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The impact of the integer and fractional quantum Hall effects on condensed matter physics can

hardly be overstated. Their discovery in the 1980s [1, 2] and the subsequent theoretical interpre-

tation by Thouless et al., Laughlin, Jain, Halperin, and others [3–6] has resulted in a completely

new way of thinking about condensed matter. We now understand that there are quantum phases

beyond those described via Landau symmetry-breaking theory - that is, phases with topological or-

der [7]. The physics of fractional quantum Hall phases is particularly rich, leading to concepts such

as charge fractionalization, composite fermions, and non-Abelian anyon excitations. Beyond their

fundamental interest, non-Abelian anyons could lead to topologically-protected quantum computa-

tion [8]. However, the massive magnetic fields and millikelvin temperatures necessary for fractional

quantum Hall physics make experiments extremely difficult. Lattice systems showing a quantized

Hall effect at zero magnetic field without the formation of Landau levels - Chern insulators - were

first proposed by Haldane [9]. More recently, systems hosting lattice versions of fractional quantum

Hall states, or fractional Chern insulators (FCIs), have been explored theoretically [10–15]. The

quantized Hall effect at zero field - the quantum anomalous Hall effect - was observed experimen-

tally in 2012 [16]. The natural question then arises: are there systems which show the fractional

quantum anomalous Hall effect?

In this dissertation, we answer in the affirmative. By forming a heterostructure of two mono-

layers of van der Waals semiconductor MoTe2 with a small twist angle, a moiré superlattice can be



realized. Surprisingly, this superlattice meets all the criteria to host an FCI - topological bands,

strong correlations, and spontaneous time reversal symmetry breaking. Using optical probes, we

observe ferromagnetism arising from strong correlations between doped holes over a large region of

phase space. Optical Landau fan diagrams, compared with the expected Streda formula dispersion

for topological states, provide the first signature of a zero-field FCI. Transport measurements at zero

magnetic field reveal not only an integer quantized Hall resistance at full filling of the moiré Chern

band, but also fractionally quantized Hall resistance at multiple fractional fillings. These results

constitute the first experimental observation of the fractional quantum anomalous Hall effect. This

groundbreaking discovery sets up the search for more FCI phases, including those hosting zero-field

non-Abelian anyons. We take a first step in this direction, using the optical response of the system

to find signatures of a zero-field composite Fermi liquid. The composite Fermi liquid is the parent

state of fractional phases which host Abelian anyon excitations - and, possibly, phases which host

non-Abelian ones as well.
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“The two patterns create a third: a moiré, a new

world of flowing shadows, interferences. . . .”

— Thomas Pynchon, Gravity’s Rainbow
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Chapter 1

INTRODUCTION

Our story begins - like many great stories - in medias res. In the two decades since the isolation

of monolayer graphene, the menu of 2D van der Waals (vdW) materials has come to contain

hundreds of entries, in a staggering range of flavors. These include insulators, metals, semimetals,

semiconductors, superconductors, ferroelectrics, ferromagnets, antiferromagnets, and topological

insulators. Often, the monolayer version of a vdW material exhibits strikingly different physics

than the bulk crystal. In semiconducting transition metal dichalcogenides (TMDs), for instance,

exfoliating down to a single layer results in a direct bandgap at the K and K’ valleys of the Brillouin

zone, extremely strong exciton binding energies of hundreds of meV, and valley-dependent optical

selection rules arising from the massive spin-orbit splitting of the valence band.

The real strength of 2D materials, however, lies not only in their behavior in the monolayer

limit, but also from their ability to be formed into heterostructures. These consist of “sandwiches”

containing stacked vdW layers of different types, enabling a degree of control and flexibility in

the design of materials properties not possible with other device architectures. Particularly useful

is the combination of metallic graphite and insulating hexagonal boron nitride to form a parallel

plate capacitor structure - a gate - which allows for continuous tuning of electron doping in a 2D

material. Rather than creating a series of samples with different chemical dopings to determine the

behavior of a material as the Fermi level is changed, a single heterostructure device equipped with

a gate can be employed to continuously map out an entire phase diagram.

By the late 2010s, the 2D materials field had become vast.1 The discovery of graphene - which

was awarded the Nobel Prize in Physics in 2010 - had kicked off an area of research spanning

fundamental physics, materials science, chemistry, engineering, and a range of other disciplines.

The variety of vdW materials was large and growing, heterostructure device fabrication was being

1Too vast, in fact, to cover here with any degree of detail. A (by no means inclusive!) selection of review articles
can be found in Appendix B.
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improved, and measurement techniques relevant to 2D materials perfected. Few suspected, however,

that a second 2D revolution - the moiré revolution - was around the corner...

1.1 Overview of dissertation

The goal of this work is to present, in a reasonably self-contained manner, the experiments lead-

ing to the discovery of the fractional quantum anomalous Hall effect (FQAHE). States hosting

the FQAHE, zero-magnetic-field fractional Chern insulators (FCIs), have stringent criteria - the

simultaneous existence of flat, topological Bloch bands (Chern bands), strong electron-electron cor-

relations, and spontaneous time reversal symmetry breaking. As we move chronologically through

our experimental results within these chapters, it will become apparent that homobilayer MoTe2

moiré heterostructures, surprisingly, fulfill every one of these criteria.

One of the most exciting aspects of this system is that it promises to make some of the deepest

and most abstract concepts in condensed matter physics experimentally accessible. These include

electron fractionalization, zero field fractional Chern insulators, and anyonic quasiparticle excita-

tions. As these ideas are crucial to understand the import and implications of the experimental

results, they are discussed in more depth in the appendices, which are referred to as needed in the

following chapters.

Chapter 2 is an introduction to moiré heterostructures of vdW materials and how they can give

rise to correlated and topological phases. We discuss a simple, but powerful, approach to describe

the physics of the moiré superlattice - the continuum model. With this picture, we can understand

the emergence of flat bands in moiré systems, and with them, a plethora of exotic correlated phases

of matter. Using the continuum model picture with semiconducting TMD moirés can result in

an effective Kane-Mele model with topologically nontrivial moiré bands - that is, moiré Chern

bands. Spontaneously breaking time reversal symmetry leads to the Haldane model with strong

electron-electron interactions, which allows for the quantum anomalous Hall (QAH) effect.

In Chapter 3, we discuss the experimental results establishing strong correlations and sponta-

neous time reversal symmetry (TRS) breaking in near-AA stacked homobilayer MoTe2 moiré. The

strong optical response of the MoTe2 system - even in the bilayer - allows for a range of optical tech-

niques to be used to probe the correlated phases. One such technique, reflective magnetic circular

dichroism (RMCD), enables a continual readout of spin-valley polarization - that is, ferromagnetism
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- in the system. We observe ferromagnetism arise over a range of fillings of the superlattice near

one hole per moiré unit cell, tunable both by doping and by the application of an out-of-plane elec-

tric field. These results demonstrate correlations and spontaneous TRS breaking in moiré MoTe2,

setting the stage for QAH - and for zero-field FCIs as well.

Chapter 4 covers the first experimental signature of zero-field FCIs. Improvements to both

sample quality and measurement techniques led to the observation of additional features in RMCD

- an enhancement of the strength of the ferromagnetic order at fillings ν = -1 and -2/3 of the

moiré unit cell. Using photoluminescence as a probe, we find that these enhancements correspond

to gapped, incompressible states. To explore the topology of these states, we apply a magnetic

field and observe linear shifts in carrier density. The slopes of these linear shifts match the Streda

formula predictions for a Hall conductance σxy of −e2/h for ν = -1 - the hallmark of QAH - and,

surprisingly, σxy = −2e2/3h for ν = -2/3. This fractional Hall conductance - for a state surviving

down to zero magnetic field - serves as the first experimental signature of zero-field FCIs.

In Chapter 5, we present transport results which show the fractional quantum anomalous Hall

effect (FQAHE), confirming the existance of zero-field FCIs. The development of a new device

geometry enabling these transport measurements was key to observing the “smoking gun” experi-

mental signature of the FQAHE - Hall resistance Rxy quantized to fractional values of h/e2. The

fractionally quantized Rxy plateaus observed are the analogs of the Jain sequence states in the frac-

tional quantum Hall (FQH) regime, but without the formation of Landau levels. Rather, the FCI

states are found at zero magnetic field in a lattice system. These results experimentally confirm

the theoretical predictions of the existence of FCIs, made over a decade previously.

Chapter 6 pushes further, exploiting the unique properties of the moiré MoTe2 system in the

search for additional phases which cannot be observed directly via the optical or transport tech-

niques discussed in the previous chapters. Measuring polarization-resolved photoluminescence, we

find tantalizing evidence for the zero-field analog of the composite Fermi liquid (CFL) - the com-

pressible parent state of the Jain sequence. In the composite fermion picture, the CFL in the 1/2

filled lowest Landau level (LLL) is the parent of not only gapped states hosting Abelian anyons, but

also more exotic ones predicted to host non-Abelian anyons. Thus, finding the analog of the CFL

at zero field in a lattice system is a major step towards the dream of realizing zero-field non-Abelian

anyons.
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We conclude, in Chapter 7, with something of a cliffhanger ending. There is no question of

the groundbreaking nature of the discovery of zero-field FCIs.2 As of yet, though, there is no

definite experimental evidence of phases hosting non-Abelian anyons in these moiré systems. This

result would be a paradigm shift - beyond the fundamental physics, realizing and manipulating

non-Abelian anyons is the primary requirement for achieving topologically-protected quantum com-

putation. However, the results so far are extremely promising. These non-Abelian anyons could be

achieved either through more complex heterostructure engineering or simply by a more thorough

exploration of the heterobilayer MoTe2 phase space. Thus, my great hope is that this dissertation

will quickly be out of date - that the most profound discoveries in this system still lie in wait.

2Now in a second moiré system: the rhombohedral pentalayer graphene-hBN moiré superlattice [17]!
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Chapter 2

MOIRÉ HETEROSTRUCTURES AND TOPOLOGY

Few systems in physics are as evocatively named as magic-angle twisted bilayer graphene

(MATBG). Perhaps this is justified. By arranging carbon atoms in exactly the right way, it is

possible to achieve a dazzling array of exotic phases of matter, many of which are still not fully

understood. The importance of MATBG, however, is not only due the new physics which has been

discovered - and continues to be discovered - in the system. The experimental and theoretical work

on twisted bilayer graphene has also established the power and flexibility of moiré vdW heterostruc-

tures more generally. The narrative of this chapter will mirror the chronology of research in moiré

systems. That is, we will begin by discussing magic angle graphene and how its behavior can be

understood, before applying this understanding to 2D materials beyond graphene - in particular,

TMDs.

Building a twisted moiré heterostructure is conceptually quite simple. Pick up half of a flake of

2D material, rotate the other by a small angle, and then pick that one up as well. Of course, this

is not so straightforward in practice - strain, cracks, bubbles, relaxation, and twist angle disorder

are among the many factors that need to be considered experimentally. But we can conveniently

ignore all of this for now, and focus on the key concept - the moiré superlattice.

2.1 Moiré Superlattices and the Continuum Model

Moiré patterns have been known for hundreds of years. They are an interference effect, and arise

when two similar periodic patterns are overlaid with a slight misalignment. As the constituent

patterns slowly come in and out of sync, a much longer length scale pattern occurs. Moirés come

about in a wide variety of situations - in fact, the etymology of the term moiré comes from a

processed textile which shows this long-wavelength wavy pattern. A more contemporary example

is the irritating banding which shows up when a picture is taken of a computer screen - the CCD

array of the camera and the pixel array of the screen are always slightly misaligned.
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Conveniently for us, crystalline materials are also (by definition!) periodic. In fact, it is this

periodicity that allows us to solve the Schrödinger equation for a many particle system - normally a

daunting task - quite simply by using Bloch’s theorem. We can then understand the behavior of our

crystal lattice by working in momentum space, and considering the band structure and dispersion

of our system. In the case of a single graphene layer, this is famously a massless linear Dirac

dispersion. That is, the low energy particles in graphene behave similarly to massless particles such

as photons, but with a “speed of light” given by the Fermi velocity vF , which is approximately c/300.

This Dirac dispersion leads to interesting physics, including half-integer quantum Hall plateaus and

Klein tunneling [18, 19]. However, the periodicity of the graphene lattice allows for an additional

approach to tune the properties of the system - forming a moiré superlattice.

Figure 2.1: Moiré bands. Schematic of the band structure of moiré graphene. a, Two stacked graphene

flakes are twisted by an angle θ, creating a moiré superlattice. Each moiré unit cell contains three high

symmetry stacking points, labelled AA, AB, and BA. The rotation causes a mismatch in momentum space

of the top layer (black) and bottom layer (red) graphene Dirac points at the K’ and K points. b, With finite

interlayer tunneling, the Dirac cone crossings from the two layers can mix and split, leading to a flatter moiré

band.

The twisted bilayer graphene moiré, and its resulting moiré band structure, is shown schemat-

ically in Figure 2.1. The graphene monolayer has a honeycomb lattice structure. By stacking two

monolayers with a small twist, a larger-scale moiré pattern arises, with the length scale determined

by the twist angle. Considering the behavior in momentum space, the linear Dirac dispersions of
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each layer - located at the K and K’ valleys in the Brillouin zone - are offset (Figure 2.1a). These

two dispersions cross at energies above and below the Dirac points in each valley. Because there

is tunneling between the layers, these crossings can gap out, resulting in a new band structure for

the twisted bilayer system (Figure 2.1b).

Figure 2.2: The continuum model for graphene. a,

Momentum space picture of two graphene flakes twisted by

an angle θ. Two mini Brillouin zones (black), correspond-

ing to the K and K’ points in the constituent graphene lay-

ers, are formed from the angle mismatch. b, Moiré band

structure for selected angles θ calculated using the contin-

uum model. At large angles, bands are similar to monolayer

graphene, showing a Dirac dispersion at the K point. Near

the magic angle, at θ = 1.05◦, a flat band (blue) forms at

the Fermi level. A large DOS is visible near the magic an-

gle. Figure adapted from Refs. [20, 21]. (a) Reproduced

with permission from Springer Nature. (b) Copyright 2011

National Academy of Sciences.

A quite elegant way of formalizing this

idea comes in the form of the continuum

model for moiré systems [21]. This model

is quite useful, as a single moiré supercell

can contain thousands of individual atoms

(depending on the twist angle), and per-

forming calculations on this large of a sys-

tem can be quite computationally inten-

sive. In addition, it provides a simple, in-

tuitive picture of the physics of these moiré

systems. The continuum model approach

for TBG considers a bilayer Hamiltonian

consisting of two massless Dirac Hamilto-

nians - one for each layer - and an addi-

tional tunneling term which couples the

layers. The result is a Hamiltonian which

looks like:

HK =

vFσ · p1 Tm(r)

T †
m(r) vFσ · p2

 (2.1)

Here, vF is the Fermi velocity, pi = h̄(k−Ki) is the momentum relative to the Ki point for i = 1, 2

the top and bottom layers, and Tm(r) the hopping term between the two layers. This hopping term

depends on the lateral offset r between the two layers for a given location in the moiré superlattice.

For example, at the AA high-symmetry stacking point, where the carbon atoms from each layer

sit directly on top of each other, r = 0. HK is the Hamiltonian for the K mini Brillouin zone (see

Figure 2.2a) - the time reversal partner applies to the K’ mBZ.
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The mBZ consists of two Dirac cones, one from each layer, offset by kθ ≈ 2Ksin(θ/2). With the

tunneling set to zero, these cross at energies ±1
2 h̄vFkθ. As discussed, turning on the tunneling will

cause an avoided crossing, and produce a new set of bands which will change as the twist angle is

varied. With some additional analysis of the tunneling term - namely, symmetry constraints and the

ability to ignore high-order Fourier components - a band structure can be calculated for an arbitrary

angle θ. Because the parameters of the low-energy continuum Hamiltonian are changing over the

scale of the moiré - the “high-energy” behavior on the scale of the atomic lattice is thrown out -

the calculation is quite efficient, and doesn’t require the twist angle to be a discrete, commensurate

value of θ.

As can be seen in Figure 2.2b, the tunneling doesn’t change the bands very much for large twist

angles - the linear Dirac dispersion remains. However, for specific “magic” angles, the band at the

Fermi level becomes extremely flat, and the density of states becomes very large. Flat bands are

quite exciting - essentially, filling a flat band results in a large number of electrons which are nearly

degenerate, and with little dependence on kinetic energy. Therefore, the physics is dominated by

electron-electron Coulomb interactions. These sorts of strongly correlated many-body systems tend

to result in a range of exotic ground states - and, as we will see, MATBG is no different.

2.2 Correlation and Topology in Moiré Graphene

The first experimental results on correlated phases in moiré systems came out in 2018 - just over

five years ago. Transport measurements on moiré graphene heterostructures near the magic angle

(Figure 2.3a) showed insulating states not only at charge neutrality and at full electron and hole

filling of the moiré band (±nS), but also at half filling ±nS/2 [22]. This is quite unexpected from a

band structure picture - a partially filled band should cause a system to act as a metal. However,

with strong electron-electron correlations (as in the MATBG flat band), a many-body gap can

open, resulting in a correlated insulating phase. Further measurements showed that upon electron

or hole doping away from the correlated insulator at −nS/2, resistance drops to zero - the system

becomes superconducting (Figure 2.3b) [23]. Superconductivity manifestly relies on correlations

between electrons to allow for pairing, and the formation of the flat moiré band is crucial for it to

occur.

The interesting physics arising in moiré graphene systems are not only the many-body correlated
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Figure 2.3: Correlated phases in MATBG. a, Correlated insulating states at half-filling of the graphene

moiré superlattice, at ±nS/2. Insulating states arise from strong electron-electron interactions in the half-

filled flat band. b, Superconductivity in MATBG near −nS/2. Figure adapted from Refs. [22, 23]. Repro-

duced with permission from Springer Nature.

phases, but topological phases as well. As it turns out, the flat moiré bands in MATBG are

topologically nontrivial [24–28].1 That is, integrating the Berry curvature Ω(k) over a moiré band

for a single spin, valley, and sublattice gives a nonzero Chern number:

C =
1

2π

∫
k∈mBZ

d2kΩ(k) = ±1 (2.2)

Figure 2.4: Topological phases in MATBG. a, Emergent

ferromagnetism in MATBG. b, Quantum anomalous Hall effect

in MATBG. Figure adapted from Refs. [29, 30]. Reprinted with

permission from AAAS.

The existence of a combined ro-

tation and time reversal symmetry

C2T in MATBG constrains the total

Chern number to zero for the insu-

lating states, preventing the system

from displaying the quantum anoma-

lous Hall effect. However, under

certain conditions - such as sponta-

neous time reversal symmetry break-

ing by emergent ferromagnetism or

rotation symmetry breaking by align-

ment with hBN - the C2T symmetry can be broken, allowing for QAH. This symmetry breaking

was observed near 3nS/4 in TBG. Measurements of the Hall resistance Rxy showed hysteresis vs

1See Appendices for more resources on topology and a discussion of topologically nontrivial phases.
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magnetic field, a hallmark of ferromagnetism (Figure 2.4a) [29]. This is quite surprising, as carbon

is not a magnetic element - the ferromagnetism arises from the strong correlations in the flat band.

Shortly after, Rxy quantized to ±h/e2 at zero magnetic field was observed in moiré graphene - the

hallmark of QAH (Figure 2.4b) [30].

2.3 Gaining (Dirac) Mass: Moiré in Semiconducting TMDs

So far, we have focused on the moiré graphene system near the magic angle of ∼ 1.1◦. This was

the first widely studied vdW moiré system, and continues to produce surprising results. However,

the idea of moiré superlattices is much more general. Considering the wide range of 2D materials

available, and their variety of properties in monolayer form, it is quite natural to consider moiré

heterostructures beyond TBG. One of the most fruitful approaches has been in building moiré

superlattices of semiconducting TMDs. Not only does this allow for us to take advantage of the

optical properties of TMDs, providing a powerful new experimental probe, but can also result in

entirely new physics.

There are a number of substantial differences between graphene and TMD moiré systems. One

extremely important difference is that semiconducting TMD monolayers are well described by a

massive Dirac model. Rather than a linear dispersion and Dirac point, TMDs have a conduction

and valence band separated by a gap, which is typically in the range of 1-2eV. A similar continuum

model approach can be used to describe the coupling of the two massive Dirac Hamiltonians of

each layer. However, unlike graphene, the moiré bands of the TMD bilayers don’t have a specific

magic angle, rather, they remain fairly flat over a range of twist angles.

A second difference is that there are a range of different TMD semiconductors to choose from

(WSe2, WS2, MoSe2, MoS2, MoTe2, etc.). One can make a homobilayer moiré by playing the same

game as with TBG - pick up half of a monolayer, rotate the other half, and pick that one up as well

(in fact, we will focus primarily on the TMD homobilayer moiré for the rest of this dissertation).

Heterobilayer moirés are also possible, though. These can be constructed by choosing two different

TMDs (WSe2 and WS2, for example) and stacking them with ∼ 0◦ or ∼ 60◦ relative twist. Because

the lattice constants of the different materials are slightly mismatched, this system will still form a

moiré. In addition, the moiré periodicity will be dominated by the lattice mismatch, so twist angle

disorder will be less of a problem in heterobilayers.
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A third difference is that, unlike graphene, TMDs have very strong spin-orbit coupling, which

leads to a spin splitting of the valence band on the order of 100s of meV. The valence band edges

are at the ±K points in momentum space, and the sign of the splitting is opposite for +K and −K.

The upshot of this is, for our purposes, the spin and valley degrees of freedom are locked together

- the +K valley carriers are spin up, and −K carriers are spin down. Thus, the separate spin and

valley degrees of freedom in graphene moirés is lowered to a single spin-valley degree of freedom for

the TMDs.

Figure 2.5: Correlation and topology in heterobilayer moiré TMDs. a, Correlated insulating states

in a near-0◦ WSe2/WS2 moiré. The 2s exciton resonance of a nearby monolayer WSe2 sensor layer blueshifts

and strengthens upon the formation of a correlated insulating state in the moiré system, due to the change

in the local dielectric environment. b, Quantum anomalous Hall effect in a near-60◦ MoTe2/WSe2 moiré.

At filling ν = −1 and large electric field, the system undergoes a band inversion, leading to topologically

nontrivial Chern bands and the QAH effect. Figure adapted from Refs. [31, 32]. Reproduced with permission

from Springer Nature.

A huge amount of progress has been made on moiré TMD systems over the past few years. The

strong optical response of TMDs has proven extremely useful for experimental work [31, 33–38].

