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In this dissertation, we make methodological contributions in three separate areas. In Chap-

ter 2, we introduce a new algorithm for learning high-dimensional causal networks from

observational data. Our algorithm, which is a simple modification to the well-known PC-

Algorithm, provides reductions in both computational and sample complexity, by leveraging

properties of common random graph families. In Chapter 3, we develop a penalized re-

gression framework to integrate known network structure into high-dimensional generalized

linear models. Our framework is unique in that it considers two-way structured data, where

networks connect both the features and the observation units. We also introduce a statis-

tical inference procedure to provide valid confidence intervals and hypothesis tests. Finally,

in Chapter 4, we present an improved estimator for counterfactual policy evaluation in con-

textual bandit problems. This method is based on classifier-based density ratio estimation,

and displays state-of-the-art performance for continuous action spaces. We conclude with

a discussion in Chapter 5, describing the limitations of the work, and avenues for future

research.
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Chapter 1

INTRODUCTION

This dissertation consists of three projects. In the first project, we develop an efficient al-

gorithm for learning the causal network connecting a large set of variables. We then consider

incorporating known network structures in the second project, providing a new framework

for high-dimensional generalized linear models given networks observed over both features

and observation units. The final part of the dissertation develops a new method for off-policy

evaluation in contextual bandit settings with an empashis on continuous action spaces. In

this chapter, we describe the motivations and provide an overview of the methodological

contributions for each project.

1.1 Learning causal networks from observational data

Directed acyclic graphs, or DAGs, are used to represent causal relationships among a set of

random variables. They are commonly used as models of complex biological systems; for

example, in gene regulatory networks, directed edges represent regulatory interactions among

genes, which are represented as nodes of the graph. While causal effects in biological networks

can be inferred from perturbation experiments (the gold standard for determining causality)

[95, 91, 121], these are costly to run. Therefore, estimating DAGs from observational data

is an important exploratory task for generating plausible causal hypotheses and designing

more efficient experiments [33, 50].

Methods for estimating DAGs from observational data can be broadly categorized into

three classes. The first class, score-based methods, search over the space of all possible

graphs, and attempt to maximize a goodness-of-fit score, generally using a greedy algorithm.

The second class, constraint-based methods, first estimate the graph skeleton (the undirected
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graph obtained by removing the direction of edges) by performing conditional independence

tests. Information from conditional independence relations is then used to partially orient

the edges of the graph. The most well-known constraint-based method is the PC-Algorithm

[98], which was popularized by Kalisch and Bühlmann [54] for high-dimensional estimation.

Finally, hybrid methods combine score and constraint-based approaches.

The PC-Algorithm is considered a gold standard for DAG estimation in high-dimensional

sparse settings, due to its polynomial time complexity [54]. However, the PC-Algorithm

entails several properties that do not scale well to common settings. Specifically, large real-

world biological systems are known to commonly be sparse graphs containing a small number

of highly connected hub nodes [16, 52]. In such graphs, the average node degree will be

small, while the maximum tends to be much larger, and increases with the number of nodes.

This is particularly problematic for the PC-Algorithm, whose computational and sample

complexities scale with the maximum node degree in the graph. Moreover, the recent work

by Uhler et al. [111] shows that the distributional assumptions required for high-dimensional

consistency of the PC-Algorithm are overly restrictive in practice, and that the class of

graphs which do not satisfy these assumptions is large.

In Chapter 2, we address these issues by developing a modified version of the PC-

Algorithm, which we refer to as reduced PC (rPC). rPC exploits the local separation property

of large random networks, which implies that the number of short paths between any two

nodes is bounded. This property is observed in many networks, including those which allow

for hub node formation [25]. We show that rPC can consistently estimate the skeleton of

high-dimensional DAGs by conditioning only on sets of small cardinality. We also show that

computational and sample complexities of rPC do not scale with the maximal node degree,

unlike with the PC-Algorithm. Moreover, rPC requires a weaker faithfulness conditions on

the underlying probability distributions than the PC-Algorithm.
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1.2 High-dimensional estimation and inference with two-way network struc-
ture

We now consider the setting with known networks, and develop a framework for incorporating

structural information in high-dimensional regression models. Our method is motivated

by datasets from metabolomics studies, where a common goal is to determine predictive

biomarkers for diseases. In mass spectrometry metabolomics, data is often collected using

both targeted and untargeted profiling. With targeted profiling, measurements are obtained

on known annotated metabolites which cover selected biochemical pathways. On the other

hand, untargeted profiling covers all measurable analytes in a sample, but the resulting

data are mostly non-annotated unnamed features. For the purposes of biomarker discovery,

these features are usually discarded, or only used in exploratory analyses. However, the

unnamed features are often correlated with both the named metabolites and the disease

outcome of interest. Therefore, using information from the unnamed features can improve

the detection of named metabolites which are associated with the disease. We can consider

that observation units to be similar if they have similar unnamed feature distributions.

Along with the structure induced through named metabolites on known pathways, this is

an example of two-way structured data, where both the features and observation units are

connected over networks.

While many methods have been developed to incorporate network information [64, 43, 94],

these usually focus solely on networks over features. There are also methods that account for

unit network information, but these usually do not extend to the high dimensional setting

[67], or to non-Gaussian generalized linear models [83]. Analyses involving two networks

simultaneously have received less attention. In Chapter 3, we develop a penalized regression

framework to analyze high-dimensional two-way network structured data using generalized

linear models. For the feature network, we follow a common strategy in network-adjusted

regression, and penalize the distance between regression coefficients which correspond to

connected features. Based on a recent proposal by Li et al. [67], we simultaneously fit unit-
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level intercept parameters, and enforce smoothness based on the unit network. Our method

unifies the incorporation of feature and unit network information in the high-dimensional

setting, and also provides a statistical inference procedure for testing the individual asso-

ciation between the outcome of interest and a feature in the model. We show empirically

that our framework provides improved predictive accuracy and inferential power compared

to existing high-dimensional methods. This holds given fully accurate network information,

and also networks which are partially misspecified or uninformative. An application to a

real-world metabolomics profiling study suggests that our model can improve classification

of diseased subjects, and select relevant metabolites more often than standard methods.

1.3 Balanced off-policy evaluation for contextual bandits

In contextual bandit problems, a state s is observed, for which a policy π : s→ a produces an

action a. Then, a reward r is observed, which is a function of the state and action. The goal of

contextual bandits is to develop a policy π that produces actions which maximize the reward.

Many applications can be found, such as in medicine, where personalized treatments are

designed based on known patient history [107], and internet marketing, where advertisements

can be tailored to user interests [65]. In internet applications, learning an optimal policy

is typically done online with streaming data, so the policy is being constantly updated.

However, this may be prohibitively expensive. Moreover, experimenting with an untested

policy could result in unacceptably negative results, such as patient death in the medical

setting. Therefore, an important problem in this area is counterfactual or off-policy policy

evaluation, where the average reward that would result from a policy of interest is estimated

based on observed data under a different policy. This problem is even more important

when attempting to safely deploy a policy for an application that previously used ad-hoc or

difficult-to-enumerate rules.

Typical approaches to off-policy evaluation either use a regression model to predict the

counterfactual rewards, importance sampling to reweight the observed reward data, or a

combination of the two [24, 108, 118]. Importance sampling methods are useful for pro-
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ducing unbiased reward estimates, as they correct for the difference in the observed and

counterfactual policy distributions. However, most modern methods assume the importance

sampling weights, which are ratios of policy densities π(a|s), are known exactly [49]. This is

usually not the case in practice, and a density estimate is used instead. This is particularly

problematic in continuous action spaces, where estimating a continuous conditional density

is a difficult problem.

In Chapter 4, we develop a new off-policy evaluation method for contextual bandit prob-

lems with arbitrary action spaces. Our proposed method does not require true knowledge

or an estimator of either policy density, and can be directly plugged into existing methods

instead of inverse propensity scores [56, 118, 24, 28]. A probabilistic classifier is trained

on state-action data from both policies, and is used to directly estimate the density ratio.

Hence, the method only requires logged data on states, and the actions which would be

taken by both observed and target policies at those states. We show that the loss of the

classification problem bounds the bias and variance, which essentially reduces the off-policy

evaluation problem into a simpler binary classification problem. We demonstrate the efficacy

of our method empirically on benchmark datasets, and show that it produces state-of-the-art

results in continuous action spaces.
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Chapter 2

THE REDUCED PC-ALGORITHM: IMPROVED CAUSAL
STRUCTURE LEARNING IN LARGE RANDOM NETWORKS

2.1 Introduction

Directed acyclic graphs, or DAGs, are commonly used to represent causal relationships in

complex biological systems. For example, in gene regulatory networks, directed edges rep-

resent regulatory interactions among genes, which are represented as nodes of the graph.

While causal effects in biological networks can be accurately inferred from perturbation

experiments [95]—including single or double gene knockouts [91, 121]—these are costly to

run. Estimating DAGs from observational data is thus an important exploratory task for

generating causal hypotheses [33, 50], and designing more efficient experiments.

Since the number of possible DAGs grows super-exponentially in the number of nodes,

estimation of directed acyclic graphs is an NP-hard problem [18]. Methods of estimating

DAGs from observational data can be broadly categorized into three classes. The first

class, score-based methods, search over the space of all possible graphs, and attempt to

maximize a goodness-of-fit score, generally using a greedy algorithm. Examples include the

hill climbing and tabu search algorithms [93], as well as Bayesian approaches [26]. The second

class, constraint-based methods, first estimate the graph skeleton by performing conditional

independence tests; the skeleton of a directed acyclic graph is the undirected graph obtained

by removing the direction of edges. Information from conditional independence relations

is then used to partially orient the edges of the graph. The resulting completed partially

directed acyclic graph (CPDAG) represents the class of all directed acyclic graphs that are

Markov equivalent, and therefore not distinguishable from observational data. The most well-

known constraint-based method is the PC-Algorithm [98], which was popularized by Kalisch
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and Bühlmann [54] for high-dimensional estimation. Finally, hybrid methods combine score

and constraint-based approaches. For example, the Max-Min Hill Climbing algorithm [110]

estimates the skeleton using a constraint-based method, and then orients the edges by using

a greedy search algorithm. Sparsity-inducing regularization approaches have also been used

to develop efficient hybrid methods [92].

Estimating DAGs in high dimensions introduces new computational and statistical chal-

lenges. Until recently, graph recovery in high dimensions was only established for the PC-

Algorithm [54] and hybrid constraint-based methods [36]. While the recent work of Nandy

et al. [76] extends these results to score-based algorithms and their hybrid extensions, the

PC-Algorithm is still considered a gold standard in high-dimensional sparse settings, due

to its polynomial time complexity [54]. Moreover, constraint-based methods are indeed the

building blocks of various hybrid approaches. Therefore, we primarily focus on constraint-

based methods in this chapter.

Despite its appealing features, the PC-Algorithm entails several properties that do not

scale well to common high-dimensional settings. Specifically, large real-world biological sys-

tems are known to commonly be sparse graphs containing a small number of highly connected

hub nodes [16, 52]. In such graphs, the average node degree will be small, while the maxi-

mum tends to be much larger, and increases with the number of nodes. This is particularly

problematic for the PC-Algorithm, whose computational and sample complexities scale with

the maximum node degree in the graph. Moreover, the recent work by Uhler et al. [111]

shows that the distributional assumptions required for high-dimensional consistency of the

PC-Algorithm are overly restrictive in practice, and that the class of graphs which do not

satisfy these assumptions is large. Although work has been done by Peters et al. [80] on

estimating DAGs defined over a larger class of probability models, the resulting methods

also do not scale to high dimensions.

A common limitation of existing methods for estimating DAGs is that they do not account

for structural properties of large networks. For instance, the PC-Algorithm only incorporates

the sparsity of the network, by assuming that the maximum node degree in the graph skeleton
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is small relative to the sample size. However, real-world networks, particularly those observed

in biology, are known to posses a number of other important properties. Of particular interest

in estimating DAGs is the so-called local separation property of large networks [3], which

implies that the number of short paths between any two nodes is bounded. This property

is observed in many large sparse networks, including polytrees, Erdős-Rényi, power law,

and small world graphs [25]. Power law graphs are of particular interest in many biological

applications, as they allow for the presence of hub nodes. In this chapter, we propose a low-

complexity constraint-based method for estimating high-dimensional sparse DAGs. The new

method, termed reduced PC (rPC), exploits the local separation property of large random

networks, which was used by Anandkumar et al. [3] in estimation of undirected graphical

models. We show that rPC can consistently estimate the skeleton of high-dimensional DAGs

by conditioning only on sets of small cardinality. This is in contrast to previous heuristic DAG

learning approaches that set an upper bound on the number of parents of each node [1, 45],

which is an assumption that cannot be justified in many real-world networks. We also show

that computational and sample complexities of rPC only depend on average sparsity of the

graph—a notion that is made more precise in Sections 2.3 and 2.4. This leads to considerable

advantages over the PC-Algorithm, whose computational and sample complexities scale with

the maximal node degree. Moreover, these properties hold for linear structural equation

models [96] with arbitrary noise distributions, and require a weaker faithfulness conditions

on the underlying probability distributions than the PC-Algorithm. We present two version

of the rPC algorithm: a “full” version for which we provide theoretical guarantees, and an

approximate version which is much faster and performs almost identically in practice.

The rest of the chapter is organized as follows. In Section 2.2 we review basic properties

of graphical models over DAGs, and give a short overview of the PC-Algorithm. Our new

algorithm is presented in Section 2.3 and its properties, including consistency in high dimen-

sions are discussed in Section 2.4. Results of simulation studies and a real data example

concerning the estimation of gene regulatory networks are presented in Sections 2.5 and 2.6,

respectively. We provide a brief discussion in Section 2.7, and end with technical proofs and
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additional simulations presented afterwards.

2.2 Preliminaries

In this section, we review relevant properties of graphical models defined over DAGs, and

briefly describe the theory and implementation of the PC-Algorithm.

2.2.1 Background

For p random variables X1, . . . , Xp, we define a graph G = (V,E) with vertices, or nodes,

V = {1, . . . , p} such that variable Xj corresponds to node j. The edge set E ⊂ V × V

contains directed edges; that is, (j, k) ∈ E implies (k, j) 6∈ E. Furthermore, there are no

directed cycles in G. We denote an edge from j to k as j → k and call j a parent of k and k

a child of j. The set of parents of node k is denoted pa(k), while the set of nodes adjacent to

it, or all of k’s parents and children, is denoted adj(k). These notations are also used for the

corresponding random variable Xk. We assume there are no hidden common parents of node

pairs (that is, no unmeasured confounders). The degree of node k is defined as the number

of nodes which are adjacent to it, |adj(k)|; we denote the maximal degree in the graph as

dmax. A triplet of nodes (i, j, k) is called an unshielded triple if i and j are adjacent to k but

i and j are not adjacent. An unshielded triple is called a v-structure if i→ j ← k.

We assume random variables follow a linear structural equation model (SEM),

Xk =
∑

j∈pa(k)

ρjkXj + εk, (2.1)

where for k = 1, . . . , p, εk are independent random variables with finite variance, and ρjk are

fixed unknown constants. The directed Markov property, stated below, is usually assumed

in order to connect the joint probability distribution of X1, . . . , Xp to the structure of the

graph G.

Definition 1. A probability distribution is Markov on a DAG G = (V,E) if every random

variable Xk is independent of its non-descendants conditional on its parents; that is, Xk ⊥⊥

Xj | pa(Xk) for all j ∈ V which are non-descendants of k.
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Although this assumption allows us to connect conditional independence relationships to

the DAG structure, there are generally multiple graphs that generate the same distribution

under the Markov property. More concretely, DAGs are Markov equivalent if they have the

same skeleton and the same set of v-structures. Therefore, constraint-based methods focus

primarily on estimating the skeleton of the DAGs from observational data. Conditional

independence relations identified when learning the skeleton are then used to orient some of

the edges to obtain the CPDAG, which represents the Markov equivalence class of directed

graphs [54].

We next define d-separation, a graphical property which is used to read conditional

independence relationships from the DAG structure.

Definition 2. In a DAG G, two nodes k1 and k2 are d-separated by a set S if and only if,

for all paths π between k1 and k2:

(i) π contains a chain i → m → j or a fork i ← m → j such that the middle node m is in

S, or

(ii) π contains an inverted fork (or collider) i→ m← j such that the middle node m is not

in S and no descendant of m is in S.

A path π which does not satisfy the requirements in this definition is known as a d-

connecting path. Using observed data, d-separations in a graph G can be identified based on

conditional independence relationships. To this end, we require the following assumption,

known as faithfulness, on the probability distribution of random variable on G.

Definition 3. A probability distribution is faithful to a DAG G if Xi ⊥⊥ Xj | XS whenever i

and j are d-separated by S.

2.2.2 The PC-Algorithm

Together, d-separation and faithfulness suggest a simple algorithm for recovering the DAG

skeleton. If we discover that Xi ⊥⊥ Xj | S for some set S, then there cannot be an edge

(i, j) ∈ E. Conversely, if we discover Xi 6⊥⊥ Xj | S for all possible sets S, then there must be
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an edge (i, j) ∈ E. Therefore, under faithfulness, an obvious strategy for skeleton estimation

would be to test all possible conditional independence relations for each pair of variables; that

is, test whether Xi ⊥⊥ Xj | S for any S ⊂ V \ {i, j}. While this strategy is computationally

infeasible for large p, and statistically problematic when p > n, it forms the basis of the PC-

Algorithm. The PC-Algorithm starts with a complete undirected graph and deletes edges

(i, j) if a set S can be found such that Xi ⊥⊥ Xj | S. The algorithm also uses the fact that

if such an S exists, then there exists a set S ′ such that all nodes in S ′ are adjacent to i or j

and Xi ⊥⊥ Xj | S ′. Thus, at each step of the algorithm, only local neighbourhoods need to

be examined in order to find the separating sets.

Although consistent for sufficiently sparse high-dimensional DAGs, the PC-Algorithm’s

computational and sample complexity scale with the maximal degree of the graph, dmax.

Specifically, the algorithm’s computational complexity is O
(
pdmax

)
and its sample complexity

is Ω
{

max(log p, d
1/b
max)

}
for some b ∈ (0, 1]. This is problematic for graphs with highly

connected hub nodes, which are common in real-world networks [16, 52]. In such graphs,

dmax typically grows with the number of nodes p, leading to poor accuracy and runtime for

the PC-Algorithm.

Another limitation of the PC-Algorithm is that it requires partial correlations between

adjacent nodes to be bounded away from 0; this requirement, which needs to hold for all

conditioning sets S such that |S| ≤ dmax, is known as restricted strong faithfulness [111],

and is defined next.

Definition 4. Given λ ∈ (0, 1), a distribution P is said to be restricted λ-strong-faithful to

a DAG G = (V,E) if the following conditions are satisfied:

(i) min {|ρ(Xi, Xj | XS)| : (i, j) ∈ E, S ⊂ V \ {i, j} , |S| ≤ dmax} > λ, and

(ii) min {|ρ(Xi, Xj | XS)| : (i, j, S) ∈ NG} > λ, where NG is the set of triples (i, j, S) such

that i, j are not adjacent, but there exists k ∈ V making (i, j, k) an unshielded triple, and i, j

are not d-separated given S.

Kalisch and Bühlmann [54] assume that λ = Ω(n−w) for w ∈ (0, b/2) where b ∈ (0, 1]
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relates to the scaling of dmax. In the low-dimensional setting, it has been shown that the PC-

Algorithm achieves uniform consistency with λ converging to zero at rate n1/2, which then

gives the same condition as ordinary faithfulness [123]. However, in the high-dimensional

setting, the set of distributions which are not restricted strong faithful has nonzero measure.

In fact, Uhler et al. [111] showed that this assumption is overly restrictive and that the

measure of unfaithful distributions converges to 1 exponentially in p. We will revisit the

faithfulness assumption in Section 2.4.2.

To address the limitations of the PC-Algorithm, we next propose a new algorithm that

takes advantage of the structure of large networks from common random graph families. By

doing so, we obtain improved computational and sample complexity; as we will show, these

complexities are unaffected by the increase in the maximal degree as the graph becomes

larger. We also prove consistency under a weaker faithfulness assumption than that needed

for the PC-Algorithm.

2.3 The Reduced PC-Algorithm

As with the PC-Algorithm, our strategy for estimating the graph skeleton is to start with a

complete graph, and then delete edges by discovering separating sets. Under a faithfulness

assumption on a linear structural equation model, we do so by computing partial correlations

and declaring Xi and Xj d-separated by S if ρ(Xi, Xj | S) is smaller than some threshold α.

Aside from thresholding, the key difference between our proposal and the PC-Algorithm is

that we only consider partial correlations conditional on sets S with small cardinality.

We justify our method using two key observations. Our first key observation is based

on the decomposition of covariances over treks, which are special types of paths in directed

graphs.

Definition 5. A trek between two nodes i and j in a DAG G is either a path from i to j,

a path from j to i, or a pair of paths from a third node k to i and j such that the two paths

only have k in common.
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In a linear SEM (2.1), the covariance between two random variables is characterized by

the treks between them. Denoting a trek from node i to node j as π : i ↔ j with common

node or source k, the covariance is given by

cov(Xi, Xj) =
∑
π:i↔j

σk
∏
e∈π

ρe, (2.2)

where σk is the variance of εk from Equation (2.1) and ρe denotes the weight of an edge

along the trek, which is the corresponding coefficient in the SEM. This is shown in full detail

by Sullivant et al. [102], who also show that the covariance conditional on a d-separating

set S leaves out treks which include any nodes in S. This conditioning effect is illustrated

in Figure 2.1, where conditioning on an appropriate set S blocks the treks between non-

adjacent nodes, without resulting in any additional d-connecting paths. If all edge weights

are bounded by 1 in absolute value, then the contribution of each trek to the covariance

decays exponentially in trek length. In practice, we scale the data matrix X so that each

column has unit standard deviation. Under some conditions, most of the edge weights in the

linear SEM (2.1) then satisfy |ρij| < 1 (this is discussed and shown empirically in Section

2.9). Hence, the contribution of long treks to the conditional covariance among non-adjacent

nodes is negligible. This decay motivates the thresholding of partial correlations in rPC, and

is further discussed in Section 2.4.

The above observation suggests a new strategy for learning DAG structures by only

considering short treks. Suppose S is the set that blocks all short treks between two nodes

j and k. If the correlation over all remaining d-connecting paths (after conditioning on S)

between j and k is negligible, then the partial correlation given S, ρ(Xj, Xk | S) can be used

to determine whether j and k are adjacent.

To determine the size of the conditioning set, S, we need to determine the number of short

treks between any two nodes j and k. Our second key observation addresses this question,

by utilizing properties of large random graphs. More specifically, motivated by Anandkumar

et al.’s proposal for estimating undirected graphs, we consider a key feature of large random

networks, known as the the local separation property.
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Figure 2.1: Illustration of treks between nodes X1 and X2 within a DAG. The middle path
involves a collider, X3, so does not contribute to cov(X1, X2), which is ρ51ρ52+ρ19ρ98ρ87ρ76ρ62
The conditional covariance cov(X1, X2 | X5) excludes treks that involve X5, and is thus
ρ19ρ98ρ87ρ76ρ62. Here, S = {X5, X7} is a d-separating set, as it blocks both treks, giving
cov(X1, X2 | S) = 0.

