travel time to determine the
time of events in their reference frame. Each observer has synchronized clocks with all other
observers in his or her reference frame.

For each intelligent observer below, does Event 1 occur before, after, or at the same time as
Event 2? Explain.

* Seismologist
* Seismologist’s assistant

* Spacecraft pilot

Figure 2-4: Explicit version of the Spacecraft question.

d. Administration of the question: student populations and prior instruction

We have given the Spacecraft question as a written question before and after
traditional instruction to several hundred students in over a dozen non-physics,
introductory, and advanced undergraduate physics courses. The question has also
appeared on the graduate qualifying exam for doctoral candidacy. In addition, we have
conducted interviews with about 20 graduate and advanced undergraduate physics
students.

In all cases in which the Spacecraft question was given after instruction, the relativity
of simultaneity had been introduced either by means of the Lorentz transformations, as a
consequence of length contraction, or by a discussion of a paradox such as Einstein’s train
paradox.” The train paradox approach was favored in less advanced classes, presumably
because it requires a minimum of mathematical sophistication; it also has the advantage of
proceeding solely from basic principles, in particular, causality, the invariance of the speed
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of light, and the isotropy of free space. The discussions of the train paradox conducted in
class or appearing in the textbook relied on the reception of light signals by certain
observers. Almost invariably, for any particular physical situation that is discussed, the
observers of interest are equidistant from the events in question, so that the order of
reception of signals is the same as the order in which the events occur.

In some introductory courses and in all advanced undergraduate and graduate
courses, the Lorentz transformations were emphasized as one important means of
determining (or verifying) the relativity of simultaneity. Students were introduced to the
idea of event coordinates and expected to apply the Lorentz transformations in standard
textbook problems.

2. Explosions question
The Explosions question is the converse of the Spacecraft question. Students are

told that two events occur at different times in a given frame and are asked if there is
another frame in which the events are simultaneous.

a. Description of question

In the Explosions question, an explosion occurs at each end of a landing strip with
proper length of 3000 m. In the frame of an engineer at rest on the strip, the explosion at
the right end occurs a time ¢ 8 = 1200 m after the explosion on the left end. (In some
variations, students were given a time of &t = (1200 m)/c =4 us. The conversion seemed to
present no difficulty.) Students are asked whether there is a frame in which the explosions
are simultaneous, and if so, to determine the relative velocity of the frame.

Two harmless explosions occur at the ends of a landing strip whose proper length is 3000 m. In the
reference frame of the landing strip engineer (at rest on the strip), the first explosion occurs at the left
end of the strip, and the second explosion occurs at the right end of the strip a time cb¢= 1200 m later.

Is there a reference frame in which the two explosions occur at the same instant? If so, determine the

magnitude and direction of the velocity of this frame relative to the landing strip. If not, explain why
not.

Figure 2-5: The Explosions question.
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b. Correct response

A correct answer can be found through use of the Lorentz transformations."® The
spatial separation between the explosions (&x) is 3000 m and the time separation (c &) is
1200 m. Thus the time duration between the explosions (c 6t°) is zero in a frame that
moves from left to right with speed 0.4c.

cdt” = y(cbt - vdx/c)
0 = y(1200 m - (3000 m)/c) (positive direction to the right)
v =1200 m/ (3000 m/c) = 04c

c. Administration of the question: student populations and prior instruction

The Explosions question has been given to about 200 students in introductory and
advanced undergraduate physics courses. The question was given on an examination after
instruction in special relativity, as described in relation to the Spacecraft question
(page 24). We have also asked the Explosions question during interviews with advanced
undergraduate and graduate students and on the graduate qualifying exam for doctoral
candidacy.

3. Seismologist question

a. Description of the question

The Seismologist question probes student understanding of reference frames and
simultaneity within a single reference frame. The context is similar to that of the
Spacecraft question: two volcanoes, Mt. Rainier and Mt. Hood, suddenly erupt and a
seismologist at rest midway between them sees the eruptions at the same instant. The
Seismologist question differs from the Spacecraft question in that the second observer (the
*“assistant”) is not moving, but remains at rest relative to the ground at the base of
Mt. Rainier. Students are asked whether Mt. Rainier erupts before, after, or at the same
instant as Mt. Hood in the reference frame of the assistant.
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Mt. Rainier and Mt. Hood, which are 300 km apart in their rest frame, suddenly erupt at the same time
in the reference frame of a seismologist at rest in a laboratory midway between the volcanoes. The
seismologist's assistant is at rest in another laboratory at the base of Mt. Rainier.

In the reference frame of the seismologist's assistant, does Rainier erupt before, after, or
at the same time as Hood? Explain your reasoning.

Figure 2-6: The Seismologist question.

b. Correct response

To answer the Seismologist question correctly, students must be able to apply the
definition of simultaneity and understand the role of a reference frame in establishing a
common time coordinate for observers at rest relative to one another. That is, they must
understand and be able to apply the idea of an intelligent observer, who corrects for signal
travel time as necessary to determine the time of an event. Since the seismologist and the
assistant are intelligent observers in the same reference frame, they obtain the same answer
for the order of the eruptions. Since the seismologist is equidistant from the mountains,
the signal travel times are the same. Therefore, the eruptions occurred at the same time in
the frame of the seismologist and the assistant.

¢. Modifications to the question

In the course of our efforts to better understand students’ approach to this basic
material, we have asked versions of the Seismologists question in which one or more of the
following modifications were made:

® Students were asked about the reception events (the arrival of the light at each
observer’s location) in addition to the emission events (the eruptions).

® Instead of stating that “the volcanoes erupt at the same instant in the seismologist’s
reference frame,” the question stated that “the seismologist receives the light from the
two eruptions at the same instant.”

® Instead of stating that “the volcanoes erupt at the same instant in the seismologist’s
reference frame,” the question stated that “the seismologist concludes that the
volcanoes erupted simultaneously,” and asked students to decide “whether the
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assistant will conclude that Mt. Rainier erupts before, after, or at the same time as Mt.
Hood.”

® The observers were at different locations than those discussed above.

® The relevant signals were sound signals instead of light signals.

Results from those modified versions of the question are consistent with the results from
the original version, indicating that students’ responses were not greatly influenced by the
wording of the question. In the discussion following, we combine results from various
versions.

d. Administration of the question: student populations and prior instruction

We have given the Seismologist question as a written question before and after
traditional instruction to several hundred students in dozens of non-physics, introductory,
and advanced undergraduate physics courses. The question has also appeared on the
graduate qualifying exam for doctoral candidacy, and we have conducted interviews with
about 30 graduate and advanced undergraduate physics students.

In all courses in which we asked the Seismologist question, there was explicit
instruction in basic definitions and procedures relevant to simultaneity and the
measurement of the time of an event. Instructors typically outlined the construction of a
reference frame by describing an infinite lattice of rods and clocks, discussed the
assumption of correcting for signal travel time, and presented procedures for clock
synchronization. These discussions tended to be brief, and instructors normally assumed
that students already understood or could readily assimilate technical terms such as event
and intelligent observer.

4. Commentary

At each stage of our study, we tried to determine whether student responses truly
reflected their understanding of the material. For instance, we wanted to determine the
extent to which specific difficulties are linguistic or conceptual and the extent to which
mistaken beliefs are easily addressed or deeply held. To this end, we continually refined
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the research tasks. Results from earlier tasks guided us in designing new questions that
would enable us to probe student thinking more thoroughly.

D. PRELIMINARY INVESTIGATION OF STUDENT UNDERSTANDING OF THE CONCEPTS
OF SIMULTANEITY AND REFERENCE FRAMES

Our preliminary investigation of student understanding of special relativity was
based on two versions of the Spacecraft question: the undirected and the directed versions.
The two versions and the results from each are described below.

1. Failure to recognize spontaneously that simultaneity is relative

We refer to the first version of the Spacecraft question, as undirected. We were
interested in finding out whether or not students would recognize, without prompting, that
simultaneity is relative and, if not, the degree of prompting that is necessary for them to
apply the relativity of simultaneity.

Spacecraft Question: Undirected version

We administered the uadirected version of the Spacecraft question as an interview
task to 7 graduate students and later to 20 advanced undergraduate students enrolled in a
course in special and general relativity. All the graduate students had had undergraduate
instruction in special relativity and were studying relativistic kinematics, dynamics, and
electromagnetism in their graduate-level electricity and magnetism course at the time of
the interviews. The undergraduates had completed instruction on the relativity of
simultaneity. All had worked with spacetime diagrams in their current or previous courses.

All the graduate students correctly drew the worldlines of each object in the
spacetime diagram for each frame. However, only one recognized spontaneously the
relativity of simultaneity in this context. All the others indicated on their spacetime
diagrams and in their verbal explanations that the two eruptions had identical vertical
(time) coordinates in the ground frame and identical time coordinates in the spacecraft
frame. (See Figure 2-7 for examples of correct and incorrect spacetime diagrams.)
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Figure 2-7: Spacetime diagrams for the first (undirected) version of the
Spacecraft question. (a) Correct diagram for the ground frame.
(b) Correct diagram for the spacecraft frame. (c) Typical
incorrect diagram for the spacecraft frame drawn by students.

The results from the undergraduate students were similar. All drew spacetime
diagrams that included the correct features except that about 85% denoted the eruption
events as simultaneous in both frames. Some of the difficulty may have been related to a
lack of facility in relating spacetime diagrams for two frames. Nonetheless, the majority of
the students failed to recognize spontaneously that simultaneity is relative and to draw their

diagrams appropriately. These results are summarized in Table 2-1.

Table 2-1:  Results of the undirected Spacecraft question.

Written question

After instruction

Graduate students Advanced undergrads

Sp97 (N=T7) Wi97 (N=20)
Correct (Rainier erupts
after Hood) 15% (1) 5% (1)
Mountains erupt
simultaneously 85% (6) 85% (17)
Rainier erupts before Hood 0 10% (2)
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The relativity of simultaneity is arguably the central result of relativistic kinematics
and a key consequence of the Lorentz transformations. The fact that advanced students
do not apply this idea spontaneously is a matter of concern. On the other hand, the fact
that the time order of events is not the same in all frames is among the most
counterintuitive ideas in special relativity. We wondered whether students might apply the
simultaneity of relativity if prompted explicitly to do so.

2. Failure to apply spontaneously the formalism of a reference frame in determining
the time of an event

We decided to develop a new version of the Spacecraft question that would be more
directive than the first. This version was written in collaboration with the course instructor.
The terminology was identical to that used in class.

Spacecraft Question: Directed version

We gave the directed version of the Spacecraft question to 49 students on an
examination in an introductory honors calculus-based physics class. The students had
completed the study of the relevant material. All students answered that the eruptions are
not simultaneous in the spacecraft frame. (Very few students had done so on the
undirected version.) However, only about 45% gave the correct time ordering (Hood
erupts first in the spacecraft frame) with correct reasoning." About 25% of the students
gave the correct time order of events but used incomplete reasoning to support their
answers. About 25% of the class gave the reverse time ordering. These results are
summarized in Table 2-2.



30

Table 2-2:  Results of the directed version of the Spacecraft question.

Written question
After instruction
Introductory physics students
Au98 (N=49)

Correct answer with correct reasoning 45% (22)
C:‘orrect. answer wit_h incomplgte reasoning 25% (13)
(including perception reasoning)
Reverse time ordering 25% (12)
Other 5% (2)

Essentially all of the students who gave a correct answer with incomplete reasoning
answered in a similar way. The responses below are typical.

“Mt. Hood erupted first because the spacecraft is moving towards it, so the
wavefront of the eruption of Mt. Hood will reach the craft first.”
(introductory student)

“Hood first, because the spacecraft will encounter those wavefronts first.”
(introductory student)

We categorize the reasoning given by these students as incomplete since these
students describe only the order in which the signals from the distant events reach the
spacecraft. They make no explicit mention of the relative velocity or the relativity of
simultaneity. The sequence in which the signals are received does not provide enough
information to determine the time ordering of the eruption events. Different choices of
observer location result in different reception orders and some students might have
obtained the correct answer by a fortuitous choice of observer location (e.g., half-way
between the two volcanoes). We started to suspect the presence of incorrect ideas when we
realized that most of the remaining students (about 25%) seemed to have made a different
assumption about the spacecraft location. These students obtained the opposite answer for
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the time ordering of the events but gave explanations similar to those illustrated above.
The following responses were typical.

*“The observer will witness Mt. Rainier erupting first because they are
directly over Rainier when the explosion happens, so the light from the
explosion has less distance to travel than the light from Mt. Hood’s
explosion.” (introductory student)

“Mt. Rainier would erupt first because the spacecraft is closer to Mt.
Rainier and would therefore receive the wavefront from Mt. Rainier first.
If the craft were flying from Hood to Rainier, Mt. Hood would erupt first,
because the spacecraft would be closer to Mt. Hood and would receive its
wavefront first.” (introductory student)

Several students regarded both the velocity and position of the spacecraft as
important in the time ordering of the eruption events. However, like the students above,
they focused on the reception of the light signals by the observer. They did not treat the
relative motion as the determining feature of a reference frame but as a factor that
complicates the calculation of the time at which the observer receives the signals. One
student claimed necessary information was missing from the problem statement.

“It would depend on where the spacecraft was when the first explosion
occurs. If it is close enough to Hood that the distance between the ship
and Hood plus the distance the ship travels while the light is en route, then
it sees Hood explode first.” (introductory student)

The students quoted above all failed to treat the spacecraft observer as representative
of a class of observers, all moving with the same velocity. They seemed to interpret the
time of an event as an observer- (not frame-) dependent quantity. These results suggest
that students, on their own, fail to apply the formalism of reference frames (i.e., a system
of clocks and rods) in defining the time of an event.

3. Commentary

The versions of the Spacecraft question used in the preliminary investigation are
similar to many end-of-chapter questions on relativistic simultaneity. Students are told
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that two events are simultaneous in one frame (S) and asked about the time order of the
events in another frame (S°) that moves relative to the first with a given velocity.

In the context of the Spacecraft question, we found that many students fail to apply
spontaneously the relativity of simultaneity. When prompted to think explicitly about the
order of the events, essentially all students state that the events are not simultaneous in the
spacecraft frame. However, most reason incorrectly. They tend to focus on the relative
position of the spacecraft and volcanoes and fail to recognize that the relative velocity
determines the time order of the eruptions in the spacecraft frame.

The results from the undirected and directed versions of the Spacecraft question
suggested the presence of serious conceptual and reasoning difficulties with basic concepts
in special relativity. We considered, however, the possibility that student responses did not
reflect what students actually thought. We needed to probe more deeply into the nature of
their conceptions of time, simultaneity, and reference frames.

E. DETAILED INVESTIGATION OF STUDENT UNDERSTANDING OF THE CONCEPTS OF
TIME, SIMULTANEITY, AND REFERENCE FRAMES

This section is divided into three inter-related and inter-dependent parts. Part ldeals
primarily with a prevalent and persistent student interpretation of simultaneity that is
observer-dependent. Many students believe that the time order of distant events is
determined by the time order in which signals from the events are perceived by an
observer. Part 2 presents evidence that many students have a deeply held underlying
belief that simultaneity is absolute. Part 2 also describes how students often attempt to
reconcile these two contradictory beliefs with each other and with what they have been
taught about the relativity of simultaneity. Student interpretations and beliefs about
simultaneity described in Parts | and 2 have direct implications on student understanding
of the role of an observer in a given frame. Part 3 is devoted to an exploration of student
beliefs about the concept of a reference frame.
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1. Belief that events are simultaneous if an observer receives signals from the events at
the same instant

We decided that the Spacecraft question would be a better probe of student thinking
about simultaneity if two changes were made: (1) specifying not only the velocity but also
a location for the moving observer and (2) rewording the question to describe the
eruptions as spacetime events. By choosing the observer location appropriately, we sought
to distinguish between students who obtained a correct answer for correct reasons and
students who thought the observer’s location affects the time ordering of the events. By
describing the eruptions as events, we tried to make clear to students that the time interval
of interest is not that between the reception of the light signals by the moving observer, but
rather that between the emission of the signals by the volcanoes.

Spacecraft Question: Location-specific version

In the third (location-specific) version of the Spacecraft question, students are told
that the spacecraft, which is flying from Mt. Rainier to Mt. Hood, is over Mt. Rainier at the
instant Mt. Rainier erupts. The eruption events, which are simultaneous in the ground
frame, are explicitly labeled as Event 1 (Mt. Rainier erupts) and Event 2 (Mt. Hood
erupts). Students are to determine whether, in the reference frame of the spacecraft, Event
I occurs before, after, or at the same time as Event 2.

Table 2-3, Table 2-4, and Table 2-5 summarize the results of the location-specific
Spacecraft question when given as an ungraded written question to non-physics students,
introductory students, and advanced undergraduate students. In most cases, the question
was posed after lecture instruction on the relativity of simultaneity. As can be seen from
the tables, prior instruction had little effect on student performance.”

The question was also given as an interview task to advanced undergraduates and
physics graduate students. Table 2-6 summarizes these results.
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Table 2-3:  Results of the location-specific version of the Spacecraft question
given to non-physics students.

Written question

Non-physics students

Before After
instruction instruction
Au98 (N=23)" | Au98 (N=16)

Correct answers (Hood erupts first)

with correct reasoning or incomplete 15% () 15% (2)
reasoning

Simultaneous eruptions (reasoning

consistent with being based on absolute 45% (10) 30% (5)

simultaneity)

Rainier erupts first (reasoning consistent
with being based on the times at which 35% (8) 45% (7)
signals are received by the observer)

Other (e.g., student stated not enough 10% (2) 15% (2)
information given)
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given to introductory students."

Table 2-4:  Results of the location-specific version of the Spacecraft question

Written question

Introductory students

Before After
instruction instruction
Sp98, Au99 Sp97, Au9s8,
(N=67) Sp99"” (N=73)
Correct answers (Hood erupts first)
with correct reasoning or incomplete 3% (3) 10% (8)
reasoning
Simultaneous eruptions (reasoning
consistent with being based on absolute 20% (12) 5% (5)
simultaneity)
Rainier erupts first (reasoning consistent
with being based on the times at which 65% (46) 75% (55)
signals are received by the observer)
Other (e.g., student stated not enough 10% (6) 5% (5)

information given)
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Results of the location-specific version of the Spacecraft question,

given to advanced undergraduate students.

Written question
Advanced undergraduate
students
After
Before instruction
instruction Wi98, Au9s,
Wi98 (N=20) Au99, Sp00',
Au00 (N=93)
Correct answers (Hood erupts first)
with correct reasoning or incomplete 15% () 25% (24)
reasoning
Simultaneous eruptions (reasoning
consistent with being based on absolute 25% (5) 20% (19)
simultaneity)
Rainier erupts first (reasoning consistent
with being based on the times at which 45% (9) 40% (39)
signals are received by the observer)
Other (e.g., student stated not enough 15% (3) 10% (11)
information given)
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Table 2-6:  Results of the location-specific version of the Spacecraft question,
given to advanced undergraduate and graduate students as an

interview task.
Interview task
Advanced undergrad.
& grad. students

Sp99 (N=11)

Correct answers (Hood erupts first) 25% (3)

with correct reasoning or incomplete reasoning

Simultaneous eruptions (reasoning consistent 0

with being based on absolute simultaneity)

Rainier erupts first (reasoning consistent with
being based on the times at which signals are 55% (6)
received by the observer)

Other (e.g., student stated not enough 20% (2)
information given)

In every student group, less than 25% of the students gave a correct response
(ignoring reasoning). Only a few students who gave the correct order used incomplete
reasoning similar to that in the preliminary investigation (e.g., “Hood erupts first since the
spacecraft is flying towards Hood.”). The majority of students answered incorrectly.
Analysis of student responses revealed two related modes of incorrect reasoning.

a. Tendency to associate the time of an event with the time at which an observer receives
a signal from the event

Despite having been told explicitly that the events of interest are Event 1 (Mt.
Rainier erupts) and Event 2 (Mt. Hood erupts), most students attributed the time of each
eruption to the time at which a given observer sees the eruption. Both the advanced
students in the interviews and the introductory students on the written problems made this
error. The following statements are typical.



38

*“The spacecraft is near Rainier, so he gets the signal about the same time
Rainier erupts. So the spacecraft pilot would say Rainier erupts before
Hood.” (graduate student)

“Mt. Rainier erupts first because the light from Mt. Hood takes time to
reach the spaceship.” (introductory student)

Some students included the motion of the spacecraft relative to the ground as a
factor complicating the timing of an observer’s reception of relevant signals. The
following conversation with a graduate student exemplifies the issue:

S: The distance between the two mountains is d, and this is ¢ times ¢, this
distance would be traveled by light, c times . He would see event 2 at
the time ¢, at the time ¢ = d/c later. And now we have to figure out
which distance Mt. Hood travels in this time ¢, because he’s traveling
with ©. And then [ would draw it like, this is Mt. Hood, and then he
would see it explode.

I: Sois this a picture of...?

S: The eruption of Mt. Hood. The signal traveled in that time from Hood
to here, but Mt. Hood is moving too, so the spacecraft would move a
little bit more in that direction, and then the space craft pilot will see
this guy [Hood] erupt.

b. Tendency to regard the observer as dependent only on his or her personal sensory
experiences

The failure to distinguish between the time of an event and the time at which an
observer sees that event occurring did not seem to be a superficial error but seemed to
have deep roots. Many students failed to recognize that an observer is not isolated but has
access to information provided by other observers in his or her frame.

“For example if he looks at [the volcano, it] looks peaceful. There is
nothing going on. So he would say it hasn’t erupted. I would say, to state
that something happened you have to have any evidence, and he hasn’t got
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any evidence that something happened. So it hasn’t happened.”
(graduate student)

c. Commentary

The third, location-specific version of the Spacecraft question provided insights into
student thinking about simultaneity that the first two versions had not. The responses to
the written questions and interviews show that many students very strongly associate the
time of an event with the time at which an observer receives a signal from the event.
Whether or not distant events are simultaneous is, therefore, judged by many students only
on the basis of the time order of the received signals. The difficulties seem to be
intimately tied to their ideas of reference frames.

The tendency of students to interpret simultaneity in terms of signal reception had,
thus far, prevented us from determining whether or not the students recognized that the
events themselves are not simultaneous in all frames. We thought, however, that the
misidentification of the reception events with the emission events might be easy to correct
with upper-level undergraduate students and graduate students. We wondered whether
students would apply the relativity of simultaneity properly if, during interviews, it were
pointed out to them that the reception events are not the ones to consider.

2. Belief that simultaneity is absolute

As described earlier, we found that many students fail to apply spontaneously the
idea of relativity of simultaneity after instruction. On the other hand, we also found that
many students appear to believe in a type of relativity of simultaneity that we would term
excessive. Students often claim that observers at different locations determine different
time orderings for events based on the reception of signals from the events. We now
present evidence that these apparently contradictory beliefs (that simultaneity is absolute,
and that simultaneity is “excessively” relative) often coexist harmoniously. Our results
suggest that many students believe that simultaneity is relative only in the limited sense that
signals from events armrive at different observers at different times - and that
fundamentally, simultaneity is absolute.
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Spacecraft Question: Explicit version

We wanted to ensure that students were not hindered by semantic misinterpretations
of technical terms such as “intelligent observer” and “reference frame.” In an effort to
remove possible ambiguity from the task and to probe even more explicitly than before,
we designed a fourth version of the Spacecraft question. We refer to it as the explicit
Spacecraft version because it makes explicit the correction for signal travel time employed
by intelligent observers. We gave the question as an interview task so that we could
carefully observe and correct, as necessary, the way in which students interpreted the
question. We probed both qualitative and quantitative reasoning. The question also
appeared on the graduate qualifying exam for doctoral candidacy.

In the explicit version of the Spacecraft question, students are told that “observers
are intelligent observers, i.e., they correct for signal travel time in order to determine the
time of events in their reference frame. Each observer has clocks that are synchronized
with those of all other observers in his or her reference frame.” In the course of the
interview, students were reminded repeatedly to consider all observers as making
corrections for signal travel time. When students used technical terms such as “reference
frame,” the interviewer probed their understanding of the term. If a student's
interpretation differed from the conventional interpretation, the interviewer attempted to
correct the student, and asked the student to reconsider his or her response in light of the
accepted interpretation. (We did not offer such corrections to students responding to the
question on the qualifying exam.)

a. Tendency to regard the relativity of simultaneity as an artifact of signal travel time

During the interview, many students seemed to resist thinking about simultaneity in
terms of emission, rather than reception, of the signals. As the interviews progressed, we
realized that part of the difficulty was that they believed strongly that the two events were
simultaneous in every reference frame. Many seemed to treat the non-simultaneity of the
reception of the signals as a way of reconciling this belief with what they thought they had
learned about the relativity of simultaneity.

As shown in Table 2-7, four of the seven advanced undergraduate and graduate
students who responded to the explicit Spacecraft question clearly articulated the idea that
the order of events in the spacecraft frame is determined by the order in which the signals
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the population of graduate students as a whole.

from the events arrive at the spacecraft. The pattern of responses to the question
administered on the qualifying exam is nearly identical. This similarity suggests that
students take the interview tasks seriously, that their answers represent their best
understanding of the subject matter, and that the interview sample is fairly representative of

Table 2-7:  Results of the explicit version of the Spacecraft question, given to
advanced undergraduate and graduate students as an interview task
and to graduate students on the qualifying examination for doctoral

candidacy.

Interview task

Qualifying exam

information given)

Advanced Graduat
undergrad. & tu dentse
grad. students Au?)O (N=23)

Sp99 (N=7)
Correct answers (Hood erupts first)
with correct reasoning or incomplete 40% (3) 30% (7)
reasoning
Simultaneous eruptions (reasoning
consistent with being based on absolute 0 10% (2)
simultaneity)
Rainier erupts first (reasoning consistent
with being based on the times at which 55% (4) 60% (14)
signals are received by the observer)
Other (e.g., student stated not enough 0 0

Students’ explanations were similar to those quoted previously in response to the

determine the eruptions to have been simuitaneous.

When reminded to consider the spacecraft
observer as making corrections for the signal travel time, all of these interview subjects
claimed that after making such corrections, the intelligent observer in the spacecraft would

*“Using her correction, assuming she’s intelligent...I mean if she measured

the effect relativistically, she would measure them happening at the same
time if she subtracted the time she calculated.” (graduate student)
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“If we are in relative motion we will measure different distances and so on
but if we are all intelligent observers we will all figure out that the events
were simultaneous in our rods-and-clocks reference frame.” (graduate
student)

An advanced undergraduate reached a similar conclusion after some clarification:

[: Can you tell which order the eruptions occur in, in the spacecraft frame?
Considered separately from the time of the light hit[ting] the spacecraft.

S: I’'m not really sure how to do that. It would seem to me that just logically,
it doesn’t matter, it would still go Rainier, Hood.

I: You're speculating, if I can paraphrase you, that after the spacecraft
[observer] made corrections for the fact that it took the Hood signal some
time to get to him, after he made those corrections he would wind up
concluding that Rainier went first?

S: If he did everything right then he would have appropriately come up with
the amount of time the signal would have traveled, the distance between the
two mountains would probably also have been different to him, and so
he’d have to account for that too, but once he made all of those
accounting things then he would have to say that yes, they went up at the
same time.

I: Oh, at the same time. I thought you said Rainier went first.

S: No, no, no, he would see Rainier go up first, but he would eventually after
doing all of the math would agree with [two observers at rest on the
ground], that they went up at the same time. (advanced undergraduate
student)

These students appeared to believe that events simultaneous in the ground frame
would be simultaneous according to an observer in any reference frame who made
appropriate corrections for signal travel time. In the following example a graduate student
compared the spacecraft observer to an observer on the ground under the spacecraft, at
Mt. Rainier:
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“There is no real difference between the spacecraft and the [observer on
the ground under the spacecraft]. Because I said the signals reach [that
observer] at different times, but he can determine at which times the signals
were emitted. ...So I can do the same thing on the spacecraft: I might see
the signals at different times but I can figure out that they happened at the
same time.” (graduate student)

Such responses indicated students’ belief that simultaneity is absolute. Yet students,
in their discussion of relativistic effects, appeared to have heard the idea of the relativity of
simultaneity. How could these incompatible ideas coexist so openly? The resolution to
this apparent contradiction came from in-depth probing.

S: There are really two separate kinds of reference frames. There is the kind
of reference frames with all those rods and clocks extending to infinity,
like in [the textbook]. But in practice, nothing happens except right where
you are. So really, your reference frame is something you carry around
with you ...

[: There is this thing about simultaneity being relative, about events that are
simultaneous in my reference frame not necessarily being simultaneous in
another reference frame. Which kind of reference frame does that refer
to?

S: Relativity of simultaneity is this local thing. It’s not the rods and clocks
thing, because if we are intelligent, we correct for that. It’s this thing that if
I see them at different times, they occurred at different times in my
reference frame. (graduate student)

Responses such as these seemed to indicate that the belief that simultaneity is
absolute is deeply held.” Any appearance to the contrary is only that —a visual
appearance due to differences in the reception of signals from the events." This belief was
typical among students who asserted that the order of events in the spacecraft frame is the
order in which signals arrive at the spacecraft.
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I: This thing about events that are simultaneous in one reference frame, not
being simultaneous in another reference frame? Do you have a sense of
where that comes from?

S: Light has a finite speed, so it’s going to take some time for the information
to travel from point A to point B wherever the observer is. This is a pretty
good example actually. One observer is right between the mountains and
he sees them at the same time, the other observer is not and so he sees them
at different times. (graduate student)

b. Tendency to regard the Lorentz transformation for time as correcting for signal travel
time

In deriving the relativity of simultaneity, many instructors invoke the Lorentz
transformation for time. We found that conceptual difficuities with reference frames and
the time of an event can prevent students from interpreting appropriately the terms in the
Lorentz transformations. In particular, many students appeared to believe that the Lorentz
transformations constitute a correction for signal travel time:

S: In the reference frame of the spacecraft, does Event 1 occur before, after,
or at the same time as Event 2? ... Before. Even though the spacecraft is
traveling very fast, I would say that it’s right next to Mt. Rainier so it’s
going to see Mt. Rainier go off, and even though it’s traveling towards
Mt. Hood and the light from Mt. Hood is traveling towards it, it will still
take some amount of time for the information of Mt. Hood exploding to
reach it.

[: Okay, so it’ll see Mt. Rainier first. In the spacecraft’s reference frame,
after he makes any corrections for signal travel time that might be
appropriate —

S: Are we including Lorentz transformations in that?
(advanced undergraduate student)

The “desynchronization term” in the Lorentz transformation for time (— vdx/c?)
presented particular difficulty for students.” Several cited that term in support of the idea
that the time of an event is influenced by the position of an observer relative to the event:
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“[This term] is the correction for the travel time of the light. The time I
have to wait in my frame to see one event and then the next one.”
(graduate student)

The student above went on to express his confusion about the fact that the term is
proportional to the speed of the spacecraft. He thought it should be inversely
proportional since the travel time for the signal from Hood is reduced as the speed of the
spacecraft in the ground frame is increased.

Other students had difficulty with the 8¢ term in the Lorentz transformation for time,
interpreting that term as equal to the signal travel time from Hood to the spacecraft:

S: [Student has written t*= y(t - vx/c’).] X in the ground [frame] would
be this 300 km, we know v, and ¢, but we don’t know ¢.

I: Could you say what ¢ is in words? What does it mean, it’s the ¢ of
what?

S: For the eruptions. This is the time which goes by while light travels
from Hood to the spacecraft. So that the spacecraft receives the signal
from Hood...It’s a time in the ground frame. The time between Hood
erupts and the space pilot sees the signal.

¢. Tendency to treat simultaneity as independent of relative motion

Some students stated explicitly that relativity of simultaneity is not directly related to
relative motion.  Even graduate students expressed this idea. As in the preliminary
investigation, some students appeared to believe that relative motion does play a role in the
timing of events in the spacecraft frame — but only to the extent that it influences the
reception of signals by the spacecraft.

d. Commentary

We have found that students often incorporate the relativity of simultaneity into their
own conceptual framework in a way that allows them to continue to believe in absolute
simultaneity. They do so by treating the time of an event as the instant at which that event
is seen to occur by an observer and attributing the relativity of simultaneity to signal travel
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time. Such incorrect beliefs can insulate students from gaining an understanding of the
relativity of simultaneity as a consequence of the invariance of the speed of light.
Instructors and textbooks often admonish students to distinguish between the corrections
of a finite signal travel time and the inevitability of the relativity of simultaneity.”
Apparently, such admonitions are insufficient.

3. Belief that every observer constitutes a distinct reference frame

The Spacecraft question discussed thus far had originally been designed to probe
student understanding of simultaneity. We found, however, that student conceptions of
simultaneity and reference frames are strongly intertwined. We therefore developed other
questions to probe student beliefs about simultaneity, reference frames, and the role of
observers. Two of these, the Explosions question and the Seismologist question, are
described in Section C of this chapter (Research tasks and prior instruction).