However, other techniques, such as microwave impedance microscopy [39], STM [40], compressibility

[41], and transport [32, 42, 43] have been employed to study these systems. Although a more

complete overview of moiré TMDs is given in the review articles found in Appendix B, some key

results are shown in Figure 2.5. Using a monolayer WSe2 as a sensor, the formation of correlated

insulating states in an adjacent TMD moiré can be detected. The idea is that the resonance 2s

exciton of the sensor will shift if the local dielectric environment is changed (by, for example, a

correlated insulating state forming in the nearby moiré). As shown in Figure 2.5a, this reveals the

formation of insulating states at both integer and fractional fillings of the moiré superlattice.
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As in moiré graphene, TMD moirés can host topologically nontrivial states. Transport measure-

ments on near-60◦ MoTe2/WSe2 heterobilayer revealed a quantized Hall response at filling ν = −1

and large electric field (Figure 2.5b). The quantum anomalous Hall effect in this system can be

attributed to a band inversion at large electric field, leading to topologically nontrivial moiré bands.

2.4 Kane-Mele to Haldane

We now turn our attention to the twisted homobilayer TMD moiré superlattice, which is the system

we will focus on in the following chapters. The continuum model approach for homobilayer moirés

is conceptually quite similar to TBG, with all the caveats discussed in the previous section [44].

Our K-valley valence band Hamiltonian looks like:

HK =

− h̄2(k−K1)2

2m∗ +∆t(r) ∆T (r)

∆†
T (r) − h̄2(k−K2)2

2m∗ +∆b(r)

 (2.3)

Note that here we have a massive quadratic dispersion for each layer, rather than the massless

dispersion for TBG, and there are terms to offset the top and bottom band edges ∆t and ∆b, in

addition to the interlayer tunneling term ∆T .

We can collect up all of the ∆ terms in our Hamiltonian, and define a layer pseudospin magnetic

field - that is, an effective magnetic field acting on the top/bottom layer degree of freedom. The

result is:

∆(r) = (∆x,∆y,∆z) ≡
(
Re∆†

T , Im∆†
T ,

∆b −∆t

2

)
(2.4)

The ∆x and ∆y in-plane components of the pseudospin magnetic field produce interlayer tunneling,

and the ∆z term localizes the wavefunction of the carriers to the top or bottom layer. Each of these

components of ∆(r) vary over the moiré unit cell, as they depend on the local offset between

the layers, r. Symmetry arguments constrain these terms - for example, at the MM site, where

the atoms from each layer are directly on top of each other, ∆z must be 0. In addition, a C2yT

symmetry causes the wavefunctions at the MX and XM sites to sit on opposite layers. The layer

pseudospin magnetic field variation over the moiré superlattice is shown in Figure 2.6a. One

important characteristic to note here is that ∆(r) forms a skyrmion lattice. That is, as we travel

across the moiré unit cell, the winding number of ∆(r) is nonzero. The nontrivial winding produces



14

a real-space Berry phase, and effective real-space magnetic fields which vary on the scale of the

moiré unit cell [45].

Figure 2.6: The Kane-Mele model in homobilayer moiré TMDs. a, Layer pseudospin over the moiré

unit cell. Layer potential ∆Z favors carriers occupying opposite layers at the MX and XM high symmetry

sites. Variation of the layer pseudospin over the moiré forms a skyrmion texture. b, Layer pseudospin

skyrmion texture leads to exp(±2π/3) phase factors for next-nearest-neighbor hopping between MX (green)

and XM (yellow) sites, resulting in an effective Kane-Mele model. c, Complex hopping produces topologically

nontrivial (Chern) moiré bands in each valley for a range of twist angles. Spontaneous breaking of spin/valley

degeneracy leads to QAH. Figure adapted from Ref. [44]. Copyright 2019 by the American Physical Society.

The carriers in the first moiré valence band will preferentially sit on the MX and XM high

symmetry sites of the moiré, giving us a honeycomb superlattice. As a result of the layer pseudospin

skyrmion texture, the next-nearest neighbor hopping terms (i.e., those between two adjacent MX

sites or two adjacent XM sites) will pick up a phase factor of exp(±2π/3) (Figure 2.6b). As a

result, our small angle twisted homobilayer moiré TMD realizes an effective Kane-Mele model -

that is, two time-reversed copies of the Haldane model, one in each valley [9, 46, 47]. This produces

topologically nontrivial moiré bands for each spin/valley (Figure 2.6c). It is worth noting is that

not only do these moiré valence bands have a nonzero Chern number, but they are also quite flat.

This will turn out to be very important for the observation of the fractional quantum anomalous

Hall effect, discussed in the coming chapters. The bandwidth and band gaps of these moiré bands

can vary with twist angle θ.

Having established flat topological bands in each valley, there is one more missing ingredient

necessary to realize the quantum anomalous Hall effect - and, as we will see, the fractional quantum

anomalous Hall effect. The spin/valley degeneracy must be spontaneously broken, allowing for the
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filling of a single topologically nontrivial moiré band. In the following chapter, we show that this is

accomplished via the spontaneous time reversal symmetry breaking which occurs upon hole doping

of the homobilayer moiré MoTe2 system.
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Chapter 3

SPONTANEOUS TIME REVERSAL SYMMETRY BREAKING IN MOIRÉ
MOTE2

The key to the integer and fractional Chern insulating states observed in the moiré MoTe2

system is spontaneous time reversal symmetry breaking - ie, ferromagnetism. In fact, the first

observation of the quantum anomalous Hall effect in 2013 [16] was due to figuring out how to take

a topological insulator and spontaneously break time reversal symmetry. This was accomplished

by doping with chromium, which provided the ferromagnetic order and created a Chern insulator.

More recently, QAH was observed in MnBi2Te4, a stoichiometric topological insulator with intrinsic

ferromagnetism [48]. One of the extremely surprising things about moiré graphene, discussed in

the previous chapter, is that it shows ferromagnetism and the QAH effect while being made up

entirely of nonmagnetic materials. Rather, twisting the layers to form a moiré superlattice creates

flat bands and strong electron-electron correlations, which leads to ferromagnetic order.

In some sense, the ferromagnetic region of moiré MoTe2 is our “playing field”. That is, if our

ferromagnetism is gone (by increasing temperature, changing doping, etc) we won’t be able to

observe any of our CI or FCI states. So, one of the advantages of the ferromagnetism in moiré

MoTe2 is that it is quite robust. As we will discuss, ferromagnetism is stable over a large region

of phase space (doping and electric field) and survives up to ∼14K. This may seem like a fairly

low temperature! But recall that this is magnetism coming from a moiré superlattice, rather than

a crystal structure. The longer length scale, and correspondingly smaller energy scale, of moiré

systems means that 14K is actually surprisingly high. It is quite helpful that we have such a large

range of phase space to play around with, and a major goal is to figure out how to make the moiré

ferromagnetism even more robust.

In this chapter, we will discuss the observation of correlated states in moiré MoTe2 - an indication

of strong electron-electron interactions - and the emergence of ferromagnetism upon hole filling

of the first moiré valence band. Using the heterostructure gates, we can apply an out of plane
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electric field to our system, destroying the ferromagnetism. This behavior can be understood as

tuning between an effective honeycomb and triangular superlattices, which changes the exchange

interactions from FM to AFM. From the AFM phase, doping even more holes into the system leads

to a reemergence of ferromagnetism. These observations set the groundwork for the topological

physics that we will see in the coming chapters.

3.1 Correlated States

The lattice structure of a crystalline solid fundamentally determines its physical properties. There-

fore, the ability to adjust these lattice parameters - or even continually tune them - would enable

us to access a complex electronic phase diagram. This is, in large part, the promise of 2D van der

Waals moiré superlattice heterostructures. These systems can serve as synthetic quantum materi-

als, where lattice constants, layer stacking, and Coulomb interaction strengths can be controlled,

achieving designer Hamiltonians [23]. While a range of correlated and topological states have been

observed in triangular superlattices [29–34, 39, 40, 49, 50], the honeycomb lattice remains largely

unexplored. In addition, the ability to dynamically tune between superlattice geometries has not

been realized, which would provide a method to continuously drive a phase transition between

states with distinct symmetries.

Stacking two monolayers of the same transition metal dichalcogenide (TMD) material can offer

such an opportunity [44, 45, 52–55]. For a small twist angle away from the AA-stacked configuration,

the moiré will have two degenerate energy minima within a single supercell (Figure 3.1a). These

minima are on the MX (B sublattice) and XM (C sublattice) high symmetry points. Here, MX

refers to transition metal atoms (M) of the top layer sitting on top of the chalcogen atoms (X)

of the bottom layer. Crucially, holes doped into the superlattice will preferentially sit on opposite

layers for the two different minima, which are linked by a C2 symmetry (Figure 3.1b). This gives a

layer pseudospin, which is locked to the high symmetry points in the moire unit cell. Applying an

out-of-plane electric field, D, allows us to layer polarize the system. This pushes the doped holes

into a single layer and high-symmetry site, driving a transition between a two-orbital, quarter-filled

honeycomb lattice and a one-orbital, half-filled triangular lattice, when considering spin degeneracy

(Figure 3.1c).

This near-AA stacked homobilayer moiré had been predicted to host a range of exotic phe-
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Figure 3.1: Tunable superlattice geometry in the homobilayer moiré. a, Schematic of near-AA

stacked moiré MoTe2 superlattice. Green circles correspond to MX (B) sites, and orange circles correspond

to XM (C) sites. b, Spatial density distribution over the real-space moiré unit cell calculating for a doping

of one hole per unit cell (ν = −1). Holes preferentially sit on the bottom layer for the MX site, and top layer

for XM site. c, Out-of-plane electric field D applied by gates lifts layer degeneracy and switches superlattice

geometry from honeycomb to triangular. Figure adapted from Ref. [51]. Reprinted with permission from

AAAS.

nomena, including the quantum spin hall effect, ferroelectric Mott insultors, integer and fractional

quantum anomalous hall states1, and electric field driven electronic phase transitions [44, 45, 56–

63]. In addition, a range of experimental work had been carried out on near-AA stacked homobi-

layer systems, including studies of moiré ferroelectricity [64], interlayer exciton-electric polarization

coupling [65], correlated electronic phases [42, 66], and quantum criticality near one hole per moiré

unit cell (ν = −1) [43]. In the following sections, near-AA stacked twisted bilayer MoTe2 will be

established as a model system to explore interaction-induced magnetism with electrically tunable

moiré geometry.

We study near 4◦ twisted MoTe2 bilayers, using the dual gated heterostructure geometry dis-

cussed in the previous chapter to independently control carrier density n and the out-of-plane

electric field, or displacement field, D. Temperature for optical measurements is 1.6K unless other-

wise noted. We begin characterizing these devices by measuring photoluminescence as a function

of gate-controlled doping. In this measurement, we excite carriers from the valence band to the

conduction band using a 633nm HeNe laser with linear polarization, an excitation energy well above

1see Appendix D
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the band gap. For the MoTe2 monolayer, we see strong photoluminescence, the energy and intensity

of which is tuned as the system is doped (Figure 3.2a). This strong emission is due to the formation

of excitons - bound electron-hole pairs - when carriers are excited from the valence to conduction

bands. These excitons have extremely strong binding energies of 100s of meV, as the 2D nature

of the system reduces screening between the charges. The direct band gap of TMD monolayers at

the K and K’ valleys leads to bright exciton emission. Upon doping of either electrons or holes, the

neutral exciton (X0) disappears, and new features appear at lower energy. These are the positively

and negatively charged trions (X+ and X−), which are formed when the doped free carriers dress

the neutral exciton [67].

While this behavior is common in monolayer semiconductor TMDs, the bilayer displays behavior

which is quite unusual. Generally, going from the monolayer to the bilayer produces a change in

the TMD band structure from a direct to indirect band gap. This quenches the PL emission,

preventing it from being a good probe of bilayer systems. As we see in Figure 3.2b, however, the

MoTe2 bilayer PL signal is just as strong as that of the monolayer. This indicates that the moiré

bilayer retains the direct bandgap and K-valley physics of the monolayer - behavior which has been

observed in untwisted 2H-stacked bilayer MoTe2 as well [68, 69]. Thus, the bilayer system retains the

appealing optical properties of monolayer TMDs - strong emission, K-valley valence band physics,

and spin/valley/helicity locked optical selection rules - while also enabling twist angle engineering

of the moiré superlattice. This, as well as the extremely sharp (∼5meV) emission peak, establishes

PL as a sensitive and powerful probe of correlated physics.

Unlike the monolayer, though, there are clear features appearing in the trion PL as doping is

changed in the moiré bilayer. These resemble the behavior of interlayer exciton PL in WSe2/WS2

heterobilayer moirés, which have been used to probe correlated electronic states at integer and

fractional filling of the superlattice [34, 38, 70, 71]. In our system, these features can be understood

as the formation of correlated insulating states at particular fillings of the moiré unit cell. When

these insulating states form and a Hubbard gap opens, the free doped carriers are consumed, and

are no longer available to dress the exitons and form a trion. Thus, we observe a decrease in

intensity and a blueshift of the trion PL peak (Figure 3.2c-e). From the strongest features in the

PL, we can assign doping values for integer filling of the moiré unit cell. From this, we infer a twist

angle of about 3.9◦, consistent with the targeted twist angle of 4◦. Note that, while the correlated
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insulating states are clearest at integer filling, there are features at fractional fillings on both the

electron and hole doping sides.

3.2 Optically Detected Ferromagnetism

Figure 3.2: Photoluminescence measurements of mono-

layer and twisted bilayer MoTe2. a, Energy-resolved mono-

layer MoTe2 PL vs doping. Neutral exciton (X0) and posi-

tively/negatively charged trion (X+/X−) features are labelled. b,

As in (a), but for twisted bilayer MoTe2. Doping has been con-

verted to filling factor ν. Integer and fractional features are visible

on both the electron and hole doping sides. c, Schematic of neu-

tral exciton recombination and emission. d, As in (c), but for the

positively charged exciton (trion) when holes are doped into the

first moiré valence band. e, As (d), but at v = −1. The gapped

state consumed the doped holes, leading to a decrease in trion PL

intensity, and a blueshift in the peak energy. Figure adapted from

Ref. [51]. Reprinted with permission from AAAS.

Taking advantage of the optical

properties of the moiré bilayer sys-

tem, we have established that strong

correlations - as indicated by the

formation of correlated insulating

states - are present in twisted

MoTe2. Now, our goal is to explore

the magnetic interactions. Conve-

niently, it is also possible to accom-

plish this using optical probes. In

addition to a strong PL signal which

shows correlated states, differential

reflectance (dRR) can also serve as

a useful technique. To obtain a

dRR spectrum, we send in broad-

band white light from a tungsten-

halogen lamp and spectrally resolve

the reflected signal. Normalizing the

sample signal with another spectrum

taken off the sample, we can observe

the resonances corresponding to the

exciton and trion features as a func-

tion of doping.

As mentioned previously, the bilayer system retains the spin/valley/helicity locking of the mono-
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layer TMDs.2 Thus, circular polarization resolved dRR can indicate valley, and therefore spin,

polarization. In Figure 3.3a&b, we see features at the insulating states, as in the PL measurement,

but also a clear difference in absorption features between collecting right (σ+) or left (σ−) circularly

polarized light. Taking the difference between σ+ and σ−, it is apparent that there is spin/valley

polarization in the system for a range of doping around ν = −1 (Figure 3.3c). This difference be-

tween σ+ and σ− reflectance from the spin polarization is referred to as reflective magnetic circular

dichroism (RMCD). As measuring the entire accessible phase space of ν and D with polarization-

resolved dRR would be quite time consuming, we employ a lock-in technique to continually read

out RMCD.

Figure 3.3: Differential reflectance and RMCD. a, Right circular polarization resolved dRR vs ν. b,

Left circular polarization resolved dRR vs ν. c, Difference between (a) and (b), showing helicity-dependent

absorption, and thus spin/valley polarization, near ν = −1. d, Schematic of RMCD setup.

The schematic of our RMCD setup is shown in Figure 3.3d. Using a filtered supercontinuum

source, we select an excitation energy band near the dRR resonances, giving us an RMCD signal, as

denoted by the dotted line in 3.3c. This excitation is chopped at ∼1kHz, and modulated between

σ+ and σ− by a photoelastic modulator (PEM) at ∼50kHz. The reflected RMCD signal can then

be read out from the photodiode using a lock-in, with the chopper signal used to normalize any

intensity fluctuations. As this approach allows for a continuous readout of the RMCD signal -

and thus spin/valley polarization - we are now able to explore our parameter space much more

effectively.

2For review articles discussing the optical properties of monolayer semiconductor TMDs, see Appendix B
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We read out RMCD as a function of ν and D, initialized with positive out-of-plane magnetic

field µ0H, and measured at µ0H = 0T (Figure 3.4a). There is a clear RMCD signal over a broad

range of phase space surrounding ν = −1. This finite RMCD at µ0H = 0T indicates spontaneous

spin/valley polarization - or ferromagnetism. Parking our gates at ν = −1 and D = 0, we measure

RMCD signal vs µ0H, swept down and up (Figure 3.4b). There is clear hysteresis as a function of

magnetic field sweep direction, a hallmark of ferromagnetic order. In (Figure 3.4c&d), we explore

the strength of the ferromagnetism, observing hysteresis as a function of temperature. At ν = −1,

we see the hysteresis loop disappear at ∼14K, giving us the Curie temperature TC . Measuring TC

as a function of ν, we observe that the ferromagnetism is strongest near ν = −1, but survives over

a broad range of fillings. This is confirmed in measurements of the RMCD hysteresis, ∆RMCD as

a function of ν, shown in Figure 3.4e. Ferromagnetism thus exists in the system not only at the

ν = −1 correlated insulating state (as can be observed in PL), but also at partial filling of the first

moiré valence band. This implies a tuning between a ferromagnetic insulator and a ferromagnetic

metal as a function of ν.

The observed ferromagnetic state near ν = −1 can be understood through the real-space picture

of hole filling the moiré orbitals in a honeycomb lattice. As discussed, and shown in Figure 3.1b,

doped hole wavefunctions at D = 0 will have the highest density on the MX and XM high symmetry

sites of the moiré unit cell. The hole wavefunctions are layer polarized at these sites, but have

significant spatial overlap at other regions of the unit cell - such as at the MM (A) site, which is

layer-hybridized. This overlap produces a significant Coulomb exchange, resulting in next-nearest-

neighbor ferromagnetic interactions. This drives a spin/valley polarization of the moiré bands. As

we will see, the spin-valley polarized moiré valence band is also a topological (Chern) band with

Chern number -1, consistent with theoretical predictions [72–74].

3.3 Electric Field Tunable Exchange Interactions

We have now established ferromagnetism near ν = −1, and for D = 0. However, it is clear from

the RMCD phase diagram (Figure 3.4a) that ferromagnetism disappears as we increase |D|. We

will now discuss this D-driven phase transition, as well as providing an intuitive picture of why

the transition occurs. Similar to the measurement in Figure 3.4e, we measure RMCD vs µ0H

swept down, up, and ∆RMCD vs applied displacement field D, at ν = −1. As D increases, the
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Figure 3.4: Ferromagnetism in moiré MoTe2. a, RMCD as a function of ν and D, measured at

µ0H = 0T . b, RMCD hysteresis loop vs µ0H, swept down and up, at ν = −1 and D = 0. c, Temperature

dependent RMCD hysteresis. d, Curie temperature TC vs ν at D = 0. Error bars correspond to temperature

sampling resolution. e, RMCD vs µ0H swept down (top) and up (middle), as a function of ν and at D = 0.

Finite hysteresis ∆RMCD=RMCDdown-RMCDup is present over a wide range of ν (bottom). Inset: dotted

line denotes range of ν shown in (e). Figure adapted from Ref. [51]. Reprinted with permission from AAAS.

hysteresis, indicating ferromagnetism, weakens, and eventually disappears above a critical field of

DC ≈ 0.15V/nm (Figure 3.5a). This behavior is consistent with the disappearing RMCD signal at

finite D seen in the dual gate map. The disappearing hysteresis with increasing D also corresponds

to a drop in the ferromagnetic Curie temperature TC , as is shown in Figure 3.5b. These observations

are consistent with a weakening of the FM order with increasing D.

To understand the behavior of this system at large D > DC , after the ferromagnetism disap-

pears, we measure RMCD vs µ0H as a function of temperature at D/ϵ0 = 320mV/nm (Figure

3.5c). While there is no hysteresis, we observe a paramagnetic-type response with a saturation at

large magnetic field at base temperature of 1.6K. As the temperature increases, the slope of the

RMCD vs µ0H near zero magnetic field (which we write as
(
∂R
∂H

)
H=0

) decreases. Using this value
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Figure 3.5: D-controlled FM to AFM transition. a, RMCD vs µ0H swept down (top) and up

(middle), as a function of D. Finite hysteresis ∆RMCD=RMCDdown-RMCDup is present for small D, up

to a critical displacement field of DC ≈ 0.15V/nm (bottom). Inset: dotted line denotes range of D shown

in (a). b, Curie temperature TC vs D. Error bars correspond to temperature sampling resolution. c,

Temperature-dependent RMCD vs µ0H at large displacement field D/ϵ0 = 320mV/nm. The RMCD slope

near zero magnetic field,
(
∂R
∂H

)
H=0

, is used as a proxy for susceptibility. d, Curie-Weiss fit to
(
∂R
∂H

)−1

H=0
at

selected temperatures atD/ϵ0 = 320mV/nm, showing linear dependence and a negative x-intercept, implying

AFM interactions. e, RMCD (µ0H = 0) versus D swept down (green) and up (orange). Red dots are the

extracted
(
∂R
∂H

)
H=0

as D approaches the ferromagnetic phase from the antiferromagnetic interaction side,

showing singular behavior. (Insets) The spin arrangements with the antiferromagnetic and ferromagnetic

interactions in the (top) triangular and (bottom) honeycomb lattices, respectively. The in-plane spin denotes

the superposition of spin up in the K valley and spin down in the K’ valley, relative phase corresponding to

the in-plane angle. All data were taken at ν = −1, except for data in (e), which was taken at ν = −0.9.

Figure adapted from Ref. [51]. Reprinted with permission from AAAS.

as a proxy for the magnetic susceptibility, χ, we can fit the data to the Curie-Weiss law, χ = C
T−θC

[75]. Here, C is a constant, and θC is the Curie-Weiss temperature. The extracted
(
∂R
∂H

)−1

H=0
vs

temperature, and the Curie-Weiss fitting, is shown in 3.5d. The extracted data is quite linear down

to ∼4K, and has a negative intercept, giving θC = −3.5K. The negative value of θC implies that,

at large D, there are antiferromagnetic interactions between the local moments - in contrast to the

ferromagnetic interactions at low D.
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We can explore the D-driven magnetic phase transition by measuring RMCD at µ0H = 0 as a

function of D, swept up and down (Figure 3.5e). The data were taken in the slightly underdoped

regime (ν = −0.9) to avoid complications from domain effects near ν = −1. The lack of hysteresis

as a function of D sweep direction implies a second order magnetic phase transition. Also plotted

is the extracted values of
(
∂R
∂H

)
H=0

(a proxy for susceptibility χ) in the AFM interaction regime.