Definition 6. Given a graph G, a γ-local separator Sγ(i, j) ⊂ V between non-neighbours i

and j minimally separates i and j with respect to paths of length at most γ.

Definition 7. A family of graphs G satisfies the (η, γ)-local separation property if, as p→∞,

Pr(∃G ∈ G : ∃(i, j) 6∈ EG, |Sγ(i, j)| > η)→ 0.

Intuitively, under (η, γ)-local separation, with high probability, the number of short

treks—of length at most γ—between any two non-neighbouring nodes is bounded above

by η. In fact, as the local separation property refers to any type of path, there are likely

even fewer than η short treks between any two neighbouring nodes. Therefore, we only

need to consider conditioning on sets S of size at most η in order to remove the correlation

induced by short treks. Combining this with our first insight, we ignore treks (and other

possible d-connecting paths) of length longer than γ, which, for appropriate probability dis-

tributions, have a negligible impact on partial correlations. The resulting procedure, called

the full reduced PC-Algorithm (rPC-full), is presented in Algorithm 1.

We note a key implementation difference between rPC-full and the ordinary PC-Algorithm:



15

when searching for a separating set, rPC-full considers all S ⊂ V \{i, j}, while PC-Algorithm

only searches over the local neighbourhoods of i and j. Recall that if a set S d-separates

nodes i and j, then there exists a d-separating set S ′ such that all nodes in S ′ are adjacent to

i or j. However, |S ′| may be larger than |S|; because rPC only considers sets of size up to η,

a full search is needed to ensure discovery of a d-separating set. We also propose an approxi-

mate reduced PC-Algorithm (rPC-approx), which uses the same local neighbourhood search

Algorithm 1: The full reduced PC-Algorithm (rPC-full)

INPUT: Observations from random variables X1, X2, . . . , Xp; threshold level α;

maximum separating set size η.

OUTPUT: Estimated skeleton C.

Set V = {1, . . . , p}.

Form the complete undirected graph C̃ on the vertex set V .

Set l = −1; C = C̃.

repeat

l = l + 1

repeat

Select a (new) ordered pair of nodes i, j that are adjacent in C

repeat

Choose (new) S ⊂ V \ {i, j} with |S| = l

if ρ(Xi, Xj | S) ≤ α

Delete edge (i, j)

Denote this new graph by C

end if

until edge (i, j) deleted or all S ⊂ V \ {i, j} with |S| = l have been chosen

until all ordered pairs of adjacent nodes i and j have been examined for ρ(Xi, Xj | S) ≤ α

until l > η
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as the PC-Algorithm, i.e. S ⊂ adj(i)∪ adj(j) \ {i, j}. In practice, we show that rPC-approx

performs almost identically to rPC-full.

To recap, our proposal in Algorithm 1 hinges on two important properties of probability

models on large DAGs: (P1) boundedness of the number of short treks between any two

nodes, and (P2) negligibility of correlation over the remaining (long) d-connecting paths. The

first property, which is characterized by local separation, concerns solely the DAG structure.

Anandkumar et al. [3] show that many common graph families satisfy the local separation

property with small η. Specifically, sparse, large binary trees, Erdős-Rényi graphs, and

graphs with power law degree distributions all satisfy this property with η ≤ 2. Moreover,

the sparsity requirement for these graph families is in terms of average node degree, and not

the maximum node degree. For these graph families, our algorithm only needs to consider

separating sets of size 0, 1, and 2, irrespective of the maximum node degree. Small-world

graphs, as generated by the Watts-Strogatz algorithm [61], also satisfy this property, but

with η > 2. In addition, the γ parameter increases with p for these families; thus, as graphs

get larger, the local separation property applies to a larger set of paths.

By only considering a bounded number of short paths, our algorithm has computational

complexity O(pη+2), and thus avoids the exponential scaling in dmax that the PC-Algorithm

suffers from. This is particularly significant in the case of power-law graphs, where dmax =

O(pa) for a > 0 [75]; in this case, PC-Algorithm has a computational complexity of O(pp
a
),

which is significantly worse than rPC’s complexity of O(p4). While rPC-full might not be

faster in practice due to the larger search space, rPC-approx would show a significant speed

increase.

Unlike the first property (P1), the second property needed for our algorithm, namely

the negligibility of correlation over d-connecting paths, concerns both the structure of the

DAG G, and the probability distribution P of variables on the graph. In the next section,

we discuss two alternative sufficient conditions that guarantee this property, and allow us to

consistently estimate the DAG skeleton.
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2.4 Algorithm analysis and asymptotics

In this section, we describe in detail the assumptions required for the rPC-full algorithm

to consistently recover the DAG skeleton. We also discuss its computational and statistical

properties, particularly in comparison with the PC-Algorithm.

2.4.1 Consistency

As discussed in the previous section, to consistently recover the DAG skeleton, rPC re-

quires that properties (P1) and (P2) hold; namely, that the graph under consideration has a

bounded number of short paths and the correlation over d-connecting paths of length greater

than γ decays sufficiently quickly. In fact, the trek decomposition (2.2) indicates that the

correlation for each long trek is small when most of the edge weights are bounded by 1 in

absolute value. However, condition (P2) requires the total correlation over all long treks (and

other d-connecting paths) to decay sufficiently quickly. To this end, we consider two alter-

native sufficient conditions. The first condition is a direct assumption on the boundedness

of the conditional correlation. The second is inspired by Anandkumar et al. [3], and assumes

the underlying probability model satisfies what we term directed walk-summability. This

condition mirrors the walk-summability condition for undirected graphical models, which

has been well-studied and shown to hold in a large class of models [73].

Definition 8. A probability model is directed β-walk-summable on a DAG with weighted

adjacency matrix A, if ‖A‖ ≤ β < 1 where ‖ · ‖ denotes the spectral norm.

As an alternative to this condition, we also present a direct assumption, Assumption 4.

This condition is less restrictive than directed walk-summability, but has not been char-

acterized in the literature. However, given that γ increases with p in the graph families

we are considering, it is intuitive that the sum of edge weight products over treks longer

than length γ will be decreasing and asymptotically small. This also holds for non-trek d-

connecting paths. These two assumptions lead to two parallel proofs of the consistency of our

algorithm, presented in Theorem 1. Before stating the theorem, we discuss our assumptions.
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Similar to the PC-Algorithm, our method requires a faithfulness condition. As stated

previously, our condition, which we term path faithfulness and is defined next, is weaker than

PC-Algorithm’s λ-strong faithfulness stated in Definition 4 (see Section 2.4.2 for additional

details).

Definition 9. Given λ ∈ (0, 1), a distribution P is said to be λ-path-faithful to a DAG

G = (V,E) if both of the following conditions hold:

(i) min {|ρ(Xi, Xj | XS)| : (i, j) ∈ E, S ⊂ V \ {i, j} , |S| ≤ η} > λ, for some η, and

(ii) min {|ρ(Xi, Xj | XS)| : (i, j, S) ∈ NG} > λ, where NG is the set of triples (i, j, S) such

that i, j are not adjacent, but there exists k ∈ V making (i, j, k) an unshielded triple, and i, j

are not d-separated given S.

Part (i) of the assumption only requires partial correlations between true edges condi-

tioned on sets of size up to η to be bounded away from zero, while the PC-Algorithm requires

this for conditioning sets of size up to dmax. In Section 2.4.2, we discuss how this affects

bounds on the true partial correlations, and also empirically show that the above path faith-

fulness assumption is less restrictive than corresponding assumption for the PC-Algorithm.

Assumption 1 (Path faithfulness and Markov property). The probability distribution P

of random variables corresponds to a linear SEM (2.1) with sub-Gaussian errors, and is

λ-path-faithful to the DAG G, with λ = Ω(n−c) for c ∈ (0, 1/2).

Our second assumption ensures that the covariance matrix of the structural equation

model and its inverse remain bounded as p grows.

Assumption 2 (Covariance and precision matrix boundedness). The covariance matrix of

the model ΣG and its inverse Σ−1G are bounded in spectral norm, that is, max(‖ΣG‖, ‖Σ−1G ‖) ≤

M <∞ for all p.

The last three assumptions characterize applicable graph families and probability distri-

butions.
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Assumption 3 ((η, γ)-local separation). The DAG G belongs to a family of random graphs

G that satisfies the (η, γ)-local separation property with η = O(1) and γ = O(log p).

Assumption 4 (Bounded long path weight). For non-adjacent vertices i and j in G, let

π denote a d-connecting path between them, and l(π) be the length of the path. Then, there

exists a conditioning set S such that the total edge weight over d-connecting paths longer than

γ satisfies:
p−1∑
l=γ+1

∑
l(π)=l

|ρπ,1 . . . ρπ,l| = O(βγ),

for some β ∈ (0, 1).

Assumption 4 guarantees that the sum of weights over long treks between any two nodes

i and j is bounded. For a single trek, a sufficient condition is that all edge weights are

bounded by 1 in magnitude. In Section 2.9, we provide further discussion on Assumption 4,

and empirically investigate its plausibility. In particular, we show that if the data matrix

X is scaled so that each column has unit standard deviation, then with high probability all

edge weights are bounded by 1 in absolute value. To account for residual correlation induced

through conditioning on common descendants of i and j, Assumption 4 also includes non-trek

d-connecting paths.

Assumption 5 (Directed β-walk-summability). The probability distribution P is directed

β-walk-summable.

We are now ready to state our main result. The result is proved in Section 2.8, where

the error probabilities are also analyzed.

Theorem 1. Under Assumptions 1-3 and either Assumption 4 or 5, there exists a parameter

α for thresholding partial correlations such that, as n, p −→ ∞ with n = Ω{(log p)1/(1−2c)},

the full reduced PC (rPC-full) procedure, as described in Algorithm 1, consistently learns the

skeleton of the DAG G.
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Several theoretical features of our algorithm are attractive. As stated previously, our

faithfulness condition is weaker than the corresponding assumption for the PC-Algorithm

and related methods. Similar to its computational complexity, the sample complexity of

our algorithm also does not scale with the maximal node degree, and is only dependent on

the parameter η as p increases. For example, in a power law graph, the sample complexity

of the PC-Algorithm is Ω{max(log p, pab)} for 0 < a, b < 1, compared to Ω{(log p)1/1−2c}

with c ∈ (0, 1/2) for our method. This gain in efficiency is due to fact that the maximum

separating set size, η, remains constant in rPC. Finally, our algorithm does not require the

data to be jointly Gaussian. The proof of the algorithm’s consistency only requires that

the population covariance matrix can be well-approximated from the data; for simplicity, we

assume a sub-Gaussian distribution.

2.4.2 On faithfulness assumption

As stated in Section 2.2.2, for large biological networks of interest, the maximum node

degree, dmax, often grows with p. Therefore, the λ-restricted strong faithfulness condition of

the PC-Algorithm—Definition 4—becomes exponentially harder to satisfy with increasing

network size. A full discussion of this phenomenon can be found in Uhler et al. [111], where

it is shown that the measure of strong unfaithful distributions converges to 1 for various

graph structures. Although this would also occur with path faithfulness (Definition 9), our

condition allows a rate for λ that is independent of dmax and p.

The rate for λ in the PC-Algorithm is λ = Ω(n−w) for w ∈ (0, b/2), where dmax =

O(n1−b) for b ∈ (0, 1]. For b = 1, or constant dmax, the PC-Algorithm’s required scaling for

λ is identical to that for our method in Assumption 1. This makes sense intuitively, since

our method is not affected by the increase in dmax. For other values of b, the scaling of λ

becomes more restricted for the PC-Algorithm; for example, if b = 1/2, then λ = Ω(n−w) for

w ∈ (0, 1/4). However, under path faithfulness, we can still achieve a rate of λ = Ω(n−1/2);

that is, the partial correlations are allowed to be smaller and the condition is weaker.

We report the findings of a simulation study, similar to that in Uhler et al. [111], which
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Table 2.1: Empirical probabilities of random DAGs of size p = 20 satisfying faithfulness
conditions; RSF refers to restricted strong faithfulness of the PC-Algorithm, and PF refers
to path faithfulness of reduced PC (rPC).

Graph family Expected degree Pr(RSF) Pr(PF)

Erdős-Rényi 2 0.77 0.92

Erdős-Rényi 5 0 0.08

Power law 2 0.54 0.85

Power law 6 0.003 0.08

examines how often randomly generated DAGs satisfy part (i) of the path faithfulness as-

sumption compared to restricted strong faithfulness. We are primarily interested in part

(i), as this part is needed for consistent skeleton estimation; part (ii), on the other hand, is

needed to obtain correct separating sets in order to obtain partial orientation of edges. In this

simulation, 1000 random DAGs were generated from Erdős-Rényi and power law families,

with edge weights drawn independently from a Uniform(−1, 1) distribution. Each DAG had

p = 20 nodes, with varying expected degrees per node. For each simulation setting, we com-

puted the proportion of DAGs that satisfied part (i) of the λ-restricted-strong-faithfulness

and λ-path-faithfulness conditions with λ = 0.001 and η = 2. The results are shown in

Table 2.1. We see that path faithfulness is much more likely to be satisfied than restricted

strong faithfulness, especially for power law graphs. This is to be expected, as the number of

constraints required for restricted strong faithfulness grows with dmax, but remains constant

for path faithfulness. It is, however, difficult for dense graphs to satisfy either condition, al-

though there is a mild advantage for path faithfulness. In Section 2.9, we provide the results

of further simulation studies with p = 10 and p = 30; both of these give similar conclusions

and indicate that path faithfulness remains easier to satisfy with increasing network size.
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2.4.3 Tuning parameter selection

Our algorithm requires two tuning parameters: the maximum separating set size η, and the

threshold level for partial correlations α. The parameter η varies based on the underlying

graph family. Thus, given knowledge of a plausible graph structure, η can be pre-specified.

Alternatively, η can be selected by maximizing a goodness-of-fit score over a parameter grid,

along with α. This may be preferable as the local separation results consider all short paths,

not just treks, so better performance may be obtained by specifying a smaller η. Likewise,

when using the rPC-approx algorithm, a larger η could be needed to discover appropriate

separating sets.

For jointly Gaussian data, we can obtain a modified version of the Bayesian information

criterion by fitting the likelihood to the CPDAG obtained based on the estimated DAG

skeleton [31]. Following Anandkumar et al. [3], and denoting by Xobs the observed data, we

use:

bic(Xobs; Ĝ) = log f(Xobs; θ̂)− 0.5|E| log(n)− 2|E| log(p), (2.3)

where Ĝ denotes one of the DAGs obtained from the estimated CPDAG containing |E| edges.

The CPDAG represents the Markov equivalence class of DAGs, so all possible graphs will

result in the same fitted Gaussian model with parameters θ̂. We use this bic for tuning

parameter selection; higher scores imply a better fit. For linear SEMs with non-Gaussian

noise distributions, the Gaussian likelihood serves as a surrogate goodness-of-fit measure,

and bic can still be used to select the tuning parameters.

2.5 Simulation studies

In this section, we compare the performance of rPC-approx, rPC-full, and the standard PC-

Algorithm in multiple simulation settings. We consider both setting a constant value for η

in rPC, and tuning it to maximize the bic.
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2.5.1 Pre-specified η parameter

To facilitate the comparison with the PC-Algorithm, we generate data from Gaussian linear

SEMs as in Equation 2.1, with the dependency structure specified by a DAG from Erdős-

Rényi and power law families. We implement our algorithm with maximum separating set

size η = 2 since these families are known to satisfy (η, γ)-local-separation with η ≤ 2 [3].

We generate a random graph with p nodes using the igraph library in R, assigning every

edge a weight from a Uniform(0.1, 1) distribution. We then use the rmvDAG function from the

pcalg library to simulate n observations from the DAG. This is repeated 20 times for each

thresholding level α; average true positive and true negative rates for both algorithms are

reported over the grid of α values. Our grid of α values produces partial receiver operating

characteristic (pROC) curves for varying sample sizes and graph structures, which are used

to assess the estimation accuracy of the two methods.

For both Erdős-Rényi and power law DAGs, we consider a low-dimensional setting with

p = 100 nodes and n = 200 observations, and two high-dimensional settings with (p, n) =

(200, 100) and (p, n) = (500, 200). In all settings, the DAGs are set to have an average degree

of 2. The maximum degrees of the Erdős-Rényi graphs range from 5 to 7. The maximum

degrees for power law graphs increase with p and are 42, 69, and 71 for the three simulation

settings.

Results for Erdős-Rényi DAGs are shown in Figure 2.2. In this setting, all algorithms

perform almost identically in both low and high-dimensional cases. This observation suggests

that conditioning on larger separating sets by the PC-Algorithm is neither beneficial nor

necessary. On the other hand, because of the relatively small maximum degree in Erdős-Rényi

graphs, our algorithms do not lead to a considerable improvement over the PC-Algorithm.

Results for power law DAGs are shown in Figure 2.3. In this case, rPC’s accuracy

outperforms that of the PC-Algorithm, in both low and high-dimensional settings. These

results confirms our theoretical findings, and show that our algorithm performs better at

estimating DAGs with hub nodes than the PC-Algorithm.
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Figure 2.2: Average true vs. false positive rates for PC-Algorithm (grey solid line), rPC-
approx (black dashed line), and rPC-full (blue dashed line) estimating Erdős-Rényi DAGs.
Left: p = 100, n = 200; centre: p = 200, n = 100; right: p = 500, n = 200.
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Figure 2.3: Average true vs. false positive rates for PC-Algorithm (grey solid line), rPC-
approx (black dashed line), and rPC-full (blue dashed line) estimating power law DAGs.
Left: p = 100, n = 200; centre: p = 200, n = 100; right: p = 500, n = 200.
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Figure 2.4: Average true vs. false positive rates for PC-Algorithm (grey solid line) and
rPC-approx with bic-tuned η (black dashed line) estimating power law DAGs. Left: p =
100, n = 200; centre: p = 200, n = 100; right: p = 500, n = 200.

Additional simulations in Section 2.9 show similar results in more dense DAGs. As the

underlying DAG becomes more dense, both methods perform worse; however, our algorithms

maintain an advantage over the PC-Algorithm in the power law setting. All of these simula-

tions also confirm that rPC-full and rPC-approx provide very similar results. This suggests

that the situation where conditioning on non-local sets is required occurs with very low prob-

ability, indicating that the approximate algorithm will provide suitably good estimation.

We also compare the runtimes of the algorithms for these settings. Over 100 iterations,

we generate a random dataset, and apply both algorithms with a range of tuning parameters.

Specifically, we set η = 2 for rPC, and α = {10−6, 10−5, 10−4, 10−3, 10−2} for both. We then

take the total runtime over all parameters, and compare by considering the mean value of

100
(
timerPC
timePC

)
for both rPC-approx and rPC-full. The results are shown in Table 2.2. We

observe that rPC-approx is significantly faster than the PC-Algorithm for power law graphs.

As expected, our implementation of rPC-full is slower than the PC-Algorithm in all settings,

given its exhaustive search over all possible separating sets. Given the results indicating

that rPC-approx performs almost identically to rPC-full, we suggest that practitioners use

rPC-approx, possibly combined with bic tuning if a suitable η bound is not known. We

present relevant simulation results in the next section.
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Table 2.2: Empirical ratio of rPC-approx and rPC-full runtimes to PC-Algorithm runtime.

Graph family p n rPC-approx rPC-full

Erdős-Rényi 100 200 0.98 3.08

Erdős-Rényi 200 100 1.00 6.16

Erdős-Rényi 500 200 1.00 23.25

Power law 100 200 0.60 1.13

Power law 200 100 0.92 3.81

Power law 500 200 0.36 5.23

2.5.2 BIC-tuned η Parameter

In this section, we consider simulations where the maximum size of the conditioning set

for rPC-approx, η, is selected to maximize the bic score defined in (2.3). To this end, we

consider power law DAGs with the same low and high-dimensional settings as before. We

select the value of η ∈ {1, 2, 3, 4} which maximizes the bic at each α value. While rPC-full

could also be tuned in this way, it would be computationally expensive to consider η beyond

3 for p > 200. The results in Figure 2.4 show that our algorithm maintains an advantage over

the PC-Algorithm. Interestingly, for values of α which yielded the best estimation accuracy,

the optimal η selected was most frequently 1, which confirms our intuition from Section 2.3

that the η parameter for a graph family should be seen as an upper bound for estimating

DAGs using our algorithm.

2.6 Application: estimation of gene regulatory networks

We apply our algorithms and the PC-Algorithm to a gene expression data set of n = 487

patients with prostate cancer from The Cancer Genome Atlas [12]. We select p = 272 genes

with known network structure from BioGRID [99], and attempt to recover this network from

the data. We choose the tuning parameters for rPC and the p-value threshold for the PC-
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Algorithm by searching over a grid of values and selecting those which yielded the largest

bic (2.3). We found that the best rPC algorithm in terms of bic was rPC-approx with η = 3

and α = 0.09, while the best p-value threshold for the PC-Algorithm was 0.07.

The BioGRID database provides valuable information about known gene regulatory in-

teractions. However, this databse mainly capture genetic interactions in normal cells. Thus,

the information from BioGRID may not correctly capture interactions in cancerous cells,

which are of interest in our application [47]. Despite this limitation, highly connected hub

genes in the BioGRID network, which usually correspond to transcription factors, are ex-

pected to stay highly connected in cancer cells. Therefore, to evaluate the performance of

the two methods, we focus here on the identification of hub genes, which are often most

clinically relevant [42, 53, 14].

The two estimated networks and their hub genes are visualized in Figure 2.5. Here, we

define hub genes as nodes with degree at least 8, which corresponds to the 75th percentile in

the degree distribution of both estimates. rPC-approx identifies 19 of 57 true hubs, while the

PC-Algorithm only identifies 6. Interestingly, several of the hub genes uniquely identified

by rPC are known to be associated with prostate cancer, including ACP1, ARHGEF12,

CDH1, EGFR, and PLXNB1 [90, 88, 84, 103, 68]. These results suggest that rPC may be a

promising alternative for estimating biological networks, where highly-connected nodes are

of clinical importance.

Examining the two networks also indicates that for nodes with small degrees, the esti-

mated neighborhoods from rPC are very similar to those from the PC-Algorithm. To assess

this observation, we consider the induced subgraph of nodes with degree at most 5 in the

PC-Algorithm estimate. The F1 score—which is a weighted average of precision and recall—

between the two estimates of this sparse subnetwork is 0·86. This value indicates that the

two algorithms perform very similarly over sparse nodes.
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Figure 2.5: Estimated skeletons of gene regulatory networks in prostate cancer subjects.
Black nodes are classified as hubs, having estimated degree of at least 8. Grey nodes are
identified hubs that are also considered hubs in the BioGRID data. Left: PC-Algorithm;
right: rPC-approx.