Explosions question

In the Explosions question, students are given the time interval between two non-
simultaneous events in one frame and asked whether there is a second frame in which the
events are simultaneous. As in the first two versions of the Spacecraft question, no
mention is made of a specific observer in the second frame. However, students often
raised the issue of the observer location spontaneously.

a. Tendency to treat observers at the same location as being in the same reference frame,
independent of relative motion

The following student correctly determined the relative speed of the frame in which
the two explosions are simultaneous. [The student uses the rule developed in class that
clocks in moving frames that follow (or ‘“‘chase”) other clocks read earlier times.]
However, the student places an additional constraint on the solution by specifying a
location for the observer such that the observer would see the explosions simultaneously.

“If we travel at a speed in which [one] side is the chasing side, it will be
ahead by a certain time. Now if we set it to be ¢t = 1200 m ahead, and we
stand where the engineer is standing, we’ll see the explosions at the same
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time. So, you must be traveling at 0.4c, and must be at the point where the
engineer is standing.” (introductory student - italics added for emphasis)

The student seems to believe that the explosions are simultaneous only for one
observer in the ‘moving’ frame (the observer who sees them simultaneously). Another
introductory student answered similarly.

“There is no ‘frame’ that you will always see them [the two explosions] at
the same instant, but there is a position. We can be [a certain number of]
meters from the right [end] and see them at the same time.” (introductory
student)

The student seems to have interpreted the question *“Is there a frame in which the
events are simultaneous?” to mean “Is there an observer who sees the events at the same
time?” This student apparently believes that a set of observers at rest relative to one
another would not agree that the explosions are simultaneous since such observers would
not all receive light from the two explosions at the same instant. The student was unable to
apply the idea of a reference frame as a system for measuring the time of events.

Seismologist question

In the Seismologist question, students are asked about the relative ordering of two
events for a seismologist and an assistant at rest relative to one another. The question was
designed to probe whether students would incorrectly treat simultaneity as relative, even
for two observers in the same reference frame.

The question has been given to introductory and advanced students both as an
examination question and as an ungraded written question. It has also been given during
interviews to advanced undergraduates and graduate students. Relatively few students at
any level answered correctly about the time order of events in the frame of the assistant.
As shown in Table 2-10 and Table 2-11, even advanced students had significant
difficulties. As for the Spacecraft question, interview responses are nearly identical to
responses on the qualifying exam.
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Table 2-8:

Results of the Seismologist question given to non-physics students.

Written question

Non-physics students

stated not enough information given)

During After
instruction instruction
Au98 (N=40) | Au98 (N=26)
Correct answers (simultaneous eruptions) 15% (6) 10% (3)
regardless of reasoning
Rainier erupts first 65% (25) 75% (20)
Other (e.g., Hood erupts first, student 20% (9) 10% (3)

Table 2-9:

Results of the Seismologist question given to introductory students.”

Written question

Introductory students

stated not enough information given)

Before After
instruction instruction
Sp98, Au99 Sp97, Au9s,
(N=88) Sp992 (N=79)
Correct answers (simultaneous eruptions) 20% (19) 30% (25)
regardless of reasoning
Rainier erupts first 65% (57) 60% (49)
Other (e.g., Hood erupts first, student 15% (15) 5% (5)
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Table 2-10: Results of the Seismologist question given to advanced undergraduate

students.
Written question
Advanced undergrad students
Before ins‘?rtt}:trion
instruction | Au9s, Au99,
Wi97, Wi98 Sp00™
(N=90)
Correct answers (simultaneous eruptions) 40% (20) 25% (24)
regardless of reasoning
Rainier erupts first 55% (26) 60% (55)
Other (e.g., Hood erupts first, student
stated not enough information given) <% Q) 10% (11)

Table 2-11: Results of the Seismologist question given to advanced undergraduate
and graduate students as an interview task and to graduate students
on the qualifying exam for doctoral candidacy.

Interview task Qualifying
exam
Advanced
undergrad. and Graduate
grad. students students
Sp99, Sp00 Au00 (N=23)
(N=17)
Correct answers (simultaneous eruptions) 60% (10) 65% (15)
regardless of reasoning
Rainier erupts first 40% (7) 35% (8)
Other (e.g., Hood erupts first, student 0 0
stated not enough information given)




50

b. Tendency to treat observers at rest relative to one another as being in separate
reference frames

Essentially all of the students who answered the Seismologist question incorrectly
stated that Mt. Rainier erupts first in the frame of the assistant. Some of these students
were explicit about their interpretation of the term “reference frame.”

“Assuming the assistant is his reference frame, Rainier will erupt first
because he will see its light first, and until he sees its light, effectively it
hasn’t erupted yet.” (introductory student)®

“The light needs to travel | second before entering his [the assistant’s]
frame.” (introductory student)?®

“The volcano will erupt into the assistant’s reference frame some time
after the eruption occurs at Rainier.” (introductory student)*

“Reference frames, they’re dependent on position, so that’s why [the
seismologist] and [the assistant] measure two different things. I think of
them being in different reference frames simply because some people
would say ‘Well, if they’re in the same reference frame everything should
happen the same.” And it doesn’t happen the same, because they measure
two different times. That’s why I am tempted to say although they’re both
at rest with respect to each other, they’re in different reference frames.”
(graduate student)

“... ‘in the reference frame of the assistant’ means you’re sitting there
and waiting for events to happen, and you record them when you see them,
and that’s when you mark them down so that’s when they happen.”
(graduate student)

In the view of the student above, “the reference frame of the assistant” consists of a
single observer (the assistant). Many students treated a reference frame as being local to
the position of an observer.”

In one version of the Seismologist question, students are asked explicitly about both
(1) the order in which the light signals from the eruptions reach the assistant and (2) the
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order of the eruption events in the reference frame of the assistant. In their responses,
some students stated explicitly that the questions were identical.

“If by his reference frame, you mean, ‘When did he see it?" it would be
before.” (advanced undergraduate student)?

[Student has circled (1) and (2) and written:] “Don’t these mean the same
thing?” (introductory student)”

Other students’ responses did not make clear whether they were distinguishing
between the emission and reception events:

“If one wave of light reaches them first, that would be the one they see
flashing first.” (introductory student)

“Rainier erupts first because that light hits him sooner.” (introductory
student)

“The events seem to occur when the light from the eruption reaches the
assistant.” (introductory student)

“I am just working off the idea that whichever eruption is closer to the
observer is perceived first.” (introductory student)*

“She [the assistant] perceives that its later arrival means that the event
occurred later.” (introductory student)*

Despite the fact that both observers are in the same frame, some students referred
explicitly to the relativity of simultaneity or to the lack of synchronization of clocks.

“Mt. Rainier erupts first in the assistant’s frame according to the relativity
of simultaneity.” (introductory student)®

“Events are simultaneous in reference frame of seismologist for an
observer located [a certain distance] away from Mt. Rainier (in dir of
Hood). No other such reference frame exists because of the relativity of
simultaneity.” (introductory student)



52

“According to the assistant Mt. Rainier erupted first because the two
clocks (eruptions) are unsynchronized according to him and the light from
Rainier is closer.” (advanced undergraduate student)

The belief that each observer constitutes a separate reference frame was common

and seems to be quite strongly held. The dialogue below, provides an example.

S:

S:

The assistant is at Mt. Rainier, and Mt. Rainier erupts, and Mt. Hood erupts
at the same time. But he can’t see it the same time, because if you look at
this mountain you always see in the past.

So if he made measurements of [times and distances], and he knew the
speed of the signal and so on, what would he conclude about the eruption
times? ...

For the assistant Mt. Rainier would erupt before Mt. Hood. This is what I
would say.

In the assistant’s reference frame Rainier would erupt first?
Yeah, definitely.

And what if the assistant made measurements, and had assistants of his own,
whatever measurements he needed to make to reach a conclusion about the
timing of the eruptions? After all those measurements, the assistant would
say, “In my reference frame, Mt. Rainier erupted first?”

Yes. (graduate student)

Unlike some of the introductory students, nearly all of the advanced students

distinguished clearly between emission events (the eruptions) and reception events (the
arrival of the light from an eruption at a particular observer). They also recognized that
the travel time of light is relevant. However, many of the students indicated a belief that
such corrections were not appropriate for observers to make in attempting to determine the
time of an event in their reference frames. The students expressed the view that

“reference frame” describes what an observer perceives at a particular location. One
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student went so far as to express the belief that the time ordering of events in an observer’s
frame depends on which signals that observer is able to detect:

“Within normal human ability to comprehend time, I would say that the
eruptions are going to be at the same time. But if he’s blind, he’s going

to hear Rainier for sure go off before Hood. And so he’s going to say that
Rainier went off before Hood because it’s going to take much longer for
the sound from Hood to get there.” (graduate student)

The student quoted above was also asked to sketch pictures of the explosions as they
happen in the seismologists’ reference frame. She responded, “Which seismologist? The
one at the base of the mountain, or the one in the middle?” At the interviewer’s cautious
response of “Both,” she sketched two sets of pictures — one for the seismologist in the
middle, and one for the assistant at Mt. Rainier. (See Figure 2-8.) She explicitly indicated
that the eruptions were simultaneous according to one observer but not the other.

"Seismologist's frame" "Assistant's frame”

Boaog | AHA

Rairier Hood @ : x_

Rainier Hood

Figure 2-8: Student response to the Seismologist question. The student has
indicated that the eruptions are simultaneous in the reference
frame of the seismologist (in the middle), but that in the
reference frame of the assistant (at Mt. Rainier), Mt. Rainier
erupts first.

Some students argued that observers at rest disagree on the time of an event even
when the signal from that event explicitly contains the time of that event. The following
exchange is illustrative.
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Students who believed that a “reference frame” consists of a single observer at a
particular location typically also believed that observers at different locations (but at rest
relative to one another) were “in different reference frames” in the sense that they
reached different conclusions about the times of events. Below is an example:

I: Let’s say ... you are in the middle, with your fancy Rolex [watch], and I'm
at Mt. Rainier, with my fancy Rolex. And you determine that at exactly
noon, you took your vitamins. And suppose I wanted to figure out what
time you took your vitamins.

S: If you're looking at me through a telescope you will look at my clock and
it will say 12, but you will look at your clock and it will say 12 plus Ar.

[: So in my reference frame, did you take your vitamins at 12?7 Or at 12 plus
Ar?

S: Twelve plus At. (advanced undergraduate student)

c¢. Commentary

When students remarked that the assistant can only know what happens at his own
location, they were indicating that they had not advanced beyond the most rudimentary
understanding of the concept of a reference frame. They had not recognized that
intelligent observers at rest with respect to one another can communicate about the
spacetime coordinate events at each location. Instead, these students seemed to think that
each observer is restricted to the information that he or she can obtain directly.

F. SUMMARY

This investigation has identified widespread difficulties that students have with the
definition of the time of an event and the role of intelligent observers. After instruction,
more than 2/3 of physics undergraduates and 1/3 of graduate students in physics are
unable to apply the construct of a reference frame in determining whether or not two
events are simultaneous. Many students interpret the phrase “relativity of simultaneity”
as implying that the simultaneity of events is determined by an observer on the basis of the
reception of light signals. They often attribute the relativity of simultaneity to the
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difference in signal travel time for different observers. In this way, they reconcile
statements of the relativity of simultaneity with a belief in absolute simultaneity and fail to
confront the startling ideas of special relativity.

Experienced instructors know that students often have trouble relating measurements
made by observers in different reference frames. It is not surprising that students, even at
advanced levels, do not fully understand the implications of the invariance of the speed of
light. What is surprising is that most students apparently fail to recognize even the basic
issues that are being addressed. Students at all levels have significant difficulties with the
ideas that form the foundations of the concept of a reference frame. In particular, many
students do not think of a reference frame as a system of observers that determine the
same time for any given event. Such difficulties appear to impede not only their
understanding of the relativity of simultaneity, but also their ability to apply correctly the
Lorentz transformations.

Special relativity offers instructors an opportunity to channel student interest in
modern physics into a challenging intellectual experience. For most people, the
implications of special relativity are in strong conflict with their intuition. For students to
recognize the conflict and appreciate its resolution, they need to have a functional
understanding of some very basic concepts. Formulating an appropriate measurement
procedure for the time of an event involves recognizing the inherently local nature of
measurement, applying a well-defined measurement procedure in a given reference frame,
and understanding the relationship between measurements made by different observers.
These ideas are crucial in contexts ranging from the rolling of a steel ball on a level track
to the motion of objects in the vicinity of massive stars. This investigation documents
prevalent modes of reasoning with these fundamental concepts as a first step toward
making special relativity meaningful to students.
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? S. Panse, J. Ramadas, and A. Kumar, “Altemative conceptions in Galilean relativity: frames of

reference,” Int. J. Sci. Educ. 16, 63 (1994); J. Ramadas and A. Kumar, “Alternative conceptions in
Galilean relativity: inertial and non-inertial observers,” Int. J. Sci. Educ. 18, 615 (1996).

P.W. Hewson, “A case study of conceptual change in special relativity: The influence of prior
knowledge in learning,” Int. J. Sci. Educ. 4, 61 (1982); G. Posner, K. Strike, P. Hewson, and W.
Gertzog, “Accommodation of a scientific conception: Toward a theory of conceptual change,” Sci.
Ed. 22, 211 (1982).

T.E. O’Brien-Pride, “An investigation of student difficulties with two dimensions, two-body systems,
and relativity in introductory mechanics,” Ph.D. dissertation, Department of Physics, University of
Washington, 1997.

The fact that the curved surface of a gravitating, rotating Earth is not an inertial frame did not elicit
student concern. In one version of the question, students were told to neglect non-inertial effects. In
another, the context was set in deep space. Neither statement seemed to change student responses.

In keeping with standard practice in one-dimensional problems on special relativity, students were told
in all questions that all motions were to be considered as occurring along a single line in space. No
student seemed to have had difficulty neglecting the vertical dimension.

The prototype of such a qualitative analysis is that of the classic train paradox often used to develop
the relativity of simultaneity. See, for instance, P.A. Tipler and R.A. Llewellyn, Modern Physics
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materials. Those materials are described in Chapter Three of this dissertation; results presented there
are consistent with those shown here. As is demonstrated in section E, other classes after standard
instruction did not do as well on similar questions.

2 This finding is consistent with our experience that the study of advanced material does not necessarily
deepen conceptual understanding. See, for example, S. Vokos, P.S. Shaffer, B.S. Ambrose, and L.C.



57

McDermott, “Student understanding of the wave nature of matter: Diffraction and interference of
particles,” Phys. Educ. Res., Am. J. Phys. Suppl. 68, S42-S51 (July 2000); B.S. Ambrose, P.S.
Shaffer, R.N. Steinberg, and L.C. McDermott, “An investigation of student understanding of single-
slit diffraction and double-slit interference,” Am. J. Phys. 67, 146-155 (1999); K. Waosilait, P.R.L.
Heron, P.S. Shaffer, and L.C. McDermott, “Development of a research-based tutorial on light and
shadow,” ibid. 66, 906-913 (1999); T. O’Brien Pride, S. Vokos, and L.C. McDermott, “The
challenge of matching learning assessments to teaching goals: An example from the work-energy and
impulse-momentum theorems,” ibid. 66, 147-157 (1998); L.C. McDermott, P.S. Shaffer, and M.D.
Somers, “Research as a guide for teaching introductory mechanics: An illustration in the context of
the Atwood’s machine,” ibid. 62, 46-55 (1994).

" These students had received research-based instruction on reference frames in Galilean relativity in
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'5 Data from Oregon State University.
'¢ Data from The Ohio State University.

'7 The belief in absolute simultaneity may be related to the strong belief of students in a preferred
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Maigrange, *’Spontaneous’ ways of reasoning in elementary kinematics,” Eur. J. Phys. 1, 73 (1980);
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*” This term is related to the amount of time that two specific synchronized clocks in the spacecraft are
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0 See, for instance, D. Griffiths, Introduction to Electrodynamics (Prentice-Hall, Englewood Cliffs, NJ
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mistake arising from a failure to account for the travel time of light signals.”

2 See also data presented in ref. 4, p. 195.
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originally responding to a question identical to the Events and reference frames pretest described in
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7 The belief that each observer constitutes a distinct reference frame may be related to results described
in the papers in Ref. 2, in which the authors document (in Galilean contexts) a widespread belief that
the extent of an observer’s reference frame is the extent of the physical object on which that observer
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% See note 24.
3 See note 24.
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CHAPTER THREE:

ADDRESSING STUDENT DIFFICULTIES WITH TIME IN SPECIAL RELATIVITY:
SIMULTANEITY AND REFERENCE FRAMES

Nothing puzzles me more than time and space;
and yet nothing troubles me less, as [ never think about them.
— Charles Lamb'

A. INTRODUCTION AND OVERVIEW

In our investigation of student understanding of time in Chapter Two, we found that
many introductory and advanced students who have studied special relativity do not have a
functional understanding of basic topics such as simultaneity and reference frames. Issues
of simultaneity are essential to the study of special relativity, and addressing these student
difficulties is a high priority.

In this chapter, we describe a series of tutorials that we have developed to address
some specific difficulties with simultaneity. We begin by describing exercises in which
students articulate appropriate procedures for the measurement of the time of an event and
the definition of simultaneity within a single reference frame. We then describe materials
in which students develop the relativity of simultaneity from basic principles and practice
its application in a variety of contexts. We present results from examination questions
designed to assess student understanding of simultaneity in special relativity.

We have used the two-part series of tutorials described below in courses for non-
physics students, introductory students, and advanced undergraduate students. The
materials we describe are designed for use as a supplement to lecture instruction; the
tutorials are not a stand-alone curriculum, but assume that students are introduced to
certain ideas (e.g., the invariance of the speed of light) in other parts of the course. The
series takes about two hours of class time to complete.



60

This series of tutorials is in fact integrated with another series that we will describe in
Chapter Five. We discuss here only those aspects of the instructional sequence that pertain
to the development of student understanding of time. The complete sequence of
integrated exercises is in Appendix C.

B. ADDRESSING THE BELIEF THAT EVERY OBSERVER CONSTITUTES A DISTINCT
REFERENCE FRAME

It is our experience that the definition of simultaneity and the construction of a
reference frame in Galilean contexts can provide an essential foundation on which students
build their understanding of more advanced concepts. We have designed a sequence of
exercises to help motivate and justify the construction of a reference frame as a system of
observers and measurement devices by which the time of an event may be determined.
The sequence is part of a tutorial titled Events and reference frames, and is designed to
guide students to develop appropriate measurement procedures for event coordinates while
addressing the specific difficulties with the construction of a reference frame that have
been identified by research.

1. Tutorial sequence: Events and reference frames

a. Eliciting the belief that the time order of events depends on the time order in which an
observer receives signals from the events

In order to elicit students’ incorrect ideas about reference frames, we ask a pretest
question similar to the Seismologists question described in Chapter Two. In this question,
shown in Figure 3-1, two physics students, Alan and Beth, have measured their exact
relative distances from points X and Y. Sparks jump at points X and Y; when each spark
jumps, it emits a flash of light that expands outward in a spherically symmetric pattern.
Alan, who is equidistant from points X and Y, receives the wavefront from each spark at
the same instant. Students are asked to answer, for each observer, (i) whether he or she
receives the wavefront from the spark that jumped at X before, after, or at the same time as
the spark that jumped at Y and (ii) whether, in his or her reference frame, the spark that
jumped at point X jumped before, after, or at the same time as the spark that jumped at
point Y.
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Two physics students, Alan and Beth, are shown in Beth Alan
the diagram at right. Alan and Beth have measured
their exact relative distances from points X and Y. X Y
Sparks jump at the points marked X and Y. When
each spark jumps, it emits a flash of light that
expands outward in a spherically symmetric pattern.
Alan, who is equidistant from points X and ¥,
receives the wavefront from each spark at the same
instant.

Diagram not to scale.

Answer each of the following questions for the observers listed.

(i) Does he or she receive the wavefront from the spark that jumped at point X before, after,
or at exactly the same time as the wavefront from the spark that jumped at point ¥?

(ii) In his or her reference frame, does the spark that jumped at point X jump before, after,
or at exactly the same time as the spark that jumped at point Y?

Explain your reasoning in each case.

° Alan °Beth
(i) Same time (given). ()
(i) (ii)

Figure 3-1: Events and reference frames pretest.

Correct responses would indicate that although Beth receives the wavefront from
spark X before the wavefront from spark Y, the sparks jump at the same time in her frame
as they do in Alan’s frame. As we have seen in Chapter Two, this question is very effective
in eliciting the belief that the order of events in an observer’s reference frame is the order
in which that observer receives signals from the events. Only 20-35% of introductory or
advanced undergraduate students answer correctly after relevant standard instruction.
Asking parts (i) and (ii) together is particularly effective in highlighting students’ ideas
about the relationship between an observer’s reception of signals and that same observer’s
conclusion about event ordering.



62

b. Guiding students in the appropriate determination of the time of an event

The instructional sequence for Events and reference frames begins with an exercise
designed to guide students to formulate appropriate procedures for the measurement of
the time of an event. In the relevant exercise, shown in Figure 3-2, an observer, Alan,
wishes to know the exact time at which a beeper beeps but is constrained to his present
location some distance from the beeper. Alan is equipped with accurate meter sticks,
clocks, and assistants who can help him as necessary. The tutorial asks students to describe
a set of measurements by which Alan can determine the exact time at which the beeper
beeps in two cases: (i) using his knowledge of the speed of sound in air and (ii) without
knowing or measuring the speed of sound first. In this way students articulate for
themselves at least two appropriate measurement procedures for the time of a distant event:
they may note the time of arrival of the sound of the beep, measure the distance from Alan
to the beeper, and correct for the signal travel time, or they may place an assistant at the
beeper and have the assistant mark the time at which it beeps. This exercise introduces
students to the local nature of measurement and motivates the idea of a system of
observers situated everywhere in spacetime that may be used to record the positions and
times of events. The exercise builds on student understanding of the finite nature of signal
travel time which, as we observed during the investigation discussed in Chapter Two,
generally appears to be good.

A physics student named Alan and a beeper are

arranged as shown at right. The beeper is about to Alan
emit a beep, and Alan wants to determine the exact beeper
time at which it does so. However, he is a long way »
from the beeper and is unable to travel to it. |

7/
Alan is equipped with accurate meter sticks and Diagram not to scale.

clocks, and there are a number of other physics
students available to assist him if necessary.

1. Describe a set of measurements by which Alan can determine the time at which the beep is
emitted using his knowledge of the speed of sound in air.

2. Describe a method by which Alan can determine the time at which the beep is emitted without

knowing or measuring the speed of sound first. (Hint: Alan's assistants are free to stand at any
location.)

Figure 3-2: Tutorial exercise to develop a measurement procedure for the
time of an event.
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The tutorial exercise is in some ways similar to the pretest question, which many
students answer incorrectly, as we have seen in Chapter Two. However, students are much
more successful on this question in the classroom than on the written pretest question. We
attribute the difference in performance to at least two factors: the emphasis on the
development of a measurement procedure (rather than on the result of an implied
measurement) and the suggestion that the speed of sound may be relevant to the
determination of the time of the beep.

c. Guiding students in the appropriate construction of a reference frame

In the next tutorial exercise, students are asked to generalize their measurement
procedure for the time of an event by imagining an arrangement of observers and
equipment with which one may record the position and time of a single arbitrary event.
Once students have devised and articulated such a system of observers, we define the term
reference frame to be such an arrangement. The technical term “intelligent observer” is
also defined at this time. (See Figure 3-3.)

A fugitive from justice is at large in Seattle. His identity and exact whereabouts are unknown. A
reporter has reason to believe that the fugitive will soon confess to the crime, and wishes to record
as exactly as possible the time and place of the confession.

1. Describe an arrangement of observers and equipment with which the reporter may record the
position and time of the confession.

An observer’s reference frame is an arrangement of assistants and equipment with which the observer
may record the position and time of anything that occurs.

2. Jusitfy the claim that the reporter’s arrangement of observers and equipment is her reference frame.

An intelligent observer is equipped with measuring devices (such as meter sticks, clocks, and
assistants) and is able to use them to make correct and accurate determinations of where and when
something occurs. All observers in the study of relativity are intelligent observers.

Figure 3-3: Tutorial excerpt defining the terms reference frame and
intelligent observer.
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d. Addressing the belief that events are simultaneous if an observer receives signals from

the events at the same instant

After the term “reference frame” is defined, students are immediately asked to
apply the definition. The context used is one that is known to elicit the belief that the time
order of events in an observer’s reference frame is the order in which signals from the
events are perceived by the observer. A homn is placed between Alan and the beeper (see
Figure 3-4). The beeper beeps once and the horn honks once; Alan hears the two sounds
at the same instant in time. Students are asked to describe a method by which Alan can
measure the time separation between the emission of the beep and the emission of the
honk in his reference frame without knowing or measuring the speed of sound first.
Finally, students are asked whether the beeper beeps before, after, or at the same time as
the horn honks in Alan’s reference frame. The correct answer (that in order for the
signals to reach Alan simultaneously, the farther event must have occurred first) guides
students to recognize that when we speak of events being simultaneous, we are not
speaking of signals generated by those events arriving at a certain observer simultaneously,
but of a comparison of the measured times of those two events. In the classroom, students
typically recognize that the correct answer is the only one consistent with the definition of
reference frame.

A hom is located between Alan and the beeper. The  Alan
beeper beeps once and the horn honks once. Alan
hears the two sounds at the same instant in time.

Diagram not to scale.

1. Describe a method by which Alan can measure the time separation between the emission
of the beep and the emission of the honk in his reference frame without knowing or
measuring the speed of sound first.

2. In Alan’s reference frame, is the beep emitted before, after, or at the same instant as the
honk is emitted? Explain.

Figure 3-4: Tutorial exercise to develop an appropriate definition of
simultaneity.



65

2. Assessing student understanding after Events and reference frames tutorial sequence

We assess student understanding of reference frames after the Events and reference
Jframes tutorial sequence with a question in which the time order of events in an observer’s
reference frame is different from the order in which signals from the events are perceived
by the observer. The context is special relativity, not Galilean relativity as in the tutorial.

a. Description of question

The Events and reference frames post-test is shown in Figure 3-5. In this question,
two spaceships, A and B, pass very close to each other with relativistic speed. The figure
shows the two ships in the reference frame of ship A. Two observers, Alan and Andy, are
at rest in ship A at the locations indicated; two other observers, Beth and Becky, are at rest
in ship B. At the instant shown, two sparks jump between the spaceships and make “char
marks” on both ships. One spark marks an X, and the other marks an O. When each
spark jumps, it emits a flash of light that expands outward in a spherically symmetric
pattern. The sparks jump at the same time in the reference frame of ship A. Students are
asked to answer, for each observer, (i) whether he or she receives the wavefront from the
spark that marked the X before, after, or at the same time as the spark that marked the O
and (ii) whether, in his or her reference frame, the spark that marked the X jumped before,
after, or at the same time as the spark that marked the O. Only questions regarding the
observers on ship A are relevant post-tests of the Events and reference frames tutorial; the
questions about the observers on ship B serve as a pretest for the Relativistic kinematics
tutorial sequence.
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Two spaceships, A and B, pass Becky
very close to each other with Beth

relativistic relative speed. Alanis < ————————f—g7" X 0] /?
at rest in the front of spaceship A T S—\
and Beth is at rest in the front of .

spaceship B. Andy and Becky are Ship A’ S Re] )
at rest in the backs of spaceships Andy Alan

A and B respectively.

The diagram shows the two spaceships in Alan’s frame. At the instant shown, two sparks jump
between the spaceships and make char marks on both ships. One spark marks an X and the other

marks an O. When each spark jumps, it emits a flash of light that expands outward in a spherically
symmetric pattern.

The sparks jump at the same instant in the reference frame of ship A.
Answer each of the following questions for each observer.

) Does he or she receive the wavefront from the spark that marks the X before, after, or
at exactly the same time as the wavefront from the spark that marks the O?

(ii) In his or her frame, does the spark that marks the X jump before, after, or
at exactly the same time as the spark that marks the O ?

Briefly explain your reasoning for each case.

Figure 3-5: Events and reference frames post-test.

b. Correct response

To answer part (i) correctly, students should recognize that since the sparks jump at
the same time in the reference frame of ship A, each observer receives the wavefront from
the spark that jumps closer to him first. Andy receives the wavefront from the spark that
marked the X first, and Alan receives the wavefront from the spark that marked the O first.
To answer part (ii) correctly, students should recognize that the reference frame of ship A
is equivalent to the reference frame of any observer at rest relative to the ship. Hence,
since the sparks jump simultaneously in the ship frame, the sparks jump simultaneously in
Alan’s and Andy’s reference frames. (Correct responses regarding the order of events in
Beth and Becky's reference frame are discussed in section C.1.a below, where this question
appears as the pretest to the Relativistic kinematics tutorial sequence.)
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c. Administration of question

We have given the question described above to assess student understanding of the
construction of a reference frame for observers at rest relative to one another. The post-test
has been given in courses for introductory, advanced undergraduate, and non-physics
students. In some cases, the question was given after traditional instruction in reference
frames and served as a pretest of the Events and reference frames tutorial. In other cases,
the question was given after students had completed the Events and reference frames
tutorial and served as a post-test of that tutorial. Student performance after only
traditional instruction was reported in detail in Chapter Two. We repeat these post-
traditional-instruction results below for comparison but not the details of the
administration.

When used as a post-test, the question described above was part of the pretest for the
next tutorial (Relativistic kinematics, described below). Although the question was not part
of an examination, we have found that the results of questions given as ungraded quizzes
and as exams are typically the same.

d. Student performance

Nearly all students answer part (i) correctly for each observer, typically using correct
but incomplete reasoning that the wavefront from the spark that jumps closer to a certain
observer arrives at that observer first. (Such reasoning is incomplete because the answer
also depends on the fact that the sparks jump simultaneously in the frame of interest).

The performance of students on part (ii) of this question after the Events and
reference frames tutorial is improved over their performance without tutorial instruction, as
shown in Table 3-1, Table 3-2, and Table 3-3; introductory and advanced undergraduate
students perform at a level comparable to that of physics graduate students (see Table 2-
10). However, many students continue to identify the event order in an observer’s frame
as the order in which signals from the events arrive at that observer, consistent with the
incorrect belief that a reference frame consists of an observer at a single location.
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Table 3-1: Introductory student performance before and after Events and
reference frames (ERF) tutorial instruction.

Written question

Introductory students

Traditional instruction o )
Sp97, Au98, Sp99* ERF tutorial instruction

(N=75) Au99 (N=70)

Correct answers
(simultaneous events) 30% (25) 50% (34)
regardless of reasoning

Closer event occurs first 60% (49) 45% (31)

Other 5% (5) 5% (5)

Table 3-2: Advanced undergraduate student performance before and after
Events and reference frames (ERF) tutorial instruction.

Written question

Advanced undergraduate students

Traditional instruction | ERF tutorial instruction
Au98, Au9%9, Sp00’, Wi97, Wi98, Au9s,
Au00 (N=90) Au99, Au00 (N=108)

Correct answers
(simultaneous events) 25% (24) 70% (74)
regardless of reasoning

Closer event occurs first 60% (55) 30% (31)

Other 10% (11) <5% (3)
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Table 3-3: Non-physics student performance before and after Events and
reference frames (ERF) tutorial instruction.

Written question

Non-physics students

Traditional instruction | ERF tutorial instruction
Au98 (N=26) Au98 (N=16)

Correct answers
(simultaneous events) 10% (3) 25% (4)
regardless of reasoning

Closer event occurs first 75% (20) 45% (7)

Other 10% (3) 30% (5)

e. Commentary

Correct application of the definition of a reference frame seems to be very difficult
for students. Apparently, a single effort to address known student difficulties with
reference frames is not sufficient for students to perform well on basic questions.
Therefore, we revisit these ideas in later tutorials as described below.

C. ADDRESSING THE BELIEF THAT SIMULTANEITY IS ABSOLUTE

Applications of the relativity of simultaneity typically dominate the study of special
relativity. As we have seen in Chapter Two, student difficulties with the relativity of
simultaneity are serious and prevalent. Addressing these difficulties was perhaps the
highest priority of the tutorials we designed for special relativity. In this section we
describe an integrated sequence of two tutorials that we refer to together as the Relativistic
kinematics tutorial sequence (abbreviated REK). In the Relativistic kinematics tutorial
sequence, students develop the relativity of simultaneity from basic principles and apply it
in a variety of contexts. We present evidence from written questions that student
understanding of the relativity of simultaneity is improved after the REK tutorial sequence.
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We also present evidence that student understanding of the definition of simultaneity
within a single reference frame is enhanced by use of the Relativistic kinematics tutorial
sequence. We have seen (in part B above) that while some students apparently change
their beliefs about the nature of simultaneity by working through the Events and reference
frames tutorial, many students do not. The REK sequence seems to provide students with
an experience of the relativity of simultaneity that is in sharp contrast to the “relativity”
they apply in response to the Events and reference frames pretest (and post-test), and
improves their performance on written questions on this topic.

1. Tutorial sequence: Relativistic kinematics

The specific tutorial sequence described in this chapter focuses on addressing
student difficulties with simultaneity and the measurement of the time of an event. The
sequence also addresses other difficulties, notably difficulties with spatial measurements.
However, in this chapter, we discuss only the aspects of the tutorials relevant to student
difficulties with simultaneity. The specific difficulties and strategies used to address them
are given below. Other aspects of these tutorials are discussed in Chapter 5.

a. Eliciting incorrect beliefs about simultaneity

The pretest for the Relativistic kinematics tutorial is the same as the post-test for the
Events and reference frames tutorial, except that students are asked about observers in the
frame in which the time ordering of events is not given (the frame of ship B). In order to
distinguish students who reason correctly from those who base their answers on the idea
that signal reception order is identical to event order in a particular observer’s frame, we
analyze student responses for an observer who receives signals from the events in the
opposite order from that in which they occur in that observer’s frame (e.g., Becky in
Figure 3-5, page 66).