We observe an increasing value of
(
∂R
∂H

)
H=0

as DC is approached, with the susceptibility diverging

at the same value of D where the µ0H = 0 RMCD signal disappears. This singular behavior is also

consistent with the interpretation of a second order phase transition.

Our picture of a D-driven honeycomb to triangular superlattice transition can explain this

behavior quite nicely. As discussed, at D = 0, the doped holes sit on the MX and XM sites

with opposite layer polarizations, on a honeycomb lattice with strong Coulomb exchange. This

layer-hybridized configuration explains the spontaneous spin-valley polarization - ferromagnetism -

observed near ν = −1. However, as we apply an out-of-plane electric field D, we push the doped

holes onto a single high symmetry site, as we layer-polarize the system. In the limit of large D,

our doped holes sit on only a single moiré orbital, giving us a triangular lattice. This configuration

keeps the doped holes well separated, with very little wavefunction overlap. Thus, rather than FM

Coulomb exchange, our system is now dominated by superexchange, which produces the observed

AFM interactions.

3.4 Proximity Control of Magnetic Exchange

We have established a D-controlled phase transition between the FM phase near v = −1 and

D = 0 and a phase with AFM interactions at large D. However, there is another feature visible

in the ferromagnetic phase diagram of Figure 3.4a. As the fully layer polarized system, which is

not ferromagnetic, is hole doped further beyond v = −1, we see finite RMCD signal, indicating

a reemergence of ferromagnetism. RMCD vs µ0H hysteresis sweeps at selected ν and D/ϵ0 =

260mV/nm are shown in Figure 3.6a. Clear hysteresis loops are visible, confirming the reemergence

of FM order. Figure 3.6b shows ∆RMCD vs ν, indicating ferromagnetism for for a range of fillings

ν = −(1 + x), centered around x ≈ 0.25.

This behavior is quite surprising, as at large values of D, the doped holes should be in a

triangular lattice with AFM interactions. This reemergence of ferromagnetism, however, indicates
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that the hole doping beyond ν = −1 serves as a method for proximity control of the correlated

insulating state on a triangular lattice. Figures 3.6c&d illustrate the idea. At ν = −1 and large D,

the doped holes sit on a triangular lattice in the top layer. This produces a correlated insulating

state with AFM interactions, as discussed previously. The triangular lattice on the bottom layer

is empty. This can be understood in the band structure picture as the Fermi level sitting in the

Hubbard gap for the top layer, with Coulomb repulsion preventing double filling of the sites. The

moiré bands of the empty bottom layer are above the Fermi level.

If we consider hole doping this system beyond ν = −1, the additional holes could either double

fill the top layer triangular lattice - costing a large amount of Coulomb energy - or start to fill

the moiré bands of the bottom layer. For values of D large enough to layer polarize the ν = −1

system, but not large enough to overcome the Hubbard gap, this will lead to a partial filling of the

triangular lattice on the bottom layer. These doped holes contribute a direct Coulomb exchange

interaction, providing a competing FM coupling. At finite doping, this FM interaction overcomes

the AFM interaction, causing the observed reemergence of ferromagnetism. Thus, for this range of

phase space, we can achieve a Mott insulating state in proximity to a doped moiré layer.

Our system contrasts with the proposed gate-tunable exchange interactions of moiré Kondo

lattices in TMD heterobilayers [76, 77]. In these cases, the carriers in the conducting layer are not

trapped by a moiré potential. However, in our system, the conducting layer is another triangular

lattice, which should have a similar trapping potential to the Mott insulating layer. Calculated

charge distributions at finiteD and ν = −1 and ν = −1.3 are shown in Figure 3.6e. The calculations

support this picture of proximity-controlled FM interactions. We see that as holes are doped into

a layer-polarized system at ν = −1, they fill the opposite layer and moiré sublattice. This is

consistent of our picture of a partially-filled moiré band of the bottom layer upon hole doping,

which can mediate the FM interactions.

The discussion so far has been fairly qualitative, as there is not a rigorous microscopic picture of

the magnetic phase transitions as a function of D and ν. One possibility in this direction, however,

is to build effective spin Hamiltonians using extracted experimental values for the coupling, and

then use these model Hamiltonians to explore the evolution of the magnetic ground state [78].

This would augment the experimental results in this system, as our RMCD measurements are only

sensitive to out-of-plane spin configuration, as well as AFM interaction strength through Curie-
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Figure 3.6: Proximity control of magnetic exchange. a, RMCD hysteresis vs µ0H at selected fillings.

Inset: dotted line denotes range of ν shown in (a). b, ∆RMCD vs ν, showing reemergent ferromagnetism

at hole doping beyond ν = −1 at finite D. c, (Left) Schematic of twisted bilayer MoTe2 at ν = −1 with

full layer polarization. The top layer is a half-filled triangular lattice with antiferromagnetic interactions

between the local moments, whereas the bottom layer is unfilled. (Right) Schematic of band alignment. The

chemical potential is in the charge gap of the top layer, and the moiré minibands of the bottom layer are

empty. d, As in (c), but at ν = −(1 + x). Given that the chemical potential is still in the charge gap of the

top layer and the miniband of the bottom layer is partially filled (right), the top layer remains in a half-filled

Mott state, whereas the bottom layer becomes a doped triangular lattice. The direct Coulomb exchange of

the partially filled B orbitals in this doped layer with the fully filled C orbitals in the top layer gives rise to

ferromagnetism. e, Calculated charge distribution in the biased condition for ν = −1 (top) and ν = −1.3

(bottom). All data taken at D/ϵ0 = 260mV/nm. Figure adapted from Ref. [51]. Reprinted with permission

from AAAS.
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Weiss analysis. Thus, confirming the existence of, for example, 120◦ Néel order is beyond the

capabilities of these techniques.

To sum up, the results presented in this chapter lay the groundwork for the observation of the

integer and fractional quantum anomalous Hall effects in moiré MoTe2. As discussed in more detail

in Appendix D, observing the FQAH effect requires strong correlations, spontaneous time reversal

symmetry breaking, and topologically nontrivial bands. We have experimentally confirmed the first

two requirements, and the third was strongly theoretically supported by the time we were taking

these measurements. In retrospect, then, perhaps the results presented in the next chapter should

not have been too surprising. Nevertheless, seeing the first experimental evidence of the fractional

quantum anomalous Hall effect was a shock to us - and, I think, to the rest of the condensed matter

community.
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Chapter 4

FRACTIONAL QUANTUM ANOMALOUS HALL: OPTICAL PROBES

The experimental results we cover in this chapter are very much a continuation of those in the

previous one. We use the same optical probes, RMCD and PL, and study the same system - near 4◦

twisted AA-stacked bilayer MoTe2. That we are able to observe topological phases - both integer

and fractional Chern insulating states - at zero magnetic field is a testament to the importance

of sample quality and measurement technique. This fact is known to the fractional quantum Hall

community - the cleaner you can make your 2DEG, the more states you tend to see.1 In any

case, measurements on this new, pristine sample, using optimized optical techniques, enabled the

first experimental signatures of the zero field FCI - a state which displays the fractional quantum

anomalous Hall effect.

Finding the zero field FCI came as a surprise. Our goal initially was to observe a zero field Chern

insulating state - that is, a state which displays the quantum anomalous Hall effect. As QAH relies

on combining spontaneous time reversal symmetry breaking and topology [9, 16, 79], moiré MoTe2

is a good candidate system. This approach proved successful in both magnetically doped [16, 79]

and intrinsic [48] topological insulators. Moiré engineering promised another approach to fulfill

these requirements. Indeed, QAH had already been observed in moiré graphene [29, 30, 80] and

heterobilayer TMD moirés [32]. However, it was predicted that adding in strong electron-electron

interactions would also allow zero field FCI states2 to emerge [10, 12–14, 28]. These states show

the fractional quantum Hall effect, and could host fractional excitations,3 including non-Abelian

anyons - crucial to achieve topological quantum computation [81].

While both FQH and FQAH appear in strongly correlated topological phases [2, 4, 7, 10, 12–

14, 82], FQAH requires spontaneous time reversal symmetry breaking, and does not rely on the

1as we discuss in Appendix C

2Appendix D

3Appendix E
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formation of Landau levels by a large applied magnetic field. Avoiding this requirement of a large

field is, of course, a major advantage, but despite extensive theoretical work, no physical system

had been found which could host the FQAH effect. There had been tantalizing hints that moiré

superlattices were the right place to look for zero field FCIs, however. FCIs had been observed

in bilayer graphene/hBN superlattices under a 30T magnetic field [83], as well as in magic angle

twisted bilayer graphene down to only 5T [84].

One reason why moiré systems, and moiré TMDs in particular, are such a promising place to

search for zero field FCIs is that realizing the Haldane model on a honeycomb lattice with strong

correlations can lead to flat topological bands which share key characteristics of Landau levels, but

at zero applied magnetic field [15, 85]. Recent theory work [44, 45, 56–59] had predicted near-AA

stacked twisted TMD homobilayer systems to host flat topological bands, with opposite Chern

numbers for the two different spin/valley sectors. Considering the results shown in the previous

chapter, moiré MoTe2 was a promising system to look for not only zero field CIs, but zero field

FCIs as well.

In this chapter, we show that near 3.7◦ moiré MoTe2 hosts topological bands and spontaneously

breaks time reversal symmetry, realizing a Haldane model on a honeycomb lattice, with complex

next nearest neighbor hopping and strong Coulomb interactions (Figure 4.1a). We observe robust

ferromagnetism corresponding to insulating states at both integer and fractional fillings of the first

spin/valley polarized moiré valence band. Using photoluminescence as a probe of the insulating

states, we measure the topological invariants of the states at integer filling, ν = −1, and fractional

fillings, ν = −2/3 and ν = −3/5. Evidence of the zero field FCIs is obtained by comparing with

the predictions of the Streda formula. With further analysis, an additional state at ν = −4/7 is

also visible. Last, we show that the states can be driven into the trivial regime by application of

an out-of-plane electric field, D.

4.1 Ferromagnetic Insulating States at Fractional Fillings

As in the previous chapter, we can use trion PL as a probe of correlated insulating states in our moiré

MoTe2 system. In this higher-quality sample, we observe a much cleaner and sharper PL signal

on the hole doping side (Figure 4.1b). Here, there is a substantial blueshift and clear suppression

of the trion PL at v = −1, but also a smaller feature at v = −2/3. Another PL measurement,
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taken with finer resolution around the fractional feature, reveals not only a decrease in PL intensity

at v = −2/3, but another, smaller decrease at v = −3/5 - both of which occur at zero applied

magnetic field (Figure 4.1c). Because the opening of a gap when the insulating state is formed

causes the decrease in the trion PL, because the free carriers are consumed, the strength of the PL

suppression should give some indication of the strength of the correlated insulating states. With

this interpretation, the integer state at ν = −1 is quite robust, the fractional state at v = −2/3

less so, and the state at v = −3/5 weaker than the one at v = −2/3.

Figure 4.1: Ferromagnetic insulating states at fractional filling. a, Honeycomb moiré superlattice.

Next nearest neighbor hopping (dotted lines) is complex, realizing the Haldane model. b, Spectrally-resolved

PL intensity vs filling, with integer and fractional correlated insulating states indicated. c, As in (b), but

zoomed in on fractional features. State at ν = −3/5 is visible. d, RMCD vs ν and D. Enhancement of

ferromagnetic DC is visible around ν = −2/3. e, RMCD hysteresis sweeps at selected ν. Enhancement of

ferromagnetic HC is visible at ν = −2/3. Figure adapted from Ref. [86]. Reproduced with permission from

Springer Nature.

We now turn to RMCD which, as discussed in the previous chapter, serves as an optical probe

of ferromagnetic order. Figure 4.1d shows a measurement of RMCD at zero applied magnetic field

as a function of ν and D - similar to that shown in Figure 3.4a, but on the new sample. While

the basic shape of the FM phase space is similar to the previous measurement, we observe a clear
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enhancement of the critical electric field DC of the ferromagnetism around ν = −2/3, the same

filling that we see the correlated insulating state in the PL measurement. As we know that applying

D suppresses the ferromagnetism in this system, it appears that ferromagnetism is enhanced at this

fractional insulating state.

Figure 4.2: Enhancement of ferromagnetism at fractional

filling. a, RMCD vs µ0H swept down (left) and up (right)

as a function of filling ν. b, Difference between down and up

sweeps, ∆RMCD. Enhancement of µ0HC is visible at ν = −1

and ν = −2/3. c, As in (b), but with finer resolution around

fractional features. Clear enhancement around ν = −2/3 is visi-

ble, as well as a small enhancement around ν = −3/4. d, µ0HC

and TC vs ν. µ0HC extracted from data in (c) by change point

detection, with the shaded area denoting the extracted transi-

tion width. TC extracted from temperature dependent RMCD

hysteresis sweeps, as in Figure 3.4. Extracted TC values have

an uncertainty of 0.25K, from the temperature step size of the

measurement. Figure adapted from Ref. [86]. Reproduced with

permission from Springer Nature.

Taking RMCD hysteresis sweeps

vs magnetic field can give us another

indication of the strength of the fer-

romagnetism as a function of ν. In

Figure 3.4e, we see a large hystere-

sis loop at ν = −1, with a critical

magnetic field HC of approximately

100mT. This is noticeably larger than

the HC of the previous measurement,

suggesting that a cleaner sample pro-

duces more robust ferromagnetism.

Tuning to different fillings, we see

that HC becomes smaller as we move

away from ν = −1 - ie, when we par-

tially fill the moiré band. However,

HC is enhanced at ν = −2/3, an-

other sign of stronger ferromagnetism

at this filling.

A measurement of the RMCD hys-

teresis as ν is tuned continuously is

shown in Figure 4.2a-c. We see that

not only is there a large enhancement

of µ0HC around the insulating state at ν = −1, but also an increase in the critical field near

ν = −2/3, consistent with Figure 4.1e. A finer measurement of ∆RMCD around the fractional

filling is shown in Figure 4.2c. In addition to the clear enhancement around ν = −2/3, we also

see a small increase of the critical field at ν = −3/4. This is quite a weak feature, and whether it
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appears at all changes from spot to spot on the sample. In contrast, the ν = −2/3 feature is very

robust and repeatable.

We can extract the critical field, µ0HC , from these hysteresis sweeps as a function of ν, plotted in

Figure 4.2d. A clear enhancement is apparent at ν = −2/3, and the small feature at ν = −3/4 is also

visible. Also plotted is the Curie temperature, TC , extracted from temperature dependent RMCD

hysteresis measurements in a similar manner to Figure 3.4. These data also show a maximum at

ν = −2/3. Thus, we see an enhancement of DC , µ0HC , and TC at the correlated insulating state

appearing at ν = −2/3, indicating that not only is this state ferromagnetic, but its ferromagnetism

is actually enhanced compared to the surrounding metallic regions.

4.2 The Streda Formula and Optical Landau Fans

Having established that the integer and fractional correlated insulating states are ferromagnetic,

the question now arises - are they topological? The most straightforward experimental signature

of the topology would be to measure a quantized Hall conductivity (as we will discuss in the next

chapter). However, semiconducting TMD systems are notoriously difficult to probe using transport,

as forming good electrical contact to them is nontrivial. Luckily, there is another method for

determining topological invariants - the so-called Landau fan diagram.

A Landau fan diagram is a measurement of the carrier density at which an insulating state

appears as a function of applied magnetic field. A gapped state with nontrivial topology will disperse

linearly with applied field, with a slope corresponding to the topological index. To understand why

this is the case, we will make a brief digression, and discuss the Streda formula [87]:

σH =
∂ρ

∂B
(4.1)

Here, σH is the Hall conductivity, ρ is the density, and B is the magnetic field. One way of seeing

why this relation follows straightforwardly from a gapped state with Hall conductivity σH is as

follows.4 If we have a gapped topological phase, contribution to the current will come only from

the Hall conductivity term:

ji = σHϵijEj (4.2)

4argument adapted from Ref. [88]
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We can plug this in to the continuity equation, and apply Maxwell’s equations, to get

∂ρ

∂t
= −∇ · j = −σH(∂xEy − ∂yEx) = σH

∂B

∂t
(4.3)

Eliminating the time derivatives from both sides gives equation 4.1. We can see that, making very

few assumptions, a finite quantized Hall conductivity (the hallmark of a topological state) will

correspond to a linear density dispersion as a function of B, with the slope corresponding to the

topological index.

We rewrite the Streda formula as

C = ϕ0
∂n

∂B
(4.4)

where C is the Chern number in units of Hall conductance e2/h, ϕ0 the magnetic flux quantum,

and n the carrier density of our gapped state. Using this, it becomes possible to extract the Chern

number (integer or fractional) from the measured slope in a Landau fan diagram. This approach

has been used extensively in moiré systems, and can be used with various probes sensitive to gapped

states [84, 89]. For our measurement, we take advantage of the sensitivity of the trion PL emission

intensity to the formation of gapped states. As discussed in the previous chapter, excitons in TMDs

are sensitive to any changes in the local dielectric environment (by the formation of a correlated

insulating state, for instance) [90]. They have been used as a probe of charge gaps of generalized

Wigner crystals in TMD moirés [31, 33] as well as fractional quantum Hall states in graphene [91].

A similar approach has also been used to measure fractional quantum Hall liquids in GaAs quantum

wells [92].

A corollary of equation 4.4 is that a topologically trivial state with Chern number of 0 should

not disperse with applied magnetic field. Luckily, we have a way to measure the density of the

insulating states in our system using the features in trion PL. So, an obvious first check for nontrivial

topology would be simply to measure PL at different applied fields, and see if there is any shift in

the insulating states. This measurement is shown in Figure 4.3. By eye, it is clear that the features

at ν = −1 and ν = −2/3 are both shifting with magnetic field. In addition, these shifts appear to

be roughly linear with applied field.

However, it is difficult to extract any quantitative value for the slope, and thus an estimate for

the Chern number, from these single PL sweeps. To address this, we can integrate the PL intensity

over the trion peak, for each value of ν, for a given magnetic field. Because the formation of an
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Figure 4.3: PL shift with magnetic field. Spectrally resolved trion PL vs ν at selected magnetic fields.

A clear shift is visible for both the integer and fractional correlated insulating states. Dashed lines are guides

to the eye. Figure adapted from Ref. [86]. Reproduced with permission from Springer Nature.

insulating state decreases the total trion emission, the position of the states will appear as a dip in

this integrated PL vs ν. This condenses the information of the PL vs ν for a given magnetic field

µ0H into a single line, and we are now able to plot a color map of integrated PL vs ν and µ0H.

That is, using trion PL as a probe, we can extract an optical Landau fan diagram.

This Landau fan is shown in Figure 4.4a. The insulating states are clearly dispersing, and the

dispersion with field is linear, as would be expected from the Streda formula prediction. In addition,

the feature corresponding to the ν = −2/3 state appears to be dispersing with a shallower slope

than the state at ν = −1. Looking again at equation 4.4, we see that a larger dispersion corresponds

to a larger Chern number. If the state at ν = −1 has a Chern number C = −1, as we expect for

a fully filled topological band, the fact that the fractional state disperses with a shallower slope

implies that it has a finite Chern number between 0 and -1 !

We are more quantitative in Figure 4.4b. Here, we show a Wannier diagram - the linear disper-

sions predicted by the Streda formula for states with Chern number C and emanating from filling

ν, labelled as (C,ν). Overlaid on these predicted dispersions are the extracted carrier densities for

the features at ν = −1, ν = −2/3, and ν = −3/5. Details of the process for extracting the density

values are discussed in Appendix A. As can be seen by comparing the extracted density values with

the Streda slopes, the ν = −1, −2/3, and −3/5 state dispersions match well with Chern numbers
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Figure 4.4: Optical Landau fan diagram. a, The optical Landau fan diagram of integrated trion PL

vs density and magnetic field. Clear, linear dispersion is visible for both the integer and fractional features.

Both the ν = −2/3 and ν = −3/5 states are visible in this diagram. b, Wannier diagram, with lines

derived from the Streda formula dispersion corresponding to (C,ν) of (-1,-1) for the integer state (black)

and (-2/3,-2/3) and (-3/5,-3/5) for the fractional states (blue). Overlaid data are carrier densities for the

three insulating states extracted from (a) (see Appendix A). c, As in (a), but with a numerical derivative

of the integrated PL taken vs filling. With this additional processing, the fractional features become more

clear, and an additional state at ν = −4/7 becomes visible. d, As in (a), but on the hole doping side, where

there is no ferromagnetic order. While correlated insulating states are visible at both integer and fractional

fillings, none disperse with field - the states are topologically trivial. Extracted carrier densities are overlaid.

Figure adapted from Ref. [86]. Reproduced with permission from Springer Nature.

C = −1, −2/3, and −3/5, respectively. More precisely, a linear fit to the extracted densities yields

C = −0.95(7), C = −0.63(4), and C = −0.59(4).

Observing a C = −1 dispersion, while interesting, is not a massive surprise. This dispersion is

strong evidence for the ferromagnetic insulating state at ν = −1 being a quantum anomalous

Hall state (or a topological Mott insulating state [85]). As discussed previously, this system,

which combines topological bands with spontaneous time reversal symmetry breaking, should realize

the Haldane-Hubbard model [9, 44, 56, 59, 85, 93], where a state with C = −1 is expected.
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However, states dispersing with a slope corresponding to a fractional Chern number were quite

unexpected. From our discussion of the Streda formula, this dispersion corresponds to a fractional

Hall conductance. As these states survive down to zero magnetic field, this is a signature of states

displaying the fractional quantum anomalous Hall effect.

These states can be identified as zero field fractional Chern insulators. Unlike the fractional

quantum Hall states observed in partially filled Landau levels, FCIs can display fractionally quan-

tized Hall conductance and host fractionalized quasiparticle excitations at zero magnetic field, in

a partially filled topological Bloch band. In Figure 4.4c, we show the same data as in 4.4b, but

with a numerical derivative of the integrated PL taken vs ν. This additional processing makes the

fractional states clearer, and reveals an additional dispersing feature at ν = −4/7. Thus, not only

do these states disperse with slopes corresponding to fractional values of the Hall conductance, but

their filling factors match with the first three values of the Jain sequence for the fractional quantum

Hall states [5]. Subsequent exact diagonalization calculations yielded results consistent with the

assignment of these states as zero field FCIs [73, 94].

To serve as a control, we show the optical Landau fan diagram of the electron doping side in

Figure 4.4d. Recall from RMCD measurements that there is no ferromagnetism on the electron

side - no topological states are expected. While we do see correlated insulating states for a number

of fractions, none show any clear dispersion with magnetic field, and the extracted carrier densities

(overlaid) have no obvious field dependence. Thus, as we expect, these electron side states are

topologically trivial.