2.7 Discussion

Our new algorithm for learning directed acyclic graphs (DAGs) by conditioning on small

sets leads to more efficient computation and estimation under a less restrictive faithfulness

assumption than the PC-Algorithm. However, our weaker faithfulness condition may still not

be satisfied for dense DAGs or in structural equation models with edge weights distributed

over a larger parameter space. This is shown both geometrically and empirically in Uhler

et al. [111], and remains a direction for future research. Generalizing the idea of restricted

conditioning to more complex probability models over DAGs, such as nonlinear SEMs [115]

would also be of interest. Finally, the idea of conditioning on small sets of variables can also

be used to develop more efficient hybrid methods for learning DAGs in high dimensions.
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2.8 Technical details

In this section, we prove the consistency of rPC-full for estimating the skeleton of a directed

acyclic graph under the assumptions stated in Section 2.4.

We begin by establishing that correlations decay over long paths in the graph, and use

this to show that the partial correlation between two non-adjacent nodes, conditional on a

suitable set S with small cardinality, is bounded above. We establish this through two pos-

sible sufficient conditions: Lemma 1 is based on Assumption 4, which directly assumes that

the the total weight over long paths is sufficiently small; on the other hand, Lemma 2 uses

Assumption 5, which assumes the underlying model is directed walk-summable. Combining

this result with Assumption 1, which says that the relevant partial correlations between two

adjacent nodes is bounded below, we have oracle consistency of rPC-full. In Lemma 3, we

invoke a concentration inequality for sample partial correlations to bound their deviations

from population quantities. Using these results, we then prove that there exists a threshold

level that consistently recovers the true skeleton in the finite sample setting.

In our first two lemmas, we make use of the local separation property in Assumption 3.

While Assumption 3 does not directly concern local separating sets, since a d-separating set

is a subset of a general separating set, Assumption 3 asymptotically guarantees the existence

of a γ-local d-separator of size at most η for any two non-neighbouring nodes.

Definition 10. Given a graph G, a γ-local d-separator Sγ(i, j) ⊂ V \ {i, j} between non-

neighbours i and j minimally d-separates i and j over paths of length at most γ.

Lemma 1. Under Assumptions 1-4, the partial correlation between non-neighbours i and j

satisfies

min
S∈Sη,γ

|ρ(i, j | S)| = O(βγ).

where Sη,γ is the set of γ-local d-separators of size at most η.
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Proof. Recall the form of the linear structural equation model:

Xk =
∑

j∈pa(k)

ρjkXj + εk,

where εk are independent and V ar(εk) = σ2
k <∞ for all k.

Let AG denote the lower-triangular weighted adjacency matrix for the graph G, obtained

by ordering the nodes according to a causal order [96], so that j ∈ pa(k) implies j < k. Then,

as shown by Shojaie and Michailidis [96] for the Gaussian case and by Loh and Bühlmann

[70] in general linear structural equation models,

ΣG = (I − AG)−1D(I − AG)−T ,

where D = diag(σ2
1, ..., σ

2
p).

First, suppose that σ2
i = 1 for all i. We consider the conditional covariance ΣG(i, j | S)

where i and j are non-neighbours, and S is the γ-local d-separator, as defined above. Let π

denote a d-connecting path between i and j, l(π) denote the length of the path, and ρ1, . . . , ρl

denote the edge weights along the path. Through conditioning on S, we have that covariance

is only induced through d-connecting paths of length greater than γ. Then,

ΣG(i, j | S) =
∑
π:i↔j
π∩S=∅

∑
π:l(π)=l

l∏
k=1

ρk =

p−1∑
π:i↔j

l(π)=γ+1

∑
π:l(π)=l

l∏
k=1

ρk.

Therefore:

|ΣG(i, j | S)| =

∣∣∣∣∣
p−1∑
π:i↔j

l(π)=γ+1

∑
π:l(π)=l

l∏
k=1

ρk

∣∣∣∣∣
≤

p−1∑
π:i↔j

l(π)=γ+1

∑
π:l(π)=l

l∏
k=1

|ρk| (by triangle inequality)

= O(βγ). (by Assumption 4)
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Now, suppose that not all σ2
i = 1. Then, let σ2

max = maxi σ
2
i . We have:

|ΣG(i, j | S)| ≤
p−1∑
π:i↔j

l(π)=γ+1

∑
π:l(π)=l

σ2
max

l∏
k=1

|ρk|

= σ2
max

p−1∑
π:i↔j

l(π)=γ+1

∑
π:l(π)=l

l∏
k=1

|ρk|

= σ2
maxO(βγ)

= O(βγ). (by Assumption 2)

Finally, we have |ρ(i, j | S)| =
|ΣG(i, j | S)|√

ΣG(i, i | S)ΣG(j, j | S)
= O(βγ) by Assumption 2, since

the conditional variances are functions of the marginal variances, which are bounded.

Next, we show the same result by assuming directed walk-summability of the model.

Lemma 2. Under Assumptions 1-3 and Assumption 5, the partial correlation between non-

neighbours i and j satisfies

min
S∈Sη,γ

|ρ(i, j | S)| = O(βγ).

where Sη,γ is the set of γ-local d-separators of size at most η.

Proof. Recall from the proof of Lemma 1,

ΣG = (I − AG)−1D(I − AG)−T ,

where D = diag(σ2
1, ..., σ

2
p). First, suppose that σ2

i = 1 for all i. Then, we can write:

ΣG =

(
∞∑
r=0

ArG

)(
∞∑
r=0

ArG

)T

=

(
γ∑
r=0

ArG +
∞∑

r=γ+1

ArG

)(
γ∑
r=0

ArG +
∞∑

r=γ+1

ArG

)T

.
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Now, let ΣH denote the covariance matrix induced by only considering d-connecting paths

of length at most γ. For convenience, let ΛH :=
∑γ

r=0A
r
G and Rγ :=

∑∞
r=γ+1A

r
G. Considering

their spectral norms, denoted by ‖ · ‖, we have by walk-summability that ‖ΛH‖ ≤
1− βγ+1

1− β

and ‖Rγ‖ ≤
βγ+1

1− β
. Then,

ΣG = (ΛH +Rγ)(ΛH +Rγ)
T

= ΛHΛT
H + ΛHR

T
γ +RγΛ

T
H +RγR

T
γ

= ΣH + ΛHR
T
γ +RγΛ

T
H +RγR

T
γ

Now, defining Eγ := ΣG − ΣH and taking spectral norms, we get:

‖Eγ‖ = ‖ΣG − ΣH‖ = ‖ΛHR
T
γ +RγΛ

T
H +RγR

T
γ ‖

≤ ‖ΛHR
T
γ ‖+ ‖RγΛ

T
H‖+ ‖RγR

T
γ ‖

≤ 2‖ΛH‖‖Rγ‖+ ‖Rγ‖2

≤ 2

(
1− βγ+1

1− β

)(
βγ+1

1− β

)
+

(
βγ+1

1− β

)2

=
2βγ+1 − 2β2γ+2

(1− β)2
+

β2γ+2

(1− β)2

=
2βγ+1 − β2γ+2

(1− β)2

=
βγ+1(2− βγ+1)

(1− β)2

= O(βγ). (S1)

Now, suppose that not all σ2
i = 1. Then, following the same expansion of ΣG as above,

we have:

‖Eγ‖ = ‖D‖β
γ+1(2− βγ+1)

(1− β)2
= σ2

max

βγ+1(2− βγ+1)

(1− β)2
= O(βγ), (S2)

by Assumption 2, where σ2
max = maxi σ

2
i .
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We now show that |ρ(i, j | S)| = O(‖Eγ‖) = O(βγ) where S is a γ-local d-separator

between i and j. Let A = {i, j}∪S and B = V \A. Consider the marginal precision matrix,

P := {ΣG(A,A)}−1. Then, using the Schur complement, we can write this as

P = Σ−1G (A,A)− Σ−1G (A,B){Σ−1G (B,B)}−1Σ−1G (B,A).

Specifically, the partial correlation of Xi and Xj conditional on S is given by P1,2

(P1,1P2,2)1/2
=

O(P1,2), by Assumption 2.

Recall from (S1) that ΣG = ΣH + Eγ. Let Fγ be the matrix such that Σ−1G = Σ−1H + Fγ.

Because ΣH only considers covariance induced by paths of length at most γ, we have that

Σ−1H (A,A)1,2 = 0.

Thus,

|{ΣG(A,A)}−11,2| = |Σ−1G (A,A)1,2 − Σ−1G (A,B){Σ−1G (B,B)}−1Σ−1G (B,A)1,2|

= |Σ−1H (A,A)1,2 + Fγ(A,A)1,2 − Σ−1G (A,B){Σ−1G (B,B)}−1Σ−1G (B,A)1,2|

= |Fγ(A,A)1,2 − Σ−1G (A,B){Σ−1G (B,B)}−1Σ−1G (B,A)1,2|

≤ ‖Fγ(A,A)− Σ−1G (A,B){Σ−1G (B,B)}−1Σ−1G (B,A)‖∞

≤ ‖Fγ(A,A)− Σ−1G (A,B){Σ−1G (B,B)}−1Σ−1G (B,A)‖.

However, since Σ−1G (A,B){Σ−1G (B,B)}−1Σ−1G (B,A) is positive semi-definite, |{ΣG(A,A)}−11,2| ≤

‖Fγ(A,A)‖. We next show that ‖Fγ‖ = O(‖Eγ‖) = O(βγ). First, note that:

Fγ = Σ−1G − Σ−1H

= (ΣH + Eγ)
−1 − Σ−1H

= Σ−1H − Σ−1H (E−1γ + Σ−1H )−1Σ−1H − Σ−1H (by Woodbury)

= −Σ−1H (E−1γ + Σ−1H )−1Σ−1H
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Then, taking spectral norms, and noting that ΣG = ΣH + Eγ:

‖Fγ‖ ≤ ‖Σ−1H ‖‖(E
−1
γ + Σ−1H )−1‖‖Σ−1H ‖ (by sub-multiplicity)

= ‖Σ−1H ‖
2‖Eγ − Eγ(ΣH + Eγ)

−1Eγ‖ (by Woodbury)

= ‖Σ−1H ‖
2‖Eγ(I − Σ−1G Eγ)‖

≤ ‖Σ−1H ‖
2‖Eγ‖‖I − Σ−1G Eγ‖ (by sub-multiplicity)

≤ ‖Σ−1H ‖
2‖Eγ‖(1 + ‖Σ−1G Eγ‖) (by triangle inequality)

≤ ‖Σ−1H ‖
2‖Eγ‖(1 + ‖Σ−1G ‖‖Eγ‖) (by sub-multiplicity)

≤ J‖Eγ‖2, (by boundedness of ‖Σ−1G ‖ ≥ |Σ
−1
H ‖)

for some constant J . Then, by walk-summability, ‖Fγ‖ = O(|Eγ‖). Hence, |ρ(i, j | S)| =

O(βγ) by (S1).

By combining the result from either Lemma 1 or 2 with the λ-path-faithfulness assump-

tion, we achieve oracle consistency for our algorithm given a threshold level α such that

α = O(λ), α = Ω(βγ).

Next, we consider the finite sample setting, and establish a concentration inequality for

sample partial correlations, under sub-Gaussian distributions, using a result from Ravikumar

et al. [85].

Lemma 3. Assume X = (X1, ..., Xp) is a zero-mean random vector with covariance matrix Σ

such that each Xi/Σ
1/2
ii is sub-Gaussian with parameter σ. Assume ‖Σ‖∞ and σ are bounded.

Then, the empirical partial correlation obtained from n samples satisfies, for some bounded

M > 0:

P

(
max

i 6=j,|S|≤η
|ρ̂(i, j | S)− ρ(i, j | S)| > ε

)
≤ 4

(
3 +

3

2
η +

1

2
η2
)
pη+2 exp

(
− nε2

M

)
for all ε ≤ maxi(Σii)8(1 + 4σ2).
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Proof. Using the recursive formula for partial correlation, for any k ∈ S

ρ(i, j | S) =
ρ(i, j | S \ k)− ρ(i, k | S \ k)ρ(k, j | S \ k)

(1− ρ2(i, k | S \ k))1/2(1− ρ2(k, j | S \ k))1/2
.

For example, with S = {k}, we can simplify this to:

ρ(i, j | S) =
ρ(i, j)− ρ(i, k)ρ(k, j)

(1− ρ2(i, k))1/2(1− ρ2(k, j))1/2
,

where ρ(i, j) = Σij/(ΣiiΣjj)
1/2.

Rewriting in terms of elements of Σ, we then decompose the empirical partial correlation

deviance from the true partial correlation into the deviances of covariance terms. Here, the

event of the empirical partial correlation being within ε distance of the true partial correlation

is contained in the union of the empirical covariance terms being within Cε distance of the

true covariance terms for a sufficiently large C > 0:[
|ρ̂(i, j | S)− ρ(i, j | S)| > ε

]
⊂
[
|Σ̂ij − Σij| > Cε

]⋃[
|Σ̂ii − Σii| > Cε

]⋃[
|Σ̂jj − Σjj| > Cε

]
⋃
k∈S

[
|Σ̂ik − Σik| > Cε

]
⋃
k∈S

[
|Σ̂jk − Σjk| > Cε

]
⋃

k≤k′∈S

[
|Σ̂kk′ − Σkk′ | > Cε

]
,

The number of events on the right-hand side is 3 + |S| + |S| + |S|2−
(|S|

2

)
. For |S| ≤ η,

the number of events is then bounded by 3 + 3
2
η + 1

2
η2. Then, by applying Lemma 1 in

Ravikumar et al. [85], we have that, for any i, j:

Pr

(
|ρ̂(i, j | S)− ρ(i, j | S)| > ε

)
≤ 4

(
3 +

3

2
η +

1

2
η2
)

exp

(
− nε2

K

)
,

for some K > 0, bounded when ‖Σ‖∞ and σ are bounded. From here, the result follows.
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Combining the results established in Lemmas 1-3, we now prove the consistency of our

algorithm in the finite sample setting.

Let α denote the threshold where if ρ̂G(i, j | S) < α, the edge (i, j) is deleted. Let GS

denote the true undirected skeleton of G, and let Sη,γ denote the set of γ-local d-separators

or size at most η.

For any (i, j) 6∈ GS, define the false positive event as

F1(i, j) =

[
min
S∈Sη,γ

|ρ̂G(i, j | S)| > α

]
.

Define

θmax = max
(i,j)6∈GS

min
S∈Sη,γ

|ρG(i, j | S)|

and

θ̂max = max
(i,j)6∈GS

min
S∈Sη,γ

|ρ̂G(i, j | S)|.

Consider

Pr

{ ⋃
(i,j) 6∈GS

F1(i, j)

}
= Pr(θ̂max > α)

= Pr(|θ̂max − θmax| > |α− θmax|)

= O

[
pη+2 exp

{
− n(α− θmax)2

M

}]
(by Lemma 3)

where θmax = O(βγ) by Lemma 1 and 2.

For any true edge (i, j) ∈ GS, define the false negative event as

F2(i, j) =

[
min

S⊂V \{i,j},|S|≤η
|ρ̂G(i, j | S)| < α

]
.

Define

θmin = min
(i,j)∈GS

min
S⊂V \{i,j},|S|≤η

|ρG(i, j | S)|

and

θ̂min = min
(i,j)∈GS

min
S⊂V \{i,j},|S|≤η

|ρ̂G(i, j | S)|.
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Consider

Pr

{ ⋃
(i,j)∈GS

F2(i, j)

}
= Pr(θ̂min < α)

= Pr(|θmin − θ̂min| > |θmin − α|)

= O

[
pη+2 exp

{
− n(α− θmin)2

K

}]
(by Lemma 3)

where θmin = Ω(λ) by restricted path-faithfulness assumption.

Under our assumptions, we have that n = Ω{(log p)1/1−2c}, and λ = Ω(n−c) with c ∈

(0, 1/2). Rewriting in terms of λ, we have n = Ω( log p
λ2

). Then, by selecting α such that α =

O(λ), α = Ω(βγ), we have Pr{
⋃

(i,j)6∈GS F1(i, j)} = o(1) and Pr{
⋃

(i,j)∈GS F2(i, j)} = o(1).

This completes the proof of Theorem 1.

2.9 Additional simulation results

In this section, we display some simulation results comparing our algorithms to the PC-

Algorithm in estimating dense graphs. The simulation setup is otherwise identical to that

described in Section 2.5. We consider a low-dimensional setting, with p = 100 and n = 200,

as well as a high-dimensional setting, with p = 200 and n = 100. For Erdős-Rényi graphs,

we use a constant edge probability of 0.05, corresponding to an expected degree of 5 for the

low-dimensional graph and 10 for the high-dimensional graph. For power law graphs, we use

an expected degree of 6 in both graphs.

While estimation quality is worse in the dense setting for all methods, we observe in

Figure 2.6 and Figure 2.7 similar trends as in Section 2.5. Our methods perform as well

as the PC-Algorithm in estimating Erdős-Rényi graphs, and shows some improvement for

power law graphs. Both versions of rPC give similar results.

We also include more simulation results comparing path faithfulness to the restricted

strong faithfulness assumption. As in Section 2.4.2, 1000 random DAGs were generated

from Erdős-Rényi and power law families, with edge weights drawn independently from a
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Figure 2.6: Average true vs. false positive rates for PC-Algorithm (grey solid line), rPC-
approx (black dashed line), and rPC-full (blue dashed line) estimating Erdős-Rényi graphs.
Left: p = 100, n = 200, average degree 5; right: p = 200, n = 100, average degree 10.
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Figure 2.7: Average true vs. false positive rates for PC-Algorithm (grey solid line), rPC-
approx (black dashed line), and rPC-full (blue dashed line) estimating power law graphs
with average degree 6. Left: p = 100, n = 200; right: p = 200, n = 100.
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Table 2.3: Empirical probabilities of random DAGs of size p = 10 satisfying faithfulness
conditions; RSF refers to restricted strong faithfulness of the PC-Algorithm, and PF refers
to path faithfulness of reduced PC (rPC).

Graph family Expected degree Pr(RSF) Pr(PF)

Erdős-Rényi 2 0.94 0.98

Erdős-Rényi 5 0.10 0.61

Power law 2 0.95 0.97

Power law 6 0.08 0.60

Table 2.4: Empirical probabilities of random DAGs of size p = 30 satisfying faithfulness
conditions; RSF refers to restricted strong faithfulness of the PC-Algorithm, and PF refers
to path faithfulness of reduced PC (rPC).

Graph family Expected degree Pr(RSF) Pr(PF)

Erdős-Rényi 2 0.66 0.86

Erdős-Rényi 5 0 0.01

Power law 2 0.04 0.51

Power law 6 0 0.01

Uniform(−1, 1) distribution. Here, we consider graphs of size p = 10 and p = 20, with

faithfulness condition parameters λ = 0.001 and η = 2. The results are shown in Table 2.3

and Table 2.4.

Although it is harder for both conditions to be met as graph size and density increase, we

see that path faithfulness is still more likely to be satisfied than restricted strong faithfulness,

particularly with power law graphs.

Finally, we consider the plausibility of Assumption 4 when the SEM coefficients are not

bounded by 1 in absolute value. Suppose that the data matrix X has been normalized by

column-wise standard deviations. We show that this transformation preserves the original

network structure, and leads to most edge weights being bounded by 1 in absolute value.
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Consider an edge j → k and let Wj := {Xi : i ∈ pa(k) \ {j}}. Then, taking the conditional

covariance:

Cov(Xj, Xk|Wj) = Cov

Xj, ρjkXj +
∑

i∈pa(k)\j

ρikXi + εk

∣∣∣∣Wj


= ρjkV ar(Xj|Wj).

We can therefore write:

ρjk =
Cov(Xj, Xk|Wj)

V ar(Xj|Wj)
.

Now, let X̃k = Xk/sd(Xk) for all k. Consider the edge weights ρ̃jk corresponding to the SEM

for this transformed data. We have:

ρ̃jk =
sd(Xj)

sd(Xk)

Cov(Xj, Xk|Wj)

V ar(Xj|Wj)
=
sd(Xj)

sd(Xk)
ρjk

Clearly, ρ̃jk = 0 if and only if ρjk = 0. Therefore, we recover the same network by applying

our algorithm to the transformed data. Furthermore,

|ρ̃jk| =

√
V ar(Xj)

V ar(Xk)
ρ2jk

=

√
V ar(Xj)ρ2jk

V ar(Xj)ρ2jk + σ2
k +

∑
i∈pa(k)\{j} ρ

2
ikV ar(Xi) + 2

∑
i,i′∈pa(k) ρikρi′kCov(Xi, X ′i)

Thus, |ρ̃jk| > 1 only if

σ2
k +

∑
i∈pa(k)\{j}

ρ2ikV ar(Xi) + 2
∑

i,i′∈pa(k)

ρikρi′kCov(Xi, X
′
i) < 0

Rewriting the variance and covariance terms as trek sums, we obtain:

σ2
k +

∑
i∈pa(k)\{j}

ρ2ik
∑
π:u↔i
u∈V \{i}

σ2
w

∏
ρe∈π

ρ2e + 2
∑

i,i′∈pa(k)

ρikρi′k
∑
π:i↔i′

σw
∏
ρe∈π

ρe < 0

where w denotes the source or common node in the trek.

Since the first two terms in this expression will always be positive, |ρ̃jk| > 1 only if the

covariance sum is both negative and greater in magnitude than the sum of the first two
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terms. A term in the covariance sum will be negative if there is an odd number of negative

terms in the product, and the entire sum will be negative only if there are a sufficient number

of these to make the whole sum negative. Even then, the sum over squared trek products

would need to be smaller than the covariance term sum in absolute value. Moreover, even if

some |ρ̃jk| > 1, the product over the entire trek may still be less than 1 if most of the other

coefficients along a trek are small. Thus, we may still expect the product over the trek to be

small.

Next, we provide simulation results showing that standardized SEM coefficients in graph

configurations we consider rarely exceed 1 in absolute value. Specifically, we consider Erdős-

Rényi and power law graphs, with p ∈ {200, 500} having average degree 2. We consider edge

weights from both a Unif(−10, 10) and N(0, 32) distribution. For each graph, we estimate

the standardized coefficients using the fitDag function in the ggm library, and compute the

proportion of edge weights that are greater than 1 in absolute value. We repeat this process

over 1,000 iterations. The results are shown in Table 2.5. This experiment shows that, with

high probability, the covariance induced over long treks between any two nodes is indeed

small.
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Table 2.5: Empirical average probabilities of standardized coefficients exceeding 1 in absolute
value.