To answer correctly for Becky’s reference frame, students may deduce that an
observer equidistant from the char marks on ship B receives the wavefront from the spark
that marks the X before the wavefront from the spark that marks the O. (In the frame of
ship A, that observer is moving towards the location of the X spark and hence sees that
wavefront first; the fact that that observer also sees that wavefront first in the frame of ship
B is a consequence of causality. Section c below includes a more detailed discussion of
this issue.) Since that observer is equidistant from the two event locations in her own
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frame, the correction for the signal travel time is the same for each event, and so the X
spark must have jumped before the O spark in her reference frame, which is equivalent to
Becky’s. (The Lorentz transformations may also be used to obtain this result.)

Student performance on this question is very poor. As reported for the equivalent
location-specific Spacecraft question in Chapter Two, after traditional instruction only
about 10% of introductory students and 25% of advanced students give correct responses
with either correct or incomplete reasoning. Many students (40-75%) state that the O
spark jumps first since the light from the O spark arrives first at the observer’s location.
Other students (5-30%) answer consistent with the idea that simultaneity is absolute.

b. Guiding students to apply the invariance of the speed of light and the isotropy of free
space

Key to understanding the pretest question described above is the observation that the
speed of light is the same in all inertial reference frames. Most students are able to state
this result and recognize that the speed of light is the same in any direction within a single
reference frame. The REK tutorial helps students to apply this result to analyze a situation
similar to that of the pretest. We have found during instruction that few students have the
ability to use their knowledge of the invariance of the speed of light to analyze a
relativistic scenario. The following instructional sequence begins with an abstract context
and then provides students with practice applying the invariance of the speed of light and
the isotropy of free space in increasingly more difficult physical scenarios.

i Abstract context

The Relativistic kinematics instructional sequence begins with an exercise that asks
students to apply the fact that the speed of light is invariant and isotropic in a relatively
abstract context. In the excerpt shown in Figure 3-6, Alan and Beth move past each other;
at the instant they pass, a spark jumps between them, emitting a flash of light. Students are
shown a picture of Alan, Beth, and the wavefront of the flash of light a short time after the
spark jumps in Alan’s frame. They are asked to identify the features of the diagram that
illustrate the fact that Alan observes the speed of light to be the same in all directions.
They are asked to sketch Alan, Beth, and the wavefront of the flash of light a short time
later in Alan’s reference frame.
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Next, students are asked to sketch Alan, Beth, and the wavefront a short time after the
spark jumps in Beth’s frame. Students should recognize that since Beth also observes the
speed of light to be the same in all directions, Beth is at the center of a circular wavefront
in her frame, and Alan moves relative to her. Correct diagrams are shown in Figure 3-7.

Two physics students, Alan and Beth, move past each other. At the instant that they pass, a spark

jumps between them. The spark emits a flash of light that travels outward in a spherically symmetric
pattern.

The first diagram at right
represents the wavefront of
the flash of light a short time A B
after the spark jumps in o op
Alan’s frame.
Wavefront in Alan's frame Wavefront in Alan's frame

A. Explain how this is consistent with the fact that Alan observes the speed of light to be the
same in all directions.

In the second diagram above, sketch the wavefront at a later time in Alan’s frame. Include
Alan's and Beth's positions in your sketch.

B. Sketch the wavefront
a short time after the
spark jumps in Beth's
frame and at a later
time in Beth's frame.
Include Beth's and
Alan’s positions in
your sketches.

Wavefront in Beth's frame Wavefront in Beth's frame |

Is your sketch consistent with the fact that Beth observes the speed of light to be the same in
all directions? If not, modify your diagram so that it is consistent with this observation.

Figure 3-6: Tutorial excerpt asking students to apply the isotropy of free
space and the invariance of the speed of light.
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A B A B
e o L o
Wavefront in Alan’s frame Wavefront in Alan's frame
A B A B
<4 o <o °
Wavefront in Beth's frame Wavefront in Beth's frame

Figure 3-7: Correct sketches for the tutorial exercise of Figure 3-6.

In the classroom, we observe that the tutorial exercise shown in Figure 3-6 is not
difficult for students to answer correctly. The exercise lays important groundwork for the
next exercise, described below.

ii. Physical context

In the next part of the instructional sequence, students begin to analyze a modified
version of Einstein’s classic train paradox. The analysis begins with a description of the
sequence of events in the ground frame. The exercise states that sparks jump
simultaneously in the ground frame at either end of a long train that moves with relativistic
speed relative to the ground. The sparks leave char marks on the ground and on the train.
(The char marks are not part of the classic statement of the paradox.)

As shown in the excerpt in Figure 3-8, students are asked to draw a diagram for the
ground frame showing the spherical wavefronts of the light from each spark some time
after the sparks jump. They are told that Beth is on the train at its midpoint. They are
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then asked whether, in Alan’s reference frame, Beth receives the wavefront from the front

spark (wavefront F) before, after, or at the same time as the wavefront from the rear spark
(wavefront R).

A spark jumps between the front end of a train and the track (spark F), and another spark jumps
between the rear end of the train and the track (spark R). When each spark jumps, it emits a flash of
light (wavefronts F and R). Each spark also leaves a char mark on both the train and the track.

Alan is equidistant from
the char marks on the char marks

track. Wavefronts F and R \ rear front
hit him at the same instant.

The diagram at right
represents this instant in wavefront R wavefront F

Alan’'s frame.
Alan’s frame

The diagram below represents an instant a short time after the spark jumps between the front of the
train and the track in Alan’s frame (before he receives either wavefront).

Complete the diagram by sketching the entire wavefronts at this instant (i.e., complete circles).
Where are the wavefronts centered?

Beth stands at rest relative
to the train, exactly
halfway between the front rear fromt

and rear of the n,ain. M—»

In Alan’s frame, does *
wavefront F hit Beth
before, after, or at the Alan's frame
same instant as

wavefront R? Explain.

Figure 3-8: Tutorial excerpt describing the physical scenario for the train

paradox.

In order to sketch a correct diagram, students should note that the wavefronts from
the front and rear sparks are the same size in the ground frame (since the sparks jumped
simultaneously) and that they are circles centered on the char marks on the ground (since
the propagation of light is isotropic). Beth receives wavefront F before wavefront R since
in Alan’s frame she is moving towards the center of the front wavefront. A correct
diagram for the situation in Alan’s frame is shown in Figure 3-9.



75

rear front

#

Alan’s frame

¢

Figure 3-9: Train paradox: Correct diagram for the ground frame.

c. Addressing difficulties with the consequences of causality

The instructional sequence continues with students now determining the order of
events in the train frame. Issues of causality are inherent in this determination, and the
instructional sequence is designed to assist students in using causality to find the time
ordering of the events according to Beth.

In the train frame, the train is at rest, and the wavefronts from the sparks are spheres
centered on the ends of the train. Correct analysis of the situation in the train frame
requires recognition that causality requires that in the train frame as in the ground frame,
Beth receives wavefront F before wavefront R. Since the front wavefront reaches Beth’s
location first in her frame and in her frame she is equidistant from the event locations, the
front spark must jump first in her frame.

Many treatments of the train paradox devote little attention to the transition from the
ground frame to the train frame. Our interactions with students as they work through the
tutorials in this sequence, however, indicate that the above sequence of reasoning is highly
nontrivial for students. Many students fail to recognize that events with a possible causal
relationship in one frame must have a possible causal relationship in all frames. In
particular, they fail to recognize that events that occur at the same location in one frame in
a certain time order must occur in that same time order in all reference frames.

In order to assist students in applying the idea of causality, we have introduced into
the tutorial a device that makes the issue of causality more immediate to the students. The
device is a cassette tape player that sits at Beth’s feet and operates as follows: When
wavefront F hits the tape player, it plays music at top volume. When wavefront R hits the
tape player, it is silenced. If both wavefronts hit the tape player at the same instant, it
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remains silent. As shown in the excerpt in Figure 3-10, students are asked whether the tape
player plays (i) in Alan’s frame and (ii) in Beth’s frame. The analysis of the scenario in
Alan’s frame indicates that Beth receives wavefront F before wavefront R in that frame, and
therefore the tape player plays in Alan’s frame. Correct analysis of the situation in the
train frame requires recognition that the tape player plays in the train frame as well.

A cassette tape player sits at Beth's feet. In Alan’s frame, when wavefront F hits the tape player, it
plays the opening chords of Beethoven's Fifth Symphony at top volume; when wavefront R hits the
tape player, it is silenced. If both wavefronts hit the tape player at the same instant in Alan’s frame, it
remains silent.

Does the tape player play the opening chords of the symphony:

° in Alan’s frame?

° in Beth’s frame?

Check that your responses are consistent with your answers to the following questions.

1. Later in the day, Beth ejects the cassette from the tape player. She descends from the train,
and she and Alan examine the cassette together. Will the cassette have wound at all from its
starting position?

2. Will Beth hear the opening chords of the symphony?

Figure 3-10: Tutorial excerpt regarding the tape player on the train.

In the classroom, we observe that this fact is very difficult for students to accept; the
majority of students are quite ready to ignore requirements of causality in order to retain
their incorrect belief that simultaneity is absolute. Although some students realize that if
the music plays in the ground frame, it must do so in any frame, many claim that the
music plays in the ground frame but not the train frame. They argue vigorously that since
Beth is equidistant from the ends of the train, she receives the two wavefronts at the same
time. The absoluteness of simultaneity is implicit in this argument.

The subsequent questions in the tutorial address this difficuity by asking whether
Beth will hear the music (assuming her ear is next to the tape player) and whether Beth will
later observe the tape to have wound at all from its starting position. Presented with such
concrete physical applications of causality, students begin to recognize the need to discard
their belief in the absoluteness of simultaneity. The transition is wrenching for most
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students. The following conversation between three students was recorded in the
classroom.*

SI:

S2:

S3:

S2:

St:

S2:

We just figured out that the tape player plays in Alan's frame.

But it can't. In Beth's frame they hit her at the same time. So she won't
hear it.

But look down here, it's asking if she hears it and if the tape will have
wound from its starting position. If the tape is going to play, that's it, it's
going to play.

But it can't play for Beth! She's in the middle! They hit her at the same
time!

But we just figured out that it plays!

Right! And then a black hole opens up! And God steps out! and he
points his finger and says [shouting] “YOU CAN'T DO THAT!”

Other students are tempted to dismiss the consequences of causality and bring in
poorly-understood ideas from quantum mechanics to support the idea that the cassette
tape player somehow both plays and does not play.’ [“I” indicates the instructor.]

SI:

S2:

St:

St:

S2:

Wait, so Alan hears it and Beth doesn’t?
That’s so cool!
That’s one awesome tape player!

But when you take the tape out, when you stop the train and you look at
the tape, has it been wound or has it not been wound?

This is what you were telling us last week! That in some universe Sara was
wearing purple and in another one she was wearing blue or something,

Oh oh oh, parallel universes! Yeah!
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Eventually, most students are able to recognize that they can retain faith in the
consequences of causality if they are willing to give up their belief in the absolute nature
of simultaneity. Students acquiesce to the idea that wavefront F hits Beth first in her frame
as well as in Alan’s, and conclude that the front spark must have jumped first in Beth’s
frame, since Beth is equidistant from the ends of the train (the locations of the sparks in
her reference frame). Students illustrate their conclusions with a diagram of the
wavefronts in Beth’s frame, shown in Figure 3-11, in which the wavefronts are centered on
the ends of the train and the front wavefront is larger.

rear Sfront

Figure 3-11: Train paradox: Correct diagram for the train frame.

Beth's frame

We have observed with interest that difficulties with the consequences of causality
rarely arise in traditional treatments of the relativity of simultaneity. We believe that they
rarely arise because students rarely reach the level of sophistication required to consider
them. For example, students who believe that simultaneity is a matter of signal perception
accept immediately that Beth records the events in a different time order than Alan does:;
causality is irrelevant to their analysis. We think that one of the great successes of the
described instructional sequence is its capacity to bring students to the intellectual heart of
special relativity.®

d. Addressing the belief that a reference frame consists of a single observer

We have seen in Chapter Two that before completing the tutorial sequence described
above, many students believe that the simultaneity of events is independent of reference
frame. Many believe that any appearance to the contrary is an artifact of observers at
different positions receiving signals from the events at different times. Student
understanding of the relativity of simultaneity may be profoundly affected by having
worked through the exercises described above. It is crucial that they reexamine their
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earlier conclusions about the meaning of reference frame in light of their new
understanding.

In order to provide an opportunity for this reexamination, the tutorial describes an
additional observer, Becky, at rest on the rear of the train and asks whether, in Becky's
frame, the front spark jumps before, after, or at the same time as the rear spark. Students
should be able to articulate that even though Becky sees wavefront R first, wavefront F
jumps first in her frame as it does in Beth'’s.

e. Reinforcing the relativity of simultaneity in new contexts

The ideas developed in the REK tutorial sequence are unfamiliar and
counterintuitive to most students. The tutorial helps them to deepen their understanding
by applying these concepts in a variety of other situations.’

i. Relativity of simultaneity as a consequence of Lorentz contraction of length

Students are typically introduced to Lorentz contraction of length by means of
lectures and quantitative problems before they participate in the Relativistic kinematics
tutorial sequence. They appear to have little difficulty accepting the idea that the length of
an object is longest in the frame in which it is at rest (although, as we shall see in Chapter 4,
they have substantial difficulty in applying length contraction appropriately). The
following exercise makes use of length contraction to reinforce the conclusion that
simultaneity is relative.

The exercise shown in Figure 3-12 describes two ships (A and B) in relative motion.
In the reference frame of ship A, ship B (which is moving) has the same length as ship A.
Alan and Andy are at the front and back of ship A; Beth and Becky are at the front and
back of ship B. Students are asked to draw event diagrams for the three events “Alan is
next to Beth,” “Alan is next to Becky,” and “Andy is next to Beth” in both the frame of
ship A and the frame of ship B. In the frame of ship A, the ships have the same length,
and the second and third events occur simultaneously. In the frame of ship B, ship B is
longer than ship A, and the second and third events are not simultaneous. Correct event
diagrams for frames A and B are shown in Figure 3-13. (For a detailed discussion of
event diagrams, see Appendix A.)
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Two spaceships, A and B, pass very close to each other. Alan is at rest in the front of spaceship A
and Beth is at rest in the front of spaceship B. Andy and Becky are at rest in the backs of ships A and
B respectively.

In Alan’s frame, the speed of ship B is 0.6¢c (y = 5/4) and ships A and B each have length 120 c-ns.

Define events 1, 2, and 3 as follows: Beth Becky
Event I: Alan and Beth pass each other L 1.—%} ,
Event 2: Andy and Beth pass each other D ———
Event 3: Alan and Becky pass each other Andy Alan

The instant of event 1 is shown above right in Alan’s frame. Complete the event diagram for Alan’s
frame in the space provided.

Give an explanation of the phrase "the proper length of spaceship B."

I Determine the proper length of spaceship B in c-ns.

2. In Beth's frame, is the length of spaccship A greater than, less than, or equal to 120 c-ns?
Explain.

3. Sketch an event diagram for Beth's frame. Make your diagram consistent with your answers
to the above questions.

Figure 3-12: Tutorial exercise to reinforce understanding of the relativity of

simultaneity.
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Figure 3-13: Correct event diagrams for the tutorial exercise shown in Figure
3-12. (a) Frame of ship A. (b) Frame of ship B.
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Tutorial exercises such as the one described above use event diagrams to support
and illustrate the analysis of relativistic scenarios. We have found that event diagrams are
particularly useful for helping students to relate event coordinates to the physical context
in which they occur. Additional exercises help students to relate their conclusions to other
representations, including algebraic representations (particularly Lorentz transformations
and the invariance of the spacetime interval) and spacetime diagrams.

ii. Relativity of simultaneity as the resolution of a classic paradox

In the homework associated with the Relativistic kinematics tutorial sequence,
students analyze a variation of a classic paradox in which a moving object of rest length
greater than the contracted length of a container fits within the container (see Figure
3-14). Students are required to illustrate their analysis with event diagrams, and to show
that their conclusions lead to consistent physical outcomes in both reference frames of

interest. A correct analysis of the paradox requires application of the relativity of
simultaneity.
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A train moves with constant velocity down a straight track that passes through a tunnel. When the
train is at rest with respect to the tunnel, the train is exactly the same length as the tunnel. However,
the train in this case is moving relative to the tunnel at nearly the speed of light.

The engineer on the train says: "The tunnel is Lorentz-contracted and is shorter than the train;
therefore at no time can the train be wholly within the tunnel.”

The keeper of the tunnel says: "The train is Lorentz-contracted and is shorter than the tunnel;
therefore, there will be a time at which the train is wholly within the tunnel.”

They are both infuriated by their failure to reach an agreement.

A The engineer decides to settle the issue by placing rockets on the front and rear of the train,
equipped with timing devices such that the rockets will be launched simultaneously, in a
vertical direction, when the midpoint of the train passes the midpoint of the tunnel. (The
engineer synchronizes these timing devices while the train is approaching the tunnel.)

l. Sketch event diagrams for the train frame and the tunnel frame, showing the train and the
tunnel at the instant(s) associated with the following events. Show qualitatively correct
relative lengths of objects and relative times of events.

° The midpoint of the train is at the midpoint of the tunnel
° The front rocket fires
° The rear rocket fires

2. Do the rockets fire inside or outside the tunnel in the train frame? in the tunnel frame?

Figure 3-14: Tutorial homework excerpt: Analysis of a variation of a classic
paradox.

2. Assessing student understanding of the relativity of simultaneity after Relativistic
kinematics

We have given a variety of examination questions to assess student understanding of
the relativity of simultaneity after the Relativistic kinematics tutorial sequence. We report
student performance on questions in which the time order of events in an observer’s
reference frame is different from the order in which signals from the events are perceived
by the observer. Student performance on questions regarding observers in motion relative
to the ground frame (about which information is given) is much improved over
performance after traditional instruction by lecture, textbook, and practice in solving
typical problems in relativity.
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a. Description of question

A typical Relativistic kinematics post-test is the location-specific version of the
Spacecraft question described in Chapter Two, reproduced in Figure 3-15. Two volcanoes,
Mt. Rainier and Mt. Hood, erupt at the same time in the reference frame of a seismologist
in a laboratory exactly midway between the two mountains, at rest relative to the ground.
A very fast spacecraft moves at a given relativistic speed relative to the ground as it flies
past Mt. Rainier towards Mt. Hood, and is over Mt. Rainier at the instant it erupts. (The
question is identical to the location-specific Spacecraft question described in Chapter Two,
so termed because the location of the moving observer is specified.) Students are asked
whether Mt. Rainier erupts before, after, or at exactly the same time as Mt. Hood in the
spacecraft frame, and to explain their reasoning.

Mt. Rainier and Mt. Hood, which are 300 km apart in their rest frame, suddenly erupt at the same time
in the reference frame of a seismologist at rest in a laboratory midway between the volcanoes. A fast
spaceship flying with constant speed v = 0.8¢ from Rainier toward Hood is directly over Mt. Rainier
when it erupts.

In the reference frame of the spaceship, does Rainier erupt before, after, or at exactly the same time as
Hood? Explain your reasoning.

Figure 3-15: Relativistic kinematics post-test.

b. Correct response

As in the examples discussed earlier in this and other chapters, the event that is
farthest ahead of the spaceship (Mt. Hood’s eruption) occurs first in the spaceship frame.
To obtain this result, students may use qualitative reasoning such as that described in
section l.c (page 75) or another method.

¢. Administration of question

We have given the question described above to introductory and advanced
undergraduate students. In some cases, the question has been given after traditional
instruction in the relativity of simultaneity; in other cases, the question was given after
students had completed the Relativistic kinematics (REK) tutorial sequence. Student
performance on the question given after traditional instruction was reported in detail in
Chapter Two; we reproduce these post-traditional-instruction results below for comparison
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but do not discuss the details of the administration. When the question was given after
tutorial instruction, it appeared as an examination question.

d. Student performance

Table 3-4 summarizes student performance on the post-test after traditional
instruction and after the Relativistic kinematics tutorial sequence. Both introductory and
advanced students benefited from tutorial instruction.  After tutorial instruction,
introductory students performed at a level comparable to that of advanced students. Both
introductory and advanced students did substantially better than graduate students who
had not had tutorial instruction.®



Table 3-4:
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Introductory student performance before and after Relativistic

kinematics tutorial instruction. Graduate student performance
without tutorial instruction is included for comparison.

Written question

Traditional instruction

REK tutorial
instruction

Intro students

Graduate students

Intro students

Sp97, Au98, | (qualifying exam) iﬁg;' S:fgé
Sp99° (N=73) Au00" (N=23) (N=’l73)
Correct answers with
correct reasoning or 10% (8) 30% (7
incomplete ( b (7) 50% (89)
reasoning
Simultaneous
eruptions (reasoning
consistent with being 5% (5) 10% (2) <5% (2)
based on absolute
simultaneity)
Rainier erupts first
(reasoning consistent
with being based on
the times at which 75% (55) 60% (14) 40% (70)

signals are received
by the observer)
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Table 3-5: Advanced undergraduate student performance before and after
Relativistic kinematics tutorial instruction. Graduate student
performance without tutorial instruction is included for comparison.

Written question

REK tutorial

Traditional instruction instruction

%:,ilvg'ss,tggg‘stf Graduate students Adv students

n | (qualifying exam) | Wi98, Au99,
2333'(%383)’ Au00” (N=23) | Au00 (N=70)

Correct answers with

correct reasoning or 15% (15 30% (7)
incomplete (13 b ( 55% (38)

reasoning

Simultaneous
eruptions (reasoning
consistent with being 20% (19) 10% (2) 10% (8)
based on absolute
simultaneity)

Rainier erupts first
(reasoning consistent
with being based on
the times at which
signals are received
by the observer)

40% (39) 60% (14) 35% (24)

3. Assessing student understanding of reference frames after Relativistic kinematics

We have given examination questions to assess student understanding of observers at
rest relative to one another after the Relativistic kinematics tutorial sequence. We discuss
student performance on questions in which the time order of events in an observer’s
reference frame is different from the order in which signals from the events are perceived
by the observer.
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a. Description of question

We have given the Events and reference frames post-test, described in detail on page
65, to assess student understanding of reference frames after the Relativistic kinematics
sequence. In the Events and reference frames post-test, two volcanoes, Mt. Rainier and Mt.
Hood, erupt at the same time in the reference frame of a seismologist in a laboratory
exactly midway between the two mountains, at rest relative to the ground. The
seismologist’s assistant is at rest at the base of Mt. Rainier; we ask whether Mt. Rainier
erupts before, after, or at exactly the same time as Mt. Hood in the assistant’s frame.

b. Correct response

As described in detail on page 66, Andy receives the wavefront from the spark that
marked the X first, Alan receives the wavefront from the spark that marked the O first, and
the sparks jump simultaneously in Alan’s and Andy’s reference frames.

¢. Administration of question

We have given the Events and reference frames post-test after traditional instruction,
after the Events and reference frames (ERF) tutorial sequence, and after the Relativistic
kinematics (REK) tutorial sequence. Student performance on the questions given after
traditional instruction is reported in detail in Chapter Two. Student performance on the
questions given after completion of the Events and reference frames tutorial sequence is
reported above (section B.2.d, beginning on page 67). We reproduce these results below
for comparison but do not discuss the details of the administration. The question has been
given as a post-test of the tutorial sequence to non-physics students, introductory students,
and advanced undergraduate students.

d. Student performance

We have shown above that student performance on the Events and reference frames
post-test is somewhat improved after the Events and reference frames tutorial sequence.
After students have completed the Relativistic kinematics tutorial sequence as well, their
performance on the Events and reference frames post-test is very good. Table 3-6, Table
3-7, and Table 3-8 summarize these results. It is our belief that the Relativistic kinematics
tutorial sequence provides an important opportunity for students to confront their
incorrect ideas about simultaneity, and that this confrontation and its resolution help many
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students to improve their understanding of the meaning of simultaneity within a single

frame.

Table 3-6:

post-test after various levels of instruction.

Introductory student performance on the Events and reference frames

Written question

Introductory students

No Traditional ERF ERF and REK
instruction | instruction tutorial instruction
Sp9s, Sp97, Au98, | instruction | Sp97, Sp98,
Au99 Sp99" only Au99 | Au98, Au99,
(N=88) (N=79) (N=70) | Au00 (N=197)
Correct answers
(simultaneous 20% (19 30% (25
events) regardless (%  (25) 350% (34) 85% (167)
of reasoning
Closer event
occurs first 65% (57) 60% (49) | 45% (31) 15% (28)
Other 15% (15) 5% (5) 5% (5) 0
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Table 3-7:  Advanced undergraduate student performance on the Events and
reference frames post-test after various levels of instruction.

Written question

Advanced undergraduate students

No Traditional | ERF tutorial { ERF and
instruction | instruction instruction REK
Wig7 Au98, Au99, [ only Wi97, instruction
Wigs Sp00*, Wi98, Au98, | Wi9s, Sp99,
N-l48 Au00 Au99, Au00 | Au99, Au00
(N=48) (N=90) (N=108) (N=98)

Correct answers

(simultaneous 40% (20 25% (24
events) regardless (20) b (24) 70% (74) 85% (82)

of reasoning

Closer event
oceurs first 55% (26) 60% (55) 30% (31) 15% (14)
Other <5% (2) 10% (11) <5% (3) <5% (2)

Table 3-8:  Non-physics student performance on the Events and reference frames
post-test after various levels of instruction.

Written question

Non-physics students

Traditional ERF tutorial ERF and REK
instruction instruction only instruction®
Au98 (N=26) Au98 (N=16) Au98 (N=28)

Correct answers

(simultaneous 10% (3

events) regardless &) 25% (4) 50% (14)
of reasoning

Closer event

oceurs first 75% (20) 45% (7) 35% (10)

Other 10% (3) 30% (5) 15% (4)
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e. Effect of repeated administration of the same question

In a few cases, the Events and reference frames post-test question was given, in effect,
more than once to the same students. Although we did not administer exactly the same
question twice in the same course, we did sometimes ask questions that were different only
in context. For example, in Autumn of 1998, we gave the Events and reference frames
pretest described on page 60 after traditional instruction. We then gave the (very similar)
question described on page 87 on the final examination for the course, after tutorial
instruction.

We do not believe that student performance on this question improves simply as a
result of practice. When the question is given as an ungraded quiz during class time (as
pretest questions typically are), they are not graded or returned to students with feedback.
Although students are welcome to discuss the question with one another or with the course
instructor, there is not usually any formal treatment of the question.

We have had few opportunities to test whether any of the improvement we have
observed is due only to students’ additional practice responding to questions of this type.
However, in one advanced undergraduate physics course, we gave nearly identical
questions as ungraded quizzes during class time on two successive days. As shown in
Table 3-9, the results are essentially identical, suggesting that the changes in performance
discussed above are effects of instruction, not practice.

Table 3-9:  Results of repeated administration of the Events and reference frames
pretest on successive days.

Written question

Advanced undergraduate students Wi98 (N=21)

Day 1 Day 2

Correct answers
(simultaneous events) 65% (14) 70% (15)
regardless of reasoning

Closer event occurs first 30% (6) 30% (6)

Other 5% (1) 0
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D. SUMMARY

Guided by the research described in Chapter Two, we developed a two-part series of
tutorials to address students’ difficulties with reference frames, simultaneity, and the
relativity of simultaneity. The series focuses first on the development of the concept of a
reference frame, measurement procedures for the time of an event, and simultaneity. The
second part develops the concept of the relativity of simultaneity from basic principles.
We have found that students who have completed this series are more likely to answer
correctly basic questions about simultaneity, both for observers at rest relative to one
another and for those in motion relative to one another.

Although difficulties with reference frame and the measurement of the time of an
event are persistent, it appears that it is possible to address them successfully with a few
hours of tutorial instruction. After completion of the first tutorial in the series, student
performance is comparable to that of graduate students without special instruction. After
completion of the second tutorial in the series, student performance is excellent.

Unsurprisingly, difficulties with the relativity of simultaneity are harder to address;
only about half of the students are able to answer our most challenging questions correctly
after tutorial instruction. However, student performance improves substantially with
completion of the tutorial sequence. Even introductory students who have completed the
sequence significantly outperform graduate students who have not completed the
sequence. In this sense, the tutorial sequence as a whole is successful in addressing student
difficulties with simultaneity and reference frames.
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NOTES TO CHAPTER THREE

' C. Lamb, Letter to Thomas Manning, 2 January 1806, quoted in A Dictionary of Scientific
Quotations, edited by Alan L. Mackay (Institute of Physics Publishing, Bristol and Philadelphia,
1991), p. 145.

? Data from Oregon State University.
? Data from The Ohio State University.

* The conversation is between three students in a course for prospective K-12 science teachers. The
course used a Physics by Inquiry adaptation of the tutorial sequence described in this chapter. S1 and
S3 are advanced undergraduate physics students; S2 is a first-year graduate student in physics.

3 This conversation was recorded in a2 modern physics course in a California high school that served as a
pilot site for the tutorials.

¢ For a theoretical discussion of the circumstances under which encounters with new ideas produce
dissatisfaction with an existing conception, see G. Posner, K. Strike, P. Hewson, and W. Gertzog,
“Accommodation of a scientific conception: Toward a theory of conceptual change,” Sci. Ed. 22,
211 (1982).

7 The author is grateful to T.E. O’Brien-Pride, B.S. Ambrose, and C. Richardson for their pioneering
work in the development of the exercises described in this section. See T.E. O’Brien-Pride, “An
investigation of student difficulties with two dimensions, two-body systems, and relativity in
introductory mechanics,” Ph.D. dissertation, Department of Physics, University of Washington,
1997.

* The graduate student data is for the explicit version of the Spacecraft question, which is similar but not
identical to the tutorial post-test (the location-specific version). See Chapter Two for a detailed
discussion of each version of the Spacecraft question.

? Data from Oregon State University.

' See note 8.

" Data from The Ohio State University.
2 See note 8.

13 Data from Oregon State University.

' Data from The Ohio State University.

'* These students had completed a version of the Relativistic kinematics tutorial sequence that did not
include the reinforcements described in part C.1.¢ (due to external constraints). There is evidence that

student performance on the Events and reference frames post-test is improved by completion of the
reinforcing exercises.
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CHAPTER FOUR:

STUDENT UNDERSTANDING OF SPATIAL MEASUREMENTS IN SPECIAL
RELATIVITY

What time does this place get to New York?
— Barbara Stanwyck, during trans-Atlantic
crossing on the steamship Queen Mary'

A. INTRODUCTION

In this chapter, we present results from an investigation into student performance on
questions related to spatial measurements in special relativity. We began the with standard
quantitative questions to probe student ability to apply the Lorentz transformations
appropriately in the context of length and displacement. We observe that students
frequently do not apply the Lorentz transformations to answer quantitative questions.
Instead, they often apply the formula for length contraction, even in situations where the
spatial quantity in question does not correspond to the length of an object. This error
appears to have its basis in the belief that the distance between the locations at which two
events occur is identical to the distance between two objects associated with those events.
Students equate these quantities even in contexts in which the events are not simultaneous
and the associated objects are moving.

Students’ incorrect beliefs about object length suggested the presence of underlying
difficulties with reference frames and, in particular, the determination of the position of an
event. We examined these difficulties in greater depth through the use of specially
designed questions. We found that students often do not spontaneously apply the
formalism of a reference frame when measuring spatial quantities. Instead, they tend to
ascribe the position of an event to the position of an object associated with the event. This
association is correct as long as the object is not moving in the reference frame of interest.
Many students, however, appear to be unaware of the conditions under which the location
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of an object uniquely specifies the location of an event. Among their incorrect claims is
that the location of an event can move with time or be at rest.

B. REVIEW OF PREVIOUS RESEARCH

There is only a small body of research on student understanding of relativity that is
relevant to the findings reported in this chapter. Saltiel and Malgrange have found in
Galilean contexts that students at all levels tend to identify motion as intrinsic to an object,
not a quantity that is measured relative to a reference frame;’ results presented in section
E.2.b.ii may be related to this finding. Villani and Pacca have identified similar issues in
relativistic contexts and have also observed that student difficulties with Galilean relativity
present a major obstacle to the study of special relativity.’ Section E.l.a of this chapter
adds further weight to this observation.

O’Brien-Pride has conducted interviews similar in form to the Measurement
interviews described in section C.3.' However, the emphasis in her interviews was on
measurements of speed, rather than length or the position of an event. Students in her
interviews were largely able to articulate correct procedures for measuring the speed of a
moving train in the reference frame of the station platform, but had difficulty describing
an analogous procedure for measuring the speed of the platform in the train frame.