4.3 Electric Field Driven Topological Phase Transitions

In the previous chapter, we discussed the tuning of moiré superlattice geometry with the application

of an out-of-plane electric field, D. In tuning from the honeycomb to the triangular lattice of doped

holes, ferromagnetism is destroyed, and the magnetic interaction changes sign. The topological

states observed rely on both spontaneous time reversal symmetry breaking and nontrivial band

topology (arising from the complex second nearest neighbor hopping on the honeycomb lattice).

Therefore, we should expect that applying a large value of D would affect the states.

PL vs ν for D/ϵ0 = −250mV/nm, at selected magnetic fields, is shown in Figure 4.5a. This is

the large D limit where we have fully layer polarized the system and tuned to a triangular lattice,
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Figure 4.5: Electric field tuning of topology. a, As in Figure 4.3, but with a large applied displacement

field, D/ϵ0 = −250mV/nm. No signature of a state at ν = −2/3 is visible, and the insulating state at ν = −1

does not disperse with field - the state becomes topologically trivial. b, RMCD at µ0H = 0 at ν = −1 vs

D. A drop in RMCD signal is visible as the magnitude of D/ϵ0 increases through a critical electric field of

−125mV/nm, concurrent with a change in lattice geometry (insets). c, RMCD vs ν and D at T = 3.5K.

Here, we see that ferromagnetism survives for an island near ν = −2/3, due to the enhanced strength of the

ferromagnetism around the zero field FCI state. d, RMCD vs D and T at ν = −2/3. Figure adapted from

Ref. [86]. Reproduced with permission from Springer Nature.

as we can see from the disappearance of magnetism in Figure 4.5b, as well as from the full FM

phase space shown in Figure 4.1d. In this limit, while we can observe an insulating state at ν = −1,

the fractional state has disappeared. The PL intensity is enhanced as magnetic field is applied,

possibly due to spin polarization enhancing trion recombination and emission. However, the key

observation is that the ν = −1 state shows no clear shift with magnetic field. Thus, the state is

topologically trivial, as is to be expected for a Mott insulating state on a triangular lattice. Thus,

we not only have both integer and fractional Chern insulating states at zero magnetic field in our

MoTe2 moiré, but these states can be driven into the topologically trivial regime by the application
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of an electric field.

Figures 4.5c&d show the phase space over which ferromagnetism exists for the ν = −2/3 state.

We see that the Curie temperature is enhanced for a region of phase space around ν = −2/3,

as evidenced by the island of ferromagnetism at T = 3.5K. RMCD as a function of D and T

shows the ferromagnetism survive even beyond 4K for D = 0 at ν = −2/3. These data suggest

that the fractional insulating state thermodynamically stabilizes ferromagnetism. As the formation

of the zero-field FCI relies upon the spontaneous time reversal symmetry breaking supplied by

the ferromagnetism, this large Curie temperature is very encouraging. As the fractional quantum

Hall states observed in the partially filled Landau levels of 2DEGs are generally observed at mK

temperatures, seeing a zero field FCI survive to multiple Kelvin is quite good.

The fractional states in the moiré MoTe2 system have proven robust in other ways, as well.

Beyond the high critical temperatures observed in this device, the fractional states are extremely

repeatable, appearing in dozens of devices fabricated in our group. They also survive over a range

of twist angles. This device is ∼3.7◦, but we have observed the ν = −2/3 FCI state even down to

∼2.7◦. Changing the twist angle could certainly change the physics - as many theoretical works

have explored since this experimental discovery [58, 73, 94–119] - but there doesn’t seem to be a

“magic angle” in this system, away from which no interesting physics appears. The fact that these

states appear in many optical devices made in our lab (and, as we discuss in the next chapter,

transport devices as well), in addition to the fact that our observations have since been replicated

by other groups [120], serves as a testament to the robustness and repeatability of the zero field

FCIs in this system.

The results discussed over the course of this chapter serve as the first experimental signature of

the fractional quantum anomalous Hall effect. The observation of states hosting the FQAHE - zero

field FCIs - created tremendous excitement in the condensed matter community. This excitement

has mainly been due to the fact that these states should host anyonic quasiparticle excitations, in

a lattice system at zero magnetic field. While the states observed thus far are predicted to host

Abelian anyons, the moiré MoTe2 holds great promise in the search for additional zero field FCIs

hosting non-Abelian anyons. These exotic quasiparticles are the key to topologically protected

quantum computation. In addition, the flexibility of vdW heterostructure devices means that

hybridizing these FCIs with other systems, such as superconductors, could provide another route
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to non-Abelian states.

As exciting as this is, and as compelling as the fractional Streda dispersion data are, we are still

missing the “smoking gun” - fractionally quantized Hall conductance. For this, we need electrical

transport measurements - a notoriously tricky problem for semiconducting TMDs. As we will see

in the next chapter, a clever new device architecture allowed us to overcome this obstacle. The

resulting transport measurements provide incontrovertible proof that moiré MoTe2 displays the

fractional quantum anomalous Hall effect.
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Chapter 5

FRACTIONAL QUANTUM ANOMALOUS HALL: TRANSPORT PROBES

One of the most striking features of quantum Hall measurements is the degree of accuracy to

which the Hall resistance can quantize.1 In fact, the first measurement of the integer quantum Hall

effect in 1980 was proposed as a method for precision measurement of the fine structure constant

[1]. The exact quantization of Rxy is quite surprising, given that experimental systems are never

perfect, measurements take place at finite temperature, perfectly isolating the sample from the

environment is impossible, etc. Indeed, solving the puzzle of this perfect quantization was what led

to the current understanding of these phases in terms of their topology.

The Streda formula for gapped topological states - as discussed in the previous chapter - can

be derived directly from the fact that the Hall resistance is quantized, with very few additional

assumptions. This allows for Landau fan diagrams to serve as a useful probes of topological states

and their topological invariants. However, the gold standard for experimental confirmation of

topological states remains a direct measurement of Hall resistance. If there is a quantized plateau

in Rxy vs ν, with Rxx dropping to zero, this is a clear confirmation of quantum Hall. Retaining this

quantization at zero applied magnetic field (ie, seeing a quantized hysteresis loop in Rxy) implies

the quantum anomalous Hall effect. If Rxy is quantized to a fractional value of h/e2, and shows a

hysteresis loop, this is the fractional quantum anomalous Hall effect.

Unfortunately, performing transport measurements on semiconducting TMDs has always been

difficult. The major challenge lies in forming transparent electrical contacts to these systems.

Generally, the interface between a metal contact and the TMD will have a large Schottkey barrier,

producing a huge contact resistance and making transport measurements impossible. One solution

to this has been using a dual gated heterostructure with the top gate covering the metal contact

region [42, 43]. Setting the top gate to heavily hole dope the system aligns the Fermi level of the

1Recent precision measurements of the quantum Hall effect using graphene have reached accuracies better than
one part per billion [121]!



42

TMD with the metal contact, allowing for a reasonable contact resistance in the range of 10s of kΩ.

There is a major drawback of this architecture, however. The large voltage that must be applied to

the top gate so the contacts will turn on restricts the accessible range of phase space to large ν and

D. Early transport measurements using this device architecture are shown in Figure 5.1. We know

from the optical measurements shown in the last two chapters that the topological states occur

near D = 0, and are suppressed at large D. A completely new device architecture was needed.

Figure 5.1: Transport device architecture 1.0. a, Early

transport device image. Top gate outlined in orange. b, Hall re-

sistance Rxx vsD and carrier density. While correlated insulating

states are visible at n = −8× 10−12 and n = −14× 10−12cm−2,

D = 0 cannot be reached for low carrier density as contacts be-

come very resistive (red region). c, Sweeps of Rxx vs carrier

density, at selected gate voltages, showing resistance peaks from

correlated insulating states. Data taken at 2K. Sweeps offset for

clarity.

In this chapter, we will discuss the

solution to this problem, allowing for

transport measurements over the en-

tire relevant phase space on the hole

doping side, where the integer and

fractional Chern insulating states oc-

cur. These measurements show pre-

cisely what is expected for fractional

Chern insulators - plateaus quantized

at fractional values of Rxy at the ap-

propriate fillings ν, Rxx dropping to

nearly 0, and quantized hysteresis of

Rxy vs applied magnetic field. This

was the first experimental observation

of the fractional quantum anomalous

Hall effect. In addition to the zero

field FCI states, we observed a linear

increase in Rxy, with the value pass-

ing through 2h/e2 at ν = −1/2. This

behavior resembles that of the composite Fermi liquid in the half filled lowest Landau level [5, 6,

122–126]. The CFL in the half filled LLL can be understood as the parent state of not only the

Abelian Jain sequence states, but those believed to be non-Abelian as well. Thus, not only do

these measurements provide the first experimental confirmation of FCIs expected to host zero-field

anyons, but also give tantalizing hints towards the “anomalous CFL” - which could possibly serve
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as the parent of zero-field non-Abelian anyons.

5.1 Device Architecture and TMD Transport

Figure 5.2: Transport device architecture 2.0. a,

Schematic of MoTe2 transport device, with additional set

of contact gates used to control contact doping. b, Side

view. Figure adapted from Ref. [127]. Reproduced with

permission from Springer Nature.

The key to transport measurements of the

FQAHE was the new device architecture

developed after the observation of the zero

field FCIs with optics. The device, shown

schematically in Figure 5.2, incorporates

three separately controllable gates. The

twisted MoTe2 bilayer is picked up with a

thin layer of BN, using the tear-and-stack

method, and placed on top of a prepat-

terned bottom gate with Pt contacts. An

additional round of lithography and metal

deposition creates the Pt contact gate, which is aligned to sit on top of the contact area. A final

transfer adds the top gate. This design enables a large hole doping directly around the contacts,

which aligns the Fermi levels of the MoTe2 and the Pt. However, the contact gate does not reach

into the main channel of the device where the current is flowing. This channel is controlled only by

the top and bottom gate voltages, Vtg and Vbg. Therefore, it is possible to tune the device over the

entire region of the hole doping phase space - including to D = 0 - without the contacts turning

off.

Dual gate maps of the longitudinal resistance Rxx and Hall resistance Rxy are shown in Figure

5.3. All transport measurements are taken at 100mK unless otherwise specified. Rxx and Rxy are

symmetrized and anti-symmetrized, respectively, at µ0H = ±200mT . These phase diagrams are

clearly much nicer than the one shown in Figure 5.1, and the behavior at D = 0 is accessible.

Comparing to the RMCD map in Figure 4.1d, we can see that the general triangular outline and

the symmetry around D = 0 is the same, but clearly there are many more features visible. The

most important of these are the large values of |Rxy| and small Rxx in the regions near ν = −1 and

for filling below ν = −2/3, at small D. Though we will explore these regions more quantitatively

in the next sections, it can be seen even in these dual gate maps that |Rxy| is near 1 (in units of
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h/e2) over a broad plateau around ν = −1. In addition, |Rxy| exceeds 1 in the region around and

below ν = −2/3. A dip in |Rxy| is also visible slightly below ν = −2/3. These large values of |Rxy|

indicate the emergence of topological states.

Figure 5.3: Transport phase diagram. a, Longi-

tudinal resistance Rxx vs electric field D and carrier

density n. Filling factor ν is shown on top axis. Black

regions are too insulating to be reliably measured b,

As in (a), but for Hall resistance Rxy. Rxx and Rxy

are symmetrized and anti-symmetrized, respectively,

at µ0H = ±200mT . Figure adapted from Ref. [127].

Reproduced with permission from Springer Nature.

We can check for consistency with our earlier

optical measurements of the topological states

discussed in Chapter 4. In Figure 5.4, we show

a Landau fan diagram of |Rxy|. It is clear that

both the integer and fractional features disperse

with µ0H. The overlaid black and blue dashed

lines are the dispersions predicted by the Streda

formula for Chern numbers |C| = 1, 2/3, and

3/5 for ν = −1, −2/3, and −3/5, respectively.

Thus, our transport measurements are consis-

tent with the dispersions observed using optics.

With transport, though, there are additional

methods to determine the topology of the states

- namely, measurement of quantized Rxy.

5.2 Integer Quantum Anomalous Hall
Effect in MoTe2

Figure 5.5a shows the measurement of the quan-

tum anomalous Hall effect at ν = −1, and its

tunability as a function of applied electric field

D. At D/ϵ0 = 0, in the fully layer hybridized

regime, a clear hysteresis loop in the Hall resis-

tance Rxy is visible as a function of µ0H. Rxy is

quantized to h/e2, and remains quantized down

to zero field. In addition, the longitudinal resis-

tance Rxx is vanishing, with small increases at the critical magnetic field where Rxy flips. These are

clear signatures of QAH, for an insulating state with a Chern number C = −1, as we expect. The
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quantized Rxy is stable for moderate applied electric field, with decreasing critical magnetic field

HC . Above D/ϵ0 ≈ 150mV/nm, however, Rxy decreases and Rxx substantially increases, indicating

a tuning out of the Chern insulating state.

Figure 5.4: Transport Landau

fan. Rxy Landau fan at D = 0. Dis-

persion of integer and fractional fea-

tures are consistent with Figure 4.4

(see text). Figure adapted from Ref.

[127]. Reproduced with permission

from Springer Nature.

We explore this transition in the behavior of Rxy and Rxx

as D is continuously tuned in Figure 5.5b. Symmetrized Rxx

and anti-symmetrized |Rxy| are shown as a function of applied

electric field D/ϵ0. We see essentially no change in the quan-

tized |Rxy| and vanishing Rxx up to a critical electric field

DC/ϵ0 ≈ 150mV/nm. Above this field, |Rxy| drops and Rxx

rapidly increases. A check of the Rxx behavior as D/ϵ0 is

swept up and down reveals no hysteresis, implying a contin-

uous phase transition between a QAH and trivial insulating

state.

Temperature dependence measurements can give us infor-

mation on the stability of the QAH regime and the electric field

driven phase transition. As we can observe in Figure 5.5c, the

hysteretic component of Rxy, ∆Rxy, remains finite up to ap-

proximately 10K at D/ϵ0 = 0, with quantization surviving to 8K. This is quite robust, and near

to our Curie temperature for ferromagnetism at ν = −1. The temperature dependence of Rxx as a

function of temperature and electric field at 100mT is shown in Figure 5.5d. Rxx increases with T

below DC/ϵ0 ≈ 150mV/nm, and increases with T above DC/ϵ0 ≈ 150mV/nm. Arrhenius fitting

to the temperature dependence at each value of D/ϵ0 allows for an estimate of the energy gap as

D is increased [16, 30, 48, 128].

The extracted values of the energy gap, ∆, from this analysis are shown in Figure 5.5e. In

the QAH region below DC/ϵ0, the resistance should be thermally activated. This allows for a

fitting of Rxx to R0e
−∆/2kBT , with kB the Boltzmann constant. Above DC/ϵ0, the system is in

a trivial insulating state, the conductivity is thermally activated, so the fitting is to R0e
∆/2kBT .

Between these regimes, Rxx is essentially independent of temperature, with a value near h/e2.

This behavior resembles that observed for quantum Hall liquid to Hall insulator[129] and QAH to

Anderson insulator[130] phase transitions. From these fittings, we can observe a gradual decrease
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Figure 5.5: Integer quantum anomalous Hall. a, Rxx and Rxy at ν = −1 as magnetic field is swept

down and up for selected values of D/ϵ0. Data taken at 100mK. Quantized Rxy and vanishing Rxx at zero

magnetic field, as can be observed for D/ϵ0 = 0, demonstrate the QAH effect. b, |Rxy| (blue) and Rxx (red)

as a function of D/ϵ0. Rxx and Rxy are symmetrized and anti-symmetrized, respectively, at µ0H = ±200mT .

Inset, Rxx versus D/ϵ0 swept up and down near the phase transition. c, ∆Rxy, the hysteretic component of

Rxy, as a function of temperature and magnetic field. ∆Rxy remains nearly quantized at 2h/e2 up to 8K,

demonstrating the robustness of the QAH state. d, Intensity plot of Rxx versus temperature and electric

field. A small magnetic field (100mT) is applied to suppress the magnetic domain fluctuations. The system

transitions from a QAH to a trivial insulating phase as D/ϵ0 is increased above approximately 150mV/nm.

e, Energy gap as a function of the electric field extracted from the data in (d). Error bars are obtained from

fitting variance. The closing and reopening of the gap versus D/ϵ0 are evidence for a continuous topological

quantum phase transition between the QAH state and the topologically trivial correlated insulating state.

Figure adapted from Ref. [127]. Reproduced with permission from Springer Nature.

of ∆ as D/ϵ0 is increased from 0mV/nm, before a rapid drop near DC/ϵ0. As Rxx has little

temperature dependence in the vicinity of DC/ϵ0, the value of ∆ cannot be determined precisely

in this region. Above DC/ϵ0, ∆ rises again as the system enters the trivial insulating phase. This

behavior strongly supports the picture of a gap closing and reopening as D/ϵ0, as would be expected

for a continuous topological quantum phase transition.
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5.3 Fractional Quantum Anomalous Hall Effect in MoTe2

We focus now on the fractional states. Figure 5.6a shows Rxx and Rxy as ν0H is swept up and

down, at ν = −2/3 and /ϵ0 = 0. As in Figure 5.5a, Rxy is quantized at 0T and Rxx is vanishing

except for small bumps at the flipping field. However, in this case, the quantization of Rxy is no

longer to ±h/e2, but rather to ±3h/2e2. This confirms the earlier optical measurements - the state

at ν = −2/3 is a zero field FCI, with C = −2/3. Similarly, the sweeps in Figure 5.6b confirm

ν = −3/5 to be zero field FCI with C = −3/5.

The zero field FCI states are also electrically tunable, though with a smaller DC/ϵ0 than the

QAH state. We observe a drop away from the quantized value of Rxy and an increase in Rxx

at a critical field DC/ϵ0 ≈ ±50mV/nm. Rxx increases to approximately 100kΩ near DC/ϵ0 ≈

±100mV/nm, before dropping again at large D/ϵ0. This indicates a phase transition from zero

field FCI to to a topologically trivial resistive state, before finally transitioning to a metallic state.

The moderate D insulating states can be observed in Figure 5.3a, appearing as triangular features

near ν = −2/3. However, the nature of these insulating states are still not clear, and no signatures

of these features are observed in optical measurements.

From the temperature dependence of the Rxx and Rxy vs µ0H sweeps, we can get an idea of

the energy scale of the zero field FCI. As we see in Figure 5.6d, Rxy remains quantized at zero

magnetic field up to 2K - quite robust for a zero field FCI. Finite Rxy hysteresis survives up to 3K,

as can be seen in Figure 5.6e.
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Figure 5.6: Fractional quantum anomalous Hall. a,b, Rxx and Rxy vs µ0H swept down and up at

D/ϵ0 = 0 for ν = −2/3 and −3/5, respectively. c, Rxx and |Rxy| vs D/ϵ0. Data are taken at µ0H = ±50mT

and symmetrized and antisymmetrized, respectively. d, Rxx and Rxy sweeps as a function of temperature

for ν = −2/3, showing zero field quantization up to 2K. e, Hysteretic component of Rxy vs temperature,

showing a critical temperature for hysteresis of ∼3K. Data in (c-e) are taken at ν = −2/3. Figure adapted

from Ref. [127]. Reproduced with permission from Springer Nature.
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5.4 Signs of the Zero Field Composite Fermi Liquid

Figure 5.7: Anomalous Hall near ν = −1/2. a, b,

Rxx and Rxy vs µ0H swept down and up at ν = −1/2.

c, Rxx and Rxy vs ν. d, Temperature dependence of

Rxx and Rxy, near ν = −1/2. Rxx and Rxy in (c,d) are

symmetrized and antisymmetrized at ±50mT, respec-

tively. All data taken at D/ϵ0 = 0. Figure adapted

from Ref. [127]. Reproduced with permission from

Springer Nature.

Finally, we consider the behavior of the system

near half filling of the moiré Chern band. Fig-

ures 5.7a&b show Rxx and Rxy as µ0H is swept

up and down, at ν = −1/2 and D/ϵ0 = 0. Rxy

shows hysteresis, and has a value of approxi-

mately ±2h/e2. Rxx is small. However, as we

can see in Figure 5.7c, there is no plateau in

Rxy at ν = −1/2. In contrast, there are clear

plateaus at the fillings corresponding to the zero

field FCI states at ν = −2/3 and ν = −3/5,

similar to the behavior of the Jain states in

2DEGS in the FQH regime. We note also a drop

in Rxy between ν = −2/3 and ν = −3/5, unlike

in FQHmeasurements. This suggests that there

may be a competing phase, possibly a ferromag-

netic metal, which is favored between these fill-

ings. Rxy near ν = −1/2 increases linearly with

decreasing ν. This suggests that there is no incompressible state which forms at ν = −1/2. The

lack of an incompressible state is consistent with our previous PL measurements, where no gapped

feature is seen near ν = −1/2.

This behavior, however, bears a clear resemblance to that of the half-filled lowest Landau level,

which also shows no plateaus and a continuous change in the Hall resistance. This behavior in the

Half filled LLL has been shown to correspond to a compressible composite Fermi liquid (CFL) state

[5, 6, 122–126]. Numerical work has predicted that the zero-field lattice analog of the CFL - the

anomalous CFL - should appear as the ground state at ν = −1/2 in tMoTe2 [95, 96].

We show the temperature dependence of Rxx and Rxy at ν = −1/2. As temperature is increased,

the value of |Rxy| decreases from 2h/e2, eventially dropping to zero at 4K. This could indicate a

topologically trivial state at higher temperature.
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To conclude this chapter, our transport measurements have directly confirmed both QAH and

FQAH in moiré MoTe2. These results have since been replicated by a different group [131]. In

addition, the behavior of this system around ν = −1/2 suggests that it could host a zero field

CFL. Probing the zero field CFL would be quite tricky - measurements of the CFL in the half filled

LLL have relied on a variety of complex device architectures.2 However, some possibilities exist to

observe additional experimental signatures. It has been proposed that the moiré potential could

result in commensurability oscillations in the resistance near ν = −1/2 [95]. This is similar to the

observations of oscillations in a LLL CFL with an externally imposed periodic potential [124, 132].

The question of whether tMoTe2 hosts an anomalous CFL is a major one. The LLL CFL can be

understood as the parent state not only of the Jain sequence states, but also more exotic states such

as the one observed at ν = 5/2, which is expected to be non-Abelian. Thus, finding evidence of a

zero field CFL would be another step towards the ultimate goal of zero field non-Abelian anyons.