Graph family p Distribution Pr(|ρ| > 1)

Erdős-Rényi 200 Uniform(-10, 10) 0.0036

200 Normal(0, 32) 0.0017

500 Uniform(-10, 10) 0.0036

500 Normal(0, 32) 0.0012

Power law 200 Uniform(-10, 10) 0.0045

200 Normal(0, 32) 0.0045

500 Uniform(-10, 10) 0.0034

500 Normal(0, 32) 0.0037
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Chapter 3

FEATURE AND UNIT NETWORK KERNEL PENALIZATION
FOR HIGH-DIMENSIONAL GENERALIZED LINEAR

MODELS

3.1 Introduction

Metabolites provide information about responses of cells to their environment, and metabolic

changes are often used as predictive biomarkers for diseases. In mass spectrometry metabolomics,

data is usually collected using both targeted and untargeted profiling. With targeted pro-

filing, measurements are obtained on known, named metabolites which cover selected bio-

chemical pathways. In contrast, untargeted profiling covers all measurable analytes in a

sample, but the resulting spectra are mostly non-annotated, unnamed features. For the

purposes of biomarker discovery, these unnamed features are usually discarded, or only used

in exploratory analyses. However, the unnamed features are often correlated with both the

named metabolites and the disease outcome of interest. Therefore, using information from

the unnamed features may improve the detection of associations between named metabolites

and disease. This information can be incorporated as a distance between observation units

with respect to their unnamed feature distributions. That is, we consider that observation

units to be similar if they have similar unnamed feature distributions, and use this as the

basis for borrowing strength across nearby units. Accounting for the additional structure in-

duced through relating named metabolites on known metabolic pathways, this is an example

of two-way structured data.

Allen et al. [2] defined two-way structures in the context of neuroimaging data, where

features represent spatially-correlated observations in the brain, and observations are col-

lected over distinct time points. Examples can also be found in the analysis of microbiome
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data; Randolph et al. [83] considered data where features represent taxa having known re-

lationships, and a phylogenetic distance is computed between observation units. Two-way

structures also arise when integrating multi-view omics data [104]; in this case, data from one

view can be used to define distances among observation units in order to improve prediction

and inference with another view. These structures can be captured as separate networks

over the features and units, where a connection between features or units represents some

scientifically meaningful notion of similarity.

In studies which aim to identify associations with complex diseases, incorporating net-

works into statistical models can lead to improved predictive power and biomarker discovery

[60]. However, while many methods have been developed to incorporate network informa-

tion [64, 43, 94], these usually focus solely on networks over features. Analyses involving two

networks has received less attention. In this chapter, motivated by metabolomics studies,

we develop a penalized regression framework to analyze high-dimensional two-way network

structured data using generalized linear models. For the feature network, we follow a com-

mon strategy in network-adjusted regression, and penalize the distance between regression

coefficients which correspond to connected features. Based on a recent proposal by Li et al.

[67], we simultaneously fit unit-level intercept parameters, and enforce smoothness based on

the unit network. In addition, we provide an inference procedure for testing the individual

association between the outcome of interest and a feature in the model, with the goal of

discovering metabolites associated with the disease.

Our approach is unique among high-dimensional penalized regression methods, as net-

work penalty terms are generally not (semi)norms. As a result, theoretical guarantees are

difficult to obtain. In our theoretical work, we consider these non-norm penalty terms to be

part of the target loss function, which is distinct from the loss function minimized by the true

regression parameters. We control the distance between the target and “true” parameters,

and then characterize the asymptotic behaviour of our proposed estimators. This approach

allows us to incorporate partially uninformative or misspecified networks and still obtain

valid inference for the association of features with the outcome. In simulation studies, we
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show that if the networks are fully informative for the true parameters, then our method

provides both improved prediction accuracy and inferential power. We also show that our

method is robust to partially uninformative networks, and remains competitive with existing

methods. An application to real metabolomics data shows that our method has lower esti-

mated prediction error, and that the resulting inference is more likely to identify important

features.

The rest of this chapter is organized as follows. In Section 3.2, we introduce relevant

concepts for incorporating network information into regression models, and describe exist-

ing methods for doing so. We describe our penalized regression framework in Section 3.3,

including details of optimization algorithms. In Section 3.4, we state our assumptions and

investigate the large sample properties of our estimates. We then describe our inference

procedure, and show its validity. We apply our method to simulated data in Section 3.5 and

to a metabolomics profiling study in Section 3.6, and provide a discussion in Section 3.7.

Technical details follow.

3.2 Background

We assume that the data consists of n observations (y1, x1), . . . (yn, xp) where yi ∈ R is the

outcome and xi ∈ Rp is the corresponding feature vector. The conditional mean relationship

between the outcomes and features is assumed to be

E[Yi|Xi = xi] = µ(αi + x′iβ),

where αi ∈ R is an intercept term for unit i, β ∈ Rp is a vector of common regression

coefficients, and µ denotes the inverse link function for the generalized linear model (GLM),

which we will also refer to as the mean function. Some examples of inverse canonical link

functions used for generalized linear models are µ(x) = x for Gaussian models and µ(x) =

exp(x)(exp(x) + 1)−1 for binomial models.

We assume the observation units i = 1, . . . , n are connected on some known graph Gn =

(Vn, En,Wn) where Vn = {1, . . . , n} and En ⊂ Vn × Vn is a set of undirected edges (i, i′)
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for i 6= i′. For the purposes of this chapter, a connection between two units i, i′ implies

that they are likely to have similar outcomes yi, yi′ . Wn is a set of weights wii′ ∈ R+ for

each edge, which quantify the strength of the similarity. Let An be the weighted adjacency

matrix of Gn. Then, Ln = Dn − An defines the corresponding graph Laplacian [117], where

Dn = diag(d1, . . . , dn) and di =
∑

j∈V Aij. The Laplacian matrix will be used in the network

penalties we consider. We further assume that the features Xj, j = 1, . . . , p are connected

on a second known graph Gp = (Vp, Ep,Wp), and define Ap, Dp, and Lp analogously as

above. Here, a connection between features implies that they have similar association with

the outcome y. We also define Jp as the graph incidence matrix, where each row of Jp

corresponds to an edge (j, j′) in the graph, with element j of the row having value wjj′

and element j′ having value −wjj′ . If all edge weights are equal to 1, then we have that

J ′pJp = Lp.

The most common methods for handling correlated outcome data are generalized esti-

mating equations (GEE) and generalized linear mixed models (GLMMs). However, GEEs

are generally used for clustered data, where outcomes are independent between clusters and

the number of clusters is large. When observation units are observed in a network, these

assumptions may not hold. GLMMs can account for more arbitrary structures, but require

parametric assumptions and specifications for variance-covariance components [15]. They

are also computationally difficult to fit, particularly in large n and large p settings. While

generalized least squares (GLS) addresses these issues, it only works for correlated Gaussian

outcomes, given a known covariance matrix among units.

The recent proposal of Li et al. [67] accounts for unit network structure by enforcing

cohesion within the model. It introduces the regression with network cohesion (RNC) model,

which estimates unit-level intercepts subject to a cohesion penalty over Gn, by solving the

optimization problem,

min
α∈Rn,β∈Rp

{
`(α +Xβ) +

1

2
γnα

′(Ln + δIn)α

}
,

where ` is a loss function (usually the negative log-likelihood), and γn > 0 tunes the strength
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of the penalty. The dependence between observations is captured through the n-dimensional

intercept term α. The addition of δIn where δ > 0 guarantees that a solution exists. This

problem is easily solved with standard convex optimization algorithms. The penalty term

can be written as:

α′(Ln + δIn)α =
∑

(i,j)∈En

wij(αi − αj)2 + δ
∑
i∈V

α2
i .

Therefore, units which are more strongly connected are encouraged to have similar inter-

cepts. This cohesion effect implies a similarity independent of the features X; connected

units may still differ in their values of x′iβ. This is similar to incorporating variance compo-

nents in a generalized linear mixed model; we discuss this equivalence further in Section 3.10.

However, the RNC intercepts do not require distributional assumptions, and are specifically

fit to optimize prediction power. Li et al. [67] show that the RNC model improves predic-

tion for network-linked observations compared to standard methods, while maintaining the

interpretability of the fixed feature effects in standard generalized linear models. However,

high-dimensional settings and statistical inference are not considered.

A similar choice for incorporating feature network structure is the Grace (graph-constrained

estimation) penalty of Li and Li [64], who proposed the estimator,

β̂ = argmin
β∈Rp

{
`(Xβ) +

1

2
γpβ

′Lpβ + λ‖β‖1
}
,

where ` is a loss function as before, and γp, λ > 0 are penalty parameters. Unlike the

RNC estimator, the Grace penalty is well-defined for high-dimensional settings, due to the

regularization applied to the features. This penalized regression encourages cohesion among β

coefficients corresponding to connected features. The inclusion of an `1 penalty also enforces

sparsity in the solution β̂. Zhao and Shojaie [124] developed a significance test for Grace-

penalized estimation, but their approach only applies to linear regression models.

Randolph et al. [83] account for two-way structured data in a kernel-penalized linear

regression model by solving

β̂ = argmin
β

{
‖y −Xβ‖2H + λ‖β‖2Q−1

}
,
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where H and Q−1 are, respectively, n×n and p×p kernel matrices which summarize distances

between the units and features. This can be thought of as fitting a generalized least squares

model subject to a generalized ridge penalty. We can consider the proposal of Li and Li

[64] to fall within this framework, using the graph Laplacian as a kernel. The RNC penalty

of Li et al. [67] is also similar to the GLS term. Both methods penalize quantities that

capture “left-over” variation from the features with respect to a unit distance matrix; for

GLS, the distances between residuals y −Xβ are penalized, while for RNC the intercepts α

are. However, the GLS method does not easily extend to non-Gaussian models. Therefore, in

this chapter, we apply the idea of kernel penalization to generalized linear models by unifying

RNC and Grace-style penalties in high-dimensional settings. We also develop a statistical

inference procedure, which allows for valid hypothesis tests and confidence intervals for the

regression β coefficients.

3.3 GLMs with feature and unit network kernels

In this section, we describe our framework for generalized linear models with penalization

to account for both unit and feature networks. To achieve cohesion with respect to kernels

that summarize unit and feature similarity, we propose the following estimator:

(α̂, β̂) = argmin
α,β

{
`(α +Xβ) +

1

2
γnα

′(Ln + δIn)α + γpP (Gp, β) + λ‖β‖1
}
, (3.1)

where γn, γp, and λ are positive tuning parameters; δ > 0 can also be tuned, but for the

purpose of this chapter, we set it to be a small fixed value. Here, P (Gp, β) denotes a

smoothing penalty over the feature parameters β.

We consider two possible choices of feature smoothing penalty: an `2 cohesion penalty

with a Laplacian kernel P (Gp, β) = 1
2
β′Lpβ, and an `1 fusion penalty with an incidence

matrix kernel P (Gp, β) = ‖Jpβ‖1. The resulting optimization problems can be thought of,

respectively, as generalized ridge and generalized lasso problems. With the generalized ridge

solution, the weighted squared distance between connected features’ parameters is penalized,
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since

β′Lpβ =
∑

(i,j)∈Ep

wij(βi − βj)2.

On the other hand,

‖Jpβ‖1 =
∑

(i,j)∈Ep

wij|βi − βj|.

Using the `1 penalty results in a similar effect as the ordinary lasso, where the coefficients of

graph-connected features will be encouraged to be exactly equal [117]. On the other hand,

with the `2 penalty, the squared difference between the coefficients will be encouraged to be

small, but the distance is not shrunk exactly to zero.

To summarize, there are four components in the optimization problem (3.1): (i) the loss

function ` relates the outcome y to the features X while allowing for a unique intercept

for each unit, (ii) the unit network smoothing penalty smooths α̂ over Gn, (iii) the feature

network smoothing penalty smooths β̂ over Gp, and (iv) the standard lasso penalty enforces

sparsity on the features. The addition of the lasso penalty also allows us to obtain asymptotic

consistency for β̂ at a rate that enables valid inference in high dimensions. We name this

framework “generalized linear models with feature and unit network kernels”, or glm-funk.

3.3.1 Optimization for `2 feature network smoothing

To describe the algorithm for solving the glm-funk problem with `2 feature network smooth-

ing, we first rewrite the objective function in terms of θ := (α, β)′:

θ̂ = argmin
θ∈Rn+p

{
`
(
X̃θ
)

+
1

2
θ′L̃θ + λR(θ)

}
, (3.2)

where X̃ = [In X], R(θ) = ‖β‖1, and

L̃ =

 γn(Ln + δIn) 0

0 γpJp

 .
Then, (3.2) can be solved using a simple proximal gradient descent algorithm, as given in

Algorithm 2. In our simulations and data analysis, we use a fixed step-size of ηt = 0.001,

which provides reasonably fast convergence.
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Algorithm 2: Proximal gradient descent for glm-funk with `2 feature smoothing

Define L(θ) := `(X̃θ) + 1
2
θ′L̃θ.

Initialize θ0.

for t = 0, 1, . . . , until convergence of θ do

Compute gradient, ∇L(θt) = X̃ ′(µ(X̃θt)− y) + L̃θt.

Take a gradient step, θ̃ = θt − ηt∇L(θt).

Take a proximal step,

θt+1 = prox(θ̃)

= (θ̃1, . . . , θ̃n, Sλ(θ̃n+1), . . . , Sλ(θ̃n+p))
′

where Sλ(x) = sign(x) max(0, |x| − λ).

end

Result: θ̂ = θt+1

3.3.2 Optimization for `1 feature network smoothing

A disadvantage of the generalized lasso penalty is that the elements of β are nonseparable in

the penalty function; this leads to computational difficulties when using a non-identity GLM

link function. To overcome this challenge, we solve an alternative problem proposed by Chen

et al. [17], who replace the generalized lasso penalty with a smooth `∞ approximation:

fτ (β) = max
‖ν‖∞<1

ν ′Jpβ − τ 1

2
‖ν‖22

 .

Here, τ is a parameter that controls the approximation to the original `1 problem. We note

that when τ = 0, fτ (β) = ‖Jpβ‖1. Chen et al. [17] prove that, for τ = ε/|Ep|, the absolute

difference between optimal objective values of the original and approximate problems is

upper bounded by ε. The gradient of fτ (β) is Jpν
∗ where ν∗ = S∞

(
γpJpβ

τ

)
, and S∞ is the
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element-wise projection operator onto the `∞ unit ball:

S∞(x) =


x, for − 1 ≤ x ≤ 1

1, for x ≥ 1

−1, for x ≤ −1

.

Replacing ‖Jpβ‖1 with fα(β), we can solve the approximate `1 glm-funk problem using

an accelerated proximal gradient descent algorithm developed by Beck and Teboulle [5]. An

adapted version of the algorithm presented in Chen et al. [17] is given in Algorithm 3. In our

simulations, we set τ = 0.001, which provides sensible results, and a fast convergence rate.
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Algorithm 3: Accelerated proximal gradient descent for glm-funk with approximate

`1 feature smoothing

Define L(θ) := `(X̃θ) + 1
2
γnα

′(Ln + δIn)α + γpfτ (β).

Initialize θ0, w0 = θ0, s0 = 1.

for t = 0, 1, . . . , until convergence of θ do
Compute gradient,

∇L(wt) := X̃ ′(µ(X̃wt)− y) + [γnLnw
t γpJ

′
pν
∗]′

Compute Lipschitz constant L := ‖∇2L(wt)‖2.

Take a gradient step, θ̃ = wt − L−1∇L(θt).

Take a proximal step,

θt+1 = prox(θ̃)

= (θ̃1, . . . , θ̃n, Sλ/L(θ̃n+1), . . . , Sλ/L(θ̃n+p))
′,

where Sλ/L(x) = sign(x) max(0, |x| − λ
L

).

Set st+1 = 2/(t+ 3).

Set wt+1 = θt+1 + 1−st
st
st+1(θt+1 − θt).

end

Result: θ̂ = θt+1

3.3.3 Prediction and tuning

Now, suppose we use ntrn observations for training the glm-funk model, and are interested

in predicting outcomes for ntst out-of-sample observations. In order to make predictions on

out-of-sample data, we require an estimate of the unit-level intercepts αtst. The test sample

predictions are then given as µ(α̂tst + Xβ̂). Assuming we observe the entire network Gfull
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connecting the ntrn + ntst units, we partition the Laplacian corresponding to Gfull as:

Lfull =

 Ltrn,trn Ltrn,tst

Ltst,trn Ltst,tst

 =

 L11 L12

L21 L22


Then, we estimate αtst as in Li et al. [67]:

α̂tst = argmin
αtst

{(α̂trn, αtst)
′Lfull(α̂trn, αtst)} = −L−122 L21α̂trn

Note that no network knowledge for the test observations (i.e. the training and test units

are disjoint on Gfull), corresponds to estimating α̂tst = 0.

The glm-funk problems involve three tuning parameters γn, γp, and λ. We tune these

using K-fold cross-validation to minimize prediction error. Ideally, the K folds would be

determined using non-overlapping connected components of Gn, but this is not always pos-

sible for arbitrary networks. Due to the dependence among observation units over Gn, naive

cross-validation is not guaranteed to provide a good estimate of out-of-sample prediction

error. However, as in Li et al. [67], the procedure works relatively well in practice. While

Rabinowicz and Rosset [82] describe a method for cross-validation with correlated data, it

requires the population covariance matrix, which we do not directly assume knowledge of.

In order to efficiently determine the optimal parameter set, we use coordinate descent [119].

Specifically, we optimize a single parameter (via K-fold cross-validation) while holding the

others fixed, and cycle through all three parameters. In practice, this procedure usually

converges in a very small number of coordinate descent iterations.

3.4 Asymptotics and inference

We are interested in obtaining valid inference for the association between the features X

and the outcome y. Our estimator given in (3.1) is non-standard due to the use of the n-

dimensional intercept term and `2 penalty terms that are not seminorms. In this section, we

first investigate the large sample behaviour of β̂ and α̂ estimated using the glm-funk model

with `1 smoothing. We defer discussion of the `2 smoothing model to Section 3.9. These
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results are then used to obtain a valid statistical inference procedure for the true regression

parameters.

3.4.1 Asymptotics

We begin by describing the assumptions required for our theoretical results to hold. First,

we require that the outcomes Yi satisfy certain tail properties.

Assumption 6 (Tail behaviour). One of the following holds:

(i) The centered observed outcomes Yi−E[Yi|Xi = xi] = Yi−µi are uniformly sub-Gaussian,

i.e.

max
i=1,...,n

K2E

exp

(Yi − µi)2

K2

− 1

 ≤ σ2
0.

for some constants K, σ2
0 > 0, or

(ii) The centered observed outcomes Yi − E[Yi|Xi = xi] = Yi − µi are uniformly sub-

exponential, satisfying

max
i∈1:n
‖Yi − µi‖ψ1 = Kψ1 <∞,

where

‖Y ‖ψ1 = inf {t > 0 : E exp(|Y |/t) ≤ 2} .

These tail conditions cover a large variety of common generalized linear models. Gaussian

and binomial data satisfy the sub-Gaussian property, while Poisson and exponential outcomes

have sub-exponential tails.

We further require some conditions on the loss function ` and the design matrix X.

Assumption 7 (Loss function properties). The following hold:

(i) The loss function ` : Θ× Ω→ R is integrable over all (X, y) ∈ Ω for each θ ∈ Θ.

(ii) For almost all (X, y) ∈ Ω, the derivative ∇α` exists for all α.

(iii) There exists an integrable function g : Ω→ R such that |`| ≤ g(X, y) for all θ ∈ Θ and

almost all (X, y) ∈ Ω.
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(iv) The conditional mean function µ and its derivative µ′ are Lipschitz continuous with

constants Lµ <∞ and Lµ′ <∞.

(v) µ′ is uniformly bounded away from zero, that is, |µ′(·)|−1 ≤ U ′ <∞.

Assumption 8 (Design scaling). The design matrix X satisfies |Xij| ≤ R <∞ for all i, j,

and also scales as ‖X‖2 = op

(√
n

log p

)
.

The loss function assumptions are fairly mild, and common in the high-dimensional in-

ference literature [113, 51, 10]. The design scaling assumption is equivalent to assuming that

the maximum eigenvalue of X ′X grows at a rate slower than n, and can be shown to hold

for various random designs (see Section 6.4 of Wainwright [116]).

In order to state the remaining assumptions, we first define some quantities of interest.

For a generic function f , let Pf := n−1
∑n

i=1 E[f(yi, xi)] and Pnf := n−1
∑n

i=1 f(yi, xi).

Then, we rewrite our optimization problem as:

θ̂ = argmin
θ
{PnL(θ) + λR(θ)} ,

where L(θ) = `i(αi + x′iβ) + 1
2
γnα

′(Ln + δIn)α and R(θ) = ‖β‖1 + γp
λ
‖Jpβ‖1.

Definition 11. The true parameter is defined as

θ0 := argmin
θ

P`(θ).

Definition 12. The target parameter is defined as

θ∗ := argmin
θ

PL(θ).

It is important to note that our theoretical analysis is in a high-dimensional framework,

where n and p(n) are both allowed to grow to infinity (and therefore, so are the dimensions

of α and β). Hence, θ0 and θ∗ are dependent on n and p, and the following assumptions

apply to a sequence of data-generating processes indexed by (n, p). Our theoretical results

then hold with high probability for large (n, p). For ease of exposition, we do not include

this dependence in our notations.
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We make the following assumptions for estimation of the target and true regression

parameters.

Assumption 9 (Compatibility condition). Given a set S ⊂ {1, . . . , p} with |S| = s, for all

c > 0 and for all θ = (α, β)′ satisfying ‖βSc‖1 + c‖Jpβ‖1 ≤ ‖α‖1 + 3‖βS‖1, it holds that:

‖α‖1
2

+ ‖βS‖1 ≤
‖θ‖
√
s

φ(s)

for some norm ‖ · ‖ and constant φ(s) > 0.

Assumption 10 (Restricted strong convexity). Assume θ̄ ∈
{
‖θ̄ − θ0‖ ≤ r0

}
where r0 =

Op

(√
log p
n

)
. Then, for all θ = (α, β)′ satisfying

‖α− ᾱ‖1 + ‖β − β̄‖1 +
γp
λ

∥∥Jp (β − β̄)∥∥1 ≤M∗,

with

M∗ =
16sλ2

ρφ2(S)c
+

2γp‖Jpβ̄‖1
ρ

,

and λ ≥ 8ρ, it holds that:

P
(
`(θ)− `(θ̄)

)
≥ ∇P`

(
θ̄
)′ (

θ − θ̄
)

+G
(
‖θ − θ̄‖

)
,

where G(x) = cx2 for some constant c > 0.

The compatibility and restricted strong convexity conditions are common in high-dimensional

theory [9]. Intuitively, restricted strong convexity at the optimum θ̄ = θ0 means that the loss

function is curved sharply around θ0. Hence, when P(` (θ0) − `(θ)) is small, so is ‖θ0 − θ‖.

Negahban et al. [77] proved that restricted strong convexity holds for various common loss

functions in sparse high-dimensional regimes, including the least squares loss and logistic

regression deviance.

Finally, we make assumptions on components of the true data-generating processes, and

their relationship to the penalty parameters in the model.
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Assumption 11 (Sparsity). β0 is s-sparse, that is, ‖β0‖0 = s with s = Op (
√
n/ log p).