C. RESEARCH TASKS AND PRIOR INSTRUCTION

This investigation into student understanding of spatial measurements in special
relativity has made use of three research tasks which we call the Eruptions question, the
Ratios question, and the Measurement question. The contexts for some of these questions
are similar to the contexts for some of the questions described in Chapters Two and Three.
All involve two reference frames in relative motion. Several versions of each question were
used in the course of the study. In the Eruptions and Ratios questions, students are given
the spatial separation between two events in one frame and asked about the spatial
separation of the events in a second frame moving with given speed relative to the first. In
the Measurement question, students are asked to describe measurement procedures for
spatial quantities. All three tasks probe student ability to interpret spatial quantities, i.e., to
relate them to the physical context in which they appear. The questions and their solutions
are described below. A brief discussion of prior instruction is also provided.
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1. Eruptions question
a. Description of the question

Results from three versions of the Eruptions question are discussed in this chapter.
All involve two volcanoes, Mt. Rainier and Mt. Hood, that erupt at given times (either
simultaneously or nonsimultaneously) in the reference frame of the ground. A spacecraft
moves at relativistic velocity from Mt. Rainier to Mt. Hood; the distance between the
volcanoes is given. Each version either contains implicit information about the order of
events in the spacecraft frame or requests the order of events in that frame explicitly. One
version is in a nonrelativistic context in which the order of events is not frame-dependent.
In all three versions, students are asked first about the time order of the eruptions in the
frame of the spacecraft. Second, students are asked to calculate the spatial separation
between the eruptions in the spacecraft frame.

b. Correct response

In each of the versions administered, the events are (by construction) not
simultaneous in the reference frame of the spacecraft. Appropriate methods by which to
determine the order of the events in the spacecraft frame are detailed in Chapter Two. A
brief description of how students could determine the time order of the events in the
spacecraft frame is given following each version of the question. A general description of
how to calculate the spatial separation between the eruptions is given below.

Students could calculate the spatial separation between the events in the spacecraft
frame by application of the Lorentz transformation 8x” = y(8x — v3¢) (which reduces to
the Galilean transformation 8x “= 8x — vt in the nonrelativistic limit). In what follows, the
unprimed frame is the ground frame, the primed frame is the frame of the spacecraft, and
the positive direction is from Rainier to Hood. In each version of the question, the spatial
separation dx and time duration &t between the events in the ground frame and the relative
velocity v of the two frames of interest are given. The calculation of 8" is a
straightforward application of the relevant transformation.

In each version, the spatial separation between the events is greater than the distance
between the volcanoes in the spacecraft frame. This is the case because the volcanoes
move away from the location of the first eruption in the time between the eruptions. An
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event diagram for the spacecraft frame appears in Figure 4-1. (Event diagrams were not
required of the students.)

D

Event 1

- (Rainier erupts)

Event 2
(Hood erupts)

Figure 4-1: Event diagram for the Eruptions question.

c. Versions of the question
i Implicit version

In the implicit version of the Eruptions question, students are told that Mt. Hood
erupts a given amount of time before Mt. Rainier in the ground frame. They are asked (i)
whether there is a reference frame in which the eruptions are simultaneous; if so, they are
to determine the velocity of that frame relative to the ground. Next, students are asked (ii)
to determine the spatial separation between the eruptions in the frame of the spacecraft.
The implicit version of the Eruptions question is shown in Figure 4-2.

Two volcanoes, Mt. Rainier and Mt. Hood, suddenly erupt on the same day. The volcanoes are 300
km apart in their rest frame. In the frame of a seismologist at rest on the ground, Mt. Hood erupts
first; Mt. Rainier erupts at a time cAz = 120km later.

1. Is there a frame in which the eruptions occur simultaneously? If so, determine the magnitude
and direction of the velocity of this frame relative to the ground. If not, explain why not.

2. A spacecraft flies with constant speed past Rainier towards Hood at v =0.8c. Determine the spatial
separation between the two eruptions in the reference frame of the spacecraft. Show your work.

Figure 4-2: [Implicit version of the Eruptions question.
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A correct answer to part (i) may be obtained by observing that the events have a
spacelike separation, so there is a frame in which the events are simultaneous. The speed
of that frame relative to the ground may be obtained by application of the Lorentz
transformations. Note that 8x = xy ~ x; is positive, but & = £, — ¢, is negative for the
situation described.

cdt” = 0= y(cdt - Vdx/c)
=¥ (-120 km- V (300 km)/c)
V =-0.4c

Determination of the frame in which the events are simultaneous (the “double-
primed” frame) also establishes the simultaneity (or lack thereof) of the events in the
spacecraft frame. Since the events are simultaneous in a frame moving with speed 0.4c
relative to the ground, they are not simultaneous in the frame of the spacecraft, which
moves at 0.8c relative to the ground. Student responses to this version of the question thus
contain implicit information about their determination of the simultaneity of events in the
spacecraft frame. This information will be useful in interpreting student responses to part
(it) of this version of the question, discussed in section D below.

A correct answer to part (ii) may also be obtained through use of the Lorentz
transformations:

& = y(dx -vd1)
=5/3 (300 km- (0.8¢c) (-120 km))
=660 km

ii. Explicit version

The explicit version of the Eruptions question is similar to the implicit version except
that students are requested to state explicitly the order of events in the spacecraft frame. In
addition, the eruptions are simultaneous in the ground frame in this version.
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Two volcanoes, Mt. Rainier and Mt. Hood, erupt simultaneously in the reference frame of a seismol
ogist at rest midway between them. The volcanoes are 300 km apart in their rest frame. A spacecraft
flying with constant speed v =0.8¢ past Rainier towards Hood is directly over Rainier when it erupts.

1. In the reference frame of the spacecraft, does Rainier erupt before, after, or at the same time as
Hood? Explain your reasoning.

2. Determine the spatial separation between the two eruptions in the reference frame of the space-
craft. Show your work.

Figure 4-3: Explicit version of the Eruptions question.

As in the first version, the spatial separation between the eruptions in the spacecraft
frame may be calculated with the Lorentz transformations.

o’ = y(Sx - USI)
=5/3 (300 km)
=500 km

iii. Nonrelativistic version

The nonrelativistic version of the Eruptions question is similar to the other versions
except that the spacecraft is replaced by an airplane that passes over the volcanoces at
nonrelativistic speed relative to the ground. Students are asked to calculate the distance
between the locations of the eruptions in the reference frame of the airplane. The
nonrelativistic version of the Eruptions question is shown in Figure 4-4.

Two volcanoes, Mt. Rainier and Mt. Hood, suddenly erupt on the same day. The volcanoes are 300
km apart in their rest frame. In the frame of a seismologist at rest on the ground, Mt. Hood erupts
first; Mt. Rainier erupts exactly 100 minutes (6000 seconds) later.

An airplane flies with a constant speed of 50 m/s past Rainier towards Hood. Determine the spatial
separation between the two eruptions in the reference frame of the airplane. Show your work.

Figure 4-4: Nonrelativistic version of the Eruptions question.

Since the airplane moves at nonrelativistic speed relative to the ground, a correct

answer to this version of the Eruptions question may be obtained by application of the
Galilean transformation for spatial separations.
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8x° =8x-0vdt
= 300 km - (50 m/s) (-6000 s))
=400 km

d. Administration of the question: student populations and prior instruction

We have administered the Eruptions question as a written question to about 150
students in four introductory and advanced undergraduate physics courses. We have also
conducted interviews with 16 physics graduate students.

In all cases, the question was administered after traditional instruction in the Lorentz
transformations.  Both introductory and advanced courses prepared students for
application of the Lorentz transformations with an introduction to the technical definition
of events and event coordinates. In introductory courses, the Lorentz transformations were
either postulated or were introduced by analogy to spatial rotations; in advanced courses,
the transformations were derived from basic principles including linearity and the
invariance of the spacetime interval. Students at all levels were required to perform
applications of the Lorentz transformations in the context of quantitative problems such as
those found in Resnick, Halliday, and Krane® (introductory course) or Griffiths® (advanced
course). Although most textbooks discuss procedures for determining event coordinates,’
very few include explicit discussion of measurement procedures for spatial quantities such
as length or displacement.”

Both introductory and advanced courses emphasized length contraction as a striking
consequence of Einstein’s postulates and a means for resolution of some Cclassic
paradoxes. Length contraction was derived either by a qualitative argument (such as that
in Taylor and Wheeler’) or by a quantitative argument proceeding from the Lorentz
transformations (such as that outlined in the introduction to this dissertation).

2. Ratios question

a. Description of the question

Results from three versions of the Ratios question are discussed in this chapter. All
involve two spaceships (A and B) that pass one another with given relative speed. Alan is
atrest in the front of spacecraft A and Beth is at rest in the front of spacecraft B. Andy
and Becky are at rest in the back of spacecraft A and B respectively. (See Figure 4-5.)
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Events 1, 2, and 3 are defined to be “Alan and Beth are adjacent,” “Andy and Beth are
adjacent,” and “Alan and Becky are adjacent,” respectively. In two versions, students are
asked to determine numerical values for the ratios (i) 8x,*/8x,,* and (ii) 8x,*/8x,,®. In
the third version they were asked to find the quantities (i) &x,™ and (ii) 8x,;*. The setup
for each version is identical and is shown in Figure 4-5.

Two spaceships, A and B, pass very close to each other. Alan is at rest in the front of spaceship A
and Beth is at rest in the font of spaceship B. Andy and Becky are at rest in the backs of spaceships
A and B respectively.

Define events 1, 2, and 3 as follows: Beth Becky
Event I: Alan and Beth are adjacent , ,  T—e————FF
Event 2: Andy and Beth are adjacent v A-F —r—r—t—

Event 3: Alan and Becky are adjacent

Figure 4-5: Setup for the Ratios question.

b. Correct response

Unlike the relativistic versions of the Explosions question, the Ratios question does
not depend on student understanding of the relativity of simultaneity. In all three versions,
3x,,® is zero and the ratio x,,*"/8x,,"'is equal to zero. Events 1 and 2 both occur at Beth's
location, so the quantity dx,, is equal to Beth’s displacement. The quantity &x,” is Beth’s
displacement in frame A (which is not zero). Beth is at rest in frame B, so the quantity
3x,,® is zero. Thus, the ratio is equal to zero as well.

Similarly, events 1 and 3 both occur at Alan’s location, and the quantity 3x,, is equal
to Alan’s displacement. Alan is at rest in frame A, so the quantity 8x,* is zero. The
quantity 8x,,® is Alan’s displacement in frame B, which is not zero. The value of the

numerator and thus the ratio 8x,,"*/8x,,® is zero.

Event diagrams for the Ratios question are shown in Figure 4-6.
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Figure 4-6: Event diagrams for the Ratios question. (Lengths are contracted
as for the relativistic version of the question.)

c. Versions of the question

The three versions of the question differ in the relative speed of the ships and in the

quantities that students are requested to calculate.

i. Relativistic version

In the relativistic version of the Ratios question, the relative speed of the two
spaceships is relativistic and students are asked to determine numerical values for the ratios

(i) 8'xlz(s)/ axll(A) and (ii) stJ(A)/ ale(B)'

) = x3B) _ 5(B)

1. bxlz(B)lbxlz(A)

2.6x13(A) dxy3(B)

In Alan’s frame, the speed of spaceship B is 0.6¢ (y = 1.25) and spaceships A and B each have length
120 c-ns. (One light-nanosecond, abbreviated c-ns, is the distance light travels in one nanosecond.)

Determine numerical values for the following ratios, in which, for example,
= the spatial separation between events 2 and 3 in Beth's frame.

Figure 4-7: Relativistic version of the Ratios question.
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ii. Nonrelativistic version

The nonrelativistic version of the Ratios question is similar to the relativistic version
except that the relative speed of ships A and B is nonrelativistic.

In Alan’s frame, the speed of spaceship B is 25 m/s and spaceships A and B each have length {2 m.

Determine numerical values for the following ratios, in which, for example,
3x23(B) = x3(B) _ x5 (B) = the spatial separation between events 2 and 3 in Beth’s frame.

Figure 4-8: Nonrelativistic version of the Ratios question.

iii. Numerator version

The numerator version of the Ratios question is identical to the nonrelativistic
version except that instead of being asked to calculate the value of the ratios &x,,®/8x,*
and 8x,;"/8x),”, students are asked to determine the values of the numerators only (8x,,®
and 8x,;"). The motivation for the development of this version is discussed below (section
E.l.a).

In Alan’s frame, the speed of spaceship B is 25 m/s and spaceships A and B each have length 12 m.

Determine numerical values for the following quantities,
in which, for example, bx)_3(B) =x3(B) -x2(B) = the spatial separation between events 2 and 3
in Beth’s frame.

L. bxlz(B) 2. bx13(A)

Figure 4-9: Numerator version of the Ratios question.

d. Administration of the question: student populations and prior instruction

We have administered the Ratios question as a written question after instruction to
about one hundred students in six introductory, and advanced undergraduate physics
courses. We have also conducted interviews with about a dozen physics graduate students.

The instruction that students had received was the same as that described in reference
to the Eruptions question (section 1.d, page 99). Note, however, that understanding of the
Lorentz transformations (or any result of special relativity) is not necessary for a correct
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response to the Ratios question. Instead, the question relies on student understanding of
basic Galilean relativity. All students had had such instruction in the context of the
introductory course.

3. Measurement question

a. Description of the question

In the Measurement question, a spacecraft moves at constant speed relative to a long,
straight landing strip. Students are asked how a person on the landing strip might measure
(i) the speed and (ii) the length of the passing spacecraft. Students were required to
describe any equipment or assistance that that person might need. In cases in which
students described highly technical equipment (e.g., a radar gun for the measurement of
speed), they were asked to outline the operation of the equipment, or to explain how one
might perform the measurement using less sophisticated devices such as meter sticks and
clocks. If students’ proposed measurement procedures included simultaneous actions at
different locations, students were asked to be specific about how such actions might be
carried out.

In practice, questions about measurement of speed and length were often interrelated
and arose naturally together. Students who proposed, for example, that one might
measure the length of the spacecraft using prior knowledge of its speed were asked how
they might measure the speed of the spacecraft (and vice versa). Interviewers also asked
students whether their measurement procedures were equally valid for relativistic and
nonrelativistic relative speeds and whether a person on the spacecraft could use the same
procedures for measuring the speed and length of the landing strip as did the observer on
the strip for the spacecraft.

b. Correct response

Many correct procedures for measuring the speed of the spacecraft and for
measuring the length of the spacecraft are possible. The procedures described below are
independent of one another. Each is equally applicable in any frame, and transparently
related to events and event coordinates. Both procedures are valid at relativistic as well as
nonrelativistic speeds.
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An observer on the landing strip could measure the speed of the spacecraft by
measuring the displacement of any point on the spacecraft in a given amount of time. The
observer might prepare to record the displacement by arranging assistants with
synchronized clocks along the landing strip, equally spaced at known distances as
measured by a ruler laid out on the landing strip — that is, by establishing a reference
frame. Any two assistants may record the time at which the specified point (X) on the
spacecraft passes his or her location. The two events (1 and 2) -~ “Point X on the
spacecraft is next to first assistant” and “Point X on the spacecraft is next to second
assistant” — occur at times ¢, and ¢, on the assistants’ clocks, and at locations x, and x, on
the landing strip ruler. The ratio of the distance between those two assistants to the time
between the two events, (x, - x,)/(t; — 1), is the speed of the spacecraft in the landing strip
frame.

To measure the length of the spacecraft in the landing strip frame, the team of
observers at rest on the landing strip might make prior arrangements so that each records
the times at which the front and rear of the ship passes each of their locations. A certain
observer records the passing of the front of the ship at time ¢, (event 3). If the landing
strip is long enough, there will be an observer who recorded the passing of the rear of the
ship at the same time ¢, (event 4). The distance between these two observers measured on
the landing strip ruler, Lx, — xy, is the length of the spacecraft in the landing strip frame.

c. Administration of the question: student populations and prior instruction

The Measurement question has been administered as an interview task to nine
physics graduate students. Relevant prior instruction includes a basic knowledge of events
and kinematic quantities such as velocity.

D. PRELIMINARY INVESTIGATION OF STUDENT DIFFICULTIES WITH SPATIAL
MEASUREMENTS: INDISCRIMINATE APPLICATION OF LENGTH CONTRACTION

In the preliminary part of our investigation, we used standard quantitative questions
to probe students’ ability to apply the Lorentz transformations appropriately in the
context of spatial quantities. The implicit and explicit versions of the Eruptions question
are examples of such questions.
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Students at all levels seemed to have similar difficulties with both versions of the
Eruptions question. In part (ii), in which they are asked to calculate the spatial separation
between the eruptions in the spacecraft frame, only a few of the students in each class used
the Lorentz transformations. @ Most of the students who applied the Lorentz
transformations did so correctly. However, the most common answer, in all classes, was to
answer based on the formula for length contraction. For the implicit version, students
often wrote

Jxlmecm - Fylroundlyy
= (1000 c-ns)/(5/3)
= 600 c-ns;

the corresponding approach for the explicit version is

Sxteet) (g,
= (300 km)/(5/3)
= 180 km.

Other incorrect approaches were relatively rare. The results are summarized in
Table 4-1.

Table 4-1:  Results of part (ii) of the Eruptions question, implicit and explicit
versions. The second row is a subset of the first.

Written question Interview task
Introductory Advanced
students undergraduate smgra:iugtegs
Au98, Sp99, students S 9‘;“ (SN_PI 6
Au99 (N=127) | Sp98 (N=34) P =
Correct approach
(Lorentz 25% (30) 30% (10) 20% (3)
transformations)
Correct answer 15% (21) 25% (8) 20% (3)
Approach based on
length contraction 60% (78) 60% (20) 80% (13)
Other incorrect
approach 15% (19) 10% (4) 0
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The algebraic expression for length contraction that most students employed is
consistent with the Lorentz transformations only in the special case that the events are
simultaneous in the spacecraft frame. In that case only, the spatial separation between the
eruptions in the spacecraft frame would be equal to the distance between the volcanoes in
that frame and length contraction would appropriately relate the two spatial separations.

It might be questioned whether the students recognized that the two events were not
simultaneous in the spacecraft frame. However, the great majority of students (90%) either
implied or stated explicitly in their responses to part (i) that the events in question were not
simultaneous in the spacecraft frame. Table 4-2 shows the results from part (ii) of the
Eruptions question for the students who indicated correctly in part (i) that the eruptions
were not simultaneous in the spacecraft frame. The performance of this subset of students
is virtually identical to that of the entire group (shown in Table 4-1). This result suggests
that the difficulty students had with the Eruptions question is not attributable to a belief
that the eruptions are simultaneous in the spacecraft frame.

Table 4-2:  Results of part (ii) of the Eruptions question, implicit and explicit
versions. The second row is a subset of the first. Includes only
students who imply or state in part (i) that the eruptions are not
simultaneous in the spacecraft frame.

Written question Interview task
Introductory Advanced
students undergraduate smg::?ugtegs
Au98, Sp99, students So99 (;,Bl 6
Au99 (N°=114) | Sp9s (N°=25) | °P =
Correct approach
(Lorentz transformations) 25% (29) 35% (9) 20% (3)
Correct answer 15% (20) 30% (7) 20% (3)
Approach based on
length contraction 60% (66) 50% (12) 80% (13)
Other incorrect approach 15% (19) 15% (4) 0

It is interesting to note that the graduate students’ performance on this task was
about the same as that of the less advanced students. Most undergraduate students who
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applied the Lorentz transformations appeared to do so without explicitly considering the
relationship between the individual terms and the physical context. The graduate students
were more likely to identify mathematical expressions with physical quantities. In the
process of doing so, they tended to associate incorrectly the spatial separation between the
events with the distance between the volcanoes and hence used length contraction to relate
spatial separations. We will discuss their reasoning in greater depth later in this chapter.

Students also tended to apply length contraction inappropriately in the context of
the Ratios question. Table 4-3 and Table 4-4 indicate that the majority of students at all
levels are unable to answer the relativistic version of the Ratios question correctly. Most
state that the ratios are equal to the factor y or its reciprocal. Student performance seems
to be slightly better in part (i), in which the numerator of the ratio is a quantity measured
in the frame of ship A (about which information is given directly).

Table 4-3:  Results of the relativistic version of the Ratios question, part (i), in
which students determine the value of the ratio ox,,*'/8x,,®.

Written question

Introductory students Advanced undergraduate
Sp98, Au98, Sp99", students Au98, Sp99
Au99 (N=51) (N=19)
Correct (zero) 20% (9) 45% (9)
Incorrect: yor 1/y 60% (31) 55% (10)
Other incorrect 20% (11) 0
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Table 4-4:  Results of the relativistic version of the Ratios question, part (ii), in
which students determine the value of the ratio ox,,*/x,,*".

Written question Interview task
Advanced Graduat
Introductory students undergraduate stzxa d uate
Sp98, Au98, Sp99, Au99 students So08 eg 599
(N=65) Au98, Sp99 N2
(N=26) (N=12)
Correct (zero) 10% (5) 40% (10) 0
Incorrect: yor l/y 75% (49) 60% (16) 100% (12)
Other incorrect 15% (11) 0 0

Commentary

The versions of the Eruptions question used in the preliminary investigation are
similar to many end-of-chapter questions on relativistic simultaneity. Students are given
the spatial separation and time duration between two events in one frame (S) and asked
about the spatial separation between the events in another frame (S‘) that moves relative to
the first with a given velocity. The Ratios question, while less standard, is also simpler in
that it relies only on ideas of relative motion, not the results of special relativity.

In the context of these two questions, we found that many students fail to apply
spontaneously the Lorentz transformations. Instead, they apply the formula for length
contraction in contexts in which it is not valid. The errors do not seem to result from
difficulties with the relativity of simultaneity. The results from the Eruptions and Ratios
questions suggest the presence of underlying difficulties with basic concepts in special
relativity. To understand better the nature of these difficulties, we needed to probe more
deeply into the nature of students’ conceptions of events and reference frames.
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E. DETAILED INVESTIGATION OF STUDENT UNDERSTANDING OF THE CONCEPTS OF
SPATIAL MEASUREMENTS

1. Difficulty interpreting the spatial separation between events

a. Tendency to associate the distance between two co-moving objects with the spatial

separation between nonsimultaneous events involving those objects

As illustrated in the previous section, many students inappropriately apply the
formula for length contraction in response to the Eruptions and Ratios questions. In order
to probe more deeply into student reasoning, we carefully analyzed students’
interpretations of the spatial separation between two events. We also asked an additional
question in order to understand whether students’ incorrect ideas were limited to
relativistic scenarios.

In responding to the Eruptions question, most students explained their reasoning
only briefly. However, their explanations plainly state their belief that the spatial
separation between the eruptions is identical to the distance between the mountains.

*“The distance between the mountains is the distance between the eruptions,
in space. The eruptions occur at the mountains!” (graduate student)

“Az would correspond to this distance [indicates on a diagram the distance
between the mountains as measured in the ground frame], Az ” would
correspond to the distance that the spacecraft pilot measures between the
two mountains.” (graduate student)

“The explosions are separated by 600 c-ns [8x/7] by the observation of the
pilot because that is the distance between the mountains as seen by him.”
(introductory student)

The difficulties of the students did not seem to result from the particular phrasing of
the question. For most, the phrases “distance between the eruptions,” “how far apart in
space the eruptions are,” and “spatial separation between the eruptions” appeared to be
equivalent. The following excerpt from an interview with a graduate student is illustrative.
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S: In the rest frame of the ship [the spatial separation] would appear to be
smaller...You will see the ground contracted, and I think if it’s going
to be contracted then you divide the distance that you’re looking at by
gamma. And you would get 180 km [8x/1] for the distance between
the mountains.

I: [Is] the distance between the mountains...how far apart in space the
eruptions are in the spacecraft frame?

S: How far the eruptions are apart in space... I'm assuming the distance
apart in space is the distance between the mountains. I guess that’s
what it is.

I: Other ways to put this would be ‘the distance between the location at
which the first eruption occurs in the spacecraft frame and the location
at which the second eruption occurs in the spacecraft frame.’

S: Yeah, I would say that the eruption occurs at each mountain, and then
the distance between the mountains is the distance in space between the
eruptions. And measured from the spacecraft that distance would be
shortened by this factor to 180 km. That’s what I would guess is the
distance. (graduate student)

Some students recognized that the identification of spatial separation with object
length is problematic in some cases. In one interview, a graduate student considered the
spatial separation between the events “the spacecraft is over Mt. Rainier” and “the
spacecraft is over Mt. Hood” (which is zero in the spacecraft frame). Although he
recognized that an inconsistency existed, he was unable to resolve the contradiction during
the interview.

“If Rainier erupted and then some time later Hood was immediately
underneath me and it erupted, then they would be both at the same place.
And I know that they’re not at the same place cause I know that they’re
moving. So the spatial separation between the mountains [ wouldn’t
compute as zero. My interpretation or my understanding of what spatial
separation means is breaking down. Because in the rest frame of the ship,
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yeah, they would occur at the same — the spatial separation in that frame is
zero. But I can calculate the distance between the mountains and say that
the two events occurred here and here.” (graduate student)

Another student, considering a similar situation, tried to resolve the contradiction by
insisting that the spacecraft pilot record positions using the ground coordinate system.

I: Suppose the spacecraft pilot, he’s got his ruler and his coordinate
system laid out, and zero is right under his foot. And positive
numbers go in the front and negative numbers go in the back. So
at the time that he is right above Mt Rainier, what will he record the
position of Mt Rainier to be?

S: If he records this as zero, then he’s going to say that this distance
[to Mt. Hood] is negative 180 km.

[: What would he record for the position of Mt. Hood when it's right
under him?

S: He’s going to record zero [when Rainier is beneath him] because
it’s right underneath him. And then he’s going to record zero
down here [when Hood is beneath him]. But it hasn’t just been
zero because he’s been moving relative to — I mean the things that
marking as zero, he can’t mark two different points as the origin.
(graduate student)

Such responses indicate the strength of students’ tendency to associate the spatial
separation between events with the distance between the mountains. (This belief may be
intertwined with a failure to recognize that displacement is a frame-dependent quantity
and/or difficulty visualizing object motion in different reference frames. We discuss these
possibilities further in section 2.)

Student responses to the Ratios question are also consistent with this tendency.
Although students’ explanations of the Ratios question are typically extremely brief,
consisting only of a citation of the formula for length contraction, most identify spatial
separation with length either implicitly or explicitly.
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“I want to say that the ratio is either gamma or one over gamma. Because
I would expect the distance to be shortened...and it would be shortened by
gamma.” (graduate student)

“The ratio between these two is just going to be gamma. Because we have
L*=L/y"” (graduate student)

In interviews, a few students did not explain their answers in terms of contraction of
the length of objects, but instead claimed that spatial separations are inherently
proportional:"

“I use the measurement in Alan’s frame to find the spatial difference in
Beth’s frame, and I use the relation 8x,,*’ = 8x,,®"/%." (advanced
undergraduate student)

These students appear to believe that spatial separations are proportional regardless
of whether they are equal to the length of an object. In the context of written questions,
these two different explanations are not easily distinguishable from one another, and we
assume that either may be present in student responses to the Ratios question.

We have presented evidence that, in relativistic contexts, many students’ responses
are consistent with the belief that the spatial separation between events is identically equal
to the length of an object whose ends are located at the events. Even students who
answered correctly regarding the relativity of simultaneity appeared to hold this belief.
However, as illustrated in Chapter Two, difficulties with the relativity of simultaneity are
difficult to pinpoint without the aid of specifically targeted questions. Students may state
that simultaneity is relative without a genuine understanding of what the term implies.

In order to probe whether difficulties with the relativity of simultaneity are
responsible for difficulties with spatial measurements, we have asked questions similar to
those described above in entirely nonrelativistic contexts. The nonrelativistic version of
the Ratios question is one example. As shown in Table 4-5, the majority of students at all
levels are unable to answer the nonrelativistic version of the Ratios question correctly.
Most state that the ratio is equal to one. This response is consistent with identification of
the spatial separation between events with the length of the spacecraft.
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Table 4-5: Results of parts (i) and (ii) of the nonrelativistic version of the Ratios

question.
Written question
Introductory students Advanced undergraduate students
Sp98 (N=18) Au99, Au00 (N=38)

Part (i): 8x,,® Part (ii): &x,,*

Correct (zero) 15% (3) 35% (14) 40% (16)

Incorrect: one 85% (15) 45% (18) 40% (15)

Other incorrect 0 15% (6) 20% (7)

We were further concerned that posing the Ratios question in terms of a quotient
might inadvertently trigger a length contraction response. For this reason, we administered
a version of the “Ratios” question that did not contain any ratios, but instead asked
students for the values of the numerators only (8x,,*" and 8x;*"). As shown in Table 4-6,
the results of this question are similar to the results of the other versions, suggesting that
students’ beliefs are larrgely independent of the format of this question.

Table 4-6:  Results of the numerator version of the Ratios question.

Written question
Advanced undergraduate students
Au98 (N=21)
8x,.® R
Correct (zero) 40% (8) 40% (8)
Incorrect: length of ship 60% (13) 55% (12)
Other incorrect 0 5% (1)

b. Tendency to reject coordinate transformations in favor of length transformations

We found that students consistently treated the spatial separation between two events
as being identically equal to the distance between objects associated with the events. This
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conceptual difficulty seems to be responsible for the indiscriminate application of the
formula for length contraction. We have also found that some students’ identification of
spatial separation with object length is so strong that they may reject the Lorentz (or
Galilean) transformation in cases in which it contradicts the result they expect.

In responding to the Eruptions question, some students recognized that the relation
dx“=8x/y is in general inconsistent with the Lorentz transformations and struggled to
reconcile the inconsistency. In the following excerpt from an interview with a graduate
student, the student has assigned the primed frame to be the spacecraft frame and the
unprimed frame to be the ground frame and has written the relation Az "= Az/y.

“Okay. This is a part that confuses me. I know length contraction. And
so [ set up this formula [Az” = Az/}]...If [ were to write down the full
Lorentz transformation it’s Az = y(Az — vA/c?) [sic]...if I pick a frame
where two things happened at the same time, where my original frame had
two things happening at the same time but different places, then I see that
the length in the moving frame is also longer than the length in the rest
frame [writes Az = yAz], to which I say no, length contraction, so I use this
[Az°= Az/y].” (graduate student)

The student did not reconcile the inconsistency during the interview.

When the Eruptions question was administered as an interview task, the interviewer
sometimes asked students to produce an event diagram for the situation. Most students
were eventually able to produce a correct event diagram, including a representation of the
fact that the eruptions are not simultaneous in the spacecraft frame. However, not all
students were able to accept the idea that the distance between the eruptions could be
different than the distance between the mountains, even though they themselves produced
a diagram illustrating that fact. The following student drew a correct event diagram (see
Figure 4-1), correctly calculated the spatial separation between the eruptions in the
spacecraft frame by means of the Lorentz transformations, and yet rejected the correct
answer based on her conviction that length contraction was the relevant relationship.

“That [application of the Lorentz transformation] says that [the spacecraft
pilot] sees a longer distance between the two mountains — a greater spacing
between the mountains than Alan and Bob [on the ground] do. Which
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doesn’t quite seem right, but I don’t see what’s wrong with this procedure.
It doesn’t seem consistent with the pictures [event diagrams] on the one
hand and it doesn’t seem consistent in a different way with time-dilation-
length-contraction...Hm. So if this were a test I would go with my length
contraction and set it up in that manner.” (graduate student)

Such responses illustrate the strength of the belief that the distance between the eruptions is
equal to the distance between the mountains, regardless of the time order of the eruptions.
Other students were unable to relate the event diagram to the formalism they had learned:

“I don’t see much connection with this picture [event diagram] and this

label [Az“] and these equations. But I think they’re both right.” (graduate
student)

Examples from section a above illustrate that students incorrectly equate spatial
separation with length in nonrelativistic as well as relativistic contexts. As illustrated below,
students reject the Galilean transformation in contexts in which it contradicts their belief
that spatial separation is equal to length.

In all of the classes in which the nonrelativistic version of the Eruptions question was
administered, about two-thirds of the students answered the question correctly (or nearly
correctly, mistaking only the sign of the velocity). In each class, the most common
incorrect answer was that the distance between the events in the airplane frame is equal to
that in the runway frame, consistent with the idea that the distance between the events is
identically equal to the length of the runway. This answer was given by 25-30% of each
class. Other incorrect answers included incorrect identification of the spatial separation
between the events with the displacement of the runway in the airplane frame. This
response was given by about 10% of students. The results of the nonrelativistic version of
the Eruptions question are summarized in Table 4-7.
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Table 4-7:  Results of the nonrelativistic version of the Eruptions question.
Written question
Advanced
Introductory students undergrad.
students
ingﬁ?::ieon ins?rt::;on ins?rﬁt:trion
Sp98 (N=11) Sp99“, Au99”, Au00
pre IR=t1 1 Aug9 (N=108) | (N=27)
Correct (Galilean transformation:
8x” = bx - v5t) 55% (6) 35% (40) 35% (9)
Nearly correct
(5x” = 8x + US1) 0 15% (14) 20% (5)
Consistent with identifying spatial
separation with length (8x° = 8x) 25% (3) 30% 3D 30% (8)
Consistent with identifying spatial
sep. with displacement (8x° = vdr) 10% (1) 15% (15) 15% (4)
Other 10% (1) 5% (8) 5% (1)

One student discussed the Galilean transformation for spatial separations but asserted
that it does not affect the distance between two events:

“At nonrelativistic velocity, we simply use the Galilean transformation x —

vt, but this does not affect the distance between two observed events with

respect to their measured separation in a non-moving frame.”