2See Appendix C
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Chapter 6

TRION SENSING OF A ZERO FIELD COMPOSITE FERMI LIQUID

In the last chapters, we used optics and transport to establish the existence of zero-field fractional

Chern insulators in moiré MoTe2. The filling factors at which these FCIs are observed - ν = −2/3,

ν = −3/5, and ν = −4/7 - correspond to the lowest three Jain sequence states. In addition, the

measured Hall resistance Rxy shows no plateau as ν is tuned through -1/2. Rather, |Rxy| increases

linearly, passing through 2h/e2 at ν = −1/2. As is discussed in Appendix C, an elegant way

to understand the Jain sequence FQH states in partially filled Landau levels is via the composite

fermion picture. Here, electrons can be thought of as forming a bound state with two flux quanta of

the applied magnetic field, producing a new quasiparticle - the “composite fermion” [5]. At exactly

half filling, the electrons will “eat up” all of the applied magnetic field to form the composite

fermions. The composite fermions at ν = 1/2 feel an effective magnetic field B∗ = 0T , and form a

Fermi liquid [6]. The fractional quantum Hall states can then be thought of as the integer quantum

Hall states of this composite Fermi liquid. The question then becomes: “how real are composite

fermions”? This required some experimental ingenuity to answer. A variety of measurements,

using surface acoustic waves [123], magnetic focusing effects [125, 133], and antidot lattice geometric

resonances [124] showed that composite fermions at ν = 1/2 really do act like fermions in a vanishing

magnetic field. These results established the existence of a CFL in the half-filled lowest Landau

level.

Does this understanding translate to the zero field FCIs in our flat moiré Chern band? Do we

have an anomalous composite Fermi liquid at ν = −1/2? Two recent theory works have predicted

this to be the case [95, 96]. Beyond clarifying the behavior of our system, stronger experimental

evidence of a zero-field CFL could help to point the way towards additional FCI states hosting non-

Abelian anyon excitations. As in the LLL measurements of the CFL, however, the gapless nature of

the CFL means alternate experimental routes must be explored. In this chapter, we take advantage

of the unique optical properties of the MoTe2 bilayer - not only its strong optical response but also
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its selection rules for trion emission - to gather additional evidence for the anomalous composite

Fermi liquid.

6.1 Trion Photoluminescence: Spontaneous Circular Polarization

Figure 6.1: Zeeman splitting and selection

rules. a, Polarization resolved X− PL at 8T. Doped

electrons preferentially sit in the -K valley and bind to

the +K valley exciton, emitting in the σ+ channel -

shown schematically in b. c&d, As in (a&b), but for

zero doping - emission is from X0. Emission is dom-

inated by the redshifted +K valley exciton emitting

in the σ+ channel. e&f, As in (a-d), but for small

hole doping, with emission from X+. Doped holes

preferentially sit in the +K valley, binding with the

blueshifted -K valley exciton and emitting in the σ−

channel. Electron and hole doping values are small,

and the system is not in the ferromagnetic region.

So far, we have taken advantage of the opti-

cal properties of MoTe2 bilayer to observe both

ferromagnetic order and topologically nontrivial

insulating states in our moiré system. The K-

valley physics and optical selection rules enable

RMCD to serve as a probe of spin/valley po-

larization, and trion emission intensity is sensi-

tive to the formation of insulating states. How-

ever, we haven’t looked at the polarization de-

pendence of the photoluminescence emission.

While reflectance is sensitive to absorption - and

has polarization dependence, which is what al-

lows us to measure RMCD - photoluminescence

is dependent on the recombination process of

the exciton. As this recombination process de-

pends on the available free charges which can

form trion bound states, PL could give us infor-

mation about what is going on with our doped

charges in the moiré band at different fillings.

We first discuss the selection rules of the PL

emission. Recall that the bilayer system retains

the K-valley direct band gap of the monolayer,

and displays the strong PL emission and selec-

tion rules that this entails. The main difference

between the bilayer PL for small doping (Figure

6.1) and the monolayer is a redshift of approximately 30meV. We start with the relatively straight-
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forward case of small electron or hole doping, leading to negative and positive trions X− and X+,

as well as the neutral exciton X0 at zero doping. The doping is small enough that the system is far

from the ferromagnetic region on the hole side, which appears at roughly −2 × 1012cm−2 in this

device. In Figure 6.1a, the σ+ and σ− emission of the negatively charged trion X− have different

emission intensities and energies under a large applied magnetic field of 8T. This can be under-

stood by a Zeeman shift of both the valence and conduction band edges for the different valleys,

as shown schematically in Figure 6.1b. When the system is slightly electron doped, the electrons

will preferentially sit in the -K conduction band. The available carriers will make the trion the

lowest-energy emission channel, but because of Pauli exclusion the trion must be a singlet - i.e.,

the two holes must have opposite spin, and therefore opposite valley. Since more -K electrons are

available, there is more emission from the exciton in the +K valley. Because of the valley selection

rules, the +K valley exciton emits in the σ+ channel. The energy difference between the peaks is

due to the different Zeeman shifts of the two valleys.

For the neutral exciton, the picture is a bit simpler. The Fermi level is in the gap, so there

is no trion formation, but there is still a Zeeman shift of the valleys. As we can see from Figure

6.1c&d, X0 emission is almost entirely from the σ+ channel at lower energy. This is because,

after Zeeman shifting, the exciton in the +K valley is the most energetically favorable state, and

therefore dominates the PL emission. The positive trion X+ acts quite similarly to X−, but now

there is more emission in the σ− channel (Figure 6.1e&f). This is because more doped holes sit

in the +K valley valence band and bind to the -K valley exciton, meaning that the σ− emission is

stronger.

Having established the valley dependent optical selection rules for trion emission, we now con-

sider the behavior of the system in the ferromagnetic regime. In the FM metal phase, the doped

carriers are spin-valley polarized. For the FM state initialized with positive magnetic field, the spins

point up, and are in the +K valley. As the trion PL emission helicity depends on the valley of the

doped carriers, it is reasonable to expect that the degree of circular polarization (DOCP) of the trion

PL is sensitive to the doped holes in our system, and can serve as a probe of their behavior - shown

schematically in Figure 6.2a. Experimentally, we observe that when the system is tuned to the FM

metal regime at ν = −0.78, initialized with µ0H > 0T , and measured at µ0H = 0T , the emission

is essentially completely circularly polarized, emitting in the σ− channel (Figure 6.2b). The same
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measurement, but with initialization µ0H < 0T and measured at µ0H = 0T , also shows nearly

complete circular polarization, but emits in the σ+ channel (Figure 6.2c). Worth noting is that

this spontaneous near-unity circularly polarized emission is unprecedented not only in TMDs, but

in magnetic semiconductor systems generally. The coupling between the spin, valley, and optical

degrees of freedom in this system could be extremely valuable for technological applications.

Figure 6.2: Spontaneous circular polarization of trion PL. a,

Schematic of moiré superlattice in the ferromagnetic metal phase and

trion PL measurement. B (MX) and C (XM) local high symmetry sites

are denoted in the inset. b, Circular polarization resolved trion PL at

ν = −0.78, in the FM metal phase. Magnetization is initialized to

point up by sweeping µ0H from a positive value to zero. b, As in (b),

but with magnetization initialized to point down.d, Degree of circular

polarization ρ as µ0H is swept down and up, showing the spontaneous

circular polarization arises from the ferromagnetism. e, Schematic of

trion sensing of a spin-valley polarized Fermi liquid.

We can extract a value for

the PL DOCP by integrat-

ing over the PL peak in each

channel, giving us PL(σ−) and

PL(σ+), and taking the normal-

ized difference, which we define

as ρ = PL(σ−)−PL(σ+)
PL(σ−)+PL(σ+)

. Measur-

ing ρ as a function of µ0H swept

down and up, sharp transitions

between ρ ≈ +1 and ρ ≈ −1 can

be observed, with clear hystere-

sis (Figure 6.2d). This behavior

demonstrates that the trion PL

helicity is a result of the ferro-

magnetic order. A schematic of

the process leading to this near

unity DOCP is shown in Figure

6.2e. The ferromagnetic order

and spin/valley locking result in

a spontaneous polarization of the doped carriers into the +K valley, for ferromagnetism pointing

up. In the FM metal phase at ν = −0.78, these doped holes form a spin-valley polarized Fermi

liquid. As discussed, the favored emission channel is the X+ trion. However, as the trion must

be a singlet, and the only available carriers are in the +K valley, the exciton must sit in the -K

valley. Therefore, emission is in the σ− channel. The time-reversed partner of this - doped carriers

in the -K valley and the exciton in the +K valley emitting in the σ+ channel - occurs when the



55

magnetization is flipped to point down. Thus, the trion PL emission helicity serves as a probe of

the spin-valley polarized Fermi liquid in our moiré Chern band.

6.2 Helicity Suppression in the Chern Insulating States

So far, we have discussed the FM metal region of phase space, establishing that the spin-valley

polarized Fermi liquid leads to a spontaneous near-unity polarization in the trion PL emission.

However, as has been covered extensively in the last few chapters, additional states arise in other

regions of the ferromagnetic phase space - namely, the integer and fractional Chern insulators. We

know that the trion PL emission intensity drops as we tune to the insulating states, but have not

investigated the polarization dependence of the emission. As the polarization dependence depends

on the same spin-valley polarized holes that are involved in the formation of the insulating states,

it would be interesting to see how ρ is affected as ν is varied.

In Figures 6.3a&b, we show polarization-resolved PL emission spectra as a function of ν. While

the general shape of the PL is consistent with the unpolarized measurement shown in Figure 4.1b

- drops in emission and blueshifts are visible for the insulating states - the polarization dependence

gives additional information. While the FM metal region around ν = −0.8 shows emission only in

the σ− channel, as we expect from the previous discussion, emission is visible in the σ+ channel

around the insulating states at ν = −1 and ν = −2/3. In addition, we can observe σ+ emission

in a region of filling around ν = −1/2. The extracted ρ as a function of ν, plotted in Figure 6.3c,

clarifies these features. We observe that within the FM region of phase space, which is roughly

between ν = −1.2 and ν = −0.3, ρ is generically near 1. The exceptions to this are a broad drop

around the Chern insulator at ν = −1, a narrower drop around the fractional Chern insulator at

ν = −2/3, and a suppression of ρ around ν = −1/2. Polarization-resolved PL spectra at ν = −1

and ν = −2/3 are plotted in Figures 6.3d&e, which show suppressed trion emission and drop in ρ.

The drop in ρ at these insulating states is quite counterintuitive. Not only are these states

ferromagnetic, but they actually have more robust ferromagnetism than the surrounding fillings,

as can be seen in the measurements of Curie temperature and coercive field vs ν in Figures 3.4

and 4.2. If the PL emission helicity relies on the spin-valley polarization of doped holes in the FM

phase, why would we see these drops in ρ where FM is the strongest?

This puzzle can be resolved by considering the gapped nature of the insulating states and the
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Figure 6.3: Suppression of ρ at Chern insulating states. a, Trion PL intensity plot as a function

of ν and emission energy, detecting the σ− channel. b, As in (a), but for the σ+ channel. c, ρ, extracted

from (a&b), vs ν. Drops are visible in ρ around ν = −1, −2/3, and −1/2, as well as an additional dip

consistent with the ν = −4/9 Jain state. Inset: high resolution ρ sweep near fractional filling. d&e

Circular polarization resolved PL at integer (ν = −1) and fractional (ν = −2/3) Chern insulator states. f,

Schematic of hole distribution at ν = −1. Inset denotes the gapped Fermi surface, with the first moiré flat

band completely filled, thus consuming the spin-valley polarized Fermi liquid. Due to the large Coulomb

repulsion, trions avoid spatial overlap with the spin-valley polarized holes. g, Schematic of hole distribution

in the underdoped Chern insulator (i.e., the ferromagnetic metal phase). The spin-valley polarized Fermi

liquid provides carriers to form valley polarized trions.

effect of strong correlations. If we consider ν = −1, the first moiré band is completely filled, and

the Fermi surface is gapped out. As we recall from Chapter 3, the doped holes filling this band are

mainly localized to the MX (B) and XM (C) high symmetry sites in the bottom and top layers,

shown schematically in Figure 6.3f. Because of the formation of this gapped phase, there are no

longer free spin-valley polarized free carriers available to form trions. There is still some trion

emission (albeit with decreased intensity) in this gapped phase, which is likely a result of thermally

excited holes binding to the photoexcited electron-hole pairs. Because of Coulomb repulsion and

Pauli exclusion, these thermally populated holes will avoid spatial overlap with the filled orbitals on

the MX and XM sites. Thus, the trion will only weakly interact with the background ferromagnetism
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at ν = −1, causing ρ to drop. Similar behavior occurs for the gapped phase at ν = −2/3.

There is a much broader range of suppressed ρ around ν = −1 than there is around ν = −2/3.

This is not too surprising, as it is also consistent with the broader plateau around ν = −1 seen

in transport measurements (Chapter 5) vs the plateau at ν = −2/3. This plateau in transport is

a result of random potential disorder and the percolation transition, as has been widely studied

in 2DEGs [92, 134]. This percolation transition can also explain the behavior of ρ, as the ∼ 1µm

scale of the beamspot will also likely contain a randomly varying potential background. In the

intermediate regime as the system is doped away from ν = −1, there will be regions of both QAH

insulating states and puddles of free carriers. This causes an increase in ρ, but some signal remains

in the σ+ channel. As the we dope far enough away from ν = −1, into the FM metal phase,

ρ returns to near unity - the spin-valley polarized carriers are now available to form trions, as

discussed previously (Figure 6.3g)

6.3 Ferromagnetism vs Trion Helicity in the TRS Breaking Phase Space

The picture we have discussed so far - near-unity circular polarization in the gapless spin-valley

polarized metal, with drops at the gapped insulating states - explains most of the behavior seen in

the polarization-resolved PL. However, there is one feature that is not explained - the drop in ρ near

ν = −1/2. To understand this, we investigate the full ferromagnetic phase space vs D/ϵ0 and ν -

shown by the finite RMCD region in Figure 6.4a. Clearly, the system remains ferromagnetic at and

below ν = −1/2. We can compare the RMCD measurement with a measurement of ρ as a function

of D/ϵ0 and ν (Figure 6.4b). The general boundary of these measurements are the same - both

show the “fishtail” like outline of the FM phase space, dropping to zero outside. However, unlike

in the RMCD measurement, ρ shows a much more complex structure within the FM region. The

“generic” behavior within the FM region appears to be near-unity ρ. This is the case in the FM

metal region between ν = −1 and ν = −2/3, discussed previously, as well as in the FM tails above

ν = −1 and near the FM boundaries at finite D. This is consistent with our trion recombination

picture - in the FM region, generically, there are free spin-valley polarized carriers which form trions

emitting in a single channel.
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Figure 6.4: Ferromagnetism and ρ phase space compar-

ison and temperature dependence. a, RMCD vs D/ϵ0 and

ν. b, ρ vs D/ϵ0 and ν. Suppression of ρ is visible in the regions

of FM phase space around ν = −1, ν = −2/3, and ν = −1/2

for small D. c, ρ vs ν as a function of temperature, at 5nW and

0T. At the base temperature of 1.6K, suppression of ρ is visi-

ble at ν = −2/3 and ν = −1/2. As temperature increases, this

suppression disappears. With increasing temperature, ρ eventu-

ally drops to zero, surviving to higher temperature at ν = −2/3

where the Curie temperature is enhanced. Scale bar indicates

from ρ = 0 to ρ = 1, with data offset for clarity. d, Extracted ρ

for selected fillings as a function of temperature. ρ is suppressed

at base temperature for ν = −2/3 and ν = −1/2, and increases

as temperature is increased until ∼ 2K, before dropping as tem-

perature is increased further and ferromagnetism is destroyed. In

the FM metal phase at ν = −0.75, however, ρ starts at near

unity for base temperature, and decreases monotonically as tem-

perature increases. Error bars are one standard deviation of ρ

extracted from multiple polarization resolved PL spectra taken

at each temperature.

Three regions of phase space di-

verge from this behavior. Two of

these we have already discussed - the

integer and fractional Chern insulat-

ing states at ν = −1 and ν = −2/3,

and the surrounding percolation tran-

sition region. We note that as D is in-

creased to near the critical value DC

for ν = −1 and ν = −2/3, there is

an increase in ρ, before a subsequent

drop as D is increased further and the

ferromagnetism is destroyed. Because

the decreased ρ at these fillings corre-

sponds to the gapped state and lack of

free spin-valley polarized carriers, the

reemergence of large ρ at increased D

suggests that these topological insu-

lating states are destroyed at large D

near DC , but below the value of D

where ferromagnetism disappears.

The third of these regions of phase

space - the one around ν = −1/2 -

cannot be explained by our picture so

far. We know from both transport

and optics that there is no gapped

state in the vicinity of ν = −1/2. In

transport, this is indicated by a lack

of a plateau in Rxy, and in optics we

see no change in the trion PL energy or intensity. From RMCD, we know that the region is fer-

romagnetic. Nevertheless, we see a drop in ρ similar to the insulating states, and in contrast the
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the FM metal regions. An additional puzzling feature is that while ρ is suppressed near D = 0

in the region near ν = −1/2, it increases at elevated D. If this region were a gapless, spin-valley

polarized Fermi liquid, this behavior would make no sense - the valley polarized free carriers in the

FM region lead to large ρ, and ferromagnetism is weakened at larger D. Thus, the value of ρ should

decrease as D increases for an FM metal. Indeed, this is what we observe in the FM metal region

near ν = −0.75. Though the region near ν = −1/2 is gapless, its behavior of ρ vs D is much more

similar to the integer and fractional Chern insulating states than it is to the spin-valley polarized

Fermi liquid.

Our picture is supported by a measurement of the temperature dependence of ρ vs ν, shown

in Figures 6.4c&d. As the reduction of the trion polarization corresponds to the formation of a

many-body gap, we expect that for both the Chern insulator and CFL states, ρ should increase as

the temperature increases within a certain temperature range (i.e., below the Curie temperature).

Indeed, the data show that the circular polarization of the -2/3 FCI and -1/2 state first increase

as temperature rises, then peak to near unity, and subsequently drop again as magnetic order

starts to vanish. This is in stark contrast to the temperature dependence of the PL polarization

in the ferromagnetic metal phase. The polarization remains near unity at low temperature, before

dropping at a temperature close to the Curie temperature. It is worth noting that the temperature

at which trion PL polarization suppression at -2/3 vanishes is around 2K, which coincides with the

temperature at which Rxy starts to lose quantization (see Figure 5.6d). This consistency further

supports our interpretation of the suppression of trion circular polarization as resulting from the

formation of a many-body gap

6.4 Optical Signatures of the Zero Field Composite Fermi Liquid

The optical behavior of the system near ν = −1/2 presents a conundrum. It is ferromagnetic - thus

spin/valley polarized - and has no gapped states. However, the decreased value of ρ at this filling

implies that near D = 0, free spin-valley polarized doped holes are not available to bind to the

exciton, and the trions likely form at locations away from the filled moiré orbitals on the MX/XM

regions. In addition, as D is increased, the increase in ρ implies more spin-valley polarized carriers

become available - even though this finite D weakens the ferromagnetism. This behavior is in stark

contrast to the spin-valley polarized Fermi liquid near ν = −0.75.
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The formation of the theoretically predicted zero field composite Fermi liquid near ν = −1/2,

however, can explain these observations. The zero field CFL has a gapless composite fermion Fermi

surface [6], which explains the lack of any observation of a gapped phase in transport or optics. The

quasiparticles in this phase, though, are composite fermions, rather than the spin-valley polarized

holes of the ferromagnetic metal. Thus, there is a pseudogap suppressing local spin-valley polarized

charge excitations when the system is in the zero field CFL phase. This pseudogap property has

been observed by tunneling measurements between double layer quantum wells, which show a

suppression of electron tunneling at low energies when tuned into the CFL regime in the partially

filled LLL [135, 136]. A pseudogap is also expected to occur for the zero field CFL in the partially

filled moiré Chern band [96].

The pseudogap can clarify the unusual behavior of ρ near ν = −1/2. In the dipole picture,

composite fermion formation can be thought of as an electron binding to a 2-fold vortex to form a

dipole [137]. Local charge excitations require a finite energy to break apart this dipole - thus the

pseudogap. Because trion formation requires a free charge to bind to the exciton, this pseudogap

prevents the type of recombination process we have discussed for the spin-valley polarized Fermi

liquid (Figure 6.5a). Rather, the zero field CFL behaves in a similar manner to the Chern insulator

phases - consuming the spin-valley polarized Fermi liquid needed for the formation of spin-valley

polarized trions.

This picture can also explain the behavior of ρ as D is increased. The zero field CFL - like

the integer and fractional Chern insulators - is weakened for increasing D. We show linecuts of

ρ vs D in Figures 6.5b,d,f,&h. The Chern insulators in Figures 6.5d&h have a minimum near

D = 0 where the insulating state is robust, with an increased ρ near boundaries of the FM phase,

as discussed. The behavior at ν = −1/2 is extremely similar - consistent with a phase at low D

suppressing spin-valley polarized trion formation which is weakened with increasing D in favor of

a spin-valley polarized Fermi liquid, before ferromagnetism is destroyed entirely at large D. This

behavior contrasts with that of the ferromagnetic metal at ν = −0.8 (Figure 6.5f). Here, there is a

near-unity plateau in ρ for small D, with an eventual drop to zero at large D where ferromagnetism

disappears.

As a comparison to the behavior of ρ vs D at these fillings, we also measure RMCD at 0T vs D,

but with 5nW of 623.8nm laser (as is used to measure ρ) focused on the same spot (Figs. c,e,g,&i).
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Figure 6.5: Signatures of the zero field CFL. a, Cartoon illustrating the charge pseudogap property

of the CFL phase. This pseudogap suppresses local spin-valley polarized charge excitations in the CFL,

thus reducing trion valley polarization. b&c, PL polarization ρ (b) and RMCD (c) vs displacement field at

ν = −1/2. PL is taken with 5nW excitation at 633nm, and RMCD is taken with excitation near the trion

resonance, with 5nW at 633nm focused on the same spot as RMCD is measured. While there is a clear drop

at small D for ρ, no drop is seen in RMCD. d&e, As in (b&c), but at ν = −2/3. f&g,, As the previous plots,

but in the FM metal region at ν = −0.8. No drop is visible in either ρ or RMCD. h&i,, As the previous

plots, but at ν = −1. j-m, Calculated momentum distribution function n(k) of the electron Bloch states for

fillings near v=-1/2, averaged over the ground state manifold. n(k) is determined for selected momenta in

the moiré Brillouin zone via exact diagonalization. aMqx and aMqy are x and y components of momentum

spanning the moiré Brillouin zone. The nearly uniform and smoothly varying occupation indicates a robust

CFL phase over a wide filling range centered at -1/2 filling of the flat Chern band.
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In contrast to ρ, RMCD shows a plateau in the FM region at small D for all values of ν.