Assumption 12 (Penalty scaling). The following hold:

(i) λ = Op

(√
log p
n

)
,

(ii) γp‖Jpβ0‖1 = op(λ), and

(iii) γn‖(Ln + δI)α0‖2 = Op (nc) where c ∈ (0, 1
2
).

The sparsity assumption and scaling condition of λ are standard rates in the high-

dimensional inference literature [113, 78].

Part (ii) of Assumption 12 allows us to not observe fully informative feature networks.

It states that the quality of feature network smoothing is inversely proportional to the mag-

nitude of its tuning parameter. That is, if the feature network is truly informative, we

expect ‖Jpβ‖1 → 0 (at a rate faster than λ), and γp can be larger. In this scenario, the

network structure informs more of the β-penalization than the lasso penalty. However, if

the smoothing does not correspond to the true structure of β, then ‖Jpβ0‖1 will be far from

zero, and γp should tend to 0 at a rate faster than ‖Jpβ0‖−11 . In addition, if the feature

network is uninformative, then γp also needs to go to 0 faster than λ. In this case, most of

the penalization is driven by the lasso penalty, rather than the network structure encoded by

Jp. In practice, our naive cross-validation approach leads to consistent estimation, as seen

empirically in Section 3.5.

Part (iii) of Assumption 12 similarly allows for some degree of non-informativeness in

the unit network, and is also necessary to establish control of ‖α∗ − α0‖. It establishes the

trade-off needed between the unit network parameter γn and the ridge penalty parameter δ;

if the unit network is informative and γn is large, then δ should shrink to 0.

Under these assumptions, we can prove that β̂ and α̂ tend to the target parameters β∗

and α∗ in `1 norm.

Theorem 2 (Consistency). Under Assumptions 6-12, we have that

‖α̂− α∗‖1 + ‖β̂ − β∗‖1 = Op

λ+
γp

λ
‖Jpβ∗‖1


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The proof, given in Section 3.8, follows a similar argument as the proof for generalized

sparse additive models in Haris et al. [39]. A key difference in our theory is handling the

n-dimensional intercept term α, and its corresponding `2 penalty. We also prove the result

for outcome distributions which are not sub-Gaussian, such as Poisson and exponential data.

3.4.2 Inference

We now describe a statistical inference procedure for the β parameters in the glm-funk

model. We are specifically interested in testing the individual association between outcome y

and featureXj conditional on the other featuresX−j. This corresponds to the null hypotheses

H0,j : βj = 0 for all j = 1, . . . , p. Classical inference theory does not directly apply in the

high-dimensional setting. Approaches that have been developed generally either involve

sample splitting, or constructing an asymptotically unbiased estimator from the optimal

solution β̂ [20]. We focus on the latter approach, which is known as debiasing.

Several de-biasing procedures have been developed, including the low-dimensional pro-

jection estimator by Zhang and Zhang [122], the ridge projection estimator by Bühlmann

et al. [10], and the desparsified lasso estimator by van de Geer et al. [113]. These methods

generally consider regression models with an ordinary ridge or lasso penalty only. The Grace

test by Zhao and Shojaie [124] specifically provides inference for linear regression with the

`2 Laplacian penalty. However, this method does not account for unit-level networks, and

does not extend to the case of generalized linear models. It also tends to be conservative in

terms of power.

We consider the debiased estimator of Javanmard and Montanari [51], which easily ex-

tends to generalized linear models. The debiased estimator we consider is defined as:

b̂ = β̂ − n−1MX ′(µ(α̂ +Xβ̂)− y).

where M is an estimate of the inverse of Σ̂ := 1
n
∇2`(α̂+Xβ̂); M is computed by solving an

optimization problem where ‖Σ̂M − Ip‖∞ is minimized. Specifically, for each j = 1, . . . , p,
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mj is defined as the solution to

min
m∈Rp

m′Σ̂m subject to ‖Σ̂m− ei‖∞ ≤ q,

where ej ∈ Rp is the j-th basis vector. Then, M = (m1, . . . ,mp)
′. The next result shows that

under the assumptions described previously, we obtain an asymptotic distribution suitable

for inference.

Theorem 3 (Valid inference). Under the conditions of Theorem 2, as n −→∞,

√
n
(
b̂− β0

)
−→d N

(
0, n−1ME

[
∇`(α0 +Xβ0)∇`(α0 +Xβ0)′

]
M
)
.

Even though our target parameter θ∗ is different from θ0, using Theorem 3, we obtain

valid inference for the true regression parameters β0
j using the corresponding test statistic:

Tj =

√
nb̂j

[MΣ̂M ]
1/2
jj

,

and 100(1 - α)% confidence interval:

b̂j ± q(1−α
2
)n
−1/2[MΣ̂M ]

1/2
jj .

In the proof, given in Section 3.8, we establish that the target β∗ is the same as the true

β0, and derive an asymptotic rate for ‖α∗ − α0‖1. We then apply Theorem 2 to show the

result.

3.5 Simulation studies

In this section, we compare logistic glm-funk models with lasso-penalized logistic regression,

and a lasso-penalized RNC logistic model. We evaluate model prediction performance, as

measured by cross-validated error, and inference performance, as measured by the empirical

Type I error rate and power of our debiasing procedure. Note that while Li et al. [67] do

not include inference for high-dimensional β parameters, this follows as a special case of our

method. In the following, we consider a setting where the feature and unit networks are
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fully informative; i.e. the network penalties correspond to the true structure of α0 and β0.

To assess the robustness of our method, we also evaluate the methods in a setting where

uninformative edges are added to the networks, resulting in penalization that does not reflect

the true data-generating process.

3.5.1 Fully informative networks

We generate binary data from the following model:

P (Y = 1|X = x) = expit(α +Xβ)

with p = 300, n = 200, and s = 20. We set β1 = . . . β10 = ρ, β11 = . . . β20 = −ρ, and

the remaining coefficients to 0. The feature graph Gp is set to have 2p/s disconnected

components of size s/2 each. Each component has a single hub node which is connected

to the remaining non-hub nodes that do not have any other connections. In generating the

features X, each hub node feature is generated as xh ∼ N(0, 1), with connected non-hub

features generated as xnh ∼ N(0.35xh, 1). This setup is similar to that of the simulations in

Li and Li [64].

As in Li et al. [67], we set Gn to be a stochastic block model [41]. We divide the

observed units into five fully-connected blocks with equal probability of membership. The

unit-level intercepts are then generated from normal distributions that differ between blocks.

Specifically, the block means considered are -4, -2, 0, 2, and 4, so that the intercepts have

meaningful effects on P (Y = 1|X = x). All distributions have a common standard deviation

of 0.2.

In our simulations, we vary the effect size ρ, and select tuning parameters via 5-fold cross-

validation. We report the average powers and Type I error rates at the 0.05 significance level,

and the test set logistic deviance over 100 simulated datasets.

Results for this setting are shown in Figure 3.1. We observe that the glm-funk models

outperform the models which do not incorporate the feature network information, both in

terms of power and test set deviance. As expected, the simple lasso model with a common
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intercept for all units performs the worst, while the lasso-penalized RNC model performs

slightly better. Comparing glm-funk with `1 and `2 smoothing, we see that the `1 model

achieves lower test set deviance, which makes sense since the connected β coefficients are

exactly equal to each other. All models appropriately control the Type I error rate at the

0.05 level, with the `2 glm-funk model giving the lowest rate.

0.3

0.4

0.5

0.6

0.7

0.4 0.6 0.8 1.0

rho

p
o

w
e

r

0.01

0.02

0.03

0.4 0.6 0.8 1.0

rho

t1
e

r

0.4

0.5

0.6

0.4 0.6 0.8 1.0

rho
te

s
t_

d
e

v

method funk l1 funk l2 lasso rnc-lasso

Figure 3.1: Simulation results for fully informative networks. Means over 100 replicates are
displayed with standard error bars. Left: power, middle: Type I error rate, right: test set
deviance.

3.5.2 Uninformative networks

We now examine the effect of adding uninformative edges to both networks. For Gn, we

generate the stochastic block model with a constant uniform probability 0.01 of intra-block

edges forming. For Gp, we randomly add intra-component edges to the original network

with constant probability 0.003. In our simulations, this corresponds to, on average, 164

additional edges in Gn (4% of edges uninformative) and 135 additional edges in Gp (34% of

edges uninformative). These edges encourage intercepts from different blocks or β coefficients

from different components to be close to each other.

Results for this setting are shown in Figure 3.2. We observe similar trends as in the fully

informative case. However, the `1 glm-funk model now has the worst test set error among
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the models. This makes sense, since the `1 smoothing results in setting coefficients to be

exactly equal. Given false edges in Gp, this is more likely to result in inaccurate coefficients

than would `2 smoothing, which maintains predictive ability slightly better than the other

methods. As more noise is added to the observed networks, we expect that the models would

all perform identically in terms of power, while the `1 glm-funk model may perform worst

in terms of test set error.
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Figure 3.2: Simulation results for uninformative networks. Means over 100 replicates are
displayed with standard error bars. Left: power, middle: Type I error rate, right: test set
deviance.

3.6 Data analysis

We apply our method, in addition to RNC with a lasso penalty and the standard lasso, to

a case-control study of lung cancer [27]. This dataset consists of 162 subjects, on whom

plasma measurements were taken and for which there are 137 named metabolites and 153

unnamed features available. The outcome of interest is a binary indicator of whether the

subject has a lung cancer diagnosis. There are 94 cases and 74 controls. To identify named

metabolites associated with lung cancer status, we fit logistic regression models to predict

the probability of a subject having lung cancer, given named metabolite predictors.

Using the unnamed features, we construct a weighted graph for the subjects. To this
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Figure 3.3: Feature network of named metabolites used for lung cancer data analysis.

end, we first apply principal component analysis (PCA) to the unnamed feature matrix,

and reduce its dimension to the first 10 principal components (other numbers of PCs gave

qualitatively very similar results). For each pair of subjects (i, j), we compute the Euclidean

distance dij with respect to their PCs. The edge weight for subjects (i, j) is defined as

1− (dij/maxi,j dij). Then, the kernel matrix used is the graph Laplacian.

For the named metabolite features, we use the Kyoto Encyclopedia of Genes and Genomes

(KEGG) [58] to determine molecular pathways. We then construct a feature graph where

an edge exists between each pair of metabolites that are on the same KEGG pathway. This

results in a graph containing 137 nodes and 524 edges. 74 metabolites have no connections,

while 63 have at least one. All edge weights are set to 1 (we also considered a feature graph

with edge weights set to be the reciprocal of the shortest path length between metabolites,

but this provided very similar results). An illustration of this graph can be seen in Figure

3.3.

In conducting our analysis, we randomly split the data into 100 subjects for training

and 62 subjects as the test set, on which we evaluate the misclassification rate. We average

over 100 random splits in order to obtain more stable estimates of the test set error. The
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Method Misclassification rate

glm-funk `1 0.3657

glm-funk `2 0.3718

lasso 0.3851

RNC-lasso 0.3772

Table 3.1: Estimated misclassification errors of models fit to predict lung cancer status given
metabolomics data

results are reported in Table 3.1. We see that the glm-funk models perform better than the

lasso-based models. Using the unnamed features as similarity measures between units also

improves prediction compared to the model with only the lasso penalty. In particular, the

model with `1 feature network smoothing has the lowest average misclassification rate.

To investigate the differences between the features selected by the methods, we look at

the average fitted β coefficients, and how often each feature would be declared significant

(at the 5% level) over the 100 training/testing splits. These results are summarized in Table

3.2 for some of the named metabolite features. The metabolite pyrophosphate is found

to be significant most often across all methods. Pyrophosphate was also found to be the

best predictor of lung cancer in the original investigation by Fahrmann et al. [27]. In our

analysis, the glm-funk model with `1 smoothing declares this feature to be significant the

most often, and also fits the largest β coefficient on average. This also applies for the

metabolite pyruvic acid, which was the second-most significant feature across all methods,

and has also been found previously to be associated with lung cancer [62]. Therefore, it

appears that incorporating the KEGG feature network can result in better detection of

important metabolites, compared to methods that do not use this information.

A notable difference between the glm-funk and lasso-based methods is seen in the

metabolite taurine, for which the glm-funk fits have smaller estimated coefficients and

significance probabilities. The metabolite’s neighbours in the KEGG graph (glycine and
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Metabolite Method Average β P (sig)

glm-funk `1 0.376 0.94

glm-funk `2 0.314 0.80

lasso 0.241 0.88
pyrophosphate

RNC-lasso 0.277 0.78

glm-funk `1 0.157 0.62

glm-funk `2 0.097 0.47

lasso 0.095 0.56
pyruvic acid

RNC-lasso 0.085 0.44

glm-funk `1 0.018 0.20

glm-funk `2 0.054 0.23

lasso 0.058 0.40
taurine

RNC-lasso 0.073 0.27

Table 3.2: Model coefficient fits and significance for select named metabolites

cholesterol) usually have null coefficients fit by all four methods. This does not affect the

lasso or RNC, but for the glm-funk fits, this leads to more penalization being applied to

the coefficient for taurine. This is visualized in Figure 3.4, which compares the average mag-

nitudes of coefficients under the ordinary lasso and the glm-funk`1 fits. We observe that

coefficients which are non-null in the lasso fit, but are connected to null coefficients, tend to

be shrunken in the glm-funk fit.

3.7 Discussion

Motivated by applications in metabolomics, we have developed a new framework for analy-

sis of two-way network-structured data using penalized generalized linear models. We also

propose valid high-dimensional inference for our model parameters, under potentially unin-

formative network structure. This methodology can also be used in other applications, such
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Figure 3.4: Feature networks under lasso (left) and glm-funk `1 (right) fits. Size of nodes
corresponds to average magnitude of corresponding β coefficient over 100 training/testing
splits.

as multi-view data integration.

When the networks are informative for the true data-generating process, we expect our

method to show improved prediction and inference compared to standard high-dimensional

methods. When the networks are misspecified or uninformative, our method should still

theoretically achieve consistent estimation and valid inference for the true regression param-

eters. However, tuning the network penalty parameters to achieve this in practice may be

difficult, as naive cross-validation is not guaranteed to be successful, given the dependencies

among the obervation units. This is shown in our empirical studies, where the glm-funk

method with `1 feature network smoothing has worse prediction (though still the highest

inferential power while controlling type I error) than other methods given an uninformative

network.

Although we only considered Laplacian and incidence matrices, different kernels can

easily be used within the glm-funk model. Another possibility would be to avoid adding

unit-level intercepts, and instead penalizing the fitted values Xβ directly; that is, using the

penalty γnβ
′X ′LnXβ. An interesting direction for future research would be to parameterize
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the model to have many penalty parameters over each network, rather than a single γp or

γn. By data-adaptively tuning these parameters, the model would ideally incorporate the

information from informative edges only. Feng and Simon [29] show that tuning a large

number of penalty parameters via cross-validation is feasible and can result in improved

prediction performance.
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3.8 Technical proofs

Here, we prove our results in Section 3.4. We begin by comparing the target parameters θ∗ to

the true parameters θ0, showing that β∗ = β0 and that ‖α∗−α0‖1 decays to 0 asymptotically

under our assumptions. We then focus on estimation of the target θ∗ using the `1-regularized

θ̂. We derive tail bounds on the empirical process term under both sub-Gaussian and sub-

exponential outcomes, which are then used in showing that θ̂ → θ∗ in `1 norm. Our proof

of Theorem 2 is very similar to that of Theorem 3 from Haris et al. [39], which provides

fast rate bounds for generalized sparse additive models. A key step in the proof by Haris

et al. [39], which differentiates it from a similar one in Bühlmann and van de Geer [9], is

handling an intercept term which is not penalized. We extend this to our setting, with an

n-dimensional intercept term that is `2 penalized. We then prove Theorem 3, which shows

the validity of our debiased estimator b̂ for inference on the true β0.

Target vs. true parameters

We first compare the target parameters θ∗ to the true parameters of interest θ0. We start

by noting that the target β∗ is the same as the true β0. Using this fact, we characterize the

difference in the target and true intercepts; that is, ‖α∗ − α0‖.

Lemma 4. The target parameter β∗ is equal to the true parameter β0.

Proof. This follows immediately by examining the β-optimality conditions for both objective

functions,

0 = ∇βE[`(α∗ +Xβ∗)]

0 = ∇βE[`(α0 +Xβ0)]

and by convexity of the loss function.

Lemma 5. Under Assumptions 7 and 12, we have that ‖α∗−α0‖1 = Op (nc) where c ∈ (0, 1
2
).
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Proof. Considering the α-optimality condition for the target objective function, we have that

0 = ∇αE[`(α∗ +Xβ∗)] + γn(Ln + δI)α∗

0 = E[∇α`(α
∗ +Xβ∗)] + γn(Ln + δI)α∗ (by Assumption 7)

0 = E[y − µ(α∗ +Xβ∗)] + γn(Ln + δI)α∗

Taking a first order Taylor expansion around the true parameter α0, we obtain

0 = E[y − µ(α0 +Xβ∗)] + γn(Ln + δI)α0 + [WP (α̃ +Xβ∗) + γn(Ln + δI)] (α∗ − α0),

where α̃ is an intermediate point on the line segment between α∗ and α0 and WP is the

diagonal matrix of the derivative µ′ over the true data-generating distribution (y,X) ∼ P

at mean µ(α̃ +Xβ∗).

Then, since β∗ = β0, E[y − µ(α0 +Xβ∗)] = 0. Therefore,

α0 − α∗ = [WP (α̃ +Xβ∗) + γn(Ln + δI)]−1 γn(Ln + δI)α0

Taking `2 norms, we have:

‖α0 − α∗‖2 ≤ γn‖ [WP (α̃ +Xβ∗) + γn(Ln + δI)]−1 ‖2‖(Ln + δI)α0‖2

≤ γnλmin[WP (α̃ +Xβ∗) + γn(Ln + δI)]−1‖(Ln + δI)α0‖2

≤ γnλmin[WP (α̃ +Xβ∗)]−1‖(Ln + δI)α0‖2

≤ U ′γn‖(Ln + δI)α0‖2

where the final inequality follows from Assumption 7.

The result then follows from part (iii) of Assumption 12.

Control of empirical process

Recall that our optimization problem can be rewritten as:

θ̂ = argmin
θ
{PnL(θ) + λR(θ)} ,
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where L(θ) = `i(αi + x′iβ) + 1
2
γnα

′(Ln + δIn)α and R(θ) = ‖β‖1 + γp
λ
‖Jpβ‖1.

We define the empirical process term as

νn(θ) := (Pn − P)L(θ)

= (Pn − P)`(θ),

since Pn(α′(Ln + δIn)α) = P(α′(Ln + δIn)α). The excess risk is defined as E(θ) = P(L(θ∗)−

L(θ)).

Following Haris et al. [39], we have the following basic inequality:

E(θ̂) + λR(θ̂) ≤ −[νn(θ̂)− νn(θ∗)] + λR(θ∗),

which also holds if θ̂ is replaced by θ̃ := tθ̂ + (1− t)θ∗ where t ∈ (0, 1).

In order to prove that θ̂ → θ∗, we require control of the empirical process term. We first

consider Assumption 6, and show the following lemma.

Lemma 6. Under part (i) of Assumption 6, with probability at least 1 − 2 exp(−nρ2C1) −

C exp(−nρ2C2), the following inequality holds:

νn(θ)− νn(θ∗) ≤ ρ
[
‖α− α∗‖1 + ‖β − β∗‖1 +

γp
λ
‖Jp(β − β∗)‖1

]
,

where ρ = O

(√
log p
n

)
and C,C1, C2 are positive constants independent of n and p.

Proof. This result can be proved almost identically as in Haris et al. [39], with the exception

of handling the n−dimensional intercept α.

Let xi ∈ Rp and Yi ∈ R denote the fixed covariates and response respectively, for i =

1, . . . , n. Write the loss for a single observation as

`(θ) = aYi(αi + x′iβ) + h(αi + x′iβ),

for some a ∈ R \ {0} and function h : R→ R.

Assume a = 1, without loss of generality, since this constant will be absorbed into the

probability bounds later. Then, since xi are assumed fixed, and denoting µi := E[Yi].

νn(θ) = n−1
n∑
i=1

(Yi − µi)(αi + x′iβ).
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Then, we can write:

νn(θ)− νn(θ∗) = n−1
n∑
i=1

(Yi − µi)

[
(αi − α∗i ) +

p∑
j=1

(βjxij − β∗jxij)

]

= n−1
n∑
i=1

(Yi − µi)(αi − α∗i ) + n−1
n∑
i=1

p∑
j=1

(βjxij − β∗jxij)(Yi − µi).

We now want to bound the probability that νn(θ)− νn(θ∗) exceeds

ρ
[
‖α− α∗‖1 + ‖β − β∗‖1 +

γp
λ
‖Jp(β − β∗)‖1

]
Consider the following probability involving the first term:

P

n−1∑n
i=1(Yi − µi)(αi − α∗i )
‖α− α∗‖1

≥ ρ

 .

Applying the sub-Gaussian concentration inequality from Lemma 8.2 of van de Geer [112],

P

∣∣∣∣∣∣
n−1

∑n
i=1(Yi − µi)(αi − α∗i )
‖α− α∗‖1

∣∣∣∣∣∣ ≥ ρ

 ≤ 2 exp

− ρ2

8(K2 + σ2
0)
∑n

i=1 γ
2
i

 ,
where

n∑
i=1

γ2i =
n∑
i=1

 αi − α∗i
n‖α− α∗‖1

2

=
1

n2

‖α− α∗‖22
‖α− α∗‖21

≤
1

n2
.

Therefore,

P

∣∣∣∣∣∣
n−1

∑n
i=1(Yi − µi)(αi − α∗i )
‖αi − α∗i ‖1

∣∣∣∣∣∣ ≥ ρ

 ≤ 2 exp

− n2ρ2

8(K2 + σ2
0)


= 2 exp

(
−C1n

2ρ2
)
,
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where C1 = C1(K, σ
2
0).

The rest of the proof follows Haris et al. [39], showing

1

n

n∑
i=1

p∑
j=1

(βjxij − β∗jxij)(Yi − µi) ≤ ρ
[
‖β − β∗‖1 +

γp
λ
‖Jp(β − β∗)‖1

]
with high probability.