(introductory student; emphasis in original)

Other students’ responses indicated difficulties with the nature of events. Some, for

example, claimed that “the eruptions are at rest in the runway frame.”

are discussed in section 2.b below.

Such difficulties
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2. Difficulties with reference frames and the determination of the position of an event

We have seen that students’ indiscriminate use of length contraction appears to be
based on an incorrect belief that the spatial separation between two events is identically
equal to the length of the object associated with those events. Our observations led us to
consider whether other difficulties underlie that inappropriate identification. In order to
gain additional insight, we carefully probed student understanding of basic ideas of spatial
measurements in a given reference frame: e.g., measurement procedures for the length of
an object and the determination of the position of an event. Our observations suggest the
presence of student difficulties with reference frames in the context of spatial
measurements.

a. Failure to apply spontaneously the formalism of a reference frame in measuring
spatial quantities

In the Measurement question, detailed in section C.3 (page 103), we ask students to
identify or describe an appropriate procedure for measuring the length and speed of an
object. The results indicate serious and persistent difficulties with these measurements that
suggest difficulties with the concept of a reference frame. In particular, students fail to
recognize that a reference frame by its nature has spatial extent."

The correct responses we expected for the Measurement question all rely on using
events that occur at different locations to determine the length or displacement of the
described object. Hence, these correct answers rely on the concept of a reference frame
that has spatial (as well as temporal) extent. The spatial extent is among the defining
features of a reference frame.

In responding to the Measurement interview task, only one of the nine graduate
students initially suggested using events at different locations to measure the speed or
length of the ship. Not all of the methods students suggested were incorrect; two students,
for example, initially stated that if you knew the speed of the spacecraft, you could
measure its length by timing how long it took to pass you. One of these students, however,
seemed to feel that this was the only way to measure the length of the spacecraft:

I: How could he [the observer on the landing strip] measure the length of the
ship?
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S: If he didn’t know how fast it was moving? It seems to me he would need
to know either the length - if he knew the length of Beth’s ship, then he
could figure out how fast it was moving. And if he knew how fast it was
moving, he could measure the length of the ship.

I: Sois there a way that he could measure the speed of the ship without
knowing its length or measuring its length first?

S: [long pause] I can’t think of anything off the top of my head...I guess I
can’t think of any easy way to do it. (graduate student)

Another student was explicit about his inability to use clocks at different locations.
In his effort to limit his measurement procedure to a single location, he explored and
discarded several possible approaches.

I: How would Alan [on the landing strip] go about measuring Beth’s speed
{in the spacecraft]?

S: Trying to think...I have something in the back of my head that tells me [
want to be making two time measurements; if ['m able to make two time
measurements and I know the distance between I can get a velocity.
However, I also have something in the back of my head that says in order
to get a measurement of the time interval relativistically you need to be
using one clock to measure both the initial and final time. In which case,
the way I can see that would be to have to revise things to have Alan not
actually making any of the measurements but to have Beth...there can be a
clock in here in the spacecraft and Beth could then record the
measurement ¢, and £, when she crossed these lines [on the landing strip].
The measurement she would be making would be on the same clock.
However her clock will be running at a different rate than the clock on the
landing strip. So I could use this clock [on the landing strip]...It would
appear to me that I somehow want to use light. In looking at different
clocks in any reference frame, wouldn’t constitute a measurement in that
frame. Light, however, will travel at the speed of light independent of
frame, so...
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I: So you are saying that Alan would have to use this clock over here? Alan
would have to use a single clock? Could Alan use this clock and that
clock? [Indicates clock at rest with respect to landing strip at a point
further down the landing strip from Alan.]

S: Um, I want to say only if there’s something correlated, and [ don't know
what [ mean by that. I guess I don’t know why I'm holding to the idea
that he needs to use only one clock aside from the fact that if there’s no
problem to using two separate clocks it would appear that the measurement
would be the same as the measurement is classically, which I relatively
strongly feel is not the case. (graduate student)

This student seemed to feel that the considerations of special relativity limited him to
the use of a single clock. Although he had a recollection of something that may have
been clock synchronization, he remained convinced that a relativistic measurement would
be inherently different than a nonrelativistic one in that it would necessarily involve only
one clock. It may be the case that this student had the belief described in Chapter Two
that each clock on the landing strip constitutes its own reference frame. In any case, his
ideas about clocks at different locations prevented him from recording the locations of two
simultaneous events at different locations.

In stating the Measurement question, we did not explicitly ask students to consider a
lattice of rulers and clocks by which to determine the position and time of events. We
expected students to generate such a lattice spontaneously in order to make the
measurements we requested. Very few students applied this formalism in determining the
length or speed of an object.

b. Tendency to associate the location of an event with the location of an object

In the discussion of the determination of the position of an event in the introduction
to this dissertation, we spoke in terms of a coordinate system and associated each position
with a number. In responding to the Measurement question, students did not typically
describe locations in terms of coordinates. Instead, they tended to describe locations in
terms of objects. In particular, they mostly limited themselves to events that occurred at
the location of one of the very few objects distinguished in the problem statement: the
observer on the landing strip.
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Such an identification of event locations with objects is not incorrect. An object that
is (1) co-located with the event and (2) is at rest in the reference frame of interest specifies
the position of the event as fully as does a coordinate label. In the reference frame of the
ground, for example, it is equally legitimate to say that a certain event occurred in Seattle
“at 6" and Pine” or “in front of the Convention Center.” We will refer to an object such
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as the Convention Center as a “marker object.” In this section, we examine the extent to

which students associate event locations with objects.

i. Belief that the location of an event can change with time

In cases in which the Eruptions question was administered as an interview task,
interviewers often requested that students draw an event diagram showing the eruptions in
the spacecraft frame. Interviewers introduced students to the features of event diagrams
during the course of the interview. Students typically began by drawing the relevant
objects (the spacecraft and the volcanoes) without indicating event locations on their
diagram. In these cases, the interviewer prompted students to indicate the event locations,
typically with a numerical label (e.g., “Event " for the eruption of Mt. Rainier). A
complete event diagram for the spacecraft frame of the Eruptions question appears in
Figure 4-1 (page 96).

Several students indicated multiple locations for one or the other eruption, which
could be interpreted as a location that was changing with time. The following excerpt is
from an interview with an advanced undergraduate; the italics indicate vocal emphasis.

I: Where does event | [Mt. Rainier’s eruption] happen?

S: Here. [Indicates Mt Rainier erupting; writes “event 1.”] And it happened
here. [Indicates Mt Rainier at a later instant; writes “event 1 happened”
(see Figure 4-10).]

I: And how about event 2 [Mt. Hood’s eruption]?

S: Okay, ‘event 2’ [indicates Mt. Hood erupting], and ‘event 2 will happen’
[indicates Mt. Hood at an earlier instant]. (advanced undergraduate)

The student’s incorrect event diagram is shown in Figure 4-10.
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“Event 2 will happen* “Event | "

I—

“Event 2" “Event I happened "

Figure 4-10: Incorrect event diagram drawn by a student for the Eruptions
question.

A graduate student, in producing an event diagram similar to the one shown above,
had the following interaction with the interviewer:

[: What’s event 1?

S: [Draws event | twice, at each appearance of Mt. Rainier in the diagram.]

I: Soevent | is moving to the left?

S: Because the spacecraft is moving to the right in the rest frame. (graduate
student)

Students who responded like the two above seemed to strongly associate the position
of the eruption with the position of the volcano. They apparently believed the event was
moving in the spacecraft frame, just as the volcano was moving in that frame. Other
students described the eruptions as being “at rest” in a certain reference frame:

“At would be the time difference between the two eruptions as seen by
somebody in the rest frame of the eruptions. Of course that would be
complicated if the two weren’t in the same frame to begin with — if the
mountains were moving relative to each other.” (graduate student)
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“Az and At are the time interval and the space interval in the rest frame of
the two explosions.” (graduate student)

“Same reference frame as the event means you’re not moving relative to
them.” (graduate student)

Students who answered as though the locations of the eruptions were “attached” to
the volcanoes had a strong (incorrect) basis that they used to claim that the spatial
separation between the eruptions was equal to the distance between the mountains. An

introductory student, responding to the Eruptions question, stated explicitly that 8x and L
were “equal” because

“...Event 2 occurs at Hood regardless of when and event 1 occurs at
Rainier regardless of when. Since Hood and Rainier are both “moving”
relative to Beth [on the spacecraft] the same, relativity does not affect this
for her.” (introductory student)

The belief that the location of an event can change with time was apparent in
nonrelativistic contexts as well as relativistic ones. In section 1.b we illustrated that in the
nonrelativistic version of the Eruptions question many students claimed that the spatial
separation between the eruptions was equal to the distance between the mountains in the
airplane frame. Some students stated explicitly that the events moved with the mountains:

“An observer in the airplane’s frame would know that the locations of the
explosions were moving relative to the airplane (rather than attached to the
airplane’s frame) and would be able to transform the two points using the

At and speed.” (introductory student)

“As the west explosion location becomes further away the location of the
right (east) explosion gets closer at the same rate.” (introductory student)

“The two explosions are at set places, the mountains.” (introductory
student)

The apparent belief that the spatial separation between events is identically equal to the
distance between objects associated with the events is consistent with the tendency to
inappropriately associate the location of an event with the location of a moving object.
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ii. Failure to recognize the motion of an object associated with an event

We have seen that students tend to associate event locations with marker objects
rather than coordinate systems. We have seen further that in some cases students
inappropriately associate event locations with objects that they recognize as moving in the
reference frame of interest. In other cases, students associate the location of an event with
a moving object without apparently recognizing that the object is moving. For example, in
interviews with the Eruptions question, students were asked to produce an event diagram
for the spacecraft frame. About one-quarter of the students failed to represent the
spacecraft at rest in the spacecraft frame. Instead, they sketched an event diagram for the
spacecraft frame in which the ground was at rest and the spacecraft was moving, as shown
in Figure 4-11."

B

Figure 4-11: Incorrect event diagram for the spacecraft frame of the
Eruptions question.



124

Table 4-8: Results of the Eruptions question administered as an interview task, in
which students drew an event diagram for the spacecraft frame.

Interview task
Graduate students
Sp99 (N=10)
Correct: spacecraft at rest, mountains moving 30%*
Incorrect: mountains at rest, spacecraft moving 70%*
Other incorrect 0

* These results represent students’ initial responses. All students corrected their event
diagrams during the course of the interview, with assistance from the interviewer.

All of the graduate students who drew incorrect event diagrams eventually corrected
their responses with prompting from the interviewer. However, it is interesting that seven
out of ten graduate students do not spontaneously treat an object as not changing position
in its own rest frame. Such difficulties with relative motion are consistent with an apparent
lack of functional understanding of the concept of a reference frame.

Additional evidence that many students do not treat an object as stationary in its own
frame arose in responses to the Measurement question. An appropriate measurement
procedure for the length of an object includes consideration of the motion of the object in
the frame of interest. In particular, if the frame of interest is one in which the object is
moving, the ends of the object must be marked simultaneously in order for the spatial
separation between the events to equal the length of the object. We have observed that
students proposing measurement procedures for the length of a moving object tend to
neglect the motion of the object in their discussion.

None of the students interviewed initially proposed a method for measuring the
length of the spacecraft involving simultaneous measurement of the ends of the spacecraft.
Three students initially proposed other correct methods that depended on prior knowledge
of the speed of the spacecraft. Asked if there was a means by which one might measure
the length of the spacecraft without prior knowledge of its speed, one student (who was
attempting the equivalent measurement of the length of the landing strip in the spacecraft
frame) replied,
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“Hold on, this might be easier than it looks. Let’s [assume] that
somebody has put some reflectors onto the runway. There are reflectors
on the end of the runway, and here’s Beth coming in [on the spacecraft].
Beth sends out a short pulse of light, the pulse of light propagates down,
hits the first reflector, comes back, some of it heads on down hits the
second reflector, and what Beth gets back is two pulses, separated in time.
She knows that the time between these pulses divided by c should give her
the — better watch that — divided by 2c. Call L the length of the runway. T
is this time delay, between these two pulses. That’s what Beth thinks the
length of the runway is in her frame.” (graduate student)

In addition to erring by a factor of two, the student fails to account for the fact that
in the frame of the spacecraft (Beth’s frame), the landing strip will move forward in the
time between the two reflections. The time between the spacecraft observer’s reception of
the two pulses will be less than the time it would take light to travel the length of the
landing strip. Another student suggested a similar method.

Two other students proposed to measure the length of the spacecraft in the runway
frame by means of a photographic image. This method, while sufficient for spacecraft
moving with nonrelativistic speed relative to the observer, is inaccurate for large relative
speeds. Light that reaches the camera while the shutter is open would leave the different
locations on the object at different times, during which the object would move relative to
the observer.

F. SUMMARY

We have seen in the course of our investigation that students do not spontaneously
apply the formalism of a reference frame when measuring kinematical quantities. Asked
to measure the length or speed of an object, students do not automatically generate the
concept of a coordinate system by which to mark the position of events. Students not
fluent with the means by which one measures the location and time of events distant from
one another lack a functional understanding of reference frame. It seems likely that such
students would have difficulty interpreting quantities such as the spatial separation between
events. Furthermore, students who do not spontaneously generate appropriate coordinate
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systems may have limited means by which to judge whether an object is in motion or at
rest in a certain frame of reference.

Lacking the concept of a reference frame, students resort to marker objects to
specify event locations. This potentially useful approach is problematic for students who
are unable to apply the idea that a marker object must be at rest in the frame of interest in
order to specify an event location properly. Some students appear not to recognize
whether an object is moving in the frame of interest; other students inappropriately
associate an event with a moving object, to the extent of claiming that events, like objects,
may be in motion or at rest. These errors may prevent students from correctly identifying
event locations or interpreting quantities such as the spatial separation between events.

The strong association of event locations with marker objects may be the basis for
the apparent belief that the spatial separation between two events is identically equal to the
distance between two objects. This inappropriate equation appears to be at the root of the
indiscriminate application of length contraction and the failure to apply the Lorentz
transformations.
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CHAPTER FIVE:
ADDRESSING STUDENT DIFFICULTIES WITH SPATIAL MEASUREMENTS

Our imagination is stretched to the utmost, not, as in fiction, to imagine things
which are not really there, but just to comprehend those things which are there.

- Richard Feynman'

A. INTRODUCTION

The investigation of student understanding of spatial measurements discussed in
Chapter Four suggested that many introductory and advanced students who have studied
special relativity do not have a functional understanding of basic spatial quantities such as
length and displacement. The observed tendency to apply length contraction
indiscriminately appears to be related to a failure to apply the formalism of a reference
frame in determining the position of an event. Specific difficulties include treating the
location of an event with a moving with an object associated with the event. Such errors
appear to prevent students from correctly applying the Lorentz transformations.

This chapter describes the development and assessment of a series of tutorials that we
have designed to address some of the specific difficulties with spatial measurements that
were identified in our study. We begin by describing a tutorial sequence in which students
articulate appropriate procedures for spatial measurements in nonrelativistic contexts. We
then describe a tutorial sequence that guides students to interpret spatial quantities in more
challenging relativistic contexts. In the process, students begin to recognize the conditions
under which spatial separations are related by the formula for length contraction and when
a more general relationship (e.g., the Lorentz transformations) is appropriate. Assessment
of each part of the series of tutorials is given immediately following the description of the
curriculum.
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We have used the series of tutorials described below in courses for introductory
students and advanced undergraduate students. The materials are designed for use as a
supplement to lecture instruction; the tutorials are not a stand-alone curriculum, but
assume that students are introduced to certain ideas (e.g., length contraction) in other parts
of the course. The series of tutorials takes about two hours of class time to complete.
Associated homework, completed outside of class, follows each tutorial.

The series of tutorials on spatial measurements is in fact integrated with the tutorial
series described earlier (Events and reference frames and Relativistic kinematics, Chapter
Three). Many of the contexts that we will describe in this chapter are similar to those
presented in Chapter Three. We discuss here only those aspects of the instructional
strategies that pertain to helping students develop an understanding of spatial
measurements. The complete sequence of integrated exercises is in Appendix C.

B. ADDRESSING STUDENT DIFFICULTIES WITH SPATIAL MEASUREMENTS IN
NONRELATIVISTIC CONTEXTS

Evidence presented in Chapter Four indicates that many student difficulties with
spatial measurements may have their basis in difficulties applying the formalism of a
reference frame and, in particular, determining the position of an event. We have designed
a tutorial sequence, titled Spatial measurement, to help students develop a functional
understanding of event location in the context of measurement procedures for spatial
quantities such as length and displacement.

The tutorial sequence is specifically designed to address some of the underlying
difficulties with events and their spatial coordinates that were discussed in Chapter Four.
Among these difficulties is the tendency to associate the location of an event with the
location of an object that is associated with that event, even if the object is moving in the
reference frame of interest. In some cases, students appear not to recognize the motion of
the associated object. In other cases, students claim that the event itself is moving. The
Spatial measurement tutorial sequence contains exercises specifically designed to
challenge these beliefs.



130

1. Tutorial sequence: Spatial measurement

a. Eliciting the belief that the spatial separation between two events is identically equal to
the length of an object

In order to elicit students’ incorrect ideas about spatial measurements, we ask a
pretest question identical to the nonrelativistic version of the Eruptions question described
in Chapter Four. In this question, shown in Figure 5-1, students are given the spatial
separation and time duration between two events in the ground frame and are asked to
calculate the spatial separation between the events in the frame of an airplane that moves
with nonrelativistic speed relative to the ground.

Two volcanoes, Mt. Rainier and Mt. Hood, suddenly erupt on the same day. The volcanoes are 300
km apart in their rest frame. In the frame of a seismologist at rest on the ground, Mt. Hood erupts
first; Mt. Rainier erupts exactly 100 minutes (6000 seconds) later.

An airplane flies with a constant speed of 50 m/s past Rainier towards Hood. Determine the spatial
separation between the two eruptions in the reference frame of the airplane. Show your work.

Figure 5-1: Spatial measurement pretest.

Since the speed of the airplane relative to the ground is nonrelativistic, a correct
answer to the Spatial measurement pretest may be obtained by application of the Galilean
transformation for spatial separations. Choosing the unprimed frame to be the ground
frame, the primed frame to be the frame of the airplane, and the positive direction to be
the direction of the airplane’s velocity in the ground frame:

Ox’ =dx-vdt
= 300 km - (50 mv/s) (6000 s))
=600 m

As described in Chapter Four, student performance on this pretest is typically poor,
with only about half of the students at introductory or advanced levels responding
correctly or nearly correctly. The most common incorrect answer is that the distance
between the locations of the explosions in the reference frame of the airplane is equal to
the distance in the ground frame.
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b. Guiding students to identify events

Analysis of the Measurement interview task described in Chapter Four indicated that
even students who are able to use correct measurement procedures for spatial quantities
such as length and displacement can have difficulty relating those procedures to events
and their coordinates. The Spatial measurement tutorial sequence thus begins with an
exercise in which students identify specific events, distinguish between related events, and
recognize the differences between events, objects, locations, instants, ezc. The exercise is
designed to help students articulate and apply a definition for events.

The context for the exercise is one described in Chapter Three, in which a student,
Alan, is some distance from a beeper that beeps once. Students are informed that in
special relativity we commonly refer to material objects, locations in space, instants in time,
and events. An event is described as being associated with a single location in space and a
single instant in time. Students are presented with the list of items shown in Figure 5-2 and
are asked to identify whether each item is an object, a location, an event, or none of these.

In the study of relativity we refer to material objects, locations in space, instants in time, and events.
An event is associated with a single location in space and a single instant in time.

State whether each of the items below is an object, a location, an instant, an event, or none of these.

¢ The beeper of Part I * The exact time at which the beeper beeps
* The beeper emits a beep * A sound wave travels from the beeper to Alan
* Alan hears the beep * Two beepers beep at the same time

Figure 5-2: Tutorial exercise to identify and distinguish events.

Students should recognize that a beeper is an object; that “the beeper emits a beep”
and “Alan hears a beep” are events (and in fact are distinct events, since they occur at
different times and places); that “the exact time at which a beeper beeps” is an instant;
and that “a sound wave travels from the beeper to Alan” and “two beepers beep at the
same time” are combinations of events (in one case a series of events, and in the other case
a pair). Students exhibit little difficulty with this task.

c. Guiding students to construct and analyze event diagrams

We have found event diagrams to be a powerful tool for helping students understand
events. In the process of constructing event diagrams, students must decide when and
where to place a specific event in its physical context. The Spatial measurement tutorial
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sequence makes heavy use of event diagrams in addition to other representations (e.g.,
algebraic).

Students are formally introduced to event diagrams in an exercise in which a 12-
meter-long train moves with constant nonrelativistic speed along a long, straight stretch of
train track. Alan stands at rest relative to the track. His assistant, Andy, is also at rest
relative to the track and stands 12 meters from Alan as shown in Figure 5-3. Beth stands at
rest on the train. Events 1, 2, and 3 are defined to be “the front of the train is next to
Alan,” “the front of the train is next to Andy,” and “the rear of the train is next to
Alan.” Students are asked to sketch a picture showing Alan, Andy, Beth, and the train at
the instant of each event in Alan’s frame, to correctly represent the motion of each object
in that frame, and to indicate the location of each event on the appropriate picture. A
correct event diagram is shown in Figure 5-4.

A train moves with constant nonrelativistic speed along a straight track. The train is 12 meters long.
Alan and Andy stand 12 meters apart at rest on the track (see figure). Beth and Becky stand at rest
at the front and rear of the train, respectively.

Define events 1, 2, and 3 as follows: ;B ecky Bcth!
Event I: The front of the train is next to Alan
Event 2: The front of the train is next to Andy $ $
Event 3: The rear of the train is next to Alan Alan Andy

Sketch an event diagram showing Alan, Andy, Beth, and Becky at the instants of events 1, 2, and 3
in Alan’s frame. (That is, sketch a separate picture for each different instant; sketch pictures for
successive instants one below the other; and indicate the location of each event on the appropriate
picture.)

Figure 5-3: Tutorial exercise to introduce students to event diagrams.
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Event 1
Becky Beth
Alan Andy
Event 3 Event 2
Becky Beth
Alan Andy

Figure 5-4: Correct event diagram for the tutorial exercise of Figure 5-3.

We ask students several questions intended to help them interpret event diagrams and
to extract information from this representation. The questions also provide practice with
distinguishing events from objects and instants. First, we ask under what circumstances
more than one event would appear in a single picture in an event diagram. Students
usually recognize that events that are simultaneous occur in the same picture (i.e., at the
same instant), typically at different locations. A correct answer to this question can help
students answer the more difficult question of whether the first picture in their event
diagram represents an object, a location, an instant, an event, or none of these. (Many
students initially identify the picture as an event, but eventually recognize that it must
represent an instant since it includes all locations and can contain more than one event.)
Finally, we ask students whether it is possible for a single event to occur in more than one
picture in an event diagram. To answer this question correctly (that it is not possible, since
an event only exists at a single instant) students must distinguish an event from an object
associated with the event.

d. Addressing the failure to recognize the motion of an object associated with an event

Event diagrams also present a context in which to address difficulties that some
students seem to have in recognizing the motion of objects in a certain reference frame.
Once students have produced and analyzed an event diagram for the ground frame, we ask
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them what features of their diagram indicate that it is a diagram for Alan’s frame. Most
students quickly recognize that the fact that Alan is at the same position at every instant
indicates that the diagram is for Alan’s reference frame. Next, we ask students to produce
an event diagram for the same context but in Beth’s reference frame. Students are
reminded explicitly to represent correctly the motion of the train in this frame. This
exercise is shown in Figure 5-5.

* What feature(s) of your event diagram indicate that it is a diagram for Alan’s reference frame?

* Sketch an event diagram showing events |, 2, and 3 in Beth’s frame. Be sure your diagram
correctly represents the motion of the train in this frame.

Figure 5-5: Tutorial exercise regarding relative motion in an event diagram.

Event 1
Becky Beth

¥

Alan Andy

Event 3 Event 2

- o
4 —f

Alan Andy

Figure 5-6: Correct event diagram for the exercise shown in Figure 5-5.

It has been our experience that students often neglect to indicate the train as being at
rest in the train frame. However, they appear to be familiar with the idea when reminded
of it, and are usually quick to correct their diagrams with prompting from an instructor. It
is worth noting that there is no explicit instruction on relative motion in the Spatial
measurement tutorial sequence due to time constraints.
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e. Addressing the belief that the spatial separation between nonsimultaneous events is
equal to the length of an object involving those events

As we have seen in Chapter Four, the belief that the spatial separation between two
events is identically equal to the length of an object is widespread and persistent. The
Spatial measurement tutorial sequence attempts to address this belief in Galilean contexts,
before the complications of length contraction, relativity of simultaneity, and so on arise.

i. Guiding students to identify event locations in an event diagram

Event diagrams present advantages over other representations of events (such as
spacetime diagrams) in that events are situated in the physical context in which they occur.
In order to help students identify the locations of events, we ask students to calculate
spatial separations between pairs of events in the event diagrams shown in Figure 5-4 and
Figure 5-6. The exercise is shown in Figure 5-7. In the classroom, we find that many
students are surprised to find that the spatial separation between events | and 3 is zero in
Alan’s frame, as is the spatial separation between events | and 2 in Beth’s frame.

How far apart are the locations of the following pairs of events in Alan’s reference frame?
* Events | and 2
* Events 2 and 3
*Events | and 3

How far apart are the locations of the following pairs of events in Beth's reference frame?
* Events | and 2
* Events 2 and 3
*Events | and 3

Figure 5-7: Tutorial exercise to calculate spatial separations between events.

ii. Guiding students to appropriate interpretations of spatial separation

Spatial separations between events can, in general, have different interpretations
depending on the events to which they refer; e.g., they may be equal to the length of an
object, the displacement of an object, or neither. The next exercise in the tutorial sequence
introduces notation for spatial separations: for instance, &x,,*’ = x,¥ -~ x,* denotes the
spatial separation between events | and 2 in Alan’s frame. Students are then asked to
provide interpretations for each spatial separation relevant to the physical context
described above. An interpretation is described as telling the meaning of the number in
the physical context. One interpretation is provided as an example: the quantity &x,* is
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the displacement of the train in Alan’s frame, since events 1 and 2 occur at the front of the
train. Students are told that some quantities may have more than one valid interpretation.
The exercise is shown in Figure 5-8.

The symbol d.x15(Alan) indicates the spatial separation between events 1 and 2 as measured in

Alan’s reference frame: dx5(Alan) = xy(Alan) _ x (Alan) where x;(Alan) and x,(Alan) yre the posi-

tions of events 1 and 2 in Alan’s reference frame. Note that the spatial separation between events
is a signed quantity (it may be positive or negative).

Give interpretations for the magnitude of each of the following quantities; that is, tell the meaning
of the number in this physical context. One has been provided as an example. Some quantities
may have more than one interpretation.

+ dxjp(Alan) The displacement of the train * dxp(Beth)

Figure 5-8: Tutorial exercise to interpret spatial separations between events.

Students should be able to recognize that 8x,® is the displacement of the train in
Beth’s frame; &x;* and &x,,” are Alan’s displacement in Alan’s and Beth’s frames
respectively; 8x,;* is the distance from Alan to Andy, which is equal to the length of the
train, 8x,,™. Other correct interpretations are possible.

Most students find this exercise very challenging. They have not been asked to
provide interpretations for spatial separations previously, and tend to answer by calculating
the value of the spatial separation (often incorrectly) instead of by stating its relationship
to physical quantities. Students eventually arrive at appropriate responses with assistance
from instructors and each other.

[ Guiding students to recognize correct measurement procedures for object length

Once students have been introduced to spatial separations and their possible
interpretations in a physical context, the tutorial guides them to construct an appropriate
measurement procedure for object length. Next, students generalize by identifying the
circumstances under which the spatial separation between two events is equal to the length
of an object.
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i. Guiding students to apply the formalism of a reference frame in constructing
measurement procedures for object length

The tutorial describes a train of unknown length that moves with constant
nonrelativistic speed on the same track as that described above. Alan and his assistants are
described as standing shoulder to shoulder along the track. (This explicit establishment of
a reference frame serves as a hint for students in this exercise.) The tutorial asks students
to describe a method by which Alan can determine the length of the train in his frame (i)
if he knows the speed of the train in his frame and (ii) without knowing or measuring its
speed first. In each case students are asked to specify the two events relevant to the

measurement procedure by describing them in words. The exercise is shown in Figure
5-9.

A train of unknown length moves with constant nonrelativistic speed on the same track. Alan’s
assistants stand shoulder to shoulder along the track.

i. Describe a method by which Alan can determine the length of the train in his frame if he knows
the speed of the train in his frame. Specify two events associated with this measurement proce
dure.

ii. Describe a method by which Alan can determine the length of the train in his frame without
knowing or measuring its speed first. Specify two events associated with this measurement pro
cedure.

Figure 5-9: Tutorial exercise guiding students to construct an appropriate

measurement procedure for length.

A correct answer to part (i) should include a description of events that occur at the
same location, e.g., “the front of the train is next to Alan” and “the rear of the train is
next to Alan.” The length of the train may be calculated by multiplying the time between
these two events by the speed of the train. The fact that students are usually quick to
recognize this method is consistent with the results of the Measurement interview task
reported in Chapter Four.

A correct answer to part (ii) should refer to events that occur at front and rear of the
train at the same time, e.g., “the front of the train is next to Alan at exactly noon” and
“the rear of the train is next to another assistant at exactly noon.” The length of the train
in the ground frame is identically equal to the spatial separation between these two events
in the ground frame. Although this second method is more difficult for students to
develop, the previous exercises lay useful groundwork for their discussions in class.
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ii. Guiding students to recognize the circumstances under which the spatial separation
between two events is equal to the length of an object

In the next exercise, students are asked to articulate the conditions under which the
spatial separation between two events is equal to the length of an object. Event X occurs at
the front of a spaceship, and event Y occurs at the rear of the spaceship. Students are
asked to describe the circumstances in which dxyy is equal to the length of the spaceship (i)
in the frame in which the spaceship is at rest and (ii) in a frame in which the spaceship is
moving. Students are requested to sketch event diagrams supporting their answers. The
exercise is shown in Figure 5-10.

Suppose event 4 occurs at the front of a long ship, and event 5 occurs at the rear of the same ship.
Describe the circumstances in which dx45 is equal to the length of the ship:

i. in the frame in which the ship is at rest
ii. in frame F, in which the ship is moving

Draw event diagrams to support your answers.

Figure 5-10: Tutorial exercise guiding students to articulate the conditions
under which the spatial separation between two events is equal to
the length of an object.

Students should recognize that in the frame in which the spaceship is at rest, the
spatial separation between events occurring at the front and rear of the spaceship is always
equal to the length of the spaceship. In a frame in which the spaceship is moving, the
spatial separation between events occurring at the front and rear of the spaceship is equal
to the length of the spaceship if and only if the events are simultaneous. Illustrative event
diagrams are shown in Figure 5-11.
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Eventd
~— Event § Eventd

Event §

I—

Rest frame of ship Frame F, in which the ship is moving

Figure 5-11: Event diagrams illustrating a correct response to the tutorial
exercise shown in Figure 5-10. (In the rest frame of the ship, the
events may have any time ordering or be simultaneous; the
spatial separation between them will still equal the length of the
ship.)

8. Reinforcing student understanding of the spatial separation between events

Because the concept of spatial separation appears to be so difficult for students, the
Spatial measurement tutorial sequence includes a number of exercises that review and
reinforce the key ideas. These exercises, discussed below, are assigned as homework
following the tutorial sequence described above.

i. Guiding students to recognize an incorrect measurement procedure for length

Students are asked to criticize a statement that gives a suggested method for
measuring the speed of a moving spacecraft. The exercise is shown in Figure 5-12. The
method described is incorrect in that the locations of the ends of the spacecraft are
recorded at different times; because the spacecraft moves in the time between the events,
the spatial separation between them is not equal to the length of the spacecraft.
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A physics student describes an incorrect method for measuring the length of a spaceship that is
moving directly toward him with a speed ».

"Suppose there is a half-silvered mirror on each end of the spaceship. If I send a
short pulse of light toward the spaceship, some of the light will be reflected back to
me from the near end of the spaceship, and the rest will travel to the far end of the
spaceship and be partially reflected back to me from that end. So I will receive two
light pulses, separated in time. One-half of the time between these pulses times
the speed of light is equal to the length of the spaceship.”

Explain why the method described is incorrect.

Figure 5-12: Tutorial exercise in which students criticize a measurement

procedure for object length.