Our understanding of the suppression of ρ near ν = −1/2 can help to clarify some features of

the transport measurements, as well. Comparing ρ vs ν to the transport measurement of Rxy vs ν

(Figure 5.7c) we see exactly the opposite behavior as filling is decreased. ρ starts near 1 in the FM

metal phase, drops at ν = −2/3, increases again, and then drops in the region surrounding ν =

−1/2. Rxy, however, starts low in the FM metal, increases at ν = −2/3, drops, and then increases

linearly through the region surrounding ν = −1/2. From our discussion of large ρ indicating

free spin-valley polarized holes, this behavior suggests that the slightly underdoped -2/3 FCI is a

spin-valley polarized Fermi liquid.

The phase space surrounding ν = −1/2 with decreased ρ corresponding to a zero field CFL

is also supported by numerical calculations of the electron Bloch state momentum distribution

function n(k). Figures 6.5j-m show that n(k) is almost completely uniform for a range of fillings

centered around ν = −1/2, demonstrating their non-Fermi liquid character. If the system was a

Fermi liquid, a sharp transition in momentum space between n(k) ≈ 0 and n(k) ≈ 1 would be

expected - i.e., we should see an electron Fermi surface.

Over this chapter, we showed that the unique optical properties of the MoTe2 bilayer provide

us with a powerful new probe of the physics occurring in the moiré system - the degree of circular

polarization of the trion emission, ρ. In particular, the sensitivity of the trion recombination and

emission helicity to the availability of free spin-valley polarized carriers gives information on the

behavior of the partially filled moiré Chern band not accessible for previous optical or transport

measurements. The unusual behavior of ρ in the region around ν = −1/2 can be explained by the

formation of the theoretically predicted zero field composite Fermi liquid, offering additional exper-

imental support for this phase beyond the transport results discussed earlier. Further theoretical

work is necessary to determine the microscopic picture of trion formation and recombination in

the presence of zero field fractional charge - behavior unique to the zero field FCI found in moiré

MoTe2. The strong coupling between circularly polarized light, magnetism, and topology in this

system suggests that in addition to its usefulness as a probe, the helicity of light may also provide

a new tuning knob for the control of topology in the system. If circularly polarized light could be

used to control magnetic domains, and thus the topological index of FCIs, it could be an invaluable

tool in designing anyon interferometers - and perhaps, one day, topologically protected qubits.
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Chapter 7

OUTLOOK

To conclude this dissertation by saying that the discovery of the fractional quantum anomalous

Hall effect has had an impact on the condensed matter physics community would be a fairly

egregious understatement. Over the past year, the experimental results discussed in the previous

chapters established moiré MoTe2 as the first system to host the FQAHE. In the same year, another

moiré system - pentalayer graphene/hBN moiré - also showed FQAH [17]. These results, after over

a decade of searching, have generated tremendous excitement. FQAH in both systems is very much

an active area of research - new theory work is released weekly (often daily!) on the arXiv, and

an increasing number of experimental groups have started studying these systems. Pablo Jarillo-

Herrero - in whose lab at MIT superconductivity in moiré graphene was first discovered - said

recently, “I don’t know anyone who’s not excited about this. I think the question is whether you’re

so excited that you switch all your research and start working on it, or if you’re just very excited”

[138].

While there could be many reasons for this excitement, there are, I think, two primary ones.

The first is that the fundamental physics of these fractional quantum Hall phases is extremely inter-

esting. The theory of the fractional quantum Hall effect incorporates concepts such as topological

order, composite fermions, and Abelian and non-Abelian anyons. The stringent temperature and

magnetic field requirements to realize these phases in fractionally filled Landau levels has made

their experimental study quite difficult. Though the ν = 1/3 fractional quantum Hall state was

discovered in the early 1980s, for instance, the fractional statistics of its anyon excitations were

only observed directly a few years ago [139, 140]. Having a robust, zero field system in which to

investigate these concepts is a huge step forward experimentally.

Beyond the experimental convenience of zero field FCIs, however, is the fact that there is almost

certainly new physics to explore in these systems. Zero field fractional Chern insulators are not

the same thing as fractional quantum Hall phases in Landau levels. For one, zero field FCIs open
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up experiments not possible with Landau level systems. Forming a domain wall between two

FCIs with opposite topological indices could be as simple as creating two magnetic domains with

opposite polarization. Measuring a 2DEG with one section in a +10T magnetic field and another

in a -10T field would not be nearly as easy. More device architectures are also possible with FCIs.

For instance, hybridizing a fractional state and a superconductor with the goal of engineering non-

Abelian anyons is feasible with zero field FCIs, but not at the high magnetic fields required for

FQH, as this would destroy the superconductivity. Zero field FCIs might simply have fundamental

differences from the FQH states in Landau levels, as well. Though the fractional fillings seen so far

in moiré systems correspond to the Jain sequence fillings in the LLL, there may be other fractional

states in partially filled moiré Chern bands on a lattice which are not seen in Landau levels. A

theoretical understanding of both the MoTe2 and the pentalayer graphene/hBN moiré systems is

still being actively worked out, which would shed more light on the types of fractional states which

might be expected to occur.

The second reason for the excitement about the discovery of the FQAHE are the potential appli-

cations - particularly for topologically protected quantum computation.1 The main difficulty with

building a large-scale quantum computer is decoherence - random interactions between the qubits

and environment which destroy the quantum superposition used for the computation. While there

are methods to address these decoherence-induced errors using a range of quantum error correction

schemes, achieving a scalable, fault-tolerant quantum computer using current qubit architectures

remains a major challenge. One path forward, suggested by Kitaev in 2002, is to use anyons to

perform quantum computations [8]. This scheme, which requires non-Abelian anyons, encodes our

quantum information in the ground state of the system. The way to perform unitary operations

on this information - in fact, the only way to perform unitary operations on this information - is

to braid the anyons around each other. This scheme is insensitive to local perturbations such as

a photon or phonon striking the system, as this doesn’t cause braiding of the anyons. Topological

quantum computation is inherently fault-tolerant.

The challenge with this approach, of course, is realizing and manipulating non-Abelian anyons.

Most FQH states in Landau levels host Abelian anyons, but some, such as those at 5/2 or 12/5,

1Discussed in more detail in Appendix E
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are expected to host non-Abelian ones [141, 142]. Actually detecting and manipulating these non-

Abelian anyons is extremely difficult, though, considering the delicate nature of the states and their

stringent requirements on sample quality, temperature, and magnetic field. The hope is that these

new zero field FCI systems will prove more tractable. Their robust nature and lack of magnetic field

requirement is certainly helpful in lightening the experimental requirements, but also in allowing

for more flexibility in device design. While these moiré systems are very promising, the zero field

FCIs so far observed are all expected to host Abelian anyons. However, hybridizing these FCIs with

other materials as discussed above, or building more complex moiré vdW heterostructures, could

stabilize new phases not possible in Landau level systems - with the target being those hosting

non-Abelian anyons.

I will end by indulging in some speculation. The amount of progress made on our understanding

of the moiré MoTe2 system over the past year or so - its phase space, optoelectronic properties,

and topological states - is immense. There is, however, much that remains to be explored. Of

the dozen optical and transport cryostats in our lab, almost all of them are currently dedicated

to measuring moiré MoTe2. But research is not only ongoing in our lab - many groups are now

measuring transport and optics on the system, as well as employing specialized techniques such

as scanning SQUID magnetometry, MIM, scanning SET, STM, THz optics, ARPES, millikelvin

optics, and more. I may be a bit biased, since I have spent much of the past year measuring moiré

MoTe2 optics, but the optical properties of the system - in particular, the helicity dependence -

seems to me a particularly promising direction. If it were possible to use circularly polarized light

to flip magnetic domains - and thereby write patterns of FCIs in-situ onto a device - it would be a

huge help in designing studies of zero field anyons. If we add to this our recent results showing that

electrical current can control magnetic domains, and thereby the emission helicity, it suggests that

combining magneto-optics and transport in a single measurement would be extremely fruitful. But

the beauty of the community’s excitement about these systems is that there is now a wide range

of different techniques and perspectives being applied to their investigation. If there is something

even more exciting in moiré MoTe2, it will certainly be found - and, most likely, very soon.
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Appendix A

EXPERIMENTAL METHODS

A.1 Device Fabrication

Devices were fabricated using the tear-and-stack method. First, hBN, used as the gate dielectric,

and graphite, used for the metallic gates, were mechanically exfoliated onto silicon (Si)/silicon

dioxide (SiO2) substrates. Homogeneous flakes were identified using an optical microscope. The

hBN thickness was confirmed by atomic force microscope measurements. In an argon-filled glovebox

with water and oxygen concentrations below 0.1 ppm, 2H MoTe2 was mechanically exfoliated onto

Si/SiO2 substrates with a 285-nm oxide layer precleaned by oxygen plasma. Monolayer flakes were

identified via optical microscope.

Standard polymer-based dry transfer techniques were used to fabricate the heterostructure.

First, the topmost hBN protection layer, top graphite electrode, hBN top dielectric layer and half

of the MoTe2 monolayer were picked up. Then, the entire stage was rotated by the desired twist

angle. After rotation, the second half of the MoTe2 monolayer was picked up, forming the twisted

MoTe2 interface. The heterostructure was completed by picking up a long strip of graphite to serve

as a grounding pin, a bottom hBN dielectric and the graphite bottom gate. The transfer process

was performed at about 100 ◦C. The entire heterostructure was then put down and picked up

repeatedly at about 140 ◦C to mechanically squeeze out trapped gas bubbles between layers, before

being melted down onto the substrate at about 170 ◦C. The polymer was dissolved in anhydrous

chloroform for 5 min in an inert glovebox environment. Standard electron beam lithography was

used to electrically connect gold wire bonding pads to the gates and grounding pin of the fully

encapsulated device. Lift off was performed in an inert glovebox environment with anhydrous

dichloromethane.
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A.2 Optical Measurements

All measurements were performed in a closed-loop magneto-optical exchange gas cryostat (attoDRY

2100) with an attocube xyz piezo stage, a 9T out-of-plane superconducting magnet and a base

temperature of 1.6K. For PL measurements, a 632.8nm helium–neon laser was focused on the

sample by a high-numerical-aperture non-magnetic objective to minimize the magnetic-field-induced

drift. Differential reflectance measurements were performed under the same conditions using a

tungsten–halogen lamp. The reflected signal was dispersed with a diffraction grating (Princeton

Instruments, 600 grooves per mm at 1-µm blaze) and detected by an liquid nitrogen-cooled infrared

charge-coupled device (Princeton Instruments PyLoN-IR 1.7). For PL measurements, a long-pass

filter was inserted before the entrance to the spectrometer to remove reflected laser excitation.

Excitation was linearly polarized. For polarization resolved measurements, a quarter wave plate

and linear polarizer were used in the signal path to select out σ+ and σ− polarizations.

RMCD was performed by filtering a broadband supercontinuum source (NKT SuperK EX-

TREME EXW-12) by dual-passing through a monochromator, achieving a narrow excitation band-

width in resonance with the trion feature. The out-of-plane magnetization of the sample induces

an MCD signal ∆R, the difference between the reflected right- and left-circularly polarized light.

To obtain the normalized RMCD ∆R/R, the laser intensity was modulated by a chopping fre-

quency p=850Hz and the phase was modulated by λ/4 via a photoelastic modulator at a frequency

f=50kHz. The output signal of an indium-gallium-arsenide avalanche photodiode detector was

read by two lock-in amplifiers (SR830). The ratio between the p-component signal Ip and the f -

component signal If gives the RMCD signal: ∆R/R = If/(J1(π/2)× Ip) where J1 is the first-order

Bessel function. All zero-field RMCD plots are taken after the device was trained by application of

a positive magnetic field, unless otherwise specified.

A.3 Transport Measurements

Transport measurements were conducted in a Bluefors dilution refrigerator with a 9T magnet and

a base phonon temperature of about 20mK and electron temperature of about 80mK, as estimated

from measurements of graphene devices with similar geometry. All AC signals were generated

and detected by SR830 lock-in amplifiers. We found that a constant current measurement scheme
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substantially improves the stability of the magnetic state compared with a constant voltage scheme.

An AC current bias of about 0.2–0.5 nA was generated using a 100-MΩ resistor in series with an

AC voltage source, and the actual current was monitored using a DL1211 current preamplifier.

Four-terminal Rxx and Rxy signals were amplified using the differential mode of an SR560 voltage

preamplifier with an input resistance (about 100 MΩ) much larger than the contact resistance of the

device. Two-terminal conductance was measured by applying a 200–500-µV AC voltage bias to the

source and by monitoring the drain current. For temperature dependence above 4K, the current

on a resistive heater mounted near the sample was gradually ramped up, with the temperature

read out using a Cernox sensor close to the sample. A test with a carbon film sensor mounted on

the chip carrier showed that the temperature difference between the sensor and the sample stage

temperature does not exceed 50mK.

A.4 Determination of Doping Density and Electric Field

The carrier density n and electric field D on the sample are converted from top (bottom) gate

voltage Vtg (Vbg) using a parallel plate capacitor model: n = (VtgCtg + VbgCbg)/e − noffset and

D/ϵ0 = (VtgCtg−VbgCbg)/2ϵ0−Doffset, where Ctg and Cbg are the top and bottom gate capacitance

obtained from the device geometry, e is the electron charge and ϵ0 is the vacuum permittivity. The

offset carrier density is derived from fitting to the integer and fractional states in PL spectra.

The offset electric field is determined from the symmetric axis of the dual-gate RMCD map. The

obtained doping density from the capacitor model can then be used to calculate twist angle from

the assigned filling factors in the optical measurements, which is comparable to the targeted twist

angle.

A.5 Determination of the Chern Number

The optical Landau fan diagram was obtained by integrating PL spectra over a 1-meV spectral

range around the peak. Limiting the integration range to 1meV around the PL peak reduces back-

ground noise and increases contrast relative to simply integrating the entire spectral range, and

thus improves the visibility of the correlated states. However, the main features of the fan diagram

are independent of the choice of integration window. To determine the Chern number, first, using

the doping density given by hBN capacitance (Cg = ϵhBN/d, ϵhBN = 3.0) and assuming the filling
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to be linear in carrier density, the Landau fan diagram from the PL measurement can be repro-

duced. The hBN thickness is measured using an atomic force microscope with an uncertainty of

about 200pm, which is negligible compared with the 20–40nm hBN. The most significant uncer-

tainty comes from the dielectric constant of hBN (widely accepted as 3–3.3). Second, single-gated

reflectance measurements are performed to obtain the capacitance ratio of the top and bottom

gates, which matches the thickness ratio obtained by atomic force microscopy measurements. To

quantitatively compare the optical fan diagram with the Streda formula dispersion, we extract the

centroid of the integrated PL minimum as a function of carrier density for each value of the applied

magnetic field. The centroid is obtained by calculating the geometric centre for the local minimum

of the PL intensity. The error bar indicates a 5% deviation of the centroid PL intensity. Using the

slope extracted from the Landau fan diagram, the capacitance of the gates can be obtained and

compared with the hBN capacitance. This method cross-checks the validity of the hBN capacitance

value.
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Appendix C

INTEGER AND FRACTIONAL QUANTUM HALL EFFECTS IN 2D
ELECTRON GASSES

In this appendix, we will discuss the integer and fractional quantum Hall effects. These appear

in two dimensional electron gasses under large applied magnetic fields, where the Fermi sea of

electrons becomes discretized into Landau levels. These flat, topological bands contribute to a

quantized Hall conductance σxy when fully filled. Even more surprising are the quantized values of

Hall conductance which can appear at fractional fillings of these Landau levels. The theory which

has been worked out in the course of understanding these fractional states has contributed greatly

to our understanding of topological order.

Studies of the integer and fractional quantum Hall effects are generally conducted using ul-

traclean GaAs quantum wells, though 2D materials such as graphene have also been used. Our

interest in these systems and their physics is twofold. First, the theory work explaining the IQHE

and FQHE can serve as a baseline for understanding the FQAHE in our system. These are not

exactly the same, of course - partially filled Landau levels are not the same as partially filled flat

Chern bands, and the extent to which the two systems can be mapped onto each other is still an

open question. However, FQH can serve as a starting point for us to build our understanding of

moiré MoTe2, and give us some intuition for where to look next.

The second major influence is on the experimental side. Decades of work and experimental

optimization took place between the first discoveries of IQH and FQH in the 1980s and the current

state of the art, where dozens of delicate fractional states can be seen in GaAs/AlGaAs MBE

samples with mobilites exceeding 10 million cm2/V · s. A major lesson we can learn from these

experiments is that the cleaner your sample is, the more physics you can observe. On the one hand,

this could be seen to be somewhat discouraging - our moiré systems have twist angle disorder,

bubbles, strain, carbon residue, impurities, relatively high contact resistances, and the mobility is

nowhere near that of GaAs systems. But on the other hand, this means that the path forward is
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clear - we know what we need to improve, and if we can take the trajectory of experimental work

on the FQHE as any indication, the rewards will be great.

C.1 The Integer Quantum Hall Effect

Figure C.1: Discovery of the

integer quantum Hall effect.

a, Original experimental tracing

showing quantized plateaus in the

Hall resistance. b, Silicon MOS-

FET of the type used in the first

observation of the QHE. Figure

adapted from Ref. [162]. Copy-

right 2005 Birkhauser Basel.

The quantum Hall effect was discovered in the High Magnetic Field

Laboratory in Grenoble on February 5th, 1980, at roughly 2 in the

morning (Figure C.1a) [1]. A silicon MOSFET, equipped with a

gate to control the carrier density, allowed for the measurement

of the longitudinal (Rxx) and Hall (Rxy) resistances of a 2D elec-

tron gas (2DEG) under a large magnetic field as a function of gate

voltage (Figure C.1b). For particular ranges of gate voltage, Rxx

drops to nearly zero, and Rxy shows a finite plateau. Interestingly,

Klaus von Klitzing, the discoverer of the QHE, had actually pub-

lished a paper three years previously which showed these plateaus

in Rxy [163]. The breakthrough here, however, was the realization

that this plateau corresponds to a Hall conductivity quantized to

an integer multiple of e2/h. That is, a measurement of a real,

imperfect device - at finite temperature, with impurities, disorder,

surface roughness, etc. - somehow gives a value which depends on

a set of fundamental, universal constants. As it turns out, explain-

ing this depends on Landau levels, (a little bit of) disorder, and

topology.

C.2 Landau Levels

Our goal in this section will be to get more familiar with the con-

cepts underlying the integer quantum Hall effect, of which Landau

levels play a central role. We will avoid going into too much detail

here (some useful pedagogical texts can be found in Appendix B).

It is, however, worth working through a derivation of the highly

degenerate Landau levels. We will consider free electrons confined
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to a plane (a 2DEG) with a magnetic field applied perpendicular to the plane. This magnetic field

adds a vector potential term to the canonical momentum p in our free electron Hamiltonian:

H =
p2

2m
→ 1

2m
(p+ eA)2 , p = mẋ− eA (C.1)

If we define the gauge-invariant mechanical momentum as

π = p+ eA

then our Hamiltonian becomes

H =
π2

2m
=

1

2m
(π2x + π2y) (C.2)

Importantly, the x and y components of our gauge-invariant momentum fail to commute, with

their commutator determined by the magnetic length lB =
√

h̄
eB

[πx, πy] = −i h̄
2

l2B
(C.3)

This looks exactly like a simple harmonic oscillator with the variables relabelled, and can be solved

the same way. We create raising and lowering operators

a =
lB√
2h̄

(πx − iπy) and a† =
lB√
2h̄

(πx + iπy)

which results in a Hamiltonian

H = h̄ωB

(
a†a+

1

2

)
(C.4)

where

ωB =
h̄

ml2B
=
eB

m

is the cyclotron frequency. The spectrum of this “simple harmonic oscillator” is

E = h̄ωB

(
n+

1

2

)
n ∈ N (C.5)

Note that the spacing between these energy levels is proportional to the magnetic field B - these

are our Landau levels.

We can figure out the degeneracy of our Landau levels by creating another “momentum” which

is not gauge invariant

π̃ = p− eA
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However, the commutator of the components of π̃

[π̃x, π̃y] = i
h̄2

l2B
(C.6)

is gauge invariant. If we choose the symmetric gauge

A = −yB
2

x̂+
xB

2
ŷ (C.7)

the components of π and π̃ commute, and we can define another pair of raising and lowering

operators using the components of π̃

b =
lB√
2h̄

(π̃x + iπ̃y) and b† =
lB√
2h̄

(π̃x − iπ̃y)

Figure C.2: Semiclassical picture of the LL de-

generacy. Cyclotron motion in a magnetic field B.

In the symmetric gauge, electron position r can be

thought of as being a combination of the guiding cen-

ter position R, depending on the components of the

gauge-dependent momentum π̃ (blue), and the cy-

clotron variable η, depending on the gauge-invariant

momentum π (red). The failure of π̃x and π̃y to com-

mute produces an uncertainty in the guiding center

position on the order of l2B (light blue).

This second set of operators allows us to de-

termine the degeneracy of our Landau levels.

Only the a and a† operators show up in our

Hamiltonian (Equation C.4), and the different

sets of a and b operators commute. So while

acting on our state with b and b† can bring us

to a different state, the energies will be equal -

the Landau levels have degeneracy. There is a

nice semiclassical picture of this degeneracy, if

we make the right gauge choice. Electrons in a

magnetic field undergo cyclotron motion. The

position r of the electron in the cyclotron orbit

can be broken up into a guiding center position

R and a cyclotron coordinate η (Figure C.2).

The energy of the electron is independent of R

- that is, the center of the orbit can be trans-

lated around freely. In the symmetric gauge, R

and η can be identified with the components of

the gauge-dependent momentum π̃ and gauge-invariant momentum π, respectively. This makes

some intuitive sense - our Hamiltonian, and the energy of our state, only cares about π and not
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π̃. Shifting around our guiding center - changing π̃ - doesn’t change the energy. However, the

components of π̃ fail to commute (Equation C.6). This leads to an uncertainty of the position of

the guiding center - it is distributed over an area of 2πl2B. For a sample with area A, the total

number of states we can fit in the Landau level is then

N =
A

2πl2B
=
eBA

2πh̄

This gives us our Landau level degeneracy.

Figure C.3: Skipping orbits and disorder.

a, Cyclotron motion and skipping orbits on sample

edges. Skipping orbits move along equipotentials. b,

Disorder-induced random background potential. Skip-

ping orbits can form closed loops around local po-

tential minima or maxima, producing localized states

which don’t contribute to the measured Hall conduc-

tivity.