More specifically, we use a logarithmic entropy bound on the parametric GLM family of

functions. For each j, the following bound on δ-entropy holds with some constant A0 and

Tn = 1:

logN(δ,F , ‖ · ‖Q) ≤ A0Tn log(1/δ + 1),

where

F =
{
βjx : |βj|+

γp
λ
|(Jpβ)j| ≤ 1

}
,

and Q denotes the empirical measure of xj. Therefore, the same bound holds up to a constant

for  βjx− β∗jx
|βj − β∗j |+

γp
λ
|(Jp(β − β∗))j|

: |βj|+
γp
λ
|(Jpβ)j| ≤ 1

 ,

for all j = 1, . . . , p. Note that this function class is bounded in absolute value by |xij| ≤ R

(by Assumption 6). Then, using Dudley’s integral bound, that is,

A
1/2
0 T 1/2

n

∫ R

0

log1/2

(
1

u
+ 1

)
du ≤ Ã0T

1/2
n ,

by Corollary 8.3 of van de Geer [112], we have for all δ ≥ 2CÃ0

√
Tn
n

,

P

 sup
βjx∈F

∣∣∣∣∣∣
n−1

∑n
i=1(Yi − µi)f(βjxij − β∗jxij)

|βj − β∗j |+
γp
λ
|(Jp(β − β∗))j|

∣∣∣∣∣∣ ≥ δ

 ≤ C exp

− nδ2

4C2R

 . (3.3)

Let δ = ρ = κ
√

log p
n

. Then, ρ ≥ 2CÃ0

√
log p
n
≥ 2CÃ0

√
Tn
n

since Tn = 1. Thus, applying
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(3.3) with a union bound yields

P

 max
j=1,...,p

sup
βjx∈F

∣∣∣∣∣∣
n−1

∑n
i=1(Yi − µi)(βjxij − β∗jxij)

|βj − β∗j |+
γp
λ
|(Jp(β − β∗))j|

∣∣∣∣∣∣ ≥ ρ


≤ pC exp

− nρ2

4C2R


= C exp

− nρ2

4C2R
+ log p


= C exp

−nρ2
 1

4C2R
−

log p

nρ2

 .
Now,

1

4C2R
−

log p

nρ2
=

1

4C2R
−

1

κ2
,

is positive if κ > max(2C
√
R, 2CÃ0).

Thus,

P

 max
j=1,...,p

sup
βjx∈F

∣∣∣∣∣∣
n−1

∑n
i=1(Yi − µi)(βjxij − β∗jxij)

|βj − β∗j |+
γp
λ
|(Jp(β − β∗))j|

∣∣∣∣∣∣ ≥ ρ

 ≤ C exp[−nρ2C2]

where C = C(K, σ2
0) and C2 = C2(C,R, κ) > 0.

Therefore, we have

P

(∣∣∣∣∣n−1
n∑
i=1

(Yi − µi)(αi − α∗i )

∣∣∣∣∣ ≥ ρ‖α− α∗‖1

)
≤ 2 exp

(
−C1n

2ρ2
)
,

and

P

(∣∣∣∣∣n−1
n∑
i=1

p∑
j=1

(βjxij − β∗jxij)(Yi − µi)

∣∣∣∣∣ ≥ ρ
[
‖β − β∗‖1 +

γp
λ
‖Jp(β − β∗)‖1

])
≤ C exp[−nρ2C2],

so the result follows.

The next lemma establishes control of the empirical process term for cases where Yi− µi
is not sub-Gaussian (e.g. for Poisson or exponential GLMs). In such cases, we require part

(ii) of Assumption 6 instead.
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Lemma 7. Under part (ii) of Assumption 6, with probability at least 1 − 2 exp(−nρC3) −

2 exp(−nρ2C4), the following inequality holds:

νn(θ)− νn(θ∗) ≤ ρ
[
‖α− α∗‖1 + ‖β − β∗‖1 +

γp
λ
‖Jp(β − β∗)‖1

]
,

where ρ = O

(√
log p
n

)
and C3, C4 are positive constants independent of n and p.

Proof. As in Lemma 6, we can write

νn(θ)− νn(θ∗) = n−1
n∑
i=1

(Yi − µi)

[
(αi − α∗i ) +

p∑
j=1

(βjxij − β∗jxij)

]

= n−1
n∑
i=1

(Yi − µi)(αi − α∗i ) + n−1
n∑
i=1

p∑
j=1

(βjxij − β∗jxij)(Yi − µi).

We now want to bound the probability that νn(θ)− νn(θ∗) exceeds

ρ
[
‖α− α∗‖1 + ‖β − β∗‖1 +

γp
λ
‖Jp(β − β∗)‖1

]
.

Consider the following probability involving the first term,

P

∣∣∣∣∣∣
n−1

∑n
i=1(Yi − µi)(αi − α∗i )
‖α− α∗‖1

∣∣∣∣∣∣ ≥ ρ

 .

By Bernstein’s inequality for sub-exponential random variables (Theorem 2.8.2 in [114]),

we have

P

(∣∣∣∣∣
n∑
i=1

γi(Yi − µi)

∣∣∣∣∣ ≥ ρ

)
≤ 2 exp

−cmin

 ρ2

K2
ψ1
‖γ‖22

,
ρ

Kψ1‖γ‖∞

 ,
for some constant c, where Kψ1 = maxi∈1:n ‖Yi − µi‖ψ1 and

γi =
αi − α∗i

n‖α− α∗‖1
.
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Noting that ‖γ‖22 ≤ n−2 and ‖γ‖∞ ≤ n−1,

P

n−1∑n
i=1 a(Yi − µi)(αi − α∗i )
‖α− α∗‖1

≥ ρ

 ≤ 2 exp

−cmin

ρ2n2

K2
ψ1

,
ρn

Kψ1


≤ 2 exp(−nρC3),

where C3 > 0.

Now, considering the second term in νn(θ) − νn(θ∗), we want to bound, for a specific

j ∈ {1 . . . , p}, the probability

P

∣∣∣∣∣∣
n−1

∑n
i=1(Yi − µi)(βjxij − β∗jxij)

|βj − β∗j |+
γp
λ
|(Jp(β − β∗))j|

∣∣∣∣∣∣ ≥ ρ

 . (3.4)

Applying Bernstein’s inequality again, with

γi =
βjxij − β∗jxij

n
(
|βj − β∗j |+

γp
λ
|(Jp(β − β∗))j|

),
we can see that

‖γ‖22 ≤
∑n

i=1X
2
ij

n2
≤
R2

n
,

and

‖γ‖∞ ≤
‖Xj‖∞
n

≤
R

n
.

Thus,

P

∣∣∣∣∣∣
n−1

∑n
i=1(Yi − µi)(βjxij − β∗jxij)

|βj − β∗j |+
γp
λ
|(Jp(β − β∗))j|

∣∣∣∣∣∣ ≥ ρ

 ≤ 2 exp

−cmin

 ρ2n

K2
ψ1
R2
,
ρn

Kψ1R

 .
Now, let ρ = κ

√
log p
n

, where

Kψ1R ≤ κ ≤
√
nKψ1R√

log p

Therefore, ρ ≤ Kψ1R, which implies
ρ

Kψ1R
≤ 1, or

ρ2n

K2
ψ1
R2
≤

ρn

Kψ1R
.
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Applying a union bound, we have

P

max
j∈1:p

∣∣∣∣∣∣
n−1

∑n
i=1(Yi − µi)(βjxij − β∗jxij)

|βj − β∗j |+
γp
λ
|(Jp(β − β∗))j|

∣∣∣∣∣∣ ≥ ρ


≤ p2 exp

−c ρ2n

K2
ψ1
R2


≤ 2 exp

−c ρ2n

K2
ψ1
R2

+ log p


≤ 2 exp

−cnρ2
 1

K2
ψ1
R2
−

log p

nρ2


≤ 2 exp

−cnρ2
 1

K2
ψ1
R2
−

1

κ2


≤ 2 exp

(
−C4nρ

2
)
,

where C4 > 0 and the last inequality follows since 1
K2
ψ1
R2 ≥ 1

κ2
by the lower bound on κ.

Margin condition

Before proving Theorem 2, we show that Assumption 10 implies a margin condition for the

loss function L(θ) = `(α +Xβ) + 1
2
γnα

′(Ln + δIn)α around the target θ∗.

Lemma 8. Under Assumption 10, the quadratic margin condition,

E(θ) ≥ G(‖θ − θ∗‖),

holds for all θ satisfying

‖α− α∗‖1 + ‖β − β∗‖1 +
γp
λ
‖Jp(β − β∗)‖1 ≤

16sλ2

ρφ2(S)c
+

2γp‖Jpβ∗‖1
ρ

,

where λ ≥ 8ρ.
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Proof. From Lemma 5, we have that ‖α − α∗‖2 = Op(
√

log p
n

). Therefore, ‖θ∗ − θ0‖2 =

Op(
√

log p
n

), and so we have that P`(θ) satisfies strong convexity for all θ in the local neigh-

bourhood of θ∗ defined in Assumption 10. Then, rewriting

1

2
γnα

′(Ln + δIn)α =
1

2
γnθ

′L̃θ,

we can see that ∇2 1
2
γnα

′(Ln + δIn)α = L̃ is positive semi-definite. Therefore,

PL(θ) = P`(θ) +
1

2
γnα

′(Ln + δIn)α

satisfies restricted strong convexity for all θ in the local neighbourhood around θ∗. Hence,

P(L(θ)− L(θ∗)) ≥ ∇PL(θ∗)′(θ − θ∗) +G(‖θ − θ∗‖).

Since θ∗ minimizes PL(θ), we have

P(L(θ)− L(θ∗)) = E(θ) ≥ G(‖θ − θ∗‖).

Proof of Theorem 2

As a result of Lemma 6 or 7, we have with high probability that

ZM∗ := sup
‖α−α∗‖1+R(θ−θ∗)≤M∗

|νn(θ)− νn(θ∗)|

≤ sup
‖α−α∗‖1+R(θ−θ∗)≤M∗

ρ[‖α− α∗‖1 + ‖β − β∗‖1 +
γp
λ
‖Jp(β − β∗)‖1]

= sup
‖α−α∗‖1+R(θ−θ∗)≤M∗

ρ[‖α− α∗‖1 +R(θ − θ∗)]

≤ ρM∗

Set t =
M∗

M∗ + ‖α̂− α∗‖1 +R(θ̂ − θ∗)
and take θ̃ := tθ̂ + (1− t)θ∗. Then,

‖α̃− α∗‖1 +R(θ̃ − θ∗) ≤M∗
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by construction.

Note that we can write

‖α̂− α∗‖1 +R(θ̂ − θ∗) =
1

t

[
‖α̃− α∗‖1 +R(θ̃ − θ∗)

]
, (3.5)

which we will use later to bound ‖α̂− α∗‖1 +R(θ̂ − θ∗).

Then, starting from the basic inequality:

E(θ̃) + λR(θ̃) ≤ −[νn(θ̃)− νn(θ∗)] + λR(θ∗)

≤ ZM∗ + λR(θ∗)

≤ ρM∗ + λR(θ∗).

Now,

λR(θ∗) = λ
[
‖β∗S‖1 +

γp
λ
‖Jpβ∗‖1

]
≤ λ

[
‖β∗S − β̃S‖1 + ‖β̃S‖1 +

γp
λ
‖Jpβ∗‖1

]
and

λR(θ̃) = λ
[
‖β̃S‖1 + ‖β̃Sc‖1 +

γp
λ
‖Jpβ̃‖1

]
≥ λ

[
‖β̃S‖1 + ‖(β̃ − β∗)Sc‖1 +

γp
λ
‖Jp(β̃ − β∗)‖1 −

γp
λ
‖Jpβ∗‖1

]
.

Therefore,

E(θ̃) + λ
[
‖β̃S‖1 + ‖(β̃ − β∗)Sc‖1 +

γp
λ
‖Jp(β̃ − β∗)‖1 −

γp
λ
‖Jpβ∗‖1

]
≤ λ

[
‖β∗S − β̃S‖1 + ‖β̃S‖1 +

γp
λ
‖Jpβ∗‖1

]
+ ρM∗.

Rearranging yields:

E(θ̃) + λ
[
‖(β̃ − β∗)Sc‖1 +

γp
λ
‖Jp(β̃ − β∗)‖1

]
≤ 2λ‖(β̃ − β∗)S‖1 + 2γp‖Jpβ∗‖1 + ρM∗.

Adding λ
[
‖α̃− α∗‖1 + ‖(β̃ − β∗)S‖1

]
to both sides:

E(θ̃) +λ[‖α̃−α∗‖1 +R(θ̃− θ∗)] ≤ 2λ‖(β̃− β∗)S‖1 +λ‖α̃−α∗‖1 + 2γp‖Jpβ∗‖1 + ρM∗. (3.6)
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Now, we have two possible cases for the RHS of (3.6).

Case I

First, consider the case when 2λ‖(β̃ − β∗)S‖1 + λ‖α̃− α∗‖1 ≤ 2γp‖Jpβ∗‖1 + ρM∗. Then:

E(θ̃) + λ[‖α̃− α∗‖1 +R(θ̃ − θ∗)] ≤ 4γp‖Jpβ∗‖1 + 2ρM∗

≤ 2ρM∗ + 2ρM∗ (by definition of M∗)

= 4ρM∗

≤ 4
λ

8
M∗

= λ
M∗

2

Therefore, since E(θ̃) ≥ 0,

‖α̃− α∗‖1 +R(θ̃ − θ∗) ≤
M∗

2
.

and by (3.5),

‖α̂− α∗‖1 +R(θ̂ − θ∗) =
1

t

[
‖α̃− α∗‖1 +R(θ̃ − θ∗)

]
≤

1 +
‖α̂− α∗‖1 +R(θ̂ − θ∗)

M∗

M∗

2

=
M∗

2
+
‖α̂− α∗‖1 +R(θ̂ − θ∗)

2
.

Hence, we can show

‖α̂− α∗‖1 +R(θ̂ − θ∗) ≤M∗.

As a result, we can redo the above arguments replacing α̃, β̃ with α̂, β̂.

Case II

Next, we consider the case of 2λ‖(β̃ − β∗)S‖1 + λ‖α̃ − α∗‖1 ≥ 2γp‖Jpβ∗‖1 + ρM∗, and

show the same result.
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We can bound the RHS of (3.6) as:

E(θ̃) + λ
[
‖α̃− α∗‖1 +R(β̃ − β∗)

]
≤ 4λ‖(β̃ − β∗)S‖1 + 2λ‖α̃− α∗‖1. (3.7)

Then,

E(θ̃) + λ‖β̃ − β∗‖1 + γp‖Jp(β̃ − β∗)‖1 − λ‖(β̃ − β∗)S‖1+ ≤ 3λ‖(β̃ − β∗)S‖1 + λ‖α̃− α∗‖1

E(θ̃) + λ‖(β̃ − β∗)Sc‖1 + γp‖Jp(β̃ − β∗)‖1 ≤ 3λ‖(β̃ − β∗)S‖1 + λ‖α̃− α∗‖1

λ‖(β̃ − β∗)Sc‖1 + γp‖Jp(β̃ − β∗)‖1 ≤ 3λ‖(β̃ − β∗)S‖1 + λ‖α̃− α∗‖1

‖(β̃ − β∗)Sc‖1 +
γp
λ
‖Jp(β̃ − β∗)‖1 ≤ 3‖(β̃ − β∗)S‖1 + ‖α̃− α∗‖1

Therefore, the condition in Assumption 9 is satisfied for (α̃− α∗, β̃ − β∗), so we can use

the compatibility condition:

‖α̃− α∗‖1
2

+ ‖(β̃ − β∗)S‖1 ≤
‖θ̃ − θ∗‖

√
s

φ(s)

Plugging this into (3.7), and denoting the convex conjugate of G by H, we have:

E(θ̃) + λ[‖α̃− α∗‖1 +R(θ̃ − θ∗)] ≤ 4λ
‖θ̃ − θ∗‖

√
s

φ(s)

≤ H

4λ
√
s

φ(s)

+G(‖θ̃ − θ∗‖)

≤ H

4λ
√
s

φ(s)

+ E(θ̃)

=
16sλ2

4cφ2(s)
+ E(θ̃)

≤ ρM∗ + E(θ̃)

≤
λM∗

8
+ E(θ̃)
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Finally:

‖α̃− α∗‖1 +R(β̃ − β∗) ≤
M∗

8
≤
M∗

2

Hence, as in Case I, we can show

‖α̂− α∗‖1 +R(β̂ − β∗) ≤M∗.

As a result, we can redo the above arguments replacing α̃, β̃ with α̂, β̂.

Therefore, we can obtain, in both cases::

E(β̂) + λ[‖α̂− α∗‖1 +R(β̂ − β∗)] ≤ 4ρM∗

≤
64sλ2

cφ2(s)
+ 8γp‖Jpβ∗‖1.

Thus, since E(θ̃) ≥ 0,

‖α̂− α∗‖1 + ‖β̂ − β∗‖1 = O

λ+
γp

λ
‖Jpβ∗‖1

 ,

with probability 1− 2 exp(−n2ρ2C1)− C exp(−nρ2C2) by Lemma 6 or 7.

Taking λ = Op

(√
log p
n

)
and γp‖Jpβ∗‖1 = op(λ), we have that α̂ and θ̂ are `1-consistent

for α∗ and β∗.

Proof of Theorem 3

Next, we prove Theorem 3, which shows the validity of our debiasing inference procedure.

This proof is very similar to that of Theorem 3.1 in van de Geer et al. [113]. For ease of

exposition, we assume the case of GLM families with known scale parameter φ = 1. However,

these results trivially extend to the case with finite known φ, or finite unknown φ with a

consistent estimator φ̂.

Recall that we use the approach of Javanmard and Montanari for GLMs, defining the

debiased estimator:

b̂ := β̂ −M 1

n
∇β`(α̂ +Xβ̂),
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where Θ̂ is an estimator of the inverse of Σ̂ := 1
n
∇2
β`(α̂ +Xβ̂).

Taking a first-order Taylor expansion of the gradient at α̂ + Xβ̂ around α̂ + Xβ0, we

have:

∇β`(α̂ +Xβ̂) = X ′(µ(α̂ +Xβ0)− y) +X ′W (q̃)(Xβ̂ −Xβ0)

where W is a diagonal matrix of ∂µ
∂(α+Xiβ)

, and q̃ is an intermediate point in between α̂+Xβ̂

and α̂ +Xβ0. Then,

∇β`(α̂ +Xβ̂) = X ′(µ(α̂ +Xβ0)− y) +X ′W (α̂ +Xβ̂)X(β̂ − β0) +X ′W (q̃)X(β̂ − β0)

−X ′W (α̂ +Xβ̂)X(β̂ − β0).

Defining Rem1 as X ′W (q̃)X(β̂−β0)−X ′W (α̂+Xβ̂)X(β̂−β0), we consider its `2 norm:

‖Rem1‖2 = ‖X ′W (q̃)X(β̂ − β0)−X ′W (α̂ +Xβ̂)X(β̂ − β0)‖2

≤ ‖X ′W (q̃)−X ′W (α̂ +Xβ̂)‖2‖X(β̂ − β0)‖2

≤ ‖X‖2‖W (q̃)−W (α̂ +Xβ̂)‖2‖X(β̂ − β0)‖2

≤ ‖X‖2Lµ′‖q̃ − α̂−Xβ̂‖2‖X(β̂ − β0)‖2 (by Lipschitz condition)

≤ Lµ′‖X‖2‖X(β̂ − β)‖2‖X(β̂ − β0)‖2 (by definition of q̃)

≤ Lµ′‖X‖22‖β̂ − β0‖22

Then, we have:

b̂− β0 = (β̂ − β0)−M 1

n
∇β`(α̂ +Xβ̂)

= (β̂ − β0)−M 1

n
X ′(µ(α̂ +Xβ0)− y)−M 1

n
X ′W (α̂ +Xβ̂)X(β̂ − β0)−M 1

n
Rem1

= − 1

n
MX ′(µ(α̂ +Xβ0)− y)− [MΣ̂− I](β̂ − β0)−M 1

n
Rem1

=
1

n
MZn −Rem2 −M

1

n
Rem1

where Rem2 := [MΣ̂− I](β̂ − β0) and Zn := X ′(y − µ(α̂ +Xβ0)).

Now, by Theorem 2 and Lemma 4, we have that ‖Mn−1Rem1‖2 = op(1). We also have

that ‖Rem2‖2 = op(1) by Theorem 2, Lemma 4, and construction of M .
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Also, we can write

Zn = X ′
(
y − µ(α̂ +Xβ0) + µ(α0 +Xβ0)− µ(α0 +Xβ0)

)
= X ′

(
y − µ(α0 +Xβ0)) +X ′(µ(α̂ +Xβ0)− µ(α0 +Xβ0)

)
= X ′

(
y − µ(α0 +Xβ0)

)
+Rem3

where Rem3 := X ′ (µ(α̂ +Xβ0)− µ(α0 +Xβ0)).

Then,

‖Rem3‖2 ≤ ‖X‖2‖µ(α̂ +Xβ0)− µ(α0 +Xβ0)‖2

≤ ‖X‖2Lµ‖α̂− α0‖2

≤ ‖X‖2Lµ
(
‖α̂− α∗‖2 + ‖α∗ − α0‖2

)
≤ ‖X‖2Lµ

(
‖α̂− α∗‖1 + ‖α∗ − α0‖2

)
= op

 nc1
√

log p

 ,

where c1 < 1, by Lemma 5 and Theorem 2.

Hence, n−1MRem3 = op(1), and

√
n(b̂− β0) −→d N

(
0,M

1

n
E[∇`(α0 +Xβ0)∇`(α0 +Xβ0)′]M

)
+ op(1)
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3.9 `2 feature network smoothing

In this section, we briefly discuss how the theory given previously can be applied to the

glm-funk model with `2 feature network smoothing. Because the generalized ridge penalty

β′Jpβ does not represent a norm, it is difficult to work with as part of the regularizer term.

Therefore, we consider it part of the loss function instead, and write the objective function

as

θ̂ = argmin
θ
{PnLi(θ) + λR(θ)}

where Li(θ) = `i(αi + x′iβ) + 1
2
γnα

′(Ln + δIn)α + 1
2
γpβ

′Lpβ and R(θ) = ‖β‖1.

Then, since the loss function PnLi is convex and differentiable in θ, we can apply a

similar proof as in Theorem 2 to show θ̂ → θ∗, where θ∗ = argminθ {PL(θ)}. In order to

show that ‖θ∗−θ0‖ is negligible, we would need to make a stronger assumption on the target

parameters. That is, if γp‖Lpβ∗‖2 and γn‖(Ln+δIn)α∗‖2 are op(1), we can conclude that the

target parameter θ∗ asymptotically tends to the true parameter θ0. From here, the validity

of our inference procedure given in Theorem 3 would follow.
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3.10 Equivalence of RNC and linear mixed models

In this section, we briefly discuss the equivalence of the RNC estimator to a linear mixed

effects model. For simplicity, we consider a low-dimensional setting here, where n < p, and

do not incorporate any feature network information.

We assume a linear model,

Y = α +Xβ + ε

α ∼ N(0, φ(Ln + δI)−1)

ε ∼ N(0, σ2I),

where α ⊥⊥ ε. We first consider conditional estimation of β. It is easy to see that Y |α ∼

N(α + Xβ, σ2I). Then, maximizing the log-likelihood log π(y|α) + log π(α) is equivalent to

minimizing the objective function

1

σ2
(y − α−Xβ)′(y − α−Xβ) +

1

φ
α′(Ln + δI)α.