The student statement included in the exercise is adapted from an incorrect student
response to the Measurement interview task (see Chapter Four). We have found that it is
often useful for students to explicitly consider common incorrect student statements as a
means to refine their own understanding.

ii. Guiding students to identify an object whose location indicates the location of an
event

We have seen that students often associate the location of an event with the location
of an object that is moving in the reference frame of interest. To help address this
difficulty, we have designed an exercise to help students identify appropriate “marker
objects” for events (objects whose locations are always the same as the locations of the
events; see Chapter Four). In this exercise, firecrackers explode harmlessly at either end of
a flatcar that moves on a train track. The firecrackers explode at different times. Each
explosion leaves ash on the end of the flatcar and on the track at the instant that it occurs.
Students are asked to sketch event diagrams for the scenario in the track and the train
frames. They are then asked to identify the object(s) whose position in that frame is
always the same as the position of each explosion. Finally, students are asked to generalize
their criteria for choosing marker objects by stating the circumstances under which the
position of an object in a certain reference frame indicates the position of an event in that
reference frame. Students are also asked the corresponding questions about spatial
separation. The exercise is shown in Figure 5-13.
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Firecrackers explode harmlessly at either end of a flatcar that moves along a long, straight stretch
of train track. The firecracker at the front of the flatcar explodes several seconds before the one at
the rear of the flatcar. Ash from each firecracker sticks to the flatcar and falls onto the ground at
the instant each firecracker explodes.

A. Sketch an event diagram for the frame of the track. Include all four piles of ash in your
pictures.

1. Identify the object(s) whose position, in this reference frame, is always the same as the
position of:

a. the first explosion
b. the second explosion

2. In this reference frame, the magnitude of the spatial separation between the explosions is equal
to the distance between two particular objects. Identify these objects.

B. Sketch an event diagram for the frame of the flatcar. Include all four piles of ash in your
pictures.

In this reference frame, the magnitude of the spatial separation between the explosions is equal
to the distance between two particular objects. Identify these objects.

C. Under what circumstances does the position of an object in a certain reference frame indicate
the position of an event in that reference frame?

D. Under what circumstances is the distance between two objects equal to the magnitude of the
spatial separation between two events?

Figure 5-13: Tutorial exercise in which students identify appropriate marker

objects.

Correct event diagrams for the above exercise are shown in Figure 5-14. Students
should be able to recognize that in each frame, the ashpiles that are at rest in that frame
mark the locations of the explosions in that frame; for example, the ashpiles that stick to
the train mark the locations of the events in the train frame. In general, the position of an
object in a certain reference frame indicates the position of an event in that reference
frame if and only if the object (1) is at the location of the event at the time the event
occurs and (2) is at rest in that reference frame.
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Ashpiles

Part A. Frame of the track

Part B. Frame of the train

Figure 5-14: Event diagrams for the tutorial exercise of Figure 5-13.

iii. Addressing the belief that the location of an event can change with time

As we have mentioned, we have found event diagrams to be an especially useful

representation for events and their spatial coordinates. In the following homework

exercise, we present students with flawed event diagrams and student statements, and ask

them to identify and correct the errors they find. The setup for the exercise is shown in

Figure 5-15.
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A city bus moves from left to right relative to the road.

Events I, 2, and 3 are as follows: Event I: The bus driver drops his hat onto the road
Event 2: A passenger on the bus sticks his gum
to the wall
Event 3: A drop of oil drips from the rear of the bus
onto the road

Events 1, 2, and 3 occur one after the other in numerical order. After events 1,2, and 3
have occurred, the hat is to the right of the drop of oil on the road.

Figure 5-15: Setup for tutorial exercise in which students criticize flawed event

diagrams.

In the first part of the exercise (Figure 5-16), the events are incorrectly represented
on the same picture even though they are not simultaneous. In the second part (Figure
5-17), the events are incorrectly represented as moving along with certain objects. In each
case, students are asked to identify the flaw in the diagram and produce correct event
diagrams (shown in Figure 5-18).

A student sketches the event diagram shown below for the road frame. The diagram is flawed.
Identify the error(s) in the event diagram. Draw a correct event diagram for the road frame.

Eveit 3 Event 2 Evj"t 1
o

Qi -— Gum B
(just dropped to ground) hat
(onthe wall) /ot dropped)

Figure 5-16: Tutorial exercise in which students criticize a flawed event
diagram. The events are incorrectly represented on the same
picture even though they are not simultaneous.
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Another student sketches the event diagram shown at
right for the road frame. The diagram is flawed.
Identify the error(s) in the event diagram. Correct
the diagram appropriately.

I 3

Event 1

Gk slEEE R

vent 2‘
f— 4_&

Event 3 Event 1

Figure 5-17: Tutorial exercise in which students criticize a flawed event
diagram. The events are incorrectly represented as moving along
with certain objects.
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Event 2
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Event 3
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Road frame Bus frame

Figure 5-18: Corrected event diagrams for the situations of Figure 5-16 and
Figure 5-17.

In the third part (Figure 5-19), fictional student statements incorrectly equate the
length of an object with the spatial separation between events at the front and rear of the
object. In responding to question 1, students should recognize that although the hat is
dropped from the front of the bus and the oil drips from the back, the spatial separation
between events 1 and 3 in the road frame is not equal to the length of the bus, because the
bus moves in the time between the events. In responding to question 2, students should
recognize that although the hat moves in the time between events 1 and 3, the location of
event | does not change; the distance between the locations of events 1 and 3 is, therefore,
the length of the bus.
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Criticize the following statements.

L. “The hat is dropped from the front of the bus and the oil drips from the back. So
the spatial separation between event 1 (the hat drops) and event 3 (the oil drips) in
the road frame is approximately equal to the length of the bus."

2. "The distance between the location of event 1 and the location of event 3 in the
bus frame is definitely less than the length of the bus, because the hat moves
toward the back of the bus in the time between the events."

Figure 5-19: Tutorial exercise in which students criticize fictional student

statements regarding the spatial separation between events.

This exercise has proved to be quite a difficult one for students, even with the
preparation provided by the earlier tutorial exercises. On the homework, only about half
of the students answer either question 1 or question 2 correctly; about a third answer both
parts correctly. In question I, many students redraw the events as occurring at separate
instants (in separate pictures) but fail to label them as occurring at a specific location
(Figure 5-20). In question 2, some students redrew the event labels to indicate the events
(e.g., event 1, “the bus driver drops his hat onto the road™) as being at rest in that frame
(Figure 5-21(a)). Other students redrew the hat (and its label, “Event 1™) to indicate its
being at rest in the bus frame (Figure 5-21(b)). These students are failing to distinguish
events from the objects associated with them.
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Event 1

v Event 2

Event 3

Figure 5-20: Incorrect student response to question | of the exercise shown in
Figure 5-19. The student has failed to label the events as
occurring at specific locations.
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Event 1 Event 1

(a) (b)

Figure 5-21: Incorrect student responses to question 2 of the exercise shown
in Figure 5-19. (a) The student has indicated the event as being
“at rest” in the bus frame, as though an event could exist for an
extended period of time. (b) The student has indicated the hat
as being at rest in the bus frame, and has labeled the hat “Event
1" at each instant.
Interestingly, several students explained their responses with statements that are not

incorrect:

“Event 1 in reference to the bus occurs at the front of the bus and does
not move to the left.” (introductory student)

*“The hat may be moving backward relative to the bus, but in the bus
frame the location of the event stays constant at the front.” (introductory
student)

The students’ superficially acceptable explanations conceal the errors in thinking
that their incorrect event diagrams make clear. We often find that students’ thinking is
best illustrated by use of a variety of representations.
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2. Assessing student understanding after the Spatial measurement tutorial sequence

We have assessed student understanding after the Spatial measurement tutorial
sequence with a variety of questions. Three are discussed below. The first two are in a
nonrelativistic context; the third is in a relativistic context. One question, the “calculation
post-test,” assesses student ability to calculate the spatial separation between two
nonsimultaneous events. Another question, the “marker-object post-test,” assesses student
recognition of the motion of objects in a given reference frame. The third question, the
“relativistic post-test,” assesses student ability to extend their understanding of spatial
separation to relativistic scenarios. In that question, students are asked to compare the
spatial separation between events to the length of an object moving with relativistic speed
in the frame of interest.

a. Question requiring calculation of spatial separation

i. Description of question

In the calculation post-test for the Spatial measurement tutorial, students are given
the spatial separation and time duration between two events in the ground frame and are
asked to calculate the spatial separation between the events in the frame of an airplane that
moves with nonrelativistic speed v relative to the ground. The post-test is identical to the
pretest described on page 130 (Figure 5-1). However, no student saw the same question
twice.

ii. Correct response

As detailed on page 130, a correct answer to the calculation post-test may be
obtained by application of the Galilean transformation for spatial separations.

&x’ =8x-0vbt
= 300 km — (50 m/s) (-6000 s))
=600 m

As discussed in Chapter Four, students tend to fail to calculate the spatial separation
correctly because of their intuitive idea that the spatial separation between the events is
equal to the distance between the objects associated with the events.
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iii. Administration of question

The post-test described above has been given in courses for introductory and
advanced undergraduate students. In some cases, the question was given after traditional
instruction in Galilean relativity and served as a pretest of the Spatial measurement tutorial.
In other cases, the question was given after students had completed the Spatial
measurement tutorial and served as a post-test of that tutorial. Student performance after
only traditional instruction was reported in detail in Chapter Four. We repeat these post-
traditional-instruction results below for comparison with post-tutorial-instruction results.

When used as a post-test, the question described above was either part of the
homework following the Spatial measurement tutorial or part of the pretest for the next
tutorial (Length contraction, described below). The results were very similar. Therefore,
they have been combined.

iv. Student performance

Student performance on the calculation post-test is substantially improved after
completion of the Spatial measurement tutorial sequence. The proportion of students
answering correctly is approximately doubled in both introductory and advanced courses.
The fraction of students claiming that the spatial separation between the events is invariant
and equal to the distance between the mountains is reduced by about half.
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Table 5-1: Results of the calculation post-test of the Spatial measurement tutorial

sequence.
Written question
Traditional instruction SPM tutorial instruction
Ing&g‘;g:gry Advanced Introductory Advanced
Sp99° undergrad. students undergrad.
AuOY Augg |  Au00 Au98 Au99, Au00
(N=108) (N=27) (N=37) (N=48)
oy | SPGO | %0 | 60%0) | 6% 06N
o, | BP0 | 0%6) | 15%0) 5% (2)
8x"=8x 30% (31) 30% (8) 15% (6) 15% (7)
ox°=vdt 3% (8) 15% (4) 5% (2) 10% (5)
Other 15% (15) 5% (1) 5% (2) 5% (3)

The results of the calculation post-test are especially notable in that the focus of the
tutorial sequence is on qualitative comparisons, not quantitative applications. The fact that
completion of the Spatial measurement tutorial strengthens student performance on the
calculation post-test provides additional evidence that student difficulties with this question
are in part conceptual difficulties with measurement procedures for object length.

b. Question about the motion of “marker objects”

i. Description of question

In the marker-object post-test of the Spatial measurement tutorial sequence, two
volcanoes, Mt. Rainier and Mt. Hood, suddenly erupt at the same time in the reference
frame of a seismologist at rest in a laboratory midway between the volcanoes. A spacecraft
flies directly from Mt. Rainier to Mt. Hood with constant relativistic speed relative to the
ground. Students are asked, among other tasks, to sketch an event diagram illustrating the
scenario in the spacecraft frame. We observe particularly whether students correctly
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represent the motion of objects in the spacecraft frame. The marker-object post-test,
shown in Figure 5-22, is similar to the explicit version of the Eruptions question described
in Chapter Four. However, no student saw the same question twice.

Two volcanoes, Mt. Rainier and Mt. Hood, erupt simultaneously in the reference frame of a seismol-
ogist at rest midway between them. The volcanoes are 300 km apart in their rest frame. A spacecraft
flying with constant speed v =0.8c past Rainier towards Hood is directly over Rainier when it erupts.

Sketch an event diagram for the spacecraft frame.

Figure 5-22: Marker-object post-test for Spatial measurement tutorial
sequence.

ii. Correct response

A correct response is shown in Figure 5-23. A correct event diagram has several key
features. For the purposes of this question, we observed only whether students indicated
that in the spacecraft frame, the positions of the volcanoes change with time while the
spacecraft remains at rest.

B—

Event 1

»_ (Rainier erupts)

Event 2
(Hood erupts)

Figure 5-23: Correct event diagram for the marker-object post-test.
iii. Administration of question

We have administered the marker-object post-test as a written question to about 200
students in six introductory and advanced undergraduate physics courses. The question
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was administered after the Spatial measurement tutorial, as part of the pretest for the
following tutorial (Length contraction, described below).

iv. Student performance

Three-quarters of students answered the marker-object post-test correctly. Such
performance represents substantial improvement over the results of the graduate student
interviews discussed in Chapter Four, suggesting that the Spatial measurement tutorial
provides effective instruction regarding marker object motion.

Table 5-2:  Results of marker-object post-test of the Spatial measurement tutorial

sequence.
Interview . .
task Written question
Traditional L .
instruction SPM tutorial instruction
Graduate Introductory Advanced
students students undergraduates
Sp99 Au98, Au99, | Wi98, Wig9, Au99,

(N=10) Sp99* (N=142) Au00 (N=93)

Correct: spaceship at .

rest, mountains moving 30% (3) 70% (100) 5% (72)
Incorrect: ground at rest, .

spaceship moving 70% (7) 15% (23) 15% (16)
Other incorrect 0 15% (19) 5% (5)

* These results represent students’ initial responses. All students corrected their event
diagrams during the course of the interview, with assistance from the interviewer.

c. Question comparing spatial separation to length in a relativistic context

We have observed repeatedly that students tend to equate the spatial separation
between events with the distance between objects associated with those events. As part of
our assessment of the Spatial measurement tutorial sequence, we asked a question designed
to probe this difficulty directly. In order to observe whether students were able to extend
the ideas of the Spatial measurement tutorial sequence to situations they had not
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previously studied, we set the question in a relativistic context. (The students had already
studied relativistic kinematics in other parts of the course.)

i. Description of question

The relativistic post-test of the Spatial measurement tutorial sequence takes place in
the same context as the calculation post-test, but the speed of the vehicle passing over the
mountains is relativistic, and the eruptions occur simultaneously in the ground frame.
Students are asked (i) to determine the order of the eruptions in the spacecraft frame and
(ii) to compare the spatial separation between the eruptions in the spacecraft frame to the
distance between the mountains in that frame (and explain their reasoning). The
relativistic post-test is shown in Figure 5-24.

Two volcanoes, Mt. Rainier and Mt. Hood, erupt simultaneously in the reference frame of a seismol-
ogist at rest midway between them. The volcanoes are 300 km apart in their rest frame. A spacecraft
flying with constant speed v =0.8¢ past Rainier towards Hood is directly over Rainier when it erupts.

1. In the reference frame of the spacecraft, does Rainier erupt before, after, or at the same time as
Hood? Explain your reasoning.

2. Determine the spatial separation between the two eruptions in the reference frame of the space
craft. Show your work.

Figure 5-24: Relativistic post-test of the Spatial measurement tutorial

sequence.

Part 1 of this question is identical to the location-specific Spacecraft question
described in Chapter Two and used to assess the effectiveness of the Relativistic kinematics
tutorial sequence described in Chapter Three. Here, we discuss the results of this part only
to the extent that they relate to student performance on part 2 of the question, which
relates to the material in the Spatial measurement tutorial.

ii. Correct response

In the spacecraft frame, Mt. Hood erupts first. (For a detailed discussion of the
determination of the order of events in the spacecraft frame, see Chapter Two.) Because
mountains move away from the location of Hood’s eruption in the time between the
eruptions, the spatial separation between the eruptions is greater than the distance between
the mountains. An event diagram illustrating the situation in the spacecraft frame appears
in Figure 5-23 (page 152).
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iii. Administration of question

We have administered the relativistic post-test of the Spatial measurement tutorial as
a written question to about 200 students in five introductory and advanced undergraduate
physics courses. The question was administered after the Spatial measurement tutorial, as
part of the pretest for the following tutorial (Length contraction, described in section C.1
below). For reasons that will be discussed in section iv below, it is important to note that
the question came after students had completed the first half of the Relativistic kinematics
tutorial sequence described in Chapter Three.

iv. Student performance

About one-third of students answered part | correctly.’ (For a detailed discussion of
the results of part 1, see the discussion of the (identical) location-specific spacecraft
question in Chapter Two and the Relativistic kinematics post-test in Chapter Three.)

Student performance on part 2 of the relativistic post-test (comparing 8x, the spatial
separation between the eruptions in the spacecraft frame, to d, the distance between the
mountains in that frame) is poor. Although we have no pretest data with which to compare
the results, it is difficult to imagine that much improvement could have taken place as a
result of Spatial measurement tutorial instruction. Many students claimed that the spatial
separation between the events was equal to the distance in the spacecraft frame. They
failed to recognize that this would only be true if the events were simultaneous. A smaller
group of students claimed that the two quantities were related by the formula for length
contraction, even though the two quantities are measured in the same frame of reference.
Student approaches are summarized in Table 5-3.
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Table 5-3:  Results of part 2 of the relativistic post-test of the Spatial
measurement tutorial sequence.

Written question
SPM tutorial instruction
Advanced
Introductory students undergraduate
Au98, Sp99, Au99 students
(N=130) Wi98, Au99, Aul0
(N=69)
Correct (8x > d) 5% (8) 10% (7)
Reasoning based on incorrect
measurement of length (8x = d) 30% (63) 60% (41)
Reasoning based on length
contraction (8x < d) 25% (31) 15% (10)
Other or no reasoning 20% (28) 15% (11)

It might be questioned whether the students recognized that the two events were not
simultaneous in the spacecraft frame. For this reason, we also examined student responses
to part 1 of the comparison post-test in this context. Part | requests the order of eruptions
in the spacecraft frame. As stated above, about one-third of students answered correctly.®
Those students’ responses to part 2 of the comparison post-test are summarized in Table
5-4. This sub-group did, in fact, do better on the question; the fraction of students
claiming that dx = d is lower in this sub-group of students. However, overall performance
is still not impressive. Only 15-20% answered correctly. This result is consistent with our
observations in Chapter Four that student difficulties with spatial measurements are
apparently not limited to difficulties with the relativity of simultaneity.
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Table 5-4:  Resuits of part 2 of the relativistic post-test of the Spatial
measurement tutorial sequence. Includes only students who answered
correctly regarding the relativity of simultaneity.

Written question
SPM tutorial instruction
Introductory students un:::agfizit
Au98, Sp99, Au99 smﬁzm e
(N"=44) Au99, Au00 (N"=35)

Correct (dx > d) 20% (8) 15% (5)
Reasoning based on incorrect

measurement of length (3x = d) 25% (10) 45% (16)
Reasoning based on length

contraction (8x < d) 30% (13) 25% (9)
Other or no reasoning 30% (13) 15% (5)

Although an understanding of length contraction is not necessary for (or relevant
to) a correct answer to this post-test, the idea appears to present a major distraction for
students. The Spatial measurement tutorial sequence, which deals only with nonrelativistic
contexts, does not present opportunities to confront incorrect applications of length
contraction. The above results suggest that explicit consideration of this idea may be
essential to improving student understanding of measuring length.

v. Commentary

The Spatial measurement tutorial sequence appears to be fairly effective in
addressing some common student difficulties with spatial measurements in nonrelativistic
contexts. For example, after completion of the tutorial sequence, 60-65% of students
apply the Galilean transformations correctly to calculate a spatial separation between
events, as compared with about 35% correct after traditional instruction. However, about
one-third of students still do not calculate spatial separations correctly after the tutorial.
We intend to add quantitative exercises to the tutorial sequence to the as a next step in
improving the curriculum.
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It is interesting to note that completion of the Spatial measurement tutorial sequence
is not sufficient for students to successfully respond to questions comparing spatial
separation to object length in relativistic contexts. Other ideas seem to arise in those
contexts that prevent students from applying the ideas of spatial measurement introduced
by the tutorial. As discussed below, the combination of the Spatial measurement and
Length contraction tutorials seems to be necessary to help students apply measurement
procedures for length in relativistic contexts.

C. ADDRESSING STUDENT DIFFICULTIES WITH SPATIAL MEASUREMENTS IN
RELATIVISTIC CONTEXTS

1. Tutorial sequence: Length contraction

We have seen that students have difficulty with quantitative relationships among
spatial quantities, especially in relativistic contexts. In particular, students tend to apply the
formula for length contraction indiscriminately. In the Length contraction tutorial
sequence, we try to address this difficulty by providing experience with situations in which
the length contraction formula is not relevant and having students reflect on the conditions
that must be met in order that it can be applied.

a. Eliciting indiscriminate applications of length contraction

The Length contraction pretest serves the purpose of eliciting students’ tendency to
apply length contraction indiscriminately. The pretest, shown in Figure 5-25, is identical
to the relativistic version of the Ratios question described in Chapter Four. Two spaceships
(A and B) pass one another with relativistic relative speed. Students are asked to determine
numerical values for the ratios 8x,,"/8x," and 8x,;*/8x,,™. As detailed in Chapter Four,
since the relevant events for the numerator of each ratio occur at the same location, both
ratios are equal to zero. Event diagrams for the Length contraction pretest are shown in
Figure 5-26.
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Two spaceships, A and B, pass very close to each other. Alan is at rest in the front of spaceship A
and Beth is at rest in the font of spaceship B. Andy and Becky are at rest in the backs of spaceships
A and B respectively.

Beth Becky
Define events 1, 2, and 3 as follows: - B
Event 1: Alan and Beth are adjacent e}
Event 2: Andy and Beth are adjacent ‘e
Event 3: Alan and Becky are adjacent Andy Alan

In Alan’s frame, the speed of spaceship B is 0.6¢ (¥ = 1.25) and spaceships A and B each have length
120 c-ns. (One light-nanosecond, abbreviated c-ns, is the distance light travels in one nanosecond.)

Determine numerical values for the following ratios, in which, for example,
dx73(B) = x3(B) — x,(B) = the spatial separation between events 2 and 3 in Beth's frame.

L. ox3BVox;,(A) 2.0x730A) 03B

Figure 5-25: The Length contraction pretest.

Event1l Em‘-l::ga
Beth Becky e e . m e W S to S
Egs Ap—»
A
Andy Alan Emgﬁs
B
A
g —=="
it
(a)

Figure 5-26: Event diagrams for the Length contraction pretest.

The majority of students at all levels are unable to answer the Length contraction
pretest correctly. Most state that the ratio is equal to the factor ¥ or its reciprocal.

b. Addressing the belief that a ratio of spatial separations is a ratio of lengths

The Length contraction tutorial sequence begins with an exercise in which students
produce event diagrams for both frames in the same situation used in the Length
contraction pretest.” Students are prompted to include the fact that lengths are contracted
in their diagrams with subsidiary questions such as “Determine the proper length of
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spaceship B,” and “In Beth's frame, is the length of spaceship A greater than, less than, or
equal to 120 c-ns?” In the classroom, students show no difficulty representing contracted
lengths in their event diagrams. The correct event diagrams appear in Figure 5-26.

i. Exercise in which ratio of spatial separations is zero

After having produced event diagrams, students are asked to determine a numerical
value for the ratio 8x,,”/8x,,* and to check that their answer is consistent with their event
diagrams. In the classroom, almost no students answer this question correctly, despite
having produced correct event diagrams on the same page of the tutorial worksheet. For
this reason, we have included a “checkpoint” in the tutorial sequence at this exercise:
students are instructed to check their answers with a tutorial instructor before proceeding
to the rest of the worksheet. With such assistance, students are able to recognize that the
value of the ratio requested is zero. The exercise is shown in Figure 5-27.

Determine the numerical value of the ratio dx;2(B)ox;,(A).,

< Check your answer with a tutorial instructor.

Figure 5-27: Tutorial exercise in which students identify a ratio of spatial
separations as being equal to zero.

ii. Exercise in which ratio of spatial separations is the reciprocal of the expected ratio

The second exercise in the Length contraction tutorial sequence refers to the event
diagrams just described, but is in the form of a student dialogue regarding the ratio
8x,,®/8x,,. Student 1 claims (correctly) that the length of spaceship A in Beth’s frame is
less than the length of spaceship A in Alan’s frame, since in Beth’s frame, spaceship A is
contracted from its proper length. Student 2 goes on to deduce (incorrectly) that the ratio
8x®/8x,™ is therefore less than one. Students in the classroom are told that student 2's
conclusion is incorrect and are asked to identify the error in Student 2’s reasoning. The
exercise is shown in Figure 5-28.
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Consider the following student dialogue

Student 1: "The length of spaceship A in Beth's frame is less than the length of
spaceship A in Alan's frame, since in Beth's frame, the length of spaceship A is
contracted from its proper length."

Student2: “Exactly. So dx23(8)/5x,3(A) is less than one."

Student 2’s conclusion is incorrect. Identify the error in the student’s reasoning.

Figure 5-28: Tutorial exercise in which a ratio of spatial separations is the

reciprocal of the expected ratio.

Students can use their event diagrams (Figure 5-26) to determine that the ratio
8x,®/dx " is actually greater than one, since it is the ratio of the proper length of ship B to
the contracted length of ship B. They should recognize that Student 2’s error is in
equating dx,, with the length of ship A; in fact, it is equal to the length of ship A only in
the frame in which events 2 and 3 are simultaneous (Alan’s frame).

In the classroom, students have little difficulty identifying the particular error in
Student 2's reasoning. However, they seem to classify Student 2’s error as careless, not
conceptual; he or she made a mistake as to which ship length the spatial separations
referred to. The exercise provides an example of a ratio of spatial separations that is the
reciprocal of the expected ratio, but it is still a ratio of lengths. It is perhaps for this reason
that the students find the exercise easy to complete.

c. Reinforcing student understanding of spatial separation in the context of quantitative
relationships

We have found that in special relativity it is important to provide students with
practice in interpreting quantitative relationships. The practice provides a context in which
to reinforce and extend student understanding of spatial separations between events.
Below, we describe exercises emphasizing applications of the invariant spacetime interval.
These exercises are assigned as homework after completion of the tutorial sequence
described above.
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i. Applying the invariance of the spacetime interval to derive the Lorentz
transformations

In one exercise, students work through a derivation of the Lorentz transformations.
(In some cases, they have already seen a similar derivation in another part of the course.)
They use the invariance of the spacetime interval and basic kinematic relationships (e.g.,
the definition of velocity). The exercise describes a situation that includes three events and
two reference frames. The events and frames are chosen so that the spatial and temporal
separations between them have particular interpretations in the physical context described.
Students complete a series of questions in which they relate these spatial and temporal
separations to one another using the invariance of the spacetime interval and identify
certain physically meaningful quantities (e.g., lengths, velocities) in the process. By
rewriting spatial and temporal separations in terms of these physical quantities and
assuming linear transformations, students are able to determine the coefficients for both
spatial and temporal Lorentz transformations. Because of the length of the exercise, it is
not included here; the full exercise appears in Appendix C.

ii. Interpreting spatial separations in the context of timelike, spacelike, and lightlike
spacetime intervals

The last exercise that we describe has students consider timelike, spacelike, and
lightlike intervals (e.g., intervals for which the quantity 87, =-c*31,,P? + 8x,,°? is
positive, negative, or zero, respectively).! Several short exercises require students to
interpret the terms in the spacetime interval by relating them to a generic physical context.
For example, two events that are measured to occur 10 c-ns apart in frame A are observed
to have a lightlike interval between them. Students are asked to determine the time
duration between the events. For events that occur 10 c-ns apart in space and 15 ns apart
in time in frame A, students are asked if there is a frame in which the events occur at the
same place. The complete exercise is shown in Figure 5-29.
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Pairs of events for which the quantity c20 1122 = - c20¢12(F) 2 + dx1,(F) 2 (the “square of the spacetime

interval between events 1 and 27) is positive are referred to as having a spacelike separation; pairs of
events for which that quantity is negative are referred to as having a timelike separation. If the
spacetime interval between two events is zero, their separation is said to be lightlike.

Two events, 1 and 2, are measured to occur 10 ¢c-ns apart in frame A.

A. Suppose events 1 and 2 are separated by a lightlike interval. Determine the time duration (in ns)
between the events in frame A.

B. Suppose instead that in frame A, event 1 occurs 15 ns before event 2.

1. Is there a reference frame in which the events occur at the same place? If so, describe the motion of
that frame relative to frame A. If not, explain why not.

2. Is there a reference frame in which the events occur at the same time? If so, describe the motion of
that frame relative to frame A. If not, explain why not.

3. Is there a reference frame in which event 1 occurs after event 2? If so, describe the motion of such a
frame relative to frame A. If not, explain why not.

C. Suppose instead that in frame A, event 1 occurs 6 ns of time before event 2. Determine the
minimum spatial separation (in c-ns) between the events in any frame.

Figure 5-29: Tutorial exercise regarding interpretation of spatial separations
in the context of timelike, spacelike, and lightlike intervals.

2. Assessing student understanding after Length contraction

We have assessed student understanding after the Length contraction tutorial with
both qualitative and quantitative questions that require students to distinguish between
spatial separation and object length. One, the “comparison post-test,” asks students to
compare the spatial separation between nonsimultaneous events to the length of a moving
object. The “calculation post-test” and “ratios post-test” assess student ability to
determine the spatial separation between events in situations in which the spatial separation
does not correspond to the length of an object.

a. Question comparing spatial separation to length
i. Description of question

The comparison post-test for the Length contraction tutorial is identical to the
relativistic post-test for the Spatial measurement tutorial sequence, shown in Figure 5-24
on page 154. In that question, a spacecraft flies with relativistic speed relative to volcanoes
that erupt simultaneously in the ground frame. Students are asked (i) to determine the




164

order of the eruptions in the spacecraft frame and (ii) to compare the spatial separation
between the eruptions in the spacecraft frame to the distance between the mountains in that
frame (and explain their reasoning).

ii. Correct response

A correct response to the comparison post-test is described on page 154. Mt. Hood
erupts first in the spacecraft frame. Since, in that frame, the mountains move away from
the location of the first eruption in the time between the two eruptions, the spatial
separation between the events is greater than the distance between the mountains.

iii. Administration of question

We have administered the comparison post-test of the Length contraction tutorial
sequence as an examination question to about a hundred students in three advanced
undergraduate physics courses. The question was given on an examination after the
Length contraction tutorial sequence. (Students had also completed the Relativistic
kinematics tutorial sequence described in Chapter Three at that time.)

iv. Student performance

Student performance on part 2 of the comparison post-test is substantially improved
with completion of the Length contraction tutorial sequence. Table 5-5 and Table 5-6
report the performance of introductory and advanced students, respectively. In each table,
N represents all students taking the post-test; N represents the number of students taking
the post-test who responded correctly to part 1 regarding the order of events in the
spacecraft frame. (See page 156 for a discussion of the relevance of event order to this
comparison.)
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Table 5-5: Results of part 2 of the comparison post-test of the Length
contraction (LC) tutorial sequence, administered to introductory
students. Results after the Spatial measurement (SPM) tutorial are
shown for comparison. N includes all students responding to the
post-test; N includes only those students who answered correctly
regarding the relativity of simultaneity in part 1.

Written question

Introductory students

Correct (3x > d)

SPM tutorial SPM and LC tutorial
instruction instruction
Au98, Sp99, Au99 Au99
(N=130) (N"=44) (N=70) (N’=44)
45%

5% (8) 20% (8) | 35% (24) (19)

Reasoning based on incorrect
measurement of length (8x = d)

50% (63) | 25% (10) | 20% (15) | 20% (8)

Reasoning based on length
contraction (8x < d)

25%

25% (31) | 30% (13) | 35% (23) (12)

Other or no reasoning

20% (28) | 30% (13) | 10% (8) | 10% (5)
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Table 5-6: Results of part 2 of the comparison post-test of the Length
contraction (LC) tutorial sequence, administered to advanced
undergraduate students. Results after the Spatial measurement (SPM)
tutorial are shown for comparison. N includes all students
responding to the post-test; N includes only those students who
answered correctly regarding the relativity of simultaneity in part 1.

Written question

Advanced undergraduate students

SPM tutorial SPM and LC tutorial
instruction instruction
Wi98, Au99, Au00 Wi98, Au98, Au99

(N=69) (N"=35) | (N=67) (N’=49)

Correct (3x > d) 10% (7) 15% (5) | 40% (28) | 55% (27)

Reasoning based on incorrect

measurement of length (6x = d) 60% (41) | 45% (16) | 15% (10) | 10% (5)

Reasoning based on length

contraction (8x < d) 15% (10) | 25% (9) | 25% (16) | 15% (9)

Other or no reasoning 15% (11) | 15% (5) | 20% (13) | 20% (9)

Student performance on this question is improved after working through the Length
contraction tutorial sequence. Among both introductory and advanced students, the
percentage reasoning based on an incorrect measurement of length (8x = d) is reduced.

The percentage of students reasoning based on length contraction is not
dramatically reduced and in some cases may increase as a result of tutorial instruction.
This error on students’ part is not well understood; students appear to be applying length
contraction to compare two quantities that are measured in the same frame. Further
research is needed to better identify and respond to this particular student difficulty.

b. Question requiring calculation of spatial separation

i. Description of question

The calculation post-test for the Length contraction tutorial sequence is identical to
the implicit version of the Eruptions question described in Chapter Four. In that question,
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a spacecraft flies with relativistic speed relative to volcanoes that erupt simultaneously in
the ground frame. Students are first asked whether there is a frame in which the events are
simultaneous and, if so, to determine the velocity of that frame relative to the ground.
Second, students are asked to determine the spatial separation between the eruptions in the
spacecraft frame. The calculation post-test appears in Figure 5-30.