The raising and lowering operators we have

worked out gives us a way to determine the

wavefunctions of the Landau level states. Sim-

ilarly to the simple harmonic oscillator, we can

find the state |n = 0,m = 0⟩ which is destroyed

by both a and b, and then apply a series of rais-

ing operators (a†)n and (b†)m to find the rest of

the states |n,m⟩. If we consider only the lowest

Landau level (n = 0) and work in complex co-

ordinates, the wavefunction for the symmetric

gauge is

ΨLLL,m ∼
(
z

lB

)m

e−|z|2/4l2B (C.8)

There are few things to note about this wave-

function. The first piece of ΨLLL,m is a polyno-

mial of z with degree m, and is analytic - that

is, it depends only on z and not z̄. Also, ΨLLL,m

is an eigenstate of the angular momentum op-

erator

J = ih̄

(
x
∂

∂y
− y

∂

∂x

)
= h̄(z∂ − z̄∂̄) (C.9)

with eigenvalue h̄m. Lastly, the wavefunction with degree m is radially symmetric and peaked at

r ≈
√

2ml2B.
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Figure C.4: Laughlin charge pump-

ing. System is in the quantum Hall regime

on a disc (blue). Adiabadically threading a

flux Φ (red) induces an emf ε around the

ring. As Φ is increased from 0 to Φ0 = h/e,

the spectrum of the Hamiltonian returns

to itself, and any localized states are unaf-

fected. However, extended state wavefunc-

tions undergo spectral flow, shifting from

Ψm to Ψm+1, and one net charge is pumped

radially from the inner to outer edge (Ir).

The ratio of ε and Ir gives the quantized

Hall resistance.

Now that we understand how Landau levels come

about, and what the wavefunctions look like (if we have

chosen the symmetric gauge) we can start to grasp why

the quantized plateaus are seen in quantum Hall effect

measurements. We can turn back to our semiclassical

picture, and consider cyclotron motion. In the center of

our sample, electrons will just complete cyclotron orbits.

However, near the edges, the electrons hit the boundary

and bounce back. However, the electrons can only or-

bit one way - they make chiral skipping orbits along the

edge of the sample, in only one direction (Figure C.3a).

Real samples, of course, aren’t perfect - they have random

disorder, background potential, etc. It is this character-

istic that explains the plateaus. As the magnetic field is

changed (and thus the filling, for a fixed electron density),

we fill or empty available states. However, when there is

disorder in the sample, many of these states are localized

states - ie, skipping orbits around a local minimum or

maximum within the bulk of the sample (Figure C.3b).

Because we can only measure the channels which connect the electrical contacts at different spots

on our sample, these local states won’t change our measured conductivity. The observed plateaus

in Rxy vs B are when these localized states are being filled or emptied.

Explaining the quantization of the plateaus is where topology comes in. Intuitively, one would

expect that as some of the Landau level states are localized by disorder, the Hall conductivity would

drop. This is not the case, however - the value of the Hall conductivity is a topological invariant

of the Landau level. To get a flavor of how this works, we can follow Laughlin’s argument for a

2DEG in the quantum Hall regime on a Corbino disc (Figure C.4) [164]. We will take our system

to be gapped - ie, σxx = 0. We can induce an emf ε in the azimuthal direction by threading an

additional flux Φ through the center of the disc. If we ramp Φ adiabatically from 0 to one flux

quantum Φ0 = h/e, the induced emf will be ε = −∂Φ/∂t = −Φ0/T where T is the total time.
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When we thread this flux quantum, any localized states will not be affected - the flux threading

just applies a gauge transformation. In addition, the spectrum of our Hamiltonian will be the same

for Φ = 0 and for Φ = Φ0.

However, the extended states will undergo spectral flow. That is, each eigenstate will shift to

the next eigenstate, Ψm → Ψm+1. As we can see from our symmetric gauge wavefunction C.8,

increasing m corresponds to a radial shift outwards. Each extended state wrapping around the ring

will be shifted outward to the next extended state; this “bucket brigade” results in a net pumping

of one charge from the inner to outer edge. Importantly, this process is independent of the number

of extended states. There are always two extended states (ie, one on the inner and one on the

outer edge) from the geometry of the disc. Even if all the other states are localized, the spectral

flow will adiabatically transform the inner extended state to the outer extended state, resulting in

a pumping of one charge as one flux quantum is threaded through the disc.

If we have a single filled Landau level, we pump a single charge as the flux quantum is threaded

in time T , giving us a radial current Ir = −e/T . If we combine this with our induced emf, we can

get the Hall conductivity

σxy =
Ir
ε

=
−e/T
−Φ0/T

=
e2

h
(C.10)

This is exactly our quantized Hall conductivity for the lowest Landau level. As additional Landau

levels are filled, we just multiply this e2/h value by an integer. Thus, we can now explain the

integer quantized plateaus seen in the Hall conductivity.

C.3 The Fractional Quantum Hall Effect

Two years after the quantum Hall effect was discovered, another observation was made which was

even more bizarre. A cleaner GaAs/AlGaAs 2DEG was measured, and showed a quantized plateau

corresponding to σxy = 1/3 ∗ (e2/h) at 1/3 filling of the lowest Landau level (Figure C.5a). This is

very strange - according to our discussion in the previous section, a Hall conductivity σxy = (e2/h)

corresponds to a single electron being pumped across the disc as we thread one flux quantum.

Having a higher quantized Hall conductivity - say σxy = 3 ∗ (e2/h) - is normal. This corresponds

to three electrons being pumped per flux quantum, which is the situation we have when there are

three filled Landau levels. Quantization of σxy to a fraction of (e2/h), however, would correspond
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to a fraction of an electron charge being pumped per flux quantum. Electrons, of course, are

fundamental particles - how is it possible to have a fraction of an electron?

Figure C.5: The fractional quantum Hall effect. a, The first observation of the fractional quantum

Hall effect, with Hall resistance quantized to 3h/e2. By the argument of the previous section, this corresponds

to ‘pumping’ 1/3 of an electron charge. b, With cleaner samples, many more fractional states are observed,

including even denominator states such as ν = 5/2 Figures adapted from Refs. [2, 122]. (a) Copyright 1982

by the American Physical Society. (b) Copyright 1987 by the American Physical Society.

As sample quality improved further, many other fractional states were observed (Figure C.5b).

Most of these are odd-denominator states, though there are also even-denominator ones such as ν =

5/2. As it turns out, these fractional quantum Hall states are very exotic, strongly correlated phases

of matter. As we discussed in the previous section, states within Landau levels are degenerate.

Thus, the only relevant energy in a fractionally filled Landau level is the Coulomb repulsion of

the electrons. It is this strongly correlated many-body system that allows for the emergence of

an incompressible liquid with topological order. The quasiparticle excitations of FQH states are

anyons, with fractional charge and fractional statistics (see Appendix E). Certain FQH states are

expected to host non-Abelian anyons, which could be used for topologically protected quantum

computation.
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C.4 The Laughlin Picture

Figure C.6: Laughlin wavefunction

distribution. a, Monte Carlo simulation

of Laughlin wavefunction distribution of

particles for m = 3. b, Poisson distribution

of particles. Comparing the two figures, the

Laughlin wavefunction is more effective for

keeping particles separated. Figure adapted

from Ref. [165]. Copyright 1990 Springer

New York.

The Laughlin wavefunction describing the lowest Landau

level at a fractional filling of ν = 1/m, with m = 3, 5, 7...,

is an extremely useful tool for understanding the proper-

ties of the FQH states. The wavefunction can be written

as

ψ(zi) =
∏
i<j

(zi − zj)
me−

∑n
i=1 |zi|2/4l2B (C.11)

Note that this looks somewhat similar to the lowest Lan-

dau level wavefunction in Equation C.8. In particular, the

first term is analytic, as we would expect for a state within

the lowest LL. There are, however, some other properties

that make it effective in describing the ν = 1/m states.

One indication that this ansatz for the wavefunction

of the FQH state is a good one is that it does a great

job minimizing the Coulomb energy of the system. As we

have discussed, the Coulomb energy is the only relevant

energy scale in the partially filled Landau level problem

- the kinetic energy is quenched. One way to see how

the Coulomb energy is minimized is by looking at the

effect of the (zi − zj)
m term. For two particles at zi and

zj , this term causes the wavefunction to become zero if

zi = zj - i.e., if the particles are in the same place. This

is, of course, necessary for electrons, as they are fermions

obeying Pauli exclusion. However, the ‘zero’ is not simply

(zi− zj), as is required by Pauli exclusion, but is actually

of order m. That is, this wavefunction does a much better job keeping charges separated than is

necessary for fermion statistics, and thus can keep the Coulomb energy low. This can be seen in

the Monte Carlo simulation in Figure C.6a, particularly when compared to a Poisson distribution

in Figure C.6b.
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As we discuss in more depth in Appendix E, the quasiparticle and quasihole excitations of the

Laughlin wavefunction are anyons. That is, they have a fractional charge, and fractional exchange

statistics. While there are other approaches for understanding FQH states - as we discuss in the

next section - seeing how these anyon excitations arise from the Laughlin wavefunction for the

partially filled Landau level can be quite instructive.

C.5 Composite Fermions

We briefly discussed the idea of composite fermions in Chapter 6, with a particular focus on the

composite Fermi liquid at ν = 1/2. In this section, we will go in to a bit more detail on composite

fermions, how they form, why they are such a nice description of FQH states, and experimental

evidence for the CFL. The idea of the composite fermion picture, as illustrated in Figure C.7a, is

that a 2D gas of electrons in a magnetic field will form bound states with two flux quanta, resulting

in new fermionic particles - the composite fermions. Because the magnetic flux piercing the sheet is

“consumed” to create the composite fermions, these particles will only feel a weak residual effective

magnetic field, Beff . At exactly half filling of the lowest Landau level, there are exactly two flux

quanta per electron. Thus, at ν = 1/2, Beff = 0. As we know, fermions in zero magnetic field

will form a Fermi liquid. In this case, the Fermi liquid is made of composite fermions - thus the

composite Fermi liquid.

This result is actually quite surprising - ν = 1/2 occurs at huge magnetic fields, on the order of

10T. The formation of a Fermi sea here is counterintuitive. As we will see, though, this composite

Fermi liquid is quite real - experimentally, all of the expected signatures of a Fermi liquid (cyclotron

orbits, geometric resonances, magnetic focusing, etc.) occur near ν = 1/2. This composite fermion

picture elegantly explains the FQH plateaus that we observe. These states can be though of as the

integer quantum Hall states of the composite fermions in the effective magnetic field that arises

as the filling moves away from ν = 1/2 (or other even denominator fillings like ν = 1/4). These

composite fermion Landau levels are also commonly referred to as Lambda levels. Thinking in the

composite fermion picture can also clarify some other puzzles, such as the gapped state at ν = 5/2.

This state can be viewed as, essentially, a BCS-like state of paired composite fermions [141]. Thus,

the CFL picture is useful not only to describe Abelian states, but those predicted to be non-Abelian

as well.
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Figure C.7: The composite fermion picture. a, Schematic of composite fermion formation. Electrons

bind with two flux quanta, resulting in composite fermions which feel a reduced effective magnetic field. A

Fermi liquid of these composite fermions forms at ν = 1/2. b, Schematic of sample for surface acoustic

wave measurements, which probe finite wavevector conductivity. c, Comparison of velocity shift of SAW

measurement, proportional to finite wavevector conductivity (top) and longitudinal resistance ρxx (bottom).

A clear drop is seen in the SAW measurement at ν = 1/2, indicating the formation of a CFL. d, Magnetic

focusing spectra for electrons (left axis) and composite fermions (right axis) for various cavity array lengths

vs B (Beff ). Peaks occur when cyclotron radius of the CF in the effective magnetic field (or electron in

the magnetic field) is commensurate with the array spacing. Inset: SEM image of the cavity array. Figures

adapted from Refs. [123, 133, 166]. (b) Copyright IOP Publishing. Reproduced with permission. All rights

reserved. (c) Copyright 1993 by the American Physical Society. (d) Copyright 1996 by the American Physical

Society.

There have been a few different experimental methods used to confirm the existence of a Fermi

liquid near ν = 1/2. The first were surface acoustic wave (SAW) measurements, which used SAW

transducers to send an acoustic wave at finite wavevector q through a GaAs 2DEG (Figure C.7b).

The measured velocity shift of the wave, ∆v/v, can be related to the finite wavevector conductivity

σxx(ω, q) of the 2DEG tuned to the partially filled LLL regime. The result of this measurement

(Figure C.7c) is a dramatic drop in ∆v/v around ν = 1/2 - a signature of the CFL. This drop is

dependent on the SAW wavelength λ, which must be on the order of the composite fermion mean

free path.

An additional probe of the CFL comes in the form of geometric resonances. That is, when the
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cyclotron orbits of the composite fermions in Beff are commensurate with a patterned potential

grid, the measured resistance will change - just like electrons undergoing cyclotron orbits in B.

This measurement is shown in Figure C.7d. Peaks in Rxx are observed in a sample equipped with

a periodic cavity array both for electrons in B and CF in Beff .

A commonality between these different measurement techniques for the CFL is that they require

something beyond conventional transport techniques. While measurement of Rxx and Rxy can rule

out a gapped state at ν = 1/2, more involved measurements were required to directly investigate

the CFL. As we discuss in Chapter 6, the unique optical properties of the moiré MoTe2 system can

serve as a powerful new probe of the anomalous composite Fermi liquid in the half filled flat moiré

Chern band.



99

Appendix D

FRACTIONAL CHERN INSULATORS

As the focus of this dissertation is on the discovery of the fractional quantum anomalous Hall

effect - a phenomenon arising in zero-field fractional Chern insulators - it bears going into a bit

more detail on the theoretical and experimental background of FCIs. But before starting, it’s worth

thinking about why there has been so much interest in Chern insulators and fractional Chern

insulators, as well as topology beyond Landau levels more generally. One reason is that, while

fractional phases in Landau levels are extremely interesting, there are serious constraints when it

comes to studying them experimentally, and especially to using them for practical applications. As

we have discussed, these phases can only occur at very low temperature and high magnetic field in

extremely clean samples. The most interesting phases - those predicted to host non-Abelian anyon

excitations - are some of the most delicate. This is to be expected, of course - we are considering

exotic quantum states of matter, and it’s not too surprising that they will only emerge in fairly

specific circumstances. However, there are unique properties of these phases which we would like

to exploit to achieve, for example, topologically protected quantum computation (see Appendix

E). Restricting ourselves to Landau levels makes this extremely difficult. Might there be a way to

realized these phases without Landau levels?

A second reason for this interest is the possibility for more and different physics than can be

realized in Landau level systems. To some extent, this has to do with the flexibility of, for example,

systems hosting FCIs in flat Chern bands over a 2DEG in the Landau level regime. Hybridizing

other phases, such as superconductors, with zero-field FCIs is feasible, whereas the large magnetic

field required for FQH destroys superconductivity. But beyond this, flat Chern bands are not the

same thing as Landau levels - the states which arise in them may be even richer and more interesting

than those that have been seen so far in Landau level systems.
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D.1 Chern Bands

Figure D.1: The Haldane model. a,

Schematic of the Haldane model. Nearest neigh-

bor (solid) and next-nearest neighbor (dotted)

hopping between sites is included in the model.

Next nearest neighbor hopping is complex, with

direction of increasing phase shown by arrows. b,

Phase space of the quantum anomalous Hall ef-

fect. For finite NNN phase and sufficiently small

sublattice energy offset M, σxy = νe2/h, with

ν = ±1 Figure adapted from [9]. Copyright 1988

by the American Physical Society.

The first model for a quantized Hall effect without

net magnetic field or the formation of Landau levels

was the celebrated Haldane model [9]. This model

is built on a hexagonal lattice, with both nearest-

neighbor (NN) and next-nearest-neighbor (NNN)

hopping (Figure D.1a). Crucially, the NNN hop-

ping can pick up a complex phase. In the original

model, this was accomplished by threading fluxes

through different regions within the unit cell, with

a net flux through the entire unit cell being zero. As

we discussed in Chapter 2, however, there are other

ways to get this complex hopping. In the case of

moiré MoTe2, this is accomplished with the effective

real space magnetic field which varies over the moiré

unit cell generated by the layer pseudospin skyrmion

texture [44, 45]. Also included in the model is a

sublattice-dependent energyM , which acts with +M

on A sites (white dots) and −M on B sites (black

dots).

For a particular range of parameters - namely,

finite NNN hopping phase Φ and sufficiently small

M , the Hall conductivity will take a finite, quantized

value of σxy = ±e2/h (Figure D.1b). This was the

first example of what are now called Chern insulators

- that is, systems which host topologically nontrivial Bloch bands (Chern bands) and which can

show a quantized Hall effect at zero magnetic field (the quantum anomalous Hall effect). Since, a

wide variety of toy models have also been shown to have this property. In addition, the quantum

anomalous Hall effect has been observed in multiple systems - magnetically doped topological
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insulators [16], intrinsic magnetic TIs [48], and both graphene and TMD moiré systems [30, 32].

The commonality between all of these is the coexistence of topological bands and spontaneous time

reversal symmetry breaking (i.e., ferromagnetism).

D.2 Fractional Chern Insulators: Theory

Figure D.2: Fractional Chern Insulators:

Theory. a, Exact diagonalization of a 1/3 filled

flat Chern band. 3-fold degenerate ground state

spectrum undergoes spectral flow upon flux inser-

tion. b, The Haldane model with density-density

interaction V . Exact diagonalization calculations

at 1/3 filling indicates that the system hosts and

FCI. Figures adapted from [14, 167]. (a) Repro-

duced with permission under CC BY 3.0. (b)

Copyright 2012 by the American Physical Soci-

ety.

As we have discussed in the previous chapter, the

physics arising in the fractional quantum Hall states

in the partially filled Landau levels is much more ex-

otic than that of the integer quantum Hall states.

These physics, which arise from strong correlations

between the electrons, include electron fractional-

ization and anyonic quasiparticle excitations. Non-

Abelian anyons, in particular, are highly sought af-

ter. It is no surprise, then, that significant theory

work has been done to explore the possibility of a

zero-field fractional quantum Hall effect. In a flurry

of activity in 2011 and 2012, it was established that

zero field fractional Chern insulators - phases show-

ing the fractional quantum anomalous Hall effect -

were possible [10–15, 168].

A range of theoretical techniques have been used

to study FCIs, but one of the more common is exact

diagonalization of the Hamiltonian and investigation

of the low energy spectrum. Taking this approach for

a checkerboard lattice model in the flat band limit

at 1/3 filling, it was shown that there is a 3-fold

degenerate ground state. Upon flux insertion, these

ground states undergo spectral flow into each other,

indicating an FCI (Figure D.2a). However, FCIs can

occur in a variety of different lattice models, including the Haldane model with the addition of
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density-density interactions (Figure D.2b). The general requirements for FCIs are the same as for

Chern insulators - topological Bloch bands and spontaneous TRS breaking - but with the additional

requirement of strong interactions. This makes sense - the FQH states in Landau levels arise from

strong Coulomb interactions between electrons, so it is not a surprise that flat bands and strong

interactions are necessary for zero field FCIs.

D.3 FCIs at Finite Field

We now turn to the experimental side, and discuss experimental progress in the search for frac-

tional Chern insulators. Moiré engineering of graphene heterostructures has played a key role here.

Determining the topological properties of the states in these moiré graphene systems has relied on

measurements of compressibility - which shows insulating states - vs magnetic field. As we discuss

in Chapter 4, the slope of filling vs applied magnetic field, when compared to the predictions of the

Streda formula, can give information on the topological properties of the state.

Two different moiré systems were observed to host FCIs - that is, a non-FQH topologically

ordered state in a fractionally filled Chern band - at finite magnetic field. The first of these

measured penetration capacitance (CP ) of a graphene bilayer aligned to hBN on one side, forming

a moiré superlattice. CP changes when an insulating state is formed, allowing a Landau fan diagram

to be obtained by measuring CP vs filling and magnetic field (Figures D.3a,c). A range of different

topological states are observed, which can be identified based on their slopes and intercepts and are

labelled in the Wannier diagrams (Figures D.3b,d). A key observation was that there were states

with fractional slopes at fractional fillings of Harper-Hofstadter bands. The formation of these

bands relies on both the magnetic field and the superlattice potential. Thus, this measurement

reveals fractional states that exist in topological bands which are not Landau levels. However, the

FCIs only emerge at high magnetic fields, as they require the formation of these Harper-Hofstadter

bands.

Another capacitance measurement using a single-electron transistor (SET) was performed on

magic angle twisted bilayer graphene (MATBG). As discussed above, and in Chapter 2, MATBG

exhibits the quantum anomalous Hall effect, which shows that it hosts Chern bands and spontaneous

time reversal symmetry breaking. Thus, two of the three criteria for zero-field FCIs are met, and

it is natural to look for them in this system. The measurement showed fractional Chern insulators
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Figure D.3: FCIs at finite magnetic field. a&b, Penetration capacitance measurement of bilayer

graphene-hBN moiré vs filling and magnetic field, compared to a Wannier diagram with various classes of

topological states labelled. Large positive out-of-plane electric field is applied to force electrons close to

the aligned hBN layer where the moiré resides. c&d, as in (a&b), but with negative electric field forcing

electrons away from the moiré. Fractional Chern insulators are observed at high field at fractional fillings

of Harper-Hofstadter bands. f&g, Compressibility measurements of magic-angle twisted bilayer graphene

vs filling and magnetic field, and corresponding Wannier diagram. FCIs survive to a low magnetic field of

∼5T Figures adapted from Refs. [83, 84]. (a) Reprinted with permission from AAAS. (b) Reproduced with

permission from Springer Nature.

which emerge at at much lower magnetic fields than the bilayer graphene-hBN moiré system, at

∼5T (Figures D.3e,f). The small magnetic field onset of these FCIs indicates that the primary role

of the magnetic field here is to redistribute the Berry curvature of the moiré Brillouin zone to make

the bands more conducive for hosting FCIs.

The next part of the story, of course, is the search for FCIs which exist at zero field. As we have

discussed at length in the above chapters, the first system shown to host zero-field FCIs was moiré

MoTe2, followed shortly thereafter by the pentalayer graphene/hBN moiré. Though there is still

much work to be done to understand these theoretically, the general intuition in the search for the

fractional quantum anomalous Hall effect was quite accurate - look for flat Chern bands and strong

electron-electron interactions. As we can see from these two systems, moiré engineering turns out
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to be a very effective way to do this.
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Appendix E

ANYONS

Particle exchange statistics is one of those topics that seems to get more complicated the more

you learn about it. In three spatial dimensions, the spin-statistics theorem proves that particles

with integer spin are bosons following Bose-Einstein statistics, and half-integer spin particles are

fermions following Fermi-Dirac statistics. Though the relationship is easy to state, there aren’t -

as far as I’m aware - any derivations of this that are simultaneously simple, intuitive, and rigorous.

The purpose of this appendix is to serve as an introduction to particle exchange statistics in

2+1 dimensions and how it differs from the more familiar 3+1 dimensions, so we will avoid any

rigorous proofs. Our goal, rather, is to explore what kinds of particles can live in the 2D plane. It

turns out that confining ourselves to 2 dimensions gives us a much richer array of possible particle

types, beyond just bosons and fermions. These new types of particles are anyons. As we will see,

these particles can have both Abelian and non-Abelian exchange statistics, and particular types of

non-Abelian anyons can be used to perform quantum computation.