With known σ and setting φ = γ−1n , we obtain the RNC objective function

(y − α−Xβ)′(y − α−Xβ) + γnα
′(Ln + δI)α.

This relationship holds for other generalized linear models. Therefore, we can interpret RNC

as estimating conditional associations between y and X, given correlation induced through

random intercepts α.

In the linear model case, we can also use the equivalence of marginal and conditional

models due to the additivity of the random effects, and α having mean zero [87]. With

known variance, maximizing the likelihood π(y) directly is equivalent to minimizing

(y −Xβ)′[φ(Ln + δI)−1 + σ2I]−1(y −Xβ).

Hence, RNC can also be interpreted as marginal estimation of β in a mixed model using a

generalized least squares estimator.
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Chapter 4

BALANCING OFF-POLICY EVALUATION IN GENERAL
ACTION SPACES

4.1 Introduction

In contextual bandit problems, algorithms make decisions about actions to take under un-

certainty, with the goal of optimizing some reward. This is done through implementing a

policy, which chooses actions based on observed states [63]. Applications abound in medicine,

where personalized treatments are designed based on known patient history [107], and in-

ternet marketing, where advertisements can be tailored to user interests [65]. Learning an

optimal policy may be prohibitively expensive, and experimenting with an untested policy

could result in unacceptably negative results, such as patient death or user churn 1. There-

fore, an important problem in this area is counterfactual or off-policy policy evaluation,

where the value of the policy of interest is estimated based on observed historical data. This

problem is even more important when attempting to safely deploy a policy for an application

that previously used ad-hoc or difficult-to-enumerate rules.

Typical approaches to off-policy policy evaluation either use a regression model to predict

the counterfactual rewards, importance sampling to reweight the observed reward data, or

a combination of the two [24, 108, 118]. Because regression models can give biased results

in off-policy settings, current methods usually incorporate importance sampling. However,

their primary focus is on settings with discrete or parametric action spaces. While these

methods can extend to arbitrary continuous action spaces, doing so requires true knowledge

or at least a good estimate of the importance sampling weights, which are ratios of policy

densities [49]. In the existing literature, these ratios are typically assumed to be known

1This approach also carries a non-trivial probability of prison time.
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exactly, which is unlikely to hold in practice, particularly if a policy is drawn from an

unknown continuous density. This would likely be a problem, for example, with a policy

that delivers personalized user advertisements based on a black-box machine learning system.

The resulting policy densities may be difficult or impossible to estimate, particularly in high

dimensions. Methods based on kernel-based rejection sampling have also been proposed as a

possible solution [56], but these still require true knowledge or good estimates of the observed

policy density.

In this chapter, we develop a new counterfactual policy evaluation method for contextual

bandit problems with arbitrary action spaces. Our proposed method, which we call balancing

off-policy evaluation (BOP-e), does not require true knowledge or an estimator of either

policy density. BOP-e is an importance sampler which can be directly plugged into existing

methods instead of inverse propensity scores [56, 118, 24, 28]. A probabilistic classifier is

trained on state-action data from both policies, and is used to directly estimate the density

ratio. Hence, the method only requires logged data on states, and the actions which would

be taken by both observed and target policies at those states. In contrast to prior work on

balancing weights which focuses on minimizing pre-specified statistical distances between the

proposed and observed policy, e.g. the maximum mean discrepancy [55], BOP-e is defined

more generally with respect to a Bregman divergence [8] implied by choice of classification

loss. We show how BOP-e explicitly optimizes balance along the same lines. We also

show that the loss of the classification problem bounds the bias and variance which allows

practitioners to discriminate amongst losses by using standard model selection methodology

from the supervised learning literature.

The rest of the chapter is structured as follows. We provide an overview of OPE in

Section 4.2. We then describe BOP-e in Section 4.3, and explain how classifier probabilities

can be used to directly obtain importance sampling weights. In Section 4.4, we provide a

theoretical analysis of our estimators and prove consistency for the counterfactual policy

value. We summarize and discuss related work in Section 4.5. In Section 4.6, we evaluate

our estimators in numerical experiments, considering both discrete and continuous action
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spaces. The latter experiments provide a novel extension of the “classifier trick” of Dud́ık

et al. [23] to continuous action spaces.

4.2 Problem description and background

We will assume a contextual bandit setup, where our data consists of n independent obser-

vations of (si, ai, ri). For each unit, a state si is observed, an action ai is taken in accordance

with some policy π, and a reward ri is observed in response. We use the notation π to refer

to both a policy and its density, and use π(s) to denote the action that would be taken under

policy π for a state s.

The problem addressed is as follows: given a proposed policy π1 and observed data (s, a, r)

collected following a policy π0, estimate the expected reward of instead following π1 on the

observed states. We denote the reward function as r(a, s), and an estimated reward function

as r̂(a, s).

We assume the following throughout:

Assumption 13. π1(a, s) > 0 ⇐⇒ π0(a, s) > 0 ∀a ∈ A, s ∈ S

Assumption 14. 0 < π1(a,s)
π0(a,s)

≤ α1 <∞

Assumption 15. 0 ≤ r(a, s) ≤ α2 <∞, ∀s, a ∈ S × A

Assumption 16. The distribution of rewards across potential actions is independent of

policy, conditional on state.

4.2.1 Off-policy estimation

We now briefly review the three broad classes of off-policy estimation: direct modeling,

importance sampling, and doubly robust estimation. Throughout this section we assume

that (si, ai, ri) are data collected under observed policy π0, and a′i is an action that would

be taken under the proposed policy π1.
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The direct method approach to this problem fits a regression model r̂(a, s) to approximate

the reward function r(a, s) under the observed policy π0. The counterfactual policy value,

Vπ1 := Eπ1 [r], is estimated by predicting the rewards that would have been observed under

the actions of policy π1, i.e.

V̂ DM =
1

n

n∑
i=1

r̂(si, a
′
i)

In order for the resulting estimate to be consistent, the reward model r̂ needs to generalize

well to the reward distribution that would be observed under policy π1. In practice, this

method give badly biased results if the observed state-action data is very different from the

counterfactual distribution [23].

Importance sampling is another approach which reweights the observed rewards by an

inverse propensity score (IPS), and a rejection sampling term, i.e.

V̂ IPS =
1

n

n∑
i=1

ri
1a(a

′
i)

π̂0(ai|si)

Importance sampling, while unbiased for Vπ1 , often suffers from high variance. The weighted

importance sampling estimator (also called the “self-normalized” or Hájek estimator) has

been used to reduce variance, at the cost of small bias, while maintaining consistency [105,

19]:

V̂ WIS =

∑n
i=1 ri

1a(a′i)

π̂0(ai|si)∑n
i=1

1a(a′i)

π̂0(ai|si)

For continuous action spaces, Kallus and Zhou [56] recently proposed an IPS-based

method that replaces the indicator function 1a(·) with a kernel smoothing term K, i.e.,

V KIS =
1

nh

n∑
i=1

K

(
a′i − ai
h

)
ri

π̂0(ai|si)

. The corresponding weighted importance sampling estimator is defined analogously.

Finally, doubly robust estimators combine the direct method and importance sampling.

These tend to have lower variance, and are consistent if either the direct method regression
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model or the importance sampling weights are correctly specified [24, 108]. For discrete or

continuous action spaces, the reward is estimated as [24]

V̂ DR =
1

n

n∑
i=1

(ri − r̂(si, ai))
J(ai, a

′
i))

π̂0(ai|si)
+ r̂(si, a

′
i),

where J(ai, a
′
i) is a suitable rejection sampling term. The SWITCH estimator of Wang et al.

[118] adaptively, over all observations, uses IPS unless the weight is too large, in which case

it uses the direct method.

4.3 Balanced importance sampling

There are several weaknesses with existing approaches that leverage importance sampling

with inverse propensity scores. First, the probability of some observed actions for some

observed states may be very close to 0 to 1, leading to instability and small sample bias

of the propensity score model [72]. Second, the propensity score model must be correctly

specified. In the absence of this, prior work has shown that the performance of IPS can

be arbitrarily bad, because there is no guarantee of balance under a misspecified propensity

score [59, 97, 48]. In particular, a misspecified IPS will not, even in large samples, ensure

that the weighted state-action distribution of the observed policy will match that of the

proposed policy [48, 37]. This implies that policy evaluation will be incorrect, as it reflects

the performance of a policy on the wrong state distribution.

Using doubly robust estimation partially addresses the case of a misspecified propensity

model. However, while they provide consistent estimates when either the direct method

or the propensity score model is unbiased, they do not protect against failure of both. To

address this weakness, recent work has focused on weighting estimators that explicitly seek to

optimize for balance, seeking weighting functions that make the choice of action independent

from the observed contexts [69, 55]. These estimators have been shown to provide strong

results in their respective applications even under misspecification. However, their use is

limited to discrete action spaces, and often involve hyperparameters that need to be set
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by heuristics, or are computationally intractable to tune. To remedy this, we now describe

BOP-e which defines a class of balancing importance samplers for off-policy evaluation.

BOP-e leverages classifier-based density ratio estimation [101, 74] to learn importance

sampling ratios. Specifically, off policy evaluation using BOP-e consists of four steps:

1. Create a supervised learning problem using the concatenated proposed policy in-

stances (s, a′) and observed policy instances (s, a), as covariates and giving a label (C)

of 0 to the observed policy and 1 to the proposed policy.

2. Learn a classifier to distinguish between the observed and proposed policy.

3. Take the importance sampling ratio as

ρ̂(ai, si) =
p̂(C = 1|ai, si)
p̂(C = 0|ai, si)

4. Take the off policy estimate as

V̂ BOP−e =

∑n
i=1 J(ai, a

′
i)ρ̂(ai, si)ri∑n

i=1 J(ai, a′i)ρ̂(ai, si)

where J defines a rejection sampler term between the observed action ai and the proposed

action a′i. For discrete action spaces, this is simply 1a(a
′
i). For continuous actions, we use

the kernel term of Kallus and Zhou [56], that is J(ai, a
′
i) = 1

h
K(

a′i−ai
h

), where K is some

kernel function, and h is a bandwidth parameter. A corresponding doubly robust estimator

can also be constructed.

We can see how step three arrives at the importance sampler through an application of

Bayes rule [7]:

P (C = 1|a, s)
P (C = 0|a, s)

=

π(a,s|C=1)P (C=1)
π(a,s|C=1)P (C=1)+π(a,s|C=0)P (C=0)

π(a,s|C=0)P (y=0)
π(a,s|C=1)P (C=1)+π(a,s|C=0)P (C=0)

=
π(a, s|C = 1)P (C = 1)

π(a, s|C = 0)P (C = 0)

=
π1(a, s)

π0(a, s)
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where P (C=1)
P (C=0)

= 1 by design.

As described, this procedure provides a large degree of flexibility to practitioners, requir-

ing only that a classification model be learned. The question as to which classifiers fit within

this framework is given by the additional assumption.

Assumption 17. The classifier is trained using a strictly proper composite loss2, `, with a

twice differentiable Bayes risk, f .

This assumption allows for a large number of widely used loss functions, such as logistic,

exponential, and mean squared error, as well as models commonly used for distribution

comparison such as the kernel based density ratio estimators of Sugiyama et al. [101], and

maximum mean discrepancy [55].

Given that BOP-e targets the policy density ratio, it optimizes a measure of balance as

described in the following proposition, which is the difference between the reweighted source

and target distributions:

Proposition 1. Let φ and ψ be real-valued functions of a and s, respectively. The L1 func-

tional discrepancy between the observed policy π0 and the proposed policy π1 under BOP-e is

given by ‖Eπ0 [φ(a)⊗ ψ(s)ρ̂(a, s)]− Eπ1 [φ(a)⊗ ψ(s)]‖1 = ‖Eπ0 [φ(a)⊗ ψ(s)(ρ̂(a, s)− ρ(a, s))]‖1 ≤

‖Eπ0 [φ(a)⊗ ψ(s)B(ρ̂, ρ)]‖1 where B is a Bregman divergence.

When ρ̂ = ρ, trivially reduces this discrepancy to 0. Thus, the degree to which balance is

attained is implied by the quality of the approximation of ρ̂ to ρ. The upper bound involves

a Bregman divergence B which depends on the classifier p̂ used. We discuss this more in

the next section, when connecting the minimization of imbalance to the bias and variance of

BOP-e.

While the BOP-e procedure as described above gives an importance sampling estimator,

the resulting weights ρ̂ can be used in any off-policy method which uses importance weights.

2A loss is strictly composite if the Bayes-optimal score is given by s̄∗ = Ψ ◦ p̂(C = 1|s, a) where Ψ is a
link function Ψ [0, 1]→ R. Readers should see Buja et al. [11] and Reid and Williamson [86] for complete
treatments of strictly proper composite losses.
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Extension to doubly robust estimation is trivial, as well as methods which adaptively combine

direct method predictions and importance sampling weights, such as the SWITCH estimator

of Wang et al. [118]. In Section 4.6, we implement BOP-e within both these frameworks,

and compare to using inverse propensity score (IPS) weights.

4.4 Estimator analysis and asymptotics

In this section, we describe the statistical properties of our estimator, and prove consistency

for the target policy value.

Let p(a, s) := π1(a,s)
π1(a,s)+π0(a,s)

denote the true class probability of observing data (a, s) under

the target policy π1 instead of the behaviour policy π0. This is estimated with a probabilistic

classifier p̂(a, s) on labelled state-action data. Additionally, let ρ(a, s) := π1(a,s)
π0(a,s)

= p(a,s)
1−p(a,s)

denote the true policy density ratio, with estimator ρ̂. We assume the classifier has regret

that decays with increasing n.

Assumption 18. Let p̂(a, s) be a probabilistic classifier such that regret(p̂;D, `) = O(n−ε)

for some constant ε ∈ (0, 1).

Next, we require that our importance sampling weight estimator, ρ̂, is independent of

the observed rewards r. This can be easily achieved through sample splitting, training the

classifier p̂ and applying BOP-e on independent datasets.

Assumption 19. Given observed state-action data, the density ratio estimator ρ̂ is inde-

pendent of the observed rewards r(π0(s), s).

Finally, we require certain regularity conditions and rates to use in our theoretical results.

Assumption 20. (i) The functions π0(a, s), π1(a, s), ρ(a, s), and ρ̂(a, s) have bounded sec-

ond derivatives with respect to a, and (ii) In the continuous action domain, the bandwidth

parameter h = O(n−1/5).

We now show that the BOP-e estimator is asymptotically unbiased, and derive a bound

for its variance. We accomplish this by characterizing the asymptotic quantities in terms of
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the Bregman divergence between the estimated and true density ratios. In the propositions

below, we use rπ1 to denote r(π1(s), s) and ρπ1 to denote ρ(π1(s), s).

Proposition 2. (i) In discrete action spaces, the bias of V̂ BOP−e obeys the following bound

|Eπ1 [r]− Eπ0 [1a(π1(s))ρ̂(a, s)r(a, s)]|

≤ Eπ0 [B (ρ, ρ̂) rπ1 ]

(ii) In continuous action spaces, the expected bias of V̂ BOP−e obeys the following bound∣∣∣∣∣∣Eπ1 [r]− Eπ0

1

h
K

a− π1(s)
h

 ρ̂(a, s)r(a, s)

∣∣∣∣∣∣
≤ Eπ0 [B (ρ, ρ̂) rπ1 ] + o(h2)

Proposition 3. (i) In discrete action spaces, the variance of V̂ BOP−e obeys the following

bound

V arπ0

[
V̂ BOP−e

]
≤

1

n

(
Eπ1 [ρ(π1(s), s)r

2
π1

] + Eπ0 [B(ρ, ρ̂)2r2π1 ]

+ Eπ0 [2B(ρ, ρ̂)ρ(π1(s), s)r
2
π1

]

)
(ii) In continuous action spaces, the variance of V̂ BOP−e obeys the following bound

V arπ0

[
V̂ BOP−e

]
≤
R(K)

nh

(
Eπ1 [ρ(π1(s), s)r

2
π1

] + Eπ0 [B(ρ, ρ̂)2r2π1 ]

+ Eπ0 [2B(ρ, ρ̂)ρ(π1(s), s)r
2
π1

]

)
+ o

 1

nh


where R(K) =

∫
K(u)2du.
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The implication of Proposition 2 is that the expected bias of BOP-e is bounded from

above by the Bregman divergence between the true density ratio between the observed and

proposed policy and the model estimate of the density ratio. The specific Bregman divergence

depends on the choice of classifier p̂; for example, a logistic regression classifier would imply

a KL-divergence. We note that Bregman divergences define a wide variety of divergences

including KL-divergence and maximum mean discrepancy [46] that are often considered in

the analysis of off-policy evaluation and covariate shift [55, 7, 34]. We can then appeal to

Proposition 3 of Menon and Ong [74] that provides an explicit link between the risk of the

classifier and the Bregman divergence between ρ(a, s) and ρ̂(a, s).

Proposition 4. [74] Let P be the class conditional p(C = 1|s, a) and Q be the class condi-

tional p(C = 0|s, a) with marginal class probability 1
2
. Let D(P,Q, 1

2
) be the joint distribution

over C, S,A decomposed into P and Q and the marginal p(C) = 1
2
. Under assumption A17,

for any scorer s̄ : X → R,

regret(s̄;D, `) =
1

2
EX∼Q [Bf~(ρ, ρ̂)] ,

where f~(z) = (1 + z)f
(

z
1+z

)
.

The proof can be found in Menon and Ong [74]. Which Bregman divergence is minimized

is a consequence of the choice of loss used in BOP-e.

We now prove our main result below:

Proposition 5. Under Assumptions 13-20, and with bounded variance of the Bregman di-

vergence, the BOP-e estimator is consistent for the counterfactual policy value, that is, as

n −→∞, V̂ BOP−e −→ Eπ1 [r].

Proof sketch. This result follows by leveraging Propositions 2 and 3 to characterize the

asymptotic bias and variance of V̂ BOP−e. Then, we use Proposition 4 to connect the Breg-

man loss to the error of the classifier. Therefore, under Assumption 18, the bias and variance

vanish as n −→∞, and the mean squared error of V̂ BOP−e tends to zero.
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The full proof and technical details for these results can be found in Section 4.8.

It is worth briefly discussing the implications of Propositions 2 and 3 combined with

Proposition 4. Proposition 4 implies that optimizing classifier performance directly translates

into optimizing the quality of the importance sampler. This provides a powerful property

for BOP-e: the bias and variance of the estimated policy evaluation can be minimized by

optimizing for classifier performance. Because the classifier risk is directly tied to the quality

of the off-policy estimate, the problem is essentially reduced to model selection for supervised

learning.

4.5 Related work

Related work can roughly be divided into three categories: off-policy evaluation of contextual

bandits, balancing estimators, and density ratio estimation.

4.5.1 Off-policy evaluation of contextual bandits

Li et al. [66] introduced the use of rejection sampling for offline evaluation of contextual

bandit problems. Within the causal inference community there is a long literature on the

use of double-robust estimators (c.f. Bang and Robins [4], Kang et al. [59], Tan [106], Cao

et al. [13]). Dud́ık et al. [23] later proposed the use of double-robust estimation for off-policy

evaluation of contextual bandits, combining the double robust estimator of causal effects

with rejection sampler. Since then, several works have sought to minimize the variance and

improve robustness of the doubly robust estimator. Farajtabar et al. [28] and Wang et al.

[118] present work to minimize the variance of the estimators by reducing the dependence on

the inverse propensity score in high variance settings. Swaminathan and Joachims [105] use

a Hájek style estimator [38]. Later work from Thomas [109] and Swaminathan and Joachims

[105] builds on this work to improve estimation.
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4.5.2 Balancing estimators

Balancing estimators have a long history within the causal inference community. Under

correct specification of the conditional model Rosenbaum and Rubin [89] show balance of

the propensity score. More recently, a growing literature seeks to develop balancing estima-

tors which are robust to mis-specification. Hainmueller [37] and Zubizarreta [125] provide

optimization-based procedures which define weights that are balancing but are not necessar-

ily valid propensity scores. Imai and Ratkovic [48] later defined an estimator which strives to

find a valid propensity score subject to balancing constraints. This was extended to general

treatment regimes by Fong et al. [30]. However, none of these directly address the problem

of off-policy evaluation for contextual bandits.

There is a much smaller literature explicitly on balancing estimators for the contextual

bandit problem. Kallus [55] introduces a method for balanced policy evaluation that relies

on a regularized estimator that seeks to minimize the maximum mean discrepancy [35]. Cal-

culation of weights is achieved through a quadratic program, which presents computational

challenges as sample size grows large. It is interesting to note that the proposed evaluation

optimization of Kallus [55] fits within the assumptions of BOP-e where the scoring rule is

maximum mean discrepancy (a strictly proper scoring rule) and the model is learned with

variance regularization. The accompanying classifier can also be defined via a modification of

support vector machine classification [7]. Dimakopoulou et al. [21] propose balancing in the

context of online learning linear contextual bandits by reweighting based on the propensity

score. This differs from this work in the focus on online learning rather than policy evalua-

tion and the use of a linear model-based propensity score which provides mean balance only

in the case of correct specification. Wu and Wang [120] propose a method which seeks to

minimize an f -divergence to minimize regret, similar to the target in this work. However

in the setting of Wu and Wang [120] access to the true propensities are assumed, whereas

BOP-e estimates the density ratio directly from observed and proposed state action pairs.
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4.5.3 Density ratio estimation

The use of classification for density ratio estimation dates back to at least Qin [81]. Later

work leverages classification for covariate shift adaptation [6, 7] and two-sample testing [32,

71]. However, this work represents the first time classifier-based density estimation has been

used for off-policy evaluation. There is also a growing literature on density ratio estimation

that is defined outside of the framework of classification. These methods largely rely on

kernels to perform estimation [44, 101]. KL importance estimation (KLIEP) [100], and

least squares importance fitting (LSIF) [57] are the most directly relevant, given their

ability to optimize hyper-parameters via cross validation. Interestingly, Menon and Ong [74]

provides a loss for classification-based density ratio estimation that produces KLIEP and

LSIF. Thus, these estimators can also be considered special cases of BOP-e by considering

the corresponding loss functions for the classifier.

4.6 Experiments

In the experiments that follow, we evaluate direct method, importance sampling, and SWITCH

estimators for off-policy evaluation. For the latter two methods, we compare inverse propen-

sity score and BOP-e weights, and use the self-normalized versions of the estimators given

in section 4.2.

The direct method, propensity score, and BOP-e estimators are all trained as gradi-

ent boosted tree classifiers (or regressors for the continuous evaluations). These boosting

models correspond to an exponential scoring rule (satisfying A 17) which sharply penalizes

overconfidence about the true class label [74].