Two volcanoes, Mt. Rainier and Mt. Hood, suddenly erupt on the same day. The volcanoes are 300
km apart in their rest frame. In the frame of a seismologist at rest on the ground, Mt. Hood erupts
first; Mt. Rainier erupts at a time cAr = 120km later.

1. Is there a frame in which the eruptions occur simultaneously? If so, determine the magnitude
and direction of the velocity of this frame relative to the ground. If not, explain why not.

2. A spacecraft flies with constant speed past Rainier towards Hood at v =0.8c. Determine the spatial
separation between the two eruptions in the reference frame of the spacecraft. Show your work.

Figure 5-30: Calculation post-test for the Length contraction tutorial

sequence.

Student responses to part | of this question reflect their understanding of the
relativity of simultaneity and are discussed in Chapter Two (section E.3). Here, we discuss
the results of part [ only to the extent that they relate to student performance on part 2 of
the question, which relates to the material in the Length contraction tutorial. The
discussion below parallels that in Chapter Four (section D).

ii. Correct response

Correct responses to parts | and 2 may be obtained by application of the Lorentz
transformations. The positive direction is from Rainier to Hood. In the solution to part 1
below, the unprimed frame is the ground frame, the primed frame is the frame in which
the events are simultaneous, and v is the velocity of that frame relative to the ground. The
eruptions are simultaneous in a frame moving with speed 0.4c from Hood to Rainier.

Part I: & =0 =y(dt-0dx/c?)
= 5/3 (-400 ns — v (1000 c-ns)/c?)
v =-04c

In the solution to part 2 below, the unprimed frame is the ground frame, the double-

primed frame is the frame of the spacecraft, and V is the velocity of the spacecraft relative
to the ground. The eruptions are 2200 c-ns apart in the spacecraft frame.
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Part 2: &x*° =7y(dx-Vdr)
= 2200 c-ns

iii. Administration of question

We have administered the calculation post-test of the Length contraction tutorial
sequence as an examination question to students in three introductory and advanced
undergraduate physics courses.

iv. Student performance

Table 5-7 summarizes student performance on part 2 of the post-test. Student
performance is improved over pretest performance. Two-thirds of introductory students
use a correct approach after tutorial instruction, compared to about one-fourth after
traditional instruction; among advanced undergraduate students, performance improves
from about one-third to about one-half using a correct approach. Although a significant
number of students still use length contraction inappropriately in response to this question,
the fraction of students doing so is reduced. Overall, student performance is substantially
better than graduate student performance without tutorial instruction.

As was the case after traditional instruction, most students answer part | of the
calculation post-test for the Length contraction tutorial sequence in a manner consistent
with the idea that the eruptions are not simultaneous in the spacecraft frame (see Chapter
Four). Student performance among those who recognized the relativity of simultaneity
(denoted by N~ in the table) is slightly better than the performance of the entire group
{(denoted by N).
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Table 5-7:  Results of part 2 of the calculation post-test of the Length contraction
tutorial sequence given to introductory students. The second row is a
subset of the first. Graduate student results are included for
comparison. N includes all students responding to the post-test; N *
includes only those students who answered correctly regarding the
relativity of simultaneity in part 1.

SPM and LC

Traditional instruction tutorial instruction

Written question Int:aar:llew Written question
Graduate Introductory
Introductory students students students

Au98, Sp99, Au99 Sp98, Sp99 Au98, Au99

(N=127) (N’=114) | (N=N"=16) | (N=116) N'=107

)
Correct
approach 25% (30) | 25% (29) | 20% (3) ?;Z'; ?;;7;
(Lorentz trans.)
Correct answer 15% (21) | 15% (20) | 20% (3) 755-?; .;?;7;
Approach
based on 30% 25%
length 60% (78) | 55% (66) | 80% (13) (34) 27
contraction
Other incorrect
approach 15% (19) | 15% (19) 0 5% (8) | 5% (8)
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Table 5-8: Results of part 2 of the calculation post-test of the Length contraction
tutorial sequence given to advanced undergraduate students. The
second row is a subset of the first. Graduate student results are
included for comparison. N includes all students responding to the
post-test; N” includes only those students who answered correctly

regarding the relativity of simultaneity in part 1.

Traditional instruction

SPM and LC

tutorial instruction

Interview

Weritten task task Written task
Advanced Graduate Advanced
undergraduate students students undergraduate
Sp9s8 Sp98, Sp99 students Wi98
(N=34) (N’=25) | (N=N"=16) (N=N" =22)
Correct approach
(Lorentz trans.) 30% (10) 35% (9) 20% (3) 50% (11)
Correct answer 25% (8) 30% (7) 20% (3) 35% (8)
Approach based
on length 60% (20) | 50% (12) 80% (13) 45% (10)
contraction
Other incorrect 10% (4) 15% (4) 0 5% (1)
approach

c. Question requiring calculation of a ratio of spatial separations

i. Description of question

The ratios post-test for the Length contraction tutorial sequence is identical to part

(i) of the pretest described on page 158 (Figure 5-25).

The post-test is also extremely

similar to the tutorial exercise described on page 159. In the question, Alan and Andy are
in the front and rear of spaceship A, and Beth and Becky are in the front and rear of
spaceship B. The two spaceships pass one another with given relativistic speed. Students
are asked to determine the numerical value of the ratio &x,®/8x,”", where events 1 and 2

both occur at Beth.
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ii. Correct response

Because the events in question occur at the same location in the frame of ship B, the
value of the ratio requested is zero.

iii. Administration of question

We have administered the ratios post-test for the Length contraction tutorial
sequence as an examination question to students in one introductory and one advanced
undergraduate physics course.

iv. Student performance

The ratios question appears to be singularly difficult for students. Performance on
the post-test is poor, showing little or no improvement (perhaps even a reduction) from
pretest performance. This is despite the fact that students had seen a nearly identical
question previously in tutorial or on the pretest. As we have seen in other contexts (e.g., in
Chapter Three), repeated exposure to the same question does not reliably result in
improved performance.

Table 5-9: Results of the ratios post-test of the Length contraction tutorial
sequence given to introductory students.

Written question

Advanced undergraduate

Introductory students students

Traditional -
instruction SPM and LC | Traditional | SPM and LC

tutorial instruction tutorial
Sp98, Auds, instruction Au98, Sp99 | instruction

Spfﬁ;%“)” Au99 (N=56) | (N=26) | Au99 (N=19)
Correct (zero) 10% (5) 15% (7) 40% (10) 30% (6)

Incorrect: yor l/y| 75% (49) 75% (43) 60% (16) 70% (13)

Other incorrect 15% (11) 10% (6) 0 0

Further research is needed to identify instructional strategies that will enable students
to identify spatial separations that are equal to zero.
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D. SUMMARY

Based on the research described in Chapter Four, we developed a tutorial sequence
to address students’ difficulties with event position, spatial measurements, and applications
of quantitative relationships such as length contraction. The two-part sequence focuses
first on applications of the concept of a reference frame to measurement procedures for
the spatial separation between events in general and object length in particular. The
second part requires students to identify the conditions under which length contraction is
and is not the appropriate relationship between pairs of spatial separations. We have found
that students who have completed this sequence are more likely to be able to correctly
compare spatial separation to object length, and are better able to perform calculations of
spatial separation by means of the Galilean or Lorentz transformations.

Some difficulties with spatial measurements are persistent, and thus far we have only
partially succeeded in addressing them within a few hours of tutorial instruction. Student
performance on applications of the Lorentz transformations leaves room for improvement,
and students have particular difficulty recognizing spatial separations that are equal to
zero. Further research is needed to identify effective instructional strategies to address
persistent student difficulties with spatial measurements.
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NOTES TO CHAPTER FIVE

' R.P. Feynman, The Character of Physical Law (MIT Press, Cambridge, MA, 1967), p.127.
2 Data from Oregon State University.

3 Data from Massachusetts Institute of Technology.

% Data from Oregon State University.

5 Students had completed the first half of the Relativistic kinematics tutorial described in Chapter Three
(parts a-d). After completion of the entire Relativistic kinematics tutorial sequence, student
performance is about 50% correct on similar questions.

¢ Note that part (i) of the comparison post-test is identical to the extremely challenging location-specific
spacecraft question discussed in Chapter Two. By using this version of the question, we hoped to
distinguish students with a genuine understanding of the relativity of simultaneity from those with a
superficial recollection of the idea.

’ The same exercise serves as a reinforcement of the relativity of simultaneity (see Chapter Three,

section C.l.e).

Several different definitions of the spacetime interval, timelike intervals, efc. are common in
undergraduate physics courses. Each time we assigned this exercise, we consulted with the instructor
to make sure that the definitions we used were consistent with his or her definitions and with the text
for the course. The resulting modifications to the exercises were minor.
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CHAPTER SIX:
CONCLUSION

In this dissertation we have presented results from a systematic investigation of
student understanding of special relativity. This work is part of the ongoing effort of the
Physics Education Group at the University of Washington to establish a research base on
the teaching and learning of physics that can serve as a resource for instruction and
curriculum development. During this investigation, which was conducted among students
enrolled in physics courses ranging from the introductory to the graduate level, we
identified persistent difficulties with the definitions of the position and time of an event
and with the concept of a reference frame. We have applied the results from this research
to guide the design of instructional materials to address some of the specific difficulties
that we identified.

Our investigation has shown that many students do not think of a reference frame as
a system of observers that determine the same position and time for any event. Instead,
they appear to equate a reference frame with a “point of view.” They interpret statements
of the frame-dependence of the time of an event to mean that observers at different
locations receive signals from events at different times. Popular culture does not
distinguish well between relativity and relativism, and the idea that “everything is relative”
may find expression in modemn physics classrooms. However, the difficulties that we
identified do not appear to arise simply from inappropriately colloquial interpretations of
technical terms. Students appear to believe strongly that it is in the nature of relativity for
observers to disagree about the reality that surrounds them. Such a belief unravels the
very fabric of relativity theory, which depends on invariance as much as it allows for
variability. However, the incorrect belief has the tremendous advantage of allowing
students to avoid the true relativity of simultaneity, which is easily among the most
disturbing results of modern physics.

Student difficulties with spatial measurements also appear to have their roots in
difficulties with the concept of a reference frame. In the context of spatial measurements,
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however, instead of being burdened with an incorrect concept of reference frame, students
appear to lack such a concept. For example, they do not spontaneously apply the
formalism of a reference frame when asked to measure the length or speed of an object.
They use objects to specify event locations, a practice that suggests that they imagine space
as being “studded” with items of interest, rather than uniformly blanketed with a
coordinate grid. Lacking a reliable sense of what is meant by the position of an event,
students tend to associate events with moving objects, an association that may be the basis
for the apparent belief that the spatial separation between two events is identically equal to
the distance between two objects. This inappropriate equality seems to be at the root of the

indiscriminate application of length contraction and failure to apply the Lorentz
transformations.

Traditional instruction in relativity appears to have little effect on these ideas, which
are present even among graduate students in physics. In fact, instruction in relativity may
inadvertently reinforce such beliefs. New vocabulary, equations, and slogans such as
“moving clocks run slow” may be assimilated without understanding and may be used

incorrectly to justify a worldview that is Newtonian at best, and may perhaps be better
described as medieval.'

The results of this investigation strongly suggest that a meaningful understanding of
relativity requires a sound basis in nonrelativistic kinematics. This generalization has
guided us in the development of tutorials to supplement instruction in special relativity.
For example, the instructional sequence that attempts to address student difficulties with
applications of length contraction begins with applications of the concept of a reference
frame to measurement procedures for the spatial separation between events in
nonrelativistic situations. Similarly, the sequence that addresses student difficulties with the
relativity of simultaneity focuses first on the development of the concept of a reference
frame and measurement procedures for the time of an event. Later parts of each sequence

work to help students apply these basic ideas in a rigorous manner to challenging
relativistic scenarios.

After students have completed instruction using the materials that we developed, we
have posed examination problems designed to test student conceptual understanding. By
comparing student performance on these questions to that after standard instruction, we
have been able to assess the effectiveness of the curriculum. In several cases, we have
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found that student performance on these problems is significantly better in courses in
which our materials have been used than in courses in which students have completed
standard instruction. Students who have completed the series of tutorials on special
refativity are more likely to answer correctly basic questions about simultaneity, both for
observers at rest relative to one another and for those in motion relative to one another.
They are also more likely to be able to compare spatial separation to object length and to
be able to perform calculations of spatial separation by means of the Galilean or Lorentz
transformations. We have also identified other difficulties that appear to be very persistent.
Thus far we have only partially succeeded in addressing these through tutorial instruction.
Further research is needed to identify effective instructional strategies.

The work reported in this dissertation provides an example of the three-part process
by which we attempt to improve the teaching and leamning of physics. By investigating
student difficulties, developing curriculum to address these difficulties, and assessing
student performance after instruction is completed, we hope to gain an increasingly
detailed and coherent understanding of how students learn physics. Our experience
indicates that the type of research and research-based curriculum development described
greatly increases the likelihood that there will be cumulative improvement in the
effectiveness of instruction at all levels of physics.
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NOTE TO CHAPTER SIX

! See A. Crosby, The Measure of Reality: Quantification and Western society, 1250-1600 (Cambridge
University Press, Cambridge, UK, 1997) for an interesting discussion of the medieval conception of
space.
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APPENDIX A:
EVENT DIAGRAMS

In this dissertation (specifically, in Chapters Four and Five), we introduced a new
representation called an event diagram. Event diagrams are comparable to Minkowski
(spacetime) diagrams in that they are a graphical representation of spacetime, providing a
visual means for organizing events, objects, locations, and so on. An event diagram
consists of a series of pictures, each of which represents events and objects at a single
instant. Each picture in an event diagram is therefore a “snapshot” of the objects, with
their relative sizes and distances from one another indicated.! Events that occur at the
instant of each picture are indicated in the appropriate picture at the location of the event.
Successive instants appear one below the other. Event diagrams for different reference
frames are drawn separately.

An example of a pair of event diagrams for a scenario described in Chapter Four
appears in Figure A-1. Two volcanoes, Mt. Rainier and Mt. Hood, erupt simultaneously in
the ground frame (shown in Figure A-1(a)). Event | is “Mt. Rainier erupts,” and event 2
is “Mt. Hood erupts.” The two events are indicated at the locations at which they occur in
the ground frame. The event diagram for the ground frame contains only a single picture,
since there is only a single instant of interest in this case. In the spacecraft frame, shown in
Figure A-1(b), event 2 occurs before event 1.> Because the spacecraft is at rest in this
frame, it appears at the same location at each instant; the mountains move to the left.
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- A i
Event 2
i i e (Hood erupts)
Event 1 Event 2
(Rainier erupts) (Hood erupts) i ‘

Event 1
(Rainier erupts)

(@ ®)

Figure A-1: Event diagrams for (a) the ground frame and (b) the spacecraft

frame for the scenario described above and in Chapter Two.

Event diagrams have much in common with Minkowski (spacetime) diagrams. The
spacetime diagrams corresponding to the event diagrams shown in Figure A-1 appear in
Figure A-2. Events appear as points in either type of diagram. A vertical line through
either diagram indicates a fixed position over a range of times; a horizontal line indicates a
single time at a range of positions. A line tracing an object’s location at successive times
in an event diagram (e.g., a line connecting Mt. Hood at successive times in Figure
A-1(b)), is comparable to the worldline for that object in a spacetime diagram.

/Spncecmft Spacecraft

. Eruption Eruption ;
Eruption \ / . t : E}upuon -
\
Mt Rainier Mt Hood Mt. Rainier
N M. Hood

(a) (b)

Figure A-2: Spacetime diagrams for (a) the ground frame and (b) the
spacecraft frame for the scenario described above and in Chapter
Two.
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The principal difference between event and spacetime diagrams is that spacetime
diagrams present a simplified, abstract, global representation of spacetime; event diagrams
represent events in a more concrete physical context. Objects such as mountains appear as
pictures of mountains instead of as idealized points in a coordinate grid. For this reason
event diagrams are more cumbersome than spacetime diagrams. To the same extent,
however, event diagrams situate events more directly in the physical context in which they
occur. Event 1, for example, occurs at the spaceship (and at Mt. Rainier) at the instant that
the spaceship is over Mt. Rainer, instead of at the coordinate location on a grid where the
spaceship worldline crosses the Mt. Rainier worldline.

Other differences between event diagrams and spacetime diagrams include the
representation of time as discrete in event diagrams; individual instants are pictured
separately instead of on a continuum. Additionally, in event diagrams, time progresses
vertically downward instead of upward as is conventional for spacetime diagrams.

Event diagrams are useful in that they elicit student difficulties with events more
effectively than spacetime diagrams do; for examples, see Chapter Four. In addition, they
provide a tool that students can use as they work to relate events to physical objects,
particular observers, measurement procedures, and so on. Chapter Five discusses ways in
which we have used event diagrams in addressing student difficulties with spatial
measurements.

Related graphical representations have been promoted by Boas' and by Evett' as
useful aids to teaching relativity. These authors’ representations are similar to event
diagrams in that they picture instants separately instead of continuously. They each
represent objects as idealized rods along coordinate axes, and Evett's diagrams do not
show event locations explicitly. We believe there are advantages to using a representation
that closely approximates a physical situation. Both authors suggest picturing clocks at a
range of locations, some at rest and some in motion, and showing the clocks visually as
being synchronized or not as appropriate. This addition seems appropriate for students
advanced enough to have deduced the relativity of clock synchronization.
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NOTES TO APPENDIX A

' The term “snapshot” is used in its sense of “representation at a single instant;” an actual photograph
of the objects would differ from the representation shown in the diagram because of angular effects,
light travel time from object to camera, and so on.

* See Chapters Two and Three for detailed discussions of the relativity of simultaneity.

* M. Boas, “Events as the key to a graphic understanding of special relativity,” Am. J. Phys. 47, 938
(1979).

* A. Evett, “An aid for clarifying space-time concepts in special relativity,” Am. J. Phys. 39, 44
(1971).
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APPENDIX B:
RESEARCH TASKS

This appendix contains versions of the research tasks discussed in Chapters Two and
Four and some of the post-test questions that appear in Chapters Three and Five. (In the
cases that post-test questions are identical to pretest questions described in Chapters Three
and Five, the questions appear in Appendix C along with the tutorials and tutorial
homework.) For many of the tasks, several versions have been administered that differ in
wording, context, etc.; in the cases that the different versions appear to be equivalent as
indicated by student performance, only a representative version is included here.

The tasks presented here are exact reproductions of tasks administered in classes and
in interviews. Their formatting is preserved from the original. The tasks may differ from
those discussed in the body of the dissertation in the following respects: they may differ in
context or wording in ways that do not appear to affect student performance, and they
may appear in combination instead of singly as they do in the body of the dissertation.
For example, the location-specific Spacecraft question, the Seismologists question, and the
relativistic version of the Ratios question all appear within a single problem given on an
examination to an advanced undergraduate physics class.

Because questions often appear in combination within a single problem, the
problems are numbered with roman numerals to distinguish them from the individual
questions described in the body of the dissertation. The questions contained within each
problem are identified in the list below. Some tasks appear more than once. Other tasks
appear within the problems presented here that are not discussed in this dissertation.

Problem I: Written question, advanced undergraduate students, Autumn 1999
Location-specific version of the Spacecraft question
Seismologists question
Comparison post-test of Length contraction tutorial sequence
Relativistic version of the Ratios question



Problem II:

Problem III:

Problem IV:

Problem V:

Problem VI:

Problem VII:

Problem VIII:
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Interview protocol, graduate students, Spring 1997
Measurement question
Undirected version of the Spacecraft question

Written question, introductory students, Autumn 1998
Directed version of the Spacecraft question
Explicit version of the Eruptions question

Interview protocol, graduate students, Autumn 2000
Explicit version of the Spacecraft question
Seismologists question

Written question, advanced undergraduate students, Spring1998
Implicit version of the Eruptions question

Written question, advanced undergraduate students, Autumn 1998
Numerator version of the Ratios question

Written question, introductory students, Autumn 1998
Relativistic version of the Ratios question

Written question, advanced undergraduate students, Autumn 2000
Nonrelativistic version of the Eruptions question
Nonrelativistic version of the Ratios question



188

Appendix B: Research tasks Problem [

I. Mt Rainier and Mt. Hood, which are 300 km apart in their rest frame, suddenly erupt at the same time
in the frame of a seismologist at rest in a laboratory midway between the volcanoes.

The seismologist’s assistant is at rest in a lab near Rainier when it erupts. A fast spacecraft, flying
directly from Rainier toward Hood at =0.8¢ relative to the ground, is above Rainier when it erupts.
A. Does Rainier erupt before, after, or at the same time as Hood:

i. in the frame of the seismologist’s assistant? Explain.

ii. in the frame of the space craft? Explain.

B. Sketch event dingrams showing Mt. Rainier, Mt. Hood, and the spacecraft at the instant(s) of the
eruptions. Sketch one diagram for the seismologist's frame and one for the space craft’s frame.
Sketch a different picture for each different instant. Indicate the locarion of each eruption on the
appropriate picture, and indicate the motion of each object in each frame.

Seismologist frame Space craft frame

C. In the spacecraft frame, is the distance between the eruptions greater than, less than, or equal to the
distance from Rainier to Hood? Explain.

D. Letevent | be“thespacecraﬂpassth.Rninier"andevemZbe“thcgucccmﬂpasses Mt.
Hood.” Determine the magnitude of the ratio 8x,,™ ™/ &x, =¥ (5¢,,*"* " ig the spatial
separation between events | and 2 in the space craft’s frame.) Explain.

Physics 311 Autumn 1999
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Appendix B: Research tasks Problem II
Spring 1997
Interview Protocol
(Need 6 copies of blank Spacetime diagrams per interview)
e Name, physics and math courses taken at UW or elsewhere.
Part I

Space landing strip/spaceship moving with respect 1o each other.

® Ask for operational definition of speed of spaceship wrt person on landing strip

¢ Ask for operational definition of speed of landing strip wrt person on ship

¢ How, if at all, would operational definition of speed change if speeds involved are
relativistic?

e If op. defs are in terms of displacement/distance then ask for operational definition of
displacement/distance

e Operational definition of length of spaceship as measured by person on board spacecraft.

¢ Operational definition of length of spaceship as measured by person on landing strip.

¢ [flength involves simultancous measurements, ask how one could make such
measurements.

¢ [ Dpp ump = /2, WhaL iS D,y n? Explain.
Part I

The space landing strip and the star Hoth are at rest with respect to each other. Alan, at rest
on the landing strip has measured the distance to Hoth to be 12 light years. Captain
Outbound, on spaceship moving with constant speed v=0.6 ¢ (7= 1.25; Don’t give to
interviewee yet), past the landing strip toward Hoth, passes Alan, on the strip, at the instant
that both of their clocks read 0.

The (spacetime) diagram at right is one that Alan uses to locate when and where
something happens. Note that a scale for the vertical and horizontal axes has been
provided (1 tick = 2 years or 2 light years). On this (spacetime) diagram:

¢ Choose and label the location of Alan when Captain Outbound passes him.

Label event 1, “Outbound arrives at Hoth.”

¢ Mark the line segment that represents the time lapse on Alan’s watch while Outbound
moves from Earth to Hoth.

e Label event 2, “the reading on Alan’s watch is equal to ‘whatever the interviewee said’.”

The (spacetime) diagram below is the one Qutbound uses to locate when and where
something happens. Note that this diagram uses the same scale for the vertical and
horizontal axes as the diagram for part A. On this (spacetime) diagram:

Mark and label the location of Outbound when Alan passes him.

Label event 1. Explain your reasoning and show your work.

Label event 2. Explain your reasoning and show your work.

On Outbound’s (spacetime) diagram, mark the line segment that represents the time
lapse on Qutbound’s watch while Alan and Outbound move apart. Explain how you
knew to mark this line segment as you did.

® 9o 00
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Appendix B: Research tasks Problem II1

1. [25paints total}

Mt. Rainier and Mt. Hood, which are 300 km apart in their rest frame (the Earth),
suddenly erupt at the same time as determined by observers on Earth.

A. [8 pts] What is the time interval between the two eruptions as determined by

observers in a fast space craft (V=0.8¢) flying directly from Rainier toward Hood?
Show your work.

B. [4 pts] Which eruption occurs first according to the observers in the space craft?
Explain.

C. [5 pts] Answer part B if the space craft were flying from Hood toward Rainier.
Explain.

D. [8 pts] How far apart in space are the eruptions, according to observers in the
space craft of part A? Show your work.

Physics 121BH Autumn 1998
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Appendix B: Research tasks Problem IV

Interview protocol Autumn 2000

In this problem, all events and motions occur along a single line in space. Non-inertial effects on
the surface of the Earth may be neglected.

All observers are intelligens observers, i.e., they correct for signal travel time to determine the
time of events in their reference frame. Each observer has synchronized clocks with all other
observers in his or her reference frame.

Two volcanoes, Mt. Rainier and Mt. Hood, are 300 km apart in their rest frame. Each erupts
suddenly in a burst of light. Alan, a seismologist at rest in a laboratory midway between the
volcanoes, receives the light signals from the volcanoes at the same time. Bob, the seismologist’s
assistant, is at rest in a lab at the base of Mt. Rainier.

Define event | to be “Mt. Rainier erupts,” and event 2 to be “Mt. Hood erupts.”

L. Caroline is the pilot of a fast space craft flies past Mt. Rainier toward Mt. Hood with constant
velocity v=0.8¢ relative to the ground (y= 5/3). At the instant Mt. Rainier erupts, the space
craft is directly above it and so Caroline receives the light from Mt. Rainier instantaneously.

i. For each intelligent observer below, does event | occur before, after, or at the same time
as event 2?7 Explain.

e Alan
e Bab
* Caroline

ii. For each intelligent observer below, determine the time that elapses between events |

and 2. Explain.
e Alan

e Bob

» Caroline

IL David is in a space craft that flies from Mt. Rainier to Mt. Hood with the same velocity as
Caroline's ship (v=0.8¢ relative to the ground). David’s ship is directly above Alan at the
instant Alan receives the light signals from the volcanoes.

For David, determine the time that elapses between events | and 2.

ML Mt. Baker, which is 360 km from Mt. Rainier in their rest frame, erupts 400 microseconds
after Mt. Rainier as recorded by a geologist at rest in a lab midway between Mt. Rainier and
Mt Baker.

Is there an observer for whom Mt. Rainier and Mt. Baker erupt simultaneously? If so,
determine the velocity of this observer relative to the ground (magnitude and direction). If
not, explain why not.
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Appendix B: Research tasks Problem V

#5 (35) For your information, | nanosecond, which is abbreviated 1 ns, is equal to
1 x 10 5. A light-nanosecond, the distance that light travels in one nanosecond,
(3 x 10* m/s)( 1 x 107 5) = 0.3 m, will be abbreviated I c-ns.

Consider the following two events in a frame on the ground: Atx=0and¢=0,a
firecracker goes off at one end of an alley. Forty nanoseconds later another
firecracker goes off at the other end of the alley, a distance 100 c-ns down the
positive x axis. An observer in the air travels down the positive x axis at a speed
0.8c relative to the ground.

(a)(19) According to this observer, what is the spatial separation, in
light-nanoseconds, between these two events; i.e. what is the distance between
the two places at which the two events occurred?

(b)(8) Is there a frame in which the two events occur at the same place? If so,
what is the speed of this frame relative to the ground?

(c)(8) Is there a frame in which the two events occur at the same time? If so,

what is the speed of this frame with respect to the ground?

Physics 323 Spring 1998
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Appendix B: Research tasks Problem VI

Physics 311 Pretest Name

A 12-meter long train moves with
constant nonrelativistic speed relative Beth
to a long, straight stretch of track. ‘
rear ns
S iég

Alan stands at rest relative to the * *
Alan

track. His assistant, Andy, is also at
rest relative to the track and stands |
12 meters from Alan (see figure). | Andy
Beth stands at rest on the train.

Define events 1, 2, and 3 as follows:  Event I: The front of the train is next to Alan
Event 2: The front of the train is next to Andy
Event 3: The rear of the train is next to Alan

The spatial separation between events 1 and 2 in Alan's frame is designated Ax,;* and is equal to x, - 1,
Determine numerical values for the following quantities. Briefly explain your reasoning in each case.

> Ar™ o Ax®

. Ap ™ . Ax,®

© Tutorials in Physics. Department of Physics, University of Washington, Autumn 1998,
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Appendix B: Research tasks Problem VII

PRETEST: SPECIAL RELATIVITY I Name
Physics 121B(H)

Two spaceships, A and B, pass very close to each other. Alan is at rest in the front of spaceship A and
Beth is at rest in the front of spaceship B. Andy and Becky are at rest in the backs of spaceships A
and B respectively.

In Alan’s frame, the speed of spaceship B is 0.6c (y= 1.25) and spaceships A and B each have length
120 c-ns. (One light-nanosecond, abbreviated c-ns, is the distance light travels in 10° seconds.)

Beth ,._78“"’
G ]
e
Ship A; S
Andy Alan

l. Define events I, 2, and 3 as follows:  Event /: Alan and Beth pass each other
Event 2: Andy and Beth pass each other
Event 3: Alan and Becky pass each other

The diagram above represents the spaceships at the instant of event | in Alan’s frame.

Determine numerical values for the followin; ratios, in which the subscripts refer to the events
defined above. Use the notation Ax,™ =x,* - x,* = the spatial separation between events 2 and 3 in
Beth’s frame.

Explain your reasoning and show your work.

. AX.;"’ ! an

d A‘lxm/mnw

o Ax M/ Ax, "

© Twsorials in Introductory Physics, Department of Physics, University of Washington, Autumn 1998.
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Appendix B: Research tasks Problem VIII

PRETEST: MEASUREMENT Name

1. A straight runway is 100 m long. A small explosion occurs at the east end of the runway; 10 seconds
later, a small explosion occurs at the west end of the runway. An airplane moves from west 10 east with
speed 25 m/s relative to the runway.

How far apart in space are the locations of the explosions:

* in the frame of the runway? Explain.

* in the frame of the airplane? Explain.

2. Two spaceships, A and B, pass very close to cach other. Alan is in the front of ship A and Beth is in the
front of ship B. Andy and Becky are at rest at the backs of ships A and B respectively. In Alan’s frame,
ship B moves with speed v = 3 m/s and ships A and B each have length 12 m.

Define events 1, 2, and 3 as follows:

Beth Ship B Becky
Event I: Alan and Beth are adjacent ——" —
Event 2: Andy and Beth are adjacent I

Event 3: Alan and Becky are adjacent h
ShipA

The diagram at right represents the ships at ~ Andy P Alan
the instant of event | in Alan’s frame.

Determine numerical values for the following ratios, in which the subscripts refer to the events defined
above. Use the notation 8, =x,* - x,' = the (signed) distance between the locations of events 1 and 2
in Alan’s frame. Explain your reasoning.

. axulll /! axnw

. &UMI I &L‘I.’

© Tutorials in Physics. Department of Physics, University of Washingtos, Attumn 2000,
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APPENDIX C:
PRETESTS, TUTORIALS AND TUTORIAL HOMEWORK

This appendix presents an integrated sequence of pretests, tutorials, and tutorial
homework that includes the Events and reference frames, Spatial measurement, Relativistic
kinematics, and Length contraction tutorial sequences described in Chapters Three and
Five. The post-tests for each tutorial sequence appear in Appendix B (Research tasks)
except in the cases that they are identical to the pretests included here.

Each time the tutorials are used with a particular group of students, they are
modified slightly to suit the particular circumstances. Notation, wording, and other details
may be changed to match the text or the lecturer’s presentation. The sequence presented
here is a representative version of the tutorials used in the classroom. The exercises are
presented in the order in which students typically complete them.

The titles of the tutorials reproduced here are those used in the classroom and do
not match those in the body of the dissertation. Exercises described in Chapter Three and
Five as the Events and reference frames and Spatial measurement tutorials appear here in
the tutorials titled Events and reference frames and Measurement. Exercises described in
Chapters Three and Five under the titles Relativistic kinematics and Length contraction
appear here within the Simultaneity and Synchronization and causality tutorials. The four
pretests shown here are identical to those described in the body of the dissertation for the
Events and reference frames, Spatial measurement, Relativistic kinematics, and Length
contraction tutorials.

® Events and reference frames pretest
® Events and reference frames tutorial
®  Measurement pretest

® Measurement tutorial
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Measurement tutorial homework
Simultaneity pretest

Simultaneity tutorial

Synchronization and causality pretest
Synchronization and causality tutorial

Synchronization and causality tutorial homework
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Appendix C-2 Events and reference frames pretest

PRETEST:
EVENTS AND REFERENCE FRAMES Name

Two physics students, Alan and Beth, are

shown in the diagram at right. Alan and Beth Alan
Beth have measured their exact relative

distances from points X and Y.

Sparks jump at the points marked X and Y. X 1 4
When each spark jumps, it emits a flash of

light that expands outward in a spherically
symmetric pattern. Alan, who is

equidistant from points X and ¥, receives

the wavefront from each spark at the same instant.

Diagram not to scale.

Answer each of the following questions for the observers listed.

(i) Does he or she receive the wavefront from the spark that jumped at point X before, after, or at exactly the
same time as the wavefront from the spark that jumped at point Y?

(ii) In his or her reference frame, does the spark that jumped at point X jump before. after, ot at exactly the
same time as the spark that jumped at point Y?
Explain your reasoning in each case.