E.1 Fermions, Bosons, and Beyond

As mentioned above, the two kinds of particles that exist in our 3+1 dimensional spacetime are

bosons and fermions, with integer and half-integer spins, respectively. The key difference between

the two is how a many-particle wavefunction evolves upon particle exchange. Let’s consider two

identical bosons. If we exchange the particles, the two-particle wavefunction, ψ, will remain the

same. However, for two identical fermions, the wavefunction will pick up a negative sign upon ex-

change: ψ → −ψ. Note that in both of these cases, exchanging the particles twice (or, equivalently,

taking one particle in a loop around the other) gives back the same wavefunction. This is necessary

in 3 spatial dimensions: we can always “take the loop out of the plane”, so to speak, so that looping

one particle around the other is topologically equivalent to doing nothing (see Figure E.1).

This sort of movement provides an intuitive picture of why the wavefunction either staying the
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same or picking up a minus sign are the only options in 3+1D - these are the only possibilities

if we want two particle exchanges to give back the same wavefunction. This logic generalizes to

any number of particles - permuting particle positions in a many-boson wavefunction gives back

the same wavefunction, and doing the same with a many-fermion wavefunction will give a plus or

minus sign, depending on the parity of the permutation. While these rules may seem simple, their

consequences are profound. The Pauli exclusion principle, for instance, is a direct result of the

exchange statistics for fermions, and leads, among many other things, to the stability of matter.

Figure E.1: Particle loop in three dimensions.

We take one particle all the way around the other

(black line). Because of the dimensionality of the

space, we can “move the loop out of the plane” (red

dotted line), making this looping topologically equiv-

alent to doing nothing. This type of movement is not

possible when confined to two dimensions.

As we might imagine from this looping ar-

gument, confining our particles to 2+1 dimen-

sional spacetime could remove this constraint to

only fermions and bosons. In this case, it would

seem that the wavefunction does not necessar-

ily need to remain unchanged after performing

two particle exchanges. It turns out that this

is correct, and was worked out by Leinaas and

Myrheim [169] and Frank Wilczek [170]. Ex-

changing two particles can lead to the wave-

function picking up a phase:

ψ → eiθψ (E.1)

In the cases of θ = 0 or θ = π, we would simply have bosons or fermions (which, of course, still

exist in 2D). Because of the dimensionality of the space, however, we have other options - there

can be particles with other “statistical angles” θ, dubbed “anyons” by Wilczek.

E.2 The Braid Group

The key to understanding this 2+1 dimensional particle exchange behavior is that rather than

particle exchanges corresponding to elements of the permutation group, as in 3+1D, they instead

correspond to elements of the braid group (Figure E.2). Unlike in more conventional 3+1 spacetime,

the worldlines of 2+1 particle exchanges cannot be ‘unwound’ without intersecting each other.

Consider, for example, performing two interchanges of particles 1 and 2 - in the figure, applying σ1
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twice. Because we can’t “untangle the worldlines”, the end state of our system does not necessarily

need to correspond to our initial state - σ21 ̸= 1. In addition, switching the order of exchange

operations does not necessarily lead to the same result. See, for example, the failure of σ1 and σ2

to commute in Figure E.2b. These properties mean that the braid group is non-Abelian.

Because particles in 2+1D transform under representations of the braid group, exchange statis-

tics are not limited to the ±1 of bosons and fermions, but can lead to an arbitrary phase, in the case

of Abelian anyons. In Figure E.2c, we see that the braid group has the relation σ1σ2σ1 = σ2σ1σ2,

which means that, for identical Abelian anyons, all of the exchanges pick up the same phase. In

the case of non-Abelian anyons - which we will discuss in section E.5 - particle exchange can lead

not just to a phase, but to a unitary operation being performed on the ground state subspace.

As it turns out, this property makes it possible to use non-Abelian anyons to perform quantum

computation.

Figure E.2: The braid group. a, Two elementary braid operations, σ1 and σ2, which exchange particles

1, 2 and 2, 3, respectively. b, The operation σ1σ2 is not equivalent to σ2σ1 - the braid group is non-Abelian.

c, “Shifting around the exchanges” gives the braid relation σ1σ2σ1 = σ2σ1σ2.
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E.3 Anyons in the Fractional Quantum Hall States

This is all, of course, pretty abstract. After all, we live in 3+1 spacetime dimensions, and are

familiar with the behavior of fermions and bosons, but what would having these exotic exchange

statistics even entail? And just because it is theoretically possible for anyons to exist in 2D doesn’t

imply that they can be realized experimentally. Luckily, though confining electrons to a 2D plane

doesn’t change their fermionic statistics, the quasiparticle excitations of fractional quantum Hall

states (which we discussed in Appendix C) are anyons. The Laughlin state at filling ν = 1/m, for

example, will have quasiparticle excitations with a statistical angle θ = π/m and charge e/m.1

We can get some understanding of why the quasiparticle excitations have these fractional statis-

tics by looking at the Laughlin wavefunction:

ψ(zi) =
∏
i<j

(zi − zj)
me−

∑n
i=1 |zi|2/4l2B (E.2)

where we use complex variables, and lB is the magnetic length. As mentioned in Appendix C, this

wavefunction does a great job at lowering the Coulomb energy for a Landau level at filling ν = 1/m,

and serves as an extremely useful tool for understanding the physics of the fractional quantum Hall

effect. We want to add quasiparticles - in this case quasi-holes - to the Laughlin state. we can do

this by “adding zeros” to the wavefunction at different positions ηj , giving a total of M quasi-holes:

ψquasi−holes(zi; η) = ⟨z, z|ηi, ..., ηM ⟩ =
M∏
j=1

N∏
i=1

(zi − ηj)
∏
k<l

(zk − zl)
me−

∑n
i=1 |zi|2/4l2B (E.3)

Essentially, we have tacked on some terms to the front of ψ(zi) which make the electron density go

to zero at ηj - thus “quasi-hole”.

To work out the statistics of the quasi-holes, we need to find the Berry phase that is picked up

when taking one of them in a loop around the other. We need the normalized wavefunction, which

we get by determining the normalization factor Z:

|ψ⟩ = 1√
Z

|ηi, ..., ηM ⟩ = 1√
Z

|η⟩ (E.4)

1The discussion over the next few pages will really only scratch the surface of the physics of the Laughlin states
and their excitations. The goal is to give a flavor of how anyons can naturally come about from the Laughlin
wavefunction, but we will not go into quasiparticle excitations (which are more complicated than quasi-holes),
neutral excitations, Wigner crystals at low filling, etc. Some nice sets of lecture notes which dive deeper into these
topics are Refs. [153, 156–158].
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Z = ⟨ηi, ..., ηM |ηi, ..., ηM ⟩ =
∫ ∏

d2zi exp(
∑
i,j

log |zi − ηj |2 +m
∑
k,l

log |zk − zl|2 −
1

2l2B

∑
i

|zi|2)

(E.5)

We are in the lowest Landau level, and our wavefunction |η⟩ is holomorphic, so the Berry connection

for the quasi-holes is:

Aη(η, η) = −i ⟨ψ| ∂
∂η

|ψ⟩ = i

2Z

∂Z

∂η
− i

Z
⟨η| ∂

∂η
|η⟩ = − i

2

∂ logZ

∂η
(E.6)

The anti-holomorphic Berry connection Aη is the same, but with the opposite sign and with η

replaced by η.

To actually make progress evaluating the Berry connection - which we need to know to work

out the quasi-hole statistics - we will have to take derivatives of Z in equation E.5. This is not a

trivial task. However, we an take advantage of the famous plasma analogy [4, 171] - mapping the

quasi-hole wavefunction onto a partition function for a 2D plasma of charged particles. Then, using

our intuition for the behavior of the fake plasma, it’s possible to make some progress on figuring

out how our actual wavefunction, ψquasi−holes, will behave. We can write down Z in the form of a

partition function:

Z =

∫ ∏
d2zie

−βU(zi) (E.7)

In doing this, we can see that the term in the exponent in equation E.5 maps nicely to −βU(zi). In

particular, if we take the inverse temperature β = 2/m, we can get a potential energy which looks

like

U(zi) = −m2
∑
i<j

log

(
|zi − zj |
lB

)
+m

∑
i

log

(
|zi − η|
lB

)
+

m

4l2B

N∑
i=1

|zi|2 (E.8)

This gives us our “plasma”. The first term looks like the Coulomb potential in 2D between two

particles of charge −m at locations zi and zj - recall that the Coulomb potential in 2D goes as

log(r). The last term looks like a constant background charge density of ρ0 = −1/2πl2B. Without

any added quasi-holes, we would expect the “charges” in the first term to want to spread out and

neutralize the background charge density. Since each particle has charge −m, the needed density

n to compensate the background charge is nm = ρ0, giving n = 1/2πl2Bm, or a filling fraction of

ν = 1/m, as we expect.
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Now, considering the second term in equation E.8, we can see that this looks like adding a

charged impurity to our plasma at position η. However, in this case, the impurity has a charge of

1, rather than −m. This gives us our fractional charge - the “charged particles” in the plasma,

corresponding to electrons, have a “charge” of −m, so this impurity - or quasi-hole - has a fraction

−1/m of the electron charge.

Our (fake) “plasma with impurities” potential in equation E.8 is missing a few terms though.

In an actual plasma, we would need to consider the Coulomb interaction between the (M) charged

impurities, as well as the interaction between the impurities and the background charge. So, if we

add these in, the “correct” plasma potential would be given by:

U(zi; ηk) = U(zi)−
∑
k<l

log

(
|ηk − ηl|
lB

)
+

1

4l2B

M∑
i=k

|ηk|2 (E.9)

Now we make some qualitative arguments about a plasma with impurities. We would expect, as

long as the plasma is in the fluid phase, that if we add in charged impurities, the charged particles

making up the plasma would move around to screen them. Therefore, as long as the impurities

aren’t too close together (ie, the separation is large compared to some screening length λ), the

free energy should be essentially independent of impurity position. This means (assuming all of

our assumptions above hold) that if we make a partition function Z ′ out of the “correct” plasma

potential in equation E.9, U(zi; ηk), it should just be some constant, independent of ηk - let’s call

it I. But this partition function Z ′ can be written as our original partition function Z multiplied

by an exponential containing the “missing” additional terms we added in:

Z ′ =

∫ ∏
d2zie

−βU(zi;ηk) = exp

(
− 1

m

∑
k<l

log |ηk − ηl|2 +
1

2ml2B

∑
k

|ηk|2
)
Z = I (E.10)

With this sneaky trick, we now have our expression for Z, which is dependent on η only in the first

terms:

Z = exp

(
1

m

∑
k<l

log |ηk − ηl|2 −
1

2ml2B

∑
k

|ηk|2
)
I (E.11)

Taking the necessary derivatives, we can now get our Berry connection, using the expression in

equation E.6. The holomorphic and anti-holomorphic Berry connections are:

Aηk = − i

2m

∑
l ̸=k

1

ηk − ηl
+

iηk
4ml2B

(E.12)
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and

Aηk = +
i

2m

∑
l ̸=k

1

ηk − ηl
− iηk

4ml2B
(E.13)

respectively.

To get our Berry phase, we will take a contour integral, moving our quasi-hole ηk ≡ η around

some closed path C. If the path doesn’t enclose any other quasi-holes, only the second term will

contribute to the contour integral and result in a phase shift γ, given by:

eiγ = exp

(
−i
∮
C
Aηdη +Aηdη

)
(E.14)

The resulting phase is

γ =
eΦ

mh̄
(E.15)

with Φ the enclosed magnetic flux. This is just the Aharonov-Bohm phase for a particle with charge

e∗ = e/m - exactly what we expect for a fractionally charged quasi-hole.

If the path C encloses another quasi-hole, we will also get a contribution from the first terms in

equations E.12 and E.13. Using the Cauchy integral theorem, we pick up an additional phase

γ =
2π

m
(E.16)

in addition to the Aharonov-Bohm phase. Comparing this to equation E.1, and realizing that one

loop is equivalent to two interchanges, we see that the statistical angle of our quasi-hole is θ = π/m.

This gives us our fractional statistics. For example, quasi-hole excitations of the Laughlin state

at filling ν = 1/m with m = 3 have a statistical angle of θ = π/3. This is different from either

fermions or bosons - the quasi-holes are anyons!

E.4 Anyons: Experiment

Starting from the Laughlin wavefunction, we found that the quasi-hole excitations have fractional

charge and fractional statistics. The question then arises of how to measure these anyons experi-

mentally - what signatures should we search for? In some sense, the fact that the Hall conductivity

of FQH states quantizes to σxy = e2/mh for ν = 1/m is all we need. Based on the Laughlin charge

pumping argument mentioned in section C.1, σxy should always quantize to an integer multiple of

e2/h, assuming the ground state on a torus is not degenerate. So the fact that we see FQH plateaus
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in transport implies topological order, anyonic excitations, and their fractional charge and statis-

tics. However, it would be nice to have a more direct method to probe anyons and their braiding

statistics experimentally. Not only would this confirm our theoretical picture of the FQH states,

but being able to braid and manipulate anyons is a crucial step towards using them for quantum

computation (see section E.5).

Figure E.3: Shot noise measurement of quasi-

particle charge. Measured current noise Si vs

backscattered current, controlled by the applied volt-

age. Data are taken in the ν = 1/3 regime. Transmis-

sion, t, is controlled by the QPC. Solid and dashed

lines are theoretical model estimations for the shot

noise for particles with charges e and e/3, respec-

tively. Inset: Schematic of measurement circuit. Fig-

ure adapted from Ref. [172]. Reproduced with per-

mission from Springer Nature.

One method to measure the fractional

charge of the quasiparticles directly is quantum

shot noise [172, 173]. The idea is that send-

ing a current through a quantum point contact

on a 2DEG in the FQH regime can generate

an edge current made up of anyonic quasipar-

ticles, if the QPC is in the weak backscattering

regime. Making a very sensitive measurement

of the magnitude of noise fluctuations as a func-

tion of the current can be used to measure the

charge of the individual particles. In short, the

shot noise amplitude for a particle with charge

e/3, as is expected for quasiparticles at ν = 1/3,

will be significantly lower than if the particles

had charge e. The measurement was carried out

in a 2DEG sample with a tunable QPC in the

late 1990s, and showed just this behavior (Fig-

ure E.3). An analytical model for the current

noise expected for a given current, temperature, transmission, and particle charge was worked out

theoretically, and was found to fit quite nicely to the experimental results. While this result was

able to show the fractional charge of the anyonic quasiparticles of the FQH states, it doesn’t say

anything about their statistics. These types of measurements proved to be more difficult, and were

only accomplished quite recently.

Two experimental works measuring fractional statistics using different approaches came out in

2020. One of these [140] built on the idea of using noise measurements as a probe of anyons in a
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2DEG in the FQH regime, but in this case, with three sets of gate-defined quantum point contacts

(Figure E.4a). Two of these QPCs were used to generate anyons, and the third served as a collider

for the two incoming anyon currents. To get an idea of why this might tell us something about

the fractional statistics, it’s useful to think about the limiting cases of fermions and bosons. For

fermions, Pauli exclusion forbids both particles from coming out of the same channel. If we define

the output cross-correlation between I3 and I4 as SI3I4 , this restriction suppresses any correlation,

so SI3I4 = 0. Bosons, in contrast, will want to bunch together and leave through the same channel,

so SI3I4 ̸= 0. Anyons will be somewhere in the middle. The expected relationship between SI3I4

and the total input current I+ = I1 + I2, which also depends on the transmission of the collider

QPC, T , can be worked out for anyons. Because this relationship depends on the statistical angle,

measuring SI3I4 vs I+ gives an experimental approach for observing fractional statistics.

Figure E.4: Anyon collider. a, Anyon collider device image. 2DEG is blue, gates are gold, and edge

currents are red. QPC1 and QPC2 create anyon currents I1 and I2, which collide at cQPC with transmission

T . Correlations between the output currents from cQPC, I3 and I4, can be measured as SI3I4 . b, SI3I4 vs

total input current I+ = I1 + I2 for various T . Slope of the linear fits varies with T . Inset is a fit to the

slope variation vs T , with the resulting value of P = −2.1 ± 0.1. The value of P expected for anyons with

θ = π/3 is -2. Figure adapted from Ref. [140]. Reprinted with permission from AAAS.

In Figure E.4b, we see the results of this measurement. The 2DEG is tuned into the ν = 1/3

FQH state, and QPC1 and QPC2 are tuned to the weak backscattering regime to produce anyon

currents I1 and I2. Cross correlation SI3I4 is then determined by measurement of the voltage

fluctuations V3 and V4. SI3I4 vs I+ has a linear dependence, as expected, and is clearly not zero,
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as would be expected for fermions. The change of the slope value as T is varied lines up with what

would be expected theoretically for particles with a statistical angle θ = π/3, as expected.

Figure E.5: Anyon interferometer. a, Anyon interferometer device image. 2DEG is blue, gates are gold,

and edge currents are red. Spirals signify localized quasiparticles within the interferometer b, Conductance

oscillations in the ν = 1/3 regime. Interferometer area is tuned by plunger gate voltage δVg and total

flux through the interferometer area is tuned by magnetic field B. Discrete phase jumps, corresponding to a

change in the number of quasiparticles in the interferometer region, show values consistgent with a statistical

angle of θ = π/3. Figure adapted from Ref. [139]. Reproduced with permission from Springer Nature.

The other work [139] relied on quasiparticle braiding, and the link to our discussion of anyon

statistics in section E.3 is a bit more straightforward. The idea of this measurement was to build

an interferometer on a 2DEG, where the interferometer area is defined by metal gates (Figure

E.5a). The device was designed with additional metallic layers to screen the bulk from the edges,

allowing for an independent tuning of the interferometer area by the plunger gates and number

of localized quasiparticles inside the interferometer by magnetic field. The conductance variation

across the interferometer, δG, is shown in Figure E.5b. The oscillations are due to Aharonov-Bohm

interference, but there are also multiple “phase slips” in the pattern. These can be attributed to a

change in quasiparticle number within the interferometer, which changes the interferometric phase.

The behavior of the phase, including the contributions from both the Aharonov-Bohm phase and

from anyonic quasiparticles, should go as:

θ = 2π
e∗

e

AIB

Φ0
+Nqpθanyon (E.17)

Here, e∗ is the quasiparticle charge, AI is the interferometer area, Φ0 is the flux quantum, Nqp
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is the quasiparticle number in the interferometer, and θanyon is twice the anyon statistical angle.

Extracting the phase slip values gives shifts quite close to 2π/3 - just what would be expected for

a complete loop around an anyon with statistical angle θ = π/3.

Figure E.6: FQH interferometry in monolayer graphene. a, Fabry-Pérot interferometer constructed

from monolayer graphene. b, Diagonal conductance GD vs plunger gate voltage VP and magnetic field.

Values of the sharp phase jumps correspond to those expected for anyons with a statistical angle of π/3.

Figure adapted from Ref. [174]. Reproduced with permission under CC BY 4.0. (a) unchanged, x-axis units

added to (b).

A very recent work implemented this type of interferometry measurement in monolayer graphene

[174]. AFM cutting allows for a set of gates which electrostatically define the interferometer area and

two quantum point contacts in a graphene layer (Figure E.6a). This design enabled measurement

of the diagonal conductance GD = Iout/(V+ − V−) as a function of the plunger gate voltage, which

controls the sample area AI , and magnetic field, which controls the flux through the sample. When

the graphene monolayer is tuned to the ν = 1/3 FQH regime, sharp jumps in phase are observed,

with values of shifts corresponding to the anyon statistical angle (Figure E.6b). These results

demonstrate the possibility of very high quality interferometry measurements of FQH physics using

2D materials. In addition, this architecture is extremely promising for the study of anyonic statistics

in zero-field FCIs.
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E.5 Non-Abelian Anyons and Topologically-Protected Quantum Computation

Most of the fractional quantum Hall states, and all of the zero-field FCI states, which have been

observed so far are expected to host Abelian anyon quasiparticle excitations. As discussed in the

last section, interferometry and noise measurements have directly observed the fractional statistical

phase and charge of Abelian anyons in the FQH regime. Performing these types of measurements

at zero field on the recently discovered FCIs would certainly be an interesting and ambitious goal.

However, the real dream would be to investigate and manipulate non-Abelian anyons - predicted

to exist in FQH states at fillings such as ν = 5/2 and ν = 12/5 [141, 142]. No non-Abelian FCI

states have yet been observed - this is a very active area of ongoing research, both theoretically and

experimentally.

The reason for this interest in non-Abelian anyons is their potential for topologically protected

quantum computation. As we discussed in section E.2, particles confined to two dimensions trans-

form under representations of the braid group. This allows, in addition to the θ = 0 and θ = π

statistical angle of bosons and fermions, the fractional exchange statistics of the Abelian anyons.

However, there are also higher dimensional representations of the braid group. These are associated

with non-Abelian anyons. Here, there is a degenerate set of ground states, and braiding non-Abelian

anyons applies a unitary operation to this ground state subspace. To perform quantum compu-

tations with this system, the quantum information would be encoded in this degenerate ground

state subspace, with the unitary operations necessary for performing the computation performed

by braiding the non-Abelian anyons. Though this is not the case for all non-Abelian anyons, the

unitary operations which can be formed by braiding specific types - such as the Fibonacci anyons

- are sufficient for universal quantum computation.

Crucially, essentially the only way to perform unitary operations on the encoded quantum

information is by braiding the non-Abelian anyons. This is an inherently non-local process - two

spatially separated anyons are moved around each other. This is what makes topological quantum

computation such a promising method. Local perturbations cannot affect the quantum information

and cause errors, and essentially all of the processes by which qubits can decohere are local processes.

There are other ways around the issue of qubit decoherence in more conventional architectures, using

quantum error correction. However, the error threshold physical qubits must reach before fault
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tolerant quantum computation can be achieved is still a ways off.2 The advantage of topological

quantum computation is that the fault tolerance is on the “hardware level”. That is, because

the quantum information is stored and operated upon non-locally, typical sources of error from

interaction with the environment which cause decoherence in normal qubits will not affect the

computation.

The price we pay for this inherent fault tolerance, of course, is that we need to find and ma-

nipulate non-Abelian anyons in the first place. This is not an easy task. The fact that they can

occur at all, however, is quite astonishing. So, despite all the difficulties, the search is on for their

signatures in fractionally filled Landau levels. Now, though, with the discovery of zero field FCIs,

and the huge degree of flexibility and adaptability of moiré heterostructures, it would not surprise

me if the first practical architecture for topologically protected quantum computation turned out

to be based on moiré MoTe2.

2Interestingly, one of the best algorithms for quantum error correction currently in use - the surface code [175] -
evolved out of Kitaev’s toric code, created to study topological order. Its performance relies essentially on these
same ideas of topological protection.
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