4.6.1 Discrete action spaces

In this section, we evaluate the accuracy of our estimator for the value of an unobserved

policy in the discrete reward setting. We employ the method of Dud́ık et al. [23] to turn a

k-class classification problem into a k-armed contextual bandit problem. We split our data,
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Table 4.1: Summary of datasets used in discrete reward experiments

Dataset ecoli glass letters optdigits page-blocks pendigits satimage vehicle yeast

Classes (k) 5 6 26 10 5 10 6 4 9

Observations (n) 327 214 20000 5620 5473 10992 6435 846 1479

Covariates (p) 7 9 16 64 10 16 36 18 8
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Figure 4.1: Root mean-squared error (RMSE) and bias plots for discrete action spaces using
the classifier trick of Dud́ık et al. [24]. Full dataset descriptions are provided in table 4.1.

training a classifier on one half of the data (train). This classifier defines our target policy,

wherein the action taken is the label predicted. The reward is defined as an indicator of

whether the predicted label is the true label. The optimal policy, then, is to take an action

equal to the true label in the original data. Evaluating this policy corresponds to estimating

the classifier’s accuracy.

In the second half of the dataset (test) we retain only a ‘partially labeled’ dataset

wherein we uniformly sample actions (labels) and observe the resulting rewards. The train

half of the data is also used to train direct method, propensity score, and BOP-e models.

These are then applied to the test data to estimate the relevant quantities for off-policy
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evaluation methods. We compare the expected reward estimates to the true mean reward of

the target policy applied to the test data. For each dataset, this process is repeated over

100 iterations, where we vary the actions under the observed uniform policy.

Our policy models are trained as random forest classifiers. These models use the default

hyperparameter values from scikit-learn with the exception of the number of trees [79]. In

order to provide increasingly complex policies to evaluate, we increase the number of trees

as a function of sample size:
⌊
10× n 1

4

⌋
.

The propensity score, BOP-e and direct method (one-vs-rest) models are gradient boosted

decision trees with default XGBoost hyperparameters with the exception of the number of

boosting iterations. In order to adapt the estimator to the size of the dataset, the number

of iterations is set as a function of sample size: d20×
√
ne.

We use the same datasets from the UCI repository [22] used by Dud́ık et al. [23], and

summarize their characteristics in Table 4.1. For some datasets, we removed classes with

low frequencies to avoid issues when data splitting. The policy we evaluate is given by

training a multi-class random forest model. We compare BOP-e to importance sampling

with a standard inverse propensity score (IPS), including the corresponding doubly robust

estimators and the direct method. The performance results of the estimators are summa-

rized in Figure 4.1, where we plot the root mean squared error and bias averaged over 100

iterations. We see that the direct method estimator tends to be heavily biased for the true

policy value, compared to BOP-e and IPS. Moreover, in these simulations, the direct method

perfoms generally quite poorly in terms of overall accuracy. The standard BOP-e estimator

performs at least as well as and typically better than the IPS estimator. This also holds for

the corresponding SWITCH estimators. While BOP-e often has slightly higher bias than

IPS, it strikes a better balance between bias and variance, leading to substantially improved

accuracy in most cases.
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Table 4.2: Summary of datasets used in continuous reward experiments

Dataset abalone admissions airfoil auto housing power wine

Observations (n) 4177 400 1503 392 10000 9568 1599

Covariates (p) 10 7 5 7 14 4 11

4.6.2 Continuous action spaces

For the continuous action case, we provide a novel extension of the same transformation

employed in the previous section for evaluation of discrete actions. We take a selection of

datasets with continuous outcomes, and train a predictive model on the train half of the

data, which constitutes our target policy. The reward of a prediction (defined to be an action

in our evaluation) is the negative of the Euclidean distance to the true outcome3. Thus, the

optimal action is to choose actions equal to the true outcome as in the discrete evaluation.

Evaluating the behavior policy is equivalent to estimating the mean squared error of the

predictive model.

As before, we retain the test data for evaluation, while using the train data to train

direct method, propensity score, and BOP-e models. For our observed policy, we sample

actions from the empirical distribution of train outcomes, and compute the corresponding

rewards. We then estimate the target policy value, repeating this over 300 iterations. We

retain the same basic models from the previous section for this evaluation, swapping out

classifiers for regressors as appropriate.

We use datasets from the UCI repository [22] and Kaggle, and summarize their character-

istics in Table 4.2. The policy we evaluate is given by training a random forest regression to

predict the continuous outcome. We also use gradient boosted regression trees for training

direct method, propensity score, and BOP-e models. Specifically, to obtain a continuous

propensity score, we apply our observed policy to the train data, and train a model ĝ to

3This formulation of the problem makes clear that there is a class of reasonable evaluations on mixed or
continuous action spaces so long as a suitable distance metric is used.
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Figure 4.2: Root mean-squared error (RMSE) and bias plots for continous action spaces using
a modification of the classifier trick of Dud́ık et al. [24] for regression detailed in section 4.6.2.
Full dataset descriptions are provided in table 4.2.

predict actions from state features. Then, conditional on state s, the action is assumed to

come from a normal distribution with mean ĝ(s) and variance MSE(ĝ) as is standard prac-

tice [40]. For each state-action pair (s, a) in the test data, the propensity score is then the

density of this distribution at a.

As in the previous section, we compare BOP-e to IPS (with the Kallus and Zhou [56]

kernel) and the direct method, including the relevant SWITCH estimators. These results

are displayed in Figure 4.2. We see that BOP-e outperforms the other methods uniformly

across all datasets. In contrast to the binary setting, BOP-e does a better job of correcting

for bias than the näıve IPS method. This is not surprising as the IPS is forced to make

strong assumptions about the conditional distribution of action given state which BOP-e

does not require. Specifically, IPS must assume conditional normality; BOP-e does not.

Given that real data rarely conforms to ideal theoretical distributions, this provides major
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benefits. In our simulations, the true distribution of the behavior policy matches the marginal

distribution of labels in the dataset and is thus not conditionally normal (unless the marginal

is).

In addition to reducing bias, BOP-e greatly reduces RMSE in most datasets. The BOP-e

SWITCH estimator improves on the IPS version in both RMSE and bias in almost all cases.

On the power dataset, BOP-e provides half the RMSE of IPS when used within the SWITCH

estimator. On admissions and auto, BOP-e incurs less than one-third of the RMSE than

does standard IPS.

4.7 Conclusions

In this work, we introduced BOP-e, a simple, flexible, and powerful method for off-policy

evaluation of contextual bandits. BOP-e is easily implemented using off the shelf classifiers

and trivially generalizes to arbitrary action types, e.g. continuous, multi-valued. In section

4.4 we connect the bias and variance of our estimator with the risk of the classification task,

and show that BOP-e is inherently balance-seeking. As a consequence of the theoretical

results, hyperparameter tuning and model selection can be performed by minimizing classi-

fication error using well-known strategies from supervised learning. Experimental evidence

indicates that BOP-e provides state of the art performance for discrete and continuous ac-

tions spaces. A natural direction for future work is considering the case of evaluation with

sequential decision making and structured action spaces. Our method could also be extended

to perform policy optimization in all of these settings. It would also be interesting to consider

the integration of BOP-e with methods for variance reduction, e.g. Thomas and Brunskill

[108] and Farajtabar et al. [28], to further improve performance.
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4.8 Proofs of technical results

Here, we provide technical proofs of the propositions in Section 4.4.

4.8.1 Proof of Proposition 2

Because the weights in the denominator V̂ BOP−e are each consistent for 1, we have that the

sum is consistent for n. Therefore, by the continuous mapping theorem, we can consider the

expectation of a single term in the V̂ BOP−e numerator.

Recall that ρ(a, s) = π1(a,s)
π0(a,s)

denotes the true density ratio and ρ̂(a, s) is the estimated

density ratio. Further let δ(a, s) = ρ̂(a, s) − ρ(a, s). First, we consider the discrete action

setting. We can express the expectation as:

Eπ0 [1a(π1(s))ρ̂(a, s)r(a, s)] = Eπ0 [1a(π1(s))(ρ(a, s) + δ(a, s))r(a, s)]

= Eπ0 [1a(π1(s))ρ(a, s)r(a, s)] + Eπ0 [1a(π1(s))δ(a, s))r(a, s)]

We can show that the first term is equal to the policy value of π1, while the second term

provides the estimator’s bias. Considering the first term, we have:

Eπ0 [1a(π1(s))ρ(a, s)r(a, s)] =
∑
(a,s)

1a(π1(s))ρ(a, s)r(a, s)π0(a, s)

=
∑
(a,s)

1a(π1(s))r(a, s)π1(a, s)

=
∑
s

r(π1(s), s)π1(π1(s), s)

= Eπ1 [rπ1 ] ,

where rπ1 denotes r(π1(s), s).

Now, considering the bias term, and bounding δ with the Bregman divergence between
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ρ and ρ̂, we have:

Eπ0 [1a(π1(s))δ(a, s))r(a, s)] =
∑
(a,s)

1a(π1(s))δ(a, s)r(a, s)π0(a, s)

≤
∑
(a,s)

1a(π1(s))B(ρ, ρ̂)r(a, s)π0(a, s)

=
∑
s

B(ρ, ρ̂)r(π1(s), s)π0(π1(s), s)

= Eπ0 [B(ρ, ρ̂)rπ1 ]

We now move on to the continuous action setting. We can express the expectation as:

Eπ0

1

h
K

a− π1(s)
h

 ρ̂(a, s)r(a, s)


=

∫ 1

h
K

a− π1(s)
h

 (ρ(a, s) + δ(a, s)) r(a, s)π0(a, s)d(a, s)

=

∫ 1

h
K

a− π1(s)
h

 ρ(a, s)r(a, s)π0(a, s)d(a, s)

+

∫ 1

h
K

a− π1(s)
h

 δ(a, s)r(a, s)π0(a, s)d(a, s)

We can show that the first term is equal to the true counterfactual policy value, while

the second term describes the bias induced from estimating the density ratio. Considering

the first term, we have:

∫ 1

h
K

a− π1(s)
h

 π1(a, s)

π0(a, s)
r(a, s)π0(s, a)d(s, a) =

∫ 1

h
K

a− π1(s)
h

 r(a, s)π1(a, s)d(s, a)

Let u =
a− π1(s)

h
. Thus, a = π1(s) + hu and da = hdu. Then, taking a second-order

Taylor expansion of π1 around π1(s):
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∫ 1

h
K

a− π1(s)
h

 π1(a, s)

π0(a, s)
r(a, s)π0(s, a)d(s, a)

=

∫
K (u) r(π1(s) + hu, s)π1(π1(s) + hu, s)d(s, u)

=

∫
K (u) r(π1(s), s)π1(π1(s), s)d(s, u)

+

∫
K (u) r(π1(s), s)π

′
1(π1(s), s)(hu)d(s, u)

+

∫
K (u) r(π1(s), s)π

′′
1(π1(s), s)

(hu)2

2
d(s, u)

+

∫
K (u) o(h2)r(π1(s), s)d(s, u)

=

∫
K (u) du

∫
r(π1(s), s)π1(π1(s), s)ds

+

∫
uK (u) du

∫
r(π1(s), s)π

′
1(π1(s), s)hd(s, u)

+

∫
u2K (u) du

∫
h2

2
r(π1(s), s)π

′′
1(π1(s), s)ds

+

∫
K (u) du

∫
o(h2)r(π1(s), s)ds

=

∫
r(π1(s), s)π1(π1(s), s)ds+ o(h2)

= Eπ1 [rπ1 ] + o(h2).

This result follows similarly to those in Kallus and Zhou [56], by properties of kernels,

bounded rewards, and since π1(a, s) has a bounded second derivative with respect to a.

Now, considering the bias term, we use the same u−substitution and Taylor expansion
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as before. We also bound δ by the Bregman divergence between ρ and ρ̂, yielding:

∫ 1

h
K

a− π1(s)
h

 δ(a, s)r(a, s)π0(a, s)d(a, s)

≤
∫ 1

h
K

a− π1(s)
h

B(ρ, ρ̂)r(a, s)π0(a, s)d(a, s)

=

∫
K (u)B(ρ, ρ̂)r(π1(s) + hu)π0(π1(s) + hu, s)d(u, s)

=

∫
K (u) du

∫
B(ρ, ρ̂)r(π1(s), s)π0(π1(s), s)ds+Rem(h)

=

∫
B(ρ, ρ̂)r(π1(s), s)π0(π1(s), s)ds+ o(h2)

=Eπ0 [B(ρ, ρ̂)rπ1 ] + o(h2)
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4.8.2 Proof of Proposition 3

We consider the second moment of a single numerator term, and write the estimator in terms

of ρ and δ as above. We first consider the discrete action setting.

Eπ0
[
1a(π1(s))

2ρ̂(a, s)2r(a, s)2
]

= Eπ0
[
1a(π1(s))(ρ(a, s) + δ(a, s))2r(a, s)2

]
= Eπ0

[
1a(π1(s))(ρ(a, s)2 + δ(a, s)2 + 2ρ(a, s)δ(a, s))r(a, s)2

]
=
∑
(a,s)

1a(π1(s))ρ(a, s)2r(a, s)2π0(a, s)

+
∑
(a,s)

1a(π1(s))δ(a, s)
2r(a, s)2π0(a, s)

+
∑
(a,s)

1a(π1(s))2ρ(a, s)δ(a, s)r(a, s)2π0(a, s)

≤
∑
s

ρ(π1(s), s)r(π1(s), s)
2π1(π1(s), s)

+
∑
s

2B(ρ, ρ̂)ρ(π1(s), s)r(π1(s), s)
2π0(π1(s), s)

+
∑
s

B(ρ, ρ̂)2r(π1(s), s)
2π0(π1(s), s)

= Eπ1 [ρ(π1(s), s)r
2
π1

] + Eπ0 [B(ρ, ρ̂)2r2π1 ] + Eπ0 [2B(ρ, ρ̂)ρ(π1(s), s)r
2
π1

]

Therefore, the variance of the estimator is bounded by:

1

n

(
Eπ1 [ρ(π1(s), s)r

2
π1

] + Eπ0 [B(ρ, ρ̂)2r2π1 ] + Eπ0 [2B(ρ, ρ̂)ρ(π1(s), s)r
2
π1

]
)

Next, we consider the second moment of a term in the estimator in the continuous action

setting:

Eπ0


1

h
K

a− π1(s)
h

 ρ̂(a, s)r(a, s)

2


=

∫ 1

h2
K

a− π1(s)
h

2

(ρ(a, s) + δ(a, s))2 r(a, s)2π0(a, s)d(a, s)
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We substitute u =
a− π1(s)

h
as before. Then, a = π1(s) + hu and da = hdu.

Eπ0


1

h
K

a− π1(s)
h

 ρ̂(a, s)r(a, s)

2


=

∫ 1

h
K (u)2 (ρ(π1(s) + hu, s) + δ(π1(s) + hu, s))2 r(π1(s) + hu)2π0(π1(s) + hu, s)d(s, u)

Next, we apply a second-order Taylor series expansion of ρ, δ, and π0 around π1(s).

Given that these functions have bounded second derivatives, we can bound the remainder

by o(h−1), as in Kallus and Zhou [56]. This yields:

Eπ0


1

h
K

a− π1(s)
h

 ρ̂(a, s)r(a, s)

2


=

∫ 1

h
K (u)2 du

∫
(ρ(π1(s), s) + δ(π1(s), s))

2 r(π1(s), s)
2π0(π1(s), s)ds+ o(h−1)

=
R(K)

h

∫
(ρ(π1(s), s) + δ(π1(s), s))

2 r(π1(s), a)2π0(π1(s), s)ds+ o(h−1)

=
R(K)

h

∫ (
ρ(π1(s), s)

2 + δ(π1(s), s)
2 + 2ρ(π1(s), s)δ(π1(s), s)

)
r(π1(s), a)2π0(π1(s), s)ds+ o(h−1)

=
R(K)

h

[ ∫
ρ(π1(s), s)

2r2π1π0(π1(s), s)ds+

∫
δ(π1(s), s)

2r2π1π0(π1(s), s)ds

+

∫
2ρ(π1(s), s)δ(π1(s), s)r

2
π1
π0(π1(s), s)ds

]
+ o(h−1)

=
R(K)

h

[ ∫
ρ(π1(s), s)r

2
π1
π1(π1(s), s)ds+

∫
δ(π1(s), s)

2r2π1π0(π1(s), s)ds

+

∫
2δ(π1(s), s)r

2
π1
π1(π1(s), s)ds

]
+ o(h−1)

where R(K) :=
∫
K(u)2du is some constant.
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Then, bounding δ by the Bregman divergence B,

Eπ0


1

h
K

a− π1(s)
h

 ρ̂(a, s)r

2


≤
R(K)

h

[
Eπ1 [ρ(π1(s), s)r

2
π1

] + Eπ0 [B(ρ, ρ̂)2r2π1 ] + Eπ1 [2B(ρ, ρ̂)r2π1 ]
]

+ o(h−1)

Therefore, the variance of our estimator is bounded by:

R(K)

nh

(
Eπ1 [ρ(π1(s), s)r

2
π1

] + Eπ0 [B(ρ, ρ̂)2r2π1 ] + Eπ1 [2B(ρ, ρ̂)r2π1 ]
)

+ o

 1

nh


4.8.3 Proof of Proposition 5

Based on Propositions 2 and 3, by selecting a Bregman divergence of the form in Proposi-

tion 4, we can bound the bias and variance in terms of the classifier ρ̂ regret. Recall from

Assumption 18, this regret scales as O(n−ε) for ε ∈ (0, 1). Then, since rewards r are bounded,

and h = O(n−1/5) we have that the bias tends to 0 as n→∞.

We can apply a similar argument for the variance, by decomposing Eπ0 [B(ρ, ρ̂)2] =

V arπ0 [B(ρ, ρ̂)] + Eπ0 [B(ρ, ρ̂)]2. Then, given that V arπ0 [B(ρ, ρ̂)], ρ, and r are bounded, we

have that the variance bound in Proposition 3 also goes to 0 as n→∞.

4.9 Additional experimental results

Here, we include additional evaluations of the datasets considered in Section 4.6, where we

consider doubly robust implementations of IPS and BOP-e. Overall, we see very similar

trends as those in the experiments given previously.
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Figure 4.3: Additional root mean-squared error (RMSE) and bias plots for discrete action
spaces using the classifier trick of Dud́ık et al. [24]. Full dataset descriptions are provided in
table 4.1.
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Figure 4.4: Additional root mean-squared error (RMSE) and bias plots for continous action
spaces using a modification of the classifier trick of Dud́ık et al. [24] for regression detailed
in section 4.6.2. Reports for each are provided in log-scale due to the poor performance of
the inverse propensity score based methods. Full dataset descriptions are provided in table
4.2.
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Chapter 5

DISCUSSION

5.1 Summary

In this dissertation, we proposed three novel methodological contributions in separate-but-

related areas. In Chapter 2, we develop a new method to estimate directed acyclic graphs,

which represent causal networks, in high dimensions. This method relies on leveraging

structural information—specifically, the local separation property found in common random

graph families—in order to gain computational and statistical efficiency. Compared to the

standard PC-Algorithm for DAG estimation, we require weaker theoretical assumptions for

consistency of our algorithm. We also empirically demonstrate that our algorithm provides

more accurate estimation and a faster runtime than the PC-Algorithm for graphs with hub

nodes.

In Chapter 3, we now assume knowledge of networks among both observation units and

features, and incorporate their information to improve prediction and variable selection in

the high-dimensional setting. This work follows similar themes as Chapter 2, in that we are

using auxiliary information to improve a method. However, the concept of networks here is

more general than in Chapter 2; the unit and feature networks do not necessarily need to

imply causal relationships, and can instead be based on any type of association or distance

between nodes. Our framework fills a gap in the literature by allowing for analysis of two-

way structured data with penalized generalized linear models. If the observed networks are

fully informative, we show that this method leads to improved prediction and inference, and

remains competitive even if they are misspecified.

Finally, in Chapter 4, we work in the very different area of contextual bandits, and con-

struct a new class of estimators for off-policy evaluation. Although unrelated to networks,
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our use of balancing estimators and importance sampling are closely related to propensity

score methods in observational causal inference, which ties to the goal of Chapter 2. Using

classifier-based density ratio estimation, we develop an improved estimator for importance

sampling weights, which is particularly effective in continuous action domains. These weights

can easily be combined with modern methods that adaptively combine importance sampling

with regression models. We show that minimizing the classifier loss is equivalent to min-

imizing a distance between the observed and target policy distributions. Essentially, this

translates the off-policy evaluation problem into a simple binary classification task. We

demonstrate that our method greatly outperforms existing approaches in continuous action

spaces, and remains competitive under discrete actions.

5.2 Limitations and future research

As we described in Chapter 2, our reduced PC algorithm (rPC) requires a weaker faithfulness

condition than that of the PC-Algorithm. This follows from the algorithm only conditioning

on sets of small cardinally. However, our path faithfulness condition still has a low proba-

bility of being satisfied in certain settings, such as with dense DAGs having a large average

degree, or with edge weights distributed over a larger parameter space. We considered both

these settings in simulation, and showed that the probability of both conditions tends to

zero. Therefore, an interesting future research direction would be to weaken this assump-

tion further, possibly by incorporating more graph properties. In addition, like most DAG

estimation methods, rPC considers linear structural equation models only. Generalizing the

idea of restricted conditioning to more complex probability models over DAGs, such as non-

linear SEMs [115] would also be of interest. Our idea can also be used to develop more

efficient hybrid methods, which combine conditional independence testing and score-based

optimization, for learning DAGs in high dimensions.

The glm-funk framework that we developed in Chapter 3 accounts for unit and feature

network information through penalization involving a kernel matrix for each network. The

kernel matrix summarizes edge and distance information between units and features. We only
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considered Laplacian and incidence matrices as kernels; however, different kernels can easily

be used within the glm-funk framework, as long as the corresponding penalty term is zero

given perfect information. Another way to incorporate unit network information would be

to penalize the fitted values Xβ directly instead of adding intercepts α to the model; that is,

using the penalty term γnβ
′X ′LnXβ. This implies a different type of network cohesion than

the RNC penalty, which penalizes the extra variability in y not captured by the features X.

Conversely, penalizing Xβ directly incorporates the network Gn into the association between

y and X.

Regarding the penalized regression framework, an interesting direction for future research

would be to parameterize the model to have many penalty parameters over each network,

rather than a single γp or γn. By data-adaptively tuning these parameters, the model would

ideally incorporate the information from informative edges only. Feng and Simon [29] show

that tuning a large number of penalty parameters via cross-validation is feasible and can

improve model prediction power. Another important contribution would be to incorporate

methods for cross-validation with correlated data, which would improve our tuning procedure

and estimates of generalization error.

BOP-e, our new method for off-policy evaluation described in Chapter 4, applies to

contextual bandit settings, where each observation consists of a single state, action, and

reward. A natural direction for future research is extending BOP-e to the reinforcement

learning setting, where a policy conducts sequential decision making. Here, each observation

is a sequence of (state, action, reward) tuples, until the process reaches some terminating

state. It would also be very fruitful to extend our method to policy optimization, for both

contextual bandit and reinforcement learning settings. Finally, it would be interesting to

conduct an empirical study of BOP-e and other policy evaluation methods on real-world

datasets, such as those involving dynamic treatment regimes.
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