* Alan
Q]

(i)

s Beth

(i)

(i)

© Tutorials in Inoroductory Physics, © L.C. McDermout. P.S. Shaffer, and the Physics Education Group, Department of Physics,
University of Washington, 2000.
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Appendix C-2 Events and reference frames tutorial (page I of 3)

EVENTS AND REFERENCE FRAMES Name

L. Reference frames

A physics student named Alan and a beeper are arranged as
shown at right. The beeper is about to emit a beep, and
Alan wants to determine the exact time at which it does so.
However, he is a long way from the beeper and unable to
travel to it.

A. Alan is equipped with accurate meter sticks and clocks, Diagram not to scale.
and there are a number of other physics students
available to assist him if necessary.

1. Describe a set of measurements by which Alan can determine the time at which the beep is emitted
using his knowledge of the speed of sound in air.

2. Describe a method by which Alan can determine the time at which the beep is emitted without
knowing or measuring the speed of sound first. (Hine: Alan's assistants are free to stand at any
location.)

B. A fugitive from justice is at large in Seattle. His identity and exact whereabouts are unknown. A reporter
has reason to believe that the fugitive will soon confess to his crime, and wishes to record as exactly as
possible the time and place of the confession. Her funding for this project is excellent.

1. Describe an arrangement of observers and equipment with which the reporter may record the position
and time of the confession.

An observer’s reference frame is an arrangement of assistants and equipment with which the observer may
record the position and time of anything that occurs.

2. Justify the claim that the reporter’s arrangement of observers and equipment is the reporter’s
reference frame.

C. A hom is located between Alan and the beeper. The
beeper beeps once and the horn honks once. Alan hears
the two sounds at the same instant in time.

l. Describe a method by which Alan can measure the
time separation between the emission of the beep and
the emission of the honk in his reference frame
without knowing or measuring the speed of sound
first.

2. In Alan’s reference frame, is the beep emitted before, after. o at the same instant as the honk is
emitted? Explain.

© Tutorials in Introductory Physics. © L.C. McDermatt, P.S. Shaffer, and the Physics Education Group, Dep of Physics,
University of Washington, 2000.

t
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Appendix C-2 Events and reference frames tutorial (page 2 of 3)

Events and reference frames

An intelligent observer is equipped with measuring devices (such as meter sticks, clocks, and assistants) and is

able to use them to make correct and accurate determinations of where and when something occurs. All

observers in the study of relativity are intelligent observers.

II. Events

A. In the study of relativity we refer to material objects, locations in space, instants in time, and events. An
event is associated with a single location in space and a single instant in time.

State whether each of the items below is an object, a location, an instant, an event, ot none of these.

* The beeper of Part | *» The exact time at which the beeper beeps
* The beeper emits a beep * A sound wave travels from the beeper to Alan
» Alan hears the beep * Two beepers beep at the same time

B. Sketch a picture showing Alan, the beeper, the horn,
and any other objects of interest at the instant the
beeper beeps. Indicate the location of the event “the
beeper beeps™ on the picture.

Event diagram for Alan’s frame

Below that picture, sketch another picture showing
the objects of interest at the instant the horn honks.
Indicate the position of the event “the horn honks”
on this picture.

Below that picture, sketch picture(s) showing the
objects of interest at the instant(s) of the remaining
events of interest. Sketch a te picture for each
different instant. Indicate the localion of each event
on the appropriate picture.

© Turorials in Introductory Physics, © L.C. McDermott, PS. Shaffer. and the Physics Education Group. Department of Physics,
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Appendix C-2 Events and reference frames tutorial (page 3 of 3)

Events and reference frames

C. A diagram such as the one you drew above is called an event diagram. An event diagram has the
following characteristics:

¢ The objects of interest are shown at the instants of the events of interest.
¢ Successive instants are shown one below the other.
¢ The location of each event of interest is indicated in the appropriate picture.

1. Does the first picture in your event diagram represent an object, a location. an instant, an event, or
none of these?

2. Is it possible for a single event to appear in more than one picture in an event diagram? Explain why
or why not.

3. Describe the circumstances under which more than one event should appear in a single picture in an
event diagram.

II1. Synchronization of clocks

Alan and Beth are exactly 10 meters apart relative to the floor. Each of
them wears a watch. Both watches are extremely accurate, run at the
same rate, and measure time in meters. (One meter of time is the amount
of time it takes light to travel one meter.) However, the reading on
Beth's watch is not the same as the reading on Alan’s watch.

A. Determine the amount of time, in meters, that it will it take a light signal to travel from Alan to Beth.

Beth and Alan decide in advance that at the instant Alan’s watch reads 50 meters, Alan’s laser pointer will
emit a pulse of light in Beth's direction.

B. What time will Alan’s watch read at the instant Beth first receives the light from the laser pointer?

C. Describe a method by which Beth could synchronize her watch with Alan’s (i.e., make her watch have the
same reading as Alan’s at every instant).

D. Another physics student, Caroline, is at rest with respect to Alan and Beth but is very far away from them.
Caroline looks at the reading on Alan’s watch with a powerful telescope, and finds that at every instant,
the reading she sees on Alan’s watch through the telescope is identical to the reading on her watch.

Is Caroline’s watch synchronized with Alan’s? Explain why or why not.

© Tutorials in Introductory Physics. © L.C. McDermoit, P.S. Shaffer. and the Physics Education Group, Department of Physics,
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Appendix C-3 Measurement pretest

PRETEST: MEASUREMENT Name

1. A straight runway is 100 m long. A small explosion occurs at the east end of the runway: {0 seconds
later, a small explosion occurs at the west end of the runway. An airplane moves from west to east with
speed 25 nv/s relative to the runway.

How far apart in space are the locations of the explosions:

* in the frame of the runway? Explain.

* in the frame of the airplane? Explain.

2. Two spaceships, A and B, pass very close to each other. Alan is in the front of ship A and Beth is in the
front of ship B. Andy and Becky are at rest at the backs of ships A and B respectively. In Alan’s frame,
ship B moves with speed v = 3 nv/s and ships A and B each have length 12 m.

Define events 1, 2, and 3 as follows:

Beth Ship B Becky
Evenr |: Alan and Beth are adjacent PR £ L e]
Event 2: Andy and Beth are adjacent h—
Event 3: Alan and Becky are adjacent ; ~

The diagram at right represents the shipsat ~ Andy Ship A
the instant of event | in Alan’s frame.

Determine numerical values for the following ratios, in which the subscripts refer to the events defined
above. Use the notation &x,;*' = x,*’ - ;' = the (signed) distance between the locations of events | and 2
in Alan’s frame. Explain your reasoning.

- ':I.) !/ &uuu

. &‘3“) / axui-l
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Appendix C-4 Measurement tutorial (page I of 3)

MEASUREMENT Name

L Spatial measurements
A. A train moves with constant

nonrelativistic speed along a Becky Beth
straight track. The train is i
12 meters long. >

—
Alan and Andy stand 12 meters * *
apart at rest on the track (see
figure). Beth and Becky stand at Alan Andy
rest at the front and rear of the
train, respectively.

Define events 1, 2, and 3 as follows:  Event I: Alan and Beth pass each other.
Event 2: Andy and Beth pass cach other.
Event 3: Alan and Becky pass each other.

1. On a large sheet of paper, sketch an event diagram : .
showing Alan, Andy, Beth, and Becky at the instants of Copy event diagram for Alan's frame
events 1, 2, and 3 in Alan’s frame. (That is, sketch a
separate picture for each different instant; sketch pictures
for successive instants one below the other: and indicate
the location of each event on the appropriate picture.)

a. What feature(s) of your event diagram can be used to
indicate that it is a diagram for Alan’s frame?

b. How would an event diagram for Andy’s reference
frame compare to the one you drew above? Explain.

¢. What procedure could Alan (or Andy) follow to
measure the distance between the locations of events | and 2?

d. How far apart in space are the locations of the following pairs of events in Alan’s frame?

e Evemsland2 Copy event diagram for Beth’s frame
e Events2and3 here after discussion.
e Eventsland3

2. Sketch an event diagram showing events 1, 2, and 3 in
Beth's frame. Be sure your diagram correctly represents
the motion of the train in this frame.

How far apart in space are the locations of the following
pairs of events in Beth’s reference frame?

s Eventsiand2
e Events2and3
o Eventsland3
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Appendix C-4 Measurement tutorial (page 2 of 3)

Measurement

3. How does Beth’s procedure for measuring the distance between the positions of two events compare
to Alan’s procedure?

4. On the basis of your answers above, develop a general rule that uses an event diagram to determine
how far apart the locations of two events are in a given reference frame.

In tutorial, we will use the symbol &x,,;*** 1o indicate the spatial separation between events | and 2 as
measured in Alan's reference frame. 8x,™ = £,*™ - x,** where x,*** and x,** are the positions of
events 1 and 2 in Alan’s reference frame. Note that the spatial separation between events is a signed quantity
(it may be positive or negative).

B. Give interpretations for the magnitude of each of the following quantities; that is, tell the meaning of the

number in this physical context. One has been provided as an example. Some quantities may have more
than one interpretation.

e &, The displacement of Beth (bre &,
the displacement of the train) as asured
by Alan (or Andy)

ey Ban
e &,y ¢ Qry

. 8‘”1-&-0 . &nll-ﬂ
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Appendix C-4 Measurement tutorial (page 3 of 3)

Measurement

C. A train of unknown length moves with constant nonrelativistic speed on the same track. Alan and his
assistants stand shoulder-to-shoulder on the track.

1. Describe a method by which Alan can determine the length of the train in his frame if he knows the
speed of the train in his frame. Specify two events associated with this measurement procedure.,

Event a:

Event b:

2. Describe a method by which Alan can determine the length of the train in his frame without knowing
or measuring its speed first. Specify two events associated with this measurement procedure.

Eventc:

Event d:

D. Suppose event 4 occurs at the front of a long ship. and
event S occurs at the rear of the same ship. Describe the Event diagram for ship frame
circumstances in which the absolute value of 8x,, is equal to
the length of the ship:

* in the frame in which the ship is at rest

* in frame F, in which the ship is moving Event dia p F
vent diagram for frame

In the spaces provided at right. draw event diagrams to
support your answers.

onﬂnbmlnMxmyleia.oLC.McDumn.PS.SMer.mmePhyﬁaEdlmﬁmep.DewmmotPhyﬂa.
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Appendix C-5 Measurement tutorial homework (page | of 3)

Homework: Measurement Name

e ——

L. Ashpiles

Firecrackers explode harmlessly at either end of a flatcar that moves along a long, straight stretch of train
track. The firecracker at the front of the flatcar explodes several seconds before the one at the rear of the
flatcar. Ash from each firecracker sticks to the flatcar and falls onto the ground at the instant each
firecracker explodes.

A. Sketch an event diagram for the frame of the track. Track frame
Include all four piles of ash in your pictures.

I. Identify the object(s) whose position, in this
reference frame, is always the same as the
position of:

a. the first explosion

b. the second explosion

2. In this reference frame, the magnitude of the spatial
separation between the explosions is equal to the
distance between two particular objects. [dentify
these objects.

B. Sketch an event diagram for the frame of the flatear.

Include all four piles of ash in your pictures, Flatcar frame
In this reference frame, the magnitude of the spatial
separation between the explosions is equal to the
distance between two particular objects. Identify these
objects.

C. Under what circumstances does the position of an object
in a certain reference frame indicate the position of an
event in that reference frame?

Under what circumstances is the distance between two objects equal to the magnitude of the spatial separation
between two events?

© Tutorials in Introductory Physics. © L.C. McDermott, P.S. Shaffer, and the Physics Education Group, Dep of Physics,
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Appendix C-5 Measurement tutorial homework (page 2 of 3)

Homework: Measurement

II. Measuring the length of a spaceship
A physics student describes an incorrect method for measuring the length of a spaceship that is moving
directly away from him with a speed 2. (One light-second is the distance light travels in one second.)

Suppose there is a half-silvered mirror on each end of the spaceship. If
pulse of light toward the spaceship, some of the light will be reflected ba:
back of the spaceship, and the rest will travel to the front of the spacesh
reflected back to me from that end. So I will receive two light pulses, se
The length of the spaceship in light-seconds is one-half of the time betwee:
times the speed of light.

Explain why the method described is incorrect.

1. City bus
A city bus moves from left to right relative to the road.
Events 1, 2, and 3 are as follows: Event I: The bus driver drops his hat onto the road
Event 2: A passenger on the bus sticks his gum to the wall
Event 3: A drop of oil drips from the rear of the bus onto the road

Events 1, 2, and 3 occur one after the other in numerical order. After events 1, 2, and 3 have occurred, the
hat is to the right of the drop of oil on the road.

A. A student sketches the event diagram shown below for the road frame. The diagram is flawed.
Identify the error(s) in the event diagram.

Draw a cotrect event diagram for the road frame. Event diagrum for road frame

Student event diagram for road frame (incorrect)

EVT3 Event2 Event 1

Oif = Gum O
(just dropped to ground) (on the wall) Gust :r:tpped)

eveosersevanssesed

teen Jires e [ Fpom Chnwe il Jpue s |

FeRRCRIsERIRIIIIIIIRIIII IR

wsssreersesencereree
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Appendix C-5 Measurement tutorial homework (page 3 of 3)

Homework: Measurement

B. Another student sketches the event diagram shown
below for the bus frame. The diagram is flawed.

Student event diagram for bus frame (incorrect)

et e o g e (s oa [ 2 o s |

Identify the error(s) in the event diagram. Correct
the diagram appropriately.

CEEEEEEEE]
vent 2o

Event 1

EEEEEEEEEE]
vent 2¢f

+—0Be

Event 1

Event 3

T T Ty T T T T P P P T P T T T T T TR PP T TR P Y YT RTTRT YT TTN
T T R R T R Ty T T P T PR P P P PP PP PR PP T P TR TTPYPPTT LY §

L T T Y T Py P T P T T T PP PP -4

C. Criticize the following statements.

1. The hat is dropped from the front of the bus and the oil drips from the t
separation between event 1 (the hat drops) and event 3 (the oil drips) in
approximately equal to the length of the bus.

2. The distance between the location of event 1 and the location of event 3
is definitely less than the length of the bus, because the hat moves towar
bus in the time between the events.

OTumriahhlmducmryPhysics.OLCMcDamn.PS.ShHu.MIhePhymEdtmﬁmep.Demanhm
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Appendix C-6 Simultaneity pretest

PRETEST: SIMULTANEITY Name

Two spaceships, A and B, pass very close to each other with relativistic relative speed. Alan is at rest in
the front of spaceship A and Beth is at rest in the front of spaceship B. Andy and Becky are at rest in the
backs of spaceships A and B respectively.

The diagram below shows the two spaceships in Alan’s frame. At the instant shown, two sparks jump
between the spaceships and make char marks on both ships. One spark marks an x, and the other marks
an O. When each spark jumps, it emits a flash of light that expands outward in a spherically symmetric
pattern. The sparks jump at the same instant in the reference frame of ship A.

Beth ,75“"’
Ap———l—S7 X ) ® ]
.
Ship A‘ 3 (- RAE. . ]
Alan

Andy
Answer each of the following questions for the observers listed.

(i) Does he or she receive the wavefront from the spark that marks the x before, after, or at exactly the
same time as the wavefront from the spark that marks the O?

(ii) [n his or her frame, does the spark that marks the x jump before, after, or at exactly the same time as
the spark that marks the O?

Briefly explain your reasoning for each case.

* Alan * Beth
(i) )
(ii) (i)

* Andy * Becky
(i) i)
(ii) (if)

© Tutorials in Introductory Physics, © L.C. McDermoit, P.S. Shaffer, and the Physics Education Group, Department of Physics,
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Appendix C-7 Simultaneity tutorial (page I of 3)

SIMULTANEITY Name

I. Spherical Wavefronts

Two physics students, Alan and Beth, move past each other. At the instant that they pass, a spark jumps
between them. The spark emits a flash of light that travels outward in a spherically symmetric pattern.

The first diagram at right represents the
wavefront of the flash of light a short time
after the spark jumps in Alan’s frame.

A. Explain how this picture is consistent with
the fact that Alan observes the speed of
light to be the same in all directions.

Wavefrons in Alan'’s frame Wavefrons in Alun's frame

I. In the second diagram above, sketch the wavefront at a later time in Alan’s frame. Include Alan’s
and Beth’s positions in your sketch.

2. s there a time at which the distance from Alan to Beth is greater than the distance from Alan to the
wavefront? Explain.

B. [In the spaces at right, sketch the wavefront
a short time after the spark jumps in
Beth’s frame and at a later time in Beth’s
frame. Include Beth’s and Alan’s
positions in your sketches.

Is your sketch consistent with the fact that
Beth observes the speed of light to be the
same in all directions? If not, modify

your diagram so that it is consistent with Wavefront in Beth's frame Wavefrons int Beth's frame
this observation.

© Tutorials in Introductory Physics, © L.C. McDermott, P.S. Shaffer. and the Physics Education Group, Dep of Physics.
University of Washington, 2000.
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Simultaneity tutorial (page 2 of 3)

Simultaneity

A spark jum
rear end of

l.

4.

II. Relativity of Simultaneity

between the front end of a train and the track (spark F), and another spark jumps between the
train and the track (spark R). When each spark jumps, it emits a flash of light (wavefronts F
and R). Each spark also leaves a char mark on both the train and the track.

A. Alan is equidistant from the char marks
on the track. Wavefronts F and R hit
him at the same instant. The diagram at
right represents this instant in Alan's
frame.

In Alan's frame, does spark F jump
before, after, or at the same instant
as spark R? Explain your
reasoning.

M\T{‘"’-ii \ il

A

Wavefronzs in Alan's frame

Alan’s assistant Andy stands at rest relative to the track, near the front char mark on the track.

In Andy's frame, does spark F jump before, after, or at the same instant as spark R? Explain your

reasoning.

. The diagram at right represents an

instant a short time after the spark
jumps between the front of the
train and the track in Alan’s frame
(before he receives either
wavefront). Complete the diagram
by drawing the wavefronts at this
instant. Explain your reasoning.

S e

%

Wavefronss in Alan's frame

Beth stands at rest relative to the train, exactly halfway between the front and rear of the train. Let event |
be “spark F jumps,” event 2 be “Alan and Beth pass each other,” and event 3 be “spark R jumps.”

In Alan’s frame, does event | happen before, after, or at the same instant as event 2?7 Explain your

reasoning.

In Alan’s frame, does wavefront F hit Beth before, after. ot at the same instant as wavefront R?

Explain your reasoning.

© Tutorials in Introductory Physics. © L.C. McDermott, P_S. Shaffer, and the Physics Education Group, Department of Physics,
University of Washington. 2000.

2




212

Appendix C-7 Simultaneity tutorial (page 3 of 3)

Simultaneity

B. A cassette tape player sits at Beth’s feet. In Alan’s frame, when wavefront F hits the tape player, it plays
the opening chords of Beethoven's Fifth Symphony at top volume; when wavefront R hits the tape
player. it is silenced. If both wavefronts hit the tape player at the same instant in Alan’s frame, it remains
silent.

Does the tape player play the opening chords of the symphony:

* in Alan’s frame?

* in Beth’s frame?

Check that your responses are consistent with your answers to the following questions.

1. Later in the day, Beth ejects the cassette from the tape player. She descends from the train, and she
and Alan examine the cassette together. Will the cassette have wound at all from its stanting position?

2. Will Beth hear the opening chords of the symphony?

C. In Beth’s frame, does wavefront F hit Beth before, after, or ar the same instant as wavefront R? Explain.

1. In Beth’s frame, is the speed of wavefront F greater than, less than, ot equal to the speed of
wavefront R? Explain.

In Beth’s frame, event 1 occurs at £ =+, and event 3 occurs at £ = ¢,"™.
2. s, greater than, less than, or equal to 1, Explain.

3. The diagram at right represents
an instant a short time after both
sparks have jumped in Beth's i
frame (but before the wavefront rear ﬁm
from either spark hits her). Add o
to the diagram by drawing the
wavefronts at this instant. Wavefronts in Beth's frame
Explain.

4. Beth's buddy Becky stands at the rear of the train, at rest relative to the train. In Becky's frame,
event | occurs at ¢= ™",

Is £,®*" greater than, less than, or equal to 1,? Explain your reasoning.

© Tutorials in Introductory Physics. © L.C. McDermout, P.S. Shaffer. and the Physics Education Group. Department of Physics,
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Appendix C-8 Synchronization and causality pretest

PRETEST: SYNCHRONIZATION AND CAUSALITY Name

Two spaceships, A and B, pass very close to each other. Alan is at rest in the front of spaceship A and
Beth is at rest in the front of spaceship B. Andy and Becky are at rest in the backs of spaceships A
and B respectively.

In Alan’s frame, the speed of spaceship B is 0.6¢ (¥ = 1.25) and spaceships A and B each have length
120 c-ns. (One light-nanosecond, abbreviated c-ns, is the distance light travels in 10° seconds.)

Beth /7’
dp——l? ®
TN ——
ShipAg A ]
Alan
Andy

I. Define events I, 2, and 3 as follows:  Evenr I: Alan and Beth pass each other
Event 2: Andy and Beth pass each other
Event 3: Alan and Becky pass each other

The diagram above represents the spaceships at the instant of event 1 in Alan’s frame.

Determine numerical values for the following ratios, in which the subscripts refer to the events
defined above. Use the notation 8x"™ = £, - x,™ = the spatial separation between events 2 and 3 in
Beth's frame.

Explain your reasoning and show your work.

s &,/ &

° &lxm 180,%

. &“IM i &“(l)
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Appendix C-9 Synchronization and causality tutorial (page 1 of 3)

SYNCHRONIZATION AND CAUSALITY Name

I. Length contraction
Two spaceships, A and B, pass very close to each other. Alan is at rest in the front of spaceship A and Beth is
at rest in the front of spaceship B. Andy and Becky are at rest in the backs of ships A and B respectively.

In Alan’s frame, the speed of ship B is 0.6 (y = 5/4) and ships A and B each have length 120 ns. (One
nanosecond of distance is the distance light travels in one nanosecond.)

Define events I, 2, and 3 as follows:  Event I: Alan and Beth pass each other
Event 2: Andy and Beth pass each other
Event 3: Alan and Becky pass each other

A. The instant of event 1 is shown at right in Alan’s frame. Alan’s frame

1. Does event 2 occur before, after. or at the same time as
event 3 in Alan's frame? In Andy’s frame? Explain.

Beth Becky
= —+ 4
Andy Alan
2. Sketch an event diagram showing events 1, 2, and 3 in
Alan’s frame in the space provided.
3. Determine a numerical value for 8x,*, the spatial —t
separation between events 2 and 3 in Alan’s frame.
B. Give an explanation of the phrase “the proper length of
spaceship B."”
Beth's frame

1. Determine the proper length of spaceship B in c-ns.

2. In Beth’s frame, is the length of spaceship A greater than,
less than, or equal to 120 c-ns? Explain.

3. Sketch an event diagram showing events 1, 2, and 3 in s+
Beth's frame. Make your diagram consistent with your
answers to the above questions.

© Tusorials in Insroductory Physics. © L.C. McDermott, P.S. Shaffer, and the Physics Education Group, Department of Physics,
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Appendix C-9 Synchronization and causality tutorial (page 2 of 3)

Synchronization and causality

4. Determine a numerical value for the ratie 8x,,® / 8x,. Explain your reasoning.

4 Check your answer with a staff member before proceeding.

5. Consider the following student dialogue.

Student |: The length of spaceship A in Beth s frame is less than the lengtt
in Alan s frame, since in Beth s frame, the length of spaceship A
from its proper length.

Student 2: Exactly. And since event 2 occurs at the back of ship A and ever
8x;;'™ is the length of ship A in Beth s frame, and 8x,,"™ / 8x;,™

Student 2°s conclusion is incorrecr. Identify the error in the student’s reasoning.

IL. Relative Synchronization of Clocks

A. Alan has synchronized clocks at the front and back of spaceship A, and Beth has synchronized clocks at
the front and back of spaceship B. When Andy and Beth pass each other, both of their clocks read
12 noon.

1. Determine the reading on the clock at the front of ship B at the instant of event 2.

2. When event 3 occurs, is reading on the clock at the back of ship B before 12 noon, after 12 noon, or
exactly 12 noon? Explain your reasoning.

Recall that, in Alan’s frame, events 2 and 3 occur at the same instant.

3. [n Alan’s frame, do the clocks on Beth’s spaceship all have the same reading at a given instant? [f
not, which clock on ship B is “ahead” of the other? Explain.

© Turorials in Introductory Physics, © L.C. McDermott, P.S. Shaffer, and the Physics Education Group, Dep of Physics,
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Appendix C-9 Synchronization and causality tutorial (page 3 of 3)

Synchronization and causality

. Causality

A. Later, Alan (in the front of ship A) and his assistant Andy (in the back of ship A) are asleep. Alan’s
bedside alarm clock goes off and instantly wakes Alan up. Andy wakes up at exactly the same instant.

Is it possible that Andy woke up because he heard Alan’s alarm? Explain why or why not.

B. An empty spaceship of proper length L,, moving with relativistic speed V, relative to a large asteroid,
collides head-on with the asteroid. At an instant shortly after the collision (¢ = 1,), the front of the
spaceship is brought to rest relative to the surface of the asteroid.

1. Is it possible that the collision brings the back of the spaceship to rest relative to the asteroid at ¢ =1,?
Explain why or why not.

A space probe behind the spaceship moves with constant speed V, toward the asteroid at all times.

2. Describe the motion of the back of the spaceship during a time interval equal to L/c on the space
probe clock after the collision. Explain,

3. Identify the relevant events in the scenario described. Sketch event diagrams for the asteroid frame
and the space probe frame.

Astercid frame Space probe frame
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Appendix C-10 Synchronization and causality tutorial homework (page 1 of 7)

HW: Synchronization and causality Name

I. Train in a tunnel paradox

(In the following problem, consider one dimension only.) A train moves with constant velocity down a
straight track that passes through a tunnel. When the train is at rest with respect to the tunnel, the train is
exactly the same length as the tunnel. However, the train in this case is moving relative to the tunnel at nearly
the speed of light.

The engineer on the train says: The tunnel is Lorentz-contracted and is shorter than
therefore at no time can the train be wholly within the tunnel.

The keeper of the tunnel says: The train is Lorentz-contracted and is shorter than t}
therefore, there will be a time at which the train is wholly within the tunn

They are both infuriated by their failure to reach an agreement.

A. The engineer decides to settle the issue by placing rockets on the front and rear of the train, equipped
with timing devices such that the rockets will be launched simultaneously, in a vertical direction, when the
midpoint of the train passes the midpoint of the twnnel. (The engineer synchronizes these timing devices
while the train is approaching the tunnel.)

1. Sketch event diagrams for the train frame and the tunnel frame, showing the train and the tunnel at
the instant(s) associated with the following events. Show qualitatively correct relative lengths of
objects and relative times of events.

¢ The midpoint of the train is at the midpoint of the tunnel
e The front rocket fires
o The rear rocket fires

Train frame Tunne! frame

2. Do the rockets fire inside or outside the tunnel in the train frame? in the tunnel frame?

© Tutorials in Introductory Physics, © L.C. McDermott, P.S. Shaffer, and the Physics Education Group, Department of Physics.
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Appendix C-10 Synchronization and causality tutorial homework (page 2 of 7)

Homework: Synchronization and causality

B. The tunnel keeper then tries to settle the issue (permanently) by erecting giant indestructible iron gates at
the front and rear of the tunnel, equipped with timing devices such that the gates will close simultancously
when the midpoint of the train passes the midpoint of the tunnel. (The tunnel keeper knows that this will

destroy the train and perhaps the tunnel when the front end of the train plows into a gate, but is so
infuriated as to not care.)

1. Sketch event diagrams for the train frame and the tunnel frame, showing the train and the tunnel at
the instant(s) associated with the following events.

e The midpoint of the train is at the midpoint of the tunnel
s The front gate closes
o The rear gate closes

Train frame Tunnel frame

C. Consider the instant at which the front of the train is brought to rest relative to the front gate.

1. Is it possible that the collision brings the back of the train to rest relative to the front gate at exactly
the same instant? Explain why or why not.

A flatcar far, far behind the train moves with constant speed V, toward the tunnel.

2. Describe the motion of the back of the train during a time interval equal to L/c on the flatcar clock
after the collision. Explain.

3. Does the rear gate close on the back of the train, or does it close on the train track?

© Tusorials in Introductory Physics. © L.C. McDermotz, P.S. Shaffer, and the Physics Education Group, Department of Physics,
University of Washington, 2000.

2
-




219

Appendix C-10 Synchronization and causality tutorial homework (page 3 of 7)

Homework: Synchronization and causality

M. Timelike, spacelike, and lightlike intervals

Pairs of events with a possible causal connection are referred 10 as havi::ﬁ a timelike separation; the square of
the spacetime interval between such events is written 87,;% = 8,,"* - &x,," /. Pairs of events without 2
possible causal connection are referred to as havilllg a spacelike separation; the square of the spacetime
interval between such events is written 86,," = &8x,,"* - ¢?5¢,,™*. If the spacetime interval between two events is
zero, their separation is said to be lightlike.

Two events, | and 2, are measured to occur 10 c-ns apart in frame A.

A. Suppose events | and 2 are separated by a lightlike interval. Determine the time duration (in ns) between
the events in frame A.

B. Suppose instead that in frame A, event | occurs 15 ns before event 2.

1. Is there a reference frame in which the events occur at the same place? If so, describe the motion of
that frame relative to frame A. If not, explain why not.

2. Is there a reference frame in which the events occur at the same time? If so, describe the motion of
that frame relative to frame A. If not, explain why not.

3. Is there a reference frame in which event 1 occurs after event 2? If so, describe the motion of such a
frame relative to frame A. If not, explain why not.

C. Suppose instead that in frame A, event | occurs 6 ns of time before event 2. Determine the minimum
spatial separation (in c-ns) between the events in any frame.
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Homework: Synchronization and causality

III. Lorentz Transformations

In what follows you will derive the Lorentz transformations using the invariance of the spacetime interval and
your knowledge of kinematics. Credit for this problem will be based only on clear and complete reasoning
(the correct answers are easily obtained from many textbooks).

A spark jumps between the front end of a train and the track, and another spark jumps between the rear end
of the train and the track. In Alan’s frame, the sparks jump at the same instant. Beth stands at rest relative (o
the train. When each spark jumps, it emits a flash of light. Define the following events:

Event 0: A spark jumps between the back of the train and the track

Event I: A spark jumps between the front of the train and the track

Event 2: The wavefront from the spark that jumped between the front of the train and the track reaches the
back of the train

A. Sketch event diagrams showing the location of the train in each of the following frames at the instants of
events 0, 1, and 2. Draw a separate picture for each different instant. Indicate the location of each event
on the appropriate diagram. (Hine: In Alan’s frame, events 0 and 1 are simultaneous. In Beth's frame,
events 0 and 2 occur at the same location.)

Alan's frame Beth’s frame
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Appendix C-10 Synchronization and causality tutorial homework (page 5 of 7)

Homework: Synchronization and causality

Define v = 8x, 181,
us= sk.(')lanll..

B. Give a name for the quantity v in this context. Explain.

Does the quantity « have a name in this context? Explain.

C. Time dilation

1. Write 81, in terms of 8t and 8x*. Explain your reasoning.

2. Use the above expression o write the ratio 8t,™ / 8¢, in terms of . Show your work.

D. Length Contraction

1. Write 8x,,'™ in terms of 8x,,” and 5r,,™. Explain your reasoning.

2. Use the above expression to write the ratio 8x,,' / 8x,,"™ in terms of 4. Show your work.
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Appendix C-10 Synchronization and causality tutorial homework (page 6 of 7)

Homework: Synchronization and causality

E. Define L=8x,"
T= slnll)
1. Give a name for the quantity L in this context. Explain.

2. Give a name for the quantity T in this context. Explain.

3. Write the following quantities in terms of L, T, «, and v only. Show your work and explain your
reasoning.

a. &,

b. &,*

c. &,

d. &,

4. Show that u =-vc®. (Hint: What quantity relates the four quantities in part 37)
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Appendix C-10 Synchronization and causality tutorial homework (page 7 of 7)

Homework: Synchronization and causality

F. Lorentz transformations

The Lorentz transformations are completely general; they relate event coordinates in two arbitrary
frames, which we will refer to as the “primed” and “unprimed™ frames, by convention.

Define y= L/(VI-2*/¢%) if you haven't already.
Assume the transformations are linear, that is, assume they have the form
& = Adt + BSx
8¢ =C8r + Déx
In parts 1-4 below, let the primed frame be the rest frame of Beth and the unprimed frame be the rest
frame of Alan.

1. Considering events 0 and [, write B in terms of vand ¥ Show your work.

2. WriteDintermsof vand 7 Show your work, stating carefully which events you are considering.

3. Write Ainterms of v and 7 Show your work, stating carefully which events you are considering.

4. Write Cin terms of v and 7 Show your work, stating carefully which events you are considering.

5. Collect your results from parts -4 to relate the spatial separation and the time duration between any
two events in the primed frame to the spatial separation and the time duration between the same two
events in the unprimed frame.
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